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А ннотация. Доказывается, что множество Е  является Л/*-множсством или 
Л Л՛/'-множеством для системы Франклина, тогда н только тогда, когда Е  
содержит и себе непустое соисршоішос множество.

M S C 2 0 1 0  n u m b e r : 42С10; 42С20.

К л ю ч е в ы е  сл о в а : Система Франклина; ІѴ/*-множество.

1. В в е д е н и е

Напомним, что множество Е  с  [а, Ь] называется f /-множеством (множеством 
единственности) д л я  системы {v5.,(:k)}£Lo> х  е  [о, ծ], если из условия £  ո^՚քՀ ո)  =

О, X €  [а, £>]\/Г, следует, что все коэффициенты а„  равны нулю. В противном 
случае множество Е  называется М -множеством, т.е. Е  с  [а, 6] является М -  
миожеством, если существует нетривиальный р яд  Ь„<рп (х), частичные сум­
м ы  которого ВІІС Е  всюду сходятся к  пулю.

Классическая теорема Кантора гласит (см. [1] стр.191 или [2]), что пустое 
множество является {/-множеством д л я  тригонометрической системы. Далее, 
Ю нг доказал (см. [1] стр.792, или [3|), что любое счетное множество является 
{/-множеством для тригонометрической системы. Очевидно, что любое множе­
ство Е  С  [—7Г, 7г], с положительной мерой является Л/-множеством д ля тригоно­
метрической системы. Действительно, дня этого нужно рассмотреть ряд  Фурье 
характеристической функции множества F ,  где F  С Е  некоторое замкнутое мно­
жество положительной меры.

Долгое время оставался открытым вопрос: является л и  всякое множество ме­
ры  нуль {/-множеством д л я  тригонометрической системы? В 1916 году Д . Е. 
Меньшовым [4] был приведен пример нетривиального тригонометрического ря­
да , сумма которого почти всюду (п.в.) равна нулю.

°І1сследования выполнены при финансовой поддержке ГКН МОН РА а рамках научного 
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Известны также примеры множеств меры пуль, которые являются ^'-множества:, 
для тріггонометрнческой системы (см. [1], [5J и [6|).

Независимо несколькими авторами [7|-[9| было доказано, что пустое множе­
ство является U-множеством д ля системы Хаара. Известно, что любое одното­
чечное множество является М -множеством для системы Хаара (см. [10]).

Ф. Г. Арутюпяном и А. А. Талаляном [11], в частности, доказало что если ряд 
по системе Х аара с коэффициентами

(1.1) а„ =  о(ѵ^),

всюду, кроме быть может, некоторого счетного множества сходится к нулю, то 
все коэффициенты этого ряда равны пулю.

Следуя Г. М. Муіпегяпу |12), мпожество Е  назовем М ’-множеством для си­
стемы Хааі>а, если существует нетривиальный ряд с коэффици­
ентами (1.1), такое что OnX«(®) =  0. для любого х  е  [0,1 ]\£ . В той же
работе Г.М. Мушегян доказал, что множество Е  является Л'/'-миожеством для 
системы Хаара, тогда и только тогда, когда 75 содержит непустое совершенное 
подмножество.

В настоящей работе доказывается аналог вышеупомянутого результата Г.М. 
Мунісгяна для системы Фр&пклипа.

2. О сн овн ой  РЕЗУЛЬТАТ

Д ля формулировки основного результата, напомітим определение системы Фран­
клина.

Пусть п. = 2м + и, где /і =  0 ,1 ,2 ,..., и 1 <  ѵ <  2*1. Обозначим

Ідт^г, для 0 <  і  < 2і/,_
կՀ֊, для 2к <  і  < ո.

Через Տ„ обозначим пространство фупкций, непрерывных п кусочно линейных 
на [0; 1] с узлами {а„.і};֊п, т.е. /  е  Տ„, если /  g  С[0; 1] и линейная на каж­
дом отрезке խռ,; i;s„ ,,j, г =  1,2, ...,п . Ясно, что dim S n =  n  + I и  множество 
{sn.i}JLo получается добавлением точки տ„,շ„_ւ к  множеству {s„-i,i}"-o • Поэто- 
му, существует единственная, с точностью до знака, функпия f n  G S„, которая 
ортогональна Տ„-, и ||/„ ||а =  1. Полагая /„ (я) =  1, / г(х) =  у/3(2х -  1), х  е  [0; 1], 
получим ортонормнроваиную систему {/ո(ւ)}£Լ0> которая эквивалентным обра­
зом определена в работе [13] и называется системой Франклина.
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Недавно, в работах [14], [15] бы ла доказана теорема типа К антора для  системы 
Франклина, т.е. доказана, что если ряд «п /п (*) — 0, :с €  [0,1], то все коэф­
фициенты а,, равны нулю. Тем самым, доказано, что пустое мпожество является 
{/-множеством д ля системы Франклина.

Д ля я  =  2 '' +  и. где բ  =  0 ,1 ,2 ...., и 1 < і / <  2'*, обозначим І„ :=  8„.2k - j  (cm.
(2 .1)), и {»] :=  It.

Систематическое изучение системы Ф ранклипа началось с работ |17 |, [18|, где 
получены многие важные свойства этой системы. В  частности, получены знаме­
нитые экспоненциальные оценки д ля фупкций Фрапклина и ядер Дирихле си­
стемы Франклина. 3 . Чнсельскнм доказано существование постоянных С\ >  0, 
С-і  >  0, (ի 6  (0 ,1), q-շ €  (0 ,1), таких что

(2.2) І А М І й О і - а ^ - й " ^ 1. * е [о ,1 ] ,

(2.3) |Л '„ ( і , і ) І < С а - 2  * ,(£ [ 0 ,1 ] ,

(2.4) K ,.{x ,t)  =  Y ^ f k{x ) fk(t),

является ո-ым ядром Дирихле системы Франклина.
Пусть хц-некоторое число из [0,1] и аи =  /ь(жо). И з (2.4) и  (2.3) следует, что 

ak fk {x ) — 0, когда X փ xq. Очевидно такж е, что а« =  1. Следовательно, 
любое одноточечное множество является Л/-множеством д л я  системы Франкли-

О п р е д е л е н и е  2 .1 . Множество Е  назовем М *-множ ест вом для системы Фран­
клина.. если существует нетривиальный ряд an fn (x ) , с коэффициентами
(1.1) такой, чт о anf n (x)  =  0, для любого х  €  [0,1]\-Б.

В работе [14] анопсировапо, а  в  [15] доказано, что любое счетное множество fie 
является М ‘-множеством для системы Фрапклина. В работе [16] доказана более 
общая теорема.

Т е о р е м а  2 .1 . П уст ь ряд  Иь=о ak fk (x ) , с. коэффициентами (1.1), сходится по 
мере к  интегрируемой ф ункции и  всюду, кроме быть мож ет, некоторого счет­

ного множ ества, выполняется  supn 15Zfc=o ak fk (x ) \ <  со. Тогда ряд  ̂ і?=п ak fk  (֊с) 
являет ся рядом Фурье-Франкііина этой функции.
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В настоящей работе доказывается полный аналог теоремы Г.М. М упіегяиадля 
системы Франклина.

Т ео р ем а  2.2. Д л я  того, чтобы множ ество Е  являлось М *-множ ест вом для 
системы Франклина, необходимо и  достаточно, чтобы Е  содержало непустое 
совершенное подмножество.

Доказательство. Н еобходи м ость . Допустим множество Е  является М ‘ ֊ мно­
жеством д л я  системы Франклина. Тогда существует нетривиальный ряд £  akfk (x ),

/г—О
с коэффпцентами (1.1), который всюду вне Е  сходится к  нулю. В силу теоре­
мы 2.1 множество .Е-иесчетио. Обозначим Sn (x)  =  akfk(&), =  0 ,1 ,...,
X € [0,1]. Очевидно, тгго множество

9>{>е М ^ Н і»0)- и  Ո Ս {* « IM1! |ЗД>)| >
является борелевским множеством и содержится в Е . В силу теоремы 2.1 .мно­
жество В-несчетно. Всякое несчетное борелевское множество содержит непустое 
совершенное подмножество. Следовательно, множество Е  содержит непустое со­
вершенное подмножество. Необходимость доказана.

Д о ст а то ч н о с т ь . Нужно доказать, что любое непустое совершенное множе­
ство меры нуль является М ‘ -множеством. Пусть Р-иепустое совершенное мно­
жество меры нуль и а  :=  min{a; : а: £  Р } , b := m ax {ж : х  G Р } . Тогда Р  =
[а, Ь]\ tUSLi (nk,t>k)), где интервалы (аі,Ьі) взаимно непересекаются и  не име­
ют общих концов. Причем количество невырожденных интервалов (а*.. bk) счет­
но. По индукции определим отрезки Ду, j  =  0 ,1 ,2 ...... Положим До :=  [0,а],
Д і :=  [6 ,1]. Обозначим 61 =  s u p fc> 1(6*.. — а*..). Ясно, что 0 <  6\ <  1. Поэтому 
существует j \ , такое что (by, — о,-,) > 4j-. Положим Дг =  [а^д,631].

Допустим определены отрезки Д ч, числа 5q j q, q =  1,2 , со свойствами:

(1) Д ,+1 =  К Л , ] ;
(2) Ъіч -  аіч >  Կ֊, j n Հ  { յւ , . . . , յ ,_ ,} ;
(3) 6q =  sup{bk -  ak : k  փ j p,p  =  1 ,2 ..... q -  1}.

Обозначим 5m+i =  sup{6/_. — ak : k  փ j p,p  =  1 ,2 , Очевидно, что 0  <  <J„,+ i <
1. Поэтому найдется j m+i Հ  Լ յլ , յ շ ,  . . . , jm}, такое что -  eJm+1 >  — По­
ложив Д т + 2 =  [rtjm+1,6jm.,.,], получим отрезок Д т +2  и  число dm-n ,  обладающие 
свойствами: |Д т+ 2 | =  6Jm+, -  ajm+, >  и <!>',„+, =  sup{6fr -  ak : к  ф  j t„ p  =  
1 ,2 , ...,m }. Таким образом, по индукцин определим отрезки А п и  числа Sq j q,
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<7 =  1 ,2 ,...,. которые удовлетворяют 1.-3., До =  [О.а], Д і =  [6,1]. Условие 2. 
обеспечивает, чтобы д н я каждого индекса к  существовало единственное <і, такое 
чтобы выполнялось (e j ,,b je) =  (па-- Ь^). Поэтому 

(2.5) Д р р |Д ч =  0, когда р т4 <7,

Р  -  [0 ,1]\ Լ[0, a) U <‘ . 1] и  ( 0  («А • Ы ]  J  ■

Определим функции ri>k(x), к  =  1 ,2 ,..., следующим образом. Область определе­
ния функции Фк является множество D* :=  Այ՚=օ А /- Полагается

0, когда х  €  До;
1, когда X £  Д ] .(2 .6 ) ф і( х )  =  j

Далее, д л я  к  > 2, функция фк определяется по формуле 

, п , , , f  Ф к֊ і(х ),  когда X €  Ufc_i
լ  ----------------------------ց-------------- — ---------- , когда X  €  Д*.

Очевидно, что функции фи пріппш шот двоично-рациональные значения. Учиты­
вая , что множество Р  имеет меру нуль, вы полняется (2.5) и  интервалы (о*, կ.) 
не имеют общих концов, получим что любое двоичио-рациопалыюе значение 
г  €  [О, I] принимается функциями фк при всех к  начиная с некоторого Կ ,  за ­
висящего от г.

Положим

Очевидно, что і/>-иеубывающая ф ункция, принимающая все двоично-рациональные 
значения из отрезка [0,1]. С ледовательно, ^-непреры вна на отрезке [0,1]. И з  (2.6) 
и (2.7) следует, что

(2.8) ф(0) =  0  и V'(l) =  1-

Кроме того, из (2.8) следует, что функция ф н а  отрезках Д ^ принимает посто­
янные значения.

П оложим

(2.9) <Խ= Ր քո (է)ԺՓ(է), п  =  0 ,1 ,2 ,.. .. .
Jo

(2.10) S n (x)  =  ք շ  akf k {.x), n  =  0 ,1 ,2 ..............................



И з (2.4), (2.9) и  (2.10) имеем

S„(x) =  TC„(x,t)dip(t), ո  =  0 ,1 ,2 .......

Пусть X £  Р . Поскольку P -замкнутое множество, то существует т/ >  0, такое чт 

( * - 4 ,X  +  V) f t P - 0 .

Следовательно, н а  (х  — і], х  +  ?;) функция ^-постоянна и поэтому

(2.11) IS ..M I -  | Հ '  է Ա է թ ձ օ փ Վ  £

Из (2.11) п  (2.3) следует

| s . , W I < c i . 2 W ^ " 4

Отсюда имеем

(2.12) У ՜,  ց-ոքոխ) =  0, когда X & Р.

И з (2.8) имеем

п0 =  J d0 (t)  =  1.

Д л я  завершения доказательства теоремы нам остается д оказать, что

(2.13) ап =  о (у /п ) .

Пусть п  =  2;‘ 4- и, где /і =  0 ,1 ,2 ,.. .,  и  1 <  ѵ <  21'.  Тогда и з (2.1), (2.9) имеем

(2.14) Л .(»)*М <)|<

£ » ( * , . . < )  -  « » » . < - ■ ) )  , 6 [ .  ” 5 . ,  յ  I A W I  S

ш „ « , ( . „ , ) - < , ( » . . , _ , ) ) ± л | / . ( , ) |

И з (2.2) следует, что

где Сз — некоторая постоянная 

А из непрерывности функции ф я  (2.1) следует, что

(2.16) пИш) (V'(-Vi) -  Ф (*п,і-і))  =  0.

Из (2.14)-(2.16) следует (2.13). ը

Г. Г. ГЕВОРКЯН



з. З а к л ю ч и т е л ь н ы е  з а м е ч а н и я  

З а м е ч а н и е  3 .1 . Д л я  ряда, построенного при доказательстве теоремы 2.2, по­
м им о условий (2.12) и (2.13) выполняется такж е следующее условие:

(3.1) ^  |ви/н(яО| <  оо, когда х  & Р.
«.- о

Доказательство. Пусть х  0  Р. Тогда х  €  (а;, Ь,), для  некоторого і  или х  €  [0, а) 
или X €  (Ь. 1] (если эти интервалы непусты). Обсудим только случай х  е  (я,-. /»,•). 
Д j  =  (а ,, Ьі ), для  некоторого і. Пусть і) =  miufar—а<. Ьі —ж}. Фиксируем некоторое 
натуральное к, с условием 2 к <  rj и  оцепим

£  к / " ( * ) і -  
["]=*

Обозначим //,, =  [й т г .  j $ t ] ,  р = 1 ,2 ,..., 2*'+1. Через р(*, А ) обозначим расстояние 
точки է до множества А . У читы вая, что функция ф н а  (о і,Ьі) постоянна, д л я  а,,, 
с условием [п] = 'к , получим

(3 .2 ) к і  < Е  /  Ш ( ‘ ) <  Е  g g ' I A W W W .
I  I  р:р{х,Н,)>Ч ѵ

где W )  =  * (з & г)  -  ѵ - ( ^ т ) .
И з (2.2) имеем

(3 .3 ) ш »£ | / ( І ) |  <  с ,  ■ շ »  ■

Снова применяя (2.2), из (3.2) и (3.3) получаем

(3.4) е  і« > /-(» ) і <  а  ■ շ* ■ Е  Հ ' - " 1 £
( п ] = *  [ " ] = *  р:р(х.Н„)>Г)

У читы вая, что Ц р = і Ѵр(^») =  V’( l )  — Ѵ’(0) =  1 и  |.т —1„| +  p ( f„ ,Я р) >  p(x, Я ,,), из
(3.4) получим

( з .з )  Е  K a m i  < с ,  2 ‘  Е  Е  « Г |* м ' ' Ч № ) < а - շ " - « ք ’’.
[n]=fc [и]=кр:/з(*,Яр)>ч

Вьптолнение (3.1) следует из (3.5). □

ОЬ Л/‘-МНОЖЕСТВАХ РЯДОВ НО СИСТЕМЕ ФРАНКЛИНА
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О п ределение 3.1. Множество Е  назовем Л М '-мтюоісеством для системы 
Франклина, если существует нетривиальный ряд £2 **»/«(*)> С- копффыцисн- 

тамн а,, =  о(у/п), который вне Е  всюду абсолютно сходится к нулю, т.к.

У ]  anf n(x) =  0 и ^ 2  |Оп/п(я)| <  оо когда х  £  Е.

Замечание 3.1 указывает на то, что для системы Ф ранклина класс Л7*-множеетп 
совпадает с классом ЛЛ/'-миожостп.

A b s tra c t.  Tn this paper, we prove th a t a  set E  is an W -se t o r an A M '-sv t  for the 
Franklin system if and only if E  contains a  nonempty perfect set.
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A L M O S T  E V E R Y W H E R E  C O N V E R G E N C E  O F  S T R O N G  
N O R L U N D  L O G A R IT H M IC  M E A N S  O F  W A L S H -F O U R IE R  

S E R IE S

A bstract.. In Ibis paper we study the maximal operator for a class of subscqucnces of 
strong NOrlund logarithmic means of Walsh-Fourier series. For such a class we prove the 
almost everywhere strong summability for every integrable function / .

M S C 2 0 1 0  n u m b e rs : 42Շ10.
K ey w o rd s: Walsh function, Strong Summability, Norlund means.

We denote the  set o f all non-negative integers by  N, the set of all integers by Z, 
and the set of dyadic rational numbers in the un it interval I  :=  [0,1) by Q. նւ 
particular, each element o f Q  has th e  form ֆ  for some p, n  6  N, 0 <  p  <  2” . Denote 
I n  :=  [0,2-JV) and Tn  (ж) :=  Глг +  x.

Let 7*o (a:) be the function defined by

The Rademacher system is defined by

r „ ( * ) = r 0 (2nx ) ,  n  >  1.

Let tuo .w i,... denote the Walsh functions, th a t is, w0 (x) =  1 and  if A =  2"» +
-----Ւ 2n* is a  nonnegative integer w ith ո յ  >  ո շ  > ■ ■ ■ >  n s,then

wk (x) =  r„, (* )••• r„ .  (X) .

Given X e  I ,  the  expansion

U. GOGINAVA

Ivane Javakhisbvili Tbilisi S ta te  University, Georgia 
E-mail: гагадодіпаѵаѲдтпіІ.сот
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where each хь  =  0 o r 1, will be called a  dyadic expansion of x .  If э: e  J \ Q , then (1.1) 
is uniquely determined. Fbr the dyadic expansion i c Q w e  choose th e  one for which 

lim  Xk =  0.
The dyadic addition of x , у  e  П in term s of th e  dyadic expansion of x  and  у  is 

defined by

p  (я, v) ■■= ® +  у  =  ^ 2  Iх к -  ук\ 2- (л+1>.

If /  €  Լ 1 ( I ) , then by

/< » > -  J / ( • ! » . ( • ) *
I

we denote the  n - th  Fourier coefficient o f / .
The p artia l sum s o f Fourier series w ith respect to  th e  W alsh system  are  defined by 

Л/-1
S m  (ж; / )  =  ^ 2  f  (m ) w m (.v).

For n  e  N  le t us introduce the projections

£ „ ( x ; / ) : = 5 2.  ( * ; / )  =  2"  J f{ s ) d *  ( /  €  L \  ( I ) , * 6 l ) ,
In(x)

and

£ * ( * ; / )  :=  sup En  (as; | / | ) . 
new

The question of alm ost everywhere convergence is one of th e  im portan t questions in 
the  theory of Fourier series. I t  is well known th a t  for W alsh and  trigonom etric Fourier 
series th e  logarithmic means defined bj'

1 Հ ՜՝  S k ( f )  . _ Հ ^ ձin Խ k ' * &k
have a  nice behavior, in  the  sense th a t,  for each nitegrable on the u n it interval function 
/ ,  these means converge to  /  alm ost everywhere. T hus, to  exam ine th e  logarithmic 
means is a good idea, because for th e  p artia l sum s there  fire divergence results. For 
instance, for W alsh system  i t  is known th a t for each measurable function ф satisfying 
ф(и) =  o (u ^ \o " u )  there exists an integrable function /  such th a t

f m t o w *  <  ■»,

and  th e  W alsh-Fourier series of /  diverges everywhere (see [ll).
12
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The notion o f Norlimd logarithm ic rncans is similar to  th a t  o f logarithm ic m eans, 
the difference is that, the  denom inators arc  taken in th e  reversed order. More precisely, 
th e  Norlund logarithm ic means are  defined by

In  [5, 6] it. is proved th a t these means are  much more closer to  th e  partia l stuns 
th an  the logarithm ic means. More precisely, we proved th a t  hi th e  function class 
above (see th e  result o f Bochkarev [1]), th ere  exist a  function and  a  se t w ith positive 
m easure, such th a t th e  W alsh-Norhm d logarithm ic m eans of th e  function diverge on 
th a t set. T his also says th a t, in th is point o f view, n ot a ll classical sum m ation m ethods 
improve th e  convergence properties o f th e  p artia l sum s. O n th e  o ther hand , in [9], 
th e  au tho r s tud ied  the maxima! operator for a class of N orlimd logarithm ic m eans of 
W alsh-Fouricr series, w here only th e  logarithm ic means of o rder 2" was considered. 
For such subsccjuence we have proved th e  alm ost everywhere convergence for every 
int.cgrable function / .  In [22], Memid enlarged th e  convergence class of subsequences 
given in  [0].

The stroug  sum m ability problem , th a t  is, th e  convergence o f the strong  means

(1.2) К ( * , / ) - № ) f .  > е т ,  p > o ,

was first considered by  H ardy and  Littlewood in [18], w here by S]: (т., f )  we denote 
the p artia l sum s o f Fourier scries w ith rcspect to  trigonom etric system . They  showed 
th a t  for any  /  e  L,-(T) (1 <  r  <  oo) the strong means tend  to  0 a.e., as n  —» oo. 
T he Fourier series of /  6  L \  (T) is said to  be ( TT, p)-sum m able a t  x  €  T , if th e  strong 
means (1.2) converge to  0 as n  —t  oo. T he {H. p)-sum m ability problem  in L \ (TT) has 
been investigated by  M arcinkiewicz [21] for p  =  2, am i la te r by Zygm und [31] for th e  
general case 1 <  p  <  oo.

In  [25], Schipp investigated th e  strong  (H , p)֊ and  В M O-aum m ability of Walsh- 
Fouricr scries. Among o thers, he gave a  characterization of po in ts a t  w hich th e  Walsh- 
Fourier series of an integrable function is ( Tf,p)- and  B M O-sum m able. T his result 
is an  analogue of G abisonia’s result, ob tained in  [4], th a t  characterizes th e  po in ts of 
strong  sum m ability  w ith respect to  th e  trigonom etric system.

T he results on strong  sum m ation and  approxim ation of trigonom etric Fourier scries 
have been extended for several o ther orthogonal system s, see Schipp [31, 34], Fridli 
a nd  Schipp [2,3], Leindler [20], T otik [29], R odin [24], Weisz [40], Goginava, G ogoladze

13
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[13, 12], Gogolatlzo [15, 16], Glukhov [17], Goglnava [10, 11], Goginavu, Gogoladzo, 
Karagulyan [14] Gat, Goginavn, Karagulyan [7, 8], Karagidyan [19], Oskolkov |23|.

Iu  this paper we study the maximal opearator for a  class of subsequences of strong 
Norland logarithmic means of Walsh-Fourier scries. For such a  class we prove the 
almost everywhere strong summability for every intcgrable function /  .

2. M ain resiji.ts  

The strong logarithmic means are defined by

£ « < * ; / ) : =  ( ^ E — r F ) ' " -

Let

(2.1) m„ :=  2“ ,<n) +  2"a(n) +  • • • +  2“r<n), 

where

o;i (n) >  a 2 (n) >  • ■ ■ >  a r (n) >  0, r  =  r  (n) .

