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AHHOTaUUs. PaccmaTpuBaeTCs 06uuas cucTema dpanknuna, COOTBETCTBYIOLIaR
NApHO perynapHoMy pasuenuio oTpeska [0;1]. [l0Ka3blBalOTCS TEODEMbI eANH-
CTBEHHOCTYA A BOCCTAHOBNEHUA KOS((HULMEHTOB ANSt PAAOB MO TaKIIM CUCTEMaM,
KOTOpbIE YAOBNETBOPAIOT HEKOTOPOMY HEOGXOAUMOMY YCTIOBUIO U CXOASTCA MO
Mepe.
MSC2010 number: 42C10; 42C20.
Kniouesble cnoBa: o6was cucTema ®paHKauHa; TEOPEMa ANHCTBEHHOCTI; OPMY-
na BOCCTaHOBNEHUA; /1-uHTerpan.

1. Beepenue

B nacTosiujee Bpems 06ujas cucTeMa GPAHKANTTA AKTUBHO MCCNEAYETCA MHOTMMU aB-
Topamu. HekoTopbie CBOMCTBA 3TO CHCTEMbI, MONYUeHHbIX B pa6oTax [1]-[4], Mbl yKa-
KEM MO Mepe HEOGXOAUMOCTM. HauHem ¢ onpeAeneHus o6 eil cucTembl ®paHknMHa.

Onpeaenenme 1.1. MocnegoeaTensHocTb (pasbuenne) T = {£, :n > 0} Hasbisa-
eTcs gonycTumoii Ha [0;1], ecnuto = 0, = 1,tn G (0;1), > 2,0 BCIAY NNOTHO
B [0; 1]  kaxkgas Touka € (0;1) BCTpeuaeTCa e 7 He Gonee uem Aga pasa.
Mycts T = {£, :n > 0} AONYCTUMAs NOCNEAOBATENLHOCTL. [lNA N > 2 0603HAUMM
= { m0 < *< n}. lonycTUM 7r, NONY4aeTCA U3 7N HeyGbiBaloLell NepecTaHoB-

Koli: T, — {r" 17" < TAX,0 < t< —1}, T, = 0,. Torga uepes  0603HauMM npo-
CTPaHCTBO YHKLWIA OnpeAenenHbix Ha [0; 1), KOTOPbIE HENPepPLIBHbI CNeBa, NMHEHbI
Ha W HeNpepbIBHbI B ™, ecn T2r < T < TA4_ . ficko, uTo dimSn = + 1
n C Sn. CnefoBaTentHo, cyujecTByeT (C TOHHOCTBIO A0 3HAKa) eAMHCTBEHHas
dyHkuma | G Sn, opToronansHas - u ||/|la= 1. 3Ty hyHKUWIO Ha3bIBAKT N Oif
dyHKUMe ®paHKNMHA, COOTBETCTBYIOWEH pasbuennio 0. WasecTHo, uTo () 0.
MNoaTomy nonaraetca )>o.

npu TKH MOH PA B pamkax HayuHoro

npoekta 15T—1A006
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Onpeaenenue 1.2. O6uwas cucTema dpankauna {/»(ic) : > 0} coOTBeTCTBYy-
fowan paiduennio 7 onpegensieTca no npaeuny /y(x) = 1, i(k) = V5(2ic - 1),
Xe [0.1], v 4ns 0 > 2 GyHKUMA [,(T) €cTh -BSt YHKUNS ©PaHKNMHA, COOTBET-

CcTeylowan paséuennio 7.

[na nocnegoatensHocTh = FIvi,rge = 2fc- m, 1< m< 2fc k= 0,1,2,..,
nonyuaetcs K cuctema ® KoTopas THBIM 06pasom
. 8 [5[ CHCTeMbI ®panKnuna nocesLeHbl

MHOrO Pa6oT. CucTemaTuuecKoe 3Ol CHcTeMbl ¢ pa6oT (Cl,

[7]. 3A4eCh Mbl NPUBEAEM TONLKO Pe3ynbTaThl HEMOCPEACTBEHHO CBAANMbIE C Teope-
Mamu, KoTopble 6yAyT AOKasaHbl  HACTOAWell paGoTe.

[inA PAAOB NO KNACCUUECKO cHCTEeMe ®paHKNUHA 4OKA3AHA TEOPEMA eAUHCTBEH-
HOCTU, B YCNIOBUSIX KOTOPOI NPUCYTCTBYET 0AHO HEOGXOAMMOE YCNOBME Na MAXOPAHTY
YaCTUUHBIX CyMmM psaga (cm. [8], Teopema 3).

Teopema 1.1. [lna Toro, 4Tobbl pag

6511 PAAOM Dypbe- DPAHKNUHA HEKOT 0POJi UHT erpUpyemMoii hyHKLMH
W AOCTATO4HO, 4TOBH 3TOT PAA M.B. CXOAUNCA K /(%) U

Ihninf ~A -mes e [0;1] :sup =0,
rae mes{A) - NeGerosa mepa mnooicecTsa A.

AHanoruuxas Teopema Ans obujeit cucTeMbl ® paHKnUHa AokasaHa M. M. Moroca-
Hom B [9]. B paGoTe [10] paccMOTPEHbI KPATHbIE PAALI NO cUCTeMe dpaHKATAra,
MycTb d HEKOTOPOE HaTYpaNbHOE YNCAO. PACCMOTPUM KpaTHble paAbl ®paHKniwH

(1-1) Y1 a™An(x)-
mewg
raem —(m-,...Tic) 6 NO-BEKTOp C HEOTPULATENLHLIMA LENOUNCTHHbBIMU KOOPAH-

Hatamn, x = (xi,...xa) € [0;1]d u /T (x) = /T ,(3:)) mmSmd{xd)- F0BOPST, uTO PR
(1.1) CXOAUTCA NO NPAMOYTONLHUKAM B TOMKE X, ECAY CYLLECTBYET npeaen

MEb= T . «-/-M
T<M

= (Mi,Mj) —>+00 osHauaer

rae T < M o3HauaeTmj < Mj,j =
iwn-Mj —>-foo
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B pa6otax [11] n [13] Ans paga (L.1) N0 KNAcCHUECKOl CTrCTeMe ®paHKNMHa BBe-

AeHbl 0603HaUEHMA

@(x)= A OmmW,  <ri(x) =sup|<7.,(x)].
mim*<2v v
fA«m = (Mi, ... Ta), uA0Ka3aHa CNeAylojas Toepema.

Teopema 1.2. AnA T0ro, 4To6bi pag (1.1) 6bin 6bi pAAam ®ypbe-®paHKnuHa Heko-
TOpoii dyHkyuu f S Z,([0; 1]d), HEOBXOAUMO U AOCT aTO4HO, 4T 06bI BLIMONHANNCH Gbl
cneayiowue, ycnosus

(1) CyMMBbi Cry(x) no mepe cxoAMnucs Gbi K /;

(2) lirainfa-u- (A<mes{x e [0;1]d :sup., 0-.(®)] > A})

13 HacTosIjeli PaGOTe aHANOrMuHan Teopema A0Ka3bIBAETCA ANS PAAOE N0 06Wyeil
CHCTeMe ®paHKNUHA, NOPOXACHHONW NapHO PerynapHbIM pasbueruem oTpeska [0,1].
TP 3TOM BMECTO HACTMUHBIX CYMM @, (X) U (GYHKLWW e (X) NPUXOAUTCA paccMoT-
PeTb BCIO MOCNEA0BATENLHOCTL KBAAPATMUHBIX YACTUUHBIX CYMM W MAX0PanTy 3Toil

nocnejoBaTensHOCTH.

2. ®opmMynuposKa TeopeM U HEKOTOPHE BCMOMOraTeNbHLIE NEMMbI

Mpu nceneaoBanum cBOMCTE 06Well CHCTeMbI ®PaHKNMHA PACCMATPUBATCA Pasniu-
HbIE yCNOBUA PEryNsiPHOCTY paséuenus 0, BBefeHHble B pa6oTax [2]-[4] v [14]. B Ha-
cTosujelt paGoTe MbI Npegnonaraem, 4To paséuenne T NapHo perynspHo.

Onpegenexue 2.1. FOBOPAT, 4T O AONYCTUMAS NOCNE0BAT €NLHOCTh 7 NApHO pe-

[ynApHO ¢ napameTpom 7 > 1, ecAu 4Ns KaoicAoron>2 W 1<i<n umeem

rae nonaraeTca r'j = Tq = 0, T"+1 =

[anee nonaraetcsi, 4To paséuenne 7 NapHO perynapHo c napamerpom 7 > 1 u
{fn}%Lo cooTeeTcTeyloWas eii obwan cuctema dpaHKNUHa. pU TakMX NPeaNono-

Kenuax ans paga (1.1) BBeAeM 0603HaueHns

(2.1) SM = £«

W S*(x) = sup., [S.(x)|. BepHa cneayloujas Teopema.
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Teopema 2.1. MycTh cymmbl (2.1) N0 MEPC CXOAATCA K HEKOTOPOR hyHKUMN f
ANS HEKOT POV NOCNEAOBATENLHOCTU  —>00 BLINONHSET CA
(2.2) Hure(A* smeafx e [0;1]d :5%(x) > A*}) = 0.
Torga 4N Nio6oro m € 19 uMeeT MecTo
aT = lim [FO)Ixtfm (x)rlx,
Jonr:
rae
1 ecn” /W I —
Jn 1o, ecn [I(x)] > A
HanomHuM, 4To GyHKUWS | HasbiBaeTcs /4-uHTerpupyemoii na [0; 1jd, ecny ebinon-
HaeTcs
(2.3) ArCemes{x e [0;1]rF: [/(x)| > A}) = 0
" cywecTeyet
liw I(x)]anc =: (A f(x)dx.
}IO‘I]nI( ) ( )j[ou*»( )
Mockonbky Anst Mo6oro m e Ng hyHKYMs /T (x) OrpaHuyeHa, To Npyu BINONHEHMM
(2.3) umeet mecto
Urn [ [(OIAm(x)rfx = U T [/(x)/m(x))Adx,
A oi]< Afo° Yoiler
eCNU XOTb OAMH M3 3TMX NPEAENOB CYLLECTBYET.
Mo3ToMy U3 Teopembl 2.1 BbITEKAET CeAyOUiee YTBEPKACHNE.

Teopema 2.2. Ecnm cymMbl (2.1) N0 Mepe CXOAATCH K HEKOTOPOA (yHKUUM T
BLINONHAGT CA yeNoBMe

MT_(A wres{x 6 [0;1]d:S*(x) > A}) = 0,
To dyHKyus I ABNAETCH A-UHTerpupyemoit u psig (1.1) aenseTcs pagoM ®ypbe-

DpaHKNMHA B CMBICNE A -UH T rpUPOBAHUA, T.&. ANA NI0GOTO T & M umeem

aT = (A) [ /(x)/T (x)e£x

OTMETUM, 4TO aHANOTMUHAA TEOPEMAANA KNACCUHECKO CUCTEMbI ®PAHKNMHA 40~
KasaHa B pa6oTe [12]. OAHAKO U3 Teopembl 2.2 He CNeAyeT pesynbTaT paboThl [12],
Tak Kak Tam BMECTO S"(x) paccMaTpuBaeTca cT*(x)

Ham npurognTes cnegyinwan nemma, AokasanHas e pagote [13]
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Nemma 2.1. MycTs GyHkuua G onpegeneHa Ho i = [c*i;/3i] x -+-x [oy; \, d GN,
M nuHeiinas GyHKUMs No Kaoicdoll nepemenHoii. Torga ecau L = maxtga |G ()], To

BBeAeM HeKOTOPbIe 0603HaueHns. Monokum 62 = (r/ ,rAj)u {r }, korga 0 <

t < n. GyHkyuu  onpegenum cneaylowum o6pasom. Ecau 121X < T” < tE.j, To
V»?(1?) = st | = Ofi—i», n >p? nuueiina na [rL-irjl, j — 1 8, rpe % -
cumeon KpoHekepa, Te. <5y = 1, ecnu*=j u = 0, ecan i~ . Ecanke TE T =
r, To dyincuun " eAUHCTBEHHbIE KYCOUHO NUHElHbIE DYHKLMM C y3namu
rjl npuHUMalouimMe 3HaueHue 0 B y3nax, OTAUMHBIX OT 4BONHOFO y3na T- = r”,
HenpepblBHble cneBa B TE_r = ", = 1, ¥%i(ri-i+ 0) = 0, ¥2(1") = 0,
iPi(r + 0) = 1

Ans HaTypaneHoro n nonoxum = {0,1,...n}d. ina sekTopaj = (ji, —3d) G

0603HauNM

A% = nE x-- *62d, Tf= (r?,..rji)
(2.4) $4%1,—0) = Vjx(*i) <
Ibraa
<Es - £ el (*)m
mEN

HeTpyaHo 3ameTuTh, 4to X/j=0f~ix) = 1, Korga X G [0; 1]. CnegoBatensHo,

On(x) = 1, korga X G[0;1]d, u suppAj*=Sf
JMP,
OueBMAHO, UTO CUCTEMa ByHKLMI {<6]'}j6NJ 06pasyeT 6a3uc B NUHEHOM NPOCTpaH-

cTee
s"=\ X) 6“/-(*):6- GR
ITerdit
Mo3ToMy BepHO Crefylolyee yTBEpXKACHME.

Nemma 2.2. EcAM G GS, MG 0, mo cyuecTsyeT j GNjj, Takoe 4To

G, ) G W W * 30
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O6osHauns
(2.5) «'M -
nonyuum APy roii 6asuc 8 S.,, C ycnosmem
(2.6) [ /p(x)*c = 1
BepHa cnefylowas nemma.
Nemma 2.3. Ans nio6bix MJES(X) M N > N0 CYWECTBYIOT *uncna  Takue, 470
V(e B NICTW

npuuem
. aj>0 waj=0, ecn A" E AT

flokasaTenscTeo. Mockonbky > Mo, To e .rAej0 = (j2,m..5)m Mostomy
cywecTayiOT /9{ Takue 4To

.7) (&i) = ~27(p2(xi).
W3 onpegenenns yHKUWit ~">HeTPYAHO 3aMeTuTb, uTo [ > 0 H /9 = 0, ecnn
62 £ 5J0- Toraa, u3 (2.4), (2.5) u (2.7) nonyuum
(2.8) ME>(*) - 2 UM,"(%),
My
raeaj > 0wnaj = 0,ecnn]* £ AT, U3 (2.8) n (2.6) cneayeT, uTo £ jeWs» = 1. 0O
Y6eanmcs, 4To Teopema 2.1 NONy4aeTCs U3 CNEAYIOLieil Teopembl.

Teopema 2.3. MycTh CyMmMbl (2.1) N0 Mepe CXOAATCH K HEKOTOPOH yHKLUMM |
W ANS HEKOTOPO/ NOCNeA0BATENLHOCTM  —> 00 BbIMOAHAETCH (2.2). Toraa ans
Mobbix mo, j° = (ji, —'jjj) € NA0m > ino umeeT mecTo

(S.Mp)- BT
felicTentensHo, ecnw m = (T, ...mj) e Njf, To Ansi 0 = max,T.; Wmeem, uTo

fm G WCNefoBaTeNbHO, ANA HEKOTOPLIX aj MMEET MecTo /in (x) — 5Zjepif «jJI~fx).
Torpa, & cuny Teopembi 2.3, Umeem

0r = (sud ) 5> M . ur>-t> & |

8
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ML Jio g VORI (E0) 0010

3. flokasatenscTeo Teopem

[lokasaTensCcTeo Teopembl 2.3. CHauana HaNOMHUM ONPeAeNeHMe MaKCUManbHoM
dyHKuMM NOKT,X) UHTerpupyemoii dyHKuws y. Monaraem

HX) = Ry oSl Jq 1SW 1N
rle BEPXHAA rPaHb PACCMATPUBAETCA MO BeeM NPAMOYTONLHUKAM, C FpaHAMU napan-
NENbHLIMU KOOPAMHATHBIM FPaHAM U C UEHTPOM O TONKe X. [lanee, roBopa npamo-
YrONbHUK ¢ UeHTPOM X, ByAeM N0ApasyMeBaTh MHOXeCTBO BUAA XjL,  —i}ixi+1) |
W3 n3secTHol Teopembl MencccHa-MapyuHkesnsaranrmynaa cneayet, uto (cm. [15],
§2.3) ecnu X 1 (x)-xapaKTepHCTHUECKas (BYHKUUA MHOKECTBA A, TO ANS MHOXeCTBa
B = {x :M(x,bx) > C} Bbinonusercs Tes(B) < C«j(C)-ImesM ), rae Cj - noctosu-
Has, 3BUCALLAA TONLKO OT pasMepHocTH d.

MycTo tMo - NPOMIBONLHOE HATYpanbHOE UMCAO U j° G . 3amMeTum, uTo ecm
i= ("%, ..*d) Wiy = wax, i, > T, 7o (/i,AijI°) = 0. felicTBUTENLHO, NOCKONbKY

0> T0,To /o /i~ (wA) ' (x~)dxW= 0, unosTomy

(A"T)-55755N(N.«

CnegosaTensHo, Ans no6oro > sio umeem (5n, Aj™u) = (5mo,MJ?°). MosTomy,

AOCTATOUHO A0KA3ATH, HTO
(3.1) ~ 3 ([/(0)]a* - Sn(x)My?° (x)dx” = 0.
[Ans NPoM3BONLHOTO e > 0 HaliAeTCst Takoe Ao, 4T0 Ans BCex A> fco BbINOAHATCA

(3.2) C. mA emes(Ek) (127 2)<< e

m«.(£0 <

fis = {xS[0.1]", :S-(X)>A»>.
O6o3Hauum

Bk- {* <[0.LF:M(*n x) > (13.,") ).
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Torpa

(3.5) mes(Sf) < Cd(12TV mmea(EK).
Nemma 3.1. Ecau 4] <€Bk, To |5, (x)| < 2rMAfe korga x 6 A]*.

[lokasaTenscTBO. [loNyCTUM 06paTHOE, 4TO ANS HEKOTOPOro X° G A" UMeeT MecTo
15, (x°)| > 2dAf MocKonbKy ByHKUMs S, (X) NUHEliHas MO Kax Aol nepemeHHoii

Xl 1= l..d, Ha xf=1[TE,T"+1], rae / NpUHUMalOT 3HaueHus 1u < ana
i'= 1,..d, To AN HeKOTOPOTO | = (i3, ++.%d) umeem sup 5, ()] = > 2d\k,
xeA]

rae L= lin [5,(x)|, a1 € A%
B cuny nemmbl 2.1, umeem
(3.6) mafreama.(x)|> 1.}

Mockonbky T NapHo perynsapHo c napameTpom 7, To AN Ni06oi Touku x 6 A
NPAMOYroNbHMK

Q = xf=1fa - (7+ D7+, - TEL).xi+ (7 + 1)(TE+L - TE_)]

cogepxuT fAp. OuesngHo, uto mes(Q) = 2 ( + I)dincs(A["). MoaTomy u3 (3.6) cne-
ayet
M(X..,0K) > wy A+ *epn-

CnegosatensHo, A]* C 8- o

®UKCUPYeM HEKOTOPOE K, ANA KOTOPOTo BbINoAHsI0TCA (3.2), (3.3). MycTs LW Han-
MeHblUIee HATYPaNbHOe YNCNO CO CBOHCTBOM

(3.7) {i:rm'e A£° u AP1C Bk} 0.

3ameTum, uTo mi > TNO. AefiCTBUTENbHO, ECAM bl BBINONHUNOCH (3.7) ANA HEKOTO-
poro ITii < 7710, TO BoINOMHAIOCH Gbi

mes(Bk) > Tea(A[M) > Atca(An°).

