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AHHOTauMs. MycTb E = E(a, b) HEKOTOPOE 6aHAXOBO NPOCTPAHCTBO H3MOPBM(0, b)
DYHKYMIA; | - it onepatop; K geil 8 E perynapHblit unTe-
TpanbHbIli Onepatop TMNa GpeArobMa, a K+ ero TpeyronbHele yacti. Paccmar-
pusaetcs npeactasnenue | K = (1- K-)(F - 0)(1 - K+), 419 HECKONbKMX
W3BECTHBIX KNACCOB MHTErPaNbHbIX ONEPaTopoB. B YACTHOCTH NOKa3bIBAETCA, UTO
NPY ONpeAeneHHbIX yCN0BUAX 0nepatop U NONOXUTENbHBIM U er0 CNEKTpanbHbIit

paguyc 1 (i) < 1. OTMEAIOTCA HEKOTOPbIE BOIMOXHBIE MDUMENEUHA PAcCMOT-
PEHHOrO NpEACTaBNeHMS.

MSC2010 number: 45A05

KniouyeBble CNONa: TpeyronbHbie YacTU MHTErpabHOro onepaTopa; hakTopusayus;
MONOXMUTENLHOCTh, YMEHbIIEHNE HOPMbI.

1. Beepenue
PaccMoTpUM MHTerpanbHoe ypaBHeHune Tuna ®pefronbMa BTOporo poga:
(1.1) (l-k)s =g.

3peck | - elMHNYHLIA onepaTop, a K MHTerpanbHbiii onepatop:

b
1.2) Klx) = J W, X E (0,b) ¢ (-00.00),

OrpaHMUYeHHO AelCTBYIOUMA B HEKOTOPOM BELLECTBEHHOM GaHax0BOM MPOCTPaHCTBE
E = E(a, b) usmepumbix pyHkuuii Ha (a,b) C (—0,00)
PaccmoTpuM cnegyloujee Tpex(hakTopHOe NpejcTaBneHue oneparopa | —

(1.8) fu),

@ k=KXt kiD= KxINe:

npu i r 0 KOMUTETA MO Hayke
MOH PA B pamkax Hay4Horo npoeTa [JO15T-1A246.
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B. H. ENTUBAPAH, H. B. EHTUBPAH

Mpeo6pasoBaHue Buaa (1.3) 6bin0 paccMoTpeHo B paGoTe [1] B CBA3M C pelueHuem
ypasHeHus Buxopa-Xonda. OHO JOMyCKaeT PacnpoCTPpaHeHUe Ha WNPOKNE KNacChl
NMHENHbIX MHTErpanbHbIX 0MepaTopos (a Takxe MaTpuy). NS 3TOr0 OCTATOYHO

notpe6oBaTb 06paTUMOCTL onepaTopos | - K+ B E. 3T0 Tpe6oBaHMe aBTOMaTUYe-
CKV BbINONHARTCH, ECM TPEYroNbHbIe 0NepaTopsl I<+ n3 paccMaTpusaemMoro knacca
BONbLTEPPOBbI.

Byayuu npocTeiM No hopme 1 no cnocoby nocTpoeHus, npeactasnexve (1.3) moxet
3HAUYMTENbHO CNOCOBCTBOBATL YMCIEHHO-ANANMTUUCCKOMY PELleHmio ypasHenna (1.1),
601aroaps BO3MOXHOMY yNy4LIEHIIO HEKOTOPLIX CBOCTB onepaTopa (J no cpaBHeHuo
¢ K, BK/IOYAs yMeHbUIEHNE HOPMbI.

HacTosiwas pa6oTa nocssueHa usydeHnio npeactasnenns (1.3) Ans HeKOTOPbIX
M3BECTHLIX KNACCOB WHTErPaNbHbIX ONEPaTopoB, U NpuMeHeHnio (1.3) K ypaBHeHuo
(1.1). B yacTHOCTM nokasbiBaeTcs, 4To ecnn K geiicTytowmii 8 (-, ) oTpuyatenir-
Hblii (B CMbICNe TMb6EPTOBbIX NPOCTPAHCTB) ONepaToOp C NPON3BONbHOW HOPMOIA, TO
WHTErpanbHblii onepaTop  NONOXWUTENbHbIA U CxUMalowmii . Mpegctasnenue (1.3)
MOXET GbITh MCMONBL30BAHO B BOMPOCE YACNEHHO-AHANNTUYECKOTO PeleHust PAAA UH-
TerpanbHbIX YPaBHeHNA MaTeMaTUUECKOR HU3nKM.

