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Abstract. In 1987 Harris proved-among others that for each 1 ≤ p < 2 there exists a

two-dimensional function f ∈ Lp such that its triangular Walsh-Fourier series does not

converge almost everywhere. In this paper we prove that the set of functions from the

space Lp(I2), 1 ≤ p < 2, with subsequence of triangular partial means S4
2A

(f) of the

double Walsh-Fourier series convergent in measure on I2 is of �rst Baire category in

Lp(I2). We also prove that for each function f ∈ L2(I2) a.e. convergence S4
a(n)

(f)→ f

holds, where a(n) is a lacunary sequence of positive integers.
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1. Introduction

We shall denote the set of all non-negative integers by N, the set of all integers

by Z and the set of dyadic rational numbers in the unit interval I = [0, 1) by Q. In
particular, each element of Q has the form p

2n for some p, n ∈ N, 0 ≤ p ≤ 2n.

Denote the dyadic expension of n ∈ N and x ∈ I by

n =

∞∑
j=0

nj2
j , nj = 0, 1 and x =

∞∑
j=0

xj
2j+1

, xj = 0, 1.

In the case of x ∈ Q chose the expension which terminates in zeros. ni, xi are the i-th

coordinates of n, x, respectively. De�ne the dyadic addition u as

xu y =

∞∑
k=0

|xk − yk| 2−(k+1).

Denote by ⊕ the dyadic (or logical) addition. That is,

k ⊕ n =

∞∑
i=0

|ki − ni| 2i,

1The �rst author supported by the Hungarian National Foundation for Scienti�c Research
(OTKA), grant no. K111651. The second author supported by Shota Rustaveli National Science
Foundation grant 217282
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where ki, ni are the ith coordinate of natural numbers k, n with respect to number

system based 2.

The sets In (x) = {y ∈ I : y0 = x0, ..., yn−1 = xn−1} for x ∈ I, In = In (0) for 0 <

n ∈ N and I0 (x) = I are the dyadic intervals of I. For 0 < n ∈ N denote by

|n| = max {j ∈ N : nj 6= 0} , that is, 2|n| ≤ n < 2|n|+1. Set ej = 1/2j+1, the i-th

coordinate of ei is 1, the rest are zeros (i ∈ N).

The Rademacher system is de�ned by

rn (x) = (−1)
xn , x ∈ I, n ∈ N.

The Walsh-Paley system is de�ned as the sequence of the Walsh-Paley functions:

wn (x) =

∞∏
k=0

(rk (x))
nk = (−1)

|n|∑
k=0

nkxk

, x ∈ I, n ∈ N.

The Walsh-Dirichlet kernel is de�ned by

Dn (x) =

n−1∑
k=0

wk (x) .

Recall that (see [13])

(1.1) D2n (x) =

{
2n, if x ∈ [0, 2−n)
0, if x ∈ [2−n, 1)

,

We consider the double system
{
wn(x1)× wm(x2) : n,m ∈ N

}
on the unit square

I2 = [0, 1)× [0, 1) .

We denote by L0(I2) the Lebesgue space of functions that are measurable and

�nite almost everywhere on I2. µ (A) is the Lebesgue measure of A ⊂ Id.
We denote by Lp

(
I2
)
the class of all measurable functions f that are 1-periodic

with respect to all variable and satisfy

‖f‖p =

∫
I2

|f
(
y1, y2

)
|pdy1dy2

1/p

<∞.

If f ∈ L1

(
I2
)
, then

f̂
(
n1, n2

)
=

∫
I2

f
(
y1, y2

)
wn1(y1)wn2(y2)dy1dy2

is the
(
n1, n2

)
-th Fourier coe�cient of f.
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The rectangular partial sums of double Fourier series with respect to the Walsh

system are de�ned by

SN1,N2

(
x1, x2; f

)
=

N1−1∑
n1=0

N2−1∑
n2=0

f̂
(
n1, n2

)
wn1(x1)wn2(x2).

The triangular partial sums de�ned as

S4k
(
x1, x2; f

)
=

k−1∑
i=0

k−i−1∑
j=0

f̂ (i, j)wi(x
1)wj(x

2).

Let a = (a(n)) be a lacunary sequence of positive integers with quotient q. That is,

a(n+ 1)/a(n) ≥ q > 1 for any n ∈ N. Now, set the maximal function

S4a,∗f = sup
n

∣∣∣S4a(n) (f)
∣∣∣ .

In 1971 Fe�erman proved [2] the following result with respect to the trigonometric

system. Let P be an open polygonal region in R2, containing the origin. Set

λP =
{(
λx1, λx2

)
:
(
x1, x2

)
∈ P

}
for λ > 0. Then for every p > 1, f ∈ Lp

(
[−π, π]

2
)
it holds the relation∑

(n1,n2)∈λP

f̂
(
n1, n2

)
exp

(
i
(
n1y1 + n2y2

))
→ f

(
y1, y2

)
as λ→∞

for a. e.
(
y1, y2

)
∈ [−π, π]

2
. That is, SλP f → f a.e. Sjulin gave [14] a better result

in the case when P is a rectangle. He proved a.e. convergence for the class f ∈
L
(
log+ L

)3
log logL and for functions f ∈ L

(
log+ L

)2
log logL when P is a square.

This result for squares is improved by Antonov [1]. There is a sharp constrant between

the trigonometric and the Walsh case. In 1987 Harris proved [8] for the Walsh system

that if S is a region in [0,∞)× [0,∞) with piecewise C1 boundary not always paralled

to the axes and 1 ≤ p < 2, then there exists an f ∈ Lp
(
I2
)
such that SλP f does

not converges a. e. and in Lp norms as λ→∞. In particular, from theorem of Harris

follows that for any 1 ≤ p < 2 there exists an f ∈ Lp
(
I2
)
such that S4

2Af does not

converges a. e. as A→∞.

In this paper we improve this result of Harris for tringular partial sums (P = 4), In
particular, let 1 ≤ p < 2, then we prove that the set of the functions from the space

Lp(I2) with subsequence of triangular partial means S4
2A (f) of the double Walsh-

Fourier series convergent in measure on I2 is of �rst Baire category in Lp(I2).We also

prove that for each function f ∈ L2(I2) a.e. convergence S4a(n) (f) → f holds, where

a(n) is a lacunary sequence of positive integers.
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For results with respect to convergence of rectangular and triangular partial sums

of Walsh-Fourier series see [6, 12, 15, 9, 10, 11, 7].

2. The main results

The following results are the main statements of the paper.

Theorem 2.1. Let 1 ≤ p < 2. The set of the functions from the space Lp(I2) with

subsequence of triangular partial sums S4
2A (f) of the double Walsh-Fourier series

convergent in measure on I2 is of �rst Baire category in Lp(I2).

Theorem 2.2. The operator S4a,∗ is of strong type (L2, L2). More precisely,

‖S4a,∗f‖2 ≤ Cq‖f‖2.

By Theorem 2.2 and by the usual density argument we obtain the following result.

Corollary 2.1. As n → ∞ we have S4a(n) (f) → f a.e. for every f ∈ L2(I2), where

a(n) is a lacunary sequence of positive integers.

The following theorem is proved in [4, 5].

Theorem GGT. Let {Tm}∞m=1 be a sequence of linear continues operators, acting

from space Lp(I2) in to the space L0(I2). Suppose that there exists the sequence

of functions {ξk}∞k=1 from unit bull Sp(0, 1) of space Lp(I2), sequences of integers

{mk}∞k=1 and {λk}∞k=1 increasing to in�nity such that

ε0 = inf
k
µ{
(
x1, x2

)
∈ I2 : |Tmk

ξk
(
x1, x2

)
| > λk} > 0.

Then the set of functions f from space Lp(I2)), for which the sequence {Tmf} converges
in measure to an a. e. �nite function is of �rst Baire category in space Lp(I2).

Proof of Theorem 2.1. First we prove that there exists a function hA for which

(2.1) ‖hA‖p ≤ 1

and

(2.2) µ

{(
x1, x2

)
∈ I2 :

∣∣∣S42A

(
x1, x2;hA

)∣∣∣ > 2A/p√
A

}
≥ A

2A+3
.

Let

fA
(
x1, x2

)
=

A−1∑
k=0

2A−1∑
l=0

w2k⊕l
(
x1
)
wl
(
x2
)

6
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and

hA
(
x1, x2

)
=

w2A−1

(
x1
)

2A(1−1/p)
√
A
fA
(
x1, x2

)
.

We can write

‖fA‖p =

∫
I2

∣∣∣∣∣
A−1∑
k=0

w2k

(
x1
)
D2A

(
x1 u x2

)∣∣∣∣∣
p

dx1dx2

1/p

=

∫
I

∣∣∣∣∣
A−1∑
k=0

w2k

(
x1
)∣∣∣∣∣
p
∫

I

Dp
2A

(
x1 u x2

)
dx2

 dx1

1/p

=

∫
I

∣∣∣∣∣
A−1∑
k=0

w2k

(
x1
)∣∣∣∣∣
p

dx1

∫
I

Dp
2A

(
x2
)
dx2

1/p

≤

∫
I

(
A−1∑
k=0

w2k

(
x1
))2

dx1

1/2

2A(1−1/p) =
√
A2A(1−1/p).

Hence (2.1) is proved.

From simple calculation we obtain that

ĥA (i, j) =

∫
I2

hA
(
y1, y2

)
wi
(
y1
)
wj
(
y2
)
dy1dy2

=
1

2A(1−1/p)
√
A

∫
I2

fA
(
y1, y2

)
w2A−1

(
y1
)
wi
(
y1
)
wj
(
y2
)
dy1dy2

=
1

2A(1−1/p)
√
A

∫
I2

fA
(
y1, y2

)
w2A−1−i

(
y1
)
wj
(
y2
)
dy1dy2

=
1

2A(1−1/p)
√
A
f̂A
(
2A − 1− i, j

)
.

Hence

S4
2A

(
x1, x2;hA

)
=

∑
i+j<2A

ĥA (i, j)wi
(
x1
)
wj
(
x2
)

=
1

2A(1−1/p)
√
A

∑
i+j<2A

f̂A
(
2A − 1− i, j

)
wi
(
x1
)
wj
(
x2
)

=
1

2A(1−1/p)
√
A

2A−1∑
i=0

2A−i−1∑
j=0

f̂A
(
2A − 1− i, j

)
wi
(
x1
)
wj
(
x2
)

=
1

2A(1−1/p)
√
A

2A−1∑
i=0

i∑
j=0

f̂A (i, j)w2A−1−i
(
x1
)
wj
(
x2
)
.

7
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Consequently,

S4
2A

(
x1, x2;hA

)
=

w2A−1

(
x1
)

2A(1−1/p)
√
A

A−1∑
k=0

∑
l≤2k⊕l

w2k⊕l
(
x1
)
wl
(
x2
)
.

We see that l ≤ 2k ⊕ l holds if and only if lk = 0. Hence, we have

S4
2A

(
x1, x2;hA

)
=

w2A−1

(
x1
)

2A(1−1/p)
√
A

A−1∑
k=0

w2k

(
x1
) ∑
l∈{l=0,1,...,2A−1:lk=0}

wl
(
x1 u x2

)
.

Let(
x1, x2

)
∈ GA,s = IA (t0, ..., ts−1, 1, ts+1, ..., tA−1)× IA (t0, ..., ts−1, 0, ts+1, ..., tA−1) .

Since x1 u x2 = IA (es), we can write

∑
l∈{l=0,1,...,2A−1:lk=0}

wl
(
x1 u x2

)
=

1∑
l0=0

· · ·
1∑

lk−1=0

1∑
lk+1=0

· · ·
1∑

lA−1=0

(−1)
ls

=

{
2A−1, if k = s
0, k 6= s

.

Hence,

∣∣∣S42A

(
x1, x2;hA

)∣∣∣ ≥ 2A−1

2A(1−1/p)
√
A

A−1∑
s=0

IGA,s

(
x1, x2

)
=

2A/p

2
√
A

A−1∑
s=0

IGA,s

(
x1, x2

)
.

Set

ΩA =

A−1⋃
s=0

1⋃
t0=0

· · ·
1⋃

ts−1=0

1⋃
ts+1=0

. . .

1⋃
tA−1=0

GA,s

From estimation (2.3) we get

µ

{(
x1, x2

)
∈ I2 :

∣∣∣S42A

(
x1, x2;hA

)∣∣∣ > 2A/p

2
√
A

}
≥ µ (ΩA) =

1

22A

A−1∑
s=0

1∑
x0=0

· · ·
1∑

xs−1=0

1∑
xs+1=0

. . .

1∑
xA−1=0

=
A

2A+1
.

Now, we prove that there exists
(
x1

1, x
2
1

)
, ...,

(
x1
p(A), x

2
p(A)

)
∈ I2, p (A) :=

[
2A+3/A

]
+

1, such that

(2.3) µ

p(A)⋃
j=1

(
ΩA u

(
x1
j , x

2
j

)) ≥ 1

2
.

8
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Indeed,

µ

p(A)⋃
j=1

(
ΩA u

(
x1
j , x

2
j

)) = 1− µ

p(A)⋂
j=1

(
ΩA u

(
x1
j , x

2
j

))
= 1−

∫
I2

IΩA

(
t1 u x1

1, t
2 u x2

1

)
· · · IΩA

(
t1 u x1

p(A), t
2 u x2

p(A)

)
dt1dt2.

Interpreting IΩA

(
t1 u x1

1, t
2 u x2

1

)
· · · IΩA

(
t1 u x1

p(A), t
2 u x2

p(A)

)
as a function of the

2p (A)+2 variables t1, t2,
(
x1

1, x
2
1

)
, ...,

(
x1
p(A), x

2
p(A)

)
and integrating over all variables,

each over I2, we note that∫
I2

· · ·
∫
I2

∫
I2

IΩA

(
t1 u x1

1, t
2 u x2

1

)
· · · IΩA

(
t1 u x1

p(A), t
2 u x2

p(1)

)
dt1dt2dx1

1dx
2
1 · · · dx1

p(A)dx
2
p(A)

=

∫
I2

∫
I2

IΩA

(
t1 u x1

1, t
2 u x2

1

)
dx1

1dx
2
1

 · · ·
∫

I2

IΩA

(
t1 u x1

p(A), t
2 u x2

p(A)

)
dx1

p(A)dx
2
p(A)

 dt1dt2

=
(
µ
(
ΩA
))p(A)

= (1− µ (ΩA))
p(A) ≤

(
1− 1

p (A)

)p(A)

≤ 1

2
.

Consequently, there exists
(
x1

1, x
2
1

)
, ...,

(
x1
p(A), x

2
p(A)

)
∈ I2 such that

(2.4)

∫
I2

IΩA

(
t1 u x1

1, t
2 u x2

1

)
· · · IΩA

(
t1 u x1

p(A), t
2 u x2

p(A)

)
dt1dt2 ≤ 1

2
.

Combining (2.4) and (2.4) we conclude that

µ

p(A)⋃
j=1

(
ΩA u

(
x1
j , x

2
j

)) ≥ 1− 1

2
=

1

2
.

Hence (2.3) is proved. Let
(
t := t1 u t2 ∈ I

)
FA
(
x1, x2, t

)
=

1

(4p (A))
1/p

p(A)∑
j=1

rj
(
t1 u t2

)
hA
(
x1 u x1

j , x
2 u x2

j

)
=

1

(4p (A))
1/p

p(A)∑
j=1

rj (t)hA
(
x1 u x1

j , x
2 u x2

j

)
.

9
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Then it is proved in ([3], pp. 7-12) that there exists t0 ∈ I, such that

(2.5)

∫
I

∣∣FA (x1, x2, t0
)∣∣p dx1dx2 ≤ 1

and

(2.6) µ

(x1, x2
)
∈ I2 :

∣∣∣S42A

(
x1, x2;FA

)∣∣∣ > 2A/p/
(

2
√
A
)

(p (A))
1/p

 ≥ 1

8
.

Set ξA
(
x1, x2

)
:= FA

(
x1, x2, t0

)
. Then from (2.5) and (2.6) we have ‖ξA‖p ≤ 1 and

µ
{(
x1, x2

)
∈ I2 :

∣∣∣S42A

(
x1, x2; ξA

)∣∣∣ > 21−3/pA1/p−1/2
}
≥ 1

8

and using Theorem GGT we complete the proof of Theorem 2.1. �

Proof of Theorem 2.2. First, we suppose that q ≥ 2. Let S�n (f) be n-th square

partial sums of the two-dimensional Walsh-Fourier series. It is easy to see that the

spectrums of the polynomials

S�a(n) (f)− SMa(n) (f) , n = 1, 2, ...

are pairwise disjoint that implies∥∥∥∥sup
n

∣∣∣SMa(n) (f)
∣∣∣∥∥∥∥2

2

≤ 2

∥∥∥∥sup
n

∣∣∣S�a(n) (f)
∣∣∣∥∥∥∥2

2

+ 2

∥∥∥∥sup
n

∣∣∣SMa(n) (f)− S�a(n) (f)
∣∣∣∥∥∥∥2

2

≤ 2

∥∥∥∥sup
n

∣∣∣S�a(n) (f)
∣∣∣∥∥∥∥2

2

+ 2
∑
n

∥∥∥SMa(n) (f)− S�a(n) (f)
∥∥∥2

2

≤ 2

∥∥∥∥sup
n

∣∣∣S�a(n) (f)
∣∣∣∥∥∥∥2

2

+ 2 ‖f‖22 ≤ c ‖f‖
2
2 ,

where the last inequality is obtained from the L2 boundedness of the square partial

sums majorant operator (see [13]). This completes the proof of Theorem 2.2 in the

case of q ≥ 2. If 2 > q > 1, then let Q the least natural number for which qQ ≥ 2. For

any �xed j = 0, . . . , Q− 1 we have that the quotient of lacunary sequence n integers

(a(Qn+ j)) is at least 2 since a(Q(n+1)+ j) ≥ qQa(Qn+ j). From the above written

we have ∥∥∥∥sup
n

∣∣∣S4a(Qn+j)f
∣∣∣∥∥∥∥2

2

≤ C ‖f‖22

and consequently we also have
∥∥∥S4a,∗f∥∥∥2

2
≤ Cq ‖f‖22. �
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Abstract. Let {X(t), t ∈ R} be a centered real-valued stationary Gaussian process

with spectral density f . The paper considers a question concerning asymptotic

distribution of tapered Toeplitz type quadratic functional Qh
T of the process X(t),

generated by an integrable even function g and a taper function h. Su�cient conditions

in terms of functions f , g and h ensuring central limit theorems for standard normalized

quadratic functionals Qh
T are obtained, extending the results of Ginovyan and Sahakyan

(Probab. Theory Relat. Fields 138 (2007), 551�579) to the tapered case and sharpening

the results of Ginovyan and Sahakyan (Electronic Journal of Statistics 13 (2019), 255�283)

for the Gaussian case.
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1. Introduction

1.1. The problem. Let {X(t), t ∈ R} be a centered real-valued stationary Gaussian
process with spectral density f(λ) and covariance function r(t). The functions r(t)

and f(λ) are connected by the Fourier integral:

(1.1) r(t) =

∫
R
eiλt f(λ) dλ.

We consider a question concerning asymptotic distribution (as T → ∞) of the

following tapered Toeplitz type quadratic functional of the process X(t):

(1.2) QhT =

∫ T

0

∫ T

0

ĝ(t− s)hT (t)hT (s)X(t)X(s) dt ds,

where

(1.3) ĝ(t) =

∫
R
eiλtg(λ)dλ, t ∈ R.

is the Fourier transform of some integrable even function g(λ), λ ∈ R, and hT (t) =

h(t/T ) with a taper function h(·) to be speci�ed below.

12
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We refer to g(λ) and to its Fourier transform ĝ(t) as a generating function and

generating kernel for the functional QhT , respectively.

Throughout the paper we assume that the taper function h(·) satis�es the

following assumption.

Assumption (T). The taper h : R → R is a continuous nonnegative function of

bounded variation and of bounded support [0, 1], such that H2 6= 0, where

(1.4) Hk :=

∫ 1

0

hk(t)dt, k ∈ N := {1, 2, . . .}.

Remark 1.1. The case where h(t) = I[0,1](t), where I[0,1](·) denotes the indicator of
the segment [0, 1], will be referred to as the non-tapered case, and the corresponding

non-tapered quadratic functional will be denoted by QT .

The limit distribution of the functional (1.2) is completely determined by the

functions f , g and h, and depending on their properties it can be either Gaussian

(that is, QhT with an appropriate normalization obey central limit theorem), or

non-Gaussian. We naturally arise the following two questions:

a) Under what conditions on f , g and h will the limits be Gaussian?

b) Describe the limit distributions, if they are non-Gaussian.

In this paper we discuss the question a), and obtain su�cient conditions in terms

of functions f , g and h ensuring central limit theorems for a standard normalized

tapered quadratic functional QhT , extending the results of Ginovyan and Sahakyan

[17] to the tapered case and sharpening the results of Ginovyan and Sahakyan [18]

for the Gaussian case.

1.2. Statistical motivation. Quadratic functionals of the form (1.2) appear both

in nonparametric and parametric estimation of the spectrum of the process X(t)

based on the tapered data:

(1.5) {hT (t)X(t), 0 ≤ t ≤ T}.

For instance, when we are interested in nonparametric estimation of a linear integral

functional in Lp(R), p > 1 of the form:

(1.6) J = J(f) =

∫
R
f(λ)g(λ)dλ,

where g(λ) ∈ Lq(R), 1/p+ 1/q = 1, then a natural statistical estimator for J(f) is

the linear integral functional of the empirical periodogram of the process X(t). To

de�ne this estimator, we �rst introduce some notation.

Denote by Hk,T (λ) the continuous-time tapered Dirichlet type kernel, de�ned by

(1.7) Hk,T (λ) =

∫
R
hkT (t)e−iλtdt =

∫ T

0

hkT (t)e−iλtdt.

13
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De�ne the �nite Fourier transform of the tapered data (1.5):

(1.8) dhT (λ) =

∫ T

0

hT (t)X(t)e−iλtdt,

and the tapered continuous periodogram IhT (λ) of the process X(t):

IhT (λ) : =
1

CT
dhT (λ)dhT (−λ) =

1

CT

∣∣∣∣∣
∫ T

0

hT (t)X(t)e−iλtdt

∣∣∣∣∣
2

=
1

CT

∫ T

0

∫ T

0

hT (t)hT (s)e−iλ(t−s)X(t)X(s)dtds,(1.9)

where

(1.10) CT := 2πH2,T (0) = 2π

∫ T

0

h2T (t)dt = 2πH2 T 6= 0.

Notice that for non-tapered case (h(t) = I[0,1](t)), we have CT = 2πT .

As an estimator JhT for functional J(f), given by (1.6), based on the tapered

data (1.5), we consider the averaged tapered periodogram (or a simple "plug-

in"statistic), de�ned by

JhT = J(IhT ) :=

∫
R
IhT (λ)g(λ)dλ

=
1

CT

∫ T

0

∫ T

0

ĝ(t− s)hT (t)hT (s)X(t)X(s) dt ds,(1.11)

where CT is as in (1.10), and ĝ(t) is the Fourier transform of function g(λ) given

by (1.3).

In view of (1.2) and (1.11) we have

JhT = C−1T QhT ,(1.12)

and thus, to study the asymptotic properties of the estimator JhT , we have to study

the asymptotic distribution (as T → ∞) of the tapered Toeplitz type quadratic

functional QhT given by (1.2).

Some brief history. The question of describing the asymptotic distribution of non-

tapered Toeplitz type quadratic forms and functionals of stationary processes has

a long history, and goes back to the classical monograph by Grenander and Szeg�o

[23], where the problem was considered as an application of authors' theory of the

asymptotic behavior of the trace of products of truncated Toeplitz matrices and

operators.

Later the problem have been studied by a number of authors. Here we mention

only some signi�cant contributions. For discrete-time short memory processes, the

problem was studied by Ibragimov [26] and M. Rosenblatt [29], in connection with

statistical estimation of the spectral and covariance functions, respectively. Since

1986, there has been a renewed interest in this problem, related to the statistical

14
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inferences for long memory (long-range dependent) and intermediate memory (anti-

persistent) processes (see, e.g., Avram [1], Fox and Taqqu [12], Giraitis and Surgailis

[20], Giraitis and Taqqu [21], Hhas'minskii and Ibragimov [25], Ginovian and Sahakian

[16], Terrin and Taqqu [30], and references therein). In particular, Avram [1], Fox

and Taqqu [12], Ginovian and Sahakian [16], Giraitis and Surgailis [20], Giraitis

and Taqqu [21] have obtained su�cient conditions for non-tapered quadratic form

QT to obey the central limit theorem (CLT).

For continuous-time stationary Gaussian processes the problem of describing

the asymptotic distribution of non-tapered Toeplitz type quadratic functionals was

studied in a number of papers. We cite merely the papers Avram et al. [2, 3], Bai

et al. [4, 5], Bryc and Dembo [7], Ginovyan [13, 14, 15], Ginovyan and Sahakyan

[17], Ibragimov [26], where can be found additional references.

In spectral analysis of stationary processes, however, the data are frequently

tapered before calculating the statistics of interest. Instead of the original data

{X(t), 0 ≤ t ≤ T} the tapered data {h(t)X(t), 0 ≤ t ≤ T} with the data taper

h(t) are used for all further calculations. Bene�ts of tapering the data have been

widely reported in the literature. For example, data-tapers are introduced to reduce

leakage e�ects, especially in the case when the spectrum of the model contains high

peeks. Other application of data-tapers is in situations in which some of the data

values are missing. Also, the use of tapers leads to the bias reduction, which is

especially important when dealing with spatial data. In this case, the tapers can be

used to �ght the so-called �edge e�ects� (see Brillinger [6], R. Dahlhaus [8, 9], R.

Dahlhaus and H. K�unsch [10], Guyon [24], and references therein).

Central and non-central limit theorems for tapered quadratic forms of a discrete-

time long memory Gaussian stationary �elds have been proved in Doukhan et

al. [11]. A central limit theorem for tapered quadratic functionals QhT , in the

case where the underlying model X(t) is a L�evy-driven continuous-time stationary

linear process has been proved in Ginovyan and Sahakyan [18] with time-domain

conditions.

Remark 1.2. Recall that a stationary process X(t) with spectral density f(λ) is

said to have (a) short memory, (b) long memory or (c) intermediate memory if

f(λ) (a) is bounded away from zero and in�nity at λ = 0, (b) has a pole at λ = 0,

or (c) vanishes at λ = 0, respectively.

1.3. The approach. To study the asymptotic distribution (as T → ∞) of the

functional Q̃hT , given by (1.2), we use the method of cumulants, the frequency-

domain approach, and the technique of truncated tapered Toeplitz operators.
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By Wh
T (ψ) we denote the truncated tapered Toeplitz operator generated by a

function ψ ∈ L1(R) de�ned as follows (see [19], [23], [26] for non-tapered case):

(1.13) [Wh
T (ψ)u](t) =

∫ T

0

ψ̂(t− s)hT (t)hT (s)u(s)ds, u(t) ∈ L2[0, T ],

where ψ̂(·) is the Fourier transform of ψ(·).
Let Wh

T (f) and Wh
T (g) be the truncated tapered Toeplitz operators generated

by the spectral density f , and the generating function g, respectively. Similar to

the non-tapered case, we have the following results (cf. [19], [23], [26], see also the

proof of Lemma 4.8 below).

1. The quadratic functional QhT in (1.2) has the same distribution as the sum∑∞
j=1 λ

2
j,T ξ

2
j , where {ξj , j ≥ 1} are independent N(0, 1) Gaussian random

variables and {λj,T , j ≥ 1} are the eigenvalues of the operatorWh
T (f)Wh

T (g).

