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A b stra c t. This article is concerned with demonstrating the power and simplicity of 
now (special weakly wandering) sequences. We calculate an sww growth sequence 

Гог the infinite measure preserving random walk transformation. From this we obtain 
the first explicit etoto (exhaustive weakly wandering) sequence for the transformation.
The exhaustive property of the eww sequence is a  “gift” from the sww sequence and 
requires no additional work. Indeed we know of no other method for Gnding explicit 
eww sequences for the random walk map or any other infinite ergodic transformation.

The result follows from a detailed analysis of the proof of Theorem 3.3.12 in [1] as 
applied to the random walk transformation from which an sww growth sequence is 
obtained. We explain the significance of sww sequences in the construction of eww 
sequences.

M S C 2010 n u m b ers : 37A40, 60G50, 82C41.
K eyw ords: special weakly wandering growth sequence; exhaustive weakly wandering; 
infinite measure preserving transformation; random walk.

1. I n t r o d u c t io n

Every nonsingular invertible transformation T  of a  Lebesgue space (X , 23, m) with 

no finite invariant measure equivalent with m  has exhaustive weakly wandering 

sequences (defined below). However, for m ost transformations no explicit exhaustive 

weakly wandering sequences axe known, and in particular given a  specific T , i t  is not 

clear how to find an explicit exhaustive weakly wandering sequence for it.

In  this article, we examine the infinite measure preserving random  walk transformation 

(see next section) and derive an sww growth sequence for it (defined below). Using 

th is we prove th a t the  integer sequence {16<+4 : i  =  1 ,2 ,3 , .. .} ,  and every infinite 

subsequence of it, is an exhaustive weakly wandering sequence for the random walk 

transformation. T he method employed here is general enough th a t it applies to  a  wide 

range of other maps.
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For the sake of completeness and clarity of exposition, we repeat some results that 

were presented in [1].

1.1. H is to ry . The definition of mixing in ergodic theory, for a  transformation T  

preserving a probability measure /i is

(1.1) J lm ^ C T M  Ո В)  =  ц(,А)ц(В)

for all measurable sets A  and B . There have been several attem pts to  extend this 

definition of mixing to  ergodic transformations tha t preserve a  ст-finite infinite measure. 

The first attem pt in this direction was by Eberhard Hopf when in 1937 in his famous 

book Ergodentheorie [2] he devoted to  it, section 17 titled “Ein Beispiel fur Mischung 

bei unendlichem His goal was to  extend the notion of mixing for finite

measure preserving transformations to  infinite measure preserving transformations. 

He presented a  slight variation of the random walk transformation on the integers. His 

example started with the classic random walk on the nonnegative integers: for n  >  0, 

n  -+ {n  -  l , n  +  1} with probability {5, 5} and 0 -*  {0, 1} with probability {5, 5}. 

This he considered as a  map of the infinite strip [0,00) x [0,1) which preserved the 

infinite Lebesgue measure. Being in an infinite measure space he replaced equation

(1.1) with a  ratio  version. However he was only able to  prove (equation 17.1 in [2])

т ( А п Г В )  m (A )m (B )
1 1 m (C  Ո T "D ) m [ C )m [p ) '

for Jordan measurable sets of finite measure with m (C )m (D ) փ 0. Then he concluded 

tha t if the above were shown to be true for all measurable sets of finite measure then 

“metric transitivity" ( tha t is, ergodicity) of T  would follow. He then ended the section 

with “Dieser Beweis verlagt jedoch tiefere Hilfemittel."

Now we know this cannot be done. In  1964, Hajian and Kakutani [3] defined weakly 

wandering sets and showed th a t all infinite measure preserving ergodic transformations 

possess weakly wandering sets. These are sets with an infinite number of mutually 

disjoint images under the transformation T . Replacing the sets С  and D  with the 

same weakly wandering set in equation (1.2) shows the convergence fails. Further 

historical details and attem pts a t defining mixing in infinite measure spaces can be 

found in Lend [4].

In what follows we do more. We discuss the  random walk transformation T  on 

the integers and exhibit some properties of i t  th a t show how fax T  is from possessing 

any type of “mixing"feature. We do this by showing the existence and construction 
4
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of specific emu sequences (defined below) th a t T  possesses. We also exhibit some 

number theoretic properties of these sequences.

1.2. D efin itions a n d  P re lim in a rie s . We consider transformations T  th a t are invertible 

onto maps defined on a  <7-finite Lebesgue measure space (Х ,ѣ ,т ) .  As usual, all 

statements are to be understood as “modulo sets of measure zero and all sets will be 

measurable by assumption or construction. We assume all the transformations T  we 

consider are measurable [A 6  Ѣ  <=>• Т А  €  В], and non-singular [m(A) =  0 

m {T A )  =  0]. We say T  is a measure preserving transformation if m {T A ) =  m (A )  for 

all A e  3 .  Two measures m  and ц  defined on the same m easurable space (Х ,ѣ )  are 

equivalent (m  ~  /*) if m  and ц  have the same sets of measure zero. There are many 

equivalent definitions of ergodicity. We use the following.

. •  T  is ergodic if Т А  =  A  implies m(A) =  0 or m (X  \  A ) =  0.

An ergodic transformation T  is an infinite ergodic transformation if i t  is a  measure 

preserving transformation defined on the infinite measure space (Х ,Ъ ,т ).

Following [1], we consider the  following infinite sequences of integers {тц} associated 

to  an infinite ergodic transformation T .

D efin itio n  1.1.

•  {rii} is a  weakly wandering (ww) sequence for T  if for some set A  of positive 

measure Г " 'A Ո Т ^ А  =  0 for i  /  j .

•  {я*} is an exhaustive weakly wandering (evnu) sequence for T  if for some set 

A  of positive m easure X  =  (JS o  T niA(diaj).

•  {nj} is a  special (or a t  times called strongly) weakly wandering (sww) sequence 

for T  if there exists a  set A  of positive measure such th a t for i , j ,  k , l  > 0 

and t  >  j  we have тщ~Пк+к'А П Т п*~п,+1'A  =  0 whenever one of the indices 

{i, j ,  k , 1} is larger than  all the  others or՜ i  =  l  > k.

•  We call the set A  above, a  ww, eww, or sww set respectively (for T , with the 

sequence {nj}), and a t  times we say {тц} is a  ww, eww, or sww sequence (for 

T  with the  set Ճ).

The definition of ww sequences first appeared in [3] where i t  was shown th a t they 

exist for every infinite ergodic transformation. There are many examples of infinite 

ergodic transformations in the literature; however, for almost any example, it has 

not been possible to exhibit a  specific ww sequence for the transformation. There is 

one notable exception: the infinite ergodic example T  in [5] which was constructed
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for the purpose of exhibiting an explicit ww sequence for it. In th a t example it was 

noticed tha t the constructed ww sequence happened to be an eww sequence. Except 

for the transformation T  in [5] and some similar ones, it is not tha t easy to construct 

specific ww sequences for any of the known infinite ergodic transformations — though 

we know they must exist. However, to  our knowledge, i t  is practically impossible to 

construct eww sequences for any of those transformations. The construction of ww 

sequences entails showing for some sequence and some set W  the  mutually disjoint 

images of the set W . For eww sequences on the other hand one needs to  stfow further 

th a t the mutually disjoint images of the set W  fill up the whole space X .

In [6], Jones and Krengel present a  proof tha t eww sequences exist for all infinite 

ergodic transformations. In outline, their proof is a  complicated back-and-forth induction 

existence proof. They build their sequence one integer a t  a  time while simultaneously 

adjusting their set. The set is built up in a  two step process. At each step they must 

take a bit away from the set so th a t it will be disjoint for the next integer and then 

they have to add a bit back in order to build up the set to  be exhaustive. As a  practical 

m atter, no one to  date has been able to use this method to construct an actual eww 

sequence for any transformation.

l b  overcome this difficulty sww sequences were introduced in [1]. The definition 

of an sww sequence appears to  be more complicated than th a t of an eww sequence. 

However it is designed in such a  way th a t it can be easily applied. T he construction of 

sww sequences is similar to the construction of ww sequences. By this we mean tha t 

both sequences are concerned only with the construction of a set A  whose images 

under the  sequence are mutually disjoint, and this is relatively easy. Once the set A  

is constructed in the case of an sww sequence, a  second easily performed automatic 

construction produces the derived set W . For ergodic transformations the fact that 

the mutually disjoint images of the derived set W  are exhaustive follows from the 

definitions.

In addition, sww sequences give a  lot more. When the transformation is ergodic, 

no t only is the sww sequence an eww sequence for the associated derived set, b ut every 

infinite subsequence of it is again an eww sequence with a  similarly defined derived 

set W . This hereditary property follows from the definitions of both ww and sww 

sequences b u t not for eww sequences. T hat is, if the  images of a  set A  are mutually 

disjoint under a  sequence, they are still mutually disjoint for any infinite subsequence 

of it; b u t the  set may not be exhaustive for the same sequence. Pbr example, the eww
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sequence given in [5] has many infinite subsequences which are n ot eww (just remove 

any single non-zero integer from the sequence).

1.3. T h e  D eriv ed  S e t. To clarify the comments made above, and to  make this

article self contained, we make some general observations and discuss a few results

th a t are covered in [1] and will be used in the sequel.

For a  sequence of integers {n<: t  >  0} and any set A  with m (A )  >  0, 

let no =  0, Ao =  A , and Wo =  T~"Mo>

Л , -  Т А  \  0  T " 'W a, and Wi =  0  T ՜" 1 At,
r=0 i=0

and in general for p  >  2
oo V

(1.3) A p =  T M  \  լ յ  T " ’W r- 1, and W„ =  Ա  T '^ A , .
r=0 i=0

Let us call the set W  =  [ J  Wp the derived set from th e  set A  and the sequence 
p=o

{n,}. Then for any p  > 0 we have

Q  T ^ W  D T P  A  U Q  T *  Wp_! which imphes 0  T ^ W  D 0  ТУ A.
r=0 r=0 r=0 p=0

From the above we conclude with the following remark:

R e m a rk  1.1. Let W  be the derived set from the set A  and the sequence {гц}. If 

{n, } is an sww sequence then

(1.4) Q r ^ iy td is j)  Э 0 Г " А
і=0 p= 0

To show (1.4) i t  is enough to  show T ^ W  Ո T ^ W  =  0 for i , j  >  0 and i  > j .  For էհե 

i t  is sufficient to  show tha t

(1.5) Т Пі~ПкА к Г \Т Пі~щAi =  0 for i , j , k , l >  0, and i > j .

It is clear from (1.3) th a t for any integer г  >  0

(1.6) Ap Ո T ^ ^ ’As =  0 if p  > s.

T fi =  k >  max{.7, /} then (1.5) follows from (1.6). In all the  other cases we note tha t

A p с  T PA for all p  >  0, and  (1.5) then follows from the properties defining the

sww sequence {п і}.

For the  next theorem we define the following:
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D efin ition  1.2. Let {0 <  N i < N 2 < ■ ■ ■} be an increasing sequence of positive 

integers. Then, for any increasing sequence of positive integers {0 =  t»o <  r*i <  ոշ <

(I) If щ  -  m ֊ i  > N i for all t  >  1 = »  {тц} is a  two sequence for T  then {W*} 

is a ww growth sequence for T, 

and

(П) If Щ -  2тц_і >  N i for all i  >  1 =>  {n<} is an sww sequence for T  then 

{N i}  is an sww growth sequence for T .

T h e o re m  1.1. Let T  be a measurable and nonsingular transformation defined on 

(X , Ъ ,т ), and suppose there is a set A  o f positive measure satisfying 1іт„֊юо т (Т М П  

A) =  0. Then there exists an increasing sequence o f positive integers {N i} which is 

both a ww and an sww growth sequence fo r T .

P ro o f. The proof of the Theorem is contained in detail in [1]. Here we sketch a  proof 

and show the similarity of the role of ww and sww sequences in constructing the ww 

and sww set A q for each. Later, we apply this construction to  find an explicit sww 

growth sequence for the random walk transformation on the integers.

Let A be a  set of positive measure with m (A ) < 00, and suppose

(1.7) Jirn^ m i'T 'A  Ո Ճ) =  0.

For positive e < ա (ճ ), and for i  > 1 let Կ — 2^ _ Д ^ з 2. ՜

Using (1.7) we choose an increasing sequence of positive integers 

(0  < N[ < N j<  ■••} such tha t for each i  >  1, т (Г " А  Ո A ) < и  

for a ll n  >  N-. We let N i =  N - + i  for i  > 1.

To show {N i}  is a  ww growth sequence we let (0  =  no <  th  <  ոշ <  • • ■} be any

increasing sequence of integers satisfying щ  -  rn_i >  JVifor i  >  1.

(1.8) Fbr i  > 0 and 0 <  j  < i  we have щ - П ] > г ч  — тц_i >  N i.

Next we let,
00 i—1

ճ ' = լ յ ս  ^ п‘л п а .
i=ij=o

I t  is not too difficult to  show th a t m (A ՛) < e and the set Aq =  A  \  A ' is a ww set 

with the sequence {n<}.

To show {ІѴі} is an sww growth sequence we let {0 =  no <  ու <  ոշ <  • • •} be

any increasing sequence of integers satisfying щ  -  2n<_i >  N i for t  >  1. For each
8
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t  >  1 we consider the  set of integers Si =  {s : a =  ащ  +  brij +  cn* +  dni +  e} where

0 6 ( 1, 2}, 6, c , d 6 {0,± l} ,  e 6  {0, ± 1, ± 2, . . . ,± t} ,  0 < j , k , l < i .

In the sets Si we also require th a t a t most two of the numbers b, c, d  be negative. 

Then the cardinality of Si, |S j | <  2i333(2» + 1 ) .  Since {щ  : i  >  0} is an increasing 

sequence of positive integers we have for a 6 Si

s  =  ani +  btij +  cnk +  dT4 + e > n i -  2ո<_ւ -  * >  N i ֊ i  =  N-.

Similarly as before we let

Again, i t  is no t difficult to show th a t rn[A') <  e and the set A q =  A  \  A ՛ is an sww

R e m a rk  1.2. For an ergodic transformation T  the following is an immediate consequence 

of the  definition:

Then (1.4) in Remark 1.1 together with (1.9) above imply th a t all sww sequences for 

an ergodic transformation are eww sequences for T.

Next for an ergodic transformation T  we extend the definition of ww and sww 

growth sequences to  eww growth sequences for T.

(Ш ) An increasing sequence (0  <  N i < N 2 < • ■ ■} of positive integers is an eww 

growth sequence for an ergodic transformation T  if any increasing sequence 

{0 =  no <  ու <  ոշ <  • ■ •} of positive integers th a t satisfies щ  -  2тц_і >  ІѴ» 

for г >  1 = J-  {пі} is an eww sequence for T.

Then for ergodic transformations every sww growth sequence is an eww growth 

sequence. Finally we conclude with the following Corollary to  Theorem 1.1.

C o ro lla ry  1.1. Every infinite ergodic transformation T  that posesses a set A  of 

positive measure with Um m {T nA  Ո A ) =  0 has eww growth sequences.

2. I n f in it e  M e a s u r e  P r e s e r v in g  R a n d o m  W a l k  o n  t h e  I n t e g e r s

2.1. R a n d o m  W a lk  o n  t h e  In te g e rs . We begin, as d id H opf (page 61 of [2]), with 

the Baker’s transformation S  defined on the unit square Z  =  { { x ,y ) :  0 <  1  <  1, 0 <

a '  = Q  ( J  гм пл.
i=i $es,

set with the sequence {nj}. □

(1.9) m(A) > 0  լ յ ր ՚ ճ » * .

(2 x ,y /2 )  if 0 <  X <  5 ,
(2z - l , ( »  +  l ) / 2) if J < K 1.

9
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The map S  is obviously a finite (probability) measure preserving invertible transformation. 

Hopf [2] proved it was mixing in the sense tha t (1.1) holds for all measurable sets. The 

proof begins by analyzing how S  operates on dyadic rectangles. I t  is then a  standard 

approximation argument to  extend the mixing result from dyadic rectangles to  all 

measurable sets. From this mixing property i t  follows tha t the  map is ergodic (i.e. 

metrically transitive). There are now multiple proofs of the ergodicity o f the Baker’s 

map and in fact a lot more is known. For example it is well-known to  be Bernoulli.

We extend the transformation S  to  the two-sided infinite strip 

{(i, j/) : - o o  <  I  <  oo, 0 <  2/  <  1} by a  skew product construction as follows. 

Identify each square {(*, y) : n  <  x  < n  +  1, 0 <  у  <  1} as (Z, n ). The infinite strip 

(—oo, oo) X [0,1) with area measure is the space Z x  Z  =  \Jnez(Z , n )  with the measure 

which is the product of the Lebesgue area measure on Z  and the counting measure on 

the integers. Consider the skewing function ф: Z  { -1 ,1 }  defined by Ф(х,у) =  - 1  

if 0 <  X < 1/2 and ф(х, у )  =  1 if 1 /2 <  x  <  1. The random walk transformation on 

Z  X Z  is (see p. 62-63, [1])

T ((x ,y ) ,n )  =  (S(x , у ) ,п  +  ф(х,у))

We refer to  this map T  as infinite measure preserving random walk on Z. This example 

is a  variation of Hopf’s example on the one sided infinite strip  [0, oo) x [0,1).

T h e o re m  2.1. The infinite measure preserving random walk transformation is ergodic.

Although Hopf never completed the proof of the ergodicity of the  random walk 

transformation on the non-negative integers its ergodicity and th a t of the random 

walk on the integers T  are now well known (see [7] and [4]). An elementary proof 

of the  ergodicity of Г  can be given by examining the induced transformation on 

(Z, 0) and recognizing it as a  finite measure preserving Bernoulli map (similar to 

recognizing the Baker’s m ap as Bernoulli). More precisely, the induced map on every 

square Z  x  {n} is a  Bernoulli map, and each square Z  x  {n} can be m apped to any 
portion of every other square.

2.2. A n  sw w  sequence  fo r R a n d o m  W alk. We are now in a position to  derive 

an explicit sww growth sequence for T  and we emphasize how simple and short it is 

once one has the sww definition. Specifically we duplicate th e  steps of the proof given 
in Theorem 1.1 to  the random walk transformation T .

The necessary inequalities used in calculating the sww growth sequence come from 
the next lemma.

10



L em m a 2.1. For the infinite measure preserving random walk transformation T  

described above, the set (Z , 0) satisfies the inequality

—  < m ( T “ (Z ,0 )n (Z ,0 ) )  < —  /o r  all k >  0 . 
v 5 k  v 2  к

P ro o f . For an odd integer n  >  0 we have m ( T n (Z ,0 ) Ո (Z, 0)) =  0, and for an

even integer n  =  2k, к  >  1 we have:

m (T>47 Ո\Ո (7 n fl -  P k\ ± -  -  (2fc֊ 1)!l

Using induction it is easy to  show:
(2k - 1)!! 1 ,  . . ,

I t  is also easy to  show:
1 (2k - 1)!! .  _  ,

______ <  — for к  > 1 .
v /4 k + T  (2fc)«

Combining the above we get:

—  <  , 1 —  <  m  (T 2t(Z, 0) П (Z, 01) <  . }  < ~  for i  >  1.
• M  ч/ J t  +  l  լ  '  "  Ж + 1  վ %

□
We use the lemma above to get an sww growth sequence for the  random  walk 

transformation. This will also be an sww and an eww sequence.

T h e o re m  2.2. The sequence [N i =  16,+4 : i  >  1} is both an sww growth sequence 

and an eww sequence fo r  T  the infinite measure preserving random walk transformation.

P ro o f . For the  random walk transformation T  we showed in Lemma 2.1 

m (T “ (Z ,0) Ո (Z ,0)) <

Therefore specializing the p a rt of the proof given after the statem ent of Theorem 1.1 

to  the  random  walk T , the  set A  = (Z, 0) and e =  1/2, we can choose N- so th a t for 

all 7i  >  N i

БѴот this we conclude th a t >  8(2i  +  l ) ie4‘ find we have the growth sequence 

8(2: +  1)է®4* +  i. This can be “neatened"to th e  growth sequence 16(2t +  l ) ie4* which 

can be bounded by

N i =  42i+6 =  16i+s, t  >  1.

This is also an sww growth sequence.

Clearly this implies th a t the sequence 16i+4 is also a  growth sequence.

SWW SEQUENCES AND THE INFINITE EllGODIC ...



S. BIGEN, A. HAJIAN, V. PRASAD

Since T  is ergodic, we use Condition П  of Definition 1.2 comparing {16<+4} to  the 

previous growth sequence {16i+3} obtaining

16<+4 ֊  2 • 16(1_1)+4 =  (16 -  2) • 16i+3 

which shows th a t {16'+4} is also an sww sequence for the random walk transformation. □

3 . A p p l ic a t io n  t o  T il in g s  o p  t h e  I n t e g e r s

As a special case consider the  integers Z  with the counting m easure /x a»d denote 

the  translation transformation T  : (Z,/x) -4  (Z ,/i), T (n )  =  n  +  1. This is an ergodic, 

infinite measure preserving, invertible transformation, a lbeit w ith an atomic measure, 

and we can consider the analog o f Theorem 1.1 for this map.

F irst we note th a t an infinite subset o f integers {тц : i  >  1} (denoted simply by 

{тц}) is weakly wandering for T  in this context means there exists another subset 

{nij} of the integers such th a t

{Ո(} +  {m ,} =  {m} ® {mj}

By this i t  is meant th a t the  sum is direct, Пі +  ոկ =  rij +  n ij  Մ and  only if тц =  rij 

and ітц =  rrij.

Further, to  say th a t  {гц} is eww means there exists {m^} which is d irect w ith {тц} 

and the sum contains all integers, i.e., {тц} Ф {m ,} =  Z. This says th a t {тц} tiles the 

integers Z  and  we call {тц} a  tile.

The case when {тц} (or {nij}) is finite is a  very active area of research with many 

open questions. This finite case has been studied using a  wide range of techniques 

including cyclotomic polynomials, fourier analysis and th e  theory of finite cyclic 

groups. None o f these methods however apply in the  case when both  {тц} and {m,j} 

are infinite. This is the situation in which we are  interested in  obtaining an analog of 

Theorem 1.1.

In  [1] i t  is shown th a t the following provides an  analog o f pa rt П  of Theorem 1.1 

and replaces the  eww growth condition by a  limit.

T h e o re m  3 .1 . A ny infinite sequence {тц} =  {тіо =  0  <  ու <  ոշ • • • } o f nonnegative 

integers satisfying ^ійп^тц -  2тц_і =  oo tiles the integers.

A surprising consequence of this, which emphasizes the difference between finite 

and infinite tiles, is th a t such an  infinite tile has the  hereditary property th a t any 

finite set of non-zero integers can be removed and the resulting sequence still tiles the 

integers. This is n ot tru e  for finite tiles and is n o t t ru e  for all infinite  tiles.

12



This theorem was first proved using ergodic theory techniques for the  translation 

transform ation T  [8], but J . Schmerl (private communication) gave a  strictly  combinatorial 

p roof which appears in  [1].

Note th a t, the  analogous ww growth condition for p a rt I o f Theorem 1.1 is not 

true: There exist sequences of integers {n*} which satisfy 1іт(тц -  r i t - i )  =  oo, yet 

there is no infinite subset {m,} with which {ո*} is direct le t alone tiles the  integers.

4. Q u e s t io n s

In  this section we gather a  few questions about th e  random  walk transformation. 

Q u e s tio n  1. The eww sequence obtained in Theorem 2.2 has the derived se t W  as 

an eww set associated w ith it. Is the measure of W  infinite o r finite?

Q u e s tio n  2. Transformations can have m any different eww sequences and sets. Does 

the random  walk transform ation T  have another eww sequence whose eww set has 

finite measure?

Q u e s tio n  3. If S  is a  nonsingular transform ation which commutes w ith th e  random 

walk Г  is i t  measure preserving?
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1. I n t r o d u c t io n

Joseph  M ecke passed  aw ay in  Feb ruary  2014, a  few days a fte r  h is  76 th  b irthday . 

U n til his la s t days, he w as dealing  w ith  m a th em atica l p rob lem s, a n d  he  w ro te  fragm ents 

o f  m anuscrip ts , saved  on  h is com puter. H is b ro th e r , N o rb e rt M ecke, was ab le  to  

iden tify  th e  corresponding  files; he handed  th e m  over to  th e  a u th o rs  o f  th e  p resen t 

p ap er, in  o rd e r  to  see w h eth er som e of th e  m a te r ia l can  b e  published . T h e  presen t 

p a p e r  is th e  resu lt o f  th is  com pilation.

A s em phasized  in  th e  in tro d u c tio n  o f  [8], Jo seph  Mecke preferred  to  w ork  deep  in to  

prob lem s in  o rd e r  to  reach  a  c lear in sigh t a n d  a  m axim um  of m a th em atica l clcgance. 

A fter h is la s t p a p e r  published  in  a  jo u rn a l [6], h e  fo rm u la ted  several new  ideas a n d  a  

w ider w orking agenda. T h e  fragm ents com piled he re  d a te  from  J u ly  2011 to  D ecem ber 

2011 a n d  th e n  from  F e b ruary  2013 to  Ju n e  2013.

