JU3UUSULPh QUU 4

- SEAGUUGhP
M3BECTMA

HAH APMEHUW

UurtuusShul
MATEMATUKA




. Upuiplilljiu(i 1
o - -
. . 17Qq]ipuilijuiO n .
.. .QiupiupjiuO o2 n
R b | »1
. Ohuilijuiu (|| ) | )
piupinmrpup

PEANKUWMO HHAA KOJIJHT MNA

[naBHbIN pepakTop J1. A. CaaksH

. M. AlpaneTsH I1. 1i. MTHrH6apsH
b» B. AMbapuymsaH B. C. 3akapsaH
M. Y. ApakensH . J1. MapTupocsH
B. C. ArabeksH I» C. HaxancTtaH
I I I'eBOpKAH A. O. OraHHHesH
M C. HHOBSAH I» M. MorocsaH
B. K. OraHsH (3aM. rnaBHoOro pefakropa) A. A. TananaH

OTBeTCTBEHHbIN cekpeTapb H. I. ArapoHsH



M3secTua HAH ApmeHunn, MaTtematuka, Tom 53, a. 1, 2C18, cTp. 3 - 12.

ON GENERALIZED DERIVATIONS AND CENTRALIZERS OF
OPERATOR ALGEBRAS WITH INVOLUTION

S. ALI, A. FOSNER, W. JING

Kwg Abdulaziz University, Jeddah, Saudi Arabia
University ofPrimorska, Koper, Slovenia
Fayetteville State University, Fayetteville, USA
E-mails: shokir.olimmOamu.ac.in; ajda.fosnerOfm-kp.si; tujingOuncfov.cdu

Abstract. Let B(H) be the algebra of all bounded linear operators on a complex Hilbert
space H and A(H) C B(H) be a standard operator algebra which Is doeed under the adjoint
operation. Let F : A(H) -* 8(H) be a linear mapping satisfying F(AA9A) w F(A)A’A+
Ad(A")A + AA“d(A) forall AC A(H), where the *associated linear mapping d : A{H)  B{H)

satisfies the relation d[AA“A) - d(A)A‘A + Ad(A*)A + AA d(A) forall A € A{H). Then F
of the form F(A) = SA - AT forall A e A(H) and some S, T 6 B{H), that is, F is a generalised
derivation. We also prove some results concerning centrallxere on A{H) and semisimple //'-algebras.
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1. Introduction

Let S : 71 -* 71 be an additive map on a ring 71. Rccall that S is called a
generalized Jordan derivation if there exists a Jordan derivation d : 7 -* 71 such
that the equality

(1.1) 5(0a) = <5(a)o+ ad(a)

holds forall a e 71, and S is said to be a generalized derivation ifthere is a derivation

d on 71 satisfying
(1.2) <J(@6) = S(a)b + ad(b)

forall a,b € 71

In [7], it was proved that every generalized Jordan derivation on a 2-torsion
free prime ring is a generalized derivation. This result was generalized in [14] to
generalized Jordan derivations on 2-torsion free semiprime rings.

In particular, ifd = 8in (1.1) and (1.2), then 6 is called a Jordan derivation and
derivation, respectively. The first result on Jordan derivation is due to Herstein [6]
who proved that any Jordan derivation on a 2-torsion free prime ring is a Jordan
derivation. Cusack [4] and BreSar [2] showed that this also true for Jordan
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derivations on 2-torsion freo semiprimo rings. If ¢ 6 is a fixed dement and
d(o) = (c,a] = ca- ac for all a € K, tlien it is easy to see that 6 is a derivation
which is called an inner derivation determined by c. It is also well known that ever)'
linear derivation on standard operator algebra is inner (cf. [3]). Some related results
on operator algebras can be found in [5j, [8], (12), and references therein.

In [13], Vukman proved that ifa linear mapping d on a standard operator algebra,
which is elosed under the adjoint operation, or a scmisimplc //'-algebra, satisfying

d(AA'A) = d(A)A'A + Ad(A*)A + AA d(A),

then d is a derivation.

Motivated by the above result and the concept of generalized Jordan derivations,
in this paper, we aim to show that if F is a linear mapping on a standard operator
algebra which is closed under the adjoint operation satisfying

F(AA'A) = F{A)A*A + Ad(A*)A + AA'd(A),
where the associated linear mapping d satisfies the relation
d[AA*A) = d(A)A*A + Ad(A*)A + AA*d(A),

then F is a generalized derivation. A similar result is also obtained for the case
of linear mappings on scmisimplc tf'-algebras. It should be noted that in order to
prove the result on semisimple //'-algebras, we need to have some results about
left centralizers. Recall that a linearmap ¢0: A A on an algebra A is callcd a left
centralizer if dp(xy) = d(x)y for all x,y € A. The definition of a right centralizer
should be self explanatory.

We now list some basic notation, definitions, and results. Throughout the paper,
C{H) and B{H) will stand for the algebra of all linear operators and the algebra
of all bounded linear operators on a complex Hilbert space A, respectively. By
.F(tf) C B(H) we denote the subalgebra of all bounded finite rank operators. We
call a subalgebra A(H) of B(H) standard if it contains '(H). Notice that every
standard operator algebra is prime. An operator P e #(//) issaid to be a projection
if P* = P and P2 —P. Each rank one operator can be expressed as x ® y, where
x ®y(tx) = (u,y)x forall u€ H.

Let A be an algebra over the filed C of complex numbers. An involution in A is
amapa o*ofA into itself such that

1) (@)« «a

(2) (a+ by = a* f-6*
3) (Aa)- = *a“

@ C)-
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for any a,6 G A and /1 G C. An algebra over C endowed with an involution is
called an involution algebra or a «-algebra. Recall that a scmisimplc tf*‘-algebra
is a complex scmisimple Banach «-algebra whose norm is a Hilbert space norm
such that (x,yz*) = {&z,y) = (ztx*y) is fulfilled for all elements x,y,z. Let A be
a semisimple tf’-algebra and {A* : a G '} be the collection of minimal closed
ideals of A such that A = 0 oerA»- Then any element x e A can be expressed as
X= XaXfi = 0 for x0 GAa and xp G Afl with a 0. For every x
andyin A withz = £ Oxa “ d¥= T,aVa>web****1/ = £<*xaVa- A self-adjoint
idcmpotcnt element e G A Is called a projection. A nonzero projection is said to
be minimal if it can’t be represented as a sum of two mutually orthogonal nonzero
projections in A. For more information about tf’-algebras, we refer the reader to
[1] and [11].

2. Main results
Our first theorem is a generalization of Theorem 1 of [13].
Theorem 2.1. Let H be a complex Hilbert space, and let A{H) C B(tf) be a

standard operator algebra, wflic/1 is closed under the adjoint operation. Suppose
there exists a linear mapping F :A(H) -» B(H) satisfying the relation

(2.1 F(AA'A) = F(A)A A + Ad(A*)A + AA*d(A)

for all A GA(H), where the associated linear mapping d : A{H) -* B{H) satisfies
the relation

(2.2) d(AAUA) w d(A)A*A + Ad(A*)A + AA*d(A)
forallA A(H). Then F(A) - SA-AT forallA GA{H) and some S,T GB(tf),

xohich means that F is a linear generalized derivation.

It should be mentioned that in the proof below, we borrow some ideas from [10]
and [13].
Proof. First we consider the restriction of F to ?{H). Suppose A GT(H). Then
AmG ?(H). Pick a projection P G ?{H) such that AP = PA = A and AnP =
PA = A . Hence, in view of relation (2.1), we obtain

(2.3) F(P) = F(P)P + Pd(P)P + ).
Right multiplication by P to (2.3) yields that 2Pd(P)P = 0. This implies that

@4) PA(P)P = 0.
5
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In view of above relation, we find that
(2.6) Pd(P)A = 0, Ad(P)P =0, and Ad(P)A - 0.
Using (2.4) In (2.3), we get
(2.6) F(P) = F(P)P + Pd(P).
Replacing A by A + P in (2.1) and using the fact that A" = (/ + P)* = A* + P,
we obtain
2.7) F((A + P)(A* + P)(A + P)) - F(A)A*A + Ad(A")A
+AA d(A) + F(AA* +A A + A2) + 2F(A) + F(A") + F(P)P + Pd(P).
On the other hand, we find that
(2.8)  F((A+P){A* +P)(A +P)) = F(A)A*A + F(A)A + F[A)AU
+F(A)P + F(P)A*A + F(P)A*+ F(P)A + F(P)P + yaf(>49)A+ Pd(A )A
+Ad(P)A + Pd(P)A + Ad(A")P + Pd(A )P + Ad(P)P + Pd(P)P + AA d{A)
+A d{A) + Ad(A) + Pd(A) + AA*d(P) + A*d(P) + Ad(P) + Pd(P).
Combining (2.7) and (2.8), we obtain
F(AA + A*A + A%+ 2F(A) + F{A%)
= F{A)A+ F(A)A +F{A)P + F(P)A*A + F(P)A* + F(P)A + Pd(A*)A
+Ad(P)A + Pd(P)A + Ad(A )P + Pd(i4*)P + Ad(P)P + Pd(P)P
+A*d{A) + Ad(A) + Pd(A) + AA'd(P) + A%{P) + Ad(P).

An application of (2.5) and (2.6) yields
(2.9)  F(AAU+ A*A + A7) + 2F(A) + F(A*) = F(A)A + F(A)Aa
+F(A)P + F{P)AaA + F(P)A + F(P)A + Pd(A")A
+Ad(A*)P + Pd(A*)P + A*d(A) + Ad(A)
+PLA) + AA*d(P) + A'd(P) + Ad(P).
Replacing A by -A in (2.9), we get
(210) F(AA +A*A+ A7) - 2F(A)- F(A*) - F(A)A +F(A)A
+F(P)A*A - F(P)A* - F(P)A - F(A)P + Pd(A)A + Ad(A )P
~Pd(A")P +A'd(A) + Ad{A) - Pd(A) + AA*d(P) - A*d(P)- Ad(P).
Adding (2.9) and (2.10), we arrive at

(2.11) F{AA%*+ A*A + A7) = F(A)A* + F(A)A + F(P)A*A
6
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+Pd(A*)A + Ad(P)P + AGd(A) + Ad(A) + AA*d(P).
Subtracting (2.10) from (2.9), we obtain
(212)  2F(A) + F(A9) = F(P)A* + F(P)A + F{A)P + Pd{A9)P
+Pd(A) + A*d(P) + Ad(P).
Next, substituting iA for A into (2.10) and (2.11), we find that
(2.13) F(A2- AA*- A*A) = F(A)A - F(A)A9- F(P)A9A
—Pd(A)A + Ad(P)A + Ad(A) AW(A) - AA“d(P)
(2.14) 2iIF(A) - iIF(A )= iIF(P)A iF(P)A9+iF(A)P
—iPd(A9)P +iPd(A) - iA(P) + iAd(P).
This implies that
(2.16) 2F(A) - F(A9) - F(P)A - F(P)A9+ F(A)P
—Pd[A9P + Pd(A) - A%(P) + Ad(P).
Adding (2.12) and (2.15), we arrive at
(2.16) 2F(A) = F(A)P + Ad(P) + F(P)A + Pd(A).
Now adding (2.11) and (2.13), we get
(2.17) F(A3) F(A)A +Ad{A)

forall A 6 A{H).

By Theorem 1 of [13], we see that d is an inner derivation on A[H). So, there
exists an operator N € B(H) such that
(2.18) d(A) = NA - AN
for all A € T(A). In view of relations (2.16) and (2.17), we conclude that F
maps jF(H) into itself. Also, from (2.17), it is clear that F is a generalized Jordan
derivation on F(H).

Note that P[H) is prime and hence F is a generalized derivation on  H) by
Theorem 2.5 of [7]. Furthermore, Theorem 4.2 of [7] asserts that F is a generalized
inner derivation on T(A), that is, there exist S,T e B(H) such that

(2.19) F(A)=SA-AT

forall A € F{H).
Ib complete the proof, it remains to show that the relation (2.19) holds for all

A 6 A(H).
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We first claim that the operators N in (2.18) and T in (2.19) differ by a scalar
multiple of the identity operator I. Indeed, forany A, B € -P(A), F(AB) = SAB -
ABT. On the other hand, we have

F(A)B + Ad(B) = SAB - ATB + ANB - ABN.
Comparing the above two relations, wc see that
(2.20) AB{N - T) = A{N- T)B

holds true forall A,B € .~(H).

Pick y,u € 9 such that (u,y) = 1. Now for arbitrary x,v € 4, the relation
(2.20) becomes x®y-u®u-(W-T) «x®y-(N-T)-u® v. This leads to
(A-T)*Vw ((N- T)u,y)v forany v € H. Hence, {N T)* - ((AT- T)u,y)l or
equivalently, N—T = (y, (N-T)u)l. Taking A= (y, (Af-T)u), weget W -T = XI.

We now define a linear map G : (A1) -¢ B(H) as follows: G(A) =SA —AT for
all A € A{H). Weset FO= F - G, and observe that Fo(A) = 0 for any A € .P(H).
Thus, it remains to show that Po(A) = 0 for all A € A(H).

Forany A e A(H), we can write

FOAA A) = F(AA A) G(AA'A) =
= F(A)A*A+ Ad(A*)A + AA*d(A) - SAA"A + AA*AT
= F(A)A*A+ ANA*A - AA'NA + AATNA - AA AN - SAA A+ AAGAT
= F{A)A*A+ A(T + AI)AOA  AA*(T + XI)A + AAY(T + ADA
—AA*A(T + A7) - SAA A+ AA AT = F(A)A A SAA'A + ATA*A.
and
FO{A)ANA = F{A)A*A - G(A)AMA - F(A)A'A - SAALA + ATA*A.

Therefore, we have Fa{AA*A) = FafA)A*A for any A e >4(A).

Let A € J1(A) and P be a rank one projection. We write K = A - AP -
PA + PAP. One can easily check that KP = PK = K'P = PK" = 0 and
FO(K) = FO(A). We have

FO(A)FVC = FO(K)K*K w FO{KK K) = Fo{KK"K + P) =

= PO((tf + P) (A + P)*(A + P)) = PO(S + P)(A +P)*(A + P) =
= FO(A)(K'+ P)(K + P) = FO(A)K*K + Fq(A)P,
implying that Fo(A)P = 0. Since P is arbitrary, it follows that Fo(A) = 0 for all

A € A(H). This completes the proofof the theorem. [}

As an immediate consequence of Theorem 2.1, we have the following corollary.
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Corollary 2.1 ([13], Theorem 1). LetH be a complex Hilbert space, and letA(H) £
B[H) be a standard operator algebra, which is closed under the adjoint operation.
Suppose there exists a linear mapping d : A{H) -* B(H) satisfying the relation

d(AA'A) = d(A)A A + Ad(A")A + AA'd(A)
for all A £ A(H). Then d(A) = TA - AT for all A € A{H) and some T e B(H),

which means that d is an inner derivation.

The proof of the following theorem is similar to that of Lenma of [10]. For the
sake of completeness, we include it here.

Theorem 2.2. Lei H be a complex Hilbert space, and let A(H) C B(H) be a
standard operator algebra, which is closed under the adjoint operation. Further, let
®:A(H) -+ B(H) be a linear mapping satisfying
(2.21) h(AAaA) w h(A)A*A
for all A € A{H). Then ¢ is a left centralizer and there exists a linear operator
C G£(A) such thatfor all A € A(H) d(A) = CA.
Proof. Let A € 7(H) and P be a finite rank projection such that AP = PA = A.
Substituting A + P for A in relation (2.21), we obtain
DA7+ A A+ AAD+ 2A + A%)
- OAA+ D(P)A*A + h(A)A*+ h(A)P + th(P)A + d(P)A™.

Replacing A by A + P and A - P respectively in the above relation, we can get
(2.22) P{2A + A*) - D{A)P +D(P)A + b (P)A\
Replacing A by iA in (2.22), we get
®(2IA- TA") wid(A)P +id(P)A - i(P)A*.
It follows that
(2.23) D(-2A + A*) = - (A)P - D(P)A+ p(P)A
Equalities (2.22) and (2.23) yield that db(AT) = d(P)A*. Replacing A by A results
in
(224 ©{A) = d(P)A.
We now show that ¢ is a left centralizer on jF{H), that is, ®[AB) = d(A)B for

all A,B € ?{H). If A is finite dimensional, the choosing P = /, we get p{AB) =
P (1)AB = ¢p(A)B. If A is of infinite dimension, then we fix an elementx 6 A, and
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claim that forany y G 1, there exists an dementx,, G {1 such that gp(x&y) = x,®y.
Let t/i,vV3 6 4. Ifi/i and ya are linearly independent, then

P(x® (yi + ya)) = » (Vi+ W)= *»+* @W+ ® ya-
On the other hand, we have
*(X®yi) + *(x®y3) = *», ®YyX+** ®ya.

It follow» that Zy, — ®v,+v* “ *va- the case where yi and ya arc linearly
dependent, we may find a y3 G A such that yi, y3 as well as ya, y3 are linearly
independent. Therefore, Xy, = Zy, = xoT.

Pick an element u G A such that (ti,y) 0. Let n€ A be arbitrary. We have

PX®yeu®wu) o ((u, y)x ®u) B XU, )W® (U.y>w
= (uy)x(W),, ® »= (u,y)Xx*®u = Xx,®y-u®t = h(X®y)ti®V.

If (ti.y) B 0, wo have *(x® y u®v) = 0 and, by (2.24),
Mx®ye.u®v)=*P)x®y-u®umo

for some finite rank projection P. Now, we can conclude tlut forany A,B € A ()
N(AE) B ®(A)B. This implies that ¢ is a left centralizer oi 7(11).

Next, we pick y.u € A with (y,u) = 1, and define Cx = d{x ® u)y for any
X€ A. Obviously, C is linear. Now forany A€ ~(A) and x € A,

CAX = P(AXx ®u)y = h(A)x ®ti(y) = "(A)«y,u)x) = MA)X.

Thus, *(A) = CA for all A G (51).
To complete the proof, it remains to show that d(A) —CA forall A GA(A).
Define ® by ®(A) = CA forall AGA(H) and let @0 = ¢- ®. It is obvious
that tfo(A) = 0 for all A GF(H). One can check that ®o(JTA*A) = ®o(A)A*A for
all A GA{H). Let A GA(H). Suppose that P is a finite rank projection and let
K = A—AP - PA + PAP. We have

®o(K)KBK = ®o(KITK) = ho(KK'K +p)=*,((A4Y4 P)(F + P)'(A + P))
= ou(A+ P)(A + P)*(A + P).

This leads to /T)(A)P = 0. Observing that tho(K) = 6,(A), we get 40(A)P - 0 for

any finite rank projection P. Hence, 6>(A) = 0 for all A GA(H). O

The proofof the next result is just a modification of that of Theorem of [10]. We
present the proof for the reader's convenience.
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Theorem 2.3. Letdh:A -* A be a linear mapping on a aerr.isimple tf *-algebra A
satisfying
(2.26) P(xxx)=h (x)x*x

forallx e A. Then b is a left centralizer.

Proof. Let s € A be a projection. Replacing x by x + eand x - t In (2.26),
respectively, and comparing the resulting equalities, we arrivn at

(2.26) (ee'x + xe*e + ex*e) = d(e)enx + p{x)e‘ e + ~(e)z*e.

Let {Aq :a € I'} be a collection of minimal closed ideals of A such that their
orthogonal direct sum is A. Fora € I and x € A*, let c be a minimal projection
with e e Afi (a  fi). It follows from (2.26) that d(x)e = 0. Thus, d(x) e Jl».
which implies that Aq is invariant under . By Theorem 2.2, we conclude that ¢ is
a left centralizer on Aa for each a € I'. Furthermore, it follows from Theorem 2.2
and Remark 1 of [9] that ¢ is continuous on A» for every a € T.

Lot {xn} C A and ye Abe such that

(”\ben —»0 and I—%Q)(xn) -*y.
Ifee A is a minimal projection, from (2.26) we see that
0= + + “ove>
implying that y = 0. By Closed Graph Theorem, ¢ is continuous.

Fbrany x.y € A we write x - £ 0€rx0 andy - £ o€ly,, where xa.ya € J1»
(a €T). We have

o(tv) = tf(£ **51l/e) =*(L = 1 ®IXava) = 53 *<*m)«m
a€l  egr o€l a€r atl
o€l o€l o€l o€l
Thus, ®{xy) —d{x)y for all x,y € A. This completes the proof. o.

We conclude our paper by proving an analog of Theorem 1 on semisimple H*-
algebras.

Theorem 2.4. Let A be a semitimple H*-algebra. Suppose there exists a linear
mapping F :A-* A satisfying the relation
F(xx x) ssF(x)x*x + xd{x*)x + xx'd(x)
for all x € A, where the associated linear mapping d : A -+ A satisfies the relation
<f(oc*x) = d(x)x*x + xd(x*)x + xx*d(x)

for all x € A. Then F is a generalised derivation.
11
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Proof. By Theorem 2 of [13], d is a linear derivation. Now, forany r e A, we have
(F - d){xx'x) = F(xx’x) - rf(xx’x) =
= (F)x*x+ xd(x*)x + xx*d(x)) - (d(x)x*x + x xmx + xx'd(x))
= FX)x*x- d(x)x'x = (F - d)(X)x*x.
In view of Theorem 2.3, wo conclude that F - d is a left centralizer. Therefore, for
any X,y € A using the fact that d I» a derivation, we obtain

F(xy) - (F - d)(xy) +d(xy) - (P - d)(x)y + rf(x)y + xd(y) = F(x)y + xd(y).
Hcnce, F ie a generalized derivation. O

Corollary 2.2 ([13], Theorem 2). LetA be asemisimple H malgebra. Suppose there
exists a linear mapping d: A -» A satisfying the relation

d(xx*x) = d{x)x*x + xd(x*)x + xx*d(x)
for allxe A. Thend is a derivation.
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OB OAHOPOJHOM WHTETMPA/IbHOM YPABHEHUWN C BYMSA
A0PAMMN

N.T.APABALXSAH, C. . XIYNTPAH

VHcTuTyT MaTemaTukn HAH PA
ApMSHCKUI MocyaapcTBeHHbI Megaroruyeckuii YTisepeirteT
B-mails: arabajyanQmail.ru, kanushavanQmail.ru

AnnoTauus. Pa6oT» NOCBALLEH» YCNIOBUAM HeTpUBManbHO!) (HeHynesoit) pas-
peLnMmoe™ HeKOTOPbIX kn»ccoii 0AHOPOAHDBIX iLLTErp&AbILX Yp&IHeHMB BUaa
o« (0]

S(X) = Y A(x- )S(t)dt+ j Ti(x - 1)S(l)di,X€ M.

o -00
OTHOCUTENILHO HCXOMOJT (YHKUMM S. VI3yueHO acMMaTOTHUBCKCB MOBeAeH1e po-

MSC2010 number: 45A05, 45B05.

KnioueBble CNoBa: UHTerpanbHoe ypaBHeHUe; AAPO YPaBHEHNs; acMNTOTMKa pe-
LLEHUS.

1. BeeageHue, BcnomoratensHble pakTbl

1.1 Bonpocbl HETPMBMANBbHON Pa3peLLMMOCTU OAHOPOAHbBIX TpaBneHWi Buaa
00 0
L) s{) wd Fi(*- ys{ydt+ J 7a(x- Hs()dt, x eR,
0 * - 00
rae appa T\ v Ta - AaHHble Ha R yHKLUK, yA0BNETBOPAIOLLME YCNOBUAM (KOHCEpBa-
TUBHOCTH):
00
12) 0< Tf€ Li(R), J Ticoax- 1j- 1.2,
-00
6b1n1 n3yyeHbl B paboTtax [1]-{2]. B ykasaHHbIX paboTax, Ha 0:HOBC pa3suToro B [3]
- [4] obwero nogxofa, a UMEHHO, BONLTEPPOBCKON (hakTOpU3aLMn UHTErpansHoOro
onepartopa 1 NPUMEHeHUs HeNMHeRHbIX PYHKLMOHaNbHbIX YpaBHeHni A H. B. Eurnba-
psiHa, GbINN NOMyYeHb! JOCTATOUHbIE YCNOBUS Pa3peLLMOCTI OfHOPOAHBIX (M Heod-
HOPOAHbIX) ypaBHeHWA Buaa (1.1), (1.2) 1 U3y4yeHO acUMNTOTUYECKOe NOBeAeHMe UX
pelwennii B £00. B [1] foka3aHa cnegytolyas Teopema.
13



N.T.APNBAAXAH, 0. A. XAUNTPAH

Teopema 1.1. Ecnu B ypaBHeHun (1.1) aapa Tj(j *=1,2) yfoBneTBOPSIOT YCNOBUAM
(1.2) v ogHoMy n3 cnegytowmx ycnosuin (@) unm (b):
@  Ti(=)* Tji(x).x CR,j= 1,2;
() pi>0 *<OQO

(00)
roe J tTj(t)dt, o cnyvae

Y | |7>( )*<00, -1,2,
-00
mo jmo ppoettetiue 06na4aeT HeTPUBMANBHBIM, HEOTPULATENbHBINI, N<KAIbMA-LLI<-
TerpupyembiM ka J1 pewennem S :S 6 ~ ). Ecnu B ycnosum (b) UMe0T MeCcTO
CTPOrue HepaBeHCTBa, TO YKa3aHHOe PelleHne  CyMMUPYEMO U OrpaHiyeHo Ha
€ £](A) M(R).
B HacTosLeli cTaTbe pe3ynbTaTbl pa6oTsl [1] no paspewwnmocTn ypaBHenus (1.1)
ansa cnydas (1.2) 0606wwaroTcs Ha 601ee LUMPOKME Knacchbl yparHeHsid (1.1).
1.2 BBefem B pacCMOTpeHwe, onpefensemble Ha A+ = (0, +00) yHKLMA Sx(X)
S(£x),x > 0. Torga ypaaHeHble (1.1) MOXHO NpeACcTaBUTb B BUAE CUCTEMbI:
(X) « 7 Ai(x- )S+H(t)dt+fI? (x+ ) )<,

(X)) = 7 K7(x+t)S+(t)dt+7 LW x- ) ), 1elV,

o [
rae

*i(x) = Tx(x),tfa(x) = Ta(-x),x € 4,

Kx (x) = 7a(x), K2 (x) = T,(-x),x € A+.