2. The characteristic function ϕ(t) of QhT is given by formula:

(1.14) ϕ(t) =

∞∏
j=1

|1− 2itλj,T |−1/2.

3. The k�th order cumulant χk(QhT ) of QhT is given by formula:

χk(QT ) = 2k−1(k − 1)!

∞∑
j=1

λkj,T = 2k−1(k − 1)! tr [Wh
T (f)Wh

T (g)]k,(1.15)

where tr[A] stands for the trace of an operator A.

Thus, to describe the asymptotic distributions of the quadratic functional QhT ,

we have to control the traces and eigenvalues of the products of truncated tapered

Toeplitz operators.

Throughout the paper the letters C, c and M with or without indices are used

to denote positive constants, the values of which can vary from line to line. Also,

by IA(·) we denote the indicator of a set A ⊂ R.
The remainder of the paper is structured as follows. In Section 2 we state the

main results of the paper � Theorems 2.1 � 2.5. In Section 3 we apply the results

of Section 2 to show that the avaraged tapered periodogram is an asymptotically

normal estimator for the linear spectral functional. In Section 4 we prove preliminary

results that are used in the proofs of main results, and also represent independent

interest. Section 5 is devoted to the proofs of results stated in Section 2.

2. Central limit theorems for tapered quadratic functional QhT

Below we assume that f, g ∈ L1(R), and with no loss of generality, that g ≥ 0. We

use the following notation: By Q̃hT we denote the standard normalized quadratic

16
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functional:

(2.1) Q̃hT = T−1/2
(
QhT − E[QhT ]

)
.

Then by (1.15) we have

(2.2) χk(Q̃hT ) =

 0, for k = 1

T−k/22k−1(k − 1)! tr [Wh
T (f)Wh

T (g)]k, for k ≥ 2.

We set

(2.3) σ2
h := 16π3H4

∫
R
f2(λ)g2(λ) dλ,

where H4 is as in (1.4). The notation

(2.4) Q̃hT
d→ η ∼ N(0, σ2

h) as T →∞

means that the distribution of the random variable Q̃hT tends (as T → ∞) to the

centered normal distribution with variance σ2
h.

The main results of the paper are the following theorems.

Theorem 2.1. Assume that f · g ∈ L1(R) ∩ L2(R), the taper function h satis�es

assumption (T), and for T →∞

(2.5) χ2(Q̃hT ) =
2

T
tr
[
Wh
T (f)Wh

T (g)
]2 −→ σ2

h,

where σ2
h is as in (2.3). Then Q̃hT

d→ η ∼ N(0, σ2
h) as T →∞.

Theorem 2.2. Assume that the function

(2.6) ϕ(x1, x2, x3) =

∫
R
f(u)g(u− x1)f(u− x2)g(u− x3) du

belongs to L2(R3) and is continuous at (0, 0, 0), and the taper function h satis�es

assumption (T). Then Q̃hT
d→ η ∼ N(0, σ2

h) as T →∞.

Theorem 2.3. Assume that f(λ) ∈ Lp(R) (p ≥ 1) and g(λ) ∈ Lq(R) (q ≥ 1)

with 1/p + 1/q ≤ 1/2, and the taper function h satis�es assumption (T). Then

Q̃hT
d→ η ∼ N(0, σ2

h) as T →∞.

Theorem 2.4. Let f ∈ L2(R), g ∈ L2(R), fg ∈ L2(R),

(2.7)

∫
R
f2(λ)g2(λ− µ) dλ −→

∫
R
f2(λ)g2(λ) dλ as µ→ 0,

and let the taper function h satisfy assumption (T). Then Q̃hT
d→ η ∼ N(0, σ2

h) as

T →∞.
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To state the next theorem, we need to introduce a class of slowly varying at zero

functions. Recall that a function u(λ), λ ∈ R, is called slowly varying at zero if it

is nonnegative and for any t > 0

lim
λ→0

u(tλ)

u(λ)
→ 1.

Denote by SV0(R) the class of slowly varying at zero functions u(λ), λ ∈ R,
satisfying the following conditions: for some a > 0, u(λ) is bounded on [−a, a],

limλ→0 u(λ) = 0, u(λ) = u(−λ) and 0 < u(λ) < u(µ) for 0 < λ < µ < a. An

example of a function belonging to SV0(R) is u(λ) = |ln |λ||−γ with γ > 0 and

a = 1.

Theorem 2.5. Assume that the functions f and g are integrable on R and bounded

outside any neighborhood of the origin, and satisfy for some a > 0

(2.8) f(λ) ≤ |λ|−αL1(λ), |g(λ)| ≤ |λ|−βL2(λ), λ ∈ [−a, a],

for some α < 1, β < 1 with α+β ≤ 1/2, where L1(x) and L2(x) are slowly varying

at zero functions satisfying

Li ∈ SV0(R), λ−(α+β)Li(λ) ∈ L2[−a, a], i = 1, 2.(2.9)

Also, let the taper function h satisfy assumption (T). Then Q̃hT
d→ η ∼ N(0, σ2

h) as

T →∞.

Remark 2.1. The conditions α < 1 and β < 1 in Theorem 2.5 ensure that the

Fourier transforms of f and g are well de�ned. Observe that when α > 0 the process

X(t) may exhibit long-range dependence. We also allow here α + β to assume the

critical value 1/2. The assumptions f · g ∈ L1(R), f, g ∈ L∞(R \ [−a, a]) and (2.9)

imply that f · g ∈ L2(R), so that the variance σ2
h in (2.3) is �nite.

Remark 2.2. In Theorem 2.5, the assumption that L1(x) and L2(x) belong to

SV0(R) instead of merely being slowly varying at zero is done in order to deal with

the critical case α + β = 1/2. Suppose that we are away from this critical case,

namely, f(x) = |x|−αl1(x) and g(x) = |x|−βl2(x), where α + β < 1/2, and l1(x)

and l2(x) are slowly varying at zero functions. Assume also that f(x) and g(x)

are integrable and bounded on (−∞,−a) ∪ (a,+∞) for any a > 0. We claim that

Theorem 2.5 applies. Indeed, choose α′ > α, β′ > β with α′ + β′ < 1/2. Write

f(x) = |x|−α′ |x|δl1(x), where δ = α′−α > 0. Since l1(x) is slowly varying, when |x|
is small enough, for some ε ∈ (0, δ) we have |x|δl1(x) ≤ |x|δ−ε. Then one can bound

|x|δ−ε by c |ln |x||−1 ∈ SV0(R) for small |x| < 1. Hence one has when |x| < 1 is

small enough, f(x) ≤ |x|−α′
(
c |ln |x||−1

)
. Similarly, when |x| < 1 is small enough,
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one has g(x) ≤ |x|−β′
(
c |ln |x||−1

)
. All the assumptions in Theorem 2.5 are now

readily checked with α, β replaced by α′ and β′, respectively.

Remark 2.3. The analogs of Theorems 2.1 - 2.5 for non-tapered case (h(t) =

I[0,1](t)) were proved in Ginovyan and Sahakyan [17].

Remark 2.4. In Ginovyan and Sahakyan [18] was proved a central limit theorem

for tapered functional QhT for more general case where X(t) is a L�evy-driven

stationary linear process. Speci�cally, in [18] was proved the following result (see

[18], Theorem 5.1). Let {X(t), t ∈ R} be a stationary linear process de�ned by

X(t) =

∫
R
a(t− s)ξ(ds),

where a(·) is a �lter from L2(R), and ξ(t) is a L�evy process satisfying the conditions:

Eξ(t) = 0, Eξ2(1) = 1 and Eξ4(1) < ∞. Assume that the �lter a(·) and the

generating kernel ĝ(·) are such that

(2.10) a(·) ∈ Lp(R) ∩ L2(R), ĝ(·) ∈ Lq(R), 1 ≤ p, q ≤ 2,
2

p
+

1

q
≥ 5

2
,

and the taper h satis�es assumption (T). Then Q̃hT
d→ η ∼ N(0, σ2

L,h) as T → ∞,

where

(2.11) σ2
L,h = 16π3H4

∫
R
f2(λ)g2(λ)dλ+ κ44π2H4

[∫
R
f(λ)g(λ)dλ

]2
.

Notice that if the underlying process X(t) is Gaussian, then in formula (2.11) we

have only the �rst term and so σ2
L,h = σ2

h, because in this case κ4 = 0. On the other

hand, the condition (2.10) is more restrictive than the conditions in Theorems 2.1

- 2.5. Thus, for Gaussian processes Theorems 2.1 - 2.5 improve the above stated

result.

3. An application

In this section we apply the results of Section 2 to prove that the statistic JhT

given by (1.11) is an asymptotically normal estimator for the linear functional J(f)

given by (1.6). To state the corresponding result we introduce the Lp-H�older class

and set up an assumption.

Given numbers p ≥ 1, 0 < α < 1, r ∈ N0 := N∪{0}, we set β = α+r and denote

by Hp(β) the Lp-H�older class, that is, the class of those functions ψ(λ) ∈ Lp(R),

which have r-th derivatives in Lp(R) and with some positive constant C satisfy

||ψ(r)(·+ h)− ψ(r)(·)||p ≤ C|h|α.
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Assumption (A). Let the spectral density f(λ) ∈ Hp(β1), β1 > 0, p ≥ 1 and let

the generating function g(λ) ∈ Hq(β2), β2 > 0, q ≥ 1 with 1/p+ 1/q = 1. Assume

that one of the conditions a)�d) is ful�lled:

a) β1 > 1/p, β2 > 1/q

b) β1 ≤ 1/p, β2 ≤ 1/q and β1 + β2 > 1/2

c) β1 > 1/p, 1/q − 1/2 < β2 ≤ 1/q

d) β2 > 1/q, 1/p− 1/2 < β1 ≤ 1/p.

Theorem 3.1. Let the functionals J = J(f) and JhT = J(IhT ) be de�ned by (1.6)

and (1.11), respectively. Then under the conditions (A) and (T) the statistic JhT is

an asymptotically normal estimator for functional J . More precisely, we have

T 1/2
[
JhT − J

] d→ η as T →∞,(3.1)

where η is a normally distributed random variable with mean zero and variance

σ2
h(J) given by

(3.2) σ2
h(J) = 4πe(h)

∫
R
f2(λ)g2(λ)dλ, e(h) := H4H

−2
2 ,

and Hk is as in (1.4).

Remark 3.1. In Theorem 2.3 of Ginovyan and Sahakyan [18] was proved the

asymptotic normality of the estimator JhT for more general case where X(t) is a

L�evy-driven stationary linear process, but under the additional restrictive condition

(2.10). Thus, for Gaussian processes Theorem 3.1 improve Theorem 2.3 of Ginovyan

and Sahakyan [18].

4. Preliminaries

For a number k (k = 2, 3, . . .) and a taper function h satisfying assumption (T)

consider the following �tapered� Fej�er type kernel function:

(4.1) Φhk,T (u) =
Gk,T (u)

(2π)k−1Hk,T (0)
, u = (u1, . . . , uk−1) ∈ Rk−1,

where

(4.2) Gk,T (u) = H1,T (u1) · · ·H1,T (uk−1)H1,T

− k−1∑
j=1

uj

,
and the function Hk,T is de�ned by (1.7) with Hk,T (0) = T ·Hk 6= 0 (see (1.4)).

Remark 4.1. Observe that by a change of variables u1 = x1 − x2, u2 = x2 − x3,
. . ., uk−1 = xk−1−xk, the function Gk,T (u) in (4.2) can be written in the following

�symmetric� form:

(4.3) Gk,T (x) = H1,T (x1 − x2)H1,T (x2 − x3) · · ·H1,T (xk−1 − xk)H1,T (xk − x1),
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where x = (x1, . . . , xk) ∈ Rk.

In Lemma 3.4 of Ginovyan and Sahakyan [18], it was proved that, similar to the

classical Fej�er kernel, the "tapered"kernel Φhk,T (u) is an approximation identity. In

particular, it was shown that the kernel Φhk,T possesses the following property.

Lemma 4.1. If a function ψ(u) ∈ L1(Rk−1)
⋂
Lk−2(Rk−1) is continuous at v =

(v1, . . . , vk−1) (k = 2, 3, . . .), then

(4.4) lim
T→∞

∫
Rk−1

ψ(u + v)Φhk,T (u)du = Ψ(v),

where u = (u1, . . . , uk−1) and Φhk,T (u) is de�ned by (4.1) and (4.2).

The next lemma contains a formula for trace of product of truncated tapered

Toeplitz operators.

Lemma 4.2. Let Wh
T (f) and Wh

T (g) be the truncated tapered Toeplitz operators

generated by functions f ∈ L1(R) and g ∈ L1(R), respectively. Then

tr
[
Wh
T (f)Wh

T (g)
]2

=

∫
R4

GT (x)f(x1)g(x2)f(x3)g(x4) dx,(4.5)

where x = (x1, x2, x3, x4), GT (x) := G4,T (x), that is,

(4.6) GT (x) := H1,T (x1 − x2)H1,T (x2 − x3)H1,T (x3 − x4)H1,T (x4 − x1),

and H1,T (·) is as in (1.7) with k = 1.

Proof. It is easy to check that the result follows from (1.1), (1.3), (1.7), (1.13),

and the formula for traces of integral operators (see [22], �3.10). Lemma 4.2 is

proved.

Denote

(4.7) µT (A) =
1

T

∫
A

GT (x) dx,

where x = (x1, x2, x3, x4) and GT (x)) is as in (4.6), and let Cloc(Rn) be the space

of continuous functions on Rn with bounded support.

Lemma 4.3. If φ ∈ Cloc(R4), then

(4.8) lim
T→∞

∫
R4

φ(x) dµT = 8π3H4

∫
R
φ(u, u, u, u)du,

where x = (x1, x2, x3, x4), µT (A) is as in (4.7) and H4 is as in (1.4).

Proof. Making a change of variables

x1 = u, x1 − x2 = u1, x2 − x3 = u2, x3 − x4 = u3,
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in view of (4.1), (4.2) and (4.7), we can write∫
R4

φ(x) dµT =
1

T

∫
R3

∫
R
φ(u, u− u1, u− u1 − u2, u− u1 − u2 − u3)du

× H1,T (u1)H1,T (u2)H1,T (u3)H1,T (−u1 − u2 − u3) du1 du2 du3

= 8π3H4

∫
R3

Ψ(u) ΦhT (u) du,(4.9)

where u = (u1, u2, u3), ΦhT (u) := Φh4,T (u) and

Ψ(u) =

∫
R
φ(u, u− u1, u− u1 − u2, u− u1 − u2 − u3) du.

It is not di�cult to check that the function Ψ satis�es conditions of Lemma 4.1 and

(4.10) lim
u→(0,0,0)

Ψ(u) =

∫
R
φ(u, u, u, u) du.

Hence applying Lemma 4.1 from (4.9) and (4.10) we get (4.8). Lemma 4.3 is proved.

Lemma 4.4. Let φ(u1, u2, u3, u4) =
4∏
i=1

φi(ui), where φi ∈ L1(R)
⋂
L∞(R), i =

1, 2, 3, 4. Then the asymptotic relation (4.8) holds.

Proof. Suppose ‖φi‖∞ ≤ M < ∞, i = 1, 2, 3, 4. Using Lusin's theorem for any

ε > 0 we can �nd functions ϕi, ψi, i = 1, 2, 3, 4, satisfying

(4.11) φi = ϕi + ψi, ϕi ∈ Cloc(R), ‖ψi‖L1(R) ≤ ε, ‖ϕi‖C ≤M.

Therefore

(4.12)

∫
R4

φdµT =

∫
R4

4∏
i=1

(ϕi + ψi)dµT =

∫
R4

4∏
i=1

ϕidµT + IT ,

where by (4.11) and Lemma 4.5 below

|IT | ≤
4∑
j=1

∫
R4

|ψj |
4∏

i=1,i6=j

(|ϕi|+ |ψi|)d|µT |

≤ CM
4∑
j=1

∫
R4

|ψj |d|µT | ≤ CM
4∑
j=1

‖ψj‖L1(R) ≤ CMε.(4.13)

By Lemma 4.3 we have

lim
T→∞

∫
R4

4∏
i=1

ϕi(ui)dµT =

∫
R

4∏
i=1

ϕi(u)du

=

∫
R

4∏
i=1

[φi(u)− ψi(u)] du =

∫
R
φ(u, u, u, u)du+ J,(4.14)

where

(4.15) |J | ≤
4∑
j=1

∫
R
|ψj(u)|

4∏
i=1,i6=j

(|φi(u)|+ |ϕi(u)|)du ≤ CMε.

From (4.12) � (4.15) we get (4.8). Lemma 4.4 is proved.
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Lemma 4.5. If f ∈ L1(R), then the following inequalities hold:

1)

∫
R4

|f(xi)|d|µT | ≤ C1‖f‖L1(R), i = 1, 2, 3, 4,(4.16)

2)

∫
R4

|f(xi)f(xj)|d|µT | ≤ C2‖f‖2L2(R), i, j = 1, 2, 3, 4, i 6= j.(4.17)

where C1 and C2 are absolute constants, and µT is as in (4.7).

Proof. Since h is a function of bounded variation with support on [0, 1], in view of

(1.7), for T > 0 we have

(4.18) |H1,T (x)| ≤ ChTψT (x), where ψT (x) =
1

1 + T |x|
, x ∈ R.

We use the following inequality for function ψT (x), which was proved in Ginovyan

and Sahakyan [17] (see proof of Lemma 5):

(4.19) T

∫
R
ψT (x+ u)ψT (x+ v)dx ≤ Cδψ1−δ

T (u− v), δ > 0, u, v ∈ R.

To prove (4.16) for i = 1 (say), we use (4.6), (4.7) and the inequality (4.19) with

δ = 1/4 to obtain∫
R4

|f(x1)|d|µT | ≤ CT 3

∫
R4

|f(x1)|ψT (x1 − x3)ψT (x3 − x2)

×ψT (x4 − x1)ψT (x2 − x4)dx1dx2dx3dx4

≤ CT
∫
R
|f(x1)|

∫
R
ψ
3/2
T (x1 − x2)dx2dx1 ≤ C1‖f‖L1(R).

This proves (4.16). To prove (4.17) for i = 1, j = 2 (say), we use (4.6), (4.7), the

inequality (4.19) with δ = 1/4, and Cauchy inequality to obtain∫
R4

|f(x1)f(x2)|d|µT | ≤ CT 3

∫
R4

|f(x1)f(x2)|ψT (x1 − x3)ψT (x3 − x2)ψT (x4 − x1)

≤ CT
∫
R2

|f(x1)f(x2)|ψ3/2
T (x1 − x2)dx1dx2

≤ C
{
T

∫
R2

f2(x1)ψ
3/2
T (x1 − x2)dx1dx2

}1/2

+

{
T

∫
R2

f2(x2)ψ
3/2
T (x1 − x2)dx1dx2

}1/2

≤ C2

∫
R
f2(x)dx.

Lemma 4.5 is proved.

Lemma 4.6. Let ψ(u) ∈ L1(R)∩Lp(R), with 1 < p <∞, and let the taper function

h satisfy assumption (T). Then

(4.20) λT := ||Wh
T (ψ)||∞ = o

(
T 1/p

)
as T →∞.

Proof. Let NT be a positive function of T , which we will specify later. We set

(4.21) MT = {λ ∈ R; |ψ(λ)| > NT }.
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We have

λT = ||Wh
T (ψ)||∞ = sup

||u||2=1

|(Wh
T (ψ)u, u)| =

sup
||u||2=1

∣∣∣∣∣
∫ T

0

∫ T

0

ψ̂(t− s)u(t)u(s)h(t)h(s) dt ds

∣∣∣∣∣ =

(4.22) sup
||u||2=1

∣∣∣∣∣
∫ T

0

∫ T

0

[∫
R
eiλ(t−s)ψ(λ) dλ

]
u(t)u(s)h(t)h(s) dt ds

∣∣∣∣∣.
A square integrable function u(t) is also integrable on [0, T ]. Hence, switching the

order of integration in (4.22), we get

λT = sup
||u||2=1

∣∣∣∣∣
∫
R
ψ(λ)

[∫ T

0

u(t)h(t)eitλ dt

∫ T

0

u(s)h(s)e−isλ ds

]
dλ

∣∣∣∣∣
(4.23) ≤ sup

||u||2=1

∫
R
|ψ(λ)|

∣∣∣∣∫ T

0

u(t)h(t) eiλtdt

∣∣∣∣2dλ.
Since for u(t) ∈ L2[0, T ] with ||u||2 = 1 and h is bounded, we have

∣∣∫ T
0
u(t)h(t) eiλtdt

∣∣2 ≤
ChT , and by Plancherel's theorem from (4.23) we obtain

(4.24) λT ≤ Ch
(
NT + T

∫
MT

|ψ(λ)| dλ
)
,

where MT is as in (4.21). We show that for every p (1 < p <∞)

(4.25)

∫
MT

|ψ(λ)| dλ ≤ γpT N
(1−p)
T ,

where

(4.26) γT =

(∫
MT

|ψ(λ)|p dλ
)1/p

.

Indeed, by H�older inequality

(4.27)

∫
MT

|ψ(λ)| dλ ≤ γT
[
m(MT )

](p−1)/p
,

wherem(MT ) is the Lebesgue measure of the setMT . Next, by Chebyshev inequality

(4.28) m(MT ) ≤ γpT N
−p
T .

A combination of (4.27) and (4.28) yields (4.25). Now from (4.24) and (4.25) we

have

(4.29) λT ≤ Ch
(
NT + TγpT N

(1−p)
T

)
.

If ψ ∈ L∞(R), then putting NT = ‖ψ‖∞ for all T > 0, we will have γT = 0 and

(4.29) implies λT = O(1).

Now suppose ψ 6∈ L∞(R) and for �xed T > 0 consider the function

F (N) = N − T 1/p

(∫
{λ:|ψ(λ)|>N}

|ψ(λ)|p dλ
)1/p

, N ∈ [0,∞).
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Since F (0) < 0 and limN→∞ F (N) = +∞ there exists a positive number N = NT

with F (NT ) = 0, that is,

(4.30) NT = T 1/p

(∫
{λ:|ψ(λ)|>NT }

|ψ(λ)|p
)

= T 1/pγT .

It is easy to see that for ψ 6∈ L∞(R) the equality (4.30) implies limT→∞NT = ∞.

Hence γT = o(1) and from (4.29) and (4.30) we obtain λT < ChT
1/pγT = o(T 1/p)

as T →∞. Lemma 4.6 is proved.

Lemma 4.7. Let ψ ∈ L1(R) ∩ L2(R), and let Wh
T (ψ) be the tapered truncated

Toeplitz operator de�ned by (1.13) with taper function h satisfying assumption (T).

Then

(4.31)
1

T
||Wh

T (ψ)||22 −→ 2πH4||ψ||22 as T →∞,

where H4 is as in (1.4).

Proof. Using the formula for Hilbert�Schmidt norm of integral operators (see [22]),

by (1.13) we have

(4.32) ||Wh
T (ψ)||22 =

∫ T

0

∫ T

0

|ψ̂(t− s)|2|hT (t)hT (s)|2 dt ds.

Using the change of variables t−s = u and taking into account that by assumption

(T) the taper function h is supported on [0, 1], from (4.32) we get

(4.33) ||Wh
T (ψ)||22 =

∫
R

∫
R
|ψ̂(u)|2|hT (s+ u)hT (s)|2 du ds.

Next, taking into account that hT (t) = h(t/T ) and using the change of variables

s/T = v, from (4.33) we can write

1

T
||Wh

T (ψ)||22 =
1

T

∫
R
|ψ̂(u)|2|

[∫ T

0

|h(s/T + u/T )h(s/T )|2 ds

]
du

=

∫
R
|ψ̂(u)|2|

[∫ 1

0

|h(v + u/T )h(v)|2 dv
]
du.(4.34)

For the inside integral on the right-hand side of (4.34), in view of (1.4), we have

lim
T→∞

∫ 1

0

|h(v + u/T )h(v)|2 dv =

∫ 1

0

h4(v) dv = H4.(4.35)

Finally, using Parseval-Plancherel's equality, from (4.34) and (4.35), we obtain

(4.31). Lemma 4.7 is proved.

Lemma 4.8. Let Y (t), t ∈ R, be a real-valued, centered, separable stationary

Gaussian process with the spectral density fY (λ) ∈ L1(R) ∩L2(R), and let hT (t) =

h(t/T ) with a taper function h satisfying assumption (T). De�ne

(4.36) LhT :=

∫ T

0

[hT (t)Y (t)]2 dt.
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Then the distribution of the normalized quadratic functional

(4.37) L̃hT := T−1/2
(
LhT − ELhT

)
tends (as T →∞) to the normal distribution N(0, σ2

Y ) with variance

(4.38) σ2
Y = 4πH4

∫
R
f2Y (λ) dλ,

where H4 is as in (1.4).

Proof. Let R(t) be the covariance function of Y (t). For T > 0 denote by λj = λj(T ),

j ∈ N, the eigenvalues of the operatorWh
T (fY ) (see (1.13)), and let ej(t) = ej(t, T ) ∈

L2[0.T ], j ∈ N, be the corresponding orthonormal eigenfunctions, that is,

(4.39)

∫ T

0

K(t− s)ej(s) ds = λjej(t), j ∈ N,

where K(t − s) := R(t − s)hT (t)hT (s). Since by Mercer's theorem (see, e.g., [22],

�3.10)

(4.40) K(t− s) =

∞∑
j=1

λjej(t)ej(s)

with positive and summable eigenvalues {λj}, we have the Karhunen�Lo�eve expansion:

(4.41) hT (t)Y (t) =

∞∑
j=1

√
λjξjej(t),

where {ξj} are independent N(0, 1) random variables. Therefore by (4.37) and

(4.41)

(4.42) L̃hT = T−1/2
∞∑
j=1

λj(ξ
2
j − 1).

Denote by χk(L̃hT ) the k-th order cumulant of L̃hT . By (4.42) (cf. (2.2)) we have

(4.43) χk(L̃hT ) =

{
0, for k = 1,

(k − 1)! 2k−1T−k/2tr[Wh
T (fY )]k, for k ≥ 2.

By (4.43) and Lemma 4.7 we have

(4.44) χ2(L̃hT ) =
2

T
||Wh

T (fY )||22 −→ 4πH4

∫
R
f2Y (λ) dλ as T →∞.

Next, by (4.43) for k ≥ 3, we have

(4.45) |χk(L̃hT )| ≤ C 1

T
||Wh

T (fY )||22 T 1−k/2λk−2T ,

where λT = ||Wh
T (fY )||∞. By Lemmas 4.6 and 4.7 the right hand side of (4.45)

tends to zero as T →∞. Lemma 4.8 is proved.

The next lemma, which is the well-known Hardy-Littlewood type embedding

theorem for the H�older classes Hp(β) (see Nikol'skii [28]), will be used in the proof

of Theorem 3.1.
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Lemma 4.9. Let ψ(λ) ∈ Hp(β) with β > 0 and p ≥ 1. The following assertions

hold:

a) if β ≤ 1/p and p < p1 < p/(1− βp), then

ψ(λ) ∈ Hp1(β − 1

p
+

1

p1
)

b) if β > 1/p, then ψ(λ) is continuous and ||ψ||∞ <∞.

5. Proofs

Since the proofs of Theorems 2.3 and 2.4 are almost the same (with some minor

changes) as in the non-tapered case given in Ginovyan and Sahakyan [17], here we

prove only Theorems 2.1, 2.2 and 2.5.