Jo seph  M ecke m a d e  o u tstan d in g  con tribu tions to  th e  th e o ry  o f  point, processes, 

m a in ly  in th e  1960s a n d  early  1970s. N ow adays th e  Cam pbell-M ecke form ula  (Mecke 

him self referred  to  i t  as th e  ’refined C am pbell fo rm u la ’) a n d  th e  Slivnyak-M ecke 

form ula  (see [12], referred  to  as th e  M ecke form ula  in  [4]) a re  c ited  oftentim es. Since 
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th e  la te  1970s, Jo seph  Mecke w orked in  s tochas tic  geom etry, a  field in  w hich he  applied 

th e  p o in t p rocess th e o ry  strik ing ly . T hus h e  con trib u ted  to  a  sound  m a them atica l 

foundation  of th is  field, prov ing  rigorously  qu ite  a  few new  resu lts.

A t a f irs t glance , th e  co n ten t o f  th e  presen t p a p e r  -  involving ge n era tin g  functions 

and  th e  L aplace  tran s fo rm  for nonnegative  random  variab les -  seem s to  b e  far away 

from  th e  m a in  su b jects  o f  Jo seph  M ecke’s work, described  above. I t  is  n o t so surprising , 

how ever, because  in  h is e arlie r w ork h e  app lied  a n d  ap p recia ted  these  pow erful tools. 

A lthough  th e y  a p p ea r  on ly  occasionally  in  h is pub lished  proofs du rin g  a  long  carccr, 

th is  use o ften  gave deeper in sigh t in to  a  problem .

W e (th e  a u th o rs  o f th e  p resen t p ap er)  rem em ber a  s itu a tio n  in  a  sem in a r ( in  200G) 

w hen  we d e a lt w ith  th e  leng th  d is trib u tio n  o f  I-segm ents in  p la n a r  S T IT  tesse llations. 

W e h a d  found  a n  expression  for th e  density  o f էհ ե  d is trib u t io n  w hich looked ra th e r  

s tra n g e  a n d  w c h a d  no  clue how  to  in te rp re t i t .  Jo seph  M ecke im m ed ia te ly  s ta r te d  

h is  c a lcu la tion  (using  th e  L aplace  tran sfo rm ) a n d  soon  h e  revealed  th is  ’m ysterious’ 

d is trib u tio n  a s  a  m ix tu re  o f  exponentia l d is trib u tio n s. M eanw hile , m uch  m ore  is 

know n a b o u t S T IT  te sse llations, a n d  th e re  a re  o th e r  m e th o d s to  p rove  th e  m entioned  

resu lt. B u t Jo se p h  M ecke opened  a  doo r -  a s  h e  d id  i t  in  m a n y  o th e r  cases.

P robab ly , th e  p rese n t p a p e r  will in sp ire  o th e r  m a th em atic ia n s to  s tu d y  a n d  to  

generalize  som e o f  th e  p rob lem s w hich  Jo seph  M ecke considered.

2. N o n n e g a t iv e  i n t e g e r - v a l u e d  r a n d o m  v a r i a b l e s  a n d  g e n e r a t i n g

FUNCTIONS

2.1. G e n e r a t in g  f u n c t i o n .  W e d eno te  No =  { 0 ,1 ,2 , . . . } ,  N  =  No \  {0}, a n d  1{ } 

th e  in d ic a to r  function  w hich  has th e  value  1, i f  th e  cond ition  in  b rac es  is  fulfilled and 

w ith  value  0 otherw ise.

G e n e ra tin g  functions a re  w idely used  in  m a th em atic s  a n d  th e y  p la y  also a n  im p o rta n t 

ro le  in  p ro b ab ility  th eo ry . In  th is  p a p e r  th e y  a re  considered  fo r nonn e g ativ e  in teger­

va lued  ran d o m  va riab les to  in tro d u c e  la te r  th e  concept o f  t h inn ing  a n d  th ickening  

o f  a  ran d o m  variab le . L e t С b e  a  d isc re te  ran d o m  va riab le  ta k in g  values in  No w ith  

d is trib u tio n

(2 .1) • в д = Х > л ,
fc=0
15
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w here  nk  >  О, nk  =  1 a n d  6k th e  D irac  m easu re  assign ing  m ass 1 to  k .  T h e  

co rresponding  genera ting  function  G  : [0,1] ->  [0,1] is defined by

(2.2) G (x )  =  E(x<) =  Y ^ a k x k , 0  <  x  <  1.
k= 0

N ote  th a t  in  th e  following we will consider th e  series on th e  rig h t-h an d  s id e  a lso  for 

genera l x  6  R  if  i t  is defined.

Recall th a t  a  function  G  : [0 ,1] ->  [0,1] is a  gen era tin g  function  o f  a  nonnegative  

in teger-valued  random  v ariab le  i f  a n d  on ly  if  G ( l )  =  1, l im ^ y i  G (x )  =  1, G{{)) >  0 

a n d  a ll deriva tives o f  G  a re  fin ite  a n d  nonnegative  o n  [0 ,1 ) (see [3]). F u rthe rm ore , 

th e  uniqueness th eo rem  conveys th a t  tw o ran d o m  variab les have  th e  sam e  genera ting  

function  if  a n d  on ly  i f  th e y  have  iden tical d is trib u tio n s.

E x a m p le s :

(a) I f  С is a lm ost su re ly  (a.s.) c o n stan t, Բ (Հ =  m )  =  1 for som e m  €  No, then  

G (x )  =  x m .

(b) Մ С h a s  a  tw o-po in t d is trib u tio n , £ ( ( )  =  (1 - r ) 5 m + rS n , m ,  n  €  N0, r  e  (0 ,1 ), 

th e n  th e  g e n era tin g  function  is  G [x) =  (1 -  r ) x m  +  r x " .

(c) For a  ran d o m  variab le  Հ w hich is P o isso n -d istr ib u te d  w ith  p a ra m e te r  A >  0 

w e h av e  G (x )  =  eÂx ՜ ^ .

(d ) I f  С has a  b inom ial d is trib u t io n  w ith  p a ra m ete rs  n  €  N  a n d  г  e  (0 ,1 )  th e  

gen era tin g  function  is G (x )  =  (1 -  г  +  ra:)n , w hich is  th e  n - th  pow er o f  a  

gen era tin g  function  o f  a  B ernou lli ran d o m  va ria b le  w ith  p a ra m e te r  r .

(e) T h e  gen era tin g  function  of a  geom etric  ran d o m  variab le  С w ith  p a ra m e te r  r

a n d  d is tr ib u t io n  Щ )  =  £ j ” 0( l  -  r ) kr 5 k  is  G (x )  =  A  negative

b inom ial ran d o m  variab le  w ith  d is trib u t io n  £ (C ) =  (~k ) ( r  -  1)*г" Sk

(p a ram ete rs  г  e  (0 ,1 )  a n d  n  e  (0 , oo)) has th e  g e n era tin g  fu n c tio n  G (x )  =  

( l —a ( i—r ) )  which  is th e  n - th  pow er o f  th e  g e n e ra tin g  function  o f  a  geom etric  

ran d o m  variab le  w ith  p a ra m e te r  r .

2 .2 . T h in n in g  a n d  th ic k e n in g .  T h in n in g  is  a n  o p e ra tio n  ap p lied  t o  p o in t processes, 

see [2] a n d  th e  references th e re in . G iven  a  rea liza tion , fo r each  sing le  p o in t i t  is 

decided  ( independen tly  o f th e  o th e r  po in ts )  w h eth er i t  su rv ives o r  n o t.  I f  th e  survival 

p ro b ab ility  is p  for a ll po in ts , a n d  i f  {  is th e  (finite) ran d o m  n u m b e r o f  po in ts  

before  th in n in g , th e n  th e  d is tr ib u t io n  o f  th e  n u m b e r o f  th e  th in n e d  p o in t p rocess 

is  described  in  D efin ition  2.1. In  th is  de fin ition , t h inn ing  is  in tro d u c ed  for a rb it ra ry  

nonnegative  in teger-valued  ran d o m  variab les. A nd  one  can  a sk  w h e th e r  th e re  is  an
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inverse, o p e ra tio n  to  th inn ing . So, given a  nonnegative  in teger:va lued  ran d o m  variab le , 

c an  th is  b e  th e  re su l t o f  th in n in g  o f  a  ’th ic k e r’ one , a n d  i f  so, w h a t is i t s  d is trib u tio n ?  

T liis w ill b e  form alized in  D efinition 2.2 a n d  s tu d ied  եւ tliis sec tion .

D e f in i t io n  2 .1 .  L e t  Q1.Q 2, . . .  be independent and  iden tica lly  d istribu ted  random  

variables w ith  the  tw o-poin t d is tribu tion  £ («fc) =  (1 -  р)6ц +  p 5 \,  к  С N . For a 

nonnegative  integer-va lued  random  variable £  the  th in n in g  w ith  p a ra m e te r  p  6  (0 , 1) 

is  de fined as the  m n d o m  variable

С
(2.3) =

fc= 1

I f  С h a s  th e  d is tr ib u t io n  given  in  (2 .1 ), th e n  th e  d is tr ib u t io n  o f  'DP(  c an  b e  w ritte n  

as *

(2.4) £ ( 1 « )  =  ք > ( ( 1 - ! > № + ! * ) * 1'.
A-=0

w here  *  d eno tes  th e  convolu tion  o f  m easu res. T h is  m e an s th a t  £('!>,Հ )  is  th e  m ix tu re  

o f  b inom ial d is tr ib u t io n s  w ith  p a ra m ete rs  к  a n d  p , w eigh ted  w ith  ս*,, respectivelj'.

B ecause  P (D ,,C  =  m )  =  £ П = т 0 *(і»)Рт (1 -  p )k ~m , a  stra ig h tfo rw a rd  c a lcu la tion  

y ie lds th e  g e n era tin g  function  G p of

(2.5) G p( x )  =  <7(1 - p  +  p x ) .

E x a m p  I r ՝ :

(a)  Fox .in c o n s tan t ( ,  P ( (  =  m )  =  1 for som e m  e  No, th e  g e n e ra tin g  

fiiiirii..i! u f rhe  th in n in g  is  Gp( x )  =  (1 — p  +  p x ) '" .  T h e  u n iq u e n ess theo rem  

y ie lds * h a t ‘Dy.C h a s  a  b inom ial d is tr ib u t io n  w ith  p a ra m e te rs  in  a n d  p , w hich 

is obv ious in  th is  case .

,(b ) F o r С w ith  a  tw o -p o in t d is tr ib u t io n , £ « )  =  (1 -  r)S,„  փ  rS,„  Иге th in n in g  

‘D PC is  a  m ix tu re  o f  tw o  b inom ial d is tr ib u t io n s  w ith  w eights 1 - 7՛ a n d  r  a n d  

p a ra m ete rs  m .n  respectively , a n d  p.

(c) For a  P o isso n -d is tr ib u te d  С w ith  p a ra m e te r  A >  0 th e  g e n e ra tin g  function  of 

its  th in n in g  is Gp( x )  =  eA,'(x -1 \  w hich  coufirm s th e  w ell-know n fac t, th a t  

'X'pC h a s  ag a in  a  P o isso n -d istr ib u tio n  w ith  p a ra m e te r  pX.

(d ) I f  С h a s  a  b inom ial d is tr ib u t io n  w ith  p a ra m e te rs  n  a n d  r ,  th e n  t he th inn ing  

D PC is ag a in  b inom ially  d is tr ib u te d  b u t  w ith  p a ra m e te rs  n  a n d  p r .
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(e) A lso for geom etric  a n d  negative  b inom ial d is tribu tions th in n in g  re ta incs th e  

ty p e  o f  th e  d is tribu tion . In  b o th  cases th e  p a ra m ete r r  o f  Հ changes over to  

1  “  r4 » f l ֊ r )  01 ® Հ ֊

N ow  consider G (x ) ,  rep resen ted  by a  series a s  in (2 .2), fo r a rb it ra ry  x  e  R  if  the  

value o f  th is  series is defined. For 0  <  p  <  1 le t u s  fo rm ally m odify th e  function  (2.5) 

to

(2.6) G i  (x )  =  G  ^1 -  i  +  ^ x j  , if  th is  is defined for a ll 0 <  զ  < 1,

A s a  function  o f  x ,  th is  is n o t necessarily  a  gen era tin g  function  o f  a  random  variable.

D e f in i t io n  2 .2 .  L e t (  be a nonnegative integer-valued random  variable w ith  generating 

fu n c tio n  G . We say  th a t £  to p -th ickable  fo r  0  < p  <  1, i f  the  fu n c tio n  G l [x )  =  

G (  1 ՜  p  +  px )  to defined fo r  a ll x  e  [0,1], and  i f  i t  is  the  generating fu n c tio n  o f  a 

nonnegative integer-valued random  variable. Such  a variable w ill be denoted by 7 )ւՀ .

A com bination  o f  form ulas (2.5) a n d  (2.6) y ields th a t

T h is  m eans th a t  th in n in g  a n d  th icken ing  a re  som ehow  m u tu a lly  inverse  ope ra tions. 

B u t n o te , th a t  ( G i  j  =  G  is  m eaningfu l on ly  for th o se  p  for w hich th e  d istrib u tio n  

is  p-th ickable . T h e  o th e r  equation , (Gp)  j. =  G , ho lds for a ll 0  <  p  <  1. T h is  confirm s 

th e  m ean ing  o f  thickening  as th e  inverse op e ra tio n  of th inn ing .

F irs t w e investiga te  th e  nonnegative  integer-valued  ran d o m  variab les given in  th e  

exam ples above w hether th e y  a re  p-th ickab le  or n o t. From  th e  c h arac teriz a tio n  o f  a  

gen era tin g  function  i t  follows th a t  a ll th e  (righ t-hand  side) de rivatives a t  x  =  0  are  

nonnegative . H ence if, fo r a  fixed p  €  (0 ,1 ), th e  function  G i  g iven  in  (2.6) is th e  

genera ting  function  o f  a  nonnegative  in teger-valued  ran d o m  variab le  th e n

(2.7) g m ( i - ^ > 0 for all г  =  0,1,2.......

w here  G №  deno tes th e  £-th  derivative  o f  G .

E x a m p le s :

(a) A n a .e. c o n s tan t С w ith  P [ (  =  m )  =  1 is p -th ickab le  fo r aJL 0 <  p  <  1 if 

m  =  0 , a n d  i t  is  n o t th ickable  for a n y  0 <  p  <  1 if  m  is  a  positive  in teger. For 

m  =  0  we have  G  =  G p =  G i  =  1. In  co n tra s t, if  m  >  0, th e n  G {x) =  x m  and  

h ence  G i ( x )  =  G (1  -  ֊  +  ի )  =  (1 -  £  +  - x ) m . I f  m  is o d d , th e n  G i(se) <  0
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fo r 0  <  X  <  1 — p . A nd , if  m  is even , th e n  th e  f irs t d e riva tive  a t  x  =  0 is 

negative . T h is  co n tra d ic ts  th e  necessary  cond ition  given  in  (2 .7).

(b ) A nalogous considera tions show  th a t  £  w ith  a  tw o-po in t d is tr ib u t io n  is  n o t 

th ickab le  fo r a n y  0 <  p  <  1.

(c) Մ С is P o isso n -d is tr ib u te d  w ith  p a ra m e te r  A >  0 th e n  G i  ( x )  =  eÂ x ՜ ՜ ^  w hich 

y ie lds th a t  Փ յՀ  h a s  a  P o isson -d is tr ibu tion  w ith  p a ra m e te r  ^A. T h ere fo re  th e  

P o isso n -d istr ib u tio n s a re  p -th ickab le  fo r a ll 0  <  p  <  1.

(d ) I f  С h a s  a  b inom ial d is tr ib u t io n  w ith  p a ra m ete rs  n  a n d  r ,  i.e. th e  gen era tin g  

fu n c tio n  is  G (x ) =  (1 - r + r i ) n , th e n  ( is p-th ickab le  if  a n d  on ly  if  r  <  p  <  1. 

F o r г  >  p  th e  function  G i  =  ( 1 - г £ + г  ̂ я ) "  is  no  longer a  g e n e ra tin g  function . 

T h is  follows w ith  th e  sam e  a rg u m e n t fo r th e  d e riv a tiv e  w hich  w as given  for 

С a -s - co n s tan t . F o r r  <  p  <  1 th e  p -th icken ing  o f  С is  a g a in  b inom ially  

d is tr ib u te d  w ith  p a ra m ete rs  n  a n d  jj. In  p a rtic u la r, th e  r-th ick e n in g  o f  С is 

th e  c o n s ta n t n .

(e) A s in  th e  case  o f  th in n in g  ateo th icken ing  re ta in s  th e  ty p e  o f  g eom etric  a n d  

n e g a tiv e  b in o m ial d is trib u tio n s . T h icken ing  is possib le  fo r a ll p  €  (0 ,1 )  a n d  

th e  new  p a ra m e te r  fo r is r  ■ ւ՚_ ^ .

2.3. C h a r a c t e r i z a t i o n  o f  u n b o u n d e d  th ic k a b i l i t y .  I n  th e  exam ples  above  we 

have seen  th a t  som e o f  th e  nonn e g ativ e  in teger-valued  ran d o m  v a riab les  a re  p -th ickab le  

fo r a ll 0  <  p  <  1 a n d  o th e rs  on ly  for som e p.

D e f in i t i o n  2 .3 . A  nonnega tive  integer-valued random  variable is  called  u n bounded  

th ickab le  i f  i t  is  p -th ickable  fo r  a ll p  6  (0 , 1).

R a n d o m  va riab le s  w ith  a  Po isson , a  geom etrica l o r  a  n e g a tiv e  b in o m ial d is trib u t io n  

a re  u n b o u n d e d  th ickab le. A  ran d o m  v ariab le  w ith  a  b in o m ial d is tr ib u t io n  is n o t 

u n b o u n d e d  th ickab le. In  th e  follow ing th e o re m  th e  c lass o f  u n b o u n d e d  th ickab le  

ra n d o m  va riab les  is  described .

T h e o r e m  2 .1 .  (C harac ter iza tion  o f  unbounded  thickability )

A  nonnega tive  integer-va lued  random  variable  С w ith  genera ting  fu n c tio n  G  аз in

(2 .2 ) is  p -th ickable  fo r  all p  €  (0 ,1 )  i f  and  on ly  i f  i t  has a  C o x  d is tr ib u tio n  (a  m ix ture  

o f  P o isso n  d is tr ibu tions a n d  th e  constan t 0 ), i.e . i f  a n d  on ly  i f  there  e x is ts  a  probability  

m easure  Q  o n  [0, oo) such  th a t

(2 .8) G (x )  =  J  e*<"-1)0 (d t) ,  0  <  X <  1.

|0,oo)
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P r o o f .  If  a  fu n c tio n  G  sa tisfies (2 .8 ), th e n  obviously  G ( l )  =  1, G (0) >  0 and  

liin-e /*i G (x )  =  1, because  for a ll 0. <  ® <  1, t >  0 , th e  fu n c tio n  е£(з,֊1) is  m o n o to n e  in  

X a n d  0 <  c'**- 1 ) <  1 .  F u r th e rm o re , b ecau se  fo r a ll /  =  0 , 1 , . . .  th e  fu n c tio n  է ՛le£fx՜ ^ ,  

t  >  0  can  b e  d o m in a te d  on  (0 , oo) by  a  c o n s ta n t , we o b ta in  th a t  th e  de riva tives 

G,(c՝(x )  =  f  / V ( x ֊ I )Q (d t)  >  0 a n d  th e y  a re  fin ite . H ence, G  is  indeed  th e  g e n e ra tin g  

function  o f  a  n o n n e g a tiv e  in teger-v alued  ran d o m  v a riab le . W ith  an a lo g o u s  a rg u m e n ts  

i t  can  b e  show n , th a t  a lso  G i{ x )  =  G ( l - ~  +  ^ x )  =  f  e ^ x ~ ^ Q ( d t )  is th e  g e n era tin g  

function  o f  n non n eg ativ e  in teger-valued  ran d o m  v ariab le .

N ow  w e show  th a t  (2 .8 ) is necessary  fo r u n b o u n d e d  th ickab ility . I f  £  is  p -th ickab le  

for a ll p  e  (0 ,1 ) ,  th e n  acco rd in g  to  (2.7)

G ^ ( x )  >  0  fo r a ll X  <  0 , /  =  0 , 1 , 2 , . . .

Fo r 8  >  0  w e define  L (s )  -  G (  1 -  я ), w hich  im plies

( - l / L ( a ) w («) >  0  for a ll s  >  0 , Հ =  0 , 1, 2 , . . .  

i.e . L  is com p lete ly  m o n o to n e  on (0 ,o o ). F u r th e rm o re , L  is r ig h t-co n tin u o u s  a t  0 

(because  th e  g e n e ra tin g  fu n c tio n  G  is  le ft-con tinuous a t  1) a n d  L { 0) =  G (l )  =  

1. H ence  th e  c h a rac te r iz a t io n  th e o re m  for L ap lac e  tr a n s fo rm s  (also  re ferred  to  as 

m o m e n t g e n e ra tin g  functions: see [3]) y ie lds th a t  L  is  th e  L ap lac e  tran s fo rm  o f  a 

p ro b ab il ity  m e asu re  Q  on th e  ha lf-ax is  [0, o c ), a n d  hence

E x a m p le s :  R eferrin g  to  th e  exam ples  above, specia l C ox  d is tr ib u t io n s  a rc :

(c) T h e  P o isso n  d is tr ib u t io n  w ith  p a ra m e te r  A, a n d  a cc o rd in g  to  (2 .8 ), Q  =  6>,.

(e) T h e  n egative  b in o m ial d is tr ib u t io n  w ith  p a ra m e te r s  n  a n d  r ,  w h ere  Q  is th e  

g a m m a  d is t r ib u t io n  w ith  p a ra m e te r s  n  a n d  I n  th e  p a r t ic u la r  case  o f 

a  g e o m etric  d is tr ib u t io n , w e h av e  n  =  1 a n d  h ence  Q  is th e  e x ponen tia l 

d is tr ib u t io n  w ith  p a ra m e te r

2.4. R e l a t i o n s  t o  p o i n t  p r o c e s s e s .  I n  [1], R .V . A m b a rtz u m ia n  in tro d u c e d  th e  

co n ce p t o f  1 /p -c o n d e n sa tio n  o f  p o in t  p rocesses (p  G (0 ,1 ])  a s  th e  inve rse  o p e ra tio n  to  

th in n in g . H ence  c o n d en sa tio n  is  a lso  re la te d  to  s p l i t t in g  o f  p o in t p rocesses . M oreover, 

h e  p ro v id ed  a  sufficien t co n d itio n  fo r 2-co n d e n sab ility  (w hich  is  re la te d  to  1 / 2-th ick ab ility  

considered  in  th e  p re se n t p a p e r)  o f  p o in t p rocesses in  I 1' ,  d  >  1 . I t  rem a in s  a n  o pen  
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p rob lem  to  ch arac teriz e  th e  c lass o f  a ll p o in t processes w hich a re  1 /p -co n d e n sa b le  

if  a  value  p  e  (0 ,1 )  is fixed. R ecently , th in n in g , sp li ttin g  a n d  con d en sa tio n  were 

s tu d ied  in [9, 10), a n d  in  [10] a  generalized  concep t o f  th in n in g  is in tro d u c ed , bo th  

fo r nonnegative  in teger-valued  ran d o m  variab les a n d  fo r p o in t processes.

In  a n  early  p a p e r  [5] (w here th in n in g  is n a m ed  ’A usw iirfe lve rfah ren ’), J .  M ecke 

a lre ad y  p roved  th a t  a  p o in t process Փ on  th e  rea l ax is К  is a  C ox  p rocess if  a n d  only 

if  fo r  a n y  p  6  (0 ,1 ] ex is ts  a  p o in t p rocess Фр, such  th a t  th e  p -th iu n in g  o f  Ф,, h a s  th e  

sam e  d is tr ib u t io n  a s  Ф (S a tz  4 .2  ib idem ). T h is  m e an s th a t  a  p o in t p rocess  on  the  

rea l ax is  is unbo u n d e d  (i.e. fo r a ll p  €  (0 ,1 ]) c ondensab le  i f  a n d  on ly  if  i t  is  a  Cox 

process. T h is  r e su l t im m ed ia te ly  im plies T h eo rem  2.1 o f  th e  p rese n t p a p e r . B u t th e  

p ro o f  given  h e re  is  m uch  s h o r te r  a n d  m ore  e leg a n t th a n  th a t  one  in  [5]. A nd  vice 

ve rsa , w ith  th e  he lp  o f  th e  g e n era tin g  functional fo r p o in t p rocesses (see [7] o r  [2]), 

one  c an  easily  deduce  S a tz  4 .2  in  [5] from  T heo rem  2.1.

2.5. M - t r a n s f o r m .  T h e  ge n era tin g  function  G  o f  a  non n eg ativ e  in teger-valued  random  

v a riab le  (  in  (2 .2) can  a lso  b e  in te rp re te d  a s  th e  cum ulative  d is tr ib u t io n  function  

(c.d .f.) o f  a  p ro b ab il ity  m e asu re  c o n ce n tra te d  on  th e  in te rv a l [0 ,1]. C onsequen tly , in 

th is  sec tion  w e consider th e  p ro b lem  how  to  find  for a  given  < a  ran d o m  va riab le  Հ 

w hose  c.d .f. F<r coincides w ith  G  on  [0,1]. To avoid  co m p lica tio n s dun  to  Ր (Հ  =  0) >  0, 

i.e. no >  0 , in  th is  sec tion  on ly  positive  in teger-valued  ran d o m  variab les  w ith  values 

in  N  a re  considered .