B pa6otax [4] - [6] uccnefosanach 3afaya BONbTEPPOBCXOS (hakTOpU3aLMN WUHTe-
rpanbHbIX ONepaTopoB, onpeaenseMblX NpaBoii YacTbio cucTemsl (1.3), Ana pasnuy-
HbIX Knaccos cuctem Tuna (1.3). Micnonb3osaHue pesynbTaTos 3TUX paboT NO3BOAMIO
B [1] cBecTn pewenune cucTembl (1.3) K nocnefosaTesbHOMY PELIEHUIO iBYX CUCTEM
BO/IbTEPPOBCKOr0 TUNa;

N=JW ~ +x)dx + [ VT + xv>_(t)dt,

>-(*) = | V(< + )<pH(t)dt + f VF(t)<p-(t + x)dt, X6 U+
o o

X) - v>+(X) + / V+(x - t)S+{t)dt,

o



OB OAHOPOAHOM WHTErPANbHOM YPABHEHWUW C ABYMA AAPAMN

rae sgpa V*  Vj* cOOTBETCTBYIOLLMX OMEpPaTopoB ONPeAenstoTcs TO CAeAyHoLmX

venHno/Imx cuctem axktopusauum (cm. (33-[6J):
00

(1.6) VE(X) - T,(2x) +J V2{H)VE{x + t)dt, X€ N+
o]

n

@7 V() wTATX)+] V*{H)VE{x + t)dt, x 6 A+,
0

1.3. Bonpocbl pa3peLunMocTyi HenMHelHoI cucTeMbl (akTopu3saumn (ypasEeHirii EH-
rnbapsna):

V+(x) = T(x) + JTV-(t)V+{x + t)dt,
(19 °
| V(X)) = T(-X) + jV+ ()V-{x + t)dt, x€A+.
0

noapo6Ho n3yyeHbl B paboTtax [3] - [4]. B [3] foka3aHO, B 4aCTHOCTU, YTO rpun
@

o<T €£iI(N), J Todxe 1,
—00

cucTema (1.8) 06naaeT HeOTpULATENbHLIM CyMMUPYEMbIM Ba A* peLeHnem
(V+V") € £i(A+) x MA+). V* > 0, npuuem

o0}
@9 7 fureodx 1 @-79.0-79-1-m

[¢}
B cnyyae /i°1l xorn 6w OfHA M3 BEIMYWH T+ paBHa 1. B 3TOM cnyyae cnpaseasneo
cnefyouee yteepxaeHue (cm. [4]).

[ee]

Teopema 1.2. B koHcepaTuBHOM cayyae T > 0 wuuy = 1 npun / IxINijrfx < oo
-00

ana pewenns (V+ V_) cuctemsl (1.8) nmeoT MecTo

a)y ;=00 T*=1; )bI>0 »7+=17 <1l;c)w<O0o0 y*<1,7" =1,
rgen*M f xT(x)dx, 7+ =
—0

B cummetpuyeckom cnydae T[—x) = T(x), Vx € R pewenuem cuctembl (1.8)
asnseTca napa V+ =V, V =V, rge Y-pelieHne ypaBHeHUs

00

(1.10) V{x) = T() +J V(OV(x+ tdt, | 6N+,
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00
n, noatomy, 7* “ 7 “ 1jrge7 “ | Y (*)<e
B ykauaHHol1 paboTo (4) AoKa3aHO TaKXe, YTO AN1A KOHCCPBATHBHOI cucTembl (1.8)
VIMEOT MECTO CrieflytoLLye yTBEPXKAEHUS:
ecnm 7_ < 1, TO U3 w+ ! ?OXT(i)dX < 00 cnegyet ?Oer+(x)dx < 00, 4TO

00
PaBHOCU/LHO BKOYeHUIO F+€ X-i(/1+), rge F*(x) = f V+(l)dt, x € N1+,
9

AHaNornyHo nvetoT MeCT?:
ecnm 7+ < 1, To u3 bI" = xT{-x)dx < oo cnegyetr F~ € £i(A+), rae F~{x) =

fvV (t)cU.
As/ 00 00 .
Ecnm xe 7_ = 1, To 3 u+ s [ a?T(x)dx < oo cnegyet / *V+(X)<ir < 0o, u,
cnegosatenbHo, F4 e bi(A+) 1 aHanornyHo, opy y+ = 1 N3 v~ f x7T(-x)dx <

oo cneayet / xV~(x)dx < +oom I 6 I»i(4+).
1.4. Nyctb £(A+) - ogHo 13 HpocrpaHcTB LP(R+), p > 1, N/(N1+) nam C(N+).

PaccmMoTpuM ypasnenuo
A

(1.11) S'(x) . A(X) +JIv{x- 1)S-(1)*, 1 g S+,

o
rae jaHHble QYHKUUU A » V YL0BNETBOPSIOT YCNOBUAM
(1.12) ffeE£(7r*-), O<UE€Li(A+).
JTO ypaBHEHWE UMEET JIOKa/IbHO-UHTCTPUpyeMoc Ha A+ pelueHue S*, npuuem ' > O
npu g >0 (cm. (8]). Ecnm 7 <] mpe £(#+), To, oueBngHo, 5% e £(A+). B cnyyae
7 =1unpg€ £(A+) ypasHenue (1.11) nsyyanocs B [8], (9] (cm. Takxke [4]). [AokasaHo,
yto npu 4 6 A/(A+) nmeet mecto
(1.13) S*{x) = 0{x), npm *-*o00

3amMeTWM, 4TO K paccMaTpuBaeMOMy TUMY YpaBHEHWI OTHOCATCS ypasHeHus (1.5)
OTHOCUTENBHO UCKOMBIX (DYHKLWIA S*.
1.5 Bonpocsl paspelwmmocTy ypasHeHus (1.10) B 3aKpUTUHECXOM Cnyydae

(114) 0<TEL[R), A>1

paccMoTpeHbl B [7]. B ykasaHHOW pab6oTe nosy4eHbl 4OCTaTOUHbIE YCNIOBUA Cylle-
CTBOBAHWA KOMMNNEKCHOro pellenns (1.10) B cnyyae (1.14). ViMeeT MecTo cnegytoLmii
pesynbTar.



Ob OAHOPOAHOM WHTbLI'PAIBHOM YPABHEHWW C ABYMA AAPAMU

Teopema 3.3. MycTb T - onpefeneHHas Ha R YeTHaa yHKUWS, yA0BNeTBOpAOLLAs
ycnosuio (1.L}), a Ha R+ Tak>ke ycnosusm:

(1.16) TECHO(4+), I <0, 0<T 'l HaR*
Torpa ypasHeHue (1.10) o6nafaeT KOMNNEKCHbIM pelleHneM Buaa
00
(1.16) V(x) = W x) +io JW{t)dt, X€ S+,
X
rae fefic TBUTENbHOE YNCNO O OnpefensieTCs U3 ypasHeHUs
(o0}
(1.17) J T{t)cosoldt =

a BellecTBeHHasn PyHKUMS W - L HeNWHEiHOTO ypaBHeHUs (pakTopusaLmm
[oe)

(1.18) W{x) = K(x) +J WOW(x +t)dt, X € N+,

Npu KoHcepBaTWBHON thyHKuMM K{x):
00

K(x)" T(x)-a-J T(x+t)ymiatdt, x 6 A+.
0
(OTmeTuM, yTO Npu L, > 1ypasHenue (1.17) Bcerga UMeeT BeLLeCTBEHHbIN KOpeHb
aCsd,a ®0).

2. Knaccundpukayms v paspewwnmocts ypasHenus (1.1)

2.1.  Kak 6bl10 0TMeYeHo Bbllle, ANS pelleHns cuctembl (1.3) (a, cnegosartenbHo,
1 ypasHeHusa (1.1)) gocTaTo4HO nocnefosaTeNnbHO pelnTb cuctemsl (1.4) H (1.5).

PaccmoTpum napy gyHKuuii
w K

.1 *+)=1-J VBT | *>.(%)-1- ] V{-(dt, xeR*.
o [¢]
Henocpe/cTBEHHO NPOBEPAETCSA CMPaBeA/IMBOCTb CNEAYIOLeli TEMMbI.

Nemma 2.1. Ans napbl PyHKUWA (<p+,ip ) U3 (2.1) UMET MECTO COOTHOLLIEHUSA

00 [00]
@2) J VEEerE0dt+ J VRt )fp-(dt- V@) - @ 7L bY>
0 o]
00 00

J V{-(t+x)<pH{t)dt+J V,-{t)<p-t+x)dt=<p.x)- @ 7Hd 1b),

0 0



N.r. APABNAAXAH. O. A. XAYATPAH
= fVj-(t)dt,j =1,2.
o

COOTHOLLEHNS (2.2) MO3BONAIOT fienaTb CredytoLee yTBEPXK/AEHUE: ecn XOTS Bbl
OfiHa U3 BENWYMH 7, WM 7 paBHa 1, To mapa QyHKUWii (2-1) GyaeT YAOBNETBOPATbL
cucteme (1.4). Takum 06pa3om, B yKasaHHOM cnyyae pelueHue (5+, ) cuctemsl (1.3)
MOXHO ONpefenuTb U3 ypaBHeHuit

23) 5+() = 1- J Ve(tydi+ | Vir(x - X€ N+
(2.4) S (2)- 1- 1 VIQdt+J V+(x- ) )<, x€R+
o] o)

2.2. Mol bygem pa3nnuaTh cnefytollme knaccl ypasHenus (1.1): (0)-knacc "asaxabl
KOHCEepBaTWBHbIX"YPBBHEHHIA, KOTOpbLI/i OMpefenseTcs ChefytoWwmnmn, anbTepHaTHB-
HbIMK, ycnosuamu Ha aapa Tj ( = 1,2):

®
2.6) 0<Tj it Li(R)t J Tipodx- 1, (-ps > o,
—e0
At/ Q0 . 00 . .
rae f xTj(x)dx B cnyyae / \x\Tj(x)dx < 0o j » 1,2; nn60 ycnosnsmu
—m -00
(2.6) T3( x)wT,(x), Vxed, =1,2.

(33 - knacc "KoHcepBaTWMBHO-AHCCLI]aTMBHLIX"ypaBHeiiHs, karga ogHo n3 agep Tj
(7= 1, 6o j= 2)yAoBNeTBOPSET OAHOMY W3 ycrosuii (2.5) unn (2.6), a BTOpOE
anpo - Ti (3gecbi+j = 3) - 04HOMY M3 [BYXanbTePHATUBHbLIX YCMOBUIA:

2.7) 0<l4er,(4), w<1,
nméo
(2.8) U -1, (-1)*<*<Q

00
rae w<- [ xTi(x)dx npn ycnosun / \x\Tt(x)dx < oo, (t=1,ecim =21 *« 2,
—00 —00
echmj = 1).
(7) - knacc "KoHCepBaTVNBMO-3aKpUTHYeacuX"ypaBrennii, korga ogHo us sagep Tj (j =
1nm6oj = 2) yaoBneTBopsieT 0AHOMY W3 ycnosuii (2.5) unm (2.6), a BTopoe aapo- <
(3gecb i +j w 3) - ycnosuio
(29) w>1, r,(-x) =Ti(x),Vxe R; Tt€C®(A*), <0. O<T?i Hagd+.
TVnepb, ucnonb3ys pesynbTaTbl paboT [3]-[9] no paspelunmMocTvt 1 aCMMMTOMNTYeCKOMY
NOBEAEHUIO PELLIEHNIA KOHCEPBATUBHBbIX, ANCCUNATUBHBIX W 3aKPNTUYECKUX YPaBHEHWI
18



OB OAHOPOAHOM WHTEFPANBHOM YPABHEHUW C ABYMA ALPAMN

Tuna BonbTcppa, MOXHO NONY4YUTb ClefytoLne JOCTaTOYHbIe YCI0BUA CYLLEeCTBOBA-
HWA HEHYNeBoro peleHns cuctemsl (1.3) H, cnefgosaTensHo, ypasHeHus (1.1).

Teopema 2.1. Knaccsl (cT), (0), (7) ypaBHeHwii (1.1) o6nagaioT HeHyneBbiM, Belle-
CTBEHHbIM pelleHnem S, npuyem nosedeHne yHKUWA S(x) = S(xx), x € A+, B
3aBUCMMOCTM OT Knacca 1 ycnosuid, 6yaeT cneaytowum

A ns knacca (a): ecnm Kaoicaoc u3 aaep Tj (J = 1,2) ygoeneTBopseT YCNOBUKO
(2.5) 1 =0 unm >e ycnosuio (2.6), To 5*(x) = O(x), npu x -» 00.

Ecnu >ke 3T pyHKLWN yA0BAETBOPAKT ycnosuio (2.5), npuyem (?‘g"u.u. >0, To
S+ € A/(A+), npuj =1wm € N1/(A+), npuj = 2. Ecnam npn 3ToM J X7Tj(x)dx <
oc, To5+ 6 £i(A+) A/(A+) (npuj - 1/u 5“ € £i(A+) N/(A+) fapuj = 2).

Ona knacca (/?): ecnm Tj (j = 1 mgnj = 2) ygosneTBopseM, ycnosuio (2.5) un
Wj = 0 uam ycnosuio (2.6), a T< (3gecb i +j = 3) - ogHoMy us ycnoswid ff.7" ngn

mo A*n </>yHicuyii 5* nonyyvanm
S+(x) = O(x), x-+o00 M S~(x) GA/(A+), npuj =1,
5+(x) e I'I/(ﬂgro) n 5~(x) B O(x), X-»00, npu j=2

Ecnn cywecTsyeT f x2Tj(-x)dx < 00, TO nonyyaem 6 £<i(f+) M(R+)
npnj = 1 n S+ 6 £x(A+) A/(A+) npuj - 2.

26cmTj (j | wanj =*2; yposneTsopseT ycnosuto (2.5) npuyem (—1)* > 0.
oTi (npni+j = 3) - ogHomy 13 ycnosuii (2.7) nnu (2.8), mo S+ € N1/(A4). bonee
TOro, eCNN K Tely X e ?Ox*z}(—x)dx < 00, TO G Xa(A+) Af(A4) npnj m 1

n S+ € bi(A+) A/(A+), npuj = 2.

A na knacca (7)*ecnm Tj (j = 1 wan = 2) yfosneTsopsem, ycnosuo (2.5) un
=0 nunu ycnosuio (2.6), aT< (npui +j = 3) - ycnosuio (2.9), To S+(x) B 0(x),
npn x -4 00.

Ecam Tj (j = 1 wanj = 2j yposneTBopseT ycnosuio (2.5) n (-1)*tJj >0, aT(
(npni+ j —3) - ycnosuio (2.9), moS* 6 L\[R¥)C\WM(R+) u () = 0(x), X -» 00
B cnyyae ] = 1; S*(x) = 0(x), x -4 00 n € I»i(A+) M(54), B cnyvaej = 2.

[LlokasaTenbcTBo. V3 onpeaenenuns knaccos (a), (/3) u (7) cneaytoT (B cuny Teopembl
2.1), uT0 XOTA 6bl OfHA U3 BenuUuH 7f 1 paBHa 1. Tbhraa, COrnacHo BblLLEN3No-
KEHHOMY, napa (yHKumii (2.1) 6yaeT peweHuem cuctemsl (1.4). MosTomy pelueHve
cuctemsbl (1.3) B ypaBHeHus (1.1) MOryT 6bITb MOCTPOEHbI MOCPEACTBOM PeLLEHMiA (2.3)
n (2.4). (3ameTnM, 4TO 3TW ypaBHEHWA OTHOCATCA K Tuny ypasHeHuid (1.11) B npm
VfE€LUA+),j w12 onn o6nagatoT pewennammn 5* € I<ioc(A+)).
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[ns knacca (0) B cnyyae, korga Tj (j = 1,2) yaoBneTBOpPAOT ycnosuto (2.5) n
wy «. 0 unn ycnosuio (2.6), MMeeT MecTo - 1. B atom cnyyae B ypaBHeHUaX (2.3)
n (2.4) 6ygem UMeTb

Cc &
nx)Si-Jv T =/ Vjiw*eM(n-), j=12
o *
n cornacHo ¢ (1.13) 6ygem umetb SAx) = O(X), mpu x —»00. Ecnm xe 7) ( > 1
VAN j —2) yfoBneTBOpseT ycnosuto (2.5) n (&I)"wy > 0, To B cuny Teopembl 1.2
nmeem ~fj m 11178 <1. Torpa 6ygem umetb / xVj~(x)dx < oc u, cnefosatcbmo,

L€ LiI(R+) A*4+). Moatomy B aToM cnyyae 5+ 6 Li(R+) J1/(A+) npnj = 1n
€ ra(dA+) A/(N+)npnj =2

Ans knacca (0) B cnyyae, korga 7) (j = 1w j = 2) ya0oBNeTBOPSIET YCNOBUIO
(2.5) n <Jj = 0 nam ycnosmio (2.6), a T< (Npu i+ j = 3) yaoBneTBOpseT OAHOMY U3
ycnoswii (2.7) unm (2.8), umeem = 1ueyf < 1.T03TOMY A N15 peLLeHuin ypaBHeHN
(2.3) n (2.4) 6ygem umetb S+(x) —0(x), X -> 004 € M(A+), npnj » 1n
S+€M(A+)m  (x) = 0(x), X-400, npu>= 2.

Ecnm Ty 0 = 1unnj = 2) yposnetsopseT ycnosuto (2.5) n (—)*ujj > 0, a T4
(npu i +j = 3) -ognomy n3 ycnosuit (2.7) n (2.8), To "(J m 1, <lay? <1
B atom cnyvae 6ygem umeTb 5+ € J1/(J1+); 5 € £i(/1+) Al/fitd), ecmj = 1n
S+ € Li(RI-) Af(A+); 6 M(A+), ecnnj - 2.

Ans knacca (7) B cnyyae, ecm 7) (j = 1w j = 2) yaoBneTBOPSET YCNOBUIO
(2.5) nwy = 0 nnn ycnosuio (2.6), a T, (rge *+j - 3) - ycnosuto (2.9), nmeem
if = 1, npuyem 74 = 7 ABNAETCA KOMMNEKCHbIM YMCNOM BWAa 7 = 1+ icTp, rae
Cr-BELECTBEHHOE peLueHue ypasHenns (L.17) npu T = 7J,ap= (/JOxW(z)dx < 00, rge
W -onpegensietcs u3 (1.18) nocpefcTBOM (hyHKL MM °

[e¢]
K(x) @l4x) -a l] Ti(x + ) Hwatdt, x € N+,
0
B aTom ciyyae B ypaBHeHusX (2.3) K (2.4) npuj = 16yaem umeTb

00 C 00 A
(210) "+(x) = Y W (t)dt-ia(JtW (t)dt +x m) UNOJ; +J V+(x-t)S+(t)dt
* 0 « o}
fa
00 X
(2.11) 5-(x) = J V{~()dt+J V3(x - t)S~(t)dt,

20
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rae sApo Vj- KOMMIEKCHO3HauHas MyHKLMA nuga
00

V3(x) wW{x) +10J W{t)dt, X¢€ s+
A

KoMuieKCHble pelueHns ypaBHeHwid (2.10) un (2.11) uMeloT NuHelHbIA poCcT B 00:
S*(x) = 0(x), npu X-» 0o (cm. (3J).

OueBNAHO, YTO AEACTBUTENbHbIE YACTW 3TUX pelleHuit: S*(x) = Re(S*(x)) 6yayT
BELLECTBEHHbIMW peLleHnamMu cuctembl (1.5) ¢ acumntoTukoit £*(x) = O(x), npn
x -» 00. Ecnm xe Tj (j *=1wvnnj = 2) yposnetsopseT ycnosuio (2.5) B (—1)* >> 0,
aTi(rgei+ j = 3) - ycnosuto (2.9), To nmeem =1, < la7¢=7t= 1+ iap,
rfe p v a onpejenexbl Boilwe. Thraa, npu = 1 13 ypasHeHus (2.10) nonydaem

SRI= Wt +3v x(x- s, G

0TKyfa, C y4eTom 7~ < 1 nony4aem e Ni(A+).
AHanornuHo, npu j —2 nonyyaem 5 € £i(9*) MA/(A+). m]

3ameyaHue 2.1. 3gecb yMeCTHO CpaBHUTb pe3yibTaTbl Teopem 1 m . B Teo-
peme 1 pacCMOTpeHbI BOMPOCH! Pa3pelinMoCcT TONbKO Knacca (a) ypasHenus (1.1).
Bce yTBep>KAeHUs 3TOi Teopembl COAEP>KATCA B NePBO YacTu Teopembl . Pas-
pewnmocTy Knaccos (/?) u (7) ypasHeHus (1.1), a Tak>Ke NoBefeHe UX peLleHnii B
6eCKOHEYHOCTU M3y4eHbl BO BTOPOI N TpeTel YacTbAX Teopembl

Abstract. The present paper is devoted to the finding conditions of nontrivia] (non-
zero) solvability of some classes of equations of the form
[00] 0
s - J Tiex-9sdt+ J rax- nsdtx e 5,
0 -00
with respect to unknown function S. The asymptotic behavior of the solution S is
also studied.
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OB MHTEMPAMIbHbIX YPABHEHUAX, APA KOTOPbIX
OAHOPOAHLIE ®YHKLWWU CTEMEHW (-1)

A.T.BAPCEraH

MnernTyT MATeRHTITKO HAH PA 1
E-mail: anibarscghyanGmail.ru

Aunotaunn. B paboTe paccmaTpMBaeTCs MHTErpanbHoe ypaBHeHue, AP0 Ko-
TOPOro AfNAETCA OAHOPOAHON (yHKLUMe cTeneHn (—1). PasMuHaeTcs paxTopH-
NTyioiWwbIi NOAXOA K ypaBHeHWto. locrpoouunas onepatopHas (hakropusauus
NPUMEHSETCA X YPaBHEHWIO C MONOXUTENbHbIM CUMMETPUYHBIM AApOM. [ oKa-
3bIBAETCA, YTO B KOHCEPBATUBHOM CAyyae MONOXKKTCNbULIMA PELeHNAMU MOTyT
OfjHOBpEMeHHO 061ajaTb KaK OAHOPOAHOE YpaBHEHWeE, TaK U HOOJHOPOAVOE ypaB-
HEHWe C MONOXMUTENbHBIM CBOGOAHBIM YNEHOM.

MSC2010 number: 45A05, 45H05, 45D05.

Kntouesble CNoBa: nenumelinoe ypasHeHue GakTopr3aLmm; ocroBu1oe peLLeHue; og-
HOpOAHas PYHKLMS cTeneHn (—1); KOHCEPBATUBHOE YPABHEHME.

1.Beepenune

PaccMOTpUM cneflytolLiee UHTErpanbroe ypaBHeHWe, AP0 KOTOPOro SBASETCS Of-
HOpOZAHOV (hyHKLMeli cTeneHn (—1):
1

(11) 1(%)-»(*)+Jp () \fwdt.
o)

YpasHeHusm (1.1) nocesweH psg vccnepoBaHmid (cm. (13-(4)). Hambonee nogpo6Ho
M3Yy4eHO M3BECTHOE ypaBHeHWe A. [iUKcoHa
1

1.2) I(*)=»(*)+71 * -
o

B [2] Gbin paccMOTPEH BOMPOC PeLleHust aHanora ypasHeHus (1.1) Ha nonynpsimoi,
C MpuMeHeHVem npeobpasoBaHuns MenvHa. YpasHeHusm (1.1) CBOMCTBEHHO Hepe-
rynspHoe noeedeHne sapa B OKpecTHocTW Touku (0,0). MyTem nepexofa K HOBbIM
aprymeHtam x = e~“, = e~v, (1.1) cBoauTCAa K ypaBHeHWo BrHepa-Xonda (YBX).
370 06CTOATENLCTBO MO3BONANO NepeHecTV Ha (1.1) paf nonoxenuit Teopum Y BX

‘VccnepoBaHme BbINONHEHO NMPU (UHAHCOBOM MoAfepXKe FOCYAapCTBEHHOrO KOMUTETA 00 Hayke
MOH PA B pamkax Hay4Horo npoekta No. 16T-1A246
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C npwueneveHvemM MeToza BHHcpa-Xonda B [3) 66110 NOCTPOONO PCLCIMAC YpaBHEHMS
[lukcona B BuAE PasnoXeHWs No runcprcoMeTpHUECXMM (yHKLMAM.

B pa6ote [4] nocTpoeHa (hakTopusaumsa ypasnunus (1.1) B npoctpaHctee  (0,1).
MpeacTaBnseT TEOPETUHECKMI 1 NPUKNAAHON MHTEPEC NPSMoe M3y4ennuc ypaBHEHNS
(1.1), ycTaHoBNEHVE aHaNOroB (HaKTOPM3aLMOHHbIX, PEAYKLMOHHBIX U APYrNX METO-
[l0B Teopun YBX.

B HacTosLLeil paboTe pa3BMBaeTCA NPAMOI Noaxod K ypasHeHuam (1.1) ¢ ucnonb-
30BaHNEM MeTOfa HeNMHeliHbIX ypaBHeHui thakTopusauumn (HY®) (cm. 5]-[7)). Mo-
NyyYeHbl aHanory HeKoTopbIX peynbTatos [5] v [6] no ypasnenuam BHHcpa-Xonda.
OnepaTopHas (hakTopu3aLus NpuMeHseTca K ypaBHeHWtO (1.1) ¢ NonoXurenbHbIM
CYMMETPVYHBIM SAPOM B TaK Ha3blBaeMOM KOHCEPBATWBHOM Ciyyae. MoKasblBaeTcs,
4TO TOrfja NONOXMUTE/bHLIMU PeLLEHUSMN OfHOBPEMEHHO MOTYT 061aAaTh Kak OAHO-
poZAHOe ypaBHEeHWe, Tak U - HEOAHOPOAHOE YpaBHEHWE C NONOXMTE/bHBIM CBOGOAHBIM
uneHoM. HekoTopble (hakTbl, UMetoLLMe NPAMbIe aHAN0TW B TEOPUN YpaBHEHWIA CBEPT-
Ku, 6yayT npuBefeHbl 6e3 AoKa3aTenbCTBa.

2. Knaccel hyHKUWIA 1 onepaTopos

BBezieM B pacCMOTpeHWe HeKOTOpble 6aHax0Bbl MPOCTpaHCTBa (B. NpocTpaHCTBa)
BELLLECTBEHHbIX PYHKLWMIA Ha (a, B C (0, 00).
0O603HauMM yepe3 (0, b) B. NpocTpaHCTBO (hYHKLMIA, MHTETPUPYEMBIX C BECOM
C HOpMOVi

6
(21) mni=/ < +00, 0< a<b<oo
n
Yepes A/ (B, b) 0603HayaeTCs B. NPOCTPaHCTBO (hYHKLMIA /, OrpaHUUEHHbBIX C BECOM
%™ (T0 ecTb yfj0BNneTBOPAOLLMX ycnoBuio >/xf(z) € A/ (a, 6)) ¢ Hopmoii

(2-2) Wiy = supessy/x 1/ (x)I < +00.

