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1. I n t r o d u c t i o n

Let. Ar+ denote the set of positive integers, and N  :=  /Ѵ+ U {U'f. Let m.0,m  i,... be 
a sequence of positive integers not less then 2. Denote by Z,„k =  (0 ,1 , 1}
the additive group of integers modulo m*. Define the group G as the complete direct 
product of the groups Z,nj with the product of the discrete topologies of Z m]'s. If 
the sequence mo, m i . ... is bounded, then G is called a bounded Vilenkin group. In 
this paper we consider only the bounded Vilenkin group. The elements of G  can be 
represented by sequences x := ...). (x., e  Z „ . ) . The group operation

“ + ” in G is given by

x  + u =  ((.ru +  է/u  ) mod m 0, .... (x*. +  yk ) mod ink, ■ ••),

where x  :=  (хо ,—.ЗД ,—) and у := ( j / o . 3/Jfc.-•-) t  G.
The inverse of operation “+ ” will be denoted by I t  is easy to give a base for 

the neighborhoods of G :

Го (a:) :=  G, /„ (x) :=  {y €  G : i/o =  Xq , —,y n - 1  = x „ ֊ , },

for some choice of (xj € Zmj), j  =  0,1, . .. ,n  — 1. Let I„ (0) -
We denote e„ =  (0,.... 0, 1 , 0 ,...) 6 G the element of G in which the nth coordinate 

is 1 and the rest are zeros (n e  Лг) .
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If wo define the so-called generalized num ber system based on ա in the following 

way: Л/и :=  1, Mk+i ■= m kMu {k e  N ) , then every n  €  N  can be uniquely expressed 

as и =  n jM j,  where n j  6 Z„4 (j  € N+) and only a  finite number of л /տ differ
3=0

from zero, and G2 =  G  x G  is the  product of th e  group G.

Define
Հ ո) :=  (x0, х г 0, 0,...) 6 G,

where

“  :=  X J  ( w ^ l )  M n ' ( * i e Z » ' i ) . i  =  0 .1 ......"  1-

Then it is easy to  show th a t

( 1 .1) G -  ( J  ( / „  + 4 n))  ■
ո=Ո

Next, on the group G we introduce an orthonorm al system, which is called Vilenkin 

system. We first define the complex valued functions rk (x) : G  -> C, called the 
generalized Radem acher functions, in the following way:

Tk{x)  :=  exp j  1 (‘‘2 =  - 1 ;  X  € G, к  £  N )  .

Now, define the Vilenkin system ф :=  (фп ՛■ n  С N )  on G  as follows (see [1 ]):
PC

Фп (®) :=  Д  (ж) , (?) с /V ;.
/с=0

In the special case where т 3 =  2 ( j  f  Лг), the system ф is called Walsh-Paley 
system.

For the system V; the D iridilet kernel is defined as follows:
/1-1

D„ :=  ^  Փլ. (n e  N+ ). Du =  (J.

The following properties of the  kernel D„ are well known (see, e.g., [2U|).

(1-2>
and

(1.3) J  V n (է) ժքւ (0  =  1 , n  €  Ar+.
c.

Let n  =  а*іѴ4 +  n  , w ith 0 <  сц. <  m* and 0 <  n ' <  M k , then

(L4) D * w  ^ + w  д "' ■
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Tlic next property of the kernel D„ can be found in [19].

(1.5) ^ . ( z ^ l - c f r + l J M n / a

for all /с, у/, and a  (0 < a  < M n) . where p  =  suprrij.
3

The rectangular partial sums of the double Vilenkin-Fourier series are defined as 

follows:
V— 1 Ш — 1

Sn,m( f \ x<y) := 51 /(bi)̂ («)̂ (v)»
i=0 j = 0

where the number

/ (h:i) =  J  I  (*, У) (*) Փյ (и) di± (X, y)
с;*

is ciUled the (t, j)- th  Vilenkin-Fourier coefficient of function / .
By С  (Ծ2) we denote the space of continuous functions on C2 with the supronmm 

norm: «

ll/llc- :=  «up l/fo sO I ( / 6 C (G 2) ) .
*,|/€C

The partial moduli of continuity of a  function /  € С  (С 2) are defined by

Մ'՝ 7 7 ՜)  := s,,p s u p | / ( r - i , y ) - f ( x , y ) \
\  /  x,y£G,t€lk

and

wa ( / ;  7 7  ) :=  sup sup I /  (.г, у  -  t) -  f  (x, у ) \ .
\  ]  x ,y € G .te h

We also will use the notion of mixed modulus of continuity of a function /  e  

С  (G~), defined as follows:

( / ; aTk x w )

:= sup sup \ f ( x - s , y - t ) - f ( x - s , y ) - f ( x , y - l . )  + f { x , y ) \ .  
(x,y)ec‘j (s,t)e/bxji

It is well known that there is a wide analogy between harmonic analysis on 
the bounded Vilenkin groups and the classical Fourier analysis. However, in the

trigonometric case there is a class of functions such that their Fourier series are
always convergent, and the convergence is uniform if the additional assumption of 

continuity of a function is made. An example of such class is the. class of functions of 
bounded variation (BV) (see Jordan [15]).

The contributions of Wiener [21], Mercinkiewicz [17]. W aterman [22], Chaiituna 

[4]. K ita  and Yoneda [16], Akhobadze [2], Goginava ](i| cind their collaborators have



Լ. ПАПАМІПЯЕ

shown th a t m any of th e  results concerning the class of functions of hounded variation 
(BV) can be extended to more general classes. For Vilenkin system in one-dimensional 
case, the  class of bounded fluctuation (T1F) and the class of generalized bounded 
fluctuation (GBF) were introduced by Onneweer and W aterm an [19].

In two-dimensional case, the class BV of functions of bounded variation was 
introduced and studied by Hardy [14]. An analogous result for double Walsh-Fourier 
series was obtained by Moricz |18|. Goginava [5| has proved th a t in H ardy’s theorem 
there  is no need to  require the  boundedness of mixed variation. In particular, in [5] 

it was proved th a t if /  is a  continuous function and has bounded partial variation, 
then its double trigonometric Fourier series converges uniformly on [0,‘Հ*]ճ in the 
Priugslioiin sense. An analogous result for double W alsh-Fourier series was established 
in [7|. Different, classes of generalized bounded variation for functions of two-variables 

were studied by Golubov [12|, [13], Akliobadze [3], and Goginava and Sahakian [8|- 
[11]. In the present paper, we partially develop the above mentioned analogy for 
two-dimensional bounded Vilenkin groups, concerned with uniform convergence of 

Fourier series.
To sta te  the main results of this paper, we first need to introduce the classes of 

functions of two variables of bounded variation and of partial bounded variation. 

Define
Af*-1

O j ( f \ M k , y ) : =  (/;/* + z'*1,!/) ,
n:=fl
M l — 1

Օշ ( f \M t ,x )  :=  աշ Լք՚,ւ,1 լ + zjl>Sj  ,
0=0

A lt-  lM i- l
o t ,2 u a h . M , )  ~  £  5 3  u h2 ( / ;  ( д  +  4*>) X ( i ,  +  z<‘>))

where

■̂l ( / ,  h  +  :=  sup  ̂ I /  (a.-, y) -  f  (.t', i/)| ,
x,x'G.Jk+z;r

W2 ( / ,  X, h  +  4 ' ՝ )  :=  sup  " I /  (x, y) -  f  (x. j/')I ,
y .u 'C Ii

and

wi,2 ( / ,  ( 4  +  4 fc))  X +  Հ " ) )

sup  \ f ( . x , y ) - f { x ' , y ) - f ( x , y ' )  + f ( x ' , y ' ) \ .
x ,x f€ lk - ] - z ^  ,y ty 'G li
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D efin ition  1.1. We say that a function f  is of Bounded Oscillation, and write f  G 

BO (C2), if it satisfies the following conditions:

(1.6) supOi ( / ;  A/*, 0) <  oo, տւտՕշ ( / ;  A//. 0) < oc, տսթՕւ,շ ( / :  АД., M () < ос.
к I k.l

We note that if f  G BO  (C2), then supsupOj ( / ;  A/*, u) < oo.
ucc к

Indeed, in view of (1.6) and (??), we can write 

Afii—1
supsup Г  Wi ( f , h  + Z n \ y )

ЛЛ.-1
< supsup У '  sup I /  (ж,!/) -  /  (շ, о) -  /  ( s ',  J/) +  /  (ж', 0)1 

" еГ; '-՜ ,i= o  x ,i 'e f b + d * ’

M „ - 1
+fcup £  Slip I /  (^> 0) — /  (я ',0)| <  oo.

k a=Q x,x'€lk
Analogously, we can show that supsupO-շ ( / ;  M j.x) < oc-.

x€<? ւ

D efin ition  1.2. Же say a bounded, measurable function f  is of Partial Bounded 
Oscillation, and write f  £ P B O  (G2), i f  the following conditions hold:

(1.7) supsupOi ( / ;  A/*., у) < oo, supsupO-շ ( / ;  <  oo.
y€G? fe x e c  i

Define

(1.8) д [ 1!/(.г-.!/) : = / (x -  c*,;/)- / (a՛,?/), A ^ f  {x,y) := f  ( x , у  -  e.t) -  f  ( x , y ) , 

and

(ж .)/) :=  /  (я -  ei:,y -  Cl) -  f  (x -  ek, y) -  f  (x. у -  a) + f  (ж, у).

It is easy, to see that.

K r V M  S (д*15/ (*.»)[ + jД*А)/ (x,y — ei)I

and

| Д Й 2)/ ( Х ,У ) |  <  |Д / 2)/ ( l i  у )  I +  |Д / 2>/  (x  — e Ar: y ) \  ■

2 . M a i n  r e s u l t s

In this section we state the main results of this paper.
7
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T h e o re m  2.1 . Let f  €  С  (О2), and let the following conditions hold:
M k - i  л

<ы>

Л //-1  ,

м  Д *  £  յ | ս !” / ( * ՚ . » - Հ ’) | - 0 ՛

М  , f t .  " f ' Е  ֊5 К**/ (* - «У.»- 4") i -  »
’ «= 1  /5= I

uniformly with respect to (x ,y )  €  G2 ■ Then the double Vilenkin-Fourier scries of 

function f  converges uniformly on G'2.

T h e o re m  2.2 . Let f  be a continuous function on G2 and f  €  РП О  (G 2) . Then the 

Fourier series of f  converges uniformly on G2.

C o ro lla ry  2.1. Let f  be a continuous function on G2 and f  G ПО ((• ') ■ Then the 
Fourier series o f f  converges uniformly on G2.

3 . P r o o f  o f  M a i n  R e s u l t s

In this section we prove the main results of this paper, sta ted  in Section 2.

Proof o f Theorem H.l. Let. 
к

n =  ОіМі, w ith Ok Ф 0 and 0 < a ,<  ո կ  for 0 <  i < k, and ո  =  n  -  ai-Mu 
i= о

and
i

m  - У ]  b jM j, with bi փ 0 and 0 <  bj < m 3 for 0 < j  < I. and in  ֊  m -  bi& f t . 
j = о

Then, in view of (1.3; and (1.4), we can write

(3.1) S„,m ( / ;  x ,y )  — f  {x, y)

=  j ( / ( * - « .  V -  0  -  /  (X, у )) D„ (s) D m (t ) d/i (я) d/յ. (t.)
G ‘

=  j Մ  (.X -  s,  у  — t)  — f  (x.  y ) ) ( l  +  tpMl_ (я) + ... + Փ ° յ ՜ լ (.«)) D m ,  (s)
G*

X ( l  +  Фм, (t ) + ... +  Փա ՜ 1 (1)j D m , (t.) (l/i. (x) d/i. (I)

8
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-I - J  ( f i x -  ». V - t ) - f  (X, !/))(l + Фм, (t) + ... + Ч'м7 ' (t))
x D m , (t) Ф°ки (я) Dn՛ (я) dp (я) dp (t )

+ j  Մ (x - s , y - t ) - f  (x, y ) ) ( l  +  фм„ (я) +  ... +  Փ ՚ձ ՜'  (я))
C'J

х Д ѵ д  (s) Փ%, (t) D m‘ Լէ) dp Լտ) dp Լէ)

+  I  U ( x - s , y ֊ t ) - f  (x, y)) Փ1Լ (я) Dn- (я) Փ՚Լ Լէ) D,n- (է) dp (я) dp (/.)■

= : A }  -Ւ /1շ -Ւ Л з  +  /Ц -

From (1.2) we obtain

(3.2) |.4i| < MkMt J  J \ f  [л -  s,y — t) — }  (X, 7/)|
/* /|

X |1 +  (•*) +  -  +  Փա ՜ 1 (a)| | l  +  Фм, Լէ) +  -  +  Фа' , ;1 (t)j dp  (s) d p  (I.)

-  (Ш1 (/; ЗЙ») +աշ (/: i ) )  “*
(ք՝ 1 հ ) +աշ (/:i ) ) =tt(1)՛ 

us /. A- -» cc uniformly with respect to (x,t/) e  G2.
We observe that if f 6 4-, 0 < a  <  АД.. then

Д /  ( 4 k ,+ t )  =  d „- ( Հ 4 )  •

Hence, in view of (1 .1). we can write

(3.3) Л2 =  [  f  f  (x -  s ,y  ֊  t) ( l  + Վդ1 . (t) +  ... +  Փ՚Հ,~' (<))
a = 0  Հ 

/ і+Հ"’ C
x Dm , Լէ) ̂  (я) £>„■ (я) dp (я) dp Լէ)

= / 1 T .  Վ յ -  Հ41 - у - f) (J + *"■ w + - +Հ/7՛ (*)) 
ft fi ,,=0

x f l j*  (i) ( Հ 4 )  (Հ*>) « » „  M  Л» M )

= J  J  f  (x -  s. У ֊  t) (l + Фм, (<) + •■• + v 'm՜ 1 (f))
h  а

X DU, Լէ) D„. (0) Ф Ц  (0) ФЦ  (я) dp (я, /)
- , м ,-1

+  /  /  £  /  (*  -  4 4  - 4VW- t)  ( l  +  *m, (t) +  ... 4- ^ Г 1 w )  Aw, (0
Л 6'  4=1

UNIFORM CONVERGENCE OF DOUBLE VILENKIN-FOURIER. SERIES
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( ՜ « ՛)  "ՂՀ (Հ**) TfrJ/* {տ)ժէՎտ,1) =  и», +  и 2:>.

Un* Іяі(в|, 1|
ь'ЯУ՞' (‘'а -К ’дл («) =  е  “ * “*е =  е "•* 1 =  </■>/* (* -  ек)

It is d ear that
• —a 

С Л/,

and
0 < d  < |1 -  </,-“* (efc)| < 2.

We have

^ 'л а ' ՜ ՜ ( e * )  ^ 2 1  =  V v ;° ‘  (c-A.) J  I  /  (x- -  » ,  ,y ֊  I )

I k  «
X ( l  +  Фаіі (t) + ... +  Հ ',7 1 (*)) Ял/, (о  £>„' (О) '/'л), (*) dll (*, i) 

= [  J  I  (■<֊• -  s, :v - 1) ( i  +  V'm, (О -I- -  +  v V  (*))
r;

Ом, (<) D„' (0) Ѵл/,. (s -  'Կ' W  d/յ. (t)

= J  J  f  (x -  s -  eic, у  - 1) ( l  +  4’M, (t ) -(-... +  Հ -,71 (o )
Л, С

x D M l( t)D n- (0) ^ ( a ) d / i ( s , i ) .

Hence, we have

И 21 -  *72? (e*) ^ 211 — J  j  (* -  * .У -  t) 
h  «

X ( l  +  І>м, (0  +  ... +  Հ ք *  ( ') )  %  (i) D„. (0) ^  (*)| Փ  ( . .  i)

(3 .4) <  M M  ̂  І - Ш1 ( / ,  է, <  w  ( / , ֊ ) ■

Analogously, in view of (1 .5) and (2.1), we can write

\ А п ֊ Ф м к* Ы А 22\

<  (p +  1) М к J  J  I ( l  +  (t) +  ... +  Հ ' , 7 ՛ (<)) -Dm, (І)|
7 . ՀՅ

ЛЛ.-1  լ
* Ճ - K '/  (* - 4fc) - «,;/) Փ1Լ w| ̂  (■■>. *)

o=l

с 1
A/a-M i '

(3.5) <  c(p  +  1) M k M i ֊ ֊ o ( l ) b t  =  o ( l ) .

Combining (3.4) and (3.5) we get 

(3.G) A -շ =  o ( l)
10



as к —> ос uniformly with rcspect to ( t ,  //) G G2. Analogously, by (2.2) we have

(.3.7) Л3 = о (1 )

a s  /  —► o c  uniformly with respect to ( .t , »/) G G’2.

For Л4 we can write

ІіМІРОПМ CONVISimKNCE OF ІЮІ.ГИ.І. VIU3NKIN-I ОІЛПКИ SBIUfeS

л/*—1 л/,—і f r
(3.8) /Ա =  /  /  ( / ( * - » . » - * )  - /(* > « /))

0= 0  0=0 /,+Հ> /fe

i,h>*ՓէԼ  M  D„, ы  W A ,,՛ W rf,« W  (t)
Мк 1 И -  I ,  .

- E  E / / /  *-«?’- . «-4"-<)
" =0 r, Լ

x d „. ( 4 * ° ) ( 4 м ) (, )D, „.  ( ,w )  Հ-„ ( 4 ° ) w ^ M )

=  J  J  f  (x ֊  a, у ֊  t) £>„- (0) V’L‘, (.V) /J,,,' (0) Հ '„  (*) rf/< (*, t)
// /*

+  / 1  p  f ( x  -  *«՛ ’  * )  ^  ( 0 ) Հ / ,  w D’> ( 4 " ’ )  ( • ) rf/ ‘ ( « > 0

/1 / t

+ I  J  53 /(*-*.» - 4° - ') DW (°) $iiv M An' (4°) ̂ M| f)
г, / .  -1=1

- -Л/jt-l A/,-1

+ / / E
f, A  " - 1 B=1 

x£)m< ( 4 *) Ѵ-дѴ, W ^1լ (s) rf/J (f) =  ^41 +  ^ 4՚յ +  Л-i:) +  / lj4-

We have

<  J  J  j АІ1’/ (* -  *, If -  0  £>m- (0) Հ',, (i) £>„- (0) *B„ (•) j ( . .  t)
/1 Ik

(1 )»»)
as A՛, i —> oc: uniformly with respect to (.r, t/) e  G2. 

Analogously, we get

IA12 -  (<u) a 43 I < (p +  1) M k
11



Լ  П А П -

х / 7 1 А ՞ ՛ wl E я|л* ̂ (*՜ ՜ ■■՝՛■?/~0v'«*(*)|փ»(տ,է)
Л h

(3.10) <  (/<+ 1 "(M  fl!i М - »  ••»•

(3.1 1 ) Яі:і =  о ( 1 )

as A:,/. -> oo uniform ly w ith respect, to  (я;,y )  G (7 ՜.

For A 44 we can write

Я  И к —1 Л/ f - l

E  Е /  ( r  ֊ 4 Կ -■•>֊- n  , a  -  4 "  I ) 

xo„՛ (4fc)) «»„ (s) A,.- (4°) Հ'/, W'Wm),
Я .И . - 1 М .- 1  ,

E Ն Հ*- 4f° ֊ *.у - 4'
,  ,  ,,= 1  /3=1

X d , /  ( Հ 4 )  0^ .  w  о » -  ( 4 ° )  V'!;v, w  Ф  w  rf/* w  ■

л - М ъ — 1  M i—i

Ѵ -м Г Ы Ѵ ^ ‘ (е«)А м =  /  /  E  £ / ( * - * ? > - • - e t , i r - 4 l ) - * - « , )
Л Հ  ՞ =1 "=1 

X On' (4*°) *»„ (•) D„,' (4°) <  (t) d,t <) ■
So, using (2.3), we obtain

(3.12) |Am -  ^лл'*1՛ (e t) ^ 11  -  '/'л/,'' (e<) Am +  Ѵѵ”* (e*) i p j '‘ ^Աւ|

44|

/* /֊ Mic — l  M t—} . 1

< { p + i f M M  / Е  Е -»  
ft Ճ  " = •  f l -1

* |ді!;2>/ (* - 4fc) - «.у - 4° - 0 (*)| rf/л(s)</̂ձ(*)
< ( р + 1 )2 Л / * а д — — 0 ( 1 )  =  0 ( 1 )

as k . l  - t  a0 uniformly with respect to (.r,?/) €  G2. From (3.8)-(3.12) we get

(3.13) Л4 =  о(1)

as fc, / —» to uniformly with respect to (x, y) £  G՛2.

Combining (3.1), (3.2), (3.G) and (3.13) we complete the  proof of the theorem. О
12



I MI-OIIM CONVERGENCE O F  DOUBLE VILENKIN-FOURIER SERIES

Proof o f Theorem 2.2. In view of Theorem 2.1. it is enough to  prove that the conditions
(2.1)-(2.3) are fulfilled. Let 0(M k) and rj(M i) be sequences of natural numbers 
tending to infinity and depending on Мъ and Mi, respectively. Using (1.7) we can 
write

А/л— 1 ,

E  і|д?Ѵ(.-4‘>,„)|
a —  I

«(՛«*? , i h - l  .
- £  І К ’'  - < E  іК М - * » ) !"■=1 a=fl(Aft )+l

и л »  Ы / - я ) ' ^ т , * т г п -
S ex t, we can choose 0(M k) so that both terms on the hist relation tend to U as 
A՛ —> эс uniformly with respect to (x ,y )  S G2, and (2.1) follows.

Analogously, byusing (??), we get 
л / , - і  .

(3.15) Hm jr  j  |д{27  (x ,y  -  $ )  J =  0

as / —> oc uniformly with respect to (x, y) e  G2, and (2.2) follows. To verify (2.3). we 
write

M u — 1 M i — 1 - -
Г E

k-1  i—i M,+i—1 Atr+i—1 л

-EE E E (*-»?>.»-4»)I
5 = 0  r = 0  »=Л/, 3 = M T P

ձ__լ
s=U r= 0  M s  M r  \  a= M , 0 =Mr

k՛—1 1—i .. .  /  л/,+і ւ М г+ ,—г
z(0 Z0< - Е Е І г , ж \  £  E

# A/,+i—1 Л/гн a— 1 4 -

M E L
\  a = M , 0 = M r  

From (1.8) and (??) we get
M 4.\ i —  1 Л/r+i— 1

E E |д&2)/(*-.«,у-*?,)|
a = M e 0 = M r

Л/.+ լ —1

<  2pMr sup l ^ 11/  (*  -  za \ v )  I

13
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Л /,.і - і Л/і.+ і —I ,  

c \ - M ,  t1=M ,

M r+ j-1

<  ՝2 p M Ss n p  ] Г  | д ((2)/ -■*"’)  I ■

Hpnce, we can write
1 1

1 I
tT o T S , (A/,)1 (M ,.)3 

xsup  ( |д{2)/(® .1/ - * і0) | )  s u p f z )  К ՛ / (*  -  za \ y
MrH 1 4 -

к - 1 - [M s,i- l

=  2^ X v “ 7 , T sup ճ  | д * ' / ( * - 4 Ч - 4
»=o ( ) J 11 o = M b

I-1  /л -Л н -1

х^7^Т *т( ^  KM *1* ՜1r=U (-Mr J ж \  /9=Л/Г 

M fc)-i k-1 \  (  . /М .+1-1  N

4 5 ^ ( < ^ U K ' ( * - * 4

- ( £ ՛ + ! : ) ( — п р Г е ’к /
^  i-O і - ч ( 0 /  \  (M t) x \  H=M,.

< ‘ip2 f ( L  ( / ;  - Լ Ն  (fc) + ----- —
ІѴ V k'  (мт )у‘

\ r
( " * o ) \

since we can choose 0 (A:) and 77 (/) such th a t 0 (k) ,? ;( /) ->  oo as k.. I -> oo.

W i  ( / ՝  a 7 7  )  ^  °  a S  *  ՜*՜ 3 0  a n ( *  ; j j j ՜ )  Tl ( 0  “ *■f l
as A՛, / —+ oo.

Therefore, we have
A/fc— 1 A/j-l

<316>
ft=l jd=l

as l , k - * o о uniformly with respect to (տ,շ/) e  G 2, and (2 .3) follows.
14



UNIFORM CONVERGENCE OF DOUBLE VILENKIN-FOURIER SERIES

Combining (3.14)-(3.16) we complete the proof of the theorem. □
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Abstract. Ill this paper, we give some estimates for the essential norm of weighted 
composition operators from analytic Besov spaceb into Zygmund type spaces. In 
particular, a new characterization for the boundedness and compactness of the 
weighted composition operators uC - is obtained.

M S C 2 0 1 0  n u m b ers:  30Н9Э, 47B33.
K e y w o rd s: Bosov space; Zygmund type spaces; essential norm; weighted com position  
operator.

l .  I n t r o d u c t io n

Lei X  and Y  be Banach spaces and T  X  -> Y  be a bounded linear operator. 