2. Knaccel mHTerpansHbix onepaTopos

O6o3Hauyum yepes B = B(E) anrebpy c ep il fiHbIX Orp: X
onepaTopos, feiicTBylowux B E = E(a,b), cHabxeHHOW onepaTopHoii Hopmoii B E.
PaccMoTpUM HeKoTOpoe 6aHax0BO NPOCTPAHCTBO M ¢ B PerynsipHbiX MHTErpanbHbIX
onepaTtopos BuAa (1.2). Onepatop K aBnsetca perynsapHbiM, ecnu BMecTe ¢ HUM B'E
orpaHuU4eHHo feiicTByeT Takxe onepatop \K\ ¢ sgpom \K\

Mpegnonaraetcs, 4To Knacc ft 06nagaet cnefyloWnMu cBocTBaMM.

a) ft aBnseTcs npsAMoii cymmoit nognpocTpaHcTs ft*, cOCTOAWMNX U3 HUKHUX U

BEPXHNX TPeyronbHbIX (PopManbHO NONbTEPPOBbLIX) OnepaTopos Buaa (1.4).
6) Knaccel ft* 3aMKHYTbl OTHOCUTENbHO YMHOXEHNUS U ABNAKTCA anre6pamu.
B) Ecnm V€ ft* | 10

(2.1) V-V+e ft
r) Mpu ymHOXeHNM B |1 MMEET MECTO 0GbI4HOE MPaBUN0 KOMMO3ULMM Afep.
3aMKHYTOCTb BCEr0 KNacca  OTHOCUTENbHO YMHOXEHWs He TpebyeTcs.
3ameyaHue 2.1. Ycnosue (2.1) mooiceT GbITb 3aMeHeHo ycnosuem V+V- € M.
Myctb K e ft 3agaetca nocpeactsom (1.2). Yepes KT o603HauyaeTcs CONpsiKeH-
HbIfl MHTErpanbHbIA 0NepaTop ¢ TPAHCMOHNUPOBaHHLIM AApoM K (t,x). Onepatop KT,

AeficTBYIOU Mt B CONPAXEHHOM NpoCTpaHcTBe E *, MOXET Kak NpuHaanexarte, Tak n
- He NpuHagnexatb knaccy ft.



OfJHO MPEOBPA3OBAHWUE UHTEMPA/IbHBIX YPABHEHUIA

Onpepenexnne 2.1. MNycTb K+ e M*. OnepaTopbl | - K+ Ha3oBem HOpPManbHO
o6paTUMbIMKU N0 Knaccam  *, eciu
(2.2) (I-£ =.r +T+, Ti6nN=*.
X b
(2.3) frlw -y r(QIO<E, F-lw -3r {x,0)f(t)dt

3. Moctpoenne npeactasnenun (1.3). Cxema npumenenmn k (1.1)

Mycte K € M, a ero TpeyronbHele yacTu K+ 6 fi* onpegenensl cornacko (1.4).
MpeanonaraeTtca, 4To onepatopsl | - ICx HOpManbHO 06paTUMbI: UMEKT MecTo pa-
BeHcTBa (2.2). MpepcTaBnenune (1.3) MOXeT GbiTb NOCTPOEHO aHanorn4yHo pa6ote [1].

N3 paseHctBa | - K - (i - K-'j (j- +) - K-K+ cy4eTom (2.2) Npuxogum K
(1.3), rae = (j+ M_) K-K+ + [+~ Wcnonb3ys paBeHCTBa +TM_jK- =

r ,*+ (/+ T +)=T+ nonyyaem:

(3.1) Uu=r_r+e
VimeeT MeCTO cedlylolynii pesynbTar.
Nemma 3.1. Mpyu BbINONHEHWM YCNOBWII HOpManbHO o6paTumocTyn (2.2) umeeT
MecTo npejcTasnexne (1.3), rae onepaTop onpejenseTcs cornacko (3.1).