Proof of Theorem 2.1. By Theorem 16.7.2 from [27] the underlying process X(t)

admits the moving average representation

(5.1) X(t) =

∫
R
â(t− s) dξ(s),

where â(·) is a function from L2(R), and ξ(s) is a process with orthogonal increments

such that E[dξ(s)] = 0 and E|dξ(s)|2 = ds. Moreover the spectral density f(λ) can

be represented as

(5.2) f(λ) = 2π |a(λ)|2,

where a(λ) is the inverse Fourier transform of â(t). We set

(5.3) a1(λ) = (2π)1/2 a(λ) · [g(λ)]1/2,

where g(λ) is the generating function, and consider a process Y (t) (t ∈ R) de�ned

by

(5.4) Y (t) =

∫
R
â1(t− s) dξ(s),

where â1(t) is the Fourier transform of a1(λ) and ξ(s) is as in (5.1). Since fg ∈ L1(R)

by Parseval-Plancherel's identity we have

(5.5)

∫
R
|â1(t)|2 dt = 2π

∫
R
|a1(λ)|2 dλ = 4π2

∫
R
f(λ) g(λ) dλ <∞.

So, Y (t) is well-de�ned stationary process with spectral density

(5.6) fY (λ) := |a1(λ)|2 = 2π f(λ) g(λ).

Since by assumption f(λ)g(λ) ∈ L1(R) ∩ L2(R), the process Y (t) de�ned by (5.4)

satis�es the conditions of Lemma 4.8. Hence Lemma 4.8 and Lemma 5.1 that follows

imply Theorem 2.1.

27



M. S. GINOVYAN, A. A. SAHAKYAN

Lemma 5.1. Under assumptions of Theorem 2.1

(5.7) Var(QhT − LhT ) = o(T ) as T →∞,

where QhT and LhT are as in (1.2) and (4.36) respectively.

Proof. By (1.2) and (5.1) we have

(5.8) QhT =

∫
R2

[∫ T

0

∫ T

0

ĝ(t− s)â(t−u1)â(s−u2)hT (t)hT (s) dt ds

]
dξ(u1) dξ(u2).

Similarly, by (4.36) and (5.4)

(5.9) LhT =

∫
R2

[∫ T

0

â1(t− u1)â1(t− u2)h2T (t) dt

]
dξ(u1) dξ(u2).

Setting

(5.10) d1T (u1, u2) :=

∫ T

0

∫ T

0

ĝ(t− s)â(t− u1)â(s− u2)hT (t)hT (s) dt ds

and

d2T (u1, u2) :=

∫ T

0

∫ T

0

â1(t− u1)â1(s− u2)h2T (t) dt ds

=

∫ T

0

â1(t− u1)â1(t− u2)h2T (t) dt,(5.11)

from (5.8)�(5.11) we get

(5.12) QhT − LhT =

∫
R2

[
d1T (u1, u2)− d2T (u1, u2)

]
dξ(u1) dξ(u2).

Since the underlying process X(t) is Gaussian, we obtain

(5.13) Var(QhT − LhT ) = 2

∫
R2

[
d1T (u1, u2)− d2T (u1, u2)

]2
du1 du2.

We set

p1(λ1, λ2, µ) = a(λ1)a(λ2)g(µ),(5.14)

p2(λ1, λ2, µ) = a1(λ1)a1(λ2)δ(µ) = a(λ1)a(λ2)[g(λ1)]1/2[g(λ2)]1/2.(5.15)

By Parseval-Plancherel's identity we have∫
R2

d2iT (u1, u2) du1 du2

= (2π)2
∫
R2

∣∣∣∣∫
R
H1,T (λ1 − µ)H1,T (µ− λ2)pi(λ1, λ2, µ) dµ

∣∣∣∣2 dλ1 dλ2
= (2π)2T ||pi||2T , i = 1, 2,(5.16)

where H1,T (u) is given by (1.7), ||p||2T = (p, p)T ,

(5.17) (p, p′)T =

∫
R4

p(λ1, λ2, λ3)p′(λ1, λ2, λ4) dµT ,

and the measure µT is de�ned by (4.7).
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As in (5.16) (see also (5.13)), we have

(5.18) Var(QT − LT ) = 8π2T‖p1 − p2‖2T .

For any K > 0 we consider the sets

(5.19) EK1 = {u ∈ R : |a(u)| < K}, EK2 = {u ∈ R : g(u) < K},

and denote

pK1 (u) = p1(u)χK1 (u1)χK1 (u2)χK2 (u3),(5.20)

pK2 (u) = p2(u)χK1 (u1)χK1 (u2)χK2 (u1)χK2 (u2),

where u = (u1, u2, u3) ∈ R3 and χKj (u) is the characteristic function of the set EKj ,

j = 1, 2. Then

(5.21) ‖p1 − p2‖2T ≤ 3
(
‖pK1 − pK2 ‖2T + ‖p1 − pK1 ‖2T + ‖p2 − pK2 ‖2T

)
.

Now, (5.14), (5.15) and (5.20) imply that ‖pK1 − pK2 ‖2T =
∫
R4 ΓdµT , where Γ =

Γ(u1, u2, u3, u4) is a sum of four functions satisfying the conditions of Lemma 4.4.

Since Γ(u, u, u, u) = 0 for u ∈ R, applying Lemma 4.4 we get

(5.22) lim
T→∞

‖pK1 − pK2 ‖T =

∫
R

Γ(u, u, u, u)du = 0.

Next, according to (5.17) we have

‖p1‖2T = ‖pK1 + (p1 − pK1 )‖2T = ‖p1‖2T + 2(pK1 , p1 − pK1 )T + ‖p1 − pK1 ‖2T .

Therefore

(5.23) ‖p1 − pK1 ‖2T ≤
∣∣‖p1‖2T − ‖pK1 ‖2T ∣∣+ 2

∣∣(pK1 , p1 − pK1 )T
∣∣.

By (2.5), (5.16) and Lemma 4.2 we have

(5.24) ‖p1‖2T = (2π)−2
1

T
tr
[
Wh
T (f)Wh

T (g)
]2 → 2πH4

∫
R
f2(u)g2(u)du,

while according to Lemma 4.4 and (5.16)

(5.25) ‖pK1 ‖2T → 2πH4

∫
FK

f2(u)g2(u)du,

where FK := {u ∈ R : f(u) < K, g(u) < K}. From (5.24) and (5.25) we get

(5.26) lim
T→∞

(
‖p1‖2T − ‖pK1 ‖2T

)
= 2πH4

∫
R\FK

f2(u)g2(u)du = o(1) as K →∞.

To estimate the last term on the right hind side of (5.23) we denote

ΓK(u1, u2, u3, u4) = pK1 (u1, u2, u3)
[
p1(u1, u2, u4)− pK1 (u1, u2, u4)

]
.

From (5.19) and (5.20) for ΓK(u1, u2, u3, u4) 6= 0 we have

(5.27) |a(u1)| < K, |a(u2)| < K, g(u3) < K, g(u4) > K,
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Next, for any L > K and u = (u1, u2, u3, u4) we have

(5.28) (pK1 , p1 − pK1 )T =

∫
R4

ΓK(u)dµT =

∫
R4

ΓK(u)χL2 (u4)dµT + I,

where with some constant CK depending on K

(5.29) |I| ≤ CK
∫
R4

g(u4)
(
1− χL2 (u4)

)
d|µT |.

It follows from (5.14), (5.15) and (5.20) that ΓK(u)χL2 (u4) is a linear combination of

functions satisfying the conditions of Lemma 4.4. Applying Lemma 4.4 and taking

into account that ΓK(u, u, u, u) = 0 for u ∈ R (see (5.27)), we obtain

(5.30) lim
T→∞

∫
R4

ΓK(u)χL2 (u4)dµT =

∫
R

ΓK(u, u, u, u)χL2 (u)du = 0.

For given ε > 0 and su�ciently large L by (4.16) we get

(5.31) CK

∫
R4

g(u)
(
1− χL2 (u)

)
d|µT | ≤ CK

∫
{u: g(u)>L}

g(u)du ≤ ε.

From (5.28) � (5.31) we obtain

lim
T→∞

(pK1 , p1 − pK1 )T = 0.

This combined with (5.23) and (5.26) yields

(5.32) lim
T→∞

‖p1 − pK1 ‖T = 0.

Finally, we prove that

(5.33) lim
T→∞

‖p2 − pK2 ‖T = 0.

Indeed, according to (5.15), (5.20) and (4.17), we have

‖p2 − pK2 ‖T ≤
∫
R4

[1− χK1 (u1)]f(u1)g(u1)f(u2)g(u2)d|µT |

+

∫
R4

[1− χK1 (u2)]f(u1)g(u1)f(u2)g(u2)d|µT |
≤

∫
{u:|f(u)|>

√
K}

f2(u)g2(u)du+

∫
{u:|g(u)|>K}

f2(u)g2(u)du = o(1),

when K →∞ (uniformly on T ). A combination of (5.18), (5.22), (5.32) and (5.33)

yields (5.7). This completes the proof of Lemma 5.1. Theorem 2.1 is proved.

Proof of Theorem 2.2. By a change of variables x1 = u, x1−x2 = u1, x2−x3 = u2,

x3 − x4 = u3, in view of (4.1), (4.2), (4.5) and (4.6), we can write

tr
[
Wh
T (f)Wh

T (g)
]2

=

∫
R3

∫
R
f(u)g(u− u1)f(u− u1 − u2)g(u− u1 − u2 − u3)du

× H1,T (u1)H1,T (u2)H1,T (u3)H1,T (−u1 − u2 − u3)du1du2du3

= : 8π3H4

∫
R3

Ψ(u)ΦhT (u)du,(5.34)
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where u = (u1, u2, u3), ΦhT (u) := Φh4,T (u) is de�ned by (4.1), Ψ(u) := ϕ(u1, u1 +

u2, u1 + u2 + u3) and ϕ(u1, u2, u3) is de�ned by (2.6). By Theorem 2.1 and (5.34)

we need to prove that

(5.35) lim
T→∞

∫
R3

Ψ(u)ΦhT (u)du =

∫
R
f2(x)g2(x)dx.

Now, since both functions ϕ(u1, u2, u3) and Ψ(u1, u2, u3) = ϕ(u1, u1 +u2, u1 +u2 +

u3) are square integrable and continuous at (0, 0, 0), and

Ψ(0, 0, 0) =

∫
R
f2(x)g2(x)dx,

from Lemma 4.1 we obtain (5.35). Theorem 2.2 is proved.

Proof of Theorem 2.5. In view of (4.5) and (4.7), we need to prove that (2.8) and

(2.9) imply

(5.36) lim
T→∞

1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT = 8π3H4

∫
R
f2(x)g2(x)dx.

If α, β ≥ 0, then (2.8), (2.9) imply f ∈ L1/α(R), g ∈ L1/β(R), and the result follows

from Theorem 2.3. Assuming β < 0, from (2.8) we have g ∈ L∞(R).

Denote

f(x) =

{
0, if x ∈

[
−a2 ,

a
2

]
f(x), otherwise

, g(x) =

{
0, if x ∈ [−a, a]

g(x), otherwise,

where the number a > 0 is as in the statement of the theorem, and let f = f − f ,
g = g − g. Then we have

1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT =
1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT

+
1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT +
1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT

= I1T + I2T + I3T .(5.37)

Since f, g ∈ L∞(R) and f ∈ L1(R) we obtain

lim
T→∞

I1T = 8π3H4

∫
R
f(x)f(x)g2(x)dx = 8π3H4

∫
|x|> a

2

f2(x)g2(x)dx,

lim
T→∞

I2T = 8π3H4

∫
R
f(x)f(x)g2(x)dx = 0.(5.38)

Next, we can write

I3T =
1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT +
1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT

+
1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT +
1

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dµT =

4∑
i=1

J iT .

(5.39)

31



M. S. GINOVYAN, A. A. SAHAKYAN

We have

J1
T =

1

T

∫
[−a,a]4

f(x1)f(x2)g(x3)g(x4)dµT .

Arguments similar to those leading to equality (4.3) from [16] may be used to prove

that

(5.40) lim
T→∞

J1
T = 8π3H4

∫ a

−a
f2(x)g2(x)dx = 8π3H4

∫ a/2

−a/2
f2(x)g2(x)dx.

Since f(x1)f(x2) ∈ L1(R2) for any ε > 0 we can �nd δ > 0 satisfying∫
|x1−x2|<δ

|f(x1)f(x2)|dx1dx2 < ε.

Because g ∈ L∞(R), in view of (4.18) and (4.19) for su�ciently large T we obtain

|J2
T | ≤ C · T

a/2∫
−a/2

a/2∫
−a/2

|f(x1)f(x2)|
a/2∫
−a/2

ψT (x1 − x3)ψT (x2 − x3)

×
∫

|x4|>a

x−24 dx4dx3dx1dx2

≤ C
a/2∫
−a/2

a/2∫
−a/2

|f(x1)f(x2)|(1 + T |x1 − x2|)−1/2dx1dx2

≤ C
∫

|x1−x2|<δ

|f(x1)f(x2)|dx1dx2

+ (1 + Tδ)−1/2
∫

|x1−x2|≥δ

|f(x1)f(x2)|dx1dx2 ≤ 2ε.

This means that

(5.41) lim
T→∞

J2
T = 0.

Likewise, we get

(5.42) lim
T→∞

J3
T = 0.

To estimate the integral J4
T in (5.39) note that in this case |xi − xj | > a

2 , i = 1, 2,

j = 3, 4. Therefore

|J4
T | ≤ C

T

∫
R4

f(x1)f(x2)g(x3)g(x4)dx1dx2dx3dx4

≤ C

T
‖f‖2L1(R)‖g‖

2
L1(R) → 0 as T →∞.(5.43)

From (5.39) � (5.43) we obtain

lim
T→∞

I3T = 8π3H4

∫ a/2

−a/2
f2(x)g2(x)dx,

which combined with (5.37) and (5.38) yields (5.36). Theorem 2.5 is proved.
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Proof of Theorem 3.1. Taking into account the equality

T 1/2
[
JhT − J

]
= T 1/2

[
E(JhT )− J

]
+ T 1/2

[
JhT − E(JhT )

]
,(5.44)

to prove the theorem we have to establish the following two asymptotic relations:

T 1/2
[
E(JhT )− J

]
→ 0 as T →∞,(5.45)

T 1/2
[
JhT − E(JhT )

] d→ η ∼ N
(
0, σ2

h(J)
)

as T →∞,(5.46)

where σ2
h(J) is given by (3.2).

Observe �rst that the relation (5.45) is an immediate consequence of Theorem

2.1 of Ginovyan and Sahakyan [18], since under each of the conditions a)-d) in

assumption (A), we have β1 + β2 > 1/2.

Now we proceed to show that the relation (5.46) follows from Theorem 2.3. To

do this we need to show that, under the assumption (A), there exist numbers p1

(p1 > p) and q1 (q1 > q), such that Hp(β1) ⊂ Lp1 , Hq(β2) ⊂ Lq1 and 1/p1 + 1/q1 ≤
1/2.

The case β1 > 1/p, β2 > 1/q is obvious, since in view of Lemma 4.9 b) we have

Hp(β1) ⊂ L∞ and Hq(β2) ⊂ L∞.
Let β1 ≤ 1/p, β2 ≤ 1/q and β1 + β2 > 1/2. For an arbitrary number ε > 0

satisfying β1 > ε and β2 > ε, we set

1

p1
=

1

p
− β1 + ε and

1

q1
=

1

q
− β2 + ε.

It is easy to see that p < p1 < p/(1− β1p) and q < q1 < q/(1− β2q). Hence by

Lemma 4.9 a) we obtain Hp(β1) ⊂ Lp1 and Hq(β2) ⊂ Lq1 . On the other hand, we

have
1

p1
+

1

q1
=

1

p
+

1

q
− (β1 + β2) + 2ε = 1− (β1 + β2) + 2ε.

Since β1 + β2 > 1/2, choosing ε su�ciently small, we obtain 1/p1 + 1/q1 ≤ 1/2.

Now let β1 > 1/p and 1/q − 1/2 < β2 ≤ 1/q. By Lemma 4.9 b) we have

Hp(β1) ⊂ L∞. For an arbitrary number ε > 0 satisfying β2 > ε, we set

1

q1
=

1

q
− β2 + ε.

Obviously q < q1 < q/(1− β2q), and hence Hq(β2) ⊂ Lq1 by Lemma 4.9 a).

Further, we have
1

p1
+

1

q1
=

1

q
− β2 + ε.

Since 1/q − β2 < 1/2, choosing ε su�ciently small we obtain 1/p1 + 1/q1 ≤ 1/2.

The case β2 > 1/q and 1/p− 1/2 < β1 ≤ 1/p can be treated similarly.

Thus, we can apply Theorem 2.3, to obtain that

QhT = T−1/2
(
QhT − E[QhT ]

) d→ η ∼ N(0, σ2
h) as T →∞,(5.47)

33



M. S. GINOVYAN, A. A. SAHAKYAN

where QhT and σ2
h = σ2

h(Q) are given by (1.2) and (2.3), respectively.

Also, in view of (1.10), (1.12) and (2.3), we have

σ2
h(J) =

1

4π2H2
2

σ2
h(Q) = 4πe(h)

∫
R
f2(λ)g2(λ)dλ, e(h) = H4H

−2
2 .(5.48)

Putting together (5.47) and (5.48), we obtain the relation (5.46). Theorem 3.1 is

proved.
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1. Introduction

The sparse operators are very simple positive operators recently appeared in the

study of weighted estimates of Calder�on-Zygmund and other related operators. It was

proved that some well-known operators (Calder�on-Zygmund operators, martingale

transforms, maximal function, Carleson operators, etc.) can be dominated by sparse

operators, and this kind of dominations imply a series of deep results for the mentioned

operators (see [1, 2, 4 � 7]). In particular, Lerner's [6] norm domination of the

Calder�on-Zygmund operators by sparse operators gave a simple alternative proof

to the A2-conjecture solved by Hyt�onen [3]. Lacey [5] established a pointwise sparse

domination for the Calder�on-Zygmund operators with an optimal condition (Dini

condition) on the modulus of continuity, getting a logarithmic gain to the result

previously proved by Conde-Alonso and Rey [1]. The paper [5] also proves a pointwise

sparse domination for the martingale transforms, providing a short approach to the

A2-theorem proved by Treil-Thiele-Volberg [8]. For the Carleson operators norms

sparse domination was proved by Di Plinio and Lerner [2], while the pointwise

domination follows from a general result proved later in [4].

In this paper we consider sparse operators based on ball-bases in abstract measure

spaces. The concept of ball-basis was introduced by the �rst author in [4]. Based on

ball-basis the paper [4] de�nes a wide class of operators (including, in particular, the

1Research was supported by a grant from Science Committee of Armenia 18T-1A081.
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above mentioned operators) that can be pointwisely dominated by sparse operators.

Some estimates of sparse operators in abstract spaces were obtained in [4]. In this

paper we de�ne a stronger version of sparse operators, and prove weak and strong

type estimates for such operators.

We �rst recall the de�nition of the ball-basis from [4].

De�nition 1.1. Let (X,M, µ) be a measure space. A family of sets B ⊂M is said

to be a ball-basis if it satis�es the following conditions.

B1) 0 < µ(B) <∞ for any ball B ∈ B.

B2) For any two points x, y ∈ X there exists a ball B 3 x, y.
B3) If E ∈M, then for any ε > 0 there exists a �nite or in�nite sequence of balls

Bk, k = 1, 2, . . ., such that

µ

(
E 4

⋃
k

Bk

)
< ε.

B4) For any B ∈ B there is a ball B∗ ∈ B (called a hull of B) satisfying the

conditions: ⋃
A∈B:µ(A)≤2µ(B), A∩B 6=∅

A ⊂ B∗, µ(B∗) ≤ Kµ(B),

where K is a positive constant.

A ball-basis B is said to be doubling if there is a constant η > 1 such that for any

A ∈ B, A∗ 6= X, one can �nd a ball B ∈ B to satisfy

(1.1) A ( B, µ(B) ≤ η · µ(A).

In [4], it was shown that the condition (1.1) in the de�nition can equivalently be

replaced by a stronger condition η1 ≤ µ(B)/µ(A) ≤ η2, where η2 > η1 > 1. It is

well-known the non-standard features of non-doubling bases in many problems of

analysis.

One can easily check that the family of Euclidean balls in Rn forms a ball-basis

and it is doubling. An example of non-doubling ball-basis can serve us the martingale-

basis de�ned as follows. Let (X,M, µ) be a measure space, and let {Bn : n ∈ Z} be a
collection of measurable sets such that 1) each Bn is a �nite or countable partition of

X, 2) for each n and A ∈ Bn the set A is a union of sets A′ ∈ Bn+1, 3) the collection

B = ∪n∈ZBn generates the σ-algebra M, 4) for any points x, y ∈ X there is a set

A ∈ B such that x, y ∈ A. One can easily check that B satis�es all the ball-basis

conditions B1)-B4). On the other hand, it is not always doubling. Obviously, it is
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doubling if and only if µ(pr(B)) ≤ cµ(B), B ∈ B, where pr(B) (parent of B) denotes

the minimal ball satisfying B ( pr(B).

Let B be a ball-basis in a measure space (X,M, µ). For f ∈ Lr(X), 1 ≤ r < ∞,

and a ball B ∈ B we set

〈f〉B,r =
(

1

µ(B)

∫
B

|f |r
)1/r

, 〈f〉∗B,r = sup
A∈B:A⊃B

〈f〉A,r.

A collection of balls S ⊂ B is said to be sparse or γ-sparse if for any B ∈ S there

is a set EB ⊂ B such that µ(EB) ≥ γµ(B) and the sets {EB : B ∈ S} are pairwise

disjoint, where 0 < γ < 1 is a constant. We associate with S the operators:

AS,rf(x) =
∑
A∈S

〈f〉A,r · IA(x), A∗S,rf(x) =
∑
A∈S

〈f〉∗A,r · IA(x),

called sparse and strong type sparse operators, respectively. The weak-L1 estimate of

AS,1 in Rn (case r = 1) as well as its boundedness on Lp (1 < p < ∞) were proved

by Lerner [6]. The Lp-boundedness of AS,r for general ball-bases was shown by the

�rst author in [4].

We will say that a constant is admissible if it depends only on p and on the

constants K and γ from the above de�nitions, and the notation a . b will stand for

the inequality a ≤ c · b, where c > 0 is an admissible constant. The main result of this

paper is the weak-Lr estimate of A∗S,r generated by general ball-bases. More precisely,

we have the following result.

Theorem 1.1. A sparse operator of strong type A∗S,r, 1 ≤ r < ∞, corresponding to

a general ball-basis, is a bounded operator on Lp for r < p < ∞, and satis�es the

weak-Lr estimate, that is,∥∥A∗S,r(f)∥∥p . ‖f‖p, r < p <∞,(1.2)

µ
{
A∗S,r(f) > λ

}
.
‖f‖rr
λr

, λ > 0.(1.3)

The proof of Lp-boundedness of A∗S,r is simple and uses the duality argument as

in [6]. Lerner's [6] proof of weak-L1 estimate in Rn applies the standard Calder�on-

Zygmund decomposition argument. The Calder�on-Zygmund decomposition may fail

if the ball-basis is not doubling, so for the weak-Lr estimate in the case of general

ball-basis we apply the function �attening technique displayed in Lemma 2.7. That is,

we reconstruct the function f ∈ Lr around the big values to get a λ-bounded function

g ∈ L2r, having ball averages of f dominated by those of g. As a result we will have

‖A∗S,rf‖r,∞ . ‖A∗S,rg‖2r,∞, reducing the weak-Lr estimate of A∗S,r to weak-L2r.
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2. Auxiliary lemmas

Recall some de�nitions and propositions from [4]. We say that a set E ⊂ X is

bounded if E ⊂ B for a ball B ∈ B.

Lemma 2.1 ([4]). Let (X,M, µ) be a measure space with a ball-basis B. If E ⊂ X

is bounded and G is a family of balls with E ⊂
⋃
G∈G G, then there exists a �nite or

in�nite sequence of pairwise disjoint balls Gk ∈ G such that E ⊂
⋃
kG
∗
k.

De�nition 2.1. For a set E ∈ M a point x ∈ E is said to be a density point if for

any ε > 0 there exists a ball B 3 x such that µ(B ∩ E) > (1 − ε)µ(B). We say that

a measure space (X,M, µ) satis�es the density property if almost all points of any

measurable set are density points.

Lemma 2.2 ([4]). Any ball-basis satis�es the density property.

The Lr maximal function associated to the ball-basis B we denote by

Mrf(x) = sup
B∈B: x∈B

〈f〉B,r

Lemma 2.3 ([4]). If 1 ≤ r < p ≤ ∞, then the maximal function Mr satis�es the

strong Lp and weak-Lr inequalities.

De�nition 2.2. We say that B ∈ B is a λ-ball for a function f ∈ Lr(X) if

〈f〉B,r > λ.

If, in addition, there is no λ-ball A ⊃ B satisfying µ(A) ≥ 2µ(B), then B is said to

be a maximal λ-ball for f .

Lemma 2.4. Let the function f ∈ Lr(X) have bounded support, and let λ > 0. There

exist pairwise disjoint maximal λ-balls {Bk} such that

(2.1) Gλ = {x ∈ X : Mrf(x) > λ} ⊂
⋃
k

B∗k .

Proof. Since f has bounded support, one can easily check that the set Gλ is also

bounded. Besides, any λ-ball is in some maximal λ-ball. Thus we conclude that Gλ =⋃
αBα, where each Bα is a maximal λ-ball. Applying the above covering lemma, we

�nd a sequence of pairwise disjoint balls Bk such that

Gλ ⊂
⋃
k

B∗k

and so we have (2.1). �
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Let B ⊂ (a, b) be a Lebesgue measurable set. For a given positive real κ ≤ |B|
denote

a(κ,B) = inf{a′ : |(a, a′) ∩B)| ≥ κ}, L(κ,B) = (a, a(κ,G)) ∩B.

Observe that L(κ,B) determines the "leftmost"set of measure κ in B and a(κ,B)

does not depend on the choice of a.

Lemma 2.5. Let A ⊂ B ⊂ (a, b) be Lebesgue measurable sets on the real line, and

let 0 < κ ≤ |A|. Then we have

|L(κ,B)4L(κ,A)| ≤ 2|B \A|.

Proof. Obviously, we have a ≤ a(κ,B) ≤ a(κ,A) ≤ b. Since |L(κ,B)| = |L(κ,B)|,
the sets

L(κ,B) \ L(κ,A) =
(
(a, a(κ,B)) ∩ (B \A)

)
,

L(κ,A) \ L(κ,B) =
(
(a(κ,B), a(κ,A)) ∩A

)
.

have the same measure. So, we get

|L(κ,B)4L(κ,A)| = 2
∣∣((a, a(κ,B)) ∩ (B \A)

)∣∣ ≤ 2|B \A|.

Lemma 2.6. Let (X,M, µ) be a non-atomic measure space and Gk be a �nite or

in�nite sequence of measurable sets in X. If a sequence of numbers ξk ≥ 0 satis�es∑
k ξk <∞ and the condition

(2.2)
∑

j:µ(Gj)≤µ(Gk), Gj∩Gk 6=∅

ξj ≤ µ(Gk), k = 1, 2, . . . ,

then there exist pairwise disjoint measurable sets G̃k ⊂ Gk such that

(2.3) µ(G̃k) = ξk, k = 1, 2, . . . .