Recall that the essential norm of T  : X  -*  Y  is its distance to  the set o f  com pact 

operators К  : X  —>■ Y ,  that is,

\\T \\c .x^ Y  =  in f { | |r  -  I<\\x֊>Y  : К  is com pact }.

Here ЦТЦ ѵ-ѵѴ' denotes the operator norm of T  : X  —> Y .

Let ID be the open unit disk in the com plex plane C. Let Я  (ID) denote the space 

o f analytic functions on 0 ,  5 (D ) denote the set of all analytic self-maps of D , and 

let у? e  ձ’(®) and и  €  ff(ltt). T he weighted com position operator, denoted by u C v , is 
defined as follows:

(tiC v f ) ( z )  =  u ( z ) f M z ) ) ,  f  e  

When u =  1., we get the com position operator, denoted by Cv . W hen p ( z )  =  z , 

we gel. the m ultiplication operator, denoted by M u . A  basic and interesting problem  

concerning concrete operators (such as com position operator, weighted com position

‘This research was partially supported hy NfiF of Chinn (Grant No. 1172010100.4).

16



E SSE N T IA L  N O R M  O F  W E IG H T E D  C O M P O SIT IO N  O P E R A T O R S

operator, Toeplitz operator and Hankel operator) is to relate operator theoretic 

properties to their function theoretic properties of their symbols (for more information, 

we refer the reader to [2] and [28|).

For 0 <  ft <  oc, the Bloch type space !Ba consists of all /  e  Я(Ю>) such that

ІІ/ІІЯ" =  l/(0 ) | + su p (l -  M 2)“ |/ ' (z ) | <  oo.
z € D

If n =  1, then 'Ba is the Bloch space Ѣ  (sec [28| for more details of the Bloch spaces).

For 0 <  л  <  oo, the Zygmund type space, denoted by Za , consists of all /  6 П[Щ  

such that

II/IIг» =  |Д 0 ) | +  I/'(0)| + s u p ( l  -  N Y l/" ( - ֊ ) l  <  oo.
263

It is easy to see that the space is a Banach space with the above norm. Մ or =  1, 

then 2." is the classical Zygmund space, denoted by 2.- When 1 <  n  <  oo, the space 

2.“ coincides with the space 3 “֊1 . Tn particular, we have Z~ =  Ѣ.

For p €  (1, oc), tlfe analytic Besov space D,։ is the space consisting of all f  6  # ( ІВ) 

such that.

Ь „ (/Г  ■■= [  l/'(* )l" (l ֊  \z\2Y ~ 2d A W  <  oo,
J  E>

where dA  is the normalized area measure on D. The quantity b,, is a seminorm and the 

norm is defined by | | / | |л ,  =  |/ (0 ) | +  М Л -  In particular, Տ շ  is the classical Diriclilet 

space.

The compactness and essential norm of the operator Cr- : ѣ -> Ѣ  were studied in 

[19, 20, 24, 25. 27]. The boundedness, compactness and essential norm of tin՛ operator 

и : Ѣ  -> S  were studied in [3 ,11 ,17 , 18, 22. 29, 30]. See ]1. 5 9, 12 1G, 23, 20] for 

some results of composition operators, weighted composition operators and related 

operators mapping into the Zygmund space. In [a], the authors characterized the 

boundedness and compactness of the operator иС^ : Br  ֊ •  Z. In fart, under the 

assumption that uCv  : B,, -+ Za is bounded, uC^ : B,, —t Zn is compart if and only

(1 -  |г]2п « ( г) | И г )!2 „

w , ) i - ,  (1 ֊  |ip(*)I2)2 ~  ՜

t o j i - i W W I t i c i q - j p l ՛ " - - »

and
(1 -  |я|2)° |2 ц '(г)у , (г) +  » (з)^ "(г)| _

1 -  M ~ )P
The purpose of this paper is to give some estimates for tin •■՛ ■ nl no щ of 

operator хіС^ : Bv —> 2 .՞, in particular, by using Uy-" Morcovw v.-c give a m:v

17



Q.  I1U, S . LI A N D  V. Z H A N G

characterization of the boundedness and com pactness for the operator uC'^ : П,, - t  

Z ° .  Throughout the paper, we will write A  <  В  if there exists a  constant С  such 

that A <  C B . T he notation A a  t i  m eans that A <  В  <  A.

2. E s s e n t i a l  n o r m  o f  uCv  : Bv -> z °

In this section, wc give som e estim ates for the essential norm of the operator 

uC’r- : Bv -> 2.°. For this purpose, we state som e lem mas which will be used in the 

proofs o f the main results.

L e m m a  2 .1  ([24]). Let X  and Y  be two Banach spaces o f analytic functions on E>.

Suppose that the. following conditions are satisfied.

(1) The poin t evaluation functionals on Y  are continuous.

(2 ) The, closed unit ball o f  X  is a compact subset o f X  in  the topology o f uniform  

conven/ence on compact sets.

(3 ) The operator T  : X  -> Y  is continuous when X  and Y  are given the topology 

of uniform  convergence on com part sets.

Then, T  is a compact operator if  and only if  given a bounded sequence ( /„ }  in  X  

such that / „  -»  0 uniform ly on compact sets, then the sequence { T f n } converges to 

zero in the norm of Y .

L e m m a  2 .2  ([4]). Let 1 <  p  <  oo and f  С B p. Then the follow ing sta tem en ts hold.

( ՝)  ІД ֊)! £  l l / lb ,( lo g  t z ^ t ) 1՜ ՞  f ° r  еѵегУ г e
(" )  l / ' ( ֊ ) l  £  тгу^гІІ/ІІа,, fo r  every z  6  ©.

Let a  e  B . Define the functions:

ա - Հ & Կ  ա - Հ Տ & Լ .
(log - (log + " (log г ф р ) 2 ՛ ■՛

т  (-Л _  (1 ~  І“ |2)(а  ՜  z )  , 4 ֊ (1 -  M 2)(o. -  z ) 2
X a (z )  -  - .....( l - t o ) 2  ’ =  ° ՜  ( 1 -  д , ) 3  ■ г  6  D ֊

Now лѵе are in position to state and prove our main results in this sec tion.

T h e o r e m  2 .1 . Let 1 <  p  <  oo. 0 <  oc <  oo, u €  11(D) and  €  S (D ) with  ЦузЦ  ̂ =  1 
be such that nC v  : 13,, -> 2,“ is bounded. Then

\\uCtf\\e,or-*&՝ m ax [А , В , С , P, Q ]  r: m ax { E ,  F, 6 ’}.
18



E SSE N T IA L  N O R M  O F  W E IG H T E D  C O M P O SIT IO N  O P E R A T O R S

Г fare

A =  li in sup \\uC^fa\\.ya , В =  Urn slip \\uC^ga\W  ̂ ,C  =  lim sup \\uCjh.a \\‘?.. .
|«|֊>1 ~ ln|-»l ~ |o|—>1

P  =  lim su p \\uC^xa\\Zn , Q  =  limsup ||ггС^2/а||г„ ,
|а|— ~ |а|-И

г  -  ( 1 ֊ к Г 2П Ф )1 1 Л ֊-)1 2Cr lim sup I / м?\2 I
ы =)і֊.і (1 ~  M z )\ )

E  =  lim su p ll ֊  |֊ |2),л|и"(г)|( log  -----Д , ^ւշ) 1՜ 7
|*>МЫ 1 -  И * )  Г

and
о  ,=..........( i ֊ k | 2r | 2 u W ( ֊ ֊ )  +  « W ' W I‘ -  lunsup --------------------------------------------------- .

I*(=)H1 1 -  Ш \ 2
P roof. First we prove that

max {А . П .С . P ,Q }  <  |խ Օ „|Ա ,յ,,^4».

In |4] it was shown that f a,g a .h a,x a,y a e  B,„ the norms \\fa\\np, ІЫ Ід ,. I IM a ,,  

||г«ІЫ,, IIj/<i||hp arc bounded by a constant independent of a, and fa ,g a,h a.x a.y a 

converge to zero uniformly on compact subsets of 1Й as |e | —> 1. Thus, by Lemma 2.1, 

for any compact operator К  \ Bv -¥  we have

lim P 7 J z » = 0 ,  lim \\Kga\\z- =  0, lim рГЛвЦг» =  0,
|а|-+1 |а|—+1 |а|—>-1

lim ||ճ 'ւ„ ||յ»  =  0 and lim Ш уаІІг֊ =  0.|а|-*1
Since

and

||«CV, -  K\\Br-tz* > \\(иСр ֊  А ')/0||2<. > խ գ ւ ս - ֊  \\KJ*\\z°

Ի Գ  -  А'ІІв„->га > IKuCp-A'Jffallz» > \\uCvga ||z« -  l|A's„||z«

Ի Գ  — АГ||Ир_»г» > I K u C ^ - ^ H z .  > |К ^ Л а ||г« ֊  ЦАЛаІІг»

Ի Գ  -  К\\вр֊уг" > ||(uGa -  K )xa\\Z" > WuCyXaWz" ֊  І|Л-.т„|к..

\\uCv -  К \\вг^г,- > IK'uĈ , ֊  A)jb,|k» > ||uCvi/o||z- ֊  II A(/a ||z“

by taking lim sup|0|_,j on both sides of these inequalities, wo obtain 

\\uCv  -  K \\b ,։-+z-  >  max {/1. В , С, P , (?}.

Therefore,

\\uC .Jr.,B^ z ~  =  inf ||iiC9 -  K \\b„^Z" >  max { a , B . C . P Q } .

1 9



N ext, we prove that.

\\uCv \\e,Bp-tZ “ Է, m ax j i£ ,  F ,g J .

Let be a sequence in 3> such that |vp(->)| -+  1 as j  -> oo. Define

(5 ) =  i _  + 1 ( l o s i "

()0K i - l^ U y p )^ (>°g І ֊ |^ Л ) , )І+ ՞  3 <lo« і-[„Ъ 7)р і 2+і‘ ’

/ , ) -  (1 ՜  М хі) \* ) М * і)  -  *) _  2 ~ Т П (1 ՜  ՜  ՜- ճ
(1 ֊  -A * j)z )2 (1 ֊  Ф і ) г У

and

m j { s )  ֊֊ փ ^ ± ւ յ ճ ւ մ ա ? յ ) - * ) \
յ [  ^  յ> (1 ֊  Ф і ) * У

anil observe that k j j j  and 114 belong to B p and converge to  zero uniformly с 

com pact subsets of B . Moreover, we have

l*#M **))l =  k' № * j ) )  =  °֊ W * ) )  =  o,

h M z j ) )  =  0, \ i ' M h ) ) \  =  :  _  \!p(Zj) \2 - 1“Ы ъ ) )  =  0:

m j(<p(zj))  =  0, ա ' յ ( Փ յ ) )  =  0, І т " ( ф j ) ) |  =  —  ■

Then for any com pact operator A ': B p -»■ 2.", we get

խ գ  - Л ' | |й р- ,г »  S  lim su p llu C ^ fejllz»-U m su p H /ffejlla»
j —too  j ֊ * o с

>  lim su p (l -  |z j |2)" |u " (* j ) l0 ° g  -—  ՛՛՛ ) ՝ - ’
;j֊+ OO 1 ֊  \ i p { Z j ) r

=  lim su p (l -  N 2) > » ( * ) | ( l 0g — - e J 1- ?  =  E,
м * ) И і  i - b M I 2

ЦиС^ -  >  lim  sup Ц иС ^Ц го — lim sup ЦА^Нг,-
j ՛—> oc j֊*oc

>  .■ I— I — , Г  0  -  N 2)a | 2 » ' ( * , V ( * , )  +  ) / ' U ,) |
~  i -*>ж 1 ~  l^ (2j ) l2

liPWI-n 1 -  Іѵз(г)і2
20
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and

\ \ u C v  -  к \ \ в р -> Z “  Հ  l i m s u p  l l u C ^ / i i j U z n  -  l i m s u p  | | Л ' т 3 | | 2 «
J—УСС j —Ю С

>  ( і - І « і І ат * Л І І ѵ ^ І 2Ы » л»І 
~  " ? J " P (1 ֊

............ ...  (1 -  1* 12 ) “ 1» ( * ) 1М « ) 1а  „— lim s u p ------ j------ j / ГТ9Т2------- ~  (*•
М г)|-и  (1 -  IwOI")2

Ilencfi, we have

=  iuf IIuCv  -  K \\B„-*z- >  max j f ,  F .G'j.

Now we prove that

||«CV||e,B „-z" <  max { E ,F , G } ,  ||uC„||«.B„ - z ՞  <  т п х { Л ,B .C .P .Q } .

For r 6 [0,1). define K r : И(ІІ) -» 11(0) by 
t

(K r f ) ( z )  =  / , ( * )  =  / ( « ) ,  f  6  tf(D ).

It is obvious that /,. -» f  uniformly on compact subsets of 0  as г ֊> 1. Moreover, 

the operator Kr is compact on Bp and \\Кг\\вр->вг < 1- Let {г,} с  (0,1) be a 

sequence such that г3 —► 1 as j  -> со. Then for any positive integer j ,  the operator 

uCv K rj '■ B,, 2-° is compact. Hence, we have

(2.1) HuCVIIe.f^-tzo <  lim sup ||uCv -  uCvK rj ||в„-+2 “ .
J-+OC

Thus, we have only to show that

lim sup II uCv — uCv K rj IU„-»z.“ 5  max { A ,  S , C ,P ,Q }
j-*oe

and

lim sup ||uC v, -  uCv K r j \\Bv-iZ° <  m a x {E , F ,C } .
j —ՒՕՕ

For any f  €  Bp such that \\J\\b p <  1, we can write 

\\(иСѵ - и С ѵ К г1Ш «

=  К 0 ) / ( р (0 ) )  -  u(0)/(rj¥>(0))| +  ||u ■ ( f  -  о ИІ*

(2.2) + |u '(0 ) ( /  ֊  /rj)(<p(0)) +  u (0 ) ( /  -  f r j) ' M 0))y '(0 )|.

Here ||g ||, =  suPrgoC1 -  N a)“ lff“ (z )l- Й ՝ s obvious that

(2.3) lim |u(0)/fo>(0)) -  u (0 ) /(r jV (0))| =  0
J —»oc

E SS E N T IA L  N O R M  O F  W E IG H T E D  C O M PO SIT IO N  O P E R A T O R S  ...
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and

(2.4) lim  !« '(( ) )( / ֊  f r j K v i o)) +  u ( 0 ) ( /  ֊  f r j )'(v»(0))v?'(0)| =  0.
j-*oo

N ext, we can write

lim su p  IIu ■ ( /  -  f T j ) °  ¥>||.
j —>00

=  lim sup sup ( l - | * | a)e l( /֊ /r # ) M * ) ) lh * " (* ) l  
:І-*оо |^{г)|<?՝л/

+  lim sup sup ( 1 - И 2)“ | ( / ֊ / Гз. ) ( ^ ) ) | | « " ( г )|
j-tao  |^(;)|>гл

+  lim sup sup (1 -  \z\2)“ | ( /  -  / r j) ' ( v ( * ) ) l | 2 W W  +  «(*№ "(*)!
3->cc |ѵ(г)|<гл;

H-limsup sup (1 -  |z |2)“ | ( /  -  /г і )'(ѵ’(г))ІІ2“ Чг )ѵ::,(г ) +  и(г )ѵ?"(~)І
յ ՚ - м о  | v J ( ; ) | > r N

+  lim sup sup ( 1 - խ | 3)“ |( /- /^ )" (¥ > (շ ) ) ||< ,5 '(շ ) |2|“ ( )̂1
j —ю о  | ^ f i ) | < r / v

+  lim sup sup ( 1 - | г | 2)а | ( / - / , . ;і)" (^(г))||і5 '(֊')|2|і'(г )|
І - І О О  | v > ( r ) | > r K

(2.3) =  Q t +  Q'j +  Q j  +  Չ հ +  Q i  +  Qe<

where N  €  M is large enough such that r j  >   ̂ for all j  >  N ,

<3, =  lim sup sup (1 -  И 2)“ | ( / - /r ,)M * )) l |u " (* ) l.
j ֊ t  ОС | ^ ( г ) | < Г я

Q 2 =  lim sup sup ( 1 - И 2)в | ( / - / г , ) Ы 2 ) ) | |« " ( 2 ) | ,
j-*OC |^(r)|>r/v

Q j =  lim sup sup (1 -  И 2Г | ( /  -  f r]Y(.<p{z))\\2u'(z)tp'(z) +  « (z )(p " (i) |.
j - + x  М - г ) | < г л -

Q i  =  lim sup  sup (1 -  |z |2)“ | ( /  ֊  /г,)'(ѵ (*))І|2«'(*)¥»'(*) +  « (* )v " (O I,
j -ЮО | ѵ ? ( г ) | > г 4ѵ

Q . H U . S . LI A N D  Y. Z H A N G

and

Q5 =  lim sup sup (1 -  |z |2)“ | ( /  ֊  / , , ) " М * ) ) |И * ) |* |« М І
j - » c o  | * Г г ) | < г л

Qe =  lim sup sup (1 -  խ|2) " |( /  ֊  Ш Ш ' ^ ) \ 2\и (г)\.
j  >00 ІѴ?С*)|>ГДГ

Since uC p : Bv  -»  2 “ is bounded, applying the operator «С ,, to  1 , z  and г2, we see 

that, и  £  Za ,m p  €  2.“ and -up2 £  Hence, using the boundedness o f p  and the  

triangle inequality, we get

К 1 =  su p (l -  |z |2)"|2«'(z)v?'(z) +  u(z)v5"(z)| <  oo 
reu

and

К -շ =  su p (l -  |z |2)"|v?'(z)|2|u (z )| <  oo. 
z € ! )

2 2



Next, sinr.fi f rj —> / ,  r-jf',.. -» / ' ,  as well as r | / ' '  —> /"  uniformly on compact subsnt.s 

of D as j  -> oc, we have

(2.6) Q i <  ||u ||z« limsup sup |/(m ) -  f (r jw ) \  =  0.
j-too |ш|<гуѵ

(2.7) Q 3  <  K \  lim sup sup \ f ‘ (u<) - r j f ' ( r j U ՝ ) \  =  0
j -•> oo |w|<rjv

and

(2.8) (?5 <  I<2 limsup sup \f"(u՛) -  г? /" (r3w)| =  0.
І-ю о М £ гл*

E SSE N T IA L  N O R M  O F  W E IG H T E D  C O M P O SIT IO N  O P E R A T O R S  ...

We know that £?շ <  limsupj tcc(S{  + Տ շ ), where

S f =  sup ( 1 - М * Г І / ( ¥ < * ) ) І К М І .З  =  sup (1 -  |г |2П /(гу¥>(г))||и"(г)|. 
Iv>WI»'at Іѵ>МІ»"л-

Using the fact that \\f\\np <  1 and Lemma 2.2, we obtain 

s {  =  sup ( 1 - И аН / м * ) ) | ] и"(г)|
іѵ»(*)і> гіѵ

. .1 -  |« n tt|u "(rtl(  log _ - т ' . т , .  I х ՜
|ѵ(г)|>гл

<  su p  \ \ ս Շ ^ Ա , լ  -  O n  +  j jM l l a *
|tt|>rjV

<  sup \\uCv f a \\Zc, +  sup ||tiC^5<,|k„ +  sup \\uCv ha\\z „ .
| o | > r . v  | a j > r x  |о |> гл г

Taking limit, as N  —► oc, we obtain

lim sup 5] <  lim sup (1 -  |s |2)" |u " (z ) |( lo g -— Л ֊ Т р )  ” =  E
M =» |ք( : )ի ւ  ՝  1 -  lv>(*)l '

<  lim sup II uC ^/a||j„  +  lim sup || uCv g„ || z „ +  lim sup ||иСѵЛ„||~„
|a|—»1 |o|-»l |a|-»l

=  A + B  +  C.

Similarly, lim supj_1K. S? <  E  <  A  +  В  +  C, and hence, we get

(2.9) Q 2 < E <  A  +  B  +  C  < m a x { A ,B .C } .

We have Q i <  lim su p j^ ^ fS^  +  S^). where

and

S i =  sup (1 -  \z\2)" \f 'M z )) \ \2 v .'(z W (z )  +  u W ( * ) \
Іѵ ? (= )|> гл

Sj =  sup (1 -  \z\2)"rj\f'(rjtp (z))\\2u '(z)tp '{z) +  и ( г ) / ( г ) | .

2 3
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Using the fact that | | / | |a p <  1 and B p С 8 .  ՝vc <<m vrilc

S;j =  sup (1 -  խ|տ)"|/'(¥Ո  ֊- 0 ,2 .  . . p ' i ֊ ) +  n (z ) ;" (z ) \
|ір(г)|> г,ѵ

.  ..............  (1 - № ■ ՛! - ’' -  ) / ( ֊ ֊ )  +  »(--)/ ( - - I I
£  ll/ll n„ s u p ------------------ . r  --------------------

|ѵ»Га)|>гл- 1 Ітг^Л

.  ( ւ - խ ^ ո շ ս ^ / ք - ւ - ո ւ ^ Ա ) !

~  іѵ»(!Я>г« 1 ՜  ы ֊ ) \ 3
<  sup ||uC^(.r„ -  2?/„)||շ.“

|aj>r,v
<  sup \\uCv Xa \\Za 4- Slip WuCfUaWz" •

|a|>rjv |ai>r,\

Taking lim it as N  —> oo, wc obtain

lim sup  <  Mmsup M  =  F
J-»OC ivj(s);—rl I

<  lim sup ||ііСѵх „ ||г „ +  lim sup ||սՇ'^)/„||շս =  P  +  Q.
|a |—»1 |a|—*1

Similarly, lim sup.,- _> o c  <  F  <  P  +  Q , and hence, we get

(2.10) Q * < F < P  +  Q.

We have Qr, <  lim su p j^ ^ fS ij +  Sr) ■ where

S i  =  sup (1 -  |* |ЯП /" М * ) ) | |* Ч * ) |Ѵ ( * ) |
|y>(z)|>r*

and

S i  =  sup (1 -  |* |a)“^ | / " ( r j v ( * ) ) | |^ W |a|e (* ) |.
|i?(*)|>rjv

Using the fact that | | / | |в р <  1 and B„  с 8 ,  we can «-rite 

s i  =  sup ( 1 - |* Р Л Г М * ) ) 1 И * ) 1 * 1 « ( * ) |
|уз(г)|>»-лг

5  £ ՛ ' ՛ * ' Л 11 - Ѵ ֊ і Й ) і ¥

S  7  s  , ^ ь . .
Іѵ(г)|>глг (1 -  |V ( . ) |J ) l«|>r.v

Taking lim it ля N  —> ос՛, we obtain

!im sup S i  <  lim sup ^  ՜  M W ( « ) l 2H f ) j  =  q < q
H *  ՝ M *)H 1 (1 -  Ы г ) Р )2

Similarly, lim s u p j^ ^  Sg <  G  <  Q , and hence, we have

(2 1 1 ) Q e < C < Q .
24
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Hence, by (2.2)-(2.11), we get

lim sup ||itCv  -  иСѵК Гі\\п„->г֊ =  limsup sup \\(uCv  -  uC^,Kr j)f\\z"
j-*oc  | | Л І і і „ < 1

(2 .12) =  lim su p  sup  ||u  ■ ( /  -  f Tj) о <p||, < E  +  F  +  G  <  A  4 -  В  +  С  +  P  +  Q .

J֊*«* !l/llu ,< i

Therefore, by (2.1) and (2.12), we obtain

||t*Cv ||e,Bp-*z« < E  + F  ■ r  is- {E. F. С \

and

< /1 \ B . C . P . Q ) .

Tliis completes the proof. 'I . □

T h eo r em  2 .2 . Let 1 <  ր / / (ГЗ) and հ  с  .Տ՚(Թ) with ЦірІІоо =  I
be such that nCv : П., -4 . ік n

||tiCv ||,..n - t in  яг I!,. I » I |  f ,  ,!|. , .  lim sup !|i/^n ||~ ,.} .

P ro o f. T h e  low er es tj iu iite . For each n o n n e < integer n, let p„(z) =  

Then p„ P Br and the sequence {/)„} converges I ՛  • го uniformly on compact 

subsets of !D>. Thus, by Lemma 2.1, for any compact operator К  : Bp —> Z '\  we 

have lim„_,oo ||А’р„||г.п =  0. Hence

ЦиС*. -  Л'||яр-»2,« >  lim sup \\(uCv  — ^ОрпЦі» >  lim sup ЦиС^рпЦг».
Ո-+00 a—> ОС

From the definition of essential norm, we get

(2.13) lim sup IIиір"IIշ.» <  ||uC *||c,a ,-+s« .
n —to o

By Theorem 2.1 and (2.13), we get the desired lower estimate.