Mog E 6yzem nogpasymesatb /ito6oe U3 npoctpaHcts /,(0,1),  (0,1), M (0,1). Mo
HeobX0AYMOCTH, B 3TOT CMNCOK MOTYT bbiTb BK/IHOUEHbI VHTEPMONALMOHHbIE BECOBbIE
NPOCTPaHCTBa U3 Cepun  , a TaKXKe - HeKOTOpble NOANpoCTpaHcTBa A/, coCToALLME
13 HenpepbIBHbIX PYHKLMiA- Yepes | 0603HayYaeTCs eAMHNYHBIA onepaTtop B 1060M 13
paccmaTprBaeMblx PyHKLWOHaNbHBIX MPOCTpaHCTo. O603HauMM Yepes N npocTpaH-
CTBO MHTerpasbHbIX onepatopos P Ha (0,1) ¢ agpom Buaa

<) K(z,i)y=p(f) i
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Vimeem
00

(24) Peli (0.00)/i=u(P) =J ~ \P()WHx< +oo,
o]

rap

1
Gi)M=JPO)
0
®yHKUMIO P Ha30BeM saepHol (yHKL el onepaTopa P. CUMMeTpUYHOCTbL agpa K (1, )
0O3Ha4aeT BbIMONHEHNE PaBEHCTBaA
(2.5) P =xP (x), 0<X<oo.

3ameTuM, YTo AP0 YpaBHeHUs [UKCcOHa (1.2) CUMMETPUYHOE, MOMOXUTENbHOE MU

7 >0, afns senuunHbl /i (cm. (2.4)) nonyvaetcs BblpaXeHue
00

763 rp+
W3 (2.3) n (2.4) cneaytoT HepaBeHCTBa:
00 00
(2.6) \] \K (x,t)\-*=dx </i-g, fIK M
(0] (0]

MepBoe M3 HepaBeHCTB (2.6) O3Ha4aeT, YTO onepaTtop P OrpaHUYeHHO AeiCTBYeT B
L (0,1) 1 nmeeT MecTO CnefyroLLas OLeHKa HOPMbI:

(- llp [1< mop).

BTopoe 13 HepaBeHCTB (2.6) obecneunBaeT BbIMOMHeHWe oueHkM (2.7) B M (0,1). C
ncnonb3oBaHWeM HepaBeHCTBa Kolum-ByHAKOBCKOro NpoBepsieTcs BbinonHeHune (2.7)
B In (0,1). Cnpaseanus cnegytolwmii pesynbrar.

Nemma 2.1. OnepaTop P 6 (I orpaHnyeHHo feiicTsyeT B E. B nto6om n3 npo-
cTpaHcTB E nMeeT mMecTo HepaseHCTBO (2.7), tie L onpegensieTcs cornacHo (2.4).
MpocTpaHcTBO I sBAsie TCA B. NpocTpaHCTBOM C HOPMOVA

(2-8) nn”™*P)-
MokaxxeM, 4TO HeTpUBMasHbIi onepaTop P He ABNAETCA BMOMHE HEMPEPbIBHLIM B

npocTpaHcTBax E.
PaccmMOoTpuM crefytoLLyto qyincumo:
+00
W(x) =/ P(t) dt, *>o.
z
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Cpenannoe npeanonoXeHe 0 HETPUNMAINOCTW onepaTopa P 03HauaeT, YTo (yHK-
uma W (z) HeHynesas. Myctb W (a) 0. Bygem cuutath, uto W (a) > 0, B npoTviB-
HOM cry4ae 6yfeT pacCMOTpeHa 3KBMBalIEHTHAs 3aJaya NeKoMMnakTilocTh onepatopa
-P). W3 HenpepbiBHOCTU (hyHKLMM W (X), paBeHcTBa W (+00) = 0, U 13 HepaBeH-
ctBa W (a) > 0 cnegyeT, uTo cyuiecTByeT Touka aeh, h > 0 Takas, uTo
(2.9) O<W(e*)<W(@ wun W(x)>0, x€ [oae*].

113 HenpepbiBHOCTM (hymKunu W (X) cnedyeT, y4To cyuiecTtsyeT uncno 6 € (0, K) Takoe,
yto Npu X € [aeA'<,0e'] nmeeT MeCTO HepaBeHCTBO
(2.10) W (xe*"n) - W (xed) >e="-[W (a) W (aeh)] > 0.

PaccmoTpvm Tenepb CReAytoLLyto NocnefoBaTeNlbHOCTb PYHKUMIA /* () —1,2,...

[ 0, ecm x€ (0,1)\ [e n \e~
rfeuncno onpegenseTcs B COOTBETCTBUM C (2.9). ®yHKuum /,, (X) 06pa3ytoT orpaHu-
YeHHYI0 NocnefoBaTeNbHOCTL B IKOGOM H3 NPOCTpaHcTB/?. Tak, Hanpumep, ||/JIE =

[ xdx= . Nyctb VE(K) = (M") (*) *u «eem
(2n1)

(0] T n*

Toectb ipn(x) = (p/ ) (x) = fc[W («") - W (*8"+n)]. U3 (2.10) cneayeT Hepa-
BEHCTBO

(2.12) £n(x) > A=, npn X€ [ac~n,ac*~n].

ATV (hyHKUMM 06pa3ytoT OrpaHUUeHHylo Noc/efoBaTeNbHOCTL TakxKe B /I06OM ra
npocTpaHcTe E. U3 (2.4) umeem
Br*

W i<b- J \p(z)\xd,<h.n.

M3 HepaBeHCTBa (2.12) criefyeT, uTo Kak cama nocnefoBaTelbHOCTb ipr, Tak N ee mpo-
13BO/bHAA MOAMNOC/EA0BATENbHOCTL HE MOXET OCOAMTLCA K MyNeBOMYy 37eMeHTY N
B 04NoM M3 npocTpaHcTs E. C apyrolt cTopobl, 13 (2.11) cneayet, 4to v, (X) -* 0
B MPOM3BO/ILHON (hMKCMPOBaHHO Touke X > 0. CnefoBaTe/ibHO, U3 NOCNef0BaTe lb-
HOCTW <T1 HeNb3s BbIAENNTb CXOAALLYIOCA MOAMOCNeA0BATENBHOCT H O OAHOM U3
NpOCTpaHCTB E, UTO M oKa3biBaeT HEKOMMAKTHOCTL onepatopa P B E.
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3. Knaccsl TpPeyrosibHbIX ONepaTopoB

BBegem cnegytoLpe nognpocTpaHcTea ¢ M TpeyronbHbIX (hopMasbHO BO/b-
TEeppOBbIX) ONepaTopoB: eciM * € *, T0o

(f+)w =jv +( ) (odi,
(3.1 , .
{y-H M- Vv-(i) /(®di, v6  (01).
o

MockonbKy B BbIp@XeHUM 415 Afpaonepatopa V. aprymeHTbl MOCTaBeHbI B 06paT-
HOM nopsigke, To 06e hyHKuMM V* cocpegoToueHbl Ha (0,1). CuuTtaeTcs, YT

(3.2 V*(z)=0npm *> 1

Uveem = +© .EcmP€ ,TOP=P++P~ Pt € * rge
1 X

(3.3) (/-1)y (Y=3r+ijyysMn. (/-1)c )- S () l«)<*
c (o]

3pecb P+(z) =P (z2) HP~(2)=P 0<z<1

MokaxxeMm, 4To nognpocTpaHcTea M*, B oTnirwe oT O, 3aMKHYTbI OTHOCUTENBHO
0nepaTopHOro yMHoxeHws. Myctb 0+, P+ € M+ n 0~,V ~ e M~. O603Haumm N'* —
U+V+. [ina sagep V'™ inrrerpanbmnbiX 0nopaTopoBnoy4aeM BblpaxeHus

1

Y £+
(34
W- )~\ln- () Vv w<er.
Ia
OTKyfa BugHo, uto, IV* € M*.
MOoXHO Mokasatb, 4To [1* ABAATCA KOMMYTAaTMBHBIMKU GaHaXOBbIMW anre6pamu
C HopMoiA (2.8).

4. ¥YpasHeHus Tuna BonbeT6ppa

PaccmMoTpuUM cnegiytoLuye, BEpXNnA U HUXKHUIA, (hopManbHO BOMbTEPPOBbIE YPaBHe-
Hust:
1
4-1) I(®)=«(*)+ Y+( )1/ (<,
A
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4.2) [(%)-»(*)+ [ Y (1) /@it
o

rae V* G£>(0,1), £ Gfi(0,1).

YpaBHeHue (4.1) MoXeT 6bITb PacCMOTPEHO Ha Nto6oM uHTepsane (r, 1), rae 0 <
r < 1. Micnonb3ys abcontoTHY0 NenpepbINHOCTb MOPBO06Pa3NoN 0T hyHKLm — \V 1(z)|
Ha (6, 1), 6 € (0,1) MOXHO MOKa3aTb, YTO ypaBHeHUe (4.1) o6nafaeT eanHCTBEHHbIM
pewenvem / Ha (0,1) Takum, uto f € E{r, 1), VI € (0,1). Ecan qyHKumm V+ un g
HeoTpuLaTeNbHbI, TO PeLLeHVe / Takxe HeoTpULaTeNbHo.

Heckonbko MHaue 06CTOMT Aeno B cyyvae ypaBHeHus (4.2), B KOTOPOM Touka 0
thnrypmpyeT B KayecTBe npefena NHTerpuposalis. Onepatopbl / - V* Ha3oBeM HOp-
MaslbHO 06paTMbiMK B E, ecrin

4.3) (/ « |+ e*,
rge @* € O* k

1
(d+/)(x) =y v () i/(On,
4 x
(*v)w -£/«-(£)/ (*)*m
o}
HopmanbHas 06paTMmocTb onepatopoB / —V* B C 3KBMBa/IEHTHA NPUHAANEXHOCTN

K Z(0,1) peLueHuii cnegytoLyx ypaBHeHuii Tuna BonbTeppa Buga (4.1) oTHocuTeNbHO
PE30NbBEHTHbIX (hYHKLIMIA:

1
(4.5) F+(X) - VEXY+Y V* (1) id+ (b)if,
X
1
(4.6) *L(xX)- V-(X)+Y K (1) 1* UA.
T
O603HauMmM 7* = (V). Ecim T+ < 1,70 (4.1) v (4.2) ABNSIOTCA ypaBHEHUSMY CO
COKUMAIOLLMMM B E MHTErpanbHbIMK onepaTopamiu 1 onepatopsl / - HOpMasbHO

06paTUMbI.

Nemma 4.1. BbINONHEHWN CrefytoLme yTBEPIXKAEHNA:
i. MycTb V+>0wun7+ > 1 Torga onepatop | —I+ He ABNSieTCA HOPMabHO
o6paTUMbIM B E.
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ii. Myctb V. >0 w7 > 1 Torga onepatop | —V iie sBnseTca HopMaibHO
obpaTumbIM B E.

[lokasaTenbcTBo. PaccMOTpUM ypaBHeHue (4.5). B ycnosusx nemMmbl yHKums V+
HeHynesas 1 HeoTpuuatenbHa Ha (0,1). YMHoxas obe nacTut ( .5) Ha—/)——( N MHTErpu-
pys ot 0 40 1nonyyaem paBeHCTBO p (P+) = 7+ + /i (P+) 7+ nm

(L-74H)m(P+)» 7 +.

3T0 PaBeHCTBO NPOTHBOPCUIrBOE, MOCKO/LKY ro Npasas YacTb MONOKUTENbHA, a fe-
Basi YaCTb He sIB/sieTCs TakoBol AHANIOMM4YHOE paccMoTpeHue ypannerus (4.C) npu-
BOAMT K [OKa3aTe/bCTBY BTOPOro yTBEPXKAEHUS NEMMbI. O

5. 3apaua TpeyroneHoii pakTopusayumn

Knaccbl [M* 061aaatoT crefytowym COBMECTHBIM MY/bTATHKArNTbIM CBOACTMOM:
ecnm e Q* 10 V~V+e I MNpaAmMbIMK BbIKNafKaMu nposepsaeTcs, YTo apo K
onepaTopa V'~V + umeet Bug (2.3), rae P onpegensetcs no qopmyne

min(i. 1)
(5.2) P{x)-1 | V-(hV+Mc<I,.
O
JTOT (haKT 6yAeT UrpaTb MPUHLMMMANIBHYHO PO/b B Ja/IbHENLLINX PACCMOTPCLLISX.
MOo>HO npoBepuTb, uTo ecnm P\, € M u npoussegeHwe P\ € I, To

rae ||pl| onpegensietcs cornacno (2.8).
Myctb P € N. PaccmoTpum 3agady haktopusauuu:

6.3) (1-P) = (/-~-)(I 0.

rae V+ e M*- uckomble onepatopbl. dPakTopusaumsa (5.3) paccmaTpuBaeTcs Kak pa-
BEHCTBO OMepaTopos, AefiCTBYIOLMX B NPOCTpaHCTBax E. B crieumasnbHbIX ycnosu-
AX OHa MOXET 6GbITb PAaCCMOTPEHA TakKe B HEKOTOPbIX PaCLUMPEHMSX MPOCTPaHTB
E. MoauepkHem, 4To B noctaHoBke 3adaun (5.3) o6paTumMocTs onepatopa | - P He
npegnonaraetcs. ®akTopusaumto (5.3) Ha30BeM KaHOHUYECKO,ecnn hakTopbl |V +
HOpMasIbHO 06paTVMBbI.
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B cnyuae kasonuyeckoit thaktopusaumu (6.3), ncrnons3ys (4.3) nonydaem hopmy-
|

I
V+ (X) WP+ (X)+J ¢ -(t) P+ (xt)dt,

(6.4) 0
V-)=P-(X)+J p- (xt) ®{ )N,

rae ®* onpegenatotcs u3 (4.6), (4.6).

HenuHeliHoe ypaBHeHWe (akTopm3aymu. 3agaya (5.3) GygeT nsyyeHa METOAOM
HeNMHElHbIX ypaBHeHWi (akTopusauumn (HY®) H. B. EHrubspsaHa (cm. J5]-[7J). Uic-
nonb3ys (6.1) (aHanornyHo cnyyato ypasHeHus BuHepa-Xonda) npuxoanm K cnegy-
IOLLEVA NemMme.

Nlemma 5.1. dakTopuzauus (5.3) 3KBUBaANEHTHa ClefytoLLell HennHeliHo cucTeme
VHTerpanbHbIX ypaBHEHWUA O THOCUTENBHO SAEPHbIX (hyHKLMIA V* onepaTopos V+ 6

VR = % ) +d V-(t) VH(xtUL

(55) 0

Vo (x)=P-(x)+Jv~ (xt) V*(t)dt.

B cnyyae CMMMETPUYHOTO siApa, HeNVHeliHoe ypanHenne takTopusauum (5.5) fo-
nycKaeT criegytoLee yrpolleHue. Myctb P~ (x) = P+ (x). Torga cuctema (5.5) cso-
[UTCA K OAHOMY YPaBHEHMIO:

1
(56) V(x) =Pix) +Jv(t)V(xt)dt,
(0]

B Creflytollem cmbicne: ecim V (x) € 15 (0,1) ynosnetBopseT ypasHeHuto (5.6), To
thyHKumm K* (x) m V (x) yaosneTBopsitoT cucteme (5.5). Mpy 3ToM BO3MOXKHa NOTepst
“HECUMMETPUYHBIX” peLleHuid (5.5) (UTO MOXXET 0Ka3aThbCs HECYLLIECTBEHHOI B BOMpOCe
NpUMeHeHNs (akTopusauun).

Mcnonb3ys HennHeliHble ypaBHeHWs dakTopu3aLyu (5.5) nposepsieTcs, YTO B Cy-
yae KaHoHuueckoll haktopmsaummn (5.3) (yHKUMM * yaOBNETBOPSIOT NMHEVHBIM
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YPaBHEHNAM
X

+(X)-p+ bl +Ir* (1) V(D) dt,
(5.7)
-(ox ) o+
0

6. CyuiecTBoBaHUE OCHOBHOTO pPEWEHNS HENNHENHbIX ypaBHEHMI

®AKTOPU3ALMN (6.5) 1 (5.6)

PaccmoTpym ypaBHeHus (6.6) B cnyyae BbINOHEHWSA YCOBUIA
6.1) P+ (x)>0,m(P)EL.
rae/i onpegensieTca cornacHo (2.4).

Cnyuvaii Iy < 1 Ha3oBeM AMCCWMATMBMbIM, a Cy4aid /i = 1 - KOHCepBaTUBHbIM.
[LMCcCUNaTMBHOMY C/ly4ato COOTBETCTBYET ypasHeHue (1.1) co cxumaomm B E nHre-
rpasbIrbiM orepaTopoM. KorcepBaTUBHBIN Cyyaiil SBASeTCs 0COBbIM CyyaeM ypas-
HeHus (1.1), 0 Yem peyb NORAET No3xe. PacCMOTPUM NPOCTble UTepaLm 151 CUCTEMbI

(6.5):
1

v+, (F)=;*e(*)+  vn(t)v+(xt)dt,
(6.2) °>
urn ) - P- )+ Y k(e V2 (0t
Vg (x) =0, «1-0,1,—
W3 anrebpanyeckmx CBOWCTB KNaccoB *, OTMeuYeHHbIX B NN. 3 1 5 crefyeT, yTo

utepauun (6.2) onpefenatoT NocneAoBaTelbHOCTH B . W3 HeoTpuuartensHocTu
P+ cnegyet, uto

6.3) 1?(x) >0, V*(x) Bo3pacTaloTno n.
B cvmmeTpryeckom cnyyae (2.5) nveem = V" rae Vil onpegenstoTca nocpes-
CTBOM MTepaLMoHHoro npouecca ans (5.6):
1
(6.4) Wi+ (x) = P(x) + f Vi(t) W {zt)dt, Vo(x) —0, «1-0,1,.-.
0
Mepeiifem K paccMOTpeHuMto uTepauuii (6.2). BeeaeM 0603HaueHMs
| 1 +
M I P *(x)ix, »=»++?, -rt=/-"Vx(x)<b, m,=b-+I"
o]
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Vmeem:
(0.5) 7* £0 470 Bo3pacTaloT no .
AHanornyHo cnyvato ypanncnus Buncpa-Xonda (cm. [5), (6]) Mbl npuxogum K cne-
AytoLemy anreGpanyeckomy COOTHOLLIEHVHO:
Tati +TA+L — /%4 +TinT» “ M+ 7*7% .

ITO COOTHOLLIEHME, b COYETAHWM CO CBOVCTBOM MOHOTOHHOCTW (0.5), N0O3BONSET OLje-
HUTb 06e NOC/E[0BATENLHOCTY 7 *:

(6.6) 7?2 £/*%(<1). Tn<l->/W
0O603HauMM

" T=21r L-
Vmeem:
6.7) 7*<M 7<1-\1 M.
6.8) (1 74)(1 7") = 1-M.

W13 Teopembl B. Jlean 0 MOHOTOHHOV CXOAVUMOCTY CeAYeT, YTO CYLLECTBYIOT npeaebl
nocnegoatensHocTeld V* o L. C ucnonb3osanHem (5.2) NOKasblBaeTCs, YTO B COOT-
HoLeHusx (6.2) MOXXHO COBEPLUNTbL NpefeNbHbIi Nepexof VIMeeT MecTo CreayHoLLmii
pesynbTar.

Teopema 0.1. MycTb BbINONHEHbI ycnosKa (6.1) AUcCMNAaTUBHOCTY UM KOHCEpBa-
TuBHOCTW. Torfa cylecTByeT OCHOBHOe peleHue (V+,V'+) cuctemsl (5.5), KOTo-
poe saBnsieTca npegenom B L (0,1) x  (0,1) nocnegoBaTensHocTu {VA,V~), onpe-
[nensiemoid cornacHo (6.2). MiMeloT MecTo paBeHCTBa

1

0.9) 7+:/ (*)*:, 1= \] VvV {x)dx
0 0

v cBoiicTga (6.7), (6.8).

B gvccunaTvBHOM Cryyae peLleHue HeNMHEHOTO YpaBHeHWs (akTopysaummu no-
poXpaeT KaHOHMuecKyto thakTopusaumto (5.3). B KOHCepBaTUBHOM Crydae XaTrs Gbl
0fvH 13 (hakTopoB B (5.3) HeobpatuM B E. B cumMeTprdeckom cryuae (2.5) uveem:

(6.10) VE (%) =V (%),7 « 1-

M3 (6.8) BUAHO, UTO B KOHCEPBATWMBHOM Cflyyae UMeET MeCTO XOTs Gbl OFHO U3 pa-
BEHCTB 7+ = 1,7 = 1, 4TO 03HA4aeT NPOCTOE UM [BOMHOE BLIPOXAEHME OnepaTopa
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I - P. Cornacto nemme 2.1, Torga thaktopusaums (5.3) He SBASETCA KAHOHUYECXOVA.
B CMMETPMYECKOM KOMCEPMATUNMOM Clyyae UMEeeT MEeCTO ABOMHOE BbIPOXAEHME.

7. O PABOTE N1. CAXHOBUYA [4]

B pa6oTe |4] paccmoTixnro (KoMnnekcHoe) ypasHeHwve (1.1) B cnepytoLLeii 3anmeu:
(7.0 Sf=f(x) Jp (£ [«* =»(*).
o]
roe/ (*) € L7(0, ) mn

<7Tr>
3[ieCb YePTOUKOI CBEpXY OTMEYaeTCs Mepexod K KOMMIEKCHOMY COMpshKenromy.
MpeanonaraeTcs BbINOMHEHWE YCNOBUS:

(7.3) / A~ K i)h < +00
0
B [4] foKa3aHa cnefytoLasn (hakTopu3aLyonHas Teopema.

Teopema 7.1. TycTb BbINOMHeHbI ycnoBus (7.2) u (7.3), M COOTBETCTBYHOLLMI One-
paTop S ABnfeTCA NONOXKUTENHbIM 1 06paTUMbIM. Torga onepaTop S gonyckaeT
NeB)pO TPeyronbHyto hakTopusaLmio.

Thopembl 6.1 1 7.1 B onpefeneHHOM CMbic/e AOMOHAIOT APYT Apyra.
O npumuHenmnax taktopusauumn (5.3) K pewwenmnto ypasHeHns (1.1) KaHoHu-
yeckas (aktopusauus (5.3) ceogut ypasHeHue (1.1) K mocnefoBaTelbHOMY PELLIEHIIO
ClefyHoLLX ABYX BOMbTEPPOBbIX YpaBHeHUN Buga (4.1) v (4.2):

A

(7.5) [(i) =F(X)+Jv™ () /(t)Nn.
a

YpaBHeHus (7.4) 2 (7.5) MOryT 6bITb UCMO/MbL30BaHbI TAKXE B KOHCEPBATUBHOM C/y-
yae, Korfa haktopm3anus (5.3) He IBSIETCH KAHOHWYECKOI. O6palliaeM BHUMaHME Ha
cnegytolee 06¢cToATeNbCTBO. PakTopun3aumsa (5.3) MOHMMAaeTCH Kak paBeHCTBO Ore-
paTtopos, felicTBytolLmx B E, a nocnedosaresnsHoe peLueHe ypardenuii (7.4) n (7.5)
B KOHCEPBATVBHOM C/ly4ae MOXET MPUBECTU K (hYHKLMW /, He NpUHaAnexalleii npo-
cTpaHcTBaM B. AHasOrM4HO Cyyato KOHCEpBAaTMBHBIX YpaBHeHWIn BuHepa-Xonda
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(cm. (5), [8]) MOXHO nokasaTb, 4TO NOCTPOCMNOC pelleHne ypaBHeHUA hakTopusaumm

yAO0BNETBOPAET NCXOAHOMY ypaBnenuio.
8. KOHCEPBAHTHOE YPABHEHWE C CUMMETPUYECKUM A4POM

Hko namn 6yeT BKpaTLe pacCMOTPEH BOMPOC PELLEHNS OAHOPOAHOTO U HEOAHO-
POAHOrO KOHCEpBATVIBMONO ypaBHeHUs (1.1) C CUMMETPUYHBIM SEPOM. B paccmatpu-
BaeMOM Cflyyae sigepnasn QyHKLNs 061aaeT CredytoLymn CBONCTBaMM:

(8.1) P>0,u(P)= 1p () wxP(*). O< X< oo,

a OCHOBHOE peLLeHV e HeNMHeHoro ypasHeHns akTopusauumn (5.G) 06nagaeT CBOWA-
CTBaMM:

V== Y>0;7 = MVO= 1
dakTopusaums (5.3) CBOAWT paccmMaTpuBaeMoe ypaBHeHKe K KOHCepBaTVBHbIM YpaB-

HeHuam (7.4) v (7.5).
PaccmoTpuM cHavana ofHOPOAHOe KOHCepBaTUBHOE ypaBHeHuWe (1.1):
1

8.2 [(*)-1P () ;/(»)«#.
o]
Jlerko npoBepuThb, 4TO COOTBETCTBYHOLLEE OfHOPOAHOE ypaBHeHve (7.4) obnajaeT pe-
weHnsmmn F(x) = , C = corut. PeleHns ypaBHeHus (7.5) HMeLOT BuA:
8.3) ! (x) =c/(x);c=const,/ (x) = — "I+ \] d(f) —dtj ,

rae ® onpepensetcs u3 (4.5), npu V+= V. iMeeT MecTo:

Teopema 8.1. OAHOpOAHOE KOHCepBATVMBHOE YpaBHeHNe (8.2) C CUMMeT PUYHBIM -
pom obnagaeT peweHnamy Buga (8.3). PyHKUMS  abCOMOTHO HenpepbIBHA W Orpa-
HuyeHa Ha [$, 1], VE6 (0,1).

Bonpoc noseaeHns ynxuuy / B OKPECTHOCTM TOUKM O Mbl 34eCb paccMaTpueaTh
He Bygem.

PaccmMoTpum Tenepb HeogHOPOAHOe ypasHeHWe (1.1) mpu BbIMOAHEHUW YCNOBUIA
KoHcepBaTuBHocTy (8.1). Byaem cumtath, 4T0 0 < g(X) G (0,1). MOXHO nokasarb,
4TO TOrAa ypasHeHue (1.1) MMeeT MUHMMabHOE MOMOXUTENbHOE PeLLeHe, NHTerpu-
pyemoe Ha (6,1), 6 > 0. CylLecTBOBaHME TaKOr0 PELLEHWS O4EeBUAHO, Hanpumep, B
cnyyae, Korga thyHkumus g obpatlaetca B 0 B okpecTHOCTV Touku 0. V3 ypaBHeHws
(7.5) onegensieTca MUHUMabHOE MOMOXWTENBHOE PELLIEHE PAacCCMaTPUBAEMOrO HeOA-
HOPOAHOTO YpaBHEHUS. 3fieCb BO3HMKAET TaKas CUTyaLysi, KOrja NofoKUTENbHbIMU
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peLLeHnaM1 Of|HOBPEMEHHO 06/13Jal0T KaK HEOHOPOAHOe, TakK H - 0HOPOAHOE KOH-
cepBaTuBHOe ypasHeHue (1.1).