Ho, u3 (3.3), (3.5) umeem, uTo tn.es(B*.) < 7 ~dmes(AJA°). Mony4eHHoe NPoTUBOPeUMe
AOKasbiBaeT, uTo M i > mo- OGo3HAUUM

omi= {i:Tr e Alr°}, 3mr= Oe Jmi: ¢ Bk}, X.tl=3m\3mi.
10
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OueBMAHO, uTO3T, AT, = 0M3T Km, = {i:r”'le AjS°}. MoaTomy, npumenss

nemmy 2.3, Haligem npeacTaBnenme

(3.8) ny - £ o

rae
}>0, p\Ti)>0 u 23 a(mi>+ 2D A(Ti> = I-
Mpumersis nemMmy 2.3, Ana KakA0H GYHKLMN MI™, i e -XT , , Haligem npeacTasnenme
(3.9) AC1= YL ajiwpi+l, a] > 0.
'A"i,cnl"
OTMETMM, 4TO ANS MHOTUX i B Cymme (3.9) TONbKO OAMH KOIMHULMEHT a] OTnnUeH
0T Nyns M paseH eguHmMLe. OGo3HAUUM
3w+l = {>:T*+1e UBSC™A™11, 3,T+1:= {je Jmi+l :Ajn+1 C -Sfcj,
3CTH+L = 3nii+iNATi+1-
MoacTaBnas Bbipaxenns ans /I, *1, i e 3T ,, u3 (3.9) Bo BTOPYl0 CymMy n3 (3.8), n
CrpynNuUpoBaB MoAOGHbIE UneHbl, NoNy4aem

(3.10) Y1 PiT)mMl = Qnt WL+ +  X)  AmilBi«l +1.
«€acT, 1e3T +i jeacTi+i

N3 (3.8) u (3.10) nmeem

(3.11) T = 1 {+ J2 Dim+1)Afm +1,
i=m, leal texmi+i
raea() > 0,1= mt,mt+ 1, /B<Ti+1) > 0.0 MHAYKLMM, NS BCex > T, ONpeaenum

(3.12) 3,= {i:Tfe UjG3C,_AJ1 1}, 3,- {j€3,:A]*CSfg} aC,- 5.\a,,

Ananornuno (3.11), nonyuum

tro= CE <m?FF[+ £ alvtt,
i=Tiiesi »€aC,,
raeo® > 0,1= T-i,..., , > 0. U3 nemmbl 3.1 n (3.12) cnepyeT, uTo

[5n(x)| < 2dA*, Korpa x e A", j GOC,

OUEBMAHO, YTO ANA NIOBOTO  UMEET MecTo (cM. (3.4))

M picB *
, ie3i
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C yuetom (3.2) u (3.5), nonyuum
(3.13) A*emes(D,) < e.
Doxaxem, uTo gns N106oro /, T\ < | < n, BeInonHseTcs

(3.14) [8'i(x)i  2dAfc, korga x € A{, ie 3i-

[lonycTum obpaTHoe. [inA HekoTopbix | e i€ ili v x e { BeInONHsieTCs
[5i(x)| > 2dXk- A N3 3TOro, KaK Mbl 3aMeTMNM NpU 4OKA3aTeNbCTBO NemMmel 3.1,
cnepyeT, uTo cywecTByeT rj € [{, Takoe uTo

Tek(A1)

mes{x e Aj :[|5/(x)| > A*} > —~ -

CnegosatensHo

(3.15) we.(AIN&)>— *
Nycts m Takoe, 4o A{ C [, 1 vy nw6as Touka u3 [~ . N3 perynapHocTvt no
napam pasbuennn 7 s Tj 6 A{ cneayer, uTo Ky6 Q = [ej.ryi] X ... x [e</. 1/ ¢ yeHTpOM
y N pe6pamu c Annnamuir, -6 1 = (7(7+1)+)(CIm+i-rjn_J) < 373( .+ — .- )
copepxuT B ce6e [ A 1. SicHo, uTo
(3.16) mes(Q) < (372)dmes(Aj).
W3 (3.15), (3.16) ny GA{ C Q cneayer, uto M(Euny) > ( 2) 1L

Mo onpegenenuio mHoxecTea B* (cM. (3.4)), umeem y e BA. CnegosaTensho,
Ali 1 C Bk Cnegoeatensio m 0 3C/Li Mosatom}' i 0 3(- MonyueHHoe NpoTUBOPE-
ume fokasblaet (3.14).

O6o3Hauum Hn = Uieac, AT- Torga us (3.12) cneayer, uto
(3.17) [5.,(x)| < 2" mAfe, Korpa x e

O6o3Haunm

am 251" /(%> noeSr'M - 2
lesc,.

Mockonbky af® > 0, A(n) > 0 u M/O°(x) = en)(x) + 87 \x), To nonyuaem

(3.18) 0<,f>(«<)<mpb <

(3.19) 0< ffin)(x) < M p(x) < CTo
12



O EAVHCTBEHHOCTU 1-/710B HO OBLLEN CUCTEME ®PAHKNVIHA

Mepeiigem K ouekke

(3.20) m J + s
rae

(3.21) it* -f |non.-AsMirios=ai.

(3.22) e \in*)h.-sititM""Wdx-

3.23) )—L"\Ek /0010, - 5.(x)1 4" ()<2x.

W3 (3.14) n (3.17) (3.19) CheayeT, 4To NoAbIHTerpanbHbie dyHKuMu B (3.21) - (3.23)
orpanuuenbi uncnom CTojo(2rf+ 1)A*. MosTomy, u3 (3.13) u (3.2) cnepyioT, uTo

(321 Cl"<em n {5">< BxC,,,J.,d

Yuuteigas, uto /(x) = [/(x)]ab Ana X & EK U N0OCNEA0BATENLHOCTL 6',(X) N0 Mepc
CX0AUTES K /(X), NonyumMm, 4T0 nocnegonatensnocts |[/(x)]ab-5 ., (x) | \e\ (x) 4% (x)
HO Mepe CXOAUTCA K HYNIO W OrpaHuueHa uuciom 0 o(2d+ 1)A*. CnegosatensHo
(3.25) lim =0.

N3 (3.20) —(3.25) CNeAyeT, 4TO NPU AOCTATOUHO 60NbWMX 5§ UMeem wn < WCin, jo ti
OTciopa cnepyet (3.1). Teopema 2.3 gokasana.

Abstract. The paper considers the general FVanklin system corresponding to a
strongly regular by couples partition of the segment [0; 1]. For series by this system , ive
prove uniqueness theorems and obtain restoration formulas for coefficients, provided
that the series converge in measure and satisfy some necessary condition.

Crincok INTEPATYPbI

fil 7. Ciesielski, A Kiunom, “Projections onto. pinccwriso. (inear Functions", Funct. Approx
Smment. Maih, 25, 129 143 (1697

[2) G. G. Gevorkyan. A. Kamont. “On general Franklin systems’. Dissertationes Mathcmaticac
(Roxprawy Maternal yczne), 374. ] - 59 (1998).

. Kainont, “U ofgenera) Franklin system in 1'D.1], 1< <

oo Cladta niath. 164, no. 2, 161 - 204 (2004)

[4] G. G. Gevorkyan. A. Kamont, “General Frankiia system as bases in H1{0]", Sludia Math..
167, no. 3, 259 - 292 (2005).

[5] Ph. Franklin, “A set of continuous orthogonal functions™. Math. Annaien, 100, 522 - 529 (1925)).

[6] Z. Ciesielski, “Properties of the orthonormal Franklin system”. Studia Math., 23. 141 - 157
1

[7] Z. Ciesielski. “Propertioe of the orthonormal Franklin system 11", Studia Math., 27, 289 - 323
(1966).

13



. . FEBOPKSAH, K. A. HABACAPAAH

[8] I". . IVoOpKMN, “O CAHHCTHEHNOCTM PSAOB HO cicTeme dpankauka”, Mar. 3ameTku, 40. Ho. 2,
280 - 323 (1989)
(81 M. 11 Harscau, 0 gauicTaowiorT pagon no ofieH Guereme @lwicniwat, Uan. 1IAH Apwe-
snK, rep. Matom., 36, Ho. 4, 75 - 81 (2000).
[10] oL resoian “MaxopanTa n egmcmennom PAAOM N0 CUCTOME ®paHKAHa”, MaT. 3ameTkm,
1521 546 (1990)
[ & P enpici, TeOpEMI SAMHCTBEHHOCTH A7 PAAOM MO CHCTeME ®paKAHNa”, Mar. 3H-TKH,

10. 5, 780 - 789 (2015).

08, n
[21r. T rmmupm M. 1. Morocs, “O ToM A i
pomeM \PKOPAHTOl HacTHaNMY CYMH. M. TLNVI Apsion. cOp. MaTems 52. M. 5, 25 - "%

[13] r % )Oll»opknn “Teopema efHHCTNETLIOCTH ANA KPATILNX PAAOM PPaHKNUHa”, Mar. 3ameTku,
| HO. 2, 199 - 210 (2017)
14 &6 Cicvorkyau, A. Kawoni, “On the trigonometric conjugato to Ibo general Franklin system”,
Stndla Math., 103, no. 3, 203 - 239 (2009).
[15] M. Tycuan, udbepenuuposarHo uHToipanos & 51", M., Usa-no Mup (1973)
MocTynuna 6 geka6ps 2017

14



W3secTua HAH ApmeHnn. MaTemaTwuka, Tom 53. n. 4, 2018, cTp. 15 - 30
MoceAweHa 100-n1eTWI0 CO AHA POXKAEHUA BblAAKLLErOCA ap/ILLHCKOAO
maTemaTuka MxuTapa MKpTuyesnya iMcpbalisiva - ocHoBaTens
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AHHOTauusi. B cTaTbe cHavana [:[OKaBaHbI HEeKOTOpbIe pacl.uwpeumi pesyneTa-
TOB MEPBOTO Vst aBTOPOB, "
(yHKUWIA TONOMOPGHBIX B B mnynnockocm 3arem EBe[JLEHbI HEKOTOpbIe HOBbIE
TWb6EPTOBLI MPOCTPAHCTBA A'E Tvna [IUpnxie, COIEPALLMECS B MPOCTPaHCTBE
Xapgn H2 E nonynnockmm B npocTpLicBax JT* C //2 ycTaHOBMeH psif pe-

VI3OMCTPWN, bITEpIONs-

unw, ﬁMOpTOI'UHaanIbIX CVICTEMEX H 6asmcax.

MSC2010 number: 30H99, 30E05.
KnioueBble CNOBa: NPOCTPAHCTBO [NpUXNE; TPaHNUHbIE 3HAUEHNS; GUOPTOrOHasb-
HOCTb; MHTEPNONALNS.

1. Beeaenve

JaHHas cTaTbsl NOCBALIEHA UCC/NE0BAHNI0 HEKOTOPbIX MNbGEPTOBbIX MPOCTPAHCTB

A2 Tuna Aupuxne QyHKLWIA T (HbIX B BepXHeit ™ G+ = {z

Iw > 0}, KoTopble NOJOGHBI CNyval p —2,7 —0 paccMOTpeHHOMY B [1, 2] Gonee
WMPOKNX NPOCTPaHCTB OfHaK0, HOBbIE NPOCTPAHCTBA B/IOKEHbI B MPOCTPaH-
ctBo H2 Xapau B G+. CHavana HeKoTopble YTBEPXAEHWI

TeopeM 4, 5 a 6 U3 [2], OTHOCAWNXCA K OPTOrOHANbLHOI NPOEKLMN 1 M3oMeTpUN. 3a-
Tem BBejjeHbl MPOCTPaHcTBa A2 ¢ H2 ycnoBueMm, 4To NPou3BOAHAs (YHKUWN Npu-
HafnexnuT 6oNee WMPOKOMY MPOCTPAHCTBY A™, a, N B NPOCTpaHCTBe ¢ 512 poka-
3aH pAA PesynbTaToB O NPeACTaBNEHUAX, TPAHUYHbIX CBOMCTBAX, N30MeTpuM ¢ H2,
MHTEPNONAYMN, GMOPTOroHaNbHbIX CUCTEMax 1 6asncax. MpeacTaBnsiollee AP0 pac-
CMaTpUBaeMblx NPOCTPaHCTB Al, KOTOPLIM TaKXe NPOM3BOAATCA annpokcumaunm, B

*Pa6oTa BbINosHeHa B paMKax vccrnefoBaTenbckoro npoekta CIEN Project 2016-11126 YbHeep-
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N M. JKPBALWIAK, AX. X. NBXBHAWHO

HEKOTOPOM CMbIC/E Nydie sigpa Kown v paynoHanbHeiX GyHKyuii [3), Tak Kak oro
CUHTYNSIPHOCTb HA BEL|ECTMEW0i 0CU MHTerpupyema.

Pe3ynbTaTbl CTaTby SIBAAIOTCA NOMYWWCKOCTT/IMI aHanoraMi pesynbTaTos paboT
[4, 5]. oTHocAWMXCA K TMNb6EPTOBLIM MPOCTPaHCTBaM C H'r Tuna Aupuxne B
caMMHWIroM Kpyre. B 4acTHOCTM, 34eck annapar psigos ®ypbe-Telinopa sameneu an-

napaTom npeo6pasoBaHuii Pypbe-/lwinaca.

2. Pacwupenns pesynstatos o npocTpamcTsax

B aTom naparpade 4aHbl NeKoTOpble PAaCMrMpoTis yTBePXAeHWii Teopem 4, 5 1 G us
[2]. OTn yTBepX/eHUs paclwnpeHbl Ha NeKoTopble npocTpaHcTBa /1£0, B KOTOPbIX
poCT (yHKL WA orp. 6onee B 00, UTO Ans po-
KasaTeNbCTBA AaNbHEALLINX PesyNbTaToB CTaTbi. HauHem C HEKOTOPBIX OnpedeneHuii
ns 1, 2]

Onpepenenne 2.1. Knacc (©< p < --00, —0C < -y < 2) - MNOOrc.6cTNBO
ronomMoptHbix a G+ yHKUWi J, yaoBNeTBOPAIOWNX NPW AArANNANOYHO NUXAHAI p > O
W ft —arcsin fa=  -mK ycnouio Tuna HNaanuHHbl

(21> TE wWo“m

a inakoice ycnosuio

ap i

rae riUmx 4- ry) = dxdu>{2y) W npeanonaraeTcs, YTO (QYHKUUS bI U3 Knacca

(—1< « < +00), T. e. 3aaHa B [0. +00) M yA0BNeTBOPAET CNeAYyOLUM YCIOBUAMM:
(i) w He y6bIBaeT Ha [0,+00), i0(+0) = O W CyuwjecTBYeT CTPOro y6biBalo-as

nocnepoBaTenbHOCTb 6k 4 0 Takas, 4To wW(6b) Takoice CTPoro ybbiBaeT:

(ii) o( ) >tl+a npyu HekoTopom 1o > 0 U NloGoM flo < < +00

( () Xy() osHavaeT, yTo Ty/()< ()< ) C HEKOTOPbINLW NOCTOAHHBIMYU

mmi,m- > 0). /leberoBo NpocTpPaHCTBO , - MHOAKeCTBO Tex (PyHKUWid B C+,

KOTOpbIE yA0BNEeTBOPAT TOMLKO YCNO0BUIO (2.2).

OTmeTuM, 410 AP” (1 < p < +00; -00 <y < 1, we Qa, a > -1) asnsercs

6aHax0BbIM IPOCTPAHCTBOM C HOPMOIA (2.2), KaK 3TO J0KAa3aHO B NPeANoXeHnn 1.2 3

fl], v npespauyaeTca B runL6epTOBO NPOCTPAHCTBO NpU p —2. B ganbHeiiwem 6}aem
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O MPOCTPAHCTBAX /»i TUMA AVPUXNE B MONYNNIOCKOCTU

Takxxe ucrnonszosate Aapo Tuna Kown M. M. xxpbawsaHa

(cm. paspan 2 [2]). koTopoe npu nw6om a1 6 M« (—1 < 0 < +00)ABNsAETCA TrO-
nomoptHoit B G v PyHKLWe 1 nepexoguT B 2 + 0-CTeneHb 06bluHOro aapaKowm
npu ()= ti+a (or > —1). OTMeTuUM, 4To no nemme 3.1 u3 [1] npu N6GLIX Yncnax
a > —1,8 € ([a] —1,«) up > OcyuecTsyeT nocTosHHas MPI > O Takas, 4To

(2.3) K E K an ks>
Kpome Toro, ecnu w - kBagpaT BonbTeppa dyHKumn w, T. e. £5(0) = 0 u
(2.4) we) = J wix—) {), 0<a< +o0,

Towe S2i+3a u  (x) = 19(X) (0 < x < +co) B cuny nemmbl 4 us [2].

Teopema 2.1. Ecnmuje £2a (—1 < a < +00) Tiw(0) = 0, ToO

1°. OpToroHanbHas npoekuyus L~,0 Ha A%0 MOXKeT 6blTb 3anucaHa B Bufe
(2.5) p.im = 4\] J(*)<%e(< - ®)<W «0. *6 C+
2°. Nio6as dyHkuns / e [oNycKaeT cneAylolune NpeAcTaBneHns:

(26) (r)- i U AL (. - w)dibM

~»/ » «c

[MokasaTenbcTso. MycTb / e Lt.o- Torga, NpUMeHuB OUeHKY (2-3) ¢ = ce—e 1
AOCTATOYHO Manom e > 0, a TakKXe HepaBeHCTBO I'b/ibepa MOXHO NPOBEPUTL, YTO
npu nio6om / € L% nHTerpan (2.5) abCoNioTHO U PaBHOMEPHO CXOANTCS BHYTPYU G +
1 TeM cambIM MPeACTaBAsieT Tam rofoMopdHyio GyHKUM0. Kpome TOro, nonb3sysck
OLEHKOIA (2.3) 1 HepaBeHCTBOM [enbjepa MOXHO JoKasaTb, YTO Npu Nob6oM duken-
poBaHHOM p > 0 cyuwlecTByeT mocTosHHaa Mp>x > 0, 3aBUCALLaA TONbKO OT p U €
Takas, 4To |Pw/(/1e,i)| < AIPCR$+a~i,13e (arcsin  it—arcsin , ecnu R gocTa-
TOUHO BennKo. Tem cambiM, hyHKLUA Pl yA0BNeTBOPSET ycnoBuio (2-1), u ocTaetcs
TONBKO [J0KA3aTh, YTO Pbi ABNAETCA OFPAHNYEHHBIM OMEPATOPOM, NEPEBOAAWNM B

N TOX/AECTBEHHbIM Ha A*0. C 3TOii LieNblo 3aMeTuUM, 4To npu nbom / £ *x0
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1 No60M PUKCUPOBAHHOM Z = X + iy G+

(2.7) nim - 4 raen ) m 27

rae ~
1()= Liennd AL el + iv)du

- npeobpamooanHe ®Pypbe GyHKUUM / Ha YypoBHe iv, T. e. QyHKuum /(n 4 it; €

L2(—o00,+0a). OTMeTWM, 4TO paBeHCTBa B (2.7) BePHbI, TaK Kak no Teopeme MnuH-

wepensi

npu R —+00. U3 (2.7) 3aknouaem, 4To npu niobom z ( G+
(2.5)
rae
e SSRGS =<,
[Mlanee, 3ameHa nopsgka UHTerpupoBaHus, npeobpasyiowjas (2.7) B (2.8) cnpasegnu-

Ba, Tak Kak BBuAy (2.3) AnsA dukcupoBaHHOro y > 0 U JOCTATO4HO mManoro e > O
cyujecTByeT noctosiHHas M > 0 Takas, 4To

1 r+oa r+oo -t(y+v) .,
Kot A 2v)i y M |14
< 7 [CsQi(v + n)]vallL@Oll,.(0,+1,)~ (2i0
~ c r 5~ rih = < -

Vcnonb3ys HepaBeHCTBO [enbaepa n Teopemy lMnaHrne]>ens, us (2.8) nonyyaem

(2-9) 1AL %+ ) < U0,



O MPOCTPAHCTBAX N* TUNA NNPUXNE B NONYNNOCKOCTH
a ncuny Teopembl Mann-Buncpa (cm. [6j. cTp. 130-131) ii3 (2-8) cneayeT, uTo
na/1;, + =% |1, m+=0).
Takum o6pasom \Pwi\\b" 0 < 11/11Ib* 0>T-e- Pw nepesognT L* 08 1%, nu \\PLUN < 1-

Mycts Teneps / 6 A”u-Toraa f(z + ip) e /L3 npu nio6om p > 0 BBUAY Pe3yNbTaTOB
rnasbl 7 [7| (cm. Takxe pasgen 1.2 [1]). Moatomy, cuny Teopembl Munu-Bunepa

rpge - npeobpasoBaHue ®ypbe QYHKUWUM / Ha ypoBHE ip, 1
M/(*+*01»(-0*+»> = IN*+ipLLU’* = 1M111»(0+00)-

QAanee, npn no6om v > 0

h C
v noatomy
(2.10) p.lw - - =+ «" Yo" £(*)}*ip»>
“pg <t (e-I(®), » CH
Takum 06pa3om, nocnegHss (hopmyna BepHa Bo BCei NoaynnockoctTu G'+, n oneparoi>
P TOXAECTBEHHEH Ha 0.

