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Annorauun. B CTaTbe nonyueHa HOPMyNa ANS BIUMCNIEHUS BEPOSTHOCTH, UTO
ChyuaiiHbilt 0TPe3ok L(w, u) B R" ¢ GUKCHPOBAHHbIMM HANpaBeHem u u Anu-
HOVi | MONHOCTLIO NEXWT B OTPaHMUEHHOM Bbinyknom Tene D C R™ (n > 2) B
TepmMuHax KoBapilorpammbi Tena D. TakxKe NONyUeHa Ces3b MeXAy 3TOM BeposT-
Hocteto ( ,u) CD)m i ot chyHKyvedi

ANMHEI XOPASI ANS NGOV PASMEPHOCTH N. Vicnons3ys 3Ty dropMyny nonyuaem
SBHbIIA BUA BepORTHOCTH P (L(u,u) C D), B Cyuasx Korga D -blepHbiii wap
(N > 2) 1 KorAa D €CTb NPaBUAbHbIIA TPEYTONbHIK Ha NNOCKOCTH.

MSC2010 numbers: 60D05; 52A22; 53C65

KnioueBble ¢noBa: Beinyknioe Teno; KoBapuorpamMma; KUHeMaTuieckas mMepa; 3a-
BUCALIAS OT OPUEHTALMN DYHKUUA PACNPEAeneHns ANNHbI XOPAbl;  -MePHbIN Luap;
TPeyronbHUKL

1. Beeaenue

Myctb Rn (> 2) - -MepHOe eBKNNA0BO NpocTpaHcTBo, D C R™ - orpaHnyeHHas
BbINyKNas 061acTb C BHYTPEHHUMK TOuKamm, a V,,(-) - -MepHaa mepa Jle6era B R,
Onpepgenenune 1.1. (cm. [3J. DPyHKunA
(1.1) C(D,h) = Wi(Dn(D +h)), ft6 R”,
HasblBaeTcs kosapuorpammoit Tena D. 3geck D +h = {x + li, x £ D}.
XK. Matepoii chopmynuposan runotesy, YTo KOBapuorpamma BbINyknoro Tena D
onpejenseT ee B Knacce BCEX BbIMYKAbIX Te/, C TOYHOCTLIO A0 MapannenbHbIX ne-

peHocoB u oTpaxeHuit (cm. [3]). I. BuaHum n . ABEpPKOB foKa3anu, 4To Kaxzjas
nnockas BbINyknas 06nacTh ONPEAENSeTCs B KNAcce BCEX MMOCKMX BbINYK/bIX 06na-

CTeii MO KOBApUOrPamme, C TOYHOCTLIO A0 Nap: r nor
(cm. [4]).

HacToslyee Mccnegosanye BTOporo asTopa npu Lienpa
MaremaTnueckux i or 0 YHusepcuTera
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H. I ITAHOHWH. B. K. OTAUSH

OueHb Maso M3BECTHO O 33ja4e O KOBApUOrpamMme, KOTAa PasmMepHOCTb NPOCTPaH-
cTBa GosbiLe ABYX. B ciyyae -MepHOro NPoCTpaHCTBa ¢ N > 4 runotesa Marepoua
noNy4mMna OTPULATENbHBIA OTBET. VI3BECTHO, UTO LiEHTPA/IbHO-CUMMETPUUHBIE BbINYK-
Nble Tena NioGoii Pa3MepHOCT ONPeAEnsioTes Mo UX KOBApUOrpaMMe C TOUYHOCTbIO
[0 NapannenbHbIX NepeHocoB. [ins n-3 npo6nema noka He peleHa, XoTs B cnyyae
OrPaHNYEHHOTO BbIMYK/OTO MHOTOrPaHHKA MW N—3 runoTesa MaTepoHa nonyunna
NONOXKNTENbHBIA OTBET.

V13BeCTHO, 4TO 3ajja4a O KOBapuOrpamMMe 3KBMBANEHTHA 3a/ja4e BOCCTaHOB/EHNS
BbINYK/OrO Tena no 3aBuCALLel OT OpUeHTALMN pacpeeneHins CyyaiiHoii Xopabl
(cu. [3] - [B1).

3ajaya Haxo/eHWA Mepbl OTPE3KOB MOCTOSHHOI ANMHBI, MOMHOCTBIO COfePXKa-
wyxcst B 0601acTi D, He MMeET NPOCTOro pelleHus, U 3aBucuT oT hopmbl D. Wsse-
CTeH fABHbIA BUJ KWHEMATMYECKO Mepbl NS HECKONbKIX MIOCKUX 0GnacTei: kpyra,
NPAMOYTO/NbHIKA, ECIM ANINHA OTPE3KA MeHbLUE MeHbLUEii CTOPOHbI MPAMOYTO/bHIKa
(cm. [1], [2]) m ans NpaBUNbHOrO TPEYToNbHUKA, NPAMOYTONbHIUKA (415 MPON3BONLHOMN
[ANVHbI 0TPe3Ka) W NpaBUIbHOTO MATUYrobHMKa (cM. [11]).

MycTb .S™ 1- (N - 1)-MepHas efMHUYHAA chepa C LEHTPOM B Hayane KoopavuHat
B R™. PaccMoTpuM cnyuaiiHyto npamyto 13 Mi(n):

[2i(n) = {npamble nap: Hanpi nur D}.

MycTb MruxD - opToroHanbHas npoekuyus D Ha runepnaockocT U1 (MX - runep-
M/I0CKOCTb MPOXOAALLAA YePe3 Hauano KOOPAUHAT C HOPMabHbIM BEKTOPOM K).
CnyuaiiHas npsmas, nap Hanp nun oujas D vmeet

TOUKy nepeceyeHns (0603HauNM ee yepes a) ¢ MruxtO. MOXKHO OTOX/AECTBAATb TOU-

Ku nruiD c np. KoTopble T T D 1 nap Hanp: n.
MocneaHee 03HauaeT, YTO MOXHO OTOXAecTBAATL Mi(1) n nruxD. Mpeanonoxms,
4TO TOYKA MepeceyeHnst X PaBHOMEPHO pacnpe/eneHa B Bbinykom Tene Mr,, i D Mbl
MOXEM OMpeAeniTb CledyioLlyio (yHKUNIO pacnpefeneHus:

Onpepgenenne 1.2. ®yHkuma
1.2) Fuf) {x6 MruxP : L (g(u’s) P) <«}
bl n)

HasblBAETCA 3aBUCALLEN 0T OpUeHTaumMn dyHKUMeli pacnpeieneHns AmnHbl Xopasl D
B HanpaeneHnm n € " 1B Touke € R 1, rgepa(n,x) - npamas napannenbHas u u
nepecekatowas MmxD B Touke x, a (M) = K_i(Mru+b).
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BbIYMCNEHVE FEOMETPUYECKNX BEPOSITHOCTEW

Bektop h e R" MOxHO 3agaBaTb Kak J1= ( , ), rae v - HanpasneHue Jl, a ero
ANvHa.

Nemma 1.1. (rm. [BJ. NycTb €S " 1, at. > 0 Takoe, yToDfI(D+tu) cogepoicuT
BHYTpeHHue Toukn. Torga C(D. u, /) andpcepeHumpyema no  n

(n) _ac(b;u.t) —(1- N wn|)be ()

B Touke .= 0 CywecTByeT NPaBOCTOPOHHSA NPOM3BOAHAS M hOPMYNa TakKxKe Bbl-
nosHeHa.

MycTb Liu, W) - cnyyaiiHblid 0Tpe3ok AnnHbl | >0, napannenbHblii UKCMpOBaHHOMY

HanpaBneHnto 1 H nepecekatolLnii D. PaccMoTpum cnyyaiiHyto Bennumny |L|(u,w) =
Vi(L(uw)nD), rge ( , )6 (), npuuem

() = {oTpesku pauHbl /, N Hanp Mo 1 H e D}
CnyuvaiiHbiii 0Tpe3ok (, ), nexaynii Ha Npamoii </(1,a;), MOXHO 3afaBaTb KOOp-
[HHaTamMH (</(1,X),y), TAe y OfHOMepHas KoopAuHaTa LieHTpa oTpeska ( , ) Ha
npamoit y(u,x). Hayanom KoopAMHaT Ha npamoii y(1, x) 6epeTcs ofHa U3 TOYeK ne-
peceyenuii y(1,x) ¢ 3D. Mcnonb3ys BbllLeYNOMsHYTble 0603Ha4eHUs MOXHO OTOX-

AecTBATb Mo(M) C MHOXECTBOM:

A3m) = [(*.Y):* GMPuxb, y€ |~ x(n.®) b-Jj-,
rae x(n>*) = Vi(g(n,x) D). 3ametum, 4to () He 3aBMCUT OT TOro, Kakas W3
[JiBYX TOUeK niepecevenmii A(n, a-)nD GepeTcsi B KauecTBe Havana koopauHat. Kakoe u3

[IBYX HanpaeneHni BbIGPaHO B Ka4ECTBE NONOXKNUTENLHOTO CefyeT 13 BUAa MHTepBana

v3MeHeHws y. flanee, 0603HauMM
bd = {(*?2)6 () [bl(nxy) <*} <€RIL

QOuesugHo, uTo Mo() n Bu' n3mepumble NogMHOXecTBa B R™.

OnpepgeneHue 1.3. ®yHKuua

Ha3bIBAET CA 3aBUCALLEH OT OpUeHTaUMK (yHKUME! pacnpeaeneHus AnnHbl cnyyaii-

Horo oTpeska \ \ B HanpasneHun u £ " 1.

MycTb Gn - NPOCTPaHCTBO BCeX NpsiMbIX B R”. Mpsamyto g € G,, MOXHO 3aaaBaTb
ee HanpaeneHnem € 5" 11 TOUKOI NepeceyeHus a ¢ rMnepniockocTbio ul,
0



H. . ATAPOHSH, B. K. OF/IHAH
TycTb /%(+) NOKaNbHO-KOHEYHasi Mepa B MPOCTPAHCTBE 6',, MHBApUaHTHas OTHOCH-

TeNbHO IPYNMbl BCEX EBKMA0BLIX ABIKEHMIA /IOCKOCTI. V3BECTHO, YTO 37IEMEHT 3TOM
Mepb! C TOYHOCTbIO 10 MOCTOSHHOTO MHOXWTENS UMEeT cneaytoLunii Bug (cm. |1] v [2))

( )=dg=dudx,

rfie NNOTHOCTb du - 3nemMeHT oGbema Ha egnHnuHoii cepe S'1 1, a dx - anemeHT

o6bema Ha 1-1 B TOUKe X.
O6o3Haunm yepes On-i = cT,,_i(5'1 1) nnowaas NOBEPXHOCTU EAVHNYHON Ce-
pbl B R". [1NA KaX/0ro orpaHNieHHoro BbIMykoro Tena D, 0603HaunM MHOXeCTBO

NpsMbIX, NepeceKaolyx D yepes
[D={5e Gn, agN D # O}

Wmeem (cm. [1] unn [5])
On-2Vn-i(OD)
N> - 2(n-1) -

CnyuyaiiHas npsmas B [D] ecTb npsmas ¢ 1em NponopLyo cyxe-
HUO Mepbl L Ha [D]. CnefosatenbHo, Ans Kaxaoro € R1 uveem

w.. I({«%[D], K(flnD)<t})

F(1)= rilD])
F(t) Ha3biBaeTCA (DyHKUMeli pacnpeieneHus AnnHbI xopgpl Tena D.
MycTb L(U>) - cnyvaiiHblii 0Tpesok gnuubl | B R”, @ K(-) - KuHemaTuueckas Me-
paotpeska  (cm. [1]). Ecnm g € Gn npamas, copepxatuas b{bl), a y ogHomepHas
KOOpAVHATa LeHTpa oTpe3ka ( ) Ha A, TOTAa 3NeMeHT KUHEMATUYecKoi Mepbl C
TOYHOCTBIO 10 NOCTOAHHOTO MHOXWTeNs umeet Bua dK = dgdy itKwy, rae dy oaHo-
MepHas ne6erosa Mepa Ha /, a rfAljj] anemeHT ABMXeHWIi B R '1, 0CTaBNAIOLLNX NPAMYO
[} HENoABWKHOM (cM. [2]). B cnyyae opneHTMPOBaHHOTO OTPE3Ka, BbILLEYNOMSHYThI
MOCTOAHHBI MHOXUTENb PABEH 1, @ N1 HEOPUEHTVPOBAHHOTO OTPE3Ka MHOXMTENb
5 (B 3TOi CTaTbe PaCcCMATPUBAIOTCA TONLKO HEOPUEHTUPOBAHHBIE OTPE3KY).
[inuHa cnyuaiiHoro oTpeska |L|(w) = Vi(L(u>) D), npu ycnosuu, uto L(w) nepece-

KaeT D, UMeeT cnep 0 (hyHKLMIO [ s

JrNe :inD #e,V ,(inD)<()
4()= - ---K(L:LnD *»)-mmmemee <eR

Flil(t) - dy pacnpe ANVHDI C) 0 oTpe3Ka |L|(w).
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BbIUCNEHUE FEOMETPUUECKIX BEPOSITHOCTEN
2. Ocuosmuie dopmynst

HanomMHM yTBEPXAEHNS, MONYUYeHHbIE B NPEAbIAYLIX CTATbSX W UCTIONb3yeMble B
HacTosLeit pa6oTe.

Teopema 2.1. (cm. [12]* Cessb Me>Kay (hyHKUMel pacnpefeneHusi cnyyaiiHoii e-
MMYuHbL |L|(u,w) 1 3aBuCSLeil OT opueHTauun (yHKUMe! pacnpegeneHus Anutbl
xopgp! B R™

(o] ana <Q

V,,(D)+ibD(u) Am 0< <1,

1 ana t> 1L

B [8]-[10] nony4eHbl ABHbIE BbIP@XeHNA 3aBUCALLEVi OT OpUeHTaLN (hyHKLMN pac-
NpejeneHns ANNHbI XOPAbl ANS TPEYTONbHNKA, 3ANNNCA, MPaBUbHOTO MHOTOYro/lb-
HUKa 1 napannenorpamma. CnefosatensHo, noacTasnas B (2.1) = 2w F(u,t) nony-
YaeM fBHbIE BbIPKEHUA Ans £ (1) ANA BbILIEYNOMAHYTBIX MAOCKUX BbINYK/bIX

obnacteii.

Teopewma 2.2. (cm. [12]) Ceszb Me>KAy (hyHKUWel pacnpefeneHus cnyyaiiHoii Benm-
unHbl |L|(u,w) 1 KoBapuorpammoii Ha uHTepsane [0,2] 3agaeTcs cneytoweil hopmy-
noit

(22> =1+w Vibm

3HaueHua (. ) pasHbl 0, ans < O v pasHbl 1, Anab> 1.

Teopema 2.3. (cm. [12]j Cssasb Me>kay hyHKUveil pacnpeaeneHns AnvHbl cnyyaii-
HOro 0Tpeska, oD ud i pacnpep A QnHbl xopabl D BR ™
(cm. [12), dhopmyna (2.5)):

[o ma <0,

(«-~7, (D J +i0On-aK,-17) O ustst-
1 ans >
Ecnn npeanonoxuTe, uto FIE|(t) meeT nnoTHoCTs, NoacTasnas B (23) = 2,
nonyyaem pesynbTar u3 [11].
Mcnonb3ys pesynbTathbl (2.1)-(2.3) Mbl NPUXOANUM K OCHOBHBIM pe3y/ibTaTaM Ha-

cTosweit paGoTel.



H. I ATAPOHSH, B. K. Ol AHAIIl

0O603Haunm yepes P(Lin,w) C DJ BeposTHOCTb, YTO 0Tpe3ok ( , ) ((hvkcmpo-
BaHHOM /IHbLI | 1 HANPaBNEHNS 1) NOMHOCTBIO NIEXNT B Tene D.

Mpepgnoxenune 2.1. BuyosaTuor.Tb P(LLn.ni) ¢ D) o0 TepmuHax tyHKUuM pacnpe-

Aenenus F(u,z) umeeT cnefytowuii Bug:

6 TepMuHax kosapuospaMmbl Tena D umeeT Bug:
(2.5)

JAokasaTenbcTso. ECM noacTaBut = | B BulpaxkeHns (2.1) u (2.2), To r T bl,1)
€CTb BEPOATHOCTb, YTO A/NMHA YaCTW OTPe3Kka, Nexaljer o B D meHblue |. Cnejosa-
TenbHO,
1 *|(%,0 = P(IE|(,w) > O
A Tak Kak gnvHa otpeska ( , ) pasHa /, To P(JL|(u,w) > 1) cosnagaeT c 1-
% |( .0 ncnonbays (2.1) nonyuaem (2.4).
AHa/NOrMyYHo, HO C 1CMoNb30BaHMeM (2.2) nonydaem (2.5). [}

0O603Haumm yepes P(Liw) C D) BepOATHOCTb TOFO, YTO CAydaiiHblii 0TPe3oK Ann-
Hbl | B R" umetowwmii o6Lyyto Touky ¢ Tenom D monHocTbio nexut B Tene D (B
3TOM CAlyyae HanpasneHve oTpeska L(w) NponsBosibHO). OTMETUM, UTO BEPOSTHOCTL
P(b{w) C D) mMoxHO nonyuntb n3 BeposTHocTu P(L(u,w) C D) npouHTer puposas
o BCceM HampasneHusam u GS” 1.

Mpegnoxexne 2.2.

0,-1-,(SD) F{z)di ~I\+ {n - 1)0,,_iV,(D)
(26) P(L(u)cD) (n-130 .-AJD J + 10.-aVi-iKID)
JokasaTenscTBO. Ecnu noacTtasnTs t = | B hopmyny (2.3), To hyHKLMA pacnpefe-
neHns -PIE|(/) ecTb BEPOATHOCTb, YTO ANMHA YacTU OTpeska, exallero B D MeHbLue
I. CnepoBatenbHo,
I-F L) = P(Ib|(«)>1).

A TaK Kak AnuHa otpeska L(w) pasHa/, To P(|Z|(w) > 1) coBnagaet ¢ P(L(u,w) c
D). Mpeo6pasosas 1 ~) ucnonb3ysa (2.3) nonyyaem (2.C). MpeanoxeHue 2.2
/0Ka3aHo. [u}



BbIYNCNEHVE FTEOMETPUYECKNX BEPOATHOCTEW ..

B naparpadax 3 1 4 Mbl MCMONb3yeM MO/Ty4eHHble (HOPMY /bl 411 HEKOTOPbIX YacT-
HbIX CNly4aes.

3. Cnyuai «-mepuoro wapa
Tak kak wap B,,(R) sBnseTcs n3otponHbim Tenom, 1o C(B,,(11), , 1) = 6'(Bn(R),/)
He 3aBMCUT OT HanpasneHns n € S™ '. CnefoBaTteNbHO, Nonyyaem
(31) P(Un*)cB.W)-P(BJ CB.(B))-
M13BecTHO, 4TO 06beM -MepHOro LWapa pagnyca R paseH
3.2 A(B M o-p Mol

a bB,,(R)(«) - Nnpoekumns -MepHOro Lwapa paguyca R Ha runepnaockoct ul pasHa

(33) bB,,(BA(«) = + 1an 1>

™ T » -

- ramma yHKuma. M3secTHo, uto M(r-+ 1) = ael(a), F(n) = (a- 1, I (|) = yiT
HeTpyaHo y6eanTbes, 4TO KOBapnorpaMma «-MepHoro Lwapa paauyca R paBHa yaso-
eHHOMY 06beMy /i-MepHOro LLapoBOro CermeHTa BbiCOTbl R—1/2. Vicnonb3ays dopmyny
ANns Ti-MepHOro LWapoBoro cermMeHTa (cm. [14]), nonyyaem

(34) c(B.L)N=1"8 te e,

rae = arccos
CneposatenbHo, nogctasnsas C(Bn(R), 1) us (3.4) n ucnonbsys (3.2 u (3.3), no-
Nlyyaem, 4TO BEPOATHOCTb TOTO, YTO OTPE3OK ANMHbI | < 27? MOMHOCTLIO NeXNT B
-MepHOM Lwape pagnyca R pasHa

(35) P(IMcB .(R))- 4
+9 00
OueBnAHO, ANs No6oii pasmepHocTu N umeem P(I(w) ¢ Bn(R)) = 1ana1=0wm
P(L(w) CBn(R)) = 0ana | > 2R.
PaccMOTpuUM YacTHble cnydan n = 2,3,4,5.