9. CUMBON YPABHEHWS (1.1) N EFO ®AKTOPU3ALNA

D KoHLUe paGoTbl BKpaTLLe YKaXeM Ha CBsi3b OnepaTopHoii thakTopm3sausm (S3) ¢
thakTopm3aLveil cumeona oneparopa | —P.
MycTb M NpocTpaHCTBO (hyHKLUWIA Ha (—ec, 00) ABMSKOLLMXCA NPeo6pasoBaHNSaMM

Mennuua dyHkumii 43\ (0,00): P e M ecnm
[ee)

9.1) P(B) =M {P} () = J x~b+isP (x) dx.
0
MOXMo Noka3aTb, 4To P HenpepbiBHas (yHKLMSA Ha BeLLeCTBEHNON OCH. 10/ cUMBO-
nom oneparopa | - P u ypasHenns (1.1) noHumaetcs dyHkuna 1—P(B). M3secTHo,
*[TO MHOXECTBO M 3aMKHYTO OTHOCUTE/IbHO MOTOYEYHOrO YMHOXEHUS U 06pasyeT
anrebpy. Beegem noganrebpsl M*. coctosime U3 GyHKUMA B1uaa
1
9.2) 9* *)=J x-1"BV*(x)dx.
0
PaccmoTpum hakTopu3saLmio:

(9.3) 1- P - (i @) (i % @), 1Ts_o
Vcnonb3ys HenmHeliHoe ypaBHeHMe thakTopusauumn (5.5) MOXHO NoKasaTb, YTO (hak-
Topmsaums (9.3) akBMBaneHTHa 3agade (5.3). Mpoepum, uto u3 (5.5) cneayet (9.3).

MycTb yHKUMKM V* yaoBneTBopstoT cucteme (5.5). YMHOXas Nepeoe 13 ypaBHeHNI
(5.5) Hax_1"2+it a BTOpoe Ha X~ 1'2~*8, 3aTeM UHTerpupys nox ot 0 4o 1, nonyyaem

F+@) =J x- I*+i'P{x)dx +J X-X2- IV - (x) \ j () dx,
% 01 ri

?-(«) =3 x - UHeP{x)dx +J V-{x) \ J r I/2¥iev+{t)dt x -~'d x.
1 0 L*

CKnafiblBasi No/y4eHHbIe paB1CTBa MPUXoAuM K (9.3). UT06bI nokasarb, uTo u3 (9.3)
cnepyer (5.5), MOXKHO BOCMO/b30BaTbCA M30MOPHN3MOM MeX /Y CBEPTOUHOI anrebpoii
M v anre6poit M.

ABTOp BblpaxaeT 6narogapHocTb npod. H. b. EHrnbapsany 3a BHUMaHue K pabote.

Abstract. The present paper deals with integral equations the kernels of which are
homogeneous functions of degree (-1). Factorization approach to such equations is
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developed. The constructed operator factorization is applied to the equation with a
poeitivo symmetric kernel. We prove that in the conservative case, both the homogeneous
equation and tho corresponding honhomogcneous equation with a posit.vo froe term
can possess poeitivo solutions simultaneously.
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AunoTtaymusa. VCCNefyloTCs HenpepbiBHbIE GHAPHbIE OMepaLyun TONONorYecKo-

ro NpoCTpaHCTBa M J0Ka3bIBAETCA KpUTepuit ux o6patumocTti. Peluaetcs npobne-

Ma Knaccudukauum rpynn o6paTUMbIX HenpepbiBHbIX GUHapHBIX onepauuii no-

Ka/lbHO KOMMAaKTHbIX U 10KaNbHO CBA3HbIX MPOCTPAHCTB. AOKaSbIBaETCﬂ Teopema

0 GUHAapHOM ANCTPUGYTUBHOM NpPeACTaBAEHWM TOMOMOTVYECKOE TPYNMbI.
MSC2010 number: 54H15, 22A25.

Kntouesble cnosa: 6uHapnas onepauysi; Tononorusieexas rpynna; rpynnsi romeo-
MOP(M3MOB; NPEACTAB/IEHNS TOMOMOMMYECKMX TPYMM.

1. BcnomoraTensHble pesynbTaThl U o603HaueHunsn

B fMHOI cTaTbe Noj NPOCTPAHCTBOM Mbl MoApas3yMeBaeM TOMOMOrMYecKoe mpo-
CTpaHCTBO. Bce npocTpaHcTBa NpeanonararTcs Xayeao0phoBbiMu.

Yepes C (X, Y) 0603Ha4aeTCsi NPOCTPAHCTBO BCEX HEMPEPbIBHLIX 0TOGPaXeHWii npo-
cTpaHcTBa X B MPOCTPAHCTBO Y, CHatXeHHOe KOMMNaKTHO-0TKPbITOI Tononorueid, To
€CTb TOMO/Orveld, Npea6asoli KoTopoii ABNsieTcst cemelicTBO MHOXecTB BUugaW (K, U) =
{/ :X -»Y; I(K) C U), rge K KoMnakTHoe NOAMHOXeCTBO MpOCTpaHCcTBa X, a
U 0TKpbITOe NOAMHOXECTBO NPoCTpaHcTBa Y. Bce npocTpaHCTBa 0TOGpaXkeHWit pac-
CMaTPMBAIOTCS B KOMMAKTHO-OTKPbLITO TONOMOrnM.

Ecnn C Tonmonoruyeckas rpynna, To Ha npoctpaHctee C (X, G) paccmaTpusaeTcs
ecTecTBeilLas rpynmnoBas onepawys: A1 NPou3Bo/bHbIX HEMPEPbIBHbIX 0TOGPaKeHWI
f,g e C(X,G) ux nponssegeHve fg € C(X,G) onpegensetcsa dopmynoit (fg)(x) —
f{x)g{x) ona Bcex x £ X.

Teopema 1.1 ([1]). Ecam C Tononornyeckas rpynna, To C (X, G) Tak>Ke aBaseTca
TONONOTNYecKoii rpynnoi.

Fpynna Bcex romMeoMopu3MoB NpocTpaHcTBa X 0603HavaeTcs vepes H (X). 3ta
rpynna, Boo6LLe roBopsi, He AB/SETCA TOMOOMMYECKOW rpynmoid. OfHako, cnpases-
n1Ba criefytoLas Teopema.
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Teopema 1.2 ([2]). MycTb NPOCTPaHCTBO X NOKaNbHO KOMMNAKTHO W NOKaNbHO
cBA3HO. Torga M(X) sBAseTCA TONONOTNYECKONA Fpynmoii.

CuMMeTpuYeckasn rpynna MHoxecTBa X 0603HavaeTca vepes S(X). B cnyyae ko-
HEYHOro MHoXecTBa X 3Ta rpynna o6osHauaetcs S,,(X) wm 5,,, rge  — «Teno
371emMeHTOB MHOXecTBa X . lMopsigok rpynnbi S,,(X) paseH n!: |5,,(AN)| = n! Moapo6-
HOE W3NI0XKEeHMUE 3TUX W APYTUX, NCMONb3YeMbIX B CTaTbe 6€3 CCbISIOK, OnpeaeseHui,
MOHATWIA 1 pe3yNbTaTOB MOXHO HaiiTh B paboTax [33-7J.

2. HblIPBPbIBHbIB bMHAPHbIB OMEPALIMN TOIIONOINYKOKNX MPOCTPAHCTB.

KpuTtepuit o6patumocTn

MycTb X - Npon3BONbHOE TOMOMOrMYecKoe NPOCTPAHCTBO. HenpepbiBHOe 0TO6Pa-
xeHue / 1 X2 -f X Ha3oBem HenpepblBHOW GUHApHOI onepauueii mpocTpaHcTBa X .
MHOXECTBO BCEX HernpepbIBHbIX GUHAPHBIX Onepauuii NPocTpaHcTBa X 0603HAUMM
yepes Ca(”). Onpegenvm KOMMO3MUMIO ABYX GUHApHbIX onepauuii /y> e Gi(X)
thopmynoii

(21) (12VR(E) (< X))

roe t,x € X.
Ecnm / : Xa —¥ X HenpepbIiBHasi 6uHapHas onepauuvs, TO 415 MPOU3BO/IbHOMO
€ X onpegenvm HempepbIBHOe 0TO6padkeHMe /»: X X dopmynoii

(2.2) le(*) -1(<,*).

3amMeTVM, YTO HenpepbIBHYHO GUHapPHYo onepauuio / 1 X 1-» X MOXHO NpeAcTaBUTb
KaK CemMelicTBO HenpepbIBHbIX 0To6paxkeHuii {/»}: / = {/,}, KOTOpoe HenpepbIBHO
3aBUCUT OT MHAeKkca 6 X. D 3Tux 0603HAYeHMAX 3aKOH KOMMosuumu (2.1) AByx
6uHapHbIX onepaumii / = {/*} B = {tpt} npumeT BUg

YTO NoKasbIBaeT eCTECTBEHHOCTbL hopmy bl (2.1).

Mpegnoxenne 2.1. MpocTpaHcTBO CA(X) ABNfeTCA NOAyrpynnoi ¢ eauHuen
e(t,x) = x, T.e. MOHONAOM, OTHOCUTENbHO KOMMO3NLMKM GUHAPHBIX Onepauyii.

[0Ka3aTeNbCTBO ITOr0 MPeAsIoXNKeHUs MPOBOAUTCA HEMOCPEACTBEHHON NPoBepPKOi
aKCcVoM Mosyrpynbi.

OnpeaeneHue 2.1. HenpepbiBHas 6uHapHas onepaums / € C3{X) Ha3biBaeTCA 06-
paTuMoii, ecnn cylecTBYeT HenpepblBHas 6uHapHas onepaumsJ 1€ Or(X) Takas,
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4yTo

B aTom cnyyae/ u 1 HasblBAOTCH B3aMMHO-06paTHBIMI 6MbapHbIMU Onepayus-
MU,

MoAMHOXeCTBO BCeX 06paTUMbIX 3/1eMEHTOB MHOXeCTBa ) 0603Ha4NM Yepes
1 {X). Utak, HB{X) aBnseTcsa rpynnoii.
Mpumep 2.1. Myctb X = {a, 6} ABYXTOYEUHOE AUCKPETHOE MpOoCcTpaHCTBO. Cum-
MeTpuyeckas rpynna noAcTaHoBOK 3TOro MHoxecTBa £3(X) ABNAeTCA LMKANYeCKOl
rpynnoii Z?, a rpynna Bcex 06paTUMbIX G1HapHbIX onepauunii MHoxecTBa X = {o, 6}
— 3T0 rpynna 4-ro nopsigka ¢ AByms o6pasylolmmMm <p 1, KoTopble 3agatTcs
cnefytoL M obpasom:

b a a
a b b

a b

b b a

w a a b
a b

370, KaK M3BECTHO, YeTBepHasa rpynna KneliHa. B cnyyae TpexTo4euTTOro MHOXecTBa
X nopsagok rpynnel Hi(X) paseH (3!)3 = 216 (cm. fanee, cneacteve 3.2).
CnpaBef/iuBa crefytoLlas He CNIOXKHO joKasblBaeMas Teopema.

Teopema 2.1. Ecan HenpepbiBHas 6uHapHas onepaums = {/<} € ) obpaTu-
Ma, TO HenpepblBHOe 0To6parkeHue ft : X -+ X, 3agaHHoe dopmynoit (2.2) aBns-
eTCca romeoMopu3mMom ans nponssonbHoro £ X u 1=

OGpaTHOe YTBEPX/eHVe TeopeMbl 2.1 BePHO /151 NOK/IbHO KOMMAKTHbIX U T0Ka/b-
HO CBSI3HbIX MPOCTPaHCTB.

Teopema 2.2. lMycTb NPOCTPAHCTBO X /0OKAIbHO KOMMNAKTHO WU NIOKaNbHO CBA3-
Ho, a = .{ft} : X2 + X HenpepbiBHaa 6uHapHas onepauus. Ecan oTobparkeHne
ft : X -» X pgna npousBonbHoro £ X fBAsieTCA roMeoMopgusmMom, To GuHapHas
onepauusa f = {ft} obpaTtuman 1=

JlokasaTenbcTBO. PaccMoTpum 6MHapHyto onepaumto / _1,3agaHEyto dopmynoii/ 1( ,x) =
/T X(»), 1 fOKaXeM, 4TO OHa AB/1AeTCA 06PaTHOI HenpepbIBHOM G1HapHOI onepauyieit
ansa/l :X? -¥X.
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CHavasia yCTaHOBMM HenpepbIBHOCTb 0To6paxeHnsaf~ 1 : X7 X. MycTb (to, *0) €
X7 - npousBosibHas Touka n / _1(<o0.*0) = /ii*(*0) = i~ PaccMOTpUM MpoW3BO/Ib-
HYI0 OTKPbITYH0 OKPOCTNocTb W C X TOUKM YO TaKyto, 4TO 3amMblKanio W KoMMakT-
Ho. Tbrja CyLecTBYeT Takas KOMMaKTHas U CBA3HAA OKPECTHOCTb K TOUKM xq, UTO

(2.3) 1?2 (*)cx
BHyTpeHHOCTb MHOXecTBa K 0603Haumm uepes K°. Vimeem:
(2.4) i, (W) = *0 € /T,

3 BktoueHus (2.3) cnegyeT, UTo
(2.5) l,(W~nndc/r™,
rae We n K6' gonotieHusa mHoxects W 1 K, COOTBETCTBEHHO.

Mockonbky f : X 7 -* X HenpepbiBHasA buHapnas onepauusi, yo 1 W6 W kom-
nakTHble, a K° 1 OTKpbITble MOAMHOXeCTBa NpocTpaHcTBa X, To 13 (2.4) n (2.5)
CnefyeT, UTO CyLLECTBYeT Takast OTKPbITast OKpecTHOCTb U TOUKM |, UTO

(2.6) nw>) € 1C
n ft(We° W) C Kc ana npoussosbHoro € . CnegosatenbHo, umeeM K ¢
ft{W uW °) ana npoussonbHorot € . MoaTomy, CWuWw-.

Tak kak f f 1(K) cBa3Hoe MHOXecTBO, a W M W AN3bIOHKTHbIE OTKPbITbIE MHO-
XECTBA, TO U3 NOC/EAHEro BKMOYeHNA creayeT, uto / f 1(K) nexuT B 04HOM 13 MHO-

ecTB W 1 XVe. OpHako, B cuny (2.6), CTaHOBUTCS 04eBUAHBIM, YTO Cw.
A 3HauuT,

(2-7) IT (K*)C\V

ons Bcex €

WTaK, Ans Npov3BO/IbHON OTKPbITON OKpecTHOCTM W TOUKM yn = /E*(X0) Mbl
HaLL/N TaKMe OTKPbITbIE OKPECTHOCTU  TOUKM M KO TOUKM X0, YTO BbIMNO/HSAETCA
(2.7). Tbm cambIM MenpcpbIBUOCTL GHapHOI onepauun / 1 = {/  *} fokasana.

OcTasnocb 3aMeTUTb, YTO HerpepbiBHasA 61HapHas onepaums /~x . X 7-+ X sBns-
eTca ob6paTHON Ans / : X7 -» X, 4TO NPOBEPSAETCA 3/1eMEHTapHO. m]

V13 Teopem 2.1 1 2. BbITeKaeT CrieaytoLLnii KpUTepnii 06paTUMOCTY HeNpepbIBHbIX
61HapHBIX OnepaLyii NoXasbHO KOMMaKTHBIX U JIOKaSIbHO CBA3HbIX MPOCTPAHCTB.

Teopema 2.3. MycTb NPOCTPAHCTBO X N0KANbHO KOMMNAKTHO U NIoKosbyto CBA3HO.
HenpepbiBHas GuHapHas onepauns / = {/ }: X2 ->X o6paTumo Torga u Tonbko
Torga, Korja HenpepbiBHoe 0TOGpa>keHne }i: X * X sBNsieTCs roMeoMopthusmom
AN NPON3BONLHOTO te X .
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3. Knaccudukaums rpynn o6paTumMbiX HempepbiBHbIX GUHAPHbLIX OMnepayuni

Kak nokasbIBaeT criefytoLLiee MpeasioKeHe rpynibl 06paTiMbIX HEMPCPINLWbIX 6U-
HapHbIX OrepaLuii SBAKOTCA ecTCCTBENMbIMM PaeNMrpennsMn rpyriT roMeoMopgus-
MOB.

Mpepgnoxenue 3.1. Ipynna scex romomopchusmos M {X) Tononornyeckoro npo-
cTpaHcTBa X M3oMophHa (anrebpanyecki 1 TOMONOMMYECKN) HEKOTOPOii NoArpynne
rpynnbl 06paTuUMbIX GUHApPHbIX onepauwii Hi(X).

[NokasaTenbcTso. Kaxgomy / 6 H(X) mocTaBum B COOTBETCTBME HerpepbiBHOE
oTobpaxeHune / : X2 -* X, onpegensemoe gopmynoin J[t,x) = /(xk), t,x e X.
OueBWuaHO, HTO = 1 WTaK, / —HenpepbiBHaA o6paTumas 6uHapHas onepa-
ums, 1o ectb / € H7{X). CooTBeTcTBME / >/ ABNSAETCA UCKOMbIM U30MOP(UIMOM
rpynnbl M(X) Ha HekoTopyto noarpynny rpynnel H2(X). m]

CriegytoLLas Teopema peLuaeT npo6iemy KaccugpuKaumm rpynn o6paTumbIx Henpo-
PbIBHbIX GUHAPHBIX OMepaLii N0Ka/IbHO KOMMAKTHBIX N /I0Ka/IbHO CBS3HbIX MPOCTPaHCTB
C MOMOLLBHO FPYMM FOMEOMOP(3MOB.

Teopema 3.1. TycTb NPOCTPAHCTBO X N0OKaNbHO KOMNAKTHO W N0OKANbHO CBA3HO.
Torga rpynna H?(X) usomopcHa (anrebpanyeckn n Tononorunyeckmn) rpynne C (X, H(X)).

[JokasaTenbcTBO. PaccmMoTpum oTobpaxkeHne p : C(X, H (X)) -> H3{X), 3agaHHoe
thopmynoii:

P(fKt.x) = Ne (x),
| € C(X, M (X)), t,x e X. Tuc kak Ana nponssosbuoro £ X oTobpaxkeHue /( ):
X —X Annserca romeoMopthusmMom, To, B CUTy TeopeMbl 2.3, 6UHapHas onepauus
p(/) : X XX -f X obpaTvma, TO eCTb OHa Je/iCTBUTE/IbHO NPUHAAMIEXUT rpynne
A,(X).

[okaxem, 4Tto p asnsetcs MoHomopduamom. Mycte f,g € C{X,H{X)) n &
Thbraa cylwecTByeT Takast Touka to € X, uto /(to) @ ( ). Tak kak /(fo)» fl(*o) €
M (X), 1o f(to)(xo0) @ o(to)(x0) Ans HekoTopoli Toukmn X0 € X. UNTaK, p(f)(to,xo0) ¢
P(ff)(<0.*0). a 3HaumT p{f) ¢ p(a).

OTobpaxeHne p ABNAETCA TaKXe aNMMOP(U3MOM. [leAiCTBUTENLHO, MYCTb <P €
M3(X) npon3sBonbHasi HenpepbiBHas GHapHas onepaums. B cuny Teopembl 2.3 0T06-
paxkeHve > : X “m X, 3agaHHoe dopmynoit VX(x) = <p(t,x), t,x € X, aBnseTcs ro-
MeoMop(u3MOM. Hecn10XHO 3amMeTuTb, 4To aneMeHT / € C (X, H (X)), onpeaensiembiii
paBeHCTBOX» /(t) = tpt, ABNsieTcA nNpoobpasom GuHapHoi onepauwu tp: p () (t,x) =
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I(<)(*¥) ™ V3|(*¥) w ?(*e*)s UTak, oTobpaxkeHne p 1: Mu[X) -* C(X, H(X)), 3agaH-

Hoe hopmynoi
POR0() = vt
e n7(X),t,x € X, aBnsercs obpaTHbIM Ans oTobpaxeHusi p : C(*,//(*)) -f
Aa(X).
OTo6paXkeHVie p ABNsieTcs roMmomopdmsmom, To ectbp(fog) = p(/)op(j). delicTau-
TeNbHO, ANA NPOU3BOSLHBIX t,X £ X CnpanevBN CrefyHoLas LienoyKapaBeHCTB:

p(fog)(tx) w (/0)()() - (()=(NC) - 7w w ) -

“HO(p(F)(<*)) -* (N (*. pfo)(*.*)) = (p(/WT0))(*.*).
[lokaxkeM HernpepbIBHOCTb 0To6paXkeHnst p. Mycte W (K x K, U) — npan3Bo/bHbIvi
3NemMeHT npeabasbl KOMNaKTHO-0TKPbITOV Toronorun npoctpaHcteath (X), rae £/ C
X oTKpbIToe, a K,K C X KOMMNakTHble NOAMHOXeCTBa NpocTpaHcTBa X. Mokaxem,
4T0 Npoobpasom mMHoxecTBa W (K x K',U) aBnsieTcst MHokecTBO W (K.W (K',U)),
KOTOpOe AB/IAETCA 3/1IEMEHTOM Npef6a3bl KOMMNAKTHO-OTKPbLITONM TOMOMOM M MPOCTPaH-
ctBa C{X,H[X)). [HeiictButensHo, ana M>6 W(K x K\U) n/ - p [(v) €
C (X, H[X)) nmeeT mecTo:

VE€UU* x K\n) <= <p{tx) 6 U <=» p(/)(t,x) €  <=>
<=> f(t)(x) € T «=» [ G«'(/, (1", 1)),

rae € N1 n X € K* —npou3BosibHble 3/IEMEHTBI. ThU/o TakXXe MOXVO [0KasaTb
HenpepbIBHOCTbL 06paTHOro otobpaxeHmsi p 1: HA(X) —» C(X, H(X)). ]

pynna o6paTMbIX HenpepbIBHbIX 6UHAPHbIX onepauuii H3(X) Boo6LLE roBops He
AB/ISIETCS TOMOMOTYeCKOV rpynmnoii. OfHaKo cnpased/vBa CefytoLas TeopeMa.

Cneperaue 3.1. TycTb X NOKanbHO KOMNAKTHOE W NOKaNbHO CON3HOE MPOCTPaH-
cTBo. Torga ffj(X) Tononormyeckas rpynna.

[NokasaTenscTBO. /13 Teopembl 1.2 cnegyeT, uto M{X) ABNAETCA TOMOMOrNYECKON
rpynnoii. CneposatensHo, C (X, H{X)) Takxe ABNAETCA TOMNOMOTNYECKON rpynmnoi
(Teopema 1.1). 3HauuT, B cuny Teopembl 3.1, H3(X) Tononoruyeckas rpynna. m]

Cneacteue 3.2. MycTb JT|- < oo. Torga [#a(A)! - (nhn.

[lokazaTenscTeo. [11a KOHeYHoro MHoXecTBa X cnpaseg/meo M(X) - S,,(X), rae

) CUMMeTpnYecxas rpynna NoACcTaHoBOK MHOXecTBa X . Tak Kak [En(-A0| » n!,

TO YTBEPXK/EHME CIEACTBIS HEMOCPEACTBEHHO BbITEKAET 13 TeOpeMbl 3.1. m]
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4. BunapHble AUCTPUGYTMBHBIE NpeACTABNEHNA TONONOTMUYECKUX Tpynn

Onpegenenue 4.1. Mogrpynna D C Ai(X) HasbiBaeTCA ANCTPUBYTUBHON, eciu
ans nbbix x,x/,x// e X 1 nobbix g,h € D BbINONHAETCS ycnosue

4.1) **0OmM*A))=blmp'+ 4.

Teopema 4.1. Mogrpynna D C Aa(4lN) gucTpubyTuBHa Toraa v TONbKO Torga,
Korfa Ans npoussonbHbix g = fat}, /1= {J¥*} € D, , € X, BbINONHAETCA paBeH-
cTBO

4.2) 9iohr = MuAOogt.

NokasaTenbcTso. Myctb D C Ih{X) auctpnbyTmeHaa nogrpynna. Tbraa, yunTbl-
Bas yCc/10BVe AUCTPNGYTUBHOCTN (4.1), nonyynm:

@ obl)(x) = n(V(x)) = 9t{W ,x)) = <7(tA(t' X)) - fc(p(t,0.$(*,*)) =
“ )0 () = het(HOE) m () °.90)(*)
[Nt NPOU3BOMBHOTO X € X, TO eCTb BbIMO/HSETCS PABEHCTBO (4.2).

Tenepb NPeANoNOXMM, YTO BEpHO paBeHCTBO (4.2). Tbrga 4Ns MPOM3BOMbHbIX
g.h € G nt,tf,x e X cnpasegnvBa crnegytoLas LIeNoyKa paBeHCTB:

( ,0.9&x)) = - h*V)(3i(2)) = (1(0 051)(x) =
= (9toM (*) = St(M*)) - NI(JI("*)) = 3(*.-M".)).
TO ecTb D AWCTPHOYTMBMAsS noarpynna. O

[pynnbl 06paTUMbIX HeMpepbIBHbIX GMHAPHBIX OMepaLuii BecbMa GoraTbl AUCTPU-
6yTVBHbIMY MoArpynnamu. 5osec Toro, 1106yt TONOAOTNYECKYIO FPYNy MOXHO pac-
cMaTpuBaTh Kak AMCTPUOYTUBHYIO NOArpyNny NOAXoAALLMM 06pa3oM BblGpaHHON rpyn-
Mbl 06paTUMbIX HeNpepbIBHbIX GUHAPHbIX OrepaLyii.

Teopema 4.2 (0 6UHAPHOM AUCTPUBYTUBHO»! NPeACTABNEHNI TONOMOMMYECKO Fpyn-
nbl). Jllo6as Tononornyeckas rpynna aBnseT ca UCT puby TUBHOI NOArPYNNoii HeKo-
TOpOii rpynnbl 06paTUMbIX GUHAPHBIX ONepaLMiA.

[okasaTenscTBo. MNycTb G — Tonosormyeckas rpynna. PaccMoTpum rpynny 06-
paTuMbIX 6uHapHbIX onepauuii A2(C) npoctpaHcTBa C. Onpegenvm oTobpaxkeHue
i :C -* Aa(C), koTopoe KaxgoMmy anemeHTy g € C conocTaBnsieT 6UHapHY0 onepv
umto i0 € Aa(C), onpegeneHHyto hopmynoii:

oA, )=ni11,

rpe , , €G.
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11. C. FEBOPKSAH

Tak Kakansa noborof e Gia(e,e) = A4, rae e - eavHvua rpynnbl G, To oTobpaxe-
Hue i ABnsieTca MOHOMOpPM3MoM. OTobpaXkeHMe i IBNSIETCA TakKe roOMOMOPGI3MOM.

[JelicTBUTENBHO,

<«*(&!,/>8) = higkhflhi = ni 1Y 1 = (, A ) =
= M ab*ir(Ni,/1a)) B [Q0is](Ai,/13)i
rge g,k,h\,hj GG.