2°. MepBasa cTpoka B (2.6) oyeBMAHA B CUNY [J0KA3aHHOTO yTBepxaeHus le. Ansa
[0Ka3aTeNbCTBaBTOPOro NpejcTaBneHuns B (2.6) npegnonoxum, yto / € Toraa,
KaK 66110 NOKa3aHo Bbilwe, f(z --ip) € IT2 npu no6om p > 0. M0o3ITOMy, KaK XOpoLuo
nsBecTHo (cMm., [6], rn. VI(E)),

_ 1
" = 1 -
()= Jim e fg® “Y(« +ip)du=0 anane. <o

Tem cambim gns n.e. > 0

[, <«-HM +Tn-t) - nx J o {He n +ip)}*.,
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1 Kak B (2.10) 3aknioyaem, 4To npu nobbix B> 0 r6 G\

s {Re - m)dilw)

OcTaeTca 3amMeTUTb, YTO 3TO MpejcTaB/ieHNe CNpaBeaavBO BO BCel NONYNI0CKOCTH

G+. m}

3ameyaHue 2.1. B cnyyae cTeneHHbIX GyHKuuii >() = + (<r> —1) dopmyna
(2.6) nepexoguT a npejcTasneHus, HaiifeHHble B [8, 9] (rm. Takoice o [10J). Ans
aBCOMIOTHO HenpepbiBHLIX Mep dU ¥ NPOCTPAHCTB, ONPEAENeHHbIX O HECKONbKO UHOM
dopme, U Ha MHOTOMEPHbIX Tpy64aTbIX 06nacTAX, nepeas cTpoka Gopmynbl (2.G)
6bina gokasaHa B [11, 12].

Cnepyloujas Teopema ABNSETCA aHanoroMm Teopembl Manu-Buncpa 4ns npocTpaHcTs
Al,

Teopema 2.2. Ecnn w € (—1< a < +00) ©w(0) = 0, To NpocTpaHCTBO A%X
COBMajaeT CO MHOXKECTBOM (DYHKLMA NPeACTBUMBIX B BUAje

(5]

(2.12)

rge - npeobpasoBaHue dypbe YHKLUW  Ha YpoBHE iv.

MokasaTenscTeo. MNyctb./ e 0. Torpa dopmynsl (2.11) n (2.12) cnepyoT n3

(2.8), a u3 (2.9) cnepyet, uto || | (,+ ) < I/IU® nockonbKy Pw = 1| Ha npo-

CTpaHcTBe 0c L9%0. O6paTHo, ecnu yHKuMs / npejcTaBuman Buge (2.11)-(2.12),
20



O NPOCTPAHCTBAX /11 TUMA AWPUXNE B MONYM/IOCKOCTU

W El{y du&y)jy \f(x + iy)\2dx

3+ dw(2y) I +X = [[®]119(0,+00)-

[lin 3aBepuIeHNs 0KA3aTeNIbCTBA OCTALTCS 3aMETUTh, YTO ecv MYHKUUS npeacTa-
BMMa B BMAe (2.11), TO OHa orpaHuyeHa B Nto6oit nonynnockocTn G+ (p > 0), 1, Tem
cambiM, cnpaseanneo (2-1).

3ameyaHue 2.2. [lns HeCKONbKO WHbIX MPOCTPAHCTB Ha T py64aThix obnacTsax. C™,
C aBCONIOTHO HENPepbIBHLIMI Mepami deu, aHanor Teopemsl 2.2 jokasaH B [11].

Cnepylouiee yTBepX/eHWe CNPaBeInBo B CUNy 3amMeyaHus 5 us [2].

3ameuvaHue 2.3. MycTb S = Torpa o6bep LLes T
CO MHO>KECTBOM BCeX (DYHKLWIi NpeACTaBUMBbIX B BUje

rge e~etP(t) e 2(0,4-00) npu no6ome > 0.

Teopema 2.3. Ecimw6 SIn (—1 < « < +00), w(0) =0, a w3 ABNAETCA KBaapaTOM
BonbTeppa yHKuun v> (2.4), To npocTpaHcTBO A~ 0 cOBMajaeT CO MHOXECTBOM
BCEX (DYHKLWIA NpefcTBUMBIX B G+ B BUAE

(2.13) I(r) = J Cw(r —t)ip(t)dt, rge <pe £2(—o0, +00)

Mpu no6om € N? ) yHKUUA

ABNAET CA eAMHCTBEHHOII (hyHKL el 3 npocTpaHcTBa Xapan H2 Ha G +, ¢ KOTopoit
cnpasegnuBo npejcTasnedne (2.13). Kpome Toro. Hgll#* = 1i/lla? 0 “ P Vo-L-H3
npu no6oit dyHkuum <p € Z2(—oo, 4-00), obecneumsaiouleit npegcTasneHne (2.13).
Hanee, onepaTop ABNAeTCA M3omeTpueit A~0 —> 112, a uHTerpan (2.13) onpe-

penseT { ) 1«o H2.
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[JlokasaTenbcTBo. B cuny nemmsl 5 irj [2]
(2i4) sfET p()c (r- )=~ T """w N’ reunl’
rfie WHTerpabl paBHOMEPHO CXOAATCS B 6,+ H MPEACTABNSKIOT roNoMophHyl0 B O+
GyHKUMIO / TaKylo, 4To

(2.15) Uw -~ /_T = vA?jf *Eo+-
Tem cambIM, B CUNY TeOpPeMbl 2.2 NPOCTPaHCTBO J1? 0 cOBMNajaeT ¢ MHOXECTBOM (YHK-
UM, NnpejcTaBuMbIX B BUge (2.13). flanee, ecnu / € /1 0, To € /12, v oueBunpg-

HO, YTO 3TO eAVHCTBEHHAA QyHKUMA n3 I3, Ans KoTopoii BepHbl hopmynbl (2.13) u
(2.15). Kpome Toro, LiAn/Ligo = 11/1U? 0 B cuny Teopembl 2.2, U eCNK Apyras GyHKLUS
>e £2(—00,+00) obecneynBaeT npescTaBneHune (2-13), To npeoGpasoBaHue dypbe
QyHKUMM  — paBHsieTcst Hyno BHe (0, +00), T. e. y3—Tjuf \ TT2. HakoHeL, ocTaH-
eTCs 3aMeTUTb, 4TO ABNAETCH B oT! 4 0—Hn
uHTerpan (2.13) sagaet (1 ) , NOCKONbKY onepaTopbl n( )~1peficTBYIOT Kak
YMHOXeHMWe U AeneHne Ha Tl NoAbIHTerpanbHbIX PYHKUUI B (2.14) u (2.15). n

3. Onpesencune npoctpancts tuna fupuxne A2

Mpeactasnenus, nsomeTpus, rpaHuuHoe caoicTao

Tenepb BBeAeM HEKOTOpble MPOCTPaHCTBa A2 TNNa [iMpuxne, cofepx allnecs B npo-
cTpaHcTBe Xapan H2 B G+, yCTaHOBMM NMpejCTaBNeHus, HaiiieM ABHYI0 (hopMy n3o-
MeTpum ¢ 112 1 yCTaHOBNM HEKOTOPbIe FPaHnyHbIe CBOWCTBA (yHKUWIi 13 [o-

onpegenenuve 3.1. Monaran, 4To (yHKuMa 6 i1, (0 < a < +00) Henpepbis-
Ho AndpeHunpyema na (0,+00) M Takosa, 4To0 ¢0(a) > Mx (0 < T < +00) C
HEKOTOpOiA NOCTOAHHOA M > 0, NonoXknm

w(x) = Wa(x), wi(x) = 7I+0 wa(x - t)du>a(t), 0 < x < +o00,
v onpegenum A2 Kak MHOXKECTBO (yHKUWA f ronomMopdHbix B C+, ANS KOTOPbIX
(3.1) fenl,Nl u WATAf(X +iy)= 0, —0< X < +00.
Takoke, nonoxkun ||/||g» = ||/'|lna -

OTMeTUM, 4TO 3TO ONpejeneHne KOPPEKTHO, Tak KaK Wi e + 0 B CUNY NemMMbl 4 13
[2]. Kpome Toro, npu nto6om 0 < X < +00

[No@)]2 = q e-x'dufow) =J+ A )
22
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O MPOCTPAHCTBAX JTi TUMA AVPUXNE B NMONYMIOCKOCTU

1, KaK HeTpyAiHO y6eanThbes,
wie) = J wox—) ()1, 0<x< +00
Bclogy Huxe Gyaem nonaratb, 4TO yHKUMM L, LN 1 Wi TaKOBbI KaK CKa3aHO BblLLe.
[Mlanee, NeTpyAno 3ameTUTb, 4To NeMma 4.2 13 [13] nepna Takxe nNpu 3HaveHun —O,
W noaToMmy, ecnu (yHKUWA o1 = WO monoxuTenbna, He BospacTaeT Ha (O, 100) u
Takosa, 4To
J ¢ ) 1dt. < +00,

TO ANA Noboroz = x + iy e G+

rae 7 sABnseTcA Hey6biBalowei hyHKUmeid Ha (0, +00), Takoit 4To 7(0) = 0 B 7(4) <
[»()] *0< < +00.Tem cambiM, yHKUMA CironomopHa BHe 0TpULATENbHOI
MHUMO## MONIyOCH, 1 Ce CUHTYNAPHOCTB B Nayane KOOPAUHAT UHTErpupyema.

MepBoe 13 NpeacTaBNEHNii ClieayIoLLel TeopeMbl SBSAETCA aHANOroM Teopembl Majn-
Bnnepa (cm. [14], Teopemy 11.9 Ha cTp. 186), a BTOpoe B IBHOM BU/e 3ajaeT U30MeT-
puro mexay Al v npocTpaHcTBom Xapam 112 B NoaynaocKocTu.

Teopema 3.1. 1°. fABNseTCA rnnbbepToBbIM NpocTpaHcTBOM, A2 C TI2 n
Al coBNajaeT ¢ MHOXECTBOM (yHKUNI NpejCcTaBUMbIX B BUje

rae () € 2(0,+0c), u [|®|b3(0,+00) = H/IU*-
2°. A2 coBnajaeT C MHOXECTBOM BCeX (hyHKLMii NpejcTaBuMbix B G+ B BUje

(3.3) 1(*) - 2 C,(; tMHM, »(*)e a*,

rge LiMIH3 = 11/11-42- ®opmyna (3.3) 3apaeT usomeTpuio H2 —¥ A”, obpa-
LjeHnem KOTOpoii ABNseT CA

(3.4) v bl 1%~ I'"(>+ Q«(<)™. «€G+.

[flokasaTenbcTBO. 1°. HauHem c okasaTenbcTBa TTpeacTaBnenHns (3.2). C aToil ue-
Nbl0 3aMeTUM, 4TO B CU/Y TeopeMbl 2.2 Knacc A£,i 0 coBnajaeT ¢ MHOXECTBOM BCex
dyHKunit F Buga

{)=- =71 Oem dt, zeG+,
VATT Jo Vv
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rae () 6 £2(0,+00), u ||| =,.0 = ||®|bi(0.+co>- flanee, 3ameTum, uTo «Bugy (3.1)
Ans no6oii hyHkuun / e A*, n nioGoroz e C 1

*y- -, A ) ~
"o~ e“unn )m

rae ()€ L2(0,+00) u [|®fn3(0.+00) = I/1U»,.., = W/Ibli- UTak, hopmyna (3.2)

fokasaHa. [lanee, 1erko nNpoBepuTb, 4To t/MI(t) > M > O(O< < +00), 1 NOITOMY

N *)</bio(*)} 1 (0,+00) N NFYidLIiN0.+0c) < +00- CnejoBaTenbHo, nonyyaem

niu* = 1 | »0+ ) > M\D{r)/{ubly*)}if.afo.+o0)
rae KO*)/{ 1 (<)} “(0.+9 ) = /1153 no Teopeme Mann-BuHepa. Takum o6pasom,
(3.5) \\Jlin < M-4|/|U* < +00, T.e. /EcH 2.

O6paTtHo, ecnu / npeacTasnma B Buge (3.2), To Npu Nt060M BELLECTBEHHOM &
+00 u*2

U

= M i12y)- H2WOW*(0+a0) ~* 0 npu y —» +0C
WTak, cooTHoweHme (3.1) cnpaBegnnso. Kpome Toro, 04eBUAHO HTO

Py = TE fe e dt 2 GG,

n noatomy f e A 110 uo Teopeme 2.2. [1ns 3aBeplUeHNs JoKa3aTeNbCTBa yTBEPX/Ae-
HUA 1° foKaXeM MONHOTY NpPocTpaHcTBa A2. [leiicTBUTENbHO, ECIM UMeeTCs nocre-
posatenbHocTb Kowwm { }i° C /12, To npousBojHble C A7 0 obpasywT
nocnefoBaTenbHocTb Kown B 210 u ux npegen Fq npuHagnexuT /121i0, Tak Kak
210 ABNAETCA TMNbGEPTOBBIM NPOCTPAHCTBOM. OTMETUM, YTO MOC/EA0BATENbHOCTL
/n paBHOMepHO cxoAnTCA K FO BHYTpU G +. C Apyroii CTOPOHbI, BBUAY OLLEHKN HOPMbI
(3.5) {/n}i° aBnseTcs nocnefoBaTenbHOCTbo Kown B 12, 1 TeM camblu UMeeT npe-
pen /o £ H2 K KOTOpomy /,, CTPEMUTCA paBHOMEPHO BHYTpU G+, N ANSA /0 BbIMNONHEHO
cooTHoweHKe (3.1). Takum o6pasom, FO = /i € -47 0, n [ 4 /J b HOPMe NPOCTPaH-
cTBa -42i0, T. e. -* foB Hopme npocTpaHcTBa 2, /0 e A2 U /0 ysoBneTBopsieT
(3.1).
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2°. B cuny Teopembl 2.3 NPOCTPaHCTBO 0 coBMajaeT c MHOXeCTBOM BCeX PYHKL WA
.F Bupa

(3.6) >6 C*.

rae ¥ = £,F 6 H1 B G+, a IMIn* - Ecnm f < N1E, T0/" = F e

Aux,0>1 npuxoaum K hopmyne (3.4) n paeHcTeam [Mla* = ilaglio = WIU» -4 ™
[noKasaTenbCcTBa NpeacTaBneHns (3.3) samMeTm, 4To Npu no6om y > O

Jree

+iaO<lo:£°°j7 _C,M,

rjle VHTerpanbl a6CoMOTHO U PABHOMEPHO CXOAATCSA M0 I — X + iy BHYTPM G+. Mo-
3TOMY, UHTerpupys npeactasnenue (3.6) yHkUUM /* nonyyaem

)~ e e /Il ¢l + ~ Hv<t)dt
=A% weALt)VW dt, r.« +(,£5%
rfie MHTerpanbl a6CONOTHO U PaBHOMEPHO CXOAATCS BHYTpU C+ B cuny (2.3) ¢ niobbim
17 e ([»] —1,n). O6paTHo, ecnu cnpasegnnBO npeacTasBneHne (3.3), To Ans nw6oro
zeG +
H{*) = /_ C*(z~ = J daJ ™ C’o@+ to - t)ifi(t)dt,

n, Tem cambiM, f o6nagaeT npectaBneHmem (3.6), U3 KoToporo cnegyeT, uto /' e
-"bli.0- M03TOMY, UCNONb3Ys HepaBeHCTBO T bnbAepa n (2.3) nonyvaem, 4To Npu 6om

z=X+iye np> 0 umeem

inxeyi)icmin. o {s;/1°° e+ i T i} A

Ao ™Nro-

Takum o6pasom, cnpaBeAnMBO COOTHOLWeHMe (3.1) u/ e A%. o

Itenepb nokaxem, 4To yHKUWUM NPOCTPaHCTB Tuna flupuxne A2 o6nagalT Hekaca-
T . BHE HEKOTOPbIX MCKIOUNTENbHBIX MHOXECTB

Hy/eBOli OMera-eMKOCT/ Ha Bel|eCTBEHHOI ocu. OTMETUM, YTO OTMeueHHas omera-
emMKOoCTb BBefeHa B [15] Kak 0606LjeHNe pacCMOTPEHHOro B [7] MOAyna0CKOCTHOrO
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aHanora o6ujenssecToii anbda-ekoern ®pocTmana. Mol X e NCMO/b3yeM NPUBLALILIOO
HIXe, HECKONbKO MOAN(NLNPOBAHHOE, HO 3KBUBANEHTHOE BBefeHHOMY B [15], onpe-

fleneHme, a TaKKe HeKOTOpble pesynbTaTbl U3 [15].

OnpepeneHue 3.2. MycTb E C (—00, +00) - bis.Mepuim>e 7X Bopenio MHOXeCTBO.
Torga E nNono>KuTenbHoii co-emkocTu (unu CLYE) > O), ecnu gna nwoboro R > O
cyujecTByeT KOHe4dHas 6openesa mepa a > Oc HocuTenem E —R.R") (a- K
(—R, 1)) Takas, yTo

-:;gspx+j_R cu(r — N )< +00.
Ecnu oice HeT Takoii mepu, T. e. Sr = +00 Npu HekoTopom R > 0 u nioGoii

KOHEYHoIi, HeoTpulaTenbHoi Gopenesoit mepea - E  (-R, L, To MHoXecTBO E
obnagaeT Hynesoil ni-emkocTbio (unn CLYE) = 0).

MpeagnoxeHune 3.1. MockonbKy GyHKUUM / e A2 npeacTasumbl 5 Buge (3.3), To B
cuny nemmbl 4-4 vn [15] 3T M QYHKUNAN UMEIOT HeKacaTenbHble IPaHUUYHbIE 3HAUCHUS
f(X) BO BCEX TOYKAX —0 0 < X < +00, KPOME MHOXKECT BA HYNEBO LW-EMKOCT I,

4 BMOPTOFOHAJ/IbHBIE CUCTEMBI, BA3UCHI U MHTEPMONALMSA

siBHaa hopma (3.3) N30MeTPUM MexX Ay NpocTpaHcTBOM Xapau H2 B G+ u npoCpaH-
cTBaMu A2 No3BONISiET NepeBecTH M0G0 pe3ynbTaT afAUTUBHOIO XapakTepa B nNpo-
cTpaHcTBe H2 B nofo6HbIii e pesynbTaT B nMpocTpaHcTBax A”. B uyacTHocTu, npu
p = 2 pesynbTaTbl [16, 17] o GMopToronanbnbix cucTeMax W WHTepnonsuum B Hp
(1< p < +00) UNAYLNPYIOT TaKue Xe yTBepXAeHUs B A, TouTn BCe 3TU yTBepXje-
HUS JaHbl B HUXKEC/IEAYIO W UX NPEANOKEHUAX, A0KA3ATENbCTBA KOTOPLIX O4EBUAHBI

1 N03TOMY He NPUBOAATCS.
Ans npocToTkl 6yaemM paccMaTpuBaTh CNy4aid, KOrja y3nbl WHTEPNONALMM MepBo-
ro nopsfKa, T. e. BCIOAY HUXe Gyaem nonarate, 4To - nocnejoBaTeNbHOCTL
nonapHo pasnuyHbiX To4ek B G+. MpPUHATO roBopuUTh, YTo {r*}?° € [, ecnu nocne-
fA0BaTeNbHOCTb {r*}|° paBHOMepHO pasgeneHa, T. e.

OTMETUM, YTO BbINOHEHME 3TOFO YPOBHU MeYeT BbINOHEHWE YCN0BUS Brsiwke
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Heo6X0AMMOro 1 A0CTaTOUHOrO A4S CXOANMOCTI Npou3BeaeHus Bnswke

¢ Hynsmn K (YHKNUN ronoMopgHoii BClody, KPOMe 3aMblKaHUA MHOXecTBa
{*fc}?°- HepaBeHcTBO (3.21) 13 fIC] nepexoAnT B HEPaBEHCTBO CNeAyHOLLErO NPeano-
KeHus.

MpeagnoxeHnue 4.1. Ecnu {r*}j0 € [, To ana nw6oit dyHkyun / £ >1; cnpases-
NIMBO HEPABEHCTBO

£ 1A -/bl |2<C|A1.,
k—
age C > 0 - NOCTOAHHAA, He 3aaucaAvyT oT /.

Mpex e TeM NpuBECTU pAfd npep nii 06 W WHHTepnonAuuN B
J12, 0TMETMM, 4TO (yHKWra

bI>)= 5 = W Mom=, i K-1.2..

npuHagnexat H2 B C . Tem cambiM, PyHKLNYN

UArkis) = rkuf{z) w 17Nwnix) = Cku(z), k= 1,2,...,
npuHagnexart A%, u, KaK HeTPYAHO rujoiieputsb, Mkw(r) = —Cb{r —rLl).
BBuay Teopembl D 1 HeKOTOPbIX APYTUX pe3ynbTaToB U3 [16] cnpaBeanneo cnepyio-
ujee yTBEPXKAEHME.
MpeanoxeHune 4.2. Ecnu nocnefosaTensHocTh {za-}J° He yaoBneTBOpAeT ycno-
BUio Bnswke, T. e. pag (4.2) pacxoAyTcly, TO CUCTEMbI

S)jf w {Nb,M}*

noNHbI B
[Manee, nekoTopas TpaHcdopmauus B ycnosusx (1-16), (1.17) us [16] (unm (2.2), (2.3)
n3 [17]) T K A TBa 2{zfc} C (yHKUWIA /, Ans Ko-
TOpbIX CyLECTBYIOT HeKOTOpble g € Hr Takue, 4TO ANA NOYTM BCeXx —00 < X < 4-00
HekacaTe/lbHble TpaHUYHble 3HauYeHns QYHKUUN g{—z)B (z) U3HYTpPKU HWXHel nony-
nnockocTm G = {z :Imz < 0} COBNAAAlOT C HEKACATENbHLIMM XKE rPaHUUHBIMU
3HAYeHNAMU PYHKLNYN e H2 nsHyTpu G+. fAcHo, uTo /42 {zfc} moxHO paccmaT-
puUBaTh TONbLKO Npu ycnosuu (4.2). 3 Teopembl 2 U3 [17] NpuxoanM K cnejyioujemy

NpeANoXeHnio.




