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CONVERGENCE OF A SUBSEQUENCE OF TRIANGULAR
PARTIAL SUMS OF DOUBLE WALSH-FOURIER SERIES
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Abstract. In 1987 Harris proved-among others that for each 1 < p < 2 there exists a
two-dimensional function f € L, such that its triangular Walsh-Fourier series does not
converge almost everywhere. In this paper we prove that the set of functions from the
space Ly (12), 1 < p < 2, with subsequence of triangular partial means SZAA (f) of the
double Walsh-Fourier series convergent in measure on I? is of first Baire category in
L,(I2). We also prove that for each function f € La(I?) a.e. convergence SaA(n) H—=r

holds, where a(n) is a lacunary sequence of positive integers.

MSC2010 numbers: 42C10.

Keywords: double Walsh-Fourier series; triangular partial sum; convergence in measure.

1. INTRODUCTION

We shall denote the set of all non-negative integers by N, the set of all integers
by Z and the set of dyadic rational numbers in the unit interval T = [0,1) by Q. In

particular, each element of Q has the form £ for some p,n € N, 0 < p < 2"

Denote the dyadic expension of n € N and = € I by

o0

oo
. J?j
n:an2J7nj:O71 and mzzﬁ,szo,l.
j=0 j=0

In the case of € QQ chose the expension which terminates in zeros. n;, x; are the i-th

coordinates of n, x, respectively. Define the dyadic addition + as

rty= Z g — yx 27 FD.
k=0
Denote by @ the dyadic (or logical) addition. That is,

o0
k‘@nzZ\ki—niﬂ’,
=0
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where k;,n; are the ith coordinate of natural numbers k,n with respect to number
system based 2.

The sets I, () = {y €1:yo = x0,...,Yyn—1 = Tp—1} for x € I, I,, = I,, (0) for 0 <
n € N and Ip(x) = I are the dyadic intervals of I. For 0 < n € N denote by
In| = max{j € N:n; #0}, that is, 21"l < n < 2"+ Set e; = 1/27F!, the i-th
coordinate of e; is 1, the rest are zeros (i € N).

The Rademacher system is defined by
rn(x)=(-1)"", zelnel.

The Walsh-Paley system is defined as the sequence of the Walsh-Paley functions:

o In]
wa (@) = [] (e @)™ = (-1)=""

k=0

,xe€l,neN.

The Walsh-Dirichlet kernel is defined by

D, (z) = i wy (x) .
k=0

Recall that (see [13])

[ on ifxzelo,27m)
(1.1) Dar (9”)_{ 0, ifze[2,1) °

We consider the double system {wy(z') X wp,(2%) : n,m € N} on the unit square
> =1[0,1) x [0,1).

We denote by Lo(I?) the Lebesgue space of functions that are measurable and
finite almost everywhere on I2. 11 (A) is the Lebesgue measure of A C I%.

We denote by L, (112) the class of all measurable functions f that are 1-periodic
with respect to all variable and satisfy

1/p

111, = / £ ) Pdydy? | < ool
If fely (]Iz) , then
f(n*,n?) = /f(111,112)wnl(yl)wn?(y?)dylaly2
]12

is the (nl, n2)—th Fourier coefficient of f.
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The rectangular partial sums of double Fourier series with respect to the Walsh
system are defined by

N'—-1N?-1

Sy (zh,2% f) = Z Z f nt,n?) w (2w, (2?).

nl=0 n2=0

The triangular partial sums defined as

S (@t f) =3 Z () (a%).

Let a = (a(n)) be a lacunary sequence of positive integers with quotient g. That is,

a(n+1)/a(n) > g > 1 for any n € N. Now, set the maximal function
A
St ()]

In 1971 Fefferman proved [2] the following result with respect to the trigonometric

Sﬁ*f = sup
n

system. Let P be an open polygonal region in R?, containing the origin. Set
AP = {(/\1‘1,/\1'2) : (xl,xZ) € P}
for A > 0. Then for every p > 1, f € L, ([fw,w]Z) it holds the relation

Z f(n n)eXP( (ny —|—ny))—>f(y1,y2) as A — oo

(nt,n?2)expP

for a. e. (y',y?) € [~m,7]°. That is, Sxpf — f a.e. Sjulin gave [14] a better result
in the case when P is a rectangle. He proved a.e. convergence for the class f €
L (1og+ L)S loglog L and for functions f € L (1og+ L)2 loglog L when P is a square.
This result for squares is improved by Antonov [1]. There is a sharp constrant between
the trigonometric and the Walsh case. In 1987 Harris proved [8] for the Walsh system
that if S is a region in [0, 00) x [0, 00) with piecewise C'! boundary not always paralled
to the axes and 1 < p < 2, then there exists an f € L, (]Iz) such that Sypf does
not converges a. e. and in L, norms as A — oco. In particular, from theorem of Harris
follows that for any 1 < p < 2 there exists an f € L, (]IQ) such that SQAAf does not
converges a. e. as A — oo.

In this paper we improve this result of Harris for tringular partial sums (P = A), In
particular, let 1 < p < 2, then we prove that the set of the functions from the space
L,(I?) with subsequence of triangular partial means SQAA (f) of the double Walsh-
Fourier series convergent in measure on I? is of first Baire category in L, (I?). We also
prove that for each function f € Ly(I?) a.e. convergence Sa(n) (f) — f holds, where

a(n) is a lacunary sequence of positive integers.
5
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For results with respect to convergence of rectangular and triangular partial sums
of Walsh-Fourier series see [6, 12, 15, 9, 10, 11, 7].
2. THE MAIN RESULTS

The following results are the main statements of the paper.

Theorem 2.1. Let 1 < p < 2. The set of the functions from the space L,(I*) with
subsequence of triangular partial sums SQAA (f) of the double Walsh-Fourier series

convergent in measure on 12 is of first Baire category in L,,(Hz).

Theorem 2.2. The operator Sﬁ* is of strong type (Lo, La). More precisely,
1S5 fll2 < Coll f2-
By Theorem 2.2 and by the usual density argument we obtain the following result.

Corollary 2.1. As n — oo we have SaA(n) (f) — f a.e. for every f € Ly(I?), where

a(n) is a lacunary sequence of positive integers.
The following theorem is proved in [4, 5].

Theorem GGT. Let {T,,}5°_; be a sequence of linear continues operators, acting
from space L,(I%) in to the space Lo(I?). Suppose that there exists the sequence
of functions {£,}32, from unit bull S,(0,1) of space L,(I?), sequences of integers

{my}2, and {\c}32, increasing to infinity such that
€0 = i%f,u{(xl,xz) cI?: |T,,, & (J;l,x2) | > Ag} > 0.

Then the set of functions f from space L,(12)), for which the sequence {T,,, f} converges

in measure to an a. e. finite function is of first Baire category in space L,(I1?).

Proof of Theorem 2.1. First we prove that there exists a function h 4 for which

(2.1) Ihall, <1
and
24/p A
22 w{@a) e st @t > 22 >
Let
A-124-1
fa(aha®) =)0 Y worg (a) wi (2?)
k=0 1=0
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and
WoA _q (l'l)

24(-1/p)\/A

ha (x17x2) =

fa (xl,;vQ) .

P 1/17
dxldxg)

We can write

HfAHp = (ﬂ/ Az_lwzk< )DQA (33 +9C)

=

A-1 P 1/p
= / Wok (.Tl) /DgA (331 + Z'Q) de dl‘l
7 Tk=0 /
A-1 P 1/p
= / Z wor (z)| da' /D];A (2°) dz?
7 Tk=0 /
A1 2 1/2
< / (Z Wok (x1)> dg;l) 9A(-1/p) _ \/A9A(1-1/p)
7 \k=0

Hence (2.1) is proved.

From simple calculation we obtain that

~

halid) = [ (o) un (o) ws () dy'a?
1
= SAG-Un VA /fA (' %) waa_y (¥") wi (v") wy (v*) dy* dy?
12

1
= m/ﬂx (¥',y%) wan 1 (") wy () dy*dy®
]12
1 N A .o
= saaunygla @ -1-0d).

Hence

Sev(ahatiha) = 3 Ta i) wi o) vy ()
<24

=t =, Fa (@ =1—ig)wi () w; (a)

2412441

e 1/p\FZ Z Fa @t =1—i,5) wi () w; (2?)

1 241 4

~ 9a0- 2A(1-1/p)\/A Z ZfA i) waa—1— (x) wy (22) .

=0 5=0
7
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Consequently,

Wo A
G 2A?1 11/p)fz Z warey (o) wy (2%)

k=0 <2kl

We see that [ < 2% @ [ holds if and only if I, = 0. Hence, we have

Wo A .
Sih (a,a%ha) = 2A21 11/p)\f Z war ( > wy (2 +2%).

le{l:O,l,A..,QA—lzlk:O}

Let

(1‘171'2) S GA,S = IA (t07 ~"7ts—17 17t8+17 "'7tA—1) X IA (t07 "'7ts—1707ts+17 "'7tA—1) .

Since z! + 2% = 14 (es), we can write

1 1 1 1
Z wl(acl—i-xQ) - Z Z Z Z
le{l=0,1,4..,2A—1:lk=O} lo=0 lk—1=01ky1=0 la—1=0
24-1 ifk=s
0, k+#s
Hence
A 2A71 A-1 2A/p
‘SZ“ Cat ’hA)‘ = QA0-1/)/A gHG“ CRES Z Ga. (o', 27

Set

From estimation (2.3) we get

24/p
,u{(x 3:)6]12 ’S xt x2;hA)’> }

2vVA
1 A-1 1 1 1 1 A
AR 3D IS D DD DEE=c
s=U o= Ts—1=UTs41= TA-1=

Now, we prove that there exists (21, z?), ..., (aszlg(A), I?)M)) €%, p(A):= [243/4] +
1, such that

p(A)

(2.3) pl U @at(2).27) | =

1
_ 2
Jj=1

8
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Indeed,
p(A) p(A)
p| U @t (@) | =10 ﬂ(w )
j=1

= 1- /Hm (t' Fa1,t* +a3) - I, (t1 Fapayt +:c§(A)) dt'dt?.
HZ
Interpreting I — (¢! + 21, 4> +23) -+ - Ig (tl Fapa,t?F xf)(A)> as a function of the
2p (A)+2 variables t', 12, (z],2%) , ..., (:U;(A), xf)(A)) and integrating over all variables,
each over I2, we note that

/"'//Hm (¢ ot 2 ad) - Ig, (¢ +apa 2+l

12 12 12
dt'dt?* dawydas - - - day g da o)

/ /]Iﬁ (tl fal, 2 F xl) datda?

12 2

1 1 2 5 .2 1 2 1 742

o p(A) » 1 p(A) 1
= @) =gy s (1- o) <

Consequently, there exists (z1,23), ..., (a:}lj(A), xi(A)) € I? such that

. . . . 1
(2.4) /]Im (' Fap,t+a?) Iy (tl Fapa,t*+ xi(A)> dt'dt* < 3
12
Combining (2.4) and (2.4) we conclude that
p(A)
1 1
2 —
L:J (Qa+ (22) | 21-5 =3
Hence (2.3) is proved. Let (¢ :=t' +t? €1)
1 p(A)
1,2 142 11 2 2
Fy (zh,2%,t) = W er (' +*) ha (2" + 25,2 —I—acj)
j=1
= — rj(t)ha (z' + 2}, 2* +23).
(4p ()" = S

9
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Then it is proved in ([3], pp. 7-12) that there exists ¢¢ € I, such that

(2.5) /‘FA (wl,IZ,to)’pdmldafz <1
I
and
247/ (2V/A) | 4
(2.6) I (xl,x2) cl?: ‘SA (xl,:cQ;FA) > —— 2 3 >
2“ | VIR
Set €4 (21, 2?) := F4 (2!, 2%, t0). Then from (2.5) and (2.6) we have [€all, <1 and

u{(wl,xz) el?: ‘SQAA (xl,xZ;gA)‘ > 21*3/7’141/1’*1/2} > é

and using Theorem GGT we complete the proof of Theorem 2.1. a

Proof of Theorem 2.2. First, we suppose that ¢ > 2. Let SE (f) be n-th square
partial sums of the two-dimensional Walsh-Fourier series. It is easy to see that the

spectrums of the polynomials

SaD(n) (f) - SaA(n) (f) , =12, ..

are pairwise disjoint that implies
2 2

2 ||sup SaD(n) (DOl +2
2 n 2

2
sup SE(H) (f) 2+2Z‘

n

IA

2
Sty (F) = $2, (£)]

2

San) (f)‘

sup sup
n n

IN
)

Sty (1) = S5y (1)

2
< 2|[sup [ST,,, (D[ +21£15 < cllfll3,
2

n

where the last inequality is obtained from the Lo boundedness of the square partial
sums majorant operator (see [13]). This completes the proof of Theorem 2.2 in the
case of ¢ > 2. If 2 > ¢ > 1, then let @ the least natural number for which ¢© > 2. For
any fixed j =0,...,Q — 1 we have that the quotient of lacunary sequence n integers
(a(Qn-+7)) is at least 2 since a(Q(n+1)+75) > ¢%a(Qn+ 7). From the above written

we have

S

2
AN 2
Samsa ]| €13
2

sup
n
A ) 2
and consequently we also have ‘ Saxf ’ < Cq |l fl5- O
2
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LIMIT THEOREMS FOR TAPERED TOEPLITZ QUADRATIC
FUNCTIONALS OF CONTINUOUS-TIME GAUSSIAN
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Abstract. Let {X(t), t € R} be a centered real-valued stationary Gaussian process
with spectral density f. The paper considers a question concerning asymptotic
distribution of tapered Toeplitz type quadratic functional Q% of the process X (t),
generated by an integrable even function g and a taper function h. Sufficient conditions
in terms of functions f, g and h ensuring central limit theorems for standard normalized
quadratic functionals Q% are obtained, extending the results of Ginovyan and Sahakyan
(Probab. Theory Relat. Fields 138 (2007), 551-579) to the tapered case and sharpening
the results of Ginovyan and Sahakyan (Electronic Journal of Statistics 13 (2019), 255-283)

for the Gaussian case.

MSC2010 numbers: 60G10, 60F05, 60G15.

Keywords: stationary Gaussian process; spectral density; tapered Toeplitz type
quadratic functional; Central limit theorem.
1. INTRODUCTION

1.1. The problem. Let {X(t), ¢ € R} be a centered real-valued stationary Gaussian
process with spectral density f(\) and covariance function r(¢). The functions r(t)

and f(A) are connected by the Fourier integral:

(1.1) r(t) = /Rei)‘t FN) dA.

We consider a question concerning asymptotic distribution (as T — oo) of the

following tapered Toeplitz type quadratic functional of the process X (t):

T T
h — gt — s)hr(t)hr(s s s,
(1.2) Q= / / 3t — $)hr () ()X ()X (s) dt d
where
~ _ eikt .
(1.3) g(t)—/R gVdA, teR

is the Fourier transform of some integrable even function g(A), A € R, and hp(t) =
h(t/T) with a taper function h(-) to be specified below.
12
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We refer to g(\) and to its Fourier transform g(t) as a generating function and
generating kernel for the functional Q%, respectively.

Throughout the paper we assume that the taper function h(-) satisfies the
following assumption.
Assumption (T). The taper h : R — R is a continuous nonnegative function of

bounded variation and of bounded support [0, 1], such that Hy # 0, where
1
(1.4) Hy = / WE(dt, ke Ni={1,2,...}.
0

Remark 1.1. The case where h(t) = Ijo 1)(t), where Ijo 1)(-) denotes the indicator of
the segment [0, 1], will be referred to as the non-tapered case, and the corresponding

non-tapered quadratic functional will be denoted by Q.

The limit distribution of the functional (1.2) is completely determined by the
functions f, g and h, and depending on their properties it can be either Gaussian
(that is, Q’% with an appropriate normalization obey central limit theorem), or
non-Gaussian. We naturally arise the following two questions:

a) Under what conditions on f, g and h will the limits be Gaussian?

b) Describe the limit distributions, if they are non-Gaussian.

In this paper we discuss the question a), and obtain sufficient conditions in terms
of functions f, g and h ensuring central limit theorems for a standard normalized
tapered quadratic functional Q% extending the results of Ginovyan and Sahakyan
[17] to the tapered case and sharpening the results of Ginovyan and Sahakyan [18]

for the Gaussian case.

1.2. Statistical motivation. Quadratic functionals of the form (1.2) appear both
in nonparametric and parametric estimation of the spectrum of the process X (t)
based on the tapered data:

(1.5) {hr()X(t), 0<t < T}

For instance, when we are interested in nonparametric estimation of a linear integral

functional in LP(R), p > 1 of the form:

(1.6) J=J(f) = / FNg(A)dA,

where g(A) € LY(R), 1/p+1/q = 1, then a natural statistical estimator for J(f) is
the linear integral functional of the empirical periodogram of the process X (). To
define this estimator, we first introduce some notation.

Denote by Hy 7 ()) the continuous-time tapered Dirichlet type kernel, defined by

T
(1.7) Hyr(\) = / hE.(t)e= Mt = / RE.(t)e =M dt.
R 0
13
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Define the finite Fourier transform of the tapered data (1.5):

(1.8) / he ()X (t)e~Mdt,

and the tapered continuous periodogram I%()\) of the process X (t):
2

T
o : = —dh(A)dg(—A):i/ hop ()X (t)e”Mdt
Cr Cr | Jo
1 [T /T )
(1.9) N / / hor () ()= X () X (s)dtds,
Cr Jo Jo
where
T
(1.10) Cr:= 27TH2,T(0)=27r/ hA(t)dt = 2mHy T # 0.
0

Notice that for non-tapered case (h(t) = Ijg11(t)), we have Cr = 27T

As an estimator JJ for functional J(f), given by (1.6), based on the tapered
data (1.5), we counsider the averaged tapered periodogram (or a simple "plug-
n"statistic), defined by

o= (1) = / IE(V)g(A)dA

(1.11) CT/ / (t — $)he(t)hp(s) X (£) X (s) dt ds,

where Cr is as in (1.10), and g(t) is the Fourier transform of function g(\) given
by (1.3).

In view of (1.2) and (1.11) we have

(1.12) Jr = Cr'Qr,
and thus, to study the asymptotic properties of the estimator J%, we have to study
the asymptotic distribution (as T' — oo) of the tapered Toeplitz type quadratic
functional Q% given by (1.2).
Some brief history. The question of describing the asymptotic distribution of non-
tapered Toeplitz type quadratic forms and functionals of stationary processes has
a long history, and goes back to the classical monograph by Grenander and Szegd
[23], where the problem was considered as an application of authors’ theory of the
asymptotic behavior of the trace of products of truncated Toeplitz matrices and
operators.

Later the problem have been studied by a number of authors. Here we mention
only some significant contributions. For discrete-time short memory processes, the
problem was studied by Ibragimov [26] and M. Rosenblatt [29], in connection with
statistical estimation of the spectral and covariance functions, respectively. Since

1986, there has been a renewed interest in this problem, related to the statistical
14
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inferences for long memory (long-range dependent) and intermediate memory (anti-
persistent) processes (see, e.g., Avram [1], Fox and Taqqu [12], Giraitis and Surgailis
[20], Giraitis and Taqqu [21], Hhas’minskii and Ibragimov [25], Ginovian and Sahakian
[16], Terrin and Taqqu [30], and references therein). In particular, Avram [1], Fox
and Taqqu [12], Ginovian and Sahakian [16], Giraitis and Surgailis [20], Giraitis
and Taqqu [21] have obtained sufficient conditions for non-tapered quadratic form
Q1 to obey the central limit theorem (CLT).

For continuous-time stationary Gaussian processes the problem of describing
the asymptotic distribution of non-tapered Toeplitz type quadratic functionals was
studied in a number of papers. We cite merely the papers Avram et al. [2, 3], Bai
et al. [4, 5], Bryc and Dembo [7], Ginovyan [13, 14, 15], Ginovyan and Sahakyan
[17], Ibragimov [26], where can be found additional references.

In spectral analysis of stationary processes, however, the data are frequently
tapered before calculating the statistics of interest. Instead of the original data
{X(t), 0 <t < T} the tapered data {h(t)X(¢), 0 < t < T} with the data taper
h(t) are used for all further calculations. Benefits of tapering the data have been
widely reported in the literature. For example, data-tapers are introduced to reduce
leakage effects, especially in the case when the spectrum of the model contains high
peeks. Other application of data-tapers is in situations in which some of the data
values are missing. Also, the use of tapers leads to the bias reduction, which is
especially important when dealing with spatial data. In this case, the tapers can be
used to fight the so-called “edge effects” (see Brillinger [6], R. Dahlhaus [8, 9], R.
Dahlhaus and H. Kiinsch [10], Guyon [24], and references therein).

Central and non-central limit theorems for tapered quadratic forms of a discrete-
time long memory Gaussian stationary fields have been proved in Doukhan et
al. [11]. A central limit theorem for tapered quadratic functionals Q%, in the
case where the underlying model X (t) is a Lévy-driven continuous-time stationary
linear process has been proved in Ginovyan and Sahakyan [18] with time-domain

conditions.

Remark 1.2. Recall that a stationary process X (t) with spectral density f(X) is
said to have (a) short memory, (b) long memory or (c) intermediate memory if
f(A) (a) is bounded away from zero and infinity at X =0, (b) has a pole at A = 0,

or (c¢) vanishes at A = 0, respectively.

1.3. The approach. To study the asymptotic distribution (as T — o0) of the
functional @%, given by (1.2), we use the method of cumulants, the frequency-

domain approach, and the technique of truncated tapered Toeplitz operators.
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By Wk(¢)) we denote the truncated tapered Toeplitz operator generated by a
function ¢ € L'(R) defined as follows (see [19], [23], [26] for non-tapered case):

(113)  (Wh)ul(t) = / bt — )hr(hr(s)yu(s)ds, u(t) € L2[0,T),

where ¢(-) is the Fourier transform of v(-).

Let WA(f) and W!(g) be the truncated tapered Toeplitz operators generated
by the spectral density f, and the generating function g, respectively. Similar to
the non-tapered case, we have the following results (cf. [19], [23], [26], see also the

proof of Lemma 4.8 below).