(2.2) m™  :=  2e‘«<"> +  2°*+»(«) +  . . .  +  i  =  0 , l , . . . , r - l .

The following arc the  main results of this paper.

T h eo rem  2.1. Let p  >  0 and

<2-3> £ ' . ? ՛ < “ •

Then

Л : .u p £ «  ( / )  >  a J |  < C(p) ll/ll, , /  6  Լ ,  ( I ) .

making use the well-known density argument due to  Marciukiewicz and Zygmuud 
we can show tha t Corollary 2.1 follows from Theorem 2.1.

C o ro lla ry  2.1. Let the condition (2.8) be satisfied and /  6 Լ , (I). Then

1 у  № ( « , / ) - / ( « ) [ »  l 0
U .  m n - j

fo r a. e. т. e  Я and fo r  any p  >  0.
14
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C o ro lla ry  2 .2 . Let f  €  L i  (I), m„ :=  2” +  'in , 7n 2  2П,/<Н,> an d  p  > 0 . Then

_ L
/n'" ^  m “ ՜ J

/o r  а. с. a: e  I  .

C o ro lla ry  2 .3 . £e* /  6  L\ (И) and p  >  0. Then 

ե "  ք֊ձ 2"  -  j

f o r  a. e. X  6  И .

3 . A u x il ia r y  p r o p o s it i o n s  

In  [25|, Schipp introduced th e  following operato r (p >  1)

r W  ( * ; / ) : =  ^ 2 3  ^  Լ  (* ) /< *  +  * +  ei> <“ յ  j  ■

T he p roof of th e  nex t lem m a can be found in [25] (for p  — 2) and  in [7] (for p  >  2). 

L e m m a  3 .1 . Let p >  2. ТЛеп

ш р  A | { *  6  I : V.w  խ-, I / I )  >  л }|  <  c ( p )  ||/||,.

Set
/  n —l \

* # > < * ; я  = = ( ; ; £  i s .  с « : л п  ■

L e m m a  3 .2 . L et p  >  2. The following inequality holds:

Я £>  ( * ; / ) < < * « ( * ;  l / l ) .

Proof o f Lem m a 3.2. Observe first th a t  for p  =  2 th e  lem m a was proved in [25]. Let 

___ /  - 1 ,  if j  =  0 , 1 , . . . , * - 1



In  [25], Schipp proved tha t 

(3.1)
A-=0 j =0

-J«v(*) +  (m + l/2 )I ,.(l), m<2".
We can write

{2“- i  1 4 V |2"-1
і& Д я і / И " !  - « p  X )

by taking the supremuin over a ll {a,,} for wliich
ր ո _ ւ  . і / ч
f 5 3  l«n, ( * ) N  < 1 ,  I /P  + 1 / 4 = 1 .

Let us assume th a t p  >  2. Prom (3.1) we have

I2" ՜ 1 I
£ о , И Ь М

< I Ё  “^ ( * ) / / ( * + о  £  «ли.*, w  £  s« 2' ՜ ' ”՛ -  <«+•<>■* I

+ | e o - w  /  / < * + о - — ■u |

I2"՜1 г I
+  £  «m (X) J  I  (x  + 1) (rn +  1/2) I /n (0  dt\

!— J \  +  J-չ +  J 3-

W  -  2/J W՝>
|fc=i ]

for J \  we get

а з )  л  < у і /( * + і ) іх ; 2 '- ч , ,( і )

U. GOGINAVA



I °= ա | է-
tp (?) шт (оэ) “ m (х) шѵ ՀՀ  l ( ° 9 f t  +  z ) f l  J  Ձ>  (ց-ջ)

эдам  иеэ эм. էր лод

Z < d  * (I/I '■*) {d)Ad/uZP > lf  (SS)
a^etuijss э щ  uiejqo а л  (թ-g) ա օց  ‘XpuanbasuoQ

. i>*llvll
!d/uZo=  Hvli <*ns a/uZO >

( , M x |  5 )  շ )  >
rt/| \  І-սՏ / й/1 \  I-uZ /

(«*) V ( * ) '“»  dne <'/«2 =
~  I-„Z

r i>*llvll /  r \
IP (1 )4 ( f i x ) ֊ J J  cfns rf/I(Z= h p „!(?!*) V I  J  I rf/us =

/  з ) « / « г -  (  I f f  ;* ) " d |  2 І
u_S(l+j) ‘ "Z/  <</i ՝ rf 1 uZ'

( I  =  6 /1  + d /x  ‘z  <  d )
urejqo օգ А՝чі|ѵііЬапі Зппод-jjopsireji ptre Xjipmhatit staap]OH asn as.xij

j ip  |( fa  +  ? +  X) / I  (?) f% _ f Z ' X  f  j ZK ) x  

\  l - “ „_z(i+/) /  1֊”տ/

0=f «-И 0=;

n> \(fa  +  г  +  3:) / I  (?) 4 b - c Z  /  I ( у !x)  “c f | [ X  =
I ֊ , ‘„_e(i+rt I~ “c

0=r 0=,
» » |(»!*)"efll(f» f  » +  * ) / ! (» )  'i I I- r 2 j [  /  H  =

՛ - “» .b (t+ i) ' - “s 

0=f »
»P К? :a=) ud \  l(f3 +  V +  *) / I  (?) trI ,- fZ  X J  > ՝ f  (*•«

эл«ц эм  (£•£) u io jj иэцх  ՎԿ  -j- ?) r‘ \  =  (?) ք/շ  jv q i aas o j /Csea si j j  

■ om ouis j o  ао.ѵаоиалмоэ аи ан м л и зл а  i s o m v
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<  ք յ շ  շ ք - կ էյ (է) I /  (X 4- 1 +  ej)\ IК  (х ; է)| dt < п2п'*Ѵ„ (х; | / | )  , р  >  2, 
է і -о

where .

Р А к * ):=  £  ( * ) » - ( а ) « - ( О -
m=0

Analogously, wc can write

(3.7) ./3 <  c2(1+1/f,)nI \ f ( x  +  t ) \ d t<  c2n/pVn  (a;; | / | ) , p  >  2.
I..

Combining (3.2) and (3.5)-(3.7) we complete the  proof of the lemma.

4. P roof  of  T heorem  2.1 

Observe first th a t in view o f (2.1) and (2.2) we can write

£ ( с Т э д ) 1*
1 հԷ-» (Տ՚յ+շօ^ո) ( x ; / ) | р

>  U  m W - j

Since for j  =  0 ,1 ,. .. ,  2e ‘t") — 1

(®»/) =  <Տշ«ւ(«) (a:; / )  +  to2„l(„) (ж) S j  (x: /ս )շ„ւ(..)) ,

we obtain

4 ճ < * ; / >  <  + ( ^ ) ' Л’ i s , . ,,.>< *;/)!

Iteratinj the last inequality we obtain

r -1  / /  \  V p /  ,  շ° .+ .(» )_ յ \  ՝■
r  0>) л— n  \  ՝  I n՛™*’ I I * |6 j  (x; յէ/յշո,(„) • • • u.’2a,(n))| \

mn( ,/ )  -  &  2 ^ ' W - J --------- J
r -2  / [  (. +1)\ 1/p 

+  5 3  I ~ Г —  ) |5 2".+xC") (x; f w 3a։(n) • ■ ■ tt»2o „ („ )) |.
*=o \  l,n" )

Next, since

■Օշ k-j =  D2k — w3k_1Dj,j =  1,2,..., 2 * -  1,
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£ й > ; / )  £ I M ' ( t  T
r—2 / /  \  l ' p  r - 1  / I  \  VP

+  е ( т І£ - ^ )  ( т і г 1)  <.,(»" 1/1)1

,u) l g ...
L et >  2. Then using Lemma 3.2, we can write

(4 .2 ) К ՜  (*-■ / " ’з - " "  ՛ ■ ՛ Г

" ■ ^ Հ 1֊ 1 ! ՛ ^ ՜ ՛  15 і  С»! ■ ■ ■ ^ Н Ѵ я М - і )  Г

/=0 і= 2 ‘ յ

^ I I  2~‘ X )  I1?? (* ; / w 2o,<n» • • • w 2„ ,(n)«>2„ .+1cn)_1)  |p
J=0 J=2‘

^  2 I I  (#շ*+« (ж; /№ 2с<„, • • • u/2c(n)W3a.+t( n , _ ^ y

<  2 * 5 3  (v # >  (я; | / | ) ) Р <  2 a a+1 (ո) ( к (р) (*; | / | ) ) Р .

Combining (4.1) and  (4.2), and tak ing  into account th e  condition (2.3) o f th e  theorem, 
we obtain

(4.3) i f e i  (*; Я  <  с {*? (i; I/I) +  V.M (re; | / | ) }  , p > 2.

Now let 0 <  p  <  2. Since

we can w rite

(4.4) L g , ( * ; / ) < c { s - ( z ; | / | )  +  V.01 (* i I / I ) } . 0 < p < 2 .

Finally, tak ing  into account th e  inequality

A |{s  € I : E* (շ ; |/ |)  >  A}| <  с | | / | l , / 6 І ,  (I ), 

from estim ates (4.3), (4.4) and  Lemma 3.1, we conclude th e  p roof of th e  theorem. 
Theorem  2.1 is proved.
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A b s tra c t .  In Ihe present paper, estimates of the partial moduli of smoothness of 
fractional order of the conjugate functions of several variables are obtained in the 

space C(T"). The accuracy of the obtained estimates ів established by appropriate 
examples.

M S C 2 0 1 0  n u m b e rs :  42B20.42B35.
K e y w o rd s : C onjugate function, m odulus of smoothness.

1. I n t r o d u c t io n

Let R " (n  >  'J; R 1 =  R) be the n-dimensional Euclidean space, o f points x  =  
(x \ , . . .  , x n) w ith real coordinates. L et В  be  an arb itra ry  non-em pty subset of th e  set 
M  =  { 1 , . . . , «}. D enote by \B \ the  cardinality of B .  L e t x n  be such a  po in t in R" 
whose coordinates w ith indices in M \ B  are zero.

As usual, lot T  =  [— тг.тг] and  le t C(T'*) (C(T*) =  C(T)) denote the space of al! 
continuous functions /  : R n —> R  th a t are 2jr-periodic in  each variable, endowed with 
th e  norm

11/11 =  m ax |/ ( * ) |.

If  f  ( L (Tn ), then  following Zhizhiashvili [14 , p . 182], th e  function

՜ Լ - h T '  І ѵ > П і + $ в ) ,

we call th e  conjugate function of n  variables w ith respect to  those variables whose 
indices form the set В  (w ith / с  =  /  for n  =  1).

°The author has been supported by Shota Rustaveli National Science Foundation, grant D I /9/5 — 
100/13
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CONJUGATE FUNCTIONS AND TIIE MODULUS ..

Suppose th a t /  e  C (T ” ), 1 <  i  < n, and  ft e  R. For each x  e  R ", we consider the 
difference o f fractional o rder a  («  >  0):

Д?(Л ) f ( x )  =  5 Z ( - 1 )* (  “  )  f ( x i , . . . , x i - i , x i + j h , x i+i , .

whore ^  ‘է ^  =  °<,° - լ ) - յի - l+ll  for j  >  i i and  ^  °  ^  =  1  for j  =  0.

Then  we define the p artia l m odulus of smoothness o f o rder a  of a  function /  w ith 
respect to  th e  variable ж, by  the equality  (see ([2], [10]):

Wa,, ( / ; * ) =  sup  ||Л ? ( Л ) / | | .

For rt =  1 we w rite Д “ (Л) f ( x )  =  A “ (ft) / ( x )  and  wa ,< ( / ;  <5) =  ( / ;  <5)-

D e Q n itio n  1 .1 . We say th a t a  function <ք is alm ost decreasing in [o, 6] if  there 
exists a  positive constan t A  such th a t <p(t\ ) >  A  <բ(Կ) for a  < t \  < էշ <  b.

D e f in itio n  1 .2 . If  for /  e  C (T) there exists a  function g  €  C (T) such th a t 
lim/,_»o+ ||Л~“ Д " (Л ) /  — (?|| =  0, then g  is called the Liouville-Grunwald derivative o f 
order a  > 0 o f /  in th e  C(T)-norm , and  is denoted by D c f .

Let Ф0 ( a  >  0) be the set o f nonnegative, continuous functions >p(6) defined on 
[0. 1 ) and satisfying the following conditions:

1 . <p(6) =  0 ,
2 . <p(6) is nondecreasing,
3. f ‘  *®֊dt -  O M S )),

4• g S U - O M f l ) .
N ote th a t  w hen a  =  к  is an  integer num ber, then  th e  class Фа  coincides w ith the 

well-known class of Вагі-Stechkin of o rder к  (see [1]).
Let գ> b e  a  nonnegative, nondecreasing continuous function defined on [0,1) with 

<p(<5) =  0. Then  by C (T ")) (i =  l , . . . , n )  wc denote  th e  se t o f all functions
/  6  C (T ") such th a t

w o ,( ( / ; i )  =  0 (v>№), « 4  0+ , i  =  1 , . . .  ,n ,

and  define

f f “ (w € (T “ )) =  Ո  (*,;С (Т” )).

In  tlie  theory of real-valued functions th ere  is a  well-known theorem  by Privalov on 
the invariance of L ipschitz classes under th e  conjugate opera to r / .  A n analogous
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result, in term s of m odulus of smoothness o f fractional order, h a s  been obtained 
by Samko and  Yakubov in [8], where they proved th a t  th e  generalized Holder class 
/ / "  (9 ; C (T )) (<p €  Фa , a  > 0) is invariant under the  operato r / .  In the paper (9) by 
Simonov and  Tikhonov, em bedding theorem s for generalized Weyl-Nikol’skii classes 
and for generalized Lipschitz class«;s are  obtained. In th e  paper [12| by Simonov, 
Besov-Nikol’skii classes are  considered and em bedding theorem s for some classes of 
functions are  established.
In  the presen t paper, we obtain exact estim ates o f the p artia l moduli o f sm oothness of 
fractional o rder of the  conjugate functions of several variables in th e  space П  (ip\ C (T '*)), 
provided th a t  <p €  Ф„, a  >  0. Notice th a t  sim ilar resu lts for classical moduli (if 
smoothness ( th a t is, when the moduli o f continuity of different orders satisfy Zygm und’s 
condition) w ere o b tained in th e  papers [3], [5] -  [7], [13].

Now we s ta te  some auxiliary results th a t  will be used iii the  p roof of the main 
resu lt o f th is paper.

L e m m a  1 .1  (sec [4]). L et f  С G(T), and let W k(f',t) л п і  ь>к+i(f'-.t) be the moduli 
o f continuity o f  f  o f  k -th  and (k  +  1 )-th  orders, respectively. Then fo r  all t  €  [0,1) 
the following inequality holds:

Wfc(/;<2) <  Ашк+Հ(•/;«), 

where .4 is a constant, which is independent o f f .

L e m m a  1 .2 . Let f  e  11° ( f .  C (T ")) and ip €  Ф „, ct >  0. Then the following 
asymptotic relations hold:

(1) oja։i( f fiy ,S )  =  O M S ) ) ,  i  =  1......ո , S -> 0 + ,

(2) <fe.k(7{<};<D =  0(p(*)|ln* |), <J-+0 +  .

P ro o f ,  ^he sta tem ent (1) o f the lem m a is a  m ultivariate version of Theorem  2 from 
[8՛  and  can be proved exactly in th e  sam e way w ith some m inor changes. So, we have 
to  prove 011I3’ th e  sta tem en t (2 ) of th e  lemma.

Let /»{*} =  (0 ,.  „ , 0, Л ,0, ...0). For a  given a ,  there  exists a  n a tu ra l num ber p  such

th a t p  — 1 <  a  <  p.

By the definitions of th e  difference of fractional o rder an d  the conjugate function, 
we can w rite

(-2тг)Д  £(/»)/<(*) =
24



=  “  )  J  l f ( *  -  j h w  +  *«}) -  / ( *  -  З Ы }  ~  * « ) ]  « *  Ц ,Ь і+

+  J І А “ (Л) / ( *  +  *{i}) pot jd .S i  -  J 3P_ 1 д “ (л ) f ( x  -  S{/>) « ' t  y r f s ,  =

=  £ ( ֊ i y  (  j  )  f j ( x ,h {k}) +  M x , h w ) +  J 2(x , / t , fc}). 

For eacii j  (j  =  l , . . . ,o o )  we have

l № .  * , 4 ) 1 5 / 1  Հ *  “ѣ

where A  is a  constan t independent of / .
Taking in to  acconnt Lemma 1 and substitu ting  s,֊ by s j  **', wc got

|1№ , А , « ) | |  <  M  f  ճ ճ Հ ւ ------< A 2  J " S b !

where A  i and  A 2  are constants independent of / .
Now using th e  inequality u)p. ,( / ;  s ,)  <  Cu}„,i(f'՝ s i) (see [H])> w here С  is a constant 

independent of / ,  we obtain

№ (* .  ft,i))ll <  A ,  £  Ճ ճ ճ ճ ճ , ,  j  -  1 ......00,

w here Л 3 is a  constan t independent of / .
I t  is easy to  see th a t

| |^ ( х , л {к))|| <  Л 4« віЬ( / ,Л ) |1пЛ |, i  =  1 , 2 ,

where /Ա  is a constan t independent o f / .
In  view of the  above estim ates for I j ( x .  !>{ե)) ( J ՛— I , - - ,  00) and  J ,(.r , /<{/,)) (» — 

1 ,2), and  the condition ip 6  Փ0 , we com plete th e  proof o f th e  s ta tem en t (2). Lemma 
1.2  is proved. □

T h e  next two lem m as can be  proved in th e  sam e way as th e  s ta tem en t (Lemma 3) 
given in [1, pp. 498-499].

L e m m a  1 .3 . I f  <p G Ф „(»  >  0), then the function  Цгг- is alm ost decreasing in  
[0 , 1].

L e m m a  1 .4 . Tf <p e  Фп (а  > 0), then there exists a real num ber f)  (0 <  f)  <  « ) 
such that the function  is almost dccrcusing in  [0 , 1 ].

N otice th a t  Lem ina 1.4 actually  implies Lem m a 1.3.
25
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2. E s t im a t e s  f o r  t h e  p a r t ia l  m o d u l i o f  s m o o t h n e s s  o f  f r a c t io n a l  o r d e r  

OF THE CONJUGATE FUNCTIONS 

The following theorem is the  m ain result o f this paper.

T h e o re m  2 .1 . The following assertions hold:
(a) Let f  G H a (ip: C (T ")) and ip G Фа , a  >  0. Then

(2.1) U a A fB 'S )  =  0(y>(«)|ln А 1®1” 1), t  €  J3, Ճ -»  0+ ,

(2.2) ша. і ( /в ) 6) =  0(¥>(ճ)|1ոճ||տ|) , i< = M \B ,  t f - » 0  +  .

(b) For each В  С Д/ there exists a function  G  such that G  G ■//('/>; <C(T")) anrf

(2.3) Ы сЛ & в-,«) >  Сѵ>(Л)|1п<5||в | ֊ 1  * G B ,  0 <  6  < 60,

(2.4) wa ,,(G , SB ,S) > C<p{6)I lu *|ln l, t  G А / \  B ,  0 <  S < S0, 

where С  and are positive constants.

It  should be noted th a t, for th e  ease of m odulus of continuity of first order, the 
theorem  was proved in [7].
P ro o f .  P a r t (a) o f the  theorem  follows from Lemma 1.2. So, we have to  prove only 
pa rt (b). W ithout loss of generality, we carry o u t .the proof o f part (b) for the case 
О =  { 1 , . . . , » — 1 }.

We consider a  stric tly  decreasing sequence of positive num bers (&/)/>, satisfying 
the following conditions:

1 - E £ o * * S l  (6o =  0);
2- 5 2 i= i+ i l>i <  bf,

3. ¥>֊ 1 (ծւ+1) <  where v ֊ 1 (bj) {I =  1 ,2 ,...)  is a certain  element of
the set {t : tp(t =  6|)} and  /9 (0 <  0  <  a )  satisfies th e  condition of Lem m a 1.4.

We se՝

n - a E r t ) ,  r i  = ՜ ո +  <?~1(bi). 
j=0

For any 1 =  1 , 2 , .. .  le t us consider the functions щ and  hi in T, defined as follows:



and

^ 0, otherwise.
Next, we define th e  functions Gi in  T "  as follows:

n - 1
G ,(* i, . . . ,  X  „ )  -  b, Ц  t l n l l M ,  ( -  1 ,2 , . . .  

and  consider th e  function G  defined by th e  scries
PC

G (x \ ........x n ) =  У "  G i(x i ......... j n ).
1=1

W e extend th e  function C? 2jr-periodically in each variable to  th e  whole space 51". 
We claim  th a t

G e  / / “ (ѵ ? ;С (Г )).

L et 0 <  ft <  v?- 1 (6i) .  T hen  we have

іід ; ( в д і  <  £  H a w a i i  -  £  л и -

L et us estim ate  each //(ft) (i =  1 ,2 ,...)  from  above.
For given ft, there  exists a  n um ber N  such th a t rjy+x — 7w + i <  ft <  rjy — r,v.
L et I =  1......N . I t  is known (see [2]) th a t  if a  function of one variable f  G C(T)

has fractional derivative of o rder a  (a  > 0) , then

U a (fiS )  < CSa \\Da f \\{6  >  0), С  =  const > 0.

In  ou r case, using th e  definition of th e  function Gi and  th is  fac t for th e  variable x„, 
we can conclude th a t

//(ft) < A ih a  . . Ь‘—г - ,  A i =  const.
(T, - 7l ) a

If  I =  N  +  1 , then  we have

//(ft)  <  A -շեւ, A -շ =  const.

Therefore Аr oo
и д ;  w e l l  < A ] P  +  л ,  J 2  ь,.

1=1 ՝  * Ո )  l= N + l
If  Тдг+1 — тлг+i <  ft <  (тдг — r „ ) ^ ,  th en  by  Lem m a 4 and  by th e  construction of 
th e  sequence (6/) /> i, w ith  some constan t A 3 , we ob tain  

bi
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լք (г * _  гл')՞^3 <  Л <  — tw , then by Lemmas 3  and 4, and by the construction
of the sequence 1 , we get

іід;(чсіі < л, յէ ՛ (r.

I>N

Hence, we havi

H--4i - -—r—/i '՛ +  ճ շ  Г  — А я<р(Іі), Ая = const.
(tn  -  r N )“ ^

wa.„(G; d)(/i)<? =  0(v=(-5)), <S -> 0 +  .

Analogously, we cau show that

««,*(<?; 6 )(h)G  =  0(v>(<J)), <5 -» 0+ , < =  1 , . . .  , n  -  1.

Hence
G  €  # “ (ср;С(Г‘)).

Now we proceed to  prove the inequalities (2.3) and (2.4).
Let h  =  г,՜ — 77. According to the definition of the conjugate function and the 

function G, we obtain

д ;№ ) С ( , .... „ ֊ „ ( о ........

- ( - 5 F ) " " g L ,  .............................. .....Ո > * ք  -

-  ( ֊ տ ) ՚ ՜ ՚ Լ  [ | | < ֊ ‘ ) * (  “  ) Cj<.................- s f + H n - f *

Now using the inequality | ^  ^  | <  Cifc՜ " ՜ 1 (fc =  1 ,2 ,...) (see [0]), the  construction

of the sequence (6/)j>i and the definition of the function G j, we can write

! Ё  £ < - W  £  ) < З Д » ........» п ֊ і , і ֊ ^  +  а д | < с а f ;  і , П „ м ,
jm t+1 K~0 4 7 j= (+ l i=l

| e £ ( - i ) * (  t  ) g j ( » , ........* , - „ £ і 2 + * л ) |<

էճ[ճ ճ ւ մ ! ճ ]+1
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| £ , ( - 4 * ( “ ) g , ( . , ........ < » - „ ^ + № ) | < i , n * < * . )  ճ  l ( “ ) | s
fc- 1  4 '  i=i f c = [^ -4]+, 4 '

< CAhab, П

where C j (i =  I. ...4 ) are  positive constants and  th e  symbol [«] denotes th e  integer 
p a r t  o f a  real num ber a.