P r o p o s i t i o n  2 .1 . L e t  771, 772, . . . b e  i.i.d . random  variables w ith  u n ifo r m  d is tr ibu tion  

on th e  in te rva l  (0 , 1) a n d  C, independen t o f th is  sequence, a  positive  integer-valued  

random  variable w ith  genera ting  fu n c tio n  G  as in  (2 .2 ) w ith  a c  =  0. T h e n  the  random  

variable

Հ :=  т а х { т? і.........t]C}

has th e  c .d .f. F j  w ith  F ^ (x )  =  G (x )  fo r  a ll x  6  [0,1]. ,

P r o o f .  S tra ig h tfo rw a rd  calcu lations y ie ld  for 0  <  x  <  1

F e (x ) =  р ( $ < х )  =  £ р ( т ах { т ? і.........V (}  <  x\C  =  k )  ■ Բ (Հ  =  k )
k=l

=  ^ Р ( т а х { 77ь . . . , щ } < х )  - Р [ £  =  к )  =  а к . 
h=l к=1 

U n d er  th e  assu m p tio n s  o f  P ro p o sit io n  2.1 th e  follow ing tran s fo rm  o f  a  p o s it iv e  in teger­

va lued  ran d o m  v ariab le  can  b e  specified.
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A s th e  L aplace  tran s fo rm  depends on ly  on  th e  d is tr ib u t io n  o f  a  ran d o m  variab le , we 

c an  a lso  sp e ak  o f  th e  L ap lace  tran s fo rm  o f  a  d is trib u t io n . Since  1 -  կ  is con tinuous, 

nondecreasing  w ith  1 - 1հ (0) =  0 a n d  lim e_»oo l - L c ( e )  =  1, i t  c an  a lso  b e  in te rp re ted  

as th e  c .d .f. Բհ o f  som e  nonn e g ativ e  ran d o m  va riab le  £ , i.e . F j  =  1 -  Լ հ . E quivalently, 

Լ հ  =  1 — Բհ is th e  su rv iva l function  o f  Հ.

A n  open problem : L e t b e  given a  nonnegative  ran d o m  v a riab le  Հ a n d  a  sequence  

»7i o f  i.i.d . ran d o m  variab les, un ifo rm ly  d is tr ib u te d  on  (0 ,1 ) .  F in d  a  ran d o m  

v a riab le  ( if  i t  ex is ts)  f  =  £(C,»7i ,  % ,-•■ ) w hich tran s fo rm s  C.»?i> V2> ■ • • such  th a t  

Բհ  =  1 — Լ հ . A n d  a s  fo r th e  M -tra n sfo rm  in  Sec tion  2.5 w e cou ld  a sk  fo r a n  inverse 

tran s fo rm : F o r  a  given  Հ find  a  ran d o m  varia b le  (  w ith  L ap lac e  tran s fo rm  Լ հ equal 

to  th e  su rv iva l fu n c tio n  o f  f .

3.2. L a p la c e  t r a n s f o r m  a n d  g e n e r a t i n g  f u n c t i o n .  R eca ll t h a t  fo r a  nonnegative  

in teger-valued  ran d o m  va ria b le  (  w ith  g e n era tin g  fu n c tio n  G , th e  L ap lace  tran s fo rm  

is  Լ հ {տ) =  G ( e ՜" )  fo r a ll a >  0.

Now  w e consider a n  a rb i t ra ry  nonn e g ativ e  ran d o m  variab le .

P r o p o s i t i o n  3 .1 .  L e t Հ be a nonnegative  random  variable w ith  Laplace transfo rm  

Լ հ a n d  define  fo r  a l l t > 0  the  fu n c tio n  G t : [0,1] - 4  [0,1] by

(1) T h e n  fo r  d l l t > 0  th e  fu n c tio n  G t is  the  genera ting  fu n c tio n  o f  a nonnegative  

integer-va lued  random  variable.

(2 ) I f, fo r  a ll t  >  0 , n t is  a  nonnegative  in teger-va lued  random  variable w ith  

genera ting  fu n c tio n  G t, then

w hich  im p lie s  th a t f o r t - *  oo th e  random  variables Kt / t  converge in  d is tr ibu tion  

to  С

P r o o f .  A s i t  c an  b e  seen  in  th e  p ro o f  o f  T h eo re m  2 .1 , G t  is  th e  p ro b ab il ity  gen era tin g  

fu n c tio n  o f  a  nonn e g ativ e  in te g e r ran d o m  variab le , к* say. N ow  define  th e  nonncgative  

ran d o m  v ariab le  fi t  =  « t / і  w hich  h a s  th e  L ap lace  t r a n s fo rm  L p , w ith  values

G t {x ) =  Լ հ (Վ 1 -  x ) )  fo r  a ll x  6  [0,1].

Կ ձ > )  =  ( յ )  =  о ,  ( e - J )  =  կ  (է (1 ֊  e - S ) )  .

T h is  y ields
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A n  open problem  ія again  th e  construc tion  o f  th e  random  va riab le s  ret a s  a  transform  

o f  a  given  Հ.

3.3. R o o t s  o f  s u r v iv a l  f u n c t io n s .  L e t 771, fft, • • • b e  a  sequence  of i.i.d . nonnegative  

random  variab les w ith  c.d.f. F .  A s i t  is  w ell-know n, for n  €  N  th e  surv ival function  

o f  th e  random  v a riab le  С ~  m i n f o , .  .. i] n }  is 1 -  F ((x )  =  (1 -  F ( x ) ) n  fo r a ll x  >  0. 

T h is  im m edia te ly  y ields for th e  surv ival function  o f  r\\ th a t

How  can a  random  variab le  r\ w ith  c.d.f. F  a ccord ing  to  (3 .1) b e  g e n e ra te d  from  a  

sequence Сь Сг> • • • i- '-d- copies o f  <£?

P r o p o s i t i o n  3 .2 . L e t СьСа. ■ • • be a sequence o f  i.i.d . nonnegative  random  variables 

w ith  c .d .f. F ( and  a  a random  variable, geom etrically  d istribu ted  w ith  param eter 1/ n ,  

n  €  N , and  independen t fro m  the  sequence. F urther, de fine the  sequence £ ւ ,£ շ , . . .  o f 

record tim e s  by

£ i =  1, 6  =  min{fc >  £ i : Cfc >  СеЛі ••• €m +i =  min{fc >  : &  >  C€m}, . . .

T hen  the  random  variable  Q a has a c .d .f. F  sa tisfying  ( S .l ) .

P r o o f .  A s i t  is  w ell-know n (see e .g . [11]), th e  p rocess C f u C & f -  reco rd s can  be 

rep resen ted  as a  P o isson  p o in t process on  [0 ,oo).

G iven F (, define th e  m easu re  /i  on  [0,oo) (w ith  th e  B ore l c -a lg eb ra )  by

T h is  m easu re  c an  b e  in te rp re te d  as a  fa ilu re  m easu re  for £ . I f  F (  h a s  th e  density  / c, 

th e n  for % >  0  w ith  F ((x )  <  1, th e  failu re  r a te  o f  Հ is ■ N o te  th a t

H is n o t necessarily  a  R ad o n  m easure .

Now  le t Ф b e  a  Poisson  p o in t process on  th e  po sitiv e  ha lf-ax is  w ith  in tensity  

m easu re  /հ, a n d  d eno te  th e  o rdered  sequence o f  i ts  p o in ts  by  f t  <  f t  <  . . .  T h is 

im plies Q (fim )  =  £(Cfm) for m  =  1 , 2 , . . .  Now  consider th e  P o isson  p o in t process Փ' 

g en era ted  from  Փ by  ind ep en d en t th in n in g  w ith  th e  p ro b ab il ity  1 -  (1/ n )  fo r de leting 

a  p o in t from  Փ. T h e n  Փ ' h a s  th e  in te n sity  m easu re  /x' =  ( l /n ) /x .  T here fo re , accord ing  

to  (3 .2) its  f irs t p o in t f}[ ( in  th e  o rdered  p o in t se t)  h a s  th e  c .d .f. sa tisfy ing  (3.1). 

Fu rth e rm o re , i f  a  is  geom etrically  d is tr ib u te d  a n d  in d e p en d e n t fro m  a ll th e  o the r 

ran d o m  variab les, w e o b ta in  th a t  £ (/?()  =  Z (Q a ), w hich  com pletes th e  p roo f. □

(3.1) l - f  =

(3.2) e x p (- /i( [0 ,  a:))) =  1 -  F ( (x )  fo r a ll x  >  0.
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3 .4 . R e la t i o n s  b e tw e e n  e x p o n e n t i a l  d i s t r i b u t io n s .  I t  is w ell-know n, th a t  th e  

m in im um  o f  fin ite ly  m a n y  ind ep en d en t a n d  ex ponen tia lly  d is tr ib u te d  ran d o m  variab les 

is e xponen tia lly  d is tr ib u te d  a s  w ell. F u rth e rm o re , th e  su m  o f  n  i.i.d . e xponen tia lly  

d is tr ib u te d  ran d o m  variab les  w ith  p a ra m e te r  A >  0 has a n  E r la n g  d is tr ib u t io n , w hich 

is  a  spccia l g a m m a  d is trib u t io n  w ith  p a ra m ete rs  n  a n d  A. In  o rd e r  to  s tu d y  th e  su m  of 

n o t necessarily  iden tica lly  d is tr ib u ted  ran d o m  variab les , w e consider now  p a rticu la r  

convolu tions o f  exp o n en tia l d is trib u tio n s.

Som e o f  th e  re su l ts  h av e  a n  in te rp re ta t io n  co nccm ing  Po isson  p o in t processes. T h e  

in te rvals  be tw een  th e  p o in ts  o f  a  hom ogeneous P o isson  p o in t p ro cess  on  th e  rea l axis 

a re  i.i.d . e xponen tia lly  d is trib u ted .

D en o te  th e  ex p o n en tia l d is tr ib u t io n  w ith  p a ra m e te r  A >  0 b y  E[A] a n d  by E*fc[A] 

i ts  M o ld  convolu tion , fc €  N.

T h e o r e m  3 .1 .  F o r  a ll 0 <  A <  o c  a n d  0  <  p  <  1,

(3 .3) E l p A ] = p f ; ( l - p ) ‘ E-l*+«[A J.
k=0

P r o o f .  T h e  p ro o f  is easy, u sing  th e  L ap lace  tran s fo rm  L ( s )  =  A /(A  +  a ), s  >  0, 

fo r th e  e x p o n en tia l d is tr ib u t io n  w ith  p a ra m e te r  A >  0, a n d  th e  f a c t th a t  th e  L aplace  

tran s fo rm  o f  a  fc-fold convolu tion  o f  a  d is tr ib u t io n  is  ju s t  th e  fc-th pow er o f  th e  L aplace  

tran s fo rm  o f  th e  resp e ctiv e  d is trib u t io n .

T h is  re su l t h a s  a lso  a n  in te re s tin g  in te rp re ta t io n  in  te rm s  o f  P o isso n  p o in t  processes 

on  th e  po sitiv e  rea l ax is. L e t Փ b e  a  hom ogeneous Po isson  p o in t p rocess  o n  (0, oo) w ith  

in te n s ity  A. T h en  th e  co o rd in a te  o f  th e  f irs t p o in t o f  Փ has th e  e x ponen tia l d is trib u t io n  

E[A], a n d  th e  c o o rd in a te  o f  th e  (fc +  l ) - s t  p o in t h a s  th e  d is tr ib u t io n  E * ^ '+ 1) [A]. Now 

consider th e  in d e p en d e n t th in n in g  o f  Փ w here  th e  p o in ts  a re  d e le te d  w ith  p ro b ab ility  

1 — p . T liis  y ie lds a n  hom ogeneous P o isson  p o in t p rocess w ith  in te n s ity  p  A. T h u s  th e  

c o o rd in a te  o f  th e  f irs t  p o in t o f  th e  th in n e d  p o in t p ro cess  h a s  th e  d is tr ib u t io n  E[pA]. 

T h e  p ro b ab il ity  th a t  th is  f irs t p o in t o f  th e  th in n e d  p rocess  (i.e. th e  f irs t  p o in t w hich 

su rv ived  th e  in d e p en d e n t th in n in g  p rocedu re ) is  th e  (fc +  l ) - s t  p o in t  o f  Փ is p ( l - p ) k . 

T h is  is  exp ressed  by  (3.3).

D ecom posing  th e  su m m an d s  in  (3.3) fo r fc >  1 as

(1 ֊  p)‘ E"!‘ +1,[A] =  (1 ֊  p ) ( l  -  p )fc֊1E[A] .  E,( ‘>|A] 

s tra ig h tfo rw a rd ly  yields:
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C o r o l la r y  3 .1 . F or a ll 0 <  A <  oo and  0 <  p  <  1

pE[A] +  (1 -  p)(E[A] * E[pA]) =  E[pA].

S u b s titu t in g  A by  A2 and  p  by  A i/A 2 for 0  <  Ai <  A2 <  oo, th is  im m edia te ly  

supplies:

C o r o l la r y  3 .2 . F or all 0  <  Ai <  A2 <  oo

E[A,1 =  — E[A3] +  ^ ֊ i ( E [ A . )  .  E[AS|)

o r  equivalently,

а д . а д . - ^ . В М - з ^ - Ч А . ) .

Now , w e fo rm u la te  th e  m a in  re su l t o f  th is  sec tion  for th e  convolu tion  o f  two 

e xponen tia lly  d is tr ib u ted  ran d o m  variab les. S im ilarly  as in  T h eo re m  3.1 i t  is given as 

a  m ix tu re  o f  E r la n g  d is trib u tio n s . N o te  th a t  th e  tw o  ex p o n en tia l d is trib u tio n s  have 

differen t p a ra m eters .

(Д _ д  \ 2

A ^ + A ~ J

(3.4) E[Ai] *  E[A2] =  (1 - p )  f ] p *  e * 2^ + ^ [ j ( A 2 +  Ai)].
fc=o

P r o o f .  L e t L  d eno te  th e  L ap lace  tran s fo rm  o f  th e  d is tr ib u t io n  o n  th e  rig h t-h an d  

sid e  o f  (3 .4). T h e n , fo r а >  0  a n d  p  =  i

в д  -

_  f .  Հ A2 -  A1 Հ Л  /  A2 +  Ai \  a ________ 1
Լ V A a+ A ij J \A 3 +  A i+ 2 a J  !  _

— —
A i +  a A2 +  s ’

a n d  th e  te rm  in  th e  la s t  line  is ju s t  th e  p ro d u c t o f  th e  L ap lace  tran s fo rm s  of E[Ai] 

a n d  E[A2].

A lte rna tive ly , th e  re su l t in  T heo rem  3.2 a lso  follows fro m  a n  ite ra te d  app lica tion  

o f  th e  eq u a tio n  given  in  th e  n e x t corollary.
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JOSEPH MECKE’S LAST FRAGMENTARY MANUSCRIPTS ..

_д \ 2
A ^ " + A i/

(3.5) E[A, 1 .  E[Aa] =  E ‘S[1(A, +  As )] .  ( ( 1  ֊  p )  Jo +  p  (E[A,) .  E[A2] ) ) .

A gain  th e  p ro o f  is  s tra ig h tfo rw a rd  u sing  th e  L ap lace  tran s fo rm s.

C o n c lu d in g  r e m a r k s  a n d  a c k n o w le d g m e n t .  In  Jo se p h  M ecke’s f ragm en ts  a lm ost 

n o  references a re  g iven. T h ere fo re  w e c an n o t rec o n s tru c t a n d  c ite  th e  sou rces w hich 

h e  p ro b ab ly  used. C onsequently , w e do  n o t claim  p r io r ity  conce rn ing  a ll d e ta ils . We 

a re  in d e b ted  to  H ans Zessin fo r h is v a luab le  com m en ts  a n d  h in ts .
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D IA G O N A L I Z A B L E  O P E R A T O R S  O N  T H E  S P A C E  O F  

F U N C T I O N S  A N A L Y T IC  O N  T H E  U N I T  D T S K

S. M. SBUBERT

B ow ling  G reen S ta te  U niversity, D ow ling Groon, O H, U SA  
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A b strac t. Examples are Riven of (continuous, linear) operators on the space of 
functions analytic on the open unit disk in the complex plane having the monomials 
as eigenvectors, but which fail spectral synthesis (that is, which have closed invariant 
subspaces which are not the closed linear span of any collection of eigenvectors).

M S C 2 0 1 0  n u m b e r s :  30B10, 30B50, 47B36, 47B38.

K e y w o r d s :  In v a r ia u t subspace; sp e c tra l syn thesis; d iagonal o p e ra to r ; B o re l series;
m om en t condition .

1. I n t r o d u c t io n

T h e  m a in  to p ic  o f  th is  p a p e r  concerns in v a rian t subspaces o f  a  p a rtic u la r  c lass of 

com plete  o p e ra to rs  T : X  X a c tin g  on  a  com p lete  m e triza b le  v e cto r space  X (recall 

th a t  a  su b sp ace  M  o f  a  com p lete  m e trizab le  v e c to r space  X  is in v a r ia n t fo r an  o p e ra to r 

T : X - > X i f T x e M  w henever x  €  M ). A ny  com plete  o p e ra to r  has a n  a b u ndance  

o f  in v a rian t subspaces, na m ely  th e  c losed lin ear sp a n  o f  a rb i t ra ry  collections of its  

e igenvectors. In  fac t, i t  m ay  b e  te m p tin g  to  believe th a t  th e se  a re  a ll o f  th e  inva rian t 

subspaces o f  a  com p lete  o p e ra to r . H ow ever, th is  is  n o t  a lw ays th e  case , even  w hen  X  

is  a  H ilb e rt space  h av ing  an  o rth o n o rm al basis  o f  eigenvectors fo r th e  o p e ra to r  (see 

W olff's E xam ple  below ). A ny  com plete  o p e ra to r , a ll o f  w hose  in v a rian t subspaces are  

th e  c losed lin e a r  sp a n  of som e collec tion  o f  i t s  eigenvectors, is  sa id  to  a d m i t  s p e c t r a l  

s y n th e s is .  T h e  o p e ra to rs  o f  s tu d y  in  th is  p a p e r  a re  th e  so-ca lled  diagonal operators, 

w hich by  defin ition  a c t  on th e  space  5£(D ) o f  functions a n a ly tic  on  th e  o pen  u n it  disk 

in  th e  com plex p la n e  a n d  have as e igenvectors th e  m onom ials . T h e  pu rp o se  o f  th is  

p a p e r  is  to  p ro d u ce  a  r ich  c lass of exam ples o f  d iagonal o p e ra to rs  on  !K (D ) w hich fail 

sp e ctra l syn thesis.
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A MOMENT CONDITION AND NON-SYNTIIETIC ..

T h e  prob lem  o f  de term in in g  w hich com plete  o p e ra to rs  a d m it sp e c tra l sy n th esis  rem ains 

o pen , even w hen  X  is  a  H ilb e rt space  hav ing  a n  o rth o n o rm al basis o f  eigenvectors 

fo r T .  In  fac t, i t  w asn ’t  u n til 1921, w ith  th e  a d v en t o f  a n  e xam ple  due  to  Wolff, th a t  

i t  w as know n th a t  th e re  ex is ted  exam ples o f  non -sy n th e tic  o p e ra to rs  o f  th is  type . 

In  p a rtic u la r, if  Г  : V . - »  5C is an  o p e ra to r  a c tin g  on  a  H ilb e rt sp a ce  Oi h av ing  an  

o rth o n o rm al basis o f  eigenvectors fo r T  w ith  a ssocia ted  e igenvalues {A„}, th e n

fo r a ll *n  "K- M oreover, i t  is  n o t d ifficult to  see  (p . 270 o f  [1]) th a t  T

fails sp e c tra l syn thesis  i f  a n d  on ly  i f  th e re  e x is ts  a  n o n - tr iv ia l sequence  {tu„} €  f 1 for 

w inch th e  M om en t C ond ition

ho ld s fo r a ll к  >  0 .

W ollf’s  e leg a n t co n s tru c tio n  [2] o f  such  a n  exam ple  (w hich  u ses  on ly  L au re n t series) 

m ay  a lso  b e  found  in  [3].

T h ere  a re  nu m ero u s cond itions know n to  b e  equ ivalen t to  th e  M o m e n t C ond ition  

(1.1) ho ld ing  for a ll к  >  0  w henever {An } is  a  b o u n d e d  sequence  o f  d is t in c t com plex  

num bers . F o r in s tan c e , i t  follows from  th e  F ub in i-T onelli T h eo re m  th a t

w henever |z | >  su p |A „ |. M oreover, c ond ition  (1.1) ho ld s for a ll к  >  0  i f  a n d  on ly  if  

th e  D irich le t se ries g (z )  =  wne An* van ishes id en tica lly  o n  th e  c om plex  p la n e  

since  g =  0  i f  a n d  on ly  if

n=0
fo r a ll к  >  0 . T h is , in  tu rn , is  equ ivalen t to  th e  m e asu re  ц  =  w „Sf *„} ( th e  sum

of  w eigh ted  p o in t m asses) a n n ih ila tin g  th e  m onom ials  since

I f  th e  p o in ts  {A„} lie  in  a  Jo rd a n  reg ion  П a n d  acc u m u la te  on ly  on  i t s  b o u n d a ry , th e n  

-  An ) =  0 w henever խ | >  su p |A „ | w here  {«.՛„} is  a  n o n - tr iv ia l sequence 

in  Ր  i f  a n d  o n ly  i f  {A„} is  a  d o m in a tin g  sequence  fo r П; th a t  is , i f  a n d  on ly  if

(1.1)

օ = 1>ոՀ

s “ (0) =  £ > ,  , Հ

s u p { | / ( z ) |  : : £ f ! }  =  s u p { |/ (A „ ) | : n >  0} 
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for a ll functions /  b ounded  a n d  a n a ly tic  on  SI (see T h eo rem  3 on  p . 1C7 o f  Brow n, 

Shields, a n d  Zeller [4]). I f  Ո  is th e  open  u n it d isk , th e n  th is  cond ition  is equ ivalen t to  

a lm ost every  p o in t o f  th e  u n it circle (w ith  re sp e c t to  L ebesgue  a rc  leng th  m easure) 

be ing  th e  n on -tangen tia l lim it p o in t o f  {A„}. D eep connections to  o p e ra to r  theo ry  

a re  p rov ided  by  w ork o f  S a rason  [5] a n d  [6] w ho show s th a t  th a t  th e  Borel series 

w „ / (*  -  A„) =  0 w henever \z\ >  su p  |A „| fo r som e no n -triv ia l sequence  {w n } in 

I 1 i f  a n d  on ly  i f  th e re  e x is ts  a  c losed in v a rian t subspace  for th e  d iagonal o p e ra to r  D  

h av ing  eigenvalues {A„} w hich is n o t in v a rian t fo r th e  ad jo in t D ’ o f  D . T h is  cond ition , 

in  tu r n , is equ ivalen t to  th e  w eakly closed a lg eb ra  g e n era te d  by  D  a n d  th e  iden tity  

o p e ra to r  n o t  con ta in ing  D '.  For m ore  on  th e  connections betw een Borel series and 

com plete  n o rm al o p e ra to rs , p lease  see  W erm er [1], Scroggs [7] a n d  N ikolskii [3], [8]. 

T h e  s tu d y  o f  Borel series has  a  rich a n d  fab led  h isto ry . O f  p a rtic u la r  in te re s t has  been 

cond itions fo r a  function  a n a ly tic  on  a  reg ion  to  b e  rep rese n ta b le  a s  a  Borel series, 

a n d  cond itions fo r such  a  rep rese n ta tio n , i f  one e x is ts , to  be un ique , նւ p a rticu la r, 

th e  sem inal w ork o f  L eontev [9], K orobe in ik  [10], L eo n t’ eva [11], a n d  B row n, Shields, 

a n d  Z eller [4], a m o n g st o th e rs , has  exam ined  th e  e x te n t to  w hich th e  ex istence  of 

n o n -triv ia l expansions o f  zero  by  D irich le t series Y ^ = o w n r-XnX =  0 on  reg ions П 

in  th e  com plex  p lane  im ply  (and , u n d e r  a d d itio n a l cond itions, is  equ ivalen t to ) th e  

ab ility  to  rep resen t an  a rb ita ry  function  f { z )  a n a ly tic  on  SI a s  a  D irich le t series 

f ( z )  =  £ “ o a ,s .XnX on  Ո . I t  follows from  th e  preced ing  com m en ts th a t  th e  non ­

uniqueness o f  a n y  such  rep rese n ta tio n  is equ ivalen t to  th e  e x is tence  o f  Borel series 

w hich vanish iden tica lly  on  SI. In  1959, M akarov  [12] show ed th a t  fo r every  sequence 

o f  com plex  num bers {A„} for w hich  |A „| ֊+  oo, th e re  e x ists a  sequence  o f  com plex 

n um bers  {w „} for w hich th e  m o m en t c ond ition  (1.1) ho lds fo r a ll к  >  0  w here  th e  

coefficients {«;„} sa tisfy  th e  decay r a te  0  <  խ ո | ■ |A*| <  oo. I n  a d d itio n  to  

W olff’s exam p le  [2], in  w hich  th e  coefficients {tu„} a re  in  I 1, D enjoy  [13] in  1924 and  

L eo n t’ eva  [11] in  th e  la te  1960’s  gave exam ples o f  Borel series w hich  van ish  iden tically  

w here  th e  coefficients sa tisfy  various decay  ra te s  ju s t  shy  o f  ex p o n en tia l decay  (see p. 

26 o f  [14]).

T h ere  has  a lso  be en  p a rtic u la r  in te re s t reg a rd in g  th e  converse, n a m ely  th e  so-called 

un ic ity  p rob lem , w hich is to  d e term ine  th e  r a te  a t  w hich { |w n |} m u st decrease  so 

th a t  w n / ( z  -  An) does n o t  e x ten d  a n a ly tica lly  to  a  reg ion  c o n ta in in g  {A„}. 