H. . ATAPOHSH, U. K. OFTHAK

3.1. Cnyuaii n = 2. Mogctaenaa = 2 B (3.5), Ana kpyra B2(R) paguyca §,
nonyyaem

P(r.n CB2(R)) = sin2e,10

i
H o+ lfy

CnepoBatenbHo, AN / < 2R OKOHYaTeNbHO MonyYaem

2R - GIR2 1
(36) P(L(uw) CB2(R)) = P(L{u) c B2(R)) = ~ "¢ “}rSR LD
Mpu I = R nonyqaem P( () C B2(R)) = n 0.239.
Yuenutenb BbIpaKeHs (3.6) NOMHOXEHHBIN HA R (Tak KakK Mbl COKPATUAN Yncau-
Tenb U 3HaMeHatenb Apo6u Ha R) COBMAjaeT C KMHEMATUYECKOW Mepoii OTpeskoB
MOMHOCTBLIO Nexalunx B kpyre B2(R) paguyca R (cm. [1] v [2]).

TaK Kak Kpyr sBNSETCS U30TPOMHOI 061aCTbl0, TO MOXHO MOMYYUThL pesynbTat
(3.6) ucnonbays dopmynbl (2.1) nau (2.3). Ecnm nogcTasnTh B (2.1) N = 2, To nony-
yaem

_,. oD\
(37 PLE>) CB2R) = 1- o I2) o

TaK Kak

TaK Kak U3BECTHbI NAOTHOCTb 1 DYHKUMA pacnpeaeneHus ANMHbI XOpAbl AS Kpyra
paguyca 4 (cu. [6], [7)
ui[0,2R)
n €[0,2R)
u<o0
n G [0.2R)
n<2R
TO Hago NOACTaBUTL 3TU (YHKUMM B (3.7) M BbIYMCAUTL CTAHAAPTHbIN MHTErpan.
CnefoBarenbHo, nosyyaem

P{L(u)

Tak Kak



BbIYMCNEHWUE FTEOMETPUYECKNX BEPOATHOCTEM .
TO OKOHYATE/NbHO NONyyaem

HT CB,T - [** - - Mwmcsin =

=A [ 20" cc -2 71 [412- 1]
yTO coBnagaer ¢ (3.6).

3.2. Cnyuait n = 3. Mogcraenss = 3 B (3.5), Ans wapa B3(R) paguyca £,
nonyyaem
64 morcooSar 13 I 2\
P(IM .CB3(R)) - G‘B*!(ﬁ — - +-)

(tak Kak ['(2) = 1n [ (]) = | y/0).
CneposaTenbHo, Ans | < 2R OKOHYaTeNbHO NoyyYaem

(3.8) piagcs,(BAa-i3~a3T i”p3
Mpu | = A nonyuyaem P (L(w) C B3(R)) = ~ un 0.1786.

33. Cnyuait = -1 Mogctasnasa m = 4 8 (3.5), ana wapa B4(R) paauyca R,
nonyyaem
sin16(18 —
3rA+ 8/ V8
16/
3mrA+ 8

CneposatensHo, Ans / < 251 OKOHYATENLHO NoMyYaem
2 r L /48221 2 .
(3.9) P(L(w)cBA(R)):3"?3arccos-+- w AT '
121+ » 0.136935.

3.4. Cnyuaii = 5. Mopctagnas = 5 B (3.5), ana wapa Be(R) paguyca A,

PUOG)ICE.(R)Zyd% e v

(tak Kak FB)=2uT(]) =
CneposaTenbHo, Ana | < 251 OKOHYaTeNbHO Non3aem
309 ( 5



W.T. ATAPOHSH, B. K. OT/IHSH
Mpu I = R nonyyaem P(/,(w) ¢ BER)) = J|r «0.1068.

3ameyaHune 1. BepostHoct P(L(w) C B,fR)), npu n = 2,3,4,5 y6bIBatoT ¢
pactaHuem n ot 0.239 (n-2) go 0.1068 (n=5).

4. Cnyuail NpaBWNLHOrO TpeyronsHMka
Ana npoussonbHOro Tena D -mepHOro NpocTpaHcTBa R™ umeem:
c{D,u./)

4.1) B A »)c U 1., U»)+1Ne )-
npuyeM KMHeMaTM4eckas Mepa OTPe3KOB MOMHOCTBIO NIeXALnX B D Bbluncnsetcs no
cnepytoueit hopmyne:

K(()cD)y=f 6(D, 1)/

Jsm-

[Ains no6oit Nnockoii orpaHyeHHO BbIMyKNOi 06nacTn nmeem:

2 PILW) CD) = ¢ 1)+ oDy 1) Jn.

KoBapuorpamma npaBuabHOrO TpeyronbHUKa [l,, co CTopoHoii a umeet ung (cm. [8]):

C(fncl) =
ring - nle to-b *6 [ illl +w
fe !
“3) =
Imwl,lm"( +| ( f)) e [Tia+ <pi€ 0 — ]
Q| <+lam sin(o+rf))2 7
B8 1( - ne€ [M+a,2Zl—0[ I£ [0,
:};‘;I':‘E"j'f;))‘ «6 [27r-/3,27r], *€ [0, —

PaccmoTpum cnyuaid, korga 0 < | < ay/b/2. MoacTaenss B (4.3) a = /3 = jt/G,
nony4aem, YTo ANS BbluMcneHus BepositTHocTu P(L(w) C [lo) HaMm Hafo BbIYUCAUTL
cneAytoWmii uHTerpan:

P(L(w) C fla) =

3al + + ft2
+ 3a/
Takum o6pasom, ana 0 < | < ay/3/2 oKOHYaTENbHO NOAYyYaeM:

3mo2- 12-fai+ (21r- 3Y3)/2
(4.4) P(L(w) C fla) =
3a(7ra + 4>/30
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BbIYMCNEHUE FTEOMETPUYECKMX BEPOATHOCTEN

PaccmoTpum cnydait a\/3/2 <1 < a. B 3xom cnydae nonyyaem:

'
e+ 12
rge *p=arcsin * -
BbluvcneHne UHTErpana Aaet

(i2u3+ arcsin - 3at+ /W bP - + ffl
P(LWw)cA,)=

(12/V5 + 18V3h2) arcsin - 6V31r«2 - 36a/ H27 [U2- 3aa- 4%3Y2 + Y2
3(Trev/3 + 12/)
OtmeTum, 4TO Npu / = an/3/2 nonyyaem
6r- 24+ 3u/3
P(L(W) C fa) = e 6 0.0458.

MoXHO nony4nTh pesynbTar (4.4)- (4.5) ucnonb3ys gopmyny (2.3), ecnm NoACTaBUTL
B (2.3) N = 21 (hyHKUMIO pacnpefeneHns ANnHbI XOpAbl 415 NPaBUIbHOTO TPeYrofb-
Huka (cm. [7]).

Abstract. Inthe paper, a formulato calculate the probability that a random segment
L(ui,u) in R" with a fixed direction u and length / lies entirely in the bounded convex
body D C R" (« > 2) is obtained in terms of covariogram of the body D. For any
dimension n > 2, a relationship between the probability P(L(u,u) C D) and the
orientation-dependent chord length distribution it also obtained. Using this formula,
we obtain the explicit form of the probability P(L{uj,u) ¢ D) in the cases where D
is an n-dimensional ball (n > 2), or a triangle on the plane.
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TEOPEMbl EAUVHCTBEHHOCTMN ANA CUCTEMBDI
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Annorauun. B paBoTyi AOKAILIBAIOTCA TEOPEMbI €AUHCTBEHHOCTH U (hOPMY LI
BOCCTAHOBNEHU KO3(DMULMEHTOB PAAOB MO CUCTeMe BuneHkwHa. Mpw aToM oT
psga Tpe6yetca b M0 Mepe u opHoro 0 yeno-
8BS Ha (YHKLWIO PACTPEACNEHNSI MAXKOPAHTbI YCTHHHbIX CYMM.

MSC2010 numbers: 42C10; 42C20.

Knio4eBble cnosa: cucTema BuneHKMHA, METOA CyMMUPOBAHUS, @AMHCTBEHHOCTb.

1. Beeaenue

H cucTembl B . MycTb {pk} HekoTopas nocnego-
BaTe/NbHOCTb HaTypanbHbIX Yuces, ¢ ycroBuem pk >2, Kk e N. Monoxum 10 = 1,
mis = mk-iPk, k £ N. Torga no6oe HeoTpMUaTeNbHOE LieI0e YNCNO  eUHCTBEHHbIM

06pasom npeAcTaBnseTcs B BUAE
@
n~Y Inkmk-u rge n6 {0,1,- -pk- 1}

JNo6oe uncno X e [0,1) Toxe eAMHCTBEHHbIM 06pa3oM npeacTaBnAeTcs B BUAe

(1-1) Bl *»€{0,1.ur-1}, *€x,

n pns GeckoHeyHo MHorux fceN umeeT mecto Xk Pk —1- O606wieHHble QyHKLUN

Pagemaxepa [l/c(x) onpegenstoTcs no popmyne
1.2)

Cuctema BunenkuHa @ := { }* 0onpegensercs no npasuny

(1-3) *, () U 8:>(i) = oxp A2TriE j

"HacTosilee WccnegoBaHye Nepeoro asTopa npu Focypap-
CTBEHHOTO KOMUTETa N0 Hayke MOH PA B paMKax HayuHOro npoekTa 10-3/1-41
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[. . TEBOPKSH, K. /1. HAINONMAsn

3Ta cuctema BBegeHa B 1947 rogy H.A. Bunenkunbim [1]. Korga 1. = 2, K C M, cu-
cTema BuneHkuHa coBnagaeT ¢ cuctemoid Yonwa. Ecnvm pu = n € N, gns Beex fce 11,
TO 3Ta cMCTeMa Ha3bIBAETCs CUCTEMOI KpecTeHcoHa-/lesu. ECln nocniefoBaTenbHocTs
PK ori)aHudena, To roBOPAT, YT cucTema ® MopoxaeHa orpauiilllwoii nocnegosa-
TeNbHOCTLH. CBOMCTBA TAKMX CUCTEM BO MHOTOM COBMAjaloT CO CBOMCTBAMM CACTEMbI
Yonwa. OfHaKo, B HEKOTOPbIX C/ly4asx, 3T0 He Tak (CM. Hanpumep \2\).

B HacTosiujeli paboTe 40KA3bIBAIOTCA TEOPEMbI €AMHCTBEHHOCTI ANS PAZOB HO CU-

cTeme BunerkuHa. Mpn fokasaTenbcree cA MeToq ans ps-

0B No 0606LLeHHOI cucTeme Xaapa unu BuneHknHa, BBefeHHbI B padoTe [3].
O6o3Haunm

[Ans nutepeana J G JtoGosHauum yepes J TOT UT-epBan U3 0K-b KOTOPbINA COAEPKNT
J v onpegenum uHTepsansl {J)i, (1 € Z), cnegyowum o6pasom:

1 Im @iesd ()¢,

(2) npaBbIii KOHew MHTepBana (.7)i coBnajaeT ¢ NeBbIM KOHLOM WHTepBana (./){+1,
€CNV NpaBblii KOHeL, MHTep-

NpUyemM KOHLibl 0TPe3Ka .7 0TOX/AECTBNSIOTCS, T.

Bana (J)i ecTb —-— , TO NieBblii KoHel, nHTepBana (J)i+16yget -—
k-1 7MK-1

Ana kaxporo uHTepsana .7 6 3K W HaTypanbHOro yucna < NON0XNM

woo- . w>=n .- j,
(1.4) A(t® ) ecat te Ws, MU<*
' \ o, ecnu

$IcHO, 4TO (34ech U Aanee | j-xapakTepucTuyeckas (yLieLns MHOXecTBa .7)
) = mklj(t), [ ipf(t)dt=f f\)dt=1 gnascex9< —-«

[Ansa Kaxporo HaTypanbHoro uucna fc n ana kaxgoro x € [0,1) o6o3HaumMmM depes
IKX TOT WHTepBan U3 3a, KOTOPbIA COAEPXUT TOUKy X. WHorga, ecnu .7 = Avr, To
B (1.4) 6ysem Tb ¥>**(<), Tee.

ANS PYHKUUK Onpej
= YunTbiBasi onpegeneHue cuctembl { (®)}2 > o4eBUAHO, uTO

npu nio6om <pk\, umeem

(ome ) - @, 0*>UON =0, xorga > up
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TEOPEMbl EAVHCTBEHHOCTWU ANS CUCTEMbl BUNEHKUHA
MoaTomy Ans nio6oro pasa

(1.5) L.(7)
n=0
W N1060r0 X G [0,3), NpU NI06LIX HATYPANILHBIX K U q (2q < PK), ONPeAeneHbl CyMMbl
(1.6) aku(x)~Y¥2a, [ ()™N()
4=0 Jo
Myctb

S.(*) = «n®n(*)
n=0
yacTuuyHas cymma psiga (1.5). fAcHo, 4To
.7) 10k) = Smk ](x) wu Oku(x)= _]I Smr-\(t)tp€I(t)dt pns Bcex r>k..
o
Monoxum
S*{x) :=sup|S,,,(x)|, <P0K) = sup |trig, (i) ].

B pa6oTe yepes C, Ci,C- .. . 0603Ha4aloTCA NOCTOSAHHbIE, a Yepe3 Te3(/1) Jleberosa
mepa MHoxecTBa /1.
Tenepb Mbl B COCTOSHMM CIOPMYNIMPOBATH Hall MepBbIA pesynbTaT

Teopema 1.1. CyuiecTByeT nocTtosHHaa C > 0, He 3aBucAwas 0T nocnegosa-
TenbHocTeil {a,.} n {pk}> Takas, 4TO
(1.8) a*(r) < CS*(x), 16 (0,1).
Bonee Toro, ecnu psig (1.5) B Touke X CX0AMTcs u S(x) cyMMa psga B aToil Touke,
To

A Okig() = S(x)

3T0 03HauaeT, YTO MeTop Cy psaga (1.5) no dopmy. (1.6) peryns-
peH. OTMETUM, 4TO 3TOT MeTOf OT/IMYEH OT PaHee PacCMOTPEHHbIX METOA0B CyMMM-
poBaHus pAAoB No cuctemMe Bunenkuna (cm. [4]).

B pa6oTax [5] - [7] AoKa3aHbl TeopeMbl eANHCTBEHHOCTW 4NN MPOCTbIX PSAOB NO
0606LLeHHOl cucTeme Xaapa U cucTeme BuneHKMHa, MOPOX/AEHHOI OrpaHU4eHHoi
nocneoBaTenbHOCTbIO p& k € N, 1 KpaTHbIX PAA0B N0 KNAacCU4ecKoil cucteme Xaapa,
M@KOPaHTbl YaCTUUHBIX CyMM KOTOPbIX YAOBNETBOPSIOT HEKOTOPOMY YCIIOBMIO.

B pa6oTe [5] AoKa3aH cnepyloLnii pesynbrar.

Teopema 1.2. (6.B.KocTuH) NycTkb cuctema {®,,(a:)}*0 nopoxkaeHa orpaHnyeH-
HOl Nooxef0BaTeNbHOCTbIO PK, K £ N. Torga, ecnn 4acTUYHbIe cyMMbl Smk-i(x)
17



I. I. TEBOPKSIH, k. A HAB/IC/IPASH

paga (1.5) mo4yTu BClOAY CXOAATCA K HEKOTOPOi (yHkuun f(X) u ans HekoTopoit
nocneaosaTeNbHOCTH A, +00 BbINONHART CA ClleAyloLLee YCnoBue:

(1.9) Wn A,mes|x € [0,1) : sup|Smi_i(x)| > A,j —Q

Torga Ans BCEX N UMEIT MEeCTO COOTHOLIEHUS:

B Toit e pa6oTe [5] npuseaeH npumep cuctembl { ,,( ;)}E 0 NOPOXAEHHOI Heorpa-
HUYEHHOI NMoCNefoBaTeNbHOCTbIO PK, K e N, Ansi KOTOpOii Teopema 1.2 He BepHa.

OkKasblBaeTcs, YTO ecniu B Teopeme 1.2 B ycnoBuu (1.9) MaxopaHTy HacTUUHbIX
cymm S, lk- i(X) 3aMeHUTb MaxopaHTOl Bceil NoC/ef0BaTENbHOCTY YaCTUUHbBIX CYMM
S*(x), To popmynbl (1.10) BepHbl Ans No6oit cucTembl BuneHknHa. TouHee BEpPHO
cnefyloujee yTBepxKaeHNe.

Teopema 1.3. Ecnn yacTuuHble cymmbl S, k-\(x) psapga (1.5) no mepe cxoaaTcs K
HEKOTOpOii N.B. KOHEYHOI U3MepuMOit yHKuUM f 1 4ns HekoTopoii nocnefoBaTenb-
HOCTU Ap  +00 BbINONHAGTCA yCnosue

Urn Xpmes{x € [0,1): S*(x) > A} = 0,
Torga Ans BCex n umelo T MecTo (opmynbl (1.10).

OTa Teopema cnedyeT u3 6onee o6ueit Teopembl 1.4 n Teopembl 1.1

Teopema 1.4. Ecnu yacTUYHbIE CyMMbl 5Ti

.T) M0 Mepe CXoAATCA K HeKOTopoit
N.B. KOHEYHOI M3MepuMOit (yHKUUM / W ANS HEKOTOpOii nocnefoBaTenbHOCTY Xv |
+00 BbINONHsAETCA

(1.11) lim Xpmes{x € [0,1): ff*(x) > Ap}

TO Ans BCeX N UMeloT MecTo dopmynsl (1.10).
HanomHum, 4To (yHKUNA / HasbiBaeTcs /1-MHTerpupyemoit Ha MHoxecTse X C
[0; 11d, ecnn BbINONHAETCA
liwm Aemes{x GX :|/(x)| > A}= O

W cyujecTByeT

W3 Teopembl 1.4 cnegyeT yTBepXaeHue.
18



TEOPEMBI E/VHCTBEHHOCTY ANA CUCTEMbI BUNEHKUHA
Teopema 1.5. Ecnm wacTuuHble cymmbl S,k i(x) paga (1.5) no mepc cxogaTes K
HeKOTOpOiA M.B. KOHEYHOI N3MEepUMOii (hyHKLUMM } 1 BbINONHAETCS
liw AeTea{x 6 [0,1]: <T*(x) > A} =
Jig A Tentx 8 [0,1]: <09 > A} = Q
TO (yHKUMA / fBNsieTca A-MHTerpupyemoii dyHkumeid, apap (1.5) asnsieTcapsgom
®ypbe ITOiA PipiKUMM B CMbIC/e J1-NHTErpupoBaHus.
B pa6oTe [3) fokasaHo, 4To ecnm psg (1.5) aBnseTcs pagom Oypbe MHTer prpyeMoii
yHKUMM /. TO CyMMbI (') no mepe cxoaATcA K / 1 BbINONHAETCS

(1.12) ~iw Ames{i € [0,1): () > A} = 0.

MoaToMy BEpHO Cnefyloluee YTBEPXAEHNE.

Teopema 1.6. ins Toro, 4yTobbl pag (1.5) ssnancs 6bl pagoMm dypbe UHTerpu-
pyemoii dyHKUuMM /, HeobXoAMMO U OCTAaTOuHO, YT06bl CymmMbl SmK i(t) no mepc
CXOAMNNCh K/ 1 BbINONHsNOCH (1.12).