1. The quadratic functional Q% in (1.2) has the same distribution as the sum
Z;i1 )\?J{?, where {{;,j > 1} are independent N(0,1) Gaussian random
variables and {\; r,j > 1} are the eigenvalues of the operator WX (f) W2i(g).

2. The characteristic function ¢(¢) of Q% is given by formula:

(1.14) o(t) =[] 11— 2ithjr|~/2

Jj=1

3. The k—th order cumulant xx(Q%) of Q% is given by formula:
(115)  xk(Qr) =21 (k= 1)1 Y Ny = 287N (k= 1)l er (W () W (9)]",
j=1

where tr[A] stands for the trace of an operator A.

Thus, to describe the asymptotic distributions of the quadratic functional Q%
we have to control the traces and eigenvalues of the products of truncated tapered
Toeplitz operators.

Throughout the paper the letters C, ¢ and M with or without indices are used
to denote positive constants, the values of which can vary from line to line. Also,
by I4(-) we denote the indicator of a set A C R.

The remainder of the paper is structured as follows. In Section 2 we state the
main results of the paper — Theorems 2.1 — 2.5. In Section 3 we apply the results
of Section 2 to show that the avaraged tapered periodogram is an asymptotically
normal estimator for the linear spectral functional. In Section 4 we prove preliminary
results that are used in the proofs of main results, and also represent independent

interest. Section 5 is devoted to the proofs of results stated in Section 2.

2. CENTRAL LIMIT THEOREMS FOR TAPERED QUADRATIC FUNCTIONAL er}

Below we assume that f,g € L!'(R), and with no loss of generality, that g > 0. We
use the following notation: By @é‘p we denote the standard normalized quadratic
16
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functional:
(2.1) QF =777 (QF —E[Q}).
Then by (1.15) we have

= 0, for k=1
2.2 Qr) =
(2.2) Xk(Qr) T=R/228 =1 (ke — 1)l tr [WE(f)Wh(g)]*, for k> 2.

We set

(2.3) o} = 167r3H4/]Rf2(/\)92()\) d,
where Hy is as in (1.4). The notation

(2.4) Qb &~ N(0,02) as T — oo

means that the distribution of the random variable (55& tends (as T — o0) to the
centered normal distribution with variance o7.

The main results of the paper are the following theorems.

Theorem 2.1. Assume that f-g € L'(R) N L?(R), the taper function h satisfies
assumption (T), and for T — oo

(25) x(@) = 26 [WEHWE)] — of,
where o3 is as in (2.3). Then @’% 4 n~N(0,07) as T — <.
Theorem 2.2. Assume that the function

(2.6) o(x1, 2, T3) / fw)glu —x1) f(u —x2)g(u — x3) du

belongs to L*(R3) and is continuous at (0,0,0), and the taper function h satisfies
assumption (T). Then Qv% 4 n~ N(0,0%) as T — cc.

Theorem 2.3. Assume that f(A\) € LP(R) (p > 1) and g(A\) € LYR) (¢ > 1)
with 1/p 4+ 1/q < 1/2, and the taper function h satisfies assumption (T). Then
@%ian(O,ai) as T — oo.

Theorem 2.4. Let f € L?(R), g € L3(R), fg € L3(R),
(2.7) /f 2N — ud)\—>/f (AN d\ as pu—0,

and let the taper function h satisfy assumption (T). Then é% 4 n~ N(0,07) as
T — o0.
17
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To state the next theorem, we need to introduce a class of slowly varying at zero
functions. Recall that a function u(A), A € R, is called slowly varying at zero if it

is nonnegative and for any ¢ > 0
i u(t\)
A—=0 u(/\)

— 1.

Denote by SVu(R) the class of slowly varying at zero functions u(\), A € R,
satisfying the following conditions: for some a > 0, u(A) is bounded on [—a,a],
limyou(A) =0, w(A) = u(=X) and 0 < u(A) < u(p) for 0 < A < p < a. An
example of a function belonging to SVo(R) is u(A) = [In|A||”" with v > 0 and

a=1.

Theorem 2.5. Assume that the functions f and g are integrable on R and bounded

outside any neighborhood of the origin, and satisfy for some a > 0
(2.8) FO) ST L), [N < ATPLa(A), A€ [—a,d,

for some a < 1, § <1 with o+ < 1/2, where Ly(z) and La(x) are slowly varying

at zero functions satisfying
(2.9) L; € SVo(R), AL, (\) € L*[—a,a], i=1,2.

Also, let the taper function h satisfy assumption (T). Then @% LS n~ N(0,0%) as
T — oc.

Remark 2.1. The conditions o < 1 and 8 < 1 in Theorem 2.5 ensure that the
Fourier transforms of f and g are well defined. Observe that when a > 0 the process
X (t) may exhibit long-range dependence. We also allow here o + 8 to assume the
critical value 1/2. The assumptions f - g € L*(R), f,g € L>(R\ [—a,a]) and (2.9)
imply that f-g € L*(R), so that the variance o7 in (2.3) is finite.

Remark 2.2. In Theorem 2.5, the assumption that L;(z) and Ls(x) belong to
SVo(R) instead of merely being slowly varying at zero is done in order to deal with
the critical case a + 8 = 1/2. Suppose that we are away from this critical case,
namely, f(z) = |z|~%l1(z) and g(x) = || Ply(x), where a + 3 < 1/2, and I, (=)
and ly(z) are slowly varying at zero functions. Assume also that f(x) and g(x)
are integrable and bounded on (—oo, —a) U (a, +o0) for any a > 0. We claim that
Theorem 2.5 applies. Indeed, choose o' > «, f/ > 8 with o/ + 8’ < 1/2. Write
f(x) = |z|~ |2|°l1 (z), where § = o/ —a > 0. Since I; (x) is slowly varying, when |z|
is small enough, for some € € (0,d) we have |z|°l;(z) < |#|°~¢. Then one can bound
1z|~¢ by ¢|n|z||”" € SV,(R) for small || < 1. Hence one has when |z| < 1 is
small enough, f(z) < |z~ (c [In |x||_1> . Similarly, when |z| < 1 is small enough,
18
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one has g(z) < |z|~F (c|ln \J;||_1> . All the assumptions in Theorem 2.5 are now

readily checked with «, 3 replaced by o and f’, respectively.

Remark 2.3. The analogs of Theorems 2.1 - 2.5 for non-tapered case (h(t) =
ljo,1)(t)) were proved in Ginovyan and Sahakyan [17].

Remark 2.4. In Ginovyan and Sahakyan [18] was proved a central limit theorem
for tapered functional Q% for more general case where X(t) is a Lévy-driven
stationary linear process. Specifically, in [18] was proved the following result (see
[18], Theorem 5.1). Let {X (¢), t € R} be a stationary linear process defined by

X(t) = / alt — 5)¢(ds),

where a(-) is a filter from L?(R), and £(t) is a Lévy process satisfying the conditions:
E&(t) = 0, E€2(1) = 1 and E€4(1) < oo. Assume that the filter a(-) and the

generating kernel g(-) are such that

(2.10)  a() € LP(R)NL*(R), §(-) € LUR), 1<pqg<2, ~+->

)

Do | Ot

[N
SN

and the taper h satisfies assumption (T). Then @}% 4 n ~ N(O,o%’h) as T — oo,

where

2
(2.11) ﬁﬁ:umﬁuéf%mf@mA+mmﬁm{éfumumq.

Notice that if the underlying process X (¢) is Gaussian, then in formula (2.11) we
have only the first term and so o7 , = o7, because in this case x4 = 0. On the other
hand, the condition (2.10) is more restrictive than the conditions in Theorems 2.1
- 2.5. Thus, for Gaussian processes Theorems 2.1 - 2.5 improve the above stated

result.

3. AN APPLICATION

In this section we apply the results of Section 2 to prove that the statistic J*
given by (1.11) is an asymptotically normal estimator for the linear functional J(f)
given by (1.6). To state the corresponding result we introduce the LP-Holder class
and set up an assumption.

Given numbers p > 1,0 < a < 1, r € Ny := NU{0}, we set § = a+r and denote
by H,(5) the LP-Holder class, that is, the class of those functions ¢(X) € LP(R),

which have r-th derivatives in LP(R) and with some positive constant C' satisfy

1+ h) =@ O)llp < Clr|*.
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Assumption (A). Let the spectral density f(\) € H,(81), /1 > 0, p > 1 and let
the generating function g(\) € H,(B2), B2 > 0, ¢ > 1 with 1/p+ 1/g = 1. Assume
that one of the conditions a)—d) is fulfilled:

a) /1 >1/p, B2 >1/q

b) B1 <1/p, B2 <1/q and By + 2 > 1/2

) B1>1/p, 1/q—1/2<p2<1/q

d) B2 >1/q, 1/p—1/2 <1 < 1/p.

Theorem 3.1. Let the functionals J = J(f) and Jh = J(IL) be defined by (1.6)
and (1.11), respectively. Then under the conditions (A) and (T) the statistic J% is
an asymptotically normal estimator for functional J. More precisely, we have
(3.1) /2 [J% —J] 4 n as T — oo,
where n is a normally distributed random variable with mean zero and variance
o2 (J) given by
(3.2) o2 (J) = dme(h) / AN (NdN,  e(h) :== HyHy 2,

R
and Hy, is as in (1.4).

Remark 3.1. In Theorem 2.3 of Ginovyan and Sahakyan [18] was proved the
asymptotic normality of the estimator J for more general case where X (t) is a
Lévy-driven stationary linear process, but under the additional restrictive condition
(2.10). Thus, for Gaussian processes Theorem 3.1 improve Theorem 2.3 of Ginovyan
and Sahakyan [18].

4. PRELIMINARIES

For a number k (k= 2,3,...) and a taper function h satisfying assumption (T)

consider the following “tapered” Fejér type kernel function:

G T(u) k—
4.1 o = &I = (uqy.... up_q1) € RF1
( ) k,T(u) (27T)k71Hk,T(O) 5 u (ula , Uk 1) S 5
where
k—1
(4.2) Grr(u) = Hyp(w) -+ Hip(ug—1)Hir | — Zuj ,
j=1

and the function Hy r is defined by (1.7) with Hy 7(0) =T - Hy, # 0 (see (1.4)).

Remark 4.1. Observe that by a change of variables u; = ©1 — 3, us = x2 — 3,
.e oy Uk—1 = Tk—1 — Tk, the function G r(u) in (4.2) can be written in the following

“symmetric” form:

(4.3) Grr(x)=Hir(z1w —x2)Hir(22 — x3) - - Hip(2p—1 — ox)Hir(2) — 1),
20
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where x = (x1,...,71) € RF.

In Lemma 3.4 of Ginovyan and Sahakyan [18], it was proved that, similar to the
classical Fejér kernel, the "tapered"kernel <I>Z’T(u) is an approximation identity. In

particular, it was shown that the kernel @Z’T possesses the following property.

Lemma 4.1. If a function (u) € L*(RF¥1) (N LF=2(RF1) is continuous at v =
(v1,...,v-1) (k=2,3,...), then
(4.4) lim Y(u+v)®! 1 (u)du = U(v),

T—oo Jrk—1 ’

where u = (u1,...,ux—1) and <I>Z7T(u) is defined by (4.1) and (4.2).

The next lemma contains a formula for trace of product of truncated tapered

Toeplitz operators.

Lemma 4.2. Let Wh(f) and Wk(g) be the truncated tapered Toeplitz operators
generated by functions f € L'(R) and g € L*(R), respectively. Then

@) e WHOWH] = [ Greo ot fa)gar) dx.

where x = (21, T2, x3,24), Gr(x) := Gy 1(x), that is,

(4.6) Gr(x) = Hir(z1 — z2)Hir(ze — 23)Hiw (23 — 24) Hir (24 — 21),
and Hy 7 (-) is as in (1.7) with k = 1.

Proof. Tt is easy to check that the result follows from (1.1), (1.3), (1.7), (1.13),

and the formula for traces of integral operators (see [22], §3.10). Lemma 4.2 is

proved.
Denote
1
(4.7) pr(4) = 7. [ Grlx)ax,
A

where x = (21, %2, 73,24) and Gr(x)) is as in (4.6), and let Cj,.(R™) be the space

of continuous functions on R"” with bounded support.
Lemma 4.3. If ¢ € Cj,.(R?), then

(4.8) lim b(x) dur = 873 Hy / o(u, u,u, u)du,
R

T—o0 R4
where x = (x1, T2, x3,24), ur(A) is as in (4.7) and Hy is as in (1.4).
Proof. Making a change of variables

1 =U, X1 —T2=U1, T2 —T3=U2, I3 — Tq4= U3,
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in view of (4.1), (4.2) and (4.7), we can write
/ O(x)dur = —/ /qﬁ — U, U — UL — U2, U — U — Ug — Ug)dU
R4 R3
X Hyp(uwi)Hyr(ue)Hyr(us)Hy r(—un — ug — ug) dug dus dusg
(4.9) = 8n°H, / T (u) d4(u) du,
RS

where u = (u1,ug, us), . (u) := &} 1(u) and
/(;5 — UL, U — U] — Uz, U — U] — Ug — U3) dU.
It is not difficult to check that the function ¥ satisfies conditions of Lemma 4.1 and

(4.10) lim T(u) —/(buuuu)du
u—(0,0,0)

Hence applying Lemma 4.1 from (4.9) and (4.10) we get (4.8). Lemma 4.3 is proved.

Lemma 4.4. Let ¢(uy,uz, us,ug) = H ¢i(u;), where ¢; € LY(R)NL*®(R), i =
1,2,3,4. Then the asymptotic relation (4 8) holds.

Proof. Suppose ||¢il]lcc < M < o0, i = 1,2,3,4. Using Lusin’s theorem for any
¢ > 0 we can find functions ¢;, v¥;, i = 1,2, 3,4, satisfying

(4.11) bi = 0i +1bi,  0i € Cloc(R),  YillLrw) <&, lwille < M.
Therefore

4 4
(4.12) / pdpr = / 11w + vi)dur = / 11 eidpr + Ir,
R R i1 R 51

where by (4.11) and Lemma 4.5 below

| < Z / sl TT (il + [l
i=1 z;éj
4
(1.13) <Cu Y [ 1ldinr] < ol < Cu
j=1"% j=1

By Lemma 4.3 we have

4 4

(4.14) /H oi(u) —Pi(u du—/¢uuuu)du—|—J

where

@) =Y [l T] (6] + lehde < Cae.
j=1"Rk i=1,i#j

From (4.12) — (4.15) we get (4.8). Lemma 4.4 is proved.
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Lemma 4.5. If f € L*(R), then the following inequalities hold:

@) 1 [ fGolder] < Ol i=1.23.4
R

@) 2 [ f@ose)durl < Call Al 60=12.34 17

where C1 and Cy are absolute constants, and ur is as in (4.7).

Proof. Since h is a function of bounded variation with support on [0,1], in view of
(1.7), for T > 0 we have

(4.18) |Hy r(x)] < CpoTYr(z), where vp(x) r R

B 1
1+ T
We use the following inequality for function v (z), which was proved in Ginovyan

and Sahakyan [17] (see proof of Lemma 5):
(4.19) T/ Yr(x 4+ uw)r(z +v)de < Cshi*(u—v), §>0, u,veR.
R

To prove (4.16) for ¢ = 1 (say), we use (4.6), (4.7) and the inequality (4.19) with
0 = 1/4 to obtain

/ |f(z1)|d|pr| < CT3/ |f(z1) |7 (21 — 23)¢7 (23 — 2)
R4 R4
Xi//T(J?4 — $1)1/)T(172 — ZE4)dl‘1diE2diE3d$4
< CT/ | f (1) / U3 (@1 — @) daada, < Cullfllerw)-
R R

This proves (4.16). To prove (4.17) for i = 1, j = 2 (say), we use (4.6), (4.7), the
inequality (4.19) with § = 1/4, and Cauchy inequality to obtain

/ |f(z1) f(z2)]d|pr| < CTg/ |f(z1) f(z2) |97 (21 — 23)Y7 (23 — 22)Y7 (24 — 21)
R4 R4

< CT/ |f($1)f($2)|¢§/2(1‘1 - l‘z)dl‘ldl‘z
R2
. 1/2
§ C {T/ fz(l’l)’(/ﬁ;«/z(a?l — Ig)dl‘ldiﬂg}
R2

1/2
+ {T FA(@2) 0y (a1 — $2)d$1d$2} < 02/ 2 (z)dx.
R? .

Lemma, 4.5 is proved.

Lemma 4.6. Let ¢(u) € L*(R)NLP(R), with 1 < p < oo, and let the taper function
h satisfy assumption (T). Then

(4.20) Ar = [[WEW)||oo = o(TH?) as T — oo

Proof. Let Nt be a positive function of T, which we will specify later. We set

(4.21) My = {\€R; [$(\)] > Nr}.
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We have
A = |[Wi ()] = S (Wi ()u,u)| =
H:|1\12p:1 /0 /0 Yt — s)u(t)u(s)h(t)h(s) dtds| =
4z s / ' / ' [ [ e d)\] w(t)u(s)h(t)h(s) d ds|.

A square integrable function u(t) is also integrable on [0,7T]. Hence, switching the

order of integration in (4.22), we get

= S ! itA ’ —isA
AT?J‘EL/RW) l/o u(OMO dt [ u(oh(e)e ds] ax
T 2
it
(4.23) <5|uzp_1/R¢(>\)|/O w(t)h(t) eMdt| dX.

Since for u(t) € L?[0,T] with ||u||2 = 1 and h is bounded, we have UOT u(t)h(t) e“‘tdt|2 <
CyT, and by Plancherel’s theorem from (4.23) we obtain

(124) A < Ch (NT o7 [ dA) |
Mt
where My is as in (4.21). We show that for every p (1 < p < 00)
(425) | wlar < g N,
Mt

where

1/p
(1.26) o= ([ woran)

Mt
Indeed, by Holder inequality
(427) [ Wlax < ar m(ar) ",
Mt

where m(Mr) is the Lebesgue measure of the set M. Next, by Chebyshev inequality
(4.28) m(My) < b Ny?.
A combination of (4.27) and (4.28) yields (4.25). Now from (4.24) and (4.25) we
have
(4.29) Ar < C (Np+ T NG
If ¢ € L°(R), then putting Ny = ||9)||e for all T > 0, we will have v = 0 and
(4.29) implies Ay = O(1).
Now suppose 1 € L*(R) and for fixed T' > 0 consider the function
1/p
F(N) :N—Tl/p</ w()\)|”d>\) ,  Ne€0,00).
A (AN [>N}
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Since F(0) < 0 and limy_,o F(IN) = +00 there exists a positive number N = Ny
with F(N7) = 0, that is,

(4.30) vy =10 ( [ BOIP) = Trar.
A (A)[>Nr}

It is easy to see that for ¢ ¢ L°°(R) the equality (4.30) implies lim7_, oo N7 = oo
Hence yr = o(1) and from (4.29) and (4.30) we obtain A\p < C,T /Py = o(T/?)

as T — oo. Lemma 4.6 is proved.

Lemma 4.7. Let ¢ € L'(R) N L%(R), and let W}E(v)) be the tapered truncated
Toeplitz operator defined by (1.18) with taper function h satisfying assumption (T).
Then

1
(4.31) FIWE@IE — 2nHa[Y[5 as T — oo,
where Hy is as in (1.4).

Proof. Using the formula for Hilbert—Schmidt norm of integral operators (see [22]),
by (1.13) we have

(4.32) IWh@)|2 = / / Bt — 9)2 b (Db () 2 de ds.

Using the change of variables ¢t — s = u and taking into account that by assumption

(T) the taper function h is supported on [0, 1], from (4.32) we get
(4.33) WE()|2 = / / [B() 2l (s + u)he(s)[? duds.

Next, taking into account that hp(t) = h(t/T) and using the change of variables

s/T = v, from (4.33) we can write

R T
FWEOIE = 5 [ 19 [/ Ih(s/T +w/T)h(s/T) ds] du

/RIQZ(U)IQI Uol |h(v + u/T)h(v)[? dv] du

For the inside integral on the right-hand side of (4.34), in view of (1.4), we have

1 1
(4.35) im [ Ao+ u/T)h()[? dv = / B (v) dv = Hy.
T— o0 0 0

(4.34)

Finally, using Parseval-Plancherel’s equality, from (4.34) and (4.35), we obtain
(4.31). Lemma 4.7 is proved.

Lemma 4.8. Let Y(t), t € R, be a real-valued, centered, separable stationary
Gaussian process with the spectral density fy (\) € L*(R) N L?(R), and let hp(t) =
h(t/T) with a taper function h satisfying assumption (T). Define

(4.36) L= / T[hT(t)Y(t)]2 dt.
0
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Then the distribution of the normalized quadratic functional

(4.37) Lh.=17'2 (Lh ~ELL)

tends (as T — 00) to the normal distribution N(0,0% ) with variance
(4.38) 0% = 4nH, /R fE(N) d,

where Hy is as in (1.4).

Proof. Let R(t) be the covariance function of Y'(¢). For T' > 0 denote by \; = \;(T),
j € N, the eigenvalues of the operator W (fy) (see (1.13)), and let e;(¢) = ¢;(t,T) €
L,[0.T], j € N, be the corresponding orthonormal eigenfunctions, that is,
T
(4.39) / K(t — s)e;j(s)ds = A\je;(t), jeN,
0
where K(t — s) := R(t — s)hr(t)hr(s). Since by Mercer’s theorem (see, e.g., [22],
§3.10)
(4.40) K(t—s) =Y Xej(t)e;(s)
j=1
with positive and summable eigenvalues {); }, we have the Karhunen-Loéve expansion:

(4.41) hr()Y (t) = Z VA& (t),

where {{;} are independent N(0,1) random variables. Therefore by (4.37) and
(4.41)

o0
(4.42) Lh =773 "\ - 1).
=1
Denote by yx(L%) the k-th order cumulant of L. By (4.42) (cf. (2.2)) we have

_ 0 for k=1
4.43 L) =4 ’
(4.43) Xk (L) {(k — D12 IR 24 [WR( fy )]k, for k > 2.

By (4.43) and Lemma 4.7 we have
~ 2
@) i) = ZIWREIE — s [ B as T oo,
R
Next, by (4.43) for k > 3, we have
~ 1 B B

(4.45) k(L) < C o WE(F)IBT 2072,
where Ay = |[W2(fy)||o. By Lemmas 4.6 and 4.7 the right hand side of (4.45)
tends to zero as T'— oco. Lemma 4.8 is proved.