Ilence. we can conclude that, w ith some constan ts C'r, and Co

К то»..,„-ւ,<.օ,--,օ,?գՀ)\>ռ։Լ ' e,(«....-ѵ-і.З^/пѴл,,
>  Cob/1 h i(r*  -  Tf)|"֊ 1 .

T hus, the inequality (4) is proved. Now prove the inequality  (3). W ithou t loss of 
generality, we can take  i  =  n  — 1 .

Let h  — t,' — т/. Then in view of th e  definition of conjugate function, we can w rite

■  ( -  & У " ՝  Լ . ,  G <s ‘ ........ ^ 1 f f  « *  j  d"<=

-  ( -  h ) " ՜ '  l ^ - J r Э Д - . с ֊ * № - ........ П  « * ? * *  -

" ( - ^ ) " _ ' / о „ , . ֊ . Г с < *‘ ........
N ext, using th e  definition of the function G, we obtain

|д ; .,( -ч 5{1...n_i}(o,.. .,o ,^± 2 )| =

” ( s ) "  ' \ L M  ........ n « * r d

-  C7b‘ П  “•"* JSJT  * *

> с 8б і |і» ( -п Г -т і)Г -г ,

w here C 7 an d  Сц are  positive constants. T hus, the  inequality  (2.3) is proved. □
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A b s tr a c t .  In this paper, for an one-dimensional semillnear wave equation we slud.v a mixed 
problem with a nonlinear boundary condilion. The questions of uniqueness and existence of 
global and blow-up solutions of this problem are investigated, depending on the  nonlinearity 
nature appearing both in the  equation and in the  boundary condition.

M S C 2 0 1 0  n u m b e r s :  35L20. 35L71.
K e y w o rd s : Sem ilinear wave equation; nonlinear boundary  condition; a  priori estim ate; 
local, global an d  blow-up solutions.

1. I n t r o d u c t i o n .  T h e  s t a t e m e n t  o f  t h e  p ro b le m  

In  th is  paper, in th e  dom ain D r  =  {(*,<) 6  R 2 : 0  <  x  <  I, 0 <  t  <  T )  o f the 

p lane o f independent variables x  and  t ,  we consider a  m ixed p roblem  o f determ ination 

o f a  so lution u(x , t) o f a  sem ilinear wave equation of th e  form:

(1.1) L u  =  u tt -  u xx +  $ (« ) =  f ( x ,  t ) ,  (x , t ) €  D T , 

satisfying th e  in itia l conditions:

(1 .2) u (a:,0) =  <p(x), u t (x ,0) =  Ф(х), 0 < x < l ,  

and  th e  boundary  conditions:

(1.3) u I (0 ,t)  =  F [« (0 ,i)]  +  a ( t ) ,  =  y3(t)w(Z,i) +  7 (i) , 0 <  t  <  T ,

w here y , f ,  tp, ф, a ,  0 ,  7  and  F  are  given functions, and  u  is th e  unlaiowu real 

function.

N ote th a t  for /  £  C (D T ), 9  6  C (R ), F  e  C ‘ (R), y? €  C 2([0,Z]), ф  6  C ^ f M ) .  7  6 

^ ( [ O .  T ]), necessary conditions of solvability o f th e  problem  (1.1)-(1.3) in th e  class

°The research was supported by Shota Rusta\-eli N ational Science Foundation grant No FR /86/5- 
109/14.
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C - ( D t)  are  th e  following second order consistency conditions:
<?Հօ) -  F | c M  +  o(0). * ‘(I>) =

( 1 ՝1) ѵ > '( 0 - Л 0 М ‘) + 7 ( 0 ) .  < « ! ) - . +  +
We set Г  =  Г] u w Qu r a , where Г , : x  =  0, 0 <  f  <  T ; : f =  О, 0 <  ж <  l; Ги : 

ж =  I, 0 < t < T .
D e fin itio n  1 .1 . Let the functions

f  €  C (D r ) ,  g . F  €  C (R ),

Ѵ>бС‘ ( [ М ) .  « 6 С !([0 ,1 ]), а .  Я л  е С ( |0 ,Г ] )
satisfy the following first, order consistency conditions:

( 1.6) ^ ( 0) =  % ( 0)] +  tt(0), ^ ( І ) = Ж 0)ѵ>(0 + 7 (0).

A function  и is said to be a strong generalized solution o f the problem ( 1.1)-(!.!{) o f

the class С  in  the domain D r  i f  и  £  C '(D r), and there exists л  sequence o f functions 
u„  €  C '-(D t ) such that the following conditions are satisfied:

(1-7) J im , ||w„ -  и\\с(Вт) =  °> пЧіг4  llL u '> -  f\\c n p T) ~

(1-8) Jim ^ !« .(■ .0) ֊  ¥>ІІС»(ыа) =  0, Іігп^||u ..t( '.0 ) -  ѴІІсчи-о) =  О,

(1.9) J t a  ||tin ,(0 , )  -  * > „ (0 .  •)] ֊  в (  ) | |с(Г і) =  0,

(1.10) Ա սլ ||tw (i, •) -  /?(•)«»(/, •) ֊  7 ( ) | |с.(Га) =  0.

R e m a rk  1 .1 . In the case rv =  0 and  7  =  0, in Definition 1.1 we assume th a t  the 

sequence tt,, is such th a t  v„  € C  2(Տ '/-,Րւ, Րշ) :=  {и 6  C 2(D r )  : (vx — і г('і>))|с1 =

0, (v* — /9w)|r2 =  0}.
R e m a rk  1 .2 . I t  is clear th a t the classical solution v  e  ՇԲԼԾ-ր) o f the  problem (1.1)-
(1.3) is a strong  generalized sohition of th a t problem  of th e  class С  in  th e  domain 

Dr .
Mote th a t nonlinear boundary conditions of the form (1.3) arise, for instance, in 

tlm  description of th e  process of longitudinal vibrations of a  spring in th e  ease of 
clastic fixing one o f its  endpoint:,, when tension is n o t subject,ed to  linear Hooke’s law 

and is a nonlinear function of blending (see [1], p. 41], as well as, in th e  description 
of processes in the d istributed self-vibrating systems (see [2], p . 405 an d  [3J).

T he problem  (1.1)-(1.3) in the case of one-dimensional spatial variable, as well 
as, its m ultivariate version has been studied in  a  n um ber of p apers (see, e.g., [4]-[8], 
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and  references therein). On the whole, in these papers th e  solution u  =  u (x ,t) of 
the problems of interest are  considered in th e  energetic spaces, when th e  solution 
and its partia l derivatives for a fixed t  belong to  Sobolev spaces w ith rcspect to 
th e  spatial variables. Iu  th e  paper [9], for equation (1.1) was investigated th e  mixed 
problem, when a t the endpoint x  =  I is imposed Dirichlet homogeneous condition. 
W hen jum ping  from th is case to  the case of Robin type boundary condition (see 
condition (1.3) w ith X =  I), additional difficulties arise n o t only o f technical nature, 
bu t also in obtaining a priori estim ate of th e  solution, as well as, in  construction of 
a  representation of a solution of the corresponding linear problem , which plays an 
essential role in obtaining of an  existence theorem.

In th is paper, we s tudy the problem (1.1)-(1.3) in the class o f continuous functions 
for sufficiently broad classes of nonlinear functions, appearing bo th  in  th e  problem
(1.1) -  (1.3).

The p aper is organized as follows. In  Section 2, u nder some conditions imposed on 
functions g, F, а , в , -у appearing in  equation (1.1), we obtain a  priori estim ate  for a  

strong  generalized solution и  o f th e  problem (1.1)-(1.3) of th e  class С  in the  domain 
D y  hi the  sense of Definition 1.1. In  Section 3, we reduce the problem  (1.1)-(1.3) 
to  an  equivalent system  of Volterra type nonlinear integral equations in  th e  class 
of continuous functions. Section 4 is devoted to  th e  proof o f local solvability of the 

problem (1.1)-(1.3) in  variable t.  In  Section 5, we prove a  uniqueness theorem  for 
a  solution of th e  nonlinear mixed problem  (1.1)-(1.3). In  Section G, we consider the 

question of solvability on the whole in the domain П т ,Т  <  I o f th e  problem  (1 .1 )-
(1.3) in th e  class of continuous functions, as well as, th e  question of existence of a 
global classical solution of th is problem  in  th e  dom ain Deo- Finally, iu  Section 7, we 
consider the question of existence of a  blow-up solution of th e  problem  (I .l) - ( J  .3).

2. A n  a  PRIORI ESTIMATE OF A SOLUTION OK THE PROBLEM ( 1 .1 ) - ( 1 .3 )  

Consider th e  following conditions:

(2 .1 )  G(g\ s)  :=  f  g (s i)d s i > - M j s 2 -  М -շ, f  F M d s i  >  - M 3 Vs e  R,
J  о Jo

(2.2) Q  =  7  =  o, p e c 1([o,r)), /3(*)<o, p \t)>о, 0 < « < t ,

where M i =  const > 0 ,  1 <  i  <  3.
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L e m m a  2 .1 . Let the conditions (2.1) anil (2.2) be satisfied. Then fo r  a strong 
generalized solution и  o f the problem ( l . l ) - ( t .S )  o f the class С  in  the domain Dt  
in  the sense o f Definition 1.1 the folloxuing a priori estim ate is fulfilled:

ІМ Ісф г) -  cd\fW c(DT) +  callvllсе**,) +  cslM lcfo») +  с«||С?(Ы: M )llс(ш0)

(2.3) + га ||^ ’ІІс([-іѵ»(0)|.|ѵ.(0)Ц) +  Со,

where Сі =  о ,(M j , Л՛/ շ , M y ,l,T ,  (1(0)), 1 <  i  <  G are positive constants, independent 
o f functions u, f ,  ip and ip.
P ro o f .  Let и  be a  strong  generalized solution и  o f th e  problem (1.1)-(1.3) o f the class 
С  in the domain D t ■ Then by (2.2), Definition 1.1 find Rem ark 1.1, there  exists a 
sequence of functions u,, eC ' 2( D r ,  Г i , Гг), such th a t  the  lim iting relations (1.7) and 
(1 .8) are  satisfied.

Denote

(2.4) / „  =  Lu ,„

(2.5) ¥>« = « „ U ,  Ѵ>п =  «„ і Ц .

M ultiplying both  sides of equality  (2.4) by хіщ  and  in tegrating over th e  domain 
D T, 0 <  t  <  T , we obtain

(2-6) ֊  J ( y ? u )td x d t -  J  u nxxu ntd xd t +  J  [G(p; ы„)] td x d t  =  J  f nu ntdxdt.
D , DT Dr DT

We se t u>T : t. =  r,  0 <  x  <  i; 0 <  r  <  T .  Let и  =  (i/x , i/j) be th e  un it vector of the 
exterior norm al to  d D T. I t  is easy to  see th a t

« ՜*Ա  = 0 ,  0 <  r  <  T , vx \r ,  =  - 1 ,  =  1,
(2.7)

"«ІіЧиГа =  0, v tІшо =  - 1 ,  ւ/է|ա,  =  1, 0 <  r  <  T .
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Applying integration by p arts (Green's formula), and  taking in to  account (2.5), (2.7), 
and th a t u„  € C  2(От- Г i , Րշ), we can write

I J ( ^ n t ) t ' i x d t  + J  [G {g\U n)]t d x d t  =  |  J  u 2t v t d s  +  J  G (g; u n) v td s
Or o r OOr O Dr

=  I  f  ^  J ^ d x  +  J G (g \u „ )d x  — JG {g\< pn )dx,

— J  u „ x x u ,u d x d t =  J [u„ iuni i  — (u n xu n t)x ] d x d t  =  ^  J (u 2 x ),(Lcdt 

Or Dr Dr
(2-8) /• 1 r r r

-  /  «Ո*«niVxds = 2  /  'LnxVtda +  /  UnxUntd t — / fiu nuntd t
OOr ODr Г1іТ Га.т

=  \ J  U»*lhr ~ \ J  4>Ն<& +  J  U nxU ntdt -  i ^ ( T ) t4 ( 2 ,  Т)
« .  шо Га.,

+ ֊ / 3 ( 0 ) ^ ( 0 + |  J  f a l d t ,
Га.т

where 1 \>г =  Г,- Ո {է <  т } , t  =  1,2.
In  view of (2.8), the equality (2.6) we can write in  the form:

2 j  f n u m d x d t  =  2 J  xblxu n ld t  -  0 ( t ) u 2 ( 1 , t )  +  0(O)v»,2,(i)  +  J  0 'u 2n d t

ON THE SOLVABILITY OF A MIXED PROBLEM ...

(2.9) + J  (u2x +  u 2t )d x  +  2 J  G(g\ Un) d x  — j  +  ip2)dx  — 2 J  G(g-,tp„)dx.

r rT ՜  /-“"(O.t)
/  иадыП| Л =  /  F [« „ (0 ,i) ld u „ (0 ,f)  =  /  F (s)ds  

J  Jo Jv..(o)
Гі.т

rO rUn(Q,r)
(2.10) =  /  F (s ) r f s+  /  F (*)ds.

J fn W  Jo
In  view of (2.1), (2.2) and (2.10), from (2.9) we obtain

w„(t) :=  J  (u£* +  u*t)dz  < 2  J  f nu„idxdt -  0{O)<p2 (l) +  J  {ч>2„х +  i>2 )d x

(2. / г ГЧ>- (0)
G (s ;  v>„)<te +  2 M i /  + 2  F (s)d s +  2 ( M 2l +  Af3).
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Next, since by (2.5)

(2 .12) Mn( * ,т )  = ^ я ( * )  +  J  V n l( x , t ) t t t ,

wo have

|«n (® ,t)|2 <  2^n(®) +  2 (  j  u n t(x ,t)d tJ  < 2<p?,(x) +  2 r  Լ  u h ( x ,  t)dt, 

implying th a t

(2.13) J u i d x  <  2 \ ա \ Լ (̂  +  2 T Լ  « "» (* )* .'

where u՝„ is as in (2.11 ).
Taking into account (2.13) and  the following inequalities

2/ » o «  <  Հ ,  +  Й ,  l l / J ! ,< o . )  <  a 'l l / . l f e ® ,) .

td.rj £/t <  J  w n {t)dt,

J ( v > lx + v l ) < I x  +  2  J  G(g;ipn)dx <  і||ѵ4ІІсч««) +  *№ »lic(«<o + Щ (*{\иѴ ,  ІѴпЮІІсч**,).

/■ѵ=,.(°)
2 Լ  р (3№  -  -  ѵ«Л°) +  НГИС(Н*.,0)Ы*.(Р>П).

4 Мл \ ա \ Լ 1աօ) +  Հ ( 0) -  /»(0)*£(0  +  1\Ш *сМ  <  (4А/,І +  I +  |^ (0)|)|І¥>п||о(иц)

+ 1 \Ш Ь ы )  Հ  io(llv>nl&(Mo) +  Ш 2с(шо)) < іо ]Ш \Ь Чшо), 

і„ :=  m a x  (4Ш  +  1 +  |0(O)|,Q.

from (2 .11 ) we get

» , . > ) <  (4 M ,2 4 -1 )  j  » , ( ( ) * +  1Г|ІЛ.ІІІ№ ,  +  І 0 І Ы І ^ М  +  ІИЛІ|?,<»,>

+2Z||G(|<7|; |vj„!)||c(uo) +  ll-̂ *ll c( |— t^n(o) l>l̂ n(o>|]) +  2 {М зі +  Ма).

Therefore, in view of GronwaJl’s lemma, we obtain

™ Л т )< [ іТ Ш \1 0 Т І  +  І а \ Ы І  »(«*,) +  г11̂ п |1о(ыо) +  2Z||G(|s|; |^..|)Нс(и.0) 

(2.14) +ІІ-Р|ІС([-ІѴ>„(0)|,|Ѵ„(0)|]) +  2№ շ1  +  М з)] exp [T (4M iT  +  l ) j .



For (X, t) G D r ,  by integrating with respect to  variable Հ 6  [0. J] th e  following obvious 

inequality

K ( « .  « I2 -  |» » « ,  i ) + f ’ v n A n ,  t)d x ,  f  <  2K K ,  <)ія + и  f '

лѵе obtain

(2-15) O P <  §  /  K t t .  * ) Р «  +  2h»»(«).

By similar argum ents, in view of (2-12), we obtain

f '  !««(*, 012dx  < 2\\V n \\Լ 1սօ) +  21 j ‘ dx  Լ  Վ էխ ,  o )da

<  2 |հ » 11Լ(աօ) +  2 lJ  w»(°')dT-

Hence, tak ing  into account (2.15), we get

K ( * , t ) i a <  + і £ т . { * у ь + ѵ щ . т

(2.16) <  f  + 6 !  « . ( » )  <  « i i M S w  +  «  « . ( • ) ■

Next, tak ing  into account (2.14), (2-16) and th e  obvious inequality a.f'j 3 <
У~"_, |я ; |, we obtain

B«nllc(Bp) £  2 llv>»lb«*o +  [^Ѵ бГ|І/« ІІс(Т5г) +  У « М Ы 1 с ч < * о

+ /ч /б ||^п |1с(>-о) + 2 iv /3 ||G (|i(|;|vn |)|lc(u,0) +  '^ /Ц -р,ІІ<?(і-|ѵ»(о)|,|ѵ«(о)ІІ) 

+ 2 у/ Щ Ш  + М з)\ օ փ  [2_1Т ( 4 М іТ  +  1)].

Finally, by (1.7), (1.8) and  (2.5), passing to  the  lim it (as n  —> oo) in the last inequality 

we get

IH c d J r t  <  2 | M c m  +  [ fv ' r a 'I I / l lo jB r i  +  ѵ ^ І М Ь . , » ,  + 'ѵ ? ІК > І Іо м  

+ 2 iv S ||G (ls l: М )ІІІм  +  v ® l |F | |c(l

(2.17) + 2y/3 l(M 7i +  Afs)] exp [2_ 1T (4 M iT  +  1)].

Lem m a 2.1 is proved.
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R e m a rk  2 .1 . I t  follows from (2.17) th a t the constants a ,  1 <  i <  6, in the estim ate

(2.3) are given by

c i =  іѴ б Т с о , շ շ  =  2  +  у/бПЦсо, Сз =  i\/6 c o j =  2 t\/3 c o , Cs =  ' / gIco,

(218) с6 =  2 ^ Щ ш Т Ш с о ,  where со :=  exp [2- 1Г (4 Л '/ ,Т +  1)].

R e m a rk  2 .2 . We give examples of classcs of functions, which appears frequently in 
applications and for which th e  conditions in (2.1) are  fulfilled:

1. g(s) =  ijo(.s)stjns +  a s  +  b, where gu £  C (R ), go > 0 ;  a, b, s  €  R;
2. F (s) =  F0(s)sg tis +  as +  b, where F0 €  C (R ), F0 >  0; a, b, s  e  R, «  >  0;
3. g e  C (R ), e  Ь і(-о о .О ); ff|(0i+oo) >  0 (for instance, g{s) =  e xps, s  G R).

3. R edu ction  o f  t h e  problem  (1 .1 )-(1 .3 ) t o  a system  o f  V olterra  typf.
NONLINEAR INTEGRAL EQUATIONS 

Wc first represent the  solution in th e  domain Di o f the following mixed linear 
problem

(3.1) Du) =  tutt — v>xx =  / ( * .  է), (.x, t)  e  Di,

(3.2) w (x , 0) =  <fl(x), Wt(x, 0) =  ф.(х), 0 < x < l ,

(3.3) wx (0, t ) =  5 ( i) ,  гух ( і ,«) =  7 (i), 0 <  t  <  2,

in quadratures in  a convenient fonn, where ~~ -

(3.4) / е с ‘ ( Д ) ,  y e c 2® ,! ] ) ,  v . € C ‘ ([0, 4 ) , a ,  T € C ‘ ( M )

are given functions satisfying th e  following second order consistency conditions:

(3.5) v>'(0) =  5(0), V-'(O) =  5 '(0 ), v>'(0 =  7(0), Ф'Ѵ) =  7'(0), 

and  w  £  C 2(D i) is the unknown function.
Below th e  solution of th e  problem (З.І)-(З.З) we represent in th e  form:

(3.6) vi(x . t ) =  A x ( / ,  ?у, y ) (x , t) +  В -լ (ip, ф )( х , t) ,  (x, 1.) e  D i, 

w ith operators A t  and  B \ , which will be constructed in  explicit form.
To this end, the domain D ։, being a  square w ith vertices a t  the  points 0 (0 ,0 ) , 
-4(0 ,0 . Щ1,0  and C (l, 0), we split in to  four right triangles Д | :=  A O O iC . Д-„> :=  
A O O iA , Д 3 :=  & C O \B  and Д 4 :=  A O iA B ,  where th e  po in t շ )  is the center
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of the square Di. I t  is known th a t the solution of the problem  (З.І)-(З .З) in  the  
triangle Д і is given by the following formula (see [1], p . 59):

«’(*. *) =  \  M *  - 1) +  V>(® +  <)]

(3.7) + ! /  ^ T^d T + \  J n  1 T№ dT՝ (*»* )€  Д і ,

where $2* , denotes the  triangle w ith vertices a t  the points (x , t) ,  (x —t , 0) and  (t+ x , 0).

To ob tain  the solution of the problem (З.І)-(З .З) in th e  o ther triangles Д г, Д 3 and 
Д 4, wc use th e  following equality (see [10], p . 173):

(3.8) » ( P )  = « '( P i )  +  10( A ) - » • № ,)  +  i  [  m , r ) d i d r ,
* JPP, PjPj

which is tru e  for any characteristic (for equation (3.1)) rectangle P P \ ԲչԲձ С  О/, 
where Ր  and  P3, as well as, Pi and  Րշ are  th e  opposite vertices o f tlia t rectangle, and  

the ord inate  of th e  po in t P  is g reater th an  th e  ord inates of th e  o ther points.

Now le t (.r, t)  .e Да. T hen  setting

(3.9) Mr := ш |Г і,

and  applying the equality  (3.8) for characteristic rectangle w ith vertices a t  th e  points 
P (x ,t ) ,  P i( 0 j t—x ), P j( t,  x ) and  P a(t—ж ,0), th e  form ula (3.7) for po in t Բշ(է, x) €  Д», 

and  using (3.9), we can write

w (x , t.) =  u>(Ft) +  w{P2) -  w (B j) +  5  f  / ( £ ,  T)d£dr  =  Д і( і -  x )  -  -  x)
ձ J PP\ P1P3

+^[¥>(i-®)+V»(i+®)]+i [  ^ ( r )d r - f i  f  ftf,r )d £ d T + ^ f  /(£,т)</£е/т =
2 2 Jt-r. Հ Jni x Հ JpP,PaP3

(3.10) t+r
] Z i ( t - x )  +  ̂ [ < p ( t+ x ) - ip ( t ֊ x ) \  +  ̂  J  ^ ( r ) d r - t - i  f(Հ,т)dՀdт, (cc,t) €  Д 2.

Here Ղ%ղէ denotes th e  quadrangle P P 2P3P 1 , w here P2 =  Բշ(է +  x ,  0).
Taking in to  account th a t  for (ж, t)  e  Д 2

[  f ( t ,T ) d 4 d r =  f*  1 d r  Ր  T /(£ ,T )d $ +  Ր  d r  Ր '  * т ,т Щ ,
J П*_, Jo J-x+t-r Jt—x Jx-t+r

in  view of (3.10) we obtain

w x (x, t)  =  - Д і ( і  -  x ) +  i  [tp \t +  x )  4- <p'(t -  x) +  ii>(t +  x )  +  Փ(է -  ж)]
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+ |  Լ  [7(® +  t  -  t , r )  +  f ( ֊ x  +  t. -  T ,r )]d T

(3.11) + \  J _ x  [ /(*  +  t - r , T ) - f ( x - t  +  T, r)] d r.

