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1. Beepenne

Kocunyr-npeACTaenenne Onoprioii (hyHKLLyL LeNTpanbo-CUMMETPINIONO BbinyKOro
Tena WrPaeT (yHAAMEHTANLHYKO POTb B WHTErPanbHOH FEOMETPN U PAAE CBAZaNMbIX
o6nacteii (cm. [2], [8] - [11], [17), [2L]). B CTaThe M3yuaeTcs (B HEKOTOPOM AyansHoM
CMBICNE) CUHYC-TIPEACTaBNEHHE ANA OMOPHOM (YHKLMI LiEHTPANSHO-CUMMETPUNHOTO
BLINYKII070 Tena

OfoaHaunm uepes R*" (1 > 2) eBKNMAOBO  -MepHoe npocTpaHcTeo. MycTs ‘11
- eguHidnas chepa - 1 Pa3MEPHOCTM B R'*C LEHTPOM & Hauane koopawHar O,
A._i -NIOBEPXHOCTHaA Mepa JleGerana 110, \ - ee NONHaA MOBEPXHOCTHAA Me-
pa (AY(ST) = tTK). OBo3HauMm epes S,, ¢ S * 16onsiuyio (n- 2) - MepHyio cihepy ¢
NOMHOCOM B W€ S " 1. KNACC BbINYKNLIX TeN (HenyCTbie KOMNAKTHbIE BLINYKIIbIE MHO-
KECTBA) CUMMETPUUHbIX OTHOCHTE/IbHO Ha4ana KOOPAUHAT B R* 06O3HaUMM uepes
25" (tak LenTy Tena), a knacc p

BLINYKAbIX Ten B R" 0603HaUMM Hepe3 b,

6o o 0 rpakTy MOII Mdka
e TKH MOH PA PO (PeD)
B PaMKaX COBVECTHO/E HayHHOI Mporpatibl 18RF-019 1 155105010 COOTBETCTBEHHO.
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P.[JPIVISH

Halt6011ee N07E3HLIMaHATIMTUHECK/M OTIYCAHUEM BINYK/IOr0 TeNa ABNAETCS ero0nop-
Has ywkuwa ([16]). Onoprast dykuwa 51 2 R* > ( oi.cci Beinyknoro Tena B

onpesenseTc kak
A(B.X) = H(X) = sup(y, M), T6R"
see

3f6Ch M HIDKE (-.-) 0603HAUAET EBKIMI080 CKAAPHOE NPOM3BEBHIE B R . VisBecTHo,
470 (CM.LI6]) ONopHaA yHKLUS BLINYKAOTO Tena B SBNSIETCA NONOXUTENSHO OAHO-
POLHOI U BBINYKNOTE. Hike Mbl PACCIIOTPUM ONOPHYIO (hyHKUMIO H KaK (yHiutio,
ONpegeneHHyHO Ha EAMHIIHOT Cepepe S 1 (3-3a MONOKUTENsHOV OAHOPOAHOCTH A).
“Taioke U3BECTHO (CM. [16]), UTO BLINYK/OE TENO B OHOSHAUHO OMPEAENAETCA Ceo-
7 ONIOpHOI chyHKLeli. Binyknoe Teno B ABNSETCA T-TGAKHM, €CT €ro onopHas
(hyHKUWA K Pa3 HenpepbieHo AvddepeHLpyena. Uepes Gi 0603HAUMM KIACC HeTHsX
K pas yHKUMiE Has" *.
VasectHo ([9], [8], [21)), 4T0 onopHas yHKLUA H CUMMETPAUHOTO OTHOCHTenb-
HO Havaia KOODAWHAT BLINYKOTO Tena B C'b". ABNAioL|eecs Npugenam 3oHoTenos

(CyMMa KOHEHHOPO Hricira OTPE3KOB) O CMBICTE METpuki XHyCAOILLI UheeT cney-
oluiee npeAcTaenexie

(1 "wol, IpleY«9. <«r-t

CueTHOV Mepoil T.
BO3HUKAET BONIPOC. VIMEET /1M ONOpHast (BYHKLN /0G0 LiEHTPUPOBHHOTO BbINyK-
110T0 Tena KOCHHYC-MDEACTEBeHIe.

I-irecriro Taoke (9], [8]. (17), [21]), uTo onopas dhyHKuus |1 AOCTATONHO rag-
KOTO CHMMETPUHHOTO OTHOCUTE/ILHO Ha4aa KOODAWHAT BbINYKNOTO Tena B S B;
AOMYCKAET CreaykoLLiee NpeCTaBneHIe

U< LUEOIL>MX [(«), E6S« *

I 4eTHOT HenpepLIBHOTi (oyHLWeli /i() (He 0BA3ATENLHO MONOSKATeNsHOT), onpege-
7eHHoli Ha -, 3aMeTHUM, 4TO h eAUHCTEEHHa. BiNyKnoe Teno (onopHas (kK-
LA KOTOPOTO UMEET WHTerparsHoe NPeACTanexve (L.1) ¢ HaKonepemeHHoli deT -
HOJi MepOii T) HasblBaeTCA 0BOBLLEHHbIM 30HOMAONM. ECTU T Mepa Ha 8" 1T0 ie-
TPUPOBAHHOE BBINYKNOE TEN0 B ABNSETCA 30HOMAOM.

(1:2) yKasblBaeT, 4TO KaCe 0GOBUIEHHbIX 30HOH08 N7TeH B B". Mpasasi uacTh (12)
HasblBaETCA KOCUHYC NPeo6pasoBaHyem It



Q/HYC ILLIKACIAB/IHYB MKLLIAIBHO-CIN: METI VHHBIX BBINYK/bIX TEN

B. Beiin [20] nokasan, 4TO NOKMAbIiAA XapaKTEPU3ALMAA 30MONA0R MO CYLLECTEYeT.
TMo3aHee GUT0 NOKAZAHO, HTO  HETHBIX PAIMEPHOCTAX CYLLECTBYeT JKBaTOpMNbHaA
XapaKTePUCTUKa 30HOWA0B (c. [18), |11]), & B HEUETHBIX M3MEPEHMSX SKEATOpHaNL-
Hast XapaKTEPHCTUKA 30MI0MN0B He cyliecTayeT (o. [15]). B [4] Gbin onpegenes nog-

KNace 30HOUgoB.
B 370/t CTaTbe PACCMATPUBAETCA CYMMA KOHEUHOTO HHCT 1 - 2 MEPHBIX LEHTPYPO-
BaHHBIX LUAPOB 1 UX MPEAeTbL. TIyCTb 6= (1, M) - (1 - 2) MePHbIl LiEHTPUPOBaHHbIl
wap e R" ¢ paguycom r M C " LefHiinbiil BeKTOD, HOPMANLHBIA K OnopHas

QyHKUMA bveeT Bug
() 17 («)-F > h>(£S), {es—"

3gece v finee uepes (€, Q) Mbl 0GO3HUEM YTON MeXAY ABYMS HANPaBNEHUAM.
“Teneps PACCMOTPHM KOHENHYHO CyMMY (CYMNY MHHKOBCKOTO) 1~ 2 MEpHBIX LeHTpM-
POBaHHbIX Wapog & R*. ONOpHas (yMKLNA KOHEUHON CyMMbl b = (*,51;), i = 77T

(0B03HauwM epes P) uneer e
(L4)  N(0>9 =£ rA((N)=£ [|* (€7 +»(T31)1, (6S' L

OHJVTCNHM KNaCC BBINYKTIX Ten'V TaK HA36IBAEMbIX AEKOHAOR, KOTOPbIE SBNFHOTCA
NPEeNamit KOHEUHbIX CyMM 2 MEPHBIX LIAPOB B CMBICTIE METPUKW XayCaopda.
A1 ONOPHOI (hYHKUMM LHTPMPOBAHHOTO AHEKOHAa CyMMa (1.4) npeoGpasyeTcs &

wHTerpan
@s ff(S)-jf _ N(6NbILW, fes* 1

T V deThas mepaa 1
BO3HMKaET BONOC. VIMEET Nt OriopHast yHKLMA N0BOTO LEHTPUPOBAHHOTO Bbinyk-

noroTena B 70/ cTaree Teopewa

Teopema L.1. LiewTpipouaLLmic exinyknoe Teno B ABeTCA AMCTHAOM Torga i
TONbKO TOrARA, KOFA 10 OMOpHas (hYHKLMA UhieeT npeAcTasnenme (1.5) ¢ ueTHoit

MepoiiV on " 1

3aMeTHM, 4TO KNACC AVIEKOHAOB ABTIAETCA NOAMHOMECTTIO KAACCa .30HOWA08, MOTOMY
UTO TGO AMCKOWA ABNAETCA 30HOMAOM. TakyKe 3aMETUM, 4T CyLLIECTBYET 30HOUA,
KOTOPGli He SBAAETCA ACKOWAOM, HNIPUMED CETMEHT He ABIAETCA AUCKOMAOM. Ta-
KM OGPE3OM, UMEEM: AUCKOWIbI HHTAE HE MOTHbI B b
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P.IPIVRH
Teneps Mbi OnpeAensiem Knace 0GOBLEHHLIX AACKOWA00 (ci. Tarkoxe [21]). LieHTpu-
POBaHHO® BLINYK/IOE TeN0 B ABNAETCH 0GOGLEHHbIM A{CKOWGOM. €CM €70 OnopHas
byHKLUA 51 AONYCKaET CreykoLLiee NPEACTaBNeHYe
(16) AG) =/ *TENv(T): 6 "1
C 3HAKONEPEMEHHOTE HeTHOT MEpOVi T, W SKBUBANEHTHOE OMPEAETIeHve (CM. Takke
[19]): B sBnsieTca 0BoBllenHsIM AUCKoWaoM ecnu B T B] = B2. rae Bi'.Bg anco-

sl
B aT0/i CTaTbe Mbl y uTo Knace Avickowflos

Teopema 1.2. OnopHas yHKLs H AOCTATOUHO FGAKOTO CAMMETPUHHOTO OT-
HOCHTE/IbHO HadaTa KOOPAWHAT BLINYKNOTO Tena B € AONYCKAET Cheayioiee
npeficTagneHe

wn W=/ _sinE2)ft(IfAA (SR, $6 1

C YeTHOIi HeNPepLIBHON YHKLME (e 06R3ATeNbHO MONOKUT enbHol), onpege-
NEHHOM Ha " 13aMeTUM, YTO  eAUHCTBEHHaS.

Mpasas vacts (1.7) uepe3 Qh
Teopewma 2.1 (CM. HitKe) NOKasblgaeT, 4To Mepar & (L6) (18 (7)) eauHcTeeHHa
CregosatensHo, npeoGpasosaue Q 1 —>6* obpatumo, (8 (1.7)) Hasbisaetca

NOPOXAAIOLEN NOTHOCTIO B € 3". 3aMETUM, 4T O PiT T KIOWHYC npeotpa-
308aH#7 GbiNa N0Ka3aHa A. AEKCaHAPOBLIM & [2)

Teopemy 12 ucnonsys bep yHKLUM
(13). B 3Tl Crare Teopem: opuynbi an
@n.

P. LWikaligep, P. LLiyctep & [19] u C. Aneckep & [3] AOKA3ANM HECKONbKO Pe3ynsTaToB
AN CYMM N10A0GHSIX BHINYKTIbIX Ten 1 CHepUIECKIX (ByHKLAW. 3aMETUM, |TO KNAcC
MUHKOBCKOrO e b- (1 - 2) MepHbili LHTPUPOBaHHITE Lap, COBNaaeT ¢

Knaccom 3oHougoe. B [13] vep u

1107y YeHb M3ONEPUMETPIYECKYE HEaBEHCTEA.

®opmyna 4nA cuHyc Uepes R 0603Haunm npe-
Pagona Ha cpepe DyHKa), cbopmynoii:

(18) Rff(0= J  SA()Am2(riw), CeS"1
6



CVHYC MPEACTABMEHVE LEHTPA/BHO-CMVETPVMHLIX BEIMYK/BIX TEN

Ans Ve C*. Ansi s > 3hopyna Ana N Geina nonyuexa
[14] (anst = 3 hopmyna oBpawenyia Gbina nonyuena MAMKOBCKNM U Bawuke [9)).
B3 Pagona Ha cepe u Hajigena

(bopmyna oBpawienus (cu. TaioKe [6])
Tatoke uepes E Mbi Gy/em 0603HavaTb Creaylouiee npeoGpasosanve E : >c"
onpegensiemoe (opuyIoii:

9 E= ((n-1)+ 4).

e A sBnAeTCA oneparopom Jlannaca-BensTpamH Ha 1 Taloke B 3T0ii CTatbe
HalileHa (YOpMyna O6paLLIeHIS CuuiyC-NpeoGpasoBaHItA.

Teopema 1.3. MyCTb H - 0rlopHas (hyHKLWA AOCTATONHO INAAKOTO LeNTPHPHOH-

Hora ebinyknoro Tena B € b". Torga

@)

ABIAET Ct PeLLIEHMEN UHTErpanHoro ypasHenua (7).

2 CUIYO-TPBACTABENVE /17 LIEEHTPYPOBAHHOMO BbINMYK/OMO TENA

[flokasatenscreo Teopemsi 1.1. Heo6xogumocTs: Mycts B sgnsierca Anexon-
/oM. TOTAA CYLLECTBYeT N0CNE0BATENSHOCTS PT- (KOHEuHast CyMMa (T - 2) MepHbIX
Hiapo) KOTOPast CXOAUTCA K B B CMbICNe MeTpYIKi Xaycaopda. Kaxom}' Pun wepea
(1.4), COOTBETCTBYeT UeTHas Mepa VT C KoHedHbIM HocuTenem Ha S * L Mocnegoga-
TENbHOCTS V1., PABHOMEPHO OFPHI|EHa B MOMHON BAPUALIMOHHOI HOMe, MOCKONbKY

() < <T-m(K]),

fe C HekoTopas KoHCTanTa, K € BE - Bbinyknoe Teno, cogepxaee B u /i((K))
- Mepa T i K. C MOXHO

BbIGPATL NOANOCAEAOBATENLHOCTL VT KOTOPAs CNaGo CXOAATCS K HEKOTOPOVA HeTHON
V (Mepa 3ananHas Ha Sn—) 1 onopHas tyHKius (B, +) NMeeT npefcTasnenue (1.5)
C Mepoii u.

[locTaTouHoCTb: MycTh OnopHas diyHKUMA B niieeT npeacTasnenve (L5) ¢ ver-
HOM Mepoii ¢ Na S 1 Tbr/a CYIeCTBYeT NOCNEAOBATENLHOCTS YETHBIX Mep M, C
KOHEYHbIM HOCHTENIEM, KOTOPas CXOAUTCS (Cnabas cxogmocTe) K 1. Kaxaoii v co-
oTBeTCTBYET P, (KOHEuHas Cymma (11~ 2) MepHbIX Wapos) Yepes (1.4). Mbl uveem
H(P,.,.+) CXOAATCA NOTOUEUHO K F(B,-). TaKxe M3BECTHO, 4TO MOTOYEUHas CXOBM-
MOCTb NOCNIEA0BATENLHOCTH BINYKAbIX (yHKLMIi BNEYeT PaBHOMEDHYIO CXOAMMOCTL

7



P.[. JPIVEN

Ka KaX/J0oM KomnakTe. Takrim 06pasom, Mbl nonyyaem, 4To ILIP,,,.-) paBHOMEpHO CX0-
AMTCA K //(B.9) Ha 'S " 1 CriefosatentHo. P,,, CXopuTea K B B MeTpuke Xaycaopda,
a B AB/AETCH AMCKOHTOM. Teopema 11 oKa3aHa

Crefiyiouan Teopema MoKasbiBaeT, 4T Mepa v & (1.5) eauHcTaeHHa (cu. Takke [13))
Teopema 2.1. MyCTb v 4eTHas 3HakonepemenHas Mepa Ha S’L 1 Takas, uTo

p-n I« wmooa

Am moboro € SL 1, Torgav

[l0Ka3aTeNbCTBO MOKHO AATb, UCTIONb3YA PASNONEHNS N0 CREPUHECKAM (YHKUUAM.
Myct Q.i - chepuieckast hyHKuus nopsaka <L YuHoxum (2.1) na Qi u nponHTe-

rpUpyem tio S * 1. Vicnonsays Teopemty Py6u, nonyuim

(12) 3

Popiyna dyHk-Tekke yTeepxaaer, uto (cu. [121)
(23) £ en (a« Vo iNe)re,.,MALL-
re a,,4d- KoadULMeHT, 3aBUCALMIA TONLKO 0T d M N 1 atd 0, ecrn <LUeTHbiiA

TakiM 0GPasoM, ANs BCeX ChepUEckiX BYHKUMM NopsaKa d et

w 1
ECNi A HEYETHO, TO (2.4) BEPHO Casy Tak KaK v YeTHas Mepa. VICToNbays pasHomep-

HYH0 ANNPOKCUMALYIO HEMDEPLIEHOT (YHKUWIA HA'S ™ 1, ANIA KX/A0TO WeNpepLIBMoro

(25) s

TIPUHUMES BO BHUMaHUE U3BECTHbIE PE3y/IbTaTbl TEOPUN UHTErPUPOBAHIA, MOXHO

cAenarb BbIBOA, YTO 3TO BOIMOXHO TONbKO B Cllyuae V-

3. Gopmyna ans cumyc-r
Mycri, B € BJ - BINYKN0 TeNo ¢ 40CTATOHHO FNAAKOM TPAHMLEN 1 C MONOXATENsHON
FayCCOBOM KDMBU3HON U KA/ TOuKE rpaHuibl AB. MycTb A - Touka Ha LLB.

BHELLIHSA HOPMa/lb B KOTOPOVA CONAAeT ¢ 0;, ) - [NaBHbIE PagUyChl KpUBUHBI



QVHYC MPEACTAB/EHVE LIEHTPA/BHO-CVIMVETPVMHBIX BoIMYK/TbIX TEN

1)ane ()ak\(w),...K,.i(n) - rnasHble kpMBN3HLI OB B e(ni)

n dnarasR", BO3MMKaET B Vi wHTCrp

HOR FeOMETPUN Gy AET MMETH BaXHOE 3HaUMTe Hitke. MoAPOBHOe onpegenetite dnara
UR* MOXKHO HaliTi  [1]. Ml PACCMATPHBAEM TAK HasbIBaeMbIE HANPAB/EHHbIe hnarn
(Hwke npocTo inar). Hasogem napy {,e} (arom, ecni A - HanpaeneHHas s,
COAPALIAR HAUANO KOOPAMHAT & - OPUEHTUPOBAHHAA TMMEPMNOCKOCTb (rmep-

nnocKocTs ¢ 3aaHHol i Cyusecrayerasa

3KBUBANEHTHBIX NPECTaBNIeHMs hnara:
(©¥>) nm (C.®),

raewe S™*"1- nopMan C a ip - HanpasneHue U3 Su KOTOPOe COBNAAET C Hanpas-

newvem g\ £e S 1- nad- s &<

KOTOPOE COBNAJ2ET C HOPMANSIO €.

Mycrb £6 S " 1H ®6 S(. Uepes B (®) 0603HauMM NPOEKUMIO B Ha TMNEpAOCKOCTs

C Hopmarbio ® cogepxaltyo O € R”. /ina - 1 mepHoro ofbema B(®) ueem

39 v, (> \ \ pelNagviib).

Uepes D (0, 1) 0603Hau MM 5-Mepubiii Lap PaAYCa 1C LEHTPOM & Hauane KOOpAUHaT.
3anuwent (3.1) AnA cymmbl Mutkogckoro B + sD (0,1) (3gecs e > 0). Vcnonsays
Knaccueckyto hopmyny LLITeliHepa 4ns 06bena, nonyunm

(32 v, (B@®)+£D(0,1»- £ BA® > -

3 - l<w W oag vl .
3gecs W'(B(®)) s8718€TCA i-# 0CHOBHO/E Mepoii B(®) (oM [1G]). CpasHyeas nopagki
€ C 06eux CTOpOH (3.2), oM CreayioLLyio (opuyny

(33) («-yuirag)(E»Eag -Ww

Hanvuem w = (v,ip) B CHEpUecKkX KOOPAVHATAX rae 1 = (EW) - NORSpHbIi yron,
U3MepeHHbIlt OT £ (3eHUTHOE Hanpaenetue) u <pE S{. MpUMeHss NPasUno chepiie-
CKOFO KOCHHYCa, HaXOAMM
(3.4) 1(1,9) = sinu 1cos(yj., @) | .

9



P. L JPAVAI
Teneps UHTErpupys (3.3) OTHOCATENLHO ® 10 St U UCTIONb3yYA (3.1) Nonyitm
35) 3
— ii9 E *1-)a, (W iaiitgy x, !(e).

MpvHAME3 B0 Wiumainre, 4TO 418 ntoBorop 6 * 2 (cm [4))

Mbl 1I0/Ty4aeM CreayHoLLYHO Teopeny.

Teopema 3.1. MycTs B € b” - BbiNyKI0e TeN0 ¢ AOCTATONHO FNAAKOT rpaHuLieli

U C NONOSKM TeNsHOJi rayccosoli KpUBHSHOT. [lns nioBoro { € *  uveem
(36)
3 (n- DVIRL2AET(@) A, 2(<H) = M bl

3gech Ne,._ (22( ) - (- 2)-as OCHOBHAA Mepa NPOSKLAM B Ha rMnepnnockocTs,

OpTOroHbIbHasA K D6
VisBecTHo (c. [16]): 4nsi 1¥,,- (3( ) B 1 - 1 MEPHOM NPOCTPaHCTEE Uvieem

@D (-DIY._r(5(@)= [, HEO)N)A2(09 = [ HEWXn_2d)
e U(N(®). ) - onopras dyHKuua JI(P) 4TO eCTb CyxeHve OnopHoii (yHkuHy B

Ha . MlycTs B £ b" - Bbinyknoe Teno. B [7] AoKazawo, 4To

39 ((»-1)+W (B,m) £*& .

ecy  swnseTCA n 5 Wa " LM @8 n
(3.7) & (36), nonyunm

(39) \] A(«)n,_i(n)[n,_2Ai») =

i— E o» -1)+n i 88 »),

Takih 0GPasOM, Mol AOKA3AM CAEAYHOLLYIO TEOpeMy.
Teopema 32. MycTs B £ - BuiNyiioe TeN0 ¢ ACTATOUHO [MaAKOH rpanitieli
U T. NONO>KUTenbHOlE rayccosoii KPUBUSHOR. LNt €ro ONOPHOI yKLAH U1 uieem
(3.10) R(Mim=§2(§)z-" Q(SHNe & -l

10



CQVHYC MPEACTAB/EHV/E LIEEHTPA/IBHO-CUMMVETP/HHBIX BoIMYK/bIX TE!