Borel [15], C a rlem an  [16], G o n ch a r [17], a n d  P o in ca re  a ll d e term in e d  decay  ra te s  in



A MOMENT CONDITION AND NON-SYNTHETIC ..

th e  u n ic ity  p rob lem  in  th e ir  investiga tions on  Borel series, w hich w ere focused  m ain ly  

on  issues reg a rd in g  q u a s ia n a ly tid ty  a n d  a n a ly tic  co n tin u atio n . In  1968 M akarov  gave 

such  a  d ecay  r a te  dep en d in g  on a  given  a rb i t ra ry  sequence  {An} (see 5.7 .8(c) (vii) on 

p . 128 o f  [3j). A  ra th e r  defin itive  re su l t w as o b ta in e d  by  S ib ilev  in  1995 w hen  th e  

e igenvalues {A„} a re  bou n d e d  (see th e  th eo rem  on  p . 146 o f  [18]). F o r m ore  on th e  

h is to ry  o f  B orcl se ries a n d  a  discussion of generalized  a n a ly tic  c o n tin u a tio n , p lease  

see  th e  rec en t m o n o g rap h  o f  R oss a n d  S hap iro  [14].

T h e  p u rp o se  o f  th is  p a p e r  is  to  p rov ide  a  r ich  c lass o f  exam p les o f  d ia g o n a l o p e ra to rs  

a c tin g  on 9 f (D )  w hich  fail sp e c tra l syn thesis . T h e  m a in  re su l t o f  th is  p a p e r , T heo rem  

1, a p p ea rs  in  Sec tion  2 below  a n d  im proves u p o n  p rev ious re su l ts  in  th e  lite ra tu re . 

W hen  endow ed w ith  th e  topo logy  o f  un ifo rm  convergence  on  c o m p ac ta , 5£(D ) is an  

e x am ple  o f  a  com p lete  locally  convex topo log ica l v e c to r space . U sing  th e  R a d iu s  of 

Convergence  Fo rm u la , i t  follows th a t  a  function  OnZn  is  in  3C(D) if  a n d  on ly  if  

lim s u p lo n l1/ ”  <  1. M oreover, i f  {An } is a n y  sequence  o f  d is t in c t com p lex  num bers, 

th e n  th e  m a p  for w hich D ( z n ) =  An z n e x tends by  lin e a rity  to  an  o p e ra to r  on  a ll o f 

5{(D ) if  a n d  on ly  i f  lim su p  lAnl1/ "  <  1 (see  [19]). I n  p a rtic u la r,  th e  se t o f  eigenvalues 

o f  a  d iagonal o p e ra to r  on  5£ (D ) need  n o t  b e  bou n d ed . I t ’s  know n  t h a t  th e  d iagonal 

o p e ra to r  D Q ^ L 0 a „ zn )  =  a„A nz n fails sp e c tra l syn thesis  i f  a n d  o n ly  i f  th e  

m o m e n t co n d itio n  (1.1) ho ld s fo r a ll к  >  0  fo r som e  n o n - tr iv ia l sequence  {iu„} of 

c om plex  n u m b e rs  fo r w hich  lim su p  խ ո !1/ ”  <  1 (p lease  see  T h eo re m  3 on  p . 1214 of 

[19] fo r th is  a n d  o th e r  cond itions equ ivalen t to  non -syn thesis) .

In  [20], A n derson , K hav in son , a n d  S h a p iro , give  a  d e ta iled  an aly sis  o f  th e  m om en t 

cond ition  (1.1) fo r a ll к  >  0  w here  th e  e igenvalues An =  n p a re  pow ers  o f  n  w ith  

p  >  0. T h e ir  s tu d y  focuses on  questions c once rn ing  th e  a n a ly tic  c o n tin u a tio n  of 

D irich le t series a n d  F re d h o lm ’s m e th o d  fo r ex am in in g  g a p  se ries  a n d  i ts  connections 

to  p a r t ia l  d ifferen tial eq u atio n s . T h ey  show , a m o n g st o th e r  re su l ts , th a t  th e  m o m en t 

cond ition  0 =  w „(n p )fc ho ld s fo r a ll к  >  0  w here  0 <  lim s u p  խ ո !1^”  <  1 i f  a n d  

o n ly  i f  p  >  2 , a n d  m oreover, t h a t  no  so lu tio n  ex is ts  fo r in te g ra l p  >  2 fo r w hich

0 <  lim s u p |w „ |1 /n  <  е -**™ -Ч "/р)

(see T h eo re m  3.1 on  p . 464  o f  [20]). In  view  o f  w hich , th e  m o m e n t co n d itio n  ho ld ing  

a n d  h ence  a  d ia g o n a l o p e ra to r  a d m ittin g  sp e c tra l sy n th e s is  is in tim a te ly  re la te d  to  

th e  g ro w th  r a te  of th e  e igenvalues {A„} o f  th e  d ia g o n a l o p e ra to r . I n  som e cases, th e  

g ro w th  r a te  o f  th e  e igenvalues a lone  d e term ines th e  sp e c tra l sy n th esis ; fo r in stance ,
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L eontev [9) lias show n t l ia t  th e  m om en t condition  (1.1) does n o t ho ld  for a ll к  >  0 

w henever lim su p lw ,,] 1̂ '  <  1 if  {A«}| exh ib its  lin e ar g row th  ( th a t  is, w henever 0  <  

lim in f  |A „ |/n  <  lim s u p |A „ |/n  <  oc) w hether o r  n o t th e  Au  a re  positive). However, if. 

is know n th a t  th e  d is trib u tio n  o f  th e  p o in ts  A„ th roughout, th e  com plex  p la n e , a s  well 

as th e ir  g row th , typ ically  plays a  ro le  in  de term in ing  sp e c tra l syn thesis . For exam ple, 

th e  diagonal o p e ra to r  on  3C(D) hav ing  eigenvalues { \ /» }  a d m its  sp e ctra l syn thesis  

by  T heo rem  3.1 of [20], w hile th e  d iagonal o p e ra to r  on  3£(D ) w ith  eigenvalues {A,,} 

com prising  th e  in teger la ttic e  Z  x  i Z  =  { m  +  i n  : m , n  €  Z} fails sp e c tra l synthesis 

(see [21J), a lth o u g h  |A „| «  n 1!2.

T h e  resu lt o f  A nderson . K havinson , a n d  S hap iro  m en tioned  above suggests th a t  th e  

slow er th e  g row th  ra te  o f { |A „ |}, th e  h a rd e r  i t  is  fo r th e  m o m e n t cond ition  to  hold, 

a n d  hence  for th e  a ssociated  d iagonal o p e ra to r  on 9 t(D )  w ith  e igenvalues {A„} to  

fail sp e c tra l syn thesis. N onetheless, in  th is  p a p e r , we d e m o n s tra te  th a t  th e re  exist 

diagonal o p e ra to rs  a c tin g  on  IK (D ) w hose eigenvalues have  g ro w th  r a te  |A „| и  n ՛1 for 

any  0  <  1 w hich fail sp e c tra l syn thesis. T h e  exam ples p roduced  do  n o t req u ire  th a t  

th e  eigenvalues {A,,} a ssum e  any  p a rtic u la r  fo rm , on ly  th a t  th e y  sa tisfy  a  p a rticu la r  

g row th  ra te  a n d  a re  regu la rly  d is tr ib u ted  (in  a  sense  m ade  p rec ise  in  th e  n e x t section).

2. E x a m p l e s  o f  n o n - s y n t h e t ic  d ia g o n a l  o p e r a t o r s  o n  IK(D )

In  th is  sec tion , w e show  th a t  a d iagonal o p e ra to r  on ! tt(D )  fails sp e ctra l syn thesis  

w henever its  eigenvalues have  o rd e r  o f g ro w th  less th a n  one , a rc  reg u la rly  d is tr ib u ted  

w ith  re sp e c t to  a p ro x im a te  o rd e r  p (r ),  a n d  sa tisfy  a  se p a ra t io n  c rite r io n , definitions 

o f  w hich w e now  p rov ide  for th e  convenience o f  th e  reader.

T h e  re la tio n sh ip  betw een  th e  g row th  o f  a n  en tire  function  a n d  th e  d is trib u t io n  of its  

zeros is  w ell-know n. I t  is o ften  convenien t to  m easu re  th e  g ro w th  o f  a n  e n tire  function  

using  a  so-called prox im a te  order, o r  function  p (r )  fo r w hich liin r ->oo p (r ) =  P >  0 

a n d  lim,._,oo rp '( r )  In  г  =  0  (see p . 32 o f  [22]). A  se t o f  p o in ts  in  th e  com plex  p lane  is 

sa id  to  have  a n  angular de n sity  Д ( ^ )  o f  index  p ( r )  if  fo r a ll b u t  a  coun tab le  se t o f 

values i; a n d  Ѳ fo r w hich 0 <  rj <  Ѳ <  th e  lim it

e x ists w here  h e re  n (r , tj, Ѳ) d eno tes  th e  n u m b e r o f  p o in ts  o f  th e  se t ly ing  w ith in  th e  

sec to r {շ : |z | <  r ; 77 <  a r g z  <  0} (see p . 89 o f  [22]).
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A sequence  {a„}  o f  d is t in c t com plex  num bers  sa tisfies C o n d i t i o n  ( C )  if  th e re  exists 

a  positive  n u m b e r d  >  0  such  th a t  th e  se t o f  closed ba lls

I

a re  pairw ise  d is jo in t, w hile  th e  sequence  sa tisfies C o n d i t i o n  ( C ;)  i f  th e  p o in ts  a ll 

lie  inside  sec to rs  w ith  a  com m on ve rte x  a t  th e  o rig in  b u t  w ith  n o  o th e r  p o in ts  in 

com m on, a n d  w hich a re  such  th a t  if  one  a rran g e s  th e  p o in ts  o f  th e  s e t  {o„}  w ith in  

a n y  one  o f  th e se  se c to rs  in  o rd e r  o f  inc reas ing  m odu li, th e n  fo r a ll  p o in ts  w hich lie  

inside  th e  sam e  se c to r  i t  is  t ru e  th a t  |а * + і| -  |а&| > d |o f c |1֊ ^ l°* ^  (see p . 95 o f  [22]). 

In  th e  fo llow ing theo rem , th e  cond itions th a t  th e  p o in ts  a re  reg u la r ly  d is tr ib u ted  

w ith  re sp e c t to  p [r)  a n d  p  <  1 /2  en su re  th a t  th e re  e x is t coefficients {w „} for w hich 

0 =  w n p.XnZ w hile  th e  se p a ra t io n  c ond ition  en su res t h a t  lim s u p  խ ո !1/ ”  <  1. 

T h e o r e m  2 .1 . L e t p (r )  be a n y  p rox im a te  order fo r  w hich p  =  lim r_»oo p ( r )  €  

(0 , 1/ 2) and  le t  {a„}  be any  sequence o f  d is t in c t com plex  num bers w hose angular  

de n sity  Д(Ѵ>) has in d e x  p ( r ) ,  sa tisfies e ith er  C ond ition  (C )  o r  C ond ition  ( C ) ,  and  

is  such  th a t  l im in f  |օ ո |^ “" ^ / ո  >  0- T h en  th e  d iagonal operator having  e igenvalues  

{ |ftn |1/ , e , (*rga,,+2’r jM  : 0  <  j  <  g ;0  <  n }  fa ils  to  ad m it spectral sy n th es is  on  3 f (D )  

w henever q is  a n y  in teger fo r  w hich q >  1 /p .

A n  o u tlin e  o f  th e  p ro o f  is  a s  follows: L e t {a „}  b e  any  sequence  o f  com p lex  num bers  

sa tisfy in g  th e  h ypo theses o f  T h eo re m  2.1. T h e n  S ( z )  =  f ( z 4) is a n  e n tire  function  

h a v in g  on ly  s im ple  zeros a t  th e  p o in ts

An =  |on |1/®e<(“ g a" +3,r^ / e 

fo r 0 < j  < q  a n d  0 <  n  a n d  f [ z )  =  Щ^оС1 ~  zAn) is a  canon ical p r o d u c t hav ing  

on ly  s im ple  zero s a t  th e  p o in ts  An . S ince  th e  p o in ts  {an}  a re  se p a ra te d , i t  follow s th a t  

|5 (A ) | >  е“ ІАІл fo r a ll A on  a  sequence  o f  circ les C r  w hose  ra d ii inc rease  to  infinity, 

w here  h e re  P > 1 .  U sing  th is  e stim a te  a n d  th e  R e sid u e  T h eo re m , w e see  th a t  

0< ~

I t  follow s from  e s tim a te s  for S  n e a r  th e  p o in ts  An o b ta in ed  u s in g  th e  Inverse  F un c tio n  

T h eo rem  a n d  S chw arz’s  L em m a, t h a t  lim su p  ( l / |S '( A n ) |1/,n) <  1. H ence, th e  m om en t 

c ond ition  h o ld s  a n d  th e  r e su l t follows (see T h eo re m  3 on  p . 1214 o f  [19]).

P r o o f .  L e t {dn} b e  a n y  e n u m era t io n  o f  th e  se t o f  p o in ts

{|o»i|1/ , e ^ argan+2ir^ ? : 0  <  j  <  q; 0  <  n }
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w here  h e re  n ( r )  d e no tes  th e  n u m b e r o f  p o in ts  On fo r w hich |a „ | <  r .  H ence  n ( r )  >  

.5Д г^ М  for a ll r  sufficiently  large . S ince  {|а*|} is inc reas ing , i t  follow s th a t  |a t | <  r  

w here  t  =  ,5 A r p^  fo r a ll r  sufficiently  large . S ince  p (r )  ->  p, w e have  th a t  t  =  

.5Д r pW  >  .5Д ;-р/ 2 for a ll r  su fficiently  large . T h u s  |a  Бд гр/а| <  |<ц| <  r  o r  |a „ | <  r  =  

( 2 п /Д ) а/ р fo r a ll n  sufficiently  large . H ence

fo r a ll z  €  С  since  g p (r£ )  gp >  1. In  o rd e r  to  deduce  th a t  th e  d iagonal o p e ra to r  

h a v in g  e igenvalues {A t} fails to  a d m it sp e c tra l syn thesis , by  T h eo re m  3 on  p . 1214 

o f  [19], i t  suffices to  show  t h a t  l i m s u p ( l / |5 '( A t ) |) 1/ fc <  1. l b  է հ ե  en d , le t к  b e  any  

po sitiv e  in teger. T h en

A„ =  |0n |1/« e <(argen+2,rj>/« 

for som e in te g e r n  a n d  j  Շ { 0 ,1 ,. . . ,  q  - 1 } .  S ince  S ( z )  =  f ( z q),  w e h av e  th a t  S '( z )  =  

q zq~ 1f ' ( z 4), a n d  so

W e now  e s tim a te  | / ' ( a „ ) |  u sing  th e  Inverse  Fun c tio n  T h eo re m  a n d  S chw arz’s L em m a. 

Since  th e  c losed  b a lls  { S ( a „ ,  r n )}  a re  pa irw ise  d is jo in t, th e re  e x is t ra d ii r „  €  ( r „ ,  1 +  

r „ )  fo r w hich  th e  op en  b a lls  { B (o „ ,f n )}  a re  pa irw ise  d is jo in t a n d  s ta y  in side  E ° .  

H ence

w henever re*® 6  d B { a n , fn)  w ith  г  sufficien tly  la rge . I t  follow s f ro m  th e  Inverse  

Fun c tio n  T h eo re m  (p . 234 o f  [23]) th a t  th e  re s tr ic tio n

t  <  {(2 +  d ) K + l l } 1' ՛  <  (2 +  d )! '« ( 2M ) 1 /“ ( »  +  1) W

for a ll n  sufficiently  la rge . M oreover,

№ „e “ )l >  ef'fllfwWl

fo r a ll n  sufficiently  large , a n d  so  i t  follows th a t

№ » ) !  =  М Г Ѵ Ы І = « к М / ' Ы І -

Я / - С В Д ° . » - Г Ч в ^ ) )  ->  В ( 0 ,с „ )  

o f  /  to  / -1(5(0, an)) h a s  a n a ly tic  inve rse  f ՜ 1. H ence

g(z) а  (1/гп){ГЧоп*) ֊  a n ): 5(0,1) B(0,1)
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is an aly tic  w ith  g (0) =  0. B y  Schw arz’s  L em m a, we have  th a t

1 >  ls '(0)l =  =  a r f e j l

w hence
* <  f "  

l / ' W I  е ( '/ аЯ 1“»1- ?»}',({|ов|""п))

for a ll r  su fficiently  large . S ince  ( n - l ) q < k <  nq , we have  th a t

l im su p  ( l / |S '( A fc) |) 1/fe =  lim su p  . \ f i (o n ) \} l / k  *

ճ “m“ p
Since  Д  =  4m r  l00 w ( r ) / r ^ r ), we have  th a t  n ( r )  <  1 .5 Л г ^ г) fo r a ll r  sufficiently 

large . S ince  { |a „ |}  is inc reas ing , i t  follows th a t  |a t | >  r  w here  t  =  1 .5 Д г ^ г  ̂ for a ll 

r  sufficiently large . S ince p (r) - *  p ,  we h av e  th a t  t  =  1 .5Д гр(г) <  1 .5Д г2р for all 

r  sufficiently large , a n d  so  |a e | =  |о і,5д гзр| >  r  w here  а =  1 .5Д г2р. H ence  |on | >  

(2 п / (З Д ) )1^ 2р) fo r a ll n  sufficiently  large . H ence

l im s u p ( l / |S '( A fe) |)  <  lim su p  | ^ ^ | | ւ / (ո?)

- l /n

H ow ever, fo r a ll n  sufficien tly  large ,

f„  S  1 + r „  <  1 +  d K I1՜ '  <  2d|On! <  շՀ ձո /շ)* /՞

a n d  so

lim su p  ( l / I S ' M I ) 1'*  <  ( l i m s u p ) V ՛ - 

Since p (r )  4  p , w e h av e  th a t  f „  <  d ia n i1՜ ' ’/ 4 fo r a ll n  sufficiently  la rge  a n d  so 

|օ ո |- ք ո >  -5 |a„ | fo r a ll n  sufficiently  large . S ince  is  inc reas ing  for a ll r  sufficiently 

la rg e  (see p. 33 of [22]) a n d  L ( r ) =  r p^ ~ p is  slow ly inc reas ing  (see p . 33 o f  [22], it  

follows th a t

{ |« , l  -  >  ( .5 К |у 1 '» 1 “-1> >  ( .5 K |) '< - s l - ' - ' ) { . S |o , | } ' ՛

=  L ( .5 |a n | ) { . 5 K |K  >  | i ( K | )  ■ Ы '  >  р у Ы ' О - » ՜  

fo r a ll n  su fficiently  laxge. Since

lim in f  |օո |^ ° " ^ / ո  =  <5 >  0
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by  h y po thesis , i t  follows th a t  

Ь т .» р ( 1 / | і ' ( Л , ) |) Ѵ ‘  <  <  . - « > ■ >  <  1.

T h e  resu l t follows.

E x a m p le s .  I f  p  >  0 , th e n  On =  n 1̂  is a  sequence  o f  com p lex  n u m b e rs  h av ing  

p ro x im a te  o rd e r  p (r )  =  p  w ith  lim in f  |оп |р^°п^ / п  >  0. I f  p  >  0, th e n  a„ =  n ^ l n n  

is a  sequence  o f  com plex  n u m b e rs h a v in g  p ro x im a te  o rd e r  p (r )  =  p + ( l n l n r ) / l n r  

w ith  lim in f  >  0.

I t  follows from  T h eo rem  3.1 o f  [20] th a t  th e  d iagonal o p e ra to r  D  on  !K (D ) h av ing  

e igenvalues { n 1/ 3} a d m its  sp e c tra l syn thesis . H ow ever, i t  follows fro m  th e  p reced ing  

th e o re m  th a t  th e  d iagonal o p e ra to r  on  9C(D) hav ing  e igenvalues { п ^ 3ем ^ в : 0  <  

j  <  6} consis ting  o f  s ix  copies o f  { n 1̂ 3} p laced  on th e  s ix  ra y s  { re 2" <J/ e : г  >  0} 

w here  0 <  j  <  6 fails sp e c tra l syn thesis . In  fa c t, a  s im ila r conclusion  ho ld s fo r a n y  

sequence  o f  e igenvalues {n '9} w henever թ  <  1. I n  p a rtic u la r,  i f  P  <  1 , th e n  fo r any  

in te g e r q  >  2 /P ,  we have  th a t  p  =  l /[ q P )  <  1 /2 .  H ence  th e  d ia g o n a l o p e ra to r  on 

!K (D ) h a v in g  e igenvalues { |a n |1/ 9e2’r’̂ 9 : 0  <  j  <  q }  fa ils  sp e c tra l syn thesis  by  th e  

p reced ing  th e o re m , w here  h e re  On =  n 1^ .  In  th is  case , a% 4 =  ■nfi. In  fa c t, w e need  

o n ly  choose  p o in ts  {a „}  h a v in g  p ro x im a te  o rd e r  p (r) =  r ,  w hich  p laces on ly  m ild  

cond itions o n  how  th e y  a re  d is tr ib u te d  th ro u g h o u t th e  c om plex  p la n e . T h is  exam p le  

is  in  c o n tra s t to  exam p les m en tio n ed  earlie r  w here  th e  p o in ts  { n ^ 3e2iri^ 6 : 0  <  j  <  6} 

lie  on s ix  ray s , o r  th e  e igenvalues Z  x  i Z  =  { m  +  i n : m ,  n  €  Z }  fo rm  a  la ttic e .

I t  is possib le  to  o b ta in  exam ples o f  d iagonal o p e ra to rs  o n  W (D ) w hich  fa il sp e c tra l 

sy n th esis  by  p e r tu rb in g  th e  eigenvalues of a  d iagonal o p e ra to r  o n  3 f (D )  w hich is 

know n to  fa il sp e c tra l syn thesis ; how ever, som e care  m u s t b e  ta k en . R eca ll th a t  a  

lin e ar m a p  D  fo r w hich  D ( z n) =  Anz n  e x ten d s  to  a n  o p e ra to r  on  a ll o f  5C(D) if  

a n d  o n ly  if  l im su p  lA n p /"  <  1. I n  th is  case , D  fails sp e c tra l sy n th e s is  i f  a n d  on ly  if  

th e re  e x is ts  a  n o n - tr iv ia l sequence  o f  com p lex  n u m b e rs  {w „} for w h ich  th e  m om en t 

co n d itio n  0 =  i«nA* h o ld s fo r a ll к  >  0  w here  h e re  lim s u p  <  1.

I t  m a y  b e  te m p tin g  to  believe  in  th is  case  th a t  a d d in g  p o in ts  to  th is  lis t  o f 

e igenvalues p ro d u ces a n o th e r  d iagonal o p e ra to r  w hich  fails sp e c tra l sy n th e s is  (sim ply  

b y  m a k in g  th e ir  coefficients zero  in  th e  m o m e n t c o n d itio n ) . H ow ever, th is  requ ires  

m ov ing  th e  p o s it io n  o f  th e  ex is ting  e igenvalues {A„} a n d  th e  coefficients {tun } w hich 

in  t u r n  ty p ic a l ly  changes th e  values o f  b o th  lim s u p  |A „|1/n  a n d  lim s u p  խ ո !1/ ” . T h is  

poses difficulties even  w hen  sim p ly  re a rran g in g  th e  e igenvalues. F o r in s tan c e , suppose
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th a t  I? is  a  d iagonal o p e ra to r  on  W (D ) w hich fail sp c c tra l syn thesis. I t  follows from  

th e  resu lt d u e  to  Sibilev m entioned  above th a t  th e  eigenvalues {A,,} a re  unbounded  

(see p. 146 of [18] o r  [19]). In  view  of w hich, th e re  is som e rea rran g e m e n t { A ^ }  

o f  {A„} for w hich lim sup|A *(„)I1/ ”  =  oo. T h a t  is, th e re  does e x is t a  continuous 

lin e ar m a p  D  fo r w hich D (z n )  =  Ai(n)2n  for a ll i  >  0. E ven  if  sucli a  rea rrangem en t 

y ie lds a  new  d iagonal o p e ra to r  D  on  IK (D ) hav ing  e igenvalues {A*(n )} , i t  need n o t 

b e  th e  case th a t  D  fails sp e c tra l syn thesis  (see, fo r exam ple , E x am p le  4 .3  on p. 58 

o f  [21]). I t  is know n, how ever, th a t  add ing  o r  de le ting  a n y  f in ite  lis t o f  e igenvalues 

o f  a  non -syn the tic  d iagonal o p e ra to r  on  IK(D ) p ro d u ces a  new  d iagonal o p e ra to r 

on  9£(D ) failing  syn thesis  (see, fo r exam ple , [19]), b u t  th a t  a d d in g  a  cou n tab le  lis t 

o f  e igenvalues to  a n  o p e ra to r  a d m ittin g  syn thesis  m ay  p ro d u ce  a n  o p e ra to r  failing 

syn thesis. F o r  exam ple , th e  d iagonal o p e ra to r  on  5£ (D ) hav ing  eigenvalues { n 1/ 3} 

fails sp e ctra l syn thesis  w hile  th e  d iagonal o p e ra to r  on  5 t( D )  h av ing  eigenvalues {n} 

a d m its  sp e c tra l syn thesis  (see T h eo rem  3.1 o f  [19]). T h e  e x te n t to  w hich  rea rrang ing , 

add ing , o r  de le tin g  eigenvalues effects th e  syn thesis  o r  non-syn thesis  o f  a  d iagonal 

op e ra to r  is exp lored  in  [21].