T h e  u p p er e s tim a te . For a  6  Ю, we define

* - ( * ) - =  n ~ S 2 . 2 ^ ՛1 — a z  (1 — a z y

Let {ij}jcN  be a sequence in D such that |i^(zj)| —> 1 as j  —> сю. As shown in [4], 

\> (ч ) anc* P-eUj) belong to Bv and converge to zero uniformly on compact 
subsets of D>. Moreover, we have

Um M zj)) = (м*ч)Г * . ք«ա,№*յ)) = ( * W "  r

2 5
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W ( v » t o ) )  -  '■ -  I - \ l ( z j J P ’ -  ( Y - f ^ S p p -

=  ! .  / * * и , ) М * і ) ) -  l - ^ ( * j ) | 2 ’ (1 ֊  | j ( ’jO|2)2 '

Here A/^(-j) =  log т г ^ г .Я 1 ՛ Î|1xt՝ we can ՝vr’l;0 

| |u < V „ (* ,)lk*  ^  eu g (l -  |г |2)" |(и С * /ѵ(і, })"(*)!

=  sup(l -  MaHu"(*)/,.<*,>M *)) +  « (* )(^ (շ ))2/."(!, , ( Ф ) )  
гб1> 1

+ (2ս '(շ)< Հ (շ) +  «(z)¥>"(z))/J,( lj) (¥>(3))|

>  ( І - І ^ Г Г І ^ Ч ^ О К М ^ , ) 1- ^

( 1  -  | Z j , p r l 2 T / ' ( z j ) v ? ' ( - j )  +  » ( г ^ ) у " ( ^ ) ] | у ? ( г , ) |  ,

1 -  Ы ч ) ?  vM>
. . . . .  ( і - і ^ | 2Г И ֊ - і ) І Ь ' ( ^ ) |2| ^ ) | 2 і
(2Л 4) ----------------- ( i - W ^ W  ( "(‘J)) ’

ІІ«СѴАѴ(Ч) ||շ

(2.15)

>  (1 -  І^ Р )П|2ц'(д,-)у'(г^) +  »( - յ) / ' ( ֊ .,) | |^ (- - .,) |
1 -  IvCzj)!2

(1 -  Ы 2Л и ( * , ) І І ^ ) Р М г, ) |2 ,2 „
( i - W * i ) l 2)2 ՜ ( ՜  ' ՚  ՛ ( j)l

и u f ?  и  и  -  Л 1  -  | z j P ) a l « ( 2 j ) l l v ' ( * i ) P l ¥ > ( z j ) P  I .  і 2 ч п |  и /  I
| | « С ^ ( ч ) | | г .  >  О---------------------------------------------------------------------------------------- ( 1  _  \Z j \ )  | u  ( Z j )

1 4  1 ֊ W Z;)P  ■

Taking limit as j  -> oo on both sides o f (2 .14), we get 

lim  sup ||ttC y /,,(zj) ||2 ®-
j->oo

, ] i m n l l D  П  ֊  k i l 2 ) “ | u ( z j ) | | i p ' ( z j ) | 2 l v ( z < ) l 2 , , ,  , - 1+  11, „ SUP -------------- ( 1 _ И г .)(2)2----------------

+  iim . Up <1 - ^ l a)ttl2“, f a ^ )  +  " ( » j ) ^ ) l M « i ) l (A^ , .  ) Г і
յ -м о 1 — M ֊ j ) P

>  lim su p (l ֊  |* j|2)“ |e" (* i) |(W v(sjj ) 1՜ '
j֊ ¥  OO

>  lim su p (l — |֊ յ |2)“ |«" (2 յ)|,
j-¥00

2 6
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which implies that

l im su p  | | t iC „ /p ( l) ||a «  +  lim su p  —----n  ( Ь ц
M*)|->1 lv>M|-»i I1 -  ІѴ( -.Ч-)- v 1

+  Iimsup է ճ 5 \
М *)М і ! - | ^ ( ֊ ) | 2 ՝  1 -І¥ > (г ) |2 /

>  lim sup(l -  H ar |u » (z ) |( lo g  °
iv W H i ՝  1 ~  M * ) l  '

>  lira sup (1 -  |* |2)“ |u"(s)|.
|ѵз(г)|-»1

Sim ilarly , by  (2 1 5 )  and  (2.1G), we g e t

lim s u p  UuCpApf.) II z -  +  lim  s u p  (1 -  |շ [2)“ խ " ( շ ) |
ІѴ5(г)|-*1 |\р(г)|->1

>. ]im - lip (1 ֊  М 2Г Г М г )ѵ Ф )  +  Վ է № ) \
ІѴ=(г)|-*1 1 -  И г ) | 2

„ ( 1 - И * ) “ | і » ( г ) | |^ ( г ) |2
-  Inn su p  2 ------------- — ---;յ  ՝ '  ՛, ՝

|y»U )|-.i (1 -  И * ) | 2)2

Umsup ||«C^ii5(=)lk“ +  linieup(l -  |г |я)"|-и"(з)| 
ИОІ-*і IvWI-h

> l,rasup6i i z i £ ! ! ) W W  
(1 -  |¥> (г)г)2

֊  liras u d  2 И Щ № Н  
lv>WI-*l 1 -  \<p(z)\2

By the boundedness of uCv : Bv -x Za , we see that

ш п.«Р — տ- . л -
М = )Ы  1 - | ^ ( г ) | -  V 1 - | ѵ ( г ) | 2 /

and

^ ֊ и - т ^ і и о Р л-.- £ \-р ո
|*>(г)|-и ( І - І Р ( г ) І 2)2  ̂ 1 - | р ( г ) | 2 /

Thus, we can write

E  =  lim sup (1 ֊  |z |2)° |u " (z)| ( log — A ֊> T > ) ' " 
k i- jH i v i - I ^ W I - v

< lim sup |!ііС^/ѵ(г)||г« <  lim sup ||'«C^/„||2 »,
)d|—̂ 1
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(] -  И 2 г И ֊ - ) 1 І Л г ) 1 2

"  a n  ( j -  w * ) i* ) a

1  lim sup ի Շ ^ ( , ) հ -  +  lim sup ЦиС^А^^Цг» 4- 5  lim sup ]
2 M > jh i lv>l!)Hi 2 lv>(*)l-n

<  -  lim sup ||wCv /o | |z -  + lim s u p ||u C ¥,A0 ||z... +  i  lim sup  |խՇ7„/*»||&».
2  | o | - » l  | « | - n  1  | e | - H

_  (1 ֊  \ z ? r \2 u ' ( z ) v ' ( z )  +  v { z ) v " (z )I
F  =  l im s u p -------1---------- :---- , , Гр------------------

M * )|-n  1 -  M * ) l ՜
<  4 lim sup ||мСв/и(г)Ік» +  3 lim sup | խ Շ ^ (տ)||2 » +  lim sup

| ? ( z ) | - » i

<  4 lim sup \\uCv f a\\z« + 3 lim  sup ||uCv-Au ||г« +  lim sup \\иСѵц а | |z - .
|e |-n  |o |-»i

B y Theorem 2.1 and the last three inequalities we obtain 

(2 .17) | |u C y ||Pl/?„—*2.- ~  m a x  { я ,  F , <?}

<  max { lim sup ЦиС^/аЦ г.», lim sup \\uC,pX„ ]| г», lim sup \\i։Cv n„\\z"  ի
1 | u | —* 1 | a | - H  I a | - > 1  J

Finally, we prove that

m a x {lim su p | |ս Շ ^ 0 ||շ.“ , lim sup \\uCv p a j|շ...} <  lim sup \\u։pn \\z".
|a |-tl l»|-+l n-too

Lot a €  D. For any fixed positive integer n >  1, it follows fiorn triangle inequality, 

the fact that sup„<fc<00 ||и^ь||г -  <  oo and
OO

A„(z) =  (1 -  |a |2) ^ 2  akz k։ z  e  ID), 
k = о

that we have

||і»СрАа ||г« <  ( 1 - | а | 2) £ | о | * | | Ѵ і к -  
k = 0

=  (1 -  Ы 2) E  w W l f  +  (1 -  M 2) £  W W l U -
k = 0  k = n

o o

<  n ( l - | o | 2) sup ||u¥>*||z« +  (1 -  |a |2) V ՜  |a |* su p  Циѵ^Цг.»
0<fc<«—1 j> „

<  n ( l  -  |ռ|2) +  2su p  Ци^Цг.».
•fc>rt

Letting |a| —» 1 in the above inequality, we get

(2 1 8 ) lim sup \\uC:fXn\\z֊> <  lim sup ||пі^"||г....
|o |—t l  71—rO O

28



\ \ u C v , i n \ \ z "  <  (1 -  l ^ ) 2 £ ^ ^ H W l k *

Lot a E D. Note th a t (sec [28])

(1 — ja|)՛՛5 *!Г()8) 11 k\ ’

for any fixed positive integer n  >  1. Hence, using the triangle inequctiirv. ! In fiict i li.it 

и e  Z"., տսբ0<յե<օօ Ц Ѵ ІХ * <  * .  and

u„(z) =  (1 -  H 2)2 f ;  Щ і У ,  s  €  d ,  
k—ll ՝  * ՛

we obtain

. r(fc -Ւ 2 ) ,fc„— fc„

A - 0
o c

< (1 -  H 2)2N k -  +  (1 ֊  M 2)2 £ W l k -
A =  1

* ո — 1 no

=  (1 ֊  N 2)2M k "  +  (1 -  H 2)2 £  * M W l k «  +  (1 -  H 2)2 £  *M  W H *
A :=0 A— n

<  (1 -  H 2)2I N k -  +  n (n  -  1 )0  -  W 2)2 sup ||«v>*|k»
0 < f c < n — 1

o c

+ U  -  |o |2)2 £  *H *sup||uv>»|k*

$  (1 -  N 2)2IM k“ + n ( n -  1)(1 ֊  |a|2)2 sup \\ич>к\\ъ" +  4sup  ЦіѴЧк»-
0<к<п—1 k> и

Letting |n| -»  1 in the above inequality, we get

(2.19) lim sup ЦиСр/іаІк» Й lim sup ||«^'‘|к “ -
| u | - H  п - ю ^

Therefore, by (2.17) - (2.19) we obtain the desired upper estimate:

ЦиСУкв, -*2." S  max I  limsup ||иС^,/а||г „ , lim sup ||и^з"|к" }■
1 | o | - » l  h - > o o  >

The proof is complete. [

ESSENTIAL NORM OF WEIGHTED COMPOSITION OPERATORS ...

3. A NEW CHARACTERIZATION Ob’ OPERATOR 1tCv,:

In this section, we give a new characterization for the boundedness, compactness 

and essential norm of the operator uC^ : B v -»■ Z °. For this purpose, we first state 

some definitions and lemmas.

Let 1՛ : D —i Ji+ be a continuous, strictly positive and bounded function. Here 

we call v  a weight function. The weighted space, denoted by H™, is a space which
29
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consists o f all f  € H (D>) such that

11/11» =  R"P '’( ; ) l / ( - ) l  <  oo.
=6»

Observe that H “  is a Bauach space with tho norm || ■ ||„. Л weight v  is called radial 

if n (s) =  u (|z |) for all : g Э. The associated weight v  o f v is defined by

' s n p { |/( z ) | : /  €  / / - , | | / | ! „  <  Г }՛

When V -  v „ ( z )  =  ( 1 - | շ |2)“ (0 <  n  <  oo), then it is easy to  chock ih a tv 0 (z) =  » „ ( - ) •  

In this case, instead of /7 “  we use the notation ! / է ,  that is,

77;?° -  { /  e  /7 (» )  : ll/ll,,, -  S lip |/(a ) |( l  ֊  |г |2Г  <  *>}• 
іег,-

When i.՛ =  է40(!,ր(շ) - ((log  y z p p )1՜" )  > then it is also easy to  see that 5jOBi(/ =

i’loK,p- Indeed, if

v (z )  -  ( m a x f l s H h N  ֊  խ |})

is a  weight for some </ 6  //(10), then v (z )  =  v ( : ) .  Ilence the statem ent follows with

'AZ) =  (1°Ц г ф р ) '  "•

L e m m a  3 .1  ([11])- For ռ  >  U, we have. l i n i f c - » o o ~  ( ~ ) n ■

Also, wc have the following result.

L e m m a  3 .2 . For 1 <  p <  oo, we have liiii/;_,,^(log k ) l ~ l  ||г1՝]|„|ціі я і .

L e m m a  3 .3  (|21 |). Let v  and w  be radial, non-increasing weights tending to  z e ro  a t  

tile boundary o f  D. Then the following statem ents hold.

(a) The weighted composition operator uC,f  \ - t  7 /"  is  hounded if  and only tf

W ( Z )  I ,  VIa n p  ц ( г )  <  oo .
-6t> v(<fi(z))

(b) Suppose uCv  : 77“  —> 77* is bounded. Then

Ц и С ѵ ІІе .и »^ »  =  Ііш sup — ֊ — ֊ |ս (շ ) |.
«-»1՜  |ѴЫ |>« «(¥>(*))

L em m a  3 .4  ([10]) Let v and w  be radial, non-increasing weights lending to zerv at 

the boundary of U>. Then the following statem ents hold.

(a) The weighted composition operator nCv  : 7 7 , - +  77“  is bounded if  and only if

ll«V^llw „ sup - .гтгд <  50, 
k>0 ||z*|l»

with the norm  comparable to the above supremum.
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(h) Suppose uCv  : TT^ ֊» Я *  is bounded. Then\\uCr-\\„ ,ii^ -,n^  =  lim sup* , x  

Now we are in position to state and prove our main results in this section.

T h e o r e m  3 .1 . Let I <  p  <  oo. 0 <  о  <  ос, ?/ 6  Я (В ) and ip e  .S(!0). Then IJie 

weighted composition operator uCv  : Bp —» Za is bounded if and only if и £  Zn ,

s u p j ||( 2 u V  +  «v")<P,"~1lk , <  oo, sup j 2 II w / P i f j ՜11|„„ <  oo, 
j > i  j > i

su p (lo g j)1 - i | |u 'V ||i .„  <  oo. 
j > i

P r o o f. Observe first that by Theorem 3 of |5], the operator uCf  : 13,, -¥  Z °  is 

bounded if and only if

M i =  su p (l -  | ; |V |u " ( z ) | ( l o g — !֊ ֊ p )  " <  oo,
*61» ՝

Л/շ  =  su p ------------------- -----j—— -------------------<  .00
=£D 1 ֊  \ Ф ) Г

ESSENTIAL NORM OF WEIGHTED COMPOSITION OPERATORS ..

and
_ (1 ֊  խ |» )« |ո (« ) ||^ (տ)|»

sup . , Ii,. -j Հ oc.
=GD (1 -  \ Ф ) Г Г

By Lennna 3.3, the condition Л/շ  <  oo and the boundedness o f t.hc weigh tod composition 

operator (2u'<p' +  u<p")Cv  : -> are equivalent. By Lemma Յ.Վ, this is

equivalent t.o the following:

I I ( 2 * V W V - M I .....SUP , .. Հ  tXf.
յ> \  II*'"1 Ik

By Lennna 3.3, the condition A/3 <  oo and the boundedness of the operator u*p'~Cf  : 

f f *  -*■ Я ”  are equivalent. By Lemma 3.4, this is equivalent, to  the following:

I I V V  4 k  . . .su p   —:——------  <  00.
j> i  II-J I k

N ext, by Lemma 3.3, the condition M i <  oc and the boundedness o f the operator 

II. " -»■ ./fjj® are equivalent. B y Lennna 3.4, this is equivalent to the 

following:
l l « V ~ 4 k

su p  ||T ,- I |i------ <  °°-i> i  \W  Ik,,.,,
Finally, in view of Lemmas 3.1 and 3.2, we conclude that that the operator uC v  : 

B p -¥  Za is bounded if and only if

s u p j | |( 2 u V +  « v " V , ֊ l l k  »  sup —— ֊■-тт^ с ^ и^ — ~  <  °°- 
j> i  j>  i  J\\z l  II*-.

31



Q. HU. S. LI AND Y. ZHANG 

j > i j > i  J  \ \ z  ll"2

and

max { ||н ||z.-, sup(log j ) 1՜ Г ||i / 'V II ՛•..}
L J > t

֊ max { ||« ||z".s«p(log(j ՜  IU„} ~  ֊տլՓ I ' j - f n  ~  <  °°>
1 i > i  1 j> i  II2 lli'i™.,.

and the result follows. Theorem 3.1 is proved. П

T h e o r e m  3 .2 . Lei 1 <  p <  oo, 0 <  a  <  oc, u £  / / (B )  and <p €  ձ’® )  IMloo =  1 

he such that uCv  : Br  -» Za is bounded. Then

llttCpHe.ap-fZ" ~  max {A’i,JV2, JV3},

where

N \ =  l in is u p j ||(2 u V  +  V ' ) r ^ ֊ 1 IU„.
j —rOC

and

N■2 =  lim s iip j2||w(^')2¥^_1 ||Utt and N:i =  lim su p (lo g j)1՜ »  | |u 'V |k , -
j —>cc j - *  o o

P r o o f. FYom the proof of Theorem 3.1 we see that the boundedness of uC,f  : /7,, -> 

2." is equivalent to the boundedness o f the operators (2u'lp1 +  u^fi")Cv  : Я “  -֊» 

Я ~ ,  ս ՚ ՚ գ  : Я “ в )1 -► Я -  and щ>л Сѵ  : Я »  ֊+ Я “ .

T h e  u p p er  e s t im a te , b i view of Lemmas 3.1 - 3.4 we can write

H(2uV' +  «¥»")C ' v » I U , =  Um sup -■■ ՜ ՜ Ա ' ՜ ------------- —
І֊»оо I I l l v i

=  lim  sup J' ^ 2U ~  H m su p j||(2 u V  +  W ՜ 1!!»,..
j֊»oo

| | Ѵ 2С Д , , =  lim sup 1խԼ - ո |  ІІВ՞  =  lim sup ֊
.7—>oc II-2 ||г»а .7 >oc 7  И*4՛ ||ѵа

«  lim sup յ 2||ււ9 '2^ ֊1 ||,v ,

\\и"СЛ г .,н ~  =  ііш sup =  lim sup ^  ՜  Ц )‘ ՜ ' H“V ֊ 4 k
,■-♦<*> ||zJ M il*,., ^ о о  ( l o g y - i ) ) 1^ ^ - ! ! ! ^ , ,

и  lim sup(log(j -  l ) ) 1_^ | | « V ֊ 1 ||v„ =  Umsup(tog.?)1 ֊ ^ |v 'V 'llv„ -
J - » o c  J4oo
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Thus, we have

||«Cyie,n„-.z." $  l l(2 « V  +  +  I K 'C p lk ; /^

+il'<y"'2Cv-l|...f/?- - w -  <  max {NU N 2, A',}.

T h e  low er e s t im a te . From Theorem 2.1, Lemmas 3.1 -  3.4, and the above proof, 

we have

||H Q ||r .n,.-»2." > F  =  11(2u V  +  и lim su p j ||(2 u V  +  tV ')v ^ ֊ 1 |U„,

ЦиС^Цс.Ир-.г» >  G  =  | |u ^ '2C v ||ClH» . . , H »  « l im s u p  j 2 | | i W  1 |l#„.
j->x>

||« G !?||„,b „-+Z“ £  £  =  

a  lim sup(log(j -  l ) ) 1_i | | u ' V ֊ 1 |U„ =  lim su p (lo g j) , - i |h ('V l|v „ -
j —*oc j —*oc

Therefore, ]|иС^||с,г/,-*а» >  шах {УѴі, W2, ІѴ3}. as desired. Theorem 3.2 is proved. П 

From Theorem 3.2, we immediately get the following result.

T h e o r e m  3 .3 . Let 1 <  p  <  oo. U <  a  <  oo, и  €  / / (В )  and уо 6  M B ) he such that 

IIС ^ : B p —> 2.“ is bounded. Then the operator uCv  : B p —> 2,“ is compact if and only

if

lim sup j | | ( 2 u V  +  и<р")<р* Ml,.,, =  0. lim sup j 2[\u(<p')2<p* 1||v„ =  0
j  —>oo j ֊ + o o

and

lim s u p ( lo g j ) 1 " I K V I U ,  = 0 .
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Abstract, bet /  be a nonconstant meromorphic function of lower order /1 (/) > 1/2 in C, 
and let aj  { j  — 1 ,2 ,3 ) be three d istinct finite complex num bers. VVe show th a t there exists 
an angular dom ain О — {г  : a  <  arg 2 < fi) , where 0 <  — a  < 2tr, such th a t if f  share n j
(j  -  Լ  2. 3) CM  w ith its fc-th linear differential polynom ial /.[ /]  in D , then /  =  /.[ /] . T his 
generalizes the corresponding results from Fl-ank and Schwick [Results. M ath. 22 (t!)!)2) 

l>70-681], Zheng [Canad. M ath. Bull. 47 (2004) 152-160] and Li-Liu-Yi [Results. M ath . 68 
(2015) -141-453].

M SC2010 num bers: 30D35.
Keywords: meromorphic function; order of growth; shared value; Borel direction; 
angular domain.

1. I n t r o d u c t io n

We use С and C =  € U  {00} to denote the whole complex plane and the extended 
complex plane, respectively. In what follows, we shall suppose that the reader is 
familiar with standard notations and fundamental results of the Nevanlinna theory 
(see [7, 14, 15]). For a  nonr.onst.ant meromorphic function f ,  we denote by T(r. / )  the 
Nevanlinna characteristic function of J  and by <S(a, / )  the Nevanlinna deficiency of / .  
Also, by Л ( /)  and д (/)  we denote the order and the lower order of a meromorphic 
function / ,  respectively.

Let J  and g be nonconstant meromorphic functions in the domain D с  С, and let 
с 6 C. If f  — с and g -  с have the same zeros with the same multiplicities in D, then 
we say that /  and g share с CM in D. If /  с and <7 с only have the same zeros, 
then we say that /  and g share с Ш  in D. The zeros of f  — с imply the poles of /  
when с =  cc.

гТ1іе research was supported by t.he N ational N atural Science Foundation of C h ina  (G rant 
No. 11301076), and  by the  N atu ral Science Foundation of Fujian Province, C h ina (G ran t No. 
2018.101658).
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եւ 1979, Gunderson [6] and Mucs-Steinmetz [10) have considered rlic imii|iieness 
of n meromorphic function /  and its derivative / '  and obtained the following lvsnlr.

T heorem  Л (see [6, 10]). Let f  he a nonmnstant. meromorphir function in C. anil 
ԽԼ a, (j = 1.2,3) be three distinct finite complex numbers. If f  untl f  share n , 
(j =  1,2,3) IM  in C, then f  =  / ' .

In 1992, FVank and Schwick [3] generalized Theorem A and proved ilie following 
result.
T heorem  В (see [3]). Let f  be a nonconsla.nl meromorphic function in С and a, 
( j  - 1, 2, 3) be three distinct finite complex numbers, and let к be a positive inter/er. 
I f f  and fW  share aj (j =  1,2,3) IM in C, then f  — f a)

R em ark  1 .1 . Three IM shared values in Theorem О rnn be replaced by two CM
shared values (see Rank and Weissenborn Щ).

In 2004, Zheng [16] hits extended Theorem В from complex plane to  an angular 
domain, and proved the following theorem.
T heorem  С (see [16]). Let f  be. a transcendental meromorphic function of finite 
lower order p ( /)  in С such that 6(a, fW )  > 0 for some n € С and an integer p > 0.
Let the pairs of real numbers {ctj,Pj) (j = 1 , . . . ,  gj be such- that

- 7 Г  <  Q j  <  p i < Օշ < 0շ < ■ ■ ■ < Q ,  <  '3q <  7Г

with ui = max {тг/  (Հ ?-  պ )  : 1 < j  < q}, and

Z Jo j+ i ֊  Pi) < -  агсяіи\ l ----------ձ,
j= 1

where a --- max{w, /.t}. For a positive integer к, assume lhat f  and share, iij
ч

(j = 1,2,3) IM  in X  ՛■= [J {z : Oij < args < /3,}, where a_, tj  - 1.2.3) are three 
3=1

distinct finite complex :lumbers such that a փ cij (j =  1,2,3). I f  A(/)  > u.՛, then
ք = ր ) .

In 2015, Li, Liu. and Yi [9] observed that Theorem С is invalid for ry > 2. and 
proved the following more general result, which extends Theorem С (see [9, p. -1-13]).

T heorem  D (sec [9[). Lei f  be a transcendental mcromorphic function of finite 
lower order ц ( /)  in С and such that A'(n., / )  > 0 for some a E C. Assume that q > 2 

pairs of real numbers {o tj,0 j}  satisfy the conditions:

- т г  <  f t ,  < 0 i < Օշ < 0շ < • • ■ < a q < 0Ч < тг
36
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with cj ~ max {ir/ЦЗ-, — Qj) : 1 <  j  < q), and

\ 4  a 4У  ,(Q j  +  ] — P j )  <  — НГСКІП

where a =  max{w,/i}. For a k-th order linear dijje.rcnt.ial polynomial T.[f] in J with 
constant coefficients given by

when: к is a positive integer, հ լ, եկ-ւ, ■■■, կ  arc constants and bլ փ 0. assume.

that f  and L[f] share a} (j =  1,2,3) IM in X  = ( j {z : aj < arg z < 3 j}, where u3

(j - 1.2.3) are three distinct finite complex numbers such that u Փ uj (j = 1.2,3). 
U M f) փա, then f  = L[f}.