Teopema 1.3 ABnseTca ceacTanem Teopeml 3.2.

4. Tlpumep BBINYKNOTO Tena ¢ 3HaKonepemerHoli Nopox Aaiow el
NNOTHOCTbIO

¥ HaC et OCHOBaHWIT yTBEPKAATS, UTO P yp (L7)ana s
LYt 1106Or0 0CTATOUHO FIAZIKOTO LIEHTPUPOBAHHOTO BbINYKIIOF O TENa SBMAETCA HEOT-
PULATENbHOI (yHKLWElE. B 3TOM pasfiene Mbi NPUBOAMM MPUMEP AOCTATONHO rnas-
KOTO LIEHTPUPOBAHHOTO BLINYKNOTO TeNa B € b,,. ANA KOTOPOTO peleHkie ypasHeHns
NPUHAMAET Takxe OTPULATENbHbIE 3Hauenws. Mycts |/= {£€ 52 1 1-) < ¢}
eCTb £ OKPECTHOCTb TouKM M0 € S2 1t - AOCTATOUHO FNAAKAR UeTHas (yHKuS,

OnpepeneHHan Ha S2, Takas, 4To

nn 1 ana fieSA{tfu{-t/}}

(41) 9()1>- N 6{Vu{ER}
dynkumio, naRr3

12 FW -\(\jM Tn)sM hm , {69%\0

rae| |-Hopma U £ —2/|?|- 3aMeTum, 4TO F SIBNAIETCA NONOXUTENSHO OAHOPOAHOI,
W Tenepb Mbl 4OKAKEM, HTO NP AOCTATOUHO MASIOM € (hyHKUMA F Takke Bbinykna.
i vacTHOI NPOM3BOAHOY NepBoro nopaaKa F et
.3,

b % SM A
3pechE= (1,216 )uil= (M b«2,50)
AN BUKCUPOBAHHOTO  S2U () BLIGMPEM  Kak 38HUTHOE HaNpasreHvte U

Kak Ana ¥i BTOPOr0 NopsAKa No Hanpaene-

wod e = (0,0,1) nonyunm

@4)

3ece - oBbiuHbie chep fna 2 Ui Ha BbiGoj>e
£ B KauecTee CeBEPHOTO NOKOCA a B KA4ECTBE OMIOPHOTO HANPABNEHNA Ha

V3 (4.4) CReAYeT, 4TO NN AOCTATOMHO MaOM € 4ns Bcex £6 2 uveen

@) « >
CriefjoBaTenbHo, (hyHKUsi F BbINYKNa N CyLLECTBYET LEHTPUPOBAHHOE BbINYKIIOe Te-

n0 B e b1.AnA KOTOPOro F SIBARETCA €10 0NOpHOV chyHKLteiA.



P. [ PAMSN

Abstract. The problem of the sine representation for the support function of
centrally symmetric convex bodies is studied. We describe a subclass of centrally
symmetric convex bodies which is dense in the class of centrally symmetric convex

bodies. Also, we obtain an inversion formula for the sine-transfonn.
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Anrorauys. K pabore J0KE3HO, UTOANAMIOGON0S € (Q I) CYLLECTBYET Vate-
PAVOE MHOKECTEO E C [0,1) C NEPOI \E< > |-&, Takoe HTO 4/ OGOy HILyn
1 & 1.(0,1) moweo nocovs dykiayaio / € /-{0,1), cosnagaiouioc / Ha F ¢

Io\ < I. Takyto, 4T Kak P Pype Tak 1 il anrophTh
YHKLYM ] HOCHCTENE BIRHKOIHA O PAHNEHHOTO THIAA CXOZATC N10T BCHGEY
+a (0.1)

MSC2010 number: 42C10,42C20.

Kniouessie cniosa: Cuctema Buneiikilua; copuMoCTs; pag Pyphe; KagHsili anro-
puTH

1. Beegenue

HacTosljas pa6oTa NPOAOMKAET UCCNIEAOBAHIR ABTOPOB B OGNACTM CXORMMOCTH
KaAHOTO ANOPUTMa M NOBEACHUM KOSDOULMEHTOB (yPbe HO KNACCHUECKUM CUCTe-
Mam C TOUKN 3DEHWA LUMPOKO W3BECTHbIX KNACCHECKUX TeopeM 06 “MCrpasneHn
QyHKUWIE" H. H. Nlyanka [1] u A. E. Menblosa [2 (cM. Take [3 - (6)).

Havomwiw Knacca cucTem GyHumii (cv. [7]

[8)), MycTb P = {2(+}£] NPOM3BONbHEA NOCIEAOBATENLHOCTS MPOCTBIX UMCEN, TAE

pk >2 ana acex fee N. Monoxum
(1) To=1luro*= 4 Pj, *=
1

1erko 3amMeTHTL, 4TOANA KAKAOV TOMKI K 6 [0,1) ANA kaxaoro £ N cyuecTayior

umcna Xj.aj € {0, 1,...p; - 1} Takve, uto

“IiccnefoBarve BLINOMHEHo My Wiroagepie TKH MOV PA B paiikax HaysHoro
upoexTa 18T-IAMS.
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POpMY/IbI (1.2) HA3LIBAIOT P-WuHbIMH PASNOKEHUAMU HATYPANLHOTO YUCAA 1 CE

[oA)

OTMeTUM, uro Toukw Buga -1 6 N, 0< | < - 1, AMEIOT 48a pasnuuHbix

- KOHEUHOE 1 B JilLlem ANS TaKMX TOUEK YCHOBMMCA
PaCCMATPUBATH TONbKO KOHeNHbIE PasnoXeHus. [\nA 3ajaHHOl MOCNIeA0BATENsHOCTH
P MynbTUnNMKaTUBHas cucTema W = {V;(x)}~N onpeenseTca creayioumm o6pa-

(13)  Ne()= LW.{0=expf22riro ] . (I- MHAMa eanHiLa).

Bbipaxetive (1.3) MOXHO 3anucaTh B opme

Te(ti-tp(m A )" A (“p(t M)
Banay (13) umeem \V, _, (x) = exp”2~i  , CefoBaTensHo Ansi Ti-oil MynsTUnAN-

KaTUBHOI (hMKLW MONyHaem BbipaxeHite
€M re. LSRR

B cnyuae korga P = {2,2...} cuctema W = {1Y*)}* , coenagaer ¢ cuctemoii
Yonuwa-onu (cm. [9]), a & cnysae P = {0,a,...), A€ @ > 2 NPOCTOE 4NCNO, CHCTema
V7 cosnagaet ¢ cuctemoii Kpectcicona-fleat (oM. [10)). Cuctemsl aua (1.3) Gbinit
BBejeHbl H. 5. BUNeHKUHBIM & 1946 10fa (cM. (8)), 1 MOSTOMY 3TH CUCTEMSI HacTo
Ha3LIBaIOT CUCTEMaMM BUNEHKIMHA.

B cnyuae Sipf<} < Co cucTemaW = {W.,(*)} Ha3blBGETCA My bTUNMMKATUEHOV CH-

cTemoit orp: oTuna. B - Heorp: Tuna. Mycts /

BELLIECTBEHHO3HAUHEA YHKLA U3 £[0,1). OBO3HAMM KOIDHULMEHTE DYpbE hyHK-

yan / depes c,(/)>a CyMMbI pAga Pypbe o 310l

cucTeme yepes S, (x,f) Te.

14  c.(8 :\] f)W,,(x)dx. S,,(xJ) = Er.k(HW,(x\ =0,12__

we J Wn(Wii(dt = j* £~ 1KK(()-KOMNAEKCHOE CONpRXeHHOE ().

OBosHauum depes spec(f) CnekTp dyHKuAn / (T.e. Spce(J) MHOXECTBO HOMEPOB
HeHynesbix kosuumenTos {CH(/)}EL,, (cm. (1.4)).
14



CXOIMOCTb MOYTV BCIQAY JKALHOMO ATTOPVTVA

B paGoTax [11] -[14] ANS MYNETAMAUKATUBHbIX CUCTEM NIONYHEHbI MHTEPECHbIE Pe-

3yNBTaThI. BOMbLIMHCTBO PE3y/IbTATOB MO MYLTUNAMKATMBHIM CHCTEMaM NOnYveHs!

Ans cucTem orp 0 TUna. MHorve NOKa He UMEIOT CBOUX aHa-
TIOTOB ANA CHCTEM HEOTAHAMEHHOTO TWMA W U3yHenue BOMPOCO C TOMKM 3penis
NOBEAGHIA NOCNIEAOBATENSHOCTH P = {P*}*1| UMeeT camocTosTensHbIl uHTepec. B
YaCTHOCTW, HeM3BECTHO BepHa /u Teopema Kapnecoua Ans MyNbTUNIMKATUBHBIX CH-
CTeM HEOTPAHUNEHHOTO THNa.

OTmcTuM, uTo B 1957 rogy K. Batapu [11] gokasan, uto cucTema BuneHkuHa ¢
Aup(pu) < 00 sBNAETCA Gasucom & //[OfL) npw r > 1. 3atem, B 1976 ro}, B. SHr
[12] ANA NPOU3BOMbHOI MOCNEAOBATENLHOCTH {{%} YCTAHOBMN GASUCHOCTb CUCTENSI
Bunenkuna & //[0,1), npu 1 > 1/B cnyuae liwsupp, < 00 U3BECTHO, 4TO C,,(/) =
0(n~*), ecn / MMeeT KoHeuHyIO BapUALMIO U <»,(/) = O(n~a) B cyuae / € Lip a.

B CpaBHeHMI C STUMI PE3yNbTATaM Y OTMETUM, 4To Mpaiic [13] nokasan, 4To ecm
limsupp,. = 0o, Tolimsupnicn($)] = oc AnA ((x) = *-[®]. Bonee Toro, cywectayet
In 6 Lip a Takas, uro Jimsupnlc,,(/ )| = 0o. fanee, npu ycnoeuu limsuppn = 00
HaiigeTcs /0 € C(0,1)-psia ®ypbe, KOTOPOIi M0 COOTBETCTBYIOLLEH MyNLTANAMKATAE-
HOVi CUCTeMe He Cymmupyem MeTogoM (C, 1) B HeKOTOPO TouKe. [L1A MyAbTUMAMKa-
TMBHOI cucTeMbi cp,, 1 mj"ij logpt >00, (C, 1) cpeaute diyHkun x [ pacxo-
AATCA Na CHETHOM MHOXecTBe. OTMeTUM Takxe [14], 4To & cnyuae limsupp,, < 0o,
(C. 1) cpeguvte M0G0V HENpepLIBHOM (yHKLMM / MO MyNbTUNAVKATUBHOM cHCTeMe

PaBHOMEPHO CXOBATCA K /.

XagHoro anropuTia. Mycts ® = {(K}%0 ~ Gasuc &

6aHaX0BOM NPOCTpaHCTEe X . [l KaXA0r0 / € X Gy/em UMeTb pasnoxenie
J=E<* (%N o
10

TepectanoBKy HeOTPULATENsHbIX Liensix uncen a = {<?(/)}£!, Hasosem yGbigaio-
weit, ecnn [c,(4)(N] > [cfi(*+i)(/), K — 1,2,... MHOXeCTBO TaKMX NepecTavosoK
o6oataunm uepes D (f, ). B cnyuae cTporux HepageHcte D (f, 4') COAEPXUT Tonb-

KO 0AHy YGbIBaIOLLYIO MepecTanosky. [ns Kax ol hyHkuwn / € X u Ana nioGo-

1o anementa a € D (f, ®)
{C.(/, D.<T)Y" _X, KOTOPaA MIBECTHA KAK KaAHbITi anropuT (cu. [15]), cregyouwym
o6pazom
<34)- OT(L*») EuniM m +
fod

15
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3aMeTUM, 4TO ONEPaTop G, (f) 3aBUCHT OT a TOBOPSIT, HTO KaAHbIl ANTOPUTH (YHK-

U / N0 CUCTeMe ® CXOAUTCA B X . €CAM NIPU HEKOTOPOM a e D (f, ®) uneem

nume 1[G m (/7.£f) /1U =

Merog i | 1o moi  onplur joe
v p] ur

{Cm'(Aff}m'=i HasbiBaeTCA XagHbIM (FPMAN) ANTOPUTMOM (yHKLMM } N cucTeme

= {bil'=o-
KaaHble anropuTMbl AnA npocTparcTs, o

HbiX 6a3MCOB UyueHs! & padoTax [16]-(22|
B HACTOALEiH PAGOTE Mbl U3yHYIM HEKOTOPSIE BONPOCHI O MOBEAGHIM XAAHOTO aNro-

puTMa. aTake, Pypse no ii cuctee
1I0C7Ie UCTIPaBNeHW (hyHKLMM, TaKue BONPOCH! GbiflA PACCMOTPEHbI ANA KIACCUNECKHX
cuctem & pacorax {23}-[26)|

TpUBeAeM Pesy/bTaTbl, UMEIOLLYE HEMOCPEACTBEHHOE OTHOLLIEHHE K AL padoTe.

Teopema 1.1 [25] 4na 10600 0 < 6 < 1 CyWeCTeyeT UIMEPUMOE MHOXKECTBO
EC [04] ¢ Mepoii | E [> 1- e Takoe, 4To, AnA 060 hykumn } £ 1 LL| MOXKHO
N0CTPONTS (yHkuio ] & /<(0.1), KoTopas coanagaeT ¢ f Ha E, W Kak >kagHbiii
aNOPUTM TaK i PAA ‘Gypbe (hyHKLAM f N0 CHCTeMe YONLa CKOAUTCA K Hell NouTH

acioay Ha (0.1)

Teopema 1.2. [26] Ans M06Or0 0 < € < \ CYWECTEYET WYMEPUIT MHOXKECTEO
1..C [0.1] ¢ mepoii | E [> 1- e Takoe, 4T A1A 060 (ywymn / e f.(E) Mo>KHO
nocTpouTs hyHkuwio f 6 L[0,1), koTopas coenagaeT ¢/ Ha E, psg Gypee, wnopoii
110 cucTeMe Yona CXoAuTCA K Heii no /-1{0,1]- Hopwe 1 [M /)1 > [beti-()l- » =
0,12,...

OTMETUM, UTO HaM Hen3BECTEH OTBET CieAylolLIEro Bonpoca.

Bonpoc 1.1. Bepnsi nv Teopemsi 11w 1.2 Am MoGoji MynsTunauKaT wnioii cu-

CTeMsI U 40151 TPATOHOMET PUIECKO/i CUCTembl 2

B CBAI3U C 3TMM [ONPOCOM B HACTOALLel PaBoTe ANA CHCTeM BUNeHKWHa orpant-
UeHHOr0 TUNa foKasbiBaeTCA CeAy Blu,as Teopewa.

Teopema 1.3. MycTs W = {MA;(3)}N0— My/bTUNAMKaTUEHAA CUCTeMA hyHK-

UWii ONPeAETAEMAn OrpaHHIEHHON NOCIEA0BAT eNbHOCTbIO P = {r.}-]i,. Torda Ana

1106Or0 S > 0 CYWECTaYeT iisMEPUMOE MHOKecT80 B C [0,1) ¢ Mepoit jlJ] > 1-r,
16



CXQIYMOCTb NOHTV BAQEY SKALHOMO ANMOPUTMA

TaKoe 4TO A M0GOM Kk / e H E ) MOSKHO noCTpoNTb chyhkumo/ 0. i),
KoTopas coBnagaeT ./ T E: TOKy, 4TO
(1) KK >Kajbiii A7TOPUTM TaK v pag Pypse diyHkuuA / 1o ciCTeme W cxo-
AATCA K Hell NouT W ciopy Ha [0.1),
(2) MHoKecTe0 D(F. LL| COAEPXUT TONLKO OUH nemeHT

B)J MNo)-Ne»<<se

OTMETUM, UTO HUM MO M3BECTHO BepHa N Teopema 1.3 Ana no& \\i Ti
KaTHBHOV CUCTeMbI W = {Wi(:5)}g:n hyHKUMii Opeensiemoli HeorpaHmsienHoli no-
CnefoBaTenbHOCTsH0 P = {P<:}£|- [1N1A TaKNX CUCTEM HAM YAQNOCH NOAYUATS Nl
Chefyrouii pesybTaT (cm. [27]): AN M060r0 0 < € < 1 CyliecTayeT usMepumoe
wHoxecTeo E C [0.1] ¢ Mepoii | E |> 1-e Takoe, 4To Ans nioGoii hywkuum / € LIE)
MOXHO NOCTPOMTS (hyHKuwio / € L[0,1), koTopas coenagaer ¢/ Ha E 1 Bce HeHyne-
Bble KOXDOULMEHTEI Bypbe HKUMM / 10 CUCTeMe BHACTIKLUT 110 MOAY/LIO pacno-

JIOXeHbI B YGHIBAIOLIEM N1OPAAKE.

2 BcnomorarensHeie yTaepiaeHus

Myers W= TUBHAA CUCTEMA (YHKUWT, no-
CnefoBaTensHoCTbI0 P = {p<EL] »Mei GyAeM UCTIONb308aTS CrieAyHOLLee 0B03HaUHIE

(em. (LD):

@1 A= [ Lrae =00..T*-1 &=0,123,.

PaccmoTpum MHOXecTBo nap { /1), rae T NpoGeraeT MHOXKeCTBO BCeX AeiCTBNTeNb-
HeIX umcen (7 @ 0), a /1 NPOBEraeT MHOKECTBO BCeX MHTEPBanos auga 1, *L Monoxmm

(12) ®-(/M /M =£TUa.;  4)6 . ), W
k-1

Mycts Xy € (0,1). HanomHM, 4To onepauus X ®y OnpeAeNseTca creaylolum o6-

pasom:

(23) =

t, m*

rae 1 OFIJJIL, KOSGULYEHTEI P-NUHBIX PaNOKEHWTE uncen x Hy (cM. (1.2)),
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OTHMETAM, UTO ONepaLA © OMPEENAETCA Kak 0GPaTHaR Onepats An ). Tpn P =
{2.2___}, onepaun © Ve cosnagaior.
[lanee Ham MoHagoBATCS! CreayloLvie caolicTea cucTemsl W (cm. Tarkoke (1-1):

(24)  W.@=Ne {)VEE TIPUO<a<Ti-1u0< <1l
(25) I Wn()ib=0,npn >«iyu0<j <t

(26) Nl +8( IEWW()WA®@>. “P* 9: < NeO 6 Np>

@7) W) = @i, \MEWNGY) =W, {xey): «=123,..

Mycts 0.,(r) #AP0 Aupuxe cucTems! W, T.e

(2.8) On(*)="£ Ne*(*), x6([01): n= 1,23,

TOr4a AN MOGOTO K € N UMeeT MecTo cooTHowuerme (cu. [7), (L5.21))

Aa» tIE
(0. & nporiroriom cryuae.

Nemma 2.1 MycT k £ K, V/ = {Hj(@)}j?.u -cicTema BunenkiTa onpeensemas

N0CNEAOBATENLHOCTLIO P {pi,pr, M), UW = {A)} |, -CUCTeMa BureHkiHa

ONpeenAeMAsIOCT0BATNLHOCTEIO P = {pkcHi>Pe2:o. B} Torgamia  niobbix G

NuIE(Q, -1
MM A+ = R0 (IT) AR <deexxe [@~ )

[loKasaTenCTao. OBosHauMM

(240) Piti =PHj+l' 53— .j=01..
Nycrs X 6 [0, na € N, Torpa cywectsyet // e N, Takoe, 4to >7i, i < n < T,,.
nycts {a3))_| uncna a

o Pu P, a{cy}- Tbl y.no P.

PaccMOTPUM PasnoKeHie HaTYPansHoro uucna & o P

T «="5A -

18



OQIVOCTb MOHTU BAIQIY KATHOO ATTOPVUTIVA .

Orcioga v u3 (2.10) cregyer, uto am* = A - - YuuTbiBan Take, 410

4<aj<pj~I= Puk- 1j = Lees,Vorciopanonysaem
[a, ecm0<i<v

@1 =40, & nporvisnom cryee.

OTcioga, A pasnoXeHuts icna tmy, no P vveem nT* = c

JT>YOl CTOPOHS, Tak Kak X < T0 Xj - 0, A1A] —1,... K 1t P-14MOC Pasnose-

MycTb 16 £0,1.....Til- L} NPOM3BONSHOE UWCTO. OUEBUAHO, HTO HAUMHEA C HOMepa
1;+1 KOSPMUYIEHTI P-1UHOTO PA3NOKEHUS UNCNA X + -~ COBNBJAIOT C -
CTIEL10BATENLHO M3 OTPEENieHns CUCTEMbI BUEHKIHa NoNyyaem

W creposarensho (cw. (2.10)-(2.12) u (2.13))

N
() We” ) fljhjm 0
Nemma 2.2. MyTob k £ N, W = {UA()}"0 -cucTema BuneHkuHa onpegense-

Masi M0CNEAOBATENSHOCTsH0 P = {pi,pr. *me}. AAnA MioGbix v,00 6 N Crpasegvesi
CreipoLye CoOTHOLLHW

W1 » c )+ 1-®.1
o=i (-1 B OCTallbHbIX CyHaAX.

(@ EHW*) <"+ 1=
[loKasaTensCTBO. CiepsaAokaxen, 4T0 AN N0Boli CUCTeMbl BuneLLCTa cripa-
BEATVMEO ChEYIOLLEe YTBepHeAeHIE:
(2.14) |Bi(3)] < mjt, 4na nobolix 6 1j ,Kk.n 6N,
[leficTBATENbHO, eCT N<FNK TO nonyuam [D, ()| = ] = UN®) < » <« , ana

nioboii X e [0,1). Teneps npeanonoxwm, wro >, TorAa cylectayior A € N, u
Be {0,1,..o1%-1}, 417 KOTOPsIX = AM*+ B, CEAOBATENbHO (CM. (24)-(2.C),
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@9):

A(N=g U(=E E +E "W * o=

SAEWW (*)jDm.W +H'to.wt'W rae E [ '«=" Now & *

Yuubigas (cu. (2.9)), 4o Dmi[x) = 0. npu i f [0\, nonyumm (2.14).