N. M. JKPBALWAHT 4K . X. UBXEUAUWNO

Mpeanoxexne 4.3. CucTembl {-iCu(z- Zk))T u {~fc.«(«)}i® 6MOPTOroHanbHbl
BA2, T. e
(- iC.{z - 2%), <« (*))0 = \-iCum - W) nZM d~Az)

ri, ecnm wm—k,
0, ecnm, M K

Cnepyloujee yTBepXaeHue BbiTekaeT u3 nemm B u 1.1 paboTbl [16].

MpeanoxeHnue 4.4. Ecnn/ € N2, To:
1° / wTwagnc.oicnT munoicecTsy /12 {zu} Toraa u Toni.ko Toraa, Korga

rae ) n Tift) - rpaHUYHbIe 3HaYEHUSA DYHKLUUK e TR2wn Me IT2.
2° CnpaBeanuBo crefyioliee 0pTOrOHaNbHOE Pa3NodXKeHne:
f(z) = *)+ A() (26 G+), |l . = WALS+ WAL,
rae F GA2{zk} n A = GA2

WMa Teopem 4.1 H 5.2 pa6oTbl [16] NPUXOAUM K CnegylolieMy pe3ynbTaTy.
MpeanoxeHue 4.5. Kas/cpan na cucrem

(Feu(=-29)" w ()}
asnaeTcA 6asmcom B A2{r*} Torga n TonLko Torga, korga {r*}20 € .

Monb3ysick hopmynamu (4.29), (4.31) n opmMynoii pasnoxeHns B KOHLLe JoKa3aTeb-
cTBa Teopembl 5.2 n3 [16] NpuxoanM K cnepylollemy pesynbTaty.

Mpeanoxenne 4.8. Ecnu {r*}i° €[, To nobas dpyHkuynsa £ N12{z*} npescra-
BAMa B G+ 06Genmu pagamu

N - E =%()C,(« W)- £ Lun*t)run(r), rfe e*(1- (/,
ioTopble CXOAATCA B HOPME NPOCTPaHCTBA A2 U PaBHOMEPHO BHYTpU G*.
B cnny Teopembl 4.2 n3 [16] cnpaBeannBo cnejylollee yTBepXaeHue.

MpeanoxeHue 4.7. Ecan {r*}?0 6 [, To no6as pyHkuna / e A2 npeacTasuna

/bl - 53 <*(/)OA* - ad + *(»),
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rae pag CXxoAnTCca 1 nopnic W paBHOMepHO BHYTpu G+, a Tako/ce Bepnbl cneay-
iowe BnomceHns:

B cuny Teopem 5.1 1 5.2 u3 [16] nmeeT MecTo cnepyioliee NpeanoxeHue.
Mpeanoxenune 4.8. MycTb {=*-}° - N0CNef0BaTNBHOCTH MNOANapHO PasNUYHbIX
Touek G+. Torga cnjnraefnunobl cnefyloviin yTBep K geHus:
1°. Ecnu {r*}?0 € [ u {ro*-}50 - nocnesoBaTeNbHOCTb KOMNNEKCHbIX YMCeN, ANs
KoTopoit
A= "2 lw .riggpi2 < +00,
TO cyulecTByeT eANHCTBeHHas (yHkuua /o € ANr"} Takas, yTo

LMzKk=wk f{k=1,2,.) « Lolln*<CG6A,

rae Ct > 0 - nocTosAHHAA, 3aBUCALLANA TONLKO OT 6 ri3 (4.1). 3Ta QyHKUnsA
pasnaraeTcs B psij
Nnoo = £ re G+,
f=1

CXOAAAUMICS B HOPME NPOCTPAHCTBA A2 U PABHOMEPHO BHYTpPU G+.

2°. O6paTHO, ecnu MHOXKecTBo nocnejosaTensHocTeit {(bn *fc)172/ ,(2fc)}~ co
BCCBO3MOOTMBIMU (yHKUMAMYU / e A2 COBNajaeT C NPOCTpPaHCTBOM R- mo-
CNej0BaTeNbHOCT el KOMNNEKCHBIX YNCEN C KOHeUMbINLW CyNiMant KeagpaTos
moayneii, To {r*}20 GA.

Abstract. Some extensions of the results of the first author related with the Hilbert
spaces A2'0 of functions holomorpliic in the half-plane are proved. Some new Hilbert
spaces A", of Dirichlet type are introduced, which are included in the Hardy space H2
over the half-plane. Several results on representations, boundary properties, isomctry,
interpolation, biorthogonal systems and bases are obtnined for the spaces A2 C H2.
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METHOD OF MOMENTS ESTIMATORS AND MUDbTI-STEP
MLE FOR POISSON PR.OCESSES
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Abstract. We introduce two types of estimators ot the finite-dimensional parameters in
the case of observations of inhomogeneous Poisson processes. These are the estimators of
(ho method o moments and Multi-step MLB. It is shown that the estimators of the method
of moments arc consistent and asymptotically normal and tho Multi-step M 1.5 are consistent
aud asymptotically efficient. The construction of Multi-step MLIi-process is done in two steps
First we construct a consistent estimator by the observations ou some learning interval and then
this estimator is used for construction of One-step and Two-step MLEs. The main advantage

of the proposed approach is its computations! simplicity.

MSC2010 numbers: 62F10, 62F12, G2MO05, 62G20.
Keywords: Inhomogeneous Poisson process; method of moments estimator; consistency;

asymptotic normality; asymptotic efficiency; Multi-stc.p MLE
1. Introduction

This work is devoted to the problem of parameter estimation in the case of
continuous time observations of inhomogeneous Poisson processes. The Poisson
process is one of the main models in the description of the series of events in
real applied problems in optical telecommunications, biology, physics, financial
mathematics etc. (see, e.g., [1], [2], [3], [19], [21])- Note that the intensity function
entirely identifies the process and therefore the statistical inference is concerned
this function only. We suppose that the intensity function of the observed Poisson
process is a known function which depends on some unknown finite-dimensional
parameter. We consider the problem ofthis parameter estimation in the asymptotic

of large samples. We have to note that the estimation theory (parametric and

°This work was done under partial financial support of the grant of RSF number 14-49-00073
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non parametric) is well developed and there exists a large number of publications
devoted to this class of problems (see, e.g., [5], [9], [22], |J0] and the references
therein). The method of moments and One-step estimation procedure in the case of
i.i.d. observations are well known too. Our goal is to apply the method of moments
to the estimation of the parameters of iuhomogencous Poisson processes and to
present a version of One-step and Multi-step procedures with the help of some
preliminary estimators obtain on the small learning interval.

We are given n independent observations Xn = (Xj,..., X,,) of the Poisson
processes X j = (Xj (t),t GT) with the same intensity function A(i?,i),(6 T. Here
T isan interval of observations. Ttcan be finite, say, T = [0, T] orinfinite T = [0, 00),
T = (—00,00). The unknown parameteri5e ©, where the set ® is an open, convex
and bounded subset of TZU. Recall that the increments of the Poisson process (Xj is

a counting process) on disjoint intervals are independent and forany k = 0,1,2,...

and <
1 \ f 37 (P>a f Ti 1
pr X (- xi( )= k)= AT 0T A, eyash.
Recall that
EoXj() =A@t =J A(ths)ds, te T.
We haveto estimate the true value of = $0by the observations X n and to describe

the asymptotic (n + 00) properties ofestimators. It is known that under regularity
conditions the method of moments estimators in the case of i.i.d. observations of
the random variables are consistent and asymptotically normal (see, e.g. f4], [17]).
Our goal is to introduce the method of moments estimators (MME) in the case of
observations of iuliomogeneous Poisson processes. This method of estimation was
introduced by Karl Pearson in 1894 in the case of observations of the i.i.d. random
variables. Then it was extended to many other models of observations and widely
used in applied problems. It seems that till now this method was not yet used for
the estimation of the parameters of inhomogeneous Poisson processes
The maximum likelihood estimator (MLE) (under regularity con
consistent, asymptoticallynormaly  (i9n - t20) => A (o, | (tf0) *) and asymptotically
32
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efficient (see, e.g., [9]). Here I(t?0) is the Fisher information matrix
1(20) =  A(i%,t) A(t2,t) TA(?0,0 * dt.

Here and in the sequel dot means derivation with respectto (w.r.t.) i?and j4t means
the transpose of the vector (or matrix) A.
Recall that in the regular case the following lower bound (called Hajek-Le Cam)
holds: for any estimator i9,, and any 10 £ © we have
".”5‘0 I-II%\O%\Q/“.EA 11(do)1** COn 7$)"I > d.
This bound allows us to define the asymptotically efficientestimator i?n as estimator
satisfying the equality
lim lig | _syp NEQ IIMO)I™ (" = M)y — d
forall $o 66.

If we verify that the moments of the MLE converge uniformly Ol 2 then this
proves the asymptotic efficiency of the MLE (see [6], (9]). In the present work we
introduce two classes of estimators. The first oue is the class of the method of
moments estimators and the second class is the Multi-step MLEs.

We show that the MMEs for many models of inhomogeneous Poisson processes
are easy to calculate, but these estimators as usual are not asymptotically efficient.
The MLEs are asymptotically efficient, but their calculation is often a difficult
problem. The main result of this work is the introduction of the Multi-step MLEs
which are easy to calculate and which are asymptotically efficient. These Multi-step
MLEs are calculated in several steps. For example, One-step MLE is calculated as
follows. First we fix the learning observations X N = (Xi,..., Xf?), where N = [n4]
with 6 6 (j, 1). Here [a] isthe entier part ofa. By the observations X N we construct
the MME =N and then with the help of it we introduce the One-step MLE by the

equality
7 j=N+1 T
It is shown that this estimator is asymptotically normal
I/kK - n>)—>nr (0,1 (B0) 1)

and is asymptotically efficient.
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Recall that the MLE can be explicitly written for tin*, very narrow class of
intensities. Therefore it is important to have other estimators, which are consistent
and asymptotically normal and the same time can be easily calculated

2. Method op moments for Poisson processes

Let us construct the method of moments estimator in the case of observations
of inhomogeneous Poisson process. We have n independent observations X n =
(Xi,..,Xn)ofthe Poisson processes Xj = (Xj(t),t G T) with the intensity function
(A (fI,1),teT).

The unknown parameter ©G © C Kd- Here © is an open, convex, bounded set

In the construction of the method of moments estimator we follow the same way
as in the construction of MME in the case of i.i.d. random variables. Introduce
the vector-function g(s) = (gi(s),—g,i(s)),t G T and the vector of integrals

Id), where

n - ), 1

We have

Letus denote M (i9) = Eel~rf) and suppose that the function g (m) is such that the
equation M (i?) = a forall QG © has a unique solution -0= M 1(a) = H (a). Here
H (a) is the inverse function for M (m).

The method of moments estimator 19* is defined by the equation = H (an),

where

Introduce the Regularity conditions Hg *

« ForanyV>o0andany G6
U"/i>IM (0)- M (to)! > °.

. The vector-function U (+) is continuously differentiable.

Introduce the matrix
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Here the matrices
(~)., =T1T3r" ClIm - - L SI(*>«*<*) *No*»mee
Theorem 2.1. Suppose that the vector-function g( ) is such, that the regularity

conditions 7I(i are fulfilled. Then the MME i9° is consistent and asymptotically
normal

(2.1) W -40)=*-1T (0,D (I70)) *
Proof. By the Law of Large Numbers

» - s £ » W w —*J “w »> 1=1... n

and hence by the well-known Continuous Mapping Theorem H (a,) — »H (ao) =
Po- Here we put ao = M (#0). To show asymptotic normality we write

w 0Oo0)=" (H(a,)- H (a0)) =y (H (ao + bnfn) - H (ao))
where bn = Ta-1/2 and the vector
.- E 1 8w N w -n *>d"l m

By the Central Limit Theorem i =>mN (0, G (t?)). The asymptotic normality (2.1)
now follows from this convergence and the presentation

Vs (« -an - (1+«<D)+

Recall that the vector-function H (a) is continuously differentiable.
Example 2.1. Suppose that the intensity function is
d
A(S,()-X1>1M <> + %0, teT.

Introduce the vector-function g (-) and the corresponding integrals 1 ~. The vector
M (P) = Ai9+ AoG, where

AM=  fk() ()d¢  Gk= ()dt
in obvious notations. Hence we can write

$= A 1[M -3)- AOG] = A 1[a- AOG] = H (a).
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Therefore the MME ©* is given by the equality
e2) K =A 1[a,- AOG] = A "+l f g (1) [dXj«) Aoitt.
7j~\
This estimator by the Theorem 2.1 is consistent, and asymptotically normal. To

simplify its calculation we can take such functions g (-) that the matrix A became

diagonal
Example 2.2. Suppose that the inhomogeneous Poisson processes X W arc observed

on the time interval T = [0,00) and have the intensity function

i.e., we have Poisson processes with the Gamma intensity function. The unknown

parameter is i? = (a,0). We know, that

Hence, if we take g(t) = (gi (), (i)) = (t,t2), then the system M (i?) = a has

the unique solution

Therefore the MME i9* = (a*./9%) is

(2.3) a* = -y
M -(iEJ.JT 0) )

s4)

This estimator is consistent and asymptotically normal.
The similar example can be considered and in the case of observations on T =

(—o00, +00) and the Gaussian intensity function with i9= (a, a2):

Further examples and the convergence of moments of these estimators can be

found in [13].
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3. One-step MLE

The One-step MLE was introduced by Fisher (1925). This One-step procedure
allows to improved a consistent estimator up to asymptotically efficient (One-
stop MLE) tf*. We consider the similar construction in the case of inhomogeneous
Poisson processes. Suppose that the observations X n = (X\,...,Xn) are Poisson
processes with the intensity function A(t?,t),t 6 T.

Condition Vo. We have a (preliminary) estimator t?,, which is consistent and
such that y (On —i?0) is bounded in probability.

Introduce the learning observations XN = (X\,...,Xy), N = [n4], 6 G (5,1)
and the One-step MLE

" JAT+LIt A(VN'D)
Here 4N is the preliminary estimator constructed by the first N observations.
Regularity conditions Jq:
« The function t (-8,t) = In A(tf,i) has three continuous bounded derivatives,

w.rt. ©
* The Fisherinformation matrix I (i?) is uniformly on «&e © non degenerated:

ind, firl @@L > 0

Here L} € Td.

Theorem 3.1. Suppose that the conditions Vo and Co are fulfilled. Then the One-
step MLE is asymptotically normal

VS« - apg=aM (o, 1(/1)Y .

Proof. We have the equality

yin (2% —i%) = nlit (& —#o) +

+ J2 fi(SN,i)dxjr x7ho,f)dt] +
VojEN+1
+1 w) 1 I 9 [A@20.1) —A(*,, 1)] d<.
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As  — »Go we can write

AON)~1— 1b [*(?"'*) BAi (9 A(i%,<)dt\
Vi j=N+I

=1( )4 £ /<N *>Ne W-A(*0,4<4 + o(I>-
Vn =N+14t
By the Central Limit Theorem

v nisar+i-it
Let na consider the remainder
RN = >/« (*2N —tfo)
+1(Sjv)1 Ee(SN.)[\<n,t)- pn,i)] A
- S* )i(A V) [I(Sw) - FTW n.tri<?N <m
+Vs (S ,-40Q to (N (I» 4 )-»(i),
where we used the equality
1(dN) = \(9n,i)T @n.t)di
and the Taylor expansion at the point -Ch

A90,t)  A(Mari) = - 3 A(tfw +s(tfiv i20),0)r (\ar 170) d«

= —A(5iv,))T{& —i%) + O ((i21r —"0) ) »

Remind that -y/nO ("(pN —#0)2) ~ y/nO (n 5 = o(1). Therefore we obtained the
representation

OK - tfo) = 1(i?0)_1A= [ &(rfo,1) [dXy (*) - A(t?0,*)dt] + 0 (1)

which proves the theorem.
Remark 3.1. If we suppose that the moments of the preliminary estimator are
bounded, say, E”O[iZ7n —4%| < C, wherep > 2 and C > 0 does not depend on n,
then the presented proof allows to verify that the moments of the One-step MLE
are bounded too and that is asymptotically efficient.
In all examples below the MLEs have no explicit expression.
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Example 3.1. Suppose that the intensity function is

and is the MME defined in (2.2).
The Fisher information matrix is

and the One-step MLB in this case is

[dXj (1) - h (1)Tf2;dt - Aodt].

Here /T = [nn] and 6e (5,1). By the Theorem 3.1 this estimator is consistent and
asymptotically normal. Therefore we improved the preliminary estimator up to
asymptotically efficient
Example 3.2. Suppose that the intensity function is

t> 0,

where the unknown parameteris P = (a,0). Once more we have a situation, where
the explicit calculation of the MLE is impossible. The preliminary estimator can
be the MME i9* = « , /3') (see (2.3) and (2.4)).

The vector I (ti,t) = —t,In(at) — and the Fisher information matrix

Hence the One-step MLE is

and this estimators is asymptotically normal with the limit covariance matrix
w1
4 One-step M LE-process
Suppose that wchave the same model of observationsofn independentinhomogeneous
Poisson processes: Xn = (X \, X n) with the intensity function A@?,f),t e T,
where I?is unknown parameter. Our goal is to construct an estimator process i?* =

(tffc.nifc= 1|« m ) I where the estimator t?Jn satisfies the following conditions
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(1) The estimator ,, is based on the first k observations X (k>
(2) The calculation of this estimator has to be relatively simple.
(3) The estimator$ ,, is asymptotically efficient.

Note that the MLE defined by the relations
(a.1) V inn X*) - sup V («, X*) * . 1..n

satisfies the conditions (1) and (3), but not (2). is The likelihood ratio function [18]
V(4,Xk) -Be B is

vnnsy=expliz A dx, (i)- *  [Adt) - 1dl]

Remind that the solutions of the equations (4.1) in the case ofnon linear intensity
functions A(i9, ») can be computationally difficult problems. This is typical situation
of "on-line"estimation

The construction of such estimator-process is very close to the given above
construction ofthe One-step MLE. Introduce the same learning observations X N =
(X\,..., Xiv),where N = [n4], with 6 € (5,1) and suppose that wehave a preliminary
estimator such that V77 (i9r —t?0) is bounded in probability (condition Vo).

The One-step MLE-process is

_ Nk r
«E,, = el +1(®y) ]

3=N+1JT

where A= N +1,...,n.

Theorem 4.1. Suppose that the conditions Vo and Lq are fulfilled. Then the One-
step MLE-process = "~ n,k=N4-1,., is consistent and asymptotically

normal ~/k {"%>n— 0) => (0,1 (t?0) . where weputk = [sn]. Heres e (0,1].

Proof. There isno need to presenta new proof because itisa slight modification
of the given above proof ofthe Theorem 3.1.

5. Two-step MLE-process

The one step MLE-process presented in the preceding section allows us to calculate
the values 0%n for k = N + 1,..,n, where N = [n4] with Se (8§, 1]. Therefore we

have no estimators for k =
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Itisinteresting to rcduce the learning interval and to start the estimation process
earlier. Let us see how it can be done with the learning interval X N = (.Y],.... Xj?)
with N = [«*] and Se ~ .ij.

Wo suppose that a preliminary estimator tf.v is given. Then we define the second

preliminary estimator

+1(*%) 11 [i N [Xj(H-A ., )di,
K}=N+1Jt
and the Two-step MLE-process is defined by the relation
1 k r
et;,, - +iNe») € J2 /' New*Ne M- A *) dtl
KI=N+IjT

where /r= N + 1,...,n. Let us show that it is asymptotically normal
'n (BE*,- Bo) —m (0,l(B0)1) .

Here k = [sn] and s e (0,1]. We have

Vk (i9"n —i%0) = (2%, —i%0) +
+1Pjv) 1t £ fi 0 1dXj (1) - A(8,,, i) di]
Kj-N+1Jr
4-1(ar) 1A GEL (N [AC) A ] dt.

We can write for some -y > 0, which we chose later
IC («-p - «0) - " (BK - BO)
+i(I»T ¥ it /*Ne»,().Ne (*)—Y*o,0di]
W +1Jr
+1(Sn)1"" (i~ < (Bn-,i) [A(BO, )- A(JIv, )] di
-MB.v-Bo) [J- (-7) (L)* <I(7. NEOM T
tokor
+1@N)~-1— Y ' e(0N,t) [dX]j (t) —A(i?%, 1) dt]
A j=N+

~0 (" p» eola)+o (f)

+1 »)- Y 1<(5%.t)ld*.,M -A (eo,t)di].
* 1=+
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If we take 7 <6 then we have
1 —t90)l — »0.