HenpepbIBHOCTL 0TO6PayKeHUS i credyeT ira HempepbIBHOCTYM onepauuii (&, /1) -»gh
ng-+pn 1ans Beex A, h € C. UTak, i — n3omoptnam rpynnbl 6' na cBoit obpas.
Ttenepb 3aMeTuM, 4TO i(G) ABNAeTCA AUCTPUBYTUBHON ncyirpyrtnoi rpynnel 1fj(C).
[elicTBuTenbHO, Ana npoussonbHbIX g,h,k k\,k”* e C cnpasegivsa cnegytoLas Le-
MoYKa paBeHCTB:

< (SF(* ). <K (R FF) = = khk~Ikigk{lkh~xk~xkhk~Ihi =
= KMK~XKiAK{1K2 = »*(* Anyfcfl**) »«* (*,i*(*b4r)). O
JTa Teopema ABNAeTCA 6V|Hapr|M TOMOIOMMYECKUM aHa/I0rOM K/1aCCUYECKON Teope-

Mbl K371 0 NpefcTaBfeHn Npon3BosbHOV Koneunoii rpynnbl yHapHbIMUW orepauuvsmi
(noacTaHoBKamm).

Abstract. In this paper, continuous binary operations of a topological space are
studied and a criterion of their invertibility is proved. The classification problem
of groui>s of invertible continuous binary operations of locally compact and locally
connected spaces is solved. A theorem on the binary distributive representation of a
topological group is also proved.
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Abstract. The Schur-SsegS composition of lwo polynomial* /(*) — “d

$(*) m 537=0Bi : i+ b011* of degree n*» defined by * ( )= £ [f)~ AjBjx*. In

this paper, wp eatimute the minimum and the Tmirrut of the modulus of / « g(x)

on |z| = 1and thereby obtain results analogues to Ecmstein type inequalities for

polynomials.
MSC2010 numbers: 30CHO. 30C15, 41A17.
Keywords: polynomials; Scliur-Szcgo composition of polynomials; inequalities in
the complex domain.

1. Introduction and statements of results

Let P{z) be a polynomial ofdegree n and P'(x) be its derivative, then concerning
the estimate of [P'(z)| on the unit disk | < 1, we have

ﬁ..l) PﬁIP'\MIf nn‘IaT_IP[W

The inequality (1.1) is an immediate consequence of S. Bernstein’s theorem on the
derivative of a trigonometric polynomial (see, e.g., [7, 8]), and by applying the
maximum modulus principle (see [6, 7j) to the polynomial Q[z) = znP(1/1) one
concludes that

(1.2) mw [P (AT)[<HW [P(x)].

Both the inequalities (1.1) and (1.2) can be sharpened if we restrict ourselves to
the class of polynomials having no zeros in |z| < 1.In fact, if P(z) is a polynomial
of degree n having no zeros in \z\ < 1, then the inequalities (1.1) and (1.2) can be
respectively replaced by

* (% N H *
(1-3) BRI Timpx POy
and
1.4 Tax|P 2)1<£~Tax|P(*)].
\(/ )I 1"‘1—1I A(An) 2 1*1-'1 ( /)1|
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The inequality (1.3) was conjccturcd by Erdfis and later it was verified by Lax [4],
whereas the inequality (1.4) was proved by Ankeny and Rivlin [1]. «

Given two polynomials /(*) —]C*«o ~E/l-0 both ofdegree
n, their Schur-SzogS composition is defined by

Fbr any tith degree polynomial P(x), one can easily see that if q(z) —
s(*) = EJ-o C)*'Md /(*) = R2 then

P *q{z) = zP,{z) and (Po/)* g(z) = P(Rz).
bi view of these observations, it is natural to look for results analogous to the above
inequalities for tho Schur-Szegfi composition of polynomials. Our first result in this
direction is the following theorem.

Theorem 1.1. Let P(z) be a polynomial of degree n and leth(z) = E"«o ljzi be
a polynomial of degree n having all its zeros in the disk \z2\ < 1. Then for every
R>1,

(15) max1(Pof). h()\ < R>>\|n\r‘glq>l<lp(,)|

where f(z) = Rz. The result is sharp, as is shown by the extremal polynomial

P(z) =azna 0.

A variety of interesting results can be easily deduced from Theorem 1.1 as special
cases. Here we mention few of them.
The following Corollary is obtained by letting R -* 1 in inequality (1.6).

Corollary 1.1. Let P(z) be a polynomial of degree n and let h(z) = Ej-o ljx* be
polynomial of degree n having all its zeros in the disk |z| < 1, then

1.6 max IP *J1(r)| < \In\max [P (*)].

(18) max (Nl 1*1_1\ )1

The result is best possible and equality in (1.6) holds for P(z) = azn, a 0.

Remark 1.1. Fbr/i(z) = E?«o0 (")jV, Corollary 1.1 reduces to inequality (1.1).
Whereas if we take h[z) - (J)** in Theorem 1.1, we get inequality (1.2).

If in Corollary 1.1 we choose 1(*) = zn + zk, where k - 0,1, *s+,n -1, then we

obtain the following extension of Vieser’s inequality (see |9]).

Corollary 1.2. I1f P(z) = Y,jmoaizi « polynomial of degree n, then
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The rcsxdt is sharp.

By a different method, Corollary 1.2 was recentlj proved by S. Gulzar [3].
Next, we state an analog of Theorem 1.1 forthe minimum modulus ofa polynomial
P(z) on |z| = 1, when there is a restriction on the 3aros of P(z). More precisely, we

have the following result.

Theorem 1.2. Let P(z) and h(z) = E 7 -0 ™ be polynomials of degree n having
all their zeros in the disk [*] < 1. Then for R> 1 the following inequality holds:

(1.7 pli_nll(P o/) « Nx)| > ﬂ"llﬂl‘*mj)qIP(,)I,
where f(z) = Rz. The result is best possible and equality m (1.7) holds for P(x) =
,a 0.

Remark 1.2. A resultdue to Aitifiand Dawood [2, Theorem 1] can be obtained

from Theorem 1.2 for a suitable choice of h(z).
Next, letting A -» 1 in (1.7), we get the following result.

Corollary 1.3. Let P(z) and h[z) = be polynomials of degree n having
all thevr zeros m the disk |z| ~ 1, then
(1.8) min [P ¢ h(z)I> \ \ min |P(«)].

1*1-i M -i

The result is sharp and the extremal polynomial is P(z) = azn,a 0.

The next result is obtained by taking h(z) = zn + zk, where k = 0,1, es¢,n —1,

in Corollary 1.3.

Corollary 1.4. If P(z) = Y0jmQaixi **0 polynonial of degree n having all its
zeros in \z2\ < 1, then

(1.9) KI M >min|P(*), 0<k<n- L
bl <lel

The result i1 sharp.

Theorem 1.1 can be sharpened, if werestrict ourselves to the class of polynomials

having no zero in |a| < 1. In fact, we have the following result.

Theorem 1.3. Let P(z) be a polynomial of degree n having no zero in |z| < 1 and
let h(z) —]C"«oh z* be a polynomial of degree n havmg all its zeros in | | < 1, then

for every R > 1,
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where f{z) = Rz. The result is sharp and equality (1.10) nolds for polynomial

P(z) ox"+b, |o|=]] O
The followiug corollary immediately follows by letting & 1 in Theorem 1.3.

Corollary 1.5. Let P(x) be a polynomial of degree.« having no zero in |r| < 1 and

leth[z) ]£"_0h =i bea polynomial of degree n having all its eros in | | < 1, then

e X r4
The result is bestpossible and the equality holds for polynomial P(z) = ozn+b, |o| =
1*1*0.
Remark 1.3. It Iseasy to see that for suitable choices of h[z), the inequalities

(1.3) and (1.4) become special cases of Theorem 1.3.

The next corollary is obtained by taking /I(x) = zn +x*. 0 < Kk < n - 1lin

Corollary 1.5.

Corollary 1.0. If P(x) = J2j=oaizi is a polynomial of degrte n which docs not

vanish in |s| < 1, then

ko |+ <Im«clP(x)], 0< <n- 1

where
. | 1, ifi<k<n-—I
A=t 2, ifk 0.

The result is sharp.
Applying Corollary I.G to polynomial znP (I/x), we obtain the next result.

Corollary 1.7. If P(x) = Y!jmon3zi “ o polynomial of degree n having all its

zeros in |x| < 1, then

N+ 1-k~n'
where
« f 1 l<*<n-|
2, ifk=n.

A polynomial P € Vn is said to be self-inversive If P(z) s uQ{=), where |u| » 1
and Q(x) is the conjugate polynomial of P(x), that is, Q (z):« "P(1/1).
Finally, we present the following result for self-invcrsive polynomials.
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Theorem 1.4. Let P(z) be a self-inversive polynomial of degree n and let h(z) «
Er-o b*j be a polynomial of degree n having all its zeros in |z| < 1, then for every
R> 1,

m«\(Po/) .BA|<EM +1Y PW [,

where f(z) = Rz. The result is sharp, as is shovm by the extremal polynomial
P(z)=azn+b, |a|=|| O.

Remark 1.4. A variety of interesting results can easily bo dcduced from Theorem

1.4 in the same way as we have deduced from Theorems 1.1 and 1.3.

2. Lemmas

For the proofs of the above stated theorems we need a number of lemmas. The

first lemma is a consequence of the Schur-Szegd composition theorem [5].

Lemma 2.1. Letf andg be polynomiaU of degree n. If all the zeros of f are of
modulus at most r and all the zeros ofg are of modulus at most a, then all the zeros

of f *g ore of modulus at most rn.

Lemma 2.2. Let F(z) and h(z) be polynomials of degree n having all their zeros in
\x\ < 1, and let P(z) be apolynomial of degree n such that |P(z)| < |F(z)| for |z| =
1. Then

(2.1) [(Po/). N (x)|<|(Mol)d N (x)| for =1,
where f(z) = Rz with R > 1.

Proof. If P(z) = e,aF(z), then (2.1) is trivial. Therefore, we suppose that P(z) /
eiaF(z) for all 0o € R. Let P(z) = h(z) = £ "m0 and F{z) «
ZUbjX*. Fbrthermore, let P*(z) := zAP(I/T) and F*(z) := znF{\fz). Since
all the zeros of F*(z) lie in |z| > 1, P*(z)/F*(z) is analytic in |z] < 1 and
|P*(z)/F*(z)|] < 1for |z| = 1. By the maximum modulus principle, |P*(z)| <
|F*(z)| for |z| < 1, or equivalently |P(z)| < |F(*)| for |z| > 1. Taking z = Re™,
N> 1,0 < ©< 2jt, we obtain |P(/2z)| £ |P(Rz)| for |z] «< 1. By Rouche's theorem,

all the zeros of polynomial
<PofIM - A(Fo{)(,) = P( )- XF(Rx) - RHa, - Xb)z>
i*0

lie in |z| < 1 fbr every 1€ C with |A| > 1and /(z) = Rz.
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Applying Lemma 2.1 to the polynomial P o f(x) - XFof(z), it follows that all

the zeros of polynomial

J-0 4)

=(Pof)*h(z)-X(Fof).h(z)
lie in |s| < 1. This implies
(2.2) I(Po/) s N(*)I < \(Fo/l) ¢«N(*)|

for x| > 1and R > 1.  the inequality (2.2) is not true, then there exits a point

z -z 0 with [xo| > 1such that
[(Po/)y.1 (*)|>|(Pol).N (*0)].
But all the zeros of F(Rz) he in |x|] < 1/R < 1. Therefore, by Lemma 2.1, we have

(Fo/)y**(*0)*0.
We take
., (Pof)*h(zo)
(Fof).h(zo)"*
so that A is a well defined real or complex number with |A| > 1, and with this
choice of A, we obtain (Po/)* h(z) - A(Fof)* h(zo) 0, where > 1, which
contradicts the fact that all the zerosof (P of - XFof) *h(z) Hein |*| < 1, and
the remit follows. =]
The next Lemmaimmediately follows from Lemma 2.2 by taking F(*) = znP (Ifl).

Lemma 2.3. If P(z) is a polynomial of degree n w/lic/1 does not vanish in |z] < 1
and Q(z) = znP(1/1), then

(2.3) I(Pe)*M *)I<I(Q°/)»M *)I for |*|«i,

inhere f(z) m Rz with R > 1.

Lemma 2.4. Let P(z) be a polynomial of degree n and let h(z) = Y"mo ** be

a polynomial of degree n having all its zeros in \z\ < 1, then for every R> 1 and

|z| = 1, we hove
(2.4) I(Po/). A(x)|+ ICQo/) . N(,)| < {IMNliIFC + M A,

where f(z) = Rz and Q(z) = znP (\f1).
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Proof. Let Af iiuiX|.|si|[P(z)|. Since P(z) is a polynomial of degree n and
IP(-)I < A/ for |r| = 1. By Rouche’s theorem P(z) - AM does not vanish in
|I*| < 1 for every complex number A with |A| > 1. Applying Lemma 2.3 to the
polynomial P(z) - AM, we obtain

(2.5) [(Pol) «li(z) —ADA/l < |(<?0/) * N(*) —A/uA"Afzn| for |z|= 1.
Since |Q(z)| = |[P(z)| < M for |z| = I, by Theorem 1.1, we have for |z| = 1
(2.0) [(SW)**(*)I<IUK"AT.
In view of inequality (2.0), we can choose arg Asuch that
[(Qo/)* L x)-b A nM*n\=\HnICMxn\-Ne o/)./»(*)) for |z]= 1.
Thus, in view of (2.5) we can conclude that
[(Po/).N(r)|+ [(Conn*N(*)L<|A[{uAn+ |[lo]}A] for |z]= I,

which is equivalent to (2.4). m}

3.Proofs op Theorems

Proof of Theorem 1.1. The proof follows from Lemma 2.2 by taking F{z) = Mzn,
where M = max|,|_i|P(z)]. m}

Proof of Thmrr.m 1.2. Let m = min|,Jel|P(z)|. If P(z) has a zero on |s| = 1, then
the inequality (1.7) is trivial. Therefore, we assume that P(z) has all its zeros in

|s| < 1,so that m > 0. Also, we have
[Ty |<|P(a)| for || =1

Applying Lemma 2.2 to the polynomials mz" and P(z), we get the inequality (1.7).
This completes the proof of Theorem 1.2. - m]

Proof of Corollary 1. . Taking h(z) = zn + zk, where Kk — 0,1,-*¢,n —1, in

Corollary 1.3, we get
3.1 min 8.» 4 84X > min|P(z)], 0<k<n—L
(B min B> & ¢4 min P ()]

If si,* ,eee, Zn are the roots of P(z), then |zj| < 1,j = 1,2, +¢s,n, and we have

by Vifetc’s formula

This implies
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which gives

Combing (3.1) and (3.3), we obtain (1.9). O
Proof of Theorem t.8. The inequality (2.3) in conjunction with Lemma 2.4 gives
forevery R > land |z|] = 1

2|(Pol) . h(z)\ < |(Po/)«I(*)|+ 1(00/). M*)I < + |loj> T*x|P (*)].
This is equivalent to inequality (1.10) and completes the proofof Theorem 1.3. O

Proofof Theorem 1. . Since P(z) is a self-inversive polynomial of degree n, then
for some « € C with |u] = 1, we have P(z) = uQ(s) forall z € C, where Q(z) is
the conjugate polynomial of P(z). This gives

[(POf) . h(z)\ = [(QO/) » N(x)] for [*|= 1
Using this in place of (2.3), and proceeding similarly as in the proof of Theorem

1.3, we get the desired result. ]
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Awnnotayua. JiumeAubil auddeperHymnanshblie onepatop P(x,D) = P (*i,..nn

Di,....Dn) “ o c koThdxumneatumn {uo(r)), onpegunennsimH 8 E",
Ha3blBaeTca (POpPManbHO MOYTW I— A WH W Tcuw " E", ecnu nce NpokaBopg-
irve (*.0 oucuwumnoten yepT SA(x, ) n onepatop P(x, D) umeer p&nno

Mepuo NOCTOSHHYI MowHOCTb a E". B paboTa foKa3biBaeTcs, 4TO ecan onepa-
Top P(x,D) hopManbHO noutw FHIKNANATIAYEN, Ta BCe PelIEHNA ypaaneHus
P{x, 0)n w0, KOTOpbIE, BMECTE C NeXOTOPbIMM WX NPOIOA0ANBLIMU, UHTETPUPYE-
Mbl C KBA/ipaTOM C OMPe/eNieHHbIM 3KCMOHEHLMaNbHbIM HECOM, HNAsloTes Gecko-
HeyHo anddepeHUnpyemMbIMU QYHKLUMAMN.

MSC2010 number: 12E10, 26CO05.

KntoueBble cnosa: opManbHO NIMO3NNHTITEYECKHIA onepaTop; onepaTop NOCTOsH-
HOIA MOLLYHOCTU (CU/bI); MHOTFOrPaHHWK HbOTOHA; MyNbTNAHW30TPONUbIE MPOCTPaH-
cta Cobonesa.

1. MocTanoBKa 3a4a4YM U BCNOMOTaTeNbHbIE NPEANOKEHMA

Mocne 3HameHaTenbHOro npumepa I. Jlesu ypasHenna P(x, D)u = (-iDt+ Dj -
2(xi + xa)D3)u = /, koTopoe ans HekoTopbix / e C°°(E3) He MMeeT rnagkux peLue-
HUiA un B Kakoii o6nact n3 E3 (cm. [13] nnm [14]), ecTecTBeHHbIM 06pa3oM BO3NNX
BOMPOC O CyLECTBOBAHUM W BbIAENEHNN TNAfKUX PELUeHWiA TOro UAK iWOoro Knacca
AnddepeHLnanbHbiX YpaBHeHW ¢ nepeMeHHbIMU KO3 huLmeHTaMu.

Jina n3y4eHns BOMPOCOB CyLECTBOBAHWSA, eJNHCTBEHHOCTW W FNafKOCTN peLeHuii
NNHENHBIX 3NIMNTUYECKNX YPaBHEHWIA C MepeMeHHbIMW KO3((ULMeHTaMu CyLLecTBYy-
0T Knaccuyeckue meTofpl Jlepe - LLlaygepa, napameTpukea Jlenu uan annpokcuma-
uns KopHa.

‘WccnepoBaHmne BbINONHEHO Npu hkmancosoi noagepxke TKH MOH PA m pamkax Hay4HoOro
npoekta N SCS 16T « 1A 197 u Tematuyeckoro oHaa Poccu[icko « APMAHCKOrO yillBopcMmTera
MHMBCTEPCTMN 06pa3oBaHnyi 1 Kayxu Poccuiickoii depepauns.
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Thunble pe3ynbTaTbl 0 FNaAKOCTW PeLUeHWiA NIONANNTUUYECKHX AN YAaCTUYHO -
TUNO3NNNNTUYEEKNX YPABHEHWIA C nepcMcnnbIMK KO3t MULIMEHTaMN NOCTOSHHOW cu-
nbl nonyyenst Mutpe (cm. fl) uan [2]) v ynydiweHsl opa6oTax ManbrpaHxa, XépblaHgepa,
Tteftnopa, CyamyHacaprrvupa v apyrux (cm. [2] - [9]). B oTMeueHHbIX paboTux nnéo
noKasano, 4To BCe NenpepbIBrble PeLleHNs COOTBETCTBYIOLWNX YpaBHEHWNIi ABNAOTCA
6eCcKkOHeYHO AnddepeHunpyemMbiMU GYHKLMAMK (408 QOPManbHO MLWO3NAUNTUYA-
CKWUX 0nepaTopos), 160, Npu ONpeAenéHHbIX anpuopHbIX NPEANoNoXeHUsX Ha pe-
LIEHNA COOTBETCTBYIOLMX YPaBHEHWIA, NbIACACAbI 6eCKOHEUHO AuddepeHLpyemble
peweHns (ans hopManbHO YaCTUHHO - TUMO3NNUTTIMYECKUX ONEPaToOpoB).

UTo KacaeTcs 6onee 06WMX ypaBHEHWIA (He ABNAIOWMXCA TUNO3NIUNTUYEEKAMU
UAN YaCTWUYHO - TUMO3IMMNTHYECKUMU ), TAKOBbIVW Kak THNoannunTicyeckue no ro-
puHy, no EropoBy nan no bypeHKoBY ypaBHEHWSA, MOYTU TMMNO3UNTUHCCKUE U ApY-
rie ypaBHeHUs, TO AN HEKOTOPbIX KMAcCOB TaKUX YPaBHEHWUI C MOCTOSHHbIMU KO-
ahpnLMeHTaMN aHanorMyHble BOMPOCHI W3yyeHbl B paboTtax (10]- {12 n [15] - [17].
3/4ecb 3TOT BONPOC paccMaTpUBaeTCA 418 OJHOro Knacca popmManbHO NOYTK rNNo3n-
ANNTUYECKNX YPaBHEHWIA C MepeMeHHbIMI KO3PMULNEHTaMU, UMEIOLLMX MOCTOSAHHYIO
MOLLHOCTb.

Byfem noni>3onati»ca cnefytoWwuMmy cTangapTTAT 0603Ha4eHnaMU: N MIoXocTno
HaTypanbHbix yncen, No = N U {0}, Ng = No K ... Xx NO- MHOXeCTBO - MepHbIX
MynbTUMHAEKCOB, E" 1 RN -MepHble 3BKAWAOBbI NPOCTPAHCTBA TOYEK (BEKTOPOB)

COOTBETCTBEHHO X = (*b ...,*«) n ( = Ana € Rnx GE"no e
No nonoxum |(| = >/€2+ ..+ W, N - «i+ e+ <, °- D* -
Di' -DZm rge Dj = «m Dj = (G=1.-,n).

[Lns nuHeliHoro guddepeHunansHoro oneparopa P(D) ¢ NOCTOAHHbIMU KO3 thu-
uneHTamm yepes P(() 6ygem o603HauaTh hyHKLMi0 J1. XepmaHzaepa, onpesfeneHHyo
thopmynoii

P(() = £ IOPIOI3-

Onpegenenune 1.1. MycTb R\(D) u F3(2?) nuHeiinble anddepeHynansHble onepa-
TOPbI C NOCTOAHHLIMU KO3th(hLMeHTamn. byjem roBopuThb, YTO onepaTop )
(MHorouneH R\ (E)" mowHee onepaTopa Ra(D) (MHorouneHa 1 3anucbiBaThb
R < Ri, ecan cywecTsyeT uucno C > 0 Takoe, 4To

[M2(01<C[1 + |4,(01] pnsaBcex {€ R".
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benn ¢ HekoTopoii nocTosiHHoi C > 0 Jta(€) < CJli(E) ans Bcex £ € R", To by-
[lem rosopuTh, 4To onepatop Ri(D) cunbHee (no J1. XrpxraHgepy) onepatopa Ri{D)
(3anucb fa </1b)

OnpegeneHne 1.2. Onepatop P(x,D) Ha3oBéM onepaTOPOM MOCTOAHHOW MoLL-
HOCTK 0 S, ecAn ANA Ka>KAoit napu Touek X> # 13 onepatopbl P(x\,D) u
P(xi, M) nmeoT oanHaKoByo MowHOCcTb. OnepaTop P(x, D) Ha30BEM onepaTopom
paBHOMEPHO NOCTOSHHOW MOWHOCTK B [, ecnu cylwecTByeT uucno ¢ > 0 Takoe,
4YTOo Ana No6oi Nopu TOYEKX MYy K3

¢ X[1+ [P(*,«|1< 1+ MOl < c(i + [P(*,01] v<e R".

Onpegenenne 1.8. Onepatop R(D) (MHorouneH R(() ) ¢ NOCTOAHHBIMYU KO3(U-
LUMEeHTaMMn Ha30BEM FMNOONANNTMYECKNM, ecnv And Bcex n 6 Ng D" () )-»
O npu | | -» 00 1 Ha30BeM MOYTW runoanmMnTuUYeckum, ecnn DVR < R anda Bcex
1 G Ng. OnepaTop P(x,D) (MHorouneH P (x,()) Ha3oBéM (thopManbHO) NOYTHW runo-
onMNTNYeckuMm B 11, ecnu onepaTop P(x°, D) NOYTW rUNo3NIUNTUYEH ANS NGO
Touku x° € I

B pa6oTax [18] - [19] HaliaeHbl anre6panyeckne yCnoBus Npyu KOTOPbIX onepaTop
P(x, D) MMeeT paBHOMEPHO MOCTOAHHYIO MOLYHOCTb B JT W YCNOBUA NpU KOTOPbIX
Takoil onepaTtop ((hopmManbHO) NOYTW TMMO3NANNTHYeH B . HacTosAwas 3ameTKa fB-
NAeTCA NPOJOMKEHNEM 3TUX paboT. 34eCb B OCHOBHOM Mbl 6y/jeM N0Nb30BaTbLCA ONpe-
AENeHUsAMN N 0603HaYEHNAMN yKa3aHHbIX paboT, NOBTOPASA NULWb Paj HE0OXOAUMbIX
NOHATWIA.

Hawa uenb B HacToAweii paboTe - 48 OAHOro Knacca hopmanbHO NOYTK FUMO-
annunTuyeeknx onepatopoB {P(x, D)} paBHOMEPHO NOCTOAHHOI MOLYHOCTU U3 MHO-
XecTBa BCex 0606LLeHHbIX pelueHnii ypaBHeHus P (X, D)u = OBblAennTb 6eCKOHEYHO
AuddepeHympyemble peLleHns.

Huxe 6yaem 4acTo M0/1b30BaTLCA CEAYIOWMUM NPOCTLIM NPEANOXEHNEM, ABNALO-
wumMcsa aHanorom Jlemmsl 13.1.2 moHorpagum [2]

Mpegnoxenune 1.1. MycTb onepaTop P(x,D) uMeeT NOCTOAHHYIO MOWHOCTb B
M. ®ukcupyem i° un nomkum Po{D) = P(x°,D). MycTsb flj,Pi,...,Pr— 6asuc B
KOHEYHOMEPHOM BEKTOPHOM MPOCTPAHCTBE ONepaTopoB C NOCTOAHHLIMU KO-
LUneHTaMun MeHee MOLYHBIX i%. Torga

(1.1) P(*,B)=/VB)+ £>(x)PAT>),
i-o
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rfie KoaththnumeHTbl aj OnpeaenstoTCs 04HO3HAYHO, 06paLlaloTCs B HYb B TOYKe X°
1 UMelT Te OKe CBONCTBA rafKocTy, 4To 1 KoadhthuumeHThl onepaTopa P{x, D).