The next lemma, which is the well-known Hardy-Littlewood type embedding
theorem for the Holder classes H,(53) (see Nikol’skii [28]), will be used in the proof

of Theorem 3.1.
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Lemma 4.9. Let ¥(\) € Hy(B) with B > 0 and p > 1. The following assertions
hold:

a)if 6 <1/p and p <p1 <p/(1— Bp), then

11
YO € Hp (B 2+ )

b) if B> 1/p, then () is continuous and ||1||c < 00.

5. PROOFS

Since the proofs of Theorems 2.3 and 2.4 are almost the same (with some minor
changes) as in the non-tapered case given in Ginovyan and Sahakyan [17], here we
prove only Theorems 2.1, 2.2 and 2.5.

Proof of Theorem 2.1. By Theorem 16.7.2 from [27] the underlying process X (t)

admits the moving average representation
(5.1 X(0) = [ ate -5 de(o)
R

where @(+) is a function from L?(R), and £(s) is a process with orthogonal increments
such that E[d¢(s)] = 0 and E|d€(s)|> = ds. Moreover the spectral density f()\) can

be represented as

(5-2) F) =27 [a(V)P,

where a(\) is the inverse Fourier transform of a(t). We set
(5.3) a1(A) = (2m)' 2 a(A) - [g(V)]'/2,

where g(A) is the generating function, and consider a process Y (¢) (¢t € R) defined
by

(5.4) V() = [t = s)dss).

where @ (¢) is the Fourier transform of a; ()\) and £(s) is as in (5.1). Since fg € L'(R)

by Parseval-Plancherel’s identity we have

(5.5) / [, (t)|* dt = 27/ lar(\) 2 d)\ = 47r2/ FN) g(\) dX < oo.
R R R
So, Y (t) is well-defined stationary process with spectral density

(5.6) fr(A) ==l (V)]? =27 f(A) g(N).

Since by assumption f(\)g(A\) € L*(R) N L%(R), the process Y (t) defined by (5.4)
satisfies the conditions of Lemma 4.8. Hence Lemma 4.8 and Lemma 5.1 that follows

imply Theorem 2.1.
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Lemma 5.1. Under assumptions of Theorem 2.1
(5.7) Var(Qh — Lh) = o(T) as T — oo,
where Q% and L% are as in (1.2) and (4.36) respectively.

Proof. By (1.2) and (5.1) we have

e b= [ |f ' / "t )it —ur)ils — un)hr (Do (s) dtds| () ).

R2
Similarly, by (4.36) and (5.4)

(5.9) Lh = /R UOT a1 (t — w)a (t — u)h2 (%) dt} de (uy) dE (us).

Setting

(5.10) dir(uy,ug) == /0 /0 g(t — s)a(t — ur)a(s — uz)hr(t)hr(s) dtds

and

T ,T
dgT(ul, ’LLQ) = /0 /0 Zil (t — ul)?il(s — UQ)h%p(t) dtds
(5.11) = /o @1 (t — w)a (t — ug)hp(t) dt,

from (5.8)—(5.11) we get

(5.12) Q- 1h = /W [dir(u1,uz) — dor (ur, ug)] dé(ur) dé(us).

Since the underlying process X (t) is Gaussian, we obtain

(5.13) Var(Qf — L) =2 /2 [dyr(ur, ug) — dQT(Uhuz)}z duy dus.
R

We set
(5.14)  p1(A1, A2, p) = a(M)a(A2)g(p),
(5.15)  pa(A1, Ao, i) = a1 (A)ar(A2)d (i) = a(Ar)a(A2)[g(A)] 2 [g(A2)] V2.

By Parseval-Plancherel’s identity we have

/2 d?T(Ul, ’LLQ) du1 d’ILQ
R

= [

2
/ Hyr(A — p)Hy (g — A2)pi(Ar, Ao, i) dpp| dAg dAg
R

(5.16) = @0 T3, i=12,

where Hy r(u) is given by (1.7), Hp||2T = (p,p)1,

(5.17) (0,0 )r = / P(A1, A2, A3)p (A1, Ao, Ag) dpr,
R4

and the measure pp is defined by (4.7).
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As in (5.16) (see also (5.13)), we have
(5.18) Var(Qr — Lr) = 87T ||p1 — p2||7-

For any K > 0 we consider the sets

(5.19) EE={ueR:|a(u)| < K}, E¥={uecR:gu)<K},
and denote
(5.20) it (w) = pr(w)xy (w)x (u2)xs (uz),

p5(u) = pa(w)xf (un)x1 (u2) x5 (u1)xs (uz),

where u = (uy, u2,u3) € R® and x ¥ (u) is the characteristic function of the set £},
7 =1,2. Then

(5.21) Ip1 = p2ll7 < 3 (lIpF — p5°1I7 + llp1 — PR N7 + llp2 — P5°117,).

Now, (5.14), (5.15) and (5.20) imply that [|p{* — pf||F = [g Tdpr, where I' =
L (uy,ug,us, uq) is a sum of four functions satisfying the conditions of Lemma 4.4.

Since I'(u, u,u,u) = 0 for u € R, applying Lemma 4.4 we get
(5.22) lim |pf — p& |7 = / I (u, u, u, u)du = 0.
T—o0 R
Next, according to (5.17) we have
o1l = Nl + (o1 = pONF = 17 + 28, 21— 1) + o2 — 07 |[7-
Therefore
(5.23) o1 = P 17 < [IpalF = o8 13| + 2] (ot 1 = p1) 7).
By (2.5), (5.16) and Lemma 4.2 we have
51 2
(5.24) P17 = (2m) =2 te [WR(N)Wi(9)]” — 27TH4/ F2(u)g? (u)du,
R
while according to Lemma 4.4 and (5.16)
(5.25) lpi* |17 — 27 Hy ; F2(u)g? (u)du,
K
where Fx :={u e R: f(u) < K, g(u) < K}. From (5.24) and (5.25) we get
(5:20) Jim (Ipilf = IpKIB) =2t [ Plogdde=o(t) as K - oo,
T— o0 ]R\FK
To estimate the last term on the right hind side of (5.23) we denote
T (ur, uz, us, ug) = pi (ur, uz, us) [p1(ur, uz, ug) — pi* (ur, uz, ug)] .
From (5.19) and (5.20) for I'k (u1, ug, ug, us) # 0 we have

(5.27) la(u1)| < K, Ja(uz)] < K, g(us) < K, g(us) > K,
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Next, for any L > K and u = (uy, ug, us, uq) we have

(5.28) (1, p1 — P )1 = /w L (w)dur = /R4 T ()3 (ua)dpr + 1,
where with some constant C'x depending on K
(5.20) 1< Ck [ alus) (1= xb(ws)) |

It follows from (5.14), (5.15) and (5.20) that T's (u)x% (u4) is a linear combination of
functions satisfying the conditions of Lemma 4.4. Applying Lemma 4.4 and taking

into account that T'x (u,u,u,u) = 0 for u € R (see (5.27)), we obtain

(5.30) lim Txc (W) xE (ug)dpr = / Tk (w, w, w, ) x5 (u)du = 0.

T—oo Jpa R
For given £ > 0 and sufficiently large L by (4.16) we get
631 Cx [ o) (@) durl <Cx [ gwdu<e
R

{u: g(u)>L}

From (5.28) — (5.31) we obtain

lim (pf(’]h —pf)T =0.
T— 00

This combined with (5.23) and (5.26) yields

(5.32) lim ||py — pf*[|lr = 0.
T—o0

Finally, we prove that

(5.33) lim ||ps — p5°[|7 = 0.
T—o0

Indeed, according to (5.15), (5.20) and (4.17), we have

p2 — p¥llr < / [1— X1 (ua)]f (wr)g(ua) f(u2)g(uz)d| pr
R4

+ [ = )l )y ) gl
R4
< / 2 (u)g? (u)du + / 2 (w)g?(u)du = o(1),
{u:lg(w)|>K}
{wlf(w)|>VK}
when K — oo (uniformly on 7). A combination of (5.18), (5.22), (5.32) and (5.33)
yields (5.7). This completes the proof of Lemma 5.1. Theorem 2.1 is proved.
Proof of Theorem 2.2. By a change of variables x1 = u, x1 — 2 = U1, To — T3 = Ug,

3 — T4 = ug, in view of (4.1), (4.2), (4.5) and (4.6), we can write
2
tr [W%(f)W%(g)] / /f g(u —up) flu—u —uz)g(u —uy —ug — ug)du
Hy p(uwi)Hyr(u2)Hi r(us) Hyr(—ur — ug — us)dugduadus
(5.34) = :87°H, / T (u)®%(u)du,
R3

X
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where u = (uy, ug,u3), ®}(u) := @} 1(u) is defined by (4.1), ¥(u) := @(u1,u1 +
ug,u1 + us + ugz) and p(uq, ug, us) is defined by (2.6). By Theorem 2.1 and (5.34)
we need to prove that

(5.35) Jin [ W)@ - /R F2(2)g(z)da

Now, since both functions ¢(uy,us, u3) and ¥(uy, ug, us) = @(u1, ug + uz, ug +us +

ugz) are square integrable and continuous at (0,0,0), and

\I/(O,O,O):/Rf2(x)g2(w)dx

from Lemma 4.1 we obtain (5.35). Theorem 2.2 is proved.
Proof of Theorem 2.5. In view of (4.5) and (4.7), we need to prove that (2.8) and
(2.9) imply

(5.36)  dim = [ f(en)f@)e(es)g(ea)dur = SxOH, / £ ()9 ().

T—o0 R4

If o, B > 0, then (2.8), (2.9) imply f € L'/*(R), g € L'/#(R), and the result follows
from Theorem 2.3. Assuming 8 < 0, from (2.8) we have g € L>°(R).

Denote

Ta) = {0, if = G. [—2, 4] , d(z) = {0, if x 6. [—a,a)

f(x), otherwise g(z), otherwise,

where the number a > 0 is as in the statement of the theorem, and let f = f — 1,
g =g —g. Then we have

7 [ e ssgadir = 5 [ T faatoendun

+ % /11&4 i(ml)?($2)g($3)g($4)dMT + % /R4 Sf(a1) f(x2)g(x3)g(xa)dpr
(5.37) =Ih+ 1211

Since f, g € L®(R) and f € L'(R) we obtain

Th_r}nOo I} = 87T3H4/ flz x)dr = 87° Hy /|x>g f2(2)g?(x)dx,
(5.38) Tlim 2 = 87T3H4/ f(x)f(2)g*(x)dx = 0.
—00 R
Next, we can write
I3 = f(Il)f( w2)g(w3)g(wa)dpr + %/th f(@1) f(w2)g(x3)g(za)dpr

(5.39)

4
+ % s f(@1) f(z2)g(z3)g(za)dpr + % /11@4 f(@1) f(x2)g(x3)g(2s)dpr = Z Jh.

i=1
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We have 1
=g [ S

Arguments similar to those leading to equality (4.3) from [16] may be used to prove
that

a a/2
(5.40) Th_I)lgo Jh = 87T3H4/ ()¢ (x)dx = 87r3H4/ f2(z)g?(z)d.

—a —a/2
Since f(x1)f(x2) € L'(R?) for any ¢ > 0 we can find § > 0 satisfying
/ |f(z1) f(22)|dar1dzs < e
|y —x2|<6

Because g € L*°(R), in view of (4.18) and (4.19) for sufficiently large T we obtain

a/2 a/2 a/2
Bzer [ [ 5@l [ vr - st - o)
—a/2—a/2 —a/2

X / szddecgdﬂcldxg

|z4]>a
a/2 a/2
<c / / () f(@)](1 + Tl — ws])~2daydzs
—a/2—a/2
<c [ 1) )dndes
|z1—x2|<d
+(1+T6) 12 / @) f () |dirydicy < 22,
|z1—22|>0
This means that
(5.41) Jim J7 =0,
—00
Likewise, we get
(5.42) lim J3 = 0.
—00

To estimate the integral J7 in (5.39) note that in this case |z; — z;| > %, = 1,2,
j = 3,4. Therefore

|J§11| < %/ i(,’El)i(.%‘g)§($3)§($4>d$1d$2d$3d$4
RA

C
(5.43) < T”f”%l(]R)Hgnil(R) —0 as T — oo

From (5.39) — (5.43) we obtain
a/2
lim I3 = 87T3H4/ 2(z)g*(z)dx,
T—o0 70‘/2
which combined with (5.37) and (5.38) yields (5.36). Theorem 2.5 is proved.
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Proof of Theorem 3.1. Taking into account the equality

(5.44)  TY2[Jh—J] =TV [E(JE) — J] + T2 [Jp - E(JB)],

to prove the theorem we have to establish the following two asymptotic relations:
(5.45) TY2[E(JE) —J] -0 as T — o0,

(5.46) TV (I — E(JR] S~ N(0,03(J) as T — oo,

where o7 (J) is given by (3.2).

Observe first that the relation (5.45) is an immediate consequence of Theorem
2.1 of Ginovyan and Sahakyan [18], since under each of the conditions a)-d) in
assumption (A), we have 81 + 2 > 1/2.

Now we proceed to show that the relation (5.46) follows from Theorem 2.3. To
do this we need to show that, under the assumption (A), there exist numbers p;
(p1 > p) and ¢1 (¢1 > q), such that H,(81) C Ly, Hy(B2) C Ly, and 1/p1 +1/q1 <
1/2.

The case 81 > 1/p, B2 > 1/q is obvious, since in view of Lemma 4.9 b) we have
H,(81) C Lo and Hy(B2) C Leo-

Let 51 < 1/p, B2 < 1/q and 1 + B2 > 1/2. For an arbitrary number ¢ > 0
satisfying 81 > ¢ and (B2 > ¢, we set

i:1—,614—6 and l:1—[324—5.

pr P Q1 q
It is easy to see that p < p1 < p/(1 —B1p) and ¢ < ¢1 < q/(1 — B2q). Hence by
Lemma 4.9 a) we obtain Hy,(81) C Ly, and Hy(f2) C Lg,. On the other hand, we

have

1 1

7+7:1+1_(51+52)+2521—(ﬁ1+52)+2€~
Ppr @1 p q

Since 31 + B2 > 1/2, choosing ¢ sufficiently small, we obtain 1/p; +1/q; < 1/2.
Now let f1 > 1/p and 1/q — 1/2 < B3 < 1/q. By Lemma 4.9 b) we have
H,(f1) C Loo. For an arbitrary number ¢ > 0 satisfying (8, > ¢, we set
l = 1 — P2 +e.
q1 q
Obviously ¢ < ¢1 < ¢/(1 — B2q), and hence H,(f2) C L, by Lemma 4.9 a).

Further, we have
1 1 1
—+—=—-—[a+e=.
P ¢ q
Since 1/q — B2 < 1/2, choosing ¢ sufficiently small we obtain 1/p; +1/q; < 1/2.
The case 83 > 1/g and 1/p —1/2 < 1 < 1/p can be treated similarly.

Thus, we can apply Theorem 2.3, to obtain that

(547) Qb =T"Y2 (Qh —E[Q4]) Ly~ N(0,07) as T — oo,
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where Q% and o2 = 02(Q) are given by (1.2) and (2.3), respectively.
Also, in view of (1.10), (1.12) and (2.3), we have

(5.48) o2 (J) =

1 2

(@ = amelt) [ PO o) = B

Putting together (5.47) and (5.48), we obtain the relation (5.46). Theorem 3.1 is

proved.
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1. INTRODUCTION

The sparse operators are very simple positive operators recently appeared in the
study of weighted estimates of Calderén-Zygmund and other related operators. It was
proved that some well-known operators (Calderén-Zygmund operators, martingale
transforms, maximal function, Carleson operators, etc.) can be dominated by sparse
operators, and this kind of dominations imply a series of deep results for the mentioned
operators (see [1, 2, 4 — 7]). In particular, Lerner’s [6] norm domination of the
Calderén-Zygmund operators by sparse operators gave a simple alternative proof
to the As-conjecture solved by Hytonen [3]. Lacey [5] established a pointwise sparse
domination for the Calderén-Zygmund operators with an optimal condition (Dini
condition) on the modulus of continuity, getting a logarithmic gain to the result
previously proved by Conde-Alonso and Rey [1]. The paper [5] also proves a pointwise
sparse domination for the martingale transforms, providing a short approach to the
Ag-theorem proved by Treil-Thiele-Volberg [8]. For the Carleson operators norms
sparse domination was proved by Di Plinio and Lerner [2], while the pointwise
domination follows from a general result proved later in [4].

In this paper we consider sparse operators based on ball-bases in abstract measure
spaces. The concept of ball-basis was introduced by the first author in [4]. Based on

ball-basis the paper [4] defines a wide class of operators (including, in particular, the

IResearch was supported by a grant from Science Committee of Armenia 18T-1A081.
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above mentioned operators) that can be pointwisely dominated by sparse operators.
Some estimates of sparse operators in abstract spaces were obtained in [4]. In this
paper we define a stronger version of sparse operators, and prove weak and strong
type estimates for such operators.

We first recall the definition of the ball-basis from [4].

Definition 1.1. Let (X, 9, 1) be a measure space. A family of sets B C M is said

to be a ball-basis if it satisfies the following conditions.

B1) 0 < u(B) < oo for any ball B € B.

B2) For any two points x,y € X there exists a ball B > x,y.

B3) If E € M, then for any € > 0 there exists a finite or infinite sequence of balls
B, k=1,2,..., such that

u(EALﬂ%><a
k
Bj) For any B € B there is a ball B* € B (called o hull of B) satisfying the
conditions:
U ACB*, wB)<XuB),
AeB: n(A)<2u(B), ANB#D

where K is a positive constant.

A ball-basis B is said to be doubling if there is a constant > 1 such that for any
A€ B, A* # X, one can find a ball B € 5 to satisfy

(1.1) AC B, wB)<n-pu(A).

In [4], it was shown that the condition (1.1) in the definition can equivalently be
replaced by a stronger condition 7y < p(B)/un(A) < o, where 93 > np > 1. It is
well-known the non-standard features of non-doubling bases in many problems of
analysis.

One can easily check that the family of Euclidean balls in R™ forms a ball-basis
and it is doubling. An example of non-doubling ball-basis can serve us the martingale-
basis defined as follows. Let (X, 90, 1) be a measure space, and let {8, : n € Z} be a
collection of measurable sets such that 1) each 9, is a finite or countable partition of
X, 2) for each n and A € 9B, the set A is a union of sets A’ € B,,,1, 3) the collection
B = UpezB, generates the o-algebra M, 4) for any points z,y € X there is a set
A € B such that x,y € A. One can easily check that B satisfies all the ball-basis
conditions B1)-B4). On the other hand, it is not always doubling. Obviously, it is
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doubling if and only if u(pr(B)) < cu(B), B € 9B, where pr(B) (parent of B) denotes
the minimal ball satisfying B C pr(B).

Let B be a ball-basis in a measure space (X, 9, u). For f € L"(X), 1 <7r < o0,
and a ball B € ‘B we set

1 r Hr *
oo = (g [17) 0 o= 5w s
A collection of balls 8§ C B is said to be sparse or v-sparse if for any B € 8 there
is a set Ep C B such that u(Ep) > yu(B) and the sets {Ep : B € 8} are pairwise
disjoint, where 0 < v < 1 is a constant. We associate with § the operators:
Asrf(@) =D (fa, Lal@), A5, f(2) =D (A4, La),
Aes Aes

called sparse and strong type sparse operators, respectively. The weak-L! estimate of
As.1 in R™ (case r = 1) as well as its boundedness on L? (1 < p < co0) were proved
by Lerner [6]. The LP-boundedness of Asg , for general ball-bases was shown by the
first author in [4].

We will say that a constant is admissible if it depends only on p and on the
constants X and « from the above definitions, and the notation a < b will stand for
the inequality a < ¢-b, where ¢ > 0 is an admissible constant. The main result of this
paper is the weak-L" estimate of Ag . generated by general ball-bases. More precisely,

we have the following result.

Theorem 1.1. A sparse operator of strong type A% ., 1 < r < oo, corresponding to
a general ball-basis, is a bounded operator on LP for r < p < oo, and satisfies the

weak-L" estimate, that is,

(1.2) 145, (O, S 1y, 7 <p<o0,

(1.3 p s, (0 >3 5 M,

A>0.

The proof of LP-boundedness of Ag . is simple and uses the duality argument as
in [6]. Lerner’s [6] proof of weak-L! estimate in R™ applies the standard Calderén-
Zygmund decomposition argument. The Calderén-Zygmund decomposition may fail
if the ball-basis is not doubling, so for the weak-L" estimate in the case of general
ball-basis we apply the function flattening technique displayed in Lemma 2.7. That is,
we reconstruct the function f € L™ around the big values to get a A-bounded function

g € L?", having ball averages of f dominated by those of g. As a result we will have
A5 .f

roo S ||.A:§7Tg||2ryoo, reducing the weak-L" estimate of Ag . to weak-L2".
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2. AUXILIARY LEMMAS

Recall some definitions and propositions from [4]. We say that a set E C X is
bounded if £ C B for a ball B € B.

Lemma 2.1 ([4]). Let (X,9, u) be a measure space with a ball-basis B. If E C X
is bounded and G is a family of balls with E C UG€9 G, then there exists a finite or
infinite sequence of pairwise disjoint balls G, € G such that E C |J,, G}.

Definition 2.1. For a set E € 9 a point x € E is said to be a density point if for
any € > 0 there exists a ball B 3 © such that (BN E) > (1 — e)u(B). We say that
a measure space (X, 1) satisfies the density property if almost all points of any

measurable set are density points.
Lemma 2.2 ([4]). Any ball-basis satisfies the density property.

The L™ maximal function associated to the ball-basis %6 we denote by

M, f(x) = Bes%l}peBU)B,r

Lemma 2.3 ([4]). If 1 <r < p < o0, then the mazimal function M, satisfies the

strong LP and weak-L" inequalities.

Definition 2.2. We say that B € B is a A-ball for a function f € L"(X) if

<f>B77- > A\
If, in addition, there is no A-ball A D B satisfying u(A) > 2u(B), then B is said to

be a mazximal A\-ball for f.