Similarly, for (a:, i) G Д2 we get

w t (x , t)  =  J i\( t  -  x )  +  i  [գ>'[է- +  * )  ֊  4>'(t -  x )  +  Փ(է. + x ) -  ւի(է -  x)}

+ § /  [ / ( *  +  * - T , r ) - / ( - »  +  * - т ,т ) ] й г

(3.12) + ^ J  [ f ( x  +  t - T , T )  + f ( x - t  + T,T)]<lT.

Setting X =  0 in the equality (3.11), and taking into account the first boundary 
condition in (3.3), for unknown function jl\ we obtain the equality:

—Ji'i(£) +  + 1/>(<) +  J  f ( t -  r ,  r ) d r  =  a (i), 0 < է < I.

Integrating the last equality and taking into account the initial condition Д\(0) =  
¥>(0), we get

=  Л2( / ,3 ,7 ) ( і )  +  B 2(<p,ip)(t) :=  <p(i) ֊  S ( r )d r  +  Լ  V>(r)rfr

(3.13) +  J  d n  J  f i n  -  t ,  r )d r , 0 <  է < I.

Now, in view of (3.10) and (3.13), the solution of the problem (З.І)-(З.З) in the domain 
Да can be represented in the form:

w (x , t )  =  — J  a ( r ) d r  +  J  ip (r)dT

+  J  d n j  / ( n  ֊  t , r ) d r  +  І  \<p{t +  ж) +  <p(t - * ) \  +  ^ J  ф(т)Лг

(3 14) + 1 Լ *  № ’T№ dT> ( ^ О е Д г -

Next, to obtain representations for the solution of the problem (З.І)-(З.З) in the
domains Д3 and Д 4, we set

(3.15) թշ :=  ад|Га

and use the above arguments, applied to  obtain the equality (3.10), to  conclude that 

w (x, t) =  І12(х  + 1 -  I) +  i  [v»(a: -  i)  -  <p(2l  -  a; -  *)]
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(3.16) + | J “  ‘  \ { r ) d r  +  \ J ^  f(( .T )d fd T ,  ( . , 1 ) 6  4 , ,  

w (x ,t)  =  ,1 ,(1 ֊  X) +JI3(x  + t  - I )  -  ֊  խ(* ֊  J:) 4- A - 1 — 1 -  „О]

(3.17) + |  J “ ‘ '  *(r)dr + I J  Ո ( , T)didr, (*, t) 6  Д4.

Here denotes tlie quadrangle w ith vertices P3(x , t) ,  P*(l, x  +  t  — l), Р$(х — t, 0), 
P j(2 l — x  — t, 0), and  il* t  denotes th e  pentagon with vertices P * (x ,t) ,  Р?(0, t  — 
x ) , Րշ{է — X , 0), P֊}(21 — X — t,0 )  and P f ( l ,x  + 1  — I).

Taking into account th a t for (x , t) e  Д3

I f f  № , T № d r  =  f  d r  J _ l +  f ( £ > T №  +  J +t ւ < հ -  J  t+  7 { Հ , 1 - ) ( 1 հ ,

and differentiating the equality (3.16) by x , we obtain

wx (x, t)  =  ji'2(x  +  * - / )  +  !  [p '(x  -  t )  +  tp'(2l - x -  i)]

1 1 r*+t—'I _ _
— շ  [V>(2 l - x - t )  +  i/>(x -  0 ] -  շ  J  [f(2 l — x  — t  +  T, t ) +  f ( x  - t  +  r ,  r )]  (It

(3.18) + | / +f , [ f ( x  +  t - T , r )  - f ( x - t  +  T ,T )\dr, (x, t) e  Д 3.

S ubstituting the expression (3.18) w ith x  =  I in to  the second boundary  condition in
(3.3), for unknown function թ չ we obtain

(3.19) jj!2( t ) - r l > ( l - t )  +  < p ' ( l ֊ t ) - J  f ( l - t  +  T ,T )dr =  y ( t) ,  0 < t < l .

And, in view o f (3.2) and (3.15), we have

(3.20) /12(0) =  <p{l).

Finally, from (3.19) and  (3.20) we obtain

Д2(г) =  Л з ( / ,5 , 7 )(«) +  B 3(<p,ip)(t) :=  <p(l - t )  +  J  7 ( r ) d r  +  Հ  ір(т)ііт

(3.21) +  J  d n  J  f ( l  — Ti +  T ,r)dr , 0 < t < l .
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R e m a r k  3 .1 .  If  w  is a  so lu tion  o f th e  problem  (З .І)-(З .З ), th en  in  view o f equalities

(3.6), (3-13) and  (3.21), for th e  trip le  o f functions (w , fii :=  w |r , , * =  1 ,2 ) th e  following 

integral rep resen tation  holds:

(3.22) (i/i, / I , , Да) =  -4(7, ft, 7 ) +

w here th e  actions of o p era to rs  A  :=  ( ճ ւ , A -հ , А л), В  :=  (Z?i, В -չ, Ո ձ) a re  specified by 

form ulas (3.G), (3 .7), (3.14), (3.1G), (3.17), (3.13) an d  (3.21).
R e m a r k  3 .2 . I t  is easy  to  check th a t  in th e  case /  €  C (D i) , (p e  Ca ([0,2]), դի e  
C([0, i]), 5 ,  7  G C([0, i]), if th e  first o rd e r consistency conditions ^ '( 0 )  =  й (0 ), <p'{l) = 

7 (0) a re  satisfied, th en  in  view of form ulas (3.11) and  (3.12) for every w x , w t in th e  

dom ain ճ շ ,  and  also in  th e  o th e r dom ains Д | ,  Д 3 an d  Д-і, th e  tr ip le  o f functions 

(го./хьД г), defined by equa lity  (3.22), belongs to  th e  class Օ ղ( ՜Ր ւ)  x  C^ffO,/]) x  

C'1([0.1])- M oreover, th e  linear opera to r

(3.23) A  : C (D ,) X С ((0 ,і |)  к  C([<M]> ->  C l (D ,) x  C ‘ ((0,<]) x  С 'Ц О .ф

in  (3.22) is continuous. A  sim ilar rem ark  holds also for o p e ra to r В  in th e  corresponding 
spaces o f functions.

R e m a r k  3 .3 . S im ilar to  R em ark  3.2, i t  can  b e  shown t h a t  if  th e  sm oo thness condition

(3.4) and  th e  second o rd e r consistency  condition  (3.5) a re  satisfied, then  according to
(3.6), th e  function  to, construc ted  by  m eans of equalities (3 .7), (3 .14), (3.16), (3.17),

(3.13), (3.21), belongs to  th e  class C 2(D {), a n d  is th e  classical so lu tion  of th e  p roblem

(З .І)-(З .З).

R e m a r k  3 .4 . N otice  th a t  in  th e  case w here th e  p roblem  (ЗД )-(З.З) is considered in 

th e  dom ain  D r  for T  <  I, then  for th e  trip le  o f functions (w , /կ  :=  ги |г ,, г =  1 ,2 ), th e  
integral rep resen ta tion  (3.22) rem ains valid.

Now -e proceed  to  reduce th e  problem  (1.1)-(1.3) to  a  system  o f V olterra  type  

nonlinear integral equations. L e t и  b e  a  s tro n g  generalized  so lu tion  of th is  p roblem  of 

th e  class С  in th e  dom ain  D t - T  <  I, th a t  is, и  e  C [D t )  an d  th e re  ex is ts  a  sequence 

o f functions u„  €  C 2(D T ), such  th a t  th e  equalities (1.7)-(1.10) a re  satisfied. C onsider 
th e  function  u n as a  classical so lution of th e  p roblem  (З .І)-(З .З ) for

/  =  —оЫ п)  +  f n ,  V> =  V’n, Փ =  V’n , 5  =  F (n-in)  +  atn , 7  =  /Յթշո +  7„,

w here

/ „  =  L u n , <pn  ■■= « „ Ц ,,  ф„ =  ս„էԱ ,,
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//In  =  U n lr,, a n =  Unxlr, ֊  F ( fr n ) ,  7л =  «г^ІГа ֊  PH2„- 

T hen , by  equality  (3.22), for function  u„ and  its  tru n ca tio n s  щ п :=  м „ |г , ,» =  1 ,2 , 
th e  following equalities hold:

«ո =  A ,  ( -  g(u n )  +  /о ,  F fa in )  +  <*„,0լւշո +  y n)  +  Bi(<pn , -ф„),

(3.24) Min =  A i+1 (  — g (u n ) +  In ,  F (M in)  +  «դ» Pl*2n +  7u ) +  B>+i ІѴп, V-’n),

i  =  l , 2 .

T aking  in to  accoun t R em ark  3.2, th e  equalities (1.7)-(1.10) a n d  (3.22), and  passing 

to  th e  lim it in equa tions (3.24) as n  —* oo, we conclude th a t  th e  tr ip le  o f functions 

(и ,Ці :=  u | i \ , *  = 1 , 2)  satisfies th e  nonlinear o p e ra to r equation :

(3.25) (u,Mi>/*2)  =  ^o(«i/*i> /*a). 

w here

(3.26) A 0(u,/Jւ ւ ,թ շ)  =  A ( - g ( u )  +  f , F ( n i )  +  a ,0 f i2  + 7 ) +

R e m a r k  3 .5 .  In  view o f R em ark  3.2, th e  o p e ra to r Ao  defined in  (3.26) ac ts  continuously 

from  th e  space C ( D t )  x  C ([0 ,T ]) x  (7([0, T ]) to  th e  space  C 1{ D t )  x  C 1([0, T ]) x 

C 1([0, T ]), T  <  I. H ence, tak in g  in to  accoun t th a t  th e  space C 1( D t )  x  C 1([0 ,T ]) x 

C 1 ([0, T ]) is com pactly  em bedded  in to  th e  space  C ( D t )  x  C ([0 ,T ])  x  (7([0 ,7 ՜]) (see  

[11], p . 135)], we conclude th a t  th e  ope ra to r

(3.27) A 0 : C (D T )  x  <7([0,7]) x  C ((0,T ] )  -+ C (D T ) x  C ([0 ,T ]) x  <7([0,T]) 

is com pact.

R e m a r k  3 .6 . I t  is easy  to  see th a t  if  (Հ, r )  e  1 <  t  <  4 , th en  r  <  t , w hich in 

v iew  o f form ulas (3.7), (3.14), (3.16), (3.17), (3 .13), (3 .21), p e rm its  to  consider (3.25) 

as a  system  o f V o lte rra  ty p e  non linear in teg ral equa tions w ith  rcsp ec t to  variab le  t. 

N otice  th a t  in  th e  linear case, for th is  system  can  be  app lied  a  converging m e th o d  of 

P ic a rd ’s succcssivc app rox im ations in  th e  co rresponding  spaccs of functions.

R e m a r k  3 .7 . S im ilar to  R em ark  3.3, in  view o f (3 .25) we can  conclude th a t  if и  is 

a  s tro n g  generalized so lu tion  o f th e  problem  (1.1)-(1.3) o f th e  class С  in th e  dom ain  

D t , T  <  I, a n d  th e  following sm oo thness conditions

/  e  C l (D T ), g , F e  C ^ K ) ,
(3.28)

<p G C 2([CU]), G C H tO .i]), a ,  0 ,  7  G C ^aO .T ])
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and  th e  second order consistency condition (1.4) a re  satisfied, then и will be  the 
classical solution of th is problem  from  th e  space 6 '2(O r)-
R e m a r k  3 .8 . From  th e  above presented argum ents i t  follows th a t if th e  sm oothness 
condition ( 1.5) and  the first o rder consistency condition ( 1 .6) a re  satisfied, an d  if a 
function V is a  strong  generalized solution of th e  problem  (1.1)-(1.3) o f th e  class С  

in th e  dom ain D r  in th e  sense of Definition 1.1, then  the trip le  o f functions (и ./м  
, і|г _ , г =  1 ,2) is a  continuous solution o f th e  system  of V olterra  ty p e  nonlinear integral 
equations (3.25). Using argum ents sim ilar to  those, app lied  in [9|, i t  can  easily be 
shown th a t  th e  converse assertion  also holds.

4. L o c a l  s o l v a b il it y  in  t  o f  t h is  p r o b l e m  ( l . l ) - ( l . 3 )

T h e o r e m  4 .1 . Let the functions f  6  C (D i), g . .F €  C'(M), <p e  G'l ([0 ,/]), ф, cr, ft, 

7  €  C([0,Z]) sa tisfy the consistency condition (1.6). Then a positive num ber T(, =  
T o(f, g, F, <p, if՛, q՛, f t ,7 ) <  I can be found  such that fo r  T  < T 0 the problem ( I .l) - (1 .3 )  
in  the dom ain D t  will have a t least one. strong generalized solution и  o f the class C . 
P ro o f .  In  Section 3, th e  problem  (1.1)-(1.3) in  th e  space C ( D t)x C ([ 0 ,  7~]) x C '([0 ,  T]), 
T  < I, was reduced to  th e  equivalent equa tion  (3.25), w here by  R em ark  3.5 the 
o pera to r Ao is continuous and  com pact, acting  in th e  space C ( D t )  x  C ( [ 0 ,7 ’])  x  

C([0, T ]). Hence, according to  Schauder theorem , for solvability o f equation  (3.25) it 

is enough to  show th a t  the  o pera to r Ao  transfers some ball /?n„(«0, //?, //“ ) w ith  center 
a t  po in t (u°, /*?,/«•]) and  o f rad ius Ло >  0 of th e  D anach space C (D r )  x  C {[0, T ]) x  

C ([0 ,T ]) to  itself. We show th a t  th is  is th e  case for sm all enough T  <  I. Indeed, in 
view o f R em ark 3.1 and equality  (3.22), th e  op e ra to r equation (3.25) can be w ritten  
in  th e  form:

(4.1) (ւէ,*ս,/<շ) =  Л0(ы .д і.м г )  =  +  *4( -  д {и), р ц 2),

и 0 =  А і  ( / , « ,  7 ) +  В 1 (ір, г/>), քՀ =  А і+հ ( / ,  а ,  7 ) +  B i+i (<р, if>), * =  1,2.

I t  is easy to  see th a t  if  (?է,/1ւ,/3շ) belongs to  th e  ball В  r o(u0 , , ц%) and , according
to  R em ark 3.6, th e  linear o pera to r A  from (3.23) is a  V olterra  ty p e  integral operator 
by th e  variable t  < T ,  then

ІИ ( ՜  ձ (“ ). F (h i ) , 0 (ւշ)  HcfSrjxCdo.TDxCdo.r]) ^  T M ,
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w here

0 <  M  :=  Л /( ||0 ||С([-л,/г])* Н-Р’Ис.'И-л.я!)» ||/3||с([о,«))Л) <  °°>

R  : =  |K « °» M ii/xa ) llc (5 i) .x ,c-,( M )x C (io ,ii)  +  ռ օ, 

and  R0 is an a rb itra ry  fixed positive num ber, and  th e  function  M  =  M ( s \ , տշ, a3) is 
continuous and  nondecreasing  b y  each of th e  a rgum en t տհ >  0 . i  =  1 , 2 , 3 .

T aking  T  <  T0t w here To :=  , from  (4.1) a n d  (4.2) for ( u ,/ i i -  А*г) e  ll1 -/Հ!)՝

||-4о(м, Mi,Ma) — (и°|М 1>М2) 11с (1^т)хС'((о,'Л)хсч[о,Г]) — 

im ply ing  th a t  Л 0 : /Зд„ (u° , /і? , ;*§) —> ( ս ° , p " ) , a n d  th e  re su lt follows. T heorem

4.1 is proved.

T h e o r e m  5 .1 .  Problem  (1-1) -  (1 .3) canno t have m ore th a n  one strong  generalized 

so lu tion  o f the  class С  in  the dom ain D r , T  <  I in  the sense o f D e fin ition  1.1, i f  in

(1 .5 ) i t  is assum ed additionally th a t g , F  €  C 1 (ffi).
Proof. A ssum e th a t  p rob lem  (1.1) -  (1-3) h a s  tw o d is tin c t s tro n g  generalized  so lutions 

it1 a n d  u 2 o f th e  c lass С  in  th e  dom ain  D t , T  <  I. T h en , acco rd ing  to  R em ark  3.8, th e  

tr ip les  o f func tions (it1, /.i\ :=  u x| r ,  ,/<շ :=  ti1 | r a)  a n d  (u2, ц 2 :=  w2| r , ; /J-շ -՛= u 2| r 3) 

are  con tinuous so lu tions o f th e  system  o f n on linear integral eq u a tio n s (3.25). S e ttin g  

u °  :=  V?  — и 1, /х° :=  /i? — / j j ,  i  =  1 ,2 , an d  ta lc ing-in to  accoim t (3.13), (3.14) and  

R em ark  3.4, we can  w rite

we ob ta in

5. U n iq u e n e ss  o f  a s o l u t io n  o f  p r o b l e m  ( l . l )  ֊  (1 .3 )

(5.1)

Jo

-  f  d r t  Г ы ^ - я ^ ' Ж п - т ,  T)dT, 0 < t < T ,  
Jo Jo

ս ° խ ,է )  =  ֊  -  П к Ь І М  d r

- \ f  Й Й - Л . ’- К * ' ,  ( « , ! ) £ ձ , Ո { 1 < 4 -
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N ext, since

-  % i )  =  [ f  Դ 1  +  (('? - ! .} ) . ] * ]  r f ,

(5 -2) ■ , f" , , 1 ,  g (u  ) - s ( “  ) =  Լ Լ  l/Ы  +  («  - u ) a ] d * ^ u ° ,

then assum ing =  1 .2  to  be fixed functions and  se ttin g

5 ( 0  =  ш ах |w°(a:, 1)1, 0 <  L <  T ,0< x< / ' ՚  — — i

by (5.1) and  (5.2), we ob tain

K W H  <  [ K ( r ) |  + n ( T ) ] r fT

<  M o f  [ |/i? (r ) | +  |/̂ 2(r)I +  ы(т)] dr, {x, t)  e  A 2 Ո {է  <  Г } ,
(5-3) Jo

ІМі(*)І <  Mo J  [|/*?(T)I +  « ( r ) ] d r

< М п f  [ |/ і ? (т ) | +  |м “ ( т ) |  +  T i(T )]d r , 0  <  է <  Г ,
Jo

w here M o  is a  p ositive  c on stan t depending  o n  g, F  m id o n  fixed functions —

1,2. Sim ilar a rgum ents, c a rried  o u t in  th e  o th e r dom ains A y  Ո  {i <  T } ,  and  possibly, 
by en larg ing  M o, allow to  o b ta in  th e  following inequalities:

|« ° (a :,t) | <  M a Լ  [ |/i? (r ) | +  |m °(t)| +  n ( r ) ]  dr,

(5.4) (X , t)  e  A ,  Ո { t  <  T } ,  j  =  1 ,3 ,4 ,

|/x°(«)| <  M o Լ  [ |м ?(г)| +  |/xg(r)| +  й (т )]  dr, 0 < t < T .

I t  tollows from  (5.3) an d  (5.4) th a t

+  ІМ2СОІ +  «(*) <  2-ѴГо J  [ |д ? (т ) | +  |/x-5( r ) |  +  m (r ) ]  rfr, 0 < t  < T .

Therefore , in view o f G ronw all’s lem m a, we conclude th a t  սկէ) = 0 ,  0 <  t  <  T ,  th a t 

is, u 1 =  u 2. T h e  o bta ined  contrad iction  com pletes th e  p ro o f of th e  theorem . Theorem
5.1 is proved.

S. S. KHAHIBECJASHVILI, N. N. SHAVLAKAUZE, О. M. JOKHADZE
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6 . T h e  s o l v a b i l i t y  o f  p ro b le m  (1 .1 )  -  (1 .3 )  in  d o m a in  D t  f o r  a n y  T  <  I in  
THE CASE a  =  -} =  0 

L e t t  Շ [0.1], and  le t и  =  u T b e  a  s tro n g  g eneralized so lu tio n  o f  th e  class С  iu  th e  

dom ain  D t , T  <  I o f th e  following problem

Ալ, -  u rx  =  r[-< ?(u ) +  / ( x , i ) j ,  ( * , t )  €  D t ,

(6 .1 )  u (x ,  0) =  тір(х), U t(x , 0)  =  тф(х), 0 < x < l ,

« ,(0 ,  t )  =  tF [u (0 ,  i)] , t t ) =  T 0 { t)u ( l ,  t ) ,  0 <  t  <  T ,

provided  th a t  th e  sm oothness condition  (1.5) a n d  th e  follow ing consistency  condition  

(an  ana log  o f condition  (1 .6)):

V»'(0) =  ^[tv»(0)J, ip'{I) =  T0(O)ip(l) 

a re  satisfied . I t  is easy to  see th a t  th e se  conditions will be  satisfied  fo r any  r  6 [0,1] 

if, fo r in stance ,

(6.2) . v>(0) =  0, < /(0 ) =  F (0), <p(l) =  0 , «Հ (0  =  0.

S im ilar a rg u m en ts  show  th a t  if и  =  u T is a  classical so lu tio n  of th e  p rob lem  (6.1)

for any  r  €  [0,1], th en  accord ing  to  R em ark  3-7, i t  is n a tu ra l to  requ ire  th a t  th e

sm oo thness c ond ition  (3.28) and  th e  following equalities (in stead  o f (1 .4)) b e  fulfilled:

^ ' ( 0) =  F [ t ^ ( 0)], ^ ' ( 0) =  т Р ' М О Щ  

<p'(l) =  T0(O)<p(l), rp'(l) =  T 0 ‘(O)ip(J.) +  г Д О Ж О -  
I t  is e asy  to  see t h a t  these  conditions w ill b e  satisfied  for any  r  €  [0,1], if, fo r in stance, 

a long  w ith  (6.2) w ill b e  satisfied th e  following conditions:

(6.3) tf>(0) =  0, ^ '( 0 )  =  0, ѴК0 =  0, ф'(1) =  0.

R e m a r k  6 .1 . N o te th a t  for r  =  1, th e  p rob lem s (6.1) a n d  (1 .1)-(1 .3) coincide, and  

s im ila r to  D efinition 1.1, i t  c a n  b e  d efined th e  n o tio n  o f s tro n g  g eneralized  so lu tion  of 

p rob lem  (6.1) o f th e  class С  in  dom ain  D t , p rovided  th a t  th e  consistency  condition

(6 .2) is satisfied.
R e m a r k  6 .2 .  In  view  of R em ark  3.8, p rob lem  (6.1) in  th e  c lass o f continuous 

functions can  b e  reduced  th e  following equivalen t non linear o p e ra to r  equation :

(6.4) ( и , / л , / і 2) =  t A q(u , թ ւ ,թ շ ) ,

w here th e  o p e ra to r  Ao is as in  (3.27) and , by  R em ark  3.5, is com pact.
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As a consequenro of R em arks 6.1, 6.2 and  Lcray-Scliaudcr theorem  (see {12], p. 

