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1. Introduction

Let. A+ denote the set of positive integers, and N := N+ U {Uf. Let mO,mi,... be
a sequence of positive integers not less then 2. Denote by Z,,,k = (0,1, 1}
the additive group of integers modulo m*. Define the group G as the complete direct
product of the groups Z,nj with the product of the discrete topologies of Zm]'s. If

the sequence mo, mi.... is bounded, then G is called a bounded Vilenkin group. In
this paper we consider only the bounded Vilenkin group. The elements of G can be
represented by sequences x = ...). (x, e Z,.). The group operation

“+71in G is given by
X+ Uu= ((ru+ /u)mod mo,... (x*. + yk Ymod ink, ms),
where x := (x0,—3[4,—) and y := (j/o .3fce)t G.
The inverse of operation “+” will be denoted by It is easy to give a base for

the neighborhoods of G :
lo() := G, /, (X) :={y€G:ilb =Xqg,—yn-1 =X, , }

for some choice of (xj € Zmj),j = 0,1,...,n —1. Let I,, (0) -
We denote e,, = (0,.... 0,1,0,...) 6 G the element of G in which the nth coordinate

is 1 and the rest are zeros (n e JIr).

zThe research was supported by Shota Rustaveli National Science Foundation grant 217262
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L. BARAMIDZE

If wo define the so-called generalized number system based on  in the following
way: /i := 1, Mk+i ==mkMu {ke N), then everyn € N can be uniquely expressed

as u = njMj, where nj 6 Z,,4 (j € N+) and only a finite number of n/ differ
from ze?r:_,oand G2= G x G isthe product of the group G.
Define
) = (x0,x r 0,0,...) 6 G,
where

“= XJI (w ML) Mnt (fieZ»'i).i =0.1...." 0 1-
Then it is easy to show that

(1.1) G- (J (/,+4n)m

Next, on the group G we introduce an orthonormal system, which is called Vilenkin
system. We first define the complex valued functions rk(x) : G -> C, called the
generalized Rademacher functions, in the following way:

Tk{x) := exp j1 (2= -1; x € G, kK £ N).
Now, define the Vilenkin system ¢ := (dbn mn c N) on G as follows (see [1]):
RC
on@®) = 4 0K) , ?clV;.
=0
In the special case where T3 = 2 (j f /), the system ¢ is called Walsh-Paley
system.
For the system V, the Diridilet kernel is defined as follows:
/1-1
D, =~ . (ne N+). Du= (.

The following properties of the kernel D,, are well known (see, e.g., [2U]).

(12>
and
(1.3) JVn() (0=1, n€Ar+.
c.
Letn = a*iV4d +n ,with 0<c, <m*and 0<n'< Mk, then

(L4) D*w A wag" om



UNIFORM CONVERGENCE OF DOUBLE VILENKIN-FOURIER SERIES

Tlic next property of the kernel D,, can be found in [19].
(1.5) AN(zMl-cfr+ UM n/a

forall /c,y/, and a (0 < a < Mn). where p = suprrij.
3
The rectangular partial sums of the double Vilenkin-Fourier series are defined as

follows: N

Sn, m(f\x<y) :51 /(U)IK«)IKV)))
i=0 j=0
[ i) -J (*,y) @ () dix (X ,y)
c*

is ciUled the (t,j)-th Vilenkin-Fourier coefficient of function /.
By C ( 2) we denote the space of continuous functions on C2 with the supronmm

where the number

norm: «
Wilc- := *«‘}Jépc 1/fosO1 (/6 C(G2)).

The partial moduli of continuity of a function / € C (C2) are defined by
\ 77 ) = x,sy’éJG,tséi(p [/(r-i,y)-f(x,y)\
and

wa (/; 77 )= sup supl/ (r,y- t)- f (x,y)\.
\ 1 x,y€G .teh

We also will use the notion of mixed modulus of continuity of a function / e
C (G~), defined as follows:

(/;aTk x w )

sup sup  \f(x-s,y-t)-f(x-s,y)-f(x,y-1.) +f{x,y)\.
(x,y)ecj(s,t)e/bxji

It is well known that there is a wide analogy between harmonic analysis on
the bounded Vilenkin groups and the classical Fourier analysis. However, in the
trigonometric case there is a class of functionssuch that theirFourier series  are
always convergent, and the convergence is uniform if the additional assumption of
continuity of a function is made. An example of such class is the. class of functions of
bounded variation (BV) (see Jordan [15]).

The contributions of Wiener [21], Mercinkiewicz [17]. Waterman [22], Chaiituna
[4]. Kita and Yoneda [16], Akhobadze [2], Goginava ](i| cind their collaborators have
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shown that many of the results concerning the class of functions of hounded variation
(BV) can be extended to more general classes. For Vilenkin system in one-dimensional
case, the class of bounded fluctuation (T1F) and the class of generalized bounded
fluctuation (GBF) were introduced by Onneweer and Waterman [19].

In two-dimensional case, the class BV of functions of bounded variation was
introduced and studied by Hardy [14]. An analogous result for double Walsh-Fourier
series was obtained by Moricz |18|. Goginava [5] has proved that in Hardy’s theorem
there is no need to require the boundedness of mixed variation. In particular, in [5]
it was proved that if / is a continuous function and has bounded partial variation,
then its double trigonometric Fourier series converges uniformly on [0, *] in the
Priugslioiin sense. An analogous result for double Walsh-Fourier series was established
in [7|. Different, classes of generalized bounded variation for functions of two-variables
were studied by Golubov [12|, [13], Akliobadze [3], and Goginava and Sahakian [8|-
[11]. In the present paper, we partially develop the above mentioned analogy for
two-dimensional bounded Vilenkin groups, concerned with uniform convergence of
Fourier series.

To state the main results of this paper, we first need to introduce the classes of
functions of two variables of bounded variation and of partial bounded variation.
Define

AF-1
0j(f\Mk,y):= (/,/*+Z’1'/),
n=fl
Ml —1
(f\M t,x) := .1 +zjl§
0=0

Alt-IMi-1
ot2uah.M,) ~ £ 53 uh2 (/; (g + 4*>) X (i, + z<3))

where
’al (/,h + = sup M I/ @-y) - f ()],
XX'G.Ik+z;r
W2 (/, X,h +4") := sup " 1/ (x,y) - f(x. i,
y.u'Cli
and

wi2 (/, (4 +4f) X + ")

sup MCxGy)-Hxnhy)-f(x,y ") + f(xy )\
x,xf€lk-]-z" ,yty'Gli
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Definition 1.1. We say that a function f is of Bounded Oscillation, and write f G
BO (C2), if it satisfies the following conditions:

(1.6) supOi (/; A/*,0) < oo, | (/; AJI.0) < oc, T (/: A, M() < oc.
K .

We note that if f GBO (C2), then supsupOj (/; A/*, u) < oo.
ucc K
Indeed, in view of (1.6) and (??), we can write
Afi4
supsup T Wi (f,h +Zn\y)

nn.-1
< supsup Y' sup W OkMy- 1 (,0)- 1 (s, )+ 1 (K, 01
"el; - i=o x,i'efb+d*’
M, -1
+feup £ Slip 1/ (*>0) —/ (8',0)| < oo.
k a=Q xx'€lk

Analogously, we can show that supsupO- (/; Mj.x) < oc-.
XE<?
Definition 1.2. )Xe say a bounded, measurable function f is of Partial Bounded

Oscillation, and write f £ PBO (G2), if the following conditions hold:

a7 supsupOi (/; A*,y) < oo, supsupO- (/; < 00.
yEG? fe xec i

Define
(1.8) A[LYCr-M) s = [(x- c*;N)- 1 (@,2)), A™F{xy) :=f (x,y- et)- f (x,y),
and
Ok)) =1 (a-einy- C)- f(x-eky)- f(xy-a)+fixy).
It is easy, to see that.
KrVv M S @5 )+ ila/ (xy—e)l
and

AR 2N(X,Y) < |412) (liy)l+ |[B/2> (x —efy)\ m

2. Main results

In this section we state the main results of this paper.
7
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Theorem 2.1. Letf € C (02), and let the following conditions hold:

Mk-i n
<bl>
ni-1 -,
M a* £ | I(* .»- ’)]-0

M ft."fE  SK*/(*- «Y»-4")i-»

uniformly with respect to (x,y) € G2m Then the double Vilenkin-Fourier scries of

function f converges uniformly on G2.

Theorem 2.2. Letf be a continuous function on G2 and f € PMO (G2) . Then the

Fourier series of f converges uniformly on G2.

Corollary 2.1. Letf be a continuous function on G2 and f G MO (( ') mThen the

Fourier series of f converges uniformly on G2.

3. Proof of Main Results

In this section we prove the main results of this paper, stated in Section 2.

Proof of Theorem H.I. Let.
K
n= OiMi, with Ok® 0 and 0 <a,< for 0< i<k, and =n - ai-Mu
1=0
and
i
m - Y]bjMj, with bi 0 and O<bj<m3forO<j <1l and in m - bi&ft.
J=0

Then, in view of (1.3; and (1.4), we can write
(3.1) S..m(/;xy) —f {x,y)
= J (/(*-«.V-0 -/ (X,y))D,, (s)Dm (t)d/i () d/. (t)
G-

:j (X- s,y —t) —f (. y)) (1 + tpM_(a) FuaF o (())Dm, (s)
ot
X (I +®m (t)+ ..+  1(1)j Dm, (t) Ui (x) di. (1)
8
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£ (i sV -t)-F () + O @)+ +4i )
xDm, (t) ®°k () Dn (a)dp (1) dp (1)

] (x-s,y-t)-f Gy + dm, () + .+ " ()
cJ
XAva (s) % ()Dm* )dp )dp )

#1U (x-s,y )-f(xy) 1 @D  )Dn()dp () dp Om

=:A} - /1 - N3+ IU-

From (1.2) we obtain

%) |4 <MkMt I\ [n- s,y )= )
|

X1+ ™+ - + @)l + &m, )+ - + da',;1(t)jdp (s)dp (1)
(LW 3+ (ki) =
(L)t (i) =

us /. A-» cc uniformly with respect to (x,t/) e G2.
We observe that if f 6 4-, 0 < a < AL. then

A/ (4K +t) =d,-( 4)e

Hence, in view of (1.1). we can write

(3:3) n2= [ ff(x-sy D+ 1O+ ..+ ~K)
v v c
xDm, ) (3)Sm(s)dp (s)dp )
= 1T, - 4 y-HE+*mw+-+ /7 ()
ft fi ,=0

xflj* (i) ( 4) ( *>)«», M /I>M )
=) f(x-sY 1) 1+ Q+m+v'ml(h)

XDU, )D... (0)®L, (0) dLL (3)dp (8,/)
- M-
+ £/ (*-44- AW-1) (1+*m, () + .47 1w) Aw, (O

/)
ne 4=1
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XDy (« ) (F*)TI{) A) = n», + 2>

It is dear that

. ur Isi(g], 1]
@‘ﬂ? ("a-K'gn («) = e “*"*e = e 1= <mf* (*-
and
0<d < |1- < *(ef)| <2
We have

Anat (e*) ”21 = Vel (c-A.)J 1/ (%= »,y 1)
Ik «

ek)

X (1 + ®aii (t) + .. + " 71(%) A/, (0 £, (0)''n), (*) dll (*, i)

=[J | @-s,v- )(i+Vm@O-d- +vV (¥)
r
om, (D, (O Vil (s- " "W dl.(t)
=\] J f(x-s-ceicy-1(l+4M,(t)-(-..+ -,71(0)
nc
xDMI(t)Dn-(0)" (a)d/i(s,i).

Hence, we have

N2 - %722 (%)~ 211—J j (*- *Y- 1)
h «

XU +1m 0+ .+ *% (@)D, @~ ™ (.

(34) <MM A - (/, ,<w  (/, )m
Analogously, in view of (1.5) and (2.1), we can write
\An ® mk bl A 22\

< (p+ l)MK\] J I(1 + )+ ..+ "7 (<)) -Dm, (1]

-1

* KU x-4D-«f) Lwn @)
(3.5) <cp+ DM kMAlclaM%)i(l)bt = o(l).
Combining (3.4) and (3.5) we get
B.6) A-= o(l)

10
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as k —>oc uniformly with rcspect to (t, /) G G2. Analogously, by (2.2) we have
(37 N3=0(1)

as / —»oc uniformly with respect to (.t, ») G G2.
For /14 we can write
/—+ f r
(3.8) | = / I ((*-».»-*) -[(*>«]))

0=0 0=0 I+ >

*  MD,, b WA, Wricw (1)

MKk 1U- 1, .
-E E /] *«?7’-.«-4"-<)
o r
xd,. (4% ° ) (4m) (OD. (W) -, (4° ) WAM)

=JJf(x ay tE-0OVL (M, (0) ', (*)rf<(*1)

+ 11 p fx - e *) A o) 7. w Dg(zs ") (*)rfl* («>0
+1 ] 83 /(*-*.» - 4°- ") DW O SivMAT (4°) M f)

+//E

f,A "-1 B=l

XE)M< (4 *) VeV, WAL (s) fld () = M1 + 24 + N4)+ [ja-
We have

<\] \] JAIY) (*- *If- 0 £&m-(0) ', (i) £,- (0)*B,, ()i (.. 1)
11k

»») o)

as A i —oc: uniformly with respect to (., t/) e G2.

Analogously, we get

1AL2 - (cuya 3l < (p+ )Mk
11
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X/ 7T1LA WE ay(* -0V« ()

(M fili M -» eene

(3.10) < (I<+ 1

(3.11) Aii = 0(1)
as A/ -> oo uniformly with respect, to (1;,y) G (7.
For Ass we can write

4 I/IEkilnlEf-I/ (r 4 -m>-n,a- 4" 1)
X0, (40) «3,QA- (4°) 7, WW\),
q M.-1M -1 *_ 4f° *y_ 4-

Xd,, ( 4) 0. w o»- (4°) Vivw & w ffw =
A -Mb—1Mi—i
V-MmFblV A (e«)AM=/ | E E£/(*-*?2>-e-et,ir-41)-*-«,)
n =1 "=1
L 9
Y01 (9,00, (&)< @dt Jm
So, using (2.3), we obtain
(3.12) [Am - M1 (et) A1 - ol (e<) Am + Vv* (e*)ipj't

<{p+ifM M f*/gi‘:—' NE_}'.»l
*|nit2t (*- 4D- «y-4°-0 o LAS Ay

as k.l -t a0 uniformly with respect to (.r,?/) € G2. From (3.8)-(3.12) we get
(3.13)

<(p+ 1)2n/*ap— — 0(1) = 0(1)

n4a=o(1)
as fc,/ — to uniformly with respect to (x,y) £ G2.

Combining (3.1), (3.2), (3.G) and (3.13) we complete the proof of the theorem. O
12
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Proof of Theorem 2.2. Inview of Theorem 2.1. it is enough to prove that the conditions
(2.1)-(2.3) are fulfilled. Let 0(Mk) and rj(Mi) be sequences of natural numbers
tending to infinity and depending on Mb and Mi, respectively. Using (1.7) we can

write
Elilnav(-4)
«(«*? ih-1 .
_é:lIK" ’ < a:fEAft)HiKM_*»)!
bl J-4)'AT . *Trn-

Sext, we can choose 0(Mk) so that both terms on the hist relation tend to Uas
A—ac uniformly with respect to (x,y) S G2, and (2.1) follows.
Analogously, byusing (??), we get

nl-i .

(3.15) Hm jr j |a{27 (x,y- $ ) 3J=0

as / —>oc uniformly with respect to (x,y) e G2, and (2.2) follows. To verify (2.3). we

write
Mu—1lMi—1 - =

=

k-1 i— M,+i—1 Atr+i— n

-EE E E 2> -4»)|

5=0r=0 »=s1/, 3=MT P

k=114 . . /al+ Mr+,—T
- 0
< S=E rgolhjs_'z#(r \\ a;w, OzEMr %
# Al +i—2 VmHa—% 4 -

M EL

\ a=M, 0=Mr

From (1.8) and (??) we get

M4Ni-1J¥r+i-1

E E |M(*"<<!y'*?’)|

a=Me 0=Mr
nli+ —
< 2pMrsup N (*- zalv) |

13
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and
Nili-i Niti—,

c\-M, tl=M,
Mr+j-1
< 2pmssnp 1T |82/ -m*") |m

Hpnce, we can write

rors, (AL )3
w1 4-
xsup ( [a{2/(®.Y-*i0)|]) supfz) K [ (*-zaly

K-1 - [Ms,i-1
=20 Xv“7,Tsu lg*"/(*-44-4
() J 0=Mb

-1 /n-Nu-1
XATOE*T( o KM*2 1

Mfc)-i k-1 \ ( . IM.+1-1 N

- l . - ]
(go +i—-q('0) ((Mt)nxp \rHSM,. k|

<fip2f (L (/;- (fo) + —— —
v v Kk MT)Y

\r
("% o)\

since we can choose 0 (A) and 77(/) such that 0 (k) ,?;(/)-> oo as k.| -> oo.

Wi (/  a77) ~ o as « o+ 30 an(- il ) TI(0 - el as A,/ —oo.

Therefore, we have
Afc—1 Alj-I

316> _
f=l jd=I

as |, k-*oo0 uniformly with respectto ( ,/) e G2, and (2.3) follows.
14
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Combining (3.14)-(3.16) we complete the proof of the theorem. O

Cnucok JIMTEPATYPbI

|lj Cr.N. Agaev, N. Ya. Vilenkin, G. M. Dzhafarli and A. I Rubinshtejn (in Russian], Multiplicative
Systems of Functions and Harmonic Analysis on Zero-Dimensional Groups, Baku. Ehim (1981).

[2| 'T. Akhobadze, “A generalization of bounded variationl. Acta Math. Huugar. 97. no. 3, 223 -
256 (2002).

[3] T. Akhobadze, “Generalized bounded variation of functions of multiple variables and
convergence of Fourier series”, Bull. Georgian Arad. Sci.171, no. 1, 14 - 16 (2005).

[4] Z. A. Chanturia, “The modulus of variation of a [iiuci.ion and its application in the theoryof
Fourier series”, Soviet. Math. Dokl. 15, 67 - 71 (1974).

5] . Goginava, “On the uniform convergence of in»iLiple trigonometric Fourier series”,EastJ.
Approx. 5, no. 3, 253 - 266 (1999).

[6] U. Goginava, “On the uniform convergence of Walsh-Fourier series”, Acla Math. Hungur. 93
(1-2), 59 70 (2001).

|7] U. Goginava, “Uniform convergence of Cesaro means of negative order of double Walsh-Fourier
series”, J. Approx. Theory 124(1), 96 - 108 (2003).

[8] 1. Goginava and A. Sahakian, “On the convergence and suminability of double Walsh-Fourier
series of functions of bounded generalized variation”. Journal of Contemporary Mathematical
Analysis Novembcyr, 49, Is. 6, 321 - 333 (2014).

[9] U. Goginava and A. Sahakian, “On the convergence of multiple Fourier series of functions of
bounded partial generalized variation”, Anal. Math. 39, no. 1, 45 - 56 (2013).

[10] Il. Goginava and A. Sahakian. “On the convergence of multiple Walsh-Fourier scries of functions
of bounded generalized variation”, Journal of Contemporary Mathematical Analysis 5, no. 17,
221 233 (2012).

[11] . Goginava and A. Sahakian, “Convergence of double Fourier series and generalized $1<ambda§-
variation”, Georgian Math. J. 19, no. 3, 497 - 509 (2012).

[12] B. 1 Golubov, “The convergence of the double Fourier series of functions of bounded generalized
variation, 1’ [in Russian], Sibirsk. Mat. Z, no. 15, 262 - 291, -160 (197-1).

[13] B.I. Golubov, “The convergence of the double Fourier series of functions of bounded generalized
variation. I1” [in Russian], Sibirsk. Mat. Z, no. 15, 767 - 783, 957 (1974).

114] G. H. Hardy, “On double Fourier series and especially which represent the double zeta function
with real and incommensurable parameters”, Quart. .1. Math. Oxford Ser. 37, 53 - 79 (1906J.

[15] C. Jordan, “Sur la series de Fourier”, C. R. Acad. Sci. Paris, 92, 228 - 230 (188 L).

[16] H. Kita and K. Yoneda, “A generalization of bounded variation”, Acta Math. Hungar. 56, no.
3 - 4,229 - 238 (1990).

[L7] J. Marcinkiewicz, “On a class of functions and their Fourier series”, Conipt. Rend. Soc. Sci.
Warsowie, 26, 71 - 77 (1934).

[18] F. Moricz, “On the uniform convergenve and L I-convergence of double Walsh-Fourier series”,
Stud. Math. 102, 225 - 237 (1992).

[19] C. W. Onneweer and 1). Waterman, “Uniform convergence of Fourier series on groups”, I,
Michigan Math. J., 18, 265 - 273 (1971).

[20] F. Schipp, W. Wade, P. Simon,P. PAL, Walsh Series, an Introduction to Dyadic Harmonic
Analysis, Adam Hilgor, Bristol, New York (1990).

[21] N. Wiener, “The quadratic variation of a function and its Fourier coefficients”, Massachusetts
J. Math., 3, 72 - 91 (1924).

[22] D. Waterman, “On convergence of Fourier series of functions of generalized bounded variation”,
Studia Math., 44, no. 1, 107 - 117 (1972).