B pa6oTe [8] aHanornuHble TeopeMbl 6e3 J0Ka3aTeNbCTB CHOPMYIMPOBaHbI TaKXKe

ANns 0606LUEHHOI cucTeMbl Xaapa.
2.BcnomoratencHele nemMmbl

MycTb cemeiictBa X = {**-}£_, n S = {?*}*=] C {1,2,...,n} yAoBneTBOpPSIOT

yenoBusM:
2.1) a<®i<*2< eom< XN < b,
(2.2) Xk+ql - xk-gk < b -a, rge Xk, = x*+ (b- a), k=1,2,...,n

Ansa kaxpgorok 6 {1,2,...,n} o6osHauum

= eC/IN K= KK,
, ecnm X [Xk-gk, Xk+gk),
vHeliHaa Ha oTpeakax Dk*_7iLx*] u [xb,30+p,]-

Mx) *(*)+ *(x + {b-a)) + N*(x- (6- a))
(2.3) Hx,6K(X)  HK[X) m= JIKOK)[2,5)0K).
Criep.violuasi ieMMa 1o (hopMy/IMPOBKE 1 J0Ka3aTe/bCTBY NoXoxka Ha nemmy 3 u3 [9].
Nemma 2.1. MycTb cemeiicTBa X = {Ka}=1 uS = {fa-P=iC {1 ,2 > ygo-
BNETBOPAIT ycnoBuaM (2.1) n (2.2). Toraa cyl|ecTBYIO T HeOTpULaTeNbHbIe Ynucna
Qk, (k= 1,2,...,n), Takue, 4YTo
QKHK(x) = 1[,,10x).

fe=l
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1.T. TEBOPKSIH, K. A HNUAC/IPASH

AOKASATE/NILCTBO CHauana jokaxem, 4To ans no6oro P C {1,2,..., n} cyue-
CTBYIOT HeoTpuuaTenbHble uncna {Ok}keP Takue, 4To

(2.4) J] Pkhk(xj) = 1 pgns Bcexj € P,
KeP

(2.5) fahk(x) < 1 gns Beex x.
KeP

B cnyuae, korpa carcl(P) = 1w P = {/co}, gocTaTtouHo B3ATH /9%, = 1. flonycTum

yTBEpxaeHue BepHo npu card(P) < n gokaxem, 4To OHO BEpHO 1 Nput card(P) =S

Mycte P = { KBy M < < ome < K,,. [1nA Kaxporo Habopa uucen {c,-),

Ej=#1,j=1,2,

«, MONOXUM

RicI= |[(7BR2...p)¢e oy § ™h O6) 1j>01<j<q.

Y6egumcs, 4to R{C)} f- 0 npu no6om Habope uucen e- = +1. B cnyyae Korga Bce
Ej = -1, oueBupHo, uto (0,0,...,0) € R[Cj)- Korgasceej = 1,70 (1,1,__ e
TaK Kak /u(x) > 0 gns Bex x v /tfc(ifc) = 1, k = 1,2,...,n. MycTb Tenepb Ans
Habopacj = +1
e =1}, = —1}

n 1< card(/+) < s. D cuny Hallero npeAnosioXeHus, CyLLeCTBYIOT HeOTpuLaTeNbHbIE

uncnal'T, T e Il Takue, uTo

(2.6) =1 pnsaBeex jeld +,
(.7) 52 #>n*T(*) A~ 1 [JIFiBCex C.
TE/+
O6osHauiw /7%, = /3, ecnm T. € 7+ n ., = 0, ecnn T € /~. U3 (2.6) u (2.7)

cnepyeT, yto /3* € [0,1] u ansiBeexj, j = 1,2 a,

fiv2 ~1> (). =tj~ >0.

Moatomy (Atj./}*3,... [?*)) € -Rjelj- UTak, gna no6oro Habopa {r.}, Ej = +1, j =
1,2,.... a, MHOXecTBO R{Cj} He nycTo.
[onycTuM He CyuLeCTBYIOT TaKMe HEOTPULATENbHBIE Uncina K € P, 4TOGbI Bbk

nonHANock ycnosue (2.4). Torga MHOXeCTBO

A=A TTU» (XK) Loee £ (ifc)- 3 : (71,..7%) € p, 5]
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TEOPEMbl EAWHCTBEHHOCTU AN CUCTEMbI BUNEHKMHA

He cofepxXuT Touky (0,0 0). fIcHO, 4TO -BbINYK/I0E N KOMNAKTHOE MHOXeCTBO
RY B cuny BTOpoOi TeopemMbl 06 OTAGNUMOCTU BbIMYK/bIX MHOXeCTB (cM. [10],

cTp.210), cyuiecTByeT MHbIA ¢ £, onpep i Ha Rs, KoTOpblii

NPUHUMaET OTpULATENbHbIE 3HaYeHns Ha 4. MycTb £(ai, ,...,as)= " a,a, u

,_ 1 em a;>0,
* -1 ecom Qj<O.

Torpga U3 HCNyCcTOTbI MHOXeCTBa /2(EM cneayeT, 4To (yHKUMOHaN £ na MHOXecTBe

4 MOXET MpUHUMaTL HeoTpULATENbHbIE , 4TO Npo PeunT onpess

yHKL £. MNony npoTHBOp! [lOKa3bIBaeT, UTO CyLLIECTBYIOT HEOTpU-
yaTenbHble Yncna Ok, yAoBeTBOPSIOiLHE YCNO0BUIO (2.4).
13 onpepenenus yHKumid JT(x) cneayeT, uTo /ik(k) = hk(x*(b~a)), ans nwobbix

€ [B,6] M A= 1,2,...,n. Mo3aTomy 13 (2.2) Nony4um, 4To

(2.8) 51 Pkhk(xjt,) = 1  ans Bcex j GP.
KEP

3amMeTUM, 4TO Ha UHTepBanax [K*,_, * ], DK*, k*], «me, DK*,., ,®*] u KK X*+,]
dyHkuma 53 fahk(x) Bbinyknas, cnejoBaTenbHo, ¢ y4eToMm (2.8) nosmyuum, 4to

53 [KMx) < 1[5 BCeX e DKK._,ok*1+,].
=

B 4acTHOCTM BbIMOMHAETCSA HEPaBEHCTBO (2.5).

Takum 06pa3om HepaBeHCTBa (2.4) 1 (2.5) fokasaHbl Ans noboroP C {1,2,...,n},
BYacTHocTM ANA P = {1,2,...,«} CyllecTBylOT HeoTpuuatenbHble yucnad 0 ...,
Takwe, 4To (cM. Takxe (2.8))

YM M =1 AnaBeex j=0,1,... , +1
3ameTum, 4to 5 3 fikhk(x) nuHelinas Ha Kaxxgom uHTepBane Dk~ +il, j = 0,1,....n,
fe=l
N03TOMY 13 NOC/NEHNX PABEHCTB MOYHNM
53 Pkhk{x) = 1 ANS BCeX X e [0, XK, +i).
JNemma 2.1 pokaszaHa.

w
Nemma 2.2. MycTb [ € Ok-i n i = A, rae A, € 3* 1 npoHymeposaHbl
1

cnesa Hanpaso, aT = {AP]Ala, ..., iT. }-HEKOTOpPOe NOAMHO>KeCTBO MHOXKeCTBa
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I. T. TEBOPKSIH, K. A HNIBAC/IPASH

Ecnu HaTypanbHele uicna { , ,--,<] } yA0BNETBOPAKT ycnoBUAM:

qi<y n (An)xn €Y, anascex i=1,2,..1,

TO CyWecTBYlOT HeOTpULATeNbHble Yucnaai,« ..., aliTakue, YTo

E» *1(4= ().

i=1
[lokasaTenbcTBo. [MycTb a:<-cepefvHHas To4KaoTpeskaAi» <= 1,2, — ,pb. HeTpya-
HO 3aMeTWUTb, 4TO ecin 0603HaunTb X = {aTi}[=1 u = (rA}*=1, To AnA QyHKUWi
SAi(i) = (cM- (2-3)) 1 vHTepBana [ MOXHO NPUMEHWUTbL nemmy 2.1. Cnepo-
BaTeNbHO, CYLLLECTBYIOT HeOTpULIaTeNbHbIe Yncna /3i,/5a,... /5> Takue, YT

£lap(l) = 1L (i)
i

$icHo, uTo (cm. (1.4) n (2.3)) gna Beexj = 1,2,... pknt=1,2..

13 NOCNIEAHNX PABEHCTB C/IEAYET, YTO

52 ~~fk.xrt(xi) =1 pgnascex j = 1,2,....
B cbiny T0ro, 4To PyHKUMA (), (*= 1,2..... ) NOCTOAHHAA Na KaXfAoM WH-
Tepsane Aj, j = 1,2,... pfc, nonyuum, yto

E £a< #>-E £ a<<>-w «.

Nemma 2.2 fokasaHa. o
Nemma 2.3. NycTb I = [~,~) €3 ECI,Ec:=1\En
(2.9) mes(E) < e «|/],

raee € (0, 0 +1)» TOTAR ANA MIOGOMO V> a CYWeCTBYeT pasnoXeHme

(2100 1,00= £ £> »>«)+ E E fctfw + E w S 'w,
I+ 1[les* K=6+1ae3¢ aes,,

rae<p$ = |4 114, obnapaiouias creayloumMm ceoiicTBamm

(211) ap >0, 0 >0, 74>0,7T a) E)> a)),

(2-12) Tes(supp”p) ) > —mesfaupp”),
22



TEOPEMbI EAIVHCTBEHHOCTU ANA CUCTEMbI BUNEHKUHA
npewmag Owam/3g Owwm7g~0, To
(2.13) mes(A  Ec) > ~mes(A).
[lokazaTenscTBO. JleMMy [OKaXem MeTOJOM MaTemMaTuueckod uHaykuuw. Korpa
V=s+1u3(29)ur< = + nonyumm
wes( Ec) > ~mes(A), ecm [ €3+ un [ CT.

Moatomy, ccnH gns [ €  + NONOXWTb 7p = korga 1 C /, m78 = Q
korga I £ 7, To nonyuyum (2.10) korga v = s + 1. OTMeTUM, 4TO B 3TOM Cny4ae
ap = /35=0.

4TO ecnmn pa: (2.10) ANS v, TO w ana

V+1. ®dukcrpyem HekoTtopoe [l € 3,,. gns Kotoporo 74 ~ 0. Toraa ecnn

(2.14) mes(A  E) > “mcs(A),

TOo 7py>A paccmoTpum Kak ,9ay?a\ Mpuuem BblonHuTes (2.12). Ecnm xe
(2.15) mes(AnS) < ~nie.u(f),

TO NONOXUM

(2.16) 30) =€ +mpg' CA Tes(d NEY) > "te3(q)}.

Ans kaxgoro A' e 9([) nonoxum

(2.17) 9n-:=Tin{*e N: (4", € 3(4)}

Y6egumces, 4to (& < MockonbKy ;>,+ > 2, TO HY)XXHO PaccMOTPeTb TONbKO
cny4ait koraa ?a- > 1. B Takom cnydae w3 (2.17) cnegyeT, 4To xoTbsl 6bl Kaxablii
nATLIA U3 nHTepBanos ([ °)+i, I\ < da«, He NnpuHagnexuT 8(A)- Moatomy, n3 (2.16)
Vmeem
T»((A")«»'  Ep)> iTes((4")'»")
W3 atoro u (2.15) BbiTekaeT, 4To Te3((A/)94") < |TeB([). CnegoBaTenbHO MOXHO
NpUMeHUTb NeMmy 2.2. TpUMeHAS neMMy 2.2 HalifileM Takue HeoTpuuaTenbHble T,
uTo
7 ()= E li'vkr'w
nesn)
O6o3HauvB 74/ := 174<, aa. = 0, ecnv an« = 1 v ag» := 7K 74< := 0 ecm ag/ > 1,
noNy4nm pasnoxerue Tuna (2.10) ons H-1, ¢ HeoTpULATENbHBIMI KO3(hULMEHTaMU
BbinonHenue (2.13) cnegyeT u3 (2.16). M3 Toro xe (2.16) u (2.17) cnegyet (2.11).
Nemma 2.3 gokasaHa. o
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. I FEBOPKAH, K. A. HABAC/IPASH
B pa6oTe [3] Ans uHTerpupyemoit yHKuun / BBefeHa yHKLUUSA

M*(1*) = «ip®p jijjqlAY <. ()N

" J0Ka3aHo, 4To

(2.18) mesfc :M*(f,r) > A} < |[|/[| , MHMMA- rnesfat:: M* (/,a) > A} = 0.

3. [Joxasatenscreo teopem

[IOKASATE/IbCTBO TEOPEMbI 1.1. MycTb X € [0,1), K, q € N  2// < pK. lonycTum
Ik,r (MHTepBan u3 3K, KOTOPbIA COAEPXKMUT TOUKY X) UMeeT BUf
s r *+1\

-ITK T K- Lk ) )"

rpere {0,1,....nik-i - 1}, € {0,1,....,pk - 1}. Cymmy S, k-\(x) crpynnupyem

cnegytlowm o6pasom

(3.1)
mk- 1 Pt-lwWfc-1-1

Sm,-i(l)= E 2 "
n=0 j=0 k=0

W3 onpepenenus dyHkumnii ®,(a;) (cm. (1.1)-(1.3)) ans ®u-nTb_, (*) nmeem
32) DH-jm*., (K) = D,(X)AL(r) = ®,,(3;) exp N korfla v <

K
3ameTum, 4To hyHKuma ®,, 0 < 1 < rnK- 1 NOCTOAHHA Ha

ax=l m K-ij

Moatomy

(3-3) W) = N,

rae @, ([-r)-3HaueHne QyHKuMM @, Ha 7**, T.e. ®,2*8) = ®,(x), a e [, K <
m*_i.

3 onpegenenus gyHKuMid %, A 1 uHTepsana h ,x nmeem



TEOPEMbI EAUHCTBEHHOCTW A1 CUCTEMbI BUNEHKUHA

HeTpyaHo 3ameTuTh, 4To

Je ( ")y= --(m)=\ (s f)

rae A',_i(n)-agpo ®eiiepa giis TPUrOHOMETPUYECKOI cucTembl (cMm. [11]).

CnepgoBaTenbHo, U3 (1.7), (3.1)-(3.4) nonyuum, 4to

1
(35) n. (*)=/ v. E
.o j=0 1=0
le "e - w

O6ozHaunm

Ofc.j(i) = 53 eb/1x)" ©a’,-i (®) = 0.

B

FAcHo, uTo
(3.6) |0fcj(x)] < S*(x), 0<j<pk.

MpumeHsis npeo6pasoBaHue Abens, ns (3.5), nonyynm

3.7) <TL(X)="Y (©m(x)- B*.,.,(X)XK,_, (~) =
fr'o VPA

) A +A2

(*)n

MockonbKy saapo ®eiiepa ygoeneTsopsas! ycnosuwo 0 < Kq i(t) < | ans Becex

[0,2Tr], To 13 (3.6) 1 (3.7) UMeem, 4TO

€
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. sin gqn)
MpoussogHas GyHkuyun y(uj = =~ N NpeacTanyM 1 creayioliem Buge:

ina(y)  4- A _ 2ytadin(i/7)cos(TM) 2 sina(/M 42

siuzgdu) 2«sillu -2w - COS
+ Bl I

(3.10) fi(«) + <7 (9.

YuuTbiBas, uTo sinix > -w, Korga [o, - j , MONy4YMM CneayiollyHo OLEHKY:

a(ldus II(Iu
(3.11)
ir¥ /¥ I<sin(2()-2sinsi|d ,» VA% lisiu(2/) —2sil2Ll
I— p— r — I— i3— Irftsm
FACHO Takxe, 4To
Ui2M2C08d 4y < c2q2.

[ odtiftand [ 128
Jo Jo 1

ConocTaBnas nocnejHee HepaBeHcTBO ¢ (3.9)-(3.11) nonyuum, yto

sin n 1

(3.12) Nx| < €3S (X).

13 (3.12), (3.7), (3.8) BbiBOAUM [ariG(/(a;)] < C.tS*(x) ansiBcex A€ N, 0 <q< . Tem

cambIM COOTHoleHue (1.8) gokasaHo. Tenepb AonycTuUM AHsA X € [0,1) BbinonHseTcs
N

(3.13) liw E«-* W =s-

O6o3Haunm

SN (x) = v, a,®,.(a;) un Sk'(x%(m‘max7<y a,®,,(x)
n=m*_| m*

i i
Torpaus (3.13) umeem
JBm S** (*) = 0.

MoaToMmy, M3 yXe 0Ka3aHHOM YacTi Teopembl, MOy NM

ey * -
m KL (T)-(sn._-i.2% )= dim [S<>ef)l < ¢ ym *=() = o.
MockonbKy cymma Smir_,-i Ha HocuTene hyHKLUm nocTosIHHA 1 =1.:

( *-> 1**) = 5m,_1 x(a;). Mo3atomy,

Teopema 1.1 gokasaHa.



TEOPEMbI EAVUHCTBEHHOCTW AN CUCTEMbI BUNEHKUHA

[okasaTenbcTBO TeopeMbl 1.4. MycTb YacTU4HbIE CyMMbl Smjk_i(.T) paga (1.5)
M0 Mepe CXOAATCS K HEKOTOPOIA M.B. KOHEWHOW U3MepuMOi (yHKuuM / 1 ANs Heko-
TOpOil nocnegoBaTenbHOCTM Ap  +00 BbinonHsetcs (1.11).

[ANA HeoTpULATENLHOIO LeNI0ro N BbiGepeM HauMeHbLUee ANA KOTOPOro < m*,
Hawuutepsanax/,, € 0,,u = 1,2,..., T,, QyHKUMA PN NPUHUMAET HEHYNEBbIE NOCTO-
AAHHbIE . 9T yepes ®M(A>)> AcHo, uTo |D»i(/m)| = 1

4NA BCeX U 1
0,= Sm. \(t)dt.
CriepoBaTenbHo, ANsi A0Ka3aTe/bCTBA TEOPEMbI OCTATOMHO [40KA3aTh, YTO ANS /0~

60ro HaTypanbHoro 1 ni6oro I € 3* UmeeT MecTo

(3.14)

Ans dukcnposaHHoro / € 3* gokaxem (3.14). Monoxum
Ep={xel:(r*[x)> Ap} u Ep= {x£ 1 :a*(x) < Ap}

Myctb e e (0, 01+ )- Bbibepem HaTypasbHOE YWC/IO P HACTONbKO 60NbLUIMM, YTO6bI

BbIMNOMHANNCH YCNOBUA

|ffk,(t)) < Ap ansiBcex K<8+ 1, qgq<y , €[01),

(3.15) Ap *wic8(i?p) < £ *mes(l)

Mpumenns nemmy 2.3 k1, E = Ep, L} = {x 6 1 :a’(x) < Ap}, gns nwboro > +1

noNyuYnM pasnoxexue

K=»+1 ges* ke=gj#i ges* Aes,,
co cBoiicTBaMn

ap >0, /33>0, 74 >Q

mes(supprA) F\EP) > AweB(suppv24n)),

NEp) > M),

K—
(G (O supprA) (3 [ suppvan
(-irloes [1€3*:,38-0
27
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I. . FEBOPKSH, K. A. HABAC/IPASH

W IOKa&XeM, 4To
(3.18)

52 52 MA+ 52 51 0f4+ /C  7p <60ines(Bp) u 52 7/ < mes(l).
a=m1ae3i. fe=4ifl6:n fes,, Acs. Ags,,
CHayana 0TMETUM, YTO UHTerpabl hyHKUWIA urypupytowe  (3.16), paBHbI
eavHnLe. MoaToMy BTOpoe HepaBeHCTBO M3 (3.18) cnedyeT M3 HeOTPULATENLHOCTM
KoapuumenToB B (3.16). M3 (2.11), (2.12) cnepyet, uto M*“(I8r,x) > i Korja
X € F,,. Moatomy (cm. (2.18))

(3.19) mes(F,,) < 60mes(22p).