Based on Theorem D, wc naturally arise the following question.
Q uestion 1.1. Does*there exist an angular domain D = { :  : a  < arg г < ti] , where 
( ) < $  — « <  2?r, such ilial if f  and L\f] siiare aj (j =  1,2,3) CM or Ш  in D, then
5 =  L[.f\ in Theorem D?

In this paper, лѵе investigate the above question and prove the following result, 
which generalizes Theorems С and D.

T heorem  1.1. Let f  be a nonconstant meromorphic function of lower order )j (}) > 
1/2 in C, Uj (j — 1.2,3) be three distinct finite complex numbers, and let L\f] be 
given by (1.1). Then there exists an angular domain D = {z : a  < argc < /1}, where 
0 < .3 — a < 2гг, such that if f  and L[f] share Qj (j =  1,2,3) CM in D, then f  — L[f\.

As an immediate consequence of Theorem 1.1, we have the following result.

C orollary 1.1. Let f  be a nonconstant meromorphic function of lower order /.։ ( /)  > 
1/2 in C, «j (.; =  1.2.3) be three distinct finite complex numbers, and let к be a 
positive integer. Then there exists an angular domain D = { ? : a  <  arg .: < /3}, 
where 0 < /3 — « < 2тг, such that if f  and share Uj {j — 1,2.3) CM in D, then

In order to prove our results, we recall the Nevanlinna theory on an angular domain. 
Let /  he a meromorphic function in D =  {г : <v < arg z < ;i}. where 0 < (3 — tv < '2z. 
Nevanlinna [0, 11] defined the following symbols.

( 1 .1)

Գ

/  =  / ( « .

(1.2) AaJ, ( r , / )  =  -7Г [  ( ֊  ֊  £ )  0 °*+ | /  (<е’") | +  log- I/ (te")|}  f ,
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2ш Г*
(1.3) Вв,л (г ,/)  =  — у  *°S+  I/  (ге,6>) I sin ш (ff — л ) dO,

(1.4) C0,ff(r,f) = 2 5 2  ( i T F  ~ 7 ^ ) К І П | •

(1.5) 5 „ , 5 ( г , / )  =  Л,,в(г, f )  +  Ba,g(,r, I)  +  Ca,e(r, I ),

where ш =  7r/Q3 -  a), and b„, =  |Ь,„|е,вт are the poles of /  in D  counting multiplicities. 
If we ignore their multiplicities, then we replace Ca.g(r, f )  by (7n.s(r > /)• Also, Sn,p(r, f  ) 
will stand for the Nevanlinna’s angular- characteristic function iii D.

Throughout the paper, we denote by Я(г. *) a quantity satisfying the following 
relation:

(1.6) R(r, *) = 0  {log (rT(r, *))} , Vr £  E,

where E  denotes a set of positive real numbers with finite linear measure, which will 
not. necessarily bo the same in each occurrence.

Also, we will need the following definitions.

D efinition 1.1. (see /8, c.f.lj). Assume that f  is a meromorphir. function of infinite
order in C. Then there exists a proximate order p(r) of f  such that:

(ij p{r) is continuous and nondecreasing for r > ru, and p(r) -> +oc as r -> -t oo;
(ii) U(r) = r ',(r) fr > r u) satisfies the condition:

log U ( R )  , _  r
1ІП1, Ւ +  ЭСр I ТГ/ Հ   1» R    r  ~̂ ՜ , TT. \ •log U(r) log t/(r)

(Hi) the following relation holds:

ii֊֊ log T(r, / )
1і т м + к —Г-Г7------— 1.P(r)log r

D efinition 3 .2. (see fl3, cf.l, 8]). Let f  be a meromorphic function of infinite order 
in C, and let p{r) be the proximate order of f .  A direction arg г =  0a is culled a Unrcl 
direction of proximate order p(r) of f  if  for arbitrarily small f  > U the following 
relation holds:

—  logn(r,0Oi£i /  =  o) ,
•in ir-tto  / \ , — 1p(r) log r

for all a 6 €  except at most two exceptional values, where n(r, 0u, e , /  =  a) denotes 
the number of the zeros of f  — a counting multiplicities in the sector | arg г — 0ц\ < s, 
\z\ < r.
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D efinition 1.3. (see /12]). Let f  be a meromorphic function of finite order A (/)  > 0 
in C. A direction arg z = Ѳо is called a Borel direction of order A ( /)  if for arbitrarily 
small £ > 0 the following relation holds:

for all a e  Շ except at most two exceptional values, where n(r ,8u,e, f  = a) is as in 
Definition 1.2.

2. S o m e  l e m m a s

Lem m a 2.1. (see (5, 11}). Let f  be a meromorphic function in C. Then for any 
а С С the following relation holds:

Lem m a 2.2. (see [5, 11, cf.2/). Let f  be a meromorphic function in C. Then the 
following assertions hold:

(i) for q (> 3) distinct complex numbers aj € €  (j =  1,2, ■ ■ • ,q) wc have

(iii) i/  /  is of finite order, then R(r , f )  = 0 (1);
(iv) i f f  is of infinite order and of proximate order p(r), then R{r, f )  = 0 (iog[/(r)), ■ 

where U(r) = r ^ r) is as in Definition 1.

Lem m a 2.3. (see [7]). Let f  be a meromorphic function in C, and let L[f] be given 
by (1.1). Then T  (r, L[f)) < (fc +  l)T (r, f )  + 0  (log rT(r, / ) ) .

Lem m a 2.4. (see [12j). Let f  be a meromorphic function ■of finite order A ( /)  > 0 
in C. Then f  հոտ at least one Borel direction arg z = Ѳ0 (0 < ftj < 27г) of order A (/).

(q ֊  2)5’..„я (r , f )  < ( r ,  — )  +  R(rJ)-,

(n) for a positive integer к we have

Using the same arguments applied in Lemma 1.3 of [15, p.14], we can easily obtain 
the following result.
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Lem m a 2.5. Let f  be a nonconstant meromorphic. function in C, and let », с- С 
( j — 1, շ , . . .  . q) be q distinct complex numbers. Then me have

£  (An* + а,.я) (г, J -— )  = {Antfi + n nJ, ) ^r, £  -  -_ ֊֊ j  + 0 (  I).

Lem m a 2-0. Let f  be a nonconstant mcromorphic function in € . a, (j - 1,2,3) be 
three distinct finite complex numbers, and let /.,[/] hr. given by (1.1). Suppose lliat f  
and L[f] share aj (j =  1,2,3) CM in D =  {z : a  < argz < в), where 0 < /3 - 0  < 2 гг. 
I f J  Щ L[f], then Sa.p (r, / )  =  R (r, f ) .

Proof. By Lemma 2.5, the Nevnnlinna basic reasoning (set? [7], p. 5), the definition
(1.5) of Sa.D (>’,*), Lemma 2.1, and Lemma 2.2(ii), we can write

I2 j=.I (Aa.p + (r - յ Խ ՜ )  ~  (A„.fl + (г, + 0 ( 1)

< (A a j  + Вал)  (г, E 'U  T ^ j )  + (A°֊P +  B-‘.i>) (г, -rb\) Ւ

< E j= i (A,,./) I B„„<<) (r. ֊4ՃԼ) Ւ S„,fl (г, тзд) I 0(1) < S„.p (r. L[f]) I- Л’ (г ,/) .

that is,

J 2  (Л»,Р + В ал) (»•, — ֊ )  < S,„fl (г, ւ \ք \) +11 (г, Я  .

Therefore, we have

]С  + В „ л \  ( r . J Z ՜ )  + °<՝Հ ( r= j ՜ : )  -

5  5«,fl (г., Լ[/]) + f  г, —------ 'j +- У? (■;, / )  .
յ=ւ 4 J - < 4 J

which together with definition (1.5) of 5'ո„լ1 (r, *) and Lemma 2.1 implies I bat

(2.1) 3S a j i r . f )  < 8ал{г,-Ц /\) + £ с ал  ('■ 7 ֊ '------ ) +  R ( r . f ) .
i—L '  1 (li J

Nexi, since f  and L[f] share Այ (j =  1,2,3) CM in D, by the Nevanliima basic
reasoning [7, p. 5], Lemma 2.1, the definition (1.5) of Sa<j3 fr. *), and Lemma 2.2(ii),
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wo can write

 1 ,,Ш
< (Aa,d i- L J ) +  C„ j  (r. ,/' ■/,[/]) I (0(1)

<  (An.jt +  В „ л )  ('■  -  у ՜ ՜ )  +  +  A>.a) ('■ Л  +  C .  •< (r. /.j/]՛) +  0 (1 )

< Av.,9 (r, / )  + В а л  (’՛• f )  + C„.a (r. / )  4 fcC„.a (г, / ;  + К (r. / )  

<  в а л  (r. / )  +  ~ C , , 3  (r, /<*>) +  Я  (r. / )  < S a *  (r, I )  +  ~ f Cu^  (r. / .[ / ] ) +  Я  (г. Л

< (Г,/ )  +  ~ j 5 o . d  (Г, £,[/]) +  Я (г, J ) .

Combining this with (2.1). we get
91. _I_ 1

(2.2) 2Sa,3 (7-, f )  < =— Y Sa-3 {r' Llf]> + R (r՝ J) ■

Set F -  I/ ( /  -  r) and L\[f\  =  1 /(£ [/] — c), where с e  С (с £ {օւ,օ2,ռյ}), and
observe that /  and L[/] share cij (j =  1,2,3) CM in D. Since /  and L[f] always share
ex. ГМ in D, F  and Li[f] share О IM, and l/(cij — c) (j  =  1,2,3) CM in D, then by 
Lemma 2.1, Lemma 2.2(i), the definition (l.G) of Ita.d (r, *), and Lemma 2.3 we get

■2ь՝„л(r,L ,(/)) < ( ' ՛ ՝ L i[/] — i / (r7j — c))  +  ( r ՝Z ^ 7 i )  + n i r - rj՝ W )

< С а л  ( г ,  +  R  / )  2  ( r - F  +  Я  ( ՛■ • / )

< 5a,p (r, F) + в а л  (r, i l l / ] )  +  Я (r, / ) ,

implying that-

S„,a (r, Li[/1) < S«j> (r, F)  +  Я (г, / ) .

Hence, by Lemma 2.1 we liave

(2.3) Sa.a (r, L[/]) < 5в.и (г, / )  +  Я (г, / ) .

In view of (2.2) and (2.3) we obtain the conclusion of the lemma. Lemma 2.G is proved.
□
Lem m a 2.7. Let f  be a meromorphic function in D — {z : r> < arg z < ii] (0 < 
в  — a < 12/г), and ш = ж/ (# — a). Then for any г € С and arbitrarily small i՛ > (J, 
w<: hnui:

n (r, D„.}  - c )  < Kr~Ca.t) (2է. у - — j  ,
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where К  is a positive constant, Dv = {z a + v  < txg z  < 0 - v ] ,  and » (r. D„. f  =  c)
denotes the number of zeros of f  -  с counting multiplicities in D„ Ո {г : |г| < г}.

P roof. Let rj,„ be the zeros of f  -  с counting multiplicities in D. Pul ?i(«) := 
n (*, D„, f  = c) for the sake of simplicity. Then for arbitrarily small v > 0 we can 
write

c " ’* ( 2r' 7 3 7 )  =  2 5 2  ( j ^ p  "  (2^ ) տաա 1°'" ՜  ռ)4 J '  1<խ„,|<2>՚,«<0,„</3 41 "  1 4 ՚ 7

-  2 £  ( і ч Т ՜  ( ^ ) տեւա(0՚ " ՜ “ )1<|Чт|<г,о+1«в»,<Л-о 1 '

-  г л ( " ^ , ( і

*  ' Գ - Լ  - , £ ? ; ՝ ՝ • ՝ ՝» )

֊> -J ■ I 1 ( п ( ')  п (>')\ О ■ / . ո (г) 4" — 1 п (ѵ)> 2&т(шѵ) —------- ------ =  2 sm(u>i/)----- - -------- > А — .— ՝ ; \ յ"  4wrw /  ք*" 4Ы ~ г"

Therefore

ո  ( г )  < К гшСа,р ^2г ,  ՚

where Л՛ is a  positive constant not necessarily the same for each occurrence. This 
completes the proof of the lemma. Lemma 2.7 is proved. О

Lem m a 2.8 . (see. f13]՛)■ Let. f  be. a meromorphic function of infinite order in C, and 
let p(r) he a proximate order of f .  Then f  has at least one Borel direction arg 2 — 0O 
(0 < О» < 2/t) of proximate order p(r).

Lem m a 2.9. (see [12]). Let f  be a meromorphic fimction of infinite order in C, and 
let p{r) be a proximate order of f .  Then a direction argz =  0O is a Borel direction of 
proximate order p(r) of f ,  if and only if  for arbitrarily small e > 0 we have

ii,n8Up logSfl7 f ° + e ( r , / ) =  i. 
r-H-oo p[r) log r

3. P r o o f  o f  T h e o r e m  1 .1

Suppose that /  փ L[f], Since A ( /)  > /1 ( / )  and բ(ք)  > 1/ 2, it follows that 
^ ( /)  >  1/2- Now we consider the following two cases.
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Case 1 . Assume that 1/2 < A (/)  < +oc. Choose w such that 1/2 < u.՛ < A (/), 
where ш = тг/ (fi — a) and 0 < /3 — ot < 2ir. Then for one given angular domain 
I) = {z : a < arg г < [1], we have A (/) > w. Thus, by Lemma 2.4. we can assume 
that, f  has at least one Borel direction arg г - (կ in D of order A (/). Therefore, in 
view of Definition 2.3 there exists a finite complex number r such that for arbitrarily 
small £ > 0,
/•> I■ log n (r, 0n,e, f  =  л)(3.1) lim sup--------- :------------- - =  A(/ )>u>.

r-*  hoc log Г
Next, since /  and L[/] share u3 (j  = 1,2,3) CM in D, by Lemma 2.6 and Lemma 
2.2(iii), we have

(3.2) Sa,g (r, f )  = R (r, f )  = 0(1).

On the other hand, for arbitrarily small v > 0, by Lemma 2.7 we get

(3.3) ’ n  (r, D,„ f  = c)<  K r“Ca,B ^2r, ,

where К  is a positive constant, D„ =  {г : a + v  < arg z < fi — //}, and n (r, Du, f  = c) 
denotes the number of zeros of /  -  с counting multiplicities in D„ Ո {z : |.г| < ?■). 
Thus, by (3.2), (3.3), алкі Lemma 2.1 it follows that

n (r, On, s, f  =  c) < n (r, Du, f  = c) <

< Kr^Cc'P U r, j L - )  < K r“ (Saj, (2r, / )  +  0(1)) < 0 (r" ) , 

and hence, we have

n(r .eQ,e ,J  = c) =  0(r'J).

This contradicts (3.1) and so we obtain /  =  £[/].
Case 2 . Assume that A (/) =  +oo and p(r) is a proximate order of f .  Then in view 
of Lemma 8 we can assume that /  has at least one Borel direction arg z =  Оц in D of 
proximate order p(r). Moreover, by Lemma 2.2(iv) and Lemma 2.G we have

Sa.e (r, f )  = R  (r,}) =  О (log U(r)), U(r) = И Г>,

implying that

(3.-1) (r, f )  = 0 (log U(r)), U(r) =

Now by Lemma. 2.9, for arbitrarily small e > 0, we have

(3.5) limsup !2g j g» ֊ ^ » + ^ r ’/ )  =  լ
r-> +oo P \T )  log r
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Combining (3.4) and (3.5) we arrive at a contradiction. This completes iho proof of 

Theorem 1.1.
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Abstract, Taking fin open problem in [25] in to  background we em ploy tin; idea of 
norm al family to  investigate the  uniqueness problem of m eroinorphic functions sharing 
a non-zero polynom ial which improves a num ber of existing results. Specially we rectify 
some errors and gaps in a  recent result оГ I*. Sahoo [15].
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K eywords: uniqueness; meromorphic function; normal family.

1. I n t r o d u c t i o n , d e f i n i t i o n s  a n d  r e s u l t s

In this paper hy meromorphic functions we always mean meromorphic functions 

in the complex plane.
Let /  and g be two non-constant meromorphic functions ami let ռ С С. We say 

that /  and g share a CM if /  — a and g — a have the same zeros with the same 
multiplicities. Similarly, we say that /  and g share n. IM if /  — a and g — <i have the 

sanie zeros ignoring multiplicities.
We adopt the standard notation of value distribution theory (see [8j). For a non- 

constant meromorphic function / ,  we denote by T(r. f )  the Nevanlinna characteristic 

of /  and by S (r ,/ )  any quantity satisfying S { r ,f  ) - o {T (r ,/ ) }  as r —> oo possibly 

except a set of finite linear measure. A meromorphic function a is said to be a small 

function of /  if T (r.a ) =  S{>\ / ) .

Throughout the paper, we denote by /.Հք ) and />(/) the lower order and the order 

of / ,  respectively (see [8, 19]). Let /  be a transcendental meromorphic function such 

that p (f)  =  p < oc. A complex number a is said to be a. Borel exceptional value (see 

[3 9]) if

log+ N (r, a\ f )
lim su p----- — ---------  <  p.
t—>oo log?*
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A finite value s0 is said to be. a fixed point of / ( շ )  if f ( z u) =  ֊0. We will use the 

following definition:
Лг(г, a; f )

0 (a; / )  =  1 limsup

where a is a value in the extended complex plane.
In 1959, W. K. Hayman (see [7|, Corollary of Theorem 9) proved the following 

assertion.

T heorem  A . [7] Let f  Խ a transcendental meromorphic function and let и С N wil.Ii 

n >  3. Then / " / '  =  1 հոտ infinitely many solutions.

In 1997, С. C. Yang and X. H. Hua [20] obtained the following uniqueness result 

corresponding to Theorem A.

T h e o r e m  B .  [20] Let f  and g be two non-constant meromnrj>hic functions, and 

let n  € N with n >  11. If f"  f  and gng' share 1 CM, then either / ( г )  =  c,e.cz, 

g[z) =  c-ic~cz, where c ,c \. օշ e  C \{0 }  and (c ic i)’՝՜’՜1 c? — - 1  or f  =  tg for t. e  C \{0 }  

such that t"H 1 =  1 .

In 2002. using the idea of sharing fixed points, M. L. Fang and 11. L. Qiu |5] further 

generalized and improved Theorem 13 by proving the following theorem.

T heorem  C. [5] Let f  and g be two non-constant memmorphic functions, and let 

n  e  N with n >  11. If Г ?  -  2 and gng' -  z share IJ CM, then either f ( z )  — c, e' z‘ , 

g(z) =  c > e ՜г*2, where с ,c i, с* ё  €  \  {0} and 4(շւՕշ)ո+1շ2 =  - 1  or f  =  tg for 

t €  С  \  {0} such that tn Ц1 =  1.

For the last, couple of years a number of astonishing results have been obtained 

regarding the value sharing of nonlinear differential polynomials, which are mainly 

the fc-th derivative of some linear expression of /  and g.

I11 2010, J. F. Xu, F. Lii and II. X. Yi [17] studied the analogous problem corresponding 

to Theorem C, where in addition to the fixed point sharing problem, sharing of 

poles are also taken under consideration. More precisely, they proved the following 

theorems.

S. MAJUMDER AND R. MANDAL

T heorem  I). [LT] Let f  and g be two non-constant memmorphic functions, and let 

n, к €  N such that ո > 'ձհ +  10. If (/")(*> and (fl")^՛՝ share г CM, and f  and g share
46



ос IM, then either /(as) =  C\ec*‘ , g{z) -  с2е~сг' , where c .c ,, c.2 €  C \  {0} satisfying 
4п2(г.іс-2У‘с2 =  — 1 , or f  =  t.g for t €  C \  {0} such that, t" =  1 .

T heorem  Б. [17] Let f  mid g be two non-constant, merornorphic functions such 
tJiul Ѳ(ос; / )  > jj, and let n ,k  6 N sucft that n > 3k + 12. / /  ( / " ( /  — 1 )j''^ and

(gn(g -  l))**'1 s/iare г CM, and f  and g share oc IM. then f  — g.

Recently X. 13. Zhang and J. F. Xu |25| further generalized and improved the 

results (if [17] as follows (sec [25], Theorem 1.3).

T heorem  F. [25] Let f  and g be two transcendental merornorphic functions, p hr: 

a non-zero polynomial with deg(7>) = I <  5. k.n  e  N, m  6 N U {0} such that n >

3к + m  H- 7, and let P(w) =  amwm +  am_ iw"1՜ 1 +  . . .  -I- a-jw f  at, be a nnn-zcro 

polynomial. If [ f 'P ^ f ) ]^  and [g՛1 share p CM, and f  and g share oo IM,

then one of the following three cases hold:

(1) f ( z )  =  tg(z) for t  € C \{ 0 }  such that t.d — 1, where d — C C D [ n +  m , . . .  ,n  +
77? — г ,. . . ,  ii), am~i տ 0 for some 7 =  1,2........in,

(2) f  and g satisfy the algebraic equation R (f, g) =  U, where Я(ш] , ш-г) =  «р(ат ш“ +  

ւ>ա-ւ՚Հո՜ '  +  ■ ■. +  օա) - աշ (ո.,„ււ՝!ր +  ոա- յա ? ՛ ՜ 1 +  . . .  -1֊ ап);

(3) Р (г) reduces to a non-zero monomial, namely P (z) =  ajZ1 փ 0 for some

i 6 { 0 ,1 , . . . ,  777};
if  p{z) is not a constant, then f{ z )  =  СтСг<՝)(г\  g(z) =  whciv

Q(z) =  fg p(t)d t, c, c i, օշ 6 С \  {0} such that af (շւշշ)ո+*[(ո +  i)c]2 - - 1 ,  
ifp (z )  is a non-zero constant b, then / ( 3) =  Сзесі, g(z) =  аг.~':г, where <՝., C3,

Cj 6 С \  {0} such that (—l) ka j (сз<Хі)”+1[(« +  *)e]afc =  b2.

Zhang and Xu made the following observation in Remark 1.2 of [25]:

“From the proof of Theorem 1.3, we can see that the computation will be very 

complicated when deg(p) becomes large, so we are not sure whether Theorem 1.3 

holds for the general polynomial p."

Also, at the end of the paper [25], the authors posed the following problem.

O pen problem . What happens to Theorem 1.3 [25] if the condition “I <  5” is 
removed ?

Let us define m* =  777 if P (z) փ c0, and 771* =  0 if P [z) =  Oj.

Regarding the above problem, Ր. Sahoo [15] proved the following result.
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T heorem  G. [15] Let. f  and g be two transcendental mcrornorphic functions. p be 

a n o n -c o n s ta n t  polynomial nf degree I, and let k .n  £  Pi and in a  N U (I)} such that 

n >  max{3A՜ 4-  m* +  Ч.к +  21}. In addition, w t suppose that cither k ,l  are co-prime 

or к > /. when I >  I Let P{ir) he as in Theorem I- If [ f11 P ( f  and [ff" P(ff)]№)
share p CM, and f  and g share x, Ш, then, the fnllouiinq conclusions hold.

(i) If P(z) =  amium +  a,„ -i wm 1 +  . . +  «i ս՚+a»  is not a monomial, then either
/' =  tg for t  £  C \  {0} such that է՛* — I, where d — (u +  m ___n +  m — i ___ n).

"in- і Փ 0 fnr some i 6  {0, I, 2........m}. nr J  and g satisfy the algebraic

equation R [f,g )  =  0, where R (f.g ) is given by 7J(ti'i,«'2) =  »'i"

. . .  a it«i +  Пи) -  u>2 (Օւ»էՍշո +  • ■ • +  о ւ “՛շ +  оц). In particular, when in — I 
and Ѳ(ос; / )  +  Ѳ(сx>;g) > ֊  , then f  =  g,

(ii) When P (z)  =  со or P {w ) =  a mw " \ then either f  =  tg  fo r l e €  \ {(J)
such that t"՜1՛"1" =  1, or f ( z )  ֊■ b ie0CJl- \  g (z)  -- h.c~'‘'iU Հ where Q {z) is a 

polynomial without constant such that Q  u )  — b .h t, հչ £ C \  {0}, and

ci,('ib)2(lnb?y՛ =  -1  а г а }М п  +  т)Ь)-{Ь1Ья)л+т ֊֊- ֊1 .

R em ark 1.1. Observing Theorem 1.1 of [15), it. seems that the condition “I <  5" 

was removed. But. unfortunately it is not the case. Actually t.lie condition “I <  5” is 
replaced by the condition “n >  к -1-2Г, with n  depending on I. In the same paper the 

author claims that “Theorem 1.1 of [15] improves Theorem F by reducing the lower 

bound of n”, but this is not true. For example, if we assume that к =  I, то =  1 and
I — 5, then from Theorem F wo get n >  11, while in Theorem G we have n > 11. On 

the other hand, we see that Theorem F holds for k. =  Z < 5 but Theorem G does not 

hold.

Therefore, by the best knowledge of the authors, the above open problem is still 
open. Consequently one of the goals of this paper is to solve the above open problem 

without imposing any other conditions.

R em ark 1.2. In i.he proof of Lemma 2.7 of [J5], one can easily point, out. a gap. 