S. M. SEUBERT
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A b stra c t. Let L =  - Д  +  V  be a  Schrtdinger operator, where Д  is the Laplacian 
operator on R", and V  is a  nonnegative potential belonging to certain reverse 
HSlder class. In this paper, we establish some weighted norm inequalities for 
area functions related to  Schrfidinger operators and their commutators.

M SC 2010 n u m b e rs : 42B25, 42B20.
K eyw ords: Area function; Schrodinger operator; weighted norm inequality,

l .  In t r o d u c t io n

In this paper, we consider the  Schrodinger differential operator on Rn  (n >  3):

L  =  -  Д  +  Ѵ (г),

where Д  is the  Laplacian operator on R n, and V  is a  nonnegative potential belonging 

to  certain reverse Holder class.

A nonnegative locally L 4 integrable function V (x)  on Rn is said to  belong to the 

class Bq (1 <  q <  oo) if there exists a  constant С  > 0 such th a t the reverse Holder 

inequality

( 1 1 )  [ d ^ \ L r m T  Վ ^ Խ )

holds for every i e R "  and 0 <  r  <  oo, where B (x , r) denotes the  ball centered at 

X and radius r. In  particular, if У  is a  nonnegative polynomial, then V  6  В ж. I t  is 

worth to  point o ut th a t if V  6  B q for some q >  1, then there exist e >  0, depending 

only n, and a  constant С  (as in (1.1)) such th a t V  6 B q+t. Throughout էհե paper, 
we always assume th a t O ^ V e  B n/ 2.

• °The research was supported by the NNSF (11771023) and (11571289) of China.
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WEIGHTED NORM INEQUALITIES FOR AREA FUNCTIONS ..

The study of the Schrodinger operator L  =  - Л  +  V  has recently attracted  much 

attention (see [1, 2, 5, 6 ,12 ,15], and references therein). In particular, in Shen [12] it 

was proved th a t the Schrodinger type operators: Ѵ ( -Д  +  V )֊ 1V, Ѵ ( -Д  +  V )֊1^a, 

(—Д  +  V )֊1/2V  with V  €  B„, and ( - Д  +  V )*7 with 7  6  R  and V  €  B„/2, are 

standard Calderdn-Zygmund operators.

Recently, Bongioanni et al. (see [1]) proved the 2^(R n)( l  <  p <  00) boundedness 

for commutators of Riesz transforms associated with Schrodinger operators with 

BM O {p) functions (which include the class B M O  functions), and then, in [2], they 

established the weighted boundedness of Riesz transforms, fractional integrals and 

Littlewood-Paley functions associated with Schrodinger operator with weights from 

the class A £, which includes the class of Muckenhoupt weights. Very recently, in 

[13, 14], one of the authors of this paper has established weighted norm inequalities 

for some Schrodinger type operators, which include commutators of Riesz transforms, 

fractional integrals, and Littlewood-Paley functions related to  Schrodinger operators 

(see also [3, 4]).

In  this paper, we continue our research to  study weighted norm inequalities for 

area functions related to  Schrodinger operators and their commutators. To sta te  the 

m ain result of th is paper, we first introduce some definitions. The area function S q  

related to Schrodinger operators is defined by

/ 0 0  \ l ! 2

where

« W ) W = < S ( § |  / ) ( * ) ,  T .  =  e - L , (* ,է )€ 1 !1 +1 =  (0 ,օօ )«]Տ "

The commutator of S q  with b €  B M O (p) is defined by

Й00 \
№ ( « * )  ֊  b( ) ) / ) ( y ) |3 d- у Щ  .

The following two theorems are the  main results o f this paper.

T h e o re m  1.1. Let 1 <  p  <  00. I f  w £ A ՞  (to be defined in Section 2), then there 

exists a constant С  such that

l |S o ( /)b (u ,)  < 0 1 1 /1 1 ^ ) .
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I f  ա Շ A ՞,  then there exists a constant С  >  0 such that for any A >  0

w U x  e  R" : |5q (/}(x )| >  A}) <  ֊  Լ

The next theorem contains weighted norm inequalities for the  commutator S q^ .

T h eo rem  1.2. Let b 6 BM O (p) (to be defined in Section 2) and 1 <  p <  oo. I f  

w e  A pv, then there exists a constant С  such that

||SQ,b(/)||f,p(U) ^  ^ 11ь11вмо(р)11/ 11̂ (ы)- 

/ / w e  A h  then there exists a constant С  > 0 such that for any A >  0

Ц { *  6 R” : | а д я ( * і |  >  А » <  С  Լ  +  log+ Ц * ) * .

The rest of the paper is organized as follows. In Section 2, we introduce some 

notation and s ta te  some basic results. In Section 3, we establish a  number of lemmas, 

which play a  crucial role in էհե paper. Finally, in Section 4 , we prove our main 

results - Theorems 1.1 and 1.2.

Throughout the paper, we let С  to  denote constants th a t are independent of the 

main parameters involved, but whose value may vary from line to  line. The notation 

A  ~  В  means th a t there exists a constant С  > 1  such th a t 1 /C  < А /В  < C.

2. P r e l im in a r ie s

We first recall some notation. Given a  ball В  = B (x ,r )  and a  number A >  0, 

by A В  we will denote the А-dilated ball, which is the ball with the same center x  

and with radius Ar. Similarly, by Q(x, r) we will denote the cube centered a t x  with 

the side length r , and AQ (x ,r) := Q (x,Xr) (here and below only cubes with sides 

parallel to the coordinate axes are considered). Given a  Lebesgue measurable set E  

and a  weight w, by |£ |  we denote the  Lebesgue measure of E  and ш(Е) :=  JE udx. 

For 0 <  p <  oo, by 1?կձ) we denote the  I^-weighted space w ith norm ||/ ||լ* („ ) :=

( / , .  l / M I M v ) * ) 1* .

The function m v(x )  is defined by

Obviously, 0 <  m y (x )  < oo if V  փ  0. In particular, we have т у[х ) =  1 for V  =  1 

and m v[x )  ~  (1 + 1®|) for V  =  | i | 2.
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L em m a 2.1. (see [12]). There exist constants lo > 0 and Co >  1 such that

Լ  (1 + խ - ѵ Ітѵ М Г1" < < Со (1 + I* -  » |т „М ),"/“"+Ч ■
In  particular, m y{x )  ~  m v[y ) i f  \ x ~ v \ <  С /т у (х ) .

For a  ball В  =  B (xo ,r)  with center a t  xo and radius r  and a  number Ѳ >  0, we 

denote Фe(B) =  (1 +  r/p(xo))°.

A weight will always mean a  nonnegative locally integrable function. As in [2], we 

say th a t a  weight и  belongs to the class A ՞՝6  (1 <  p <  oo), if there is a  constant С  

such th a t for all ba lk  В  = B (x , r ),

( й / ; ( , № ) ( й / : ' і і м ) ’  s c - 

Also, we say th a t a  nonnegative function ш satisfies the A^'B condition if there exists 

a  constant С  such th a t for all balls B,

M y(u )(x )  < Cw(x), o.e. X 6  R” ,

where

Since Фe(S ) >  1, we obviously have A v с  A ՞՝6 for 1 <  p  <  oo, where Ap  denotes the 

class of classical Muckenhoupt weights (see [7] and [9]). Note th a t in some cases we 

have the embedding Ap CC AQe for 1 <  p  <  oo. Indeed, let Ѳ >  0 and  0 <  7  <  Ѳ, 

then it is easy to  check th a t ы(х)  =  (1 +  | ւ | ) ՜ (ո+7) g  А ж :=  A p and u (x )d x  is 

not a  doubling measure, b u t ш(х) =  (1 +  | i | ) ֊(n+7  ̂ G A p{ e provided th a t V  =  1 and 

Фв№ о , г ) )  =  (1 +  г )9.

Also, we rem ark th a t in the above definitions of A £՛6 (p >  1) and М у,в, the balk 

can be replaced by cubes because Фв(В ) <  Фе(2В ) < 2вФe(B ). For V  =  0 and 

6 =  0, instead of Mo,of{x) we use the notation M f( x ) ,  which is th e  classical Hardy- 

Littlewood maximal function. I t  is easy to  see th a t |/(® )| <  M y f{ x )  < M f( x )  for 

a.e. i e R "  and Ѳ >  0. For convenience, in the rest of this paper, for a  fixed Ѳ >  0, 

instead of Фe(B )  and A ?՝8 we use the notation Ф(B )  and A£, respectively.

The next lemma follows from the definition of the class A?  (1 <  p  <  00).

L em m a  2.2. Let 1 <  p  <  00. Then the following assertions hold.

(i)  / / I < P 1 < P 2 <  00, then A^x c A ^ .
(ii) ш G j4£ i f  and only i f u ՜ ՝ ^  6  A w h e r e  1 /p  +  1 / j /  =  1 .
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In [1], Bongioanni e t al. have introduced a  new space BM O{p) defined by 

Ա Խ « օ ա  -  » P  5 Щ Д  Լ  m  ֊  f t l *  <  °°.

where f B =  щ  f B f W v ,  ф (в ) = (1 +  r /p (z Q))e, В  =  B (x 0,r ) ,  and 0 >  0.
In particular, in [1] it was proved the following result for the space BM O(p).

Lem m a 2.3. Let Ѳ >  0 and 1 <  а <  oo. I fb  e  BM O (p), then

for all В  =  B [x ,r) with i € R n and r  >  0, where Ѳ' =  (/0 + 1 )0 .

Obviously, the classical B M O  is properly embedded into BM O (p). More examples 

can be found in [1].

Applying Lemma 2.3, one of the the authors of this paper proved the following 
John-Nirenberg type inequality for space BM O (p)  (see [13]).

P ro p o s itio n  2.1. Let f  € BM O (p). There exist positive constants 7  and С  such 

that

ІІЛ ІитомМ Д)№ ) ՜ /д|)  *  s
where f B =  щ  f B f(v )dy , Фe<(B) =  (1+ r/p (x 0))e',  В  =  B (x 0,r ) ,  and Ѳ' =  (Г0+ 1)0.

We remark tha t in the above definitions of A ՞,  BM O (p)  and M y ,  the  baUs can 
be replaced by cubes.

We also will need the dyadic maximal operator M y vf( x )  and the dyadic sharp 

maximal operator М |ч/ ( x), which for 0 <  r? <  00 are defined by the following 
formulas:

< П г ) « w Z  - 4  е д М  Լ № ) l  *
and

where <%0s denotes the dyadic cube Q(x0,r )  and / q  =  ^  f Q f(x )d x .

The following versions of dyadic maximal and dyadic sharp ma-rima! operators:

< „ / ( * )  =  < , (  I / I W * )
44

L. TANG, J. WANG, H. ZHU



and

will be the main tools in our scheme.

In [13], one of the the authors of this paper proved the following results.

T h eo rem  2.1. Let 0 <  p, rj, S <  oo and ա 6 Д » .  There exists a positive constant 

С  such that

f  М ^ П х ) - ш(х )Л х < С  [  ^ ( . ) 4 > ) * .
•/R" JR"

Further, let <p : (0, oo) -> (0, oo) be a doubling function, then there exists a positive 

constant С  such that

supy>(A)<j({x e  R" : m £  f ( x )  > A}) <  Csup<p(A)w({a: €  R" : AfJ f{ x )  > A}) 
д>0 A>o '

fo r  any smooth function f  fo r which the left hand-hand side is finite.

P ro p o s itio n  2.2. Let 1 <  p  <  oo and ա e  A £. I f p  < p \  <  oo, then

Լ ո \Mv f(x ) \p'u (x )d x  < գ Լ ո \f(x )\p'u (x )d x .

Further, let 1 <  p  <  oo, then ա 6 A% i f  and only i f

u ({ z  e  R ” : M y /(x )  > Л »  <  ^  J  l / M I M * ) * -

From Proposition 2.2 it follows th a t M y  may be unbounded on Ս՚Լա) for all w €  A? 

and 1 <  p <  oo. We will need a  variant of maximal operator My,n (0 < rj < oo) defined 

as follows:

М ѵ М - Т в ш т і Ш ]іу-
T h eo rem  2.2. Let 1 <  p  <  oo and j /  =  p / (p — 1), and let ы 6 Then there exists 

a constant С  >  0 such that

І |М ѵ у Л І „ м < С | | / Ь . м .

Finally, we recall some basic definitions and facts about Orlicz spaces, referring to 

[11] for a  complete account.

A function B[t) : [0, oo) -*  [0, oo) is called a  Young’s function if it is continuous, 

convex, increasing and satisfies Ф(0) =  0 and В  -> oo as t  oo. For a  Young’s 

function B , we define the S-average of a  function f  over a  cube Q  by means of the 

following Luxemberg norm:

ն Լ Վ Գ ) * * ՝ } -
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If A, В  and 67 are Young’s functions such that

<: C r ‘(i).

whore A ՜1 is tho Young’s complementary function associated with A, then wo have

\ \ fg \\c ,n  <  2 | | / І к я І Ы І в ,я -

The examples to be considered in our study will be A ~ ։ (t) =  log(l +  t), =

t/log(e  +  i)  and C ~l (t) =  t. Then A(t)  ~  e1 and B (t)  ~  ilog(e + 1), whifch give the 

generalized Holder’s inequality:

i ^ j  Լ  \fa \ d y  <  І І / Ік я ІЫ І в .д -

For these examples, if ծ 6 BM O (p)  and bQ denotes its 5-average over the cube Q, 

in view of Proposition 2.1, we get

II(ծ -  ծ(յ)/Փօ'(<2)||«*/.,օ <  С\\Ъ\\вмо(р),

where Ѳ1 =  (1 +  Іо)Ѳ.

Ateo, we define the corresponding maximal functions:

M Bf{ x ) =  sup ||/||a ,Q

and

M v,b №  =  sup Ф Ю Г Ѵ іа д -  
Q-.xeQ

3. S o m e  l em m a s

In this section, we establish some estimates, which will play a crucial role in 

the proofs of the main results of էհե paper. We first introduce some notation and 

definitions. We define the space В  =  L 2 (R ”+1 ,d yd t/tn) to  be the set of measurable 

functions а : R ” +1 -> С  endowed the norm |а |в  =  ( /R-.+i |a(j/, t)|2 dyd l/tn ) ^ 2 <  oc. 

By M (Rn) we denote the set of measurable functions а : R "  -> C, and by M (R n, B) 

we denote the set of Bochner-measurable functions h : R n -4 B . The space ̂ ( R " ,  B) 

is defined to  be the set of functions h  G M (R ", B) endowed the finite norm:

IM U p(R ",b) =  IM *)Ib < b j

We define aQ{f)(x ) =  ( / “  |Q t/(a:)|2f  ) 1/S. I t  is known th a t ||« ց (/) ||շ  =  ^ | | / | | շ  (see 
Lemma 4.1 of [6]).
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Let ip <  1 be a  nonnegative infinitely differentiable function on R +  such tha t 

ip(s) =  1 for 0 <  8 < 1 and <p(s) =  0 for a >  2. Then the function f t { x ,y )  :=  

satisfies

(3.1) | » ( , . , )  ֊  * (Հ » > 1  < ( ա Խ <|ւ- ք ' 1 ' ֊ 1,'} ) ,

for \x  -  y| >  2\x -  X՛ |.

Now we consider an operator S : M (R ") -* M (R n , B ) defined as follows:

(3.2) S J (x ) -  { s ,„ , , / ( * ) » і ' 'Ѵ ( * ,ѵ ) < г , /ы } (вil)eR. „ , 

which has an associated kernel given by

(3.3) /?(*, *) -  {<l /V i(*.lj)Q l(lf, г )} (1) .

We first recall some properties of the function Qt.

Lem m a 3.1. (see [6]J There exist positive constants с and So <  1 such that fo r every 

I > 0 there is a constant Ci so that the following inequalities hold:

(*> Ш і ' # ) І £ С , г " ( 1 + ^ + ф )

(Ь) Ю ,( і + л ,» ) - 0 , ( * ,» ) 1 < с , ( М )  схр

fo r all |/i| <  t;

3.2 . Let K {x ,z )  and Sq be as above, then for any I > 0  we have

Ci 1
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(3.4) \K [x ,z )  |B <
(1 +  \x — z\(p(x )՜ 1 +  р(г)՜1))1 \x  -  y\n ՝

(3 '5)
f e r ) - ^ , z ) | B <  *  l * - « l >

(3.6)

№ , * ) - « - ( * , * >  <  (! +  ! , _ 2| W l j - 1 + „ (* )-,))!  ' _  Z| „ U . и  N-*1 >  a f*—■'I-

Proof. We adapt the  arguments applied in the  proof of Theorem 4.1 of [8]. W ithout 

loss of generality, we can assume th a t p(z) < |x  -  z\. We first prove the inequality 
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(3.4). By Lemma 3.1(a), for any N , l>  0 we can write

I« . . . ж

+  ! » - « ! f t r " W  < V я  . . .
* Լ Լ - 4 Դ * * ' \  *” /  '-p w J  ^

S  С  /  Г  з д т (1 +  I» ֊  » І / Г "  ք 4 ; ) ՜ “  щJAl UA3UA3J\x-y\/2 t *a+‘  \ P W j

:=  Л  +  Л  +  Ja,

where the sets j4i, ճ շ  and Ճ3, constituting a  partition of R " , are given by

ճ յ  =  {1/ €  R n 

Л2 =  {у 6  R ” 

Лз =  {у 6 R ”

խ - * |  > 2|* —*|>, 

a l® -* l <  I» -  z \ Հ  2\x  -  *!}• 
Iv -  *1 < si* -  A)-

For у  e  A u  we have |*  -  z\ <  | | у  -  z | <  | i  -  y| <  2 |y -  z |, and hence

1/1 G f\x-v\>\x-x\ I \x -v  I/a t3” * 1 0 (*) )

г)2< /  173

< _ 0  r i i z i i v ”
խ -  z |8n Լ p[z) J

For у  e  A2, we have |տ -  y\ < 3 | i  -  z\ and \ x - z \ ~ \ y -  z\,

Г (  /-3|x -* l 1 Л N /  t  \ ~ 2< r°° 1 /  # \ ՜ 21 \

*  ‘“ J " "
:=  Ja» +  ձ » .

For 7շ0, we have

-  I* -  * r  V .K 3 I . - .1 1 *  ֊
<  £ ___f l i z f l V

I* -  *lfc \  (>(») /

in which we take n  < N  - 1 <  fn ,  and for J u ,  we get

I -  O ^ M "1 /  j  ,  С
| « - * | 1*+” / . - , | < з | , - , |  ՜  խ - 4 ի  (. p(z) )

Thus, from the above inequalities i t  follows tha t

С  ( \ x ֊ z \ \  
| i ֊ i f  l, p(z) )
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Finally, for у e  A 3 , we have \ y - z \ < \ \ x - z \  and |x  -  z\ ~  \x  ֊  y\, and hence

C p [z )  f  
-  I* - , | 3 n «

\x -  z |2n Լ p(z) J  

From the above inequalities and Lemma 2.3, we obtain the inequality (3.4).

l b  prove the inequality (3.5), let us consider \x -  z\ >  2\x — ®'|, denote a = 

m in { |a :-y |, Ix '-y l} ,  and define В  =  {y  : \ x - y \  >  2 |x -a r / |}. Then, by Lemma3.1(b) 
and the inequality (3.1), we can write

. I * (» ,* )  -  յ ? ( Հ ; ) | |  =  Լ յ ™  I Ո խ , , )  -

^  r ,  f  Ր \ * ~  A 2 t2N (  t  \  ~ 31

s  C J * L  ( i + 1»  -  « в 1"  ա յ  м i td y

+ c X X > ‘j "+ i « + i » - * i ) a" Խ )  d td y ~ i + n -

For у  e  B ,  we have |x ՜ -  y\ >  |z  -  y |/2 , and hence о >  |*  -  y |/2 . Denoting B i =  

В  Ո {у : |տ -  у \  >  |х  -  z |/2} , we get

I  <  C \x ֊  « Г  Լ  (3п+1+> ( ( + | ‘ _  z|)1„  dtdy

Г roo լ  flN  /  շ  \  ֊21

+ C |*  "  ̂  A v f t  L ,  I / .  ( * + 1»  -  *!)”  ա )
:= /і + /շ.

For у G Տ յ, we have

- r f 1* ՜ * 1՝! | ւ ՜ է ' | յ

For у б В \ 5 i ,  we have |y -  z | ~  |® -  z |, and hence

r roo 1  -2ІѴ /  £ \  - 2/
+ C |z  -  z f  dtdy  ;=
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S  C | * - , p <  Jb \B i { i - M <  S 5 T & R 3 I  * )  “ 

[  <<»>* d„ 
J I* -  *1"  У |.֊ , |< |. - . |Л  N  -  » !* ■ « -’' ' '+ *  a j  

"  l » - * f

s 4 p < « W  I .

where n  + 1  <  W - 1 <  ‘

Խ <С\х-Аг !  Г
JB\BI, J |x ֊ j |

p W ” d td y

- < > - « | » * w ՛  l . - , i a , - . u , dv  

< c ( b : - ’ \ Y *  I * ֊ « 'I 1 
s c b w ~ J  f

t Л » - « І Ѵ
'  I  p w  J

I g - jg T
I x - z l * » r

Тэ estim ate I I ,  we notice th a t if у €  B°, then \x ' -  y| <  3|ж -  x '\, and hence

И  i ( f  f  + /  /  )  Հ « ւ + ւ  , ,  . Г  |Vu ,  M y  :ш  Л і + J f t .
V /Sc ^ |х ֊ѵ |/2  ^ |s '- v l< 3 |* - x '| J \ x ' - v \ l 2 j  ^  +  (* +  ІУ -  z l) w

Since the above two integrals are similar, we estim ate only I J i ,  th e  estim ate for 1 կ

can be obtained similarly.

We consider the set (B c) i  =  B °  Ո { у  : \x -  y\ > \x  -  z |/2 } , and notice th a t for

у  6 (B c)i ,  we have | ւ  -  y\ ~  \x -  z \  and \ y - z \ <  2 \x  -  z \ ,  and for у  6  B c \  (B c)u

we have |a: -  z \  ~  \y -  z | and  |x  -  j/| <  |® — z |/2 . Thus, we can write

I h  < C  [  Г  - g g ^ d t d y C  [  Г ՝*  ' 1 _ P W 1 _
1 J І.-Ѵ І/3 Уд»\(В»)і J ІХ-ѴІ/. ֊  . .  ______ те я  3 ' \ ( B 'h  J ІХ-УІ/2 *3n+1+"  I» ֊  *1™

+  [  [  ж У +21 :=  I h a  +  I h b  +  I I lc -
J\x-z\

Then, for I l ia  we have

o f
J{B 'h

d td y

I h a  < C \ x - y \ 3  n+2l“V

՝C p(*F  [  dV
I* -  г !2” * 1* 11 խ -  s |» -i

.................." ՛  l » - » T
\x  -  z |2n+2'
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For /Л ь , we take N  =  n  + 1 ,  to obtain

7 / l  < c f  Г  _ ճ £ 2 _ _ ք +1
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■ W h  A — vl/1 Г " ՞ " ֊  11/ -  յ |> * «  
C p j z f  f  1 .

/ i— i r ՛ 1 I * - * f  
I  p W  /  I* - 2

S C l - 7 - T - |  2 |a„+2

For / / и ,  since \x  -  z\ > 2\x  -  y |, we have

p(«)“I h c  < C

\ x -  I 7!3
| i - z |an+a-

Combining the above inequalities and using Lemma 2.1, we get the inequality (3.5).

Now we proceed to  prove the inequality (3.6). l b  էհե end, we consider \ x - z \ >

2\x  -  x '| and define E  =  {y  : \ y - z \ > \ x - z \ / 2 ) .  Note th a t Qt (x, y) =  Qt (y, x ), and 

hence we can apply Lemma 3.1(b) to  obtain

|jf (* , * ) - * ( « ,  *011  =  « ) - * < * ,  ̂ ' ֊ i d y

- i f  i l e t f o r i - e .O » ',» ) ! 1* *
J R "  J \y - z \/2  t  +

< c \ x  -  « f  Լ  j  i5J i L 5r  ( t + i , * - , ! ) »  **>

<  օ խ  -  ժ ք >  Լ  + ! ‘ _  ( | ) „  didV

+ c \x  -  *-1»  Լ  Լ _ ^  j J ’. + L *  ( ( + | ^ ѵ|)1»  < **  

:=  I l h  +  Я /շ .

For I I I i ,  we then have

Ш ,  <  с | . - ^ / д  b _  f f i w *  i  g ^ ) ՜ "

If  у €  i?c, then |y -  z | <  | i  -  z |/2  <  |® -  y | <  2 |s  -  z |, and hence
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For І І І 2П and I I I аь, we have the following estimates:

, , ,  [  Г  ____ рЖ ____ „
֊ ° խ ֊ . r  V

< 0

[  />(*)“  
4 - . | < | - . | / >  Ik -  * r +“ " - ” '+11 “ 

I » - * ! »
I  />W  /

jx -

z |2n+2io ՛

(we take d + S o < N  — 1<  (3 n  +  2<5o)/2)i and

1 1 Խ  <  C |*  -  * '!” • Լ  Լ  ' է p j f X r t d

p ( z ) ^ J i j - x ^ “ Г dy < C  ___________
I* — z|3-+M0+« Լ - ։ \ < խ-։Ա 2 ” ՜  \  /**) J  -I*  ֊  *|2n+Me ՛

Combining the above inequalities, we get the inequality (3.6). □

L em m a 3.3. Let 0 < p,t] < oo and let и  € ճ £ ,, ійеп 4Ле following inequalities hold:

J  _ |S tf ) (* )6 " M *  s  c  Լ  ІМѵл /С *)ІМ *)«ь

supApw({* G R n : |<S'(/)(x)|b >  A}) <  CsupApw({z £  R n : Mv,vf ( x )  > A}),
A>0 A>0
Proof. By Pubini’s theorem and the property of 8q f ,  we have 

\ \ \ S ( f ) \ B h < C \ M f ) h < C \ \ f h .