Farther, as 7 < 5 < j we have

* J-JVI-I-T»
- — i s < L)1 «)-F( L) 1]= < ( ->-4)-10

Hence for 7 < 6, n 1(&b,n —00) — »0- Therefore

e (21, —10) = 0 (VK *, ~i%] |ar  i20])

+1(9%») 1= £ [ 1&N,1) [AX, ()- A(«0,t)dt].
=N WNJr

We see that if we take 5 — r~ f < Othen
~do| 1MV -i90] = nin-An-i( *|7 »-4 |) *-60]-10
Therefore if Se (g, 5), then we can take such 7, that 7 < and 7 > ~5". Finally

we obtain

£ /i(80,»)Ne (*)-i(U0,1)<M]+<.(1)
J=Jtf+1 4T

-en-~unbri .
Therefore we proved the following statement.
Theorem 5.1. Let conditions Vo and Ca be fulfilled. Then the Two-step MLE-
process (&4n,k = N + 1,...,n) is asymptotically normal
m&Te» *>) —pft (0,1 (««rl) .
Here k = [an]
Example 5.1. Suppose that the intensity function of the observed inhoznogeneous

Poisson process is A 6.t) = Asin (2mmt+ )- Ao, 0 <t < 1, wheret?e © = (a,0),
0<a</9<2mMand A < AD. Let us take g (t) = cos (27rt) and note that

MW =£ sif)A(0,9dt- J co, W , = «toco .
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The MME is
o = arccos - J cos(7rt) dX .

Tlie Fisher information
A A2coB2(2ni)
i=£ Asin(irt) --Ao0

docs not depend oil i?. Let us take N — [**"] and introduce the Two-step MLE-

process as follows

+ @maronys  WXXR*="HL -

1 A cos (27rt 4-12ar)

PNt N e Em(eat + %8 + Ml <ulfl<>

K—N \A cos (2 +__fr)] [Asin (2irt+ %) + A0] A
| « X0 Asin (2irt 4-%8r) 4- Ao
because
J Acos@mt+ { )dt=o.
By the Theorem 5.1 -/k -A(0,19).

6. Discussions

Itis clear that we can continue the process and to reduce the time of learning
using three and more-step MLE (see [13], where the construction of the Three-step
MLE-process is discussed). The space T can be of more general nature. For example,
it can be Rm. The similar construction of one, two and Three-step MLE-processes
in the case of nonlinear time-scries were realized in the work [15]. The numerical
simulation ofthe Two-step MLE-process presented there show the good convergence
of the estimation process to the true value. The same construction was used in [8]
in the problem of parameter estimation for partially observed system. Note that
the Multi-step MLE-processes were used in the problems of approximation of the
solution of the Backward Stochastic. Differential Equation (see, e.g. [11], [14]).

Acknowledgement. We sire grateful to the Referee for the careful reading of

this manuscript and the useful comments.
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AHHOTayuA. B poGOTa C NOMOWbIO CELMANbHbIX UHTETPANbHBIX HPOACTHLLI-
nNii GyHKUMiE Yepe3 porynapublii 0NepaTop 40Ka3bIBAETCH OAHOIHAYHAR paspe-
WIUMOCTL PEry/APHbIX FHNOSANHNTAYOCKUX YPBHEHNiH U blyIbTHALITKA POiLLIbIX
BECOBBIX (PYHKUMOHANLHLIX NPOCTDAHCTBAX. TPUYEM CYIWECTBOBAHUE PeLIeHNii
[l0Ka3bIBAETCA Yepe3 NOCTPOEHMA NPUBAKEHHBIX PELLICHNA C NOMOLLBI0 MyNbTH-
aNM30TPONHBIX MHTErPanbHbIX 0NepaTopos

MSC2010 number: 32Q40.

Kniouesble c/0Ba: MynbTUaHIra0TPONHOE NOCTPArrcTBo; FMMO3NNANTUYECKOE PaB -
HEHWe; MHTerpanbHoe NpeacTaBnenve; hyHAaMeHTaNbHOe CeMelicTBO OMepaTopoB.

1. Beeaenne

B gaHHoli pa6oTe n3yuaeTcs PaspelnmocTb O4HOTO K/acca rmnodninnTieoKnx
ypaBHeHuii B J1”. OHa fBnsieTcs 0606LeHnemM pesynbTaTtoB pa6oT IM.B. [Jemugenko
[1]-[3], rae ¢ momoLlbio CRELWanbHOro MHTErpasbHOro MpeacTaBs
ro C.B. Ycnenckum B pa6oTe [4], NOCTPOEHbI MPUGAMXKEHHBIE PELIEHUA AN5 KBA3N-
ANNHNTUYECKNX yPABHEHWIA BO BCEM MPOCTPAHCTBE. TPYAHOCTb W3yueHns perynisip-
HbIX TUMONNNNTITYECKNX YPABHEHNI 3aK/I0YAETCS B TOM, 4TO eC/N CTapLine YacTu

A, NONYYeHHO-

ANNNNTUYECKNX 1 KBA3NININMTUUECKNX ONEPATOPOB COOTBETCTBEHHO OfHOPOAHbI 1
0606LLeHHO OHOPOAHBI, TO CTaplias YacTk PErYNSPHOTO OMepaTopa — My/bTHHE-
ofHopoaHas. PerynsipHble onepatopbl BBeAeHbl C.M. Hukonbckum (cm. [5]) u B.M.
Muxaiinosbim (cM. [6]) (cm. Takxe [7]). Mpyn nony4YeHWU HacTOALMUX Pe3ynbTaTos,
0 CyuiecTBy, GbINIM NCMOMB30BAHBI CMIEUNabHOE NHTErPabHOE NpeAcTaB/eHne Yepes
MyNbTUAHN3OTPONNBIC AAPA U OLEHKY ANS MYNbTUAHN3OTPOMHbIX SAEP, MONYUYEHHbIX
B paboTax [8]-[11]. OTMeTUM, 4TO NepBble Takne NPUGANKEHUS U3y4yanucb B paboTe
[12] C.N. Co6onesa, rae nonyyeHbl NTerpanbHoe NpeAcTaBneHne hyHKLUKIA Yepes camy

°Pa<50Ta HMNOHEHA A PaMKax TEMATUYECKOrO (KHaHcirponakns PAY n3 cpecte MOH P® u

NPH NOAAEPKKE TEMATMUECKOTO BUHAHCMPOBAHNA KOMUTETA HayKW LM MUHUCTEPCTBE 06Pa30BaHNs
w naykit PA (ks npoekta SCS # 15T-1A197)
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O PASPELUIMMOCTW PEFYNAPHBIX TMAO3ANNNTUYECKUX

(QYHKLMIO 1 ee NPOM3BOAHbIe. B ganbneiiwem 3T pesynbTarhbl 6binn 0606WeHbl ANA
(QyHKUMAN NnpuHagnexalwnx 0606wenno oANOpPoANbLIM NpocTpaHcTBam (cm. [13]-[15]).
B paboTe 40Ka3bIBAETCS PA3PLLIMMOCTb PEryNsiPHbLIX YPABHEHNI B CrIeyManbHbIX Be-
COBLIX MPOCTPAHCTBAX. M040GHbIE NPOCTPAHCTBA B ClyYae @ = 1415 INNUNTUYECKIX
onepatopos usy4yanuce B pabotax [16]-[17], a AnA KBA3M3INAUNTUUCCKUX ONEPaToOpoB
— B paboTe [18]. B cnyuvae e npousBonbHbix a e (0,1) NojobHble NMpocTpaHCTBa
66111 BBefeHbl B paboTax . B. lemugenko (cm. [1]).

2. Mpubnuxennbie pewenns ANs PerynapHeiXx ypasHenwi u ux csoiicrea
MycTb K™ecTb -MepHOe eBKNM/0BOE NPOCTPAHCTBO, @ Z* — MHOXEeCTBO M3'NbTn-
WHAeKcoB U3 R“. ina 1/ eR™, a € Z” n > 0 BBejeM cneayloujue o603HaveHun:
M »i+ = ff wmrr-, - (<>
Da= D
[Ans paHHOro Habopa MyNbTUMHAEKCOB 0603HAUMM Yepe3 91 HaMMeHbILNIA Bbinyk-

<) n »),
D “" ecTb 0606ujeHHas nponssogHas no C.J1. CoboneBy nopsaaka n.

Nblii MHOTOTPaHHWK, COAPXal|Mii BCe TOYKM 3TOT0 Habopa. MHOrorpaHHMK 91 Hasbl-
BaeTCs BMOMHE NPaBUNbHBLIM, €CU MMeeT BEPLIMHY B Hayane KOOPAWHAT M Ha BCex
KOOPAMHATHbLIX OCAX, @ BHEWHWE HOPManu Bcex (10— 1)-MepHbIX HEKOOPAMHATHLTX

rpaHeil UMelT NONOXUTeNbHbIe KoOpAUHaTbI. Yepes 91" 1 (i 1,....0n i, >

T0) 0603HauMM (  — 1)-MepHble HEKOOPAWHATHbIE TPaHU MHOTOrpaHHuMKa 91, uepes
O'YX —MHOXECTBO BCEX TeX MyNbTUMHAEKCOB, KOTOPbIe NPUHAANEXAT XOTS Gbl PAHON
(To—1)-mepuoii HEKOOPAMHATHOW rpaHu MHOrorpaHHuka 91, yepes 91/~ = 91\ '91, a
{al,a2,...,aM} —MHOXECTBO BCEX BEPLINH MHOTOrpaHHuKa 91, OTAUYHbIX OT HyNA.
Mycte M* (r= 1,...,In—) ecTb Takaa BHEWHAR HOpManb rpavu 91?_1, npu KoTo-
POVl ypaBHeHWe rUNepniocKoCTy, COAepXKalell AaHHYI0 TpaHb, 3aAacTcs HopMynoi
(@, = 1( 1,...,7 _ ). Banee 6yaem cumTaTb, HTO MHOTOrpaHHWK 91 UmeeT
(n — 1)-mepHble rpaHu, cogepxauyme Toukn {al,....a"}\ {al} (i = 1,...,n), rge
a*= (0,..,0, ,0,...,0). BHeWwHWO0 HOpManb AaHHOW rpaHn o6o3Haumm uyepes 1
(r—1,..., 0. O603HauMm Takxe yepes At= U- (*= 1,...,70), A= (Aj,..., A,).
Myctb 7 = (*i,..., 7N) eCTb TO4YKA MepeceyeHUs rMMNepnaocKocTeid, cofepxalinx
-MEpHbIE FPaHN C BHEWHUMW HopMansamu fjl,... /in, n Ans onpejeneHHOCTU npes-

MONOXWUM, YTO 7i < Ta < ese< 7 -T < 7Tn—F+1 < e--< 7, rper=0,1,..., 0o—1.
PaccmoTpum guddepeHuManbHblii onepatop
(2.1) P(D)= J2 a,D*

ae&T
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. A. KNPAIIKTAH, I A IIT1IVOCAl

C AefAcTBUTeNbHBIMU KO3thdULMeHTaMu a,,. Mpeanonoxum, 4to onepatop P(D) ecTb
perynsipHbIii 0nepaTop, To eCTb CyW|ecTBYeT NOCTOSIHHOE YMCNo X > OTaKoe, 4To Anst
no6oro e R™ MMeeT MecTO HepaBeHCTBO

(2.2) woil- £ 0-5“ 2* 53 I I-
wf 0T |

an
[ns nonoxutenbHoronapameTpa i/ n HaTypanbHoro /rnonoxum Co(£, //} =

Ci(E, ») = a <B(I»*')i C1(,n) ecTb npeo6pasosaHme dy-
pbe ANA AaHHbIX PYHKUWA. M3BecTHbl (cM. |10]) cnepylolime oueHKU ANnA QYHKUWGA
Gi(t,v), (1= 0,1).

Nemma 2.1 MycTb 71 <72 < eee<7,,-T < 7«-r+j < om< 7» (r =0, 1. 71-1).
Torga ans N06oro MynbTuuHAeKca T = ( .» ,....Nin) u N06Oro YeTHOro uucna
A (A> VO cywecTsyloT nocTosiukbie Ci (i = 0,1,...,» —1), Takne, 4To Ana
N060r0 V10 <V < LUMel0T MecTa HepaseHcTBa

<& (N7 (,))

M6 (t,v) 1<

Cn-"\In ™ 1+ me+ CillnW + Co

} @+ u=N '+ tNPA— +rbla))...(1 + v-N(IN t-bi”s+ mm+ tKT))
rae ({7,/9,....a},..., {7.6,..., T}) ecTb HeKOTOpPbIii KOMNNEKT N BeKTOPOB, a |l =
0,1.
Jlemma 2.2. MNycTb BeKTOp 7 yaosneTsopAeT ycnosuw nemmbl 2.1. Torpa cyuwe-
cTBYylT Takue yuncnaCi (t=0,1,...,1) n Takoe HaTypanbHoe Jp, 4T 0 Ans noboro
yncna N :N > NO u nwo6orov :0<v < 1umeeT MecTO HepaBeHCTBO
[ee [°° (- ..dmn
Jo "Jo  (L+U-N{INf +tN? 4—+tN&))...(L+V N(INrI+*AsS1 -—h

(2.4) (c.[ta>-|*+ ---+ O i]bH + Cb),
rgei —KoNM4YecTBO PABEHCTB MeX /Y KOOPAMHATAMM BeKTOpa 7 —(Ti» *=-,7m)-

Nemma 2.3. CyuecTByeT nocTosHHasa C > O, 4Umo iiast nio6oro v > 1 ume T
MeCTa HepaseHCTBa

e lilA= (ifl——mo al=0,1



O PA3PELUINMOCTW PEFYNAPHBIX MUNO3NNUNTUYECKUX ..

Ans gyHkumm / e £p(R™) o6ozHauum (cm. [8])
2.6 Ne .(*)= — todv
@9 ™ (23-)5 J;. Jk»
C NoMOTUbIO BEPLUMH a* : 0 (r=1,..., M) MHororpaHHuka 9 BBejeM MyNnbTua-

()  e-«,-0C,(e.N)«n
-la

I'm n 12
nn3oTponHoe paccTosHue pux{x) = ( 5Dx"a ) 1 BecoBble MpocTpaHcTBa VVA.fR™),
KOTOpble SIBNATCA NOMNONHEHWeM npocTpaHcTBa C7£°(R™) no Hopme
(2.7) W, 201G+ «.(*))_" ci“mE40" o ;a (x) ]
ceTmn iiip(*")

rpe0<a<l1.

O603HaunM Takxe Yepes tp I7(R™) npocTpaHCTBO CYyMMUPYeMbIX BYHKLWIA, UMeio-
WUX KOHEYHYI0 HOpMY = I+ p<y\(x))~"U(x)"

Yepeu £TDAr(K") 0603Ha4MM nognpocTpaHcTso yHkuuin / e ZAR™) ii,-y(R"),
7 = —er+ IV|A|), Takux, uto JR,, x&f(x)dx =0, |3/ = 0,1,..., V—1
Nemma 2.4. MycTb G . Torpa cywecTBsyeT nocTosHHas C > 0 Takas, 4To
Ana no6oit gyHkuum f e Lp(Rn)D-kifR") npuh:0<h <1

S il )

(28) 1
binpu0< N <7 <1

(2.9) lle»!7,.. Woi.lli.,»., < »(<m.bOll/llag*.).
raee(N1],/13) —»0 nppt  , — 0.
AokasaTenscTso. MycTb € I3JT. To ecTb cyujecTByeT *0, 4To (/9,/**°) = 1. U3
npeactaBnenus ans Uh(x) umeem, 4to
-AT £ « T t
OTclofa, NpumMeHsist Teopemy ®y6UHN, UMeem
= A- _ I he* (vt

B nocneaHeii opmyne, ewje pas npumensisi Teopemy dyGuHM, nonyuaem

£ (i) - J{M»ec-0(2%)E  (KPA))” In-""™ 7 %A =
(2.10) ;R‘ " UCAEt-‘«-‘liime_(27»a"(0 M0,

- w

tf)
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. A. KAPAMKTSAH, I N1. NKTPOCAH

rae / ecTb obpaTHoe npeobpasoBaHue Pypbe, a
(A TUPR

T PO
W3 npepcTaBneHns (2.10) cnepyeT, YTO ANS HEKOTOPO NOCTOsHHOW C > 0 GygeT
MeTb MeCTO HepaBeHCTBO (2.8), ecnu okaxeMm, YTo GyHkuyms () ecTb [LP,LP)
MynbTUnnuKatop (cM. [19]), KOTopblii paBHOMEpPHO orpaHnyeH no Ji.

Vimeem

|Fa(0l < <?217)1 » <M,
noTomy 4To nmpu /9 e <901, Kak nokasaHo B pa6oTe 20|, P(€) saBnseTca MynbTh-
NAMKaToOpOM, CNefoBaTeNbHO, AN HEeKOTOPOii nocTosiraoit M\ > 0 [fA/P(£)|
npu ntoGom f € Rn- Tak Kak NPOMU3NOACUUC ABYX My/NbTUMNANKATOPOB ONATH My/b-
TUNAUKATOP, TO A0CTATOYHO NOKa3aTh, 4TO L*-1eTta*di aBnaeTca MynbTu-
NANKaTOPOM. [1N15 3TOT0 OLeHNM

I Iheie)
| *14,(0(* 1 0)" ,» {*,40)" |+ [«tW?,0(APtO)” ,e-lwe)*|=
1 (r'pifDVf*-1™ )" 4+« A Jeutor” luc

rae C, He 3aBucAulee oT ft, nocToAaHHoe umncno, a *= 1

AHanormyHbiM 06pasoM MOXHO J0Kas3aTb, 4TO Ffe(")] < M,
rae ki (*= 1,...,n) paBHbl 0 unu 1. To eCTb BbINONHATCA ycn0BUA Teopembl M.U.
NusopkuHa (cm. [19]), oTkypaa cneayeT, uto Fh(Q ecTb (Lp, Lp) MynbTUnaukarop, u,
cnefoBaTenbHO, AN HEKOTOPOU NOCTOSHHOW C > 0 MMEET MeCTO HepaBeHCTBO (2.8).

Nokaxem oueHky (2-9). Tak Kak

Lo L +-agBC-8” 0-«.m**" =

is L -

(il s et(e)e

TO K MOXHO BbIGpaTh TakK, 4T06bI

2<Si =
.![R" D?<Si(t,v)tadt

(2.0 [H8 (20 ) e [ E)ne - Aot (24 (8 (1))"

<



O PA3PELIMMOCTW PEFYNSAPHLIX FUNO3ANUATUYECKUX

Ana n6oro a : |a| < I, rae f —Hanepey 3agaHHoe Yncno.
MycTb e > 0 Npon3BoNbHOe Ynucno. BoiGepem dyHkyuio / e CoO(H”) Takyto, 4ToGbI

Ik Lo, <*T UM L o.-,50,"m “.u ananw6oroa :al < I
JonycTum, uto JU < /» < 1. Torpa umeem

| - vmoAn cepa-m 3 A+ * A ABe»ol(i-.»)[ anll

+1U%* dd [ DB6i{t--,u)fdi{ L =
Ko™ o ILpIRY)  IK*  4R” ILp(R-)
11+ Afil+ /3 + 14-
Ouenum Kaxpoe crnaraemoe no 0TAeNbHOCTA. C NOMOLLLIO YXe A0KA3aHHOTO Hepa-
noHctna (2.8) ans /i u/ wmeem oueHky /i,/ < C||/ 1] OueHum 73. Tak
Kak 1< /. 1< ftj*, To, npumeHnas HepaBeHCTBO KOHra u oueHKy (2.5) ans G\ ( ,n)
npu u > 1 (cM. nemmy 2.3), umeem

cr, w<«+«| 1M1 *IN G .E
“Jia 11+ A Mg, (R)

npu —*0, Tak Kak (A.#) > 1.
Ouexum 1 .