MocTtynuna 10 mapTa 21)17
Mocne gopaboTku 29 Hoa6ps 2018
MpuHaTa K ny6nnkayum 20 gekabps 2018

15



M3secTusa HAH ApmeHTni, MaTemaTuka, Tom 54, m. 3. 2019. cTp. 1C 31
ESSENTIAL NORM OF WEIGHTED COMPOSITION OPERATORS
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Abstract. Il this paper, we give some estimates for the essential norm of weighted
composition operators from analytic Besov spaceb into Zygmund type spaces. In
particular, a new characterization for the boundedness and compactness of the
weighted composition operators uC - is obtained.

M SC2010 numbers: 30H93, 47B33.
Keywords: Bosov space; Zygmund type spaces; essential norm; weighted composition
operator.

I. Introduction

Lei X and Y be Banach spaces and T X -> Y be a bounded linear operator.
Recall that the essential norm of T : X -* Y is its distance to the set of compact
operators K : X —aY, that is,

WT\\c.x~Y = inf{]|r - I<\\x >Y : K is compact }.

Here LTL vV denotes the operator norm of T : X —Y.

Let ID be the open unit disk in the complex plane C. Let A (ID) denote the space
of analytic functions on 0, 5(D) denote the set of all analytic self-maps of D, and
let y?e ’(®) and n € ff(Itt). The weighted composition operator, denoted by uCv, is
defined as follows:

(tiCvf)(z) = u(z)fMz)), fe
When u = 1, we get the composition operator, denoted by Cv. When p(z) = z,
we gel. the multiplication operator, denoted by Mu. A basic and interesting problem

concerning concrete operators (such as composition operator, weighted composition

‘This research was partially supported hy NfiF of Chinn (Grant No. 1172010100.4).
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operator, Toeplitz operator and Hankel operator) is to relate operator theoretic
properties to their function theoretic properties of their symbols (for more information,
we refer the reader to [2] and [28]).

For 0 < ft < oc, the Bloch type space !Ba consists of all / e $(KO>) such that

S = 1/(0)] +sup(l - M2)“|/*(z)] < oo.
z€D

Ifn = 1, then 'Ba is the Bloch space b (sec [28| for more details of the Bloch spaces).

For 0 < n < oo, the Zygmund type space, denoted by Za, consists of all / 6 M[LL,
such that

Wilr» = |40)] + 1/'(0)] +52uG%(I - NY I/ (- )]l < oo.
It is easy to see that the space is a Banach space with the above norm. or= 1,
then 2" is the classical Zygmund space, denoted by 2.- When 1 < n < oo, the space
2. coincides with the space 3 “ 1. Tn particular, we have Z~ = b.

For p € (1, oc), tlfe analytic Besov space D, is the space consisting of all f 6 # (IB)

such that.

b, (/T t}l_?l/'(*)l"(l \2\2Y ~2dAW < oo,
where dA is the normalized area measure on D. The quantity b,, is a seminorm and the
norm is defined by [|/||n, = |/(0)] + M /1- In particular, is the classical Diriclilet
space.

The compactness and essential norm of the operator Cr :  -> b were studied in
[19, 20, 24, 25. 27]. The boundedness, compactness and essential norm of tin operator
" :b -> S were studied in [3,11,17, 18, 22. 29, 30]. See ]1.5 9, 12 1G, 23, 20] for
some results of composition operators, weighted composition operators and related
operators mapping into the Zygmund space. In [a], the authors characterized the
boundedness and compactness of the operator uC”~ : Br « Z. In fart, under the

assumption that uCv : B,, -+ Za is bounded, uC” : B,, —t Zn is compart if and only

(- |r12n « () |W )12
w )i, @ |ip(*)12)2 ~

toji-iw W Iticiq-jp | - >
and
(1 - 1812)° 124" (r)y.(r) + »(3)""(r)] _
1- M~)P
The purpose of this paper is to give some estimates for tin aml no w of
operator xiC™ : Bv — 2., in particular, by using Uy-" Morcovw v-Cc give a m:v
17
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characterization of the boundedness and compactness for the operator uC'» : I,, -t
Z°. Throughout the paper, we will write A < B if there exists a constant C such

that A < CB. The notation A a ti means that A< B < A.

2. Essential norm of uCv : Bv->2z°

In this section, wc give some estimates for the essential norm of the operator
uC’r : Bv -> 2.°. For this purpose, we state some lemmas which will be used in the

proofs of the main results.

Lemma 2.1 ([24]). Let X and Y be two Banach spaces of analytic functions on B
Suppose that the. following conditions are satisfied.
(1) The point evaluation functionals on Y are continuous.
(2) The, closed unit ball of X is a compact subset of X in the topology of uniform
conven/ence on compact sets.
(3) The operator T : X -> Y is continuous when X and Y are given the topology
of uniform convergence on compart sets.
Then, T is a compact operator if and only if given a bounded sequence (/,,} in X
such that /,, -» 0 uniformly on compact sets, then the sequence {T fn} converges to

zero in the norm of Y.
Lemma 2.2 ([4]). Let 1< p < oo and f C Bp. Thenthe following statements hold.

() 14 ) £ 1/Ib,(logtz~t)l for everYre
™) ()£ Try~ril/lla,, for every z 6 ©.

Let a e B. Define the functions:

- & - & .
(log - (log +" (logrpp)2 =

TN (@2~ 12) (@ 2) , 4 @ - M2)o.- 2)2

Xa(z) - -..(l-to)2 ’ = (1- 4,3 mr6bD

Now sve are in position to state and prove our main results in this sec tion.

Theorem 2.1. Let1<p < 00.0< oc< 00, u€ 11(D) and € S(D) with Lyt =1
be such that nCv : 13, -> 2,* is bounded. Then

WuCtf\\e,or-*& max [A,B,C,P,Q] r: max{E, F,6°}.
18
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[fare

A= Illnsup \\uC"fa\\ya B = Umslip \\uC"ga\W’\ C = Ilmsuf \WuCjh.a\?.. .
[« >1 In[-»1 |o]—

P = limsup\WwC”xa\Zn,Q = limsup |[rrC2a]|r,, ,
|-

&- lim sup (1 KF2I'ICD)1 {1 )12
bI=)i .1 1~ M z)\
E = limsupll | [2)n" (r)|(|0g ----- , M1 T
[*>Mbl - I/I*)F
and
o Ifjh's'[i'p(l kK|2rj2uW () + «W "W |
1*(=)H1 1- W \2

Proof. First we prove that
max {A. M.C.P,Q} < | [ Y Y

In [4] it was shown that fa,ga.ha,xa,ya e B,, the norms \\fa\\np, Ibllg,. IIMa,,
|Ir«Ibl,, Nj/<ihp arc bounded by a constant independent of a, and fa,ga,ha.xa.ya
converge to zero uniformly on compact subsets of Mas |e|] — 1. Thus, by Lemma 2.1,

for any compact operator K \ Bv -¥ we have

I%!fml P7Jz»=0, |a|1\—m+l\\Kga\\Z_ =0, |e'1111pr”5”r” =0,

|a!1]ml” "L»=0 and lim LWyallr = 0.
Since
l«CV- KW\Br-tz* > W\uCp A')/0]2< > T KRNz
- Alls,->ra > IKuCp-Aiffallz» > \WCvgallz« - J|A's, |z«
—AMp»» = IKuCA”-~AHz. >|K” alr« LAMallr»
- K\spyr" = |(uGa- K)xa\z" > WuCyXawz"  I|/1-.T,,|K..
and

WCv - KW\BrAr,- = IKuCY,  A)jb,Jk» > [luCvilollz-  IA(/alz*
by taking limsup|0|_,j on both sides of these inequalities, wo obtain
WCv - K\\b,-+z- > max {/1. B, C, P, (?}.
Therefore,

WwC.Jr,B*z~ = inf|iiC9 - K\b,,~Z" > max{a,B.C.PQ}.

19
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Next, we prove that.
WuCv \\e,Bp-tZ*“ , max jif, F,gJ.

Let be a sequence in 3>such that |v(->)| -+ 1 asj -> oo. Define

(5) = i + 1 (losi

OO0Ki-I"Uyp)r (gl A1) )1+ 3 do« i-[,, b7)pi2+it’

[,)- @ Mx)VF)M*i) - * _2-Tn@ -

1 -A*j)z)2 1 oiry
and
mj{s) N ?20)-*)0
[ ~> 1 @i)*y

anil observe that kjjj and 114 belong to Bp and converge to zero uniformly c
compact subsets of B. Moreover, we have

F#M* ) = K'Ne *j)) = ° W *)) =o,
hM zj)) = 0, VitM R\ = 1 \IpZj)\2- bl b)) = 0
mj(<p(zj)) = 0O, ()N =0 IT"(dj)) = —m

Then for any compact operator A': Bp -m2.", we get

-Ntljap,r» S limsuplluC/fejliz»-UmsupH/ffejlla»
j—too j*oc

> limsup(l - [zj|2)"|u" (*])I0°g — ) -7
)) +oo \ip{Zj)r
= limsup(l - N2)>»(*)|(10g — - e J 1-? = E,
M*)U i i-bM 12
LnCA - > limsup UnC”Uro —limsup LLAMHr,-
j —>oc j *oc
> mi—r 0 - N 2al2»"(*V(*,) + )/'U )|
~ i "> 1~ 17n(2))12
liPWI-n 1- 1v3(n)i2
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and
WuCv - k\\Bp->z© lim sup lluC~/iijuzn - limsup [|[N1 'T3][2«

J>C j—toc

> (i-l«ilar * JT 11v ™ 12bl»nA

~ "?2J"P 1
o (1-

— lifisup -
Mr)|-n {

llencfi, we have
= juf luCv - K\\B,,-*z- > maxjf, F.G'].

Now we prove that

||«CV]|e,B,,-z" < max {E,F,G}, luC,||«.B,-z < 1tnx{N,B.C.P.Q}.

For r 6 [0,1). define Kr : (Il) -» 11(0) by
t

(Krf)(z) = 1,(*) = I(«), f 6 tf(D).

It is obvious that /,. -» f uniformly on compact subsets of 0 as r > 1. Moreover,
the operator Kr is compact on Bp and \Kr\\ep->8r < 1- Let {r,} ¢ (0,1) be a
sequence such that r3 —»1 asj -> co. Then for any positive integer j, the operator

uCvKrj mB,, 2-° is compact. Hence, we have
(2.1) HuCVlle.fA-tzo < limsup |[uCv - UCvKrj|[B,,-+2*.
JHCOC

Thus, we have only to show that

limsup luCv —uCvKrjIU,-»z“ 5 max{A,S,C,P,Q}

j-*oe
and

limsupl|luCy - uCvKrj\Bv-iz° < max{E,F,C}.
i—

For any f € Bp such that W\\bp < 1, we can write
W(mCv -n C vKrill «
= K0)/(p(0)) - u(0)/(rj¥>(0))| + |Ju m(f - o unI*
(2.2) +ur(0)(/ Iri)(<p(0)) + u(0)(/ - frj)*M 0))y*(0)|.
Here [|g||, = suPrgoC1 - N a)“Iff*(z)l- 1 s obvious that
(2.3) Jlim [u(0)/fo>(0)) - u(0)/(rjV(0)] = 0
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and
(2.4) j_llrgo YC(O) frikvio)) +u(0)(/ frj)(v»(0))v?'(0) =
Next, we can write

”jm—f(lxj)p Hum(/ - £Tj)° ¥>|.
= Il:m*s | {)|<7 /(I-|* |a)e I(/ Ir#)M *))Ih*" (*)I
+ limsup sup (1-W 2)“|(/ /B)(™))]||«™(r)]
j-tao NN

+ limsup  sup (1 - \2\2)“|(/ - /rj)"(v(*))I|12W W + «(*Ne"(*)!
3->cc |v(r)|<rn;

H-limsup sup (1 - [z]|2)*|(/ - [ri)" (v’ (r)H2“Ur)v(r) + n(r)v?" ()1

-mM 0 IvIG)I>rN
+ |iijUP sup  (1- [3)*[(/-/M)(¥>( DII<.57C )21 (M1
—0o |~fi)I<r/v

+limsup sup  (L1-[r{2al(/-7,. )" (ENIi5'( )I2[i*(r)]
1-100  |v>(r)|>rK
(23) = Qt+Qj+Qj+ + Qi+ Qe<
where N € Mis large enough such that rj > ~ forallj > N,

<3, = limsupsup  (L- VI 2)“|(/- /r)M*)Iju™(*)I.

J toc |~(n)i<ra

Q2= limsup (L-1 2)8|(-/r)bl 2)ll<" ()],

1 W
limsup sup (1 - W2r [(/ - fr]Y(.<p{z))\2u'(2)tp'(z) + «(z)(p" (i)l

j-t X M-r)j<ra-

Qi =limsup sup (1- [z|2)*|(/ [r,)' (V()N)H2« (*)¥»"(*) + «(*)v" (O,
j-l00  von)>ra

Q5= limsup sup (1- |z|2)“|(/ 1L)"M*N)H|N*)|*|«M |
|*rryl<rn

j-»co

Qj

and

Qe = limsup sup (1- [2)"[(/ A )\N2\wnm(n)\.
j >0 VO
Since uCp : Bv -» 2* is bounded, applying the operator «C,, to 1,z and r2, we see

that, n £ Za,mp € 2. and -up2 £ Hence, using the boundedness of p and the
triangle inequality, we get
K1i= srtél;JJ(l - |z|2)"|2«"(z)v?'(z) + u(z)v5"(z)|] < oo
and
K- = sup(l - |z|2)"|v?'(2)|2|u(z)| < oo.

z€1)
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Next, sinr.fi frjy —/, rjf'.. -» /', aswell as r|/'* —/" uniformly on compact subsnt.s

of D asj -> oc, we have

(2.6) Qi < |ul]z« limsup sup |/(m) - f(rjw)\ = 0.
j-too  ui<ryv
2.7) Q3 < K\limsup sup \f*u<)-rjf'(rju )\ = o
j =00 |wl<rjv
and
(2.8) (?5 < I<2limsup sup \f"(u) - r?/"(r3w)| = 0.
I-oo M Er

We know that £2 < limsupj tcc(S{ + ), where

Sf=  sup (L-M*FCH/(¥<*)IKM 1.3 = sup (1 - |r|2/(ry¥>(r))|[m™ ().
NoWi»'et oMb

Using the fact that \\f\\np < 1 and Lemma 2.2, we obtain

s{ = sup  (1-W aH /m*))[Iun"(r)|

w(*)i>riv

- J«nttju(rtl( log _-1'.7,. Ix

|v(r)|.>rr|
< sup w o~ , - on~+ jjMIla*
[tt|>riv
< sup \WCvfaWzZ, + sup |[|tiCM5<,k,, + sup \WCvhalz,, .
lol>r.v laj>rx lo|>rnr

Taking limit, as N —»oc, we obtain

limsup5] < limsup(1- [s]|2)"|u"(z)|(log-— T Tp) 7= E

M => | () 1- Iv>®)I
< limsup luC~/a||j,, + limsup |juCvag,,|z,, + limsup |[MCv/,,||~,,

[al—1 0|-» al-»1
= A+B +C.

Similarly, limsupj_1K S? < E < A+ B + C, and hence, we get
(2.9) Q2<E< A+B+C<max{A,B.C}.
We have Qi < limsupj~"~fS~ + S7). where

Si= sup (1- \2\2)"\f'Mz))\2v."(zW (z) + uW (*)\

Iv2(=)]|>rn
and
Sj=  sup  (1- \2\2)"rj\f*(rjtp(2))\\2u’(2)tp'{z) + n(r)/(r)].
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Using the fact that |[|/|]]ap < 1and Bp C 8. vc <<m vrilc

Sy = sup (- [)"IM(¥ -0,2. Lopti )+ n(2);" (2N

lip(r)|> ry
. (1-No mI-7"
£ Hlln, sup -—mmmmmemmmeee . r

|v»Ira)[>rn- 1 ITr™ N
( - n A - n )!

~ (18>« 1 b )\3
< sup luCA(r,, - 220 .~

laj>r.v
< sup \\CvXa\lZa 4- Slip WuCfUaWz" «

laj>rjv lai>r\

Taking limit as N — 00, wc obtain

limsup < Mmsup M =F
J»0C vj(s);—+l |

< limsup |[liCvX,||r,, + limsup || "M/ = P+ Q.
la]—»1 al—*1

Similarly, lim sup.,- >oc < F < P + Q, and hence, we get
(2.10) Q*<F<P +Q.

We have Qr, < limsupj~~fSij + Sr)mwhere

Si = Sur @ - I MEDEU )V ()]
ly>@)>r*
and
Si= sup (1- [*a)*M|/"(rjv()IINW Jale(*)].
[i2(¥)|>rjv

Using the fact that ||/||Bp < 1 and B,, C 8, we can «-rite

si  =sup 1-*PATM*)1UN*)1*1«(*)]
|y3(r)[>»-nr
5 £ * ' 11 - vV in)izy
S 7 S , N b
Iv(r)|>rnr - v l«|>r.v

Taking limit na N —oc, we obtain

limsupsSi < limsup # M W («)I2H f)j = q<q
H > M*)H1 (1- blr)P)2

Similarly, limsupj~” Sg < G < Q, and hence, we have

(211) Qe<C<Q.
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Hence, by (2.2)-(2.11), we get

lim sup |itCv - uCvKTri\n,,->r = limsup sup \\(uCv - uC”Krj)f\\z"
j-*oc 1N, <1
(2.12) = limsup sup [lum(/- ¢Tj)o<p|, < e + F + 6 < A 4-B + C + P + Q.

J *«* H/lu,<i

Therefore, by (2.1) and (2.12), we obtain

|[t*Cv|le,Bp-*z« <E + F mr is{E. F.C\
and
<N \'B.C.P.Q ).
Tliis completes the proof. 'I. 0
Theorem 2.2. Let 1< /13 and c¢ . () with Ljplloo= 1
be such thatnCv : N, -4 . ikn
|ItiCv|,..n -tin ar I, i f ., limsup NiAn||~,.}.

Proof. The lower estjiuiite. For each n 0 n n e <integer n, let p,,(z) =
Then p,, P Br and the sequence {/),,} converges 1 < ro uniformly on compact
subsets of ID: Thus, by Lemma 2.1, for any compact operator K : Bp — Z'\ we
have lim,,_,00 ||A’p,,|[r.n = 0. Hence

C*. - N'[|ap»2« > limsup \\(uCv —~OpnLli» > limsu nCApnLir».
L llsp- 15up W\( piLli» > limsup LinC~pnl}
From the definition of essential norm, we get
(2.13) limsup Imip™Il » < [JuC¥*||c,a,-+5«.
n —too
By Theorem 2.1 and (2.13), we get the desired lower estimate.