Lemma 2.4. Let the function f € L"(X) have bounded support, and let A > 0. There

exist pairwise disjoint mazimal \-balls { By} such that

(2.1) Gr={xeX: M f(z) >\ c|JB;
k

Proof. Since f has bounded support, one can easily check that the set G, is also
bounded. Besides, any A-ball is in some maximal A-ball. Thus we conclude that G =
U, Ba, where each B, is a maximal A-ball. Applying the above covering lemma, we

find a sequence of pairwise disjoint balls By such that
G cl B
k

and so we have (2.1). O
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Let B C (a,b) be a Lebesgue measurable set. For a given positive real x < |B|

denote
a(k,B) =inf{a" : |(a,d’)N B)| >k}, L(k,B) = (a,a(k,G)) N B.

Observe that L(k, B) determines the "leftmost"set of measure x in B and a(k, B)

does not depend on the choice of a.

Lemma 2.5. Let A C B C (a,b) be Lebesgue measurable sets on the real line, and
let 0 < k <|A|. Then we have

|L(k, B)AL(k, A)| < 2|B\ Al.
Proof. Obviously, we have a < a(k, B) < a(k,A) < b. Since |L(k, B)| = |L(k, B)|,
the sets
L(”v B) \L(’ivA) = ((aaa(ﬂvB)) N (B \ A))a
L(k, A)\ L(r, B) = ((a(k, B),a(k, A)) N A).
have the same measure. So, we get
|L(k, B)AL(k, A)| = 2|((a,a(k, B)) N (B\ A))| < 2|B\ A|.

Lemma 2.6. Let (X, 9, 1) be a non-atomic measure space and Gy be a finite or
infinite sequence of measurable sets in X. If a sequence of numbers & > 0 satisfies
>k &k < 00 and the condition
(2.2) > & <uGr), k=12,

Ju(G;)<p(Gr), G;NGr#2

then there exist pairwise disjoint measurable sets G, C Gy, such that
(2.3) N(ék) :gk,k: 172,....

Proof. Without loss of generality we can suppose that x(Gy) is decreasing. Since the
measure space is non-atomic, we can also suppose that G}, are Lebesgue measurable
sets in R. We first assume that the sequence Gy, k = 1,2,...,n, is finite. We apply
backward induction. The existence of G,, C G, satisfying ,u(én) = &, follows from
(2.2), since the latter implies &, < wu(G,) and we have that the measure is non-
atomic. We define G,, to be the leftmost set in G,,, that is, G,, = L(&,, Gr). Suppose
by induction we have defined pairwise disjoint sets Gj, C G}, satisfying (2.3) for
I <k <n.From (2.2) it follows that

% <G1—1 \ U ék) > u(Gro1) — Z w(Gj) > &

k=l I<j<n:G;NG_1#D
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Hence we can define G;_1 = L(§-1,G—1 \ Up_, Gx). To proceed the general case
we apply the finite case that we have proved. Then for each n we find a family of
pairwise disjoint sets G;C”), k =1,2,...,n such that u(G,(;L)) =& for1 <k <n.
Applying Lemma 2.5 and analyzing once again the leftmost selection argument of the

tilde sets, one can observe that

n(GUAGY) < 3G N6 < gua.
j=k

So, we conclude that
WGMAGT) < ST & m>n>k.
k=n—+1
The last inequality implies that for a fixed k the sequence I om) converges in L'-norm
k

as m — oo. Moreover, one can see that the limiting function is again an indicator

function of a set G, and the sequence G, satisfies the conditions of the lemma. [

Lemma 2.7. Let (X,9M, 1) be a non-atomic measure space, and let f € L"(X),
1 < r < oo, be a boundedly supported positive function. Then for any A > 0 there

exists a measurable set Ey C X such that

(2.4) w(EX) SfIR/A" {z e X+ Mo f(z) > A} C Ey,
and the function

(2.5) 9(z) = f(z)  Ix\p, (2) + A I, (z)
satisfies the conditions:

(2.6) glx) < Xae onX, (f)pr S {(9)B+, whenever B € B, B ¢ E,.

Proof. Applying Lemma 2.4 we find a sequence of pairwise disjoint maximal -
balls By, satisfying (2.1). Thus, applying the density property (Lemma 2.2), one can

conclude that

(2.7) f(z) < A foraa. x e X\ JB;.
k

Given By, we associate the family of balls
(2.8) B, ={BeB: BNB; #, u(B)>2u(BL)}.

Observe that if one of these families, say By, , is empty, then in view of conditions
B2) and B4), one can easily check that X C B;*. Then defining Fy = X, the claim
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of the lemma will be satisfied. Hence we can assume that each By is nonempty, and
so, there is a ball Gy, € B such that

(2.9) wGr) <2 inf p(B).

From A-maximality of By and the inequality pu(Gx) > 2u(Bj), we get Bf C Gy,
(f)c:.» < A. This implies

(2.10) A / M <u(Gy) <c-u(Gr),
where ¢ > 0 is an admissible constant. Denote
Dy =By, Dy =B \U<j<k-1B}, k>2,

and consider the numerical sequence &, = % ka fm, k=1,2,..., for some constant

d > 0. Taking into account (2.10), for a small admissible constant § > 0 we obtain

U fj:% /fr

J:u(G5)Sp(Gr), GiNGr#2 J (G )<M(Gk) GiNGr#2
<2 / f7 < dp(Gr) < pl(Gr),
a;

which gives condition (2.2). Since our measure space in non-atomic, applying Lemma,

2.6, we find pairwise disjoint subsets Gj, C Gy, such that
~ 0
(2.11) w(Gr) = —/ frook=1,2,....
X b,

The disjointness of the sets Dy, implies

(2'12) Zu(é )\T / fr < Hf”r
k

From the A-maximality and disjointness property of By, we get

(2.13) “(UBZ*> <Z“ By) < Nz/ < ||f||r_
k

Denote Ey = (Uk Gk) U (U, B*). From (2.12) and (2.13) we get u(Ex) < || £]7/\",

and (2.7) implies (2.6). Hence it remains to prove that the function g satisfies (2.6).

Take a ball B € %8 with B ¢ FE). First of all observe that for each By satisfying

BN B; # @ we have u(B) > 2u(Bj), since otherwise we would have B C B;* C Ej,

which is not true. Thus, whenever B N B}, # @ we have B € B, then we get

1(Gy) < 2u(B), and so G C Gy C B*. Besides, from (2.7) and the definition of g it
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follows that f(z) < g(z) a.e. on X \ UyBj. Hence, using (2.11) and the disjointness

of G, we can write

<f>%,,-=ﬁ / I+ / fr Su(lB) .Z /f’”+ / g

BN(UxB) B\Uy B;: k: BiNB#PpAp, B\Uy B

< 1 f?“ Z )‘7M(Gk> + r

~ wB) D g B I

k: B*nB;éz K k: BiNB#2
1 J +/
= * N g B*,r
0 (B k: B*nB;ﬁg G )
This implies (2.6). O

3. PROOF OF THEOREM 1.1

Proof of LP-boundedness. For any B € 8 we have (f)5, < M, f(z) for all x € B, and
therefore (f)5, < (M, f)pr, B € B. Let Ep be the disjoint portions of the sparse
collection of balls satisfying u(Fp) > 7 - u(B). Also, suppose that r < p < oo and
q=p/(p—1). Thus, for positive functions f € LP and g € L?(X), we can write

/ Ay fgdn< S (ML f) 5 / gdp =" (M )5 (951 - u(B)

Bes Bes$
<y S M f)py - (WEB)YP - (9)p1 - (u(Ep))M
BeS§
1/p 1/q
<77 <Z<MTf>§;,T : u(EB>> : <§j<g>qB,1 : u(EB)>
Be$ BeS

<M M A1 Mi(9)llg S 1M fllp - llglla S £ - lgllas

which completes the proof of LP-boundedness. a

Proof of weak-L" estimate. Without loss of generality, we can assume that our measure
space (X,9, 1) is non-atomic, since any measure space can be extended to a non-
atomic measure space by splitting the atoms as follows. Suppose A C 91 is the family
of atomic elements of the measure space (X,9M, u), that is, for any a € A we have
w(a) > 0 and there is no proper M-measurable set in a. We can suppose that each
atom is continuum and let (a,M,, 1) be a a non-atomic measure space on a € A such
that pe(a) = p(a). Denote by 9 the o-algebra on X generated by 9t and by all 9,
a € A. Let u/ be an extension of y such that p/(E) = e (E) for any 9,-measurable
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set £ C a. Hence, (X, ', /) provides a non-atomic extension of the measure space
(X, 0, ).

Now let f be a 9t-measurable function. The balls are 9t-measurable, and so they
can not contain an atom a partially. Thus, the left and right sides of inequality (1.3)
are not changed if we consider (X, 9, /) instead of the initial measure space. Hence,
we can suppose that (X, 91, u) is itself non-atomic. Applying Lemma 2.7, we find a
function g satisfying the conditions of the lemma. From (2.6) we get (f)5, < (9)5,
for any B € 8 with B ¢ E) and hence, A5 f(z) < A5 .g(z), x € X \ E\. Therefore,

using the L*" bound of A ., we obtain
plo € X A3, (@) > A} < u(Bx) + ufx € X\ By A3,9(a) > A}
P P 2| fII7
Ml L7 g MEL e B
X\Ex X\Ex

AT \2r AT \2r AT
This completes the proof of theorem 1.1. O
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AnHoTAnus. B pabore m3yuaercs 3amada Jlupuxie B HOJyOPOCTPAHCTBE JJIsT
PeryJadapHBIX TUIO3JIIUNTHYeCKUX ypaBHeruil. [IpuMensns cneruaabHOe HHTEeTrPaJlb-
HOE TIPEJICTABIEHNE, CTPOIOTCS MPUOIUKEHHBIE PEIIEHUs JIJIs1 JTAHHON 3a/1a49d, U
TE€M CaMBIM JOKA3BIBAETCHA KOPPEKTHAsI PA3PeIINMOCTh.

MSC2010 number: 32Q40.

KurrogueBbie cjIoBa: perysspHOE THIIOIIUMITUYECKOe YPABHEHUE; MYJIbTHAHU30TPOLI-
HOE PACCTOSHNE; MHTETPATBLHOE MPEICTABIEHNE; MYIBTHAHN30TPOITHOE SI/TPO; KOPPEKT-
Hasd Pa3pernmMOCTb.

1. BBEAEHUE

B pabore paccmarpuBaerca 3amada Jlupuxie B HOJIYIPOCTPAHCTBE JJisi CIEIUA b
HBIX (MYJIBTHOAHOPO/IHBIX ) PErYJISAPHBIX THHOMIIUITAYECKUX YPABHEHWI C HYJIEBBIMU
PPAHUYHBIMU YCJIOBHSAMHU. 33Ja9M TAKOIO TUIA MOSABISIOTCS MPU U3YUEHUH MYJIbTH-
AHW30TPOITHBIX MPOIECCOB W TPYAHOCTh WX U3YyUYEHUS 3AKIIOYAETCS B TOM, 9TO COOT-
BETCTBYIOIIUI MMOJTHBIH CHMBOJ HE ODOOIIEHHO OTHOPOAHBIHN, KAK [IJIs SJLUIANTHIECKUX
WJTA TIOJTYJUTUTITHYEeCKNX ypaBHeHnit (cM. [1]-[10]), a MyJIbTHOIHOPOAHBIH, W TOCTPO-
eHne MPUOJIMAKEHHOTO PEIIeHns /i TAKUX YPABHEHWI MPEICTABIIseT OT ceOsi TPYI-
nocrb. Ho, npumenss cuenuanbaoe uarerpasibHoe npeacrasienue GpyHKIuil, KOTopoe
OXBATBHIBAET BCE BEPINUHBI BIIOJHE MPABUILHONO MHOTOrpanunka Heiorona (cum. [11]-
[14]), yaaercs HOCTPOUTH IPUOIIMKEHHBIE PEIIEHUs YePe3 UHTEIPAJIbHBIE OlEPATOPBI.
Amnasornusble Bompochl BO BceM mpocTpaHcTse R™ 6bin n3ydensl B pabore [15]. B
JAHHOI paboTe M3ydaeTcs BOMPOC O Pa3pemunMocTu 3amadu JIupuxie B cOOOTIEBCKIX
npocrpancrsax W (R?) (1 < p < oo).

lPaBora BbimonHeHa Ipu BUHAHCOBOI HOJEPIKKE T'ocynapcrBennoro komurera 1o Hayke Munu-

crepcrBa 00pazosBanus u Hayku PA cosmectno ¢ PoccnitckuM poraoM QyHIaMEHTAMBHBIX UCCIIEL0-
Banuil (kox npoekra 18RF - 004).
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ITycts R™ ecTh n-MepHOE €BKIMTOBOE MPOCTPAHCTBO, a Z'} — MHOXKECTBO MYJIb-
runniekcos u3 R™. Duemenrer R™ u Z7) 6ynem npeacrasiares B suge (&,7), (a, o),
r7e, coorsercrsenno, £ € R r e RY, a € 217!, a,, € ZY.

st MyJIbTUMHIEKCA (v € Z?fl obo3nauuM || = a1+ -+ a1, Dk = %% (k=
1,...,n). D* = D{*...D;"7' ectb obobmennas mpomssoanas mo C.JI1. CobGonery
nopsizika |l

Jnist nanHOro HaGopa MyIbTHHHIEKCOB 13 Z' ' o6o3naunM vepes N HaMMEHLIIHIL
BBIYKJIBIi MHOTOTPAHHUK, COJEPIKAINii BCe TOYKM 3TOro Habopa. Muororpanank Ot
HA3bIBACTCA BIIOJIHE [PABUJILHBIM, €CJIM MMEET BEPIIMHY B HadaJjle KOODJAMHAT U Ha,
BCEX KOODJMHATHBIX OCAX, & BHEIIHUE HOPMaJU BCeX (N — 2)-MEepHBIX HEKOODIUHAT-
HBIX IpaHeil UMeT OJOXKUTEeTbHbIe KoOpauHAThI. [lycrh ‘ﬁ?*z (i =1,...,1,-9)
ecThb (n — 2)-MepHBIE HEKOODIMHATHbIE IPaHi MHOrorpanuuka 91, 9’91 — MHOXKeCTBO
BCEX TEX MYJbTHHHJIEKCOB, KOTOPBIE MPUHAJIEKAT XOTA Obl OmHON (n — 2)-MepHO
HeKoopMHATHOH Tpamn muororpammmka O, NO = N\ IN, {a!,a?,...,aM} —
MHOKECTBO BCeX BEpPIIHH MHOrorpaninka 91 oTamdHbx orT Hyad. U mycers p' (i =
1,...,1, ) ectb Takas BHEmHAS HOPMA/b rpanu NI~ 2, IPH KOTOPOI yPABHEHHE TH-
TIepTIIIOCKOCTH, CoflepsKalieil TanHyio TpaHb, 3amaeTca dopmymoit (o, pt) = 1. Ipem-
MOJIOKUM, ITO MHOTOTPaHHUK 1 mmeeT (n — 2)-MepHBIE TPAHU, CONEPKAIINE TOUKH
{at,.. ;a3\ {ai} (i=1,...,n—1), tae o' = (0,...,0,1;,0,...,0). Buenmrowo
HOpPMAaJ/b JaHHO# rpanu obosHauum depes p' (i = 1,...,n — 1). Oboznaunm Tax-
xe wepes 10 = (uf,..., 00 1) = (1/l,...,1/lh—1). Hycts v = (31,...,Vn—1) €CTH
TOYKA MEPECedeHrsl THTIEPILIOCKOCTEH, comepyKammx (n — 2)-MepHBIE TDAHN ¢ BHEITHA-
My HOpMagtaMK 4, ..., "1, 1 Jyig OpeesIeHHOCTH IPEIIOIOKIM, 4TO Y < Y <
o < Ve Y1 L S ypog, tme v = 0,1,...,n — 2. IlpeanonokuM Takixe,
aro  max |’ — min |u!| < 1. OBosnaunm gepes 9 C R"™ mHOrOrpaHHUK

i=1,....,1,_2 1=1,...,r4+1
B 7'}, IMeoNnii BepIImHBI B .. BMH e B = (af,0) (i = 1,..., M), M =
(0,...,0,2m) u B R} paccmorpum guddepeniuanpusiii oneparop P(Dy, D, ) ¢ mo-

CTOSTHHBIMHU JIeHCTBUTETHHBIMI Kodbdunnentamu a; (i = 1,..., M)

M
(1.1) P(D,,D,,) = D"+ a; D™

i=1

M .
¢ monubM cumBosioM P(€,€,) = £2m + 3 a6 .
i=1
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ITpeanonoxum, 9o oneparop (1.1) ecTh perysispHbIi Oneparop, TO eCTh CYIIeCTBY-
et nocrosiinas C > 0 rakas, uro mis Jjaoboro (€, €,) € R™ umeer Mecro HEpaBeHCTBO

M

(1:2) P =c( S

i=1

goci + €2m

IIpuMmepaMu peryIsipHBIX OTEPATOPOB SBISIOTCS SJIIUNTHYECKUE, KBA3WIJLIATITHIC-

CKHUe OIepaTopbl, a Takxke omneparopbl tuna P(D) = Y D%, tae M — npoussosib-
a€d’'MN

HBIN BITOJIHE HpaBHﬂbeIﬁ MHOT'OT'PAHHUK C BEPIIIMHAMUW, UMEIOIIUEe Y€THbIEe KOOPJAWUHA~

UL ny — .
ThL. [l BriosiHe npaBuibHOrO MEOTOrpananka M obo3Haunm wepes Wy (R +) ={f:

eL, (R” ,Dﬁi €L, (R?),s =1,...,M + 1} u Ha3pBaeM MyJIbTHAHA30TPOITHLIM
p By p (4

M+1 A
npocrpancrsom Cobosnesa ¢ HOPMOii ”f”W;?ﬁ(Ri) = z; HDﬁszLp () + Hf||Lp(Ri).
U3 peryngpHOCTH CjleyeT, 4TO BEPINUHbI MHOTOIDAHHMKA O MMEIOT YeTHBIE KO-
OpAuHATBI, U P AelicrBurenbHbix Kodbduumenrax a; (i = 1,..., M) mHOrousexn
P(&,7) mo T mMeeT pOBHO M KOPHEHH C MOJOKUTETHHBIMI U OTPHUIATETHHBIMA MHUMbBI-
Mz Jactamu. g mo60oro GpUKCHPOBAHHOIO & 0003HAMHUM 9epes Tii & @E=1,...,m)

9t KOpHU. OOO3HAUUM TAKIKE

M) =[(r = 7€) =D b,
j=1 i=0

M6 = 3on@m = (s 5 ) (1-1),

=0 p

rae p > 1 mekoropoe uncio. B R’ paccmorpum cremyiontyio 3anaqay JInpuxie:

(1.3) P(D,, D, U = f(z,x,), x,>0, z€R"}
U

(1.4) : =0, i=0,1,....,m—1.
ox?, 20 =0

B nacrosinieit pabore usydaercs pazpemumoctb 3a1auu (1.3)-(1.4), a umenno Oymyr

JOKa3aHbI CJIEeAYIOINe TeOPEeMbl, KOTOPbhI€ CYTh OCHOBHBIE PE3YJIbTATHI CTATHU.

Teopema 1.1. Ecau f € L,(R%) (1 < p < 00) u umeem KoOMNAKmMHbLl HOCUMEND, TO
npu x > 1 sadava (1.3)-(1.4) umeem eduncmeennoe pewernue U ug waacca W;m (R%),

u das nexomopot nocmosnnot C > 0 (ne sasucawets om f) umeem mecmo oyenxa
(1.5) 1Ullwsn gy < ClF L, @n)-

A npu x <1 umeer MeCTO CIIEAYIONAsS TEOPEMA.
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Teopema 1.2. Ilycmo x < 1u f € Ly(R%) (1 < p < 00) ¢ KOMNAKMHBM HOCUTIENEM

ydosaemeopsem cAedYOUUM YCAOBUAM OPMO2OHAALHOCTIIU:

(1.6) / 2 f(z,xn)dx =0

Rn—1
npu |s| =0,1,...,L—1, 2de L — namypaavroe wucao, onpedessiemoe u3 HepaseHcms

0 _ .
ede pup i = . fnin

yeeesN—

umeem euHcmeenHoe peulerue U3 KAaCCa W[?T(Ri), 0rd KOMOPOT umeem Mecmo

1u?. Tozda das awboti maxol gynwkyuu f 3adawa (1.3)-(1.4)

nepasencmeo (1.5).

2. IIOCTPOEHUE IIPUBJIMZKEHHOI'O PEIIEHUA 3AJIAYM JIUPUXJIE B R

Kax u B paborax [12]-[15], mns mapamerpa v > 0 u HATYpaabHOrO duciaa k 060-

3Ha4YUM
1

2

pn(§) = (52“1 + .- +£2"‘M) . Go(&,v) = e—(VP‘n(f))2k7

G1(&,v) = (—2k) (vpm (€)) 2 Le=(wom (€)™
Go(&,v) = (—=2k) 21 (py (£)) e (o (@)™

a Gi(t,v) (i =0,1,2) ecrs npeoGpasosanust Pypbe I COOTBETCTBYIOMIX byHKIIHIA.
B paborax [12|-[14] usyueno ycpemunenne dbyukmuu f € L,(R"™!) uepes aapo

60(57 V):
1 - 5 1 3 J:’V
J (1’) ( )712— n/l J (t)Gl)(t )dt

U TIOUTH 71 BeeX x € R™ ! mosryueHo WHTETpasbHOE PeICTABIICHIe

h—0

Bt
1 n
. r)=lim ——— dv Gao(t — x,v)dt.
(2.1) f(z) = h/ Rﬂ/1 ()Gt )dt

Ipumenss (2.1), nocrporm npubnmxkeHuoe pernenue 3agaqn (1.3)-(1.4).