= 2uf DWGI[Lyf(c+ oA =
e

1 IK(R")

n,d _D(a%v) /[(1+0- X)a N ) 3

L i°s’ 3 IhepR’)
rje B KBajpaTHOI CKOGKe N0 CBOWCTBY (2.11) NpM WHTErpupoBaHUN BCE YMeHbl Mpu-
paBHUBAIOTCS K Hynio, Kpome /(X + ). Tak Kak no gopmyne Iteftnopa ksagpatHas

ckobka pasHal "‘Z_ . + Qa(t)x), To npu v < 1, u3s (2-3) n (2.4) cnepyeT, 4yTo
«|=i+i



. A. KAPAIIBTAH, I A. NETPOCHAH

C,_1lInW* 1H——— Ci|Ini/|+ Co

(L+ U=N{tA + 175+ mo+ tw")) ... (1+ «F37+ (i"'1+ + omemt VD)

, cnefioBaTeNbHO, NPUMeEHsAN HepaBeHCTBO KOHTa, AN /i nmeem

l«M +

1H090') - (€/**)) 4, AL UL

¥ <L) s<*"8HU s

@i llunpt<1+ me+ c, NN+ c,,)di/ «O0NABA»-,

- XOKUILHIftI® QM)+ Imin - 4}
2_, ha
lorM+1

(00,n+<-il IVR2I"+* 1 He  ac,ilin \ + aw,0j|I/IIbPCRY)

AN HEKOTOPbIX MOCTOSAHHbIX aa 0. a«,i, -+, Oa.n+i-i* Tak Kak | —npon3BosbHOe Yuc-
no, To | MOXHO BblGpaTh Tak, 4T0o6bl (hyHKUUS MO B nocnefHei opmyne cTpe-
Munachk K Hynio npu —y 0. Tbraa umeem, 4to —0 npu —>0, u Tem cambim

nemma 2.4 fokasaHa.

n WM, 4TO NS MHOrOr 9? BbINONHAETCA yCNOBUE

Nemma 2.5. MycTs/ GXPRK), (1 + p*n(x))af GE£] (Rn), |A|> 1,
(p+p =+ Torga gna nwoboro f) G npuh:0< h<1

(2.12) (JL1ANe ) +[( 4« ,(»" = A»i{»)]
wnpno<fti< <1

UL+ 8. (K" M ) (Ao, ,m

rgee(hi, )- Onpuhi, ->0O

[u}

max ( *+

> or> 1—ifl



O PASPEWINMOCTU PEMY/IAPHBIX TMNO3NNUNTUYECKUX ..

[fokasaTenncrsea. B cuny s

I HhpCRe)
lI(i+p?n(s0) &> -r* » > {) k)L M+
(L+/7(@0)AL ™ x» [ du [ ) E< - X, M) = o+
I ar* 1Ibp(R")

OueHMM Kaxx/joe cnaraemoe No 0TAeNbHOCTU. MpuMeHsaa oueHku (2.3) u (2.4) pnsa
\(,r) npu 0 < i/ < 1 n HepaBeHcTBO FOHra, gns 1\ nonyuum

r,<o £ A« »>1AN, liiio,., < 1*.
(C,_i[Imf"™1+ eee+ Cillnk| + Co) *

f L.t _Lll <
7r (1+1 Y eemt ")) .. (14 -U[7-+ oo+ t7T)) »JlIEP(R-) -
y 1j- Tax(t+(CA) Y et
(Ch-,_,|ID-T+~*+ mw C,|Inu + Co)1-Mapg*., < CU/U" pa.,

OueHum / . YunTbiBas, uyto p<n{x —y)(1 + /* (®)) 1 < a(l+ p«n(|/)) n, npumeHss
HepaBeHCTBO KO Hra, uMeem

12<cf du

C d A |lp O(X)-,(1- mPx(B™<)  e*(-.07G (e ifdf

(2.14) BrPwm)AIA AL
i)

Vcnonb3ys HepaBeHCTBO (2.5) npu « > 1, nepBas Hopma GyaeT
V-<7(-max(/S,~)) v-(|Al+(0A))

<\

B nonyyeHHoi oueHKe, Aenas 3amMeHy nepemMeHHbIX X = i//b7 u, yuuTeiBas, 4to N >
NO, Mmeem, 4TO NepBblii MHOXWTENb HepaBeHCTBa (2-14) oleHNBaeTCA Yepes UHTerpan



. N. KAPANETAH, . 1. NETPOCAH

Tak kak <Ip< |A|,1 -$ < a, |Al > max|W, o0 < 1,Toty+o+{P,A)-cTTax(0,”) >
1, AaHHbIV NHTETPan CXOAUTCS, U AN | MEeM OLEHKY

la < B-J|(1+ « , W ) - )

a <6+ «w) W/
"Te p TBO (2.12) HepaBeHcTBO (2.13) J0Ka3blBaeTCA Tak Xe,
Kak v B niemme 2.4. o
Mpegnoxenne 2.1. MNycTe 0(f) = — MHOFO4NEH C NOCTOAHHbIMW KO-
auynenTamn n 9T(0) = {a € Z",7c O}. Ans Toro 4To6bl cyulecTeoBana

nocTosHHaa C > 0 Takaf, 4To6bl MMeNo MecTO HepaBeHCTBO

10(01 < Cpn(O
Jnno6eix  GK”, npu KOTOpbIX ) > 1, Heo6X0AUMO U AOCTATO4HO, YTOGbI
T(8) C ar.
[lokasaTenscTso cm. B [7].
0O6o3HaumMm yepes co = ~Tin W Ha30BeM nokasaTenem perynspHocTn

onepatopa P (D).

Nemma2.6. Ana TOro 4Tobbl AnA no6eix € RN, npu koTopeix [A(4)1 > 1, ¢ Heko-
TOPBIMU NONOXKUT eNlbHBIMU NOCT c>0uA TBO

(215) £ < Ai
HEo6X0AMMO M OCTATOUHO, YTO06bI C < CO-
fokasaTenscTso. Ecnn [P(01 > 1, To ans nw6oro ¢ > O ace Z™ ¢ HeKoTopoii
MOCTOsIHHOM C > 1 UMeeT MeCTO HepaBeHCTBO
<c £ |Ef

CneposaTenbHo, B CUy NpeAnonoxeHns 2.1 oueHka (2.15) 3KBUBaNeHTHa cneayio-
LieMy BNIOXKEHMIO:
(2.16) n(p<) (0.n)
Ans no6oro a GZJ.

MoaTomy ANnA foKasaTeNbCTBa IEMMbI JOCTATOYHO NOKa3aThb, YTO BNOXeHMe (2.16)

BbIMONHSAETCS TOTAA W TONLKO TOrAa, Koraa c < co-
54
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uxa9s 0x
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°3
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. A. KAPANETSH, I A. METPOCAH

Nycte abl - jj © -1 -xe 07 (W).
Nemma 2.7. Ecnbl BbINONHAK TCA YyCnoBuA neMmbl 1.0, To gna nobeix n (0 <
< 1,0 < a < 2c0) n gna no6oro mynbTunHaekca ft e 01 npiip —* 0o uMeeT MecTO

COOTHOWeHNe

Pt m ) e e (W ag e (A ) ) ) o
JfokasaTenscTso. MycTb /9= 0- Torpaus onpeaeneHna GyHKUUM x(s) uveem

[(i% 8, <o~ («la-a.c)® (A ))] w .\ *

npu /7—Mm00, Tak Kak 13 nemmbl 2.5 fin e bp.allln).
MycTb Teneps @ Q. Torpa no dopmyne Jleii6Hnua umMeem

X (IW*) - osMX (N A)) “nar*M (i -X (M1 2) -
N.NBIx - £ C..DJIhxDAx =« FRant* e

5 |«a>
OueHNM Kax/Aoe cnaraemoe B OTAENbHOCTU. YUNTbIBas NeMMbl 2. 1 2.5, Kak U B
pa6ote [1], gns , umeem

a [ u . [
H( : H\[\R‘\

ICLe o ‘
I Hiphnetpyp)
npu p — 00, Tak Kak Dpllh € /-pcr gns nwo6oro /9 € 91. AHaNOrUYHbIE OLEHKMN
foKaxeM gns dap n ®3,p. Mo hopmyne ®paHkena (cM. [21]) 0 Npon3BoAHOI CNOXHOI
(yHKUMM UMeeM, 4TO

(218 i TR
rae Qp.i(<p) ecTb 0AHOPOAHbI MHOTOUNEH NOPSAAKA i 1 UMeeT BUA

<9»,.M- FRCRS) Ml EE»>.

Y.
MH----hr*—9
56



O PABPELUMMOCTU PEFYNAPHBIX TMNO3NMNATUYECKUX ..

rpe r — 1,..., |/3]. NMpuyem npn === X,,) — (iw(x)/p* Kaxablii n3 [
i___.[0]) vmeeT BUg

rae A(r*) = {& = ,A/IRL= O» a °, >+ma< — BeKTOPbl, ANA KOTOPbIX O <
al<r* (*=1,--0-

Mo nemme 2.6 gns no6oroi = 1 1npupT(x) > 1

(B IR R
Tak Kak
AnOjmax(a‘,pd) > max ) = Tax(rk,u*),

TO MMeem, uTo

rAe BCuny onpefeneHns yHKLUUU X (s) nepemeHHble Xi, ..., X,, MEHSIOTCS B KOMMakTe
Kp = {2: 6 Rn;p < pa\(x) < -/2p}. CnefoBaTenbHo, U3 neMmbl 2.6 cnegyet, 4To
Ans nw6oro /3 G OT cyulecTByeT HeKoTopas nocTtosiHHas C > 0, 4TO MMeeT MecTo
HEPaBEHCTBO

-2C0 mAx(/3,M*)

np:p> 1

Vcxoaa u3 ncpasencTBa (2.19), ouyeHnm A u @s.fj- Tak Kak (yHKLUs
OTANYHA OT HYNA TONbKO B KoMnakTe A, u Bce nponssoauble hyrkumn X&) orpa-
HUYeHbl, TO Ans ®ap umeem

s+ X 1 <
G, I ] |
u/1Ko"
Cp s ™ (4 +»M)-"Ne bl L IpOBJ:-

Tak Kak no nemme 2.5 C/* € £RA<I(R™), To Npu CT< 2c0 UMeeM, 4TO



I A KAPAMETSAH, I. A, NETPOCAH
>[na ®3,p(x) nmeem

I +#a(*)™

c jp |l(i+T<*)r e n, U xcga.m erx (rr 2) (] (jt):

- « W « a

‘I‘id +i(«» ‘i'i“mrl/lvM}

AN
TaK Kak Tax(3 + ,4') < max(s,/x*) + maxfa,/x*)
Mo nemme2.4 n 2.5 oTclo4a UMeeM, 4TO Npu a < 2c0

{fi+peic) ( : I, (3R..)(*)I\—>O
npu p —Voo. o

Onpegenenne 2.1. (cm. [1]) NycTb V MW eCcTb HOPMUPOBAHHbIE NPOCTPAHCTBA.
CemeiicTBO NMHeiiHbIX onepaTopos Ph (ft-G (0,1)) dyHaameHTansHo b nape {V, W}
npu h —»0, ecnn ans nwo6oro 1€ (0,1) onepaTop :V —»W orpaHuyeH, npu aTom

(2.20) sup LiPiLL< C < oo,
W UMeeT MecTO CXOAMMOCTh

(2-21) IMb, - ftj-10
npu , —»0.

Ansa nio6oit pyHkumum / e bp(Kn)  e£i,-<r(Rn) o6osHauum Uh = Phf- Ncxoaa ns
nemm 2.4, 2.5 1 2.7, JOKaxeM CNeayioulyo Teopemy:

Teopema 2.1. MycTs |A] > 1, > > 1 = Torpa cemeiicTBo one-
paTopoB Pn (hyHaameHTanbHo B nape npocTpaHcTe{ (*) ~, ( "), U r(Kn)}
npu  —0.



O PASPELUIMMOCTW PETYNAPHbIX MMNO3AANNTUYECKNX

[flokasaTenscTsa. M3 nemm 2.4, 2.5 n 2.7 cnegyeT, 4To Ana no6oii pyHkyun f €
Lp(Rn) -bi.-»(E”) pyHKyns Uk= P/./ npuHagnexut npocTpaHcTBy U/ .(K™) (cm.
nemmy 2.7), npuyem (CM. nemmbi 2.4, 2.5)

HBAusvu-) s ¢ (11711, + 11+ u.M)V (*)11E,]..))
rfe noctosHHas Cl He 3aBucut ot / u /i, 6 (0,1), cnejoBaTeNbHO, BbINONHAETCS
ycnosue (2.20), u

(1+pT(x))

e
™ br(/17)

e (., ) —=>0npn —¥ 0, TO ecTb BbINONHAETCA ycnosue (2.21), cnegosa-

TenbHo, Teopema 2.1 goKasaHa. o

Ans |A| < 1 vumeem cnegyloujne aHanorvn nemm 2.5 u 2.7,

Nemma 2.8. MycTs 1> |A|> 1—NXm\n, < min{co, a > 1A+ N —JTAEM
Torga ana no6oil yHkyumu / € £pierjv(Rn) u ans no6eix e N npu  :0< /I< 1

(2.22) v+ ,
rae noctTosHHas C > 0 He 3aBUCMT oT M, m npu0< hi < <1

R B R AR IR MR A

(2.23) D) CUITw (0 Ne (F»00=" u* Nemmnl/(»)]i A 3
rpee(hj, ) —=0 npu \, * 0.

fokasaTenbcTBo. [loKaXeM HepaBeHCTBO (2.22). PaccMoTpum cnyyaii /3= 0 (ocTanb-
Hble C/ly4yan aHanoruykbl). Kak n B nemme 2.5, umeem

Jat > ()% L vt 1<),

'
IR Hip(R")



I A KNHANBTSH. 1

_1(1+|/|.(*»~:;Zr A Jr</IQJR" «* T M»KN -1, +=.

W Ne™)
h oueHMBaeTcs Tak Xe, Kak u B iemme 2.5. OueHnm /a. Tak Kak / e £*,,,*(&"). To
ecTb JK,, x0f{x)dx = Onpwu |/9 = 0,1,. m, /1T -1, To npeo6pasoBaHne ®ypbe hyHKLUN
1 moxHo 3anucaTb B BUge (cm. [1])

T (vir amE (]
A 1. AN jAjv-idAi ... dXpi.
YuuteiBan gaHnyio gopmyny, ans /- uveem

1<CJ  dul —J AN 1— Agr2Av—
ore X AMRGI( . .
ja+ Pancor I_I»}_[»K)K X Ane)G i ( OBl o dX g M <
£ CLE M|(MiIM )-"A= . m Ci(EV)EA| +

- YL CPf  v-M -Adv [|N(1 + por(x))alblUn,(sn)-
plw 71

OAT-+ -+ ')
— (J*? Ae-w*2o)

5 cft il-lcsen < ]y (i + an(>) N1

o+ -
B noc/ieiHeM MHTerpane CAenany sameHy nepemeHHbIX X = uxy. Tak Kak ~ > a,
TO NpW 4OCTATOYHO GONbWMX K MHTErpan no bp cxogutcs. WHTerpan Ho v Toxe
cXxoAuTCs, Tak Kak no ycnosuio |Al+ (Ap) — +a > |Al+iVAnjn— +a>18B
uTOre MMeeM, 4To
<clld

AHaNOrMYHo A0Ka3biBaeTCA HepaBeHCTBO (2.23).
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Nemma 2.9. MycTb BbINONHAKW TCA YCNOBUA NeMMbl 2.8, a hyHkuna () onpegeneHa
Kak Bbiwe. Toraa ans n6oro e (0,1) n &e nmeeT MECTO COOTHOWeHune (2.17).

Ans foKasaTenbCTBa MYXW0 NOBTOPUTL Te XKe Wark, YTo it Npn AoKasaTenbCTBe
nemmbl 2.7 ¢ NpUMeHeHVeM nemm 2.4 n 2.8.

Teopema 2.2. MycTb BbINONHAW TCA YCNOBUA NeMMbl 2.8. Torja cemeidcTBO onepa-
Topos P/, hyHAaMeHTanbHo B nape npocTpaHcTe {MPIXArR’)WEa(R"} npu —»
Qo

/L0Ka3aTeNbCTBO He OT/INYAETCA 0T A0KA3ATENbCTBA TEOPEMbI 2.1 (C MPUMEHeHNeM
nemMm 2.8 u 2.9).
ANs HeBECOBbIX MPOCTPAHCTB (Mpu = 0) MMeeM Ciefyioulyto Teopemy.

Teopema 2.3. MycTb |A| (i — ) > 1. Torga cemeiicTBO onepaTopos PH ®ipiga-
MeHTUNbNO B nape npocTpaHcTs {EP(R”)f"I£i(Rn), W AR ™)} npu —* 0. Ecnu
AL (I —j) < 1ti|A(I - i) &N\mn>1> A (I - i) 4 (Af- 1)Amin, mo cemeii-
cTBO OonepaTopoB PH (hyHAameHTanbHo B nape npocTpaHcTs {£P.on (R'). Wjp(Rn)}.

3. Perynnpusie ypasuenun s K"

Mcxops W3 pesynbTaToB §2, fOKaXem Creayiouine TeOpemMbl O CyWiecTBOBaHMN 1
€IMHCTBEHHOCTN PeLlieHns CNeayiolLero ypaBHeHns

(3.1) P{D)U =1,

rae P(D) ecTb onepaTop (2.1), yA0BNeTBOPSAIOLNIA YCNOBUIO PerynsipHocTh (2.2).

Teopema 3.1. MycTb |A| > 1, A~ > a > 1—|A]+ Torpa ana no6oil PyHK-
uun | e LP(R*) ypaBHeHue (S.1) uMeeT eAUHCTBeHHOe peweHne U u3
knacca Ng@i0 (Hn), koTopoe ABnseTcA npeaenom B knacce \Y™a(Rn) npnbandeHHbix
peweHnit Uh, onpeaenenHbix (opmynoit (2.6), npy —>0. u cywecTsyeT nocTo-
AHHaa C > 0, 4To Ana no6oit yHkuun / G LP(R”)|~I1Z/i,_a(R7) nmeeT mecTo
oueHka

3.2) < ¢ (||/||bp(Kn) + HYIII,__(K-))
JfokasaTenscTso. MycTb / e i p(R”) Li.-aiW ')- PaccmMoTpum cemeiicTBO onepa<-
TOpoB PN 1 MocTpoum nocnefoBaTenbHOCTb yHKUKiE Uk(x) no gopmyne

(33) Uk(x) = PhJ(x),
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rae J¥.—»Onpy K —» 00

Ecnu |A] > 1, To, NnpuMenss Teopemy 2.1, UMeOM, 4YTO CeMeiicTBO onepaTopos P/,
(yHAaameHTanbHo B nape npoctpaHcTs {ZP(RT) Li. «(R™), W**(Rn)} npu -+0.
A ecnmn |A] < 1, To no Teopeme 2.2 ceMeiicTBO onepaTopoB P/, GyHAaMeHTanbHO B
nape {i'p,,,Ar(1K”). Wm (R ™)} npu J1—0. To ecTb npu no6om |A| > 0, nocnegosa-
TenbHOCTb {17*(k)} (hyHAamMeHTanbHa B npocTpaHcTBe WjJA(RN) no Hopme (2.7). A B
CUNy NONMHOTbI MPOCTPaHTCBa R™) cyuecTByeT dyHKuns t/ e W ff(Rn), Takas,

11%- u\\w,a(Rn) >0
npu J1—>00. Mpu 3Tom npu |A| > 1 uMeeT MecTO HepaBeHCTBO (2.12), a npu |A| < 1
MMeeT MecTo HepaBeHCTBO (2.22).
W3 npegcTaBnenus (2.1) pa6oTbl [8] U N3 CBOWCTB yCPeAHEHUS  MMeeM, 4TO NouTh
ANA BCEX 3>0B U3 R™

(3.4) n)y= to~n IMA(* «
C apyroii cTopoHbl, NpuMeHss topmyny (2.6) v npeacTaBneHve (3.3), UMeeM, 4TO

ne.Ne = o, m . » «*-«o0,(,

-3 (s () (—=xu)dt.
Mepexoas K npegeny npu K — 00 1 NPUMEHSS MHTErpabHoe NpeacTasnexue (3.4),
MOXeM yTBepX/aTb, 4To C/ ABNAETCA pelieHneM ypaBHeHus (3.1). YuuTbisas nemmy
2.4, nmeem, 4To Ana n6oro 0 e MMeeT MecTO HepaBeHCTBO

C33J

[oKaxeM effHCTBEMNHOCTb. BHauyane Npeanonoxum, 4to U (x) ecTb GUHUTHOE pelue-

Hue ypaBHeHus (3.1). Torga nocne npeo6pasoBaHns ®ypbe umeem, 4to () { ) =

0, VE GRn. A Tak Kak P(i£) ~ 0 npu f £ R”\ {0}, To no cBOiCTBY npeo6pasoBaHns

®ypbe umeem, 4to  { ) - 0 nouTu Bclogy B R™. Ho Tak Kak ) ecTb HenpepbiBHas

yHKUNA, TO ) = 0 BR™”, cnegoBatenbHo, () = 0B R”. To ecTb eUHCTBEH-

HOCTb pelleHns ypaBHeHWUs (3.1) ANA GUHUTHLIX QYHKUUIA 13 (R™) pokasaHa.
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YuunTbiBas OLeHKy (3.5), .MOXHO CKa3aTb, YTO AN M0G0 rNafKoi GHHNTHON hyHK-
um V6 Wjr(R™) u gns no6oro 0 e cYYl UMeeT MeCTO HepaBeHCTBO

-CMnP M bvr
PaccmoTpum o6uyuii cnyyvaii. Mycts U € UAIK™) ABNsieTCA peLeHnemM 04HOPOAHOTO
ypaBHeHust P(D)U = 0. lokaxeMm, 4To Ans No6oii orpaHnyeHHoii obnactn G

117Mk(c) = 0.