The upper estimate. For a 6 KQ we define

* - { * )—ar = (!|.~—§zy2' 2n
Let {ij}jcN be a sequence in D such that |i*(zj)] = 1 as j — cto. As shown in [4],
\>(4) anc* P-eUj) belong to Bv and converge to zero uniformly on compact

subsets of D> Moreover, we have

Um Mzi)= (M) *.  « N& )=(*W " r
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W (v»to)) - 'm - l-\I(zjIP” - (Y -fASpp-

=L FEn )M Fi))- -~ (*f) 27 @ 1iCio)z2"
Here A/N(-j) = log Tr~Ar.A1 Aljixt we can vr’l,0
u<V,,(*)Ik* 7~ eug(l- [r[2)"|(MC*/v(i,}"(*)!
= sup(l - MaHy"(*)/,.<*>M%)) + «()(*( ))2."(1,. (@)

+(2 ()< () + «(@2)¥="(2)3.(15) *>@3))

> (I-1"rri*"4Yy~o0KmM~»,)1»

(- 1Zip 2TV o (A )y (A )Ty 2 ()
.. blu)? vV
..... (i-inj2rm -i)Ib*(™M)121~ ) 12 i
(2nay e (i-w ~w )

(@ - 1PYM2u(a,-)y (r) + > ) C N G-I

1H«CVAVY) ||
1 - IvCzj)12
@- bl 2T (*)IIN)PMT,)|2 ,2 "
(i-w *i)l2)2 ( ' (@]
(2.15)
‘w‘u«”c n (u )‘M‘r. : Gt 1ziP)alc(2Ilv (> )PI¥> (z))P 1 \ﬁ'j\'zjqnllu M(Zj)l
1 4 1 W zZ)P [ ]

Taking limit as j -> oo on both sides of (2.14), we get

limsup [[ttCy/,.(z)|[2®
J->00

+iim. U <l-~ la)ttl2«fa ~ ) + " (»j)A)IM «i)I(A*,. )i
Mo 1—M j)P

> limsup(l [*j[2)*|e™ (*)I(Wv(sjj)1"
j ¥oo

> i I —] 12)“]«™(2)],
Ijr_g‘ggp( [ 12)*«"(2)]
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which implies that

Ilmsup [ItiC,./p(l)]jac + limsup —--- (bu
M*)|-> Iv>M]-i - V(-4)- v
+ limsup 5 \
M*)Mi -1~ ()12 1-1¥>(r)[2/
> limsup(l - Har|u»(z)|(|og °
ivVWHi ~ M*)I
> lirasup (1 - [*[2)*|u™(s)l.
Iva(r)|-»1

Similarly, by (215) and (2.1G), we get

limsup UuCpApf)llz- + limsup (1 - | [2)* "()]

IV5(r)}-1 N\n(n)I->1
> Jim-lip 1 M2rrMr)vo) + Ne )\
IV=(r)l-*1 1- Nr)|2
; i sl L2 (DI ()2
wU)l-.i (1 - N*)2)2

Umsup [[«CAii5(=)1k* + linieup(l - [r|7)"|-u"(3)|
NOI-*i IVW1-h

> lrasupbiizi£!'1)YW W
1- |¥>(r)r)2

lirasud 21 L Ne H
VSWI 1- \<p@)\2

By the boundedness of uCv : Bv -x Za, we see that

wn.«P — - n-
M =)bl 1-|~(r)]- \Y 1-|v(r)|2/
and
N nm-tNinoPn-- £ \p
[*>(r)|-n (1-1P(r)12)2 n 1-|p(r)|2/
Thus, we can write
E =||( ey pl( [z[2)°ju™ (Z)I(IOQ—IAW>T>)

< limsup [HiCANV()|Ir« < limsup ||'«CA/, |12,

)dl-21
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(1- r2rn )11Ar)12

a n (- w*)i*)a
1 limsup ~(,) - + limsup UnCMAMUr» 4- 5 limsup ]
2 M >jhi Iv>INHi 2 lv>(*)Il-n
< - limsup [[wCv/o]||z- +limsup|[JuC¥A0||z.. + i limsup | 7,/*»||&».
2 Jol-»l J«|-n 1 Jel-H

@ yene u_‘(z)’v ',(leer v{z)v " ()]

F = limsup---—--2-mmm =, [P
M *)|-n 1- M *)I
< 4limsup |I[mCsB/m(r)Ik» + 3 limsup | A (NI2» + limsup
12(z)]-»i
< 4limsup \WCvfal\z« + 3limsup |[uCvAL||r« + lim sup \WmCvual|z-.
le|-n |o]-»i

By Theorem 2.1 and the last three inequalities we obtain

(2.17) [luCyl|PIl?,—22.- ~ max {a, r, <?}

< max { limsup UnC~aLir.», limsup \\C,pX,,Jr», limsup \\i Cvn,,\\z"

1lul—*1 lal-H lal]->1J
Finally, we prove that

max{limsup]|| AQ0| ., limsup WuCvpaj| ..} < limsup \\upn\\z".
lal-tl I»[-+1 n-too
Lot a € D. For any fixed positive integer n > 1, it follows fiorn triangle inequality,
the fact that sup,,<fc<00 [|u”b||r- < oo and
00
A,(z) = (1- |a]2)~2 akzk z e ID,
k=0

that we have

(1-1al)Efo |* ||V ik -
k=0

A

|li»CpAa||r«

= (L-bIDE w W If +(1-M2)E WW IU -

k=0 k=n

oo

< n(l-]o]2) sup |u¥>*z« + (1- [a]2) V |a|*sup L Lr»
O<fe<«—1 >,
< n(l- | 2)+ 2sup Un~Lr.».
fort
Letting |a] — 1 in the above inequality, we get
(218) limsup WC:fXn\z > < limsup [[ni®*"||r....

lol—t1 71-100
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Lot a E D. Note that (sec [28])

(1 —ija)) 5 *1r(s) 11 k\ ’
for any fixed positive integer n > 1. Hence, using the triangle inequctiirv. !In fiict ili.it
ne ZzZ", 0< < UVIX* <*. and
u,(z) = 1- H2)2f; LW iy , s€d,
k—H *
we obtain

.r(fc- 2) fC. fC.
Wacv,innzt < (L - 17)2E AATH W *

A-0
< (1-H22Nk-+ (@1 M2)2¢E WKk -
A=1
* — no
= (1 N22Mk" + (1- H2)2£ *M W lk« + (1- H2)2f£ *MW H *
A:=0 A—n

< (1 - H22INk-+n(n-1)0 - W22 sup [l«v>*k»
O<fc<n—1

|0]2)2£ *H*sup|luv>»|k*
$ (1 - N22IMk“+n(n-1)1 Ja]2)2 sup Wwk\\p" + 4sup LiVUk»-
0<k<n— k>n

Letting |n| -» 1 in the above inequality, we get

(2.19) limsup LiuCplialk» 1 I|msup Jl«™ | K

lul-H

Therefore, by (2.17) - (2.19) we obtain the desired upper estimate:

LUnCYks,-*2" S max I limsup [[nC//a||r,, ,lim sup |[n”3"|k" }l

1 Jol-»l h->o00

The proof is complete. [

3. A NEW CHARACTERIZATION Ob’ OPERATOR XCy:

In this section, we give a new characterization for the boundedness, compactness
and essential norm of the operator uC”~ : Bv -»m Z°. For this purpose, we first state
some definitions and lemmas.

Let 1 : D — Ji+ be a continuous, strictly positive and bounded function. Here
we call v a weight function. The weighted space, denoted by H™, is a space which
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consists of all f € H (D) such that
1/11» = RgP"(;)I/(—)I < 00.
=o»

Observe that H* is a Bauach space with tho norm | m||,,. /1 weight v is called radial

if n(s) = u(Jz|) for all : g 3. The associated weight v of v is defined by

snp{|/(z)| :1 € 1I-,||/|',, < T}
WhenvV - v, (z) = (1-] 12)“(0 < n < 00), then itiseasy to chock ihatv0(z) = »,(-)*

In this case, instead of /7“ we use the notation !/ , that is,

777 - {1 e 17(») DL, - Sliplia)|(I [r|2r < *>}e
ler,-

When i. = 40(, () - ((logyzpp)l™ ) >then it is also easy to see that 5jCB( =
iloKp- Indeed, if
v(z) - (maxflsH hN )]

is a weight for some < 6 //(10), then v(z) = v(:). llence the statement follows with

'‘AZ)= QUrgp)’

Lemma 3.1 ([11])- For > U, wehavwe.l inifc-»00~ (~)nm
Also, wc have the following result.
Lemma 3.2. For 1< p < oo, we have liiii/;_,,~(log K)I~ 1 [[r1]|,,J4i A i.
Lemma 3.3 (|21]). Letv and w be radial, non-increasing weights tending to zero at
tile boundary of D. Then the following statements hold.
(a) The weighted composition operator uC,f \ -t 7/ is hounded if and only tf
anp W(2)
TBbv(<fi@)
(b) Suppose uCv : 77 —77* is bounded. Then

ILg(r)VI < 00.

UnCvilem»”™» = lim sup — — | ()]
«»1 Vbl |[>« «(¥>(*))

Lemma 3.4 ([10]) Let v and w be radial, non-increasing weights lending to zerv at
the boundary of U> Then the following statements hold.
(a) The weighted composition operator nCv : 77 ,-+ 77“ is bounded if and only if

[[RAVAN
sup - FTH; <50,
k>0 [|z*[I»
with the norm comparable to the above supremum.
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(h) Suppose uCv : TT" » A * is bounded. Then\\uCr\\,,,ii*-,n™ = lim sup* ,x
Now we are in position to state and prove our main results in this section.

Theorem 3.1. Let | < p < 00.0< o0 < oc, 76 A(B) and ip e .S(!0). Then Wie

weighted composition operator uCv : Bp —» Za is bounded if and only if u £ Zn,

supjll(2uV + «")<P,"~1lk, < oo, supj2liw /P ifj 11, < oo,
j>i j>i

sup(logj)l-illu*V||i.,, < oo0.

i>i

Proof. Observe first that by Theorem 3 of |5], the operator uCf : 13, -¥ Z° is
bounded if and only if

Mi = sup(l - [;|V[u"(z)[(log— ! p) ™ < o0,
*61»

JV = SUP e oo e < .00
=£D 1 \o)r

and
_ ot [»)«] («}JI".( )
sup . i,
=GD 1-\®o)rr
By Lennna 3.3, the condition J < oo and the boundedness of t.hc weightod composition
operator (2u'<p' + u<p"™)Cv : -> are equivalent. By Lemma . , this is
equivalent t.o the following:
SUPII(2*VW'}/—MI ..... F
>\ =11k
By Lennna 3.3, the condition A/3 < oo and the boundedness of the operator u*p'~Cf :
ff* *mA” are equivalent. By Lemma 3.4, this is equivalent, to the following:
sup 'TV.Y_4K g
j>i -3 1k
Next, by Lemma 3.3, the condition Mi < oc and the boundedness of the operator
L. " - [fjj® are equivalent. By Lennna 3.4, this is equivalent to the
following:
I« V - 4k
4R Wik, < %
Finally, in view of Lemmas 3.1 and 3.2, we conclude that that the operator uCv :
Bp -¥ Za is bounded if and only if

N oA N ~ < °°.

supjll(2uV+ «v"V, IlIk » sup—— ®IT nw —
j>ip”|( j>pi Izl I
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i>i j>i 3oz "2
and
max {||H]|z.-,sup(logj) 1 T[|[i/"VIIe<.}
L J>t
max {||«||z".s«p(log(j U} ~ I'j-fn ~ < °°>
ﬂ” I .>p.( 90 }1 i>i b ™.,
and the result follows. Theorem 3.1 is proved. n
Theorem 3.2. Leil<p<o00,0<ac<oc,uf//(B) and p€ '®) IMloo = 1

he such that uCv : Br -» Za is bounded. Then

lIttCpHe.ap-fZ" ~ max {A’i,JV2, N3},

where
N\ = linisupj[[(2uV + V )r~ 11U,
| pill( )
and
N@= limsiipj2|lw("")2¥~_1]||ut and N:i = limsup(logj)1l» [u'V|k,-

j—cc j-*oo0
Proof. FYom the proof of Theorem 3.1 we see that the boundedness of uCf : /7,, >
2. is equivalent to the boundedness of the operators (2u'lpl+ u~fi™)Cv : A“ -»
A~ A“Bl-»A - and w>nCv i A » + 4.

The upper estimate, bi view of Lemmas 3.1 - 3.4 we can write

HQRuV'+ «¢»")C 'v» 1 U, =Umsupm ' = e —

I »00 TIllvi
= limsup J"~2U ~ Hmsupj||(2uV + W 1y,
J »00
|fv2Cc 4 , , = limsupl - | IIB = limsup
7—0c 12 [[r»a7>0c7 4||lva
« limsup 2| 92 1|V,
\W"CNr.,H~ = iiwsup = limsup u) " H'V 4k

<> |z Mil*,., ~Noo (logy-i))ym~-tiin
n limsup(log(j - 1N)1_"|l«V 1], = UJnggp(tog.?)l VAR
J-»o0cC
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Thus, we have

||«Cyie,n,-.z."  $ H(2«V + + IK'Cplk;/»
+il'<y™2Cv-l|..f/?--w - < max {NUN2,A"}.

The lower estimate. From Theorem 2.1, Lemmas 3.1 - 3.4, and the above proof,

we have

[HQIr.n,.-»2" > F = WV + n limsupjl|{(2uV + tV')v~ 1]U,,
UuCALc.Mp-r» > G = [[uM2CV[CIH»..,H» « limsupj2[[iW 1[4,
j->x>

<G 12l b +Z £ & =

a limsup(log(j - 1)1_i|lu'V 1|U,, = limsup(logj),-ilh("VIv,,-
j—*oc j—¥oc

Therefore, JMC/||c,r/,-*a» > wax {¥Vi, W2, IV3}. as desired. Theorem 3.2 is proved. N

From Theorem 3.2, we immediately get the following result.

Theorem 3.3. Let 1< p< 00. U< a < o00,un € //(B) and yo 6 MB) he such that

IICN : Bp — 2. is bounded. Then the operator uCv : Bp —2," is compact if and only
if

limsupj|[(2uV + np")<p* M., = 0. lim sup j 2[\u(<p")2g* 1jv,, = 0
j+o0

j =00

and

limsup(logj)l "IKVIU, = 0.
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MEROMORPHIC FUNCTIONS SHARING THREE VALUES WITH
THEIR LINEAR DIFFERENTIAL POLYNOMIALS IN AN
ANGULAR DOMAIN

JUN-FAN CHEN

Fujian Normal University, Fujian Province, P. R. Chinal
E-mail: jvnfanchentil63.com

Abstract, bet / be a nonconstant meromorphic function of lower order /1(/) > 1/2 in C,
and let aj {j — 1,2,3) be three distinct finite complex numbers. e show that there exists
an angular domain O —{r :a < arg 2 < fi), where 0 < —a < 2tr, such that if f share nj
(G - 2.3) CM with its fc-th linear differential polynomial /.[/] in D, then / = /.[/]. This

generalizes the corresponding results from Fl-ank and Schwick [Results. Math. 22 (t!)!)2)
1>70-681], Zheng [Canad. Math. Bull. 47 (2004) 152-160] and Li-Liu-Yi [Results. Math. 68
(2015) -141-453].

MSC2010 numbers: 30D35.
Keywords: meromorphic function; order of growth; shared value; Borel direction;
angular domain.

1. Introduction

We use C and C = €U {00} to denote the whole complex plane and the extended
complex plane, respectively. In what follows, we shall suppose that the reader is
familiar with standard notations and fundamental results of the Nevanlinna theory
(see [7, 14, 15]). For a nonr.onst.ant meromorphic function f, we denote by T(r. /) the
Nevanlinna characteristic function of J and by <Sa /) the Nevanlinna deficiency of /.
Also, by /1(/) and g (/) we denote the order and the lower order of a meromorphic
function /, respectively.

Let J and g be nonconstant meromorphic functions in the domain D ¢ C, and let
c6C. Iff —cand g- c have the same zeros with the same multiplicities in D, then
we say that / and g share cCM in D. If/ cand < c only have the same zeros,
then we say that / and g share ¢ LU in D. The zeros of f —c imply the poles of /
when ¢ = cc.

rTlie research was supported by the National Natural Science Foundation of China (Grant

No. 11301076), and by the Natural Science Foundation of Fujian Province, China (Grant No.
2018.101658).
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1979, Gunderson [6] and Mucs-Steinmetz [10) have considered rlic imiiliieness
of n meromorphic function / and its derivative /' and obtained the following Ivsnlr.

Theorem /1 (see [6, 10]). Let f he a nonmnstant. meromorphir function in C. anil
a, (Jj = 1.2,3) be three distinct finite complex numbers. If f untl f share n,
(G=123)IMinC, thenf =/".
In 1992, FVank and Schwick [3] generalized Theorem A and proved ilie following
result.
Theorem B (see [3]). Let f be a nonconsla.nl meromorphic function in C and a,
(i - 1,2,3) be three distinct finite complex numbers, and let K be a positive inter/er.
Iff and fW share aj (j = 1,2,3) IM inC, then f —fa)

Remark 1.1. Three IM shared values in Theorem O rnn be replaced by two CM
shared values (see Rank and Weissenborn LL).

In 2004, Zheng [16] hits extended Theorem B from complex plane to an angular
domain, and proved the following theorem.
Theorem C (see [16]). Let f ke a transcendental meromorphic function of finite
lower order p (/) in C such that 6(a, fW) >0 for some n € C and aninteger p > 0.
Let the pairs of real numbers {ctj,Pj) (j = 1,..., gj be such- that

SIT < Qf < pi < <0 <mm<Q,< < T

withui=max {w/'( ?- ):1<j <q}, and

ZJoj+i Pi) <- arcinm\ | ----—------ ,
=t
where a — max{w, /.t}. For a positive integer k, assume lhat f and share, iij

y
(=123) IMin X == [J {z:0Qj<args </3} where a, tj - 1.2.3) are three
3=1
distinct finite complex :lumbers such that a cij (j = 1,2,3). If A(/) > u, then

= ).

In 2015, Li, Liu. and Yi [9] observed that Theorem C is invalid for ry > 2. and
proved the following more general result, which extends Theorem C (see [9, p. -1-13]).

Theorem D (sec [9]). Lei f be a transcendental mcromorphic function of finite
lower order , (/) in C and such that A(n,/) > 0 for some a e C. Assume that q > 2
pairs of real numbers {otj,0j} satisfy the conditions:

-Tr < ft, <0i < <0 <eem<ag<Oy<T
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with ¢j ~ max {ir/lL3-, —Qj) : 1< j <q), and
\Y4,(Qj+] _@J) < ﬂHrc»<|r|

where a = max{w,/i}. For a k-th order linear dijje.rcnt.ial polynomial T.[f] in J with
constant coefficients given by

(1.1)
when: K is a positive integer, , -, mm arc constants and b 0. assume.
that f and L[f] sharea} (j = 1,2,3) IMinX = (j {z :aj <argz < 3j}, where u3
(j -1.2.3) are three distinct finite complex numbers such thatu uj (j = 1.2,3).
U Mf) , then f = L[f}.

Based on Theorem D, wc naturally arise the following question.
Question 1.1. Does*there exist an angular domain D = {: :a <argr < ti], where
()<$ —« < 27, such ilial if f and L\f] siiare aj (j = 1,2,3) CM or WU in D, then
5 = L[.f\ in Theorem D?

In this paper, nve investigate the above question and prove the following result,
which generalizes Theorems C and D.

Theorem 1.1. Letf be a nonconstant meromorphic function of lower order )j (}) >
1/2 in C, Uj (j — 1.2,3) be three distinct finite complex numbers, and let L\f] be
given by (1.1). Then there exists an angular domain D = {z :a < argc < /1}, where
0 < .3—a < 2T, such that if f and L[f] share Qj (j = 1,2,3) CM in D, then f —L[f\.

As an immediate consequence of Theorem 1.1, we have the following result.

Corollary 1.1. Let f be a nonconstant meromorphic function of lower order /. (/) >
1/2 in C, «j (; = 1.2.3) be three distinct finite complex numbers, and let k be a
positive integer. Then there exists an angular domain D = {? :a < arg.. < /3},
where 0 < /3—« < 2, such that if f and share Uy {j —1,2.3) CM in D, then
| =1(«.

In order to prove our results, we recall the Nevanlinnatheory on an angular domain.
Let / he a meromorphic function in D = {r: << argz <;i}. where 0 < @—v< '2z.
Nevanlinna [0, 11] defined the following symbols.

(1.2) Aal, (r,/) = [ ( £ ) 0°*+|/ (<™)| + log- I/ (te"™)|} T,
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AT .
(1.3) Be,n(r,/) = — y =*°s+ I/ (re6>) Isinw (ff—n)dO,
(1.4 Co,ff(r,f) =2 52 (iTF~77"~)K I N | «
(1.5) 5,.5(, /) = 11,,8(r, f) + Ba,g(r, 1) + Cae(r, 1),
wherew = %/Q3- a), and b,, = |b,,|e,BT are the poles of/ in D counting multiplicities.

I1f we ignore their multiplicities, then we replace Ca.g(r, f) by (7n.s(r>)e Also, Sn,p(r, f)
will stand for the Nevanlinna’s angular- characteristic function iii D.
Throughout the paper, we denote by A(r. *) a quantity satisfying the following

relation:
(1.6) R(r,*) =0 {log (rT(r, )}, Vr £ E,

where E denotes a set of positive real numbers with finite linear measure, which will
not. necessarily bo the same in each occurrence.
Also, we will need the following definitions.

Definition 1.1. (see /8, c.f.lj). Assume that f is a meromorphir. function of infinite
order in C. Then there exists a proximate order p(r) of f such that:
(ij p{r) is continuous and nondecreasing for r > ru, and p(r) -> +oc asr -> 100;
(i) U(r) =r',(r) fr >ru) satisfies the condition:

log ) , _ r
I, “mogmi) DR r =, TFoéi/(r)

(Hi) the following relation holds:
Hrw o+ K_P r)_

Definition 3.2. (seefl3, cf.l, 8]). Let f be a meromorphic function of infinite order
in C, and let p{r) be the proximate order of f. A directionargr = 0Oa is culled a Unrcl
direction of proximate order p(r) of f if for arbitrarily small f > U the following

relation holds:
logn(r, (/)?El/ = 0)

p(r) logr
for all a 6 € except at most two exceptional values, where n(r, Ou,e,/ = a) denotes
the number of the zeros of f —a counting multiplicities in the sector |arg r —0u\ <s,
\2\ <r.

einir-tto
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Definition 1.3. (see /12]). Let f be a meromorphic function of finite order A(/) > 0
in C. A direction argz = & is called a Borel direction of order A(/) iffor arbitrarily
small £> 0 the following relation holds:

for alla e except at most two exceptional values, where n(r,8u,e,f = @) is as in
Definition 1.2.

2. Some lemmas

Lemma 2.1. (see (5, 11}). Let f be a meromorphic function in C. Then for any
a CC the following relation holds:

Lemma 2.2. (see [5, 11, cf.2/). Let f be a meromorphic function in C. Then the
following assertions hold:
(i) for g (> 3) distinct complex numbers aj € € (j = 1,2, m ,q) wc have

(@ 2)5%.a(rf) < (r,— ) +R(rd)-,

(n) for apositive integer K we have

(iii) ¥ / is offinite order, then R(r,f) =0 (1);
(iv) iff is ofinfinite order and ofproximate order p(r), then R{r,f) = 0 (iog[/(r)),
where U(r) = r”r) is as in Definition 1

Lemma 2.3. (see [7]). Let f be a meromorphic function in C, and let L[f] be given
by (1.1). Then T (r,L[f)) < (fc+ )T (r,f) +0 (logrT(r,/)).

Lemma 2.4. (see [12j). Let f be a meromorphic function mffinite order A(/) > 0
inC. Then f at least one Borel direction argz = & (0 < ftj < 27r) of order A(/).