[lokaxem nepeoe yTeepxeHIe nemubi. MycTs W = {U1')(@)}i0 -cucrema Bi-
TeHKiHa A MoCneRoBaTensHOCTA P = {pbii,..} cpj = +-n% = j=
0.1 MycrsXe [£,  rAe/ £ {0,1.....Tb - 1} NPOMIBONILHOE 4ACTO, OTCIOZA
13 Nemmbi 2.1 nonyunm

YuuTbIBas Takxe, 4To

uneent (oM. Takoxe (29))

ecmX 6 U - -i-+- ), /=01
E B OCTa/lbHbIX CAlyuasX .
‘Tereps AOKaXem BTOPOE yTBEPXEHYE neMMbl. MYCTb 3 € A -, — 'j, 13 lembi 21
creayer

YuuTbiean Takoke (2.14) u (2.15), Gyaem uveTs

SN L= Bty SO AL

Nemma 2.3. MycTs W = {Nei(ji)}$i0 -MynbTUNAMKAT UBHAS CUCTeMa (yHKuTE
wp{pj). Torza
£ Nk6Oro uHTepaana A = in6 11,0 < (0 <TH*,- 1, 415 MoBLIX umcen
£ii 6 (0:1), 7 6 R B 41 /106070 HATYpansHoro LL| cyliecTeyioT nonaHoMs! Q(x)

Onpefiensemas orpaIdeHHON NOCEAOBATENLHOCTEI0 { %2 ub




CXQ/VOCTb MOHTV BOGY XKATHOTO ATTOPVITVA

WPit) — Y, UjWjix) u uamepumoe oskecTeo E C / ¢ Mepoii \E\ > (1- 1) A

Qi jed -'flu M\ gnaj 6 spec(P),
@ p
@ o=

@ NSRRI Ij% Awim S ?Zﬁ[, B NPOTUBHOM Clyuae.
(4) NMyeTs 16 (0,1).4 > I, cyljecTeyeT MHoXKecTeo C C A ¢|C| > (L-i))]A

BO3bMeEM HATYPabHOE WMCHO Takoe,uToTA. > maxj  No,  jJ.

rge = 1—.

fAcHo, uTo

(217 A=[0A, vy A«=0cecmq =

[anee, Gyzem onpeaensTh Ho MHAYKUMM umcna {*,}1=1, {*KjLp nommHoMs!
W MHOXeCTBa BosbMem K\ = fc OueBuaHo, 4To Anst nioGoroj € N

Py Il mit,,

OTCioa CleAyeT, 4TO CyLiecTayeT eauHCTBeHHOE / 6 N Takoe, uTo *A11< <
FNLL TIYCTh | HATYPANsHOE YACNO U] 6 [1Ot,, »».+,,), TOTAG CYLIECTBYIOT Lienbie

wenao 64, ‘1w 60, ) Takde, uoj — , +0, nonoxAm

4»=_JLrfA .y
> Tk \mkod

) -

ew -"xT'4Um , * *m +o -

e mic#
TIPEAHONOXMM, HTO yXe OMpeeneHbl UnCna K = K\ < < ... < fc,-i, Mo/mHoMbI
£3i(S), dr(K)....,Qq i{x) v MHoXecTea £ .....E,_ . Monowum kq= fe_i+
/g i V13 (2.18) CREAYeT, UTO CYWECTBYET HaTypa/bHO YCNO VM TaKog, 4TO
(219, <1<iblii

m*, e mt,
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YunTbIBas OrPaHUYEHHOCTb Noc/eaoBatensHocT P - {p;}” 1 paBeHCTBOT M -
Pjnnij. us (2.19) nonyuam

2,0
) e nik, oy nik, e

MlycTs j 6 [n-,,wA+14). TorAa CyWecTeyioT Lensie wicna o 6 i, ™ 1) u /Te
[0.riik,), Takvte, uT0 j = am*, +,iA, nonoxum

@21
M., iwsm L *-4> -
1 Vo, & NpoTUEMOM Cnyuae,
(2.22) Eq:=4.\  [j R G +-

Orcioga  u3 (2.16). (2.22) creayet, uto

A= - Y JU) H-Li(i) -+ —i )
ii mK Y0 W+

[Jlanee nonoxum
(2.24)

w= p=N ) (W2 |p)) . raej=m

w L

(2.25) Q) ="Q.(») = £ Cjwjlx), rgeN,, = mk,N = nu,0+4l - 1

(2-26)

=LK PM=¢£

MoKkaxen, 470 Q(x), P(x) M E YAOBNETBODSIOT TEGOBaHUSM Nembi.
Yanteieas, 4o ] = £ * , || (. (2.17)) us (222) (2.24) v (2.26) nonwi

I*1*D *I1>EW P-«)-W P - A jf KM)- HM|.1*5
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U3 (26), (2.7) V (2:21) A noGoro HatypansHoro q € [l.«fo] nonyuim

Q)= £ <bilr®)=£ £ G -nALUKT,+0[)=
0=1 Ven

A i1
= E)IW %) B () Ne) -

The s - _ i OTCioga u U3 Jlemmbi 2.2 Gyem uveTs
7. ecnu X € Ey,
r(1-~ 1) ecnuren £,
[} ecnnx$ /1,

MosTomy yuuTbiBas Takxke (2.16), (2.22), (2.25), (2.26) nonyuum

Q@)= {7" ecmx 6 E
Vo, ecmx A

NycTs HatypansHoe uwicno M e [NV (cw. (2.25)), Toraa cywecTeyer q 6 [1,1,
Takoe, u4TO gt < M< iny+L(fer+i = K%, + ) CrledoBaTensHo, cywiecTayior

Uensie uncna gr€ [i,A 1) ufte P.ny.), Takue, uto
(2.28) M =00 +ft

OuesuaHo, uTo

E«*)-E<mM»)+ E ueg.
CnepoeatensHo

W3 (2.22) n (2:27) nerko seisecty, uto [Q,(i)] < 2[7114/], raej = 1,.. -lo- OTcioga

(2.30) foNedt< f; f <x>blig.i= \
h I=iy i=1
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c fokasan y 2 Ans y 3

PaccMoTpUM NonMHOM

(231) =QUWX) + ) +QifWn e

(2:32) a
0=1 30

%
(2is) ijjjfej .

He OrpauBas OGIUHOCTH, Mbl MOXEM CUUTATb, UTO 3y < N- JefiCTBNTeNsHO, B
cnyuae Fli> T*, KaK yxe M3BeCTHO, €8, TK +3 = 0, 4718 M- < i < $#, CrlegosaTensHo
w1
«o#5(*) B QrU- Pl 00", (@)
5=0 5=0
MpUHAMas B0 BHUMaHYE (CM. (2.7)), 4TO

INTY+IER) = W ka(x)LL (x) K ITC<e)%M= % (@ e.* %

u3 (2.21)  (2.24) nonyuaem

(2.34) (P£(*) = (x®*")*£ n;Ui(),

(2.35) Q*2(*) = - Wooty (®)DjO+i(x © x()<

U3 (2.20), (2.27) ir (2.32) umeem

lafl < ecnu X6 Ajjj= 1
(230) |<3w1 = B MPOTUBHOM CNyyae.
YunTbigas, uTo M3 ycnosus x ©3<>E [0, ogaer, uTo X £ /1, U HaoBopor, To

u3 (2.9)  (2.34) creayer, uto
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rge - byHKuna A.C venons3ys
=ku. 1+ I/7_i, nonyuaem (2.28))
Quin . ecmi e A,
(2.39) 1OM (@)1= 0 & NpoTUBHOM cyuae.
Danee, us (2.35) creayet, 4To
(239) J«r>m| <bi.
OKoHuaTensHo, u3 (2.31), (2-36), (2.38) u (2.39) CreyeT CIpABEAMMBOCTS YTBEPX e~
1R 4).
Mycts ] € (0.1).ij > £ oueanaHo, 4To Ana nioGoro € {L— 20} cyuectayer

umcno /1, 6 N, ANS KOTOPOTO CNPaBEATMEO CNEAYIOLLEe COOTHOLLEHIE

(240 <l o+
A, it m*,
OoaHaunm
(241) G.= N [x(o+-A-+— + 72125,
70 nu-+p, o, 1
@42) G=(JGr

[N Mepsi MHOXeCTE G, (cM. (2.41)) nveem
O=Nb(+ -_ U =+ (- >M -
TK Takaj m V
Orcioga, u w3 (2.42) nonysum (G| > |AI(L - rf)
Teneps fokaxem yTeepkzeue 4). MycTs x e G,u3 (2.41) H(2.42) creayer cy-
ujecreoganme uncen 76 {1,2,3,...90}uj € <0.1 @ - 13478 KoTopbix

(243) xe - ———
W 1 +1 mig
PaccMoTpuM HaTypanbHoe ucno M e [/To, 3V} YuuTeieas hopmyny (2.28), (2:32)-

Lrpel =0— +( -1)— +
! il Tt ( )LI.L i

(2.33) nonyunm
DEcmM <TiiT0Q % ) = QjI(*j=0,|A <AO(N)| = [Q"(*)| < W-
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2) Ecm M > Tuw , To = LQS(*)=0mTorgal £ N <

W)+ 1EM <270
3) Ecmkenu- <M < ni*r+110Torga ($} (i) = 0, u M3 yTeepxeHus 2, lemusl
2.2, nonyunm KoM (i)] < W * g * . ¢ [PYTO/ cTopoHbI fico, uTo [Qy(a:)| <

W, cregoeatensio, £ r-Wj(x) <  + |, anascex M e [/b,/N]. Otcioga u us
ism* 1
(2.24) TIOny M CRPABEATMBOCTS YTBEPKAEHNS 4).
3. flokasatenscTeo Teopemsi 13

MycTs e > 0. BbiGepen nocedoBaTebHOCTs yHkuwii {/n(*)}°<| C b (cm. 22)
KoTOpas NN0THa B £(0,1). ONpedenim wucra i), CeayoLMM 0Gpazom :

[0 j.o»*M A -

HeTpyAHO BUAETS, 4TO 10 UHAYKLM M/IeMMe 2.3, MOXEM HAVITH MOCTIEA0BATENbHOCTH
wrHoxects {C, ). {/2,}, nonnHomst {fn(@)} u

32 Q.(x). £ ««IP.M, l.»1, aM[>0,

KOTOPbIe Y/10BNETBOPSIOT YC/IOBMSM:

(63 ib(l-W e, [A.>1-(4 "L Cl
(34)

(35) fu . MI*,

(36) S1e>15] 5 [>1 U0, Vol v i e &
Nonoxum

39 E=  F. a =<4* gnanicoro Je€ (/i,_i/t,),

Ouesupro, uTo (o, (3.3)) [E] > 1- e
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2 Ecm M > nu.4L 1o QS (K = 17, OSTW = 0 WTOWB I T, rilr/ 3)] <

01/l + IQn M1 < 2171-
3) Ecmxewys- < M < ToTorAa Qm (x) = 0, M U3 yTBEPIAEHMA 2, JleA

2.2, nonyuum [<2a(3)] < & 1 7 1 tCApyroii CTOpOHbI AcHo, uTO [<2«(»)] < 171
W, creposatensho, | E - Ne () <+ [71, Ansiscex M € |Ap, LLL-OTcioa u k3
(224) nIOnYvaeM CrIDaBeMBOCTs YTBEKAEHS! 4).
3 [Jokasarenscrao Teopemer 1.3
MycTs € > 0. Bbibepen nocneaoeaTensHocTs dykkumii {/,(s)}"., ¢ $ (oM. 22)
KOTOpas NoTHa B £(0.1). ONpedenuM wucna if, CreayioUyM 06pasom :
@1 }. «=i2.3,-

HETPYAHO BUAETS, 4TO 1O VHAYKLMM U MEMMe 2,3, MOXeEN HaliTH NOCTEAOBTENLHOCTH

MHOXeCTB {C.,.}. {/2..}, nonuHoms &N(*)} H
(32 O.M- £ aWW.W, M-1, [«<>po,

KOTOpbIE V/AOBMETBO])SHOT YCTIOBUAM:

33 <2,(*)=1.(*). *€E,, \E,\>-l-e-4-*<mA |C,[>I-I),

(34) Jjen()  Qu(o)rfe < ca'8™ 2,

(35) Vosnpdx < bl #)[& < 3j\L, (x)\dX,

(36) > lad)l >las"i,l > b{ul > 0, ve> I, vfce -,
Monoxum

(38) E=pl/2(L ak= "), Anamo6oro K€ (/._./.).

Ouepupro, uto (cM. (3.3)) [£] >1-6.
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Nycts £{x) € £(0,1). HeTpyaHo BUAET, 4TO MOXHO BIGPATH MOCMEAOBATEb-
HoeTs K, 1 = 1,2,3.... Takylo, 40
@9)

sim 1 {17 At - st

0, Jimfk,,(k) = /(x) n. 8. fa [6,1) n

(3.10) | ' )
1 t
<RI, [N
(311) F(»*<j,AM- £ « 4
Monoxum
(312) Ci=Gk, gi=fk,, Qi=/t,
TpeAnoNoxuM, 4To yxxe onpeeneHsl uncnaf =V\ <... <
n<q 1 dynkunn /,.0k), AKX), 1< < g-1, mHoxectsa ..G,_i h nonu-
HOMbI
Q) =Qujx) = E 47< () mer=fe-b =un-1
=
KOTOpble 405 Bcex < (-1 y/OBNETBOPSIOT YCAOBYSM
5.M -/*.(*). *€ECE,,
(313) j['pi6IM +AIM «)>-SM I“<»-W4. 1<»<2-1,
) - min *lfc)U juh P |j u(1(~))\51)\]‘
(314) Aw-mm{2 «"+7),il<t;)]}
(3.15) 1G.>1 i—,
max, <7 = I |l,,(z)|Ete<2" pns Beex i€ G

j /C 1.MI* Vo

<
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yHKuua fif,(x) u3 {/m(*)}ii 6b1 Creayk

My yeroswo
(B16) I/,() ftM -£ [NV +iiBAMN) *(k)]j jm< -
B cwny- (3.10) 1l (3.13) nmeem

I kM -E [fm+amUuM)-sm U <2+

Orcioga u u3 (3.1C) uneen

@317 27 <L M X< T
Monoxm

(3.18) 5. -/, (<) +M») N1.M1,

(319 4,(1) V. E <e>Ne,», rger, - [T
(3.20)

321) pb'Muyag! m

(3.22) AMo-w TALAT T}

YuuTbigas cootHowenns (3.3), (38) v (3.18) nonysaem
(323) ro)=4.», *62
Bouny (3.4), (3.13), (3.16), (3.18), (3.19) u (3.22) umeen

0 Je [( )AL B)) - N I< -
N QR [ T3

< _(Ow (10) B« () +%)%)(*))-

(32<0 HAM+f AU Q.()ldx<2 1-.
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V3 (35), (3.13)-(3.17) u (3.24] 3KTeKaeT, uTo

VO \IX- [Ne (*+% J~K 0(x))-.9:(:10]j! fe+
YJ \ah(x)\dx + [(Qi(x) + %)W/(0(x))  Jfi(x)]1dx <
(3.25) <3) k() 12 4<2, 3

U3 (3.1), (3.7), (3.19) Ana Beex x £ G, nonyumm

(326)  nwx_ £ a ., ()< mERAX)| +i/F EGONLr< 2 »,
r ji# I oyillAW s v
(3:27) Ga>1-2 7,

FICHO, 4TO N0 UHAYKLAW OMPEAENAIOTCA MOCAEAOBATENLHOCTH hyHKUMI FHOK)}. =i,
wHoxecTs {(24},=i, wicna {(<N)E | u nonuHomos {Q.(x)}4=i, ynosne-
TBOPAIOLLYX YCTOBMAM (3.31)-(3.40) ANt Beex > 1

OfosHauue
(3.28) B, = {8 € [01) /() <23 2}.q> 2,
Gyaem umets

0.1\ C12%((/+2) < /| (M)lda< €+2"4+2). > 2.
Joi)B,,

Creposatensto
(3:29) 180> 1- em-(w2).

Lanee nonoxium

[E&Y] A,=fre [0.1): 5] <2*},

(331) C=1* e01):r [(«*)+Ayiuum) W]j<rjm

AHanoruuto (3.29) u3 (3.24), (3.25), (3.30), (3.31) nonyuum

(3.32) VAU>1-2 9 |F 1> 1- 24

Monoxum

(3.33) B=Q [Bj Gj Aj Fj).
k=lj=k
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Otcioga n s (3.27), (3.29) u (3.32) BbiTekaeT \B\ = 1
YuuTeigas swiop uncen { H1 / m(K.r)}*,, {((@)"i nonyuum, uto no-
cnegoBaTenbHoCTs Uncen
{00 Ub - Li(1) A d(n-D)-sm /(n)isrfl.. .

€CTb HEKOTOPAs NEPECTAHOBKA HATYPANIbHbIX YIICEN. 3aMMLIEM M10CNEABATENsHOCTS

(3.34) FELOE N> (2) )it
Onpegennm pag £K=0"W 0 N¢"i*(L) creaytoLum o6pasom
(3:35)
S M- - £ MWL+ %BWI()(*)+E [£ m.lL "
e
(3.36)
{4030 = 3

Vi3 (3.25) BbiTekaet, 4To
(3.37) Is<i(@)Jrf < oo,

Monoxum 1{x) = £~, >..( ). U3 (36), (3.8)- (3.9), (3.12), (3.22), (3.23), (336) n
(337)crepyerM e [0,1],f(x) = /(*). s e B, ' [/(*)-/(*)(* < elf(i)| >
VK> 2. T.e. MHOXeCTBO D (f, W) COAEPXUT TONbKO OAUH 3NemeHT.
YuuTbigan 86i60p uncen Y(fC)}*=j NONYuM, 4TO OHA ABNAETCA NEPECTAHOBKON
HaTypansHbix uncen [k 6 UALIP + 1-tn+i]}- CneaoBatensHo Ana Kk A0ro Haty-
PaIbHOTO Y CYLLIECTBYHOT HaTypanbHble YMCNa N 1 .7, Takite, 4T

{%)}?.=, C {dkk 6 NnuA=L[E, + 1,1, +} =

S {ftkeu 5. [*+ r,J}c(fci)t,

OTCI0Aa 1 U3 COOTHOWeHWIE (3.24), (3.25) 418 KAXAOTO q > 2 Gydem UMeTs

(1°\2 [Ei()+Aopan()] /(3] *=) <

S L&)+ %> %) (*)) -2 #) ]| <+ 19*(KUTT< 2",V f1>2

Cregosatensho, 4 = ' f(x)Wk(x)dx = ck(f) Ana nioGoro k > 0.
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CXOIVMOCTb MOHTV BOHQY XALHOMO ANTOPUTMA

‘Teneps NOKaKEM, 4TO Ha MHOXeCTee B (T.e. nouTw ecioay Ha [0,1) xaubiii anro-
PUTM (yHKUAU TiX) CXOQUTCA K Heih. TIyCTb X & B, TOTAQ CYLLECTBYET HATypansHoe
umcnojo Takoe, wrox € Bj Gj Aj FjVj>jo.

TycTs fanee > rJi, TOr4a CYIUECTBYET HATYPANILHOE HACNO d, § > jU TaKoe, 4TO

(3.38) Ng<m< Na+, e AN?=1j + 1+ E [& T+21 A 2

B cuny (3.33)- (3.38) umeem

KM o0 - /mi - [ f A Mwww n»)J<
< || [(e<<*)+ »(*)]j+
+E bI%)|+ (£ n M| +beg <24
AHJIOTUUHbIM 0BPa3OM 8

5nr(r',7) - 1(x)\ -+ O, [ -too, Vx e B.

Teopema 1.3 fokasaHa.

Abstract. In this paper, we prove that for any e € (0,1) there exists a measurable
set B e (0,1) with measure [2)| > 1—e such that for any function / e L*[0,1), it is
possible to construct a function / € £4(0,1) coinciding with f on E and satisfying
Jo /(*)~ /(*)!<&< s, such that both the Fourier series and the greedy algorithm of
T witli respect to a bounded Vilenkin system arc almost everywhere convergent on
0. D).
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Abstract. Inthis paper, Ta show that the nonn of the Bergan projection on

1 f -spaces i the upper (1)
this st o eregeneral s of oreis, kown s the hamogenous Sege
domeins of typo .
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1. Introduction

In the recent paper [15], K. Zhu has obtained sharp norm estimates for Bergman
projection on in-spaces inthe unitball ofC". In this paper, we first extend this result
to /'/*spaces in the upper half-plane, that is, M+ = [z2= x + iy, x €, y >0},
and then, the obtained result we extend to a more general class of domains, known
as the homogeneous Siegel domains of type 11

It will be convenient to introduce the mixed normed spaces for (unctions defined
on M+. Let0< p,g< ooandv > 0. and let f{x + iy) be a measurable function on

M+ Then, with the usual conventionsif p = 00 or = 0o, we denote

" . %
M«-(i“ 0Clo +giNg 1 *) m
Definition 1.1. For all 0 < p,q < 0o, the mixed normed space 1 4 is defined lo

be the sel of measurable functions on M+ such that [[/[|M= < oo. The space A™ is

defined to be the set of holormorphic functions on  + such that ||/[[M ,, < co.

It is worth to observe that these spaces were extensively studied in the literature
(see [1,2, 4] - [B]). Fbr instance, in [2] it was proved that A™ = {0} if and only if
V<0, and that the orthogonal projection Pu from the Hilbert space Lj’2= I onto

*Gono. mwes supported by Abdus Salam Intermational Centre for Theoretical Physics.
3
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the space .4%2 = /4®can be extended to a bounded operator on * if and only if

1<p.q < eo. Also, the explicit expression of P,, is given by the following formula:
p.mi-J3"" 3" bly.*+«onct

Wwhere

The operator P,, is called the weighted Bergman projection.
Our first main result s the following theorem.