Indeed, from the relation

a2m{n +  m) W e < n+m)(e+*) =  p2

the authors conclude that m and ft are polynomials. A question arises when o' — pe1 

and ft' — pcl . Actually the authors did not consider this case.
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The above discussion is enough to make oneself inquisitive to investigate the 

accurate form of Theorem G. To state our main result we need the following definition, 

which also will be used throughout the paper.

D efin ition  1.1. [9, 10] Let. k. e  N U {oc}. For a €  €  U {oc} we denote by Ek(a: f ) 
tlif: set. of all а -points nf f ,  where an n-point of multiplicity m is counted m  times 

if m < к and к +  1 times if m  > k. If E;c(a; / )  =  7Jfc(n;g), then we. say that f  and 

rj share the value a with weight k. We write f ,  g share (a. к ) to mean that f  and g 

share the value a with weight k. Also, we say that f .  g share a value о IM or CM if 

and only if f  and g share (n, 0) or (a, oo), respectively.

Also, it is quite natural to ask the following questions.
Q uestion  1. Can one remove the condition “Suppose that either k .l  are co-prime 

or к >  Լ when I >  2’* in Theorem G ?
Q uestion 2. Can “CM” sharing in Theorems F and G be reduced to a finite weight 

sharing ?
In this paper, taking the possible answers of the above questions into background, 

we obtain the following result.

T heorem  1.1. Let f ,  g be. two transcendental meiomorphic. functions, and let k, n 6 

N and m  €  N U {0} be such that n > 3k +  m +  6 . Let p be. a non-zero polynomial and 

P{w) be. defined as in Theorem F. If [ fnP {f)]{k  ̂ — p, [gnP{g)Yk  ̂ -  P share (0. ky), 

where Ai — ] +  3 and f ,  g share (oo, 0), then one of the following three,

cases hold:

(1) f ( z )  =  t.g(z) for t 6 C \  {0} such that td =  I, where d — GC D(n +  m , . . . , n  +  

m  — i , . . .  ,n ), om_j փ- 0 for some i  =  1 , 2, . . .  ,m ,

(2) f  andg satisfy the algebraic equation R (f.g ) =  0, where Ո (ս\,ա շ) =  ui”(п.т Ц "+  

flm-jw" 1-1 +  . . .  +  n0) -  u j (a mojJ1 +  a,„_iw™~x +  . . .  +  an). In particular, 

when m =  1 and Ѳ(оо; / )  +  0 (oo:g) >  ֊ ,  then f  =  g;

(3) P (z) reduces to a non-zero monomial, namely P {z)  =  n,: ‘̂ փ 0 for some 

i 6 {0, 1 , . . . ,  m};

if  p(z) is not a constant, then f ( z )  =  c ie ^ * ՝,  g{z) - а е ~ сС̂ ։ \  where 

Q (z) — Jnz p(t)dt, and c i, c. c i, Շշ 6 €  \  {0} are. such that o?(ciC2)n+,[(n +  

i)c]2 =  - 1 ,
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ifp (z) is a non-zero constant b, then / ( г )  =  e3ec~, g(z) =  c4e where c..c), 

c4 e C \ {0} are such that ( - l)* a ? (c 3c4)"+ i[(n +  ;')c]2A' =  b2.

R em ark 1.3. Clearly Theorem 1.1 improves Theorems F and G. Also, in this paper 

we can remove the condition “Z <  5” in Theorem F without imposing any other 

conditions and keeping all the conclusions intact.

The following definitions and notations will be used in the paper.

D efin ition  1.2. [11) Let a €  C U  {oo}. For p 6 N uir denote by N [r ,a ; f  ]< 

p) the counting function of those а -points of f  (counted with multiplicities) whose 

multiplicities are not greater than p. By N (r ,a \ f  |<  ;i) we denote the corresponding 

reduced counting function. In an analogous manner we can define N ( r ,a ; f  |>  />) and 

N {r .a ; f  |>  p).

D efin ition  1.3. [10] Let к €  NU{oc}. We denote by Nk(r, a; / )  the counting function 

ofa-points of f ,  where an ռ-point of multiplicity m is counted m  times if rn <  /,: anil 

к times ifm  >  k. Then N k{r ,a ;f)  =  N(r,a-, f ) + N (r ,a ;  f  |>  2) +  ... +  ЛГ(г, a; f  |>  k). 

Clearly N, (r, a; f )  =  N {r, a; / ) .

D efin ition  1.4. [2J Let f  and g be two non-constant merornorphic functions such 

that, f  and g share the valce a IM for a 6 С U {oo}. Let Zi, be an a-point of f  with 

multiplicity p  and also an а-point of g with multiplicity q. We denote by 77r.(r, a: f )  

L (r,a \g )) the reduced counting խոոԱօո of those а -points of f  and g, where p >  

q >  1 (q > p >  1). Also, we denote by N ^ (r ,a : f )  the reduced counting function of 

those а-points of f  anil g, where p =  q >  1 .

D efin ition  1.5. [9,10] Let f  and g be two non-constant merornorphic functions such 

that, f  and g share the value a IM. We denote by № .(г,а; f ,g )  the reduced counting 

function of those а-points of f  whose multiplicities differ from the multiplicities of the 

corresponding a-points ofg. Clearly, N ,( r ,a ; f ,g ) =  N .(r , a; g, f )  a n d J j.(r ,a \ f ,g )  =  

N r.(r ,a \f)  +  r,{r,a\g).

D efin ition  1.6. [13] Let a ,եւ,ե շ,. . .  ,bq € С U {ос}. We denote by N [r,a-.J]g փ 

ել, հշ, . . . ,  bq) the counting function of those а-points o f f ,  counted according to multiplicity, 

which are not the bi-points of g for i =  1,2
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2. L e m m a s

Let ft be a meromorphic function in C. Then h is called a normal function if there
exists a positive real number M  such that h #(z)  <  M  V z  €  C, where /i# (z) =
J ^ 1!, denotes the spherical derivative of ft.

Let Э7 be a family of meromorphic functions in a domain D  с  С. We say that 3  

is a normal family in Г) if every sequence {/„}„ С ;Г contains a subsequence which 
converges spherically and uniformly 011 the compact subsets of D (see [161).

Let F  and G be two non-constant meromorphic functions defined in C. We denote 

by H  and V  the functions defined as follows:

, ., ,4  , ,  fF "  W  \  (G "  2G' \  „  (  F' F ' \  (  G' G ՝\
V -1) H Հ ր , F _ l )  Հ q i c - l ) ’ \ F  - 1  F j  ( g - 1  G )

Lem m a 2.1 (|18|). Let f  be a non-constant meromorphic function, and let aIL(z)(^  

0), a „ _ i(z ) , . . . ,  <in(z) be meromorphic functions such that T (i\ m) =  S(r, f )  for 

i =  0 ,1 ,2 , . . . , n. Then

T (r,a„ f"  +  a, , - ! / '1՜1 +  .. , +  a-if +  a0) =  n T (r , f )  +  S{r, f ) .

Lem m a 2.2 ([24]). Let f  be a non-constant meromorphic function and k ,p  6 N.

Then

(2.2) N„ (r, 0; /<fc>) <  T  (r, /«*>) ֊  T (r , / )  +  Np+k(r, 0; / )  +  S(r, / ) ,

(2.3) N„ (r, 0; f w )  < kN(r, oo; / )  +  Np+k(r, 0; f )  +  S(r, / ) .

L em m a 2.3 ([12]). If N (r, 0; /(*) \ f  փ 0) denotes the counting function of those 

zeros of f (k> which are not the zeros of f ,  where a zero of fW  is counted according 

to its multiplicity, then

Щ г, 0; f (k) I /  փ 0) < кЩ г, oo; / )  +  N (r, 0 J \ < k )  +  kN (r, 0; f \ >  k) +  S(r, / ) .

L em m a 2.4 ([25]). Let f  and g be two non-constant meromorphic fujictiom, P{w) 

be defined as in Theorem F, and let k ,n  e  N, m  e  N u {0} be such that n >  2 fc+ m + l. 

V  [fnP (f)](k) =  {gnP(g))(k), then f nP (f)  s  g"P{g).

Lem m a 2.5 ([21], Lemma 6). If H  =  0, then F , G share 1 CM. If further F, G 

share oo IM then F, G share oo CM.
51



S. MA.1UMDI5R AND Ո. MANDAI.

Lem m a 2.6 ([25]). Let f ,  g lie non-constant, rnnmmoiphic functions, i \  n <F N. in с  

N U {0} be such that n > к +  2, and let P (h i ) be defined as in Theorem F. Let 

Q(-)(^  0, oo) be a small function with respect to f  with finitely many zeros anil poles. 

If  ! / ’’P (/)]<A,[s"p (fl)]<fcl — 0,2’ f  nn  ̂ У ^Ьоге oc IM, then P(w) is reduced to a 
non-zero monomial, namely P(w) - օրս՛ փ 0 for some i t  {0 .1 ........m}.

Lem m a 2.7 ([6]). Let f ( z )  be. a non-constant entire խ ոction and let {■ С РІ\ ( I ] .  If 

/ ( i ) / l fc>(;) փ 0, then f { z )  =  ra։+b, where a (£  0), b e  € .

Lem m a 2.8 ([8], Theorem 3.10). Suppose that f  is n non-constant meromorphic 

function and к €  N \  {1}. If

N (r, oo, / )  +  N(r, 0; / )  +  N (r, 0; f (ki) =  S(r,

then f ( z ) =  na։+b, where a(=£ 0), 6 e  C.

Lem m a 2.9 ([8], Lemma 3.o). Suppose that F is meromorphic in n domain 1), and 

set f  =  ■£. Then for n e  N, we have

֊  =  /"  +  — ^ ր - շք' +  a „ fn~3f"  +  h ,J " ֊ +  Pn_3(f) .

where an - gn(?t —l ) ( n - 2 ) ,  bn =  $n(n—l ) ( n - 2 ) ( n - 3 )  and P »-:\(f) is a differential 

polynomial with constant coefficients, which vanishes identically for 11 <  3 nnrl Ims 

degree n — 3 when n >  3.

Lem m a 2.10 ([4]). Let f  be a meromorphic function on €  with finitely many poles 

If f  has bounded spherical derivative on C. then f  is of imlcr at -most, 1 .

Lem m a 2.11 ([19], Theorem 2.11). Let f  be a transcendental merommphic function 

in the complex plane such that p (f)  >  0. If f  has two distinct Dor el exceptional mines 

in the extended complex plane, then թ(ք) =  p (f)  and p (f)  is a positive integer or oc.

L em m a 2.12 ([23]). Let. F  be a family of meromorphic functions in the unit disc Д 

such that all zeros of functions in F  have multiplicity greater than or equal to I and 

all poles of functions in F have multiplicity greater than or equal to j ,  mid let n be. 

a real number satisfying —I < a  <  j . Then F  is not normal in any neighborhood of 

го 6  Д if and only if there exist 

(ij points z„ 6 Д, z n -i- 30,

(ii) positive numbers p„, p„ —► 0+ , and
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(iii) functions f ,L € F, 

such that p~n}„{Zt, +  բ,Հ) -> fl(C) spherically locally uniformly in C, where g is 
a non-constant meromorphic function. The function g may be token In satisfy the 

normalization condition: ց*[Հ) < g*(0) =  1(C 5 С).

Rem ark 2.1. Suppose that in Lemma 2.12, F  is a family of holomorphic functions 

in the domain D  and there exists a number A >  1 such that- | / (A'4~)I S  -‘1. whenever 
f  = 0. Then the real number a in Lemma 2.12 can be chosen to satisfy 0 <  о < к. Tn 

that case, we also have +  ր,Հ) - }  ց(Հ) spherically locally uniformly in C, where 

g is a non-constant holomorphic function. The function g may lie taken I о satisfy the 

normalization condition: ց*(Հ) < g * [0) =  fc/1 +  1(C £ C).

Leim na 2.13 ([19|). Let f j  ( j  =  1.2,3) be a meromorphic and fx he a non-constant. 
3

functions. Suppose Shat f j  =  1 ап& 
j= i

3 л
J 2 N ( r,0-,fj) +  2 j2 W ( r ,o o J j )  <  (A +  o{l))T (r),
j =1 J=1

n.i r —> -foe, r  e  I, where /  is a set of r  e  (O.oc) with infinite, linear measure, A <  I
and T (r) — maxi<3<3 T(r, f j ) .  Then /շ  =  1 or f 3 =  1.

Lem m a 2.14 ([10], Theorem 1.24). Let f  be a non-constant meromorphic function, 
and let k. G N. Suppose that /*** փ 0, then

jV(r, 0; f (k>) <  N (r, 0; / )  +  k77(r, со; f )  4 S(r, / ) .

Lem m a 2.15. Let f ,  g be two transcendental entire functions such that, f  and g 

have no zeros, and let p  be a non-zero polynomial. Suppose that (f" )'(gn)' =  p7, 

where n  £ N. Then the following assertions hold:

(i) if p(z) is not a constant, then f { z )  =  cie':(iiz\  g(z)  =  о>е~сС̂ г ,̂ where Q (z) =  

քը p(t)dt, and c ,c i, ւ-շ e  С  \  {0} are such that (nc)2(c 1С2)” =  - 1 ,

(ii) ifp (z )  =  b €  С  \ {0}, then f ( z )  ֊  сзе*: , g(z) =  ліе rf=, where c3,c4 ,rf e С  \ fUj-
are such that ( - l ) k(c r̂.4 )n(nd)-k =  b2.

The proof follows from that of Theorem 1.3 of [25].

Lem m a 2.16. Let f ,  g be two transcendental meromorphic խոօձօոտ, p  be и non-zero 

polynomial, and let k ,n  e  N be such that n > k. Suppose that ( /" ) (fc,(s ,‘ )(*1 =  p2,
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where ( / ”)<fc)—P and (gn) ^ - p  share 0 CM and f ,  g share ос IM. Then the following 

assertions hold:
(i) if p(z) is not a constant, then / ( z )  =  c,ecQ(:\  g(z) =  a e - 'Q W , where Q (z) =  

f ‘ p(t)dt, and C,C1, C2 €  C \  {0} are such that (/іс-)2(сіс2)” =  - 1 ,
(ii) ifp (z )  =  b €  C \  {0}, then f ( z )  =  c3ed:, g(z) =  а е ~ Лг, where c3,cA,d  e  C \  {0}

are such that (—l ) 1՞ (с-зсл)п (nd)2k =  b2.

P roof. Suppose

(2.4) ( /" )№)(<П(А:)= р 2.

Since /  and g share oo IM, from (2.4) one can easily infer that /  and <j are transcendental

entire functions. Let Fi -  ( /"j ■ and Gi =  (՛' j  ■ From (2.4) we get

(2.5) FiG i =  1 .

If F] ֊ c*Gi, where c* 6 С \  {0}, then by (2.5), F, is a constant and so f  is a 

polynomial, which contradicts our assumption. Hence F\ փ cJGi.

Let

(06) Փ= Թ Լ լ £
(“-6) ( g " )W -P
Then from (2.C) we have

(2.7) Ф =  е7\

where 71 is an entire function. Let f i  =  Fi, h  =  c ^ G i  and /я =  c 11. Here f \  is 

transcendental. Now from (2.7), we have f \  +  քշ +  f i  =  1. Hence by Lemma 2.14 we 

get
3 3

Y , N (r ՝ ° ;  / j )  +  2 ° ° ; Ы  -  ^ ( г > 0 ;^ і )  +  J V (r ,0 ;e 7 ,C 'i)  +  O ( lo g r )
j= l  j=l

<  (A +  o(l))T (r),

as r ֊*  Ч-oo, r 6 I, A <  1 and T(r) =  m oxi<j<3 T(r, f j) .

So, by Lemma 2.13, we infer that either e'n G \ — - 1  or e'1'1 = 1 .  But here the only 

possibility is that e > G \ =  - 1 ,  that is, (gnYk) -- and՛ so from (2.4) we get

(2-8) ( D w  =  cje7lp and (gn)w  =  с^е^ 'р ,

where cj =  ±1. This shows that ( /" ) (t) and (gnY k  ̂ share 0 CM. Let z„ be a zero 

of f { z )  of multiplicity p  and zq be a zero of g(z) of multiplicity q. Since n > k, 

it follows that zv will be a zero of ( /" (z ))(fc> of multiplicity np -  к and zq will be
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a zero of (g " (z ))^  of multiplicity nq -  k. Since ( /" (2) ) ^  and (g " (z ))^  share 0 
CM, it follows that zp =  2,  and p  =  q. Consequently /  and у share 0 CM. Since 
A'(r. 0; / )  =  O(logr) and N (r, 0; g) =  O(logr), we can take

(2.9) f ( z )  =  h] (z)e°M  and 17(2) =  ht(.z)e3U\

where ftj (г) is a non-zero polynomial and a, /3 are two non-constant entire functions. 
We consider the following cases.

Case 1 . Suppose 0 is a Picard exceptional value of both f  and g. We consider the 

following sub-cases.
Sub-case 1.1. Let deg(p) =  I € N.
Since N(r. 0; / )  =  0 and N (r. 0: g) — 0, we can take

(2.10) / ( 2) =  e“<z> and 5 (2) =  е « г\
»

where a and 8  are two non-constant entire functions.
We deduce from (2.4) and (2.10) that either both о  and /3 are transcendental entire 

functions, or both are polynomials. Wo consider the following sub-cases.
Sub-case 1 .1 .1 . Let к 6 N \{1}. We first suppose that both a and /3 are transcendental 
entire functions. Note that

(f»V  (апУ
S(r, not) ֊  S(r, i L ± )  and S(r, nft') =  S(r, դ Լ ) .

Moreover we see that

ЛГ(г.0; ( f n)(k)) <  N (r.0;p2) =  O(logr), N (r ,0; (ff’՝) (t)) <  N (r ,0 \p 2) =  O(logr). 

FVom these and using (2.10) we have

N (r, oc; f" )  +  N (r, 0; /" )  +  JV(r,0; ( D (t>) =  S (r ,no!) =  S(r, ^ )

(2.11)JV(r,oojij") +  ЛЧг.О;.?՛1) +  iV(r,0; (5n)(A:)) =  S {r,n0 ') =  S(r, ^ ) .
g

Then from (2.11) and Lemma 2.8 we must have / ( 2) =  e“aJ+(>* and 5 (2) =  cc<:+Ji ,  

where ո’Հ{փ 0), հ՝ձ, 0 ),d$ 6 C. But these types of /  and g do not agree with t,he
relation (2.4).

Next., we suppose that a  and Ѳ both are non-constant, polynomials, since otherwise 

/  and g reduce to polynomials contradicting that they are transcendental. Also, from

(2.4) we get a  +  8  =  C\ 6 C. that is, a' =  —fi'. Therefore deg(cv) =  deg(/3). If
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deg(a) =  deg(,9) =  1, then we again get a contradiction from (2.4). Next, we suppose 

that clog(n) =  cleg(/4) >  2. Now from (2.10) and Lemma 2.9 we sec that

(/")<*> =  (n V ) fc +  * (fe~ -^ n * -1(tt')*-2a" +  flt_a(a '))e n“ .

Similarly we have

(S »)<*> =  (n ^ ( /3 ') fc +  k ( k ՜  J- n * ՛ ՜՜1 {P')k- 2P"  +  P fc- 2 ( /J ') )c '" 'J

=  ( ( - l W  ֊  M * Z i! n‘ - 1( - l ) ‘ - V ) * - V '  +  fli—շ ( - o-'))e,,s .

Since deg(a) > 2, we observe that deg((«')*■՛) >  к deg(a'). and so (a ')k~2a" is either 

a non-zero constant or deg((a')*,'֊ 2o") >  [k -  1) deg(a') -  1 . Also, we see that

deg ((a ')1՝) >  deg ((a ')* ՜՛՜2»") >  dcg(Pfc_2(n')) (or deg (Pfe_2(-a ՛'))) .

Let

(а(г)); =  Cjz1 +  Ct- 1 z* 1 +  . . .  +  cn, 

where t’o, e.} , . . . ,  ռէ(փ U) 6 C. Then we have

( ( « ) ' ) *  =  с < г <‘  +  г С Г І е 4_ і г « - 1 + ...................

where i G N. Therefore we have 

( / ’*)“■՝> =  (n fcef*w +  fenfce j֊ 1e t - i2fct֊1 +  . . .  +  (D t +  D3)zk,~ * ֊‘ +  . . .  ) e"« 

and

( 9»)(<0 =  ^ ( - l ) * n fce * s fct +  { ~ l ) kk n kp.k~ ՝ d ֊ i z kt 1 +  . . .

+ ( ( - l ) ‘ D , +  (—1 ) * ՜l D2) z kt- t ՜ 1 +  .. . у ”13,

where D\, Օշ £ С are such that Օշ -- -^k̂ - tn k՜ 1 p*~1 ■ Since (/")■*՛* and (g'՝)tk  ̂
share 0 CM, we have

nkekzkt +  knke ^ - ՝e t- lz ki- 1 +  . . .  +  (£>! +  D a )* * * ՜* ՜1 +  . . .

=  dj ( ( - l)* n * e? 2*‘ +  ( - l l V e f - ' e , - ! ^ ՜ 1 +  ■ ■ •

+ ( ( - l ) * D i  +  { - l ) k- 1D 2) z kt- t- 1 +  . . . )

where d[ 6 С \  {0}. From (2.12) we get Օշ =  0, that is, — ^ 1 ո լ՚ ՜Կ J՝՛՜1 =  0, which 

is impossible for к > 2.

Sub-case 1 .1 .2 . Let к =  1. The result follows from Lemma 2.15.

Sub-case 1 .2 . Let p(z) =  b 6  С \  {0}. Since n > k, we have f  U and д ф 0.
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Now using Sub-case 1.1 we can show that /  =  eft and у  =  t ՛3, where u and ;3 are 

non-constant entire functions. We now consider the following two sub-cases. 

Sub-case 1.2 .1 . Let к > 2. We see that N(r, 0: ( / n) ^ )  =  0. If is clear that

(2.12) /" (гК /'Ч *))'*0 Ф o and g’\z){<յ ՞( * ) ) (է) փ 0.

Then from (2.12) and Lemma 2.7 we must have /( г )  =  ?а,2+ь'л, g(z) — 1 *''■՛, where

ռԼ(Փ 0),/>j,rj(# 0) ,d i  £ C. In view of (2.4) it is clear that al +  cj =  0. Finally, by
(2.4) we take /(г )  =  C:1ert՝ , rj(z) =  c.ie~dz, where <՝з, c4 and d e  C \  {0} are such that
( - l ) fc(caC4)”M 2* = b 2.
Sub-case 1.2.2. Let к =  1. The result follows from Lemma 2.15.

Case 2. Suppose 0 is not a Picard exceptional value of f  and g.

Let H =  Ր ,  H - g’\  F =  ~  and G  =  and let '.Г =  {Fu} and £j =  {С?ы}, where

E M ) =  Ո *  +  и) =  ֊ Щ  and G- M  =  G(* +  ш) =  І Ш -  * e  c - С1еаг1У -r and 
s are two families of mcrornorphic functions defined on C. We now consider following 

t.wo suli-cases.
Sub-case 2 .1 . Suppose that one of the families 7  and S. say 3 \ is normal on C. Then 

by Marty’s theorem /“̂ (ш) =  F f  (0) < M  for some Л/ > 0 and for all u.՛ G- C. Jlence 

by Lemma 2.10 we have that F (=  ■--) is of order at most 1. Now from (2.4) we have

(2.13)

p ( f )  = p ( - )  =  P i n  =  P(( fn )(k)) =  pUsT ) w ) =  p(n") = p { j ) = p(0) <  1.

Since /  and g are transcendental entire functions, from (2.0) we have բ(ք) > 0 

and pin) >  0. We observe from (2.13) and Lemma 2.11 that ր(ք) =  p(.f) =  1 and
/i(y) =  p(ij) =  1. Now from (2.9) we get

(2.14) /  =  /iic“ . g =  /lie*3,

where a  and в  are non-constant polynomials of degree 1. From (2.4) we see that 

a +  S =  Сч С- € ,  and so <y՛ +  /3' =  0. Again, from (2.14) we have
к

( / ” )<*> =  c"« £ fcc a w ) ' ' '~ <(/).?),<),
»=Ո

where we deline (/i")(n! =  ft". Similarly we have
к

(gn)(k) =  ena ^ 2  fcC i(_ l)<r-i(na')t—'(ft")(i).
«=0
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Since U nY k) and (a“Yk> share 0 CM, it follows that

(2.15) £ *C ,(n^)*-‘( 4 ) w =  «5 £  *G (֊i)*~
i=0 >=°

where rfj e  €  \  {0}. But from (2.15) we arrive at a contradiction.
Sub-case 2.2. Suppose that, one of the families J  and S. say 7  is not. normal on C.

Then there exists at least one ;o G A such that .T is not normal го. we assume dial

го ֊  0. Now hy Marty’s theorem there exists a sequence of meromorphic functions

{F (z  +  Wj)} С 'J, where г е { г :  |z| <  1} and {wj} С С is some sequence of complex

numbers, such that F&(uij) —» oc as խյ| —► oo.