Tak kak omeparop P(D,,D,, ) peryaspusiii (cMm. HepaBeHcTBO (1.2)), TO KOpHM

M .

mmorousiena P(€,7) no 7 umetor sux 7 (€) = 7| 2 @i’ - wif (k=1,...,m), rae
i=1

wi (k=1,...,m) — xopan *{/—1, c/Ie/I0BATEIHHO, /sl HEKOTOPHIX TIOIOZKUTETHHBIX

IIOCTOAHHBIX 0 1 07 UMEIOT MECTa COOTHOIICHUSA

(2.2) 5 *%/pm(©) < Imm(&)] < 8 *V/pm(©) (k=1,...,m),
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M i
TaK Kak »_ a;€% SKBUBAJIEHTHO BbIpaxKkeHuto pm(§).
i=1
Kaxk u B pabore [8], o60o3HaImM

GH(E) = (A € C; |\ < 2037 (): Im(N) > Sp3F" (€)),
G (€) = (A € C;|\| < 2037 (€): Im(N) < ~6pFF (©)},

al'T (&) u T~ (£) coorBercTByoNEe TpaHUIbl 3TUX obacteil. PaccMoTpuM criejtyioniue

KOHTYDHbI€ UHTeIDaJIbl:

§,$n :7 / gaxn = / P

F*(&) F €3]
1 e AME (€N
i) = 5 / TSI I,
r+(¢)
o\’ !
IJ<§7xn):<ay ) J7(£7yn_xn) 5 j=1,7m
n Yn=0

Jlemma 2.1. Ilpu x, > 0 u £ # 0 umerom mecmo ouerKu
(2.3)

1 _ 1
(€2 DE Dk T (€, n)| + [€7DEDE J_ (€, —xa)| < Clpm(©)) 2 FHD et lomiEN

i 1
(24)  |€*DEDE Ji(€, )] < Clom ()T T e 0T lon @)% 5y

¢ Hexkomopumu nocmoaunsmy C > 0 u § > 0, ne 3asucauumy, om £ u T,.

Joxazameavemeo. Kak u npu nokasaresnbcrse jgeMMbl 2 paborsl [8], mocrarouHo
_ k
AuddepeHnupoBaTh TOILKO HO/bIHTerpaibibie Bhipaxcenud. Ipu o = 0 gina Dy J1 (€, )

nMeeM PN
1 [ Akeimn
— ———d\
2 PN
r'+(¢)
[IpuMenuB CBOCTBA KOHTYPHOTO HHTErpaja, U3 HepaBeHcTBa (2.2) uMeeM, 4TO

DI;TL JJr(f? {En) =

1

|DE T (& )| < Clpm(g))2n ! mmebonlom(©) 7,
IMycrs reneps o # 0. Homycrum, uro o = (1,0,...,0), k = 0. Torua umeem
ei)\xn
66, 4(6.2.)] < CléeDepmle)] [ ot pdr <

2m
- (A2 + pn(§))

Cpn(€)(pm (€))7 2 *Mn(pm(g))ﬁ’

rax xax €2 D2 p(€)] < Cpm(€)-
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AHajI0ru4HO OLIEHUBAIOTCS §O‘D?D’;n J_(&, —xy,). dnga oueHku

1 )\keianM+7 (Ea )\)
D J; =_— mJ
w1LJJ(€"Tn) i / M+(§,>\) d)\
r+()

HY?KHO y4uTbiBarh (cM. [7]), 4ro

)\k—lM+ ) 7)\
1 / wd)\zgf, i k=1,...,m.

2mi M+(&N)
(g
g
Jlemma 2.2. Hmerom mecma caedyrousue moscoecmsa
(2.5) Dyt (Jp(6an) +J_(&—2n)) | =85, k=1,....2m
=0
(2.6) DE-1Ji (& 2y) =6 kj=1..m
xn=0
Zlokxazameavcmeo. Kak u npu j0oKka3areibCTBe JeMMbL 2.1, nMeeMm
(DI;;l (J4 (& wn) + (&, _xn))) =
x,=0
1 / o1 eixn}\ / el eixn)\
— A dx + A dA =
2 P(& M) P(&,N) 2n=0
(&) r=(¢)
1 eixn)\
— [ A dX =05, k=1,...,2
ot / P(f, )\) . —0 2m>» ) , 41,
') "
rae I'(§) — KOHTYD, OXBATHIBAIOIIMI BCE KOPHH Tji &,7j=1,...,m.
Hnst DAL (€, @) muveenm
1 )\k_leiz"’AM+7 (f /\)
DE-1Ji(& @y = / ) ="
o j(£’$ ) x,=0 2mi M+(£v)‘) x,=0 a
! T+ (6)
k,j=1,...,m. O

Tenephb TepexXoauM K MOCTPOEHWIO MPUOINKeHHOro permenus 3agaun (1.3)-(1.4).
Bynem npumensts meronst pabor [8] u [12], To ecth mocTponM npubInKEHHOE periie-

Hue, Kak u B pabore [8], ¢ upumenenuem cuenuanbubix saaep G;(&,v) (7 =0,1,2) us
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paborsr [12]. [1jist 9TOr0 OnpesenM cienyonye GyHKIHN:

Ut (z,z,) =
1 hta,
W / / / / ei(ziy)gGZ(fv V)J-I- (f,l‘n - yn)f(yvyn)dfdydyndyy
g h 0 Rr—1Rn—1
U};('%mn) =

—g
—

/ ei(m—y)§G2 (& v)J_(& Tn — yn) f(y, yn)dEdydy,dv,

T, Rn—1 Rn—1

Ujn(z,z,) =
Y 7
T / / / =Gy (&, v) T5(€, 7n) /IJ & yn) f (Y, Yn)dyndédydvy,
(2m)
h Rn—l R 1 0
j=1...,m,
(2.7) Un(z,20) = U (@,20) + Uy, (2,20) + Y Ujn (@, 20)

Jj=1

u gokaxeM, uro Up(z, x,) — npubanrkenusie permenns 3agaqan (1.3)-(1.4).

3. BCIIOMOTATEJIbHBIE JIEMMBI

st toKa3aTe/ibCTBa OCHOBHBIX TEOPEM HAM HMOHAI00ATCS CJIEIYIONIAE BCIOMOTa-

TEeJIbHBIC JIEMMBI.

Jemma 3.1. Ecau 8 = (af,0) uau M+ = (0,...,0,2m), 2de o' € IN (i =
1,...,M), mo DﬁiUff €eL,R") (i=1,...,M+1) u daa nexomopol noroAHCUMEss-

not nocmoannot C (ne 3asucawed om h) umeem Mecmo Hepaserncmeso

3.1 o7 Wit +up)| <C 1y
(3.1) o, +u,) L&D ||fHLp(R+)
npuvem npu hi, he — 0

(32) HDﬁ (U}Z‘FU}L_I)_DB (Ufj_z+U}L_2) ‘LP(RK)
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Jokasameavcmeo. B magane pacemorpum caydait M = (0,...,0,2m). U3 npea-

crapyenus Ui (z,2,), kak u B pabore [8], nmeem, uro

DZm(U,j'(a: xn) + U, (x,2,)) =

/// / TG (&, ) (T4 (&, 0 — yn)+

0 Rpn—1Rn—1
f(gvxn/_'yn))f(yvyn)dgdydyndy_‘

T // / / HEm0EGy (6, v) DI T (& 0 — yn) [ (Y, Yn)dEdydypdy.
h 0 Rn-1Rn-1

Orcioga u u3 Toxaecrs (2.5) umeem

DiT(UJ(m,xn) + U, (x,2,)) =

ht

1
(271')"_1

1

e EVEGY (&, ) f(y, 2 ) dEdydy+

h Rn—1Rn—-1

/ / EVEG (6,1) D27 I (6, 2 — yo) f (o ) dEdydyndi—

Rn—1Rn—1

,_a

TL

1

k“~58 ok\‘§3

/ / T DEG (€, ) D2 T_(E, 2 — ya) f (g, yo) dEdydyndy =
T R" 1]Rn 1

fu(z,x,) + v;(m,xn) + vy, (@, 2y).

h™

h

h™
n 1 d/
h
U3 unrerpasbuoro upexacrasienus (2.1) cuemyer, 4ro Jyisi HEKOTOPOI HOCTOAHHOMN

C>0 ||fh||Lp(1R1) < C”f”L,,(Ri)- Omuennm v (z, 2,,). Tak KaK OHM ONEHHBAIOTCS aHa-

JIOTUYHBIM 06PA30M, TO OIEHUM v;f(x, Zn). Kak u B pabore [8], upeacrasum v;[ (z,z,)

—
(3.3 0 (o) = [ € 6, €V (E ) ol )
rae -
K(, h) =
(o
fol€, &) = %/ TRV G () £ (Y, Yn ) dydyn,
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rae 0(y,) — dynkuua Xesucaiiza, a
w(&,6n) = VZW/e‘if“'y”’Dﬁnmh(ﬁ,yn)dyn-
0

ITocne mpexacrapienus (3.3) ocraercst mokazarh, uro dyukiwms (€, &,) K (€, h) yao-
BierBopser yciaousam reopembl II.U. Jluzopkuna o mynprunsmkaropax [16], To ectb
sastercst (L, L,)-MyJIbTHIIIKATOPOM, KOTOPBI paBHOMEpHO orpanuter mo h. Tak
Kak mpoussenenue (L, L,)-Mynbruminkaropos toxe (L, L,)-MyIbTHILIIKATOP, TO
JIOCTATOYHO JOKA3aTh, YTO KaxK/iplil 13 Muoxureneil p u K asnserca (Ly, Ly)-mynb-
ruriukaropoM. Pacemorpum K (€, h). Umeem

h o (6) o
1 2k [ t*lemtdt

.
K] = —r | [ @R pm(e) e gy — 220
@m) = | (2m) =

U, Kak nokazaso B pabore [15], K (&, h) saBisiercs MyJIbTHIIMKATOPOM, KOTODPbIil paB-
HOMEPHO OrpaHudeH 1o h.

Nsyaum p(§, &), To ects mokaxkem, arompu é; #0 (j =1,...,n) |§ﬁD§u(§)\ <C,
rje B; = 0w §; = 1. Ilpu 5, = 1 umeem

6,0 De,6.60) = D] [ 4Dy, (e DT, (€ )y =
0

o0

—EﬂDf/e_ig"y" (D27 T (&, yn) + yn D T T (€ yn)) dyn.
0
Orcioza, puMeHsis HepaBeHCcTBO (2.3), mojaydaem

‘gﬁanngn,ﬂ(gv &n)

C’/ ((pm(é'))me5yn(P‘ﬂ(E)) zm
0

<

+ yn(pm(f))ieﬁy"(pi“(é))”") dy, < C = C(5).

Ipu B, = 0, onaTh HpUMeHsis HEPABEHCTBO (2.3), uMeeM

00
.

< C/ (pm (€))7 e~ 0un(pn () 2m dyn < C(6),
0

€7 D2u(e. &)

10 ecTb (€, &,) K (€, h) ABIsIeTCS paBHOMEPHO OrpaHuIeHHBIM 10 1 Ly, Ly )-MyabTu-

IINKATOPOM H, CJIe0BATENbHO, JJisd HEKOTOPOoii mocrogauoi C > 0

HUIJLFHLP(Ri) = C”fHLp(Ri)'
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IMycts reneps 8 = («,0), tae o € &I, AHaJIOrMYHO, KAaK U B IMPEIBIAYIIEM CIIydae,
1ocraroyHo oneHutsb DU, ,ir (z, ). U3 upencrasaenus U h+ (z,x,) u u3 coobpazkeuuit

TIPEJBIIYIIETO CiIydas, IMeeM, ITO

Tn

DO (2, ) = / / R (€ 1) T (€, 2 — yo) fol€, Y )dEdyn.

0 Rn—1

TTocne obo3HaueHus

[o )

p(E. ) = €° / eI T (€, g )dyn

0

[IOJIY4YUM, YTO

DU (2, 20) = / CE G (6 € VIC(€, ) fo (€, €0)dEdE,.
]Rn

Kax noxasano semme, K (€, h) eCTb paBHOMEPHO OrpaHuYeHHbIH 110 b (L, L, )-MyIbTHIIIHKATOD,
CJIeJIOBATEIBHO, JOCTATOIHO HOKa3aTh, 9To (¢, &,) ects (L, L,)-MyIbTUNIAKATOD.

IIpumenss memmy 2.1, mmeem, 94TO

0

é*a
pn(€)

Bropoit MEHOKHATEH OrpaHWyeH, a s MePBOrO MHOKHATEIS TMeeM: Tak Kak a € 0’91,

TO, KaK MMOKa3aHo B pabote [17], £*/pm(§) asagercsa (L, L,)-MyTbIUILIHKATOPOM.
JlokarkeM OrpaHUYeHHOCTh §5D?,u(§,§n), rae 8 = (S1,...,Pn) — BEKTOD C KOOD-

muuaramu 0 unu 1. Crmepsa omenuM &, De, (€, &) (K =1,...,n — 1). Imeem

o0 oo

€D, (€, E0) = € / e T (€, ) dyn + £ / e, De, T (€, yn)dym
0 0

U, MpUMeHsd jjeMMmy 2.1, umeeM, 4To

1

[ om@Fe o ay, < c.
0
o4

é‘Oé
(p(£))

|£k7D£kM(€7 gn)‘ <C
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Ilycts k = n. Nmeem

oo

16 De, plé,60)] = € / yu Dy eV (€, yn)dyn | =
0

/ lﬁnynJ+ é’ yn) +ynDy" J+(£ yn)) dyn <
0

oo
L _ P 1 P
/ ( )77 Syn(pm(£))2m 4 Un(pm (€)™ e dyn(pm(£))2 ) dyn <
0
C = C(9).
AHaOruIHO OIEHUBAIOTCS §BD?M(§, &n),rme i =0mmm B; =1 (i=1,...,n), u rem
cambIM HepaBeHCTBO (3.1) mokazano. Jloka3aTesbCcTBO HEpaBeHCTBa (3.2) mPOBOAUTCS
AHAJIOTHIHBIM 00PA30M. O
Ilepexomum k onenke unenos Ujp, j=1,...,m.

Jlemma 3.2. IIyems ' = (a',0), 2de o' € IN (i = 1,...,M) uau M+ =

(0,...,0,2m). Tozda das nexomopot nocmosannot C > 0 umeem Mecmo Hepaset-
cmeo

Birr. s
(3.4) |p UthLP(M) < Clfllpy @y G=10mm),

npuvem npu hy,ho — 0

(3.5) HDﬁiUJ—hl — DUy,

0, (i=1,...,M+1).
L,(RY)

JHoxazameavemso. Ilycrs = («,0), rue o € 'N. Torga, Kak u npu JOKA3ATEIbCTBE

JeMMbI 3.1, nmeeM, 9TO

Dngh(ajaxn) = / einga ( &xn /Ij g yn E yn)dyndfv (j = 17~-~7m)-
Rn-1 0

B cBs3u ¢ TeM, uro dbyukmuu J;(€, x,) yIOBIETBOPSIOT ycaosuaM (2.4), momysaem

o0

J5(6. 1) / 1,6 ya) F (&, )y =

_/Dzn faxn+2n /IJ &, yn+zn f(fayn)dyn dzp,.
0 0
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IIpumensis JaHHOE TOXKIECTBO, MOJLYIaeM

+o00
—D3Ujn(w, 2n) = / / €80 (xy, + 20) Do, Ji (€, Tn + 20)ECK (€, h)0(2,,)-

Rn—1 —o0

oo

0
“+o0
/ / € 0(xn + 2n) 5 (6, Tn + 20)ECK (€, R)0(20)-

Rn—1 —00
/Dznfj(f,yn + zn)f(ﬁ,yn)dyn dzndé = @1 (2, 2,) + Po(z, ).

Kazxioe u3 arux ciaaraeMbix ornenuBaercs anajuorudno. Ouenum q(x, z,). Kak u B

pabore [8], upencrasum @i (x,x,) B Buse

“+o0
<I>1(x,xn):f/eif”&”nfnu(g,gn) / o itntn.
R™ —0o0

—+o0
(36) | 6(t) / (€))L (6, + 1)K (€ )O(yn) £,y )dyn | dindden,
rie
(e ) = / e (po(€)) T D, (£, 2n)
0

u mokaxeM, 9to u(§,&,) — (Lp, Lp)-Mynbrumnmukarop. 13 gemmst 2.1 ciaeayer, 4To

|Dz71 Jj (ga Zn)| =

1 )\eizn/\M+7j(£ A) 1 e

m ’ d)\| < Im " am p—02n(pm(§))2m
o / M6 N) < Clpm(9)) e :
'+(¢)

CIIeIOBATENHLHO, 7Tl HeKOTOPOit mocrosianoit C' umeem, aro |u(€,&,)| < C.

Ouennm &, De, (€, €,,). YaursiBast memmy 2.1, nmeem

€0 De, €. &) = / en D, €% (o (€))7 D, J3(€, 2 )dn =
0
o0 oo
= [ (@) D i stz = [ 2 (€D D, I 2
0 0
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Kak ye oneHUIN BBIIIE, MEPBOE CJIAraeMoe OTPDAHUYEHO HEKOTOPOU MOCTOSHHOU, &

BTOpOE cjlaraeMoe 1o JjieMMe 2.1 OlleHUBAeTCd BbIpaKeHueM
oo
T T P o
/Zn 5 (pn () T —znlpm(E)>™ g2 < C(0).
0

AHaJIOrUYHO ONEHUBAIOTCS BBIPAYKEHUS gﬂgan D¢, p(&,&n), e B; = 0 uim 1.
Tenepn o6o3uaunm uepes F (€, t,) To Boipaxkenue B (hopmysie (3.6), KOTOpoe HAXO-
JIATCS B CKOOKAX W MOKAXKeM, 94TO JIJisi HEKOTOpO# mocrosguuoit C' > 0 umeer MecTo

HEPABEHCTBO

(3.7) [ enretad <Ol
nt Lp(R™)
Orciona 110 Teopeme 0 Mysbruiiukaropax (cum. [16]) umeem, 4T0 i1t HEKOTOPOI 11O

crogunoit C' > 0

(3.8) ”q)lHLp(]R") < C||f||Lp(R1).

IMpumenss cpoiictBa npeodbpazosanus Pypoe Juist sieBoit yactu nepaBeHcrsa (3.7),

nuMeeM, 4To

/ CYER(E, t)dE < / FYEE (e €K (€, ) a6, E)dEdE |
n—1 Lp (Rn) n L:D (R")

rmae

o0

(. 6) = / €60 £ (oo (€)) 5 (€, 20

0
Teneps HykHO IOKA3aTD, ITO [i(€,&,) ecth (Ly, L,)-Mynsrummukarop. 13 ompesere-

mug [;(§,zy,) (j=1,...,m) u u3 nemmst 2.1 caexyer, 4ro
i 1
[1(€.2n)| < Clpm(€))7 e 0mmpmENEm,
CIIeIOBATENBHO, 17 [1(€, &,) UMeeM, 9To

(€ &)l < / 6?6)6_5’”"(”“(5))%dx <C=0(9),
0

o7



’F. A. KAPATIETSAH, ‘F. A. IETPOCSHH

TaK Kak £%/pm (&) mpu o € O'N asasiercs (L, Ly )-MynprunniukaTopoM. Temeps ore-
HUM gn‘DEnﬁ(£7£n) veem

gnDﬁn/j(fagn) = /gnzneiénznga(p‘ﬁ(f))_%lj(gaZn)dzn =
0

oo

/ en D (€575 )6 (o (€))7 I;(€, 20) i =

0

_ 50‘ 1_% i Enzn T. i 1§nzn .
P‘J’t(&) (p‘ﬁ(g)) (»0/6 Ij(faz7l)dzn+0/€ ZnDanJ(f,Zn)dZn> .

Iepsbiii MuoxurTens £¢/pm(£) orpanuden, onenuM ocrajbhbie. VI3 jgemmbl 2.1 mosy-

UM

00
/ ZE”Z”I €7Zn dzn <
0

[ (m(g)
0

JI71st BTOPOTO CJIaraeMoro nMeeMm

(pon (€))7 dz, < C =C(6).

oo
—1 .
T /elgnz"ananj(f,zn)dzn <
0

Clom(©)' = / (pn(€)) 77 T 5,685 om (@)% gz, < 0(5).
0
Ecau 8, =0, to maa & De, 1(€, &) (K =1,...,n— 1) umeem

ExDe, 1(€,€n) =§k7 n#n De, ( (5)( (€)' (57271)) dzn.
0

Ecin mponsBosaas 6epercst o £/ par(€), To Bbipaxenus & D (% /pm(€)), k=1,...,n—

i
1 orpanuuenst. Eciu 6epercs o (pm(g))l_gim, TO

‘&Dk(ﬂm(ﬁ))k zm

< |6pm(€) 7 |- D pm(€)| <

j—1

\ (m(€)~ 5 < Clom() 5
58
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Ecnu e npoussoxnuas Gepercs mo I; (&, z,), T0o 13 geMMbI 2.1 moxydnm

IN

a [/ a\' !
66D 1 (€. 20)| = fk%(ayn) T (Eyn — )

j—1_ 1 1
C(pm(§)> 2m 1+2m e—&cn(pm (€))zm .

Yn=0

To ects u3 Beex coobpazkennit cienyer, 9to fi(E, &, ) asnsercs (L,, L,)-MyIbTAIIKATOPOM,
CJIeIOBATEIILHO, BBINOJIHsIeTCs HepaBeHCTBO (3.8). OcrasbHble OUEHKH JTOKA3bIBAIOTCS

AHAJIOTUIHBIM 00Pa30M. O

Hakorer, nepexogum K ouenke Up(x, z,). g npocrorsl 3amucu GyneM u3ydarhb
TOT CJiy4aii, KOIJIa BIIOJIHE IIPABMJIbHBIA MHOIOIPAaHHUK T MMEeT OjiHy BEPUIMHY aHMU-
30TPONHOCTH @ = (1,9, ..., Qp_1) U a1 < Qg < -+ < ap_1. g Takux MHOro-
yronbHuKOB B pabore [13] (o6mmit ciydait cum. [14]) mokasaHbI caeyiomue ONEHKH

(cm. memmbr 1.1 u 1.5).