Knacc #(M) uccnegyembix onepaTopoB COCTOUT U3 (DOPManbHO MOYTU THMO3//HM-
TRYECKUX NNHEWHbIX fuddepeHumanbHbix onepatopoB P(x, D) = £7a(*) c
6cekoncyno guddepeHuupyeMbiMy B E* Ko3thdhuLmeHTaMu, UMELOWMX paBHOMEPHO
MOCTOAHHYO MOLLHOCTbL B E" v Takumu, 4To 7,,(r) = ya = coast ans scex x € E"\1i,
rae M HekoTopast orpaHuyeHHas o6nactb. Mpu aTom Gygem cumTath (cMm. (1.1)), uto
ao(x) = 0 u ¢ HeKOTOpOIA NOCTOsIHHOM a > O
1.2) olff <1+ |*W 1 P*anobeix € R"

3ameyaHune 1.1. 1) Ecim 0603HauMThb Yepes |, MHOXKECTBO M)iOrOYNEHOB M ne-
PCMeHHbIX Takux, 4To |4(01 -> 0o npu |£| -* 00, TO, O4YEBUAHO, YTO MHOFO iNCH
POi ypoBneTBoOpsiowWwuiA ycnosuio (1.2), NPUHALNEXKNT 3TOMY MHOXKeCTBY. 2) U3
onpefieneHns paBHOMEPHO NOCTONAHHOW MOLWHOCTYW MHOrouneHa P(x,£) cnegyeT cy-
LiecTBOBaHMe yncna <t > 0 Takoro, 4To Ansa nbbix GRn,i 6E" nmeem

(1.3) ax[1+|N>01]1S i +UN*,0]<°T[1+\Db LW
S) u3 onpegaenexns mHorouneHos {Pj} cnefyeT cyliecTBoBaHWe yucna > 0 Tako-
ro, YTo Ana scex 6 A" umeem

(1-4) EW (B1S«lIfI> <)l +i].
1-0

Onwvwem Tenepb Knacc BeCOBbIX (PYHKLMOHaNbHBIX NpocTpaHcTs, Tuna C. /1. Co-
6onesa, rae 6yfem nccnefosath Hawy 3ajady. B KauecTse Beca pacCMOTPUM NPOU3-
BOJ/IbHYO (PUKCUPOBAHHYIO NONOXMTENbHY0 (hyHKLUMI0 g € C°°(En) Taxyto, 4To 1) ¢
HekoTopoli nocTosiHHOM K > 0 (gs(x)  g(fix) gna no6oro 6 > 0)

(1.5) K le~*W <50k <kt 1W, ana noborox € E",

2) pns no6oro o E Nfi cywectsyeT uucno k,, > 0 Takoe, 4To

(1-6) [A°bl*)1I A Negs(x), AHs no6orox € En.

3) C HeKoTopoil NocTosiHHoh C > 0

0-6") B&Ex + y) - gs(x)\ < C ly|gt(x) Ans noboro x e En.

[ns no6oto 6 > 0 0603Haumm yepes , = ,*(£") MHOXeCTBO (DYHKLMIi C KO-

HeYHoI Hopmoi

0-7) M b,* =\j] \® ) gt(x)\7dx.
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O BbIAENEHWUW MNALKUX HBLUEHW OfHOIO KACCA ...
A8 kaxgorok = 0,1,... yepeaW f = W f s MHOXeCTBO (hyHKAIili ¢ KOHEUHOI HopMmOiA

(1.8) | fln..= Y. liB*“11b..= £ H|4“«Inlli,.

1«l * |o|E*
agna guddeperunansHoro oHepatopa Pa{D) vepes Wg(P0) = \V6[Po) MHOXecTBO
(YHKLWA ¢ KoneyHoii Hopmoii

(1.9) N lw fciu- E 1° «>Ne)] || ,,, +|M K ,,
MS*
npw aTom nonoxum UA()) =
AHanornyno Tomy, Kax ato genaetcs B (16) (cm. Slemma 2.2 n Cnepcteue 2.2)
[l0Ka3blBaeTCs CnefytoLLee npeanoxeHue.

MpeanoxeHue 1.2. Ansa no60ro NOYTY rMNO3NAMNTUYECXOT0 MHOTO4NeHa PO e 1n
CyuiecTByeT uucno o= <5o("b) > 0 Takoe, 4TO Ana NobbIx 6 G (0, ) M Kk =
0,1,... MHO>KecTBO C%° nnoTHO B WA(PQ).

Hroke, He OroBOpMBas 3TO KaXAblil pas, 6yaem cuutatb, 410 Yncno So = £o(fl>) >
OBbIGpaHO N0 3TOMY MpeAIoXKeLlno.

Monk3ysck nnoTHocTblo CA°-thyHKUMA B WE(P0), 1 npeobpasoBaHnem ®dypbe,
Nerko f0KasaTb CNefytoLyme npeanoXxeHns.

Nemma 1.1. MycTb Pg noyTu runosnamnTuycckuii onepatop, Q < Po u S G
(O, )- Torga cywecTByeT nocTosHHas ¢ —c(&ok) > 0 Takas (cm. (1.7) (1.9))

£ i»Ne)iD*«Jiii*.sciMiHT((k) **6w ;m . *=

Nemma 1.2. Aina no6oro guddepeHynansHoro onepatopa Q[D) ¢ nocTOsHHbIMK
KoahchmumeHTamm n ntoboro yucna G > 0 cywecTsyeT uucno C = C[Q”5\) > O
Takoe, 4yTo Ansi Bcex S€ (0, ) € 8§

HO®PMIY - = ntO (B)«bin, <c £ 11Om (D) (nJ.11U,.
p

Nlemma 1.3. MycTb Pg € /,, NoYTH runoanaMnTuyeckuili onepaTop Buga (1.1),
Pf(£)/flj(0 -+ 0 npw |(] -¥ oo, j = 1,..r, } 1 u3mepumble, OrpaHuyeHHble
B E" dhyHKuMn. Torga ¢ HeKOTOpoi NocTOsHHOW ¢ > 0 u ans Bcex 6 € (0, ) m
n GCo°(M) nmeem

¢ LIMIVI(FI) < T1A(. «+Mb.,) < cljullwL).
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B. H. MIPTIPAH. I. J. KASAPAH
2. OCHOBHbIE nemmbi

MycTb Si eanHunyHas cepa B E*, 0 < ip € Co°(S\), f ip(x)dx = I, c > 0.
Gt (x) we~*vKx/e), n € Lj,4 uu(x) = (u*<fi,)(x). PyHKuymnouf NpUHATO Ha3bIBaTb
ycpegHeHneM QYHKLWAY U C pafuycoM YCpesHeHUs e.

Nemma 2.1. Ecamun £ £2,4, mo ne GW*  W=*(Po) gna no6oro Kk —0,1......
JHokasaTenbcTBo. flokaxem 6onblue, yto D°ue € , ana nwoboro a € NJ. CHa-
Yyana 0TMETUM, 4TO U3 IeMMbl 1.1 paboTbl [16] 1 13 ceoiicTs (1.6) hyHKLMM gg cneayet
(cm. Takxo [19], HepaseHcTBa (3.2)) cyuiecTBoBaHme «racia C\ = Ci(e) > 0 Takoro,
yto gt(x) < Ci gt(x - y) npu |y[ < e.

MycTb uncno e > 0, MyNbTUMHAEKC CCU YHKUMA M€ | dUKCMpOBaHbI. Mpume-
HA 0606LLEHHOe HepaBEHCTBO MMHKOBCKOT0, 0TCHOAa MMECM C HEKOTOPOI MOCTOAHHO
— {)>o0

I * «* 11 *=1]0°(u *Vr)wlit. = {J \[Ju(x - v)D°4>t(v) PNI*(*)\7 rfx},/a
<3 W 32 0Ny

~C J 1 "VA L X ~VA2XM /2P (y )1dV

< Cl 1hifilu, e-W J\(D°v).(y)\<iu< C1C2Cw [[«eiiu.,

4YTO fjoKa3blBaeT nemMmy 2.1.
Cnepytoluee npeanoxeHe AOMNONHAET A0Kadainiyto nemMmmy.
Nemma 2.2, MycTb P onepaTop Buga (1.1), k =0,1...... 6 € (0,60) nu € W/(fb).
Torga ans no6oro o € 1|o| < K umeem
IIP(x, D){D°w] Wb n-f UP(x,D)[D°u]||,., npne ->0.

[okasaTenbcTBo. MycTb uncnaks 6 gukcuposanbi e W ffo), T.e. [D®"(i?)]Ju e

, AnaBcex a G Jlly : |a] < k. CHayana nokaxem cyliecTBoBaHue yncna C\ > 0
Takoro, 4to Ans nobeix € (0,50), Kk =0,1,.... BANA BCeX U € (PO) nmeet mecTo

HepaBeHCTBO
E 1 ivanii ™ i,

|a|£ KiwO MS *

@1 =Ci CilM 1w fw
>1
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O BbIAKNKHHW FNALKUX I*BLUIIHWA OAHOIO K/ACCA ...

W3 MMpeanoxenus 1.2 cnefyeT, 4To HepaBeHcTBa (2.1) AOCTaTOYHO fJOKas3aTb ANs
hyHKUNIA 1 € C3°.

THX Kak | | ( = NAES)E)'«] | , ana kaxporo j = 0,1,..*:,
kaxporo a € Ng :laj < j WAMN BCEXw 6 Cg°, TO B CUY NEMMbI 1.2 nmeem ¢
HEKOTOpO# NocTofiHHO C- = (, ) >0

ILO°PAOMIN. < a

fi

Ansa kaxpoi Tpoiikn i,0,/? 10 <j <r,0 6 NR : |a] < «, fi e NR : |0] <
ordPj 0603Ha4nM o.fl =|JA(1?)[Dau <]||,. N3 paBeHcTBa MapceBans cnegyert,
YTO BblpaXKeHue JT*1.8 akBuBaneHTHO BbipaxeHUto \\Pr* ({)-P[-0°n9 \\ *> rge F{v)
npeo6pasoBaHne ®ypbe hyHKUUN v e C8°.

Tak kak agna nwoboro fi e Nfi Pj* mPj «< 1%, 10 (cM. (1.4)) I. HEKOTOPOIA Mo-
CTOsHHOM C3 > 0 nmeem Ans Bcex M € Cq° Aj.aj < C$||[|[Po(Ol + 1]7[0° 9*]| , <
Cr{iDK LW *"omIlIr™A + 11"uneTllb/1- N3 noutn rnnoanauntuyHoctn PO(D) oTcto-
fia Ans BCeX n € Cq° ¢ HEKOTOPOI MOCTOANMOMN > 0 UMeeM

Aj.a.d < C4{||[a(0)0°«1 an\\b + \D°ng6\\b) < C, [|juljw.(f>)+ [|0° |
OTctoga B cun)’ nemmbl 1.1 npu Q(() = 1 nonyuum Tpebyemoe HepaBeHCTBO (2.1),
oTKyfAa cnepyeT, yto DnPj(Dwm € , {j=0,1,...,r) 4na no6oro MynbTHUHAEKCA
0 :|«| < Anpgnsa scex n€ Wf(Po).

Mepeiigem K HenocpeACTBEHHOMY [J0Ka3aTenbCTBY NeMMbl. Tak Kak Mo yxe 4oKa-
3aHHol yacTn Pj{D)[Dau\ € . , = 0,1,...,r 1 KOPPULHEHTBbI (o"(x?_} B NpeAcTaB-
neHiw (1.1) rnapkue, orpaHuyeHne B E" dyHkuum, 1o P(x,D)u = ¥) aj[x)Pj{D)

I Wwo

[Mau] e , , npu atom ||P(x,/3)[N1°u]|lb, 4 = ||[[P(x,/7) N°In]||b,., Ana Bcex n €
W j(fk). Mo n3BeCTHbIM CBOWCTBaM YCpeAHEeHHbIX (yHKUni (cm. [20], lemma 5.2)
1meem

[IP(x, D)[D°ut]- A, M[F>«]l*, = [[P(x, M)[(7*n)e] - P(x.D)[D°u]

|
= ||IP(x.0)[(N1BH),] - (P(x.D)(D*)], + [P(x,D)(D*u)]e- P(x.£>)[Dftu]||*4
< [IPC.D)[(E>°u)] - [P(X,D)(D°WIr| .., + [[[PFx.PIdALi)]*-
P (xID)[Dftu]||& 4= B lie + B2c.

Yto Ba,t -f 0 upu £ —* 0 fokasaHo B pabote [ 16]. Jokaxem, 4yto B\,t -+ 0 mpmn
e -¥ 0. Mmeem

B = |IA>Ne) + £ a,(z) Pj(D)][(B«VY,I {|P,(D)+ £ a,(x)P,Ne)irul},lb .,
¢} 0

59



B. H. MAPTAPUH, . . KABAPSAH
r
<un(n)[(0*«)«] - w D)Da i\>\\b.»+ f (i_)M *> No)((o°u)rj

-

-M 1) Pj(D)D°u]e\\rn.4= Co(c) + £
i-0

Tbk Kak (cm. [20], Nlemma 5.2) ft(D)[(D°u),] = [PO(D)Dau]t, To Co(e) = 0. Ocrnr
eTca nokasatb, 4yto Cj(e) -4 0 mpmu -* 0 ( = 0,1,...,r). Ewe pa3 nonb3yscb

nemMmoii 5.2 pa6oTel [20], nonyyaem

Ci(e) - lla,(x) [P,(D)D°u\" - fo(«) P,(D)E>*u]e||" 4
= 1 /r) v [Pi{D)Dati{y)m * - v)<&- fai(v) PAW vm Vi(x- V)AL
= Jla*(x) 54(x) J [Pi(D)Daul(y) ft{x - y)dy
-ot{x) J “i(v) Pilll iFnis,)] <pz- v LU \b

= IJ[aj(x) - a,(y)]w(x) P*(0)[0°n(y)] ¥>«(*- iM/Ub, (j =0,1...r).
*Dsx Kak a* € C30, npu atom a*(x) = ccT3inpu x € E"\ | u |x- y\ <e, to no
thopmyne NarpaHxa [0"(x) —<ty(y)| < max\gradoj(x)\ [x - y| < coe (j =0,
rae co = max\graduj(x)\. C gpyroii cTopoHbl, TaK Kak npu |x - y| < 1 cywecTsyeTt
yuncno K > 0 Takoe, 4To K 1gs(y) < AB(X) < k&(y), To npu e € (0,1) nmeem

Ci(e) < coke W |[PIP)[D“ul(y) gs(y) Ft(x - y)dy\\".

MpumeHas HepaBeHCTBO HOHra, 0TClOA4a MMeeM C HEKOTOPOUA MOCTOAHHOI ¢\ > 0 no-
nyyaem

Cj(e) < cj ke [[[[PM(D) X>°u]94l!x?| W b -
Tak Kak [[**1| . “ 1, n no HepaBeHCTBY ( 2.1) 1 paBeHCTBY MNapceBans nonyyaem
11M0)[ *«11&!1,4 7~ C E JI(MM(E>)u]|lb,.i+||tt|U,ti] ana no6oii hyHKumum n e WF(P9

BiiO
TO OTCIOfja NONYYMM C HEKOTOPOW noctoanirod >0 npu c -* 0
Cj(s) <cske |[[P*()p°ulle,4<  «|| [I"() O

4NnA BCEX U € nj =0,1,...,r, 4To LOKa3bIBaeT nemmy 2.2.
Nemma 2.3. TycTb NOYTYW rMNO3AANNT UYecKuii onepaTop Pg(D), o6nacTe M C E”

1 uncno So = So(Pq) > 0 onpeaenstoTcs onepaTopom P(x, D) Kak Bbiwe, 6€ (0,$ ).
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O BbIABNEHUN MALKUX PBLUKHWA OAHOMO K/IAOCA ...

0 <NJ* npou3BONbHbLIX! MyNbINUUNAEKC TakKoih, 4To m = |/3]- 1> O na 6 Co°(MN).
Torga cywecTByeT unucno C = C(a,0, /*) Takoe, 4To

IID*J [a(x) - 8(Y)I[/1,PM(») Varx  y)dy\\t, t < C [l«[livi»(*) v* € IVT(/b).

[okasaTenbcTBO. MycTb, Hanpumep, fa ¢ 0. MpeacTaBum BekTop 0 BBMAE O  a+
e, rgelal=T, e=(1,0,0) mnonoxumz =x -y, Torga no gopmyne fleii6Hnua
umeem (Huxe || <[l = || +|lb, ., AB = \Dg/lo(x) - a(y)i(\(Z?)ul(y) 5t (x - y)<fyl))

At- ||,Cl,,\] A% (@) - a(x- ) - XDV (x)d=]|
< £ [10,/< »4729-«(* *)][ (0) —'Yl(«-<)N (,)N]]
Ofb50 *
+HIATY (a(x) -a(x-x)| [A(D)D*u](x - 1) v>«(x) <1

< £ c2{|| / D, EN[*x) —a(x - X)] [fl,(D)D*- ‘t{x- )]v,(x) dx]|

+][1 D>(x) o(x- ®][ft(B)D,0»"ul(x- x)9,(x) <b]|)

+||B, Y Wx) - a(x - x)] (fO(B)O°u](x x)v>(x)<b]|.
Tak kak a 6 Co°(fl), nr 6 supp<pt,Tonpue -*0
Bi(c) := max max CE |Dx-D7(e(x) - e(x - r)]|-f O,
02*7S5* * [*|<«
noaToMy 0TCIO/a, BO3BPALLasACh B NOCNeHEM firrerpane K CTapbiM NepeMeHHbIM, UMe-

eM

A, <B,M £ (Il|4{B)B« Au].*11+ Il [y,(0)B--,44 | .*]I1]

'E“. Pis(*)| \Po(D)Du{y)\ <t (x - M

+11J le(x) - a(y)| /bOD)ZrMy)l *"1\{Dxv),{x - y)|rfy].
Tak Kak |[n —7 +e/ <m npmu7 ¢ 0, a 6 Cqg{Cl) u no dopmyne JlarpaHxa
la(x) - a(y)| < max|<m«ia(x)| |x - y| < etax|<7»uwmia(x)] npu x - y € supple, to
0TCl0fja, B CUYy HepaBeHCTBa KOHra, C HEKOTOPBLIMU MONOXKNTENbHLIMU MOCTOSHHbLIMM
B2,B3, B4 umeem

Afi<siomiarT+upsvpgopn **y

+B ce-' UIfl,(*)-De«| «\Dvp\.|| < BA[u]lwr(*,)°
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Onsa P € A(N), m € No,6 € (0, ) o6osHauum . .6) = {u € Wy*(/b) :
P{x. D)u w 0>.
Nomma 2.4. NycTb u € O»(P,4), mo*de Liv* - 0 "J™eb*a-» 0.

[Noka3zaTtenbcTBo. M3 nemm 1.1 n 1.2 n ycnosusa (1.2) Ha yHKLMUM N3 MHOXECTBa
tf(fl) cnegyet, uto Py(jD)Z3"u € B (j —OO»—»® un D{D°ue ,t (t=1,.., )
npu |a] < m. Tbrgaans nwoboix n € &,.(P,4), 0 € NE, /9= m + 1 He > Oumeem

P(x, £2)(/>*«), = P(x, D)(Dfiue) = D*[P(x, D) *)]

£ £ @,B’aj(x)(DJOS- , = D"IP(x, D)u],

O+rsfiJ-0

+52°p/M *) - ai(v)\ (34 (y)?«(* y)dy
j o

£ '£C;Dr'aj(x)Pj(D)D'-iu€
&
Tbk Kak P(z, D)u = 0, To oTctoAa nony4yaem

P(x.dkd>,). = * J[0j(x) ol(t)|(P.(i>UN<vblx- v)<fc
J.0 '

(2.2) - £ J2CIJW4MPj(D)D>"u, Vr»e*, (Nl«).
OTctofja umeem A5 Npon3BoNbHbIX U € &N(P,JT), 0< < £ HO € Ng,|[/9 = m+1

P(x,DWD>u).,-(D>u).,]*pDI>IM x)-aill Pi(OM V)

(2.3) |»>.,(*-y)-*>«,(*-»)]<*1,- £ AC3EM>afix) ?,Ne)E>«->[«.,-B,,].
0i4<ej~0

T&x kak u e Wgn(R))> 1o B cuny nemmbl 1.2 Pj{D)D3~'u € ,B gna noboro

0 7 <0 wnpgnsscexj =0,1,..,r. No3atomy oTciofa N M3 OrpaHNUYEHHOCTN KO3-

tuunentoB {D7(z)} cneayet, uto npu er,ea -» 0

24) £ Ecjlllrtx)] P(D)iy> K -.0.

[L.N5 OLUEeHKN NepBOro cnaraemMoro nNpaeoii YyacTyn (2.3), NpeAnonoXum, Hanpumep, 4To
0\ ¢ 0, npeactaBum BekTop O B BUAe 0 = a + e, rge |a] = M, e = (1,0....0)
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O BbIAK/IKHHU MNALKUX PKLUKHWA OfHOMO K/IACCA ...

1 nonoxum z = X - y. Torga ANS NepeBoro cnaraemoro npasoii nact (2.3) nmeem
(Huxe TI-11-11-1it*,).

p\\D > J\M x) - °j(v)] IPNe)M\LLLpux(*- y) - < ' *- y)) chy\\

= £ IDID*J IblX) - a,(x - ¢, %) (PZ>)*)(* - ¢, 2)
~M X) - ai(x- *)IpAD)u\(x - ca*)M *) All
<E *E c2||D, f(v bl x) - Oi{x- e, ®]ft(D)0"-4K « - e, x)
- -Z?7([)o*(x) - on(z - eaz)] (O JD MtiJf* - ca*)pv>(*) dz\\
+531MNf (M*)  aj(*- «r*) [Pj(0)u)(x - ciz)
(25)~M *) * <b(x - *a*))W PP F«K*- *)M*)All =M + M-

Tak kak Pj(D)Da~"u, Pj{D)Da~T**u6 , npu 0~ 7 < a, To ANA cnaraemoro
A\ c HekoTopoii nocTtosiHHol C\ > 0 umeem

n.< £ £ c3n/[B.B'feM °/(x- (1x))(P (D)D"u)iz- ,))
-DyD M x) —0j(z—£ z)){Pi{D)D"u)(*- c2x )X &]|
1/ 1~ M X ) *))JJ(B)BU->+*«)(x-<,*)-
-D 7(ai(z) - a,(x - e2*)) (PJ(D)Da~7+eu)(x - e32)]<p(z) dz|}

=E E AL1i/io .OMIxi-""bl KPAO"MuKv)

j-o0fh<0 J
hexg (% -y ) ¥ (<) ]Vl
+11y [D’0j(x) - D’oj(v)] (X- »)  *,(x- »d»|}

<Cc.CIE E {ll/ TO)MY)\W.Nx-y)- Ib.(x v)dil

+11j \P {.D)D"** Ub)\ p*t(x- ,) - *,.(* - 10Ne>
Tak Kak npM X —Yy 6 supp<pe C HEKOTOPOW MOCTOSIHHOM > 0 |X)70M(X) -
A7afly)l < « , To B MTOre nonyyaem A\ < C3 ¢ HEKOTOPOIi NOCTOAHHOI C3 > O

cnepgosatenbHo A -* 0npn 0< Ci < £ —»0.
63



B. H. MAPTAPVH. T. I~ KA3APVH

Ans cnaraemoro A3 nmeem

A3=£ \\DXj [fij(r.) - Oj(v)\ [Pj(D)Dau)(y)[Vs, (* Y) V)L
JmQ
< £ I f DxOjix) [Pji{D)D ul(y)[v>,(x-Vv) - - y)riyll
jmo J
+11I M *)  <bU)\M W * Ky) |- -v)-* COA.C» VM >
(2.0) r + Nag-

Tax kak Pj(D)D°u 6 La, u koagpuumeHtsl {D\Oj} orpaHuueHsl B EP\ -ro ans
cnaraemoro A3, C HekoTOpoii noctosHHoi Cy >0mnnpn 0< C\ < -40 umeem

Arl- D 1P, «<9] IWP)D*<)n - (PAB)B*0),LU
1-0

2.7) S C, £ \\P,(n)D°u),, - (P,(D)D“U),[| O
i-o

Monoxum ans kaxgoroj =0,1,...,r

bi..,..,(*.») = *<*)-<m;(»-«W»> - «<(*)-<mM<(»-a» )
Cl Ej
TOorja ansa <4 MOXem 3anucatb
Nap=E Il / (“W «<«-«m«)lpj(D)p°a)(l_t,1))
<-« 1

-°1li)-t -a»)f (0)B.8l>_£ )({DM{)i2\

(< X)*IC)0° 1= * 1 *) (D) (*)<fal|

y £j

(2.8) -Pi(D)D*4{x - eaz)] (Oiv>)W<b||= .2+ 4'a-

Tak kak eup Brip 6j,,I>Cj(x,x) ->0npu 0<e\ < -*0,T0 -» 0 npu ea -» 0.
*€P|«€£J i(%,X) p p

[nsa oueHkn cnaraemoro A 22, 0TMETWM, YTO B CUAY FNagkocTu KoaduumenTos {( )
n ycnosus aj(x) = constj npu x 6 E" \ M. BbipaxeHua [a/(x) - aj{x - fa*)) )
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O BbIAKIKHUW FNIALKNX PBIMKHWA OLHOMO K/IACCA ...

OrpaHnyeHbl YUC/IOM, He 3aBUCALMM OT Y 1 OT 6 . Mo3aTomy, B cuny csoiicTsa (1.6 )
BECOBOIA (DYHKLMN [ CYLLLECTBYIOT MONOXNTENbHbIE NOCTOsHHbIE  C5, Ce Takue, YTo

<C4a2 W/ {P,(0)[D°u(* - e, *)- IY*u(x- c2X]{Ditp)(2)\ dz)gi {x)\\Lt
i-o

<Cng W/ {)° \ -e *-IPj(D)D««e,](*- eaz)

+(/#(.D)Deu0*)(x- d a)™(x) - g6(x - exz))

-\Pi{D)D°up*](x - cxz)\gs{x) - gt(x - ea*)]|[\DM z)\< \\,

c*( I I(M(D)re«nI(* -*1*)-PAD)Daugt){x- «2*)\Dt<p{z)\< \\,
j-0

+C5e; HINPJ(D)D*u\g,J(x -  x) [Z2IV>(x)| 1L,
Si

+C8CallyY [[PiP ) ti|wl(x - car) |E>")|dr||*}

< Ca £ { eup \[Pj(D)D°ugs]( - ciz)- (P,(2>)r?“n=*](. e3x)|lb,
n wmsi

+Q||Pi(D)Deulls,.43}.

B cuny HenpepbiBHOCTM B CpefHeM (DYHKLWiA 13 knacca nocnefHee BblpaXKeHne
1, cnejoBateNbHO, <4 2 CTPEMATCA K Hyo npu 0 < c\ < -» 0. OTcloga n u3
COOTHOLEHN (2.2) - (2.8) nonyyaem, 4to ||P(X,D)[(D u)<t - (>~ )41 ,, -+ 0
npn o < c» < ca-,»o0.