By Lemma 3.2 and the theory of vector valued singular integrals the result will be 

proved by showing th a t the kernel К  of 5  is a  standard vector valued СаИегбп- 

Zygmund kernel, and so |5 |b  is bounded on Lp(R n)( l  <  p  <  oo) and of weak type

(1,1). In  view o f the inequality |/ ( x ) | <  M ^vf{ x )  a.e x  €  R ” , and Theorem 2.1, to 

prove the lemma, we need only to show tha t for any 0 <  t; <  oo and 0 <  6 < 17/ ( 77+ 1) 

the following inequality holds:

(3.7) < „ (№ )Ib )M  < С М ѵ М Ш
We fix X €  R n and assume tha t x  €  Q  =  Q (xo,r) (dyadic cube). Decompose /  =  

f i  +  Խ  where f \  =  fx Q  with Q  =  Q (x, 8\/nr). To prove the inequality (3.7), we 

consider the  following two possible cases: r  < p[xo) and r  >  p(xo).

C ase Is  r  <  p(xo). Let Cq =  |S ( /) ( io ) |b -  Since 0 <  S <  1, we can write

[ щ і  ւ Խ ա ձ - օ հ ւ * ) ' 1 1  <  ( ] щ /  и э д м і в - і а д ы і в і ' ^ ) 1' ՞

< С ( —  Լ  № № & * ) 1/1+ ՚ռ ( —  Լ I щ ь т  -  а д м і і  іу) 11 ֊  I +п .
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l b  estimate the term I, we recall tha t |S ( / ) |b  is of weak type (1,1), and note tha t 

p(x) ~  p(xo) for any X €  Q  and Փ(<3) ~  1. Hence we can apply Kolmogorov’s 
inequality (see [10]), to obtain

(3.8) I  < щ і т ы ^ - < щ І в і т ы у < с м ѵ , „ п х ) .

To estimate the term  П, we let Qk =  Q(xo, 2fc+1r )  and a  =  rj+ 1. Then, taking I > Ѳа 

and using (3.5), we obtain

WEIGHTED NORM INEQUALITIES FOR AREA FUNCTIONS ...

п  <ЩІ  |9 № № )֊5 (А )(« )|в4  

/  I*jl J g JR"\<3

!| J q J іхо-ші

тո[ I I \К(у,ш) -  K (x0,u)\B\f(w)\duidy

'J n \  /  |£ (y ,w ) -  K(xu,oj)\B \f{u)\dwdy
IWl Jq  J | x0—ш|>2г

. C_ “
: IQIШ \К (у,ш )  -  K (x 0 ,w)\B\f{w )\dudzdy

T<|*o-w|<a*+,r

“  շ -kSa r

S  §  ( l  +  2* rm „ ( io ) № M1'')"  Լ  l m d U

(3-9) -  с ‘ §  (1 +  2Ч р Ы ) 1- " '  У +  2 V r t» » " * I O » l  Լ І / М |А '

<  С, , ( / ) ( * )  <  С,М Ѵ,„(/)(» ).
fc=l

C ase 2: г  >  p(zo). In  this case, noting th a t ctj :=  ij/ 6  >  т/ + 1 ,  we get

ч i /6 Ր  f  л г ~  \ x>&

с
^ փ ( Չ ) “ » \ 

= : հ + 1 հ .

For հ ,  similar to  I ,  we have th e  following estimate

(3 ,0 )  ' l S 4 i l t o ^

- а д ж а д Ш У д
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As for I I I ,  taking I =  ауѲ +  1, and using (3.5) and Lemma 2.1, we get

I h  < Sr, [  |^ (/з )(і/) |в  dy <  ]7 S f  [  .  \К (у ,и )\в \/(ш )\(Ш у
\Q\ J q  №1 J q  М ”\<і

Հ  i S i  f  [  \K(y,oj)\B \f(u )\dudy
\Q\ j Q t ^ J V r ^ x o - v W + 'r

(З.И ) £  Cl £  (1 +  2‘ г/р(зд))‘ і е д  Լ  № ) | л "

s  0  £  ( 1 + л м » г * *  (1 +  Ѵ т /р  (* » ))* " ՛ l<W  L  |/*М |А '

<  с ,  f ;  2- ‘ Мѵ,, ( / ) (* )  <  С і М ѵ М Ш  
fc=l

EVom (3.8)֊(3.11), we get (3.7). Lemma 3.3 is proved. □

L em m a 3 .4 . Let b €  B M O (p) and (l0 +  1) <  т/ <  oo, and let 0 <  26 <  e <  1. Then 

fo r any f  €  Co°(Rn) and the following inequality holds:

(3.12)

< , ( 1[‘ .®1Л в )(* )< С ||Ы |г м о м « „ ( | а д | в ) М + М 1 ,Ч 1 у , , ( Я Н ) ,> .е .  . 6 Г ,

Proof Observe first th a t for any constant A we have

(ծ, S] f(x )  =  (b(x) -  A )5(/)(x) -  5((ծ  -  A)/)(* ).

As above, we fix x  6  R n and assume th a t x e Q  =  Q (x  0, r)  (dyadic cube). Decompose 

f  =  f i  +  h ,  where Д  =  f x B  with Q =  Q (x, Ъу/пг).

To prove the inequality (3.12), again we consider the  following two possible cases: 
r  <  p(x0) and r  >  p(xo).

C ase 1: г  <  p(x0). We first fix A =  b$, the  average of b on Q. Since 0 <  S <  1, we 
then can write

( m l 1 і ^ м і в н а д - а д л м ^ ѵ ) 1' '

՜ ( ա Լ ll[4՛ ̂ / ( ,) | в  ՜ 5 (( ‘  ՜ Հ )

^ ( щ / я К В Д - а д г / м ы * * ) ՚  + c ( i 5 f ^ i « № ֊ W K » ) i B < i » ) ‘/f

+ с  ( й і  Լ  ™ ՜ Ь<>Ш(,) ՜ Տ ա ե ՜  ьо ) ^ М \ в  * ) - ■  Г + I I + I I I .
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Then for any 1 <  7  <  e/5, note th a t p(x) ~  p(xq )  for any x  €  Q and 9(Q )  ~  1. 

Hence, by Lemma 2.3, for the term  I  we obtain the estimate

(3.13) '  ^ C ( й i / a l а д - І « l‘У * ) 7 / ' ( ш / 0 * M ' в * ) ' ,

< с | | » Ь « о и < , ( | 5 / Ы І в ) М ,  

where 1/ 7 '  +  1/7  =  1.

To estim ate the term I I ,  we recall tha t |S |b  is of weak type (1,1), and note tha t 

p(x)  ~  p(x0) for any X  €  Q  and Ф(ф) ~  1. Hence, by Kolmogorov’s inequality and 

Proposition 2.1, we get

" і т & і і а д - ы м і в і и * . -
(3.14) С Ц

~ \ Q \ 1 q  ^  ՜ d y  -  C M L lo& Lv.rif(.x )-

For the term  I I I ,  we le t i>Qfc =  bQ^ 0i2*+xr) and Ѳ1 =  (lQ +  1)0. Then, in  view of 

Lemmas 2.1 and 3.2, we can write

(3.15)

՜ ա Լ Լ  ui>2r|* ( , , ս) ՜ -  W M i 'M /

s  a  £  ( і + а 4 м > «  L | i M  ՜ b / > i m d u
»  2-W o

Տ « ճ ( 1 +  շ ^ ( 10)) .-(№ ).'

х ( і  +  2‘ гМ зд))< ’> « > « 'Ш  Լ  W u) ՜  6° - | № ) 14 '

і £ ; ( 1 + 2‘ г /м * о ) ) '- ' ' !,’м і

*  ( 1 + Ѵ г / М а У Г М ц ы  |b«  ՜  ‘ в *1 Լ

< C , Z 2 ~kSo\\b\\BMO(p)MnogL,v,T,(f)(x) +  Ci\\b\\BMO{p)Mv,v( f ) ( x )  k2~kSo
fc=l fc= 1

<  C'i||b||BAfO(p)ML iogL,V,I, ( / ) ( l ) ,

where / =  (т)+2)Ѳ'։ and in the  last inequality we have used the following inequalities:

M v ,„ ( /) (* )  <  M LlosL։V։V( f) (x )  and 16(3 ֊  bQk\ <  <7(1 + Чкг / р Ы ) в\\Ъ\\вм о{р).
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1

C ase 2: r  >  p(x0). Since 0 <  26 < e <  1, we have о =  ч /б  and e/ 6  > 2. Hence, 

e can write

L. TANG, J. WANG, H. ZHU

i f f C i s / , 1” ™ 6 * ) ' "

՞ ա ? { ա Լ |(ад  ՜  b9) S m  ՜  *((ь ՜  W ) W b  * )

ճօա Հ ա է ^ - ^ ՜ տ ( ա 4 Լ

+ 0 ա Հ ա 1/ Աէ՜կ ) ա Վ 1

+ c ~  ( j ֊ j  Լ  №  -  Ь ц Ш Ш і  * )  ■  Л + Ѣ  +  В Д .

Then noting th a t l0 + 1  <  Պ for any 2 <  7  <  e/6 , by Lemma 2.3 we obtain the 

following estimate for Iy.

1 / 1  Г , Հ 1/ ^ )

(3-16) Фв,(О) (  1 г ֊  л \Ѵ

х а д ^ ( а д ш / 0 | з д ( ! '> |= ' і!' )

< о і 4 і і « » о и < , ( і а д ы ( * ) ,

where 1 /У  +  1/7  =  1.

Tb estimate Л і ,  we recall tha t |5 |b  is of weak type (1 ,1 ), and use Kolmogorov’s 

inequality and Proposition 2.1, to  obtain

<  C M n ogL<V'Vf ( x ) .



Finally, to estimate 1 1 Լ , we let bqk =  6д(ІІь2к+іг) and Ѳ' = (Iq +  1)0. Then, we use

Lemmas 2.1 and 3.2 w ith l =  (r] + 2)0' + 1, to obtain

(3.18)

/ л і щ У  д а - а д ш ь *

« г а / /  І ^ ( » . " ) І в І ( б Н - Ь в ) / М І ^ і ,
I<31 J q  J k ՝՝\Q

/  D  [  № « ) | | ( Ь ( « )  -  bQ )f(u)\dudy
Iv l j Q t t J v r < \ x a-u,\<2k+՝T
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S Q £ ( T T e l 1' 1- 1֊ 1* * '

S  ^  ( 1 +  2*/А>(®о))‘- <’ +а>*'

*  (1 Հ ՜  Խ ՝ աԱ)1<Խ 

+ a ^ ' ( i  +  2‘ r  / рЫ У - ^ *

<  О, Ё 2- » | |Н м г а м ^ і к . ь ѵ л (Я (» ) +  С іІІЧ Ів м ои «ѵ ,, ( / ) ( * )  £ > 2՜ լ
*= i fc=i

<  СіШ\вМО{р)Мь\ое L,V,V(f)(x ).

from  (3.13)-(3.18), we get (3.12). Lemma 3.4 is proved. □

Finally, we recall the following results proved in [13,14].

L em m a 3.5. Let 0 <  rj <  oo and be locally integrable. Then there exist

positive constants C \ and Շշ independent o f f  and x  such that

C}Mv,vM v,ri+if{x) < Л/ լ  log ь,ѵ;тн-і/(з) ^  C iM viTI/ 2M v։V/ 2f{x ).

L em m a 3.6. Let 2 < r\ < oo, ա £  A { and B {t) =  ilog(e + 1). Then there exists a 

constant С  >  0 such that fo r a l l t> 0

(3.19) u ( { * €  R "  : M b ,v.,1{i ) > t } ) < c j  В  u ( i ) * .

Proof. Let К  be any compact subset in {3 6 R "  : M nogL tV։V( f) (x )  >  A}). For 

any X e  K , by a  standard covering lemma, i t  is possible to  choose cubes Q i , ■ • • ,  <?„, 

with pairwise disjoint interiors such th a t К  С U j l i  3Qj and ||/IUiogL,v.Q* > 
j  =  1, • ■ ■ ,m .  This implies

а д ;о г№1 < Լ  ( i + i ° s + ( ^ ) )  * •
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Prom the last inequality we obtain

( .1ՂՈ Л s  n to ( n . \ . i tn , \  -  ПМІПЛ*10, 1—

implying (3.19).

4. P ro o p  o f  m ain r e s u l t s  

Proof o f Theorem 1.1. We first notice tha t

(4.1) S q U ) ( x )  <  С |5 (/)(ж )|в  for every x  e  R n.

□

(4.1)

Thus, the desired results follow from (4.1), Lemmas 3.2, Theorem 2.2 and Proposition

Using arguments similar to  those applied in [10], the inequality (4.2), Lemmas 

3.3-3.6, Proposition 2.1, and Theorems 1.1, 2.1 and 2.2, we can obtain the desired

R em ark . I t  can be shown th a t the analogs of Theorems 1.1 and 1.2 hold for spaces
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О Н Е П Р Е Р Ы В Н Ы Х  С Е Л Е К Ц И Я Х  М Н О Г О З Н А Ч Н Ы Х
О Т О Б Р А Ж Е Н И Й  С  П О Ч Т И  В Ы П У К Л Ы М И  ЗН А Ч Е Н И Я М И

Р. А. ХАЧАТРЯН

Еревански/է государственный университет
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Аннотация. Доказало, что через каждую точку график» непрерывного 
многозначного отображения с почти выпуклыми и звездными значениями 
проходит непрерывная селекция этого отображения.

M SC 2010 nu m b er: 26Е25; 49J52; 46J05.

К л ю ч ев ы е слова: многозначное отображение; звездное множество; почти вы­
пуклость; селектор.

1. В в е д е н и е

Одним из важных проблем в теории многозначных отображений является во­

прос существования однозначных аппроксимаций и  селекций с определенными 

свойствами. Вопрос о существовании селекций, обладающих некоторыми топо­

логическими свойствами весьма интересен и находит разнообразные приложения 

во многих областях математики. Задача о существовании неп р ер ы вн ы х  селек­

ций мультиотображения, восходящая к классической теореме Э. Майкла (см. 

[15]) получила в дальнейшем широкое развитие и нашла многочисленные при­

ложения в теории дифференциальных включениях, управляемых системах и в 

общей топологии (см. [1,4]). Теорема Майкла утверждает, что всякое полунепре­

рывное снизу отображение с в ы п у к л ы м и  значениями допускает непрерывную 

селекцию.

В работах [1, 16] приведены примеры, иллюстрирующие важность условия 

выпуклости мпогозпачіюго отображения. А в статье [9] (пример 1(A)) постро­

ен пример непрерывного отображения со звездн ы м и  значениями, недопуска­

ющий ни одного непрерывного селектора. Тем не менее, существование непре­

рывных селекций может быть доказано и для некоторых классов отображений с

“Исследование выполнено при подержке ГКН МОН РА в рамках совместного научного про­
екта NYSU-SPU-16/1 финансируемым международным конкурсом ТКН МОН РА-ЕГУ-ЮФУ 
РФ-2016.
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невыпуклыми значениями. Так например в статье [9] рассмотрен некоторый под­

класс (отображения с звездноподобными или п ар ал ы п у кл ы м и  значениями ) 

непрерывных многозначных отображений со звездными значениями, допускаю­

щие непрерывные селекции (см. теорему 1 из [9]). В общем невыпуклом случае 

в статье [10] к  каждому замкнутому множеству М  ставят в соответсвие неко­

торую функцию Л : R+ R+ невыпуклости множества М . Доказапо(см. [10|, 

теорема 5.1), что если а полунепрерывное снизу отображение, функции выпукло­

сти значений которого строго меньше некоторой монотоішо неубывающей 

функции а  : (0, оо) —► [0,1), то а  имеет непрерывную однозначную селекцию. Од­

нако, определение функции h  имеет описательный характер и  довольно сложно 

построить эту функцию для каждого замкнутого множества М.

Отметим также, что в статьях [11,12] методом касательных конусов выделя­

ются дифференцируемые или дифференцируемые по направлениям л о каль н ы е 

селекции от многозначных отображений как с выпуклыми так и невыпуклыми 

значениями.

В настоящей статье рассматривается вопрос существования непрерывных се­

лекций для нового класса многозначных отображений с. иевыпуклыми значени­

ями, точнее отображениями с  п очти  в ы п у к л ы м и  значениями. Понятие почти 

выпуклости введено в  работах [7, 8]. Потребность изучения таких множеств воз­

никла в теории дифференциальных игр [5].

2. Н е к о т о р ы е  о б о з н а ч е н и я  и о п р е д е л е н и я

Пусть X — метрическое а  У -  банахово пространства. В дальнейшем В г [ а ) -  за ­

мкнутый шар с центром а радиуса г; М  С У -  замкнутое множество a  diam (M )- 

диаметр множества М , со п ѵ {М }-  выпуклая оболочка множества М . Положим

Р гм (х) =  { у 6  М /\\х  ֊  շ/ll =  աք \\х -  z\\ =  d(x, М )}.

Напомним определения многозначного отображения и селектора. Пусть 2У со­

вокупность всех непустых подмножеств из У, а Е -  подмножество пространства 

X .

Отображение а : Е  — ► 2У называется многозначным отображением. Непре­

рывное однозначное отображение у  : Е  — > Y  называется непрерывной селекцией 

(непрерывным селектором) отображения а, если у (х )  6  а ( і ) ,  х  е  Е.
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Отображений a : E  — > 2y называется полунепрерывным снизу n хц 6  E, если 

дли любого е >  0 существует такое 6 > 0, что

Ф о )  Я и(х ) +  ^е(О), Ѵх € Е  Ո B s(xо).

Отображение я  : Е  — > 2У называется полунепрерывным сверху н х 0 € Е , если 

для любого £■ >  0 существует такое 6 >  0, что

а(х) С а(а:о) +  B t (0) Ѵ х б Е П  Bg(xo). *

Если отображение полунепрерывно снизу и сверху в хо, то оно называется непре­

рывным в этой точке (см. [1], определение 1.2.43 непрерывности в смысле Хау- 

едорфа). Множество

graphfc) =  {(х ,у )  € Е  х R m, у  е  а(х)}.

называется графиком отображения а.

О пределение 2.1. (см. [3]J. Пусть М  С Y .  Полооким

М ° = { х е  М  : Л® +  (1 ֊  А)у 6 М, Ѵу 6 М , А € [0,1]}.

Подмножество М °  С М  называется ядром звеадности множества М . Ес­

ли М ° Ф 0. то множество М  называется звездным. Нетрудно показать, что 

М ° -  выпуклое множество. Очевидно, что если М -  выпуклое множество, то 

М  =  М °.

О пределение 2.2. (см. [7]). Множество М  С Y  удовлетворяет условию по­

чти выпуклости с константой Ѳ > 0 , если для любых

Xj e M ,X j>  0 , j  6 J,

где J -  конечное множество индексов, таких, что Y . je j  выполняется

5 3  Ai*i e M  +  0f3231(O)>

где г  =  maxi,ie j  ||*4 - 1 ,  ||.

Если нет необходимости уточнять константу Ѳ, то будем просто говорить, что 

множество М  почти выпукло. Заметим, что если Ѳ =  0, то М -  выпуклое мно­

жество. Класс почти выпуклых множеств достаточно широк.
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3. П р и м е р ы

П р и м ер  3.1. Множество М  =  {а, 6} состоящих из двух точек почти выпукло. 

Действительно, имеем

т.е. в этом случае константу почти выпуклости Ѳ можно выбрать 1/(2 ||о  -  ծ||).

П р и м ер  3.2. Дуга на окружности является почти выпуклым множеством. 

Это непосредственно следует из достаточного условия почти выпуклости, докаг 

занного в [8], Теорема 2. Найдем константу почти выпуклости. Предположим, 

что дуга М  меньше полуокружности и множество Q =  {£ւ,£շ, ...,£*} находит­

ся на этой дуге. Пусть А  = х \ ,В  =  Xk,d  =  iliam(Q) =  А В . Тогда как видно 

из-рисупка 1 множество conv{Q} находится па а-окрсстпостп множества М , где 

а  =  CD. Имеем

Очевидно, что этому неравенству удовлетворяют числа 0 > 1 /4Л. Если дуга 

больше полуокружности, то она почти выпукла по теореме 3 из [8] с некоторой 

константой I?. Тогда, как видно го рисунка 1, если Q  =  {а,Ь}, то множество 

conv{Q] находится в 0- окрестности дуги, где 0  =  խ ֊  ծ(|/2. Таким образом

сопѵ{а, Ь ) С М +  1_  ||а  ֊  6 |№ (0 ) ,

Теперь число Ѳ выберем из неравенства D C  <  Ѳ(Р, т.е.

В -  2 |[а -Ь |Г
1

Значит, если Ца -  ծ|| -*  0, то Ѳ -у  оо.

гь

Рис. 1 
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П рим ер  3.3. Окружность M  с радиусом R  является почти выпуклым множе­

ством с константой Ѳ > 1/(V3R). Действительно, пусть множество Q =  {х1։ц ,  ...,хк) 

С М . Рассмотрим две случаи. Если 0 փ conv{Q}. Это означает, что множество 

находится в некоторой полуокружности. Тогда из примера 3.2 следует включение

(3.1) conv{Q} С М +  ^ ( d i a m { Q ) f  В л(0).

Если 0 £  intQ . Тогда в convQ  существует некоторый остроугольный треуголь­

ник, содержащий внутри себя центр окружности 0. Значит, окружность описана 

к  этому треугольнику. Следовательно, длина некоторой стороны треугольника 

больше или равно ЛѴЗ. Отсюда

diam(Q) > \/3 R.

Очевидно, что множество Q  находится в R-окрестности мпожества М . Теперь 

выберем число Ѳ из условия

(3.2) В  <  e[diam(Q))3.

Это неравество имеет место, если Ѳ >  1/(л/ЗД). Если точка О  находится на гра­

нице множества conv{Q}, то diam(Q) =  2R. Тогда неравенство (2) выполняется, 

если Ѳ >  1/4Д. В общем случае, имея ввиду и включение(І), имеем

conv{Q) С М  +

Отсюда М -  почти выпуклое множество с константой 1 /(\/ЗЯ ).

Приведем пример множества, являющегося почти выпуклым и звездным, но 

не выпуклым.

П ри м ер  3.4. Окрашенная область М  на рис.2 с замкнутой границей A C B D A  

является звездным множеством. Покажем, что оно почти выпукло. Выберем чис­

ло Ѳ > 0 из условия

D E  =  R - J  № - '£ ■ < ։ £ ,  1-m d  =  A B .
V 4

Это неравенство очевидным образом выполняется, если положим 0 =  — . Нетруд­

но заметить также, что область М  является почти выпуклым множеством с кон­

стантой Ѳ. Заметим, что если D O  =  Д  -> оо, то 9 -+ 0, а область A C D B A  

превращается в треугольник АС В.
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Р и с . 2. Множество почти выпуклое и звездное 

4. С в о й с т в а  п о ч т и  в ы п у к л ы х  м н о ж е с т в

П р ед л о ж е іш е  4.1. ([8], Теорема 3). Пусть эамнутое множ ество M C E ?  удо­

влетворяет условию почти выпуклости с константой Ѳ > 0. Если е <  1 /(166), 

то отображение х  — У Р гщ (х) однозначно на множестве М  +  Д .(0) и

-  P r w (a:2)|| <  2||տւ -  ®շ||.

Следует отметить, что если М — выпукло и  замкнуто, то любая точка из 

R " имеет единственную проекцию на М  и  оператор проектирования Р гм  удо­

влетворяет условию Липшица с постоянной 1.

Зам еч ан и е  4 .1 . Ф. Кларк и другие [14] определили понятие п р о к с и м а л ь ­

н о  глад кого  м н о ж е с т ва  как множества, функция расстояния до которого 

от некоторой точки пространства непрерывно дифференцируема в некоторой 

окрестности этого множества, за исключением самого множества. В  той 

же работе показано (см. теорема Հ.11 [14]j, ч т о  в гильбертовых простран­

ствах условие проксимальной гладкости множества эквивалентно тому, что 

метрическая проекция на это множество любой точки из достаточно малой 

окрестности множества существует, единственна и непрерывно зависит от 

проекцируемой точки. Затем в статье [13] доказан аналогичный результат в 

некоторых равномерно выпуклых и гладких банаховых пространствах. Из пред­

лож ения 4-1 непосредственно следует, что если М  С Дп и  почти выпукло, то 

оно и  проксимально гладко.
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Таким образом, о пространстве Rn почти выпуклые множества составляют 

некоторый подкласс в семействе проксимально гладких множесгл.

П р е д л о ж е н и е  4 .2 . Если М  С  Я 1* -  замкнутое, звездное и  почти выпуклое 

множество, то для достаточно малых е > 0 мнооісестоо М  +  £ е(0) также 

звездно и почти выпукло.

Доказательство. Если замкнутое множество М -  почти выпукло с константой 

Ѳ, то известно (см. [8J, Теорема 3, Следствие 3) что, если е  <  1/(100), то мно­

жество М  +  Д-(О) является почти выпуклым с константой W. Нструдпо также 

показать, что (М ° +  Вс(0)) С (М  +  Ве(0))°. Значит, М — звездное множество. □

Т еорем а 4.1. Пусть непрерывное многозначное отображение а : [а. 6] — > 2я " 

с почти выпуклыми значениями и  с константой Ѳ. Тогда через любую пипку  

его графика проходит непрерывная селекция этого отображения.