Using the same arguments applied in Lemma 1.3 of [15, p.14], we can easily obtain

the following result.
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Lemma 2.5. Let f be a nonconstant meromorphic. function in C, and let », ¢ C
(j —1, ,... .q) beq distinct complex numbers. Then me have

£ (An*+a,q) (r,J-— ) ={Anfi+ nnJ,)*r,£ - - j +0(I).

Lemma 2-0. Let f be a nonconstant mcromorphic function in€. a, (j -1,2,3) be
three distinct finite complex numbers, and let /.,[/] hr. given by (1.1). Suppose lliat f
and L[f] shareaj (j = 1,2,3) CMinD = {z :a <argz <B), where0 </3-0 < 2m.
If J WL[f], then Sap(r,/) = R(r,f).

Proof. By Lemma 2.5, the Nevnnlinna basic reasoning (set? [7], p. 5), the definition
(1.5) of Sa.DE,*), Lemma 2.1, and Lemma 2.2(ii), we can write

12j=I (Aa.p + (r- ) ~ (A,fl + (r, +0(1)
< (Aaj + Ban) (r,E'U T"j) + (A° P+ B->(r, -rb))
<Ej=i (A,) 1B, (r. 4 ) S,fl(r,t38) 10(1) <S,,.p(r.L[f]) F/1(r,/).

that is,

J2 (P +Ban) (»— ) <S,fl(r, \'\)+11(r, 9 .

Therefore, we have

]C +B,M\(r.JZ ) + °< (r§ :) -

5 5¢fl(r, [/]) + fr,—— +Ym/) .
= 4 J-<4]

which together with definition (1.5) of 5' ,1(r, *) and Lemma 2.1 implies Ibat
(2.1) 3Sajir.f) <8an{r,-UN)+£ c an (@7 “-—-- ) + R(r.f).
i— 1
Nexi, since f and L[f] share ( = 1,2,3) CM in D,by the Nevanliima basic

reasoning [7, p. 5], Lemma 2.1, the definition (1.5) of Sag3r. *), and Lemma2.2(ii),
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WO can write
1 HLLI
< (Aad i LI )+ C,j (r./ m/[]) 1(0(2)
<(Anjt+ B,n) (m- y ) + + A>a) (m/1 + C. <(r./.j]) + 0(1)

< Av.9(r,/) + Ban (’sf) + C,a(r./) 4 fcC,.a(r,/; + K(r./)

<Ban(r./)+~C ,,3 (r,/<*>)+4A(r./) < Sa*(r,1)+~ fCu™ (r./.[/])+ AN
< /)y + ~js5o0.d LE +A(r,J).

Combining this with (2.1). we get
9. 11
(2.2) 2Sa,3(~f) <= YSa3{rLIf]>+R(rJ)m

Set F- 1/(/- r)and L\[f\= Y/(£[/] —c¢), where ceC (c £ { , 2, }), and
observethat / and L[/] sharecij (j = 1,2,3) CMinD.Since/ and L[f] always share

ex 'Min D, F and Li[f] share OIM, and I/(cij —¢) (j = 1,2,3) CM in D, then by
Lemma 2.1, Lemma 2.2(i), the definition (1.G) of Ita.d (r, *), and Lemma 2.3 we get

w26, 0(r,L,(/)) < (" Li[]—il (@1 —c)) + (rZ"~71) +nir-rj W)

< Can(r, +R )2 (r-F LA (ne)
< Bap(r,F)+san(rill/]) +A(/),
implying that-
S,.a(r, Li[/1) < S«j>(r,F) + A(r,/) .
Hence, by Lemma 2.1 we liave
@3 Saa(r,L[/]) <58m(n,/) + A (/).

In view of (2.2) and (2.3) we obtain the conclusion of the lemma. Lemma 2.Gis proved.

O

Lemma 2.7. Let f be a meromorphic function in D —{z : > < argz <ii] (0 <
B —a < 1r), and w = > (# —a). Then for any r € C and arbitrarily small i > (J,
we hnui:
n(r,D,.} -c) <Kr-Cah) (2 .y-—j ,
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where K is apositive constant,Dv = {z a+v <txgz <0-v], and» (r.D,,.f =¢)
denotes the number of zerosoff - ¢ counting multiplicities in D,, {r :|r| < r}h

Proof. Let 1j,, be the zeros of f - ¢ counting multiplicities in D. Pul ?i(«) :=
n (*, D,, f = c) for the sake of simplicity. Then for arbitrarily small v > 0 we can

write
o &2[" 3 37) = 2 < ,,,|<§>2,<<<0,,,</3 gd A q " 512/\ )7 s )
21<|L|T|<r,§+1<<B>>,<}'|-o( iy T 5_ ) ©o"
-orn(" A ’ (i
: I - - E?; 0 »)
i&“{ﬂff' ()—““—-—n (> )\ PsM(/u>|/)___([)_ 4____—__1 >A-D I'I (v)
Therefore

(r) < KruCa,p "2r,

where J1 is a positive constant not necessarily the same for each occurrence. This
completes the proof of the lemma. Lemma 2.7 is proved. (0]

Lemma 2.8. (see. f13])m Let. f ke a meromorphic function of infinite order in C, and
let p(r) he a proximate order of f. Then f has at least one Borel direction arg 2 —00
(0 < O < 2/t) of proximate order p(r).

Lemma 2.9. (see [12]). Letf be a meromorphic fimction of infinite order in C, and
let p{r) be a proximate order off. Then a direction argz = 00is a Borel direction of
proximate order p(r) of f, if and only iffor arbitrarily small e > 0 we have

ii nSLp logSfl7_f° +e(r /) =i.
r-H-00 p[r) lo

3.Proof of Theorem 1.1

Suppose that / L[f], Since A(/) > /1(/) and ( ) > 1/2, it follows that
~ (1) > 1/2- Now we consider the following two cases.
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Case 1. Assume that 1/2 < A(/) < +oc. Choose w such that 1/2 < u < A(/),
where w = T/ (fi—a) and 0 < /3—ot < 2ir. Then for one given angular domain
) = {z :a < argr < [1], we have A(/) > w. Thus, by Lemma 2.4. we can assume
that, f has at least one Borel direction argr - ( in D of order A(/). Therefore, in
view of Definition 2.3 there exists a finite complex number r such that for arbitrarily
small £> 0,

{‘5.1) Iﬂm sup—l—o—g—[]——(—r One,f =) - A()>u>.

Next, since / and L[/] share u3 § = 1,2,3) CM in D, by Lemma 2.6 and Lemma
2.2(iii), we have

(3.2) Sa,g(r,f) = R(r,f) =0(2).

On the other hand, for arbitrarily small v > 0, by Lemma 2.7 we get

(3.3) > n(rD,,f =c)< Kr“CaB "2r, ,

where K is a positive constant, D,, = {r :a+v < argz < fi—//}, and n (r, Du,f =¢)

denotes the number of zeros of / - ¢ counting multiplicities in D,, {z : |r] < ).
Thus, by (3.2), (3.3), anki Lemma 2.1 it follows that

n(r,ons,f =c¢)<n(r,Duf =c) <

< Kr*Ce'P Ur, jL -) <Kr*“(Saj, (2r,/) + 0(1)) < 0(r"),

and hence, we have
n(r.eQe,J =c) = 0(r'J).
This contradicts (3.1) and so we obtain / = £[/].
Case 2. Assume that A(/) = +oo and p(r) is a proximate order of f. Then in view
of Lemma 8 we can assume that / has at least one Borel direction argz = Qyin D of
proximate order p(r). Moreover, by Lemma 2.2(iv) and Lemma 2.G we have
Sa.e (r,f) = R (r,}) = O(log U(r)), uir) =un 13

implying that
(3-1) (r,f) = 0 (log U(r)), U(r) =
Now by Lemma. 2.9, for arbitrarily small e > 0, we have

(3.5) limsup 12g jo» "»+A7r’/) =
r->+00 P\T) logr
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Combining (3.4) and (3.5) we arrive at a contradiction. This completes iho proof of

Theorem 1.1.
Acknowledgments. The author would like to tliank the referees for their thorough

connnents and helpful suggestions.
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Abstract, Taking fin open problem in [25] into background we employ tin; idea of
normal family to investigate the uniqueness problem of meroinorphic functions sharing
a non-zero polynomial which improves a number of existing results. Specially we rectify
some errors and gaps in a recent result ol I*. Sahoo [15].
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1. Introduction, definitions and results

In this paper hy meromorphic functions we always mean meromorphic functions
in the complex plane.

Let / and g be two non-constant meromorphic functions ami let ¢ C. We say
that / and g share a CM if / —a and g —a have the same zeros with the same
multiplicities. Similarly, we say that / and g share n IM if / —a and g —<i have the
sanie zeros ignoring multiplicities.

We adopt the standard notation of value distribution theory (see [8j). For a non-
constant meromorphic function /, we denote by T(r. f) the Nevanlinna characteristic
of / and by S(r,/) any quantity satisfying S{r,f) - o{T(r,/)} as r —o00 possibly
except a set of finite linear measure. A meromorphic function a is said to be a small
function of / if T(r.a) = S{>\/).

Throughout the paper, we denote by /. ) and />(/) the lower order and the order
of /, respectively (see [8, 19]). Let / be a transcendental meromorphic function such
that p(f) = p < oc. A complex number a is said to be a Borel exceptional value (see
[39)) if

. log+ N(r, a\f)
| el <
im SUP I p
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A finite value sO is said to be. a fixed point of /( ) if f(zu) = 0. We will use the

following definition:

r(r, a; f)
O(a;/) =1 limsup

where a is a value in the extended complex plane.
In 1959, W. K. Hayman (see [7|, Corollary of Theorem 9) proved the following

assertion.

Theorem A. [7] Letf a transcendental meromorphic function and let u CN wil.li

n>3. Then/"/' =1 infinitely many solutions.

In 1997, C. C. Yang and X. H. Hua [20] obtained the following uniqueness result

corresponding to Theorem A.

Theorem B. [20] Let f and g be two non-constant meromnrj>hic functions, and
let n € N with n > 11. If f*f and gng' share 1 CM, then either /(r) = c.e.cz,
g[z) = c-ic~cz, where c,c\. e C\{0} and (cici)’ "1c? —-1 orf = tgforte C\{0}
such that t"HL = 1.

In 2002. using the idea of sharing fixed points, M. L. Fang and 1L L. Qiu |5] further

generalized and improved Theorem 13 by proving the following theorem.

Theorem C. [5] Let f and g be two non-constant memmorphic functions, and let
ne N withn> 11. IfC ? - 2 and gng' - z share U CM, then either f(z) —c,e'z*,
g(z) = c>er*2, where c,ci, ¢ & € \ {0} and 4( ) 1 2= -1 orf = tg for
t € C\ {0} such that tnL| = 1.

For the last, couple of years a number of astonishing results have been obtained
regarding the value sharing of nonlinear differential polynomials, which are mainly

the fc-th derivative of some linear expression of / and g.

1112010, J. F. Xu, F. Liiand Il. X. Yi [17] studied the analogous problem corresponding

to Theorem C, where in addition to the fixed point sharing problem, sharing of
poles are also taken under consideration. More precisely, they proved the following

theorems.

Theorem 1). [LT] Let f and g be two non-constant memmorphic functions, and let
n,k € N such that >"' + 10. If (/")(*> and (fI")» share r CM, and f and g share
46
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oc IM, then either /(as) = C\ec*, g{z) - c2e~cr', where c.c,, c2€ C\ {0} satisfying
4n2(r.ic-2y‘c2= —1, or f = tgfor t € C\ {0} such that, t" = 1.

Theorem bB. [17] Let f mid g be two non-constant, merornorphic functions such
tJdiul ©(oc;/) > jj, and let n,k 6 N sucft that n > 3k + 12. // (/" (/ —1)j" and
(gn(g - N))**'1sliare r CM, and f and g share oc IM. then f —q.

Recently X. 13 Zhang and J. F. Xu |25| further generalized and improved the
results (if [17] as follows (sec [25], Theorem 1.3).

Theorem F. [25] Let f and g be two transcendental merornorphic functions, p
a non-zero polynomial with deg(?™ = I < 5. k.n e N, m 6 N U {0} such thatn >
3k+ mH7, and let P(w) = amwm+ am_iw"1 1+ ... -l a-jw f at, be a nnn-zcro
polynomial. If [f'P~f)]” and [g1 share p CM, and f and g share oo IM,
then one of the following three cases hold:

(1) f(z) = tg(z) fort € C\{0} such thattd —1, whered —CCD[n+ m,... ,n+

m—r,..., i), am~i 0 for some 7= 1,2....... in,
(2) f andg satisfy the algebraic equation R(f, g) = U, where A(w],ux) = «p(aTw” +
> - T mmt ) - (o '+ - 2 1+ .. -lan);

(3) P(r) reduces to a non-zero monomial, namely P(z) = ajZz1 0 forsome
i6{0,1,.., 77,
if p{z) is not a constant, then f{z) = CriG<)(\ g(z) = whciv
Q(z) = fg p(t)dt, c,ci, 6 C\ {0} such that af( ) +*[( +i)c]2- -1,
ifp(z) is a non-zero constant b, then /(3) = Cseci, g(z) = ar.~":r, where <,G3,

g 6 C\ {0} such that (—)kaj(ca<Xi)"+1[(« + *)e]afc = b2.

Zhang and Xu made the following observation in Remark 1.2 of [25]:
“From the proof of Theorem 1.3, we can see that the computation will be very
complicated when deg(p) becomes large, so we are not sure whether Theorem 1.3
holds for the general polynomial p."

Also, at the end of the paper [25], the authors posed the following problem.

Open problem. What happens to Theorem 1.3 [25] if the condition “l < 57 is

removed ?

Let us define m* = 77if P(z) ¢0, and 77*= 0 if P[z) = Oj.
Regarding the above problem, . Sahoo [15] proved the following result.
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Theorem G. [15] Let. f and g be two transcendental mcrornorphic functions. p be
a non-constant polynomial nf degree I, and let k.n £ Pi and in a N U ()} such that
n > max{3A4. m* + Y.k + 21}. In addition, wt suppose that cither k,I are co-prime
or kK > /. when I > | Let P{ir) he as in Theorem | If [f1P (f and [ff* P(ff)]N9
share p CM, and f and g share x, LU, then, the fnllouiing conclusions hold.
(i) IfP(z) = amium+ a,,, -iwm 1+ ..+« +a» is not a monomial, then either
I'=tg fort £ C\ {0} such that *—1I, whered —(u+m__n+m—i__ n).

in-i O fnr some i 6 {0, 1,2....... m}. nr J and g satisfy the algebraic

equation R[f,g) = 0, where R(f.g) is given by 7J(ti'i,«'2) = »it
ait«i + ) - u2( » + e+ 0 “ + ou). In particular, when in — 1
and ©(oc;/) + B(cx>;g) > , thenf =g,

(ii) When P(z) = €O or P{w) = amw™"\ then either f = tg for I e € \ {(J)
such that t"1'1" = 1, or f(z) mbie0CI-\ g(z) -- h.c~'"iU  where Q{z) is a
polynomial without constant such that Q U) — b.nt, £ C\ {0}, and
ci,("ib)2(Inb?y = -1 ara}Mn + T)b)-{bi)n+T - 1.

Remark 1.1. Observing Theorem 1.1 of [15), it seems that the condition “I < 5"
was removed. But. unfortunately it is not the case. Actually tlie condition “I < 57 is
replaced by the condition “n > k -1-2I', with n depending on I. In the same paper the
author claims that “Theorem 1.1 of [15] improves Theorem F by reducing the lower
bound of n”, but this is not true. For example, if we assume that k = I, To= land
| —5, then from Theorem F wo get n > 11, while in Theorem G we have n > 11. On
the other hand, we see that Theorem F holds for k = Z< 5 but Theorem G does not
hold.

Therefore, by the best knowledge of the authors, the above open problem is still
open. Consequently one of the goals of this paper is to solve the above open problem

without imposing any other conditions.
Remark 1.2. In ihe proof of Lemma 2.7 of [J5], one can easily point, out. a gap.
Indeed, from the relation

afh{n + m)W e < n+m)(e+*) = p2

the authors conclude that mand ft are polynomials. A question arises when o' —pel

and ft' —pcl. Actually the authors did not consider this case.
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The above discussion is enough to make oneself inquisitive to investigate the
accurate form of Theorem G. To state our main result we need the following definition,

which also will be used throughout the paper.

Definition 1.1. [9, 10] Let. k e N U {oc}. For a € € U {oc} we denote by Ek(a: f)
tlif: set. of all a-points nf f, where an n-point of multiplicity m is counted m times
ifm< Kk and k+ 1times ifm > k. If Ec(a;/) = 73fc(n;g), then we. say that f and
1j share the value a with weight k. We write f, g share (a. k) to mean that f and g
share the value a with weight k. Also, we say that f. g share a value o IM or CM if

and only if f and g share (n, 0) or (a, 00), respectively.

Also, it is quite natural to ask the following questions.

Question 1. Can one remove the condition “Suppose that either k.l are co-prime
or K> when | > 2™*in Theorem G ?

Question 2. Can “CM” sharing in Theorems F and G be reduced to a finite weight
sharing ?

In this paper, taking the possible answers of the above questions into background,

we obtain the following result.

Theorem 1.1. Letf, g ke two transcendental meiomorphic. functions, and let k,n 6
N and m € NU {0} be such thatn > 3k+ m + 6. Letp be. a non-zero polynomial and
P{w) be defined as in Theorem F. If [fnP{f)]{k*—p, [gnP{g)Yk~- P share (0. ky),
where Al — ] + 3 and f, g share (0o, 0), then one of the following three,

cases hold:

(1) f(z) = tog(z) fort 6 C\ {0} such thattd= I, whered —GCD(n+m,...,n +
m —i,...,n), omj -0Oforsomei=1,2,...,m,

(2) f andg satisfy the algebraic equation R(f.g) = 0, where ( \, )= ui"(nTL"+
flm-jw"1-1 + ... + n0) - uj(amojdl + a,,,_iw™~x + ... + an). In particular,
when m = 1 and ©(oo; /) + 0 (00:g) > , then f = g;

3

~

P(z) reduces to a non-zero monomial, namely P{z) = n;™ 0 for some
i6{0,1,..., m};
if p(z) is not a constant, then f(z) = cie”*, g{z) - ae~d \ where
Q(z) —JInp(t)dt, and ci, c.ci, 6 €\ {0} are. such that o?(ciC2)n+,[(n +
e = -1,
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ifp(z) is a non-zero constantb, then /(r) = e3ec~ g(z) = cde where c..c),
c4 e C \{0} are such that (-1)*a?(c3c4)"+i[(n + ;")c]2&A = b2.

Remark 1.3. Clearly Theorem 1.1 improves Theorems F and G. Also, in this paper
we can remove the condition “Z< 5” in Theorem F without imposing any other

conditions and keeping all the conclusions intact.
The following definitions and notations will be used in the paper.

Definition 1.2. [11) Let a € CU {oo}. For p 6 N uir denote by N[r,a;f ]<
p) the counting function of those a-points of f (counted with multiplicities) whose
multiplicities are not greater than p. By N (r,a\f |< ;i) we denote the corresponding
reduced counting function. In an analogous manner we can define N (r,a;f |[> /5 and

N{r.a;f > p).

Definition 1.3. [10] Let k € NU{oc}. We denote by Nk(r, a;/) the counting function
ofa-points of f, where an -point of multiplicity m is counted m times if m < /;: anil
K times ifm > k. Then Nk{r,a;f) = N(r,a-,f)+N (r,a; f |> 2)+ ...+ JIF(r,a; f |> k).
Clearly N, (r,a; f) = N{r,a;/).

Definition 1.4. [2) Let f and g be two non-constant merornorphic functions such
that, f and g share the valce a IM for a 6 C U {00}. Let Z, be an a-point of f with
multiplicity p and also an a-point of g with multiplicity g. We denote by 77r.(r, a: f)

L(r,a\g)) the reduced counting of those a-points of f and g, where p >
g>1(>p> 1). Also, we denote by N~ (r,a:f) the reduced counting function of

those a-points of f anil g, wherep = q > 1.

Definition 1.5. [9,10] Letf and g be two non-constant merornorphic functions such
that, f and g share the value a IM. We denote by Ne.(r,a; f,g) the reduced counting
function of those a-points of f whose multiplicities differ from the multiplicities of the
corresponding a-points ofg. Clearly, N,(r,a;f,g) = N.(r,a;g,f) andJj.(r,a\f,g) =
Nr.(r,a\f) + r,{r,a\g).

Definition 1.6. [13] Leta, , ,...,bg€ C U {oc}. We denote by N[r,a-.J]g
, ..., bg) the counting function of those a-points o ff, counted according to multiplicity,

which are not the bi-points ofg fori = 1,2
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2. Lemmas

Let ft be @ meromorphic function in C. Then h is called a normal functionif there

exists a positivereal number M such that h#(z) < M Vz € C, whereli#(z) =
J ~ 1, denotes the spherical derivative of ft.

Let 37be a family of meromorphic functions in a domain D ¢ C. We say that 3
is a normal family in I if every sequence {/,,},, C ;I contains a subsequence which
converges spherically and uniformly Ol the compact subsets of D (see [161).