Proof.Without loss of generality we can suppose that µ(Gk) is decreasing. Since the

measure space is non-atomic, we can also suppose that Gk are Lebesgue measurable

sets in R. We �rst assume that the sequence Gk, k = 1, 2, . . . , n, is �nite. We apply

backward induction. The existence of G̃n ⊂ Gn satisfying µ(G̃n) = ξn follows from

(2.2), since the latter implies ξn ≤ µ(Gn) and we have that the measure is non-

atomic. We de�ne G̃n to be the leftmost set in Gn, that is, G̃n = L(ξn, Gn). Suppose

by induction we have de�ned pairwise disjoint sets G̃k ⊂ Gk satisfying (2.3) for

l ≤ k ≤ n. From (2.2) it follows that

µ

(
Gl−1 \

n⋃
k=l

G̃k

)
≥ µ(Gl−1)−

∑
l≤j≤n:Gj∩Gl−1 6=∅

µ(G̃j) ≥ ξl−1.
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Hence we can de�ne G̃l−1 = L(ξl−1, Gl−1 \
⋃n
k=l G̃k). To proceed the general case

we apply the �nite case that we have proved. Then for each n we �nd a family of

pairwise disjoint sets G
(n)
k , k = 1, 2, . . . , n such that µ(G

(n)
k ) = ξk for 1 ≤ k ≤ n.

Applying Lemma 2.5 and analyzing once again the leftmost selection argument of the

tilde sets, one can observe that

µ(G
(n+1)
k 4G(n)

k ) ≤
n∑
j=k

µ(G
(n+1)
n+1 ∩G

(n)
j ) ≤ ξn+1.

So, we conclude that

µ(G
(m)
k 4G(n)

k ) ≤
m∑

k=n+1

ξk, m > n ≥ k.

The last inequality implies that for a �xed k the sequence I
G

(m)
k

converges in L1-norm

as m → ∞. Moreover, one can see that the limiting function is again an indicator

function of a set G̃k, and the sequence G̃k satis�es the conditions of the lemma. �

Lemma 2.7. Let (X,M, µ) be a non-atomic measure space, and let f ∈ Lr(X),

1 ≤ r < ∞, be a boundedly supported positive function. Then for any λ > 0 there

exists a measurable set Eλ ⊂ X such that

(2.4) µ(Eλ) . ‖f‖rr/λr, {x ∈ X : Mrf(x) > λ} ⊂ Eλ,

and the function

(2.5) g(x) = f(x) · IX\Eλ(x) + λ · IEλ(x)

satis�es the conditions:

g(x) ≤ λ a.e. on X, 〈f〉B,r . 〈g〉B∗,r whenever B ∈ B, B 6⊂ Eλ.(2.6)

Proof. Applying Lemma 2.4 we �nd a sequence of pairwise disjoint maximal λ-

balls Bk satisfying (2.1). Thus, applying the density property (Lemma 2.2), one can

conclude that

(2.7) f(x) ≤ λ for a.a. x ∈ X \
⋃
k

B∗k .

Given Bk, we associate the family of balls

(2.8) Bk = {B ∈ B : B ∩B∗k 6= ∅, µ(B) > 2µ(B∗k)}.

Observe that if one of these families, say Bk0 , is empty, then in view of conditions

B2) and B4), one can easily check that X ⊂ B∗∗k0 . Then de�ning Eλ = X, the claim

41



G. A. KARAGULYAN, G. MNATSAKANYAN

of the lemma will be satis�ed. Hence we can assume that each Bk is nonempty, and

so, there is a ball Gk ∈ Bk such that

(2.9) µ(Gk) ≤ 2 inf
B∈Bk

µ(B).

From λ-maximality of Bk and the inequality µ(Gk) > 2µ(B∗k), we get B∗k ⊂ G∗k,

〈f〉G∗
k,r
≤ λ. This implies

(2.10)
1

λr

∫
G∗
k

fr ≤ µ(G∗k) ≤ c · µ(Gk),

where c > 0 is an admissible constant. Denote

D1 = B∗1 , Dk = B∗k \ ∪1≤j≤k−1B∗j , k ≥ 2,

and consider the numerical sequence ξk = δ
λr

∫
Dk

fr, k = 1, 2, . . ., for some constant

δ > 0. Taking into account (2.10), for a small admissible constant δ > 0 we obtain⋃
j:µ(Gj)≤µ(Gk), Gj∩Gk 6=∅

ξj =
δ

λr

⋃
j:µ(Gj)≤µ(Gk), Gj∩Gk 6=∅

∫
Dj

fr

≤ δ

λr

∫
G∗
k

fr ≤ cδµ(Gk) ≤ µ(Gk),

which gives condition (2.2). Since our measure space in non-atomic, applying Lemma

2.6, we �nd pairwise disjoint subsets G̃k ⊂ Gk such that

(2.11) µ(G̃k) =
δ

λr

∫
Dk

fr, k = 1, 2, . . . .

The disjointness of the sets Dk implies

(2.12)
∑
k

µ(G̃k) =
δ

λr

∑
k

∫
Dk

fr .
‖f‖rr
λr

.

From the λ-maximality and disjointness property of Bk, we get

(2.13) µ

(⋃
k

B∗∗k

)
.
∑
k

µ (Bk) ≤
1

λr

∑
k

∫
Bk

fr ≤ ‖f‖
r
r

λr
.

Denote Eλ =
(⋃

k G̃k

)⋃
(
⋃
k B
∗∗
k ). From (2.12) and (2.13) we get µ(Eλ) . ‖f‖rr/λr,

and (2.7) implies (2.6). Hence it remains to prove that the function g satis�es (2.6).

Take a ball B ∈ B with B 6⊂ Eλ. First of all observe that for each Bk satisfying

B ∩B∗k 6= ∅ we have µ(B) > 2µ(B∗k), since otherwise we would have B ⊂ B∗∗k ⊂ Eλ,
which is not true. Thus, whenever B ∩ B∗k 6= ∅ we have B ∈ Bk, then we get

µ(Gk) ≤ 2µ(B), and so G̃k ⊂ Gk ⊂ B∗. Besides, from (2.7) and the de�nition of g it

42



ON A WEAK TYPE ESTIMATE FOR SPARSE OPERATORS ...

follows that f(x) ≤ g(x) a.e. on X \ ∪kB∗k . Hence, using (2.11) and the disjointness

of G̃k, we can write

〈f〉rB,r =
1

µ(B)

 ∫
B∩(∪kB∗

k)

fr +

∫
B\∪kB∗

k

fr

 ≤ 1

µ(B)

 ∑
k:B∗

k∩B 6=∅

∫
B∩Dk

fr +

∫
B\∪kB∗

k

gr


≤ 1

µ(B)

 ∑
k:B∗

k∩B 6=∅

∫
Dk

fr +

∫
B

gr

 =
1

µ(B)

 ∑
k:B∗

k∩B 6=∅

λrµ(G̃k)

δ
+

∫
B

gr


=

1

δµ(B∗)

 ∑
k:B∗

k∩B 6=∅

∫
G̃k

gr +

∫
B∗
gr

 . 〈g〉rB∗,r.

This implies (2.6). �

3. Proof of Theorem 1.1

Proof of Lp-boundedness. For any B ∈ S we have 〈f〉∗B,r ≤Mrf(x) for all x ∈ B, and
therefore 〈f〉∗B,r ≤ 〈Mrf〉B,r, B ∈ B. Let EB be the disjoint portions of the sparse

collection of balls satisfying µ(EB) ≥ γ · µ(B). Also, suppose that r < p < ∞ and

q = p/(p− 1). Thus, for positive functions f ∈ Lp and g ∈ Lq(X), we can write∫
X

A∗S,rf · gdµ ≤
∑
B∈S

〈Mrf〉B,r
∫
B

gdµ =
∑
B∈S

〈Mrf〉B,r · 〈g〉B,1 · µ(B)

≤ γ−1
∑
B∈S

〈Mrf〉B,r · (µ(EB))1/p · 〈g〉B,1 · (µ(EB))1/q

≤ γ−1
(∑
B∈S

〈Mrf〉pB,r · µ(EB)

)1/p

·

(∑
B∈S

〈g〉qB,1 · µ(EB)

)1/q

≤ γ−1‖Mr(Mrf)‖p‖M1(g)‖q . ‖Mrf‖p · ‖g‖q . ‖f‖p · ‖g‖q,

which completes the proof of Lp-boundedness. �

Proof of weak-Lr estimate. Without loss of generality, we can assume that our measure

space (X,M, µ) is non-atomic, since any measure space can be extended to a non-

atomic measure space by splitting the atoms as follows. Suppose A ⊂M is the family

of atomic elements of the measure space (X,M, µ), that is, for any a ∈ A we have

µ(a) > 0 and there is no proper M-measurable set in a. We can suppose that each

atom is continuum and let (a,Ma, µa) be a a non-atomic measure space on a ∈ A such

that µa(a) = µ(a). Denote by M′ the σ-algebra on X generated by M and by all Ma,

a ∈ A. Let µ′ be an extension of µ such that µ′(E) = µa(E) for any Ma-measurable
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set E ⊂ a. Hence, (X,M′, µ′) provides a non-atomic extension of the measure space

(X,M, µ).

Now let f be a M-measurable function. The balls are M-measurable, and so they

can not contain an atom a partially. Thus, the left and right sides of inequality (1.3)

are not changed if we consider (X,M′, µ′) instead of the initial measure space. Hence,

we can suppose that (X,M, µ) is itself non-atomic. Applying Lemma 2.7, we �nd a

function g satisfying the conditions of the lemma. From (2.6) we get 〈f〉∗B,r ≤ 〈g〉∗B,r
for any B ∈ S with B 6⊂ Eλ and hence, A∗S,rf(x) ≤ A∗S,rg(x), x ∈ X \Eλ. Therefore,
using the L2r bound of A∗S,r, we obtain

µ{x ∈ X : A∗S,rf(x) > λ} ≤ µ(Eλ) + µ{x ∈ X \ Eλ : A∗S,rg(x) > λ}

.
‖f‖rr
λr

+
1

λ2r

∫
X\Eλ

|g|2r ≤ ‖f‖
r
r

λr
+

λr

λ2r

∫
X\Eλ

fr ≤ 2‖f‖rr
λr

.

This completes the proof of theorem 1.1. �
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íàÿ ðàçðåøèìîñòü.

1. Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå â ïîëóïðîñòðàíñòâå äëÿ ñïåöèàëü-

íûõ (ìóëüòèîäíîðîäíûõ) ðåãóëÿðíûõ ãèïîýëëèïòè÷åñêèõ óðàâíåíèé ñ íóëåâûìè

ãðàíè÷íûìè óñëîâèÿìè. Çàäà÷è òàêîãî òèïà ïîÿâëÿþòñÿ ïðè èçó÷åíèè ìóëüòè-

àíèçîòðîïíûõ ïðîöåññîâ è òðóäíîñòü èõ èçó÷åíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî ñîîò-

âåòñòâóþùèé ïîëíûé ñèìâîë íå îáîáùåííî îäíîðîäíûé, êàê äëÿ ýëëèïòè÷åñêèõ

èëè ïîëóýëëèïòè÷åñêèõ óðàâíåíèé (ñì. [1]-[10]), à ìóëüòèîäíîðîäíûé, è ïîñòðî-

åíèå ïðèáëèæåííîãî ðåøåíèÿ äëÿ òàêèõ óðàâíåíèé ïðåäñòàâëÿåò îò ñåáÿ òðóä-

íîñòü. Íî, ïðèìåíÿÿ ñïåöèàëüíîå èíòåãðàëüíîå ïðåäñòàâëåíèå ôóíêöèé, êîòîðîå

îõâàòûâàåò âñå âåðøèíû âïîëíå ïðàâèëüíîãî ìíîãîãðàííèêà Íüþòîíà (ñì. [11]-

[14]), óäàåòñÿ ïîñòðîèòü ïðèáëèæåííûå ðåøåíèÿ ÷åðåç èíòåãðàëüíûå îïåðàòîðû.

Àíàëîãè÷íûå âîïðîñû âî âñåì ïðîñòðàíñòâå Rn áûëè èçó÷åíû â ðàáîòå [15]. Â

äàííîé ðàáîòå èçó÷àåòñÿ âîïðîñ î ðàçðåøèìîñòè çàäà÷è Äèðèõëå â ñîáîëåâñêèõ

ïðîñòðàíñòâàõ WN
p (Rn+) (1 < p <∞).

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî êîìèòåòà ïî íàóêå Ìèíè-
ñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÀ ñîâìåñòíî ñ Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäî-
âàíèé (êîä ïðîåêòà 18RF - 004).
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Ïóñòü Rn åñòü n-ìåðíîå åâêëèäîâîå ïðîñòðàíñòâî, à Zn+ − ìíîæåñòâî ìóëü-

òèèíäåêñîâ èç Rn. Ýëåìåíòû Rn è Zn+ áóäåì ïðåäñòàâëÿòü â âèäå (ξ, τ), (α, αn),

ãäå, ñîîòâåòñòâåííî, ξ ∈ Rn−1, τ ∈ R1, α ∈ Zn−1
+ , αn ∈ Z1

+.

Äëÿ ìóëüòèèíäåêñà α ∈ Zn−1
+ îáîçíà÷èì |α| = α1 + · · ·+αn−1, Dk = 1

i
∂
∂xk

(k =

1, . . . , n). Dα = Dα1
1 . . . D

αn−1

n−1 åñòü îáîáùåííàÿ ïðîèçâîäíàÿ ïî Ñ.Ë. Ñîáîëåâó

ïîðÿäêà |α|
Äëÿ äàííîãî íàáîðà ìóëüòèèíäåêñîâ èç Zn−1

+ îáîçíà÷èì ÷åðåç N íàèìåíüøèé

âûïóêëûé ìíîãîãðàííèê, ñîäåðæàùèé âñå òî÷êè ýòîãî íàáîðà. Ìíîãîãðàííèê N

íàçûâàåòñÿ âïîëíå ïðàâèëüíûì, åñëè èìååò âåðøèíó â íà÷àëå êîîðäèíàò è íà

âñåõ êîîðäèíàòíûõ îñÿõ, à âíåøíèå íîðìàëè âñåõ (n − 2)-ìåðíûõ íåêîîðäèíàò-

íûõ ãðàíåé èìåþò ïîëîæèòåëüíûå êîîðäèíàòû. Ïóñòü Nn−2
i (i = 1, . . . , In−2)

åñòü (n− 2)-ìåðíûå íåêîîðäèíàòíûå ãðàíè ìíîãîãðàííèêà N, ∂′N − ìíîæåñòâî

âñåõ òåõ ìóëüòèèíäåêñîâ, êîòîðûå ïðèíàäëåæàò õîòÿ áû îäíîé (n − 2)-ìåðíîé

íåêîîðäèíàòíîé ãðàíè ìíîãîãðàííèêà N, N(0) = N \ ∂′N, {α1, α2, . . . , αM} −
ìíîæåñòâî âñåõ âåðøèí ìíîãîãðàííèêà N îòëè÷íûõ îò íóëÿ. È ïóñòü µi (i =

1, . . . , In−2) åñòü òàêàÿ âíåøíÿÿ íîðìàëü ãðàíè Nn−2
i , ïðè êîòîðîé óðàâíåíèå ãè-

ïåðïëîñêîñòè, ñîäåðæàùåé äàííóþ ãðàíü, çàäàåòñÿ ôîðìóëîé (α, µi) = 1. Ïðåä-

ïîëîæèì, ÷òî ìíîãîãðàííèê N èìååò (n − 2)-ìåðíûå ãðàíè, ñîäåðæàùèå òî÷êè

{α1, . . . , αn−1} \ {αi} (i = 1, . . . , n − 1), ãäå αi = (0, . . . , 0, li, 0, . . . , 0). Âíåøíþþ

íîðìàëü äàííîé ãðàíè îáîçíà÷èì ÷åðåç µi (i = 1, . . . , n − 1). Îáîçíà÷èì òàê-

æå ÷åðåç µ0 =
(
µ0

1, . . . , µ
0
n−1

)
= (1/l1, . . . , 1/ln−1). Ïóñòü γ = (γ1, . . . , γn−1) åñòü

òî÷êà ïåðåñå÷åíèÿ ãèïåðïëîñêîñòåé, ñîäåðæàùèõ (n−2)-ìåðíûå ãðàíè ñ âíåøíè-

ìè íîðìàëÿìè µ1, . . . , µn−1, è äëÿ îïðåäåëåííîñòè ïðåäïîëîæèì, ÷òî γ1 < γ2 <

· · · < γn−r ≤ γn−r+1 ≤ · · · ≤ γn−1, ãäå r = 0, 1, . . . , n − 2. Ïðåäïîëîæèì òàêæå,

÷òî max
i=1,...,In−2

|µi| − min
i=1,...,r+1

|µi| < 1. Îáîçíà÷èì ÷åðåç M ⊂ Rn ìíîãîãðàííèê

â Zn+, èìåþùèé âåðøèíû β1, . . . , βM+1, ãäå βi = (αi, 0) (i = 1, . . . ,M), βM+1 =

(0, . . . , 0, 2m) è â Rn+ ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð P (Dx, Dxn) ñ ïî-

ñòîÿííûìè äåéñòâèòåëüíûìè êîýôôèöèåíòàìè ai (i = 1, . . . ,M)

(1.1) P (Dx, Dxn) = D2m
xn +

M∑
i=1

aiD
αi

ñ ïîëíûì ñèìâîëîì P (ξ, ξn) = ξ2m
n +

M∑
i=1

aiξ
αi .
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Ïðåäïîëîæèì, ÷òî îïåðàòîð (1.1) åñòü ðåãóëÿðíûé îïåðàòîð, òî åñòü ñóùåñòâó-

åò ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ ëþáîãî (ξ, ξn) ∈ Rn èìååò ìåñòî íåðàâåíñòâî

(1.2) |P (ξ, ξn)| ≥ C

(
M∑
i=1

∣∣∣ξαi ∣∣∣+ ξ2m
n

)
.

Ïðèìåðàìè ðåãóëÿðíûõ îïåðàòîðîâ ÿâëÿþòñÿ ýëëèïòè÷åñêèå, êâàçèýëëèïòè÷å-

ñêèå îïåðàòîðû, à òàêæå îïåðàòîðû òèïà P (D) =
∑

α∈∂′N
Dα, ãäå N − ïðîèçâîëü-

íûé âïîëíå ïðàâèëüíûé ìíîãîãðàííèê ñ âåðøèíàìè, èìåþùèå ÷åòíûå êîîðäèíà-

òû. Äëÿ âïîëíå ïðàâèëüíîãî ìíîãîãðàííèêàM îáîçíà÷èì ÷åðåçWM
p

(
Rn+
)

= {f :

f∈Lp
(
Rn+
)
, Dβif∈Lp

(
Rn+
)
, i = 1, . . . ,M + 1} è íàçûâàåì ìóëüòèàíèçîòðîïíûì

ïðîñòðàíñòâîì Ñîáîëåâà ñ íîðìîé ‖f‖WM
p (Rn+) =

M+1∑
i=1

∥∥∥Dβif
∥∥∥
Lp(Rn+)

+ ‖f‖Lp(Rn+).

Èç ðåãóëÿðíîñòè ñëåäóåò, ÷òî âåðøèíû ìíîãîãðàííèêà N èìåþò ÷åòíûå êî-

îðäèíàòû, è ïðè äåéñòâèòåëüíûõ êîýôôèöèåíòàõ ai (i = 1, . . . ,M) ìíîãî÷ëåí

P (ξ, τ) ïî τ èìååò ðîâíîm êîðíåé ñ ïîëîæèòåëüíûìè è îòðèöàòåëüíûìè ìíèìû-

ìè ÷àñòÿìè. Äëÿ ëþáîãî ôèêñèðîâàííîãî ξ îáîçíà÷èì ÷åðåç τ±i (ξ) (i = 1, . . . ,m)

ýòè êîðíè. Îáîçíà÷èì òàêæå

M+(ξ, τ) =

m∏
j=1

(τ − τ+
j (ξ)) =

m∑
i=0

bi(ξ)τ
m−i,

M+
k (ξ, τ) =

k∑
i=0

bi(ξ)τ
m−i, χ =

(
|µ0|+ 1

2m

)(
1− 1

p

)
,

ãäå p > 1 íåêîòîðîå ÷èñëî. Â Rn+ ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Äèðèõëå:

P (Dx, Dxn)U = f(x, xn), xn > 0, x ∈ Rn−1,(1.3)

∂iU

∂xin

∣∣∣∣
xn=0

= 0, i = 0, 1, . . . ,m− 1.(1.4)

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ðàçðåøèìîñòü çàäà÷è (1.3)-(1.4), à èìåííî áóäóò

äîêàçàíû ñëåäóþùèå òåîðåìû, êîòîðûå ñóòü îñíîâíûå ðåçóëüòàòû ñòàòüè.

Òåîðåìà 1.1. Åñëè f ∈ Lp(Rn+) (1 < p <∞) è èìååò êîìïàêòíûé íîñèòåëü, òî

ïðè χ > 1 çàäà÷à (1.3)-(1.4) èìååò åäèíñòâåííîå ðåøåíèå U èç êëàññà WM
p (Rn+),

è äëÿ íåêîòîðîé ïîñòîÿííîé C > 0 ( íå çàâèñÿùåé îò f) èìååò ìåñòî îöåíêà

(1.5) ‖U‖WM
p (Rn+) ≤ C‖f‖Lp(Rn+).

À ïðè χ ≤ 1 èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 1.2. Ïóñòü χ ≤ 1 è f ∈ Lp(Rn+) (1 < p <∞) ñ êîìïàêòíûì íîñèòåëåì

óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì îðòîãîíàëüíîñòè:

(1.6)

∫
Rn−1

xsf(x, xn)dx = 0

ïðè |s| = 0, 1, . . . , L−1, ãäå L − íàòóðàëüíîå ÷èñëî, îïðåäåëÿåìîå èç íåðàâåíñòâ

(1.7) χ+ Lµ0
min > 1 ≥ χ+ (L− 1)µ0

min,

ãäå µ0
min = min

i=1,...,n−1
µ0
i . Òîãäà äëÿ ëþáîé òàêîé ôóíêöèè f çàäà÷à (1.3)-(1.4)

èìååò åäèíñòâåííîå ðåøåíèå èç êëàññà WM
p (Rn+), äëÿ êîòîðîé èìååò ìåñòî

íåðàâåíñòâî (1.5).

2. Ïîñòðîåíèå ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è Äèðèõëå â Rn+

Êàê è â ðàáîòàõ [12]-[15], äëÿ ïàðàìåòðà ν > 0 è íàòóðàëüíîãî ÷èñëà k îáî-

çíà÷èì

ρN(ξ) =
(
ξ2α1

+ · · ·+ ξ2αM
) 1

2

, G0(ξ, ν) = e−(νρN(ξ))2k ,

G1(ξ, ν) = (−2k)(νρN(ξ))
2k−1

e−(νρN(ξ))2k ,

G2(ξ, ν) = (−2k)ν2k−1(ρN(ξ))
2k
e−(νρN(ξ))2k ,

à Ĝi(t, ν) (i = 0, 1, 2) åñòü ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ñîîòâåòñòâóþùèõ ôóíêöèé.

Â ðàáîòàõ [12]-[14] èçó÷åíî óñðåäíåíèå ôóíêöèè f ∈ Lp(Rn−1) ÷åðåç ÿäðî

G0(ξ, ν):

fν(x) =
1

(2π)
n−1
2

∫
Rn−1

f(t)Ĝ0(t− x, ν)dt

è ïî÷òè äëÿ âñåõ x ∈ Rn−1 ïîëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå

(2.1) f(x) = lim
h→0

1

(2π)
n−1
2

h−1∫
h

dν

∫
Rn−1

f(t)Ĝ2(t− x, ν)dt.

Ïðèìåíÿÿ (2.1), ïîñòðîèì ïðèáëèæåííîå ðåøåíèå çàäà÷è (1.3)-(1.4).

Òàê êàê îïåðàòîð P (Dx, Dxn) ðåãóëÿðíûé (ñì. íåðàâåíñòâî (1.2)), òî êîðíè

ìíîãî÷ëåíà P (ξ, τ) ïî τ èìåþò âèä τ±k (ξ) = 2m

√
M∑
i=1

aiξα
i · ω±k (k = 1, . . . ,m), ãäå

ω±k (k = 1, . . . ,m) − êîðíè 2m
√
−1, ñëåäîâàòåëüíî, äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ

ïîñòîÿííûõ δ è δ1 èìåþò ìåñòà ñîîòíîøåíèÿ

(2.2) δ 2m
√
ρN(ξ) ≤ |Imτk(ξ)| ≤ δ1 2m

√
ρN(ξ) (k = 1, . . . ,m),
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òàê êàê
M∑
i=1

aiξ
αi ýêâèâàëåíòíî âûðàæåíèþ ρN(ξ).

Êàê è â ðàáîòå [8], îáîçíà÷èì

G+(ξ) = {λ ∈ C; |λ| < 2ρ
1

2m

N (ξ); Im(λ) > δρ
1

2m

N (ξ)},

G−(ξ) = {λ ∈ C; |λ| < 2ρ
1

2m

N (ξ); Im(λ) < −δρ
1

2m

N (ξ)},

à Γ+(ξ) è Γ−(ξ) ñîîòâåòñòâóþùèå ãðàíèöû ýòèõ îáëàñòåé. Ðàññìîòðèì ñëåäóþùèå

êîíòóðíûå èíòåãðàëû:

J+(ξ, xn) =
1

2π

∫
Γ+(ξ)

eixnλ

P (ξ, λ)
dλ, J−(ξ, xn) =

1

2π

∫
Γ−(ξ)

eixnλ

P (ξ, λ)
dλ,

Jj(ξ, xn) =
1

2πi

∫
Γ+(ξ)

eixnλM+
m−j(ξ, λ)

M+(ξ, λ)
dλ,

Ij(ξ, xn) =

(
∂

∂yn

)j−1

J−(ξ, yn − xn)

∣∣∣∣
yn=0

, j = 1, . . . ,m.

Ëåììà 2.1. Ïðè xn > 0 è ξ 6= 0 èìåþò ìåñòî îöåíêè

(2.3)∣∣ξαDα
ξD

k
xnJ+(ξ, xn)

∣∣+
∣∣ξαDα

ξD
k
xnJ−(ξ,−xn)

∣∣ ≤ C(ρN(ξ))
1

2m (k+1)−1
e−δxn(ρN(ξ))

1
2m ,

(2.4)
∣∣ξαDα

ξD
k
xnJj(ξ, xn)

∣∣ ≤ C(ρN(ξ))
k

2m−
j−1
2m e−δxn(ρN(ξ))

1
2m , j = 1, . . . ,m

ñ íåêîòîðûìè ïîñòîÿííûìè C > 0 è δ > 0, íå çàâèñÿùèìè îò ξ è xn.

Äîêàçàòåëüñòâî. Êàê è ïðè äîêàçàòåëüñòâå ëåììû 2 ðàáîòû [8], äîñòàòî÷íî

äèôôåðåíöèðîâàòü òîëüêî ïîäûíòåãðàëüíûå âûðàæåíèÿ. Ïðè α = 0 äëÿDk
xnJ+(ξ, xn)

èìååì

Dk
xnJ+(ξ, xn) =

1

2π

∫
Γ+(ξ)

λkeixnλ

P (ξ, λ)
dλ.

Ïðèìåíèâ ñâîéñòâà êîíòóðíîãî èíòåãðàëà, èç íåðàâåíñòâà (2.2) èìååì, ÷òî∣∣Dk
xnJ+(ξ, xn)

∣∣ ≤ C(ρN(ξ))
k

2m−1+ 1
2m e−δxn(ρN(ξ))

1
2m .

Ïóñòü òåïåðü α 6= 0. Äîïóñòèì, ÷òî α = (1, 0, . . . , 0), k = 0. Òîãäà èìååì

|ξ1Dξ1J+(ξ, xn)| ≤ C|ξ1Dξ1ρN(ξ)|
∫

Γ+(ξ)

eiλxn

(λ2m + ρN(ξ))
2 dλ ≤

CρN(ξ)(ρN(ξ))
1

2m−2
e−δxn(ρN(ξ))

1
2m ,

òàê êàê |ξαDα
ξ ρN(ξ)| ≤ CρN(ξ).
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Àíàëîãè÷íî îöåíèâàþòñÿ ξαDα
ξD

k
xnJ−(ξ,−xn). Äëÿ îöåíêè

Dk
xnJj(ξ, xn) =

1

2πi

∫
Γ+(ξ)

λkeixnλM+
m−j(ξ, λ)

M+(ξ, λ)
dλ

íóæíî ó÷èòûâàòü (ñì. [7]), ÷òî

1

2πi

∫
Γ+(ξ)

λk−1M+
m−j(ξ, λ)

M+(ξ, λ)
dλ = δkj , j, k = 1, . . . ,m.