375) ,  we can s ta te  the  following result.
L e m m a  6 .1 . Let conditions (1.5) and (0.2) be fulfilled. I f  fo r  any strong generalized 
solution и =  Ur o f problem (6.1) o f  the class С  in  the domain D r  fo r  any r  €  [0, I ] 

the following a priori estim ate holds:

(0.5) IM Ic (25r) ^  Л /* '

where M , =  M ,(g ,  f ,  <p, Ф, F, a ,  /3,7 ) is a nonnegativc constant independent o f r ,  then 
problem (1 .1)-(1 .3) has a t least one strong generalized solution o f the cIilss С  in  the 

dom ain D t-
P ro o f .  Observe first th a t  in view o f R em arks 6.1 and  6.2, a  function  и  C (D t )  is 
a  strong  generalized solution of problem  (1.1)-(1.3) o f th e  class C  in th e  dom ain D-r 
if and  only if  i t  is a  continuous solution o f th e  nonlinear ope ra to r equation  (6.4) for 
r  =  1. O n th e  o th e r hand , according to  conditions of th e  lonnna, for any solution 
и  S C (D t ) o f equation (6.4) w ith com pact o pera to r A q, for any  r  €  [0,1] the a  p riori 
estim ate  (6.5) holds, and  hence, according to  Leray-Schauder theorem , equation (6.4) 
for t  =  1 lias a t  least one solution и  €  C (D t ), which is also a  stro n g  generalized 
solution of problem  (1.1)-(1.3) o f th e  class С  in the  dom ain D r- 

Lem m a 6.1 is proved.
As a  consequence o f L em m as 2.1 an d  6.1 and  T heorem  5.1, we have th e  following 

result.
T h e o r e m  6 .1 . Let T  < I, and let (1.5), (6 .2) and the conditions o f Lem m a 2.1 be 

fulfilled. Then problem ( l . l ) - ( l . S )  has a t least one strong generalized solution o f the. 
class С  in  the dom ain Dt , which in  the case g, F  €  C 1 (R) is unique. Moreover, i f  
the sm oothness condition (3.28) and equalities (6 .2), (6 .3) are also satisfied, then this 
solution ч/ііі also be classical.

P r_ o f .  Observe first th a t  if th e  given functions g, f ,  <p, ւի, F  o f problem  (1.1)-(1.3) 

w e  replace by  th e  functions r g , r f ,  rip, тф, tF ,  t  €  [0,1], th en  by  (2-3) and  (2.18), 
for any  strong  generalized so lution n  =  u T o f th e  class С  in  th e  dom ain  D -յ՝ o f th e  
ob tained  problem  th e  following a  p riori estim ate  holds:

ІМ Іочог) ^  ci r ll/ll<7(Z>r ) +  ‘̂ I M I chwo) +  сзтЦѵ іісо*,) +  С4ІІ<?(Ы; |тѵ>І)ІІс(ад>)

+ c 5r | | f ’||C([_|¥>(o)|,i¥>(0)|)) +  со 
•18



<  Cl\\f\\c(BT) +  ®2ІМІС(зд,) +  С.ч||0|1с(и>„) +  С4І|<?(І0|; Iv’ i)llc(wo) 

+Csll-F’l|c([-Iv»(o)|.iv>(o)|]) +  ce- 

Hence, th e  first assertion o f th e  theorem  follows from  Lem m a 6.1 and  T heorem  5.1. 

T he assertion  th a t  under conditions (3.28) a n d  (6.3) th e  so lution is classical, follows 
from R em ark 3.7. Theorem  6.1 is proved.
R e m a r k  6 .3 . N otice t h a t  th e  existence o f th e  un ique classical so lution in  th e  dom ain 

Di,k := {(ж, i)  €  R2 : 0 < x  <  I, (fc — 1)1 <  I <  k l} , к  €  N , к  >  2, o f th e  mixed 

problem

L u  =  /(Ж , J), (Ж, t) e  jD|,Jfc,

1)1 =  <P, =  Փ,

m*(0, t)  =  F [u (0 ,«)] +  a ( i ) ,  и  A h  t)  =  /3 (t)u (l,t)  +  7  ( t) ,  (k  — 1)1 < t <  k l, 

can be  proved  exactly  in  th e  sam e w ay as in  th e  case fc =  1 , th a t  is , in  th e  dom ain 

D i.i =  D i. Therefore, all th e  constructions of s tru c tu ra l n a tu re , given in  th e  previous 
sections in  th e  dom ain D r  w ith  T  <  I (such us th e  rep resen ta tions (3-7), (3.10), 

(3.1G), (3.17) of a  so lution o f th e  linear problem  (З .І)-(З .З) a n d  th e  nonlinear o pera to r 
equations of type  (3.25) as a  system  o f V o lterra  ty p e  nonlinear in teg ra l equations w ith 

respec t to  variable t) analogously can be  transfe rred  to  th e  case o f dom ain  D t  for 
an y  T  > I. H ence, if th e  conditions o f L em m a 2.1, th e  sm oothness condition (3.28) for 
T  =  oo, and  th e  consistency conditions (6.2), (6.3) a re  satisfied, then  for г т у  T  >  0 

(in  p articu la r, for T  =  oo) in  th e  dom ain D t  th e re  exists a  un ique classical so lution 

a  e  C 2(D t ) o f th e  problem  (1.1)-(1.3). T hus, we have th e  following resu lt. 
T h e o r e m  6 .2 . L et the conditions o f  L em m a S .l ,  the smoothness condition (S.28) fo r  

T  =  со, and the consistency conditions (0.2), (6 .8) be satisfied. T h en  fo r  T  =  oo 
problem ( l . l ) - ( l . S )  has a unique global classical so lution и  €  C 2(D 00).

7. T h e  e x is t e n c e  o f  b low - u p  so l u t io n  o f  pr o b l e m  (1 .1 )-(1 .3 )

In  th is section, in  a specia! case, we show th a t  if  th e  conditions in (2.1), imposed 

on th e  nonlinear functions g  and  F  are  v io lated, th e n  th e  so lu tion  и  o f th e  problem
(1.1)-(1.3) can  tu rn  o u t to  be  blow-up. T h a t is, a  num ber T* 6  (0,Z] can  be  found 

such th a t  for T  < T "  prob lem  (1.1)-(1.3) has a  un ique classical so lution u , and

С7 -1) T - & £ - o  =  ° ° -
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T his, in particu la r, im plies th a t  th e  considered problem  h as  no  a  classical solution in 

th e  dom ain  D t  for T  >  2'*.
Indeed, consider th e  following special case o f p roblem  (1.1)-(1.3)

Աս — Uxt. =  0, (X, t)  €  D t ,

(7.2) w(x, 0) =  <p(x), u t (x , 0) =  V>(x), 0 <  a: <  I,

м *(0 ,t )  =  F[ti(o, *)], u x (i, t )  =  0 , 0  <  t  <  T ,

w here 6  C 2([0,Z]), v?(0) >  0, V> €  C 1 ((0 ,l]) and  F (s )  =  - 5 | s |As ,  Д :=  const > 

0, A :=  const > 0 , s  €  lit. an d  th e  corresponding  consistcucy conditions, sim ilar to
(1.4), are  satisfied. I t  is easy  to  check th a t  in  th e  case ф  =  —ip', th e  classical solution 

•u o f th is  p roblem  in tb e  dom ain D -г for T  =  T r is given by formula: 

f y > ( x - t ) ,  (x ,t)<=  Д , П { і < Т * } ,
I Mi ( t  — x ) ,  (x , t)  €  Д 2 Ո {f <  Г * },

(7.3) « ( x , t )  =  ^ <p(2l - x - t ) -  <p(l) +  <p(x -  t ), (x, t )  6  Д 3 Ո { t  < T *},
Mi ( t  -  x ) +  <p(21 - x - t ) -  <p{x +  t - l ) ,

[ ( x . t )  e  Д 4 ո  { t <  Г*},

w here

<7-4 » " M - p j f f U l * -
I t  follows from  (7.3) and  (7.4) th a t  th e  so lution o f p rob lem  (7.2) is blow-up, th a t  is, 

equality  (7.1) is satisfied. Therefore , in  th e  considered case, in th e  s ta te m e n t o f this 
p roblem  i t  should  be  required  th a t  T  <  T*.

R e m a r k  7 .3 . In  fac t, fo rm ula  (7.3) allows to  continue th e  so lution o f th e  considered 
problem  from  th e  dom ain  Dt - to  dom ain D/(~\{t <  x  +  T * } ,  and  th is  so lution u ( x , t ) 

w ill unbounded ly  increase w hen  th e  p o in t ( x , t )  from  th e  dom ain  D\ Ո { t <  x  +  7” } 

approaches to  th e  charac te ristic  t  — x  =  T ’ , to  w hich b o rd e r on  th is  dom ain  by th e  

p a r t  o f ts  boundary.
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A b s t r a c t .  In th is  note, we study  the  admissible meromorphic solutions for algebraic 
differential equation / ’* / ' +  P n - l ( f )  =  П(г)о"<2>, where ) is a  differential

polynomial in /  of degree <  n  — 1 with small function coefficients, Я  is a  non-vanishing 
small function of / ,  and a  is an entire funcLion. We show th a t th is  equation floes not 

possess any meromorphic solution / ( s )  satisfying N ( r , f )  =  S ( r , f )  unless P „ - i(J )  sO .
U sing th is  result, we generalize a well-known result by Hayman.

M S C 2 0 1 0  n u m b e r s :  30D35, 30D20, 30D30.
K e y w o rd s :  D ifferential polynom ial; adm issible so lu tion ; H ay  m a n ’s  a lternative; 

differential equation ; sm all function.

1 . I n t r o d u c t i o n  a n d  m a in  r e s u l t s  

L et /  d eno te  a  tran scen d en ta l m erom orphic function . We a ssum e t h a t  th e  read er is 
fam iliar w ith th e  fu ndam en ta l resu lts o f N evanlinna th eo ry  an d  i ts  s ta n d a rd  n o ta tio n  
such as m (r , / ) ,  N ( r ,  / ) ,  T ( r , f ) ,  S (r ,  / ) ,  e tc . (see [8] a n d  [24]). R ecall th a t  a  nonconstan t 
m erom orphic function  a  is sa id  to  be  a  sm all function  o f /  if T {r , a )  =  S (r ,  / ) ( =  
o ( l )T ( r ,  / ) )  as r  —> oo, possibly o u tside a  se t o f r  values o f fin ite  linear m easure. Also, 
a  po lynom ial in  /  and  its derivatives w ith  sm all functions o f /  being th e  coefficients is 
called a  differential polynom ial in / .  B y  Pn { f )  w e w ill d en o te  a  differential polynom ial 
in  /  w ith  th e  to ta l  degree in  /  and  its  derivatives <  n . By p ( f )  an d  A (/) we will 
denote  lie o rd e r and  th e  exponen t of convergcncc o f zeros o f f ,  respectively. We will 
n c x d  th e  following concept o f adm issibility  (see, e.g ., [14], [15]).

D e f in i t io n  1 .1 . L et R (z , oj) be rational in  ш w ith  m erom orphic coefficients. A m ero­
m orphic so lu tion  ш o f  equation (u>')n  =  R(z,u>) is called admissible i fT { r ,n ) =  S ( i \  u>) 
fo r  all coefficients a (z )  o f R ( z ,  u>).

°Thin works war. supported by NNSF of C hina Project ( No. 11601521) and the  Fundamental 
Research Fund for Central Universities in China P ro ject ( Nos. 15СХ05061А &: 18CX02048A). 

1D edicated to  Professor Chungchun Yang on th e  occasion of his 7Gth birthday.
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I t  is d e a r  th a t  adm issibility makes sense relative to  any  fam ily of m erom orphic 
functions, w ith o u t any  reference to  differential equations.

In  1980, G ack sta tte r an d  Lainc [6] conjectured th a t  th e  following algebraic differential 
equation:

( / ' ) "  =  * »«(/),

w here p „ ,( f)  is a  polynom ial in  /  and  я  is a  positive integer, does n o t possess any 
adm issible so lution when m  <  n  1. In  1990, H e and  L aine [12] gave a  positive 
answ er to  th is  conjecture. Recently, Zhang and  Liao [25] proved th a t  if  th e  following 
algebraic differential equation  w ith polynom ial Coefficients:

(1 .1 )  P n ( f )  =  0

has on ly  one dom inan t te rm  (highest-degree term ), th en  th e  equa tion  (1 .1 ) has no 
adm issible transcenden tal m erom orphic solutions w ith  a  few poles. L iu  e t  al. [18] 
considered th e  possible adm issible so lutions for th e  following algebraic differential 
equation:

( 1 .2) f nf (k) +  օ „ _ ւ /ո _ լ +  - • • + a j f  +  ao =  Яе“ ,

where o j { j  =  0 ,1 , • • • , n  — 1) are  sm all functions of / ,  R  is a  nonzero sm all function 
and  г* is a n  en tire  function. T hey  have obtained  a  sim ple expression fo r m erom orphic 
solutions of equa tion  (1.2) provided th a t  th e  so lu tions satisfy N (r ,  f )  =  S (r , f ) .  This 
also m eans th a t  th e  solutions have finitely m any zeros de term ined  by  th e  te rm  Rf.a  
in  th e  differential equation . R ir th e r , th is  re su lt can  b e  viewed as a  g eneralisation  of 
th e  following well-known resu lt due to  H aym an [9] in  1959, w hich is a  p ro to ty p e  of 
th e  stud ies o f th e  zeros of c erta in  special ty p e  o f d ifferential polynom ials.
T h e o r e m  A . L et f  be a transcendental m erom orphic fu nc tion , and n  >  3 be an  
integer. Then  / " / '  assum es all fin ite  values, except possibly zero, in fin ite ly  m any  
tim es.

L a te r, H aym an [10] conjectured  th a t  T heorem  A rem ains valid  fo r n  =  1 and
2. T hen , H aym an’s conjecture was confirm ed by M ues [20] in  t.he case n  =  2, and  
independen tly  by  B ergweiler and  Erem enko [2] and  C hen and  Fang [3] in  th e  case 
n  =  1. For th e  r e la ted  resu lts  we refer to  [1], [5], [7], [13], [16], [21], [22], a n d  references 
therein .

I t  is c lear now th a t  d istribu tions of zeros of differential po lynom ials P ( f )  o f the 
form  P ( f )  =  / " / ( * )  — 6, w ith  n  >  1, к  =  1 and  b a  nonzero constan t, have been  dealt
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w ith. In  th is  paper, we s tu d y  sim ilar problem s for such  differential po lynom ials when 
n  =  1 and  к  > 2 ,  a s  well as for m ore general differential polynom ials w hen n  >  2.

Before p roceeding  fu rth e r, we recall tw o known re su lts  from  |17] and  [18]. 
T h e o r e m  В  ([17]). L e t  Q ,i(z, / )  be a differential po lynom ial in  f  o f  degree d  with 
rational fu n c tio n  coefficients. Suppose tha t и  is  a nonzero ra tional fu n c tio n  and v  is 
a nonconstan t polynom ial. I f  n > 'd +  1 and the differential aquation

(1.3) / " / '  +  Q d{z, f )  =  u (z )e v(s՝)

has a m erom orphic so lu tion  f  w ith  fin ite ly  m any poles, then  f  has the follow ing form : 

f { z )  =  s (z )e v(z)/in+r> and Q d{z , f )  =  0, 

where s ( z )  is  a rational fu n c tio n  sa tisfy ing  s n ((n  +  l ) s '  +  v 's )  =  (n  4- 1 )u.
T h e o r e m  С  ([IS]). L et f  be a transcendental m erom orphic fu n c tio n  and a  hr: an  
entire fu nc tion , and  le t q and R  be sm all fu n c tio n s  o f  f  w ith  q փ  0.. T hen the  
differential equation f  f ՛  — q — R c °  has no  transcendenta l m erom orphic solutions.

R e m a r k  1 .1 . In  [19], the authors o f the  p resent paper proved the fo llow ing  result. 
L et a  and  /5 he en tire func tions, and le t p , q, l i t  and Ռշ be non-vanish ing  rational 
func tions. T hen  the system  o f  equations: p f f W  ֊  q — Я іс ° .  p f f (l) -  q — R - չժ  hue 
no  transcendental so lu tions fo r  integers I and  к  yn th  l >  k >  2 .

Now w e are  in p o sitio n  to  s ta te  o u r  firs t m ain  re su lt, w hich ex ten d s T heorem  B, 
p roved  in  [17]. N o te  th a t  ou r p ro o f is d ifferent an d  m uch sim ple th a n  th a t  o f applied 
[17]. For re la ted  recen t re su lts  we re fe r th e  papers  [17] — [19]).

T h e o r e m  1 .1 . L et Pn—i { f )  be a d ifferen tia l p o lynom ial in  f  w ith  coefficients being 
sm all fun c tio n s, and  le t d e g P n_ i ( / )  <  n  — 1. Then fo r  any positive  in teger  n ,  any  
entire  fu n c tio n  ռ  and any sm all fu n c tio n  R , the equation

(1 .4) Г Г  +  Рп - Л П  =  Деа

d ՝s  n o t possess any transcendenta l m erom orphic so lu tion  f { z )  w ith  N ( r ,  f )  =  S (r ,  f )  
unless P „ ֊ i ( f )  =  0. M oreover, i f  the  equation (1.Հ)  possesses a m erom orphic solution  
f  with N (r, f )  =  S ( r , f ) ,  then (1.Հ) w ill become f n f  =  R e "  and f ( z )  has the fo rm  
f ( z )  =  i te x p (a r /(n  +  1 )) as the only possible adm issible so lu tion  o f  (1-4), where и  is 
a sm all fu n c tio n  o f f .

C o r o l la r y  1 .1 . L et f  be a transcendental m erom orphic fu n c tio n  w ith N ( r , f )  =  
S ( r , f ) .  and  le t  P „ _ i ( / )  be a differential po lynom ial in  f  w ith  sm all fu n c tio n s  as its
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coefficients, such tha t P„—\ (0) փ  0 and  deg P „_ i ( / )  <  ո  — 1. Then fo r  any positive  
integer n . the  differential fo rm  f nf  +  P „ _ i ( / )  has in fin ite ly  m a n y  zeros.

B ased on  C oro llary  1.1, wc pose th e  following m ore general conjecture . 
C o n je c tu r e  1 .1 .L e t J  be a transcendental m erom orphic fu n c tio n  w ith  N ( r ,  f )  =  
S (r ,  / ) .  and le t P,t—\ ( f )  be a differential polynom ial in  f  w ith  sm a ll fu n c tio n s  as its  
coefficients, such tha t deg  P,< _ ]( /)  <  n  — 1 and P„—\ (0) փ  0. T hen  fo r  any positive  
integers n  and  k , the differential fo rm  / '* /(* )  +  P „ _ i ( / )  has in fin ite ly  m a n y  zeros.

R e m a r k  1 . 2 . The condition  N { r , f )  =  S ( r .  / )  in  Corollary 1.1 is necessary. For 
example, le t f ( z )  =  j r r i  • Th en  ք Ղ f '  +  § / "  +  § / '  -Ւ /  — 1 =  — ^a s  no  zeros.

Also, th e  condition  P „ _ i(0) փ  0 is necessary. F or in stance , if  f ( z )  =  z 2e z . then  
г 2/ 3/ '  +  г 2/ / '  — (2 +  z ) z f 2 =  (2 +  г )29е4г has fin ite ly  m any  zeros. T h e  conclusion 
o f C oro llary  1.1 becom es invalid, if  we rep lace th e  cond ition  d e g P „ _ i ( / )  <  n  — 1 by 
th e  condition  deg  P „ ( / )  <  n . Indeed , to  see th is , take  f { z )  =  e* — 1, a n d  observe th a t  
P-շԱ) =  2/ 2 +  3 /  +  1 and  f 2f '  +  Բ շ(ք) =  e3z h a s  no  zeros.

R e m a r k  1 .3 . (see  [18],). L et f  be an  admissible m erom orphic so lu tion  o f equation  
(1 .2), and le t ao =  0. Then fo r  n  > 2 and к  >  1, the  o ther coefficients Oi, • • ■ 
m u s t be. identically zero. Tn th is case, (1-2) becomes / “ /(* )  =  R e"  and f  has the fo rm  
f ( z )  =  « e x p ( a / ( n  +  l ) )  as the  only possible adm issible so lu tion  o f  th e  equation (1.2), 
where и  is a sm a ll fu n c tio n  o f f .

In  view  of T heo rem  1.1 a n d  R em ark  1.3, w e o b ta in  th e  following re su lt, which 
im proves th e  corresponding  re su lt from  [17].

T h e o r e m  1 .2 . Let f  be a transcendental m erom orphic  fu n c tio n  w ith N ( r , f )  =

S (r ,  f ) .  and qm ( / )  =  bmf m  H------ І-Ь і/+Ь о be a polynom ial o f  degree m  w ith  coefficients
being sm a ll fu n c tio n s  o f f ,  and  le t n  be an integer w ith n  >  m + 1 .  Th en  the differential 
fo rm  / ' / ”  +  9 m ( /)  assum es every sm a ll fu n c tio n  7  in fin ite ly  m a n y  tim es, except fo r  
a possible sm a ll fu n c tio n  6o =  7m (0). O n the o ther hand, i f  f f n  +  qm { f )  assum es the  
sm all fu n c tio n  bo =  <7m(0) fin ite ly  m a n y  tim es, then  qm (z )  =  bo-

2. P r o o f  o f  T h e o r e m  1.1 

T h e  following lem m a is crucial in  th e  p ro o f o f o u r th eo rem  (see [4, 23]).
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L e m m a  2 .1 . (see [4, 23]). L e t f  be n bransce.ndc.ntal m erom orphic solution o f the  
equation:

f " P { z , f )  =  Q { z , f ) ,

where P {z , f )  and Q (z , f )  are polynomials in  f  and i ts  derivatives w ith  meromorphic 
coefficients {«a|A €  /}  such that m (r , ад) =  S ( r , f )  fo r  all r  e  / .  / /  the to ta l degree 
o f  Q ( z , f )  as a polynom ial in  f  and its  derivatives is a t m ost n , then  

m ( r ,P { r , f ) )  =  S ( r , f ) .

P roof o f  Theorem 1.1. W e first show th a t  / " / ' +  Pn- 1  ( / )  can  n o t be a  sm all function 
of / .  Indeed, assum ing  th e  opposite , from  Ar( r , / )  =  S ( r , f )  and  Lem m a 2.1, we get 
m ( r , / ' )  =  S (r ,  / ) ,  and  then  T ( r ,  f )  =  S (r ,  / ) .  A contrad iction  T ( r , f )  =  S (r , f )  
now follows by  relying to  a  T heorem  from  [11] and  com bining i t  w ith  th e  p roof of 
Proposition  E  from  [12]. T hus, for any  transcenden ta l m erom orphic function  /  under 
th e  condition N ( r , f )  =  S ( r , / ) ,  we have

(2.1) T ( r , Г Г  +  P n - i ( f ) )  փ  S ( r ,  / ) ,

showing th a t  R ca  is n o t a  sm all function of / .
In  view of T heorem  C, w ith o u t loss of generality , wc can  assum e th a t  n  >  2. Lot

P n - i ( f )  7й 0. БѴот (1.4) an d  a  resu lt o f M illoux (see, e.g ., [8]), we ob ta in  

T ( r ,  e“ ) <  (n  +  1 )Г (г, / )  +  5 ( r ,  / ) ,  

which a nd  th e  equality  T (r ,  a )+ T (r ,  a ')  — S (r ,  e“ ) lead  to  T ( r ,  a ) + T (r ,  a ')  =  S ( r , / ) .  
By tak in g  ihe logarithm ic derivative on  bo th  sides o f (1.4), we get 

n / " - 1(/ ,)2 +  / n/ ,/ +  p / _ i ( / ) д ,  '

f * f '  +  P „ - i ( f )  ~ R
im plying th a t

- ( §  +  c f ) r r  +  » / " - ՛  ( J V  +  r r  

P - 2) - < §  +  « ' ) ^ ֊ . ( / ) - ^ ֊ , ( / ) .