Let F and G be two non-constant meromorphic functions defined in C. We denote
by H and V the functions defined as follows:
a4, fE™ w \ (G" 2G"\ ,, ( F'F"\ ( G G\
V-1 H , F_1) qic-1)" \F -1 Fj (g-1 G)
Lemma 2.1 (|18]). Letf be a non-constant meromorphic function, and let all(z)(®
0), a,,_i(z),..., <in(z) be meromorphic functions such that T(i\m) = S(r,f) for
i=0,1,2,...,n. Then

T(r,a,f" +a,-1/'11+ ..+ a-if+ a0) = nT(r,f) + S{r, f).
Lemma 2.2 ([24]). Let f be a non-constant meromorphic function and k,p 6 N.
Then

(22) N, (r,0;/<f>) < T (r,/«*>)  T(r,/) + Np+k(r,0;/) + S(r,/),

(2.3) N,, (r,0; fw ) < kN(r,00;/) + Np+k(r,0; f) + S(r,/).

Lemma 2.3 ([12]). If N(r, O;/(*) \ f 0) denotes the counting function of those
zeros of f (k> which are not the zeros of f, where a zero of fW is counted according

to its multiplicity, then

Wr,0;f(k) 1/ 0) < klr,00;/) + N(r,0J\< k) + KN(r,0;f\> k) + S(r, /).
Lemma 2.4 ([25]). Letf and g be two non-constant meromorphic fujictiom, P{w)
be defined as in Theorem F, and letk,n e N, m e Nu{0} be such thatn > 2fc+m +1.
V [fnP (f)](K) = {gnP(g))(k), then fnP (f) s g"P{g).

Lemma 2.5 ([21], Lemma 6). If H = 0, then F, G share 1 CM. If further F, G

share oo IM then F, G share oo CM.
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Lemma 2.6 ([25]). Let f, g lie non-constant, rnnmmoiphic functions, i\ n <N. in ¢
N U {0} be such that n > k + 2, and let P(ni) be defined as in Theorem F. Let
Q(-)(™ 0,00) be a small function with respect to f with finitely many zeros anil poles.
If VP ()]<A[s"p (fl)]dd — 0,2’ f nn™ Y ~bore oc IM, then P(w) is reduced to a
non-zero monomial, namely P(w) - O0forsomeit {0.1..... m}.

Lemma 2.7 ([6]). Letf(z) ke a non-constant entire ction and let mC PI\ (1]. If
I(i)/1>(;) O, then f{z) = ra +b, where a(£ 0),be €.

Lemma 2.8 ([8], Theorem 3.10). Suppose that f is n non-constant meromorphic

function and k € N\ {1}. If
N(r,00,/) + N(r,0;/) + N(r,0; f (ki) = S(r,
then f(z) = na +b, where a(=£ 0), 6e C.

Lemma 2.9 ([8], Lemma 3.0). Suppose that F is meromorphic in n domain 1), and

set f = mE£. Then for n e N, we have

=/"+ — A - '+a,fn~3f" +hJ" + Pn_3(f).
where an - gn(?t—)(n-2), bn= $n(n—)(n-2)(n-3) and P»-:\(f) is a differential
polynomial with constant coefficients, which vanishes identically for 1 < 3 nnrl Ims

degree n —3 when n > 3.

Lemma 2.10 ([4]). Let f be a meromorphic function on € with finitely many poles
If f has bounded spherical derivative on C. then f is of imlcr at -most, 1.

Lemma 2.11 ([19], Theorem 2.11). Letf be a transcendental merommphic function
in the complex plane such that p(f) > 0. Iff has two distinct Dorel exceptional mines

in the extended complex plane, then () = p(f) and p(f) is a positive integer or oc.

Lemma 2.12 ([23]). Let. F be afamily of meromorphic functions in the unit disc [
such that all zeros of functions in F have multiplicity greater than or equal to | and
all poles of functions in F have multiplicity greater than or equal to j, mid let n ke
a real number satisfying — < a < j. Then F is not normal in any neighborhood of
ro6 O if and only if there exist
(ij points z,, 6 A, zn -i- 30,
(ii) positive numbers p,,, p,, —»0+, and
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(iii) functions f,L€ F,
such that p~n},.{Zt + , ) -> fl(C) spherically locally uniformly in C, where g is
a non-constant meromorphic function. The function g may be token In satisfy the

normalization condition: *[ ) < g*(0) = 1(C5 C).

Remark 2.1. Suppose that in Lemma 2.12, F is a family of holomorphic functions
in the domain D and there exists a number A > 1such that- |/ (84~)I S -1. whenever
f = 0. Then the real number a in Lemma 2.12 can be chosen to satisfy 0 < 0 < k. Th
that case, we also have + , ) -} () spherically locally uniformly in C, where
g is a non-constant holomorphic function. The function g may lie taken lo satisfy the

normalization condition: *( ) < g*[0) = f&1+ 1(C £ C).
Leimna 2.13 ([19]). Letfj (j = 1.2,3) be a meromorphic and fx he a non-constant.
3

functions. Suppose Shat  fj = 1 an&
J=1

3 n
J2N (r,0-fj) + 2j2W (r,00Jj) < (A+ ofl))T(r),
j=1 J=1

ni r —-foe, r e I, where / is a set ofr e (O.oc) with infinite linearmeasure, A < |

and T(r) —maxi<3<3T(r,fj). Then/ = 1orf3= 1

Lemma 2.14 ([10], Theorem 1.24). Let f be a non-constant meromorphic function,
and let k GN. Suppose that /*** 0, then

M(r,0; f (k> < N(r,0;/) + k77(r,co; f) 4 S(r,/).

Lemma 2.15. Let f, g be two transcendental entire functions such that, f and g

have no zeros, and let p be a non-zero polynomial. Suppose that (f")'(gn)" = p7,

where n £ N. Then the following assertions hold:

(i) ifp(z) is not a constant, then f{z) = cie':(iiz\ g(z) = o>e~C'r”\ where Q(z) =
p(t)dt, and c,ci, - e C\ {0} are such that (nc)2(c1@)” = - 1,

(ii) ifp(z) = b€ C\ {0}, then f(z) cs3e*:, g(z) = nie rf=where @,c4,If e C \fU-

are such that (- 1) k(c™.4)n(nd)-k = b2.

The proof follows from that of Theorem 1.3 of [25].

Lemma 2.16. Letf, g be two transcendental meromorphic , p be n non-zero

polynomial, and let k,n e N be such that n > k. Suppose that (/*)(fc,(s,")(*1 = p2,
53



S. MAJUMDER AND . MANDAL

where (/”)<fc—P and (gn) ™ -p share 0 CM and f, g share oc IM. Then the following

assertions hold:

(i) ifp(z) is not a constant, then /(z) = c,ecQ(:\ g(z) = ae-'"QW, where Q(z) =
f *p(t)dt, and CCL, @€ C\ {0} are such that (/ic-)2(cic2)” = -1,

(ii) ifp(z) = b€ C\ {0}, then f(z) = c3ed:, g(z) = ae~/Ir, where c3,cA,de C\ {0}
are such that (—)1(c-3cmn(nd)2k = b2.

Proof. Suppose
(2.4) (/" )No(<M(A)=p 2.
Since/ and g share oo IM, from (2.4) one can easily infer that / and qare transcendental
entire functions. Let Fi - (/"] mand Gi = ('j mFrom (2.4) we get
(2.5) FiGi = 1.
If F c¢*Gi, where c* 6 C\ {0}, then by (2.5), F, is a constant and so f is a
polynomial, which contradicts our assumption. Hence F\  cJGi.
Let

(06) = £
(“-6) (9")W-P

Then from (2.C) we have

(2.7) D= e\

where 71 is an entire function. Let fi = Fi, h = ¢~Gi and /a = c11 Here f\ is
transcendental. Now from (2.7), we have f\ + + fi = 1. Hence by Lemma 2.14 we

get
3 3
Y  N(re;/j) +2 °°; bl - A(r>0;7i) + JV(r,0;e7,C'i) + O(logr)
i=1 =l
< (A+o())T(n),
asr *Yoo, r 61, A< land T(r) = moxi<j<3T(r, fj).
So, by Lemma 2.13, we infer that either en G\ —-1 or e'll =1. But here the only

possibility is that e>G\ = -1, that is, (gnYKk) -- and so from (2.4) we get
(2-8) (D w = cje7lp and (gn)w = c”e/'p,
where ¢j = *1. This shows that (/*)(t) and (gnY k~share 0 CM. Let z,, be a zero

of f{z) of multiplicity p and zq be a zero of g(z) of multiplicity g. Since n > k,

it follows that zv will be a zero of (/" (z))(fc>of multiplicity np - k and zq will be
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a zero of (g"(z))~ of multiplicity nq - k. Since (/" (2))” and (g"(z))" share 0
CM, it follows that zp = 2, and p = g. Consequently / and y share 0 CM. Since
A'(r.0;/) = O(logr) and N(r, 0;g9) = O(logr), we can take

(2.9) f(z) = h](z)e°M and 112) = ht(.z)e3U\

where ftj (r) is a non-zero polynomial and a, /3 are two non-constant entire functions.
We consider the following cases.

Case 1. Suppose 0 is a Picard exceptional value of both f and g. We consider the
following sub-cases.

Sub-case 1.1. Letdeg(p) = I € N.

Since N(r.0;/) = 0 and N(r.0:g) —O0, we can take

(2.10) /(2) = e“<z>and 5(2) = e«Tr\
»
where a and 8 are two non-constant entire functions.

We deduce from (2.4) and (2.10) that either both o and /3 are transcendental entire
functions, or both are polynomials. Wo consider the following sub-cases.
Sub-case 1.1.1. Let k 6 N\{1}. We first suppose that both a and /3are transcendental

entire functions. Note that

(f»Vv (any
S(r,not) S(r,iL %) and S(r,nft) = S(r, ).

Moreover we see that
JIr.0; (fn)(K)) < N(r.0;p2) = O(logr), N(r.,0; (ff)(t)) < N(r,0\p2) = O(logr).
FVom these and using (2.10) we have

N(r,oc; f*) + N(r, 0;/") + JV(r,0; (D (t3= S(r,no!) = S(r,~ )
(2.11)3V(r,00jij") + NUr.0;.21 + iV(r,0; Gn)(A) = S{r,n0") = S(r, Ag ).

Then from (2.11) and Lemma 2.8 we must have /(2) = e“al>* and 5(2) = cc<:+Ji,
where *{ 0), , 0),d$ 6 C. But these types of / and g do not agree with the
relation (2.4).
Next., we suppose that a and © both are non-constant, polynomials, since otherwise
/ and g reduce to polynomials contradicting that they are transcendental. Also, from
(24) we get a + 8 = C\ 6 C. that is, a' = —fi'. Therefore deg(cv) = deg(/3). If
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deg(a) = deg(,9) = 1, then we again get a contradiction from (2.4). Next, we suppose
that clog(n) = cleg(/4) > 2. Now from (2.10) and Lemma 2.9 we sec that

(")<*>= (nV ) £+ *(fe~-An*-1(tt")*-2a" + flt_a(a'))en”.
Similarly we have
(S»<+> = (nA(3)F+ k(k J-n* 1{P)k-2P" + Pfc 2(/3"))c™"
= ((-1W M*Ziln*-1(-1)*-V )* -V ' + fli— (-0-"))e,s.

Since deg(a) > 2, we observe that deg((«)*m) > k deg(a'). and so (a‘)k~2a" is either
a non-zero constant or deg((a')*; 20™) > [k - 1) deg(a') - 1. Also, we see that

deg ((a')1) > deg ((a")* 2»") > dcg(Pfc_2(n")) (or deg (Pfe_2(-a"))).

Let
(a(r)); = Cjz1+ Ct-1z* 1+ ... + cn,
where to,e},..., ( U 6 C. Then we have
((«))* = c<r< + rCr ded_ir« -1+ .

where i G N. Therefore we have

(/™*)“w= (nfef*w + fenfiej let-i2fct1+ ... + (Dt + D3)zk,~* “+ ...)e"«

and
(9»)(<0 = A(-I)*nfersft+ {~1)kknkpk~ d izkt 1+ ...
+((-1)'D, + (1)*ID2)zkt-t 1+ ...y "13
where D\, £ C are such that - - - tnk 1p*~1mSince (/")m** and (g')tk®

share 0 CM, we have
nkekzkt + knke”™- et- Izki- 1+ ... + (E>! + Da)****1+ ...
= dj((-D*n*e?2* + (-11V ef-"e,-1" 1+ mme
+((-N*Di + {-1)k- ID2)zkt-t- 1+ ...)
where d[ 6 C\ {0}. From (2.12) we get =0, that is, —" 1 J 1= 0, which
is impossible for Kk > 2.

Sub-case 1.1.2. Let Kk = 1. The result follows from Lemma 2.15.

Sub-case 1.2. Let p(z) = b6 C\ {0}. Since n > k, we have f Uand g ¢ 0.
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Now using Sub-case 1.1 we can show that / = eft and y = t 3, where u and ;3 are
non-constant entire functions. We now consider the following two sub-cases.
Sub-case 1.2.1. Let k > 2. We see that N(r,0: (/n)”) = 0. If is clear that

(2.12) /" (rK/'Y4*)*0doand g\z){< (*))() O.

Then from (2.12) and Lemma 2.7 we must have /(r) = ?a,2+bh,g(z) — 1*'m, where
( 0),/>j,rj(# 0),di £ C. In view of (2.4) it is clear that al + cj = 0. Finally, by

(2.4) we take /(r) = Clert, rj(z) = c.ie~dz, where <3, c4and d e C\ {0} are such that

(-1)focaC4)"M 2*=b2.
Sub-case 1.2.2. Let k = 1. The result follows from Lemma 2.15.

Case 2. Suppose 0 is not a Picard exceptional value of f and g.
Let H= ,H-g\ F=~andG = and let ''= {Fu} and §={C?}, where
EM)= *+un)= W, andG-M = G(*+ w) = ILWL - *e c-Clearly-r and
S are two families of mcrornorphic functions defined on C. We now consider following
two suli-cases.
Sub-case 2.1.Suppose that one of the families 7 and S. say 3\ is normal on C. Then
by Marty’s theorem /**(w) = Ff(0) < M for some J1/ > 0 and for all u GC. Jlence
by Lemma 2.10 we have that F(= m--) is of order at most 1. Now from (2.4) we have
(2.13)

p(f) =p(-) = Pin =P((fn)(k)) = pUsT)w ) = p(n") =p {j) =p(0) < L.
Since / and g are transcendental entire functions, from (2.0) we have () > 0

and pin) > 0. We observe from (2.13) and Lemma 2.11 that ( ) =p(f) =1and
/i(y) = p(ij) = 1 Now from (2.9) we get

(2.14) I = liic*. g = Nie*3,

where a and B are non-constant polynomials of degree 1. From (2.4) we see that

a+S=CuG€, and so < + /3" = 0. Again, from (2.14) we have

(I")<>=c"« £ fraw)'"'~</).?),9),
where we deline (/i")(n! = ft"". Similarly we have
(gn)(k) = ena”2 fCi(_l)<r-i(na")t—(ft")(i).
«0
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Since U nYK) and (a“Yk> share 0 CM, it follows that

215) £ *C,(n")*-‘(4)w = BE *G(i)*~
>=°

i=
where rfj e € \ {0}. But from (2.15) we arrive at a contradiction.
Sub-case 2.2. Suppose that, one of the families J and S. say 7 is not. normal on C.
Then there exists at least one ;0 G A such that .T is not normal ro. we assume dial
ro 0. Now hy Marty’s theorem there exists a sequence of meromorphic functions
{F(z+Wj)} C"J wherere{r: |z] < 1} and {wj} C C is some sequence of complex
numbers, such that F&(uij) —»oc as | —»0o0.

Note that, p has only finitely many zeros. So there exists a number r > 0 such that
p(z) 0inD = {r :|r] > r}. Since p is a polynomial, for all r 6 € satisfying \{ > r,

we have

(2-16) cAi W |- M <1 )¥°

Also, since wj — 00 as j -* o0, without loss of generality we may assume that
> m+ 1forallj. Let Uj = {z :|z| < 1} and

I (uij + 2)

p{wj + 2)

Since Mj + 2\ > |wj| - |z], it follows that Wj 4-z e D for all r e Dt. Also, since

p(z) 0in jo, it follows that p(oJj + z) 0 in Di for all j. Observing that F(z) is

analytic in D, we conclude that F(wj + z) is analyticin . Therefore, all F(uij + )

are analytic in D\. Also, from (2.8) we see that every zero of h, must be a zero of p.

F(wj +2) =

Thus, we have structured a family {F(ujj + ;)} of holomorphic functions such that
F(ujj + z) 0in Di for all j.
Then by Lemma 2.12 there exist:
(i) points Zj, \zj\ < 1,
(ii) positive numbers pj, p} —=(+,
(iii) asubsequence {F{uj+Zj+pj )} of {F(u>j+z)}, such that { ) —p~kF{yjj+
Zj + pjC) —ft(C), that is,

(2.,7>
spherically locally uniformly in C, where 1 ) is some non-constant holomorphic

function such that *( ) < h*(0) = 1.
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Now from Lemma 2.10 we see that p{h) < 1. In view of the proof of Zalcman'
lemma (see [14, 22] ), we see that pj = y3"-y and F*(bj) > F*(uij), where bj -
Uj Hzj. By Hurwitz’s theorem we see that h(Q (@ Note that

My +3b+PJ) as
p(w, +z3+PjQ

Now we prove that

(219) (MCOW = Vigyf +Jhj iy 1 -
To this end, note first that by (2.17) we have
W e o _ Kl e o 0
) p(w . +ii+ftc) ) « o+ i+ PjQ 3 )
(2.20) N (c)+ftg”r taxt £gMO.

P(“5+ + PiC)
Now from (2.22), C2.18) and (2.20) we observe that

_fe+1 + 7+ pj() .
3 puj+zi+prig
Suppose
LK) +Z+M) A O andlet ¢ ()= w g K +7i+M)
v(*3+ +PjC) b+ + PjO

Then Gj{C) > JK>(0- Note that
r2 n-fct+H A ("+1Vy + ~ + M)
1} n PAj+ Zj+PjQ

- +% + M oia"[(" Y *F b

So, from (2.18) and (2.21), we see that

7fc+tm 1
P(uj + Zj+ Pjo ~ HoR

Then by mathematical induction we get desired result (2.19). Lot

(2.22) (hj{0 )(®) = ka>Jh+ %j?i .l;jcf)tQ.

From (2.4) we have

fWQjj + an+ pjc) g [f)(™- +a +ft-o ]
pwj + Z + PjC)  p(0)j + Zj + PJC)
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and so, from (2.19) and (2.22). we get

(2.23) = I-
Now from (2.19), (2.23) and the formula of higher derivatives we can deduce that

hjiO -+ McjTtliat is,
A(a

spherically locally uniformly in C, where () is some non-constant holomorpliic

(224) PUJ ++Z i+ piQ

function in the complex plane. By Hurwitz’s theorem we see.that ( ) r- 0. Therefore,
by (2.24) we have

(2.25) (MO)W > (MC))ftl

spherically locally uniformly in C. FVom (2.19). (2.23) and (2.25) we get

(2.26) N<O)YF 00 )*) = 1.

Since p(h) < J, from (2.26) we see that

(2.27) p(h) = P(h(k)) = /2(/i(t>) = p(h) < L

Since h and ft arc non-const,aut entire functions such that li -f 0 and h = ij, «<
can take h = e“J and h = eliii, where ai and jh are non-constants entire functions.
Consequently, () > 0 and p(h) > 0. Now we observe from (2.27) and Lemma 2.11
that I ) = p[h) = land /i) = ( ) = 1. Therefore, we have.

(2.28) h(z) = i*ic*, N(r) = CCf*
where c.c, ,cuf C\{0} we such that (—)k(ciOi)(c)M = 1. Also, from (2.28) we have

,0 oq\ LUl ,P[W, +B+MC) , HO _ -
/1 (0 1F(wj + z, + p3Q 1

spherically locally uniformly in C. From (2.28) and (2.29) we get

RUEET T +E)I2IMK 441 14144 +i)l2 1)
IFiuj+ Z) 1 PR+ 4l N, + 2j) Ne >+ o) * 1710) I- [c|*

which implies that
(2.30) J_ILngo F(u>j + Zj) 0, 0o.
From (2.29) and (2.30) we see that

(2-31) lijoj = j ~F(uj + Zj) —Yoo.
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Again, from (2.29) and (2.28) we have
(2.42) 1ij(0) -¥ h(0) = C\.
Now from (2..11) and (2.32) wo arrive at a contradiction. Lemma 2.10 is proved. U

Lemma 2.17. Letf, g be two transcendental meromorphic Junctions, and let P(w)

be defined as in Theorem F. Let F —V p~NI® .G = . where p is a non-zero
polynomial, and k.n. N and m e N\ {0} are such that > + m+ 3. Iff, g share
oc. IM and Il = 0, then either [/”fX/)]***[fl 'P(/)J"* = p2, where P (N]IA—p

and [f7*P(/7)]fcl - p share 0 CM, or fnP(f) . g"P(g).