�

Ëåììà 2.2. Èìåþò ìåñòà ñëåäóþùèå òîæäåñòâà

(2.5) Dk−1
xn (J+(ξ, xn) + J−(ξ,−xn))

∣∣∣∣
xn=0

= δk2m, k = 1, . . . , 2m

(2.6) Dk−1
xn Jj(ξ, xn)

∣∣∣∣
xn=0

= δkj , k, j = 1, . . . ,m.

Äîêàçàòåëüñòâî. Êàê è ïðè äîêàçàòåëüñòâå ëåììû 2.1, èìååì(
Dk−1
xn (J+(ξ, xn) + J−(ξ,−xn))

) ∣∣∣∣
xn=0

=

1

2π

 ∫
Γ+(ξ)

λk−1 eixnλ

P (ξ, λ)
dλ+

∫
Γ−(ξ)

λk−1 eixnλ

P (ξ, λ)
dλ

∣∣∣∣
xn=0

=

1

2π

∫
Γ(ξ)

λk−1 eixnλ

P (ξ, λ)
dλ

∣∣∣∣
xn=0

= δk2m, k = 1, . . . , 2m,

ãäå Γ(ξ) − êîíòóð, îõâàòûâàþùèé âñå êîðíè τ±j (ξ), j = 1, . . . ,m.

Äëÿ Dk−1
xn Jj(ξ, xn) èìååì

Dk−1
xn Jj(ξ, xn)

∣∣∣∣
xn=0

=
1

2πi

∫
Γ+(ξ)

λk−1eixnλM+
m−j(ξ, λ)

M+(ξ, λ)
dλ

∣∣∣∣
xn=0

= δkj ,

k, j = 1, . . . ,m. �

Òåïåðü ïåðåõîäèì ê ïîñòðîåíèþ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1.3)-(1.4).

Áóäåì ïðèìåíÿòü ìåòîäû ðàáîò [8] è [12], òî åñòü ïîñòðîèì ïðèáëèæåííîå ðåøå-

íèå, êàê è â ðàáîòå [8], ñ ïðèìåíåíèåì ñïåöèàëüíûõ ÿäåð Gj(ξ, ν) (j = 0, 1, 2) èç
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ðàáîòû [12]. Äëÿ ýòîãî îïðåäåëèì ñëåäóþùèå ôóíêöèè:

U+
h (x, xn) =

1

(2π)
n−1

h−1∫
h

xn∫
0

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)J+(ξ, xn − yn)f(y, yn)dξdydyndν,

U−h (x, xn) =

− 1

(2π)
n−1

h−1∫
h

∞∫
xn

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)J−(ξ, xn − yn)f(y, yn)dξdydyndν,

Ujh(x, xn) =

1

(2π)
n−1

h−1∫
h

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)Jj(ξ, xn)

∞∫
0

Ij(ξ, yn)f(y, yn)dyndξdydν,

j = 1, . . . ,m,

(2.7) Uh(x, xn) = U+
h (x, xn) + U−h (x, xn) +

m∑
j=1

Ujh(x, xn)

è äîêàæåì, ÷òî Uh(x, xn) � ïðèáëèæåííûå ðåøåíèÿ çàäà÷è (1.3)-(1.4).

3. Âñïîìîãàòåëüíûå ëåììû

Äëÿ äîêàçàòåëüñòâà îñíîâíûõ òåîðåì íàì ïîíàäîáÿòñÿ ñëåäóþùèå âñïîìîãà-

òåëüíûå ëåììû.

Ëåììà 3.1. Åñëè βi = (αi, 0) èëè βM+1 = (0, . . . , 0, 2m), ãäå αi ∈ ∂′N (i =

1, . . . ,M), òî DβiU±h ∈ Lp(Rn) (i = 1, . . . ,M + 1) è äëÿ íåêîòîðîé ïîëîæèòåëü-

íîé ïîñòîÿííîé C (íå çàâèñÿùåé îò h) èìååò ìåñòî íåðàâåíñòâî

(3.1)
∥∥∥Dβi(U+

h + U−h )
∥∥∥
Lp(Rn+)

≤ C‖f‖Lp(Rn+),

ïðè÷åì ïðè h1, h2 → 0

(3.2)
∥∥∥Dβi(U+

h1
+ U−h1

)−Dβi(U+
h2

+ U−h2
)
∥∥∥
Lp(Rn+)

→ 0.
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Äîêàçàòåëüñòâî. Â íà÷àëå ðàññìîòðèì ñëó÷àé βM+1 = (0, . . . , 0, 2m). Èç ïðåä-

ñòàâëåíèÿ U±h (x, xn), êàê è â ðàáîòå [8], èìååì, ÷òî

D2m
xn (U+

h (x, xn) + U−h (x, xn)) =

1

(2π)
n−1D

2m
xn

h−1∫
h

xn∫
0

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)(J+(ξ, xn − yn)+

J−(ξ, xn − yn))f(y, yn)dξdydyndν−

1

(2π)
n−1

h−1∫
h

∞∫
0

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)D2m
xn J−(ξ, xn − yn)f(y, yn)dξdydyndν.

Îòñþäà è èç òîæäåñòâ (2.5) èìååì

D2m
xn (U+

h (x, xn) + U−h (x, xn)) =

1

(2π)
n−1

h−1∫
h

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)f(y, xn)dξdydν+

1

(2π)
n−1

h−1∫
h

xn∫
0

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)D2m
xn J+(ξ, xn − yn)f(y, yn)dξdydyndν−

1

(2π)
n−1

h−1∫
h

∞∫
xn

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)D2m
xn J−(ξ, xn − yn)f(y, yn)dξdydyndν =

fh(x, xn) + v+
h (x, xn) + v−h (x, xn).

Èç èíòåãðàëüíîãî ïðåäñòàâëåíèÿ (2.1) ñëåäóåò, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé

C > 0 ‖fh‖Lp(Rn+) ≤ C‖f‖Lp(Rn+). Îöåíèì v
±
h (x, xn). Òàê êàê îíè îöåíèâàþòñÿ àíà-

ëîãè÷íûì îáðàçîì, òî îöåíèì v+
h (x, xn). Êàê è â ðàáîòå [8], ïðåäñòàâèì v+

h (x, xn)

â âèäå

(3.3) v+
h (x, xn) =

∫
Rn

eixξ+ixnξnµ(ξ, ξn)K(ξ, h)f̂θ(ξ, ξn)dξdξn,

ãäå

K(ξ, h) =
1

(2π)
n−1
2

h−1∫
h

G2(ξ, ν)dν,

f̂θ(ξ, ξn) =
1

(2π)
n
2

∫
Rn

e−iξy−iξnynθ(yn)f(y, yn)dydyn,
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ãäå θ(yn) − ôóíêöèÿ Õåâèñàéäà, à

µ(ξ, ξn) =
√

2π

∞∫
0

e−iξnynD2m
yn J+(ξ, yn)dyn.

Ïîñëå ïðåäñòàâëåíèÿ (3.3) îñòàåòñÿ ïîêàçàòü, ÷òî ôóíêöèÿ µ(ξ, ξn)K(ξ, h) óäî-

âëåòâîðÿåò óñëîâèÿì òåîðåìû Ï.È. Ëèçîðêèíà î ìóëüòèïëèêàòîðàõ [16], òî åñòü

ÿâëÿåòñÿ (Lp, Lp)-ìóëüòèïëèêàòîðîì, êîòîðûé ðàâíîìåðíî îãðàíè÷åí ïî h. Òàê

êàê ïðîèçâåäåíèå (Lp, Lp)-ìóëüòèïëèêàòîðîâ òîæå (Lp, Lp)-ìóëüòèïëèêàòîð, òî

äîñòàòî÷íî äîêàçàòü, ÷òî êàæäûé èç ìíîæèòåëåé µ è K ÿâëÿåòñÿ (Lp, Lp)-ìóëü-

òèïëèêàòîðîì. Ðàññìîòðèì K(ξ, h). Èìååì

|K(ξ, h)| = 1

(2π)
n−1
2

∣∣∣∣∣∣∣
h−1∫
h

(2k)ν2k−1(ρN(ξ))
2k
e−(νρN(ξ))2kdν

∣∣∣∣∣∣∣ =

2k
h−1ρN(ξ)∫
hρN(ξ)

t2k−1e−t
2k

dt

(2π)
n−1
2

è, êàê ïîêàçàíî â ðàáîòå [15], K(ξ, h) ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì, êîòîðûé ðàâ-

íîìåðíî îãðàíè÷åí ïî h.

Èçó÷èì µ(ξ, ξn), òî åñòü äîêàæåì, ÷òî ïðè ξj 6= 0 (j = 1, . . . , n) |ξβDβ
ξ µ(ξ)| ≤ C,

ãäå βi = 0 èëè βi = 1. Ïðè βn = 1 èìååì

ξβξnD
β
ξDξnµ(ξ, ξn) = ξβDβ

ξ

∞∫
0

ynDyn(e−iξnyn)D2m
yn J+(ξ, yn)dyn =

−ξβDβ
ξ

∞∫
0

e−iξnyn
(
D2m
yn J+(ξ, yn) + ynD

2m+1
yn J+(ξ, yn)

)
dyn.

Îòñþäà, ïðèìåíÿÿ íåðàâåíñòâî (2.3), ïîëó÷àåì∣∣∣ξβξnDβ
ξDξnµ(ξ, ξn)

∣∣∣ ≤
C

∞∫
0

(
(ρN(ξ))

1
2m e−δyn(ρN(ξ))

1
2m + yn(ρN(ξ))

1
m e−δyn(ρN(ξ))

1
2m

)
dyn ≤ C = C(δ).

Ïðè βn = 0, îïÿòü ïðèìåíÿÿ íåðàâåíñòâî (2.3), èìååì∣∣∣ξβDβ
ξ µ(ξ, ξn)

∣∣∣ ≤ C ∞∫
0

(ρN(ξ))
1

2m e−δyn(ρN(ξ))
1

2m dyn ≤ C(δ),

òî åñòü µ(ξ, ξn)K(ξ, h) ÿâëÿåòñÿ ðàâíîìåðíî îãðàíè÷åííûì ïî h (Lp, Lp)-ìóëüòè-

ïëèêàòîðîì è, ñëåäîâàòåëüíî, äëÿ íåêîòîðîé ïîñòîÿííîé C > 0∥∥v+
h

∥∥
Lp(Rn+)

≤ C‖f‖Lp(Rn+).
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Ïóñòü òåïåðü β = (α, 0), ãäå α ∈ ∂′N. Àíàëîãè÷íî, êàê è â ïðåäûäóùåì ñëó÷àå,

äîñòàòî÷íî îöåíèòü DαU+
h (x, xn). Èç ïðåäñòàâëåíèÿ U+

h (x, xn) è èç ñîîáðàæåíèé

ïðåäûäóùåãî ñëó÷àÿ, èìååì, ÷òî

DαU+
h (x, xn) =

xn∫
0

∫
Rn−1

eixξξαK(ξ, h)J+(ξ, xn − yn)f̂θ(ξ, yn)dξdyn.

Ïîñëå îáîçíà÷åíèÿ

µ(ξ, ξn) = ξα
∞∫

0

e−iξnynJ+(ξ, yn)dyn

ïîëó÷èì, ÷òî

DαU+
h (x, xn) =

∫
Rn

eixξ+ixnξnµ(ξ, ξn)K(ξ, h)f̂θ(ξ, ξn)dξdξn.

Êàê äîêàçàíî âûøå,K(ξ, h) åñòü ðàâíîìåðíî îãðàíè÷åííûé ïî h (Lp, Lp)-ìóëüòèïëèêàòîð,

ñëåäîâàòåëüíî, äîñòàòî÷íî ïîêàçàòü, ÷òî µ(ξ, ξn) åñòü (Lp, Lp)-ìóëüòèïëèêàòîð.

Ïðèìåíÿÿ ëåììó 2.1, èìååì, ÷òî

|µ(ξ, ξn)| ≤
∣∣∣∣ ξα

ρN(ξ)

∣∣∣∣
∞∫

0

(ρN(ξ))
1

2m e−δyn(ρN(ξ))
1

2m dyn.

Âòîðîé ìíîæèòåëü îãðàíè÷åí, à äëÿ ïåðâîãî ìíîæèòåëÿ èìååì: òàê êàê α ∈ ∂′N,
òî, êàê ïîêàçàíî â ðàáîòå [17], ξα/ρN(ξ) ÿâëÿåòñÿ (Lp, Lp)-ìóëüòèïëèêàòîðîì.

Äîêàæåì îãðàíè÷åííîñòü ξβDβ
ξ µ(ξ, ξn), ãäå β = (β1, . . . , βn) − âåêòîð ñ êîîð-

äèíàòàìè 0 èëè 1. Ñïåðâà îöåíèì ξkDξkµ(ξ, ξn) (k = 1, . . . , n− 1). Èìååì

ξkDξkµ(ξ, ξn) = αkξ
α

∞∫
0

e−iξnynJ+(ξ, yn)dyn + ξα
∞∫

0

e−iξnynξkDξkJ+(ξ, yn)dyn

è, ïðèìåíÿÿ ëåììó 2.1, èìååì, ÷òî

|ξkDξkµ(ξ, ξn)| ≤ C ξα

(ρN(ξ))

∞∫
0

(ρN(ξ))
1

2m e−δyn(ρN(ξ))
1

2m dyn ≤ C.
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Ïóñòü k = n. Èìååì

|ξnDξnµ(ξ, ξn)| =

∣∣∣∣∣∣ξα
∞∫

0

ynDyne
−iξnynJ+(ξ, yn)dyn

∣∣∣∣∣∣ =

∣∣∣∣∣∣ξα
∞∫

0

(
e−iξnynJ+(ξ, yn) + ynDynJ+(ξ, yn)

)
dyn

∣∣∣∣∣∣ ≤
C

ξα

ρN(ξ)

∞∫
0

(
(ρN(ξ))

1
2m e−δyn(ρN(ξ))

1
2m + yn(ρN(ξ))

1
m e−δyn(ρN(ξ))

1
2m

)
dyn ≤

C = C(δ).

Àíàëîãè÷íî îöåíèâàþòñÿ ξβDβ
ξ µ(ξ, ξn), ãäå βi = 0 èëè βi = 1 (i = 1, . . . , n), è òåì

ñàìûì íåðàâåíñòâî (3.1) äîêàçàíî. Äîêàçàòåëüñòâî íåðàâåíñòâà (3.2) ïðîâîäèòñÿ

àíàëîãè÷íûì îáðàçîì. �

Ïåðåõîäèì ê îöåíêå ÷ëåíîâ Uj,h, j = 1, . . . ,m.

Ëåììà 3.2. Ïóñòü βi = (αi, 0), ãäå αi ∈ ∂′N (i = 1, . . . ,M) èëè βM+1 =

(0, . . . , 0, 2m). Òîãäà äëÿ íåêîòîðîé ïîñòîÿííîé C > 0 èìååò ìåñòî íåðàâåí-

ñòâî

(3.4)
∥∥∥DβiUjh

∥∥∥
Lp(Rn+)

≤ C‖f‖Lp(Rn+), (j = 1, . . . ,m),

ïðè÷åì ïðè h1, h2 → 0

(3.5)
∥∥∥DβiUjh1

−DβiUjh2

∥∥∥
Lp(Rn+)

→ 0, (i = 1, . . . ,M + 1).

Äîêàçàòåëüñòâî. Ïóñòü β = (α, 0), ãäå α ∈ ∂′N. Òîãäà, êàê è ïðè äîêàçàòåëüñòâå
ëåììû 3.1, èìååì, ÷òî

Dα
xUjh(x, xn) =

∫
Rn−1

eixξξαK(ξ, h)Jj(ξ, xn)

∞∫
0

Ij(ξ, yn)f̂(ξ, yn)dyndξ, (j = 1, . . . ,m).

Â ñâÿçè ñ òåì, ÷òî ôóíêöèè Jj(ξ, xn) óäîâëåòâîðÿþò óñëîâèÿì (2.4), ïîëó÷àåì

Jj(ξ, xn)

∞∫
0

Ij(ξ, yn)f̂(ξ, yn)dyn =

−
∞∫

0

Dzn

Jj(ξ, xn + zn)

∞∫
0

Ij(ξ, yn + zn)f̂(ξ, yn)dyn

 dzn.
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Ïðèìåíÿÿ äàííîå òîæäåñòâî, ïîëó÷àåì

−Dα
xUjh(x, xn) =

∫
Rn−1

+∞∫
−∞

eixξθ(xn + zn)DznJj(ξ, xn + zn)ξαK(ξ, h)θ(zn)·

 ∞∫
0

Ij(ξ, yn + zn)f̂(ξ, yn)dyn

 dzndξ+

∫
Rn−1

+∞∫
−∞

eixξθ(xn + zn)Jj(ξ, xn + zn)ξαK(ξ, h)θ(zn)·

 ∞∫
0

DznIj(ξ, yn + zn)f̂(ξ, yn)dyn

 dzndξ = Φ1(x, xn) + Φ2(x, xn).

Êàæäîå èç ýòèõ ñëàãàåìûõ îöåíèâàåòñÿ àíàëîãè÷íî. Îöåíèì Φ1(x, xn). Êàê è â

ðàáîòå [8], ïðåäñòàâèì Φ1(x, xn) â âèäå

Φ1(x, xn) = −
∫
Rn

eixξ−ixnξnµ(ξ, ξn)

+∞∫
−∞

e−iξntn ·

(3.6)

θ(tn)

+∞∫
−∞

ξα(ρN(ξ))
− j−1

2m Ij(ξ, yn + tn)K(ξ, h)θ(yn)f̂(ξ, yn)dyn

 dtndξdξn,

ãäå

µ(ξ, ξn) =

∞∫
0

eiξnzn(ρN(ξ))
j−1
2m DznJj(ξ, zn)dzn

è ïîêàæåì, ÷òî µ(ξ, ξn) − (Lp, Lp)-ìóëüòèïëèêàòîð. Èç ëåììû 2.1 ñëåäóåò, ÷òî

|DznJj(ξ, zn)| =

∣∣∣∣∣∣∣
1

2πi

∫
Γ+(ξ)

λeiznλM+
m−j(ξ, λ)

M+(ξ, λ)
dλ

∣∣∣∣∣∣∣ ≤ C(ρN(ξ))
1

2m−
j−1
2m e−δzn(ρN(ξ))

1
2m ,

ñëåäîâàòåëüíî, äëÿ íåêîòîðîé ïîñòîÿííîé C èìååì, ÷òî |µ(ξ, ξn)| ≤ C.
Îöåíèì ξnDξnµ(ξ, ξn). Ó÷èòûâàÿ ëåììó 2.1, èìååì

ξnDξnµ(ξ, ξn) =

∞∫
0

znDzne
iξnzn(ρN(ξ))

j−1
2m DznJj(ξ, zn)dzn =

−
∞∫

0

eiξnzn(ρN(ξ))
j−1
2m DznJj(ξ, zn)dzn −

∞∫
0

zne
iξnzn(ρN(ξ))

j−1
2m D2

znznJj(ξ, zn)dzn.
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Êàê óæå îöåíèëè âûøå, ïåðâîå ñëàãàåìîå îãðàíè÷åíî íåêîòîðîé ïîñòîÿííîé, à

âòîðîå ñëàãàåìîå ïî ëåììå 2.1 îöåíèâàåòñÿ âûðàæåíèåì

∞∫
0

zn(ρN(ξ))
j−1
2m (ρN(ξ))

− j−1
2m + 1

m e−δzn(ρN(ξ))
1

2m dzn ≤ C(δ).

Àíàëîãè÷íî îöåíèâàþòñÿ âûðàæåíèÿ ξβξnD
β
ξDξnµ(ξ, ξn), ãäå βi = 0 èëè 1.

Òåïåðü îáîçíà÷èì ÷åðåç F (ξ, tn) òî âûðàæåíèå â ôîðìóëå (3.6), êîòîðîå íàõî-

äèòñÿ â ñêîáêàõ è ïîêàæåì, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé C > 0 èìååò ìåñòî

íåðàâåíñòâî

(3.7)

∥∥∥∥∥∥
∫

Rn−1

eiyξF (ξ, tn)dξ

∥∥∥∥∥∥
Lp(Rn)

≤ C‖f‖Lp(Rn+).

Îòñþäà ïî òåîðåìå î ìóëüòèïëèêàòîðàõ (ñì. [16]) èìååì, ÷òî äëÿ íåêîòîðîé ïî-

ñòîÿííîé C > 0

(3.8) ‖Φ1‖Lp(Rn) ≤ C‖f‖Lp(Rn+).

Ïðèìåíÿÿ ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ëåâîé ÷àñòè íåðàâåíñòâà (3.7),

èìååì, ÷òî∥∥∥∥∥∥
∫

Rn−1

eiyξF (ξ, tn)dξ

∥∥∥∥∥∥
Lp(Rn)

≤

∥∥∥∥∥∥
∫
Rn

eiyξ−itnξn µ̃(ξ, ξn)K(ξ, h)f̂θ(ξ, ξn)dξdξn

∥∥∥∥∥∥
Lp(Rn)

,

ãäå

µ̃(ξ, ξn) =

∞∫
0

eiξnznξα(ρN(ξ))
− j−1

2m Ij(ξ, zn)dzn.

Òåïåðü íóæíî ïîêàçàòü, ÷òî µ̃(ξ, ξn) åñòü (Lp, Lp)-ìóëüòèïëèêàòîð. Èç îïðåäåëå-

íèÿ Ij(ξ, xn) (j = 1, . . . ,m) è èç ëåììû 2.1 ñëåäóåò, ÷òî

|Ij(ξ, xn)| ≤ C(ρN(ξ))
j

2m−1
e−δxn(ρN(ξ))

1
2m ,

ñëåäîâàòåëüíî, äëÿ µ̃(ξ, ξn) èìååì, ÷òî

|µ̃(ξ, ξn)| ≤ C
∞∫

0

(ρN(ξ))
1

2m
ξα

ρN(ξ)
e−δxn(ρN(ξ))

1
2m dxn ≤ C = C(δ),
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òàê êàê ξα/ρN(ξ) ïðè α ∈ ∂′N ÿâëÿåòñÿ (Lp, Lp)-ìóëüòèïëèêàòîðîì. Òåïåðü îöå-

íèì ξnDξn µ̃(ξ, ξn). Èìååì

ξnDξn µ̃(ξ, ξn) =

∞∫
0

ξnzne
iξnznξα(ρN(ξ))

− j−1
2m Ij(ξ, zn)dzn =

∞∫
0

znDzn(eiξnzn)ξα(ρN(ξ))
− j−1

2m Ij(ξ, zn)dzn =

− ξα

ρN(ξ)
(ρN(ξ))

1− j−1
2m

 ∞∫
0

eiξnznIj(ξ, zn)dzn +

∞∫
0

eiξnznznDznIj(ξ, zn)dzn

 .

Ïåðâûé ìíîæèòåëü ξα/ρN(ξ) îãðàíè÷åí, îöåíèì îñòàëüíûå. Èç ëåììû 2.1 ïîëó-

÷èì

(ρN(ξ))
1− j−1

2m

∣∣∣∣∣∣
∞∫

0

eiξnznIj(ξ, zn)dzn

∣∣∣∣∣∣ ≤
C(ρN(ξ))

1− j−1
2m

∞∫
0

(ρN(ξ))
1

2m+ j−1
2m −1

e−δzn(ρN(ξ))
1

2m dzn ≤ C = C(δ).

Äëÿ âòîðîãî ñëàãàåìîãî èìååì

(ρN(ξ))
1− j−1

2m

∣∣∣∣∣∣
∞∫

0

eiξnznznDznIj(ξ, zn)dzn

∣∣∣∣∣∣ ≤
C(ρN(ξ))

1− j−1
2m

∞∫
0

(ρN(ξ))
1

2m+ j
2m−1

zne
−δzn(ρN(ξ))

1
2m dzn ≤ C(δ).

Åñëè βn = 0, òî äëÿ ξkDξk µ̃(ξ, ξn) (k = 1, . . . , n− 1) èìååì

ξkDξk µ̃(ξ, ξn) = ξk

∞∫
0

eiξnznDξk

(
ξα

ρN(ξ)
(ρN(ξ))

1− j−1
2m Ij(ξ, zn)

)
dzn.

Åñëè ïðîèçâîäíàÿ áåðåòñÿ ïî ξα/ρN(ξ), òî âûðàæåíèÿ ξkDk(ξα/ρN(ξ)), k = 1, . . . , n−
1 îãðàíè÷åíû. Åñëè áåðåòñÿ ïî (ρN(ξ))

1− j−1
2m , òî∣∣∣ξkDk(ρN(ξ))

1− j−1
2m

∣∣∣ ≤ ∣∣∣ξk(ρN(ξ))
− j−1

2m

∣∣∣ · |DξkρN(ξ)| ≤

∣∣∣∣ξkDξkρN(ξ)

ρN(ξ)

∣∣∣∣ (ρN(ξ))
1− j−1

2m ≤ C(ρN(ξ))
1− j−1

2m .
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Åñëè æå ïðîèçâîäíàÿ áåðåòñÿ ïî Ij(ξ, zn), òî èç ëåììû 2.1 ïîëó÷èì

|ξkDξkIj(ξ, zn)| =

∣∣∣∣∣ξk ∂

∂ξk

(
∂

∂yn

)j−1

J−(ξ, yn − xn)

∣∣∣∣∣
∣∣∣∣
yn=0

≤

C(ρN(ξ))
j−1
2m −1+ 1

2m e−δxn(ρN(ξ))
1

2m .

Òî åñòü èç âñåõ ñîîáðàæåíèé ñëåäóåò, ÷òî µ̃(ξ, ξn) ÿâëÿåòñÿ (Lp, Lp)-ìóëüòèïëèêàòîðîì,

ñëåäîâàòåëüíî, âûïîëíÿåòñÿ íåðàâåíñòâî (3.8). Îñòàëüíûå îöåíêè äîêàçûâàþòñÿ

àíàëîãè÷íûì îáðàçîì. �

Íàêîíåö, ïåðåõîäèì ê îöåíêå Uh(x, xn). Äëÿ ïðîñòîòû çàïèñè áóäåì èçó÷àòü

òîò ñëó÷àé, êîãäà âïîëíå ïðàâèëüíûé ìíîãîãðàííèê N èìååò îäíó âåðøèíó àíè-

çîòðîïíîñòè α = (α1, α2, . . . , αn−1) è α1 < α2 < · · · < αn−1. Äëÿ òàêèõ ìíîãî-

óãîëüíèêîâ â ðàáîòå [13] (îáùèé ñëó÷àé ñì. [14]) äîêàçàíû ñëåäóþùèå îöåíêè

(ñì. ëåììû 1.1 è 1.5).

Ëåììà 3.3. Ïóñòü α1 < α2 < · · · < αn−1. Òîãäà äëÿ ëþáîãî ìóëüòèèíäåêñà

m = (m1, . . . ,mn−1) è ëþáîãî ÷åòíîãî âûïðÿìëÿþùåãî ÷èñëà N ñóùåñòâóþò

ïîñòîÿííàÿ C0 è íàáîð âåêòîðîâ α = (α1, α2, . . . , αn−1), β = (β1, . . . , βn−2, 0),

. . . , σ = (σ1, 0, . . . , 0) òàêèõ, ÷òî äëÿ ëþáîãî ν : 0 < ν < 1 èìåþò ìåñòà

íåðàâåíñòâà

(3.9)∣∣∣DmĜr (t, ν)
∣∣∣ ≤ C0ν

− max
i=1,...,In−2

(|µi|+(m,µi))
· 1

1 + ν−N (tNα + tNβ + · · ·+ tNσ1
1 )

,

ãäå r = 0, 1.