Theorem 1.1. Let1<p,q <ooandv > 0. Then there exist positive constants Ci

and  independent ofp and g such that

(1) C.eso(*/9)<||P, [|< C 2c5¢7/9).

2. Proof of Theorem I.1
The proof of the theorem is based on two estimates stated below. One of them is
the refined version of the Schur lemma (see [16]). The other is an optimal pointwise
estimate for functions from  £4 (see [B])
Lemma 2.1. [16) Suppose H (x.y) is a positive kernel and
10 =) HEyIiG)
is the associated integral operator. Let\ <p.q< co with \/p+ 1/q = L 1 there exists

a positive function <p(x) and two positive constants C\ and (72 such that

3 HEW)(SPO)HUE) < C(<p()g. x€X

JoW xy)W Wox)<ca roy6X,

then the operator T is bounded on Lp(X.d/i). Moreover, the norm of the operator T

on LP(X, djt) does not exceed

Proposition 2.1. [B] Let1 < p,g < oo and v > 0. Then there exists a positive
constant C independent ofp and g such that J/(rc + iy)| < for all
f 6 NS4 andx +iye M

In this section we prove our first main result - Theorem 1.1
34
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Proof of Theorem 1.1, Denote fy{x) = f(x + iy) and
pri) =d  d Bvzu+inl(u + vvu-ldudy.
Tiifin we can write

VoL * - (JEE W )W )

K iw =* Lwoy -dv,

where ¢ = and gutu(y) = 5t . Using Minkowski and Young

inequalities we obtain

Moreover, simple calculations yield:
lisk+olUh#) = +v)-u-

Therefore

(1)  WKfrMu - +*rIAbw M) (M4,

whenC=7gf}
Now wo introduce the ingredients for Schur's lemma:

=)+t -1
and <I(v) = «"«r. Then it is easy to see that
(il+<)"V («K"ia> =V 1V to)

itovEwv ()i =

and consequently
)T (E)

(22 ITAIU,O+00) < —  — |bi(0+00)-
We easily deduce from (2.1) and (2.2) that

(<) «ag™ <cT(r)r(£)inm,,
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Now the second inequality in (1.1), that is, [IP,J| < Cese(~/q) follows from (2.3) and
the inequality

m
The proof of (2-4) is given in the second part of the paper. Note that in the above
inequalities, C is a positive constant independent of p and g. To prove the first
inequality in (1.1), we first apply Lemma 2.1 to get

Then taking f(x+iy) = 22~ "Xo(i,i)(x+'¥)and D o) = {r €€ : |z-i| <
from the mean value property and some easy calculations, we obtain

m -» M M .so
for all r+iy e M+

Finally, combining (2.5) and (2.6), and taking x = ¢ * and | < ;/< |, we obtain
lPull >Cq> Cesc(it/q) forall g > 2. In the case 1< q < 2 the result follows from

duality argument. o
3 Bergman projection and Siegel domains

We fix a positive integer n > 3 and denote by D a domain in C". We use dv to
denote the Lebesgue measure definedin C and  to denote the orthogonal projection
from the Hilbert space L2(D. dv) onto the space A2(D, dv), consisting of holomorphic
functions on . It is well-known that P is an integral operator defined on L2(D, dv).
The orthogonal projection P is called Bergman projection and its kernel K is called
Bergman kernel. In the following, D will be a homogeneous Siegel domain oftype I1.
The goal of the second part of this paper is to extend the result obtained by K. Zhu
115), to the Siegel domains.

The main object i this part of the paper is the Siegel domain associated with a
homogeneous cone. So, in this section, we recall the description of an open strictly
< e\l {gteos onefrom T-algebra, introduce the notion of a homogeneous

Siegel domain oftype 1, and state our second main result.

3L Homogeneous cone. We use the same notation as in [13]. We consid

matrix algebra U of rank I; with canonical decomposition
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such that UijUujjt C * and UiAUL* = Oforj I+ We assume that U has the
structure of T-algebra fin the sense of [9]), in which an involution is givenbyx 5
This structure implies that the subspaces Ujj satisfy the relation It-* = 2.c,, where
= gand dim U.j = n.j = nj. Also, the matrix e = ci s a unit element
for the algebra U. Let p be the unigue isomorphism from Ujj onto 1 with p(a) = 1
forallj = 1,++=,r. We consider the subalgebra T C U consisting of upper triangular
matrices, and let
H={te7 :p(tii)>0, i = Lees 1}
be the subgroup of upper triangular matrices whose diagonal element are positive.
Denote by V the vector space of Hermitian matricesin tl V = {®€ U :x = %},

Weset -= ]! . mi=Ej=t+i”v>an” observe that

dimJ/ =

rEAm o =r+fni.

The vector space V' becomes an Euclidean space with the inner product: (xjjf) =
tr(xy’), where tr(i) = p{xuy). Next, we define Si= {ss :a CH). and observe
that, by a theorem of Vinberg (see [14], p. 384), ft is an open convex homogeneous
cone containing no entire straightlines,  which the group H acts simply transitively
via the transformation:

(W) et > TWLUT= W)(uw')  (tiie H)

Thus, to every elementy € ft corresponds auniquet € i such thaty = Tr(<)fe] = t-e.
We assume that Siisirreducible, and hence rank (ft) = r. Note that all homogeneous
convex cones can be constructed in this way (see [14] p. 397). As in [13], we denote
by Qj the fundamental rational functions in Sl given by Qj(y) = p(lwr, when
y=tmeft
We consider the matrix algebra with involution U" which differs from U only on

its grading, and put Uy =+ _, +L_ (i.j = I,---.r). In [14], it was proved

that W is also a [-algebraand V' = V/, where V" is the subspacc of U" consisting of

Hermitian matrices. We define the subalgebra

-0
I<isj<r

of U', consisting of lower triangular matrices, and the subgroup H' of T whose
':16 H). The

diagonal elements are positive. We have 71= { *:16 Tyand 51
37
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corresponding homogeneous cone coincides with the dual cone of ft, namely
IT={teV':(x\Q>0:  VxeAlo}

One also has (see [14], p. 300) ft* = { .:te H). For£ = . € ft*, we define
Q(& ~ P(tjjh  observe that the following identity holds: Qj(t* mc) = Qj(t m).
We use the following notation: for all x e ft, f e ft’ and 0 = (« ,++ma,) € IS, we

«"M =M «?M “i (B)"(B=N(«N"".

Weputr = ( --rr)ERrwitht(= 1+  +«) For /feftandj =1, i,
we have Qj(*(t)y) = Qi(x)Qi(y). Therefore, for any s e 51, we gel Qr{ (s)x) =
detir(5)QT(i) since (see [14], p. 388) dctir(s) = QT(s m«). Note that the above
properties are also valid if we replace Qj by Q= and x 6 ft by £ € ft*. In the

following we call en the element e.

3.2. Homogeneous Siegel domains. Let Ve —V +iV be the complc\ 1c to of

V. Then each element of Ve is identified with a vector in C". The coordinates ofa

point r e C* are arranged in the form: r

J

(rb @+ 2,), where 2j = [uy, mm,

2, -mr, and

74} €C, Zij= (z8\me, 4)6C"i, 1<t<j<r

Forallj = weset ey = z. where r;- = 1and the other coordinates are equal

to zero, and denote

en=E ew=(1"°1, 0,1).

Letm 6 N. For each row vector u € Cm, we denote by u the transpose of u. Given
m Xm Hermitian matrices Hi, m. Hn, we define an ft-Hennitian homogeneous form

F1C" XE" -» C"as F(u,vj- (ulhv,»

uH,V), (uv)eCmx  sudi that
(i) Fvu) 6 ft

(ii) F(uu) = 0ifonly ifu=0;

(iii) for every t € 11, there exists i € GL(m, C) such that t #F(u,v) = F(tu, iu).
The homogeneous Siegel domain of type 1 associated with the cone ft and with a
K Hermitian homogeneous form F : Cm x Cm-> Cn is defined by

D(ft,F) = {( . ) 6 C" XC* :Sraz - F(u.u) 6 ft)
k]
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Using tho above decomposition of an dement in Cm, we can write

F(u,u) = (F\1(u,«), Fi(u,u), Fn(u. u), =*=, Fr(u, v), Frr(v. u)).

where for = 1me, 1 and j s

Fa(v,n) = vHiii', Fj(u,v) = (Fij(u,u). ,Fj-ij(u,v))

and for L <i<j <rand | - 1---,riy,
VL) o
We have the decomposition Cm= C;, where Cj is the subspace of €" on which

Fa s positive definite. In what follows, we denote by bthe vector (6i, «+m br) e I'Tand
by U the Siegel domain of second kind associated with the open convex homogeneous
cone ®and the Si-Hermitian homogeneous form F
33. Statement of the second main result. For each (s,tt) € D, we adopt the
following notation

dV(z,u) = Q-*~r (9nw - F[v.u))dv{z)dv[u)

with Hie convention that ify =, then

V)= €1 (- H

where dv is the Lebesgue measure on CL and 1= n or /= m.
For p,q 6 (L+00] and v 6 Rr, let Li;4 denote the (Banach) space of measurable

functions on D such that
ip.2,-* » ) Qv+ AWly.u)j < +00.

We define the weighted Bergman space Ay,4 to be the subspace of 1 4, formed by its
holomorphicfunctions. Observe that Qb-2r( - F(u,u))dv(z)dv{u) is th.e invariant
measure with respect to the group of automorphism of D (see [9), p. 56). We denote
by P, the integral operator on L% defined by
AIM - | Bu((z,uMw,)f(w,f)dVu(w,t),
Jd
and by we denote the weighted Bergman projection, defined by

2/to= | Q@O 0,

where

RICEN))
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is the weighted Bergman kernel, that is, the reproducing kernel of LL| (D)
Also, we denote by [IP,| the norm of P,,on It is well known (see, ., [12)
that Pj and Pv can be extended to bounded operators on

["Lfor some p. q € [1,+00]

and u = (Vi,+». i) 6 Rr such that iy > 1]+ +6 ,j = 1,
The followuig theorem is the second main result of this paper. The proofis given

in Section 5.

Theorem 3.1 If P* is extended to a bounded operator on then there exist

positive co/ C1and Go, depending only on v, m andn but not on p and g, such

that

Cicscr(n/g) < [IP.J| < Clescr(iifa).

Now we state two lemmas and a proposition, proved in [13] and [12], which will
play a key role  our analysis in the subsequent parts of this paper. We first adopt
the following notation for the generalized gamma functions:

r " " - PR

LEQ AMERICO Tmy). &T

where I" s the usual gamma function.

Lemma 3.1. [13, Lemma4.20]. Leta = {»i,« ... a.) € Rr. The integral
{re1)
converges if and only ifa, > 1+ iij+mm j = I,...,r. In this case, we have Jny) =

caQ-a+T(v), where
[a.)»i-ivivMr,.(»-T)
)
Lemma3.2. [13, Lemmad.19]. Letfi = £BrandA= (A.A__A)e
Rr Forally 6 fl, the integral

)= 1 QI +V)Q>T(wdv
isfinite if and only ifA-> , fij+A-< . =1,...r. Inthis case, we have
Jib(y) = A<, +A())’ where
. TIAL( ) A)
M T, .bl
<0



Proposition 3.1. [12, Proposition 5.2]. Letn,t 6 Cm, y 6 9.+ F(u.u) andy 6
£1+ F(t,1). ForA= (Ai,Aj,~m,Arj 6 Rr, the integral

Uy = Q-\y+ Y+ F(i,t) - 23leF (u,)dv(t)

nonverges if Aj - 6, > Li-j = 1,....r. In this case, there is a positive constant C\
such that I(y, u,y) = CxQ=xb(y - F{u,v) + y)

4. An optimal polntwise estimate in Siegel domains

The proof of our second main result - Theorem 3.1, requires pointwise estimates
in tubular (resp. Siegel) domains. So, we need more precise versions of pointwise

estimates in the above domains.

Lemma4.1. Letu= (i, .vT)€ Rr besuch that > j = lmmm 1, and
let f be a holomorphic Junction on tube domains Tn := V + LUl (the so-called Siegel

domains of type 1), such that
wnw. = 1 n « < +00.
Then there is a positive constant C independent ofp and g such that
\(* +iy)I< CQ-t-i(y)\AU u
for allx +iye Ta.

Proof. Let tc be an extension of t = ir(s) to Ve = V + iV, defined as follows:
te(x+iy) = tx+ity and tc[iy) = ity forall i +iy 6 Ve. Then using the mean value
property, the Hiildcr inequality and formulas (2.9) - (2.10) from [13] (p. 484), we can

write

f(x +iy) = fotP(t~Ix +ten)

Sy < I \fo te{x+ jjdxdy

< C\\Wot% gv<CQ-ri(y)\\Uuy,
where B(eSi, 1) is the Bergman ball of radius 1 centered at en, and
C=jt sup Qr-v(y) max(l,QT-"(y))
VeAa)
a
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Proposition 4.1. LetV = -vr) € Rr besuch that > “+>t > =
.r. and let f be a holomorphic junction on D. Then there crisis a positive

constant C independent ofp andq such that
1(*+iy,u)l <CQ-Ar-i(y F(uum/IIM,,
for all (x -riy.u) € D.

Proof. Consider the following functions: fi(x-+iy) = f{x+ iy,u),f2() = f(x+itj.v),
t(x+iy,u) = (x+i(y+F{u, tt),u), and use the pointwise estimate in tube domains,

to obtain

/(s +%m| = |(/ot)i(x + ite- F(u,u))d
Therefore
JIM il » - V&+<1 +

where h(v) =v-+u. Finally, using the mean value property for holomorphic function
12 ofi, the Minkowski and Holder inequalities, and Fubini's theorem we conclude that

W01 .<»2 YL, a

The next lemma play a key role to estimate the Bergman projection in the Siegel

domains. We use the following notation
M M, (10)= + Y- 2WeF(«,0).

Lemma 4.2. There exists a positive constant C independent ofp such that,

W) e>ivw) < o f L TEOA00, 0
where fv.u(x) = F{x + iy,u).
Proof. We set.
B -* -] B6EN
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and use Minkowski and Young inequalities, and Lemma 3.2 to obtain

Uield) <4.(7 1. ..., o)
5L« X A%*) "WM

Iffutv,) * Al mm (0

4,

41 1
JC" In+Fel)
< 440 1 5+, ()AL v X (V. B) TK.(y, 1)

cI I Ko Upm),(ji,m feAur)dVu(y. 1),
JC” In+F (1Y)
wliere the symbol * stands for convolution. o

3 Proof of Theorem 3.1

Observe first that by Lemma 4.2 we have

WL < (o hapy (7B VA% )b o) g
where
TQ(Y‘U):JE Ky((y,u), (v,)g(y- HaV..(y, )

Next, it is easy to see that

" \[/II+F((‘I)

A e (U e R R
and

6D o dpy DS DL G0N0,

where = QU(y- F(«U)), 7= (71,%++,7.) e Rr. Therefore, we have
and

P(r)r(™)
rn-(1/-1) w19 9
So, using Schur’s lemma, we get [IP, | < CM.
Next, taking into account the symmetry of sine function and the conjugacy between
and , we only need to consider the case where q is very large. In this case
3
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the function I is bounded from above and below, and satisfies the

relation:

r

because xI(:r) = T(i:+ 1) ~ 1when r is a small positive number. Thus, there exists
a positive constant C\ independent ofp and g, but depending QiLv, m, n and r, such
that [IP,| < Ci cscr 2. Now, we estimate [|P,,| from below, assuming that q > 2. In
the case 1< q < 2, the estimate will follow by duality argument and the symmetry
of function sin-. Noting that for q > 2 the constant sin(s/q) is comparable to 1Jq,
in view of the pointwise estimate, we obtain

1p o CIPLI(R+ W3 ™ +4y-F (u,u))

mo- s,
forall (x+iy,v)e D. So, taking

(X +iy,u) = d~1Q~UH +r(y - Pl-m)XILi<.ie, 0),1fx+ 1Y 1),

where 0). 1) is the Euclidean ball of radius 1 centered at (ien-0), we obtain
Wpil> st

forall ifS (fi- en) . Here
a4 iy +emN
PIx+iyu)y=irng x-p MG TE)
and||/| , <C.Finally, forx = e “en,u = 0andy € B(eu, 1), weget ||| > Cq'\
and the result follows. |
As an immediate consequence of Theorem 3.1, we can state the following result.

Corollary 5.1. Letv = ifr)€ E' be such that > V= Lee rodf

P* is extended to a bounded operator on 1 4-spaces of tube domains Tq, then there

exist positive constants C\ and , depending on v, m and n, but not on p andg,
such that

cclr(rn) < < Cacser('M)-
Proof. The result follows from Theorem 3.1. It suffices to see that if F = 0 and

m =0, then D = Tfj [m]

Remark 5.1 Our main results show how fast the norm of the weighted Bergman
projection P, on LM -spaces grows as q increases and u is fixed. Moreover, the results
44
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do not depend on p. In this respect, it would be of interest to determine how the
norm of 1'u grows when u increases and q is fixed.
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Kn0ueBbie CI0BA: KOMIaKTHOCTb UHTErPANTbHOTO OMEPaTopa B NPOCTPaHCTBE CyN-
MUpYeMbIX (hyHKUWIA; OLLeHKa NMOrpPewHOCTY; SAPO TUMa NOTEHLMANa; YpaBHeHue CBepT-
KW; ypagHeHue nepeoca.

1 Baepetme

PaCCMOTPUM NMHeiiHbIi UHTerpansHbili onepatop K:

(1) Hur)- ) (. -00<0<1<00,

e K - vamepumas dyHkus Ha (a, b X (a, b).
MycTs K nepeeoauT npocTpancTeo Lp(a6) & b,(a, (). rAep.q> 1. Perynsprocts K
oataae, uTo onepatop \K\ ¢ sgpom [v(k.f)| Takxe nepesognt Lp(n.6) & L..(a.b).
LLI ‘perynspHoCT K CneAyer ero orpanmueHHocTs (cu. [1). Vimeet mecto creayto-

ujas Teopema o (nonkoih perynspHbix
(com. [1D).
Teopema 1.1. Nluweliusili perynspi 1 0 ; onepatop, geirn /» {

Lp(a, b) & L4{a,b), rae p > q > 1, BnonHe HenpepbiseH.
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O KOMIMAKTHOCTU PEMY/ISPHBIX MHTEMPA/bHBIX OMNEPATOPOB

Y TaepKzeHMe TEODEMbI He UMeET MecTa & cnyuae p —, KOTOpbIii NpeAcTasnaeT
OCNIOLWKOI MHTEPEC C TOUKA 3DEHUA TEOPUM M PELICHWS UHTErPAbHBIX YPaBHEHIH

8TOpOrO poga
(12) IM -SM +yV M IW iii-

B maTemaTuyeckoil (hu3uke, B TEOPUM CyYaiiHbIX MPOLECCOB U AP., BO3HUKAET BO-
npoc pelweHys ypasHenust (1.2) B npocTpaHcTBe />i(0,6). PerynsipHocTs K B L\(a,b)

SKBUBANEHTHA BHINONHEHIIO YCOBHS
(13) (1<) = supessd WK (x,\dx < +oo.

VIveeT MecTo HepaseHcTo LYTLh, < /*Nem B HacToswieii paGote npusoguTes 4o-
CTATOUHOE YCNI0BUE KOMNAKTHOCTM OAHOTO LIMPOKOTO KAACCa MHTEranbHBIX onepa-

T0poB B L\(a,b). [l0KA3ATENLCTBO HOCUT KOHCTPYKTUBHBITE XapakTep. Mcnons3oean

npocToii 1 ii arperar, cTpyKTy-
pa KOTOpOTO COTMacOBaHa C OnpeeneHHel BenmunHsl 4(K). Monyuena anpuopHas

OLLeHKa NOFPELIHOCTH, CRIeUMasHO PACCMOTPEH ONepaTop C SAPOM BUAA
(14) K(x,t) = X (x,0)T(x-t),

e T € L|(-r,r), = b- aa hyHKuMs AorpaHuuena:

@) ACY) < Ao

O6o3Hauum uepes W Knacc sep, yAOBNeTBopsioLX ycnosuio (1.3). Knace U se-
nAeTCA GaHaXOBOIi anreGpO 1y - HOPMOYE 4 (K ), B KOTOPO yMHOXeHue OnpeaenseTc
4epe3 KOMNOIULMIO SAeP.

Beeem noaknacc Wu C W sep, 061aAaioLL3x CBOCTE0M

(1.8) JIK (x,0)-K (x,y)\dx<ir(\y-i\), rae «(l)-10, 1->0 +.

Uepes W 1 WU 0603HaualoTc anreGpsi onepatopos euga (L.1) ¢ sapami us W
VY coOTBETCTBRHHO. WU ABAAETCA NOAANTEGPOVi U MPABOCTOPOHHMM UAeanom & W.
OTMETUM, UTO BbINONHEHME YCNoBUs (LG) He NPEANIONAraeT HENpepLIBHOCTs WM

OrPaHNYEHHOCTb AAPa N0 BTOPOMY apryMeHTy.
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2. Annpokcumauus onepatopa K ii

Hke 6 i patopaK C
Vhp. 3101 K Merog) (MYS3) patorsi 2] u umeer

HEKOTOpOE CXOACTEO C METOgOM nonoc (cw.[3), cTarsio “Tlonoc Metos”).
MycTs M- («,,)",=0 - HexoTopoe pasiuienvte OTpesKa (a.6:

0= «0'<«| <mm<s,=b u GM=[smsm#], in=0mes, (1-1).

Anst K ¢ HV o6osHadnmt
(1) 5T=51(K)= sup [\K{xy) K(x.\dx< +cc.
iwectd

Onpeaenenite 2.1. PasGuenne U Hasosem 6 - pe&Gvewijem fns sigpa K e HE, e

5>0.ecm5T(K) <I, m=0mme(c )m

V13 nemmb! [eliHe-BOPKNS GEYeT,- 4TO [15 NPOUSBONGHOTO /1 > O CylwiecTayeT

KoteuHoe S - pastuerme ana K £ Lly:
(22 3 KX )- K{G )X <S npt Ly € Gy, T =000, (u- 1)
MycTsi?! Sb,,,.on=0 ,(4-1). OB0sHauwm uepes I Ha6op {11, (>;,)}. Habopy I

CONOCTaBIM WHTerpansHbii OnepaTop K? CO CREAYIOAM BbIPOXEHHbIM 5APOM

“OPUIOHTANILHO MONOCATO"CTPYKTYPbI:

Kr(x,t) = I(ii(.), te G, T=U-- (@ 1)
Wneem::
M () - £
e - QyHKUUA MPOMEXYTKA C,, JIerko nponepnts, 4ro

AUTT) <L(I<e)e
KoHeuHoMepHii onepatop K 1 nepesopuT Li(a,b) & MOANPOCTPRHCTEO AMHeliHbIX
KomoHHaLpii BuAa £ C...K(x,.%.).