Note that, p  has only finitely many zeros. So there exists a number r > 0 such that
p(z) փ 0 in D  =  {г : |г| >  r}. Since p is a polynomial, for all г 6  €  satisfying \z{ >  r,

we have

(2-16) ° ^ і Ш | - М < 1 ’ Փ ) ¥ °՛

Also, since wj —> oo as j  -*  oo, without loss of generality we may assume that 

>  )■ +  1 for all j .  Let Uj =  {z  : |z| <  1} and

II (uij +  z) 
p{wj  +  z) ՛

Since I Wj +  z\ >  |wj| -  |z|, it follows that Wj 4- z  e  D for all г e  D t. Also, since 

p(z)  փ 0 in j0 , it follows that p(oJj +  z) փ 0 in D i for all j .  Observing that F(z)  is 

analytic in D,  we conclude that F(wj +  z) is analytic in Ձլ.  Therefore, all F(uij +  շ) 

are analytic in D\. Also, from (2.8) we see that every zero of h , must be a zero of p. 

Thus, we have structured a family {F(ujj +  ; )}  of holomorphic functions such that 

F(ujj +  z) Փ 0 in Di for all j .

Then by Lemma 2.12 there exist:

(i) points Zj, \zj\ <  1 ,

(ii) positive numbers pj, p} —> ()+ ,

(iii) a subsequence {F {u j+ Z j+ p jՀ)} of {F(u>j+z)}, such that հյ{Հ) — p~kF{yjj +  

Zj +  p jC) —> ft(C), that is,

( 2 , 7 >

spherically locally uniformly in C, where 1ՎՀ) is some non-constant holomorphic 

function such that հ*(Հ) <  h * (0) =  1 .
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F (w j +  z) =
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Now from Lemma 2.10 we see that p{h) <  1. In view of the proof of Zalcman' 

lemma (see [14, 22] ), we see that pj =  уз^-у and F *(bj) >  F*(uij), where bj - 
Uj H- zj. By Hurwitz’s theorem we see that h(Q փ (J. Note that 

М ч  + ъ + Р Л )  as
p(w, + z3 + PjQ

Now we prove that

(2.19) (M C ))W =  И2 Ѵ Л Ѵ п ] -■р[ш, +  Zj +  p jQ

To this end, note first that by (2.17) we have

- W I  Ո ’ի  +  ? ] + Բ ւ զ  _  k + l Հ Լ ր + կ  +  ո o  (  0

J  p ( w , + i i + f t C )  J  ( ա յ  +  - j  +  P j Q  J  J  '

(2.20) , ^ ( c ) + f t g ^ ± a ± £ g M 0 .
P(“»j +  +  PiC)

Now from (2.22), C2.18) and (2.20) we observe that

/» '« ) •
_fc+1 +  Zj +  p j()
J p(uj +  Zj +  Pi C)

Suppose

Ш Ж')(^- + Zj- + M) ^ Л(|)(0 and]et c .(()= : w g K  + ^i+M) 
v(^3 +  +  PjC) p(b>j +  ֊ յ +  P jO

Then G j{C) ֊> Л.<‘>(0- Note that

Г2 2Ո n- fc+,+I я ( '+1Ѵ у  +  ~; +  M )
1 } ^  P ^ j  +  Z j + P j Q

-  + % + м і я " | ( “ ' * ч * » ь

So, from (2.18) and (2.21), we see that 

7 f c + m + 1)r n
P(uj +  Zj +  P j0  ^  Կ ^

Then by mathematical induction we get desired result (2.19). Lot

(2.22) (hj{ 0 )(fc) =  fl(k>h  .І З .+  f t Q .
p(Wj +  Zj +  PjC)

From (2.4) we have

ffW Qjj +  дл + pjc) g |fc)(^- +  a + f t -о  ]
p(wj +  Zj +  PjC) p(o)j +  Zj +  PjC)
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and so, from (2.19) and (2.22). we get

(2.23) =  I-

Now from (2.19), (2.23) and the formula of higher derivatives we can deduce that 

h jiO  -+ McjTtliat is,

(2.24) + A(a
P(U/J + Z j +  p jQ

spherically locally uniformly in C, where հ(Հ) is some non-constant holomorpliic 

function in the complex plane. By Hurwitz’s theorem we see. that հ(Հ) r- 0. Therefore, 

by (2.24) we have

(2.25) (M O )W ֊> (MC))ftl

spherically locally uniformly in C. FVom (2.19). (2.23) and (2.25) we get

(2.26) (Л « )){*', (Л(0 )(*) =  1 .

Since p(h) <  J, from (2.26) we see that

(2.27) p(h) =  P(h(k)) =  /?(/i(t>) =  p(h) <  1.

Since h and ft arc non-const,aut entire functions such that li -f 0 and h =t ij, «•<՛ 

can take h =  e“J and h =  ейі, where a i and jh are non-constants entire functions. 

Consequently, ր(հ) >  0 and p(h) >  0. Now we observe from (2.27) and Lemma 2 .11

that IՀհ) =  p[h) =  I and /і(Л.) =  ր(հ) =  1 . Therefore, we have.

(2.28) h(z) =  і*іс“ , Л(г) =  CaC- f *.

where c.c, ,с и £ C \{ 0 }  we such that (—l ) k(ciOi)(c)M =  1 . Also, from (2.28) we have

,o oq\ Ш  , Р [ Щ + Ъ + М С) , ЛЧО _  -
/1յ ( 0  1 F(wj +  z, +  p3Q  1ՀՕ

spherically locally uniformly in C. From (2.28) and (2.29) we get 

„ I И ч  +  гі)  I _  1 +  +  *i)l2 l ^ ' K  +  4)1 1 + 1 ^ 4  +  гі)І2 I /*'(0) I
' Jl F iu j +  Zj) I 1Р*(«, +  чЛ  № ,  +  2j)| № > +  •*,)! ՜*  I Л(0) I - |c|*
which implies that

(2.30) lim F(u>j +  Zj) փ 0, oo.
j —> OO

From (2.29) and (2.30) we see that

(2-31) lij(0 j =  բj  ^F(uj +  Zj) —У oo.
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Again, from (2.29) and (2.28) we have 

(2..Ч2) /ij(0) -¥ h(0) =  C\.

Now from (2..11) and (2.32) wo arrive at a contradiction. Lemma 2.10 is proved. U

Lem m a 2.17. Let f ,  g be two transcendental meromorphic Junctions, and let P(w) 

be defined as in Theorem F. Let F — V p^ l>' . G =  . where p  is a non-zero

polynomial, and k .n  Շ N and m e  N \  {0} are such that ո > ՛ձև +  m +  3. If f ,  g share 

oc. IM and II =  0, then either [ /” f >(/)]**,*[fl՝'P(/)J^* =  p2, where P ( /) ]IA* —p 
and [f7"P(/7)],fcl -  p share 0 CM, or f nP (f)  ֊. g"P(g).

P roof. Since ff  =  0, by Lemma 2.5 we conclude that F  and G  shun՝ 1 CM. By 

integration we get

(2 33) ' 1 =  hG +  " - h
■ ’ F  - 1  ՜  G  -  1 '

where п{ф 0). b G C. Now we consider the following cases.
Case 1 . Let b փ 0 and a փ b.

If b — — 1, then from (2.33) we obtain

F = — ^ —
G -  a. ֊  I

Therefore

N (r, a +  1; G) =  N(r, oo; P) - N (r, oo; / ) .

So, in view of Lemmas 2.1 and 2.2 with p =  1 and the second fundamental theorem, 
we can writ.o

(n + m) T(r,g) < T(r,G) + Nk+l(r,0-,g"P(g)) - Щ - Л  G)

<  Щ г, oo: G) +  77(r, 0: G) +  F (r , n +  1; C) +  Nk+] (r , 0; gn P(g)) -  N (r, 0; G) + S(r,g)

< N  (■;■, oo; g) +  Nk+, (r, 0; g" P(g)) +  N(r. oc; f )  +  S(r, g)

< N (r ,oo;/ )  +  N (r ,oo;g) +  N k+i(r ,0 ;g n) +  Nk+,(r.0; P(g)) +  S (r,g)

< 2 7V(r, oo; p) +  (к +  l)77(r.0; д) +  T(r, P(g)) +  S(r,g )

<  (fc +  3 +  m) T (r , g) +  S(r, g),

which is a contradiction since n >  к +  3. If b Ф - 1 ,  then from (2.33) we obtain
1 .  —a

F  (1 +  ծ ) 62[C + " ^ 1b
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and hence

77(r. G) = JV(r. oo: F) = N(r. t o :  /)■

Using Lemmas 2.1 and 2.2 and the same argument as used in the case when b =  —1 

we can get. a contradiction.
C ase 2 . Let h Փ 0 and a =  b. If b =  - 1 ,  thpn from (2.33) we have FG =  1 , that is, 

[/'’P(/)]^[ff"P(a)]*,r) =  V2 • where [ /nP ( /) l (j!) —P and (ff"P(fl)]^ -  P share 0 CM.
If h փ — 1, then from (2.33) we obtain

1 bG
F  ~  (I + b)G -  1'

Therefore

Ж г , —  ;С )= ІѴ (г ,0;Л -

So, in view of Lemmas 2.1 and 2.2 with jj =  1 and the second fundamental theorem, 

we can write

(n + m)T(r,g)

< N(r. oo; G) + iV(r, 0; G) + N(r, — - ֊ ; G) + Nk+1 (r.0; gnP(g)) -  Щ r. (J; G) + S(r

< N (r. x i;g) +  (k +  1 )ЛГ(7-,0;5 ) + T (r , P(g)) +  N(r,  (J: F.) +  S(r,g )

<  7V(r,oo:g) +  (A- +  1 )N (r ,0:g) +  T (r,P (g ))  +  (k +  1 )]V(r,0;/ )  +  T(r, P (f))  

+kN {r,oo; f )  +  S(r, f )  +  S (r,g)

< (k +  2 +  m) T(r, fl) +  (2fe +  1 +  m) T(r, / )  +  S(r, f )  +  S(r, g).

Without loss of generality, we can assume that there exists a set 1 with infinite 

measure such that T(r. f )  <  T (r,g )  for r 6 / .  So, for r e / ,  we have

(71 — 3k — 3 — m)T(i-, g) < S(r,g),

which is a contradiction since n > 31c +  3 +  m.

Case 3. Let b =  0. FYom (2.33) we obtain

(2.34) F =
a•

If а Ф 1, then from (2.34) we obtain /Ѵ(г, 1 -  a: G) =  N (?՛. 0: P). Similarly we can get 

a contradiction as in Case 2. Therefore a =  1 and from (2.34) we obtain F = G, that 

is, [ /"P (/)](fc| =  [a"P(a)]^՝- Then by Lemma 2.4 we have f" P ( f )  - g" P(g)- This 

completes the proof. Lemma 2.17 is proved. □
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Lem m a 2.18. Let f  and g be two transcendental meromorphic functions, n .k  С N, 
m  e  N U {0} such that n > к +  2, and let p  he a non-zero polynomial. Suppose that 

lf" P (f)Y k> — p, [fl"P(g)]^  — P share 0 CM, and f ,  g share oo IM, where P(w) 

is defined ns in Theorem F. If [ /nP ( /)]^ [i7” P(<?)j!fc* =  p2, then P(z) reduces to a 
non-zero monomial, namely P (z) -  OiZ՝ փ 0 for some i S { 0 .1 , . . .  ,m }; ij p(z) is 

not a constant, then f ( z )  =  c ie^ W , g{z) =  ռ շ Շ ՜^ ։ Լ where Q(z) ֊֊ J'n‘ p(t)dt. and 

с, C1 .C2 €  С \  {0} are such that օ2(ռւՇշ)',+’[(ո +  !՛)<.՛)2 =  —1, if p (z) is n non-zero 

constant b, then f ( z )  =  сзе" , g(z) =  a e ՜" ’ , where с, сз,с.і e  С \  {0} arc such that. 

(—1)*а?(кзс4)п+і[(7і +  і)с]2* =  b2.

The proof follows from Lemmas 2.C and 2.16.

L em m a 2 .1 !) (f 1]). Let f  and g be two non-constant meromorphic functions sharing 

(l.fci), where 2 <  1՛] <  oc. Then

Щт. 1 ; Л =  2) +  2 Щ г, 1 ; / |  =  3) +  . . .  +  (fc, -  1 ) N (r, 1 ; f \  =  fc,) +  fc, N ,.(r, I; / )  

+(fc, +  1 ) N l (t, l-,g) +  fci 7 ^ E +\ r , h a )  < Щ г, l ; j ) - iV ( r ,  I;;,).

L em m a 2.20. Let. f  and g be two transcendental meromorphic functions, ր be a 

non-zero polynomial, and let F =  [/"P(/)]**Vp> С  =  [gnP { g ) \^ ІР, where n .k  6 N, 
m  e  14 U {0} and P(ui) is defined as in Theorem F. Suppose Я  փ 0. If f ,  g share 

(oo, 0) and F, G share (1. kj), where 0 < fc, < oo, then (n +  m  -  к — I ) :V(r,oc: f )  <  

(fc +  m +  1) (T(r, f )  +  T (r, g)) +  77, (r. 1 ;F,G) + S (r, f )  +  ՏԼr, g).

P roof. Suppose that, oo is an e.v.P of f  and g, then thn result, follows immediately. 

Next, suppose that, oo is not an e.v.P of f  and g. Since H փ 0, we have F փ G. We 

claim that V փ 0. Suppose the opposite V — 0. Then by integration we obtain

i -  ?  =  -Mi ֊  A).
where A is a constant such that .4 / 0 , 1 .  Note that if z,, (p(zo) ф 0) is a pole of / ,  

then it is a pole of g as well. Hence, from the definition of F  and G we have щ-.՜] =  0 

and J  լ =  0. So A  =  1 , which is a contradiction.

Next, suppose that zu is a pole of /  with multiplicity q and a pole of g with 

multiplicity r such that p{z0) /  0. Clearly го is a pole of F with multiplicity (n +  

m )q +  fc and a pole of G with multiplicity (n +  m )r  +  fc. Noting that / ,  g share (oc. 0) 

from the definition of V  it follows that zo is a zero of V  with multiplicity at least 

n +  m  +  fc — 1. Now using the Milloux theorem (see [8], p. 55), and Lemma 2.1, we
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obtain from the definition of V  that m(r, V ) =  S(r. f )  +  S(r.g ). Thus, using Lemma 

•2.1 and (2.3), we can write

(n +  m  4- к -  ] )]V(r, oo: / )  < N (r. 0: V) +  CP(log r) < Г(г. V՜) +  0 (log  r)

< /Ѵ(г, oo: V) +  m(r. V ) +  0 ( log r)

< 7V(r, 0: F) + lV(r, 0: 6’) + N.(r.  1; F. C) +  S(r. f )  + S(r, g)

<  jVjt+ լ(r, 0; г Р ( Л )  +  Wh-i (Г, 0; д" Р(</)) +  кЩ г. оо; / )

+ k ff(r  ос: я) +  Лг„(г, 1 : F. С,1) +  6'(г,/ )  -+• S[r,g )

< Vt+ ,(r ,0 ;/" )  +  . \W r .0 ;  Р (Л ) +  .V*+ i(r.(l;a")

-bVfr+1 (г, 0; Р(д)) +  2 Щ г . oo; / )  +  ІѴ,(r. I: F. 6') +  S(r, f )  +  S ir. >,)

< (к +  I) JV(r. 0: / )  +  /V(r, 0: P ( /) )  +  (A՛ +  1 )F (r , 0:;/)

+.V(r. 0: F(fll) +  2kN(r, oc; / )  +  N .(r .  1 ; F. Շ') +  S(r, f )  t- S(r.g),

implying that

(n  +  I I I  — к — l)JV(r, oo: f )  <  (A- +  ш +  l)(7'(r. f )  4 l'{r,y)) ՛> A’,(r. 1: P'.G)

+ S ( r , f ) +  Sir.;/).

Lemma 2.20 is proved. Ո

3. P r o o f  o f  t h e  t h e o r e m

Let F  -- and 6 ' =  І2І£|в)1— . Note that since f  and у  are transcendental

meromorphic functions, p is a small function with respect to both [ /" P ( / ) ] ^  and 

[g" Р (я )]^ . Also, F, G  share (1, A=i) except the zeros of p, and / ,  g share (oo, 0). Now 

we consider two cases.

Case 1. Let H  փ 0.

From (2.1) it can easily be deduced that the possible poles of H occur at (i) 

multiple zeros of F and G, (ii) those 1 points of F  and G  whose multiplicities are 

different, (iii) those poles of F and G  whose multiplicities are dilferent, (iv) zeros оГ 

F'(G') which are not the zeros of F (F  -  1)(G(G -  1)).
Since H  lias only simple poles we got

Af(r, .oo; H) <  77 .(r, oo; F  G) +  77.(r, 1 ; F. G) +  77(r, 0; F| >  2) +  7V(j\ 0; G\ >  2)

(3.1) +770(r, 0; F') +  770(r, 0; G') +  5(r, / )  +  S(r, fl),
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where N 0(r. 0; F  ) is the reduced counting function of those zeros of F' which are 

not the zeros of F(F -  1), and .'Ѵц(г, 0; C )  is defined similarly.
Let z0 be a simple zero of F -  1 but p(z0) #  0. Then Co is a simple zero of С -  1 

and a zero of Я. So, we have

(3.2) N(r, 1; Fj =  1) <  N(r, 0: H) < N(r, oo; П) +  S(r, f )  +  S(r.y).

Using (3.2) and (3.3) we get

(3.3) /Ѵ(г, 1 : F) < N(r, 1: F\ =  1) +  N(r. 1: F| > 2)

< N .  (r , oo; / ,  g) +  N(r , U; F\ >  2) +  N(r, 0; G| > 2) + N .  (r, 1; F. G )

+ N (r, 1; F | >  2) +  N 0(r, 0; F ՛) +  N 0(r, 0: G՛) +  S (r , f )  +  S(r. g)

<  N (r , oo; / )  +  N(r, 0; F\ > 2) +  F (r , 0; C| > 2) +  JV.(r, 1; F, C)
«

+77(r, 1; F | > 2) +  JV0(r, 0; F ') +  ;V0(r, 0; G՛) + S(r, f )  +  S(r, a).

Now in view of Lemmas 2.3 and 2.19 we get

(3.4) 7v„()\ 0; G՛) +  ]V(r, 1; F  |>  2) +  W.(r, 1; F, C)

<  N u(r, 0; G') +  iv ( r ,  1; F | =  2) +  N (r, 1: F| =  3) +  . . .  +  N (r. 1; F| =  )

+Л?‘к ,+’ (r, 1; F) +  F ,,(r , 1; F ) +  Ni.(r, 1; G) +  N.(r ,  1; F, C)

< 7?0(r, 0; G') -  ?V(r, 1; F | =  3) -  . . .  -  (fc, -  2)77(r, 1: F | =  fc,)

-(fci -  1 )N L(r, 1; F) -  kxN L(r, 1; G) -  (fci -  1)ЛГ£,+ 1(г, I; F)

+Ar(r, I; G) -  7V(r, 1 ; G) +  N.(r,  1 ; F, G)

< АГо(г,0;С') +  Л Г (г ,1 ;С )-Ж (г ,1 ;С )-(к , -  2)/f;.(r. 1: F)

- ( f c ,  - l ) T V b ( r , l ; G )

<  7V(r, 0; G' I G #  0) -  (fr, -  2 )N L(r, 1; F ) -  (fci -  l)jVr,(r, ]: G)

<  7V(r, 0; G) +  N(r, oo; S) -  (fc, -  2 )N .(r, 1; F, G) -  F b(r, 1; G).

Hence, using (3.3), (3.4), Lemmas 2.2 and 2.20, and the second fundamental theorem, 
we can write

(n + m)T(r, f )  < T(r, F) +  NM {r,0: } "P ( f ) )  -  N2[r, 0; F) +  S(r, f )

< N(r, 0; F)+N{r, oo; F)+N{r, 1; F)+jVfc+2(r, 0; /" P ( /) ) - № 2(r. 0; F )-A ’„(r, 0; F')+A’(r
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< jV(r, oo. f )  +  N (r , oo: g) +  F (r , 0: F) +  Art+2(r, 0; f nP (f ) )  +  X (r. I): F  |>  2)

+77(r, U: С |>  2) +  N (r, 1; F |>  2) +  Ж ,(г, 1: F. G) + 1V0(r. 0: C )

-A r2(r. 0: F) +  S(r, / )  +  S(r, j)

< 3 F (r , oo: / )  +  ЛЪѵДг. 0; /"  P ( /) )  +  N3(r, 0: C) -  (fc, -  2) 77 .(r, 1:F,C) 

֊7V7.(r ,l:G ) +  5 ( r , / )  +  5(r,p)

< 3 M r, oo; / )  +  Wfc+afr,0; f n P (f))  +  fc /V(r, oc: g) +  Nk+2(r ,0: ;/"P(.,))

-(fc, ֊  2) N ,(r ,  1; F, G) +  S(r, / )  +  S(r,g )

< (3 +  fc) 7V(r,oo; / )  +  (fc +  2) 77(r, 0; / )  +  T(r, P ( /) )  +  (fc + 2) 7v(r.0;y) 

+T(r. P (5)) -  (fc, -  2) 77. (r, 1; F,G) +  S(r, f )  +  S (r .g )

< (fc +  rn +  2) (2'(r, / )  +  2’(»\ g)) +  (3 +  fc)iV(r, oc; / )

֊(fc, -  2) TV.(r, 1: F, G) +  6'(r, / )  +  5(r, g)

S. MA.HJMDEH AND R. MAXDAL

< (fc +  m +  2) (T(r,/ )  +  Г(г,fl)) +  (^ t + )7!|‘- f c - i 1) (T(r-/ )  +  T(r՝S))
q _i_ / _ _

+ —- ֊ г—Г JV.(r,l;F,G) -  (fci -  2) JV.(r,l;F,C) +  S (r ./)  +  S(r , y)'II ՜է՜ 171 гч 1

<

/1 +  m

(3 4- fc)(fc +  m + 1)
к +  m  +  2 +  -

7t +  m  — fc — 1

In a similar way we can obtain

(3.5) (п +  т )Т (г ,з )
(3 +  k)(k  +  in +  1)

(Г (г ,/)  +  Г (г ,й )  + S ( r , f )  -I- S{r,g).

к +  rn +  2 +  - (T(r, f )  +  T (r , ,,)) +  S(r. f )  +  S(r, g).
n +  m — к — 1 

Adding (3.4) and (3.5) we get

( П г .Я  +  Т (г . ,) )  < S f r , / )  +  % ,» ) .

Since the quantity in the third bracket can be written as

^ J ( n  + m - k -  l ) 2 -  (2m +  fc +  3)(n +  m ֊  к -  1) -  2(fc +  3)(fc +  rn + 1)
( ՛ H  n  +  m - f c - 1 .

by a simple computation one can easily verify that when

n +  m  — к — 1 > 2m +  2fc +  5
2m +  fc +  3 +  y/(2m  +  fc +  3)2 +  8(fc +  3)(fc +  т. +  I)

2
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that is, when n > 3k +  m  +  6, we obtain a contradiction from (3.6).
Case 2 . Let / /  =  0. Then by Lemma 2.17 we have either

(3.7) l fnP (f)}W [3nP(9)]W  = P 2, 

or

(3.8) r P { f )  =  anP (0).

From (3.8) we get

(3.9) f"{pnnfm +  « „ - մ "՜1 +  . . .  +  « „ ) =  дп{а,пОт +  а ^ д ’" ՜1 +  . . .  +  o0). 

Let h — L. If h is a constant, then substituting /  =  gh into (3.9) we deduce that

amgn+m(hn+m -  1) + Пт- 1 r/n+m~1(/tn+m՜ 1 _ ! )  + . . .  +  0ltg"(h” -  1) =  0,

which implies hd =  1, where d =  GCD{n  +  m , . .. , n  +  m — . . , ո), o,n֊ i  -■/ 0
for some i =  0 , 1 m.  Thus, /  =  tg  for t. 6 С  \  {0} such that td =  1 , where. 
d =  C C D (n  +  m , .. , , n  +  m  -  i , . . .  ,n), nm_, փ 0 for some t =  0 , 1 , . . . ,  m.