Jlemma 3.3. IIycmv ap < ag < - < an_1. To2da daa a106020 mysvmuurderca
m = (my,...,Mp_1) U 41006020 4emH020 vNPaAMAIIOUE20 “wucaa N cyuecmeyrom
nocmoannas Cy u nabop sexmopos o = (g, Q2y...,0n-1), B = (B1,...,Bn-2,0),
., 0 = (01,0,...,0) maxux, wmo das arwbozo v : 0 < v < 1 umerom mecma
HEPABEHCTNEA
(3.9)
R - _jmax (|
‘DmGT (t,y)‘ < Cyv Thooin-2

+(mat)) 1
1+ v N(tNe +tNﬁ+...+tiV01)’

2der =0,1.

Jlemma 3.4. Jlas 41006020 MYAbMUUHIEKCE T U HAMYDPAALHO20 wucaa N cyuecmey-

em NocmoAHHGA Co, maxas, ¥mo npu v > 1 umerom mecma HepaseHCcMBa
1

LN 4 )

)

(3.10) (Dmér (t,z/)‘ < Cou= (1 [+(mn®)) .
eder =0,1.

Bameuvanue 3.1. B pabomaz [13]-[14] 6 coomeemcmeyowus semmar ywacmeyrom
makdice MHo2ouAEHB, MO | IN V|, HO Max Kax IMU craZaeMble HE BAUAOM Ha CTOOU-
MOCTID UHMEPAAG TO V, MO 30ech U 6 daavHeliwem, OAL MPOCTIOMYL 3ANUCU, ML

K0IPPUUUEHMBL N024PUPMUYECK020 MHO20UALHA CHUMAEM HYsamu, Kpome C.

IIpumensisz memmbt 3.3 u 3.4, 10KaXKeM CJIeyIOIIEE yTBEPKICHHE.
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Jlemma 3.5. Ecau f € Ly(R) umeem somnaxmuod nocumens K = suppf u npu
X < 1 evnoansromesn ycaosus opmozonarvrocmu (1.6), mo cywecmeyem nocmos-

naa C = C(K) > 0, wmo npu awbom h > 0 umeem mecmo Hepasercmeo

+ - <
(3.11) Uy + U, HLP(M) = C”fHLp(Ri)
u npu hi,hy — 0

(3.12) (U +U,) = (U + U,

2)HLP(R1) — 0.

Joxazameavcmeo. Ilycrs x > 1. Iposenenm ouenky dyukuun U, (z,z,) (U, (z,y,)

orneHuBaercs ananoruduo). Kak u B pabore [8], BBonst obo3HAUEHH
K+(l/,$7xn) = / eiwaz(é-’ V>J+(§7xn)9(xn)d€
Rn—1

1, TPUMEHSAS HEPABEHCTBO MUHKOBCKOTO, nMeeM

1

.
10X |, gy < / /K+(V,x =Y %n = Yn)0(yn) f (Y, yn)dydyn dv+
toR Ly (R™)
1
/ /K+(V7w = ¥ %n = Yn)0(yn) f (Y, yn)dydyn dv = Ay p + Az
"R Ly (R")

OuenuM Kazkzoe ciaaraeMoe 1o ordenbHocru. Crnepsa ouenum Asp. IIpumenss nepa-

BercTBo FOmnra, mmeem

1
Agp < / 1K+ (v, @, 20) |, ey dv - ||f\|Lp(R1)~
h

Hpeacrasnm || K1 (v, @, 20)| 1, gy B BuIE

1
K (v,z,x n :/ .
|| -‘r( YL)||L1(R ) 1+I/7N($Na+£€NB+"'+IE11VUI)

R”

/ (1 +uN (DgVa Fot Dgffl)) TGy (€, 1) T4 (€, )0 )dE| dapd.

n—1
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Hamee nmeem

A:/ / Gy (&,v) T (€, 20)0(2y,)dE| da,, <
R

n—1

eia:n)\

c /V2k71(pm(g))le*(Vﬂm(ﬁ))% / dA| deda,, <
(€

J P

0 Rn—1

8. / /ng,_l(pm(g))Zke—(ypm(g))% (pm(f))ﬁfle—éwn(p\n(ﬁ))ﬁdxndg.
RA-1 0

1
B mocnennem unTerpange 0603HauuB t, = T, (pm(£))?" u npuMenus jeMmy 3.3 (cM.

1
HepaseHcTBo (3.9)), nocsie npeobpasoBanus £ = v~ * 1), nojaydaem

Temneps orennm

B= u—N/ / DY Gy (&,v)J4 (&, 20 )0 () dE| dtn.

Rl Rn-—1

ITocue UHTETPUPOBAHUA IO YaCTAM HMEEM, 9TO

< Py A
B<CZ/_N/ / ‘DVG v ‘ D? / i deda,.
0 Rn—1 Y+B8=Na F*(&)
Eciu npuvenuts 3ameny mepeMeHHBIX & = 1/7/’”’/] (mns mexkoroporo ¢ = 1,..., I,_s),

TO HOCJIeJHUN uHTEerpas IpUuMerT BUJL

B < Oy N-In'[+(Nou'),

) i 2k
n_BD;; ((me(y—/ﬁn))%e— (me(u n)) )‘ .

1
10—y 2m X\

>

0 prn—1 YHA=Na

U'BDT'B, / T 62;27” —d\| dndz,,.
piy AVER) T A vpm (v
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1
HaKOHeH, €C/JIM B KOHTYPDHOM HWHTErpaJie CAe/IaTh 3aMEHY NEePEeMEHHbIX V2 ImA=THu

[IPUMEHUTH JiemMmy 2.1, umeem
B < ny—N—“L1 —Tm-l-(Noc,u ).

o (oo ) 0 (st e o).

1
m

[] =

0 gn—1 Y+B=Na
(me (v ' ))
> |’ (me(v‘“in))ilDz ((me(v‘”in))%e(”p‘“(””i”))%) ‘ dn.

Rn—1 y+B8=Na

)

) 1
LETY —pt 2m i i
6_ /G (l)p‘ﬂ(l/ H 7])) d’l]d.’En < CV—N—W [+ (No,un*) .

TTociieHee HEPABEHCTBO MOJIYYUIIN TTOC/IE W3MEHEHHs! MeCTa WHTEIPHPOBAHUS U KaK
BbIIIE ONEHKH MHTErPasa 1o T,. Teneps, Tak kax (No, pu') — N >0 (i=1,...,1,_2)
u ans moboro a € M (o, ') < 1, a v'~(@r) < 1) 1o, BLGHpas k HACTOIBKO

60sIbIIIM, YTOOBI BCE CTENEHU 7) ObLIN MOJIOKUTETbHBIMA, UMEEM, 4TO

B nurore momyumnwm, aTo

1 )
Jmax || dx
In_—2 .
/ / 1+V_N(xN°‘+Z‘NB+"'+l‘N”)dV 10z, cmp)-
h Rn—1

1
B mocnemmem mHTErpane cIenas 3aMeHy IEepeMEHHBIX T = v { W NMPUMEHWB JIeMMy
1.2 paborbi [13] 0 TOM, 4TO MHTErpPas IO T CXOAUTCS, UMEEM, YTO
i

it 14t
s v\ fllp,@n) < ClfllL, @)

E\H

TaK Kak 10 yCJIOBHIO Ha MHOTOrpanHuk 91 max |uf|— min |u?| < 1.
=L, Ip—a |
Teneps mepexoaum K onenke Ajp, rme v > 1. Onsarb, NpuMeHsis HEPABEHCTBO

FOmnra, nosnygaem

h—l
Aun < [ 1@y 1 ey
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OuenuM mepBbIlt MHOXKUTENH. Meem

[e%e] p
1
1Kl = ([ ~
Lp(R7) o\ e ol
(3.13) P

/ (140 (D + o+ DL ) ) €7 Ga(€, ) T4 (6, ) de dmdxn> §

rZLOCT&TO‘-IHO OLOEHUTDHb OJMH U3 UHTErPAJIOB (OILeHKa OCTaJIbHBIX CJlal'a€MbIX IIPDOBOAUT-

Csl AHAJIOTUYHO).

I = /Z/_NDgllemEGg(f,u)J+(§7xn)d§ <

n—1

v 3 [ by (v em@) e )| D
Y+B=Nlipn_1 T+ ()

i~ 2m
vy Y / D2, (wpm(€))* e o | | D / A
Y+B=Nlig,; 1 T+ (¢) (Avzm)  + me(ﬁ)

1
Ecan nociie obo3Hatennss B KOHTYPHOM MHTErpaJje v3m A = 7T, CIeIaTh 3aMeHy mepe-
0
MeHHBIX & = v~ * 1 u npumennTh Gopmyny muddepennnposannst (1.8) padorst [13],
MOJIy9HM, UTO

L < Cp— (I 1+55).

(3.14) Z /777’8 Z CHDT(z/pm(y*“()nole_(”f’m(uwon))%

7+6:N11Rn_1 r+o=vy

Tn

lo| i—3=7
e vam

: - 2%
> 1I» (me(u Mon)) "Dy / 72m+upm(u—uon)d7 -

14... ol—g j=1
ri4 +r‘ =07 1—~+(n)

Mocnenuuit Mmuoxurens (o §) mo gemme 2.1 OIEHUBAETCH BHIPAYKEHUEM

1 Ty —u0 ﬁ
L0\l =6 (von (v )
Clvpm(yn)) ™" et .
Vunresast, uro npu of = (0,...,0,1;,0,...,0) (a’,u°) =1 (i = 1,...,n), a and
MyJTbTHAHU30TPOIHOM BepimHbl @ = (aq,...,a,_1): (o, u®) > 1, cremopatenbo,
0
1=(ar”) < 1, 1o, nogbupas k HACTOIBLKO GOJIBIIEM, 9TOGBI B LEPBOM
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muOXKuUTENE HopMyIibl (3.14) cremeru 1) ObLIM MOJOKUTEILHBIMY, TIOJIy9UM, 9TO [IPU

HEKOTOpPOIt nocrosiHuoit C' > 0

I, < C'z/_(‘“o""'ﬁ)-
1

1 Io_1\2k _5_a —u0 2m
(i) = (v )

_,,0 2m
(me(v i 77)) n’e 2m dny ...dn,_1,
Rn—1
rae p = (p1,---,Pn—1) HEKOTOPBIN MyJbTUMHIEKC, KOTOPbIH MOJIy4aeTcsa MpU IPYIl-
nupoBku creneneit & (i=1,...,n—1).
IMocrasnss onenku s Iy, (k=1,...,n—1) B dopmyne (3.13) u npumenss 0606-
IeHHOe HepaBeHCTBO MUHKOBCKOro, UMeeM, 4T
P\ »
0 dx
K4,z ey < O (3 | [ -
e Jo\1+v N (le1+-~~+7}nffl)
e’} 1 p 5
= (g i\ sz (), (V_“’On) 2m :
/ / (vom(v " m)) e (eenst) O Lome )™ ) e

Rn—1 0

0 1
B nocjieIHeM HMHTErpaJie, eCjanu CAejlaTb 3aMEHy IIE€PEMEHHBbIX T = v+ Ty, Ty = Va2m Ty,
" yYUTBIBATH, 9YTO UHTETPAJI T10 f CXOaUTCA, TO IIOCJIE BbI60pa HATYPaJIbHOT'O YUCIIa

N TakmM, 9TOOBI MHTErPAJ O & TOXKE OBLI CXOISIINAMCI, UMEEM, ITO
_ |H0\+i + |M0\+L 1
1K (v, 2, )l ey < CV (1115 )+ (1123 ) 5
TO eCThb

h—l
(10 1 04 1 \1
&ﬁgc/yowﬂwHWHm%wwmmmw
1

— 1,0 1 0 1)1

Tax kak uo npeanonoxenuto x = [u°| + 7= — (|uf] + 5%) 5 > 1, ro uurerpan o v
cxomuresa. B nrore nmeem, uro A; ; < C.

Iycrs reneppr x < 1 u L takoe uucsio, 4ro BblnosHsorcs yeiaosus (1.7). Tak

Kak GyHKIUS f yIOBIETBODSIET yCIOBUSIM opToroHanbHoct (1.6), ro f(&, y,) MOXKHO

MIPEICTABUTH B BHUIE

f(fayn) =

n—1

1 1
// /e_iAL"'Alyg(—iyé“)Lf(%yn)dy AaiAn - AT AL dAL
0 0
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Torna, npumenss HepaBencTBO MuHKOBCKOTO 1y Aj j,, nMeeM

Rt 1 1
Al,h S C Z / / o / ei(27)\Lm>\ly)£G2(£a l/)yﬁ(zé.)ﬁe(xn - yn)'
‘B‘ZL 1 0 0 R” Rn—1

Ao1A2 o AT Fy, yn ) dEdydy,, dXp ... d\idv.

Lp(R™)
Orciona, npumensiss HepaserncrBo FKOHra, morydnm

—1

h
anze Y [ [ eaalen@ o) 1€ i v

Bl=L _ ;
‘ I 1 n—1 LP(R”)

(3.15) 197 £ (9| 1, -

Hopma no Ly(R%) B (3.15) ouennsaercs kak sbipazkenue K (v,z,x,) B 1emme 3.5,

OTKy/Ia Jijisd JAHHON HOPMbI UMeeM OneHKy (npu v > 1)

(01425 )+ 8.+ (104 55) L

CrepoBarenbHo, HHTErpan 1o v Gyaer cxomures, ecmn X + (8, 1) > 1. Ho rak kak
no yenosuio (1.7) x + (8, %) > x + |8|p,;, = x + Lul,;,, > 1, T0 1o BBIGOPY UHCIA
L umeem, 4TO HHTErPAT 10 ¥ CXOIUTCH, U ec/id (DYHKIUA [ yIOBJIETBOPSAET yCIOBUAM

oproronansroctH (1.6), To

A, <C Z Hyﬁf(yayn)HLl(R@'
|Bl=L

HokazaTenbcTBO HepaBeHcTBa (3.11) mms wopwmer ||U;- u HepaBeHCTBA (3.12
h

Iz, @)
MIPOBOIUTCST AHATOTUIHO. O

Haxoner gns onenxu Ujp(z,z,) (j =1,...,m) uMeem

Jlemma 3.6. Ilycmob swinoamsomes ycaosus aemmo, 3.3. Tozda cywecmsyem no-

cmoannan C = C(K) > 0, wmo das awbozo h > 0
(3.16) 1Usnllg, ) < Ul gy (= 1eeneim)
u npu hi,he — 0

(3.17) 1Ushs = Ushal, gy = ©-
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JloKa3aTeahCTBO HE OTJINIAETCS OT JOKA3ATEIBCTB MPEIBIIYIINX JEMM C TIPAMEHE-
HHMEM JIeMMbl PabOThI [8], I09TOMY ee Mbl OLlyCKaeM.
Tenepb MbI TOTOBBI JIOKa3aTh, 9T0 GyHKINK Up (2, T,) ABISIOTCS TPUOIIMIKEHHBIME

peaieHnAaAMu Halei 3a1a491, TO €eCTb UM€eT MeCTO

Jlemma 3.7. Ecau h — 0, mo
(3.18) 1P(Day Do, )Un = [l ey = 0

u das arbozo h > 0

(3.19) <ain>j_1Uh(x,xn)

x,=0
JHoxasameavcmso. Ilo oupenesenuro dyukuuu Up(z, z,) (cM. dopmysy (2.7)) umeem
P(Dy, Dy, )Up, = P(Dy, Do, )(U;S +Uy) + Y P(Da, Do, )Us-
k=1

W3 onpenenenus dyukuuit J; (€, z,) (j = 1,...,m) caenyer, aro P(§, Dy, )J; (&, 2,) =
0 (j = 1,...,m). Ocraercsa orneHurh neppoe ciaraemoe. Ilpnmvensisi Ha (byHKIUH
U;[ + U, oneparop P(D,, D, ) u yuntoBasg gemmy 2.2 (cm. dopmyist (2.5), (2.6)),
MOJIy9NM, 9TO

(3.20)

h~
P(Dy, D, U +U7) = 5 / || e rscae st an)dedyi.
h Rn—1Rn-1
ITo unrerpagpaOMy mpeacrsaenuto (2.1) npasas dactb dhopmysbl (3.20) HOYTH BCIOAY
crpemurcd K f(x,x,) upu h — 0, orkyza caemyer coorHomenue (3.18). Jokaxkem

coorromenue (3.19). Kak 310 meianyu npu JOKa3aTeIbCTBE JeMMbl 3.1, npubasiisas u

oruumas K Up(z, x,) — y BbIpazkeHue

h™" zp
1 .
ST / /em VEG (&, v) - (&, 20 — Yn) f(y, yn)dEdydy,,dv
h

u, upumensis jgemmy 2.2 (dopmyiy (2.5)), umeem

o\’
(ax) (Un +Uy)

(3.21) T h/ / / / M VEGY (&) (&, yn) £ (4, yn) dEdydy, dy.
h

0 Rr—1Rn—1

x,=0
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Tenepb BbIYUACIAM

o j—1 m
(3:22) (8%) > Uni(,20) N (G=1...,m)
k=1 Tn=
N3 onpenenenns byukumit Upg(z, x,) (k=1,...,m) n u3 gemmsr 2.2 (cM. dopmyry

(2.6)) nocne Borancnenus (3.22) nomydum dopmyry (3.21), Ho co 3HaKOM MuHYC. To

ecTb JefCTBUTEIBHO BbIIOIHAIOTCH cooTHOmeHud (3.19). O

4. JIOKA3BATEJIBCTBA OCHOBHBIX TEOPEM

Loxazameavemeo meopemu, 1.1. VI3 nemm 3.1, 3.2, 3.5 u 3.6 ciemyer, 4ro cyte-
cryer bynkuus U(z,z,) € WN(RY) rakas, aro [|U, — U”W;m(]Rz;) npu h — 0, n
JU1s HeKOTOpOi#i nocrosinuoit C' > 0 umeer mecro nepaBencrso (1.5). B cuiny semmbl
3.7 o1a byHKIMA sBASETCs permenneM 3ana4n (1.3)-(1.4), TpUOIHKEHHBIMHI PEIEHNsI-
MU KOToporo aistorcs dyuakuuu Uy (2, x,, ), 3anaBaembie dhopmyioii (2.7). Jokaxkem
€IMHCTBEHHOCTH 9TOro pernenus. To ecrb JOKaxkeM, 9T0 OfHOpoaHasA 3aja4a (1.3)-
(1.4) nmeer nHyneBoe pemenue. IIpumennm meronsr pador [8] u [18]. IIycrs cHauama
pemenue U(z,x,) € Wf,m (R%) kpaesoit 3aiaun (1.3)-(1.4) umeer KOMIAKTHBIH HOCH-

tenb. Torma, npuMmensis mpeodpasoBanne Pypbe Mo x, UMEEM, 9TO

P(§, Dy, )U (&, 20) =0, @n >0

u |U(€,x,)] — 0 upu 2, — +00. Tak kak jus sro6oro £ € R?1\ {0} Bbmonusiorcs

x,=0

TPAHUYHbBIE YCJIOBUS, TO U (&, zp) = 0mpu € # 0. B cuity HempepbIBHOCTH CJIEJIYET, 9TO
U(z,zy,) = 0. To ectb pemtenne 3amaqn (1.3)-(1.4), nmerormuii KOMIAKTHBII HOCHTETb

o x, equHcTBeHHOE. 110 HepaBencTBy ®puapuxca

A1) Wl ey SC 3 1DVl ey < CollP(Das Dr )Vl ooy
acd’'MN

Paccmorpum obmmii ciyuaii. Iycrs f(x,2,) = 0. Ilokaxem, 910 j14 1106010 pere-
nus sagaan (1.3)-(1.4) B mobom kommaxre K C R 1N, @1 xxy = 0. Tax xax
+
U e W(R?), To anst moGoro € > 0 cymectsyer U, € W (R":) takas, 410 ee HO-
curenp 1o « nputamnexur K u ||U — Uellyym gt « ) < €. Cinenosarensuo, us (4.1),
P +
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yaurbiBasi, 4r0 P(D,, D, )U = 0, umeeM, 910

100, @20y < 10 = Uellg s iy + 1Vl @iy < €+ CIPDa D Welly s e
= CIP(Da, D, YU = U, gt iy + & < CIU = Uellyanas ey +2 < (C+ e

Hna moboro K C R*™!, mo ects U =0 B ', m Teopema 1.1 moxazama.

Teopema 1.2 10Ka3bIBACTCS AHAJIOTHIHBIM 0OPA3OM.

Abstract. In this paper we study the Dirichlet problem in the half-space for regular
hypoelliptic equations. Applying a special integral representation, we construct approximate

solutions for this problem and thereby prove correct solvability of the problem.
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AHHOTALIMs. MBI pacmupsieM MOHATHE HHTEPACCOUATUBHOCTH C HOMOIIIBIO CBEPX-
TOXK/IECTB ACCOIUATHBHOCTH U ONIUCHIBAEM MHOXKECTBO HOJIYIPYI {4, j }-uHTEpacco-
LMATUBHBIX K CBOOOJHON M KOMMYTATHBHOH CBOOOAHOM IOJyrpyILe, rae ¢,j =
1,2,3.

MSC2010 number: 03C05, 03C85, 08A05, 08B20.
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Hasl [MOJIyTPYIIA.

1. BBEAEHUE

UsBecrho [1, 2], uro eciiu B g-anre6pe uiu e-ajirebpe BHIIOJIHAETCS HETPUBUAJIBHOE

CBEPXTOXKIECTBO ACCOIUATUBHOCTH, TO OHO MOXKET OBITH OTHOTO U3 CJIEIYIONINX BUI0B:

XY (z,y),2) =Y (z, X (y, 2)), (ass)1
X(Y(m,y),z) ZX(Z‘,Y(y,Z)), (GSS)Q
X(X(z,y),2) =Y (2,Y(y, 2)) (ass)s,

(3mecy X,Y — dyHKIMOHATIDHBIE TIEPEMEHHBIE, & T, Y, 2 — IPEJIMETHbIE TEPEMEHHDIE).
IMousiTue unTEpacconuaTMBHOCTU BlEpBbie BBesl 3ynHuK B padore [3]. B nanbheii-
IIeM OHO PACIINPsIOch B paborax [4 — 10]. B urore mosydnioch cieyrolmee ompese-

JleHue s IOJIyI'PYILIL.