Доказательство. Поскольку отображспис а  пспрсрьгопо по Хаусдорфу па от­

резке [о, 6, ] то оно равномерно непрерывно н а этом отрезке. Это значит, что для 

любого £ >  0 найдется число S >  0 такое, что при разбиении отрезка на частич­

ные сегменты [®і_і,®і], длины которых меньше 6 колебание отображения а  на 

каждом таком частичном сегменте будет меньше е. Выберем е <  1/(160). Тогда 

а(х{֊і) 6  а(х) +  В е(0) х  €  [®<-і,®<].

Пусть уЕ €  а(х0). Положим у0(х)  =  Р г ф )М  (® €  [®0і®і])- Поскольку, согласно 

предложению 4.1, проекция точки уо на множество а(х) единственно и отобра­

жение а  непрерывно, то непрерывным будет и отображение уо (см. [2], глава 3, 

п.5, лемма 3, стр. 344). Выберем точку уо(®і) и спроектируем ее на множество 

а(®) (х  е  [®і, ®շ].) Положим у і(х )  =  Р га(х)Уо(хі). Оно такж е будет непрерывным 

отображение по вышеуказанным причинам.

Продолжая аналогично, мы построим непрерывное отображение у(х), опреде­

ленное на целом отрезке [а, Ь] такое, что

у (х ) =  у{(х), (® 6  [®і—1 , ®J, t  =  1 ,2 ,. .. ,ո.)

Теорема 4.1 доказана. □

З ам еч ан и е  4 .2 . Отображение у , построенное в  теореме Հ.1 зависит так­

же от начальной точки Щ. Используя предложение 4-1 легко заметить, что 

отображение у  удовлетворяет условию Липшица относительно переменной уа
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равномерно по т. Следовательно, отображение у непрерывно по совокупности 

переменных [х,уо).

Существует пример непрерывного многозначного отображения и : Я? — ► Я2 с 

почти выпуклыми и компактными значениями, который не допускает ни одного 

непрерывного селектора.

П р и м ер  4.1. Пусть

а(х) =  S i \  % ц ( р ) ,  а(0) =  S i.

В [1]( пример 1.4.6., стр. 58) доказано, что отображение о является непрерыв­

ным и по допускает непрерывного селектора. Заметим еще, что отображение а 

с почти выпуклыми значениями. Действительно, так как множество а (ж )- дуга 

на единичной окружности S i, то как отмечено выше в примере 3.3 оно почти 

выпукла. Причем если дуга а(х ) меньше полуокружности, то она почти выпук­

ла с постоянной 0 =  1/4. Если д уга а(х) больше полуокружности, то она почти 

выпукла с некоторой константой Ѳ. А единичная окружность S \  почти выпукла 

с константой 1 /ѵ/3.

б. О с н о в н ы е  р е з у л ь т а т ы

Пусть а : Е  -у  2й" -  многозначное отображение. Определим отображение 

oq по правилу: oq(x ) =  (a (i))°  Var 6  Е . Очевидно, что многозначное отображение 

а0 : Е  -» 2я "  имеет выпуклые зпачепия.

Т еорем а 5.1. Пусть Е -  компактов подмножество метрического простран­

ства X  а а : Е  —► 2й '" — непрерывное многозначное отображение с компакт­

ными, звездными и почти выпуклыми значениями. Предположим также, кон­

станты Ѳ(х) почти выпуклости множеств о(а:), х  €  Е  удовлетворяют усло­

вию:

sup Ѳ(х) =  т? <  оо.
хеЕ

Пусть (хо,уо) е  graph(a). Тогда существует непрерывная селекция у отобра­

ж ения а, проходящая через точку (®о>Ѵй)> т.е.

у[хо) =  I/о, Ѵ(х) € а(х) V* С Е.

Доказательство основано на утверждениях следующих лемм.
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Л ем м а 6.1. Пусть X ֊  метрическое, a Y -  банахово пространства, а : X  

2Ѵ-  u  b : X  -* 2У~  многозначные отобраакепия со звездными и компактными 

значениями. Пусть отобраакения и, а0 и  b, Ьо непрерывны в точке х 0 и

(5.1) О С in t  (оо(хо) -  бо(жо))- 

Тогда отображение с(х) =  а (*)Л М *) непрерывно в х0.

Доказательство. Сначала докажем полунепрерыность снизу отображения с в 

точке х0. Поскольку полунепрерывное снизу отображение Г =  оо*֊ Ьо имеет 

выпуклые, замкнутые значения и справедливо включение (5.1), то существуют 

некоторое число т  >  0 и  окрестность Ս  точки хо, такие, что

(5.2) £ г (0) С Г(х) =  (оо(х) -  6о(х)) Ѵх € Ս.

Дейтвительно, так как отображение Г полунепрерывно в точке хо, то существуют 

число т  >  0 н окрестность Ս  точки хо такие, что

В2т(0 )С Г (х ) +  Вт (0).

Отсюда для произвольного непрерывного линейного функционала у ’ , || у * ||=  1 

имеем
шах < у* ,и > <  max < у * ,и > +  шах < у * ,и > .  

>ібВаг(о) иег(і) ueBr(O)
Отсюда

т.е. т  <  max^erf*) <  յ/*,ս >  . Отсюда, так как Г (х ) -  выпуклое замкнуіое мно­

жество в банаховом пространстве У, то

вт(0) с  г(»), Ѵх е и.

Далее, так как многозначное отображение b полунепрерывно сверху в окрестно­

сти U, то оно ограничено на этой окресности, т.е. существует ограниченое мно­

жество G, такое, что Ь(х) С G, Ѵх е  U. Пусть diam(G) -  D . Пусть е >  0 и  такое, 

что е  <  2£).Положим а  =  те/(2D -  е) и выберем г  >  0 настолько малым, что 

а  <  е/2. Поскольку а  и 6 являются полунепрерывными снизу отображениями в 

хо, то можно найти такую окрестность U  С U  точки хо, что

а(х0) С а(х) +  В а/ 2(0), Ь(хо) С Ь(х) +  В а/2(0), х  6  U.

Пусть точка х  €  U. Тогда для любого у  е  с(хо) существует вектор ух G Ь(х) 

такой, что

(5.3) ух  €  а(х) +  Во (0) и  ||у -  ух \\ <  а.



Положим 0 = т /(а + т) <  1. Умножим включение (5.3) на Ѳ и  замечая, что 

Ѳа =  (1 -  Ѳ)т, получим

(5.4) Ѳух  € Ѳа(х) +  ѲаВі(0) =  Ѳа(х) +  (1 -  Ѳ)тВі(0).

Умножим включение (5.2) на (1 -  Ѳ), получим

(1 -  Ѳ)тВг(0) С (1 -  Ѳ)ао(х) -  (1 -  Ѳ)Ь0(х).

Отсюда и из (5.4) получим, что существует вектор շ/ €  bo(x) такой, что

(5.5) Ѳух + ( 1 - Ѳ ) у 'е  а{х)

С другой стороны, так как ух  6  Ь(х) п у* €  Ьо(х), то

(5.6) у  =  Ѳуг +  (1-Ѳ )т / Gb{x).

Из соотношений (5.5) и (5.6) следует, что у  Е с(х). Проверим, что ||у - у | |  <  е. 

Действительно,

II» -  #11 <  II# -  №  +  (1 -  «)#')ІІ - 1 1 % + ( 1  ֊  в)в -  Ո,  ֊  (1 -  « У  II <

< >\\ѵ -  #.11 + (1 -  411# -  Л  £  “+ S Ф +տ1շ  =Е-
Таким образом с ( і0) £  с(х) +  В е(0) Ѵж е  Ս. Это означает, что отображение с по­

лунепрерывно снизу в xq. Аналогично доказывается полунепрерывность сверху 

отображения с. □

П р и м ер  5.1. Пусть дли каждого t  £  [0,1/2] множество a{t) ест ь область с з а ­

мкнутой границой O A D B C O  на рис.З. Тогда оо(*)- треугольник ODC. Положим 

b(t) =  {(жі.жз) 6  [0,1] X [0,1]/х2 =  t x  1 } , t  6  R . Легко заметить, что отображения 

о и  Ь со звездными значениями непрерывны, но их пересечение аГ \Ь  разрыв­

но в точке է =  1/2. Это связано с тем, что здесь условие (5.1) леммы 5.1 не 

выполняется в  точке ( - 1 / 2 .

Приведем пример непрерывного многозначного отображения о такое, что отоб­

ражение оо не является непрерывным.

П р и м ер  5.2. Пусть область на рис. 4 с границей O A F D H O -  множество 

a(t), t  G [1/2,1]. Оно является звездным множеством а  его ядро ao(t)- множество 

с границей O F E H O . При է =  1 множеством значений отображения ао является 

квадрат О А Е Н . Очевидно, что многозначное отображение а : [1/2,1] — ► 2Л 

непрерывно во всех точках отрезка [1/2,1], но отображение ао терпит разрыв в

О НЕПРЕРЫВНЫХ СЕЛЕКЦИЯХ МНОГОЗНАЧНЫХ ОТОБРАЖЕНИЙ ...
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Р и с . 3. Пересечение непрерывных отображений со звездными значениями

точке 1. Отметим также, что значения а(<), і  е  [1/2,1) отображении а  не яв­

ляются почти выпуклыми, поскольку любая точка на биссектрисе угла Հ A F D  

имеет две проекции на множество a  (է), что противоречит предложению 4.1.

В общем случае имеет место следующий результат о непрерывности отобра­

жения ао.

П р ед л о ж ен и е  5.1. Пусть Е  С  X ֊  компактное подмножество метрического 

пространства X ,  Y -  банахово пространство; отображение а : Е  2У со 

звездными компактными значениями непрерывно. Тогда внутренность точек, 

где Оо не непрерывно, пуста.

Доказательство. Сначала покажем, что отображение ао : Е  -»  2Л”‘ полунепре­

рывно сверху. Пусть х п -> х 0, у„ €  ао(хп) ,у п  -> у0. Покажем, что у0 € ао(х). 

Пусть zq 6  а(.то). Так как а  является полунепрерывным снизу отображением, то 

существует последовательность г„ 6  а(х„) такая, что z,, -»  zo. С другой стороны, 

поскольку уп в  flo(®n)i то для любого А е  [0,1] имеем 

Azn +  ( 1 -  А)уп  е  а (з„ ).

Отсюда следует, что Аго +  (1 -  Х)уо €  а(жо)- Это означает, чт о уо е  оо(®о). Итак, 

отображепие ао имеет замкпутый график. Теперь согласпо теореме 10 [6] (гл. 1, 

п.1, стр.118) внутренность множества точек, где ао не непрерывно, пуста. □

К ак  иллюстрацию этого утверждения можно рассматривать пример 5.2, где 

отображение ао определено на отрезке [1/2,1] и оно разрывно только в  точке 

է =  1. Однако, если значения непрерывного отображения а являются звездными 

и почти выпуклыми множествами, то отображепие ао будет непрерывным. А 

именно, верна следующая лемма.
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Р и с .  4. Отображение а  - непрерывно, а  отображение со не непрерывно

Л е м м а  5 .2 . Пусть Е  С X — компактное подмножество метрического про­

странства X ;  отобраоісение а : Е  —> 2д т  непрерывно. П уст ь далее множ е­

ства  о(х )  компактны, звездны и  удовлетворяют условию выпуклости с неко­

торой константой Ѳ(х). Предположим, чт о для каж дого х  i n t  ао(х) փ  0 и  

t] =  supxeB Ѳ(х) <  оо. Тогда отображение ао непрерывно.

Доказательство. Полунепрерывносгь сверху' отображения «о доказана в  пред­

ложении 5.1. Покажем, что оно и  полунепрервно снизу. Пусть уо е  in t  ао(хо). 

Предположим, что существуют последовательность х* ->  xq  и  число S >  0 т а ­

кие, что d(yo,ao(xk)) >  6 для  достаточно больших к. Тогда можно считать, что 

В і(уо) С  Оо(хо), но д л я  больп тх  к  -Вд(уо) Ո  ®o(®fc) =  0- Т ак как отображение а 

точечно непрерывно (см. [1], теорема 1.38, стр. 45), то существует такая  окрст- 

ность Bg0(уо) С В і(уо ), что В{0(Уо) Я  ®(*fc) Для достаточно больших к. Отсюда, 

поскольку уо $  ao(xfc), то существует такая точ ка  ук €  a(sfc), которая не видна 

из точки շ/о, т.е. н а  отрезке [շ/о, շ/fc] существует точка Щ  փ a(xfc). По замкнутости 

множества а(х^) существует шар 14  с центром уй  и такой, что  Ѵи Ո  <*(®fc) =  0- 

Будем сдвигать этот ш ар от точки Щ к  у  к по отрезку [уо>2/*]. В силу компакт­

ности a(xfc) среди этих шаров существует такой шар Հ .  который касается мно­

ж ества a(xfc) только в одной точке z* G а(хк). Очевидно, что  касательная к  Vfc'  

в  точке 2^ гиперплоскость L/, сильно отделяет точку уо от множества ao(xfc). 

Пусть Н Хк -  полупространство, содержащее точку уц- Заметим, что по построе­

нию в этом полупространстве находится ш ар Vfc'.  Не наруш ая общности, можно
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считать, что z* -> zq 6  a (x 0). Так как отображение a  удовлетворяет условию 

выпуклости с определенной константой, то существует шар Ѵк фиксированною 

радиуса г  =  1 /8т), который такж е касается множества в г* и который находится 

в полупространстве Н3к. (см. лемму 2.7 из [7], теорему 1 ил [8]). Можно считать, 

что последовательность шаров Ѵк в метрике Хауедорфа сходится к  некоторому 

шару Ѵо радиуса г. Предельная гиперплоскость կ  касается ш ара ѴЬ в точке %>. 

Заметим, что если u  G in t  Ѵо, то существует число ео >  0 такое, что B tu(u) С  Ѵк 

для  достаточно больших к. Отсюда следует, что in t  Vq Ը  a (xо) =  *0- Заметим 

также, что в предельном замкнутом полупространстве находится шар Ѵ0 и 

точка уо- Значит, в ш аре B s(yо) существуют точки, которые не видны из г0. Но 

это невозможно, поскольку шар В і(у 0) целиком входит в ядро множества а(хо). 

Полученное противоречие и доказывает лемму 5.2. □

Л е м м а  5 .3 . Пусть Е  С X -  компактное подмножество метрического про­

странства X ;  а :  Е  -*  2Rm -  многозначное отображение с компактными звезд­

ными значениям и и  такое, что для любого х  in t ао[х) Ф I .  Предполож им так­

же, что отображения а и  ао непрерывны. Тогда для любого (хо,уо) €  gra f(a )  

существует непрерывное отображение у (х ) такое, что у (х )  G а(х)  Ѵг G Е  и 

у{хо) =  Уо-

Доказательство. Поскольку отображение ао полунепрерывно снизу, то суще­

ствует непрерывное отображение у(х )  такое, что y ( i )  G in ta ^ x )  V i G Я 71. Дей­

ствительно, поскольку отображение ао точечно непрерывно, то для любого у G 

in t  ao ( i)  существуют такие окрестности У  (у), Uv (x), что Ѵ(у) С  а0(х/) Ѵ.г' е  

Uy {x). Пусть Uv  =  U l6 E  Uy (x). Система открытых множеств {Uv}vey ,  (У  =  

U s e s  °օ(*)) образует открытое покрытие компактного множества Е . Пусть {UVj 

конечное подпокрытие этого покрытия. Рассмотрим {pVj} je J~  разбиение еди­

ницы, соотвествующее покрытию {UVj} j ^ j  и  определим непрерывное отобра­

жение у следующим образом: у (х ) =  Т , & Р уА х )Уу  Нетрудно проверить, что 

у(х)  G in to о(®), X G Е .  Рассмотрим отображение Ь следующим образом:

Ь(х) =  {у  : у =  Ау0 +  (1 -  А)у(г), A G [0,1]}.

Очевидно, что  оно полунепрерывно снизу и  д л я  любого х  имеем О G int(ao{x) -  

Ь(*)). Тогда согласно лемме 5.1 отображение с(х) =  a (x ) f )b (а:) полунепрерыв­

но снизу. Ясно также, что оно имеет выпуклые замкнутые значения. Значит,
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согласно теореме М айкла через точку (х0,уо) €  g ra f(c )  проходит непрерывная 

селекция у  этого отображении. □

Доказательство теоремы 5.1. Пусть е <  1/(16г/). Рассмотрим многозначное 

отображение а(х ) +  Ве(0). Оно по предложению 5.1 удовлетворяет всем предпо­

ложениям леммы 5.3. Поэтому через точку (хо,Уа) €  graph(a) проходит непре­

рывное одночначное отображение у  такое, что у (х )  е  а (х )+ В е[0), а: 6  Е . Т ак как 

у{х) е  а (х )  +  Ві/(івв(х))(0),а; €  Е , то согласно предложению 5.1 проекция у(х) 

точки у (х)  на множество а (х)  однозначно. П оскольку отображения а, у  непрерыв­

ны, то как уже отмечено выше, непрерывным будет и  отображение у . Очевидно, 

что отображение у  является искомым. □

Приведем достаточное условие о существовании непрерывных селекций мно­

гозначных отображений с почти выпуклыми значениями (без условия звездно- 

сти). Верна следующая теорема.

Т е о р е м а  5.2. Пусть Е  С  X — компактное подмножество метрического про­

странства X ;  отображение а :  Е  2 й"* непрерывно, причем для любого х €  Е  

множ ество а (х ) компактно и  удовлетворяет условию выпуклост и с констан­

т ой Ѳ(х). Д опуст им  такж е, что

(5.7) г/ =  sup Ѳ(х) <  оо, diam (a(x)) <  * . .
xeE Щ х )

Тогда через любую точку графика отобраясения п  проходит непрерывная селек­

ция  этого отображения.

Доказательство. Сначала предположим, что in t  օ (ւ) փ  0. Покажем, что отоб­

ражение а  точечно непрерывно. Пусть уо е  i n t  а(жо)- Тогда, в  силу полунепре- 

рьтности снизу отображения а  д ля  любого е > 0 можно вы брать окрестность U 

точки хо таким образом, что уо 4- Տշէ С  а(х) +  B r(0 ) ,х  G Ս. Отсю да следует, что

(5.8) Ю +  В , ( 0 ) с  Ո  (<■(!) + В , ( 0 ) - « ) .
« е в . (о)

Т ак как а[х) удовлетворяет условию выпуклости с константой Ѳ(х), то  по лемме 

2.11 [7](см. такж е [8], теорема 5) при е  < 1/16т) правая часть включения (5.8) 

равна а ( і ) .  Поэтому уо +  В е{0) С  а(*) V® 6  Ս. Покажем теперь, что существует 

такое непрерывное отображение у[х), что у (х )  6  а ( і )  +  (Л атп (о (і)))2Ѳ (і)5 1(0). 

Действительно, пусть и* е  in t  а(х). Тогда, в силу точечной непрерьшностн, су­

ществует такая окрестность U (x), что u* €  in t  а (х) 'Іх  е  Ua =  U (x).
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Семейство открытых окрстностей {Ux )azE  образует покрытие компактного 

множества . Пусть {UXj} je J  конечное покрытие этого покрытия. Рассмотрим 

{ p j} je J ~  разбиение единицы, соответствующее этому иок|)ытіио н определим 
непрерывное отображение у  следующим образом: у(х ) =  £ j €jp j( x ) i i j .  ІІусті> 

J ( i )  =  { j G J  : X G UXj}. Тогда, если x  G U (xj),  t o  Uj G a(x), поэтому имеем

V(x) =  Pj(x)Uj G a(x)  +  0( m a x  \\Uj -  щ Ц ^ІЗ^О )  С

С  n(x՛) +  0(x)(d iam (a(x)))2B i  (0).

Теперь, если e (x)(d iam (a(x)))a <  l/160 (x ), т.е. diam (a[x)) <  1 /40(х), то согласно 

предложению 4.1 существует единственная проекция у(х) точки у{х) на множе­

стве а(х). Так как отображение а  с компактными значениями непрерывно, то 

отображение у (х )  такж е будет непрерывным. Теперь рассмотрим общий случай. 

Положим Ь(х) =  а(х) +  В*(0), е <  1 / ( 1617). По предложению 4.2 множество Ь(х) 

почти выпукло с константой 40[х). Очевидно также, что diam [b(x)) =  diam a(x)+  

е. Теперь, согласно вышеуказанному, через любую точку его граф ика прохо­

дит непрерывная селекция этого отображения, если diam b(x) <  l/(4(4fl(x))) =  

1/160(х). Отсюда, если d iam a(x) <  1/160(х) — е <  1/4Ѳ(х), то существует непре­

рывное отображение у  такое, что у (х 0) =  у0, у (х )  G Ь(х)Ѵх G Е . Очевидно, что 

отображение у(х) =  Р га(х)ѴІх ) будет искомым. □

З а м е ч а н и е  5 .1 . Д л я  примера Հ.1 неравенство (5.7) теоремы 5.2 не выполня­

ется. Действительно, для единичной окруж ности S i имеем d iam (S i) -  2, Ѳ =  

1/>/3, поэтому неравенство d iam (S i)  <  1 /40 не имеет место. Неравенство 

suPxeF.S(x) <  00 такнее не имеет место, поскольку пример 3.2 показывает, 

что зирхевѲ(х) =  оо.

A b s tr a c t .  I t  is proved th a t through each point of th e  graph of a  continuous set­

valued mapping with almost convex and  star-like values can be passed a  continuous 
sclcction of th a t  mapping.
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A b stra c t. In this paper, we analyze the analytic Feynman integrals on the Wiener 
space. We define a new concept of analytic Feynman integral on the Wiener space, 

which is called the generalized analytic Рвуптап integral, to explain various physical 
circumstances. Furthermore, we evaluate the generalized analytic Fteynman integrals 
for several important classes of functionals. We also establish various properties of 

these generalized analytic Fbynman integrals. We conclude the paper by giving several 
applications involving the Cameron-Storvick theorem and quantum mechanics.
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K eyw ords: Schrodinger equation; diffusion equation; (non)harmonic oscillator; Feynman- 
Kac formula; Cameron-Storvick theorem.

Let (7o[0, T \ denote the  one-parameter W iener space, th a t is, the space of continuous 

real-valued functions x  on [0,T] w ith ®(0) =  0. Let M  denote the class of all Wiener 

measurable subsets o f Co[0,T], and let m  denote the Wiener measure. Observe that 

(Co[0,T],M ,m ) is a  complete measure space, and denote the Wiener integral of a 

Wiener integrable functional F  by

Feynman [5] has introduced an integral over a  space of paths, and used his integral in a 

formal way in his approach to quantum mechanics. Since then the notion of Feynman 

integral was developed and was applied in various theories. For the procedure of 

analytic continuation, to  define the analytic Feynman integral, we refer the reader
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to  [5], [121- [15], [18, 20]. Many mathem aticians have studied the analytic Feynman 

integrals of functionals in several classes of functionals (see, [1] ֊  [4], [6, 8, 10, 16,18, 

21, 22]). The differential equation

(1 .1 ) -  ѵ ы * м

is called a  diffusion equation with initial condition t/>(u, 0) =  <p{u), where Д  is the 

Laplacian and У  is an appropriate potential function. M any m athem aticians have 

considered the W iener integral of functionals of th e  form F{A ~ ix  +  u ), where к  is a  

real number. I t  is a  well-known fact th a t the  W iener integral of the  functional

(1 .2) c x p j- J  V (X ~ bx[t)  +  u)tftjy>(A ~ix(T) +  u)

gives solutions of the diffusion equation (1.1) by th e  Feynman-Kac formula. In  the 

case where tim e is replaced by imaginary time, this diffusion equation becomes the 

Schrodingcr equation:

(1.3) * =  *) +  у ( « Ж и > *)

with initial condition Հի(ս,0) =  v?(u). Hence, a  solution o f Schrodinger equation (1.3) 

is obtained via an  analytic Feynman integral. In  particu lar, the authors found the 

solutions of the diffusion equation (1.1) and  th e  Schrodinger equation (1.3) for the  

harmonic oscillator V [v )  =  շ ս 2 (for a  m ore detailed study see [8, 23]). On the other 

hand, i t  is n o t easy to  find the solutions of th e  diffusion equation ( 1 .1 ) and the 

Schrodinger equation (1.3) w ith respect to  nonharm onic oscillator.

In  th is paper we consider th e  following functional:

(1.4) ^ { ՜  S *  + а д )< “  j» > ( A - b ( r ) + а д ) ,

where h(t)  is a  continuous function on [0,T]. W hen h(t)  is a  constan t function, then 

the functional F  in  (1.4) reduces to  th a t o f in (1.2). T h a t is, our functioned (1.4) is 

more general than  th a t of in  (1.2). Therefore, the results and  formulas for functional

(1 .2) will be  special cases of the  results and formulas obtained in  th is paper for 

functional (1.4).

SOME FORMULAS FOR THE GENERALIZED ANALYTIC ...
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2. P r e l im in a r ie s  a n d  D e f in it io n s

A subset В  of Co[0, T \  is said to  be scale-invariant m easurable if pB  is M -measurable 

for all p  >  0, and a  scale-invariant measurable set N  is said to  be a scale-invariant 

null set if m (pN ) =  0 for all p >  0. A property th a t holds except on a  scale-invariant 

null set is said to  hold scale-invariant almost everywhere (s-a.e.) [11]. Throughout 

this paper we will assume th a t each functional F  : C7Q[0,T] -»  С  th a t we consider is 

scale-invariant measurable and th a t for each p  >  0

For V e  Լշ[0, Г] and x  €  Со[0,!Г], le t (u, x)  denote the Paley-Wicner-Zygmund (PWZ) 

stochastic integral. The following assertions hold:

(1) For each v  e  La[0,T], the PW Z stochastic integral (v ,x )  exists for a.e. x  e

(2) If  и €  Ьг[0,Т] is a  function o f bounded variation on [0,T], then (vyx )  is equal

(3) The PW Z stochastic integral (v , x)  has th e  expected linearity property.