CriefoBaTenbHo, UMeeM

E E«+ E E m=EE / &+

*=«+iges* K=»+ige3(, Ae3,, AC . **tiges*
52 51 in/AgHON+  X] 1 [ €(t)dL< [ dt<60mea(Ep).
K=*+1[1€3¢,  J> [1€3,,/iCP., 7
CooTHoLLeHs (3.18) AoKasaHbl. 115 Mto6oro i/ > uMeeT MecTo
(3-20) J Sm,-i()dt=J sm, i(t)dt
n (cm. (3.19))
(3.21) MO - [/W]a* | < 60A,mes(E,).
13 (3.16) nmeem

(322) T ()*- £, 4/ sw-iMUuM*)»-
b=*+1/1€3* Jl

EEN «@(+Em ™(4A)y=

b«+1/63,

52 X1 Mg [ SmA®MASE*Atdt+ 52 Y. [ SIKCi(dvsartdtr

b«+1/163k " K=»+1/163»
52 74 1S, -iOWE){HAtE 5274 f Smug<BI\)dt=:
[g€3,, ACF 7 [€3N AC/\PV *

Wi+ > 2+ L3+ WA,
W3 (3.17), (3.16), (1.4) cnepyet, uTo
52 7AveR(9) = INK,.

Aes,..felyp,
28



TEOPEMbI EAVHCTBEHHOCTW A5 CUCTEMbI BUTIEHKUHA

Moatomy
(3.23) 4= [ Sm,-i{H)dt.
RIAYS
N3 MeTofoB BbIGOPOB (yHKLMA <p®\ (cm. (2.13), (2.16), (3.1), (2.14)),
vmeem
<v < Ap,

Jsm ,(">nn|<A,

Moatomy, ¢ yueTom (3.18), (3.15), nonyuum

(3.24) ovi+ , +w,3< 60A,mes(E'p) < 60emes(J).
OyeBUAHO
(3.25) DpCE,, rae D,={x€l: (/(M)IA /(*)}

W3 (3.20)-(3.24) cneayeT, 4To ANA N0GOro U >  UMeeT MeCTO

(3.26)

ILUepdt fsm_i@dtl < [ (UDla_ - Sm._ (1)) + 120Apmes(E.).
1 1

YunutbiBas, uTo | ,,.,._ ()| < A,, korga | € I\F,,, n3 (3.25), (3.26), nonyuum

(3.27)
I[im Ixpdt- [ Sm-i(t)<ft| < / (/(i) - 5m,_, (1))dt\ + 122A,mes(£p).
Ji Ji I |YA(ruBp)

MockonbKy nocnegoBaTenbHoOCTL Sm,, _i(i) no mepe cxogutea k f(t) To ana pocra-

TO4HO 6onbimnx n

mes{ € 1: |Sm,_i(«)- f()\ > e} < anes(l).
Mo3ToMy ¢ y4eToMm Toro, 4to |.Sm,-i(<) - /(/m)| < 2AP, G I\(F,, U Ep), u3 (3.27) n
(3.15) nonyuum

\jm o Kdt Sm.-i(iyrf(] < 125sims(/).
Teopema 1.4 fokasaHa.
Abstract. In this paper, we prove uniqueness theorems and restoration formulas for
coefficients of series by Vilenkin system. The series is assumed to be convergent in

measure and the distribution function of the majorant of partial sums satisfies some

necessary condition.



. . TEBOPKSIH, K. A. HAB/ICAPASH

Cnucok NMNTEPATYPbI

[1] H. 51. BunekuH, “O6 O4HOM Knacce NofHeIX OPTOHOPMANbHLIX cicTem”, Han. AH CCCP, cep.
warem., 11, no. 1,303 100 (19-17).
[2 B. A. Cksopyoe, M. M. Koponesa, “O pagax no MyNTiiluWKATHBHbIM CHCTEMaM, CXOAAILUMCA
K (YHKUWAM UHTErpUpYeMbiM N0 flakxya”, Marem. ¢6., 180, Ho. 12, 129 150 (1995).
B c.c. rkyan, K. A. . "OH a Irielhod for Vilenkin and generalized
Haar systems", Proceedings of the YSU, Phis.-Matli. series, 61, no. 1, 13 - 17 (2017).
[4] F. Weisz, “Summation of Fburier series”, Acta Matli. Paedagog. Nyliazi., 20, 239 26G (200-1)
[5] B. B. Kocthh, “K sonpocy T0B PAACE N0 PbIM OPTOTOHa/b-
HbIM CUCTeMam (yHKUWiA”, Matem. sameTku, 73, no. 5, 01 723 (2003)
[6] B. B. KocTuw, “O6o6uerue Teopemsi /1. A. banauiosa o nogpsaax psga ®ypse-Xaapa”, Marew.
3ameTkm, 76, n0. 5, 7-10 - 7-17 (200-1).
[7) T.T. TeBOPKSH, “O EAMHCTBEHHOCTH AAAUTUBHbIX YHKIM ABOMUHHX KYGOB M PAOB MO CUCTeMe
Xaapa®, N30. HAH Apwenin, cep. matem., 30, Ho. 5, 7 - 21 (1995)
[8] T. . FesopkaH, K. A. HasacapasH, “O6 OAHOM MeTOAe CYMMMPOBaHWW PSAOB MO CUCTEMaM
BunenkuHa u Xaapa”, flokn. IIAH Apmesun, 117, no. 1, 20 - 25 (2017).
[9] I T. TeBOPKAH, “O eAUHCTBEHHOCTH KPaTHbIX TPUTOHOMETPUUECKWX PAAOE", MaTem. CEOPHUK,
184, no. 11, 93 - 130 (1993),
[10] A. H. Konmoropog, C. B. ®omuH, SnemenTsi Teopun GYHKUMI M DYHKUMOHANBHOTO AHanksa,
M., Hayka (1989)
[11] B. C. Kawuw, A. A. CaaksH, OpToroHansHie Pagsi, Mockea, U3gatenscreo AdLY (1999)

Moctynuna 24 mapta 20J7

30



W3secTua HAH Apmenun, MaTemaTuka, Tom 53, H. 2, 2018, cTp. 31 - 46.
ALMOST EVERYWHERE STRONG SUMMABILITY OF FEJ6R
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TWO-DIMENSIONAL WALSH-FOURIER SERIES
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Abstract. In this paper we prove a BMO-esfimate for rectangular partial sums
of two-dimensional Walsh-Fourier scries, and using this result we establish almost
i ility of partial sums of double Walsh-

Y
Fourier series.

MSC2010 numbers: 42C10.
Keywords: two-dimensional Walsh system; strong summabilitj'; a.e. summability.

1. Introduction

We denote the set of all non-negative integers by N, the set of all integers by Z
and the set of dyadic rational numbers in the unit interval | = [0,1) by Q. In
particular, each element of Q has the form for somep,n 6 N, 0<p <2".

Let ro (x) be the function defined by

L. 1 1 ifxe [0,1/2) . .
eyt 11, ifx 6 [1/2,1), 0 (1+ 11" "m<t>e

The Rademacher sj'stem is defined by rn(a:) = ro(2"a:), n > 1. Let wo,wi,...
denote theWalsh functions, that is, w (x) = 1 andifk = 2”1+ - 2" isa
positiveinteger with > > em > n, thento*(x) = r, (x) wern> (1).The

Walsh-Dirichlet kernel is defined by
n—1
Do(x)=0, D,(x)=" (x), n>1

Given X € |, the expansion
(1.1) X = Y | *k2-(k+1),
k=n

where each x* = 0 or 1, will be called a dyadic expansion of x. If x € I1\Q , then

(1.1) is uniquely determined. For the dyadic expansion x e Q we choose the one

XThe research was supported by Shota Rustaveli National Science Foundation grant no.D1/9/5-
100/13



for which lim a* = 0. The dyadic addition of numbers x,y € I in terms of their
dyadic expansions
X+y-=A21%  vd 2~(fcHl)
foo
Denote IN := [0,2"w) and IN (z) := x + - We consider the double system
{tu,,(x) Xwm(y) mn,m € N} on the unitsquare 12= [0,1) x [0,1). Throughout the
paper the notation a < bwill stand for a<c-b, where c is an absolute constant.

The norm (or pre-norm) of the space Lv (12) is defined by
wi= (/1" (0< p< +00)

166 1i (12), then
[ (m) =J f (xi,x2) wn(xj ) wm(x2)dxidx2
M
is the (n, m)-th Fourier coefficient of J.
The rectangular partial sums of double Fourier series with respect to the Walsh

system are defined by

M-11r-1
Sm,N {xi,X2\f) = Y, ~2f(m ,n) Wm{xi)wn(x2).
m=0 n=
Denote
H-I'n -l

51(xu xr,f) = 53/(AxQuri(xi), SA(xi,x2;f) = £ f(xi,r)wr(x2),
10 =

r=(
where
f(1,x2) = J f (xi,x2wi {xi)(bi, f(xi,r)=J f(xI,X2wr (x2)dx2.
| |
Recall the definition of the space BMO [12]. Let/ €  (12) . Wesay that / has a
bounded mean oscillation (/ 6BMO [I2]) if

MBvo:=SP J I/~/QJ <@

where Iq = wy j f and the supremum is taken over all dyadic squares Q ¢ 12.

For an arbitrary sequence ofnumbers = { , :» , =0,1,2,.}, and<®:=

[*£-,~ ) we define

BMO[f]:= sy lit br1rw U tii)!
. |

p
0<n,na<oo|l,i=0 3= 1Bwo

where is the characteristic function ofa set E ¢ J2.
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ON A COMPOSITION PRESERVING INEQUALITIES
We denote by L (logL)° (S2) the class of measurable functions / satisfying

3 U1 (bg+ V1) < oo
»

where log1u := I(ii00) logu. Denote by  (x,f) the partial sumsofthe trigonometric

Fourier series of /. and let

be the (C, 1) means. Fejer [1] proved that ) converges to / uniformly for any
2jr-periodic continuous function, In [15], Lebesgue established almost everywhere
convergence of (C, 1) means for / € Li(T),T := [-7r,n). The strong summability

problem, that is, convergence of the strong means
(1.2) 4TE K (*.1) IW f p>0,
+ o

was first considered by Hardy and Littlewood in [13]. They showed that for any
/ € Z-r(T) (1 <r < oo) the strong means tend to 0 a.e. as n -» 0o0. The Fourier
series of a function / € 1i(T) issaid to be (tf,p)-summable at x € T, if the strong
means (1.2) converge to 0 as n -* oo. The (//,p)-summability problem in Li(T)
has been investigated by Marcinkiewicz [16] for p = 2, and later by Zygmund [29]
for general case 1 < p < oo. In [18], Oskolkov obtained the following result: let
/ € £i(T) and let ® be a continuous positive convex function on [0,+00) with
®(0) = 0and In®(t) = O(t/InInt), t -+ oo, then for almost all x

(1.3) Um - i TA*([SZ'(1,/)-IW [)=0.

"+ 1t=0

It was noted in [18] that Totik announced a conjecture that (1.3) holds almost
everywhere for any / G Li(T), provided that In®(4) = 0(f), t -* oo. In [19] Rodin

proved the following statement.

Theorem R. Letf € Li(T). Thenfor any A >0

nN20iT T n n*)1) )=0

forae. | €T.
G. Karagulyan [15] proved that the following is true.

Theorem K. Suppose that a continuous increasing function @ : [0,00) -» [0, 00), ® (0)

0, satisfies the condition
A
umsup — O, 00.
t-++00 t
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Then there exists a function f € £-i(T) for which

limsup ® (ke (a:,/)[) = oo

foranyX 6 T.
For Walsh system Rodin [22] proved that the following is true.

Theorem R2 (Rodin). If () : [0,00) -» [0,00), ®(0) = 0, is an increasing

continuous function satisfying

(1.4) bmsup Iﬁg?ﬂ)

then the partial sums of Walsh-Fourier series of any function f e L\ (/) satisfy the
condition
Um i£> (|6 M *;/)-/M 1) =0

almost everywhere on I.

In [3] it was established that, as in the trigonometric case [15], the condition
(1.4) is sharp for a.e. -summability of Walsh-Fourier series. More precisely, in [3]

was proved the following statement.

Theorem GGK. If an increasing function (t) : [0,0c) ~t [0,00) satisfies the

hmsup 292 - o0,

I-too
then there exists afunction f € Li (1) such that

condition

limsupAr ™ ® (|5« (x;/)|) = oo forany x61.

The two-dimensional Fejér summability of / 6 Llog+ L(12) was proved by

Zygmund [30] for trigonometric Fourier series and by Myricz et al. [18] (see also

Weisz [2G]) for Walsh-Fourier series. The tv i i strong bility, that
is,
ni-Ir»a-I
+ X1 5Z B*i**(*i*2;/)-/(*i.* 2IP-»0 ae. asn-> co
fc,=0*2=0
was i by [10] for tri ic Fourier series and for / €

Llog+L(T2). The same result for multi-dimensional Walsh-Fourier series is due
to Rodin [21] (see also Weisz [27]). These results show that in the case of two-
dimensional functions both the (C; 1,1) summability and the (C; 1,1) strong summability
have the same maximal convergence space L log+ L.
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In [9], a BM O-estimate for quadratic partial sums oftwo-dimensional trigonometric
Fourier series was proved, from which almost everywhere exponential summability
of quadratic partial sums of double Fourier series was derived.

The results on strong summation and approximation of trigonometric Fourier
series have been extended for several other orthogonal systems. The problem of
summability of multiple Fourier series have been investigated by Gogoladze [11,12],
Wang [26], Zhag [29], Glukhov [4], Goginava [5, 6], Goginava and Gogoladze [7, 8]
and Gat et al. [2]. In this paper we study the problem of BMO-estimation for
rectangular partial sums of two-dimensional Walsh-Fourier series.

The main results of the present paper are the following two theorems.

Theorem 1.1. IfI £L (logi)! (11), then

{(*..ep) 612:BMO[Snm (i, u;/)] >*} <UL i +J 1N(logl/)!J .

The next theorem shows that the r sums of two-di ional Walsh-
Fourier series of a function / € 1 (log )2(12) are almost everywhere exponentially

summable to the function /.

Theorem 1.2. Suppose thatf € L (logi)2(J2). Then for any A > 0
2"4-12M
lim - —-—
i,ma-»00 2mi+ma

forae. (* * )£ I2

2. Auxiliary Results

this section we recall some known results and prove two lemmas needed in

the proofs of main results. Consider the following operator, introduced by Schipp
[23):

\ 12
— "
VW)= E /£ \ 050 )b
= o ]
and denote V (/) := sup Vn (/). The following theorems were proved by Schipp [23].

Theorem Schl. [23] Letf e L\ (I). Then

#{VN>AY< U i yv/ll <1+ Wllog*Ul  (lellog+Lit))
1
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Theorem Sch2. [23]The following estimate, holds:

I
u s n SM «illl)-

We set

0 -, 2., [ (+>)— 0.4i)2-%ni_,

H E E / / E 2il 4 (¥ E 2il
1,=0 fa-0 (,2-m, ,aslT,  N-0 >3=0

\l2
X5>"1 (if + fl4-ej, 24+ Car/)dti )J

For a two-dimensional intcgrable function / wc introduce the following functions:

Ir-i \

sWB*I®)N)-1E | 3 £ -, ()N* +*+acnrert

NI Vo, Vv
= YP>(*iu;I=1£l )

and
Vw (® , ;) :=sup|Vify)(® , /)|, a=1.2.

Lemma 2.1. The following estimate holds:
[ - - jir
(ssrss E E; SV N Gaaid /1) X

Proof. Let
-1, i =01,
g (.1, ifa==~
In [23], Schipp proved that

n-l «
Dm(t) = Eo W (f) jE:0 (a+e)

S« (0+ (M 12)1n (), m< 2"

Then we can write

@n)
( _.1 12
E E [1*-»- () *(°». ®a»)l>

ni=0 n2=0 J
36



ON A COMPOSITION PRESERVING INEQUALITIES ..

2mi_12"a_|
o Y Y
=0 =0

XE ekxix& ‘wnx(li+sn) £ 1/*aV*a+i ()
1i=0 =0

XE £>* 22 Mi( +CjuNin2

I, onreml .
1 W % st s i@+ V) A2 4 V()
50 =0 2 *1=0
-2
X £ foj ' odwe ( +eii)h -dt,d2 1
2mi—12me—1. mi-1
4 53 5 ( +<, + S E 4Yv*.+.r1
0 =0 p 0
2] 2

A2 gkj, 201 Ubnl(fi + ej,)( + 1/2) M| (< )dtidt2 >

( J w42
ORTR [N J 1 (xie-h,%@+%2/) E "4+ ()

n,=0 na=0
<t 1 ( 4-ea)—- " ma(ftidtal
{0 2mi —12me—
miemj £ £ /5 - - (1+ %2+ i)
n=0 =0*

( 1 2 1om—
+ 'Y Wo | - & HF et )
=0 Moo _

"Mooy ()

21 12¢%2.1
J » & E/ xi+ ® +* /) MeaVe2+j ()
= =



X ExdeST 1L +Bji) (@ +1/2) ™)<l

h=o0
{ anl_,2al
T RN I S )|
n=0 =0 |2 I'IQ
A(» |+ 12)1, (ii)ne_ly
249y
onitra X/ J et v

1
X(,+12)1,, ()( +U2)l,a(.)<M*21}  =£ i

There is a suitable vector

{AM,(i,,i2):0<ni<2*,0< <2m}

such that omi—a2mi i
E 51 [it?,1.(*im =1
= 5% | ( )i
and
(22)  2<mA~)IRI-ft1* "=t | 1B «,i, IV « <>
-1 Imj-1 \
x 21 1 (ti + €j3)d
ja=0 \*j=Jj /
X azva(ii +ti +eig X2+ + 6j3;/)
2m_lr—
X Xy n (*v & ), (ti)wrb () dtidt2
-mi— —
<l £ 2>--4, () £; 2*%-4, «)
ji 31=0 n=0

xs2npra(u+ +gjj, + +e2
m_lzzf%_! u i )
X E £ PoLCiFes () ()
Analogously, we can prove that

(2.3) 2(1,+Ta)/282< | J2 V'-41j ()
I J1=0

x52>"u»s (ii + + ejt,x2+ +eo;|/])
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|2mi_t2m3_1
* E E >a2) Wni (t]) w,'s (e®) w'4 () fit]dti*
In=0 =0
(2.4)
. -1
37.+710/a™r <1 J2 2"-1llia( ) - -a(xj+ + e0,x2+ + e>a;|/])
12 i3=0
[2"i—2n—4
x|E E (1% )W (tw,,, @)wru( ) K
(2.5) 2(T.+"*3)/2i5 < J 5 2Ma(®L+ ti + co, £ -U2+ cO;]/])
13
|2mi_i 2m)_]
X £ E (*1 ® )wn, («i)in,, (e0)w*, ( ) (e0) B
In=0 «3=0
where
E (* .*2)

=1 (»1.**) 618, 6-= 2,45
Now, we estimate /13. There is a suitable vector{/3~ (xi,x2):0 < u < 2mi} such
that
am'-i. 12
E £20% »*)| = 1> (ri,X2)el2
m=0

(2.6)

<"y4 ™ > /0%

1 (*i)5> ,

3(xi4-ti + e, X2+ t2;]/])

x| A (tiy|*i*a
Analogously, we can prove that
.7) FiT.4T,) /A < 2(82)m, J (4 + +e, *j+
Ix/ma
J2mi_1 |
X E (*i.*a)«*u (eo)urc, (ti) dt,ttt2)
Ini=0
Ta—
E  2jj 1i13 (%)
ITixt n=°

X5omi2ma (xi+ , o+ + ea;l/l)



X~ 08 {xixi)wnj( )ldi\dt2,

(29) 1+ 32 <32, 3 .
(kid- ,xa+ +co;\\)

1o

X 1E 08 (*1® ) (cO)W,J( ) dhdh,
1 =0

(2.10) ("4+")IN< 13/1)("> e« ) Sj-.j-.(*i+tixj+ L)

where
a--i. [ 2'»-i

=67
£ IMu(ticra)] =1-E  [Rur(*bhra)l =1 (% % )EL*. (zi.a*) €R s
=0 =0

Next, we set
2mi-12m2-1

Pmima (*1.%2)

X1 13 fgr—(*1*2)  (t)YWna( ).
=0 =0

and use (2.2) to obtain
2(ti+Ta)i2a1

2m*—12"a_Im R (i+1j2" m|(w r mjnli. ]
=E E K -fe'js) [/ i E*'-Y»
1=0 =0 12 Ji_u
X IC 20 1Mn ( )5- , (Xi4-tid-ejx,E 4- 4-eda;|/])
< £ £
Jru-13Fa-1 ( ('+12 ' (ia+h)2-mjmi_, ma_,
« E E / /
\% Vbl -- M -- *mt it-°
*omom()4()461 ERUBN))
Taking into account that
am*—12mS— 1
2ml—12m2

£ £ Ke ~ )1

2mi _12ma_i Ox+1)2 rai (ia+1)2 ma

=2"+"- E E ! / tem ft.il)l1*1*1
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2m+mad j () )l2dudt2 < 2m,+m2j

1
we obtain
(2-11) Ri<vmtm,(xi,x3-\f\)-
Analogously, using (2.3)-(2.10) we can prove that fors = 2,...,9
(2-12) R*<Vmim, (xi,x2;\f\).
Combining (2.1), (2.11) and (2.12) we conclude the proof of lemma 2.1. o

Lemma 2.2. The following estimate holds:

Vam  (iwag 1)y <Vie (- * ., ().
Proof. There is a suitable vector{a//a( , ):0<ii <2m\0 <1 < 2"*3} such
that
24_12m2_I

E bva(tib)
13=0

120
2mi—1 <s1+1j2"mi,ni- 1
ALTa (@ ® 1) = £ / E *"™ 4 (%)
h=0 0
2me_| / (la+1)2-mama_!
*E @ie)1 1 E 27" 4 ()
<2=0 2-ma M=0

X52mi213 (xi +  + ejxx2+ 12+ ela;|/]) dt2) dfj

. (+1)2 1212-1 4V 2215 i
s E / E N Y bl £
=0 ( -m, ji=0 \ 1a=0 i 13=0

Nb+D»-T*Ta-1
\ fa2—t3 n=°

xS$2a(ii +114-Cj, + +edal/])dt2) j dti

271-1 2m*— \ 2 @Qi+D2 mmi_i
s L £ Ki.(*i,u)n !
>=0 V <2=0 1 w2_mi Ji=0
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XE(J, +il +»1,%5M)) s v (nagviA) .