N ext, we set

m  V -  -<  §+d)ie+ nw f+tr,
and  use (2.2) to  ob ta in

(2.4) / » - V  =  ( §  +  « Ѵ - і С Я  -  K - 1  ( / )  »  Q n - M ) .
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Clearly, Q „ - i  ( / )  is a  differential p o lynom ial in  /  w ith  deg  <Չ„-ւ ( f )  <  л — 1. We claim  
<p փ  0. h ideed , if ^  =  0. th en  in view o f Q „ - i  ( / )  =  0, a n d  (2.4), w ith  som e constan t 
13 we have 13 Pn-1  ( / )  s  7?e". S ince /  is a  transcenden ta l m erom orph ic  function , (1.4) 
shows th a t  1. an d

f / ' = ( B ֊ l ) P „ . , ( / ) .  

w hich to ge ther w ith  L em m a 2.1 im plies m (r , / ' )  =  S ( r ,  / ) .  T h u s , b y  /V(r, / )  =  S (?\ / )  
we have T (r ,  f )  =  S ( r ,  / ) ,  y ielding a con trad iction . H ence <p փ  0. M oreover, app ly ing  
L em m a 2.1 to  (2.4) again , we can conclude th a t  m (r , <p) ֊  S (r ,  f )  and  T ( r ,  y?) =  
5 ( r , / ) .

F rom  (2.3), we g e t m (r , - ^ )  =  S ( r ,  / ) ,  and  hence

(2.5) m ( r , j )  =  S ( r , / ) .

I t  follows from  (2.3) th a t

N l2(r, i ) < J V ( r , ± )  +  S ( r , / )

<  T(r,<p) +  S ( r , f )  =  S ( r , f ) ,  

im ply ing  th a t  th e  zeros o f /  a re  m ain ly  sim ple zeros. T hus, by  (2.5), we ob tain

(2.6) n r .  I )  -  JV(r, i )  +  S ( r ,  / )  =  w ,l ( r ,  ֊ )  +  S ( r ,  / ) ,

w here  i\ri) ( r ,  1 / / )  involves on ly  th e  sim ple zeros o f / .
L e t 2d be a  sim ple zero o f /  such th a t  R (zo ) փ  0. T h e n  in  view  o f (2.3) we have

(2.7) » ( / ' ) 2( « . ) - v M -

Now, we show  th a t  tp' փ  0. Suppose, co n tra ry  to  o u r  assertion , t h a t  <p' =  0 , th a t  is,
գ> is a  con stan t. I f  zq is a  zero o f f ' ( z )  — ’/ t p / n ,  th en  we se t

(2.8)

a n d  observe th a t  h  փ  0. I t  follows by  (2.5), (2-7) a n d  (2.8) th a t

(2.9) m { r ,h )  =  S { r , f ) .

From  (2.6) and  (2.8), we ge t N ( r ,h )  =  S ( r ,  / ) ,  w hich to g e th e r  w ith  (2.9) show  th a t  
T ( r ,  h ) =  S ( r ,  / ) ,  a n d

(2 .1 0 )  f '  =  h f + J z ,  f "  =  {h *  +  h ' ) f  +  h j z .
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By (2-10) and  (2.3), we ob tain

|(r . +  l ) h 2 +  - 4 ^ +  « ' ) ] /  +  ! ( 2 ~ +  1)'- -  ( ֊  +  “ ' « y f  =  0-

Therefore, we m ust have

(»  +  l)A a +  h‘ -  / . ( ^ f  +  “ ')  =  0 . Р »  +  1)A -  O jr  +  o ')  =  0,

which im plies (2n  +  l ) x  =  n ( ^ -  +  » ') i  and  thus (Re.'՝)"  =  C l i2,*+ l w itli a  constan t 
C. T h is, however, con trad ic ts  (2-1) and  T ( r , /*) =  S ( r , / ) ,  and  th u s  95'  ^  0.

Using th e  above a rgum ents, i t  can be show n th a t  <p' փ  0. In  th is  case we set

and  assum e th a t  f ' ( zo) +  s / f / n  =  0. 
A gain, from  (2.3), we get

w here t  =  ^  +  a '.  I11 view of (2.11) and  (2.7), we see th a t  a  sim ple zero  zo of f ( z )  
such th a t  R (zq) փ  0, is a  zero o f (2n  +  l ) ։p f" ( z )  — (tip 4- n< p')f'(z).

I f  (2n  +  1 )<pf"(z) — (tip  +  t v p ') f ( z )  փ  0, we se t

(2.11) V՛ =  -ifIf ֊ Վք)2 - tff" +  (2n  +  1)/'/" +

(2n  4- 1 )у»/"(г) ֊  (ty?-+ n ip ') f '( z )  
/ ( * )

I t  is clear th a t  a  is a  sm all function  o f / .  Therefore , we have

(2.12) :=  s i /  +  s 2/ ' ,

(2.13) f" =  (*'l +  «1*2)/ +  0»i +  4  +  Տշ)/'.

N e it  follows from  (2.13), (2 .12), (2.11) a n d  (2.3) th a t

(2n  +  1 -  I ՛  —1.42 +  аі +  տշ +  Տշ 4 -1—  — տ շ - ) / '

(2.14)

In  th is  case, (2.14) and  (2.6) im ply
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T herefore, we have ( 2 n + 3 )  lo g sj =  2n(log / І 4- а )  +  (З п + 1 )  logip + D  w ith  a  constan t 
B ,  w hich im plies th a t  ( /lcQ)3n cS (p3" +1 =  T hus, R c a  is  a  sm all function  of / ,
which con trad ic ts  (2.1). T herefore, (2ո+Հ )< քք"(շ) — ( ttp+ n< p ')f'(z)  — 0, and  we have

(2.15) / "  =  £ / '

w ith  /3 =  +  ջ ֊ j .  F rom  (2.15) we ob tain

(2 .1G ) / " ' - ( й '  +  іЗг ) / ' .

I t  follows from  (2.1G), (2.15) and  (2-11) th a t

(/?՛ +  3 2) f  -  ( ! ' ֊ < £ ) / '  +  «  +  - W -

T herefore , we have

(2 .1 7 )  0 '  - t '  =  - 0 ( 0  -  i )  +  0 ?  -  f ) ^ - .

I f  0  — t  =  0 , th e n  by th e  definitions of t  and  0 , we see th a t  (R ea )2 =  C<p, w here 
С  is a con stan t. So, Rea  is a  sm all function  of / ,  w hich c o n trad ic ts  (2.1). Hence, 
w e have քձ — է փ  0. In  th is  case, again , by  (2-17), we o b ta in  (2«  +  1) log(/3 — t)  =  
n  log <p +  log Л  4- a  +  D  w ith  a  co n s tan t D ,  show ing th a t  R.oa  is a  sm all function  of 
/ ,  w hich also  co n trad ic ts  (2.1 ).

T h is  com pletes th e  p ro o f o f th e  theorem , nam ely  th e  eq u a tion  / " / '  +  P „ _ j ( / )  =  
R e °  does n o t possess any  m erom orphic  so lu tion  /  w ith  N ( r ,  f )  =  S (r ,  f )  unless 
P „ _ , ( / )  =  0.

3 . C o n c l u s io n s

U sing d ifferent a n d  m uch sim pler proofs, th is  p ap e r provides tw o  m ain  resu lts, 
ex ten d in g  th e  m a in  resu lts  o f th e  p a p e r  [17} to  m ore  g eneral d ifferen tia l polynom ials. 
Sonic exam ples a re  discusscd show ing th a t  th e  im posed  conditions a rc  ucccssary. For 
fu r th e r  study , a  g eneral con jec tu re  is posed.
A c k n o w le d g e m e n t .  T h e  au th o rs  would like t o  th a n k  P rofessor C hung-C lm n Y ang 
for h is helpfu l d iscussions a n d  suggestions d u ring  th e  p re p a ra tio n  o f th is  p ap e r.
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A b s t r a c t .  Suppose vs is л  holomorphic seir m ap  of the un it disk and C v  is  a  composition 
operator w ith symbol <p th a t fixes the  origin and 0 <  \<fi'(0)\ <  1. T h is  paper explores sufficient 
conditions th a t ensure all the holomorphic solutions of Schrtidcr equation for the  composition 

operator C.f  to belong to  a  Bloch-type space Гог sonic u  >  0. In  the  second p a rt of the  paper, 
the  results ob tained for composition operators are  extended to  th e  case of weighted composition

M S C 2 0 1 0  n u m b e r s :  -17B33.
K e y w o rd s :  C om position  o p era to r; Schroder equation ; B loch space.

1. I n t r o d u c t i o n

L et 2> be  th e  u n it  d isk  of th e  com plex p lan e  C, and  le t CK(D) d en o te  th e  space of 
ho lom orphic functions defined on th e  u n it  disk ‘D . R ecall th a t  a  holom orphic function 

/  defined o n  D  is sa id  to  be  in  th e  B loch-type spacc Ъ,„ for som e a  >  0 if

s u p ( l  -  \z\2)a \ f , (z)\ <  o°-

N o tice  th a t  un d e r th e  B loch-type norm :

( 1 1 )  И/ l l » .  -  l / ( 0 )l +  «щ>(1 -
геВ

th e  space CB„ becom es a  B anach  space. F rom  th e  definition o f B loch -type spaces, it 

im m ediately  follows th a t  $ a С  'Bp for a  <  p  and  'J3n с  H °°  for a  <  1.
T h e  B loch ty p e  spaces h ave  been  s tu d ied  extensively b}' m any  a u th o rs  (нее [1], [8], 

a n d  references th e re in ) . In  [8], i t  has been  show n t h a t  th e  B loch-type n o rm  for о  >  1 

is equivalen t to  th e  a  — 1 L ipsch itz-type n orm :

<1-2) 11/11». « « s u p ( i  -  М 2Г ~ ‘ І /М І .  /  6  ® „, a  >  1.
іею
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C om posing functions /  in  Щ Ѵ )  w ith  an y  hoiom orphie self-ш ар  <p o f T>, induces a 

linear transfo rm ation , deno ted  by  Cv  and  called a  com position operator on  (2>): 

C v f  =  f  о <p.

For any  и  €  СК(Ѣ) we define th e  weighted com position operator uC v  on  OUT)) as 

follows:
« с и л  =  ( « ) ( /  о  ч>).

In  th is  p ap e r, we stu d y  holom orphic so lu tions /  o f th e  following S ch roder’s  equation:

(1.3) «?*>)/(*) =  A/ ( * ) ,  

a nd  of th e  co rresponding  w eighted Schroder’s  equation :

(1.4) и С , , /  =  A/ ,  

w here A is a  com plex constan t.
A ssum ing th a t  fixes th e  orig in  an d  satisfies 0 <  |v>'(0)| <  1, K onigs [5] showed 

th a t  th e  se t o f all ho lom orphic so lu tions of equation  (1.3) (th e  eigenfunctions of the  

o p e ra to r C v  ac ting  on  5€(D )) is exactly  {<r"}^L0, w here a ,  th e  p rincipal eigenfunction 

of Cy,, is called K onigs fu n c tio n  o f  գ>-

Following th e  K onigs w ork, Ilosokaw a im d Nguyen |4] show ed th a t  th e  set, o f all 

eigenfunctions o f th e  weighted o p e ra to r uC v  ac tin g  on  ՅՀ(2 >) is exactly  {t*r"}^L0, 

w here v  is th e  p rincipal e igenfunction of u C v  a n d  a  is th e  K onigs function. 

A ccording to  a  general resu lt o f H am m ond [2], if  иС ѵ  is c om pact o n  any  B anach  space 

o f holom orpliic functions on  'D con tain ing  polynom ials, th e n  a ll th e  eigenfunctions v a n 

belong t.o a  B auacli space. U nder somewhat, s tro n g  restric tio n s o n  th e  grow ths of и  
and  <p near th e  bou n d ary  o f th e  u n it  disk, H osokawa a nd  N guyen [4] showed th a t  all

th e  e igenfunctions v a n a re  eigenfunctions o f u C v  ac tin g  on  th e  B loch space Ѣ.

O ur • oal in  th is  p ap e r is to  o b ta in  conditions u n d e r  w hich all th e  eigenfunctions 

v a "  belong  to  a  B loch-type space Ъ а .

T h e  re s t o f th e  p a p e r  is organized  as follows. Section 2  con ta in s  som e p relim inary  

resu lts. In  Section  3 we p re se r t  o u r  m ain  re su lts  concerning com position  operato rs. 

T heorem  3.1 provides sufficient conditions ensuring  all th e  cigeufunctions «7՞  to  b d o n g  

to  B loch ty p e  spaces for a  <  1. S im ilar re su lts  fo r a  =  1 a n d  a  >  1 a re  p resen ted  

in  T heorem s 3.2 and  3.3, respectively. In  Section  4  we prove resu lts  concern ing  th e  
w eighted com position  operato rs.
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2 . P r e l im in a r ie s

We recall th e  following criterion for b oundedness of th e  ope ra to r uC v  on the Bloch- 

ty p e  spaces (see [6 . T heorem  2.1]).

T h e o r e m  2 .1 . L e t n  be an  analytic fu nc tion  on  D , ip be an  analytic snlf-т ар o fD ,  
am i le t ո be a positive real number. Then the following assertions hold.

1. I fO  < a  <  1, then  uCv  is  bounded on  ѣ„ i f  a nd only i f  и  €  ®„ and

2. The operator u C v  is bounded on  Ѣ  i f  a nd only i f  the follow ing conditions are 

satisfied.

(a) s u p ^ .j ,  խ '( շ )1(1 -  H 2) log і-Ы * Я * <  °°»

(b) supa6 2> І « ( * ) І ? й й 5 Ь і ^ ( * ) І  <  ~ -
3. I f  a  > 1, then u C v  is bounded on  Ъ„ i f  and only i f  the following conditions 

are satisfied.

(a) supz€2> |ц '(г ) | < <  oo,

(b) s u p ,ea) |ti(z )l ( і З Д Д Д .  M W  < oo-

T h e  following theorem  provides a  com pactness criterion  for th e  op e ra to r v C v  

a c ting  on  (see [6 , T heorem  3.1]).

T h e o r e m  2 .2 . L et и be a holomorphic fu n c tio n  on  T> and  let ip be a holnmorphic  

self-m ap o f T>. Let a  be a positive real number, and le t u O v be bounded on  23 „ . Then  

the  follow ing assertions hold.

1. Tf 0 <  ft <  1, then  u C v  is compact, on  Ъ п i f  a nd only i f

, ^ , > w l ( r q № ^ ՛ ֊ 0 ՛
2. The operator u C v  is compact on Ѣ  i f  and only i f  the following conditions are 

satisfied.

(a)  lim |v,(. )|_t l -  խ '( * ) |( 1  -  \z\2) log =  0 ,

3. I f  a  > 1, then u C v  is compact on Ъ а i f  and only i f  the  follow ing conditions 

are satisfied.

M  B » 4 » w i- . i-  l u 'W la i î j p ) * - !  -  0 ,
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R e m a r k  2 .1 . I f  in  Theorems 2.1 and 2 .2  we паяйте и  =  1, then  they  provide a 

criterion fo r  boundedness and compactness o f  com position operators C,p acting on the 

Bloch-type spaces ®«-

T h e  following two theorem s arc  fundam en ta l for o u r  work. T heorem  2.3 is the  

fam ous Konigs theo rem  a b o u t th e  so lu tions of Schroder equa tions (see [5| and  [7, 

C hap te r 6 ]).

T h e o r e m  2 .3  (Konigs theorem  (1884)). A ssum e tha t p  is a holom orphic self-m ap  

o f'D  such tha t ip(U) =  0 and 0 <  |v?'(0)| <  1- Then the follow ing assertions hold.

(i) The sequence o f  fu n e tio i

where ipu is the k th itera tion  o f  сp, converges uniform ly on  a com pact subset 

o f'D  to a non-constant fu n c tio n  ծ  tha t sa tisfies  (1.3) w ith  A =  y>'(0).

(ii) f  and  A sa tisfy  (1.3) i f  and only i f  there is a positive integer n  such that 
A =  vs'(O)" and  f  is a constant m ultiple o f  a n .

T h e  nex t theo rem  characterizes all th e  e igenfunctions of a  w eighted com position 
o p e ra to r under som e restric tio n  on  th e  sym bol (sec [4]).

T h e o r e m  2 .4 . A ssu m e tha t tp is a holom orphic self-m ap o f'D  and  и  is  a holomorphic  

m ap o f D  such  tha t u (0) փ  0 , y?(0) =  0 a nd  0  < |v>'(0)| <  1. T hen the following  
s ta tem en ts  hold.

(i) The sequence o f  fu nc tions

( ] _  u(z)u(<p(z))...u(<pk- i(z ) )
H  ) "  u (0 )k

where <pk м  the k th iteration o f p ,  converges to a non -constan t holomorphic. 
fu n c tio n  V o f  D  tha t sa tisfies  (1.4) w ith  A =  « (0 ).

(ii)  f  and  A sa tis fy  (1.4) i f  and only i f  f  =  v a n and  A =  и (0 )ѵз'(0 ) ’*, where, n  

is  a nonnegative in teger and a  is  a so lution o f  the Schroder equation (t.3 )
<7 О V9 =  <p'(0)<r.



3 . C o m p o s it io n  o p e r a t o r s  

In  th is  section, we o b ta in  sufficient conditions th a t ensure all th e  eigenfunctions 

<t" o f a  com position o pera to r to  belong to  Ъ а for som e p ositive n um ber a  and  for all 
positive integers n.

D e f in itio n  3 .1 . G iven a  num ber n  >  0 , th e  Hyperbolic ո ֊ derivative  o f a  function y? 

a t  z  e  V  is defined by
_  (I  - l » l 2)°  g * M

For ri =  1, i t  sim ply is called th e  H yperbolic derivative o f y? a t  2 , a n d  is denoted 

by <p(hH z).

D e f in i t io n  3 .2 . Let </5 be a  holom orphic self-m ap of D  such th a t  y>(0) =  0 and

0 <  |v9'( 0 ) | <  1» and  le t <ք,„ b e  th e  m lh  ite ra tion  of уэ for som e fixed nonnegative 
in teger m .  T hen  we say th a t  у> satisfies condition  (A) if there  ex ists a  nonnegative 

in teger rn such th a t

(A) | „ < » - W W ) I  - (1  ՜  W ) l ֊ ly ,(0 )l՛

for all z  €  '£> and  for som e fixed a  >  0.

R e m a r k  3 .1 .  Tf condition  (A) is satisfied fo r  som e m , then i t  a h o  is satisfied fo r  all 

nonnegative integers greater than m .

T he following exam ple provides a  fam ily of m aps th a t  satisfies condition (A). T he 

exam ple is borrow ed from  [3].

E x a m p le  3 .1 . Consider a  m ap  7  th a t  m aps th e  u n it disk un ivalently  t.o th e  righ t

h a lf p lane. T his m ap  is given by  formula:

r \  1 +  z7 (2 ) =  3— ^

For any  t  €  (0 ,1 ), define

i M *  + 1 '
I t  is well known th a t  <քէ m aps th e  u n it  disk  in to  itself for each  t. €  (0, I) (see [7]) . 

T hese m aps are  known a s  lens maps.
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C la im  3 .1 . T h e  m ap <pt satisfies th e  condition (A) fo r a  =  1 and  m  =  0. th a t  is, 

fo>tfc)(*)l <  Iv'.(0 )| fo r a ll t  €  (0 , 1) a n d  for all z €  Ъ .

P r o o f .  Clearly, we have <pt(U) =  0  and

І¥>»001

Since 7 ' 'z ) =  

ches th e  b 
= 7 (г )  =  г е ів to  ob ta in

M z y  + 1 |2

we see th a t  |v?t(0)| =  t.  I t  is know n th a t  th e  im age of ipt
'  a - * ) 2 ՛

touches th e  boun d ary  o f th e  un it disk non-tangcntia lly  a t  1 and  —1. Now we p u t

y w ( l ) i ,  1 - .H 2 . 2 t  K : *i M
1 - l ^ r  |-  +  11'

1 -  \z \
!«»• + 1|2 -  к  -  i p

2* |№* ֊ 4  \w'\.
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O n th e  o th e r  hand , we have

+  , |2  _  |W‘ -  1 |2  =  («* +  l)(tu ‘ +  1) -  (w l -  l) ( t« ‘ -  1 ) =

= (w ‘ +  !)(«>' +  1) -  (w* -  1)(տ* -  1) =  2(tu։ + w ‘)  =  2 r* (e "e +  e~ i,e)  =  4  r* cos tO.

I f  s  €  (—1 ,1 ), th e n  7 (2 ) €  R + . T herefore  0 =  0 a n d  so =  *• O n  th e  o ther

h an d , if z  e  Ъ  \  (—1 ,1 ), th en  |0 | e  (0 ,я /2 ) .  H ence c o s t#  >  cos0  >  0, and  so

R e m a r k  3 .2 .  Prom the p ro o f o f  C laim  3.1, w e see th a t |ip[ll\ z ) \  ֊л  0 as z  approaches 

the boundary o f the u n it  disk along the real-axis. H ence th e  com position operator w ith  

sym bol <pt is a non-com pact operator on  Ъ .

T h e  following p roposition , w hich p rovides a  sufficient c ond ition  for K onigs function 

to  be long  to  B loch-type spaces, plays an  im p o r ta n t ro le  in  th e  proofs o f ou r m ain  

resu lts.

P r o p o s i t i o n  3 .1 . A ssu m e  tha t the opem tor C v  is  bounded o n  Ъ „ , and <p satisfies 

condition  (A) fo r  som e a  >  0 and fo r  som e fixed nonnegative in teger  m . T hen a  

belongs to  Ѣ „ .

P r o o f .  S ince th e  o p e ra to r is bounded  on  Ъ а , th e re  ex ists a  positive n um ber M

such  th a t

U sing z  =  ^ w e get

b ! w w i -

|ti) +  1 |2 — |u> — I )2 t  r * ՜ 1 4 r  cos 0 t  r L 1 _  t  cos Ѳ 
4 r l cos tti cos tO4 r ' cos tO

(г) I <  t .  T h is  com pletes th e  proof. □

(3.1) (1 -  \z\2)a \<p'(z)\ <  Щ  1 -  M z ) \* )*  for г  €  V .  
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For m  g iven by  the assum ption , choosc a  nonnegative in teger k  such th a t  к  > rn. For 

z  €  'D, we have

(1  -  |* |* ) °lv t(* ) l =  (1 -  N a) °  lv», (v»fc-i(*))v»/ (v’fc-a(z ))- -v / (v’» .-i(*))v >, (<?m (* ))--'p / (2 

=  (1 -  № )* *  Iv'COv^'M-5)) - V ( v m - i ( * ) ) ^ ' ( v » n ( * ) ) - w ,,( v f r -a ( * ) )  ^ (v > fc - i(« ) '|.

By using (3.1), we ob tain

(1  -  N 2)“ K ( * ) I  <

<  JW( 1 -  |¥»(s)|2)“  І¥>'(ѵ>(г ) )  • • V ( ( f t i . - iW ) » ,' W 4 - Ĵ ( W - a f c ) )  ¥> '(V fe -i(*) l-  

A gain using (3.1) repeatedly, we get

( 1 -  I*|a)e |v i(* ) l  < w m (1 ֊  Іѵ^(*)І2 П ^ т С О ) Ѵ ( * > * - і ( г ) І

Now using condition  (A) repeated ly , we get

(1  ֊  N 2m ( z ) |  < M " V ( 0 )*-™ | (1 -  |Ы * ) |2)“

T h u s, we have

ш » ( I  ֊  м 2)“  | ^ |  <  (1 -  I w W I 2)"  <  — if,

M m
im plying th a t  (1 — \z\2)a \tr'(z)\ <  |y/(Q)«»j ‘ Hence, a  6  23 P roposition  3.1 is proved.

□
T h e  following corollary provides a  sufficient condition th a t  ensures all th e  integer 

pow ers of th e  K onigs function  to  belong to  B loch-type spaces 23 Q for «  <  1.

T h e o r e m  3 .1 . Suppose  a  <  1 . I f  operator Cv  is bounded on  25„ and  <p satisfies the 
condition  (A), then  a n e  23 a  fo r  all positive integers n .