Proof. Since ff = 0, by Lemma 2.5 we conclude that F and G shun 1 CM. By

integration we get

1 = hG+"-
F-1 G-1

where n{c 0). b GC. Now we consider the following cases.
Case 1. Letb Oanda b
If b——1, then from (2.33) we obtain

(2 33) '
[ ]

F=="—
G-a |

Therefore
N(r,a+ 1;G) = N(r,00; P) - N(r,o00;/).
So, in view of Lemmas 2.1 and 2.2 with p = 1 and the second fundamental theorem,
we can writ.o
(n+m)T(r,g) <T(r,G) + Nk+I(r,0-,g"P(g)) - LW, -1 G)

< Wr,00:G) + 77(r,0: G) + F(r,n+ 1;C) + Nk+] (r,0;gnP(g)) - N(r,0;G) + S(r,g)

< N (@moo;g) + Nk+,(r, 0;¢"P(g)) + N(r.oc; f) + S(r,g)

< N(r,00;/) + N(r,00;9) + Nk+i(r,0;gn) + Nk+,(r.0; P(g)) + S(r,9)

< 27V(r,o0;p) + (K+ N77(r.0;8) + T(r, P(9)) + S(r.g)

< (fc+ 3+ m) T(r.g) + S(r,9),
which is a contradiction since n > k+ 3. If b® -1, then from (2.33) we obtain

1. —a

F o+ ) eC+"p1
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and hence
T(r. G) =JIV(r.0o:F) = N(r.to: /)m
Using Lemmas 2.1 and 2.2 and the same argument as used in the case when b= —1

we can get. a contradiction.
Case 2. Leth Oanda= b Ifb= -1, thpn from (2.33) we have FG = 1, that is,

[/"P(HIN[FE"P(a)]*.) = V2e where [/nP (/)1() —P and (ff"P(fl)]* - P share 0 CM.
Ifh  —1, then from (2.33) we obtain

1 bG
F~(+b)G- T

Therefore
Xr,— ;C)=IV(r,0;N-
So, in view of Lemmas 2.1 and 2.2 with jj = 1 and the second fundamental theorem,

we can write

(n+m)T(r,g)
< N(r.o00;G) +iV(r,0;G) + N(r, —- ;G) + Nk+1(r.0;gnP(g)) - Wr. & G) + S(r
< N(r.xi;g) + (k+ DJ(#0;5) +T(r, P(g)) + N(r, @ F) + S(r,9)
< 7V(r,00:9) + (A+ 1)N(r,0:9) + T(r,P(9)) + (k+ 1)IV(r,0;/) + T(r, P(f))
+kN{r,00; f) + S(r,f) + S(r,9)
< (k+ 2+ m)T(r,fl)+ (2fe+ 1+ m) T(r,/) + S(r,f) + S(r, g).
Without loss of generality, we can assume that there exists a set 1 with infinite

measure such that T(r.f) < T(r,g) forr 6 /. So, for r e /, we have
(71 —3k —3 —m)T(i-, g) < S(r,g),

which is a contradiction since n > 3lc+ 3+ m.
Case 3. Let b= 0. FYom (2.33) we obtain

(2.34) F=
ae
Ifa ® 1, then from (2.34) we obtain /V(r,1- a: G) = N (?.0: P). Similarly we can get
a contradiction as in Case 2. Therefore a = 1 and from (2.34) we obtain F = G, that
is, [/"P(/)](fd = [a"P(a)]™ - Then by Lemma 2.4 we have f"P (f) - g" P(g)- This
completes the proof. Lemma 2.17 is proved. o
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Lemma 2.18. Letf and g be two transcendental meromorphic functions, n.k CN,
m e N U{0} such thatn > Kk + 2, and let p he a non-zero polynomial. Suppose that
If"P(f)Yk> —p, [fI"P(g)] —P share 0 CM, and f, g share oo IM, where P(w)
is defined ns in Theorem F. If [/nP (/)]N[i7” P(<?)jifc* = p2, then P(z) reduces to a
non-zero monomial, namely P(z) - Oiz 0 for some i S {0.1,... ,m}; ij p(z) is
not a constant, then f(z) = cie™"W, ¢{z) = ~  where Q(z) Jrip(t)dt. and
c,C.C2 € C\ {0} are such that 2( )+ [( + <)2= —, ifp(z) is n non-zero
constant b, then f(z) = c3e™, g(z) = ae "’, where c,c3,c.i e C\ {0} arc such that.

(—)*a?(k3cd)n+i[(7i + i)c]2* = b2.
The proof follows from Lemmas 2.C and 2.16.

Lemma 2.1!) (f1]). Letf andg be two non-constant meromorphic functions sharing

(l.fci), where 2 < 1] < oc. Then
Wwr.1;0 =2)+2Wr, 1;/| =3)+ ... + (fc, - 1) N(r,1;f\ = fc,) + fc, N,.(r, I;/)
+(fc, + 1) N 1(g, 1-,9) + fci 72E+\r,ha) < Wr, I;j)-iV (r, I;;,).

Lemma 2.20. Let. f and g be two transcendental meromorphic functions, be a
non-zero polynomial, and let F = [/"P(/)]**Vp> C = [gnP {g)\*IP, where n.k 6 N,
m e 14U {0} and P(ui) is defined as in Theorem F. Suppose A 0. If f, g share
(00, 0) and F, G share (1. kj), where 0 < fc, < oo, then (n+ m - k —I):V(r,oc: f) <
(fc+ m+ 1)(T(r,f) + T(r,g)) + 77,(r. 1;F,G) +S(r,f) + r,Q).

Proof. Suppose that, oo is an e.v.P of f and g, then thn result, follows immediately.
Next, suppose that, oo is not an e.v.P of f and g. Since H 0, we have F  G. We
claim that V 0. Suppose the opposite V. — 0. Then by integration we obtain
i-?=-Mi A)
where A is a constant such that 4/0,1. Note that if z, (p(zo) ¢ 0) is a pole of /,
then it is a pole of g as well. Hence, from the definition of F and G we have w-.] = 0
and J = 0. S0 A = 1, which is a contradiction.

Next, suppose that zu is a pole of / with multiplicity q and a pole of g with
multiplicity r such that p{z0) / 0. Clearly ro is a pole of F with multiplicity (n +
m)q + fcand a pole of G with multiplicity (n+ m)r + fc. Noting that /, g share (oc. 0)
from the definition of V it follows that zo is a zero of V with multiplicity at least
n+ m + fc—1. Now using the Milloux theorem (see [8], p. 55), and Lemma 2.1, we

63



S. MAJUMDEN AND R MAKDAL

obtain from the definition of V that m(r, V) = S(r. f) + S(r.g). Thus, using Lemma

21 and (2.3), we can write

(n+ m4-k- 1)V(r,00:/) < N(r.0:V) + CP(logr) < I'(r.V) + 0(logr)
< /V(r,00:V) + m(r.V)+ 0(logr)
< TV(r,0:F) + IV(r,0:6") + N.(r. , F.C) + S(r. f) + S(r, g)
< Mt (r,05r P(N1) + Wh-i (I, 0;4" P(</)) + KLLiT. 00; /)
+kff(r oc:q) + Jir,(r, 1:F. Q) + 6'(r,/) -+ S[r,g)
< Vt+,(r,0;/") + \W r.0; P(J1) + V*i(r.(l;a")
-bVIr+L (r, 0; P(g)) + 2L, r.00;/) + IV (r. 1:F.6") + S(r,f) + Sir.>)
< (K+ DIV(r.0:/) + /V(r,0:P(/)) + A+ DF(r,0:;)
+.V(r.0: F(fll) + 2kN(r,oc;/) + N.(r. 1;F. ")+ S(r,f) tS(r.g),

implying that

(n+ m—Kk —DIV(r,oo: f) < A+ w+ D)T(r.f) 4 I'{ryy)) >A’(r. LP.G)
+S(r,f) + Sir.;/).

Lemma 2.20 is proved.

3. Proof of the theorem

Let F - and 6' = I2I£|B)l— . Note that since f and y are transcendental
meromorphic functions, p is a small function with respect to both [/"P (/)]~ and
[g"P(a)]™. Also, F, G share (1, AH) except the zeros of p, and /, g share (0o, 0). Now
we consider two cases.

Case 1. LetH 0.

From (2.1) it can easily be deduced that the possible poles of H occur at (i)
multiple zeros of F and G, (ii) those 1 points of F and G whose multiplicities are
different, (iii) those poles of F and G whose multiplicities are dilferent, (iv) zeros oI"
F'(G") which are not the zeros of F(F - 1)(G(G - 1)).

Since H lias only simple poles we got

Af(r,.00; H) < 77.(r,00; F G) + 77.(r,1;F.G) + 77(r,0; F| > 2) + 7V(\0; G\ > 2)

(3.1) +770(r, 0; F*) + 770(r, 0; G') + 5(r,/) + S(r,fl),
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where NO(r. 0; F ) is the reduced counting function of those zeros of F' which are
not the zeros of F(F - 1), and .'Vir, 0; C) is defined similarly.

Let z0 be a simple zero of F - 1 but p(z0) # 0. Then s a simple zeroof C - 1
and a zero of . So, we have

(3.2) N(r, 1;Fj = 1) < N(r, 0: H) < N(r, 00; M) + S(r, f) + S(r.y).
Using (3.2) and (3.3) we get
(3.3) N, 1:F) < N(r, LF\ = 1) + N(r. 1 F| > 2)
< N.(r,00;/,9) + N(r,UF\ > 2)+ N(r,0;G| > 2) + N.(r, ;F.G)
+N(r, 1;F| > 2) + NO(r,0; F ) + NO(r,0: G ) + S(r,f) + S(r.q)
< N(r,00;/) + N(r,0; F\ > 2) + F(r,0;C| > 2) + JV.(r, 1, F,C)
+77(r, L, F| > 2) + MO(r, 0; F') + ;MO(r, 0; G ) + S(r, f) + S(r, a).

Now in view of Lemmas 2.3 and 2.19 we get

(3.4) ™v,0\0;G) + IV(r, L, F |> 2)+ W.(r, 1, F,C)

< Nu(r,0;G") +iv(r, ;F| = 2)+ N(r, :F| = 3)+ ... + N(r. ; F| =)
+N?2K,+7(r, L; F) + F,(r, L;F) + Ni.(r, ,G) + N.(r, 1, F,C)

< 7720(r,0; G") - 2V(r, 1;F| = 3)- .- (fc, - 2)77(r, L: F| = fc,)
-(fci - DNL(r,1;F) - kxNL(r, 1;G) - (fci - L)ATE,+1(r, I; F)
+Ar(r, I;G) - 7V(r,1;G) + N.(r, 1;F, G)

< Ao(r,0;C") + NI (r,1;C)->(r,1;C)-(k, - 2)/f;.(r. 1: F)
-(fc, -DTVb(r,1;G)

< VI, 0;G' IG# 0)- (fr, - 2)NL(r,1;F) - (fci - DjVr(r,]: G)

< 7V(r,0;G) + N(r,00;S) - (fc, - 2)N.(r, L;F,G) - F b(r, 1;G).

Hence, using (3.3), (3.4), Lemmas 2.2 and 2.20, and the second fundamental theorem,

we can write
(n+m)T(r,f) <T(r, F) + NM {r,0: }"P(f)) - N2[r,0; F) + S(r,f)

< N(r, 0; F)+N{r, oo; F)+N{r, 1; F)+jVfct2(r,0; /" P (/))-Ne 2(r.0; F)-A",(r,0; F")+A’(r
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< jV(r,00.f) + N(r,00:g) + F(r,0: F) + At+2(r,0; fnP (f)) + X(r.I:F |> 2)
+77(r, UC |> 2) + N(r, 1; F |> 2) + XK,(r, 1: F. G) +1VO(r. 0: C)
SAR(r.0:F) + S(r,/) + S(r,j)

< 3F(r,o00:/) + NbvAr.0;/" P(/)) + N3(r,0:C) - (fc, - 2) 77.(r, 1:F,C)
TVI(r,1:G) + 5(r./) + 5(r,p)

< 3 Mr,o00;/) + Wictafr,0; f nP (f)) + fc /V(r, oc: g) + Nk+2(r,0: " P(.,))

-(fc, 2) N ,(r, L,F,G) + S(r,/) + S(r,g)

< B+ f)7V(r00;/) + (fc+ 2) 77(r,0;/) + T(r, P(/)) + (fc+ 2) 7v(r.0;y)
+T(r.P(5)) - (fc, - 2) 77.(r, 1, F,G) + S(r,f) + S(r.g)

< (fc+ m+ 2) (2'(r,/) + 2°(\g)) + (3 + fe)iV(r, oc; /)

(fc, - 2) TV.(r, 1: F,G) + 6'(r,/) + 5(r,9)

< (fc+m+2) (T(r,/) +T(r,f))+ Mt+W*-fc-il) (T(r-/) + T(rS))
L/

+qul Hr—[.]_v.(r,I;F,G) - (fci - 2)IV.(r,I;F,C) + S(r./) + S(r.y)

_(3 4-foyfc+ m + 1)

7t+ m —fc—1

< K+m+ 2+ (r(r,/)y + r(r,i) +s(r,f) -S{r,g).

In a similar way we can obtain

(3.5) (n+ T1)T(r,3)
ka2 ST D) T ) + S ) + S g)
n+m—k—1 ' ’ '9)

Adding (3.4) and (3.5) we get
(Nr.A +T(r.,)) <Sfr,/) + % ,»).

Since the quantity in the third bracket can be written as
AJ(n+m-k- 1D2- 2m+ fc+ 3))(n+ m k- 1)- 2(fc+ 3)(fc+ m+ 1)
( H n+m -fc-1

by a simple computation one can easily verify that when

n+m—k—1 > 2m+ 2fc+ 5
2m + fc+ 3+ y/(2m + fc+ 3)2+ 8(fc + 3)(fc + T. + 1)

2
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that is, when n > 3k + m + 6, we obtain a contradiction from (3.6).
Case 2. Let // = 0. Then by Lemma 2.17 we have either

3.7) 1fnP (f)}W [3nP(9)]W =P 2,
or
(3.8) rP{f) = anP(0).

From (3.8) we get
(3.9) ' {pnnfm + «,,- " 1+ ...+ «,)=an{anOTr+a~ g™ 1+ ... + 00).
Let h —L. If h is a constant, then substituting / = gh into (3.9) we deduce that

amgn+m(hn+m - 1) + - Ith+m~1(/tn+m 1_1) + ... + Oltg"(h” - 1) = 0,

which implies hd = 1, where d = GCD{n + m,....n+ m— .., ), oni w0
forsome i = 0 , 1 m Thus, / = tg for t 6 C\ {0} such that td = 1, where.
d=CCD(n+m,..,,n+m- i,...,n), nm_, O0forsomet=20,1,..., m.

If h is non-constant, then by (3.9) / and g satisfy the algebraic equation R(f.g) =
0, where /1(w,,u2) =  (emWf1+ + ...+ an)- b$(a,nusb + o-m-iw™ 1+

.+ do). In particular, when P(w) = a\w + a- and 8©(oo; f) + 6(o0; g) > then by
Lemma 2.12 of [3], we have f = g. Note that when P(in) = nu, then wo must have
/ = tg for t 6 C\ {0} such that tn = 1. The remaining part, of the proof follows from
(3.7) and Lemma 2.18. O
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O CTPYKTYPE ®YHKUWWN, YHUBEPCANIbHbIX A4
BECOBbIX MPOCTPAHCTB bf£[01], p> 1

n.n. CNPrcaH

Poccuiickn  ApMsIHCKMIT YHuBepcnTeT, EpeBaH. ApmeHus
E-mail: asargsyan@hjsu.am

AnnoTauyus. B pa6oTe paccmartpusatoTcs Bonpochl cusiaiwbic co CTPYKTYpoii
yHuBepcanbHbix dyHkunii gna secoseix npoctpancts L[1(0,1}, /l > 1. lokasaHo
cywectsosanne usmepumoro muoxectsa E C [0,11 co ckonb yrogno 6nU3KOW
K efuHWLE Mepoil u BecoBOW (GyHKUuM 0 < /*(@r) < 1, paBHAl W eiica eguHunle
Ha /?. TakuUX, YTO Hagnexawum npogonxeHunem nw6oii dpyHkumn / e b'(b') Ha
[0,1)\E MOXHO Nnonyuntb yHkumto / e /-1[0.1], yHuBepcanbHy AN KaXAOro
knacca L[J[0,1], [l> loTHocuTenbHO NOAPAAOB - 3HAKOB psiga ®ypbe - Yonwa.

MSC2010 number: 42CHO; 43A15.

KniouyeBble cnoBa: yHMBepcanbHasa yHKUMA: KO huumeHTol dypbe; cuctema Yo-
Nwa; BecoBble NPOCTpPaHCTBa.

1. BeepgeHnune

BonpocaM cyLiecTBOBaHUS (YHKLMIA UK PSAROB, YHUBEPCANbHbBIX TEM W WHbIM
CMbICNIOM  PasNnMYHbIX YHKLNOHANbHBIX Kaaccax NoCBALEHO MHOTO pa6oT. B vacT-
HocTw, [>x. Bupkxod B 1929 r. gokasan cyliecTBOBaHWe LeNo pyHKUUM, KoTopas
yHUBepcanbHa OTHOCMTENbHO caBuros [1]. B 1952r. [x. MakneiiH joKasan aHano-
rMYHbI pesynbTaT 4Ns ApYroro TMNa yHMBepcasbHOCTW, a MMEHHO, OH nokasas, 4To
CYLLECTBYET Lenas pyHKLMA YHUBepPCcanbHas 0THOCUTENbHO NPOM3BOAHLIX [2]. flanee,

1975r. C. BOpPOHWH JoKa3an TeopemMy yHWBepcanbHOCTH A3eTa - (YHKLMM PumaHa
[3]. a B 1987r. K. 'pocce - dpgMaH Mokasan CyliecTBOBaHWe (DYHKLUW C YHUBep-
canbHbIM pagoM Telinopa [4]: cywecTByeT pyHKuusa a(x) € C320K) ¢ a(0) = 0, pag
Telinopa KoTopoi B Touke X = 0 NOKasbHO — paBHOMepPHO yHuBepcasneH B C ('K), T.e.
ana nwo6od pyHkumm f(x) € COK) ¢ 4O) = 0 n ymucna r > 0, cywecTByeT nognocne-

A0BaTE/IbHOCTb

YaCTMUHbIX CyMM psifa Teiinopa QyHKUuK y (m) KoTOpas pPaBHOMEPHO CXOAWUTCS K
f{x) Ha oTpe3ske |X| < T.
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Bbino cpenaHo, TakXe, OFPOMHOE KONMYeCTBO WCCef0BaHWUA, OTHOCUTENbHO Cy-
LLeCTBOBAHNA YHMBepPCanbHbIX PAfoB (OTHOCUTENbHO MojnocnefoBaTeNlbHOCTEN Ya-
CTUYHbIX CYMM, MepecTaHOBOK, MOAPAAOB, 3HAKOB KO3 (ULMEHTOB 1 T.4.) MO PasHbIM
KNacCMyecKMM OPTOroOHa/bHbIM CUCTEMaM B pPasnYHbIX hYHKLMOHaIbHbBIX MPOCTPaH-
cTBax. Hambonee obuwne pesynbTatbl 6bian nonydeHbl . E. MeHbwosbiMm [0], A. A.
Tananauom [61, M. J1. ¥YnbaHoBbIM [7] n ux yyeHukamu (cm. [8]  [2.1]).

HacToswan paboTa npeacTtaBnseT o4epefHOIA, Na Hal B3rNsj4, UHTEPeCHbIV pr.iyb-
TaT U3 Cepun UccnefoBaHNt OTHOCUTENIbHO CYLLECTBOBAHUSA U CTPYKTYPbl GYHKLUNIA C
yHUBepcanbHbIMK pagamun ®ypbe - Yonwa.

Mpexpae Yem nepeiiTn K GopMynupoBKe, AagUM COOTBETCTBYIOLLME ONpefeNeHuns.

Myctb {TFi} nonHas opToHopMirpoBaHHas Ha [0.1] cuctema Yonwa. LV(E) ( >
1) - knacc Bcex Tex namepumMbix Ha K C [O, 1] dyHKuUWA /(.>-). gns koTopbix Li/Liive) =

([b-1/OK)[p™x) p < +00 m ij’[0.1] (BecoBoe NPOCTPAHCTBO) - KJ/lacc BCeX TeX M3Mepu-

MbIX Ha [ 1) dyHKkumnid f(x), gna kotopbix |[/|L | . | = (/,, \f(x)\pii{x)dx™ " < |-oc,

rge 0 < /i(x) < | BecoBas pyHKUUA.

Onpepenedne 1.1. byaw roBopuThb, 4TO PyHkumsa U € £1[0,1] yHuBepcanbHa
ana knacca V {E) oTHocuTenbHo cucTembl {W/,} B C.MbICNC 3HAKOB CBOMX KO3(hPu-
umeHTOB Dypbe ck(U) = fy un(x)I'KH(x)iix, ecnn ana Ka>kao QyHkuum £ )
MO>XHO HallTu Takue uucna .= x1, uTo pag YltLa”Ck(U)Wi;(x) cxoguTcesa K

/(x) B meTpuke TI'(E), T.e.
Aoy e i<_><*((7)|/|13(*) - I(*) dx= o

Onpepenenne 1.2. byaem roBopuTb, 4TO pyHkuma U € 17O.. 1j yHuBepcanbHa
ans knacca TA(E) oTHocuTenbHo cucTembl {K*} B cMbicne noAnocnefoBaTenbHo-
CTell 3HaKoB Ko3hhuLmeHTOB Dypbe, ecnu ANA KaXK[ol pyHkumny € LP(E) MO>KHO
HaTwn Takume uyucna ak = £1,0, yTo pag J2kLnakCk(U)Wk(x) cxoguTca K¢ ) H

MeTpuke LP(E).

Takum 06pasom, onpedeneHHble 34eCb YHUBepPcanbHble PYHKUUM, 3TO YHKLUU C

YHUBepcanbHbIMU paAgamn dypbe - Yosnwa.