3aliMemcs OLeHKOR 61U30CT /C M K T 0 . - Hopwe. Mpw LE 0,,, uveen:

(24) 3 W )- 1<k i IK{x, 1) - Ly x, ,m)\dx <6T{K),

8



O KOMMAKTHOCTU PEMY/ISPHBIX VHTEMPA/IbHB X ONEPATOPOB

e OT onpegenseTca cornacko (2.1). Ecnm M sensetca - pasbitenviem sgpa K, To
I K - Kr) < 6, NP MPOU3BONLHOM BbIGODE MPOMEXYTOUHbIX Touek (77.j. Hamn

noydeH CreAyloLi pesybTar.

Teopema 2.1. Onepatop K 6 Wi; enonse Henpepsisisiii & L\{0.b) u gonyckaeT

onepaTopamy cAapam Biga (2.3).

B cnyqae $- iT6uenus M uveeT MeCTO oLeHKa

(25) |*-£r<i-

3. Onepatopsi o ngpan euaa (14)

PaccmoTpum onepatop K B cnyuae agpa K supa (1.4),(1.5). U3 (1.5) cnegyer, uto

K €'W 1 UMEET MeCTO HepaseHCTBO
(€] K)<A > In*)[*,

rAe1(K) onpeaenserca cornacko (1.3). M03TOMy 0neparop K OrpaHuUeHHo AelicTay-
eT B npoctpaHcTae  ( ,6). VIHTerpanbHoe ypasHerute (1.2) C TakiM S4POM MveeT
LUMPOKUE PUMEHEHNS B MATEMATUYECKO/ (M3MKe, OTMETUM HEKOTOPbIE MIBECTHbIe
Knacce! ypasHenuii ¢ sgpom (1.4),(15).
a) Ecm A8, ) = A= const, To (1.2) 06paLjaeTCa B ypaBHeHime CBEPTKM Ha
KOHOUHOM NPOMEXKYTKE.
6) Ecnu T(x) = [irl-'r, 0 < 7 < 1,70 (1.2) NpegcTaenser coGoii ogHoMepHoe
ypagHenve ¢ AAPOM TUNa noTexuuana. ECAM K ToMy e dykHna A(s.t)
HenpepbigHa & Keagpare [ab] X [a,b], T0 (1.4) ABAETCH NONSPHLIM SAPOM.

8) /M hyHKLUA 38BUCHT TONLKO OT BTOPOTO apryMeHTa i:
(32 A,() = A@). A6C[o,b],

T0 ypasHeHvem (1.2) OMCHIBAETCA GO/bLION KPYI 3324 NepeHoca Uanye-
HUSi 8 HEOAHOPOAHOM N/IOCKOM Cloe. B 3TMX 33/3a4aX A NPEACTaBseT CoGoii
abGEA0 PACCERHUA, JABUCALLEE OT rNYGUHBI 1
YpasHerite (1.2) C NOMAPHLIM AAPOM AOCTATOMHO NOAPOGHO M3yUeHO B NPOCTPaH-
creax C(a,6]u (. ) (cM. [4]). MIPUBEAEM OCHOBHOI PE3yNbTAT N0 KOMNAKTHOCTU

oneparopa ¢ sapom (1.4) (cm. [5))
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Nemma 3.1. MycTs sgpo K onepaTopa (L1) umeeT eng (L4). Ecnn dynkyus X
Henpepsiesa & keagpaTe [, 6]x [5, 6], TO onepaTop K KOMNaKTeH & NPOCTpaHCTeax

fti(a.b) u Cla.6).

TIpuMeHeHMe TEOpeMbI B NPUKNAAHLIX BOMPOCAX BLIFIAAMT NPOGNEMATHUHBIM. D

cnyuae sgep Tuna He yenoeus Teopentsi B
0 HenpepLIBHOCTH chyHKLM A

Hike GyAeT yCTaHOBMEHa KOMNAKTHOCTS OMepaTopa ¢ AApom (1.4) npy Gonee cna-
60M OrpaHUHeHH Ha (yHKLio A N0 CpasHeHwio C Teopemold B. Mpegnonaraetcs,
0 &TOpoMY

uTo AoGnanaer cBojicTBOM
aprymenty:

33) Ne ,y)- AGki)| <u(y- i), rae w(i) >0, -»0+ .
Teopema 3.1. MycTb #apo K umeeT sug (14), rae (yHKuns A yaoeneTeopseT
mycnosuam (15) 1 (3.3). TorgaK 6 W/ K Tem cambiv AMeeT MecTo yTBepykfeHue
Teopemsi 2.1
[loKasaTenscTB0. MOXHO CuMTaT, UTO yHKUWS T 3a4aHa na. BCeii BeLiecTBeHHOI
ocu N pagHa 0 BHe NPOMeXyTKa (-r, ). MposepuM, uTo 53O (1.4) YAOBNETEOPSET
yenoeuio (1.6). Bocnons3yemcs HepaseHcTaoM

Ne»)-armi<l* )- * * S+A@YTC*Y) u,_Q
C yuetom (3.1) u (L5) nonyuaem
(34

N u»+n> 1 INe b 'ufl »-® *

Ham ocTaetca caoiicTeom unerpana

TeGera, cornacHo KOTOPOMy BTOPOJi UHTerpan & Npagoli uactu (3.4) CTPeMUTCA K O
npu \y- i\ -4 0. n

4. Metop ycpeauenusn sapa

MeTOA YCpeaHeHIIA AAPa OCHOBAH Ha MPUGTWKEHHON 3ameHe ypasHeHus (1.2)

ypastexuen ¢ sgpom Kr suga (23):
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Vi3 ouenun (25) creyet, uto ecnt onepatop | - K (e | - eguHusHbii onepatop)

opatim & L\ (8, 6), To npu Manom 5 yp (4.1) nmeer
PeLUeHie, KOTOPOE CXOAUTCA K PELLENLIO YpasHeHns (1.2) pu  * OT. VmeeT mecto
U3BECTHaA OHeHKa 61usocT / 1/ depes [l - AT, [|(* - K) | n NSI7.-

Cegem ypaeHenute (4.1) k anreGpanseckoii cucteme. W3 (4.1) 1 (2.3) nveem

“2 fx)=a+ KO,

rge =/ f(t)dt. MuTerpupya (4.2) nox HaC..j L(n-1) npuxogum k
ii nuHeliHol anre6p i cucTeme oT) (t):

(«)- I=»+ E»* /-

rae

@ am=J <eTmax, g, jg(x)dx, mj=0,
C €]

VisBecTHbiMn THOCTS YP: (34)n(43).

Otcioga cneayer peLuets yp: “.3). peue-

Hue ypaeHeHua (1.2) onpeaenseTca no hopuyne (4.2).

41. .y metopa Appa k (1.2) npea-
nl0naraeT 85iG0p HaGopa [ U BbIUACICHHE UHTErPaos (4.4) (3TO HEGONbIAA LigHa,
KOTOpY!O Mbl OMKHBI NNATUTH 32 AUCKPETU3ALMIO YPaHUeHa (1.2)). B 3Tom oTHO-
LIBHIM AOCTATOUHO GMAr OMPUSTHBIM SBNAETCA PO B1Aa (L4) & cyuae (3.2) (ebibop
PaBHOOTCTORILYX y3n08 aHanorwuien [2]). Kak yxe 65110 0TMeueHo, ypasHeHue (1.2)

C A4POM, YAOBNETEOPAIOLLM (1.4), (3.2) BOHUKAET B TeopuM neperoca. Criocod Auc-

8 Ji paGoTe, MOXET GbiTb NONONb30BAH & BO-
7IpOCE MOCTPOBHUA TPEYFONbHOI (haKTOPUALIM MHTE PaflbHBIX ONEPATOPOB BTOPOT0

popa & npoctparctee L\ (cu. [6]).

Abstract. In this paper we obtain a sufficient condition for quite continuity of

Fredholm type integral operators in the space L\{a,b). Uniform approximations by

operatorswith nelsof hor p ucted. A

quantitative error estimate is obtained. We point out the possibility of application of

kind ions, including
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on a finite interval, equations with polar kerels, one-dimensional equations With
potential type kernels, and some transport equations in non-homogcneous layers.
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PRTOO» (MHOMO-TEHOE) C ONPEATEHHbIM BECOM
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KAt04eBbIe CNOBa: rNEPGOMHECKUli C BECOM ONEPATOP (MHOTOUNEH): MyNsTHAHH-
30TPONHOE NPOCTPAHCTEO YK eBPE; BIONHE NPABMLHbI MHOTOTPAHHIUK HbHOTOH.

1. Beegenve. Moctanoska 3aaauu
MycTs E" 1 R"- N-Mepnbsie BelLeCTBeHHbIe NPOCTPaNCTBa TOUEK COOTECTCTBEraro

&= (L) N? = Rn+ = {fERN(G >0, = 1.} C" =
R" XiR", N-MHOXeCTBO HaTypansHbix uncen, No = N U {0}, Nfj = No x .. x Ntr

“MepHbIX Ans e Rn,a6Ngnu6R"+nonoxum

i5i= yle+..+& kr = 16 -K -h, m = °. + .+ <%e =ff'-
Da= raeDj=4 am6oD, = fd/fttj (j

[ nueiivoro 0 onepatopa ¢ i Ta-
M P(D) = Y.~1aD®, r4e CyMMa pacnpOCTPEHSIETCA 0 KOHEUHOMY HAGOPY My bTHMH-
fexcos (P) = {a € Ma7a 0}, uepes P(Q = Ystni* 0603HauMM xapaKTepuCTve-
CKWii MHOTOUNEH (NOHBI CUMBON) OTBEUEIOLLWTE STOMY ONepaTopy, Yepes T = T (P)
0603HaUMM €10 MOPSAOK, @ Hepe3 PT ero rasHyto ( Ni-0AHOPOAHYHO) UaCTb A NPeA-

CTABUM MHOTOU/IEH P B BLAE CYMMbI -OAHOPOAHbIX MHOTONMEHOB (j = 1,

“VAccregoeaHe BLIONHEHO U (ViHAHCOBOTH Nopepie KIA MOH PA B pavKax HaysHoro
npoera N'SCS 15T - 1A 197 H TVATVHECKOTO (10HAR POCCCH! - ADNRHCKOTO (C/GBSHCKORO)
HVIBDCUTETa MHIICTEDCTER OGPAS0BHUS! 1 My X POCCHICKOTE dezepalym
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(1) «a-£pk>-E 1> 1"n

Mvers N - (Mi..iV) £ E" Qy - 3aanHoe
(V) > 0, /- 3aganHas hyHKuns ¢ Hocutenem supp/ C iiy. 3agaua Kown gns
onepatopa P(D) B !iV C OAHOPOAHLIMM HAYANILHBIMM AGHHBIMIA COCTOMT B HAXOX-
feHin pewuerus ypasHenns P(D)u = / B E" TaKoro,uto suppu ¢ $2y- flanee, e
OrOBOPHBa 3TO Kak4bili Pas, GyAeM nonarars, 4To N - eAUHAUHbII BEKTOp.

Onpegenenme 1.1. Onepatop P(D) (MHorounes P(E)) HasbiBaeTca rnepGom-
deckum (Mo Tapawry) OTHOCHTeNbHO BekTopa N € EB. ecin P (V) 0 1 ana

HeKOTOpOrO BewiecTaeHHoro 0 ( +iT/V) 0 gnsiecex£e R uT <

3ameuanite 1.1 JIerko y6eAUTCA, 4TO. ecuMHorounen () eektop N € E*
Takie, 4To P.(V) = 0, TO CywiecTeyeT BeuecTeeHHOE uncn0 C Takoe, 4TO

P(E+irN) 0pnaBcexg,r) 6 R+ u [1] > C(]?| + ).

.0) 4acTo GbiBaeT yAOGHO paccmaTpuars (n+ 1)-MepHoe npo-

Ecmi N = (1,0
CTpaHCTBO E"41 (Wnn RN+L) W BLIAENMTS OAHY U3 NEPEMEHHBIX, KOTOPYIO 0Gbid-
HO 0GO3HAUaIOT 4epes . a rpyNNy NepemeHHbiX uepes (Lx)  {t.X\,...X,,). Urobsi
W3NOXUTS HEKOTOPbIE UIBECTHbIE PE3yNIbTATS, HENOCPEACTBEHHO EBA3ANHbIE C HACTO-

SLeli PAGOTON, Mbl MOCTYNUM CIEAYHOLLUM 0GPA3ON: GyAEM BPEMEHHO CHATaTb, UTO

A= (1,0,...,0) € E"+1 nemecto P(D) sanuwem P(D(.4,.). a Bmecto PLL| cooTeer-
cTeenHo P(A£)- rae AEC.  6K".
Oneparop
2 P(n DY=n\nv Y,
c Tamm cnato r oTHo-

CATENSHO . WIW, HTO TO e Camoe, OTHOCUTENbHO (N + 1)-MepHoro BekTopa N =
(1.0....,0). €cM A8 MH0GOM Touku & R". KOpHU (0 A) MHOTOUNIEHa

(1.3) PowM-T+ £ », TV

BelliecTBeHHbL. [P 3TOM, ECIV BCE 3T KOPHY NPOCTHIE, TO ONEpaTop HasbiBaeTca
cTporo wnw rune. no Metpouckomy.

Viayuenute 3aaaun Koww 418 06I4MX TMNepGONMIeckiX W B HaCTHOCTI CNago ru-
NepGoMIECKX ypasHeHwii Hauanoch ¢ padorsi (3) E. E. Jlenu, rae paccmatpuganca
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AByMepnbili cnyvaii. B 1951 - oM rody /1.TOPAWNTOM Gbino BBEAEHO NOHATHE 0BlLe-

o runept oneparopa ) nowTe
rnep6omuHoCTI No MeTposckomy (cw. [4], 5] unw J6. onpepenenme 12.3.3]). Bbino
A0Ka3aHO, UTO YCNIOBUE TUNEPGONNHHOCTA (1 TeM CaMbi YCTOBUE CNaGoii rumepGo-

nnaHoCTY) Toro, 4ToGb! 1a Kowm unena
peluerute B knacce pacnpedenenuii D'(E") 1. Weapua (cw., Hanpumep, (7). [8] nm
[6, Teopema 12.3.1]).

HaxoaeHute HanGonee LMPOKVX (yHKUMOHaNbHLIX MPOCTPaHCTS, rAe 3agaua Ko-
LK ANS TMNEPGOMUECKOTO ONepaTOpa NOCTABNEHa KOPPEKTHO, NPUBENO K Kiaccam
Kespo ( cm. [9]). TU Knacch! ABNAIOTCA MPOMEXYTOMHLIMY MEXAY KNaccami Gec-
KOHeuHo " - (yHKUMi. OfHako,

ecm yooBie CTpOroii runep! swnAeTc AanA Kopp:

CTH NOCTaHOBKY 33gauut Kown B C°°, 3Ta 3a4aua B0OGLLE F0BOPU NEPECTAET BbiTh

KOppeKTHO Vi ans cnaco runep i, B dem nerko yGe-
AUTCA faxe Ha NpUMEpe onepaTopa TennonpoBOAHOCTI, AN KOTOPOTo 3aAaua Kol
n0CTaBNleHa KOPPEKTHO B Knacce JKespe C NPU S < 2, HO MOCTAB/EHa HEKOPPEKT-
Ho 8 G’ npu A > 2w 8 COO (cM., nanpumep, [6, NYHKT 4.2)). Mpy 57oM C'(M)-
3TO MHOXECTBO (hyHKUMIA 1 e C°°(S1) Takwx, YTO ANA KaXAOro Komnakta K C ft

cyujectayer noctosHkas C = C(K) > 0 Takas, uto

$Up [2Yu(@)| < C* (0" Ans noGoro a CPR.

Ana cnabo runep! ypasHeHwii ¢ Kpy-
Tepum KOppeKTNOCTH 3agaun Konu nonyuensi B paGotax Jleeu, Fopavnra, Jakca,
CeeHccoua u 4pyrix (cM., Hanpuvep, [3], [10] - [13).

Oneparop P(Dt, x) HasblBaeTcs S-runepBonuyeckiM (1 < 3 < 00) OTHOCUTENb-
HO | HAIN, 4TO TO e CaMOE OTHOCHTENsHO (N+ 1)-mepHoro sekTopaN = (1.0,...0),
€C/M CYWECTBYET WMCA0 ¢ > 0 TaKoe, 4TO > (1 + )i ans Tex Touex
(A£) € C ®R" ana kotopsix ( , )= 0. Ecnu 1T\ > -, To onepatop P{D,,DX)
Ha3blBaloOT runepGonuyeckum (no FopaTrry) (cw.[S], [15]). Ans Gonee noApoGHbix
CBegeHwii cm. Mouorpaio /1. Poguko [16, rnasa 12).

B pabotax [12]  [13] AoKasaHo, 4TO 4ns N-rMNePGONMIECKOTO Oneparopa (1.2)
3a4aua KOLWM C HauansHbIMU YCHoBMAMI DI(0,X) = /%(x) (X 6 E") U HadanbHbi-
MH dymkusin Tk € Go (En) := G” (EW)NCO°(EN) k = 0,1...m-1, (1< si <),
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uMeeT pelenvie 1 £ CSI(E"+1). pu 3TOM OKa3ANOCH, UTO KaKAwIA i - rnepGonk-

Ueckuii ONepaTop ABMAETCA Cnaso runep! W Kax blii cnago runept
KUl ONepaTop ABNFETCA — -TMNEPGONMUECKMM, T8 T - MAKCUMANbHas! KPATHOCTL
XapaKTEpUCTHK (Hyneli cumsona P...(A.£) o A) (cw. [13] v (9)).

B pagoTe [14] 0. Iuccom 1 /1. PogUHO (41 G0nee NOAPOGHbIX CBEACHMIE C. MOHO-
rpaguio [16]) Anst cueona P{* £) oneparopa P(D D) BBeAeHO NOHsTHE BeCOBOV
YKL TMNepGONMUHOCTH, 3aBUCSILEH TONLKO OT MepeMeHHbiX £ = n

Knacchl XKespe, TakuMy Becamu. Uwm, a

fanee  Gonee o6iuem cnyuae /. Kango & [17] Wsyetbl BOMPOCH CyLIECTBOBaHMA
peLueHus 3aAauu Kowi B 3TUX MPOCTPAHCTEAX.

. Kango & [17] BBefeHO Takke NOHsTE ( +SY—FUNepGONNHECKOrD (MybTUKEa-
3HIUTEPGONUHECKOTO) OTHOCHTENLHO (1 +1)-MepHOTO BekTopa V= (10....0). one-
patopa, noHsTYE S-runep Tu. 370 onepatop P(Dt. DT) suga

(1.2), 417 KOTOPOTO CywecTBYeT iMco ¢ > O Takoe, uTo cumson (L.3) yaosnetso-
preT ycnosuo: ectu P(A£) = 0, To 1T\ > rae 1 )= |E]a- HexoTopsii
Bnonte i) Bec, jioT  HoHe jior . B [17] Aoka-

3bIBAETCSH peweHns i 3aaum Kowm
8 C* ([ r,rj)nC 5[*(EJ) ansi mobbix (T.s) 1 T'> 0, 1< i < 5 v 418 npos-
BOMbHBIX HaUNbHBIX AaHHbIX M3 G J"K(E").

Bocex paboTax, wnit (e-3f-runep
OTHoCTenbHO BekTopa N 6 E"+1 oneparopam P(Di, Dx), BbI4eNnoch 0AHO nepe-
Mexoe /, T.e. paccmarpusanca cnysait N — (1,0....0), Npu 3ToM Bec rvnepony-
HOCTW He '3aBucen o1

B HaCTOALel PagoTe Mbl BIBOANM yenosus g ©

petuetisn ii 3agaun Kown Ans runepGonue-

CKUX YPaBHeHWii C BECOM, KOTA a) (EAUHMUHbIT) BekTOp N € EM+l npousBonbHbili,

6) Bec runep! 3ABACHT OT BCeX " )
30TPONITOE MPOCTPAHCTEO JKeBPe, TAe ULIETCA PelLIeHHE, NOPOXAAETCH OBLLM BeCoM.
TpW 3TOM, TaK KaK nepemeHHbie GYAYT UTPaTs OAUHAKOBYIO PONb, TO Gy/eM CuuTaTh,
UTO M3yuaeMbie ONepaTopbl AEHICTBYIOT B M- MepHOM MPOCTpaHCTBe. Viccneayiotea

CBOiicTa CHMBONOB, p p NHeliHBIM

onepatopam.



0B QOHOM KNACCE CNABO MNEPBO/IHECKIX OMEPATOPOB

**}, ok€R™'® (k= HaVMeHbLUWIA Bbl-

[Ains Hagopa Touek K= {al,
nyKnbI MHOTOrPaHHIK K(H) 8 1" °, CoAepKaLLMii noe TOUK HaGopa N HasbIBaeTCs
MHOrOrpaHuKom HuloToua Hasopa K (cw [ 1] wnu [2).