Tak Kak [(Z>*u)e, - (D”u)ej] e Wt{Po), To oTctoga C HEKOTOPOI MOCTOSAHHON
Ct > 0 B cuny nemmsbl 1.3 nonyyaem

£ iK
Inan+l

<0, £ [LUP(x,D)I(i)»u)n - (M« U Illb,, + IKD»-)., - (0 «u)«]lt,..]*
[0l=m+1
Tbk Kak mocnefHee BblpaXKeHWe CTPEMUTCA K Hynlo npu 0 < ei < e2 -+ 0, TO 3TO
[l0Ka3blBaeT nemMmy 2.4.
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B. H. MAPTAPVIH. . T. KA3APSIH
3. OCHOBHOW PE3Y/IbTAT

Teopema 3.1. MycTb P GA(A), Py(0/4>(0 0 nPu I£l -* 00 (j = 1....1)
(cm. (11)), TARGNJ un 6 G(0,50). Torga dT(P,«*) C \VA+1[P0), nmeHHO, cyLie-
cTsyeT uucno C > 0 Takoe, 4TO

1 11 »7»*(*) £ C’'IM ThxW ans Bcex n € ®T(P,6).

[loka3aTenbcTBO. Tak Kax Ans npou3sonbHbix m € Ng, 0 6 No: }=m +1e> O
n € ( cMm. gokasaTenbCTBO fleMMbl 2.4 )

P(*.I'>)("«). =" D le[aJ'{X) - <y(y)) (Pi(D)ul(y)tok{x —y)dy
jo

- E j2C}D 70 (x)[Pi{D)D" '*"),
0+J<0 j-*>
TO NPUMeHsAs HepaBeHCTBO FOHra, nemmy 2.3, TOT (hakT, 4To P G H(C1) u cBoiicTBa
(1.6)- (1.6) hyHKLMM g NONYYMM C HeKOTOpoli nocTosiHHol Cj > O

IP(x.B)(D»u),li,.. SGIMUrdW -

Tioi kak (DMti)* GUN(A)), To B cuny nemmbl 1.3 ¢ HEKOTOPLIMU NMONOXKMTENbHLIMU
nocTosiiHbiMu C3, C3, nveem

liatBKC'W .11 +IKO'uJ.ll", <C,[ £ HAX.BX AN +TKB*»). 117 ]

(3.1) < Ca[lulwj-(Pb) + E  IKAAMIBL. " & IMIWj"(ib)i

T.6. MNOXECTBO W* paBHOMEPHO OTNOCUTENLMO C OFpaHnyeHo B "+, (Ho)-

Tak Kak B cuny nemmbl 2.4 {u*} dyHgameHTansHo 8 U A +,(Po) K 1, -> 1 no
HOopmMe ,j, TO B CU/ly 3aMKHYTOCTU onepaTopa 0606LLeHHOro AHtdepeHLnpoBaHns
Ha PYHKLMIO N MOXHO npuMeLLiTb onepatop D°Po{D). npu atom DaPo{D)u G
npy Bcex 9 GNO : |5 = m +1. Torga u3 oueHkun ( 3.1) HenocpeACTBEHHO Moyvaem
yTBepX/eHe TeopeMmbl. m]

Monoxum= LT - Ta* ka*>oueBngHo, Wf ¢ Wm{u) m = 0,1,.... ana
ntoGoii orpaHmueHHo;VS%nacm n GE", To no Tepeme 10.4 pa6otbl [ 20 ] W/0 C
C°°(n). Otctopa 1 u3 Teopembl 3.1 nonyyaem OCHOBHOM pe3y/bTaT HacTOsLLEeNR 3a-
METKM.

Teopema 3.2. MycTe P GA(M), n6 G (0,80), TorgaN(P, 6) = {u GW6{P0), P(x, D)u =
0yC ¢ W?(P0) = W/ C C§.

66



O BbIAENEHWN TNALKUX PELEHWUIA OAHOIO K/IACCA ...

Abstract. A lineardifferential operatorP(x, D) = P(xu ..xntDu ...,Dn) = £ 7<,(x)jD°

with coefficients {7,,( )} defined in En is called formally almost hypoelliptic in E" if
all the derivatives DJEP(x,() can be estimated by P(x,0» and the operator P[x,D)
has uniformly constant power in E".  the present paper, we prove that if P(x, D) is
a formally almost hypoelliptic operator, then all solutions of equation P(x, D)u = 0,
which together with some of their derivatives are square integrable with a specified
exponential weight, arc infinitely differentiable functions.
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Abstract. The paper considers differentiation properties of density base formed
of boundod open nli. We prove th&t two quasi-equlvslaat subbascs of aomo density
bvt* differentiate the same class of non-negative function!. Applications for bases
formed of rectangle* are dbcueed.

MSC2010 numbers: 42B08, 42B25.
Keywords: dyadic rectangles; differentiation basis; rare basis.

1. Introduction

Let Un be the family of open rectangles M 2.1(<<»8&)“ Rn and ~dyadic ¢ be
the family of dyadic rectanglcs of the form

(1*1) n » P A7) o N«AYE2], <= 1.2,

For a given set E ¢ R" we denote

diam(£) = sup [|z- j/|I.
*.veB

Definition 1.1. A family M ofbounded open setsfrom Rn is said to be a differentiation
basis (or simply basis), if for any point x G Rn there exists a sequence of sets
Ek € M such thatx 6 E*, k m 1,2,... and diam(£jk) -* 0 as k -f oo.

Let M be a differentiation basis and £joc(Rn) be the space of locally integrable
functions:
Ljoc(Rn) = {/:/€ L, K) forany compact K ¢ Rn}.
fbr any function / € Lioc(Rn) we define
limsup ILL f/m -m |
dlam(£)-»0.*E£EM 1171 Jb \
The integral of a function / € Lv>c(R”) is said to be differentiable at a point x 6 R"
with respect to the basis M, if —0. The integral of a function is said to
68
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he differentiable with rcspcct to the basis if it is differentiable at almost every
point. Consider the following classes of functions

jF(M) = {/ € £toe(Rn) : $m(*»/) —0 almost everywhere },
7*(M) = {/ € £bc(Rn) : /(*) > o, Sm (x./) = 0 almost everywhere }.
Let :R* -> R+ beaconvex function. Denote by (L)(Rn) the class of measurable

functions / defined on R" such that (|/[) € LI(Rn). If satisfies the [3-condition
D (2x) < kP (x), then (L) turns to be an Orlicz space with the norm

[/1-bf{e>0: _*( )< }.
Tito following classical thoorems determine tho optimal Orlicz space, which functions
have a.e. differentiable integrals with respect to the entire family of rectangles Kn
is the space
L(1+ log+L)—1(R") C
corresponding to the case () = t(l + log+ t)n 1 ([1]).
Theorem A. (see (2)).

1(1 + log+ L)"-1(R") C T (TT).
Theorem B. (see [6]). If the function @ satisfies
®(£) = o(tlog"-1 ()as(-4 oo,

then Q(L)(Rn) . Moreover, there exists o positive function f 6 ®(£)(H")
such that 6 n«(x,f) = oo everywhere.

Such theorems are valid also for the basis Syndic« The first one trivially follows
from embedding L[l +log+ L)n-1(Rn) C T(JIn) C The second can be
deduced from the following
Theorem C. (see [10] (also [11,12]))

Let 4 = {uk : k = 1,2,...} be an increasing sequence of positive integers.
This sequence generates the rare basis *Syndic(4O of dyadic rectangles of the form
(1.1) withm, € A,i = 1 , 2 , This kind of bases first considered in the
papers [8), [9], [7]. [4]. A. Stokolos [8] proved that the analogous of Saks theorem
holds for any basis A3y*nAfA) with an arbitrary [ sequence. That means L{1 +
log+ L)n 1(R'D is again the largest Orlicz space containing in ~C*3yTaiflA))* The
necessary and sufficient condition for the equivalency ofrare dyadic basisA~y~" 1)
and complete dyadic basis **established in [4]. G. Oniani and T. Zerekidze
[5] characterised translation invariant as well as net type bases formed of rectangles
that are equivalent to the basis of all rectangles in the class of all non-negative
functions. G. A. Karagulyan [3] proved some thoorems, establishing an equivalency
ofsome convergence conditions for multiple martingale sequences, those in particular
imply some results of the papers [8], [9], [7].
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Definition 1.2. A bania M is said to be density basis if M differentiates the
integral of any diaracteristic function of measurable set E-:

Sm {x,Ib) = 0 at almost every x € R".

We will say that the basis M differentiates a class of functions T, if basis M
differentiates the integrals of all functions of T.

Theorem D. (Bec [1], LU, Theorem 1.4) IfM is a density basis, then it differentiates
Lee.

Note that any subbasi» M ' of a density basis M also density basis, since in
this case sM'(?,D < ** ) forany x € Rnand / € L/oc(R").

Definition 1.3. Let M\,M 3 C M be subbases. We will say that basis M 3 is
quasi-coverable by basis M\ (with respect to basis M ) if for any R 6 M - there
existRu€M i, k=1,2,...,p and R! € M such that

(1.2) RQRCRf, R=[jRi
KT1
(1.3) diam (1?) < c-diam(fl), |/?| <c|N*, k=1,2,...,p.
(1.4) 1 n*|<g|ay|, |0 <caj,
Jt=1

where constant ¢ > 1 depends only on the bases M \,M 3 and M . We will say two
bases are quasi-equivalent if they are quasi-coverable with respect to each other.

In this paper we prove that quasi-equivalent anbbauca M i, M 3 ofdensity basis M
differentiate the same class of non-negative functions, namely 7* (M i) = P*{M3).

2. Main theorem

Theorem 2.1. LetM i and M 3 be subbases of density basis M in Rn. I f the bases
M i and M 3 ore quasi-equivalent with respectto M then T+ (M\) = 7*{M 3).

Proof of Theorem. First, let us suppose that* (M O X JA~s) <0.That means
there exists a non-negative function / 6 Lioc(R") such that

(2.1) W *./)-0, ae,

(2-2) W *./)>0, XE€ Ei,
where |[Ej| > 0. From (2.2) it follows that there exist such positive numbers a and
7 that the set
E3= {x €Rn: >a,0<f{x) <7}
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has positive measure. Set/ = [ + , where
A(z)e [IW . *0 </(«)ST7.
\0. if/(x)>7.

Sinne Afa C /14 indensity basis, then it differentiates £°° and therefore differentiates
/, € Iy00, namely we have éM,(xJy) = 0 almost everywhere. Denote by Ej, the
subset of where &m/Ix*b) = 0- Clearly B\  |E2| > 0. From this we can
deduce that if x G E3 C Eh then 6m/1x<1) = Am1*,/7) and /7(x) = 0, since
0 < /(x) < 7. Furthermore, using (2.1), we get set E4 C £3 of positive measure
such that for any x € £4

(2.3) w* >« F(*)-0 bl x )-o0,

According to (2.3) for any x € E4 one can choose a number 6(x) > 0 such that the
conditions x € Re M i, diam(A) < J(x), imply

@4) t ()< <4

where 7> 0 will be conveniently chosen later. Fbr some 6 > 0 the set G = {x G
E*: S(x) > 5} has positive measure. Thus, we have

(2.5) SM (%, ) > </*(*)=0, ifX€G,

(2.6) i J/ I*(«)A*< % ifRnG ~ 0,4GM Itdinm(R) < 6.
n r

Since M differentiates Ic, hence we may fix xo GG with

Brgl o

dlom(A)-»0.xoCRGM  |A|

which means that for any e > 0 there exists a(e) such that diam(72) < <r(e) and
X0G A GN4 imply |AN G| > (1 - e)|A]. Using this relation and (2.5), we can fix
A such that

@.7) X0 GA GM i, ciiat(d) < min [

(2.8) m L rMdu> “m

As we have that basis M i is quasi-coverable with M i, then for 4 € M i we can fix
RIGM and A* GM i, k = 1,2,....p such that (1.2) ,(1.3) and (1.4) hold. FVom
this and (2.7) we get

x0 GA/GM, cUatr(A) < a

which implies
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which together with (1.3) gives that /s G 0,k « 1,2,....p. Now, since
?al-h n,, contains some point from G, we can use (2.6) and copro to contradiction
against (2.8). Namely, combining (2.6), (2.7) and (1.3) we have 1*MNC ® o, lik e
M i, <iiaT(Jls) < b and therefore

iji («)* <1, fec=1,2

which together with (1.4) implies

[ r(u)du< P* («)l» > -£ ] [*(«)<* < £ [N*|<»UN|
Ik It

Jtlk»\
and
W Inr w wucuc.

On the other hand, from non-negativity of function P and from (2.8) ,(1.4) follows
that

which is impossible if choose rj < p. Thus we have proved that C
+1Muy). In the same way we can prove the inverse inclusion C T+{M)\).
]

3. Applications

It is well known that the basis of all open rectangles /1" differentiates L°°(Rn),
i.e. it is a density basis. Therefore we can apply the theorem when M —7In and
getcriteria for two bases formed of rectangles differentiating the same risa? of non-
negative functions:

Corollary 3.1. Ifbases1i and1 fomtd ofrectangles inR" ore quasi-equivalent,
thenr+{7h) = + ).

Let fl = {< } £| be a finite family af sequences with
(3.1) ,-» 0as A->o0 fori=1,2,...,n.

Define the basis Ho as a family of rectangles of the form

a4 (m<-1) ), Toie Z kteN,i=1,2,.... n.

<al
and the basis 1 \ as a family of rectangles with side lengths U,i — 1,2,...,n
satisfying ci « < < - , €N,i=1,2,...,n. Then, it can be shown that
the bases /in and are quasi-equivalent, therefore

Corollary 3.2. For any fi with (3.1) ~(/1o) = 7+(ba).
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Corollary 3.3. If the family of sequences O satisfies

(3.2) max «up ,’af < 00,

then

(3.3) JN(fco)-A+(iA").

Proof. Denote by 7 the finite quantity of the left hand side of (3.2). Then for

coefficients Cj = 1 and 03 = 7 + 1 we have Jrf("o0) = Hence from the

theorem we deduce (3.3). [}
Finally, if we take wj - 2~*\k 6 N. <« 1,2.......... where [, = {uk : k > 1} is

an increasing sequence of positive integers, the basis becomes the basis of all

dyadic rectangles *~ « .( [ ) corresponding to the sequence [.
Corollary 3.4. If the sequence [l = (i/* : k > 1} satisfies
sup(**+i - * ) < o0

then™ ( K ~ k(4)) = F+{R.n). Particularly, if we take = N, v>e get Theorem

Acknowledgement. Thanks to the referee for useful remarks.
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AHHOTayus. Pa6oTa NocBALYEHa «OMPOCY P M PELLUMOCTI OHOTO HENMHEHOTO
VHTErpasbHOro y pLl e M X TWUM» YPbICOii». YKaTaHHOE YpaBHEHWEe UMEET npume-
HEHVe M KUHETUYecKoi Teopuu rasoo u BbIBOAVITE* K3 MajCnblloro ypasHeHUA
BonbLMaHa. [lokasaHa toopema CYLIECTBOBAHWS 0AMONapaMCTPUHCCXOrO CeMeit-
CTBa MOMOXNTENbHBIX PELIEHNS M NPOCTPAHCTB* (yHKLMM, NMEIOLLNX NMHEIHBINA
poct 6eckoHeyHocTU. Bonoc Toro ANA KaXA0ro npeacrasuTeny U3 »roro cemeii-
CTBa HailfjeHa ToYHas acHMNTOTMYecsai hopmyna a 6eckoHeuHocTU. MonyyeHbl
[IBYCTOPOHHME OLiEHKMN PeLLeHny, a Take NpeAnoXeH UTepaumoHHbIi cnocob no-
CTPOEHWSA PeLleHnin.B KoHLe paboThl NpuBeaeHbI NPUMePb (YHKLWIA, onucbiBa-
IOLLWX HENVHEAHOCTb A Y/0BNETBOPAIOLLMX YCNIOBUAM TEOPEMbI.

MSC2010 number: 35Q20, 82B40.

Kntouesble cnosa: ypasnekue Ypbiconn; oAnonapableTpUyecxoe CeMeiicTBo peLue-
HUiA; ntepaunn; HEeNMHENHOCTb; MOHOTOHHOCTb; MOTOYeYHas CXOAUMOCTb.

1. BeegeHue

B pa6oTe paccmMaTpuBaeTCs CegyHoLLee nennueiinoe MHTerpanbHoe ypasHeHue Ypbl-
cona

(1.1) vKK) = I0 U(x,t,<p(t))dt, X6 R+ = [0,+00)

OTHOCUTENIbHO MCKOMOVA 13MepUMOiA 1 MeLLecTNeHHo QyHKUus <p{X). 3aech
00 3
(1.2) U(x,t,z) =-j=J (e-12"1+ee”™ “) AJ- 1+ 0(r)eV (,0{)* ()1

(x,t,z) 6 R+ XR+ XR+, rae Q{z)~ onpeseneHHas Ha [0,+00) HenpepblBHasA Belle-
CTBEHHO3HaYHas DYHKLMA, YA0BNETBOPSAIOLLASA CNEAYIOWMUM YCI0ANAM:

*Pa6oTa BbINOMHEHA NPy (MHAHCOBOK noaAepxke MKH MOH PA B pamkax Hay4HOro MpoekTa
No. SCS 15T-1A033
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a) cyulecTByeT uncno A > 0 Takoe, 4To Q(z) >0, z 6 [A, +00),
Q€ L,(R+) Loo(R+). m*(Q)r z*Q(z)dz < +00.

6) dhyHkuma zQ(z) ybbiBaeT no r pa [A,+00), a hyHKUWA x4 *Q(*) Bo3pacTaeT
no z Ha (>4,+00).

Ypasvenvem (1.1)-(1.2) onucbiBaeTca 3afeTa TeYeHUs rasa B NoMynpocTpaHCTBe
x > 0, orpaHN4eHHOM TBEPAON MNOCKON CTeHKoi X —O. YpasHeHwue (1.1)-(1.2) Mox-
HO BbIBECTM W3 CTALMOHAPHOTO MO/ENbHOTO HeNWMHEeHOro ypaBHeHWs BonbumaHa B
pamkax moamduumpoBaHHO Mogenn BxatHarapa-Ipocca-Kpyka [lj-|3].

Vckomas hyHKumMa <p(X) urpaet ponb CKopocTu rasa, 0 < ¢ < 1-koagduuneHT
akKomogauuu. Cnyuvaii ¢ —0 cOOTBETCTBYET UMCTO AUt dy3HOMY OTpaxeHuo, ¢/ 0
COOTBETCTBYET C/y4ato COBMECTHOTO yueTa AU PY3HOro 1 3epKanbHOro 0TPaXeH!s.
3ameTum, uTto npn Q(x) = O ypaBHeHue (1.1)-(1.2) CTAHOBUTCA NWHEHbIM WHTe-
rpasbHbIM YpaBHEHUEM C CyMMaprno-pasHOCTHbIM fiApoM. HacToswas pa6oTa nocss-
LLieHa U3YYEeHWIO U peLUeHnto ypaBHeHus YpbicoHa (1.1)-(1.2). [JokasblBaeTca,uTo npu
ycnosusx a)-6) ypasHeHue (1.1)-(1.2) obnagaet ogmonapamMmeTpuyecknm cemeiicTBoMm
NONOXNTENbHbBIX PELEHN, UMEIOLIMX NINHEliHbIA pocT B G6eckoHeyHocTW. Bonee Toro
[NA KaX/O0T0 PeLleHns 13 3Toro cemeiicTaa H&JieHa TOUHas acuMnToTUYecKas hop-
Myna B 6eCKOHEeYHOCTU. MonyyeHbl ABYCTOPOHHIE OLEHKN PELLUEHNs, TaKkXe onucaH
KOHCTPYKTMBHBI CNoco6 NOCTPOeHWA peLueHus. B KOHLEe paGoTbl NpuBefeHbI NpumMe-
pbl DYHKLMIA, ONUCHIBAIOLNX HENMHENHOCTb 1 Y/0BNETBOPSIOLMX YCNOBUAM Teope-
Mbl.

2. OCHOBHOI4 PE3YNbTAT

Hwxxe fokaxeM, 4To Npu ycnosusx a)-6) ypasHenue (1.1)-(1.2) obnagaet oa-
HOMapamMeTpMYeCKUM CeMeCTBOM MONOXMTENbHbLIX PeLleHnid ¢ acuMnToTMKOR 0[X).
L5 nosyyeHUs 0Cronuoro pesynbTata Ham NOHag06ATCS HEKOTOPbIE NMOBbIe BCMOMO-
ratenbHble akTbl. 10 MyHKTaM npuBeAeM [0Ka3aTeNbCTBO 3TUX (haKTOB.

MyHKT 1. Cnepsa y6eanmcs, 4TO NpU Kaxaom hukcuposaHHoM (x,t) € R+ x R+
hyHKumMa U (X,t,z) MOHOTOHHO BO3pacTaeT no z Ha MHoXecTse [/1, +00).
[leficTBUTENBHO, ecu 0603HAUMTL Yepes XIP-*) cnefytoLlyto GyHKLWIO

X(px)= z{1+Q {z))e-""""\

onpefeneHHyto Ha R+ X R+, To B cuny ycnosuii a)-6) HeTpyaHo y6eanTbes,uto x(P. *)

no r Bo3pacTaeT Ha (>4,+00). Ha camom gefe, nycTb rj.za € (J1,400) n >

Cnepsa nposepum,uto Q(z\) < {* ). Mockonbky zQ{z) no z y6biBaeT Ha [J1,+00),

TO M3 cooTHoweHus 0 > z\Q(z\) —ZiQ(z2) = zi(Q(zt) —Q(zj)) + (*i - z-j)Q(z])
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1 B CUNY HBOTPMAaTenbHocTn GyHKuMM Q(z) fa (A+00) nonyunm Q(*i) < B(i2).
CneposarensHo,
xip,*i)-x(p.»2) z *I(1+QC*1))e FRS>Cop>I< K - -
= - *a+ tiQixt) - **$(**)) > 0,
160 z 4-zQ(z) no z Bo3pacTaet na [A, +00).
W3 npeacTasneHns (1.2) ¢ y4eToM MOHOTOHHOCTU (hyHKUMK XIP,*) noz Ha (U, +00),

CnefyeT, uTo
U (x,t,2) no z Ha |f4,+00).

MyHKT 2. Hapagy c ypasHeHuem (1.1) (c sgpom (1.2)) paccMoTpum cnegytoLiee
NCNoMOraTcbrnoc 0fHOPOAHOe ypaBHeHVe Buuncpa-Xonda:

(2.1) S(x) =1 tio(z- i)S(t)dt, x >0,
o.
C Haya/bHbIM YCN0BMEM
22 5(0) =1,
0THOCUTENBHO MCKOMONT hyHKUMK S(X), rae
°0
2.3)«o(t) - ~ “o-Pp. T E e
o

W3 npepctasneHns (2.3) nerko cnegyet, 4to
«o(r)20, TgR, / uo(r)dr=1, tio(-r) =iio(t), T >0, liwwno(t)m +o0

1 cylecTyeT
+00
(2-4) \] It *uo(r)rfr < -boo, 0,1,2,....
—€0
W3 pe3ynbTaToB paboThl [4] cneayeT, 4to penenune S(x) 3agaum (2.1)-(2.2) obnagaet
CneayoLLMMM CBOWCTBaMM:
(2.5) S(x) BospactaeTno x Ha Rf, S(x)> *_, x 6R+,
yj\i*

400
roe = [/ T/tiofr)*-,

CYLLECTBYHOT NOJIOXKUTENbHbIE YACNA 0 U TaKue, Y4To

(2-6) 5(x) < ax+bh, XeR+.
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O/HOMAPIMKTHUUYKCKOK CKMBIACITIHO MOMOXM TENBHBIX HKLIKHW? -.
B Hawem cnyyae u3 (2.3) Nerko npoBepuTh,YTo 1. U3 (2.6) cneayeT, 4To
(2-7) S(z) >"p +\. *ek*.

MyHKT 3. Breneii n paccMOTPeHWe Takxe CMefyioLLMe BCNIOMOraTebHble Neogso-
POAHbIE MHTErPaNbHbIE YPaBHEHUS C CYMMapHO-Pa3HOCTHLIMU SiAPaMU:

®
(2.8) *(x) TAX) +J (to(x- 9+ «o(k+ ) () , X>0O
(2.9) AOK) - koK) + J («o(X O + e¥iopk+ D)A>(dt, * > O
o

OTHOCWTENIBHO UCKOMBIX (DYHKLWA 1 ¢, rae PYHKUMM 4 H  AOMYCKAtOT CrieytoLme
npejcTaanenmns:

00
(2.10) 80K = J MGk - 1)+ ew (* + t))G{y/2At+ A)dt, x e R+,
(2.11)  g(x) =J(u0(x-t) +cvfx +1)){>/2M + A)Q(>/2At+ A)dt, X€R +,
0
(212) <?(*)m *(2Q(s) + Q»(a)), *>0,
(2.13) ui(r) = J e- pe**dp, r €R.

0
13 ycnoswii a)-6), HaknadbiBaeMbIX Ha DyHKUMM Q, cpasy CriedyerT, YTo

(2.14) G(z) y6biBaeT no r Ha [A,+00), C(r) >0, zS [A, +00),
(2.16) C € Li(R+) Leo(R+) mj(C)< +oo.
+00

TbkHM 06pasom, B cuay Toro, 4To J |7 ui(r)rfr < +oo, fj—1,2,...) H3 (2.10),
(2.11) n (2.14), (2.16) cnepyeT, 4To

(2.16) a(x) >0, x>0, pELi(R+)nLoo(R+), w,(p)<+o00.

(2.17) ?2(*)>0, x>0, <£5(R+) /yoo(R+» m,(p)<+o0o0.
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A. X. XAUNTPAH, X. A. XAUATPAH, A. A. XAYATPAH

CnepoBaTenbHo, U3 pesynbTatos po6oT [4], [5] BbITekaeT, YTo ypaBHeHNA (2.8) n (2.9)
061a/310T NONOXKNTENbHBIMU 11 OFPAHUYEHHBIMI PELUEHVSIMA 11 >COOTBETCTBEHHO.
0O603HauMM Yepes

(2.18) AE anp”(i), A 8up”™(2).
*20 x>0

MyHKT 4. Hapsagy c ypaBHeHveM (1.1) HWXe 3aiiMemMcs U3yUYeHNeM CedytoLUero of-
HOPO/IHOTO YPaBHEHUA C CyMMapHO-Pa3HOCTHbIM AAPOM:

00
(2.10) d(x) = J{uo(z - 1)+ ciio(x + t))<P(t)dt, x > 0,

0
OTHOCUTENbHO NCKOMOVA hyHKLMN D(X), rAe agepHas QYHKLWA L 3aAaeTcs CornacHo
topmyne (2.3), a e € [0,1).

Huxe ybegmmces, Tro ypasHeHue (2.19) MMeeT NoNoXWUTENbHOE peLLeHne ¢ acumn-

TOTUKON ®(X) = y/2X + 0(X), KOrAa X -¢ +00. A UMEHHO CrpaBeAnuB cneaytowmii
pesynbTar.