Tak kak U € \V7*a(P"), To n3-3a NNOTHOCTA (UHUTHBIX QYHKUWI B WER(RT) cne-
AyeT cyuiectBoBaHue l/e e UM (E™), Takoi, 4To
(3.6) («><*e
n no (3.5) gna noboro /e '97 NMeeT MeCTO HepaBeHCTBO

1 1,..) .
YuuTbiBas, 4to  siBNSiETCA [JHOPOAHOT O YP: P(U)U = 0, umeem,
HnAa1sgm - - U->L,IR. +cuppiimii,*.,.
Tak Kak 4ns onepatopa P(D) OT/MUHbI OT HY/Isl TONLKO Te KOIh(MULMEHTDI a,,, ANt
KOTOpbIX @ € !, To, NpUMeHsA oueHKy (3.6), nonyunm
11A] ..« £ TI»1[1®Ne ~A>1 (.4« « E M+«-
/z=or Begal
B cuny npowsBonbHOCTW e umeeM, uTo ]|-DEt/||t = 0 ansa nwbéoro P G
CnepgoBatesibHO, AnA No6oii orpaHnyeHHoii obnactn G W \W A = 0, m U(x) = 0

nouTn By Ha G. Tak Kak G —nponsBonbHas o6nacTb, To U(x) = OnouTu BCloAY

Bl . o
AHaNornuHo Ans cnyyas |Al < 1 MMeeM ciefyioLLyio Teopemy.

Teopema 3.2. MycTb 1> |A|> 1 —JVA,in, a < min {co, 1—IAl+ A —(N —

1)Mwin > cr > 1 —|Al+ A~ —N Arin- Torga ans no6oii pyukyun f GE AN(® )

CyllecTBYyeT eAUHCTBEHHOe pelwenne G (Rn) ypaBHeHus (3.1), u cyujecTsy-

eT nocTosHHaa C > 0, 4yTo Ana no6oii yHkyun / e Epkar(K”) umeeT mecTo

HEpaBeHCTBO

13.7) piv o< (] SO i T (i)



. A. KAPAMETSH. I N. NETPOCAH

[oKa3aTeNbCTBO aHANOTMYHO [OKA3aTeNbLCTBY TeOPeMbl 3.1 C NPUMEHeHNeM Teo-
pembl 2.2,

HakoHeLl|, npumeHsisi Teopemy 2.3, 471 06bIUHOTO My/IbTUAHM30TPOMHOTO NPOETPaH-
CTBa MMeeM Criefyiou|yio Teopemy.
Teopema 3.3. Ecan |A|- A > 1, To gns no6oit pyukuun / e Tp(sn) (RE)
ypaBHeHue (3.1) uMeeT egWHCTBeHHOe peweHne € Ne**(K™), dui koToporo cnpa-
Be/NNBO HepaBeHCTBO (3.2) npua = 0. Ecam |[A| —" < 1, |JAl —~ + JIFA, N> 1>
|A |-~ + (IV—1)A,,in, Tonpuf e £p,0/v(K”) ypasHeHune (3.1) UMeeT eANHCTBEHHOE
pewenune B Wp, (K, Ans KOTOporo umeeT MecTO HepaBeHCTBO (3.7) npu = 0.

[loKasaTeNbCTBO He OT/IMYAETCA OT J0KAa3aTeNbCTBA TeopeMbl 3.1 (C NpUMeHeHreM

Teopembl 2.3).

Abstract. In this paper the unique solvability of regular hypoelliptic equations in
multianisotropic weighted functional spaces is proved by means of special integral
representation of functions through a regular operator. The existence of the solutions
is proved by constructing approximate solutions using multianisotropic integral operators.
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1. Introduction

The paper investigates the asymptotic behavior of local probabilities of crossing
the linear boundaries by a perturbed random walk. This problem was studied by
M. Woodroofe in [1]. The goal is to extend some results from [1].

Let {e,, n = 1,2,...} be a sequence of independent identically distributed
random variables defined on some probability space ( ,F, P) with E\ei\ < oo and
a2 = Varei < 0o0. Let A(a;) be a strictly convex and continuously differentiable in
R function, and let V = Eet < oo. In [1], M. Woodroofe described the asymptotic
distribution of the first passage time in the case where the function [(x) satisfies
the condition A4'(v) > 0. In this paper, we examine the case [1'(1) < 0. Denote

Sn=Ylen, S~=-Sn, Tn=nAi@3IN), n=1.2..
*=j n
Also, define the stopping times:
ra=inf{(n> 1:T,>a}, Ra=Tim—a, a>0.

Note that the family of the first passage times was investigated in the papers [2]-[5].

2. Assumptions and formulation of the main results

We assume that A(x) is a strictly convex and continuously differentiable function
in R withv = Ee , = A(v) and 8 = A’(v). For sequence {£,,, n = 1,2,...} we
assumethat f ~ |®(i)|mdt < oo for some m, where @ is the characteristic function
of en. With this assumption, for n big enough, by a local limit theorem, the sum
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Sn has a continuous probability density function ps,, («)> such that
r.1) pM = (-2 )v[! "~ ]+00 ”
Here, and in what follows. <p denotes the density function of standard normal

distribution. According to the definition of Tn, it can always be represented as
Tn= ( ,)=Zn+ en, where

= Xy = BW) + B () («r-v),
fe=I
eL=nr(sn), r(x) = A(x)- A(u)- A'(v)(x- v)
The following two lemmas from [1] will be used in the proofs of the main results
of this paper.
Lemma A (see [1]). The following relations hold:
1) P(ra < oo) = 1for alla > oq,
2) Ta*-$ 00 a3 a —Yoo0,
3) 00.
Lemma B (see [lj). Under the above stated conditions, the random variable 1 , has
a limit distribution with density function given by
h(ry=  P(Sk>r,k>1), r>0.
The main results of this paper are the following theorems.
Theorem 2.1. Let{en, n= 1,2,...} be a sequence ofindependent and identically
distributed random variables satisfying the condition (2.1), and let the function A
be strictly convex and continuous differentiable in a vicinity of the pointv = Ee\
If there is

n=n,= —+Zal—where Za-—»zeR as a—o0,
H Va4
then the following asymptotic relation holds:
~ "ot * 00
where S= A*(v) 0 andga(n,r) = = ,1 <)
Theorem 2.2. Let S[A(ei)+] < oo, then under the conditions of Theorem 2.1 the
following asymptotic relation holds:
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Corollary 2.1. Let{7,, n= 1,2,...} be a sequence of independent identically
distributed and positive random variables. Then the conditions of Theorem 2.2 arc
satisfied for the sequencee,, = In7,, andp,, = 71-72 *-7«, = inf{«: p,.> c“},
and therefore, the following asymptotic relation holds:

where uy = EJn(~n)and of = Var(In7,,).

Proof of Theorem 2.1. For the case S= A'(v) > 0, the theorem is proved in [1].

So, we prove the theorem in the case 5= A'(v) < 0. Defining Mn = Mn(a,r) =
{y : a< 44(y) < a+ r}, and observing that the function [ in a vicinity of the
point X= V has a decreasing inverse A-1, we can write

P(r,=n,R,t<r) =P(r, =7i0<TTa—a<r) = P(ra="«,a<nA(Sr,)<a +r)
=p(Ta=n,sTae mn) = P(Ta> n,sTae Mn)

IfnA(y) = a+ ris the root of equation, given that A is a strictly convex function
and A'(v) < 0, then there is a unique root yo with the condition j© v asa —» 0o,
such that

22
According to Taylor formula for function A in a vicinity of point x = v, we have
nA(i/o) = nA(v) + nA'(v)(yo -v ) + (y0- v)0(n),
a+r=0 4 za\[r) + W(nA/(u) + rlo(1)>
implying that r = /j.Za
(2.3) as
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According to tho Theorem 2.7 and Corollary 5.1 from [1], we have
(2-4) *a(n,y0) -> [1(r) as a-» 00
Therefore, from (2.2) - (2.4) we obtain
«(-»> ANy BMW (jij) .
">~ MM (-L.) .,
~ZWT W -( a-) -J1*-N ) *a

Thus, we have proved that for 6 = A'(w) ¢ 0 the following asymptotic relation
holds:

- n(r)-
Theorem 2.1 is proved.
Proof of Theorem 2.2. We have
P<i = n)~iBif/S*,(£') = ©°A 4=
For eacli ¢ > 0, we can write
VnP{Ta=n) = VnJ (n,r)dr= v/nJ ga(n,r)dr)

+VnJ 9a(nr)dr= 9a1(n,c)-t<7a2n,.c).
From Theorem 2.1, we have

d.(nc)- ./ g,,(~,r)dr - ap*

where fT(c) -+ 1 as c -> 0o. | fc =00 and a —* oo, then we have goa(n,c) =
*Thus, to complete the proof, it is enough to show that 0, ( ,¢) »Q

asc-» 00.
Since [ is a convex function, we can write
T,- nn - nf (5°=!1+5=)- 1 3,_!+ie,)
<" = +iAe)] = Ta_j+ Ale).
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j(nc) - 1.(".>-)dr =mi/sf" —-P(r.- n, 9. < ndi
=VnJ°° s-Pta=n) - P(r,, =n, Ra>0)]dr= /NPT, = , >0
= n/nPIXa= , T,—a>c)= VnP{ta=n, T,>a+c)

< y/nP(Tn— <a,a+c<Tn<Tn1+ [i(en)) = %/IP@+ c- A(e,) <T,_ <a)
= Al+c- Ale,) <T._i<alhAe,) = 8dQ(s)
=~ Pla+c-a< T,_, < a)dQ(s)

where <3(a) = P(A(en) < $m

(2.5)

where ®is the standard normal distribution function. According to (2.5), we have

(2.6) Pat+c—s<T,<a) —P(a+c-«<S,<a)->0 as n 00.

According to the local limit theorem and (2-1), there is K > 0 such that

2.7) Pa+c-s<Sn<a) <K (s-c).

From (2.6) and (2.7), we conclude that there is a constant M > 0 such that
Qar(nc) < y/MM 1 (s—c)dQ(s) < y/mM J  sdQ(s).

Since by assumption -B[/}(ei)+] < oo, the last term of the above relation tends to
0 as ¢ —»00, and the result follows. Theorem 2.2 is proved.

Proof of Corollary 2.1. Given that the sequence {en = In7,,} satisfies the condition
of Theorem 2.2, with Sn = Inp,, = In71 HIn7,, and A(x) = x, we have

ta=inf{71:S,, > a} = inf{n : In71 H-- -1 117, > a}

= inf{n : IN71 w7, > a} = inf{71: 71—y > ea} = inf{n :pn > ea},

and the result easily follows from Theorem 2.2.
Corollary 2.1 is proved.
Example. Let{en, n = 1,2,...} beasequenceofindependentidentically distributed
random variables having exponential distribution with parameter /1= 1. In t-Ha
70
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case, the sum S,, = ¥.et has a Gamma distribution with parameters ( ,1). Then
for A(a:) = X > 0, we have
X= Aw)=1, V= Een=1,
it2 = Varci = 1 6=A'(v) =

So, by Theorem 2.2, we obtain
P(Ta=n)~ \;\f<p(z) as a—*o00.
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1. BeegeHue

Pa6oTa NocBAlieHa M3YUeHMIO W PeWeruIo Cneaylolleii CUCTEMbl MHTErpanbHbIX

y ¢ Ky Thio:

11 o + Q- *)(*)- EN* L (* -epam * ek, -1, L
3=1R

OTHOCUTENbHO i i n orp il BeKTOp-OyHKUUM /(*) =

(A (<) (K),...,/»(*)), rae T —3HaK TpaHCNOHNUPOBAHMUA.

B cucteme (1.1) a< G (0,1] (i= 1,2,..., ) —uncnosble napameTpsbl, a Kij(x) —
onpegeneHHbie Ha R YeTHbIe GYHKMM, Y0BNETBOPAIOLME CNEAYIOU{MM YCIOBUAM:
(1.2) Kis(-x) = Kis(x), x>0, Kij(t)>0, iex, i,j= 1,2,...,,

(13) K“e ti(Kync"(R), “o mJ kuWo, a -(««)J}r,
r(A) =1, Kij(x) 4 no a Ha R+. =1.2.

rae r(/1) —cnekTpanbHblii paguyc maTpuubl , a Cm (R) —npocTpaHCTBO Henpe-
PbIBHbIX i OrpaHNyYeHHbIX DYHKLMHA Ha R.

APaGota npu MOH PA & pamKax Hay4Horo npoeka SCS




OfJHOIIAPAMETPUYECKOE CEMEACTBO OFPAHNYEHHbBIX PELLUEHWUIA

Cuctema (1.1) umeet TBEHHOE Bp ii Teopum oT-
KPbITbIX, 3aMKHYTbIX M OTKPbITO-3aMKHY TIX CTPYN ANf CKaNAPHOTO NONS TAXMOHOB
(cm. [1L, 6]).

B 4acTHOM Cnyuae, KOraa n = 1 COOTBETCTBYIOWIEE CKaNApMoe ypasnenuc ¢ fg-

pom
Ko{x)=-"c-xl'fla i€ i

W C rpaHUYHbIMK /(t00) = 1 T ABMXKEHWe (PONNUHT) Taxu-
OHOB MO BPEMEHN ANA OTKPbITO-3aMKHYTbIX cTpyn (cm. [1], [2]).

B HacTosueit pa6ote npu ycnosusax (1.2) n (1.3) Aokaxem CyliecTBOBaHWe Of-
nonapameTpUYeckoro CemMeiicTBa MOHOTOHHBIX HEMPepbIBHbIX U OFPaHMYEHHBIX pe-
WweHni cuctemsl (1.1). Beluncnum npejen nocTPOeHHbIX PeleHnii B +00.

2. O6o3HaueHns U BCNOMOratTensHble GakTbl

YuutbiBasycnosns (1.2), (1.3), HaocHoBaHWUM TeopeMbl MeppoHa (cM. [7]) MOXHO

YTBEPXKAATb, YTO CyljecTByeT BekTop 72 = (7i, ,=m. ijn)T C NOAOKUTENbHbIMA
KoopAuHaTamu: - > O, i = 1,2,..., N Takoii, uTo
(2.1) A2 aijVj=Vi> *=1,2,...,n

0O603HauMM yepes

(2:2)

Aa.*
PaccmoTpum cnegyloune 4>ynkgun:

p.3) xi(p) = £ 4;J K y-"dt-
=1 O

onpejeneHHble Ha MHoxecTBe [0, +00). N3 (1.2)-(2.2) cpa3y cneayeT, 4To

X.«Y - ~xur,; - - >0,
Xi(+o0)= "~ — v,
Xi(p) 4 nop Ha[0,+00). i=1,2,..
CnejoBaTenbHO, cornacHo Teopembl BonbuaHo-Kowwu (cm. [8]) ans nwo6oro * e
{1,2,..., n} cyuwecTByeT efUHCTBEHHOE YuCNO pi> 0 Takoe, 4To
(2.4) Xi(Pi) = 0.

0603HauMM yepes

(2.5) p, =Tin{pi,p2,...,p,} >0
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Crepytowas neMma Ham NoHagoGuTCA B JanbHeilnX PaccyKaeHnax.
Newma 2.1. Mpu ycnosuax (1.2) u (1.3) ana agep {/v,(x))" 11 uMel0 T mMecTO

cneylolMe HepaBeHCTBa:

(2.6) (1 fyve,

Xe K+,

MokasaTenbcTBO. PaccMOTpUM (QYHKLMM
niM =X > J +

r=1,2,...,n, aG R+. CornacHo (1.2) (2.4) byaem nvetsb

Harep v J kaox<t JkTe—~M-( _ )=

“ 20> ] KW c-r-*A-(} )u >

> -J K«T.-"f<p-(1- ") ,; =0,i-1,2.....

BHA@) = ]C "y (® ep*x+ 2p.e2p-1n
i=i

i f Ku{l)erpadt-e»-* v (F)arrer =
i= £ i=i

= 2p.e2p'x™ T f ICii(t)e~p 1dt > 0, x € R+-
i“i £

CneposatenbHo, Ih(x) > Ui(0) >0, x e R+, *= 1,2,...,». o

YuuTeiBas HEPaBEHCTBO (2.6), Nerko MOXHO yGeAnTbCA B CNPaBeAnuBoCTH Cie-
AYIOUero HepaBeHCTBa:
@7
fZri) (K*N*-t) - Ky(x+ ))(1- e-P Irfc>  (1- a.) (1- e-p**)j

t=1,2,..., , ®eR+.

[elicTBUTENLHO, PACCMOTPUM (yHKL AN

() m Iy 9 Ao+ - S (i en,

<=12,...,n, xe R+. W3 ycnosua (1.2) cpasy cnegyet, uto Q<(0) =0, i =

12,...,
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YuntbiBan (1.2)-(2.2), pyHkuuu {*2i(a0}2=i npepcTaBUMbl B Cnefylolyem Buje:

«l(*)-EME MN««-2 [*«<«)«) - IZn-e*-"]
+ * -;<?-*JKu(0e-"-*n Sor(i- F) (@ «te) =
“u2 >/ Feq(«)* E>2;¢-"-0 1 KiS(t)c'- 0+

+f1 <S*"-\]KeM»*-'* Sx () (- e en)m
Tak kak /Ny e ii(K)MCm(K), *, = 1,2,...,n, Tocy4yeToM neMMmbl 2.1 nonyyaem

Qioey=2 ] Y+ Y ViPre-px [ NT«(*)s"*N+
=1 1=1

+'AZjP-eP'x f Kij(t)e-p*dt-2yrAK jj(x) - T (1 - y ) P¥c=p x =
i-i { i-1
=p,e~vx”" T J JCy(i)e*-“di+ e2px X Jt,rd ~(i)e-P-“tft- 12 (I -

t=1,2,....n, aGR+.

CnepoBatenbHo, Qi(x) > Qi(0) = 0, x € R+, t = 1,2,...,». U, Tem cambIm,
HepaBeHCTBO (2.7) AOKa3aHO.
Nemma 2.2. .Ecnn BeKTOop-PyHKUUA y>(X) = (y>i(*).V3(*). s mV»@)F« ®e R+
ABNAECT CH HENPEPLIBHLIM U OTPAHWUYEHHBIM DELIEHUEM, CEAYIO el CUCT eMbl Henu-
HeliHbIX MHTerpanbHbIX ypasHeHuii Ha nonyocu:
(2.8 aupi{) + 1— ) ) = X) [ (KX =)~ j(® + *)) <Pi(*) d<>

*=1,2,....n, ieR +,
MO HeueTHOE NPOAON>K eHne 3TOro pewenns Ha (—oo,0)

(2-9) NG ), k<o (1= 1.20)

ABNAET CA HENPEPLIBHLIM M OTPAHUYEHHbIM pelernem cucTembl (1.1).

[lokasaTenbcTBO, NPOBOAMTCA NPAMOi NpoBEPKOi [}
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3. O PASPEWIMMOCTU CUCTEMbI (2.8)

B aTom naparpade 3a/iMeMcs MOCTPOEHMEM OrPaHUUYEHHOTO HENpPepbIBHOTO pe-
WeHnA cucTembl (2.8) ¢ NOMOILLIO CNeLManbHO BbiGpaHHbIX NOCNeA0BATENbHbIX NPN-

6nukennii.
Ans cuctembl (2.8) paccmaTpusan cnefylolyne ntepaynm:
(3.1) 3
0i (VU (*>) + (1 ai)v\T+ilx) = t 3 (Kij(x- t) - KiS(x + )) < < \)dt,
PO)(x) = Tf, m =0,1,2,..., a-eK+, i=1,2,....n,
AOKaXeM, 4To
(3.2) <Am)(x) 4noto, *= 1,2,...,», X6 R+.

CHayana 3ameTum, 4To ycnosus (1.2) u (1.3) obecneunBaioT BbINONHEHNE CNEAYIO-
LW MX HEPaBEHCTB:

(3.3) Kuy(x-t)> Kfi(x+1), i,j= 1,28, x,te R+.
Yunteisaa (2.1), (2.2) n (3.3), u3 (3.1) 6yaem umeTb
ailPPU*))8 + (1 - @v><(1)(*) < E ** a®- dt<Jd2vj \]Kij(l)d(:

o
= Oijifi= T <M Vi)3+ (1- Oipp7i. ®E R+, *=1,2,....».