Lemma 2.2 is proved.

3. Proof of Main Results

Proofof Theorem 1.1. Set
ra(®iz2,ti,*):= 53 53 o (@i.@21) *)yu 2
A=0 *2=0

Ji=[li27 1+ 1)27) di:=[»2".01+1)2")m
Then we can write (< )

(31)

1l/m.na +, Ollu,
=su su | R/ o
«P(k s <2'MEJVI1 X.| Y ! ( )
\ JiXJa
vils
i J faum (xux2,ui,u2)duidu2 dtydt2J
Nxya )
<lsup s sup sup  + sup  sup
\m<ni0<ji,ia<2m n, <m<n20<ji j2<2m  m>n20<jij2<2m.
(X1,K2,11,«2)
xA | [ [V
JixJj
Jni.nj (*i,%2.«i,U2)duidti2
nx.n2r .
Tx.7a
=Pi(l, )+Pr( , )+Ps( , ).
Let < <nr. Since/,,,, ( ,®, , )isconstanton

for fixed (® , ) € 12 we conclude that

(3-2) P3(ni,nr) = 0

Let m < w. Then for Pi we can write

S +1)21-, -1( +1)2 *-'-1
Pi(ni,n2)= su su| "
( ) i U<jiJ§<Z" 02 *IZE,‘_N ﬂ:,m,gm
@i.®2:)1a (*i)nja ()- 22m
(Yi+1)28 ,-7-1 (ja+l)2na m-1

x ) 3 53 sfc. fea(®1.%2:/)
Jixdj  feisii2*i-™ *3=ja2"a-m
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2 \172
xlin, (W) (« )duidu2\ dt\ )
G+1)2">-" - | (j2+1)2"a-m—1

E E
B B
\Sktk3(® @ ;f) - 2",_™

o\ 112
(ji +N2ni-m—10a+1)2"*-m— 2
* n(*l«/)
feisjini * £8=j32"a m
( 2mt —12ma-|
(=0 12=0
Jatie? 2 (®li@RI/) - - %
"4 _12ma_j 2\~
X1 wSvitiizmi.a+»2ma (@1 *2;/) |
9i=0 4a=0 13
$i+A "Vatkona (@, ®j/)

Afi2m ja2™a (1.02;/) + 5ilja2m2 (re-Tri/wAr-n,)usjl2m, OKi)
+5 J2"1,/a(xi,X2;fwh 2/ 9wh 03(x2)
+s liJagx\, x2\fw h 2m, @Wjz2r yw ji2ml (Xi)wjazn (x2),

(3.3) Pi(ni,n2)< sup sup |- - 3y y
mi<m,ma<na 0<j, <2mi,0<ja<2ma y “
Albla (X1,x2;fwjl2nt ® ) )-2 "4-ma
2"'1-2ma— |2\ ~ 2

X £ 53 59i.to(*1>*2;M i2mi ®Dj22ma)
91=0 98=0 1
/ -1

12 m’ 53 I5lija2"? @@i.~IM ~m i)
\ =0

2-.-1 |2\ 172

9i=0

@2 m 8 15i2m [ia (X1>X25™ h2"'i)
\ 13=0
2- 2

"1 53 A 1* fwhv *)



=, )ernct, )eri3GP»).

Next, from Lemmas 2.1 and 2.2 we obtain

Py (1 2< Kn, W2 (®1.02;1,00]2", » wia2"»l)

S Sup. o SUp
mi<m mj<nj 0<ji <2 0<ja<2nl)

Consequently, by Theorem Schl we can write

(34) I( , )es:sprn(«>)>n||
YW (*b®2;l/l)<fcij ~

1/(® ,® )llog+ \f{xi,x2)\dx2+ | ) dx1

(/]iog+|/H
Since
Sh,h  (® .®;fwh2n)=5; (* @ ;52m(/) » 2*),
we can apply Lemma 2 to obtain Pi2( , )
! 2-1-1 vVv2
<

su| su 2~-m'" Y P/1) (®1,®2;Sfe2ma (/)ny, 2"y
mi<m ,£a<na0<j,<2mi .8<ja<2ma\ 1 ) ( (uy )I 3

< V(O (xXX2\|s g ma (/) wiizm. )

sup sup
mi<m ma<na 0<ji<2mi 0<ja<2ma
VW («t,* 5«25 (1))
wheresf4 (/) sup| !>(/)]. 1f/ e £ (log+i)! (12), then/ (xi,® € L (log+1)! (I)

fora.e. 1] e I, and from the well-known theorem (see [25]), we have S[2>(xi,-,/) €

Li (1) forae. ii € 1. Moreover, we have

JSI1D{xix2;f)dx2 < J \f{xux2)| (logl|/(a*,z2)|)2c/x2+ 1
1 1
fora. e. Xi 6 I. Hence,

(35) (@ »® )em2: sup P12( , )>all
< {C1*9e k1KY (s, *2:59(/) >all

A 15%) (*b®@2;/)d®ir dx2
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110k,,aT2)] (log+ \f(xi,x2)\)2dx2 + 1 J dx:

<1 \ \Ne \ \)2

Analogously, wc can prove that

3.6) Ij( ,3:)€12:sup Pi3(nx,n2) > n ||

< j(/1Cio g +'1])2

Combining (3.3)- (3.6) we get
(3.7)  UWin.spiei2z:sup N1 (",,.>)>n}|<i 11 (log+ 1/1)" +:

Analogously, we can prove that

(3.8) [I(® ,£) Gl2:sup P2(ni,n2)>all

( \ (icg+I/M)2+ 1
Combining (3.1), (3.2), (3.7) and (3.8) we complete the proofofthe theorem. O

Proof of Theorem 1.2. The result can easily be deduced from Theorem 1.1 and

John-Nirenberg theorem (see [9]). So, we omit the details. o
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HbiX COGONEBCKMX NPOCTPAHCTBAX B R”. VI3y4aloTCA YC/IOBMN Ha CHMBON Onepa-
TOpa. HEOBXOAUMbIE ANS BLINOMHEHUS ANPUOPHOTT OLieHKM. TP ONPEAENeHHbIX
yenosusx na Thl MONYueHb! oueHKki &

BECOBbIX NPOCTPAHCTBAX

MSC2010 number: 35H30, 47A53.

KnloueBbie CNOBA: BPEATONLMOBOCT; HHAEKC ONEPATOPA; ANPHOPHAR OLEHKA; No-
nyanaunTuueeknii oneparop.

1. Breaenue u ocHoBHbIE NOHATUR M OnpeaeneHus

B pa6oTe uCCeAYeTCA (GPEArONbMOBOCTL W BLIMONHEHWE CMEUManbHbIX anpuop-
HbIX OLEHOK ANA AUD(HEPEHLNaNsHbIX 0NEPATOPOB CO CMELMANbHBIMU NEPeMEHHbIMU
KO3DMUUMEHTAMM B aHU3OTPOMHbIX COGONEBCKMX MPOCTPAHCTBAX B R ™. [ N4 paccmar-
PUBAEMbIX ONEPATOPOE YCTAHABNNBACTCA CBAZL C NONYINAUNTUUHOCT IO .

[ANA CMHTYNAPHBIX UHTErPO-AN(GEPLHLUMANLHEIX 0NEPATOPOB, ONPEACNEHHBIX Ha
FNaAKNX KOMNaKTHbIX MHOr006pa3uAX ¢ Kpaem W 6e3s kpas M. C. ArpaHosuuem (cm
[1]) nonyueHa anpuopHas OLeHKa, yCTaHOBNEHA SKEMBANEHTHOCTS DPEAr0NbMOBOCTU,
BLINONHEHNA aNPUOPHON OLUEHKM U 3NAUNTUYHOCTM B ONPEANEHHbIX COBONEBCKUX
npocTpaxcTeax. B pa6oTe [2] MONydeHb anpuOpHbIe OLUEHKW ANA MOAYIAAUNTUYE-
CKIX 0NEPaTopPOB C NOCTOAHHLIMU KOIBAUUMUEHTAMU B OFPAHMUEHHON 06NACTH W Ha

0CHOBE 3TMX OLEHOK A0KAa3aHa (PeATONbMOBOCT, TakUX ONepaTopos. B [3] nonyuexo

PaGoTa BLINONHEHa B PAMKAX TEMATMUECKOTO (UHAHCUpOBaHMA PAY U3 cpeacTe MOBHP®
TemaTeckoro KomUTeTa Hayku npi MOH PA (Koa npoexTa SCS

npu
N 15T-1A197).
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A. Nl. AAPBUHSAH, A. T TYMAHSIH

HEOGXOAUMOE M JOCTATOUHOE YCNIOBME BPEATONLMOBOCTH ANA NPOU3BONLHbIX ONepa-
TOPOB C NOCTOAHHBIMU KOIMHULMEHTAMN B AHWIOTPONHBIX NPOCTPAHCTBAX B R". WH-
BaPUAHTHOCTL MHAEKCA MONY3NAMNTMUECKMX ONEPATOPOB Ha WKANe aHW3OTPOMHbIX
NpoCTpaHCcTe Mccneaosana e pagoTe [4].

Onpegenenue 1.1. OrpawudenHsiii MuHelinbiii onepaTop /1, onpegenenHbiii Ha scem

6aHaxoBoM NPOCTPaHcTBe X U AeficTBYI WM B 6aHAX0BO NPOCT AHIHANNO Y, Hasbi-

BAeTCA N-HOPManbHbIM, €CM BLINONHAIO T CA Cefylolue YCAOBUA:

(1) nApO onepaTopa A AeAseTca KoHeuHomepHbim fdim Kcr(A) < oc
(2) 06nacTs snaueHuii onepaTopa A samkHyTo (IT(A) = IT{A));
U Ha3bIBaeT CA (PEATONLMOBLIM, ECNU KDOME TOr0

(3) Kkoagpo onepaTopa A koeusomepo fdim coker(A) = dim Y/Im (A) < co)

Onpegenenue 1.2. Orpanndexsiii MHeliHbI/i 0NEPaTOp A, ONpeAeneH bl Ha scem
6aHaxosoM NPoCTpaHcTee X U feficTeyW Wi B 6aHaxoso npocmjnncmeo Y, Hasbi-
BaeTCA Cl-HOPMANbHbIM, ECTU BLINONHAIO T CA CReAYIOLMe YCAOBHA:

(1) AP0 cONpS>CeHHOrO onepaTopa A* Koneuxomepho fdim Ker(A®) < oc) :

(2) 06nacTb 3nauennii onepaTopa A 3amkuyTo (IT(A) = IT(A)).

VHAEKCOM (BPeAroNbMOBa 0NepaTopa A HasoBem PasHOCTb MEXAY PasMepHOCTbi0
AApa U Kosgpa:
ind () = dim Ker(A) - dim coker(A).
MycTs N MHOXECTBO HATypanbHbiX uncen, R" - H-MepHOe eBKANA0BO NPOCTPAHCTBO,
Z-t - MHOXECTBO HEOTPULATENbHbIX LENLIX YUCEN, Z+ - MHOKECTBO M-MEPHbIX MYNb-
TWiHAeKcoB, N"  MHOXECTBO -MepHbLIX MYNbTHUHAEKCOB C HATYpanbHbLIMU KOMNO-
HewTamm

Ana kGl mue N 06osHaunm

- dyskuus, bl > =€ Q120+ [£])” <cc

(K" =1, es’

e\ 1 — (5ZILiti"1) * ' NpoCTPaHCTBO 06OGIEHHbIX BYHKLUMI MEANEHHOTO Po-

cTa, u - Npeo6pasosaHne Gypbe pacnpeaencHus u.

3ameuanme 1.1. W3 pasexcTea Mapcesans credileT, 4To npu k € Z+ Hopma 8

npocTpancTee //fc"(RN) 3KEUBANEHT Ha Ceayloujel



0B AMPUOPHbIX OLIEHKAX N ®PEArO/IbMOBOCTH ..
MycTs C (R") MHOXECTBO HENPEPbIBHbIX ByHKUMI. 418 I G Z+,v G N" 0603HauUM

C “(K"):= |n (1):Daa(x) CC(K"), sup [iN (*)| < °0V0ezZl«.( :l)<rj.
C* (R")= {J CI(R™),
res+
Q = {g(x) € C (Rn) :g{x) > 0,VX GR"},

Q= jff(x) e Cr"(R"):g(x) GQ u =t0, u=* 0 TPUTL-> =
pez1,0<(0:v)<rn
AnsfeGZ+,j/GN" 1 qG Q 06o3Haunm //* *(R") MHOKECTBO U3MEPUMbIX DYHKLMT
{n}c Hopmoii
= E ISW M<” ) llcee)<

(c:m)<k

PaccMOTPUM AUQ(EPEHLUANbHOE BbIpaXeHHe

(1.1) P(*.0)= £« (N,
(0:1)<*
rae s GN.a GZE,i/G Nn, (a:v) = % + mm+ D° = £57..£E-E>0 =
*« (*i,..%+) €R", () GC (Rn).
O6o3Hauum
(1.2) ft(*.0) = £ «.WoO-"
(ain=e

rnagHylo YacTs AMGdepeHyuansHoro Beipakenns P(x,D), a

(1.3) P{X,0= £ oa(x)r
(ak)=u

cumBoN rnasHoit yacTn P (x,D ). O603HauNM

(1.4) L(*.D)= £ a,(i)B”
(n:?)<in

MAaAWue YneHsl AUGHEPEHLNaNLHOO BbIpaXeHUa P (x,10).

Onpepenerue 1.3. Auddepenyuansias dopma P (x,D) N0AYIANMNT HUNA 6 TONKE

xo GK", ecnu P8(x0,£) OVEGR”.E| 0. Auddepenynansuas dopma P (x,D)

nonyanaunTwuuna 8 R L ecau P (x,D) NoAyannunTuuna e Kaxk Aol Touke X GR".
A ns NonoxuTensHoro yucna N 1 xo GR” 0603Haunm

Ky = {xGR" :[x| < N}, KN(x0):= {x GR :|x—x0[< N)
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2. HeoGX0AUMbIE YyCNOBUA BLIMONHEHUS aNPHOPHBIX OLEHOK

MycTs Ae N,k >a, 6 Q M KOIPOULMEHTH Anddepenyuanstoli Gopmel P (x, B)
8uAa (1.1) YAOBNETBOPAIOT YCNOBUAM:

JiA (%)l < c1 VajSe z" (a:il) < » (9:K) < K-
HeTpyAHO 3aMeTHTb, 4TO P(3:, B) NOPOXKAAET OFPaHUUEHHbI i NMHEHbI 0NepaTop us
#*"(R") 8 OGo3Hauum 3T0T onepatop uepes (Pi#* ")

Teopema 2.1. MycTs Ana Anddeperunansioii hopmsi P(x, B) ¢ HeKOTOPoii NocTo-
AHHOW C > 0 BLINO/HAET CA OLUEHKA:

(2.1) <C(P«lli-y + M ««-)) VUE - (K").

Torpa P (x,B) nonysnaunTuuex s R"

flokazaTenscTeo. MPeAnonoxum o6patHoe, 4o P(x-B) He nonysnaurituuen s P.",
To ecTh cywecTeyioT %0.£° & R”, [€°] 0 Takue, uTo Pe (3:°,$°) = 0.

Mycts N Ni060e UKCHPOBAHHOE NONOXUTENbHOE Yucno M 6 CA(P.N),

Aw(@0), [N [I2(E") = 1 ANs NONOKUTENLHOTO Uicna A0GosHauUM AIE® =

wnv[x) = cIt  “*)d(x). Tak Kak ANsi NPOMIBONLHOTO O 6 Z”

0<f)<0

To AHA BCex a € Z", (a1 M) < K MMeem

ID-W , = = AL (5%)° 1110 + 0(A<«->).
Torga
(2.2) 1K»b, .= £ ACU>|e)"1 1 1 0 - + o(A) wpnA-,00.
@<k

C Apyroii CTOPOHLI, B CUNY YCNOBMA Ha KOIGUUMEHTL P(x,B) M yunTbiBas, uto
®E€ CA°(Rn),suppdh ¢ I<n (x°) Ans Beex a e ZJ, (0 1v) <K - Snpu A 00 UMeem
P-(1>(*,0) @, )y*<*— <"»|Ne )
- W)+ o(AY)

<10 ° JAU=)A-m T A A [PL(L L)

OTcioga npu A-» 00 nonyuUM
23)

1P« , < £ L@ TAC >4 ua [P T][[@us<*-"-
(a:v)<k—

- [[i, (2)+0(AY
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Torpa us ouewkn (2.1) B cuny (2.2)-(2.3), pasaenus wa A* u ycTpemms A — oc,
nonyunm

(24) £ 1(5°)“1<c £ 1P )1
(n:v)=k R *w

Tak Kkak i/ @ NB,i € N,A > 5, TO HETPYAHO 3aMETUTb, YTO CYUECTBYIOT NONOXKMU-
TenbHble uMcna Siu 6 Takwe, 4To
(2.5) H £ inr<iien £ IT 1< «m-cex”

(am)=x (@if)=k-a

C yuetom (2.5) u3 (2.4), nonyuum

O6o3naunm (£0)' = (-4 T,...,-4nr
\IP\P € n
B cuny 1/(/-0AHOPOAHOCTH NOPSAKA MHOTOUNEHa Pa(x,Q MMeem, uTo P (x,A°) =

|€°[*N(*, (£°) ) Ain BCcex X 6 K". CnegosaTensHo

(2.6) «ilrt < Ch\?2\i g LIP.(* ({9 F

bk Kak P, (.1°(50)) = [<O|;'P.(*0,«°), To B cuny 06PaTHOro NpeAnonoXeHus
nonyuum, uto Pa(xm, (£°)) = 0. CeA0BaTENbHO B CUAY HENPEPLIBHOCTU KOIDULM-

enTos P..(x,B) cyuecTeyer VD > 0 Takoe, 4To _max _[P*(T, (€°) )] < 4 . Mo-
XEFEr0(*°) 1

cnepee npu N = No NpOTiWOPEUHT OuenKe (2.6) M 4OKa3bIBaET TeOpemy. o
Teopema 2.2. (cm. [5] Teopema 7.1). MycTs E, F, E0 6aHaxoss npocTpaHcTea,
npuuem E KOMNAKTHO BAO>KeHo B E0. MycTh A OrpauueHHbiil nuHeliHbIil onepa-
Top, AeficTeylowuii n3 E 8 F. 03 Toro, uTo6sl onepaTop A, AelicTBylowuii u3 E
8 F, Gbin N-HOPNianbbiM HEOGXOAUMO W AOCTATOMHO BHINONHEHNE anpHOPHOI OLeH-
K

M * £EC(M *[F4-M*),V I»EE.
W3 Teopembl 2.2 nonyuaem cnefylouinii pesynbTar.