Nemma 2.1. MycTb tio(x) gonyckaeT npeacTasneHne (2.3), a ¢ € [0,1]. Torga

ypasHeHue (2.19) nMeeT NONO>KUTENbHOE PeLUeHne C aCUMNTOTUKON ®(X) = y/2x+
T

o(x), npu x -* 400. bonee Toro ®(x) > +-, X£0.

[JlokasaTenscTBo. CHayana pacCMOTPUM COOTBETCTBYIOLLLEE HEOJHOPOAHOE ypaore-
HUC CO CMeLmnanbHbIM CBOGOAHBIM YIEHOM:

(2.20) FO(x) = 50(x) + J («o(x - 1)+ cuc(x + t))FO(t)dt, x > O,
[0}
rae
(2.21) go(x) = J uo(x + Qat+ bydt, x>Q
o]

(uncna , > 0-BblbpaHbl U3 HepaBeHCTBa (2.6)). M3 npeacTaBneHns yHKLUN 40
nerko cnegyet, uto s>(x) >0, x € R+, pgo e Li(R+), Ti(go) < +00 u aty
(hYHKLMIO MOXHO NMPeACTaBUTL B BUZE CYMepriosnLuM 3KCNOHEHT

®

(2-22) 90(x) =J e~*Gofy)dp, x>0,
0

rae

(2-23) Gofp) = p>0.
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OAHOUNPIMbTI'MYECKOK CKMKACTBO MO.FOXNTbAbHbIX PbLUKHMIM ...

W:i pesynbTaToB pa6oT (6)-[7) HenocpefCTBEHHO CneAyeT, YTo ypaBHeHue (2.20) o6na-
[laeT NONOXNTENbHBIM OFPaHMYeHHbLL peLleHreM FO(z), MEeOLLMM KOHeUHbIN npeaen
B 6ECKOHEUHOCTU. [iNA ypaBHeHMs (2.19) paccMOTPUM CriefytoLme uTepauuu:

(24 *n+ (x) = fo(uo(z t) +cvo(x +t))9n(t)dt, x >0,
*0(x) =S(x), =0,1,2,...,
rae 5(x)-pewertie 3agaun (2.1)-(2.2).
MHAYKUWe A non MOXHO y6eanTbes, 4TO MocX.ef0BaTeNbHOCTL yHKUMA {  (*)} «
MOHOTOHHO BO3pacTaeT no n. Huxe AokaxeM, 4o

(2.25) ®,(x) <5(x)+ FO(x). =0,1,2.... x> 0.

HepaBeHCTBO (2.25) 04eBMAHBIM 06pa3oM BbINONHAETCA B cnyyae korga = 0, n6o
FO(x) > 0, x € R+. MycTb (2.25) meeT MeCTO NMpU HEKOTOPOM HaTypaibHOM .
Torga, yunTbiBas HeoTPULATENbHOCTb MYHKUMN uq v YNCNA e U NPU 3TOM UMeS B

Bugy (2.20), n3 (2.24) nonyuum:
00

®n+i(x) < J (vio(x- 1)+ «to(k - ))( ( )+ Fo(t))dt <
o

T oo SO €3 ors - Dats b+

0 ¢}
[00)

+J (uo(x- 1)+ et*)(x + t))Fo{t)dt < S[x) + po(x)+

(0]
00

+ J o(x - 1)+ etio(x + t))F<j(t)A = 5(x) + Fo(x).

0
CriefoBaTeNbHO NOCNEA0BATENLHOCTb MYHKUMIA {®,,(X) }* O MMeeT noToueuHbIii npe-

fen, korga -» 00 : liw @, (x) = D(x), npuyem npegensHas hyHKLNS Y40BNETBOPS-

eT ypaBHeHuto (2.19) cornacHo Teopeme b.J1eBu (cm.(8]). 13 MOHOTOHHOCTM Pn(X) Mo
1 13 HepaBeHCTBa (2.25) cpa3sy cnefyeT, 4To ans @ (i) BbINOMHAETCS ABYCTOPOHHEE

HepaBeHCTBO:

(2.26) 5(x) < ®(x) < 5(x) + FO(x), x>0.

Tak Kak 5(x) yaoBneTBopseT HepaBeHCTBY (2.7) U UMeeT acuMnToTuKy (2), a FO €

Loo(R+), To 13 (2.26) nonyuum, 4To

D (x)>r"x+1, x>0 H P(X)w\PIx + o(x),

korpa X-+ +00. ]
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A. X. XAYATPSH, X. A. XAUATPSAH, A. A. XAMATPSAH

MyHKT 6. [epeiifeM K NOCTPOEHWIO OLHOMapameTpPHYecKoro cemelicTea MonoXu-
TeNbHbIX PeLUeHNIA NCXoaHOro ypaBHeHns (1.1). PaccMOTpUM crefytolyee ceMeiicTBo
nocnefoBaTesbHbIX MPUGAVKEHNIA 4ns ypaBHerns (1.1):

(~ VZHL(*) - ] rt(wdt, X6R+,
Vo(*)m # ) -~(*). n«0,1,2,...,
rfe 7  HeKOTOPOE YWC/O U3 MHOXECTBa NapamMeTpoB:
(2.28) Ms [2A+ 2A, +00).
Hwxe nHAyKUWeid no  y6egumcs, YTO Npy BCAKOM (UKcMpoBaHHOM 7 e [ nocnego-
BaTeNbHOCTb (PYHKUMIA {*> (*)) o6nagaeT CneAyoLWyMI CBOICTBaMU:
) *E(F) no , xR, 7€0N,

Ny ¥2.(*) <7*(*)+~(x), H=0,1,2,..., xeR+, 7€

CHauana 3ameTum, 4To

(2.29) v>0(») - - W(*) > y2(A+ Ax+ A, X 6 R+.
[eiicTBuUTenbHO, 13 (2.27), (2.18), (2.7) n (2.2G) cnepyer, 4To
<PIX) > T$(X) - A>7S(z) _A- ~ +2_A- + A+ A-

CHepsa y6eaumes, uto tf(z) > v>20K), * € R+,7 € II. B cuny (2.14), ycnoswii a)-6),
(2.19), (2.7) 2 (2.26) nmeem

00
V37(%) = JU[x,t,<pZ(t))dt >

00 00 ° y
>-LJ /(e +ce“™ )5--¥(t)e-"<ao<N<,»+«*WW))A(it "

0o P
00 00

> J(uo(x 0+ «lo(*+ 0)Vo(0<*- J (“i(* - 0 +etii(* + *)<?( 20)&=

o} o}

00 00

=79 (x)-f(xio(x~t)+ EVo{x+)M)dt f(ui(*-t)+Fax(i+1))G (7S(t)-i&(0 )it >

0 o]
00 00

> 7M(x) y {Mx t)+evo{x+1))1>(t)dt~ («l(x-<)+ctiix+t)G~» +2_ N>

y 00
270 (*)-y («0(X-€)+Ciio(x+0XK 01-Y (Mi(x-0+<ii(x+0)C (V2 i+ /)N =

(o]
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CULIOUAHAMKN NUYKCKON CKMKACTBO MONOXMUTeNbHbIX PKLLKHA

@
= e>*(*) - J («o(*- 0 + + OMO<* - 9(x) T7*(x) - I>(X) = 90(x)*
0
Mpegnonaras, 4to *>Mx) > vE_i(*). * 6 R*, 7 6 D npu Hekotopom € N u,

YUUTbIBas MOHOTOHHOCTb (PYHKUUK £/(X,t,*) ro * Ha [/], +00), u3 (2.27) nonyuum
00
< ™>JU fa * , =&*), *E€R+ TEMN
0

CnepoBaTe/lbHO, MOHOTOHHOCTb MO0 (DYHKLMOHaNbHOM nocnegosatensHocTn {v2(*)}JJLo
YCTaHOBNEHa.
Tenepb nepeiiieM K [oKa3aTenbCTBY HepaBeHcTBa I1). B cnyuyae korga = O
HepaBeHCTBO |1) o4yeBMAHLIM 06pa30M BbIMOAHAETCA, M60 (X), P[x) £ 0, X € R+.
Mpeanonoxum, uto 1) umeet mecto npu HekoTopom e N. Tbrga B cuny MoHo-
ToHHOCTU C/(X,t,z) no r Ha (A.+00) c y4eTov ycnosus 6), (2.1) n (2.7), u3 (2.27)

6ygem nmeTb o

> ()< IR rt(()+* (er<«<
(0]

OO.U:) s
<= J] O+ )« (rt() Fm)Q( rt(t) . ( »)dpet
° 00 %
£7J - D+ fuo(x+ ) () +J (tio(x- 1) +eiio(x + 1))O()A+
[¢] 0

+J (uo(x- 1)+ oio(* + 1)) +2+f(i))Q + 2 +*(*)dt<

00
<T*(X)+ Y (Xo(X O + *>(*+ 0101+
0

00
+J (tio(x- 1)+ etio(x + 1))(V2At+ A)Q(y/2At+ A)dt =

00
= TO(X) + Y («o(x- 1)+ + FNAR+2(%) " TH(*) + N%)-
0
WTak, HepaBeHCTBO | 1) fokasaHO.
CnepoBaTenbHo, nocnefoBaTenbHOCTb (yHKUWIA {v>E(*)}M0 npu Kaxaom dken-
poBanHom 7 € I MMeeT NOTOYEYHbIV Npegen npu > +00:



A. X. XAYATPAH, X. A. XAYATPSAH, A. A. XAYATPAH

W3 npegctaBneHus (1.2), ¢ y4eToM CBOICTB @)-6), B C1Ny NpeaesibHOi Teopembl B/1eBs
(cm. [8]) cnepyeT, uto Y (X) ygoBneTBopseT ypasHeHuto (1.1). N3 ) n J1) cnepyet
Takxe fjBO/iHOe HepaBeHCTBO

(2.30) YO () < M(K) < yPOK) 4 9, X € R+,

npy Kax oM (ukcuposaHHom 7 € M. Tax kak ,* € £00(R+). a ®(x) yaosnetsopseT
npegensHoMy CooTHoweHuo ®(x) = n/2x + o(x), X -* +00, To u3 (2.30) cnegyer,
YTO CyLecTByeT

W3 npegenbHOro cooTHoLweHus (2.31) cnedyeT, YTO pa3nuyHbIM 3HayeHuam 7 € T
COOTBETCTBYIOT pasnnyHble pelleHuns ypisHenuns (1.1).
WTakK, cnpaBefvB CrefytoLmii pesynbTar.

Teopema 2.1. lMpu ycnosusx a)-6) ypasHenue (1.1) (c agpom) obnagaeT ofHonmapa-
MeTpUYECKNM CeMelicTBOM NONOXKUTEeNbHbIX peLeHunit {N(®)}-Ten. uMerowmx nu-
HeliHblii pocT B GeckoHeyHocTU. Bonee Toro, Ans V7 <=M cnpasefMBo Tak>Ke npe-
fenbHoe COOTHOLeHWe (2.31), rae MHOXKEeCTBO napameTpoB 1 3afaeTcs COrnacHo
opmyne (2.28).

3ameuaHue 2.1. 3amMeTuM, 4TO B 4aCTHOM cnydae, Korga Q = 0, ypasHeHue (1.1)
npeo6pasyeTcs B IMHEHOE KOHCEPBATMBHOE ypaBHeHe (2.19) ¢ sgpom txo(x). Pelwue-
HUe W7 (X) UCXO[HOTO ypaBHeHus (1.1) oueHMBaeTCa peleHnsMN NMHENHbIX ypaBHe-
HWii (2.19) n (2.8),(2.9) cornacHo (2.30). Mpuyem cBoGOAHbIE UNeHbl ypaBHeHus (2.8)
1 (2.9) cTpoaTcA cneunanbHbIM 06pasam ¢ MOMOLLb0 yHKLMK Q(*) .(2.10) n
(2.11);.

Mpunoxenue. MpuBesemM NpuMepsbl HYHXUWIA, YAOBNETBOPSIOLLMX YCNOBNAM a)-6)
Teopembl. B KauecTBe (hyHKLUWIA Q(z) MOTyT CAYXUTb credytowme hyHKun
Q(*) = xe~s, 1 € (2,%00), (*)- e**, Tr€(l, +00),
Q{ )" *€(l,+e0),  d(*)=nn-~-y, X6 (, +00).

[eiicTBUTENbHO YGEAMMCS B JOCTOBEPHOCTM MpuMepa Q(x) = xe~*. OueBWAHO, 4TO
™* () =xe~*(2-x) <0, npu X> 2, cnegosarenbHo XQ{x) | no x Ha [2, +00), (/1 =
2). C apyroii CTOpoHbI

(2.32) (*+ xQ(2))' - L +xe-(2 - *).
Hue npoBepuM, YTO ecn X e (2,+00), TO NpaBas CTOPOHA MOC/EAHEr0 paBeHCTBa

HeoTpuuatensHa. O603HauMM Yepes 6(x) cneayroLyto GYHKUMI: 6(X) 3 e*+ 2X-X*.
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OAHONAPAMKTPUYKCKOB CBMEftCTUO nonoxunTenbHbl X peweHnii

Wmeem (2) = ca> 0,6'(x) = e*+ 2 - 2r. 3ametum,uto £ (*) > 0, npn r € (2,+00),
M6o"(2) « e*- 2>0,a*"(@)=e '-2>r-1> 0, npu z € [2,+00). MMocKoNbKy
%2) >0n5(z) nozHa*e [2,+00), To u3 (2. 2) cpasy cneayet,uto (z+zQ(z)) =
e~*(e*+ 2- 2z) = ¢~ 6(z) > 0,z € [2,4-00). OcTa/lbHble YCNOBUA TEOPEMbI Ha
(hyHKUMI0 Q(z), Nerko nNpoBepstTCA.

Abstract. The paper is devoted to the question of eolvability of a Urysohn type
nonlinear integral equation. This equation has an application in the kinetic theory
of gases and can be derived from Boltzmann mcdel equation. We prove an existence
theorem of ono-parameter family of positive solutions in the space of functions possessing
linear growth at infinity. Moreover, for each member of this family we find an exact
asymptotic formula at infinity. We obtain two-sided estimates for solution, as well as
describe an iterative method for construction of solution. We conclude the paper by
giving examples of functions that describe nonlinearity and satisfy the conditions of
the main theorem.
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A SUB-DENSITY THEOREM OF STURM-LIOUVILLE
EIGENVALUE PROBLEM WITH FINITELY MANY
SINGULARITIES

LUNG-BUI CHEN

National Chung Cheng University, Min-Hsiung, Thiwana
E-mail: mr.lungluichenQgmaiLcom

Abstract. Wo study the distribution of tbe Sturm-Llouvllle rigcnvnJuce of a potential
with finitely nuwy singularities. There is as asymptotically periodica] structure on this
class of eigenvalues as described by the entire function theory. We describe the singularities

of its potential function explicitly in its eigenviluo asymptotics.

MSC2010 numbers: 34B24, 36P25, 35R30.
Keywords: Sturm-Liouville problem; singular eigenvalue problem; Wilder’s theorem.
1. Introduction and main result

In this short note, wostudy tbe eigenvalue distribution for the following differentia]

equation.
/" (%) + p{x)y[x) wery(*). 0<* <™
y(0;b1) = 0, (O;cu) -1;
(x;w) =0,
where
(1-2) IK#) - ﬁwo*'(*“ (%)

with rm(x) € Cw |0,irj; Moet importantly.

(1-3) Pm(x) = ) ]Cmjtlfa-i.oc)(a) (" > 1;
K

(1.4) po(i) = £ "jkl™r.eojfr),

where {x1 *}1 4, € (0,f) and {cmk}m* G R. We are dealing with a piecewise
CNO, jt) potential function p(z). Fbr each m, Xw,* are distinctand p(x) hasa jump
at m-th derivative at xmj,. We assume nontrivially the G (0,f) has J
elements and are all distinct. If there are *wo singular points symmetrically to the
middle point located in (O.Tr), then our method doesn’t apply in this case.
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A SUB-DENSITY THEOREM OF STUnM-UQUVILLE ..

It ia asked by Carlson, Threadgill and Shubia (!]: How arc the singularities of p
manifested in the distribution of eigenvalues? Being considered as a function ofu,
y (ir;o5) is an entire function of u. Moreover, the zeros of y(ir;w) are the Dirichlet
eigenvalues of the system (1.1). Th study the asymptotics of Dirichlet eigenvalues,
we examine the reroe of entire function /(* ). We try to answer the question
from the point of view of complex analysis is this particular setting. In [1], a
distribution of the eigenvalues with cocfficienU in terms of spectral invariants is
described in [1, Theorem 4.4] applying the Newton’s method. In this paper, we
try to characterize the distribution of tho eigenvalues explicitly in terms of tho
singularities themselves and find the composites of the Dirichlet eigenvalues. Can
one really hear the singularities of the potentialp? The next statement is the main

result of this paper.

Theorem 1.1. Let be the rearrangement of the singular points
such that 0 =: u\) < wi < <..< <Uj+j > There exist exactly 2J + 2
subsequences of the zeros of y[*;bl), denoted <u {*«,}» where I = 1,2,...,2] + 2,
such that

(1.5) Zn,~ — — — +0(1), asw-¥ *o00 in Z;

W=
XS+2
16 U {"}=
(16) U 3

in which {z,} ore the zeros of

In particular, we recover the point set {<*>/}/-1fr°m the subsequences of Dirichlet
eigenvalues corresponding to each ofthese points We may refine the asymptotics (1.1)
to next order by the method in [9, p. 37]:

1.7) ztl. ~ 0(—|), asn< -> +00 in Z.

_— — +
w w1
This is the only eigenvalue asymptotics containing the information on the position
of the singularities of a given potential function known to the author. We may
compare the resultin [B, 7, 9]. However, in [6], they considered a much general class
of potential functions. One may sum up all of the subsequences toobtain the classic
eigenvalue density as in [7, 9].

We start with the asymptotic expansion of the solution of (1.1) which we refer
to [1, 2]. The following asymptotics holds:

M fi
+2 M (-iC I~ 1-~coB A T-iM+T1 X )(-ir+112w]-2m- 1sin{o«r}Om_i(ir)
mat nv=I
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A

1
+2 53 (-1)m[2w)-dJm 3 X{ 537 C2m.k8in{w[xr 2z2to.J,]}}

trv-0 TR
U fl-1
+2 2 (-1)rat1i(*]"*A"4x{ £ Cam+1>COe{Wz-2*am+1"]>} + 0 ("~ "),
m-0 Lo »<F
ifw€ C and
Qm(x) := %m(p;*) + 0), m € No;

Qm(p;x) (53 pv™  + r« (K](n,)*r"C*) € CM[O0,irl.

This is essentially the (3.e) in [1, p. 84]. However, we deal with w 6 C in this paper.
The only difference is in the big O-term in the end of (1.8). We refer the proof to
[1, p. 84), and also [9], which comes from the repeated integration by parts. We will
apply the Wilder’s theorem to (1.8) which is a sum of asymptotically hyperbolic
series to obtain the asymptoics of the Dirichlet eigenvalues.

2. The Wilder’s theorem

There is an asymptotic periodic structure [4, 5, 8] within the zero set of the
asymptotically hyperbolic sum, say, the asymptotic expansion (1.8). We refer to
[5, 8] for a comprehensive study on the zero distribution theory of this kind. To be
more convincing, we start with the following theorem. One can bypass this part if
familiar with the entire function theory. The indexing in this section is independent
of the others.

Theorem 2.1 (Dickson [4]). Let

(2.1) R(a,8,h):={z=z+ty€Cllz|]<h,ye (a,a+ «}
(2.2) NB{R(a,a,h)) := { the number of zeros ofg{z) in A (a,«,h)},
in which

i-1

wherez = x + ty, Aj 0, a»i < < eee < un. Then, there exists K > 0 such that
(1) each zero ofg is in \x\< K;

(2) for each pair of recUs (a,s) withs >0,

(2.3) M (% #,%)) «K «i)/(2ir))<n-1.
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Let us acquire a more sophisticated theorem of this type. Let
(2.4) SM -X >j*4 (i+<(>)k«*.

where n > 1 and Aj and are complex nimbers such that Aj 0 and the

are distinct; the mj are non-negative integers; the functions e are analytic for
"> r0 > 0 with lim”~oc t(z) = 0. When we are talking about the zeros of /(z),
we arc referring to its zeros outside certain open ball arotmd the origin.

We set up the following quantities to the /(r) in (2.4): Let Q be the broken line
given by the ufy given in (2.4) with SJi, »«+ ,Z® as its vertices. The indices are labeled
counterclockwise. Let I* be the line segment ( *, *+ ] and @ := arg{Oj, -57/un-i)
in|-§.7). Let

(2.5) e* = e**,

Certain Zp on L* are assigned doubly indexed subscripts as follows: Let the convex
hull of C;*, wfc+i and tp = Up + iuipCk In which Op on , assign subscripts j =

1, e+, ak to wjy so that Uki = w*. —w*+j and Ty are vertices of this convex
hull and preceding in a counterclockwise direction from * 4 to GJjt+i +
im*+ie*. Fbrj = 1,eee <r*-1,

2.0) m

which is real; ny is the number of rp on Luj. In particular, if Lkj in an interval
with exactly two end points, then we have ny = 2.
Moreover, forj = 1,**+ a* —1and h > 0, we define

@7 Vor () {*| Wix/eK) > 0, [R(*/ef) + uu log[>]| < h).

Tk(®) is defined to be a closed sector with vertex at zero of opening 29 about the
outward normal to Lk through the origin. Ibr the same k and j and cach triple of
reals (a,a,h), 8 > 0and h > 0, the set

(2.8)

JIMar.a.f1) := {*|Q(z/ek) + Uxj argz € |a,a+ 1], |R(ale*) + pkj log\*\\ < h),
where args € (¢pu, *k+7r) and Rkj(<*, «, h) isin VIly(J)FH*(B). They are asymptotically
logarithmic tubular neighborhoods. We refer to (4] for a comprehensive study. Now
we state the following theorem.

Theorem 2.2 (Dickson [4]). Let/(s) be given nam (2-4)- Then, there existsh > 0
such that
(1) all bui a finite number of zeros of f of modulus greater than r0 arc in

Ufcj vkji
87



1.UNONIUI CNBN

(2) for each pair of positive reals e and s0, there exists on ct0 = oy(c,30) such
that whenever a > Do and a > #o,

(2.9) IN/(fI**(a, <, h)) - - ujli@in] < nkj -1 + «

This is exactly stated Hsain [4). The proofisin [5 Theorem 2, p.21). We refer to
[3] for another application of this theorem.

3. Proof op Theorem 1.1

To apply Theorem 2.2 to the hyperbolicsum (1.8), we rewrite (1.8): It is well-known
[0] that there is a Cs depending on the distance to the zeros of sinanr such that

(3.1) exp [3bnr| < Cssin{w*}.

Hence, (1.8) becomes

w42 j3 (- 1) m(2w]-amcoe{a»r}Pfn_I(ir)+2 £ (-1)n+1[H " 271" Isin{uwr}Qm_,(x)

tn>| mel
Nl
+2 £ (-Dm2w]"*"*x { £ C@m .*ein{w/[i-2z2in,b] »
m«0 Fp-, H<»
+A~ (-iF M -i"-t*( E oi™+i>am{wl[i- 2x,a+1>)}},
m—o

w  Z. Now we rearrange according to their exponential powers by the theorem
assumption to the following form:

viT-n) = {"-li+o0ot-ShJI+EC-irw -’-ft.-. W
m-1
njel
J 1
i-> i-J

-Hjbl+°(,El.r)]+nI1£4I—irW =N w

(3.2) *£ ( ir+IN _am"10m-. ul oz,
mat

in which the C ,T,w) and D )(m,u) can be obtained by comparing (3.2) with (1.8).
Besides (3.2), the entire function y(x; w) is bounded near Z. Without loss of generality,
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we consider the zeros of Y fc) := ny(>k\w/i) by applying Theorem 2.2 in a suitable
strip containing the real axis. We observe the zeros of Y[w) spread themselves
vertically along the imaginary axis, that is, the zeros of y(x;«) spread themselves
along the real axis. In particular, given the singularity sequence which
are all distinct by assumption with J dements, we let ) 1be therearrangement
of such that

0 = U»o<tari < < .. < < +j=
We construct following 2J + 2 successive intervals in (—,*]:
Lx:= [-,—x + 2wi], :m[-» + 2wlt -5k + 2 )y, +i:=[=x+2 0],
Lj+i:= [0, —2wy],..., +\ :m k- 2wj,x - 2w,], Lzj+a [*-2bli,ir].

These intervals are applied as the polygons described previously. However, wo note
that Lj+\ULj+i combines to generate a sequence of zeros as described by (2.8) and
then (2.9) after observing the exponential exponents in (3.2). There are actually
2.7+1 asymptotically rectangular area on duty. Without loss of generality, w« take
each { }  *togeneratean asymptotically rectangular area as described
by (2.7) and (2.8). Finally, we note that one c&not identify the quantities {jikj}
in (2.6), because not being able to locate the coefficients {m j}in (2.4) again in (3.2).
Fbr our case, the quantities {e*} in (2.5) are equal to 1.

Let zeros in ft be denoted as Zn,, | * 1,2,...,2J + 2 and e N. Hence, (2.9)
implies that

3.3) |Afy(/Zi(a,«, 1)) - $(bii- «,_,)/»|<n, -1 +e1-1,...,2)+2,
in which = 2 by the construction of intervals {Z»i) for all 1. Here, we define
wh]+ 1< f + 2 by the symmetry of Finally, it is well-known that

the zeros of yOkr,bl) aresimple and real [9], so (3.3) implies

W- wjl +0(),f=1,...,2J+2;n,eN.

Because the zeros of y(m a») are symmetric to the imaginary axis, we can rewrite
the equation above tobe

(3.4) »,+0(1), /=
Wil- U=l

.2)+2;n, e Z.

Once again, we note that {x»y+1} U {xnJ+t} » the sequence of zeros generated by
the interval +\U + . a
We may observe from (3.3) that the total number of the zeros of ypi, w) is equal

to
aj+a 2]+i
(J Aia,* 1))= £ ~(*(<*,*,/0)~
1-1 1-1
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2v+2
~ 1T - btt-\)I* + 0(1) = * + ofl).
Im1
which implies the Terosofy(u;w) denoted as {*n}«ez have the followingasymptotics:

z* ~ n+ 0(1),n € Z, which matches with the Counting Lemma in [9, p. 36).
The bounded error term in (3.4) avoids the possible contradiction to the classic
asymptotics (9).
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