Tak kak pyHkymm F((t) = arf3+ (1 - ai)t, *= 1,2,...,», t G R asnawTCca
HEMPEpPbLIBHBIMU 11 MOHOTOHHO BO3PAcTaloWMMI HA R, U3 MONYYennoro HepaBeHcTBa
HEMOCPEACTBEHHO CNleAyeT, YTo

<Fil}(x) < VI = <p[°\«x), *=1,2,....9, aje R+
Mpepnonaras, 4yto AT\x) <A T 1A®), *= 1,2,...,» Npn HEKOTOPOM HaTypanb-
HOM TO W Y»NITbiBaf MOHOTOHHOCTb GYHKUMIA Fi(t), i = 1,2,..., , <e R, u3 (3.1)

nonyunm
wim+1)(*) < y'm)@> *= 1,2, .-.n, xeR +.
CnefoBaTenbHO, MOHOTOHHOCTb MOCNE0BATENLHOCTN BEKTOP-hYHKUNHA tp'm™(x) =
(Vi"*4a)>\&M)(a:), *++, Vn'*a:)) 7 no T0 AoKasaHa
Tenepb MHAYKUMEH LOKAKEM, 4TO

(34)  <m\x) >errji(l- e~v=0), T = 0,1,2,

rae

(3.5) e= T i
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B cnyyae T = 0 HepaBeHcTBa (3.4) BbINONHATCA aBTOMaTn4ecku. Myctb (3.4)
“meeT MecTo npu Hekotopom T e N. Torpa, (2.7), 3.3) m
yucnae, u3 (3.1) 6ygem umeTb

0- (d"" L)(r)) +(1-a)<p$T+D(x) >erTri* f (Ky(x ) - KRI(x+ 1)) (I-e-p*)cht>
J= n

i
Sevt(l-]) (1-e"**) > aie3« ) 3(I e **)3+ (I «i)evl(l «-*e%)
CneposaTtenbHoO,

W(M+)(*) > enll(1 B"-*), i= 12.. a6 R+.

3anucbiBas utepauun (3.1) B cnegyiouiem Buae:

("% 1)(®@)) +0-cH)<PIT+1)(x) = ¥ : f f<ij(Otpf {x-t) dt-Y . f Kij(x+t)Pjn)(t)dt,
o

j=1 00 =i
¥a)(x) =%*, m=0,1,2,..., xGR+, i=1.2,....a
npu aTom umes BBuAY ycnosue (1.3) ¥ MOHOTOHHOCTb yHKumii fi(i), i = 1,2,.... ,

MHAYKUWER NO T Nerko MoXxHo y6eguTbes, uto

(3.6) 49T)(X)  no X Ha, R+, m=0,12..
N3 HenpepbIBHOCTU DYHKLMWi (x)}?2127 m { A (i)~ cnepyeT, 4To
(3.7) Wim) e C(R+), T =0,1,2.. .n.

Takum 06pasom, B CUNY BblWEN3NOKEHHOTO MOXEM YTBEPX/AATh, YTO NOC/Ne]0Ba-
TenbHOCTh BeKTOP-hYHKUMiA {yjf"*)(X)}* =n UMeeT noToueuHbIii npegen nNpu T —+
00 :

w0 (T)(K) = ¥5(x) = (V>i(*). mbl*), ses, VAT ,
npuyem npegenbHas BeKTop-GyHKLNA cornacHo Teopembl 6. Slesu (cm. [9]) yaosne-
TBOpAET cucteme (2.8). U3 (3.2) u (3.4) cnepyet, uto

(3.8) er/Ul- e~p'x) < §t(x) <ig, i=1,2,...n, xeR+,
a 3 (3.6) 3aknoy4aem, 4To

(3.9) <Pi(x) no X, Ha, R+ ,i=1.2,...,n.

B cuny HenpepbiBHOCTU yHKUMI {AT(-(X)}"EFT u {~(t)}"-,, a Takxe HepaBeHCTBa
(3.8) cnegyet, uTo

(3.10) Qie C(R+), =1,2,..,
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CneposaTenbno, Ha ocHoBaHun (3.7), (3.10) u Teopembl Auuun (cm. [8]) MOXHO
YTBEPXKAATH, 4TO CXOAUMOCTb NOCNEJ0BATENLHOCTH 0K vO») siBnsietcs
paBHOMEpiroii B KaXx oM KOMNakTe U3 R+.

ThKuM 06pa3om, Mbl f0Ka3any cnefylounii pesynsrar.

Teopema 3.1. MycTsb {ify(a;)}"*" —onpeaeneHHbiena R -yeTHble QyHKLUN, yf0-
BneTBopsowme ycnosuam (1.2) u (1-3). Torga gns Bcex a- 6 (0,1] (i= 1,2,...,7a)
cucTema (2.8) UMeeT HeoTpUUATeNbHOE (HEeTPUBMANLHOE) HENPEpPbIBHOE MOHO-
TOHHO Hey u orp: p <p(¥) = 0PI (x), P-i(x),..., M(x)T,
npuyem cnpasegnusbl 4BYCTOPOHHNE OueHKM (3.8).

4. Npepen pewenns cucremo (2.8)
W3 (3.8) (3.10) cnepyeT, 4To cyujecTByeT
(4.1) AlimAAjjfas) = A*< -boo, *= 1,2,....n.

Micnonb3ys HeNpepbLTUOCTL BYHKL NI M U3BECTHOE MpejeNbHoe COOTHO-
weHne Ans onepaunun ceepTku (cm. [10]):

J kijox —p=picyat = J Kijnat = vijxj,

n3 (2.8) bysem nmeThb:

(4.2) AA? + (1 —ai)Xi=  OyAj, *=1,2.

Tenepb nepeiigem k y p cucTembl iiHbIX anre6p
CKNX ypaBHeHW (4.2). C 3TOM Lenblo paccCMOTPUM Cnedyloliue nocneaoBaTenbHble
npuénnxeHus:

(1.3) - (ni*+,0 "+ <
A3)=Vi, T =0,1,2,..., *=1,2,...,n
VIHAYKymelt HeTpyAHO Y6eAMTLCA B CNPaBeAnNBOCTH Cneayownx GakTos:

(4.4) Ajn, 4 Ho TO, i=1,2,... 7a

(4-5) A T0=10,1,2,...,

rae




O/IHOMAPAMETPUYECKOE CEMEVCTBO OMPAHUYEHHbIX PELIEHWIA -
CnepoBaTenbHo, nocnegoBatenbHocTs {A'M}" _0 umeeT npegen npu T —&
whNTTeA<T >= A = (AX,A2......... AT, (A<T >= (A<m>AM), ..., A'.T))&)v

npuyem npefenbHbIli BEKTOP YAOBNETBOPAET cCTeMe (4.2) M ABYCTOPOHHMM Hepa-

(4.6) dr] <si<7 i=1,2,..,
Huxe gokKaxem efUHCTBEHHOCTb pPeleHna cucTemsl (4.2) B cnegyloulem knacce
BEKTOPOB:

(4.7) N= A= (A,AM..., XW)T : &E < A< V", *= 1,2, me«}

npu 4ONONHNTENBHOM OTPaHUUYEHNN Ha MaTpuLy A:
(4.8)

OTkypa u3 (2.1) H (2.2) cnepyer,

@9 LIRS TRy U M 91
mux T gy A ojjefi T BRSRC0 B
—_— 1<<<n

Mpegnonoxum, 4yto cuctema (4.2) B knacce /1 umeeT ABa peweHus A, U. Tbraa,
yuutbeiBas (2.1) u (2.2), u3 (4.2) 6yaem umeTb

Oi(Ai - a4 (A? + Aillj + /n?) + (1 - at)(Ai ~ i) = ac(Aj ~ )
V13 nocnepHero paBeHcTBa cpasy cieayer, uto
(0<Al H-atXifti+ a,ul + 1- oD)|Ai- W\ < A OiilAj - Mil < >7*m £ §1 B
YuyuteTas tor GakT, uto AJie in qmpr;ynbl (2.1), (2-2), 6ypem umets
(4.10) |A-- Ail(3aL2(7™)2- 1- )< max &14—\-/—]405) m *=172,

CornacHo (4.7) u3 (4.10) nony4aem
@ J8E) . s e (1Y)

(4.11)
|AL
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Monoxiw

(412) =,3%2,4>0-
Torga s cuny (4.9) us (4.11) 6yaem umets

W5 nocneAnero HepaseHCTBA CNeAYyeT, YTo

@ *en

Tak mak ( '-‘-n -| > 1, Towus (4.12) u (4.13) nonyyaem, 4to A( = ui, i =
VS® .*; 3

1,2,...,
MTak, fokasaHa cneayloulas

Nemma 4.1. MNMycThb BCE 3NEMEHT bl MATPULLI A NONOXKUTeNbHbI: Cilj > 0, i,j =

1,2 r(A) = 1 un umeeT MecTO HepaBeHCcTBO (4.8). Torga cucTema (4.2)
npu no6bIx (4 € (0,1] (*= 1,2,..., n) umeeT B knacce J1 eAUHCT BEHHOE peLLeHue,
fABNAoULeecs nocnefoBaTeNbHbIX NP i (4.3).

5. OCHOBHOW PE3Y/IbTAT

C y4yeToM neMMbl 2.2 1 TeopeMbl 3.1 MOXeM yTBepXxAaTb, 4To cucTema (1.1)

061ajaeT HETPUBUANbHBIM MOHOTOHHO Hey wum BHBIM 1 OT:
HbiM pewenunem f(x) = (/i (*),fi{x) , /,(%)T, npuyem
N(0)=0, -rit<Mx)<Vt, ®€ER, t=1,2,...,

PaccMoTpMM 04MonapamMeTpuyeckoe CeMeiicTBO BEKTOP-hyuKunii Buga:

M x)=f(x +¢c), c€R, x6E.
Mposepum, 4To AN N0GOrO ¢ e R BEKTOP-(YHKLUA

Ie(») = (Ji(* + &)\ M x+¢),..., [ (X + c)r,

ypoBsneTsopset cucteme (1.1). JledcTBUTENLHO, UMEEM

57 K tj(x-t)fcj(t)dt :jr.] Kijfnfiftreydt —  J K(e+C—n)/j(ndT =
J=1R =1 K =R

. W% )+ (1= a)flx+ o) = «/E(>) + (L- at)U (i),
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rae
/Cix) = fiGk + ), 1= 1,2,...,1
VITak, Ha OCHOBE BbIlLIEN3N0XKEHHBIX HaKTOB MOXeM CHOPMYNMPOBaTL OCHOBHOM
pe3ynbTaT HacToswel paboTsl:

Teopema 5.1. MycTb BLINONHAK TCA BCe YCNOBMA Teopembl .1. Torpa, ecnn gns
maTpuubl A = BLINONHA TCA ycnosua nemmbl 4-1, To ana scex Gi 6
(0,1],r= 1,2,...,7 cuctema (1.1) obnagaeT ofHonapameTpUyeckum cemeiicTBOM
HenpepbiBHbIX MOHOT OHHO HeybbiBalOWUX U OrpaHNyeHHbIX pewennii {/c(*)}cen-

le(x) = ([ci(az)ilc2(az),.--,/en(x))T . npu-yeni*Lwn/cAx) = A%, *=1,2,..., ,
rae uucna {Aj}L., onpejensioTCA U3 CUCTeMbl anrebpauyeckux ypasHeHuii (4.2)
€UHCTBEHHbIM 06pa3oM.

6 O MOCTPOEHUM ANA CUCTEMSI (1.1) OAHOMAPAMETPUYECKOIO
CEMEWCTBA OFPAHUYEHHbIX PEWEHWA HA BCE OCW, HA KOHLAX
KOTOPOW OT/INYAIOTCA OT CBOEFO MPEAENA CYMMUPYEMOW ®YHKUWEWN

B aTom naparpate npu AONONHUTENLHOM yCnoBun Ha agcpublie dyHkuumn {.Ky(*)}2Ji3i
NoOCTPOUM ANA HeNMHERHOM cucTembl (1.1) ogHONapaMeTpuyeckoe CeMeiicTBO orpa-
HUYeHHbIX pewwennii {/r(*)}c€q co cBoiicTBamu

A+ /seif”(RT), ce R,
roe A= (Ai,Aa,..., A,)T —peleHne HenuHeliHO! cucTeMbl anrebpanyecknx ypas-
HeHuit (4.2), fc(x) = (/ci(x), /k2(k),..., fQ1(x))T — WCKOMOe pelieHne CUCTEMbI

(11). a

EF'(R*) B E(K=P)xXi(»7)x ... xbX(R*)

C 3TOi LeNnbio ONATbL PacCCMOTPUM BCMOMOraTeNbHY0 cuctemy (2.8) u gns Hee cne-

Ayouune TenbHble Npué.

(6-1)

HESTHIX) Y + (1 - « Qo+l @0= £ T(*<-(*-1) Kti{x+ 1))~ m)(t)dt,
¥0)(a0 m=0,1,2,.., *= 12,...,n, XGR+.

Wcnonb3ys (4.2), (3.3), (1.2) u (1.3), nerko MoxHo y6eanTbca B 40CTOBEPHOCTH
Cneayio X yTeepk geHnii:
A) ym)@) . noT, *= 1,2,....n, x GR+,
B) wir) 6 C(R+), i= 1,2 m=0,1,2,..,
C) (* nor WaR+, *=1,2,...n, 7 =0,1,2,—
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CnpaBeanvueel TakXe Cneayloljue OLeHKN CHU3Y:

D) <pr\x) >eVi(.1 e-p*e), m=0,1,2,...,* =1,2,....n, 3 € R+
HepaBeHcTBa O) 0Ka3biBalOTCA aHaNorM4yHo kak B Teopeme 3.1. CneayeT nuib
0TMeTUTb, 4TO D) cpasy crefyeT U3 NPUHAZNeXHOCTU BeKTOpa A MHOXecTBy /1 1
n3 onpegenexus uucnae (cMm. hopmyny (3.5)).

WHayKumeii no T gokaxem, 4To
0.2) A - GZ-i(R+), m=0,1,2,..., *= 1,2,...,n.
[JeiicTBuTensHo, B cnyyae m = 0 BkNOuYeHUs (6.2) 04eBUAHBIM 06Pa3OM BepHbI.
Mpegnonoxum, yto A, —gBr™ G Lt (R+), <= 1,2,.... npu HekoTopom T 6 N.
Tbrpa, yuuteiBas gopmyny (4.2) n utepayuu (6.1). MOXHO 3anucaTthb B cregyiolem
Bue:

(A<- UATHI\X)) (@ h + «<ANTHL)(¥) + <f<T+ix))*) = aijXj—
N | K tj{x- t<pijm)(t)dt+ (cu—1)(A*- N Kij(x+ (t)dt,
9#0)(x) = A*, m =0,1,2.. ..n, ieR +
WUnu Ha ocHoBaHumn (1.3) 6yaem uMeThb
(6.3)
A, - y{"+>*)(.N] + +a, (V1Y o+, (9) L «)e=
¢ Tvn= SrpWdt+ £ X, + o T Fe(* o+
3=10 J=: a =10

n, aGR+.

WO (i)sAi, m=0,1,2,...,t=1,2,
B cuny (6.1) u yTBepxaeHnit A) u D) us (6.3) cnegyert, yto
(A, - M)(a,Ad + a.Ac.Sm+4(*) + W)* + 1- w) <

(6.4) s f i/ IE,(* O(A]VE )N+ 240 (t K,ADdL,

0 . *=1  z
t=1,2,__,n, ieR+.
LONONHUTENLHO NPEANONOXKUM, Y4TO
(6.5) m(Kij) = JxKij(x)dx < +00, tj =1,2,...,n.

Torpa, ucnonb3ys Teopemy ®y6ww (cm. [9]), HETPYAHO NPOBEPUTL, YTO
(6.6) JKij{t)ydt GEi(R+), i,j-1,2,.
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YunTbiBas BknloveHue (6.6), NHAYKLMOHHOE NpeAnonoxenue, ycnosue (1.3) n Hepa-

BeHcTBa D), u3 (6.4) nonyyaem, 4to A* —v4"'+1) £ Z<i(R+), =1,2,...,n. U3
(6.4) B cuny Z?) u J1) cnepyet Takxe, 4To
(6.7)

(Ai - YET+1)(*))(BIA? + 1 «i+ atherfi(l e-7J) + «e2(tj?)2(1 - e "-*)2) <
Y10 K- YA MY & e e d ki

WHTerpupys obe yactu (6.7) no x B npegenax ot 0 4o +00 u umes sBugy (1.2),
(1.3), (4.2), 6ygem umeTb

JPK - W H>(%)) ("< + L "<+ XACTIT(L - e~p™*)+
0

cernee-Z F1J - *)an - (*))**>+
=10 o0

+2 J Ka(y)AyM +av e K n)<
1=1 i-10 00 3=1

+2 ATn(Kij) < ~axAl A

F7(A A m+)(0)dil n
+sn{i

e} > > N o x> (K, 1<

£.§& {- e A e Y} (1> N X E ;;>f )+

+28§ i (Arm)
W3 nonyyeiworo HepaseHcTBa, B YaCTHOCTH, CNeAyeT, YTo

NA -~ +>0)s<te |
(N7 + (1- <u)N)«2- j W2+ (1o a)X,+
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1 4n,
S e ) + aA<e2@)n(l- e .
! - 7 \
e — / (5°wl ~'56»8nd kl<y)Ny] -
4- Mmax K —————frm————>>e2><HjXj + 2 TWwc
<< e

OTKyfa c y4eTom (4.2) nonyvaem

Ne< - vI™*u(«»fl: /(A - =< «><*)),&
5 43 ~

a g~ f

+ (1 —ci)Ai

CT(A] *B +,(*)<far

+1E<Rf ~

2gig, (S Ajra(jr«))

J+

WS+ (1- Q)N

@ Yii*i>$evi0- - e%am(l -e-play r

O603Haunm yepes

218> (20

Cr= | Lo/} (-<)*)m tC>>0)
lirn - A*{ Kvb/)dy\

G (s ) A >

Torpawns HepaBeHcTBa (6.8) cnegyet, 4to

H(AT - wim+) (0))dx  f(Xi - iPim+X)(x))dx



OAHOTIAPAMETPUYECKOE CEME/ICTBO OFPAHWUYEHHbIX PELIEHWI .

ro<* - “(Aj - V<"-»(*»N=1
G Y IR " —— 1w —CY+ - -
Vcnonb3ys cnegytoljee Nerko nposepseMoe TOX/AecTBO
(C.10)
T«e Aa-+ A):ax A >0, i=1,2,.., =
RS P-1 2.n |+ ft>°

n3 nocnejHero HepasoncTea Nony4Yum
r VT + 1\*))dx LT - vT*»lx))dx W

}

BHOBb Mcnonb3ys (6.10), NpUXOANM K HepaBeHCTBY:
J(T+1),.

CneposaTenbHo,
r7(<h  d m+14t))dt
%6118 Al J min{C2,7}*
M3 (6.11) n A)-D) (aTakxe cornacHo teopembl 6. /leBu) cnefjyet noToyeyHas cxo-
AWMOCTL MOCNeAoBaTeNbHbIX NpUGAMKenuii (6.1), T.e. cywecTByeT ~iiTA tp'mA(a:) =
tp(x) = (tpi(x),ip2(x),... ,tpn(x))T, npuuem X —tp e b*” (K+), npegensHas seKTop-
GyHKANA yaoBNeTBOPAET cucTeme (2.8) M UMeeT MeCTO HepaBeHCTBO:
1 (A3 - .
[¢ () cx
nax <
y<n in{C3,7}
Wcnonb3ys gopmyny (2.9), 3aknoyaem
(6.12) At/ e *).
OTMETUM, YTO U 31eCh BCEBOIMOXHbIE CABUTM BEKTOP-DYHKUNN / YA0BNETBOPAIT
cucteme (1.1). U3 (6.12) cneayet, 4To
A+l eLfn(R*), rge fe{x)=f(x +c), xeR
WTak, cnpaseanusa
Teopema 6.1. Mpu ycnosuax Teopembl 5.1, ecnn gononHntensHo m (Kij) < +oo,

i,j=1,2,..., , TocucTema (1.1) obnagaeT ofHonNapameTpuyeckum cemeiicTBOM
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HenpepbiBHbIX MOHOTOHHO HeybbiBaK WX U OrpaHU4eHHbIX pewennii {/c(3)}ren,
npuyem N+ /c C £*N(KT), rae A= (Ai, ..., Xn)T  eAWHCTBEHHOE PTUCHUC
cucTemsl (4.2).

Abstract. Asystem ofnonlinearintegral equations with a convolution type operator
arising in the p-arlic string theory for the scalar tachyons field is studied. The

existence ofa one-parameter family of monotone-continuous and bounded solutions

for this system is proved. The limits of the constructed solutions at +00 are

calculated.
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