P ro o f .  From  Proposition  3.1, we see th a t  a  6  ®0 . L e t H 00 denote  th e  space of 
bounded  holom orphic functions on  the u n it disk D . Since Ъ а  с  И 00 for a  <  1, there  

ex ists ; positive constan t С  such th a t  | |а ||н ~  <  С , and

(1 ֊  I*|2)e |(<rn(i)) , | =(1 -  \z\2r  In <Tn֊ l (z) o'{z)\

< lk b „  »  k n_1(*)l 

< n  lk ||® „  c - 1.

H ence, <t" 6  23Q fo r all positive in tegers n . □
T h e  following theo rem  gives a  sufficient condition  th a t  ensures all th e  integer 

pow ers o f K onigs function  to  belong to  th e  B loch space.
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T h e o r e m  3 .2 . L et p  be a holomorphic self-map o f  D  such th a t p (0 )  =  0 and  0 <  

1^(0) I <  1. Also, assum e that

(3.2) , 1 7  . ‘° 8 ?  h / ( « ) | <  lsp'(0)l fo r  oil » E D.
1 -  I v M P  log г г Д з ,

T hen operator Շ.ք is bounded on Ѣ  and a n  €  Ѣ  fo r  all positive integers n .

P r o o f .  T he b oundedness of C v  on  the Bloch space follows from  S chw arz-Pick theorem . 

F rom  th e  hypothesis o f th e  theorem , we have

(3.3) ( l - H ^ l o g — щ 1 у '(г ) | <  |y>, ( 0 ) | ( l - |y ( a ) |2) lo g  Հ ^ Լ £ )\ for a11 2  e  

Let к  be a  positive  in teger, then  we have

(1  ֊  |g|2)|yfc(-s)|k>g г =(1 ֊  N 2) \< р '(* № Ы * )) ......v 'f o k - x  (z))l b g

= ( i  -  \z\2) log ......<pf(.<pk֊i (*))|.

B y using (3.3), we see th a t

(1  -  |г |2) к р * ( г ) |к ^ ^ - 2 щ  < fc /(o ) |( i  -  ly (^)l2)>og ղ .......

A nd  using (3.3) repeated ly , we get

EIGENFUNCTIONS OF COMPOSITION OPERATORS ...

<2|¥>'(o) |* ( i - | ot> M I) i° s y

Since log ж <  X  for x  >  1, we have

(1 ֊  |* |“) К М 1  log j —  < 4 |p '(0 ) l* .

J t a ( l  ֊  | , |> )  | ^ |  log յ - b j  =  (1 ֊  w i  log ֊  < 4 ,  . f » ,

show ing th a t

(3.4) \c /{z)\ < ---------------  --------շ — .
( l - | * | 2) lo g l - ^

R ecall th a t  <t(0) =  0. Now we ob tain  an  estim ate  fo r a .  W e have

M * ) |  -  1Հ 1 ^ ( t o ) J ( t 2 )| <  Լ  № ) а д * | )  s  £  -— Կ — г г т 5 р ' ‘ (‘ ^ 1) £



(3.5) <  4 [log ( lo g  r ^ R ) ] o =  4 [log ( log  ֊  l„g(log2)] .

N ext, by using (3.4) and  th e  above o btained estim ate  for cr, we get

(1  -  И 3) ( * " М ) ' =<1  ֊  l*la ) »  lo— * (•) » 'M I

^ ■ „ ( l o g l o g j - ^ j - l o g l o g i )

Finally, i t  is easy to  see t h a t  th e  righ t-hand  side o f th e  la s t expression teds to  zero as 
|z | —» 1. Hence crn e  Ъ  for all positive integers n . □

L et us recall th e  Lipschitz-t.ype norm , w hich is equivalent to  th e  u sual norm , defined 

for function /  6  ® «, a  > 1 by

ll/IU .. =  s u p ( l — |* |2)a - 1 | / ( z ) |.
*6  -d

N ext, we presen t resu lts for th e  B loch-type spaces Ъа  fo r or >  1. W e s ta r t  w ith the 
following definition.

D e f in i t io n  3 .3 . Suppose /  e  ®„ for some a  >  0, th en  we define th e  Bloch number 

o f /  by  £>/ =  in f {o  : /  €  Ъ а }.

P r o p o s i t io n  3 .2 . Suppose Ց > 0 . Then f n  €= 'bp+j fo r  all positive integers n  i f  and 

only i f b /  i f  a t m ost 1.

P r o o f .  Suppose / “ €  ѣ д  11 for all positive in tegers n . W e h ave to  show th a t  b /  <  1. 
On th e  contrary, assum e b f >  1. T hen  there  ex ists a  positive in teger n 0 such th a t 
1 < 1  \- —֊ < b j.  Now, in  view of definition o f L ipschitz-type norm , we see th a t  for 
any  fixed positive in teger M  there  exists г е В  such th a t

м  <  ( i  -  W 2) " ~ i / M |  < { ( i  -  М 2) " “ | / Ы І Г ” -  ( l  -  M V l / W I - ,

showing th a t

M  <  s u p ( l  -  | г | У  l /W I ”” -  
*e®

Since M  is an  a rb itra ry  positive in teger, we have f na & Ър+ 1. W hich is a  contradiction.
70
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C onversely, suppose  chat b f  <  1. Since Ѣ а  с  Ѣ  for all a  <  1, th e n  clearly  f  €  Ѣ . 

F or an y  fixed U >  0 a n d  fo r a n y  fixed positive  in teg e r n , we have

(1 -  |*|2)«+ II ( / “ ) 'W I -(1  -  М Ѵ + Ч я /— Ч О Л *)!

=п(1 -  И 2) |Я * ) І ( і  ֊  ^ l 2) " l / " - ‘ W I 

< » І І / Ь ( 1  -  H  V  ( l l / І І »  lo g  з ֊ г щ )  

- » ( l l / I W ' 4 i - M 2) e ( b g T — ) “

T h e  la s t  expression  goes to  zero  as \z\ —» 1, show ing  th a t  / ”  €  Ъ д+ і fo r a ll positive 

in tegers  it. □

T h e o r e m  3 .3 .  L et ip be. a holom orphic self-m ap o f D  such  th a t <p(0) =  0 and  0 <  

|y>'(0 )| <  1 , a nd  le t a  >  1 . I f  |с^л) ( г ) | <  |(p '(0 ) | f o r  all z  6  "D, th en  operator is  

bounded o n  Ъ п and  i t "  €  fo r  all p ositive  in tegers n .

P r o o f .  S ince | ^ л)(г ) | <  |y?'(0)| fo r all г  e  D , by P ro p o s itio n  3.1 w e have a  e  Ъ. So 

b f  <  1. T herefo re  th e  re su lt follows from  P ro p o s itio n  3.2. □

4 . W e i g h t e d  C o m p o s i t i o n  o p e r a t o r s  

R ecall t h a t  if  и  is a  h o lom orpliic  func tion  o f th e  u n it  d isk , a n d  տ is  a  holom orphic  

self-m ap o f th e  u n it  d isk , th e n  th e  S cliroder eq u a tio n  fo r w eighted  com position  o p e ra to r  

is given by

(4.1) u  Ш Ы * ) )  =  A /(* ).

w here  /  €  D i(D ) a n d  A is a  com plex con stan t.

A lso, reca ll th a t  if  tt(0 ) փ  0, ip(0) =  0 a n d  0  <  |ip '(0 )| <  1 , th e n  th e  so lu tions of 

eq u a tio n  (4.1) a re  given b y  T heorem  2.4. T h e  p rin c ip a l e igenfunction  co rrespond ing  

to  th e  eigenvalue u (0 ) w e d en o te  b y  v ,  and  observe th a t  a ll th e  o th e r  eigenfunctions 

a rc  o f  th e  fo rm  vern , w here a  is th e  K onigs func tion  o f ip a n d  n  is a  p ositiv e  in teger. 

H osokaw a a n d  N guyen  [4] s tu d ied  th e  eq u a tion  (4.1) in  t h e  B loch  s p ace  a n d  o b ta in ed  

th e  follow ing re su lt.

T h e o r e m  4 .1 .  L et <p be a holom orphic self-m ap o fD  w ith  y?(0) =  0 and  0 <  1 ^ (0 )  I <  

1, and  le t и  be a ho lom orphic  m ap  o f  D  such  th a t  гг(0) փ  0 . A ssu m e  th a t operator
71
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«Су, is bounded on Ѣ . Further, fo r  0 <  r  <  1, we set.

M riv )  =  sup M « )|, «г =  sup (|« '(z)tp{s)\ + \u(z)<p'(z)\),
|» |-r  l=l=r

and assume that the following conditions are satisfied:

(i) limr_+i log(l — r)  log M r(<p) =  00 .
(ii) log |ar | <  e log(l -  r)lo g M r(v>),

where e >  0  is a constant satisfying e log Цѵ̂ ІІоо >  —1 .

Then v nn G Ѣ fo r  all nonnegative integers n .

Now we proceed to  obtain conditions on the weight u and on the symbol <f> of the 
weighted composition operators uCv  th a t ensure vern to belong to Bloch-type spaces 
Ъа for some a  > 0 and for all nonnegative integers n. We begin w ith the following 
remark.

R e m a rk  4 .1 . Let f  be a holomorphic function defined on 'D. I f  | | / ' | |TO <  M  fo r  some 
M  > 0, then we have

I / M  -  /(0 )1  -  \ £  г / '( і г ) ( й |  <  £  խ  / ' ( 1 « ) |Л  < м £  խխէ.

If, in addition, f  also satisfies /(0 )  =  0, then  | |/ | |« ,  <  Л/.

P ro p o s itio n  4.1. L et ip be a univalent holomorphic self-map o f the unit disk with
tp(0) =  0 and 0 <  |<p'(0)| <  1, and let մ be the Konigs function o f ip. Then a is
bounded i f  and only i f  there is a positive integer к such that ||од||оо <  1 •

P ro o f . Suppose th a t it  is bounded. Since ip is univalent, a  is also univalent (see [7], 

p. 91). Since a  is bounded univalent map, there is a  positive integer к such that 
І Ы І 00 <  1 (see [7]).

Conversely, suppose there is a  positive integer к  such th a t ||y>*||oo <  1. Since 
o{+(z)) =  y?'(0)o-(z), we have

^(<Pk(z)) =  o(ip(<pk~i{z)) =  ip‘(0)cr(ipk-i(z)) =  <p'(0)k<r(z).

Clearly the left-hand side of the last relation is bounded, and therefore a  is also 
bounded, which completes the proof. □

T h e o re m  4 .2 . Let <p be a univalent holomorphic self-map o f the unit disk with <p(Q) =  
0  and 0  <  |v>'(0)l <  1 satisfying | ^ л“>(г)| <  |y /(0)| fo r  all z  6  X> and fo r some fixed



EIGENFUNCTIONS OF COMPOSITION OPERATORS

a  <  1 . I f  u  is  a holomorphic m ap o f V  such that u (0) փ  0 and  ||tt'||ce <  oo, then 
operator uCv  is bounded an Ъ а and va"  €  HQ fo r  all nonncgative integers n .

P ro o f .  Since ||u||oo <  ||«Հ||-» +  |“ (0)| <  oo and  |^ (/,“ 4 ^ ) | <  |^ ( 0 ) | ,  th e  o pera to r vC v  
is bounded on Ъа  for some о  <  1.

Since <  |v?'(0)| for some a  <  1, in view of P roposition  3.1, we see th a t
(T 6  Ъ„  for a  <  1, and  hence is bounded. N ext, since տ is univalen t, a  is also univalent. 

Consequently, th ere  exists a  nonnegative in teger к  such th a t  ||у?л||ос <  1 • C om posing 
ifik- 1 on b o th  sides of th e  Schroder equation  (4.1) from  righ t, we get

(4.2) u(<Pk-i (z ) ) f ( tp k {z)) =  A/(?>fc-i (г)).

T he left-hand  side o f th e  above equation  is bounded, an d  so is /  о фк-х- Hence, 
d ifferentiating b o th  side of (4.2), we get

«'(V?fc-i(z)) <p'k_ ,(* )  /(¥>*(*))+  «(wl—i(z ) )  ք՚կքհԼշ)) <p'k (z)  -  A/'(y>fc-i (=)) Փ՚հ-ձ*)- 

N ext, m ultip ly ing  b o th  sides o f th e  la s t  equation  b y  (1 — \z\2)a , a n d  using boundedness 

o f ||m'||<»i ЦмЦоо, /  °  4>k an d  ք ' °  <Pk, we see th a t  th ere  ex ists a  c o n stan t M  such th a t

(4.3) (1 -  | i f  r i v ' O w - i W K - i  M l <  M ( 1 -  |»|*)” ( l r t - 1 W I  +  K A W D -
T h e  riglit-liaiid  side of th e  above inequality  is uniform ly bounded , a n d  there fo re  th e  

left-hand side is bounded. A gain, we com pose <pk- 2  on  (4.1), to  get

и(ѵ>*-2(г ))/(ѵ » * -і(* )) =  A/(v?fc-2(«)).

Now we d ifferen tiate th e  above equation , then  m ultip ly  by  b o th  sides by  (1 — | ’ |2)“ , 

and  use (4.2) and  (4.3) to  show th a t  (1 — \z \2)a \ f ' ( ‘Pk-2iz))ififk_ 2{z)\ is bounded.

C ontinu ing  th is  process, we see th a t  th a t  su p .e .£,(l — \z \2)a \ f ' ( z )\ й  bounded, and  
hence /  6  'Bn . By T heorem  2.4, any  holom orphic /  satisfy ing  (4.1) is o f th e  form vrr" 

fo r som e positive in teger n ,  im plying th a t  v a n  €  Ъ а  for a ll nonncgative in tegers n. 

T h is  com pletes the proof. T heorem  4.2 is proved. □
T he following tw o theorem s give sufficient conditions t h a t  ensure hit" to  belong  to  

B loch-type spaces Ъ а  for som e a  >  1 an d  for all nonncgative in tegers n.

T h e o r e m  4 .3 .  L et ip be a holomorphic self-m ap o f  the u n it disk w ith  y>(0 ) =  0 and 

0 <  |¥>'(0)| <  1, and le t и  be a holomorphic map o f  D  sveh  th a t u(0) փ  0 . A ssum e  
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(1 ֊  М * ) Р ) Я

Then the following statem ent? hold.

(i) I f  \p (hr-)(z)\ <  |* /(0 ) | fo r  all z  €  D  and fo r  som e a  <  1, then  v a ՝1 G Ъ ц.ц  
fo r  all nonnegative integers n .

(ii) I f  |v>*A4 2 )l — 1 ^ (0 ) | fo r  all z  G D , then v a "  G Ѣ Р І x fo r  som e p  >  թ and for  
all nonnegative integers n .

P ro o f .  We first prove th e  assertion  (i). From th e  definition of v& (see Theorem  2.4),

(1  ֊  w V k m i  - a  ֊  n V  |г ) ) |

< ( 1  -  M . ) i y | , w , i ; - : ; g r r i | , ) ) l ֊ .  £  i-խ (0 )|» -

Hence (1 -  \z\2)P\v{z)\ =  lim fc_too(l -  \z\2)e \vk (z)\ <  1 . Since г  is a rb itra ry , we have

su p ( l  -  \*\2)fi\v {z) |.<  oo.
*6©

On th e  o th e r hand , th e  assum ption <  l^ '(0 )l and  P roposition  3.1 im ply
th a t  a n G "Вс С  H °° for all nounegative in teger n .  Therefore,

s u p ( l  -  \z\2)^ \v (z )a n (z)\ <  oo 
ze-D

for all nonnegative integers n .  C onsidering th e  equivalent norm  (see (1 .2)), we conclude 

th a t va "  G 25й+і fo r a ll nonnegative integers n .  T h is  com pletes th e  p roof o f assertion 

0 ) .

J-’o prove the assertion  (ii), observe first th a t  from  th e  p roof o f p a r t  (i ). we have

(4-4) s u p ( l -  \z\3)fi\v (z)\  <  oo.
гею

O n th e  o ther hand , since |v?(ft)(.z)| <  |^ ( 0 ) | ,  P roposition  3.1 implies th a t  a  G Ѣ, and 
hence there  exists a  num ber M  >  0 such th a t



N ext, using equations (4.4) an d  (4.5), w ith  some con stan t С  >  0 we have

(1 -  ы Ѵ Ь іД О Ч *)! -{<1 -  I* IV |» W )H (1  -  M V - V M I I

< C M  ( 1 -  l i l2) - ֊ ' 1 ( lo g  յ - ^ յ յ յ )  ” •

Finally , i t  is easy to  see th a t  th e  la s t expression goes to  zero a s  \z\ —r 1. Hence, 

v a "  e  jBp i i  for all nonuegative in tegers « . T heorem  4.3 is proved . □

T h e o r e m  4 .4 .  Let <p be a holom orphic self-m ap o f the  unit, disk with  y>(0) =  0 and  
0 <  |уз'(0)| <  I, and le t и  be a holomorphic. m ap o f 'D  such  tha t u((J) փ  0 . Suppose, 

tha t p  is a positive  integer and th e  following conditions are satisfied:

(՝> <  W 0 )l fo r  all z  e v
(1  ֊  І у М П »  log ГГГГД Ц Ц»

(ii)  s  ք"  M  z  E ®-

EIGENFUNCTIONS OF COMPOSITION OPEHATORS ...

Then vcf1L €  ՛В/з+ւ fo r  all nonnegative integers n .

P r o o f .  In  view o f th e  definition of Vk (see T heorem  2.4) an d  th e  condition  (i), we 

can  w rite

O  ֊  -  ( .  -  k i r

w i  ■ ■ - ֊ ' . м . ֊ ֊  2  И у ( * ) ) .......
-  W * ) l  ) b s  ( J  _  Щ 5»  w o ) |*_ ,

< ( X -  £  21,(1 -  ' ^ ) і) Д ь « ( . - іД м і у -
Since log® <  X  for x  >  1, we have

(1 -  խ |! )» log (1 _ 2M ) a M * ) l  ^  2"+1-

So tak in g  lim it as к  approaches to  oo, we see t h a t  
20+l

(4-0) (1 ֊  W V M * ) I  <  r — T -
log i= r.i

O n th e  o th e r  han d , since <ք satisfies condition  (i i ) ,  in  view  o f eq u a tion  (3.5), there, 

ex ists К  >  0  such  th a t

(4.7) |ег(г)| <  JTloglog

Now using (4.6) and  (4.7), we ge t

(1 ֊  и * ) > М о " М 1 <  (lo g lo g  .
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C learly th e  righ t-hand  side of th e  above equation goes to  0 a s  \z\ ->  1. Using the 

norm  defined in  (1 .2 ), we conclude th a t  v a "  e  ®/3+i for all nonnegative integers n. 
Theorem  4.4 is proved. □

T his paper is based on a  research which form s a  p a r t  o f th e  a u th o r’s  Ph.D . 
d issertation from University of Toledo. T h e  a u th o r wishes to  express his deep g ra titude  

to  his disserta tion  adviser Professor 2eljko Сийкоѵій.
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Abstract.. In this paper, we derive characterizations of boundedness of subsequences 
of partial sums with respect to Vilenkin system on the martingale Hardy spaces Hp when 

0 <  p  <  1. Moreover, we find necessary and sufficient conditions for the modulus of continuity 
of martingales /  e  Hp, which provide convergence of subscqucnccs of partial sums on the 
martingale Hardy spaces Hp. It is also proved that these results are the best possible in я 
special sense. As applications, some known and new results are pointed out.

M S C 2 0 1 0  n u m b ers: 42C10.
K ey w o rd s: Vilenkin system; partial sums; martingale Hardy space; modulus of 
continuity.

1 . I n t r o d u c t i o n

The notation and definitions, used in th is section, will be given in  th e  n ext section 
o f th e  paper. It is well-known that (for details see [14]):

II S „ f\\p <  Cp II f \ \p , when p  >  1, 

where S nf  is th e n -th  partial sum w ith respect to  bounded Vilenkin system. 
Moreover, the following more stronger result, is also known (see [11]):

I I S ' / l l ,  < < v  l l / l l ,  ■ w hen /  e  L P, p >  l ,

where S " f  =  sup„eN |S „ / |.
Lukomskii [13] obtained a two-sided estim ate for Lebesgue constants L u with 

respect to  Vilenkin system . By using this resuit, wc easily can. show th at for every

°The research was supported by Shota Rustaveli National Science Foundation grants no. 
D O /24/5-100/14 and YS15-2.1.1-47, by a Swedish Institute scholarship no. 10374-2015 and by target 
scientific research programs grant for the students of faculty of Exact and Natural Sciences.
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integrable function f ,  the sequence S„kf  converges to  /  in Lj-norm if and only if

sup <  с <  oo.
*eN

Pointwise and uniform convergence and some approximation properties of partial 
sums in Li-norm were studied by a number of authors (see, e.g, the papers by 
Goginava |9], Goginava and Saliakian [10], AvdispahiC and Mcmi£ [2|, and references 
1,herein). Fine [4] obtained sufficient conditions for the uniform convergent» which are 
in complete analogy with the Dini-Lipschitz conditions. Guli&v [12] has estimated the 
rate of uniform convergence o f a Walsh-Fourier scries by usuig Lebesgue constants and 
modulus of continuity. Uniform convergence o f a  subsequence o f partial sums with 
respect to  Walsh system was investigated also in [8]. This problem for a Vilenkin 
group G,„ was considered by Blahota [3], Fridli [5] and G«it [7].

It is known (for details see, e.g., [18]) that the Vilenkin system  does not form a 

basis in the space L \ (Gm) . Moreover, there is a  function /  in the martingale Hardy 
space Hi (G m) such that the sequence o f partial sums o f /  is not bounded in L i (Gm)- 
norm, but a subsequence S m„ o f partial sums is bounded from the martingale Hardy 
space Hp (Gm) to the Lebesgue space Lp  (Gm), for all p  >  0.

In [21] it was proved that if  0 <  p <  1 and {a*.. : к  6  N } is an increasing sequence 
of nonncgative integers such that

(1.1) supp («*) <  oo, 
fcgM

where p  (n) =  |n | — (n) and

(n ) =  mia{j  G N  : Tij փ  0 } ,  |n | =  m a x { jf G N  : ո, 0 } ,

for n  =  53 n.jM j, n j G Z rnj ( j  G N), then the restricted maximal operator

5* ,д/  :=  su p |5 efc/ |  
ken

is b'-unded from the Hardy space H p to  the Lebesgue space L p.

Moreover, if 0 <  p <  1 and {a* : к G N} is an increasing sequence of nonnegative 
integers satisfying the condition

(1.2) supp(afc) =  oo, 
fceN

then there exists a martingale /  G H v  such that

SUP IISan/Hi =oo. 
fc€N
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It immediately follows that for any p >  0 and /  6  Hp, the following restricted maximal 
operator

S # /  :=  su p |S w„ / | ,
n€N

whore Mi, :=  1, M k+i '■= .H0m* au<  ̂ m  (n'o, m i , . . . )  is a sequence of positive  
integers not. less than 2, which generates the Vilenkin system , is bounded from the 

Hardy space Hp to  the space L„ :

(1.3) | M | „ <  11/11,,., / 6  Яр.

For the Vilenkin system, Simon [15] proved that there is an absolute constant c„, 
depending only on p, such that

M  ք ^ տ գ ւ տ ւ  ? , ,,

for all /  €  Hv  where 0 <  p <  1. In [17] we proved that the sequence {1 / к 2~ѵ : к  €  N } 

can not be improved.
A  similar theorem for p  =  1 with respect to  the unbounded Vilenkin system s was 

proved in G it  [6].
In [18] we proved that if  0  <  p  <  1, /  €  U p (Gm) and

ON THE CONVERGENCE OF PARTIAL SUMS ...

(1.5) ||ՏՈ(է/  -  / | | Яр -»  о as к  -400.

Moreover, for every p €  (0 ,1 ) there exists a  martingale /  €  H p(G m), for which

IIS k f  -  /IILP։0e(G„) 0 as fc —> oo.