If h is non-constant, then by (3.9) /  and g satisfy the algebraic equation R(f . g)  =  

0, where Л(ш,, u2) =  աք (emWf1 +  +  . . .  +  ап) -  ь$(а ,иш%։ +  o-m-iw™՜1 +
. . .  +  do). In particular, when P(w)  =  a\w  +  a-շ and Ѳ(оо; f )  +  Ѳ(оо; g) >  then by 

Lemma 2.12 of [3], we have f  =  g. Note that when P(in) =  п,ц, then wo must have 

/  =  tg for t 6 C \  {0} such that tn =  1. The remaining part, of the proof follows from

(3.7) and Lemma 2.18. □
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О С Т Р У К Т У Р Е  Ф У Н К Ц И Й , У Н И В Е Р С А Л Ь Н Ы Х  Д Л Я  
В Е С О В Ы Х  П Р О С Т Р А Н С Т В  Ь£[0,1], р  >  1

л . л . С.'ЛРГСЯН

Российски Армянский Университет, Ереван. Армения  
E-mail: asargsyan@hjsu.am

А н н о т а ц и я .  В р а б о т е  р а с с м а т р и в а ю т с я  в о п р о с ы  с и я іа іш ы с  с о  с т р у к т у р о й  
у н и в е р с а л ь н ы х  ф у н к ц и й  д л я  в е с о в ы х  п р о с т р а н с т в  L[1(0,1}, /I >  1. Доказано 
с у щ е с т в о в а н и е  и з м е р и м о г о  м н о ж е с т в а  Е  с  [0,11 с о  с к о л ь  у г о д н о  близкой 
к  е д и н и ц е  м е р о й  и  в е с о в о й  ф у н к ц и и  0  <  /*(аг) <  1 , р а в н я ю щ е й с я  е д и н и ц е  
н а  /? . т а к и х ,  ч т о  н а д л е ж а щ и м  п р о д о л ж е н и е м  л ю б о й  ф у н к ц и и  /  е  Ь ' ( Ь ' )  н а  
[ 0 , 1 ) \ Е  м о ж н о  п о л у ч и т ь  ф у н к ц и ю  /  е  / - 1 [0 .1 ] ,  у н и в е р с а л ь н у ю  д л я  к а ж д о г о  
к л а с с а  L |J [ 0 ,1 |,  [1 >  1 о т н о с и т е л ь н о  п о д р я д о в  -  з н а к о в  р я д а  Ф у р ь е  -  У о л ш а .

M S C 2 0 1 0  n u m b er: 42СЮ; 43А15.

К л ю ч ев ы е  слова: универсальная функция: коэффициенты Фурье; система Уо
лша; весовые пространства.

Вопросам существования функций или рядов, универсальных тем или иным 

смыслом ո различных функциональных классах посвящено много работ. В част

ности, Д ж . Биркхоф в 1929 г. доказал существование целой функции, которая 

универсальна относительно сдвигов [1]. В 1952г. Д ж . Маклейн доказал анало

гичный результат для другого типа универсальности, а именно, он показал, что 

существует целая функция универсальная относительно производных [2]. Далее, 

ո 1975г. С. Воронин доказал теорему универсальности дзета -  функции Римана 

[3|. а в 1987г. К. Гроссе -  Эрдман показал существование функции с универ

сальным рядом Тейлора [4]: существует функция д(х) €  С 32(Ж) с д(0) =  0, ряд 

Тейлора которой в точке х =  0 локально — равномерно универсален в С  (.'К), т.е. 

для любой функции f ( x )  €  С(Ж) с ДО) =  0 и числа г >  0, существует подпосле

довательность

частичных сумм ряда Тейлора функции у ('■>')• которая равномерно сходится к 

f {x )  на отрезке |х| <  г.

1. В в е д е н и е
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Было сделано, также, огромное количество исследований, относительно су

ществования универсальных рядов (относительно подпоследовательностей ча

стичных сумм, перестановок, подрядов, знаков коэффициентов и т.д.) по разным 

классическим ортогональным системам в различных функциональных простран

ствах. Наиболее общие результаты были получены Д . Е. Меньшовым [о], А. А. 

Талаляиом [61, П. Л. Ульяновым [7] и их учениками (см. [8| ֊  [2.1]).

Настоящая работа представляет очередной, па наш взгляд, интересный рг.іуь- 

тат из серии исследований относительно существования и структуры функций с 

универсальными рядами Фурье -  Уолша.

П режде чем перейти к формулировке, дадим соответствующие определения.

Пусть {TFi} полная ортонормігрованная на [0.1] система Уолша. LV(E ) (բ >

I) -  класс всех тех измеримых на К  С [О, I] функций /(.>-). для которых Ц/Цііче) =  

( [ ь- |/(ж )|р^х) р <  +00  и i j ’[0 .1] (весовое пространство) -  класс всех тех измери

мых на [П, 1) функций f ( x ) ,  для которых ||/|1լք,|օ.ւ| =  ( /„  \ f (x ) \pii{x)dx^  " <  |-ос, 

где 0 <  /і(х ) <  I весовая функция.

О п р е д е л е н и е  1 .1 . Б у д ш  говорить, что функция U  €  £-1[0 ,1] универсальна 

для класса Ѵ { Е )  относительно системы  { W /,} в с.иыслс знаков своих коэффи

циентов Фурье ck (U ) =  fy  и ( х ) I'Kl-(х )ііх, если для каж дой функции ք £  Լ ՚Հ Տ )  

мож но найти такие числа ւկ. =  ± 1 , что ряд Y ltL a^ C k(U )W i;(x ) сходится к 

/ ( х) в мет рике TJ'(E), т.е.

Urn [n-* + Dd JE dx =  0.Х > < * ((7 )И Ъ (* )  - / ( * )
1 -0

О п р е д е л е н и е  1 .2 . Будем говорить, что функция U  €  І^О.. lj универсальна  

для класса ГА’(Е ) относительно системы  {К*,} в смысле подпоследовательно

стей знаков коэффициентов Фурье, если для каж дой функции у  €  LP(E ) мож но  

найти такие числа а к =  ± 1 ,0 , что ряд J2kLna kCk(U)Wk (x) сходится к ф )  н 

мет рике LP(E ).

Таким образом, определенные здесь универсальные функции, это функции с 

универсальными рядами Фурье -  Уолша.

З а м е ч а н и е  1 .1 . Л егко видеть, что для классов Lp[0 ,1], р >  1 не сущ ествуют  

определенные нами универсальные функции (ни в смысле знаков коэффициентов 

Фурье -  Уолша, пи в смысле подпоследовательностей знаков коэффициентов 

Фурье Уолша).
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Действительно, если бы для некоторого класса £ ,ѵ[0 ,1]. р  >  1 существовала 

такая функция U е  JC.1 [0 ,1], то для функции kuCka(U)W ka{x), где Կ  >  1 любое 

натуральное число с условием r.^JU) փ 0. нашлись бы такие числа Տէ =  ±1 или 

± 1 ,0 , что
ш р

£  Խ հ Հ Ս )Ա \Հ *)  -  k0r.Un(U )W k„ (ж) dx  =  Ո,
к=П

откуда сразу получаем противоречие: =  кц >  1.

Однако, полученные в работах [16] -  |20] результаты показывают, что для 

пространств Lp\0 .1], р  е  ( 0 .1J; LP{E ), р  >  1, Е  с  [0,1] и ££[0 ,1), р  >  1 (весовые 

пространства) картина иная.

В работе [161 доказано, что для любого числа р  е  (0 ,1 ) существует функция 

Up е  Ь*[0,1] (ряд Фурье Уолша которой имеет строго убывающие коэффици

енты и сходится к heft по Л1 [0.1] норме), которая является универсальной для 

класса Лр[0,1] в смысле знаков своих коэффициентов Фурье -  У олта. В |І8 | 

авторам удалось еще и опысать структуру таких функций с точки зрения клас

сических теорем Лузина -  Меньшова [25], [26].

Далее, в (19] и [20] построены интегрируемые функции д(х )  (ряды Фурье -  

Уолша которых имеют строго убывающие коэффициенты и сходятся к ним по 

Л'(0, I] норме) и весовые функции 0 <  ц(х) <  1 так, чтобы, в первом случае, <7(.т) 
была универсальной для весового пространства £ * [ 0 ,1] в смысле знаков своих 

коэффициентов Фурье -  Уолша, а во втором -  универсальной для каждого клас

са і ; ; [0 .1], р >  1 в смысле подпоследовательностей знаков своих коэффициентов  

Фурье Уолша. Более того, показано, что меру множества, на котором ц(х) - 1, 

можно сделать сколь угодно близкой к единице.

Следующей теоремой описывается структура универсальных для классов LV(E ), 

р  >  1 функций:

Т е о р е м а  1 .1 . Д л я  любого числа 0 <  s  <  1 сущ ест вует  измеримое множ ест во  

Е Г с  [0,1] с мерой \£ շ \ >  1 - е  такое, что для каж дой функции ք  6  £ լ [0, I j м ож 

но найти функцию ք  €  £ * [0 ,1], совпадающую с ք па Ее , которая универсальна  

для каж дого класса Ѵ '{Е ), р  >  1 в алысле подпоследовательностей .токов сво

его ряда Фурье -  Уолша.

Нам также удалось усилить этот результат и описать структуру универсаль

ных функций для весовых пространств ££[0 ,1 ], р  >  1:
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Т е о р е м а  1 .2 . Д л я  любого числа 0 <  s  <  1 сущ ест вует  шмсрпмш- множ ест во  

Е г С [0. 1] с мерой \Ее \ >  1 -  е и весовая функция (1 <  р (.г) <  1, с р(.г) =  1 

на Ег , такие, что для каждой функцші }  6  Շ* [0. I] мож но найти функцию  

f  е  L l \0 ,1), совпадающую с /  на Е ,, которая универсальна для каж дого класса 

££[0 .1], р  >  1. о смысле подпослсдооатслыюстг.й знаков сооп о  ряда Фцръс

В связи <• результатами настоящей работы возникают следующие попросы, 

ответы на которые нам не известны:

В о п р о с  1. Справедливы ли теоремы 1.1-1.2 для универсальности в смысле 

знаков коэффициентов Фурье ֊  Уолша?

В о п р о с  2. Справедливы ли теоремы 1.1-1.2 для тригонометрической системы 

и/или для других классических ортонормировапных систем?

Интересно было бы выяснить также существует ли абсолютно интегрируемая 

функция с универсальным в рассматриваемых здесь пространствах рядом Фу

рье -  Уолша относительно подпоследовательностей частияиых сумм. В конце 

приведем еще два интересны!» результата, непосредственно связанных с дашюй  

тематикой:
В [21] доказано, что если последовательность {а^ } удовлетворяет условиям

то для любой п. в. конечной измеримой функции / ,  определенной на [0, I], суще

ствует последовательность чисел {<5а-}, 5^ =  ± 1 ,0 , такая, что ряд Х іьіп  

по системе У о л т а  сходится к /  п.в. на [0,1]. В этой работе приведен еще и при

мер ряда Фурье - Уолша, коэ4эфициенты которого удовлетворяют условиям (1.1)

В |22] показано, что если для последовательности {a t}  выполняются условия

(1.1) то д ія  любого числа s  >  0 существует измеримое множество Е  С [0,1] 

с мерой |/7| >  1 — е такое, что для лтобой функции /  е  Л1 [0.1] существуют 

функция g  е  £ l [0 ,1] и числа =  ± 1 ,0 , такие, что у(х ) - f ( x )  для х  €  Е , а  ряд 

Л Т=о fika )֊Wk сходится к функции g  в метрике L ’ [0 ,1].

Уолиіа.

( 1.1) «о >  « і >  ... >  a t  >  ..., lirn ajt =  0 и
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2. В с п о м о г а т е л ь н ы е  л е м м ы

Функции системы Уолша { ^ ( ® ) } յ £ 0ւ определяются функциями системы Ра- 

демахера

71/-(х) =  sign(sin 2*тг.т), х  е  [0,1], к =  1 ,2 . -----

следующим образом (см. [24]): \Ѵа(х) =  1, а для к >  1
I

W k{x) =  П ^ + І  (*). 
i—1

где к  =  2"' +  '2"2 Н------- Ւ 2“' (эт 1 >  п 2 >  • ■ ■ >  тц).

Пусть \Е\ -  мера Лебега измеримого множества Е  С [0,1], а Хп(х ) ~ ое харак

теристическая функция. Дчя системы Уолша при любом натуральном числе m 

верна (см. [24])

О СТРУКТУРА ФУНКЦИЙ. УНИВЕРСАЛЬНЫХ д л я  вьсовы .ч  .

(2 .1)
քշ"\
\ о ,

когда X е  [0,2 '"), 
когда а: 6  ( 2 ՜՞* ,  1],

откуда для любого числа р >  0 имеем
շո»+1_1

(2.2) Г £  w *(*)
է=2”

։lx =  2m<P-’).

Очевидно, что для любого натурального числа М  €  [2m,2 m +I) и чисел {«и *, ֊շ... 

верно

(2.3)
м

Y . akWk 
к=2»»

Отметим, что из базисностп системы Уолша в пространствах Լր[է), 1]. р  >  I 

следует, что для любого числа р  >  1 существует такай постоянная С р >  0, что 

для каждой функции /  е  /.'’[О, I] имеет место следующее неравенство

(2-4) l |S n ( /) lb [o ,i]  <  СРІІЛ Ь [о ,„ . ո  €  N,

где {.Տ՚„(/)} -  частичные суммы ее разложения по системе Уолитя, [24].

Используя схемы доказательств Леммы 2 работы [19] и Леммы 2.2 работы  

[201, на. основе соотношений (2.1) -  (2.3) ие трудно убедиться в справедливости 

следующей основной леммы:

Л е м м а  2 .1 . Пуст ь р  >  1. по €  N и Д  =  [o7r ,^ jr ]  , 1 €  [0 .2Л ) ест ь двоичный 

интервал. Тогда для любых чисел е  6  (0 ,1 ), 7  յէ О и нат урального числа с/
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сущ ест вуют  измеримое множ ест во E q С Д  с мерой  |E„j =  ( 1 - 2  4)\ձ [ и 

полиномы
2п0 —1 2՞ ' —!

Р ,(х ) =  a*W'lt(i), Hq(x) = Aca*1-V*(x), <S*. =  ± l ,
A.~2«u A = 2 "u

2"’ - I
Gv(x) = ^ 2  <Tk<ikWk(x), it* -  ± 1. 0,

fe = 2 "0

?io систаме Уолта такие, что

1)

2)

О < dfc+i < a t < е, когЛі к  6  [2"",2'‘« -  1),

*«(*) •Хр-ч.діС®) =  О-

, если Д  С [2՜"". 1],
3) Я ,( * )  =

( J 7 , когда х  €  Еп
I է 0, когда г €  [ 2 ՜ ՞- П" ,1 ] \ Д  ՛

[О, когда х  6  [2 ՜"" , 1], Д  с  [0. 2 ՜

е д  =  ■
7 , когда х  €  Е,„
О, когда х  е  [0 ,1] \  Д ,

5)

б)

піах 
2ոս <Л/ <2пч

max'ՀՈ0 < м <2,1Ղ

м

Y .  bkUkWk
к -2"r>

XI

crkak Wk
k=2"0

<  ЗІ7ІІДІ ■
LMo.i]

<  2 ^ І7 І |Д | W p

LI* [0,1]

где С  есть постоянная определяемая пространством  /Ѵ'[0,1].

max27,о<Л/<2"ч £  «*ИЪ <  s.

Лемма 2.1 позволяет установить вспомогательную Лемму 2.2.

Л е м м а  2 .2 . П уст ь р0 >  1, щ  6  N, £ 6  (0 ,1 ) и /( .г )  =  Х)ш=і 7™Лд„.(г ) ест ь та՜  

кая ступенчатая функция, что 7,„ փ 0 и { Д т } ^ _ і -  иеперксекаѵпцийся двоич

ные интервалы с Y^m=\ 1 »̂<1 =  1- Тогда мож но найти илмеримые множ ест ва  
jj(i) с  [2 п», 1], Е (2) С [0,1] и полиномы

2" -і շ՛՛ 1
Р (х ) =  Y i  akW k(.x), Н (х) =  Y ,  tk a kW k(x), 6k =  ± 1 ,
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О СТРУКТУРЕ ФУНКЦИИ, УНИВЕРСАЛЬНЫХ Д ЛЯ ВЕСОВЫХ .

С (х)  =  ^  <Tk<ikWk(x), <7* =  ± 1 ,0 ,
/с—2̂ *0

по сиг темп Уплшп, удовлетворяющие следующим условиям:

1)

2)

3)

4)

5)

6)

|Я (1)| >  1 - 2 - " °  - е ,  |Я<2> | > 1 - е ,

О <  Ofc+і <  ас- <  £, к е  [2'*. 2" -  1 ). 

Р {х )  -Хр-"*,1|(*) =  О-

_  ( И (х ), когда х  €  £ ’( ,\
ԼС?(дт), когда х  €  Е & \

max2"о<А/<2»

шах 2”о <Л/<2"

л і

У ,
k=2'lfi

М

У" O-fcd̂ W'jt
k=2”t. L .-(c )

для любого измеримого множ ест ва с С Е {2) и числа 1 < р  <  рц,

7) шах
2 '" > < ѵ < '2 "

OkV/jt <  Е.

L‘[M

Доказат ельст во. Выберем натуральное число

(2.5) զ >  logs

и разделим отрезок [0.1] на короткие, непересекаклгшеся двоичные интервалы 

одинаковой длины таким образом, что |Д^| <  ш ш {|Д ,„ |}, число 2 ՜ ”°

является точкой деления и выполняется неравенство

(2 .6) ю м  {а»СІ7 #||Д і |1/ ,* } < е ,

где ~і, -  7„„ если A j  с  Д ,„. Представим функцию /( .г )  в виде Да:) =  Y .'jU  Ъ Х л , (х) 

Последовательно применяя лемму 2.1 для каждого из интервалов A j ,  j  6  [і.^и] 

и учитывая (2.5) и (2.6), найдем такие множества С  A j с мерой

(2-7) |Я {» | =  ( 1 - 2 - * ) | Д ; | > ( 1 - е ) | Д , |

и полиномы
2 n j  — 1

РУ'(г-) =  £  НЦ»(Х)= J 2  sij )aii ]W ,(x ), =  ± 1 ,
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2nJ — 1

Cj/>(.x) = a[j)a[j>w k.(x): Հ ’-' = ± 1. 0.
k=2nJ 1

ւ системе Уолша, что

О <  е й ,  <  Հ 1’ <  е, ДЛ Я ІС 6  [2“": 2'" ֊  1).
(2ій) \о  < а[?п  < Հ ՝’1 < ДЛЯ f c e p - ^ - ,2^ - 1), J 6 [2.4 j,

(2.9) ^,0 ) (* )-Х р -" о .і](* ) =  u>

՛ ի ,  когда t ecjm Л
Լ0, когда ж е  [2 1 |\Д >

Ս. когда X €  [2-п ° ,1 ], если Д , С [0 ,2 ՜" " ],

С С Л ы =  / 7 і ’ когда х  6
4 լօ , когда а; е  [0,1] \  A j.

<  ЗЫ ІЛ уІ + 2 - յ՜ | | / | | , . . |Ու,|,

(2 .11)

(2.12)

(2.13)

max 
շ ՞յ-ւ  <М<2"i

max 
2ni  -1 < Л /< 2 " i

E  W w *
h= 2nJ - t

J 2  4 յ , Հ:’, 4^-

L 'lO .IJ

<  2*С |т ,І |Д і | 1/' в <  £

(2-14)

Определим множества 

( 2 . 10 )

max
2nJ - i  < M < 2 "o /c=2nj - i 1,40.1]

=  լ |  д <2> =  լ յ
j :  Д ЛС р - " » ,1 ]  j = 1

и полиномы

j = i

2” ”0 - J

Р ( і )  =  ^ Р , й > ( і ) =  £  otW ikf*), 77(z) =  £ t f < % )  =  £  W » W * ) ,
fc= 2«o .7=1

2 n "o —1

E
Jb=2n o

K0 2n "o -  լ

G (z) =  £ с ‘з)(а:) =  £  Ոհ<4-\\Ղ-Ի),
.7=] k = 2 no

где ft/, =  «{f Լ  <Tt  =  и 5* =  Հ յ ) , когда *  £  [2'*յ~1,2 Ոյ).
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О СТРУКТУ РЕ ФУНКЦИЙ. УНИВЕРСАЛЬНЫХ Д ЛЯ ВЕСОВЫХ

Утверждения 1) 4) леммы 2.2 сразу получаются из соотношений (2.7) -

(2.11) и (2.13). Далее, пусть М  есть натуральное число из [2и° ,2 Пю*»). Тогда М  е  
[2w"»-i} 2й"») для некотрого т  6  [1,Ц)]. Используя (2.11) -  (2.14) имеем

NI м
I йкЛкУѴк
U = 2 no Լ ՛ 10.1] J=

Vo

<  З Т Ы І А , !  +  | | / | |г . іюл) <  4||/||ь і|о.і)<

i  Ч 0.1]

j = i

м 1 n i  — 1 M

У ,  < T k < i k W k  ՛ <
£  G ? +

_ ( m ) ( m )  Ա /  

2 ^  A* H  fe
к = г  2 ■п L U c ) J = 1

Լ ’Հ ' )
fc= 2 ' . „ - I

1 ш — 1 M

Հ
і £  Ъ Х А , +

£
o i m V ^ W k <  1! / 1և , . ( 6

1
*

Լ ՚ Հ շ )
A = 2 " " "  - > L * ’o | 0 , l ]

i ' 0 0

для любого измеримого множества е С Е*2) и числа 1 <  р <  ро и
м

* = 2 " о
<  > max

< N < 2 " ։
L 4 M  ■’ = 1

£  < £ V * <  с .

Լ '  [0 . 1]

Лемма 2.2 доказана. □

Теперь с помощью леммы 2.2 докажем основную лемму этого параграфа.

Л е м м а  2 .3 . Д л я  каждого числа 7) е  (0 .1 ) сущ ест вует  весовая функция  0 <  

ц (х) < 1  с |{:r е  [0,1] : ц(х) =  1}| >  1 - 1; такая, что для любых чисел ро >  1,

по 6  N, տ €  (О, I) и ступенчатой функции /(ж ) =  і ТіХдД®) с РЩионалъни-

м и  4j  փ 0 и условием  IAjI =  1» г^е непересекающиеся двоичные

интервалы, мож но найти измеримое множ ест во Е  С  [ 2 ՜”° , 1| и полиномы
2” I 2" 1

Р (х )  =  Е  a.hWk{x), ІЦ х) =  Y  SkOkWkfa), Sk =  ± I,
k=2no fc=2*o

2" —1
C ( i )  =  E  CT* = ± 1 , 0 ,

jb=2nu
no систеліе Уолша, удовлетворяющие следующим условиям:

1 )  | £ | > 1 - ք - շ - " “ ,

2) 0 <  а*+, < а к < е ,  к е  [2"", 2“ -  I),

3) Р (х)  ■ Л.[2—о,і](х) =  0,



А. А. СЛРГСЯН

4)

5) 

с)

7)

8)

1Ш1Х2"0<Д/<2'

H (x)  =  /(.г՛), когда х  €  Е.

<  5 ||/||լւ [օ ,ւ].
м

У .  SkUkWh
k = 2 " o Լ չ 10.1]

II/ -

max
2*о<М<2"

м
Y .  VkO-kWk 

к=2"»

max 
2no< M  <2n

£Г.1о.1]

M
£  akW k 

* = 2 " о L'jO.l]

Доказат ельст во. Пусть г) 6  (0 ,1 ), N tl - 1 и /,„(.г) =  J 2 j֊ i  7^т1Л д і»о (ж) есть 

последовательность всех ступенчатых функций с рациональными ^  II и 

условием Y i'Z i lAj’"1! =  1, где {Д*՛"՝ непересекающиеся двоичные интерва

лы. Последовательным применением леммы 2 можно найти множества Ճ  С. 

[2~JV“ - 1, 1], В т 1 С [0,1] и полиномы
2 Nm _]

(2.16) Р ,„ (Х )=  Y ,  « * " }» * ( * ) .

(2.17) я » ( * ) “  £  4 т Ч т , » и * ) .  4 т )  =  ± і ,
fc=2,Vm-l

(2.18) Gm(x) =  £  4 m)4 m)iy fc(x), Հ " 0 =  * 1 .0 .
b ' / ' - i

по системе Уолпіа, удовлетворяющие для любого натурального числа т  следу

ющим  условиям

|£< ^ | >  1 -  2 - 'ѵ" ֊ '  -  г ՜ ”- 1 и |Е<?>| >  1 -  2 ֊ ’" - і ,

( in )  ^  (ո ւ) m i l j  { l ,  | | / | | լ ՚ | օ , ւ | }

(2.19.1

(2.20) 0 <  Հ ’"i <  а[ш‘ <
4 ,v"՛

fe e  [շ^ " -յ ,շ^"֊ - 1),

(2 .21)

(2.22)

P,n(x) =  0, когда .г €  [2 ՜" " — , l] , 

,  , . ] Н т(х), когда .г €  Е т \
J m (x )  — < ,2)

[С „,(х ՛), когда *  е  В т  ,
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О СТРУКТУ РЕ ФУНКЦИИ, УНИВЕРСАЛЬНЫХ Д ЛЯ ВЕСОВЫХ ..

(2.23)

(2.24)

max 
2" .,.֊ | < м < 2 к"

max

Ю .гь

L M o .i]

£  «г£"Чя)ИЪ
Ь Г » - і

<  I | / m  ! ! /> ( « )  ■

2-Pfe)

для любого измеримого подмножества я С и числа I <  р <  m,

м

(2.25) шах
2,ѵт»-і <Af<2A՛-» Е 1

9 » n -r  1 ՜

ւ» іод]

Используя соотношения (2.19), (2.22), (2.24) и схему примененную в лемме 2.4
*

работы [20] можно построить весовую функцию 0 <  /і(т) <  1 с |{ г  €  [0.1) : 

/г(х) =  I }| >  1 — г] такую, что для любого натурального числа

(2-26)

имеют место 

(2.27)

> п  — \ іо д 1 /2 ті\ +  1

(2.28) Е г ( т )  ( « 0 i t*
Ч  Ч  ’Н

A•=2Л^,,,՜ ,

каковы бы не были М  €  [2'Ѵт- і , 2Л,т) и 1 <  /) < т .