Omnpenesenne 1.1. IToayepynna Q(o) nasweaemces unmepaccoyuamueHotl K noay-

epynne Q(-), ecau unOAHAINMCA caedyrousue mostcdecmsa:
(1.1) z-(yoz)=(r-y)oz
(1.2) xo(y-z)=(zroy)- =z

Pabora BHIIOMHEHA K Y4aCTHYHOK (bUHAHCOBOH nopepxKe Komurera 10 nayke PecrnyGuuku
Apwmenus, rpaaTter 10-3/1-41, 18T - 1A306.
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FEcau cwe 6vINONHAETNCA mootcdecmeo

zo(y-z)=(x-y)oz

mo noayzpynna Q(0) HA3LEAENCA CUADHO UHMEPACCOUUaMUEHOT K nosyepynne Q(-).

3decwv evinoanaemes maxsice caedyroulee mostcdecmaeo:
- (yoz) = (z-y)oz=zoly-2) = (woy) =
Jamgnm 60s1ee obImee ompeaeIeHne.

Onpepesienne 1.2. Jlaa sadannwor i,j = 1,2,3 noayepynny Qo) mu Hazoeem
{1, j }-unmepaccoyuamusnot x noayzpynne Q(-), ecau 6 aszebpe Q(o,-) ¢ d6yma bu-
HAPHOMU OTIEPAUUAMH EBMONHAIOMCA CEEPTMONCIECTNEa accoyuamusnocmu (ass);
u (ass);. Ecau i = j, mo 6ydem zoeopumv npocmo o {i}-unmepaccoyuamuenocmu.
Muooicecmeo ecex noayzpynn {i, j }-unwmepaccoyuamuennz x nosyepynne Q(-) obo-

anavum wepes Inty; 1 Q(-); ecau i = j, mo nuwem npocmo: IntgnQ(-).

B mammOM BBINIE ONpeIesIeHn , TOCTaBUB ¢ = j = 1 w ¢ = 1, j = 2, MOJTy4nM TOHS-
THST MHTEPACCONUATHBHOCTH W CHJIBHON MHTEPACCOIUATUBHOCTH, COOTBETCTBEHHO.

IIycts X mpom3ssosibHOE HEmycToe MHOXKeCTBO. CBODOIHYIO MOIYTPYIIy U CBODOI-
HYI0 KOMMYTATUBHYIO MOJIyrpymmny Ham andgasuroM X 0003HAYHUM, COOTBETCTBEHHO,
gepe3 F(X)(-) u FC(X)(:). Coboauyo mojyrpyniy ¢ eauuuieii 06o3HauuM depe3
FYUX)(-). Ona nonyrpynmst Q(-) u ee (DUKCHPOBAHHOTO 37eMeHTa ¥ € () MOXKHO

OIIPEIENNTh OMHAPHYIO OIEPAIHIIO
ax;b=a-xz-b, JIJIsT JTIOOBIX a, b € Q.

B wnrore nosyunm nonyrpynmy Q(*,), KOTOpasi Ha3bIBAETCS BAPUAHTOM TOJIYTPYIITIBI

Q) [1, 11].
IonsiTre BapHaHTa NMEET TECHYIO CBSI3b C TIOHATHEM {4, j }-MHTEPaCCONNATHBHOCTH.

B pa6orax Topbarkosa [12, 13] nqoka3aHbl cielyOlue yTBEPK ICHUs.

Teopema 1.1. [lua | X| > 4 umerom mecmo caedyrousue pasencmesa:

Inty FOX) () = Int(1 1 FO(X) () = {FO(X)(x2) [z € FOX)} U{FC(X)()}-
Teopema 1.2. IToayzpynna F(X)(o) {1}-unmepaccoyuamuena x F(X)(-) mozda u
moavko mozda, xKozda

wow = ug(u® o ww,, daa scex u, w € F(X),
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2de ut) — nocaednan Gyxsa caosa u, w0 — nepsaa Gyksa crosa w, a uy, Wy — cro6a,

NoAYHANWUECA U3 CA0B8 U, W COKPAULEHUEM 6y%‘6 U(l), w(o) cCooOmeemcmeeHHO.

B pa6ore [14] paccmorpena {3 }-nHTEPACCOIMATHBHOCT, IJI€ TTOIYYEH CIIEIYIOMInii

pes3yJ/ibrart.

Teopema 1.3. Ecau Q(o) € Int(5Q(-) u evinoansemeca caedyrouiee keasumosicde-

cmeo.
Tr=y-y=a=y,

mo noayzpynnu Q(o) u Q(-) cosnadarom.

2. OCHOBHBIE PE3VJILTATEI
B sTOM pasmene ajisi IPOM3BOJBHOTO MHOKECTBA X MBI TOJTy9aeM ONUCAHNE MHO-
xeers IntioyF(X)(0), Intg oy F(X)(), Intz3F(X)(-), Intg53FC(X)(-) u onucanue
Int, FC(X)(-), xorma | X| > 4.

CrepBa J0KaXKeM CJIeIYIONINe JIEMMbI:

Jlemma 2.1. ITycmov Qo) € Int,Q(-). Aonycmum, wmo das nexomopozo a € Q
omobpaicenue Xq : Q — Q, Xa(x) = ax unsexmueno. Tozda Q(o) € Int{13Q(-).

Zlokazamenvcmeo. VmeeM cemyionme TOXKIECTBA

(2.1) (xoy)z=a(yo2),
(2.2) (zy) oz =z o (yz2).

Torna u3 1MeMoYKM paBEeHCTB

2((y2) o t) 2 (o (y2))t B ((ay) o )t B ay(z0t) = 2(y(z 0 1)

n u3 yCJIOBI/Iﬁ JIEMMBI, TIOJIYY9a€eM

(y2) ot =y(zot),

r.e. ToxkzaectsBo (1.1), u3 Koroporo Bmecre ¢ ToxaecTBamu (2.1), (2.2) BbITeKaeT TOXK-
nectro (1.2), a roxxmectra (1.1), (1.2) BMecTe ¢ MOIYyTPYNITOBBIME TOXKIECTBAMY aC-

COIMATUBHOCTHU JIAIOT CBEPXTOXKIECTBO (ass)1. O

Ecsin B onpenenennu orobparkenusi X, KaxK/IbIii 9J€MEHT yMHOXKHUTH CIIPABa HA
a 7 TpeboBaTh COOTBETCTBYIOIIEE yCJIOBHE, TOT/A JT0KA3aTEIHCTBO COOTBETCTBYIOIIEN

JIEMMbI MO2KHO IIPDOBECTH aHAJIOTHYHO.
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Jlemma 2.2. Ecau Q(o) € Int(1Q(-), mo 6 anzebpe Q(o,-) umeem mecmo mosicde-
cmeo

(aob)ed = ab(cod).

/loka3zarenpcTBo. UMeem

(aob)ed = a(boc)d D ab(cod). O

Teopema 2.1. Ilpu |X| > 3 umerom mecmo caedyroujue paseHcmen
Int2y F(X)() = Int(1,0yF(X)()) = {F(X)()}.

Zloxazameavcmeo. Ilepsoe paserctBo cienyer u3 Jlemmbr 2.1. Bozsmem a,b € X,

a # b u ucnonn3zyem Jlemmy 2.2. VI3 ToxmecTBa

(2.3) (aob)ab = ab(aob)

cIeIyer:

aob=abp(a,b), ¢:XxX = FH(X),
aob=1p(a,b)ab, ¢:X x X — FYX).

TMoxncrasngas nociaennue pasencrsa B (2.3), monydaem

v(a,b) = (a,b), a #b, Va,b e X.

Boibepewm erne ¢, d € X, ¢ # d u no jgemme 2.2 umeeMm

(aob)ed = ab(cod),
ab(a,b) ed = aby(c,d) cd = p(a,b) = p(c,d),

U  IIOCTOSHHOE OTOOpAKeHNUe, eCIl ee apTyMeHThI He COBIaIaIoT. IlycTn
ola,b) =z FHX) a,beX, a#b,
aob=abxr = xabd.

Mycts a,b,c € X, a # b, b # c. Ucnonb3ysa (2.1), momyuaem

(aob)e=a(boc) = abxc=abcx = zc = cz.

WNunyknumeit mo amnHe caoBa x, Jerko BbiBoauM x = ¢, n € N. Ecan ¢ = a, Torma
r=a" meN, aeamc=d, tned # aud#b, tonoryunm = = d*, k € N.
Canenosarensro, z = (). Janee z = () = aob = ab, rue a # b.

Ecin a # ¢, 10 u3 (2.1) nmeem:

(aoa)c=alaoc)=aac = aoa=aa
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¥ OTIepalliu O U - COBMAJAIOT Ha MHOX)ecTBe X X X, HO 1o TeopeMe 1.2 OHU COBIAIAIOT
n na muoxecrse F(X) x F(X). O

Herpyano 3amerurs, uro FC(X)(-) Takke ynoBjerBopseT ycaoBuio JlemMmbr 2.1 u

¢ ydeToMm TeopeMbl 1.1 3aKirouaeM 4TO CIPABEIJIMBO CIEAYIOIIEe YTBEPXKICHHE,

Teopema 2.2. Ilpu |X| = 4 umerom mecmo caedyroujue paseHcmea:
IntnFC(X)() = {FCO(X)(*2) |2 € FOX)} U{TC(X)()}-

B pa6ore Top6arkosa, [13] omucano mroxectso Int(13F(X) B ciydae, korma | X| =
2. Ucmonb3ys 9TOT METO, MPAMOil MPOBEPKOil ybexkmaeMcst, 910 Teopema 2.1 BepHa

U B caydae, xorga | X| = 2.

Teopema 2.3. IIpu |X| = 2 umerom mecmo caedyroujue pasencmea:
Int5F(X)() = Int(1,0yF(X)() = {F(X)()}-

Teopema 2.4. IIycmo | X| =1 u X = {a}. Tozda umeem Int(13F(X)(-) = Int(5,F(X)(-) =
Int 13 F(X)() = {F(X)(x2) |2 € FOX)F U{TF(X) ()} U{F(X)(A)}, 2de a™Aa™ =

a™t=t m,n € N.

JHokazameavcmeo. TlepBoe  BTOpoe paBEHCTBA BHITEKAIOT W3 JIeMMbI 2.1 1 13 KOMMY-
rarusHocTu onepauun. IIpeanonoxum, yro F(X)(o) € Int1,F(X)(-). [Ipu m,n > 1
11 1.2

(L a™ Y aoa")=am Y ao (aa" 1)) 2 a™ ao

a)a™ . Eciu m = 1 wim n = 1, TO 3T0 paBeHCTBO OYeBHIAHO. PaccMoTpuM ciieayto-

umeeM a™ o a” = (a™ la)oa”

e Caydan:

(i) aoa =a = amoa™ = a™™ ! = a™Aa", T.e. MOAyUAEM TOTYTPYIITY
F(X)(A).
(ii) aoa = aa. B arOoM ciiyvae omepanuu o U - COBIAIAIOT.
m

(ii) aoa = a*, k > 2, rorna a™ o a™ = a™a*"2a".

k—2

O6o3naunm a”~ ¢ = z u 3akmogaeM, 4ro nonyrpynusl F(X)(o) u F(X)(*,) coBuaga-

JOT. O

B sakmogenun 3amerum, gro nomyrpynust F(X)(-) u FC(X)(-) ymosaersopsior
TPeOOBAHMIO TeOpeMEL 1.3 U, CJIe0BATEILHO, BEPHBI CAEAYIOIHE PABEHCTBA!
Tnt 5y F(X)() = {FX()}, TntFCX)() = {FCX) ()}
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Abstract. In this paper the concept of interassociativity via hyperidentities of
associativity is extended and characterized the semigroups which are {i, j }-interassociative

to free semigroups and free commutative semigroups, where i, j = 1,2, 3.
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Abstract. In this paper, we prove a difference analogue of Cartan’s second main
theorem for a meromorphic mapping on C™ intersecting a finite set of fixed hyperplanes
in general position on P (C). As an application, we prove a uniqueness theorem for a
class of holomorphic curves by inverse images of n + 4 hyperplanes. This result is so far
the best result about the uniqueness problem for holomorphic curves by inverse images

of hyperplanes.

MSC2010 numbers: 32H30, 32A22, 30D35.

Keywords: holomorphic curve; meromorphic mapping; Nevanlinna theory.

1. INTRODUCTION AND MAIN RESULTS

Recently, Nevanlinna theory have been studied for difference operators. In 2006,
R. Halburd and R. Korhonen [6, 7] have built the second main theorem for a
difference operator of meromorphic functions. Since then, many authors have studied
applications of Nevanlinna theory for difference operators. In 2014, R. Halburd, R.
Korhonen and K. Tohge [8] proved a difference analogue of Cartan’s second main
theorem for holomorphic curves. In 2016, T. B. Cao and R. Korhonen [1] gave
a new version of the difference second main theorem for meromorphic mappings
intersecting hyperplanes in several complex variables.

However, to the best of our knowledge, a little is known concerning uniqueness
problem of holomorphic curves by applying difference second main theorems. When
one applies inequalities of type second main theorem, it is often crucial to have
an inequality with truncated counting functions. For instance, all the existing
constructions of unique range sets depend on the second main theorem with truncated
counting functions. The above quoted results motivate us to consider the difference
second main theorem for holomorphic curves intersecting hyperplanes with the
level of truncation. In order to reduce the number of hyperplanes in the uniqueness

problem, we first establish a difference analogue of Cartan’s second main theorem

!The research was sponsored by China/Shandong University International Postdoctoral
Exchange Program.
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with truncated level 1. As an application of this result, we prove a uniqueness
theorem for holomorphic curves by inverse images of n 4+ 4 hyperplanes.
To state our results, we first recall some notation and notions from Nevanlinna

theory. We set

|2|? = Z |zj|2 for all z=(z1,...,2m) € C™,

j=1

Sm(r)={2€C™:|z|=r}, Bnr)={z€C™:|z| <r},
_ Cii =

d=90+0, d 74m_(8 0),

Wm = dd®log |22, oy = d°log |z Awn™(2), vm(2) = dd°|z|*.

Let v be a divisor in C™. We set suppr = {2 : v(z) # 0}, and define the counting
function of v by

N,(r) = /1T t;&%dt, 1 <r < +oo,
where n(t) = [ 05, oy vm | form =2, and n(t) = 37, ., v(2) for m = 1. Let
M be a positive integer, we define ™ by v™(z) = min{M, v(z)} and the counting

function of v™ by

T Mt
NM(T):/ L()dt, 1 <r < +oo,
1

v f2m—1
where n™ (t) = [[ min{ M. }Bon (1) v~ tHorm > 2, and nM (1) = 30, o, min{M, v(2)}

for m = 1. When M = 1, we get the reduced counting function N, (r).

Let F' be a nonzero holomorphic function on C™. For a set a = (a1, ..., Q) of

nonnegative integers, we set |a| = ay + --- 4+ a,, and DI®IF =

We define the zero divisor vg of F' by
vp =max{p: DI*'F(z) =0 forall a:|a|<p}.

Let ¢ be a nonzero meromorphic function on C™. For each zy € C™, the zero
divisor v, of ¢ is defined as follows. We choose nonzero holomorphic functions F

F
and G defined on a neighborhood U of zy such that ¢ = o on U and dim(F~1(0)N

G71(0)) < m — 2, then we put vy = vy—o = vp, and vy—oo = v is called the
polar divisor of ¢. For each a € P1(C) with ¢~1(a) # C™, the counting function of
an a-point of ¢ is defined as follows. We denote by v4(a) the a-divisor of ¢. This
means that if ¢ = (¢o : ¢1) is an expression reducing ¢, then the a-divisor v4(a)

is the divisor associated with the holomorphic function ¢, — a¢g. Thus, we have
v(a) =3 com Vér—ado (2). We define

ng(r,a) = vy (ayvy ™

/suppu¢ (a)NBm (1)
7
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outside a set analysis of codimension 2, that is, dim((¢; — age) ™' (0) N ¢y *(0)) <
m — 2 for all m > 1 and r > 0, where suppvy(a) denotes the closure of the set
{z € C™ : vy(a)(z) # 0}. The counting function of an a-point of ¢ is defined by

Ny(r,a) = /17” ns(t;a) dt.

t2m—1

The prozimity function of ¢ is defined by

= | I o a# e

Js,.(m 1087 [6(2)om (2), a =00

The characteristic function of ¢ is defined by Ty(r) = me(r, 00) + Ng(r, 00). We
also define Ty(r,a) := mg(r,a) + Ny(r,a), a # oco. In some cases, we also use
the notation: Ty(r,a) = T'(r, fa) and my(r,a) = m(r, ﬁ) The first main
theorem states that Ty (r, a) = T (r)+O(1). The difference operator of a meromorphic
function ¢ is defined by

AC(¢) = d)(zl +Clv"'azm +Cm) _¢(Z17"'azm)7

where ¢ = (c1,...,¢n) € C™. The hyper-order of ¢ is defined by

S(p) = ligsgp lmgllcz;gﬁ(r)'
Let f be a meromorphic map of C™ into P™(C). For arbitrary fixed homogeneous
coordinates of P"(C), we can choose holomorphic functions fo, fi,..., fn defined
on C™ such that Iy = {z € C™: fy(2) = --- = fn(z) = 0} is of dimension at most
m—2and f = (fo:--: fn). Usually, the function f = (fo,..., fn) : C"™ — C"*!
is called a reduced representation of f. Set ||f(2)|| = max{|fo(2)], ..., |fn(2)|}. The
characteristic function of f is defined by

7yr) = [ 10gl| @)l (o)
where the above definition is independent (up to an additive constant) of the choice
of the reduced representation of f. The order of f and the hyper-order f of are
defined by

U(f) = limsup M and g(f) = limsup M

o0 logr r—o0 logr 7

respectively.
Let H be a hyperplane in P*(C), and let

n
L(zo, ..., 2n) = Zajzj
7=0
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be a linear form defined on H, where a; € C, j = 0,...,n, are constants. Denote

by a = (aq, ..., a,) the non-zero vector associated with H, and define

L(f) = (Haf) = (aaf) :Za’jfj'
=0

Under the assumption that (a, f) Z 0 for 1 < r < 400, the proximity function of
f with respect to H is defined as follows:

my(r,H) = / log Lﬁz)uam(x)7
sm) (@ f)(2)]
where the above definition is independent (up to an additive constant) of the
choice of the reduced representation of f. The counting function of f is defined
to be N, ,, (r), meaning that N, u 1) (r) = N(g, f)(r,0). In some cases, we use the
notation Ny (r, H) instead of N, (g (7).

The Casorati determinant of f is defined by

zZ4+c zZ4+c . nlz+cC
Wc(f):Wc(wa'wfn): ’ : ' : .. . ’
fo(z+mnc) fi(z4+nc) - fulz+nc)

where ¢ = (c1,...,¢n) € C™\ {0}.
Let f: C — P"(C) be a holomorphic curve, the Casorati type determinant of f
is defined by

’

fo(2) £1(2) : fn(2)
Dty = Dl fy=| PEFD HEED Rl |
folz+mnc) fi(z+ne) - fu(z+ne)

where ¢ € C\ {0}.
Let F be a nonzero holomorphic function on C™ and 2o = (20,1, - .,%0,m) € C™
be such that F(zp) = 0 with multiple p € N*, then

F(z)= Z b(z — 20)"

|k|=p

on a neighborhood of zy, where b, € C and
(Z—Zo)k = (Zl—ZO,l)kl ... (Zm—Zo,m)km,kl—f—- otk = ‘k‘|, k= (k‘l, .. .,km) e N™.

Observe that on a neighborhood of zy, we also have

o

Flz4+c)= Y alz—2)* ¢>0,
[k|=q

where c¢; are complex constants.
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~ C
We denote by N x(r,0) the counting function at all zeros zo of F(z), and observe

that zp is also a zero of F'(z + c¢) in the following sense. If zj is a zero of F'(z) with
multiplicity p > 1 and also is a zero of F(z 4 ¢) with multiplicity ¢ > 1, then z is
counted p—q times in ]?7;(7", 0). If ¢ = 0, the point zg is counted p times in Kf;(r, 0).
If F(z) = 0 implies F'(z + ¢) = 0, then we denote by NF(Z+C) (r,0) the counting
function at the points F(z + ¢) = 0 when F(z) = 0 with counting multiplicity.
This means that if z is a zero of F(z) with multiple p > 1 and 2, also is a zero of
F(z 4+ ¢) with multiple ¢ > 1, then zg is counted ¢ times in KfF(z-',—c) (r,0). We have
Ng(r,0) = Kf;(n 0) + NF(Z+C) (r,0). Note that N;(r, 0) may be negative, positive
or zero if F(z) = F(z +¢).

The following definition was given in Korhonen et. al [9].

Definition 1.1. Let n € N*, ¢ € C\ {0} and a € PY(C). An a-point 2y of

a meromorphic function h(z) is said to be n-successive and c-separated if the n

meromorphic functions h(z + jc) (j = 1,...,n) take the value a at z = zy with
multiplicity not less than that of h(z) at z = zo. All the other a-points of h(z)
~ [n,c]

are called n-aperiodic of pace c. By N, (r,a) we denote the counting function of

n-aperiodic zeros of the function h — a of pace c.

~ [n,c]

Therefore, we denote by Ny ,(r,0) the counting function of the n-aperiodic
zeros of function (H, g) for holomorphic curve g : C — P*(C). Also, we denote by
N ,E"’C] (r,a) (resp. NL“’C] (r,a)) the counting with multiplicity (resp. without counting
multiplicity) function of n-successive and c-separated a-points of a function h.

Recall that the hyperplanes Hy, ..., H,, ¢ > n, in P"(C) are said to be in general
position if for any distinct 41,...,4,41 € {1,...,q}, we have ﬂ:;r% supp(H;, ) = 0,
which is equivalent to the H;,,..., H

inss D€ing linearly independent.