Cnepcteue 2.1. MycTs P (x,D) auddepenynansias gopma suga (1.1). Torga ans
Toro, 4To6bl onepaTop (P; H” v) 661N MT—HOPMAanbHLIM HEOGXOAUMO W AOCTaT OUHO,
4TO06bI C HEKOTOPO NOCTOAHHON C > 0 M HEKOTOPBIM uncnom M > 0 BeINONHANACH
creayiowan oyenka
Hulk,., < C(IlPttlU-..,,+ H aa ,)). Vue H? (R-).
51



A A JAPBUHSIH, A. . TYMAHAH

Nerko yGeanTses, uTo ira Teopemsl 2.1, B cuny cnepcTeus 2.1 cnepyeT yTeepxpae-
Hue.

Teopema 2.3. MycTs (P;HK™) dpearonsmos onepaTop. Torga P(xWU>) nonyan-
AMNTnuen BR".

HeTpyaHO y6eanTbCs B CNPaBeANMBOCTY CReAYIOLIero YTBEPK ACHNSA, ABNAIO W ero-
s aHanorom npeanoxenns 1.8.1 us [8].

Mpegnoxenne 2.1. MycTo K\ < k < . Torpa Ana no6oroe > 0 HaiigeTca C, > O
TnKoc, 4To ans GyHkumit n € Ikl i (K ) cnpaseannso HepaseHcTBo

@7

3ameuanmwe 2.1. B obuem cnyyae U3 noAysAAMNTUYHOCTH 8 K" He CneayeT Bbi-
NoMHeHMe anpuopHoii oyerky (2.1).

Mposepum 370 Ana U = 1. PaccMoTpuM nonysanunTuueckyio 8 En anddepenyn-
ansuyio dopmy P(.T,D) Takylo, 40 a, (k) 0 npn |x| -» oc AHA BCex (0 :v) =
7.0 £S" . MoKaXem, 4To anpuopHas oueHKa BUAa (2.1) He BbINOAHAETCA.

Ans ft C Kn o6oswauum 1 (P, ft) := wax sup\an (®)]

W3 ycnosuns Ha KOS UL MEHTL ClefyeT, YTO ANs NPOU3IBONLHOTO I > 0 CyulecTy-
eT V' = N(e) Takoe uTo [ (PS, LMK \) < 5. /lonycTuM, 4To UMeeT MecTo OleHKa
(2.1). NycTb € Cu°(E").0 < p< I m(x) = ! npn x € Ku. Toraa us oyenkn (2.1)
cnegyer
(2.8) 1 < C (IP(1- *)«l*-,, + 11 - «)tx|Uj(R-)), Vu€ ffAfR™).

Mpumenas Mpeanoxenne 2.1, u3 (2.8) nerko nonyunTs

na- <c (AP* kARG - Mulfcv+ | || (), Vbie nku{bn).
Bosbmem e < - . Torga nonyunm oueHky
(23) 1(i -««llv <C"MILb.,,

JloKaxem, YTo OLeHKa (2.9) He MOXET BLINONHATLCA ANA BCEX W G H K "(B-n),
MycTs 7)(x) & CgAR™) Takas, 410 0 < T)() < 1, TI() = 1 npu [k < 1 v r/(i) = O
npw [x| > 2. MycTs x0 el n\ Kn Takas, 4o K 2(xq) ¢ R"\ Afv-

O6osaunm uT(x) = u(x - x0)), m e N, TOrAa Ana NPoM3BONLHOMO /3 € Z+

Bii«T(x) = MIAl {DBT) {T -(X-X0))

[0:v)<k



OB AMPUOPHbIX OLEHKAX 1 ®PEAO/IbMOBOCTY

OueBMAHO, 4TO OLeHKa (2.10) He MOXET BLINONHATLCA ANA AOCTATOUHO GONbWMX
T. Monyuunu NpoTUBOPEUUE, AOKA3bLIBAIOULEE, 4TO AN5 TAKOTO ONEPATOPa aNpUOpHas

oueHka BUAa (2.1) He BHINONHSAETCA.

3. [l0CTaTOUHbIE YCNOBUA BLIMONHEHNA aNPUOPHEIX OLEHOK

Mpegnoxenne 3.1. MycTs P (x, B) nonysnaunTuucckas 8 R AucddepeHynans-
oM hopma Buga (1.1) ¢ KoaduumenTamu u3 C°°(Rn) U NOCT OSHHBIMM KOIDDM-
YMEHTaMmu B rnaBHoli yacTw. Tor4a Npu NPOU3BONLHOM K € R, K > 0 C HEKOTOPOil

N0CT0AHHOM C > O BLINONHAET CA OleHKa:
31 IMu»<C(||P«|k_, +H ga)),

[lokasaTenbcTe0. OGO3HAuMM uepes P*(E) CUMBON rnaBHOl uacTu P(x,B). N3 no-

NYINAUNTHYHOCTN P (X. B) CAEAYET, 4TO CyuwecTByeT noCTOSHHAA 6 > 0 Takas, 4To
(32 14(C)I>r{i;,veeK”.

PaccMoTpuM onepatop

(3'3)
W3 oyerkn (3.2) cneayet, 4To flo ABARETCA OFPAHUUYEHHbIM NUHERHLIM ONEpaTOpoM,
AeiicTaylownm ns Hk~ v (R") B HKkv (Rn),
Torpa RGPS moxHo NpPejcTasnTs B B1Ae
foPa=1+T,

raeT = HeTpyAHO 3aMeTUTb, 4TO 417 NPON3BONLHOTO K € R onepa-
TOp T ABNAETCA OFPaHUUEHHbIM NMHEliHbIM OnepaTopom us H K-8y (Rn) e 11k (R").
Torgaana RuP (x,D) nonyunm cnegs'ioujee npeactasnenne

AoP (x,D) = foP, (D) + RoL (x,D) =
(3.4)

=1+ T+RoL{x,D).
Vcnonbaya npegcTasnenue (3.4), B cuny oueHku (2.7), nonyuum

M Kk, = HJoPU - Tu - N,E»[[*, < C (||F«|,-., + M 11,(».)), V« 6

ITUM yTBEpXAeHUE NpeAnOXKeHUs 3.1 AoKazaHo o
Ans gubdepenunansoit dopmui P(x, B) Buaa (1.1) 0603Hauum

fo(P*)= max sup [att(x) - aa (0)|, 6=6(PS)= min [Pa(0.£)|
(»:#)=*16R" leu=i
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Mpeanoxenue 3.2. MycTs P(x,b) nonyanamnTudeckas gudepenymnancras dop-
ma B R” suga (1.1) c koadhduumenTamn us C°°(Rn). Toraa ANS NPoM3BONLHOFO
kK 6 R, kK > s cyvieciTyeT w = ift(k,S) > 0 Takoe, 4To npu o (1) < % ¢
HEKOTOpOH NOCTOAHHOM C >  BLINOMHACT CA OUeHKa:
(3.5) Mo, Ac (Wisb-.* + IMIbI*")) . v« € Hku(Rn)«
fokasaTenscTso. Tak kak P*(0,D): A kI(K") + #*~el(Rn)yposnetsopser ycno-
BUAM Npeanoxenns 3.1, To
(3.0) IMU, < C (|IP.(0,D)«|U._,,,, + jlul | , , Viié
Avbdepenunansiyio hopmy Pe(0,D) npeactasum B cnefyloujem suge
P*(0,D) = P(x,D) (Ps(x,D) - PAO.0)) - Ux,b).

Vicnonb3ya 3To npeacTasneHve U3 oueHku (3.6) C HeKOTOPOil mocTosHHoi C > O
nonyunm
H v <C(IP.(0O.DHI»-.,. + [[«||<E.,) <

< C(IIP«|lt-.,, + |(P.(x, D) - P . ( o , + M ob«L,),

Ve A*-(RY).
OTcloaa s cuny MpeanoxeHns 2.1 ANs NPON3BONLHOTO € > 0 NONYYUM
M M s c (IIP<b-.,» + 4<|(P.)IMb +ill* .+ (c, + 1)M 3ap)), v»e

Mpu Ce < 1 nonyuum

NK,sjSci (Ip“E- -+ (it + DIFIU) + Ao(A)IHM. Ve S%-~(T).
Mycts fo(Pn) < )-.=
Torga c HeKOTOPOl NOCTORHHOA CF > 0 0TCIOa NOAY4UM TPeBYEMYIO OUEHKY

IMk, < C2(IPul[*_Si, + W i.(*)), Vu6 Hku{lh).

PaccMOTpuM Creaylouwuii knacc Auddeperyuansbix Gopm
P(x.B)= £ () ()<4<":p £ + P(z,D),

fewv)<$
rae a® (%) 6 Cf*,,,(Rn)1g 6 Q n

P(ar,D)= £ ba(x)Da,

(“:)<»

rae Dft(ba(x)) = ., (Ad -~ XK /M ) npu x| -» 00 ana ecex (a 1 i) < 5,(0 i u) <
K-8
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Ans xy € E" 06oanauum

PV.D). y.
(0iif)<a

puU*.®)- “Obl 4 (x) (= (120 N+ x,uw .
(Oil<«

Ycnoene 3.1. MycTs

A0(xa)Xn-{au))fa O, VEER", A> 0
(«)<*

Npegnoxenne 3.3. MycTs 6 " uP*(*.©) nonyanaunTuueckas 8 R* gucdde-
pedyuansias Gopma, yAosneTeopalowas ycnosuio 3.1. Torga ¢ HeKoTOpoii NocTo-
AHHOW C > O W uMcHOM M > O BLINONHAET CA:

3.7) M ta, Sc (US"b ..., + M «k»>). Vees* (B¥).
fokasaTenscTso. MpU yCNOBMAX NPefNOXKEHUsS, B cuny Teopembl 4.1 U3 [6], ¢ Heko-
TOPOii NOCTOAHHOM C\ > 0 M YucnOM M\ > 0 BLINONHAETCA OLeHKa:

(2 I S (] +MM*,), wEs;"on.

Torpa us onpegenenus anddepenyuansioii Gopmsi P Il(x, D) nonyuum

(B9 [P, <\ s+ v« € HA(RN).

Tak kak DA(ba(x)) = 0(g(x)*- “>*A+A =) npu [@] -+ 00 Ana Beex (a :v) < 3,

{P:Vv) < K- B TOANA NPOM3BONLHOIO € > O cywectayer N(e) > O Takoe, 4T0

Joy-fhL) <m *6«"\Ir»W («:>)Sitfii)s*-..

Nycts ¢ € Cg°(RN),0 < d(x) < 1, d(x) = Lnpw scex 2| < 1u d(x) = 0 npyu Bcex
|1 > 2. O6oswaumm G<() = ( ) € C&°(R")

C HeKOTOpOil NOCTOAHHOA > 0 noayuum

(310) [1A((L-A))|IK-..»,,<C.E|l«[IK,,,,, Ve ar"(N”).

B cuny nonyanaunTuukoctu P J(®,D), NPUMEHSA anpuopHyio OlLeHKy W3 paGoThl [7],
nonyuum

(311)  IIRWW) <calivilx ., < QWP -,,-., +Kkiurm) m
13 oyenok (3.8)-(3.11) ¢ HEKOTOPOii NoCTOsHHOM CB > O nonyunm

(3.12) IMK.i,., < Cs ([P 1lp_8\V;, + [|«[[i,3(*M)) + CiCelluliK,....,

rae M = max(Ar(e),il/i). Bosbmem £ < w nonyuum ouenky (3.7) Ans onepatopa

Vaian) 12 o
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Ans gudbdepenyuansHoii opmsl P(x, D), in 6 R" 1 6 ho6osHaunm
A(Pq) = wax supIB 'K W AW W -rn
Teopema 3.1. MycTs /€ QKT u P{x,D) nonyannunTuueckas a E* Auddepenyu-
anbHas hopma, yaoBneT BopsoLias ycnosmio 3.1, Torga cywecTeyeT uy = w (k) > O,

Takoe 4To, npu A (PA) < Yo Ans onepaTopa (/'//**) ¢ HEKOTOPON NOCTOAHHOI

0 0 BLINOAHAETCA OUeHKa:
(3.13) HK,, <c (IP«it ,, +IHkKiliag) ,W»6 Hf” ().
flokazaTenscTeo. O603HAUNM

P>(*B)= £ ( ()- 0“(®))#1t)<-(“"»D"

Torga P(s,D) npeactasnsetcs & suge
(3.14) PfoDI-PHi.DJ+PAiD).

13 Npeanoxenus 3.3, 8 CUNY yCNO0BHUI TEOPEMbI, UMEEM, UTO C HEKOTOPO NOCTOAHHOM

C > 0uunciom M >0
(3.15) Jlllv w < C (IP'UlK-pw + H ity 34), V» 6 8,5 (K”)
[ins (P2;A1*-") ¢ HEKOTOPOI NOCTOAHHO! Ci > O
(3.16) [P2c1U-..ii. < CAPYUIM ... Vue S AE™)
YunThigas (3.15)-(3.16) nonyuum ouexkn
IMKiw € (UPALY-*.11, + [u]IEa(/c*))
< C\PUNK-,,V.q+C \\P \W\k- 8,v,,, + C LUy \bl Km)
< C\\Pu\\k-,,ug+ CICA(P,9)|mu,dv+ C|ltijUj(KV).

Basg o < N0Ny4MM anpuopHyt oyexky (3.13). o

4. HexoTopsie MPUNOXeHMA ANPUOPHLIX OUEHOK ANA HPEATONBIMOBOCTY

Mpegnoxenne 4.1. MycTs ko > 0 U C HEKOTOPOIi NOCT 0AHHOA C > O nNpu Beex
K 6 [0, K] BLINONHAET Cst OlyEHKA

1) Hi*,,, < ¢ ([Pul[*-»M (ulij(R"). vue HKARnN).

Ecnn gna e [0,/co] onepaTop (P-HKiv) ABnseTcs -HOPMAnbHbiM, TO 4NA BCEX

> Kki,ki € [0,k0] onepaTop (P;fika") TaKkxKe GYAET N-HOPMaNbHbiM
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[lokasaTenscTeo. M3  -HOPManbHOCTW omepatopa (P #*'s") B cuny cneacteus 2.1

UMeem, YTO C HEeKOTOPOi NOCTOAHHOMA C\ > 0 M uncnomM R > 0 BhINOAHAETCA
4.2) [l < CH(UPHU -+ | ] (%)), Vue HEE(WI).

OueBUAHO, 4TO MU > kj > OC HEKOTOPLIMU NOCTOAHHBIMU , C3 > 0 BHINONHA-

0TCA Cnefylou e oLeHKY

43) W I«R.|<Cal|p|b., VusHA~ pr)

(4.4) 1Pt~ < CsIPUlU-..,., R")
W3 ouenkn (4.1) npu k = kj # cuny oyeHok (4.3)-(4.4) umeem

Hk., <C(|[P«[k-.,. + INu*.) < C|P«llb-.,. + OAMK,, <
45) < C||P«|K-;,,, + ¢, (||P«ik-..,+H HB ) <
<t (||P«lIk-.,, + Hagaal.V » e 5% )®@).

Cneposatensho, B cuny cnefcTens 2.1, onepatop [P\H K2v) n-Hopmanen. o

PaccMoTpumM Anddeperyuansuyio hopmy, dopmansto conpaxennyio ans P(x, 0)

rae «.(7) e C°°(Rn).

Nemma 4.1. MycTs k > 0 4 P(x,D) nonyamunTuveckas guddepenynansuas dop-
Ma B R” suga (1.1) C NOCTOAHHLIMU KOSMDUUMEHTaMU B TNABHOI wacTu. MycTs
onepaTop (P:H ku) HOpMansHo paspewwnm. Toraa coker(P\H K I/) KoHeuHoMepeH To-

f4a W Tonbko Torga, korga Ker(P’\H Kv) KOHeuHoMepeH, npu 3T om

dim coker(P\Hk I/) = dim Ker(P*\Hkv).

flokasaTenscTeo. 3a4afim ckanapHoe npoussederue & HK'U(R") cnepymowmum o6-

pazom:
(€)= [« (L+|{|»)r4 ,
a ckanapHoe npousseaerue B () GyAem 0603HauaTH CreAYO MM 06PazOM:
m,ro=J u(x)v(x)dx
B cuny samkHyTocTw IT (P ;H Kku) cywectayer L C Hk=s,{lLh) Takoe, uTo

IT(PHKV) B =tf* ~ 7).
57



A A QAPBUHSAH, A I TYMAHAH

Ana | € K o6oswaumm N1 := F-1(1 + [£],)'F aeficTeylowuii 3 Hkm(R") 8
A k=1"(R..)» Onepatop ALABNAGTCA U3OMETPUUECKAM M3OMOPDUIMOM U3 ITku(W)
8 R").

JloKaxem, 4To J12*** 0CyujecTBNAET BIAMMHO OAHOIHAUHOE COOTBETCTBUE MEXAY
LuKer(P' HKk")

A is npoussonbHbIx u,v 6 Hk "(Rn) umeer mecTo:
(4.6) (Puv)o = (n,P*v)0.

MposonXuM (--)o Ha npsimoe nponssegexue 51 kJ(EM x PaBeHCTBO
(4.6) coxpaHuTCA AHA U € A K*(K™*)n € F~ A~*),"(E *).

NycTs w € L. O6osHaunm v = A2(fc* ~ 68 ~*A (@ )

Toraa c ucnonb3osanuem pasencTsa MnaHinapens nonyuum

(Ai,«), = (P», All'='"M 0 =

PitmFE=* ((1+ | |)**->»({))«l

=J @+ [«p)2e = (fu,«)m-.» - 0,\»e
Toraa, B cuny (4.6)
(Pu,v)u = (u,P'v)o= 0 Vme f*-"(I*)
O6o3Hauum * = A~2k(P'v) e I b"(K"). M0ACTaBUB UU B NOCNeAHEe PaBEHCTEO
M NPUMeHsA paBeHCTBO MNaHWapens, U3 NOCNEAHEr0 paBeHCTBA NONYYUM

(@)= (0" (1 ),p ), = F (1 Hsa-*k(e)

Sy M >Fa + iein)~* <te—o.

CneposatensHo, P*v = 0 8 H~ku(Rn),
Tak Kak no yCnoBUIO NeMMbl KOIQOULMEHTL TNaBHON 4acTw P(ai.B) nocTomH-
Hble, TO NOCTOAHHBIMM GYAYT TaKke KOSD(UUMEHTI TNaBHOR uacTh P*(x.B). Ana

Anddepenynansioli hopMbl P*(x,B) UMeEET MecTo npeacTasnenue
P*(x,H) = P;(D) + Q(x.D).
rae

3(i,d)= Yi T, c«oell g)o**.
(a:u)<sO<p<a
OGosHauum uepes P*(£) cuMBON rnasHoil YacTu P*(.T,B)

PaccMoTpum onepatop




OB AMPUOPHbIX OLIEHKAX 1 ®PEFONbMOBOCTY

Nlerko 3ameTuTb, 4T0 R ABNALTCA OrPaHMUYeHHbIM OnepaTopom u3 H ™ (R") 8 A r,"(R"

ANs Mo60ro r € R. ins P UMeeT MecTo npefcTasnenue
RP'=1+T +8§,

raeT = F 1, HeTpYAHO 3aMeTUTb, 4TO ANS NPOU3BONLHOTO I €K T ABnA-

eTCA OrpaHuueHHbIM onepaTopoM M3 Hr-V(R") B ir+7"(R") npu scex 0 < 7 < 5. B
CUNY yCNOBUA NEMMBI, ANA NPOMIBONLHOTO [ € R $ ABNAETCA OrPAHUMEHHBIM ONne-
patopom u3 Hrv(R") & Hr-+av{R") ca = (N"=iui) * cnegosarensHo, RQ -
OrpaHnueHHbIi onepatop U3 # r™(R") B 7/r+" (R n).