Теперь, пусть числа п.ц €  N и е 6  (0 ,1) заданы. И з последовательности { /,„ }  

выберем такую функцию / т „(.г՝) =  /( .т ), что

(2.20) т о  >  ш а х |г і,  ро, logo - |  , 2Nmo~' >  т п х { 2 " ° ,2 /е } ,

и для к €  [2"“, 2Nm'i) положим (в соответствии с (2.16) ֊  (2.18))

(2.30)
ք Հ * ”)0_ լ , когда к  €  [2Пи,2'ѵ’"о-1) ,

а *  =
з "

(2.31) 6к  —

когда fc e  [2w-o -i,2 ^ ™ o ),

Г1, когда fc 6  [2"°,2jV",o -1) ,

լ ճ£"1°) =  ± 1 . когда к  6  [2Amu->, 2w,,,o) ,
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Го.
(2.32)

и

(2.33)

2 Л' т У _. X 

р (х ) =  £  
/г= 2 п »

когда к  €  [2"»,2-ѵ™ «-) .

А. А. САРГСЯН

E =  E<J> Ո [2 -" ° ,l] ,

2 Vm0 - l  լ

k W k f c )  =
fc=2no

2Л'гп0 - 1  _ l

I I ( x )  =  £  5 k a i,W k(x )  =  £  a k W k { x )  +
k —2no k=2n0

2 jV»»o —1

C (x )  =  Y ,  ^ a kw k(x) =  Gino(®).

Убедимся, что функция fi(x), множество E  п полиномы P(ar), //'(յ՛) и 6'(з:) удо

влетворяют всем условиям леммы 3. Утверждения 2), G) и 7) непосредственно 

следуют из (2.20), (2.27) (2.30) и (2.32). Используя (2.1), (2.19), (2.21), (2.22),

(2.29) и (2.33) находим

|Е | >  1 — շ ՜'" " - 1 -  շ ֊ _  շ֊»»  >  1 -  г ֊  2"ո“, (утв. 1))

Р (х )  - Ртц(х) =  0, когда X €  [ 2 ՜" “, 1], (утв. 3))

П (х) =  Н то{х) =  f ma(x) =  f ( x ) ,  когда х  €  Е . (утв. 4)).

Далее, обозначая

max
2 г и <  Л /< 2 Л’т о -

£  <‘ kW k

i-Mo.il

на основе (2.23), (2.25), (2.29) и (2.31) получаем
и

£  < W K *max
2 n u < M < 2N"'u

ь ‘ р . і ]

<  . /  - г  max
2к.по-і<ЛГ<2Л'т о

fc = 2 K" 4 J - ՛

М I м

£  flklVfc <  . / +  m a x Е  Հ տօ)^ -ո
fc=2"r1 LMO.i]

<  . / +

Լ1 [0.1]
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Пусть, теперь, М  произвольное натуральное чисто из [2'"1,2 л'"'“- ‘)- Тогда М  €  

[2П,,2 " ,+1) для некоторого щ  6  [»Ні. jVmi._ 1) и, следовательно, с учетом (2.1),

(2.20) и (2.29), приходим к следующему заключению:

О СТРУ КТУРЕ ФУНКЦИЙ, УНИВЕРСАЛЬНЫХ Д Л Я  ВЕСОВЫХ ..

м
У ՝  а* IV* < Հ - օ) ,■շ .«о՜՜1

|2"*-1 

і Е ѵѵ* +  Հ 7 02 ո*ս-ւ • 2Ml <
*=2-.. L40.1] |Аг=2"о [0,1]

< П1ІП { § ’ ll/IU-Mn.i]} » 
чем окончательно доказываются утверждения 5) п 8). Лемма 2.3 доказано. О

3. Д о к а з а т е л ь с т в о  т е о р е м ы  1.2

Пусть £ С (0 .1 ), /іо -  произвольное натуральное число больше !og2 * и f„ ,(x )  =  

'L.'jZI 7 /В*̂ ЧСд<"•)(*) егть последовательность всех ступенчатых функции с раци

ональными ՜/ յ" ՛1 Ф 0 ч условием YljZi |Д^т ) | " 1, где { ճճ* }у=і ՜  непересекаю- 
щийся двоичные интервалы.

Применяя лемму 2.3 можно найти весовую функцию 0 <  /і(х ) <  ] с условием

I 1 ’I >  I -  £, где Բ?*11 =  {.т е  [0,!]: //(х) - I}, множества Е,„ с  [2- п “ - 1,1] и 

полиномы
2"՛" -1

(3.1) Р,„(х) =  J 2  4 m)W k(x),
կ—շ ոու-1

(3.2) я „ ( х ) =  y ,  4 m)4 m)H fc(i), 4 m) =  ± i ;
k=2n^ - l

2 " m _ l

(3.3) G m(x) =  £  Հ ա) =  ± 1 ,0 ,
f c = 2 " m - l

по системе У олта, которые удовлетворяют следующим условиям для каждого 

натурального числа т:

(3-4) |Em| > l _ _ l _ _ 2 - « n , - Ii

( о <  Հ 2 ,  <  < 1 ,  і: £  [2"“, 2"‘ 1),

о <  Հ + 1  <  ч[т> <  rn in {2 -m,4 " m i L 1j ,  к  €  (2"’— , 2"'“ ֊  1 J,

(3-6) Рт(х) ՛ Х[2-" т -1  ,1](*) =  0,

(3.7) Я ,„(х) =  / т (х ), когда х  €  Е т ,
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(3.3)

(3.9)

(3.10)

шах
- I  < Л / < 2 "

£  Հ " ° Հ ա)^
li= 2 Mm - l

maxշ” »n —1 <ЛІ< շ»

ll/m ՜  ^тЦ/^тГо,!]

E 4’Ո)Հ’")̂

<  2 ֊ " - 2 r

M

> :
k=2 "rn - l

l) — ГП — 1

Ц Ц О .ІІ

для любого числа 1 <  р <  т .

л/

(311)  2, шах 
'«֊» < Л / < 2 " '» Е

<  շ - m - l
fc= 2 n m - l Լ‘{0.1]

Положим
2*0 _1 2”° —1

(3.12) Ро(х) = Е  « r w ik W  = Е  щ * )
•=о к=а

И

(3.13)

ак =  Հ ”°  и <fc =  4 m )+ 2 - -кік+л) д л я / с е
1  [0,2""),

1 [ շ ՞— . ,  շ"™),

если m  =  0

Из (3.1), (3.5), (3.11) (3.13) следует, что ck \  0 и ряд

f ]c.kW k(x) 
к =О

в метрике L1^  1] сходится к некоторой функции Ս  & £*[0,1] (следовательно, 

Ск =  C k ( U )  являются коэффициентами Фурье -  У ол та  функции U ) .  Определим 

множество

(3.14) Я<2) =  (  Ո  £ „ , )  С Е т , т  €  N,
'r n sa l '

имеющего (на основе (3.4)) меру \ Е ^ \  >  1 —

Используя соотношения (2.1), (3.6) -  (3.8), (3.11), (3.13), (3.14) и рассуждения  

сдолаіты с в работе [15] заключаем, что для каждой функции /  6  Լ 1 [0,1) можно 

найти функцию /  6  Լ ձ[0 ,1], совпадающую с /  на Е ^  и числа Տլ. =  ±1  так, чтобы  

ряд YlTLa I'V*; сходился бы к /  в метрике Լ '[0 ,1].

Теперь покажем, что дня любого числа р  >  1 и функции д  €  ££[0 .1] можно 

найти такие числа ак = ± 1 ,0 , что ряд £ £ 1 0 <7*с*И''іь сходится к у в метрике
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LJJ[0. 1]. В соответствии с (3.3) и (3.13) положим
շ " , л  _ 1

(3.15) G,„(x) =  Y .  trfcm,c*w k(*)> Հ " 1’ =  ±1-0 .  m  €  N.

Согласно отношениям (3.9), (3.10), (3.13) и (3.15) для любых чисел m  е  N. Л/ 6  

2>і”,) ո  N и р 6 ( l ,mj  имеют место следующие неравенства:
շ է ւ „ , _լ

(3.16) li/m  ~  ^ т я  11 [0,1] ^  Wfm ~  @ու\\ւ™[0.1] +  )   ̂ -  1 <  2 m

О С ТРУКТУ РЕ ФУНКЦИИ. УНИВЕРСАЛЬНЫХ. Д Л Я  ВЕСОВЫХ ..

(3.17)
е д о . і ]

M

E
Ь 2 " т ֊ 1
Е (т іі)  ( h i )  IT T

°k  4  11 к
i f  [0 ,4

( +  £  2  1 <  2 l l / m | | i | | | 0 , l j  +  2 ’՜ ' " -

Пусть p >  1 и g €  /.յլ[0 ,1]. Из последовательности { /„ ,}  выберем такую функцию  

/ .» ,(* ) , ЧТО 777-1 >  Р и

(3.18)

Полагая

ІІЗ — /m JliP[o,l] <  2 2-

М . " 11’ :

1 ° .

' =  ± 1 ,0 , когда /г е  - ՛ ,  2"-м) 
когда fc е  [0 ,2"”ч - і )  

и используя (3.15) -  (3.18) находим
շ«ք ք»1 _ _ լ

.9 -  £

C ‘ [M

^  ІІ0 -  / т ,  lltj[0,!] +
ւ S10.1]

< շ ՜ 2 + շ ՜ ”» ՜1 < շ ՜ 1

m ax
2””Ч-1 <М<2"™1 <  2 | | / , + 2՜

£՞[օ.ւ]fc=2“"4 ֊ ’

Предположим, что для натурального числа, ղ >  1 уж е определены числа т յ <  

тп2 <  ■■■ <  Tiiq— յ и <ті- =  ± 1 , 0 ,  к е  [0 ,2"”՝ ՝ - 1) таким образом, что для каждого 

натурального числа j  6  [1, q — 1] вьшолняются следующие условия:

_  ( դ ի 1 =  ± 1 , о, когда к е  (2" "ѵ ֊՛, 2’*“J),
° к ~  \  0, когда it 4  U JlJ  12п"‘> - 1, 2П"Ѵ),
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(3.19)

шах

2 " m 3 _ l

g  — Y ,  VkCkWic 
fc=0

А /

Y .  a  к с  l-Wit
fc=2,‘"՝j 1

< 2~J ,
£!1[օ.ւ]

ՀՀՕ.\\
И з { /m l выберем такую функцию / т ,(.т), что m , >  m ,„ i  и

(3.20)
2 Птч - 1  —1

Я — £  cn,ck W k - f , r
к=0

< շ - ' ՜ 1,
м и м

и определим

(3.21) <гк
=  ± 1 , 0 ,  когда fr С [2՚“՚ո’ - , ,2 '1՛"’ ),

когда A- І  U j= ) [2"’"j 1.2""'յ ). 

Основываясь на (3.15), (3.16), (3.20) и (3.21) получим

(3.22)
2”

д -  Y  
fc=0

<

2’Ѵ,,,І|— 1 1 

д — crk C k W k  -  fin ,,
к = 0

4 І 0 . 1 ]

Далее, из (3.19) и (3.20) следует, что
շո»* -ւ  -1  

9 ֊  V k C k W k -

2п« 'ч - і - і

k=0

І С І М

+ I -  Y  TlcCkWb

iilio.i]

<  շ - ' l ֊ 1 +  2 -Ч + 1 <  շ - ՛/+ *

£f.[0.1]

tt, следовательно, пмеея ввиду (3.17) и (3.21) для любого натурального пиала 

М  6  [2П",« -, ,2 П"») имеем 

м

< 2 ||/т ,І ІЧ Р > .,]  +  2 " пц < 2 ֊ " н -
410,1]

Таким образом, можно определить возрастающую последовательность индексов 

{ш «}?=й и 'післа Пк =  ± 1 , 0  так, чтобы условия (3.21) -  (3.23) имели место для  

каждого натурального числа q. Следовательно, мы получаем ряд
4-00

Y .  VkC-kWk, Ծլ =  ± 1 , О,
к֊-П
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который сходится к у  в метрике L£[0.1].

Для завершения доказательства теоремы 1.2 остается положить Е .  =  Е; '՛ո Л\-՜ ՛.

A b str a c t . The paper is devoted to the questions relating the structure of universal 

functions for weighted spaces XJJ[0.1 j, p >  1. We prove existence o f a measurable set 

E  С [0 .1] with measure arbitrarily close to  1, and a weight function 0 < /<(.r) <  1, 
equal to  1 on E , such that, by suitable continuation of values of an arbitrary function 

/  6  L l [E )  on [0,1] \  E, a function /  €  £*[0,1] can be obtained, which is universal for 

each class 1 £ [0 ,1], p  >  1, in the sense of subsequences o f signs o f its Fourier-Wal.sh 

coefficients.
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A b s t r a c t .  Thu excess of a  fram e is the greatest num ber of elem ents th a t can be removed 
from a  given fram e, yet leave a  set which is a fram e for th e  underlying space. We present 
a  characterisation  of retro Hanach fram es in Banach spares w ith Unite excess. A sufficient 
condition for the existence of a  retro Banach fram e will) inlinite excess is obtained.

«
M S C 2010 n u m b ers : 42C15; 42C30; 42C40.
K eyw ords: frame; retro Banach frame; excess of frames.

1. I n t r o d u c t i o n  a n d  p r e l i m i n a r i e s

Duffin and Schaeffer [6], while addressing some difficult, problems from the theory 
of nonharmonic Fourier series introduced frames (or Hilbert fram es) for Hilbert 
spaces. Duubcchics, Grossmann and Meyer [5] found a fundamental new application 
to wavelets and Gabor transforms in which frames continue to  play an im portant 
role. For utility of frames in applied mathematics, see [1. 4].

A sequence (finite or countable) { / t } С 5Հ is called a frame (or a Hilbert frame) 
for a  separable Hilbert space 5Հ, if there exist constants 0 <  A <  R <  oo such th a t

(1.1) АЦ/ІІ2 <  £ | < / , Л ) | г <  ВЦ/l l2 for all /  6 Of.
k

Grochonig [9] generalized Hilbert frames to Banach spaces. Before the concept of 
Banach frames was formalized, it appeared in the foundational work of Feichtinger 

and Griichenig [7, 8] related to atomic decompositions. An atomic decomposition allow 
a representation of every vector of the space via a series expansion in term s of a fixed 

sequence of vectors which we call atoms. On the other hand, a Banach frame for a 
Banach space ensure reconstruction via a  bounded linear operator or the  synthesis 
operator. Casazza, Han and Larson studied atomic decompositions and Banach frames

1L alit Vashisht was partly  supported  by R  & D D octoral Research P rogram m e, U niversity of 
Delhi, Delhi-110007, Ind ia (G rant No.: RC/2015/9677).
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in [3]. Han and Larson [10| defined a Schauder frame for a Banach space X to be an 
inner direct summand (that is, a  compression) of a Schauder basis of X. liptro Banach 
frames were introduced in [XI] and were further studied in [14, loj.

In this paper, motivated by the recent work of Balan irt a). |2] in the  direction of 
excess of frames in Hilbert spaces, wc present necessary and sufficient conditions for 

excess of retro Banach frames in Banach spaces.
In the remaining pa rt of this scction wc recall sonic basic definitions anil results 

which will be uscil throughout this paper. Let X be an infinite dimensional separable 
real (or complex) Banach space, and let X* be the dual space (topological) of X. For a 
sequence {J\-} С X, by [//,] we denote the closure of spanf Д.}* in the norm topology 
of X. For a set L, let \L\ denote the number of elements in L. The set of positive 
integers is denoted by N.

D efin itio n  1.1 (fll]) . A system 9 ՜ =  ({.т,,}, Ѳ) ({а,,} с  X, Ѳ : Z j  -> X ՞) is called 
a retro Banach frame for X* with respect to  an associated Banach space of scalar 
valued sequences Zd, if the  following conditions are fulfilled:

(*) {/(*»)} e  Z,i for each f  6 X*,
(it) there  exist positive constan ts 0 <  Ao <  Bu <  oo such th a t  

An IIЛ I < II {/(*«)} I k ,  < Boll/Ц for all f  с  X*,

(иг) Ѳ is a  bounded linear operator such that Ѳ ({/(.r„)}) =  / ,  f  e  X ’ .

The positive constants Ao and Bo arc called the Invu-.r and upper retro frame,

bounds of the frame J .  respectively. The operator Ѳ : Z,i -> X* is called the retro

pre-frame operator (or simply a reconstruction operator) associated with 'S. If there 
exists no reconstruction operator Ѳ,„ such that [{тп}к^,„ .Э ,п) (m  e  N is arbitrary) 

is a  retro Banach frame for X*, then СГ is called an exact retro  Banach frame for X*.

L em m a 1.1 ([12]). Let X be a Banach space and {/„} С X* be a sequence such that

{.r €  X : /„  (.т) =  0 fo r all n  e  N} =  {0} .

Then X is Unearly isometric to the Banach space Z,i =  {{/„ (,r)} : x  € X}, where the 
norm of Z,t is given by

» { /« (* )} ||* , =  И * І І і . * б Х
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2. M a i n  r e s u l t s

We start by the definition of excess of a retro Banach frame.

D efin itio n  2 .1 . Let 3 ՜ =  ({.rt}. Ѳ) be a retro Banach frame for X ' with respect to 
Z T h e  excess of 7, denoted by e(3"), is defined as follows:

r(J )  -  sup j | . / |  : ({.xt- 0o) is a retro Banach frame for X". J  с  M j .

R e m a rk  2 . 1 . One may observe th a t e (J) is an integer-valued (extended) function, 
and if 'J՜ is an exact retro Banach frame, then e(3") =  0.

E x am p le  2.1. Let X =  (p ( I < p < cc) and let {x*>} be the sequence of canonical 
unit vectors in X.

Define {ж*} с  X as follows:

(2.1) x k = xi (1 <  к < n), and x k = Xk-„- k >  n (n  e  N).

Then, in view of Lemma 1.1, Z,i = {{/(s;.-)} : /  € X*} is a  Banach space with the 
norm

І К / Ы } І к  =  І І / Ь ,  f e z " .

Define Ѳ : Z,i -» X ' by 0 ({ /(ifc )} ) =  / ,  /  e  X*. Then, Ѳ is a  bounded linear operator 
such th a t :r =  ({хц-},Ѳ) is a  retro Banach frame for X* with bounds A = R = 1.

Choose J  =  { 1 ,2 ,...,A:} С N, where к  is given in (2.1). Then, there exists a 
reconstruction operator 0 „  such th a t J 0 =  Ѳи) is a retro Banach frame for
X* with respect, to the sequence space Z,iu = {{/(т-к)}мц.і ՛■ f  6 X*}. Furthermore, 
Э՝,, is exact. Therefore, e{T) =  k, which is finite.

E x am p le  2.2. Let {st} С X be a  sequence given by 

22k =  1 =  Xk, к 6 N.

Then, there exists a  retro pre-frame operator U such th a t Q ֊ ({՝*.}, If) is a  retro 

Banach frame for X* with respect to Qd =  {{/(֊fc)} : /  6 X*}.
Choose J  =  {1,3,5, . .. ,2 k —1,...} С N. Then, there exists a  reconstruction operator 

U„ such th a t Q„ - U0) is a retro Banach frame for X*. Hence e(Q) is infinite.

Next, we characterize the finite excess of a  retro Banach frame.

T h e o re m  2 .1 . Let 7  =  ({xjt}, Ѳ) be a retro Banach frame for  X* with respect to Z,i- 
Then J  has finite exccss i f  and only i f  fo r  every infinite subset J  С N, we. have

[x k]k$J X.
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P ro o f . Suppose first th a t e(3՜) is finite. Assume, on the contrary, that there exists 

an infinite subset J„ С N such that

[zfck-gJ., =  X.

Then, there exists a reconstruction operator Ѳ„ such th a t ({.14.}*£./,. f)„) is a retro 

Banach frame for X* with respect to the Banach space of scalar-valued sequences 

Zd„ =  {{f(xk)}ki./„  ■ f  £  X*}. But \J0\ is infinite. Hence ՎԳ) is infinite, which is 
impossible. Thus, the forward part is proved.

To prove the converse part, assume, on the contrary, that e('J) is not finite. Then, 
for some suitable choice of J , there exists a  number k, 6  J  such that ({x*}***,, Ѳ ,„) 
is a  retro Banach frame for X" with respect to some associated Banach space . 
Therefore, there exist positive constants A 1 and В լ such that

(2.2) A, Ц/ll <  ||{/(яік)Ь,»*, lk dl <  B , Ц/ll for each /  €  X*.

By using lower frame inequality in (2.2), we have =  X. Hence

3-fc, ^  [-ГД՛] k^k\ ~ X.

Therefore, we can find a positive integer rii >  k i  such th a t

dist ( x k։, Ы Ъ ,  j  <  i .

Since բՀՅ՜) is not finite, there exist a  number k2 e  J  and a  reconstruction operator

such th a t ({ x * } * {i .... is a  retro Banach frame for X* with rcspcct.
to some Zdj. Thus, we can find positive constants A -չ and B i  such that

(2.3) ЛаІІ/ll <  H{/(a'fc)}fcgO.... « і Ш ^ І к л ,  <  Д і | | / | |  for each /  e  X '.

By using lower frame inequality in (2.3), we obtain

Tkj G [l/f] + l ՜  X.k^k-Հ
Also, there exists a  positive integer ոշ >  հշ such th a t

Continuing this process, we obtain a sequence {k j}  С J  and {n j}  с  N such that 

(2.1) dist [ x k j,[xk]n‘ i  1 <  j  < I, I e  N.

By using (2.4), we get

x kj £  \x k\k$.J — X,

which is a  contradiction. Hence e(3r) m ust be finite. Theorem 2.1 is proved. П
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ON  EXCESS  O F RE TR O  BANACH FRAM ES

To conclude the paper, we show that if a  given retro Banach frame for X ' has 
finite excess associated with a  certain nested sequence, then we can construct a retro 
Banach frame with infinite excess.

T h e o re m  2.2. Let ГГ =  ({ц.}, Ѳ) be a retro Banach frame for X ' with rcspect to Z,t, 
and let J i С 1շ С ... С Зі С ... be a nested sequence o f subsets o f N, where each J„ is 
finite. Assume that for each n, 1„ =  ({хк}од„і Ѳ„) is a retro Banach frame for X* 
with respect to that is, for each n , e(T„) is finite. Then, there exist an infinite 
subset J  С N and a reconstruction operator Ѳ such that У =  ( { . г * . Ѳ„)  г.ѵ a nl.ro 
Banach frame for  X ', and hence e(3՜) is infinite.

P ro o f . W ithout loss of generality, let us write J t  =  {1,2 t e  N. By hypothesis, 
3՜] =  ({zfcJjgj,, Ѳ і) is a retro Banach frame for X* with respect to  2.,/,,. Hence, (here 
exist finite positive constants Oi and ծլ such that

(2.0) Հ ll/ll <  І К / Ы м і І І ^ ,  <  bi ll/ll for each f  e  X*.

By using lower inequality in (2.0), we can find a positive integer k-> >  k\ =  I such 

th a t

dist (**,, [{x*}fc«u,J. ) <  \ -

Again, by hypothesis, there exists a reconstruction operator Qki such that = 

({a:k}/.(Ji,2, вк-յ) is a retro Banach frame for X*. By using lower frame inequality for 
Յ՛է.,, we can find a positive integer k3 such that

dist (a.*., [ { n - J ^ u . j ,  U W u - ^ U ] )  <  J

and

dist ( x k l, [{;ca-}a-?Ui Jt U { xn}„J=^ + i ] )  <  jj- 

By induction, we can find a monotone increasing sequence of positive integers {kj}  
such th a t

(2.6) dist (* * , [{Xfcjfc^u.j, U W n S r + i ] )  J , J =  1.2-.A (< 6 N).

Choose I - { k i,  fc2, fc3, ...}. Then, since { x k}k t \ j ։ I, U{s«}n=fc«+i c  usinS
(2 .6), we obtain

Aist(xk j,{xk}h 0 ) < dist ( x k j, [{ * * } ^U ti, )  <  J ~ \  for a11 f  -  j-

Therefore, Z.^ =  {{f(xk)}ki f i  '■ f  6  X*} is a  Banach space of scalar valued 

sequences with norm given by ||{/(x*:)h(!illz.^ =  | | / | |x - ,  f  6 X*. Define Ѳ^. :
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Z-v -> X ՜ by Ѳтс ({ /(a*)}k*i) -  f  f  €  X*. and observe th a t B x  is ii bounded linear 

operator such th a t F  — ({a*Այտ)- is a  rctro  Banach fram e for X* with bounds 
A =  П =  1. Since |lt| is infinite, c(3՜) is also infinite. Ո
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