MHOrOrpasHiik KC BEPLIMHAMM U3 R " + Ha3bIBAETCA NONHbIM, cnin K MMeET Bep-
LMKy B Hauane KOODAVHAT W AOMIONHTE/IbHYH BCPLUMMY Ha Ka 4OV 0Cn KOOPAUHAT
TIONHbII MHOTOTPHHUK 'S} HA3HIBAETCA BNONHE NPABUNLHBIM , ECTM (eau-

HAUHbIE ) BHELHUE HOPMANN BCEX ( - 1)-MEPHbIX HEKOOPAHHAHTHBIX rpaHeli i
(MHOXECTBO KOTOPIX 0G03HauMM Hepes TIOK)) MMEIOT MOOMUTENbHBIE KOOPAUHATSI
Mbi Hamepet, UCTIONb3yA YCTANOBGHNSIO B HACTOALLEH PaGoTe CBOCTBR - MUt~

NEPBONNHECKMX MHOTONAIEHOB, B APY O/ PAGOTE NPUBECTH AOCTATOUHbIE YCNOBUS KOp-

peKTHOi 3agaun Kown & Xespe ana
YPaBHEHMUIi, CUMBO/IbI KOTOPBIX ABNSIOTCA /i-NepGONMUECKUMY.
Mycth 2 € R + BONHe NPaBMnbHbI MHOTOrpaHHWK U A & JIOK). Yepes X

0603HAUMM MHOXECTEO €ro Beprnii M MoNoM

AR = dAX) - wax(il,A) -

MO- £ KI-£ I1&-1&.I"; B® = 1+Kr-
VX' VEX'

BI18], icTBoBanve uncna C = C(51) > 0 Takoro, 4t

4 M«+*?)<C[ME)+3(4)1 Y.uee

JLns BMIONHE NPaBUNLHOTO MHOTOTPaHHVKa X, uncnar > 11 o6nactu 51 C E" seegem

CrieAyHoLLVie aHN3OTPOMHbIE 1 My/IETMANM3CTPONNEIE KNACChl U MPOCTPaHCTBa K eBpe.
UYepes I'{I) oGoaHaumm (cM. [18]) MHoxXecTBo diynkrnrii / € C°°(S1) Takux, uTo

Ans Kax[oro komnakta K cc $i cywectayer uucno C = C (f,K) > 0 Takoe, 4to

sup \Df(X)\ < Clul+'H rjn] Va6 NJ.
Xek

MNonoxum 2 = {il & R*™ v/j 6 % ( = 1,2,.)} u o6osHaunm uepes Fs ($i)
MHOXECTBO hyHKUMIA / € C°°(/1) TakWx, 4To ANA Kaxporo komnakta K ¢C SL
cyujecteyet uncno C = C(/, K) > 0 Takoe, uto

sup [D“/(i)| < Ci+lj vaes*, j=0,1,.
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0B QIHOM K/MACCE C/IABO MMEPBO/IMHECKVIX OMEPATOPOB

Teopema 2.1. MycTs 'ft BIONHe NPAOLILILIT MHOTOTPAHHIK, ATA KOTOPOIO fr, -

1i/31) < 1 MycTs N € En u PID) Mkeiivblii ApepeHLyanbHbiii onepaTop TaKof,

4TO 4R M0G0 J € G* ) ypasterue P{D)u - / WMEET eAMHCTBeHHOE peluieHme
€ GJfQ.v). TOrAA CYLIECTBYET BEULECTEEHHOE YACNO C TaKoe, YTO

@1 P(f+irN) O ,r)68ML, r<c ().

3ameuanue 2.1. OuerTANO. NOGON rMNEPGOAMUECKUI N0 FOPAUHTY OMEPATOp YAO-

BneTBOPSET yCnosmio (2.1)

[lokazaTensCTeo Teopembl 2.1 Tak Kak 60 (1L,v) ABMRETCA 3aMKHyTbIM NO-
npocTpaHCTBOM NpocTpacTea dpewe GATE"), oToGpaenite P(D) : CX(E") -*
COKE") HenpepbIBHO 1 10 YC/IOBYIO TeopeMbl 3aiaua Kown 4ns ypaskenns P{D)u =
1 upu Beex / 6 G*(TI4O MMEET EAMHCTBEHHOE PelueHvie ¢ HocuTenem 8 MAT, TO U3
Teopemsi Bawaxa 06 06PATHOM OnepaTope cneayer, 4To oneparop P(D) nopoxaae
aBToMOpGMaM npocTpakcTea Gif (Via).

Myctby € (In uar= K (y,N). B ciny CkasaHHOro, 418 TouKmy 6 TAF cyliecTayer
KoMnakT K C v 1 4ucno k > 0 TaKkie, UTO C HeKOTOPOYi NOCTOsHHOM C\ > O
@2 My)| < Ci [PV * C*(M.,)-

BbiGepen dyHKkumio x € MUr1takyio, 4To\( ) =0 npu < Ou\( ) =1npu >a
(CylyecTsoBaHME TaKOV (hyHKUMK AOKa3ANO & (21))

TIPEANIONOXUM OBPaTHOE, 4TO CyluecTayeT nocnedosatensHocts {(f.T:)}~ C

1T +1 Takas, 4To THDK(E') -» -CO npu @ -> cc U P(2') = P(E* + ir.N) = O

(7= 12,...). Monoxum

Takkak (om. [18]) £ *( ) Ans nioGbix / £ 6*( ) A p C ['b(M), T0
HO OMPCACNCLUHO hyHKLWMM X Ueen v, 6 GQ(Qjv) (s = 1,2.—). Mostomy, & cuny
@2 n {r.}, npumenss thopmyny
TNefiGHL, NMeeM C HeKOTOPOM MOCTORHHOW > 0 Ans BCeX = 1,2,...

iH«.(v)I<Qlimud* K .<
@3 <c, £
0%eNS
rge P1(0 = DP(?)
OTMETUM, 4TO B NPaBOii HacTH (2.3) CTOUT KOHEuHas CyMMa, raK kak P,0 (0 = O
npw [a] > T
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B cuny onpegeneHa hyHKLAM \ OTCIOAA CIEAYET CYLLECTBOBAHYE MONOKMTENbHIX

umcen i = «i(k.x) n C3= C3(C2,X) TakUX, 410

iin £

e K = {TSK;0< (xN)<a}
B cuny onpegenexus nonyHopus ||| ||| oTmopii Mveem -Ans acex s = 1,2....

1<C, Y [[«(191 Tp2««p!BV 1-»"-U| 4 =
u<m j X6K:

“e, VOPM()] « Tw [()1] 4
Is,
TaK Kak MHOTOTpaHHYK XK NONHbI, TO CYUIECTBYET HaTyparbHoe YMCno | Takoe, 4To

{ae Nfi, Ja| < T) C K Torga (cw. [1), llemma 2.1 ) cyuiectayer uncno C\ > O

22 1p|< ) Ans Bcex )€ C"
st
M3 nocreaHux 4yx creayer i 61, > 0 Takoii,

Orcioa, & CBOI0 04epeb Mheem 418 « = CiKi 1 C HEKOTOPOii MOCTOsHHON Ce > O
1< Cesuplijjzs)e "1”  (s= 1,2:..)

OTcioa u U3 caoiicTaa (1.4) BecoBON (ByHKLUM Ad Uvieem

(bl) Isoi.uplntt-1+1+ hr'ft-'N (- 12:-),

e C - nocTokHas u3 (14).
TaK Kak nocnefoBaTensHocT ,, = Ck3~a~") +1)}8, uy, = {Ir| (C(-2)II")
fpU T = 1< 1u <> 0 y40BNETBOPSIOT YCTIOBMAM NeMMbi 2.1, TO U3 (2.4) creayer,

UTO MPOTUBOPEUHT (2.4) U AOKa3HIBAET Teopemy 2.1.

Vcxogs un Teopemsi 2.1, BBefiet MOHATUE BECOBOV (ByHKLMM runepGonuHoe

W MOHATME FUNEPGONUMYECKOTO ONEPaTOpa C BECOM. MpiUeM BBEAEHHOE 3Aech |

HATHE BECOBOV (DYHKLMN OTIMIAETCA OT COOTBETCTBYIOLLErO MOHSTS, BBeAVH
@



OB QIHOM K/MACCE C/ABO MINEPBO/IMHECKIX OMEPATOPOB

N. Xdpmuwigepom, O. Niuccom, /1. PoguHo u 4pyrimu (cw. [14] wiu Onpegenetue
181 & [16]) Tem, uTO BeCOBAR (hyHKLYS /i MOXET He YAOBNETBOPSTH HEPABEHCTBY

NK+Hi)<CM«p+Iyl“)

Onpegenetite 2.1. JloKanbHO OrpaHieHHy0 (MYHKLUIO It, ONpeenentylo eii” Ha-
20WLU BECOM TUNEPBONMIHOCTH, ecnu [i YAOBMETBOPSET bICAYIOILVM YC.0BUAM

1) N@4)>c>01 6R", 2) (Unrn(o/$|=Q
®/nim KaKoro > 0 cywecTey T wncna 0< « ()< {) Takue, 4To
ai(t)HO < () < oa(i)fe(@ V?eR".
MHO>ECTBO BCex accoabix (hyHKUMiA 0G03HAUMM Uepes 1. OUeBiaHO, 4T 0 AnA MoGoii

dyskyun h € H u uncna C >0 Che H

Onpeaenenme 2.2. NycTs N 6 K* u/i 6 5I. MHOr0'sienP Hasosem li—rnepGonaunrkiu
OTHoCUTenbHo BekTopa N ecnu (cw. npeacTasnenme (1.1)) Pm(N) ® Qu cyue-

CTBYET BELIECTBEHHOE YACTO C TaKoe, 4TO
(25) P(E+irN) /0 V(Er) 6 R+, T<c ().
V3 ycnoens 1) Ha (yHKUMIO  HENOCPEACTEEHHO CleAyeT, 4T runepGonuueckyti no
TOPAMHTY (OTHOCHTENbHO BEKTOPa N ) MHOTONTIEH SBIRETCA - rANEPGOTMHECKIM
(oTHoCHTenbHO N) Anst 06OV Becosoii dyHkuwn li e 5

3. CeoiicTBa i~ FMNEPBONNYECKINX MHOFOUNEHOB

Teopema 3.1. MycTs € S1. Ecnv MHorounen P euga (1.1) - runepGonaden oT-
HocuTensHo N 6 R", TO er0 rnagHas 4acTb PT runep6onuusa no MOPAMHTY OTHO-

cuTensHo N 6 R™

[lokasaTenscTBo. MOKaKeM, 4TO U YC/IOBUAX TEOPEMsI CYLLECTBYET BELLIECTBeHHOE
umeno 7)), AN KoToporo
(3.1) Pm(t+irN) OL,T) € Rn+l, T < 10
Nonoxum ans e R" ui >0
of,

Tak kak ana Beex { 6 R", > 0w 8 CO(E,i)

={9= 0. )e C,P(t? + 118N) = 0}.

O =P{t +itON) =P(t[f- (Tm9) M+ 11(ReO)N),
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H MAPTAPVH T 1\ KASAPAH

T0 U3 J1-runep " P crepyer umcna C\ Taoro.

(32) lie.8> Cil(f[2- (IMO)N\) 4 e R".<>0J60( ,)

OueBHgHO, AR KaxA0H napsl (,0): £¢ &",06C

Pm(5+rM’) = Um ( +iteN).
Tak kak P,..{N) 0,70 Hynu (100) MHorouneta Qi[0) := P[tE+itB N) Henpepbieno
3aBUCAT OT I. CriepoBaTensHo, & cuny (3.2), Hyau ( 110 €) MHOrouneHa Pm(g.+iON)
NPUHBANEXAT MHOXECTBY
f){0eC, 1IcO>C, h{tSMO)N])) = ){0eC. Rr.0> -Ah(NS-(IMO))N])}.
(0 >
OTCioa HEMOCPEACTBEHHO NONY|aEM, HTO 4718 Tex 6, ANt KOTOpbIX P,,,(* + 1ON) = O
Re.0>c. ton h(t[E- (/m0)iV]Y/ L

Te C- NOCTORHHaA M3 (2.5).

Ecnu - (IT0)N =04ns napbi ( .0), T oTCioAa cneayer, uto Herl> 0. Ecnu
*e {- (ITE)N 50. T0 & cuny ycnosus 2) Ha hyHKUMIO Tt ivieem

370 3HQuNT, UTO HynM (N0 T = T (£) ) MHOrOuneHa P,.,(E+ i ON) nexar & nonynpo-
ctparcTee Rer > 0 gus Bex e 51", Mostomy P.(* + iON) 0 Ans nioGix
| C§", T < 0, YTO ¥ 03Hauaer, 4T MHOrOUNEH P,, ruNepGonuYeH No MOpAMHTY
OTHOCMTeNbHO BekTopa N. o

Teopema 3.2. Ecu MHorounen P |i-runepeoniien 0THOC TebHO sekTopa N, T0
OH - rUNepGONMIEH OTHOCTENLHO BeKTOPa -N .

[lokasaTensCTeo. 110 Teopeme 3.1 MHOTOUMEH P,,, runepGonuuen o MOpANHTY oT-
HOCUTENbHO N. 1103TOMY (cM. [6], NeMMa 8.7.3 ) MOKHO CHMTATb, UTO KOSh(ULMEHTS!
P... BeLieCTBeHHbL.

Nycts e R” u {y(f) :j = Hynu (1o T ) MHorounena P({ + ION).
Mpniets dhopmyny Teiinopa, NonyuuM ANS KaxAoro /= 0,1, ,..Tn

AR +M) - £ £ dop,._ (iNe)=

“‘p..(>»)+E mECE*a,




0B QIHOM K/NACCE C/ABO MMEPBOMVHECKVIX ONEPATCROB
Mosromy
P((+irN) =TT Pm(iN) + rm-1[*(D jP mGW)(i + P,.._(1N)] +
/i€ HE BLINMCAHbI UNeHb, COAPXKAHT T B CTeNeHbI MeHblue (T —1). CrefogaTensHo

Ebla--E(Bito(iim u-p..,mi/pmw)-

< |i>n)Te+p.-inil/p.m.

Tak Kak P, MHOTOTaeH C BeujecTBeHHbIMM KoX(ULYeHTaMu n N e R", To Ans
€12

fle Y] - »>[P~-iOTI/PTN . abl C.

Toraa & cuny JI-TUNepGOnMHHOCTI MHOrOUNeHa P 1 ycnosus 1) Ha hykkuwio h € 11

Mmeem ¢ C.Cs

Rerk=C\ Y/Bcb <C,-C2Y U - ImTj")N) <

itk itk
<<*E«{-ITu(0R); el
Ne

OTCI0Aa HenoCpeACTBeHHO nonywaem, 4To P(E+irN) 0 ANA Npou3sonbHeIx (
R M 1> Ci( - 1) () Te MHOTONTEH P - rUNEPGONMIEH OTHOCHTENLHO

sekTopa —N n

113 570t Teopems! crenyer y

CnefcTeve 3.1. Muorownewa P - runepGonues OTHOCHTenbHO BekTopa N To-
TAQ ¥ TOMKO TOrAA, KOrja Cywficmaye.m NONOSKATENLHOE WHCO C TaKoe, 4TO
{ +irN) 0 s ecex (1,0 ERn+L, [1[>c¢ ().

Creays 1. ans Toukn  €RN, Pnuncna > 0 esegém
creaytoLye (yHKuuM (Xepmargepa) (cM. [6], dropmynsi (10.1.7) v (10.4.2))
€« -Jem sp . AM=NA>H0 p< .

TOBOPAT, UTO MHOTOU/EH P CUAbHEe MHOTOU/IeHa Q W 3anuchiBaioT Q P, ecn ¢

HeKOTOPO/i MOCTORHHOI C > 0

Ha<cHo uyek-



B H MAPTAPVH, T I KASAPSH
Okassisaerca ( cw.[6], Teopema 10.4.1 ), 4T0 Q < P TorAa U TObKO TOTAA, KOTAQ
cywecTeyer noctoaHHas C\ > 0 Taks, uTo

<3M <CiPfct) V?2€R", V.> 1
Onpepenenve 3.1. MycTb b € 5. ByAem rOBOPUT, 4TOMHOTOUNEH P ft- cunbee
MHoroUneHa Q  3anuwem Q P eCU C HeKOTOPOii NOCTORKHOII C > 0
Q(U)<CP((,t) V(e,)ER"+L VI> ().

W3 ycnosus 1) Ha yHKumm MHo>kecTea |1 crefyeT, 4To Q < P eneveT Q <1 P,
AnATioGol € S1. OBPaTHO He BEPHO, 4TO MOATEEPIKAAETCA ClEAyIOUNIM NPUME-
pom

Npumep 3.1, Mycts =2, P(()= K?2-$)2, 0(5)= 22 5 A(5)= (1+IWI/2

Tlerko nposepuTs, uto ¢ p C),Co. MHo-

rounenbl P K Q Ha MocneaoBaTenbHoCTH £* = («§km = 1.2,.. yA0BNeTBOPAIOT
CTEAYIOWHM COOTHOWIEHMAM
Cf1™< (5(f)<C,s3 C2' 2<P (f)<C-a2 a= 12...

Te. P He cunbHee Q

C APYroii CTOPOHbI, MPOCTble NOACUETHI NOKA3LIBAET, YTO C HEKOTOPLIMU Mono-
KUTENbHBIMU NOCTORHHBIMM C3,CN M ANA BCex 5 £ R2,t > 0 MHOrouneHsi P 1 Q
VAOBAETBOPIOT COOTHOWIEHHSM

ftbOsfltef+ftfM»  Ia+<). r«l#- <o
M3 KOTOPbIX HEMOCPEACTBEHHO ClIeAYeT CyLLeCTBOBaHME NOCTORHHOM CA >  TaKoii,
uTolll i) <C*W, )ana ecex ({*) 613, > () Te.Q P
Nemma 3.1, MycTs P M Q MHOTOUEHb! OT N NepeMerHbiX, a GyHKyua hI>\ 6 51
VAOSTETBOpAIOT yCHOBHIO
@33 CM) <IHP)<CM) 4 €R",
e Ci v G> HeKoTopble MONOXKHTeNsHble NOCTOSHHbIE. Toraa 1) Q 1 P Toraa n
Tonbko Tora, korga Q </ P. 3) Q(0) -< P(0-) am mo6oro 0 > 0.
[l0Ka3aTenscTBO. FACHO, 4TO 4N NOBOrO MHOroUNeHa R NOPS/Ka He BhIle M U ANS
npousBonbHeIX I > 0,.£e R".f> 0
< ) <(Tax{blpriy n).
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Ob QIHOM K/TACCE C/TABO MNEPBO/WHECKIX OMEPATOPOB

CrepoBaTensHo Q -k P TOr4a M TONLKO TOTAa, KOTAR AA M0G0 T > 0 cyllecTayeT
meno 6 = C'3(r) > 0 Takoe, 410 <CzPfart), eR", > {), wm, uro
o e camoe Q((.0) < 3 (1,0), K", 0> rfe(?).

Mycts T = Ci (cM. HepasencTeo (3.3)). TOrAa B cuny Nesoii uacta (3.3; Hepa-
8eHCTB0 U > 1i\(() Brlever HepaseHcTso 6 > r/ (). MOSTOMY OTCIOAA CMEAYeT, \TO
<A .0) < GIP((,9). f ER", 0> N,({), T.e. Q <7l P.

[Ln BOKa3aTeNsCTBA TOFO, 4TO Q - *1 P BneusT Q - ¥P A0CTATOUHO BOCMONL30-
BaTLCA HepaseHCTBOM jy-Ai(S) < JI(E) < ~/i] (7), { € R", ABAAIOWYMMCA CneAcTMem
HepasercTea (3.3).

[lokaxem nynKkT 2) nemmsl. MycTs Q P, T.e. C HEKOTOPO/i NOCTORHHON C , > (L
Q(z4) < C4P(2,), e R, f> ft(0. win. "To Toxe camoe

<BOi,0 < CAP(O.Y) V6 R".t> JKO))
TpuMenss CBOCTBO 3) dyHKuMii 116 51 1 AOKA3AHHbI NYHKT HACTOAWEI NeMMbi,

NONyHaeM AOKA3ATENLCTEO NYHKTa 2). o

Ne.mma 3.2. Ve i MHOTOUneH P, runep OTHOCHTeAbHO Bek-

Topa N £ R", T0 CywecTsyeT uncno ¢> 0 Takoe, YTo

(34) c-IPmM&t) < [Pm« + UN)I < cP,,,(f,t) V(ft) 6 Rn+1,t > 0

[flokasaTenscTeo. B mororpacum [6], hopmyna (12.4.3) AOKa3aHO, YTO  YCNOBUAX

HACTOALLIEN eMMb, C HEKOTOPbIM UMCNIOM C[ > O UMEET MECTO HEpABEHCTEO
CPI»/) <|Pm(f)+ «<W)| Vije Rn.

OTCI0a 1 U3 OAHOPOAHOCTH MHOTOUNIeHa P,,, CreAYeT, uTo

p..() <i-p.(I+aa)l =

TaK Kak Ana o PT ToXaECTEO

Ci<"|

«.( + »)| 4 sK"

fp.b-NEiaP O M-

SAERY N ai S 1.1 VK e« M 150,
TO U3 NOCREAHUX ABYX COOTHOLLIEHMIA NONy|aem
CIPM(f,() < [P..(f+ ] V(2.i) € R™+Lt > Q
4TO AOKasbIBaET Nesyio UacTb (3.4). Mpasas vacTh (3.4) NonyuaeTCA Henocpeaceem-

HbIM NpUMeHeHven dopmy bl Tefinopa o
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Nemma 3.3. MycToh e H, PT 0MHODOAHbI MHOTOWTEH NOPAAKA T MQ MHOTOWIEH

MOPARKA K < T, NPEACTaBNEHHbII B BHAE CYMMsi |  OAHOPOAHbIX MHOTOUTEHOB
us) Bu-Eo0.u.

EcrmQ ® PmlToQj UPMj=0,1,%

[lokasaTenscT8o. MycTs t0,1\,...,tk NONAPHO PA3MUHbIE, OTAHUHLIEOT HYNA Ui~

na. Tak Kak OnpeAenuTen Matpubi (/+)),=0 OTAUYEH OT Hyn u
Qiy=pICW i=oi &

To cyusectayiot umcna {i(j}(‘3=0 Takute, uTo

(3.6) L

Tpumenss nemmy 3.1, & Cuny YCn0BWii HaCTOSILER NeMMbl 1 TOXAeCTEa ( 3.0), nony-

UNM CYLLECTBOBAHYE NONOKUTENbHBIX Ucen O\ . Takwx, uTo Ans Beex /= 0.1.... K
Bi(E,<) < ¢ ‘53 «, <) <CrEP L ((2) »{6%".1 > >
=
C ;ipyroii CTOPOHBI, 3 OHOPOAHOCTI MHOTOUNEHOB { P 1T} cnieayeT, 4To Ans Mo6oro
umMcna 0 + 0 CPaBeAMBO HEPABEHCTBO
«(.0- ApiAT«iv- <
<C(0)Pra(£,f) VEEK " t>0,

rae C(9) = oka {1.(2"}. Mostomy nonoxue Cj = T0:i{C(") 0<j </} nonyum
ANA BCeX i = 0,1, K Q,($) < C:iP,..(5.0), £67 ", i> (). o

Teopema 3.3. MycTb 6 11 1 PT—OAHOPOAHsI MHOTOUNEH NOPAAKA T rUnepGo-
ueckii no FopawHry oTHocHTensHo N. ECTi MHAro vew Q nopsgka onlQ —k < T

ft- craee P,,.. TO MHOTOWIEH P, +Q - rMnep6onuies 0THoCATe. T<0 N.