O6o3naunm T\ = T + RQ. Ana RP* uMeeT MecTo npeacTasnenue
4.7) RP*=1+Tb
rae T\ Hry(R") -» # HCTA(R™) npu npoussonshom r € R u a = (M"=i *")-1+

W3 Toro, uto P*v = 08 # fei'(Rn), cneayer, uto v e Ker{P‘\H ~k+n>). Mpume-
HUB R K P’V B CUNY NpegcTaBnenna (4.7) nonyuum, 4o v = -Tiv € H~k+S+C(R *).
Cneposatensio, nonyunnu, 4To i e Ker[P*\H~k+ +av). M0BTOPAs aHanoruumsie
paccyxAeHua w pas (Ta > 2k-a), nonyuum, uto v € Ker(P*-Hk *). Mycts Teneps
VEKer(P,;HK"). fokaxem, uto w= A~2%~ayv € L.

B cuny npeanonoxenns v € Ker (P \Hku) u pasexctea (Pu.v)o = (u, P ‘v)o no-
nyuum, uto (Pu,v)o = O, Ve £ HKV(R"). TOrfa, NpUuMenas paseHcTeo Mnanwapens,
nonyunm

(Puu)e ., = (Pud"-"w)o = (P«,r)o =0, Vne Hku{Rn).

CneposaTensho, w £ L. MoNy4unu B3aMMHO OAHOIHAYHOE COOTBETCTBAE MEXAY L

w KeT{P*\Hk"). Tem cambim nemma 4.1 fokasaHa n

Teopema d.1. MycTo k6 N,k > 3 4 P(x,B) Auddepenynansuas dopma suga (1.1),
Takas, 4T0 (a 1Vv) = S a,(x) = a0 ABARO T CA NOCTOAHHLIMU el CTBUT eNbHbIMM
uncnamu, anpu (a iv) <3 aa(a) € CO(RN) BeWeCTBEHOIHAUHBIE DYHKLUU TaKHe,
uTo Dhan(x) A 0 npu x| -+ oc AnA Bcex e ZH.0 < (B:v) < k (« 1v) < s
Torga onepaTop (P H KM) #BnseT cs hPeArONLMOBLIM TOTAA U TONLKO TOrAA, KOFAQ

CyuecT eyl T NOCTOAHHAA C > 0 U 4uCAOM > 0 Takue, 4T 0 BLINOMHAET CA OLEHKA:
4.8) IMUK < C (||PU[K-..,+ M Mmapg) Vb a*" (<").

[lokasaTenscTeo. HeoGXOAMMOCTb CNeAyeT M3 CneAcTBMA 2.1. [loKaXeMm AOCTaTou-
HOCTb. U3 ycnosuii Teopemsl crepyet, 4To Auddepenunansiyio hopmy P*(0:,D)
MOXHO NPEACTABUTS B BHAE
P*(5,D) = P(x,D)+ U.r,D), rae
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r(1.B)- £ £ CJDs(a0(i))C"-«.
(n:if)<*0</i<o
Tak kak D*aa(x) =) 0 npu [x| -4 00, TO NErko NPOBEPUTS, 4TO 4N NPOUIBONLHOTO
e > 0 cywecTsyioT / = R(e) > 0 u CE > 0 Takme, uto || [*_,.., < ell«|U,, +
Cel[u ||~ #). U3 ouewkm (4.8) nonyunm
MM <c(Prk-.,+Mbi**)) <c ([Pb-..B+ LM bBa).
Torga BossMuM € < £ W NONY4MM aNPUOPHYIO OUeHKy Ana {P"\H Kk *):
(4.9) 1tilk, < C (WP 'H\\k-. V+ W WL3{Kn)),
rae N = Tax(f,M).
W3 ouenok (4.8) u (4.9), B CUNY CNEACTEUS 2.1, COOTBETCTBEHHO MMeem
dim Ker(P\HKY) < 00 u ITA{P\H k1) = Ini{P\H Kv),

dim Ker (P \llku) < 00 u Im{P*\Hky) = Im (P"\ Hk u).

OTcioAa, Ha OCHOBE NeMMbl 4.1, nonyuum
dim coker(P\H k) = dim Ker(P*-Hk /) < oo.

CneposartensHo, onepatop (P; 11k') GpeAronsmos. o

Abstract. The paper is devoted to special a priori estimates and Fredholm property
of differential operatorsacting ~ anisotropic Sobolev spacesin K. Necessary conditions
for a priori estimates in terms of the symbol of an operator are obtained. Under
appropriate conditions imposed on the coefficients, a priori estimates are also obtained

in the corresponding weighted spaces
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HANKEL AND BEREZIN TYPE OPERATORS ON WEIGHTED
BESOV SPACES OF HOLOMORPHIC FUNCTIONS ON
POLYDISKS
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Abstract. Let S be the space of functions of regular variation and let bl = (Wi...... w,,),
uij € S. The weighted Besov space of holomorphic functions on polydisks, denoted by
Bv(w) (0 < p < +00), is defined to be the class of all holomorphic functions f defined
on the polydish Un »»chthat U 6 .M - . [M/MI'N2.i <.

where dm2n (2) is the 271-dimensional Lebesgue measure on U* and D stands for a special

fractional derivative of /. Wc prove some theorems concerning fractional boundedness of
the generalized little Hankel and Berezin type operators on the spaces Bp () and Lp(w)
(the weighted L p-space)

MSC2010 numbers: 32A36, 45P05, 47B35.
Keywords: weighted spacc; polydisk; little Hankel operator; Berezin operator.

I Introduction and auxiliary constructions

Numerous authors have contributed to the theory of holomorphic Besov spaces
in the unit disk in C and in the unit ball in C" (see, e.g., J. Arazy et al. [1], K.
Stroethoff [17], 0. Blasco [3], A. Karapetyants and F. Kodzoeva [10], K. Zhu [19],
and references therein). The study of holomorphic Besov spaces on the polydisk is
of special interest. Since the polydisk is a product of n disks, one would expect that
the natural extensions of results from one-dimensional case would be valid here,

but it turns out that, in general, this is not true. Thus, the results for polydisk

generally are different from that of for i i disk and for n-di ional
ball. For example, let us recall the classical theorem by Privalov stating that if/ €
Lip a, then K f e Lip a, where K f is a Cauchy type integral. It is known that the
analogue ofthis theorem for multidimensional Lipschitz classes is not true (see [9]),
even though its analogue for a sphere is valid (see [14]). In many cases, especially
when the classes are defined by means of derivatives, the generalization of functional

spaces to the polydisk is different from those on a unit ball. For generalization of

Supported by DFG MA 2469/3-1
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holomorphic Besov spaces to the polydisk we refer to [8]. Let
Un={z=(zu....zn)E C* \zj\< 1, 1<j <n}
be the unit polydisk in the n-dimensional complex plane C", and let

T={z= .,z,)€C", \tt\ = 1, 1< *<n}

be its torus. We denote by H(Un) the set of holomorphic functions on U", by
L°°(Un) the set of bounded measurable functions on Un, and by [I°°[Un) the
subspace of L°°(Un) consisting of holomorphic functions.

Let S be the class of all non-negative measurable functions w on (0,1), for which

there exist positive numbers Mw, , Tw, (Tel,Aw € (0,1)), such that

w(r)
for all r € (0,1) and A€ (gl11]. Some properties of functions from S can be found
in [15]. We set
a _ logny £ _ logMuy
logqfjl” “  logqzl’

and assume that 0 < fju < 1. For example, w G5 ifw(t) = " with -1 <a < oo.

In what follows, for convenience of notation, for C= (Ci, — ) and z = (zj,..., z,,),
we set

U1-1%1)= Aw (1 J4]), 1-1%1= N(1 - [j)), 1-2* = N (1 -CA )
j=1 j=1 =t

Further, form = (s»i,..,m,,), we set

(M+1) = (mi+ 1).(7in+1), (m+ D= (rw + HL..(m, + 1L,

(i-urrna-Mr -
)=t
Throughout the paper, we assume that uij 6 5,1 < j < n. Using the results of [15]
one can prove that
cjj(t) = expjfy(t) + rftij,
where rj(u), e(u) are bounded measurable functions and <Ej(u) <0bl (1 <

j < n). Without loss of generality, we can assume that r/(u) = 0. Then ° ><

uj(t) < is always true. Now define the notion of fractional differential.

for0 —(0i,...,0,,), 0j > - 1, (1 < j < n), we define the fmctional differential DOf
as follows:
() n
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where I'(-) is the Gamma function and £[V1_(0) = o "=

1f0 = (1__.1), then we put Daf(z) = Df(z), and hence

Ifn = 1then D f is the usual derivative of function zf(z).

Next, we define the weighted Lp(u) spaces of holomorphic functions.

Definition 1.2. Let0O <p <+oo and } <-1 (1<j <n). We denote by Lp{w)

the set of all measurable functions on Un, for which
,m < +00.

Note that Lp(w) is the Lp-space with respect to measure  (1-| [)(1- [2) 2 /? (r).
Using the conditions imposed on (6 S), we conclude that this measure is

bounded. Now we define the weighted holomorphic Besov spaces on the polyclisk.

Definition 1.3. Let0 < p < +00 and f € H(Un). A function f is said to be in
Besov space Bp(ui) if

/KM « <+°°,

Rom the definition of differential D f it follows that || *\\bp{u) is indeed a norm.
Notice that it is not necessary to add |/(0)[). This follows from the fact that here
Df = 0 implies / = 0 for holomorphic /. As in the one-dimensional case, Bp(w)
is a Banach space with respcct to the norm || «||ap(l). For properties of weighted
holomorphic Besov spaces we refer to [8].

Toeplitz operators on various spaces have been studied in a number of papers
(see [5, 6, 18, 11], and references therein). Notice that some problems concerning
Toeplitz operators can be solved by means of Hankel operators and vice versa. In
the classical Hardy theory of holomorphic functions on the unit disk there is only
one type of Hankel operator. In the Bp(w) theory we have two: the little and big
Hankel operators. The analogue of Hankel operators of the Hardy theory here are
the little Hankel operators, which were studied by many authors (see [13, 2, 8]).

Now we define the little Hankel operators. Denote by B p(>) the space of conjugate
holomorphic functions on Bp(u). For an integrable function / on Un, we define the

generalized little Hankel operator with symbol g 6 L°°{Un) by

*(hw = 2«(I<>)(*)= A Moo,

a=(qi,....cn) aj>-1,1<j<n.
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Observe that in the special case n = 1,a = 0 we have the classical little Hankel
operator (see [20]). In Section 2 we study the boundedness of little Hankel operator
on Bp(uj). For the cases 0 < p < 1and p = 1 we have the following results.

Theorem 1.1. LeiO<p < 1,/ 6 Bp(u) (orf € Bp(u)) andg e L°°((In). Then
h'g(f) €Bp() if and oidy if ot > allyp - 2, 1<j<n.

Theorem 1.2. Letf € B\(w) andg € L°°(U"). Then /*£(/) 6 B\(w) if and only
ifof > Ouj, - 2/ 1<j i «

The result in the case p > 1 is different from those for the cases 0 < p < 1 and

p = 1. Specifically, in this case we have the following assertion.

Theorem 1.3. Let1<p < +oo, / € Bp(u) (orf € Bp(w)) andg e L°°(Un). If
otj > 1< <n, then/i“(/) e Bp(w)

The Berezin transform, which is an analogue of Poisson transform in the spaces
Ap(a) (respectively, in Bp(w)), plays an important role especially in the study of
Hankel and Toeplitz operators. In particular, some properties ofthese operators (for
example, compactness, boundedness, etc.) can be proved by means of the Berezin
transform (see [17, 12, 20]). On the other hand, the Berezin-type operators are of
independent interest.

In Section 3, it will be shown that some properties of Berezin-type operators of
the one-dimensional classical case remain valid in more general situations.

For an integrable function / on Un and for g 6 L°°(Un) we define the Berezin-

type operator as follows:
KM = (1-] )42 1ITAPAX M OANO -

In the special case « = 0, g = 1, the operator B" will be called Berezin transform.

We have the following statements.

Theorem 1.4. LetO <p < 1,/ € Bp(w) (or f e Bp(w)) and g € L°°[Un), and
let otj > Qulj/p - 2, 1< <n. Then B%{f) E b"{n).

Theorem 1.5. Let1l < p < +oo, / € Bp(®) (orf € Bp(w)) and g e L°°(Un),
and let aj > aUj/p —2,1 <j <n. ThenB°(f) e LP(u).

Theorem 1.6. Letf e 5( ) (orf 6 Bi(w)) andg e L°°(/7'D). Then 5“(/) £
L\{w) if and only ifaj >aUj, 1<j <n.

Note that, in general, the operators and B" are not bounded.
64
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To prove the main results, we need more notation and some auxiliary results.
Observe first that the partition of the polydisk into dyadic quadrangles plays an
important role (see [4, 16]). Define

AMi={*)eud- ;sbl<l- 5« sesj<'y 1}

wherek = (fcj,..., AT) (A- > 0), are some integerssuch that - 2fG < < 2ki+1- |
(1<j <n)and2k= (2Ac,..., 2% ). Then 1%/ = A*, t, X ... X [IK,,i, and J£, can
be defined similarly. The system {&k,i} is called the system of dyadic quadrangles.
Proposition 1.1. Let be the center of 1<j <n. Then
and (1-|Cp"l)a«|A N1 i<i<n.

Note that the partition of the polydisk into dyadic quadrangles is important for
obtaining some integral estimates particularly in the case 0 < p < 1 (see [16]).
Besides, the system {flm}, as well as the system {f*}, are coverings of Un, and
one can observe that the interiors of bl for distinct indices are disjoint, which is
no longer true for A%I. On the other hand, {f1£,} is a finite covering in the sense
that any quadrangle {fly} has nonempty intersection only with a finite number of
quadrangles from {1}, and this number is independent of k and I. Also, note that
such partitions for the spaces A£ were used for the first time by F. A. Shamoyan
[16] in the study of weighted classes of functions in the polydisk and unit ball in C".

The following two lemmas will be used in the proofs of main results of the paper.

Lemma 1.1. Letm = (mi,..., ) and/?= (ft,..../2,),$ >0,1<j <n.If
f € Bp(u), then

<u) w £Cr"E=1r7T a\** ja,
where nij > ctut - 1 (1<j <n).
The proof follows from [8, Lemma 2.5].

Lemma 1.2. Letn = 1. Assume thata + | - >0,b>1landb- a-2>a"

Then

M- — dmiosv

The proof can be found in [6, Lemma 2].
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2. Little Hankel operators on Bp(w)

In this section we study the little Haiikel operators /1 on Bp(w) (0 < p < +00).
We denote the restriction of || +||, >(,,) to Bp{u) by |[+|ls , and first consider the
case 0<p<1

Theorem 2.1. Let0O<p<1, /6 Bpu) (orf 6~ P(ui)) andy e ?°{ ). Then
hg{f) 6 Bp(ui) ifand only ifaj > alyp 2, 1<j<n.

Proof. Let 0 < p <1,/ € Bp(w) (or / e e L°°(w) and aj > aUj/p -
2.1 <j <n. We show that h"{f) € fT(w). Denote | := [[IE7 I2P(b)- Using the
partition of the polydisk, Lemma 3 of [16] and Proposition 1.1, we can write

mdm2n(z),

where is the center of I%,; and C(g) := C(a,p,0;)llg]le.
Recalling that the system {A£,} forms a finite covering of Un, by (1.2) and
Lemma 4 of [16], we obtain

l<C(s)e wax [AC) |1 Kfci) a+2w (I - ICki) <
« n
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Next, using (1.1) and Lemma 1.2, we get

7
s C(J,i
chLow so L nermsta) i

c()X.~ Ne E B |p/Mid«[™ W * - 10s

CME max D/DI(-M Y 17,
foi t€S7<

An application of Lemma 4 of [16] yields

I<CM )EE/a. ( n n -1~m s

showing that /i“ (/) € Bp(w).

Conversely, let h"(f) e Sp(oj) forall5 e L°°(Un). Forr = (ri,...,rn),rze (0,1),
and fc= (jfei,..., fm) we take the function
(2.1) W = Cr(l-rz)-k kj> («u, + 2)/p, 1<j <n,
where CV= (1 - r)fov"1/p(l - r), and observe that ||/r|[B,(bl) ~ const.

Consider the following domains

Uj = {2j 6 U largZjl < (1- ¢ )12; (4r-- 1)/3 < 25| < (1 + 2r")/3}

and Un = Ui X ... X U,,. Taking the function gr{() as ) = exp~nelr® and
a polydisk V" centered at (ri,...,rn) with radius of (1 —ri)...(I - r,) such that
V* C Un (here Vs is the closure of Vn), we get

\K frh .M > (TPl A (X L AT« 0 1A (0)'n ().

mwecll-zC| = [1-zC |,
<eF

then we have
(1-0 * f “@1-W) f T dmz2,(C) V.,
4 Mmemr (i-w jh-U ,. 2,
>Ci(»PLL- r>T [ -aaddttrw
w(l - »)  Ju~ -SRI - IRl
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Assuming the opposite that («j + 2)p < aUj for some j, for the corresponding
integral with uij(t) = /*"w we get
f - const, if (at+2),<a,,
Jun|i-zCl@H3)p(i-N )2'p
and

1 n)*«.u it («,+2)p=«d +2.

-G
|1 5(1<"«)'(1-W)!-* 1-101
Consequently,

s Qe
w,(1-r,) uy(l-rj)

HS Tj —»1—0,

and the result follows. [a}

Corollary 2.1. Lei0O < p < 1,a, >aUjp-2,1 <j <n andg € °°( )

Then the operator h* is bounded on Bp(w), (and on B p(ui)). Moreover, we have

ii<ciinie i-

the case p = 1 we have the following result.

Theorem 2.2. Letf 6 Bi(ui) andg € L°°(Un). Then h*“(f) € Bi(e1) if and only
ifoj>« —2,1<j<n

Proof. Let/ € Bi(w), 5 GL°°(tfn) and C := C(a,u)|bl|oo. Then by (1.1) and (1.2)

we have
»(Nb,m s 1% L d - ICH1/(01J jrrspfe™ * 4" s
L ¥da 'dp cd0T®'. @ ARpCER”
*n0n(0 =CJ | 1- | >nap)]
Using (L1) again, we get
(b S5 SiAW (1)[*i».(t) = C/iIM,

showing li*f e Bi(w).
The proof of necessity of the condition ctj > alll, 1 <j <n is similar to that of

in Theorem 2.1, and so, we omit the details. o

Corollary 2.2. Letctj >all), 1< j <n and g GL°°(Un). Then the operator h°®
bounded on B, (bt) and [[ftj(/)|| < C||/]| «[Ipll-

For the case 1< p < +o0 we have the following result.
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Theorem 2.3. Let1<p < +oc, / 6 Bp(u) (orf € Bp(u)) and g € L°°(I7n). If
aj > 1<j< n, then h*(f) e Bp(w).

Proof. By Holder inequality and (1.2), we get

IMEMNMI < i ff Wolete(fl <

W °eX . (1[i-S 1"« flIi™2n(0 £ IW” *

ttowo- B APt (P-m s> ({)y <
. n-c*« A () A\

c,«)IQIU (1 (i-KT/h)!». L. 1lp

(1-1%1)-" 1/, l-{«I*» drainE)

Setting C = C7(a,a)||0Jloc, and using (1.1), we can write

hww Iw - (F-|nff> *'ml.(m)s
r ui-m)* ra-itfm o o L.
Yun L= [ZP)*-WP/l Ju, I1- {z|°+3 *«.(0*4»W <
c (L- KID-[/(0 k(1 iT*m -
Q- Min-t-m<-tn@- DT *»*.({).