Ëåììà 3.4. Äëÿ ëþáîãî ìóëüòèèíäåêñà m è íàòóðàëüíîãî ÷èñëà N ñóùåñòâó-

åò ïîñòîÿííàÿ C0, òàêàÿ, ÷òî ïðè ν > 1 èìåþò ìåñòà íåðàâåíñòâà

(3.10)
∣∣∣DmĜr (t, ν)

∣∣∣ ≤ C0ν
−(|µ0|+(m,µ0)) · 1

1 + ν−N (tNl11 + · · ·+ t
Nln−1

n−1 )
,

ãäå r = 0, 1.

Çàìå÷àíèå 3.1. Â ðàáîòàõ [13]-[14] â ñîîòâåòñòâóþùèõ ëåììàõ ó÷àñòâóþò

òàêæå ìíîãî÷ëåíû ïî | ln ν|, íî òàê êàê ýòè ñëàãàåìûå íå âëèÿþò íà ñõîäè-

ìîñòü èíòåãðàëà ïî ν, òî çäåñü è â äàëüíåéøåì, äëÿ ïðîñòîòû çàïèñè, ìû

êîýôôèöèåíòû ëîãàðèôìè÷åñêîãî ìíîãî÷ëåíà ñ÷èòàåì íóëÿìè, êðîìå C0.

Ïðèìåíÿÿ ëåììû 3.3 è 3.4, äîêàæåì ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà 3.5. Åñëè f ∈ Lp(Rn+) èìååò êîìïàêòíûé íîñèòåëü K = suppf è ïðè

χ ≤ 1 âûïîëíÿþòñÿ óñëîâèÿ îðòîãîíàëüíîñòè (1.6), òî ñóùåñòâóåò ïîñòîÿí-

íàÿ C = C(K) > 0, ÷òî ïðè ëþáîì h > 0 èìååò ìåñòî íåðàâåíñòâî

(3.11)
∥∥U+

h + U−h
∥∥
Lp(Rn+)

≤ C‖f‖Lp(Rn+)

è ïðè h1, h2 → 0

(3.12)
∥∥(U+

h1
+ U−h1

)− (U+
h2

+ U−h2
)
∥∥
Lp(Rn+)

→ 0.

Äîêàçàòåëüñòâî. Ïóñòü χ > 1. Ïðîâåäåì îöåíêó ôóíêöèè U+
h (x, xn) (U−h (x, xn)

îöåíèâàåòñÿ àíàëîãè÷íî). Êàê è â ðàáîòå [8], ââîäÿ îáîçíà÷åíèÿ

K+(ν, x, xn) =

∫
Rn−1

eixξG2(ξ, ν)J+(ξ, xn)θ(xn)dξ

è, ïðèìåíÿÿ íåðàâåíñòâî Ìèíêîâñêîãî, èìååì

∥∥U+
h

∥∥
Lp(Rn+)

≤
h−1∫
1

∥∥∥∥∥∥
∫
Rn

K+(ν, x− y, xn − yn)θ(yn)f(y, yn)dydyn

∥∥∥∥∥∥
Lp(Rn)

dν+

1∫
h

∥∥∥∥∥∥∥
∫
Rn+

K+(ν, x− y, xn − yn)θ(yn)f(y, yn)dydyn

∥∥∥∥∥∥∥
Lp(Rn)

dν = A1,h +A2,h.

Îöåíèì êàæäîå ñëàãàåìîå ïî îòäåëüíîñòè. Ñïåðâà îöåíèì A2h. Ïðèìåíÿÿ íåðà-

âåíñòâî Þíãà, èìååì

A2,h ≤
1∫
h

‖K+(ν, x, xn)‖L1(Rn)dν · ‖f‖Lp(Rn+).

Ïðåäñòàâèì ‖K+(ν, x, xn)‖L1(Rn) â âèäå

‖K+(ν, x, xn)‖L1(Rn) =

∫
Rn

1

1 + ν−N (xNα + xNβ + · · ·+ xNσ1
1 )

·

∣∣∣∣∣∣
∫

Rn−1

(
1 + ν−N

(
DNα
ξ + · · ·+DNσ1

ξ1

))
eixξG2(ξ, ν)J+(ξ, xn)θ(xn)dξ

∣∣∣∣∣∣ dxndx.
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Äàëåå èìååì

A =

∫
R1

∣∣∣∣∣∣
∫

Rn−1

eixξG2(ξ, ν)J+(ξ, xn)θ(xn)dξ

∣∣∣∣∣∣ dxn ≤
C

∞∫
0

∫
Rn−1

ν2k−1(ρN(ξ))
2k
e−(νρN(ξ))2k

∣∣∣∣∣∣∣
∫

Γ+(ξ)

eixnλ

P (λ, ξ)
dλ

∣∣∣∣∣∣∣ dξdxn ≤
C

∫
Rn−1

∞∫
0

ν2k−1(ρN(ξ))
2k
e−(νρN(ξ))2k(ρN(ξ))

1
2m−1

e−δxn(ρN(ξ))
1

2m dxndξ.

Â ïîñëåäíåì èíòåãðàëå îáîçíà÷èâ tn = xn(ρN(ξ))
1

2m è ïðèìåíèâ ëåììó 3.3 (ñì.

íåðàâåíñòâî (3.9)), ïîñëå ïðåîáðàçîâàíèÿ ξ = ν−µ
1

η, ïîëó÷àåì

A ≤ Cν
− max
i=1,...,In−2

|µi|
.

Òåïåðü îöåíèì

B = ν−N
∫
R1

∣∣∣∣∣∣
∫

Rn−1

DNα
ξ eixξG2(ξ, ν)J+(ξ, xn)θ(xn)dξ

∣∣∣∣∣∣ dxn.
Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì èìååì, ÷òî

B ≤ Cν−N
∞∫

0

∫
Rn−1

∑
γ+β=Nα

∣∣∣Dγ
ξ (G2(ξ, ν))

∣∣∣ ·
∣∣∣∣∣∣∣Dβ

ξ

∫
Γ+(ξ)

eixnλ

λ2m + ρN(ξ)
dλ

∣∣∣∣∣∣∣ dξdxn.
Åñëè ïðèìåíèòü çàìåíó ïåðåìåííûõ ξ = ν−µ

i

η (äëÿ íåêîòîðîãî i = 1, . . . , In−2),

òî ïîñëåäíèé èíòåãðàë ïðèìåò âèä

B ≤ Cν−N−|µ
i|+(Nα,µi)·

∞∫
0

∫
Rn−1

∑
γ+β=Nα

∣∣∣∣η−βDγ
η

((
νρN(ν−µ

i

η)
)2k

e
−
(
νρN(ν−µ

i
η)

)2k
)∣∣∣∣ ·∣∣∣∣∣∣∣ηβDβ

η

∫
Γ+(η)

e
i xn

ν
1

2m

ν
1

2m λ

(λν
1

2m )
2m

+ νρN(ν−µiη)
dλ

∣∣∣∣∣∣∣ dηdxn.
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Íàêîíåö, åñëè â êîíòóðíîì èíòåãðàëå ñäåëàòü çàìåíó ïåðåìåííûõ ν
1

2mλ = τ è

ïðèìåíèòü ëåììó 2.1, èìååì

B ≤ Cν−N−|µ
i|− 1

2m+(Nα,µi)·
∞∫

0

∫
Rn−1

∑
γ+β=Nα

∣∣∣∣η−β(νρN(ν−µ
i

η)
)−1

Dγ
η

((
νρN(ν−µ

i

η)
)2k

e
−
(
νρN(ν−µ

i
η)

)2k
)∣∣∣∣ ·

(
νρN(ν−µ

i

η)
) 1

2m

e
− δxn

ν1/(2m)

(
νρN(ν−µ

i
η)

) 1
2m

dηdxn ≤ Cν−N−|µ
i|+(Nα,µi)·∫

Rn−1

∑
γ+β=Nα

∣∣∣∣η−β(νρN(ν−µ
i

η)
)−1

Dγ
η

((
νρN(ν−µ

i

η)
)2k

e
−
(
νρN(ν−µ

i
η)

)2k
)∣∣∣∣ dη.

Ïîñëåäíåå íåðàâåíñòâî ïîëó÷èëè ïîñëå èçìåíåíèÿ ìåñòà èíòåãðèðîâàíèÿ è êàê

âûøå îöåíêè èíòåãðàëà ïî xn. Òåïåðü, òàê êàê (Nα, µi)−N ≥ 0 (i = 1, . . . , In−2)

è äëÿ ëþáîãî α ∈ ∂′N (α, µi) ≤ 1, à ν1−(α,µi) ≤ 1, òî, âûáèðàÿ k íàñòîëüêî

áîëüøèì, ÷òîáû âñå ñòåïåíè η áûëè ïîëîæèòåëüíûìè, èìååì, ÷òî

B ≤ ν
− max
i=1,...,In−2

|µi|
.

Â èòîãå ïîëó÷èì, ÷òî

A2,h ≤ C
1∫
h

ν
− max
i=1,...,In−2

|µi| ∫
Rn−1

dx

1 + ν−N (xNα + xNβ + · · ·+ xNσ)
dν · ‖f‖Lp(Rn+).

Â ïîñëåäíåì èíòåãðàëå ñäåëàâ çàìåíó ïåðåìåííûõ x = νµ
1

t è ïðèìåíèâ ëåììó

1.2 ðàáîòû [13] î òîì, ÷òî èíòåãðàë ïî x ñõîäèòñÿ, èìååì, ÷òî

A2,h ≤ C
1∫
h

ν
− max
i=1,...,In−2

|µi|+|µ1|
dν · ‖f‖Lp(Rn+) ≤ C‖f‖Lp(Rn+),

òàê êàê ïî óñëîâèþ íà ìíîãîãðàííèê N max
i=1,...,In−2

|µi| − min
i=1,...,r+1

|µi| < 1.

Òåïåðü ïåðåõîäèì ê îöåíêå A1,h, ãäå ν > 1. Îïÿòü, ïðèìåíÿÿ íåðàâåíñòâî

Þíãà, ïîëó÷àåì

A1,h ≤
h−1∫
1

‖K+(ν, x, xn)‖Lp(Rn) · ‖f‖L1(Rn+).
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Îöåíèì ïåðâûé ìíîæèòåëü. Èìååì

‖K+(ν, x, xn)‖Lp(Rn+) =

( ∫
Rn−1

∞∫
0

(
1

1 + ν−N (xl11 + · · ·+ x
ln−1

n−1 )

)p
·

∣∣∣∣∣∣
∫

Rn−1

(
1 + ν−N

(
Dl1
ξ1

+ · · ·+D
ln−1

ξn−1

))
eixξG2(ξ, ν)J+(ξ, xn)dξ

∣∣∣∣∣∣
p

dxdxn

) 1
p

.

(3.13)

Äîñòàòî÷íî îöåíèòü îäèí èç èíòåãðàëîâ (îöåíêà îñòàëüíûõ ñëàãàåìûõ ïðîâîäèò-

ñÿ àíàëîãè÷íî).

I1 =

∣∣∣∣∣∣
∫

Rn−1

ν−NDNl1
ξ1

eixξG2(ξ, ν)J+(ξ, xn)dξ

∣∣∣∣∣∣ ≤
Cν−N

∑
γ+β=Nl1

∫
Rn−1

∣∣∣Dγ
ξ1

(
ν2k−1(ρN(ξ))

2k
e−(νρN(ξ))2k

)∣∣∣
∣∣∣∣∣∣∣Dβ

ξ1

∫
Γ+(ξ)

eixnλdλ

λ2m + ρN(ξ)

∣∣∣∣∣∣∣ dξ =

Cν−N
∑

γ+β=Nl1

∫
Rn−1

∣∣∣Dγ
ξ1

(νρN(ξ))
2k
e−(νρN(ξ))2k

∣∣∣
∣∣∣∣∣∣∣Dβ

ξ1

∫
Γ+(ξ)

e
i xn

ν
1

2m

ν
1

2m λ
dλ

(λν
1

2m )
2m

+ νρN(ξ)

∣∣∣∣∣∣∣ dξ.
Åñëè ïîñëå îáîçíà÷åíèÿ â êîíòóðíîì èíòåãðàëå ν

1
2mλ = τ , ñäåëàòü çàìåíó ïåðå-

ìåííûõ ξ = ν−µ
0

η è ïðèìåíèòü ôîðìóëó äèôôåðåíöèðîâàíèÿ (1.8) ðàáîòû [13],

ïîëó÷èì, ÷òî

I1 ≤ Cν−(|µ0|+ 1
2m )·

(3.14)
∑

γ+β=Nl1

∫
Rn−1

η−β
∑

r+σ=γ

C
|r|
|γ|D

r
(
νρN(ν−µ

0

η)
)2k

e
−
(
νρN(ν−µ

0
η)

)2k

·

∑
r1+···+r|σ|=σ

|σ|∏
j=1

Drj

η

(
νρN(ν−µ

0

η)
)2k

·

∣∣∣∣∣∣∣ηβDβ
η

∫
Γ+(η)

e
i xn

ν
1

2m

τ

τ2m + νρN(ν−µ0η)
dτ

∣∣∣∣∣∣∣ dη.
Ïîñëåäíèé ìíîæèòåëü (ïî β) ïî ëåììå 2.1 îöåíèâàåòñÿ âûðàæåíèåì

C
(
νρN(ν−µ

0

η)
) 1

2m−1

e
−δ xn

ν
1

2m

(
νρN(ν−µ

0
η)

) 1
2m

.

Ó÷èòûâàÿ, ÷òî ïðè αi = (0, . . . , 0, li, 0, . . . , 0) (αi, µ0) = 1 (i = 1, . . . , n), à äëÿ

ìóëüòèàíèçîòðîïíîé âåðøèíû α = (α1, . . . , αn−1): (α, µ0) > 1, ñëåäîâàòåëüíî,

ïðè ν > 1 ν1−(α,µ0) < 1, òî, ïîäáèðàÿ k íàñòîëüêî áîëüøèì, ÷òîáû â ïåðâîì
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ìíîæèòåëå ôîðìóëû (3.14) ñòåïåíè η áûëè ïîëîæèòåëüíûìè, ïîëó÷èì, ÷òî ïðè

íåêîòîðîé ïîñòîÿííîé C > 0

I1 ≤ Cν−(|µ0|+ 1
2m )·∫

Rn−1

(
νρN(ν−µ

0

η)
) 1

2m

ηρe
−
(
η
l1
1 +···+η

ln−1
n−1

)2k

e
−δ xn

ν
1

2m

(
νρN(ν−µ

0
η)

) 1
2m

dη1 . . . dηn−1,

ãäå ρ = (ρ1, . . . , ρn−1) íåêîòîðûé ìóëüòèèíäåêñ, êîòîðûé ïîëó÷àåòñÿ ïðè ãðóï-

ïèðîâêè ñòåïåíåé ξi (i = 1, . . . , n− 1).

Ïîñòàâëÿÿ îöåíêè äëÿ Ik (k = 1, . . . , n− 1) â ôîðìóëå (3.13) è ïðèìåíÿÿ îáîá-

ùåííîå íåðàâåíñòâî Ìèíêîâñêîãî, èìååì, ÷òî

‖K+(ν, x, xn)‖Lp(Rn+) ≤ Cν
−(|µ0|+ 1

2m )

 ∫
Rn−1

 dx

1 + ν−N
(
xNl11 + · · ·+ η

Nln−1

n−1

)
p

1
p

·

∫
Rn−1

 ∞∫
0

((
νρN(ν−µ

0

η)
) 1

2m

ηρe
−
(
η
l1
1 +···+η

ln−1
n−1

)2k

e
−δ xn

ν
1

2m

(
νρN(ν−µ

0
η)

) 1
2m
)p
dxn

 1
p

dξ.

Â ïîñëåäíåì èíòåãðàëå, åñëè ñäåëàòü çàìåíó ïåðåìåííûõ x = νµ
0

τ , xn = ν
1

2m τn

è ó÷èòûâàòü, ÷òî èíòåãðàë ïî ξ ñõîäèòñÿ, òî ïîñëå âûáîðà íàòóðàëüíîãî ÷èñëà

N òàêèì, ÷òîáû èíòåãðàë ïî x òîæå áûë ñõîäÿùèìñÿ, èìååì, ÷òî

‖K+(ν, x, xn)‖Lp(Rn+) ≤ Cν
−(|µ0|+ 1

2m )+(|µ0|+ 1
2m ) 1

p ,

òî åñòü

A1,h ≤ C
h−1∫
1

ν−(|µ0|+ 1
2m )+(|µ0|+ 1

2m ) 1
p dν · ‖f‖L1(Rn+).

Òàê êàê ïî ïðåäïîëîæåíèþ χ = |µ0| + 1
2m −

(
|µ0|+ 1

2m

)
1
p > 1, òî èíòåãðàë ïî ν

ñõîäèòñÿ. Â èòîãå èìååì, ÷òî A1,h ≤ C.
Ïóñòü òåïåðü χ ≤ 1 è L òàêîå ÷èñëî, ÷òî âûïîëíÿþòñÿ óñëîâèÿ (1.7). Òàê

êàê ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì îðòîãîíàëüíîñòè (1.6), òî f̂(ξ, yn) ìîæíî

ïðåäñòàâèòü â âèäå

f̂(ξ, yn) =

1∫
0

· · ·
1∫

0

 ∫
Rn−1

e−iλL...λ1yξ(−iyξ)Lf(y, yn)dy

λn−1λ
2
n−2 . . . λ

L−1
1 dλL . . . dλ1.

64



ÊÎÐÐÅÊÒÍÀß ÐÀÇÐÅØÈÌÎÑÒÜ ÇÀÄÀ×È ÄÈÐÈÕËÅ ...

Òîãäà, ïðèìåíÿÿ íåðàâåíñòâî Ìèíêîâñêîãî äëÿ A1,h, èìååì

A1,h ≤ C
∑
|β|=L

h−1∫
1

1∫
0

· · ·
1∫

0

∥∥∥∥∥
∫
Rn

∫
Rn−1

ei(x−λL...λ1y)ξG2(ξ, ν)yβ(iξ)
β
θ(xn − yn)·

λL−1λ
2
L−2 . . . λ

L−1
1 θ(yn)f(y, yn)dξdydyn

∥∥∥∥∥
Lp(Rn)

dλL . . . dλ1dν.

Îòñþäà, ïðèìåíÿÿ íåðàâåíñòâî Þíãà, ïîëó÷èì

A1,h ≤ C
∑
|β|=L

h−1∫
1

∥∥∥∥∥∥
∫

Rn−1

eixξG2(ξ, ν)(iξ)
β
θ(xn)J+(ξ, xn)dξ

∥∥∥∥∥∥
Lp(Rn)

dν·

(3.15)
∥∥yβf(y, yn)

∥∥
L1(Rn)

.

Íîðìà ïî Lp(Rn+) â (3.15) îöåíèâàåòñÿ êàê âûðàæåíèå K+(ν, x, xn) â ëåììå 3.5,

îòêóäà äëÿ äàííîé íîðìû èìååì îöåíêó (ïðè ν > 1)

Cν−((|µ0|+ 1
2m )+(β,µ0))+(|µ0|+ 1

2m ) 1
p .

Ñëåäîâàòåëüíî, èíòåãðàë ïî ν áóäåò ñõîäèòñÿ, åñëè χ + (β, µ0) > 1. Íî òàê êàê

ïî óñëîâèþ (1.7) χ+ (β, µ0) > χ+ |β|µ0
min = χ+ Lµ0

min > 1, òî ïî âûáîðó ÷èñëà

L èìååì, ÷òî èíòåãðàë ïî ν ñõîäèòñÿ, è åñëè ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèÿì

îðòîãîíàëüíîñòè (1.6), òî

A1,h ≤ C
∑
|β|=L

∥∥yβf(y, yn)
∥∥
L1(Rn+)

.

Äîêàçàòåëüñòâî íåðàâåíñòâà (3.11) äëÿ íîðìû
∥∥U−h ∥∥Lp(Rn)

è íåðàâåíñòâà (3.12)

ïðîâîäèòñÿ àíàëîãè÷íî. �

Íàêîíåö äëÿ îöåíêè Ujh(x, xn) (j = 1, . . . ,m) èìååì

Ëåììà 3.6. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû 3.3. Òîãäà ñóùåñòâóåò ïî-

ñòîÿííàÿ C = C(K) > 0, ÷òî äëÿ ëþáîãî h > 0

(3.16) ‖Ujh‖Lp(Rn+) ≤ C‖f‖Lp(Rn+), (j = 1, . . . ,m)

è ïðè h1, h2 → 0

(3.17) ‖Ujh1
− Ujh2

‖Lp(Rn+) → 0.
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Äîêàçàòåëüñòâî íå îòëè÷àåòñÿ îò äîêàçàòåëüñòâ ïðåäûäóùèõ ëåìì ñ ïðèìåíå-

íèåì ëåììû ðàáîòû [8], ïîýòîìó åå ìû îïóñêàåì.

Òåïåðü ìû ãîòîâû äîêàçàòü, ÷òî ôóíêöèè Uh(x, xn) ÿâëÿþòñÿ ïðèáëèæåííûìè

ðåøåíèÿìè íàøåé çàäà÷è, òî åñòü èìååò ìåñòî

Ëåììà 3.7. Åñëè h→ 0, òî

(3.18) ‖P (Dx, Dxn)Uh − f‖Lp(Rn+) → 0

è äëÿ ëþáîãî h > 0

(3.19)

(
∂

∂xn

)j−1

Uh(x, xn)

∣∣∣∣
xn=0

= 0, (j = 1, . . . ,m).

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ôóíêöèè Uh(x, xn) (ñì. ôîðìóëó (2.7)) èìååì

P (Dx, Dxn)Uh = P (Dx, Dxn)(U+
h + U−h ) +

m∑
k=1

P (Dx, Dxn)Ukh.

Èç îïðåäåëåíèÿ ôóíêöèé Jj(ξ, xn) (j = 1, . . . ,m) ñëåäóåò, ÷òî P (ξ,Dxn)Jj(ξ, xn) ≡
0 (j = 1, . . . ,m). Îñòàåòñÿ îöåíèòü ïåðâîå ñëàãàåìîå. Ïðèìåíÿÿ íà ôóíêöèè

U+
h + U−h îïåðàòîð P (Dx, Dxn) è ó÷èòûâàÿ ëåììó 2.2 (ñì. ôîðìóëû (2.5), (2.6)),

ïîëó÷èì, ÷òî

(3.20)

P (Dx, Dxn)(U+
h + U−h ) =

1

2πn−1

h−1∫
h

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)f(y, xn)dξdydν.

Ïî èíòåãðàëüíîìó ïðåäñòâëåíèþ (2.1) ïðàâàÿ ÷àñòü ôîðìóëû (3.20) ïî÷òè âñþäó

ñòðåìèòñÿ ê f(x, xn) ïðè h → 0, îòêóäà ñëåäóåò ñîîòíîøåíèå (3.18). Äîêàæåì

ñîîòíîøåíèå (3.19). Êàê ýòî äåëàëè ïðè äîêàçàòåëüñòâå ëåììû 3.1, ïðèáàâëÿÿ è

îòíèìàÿ ê Uh(x, xn)− y âûðàæåíèå

1

2πn−1

h−1∫
h

xn∫
0

ei(x−y)ξG2(ξ, ν)I−(ξ, xn − yn)f(y, yn)dξdydyndν

è, ïðèìåíÿÿ ëåììó 2.2 (ôîðìóëó (2.5)), èìååì(
∂

∂xn

)j−1

(U+
h + U−h )

∣∣∣∣
xn=0

=

(3.21) − 1

2πn−1

h−1∫
h

∞∫
0

∫
Rn−1

∫
Rn−1

ei(x−y)ξG2(ξ, ν)Ij(ξ, yn)f(y, yn)dξdydyndν.
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Òåïåðü âû÷èñëèì

(3.22)

(
∂

∂xn

)j−1 m∑
k=1

Uhk(x, xn)

∣∣∣∣
xn=0

, (j = 1, . . . ,m).

Èç îïðåäåëåíèÿ ôóíêöèé Uhk(x, xn) (k = 1, . . . ,m) è èç ëåììû 2.2 (ñì. ôîðìóëó

(2.6)) ïîñëå âû÷èñëåíèÿ (3.22) ïîëó÷èì ôîðìóëó (3.21), íî ñî çíàêîì ìèíóñ. Òî

åñòü äåéñòâèòåëüíî âûïîëíÿþòñÿ ñîîòíîøåíèÿ (3.19). �

4. Äîêàçàòåëüñòâà îñíîâíûõ òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 1.1. Èç ëåìì 3.1, 3.2, 3.5 è 3.6 ñëåäóåò, ÷òî ñóùå-

ñòâóåò ôóíêöèÿ U(x, xn) ∈ WM
p (Rn+) òàêàÿ, ÷òî ‖Uh − U‖WM

p (Rn+) ïðè h → 0, è

äëÿ íåêîòîðîé ïîñòîÿííîé C > 0 èìååò ìåñòî íåðàâåíñòâî (1.5). Â ñèëó ëåììû

3.7 ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1.3)-(1.4), ïðèáëèæåííûìè ðåøåíèÿ-

ìè êîòîðîãî ÿâëÿþòñÿ ôóíêöèè Uh(x, xn), çàäàâàåìûå ôîðìóëîé (2.7). Äîêàæåì

åäèíñòâåííîñòü ýòîãî ðåøåíèÿ. Òî åñòü äîêàæåì, ÷òî îäíîðîäíàÿ çàäà÷à (1.3)-

(1.4) èìååò íóëåâîå ðåøåíèå. Ïðèìåíèì ìåòîäû ðàáîò [8] è [18]. Ïóñòü ñíà÷àëà

ðåøåíèå U(x, xn) ∈WM
p (Rn+) êðàåâîé çàäà÷è (1.3)-(1.4) èìååò êîìïàêòíûé íîñè-

òåëü. Òîãäà, ïðèìåíÿÿ ïðåîáðàçîâàíèå Ôóðüå ïî x, èìååì, ÷òî

P (ξ,Dxn)Û(ξ, xn) = 0, xn > 0

(
∂

∂xn

)j−1

Û(ξ, xn)

∣∣∣∣
xn=0

= 0, (j = 1, . . . ,m)

è |Û(ξ, xn)| → 0 ïðè xn → +∞. Òàê êàê äëÿ ëþáîãî ξ ∈ Rn−1 \ {0} âûïîëíÿþòñÿ
ãðàíè÷íûå óñëîâèÿ, òî Û(ξ, xn) = 0 ïðè ξ 6= 0. Â ñèëó íåïðåðûâíîñòè ñëåäóåò, ÷òî

U(x, xn) ≡ 0. Òî åñòü ðåøåíèå çàäà÷è (1.3)-(1.4), èìåþùèé êîìïàêòíûé íîñèòåëü

ïî x, åäèíñòâåííîå. Ïî íåðàâåíñòâó Ôðèäðèõñà

(4.1) ‖U‖Lp(Rn+) ≤ C
∑
α∈∂′N

‖DαU‖Lp(Rn+) ≤ C1‖P (Dx, Dxn)U‖Lp(Rn).