3ameyaHue 1.1. Jlerko BuAeTb, 4TO ANa KnaccoB Lp[0,1], p > 1 He cyuwiecTBylOT
onpefeneHHble HAMU yHUBepcanbHble (YHKLUU (HU B CMbIC/Ie 3HAKOB KO3 (UL MeHT 0B
dypbe - Yonwa, Nu B CMbICAe MOAMNOCNe[0BATENbHOCTE 3HAKOB KOI(huLMeHTOoB
dypbe Yonwa).
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O CTI'YKTYI'b ®YHKUUA. YHVIBEPCA/IbHbBIX /19 BbCOBbI X

[eiicTBUTENbHO, ecnn Gbl ANa HekoToporo knacca £M0,1]. p > 1 cyuwecTBoBana
Takaa pyHkuma U e X1[0,1], To gna pyHkumn kuCka(U)Wka{x), rge > 1 nw6oe

HaTypanbHoe uncno ¢ ycnosmem r.AJU) 0. Hawnucb 6bl TakMe yncna = x1 v
+1,0, yTO

w p

£ )\ *) - KOrUn(U)WKk, (k) dx =

k=l
0TKyfia cpa3y noflyyaem NpoTuMBOpeYue: = Ky > 1

OpgHako, nonydeHHble B pab6oTax [16] - |20] pe3ynbTaTbl MOKasbiBalT, UYTO ANS
npoctpaHcTe Lp\0.1], pe (0.1, LP{E), p > 1, E ¢ [0,1] n ££][0,1), p > 1 (BecoBble
NpocTpaHCcTBa) KapTuHa nHas.

B pa6oTe [161 gokasaHo, 4To A4ns nw6oro uncnap e (0,1) cywecTByeT PyHKUMA
Up e b*[0,1] (pag ®ypbe Yosnwa KOTOPO MMeeT cTPOro ybbiBatowime Koshpuum-
eHTbl 1 cxoanTea K heft no /11[0.1] Hopme), KoTopasi ABNSIETCA YHUBepcanbHOU Ans
knacca JIp[0,1] B cmbicne 3HaKoB cBouMX KoappuumeHToB Pypbe - Yonta. B |I8]
aBTOpaM yfasnoch elie 1 onbicaTb CTPYKTYPY TakuxX GYHKUWUIA ¢ TOUKM 3peHnsa Knac-
cnyeckux Teopem JlysmHa - MeHblioBa [25], [26].

[anee, B (19] n [20] nocTpoeHbl MHTerpupyemble yHKUMKN f(X) (pAgbl Pypbe -
Yonwa KOTOpbIX UMeT CTPOro ybbiBawuwime KOIPMOULUNEHTbI N CXOAATCA K HUM MO
N°(0, 1] Hopme) 1 BecoBble PyHKLUUM 0 < L(X) < 1 Tak, 4To6bl, B nepBom cny4dae, 4(.1)
6blna yHUBepcanbHOW AN BecoBOro npocTpaHcTBa £*[0,1] B cMbic/ie 3HAKOB CBOUX
KoahuumneHToB dypbe - YosLwa, a BO BTOPOM - YHUBEPCanbHOW N8 KaXA0ro Knac-
cai;;[0.1], p > 1B cmbicne nognocnesoBaTelbHOCTel 3HAKOB CBOUX KO3(D(ULMEHTOB
dypbe Yonwa. Bonee Toro, NokasaHo, YT0 Mepy MHOXECTBA, Ha KOTOPOM L(x) - 1,
MOXHO Cfienatb CKOJMb YrofHO 6/M3KOW K eanHuLE.

CnepytoLweil Teopemoii onucbiBaeTcst CTPYKTYpa yHUBepcanbHbIX Ans knaccos LV(E),

p > 1 dyHKUNIA:

Teopema 1.1. Ana nwo6oro uncna 0 < s < 1 cyujecTByeT M3MEPUMOE MHO>KeCTBO
Elrc [0,1] c mepoii \£ \ > 1-e Takoe, YTO ANA KaXKAOW yHKUMM 6 £ [0, Ij MOXK-
HO HaliTwu yHkuuw € £*[0,1], cosnagatowyo ¢ na Ee, koTopas yHuBepcanbHa
ons ka>kgoro knacca V'{E), p > 1 B anbicne nognocnesoBaTenbHOCTER . TOKOB CBO-

ero paga ®ypbe - Yonuwa.

Ham Takxe yAanocb ycunuTb 3TOT pe3ynbTaT U oNucaTb CTPYKTYPY YHWUBepcasib-
HbIX PYHKUWUIA ANns BecoBblx npocTpaHcTs ££[0,1], p > L
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Teopema 1.2. Ansa no6oro ymcna 0 < s < 1 cywecTByeT LIMCPNMLI- MHOXECTBO
Er C [0.1 c mepoit \Ee\ > 1- e n BecoBad (yHkumsa (L < p(r) < 1, cp(r) = 1
Ha Er, Takue, 4To Ana Kaxkpoi dyHkuwi } 6 *[0. I] MOXKHO HaWTu yHKUKIO
f e LI\O,1), coBnajatowyto ¢/ Ha E,, KoTopas yHuBepcanbHa AnA Ka>k[oro knacca
££[0.1], p > 1. o cmbicne NOAMNOC/ACA00ATCALIOCTT.IM 3HAKOB coono paga dupbe

Yonuia.

B cBf3N < pesynbTaTaMu HacTosAleid paboTbl BO3HWMKAIOT crejytolne nonpockbl,
O0TBETbl Ha KOTOPble HAM He W3BECTHbI:

Bonpoc 1. CnpaBegnvBbl M Teopembl 1.1-1.2 4nA yHMBepPCasbHOCTN B CMbIC/NE
3HaKoB KoahhuumneHToB dypbe Yonwa?

Bonpoc 2. CnpaBeanuBbl 1 Teopembl 1.1-1.2 onsi TPUrOHOMETPUYECKOW CUCTEMBI
n/vnn ana Apyrux Knaccuyecknx opTOHOPMMPOBAMHbIX CUCTEM?

MHTepecHO 6b1710 6bl BbISICHUTb TaKXXe CyLecTBYeT M abCONOTHO MHTerpupyemas
(PYHKLUMA C YHMBEPCA/IbHbIM B paccMaTpuBaeMblX 3[leCb NpocTpaHcTBax psigoMm dy-
pbe - Yosnwa OTHOCUTENbHO NOAMNOC/eA0BaTENbHOCTE YACTUAUBIX CyMM. B KoHLe
npusedeM ellje 4Ba UHTePeCHbI!» pe3ynbTaTa, HEMOCPEACTBEHHO CBA3AHHbIX C AalUtoii
TeMaTUKOii:

B [21] gokasaHo, 4TO ecnu nocnefoBatesibHOCTbL {a”} yA0BNeTBOPAET YCNOBUAM

(11 «0 > «i > .. >at> .., lirn ajt=0 n

TO AN NGO N. B. KOHEYHOW n3MepuMoii hyHKLMK /, onpeaeneHHoi Ha [0, 1], cyue-
CTBYET MocnefoBaTenbHOCTb uncen {Ga}, 50 = +1,0, Takasa, uto pag Xibin
no cucteMme Yonta cxoautcea K/ n.B. Ha [0,1]. B 3Toli pa6oTe NnpuBefeH ewe U npu-

mMep paja ®Pypbe - Yonuwa, KoadapuuyneHTbl KOTOPOro yAoBAeTBOPAOT ycnosuam (1.1)

B |22] noka3aHo, 4TO ecnun Ans nocnefosatenbHocTU {at} BbINOAHATCA YCN0BUA
(1.1) 10 gia nwb6oro uncna s > 0 cyuwecTByeT msmepumoe MHoxectso E C [0,1]
c mMepoi |/7| > 1 —e Takoe, 4TO ANnsA nTo6oli pyHkumm / e JI1[0.1] cyuwecTByOT
yHkums g e £1[0,1] n uncna = +1,0, Takue, uto y(x) - f(x) gna x € E, a pag
NT=o fika) Wk cxoanTca K pyHKumn g B meTpuke L’[0,1].
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2. BcnomoraTtenbHble neMMbl

dyHKUMKM cuctembl Yonwa {~ (® )} £0 onpegenatoTca PyHKLUAMMN cucTeMbl Pa-
aemaxepa
7U<(x) = sign(sin 2*tr.T), Xx e [0,1], k= 1,2.-——-
cnepyloumm obpasom (cMm. [24]): \Wa(x) = 1, agna k > 1
1
Wk{x) = I "~ + 1 (%)
i—1

rge K = 2" + 22 H-—-- 2" (arl> n2 > emm> TU).

MycTb \E\ - mepa Jle6era namepumoro mHoxectsa E C [0,1], a Xn(x) ~ oe xapak-
TepucTuyeckas PyHKUusA. Jua cuctembl Yonwa npu nt060M HaTypasbHOM yucie m
BepHa (cm. [24])

"\ korga Xe [0,2 "),

2.1
\o, Korga a6 (2 *, 1],

0TKyAa ansa nwboro yncna p > 0 nmeem
»+1 1

2.2 w(x
(2.2) roE, W™

Ix = 2m<P-").

OuyeBUAHO, YTO ANs NO60ro HatypanbHoro yncna M € [2m,2m+1) n yucen {«n*,
BEPHO
M

(2.3) Y . akWk
K=2»

OTMeTUM, 4YTO M3 6a3UCHOCTN CUCTEMbl Yoswa B NPoOCTPaHCTBax [)1]. p > 1

cnepyeT, 4To Ana nw6oro ymcna p > 1 cywecTByeT Takaih noctosaHHas Cp > 0, uto

ons Kaxpgolh dyHkumun / e [.’[O, I] nMeeT MecCTo creaytollee HepaBeHCTBO

(2-4) IISn(/)Ib[o,i] < CPIlNIb][o,,,. €N,

roe {. ,,(/)} - YacTUUHbIE CyMMbl ee pa3fioXeHUsA No cucteme Yonuts, [24].
Mcnonb3ya cxembl gokasaTenbCTB JleMMbl 2 paboTbl [19] n Jlemmbl 2.2 paboTbl

[201, Ha. ocHOBe cooTHoweHMUl (2.1) - (2.3) ne TpyaHO y6eanTbcst B CNpaBesMBOCTYU

cnepytoweii OCHOBHOW NeMMbl:

Nemma 2.1. Myctep > 1. no€ N unuf = [ofF"Njr], 1€ [0.2/1) ecTb [BONYHbIN
MHTepBan. Torga gns nw6eix uncen e 6 (0,1), 7 O n HaTypanbHoro 4ucna d
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CyWecTBYOT M3MepUMoe MHO>ecTBO Eq C [ ¢ mepoid |E,j = (1-2 4\ [ n
NONMHOMbI
2n0— 2"
P,(x) = a*W'lt(i), Haq(x) = Acarl-V*(x), <K= %I,
A.~2«u A=2"u
o]
Gv(x) = A2 <Tk<iKWK(X), it* - +1.0,
fe=2"0

?i0o cucTame YonTa Takue, yTo

1) O< dfcH < at <e, korfli « 6 [2""2"«- 1),

2) *«(*) *Xp-u.4iC®)

o

(J7, korpax € En

, ecnm A C[2"". 1],
I 0, korga r€ [21T1,1]\[

3) a,(*) =
[O, «korpax 6 [2"", 1], A c [0.2
7, korpax € E,,
¢ A 7 ®"okorgaxe [0\ 1,
M
5) 2 g}f})éZHH Y . bkUkWk < 3171141 =
K-Z1> LMo.i]
M
6) C0J@%, akak Wk <27 g e
T k=2"0 L]

rae C ecTbh NOCTOsSIHHAA onpegensiemas npocTpaHcTsom /V'[0,1].

27,0%2(2"14 £ «*Nb < s.

Jlemma 2.1 nNo3BOMAET YyCTAaHOBUTb BCNOMOraTtesibHyto Jlemmy 2.2.

Nlemma 2.2. MycTtbp0> 1, w 6 N, £6 (0,1) n/(.r) = X)w=i 7™N4,.(r) ecTto Ta
Kasi cTyneHyaTas yHkumsa, yTto7,, O wm {O4T}"_i - nenepkcekavnuyuiica gsonu-
Hble MHTepBanbl ¢ Y Am=\ I’»<1 = 1- Torga MO>XHO Hali TN MAMepUMble MHOXeCTBa
ji(i) ¢ [2 n», 1], E(2) C [0,1] 1 nonnMHOMBI
2"-i 1
P(x) = Y i akWk(x), H(x)= Y, tkakWk(x), 6k= +1,
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C(x) = ~ <Tk<ikWk(x), <*= +1,0,
270
no curTemMn Ynawn, yaoBneTBOPsiOLWMe CNeYIOLIUM YCI0BUSM:

1) A@)] > 1-2-"° -e, [A<2>|>1-¢,
2) O< Cleti < ac-< £, ke [2'%.2" - 1)
3) P{x) -Xp-"*1|(*) = O
(N (x), korpax € £°(,\

4 Car), korga x € E&\

ni
5) ) Yy,

2 O<X}(<2» K2 lf

M

6) rodfifo Y OfWit
k=2"t L.-(c)

ans no6oro namepmumoro MHoxecTsa ¢ C E{2) n uncna 1 < p < pu,
7) 2,“>LE‘«’;1><<,2“ OkV/jt < E.

L‘[M
[oka3aTenbcTBO. BblbepeM HaTypanbHOe 4MCNo
(2.5) > logs

1 pasgenum oTpe3ok [0.1] Ha KOpOTKMe, HenepeceKakArwecs ABOUYHbIE UHTepBasbl
o

0MHaKOBOW ANMWHbI Takum o6pasom, yto |47 < ww{|4,,|}, yucno 2

SIBNAEGTCA TOUYKOWN AefleHNA U BbINOMNHSAETCA HepaBeHCTBO
(2.6) om {a»CI7T#|4i|l/,*}<e,
rge~i, - 7,,,ecnnmAj c [A,,. MNpegctaBum pyHkuuto /(.r) Beuge fa:) = Y.'jU bXn, (x)

MocnefoBaTenbHO NpUMeHAa nemmy 2.1 Ans Kaxporo u3 nHtepsanos Aj, j 6 [i.”u]

nyuntbiBas (2.5) u (2.6), Hailjem Takue MHOXecTBa C Aj c mepoii
(-7 [A{>] = (1-2-%) |4 ;> (1-e)|A ]

N NOINHOMBbI
2nj —1

PY'(r-) = £ HU»(X)= J2 sij)aii]W,(x), ==+1,
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2n) —1
Cj/>(x) = afjaj>wk(x): »==10.
k=2n) 1
cucTeMe Yonuwa, uto
O<eln, < 1'<e, ans  IC6 [2«":2™ 1).
@i Vo <am < 1< O fcep-~-,27 - 1), 16 2.4,
(2.9) N0)(*F)-Xp-"o.i](*) = u>
, Korga t ecjm

0, «korgaxe [2 1\4>

korga X € [2-n°,1], ecnu A, C [0,2""],

CCNbi=/7i" Korgax6
(2.11) by : Korﬂaa;e [0,1]\ Aj.

. max E AW * < 3blinyl + 2- ||/|l,..] .|
(2.12) M i w y -1l
h=2nJ-t L'10.13
(2.13) max J2 4, 4 < 2*CIt,1|4i |1/'B< £
2ni -1<1/<2"i
(2-14) max
2nJ-i <M<2"o /c:2nj-i 1’40.1]
OnpegenvMm MHOXecTBa
(2.10) = | 4 <=
j: AnCp-"»,1] j=1
1N NONINHOMBbI
2""0 -] 2n"0o—1
P(i) ="~P ,i>(i)= £ otWikf*), 77(z) = £tf<% ) = £ W »W *),
j=i fc=2«o0 T7=1 Jb=2no
KO 2n"o -
G(z) = £ ¢ 3)@= £ <4-\\ - ),
7=] k=2no
roe ft/, = «{f <k = n5* = ), Korga * £ [2*~1,2 ).
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O CTPYKTYPE ®YHKUUA. YHUBEPCAJIbHbIX 4151 BECOBbIX

YTBepxaeHusi 1)  4) nemmbl 2.2 cpasy MNoAy4vyawTCcs U3 COOTHOWEHWUR (2.7) -
(2.11) n (2.13). flanee, nycTb M ecTb HaTypanbHOe yncnio n3 [2u°,2Md»). Torga M e
[2wW*»-i}21i") pna HekoTporo T 6 [1,4)]. Ncnonb3ya (2.11) - (2.14) umeem

I ™ N
| AKTIKYVK
U=2no 101 J= i 40.1]
Vo
<3Thbl LA, + ||/||r.iton) < 4]|/||pi]o.i)<
j=i

M 1 ni—1 M
_(mo(m)
Y . <Tk<ikWk < £ G 2 + 2 A A H fe
= - = -l
k=r2 mn LUc) i=1 . fo= 2 00
1w —1 M
ie b XA * £ ofmv.m Wk < /1, (6
1 ) A=2""" o> L*0]0,1]
ANa Noboro nsmepumoro MHoxectsa e C E*2) nuumcna 1< p < powun
M
< > max £ <E£V* < c.
PP <N<2"
=ee Lam w=1 1[0.1]
Jlemma 2.2 gokasaHa. m]

Tenepb ¢ NOMOLLbIO NeMMbl 2.2 AOKaXEM OCHOBHYI N1leMMY 3TOro naparpada.

Nemma 2.3. Ons kaxkpgoro uyucna 7) e (0.1) cywecTsyeT BecoBasd (pyHkums 0 <
u(x) <1 cl|{ire[0,1] : u(x) = 1} > 1- 1; Takasa, 4yTO ANa N6GLIX 4ucen po > 1,
no6 N, € (O, I)n cTyneHYaTON yHKUUM /(X) = iTiXpA®) cPLnoHanbHu-
MU 4j 0 n ycnosuem IAjl = I» e HenepecekawLecs ABOUYHbIE

MHTepBanbl, MOXXHO HakTu n3Meprmoe MHo>KecTBO E C [2 7, 1] ¥ NoANHOMBI

27 1 1
P(x) = E ahwWk{x), IUx)= Y SkOkWkfa), Sk= %1,
k=2no fc=2*0
ol
c (i) = E Cr =+1,0,
jb=2nu

no cucTenie Yonwa, yaoBneTBOPSAOLLME CNEAYOLW UM YCNOBUAM:

1) 1€ |> 1 -
2) 0 < a*+, <ak<e, kKe [2" 2%- 1),

3) P(x) W12—o,i](x) = 0,



A.A. CNIPTFCAH

H(x) = /(.r), «korga x € E.

4)
M
5) 2.,01¢Lli}<<2, Y . SkUkwWh <5\ [,]1
k=2"0 01]

) /-

M
7) Z*OTI\e}I)éZ" Y . VKO-kWk
K=2""» friod]
M
8) 2nolplelx<2n £ akwk ;
*=2"0 L'jol]

JAokasaTenscTso. Myctb 1) 6 (0,1), Ntl - 1 wn /,(r) = J2j i 7°M1/1gi»0 (k) ecTb

nocnefoBaTeNbHOCTbL BCeX CTYMeH4YaTbiX PYHKUWMIA C paymMoHanbHbIMU A ]
ycnosuem Yi'Zi IAj™U = 1, rpe {O4*" HenepeceKawLmecs ABONUYHbIE NHTepPBa-
nbl. MocnefoBaTenbHbIM NPUMeHEHWEM NeMMbl 2 MOXHO HaliTW MHOXecTBa C
[2~V*-1,1], BT1C [0,1] n nonnHOMbI
2Nm_]

(2.16) P,,.(X)= Y, «*" Iy x(*).
(2.17) a»(*)“ £ 4TY Toam*). 4T) = zi,

fc=2\m-I
(2.18) Gm(x) = £ 4 m)4 m)iyfo(x), "0 = *1.0.

b/ -i

no cucteme Yonnia, yaoBneTBopsioLLMe 45 N0GOro HaTypanbHOro yucna T cnegy-

IO MM YCNOBUAM

(2.19.1 [E<N > 1-2-'v" " -1 -1 om |E<?>[> 1- 2 i,

(2.20) 0< Mz atm)‘ PELIURSR Hf‘l\ [ fee [ A"~ AT - 1),
4.V

(2.21) P,n(x) = 0, korga .r€ [2""— 1,

(2.22) mpy — 1H TO), oraaré ET
[C..(x), Korga*e BT,
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2.23 max
( ) 2. \<M<2K" O .re
LMo.i]

(2.24) max £ (Q'E‘—h)l/b < A/m 1/>(«) m

bro»-i 2-pfe)
Ana no60ro M3MepUMOro NoAgMHoXecTsa s C Muncna < p<m,
M
(2.25) E ;
. wax
2 VT»-i <Af<2A>» X 9sn-ri
»iog]

Ncnonb3ysa cooTHoweHusa (2.19), (2.22), (2.24) n cxemy NPUMEHEHHYIO B nemme 2.4
pa6oTbl [20] MOXHO MOCTPOMTbL BecoBYK (yHKuuio 0 < /i(T) < 1lc |{r € [0.1) :

Ir(x) = 1} > 1—r] Takyto, 4TO Ana N60Oro HaTypasbHOro Yymcna
(2-26) >0 —\iogt/2Tv+ 1
MMeT MecTo

(2.27)

(2.28) E lr-lﬁ) LI(«Oi’I;'
Ae=201,,
KaKoBbl 6bl He 6bIIM M € [2VT-i,2/1,T)n 1< /) < T.
Tenepb, nycTb uncna nu € N ue 6 (0,1) 3agaHbl. 3 nocnegoBatensHoctu {/,,,}

Bblbepem Takyto yHKuuw /T,(r) = /(.T), uto
(2.20) To > wax|ri, po, logo-| , 2Nmo~" > Tnx{2"°,2/e},

nana kK € [2"“ 2Nm'i) nonoxum (B cooTBeTcTBMK C (2.16) (2.18))

*7)_, Korga k€ [2Im2'v™o-1),
e

(2.30) a* =
korga fce [2w-0-i,2"™ 0),

MN,korga fc6 [2"°2jV0-1),
(2.31) 6K —
£') = £1. «korga K 6 [2Amu->, 2w,,,0) ,
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lo. Korga K € [2"»2-v™M«-) .
(2.32)
n
(2.33) E=EP> [2-"°1],

20T Y X 2 Vmo- |

p(x)= £ kW kfc) =
Ir=2n» fc=2no
2rn0-1 _ |
I(x) = £ 5kai,Wk(x) = £ akWk{x) +
k—2no k=2n0
2jVoro —1

Cx)= Y, ~akwk(x) = Gino(@®).