Ju”
On the other hand, by (1.1) we get

Mr<(J yrffT.ip/wittw)

(1,

L N DM -~-

for some S > 1. Therefore, we have

14" (ANe M E£Ci/ ti*d -NNe-***10/(01" jf. >
«(l- [{h*nr»i0/ a -mrriB /w r<

!/ » IP/MIM1 - w

Ju-

Jp@- 14T 2D/(OIM - H)*»*.«) = 17118, M-
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iicto, where C3 = C- Cp(m,6,q), and the
o

Thus, [[Aa(/)]Bp@) < CsiiNliBNw

result follows.

Corollary 2.3. Letctj > ,1<j <nandg G °°( ). Then the operator Ii"

is bounded on Bp(w) and ||/i£(/1]|sp(el) < C3]|/||8p(bl) * Iblico-

3. Berezin-type operators on Bp(w)

this section we establish the boundedness of Berezin-type operators B" on

weighted Besov spaces Bp(bl). We first consider the case 0 <p < 1.

Theorem 3.1. Leto<p <1,/ GBp(w) (orf GBpw) andgG ( ) and
letctj > ctujp —2, 1< j <n. ThenS“() 6 [ ).

Proof. Let f g Bp(0j) or/ G Bp(u). We show that BQf G Lp(w). To this end, we

estimate the corresponding integral:

L-on 22 I( 111 L *>u(%)e

Using the partition of the polydisk, we can write

Ju*
XE ( . _ AU01r= () "2 ()<4«,»,,)]u
i o WE Mk PRC RSV

= C(a,0;,p)[|s]|005 ; max [/(C)M A M IP
kj

X @A-Mv-~vi-¥N Y N e
Taking into account that p(4 + 2aj) > (a, + 2)p+ ab] (1 <j < n), we can use

(1.1) and Lemma 4 of [16], to obtain

‘<C(a.p.Whbl wE  *IAOIKI-ICMIlV i-ICh)

Now we estimate the last integral. Using Lemma 1.1 we obtain

J<q-M I1- (
70



HANKEL AND BEREZIN TYPE OPERATORS..

Then, in view of the following inequality

(- Ny
"o

\D Ne \dmn(t)

and Lemma 4 of [16], we conclude that

1'<C(w,o0,p)bl ME] uiax [C/(1)]'|A u (I - [lw[)mp x
PRREE

[ y(- M)(I- 1c) 3.
L u-ccil™)' *ni"w s

C(M,0.P)Y .|-E m » [C/L)MA* (1 - I'wll) =

d<-pISUE WP in/MIMi-is<bi)-MY<

Thus, we have

7 <C(".«,p)lj lUI/IIs, hh
and the result follows.

Remark 3.1. The conditionaj + 2 > aUj/p, (1 < j < n) inTheorem 3.1is
also necessary. Moreover, iftheoperator is bounded on { ), thenctj +2>

(awj + 2)/p, (1 < j <n).

The proof is similar to the corresponding part of Theorem 2.1, and we omit it.

Corollary 3.1. LetO<p< 1l,ctj><4}/p- 2,1 <j <nandge L°°(Un). Then
the operator B° is bounded on Bp(w) (and on B p(w)).

Theorem 3.2. Let1< p < +00, / € Bp(u) (or/ e Bp(w)) and g e L°°(Un),
and letotj > aUj/p - 2,1 <j<n. Then B°{f) € Lp(w).
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Proof. Let / € Bp(w) or / G Bp(w). Our aim is to show that Baf G Lp(w). We
have

s Wou T Mo ow o aiidm2nl() < c(0i WY «

X SO0(0*p)(I- M Y - mllsiu

Lt (1-Ne o fm (I-Itpr-"i-1tO TD /W I-,

= <2 p)(t | )"+ J/U" @- [Py =psral”

r (- [ER)"-(*-1)p/9

Therefore
HSINIUM =fj 1-M FT-AM M I'jT

X < _(1 o oo x

Ju'Ji- £ ImHE(1-1E1)QR2
-J G- if, 1- MITM “1f", **K)

T Wl N
e

< woemmalux o,
vy. (1= [tR)m-1+2i-1)p/, **en(*)

= Alrdly orA-w in»,M«»i-c(*».p).

and the result follows. =}

For the casep = 1 we have the following result.

Theorem 3.3. LetJ G Bi{u) (orf G5i(w)) and 5 G Lm(Un).ThenB%(f) G
I<i(w) »/and only ifaj > aUj, 1 <j <n.

Proof. Let / G Si(w) or/ G 5i(ai). Our dm is to show that B%fGLi(w). We
have

W i< (i-N 2a+2 / (i-prTi-iAM»oiw sank)

/
Y nl» 442"
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Then, using (1.2), we get

mer <« 1 f . Z (I-Hfric/W M i-W) = ,u Nt
w* s . Ji-52p“+j Iv. di- ieh+41- iii2)2»-2
- f Ji_lesvrineni [ 1~ue* f UL- M)dm,n(z)dm2,{)<Imas(l)
14) | Nuiyu_ - M- ) «
Ju» INIW LA F2)m-14240 "W O
f ADf(OH I \t\ydm2n(t) lirll
E R——, ' gp—— Y/ YFY VI VI

showing that B "/ € Li(w).
To prove the necessity of the condition otj > qUj, 1 < j < n, we proceed as in
the proof of Theorem 2.1. We again use the described technique of selection of

by (2.1) for p= 1and Vn, and take /(C) = I/r(C)I>t0 obtain
NA.CMILM > Ul- W)1-W 'r4  jApE;Hr(01*»» . (0*H .w

. . (1-0" o« (I-WKi-M *)*7
aC M .(1-r)(l r)> t—m i

As in the case of little Hankel operators, assuming the opposite that a3 < ay for

some j, we get a contradiction. o

Corollary 3.2. Letaj >aWj, 1<j < n andge L°°(Un). Then foe operator B “

is bounded on
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1. Introduction

The concept. of frames in a Hilbert space was originally introduced by Duffin and
Schaeffer [6] in the context of non-harmonic Fourier series. Frames are redundant
sets of vectors in a Hilbert space, which yield one natural representation of each
vector in the space, but may have infinitely many different representations for
any given vector. This redundancy makes frames is useful in applications. For
instance, in signal processing, this concept has become very useful in analyzing
the completeness and stability of linear discrete signal representations. Since the
last decade, various generalizations of the frames have been proposed such as frame
of subspaces, pseudo-frames, oblique frames, continuous frames, fusion frames and
~-frames.

Given a separable Hilbert space !K with inner product < >, a sequence
{fk}kLi is called a frame for M if there exist constants A > O, B < oo such that

forall / € X,

-4||n " <Ei</.N>i2<B 4 1-
fn-ee A

The constant A is called a lower frame bound and B is called an upper frame
bound. Ifonly an upper bound B exists, then {/*}£ s called a S-Bessel sequence
or simply Bessel when the constant is implicit. If A = B, then the sequence {/*}£Li
is called a tight, frame, and if A = B = 1, it is called a Parscval frame. A sequence
{fk}kL1 hi Hilbert space A is called a frame sequence in IK if it is a frame for

Hilbert space


mailto:m.hasankhani@vru.ac.ir

M. A. HASANKIIANI FARD
A bounded linear operator T defined by

T:<(N)->9, ?m(<)E,=£ ah
k=1
is called the pre frame operator of {fk)kLi (see > Theorem 3.1.3]). Also, a linear
operator S defined by

S-.X-4X, il =£</,0 >N

is called the frame operator of *The frame operator S is bounded, invertible,
self-adjoint, and positive (see [4, Lemma 5.1.6]). It is easy to show that S = TT*,
where ™ is the adjoint operator of T (see [4, page 100]). Two frames {fk}"*=i and

are said to be dual frames for  if

f=J2<flk>9k ="£/<f9>*>fb’ forany /e HA.
fe=1 fe=i

Observe that the frame {S 1/fc}fcLi is a dual frame of the frame {/n }~, and is
called the canonical dual frame of {fk}kL i mFor more information concerning frames
we refer to [4, 7, 9].

The fundamental and useful property of frames is their overcompleteness. Balan
etal. [1] - [3] used the ~-localization of a sequence 5 = {fi}iei (/is an index set),
and a sequence £ = {ej}jeG {G is a discrete abelian group), in a separable Hilbert
space IKwith respect to the associated map a : 1 -¥ G for excess, overcompleteness
and decay of the coefficients of the expansion of elements of J in terms of the
elements of £. They constructed an infinite subset of a frame which can be removed
yet still leave a frame. They also proved that any sufficiently localized frame can
be written as a finite union of Riesz sequences.

Perturbation theory is a very important tool in several areas of mathematics.
In applications where bases appear, a famuos classical perturbation result is given
by Paley and Wiener [8]. The Paley-Wiener theorem state that a sequence that is
sufficiently near to a basis in a Hilbert space automatically forms a basis. A version
of Paley-Wiener Theorem for frames can be found in Christensen [5].

In this paper, we concentrate on perturbation theory for ~-localized frames.
We show that some perturbations of the localization map a : | G preserve the
~-localization property (Theorems 2.2 and 2.3). Also, using the convolution on
tx, biorthogonal sequences and orthogonal projections we obtain new fp-localized
sequences (Theorems 2.4 - 2.9). Finally, using an arbitrary given sequence, we
provide a simple way for constructing ~-localized sequences (Theorem 2.10).
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2. Main Results

Throughout the paper, | will stand for a countable index set, G will denote an

additive discrete group of the form

c-n*z«n*--
which is equipped with a metric defined as follows. For rrij e Znj, weset6(mj) = 0if

rrij = 0, and 6(jrij) = 1, otherwise. Thengiveng = (ajni,..,a7 .mi,..me) € G,

we set

The metric is then defined by d(f,g) = \f - g\- Also, let a : I -» G be a map and
let

Balan et al. [2] defined the ~-localization as follows:

Definition 2.1. Let ¥ = {/i}i<f and £ = {e-}i6c be sequences in!K, and let
a :/ -+ G be an associated map. a) 7 is ~-localized with respect to thesequence

£ and the map a, or simply that (J,a, £) is £p-localized, if
Y, sup I(J1,C,+.()> I’ <<*>e

Equivalently, there exists an element r e tp(G) such that
1(/iej> 1< ra(i)-j,Vi €1,V € G.
b) ('1,a) is ~p-self-localized, if there exists an element r G (P(G) such that
I<N.N>I<r.ii-oN,VmeT.
Also, ifJ = {fijiei is a frame for Jf with a canonical dual frame 7 = then
c) (3,a) is fp-localized with respect to its canonical dual frame 7 = if there
exists an element r € tp{G) such that
[(n.A)] <ro)-au),
The next theorem states that the ~-localization property is stable under perturbation
of the localization map a: I -t G.

Theorem 2.2. LetJ = be a sequence in 0 and £ = {ej}jea be a Bessel
sequence in 5f, and leta : 1 -> G be an associated map. 1f (J,a,£) is -localized
and b : 1 -* G is a map such that a = b except on a finite subset F of I, then
(1,b,£) is -localized.
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Proof. We have £ i60supie/1(/«»ei+0(0) 2 < °°> because (3\a, £) is ~-localized.
Letto€ 1 = FU(I\F). IffoGF, then for all j € G we have

1(N,, e, +b(i0)> 2 < sup I</i, ej+b(i)) 2 < sup | </,, ej+6(i)>]2+ sup | (/*, el+b(0) |2.
Also, if ro€ (/\ F), then for allj GG we have

I(fio, ej+Hb)) 2 1< eii+ () I

<sup|(/i,ei+6(i)) |2+ sup |(/i,ejab(i))|2.
tef ie(r\F)

Thus, for all j € G we have supie/ | </,,e_+b(i)) |2 < supic/-1(fi,ej+b(i)) |2 +
suPi6(/\p) 1(/*»ei+6(t)) I2»because i0 is an arbitrary element of I.
Now for all i G/ we have G + b(i) = G, because G is a group. Also, a(i) = b(i)

forallr G/ \ F. Thus, we can write

E@AW ISE | WV B apiihaf

B N = -
<EEKITecBiatE, 3p Kig+)i2
—EJEGI NEIMPR+E “a i)
=E E, m<'§|2+E idecctroP
- EE‘ (O BE Plrgepp
S5E U12+E SL'j<l'|€|«V|) P<=
where B is the Bessel bound of £. Thus, (J‘ b, £) is ~-localized. o

For two localization maps a and 6, the "-localization with rcspect to a and the

~p-localization with respect to b are equivalent if a - b is constant.

Theorem 2.3. Let 'J = {/*}«/ and £ = {ej}jec be sequences in "K, and let
a: | -*G be an associated map. Suppose that (5,a, £) is Ip-localized. 1fb:1 -t G

iy a map such that b - a is a constant function, then (3, b, £) is @-localized.
Proof. If ('J, a, £) is ~-localized, then there exists r G tP{G) such that

I(/iiej) 17 ra(i)-it *G1, j GG.
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Also, if b: 1 -¥ G is a map such that b- a is constant function, then there exists
A€ Gsuchthata(i) = b(i)—Aforall z€ 1. Observe that the sequence a = {s(j)}j€i
defined by s(j) := rj-x belongs to tp(G), because
EW-EM- E
JsG j'6G >EA+G
Finally, for all i G1 and all j 6 G we have

M»=2> - <o
>eG

I<fi,e,) I < rB(<)_-= rbW_j_a= S((I)_j,

and hence (J, b, £) is ~-localized. o
Using the convolution on t\, the next theorem wc obtain new fi-localized
sequences.

Theorem 2.4. Let J = {/1}<e/ and £ = {ej}jec be sequences in J{, nnd let
a: | G be an associated map. 1f (J, a, £) is ti-localized and £' = {e'}j€c, where

e' = Yikcc skzj+k for some s = {sfcjfcgc Gh(G), then (J,a, £') ts fi-localized.
Proof. If (3",0,£) is ~-localized, then there exists r e ~i(G) such that
1(fi,ej) I < 'm,(ij-j.Vt€ /V? € G.

Now, for all r€ / and j € G, we have
I<N.«i)l= (I» E » ‘j«) MINe<¥)Is E Flr« -j-* =('l"k

I tec 1 nec kec
where |s| * r is the convolution of two sequence js| and r. Thus, (J,a,£’) is £I-
localized. o

In the next theorem, we obtain a new ~-localized sequence for a given £p-localized
sequence.
Theorem 2.5. Let'S= {/*}*€/ be an orthonormal basis for 0{ and £ = {ej}j6c be
a sequence in 'K, and leta: | -i G be an associated map. If (J,0,£) is ~-localized
and £' = {e'},eG, where ¢- = e, + £ fc6/sa(k)-jfk for some s = {sk}keG € tp{G),
then (¥,a, £') is I,,-localized.
Proof. If (J,a,£) is ~-localized, then there exists r e £7(G) such that

1<fle*>| <re(iW,Vie/,VjeG .
Now, for allre / andj € G, we have
Ine)= (J«(+Ev w ) <10l«)l+Eun (N .N)
" feel 1 |fc€/ |
=1 I+ *Uo-,IAlla< (r + ike -i-
Thus, (J,a,£") is ~-localized. o
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The next theorem shows that if and g are conjugate exponents, then using
Holder inequality, from a given sequence that is fp-localized and 1,,-localized, we

can obtain a new £2-localized sequence.

Theorem 2.6. Let7 = {fi}iei and £ = {e,},ec besequencesindi,a:1 G be
an associated map, and letp,q> 1 such that + ~ = 1. The following assertions
hold.
a) If (7,u,£) is (p-localized and  -localized, then (7,a,£) is -localized.
b) 1f[7,a) istp-selflocalized and -selflocalized, then (7, a) is -selflocalized.
c) I1f7 = {fi}iGi * a frame for 0 and (7, a) is tv-localized and tn-localized
with respect to its canonical dual frame 7 = then (Fa) is -

localized with respect to its canonical dual frame 7 = {/1be/-

Proof. If (J,4a, £) is ~-localized and ~-localized, then there exist r Gt,,(G) and
a Gtq{G) such that

1(1,e>) 1< MB(O_,, and I</e->|< 5(0_y,Vi GI.Vj GG.
Thus, foralli GI and j GG we have

I(fi>ej) 2 = I(/i.ej) N</x.ej> 1< ra(i) v 3af)® = (V3a(i)_-
By Holder inequality we have rs Gfi(G), and hence (7, a, £) is ~-localized. The
proof of parts b) and c) is similar to that of part a), and so is omitted. o
Remark. Using the generalized Holder inequality and arguments similar to those
applied in the proof of Theorem 2.6, it can easily be shown that if 7 = and
£ = {ej}jec are sequences in a :1 -* G is an associated map, and (7,a,£)
is N.-localized for t = 1,2....n such that £”=1jt = £ < 1, then (7,a,f) is
fnr-localized.

The next theorem shows that biorthogonal sequences of £ = {e"};€c give a new

~-localized sequence with respect to £.

Theorem 2.7. Let 7 = {/i}<ec and £ = {e,};6c be sequences in !K, and let
£' = {e'beG be a biorthogonal sequence of £. If (7,id,£) is tp-locolized, then
(7 + £',id, £) is also Ip-localized.
Proof. If (7,id, £) is fp-localized, then there exist r Gtp(G) such that

1(Nitj) 1< fj-j, Vi G/, Vj GG.
Now, for all r GI and j GG, we have

1<+ ej) 1< I(fuej) I+ 1Eitej) 1< n-j + si-j = {r + s)i-j,
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wheres = {.s(m)}m£G € tp(G) is defined by s(m) = o0form oand s(0) = 1.
Thus, (3 + £',id, £ is ~-localized. o

Using the convolution on t\, in the next theorem we obtain new ~-localized
sequences.
Theorem 2.8. LetJ = {/<}.e/ and £ = {Cj}}eG be sequences in ,a:l -» G
he an associated map, and let £' = {e'}j€G. where ¢- = Y k=iej+jk for some
ji,ji,—jn 6 G. 1f(J,0,£) is ti-localized, then (J,0,£") is afso 4 localized.
Proof. If (J,a, £) is ~-localized, then there exist r 6 £i(G) such that

I )1<ri)j,WE/ VieG.

Now, forall i 6 1 and j € G, we have

I(n,>1m (n,E U+*) s E I(n,e+A)ISEMO-i-i. - *»)»>-).
N fesl I fel fe=l
where s = {s(m)}meG € "(G") is defined by s(m) = 1 forme {ji, , jn}and
s(m) = 0, otherwise. Thus, (J,a, £') is ~-localized. o

The next theorem gives a new ~-localized sequencebyacting afamilly of

orthogonal projections on a given £;-self localized sequence.
Theorem 2.9. LetJ = {/i}iec be a bounded sequence in H and £ = {ejjjeG such
thatej = fj - pjfj, wherepj is the orthogonal projection onto M j := span{fi}#j.
If (J,id) is tp-self localized, then (7,id, £) is aho tp-localized.
Proof. If (3, id) is ~p-self localized, then there exist r € (P(G) such that
. )\« 7

Also, there exist M > 0 such that ||/i|| < M, for all i € G. Observe that the
sequence s = {s(m)}m€G> defined by s(m) = 2r{m) for m 0 and s(0) = 2M2,
belongs to tj,[G). Hence, for alli j € G, we have

I 4)I=1(fc/i-ft/ ) 1< +1tt,w « 1= 2[Ne,«1 < I- -
Also, for all i € G we have

INe,«> = INe,/<-rah) 1< I(/1.1/1+ 1U,,nU) I < 2Ly.l11< 2M1! -

Thus, (J,id, £) is ~-localized. o
A simple way to construct ~-localized sequences is given in the next theorem.
Theorem 2.10. LetJ = {/<},e/ and £ = {ejjjez be sequences in !K, a : 1 z
be an arbitrary map, ¥ = {//}ig/, where f- = 21+#°|//||{ and £' = {e'}j€z, witere
@-= 24 | |/ mTlien the following asertions hold:

8L
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a) ( ,a,£') is fp-localized.
b) (37,a) is ip-self localized.
c) (£

id) is ip-self localized.
Proof. Foralli 6 / andj € Z we have

Iffloaisll r\/zl_ln[){ﬁ,zhmn)éi/x/i < 2@+l <u KWl _r . J

where r = {r(7n)}meZ e is defined by r(rn) = -H . Thus, {’S',a,£") is

localized, and assertion a) is proved. The proof of parts b) and c) is similar to that |

of part a), and so is omitted. o
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