Ðàññìîòðèì îáùèé ñëó÷àé. Ïóñòü f(x, xn) ≡ 0. Ïîêàæåì, ÷òî äëÿ ëþáîãî ðåøå-

íèÿ çàäà÷è (1.3)-(1.4) â ëþáîì êîìïàêòå K ⊂ Rn−1
+ ‖U‖Lp(R1

+×K) = 0. Òàê êàê

U ∈ WM
p (Rn+), òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò Uε ∈ WM

p (Rn+) òàêàÿ, ÷òî åå íî-

ñèòåëü ïî x ïðèíàäëåæèò K è ‖U − Uε‖WM
p (R1

+×K) < ε. Ñëåäîâàòåëüíî, èç (4.1),
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ó÷èòûâàÿ, ÷òî P (Dx, Dxn)U = 0, èìååì, ÷òî

‖U‖Lp(R1
+×K) ≤ ‖U − Uε‖Lp(R1

+×K) + ‖Uε‖Lp(R1
+×K) ≤ ε+ C‖P (Dx, Dxn)Uε‖Lp(R1

+×K)

= C‖P (Dx, Dxn)(U − Uε)‖Lp(R1
+×K) + ε ≤ C‖U − Uε‖WM

p (R1
+×K) + ε ≤ (C + 1)ε.

Äëÿ ëþáîãî K ⊂ Rn−1, òî åñòü U ≡ 0 â Rn+, è òåîðåìà 1.1 äîêàçàíà.

Òåîðåìà 1.2 äîêàçûâàåòñÿ àíàëîãè÷íûì îáðàçîì.

Abstract. In this paper we study the Dirichlet problem in the half-space for regular

hypoelliptic equations. Applying a special integral representation, we construct approximate

solutions for this problem and thereby prove correct solvability of the problem.
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íàÿ ïîëóãðóïïà.

1. Ââåäåíèå

Èçâåñòíî [1, 2], ÷òî åñëè â q-àëãåáðå èëè e-àëãåáðå âûïîëíÿåòñÿ íåòðèâèàëüíîå

ñâåðõòîæäåñòâî àññîöèàòèâíîñòè, òî îíî ìîæåò áûòü îäíîãî èç ñëåäóþùèõ âèäîâ:

X(Y (x, y), z) = Y (x,X(y, z)), (ass)1

X(Y (x, y), z) = X(x, Y (y, z)), (ass)2

X(X(x, y), z) = Y (x, Y (y, z)) (ass)3,

(çäåñü X,Y � ôóíêöèîíàëüíûå ïåðåìåííûå, à x, y, z � ïðåäìåòíûå ïåðåìåííûå).

Ïîíÿòèå èíòåðàññîöèàòèâíîñòè âïåðâûå ââåë Çóïíèê â ðàáîòå [3]. Â äàëüíåé-

øåì îíî ðàñøèðÿëîñü â ðàáîòàõ [4 � 10]. Â èòîãå ïîëó÷èëîñü ñëåäóþùåå îïðåäå-

ëåíèå äëÿ ïîëóãðóïï.

Îïðåäåëåíèå 1.1. Ïîëóãðóïïà Q(◦) íàçûâàåòñÿ èíòåðàññîöèàòèâíîé ê ïîëó-

ãðóïïå Q(·), åñëè âûïîëíÿþòñÿ ñëåäóþùèå òîæäåñòâà:

x · (y ◦ z) = (x · y) ◦ z,(1.1)

x ◦ (y · z) = (x ◦ y) · z.(1.2)

1Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Êîìèòåòà ïî íàóêå Ðåñïóáëèêè
Àðìåíèÿ, ãðàíòû 10-3/1-41, 18Ò - 1À306.
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Åñëè åùå âûïîëíÿåòñÿ òîæäåñòâî

x ◦ (y · z) = (x · y) ◦ z,

òî ïîëóãðóïïà Q(◦) íàçûâàåòñÿ ñèëüíî èíòåðàññîöèàòèâíîé ê ïîëóãðóïïå Q(·).
Çäåñü âûïîëíÿåòñÿ òàêæå ñëåäóþùåå òîæäåñòâî:

x · (y ◦ z) = (x · y) ◦ z = x ◦ (y · z) = (x ◦ y) · z.

Äàäèì áîëåå îáùåå îïðåäåëåíèå.

Îïðåäåëåíèå 1.2. Äëÿ çàäàííûõ i, j = 1, 2, 3 ïîëóãðóïïó Q(◦) ìû íàçîâåì

{i, j}-èíòåðàññîöèàòèâíîé ê ïîëóãðóïïå Q(·), åñëè â àëãåáðå Q(◦, ·) ñ äâóìÿ áè-

íàðíûìè îïåðàöèÿìí âûïîëíÿþòñÿ ñâåðõòîæäåñòâà àññîöèàòèâíîñòè (ass)i

è (ass)j. Åñëè i = j, òî áóäåì ãîâîðèòü ïðîñòî î {i}-èíòåðàññîöèàòèâíîñòè.
Ìíîæåñòâî âñåõ ïîëóãðóïï {i, j}-èíòåðàññîöèàòèâíûõ ê ïîëóãðóïïå Q(·) oáî-

çíà÷èì ÷åðåç Int{i,j}Q(·); åñëè i = j, òî ïèøåì ïðîñòî: Int{i}Q(·).

Â äàííîì âûøå îïðåäåëåíèè, ïîñòàâèâ i = j = 1 è i = 1, j = 2, ïîëó÷èì ïîíÿ-

òèÿ èíòåðàññîöèàòèâíîñòè è ñèëüíîé èíòåðàññîöèàòèâíîñòè, ñîîòâåòñòâåííî.

Ïóñòü X ïðîèçâîëüíîå íåïóñòîå ìíîæåñòâî. Ñâîáîäíóþ ïîëóãðóïïó è ñâîáîä-

íóþ êîììóòàòèâíóþ ïîëóãðóïïó íàä àëôàâèòîì X îáîçíà÷èì, ñîîòâåòñòâåííî,

÷åðåç F(X)(·) è FC(X)(·). Ñâîáîäíóþ ïîëóãðóïïó ñ åäèíèöåé îáîçíà÷èì ÷åðåç

F1(X)(·). Äëÿ ïîëóãðóïïû Q(·) è åå ôèêñèðîâàííîãî ýëåìåíòà x ∈ Q ìîæíî

îïðåäåëèòü áèíàðíóþ îïåðàöèþ

a ∗x b = a · x · b, äëÿ ëþáûõ a, b ∈ Q.

Â èòîãå ïîëó÷èì ïîëóãðóïïó Q(∗x), êîòîðàÿ íàçûâàåòñÿ âàðèàíòîì ïîëóãðóïïû

Q(·) [1, 11].

Ïîíÿòèå âàðèàíòà èìååò òåñíóþ ñâÿçü ñ ïîíÿòèåì {i, j}-èíòåðàññîöèàòèâíîñòè.
Â ðàáîòàõ Ãîðáàòêîâà [12, 13] äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1.1. Äëÿ |X| > 4 èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

Int{1}FC(X)(·) = Int{1,2}FC(X)(·) = {FC(X)(∗x) |x ∈ FC(X)} ∪ {FC(X)(·)}.

Òåîðåìà 1.2. Ïîëóãðóïïà F(X)(◦) {1}-èíòåðàññîöèàòèâíà ê F(X)(·) òîãäà è

òîëüêî òîãäà, êîãäà

u ◦ w = u`(u
(1) ◦ w(0))wr, äëÿ âñåõ u,w ∈ F(X),
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ãäå u(1) � ïîñëåäíÿÿ áóêâà ñëîâà u, w(0) � ïåðâàÿ áóêâà ñëîâà w, à u`, wr � ñëîâà,

ïîëó÷àþùèåñÿ èç ñëîâ u, w ñîêðàùåíèåì áóêâ u(1), w(0) ñîîòâåòñòâåííî.

Â ðàáîòå [14] ðàññìîòðåíà {3}-èíòåðàññîöèàòèâíîñòü, ãäå ïîëó÷åí ñëåäóþùèé

ðåçóëüòàò.

Òåîðåìà 1.3. Åñëè Q(◦) ∈ Int{3}Q(·) è âûïîëíÿåòñÿ ñëåäóþùåå êâàçèòîæäå-

ñòâî:

x · x = y · y ⇒ x = y,

òî ïîëóãðóïïû Q(◦) è Q(·) ñîâïàäàþò.

2. Îñíîâíûå ðåçóëüòàòû

Â ýòîì ðàçäåëå äëÿ ïðîèçâîëüíîãî ìíîæåñòâà X ìû ïîëó÷àåì îïèñàíèå ìíî-

æåñòâ Int{2}F(X)(·), Int{1,2}F(X)(·), Int{3}F(X)(·), Int{3}FC(X)(·) è îïèñàíèå

Int{2}FC(X)(·), êîãäà |X| > 4.

Ñïåðâà äîêàæåì ñëåäóþùèå ëåììû:

Ëåììà 2.1. Ïóñòü Q(◦) ∈ Int{2}Q(·). Äîïóñòèì, ÷òî äëÿ íåêîòîðîãî a ∈ Q

îòîáðàæåíèå χa : Q→ Q, χa(x) = ax èíúåêòèâíî. Òîãäà Q(◦) ∈ Int{1}Q(·).

Äîêàçàòåëüñòâî. Èìååì ñëåäóþùèå òîæäåñòâà

(x ◦ y)z = x(y ◦ z),(2.1)

(xy) ◦ z = x ◦ (yz).(2.2)

Òîãäà èç öåïî÷êè ðàâåíñòâ

x((yz) ◦ t) (2.1)= (x ◦ (yz))t
(2.2)
= ((xy) ◦ z)t (2.1)= xy(z ◦ t) = x(y(z ◦ t))

è èç óñëîâèé ëåììû, ïîëó÷àåì

(yz) ◦ t = y(z ◦ t),

ò.å. òîæäåñòâî (1.1), èç êîòîðîãî âìåñòå ñ òîæäåñòâàìè (2.1), (2.2) âûòåêàåò òîæ-

äåñòâî (1.2), à òîæäåñòâà (1.1), (1.2) âìåñòå ñ ïîëóãðóïïîâûìè òîæäåñòâàìè àñ-

ñîöèàòèâíîñòè äàþò ñâåðõòîæäåñòâî (ass)1. �

Åñëè â îïðåäåëåíèè îòîáðàæåíèÿ χa êàæäûé ýëåìåíò óìíîæèòü ñïðàâà íà

a è òðåáîâàòü ñîîòâåòñòâóþùåå óñëîâèå, òîãäà äîêàçàòåëüñòâî ñîîòâåòñòâóþùåé

ëåììû ìîæíî ïðîâåñòè àíàëîãè÷íî.
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Ëåììà 2.2. Åñëè Q(◦) ∈ Int{2}Q(·), òî â àëãåáðå Q(◦, ·) èìååò ìåñòî òîæäå-

ñòâî

(a ◦ b)cd = ab(c ◦ d).

Äîêàçàòåëüñòâî. Èìååì

(a ◦ b)cd (2.1)= a(b ◦ c)d (2.1)= ab(c ◦ d). �

Òåîðåìà 2.1. Ïðè |X| > 3 èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà

Int{2}F(X)(·) = Int{1,2}F(X)(·) = {F(X)(·)}.

Äîêàçàòåëüñòâî. Ïåðâîå ðàâåíñòâî ñëåäóåò èç Ëåììû 2.1. Âîçüìåì a, b ∈ X,

a 6= b è èñïîëüçóåì Ëåììó 2.2. Èç òîæäåñòâà

(2.3) (a ◦ b)ab = ab(a ◦ b)

ñëåäóåò:

a ◦ b = abϕ(a, b), ϕ : X ×X → F1(X),

a ◦ b = ψ(a, b) ab, ψ : X ×X → F1(X).

Ïîäñòàâëÿÿ ïîñëåäíèå ðàâåíñòâà â (2.3), ïîëó÷àåì

ϕ(a, b) = ψ(a, b), a 6= b, ∀a, b ∈ X.

Âûáåðåì åùå c, d ∈ X, c 6= d è ïî ëåììå 2.2 èìååì

(a ◦ b)cd = ab(c ◦ d),

ab ϕ(a, b) cd = abϕ(c, d) cd ⇒ ϕ(a, b) = ϕ(c, d),

è ϕ ïîñòîÿííîå îòîáðàæåíèå, åñëè åå àðãóìåíòû íå ñîâïàäàþò. Ïóñòü

ϕ(a, b) = x ∈ F1(X) a, b ∈ X, a 6= b,

a ◦ b = abx = xab.

Ïóñòü a, b, c ∈ X, a 6= b, b 6= c. Èñïîëüçóÿ (2.1), ïîëó÷àåì

(a ◦ b)c = a(b ◦ c) ⇒ abxc = abcx ⇒ xc = cx.

Èíäóêöèåé ïî äëèíå ñëîâà x, ëåãêî âûâîäèì x = cn, n ∈ N. Åñëè c = a, òîãäà

x = am, m ∈ N, à åñëè c = d, ãäå d 6= a è d 6= b, òî ïîëó÷èì x = dk, k ∈ N.
Ñëåäîâàòåëüíî, x = ∅. Äàëåå x = ∅ ⇒ a ◦ b = ab, ãäå a 6= b.

Åñëè a 6= c, òî èç (2.1) èìååì:

(a ◦ a)c = a(a ◦ c) = aac ⇒ a ◦ a = aa
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è îïåðàöèè ◦ è · ñîâïàäàþò íà ìíîæåñòâå X×X, íî ïî òåîðåìå 1.2 îíè ñîâïàäàþò

è íà ìíîæåñòâå F(X)× F(X). �

Íåòðóäíî çàìåòèòü, ÷òî FC(X)(·) òàêæå óäîâëåòâîðÿåò óñëîâèþ Ëåììû 2.1 è

ñ ó÷åòîì òåîðåìû 1.1 çàêëþ÷àåì ÷òî ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.2. Ïðè |X| > 4 èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

Int{2}FC(X)(·) = {FC(X)(∗x) |x ∈ FC(X)} ∪ {FC(X)(·)}.

Â ðàáîòå Ãîðáàòêîâà [13] îïèñàíî ìíîæåñòâî Int{1}F(X) â ñëó÷àå, êîãäà |X| =
2. Èñïîëüçóÿ ýòîò ìåòîä, ïðÿìîé ïðîâåðêîé óáåæäàåìñÿ, ÷òî òåîðåìà 2.1 âåðíà

è â ñëó÷àå, êîãäà |X| = 2.

Òåîðåìà 2.3. Ïðè |X| = 2 èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

Int{2}F(X)(·) = Int{1,2}F(X)(·) = {F(X)(·)}.

Òåîðåìà 2.4. Ïóñòü |X| = 1 è X = {a}. Òîãäà èìååì Int{1}F(X)(·) = Int{2}F(X)(·) =

Int{1,2}F(X)(·) = {F(X)(∗x) |x ∈ FC(X)} ∪ {F(X)(·)} ∪ {F(X)(∆)}, ãäå am∆an =

am+n−1, m,n ∈ N.

Äîêàçàòåëüñòâî. Ïåðâîå è âòîðîå ðàâåíñòâà âûòåêàþò èç Ëåììû 2.1 è èç êîììó-

òàòèâíîñòè îïåðàöèè. Ïðåäïîëîæèì, ÷òî F(X)(◦) ∈ Int{1}F(X)(·). Ïðè m,n > 1

èìååì am ◦ an = (am−1a) ◦ an (1.1)
= am−1(a ◦ an) = am−1(a ◦ (aan−1))

(1.2)
= am−1(a ◦

a)an−1. Åñëè m = 1 èëè n = 1, òî ýòî ðàâåíñòâî î÷åâèäíî. Ðàññìîòðèì ñëåäóþ-

ùèå ñëó÷àè:

(i) a ◦ a = a ⇒ am ◦ an = am+n−1 = am∆an, ò.å. ïîëó÷àåì ïîëóãðóïïó

F(X)(∆).

(ii) a ◦ a = aa. Â ýòîì ñëó÷àå îïåðàöèè ◦ è · ñîâïàäàþò.
(iii) a ◦ a = ak, k > 2, òîãäà am ◦ an = amak−2an.

Îáîçíà÷èì ak−2 = x è çàêëþ÷àåì, ÷òî ïîëóãðóïïû F(X)(◦) è F(X)(∗x) ñîâïàäà-

þò. �

Â çàêëþ÷åíèè çàìåòèì, ÷òî ïîëóãðóïïû F(X)(·) è FC(X)(·) óäîâëåòâîðÿþò

òðåáîâàíèþ òåîðåìû 1.3 è, ñëåäîâàòåëüíî, âåðíû ñëåäóþùèå ðàâåíñòâà:

Int{3}F(X)(·) = {F(X)(·)}, Int{3}FC(X)(·) = {FC(X)(·)}.
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Abstract. In this paper the concept of interassociativity via hyperidentities of

associativity is extended and characterized the semigroups which are {i, j}-interassociative
to free semigroups and free commutative semigroups, where i, j = 1, 2, 3.
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Abstract. In this paper, we prove a di�erence analogue of Cartan's second main

theorem for a meromorphic mapping on Cm intersecting a �nite set of �xed hyperplanes

in general position on Pn(C). As an application, we prove a uniqueness theorem for a

class of holomorphic curves by inverse images of n+ 4 hyperplanes. Òhis result is so far

the best result about the uniqueness problem for holomorphic curves by inverse images

of hyperplanes.
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1. Introduction and main results

Recently, Nevanlinna theory have been studied for di�erence operators. In 2006,

R. Halburd and R. Korhonen [6, 7] have built the second main theorem for a

di�erence operator of meromorphic functions. Since then, many authors have studied

applications of Nevanlinna theory for di�erence operators. In 2014, R. Halburd, R.

Korhonen and K. Tohge [8] proved a di�erence analogue of Cartan's second main

theorem for holomorphic curves. In 2016, T. B. Cao and R. Korhonen [1] gave

a new version of the di�erence second main theorem for meromorphic mappings

intersecting hyperplanes in several complex variables.

However, to the best of our knowledge, a little is known concerning uniqueness

problem of holomorphic curves by applying di�erence second main theorems. When

one applies inequalities of type second main theorem, it is often crucial to have

an inequality with truncated counting functions. For instance, all the existing

constructions of unique range sets depend on the second main theorem with truncated

counting functions. The above quoted results motivate us to consider the di�erence

second main theorem for holomorphic curves intersecting hyperplanes with the

level of truncation. In order to reduce the number of hyperplanes in the uniqueness

problem, we �rst establish a di�erence analogue of Cartan's second main theorem

1The research was sponsored by China/Shandong University International Postdoctoral
Exchange Program.
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with truncated level 1. As an application of this result, we prove a uniqueness

theorem for holomorphic curves by inverse images of n+ 4 hyperplanes.

To state our results, we �rst recall some notation and notions from Nevanlinna

theory. We set

|z|2 =

m∑
j=1

|zj |2 for all z = (z1, . . . , zm) ∈ Cm,

Sm(r) = {z ∈ Cm : |z| = r}, Bm(r) = {z ∈ Cm : |z| ≤ r},

d = ∂ + ∂, dc =
1

4πi
(∂ − ∂),

ωm = ddc log |z|2, σm = dc log |z|2 ∧ ωmm−1(z), νm(z) = ddc|z|2.

Let ν be a divisor in Cm. We set suppν = {z : ν(z) 6= 0}, and de�ne the counting

function of ν by

Nν(r) =

∫ r

1

n(t)

t2m−1
dt, 1 < r < +∞,

where n(t) =
∫
suppν∩Bm(t)

νm−1m for m ≥ 2, and n(t) =
∑
|z|≤t ν(z) for m = 1. Let

M be a positive integer, we de�ne νM by νM (z) = min{M,ν(z)} and the counting

function of νM by

NM
ν (r) =

∫ r

1

nM (t)

t2m−1
dt, 1 < r < +∞,

where nM (t) =
∫
suppmin{M,ν}∩Bm(t)

νm−1m form ≥ 2, and nM (t) =
∑
|z|≤t min{M,ν(z)}

for m = 1. When M = 1, we get the reduced counting function Nν(r).

Let F be a nonzero holomorphic function on Cm. For a set α = (α1, . . . , αm) of

nonnegative integers, we set |α| = α1 + · · · + αm and D|α|F =
∂|α|

∂α1z1 . . . ∂αmzm
.

We de�ne the zero divisor νF of F by

νF = max{p : D|α|F (z) = 0 for all α : |α| < p}.

Let φ be a nonzero meromorphic function on Cm. For each z0 ∈ Cm, the zero

divisor νφ of φ is de�ned as follows. We choose nonzero holomorphic functions F

and G de�ned on a neighborhood U of z0 such that φ =
F

G
on U and dim(F−1(0)∩

G−1(0)) ≤ m − 2, then we put νφ = νφ=0 = νF , and νφ=∞ = νG is called the

polar divisor of φ. For each a ∈ P1(C) with φ−1(a) 6= Cm, the counting function of

an a-point of φ is de�ned as follows. We denote by νφ(a) the a-divisor of φ. This

means that if φ = (φ0 : φ1) is an expression reducing φ, then the a-divisor νφ(a)

is the divisor associated with the holomorphic function φ1 − aφ0. Thus, we have

νφ(a) =
∑
z∈Cm νφ1−aφ0

(z). We de�ne

nφ(r, a) =

∫
suppνφ(a)∩Bm(r)

νφ(a)νm−1m
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outside a set analysis of codimension 2, that is, dim((φ1 − aφ0)−1(0) ∩ φ−10 (0)) ≤
m − 2 for all m ≥ 1 and r > 0, where suppνφ(a) denotes the closure of the set

{z ∈ Cm : νφ(a)(z) 6= 0}. The counting function of an a-point of φ is de�ned by

Nφ(r, a) =

∫ r

1

nφ(t, a)

t2m−1
dt.

The proximity function of φ is de�ned by

mφ(r, a) =


∫
Sm(r)

log+ 1

|φ(z)− a|
σm(z), a 6=∞∫

Sm(r)
log+ |φ(z)|σm(z), a =∞

.

The characteristic function of φ is de�ned by Tφ(r) = mφ(r,∞) + Nφ(r,∞). We

also de�ne Tφ(r, a) := mφ(r, a) + Nφ(r, a), a 6= ∞. In some cases, we also use

the notation: Tφ(r, a) = T (r,
1

φ− a
) and mφ(r, a) = m(r,

1

φ− a
). The �rst main

theorem states that Tφ(r, a) = Tφ(r)+O(1). The di�erence operator of a meromorphic

function φ is de�ned by

∆c(φ) = φ(z1 + c1, . . . , zm + cm)− φ(z1, . . . , zm),

where c = (c1, . . . , cm) ∈ Cm. The hyper-order of φ is de�ned by

ς(φ) = lim sup
r→∞

log log Tφ(r)

log r
.

Let f be a meromorphic map of Cm into Pn(C). For arbitrary �xed homogeneous

coordinates of Pn(C), we can choose holomorphic functions f0, f1, . . . , fn de�ned

on Cm such that If = {z ∈ Cm : f0(z) = · · · = fn(z) = 0} is of dimension at most

m− 2 and f = (f0 : · · · : fn). Usually, the function f̃ = (f0, . . . , fn) : Cm −→ Cn+1

is called a reduced representation of f. Set ||f̃(z)|| = max{|f0(z)|, . . . , |fn(z)|}. The
characteristic function of f is de�ned by

Tf (r) =

∫
Sm(r)

log ||f̃(z)||σm(z),

where the above de�nition is independent (up to an additive constant) of the choice

of the reduced representation of f. The order of f and the hyper-order f of are

de�ned by

σ(f) = lim sup
r→∞

log Tf (r)

log r
and ς(f) = lim sup

r→∞

log log Tf (r)

log r
,

respectively.

Let H be a hyperplane in Pn(C), and let

L(z0, . . . , zn) =

n∑
j=0

ajzj
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be a linear form de�ned on H, where aj ∈ C, j = 0, . . . , n, are constants. Denote

by a = (a0, . . . , an) the non-zero vector associated with H, and de�ne

L(f̃) = (H, f) = (a, f̃) =

n∑
j=0

ajfj .

Under the assumption that (a, f̃) 6≡ 0 for 1 < r < +∞, the proximity function of

f with respect to H is de�ned as follows:

mf (r,H) =

∫
Sm(r)

log
‖f̃(z)‖
|(a, f̃)(z)|

σm(z),

where the above de�nition is independent (up to an additive constant) of the

choice of the reduced representation of f . The counting function of f is de�ned

to be Nν(H,f)(r), meaning that Nν(H,f)(r) = N(H,f)(r, 0). In some cases, we use the

notation Nf (r,H) instead of Nν(H,f)(r).

The Casorati determinant of f is de�ned by

Wc(f) = Wc(f0, . . . , fn) =

∣∣∣∣∣∣∣∣∣
f0(z) f1(z) · fn(z)

f0(z + c) f1(z + c) · fn(z + c)
...

...
. . .

...
f0(z + nc) f1(z + nc) · fn(z + nc)

∣∣∣∣∣∣∣∣∣ ,
where c = (c1, . . . , cm) ∈ Cm \ {0}.

Let f : C→ Pn(C) be a holomorphic curve, the Casorati type determinant of f

is de�ned by

Dc(f) = Dc(f0, . . . , fn) =

∣∣∣∣∣∣∣∣∣
f

′

0(z) f
′

1(z) · f
′

n(z)
f0(z + c) f1(z + c) · fn(z + c)

...
...

. . .
...

f0(z + nc) f1(z + nc) · fn(z + nc)

∣∣∣∣∣∣∣∣∣ ,
where c ∈ C \ {0}.

Let F be a nonzero holomorphic function on Cm and z0 = (z0,1, . . . , z0,m) ∈ Cm

be such that F (z0) = 0 with multiple p ∈ N∗, then

F (z) =

∞∑
|k|=p

bk(z − z0)k

on a neighborhood of z0, where bk ∈ C and

(z−z0)k = (z1−z0,1)k1 . . . (zm−z0,m)km , k1+· · ·+km = |k|, k = (k1, . . . , km) ∈ Nm.

Observe that on a neighborhood of z0, we also have

F (z + c) =

∞∑
|k|=q

ck(z − z0)k, q ≥ 0,

where ck are complex constants.
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We denote by
∼
N

c

F (r, 0) the counting function at all zeros z0 of F (z), and observe

that z0 is also a zero of F (z + c) in the following sense. If z0 is a zero of F (z) with

multiplicity p ≥ 1 and also is a zero of F (z + c) with multiplicity q ≥ 1, then z0 is

counted p−q times in
∼
N

c

F (r, 0). If q = 0, the point z0 is counted p times in
∼
N

c

F (r, 0).

If F (z) = 0 implies F (z + c) = 0, then we denote by
∼
NF (z+c)(r, 0) the counting

function at the points F (z + c) = 0 when F (z) = 0 with counting multiplicity.

This means that if z0 is a zero of F (z) with multiple p ≥ 1 and z0 also is a zero of

F (z + c) with multiple q ≥ 1, then z0 is counted q times in
∼
NF (z+c)(r, 0). We have

NF (r, 0) =
∼
N

c

F (r, 0) +
∼
NF (z+c)(r, 0). Note that

∼
N

c

F (r, 0) may be negative, positive

or zero if F (z) ≡ F (z + c).

The following de�nition was given in Korhonen et. al [9].

De�nition 1.1. Let n ∈ N∗, c ∈ C \ {0} and a ∈ P1(C). An a-point z0 of

a meromorphic function h(z) is said to be n-successive and c-separated if the n

meromorphic functions h(z + jc) (j = 1, . . . , n) take the value a at z = z0 with

multiplicity not less than that of h(z) at z = z0. All the other a-points of h(z)

are called n-aperiodic of pace c. By
∼
N

[n,c]

h (r, a) we denote the counting function of

n-aperiodic zeros of the function h− a of pace c.