In [20] we investigated some (HP,H P), (H P,L P) and (HP,L P,oo) type inequalities for 

subsequences o f partial sum s of Walsh-Fourier series for 0 <  p <  1.
In th is paper, we derive characterizations of boundedness o f subsequences o f partial 

sum s w ith respect to the Vilenkin system  on the martingale Hardy spaces Hp when 

0 <  p  <  1. Moreover, we find necessary and sufficient, conditions for the modulus 

of continuity of /  6  H p, which provide convergence o f subsequences o f partial sums 
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on the martingale Hardy spaces II,,. It is also proved that these results are the best 
possible in a special sense. As applications, we point out some known and new results.

The paper is organized as follows: In Section 2 wc present necessary notation and 
definitions, and state a number of auxiliary lemmas, needed in the proofs of. the 
main results. Some o f these lemmas are new and represent independent interest. The 
formulations and detailed proofs of the main results and some o f their consequences 
are given in Sections 3 and 4.

2. P r e l im in a r ie s

Let М.,֊ denote the set o f the positive integers, and N  =  N + U {0}. Let 7» =  (m0, 
m i, .. .)  denote a  sequence o f positive integers not less than 2. By Z,„L =  {0 ,1 ,. .. ,  m*. ֊  

1} we denote the additive group o f integers modulo այլ-, and define the group G,n 
to  be the complete direct product o f the group Z mj with the product of the discrete 

topologies of Z,n j’s. T he direct product /x of the measures до, ({յ'} )  :=  1 /то* ( j  e  Z,„k) 
is the Haar measure on G m  with ц  (G m) =  1.

If the sequence to  :=  (m o ,m i,.. .)  is bounded, then the group G„, is called a 
bounded Vilenkin group, else i t  is called an unbounded Vilenkin group. T he element s 

of the group G m  are represented by sequences x  ; =  (,-co, * i ,  . . . ,X j , . . . )  ( x к €  Z m k).

It is easy to  give a  base for the neighborhoods o f G,„:

J0(a;) =  C m, I„ (x ) =  { y  €  Gm \ y0 =  x 0, . . . ,y n- i  =  ж „_і} (ж e  C„„ n  e  N). 

Denote /„  :=■ /„  (0) for n  €  N  and In :=  Gm \  It is clear that 
N - i

(2-1) Խ  =  I J / , \ W
*=0

If we define the so-called generalized number system  based on m  in the following way

Mo :=  , A/fc+i :=  rnuMk (к  €  N ), then every n  e  N  can uniquely be expressed as
/I =  rijM j, where n , e  Z m, (J € N) and only a finite number o f n,-‘s  differ from 

k=о
zero. For all n  6  N  we define

(n )  :=  m in {j €  N  : ոյ փ  0 } ,  |n | : =  m ax{j 6  N  : #  ( )}, p ( n )  =  |n | -  (n ) .

For a natural number ո  =  n jM j,  we define the functions v  and v" as follows: 

v  (n ) =  1^+’ ~  &j\ +  do> V  (n) =  ^ 2  S j,
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where Sj — signn j  — .sign (Օ ղ )  , S’  — \Q nj — 1| Sj and 0  is the inverse operation 

for ofc (b bk := («fc +  bk)modmk- The norms (or quasi-norms) of the spaces Lp(Gm) 
and Lp.oo (Gm) (0 <  p  <  oo) are respectively defined by

V K '=  Լ  : = m p V ( / > A ) , / '’ .

Next., on the group G m wc introduce an orthonormal system, which is called the 
Vilenkin system. To this end, we first define the complex-valued functions »•* (x ) : 
&՛„, —»■ C, called the generalized Rademacher functions, as follows:

г к (x) :=  exp (2ттіхк/шк) (t2 =  —1, x  e  G m, к  e  N) .

Now define the Vilenkin system -ф :=  : n  e  N) on G rn as follows:

фп(х) := n or -  (x) ( n e w ) .

Notice that in the special case where in  ֊  2, that is, =  2 for all к  €  N , the above 
defined system is called t.he Walsh-Paley system. Observe that th e  Vilenkin system  is 

orthonormal anti complete in Լ շ  (Gm) (see, e.g. [1, 22]). If /  e  L \  (G ,„), then we can 

define the Fourier coefficients, the partial sums o f the Fburier series, and the Dirichlet 
kernel for the Vilenkin system t/> in the usual manner as follows:

f ( k )  ֊. -  Լ  քՓ„ձթ, ( i s  N)

S ..I  : *u, (» S H ).
k=0 k=0

Recall that (see [1])
«4 r-» , \ f  Л'/„, if X Շ In

<2-2) D m ~ W  -  {  0, if  x i i „

(2  3) =  j r ; r j j .

Moreover, if  n  e  N and x  e  Ta \  Ta+j , 0 <  s  <  ЛГ — 1, then the following estimates 

hold (see Tephnadze [16, 19]):

(2 .4 )  | Ц . ( * ) | - І д ^ - к ^ Ю І г л Г м ,

and
. cM t(2.5) J  \Dn { x - t ) \d n { t)  5 M N '
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The n-tli Lebesguc constant L„  for the Vilenkin system ip is defined by

II A .  III ■

It is known that, for every ti =  53“ , щ М ,, the following two-sided estimate is true 
(see Lukomskii |13]):

(2.6) («) +  j ” ’ (n) +  ^  <  Ln <  I V (n) +  4«* (n) ֊  1,

where A := supn6n Jn„.
The fT-algebra generated by the intervals [I„  (a;) : x  S G ,„} we denote by Ւ „ 

(n  e  N), and by /  =  ( /n ,n  €  N) we denote a martingale with respect to  f  „  (n  6  W) 
(for details see Weisz [23]).

The maximal function of a  martingale /  is defined by 

/*  = s u p | / (n)|.
t»€N I I

In the case where /  e  L\ (Gm ) ,  the maximal function can also be given by the 
following formula:

r w  =  ^ K M K , . / (") , ip W
For 0 <  p  <  oo the Hardy martingale spaces H p (G'm) consist o f all martingales, for 
which \\f\\Hp :=  II/*||p <  oo.

Let X  =  X (Gm) denote either the space L \{G m) or the space of continuous 
functions C(G „,). The corresponding norm is denoted by ]| • Цл՜. The modulus of 
continuity, when X  =  С  (Gm) and the integral modulus of continuity, when X  =  
L \ (G„,)  are defined by

The modulus of continuity in the Hardy martingale spaces H p (Gm) (0 <  p  <  1) can 
be def led as follows:

“  О Ь ' ) „,«=_> ”  U  ~  S “ ' n "-'a ~> ■
If /  6  L\ (Grn), then it is easy to show that the sequence (5аг„/ : n  G N) is a  
martingale. If /  =  ( / n.n  €  N) is a  martingale then the Vilenkin-Fourier coefficients 
must be defined in a slightly different manner:
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Notice that the Vilenkin-Fourier coefficients of /  e  L\ (Gm) are the same as the 
martingale (S\,r„f : n  €  N) obtained from /  . A bounded measurable function a is 
called a p-atom i f  there exists an interval I  such that

J a t l t s - O ,  | | օ |Ա < ^ ( 1 ) - 1/” , Supp (a) С  /■

Observe that for 0 <  p  <  1, the martingale Hardy spaces TIP (Gm) have atomic 
characterizations (for details see, e.g., Weisz [23, 24]):

L em m a 2 .1 . A martinyale f  =  ( /„ . n  €  N) is in Hp (0 <  p  <  1) if  and only i j  there 
exist a sequence (а^, к €  N) of p-atom s and a sequence (/**.-, fee  N) of real numbers 
such that, fo r  every n  €  N

(2.7) У '/AkSM„ak =  fn  a-e., where ІМа.|р <  oo.
k-.=о fc=о

Moreover,

ii/iihp ~ inf ( j r .  к г )

where the infimum is taken over all decompositions of f  o f form  (2-7).

By using the atomic decomposition of martingales /  e  Hp, we can construct a 
counterexample, which plays a  central role to  prove the sharpness o f our main results, 
and it will be used several times in this paper (for details sec Tephnadze [21], Section 

1.7., Example 1.48).

L em m a  2 .2 . Let 0 <  p  <  1, A =  supn6Nm „, and {A* : fc e  N } be a sequence of real 

numbers such that

(2 .8)  5 Z  lAfclp -  °p <  °°-
fc=0

Let {а* : fc €  N } be a sequence of p-atom s defined by

where |а*| :=  max { j  €  N  : (&հ).յ փ 0} and (аь)^ denotes the j - th  binary coefficient 
of  Qк €  N. Then f  =  ( /„  : n  €  N ) , where

fn  ՛-= *kak,
{fc: |од[<п}
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is a martingale, f  G Hp for all 0 <  p  <  1, and

(2 .9 ) f U )  =
j  G {Af|nt|, . . . ,  Af,„fcl+i  -  1} , к G N, 

3 Հ J J  {Л^|оь| . - .  -  ! } •

Further, le t A/|a,j < j <  M|0 ||+ i,  I €  N. Then

, )
+ А|Мы ‘ » м і . , і ^ - м к

Л

Moreover, the following asymptotic, relation holds:

There exists a close connection between the H p and Lp norms оГ partial sums (see 
Ttephnadze [21], Section 1.7., Examplel.45):

L em m a  2 .3 . Let Mk <  n  <  Afk+i and S nf  be the n-th partial sum  with respect to 
Vilenkin system , where f  G H p fo r some 0  <  p  <  1. Then fo r  every  n  G N we have 

the following estimate:

3 . C o n v e r g e n c e  o f  s u b s e q u e n c e s  o f  p a r t ia l  s u m s  o n  t h e  m a r t in g a l e  

H a r d y  s p a c e s  

Our first main result in this paper is the following theorem.

T h e o r e m  3 .1 . The following assertions hold.

a) Let 0  <  p <  1 and f  G Hp. Then there exists an absolute constant cp, depending 

only on p . such that

b) Let 0 <  p  <  I and  { « t  : к  G N} be an increasing sequence of nonnegative 

integers such that condition (1.2) is satisfied, and le t {Փ„ : n  G N} be any nondecreasing

| |S „ / | |p <  ||5 „ л і//р <  II sup |S Ml/ | | |  +  II5 , , / II <  | | s j / | |  +  II.SV./II,,
llo<i<fc lip 11 "p
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sequence, satisfying the condition:

M & r 1

-■ 'К Г 1* -  ■

Then there exists a martingale f  €  Hp such that

s s l l f e f l L , . . " 00-

P r o o f . Wo first prove assertion a). Suppose that

(3.2) ւ ՜ & Ճ ^ Տ  З ъ Ш и , -
II M i»i I I ,

Then according to Lemma 2.3 and estimates (1.3) and (3.2) we get

II M ^ r l S » f  II I I -  II II M i n \ ~ l s n f  II 
(3-3) и լ  s i M i + | - ^ p - | |

In view o f Lemma 2.1 and (3.3), the proof of part a) o f the theorem will be completed, 
if  we show that

f  К . Г  
I  K ' . i<3 4 > /

for every p-atom a, with support I  and p  ( / )  =  M # 1.
We may assume that this arbitrary p-atom a  has support I =  Ik - It is easy to s© 

that S na  =  0, when M,v >  «- Therefore, we can suppose that M n  <  n. According ti 
||«lloo ^  M^/p, we can write

|M ,4 p ֊1S „ a ( x ) | M l' r l l |« |U  Г

(3 ՛51 I V  1 £
• l / p - l  A /1/ *МУГ M i! r 
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К 1' г І5»“ И  „  К г ' м 1" "  г  

m Ht 1 "  M l £ r l J i*

Let a- e  In- Since x  — t  e  Խ , է G Խ  and v  (n) +  v* (n) <  с ( |« | -  (n)) =  cp (»i), we 
и apply (2-6) to obtain

i f i /p - i j
\Dn ( t) \d ,i( t)

(»•») s  — — j j w n -----------------Л1|»|

_  c m U j- 'm 'J ’ u m ֊  <«» ,  с м У ѵ м
՜  Д /1 / P ՜1 -  2 /> (n )» /p-l)

and

/ ՜ I M X r l Sna (x) f  «р(п )
<3֊7) Լ  I м Ѵ я -і----- 1 ^ ( x )  <  2P(H)(1- P) <  cp <  oo.

Let X  G Ta \  Ta+i , 0 <  s  <  N  — 1 <  (n) or 0 < s <  <n> <  Л Г-1. Then ж- t G  r ,\7 * + 
for t  G Jjv. Combining (2.2) and (2.3) we get D n (x  — t)  =  0, and 

ІМ,Чр֊15 ,.а |

I M w  I
Let X  G Լ \ք „ + ւ ,  0  <  (n) < 8 < N  — 1 or 0 <  (n) <  s  <  N -  1. Then x - t  G Л \Л +  
for t  G In .  Hence, applying (2.5), we get

І М ^ Г ^ а И  «թ»*էճ~'ս Ա թ M .  ,
(3.9) (,l) . .  .-----  <  ( . —  =  с„Л/У.р՜ 1M3.

I M W  I M N  Л'
Combining (2.1), (3.8) and (3.9), we obtain

--------- d n  =  /  — <ІУ------(3.10) [  M <"> 7 ՞  dM =  5 3  [  ի
■/7771 м \п\ I I

s  " " է լ ,
-=<«> e=<n> Л і'’

This completes the proof of part a) o f the theorem.
Now we proceed to prove part b) of the theorem. To this end, observe first that 

under the condition (3.1), there exists a sequence {а*  : к  G N } с  {эт* : к G N} such



We note that such increasing sequence {a*  : к e  N }, which satisfies condition (3.11), 
can be constructed.

Let /  =  (/„., n  €  N) be the martingale from Lemma 2.2, where

ON THE CONVERGENCE OF PARTIAL SUMS ...

(3.12) Afc =  -
VIa /P- w 4 i/2

,-0/i*-i)/2Л/

In view of (3.12) we conclude that. (2.8) is satisfied, and hence, using Lemma 2.2. v 
obtain that /  €  Hp.

Next, using (2.10) with At defined by (3.12), we get

4 ?  -  i t  £  k . i «  ֊

Hence, according to  (3.11), we can write
,  oo дг(1-р)/2фр/2

11-̂ 15—  s  s c g  < / ՛ ՜ 3" ՛  I K ' r ”  ( " ՛ - ՛ «  -  D " | - . | ) I L .

! ~ Af̂ 7)/2< 2 c
(313) ֊ ^o֊P)/2- < Ф£Г-С<°°՜
Let .г e  / (сгк) \  Ilak)+ l . Then we can apply (2.4) to  conclude that

д Л і/р -и /З д г  U /P-i)/2  r>
, , , ,  ЛІІоІ M(°.)(3.14)

M (y r ,) /3 W/(y r 1)/2

Combining (3.13) and (3.14), for sufficiently large k, we can write

f l g f  | [  2: -  H fllE,.. г  1 l l " K , , „

4 f-fx  Հ X G Ст  :

• м £ 7 , / г м ! £ ? >/2 , ,  cM ,fcrt/s
г  ‘ ' փ , / , 1 <■ {Л™>V<».>+ . } >  ~  ,

This completes the proof o f part b) of the theorem.
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The next corollary contains equivalent characterizations of boundedness of subsequences 
of partial sums with respect to the Vilenkin system of martingales /  e  H p in terms 
of measurable properties of the Dirichlet kernel.

C orollary  3 .1 . The following assertions hold.
a) Let 0 <  p  <  1 and f  €  Hp. Then there exists an absolute constant cp, depending 

only on p, such that

b) Let 0 <  p <  1 and {ո* : к  €  N} be an increasing sequence of nonncgativc 

integers such that

and let {Փ„ : n e  N} be any nondecreasing sequence, satisfying the condition

Then there exists a martingale f  6  H p such that

R em ark  3 .1 . Corollary 3.1 shows that when 0 <  p  <  1, th e  main reason of 
divergence of partial sums of a  Vilenkin-Fourier series is the unboundedness o f Fourier 
coefficients, but in the case where the measure o f the support of n*-th Dirichlet kernel 
tends to zero, then the divergence rate drops and in the case when it is maximally 
small, that is,

IISn/Н я ,  < o P {n ^ {su Pv { D n)} ) l ' p- 1 | | / | | „ p .

(3.15) sup { supp {D,ik )} =  oo,

֊^— {nkn { supp (Д щ .)})'7" 1 _

/і (su ppD n J  =  О  33 k  -*■ °°> (-Wln.i < n k <  M (n<l,+1) ,

then wc have convergence.

P roof. Combining (2.2) and (2.3) we get I(n)\I(n )+ i С suppZ>„ С I(„) and

Since M|„| <  n  <  M H +1, we immediately get

<  ո /г {supp (D „)} <
2 M (n) ^(n> ’

where A =  supn6N m ,,.
88



It follows that

M m ՜ 1 , , / D , \ ' /։‘- ' м Ц Гj- <  (пц  {supp (A ,)}) ,p < -

ON THE CONVERGENCE OF PARTIAL SUMS ...

--.
The result follows by using these estimates in Theorem 3.1. □

As special cases of Theorem 3.1, we can infer a  number of known and new results 
that are of particular interest. Tn Corollaries 3.2-3.4 that follow we list some of them.

C oro llary  3 .2 . Let 0 <  p  <  1, f  e  Hp and  {nj. : к  €  N} be an increasing sequence 
of nonnegative integers. Then

\\Snkf\\Hp < C v \\f \\Hp 

if  and only i f  condition (1-1) is satisfied.

P r o o f . It is easy to  show that

շ /*("fc) <  .f f i * 1- <  Ap("k),
M (n„)

where A =  sup„€N m „. It follows that
M 1/p~1 I jlfc Isup — ' ' , <  с <  oo

if  and only if (1.1) holds. Thus, the result follows from Theorem 3.1. П

C oro llary  3 .3 . Let n  e  N and 0 <  p  <  1. Tlien there exists a martingale f  €  IIր

such that

(3.16) sup | |5 м „ + і/ ||г  _  =  oo- 
..eN

P r o o f. It  is easy to  check that

(3.17) \Mn +  1| =  n , (M n  +  1) =  0 

and

(3.18) p (M n +  \ )  =  n.

By using Corollary 3.2 we obtain that there exists a  m artingale /  6  H p  (0 <  p  <  1)
such that (3.16) holds. T he proof is complete. □

C oro llary  3 .4 . Let n f N , 0 < p < l  and f  €  H p. Then

(3.19) І І « л г .+ м .- , / іи „ < * р  11/lb ,,.
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P roof. Similar to (3.17) and (3.18), we obtain

IM n +  M „_ ,  I =  n , (M „  +  M „_, )  =  n  -  1 

and p(M „ +  M „_i) =  1. By using Corollary 3.2 we immediately get the inequality
(3.19) for all 0 <  V й  1- The proof is complete. П

C orollary  3 .5 . Let n  G N, 0 <  p  <  1 and f  G H p. Then

(3.20) \\SM„f\\Hp <  (h, \\f\\Hp .

P roof. Similar to (3.17) and (3.18) we obtain |Л-/„| =  n , (M n ) =  n  and p  (Л/„) =  0. 
Using Corollary 3.2 we get the inequality (3.20) for all 0 <  p <  1. □

4. N e c e s s a r y  a n d  s u f f ic ie n t  c o n d it io n  f o r  c o n v f .r c e n c e  o f  p a r t ia l  su m s

IN TERMS OF MODULUS OF CONTINUITY 

The main result o f this section is the following theorem.

T h eo rem  4 .1 . The following assertions hold.
a) Let 0 <  p  <  1, /  G Hp and Aik <  n  <  Then there exists an absolute

constant cp, depending only on p , such that

< « )

Moreover, if  {ո* : к  G N} is an increasing sequence of nonnegative integers such that

(4.3) IISnJ  -  f \ \Hv -► 0 as к - t o o .

b) Le>. {ո* : A- G N} be an increasing sequence of nonnegative integers such that the 
condition (1.2) is satisfied. Then there exist a martingale f  G H p and a subsequence 
{ a t  : к G N} С {n* : k- G N }, for which

(4.4) _  О  ( M{u k) !  )  as к - > o o
U i - . i  ՝ } ) п Ла т) v Afle: r v

(4.5) Ш  ||Տ0„ /  ֊  f \ \Lpoo >  с  >  0 as к - у  оо.



ON THE CONVERGENCE OF PARTIAL SUMS 

P r o o f . Let 0 <  p  <  1. Then, by Theorem 3.1, we get

l |S „ / ֊  /ІІ?л. ^  H f t /  ֊  ftw i./lltf, +  IIS MJ  -  f \ \pHv 

=  l i f t < w  -  m . + i s » . /  -  / і ь ,  <  { ֊ i ^ -  *  i )  ( ֊ k - f )  •

դ Հ ' ՜ 1 / 1  \

Next, it is easy to  see that relation (4.3) immediately follows from (4.1) and (4.2). 
Thus, the assertion a) is proved. To prove, part b) of the theorem, we first note 
that under the conditions of part b), there exists a subsequence { a *  : к €  N} С 
{n.fc : к  e  N} such that

(4-6) ^ 7 t o °  “  k ^ ° °

(4 .7 ) |a»l <  М|ач-.|

Let /  =  ( /„ , n  €  N) be the martingale from Lemma 2.2, where

(4 .8 ) A t =
« Й Г ֊

Applying (4.G) and (4.7) with At as in (4.8), we conclude that (2.8) is satisfied, 
hence by Lemma 2.2, we obtain that /  e  Hp.

Using (4.8) with A*, as in (4.8), we get

!  ~  м У р,_1 f м}Іргл \
(4՚9) s S i # 1 = ° ( z c r  j  “ “ •
Next, applying (2.10) with A* as in (4.8), we obtain

a , . /  =  * » , . . ,  +  « Й Г 1* » ! - . ,  ■

In view of (2.4) we conclude that | >  for \  /{0*>+i> and

(4.10) М (ак)Ц e  Gm : — ^ W ) }

M <0k)l* { l (ak)\ I M +1}  ^
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Finally, in view of Corollary 3.5 and formula (4.10), for sufficiently large k, we can

>  м % % - ' Ц О „ . и , . . - № „ ы г - г и Г'_  

С Г ‘ і і д . . і К -  ՝  .
-  շ -

This completes the proof of part b) of the theorem.
Theorem 4.1 is proved. □
Next, we present a simple consequence of Theorem 4.1, which was proved in 

Tephnadze [IS]:

C orollary  4 .1 . The following assertions hold, 

a) Let 0 <  p  <  1, /  €  Hv and

Then
II Skf  -  f \ \Hf։ -4  0  as к - to o .

b) For every 0 <  p  <  1 there exists a martingale f  G Hp for which

ІІ-Sfc/ -  f \ \Lpt0e -՝*» 0 as k - t o o .

Finally, we present a result that contains equivalent conditions for the modulus of 

continuity in terms of measurable properties of the Dirichlet kernel, which provide 
boundedness o f the subsequences o f partial sums with respect to  the Vilenkin system  
of martingales /  €  H p.

C orollary  4 .2 . The following assertions hold.

a) Let 0 <  p  <  1, /  e  Hp and M k <  n  <  M t+ i- Then there exists an absolute
constant cp, depending only on p , such that

IIS,./ ֊  1\\m,  <  Գ ("M (»4’p O n )),/p- ‘ а д ,  / )  , (°  < P  <  1) ■

Moreover, if  {и*.-: к  €  N} is a sequence of nonnegative integers such that

( ^ « * 1  ’ ՜Օ  wp(Cm) ( ( rikfi (sv,ppD„k) ) 1/p~ l  
92
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then (4-3) holds.
b) Let {ո* : k. €  N } be an increasing sequence of nonnegative integers such that the 

condition (1.2) is satisfied. Then there exist a martingale f  G Hp and a subsequence 

{а *  : к  G N } С {n k : к G N}, fo r  which

\ /  я р(Ст ) \(«fcM (suppD0u))wp 1

ІІЯец./ -  / І І іроо >  с >  0 as к - t o o .
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