[lokasaTencTeo. B cuny nemml 3.3 veen (cw. (3.5)), 410 Q, 1P, j =0,1

Tipnniersis hopmyny Teiinopa v nlemmy 3.2, NORYHMM G HEKOTOPBIMIA NONOKMTENbHbI-

My uncnamn Cu Ch,C» ans Beex j =0,1,...,k, feR" n re RL|T|>1

QL + IrN)\ <CtQM,T) < C2Pm((.r) < C3Pmtf +irN)\.



OB QIHOM KNACCH| C/IABO MMEPEO/IMHECKI/IX ONEPATOPOB
Otciofaans noGoro > 0 uana cexj =0 .1,k nonysum
|Q,-K +tVI)| < CAPT(CE +irN)\ Vfe R", r 6RL|r|> 1.
B ciNy OAHOPOAHOCTU MHOTOEHOB PT 1 {Qj} oTciofa nonyuaem Ans Bcex ? 6
ATER* M >* («0

(€] Ri((+ <QAT-PTE+ AN =01 k

K
BbiGepen uncno ao > 0 Tak, utoGki ~ X] "} < - Torga s cuny (3.7) umeem

¥ okHifancinkrifan-y,  Hig i<

SIAK+Igp) +E NBHIEA)L - IN-K+izjp)+

+0(f+|'&)u \< II'I.K+£.5‘)I +E IQIl(+|JO“01<

<BIA.K+jz )l *{6I,761" M>Yus-
B WTOre NONYUaeTCsl, 4T NPU COOTBETCTBYIOLIEM BLIGOPE UMCNA «D 4HA BCEX £
R", T 6 RL[7| > /(700 cnpase;IMs0 cooTHOLLEHYE
@8 AK®ifMI<KA +Q(EF

TaK Kak B CANy YCTIOBHIA TEOpeMs! (CW. TaKIKE AOKAZATENSCTBO Teopemsi 3.1) P, (E+

I <l (£ +i fro-

i—N) 0 npu T5M0, To (cm. Onpesenenvie 2.1) umeem PT (( + ®0 npu
[T[> (). Torgaus (38) HenocpeacTeeHHo cneayer, uto Pm(E+ iBN) + ({ +
V) 0 npuecex £€RN6ERL U 6> )

OTCioAa U 13 YC0BUA 3) Ha (YHKUMIO  NONy|aeM, 4TO MHorouneH P, + Q

- runepGonuueH oTHocuTensHo N. n
Mpusegem ABa npumepa , He runep no
Topannry, Ho - runep! ans yHKuuit

€ 11, Tpu 5TOM BO BTOPOM NpWMeEpe 0fe KOOPAUHATLI BeKTOPa N OTAMHbI OT

Hyms.
Npumep 3.2. Mycts = 2u P(E) = (E2- $)2+ £2= ) + P3(?). flerko
Y6eAUTCA, 4TO MHOrouNeH Pj runep o FOpAHHTY OT BeKTOpa.

= (0,1). C Apyroii CTOPOHI, TaK Kak MHOOueH P3 He CnaGee MHOrounena Pa (c.

npuviep 3.1), To no Teopeme FopAuHra - Caexccona  cu. [11] unu [6], Teopema 12.4.6)



B H MAPTAPVH I I” KASAPAH

MHOFOUAEH P He ABRETCA rUNepGONUECKUM o MopAuHry oTHocuTensHo N = (O,1),
Oppiako, Tak Kak (cm. npumep 3.1) P3 <h Pigns {) = (i + )12 6 H, To
10 Teopente 3-3 MHOTOUNEH P ABIAETCA N-rMNEPBONMUECKMM OTHOCUTENbHO BEKTOPa

n'= (0.1).
Npumep 3.3. Mycto n = 2. Pio(€) = 2 £, (5) = iliiili + £alp+ % + (Bm
1)=,8WXK+[2[23 N=(-T  flerko Y6eauTsca & Tom, 410 Pw runep-

Gonuseckui Mo TOPAVHTY OTHOCHTENbHO A' MHOrouneH, Q -<* P10. Ho Q He cratee
P10, Mo3TOMY MIOrOMNCH P.,, + Q He ABIRETCA rUNepGONUECKU N0 MOPAMHY. HO

SBNAETCA /i-NLIEPGONUUECKTIM OTHOCHTNLHO N.

Abstract. The paper considers Cauchy problem in the Gevre type multiauisotropic
spaces. Necessary and sufficient conditions for unique solvability of this problem are
obtained and the properties of operators (polynomials) that are hyperbolic with a

specified weight are investigated.
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1. Beegerme

[lakHas cTatha Ha DYHKUMI HaCT Teo-

pum hakTopuszauun M. M. [lkpGawska - B. C. 3axapsHa |1, 2[, oTHocAuselics K
paveTp Knaccos (o} B e Kpy-
(yHKUMA, 8 knacce P. N (an

cTaten B . [3.4)). N 1, 2] v vx Mo~

BCioAy HInKe Gyllem FOBOpUTS, UTO (yHkuws W) NpuHaRNexuT Knacey ii, ecni
(i) 0i(t) > 0, HempepbieHa e yGbisaeT & [0,1),
(ii) WQ = 1u/, u(tdl < +00,
(iit) w(t) yaosnereopseT yerosuio funuwmiac A G (0.1] o scexToukax € [Q1).
Tpy (hyHKUVIOHANsHOM NapameTpe () 6 11, Gy/eM MPUMEHSTb CredyioLLyte onepa-
TOpbI, ONpefeneHHsle OPMansHO Ha hyHKUNAX «( ), 33AaHHBIX B BAMHAYHOM Kpyre

*“PaioTa BLOTHeHA MV (karo0B0iH O Coiciendias Scholarship Program No. <7 1
pavkax University of Amioguia CIEN Project 2016-11126.
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O HAKOTOPbIX KTIACCAX JIENETA-CYBr APMOH/MECKX GYHKUMAA ..
[2 € C:|r| < T}, creaytoum oGpasom:
(1) ABi(r)= J U(Hadwi(r), tae  ()="
2 Lw@ = 0)+ (). rae U()-\2\-— \i[g)}
OTMeTUM, 4TO LMSABARETCA ynpoLLeHHol (IOpMOii ONEpaTopa, MCMONb30BAHHONO B
[1 2] (cm. nemmy L.1 8 [5]). Kpome Toro, vcnonsayem sapo Tnna Koww [1, 2|
(L3)  CU%)e£jj- an=1, bk=kE£illl )(N Ne=1.2..),

KOTOpOE Npit toGom w(t) e 1 ABNAETCA r0NOMOPGHOI & D (hyHKUMeli M B HacTHOM
cnyuae crenenHbix dyHKuuin w() = (1- a)* (-1 < & < 0) COBNAAAET CO CTeneHbi0

1+ a oBbiuHOro AApa KoTu:

a a4 = Qi apg-rb.

Takoke GyAeM NON6I0BATLCA GHANOTMUHBIM AAPOM TuNa LLiBapua

2 «
S.M:=2C,W -I-1+2j]i-. r£D,

AN KOTOPOro

=

s-w -ap  aa - e
Tlerko BugeTs, uTo
(L4)  L.(r*]=r*At, r6[01], *=0,1.2,...Eom(r)[r=i=1, reO,

wno (13), (14), LuCu(z) = CO(z), 2 & D,

2 Pakropsi Tuna Banuike

2.1. Kak H B [2], Mbl UCONb3yeM crefyiolliee NDEACTABNEHYE 0GLINHOMO (hakTopa

BawKe:

(2.0)- : _11* o (eB!
1-crc Viky1 7 j

KOTOpOE BEPHO UPU BCEX 2, BKMIoUali 0Tpesok = {z 6 B 1Arg z = Arg (, |r|>

CI}, TA€ MHTErpan MOHMMAETCA B CMbICTE FABHOTO 3HaueHA. P AUKCHPOBaHHOM
( €D\ {0} ucnonsayem dhakTop TnNa Bnswke M. M. [xpGatsa

22 ses



K. 3. PKCTPUHO

e byHKuna

ronomopdHa & B (c. [2], cTp. 4243, hopmynsi (1.60), (1.65)). Takum ofpasom,
chykuA b.Jz. ) 8 D. e MmeeT i, POCTON Hynb B TouKe
©= G OTMernm, 4to M r-C)|wH|  B(r.(), r.C £ Lit Kpome Toro, cnpaseanso

npeacTasneHue

(24) M *,0 = exp{-N(rC)}, 0<U <[C<1:

“0-£ K (?)+° CT)-‘A
(cm. [2], cTp. 43-44, dhopmynsi (1.67), (1.6S)). Mbi Gyem NONs30BATCA TaKKe ApY-

M CRolicTeaMU hyHKIATA EI(F, () W ( (), KOTOPbIE MPHBOAMM Hnke:

Nemma 2.1, Eew ()6 M, To & MoGol TouKke I = re** 6 19

@5 1 (.0=logi+ +&d
@8) A0 - - { +7+ -}«
(2

[lokasaTenscTBo. Popuynbi (25) i (2.6) credytoT H3 (2.15) 1 nepeoii hopmybi Ha
c1p. 50 [2], nockonbky sHaderus 1ogix0(0.C) = log|(|  logiw(0.C) =  Jjjj — rfr
BelleCTBeHHbI, POPMYNa (2.7) Ta. e, 4T (2.12) Ha CTp. 49 [2]. CXOAMMOCTS MkTerpa-

noe Haotpeske = {z € D Argr = Arg (. \2\ > |(|} ofecniedesa nMMWHLesbl
CBOVCTBOM (yHKLMY Oj(t]. o
Jit 80 y MOXHO HaiiTh na cTp. 52-53 MoHorpa-
un 2]

Nemma 2.2. Eaiuw(t) 6 Q, To npw nioGom dukcuposarom ( (0 < [(] < 1)

- rofoMopdHas 8 (yHkynA, « Re > {& ) < 0, 1 € Bx



O HEKOTOPbIX KNIACCAX JK/I5TA-CYBIAPMOH/UKCKIX GYHKLIA ..
Nemma 2.3. Ecu () € ft, To npu noGom dukcuposarom C (0 < [0 < 1) w
noGom = rt'f e
(- H =hj. Sui@zc*) log =jm 0.

Ecm0<do<IC<h  npunoGomr€Dp:={z:\\<p) (0<p<1)

@9, Ol< cpa A jiodr < +00,

rpeC >0 - NOCTOAHHAs, 32BUCUMAs TONLKO P, < 1 W,

[lokasaTenscTeo. Bauay (2.2), (2.3) u (2.1) dywKuwis loguy 4} ronomopdHa & B,
W (2.8) CNeAyeT «A nemMbi 2.2 1 Teopembl 1.6 Ha CTp. 38-39 [2], MOCKONbKY BBUAY

(27) tlog|bwe'th<)| = 0, i) 6 [0.2jrj, kpome i) = argC- Aanee, ucnonsays (L.1),
(1.2) n (2.1) nonyuaem

Lwlogléo(e™,0 | = logiai+ ) logls0re™ Copw(r)r

Tem cambim

MmEC)=1 o |0 Y0+ 72 )+ L4,

g
2Jo

re n cuny wrrerpani.oii dopmynbi KoTu



JDK. 3. PECTPBMO

_ciz _E [° &, («"»

He«) = (a-0-chy 1-3-2, (oc™'~
X | &<" > p 1 A(A) *sle
WENA=i (<™-£0)2 1o Kir.

p 10 N
-Jdo (- Ce-pT) 2mi =L (9 - (wrj2
xR (7)) <Nem
H > |jr.
CrepogatensHo, nonyaem
JM ,a-bM -\Ja»W rj“"

SiC o tydril oM 5 (5) - U Y E 5s:i(TD*
log[ol+ Ki + /< + /<,

Ecnu ; = re* 6@ (udo< Id < 1), to

Lanee, np [0l < @ < [CJr

s (T )lilagp" IKJEA £ X "< rxfr
MNpn ld/r< < 1
. SIp,
wsW £ wa

Hakowey, npu [£] < a < 1

AK (A)ISAP: g2 Ay
VI3 3THX OLEHOK CTEAYeT HepaseHcTeo (2.9). n

3 Morenumane Tuna Mpusia
KaK X0POLLO U3BECTHO, 0GIMHLIM NOTEHLMANOM [piHa B B SBNSETCA WHTerpan

en) ah -7/ sif «6s,

~fU a
Akki  11—Czl
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O HEKOTOPbIX KITACCAX JE/ETA-CYbIAPBIOHNHECKVX GYHKLWAA

casLyulica npu no6oii Gopenesoii Mepe () > 0. MOAHMHEHHOV ycnosuio Bisiluke

CriefiytoLLian TeopeMa OTHOCHTCS K CXOAUMOCTH MOTEHLaNOB Tilwa [puHa, copepxa-
U hakTops! Brswke-AxpBausHa (2.2)-(2.3).

Teopema 3.1. MycTs () e Muv(Q > 0 - Gopenesa mepa & B, ¢ HocUTenem &

Konbue {C€ D :0 < do< [C]< 1} « TaKasi, 4TO

Torga noTesynan Tuna Mpuva

CXOAUTCA 0D, reABNAETCA Vi ywkuveii ¢ Vi mepoit /().
[lokasaTenscTso. B nioBom kpyre Dp (0 < da < p < 1) Gyjem NOHMMATs noTeHUAan
Tuna MpuHa Kak cymmy Pui(r) = Pafzp) + Wi(z,p), z € Dp. rhe

1 logm ..o H o0

- OBbluHbIl NOTeHwMan [pHNa, CXOAALLMICA & D, NOCKOMbKY

[lokaxem, 4To Pu (z) CXOBUTCA 8 D & TOM cubicne, 4To npw fio6om p 6 (ifg, 1) noren-

wwan Po(r,p) cxopuTca & Lita hyHKuMA Mufr,p) is rapMoHMUHa & IEP.

BBy rONOMOPHHOCTH (yHKLMN bUy(F,() B D U ee EAMHCTBEHHONO HYNA B TouKe

2= C B Ybi\r,p) nogsiHTerpanshas hynkuus loglb<i(z 01 rapmonusna 6 3 Mo-

aToMy, nonaras, uTo z = rei, ( = Aev, rge 0 < 2<3< 2m,1 < p\, u p>e (0,p)
3aTem ucnonbays (24) ba(z,0 nonyuaem




CregosatensHo, nonyuaem

IF'>(-a B jL > |belw" ontn )
the I > 0 NOCTOSHHas, 3aBUCALLAR TOMLKO OT Pi, p W do- TeM CambiM, MOAYb
NOABIHTErPaNGHON hyHKLAN B UL'J2,p) OBNAAAET HESABMENMOT OT T €, CyMMM-
PYeMOVi MaXOPaHTOI, 1 CeA0BATeNbHO, UHTerpana U u\z,p) rapmotmita 6 52,. Ans
AOKA3ATENLCTEA FAPMOHUIHOCTH U, \Z, p) B B, 3aMETHM, UTO €70 NObIHTErpasHas
(YHKUUA raDMOHUNHA B T 6 B, @ UHTErpan PABHOMEPHO CXOAUTCA BHYTPU DA Baudy
onerkn (2.9) n

CleaykoLLas NIeMMa OTHOCHTCA K OGPATHOMY OnepaTopy Ans
Nemma 3.1 Ecnuu 6 M. To ypaskervie Borbrneppa

(63 <3 % (1) <E(0=1 anane. xe (0,1)

UMEET WMeeT HeyGbisaioLee pewenne bi(x) Takoe, wTow(l) = 0, 0(4-0) = 1 u
w(x) < [L®))-1 419 Bcex0 < X < 1. Bofee TOro, OMEPATOP bl B3AUMOOAHOIHAUHO
NIEPEBOANT NOBYH0 TapMOHUHECKYIO B Kpyre || < R < +30 (hyHKUMio & (yHKLMiO
FAPMOHMYECKYI0 O TOM >Ke Kpyre,

L-lv(i) -Lzu(z) =- 3 H(ra)llo). z€D.

[lokasaTenscTe0. Monbaysice Teopemoii 1.1u3 [6] ¢ (i) = 1 ) = w(x) nony-

Uaem (yHKUMIO W(x) 1= 3(X) C HYXKHbIMM CBOCTBANMM. [Ja/lee, HETPYAHO BUAETS, 4TO

npu | c ioonepatopa K (hyHKUMM (. ) raDMOHMNECKOT B Kpyre |r| < < +co

03HavaeT MMLub 0B rapt paga u(r) Ha - =
AK(s). Takim 0GpasoM,  SB/FIETCA BIAUMOOAHOHAUHbIM COOTBETCTBUEM MEAY
TaPMOHUMECKAMI (yHKLAMM. C APYTOli CTOPOHI, & cuny (3.3)

a= >, % ,o<*()m
= jam 3 j- A < () xk-uj(x)dx

-k ] tketwidt ] xke Tb>(9ax.
Cneposatensio A*(w) = {A*(#)} ~ aNpuMeHeHMe  03HAuAET YMHOXKEHHE KO-
(VILYIEHTOB FaPMOHMIECKOrO PAAQ Ha [} (). o

Teneps MPUMEHIM ONEPaTop K noTeHuMany TUNa IpuHa.
3



O HEKOTOPbIX KIMACCAX JE/STA-CYBMAPMOHVHMECKVX GYHKLWA

Teopema 3.2. MycTs w(x) Gopencon mepa i/(C) > 0 ¢ voCTe-icM 8 0 <
"#C 10 < 1noTenunana Tuna Ipuva Pu (z) yAoBneTaopseT yenoewio (3.2). fa.ice
nyCTb npw n06oM />£ (0,1) 3ambikanye MHosKecTea Arg {(supporti/) MB,} umeet
W ynesyto neGeroey mepy. Torga hyHKkuua LuPu () rapMoiiHa & o6nacTu

B={2€B:*r u N
cewppi/ >

U MY TP V. MPEACTaBUMA G6COMIOTHO U PABHOMEPHO CXOAALYAMCA UHTErPaTON:

34 L.Pu(2) = LIOKM*,C)kMO, *€D
G @= ffoq )

Kpowme Toro,

35 Ni-ai LoPo(Te<)IW = o

[loKasiaTenscTeo. OTMETUM, 4TO (ByHKUMA
(3.6) F@) = \\_ ijogiM*.0kMO
JJ ki

rapMOHNUHaN V. JeficTeUTeNsHO, MoGoii komnakT CC D - Ha paccTosHuy p\ > 00T
'D, 1 OLEHMBaR MOy NOALIHTErPAbHIX (YHKLUWT B (2.G) NONy|aeM MaXOpaHTy
MOAYA MOAbIHTErPaNsHOV hyHKUMM (3.0) B MioGoii Touke z = rc.fl e 3T npu nioGom

te (o]
1ulogIM3tC)| = -Re X+ bI(x¥ X m=-h+ h.
W ouesmgHO
MisMd [ wodx, VA<MI [ ufx)dx,
Jid <id
roeNe ., Ne ., - NOCTORHHbIE, 3aBUCALLYE TONBKO OT du 1 P\. Tem cambim,

\F(2)\<[[ iLJogl*1z.0IHO
331d<i

<SMOPLL[ i f u(t)dtl dv{o < +00,
JJid<i viel 7/

e, = max{M'dnpi, ). W inrrerpan & (3-6) a6CONKOTHO U PaBHOMEPHO
CXOAMTCA B X, BHYTDU KOTODOTO MPEACTABNSIET raPMOHUNECKYHO hYHKLIO, MIOCKOMb-
Ky BBUAY (2.6) yHKuMA  log \ui (2, )| rapmoniua e D\

7



NX.3. pKerrao

Teneps, npuvienvie nemmy 3,1 rae {) - HeBospacTaiowas Ha 0 < | < 1 dyHkuus
TaKas, urow(l) = 0,w(+0) = 1uu(t) < W(®]-1, npu r 6 X nonyuaem

FrNelL£" % * (/trrwa) +0°
3Ta MAXOPAHTA MOALIHTENPANLHON (YHKLMM & (3.6) 0BECTIEUMBACT FAPMOHMIHOCTS
yHkuun LsF{i) BO BCeM Kpyre D 1 NO3BONAET NEPEHECTH MpUMeHeHHbIl K F{2)
onepatop L- oA 3Hak ueTerpana no j(| < 1. Takum 0Gpasom, & cuny (2.6) u paser-
ctea . ()= Cu(z) nonysaem, 4o npu NioGoM T & X

L*F@2) = - j\z<)dw{a) =L  [-£ inlBIUM I<sg] Ly

=1/ logK (z-0\M 0 = [ logM *.C)kMC) = PJ.2),
JK<L 9K ( P ) )

4T BEPHO 418 BCEX T € V/ B CIUTY EAUHCTBRHHOCTU FaPMOHUHECKON (yHKLYM
OTCioga, NUMeHNE Oneparop & cuny nemmsl 3.1 3akniouaem, uto £yP,.(r) =
F{2), |z < rfc, Te. hopmyna (3.4) BepHa 8 \2\ < do . Teme Cambim, BO BCeii 06naCTH
V. HakoHeL, 4na 4oKasatenscTea (3.5) OTMETUM, 4TO
@an r oW ki<l

Jo oKl
re Cuua, NOCTORHHAA, 3ABUCALLAS NMLLL OT W 1 ot (cm. (2.14) Ha cTp. 50 [2]), u

OueBngHO
(3.8) | 1€ .0 (re* "1 |2u(()*j*(C)<+~-

MosTomy, & cuny (3.4), 0AHOV Bepcun nemmbl ®aty (cu. [7], Tom 1, 111.9.35)  dhop-

Mam (2.7) nonyuaem

linsupd  \buPn(re*)\M <liinsupJ J  dv(Qj  [LUlog\tu(ie'.C)l[(M

< diQ f  limsuj log [ftu(rew, ()jl<wW= 0. O
Fio 900 1 sl s gt

4. Becosbie knaccul AensTa-CyGrapMoHMIEcKnX dyHKUM

BCiody HInke nonaraem, 410 (/(r) - AENbTa-CYGIapMOHAUECKan B  (YHKLWA, T.e.