Therefore, we denote by
∼
N

[n,c]

(H,g)(r, 0) the counting function of the n-aperiodic

zeros of function (H, g) for holomorphic curve g : C → Pn(C). Also, we denote by

N
[n,c]
h (r, a) (resp.N

[n,c]

h (r, a)) the counting with multiplicity (resp. without counting

multiplicity) function of n-successive and c-separated a-points of a function h.

Recall that the hyperplanes H1, . . . ,Hq, q > n, in Pn(C) are said to be in general

position if for any distinct i1, . . . , in+1 ∈ {1, . . . , q}, we have
⋂n+1
k=1 supp(Hik) = ∅,

which is equivalent to the Hi1 , . . . ,Hin+1
being linearly independent.

In this paper, we consider the following family of meromorphic maps:

F =
{
f : Cm → Pn(C) such that Tfi(r) ≤ O(Tf (r)) for all i = 0, . . . , n

}
.

Observe that F 6= ∅, since f = (f0 : f1 : · · · : fn) ∈ F, where fi = 1 for some

i ∈ {0, . . . , n}. Indeed, we have for all j 6= i,

Tfj (r) =

∫
Sm(r)

log+ |fj(z)|σm(z) ≤
∫
Sm(r)

log(1 + max
t∈{0,...,n}\i

{|ft(z)|})σm(z)

≤
∫
Sm(r)

log ||f̃(z)||σm(z) +O(1) = Tf (r) +O(1).

Now we are in position to state the main results of this paper. The next theorem

is a di�erence analogue of Cartan's second main theorem.
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Theorem 1.2. Let f = (f0 : f1 : · · · : fn) : C → Pn(C) be a holomorphic curve

in F with ς(f) = ς < 1, and let H1, . . . ,Hq be hyperplanes in Pn(C) in general

position such that the image of f is not contained in Hj , j = 1, . . . , q. Suppose that

Dc(f) 6≡ 0. Then for any 1 < r < +∞, we have

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

[n,c]

(Hj ,f)(r, 0) +N
[n,c]

(Hj ,f)(r, 0)) + S(r, f),

r lies outside of a possible exceptional set E ⊂ [1,∞) of �nite logarithmic measure.

As an immediate consequence of Theorem 1.2, we have the following result.

Corollary 1.1. Let f = (f0 : f1 : · · · : fn) : C → Pn(C) be a holomorphic curve

in F with ς(f) = ς < 1, and let H1, . . . ,Hq be hyperplanes in Pn(C) in general

position such that the image of f is not contained in Hj , j = 1, . . . , q. Suppose that

Dc(f) 6≡ 0 and for any 1 < r < +∞,
q∑
j=1

∼
N

[n,c]

(Hj ,f)(r, 0) = S(r, f).

Then we have

(q − n− 1)Tf (r) 6
q∑
j=1

N
[n,c]

(Hj ,f)(r, 0) + S(r, f) ≤
q∑
j=1

N (Hj ,f)(r, 0) + S(r, f)

for all r lying outside a of possible exceptional set E ⊂ [1,∞) of �nite logarithmic

measure.

Next, we consider the family G ⊂ F of holomorphic curves with the following

properties:

(i) Dc(f) 6≡ 0 for all f ∈ G;

(ii) Let H1, . . . ,Hq, q ≥ n + 4, be hyperplanes in Pn(C) in general position such

that the image of f is not contained in Hj , j = 1, . . . , q, and f−1(Hi)∩f−1(Hj) = ∅

for all i 6= j, and f ∈ G. We also assume that
∑q
j=1

∼
N

[n,c]

(Hj ,f)(r, 0) = S(r, f) for all

f ∈ G.

(iii) ς(f) = ς < 1 for all f ∈ G.

As an application of Corollary 1.1, we have the following uniqueness theorem for

holomorphic curves from G.

Theorem 1.3. Let f and g be two holomorphic curves in G, and let H1, . . . ,Hq, q ≥
n + 4, be hyperplanes in Pn(C) in general position. Suppose that f(z) = g(z) on

∪qj=1(f−1(Hj) ∪ g−1(Hj)). Then we have f ≡ g.

Remark 1.1. In 2010, Z. Chen and Q. Yan [3] have proved a uniqueness theorem

for holomorphic curves from C into Pn(C) by inverse images of 2n+ 3 hyperplanes.
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Our Theorem 1.3 gives a uniqueness theorem for holomorphic curves by inverse

images of n+ 4 hyperplanes.

Theorem 1.4. Let f = (f0 : f1 : · · · : fn) : Cm → Pn(C) be a meromorphic non-

degenerate linear map in F with ς(f) = ς < 1, and let H1, . . . ,Hq be hyperplanes

in Pn(C) in general position such that Hj(f(0)) 6= 0, j = 1, . . . , q. Then for any

1 < r < +∞, we have

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

c

(Hj ,f)(r, 0) +
∼
N
n

(Hj ,f(z+c))(r, 0)) + S(r, f),

r lies outside of a possible exceptional set E ⊂ [1,∞) of �nite logarithmic measure.

2. Some results from Nevanlinna theory

In this section we state some known results from Nevanlinna theory that will be

used in the proofs of the theorems.

Lemma 2.1 ([1]). Let f be a non-constant meromorphic function in Cm such that

f(0) 6= 0,∞, and let c ∈ Cm. If ς(f) = ς < 1, then

m(r,
f(z + c)

f(z)
) = S(r, f),

for all r > 0 outside of a possible exceptional set E ⊂ [1,+∞) of �nite logarithmic

measure
∫
E
dt/t < +∞.

Lemma 2.2 ([8, 10]). Let f : Cm → P1(C) be a meromorphic function, and let

c ∈ Cm. If ς(f) = ς < 1, then Tf(z+c)(r) ≤ Tf (r) + o(Tf (r)), where r →∞ outside

of an exceptional set of �nite logarithmic measure.

Lemma 2.3 ([8]). Let f be a non-constant meromorphic function, ε > 0 and c ∈ C.
If ς(f) < 1 and ε > 0, then

m(r,
f(z + c)

f(z)
) = o(

Tf (r)

r1−ς−ε
)

for all r outside of a set of �nite logarithmic measure.

3. Proof of Theorems

We �rst prove a number of lemmas.

Lemma 3.1. Let f = (f0 : f1 : · · · : fn) : C → Pn(C) be a holomorphic curve in

F with hyper-order ς(f) < 1, and let H1, . . . ,Hq be arbitrary hyperplanes in Pn(C)

such that the image of f is not contained in Hj , j = 1, . . . , q. Let aj by the non-zero
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vector associated with Hj , j = 1, . . . , q. Suppose that Dc(f) 6≡ 0. Then the following

inequality

∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(al, f̃)(reiθ)|

dθ

2π
6 (n+ 1)Tf (r)−NDc(f)(r, 0) + S(r, f)

holds for all r outside of an exceptional set of �nite logarithmic measure. Here the

maximum is taken over all subsets K of {1, . . . , q} such that al, l ∈ K are linearly

independent.

Proof. Let K ⊂ {1, . . . , q} be a set such that al (l ∈ K) are linearly independent.

Without loss of generality, we may assume that q > n+ 1 and #K = n+ 1. Let T

be the set of all injective maps µ : {0, 1, . . . , n} → {1, . . . , q}. Then we can write

∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(aj , f̃)(reiθ)|

dθ

2π
=

∫ 2π

0

max
µ∈T

n∑
l=0

log
‖f̃(reiθ)‖

|(aµ(l), f̃)(reiθ)|
dθ

2π

=

∫ 2π

0

max
µ∈T

log

{
‖f̃(reiθ)‖n+1

n∏
l=0

|(aµ(l), f̃)(reiθ)|

}
dθ

2π

≤
∫ 2π

0

max
µ∈T

log

{
‖f̃(reiθ)‖n+1

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|

}
dθ

2π

+

∫ 2π

0

max
µ∈T

log

{ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

}
dθ

2π
+O(1)

=

∫ 2π

0

log max
µ∈T

{
‖f̃(reiθ)‖n+1

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|

}
dθ

2π

+

∫ 2π

0

log max
µ∈T

{ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

}
dθ

2π
+O(1)

≤
∫ 2π

0

log
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

+

∫ 2π

0

log
∑
µ∈T

‖f̃(reiθ)‖n+1

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
dθ

2π
+O(1).
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By the property of Casorati-type determinant, we see that |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))| =
C1,µ|Dc(f0, . . . , fn)|, where C1,µ > 0 is a constant. So, we obtain∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(al, f̃)(reiθ)|

dθ

2π
(3.1)

6
∫ 2π

0

log
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

+

∫ 2π

0

log
‖f̃(reiθ)‖n+1

|Dc(f0, . . . , fn)(reiθ)|
dθ

2π
+O(1).

We have

Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(z)
n∏
l=0

(aµ(l), f̃)(z)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(aµ(0), f̃)′(z)

(aµ(0), f̃)(z)

(aµ(1), f̃)′(z)

(aµ(1), f̃)(z)
·

(aµ(n), f̃)′(z)

(aµ(n), f̃)(z)

(aµ(0), f̃)(z + c)

(aµ(0), f̃)(z)

(aµ(1), f̃)(z + c)

(aµ(1), f̃)(z)
·

(aµ(n), f̃)(z + c)

(aµ(n), f̃)(z)
...

...
. . .

...

(aµ(0), f̃)(z + nc)

(aµ(0), f̃)(z)

(aµ(1), f̃)(z + nc)

(aµ(1), f̃)(z)
·

(aµ(n), f̃)(z + nc)

(aµ(n), f̃)(z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By Lemma 2.3, we obtain

m(r,
(aµ(l), f̃)(z + jc)

(aµ(l), f̃)(z)
) = o(T(aµ(l),f̃)(z)(r)),(3.2)

for all r > 0 outside of a possible exceptional set E ⊂ [1,+∞) of �nite logarithmic

measure
∫
E
dt/t < +∞, for all l = 0, . . . , n and for all j = 1, . . . , n. We have

T(aµ(l),f̃)(z)(r) ≤
n∑
j=0

Tfj (r) +O(1) ≤ O(Tf (r))

for all l = 0, . . . , n. Thus, (3.2) implies

‖ m(r,
(aµ(l), f̃)(z + jc)

(aµ(l), f̃)(z)
) = o(Tf (r)),(3.3)

for all l = 0, . . . , n and for all j = 1, . . . , n.

From (3.3) and the lemma on the logarithmic derivative, for any µ ∈ T, we have∫ 2π

0

log+ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π
6 S(r, f).
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This implies that∫ 2π

0

log
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

6
∫ 2π

0

log+
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

6
∑
µ∈T

∫ 2π

0

log+ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π
+O(1) 6 S(r, f).(3.4)

Now the statement of the lemma follows from (3.1), (3.4) and Jensen's formula.

Lemma 3.1 is proved. �

Lemma 3.2. (see [5]) Let f0, f1, . . . , fn be linearly independent meromorphic functions

in Cm, and let f = (f0, f1, . . . , fn). Then there are multi-indices νi ∈ Zm+ , i =

1, . . . , n such that 0 < |νi| ≤ i and f, ∂ν1f, . . . , ∂νnf are linearly independent over

Cm.

Fix multi-indices νi ∈ Zm+ with ν0 = 0 and |νi| > 0 (i = 1, . . . , n), and set

l = |ν1| + · · · + |νn|. For meromorphic functions f0, . . . , fn in Cm, the Wronskian

determinant is de�ned by

W (f0, . . . , fn) = Wν1...νn(f0, . . . , fn) =

∣∣∣∣∣∣∣∣∣
f0 f1 · fn

∂ν1f0 ∂ν1f1 · ∂ν1fn
...

...
. . .

...
∂νnf0 ∂νnf1 · ∂νnfn

∣∣∣∣∣∣∣∣∣ .
Observe that if f0, f1, . . . , fn are linearly independent meromorphic functions in

Cm, then W (f0, . . . , fn) 6≡ 0.

Lemma 3.3. Let f = (f0 : · · · : fn) : Cm → Pn(C) be a non-degenerate meromorphic

map in F with ς(f) < 1, and let H1, . . . ,Hq be arbitrary hyperplanes in Pn(C)

such that Hj(f(0)) 6= 0, j = 1, . . . , q. Let aj be the non-zero vector associated with

Hj , j = 1, . . . , q. Then the following inequality∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(al, f̃)(z)|

σm(z) 6 (n+ 1)Tf (r)−NW (f(z+c))(r, 0) + S(r, f)

holds for all r outside of an exceptional set of �nite logarithmic measure. Here the

maximum is taken over all subsets K of {1, . . . , q} such that al (l ∈ K) are linearly

independent.

Proof. By Lemma 3.2, there are multi-indices νi ∈ Zm+ (i = 1, . . . , n) such that

0 < |νi| ≤ i and f̃(z+c), ∂ν1 f̃(z+c), . . . , ∂νn f̃(z+c) are linearly independent over
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Cm. Therefore, we have W (f0(z + c), . . . , fn(z + c)) 6≡ 0. Let K ⊂ {1, . . . , q} be a
set such that al (l ∈ K) are linearly independent. Without loss of generality, we

may assume that q > n+ 1 and #K = n+ 1. Let T be the set of all injective maps

µ : {0, 1, . . . , n} → {1, . . . , q}. Then, we can write

∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(aj , f̃)(z)|

σm(z) =

∫
Sm(r)

max
µ∈T

n∑
l=0

log
‖f̃(z)‖

|(aµ(l), f̃)(z)|
σm(z)

=

∫
Sm(r)

max
µ∈T

log

{
‖f̃(z)‖n+1

n∏
l=0

|(aµ(l), f̃)(z)|

}
σm(z)

≤
∫
Sm(r)

max
µ∈T

log

{
‖f̃(z)‖n+1

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|

}
σm(z)

+

∫
Sm(r)

max
µ∈T

log

{ |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|

}
σm(z) +O(1)

=

∫
Sm(r)

log max
µ∈T

{
‖f̃(z)‖n+1

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|

}
σm(z)

+

∫
Sm(r)

log max
µ∈T

{ |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|

}
σm(z) +O(1)

≤
∫
Sm(r)

log
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|
σm(z)

+

∫
Sm(r)

log
∑
µ∈T

‖f̃(z)‖n+1

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
σm(z) +O(1).

By the property of Wronskian determinant, we get |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z+

c)| = C2,µ|W (f0, . . . , fn)(z + c)|, where C2,µ > 0 is a constant. So, we obtain

∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖

|(al, f̃)(z + c)|
σm(z)(3.5)

6
∫
Sm(r)

log
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|
σm(z)

+

∫
Sm(r)

log
‖f̃(z)‖n+1

|W (f0, . . . , fn)(z + c)|
σm(z) +O(1).
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Next, we have

W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)
n∏
l=0

(aµ(l), f̃)(z)

=
W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)

n∏
l=0

(aµ(l), f̃)(z + c)
.

n∏
l=0

(aµ(l), f̃)(z + c)

n∏
l=0

(aµ(l), f̃)(z)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · 1

∂ν1(aµ(0), f̃)(z + c)

(aµ(0), f̃)(z + c)

∂ν1(aµ(1), f̃)(z + c)

(aµ(1), f̃)(z + c)
·

∂ν1(aµ(n), f̃)(z + c)

(aµ(n), f̃)(z + c)
...

...
. . .

...

∂νn(aµ(0), f̃)(z + c)

(aµ(0), f̃)(z + c)

∂νn(aµ(1), f̃)(z + c)

(aµ(1), f̃)(z + c)
·

∂νn(aµ(n), f̃)(z + c)

(aµ(n), f̃)(z + c)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

n∏
l=0

(aµ(l), f̃)(z + c)

n∏
l=0

(aµ(l), f̃)(z)
.

By Lemma 2.1, we obtain

m(r,
(aµ(l), f̃)(z + c)

(aµ(l), f̃)(z)
) = o(T(aµ(l),f̃)(z)(r)),(3.6)

for all r > 0 outside of a possible exceptional set E ⊂ [1,+∞) of �nite logarithmic

measure
∫
E
dt/t < +∞, for all l = 0, . . . , n.

By Lemma 2.2, we have

T(aµ(l),f̃)(z+c)(r) ≤ T(aµ(l),f̃)(z)(r) + S(r, f) ≤
n∑
j=0

Tfj (r) + S(r, f) ≤ O(Tf (r))

for all l = 0, . . . , n. Thus, (3.6) implies that

‖ m(r,
(aµ(l), f̃)(z + c)

(aµ(l), f̃)(z)
) = o(Tf (r)),(3.7)

for all l = 0, . . . , n.

Hence, by the lemma on the logarithmic derivative of several variables, for any

µ ∈ T, we have∫
Sm(r)

log+ ∂νi(aµ(l), f̃)(z + c)

(aµ(l), f̃)(z + c)
σm(z) = o(T(aµ(l),f̃)(z+c)(r)) = S(r, f),

for all l = 0, . . . , n and i = 1, . . . , n. Therefore∫
Sm(r)

log+ |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z + c)|
σm(z) 6 S(r, f).(3.8)
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Next, in view of (3.7) and (3.8), we have∫
Sm(r)

log
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|
σm(z)

6
∫
Sm(r)

log+
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z + c)|
σm(z)

+

n∑
l=0

∫
Sm(r)

log+
∣∣∣ (aµ(l), f̃)(z + c)

(aµ(l), f̃)(z)

∣∣∣σm(z) 6 S(r, f).(3.9)

The statement of the lemma follows from (3.5), (3.9) and Jensen's formula. �

Lemma 3.4. Let f = (f0 : · · · : fn) : Cm −→ Pn(C) be a meromorphic map, and

let H1, . . . ,Hq be hyperplanes in Pn(C) in general position such that the image of

f is not contained in Hj , j = 1, . . . , q. Let aj be the vector associated with Hj for

j = 1, . . . , q. Then
q∑
j=1

mf (r,Hj) 6
∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(al, f̃)(z)|

σm(z) +O(1),

where the maximum is taken over all subsets K of {1, . . . , q} such that #K = n+1.

Proof. Let aj = (aj,0, . . . , aj,n) be the associated vector of Hj , 1 6 j 6 q, and let T

be the set of all injective maps µ : {0, 1, . . . , n} −→ {1, . . . , q}. Since by hypothesis

H1, . . . ,Hq are in general position, for any µ ∈ T, the vectors aµ(0), . . . ,aµ(n) are

linearly independent.

Let µ ∈ T, we have

(f̃ ,aµ(t)) = aµ(t),0f0 + · · ·+ aµ(t),nfn, t = 0, 1, . . . , n.(3.10)

Solve the system of linear equations (3.10), to get

ft = bµ(t),0(aµ(0), f̃) + · · ·+ bµ(t),n(aµ(n), f̃), t = 0, 1, . . . , n,

where

(
bµ(t),j

)n
t,j=0

is the inverse of the matrix

(
aµ(t),j

)n
t,j=0

. So, there is a

constant Cµ to satisfy

‖f̃(z)‖ 6 Cµ max
06t6n

|(aµ(t), f̃)(z)|.

Set C = max
µ∈T

Cµ. Then for any µ ∈ T, we have

‖f̃(z)‖ 6 C max
06t6n

|(aµ(t), f̃)(z)|.

For any z ∈ Cm \ {∪qj=1(Hj(f̃))−1(0)∪ If}, there exists a mapping µ ∈ T such that

for j /∈ {µ(0), . . . , µ(n)},

0 < |(aµ(0), f̃)(z)| 6 |(aµ(1), f̃)(z)| 6 . . . . 6 |(aµ(n), f̃)(z)| 6 |(aj , f̃)(z)|.
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Therefore, we have

q∏
j=1

‖f̃(z)‖
|(aj , f̃)(z)|

6 Cq−n−1 max
µ∈T

n∏
t=0

‖f̃(z)‖
|(aµ(t), f̃)(z)|

.

Next, we have

q∑
j=1

mf (r,Hj) =

q∑
j=1

∫
Sm(r)

log
‖f̃(z)‖
|(aj , f̃)(z)|

σm(z) =

∫
Sm(r)

log

q∏
j=1

‖f̃(z)‖
|(aj , f̃)(z)|

σm(z)

6
∫
Sm(r)

log max
µ∈T

n∏
t=0

‖f̃(z)‖
|(aµ(t), f̃)(z)|

σm(z) +O(1) =

∫
Sm(r)

max
µ∈T

log

n∏
t=0

‖f̃(z)‖
|(aµ(t), f̃)(z)|

σm(z)

+O(1) =

∫
Sm(r)

max
µ∈T

n∑
t=0

log
‖f̃(z)‖

|(aµ(t), f̃)(z)|
σm(z) +O(1).

Finally, we obtain

q∑
j=1

mf (r,Hj) 6
∫
Sm(r)

max
K

∑
j∈K

log
‖f̃(z)‖
|(aj , f̃)(z)|

σm(z) +O(1).

This completes the proof of lemma 3.4. �

Now we are in position to prove the main results of this paper.

Proof of Theorem 1.2. By Lemmas 3.1 and 3.4, we obtain

q∑
j=1

mf (r,Hj) 6
∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(al, f̃)(reiθ)|

dθ

2π

6 (n+ 1)Tf (r)−NDc(f)(r, 0) + S(r, f).(3.11)

By the �rst main theorem, we get Tf (r) = N(Hj ,f)(r, 0) +mf (r,Hj) +O(1) for any

j ∈ {1, . . . , q}. So, from (3.11), we have

(q − n− 1)Tf (r) 6
q∑
j=1

N(Hj ,f)(r, 0)−NDc(f)(r, 0) + S(r, f).

For z0 ∈ C, we may assume that z0 is a zero of (aj , f̃) for 1 6 j ≤ q1 ≤ n, and (aj , f̃)

does not vanish at z0 for j > q1. Without loss of generality, we may assume that

z0 ∈ C is an n-successive and c-separated zero of (aj , f̃) for 1 6 j 6 p1 ≤ q1 ≤ n.

Hence, there exist integers kj (j = 1, . . . , q) and nowhere vanishing holomorphic

functions gj (j = 1, . . . , q), de�ned on a neighborhood U of z0, such that

(aj , f̃)(z) = (z − z0)kjgj(z), for j = 1, . . . , q,

where kj = 0 for q1 < j 6 q. Also, we can assume that kj > 2 for 1 6 j ≤ p0, and

kj = 1 for p0 < j 6 p1. From the de�nition of n-successive and c-separated 0-point,

we have

(aj , f̃)(z + kc) = (z − z0)ljhkj (z), for j = 1, . . . , p1,
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for all k = 1, . . . , n, where hkj (j = 1, . . . , p1) are nowhere vanishing holomorphic

functions, de�ned on a neighborhood U of z0, and lj ≥ kj , 1 ≤ j ≤ p1. Let T be the

set of all injective maps µ : {0, 1, . . . , n} → {1, . . . , q}. By a property of Wronskian,

there exists a constant Cµ 6= 0 such that

Dc(f) = Cµ.

∣∣∣∣∣∣∣∣∣
(aµ(0), f̃)′ (aµ(1), f̃)′ · (aµ(n), f̃)′

(aµ(0), f̃)(z + c) (aµ(1), f̃)(z + c) · (aµ(n), f̃)(z + c)
...

...
. . .

...

(aµ(0), f̃)(z + nc) (aµ(1), f̃)(z + nc) · (aµ(n), f̃)(z + nc)

∣∣∣∣∣∣∣∣∣
=

p0∏
j=1

(z − z0)kj−1h(z),

where h(z) is a holomorphic function on U. Then Dc(f) vanishes at z0 with order

at least
p0∑
j=1

(kj − 1). By the de�nitions of N
[n,c]
(Hj ,f)

(r, 0) and NDc(f)(r, 0), we have

q∑
j=1

N
[n,c]
(Hj ,f)

(r, 0)−NDc(f)(r, 0) 6
q∑
j=1

N
[n,c]

(Hj ,f)(r, 0).

Therefore, we get

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

[n,c]

(Hj ,f)(r, 0) +N
[n,c]

(Hj ,f)(r, 0)) + S(r, f),

r lies outside of a exceptional set E ⊂ [1,∞) of �nite logarithmic measure. �

Proof of Theorem 1.3. We denote f = (f0 : · · · : fn) and g = (g0 : · · · : gn), and

assume that f 6≡ g. Then there are two numbers α, β ∈ {0, . . . , n}, α 6= β such that

fαgβ 6≡ fβgα. Assume that z0 ∈ C is a zero of (Hj , f) for some j = 1, . . . , q, then

z0 is a zero of at most n entire functions (Ht, f), t ∈ {1, . . . , q}. Since f−1(Hi) ∩
f−1(Hj) = ∅ for all i 6= j, then z0 is a zero of one entire function (Hj , f) for some

j ∈ {1, . . . , q}. From condition f(z) = g(z), when z ∈ ∪qj=1(f−1(Hj) ∪ g−1(Hj)),

we get f(z0) = g(z0). This implies that z0 is a zero of
fα
fβ
− gα
gβ
. Therefore, we have

q∑
j=1

N (Hj ,f)(r, 0) ≤ Nfα
fβ
−
gα
gβ

(r, 0) ≤ Tf (r) + Tg(r) +O(1).

Applying Corollary 1.1, we obtain

‖(q − n− 1)Tf (r) ≤ Tf (r) + Tg(r) + o(Tf (r)).(3.12)

Similarly, we get

‖(q − n− 1)Tg(r) ≤ Tf (r) + Tg(r) + o(Tg(r)).(3.13)

Finally, combining (3.12) and (3.13), we obtain ‖(q − n − 3)(Tf (r) + Tg(r)) ≤
o(Tf (r)) + o(Tg(r)), which contradicts the condition q ≥ n+ 4. Hence f ≡ g. �
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Proof of Theorem 1.4. By Lemmas 3.3 and 3.4, we have
q∑
j=1

mf (r,Hj) 6
∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(al, f̃)(z)|

σm(z)

6 (n+ 1)Tf (r)−NW (f(z+c))(r, 0) + S(r, f).(3.14)

Next, by the �rst main theorem, we get

Tf (r) = N(Hj ,f)(r, 0) +mf (r,Hj) +O(1)

for any j ∈ {1, . . . , q}. So, in view of (3.14), we can write

(q − n− 1)Tf (r) 6
q∑
j=1

N(Hj ,f)(r, 0)−NW (f(z+c))(r, 0) + S(r, f)

=

q∑
j=1

[
∼
N

c

(Hj ,f)(r, 0) +
∼
N (Hj ,f(z+c))(r, 0)] −NW (f(z+c))(r, 0) + S(r, f)

=

q∑
j=1

∼
N

c

(Hj ,f)(r, 0) +

q∑
j=1

∼
N (Hj ,f(z+c))(r, 0)−NW (f(z+c))(r, 0) + S(r, f).

We assume that z0 is a zero of (Hj , f) with multiple kj > 0, 1 ≤ j ≤ q1 ≤ n, and

kj > n when 1 ≤ j ≤ q0, kj < n when q0 < j ≤ q1 and kj = 0 when q1 < j ≤ q.

Hence, we may assume that z0 is also a zero of (Hj , f(z + c)) with multiple lj ,

lj ≥ 0, 1 ≤ j ≤ q1, and lj > n when 1 ≤ j ≤ p0, 1 ≤ lj ≤ n when p0 < j ≤ p1 and

lj = 0 when p1 < j ≤ q1.
Therefore, it is easy to see that z0 is counted in NW (f(z+c))(r, 0) with order at

least
∑p0
j=1(lj − n). Then, we have

q∑
j=1

∼
N (Hj ,f(z+c)(r, 0)−NW (f(z+c))(r, 0) ≤

q∑
j=1

∼
N
n

(Hj ,f(z+c))(r, 0).

Finally, we get

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

c

(Hj ,f)(r, 0) +
∼
N
n

(Hj ,f(z+c))(r, 0)) + S(r, f).

This completes the proof of theorem 1.3. �
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