In this paper, we consider the following family of meromorphic maps:
F = {f . C™ — P™(C) such that Ty, (r) < O(Ty(r)) for all i = 0, . n}
Observe that F # 0, since f = (fo : f1: -+ : fn) € F, where f; = 1 for some
i €40,...,n}. Indeed, we have for all j # i,

Tfj(r)=/s ()10g+|fj(2)|0m(2) S/S log(1+ max {[fi(2)[})om(2)

i (1) t€{0,...,n}\1
< [ toglla)llom(z) + O() = T5() + O(1),
Now we are in position to state the main results of this paper. The next theorem

is a difference analogue of Cartan’s second main theorem.
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Theorem 1.2. Let f = (fo: f1:---: fn) : C — P*(C) be a holomorphic curve
in F with s(f) = ¢ < 1, and let Hy,...,H, be hyperplanes in P"(C) in general
position such that the image of f is not contained in H;,j =1,...,q. Suppose that
D.(f) £ 0. Then for any 1 < r < 400, we have

N[nc] —Inyd]
(q—n—1)Ts(r) Z (.5 (1:0) + Ny (r,0)) + S(r, f),

Jj=1

r lies outside of a possible exceptional set E C [1,00) of finite logarithmic measure.
As an immediate consequence of Theorem 1.2, we have the following result.

Corollary 1.1. Let f = (fo: fi: -+ : fn) : C — P™(C) be a holomorphic curve
in F with s(f) = ¢ < 1, and let Hy,...,H, be hyperplanes in P"(C) in general
position such that the image of f is not contained in H;,j =1,...,q. Suppose that
D.(f)#£0 and for any 1 < r < 400,

1 ~Ind
ZN(Hj,f)(Ta 0) = S(ra f)

j=1
Then we have

q
(q—n—1)Tr) < S NGH 5 (0,0) + S0, f) SZ 1,5 (1,0) + S(r, f)
=1

Jj=1

2

for all v lying outside a of possible exceptional set E C [1,00) of finite logarithmic

measure.

Next, we consider the family § C F of holomorphic curves with the following
properties:
(i) Do(f) # 0 for all f € G;
(#7) Let Hy,...,Hy q > n+ 4, be hyperplanes in P"(C) in general position such
that the image of f is not contained in H;,j =1,...,q, and f~*(H;)Nf~Y(H;) =0

~ [n,c]

for all i # j, and f € §. We also assume that 37, Ny 1 (r,0) = S(r, f) for all
fes.
(#3i) (f) =¢ < 1forall feg.

As an application of Corollary 1.1, we have the following uniqueness theorem for

holomorphic curves from §.

Theorem 1.3. Let f and g be two holomorphic curves in G, and let Hy,...,Hy,q >

n + 4, be hyperplanes in P"(C) in general position. Suppose that f(z) = g(z) on
Ui_, (f~'(H;) Ug~'(H,)). Then we have f = g.

Remark 1.1. In 2010, Z. Chen and Q. Yan [3] have proved a uniqueness theorem

for holomorphic curves from C into P"*(C) by inverse images of 2n + 3 hyperplanes.
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Our Theorem 1.3 gives a uniqueness theorem for holomorphic curves by inverse

images of n 4+ 4 hyperplanes.

Theorem 1.4. Let f = (fo: f1: - : fn) : C™ = P*(C) be a meromorphic non-
degenerate linear map in F with ¢(f) = ¢ < 1, and let Hy,..., H, be hyperplanes
in P"(C) in general position such that H;(f(0)) # 0,5 = 1,...,q. Then for any
1 <r < 400, we have

4 .c
(q—TL—l Tf ZN(H f)TO +N(H f(z+c))(r 0))+S(T7f)’
j=1

r lies outside of a possible exceptional set E C [1,00) of finite logarithmic measure.

2. SOME RESULTS FROM NEVANLINNA THEORY

In this section we state some known results from Nevanlinna theory that will be

used in the proofs of the theorems.

Lemma 2.1 ([1]). Let f be a non-constant meromorphic function in C™ such that
f(0) # 0,00, and let c € C™. If ¢(f) =< < 1, then

i 12+
TG

for all r > 0 outside of a possible exceptional set E C [1,400) of finite logarithmic

) =5(r,f),

measure [, dt/t < +oc.

Lemma 2.2 (|8, 10]). Let f : C™ — PL(C) be a meromorphic function, and let
ceC™ Ifo(f) =¢ <1, then Ty(,ye)(r) < Ty(r) +o(Ts(r)), where r — co outside

of an exceptional set of finite logarithmic measure.

Lemma 2.3 ([8]). Let f be a non-constant meromorphic function, € > 0 and c € C.
If (f) < 1 and € > 0, then

fleto)y _  Ty(r)
7 ) )

for all r outside of a set of finite logarithmic measure.

m(r,

3. PROOF OF THEOREMS

We first prove a number of lemmas.

Lemma 3.1. Let f = (fo: fi:-: fn) : C— P*(C) be a holomorphic curve in

F with hyper-order <(f) < 1, and let H,. .., H, be arbitrary hyperplanes in P"(C)

such that the image of f is not contained in H;,j =1,...,q. Let a; by the non-zero
82



A DIFFERENCE ANALOGUE OF CARTAN’S SECOND ...

vector associated with H;, 7 =1,...

inequality

1 f(re?)| L
(s, f) re“‘))|2ﬂ'

/ max Z 1og

leK

< (n+1D)Ty(r

holds for all r outside of an exceptional set of finite
mazimum is taken over all subsets K of {1,...

independent.

Proof. Let K C {1,...
Without loss of generality, we may assume that ¢ >

be the set of all injective maps p: {0,1,...,

n} —{1,...

,q- Suppose that D.(f) Z 0. Then the following

) NDC(f)(T,O)"FS(T,f)

logarithmic measure. Here the

,q} such that a;, | € K are linearly

,q} be a set such that a; (I € K) are linearly independent.

n+land #K =n+ 1. Let T

,q}. Then we can write

IF( re"’)l\ A ||f (re)|  do
log ———"—"—— = log —ATC I 4V
/ MIGZK (ay, f)(rei®)| 27 / e Z % N, N(rei®)| 27
27 i n
- mg%dog{ et } i
o 11 l@uw: Hre)|
< " maxlog{ ”f(rew)HnH _ }d@
“Jo w€T 7 UDe((@u0)s )y @y, ) (rei®)| ) 27
4 f g i0
+ 2 ma%(log{|Dc((al—l(07)1af)a ..7(~all.(n)7f))(7ﬂe )I}de +O(1)
o 1T (@0, f)(re)] T
/27T logmax{ ”f(rew)HnH _ }d&
0 HeT |DC((aH(O)7 )7 i) (au(n)a f))(r619)| ™
2m 3 3 0
+/ 1Ogmx{IDc((aM(oz,f'),---,(am(nyf))(re )I}d0+0(1)
0 neT ll:[0|(au(l)7f)(7"€w)| 2T
2 f 3 i0
</ log ‘Dc«a%‘((g’f)’ --a(flmn)vf))(?“e )I%
0 HET II:IO (@), f)(re?)]
2m Fro 0 [[nt1
|| f(re) |t do
+ol ; ————— +0(1).
\/0 Og;;|DC((au(0)7f)7"'7(au(n),f))(T€ZG)|271' ( )
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By the property of Casorati-type determinant, we see that | D.((a,,(0), f), cos (@umy, ) =

Ci,u|De(fo, - -, fn)|, where Cy ,, > 0 is a constant. So, we obtain
o I (re®)||  df
3.1 X log ——-—"———
CN A 28 e et 2
< /27r log Z |Dc((au(07)La f)v ) (Nau(n)a f))(rew” ;lj
0 er 1T l(@uw: e "
o If(re®) (™t do
+ o8 e 2 O
We have
DC((au(O)» f~)7 cee (a,u(n)a fN))(Z)
1;[ (au(z), f)(z)
(au(0), i)'(z) (A1) :)’(Z) _ (Ay(n)s :)’(Z)
(au(0), f)(2) a, 1), f)(2) a,(n), f)(2)
(au(0)7 f) NZ + C) (au(1)7 f) ~Z + C) . (au(n)v f) ~Z + C)
= (a/L(O)a f)(Z) (au(l)a f)(Z) (a,u(n)a f) (Z)
@0 DG+ @, HE+10)  @uw, -+ ne)
(au(0), f)(2) (au), f)(z) (au(n)» f)(2)

By Lemma 2.3, we obtain

(a,q), f)(f + je)
(au@), [)(2)

for all » > 0 outside of a possible exceptional set E C [1,400) of finite logarithmic

(3.2) m(r, )= O(T(au(l),f)(z)(r))’

measure fE dt/t < +oo, for all I =0,...,n and for all j =1,...,n. We have

Lo prs(1) = ;Tfj (r) +0(1) < O(Ty(r))

for all ] =0,...,n. Thus, (3.2) implies

. (au), J?)(f + je)
(au@y, f)(2)

foralll=0,...,nand forall j =1,...,n.

(3-3) I

) = o(Ty(r)),

From (3.3) and the lemma on the logarithmic derivative, for any p € T, we have

/27r 10g+ ‘Dc((au(O)a f), R (au(n), f))(’l”ew” dfe
' [1 |(au(1),f)(rei9)| 2

=0

< S(r, f).

~
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This implies that

2w Dc .
[ w3 1Pkt
0

s @y, D) (re)| o
s e e

°n IDe((au0): f): - - > (uny, ) (re?)| db
< /O log" 3" 1(0) p(n) do

HET zﬁo |(au(l)7 f)(re“’)\ o
(3.4) < Z/ZW log™ |Dc((au<oz,f),...7(au<n),f))(reie)|i€ o < s0h)
0 n i6 2m
peT ll;[0|(au(l)7f)(7"6 )l

Now the statement of the lemma follows from (3.1), (3.4) and Jensen’s formula.

Lemma 3.1 is proved. g

Lemma 3.2. (see[5]) Let fo, f1,- .., [n be linearly independent meromorphic functions
in C™, and let f = (fo, f1,..., fn). Then there are multi-indices v; € Z7', i =
1,...,n such that 0 < |v;| < i and f,0" f,..., 0"~ f are linearly independent over
cm™.

Fix multi-indices v; € Z7 with vy = 0 and |v5] > 0 (i = 1,...,n), and set
I = |vi|+ -+ + |Vn|. For meromorphic functions fo,..., f, in C™, the Wronskian

determinant is defined by

fo fi : fn
Dify Of O,
W(va"'vfn):Wvl...un(f()»"'afn): . : . :
O fo Ofr - O"fy
Observe that if fo, f1,..., fn are linearly independent meromorphic functions in
C™, then W(fo,..., fn) Z0.
Lemma 3.3. Let f = (fo: -+ : fn) : C™ — P*(C) be a non-degenerate meromorphic

map in F with <(f) < 1, and let Hy,...,H, be arbitrary hyperplanes in P™(C)
such that H;(f(0)) # 0,5 =1,...,q. Let a; be the non-zero vector associated with
H;,j=1,...,q. Then the following inequality

17 (=)
max » log ——=——0y,(2) < (n+ 1)T¢(r) — Nw(f(z+e))(1:0) + S(r, f)
/Sm(r) K l%:( (2, f)(2)]
holds for all r outside of an exceptional set of finite logarithmic measure. Here the
mazimum is taken over all subsets K of {1,...,q} such that a; (I € K) are linearly

independent.

Proof. By Lemma 3.2, there are multi-indices v; € Z7'(i = 1,...,n) such that
0 < |y| <iand f(z+¢), 8" f(z+¢),...,8" f(z+c) are linearly independent over
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C™. Therefore, we have W (fo(z +c),..., fa(2+¢)) Z0. Let K C {1,...,q} be a
set such that a; (I € K) are linearly independent. Without loss of generality, we
may assume that ¢ > n+ 1 and #K = n+ 1. Let T be the set of all injective maps
w:{0,1,....,n} = {1,...,q}. Then, we can write

IF ()l 1F )l
max log ——"——o0,(2) = max lo = om(z
/smm K 2 ® s H2)] = /sm “ETZ * 1@u- NG (@), £)(2)] )
1F(z) ||+

- om(2)
IZT( (aﬂm,f)(z)l}

By the property of Wronskian determinant, we get |W ((a,,0), e (Au(n), N+
c)| = Co W (fo,..., fn)(z+c)|, where Cy ,, > 0 is a constant. So, we obtain

max o Hf(—Z)HO' z
69 [ T e

leK ag,
W (@) s (o, ) + )
< logz n O'm(Z)
/Sm(r) neT I}()'(au(l) f)( )|
1)l
o ST g ) + O
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Next, we have

W((au() f)v"'v(au( )s f))(z+c)

I (2., f)(z +¢) I (2., f)(2)
=0 =0
1 1 : 1
0" (au0), )z +e) 9 (auw, )z+e) 8" (aum). )z +¢)
(au(o f)( +¢) (au(1), f)(z +¢) (Apu(n)s f)(z +¢)

9" (a(0), f)( +c¢) 9 (a, if)( c) 3”"(u(nif)( c)
(au(0), ) (= +¢) (aﬂ(l Nz+c¢) (@), )z +¢)

lﬁlo(a/t(l)v f)(Z + C)
M D)
=0

By Lemma 2.1, we obtain

a,, +c
m(r, (a.q) f)(f )
(au), f)(2)
for all » > 0 outside of a possible exceptional set E C [1,400) of finite logarithmic
measure [, dt/t < 4oo, for all [ =0,...,n

(3.6) ) = O(T(a“(l),f)(z)(r))’

By Lemma 2.2, we have

L o)1) = Ta, )y (1) + 50 f) < Z r)+5(r, f) < O(T¢(r))

for all l =0,...,n. Thus, (3.6) implies that

r (au(l)a f)(Z + C)

(37) : @ D)

) = o(Ty(r)),

foralll=0,...,n

Hence, by the lemma on the logarithmic derivative of several variables, for any
w € T, we have

0" (a0, f)(z + )
/ log+ L0 0n(2) = (T iy, ) Fyesey () = S(r, 1),
S (1) (a,u,(l)7 f)(Z + C) .

foralll=0,...,nand i =1,...,n. Therefore
/ 10g+ |W((au 07); f) (fl,u(n)v f))(z + C)| o

) I1 l(au@), f)(z + c)

=0

(3.8)
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Next, in view of (3.7) and (3.8), we have

/ 0g Y (W (a0, f) - () f))(2+0)|0m(z)
Sm() - ueT H (@, F)(2)]
< / 10g+ Z ‘W((aM(OT)L7 f)a R (Nau(n), f))(Z + C)| O'm(Z)
Smr) e [T [(auq), f)(z +¢)|
=0
a1y, [)(z +¢)
(3.9) + / “—~ om(z) < S(r. f).
Z () (au@y, f)(z)
The statement of the lemma follows from (3.5), (3.9) and Jensen’s formula. O
Lemma 3.4. Let f = (fo: - : fn) : C™ — P*(C) be a meromorphic map, and

let Hy,...,H, be hyperplanes in P"(C) in general position such that the image of
f is not contained in Hj,j =1,...,q. Let a; be the vector associated with H; for
j=1,...,q. Then
3 , 1F2)
my(r,H;) < maleog om(z) +0(1),
Sm (1) leK |(alaf)(z)‘
where the mazimum is taken over all subsets K of {1,...,q} such that #K = n+1.

Proof. Let a; = (aj0,...,a;,) be the associated vector of H;, 1 < j < ¢, and let T
be the set of all injective maps p: {0,1,...,n} — {1,...,q}. Slnce by hypothesis
Hy,...,H, are in general position, for any u € T, the vectors a, (), ..., a,(») are
linearly independent.

Let 1 € T, we have

(310) (f?au(t)) :au(t),0f0+"'+a/p(t),nfna t:0a17"'an

Solve the system of linear equations (3.10), to get
ft = bu,(t),O(ap,(O)7 f) +---+ bu(t),n(au(n)a f)7 = 07 17 BN

n n
where (bu(t),j> is the inverse of the matrix <aﬂ(t),j) . So, there is a
,J=0 t,j=0

constant C), to satisfy

17 ()]l < Gy max [(a,), f)(2)].

0<t<

Set C' = ma{?C Then for any p € T, we have
pne

IF ()] < © max |(au), ().

0<t<n
For any z € C™\ {U?Zl(Hj(f))_l(O) U Iy}, there exists a mapping p € T such that

for j ¢ {u(0),...,u(n)},

0 < |(au(0), N)(2)] < l@uay, N < v < @), N < @y, ()]
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Therefore, we have
T “n1 S @l
= Oq max —_———.
H 1 (2, f)(2)] hes g) (), £)(2)]
Next, we have

;:mf(’”Hj) =§_j/

S (1)

T If2)
< /Sm(r) logmaxH e

el [CHTR

17l F(2)
log—————o0,,(2) = lo - z
P TETRAR /smm gH f )\ 7m{2)

aj, j= 1

_ IS 1O
* O(l) B /Sm(r) If?EaT =0 to |(a#(t)v f) m(Z) * O(l).

Finally, we obtain

me(nHj) </ maleog HE ))H om(z) + O(1).

Sm (r) JEK |(aj’f Z)|
This completes the proof of lemma 3.4. O

Now we are in position to prove the main results of this paper.

Proof of Theorem 1.2. By Lemmas 3.1 and 3.4, we obtain

q i0

If(re )| o
me(Tij)g/ maXZ g (a0, f)(reit)| 2r
i=1

R (CT)
(3.11) < (n+1D)Ty(r) - NDC(f)(Ta 0) + S(r, f).

By the first main theorem, we get T¢(r) = N, 5)(r,0) +my(r, H;) + O(1) for any
jeA{l,...,q}. So, from (3.11), we have

q
(g—n—1)Ty(r) ZN J,f NDc(f)(T70)+S(7",f)-
Jj=1

For zy € C, we may assume that zq is a zero of (a;, f) for 1 < j < ¢1 < n, and (a;, f)
does not vanish at zy for j > ¢;. Without loss of generality, we may assume that
zp € C is an n-successive and c-separated zero of (a;, f) for 1<j<pi <q <n.
Hence, there exist integers k; (j = 1,...,¢) and nowhere vamshlng holomorphic

functions g; (j =1,...,q), defined on a neighborhood U of 2y, such that

(aj, f)(z) = (2 — zo)kjgj(z), forj=1,...,q,
where k; = 0 for ¢; < j < g. Also, we can assume that k; > 2 for 1 < j < pg, and
k; = 1for py < j < p1. From the definition of n-successive and c-separated 0-point,
we have

(aj,f)(z+kc) (zfzo)l () forj=1,...,p1,
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for all £k = 1,...,n, where h? (j = 1,...,p1) are nowhere vanishing holomorphic
functions, defined on a neighborhood U of 2, and I; > k;,1 < j < p;. Let T be the
set of all injective maps u: {0,1,...,n} = {1,...,q}. By a property of Wronskian,

there exists a constant C,, # 0 such that

(ay(0), )’ a1y, )’ : (@) f)'
Dc(f) _ GM. (au(O)af;)(Z+C) (au(l)vf)(z+c) .' (au(n)a.f:)(z+c)
(@u0), [)(z+1n0) (aua), )z +n0) - (aum), )z +nc)

Po
Hz—zo T h(2),

where h(z) is a holomorphic function on U. Then D.(f) vanishes at zy with order

Po
at least ) (k; — 1). By the definitions of N([Z;;]f)(r, 0) and Np_(s)(r,0), we have
j=1 ’

[n,c [n.c
ZN<H 1 ZN<H,f>’“0
Therefore, we get

q
[nc]
]:1

r lies outside of a exceptional set E C [1,00) of finite logarithmic measure. O

Proof of Theorem 1.3. We denote f = (fo: -+ : fn) and g = (go : -+- : gn), and
assume that f # g. Then there are two numbers «, 5 € {0,...,n}, o # 8 such that
fa9s # f89a- Assume that zg € C is a zero of (Hj, f) for some j = 1,...,¢, then
20 is a zero of at most n entire functions (Hy, f),t € {1,...,q}. Since f~1(H;) N
J71(H;) =0 for all i # j, then z is a zero of one entire function (H;, f) for some
j €{1,...,q}. From condition f(z) = g(z), when z € UI_,(f~"(H;) Ug~"(H;)),

we get f(z0) = g(20). This implies that z, is a zero of Ja _ Ja | Therefore, we have

s 98

q
D Nump(0) SNy, g, (0) STy(r) +T,(r) + O(1).
! fs 98

Applying Corollary 1.1, we obtain

(3.12) (g =n =Ty (r) < Ty(r) + Ty(r) + o(Ty(r)).

Similarly, we get

(3.13) (g =n = 1)T(r) < Tp(r) + Ty(r) + o(Ty(r)).

Finally, combining (3.12) and (3.13), we obtain [[(g — n — 3)(T}(r) + Ty(r)) <

o(Ty(r)) + o(T4(r)), which contradicts the condition ¢ > n+4. Hence f =¢. O
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Proof of Theorem 1.4. By Lemmas 3.3 and 3.4, we have

U oy, L
Z:j f<,H]></Sm(T) ax 3 log n(2)

leK |(alaf)(z)|
(3.14) < (n + 1)Tf(7ﬂ) - NW(f(erc))(r? O) + S(T7 f)

Next, by the first main theorem, we get
Tf(?") = N(Hj,f)(T, 0) + T?”Lf(?‘7 Hj) + 0(1)

for any j € {1,...,¢}. So, in view of (3.14), we can write

(q—n—1)T¢(r ZN(H P (10) = Nw (£(zqe)) (1,0) + S(r, f)

~

q
:Z[N(H 0+ N, zren(0)] = Nw(gate)(r,0) + S(r, f)
j=1

~ ~

q
N 11,0 (1 0) + Y Naty 540 (1, 0) = Niw(pzep) (1,0) + S(r, ).
j=1

M@

BN
Il
—

We assume that zg is a zero of (H;, f) with multiple k; > 0,1 < j < ¢ <n, and
kj >n when 1 <7 <gq, k; <n when ¢ <j <q and k; =0 when 1 < j < g.
Hence, we may assume that z is also a zero of (H;, f(z + ¢)) with multiple [;,
l; >0,1<j<gq,andl; >n when 1 <j <py, 1<I; <n whenpy < j<p; and
l; =0 when p; <j < qi.

Therefore, it is easy to see that zo is counted in Nyy(f(.4c))(r,0) with order at
least >0, (I; — n). Then, we have

q q n

> Nty 540 (7, 0) = Nig(s(240 (1, 0) < > N (Hj . f (40 (15 0)-

j=1 j=1
Finally, we get

4q n
(a=n—DT5(r) < S (N, (1, 0) + s, goen) (1 0)) + S, f):
j=1

This completes the proof of theorem 1.3. O
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