ABNAETCA pasHoCTbio U(2) = U\(Z) - U-i(2) 4BYX Cy6rapmoHiieckix & D dyHKuii.

Kpowe Toro, nofiaraem, 4To PUCCOBCKaS aCCOLUMPOBaHHAR Mepa (hyHKuAU U (2), T.e.

ee 3apsa /(). MAHAMANHO PasnoXeH & cbicne XKopaara, Te. v{Q = p+(C) -

1I(C). rae i1+(C) - NONOXWTENbHaA U OTPULATENbHAS BAPUAL MEPbI U(E) - CYTb
8



O HbKOTOPBIX K/ACCAX [/ bTA-CYBITHMOHMHECKIX GYHKLLIA

HeOTPULATENHbIE GOPenesbl Mephi C He NepeceKailyMMIcs HocuTensmi & 3. fse
fensTa-cyGrapmonnyeckue s B ywkuun U(2) = UMX)-U3{2) nV(2) = Vi( )-Vo(r)
pasHbl, T, £/(r) = V(2), ecnn Uj(2) -FVa(z) = Ua(z) + V(r) eciogy & D.

OtmeTAm, uToecnn 3apaR /() kLMW V () TAKOB, 4TO NOTeHLMan Pbi(r) CXQUTCH,
0 (ymkuua «(r) = U(2) - Pu(r) rapmonuuna & 5 u L-3J(2) = Laufz) + | aPas),
2 €0, L.,«( ) v LuP Jz) BiONHE ONpeaeneHs! Bbiwe. fanee, ecnn hyHKuns U{z)

AenbTa-c.yGrapMonw'as kpyre O (0 < 51 < 1), 70 npu nio6om 1 € (O, 51)

-ud-1l »(, HIfQ

TapMOHIUHA B [2] < r. Tew cambim, B8UAY Nemmbl 3.1 1 Teopembi 3.2 YKL

@) ) (O)

rapMonuuHa 8 \2\ < I, v 8 cuny (3.7)
supJ \biu(peis) Ll < +00
o<Aa<Jo

npY Ni0GOM 7€ (0, r). ONEBHGHO, STOT CYNPeMyM OrpaHUdeH W npu r* = r. Crefo-

BaTeNsHO, N0 (3.5) MPUXOAMM K NYACCOHOBCKOMY MPEACTABNEHMIO

MOACTaBNAA I = 0 B PASHOCTU ABYX NpeAcTaBneHuil (4.0) B |r| < 1 < S ue || <
10 < r, T4e FO YMKCUPOBANO, NPUXOAMM K aHANOTy (opMynsi MenceHa-HeeanmHHbL:
1

42 Trfy LUATe)d

1
— [ bl 0e*>)M
Mo uilir )

17 TR AN}
V<K<t VI @ Y jilclrg < g
raer( <r < 1. anee, BBOAM W-XapaKTepUCTIIKY HEBAHNVHHOBCKOTO TUMa:

t>Ur, £00)«

NUrr.Ao) mjT **M )" * 11" (;) * +/ (£

= J Tw(t)-n(ra)u n

Tei(r,? .£00) = m,,(r,£00) + JV,,(1,10, +00),

el



K. 3. FKCITD|

rae n£() = A< ast=Tad.0},a =n+- a OTMETUM, 4TO NpHge-
feHHblE BENMUMHI C -T00 XapaKTePU3yIOT 61U30CTs ki LII{z) K +00, aTc,
KoTOpbie € -00 - GnU30CTs La(2) K -00. Tem cambim, hopmyny (4.2) MOKHO Ha-
MIMCATS B BUAE PABHOBECHA MEXAY XaPAKTEPUCTUKAMI POCTA U YGbIBaHUA (hyHKLMM

<0< <1,
T/je MHTErpan cnpasa - NOCTOSHHas.

Onpepenenve 4.1. Ecnu () 6 ft, To /i - Knacc fensTa-cyGrapmoiliccKLL: &
yHkuuii U(2) Takux, uTo:
(i) HocATens acounpoBarHoro ¢ U(z) 3apsga u nexkuT eHe kpyra |§j < 1 < 1
W npu noGom p 6 (0,1) 3ambikarite MHo>KecTea {Aig (suppATLy Ll umeeT
Hynesylo neGerosy Mepy.

(ii) Mpi HekoTopoM 0 < o < |

(4.4) sup T, r0,+00) < +00.

OTMETUM, 4TO ECN COOTHOLLEHHE (4.3) UMEET MECTO NPM KAKOM-/MG0 0 < 1# < 1To

0HO CripaseAME0 U Nt0Gom 0 e (0,1),

B /i Teopeme 4aH0 napameTp: Knaccos Nu.

Teopema 4.1. Mpu no6om w £ ft knacc Nu COBNGAAET C MHOXKECTBOM (yHKLMM

NpeAcTaBUMbIX B Bue

e pLLL - chyHKUWA OrpanwdenHoi Bapuauun na 02T, B /() = (©) - " (O)>
rag u£(0 > O - Gopeneesi Mepbi C NOBMMENA-HA B KAKOM-G0 Konblie ilv < Ol < |
fanee, npw nioGom p € (0.1) 3a.\Tkanue MHOXKeCT8a {Arg (SUppi's)  >,) UveeT

nyfesylo feGerosy mepy, n

Mepy p(il) & (4.5) MooicKo Hait T4 no hopmyne oGpaLieHus CTubIMbKCa:



O HEKOTOPBIX KITACCAX [IE/ITA-CYBI APNOH/MECKVX GYHKLIAA ...

[fokasaTenscTeo. Ecm U{z) € To seuy (4.3) ycnoswe (4.4) obecneutsaet
OrpaHUUEHHOCTL XapakTepucTUK NU{r, o, +0c), 0TKy/a cnefyer (3.2). Takum oGpa-
30M. NOTeHLManbl TNa MpuHa C Mepamu i/+ cXopaTes. CNefoBaTensHo, yHKuus

V@=U@): [ Tog\biz.CJdKO
FapMOHMIHa B D, 4TO BEPHO TaKKe AN ByHKLMM
k{*)-i»8n-1) . hgk(«dia

KpOMe TOr0, ACHO 4T SUp M. (r,ra+ . ) < +00, U nosTOMY
rusreL

< sup [Tur,ro,+00,luC)+ mK(r,ro>+00,-£nll)] < +oc>.
CnepoBatenbHo, BBuy (3.8)
.2
sup 3 \LuV{re'e)\(H) < +00.
11 BOGNIONb30BABTCH TeOPeMoii 1.5 Ha cTp. 37 [2] Thuxomm K npeacTasnenmio (4.5):
T - JIm<4 KM \b (o, =£».

T 14(0) - hyHKLUA OrpaHWIeHHOI Bapuauwn B [0.2ir]. [lanee, NPAMEHWE onepaTop
NpNXOAHM K p . BreKyLylo (4.7):

L-VM-h C w ™ M) r6B-
O6parHo, ecnu U(z) npegcTasuma 8 Biae (4.5), T0 dynkuma u{x) = [/(r) - Pwz)
rapMOHNUHA B D 1 NPUHAAMEXUT KNacey W3 Teopemsi L5 Ha cTp. 37 [2] Te.

o<usi U (eMI<iyi < +oc Ans iiuir) = Luu(z).
Kpowe Toro, 370 COOTHOLLEHYe BepHO A PXT) & cuny (3.8). CrefoBaTensHo.
sup mu(r,+00,LuU) < +00.
Otcioga  u3 (4.6) nonyuaem
4, TWATT0+00.£,) < +00. Te. UG € Nu.

81
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Abstract. The paper gives the delta-subharmonic extension of the part of the
factorization theory of M. M. Djrbashian - V. S. Zakaryan, which relates with the
descriptive representations of the classes Ne  } offunctions meromorphic in the unit
disc, contained in Nevanlinna's class N of functions of bounded type.
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Abstract. I this paper, westudy certain classes of analytic functions which satisfy a
subordination concition and are associated with the crescent-shaped regions. W first
give certain integral representations for the functions belonging to these classes and also

present a relevant example. Meking use of some known lemmes, we derive sufficient
conditions for the functions to be in these classes. Some results on coeffcient estimates
are also obtained,

MSC2010 numbers: 30C45.
Keywords: analytic function; convex function; starlike function; subordination; k-
uniformly convex; fe-uniformly starlike.

1 Introduction and preliminaries

Letft (U) denote the classoffunctions analyticin the open unitdisc U= {r: [z| < 1}
on the complex plane C, and form 6 N= {1,2,..} and ae C, let
[am]= {/£X (U):f(z) = a+ OmzZm+ am+izm+l+ ...},

Denote 3|1, 1] by and leta class of normalized analytic functions A m be defined

by
N.={/ef(U)IM - «+ CWI*"+1+ . 8

with A\ = A. A subclass of /1 consisting of univalent functions is denoted by S. Also,
lot S’ and C be the subclasses of S comprising of functions / which are, respectively,
starlikc and convex and which map the unit disk U onto starlikc and convex regions,
respectively. Analytically, a function / belonging to the classes S* and Gsatisfies the

inequalities
[¢%)) «id M<{i+7 i }> 0 (*€U),

respectively.
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We say that an analytic function / is subordinate to an analytic function g, and
write f(z) - g(2), if and only if there exists a function w analytic in U such that
w(©)= 0. | ()< Iforre Uandf(z) =j(w(s)). In particular, if g is univalent in
U, then we have the following equivalence:

12 A*)UTW A /(0) = 9(0) and /(U) C <i(V)

Denote by ¥ the class of functions p analytic in U, such that p(0) = | and We (p(r)) >
0 (*eU)

In [121, Ma and Minda unified the approach to several classes by introducing a
generalized subclass 2(©) of Y. In terms of the subordination, a function p 6 T is
said to be in the class if it satisfies the condition p 4, where i analytic
univalent with positive real part in U<6(U) is symmetric with respect to the real
axis and is starlike with respectto <©) = Land *(0) > 0. furthermore, the classes
defined by

rmo={feA:zf{z)/f{z)em)

mo= {/eA 1tz (2)/F(2) e A)}
become, respectively, the classes S* and C when we choose <) = (I + r)/(L - 1)
Recently, several results were obtained when th(r) = pk(z), where ps (r) is convex
univalent in U and has the form:

sinh2 {(I arccosfc)arctanh -/z), 0< K< 1,

=1,
Pk(z2) =

I'IATE4I'Iﬂ

where u(z) = 16 Uand {e (0,1) is chosen such that

K= cosh (PN I ) >

R(1) is the Legendre’s complete elliptic integral of the first kind (see [7] - [10]). Also,
we obtain the class S"(p*) of fe-uniformly starlike and the class GG>X) of fr-uniformly
convex functions defined, respectively, by

SW o= {/n#) /N Je% )}
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e = {/ 6 A : 1+ 2f"(2)/IT'(2) 6 ().
Motivated by the above defined class 7 ), we consider the function ) = z+
I+ 5 (r 6 11), and define the following classes:

3 4= {pe:K:p(r)-<rs\N+r2 (zSU)},

11 S{/6N A 1A+ 1T A (*€«)}

(15) A'=1/6M:1+1AU Ar+YTT? (FEE)}.

Observe that the function d(r) = z+ VI +22 (z 6 U) is analytic univalent and
cost+ ylicoat [cost/2| for te [0,jt/2) U (37r/2,21),
cost+ ~J2|coat] sint/2 for te (ir/2,3jr/2),

0 for t=ir2,38-2,

which shows that W {A(2)} > 0 in U. We note that d(en) for t 6 [0,2%) traverses

a crexce.nl which is symmetric and convex along the real axis (see Fig.| below, and

[16]). Also, in view of (1.2), we infer that

wn ace,

implying that /I C S* and fle C 6. The subordination condition in (1.3) may

equivalently bo given by

(18) Jeorn -if<alKQl (*etl),

and the class [1* as a subclass of S* with the equivalent condition (1.8) is the class,

which was recently studied in [16]. Also, in view of Theorem 2.4 from [16], we observe

that if p G, then

(19) () +1>V2 and [p(*)-1<%/2 (zEU).

The condition (1.9) implies that ifp G/, then p(U) is the interior of the right-crescent

formed by the circles (see Fig. 1):

(1.10) jw+ 1= V2 and |ui-1]= V5,

and is starlike with respect to 1. Thus, the above defined classes 1./ and e

are associated with the right-crescent, formed by the circles given by (1.10), and

our attempt to define these classes are in the line of investigations of various other

classes defined earlier and having geometric interpretations. For example, the class of
85
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functions f S A satisfyingzf*(2)/f(z) <\ZTTz (r € U) wasconsidered in [17] and is
associated with the Bernoulli lemniscate, while the class of functions / 6 A satisfying
2f'(2)/f(z) 4 V1 + cr wes considered in [1]. It should be noted that in some recent
papers (see, 0., [2 3, 4, 5]), certain function classes were considered, which were
defined by the condition 2f(2)/f(z) U 2(r), where q(z) was not univalent, and these
classes created difficult problems when considering their geometric properties.

Fig. 1. d(e").

The aim of this paper is to study the class /1 and, in particular, the classes 4
and Jle, and to obtain integral representations for functions from these classes and
to derive sufficient conditions for functions to belong to these classes by making use
of certain well-known results. Some results on the coefficients estimates for these
functions are also derived.

The following two lemmas will be used in the proof of our main results.

Lemma 1.1 (see [14], Theorem 3.4h, p. 132,and [13]). Let be univalent in ¥ and
Tei 0 and <pbe analytic in a domain Hbcontaining g(U) with <) 0. when w 6 <j(U)
SetQ(z) =12q'(2) -ifi(g(@)], h(2) = 0[g()] + Q[2). and suppose that either

(i) h is convex, or (ii) Q is starlike.
In addition, assume that

1fp is analytic in U, with p(0) = Z0), p(U) C D and

0[p@! +2p'(2) +ip\p(2)]  O(2)] + 29'(2) WA = h(2):
86
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then pweq, and g is the best dominant in the sense thatp<$ => q s, \&.

Ifweset 0[w] = 0in the above Lemma 1.1, then the conditions (ii) and (iii) become
identical and we have the following simplified version of Lemma 1.1

Lemma 1.2 (see (14], Corollary 3.4h.I, p. 135). Let ~be univalent in U, and +? be
analytic in a domain  containing (V). 1 2q°(z) +p [ii(2)] is starlike, then

p{2)-<p'p{)-<20'{)-+laf) = p-(a,
and g is the best dominant.
2. Main results

We first give certain integral representations for functions belonging to the classes

A" and fle, which wnuse to constructa pl
ofthese classes. These integral representations follow directly from the definitions of
A" and Jle. Thus, we have the following assertions.
(i) Afunction/ e /1" if and only if there exists an analytic function j>€ /| such
that

@)= et /i

(ii) Afunction/ 6 [le if and only if there exists &n analytic functionp 6 /| such

Choosing p(z) = z+ v/l + z4in the above representdfions (i) and (ii), we find that

So(*)=j jexp <+V'1+t2- | dij j dub

and obviously, we havezjft(z) = /o(2). Further, observethatforsomeA (-1 < A < 1),

the function p(z) = maps the unit disc U onto the disc
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and hence, if

14+ Az
pR) rraze ?

then the endpoints (xwpO) and (|r{4.0) of the diameter of the disc in (2.1),
satisfy the inequality:

Therefore, we can assert that for some A (-1 < A < 1),

and hence, by using the representations given in (i) and (ii) for p(z) = we have

the following example.

Example 2.1. Let1—/2 <A <n/2- 1, then

Now, by using Lemmas 1.1and 1.2,
subordination for the class fl, where /1 is defined by (13);

Theorem 2.1. Letg(z) =z +y/i+22. Ifp€0{ satisfies

@2)

23) Ve A,

Proof. To prove the result, we need to show that

(2.4) p(z) q(z), 2€U.
Let
(25) «H-». AH =-

be analytic in the domain D such that I{H) C D. Then, it follows that
m

Now, for 21,22 e JUsuch that Q(zi) = Q(zi), we have
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The case zj = - 2 is impossible because Q(z) is an odd function. So, we have only
the ease zi = Zj, and hence Q(z) is univalent in U. Also, Q(z) is starlike in U because

<% 1
Q(2) I+i*
ro
<> ~>1rQi(g')|.*- TT3 >+ ««o
Further, in view of (2.C), for function h(z) = 8[g(2)j + Q(zj = qfz) + Q(z) we have
Wy, <o)
«M (1 ew

and hence, from (1.6) and (2.7). we infer that

4w H >0' 'su’
Thus, the conditions (ii) and (iii) of Lemma 1.1 are satisfied. By applying Lemma 11
and using the substitutions given by (2.5). we observe that the subordination relation

28 SIP@] + 2p'(2) *v [P@)] <8 @) + 2</@) W [,(*)]

becomes the subordination condition (2.2), which implies the subordination (2.4)
This proves the desired result (2.3) of the theorem. o

Theorem 2.2. Letq{y) =z +l+2z (z€U) and p 6 %. Then
) zg()
p@)  a@

Proof. Letip[t] = i be analytic in the domain D such that g(U) C D. Then, for
q(2) =2 + -/1 + 22, we find from (2.6) and (2.7) that zg'(2) y>[2()] s starlike in U,
and the condition

2p'(z2) wp[p(2)] <20'(2) W [<XD)

yields the subordination < Now, by Lemma 1.2, we have p - g, which
in view of (L3) establishes the desired result (2.9). n
In particular, choosing the substitutions: p(z) = andp(z) = 1+ 3.'S,

respectively, in Theorems 2.1 and 2.2, wc get the Mowing results for the classes A"
and Ae, defined above by (1.4) and (1.5), respectively.

Corollary 2.1. Iff € N1 satisfies the condition:
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Corollary 2.2. Iff €A satisfies the condition:

reu,
thenf € fle-
Corollary 2.3. 1f/ 6 A satisfies the condition:
T+ENE)_1W Y ¢ reu,
1) M sITT
thenf 6 4°
Corollary 2.4. Iff A satisfies the condition:
22f(2)" () r
reii,
() W vw
tten / € fle.
3. Certain coefficient estimates

In this section we obtain some coefficient estimates for functions belonging to the
classcs , /1 and [le. To this end, we use certain inequalities stated in the following
lemma (see [15, p. 108 and [11, p. 10[).

Lemma 3.1. Letw(z) be a Schwarz function given by

(31) w(r) = viiz+ z2+wr3+ ... (reu),

J« <] - 1<1+(t- 1) [2< max{l,|t}, wherete C. The result
is sharp for functions w(z) = z orw (a) = r2.

Theorem 3.1. Letp % be of the form:

(32) P(r) = 1+ X1p..r'-

IfpeA, where [l is defined by (1.3), then [p<{ <1 fori= 12.

Proof. Letp € /] be of the form (3.2), then there exists some Schwarz function
iti(z) of the form (3.1) with [w(z)| < 1such that

(@) 1= 20(z) *1o0(r).

Hence, we have

Sl ) - 1=2 [Wr+wr2+ wrd+...).
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Comparing the coefficients of 2 and 2s on botli sides of the last equality, we et

Wi and 2pi +pj = 2( +p)wij.

Now, applying Lemma 3.1, we obtain
IPU= H 1< land [pj|=fuj+y|< 1,

and the result follows. o
Using Theorem 3.1, we obtain the followingresultthat contains coefficient estimates
for functions belonging to the class .

Corollary 3.1. Let!  * bedefined by
33 i)+
(34 ojl < 1and a3- 507 < i
Proof. Let
1)

be of the form (3.2), then p € 1. Hence, using the series expansions (3.2) and (3.3),
we obtain

1+ = At Mf> 2

Comparing the coefficients of 2 and 2 on both sides of the last equality, we get

35) 2 =pi+ and 03=P2+pi +as-
Now, applying Theorem 3.1, from (35) we obtain [pil = | | < land |pr| =
[23- | < I- This proves the estimates in (3.4). o

We observe that if / e [e, then zf e [* Hence, applying Corollary 3.1 to
function zf, and replacing o, by no,, in (3.4), we obtain coefficient estimates for
functions / 6 e, which are given by the following corollary
Corollary 3.2. Letf € fie be 0] theform (8.8), then

hi<5and o3- [«i] <

The next theorem contains coefficientestimates in the case where the function g(z)

has a specific form.
a
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Theorem 3.2. Letg 6 2 be of the form g(2) = 1+ ¢,.z* (lc.| < L.n €N), then
<e /} ifand only if

36) [ft.l<2-v/2

Proof. Definea function () to satisfy

and observe that w(z) is analytic in U with w(0) = 0. To show that g € /i, we need
to prove that [u(?)] < L By simple calculations, from (3.7) we find

showing that

a+l-(2-23 T

provided that the condition (3.6) holds. Conversely, if g e A, then in view of (3.7),
we have [w(z)| < 1, 2 £ U, which, in view of (3.8), shows that

or(fe,| - 2)2> 2 This implies that either [c,| > 2+V/2 or[c.[ < 2 ~. Sinceg 6 T,

iin view of Caratheodory condition [cn] < 2 (see [6, p. 41]), we obtain the inequality

(38). n
Applying Theorem 3.2, we can determine certain functions belonging to the classes
* and Jle as follows.

Corollary 3.3. Letf 6 /1 be of the form:

(39 1()= exp(ad) (ol<1.2€U)

then/ e Ay’ if and only if o] < 2- 5.

Proof. Observe that for / 6 A of the form (39), we have

Hence, by Theorem 3.2, 6 Zl or/ e /i* ifand only if fa] < 2- V2 [u}
Similarly, e can prove the following result.
2
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Corollary 34. Letf £A besuch that
(3.10) f'(2)= exp(bz) (bl <1, 26U).

thenf </le if and only if|i] < 2- \JL.

Acknowledgement: The authors sincerely thank the referee for a number of useful

comments and suggestions
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