(4) The PW Z stochastic integral (v, x)  is a  Gaussian process with mean 0 and 

variance ||«||շ.

For a  more detailed study of the P W Z stochastic integral see [7]- [10].

Now we define the analytic Feynman integral of functionals on W iener space.

D e f in itio n  2 .1 . L et С  denote the set o f complex numbers, C+ =  {A G С  : Де(А) >  0}, 

and let C + =  {A 6  С  : А փ  0 and Де(A) >  0}. Let F  : Co[0,T] —¥ С  be a measurable 

functional such that fo r  each A >  0 the Wiener integral

exists. I f  there exists a function J*(A) analytic in  C+ such that J*(A) =  J(A) fo r  all 

A >  0, then J*(A) is defined to be the analytic W iener integi-al o f F  over Cb[0,T] 

with parameter A, and fo r  A 6  C+ we write

L et q փ 0 be a real number and let F  be a functional such that J*(A) exists fo r  all 

A 6  C+. I f  the following lim it exists, we call it the analytic Feynman integral o f F

Cb[0,T].

to  th e  Riemann-Stieltjes integral J0T v (t)dx(t)  for s-a.e. x  €  Cq[0,T].
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with parameter q, and write

f  F [x)dm (x) = lim [  F (x)dm {x),
J c n[o,T\ A-*-<g Jcolo.T]

where A -> - i q  through ѵаіиез in  C+.

The following theorem  provides a  well-known integration formula which we will 

use several times in this paper.

T h e o re m  2 .1 . Let { q i, ■ • ■ , a n } be an orthonormal se t o f functions in  L 2, and let 

f  : R n —¥ €  be Borel measurable. Let |u| =  y /v f  +  ■ ■ +  ti£, and  let

F(i) = /((oi,i),-՛ • , (a,,*)) « f ( ( 3 ,x ) ) .

Then

[  F (x )d m (x )  =  f  f ( { S ,x ) )d m (x )
( 2 1 ) J Colo.T] J c 0[o,T]

in  the sense that i f  either side o f (2.1 ) exists, then both sides exist and the equality 

holds.

3. A n  a n a l o g u e  o f  t h e  a n a l y t ic  F e y n m a n  in t e g r a l  

Now we explain th e  im portance of the functionals given by equation (1.4). For a 

constant k, when the potential function is given by V^(u) =  | u 2, then  th e  equation

(1.1) is called a  diffusion equation for harmonic oscillator w ith potential V .  For f  G K, 

th e  function

Ѵ І (» ) з У («  +  0 = ֊ ( »  +  «)!

is the translation  of V , and so, the  equation (1.1) is called a  diffusion equation for 

harm onic oscillator w ith po ten tia l Vj.. However, for au  appropriate function h{t) on 

[О, Г], the  function

в д  =  ѵ ( « + М « ) )  =  ^ » + /.(«))*

m ight be a  nonharm onic oscillator.

E x a m p le  3 .1 . Let h(u) =  u 2 defined on [0,T]. Then 

V3(u) =  ^ ( u 2 +  2u3 + u*).
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In  th is case, the equation (1.1) is called a  diffusion equation for a  nonharrnonic

H. S. CHUNG, D. SKOUG, S. J. CHANG

th a t in certain physical circumstances the sta tus of the harmonic oscillator can be 

exchanged by the sta tu s of th e  nonharmonic oscillator, which can be explained by 

studying the Wiener integral of th e  functional given by (1.4).

E x a m p le  3 .2 . For 7  6 R  let h(u) = - u +  y /u 2 (y? -  7 2) defined on [0,7 | .  Then

b i th is case, the equation ( 1 .1 ) is called a  diffusion equation for double-well potential 

V4. Thus, the functionals considered in this paper are more useful in applications 

than the functionals considered in the earlier papers [1] -  [4], [6, 8, 10, 12, 23].

Now we are ready to  sta te  the  definition of a  generalized analytic Feynman integral.

D e fin itio n  3 .1 . Let h  €  Co[0, T] be given, and let F  : Cb[0,T] — > С  be such that 

the function space integral

exists fo r  all A >  0. / /  there exists a function  J*(A) analytic in  C + such that J*(A) =  

J(A) fo r all A >  0, then  J*(A) is defined to be the modified analytic function space 

integral o f F  over Cq[0, T] with parameter A, and fo r  A G C + we write

exists fo r  all A €  C+. I f  the following lim it exists, we call it a modified generalized 

analytic Feynman integral o f F  with parameter q and we write

oscillator with potential V3 because i t  contains the “ua 11 term. The above facts show

U tq  ^  0 be a real number and let F  be a functional such that the integral ^  F (x)d m (x )

where A approaches - i q  through values in  C + .

R e m a rk  3 .1 . If  h(t) =  0 on [0,T], then we can write
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and

f  F (x )d m (x ) =  [  F {x)dm (x). 
'c„[o,T] J c 0[o,T\

4. E x a m p l e s  in v o l v in g  g e n e r a l iz e d  a n a l y t ic  F e y n m a n  in t e g r a l s

In  th is section we establish the existence of the generalized analytic Feynman 

integrals for several classes o f functionals. Let M (Լշ[0, T]) be the class of all complex 

valued countably additive Borel m easures /  on іг [0 ,Т ] .

4.1. T h e  B a n a c h  a lg e b ra  S. Let S be th e  class of functionals o f th e  form:

for s-a.e. X G Cb[0,T] for some /  G М (Ь г[0 ,Т ]). One can show th a t S is a Banach 

algebra w ith norm

E x a m p le  4 .1 . Let h{t) =  քը z/,(s)ds  for some zj, 6  Լշ[0, T] and  le t F  G S be  given 

by equation (4.1). Then for all A >  0, we have

[  F (X ~ b x  +  h)dm (x)
JCo[0,T]

B ut the expression above can be extended to  th e  open right-hand plane A = p  — iq 

w ith p  >  0. Then le tting  p - t  0 we obtain th a t

(4 .1)

(4.2)



4.2. T h e  c la ss  Let be the class of all functionals o f th e  form:

F (x )  =  /« « i>  *)»••• > (« " .* »  =  / ( ( « .* » .

where f  €  L ^ R ” ) for all 1  <  p  <  oc and {aj., ••• ,a „ }  is an orthonormal set in

И o , n

E x a m p le  4 .2 . Let /і(і) =  / 0‘ zh(s)dn for some z/t €  Լշ[0 ,T] and let F  e  Then 

for all q e  R  -  {0}, the generalized analytic Feynman integral of F  exists*and is given 

by formula

(4.4) Լ  Д  F(x)dm (x) =  £ ( » <  -

Furthermore, we have

о д м * ) |  <  ( ֊ ) 5  Լ  \ m \ d c  <  ( ^ )  ’ п л .  <  + ~ .

4.3. T h e  c lass o f  F o u r ie r - ty p e  fu n c tio n a ls . Let S(R") be  the Schwartz space of 

infinitely differentiable functions / ( i t)  together w ith all their derivatives each of which 

decays a t  infinity faster than  any polynomial o f |u |֊1 . Let /  be th e  Fourier transform 

of /  £  S(R” ), th a t is,

(4.5)

where u  and Հ are  in  R” and Й • £ =  « ւ£ լ H-------h ԱոՀո-

Note th a t the Fourier transform  is ал isomorphism on the Schwartz space S(Rn). 

h i addition, A kf  and A kf  a re elements of S(Rn) for all fc =  1,2, — , where Д  denotes 

th e  Lapladan.

Next, following [9], we introduce th e  Fourier-type functionals. Let { a j , • • • , <*„} be 

an orthonorm al set o f functions in  L 2. Ebr /  e  S(Rn), we set

(4.6) A * J ( i )  .= (Д ‘ / ) ( ( а ,* ) ) ,  *  =  

and

(4.7) & F { x )  =  & f ( { S ,x ) ) ,  fc =  0 ,1 , • • • .

The functionals in (4.6) and  (4.7) are  called Fourier-type functionals defined on the 

W iener space Co [0,7].

H. S. CHUNG, D. SKOUG, S. J. CHANG _
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E x a m p le  4 .3 .  Let A k F  be as in  (4 .7 ), and  le t h(t) =  fg Z h (s)d s  for some z/, € 

Լ շխ ,T \.  Then it is n o t hard  to show th a t for all q փ  0, the generalized analytic 

Feynman integral o f A kF  exists and is given by th e  formula:

(4 -8) Լ  ^  A fcF ( * J A n ( * ) ^ ^  (Д */)({?) exp j -  +  Й7-(3 ,z h)2^d v

for each к  =  0, 1 , • • •, and hence

r°nՀ  - г г і ,  « . »I _ (  1  Հ ^

Mc 0[o,t ]

5 . P r o p e r t ie s  o f  g e n e r a l iz e d  a n a l y t ic  F e y n m a n  in t e g r a l s

SOME FORMULAS FOR THE GENERALIZED ANALYTIC ...

I / ” ' ;  д ‘ я * ) * > ( * ) |  <  ( ^ ) * Լ  і ( д * л м і< ® <  + 00.

T he following lemma is useful in establishing various relationships among generalized 

analytic Feynman integrals.

L e m m a  5.1. (1) (Translation theorem). Let F  be a W iener integrable functional, 

and let xo(t) =  քը zo(s)ds fo r  some zq 6  £ г[0 ,Т ]. Then

(5 .1) [  F ( x  +  x 0) d m ( x )  =  e x p ( - ^ | | z 0 | | i }  [  ,Р (а :)ех р { (2 о ,:с)}Л п (ж ).
J c 0[o,T) Հ Հ )  J c 0[o,T]

(2) (Fubini theorem for W iener integrals). Let F  be a W iener integrable functional

on  Co[0,T]. Then fo r  all non-zero real numbers p \ and թշ,

/  ( /  F (p iX i + p 2x 2)d m (x i)  )ձ ո ւ(ւ շ)
JCo[0,T]\JCo[0,T] J

(5 .2 ) =  /  F ( J r i  +  t i* ) d T n (x )
JCa[0,T\

=  (  F{pi.xi + p 2x 2 )dm {x2 ) )d m { x 1).
J  Co [0,T] \JCo[0,T] J

In  Theorem  5.1 below, we list several relationships in  a  table form at.

T h e o re m  5.1. Let F  be as in  Lem m a 5.1. Let h j( t)  =  քՀ Zj(s)ds fo r  some Zj € 

Z-շքՕ, T \ , j  =  1 ,2 ,3 , and let H q(x) =  F (x )  exp{( ֊ iq )  (23, x )} fo r  q €  ® -  {0}. Then 

fo r  all non-zero real numbers q\ and ցշ with  91 +  92 փ  0, we have the following 

relationships:

1. Commutative:
րոքՀ* /  fa n /ft  \  ranfqi f  \

/  ( /  F [x  +  y)dm [x ) ) dm [y) =  /  I /  F (x  +  y)dm (y) )dm {x).
JCn[0,T\ \jC a{0,T] J  JCo[0,T\ \J C o[0,T\ J



H. S. CHUNG, D. SKOUG, S. J. CHANG

1*2 /  Л 1 \  ° ՞ /  j , « 3
2 . Fubini theorem: ^ " [0̂  F (3:+ y )rfm (i)Jdm (y) =  / Co[0^  *• F(x)dm (z).

3. Translation theorem: /с ^ т ]  F (x)dm (x)  =  e x p j ^ l M l l J  f o o S l  н ч(х )<Ьп(х)-

4. Integration formula: f ^ ^ T j  Soo[o,T\ F (x  +  v)dm {x)dm {y) = 0.

P r o o f  o f  R e la tio n sh ip  1:

First, using the symmetric property, for all A, f) >  0, we have *

f  F (X ~ ix  +  p ~ b y  +  h \ +  հ շ ) Հ ա  X m )(x ,y )
JcS[o,T]

=  [  F (P ~by +  X ~ bx +  h2  +  h i) d ( m x m ) ( y ,x ) .
JC$[Q,T]

It  can be analytically continued in A and (3 for (A,/9), and so we have for all (A,/3) 6 

C+ X C+,

/ " ( I  F(x + y)dm{x)\dm(y) 
J c 0[o,T] \ J c 0[o,T] /

(5.3)
/•on" 1 /  гапЦ‘ \

=  (  /  F (x  +  y )d r ty ) )d n (x ) .
J c a[0,T)\JCo[0,T\ J

Next, le t E  be a  subset of C + x  C+ containing the point { - iq i ,  ֊ պ շ )  and be  such 

th a t (A, 0) €  E  implies th a t A ՛+  f) փ  0. Then the function

Щ \ Р )  =  [  * ( f  F (y  +  z)d m (y )]d m (z)
J  Co [o,T] \ J c 0[o,T] J

is continuous on E  and  is uniformly continuous on E  provided th a t  E  is compact. By

th e  continuity of %  and equation (5.3), the Relationship 1 follows.

P r o o f  o f  R e la t io n s h ip  2:

Using equation (5.2), i t  follows th a t for A >  0 and  թ >  0,

[  F {X ~ bx  + 0 ~ b y  +  h i  +  h 2) d ( m x m ) ( x ,y )
Jc%[o,T]

= [  F ( у /  A՜ 1 -I- +  h i +  հշ)ժա (է).
J c o[0,T]

This last expression is defined for A >  0 and /3 >  0. For /3 >  0 it can be  analytically 

continued in A €  C+. Also, for A >  0 it can be  analytically continued in  /3 e  C+. 

Therefore A 6  C+,/3 €  C+ implies th a t e  C+, and hence it can be analytically
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continued into € +  to  equal the  generalized analytic W iener integral:

(5.4) /  Ո * )* ո (* ) ,
JCa\Q,T]

where 7  =  j f g .  Next, note th a t for a ll qu  q2 G R  -  {0} w ith 91 +  q2 փ  0, if A -*  - iq \  

and  /9 -»  - i q 2, then  ֊> ~ * ^ է -  Now, using th is fact and equation (5.4), we can

f ”  ( f + y )d m (x )\d m (y )
JCo[0,T] \ J c a.b[o,T] )

ր Հ * *
=  lim lim /  F (z)d m (z)

ճ- i—iqi Jc„[0,T\
ր Հ 1+հ3

=  lim /  F (z)d m (z)
Jco{0,T)

/ • « " / »
/  F (z)dm {z),

JC0[0,T]Jc0[0,T)
which completes the  proof of Relationship 2.

P r o o f  o f  R e la t io n s h ip  3:

Using equation (5.1) w ith G \(x )  =  F (A ~ 4 i) (instead of F )  and  x 0(t) =  A4/i3(t), 

we can write

f F(A b x  +  h3 )dm {x) =  [ G \(x  +  x 0)dm (x)
j c 0[o,t] J c 0[o,T]

=  ® փ { - £ ||* 3 | |շ }  [  G A (i)exp{A i(z3,®)}
I  2 J JCa[0,T]

=  exp{֊^||z3||l} /  F(A֊ix)exp{Ai(z3l)}
I 2 J Jco[o,T)

=  exp*f—фікзіііі [ F(A"ii)exp{A(z3,A"ia:)}.
Լ Հ J JCo[o,T\JCo[0,T]

I t  can be  analytically continued in  A G C+, and  hence we have established Relationship 

3 as A —► —iq.

P r o o f  o f  R e la t io n s h ip  4:

In  view of equation (5.2), i t  follows th a t for all nonzero real num bers 7  and  /J,

[  [  F ( Ճ ՜Կ  +  0 ~ Ь у  +  h j -  h j)d m fc i)d m {x 2)
JCa[0,T\ JC o[0,T]

=  [  F ( y / ) F r T F I x)dm {x).
JCo[0,T]



Let A -»  - i q  and /9 -> - i ( - q ) =  iq. Then A՜ 1 +  f) ՜ 1  -4  0, and hence Relationship 4 

follows.
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6. A p p l ic a t io n  t o  t h e  C a m e r o n - S t o r v ic k  t h e o r e m

In our first application, we establish the generalized Cameron-Storvick theorem for 

the generalized analytic Feynman integral. To do this, we need to  define the concept 

of first variation of functionals on Co[0,T).

D e fin itio n  6.1. Let F  be a functional defined on  Co[0,T]. Then the first variation 

of F  is defined by the formula:

Now we are  ready to  s ta te  the generalized Cameron-Storvick theorem for the 

generalized analytic Feynman integrals.

T h e o re m  6 .1 . (Generalized Cameron-Storvick theorem). Let F  be an m-integrable 

functional on  Cb[0,T] such that

(6 .1) £F(®|u) =  -irF (X  +  Агги) , x ,w  6  C7o[0,T], 
a k  lfc=o

i f  i t  exists.

sup |£Р(а; +  Л|ш)|
|fc|<4

is an m-integrable functional on Co[0,T], and let w (t) =  f*  zvl(s)ds fo r  some z,„ e

£ շ [0,21]. Then
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P roof of Theorem  6.1: F irst, le t Fh(x) =  F (x  +  ft) and G \(x )  =  F h(X ~ ix). Then 

for A >  0, we obtain tha t
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(6.3)

[  6F (A +  h\w )dm (x) =  —  [  [  F (A +  ft +  fciu)dm(x)] I
JCo[0,T] alt UCa[0,T\ J  |fc=o

= \  f  G * ( x  +  ®o)dm(x)l I ,
0f> uC o[0,71 J lb -0

where x 0 (i)  =  X ikw [t)  =  f*  A i k z w(s)ds. Now applying th e  transla tion  theorem  for 

functional Gx, we get

[  SF{ A ՜ » X +  ft|u;)dm(x)
JCo[0,T)

-տ[4 - ^ հ -} յԱ ,Ո4՜*,+4
■ exp{Afc(z„„ A~»x +  ft) -  Afc(zu„ ft))}dm(x)J |

The last expression in (6.3) can be decomposed into th ree term s

[  F (Ճ ՜Կ  +  ft)dm(x) ֊  А(гш, ft)2 /  F (A -* x  +  ft)dm (z)
• j  Co[0,T] JCo[0,T)

+  Ճ j  {zw,X ~ ^ x  +  h)F [X ~ ^x  +  h )dm (x). 
J c 0[o,T]

I t  can b e  analytically continued in  A e  C + , and  hence, we have

f 5F(x |to)dm (x) =  f F (x )d m (x )
JCo[0,T) J c 0[o,T]

-A (2„„ft)2 [  F {x)dm (x) +  X  f  (zw ,x)F {x )d m (x ) .
J c 0[o,T\ J c0[o,t \

Passing to  th e  lim it as A -*  - iq ,  we obtain  th e  desired equation.

From Theorem  6.1 we have th e  following corollary, which is known as ordinary 

Cameron-Storvick theorem  for th e  analytic Feynman integral.
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Corollary 6.1. Let h (t) =  0 on [0, T ] and (2™, ft)շ =  0. Then fo r  the analytic Feynman 

integral we have

We conclude this section by giving two relationships concerning generalized analytic 

Ffeynman integrals. From Theorems 5.1 and 6.1 we have th e  following relationships, 

which we s ta te  w ithout any conditions.

R e la tio n sh ip  R l :  (C a m e ro n -S to rv ic k  th e o re m , a n d  R e la tio n sh ip s  1 and  

2 fro m  T h e o re m  5 .1).

To s ta te  the  nex t relationship, we first give some observations. Let F  and G  be 

functionals on Co[0, T], and  let Hq be  as in Theorem  5.1. Then for all x ,  w  6  Co[0, Г] 

we have <5(FG)(:e|w) =  <JF(x|tu)G(i) +  F(a:)5G(a:|tu), provided th a t i t  exists. Also, 

note th a t SH (x\w ) =  ( - iq ) ( z 3 ,x )H {x ),  where H (x)  =  exp{(-ig )(z3 ,x )} . Hence we 

have

(6.4) <5(Я,)(.-сН =  <5F(z|w) exp{(—tg)(z3 , 1 )} ֊  iq(z3 ,x )F (x )  e x p { (֊ iq )(z3, x)}

provided th a t they  exist.

R e la tio n sh ip  R 2 : (R e la tio n sh ip  3 f ro m  T h e o re m  5 .1  a n d  e q u a tio n  (6.4)).
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+  iq  [  (2 3 ,x ) F ( x ) e x p { ( - i q ) ( z 3, z)}c/m (x)l
JColo,T) J

=  exp {  յ ի 3\\շ}  [ [  H q (x )d m [ x )  +  iq ( z w , Лз)2 Г  ‘ H q{ x )d m {x )
I  2  J U c a[0,T] JCo[0,T]

Г»**/*3 f anfq3 "I
- І <1 ( zw ,x )H g { x ) d m (x )  + i q  / (23 ,z ) F ( x ) e x p { ( - ig ) ( z 3 ,a :)}d m (x ) .

JCalo.T) J c 0[o,T\ J

7 . A p p l ic a t io n  t o  q u a n t u m  m e c h a n ic s

T he equation (1.3) w ith V (u)  =  a2u 2, a  e  R  -  {0} is called diffusion equation for 

harmonic oscillator:

(7.1) *) =  *) -  t)

with the initial condition ip(u, 0) =  <p(u)՛ Hence th e  solution of the  diffusion equation 

for harmonic oscillator is given by

I c  [о T] ̂ A~1/2a:(T̂  CXP { ՜  X Լ  ^ } d m ( X).

Also, when tim e is replaced by imaginary time, the equation (7.1) becomes the 

Schrodinger equation for harmonic oscillator:

(7.2) i  J цф(и, t)  =  -  i  Д  ф(и, t) +  a  V r/> ( u , t)

w ith the initial condition ip{u,0) =  <p(u). In  [8, 16], th e  authors have described an 

approach for finding solutions for the  diffusion equation for th e  harm onic oscillator

(7.1) and th e  Schrodinger equation for harm onic oscillator (7.2) as follows.

(1) Note th a t there is a  function f m in S(Rm) so th a t / m( |)  =  e x p |—a 2 J2 /3j£2| .

In  fact, f m  is given by the inverse Fourier transform  of exp j-a2 J2  ^ Հ 2| .

Now, le t Vm [x) =  f m ((a ,x ) ) .  Then Vm is a  Fburier-type functional, and so, Vm is 

also a  Fourier-type functional. Furtherm ore, we have



for a.e. X 6  Co[0,71, whcre А» =  • Also’ we have І ^ ( Ж)І ^  1  for

m  =  1 , 2, • ■ •, and

J i n ^ ф .(Т ))Ч п (х )  =  <p(x(T)) exp j  -  a2 Լ  i 2( s )d e | 

for а.е. X e  Co[0,T].

(2) The solution of the diffusion equation for harmonic oscillator (7.1) is the limit 

of W iener integrals for Fourier-type functionals. Assume th a t tp is a  bounded function. 

Then th e  lim it of W iener integrals for the Fourier-type functionals

lim f  i z J A n M
m-»oo J c o[0,T]

is a  solution of the diffusion equation for harmonic oscillator (7.1). Furthermore, 

the solution of the  Schrodinger equation for harmonic oscillator (7.2) is the lim it of 

analytic Feynman integrals for the Fourier-type functionals,
ranft

lim /  tp(x(T))Vm (x)dm (x)  
m-ioo J c 0[o,T)

is a  solution of th e  Schrodinger equation for harmonic oscillator (7.2).

(3) In  particular, we can choose the following initial condition:

, ч  ( A ,  |u | <  L /2
« « .  0 ) - * < « ) - {  о, У  >  i / 2 ,

where A  is a  real constant. In  view of th e  Schrodinger equation th is condition corresponds

to  a  pulse wave packet w ith constant am plitude A  in the given range of |u | <  L /2

(see [17,19]). Then th e  solution of the  diffusion equation for harmonic oscillator with 

the wave packet is:

Furthermore, the  solution of th e  Schrodinger equation for harmonic oscillator with 

the wave packet is:

lim [  0 (x(T ))V m (x)dm (x) =  A  lim I T  ( ----- —̂ ^  Ж. * ^
m~*°°JOo[o,T\ K W  J 2 o ? T ֊ { j ֊ { ) 4 4 )

=  Asech = A  sec ̂ \ / - i 2 a 2T ^ .

I t  was not easy to  obtain th e  solutions for the diffusion equation and  th e  Schrodinger 

equation for nonharmonic oscillators. However, we would like to  obtain the solutions 
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of these equations, by using th e  generalized analytic Feynman integral introduced in 

Section 3. Given the potential function V(u) =  a2u 2,a  €  R  -  {0}, if we take h(u) 

so th a t V [u  +  h{u)) is the potential function for the  nonharmonic oscillator, then we 

can conclude th a t the solution of the diffusion equation for nonharmonic oscillator 

is the lim it of W iener integrals for Fourier-type functionals. T h a t is, th e  lim it o f the 

W iener integrals for the  БЪигісг-type functionals:

lini [  ip(X~bx(T) +  h (T))Vm [X~*x +  h)dm (x)  
m—>00 J Co[0,T)

is a  solution of the diffusion equation for nonharmonic oscillator, and th e  solution of 

the Schrodinger equation for nonharmonic oscillator is th e  limit, o f analytic Feynman 

integrals for th e  Fourier-type functionals. Furthermore,
/■on/f __

lim  /  <p(x(T))Vm {x)dm (x)
m~*°° JC o[0,T]

is a solution of th e  Schrodinger equation for the nonharm onic oscillator (7.2).
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