Yo6egumcesa, uto dyHkuma fi(x), mHoxecTtso E n nonuvHombl P(ar), //'( ) n 6'(3:) ygo-

BNETBOPAIOT BCEM YCNOBUAM neMmbl 3. YTBepXxaeHUsa 2), G) n 7) HenocpeACTBEHHO
cnepytT n3 (2.20), (2.27)

(2.29) n (2.33) Haxogum

(2.30) 1 (2.32). Uicnonbsys (2.1), (2.19), (2.21), (2.22),

[El> 1— *""-1- »» > 1- 1 2" % (y18. 1))

P(x) - PTy(x) = 0, korga X€ [2"“ 1], (yTB. 3))

M(x) = HTo{x) = fma(x) = f(x), korga x € E. (yTB. 4)).

Manee, o6o3Havas

max £ £kWk
2ru< N/<2Jr1 0- i-Mo.il
Ha ocHoBe (2.23), (2.25), (2.29) u (2.31) nony4yaem
4
max £ <WK*
2nu<M<2N"u
b ‘p.i]

< .J-r max
2K.no-i<N1r<2Jro
fc=2K"4J-
M ! M
£ flklvfc < I+ max E ) - <
fc=2"r1 LMO.i]
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MycTb, Tenepb, M MNpou3BO/IbHOE HaTypanbHOe YNCTO U3 [2"'1,2n""- *)- Torga M €
[2M,,2",+1) ana HekoToporo w, 6 [H.jVmi._1) n, cnepgoBaTenbHo, ¢ yyetom (2.1),

(2.20) n (2.29), NPUXOANM K CNeAytoLLEMY 3aKNHOYEHNIO:
M [2"*-1
Y a*|v* < -Jdom + 70 «2M <

*=2 ]A.—Z' we
=2 L40.1] =Z'0 o1

< ur{ 8’ MU-mn.il} »

UeM OKOHYATEeNbHO fOKA3bIBAKTCS YTBEPXAeHUs 5) n 8). J/lemma 2.3 gokasaHo. O

3. lokasaTtenbcTtBo Teopemb 1.2

Myctb £ C (0.1), /io - npon3BONbHOE HaTypanbHOe Yncno 6onblie log2 * n f,,,(x) =
'L.YJZI 7 /BYNC" ) (*) erTb nocnefoBaTelbHOCTb BCEX CTYMeHYaTbIX PYHKLUUM C pauun-
OoHanbHbiMK [/ ™ 1 ® 0 4 ycnoBuem YI]ZI [art)l ™ 1, rpe { * }y=i  Henepecekato-
Wwmiica ABONYHbIE UHTEPBASbI.

MpuMeHsia nemMy 2.3 MOXHO HaliTu BecoByt (yHKUMO 0 < /i(x) < ] ¢ ycnoBuem

I 171> 1- £, rge 21 = {Te [0!]: //(x) - I}, mHOxecTBa E,,, ¢ [2-n“-1,1] n
NOJINHOMBI
g
(3.1) Po.(x)= J2 4 mWk(x),
— 1
(3.2) a,(x)= y , 4m)d mHfc@i), 4m==ti;
k=2n~" -1
2"m _|1
(3.3) Gm(x) = £ )= %1,0,
fc=2"m-1

no cucTeme YonTa, KOTOPble YA0BNETBOPSIOT CMEAYIOLIUM YCNOBUAM NS KaX[oro

HaTypanbHOro ynucna T:

(3-4) [Em|>1__1__2-«n,-li
(o< 2.< <1, BE[22v 1),
0< +1 < y[r><rnin{2-m4"miL1j, k€ Q"— ,2" 1]
(3-6) PT(x) X[2-"T1-1,1](*) = 0,
3.7) A,,(x) = /T(x), korga Xx € ET,
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wax "e "
(3'3) -l <ni<2” Ii:ZEMn»I )
(3.9) Im  ATU/ATToN < 20 -2
7\ 1
1) —M—1
(3.10) L PN k_E |4 ) y\
=2"rn- Luo.11
ana nwo6oro ymcna 1< p < T.
nl
< -m-I
(311) 2, >>ui%)/(<2"'» ,E
fc=2nm -1 5{0_1]
Monoxum
2%0_1 7°
(3.12) Po(X) = E «rwikW = E 1 *)
=0 K=a
n
(3.13)
. 1[0,2"™), echm m =0
ak= " un <= 4 m)+2--Kiktn) pgnslce
[ —., "™,

M3 (3.1), (3.5), (3.11) (3.13) cnepyet, uto ck \ 0 u pag

f lc.kWK(x)
K=0

B MeTpuke L1N 1] cxofMTcA K HEKOTOpol pyHKLUK & £*[0,1] (cnepoBaTenbHO,
Ck = Ck(U) aBnsTca KoapduumeHTamm ®dypbe - Yonta pyHKunum u). Onpepenvm
MHOXEeCTBO
(3.14) A<2) = ( £,,) CET, T €N,

‘rnsal
nmerowero (Ha ocHose (3.4)) mepy \E~\ > 1 —

Mcnonb3ya cooTHoweHua (2.1), (3.6) - (3.8), (3.11), (3.13), (3.14) n paccyxjaeHus
cponaiTeic B paboTe [15] 3akn0Uaem, 4To ANa Kaxpo pyHkumm / 6  1[0,1) MOXHO
HaliTn yHKuuMo /| 6 [0,1], coBnagatowyto ¢/ HaE ™ mumcna .= %1 Tak, 4Tobbl
pag YlTLa I'%, cxoguncs 66l K / B MmeTpuke '[0,1].

Tenepb MoKaxem, 4To AHA nb6oro uncnap > 1 un yHkumm g € ££[0.1] MOXHO

HaliTn Takue yucna aK = +1,0, yto psg ££10<Mc*U'ib cxoanTCs K Y B MeTpuke
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LJJ[0. 1]. B cooTBeTcTBMU C (3.3) 1 (3.13) nonoxum
“.n_1

(3.15) G..(x)= Y. tinc*wk®> "I'=$1-0. mé€N.

CornacHo oTHoweHusam (3.9), (3.10), (3.13) u (3.15) ana nobbix yncen m e N. JI/ 6
25") Nwup6 (I,mj umeoT MecTo cnefytolime HepaBeHCTBaA:

(3.16) lim ~ rtadl [0~ Wim~ @ W™01+ ) A -  1<2 m
M
(3.17) oM "k
eno.i] b2"t 1 if[0,4
( + £ 2 1< 21/m[li]jjo.1j + 27" -

Myctb p> 1ung € /. [0,1]. 3 nocnepgoBaTenbHocTu {/,,,} Bblbepem Takyk QYHKLUIO

[.»,(*), HTOTIFL > Pn

(3.18) 113 —/mJliP[o,I] < 2 2-

Monaras
M ."11*= £1,0, korga Ire -, 2"-Mm)
1° korga fce [0,2"7y-i)

n ncnonb3sys (3.15) - (3.18) Haxogum

« »l__

9- £ AN0- /T, 1IE[0,1] +
$10.1]

< 24+ T"» 1< 1
C “[M

2L R fozpy < 2lih 2
= £[ .1

MpefnonoXum, YTo A4NS HATypanbHOro uucna, > 1yxXe onpefeneHbl yncna T <
T2 < mm < Tiig— n <i- = £1,0, k e [0,2"” -1) Takum 06pasom, UYTO AN KaxJoro
HaTypanbHOro ymcnaj 6 [1,q—1] BblwONHATCA cneaytoLne ycnoBus:
_( 1= +1,0, korgma Ke (2""v ,2*]),
°k~ \ 0O,korga it4 UJIJ12n™>-1,21TV),
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2"m3_|
(3.19) g— Y, VkCkWic < 2-~J,
f=0 21 . ]
Al
wax Y. akcl-Wit
fe=2""j 1 A
N3 {/m| Bbl6epem Takyt GyHKUMO /T ,(.T), 4TO M, > m,,i 1
2NTy-1—
(3.20) 49— £ cn,ckW k -f,r < -'1
k=0 MUM
N onpegenum
= +1,0, korpa frC[2“’-,,2'1"),

(3-21) Bl Korga Al Uj=)[2""j 12" ).

OcHoBbIBasAcb Ha (3.15), (3.16), (3.20) n (3.21) nonyymm

o
(3.22) a- Y
fc=0
2\/,,,I|—l 1
< A — crckCkWk - fin,,
- ICIM
K=0
410.1]
[anee, n3 (3.19) un (3.20) cnepyet, uTo
»*- -1
9 VKkCKW k-
k=0 L
iilio.i]
2n« 'y -i-i
o1- Y TIcCkWb < -1+ 2-U+l< -/
£.[0.1]

tt, cnegoBaTenbHo, nmees BBuay (3.17) m (3.21) ans Nw60ro HaTypasbHOro nuana
M 6 [2[T«-,,2[T'») umeem
M
(3.23) Y GKCkWk <2|/T,IYP>. ]+ 2"y < 2 "H -
K=2rm~1 410,1]
TakuM 06pa3om, MOXHO ONpPeAennTb BO3pacTaloLLylo NOC/Mef0BaTENbHOCTb NHAEKCOB
{w«}?=ii n 'nicna Nk = +1,0 Tak, 4To6bI ycnous (3.21) - (3.23) umenu mecTo Ans

KaXXioro HaTypanbHOro yucna q. CnefosaTtenbHo, Mbl Nony4vyaem psj
4-00
Y . VKC-kWK, = %1,0
K -M
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KOTOpbIi cXoAMTCA Ky B MeTpuke LE[0.1].
[ns 3aBepLUeHnA foKa3aTeNlbCTBa TeopeMbl 1.2 ocTaeTcs nonoxntb e. = E; * JI\- .

Abstract. The paper is devoted to the questions relating the structure of universal
functions for weighted spaces XJ3J[0.1j, p > 1. We prove existence of a measurable set
E C [0.1] with measure arbitrarily close to 1, and a weight function 0 < /<(r) < 1,
equal to 1on E, such that, by suitable continuation of values of an arbitrary function
/ 6 LI[E) on [0,1]\ E, a function / € £*[0,1] can be obtained, which is universal for
each class 1£[0,1], p > 1, in the sense of subsequences of signs of its Fourier-Wal.sh

coefficients.
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Abstract. Thu excess of a frame is the greatest number of elements that can be removed
from a given frame, yet leave a set which is a frame for the underlying space. We present
a characterisation of retro Hanach frames in Banach spares with Unite excess. A sufficient

condition for the existence of a retro Banach frame will) inlinite excess is obtained.
«
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1. Introduction and preliminaries

Duffin and Schaeffer [6], while addressing some difficult, problems from the theory
of nonharmonic Fourier series introduced frames (or Hilbert frames) for Hilbert
spaces. Duubcchics, Grossmann and Meyer [5] found a fundamental new application
to wavelets and Gabor transforms in which frames continue to play an important
role. For utility of frames in applied mathematics, see [1. 4].

A sequence (finite or countable) {/t} C 5 is called a frame (or a Hilbert frame)
for a separable Hilbert space 5 , if there exist constants 0 < A < R < oo such that

(1.1) AL/I2 < £]</,N)|r < BL/II2for all / 6 OF.
k

Grochonig [9] generalized Hilbert frames to Banach spaces. Before the concept of
Banach frames was formalized, it appeared in the foundational work of Feichtinger
and Griichenig [7, 8] related to atomic decompositions. An atomic decomposition allow
a representation of every vector of the space via a series expansion in terms of a fixed
sequence of vectors which we call atoms. On the other hand, a Banach frame for a
Banach space ensure reconstruction via a bounded linear operator or the synthesis
operator. Casazza, Han and Larson studied atomic decompositions and Banach frames

1Lalit Vashisht was partly supported by R & D Doctoral Research Programme, University of

Delhi, Delhi-110007, India (Grant No.: RC/2015/9677).
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in [3]. Han and Larson [10| defined a Schauder frame for a Banach space X to be an
inner direct summand (that is, a compression) of a Schauder basis of X. liptro Banach
frames were introduced in [XI] and were further studied in [14, loj.

In this paper, motivated by the recent work of Balan irt a). |2] in the direction of
excess of frames in Hilbert spaces, wc present necessary and sufficient conditions for
excess of retro Banach frames in Banach spaces.

In the remaining part of this scction wc recall sonic basic definitions anil results
which will be uscil throughout this paper. Let X be an infinite dimensional separable
real (or complex) Banach space, and let X* be the dual space (topological) of X. For a
sequence {J\-} C X, by [//,] we denote the closure of spanf[.}* in the norm topology
of X. For a set L, let \L\ denote the number of elements in L. The set of positive

integers is denoted by N.

Definition 1.1 (fll]). A system 9 = ({1,,},0) ({a,.} ¢ X,© :Zj -> X ) is called
a retro Banach frame for X* with respect to an associated Banach space of scalar
valued sequences Zd, if the following conditions are fulfilled:

*) {/(*»)} e Z,i for each f 6 X*,
(it) there exist positive constants 0 < Ao < Bu < 0o such that

Anlin < I{/(*«)} 1k, < Boll/Y, for all f ¢ X*,

(ur) © is a bounded linear operator such that 8 ({/(.r,)}) =/, f e X’.

The positive constants Ao and Bo arc called the Invu-r and upper retro frame,
bounds of the frame J. respectively. The operator © : Z,i -> X*is called the retro
pre-frame operator (or simply a reconstruction operator) associated with 'S. If there
exists no reconstruction operator ©,, such that [{Tn}k*,,,.3,n) (m e N is arbitrary)
is a retro Banach frame for X*, then 0is called an exact retro Banach frame for X*.

Lemma 1.1 ([12]). Let X be a Banach space and {/,,} C X* be a sequence such that
{r €X:/,(r)=10foralln e N} = {0}.

Then X is Unearly isometric to the Banach space Z,i = {{/,, (1)} : x € X}, where the
norm of Z,t is given by

»{l«(*)}H|*, = UW*I1i1.*6X
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2. Main results
We start by the definition of excess of a retro Banach frame.
Definition 2.1. Let 3 = ({.rt}. ©) be a retro Banach frame for X' with respect to
Z The excessof 7, denoted by e(3"), is defined as follows:

r(J) - supijl./| : ({xt- 00) is a retro Banach frame for X".J ¢ M;.
Remark 2.1. One may observe that e(J) is an integer-valued (extended) function,
and if 'J is an exact retro Banach frame, then ¢(3") = 0.

Example 2.1. Let X = (p (I <p <cc) and let {x*>} be the sequence of canonical
unit vectors in X.
Define {x*} ¢ X as follows:
(2.1) xk=xi 1 <k<n), and xk= Xk-,,- k> n (ne N).
Then, in view of Lemma 1.1, Z,i = {{/(s;.-)} :/ € X*} is a Banach space with the
norm
IK/bl }Ik = 11/b, fez™.

Define ® : Z,i -» X' by 0({/(ifc)}) =/, / e X*. Then, © isa bounded linear operator
such that :r = ({xu-},0) is a retro Banach frame for X* with bounds A= R = 1

Choose J = {1,2,...,A} C N, where K is given in (2.1). Then, there exists a
reconstruction operator 0,, such that JO = ©v) is a retro Banach frame for
X* with respect, to the sequence space Ziu = {{/(T-k)}mu.i »f 6 X*}. Furthermore,
3,, is exact. Therefore, e{T) = k, which is finite.

Example 2.2. Let {st} C X be a sequence given by

22k = 1= Xk, K6 N.
Then, there exists a retro pre-frame operator U such that Q  ({*.}, If) is a retro
Banach frame for X* with respect to Qd = {{/( fc)} :/ 6 X*}.

Choose J = {1,3,5,...,2k—1,...} C N. Then, there exists a reconstruction operator
U,, such that Q,, - U0) is a retro Banach frame for X*. Hence e(Q) is infinite.

Next, we characterize the finite excess of a retro Banach frame.

Theorem 2.1. Let7 = ({xjt},©) be a retro Banach frame for X* with respect to Z,i-
Then J has finite exccss if and only iffor every infinite subset J C N, we. have

KKk$] X
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Proof. Suppose first that e(3) is finite. Assume, on the contrary, that there exists
an infinite subset J,, C N such that
[zfck-gd., = X.

Then, there exists a reconstruction operator ©,, such that ({14.}*£./,.f),) is a retro
Banach frame for X* with respect to the Banach space of scalar-valued sequences
Zd,, = {{f(xk)}ki./,, mf £ X*}. But \JO\is infinite. Hence ) is infinite, which is
impossible. Thus, the forward part is proved.

To prove the converse part, assume, on the contrary, that e('J) is not finite. Then,
for some suitable choice of J, there exists a number k, 6 J such that ({x*}***,,8,,,)
is a retro Banach frame for X" with respect to some associated Banach space
Therefore, there exist positive constants A1l and B such that

(2.2) A, U < |[{/(aik)b,»*, Ikdl < B, LIl for each / € X*.
By using lower frame inequality in (2.2), we have = X. Hence
3fc, A [HAOKNK ~ X
Therefore, we can find a positive integer rii > ki such that
dist (xk ,bl B, j <.
Since ) is not finite, there exist a number k2 e J and a reconstruction operator

such that ({x*}*{i....is a retro Banach frame for X* with rcspcct.
to some Zdj. Thus, we can find positive constants A- and Bi such that

(2.3) Nall/ll < H{/(a'fc)}cgO...«ill “kn, < Aill/]| foreach / e X"
By using lower frame inequality in (2.3), we obtain
Tkj G [I/] k'\kfl X.

Also, there exists a positive integer > such that

Continuing this process, we obtain a sequence {kj} C J and {nj} ¢ N such that
(2.1) dist [xkj,[xk]n* i 1l<j<IleN.
By using (2.4), we get

xkj £ Wkik$.J —X,

which is a contradiction. Hence e(3r) must be finite. Theorem 2.1 is proved. n
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To conclude the paper, we show that if a given retro Banach frame for X' has
finite excess associated with a certain nested sequence, then we can construct a retro
Banach frame with infinite excess.

Theorem 2.2. Let M= ({u.}, ®) be a retro Banach frame for X' with rcspect to Z,t,
and letJi C1 C .. C3i C .. be anested sequence of subsets of N, where each J,, is
finite. Assume that for each n, 1,, = ({xk}oa,i®,,) is a retro Banach frame for X*
with respect to that is, for each n, e(T,,) is finite. Then, there exist an infinite
subset J C N and a reconstruction operator ® such thatY = ({.r *.8,) vanlro
Banach frame for X', and hence e(3) is infinite.

Proof. Without loss of generality, let us write Jt = {1,2 t e N. By hypothesis,
3] = ({zfcljgj,, ©i) is a retro Banach frame for X* with respect to 2./,,. Hence, (here
exist finite positive constants Oi and  such that

(2.0) WL < IK /bl mill~, < bill/ll for each f e X*.
By using lower inequality in (2.0), we can find a positive integer k>> k\ = 1 such
that

dist (**,, [{x*}fc«u,d. ) < \-

Again, by hypothesis, there exists a reconstruction operator Qki such that =
({ak}/.(Ji,2,BK-) is a retro Banach frame for X*. By using lower frame inequality for

., we can find a positive integer k3 such that
dist (a.*., [{n-J*u.j, U W u-~U1]) <1
and

dist (xkI, [{;ca-}a-?UiJt U {xn},,&" +i]) < jj-

By induction, we can find a monotone increasing sequence of positive integers {kj}

such that
(2.6) dist (**, [Xfcjfcruj, U W nSr+i]) J,J=1.2-A (<6N).
Choose | - {ki, 72,13, ...}. Then, since {xk}kt\j I, U{s«}n=fc«+i c usinS

(2.6), we obtain

Aist(xkj,{xk}h0 ) < dist (xkj, [{**}"Uti, ) <J~\ forallf- j-
Therefore, z~ = {{f(xk)}kifi mf 6 X*} is a Banach space of scalar valued

sequences with norm given by |{/(x*:)h(tillz* = ||/||x-, f 6 X*. Define 8", :
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Z-v -> X by ©tc ({/(a*)}k*i) - f f € X*. and observe that Bx is ii bounded linear

operator such that F — ({a* )- is a rctro Banach frame for X* with bounds

A = = 1 Since |If| is infinite, c(3) is also infinite.
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