M3 (1.3) BugHo, uto onepatop | —U o6patum B E Toraa u Tonbko TOrAa, Korja
obpatum | —K

WTak, nocTpoeHne npeactaBnenns (1.3) cBoguTcs K onpegenenunio agep M* Tpe-
yronbHbiX onepaTopoB [+. B cnyyae cuMmMeTpuyHOro sgpa K foctatoyHo HalTm I+,
nocKonbKy Toraa
(3.2) 1= (% )-r*-(t,*).

PasnoxeHune (1.3) cBoanT (1.1) K NocnejoBaTeNbHOMY PELIEHUIO CNefYOWUX Tpex
ypaBHeHWiA:

(33) (/-£_)n-s,
(34)
(35) (1-K )i =F,

PeweHus ypaBHeHnii (3.3) n (3.5) BbipaxaloTcs 4epe3 I+, KOTOpble y4acTBylOT B
(1.3). OcTaeTcs pacCMOTPeTb BONPOC pelleHns ypaBHeHus (3.4).

Ycnex npuMeHeHns Aannoii cxembl pewenns ypasHenus (1.1) do MHOrom 3aBucut
OT TOro, Kakue YacTHble CBOWCTBA onepatopa K nepexoaaT K U v B Kakom OTHO-
weHun “ynyywaerca” U no cpaBHeHuto ¢ K. 3T Bonpockl 6yAyT paccMOTpeHbl Ans
HEKOTOPbIX U3BECTHbIX KNaccoB ypaBHeHuii (1.1).
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4. Cnyuait cummeTpuunoro onepatopa K 8 ( , )

4.1. OueHKacneKTPanLNoro paguycaonepatopa . MpuwiefcM HEKOTOPbIE BCMIO-
MoraTefbHble (aKTbl U3 TEOPUY NUNEHHLIX ONEpaTopoB  rMnLGEPTOBOM MPOCTPaH-
ctBe 2( ,6) cockanspneim nponssegequem {/,a) (cm. [2], [3]).
[leiicTBylownii B («, 6) nHTerpanbHblii onepatop W c BcujecTsennbiM sagpom W
ABNACTCA MONOXKMUTENbHBIM, €CIN
b b
ws,1)=J VIE £2(0,6).
aa
MonoXuTenbHbI/ 0NepaTop 06s13aTeNbHO ABNALTCA CUMMETPUUHBIM (BELLECTBEHHO Ca-
MOCONPSKEHHBIM) .
MycTb onepatop A € 3( ) AonyckaeT npejcTaBneHne

(.1 n= o
rae G € 5( ). Torga A NonoXuTeNbHbIA.

CnekTp a(A) NoNoXWTeNbHOro onepaTtopa A COAEPXUTCA B MONOXUTENbHOMR no-
nyocu: <r(A) C [0,00). ns cneKTpanbHOro paguycar(A) CAMMETPUYHOTO onepaTopa
Ae () vmeeT mecTo cneas'toljee paBeHCTBO (CM. [3, Teopemy 2 rn. 11.8]):

")

(4.2) r(A) = max (r+,

rae
r+(i4) = sup(x(i4) = anp (Ac,k), r~(A) =inf<i(l) = inf (AX,X).
IIxl<1 <1

PaccmoTpum npegcTasnenue (1.3) npu E(a,b) = ( ,b). OT knacca AononHuTeNb-
HO NOTpeGyemM 3aMKHYTOCTh OTHOCUTENbHO OMepalMu TPAHCMOHMPOBaHMsS. Onepatop
K 6yaem cuutaTb cummeTpuuHbiM: K7 = K. Torga us (1.4),(3.1) u (3.3) byaem
MMeTh:

(43K _=xi, r_=r£ 0T=0

Onepatopbl [+ umeloT Bug (2.3).

Teopema 4.1. Nycte 8 ( , ) onepaTop K 6 I ¢ cumnieTpuyHbim agpom K,

YA0BNETBOPAET YCNOBUIO HOPMANbHOW 06paTumocTy (2.2). Tora uMmeeT MecTO

npeacTasnexune (1.3) c nonooicuTenbHbiM onepaTopom € M Buga (3.1), npuyem:
a) Ecnmr+(K) < 1, To UMeeT MecTO HepaBeHCTBO

(4.4) r(1>) < 1- (i —r+(/?)) (|I/ - "vLU)1< 1
6) Ecnn
(4.5) r+(/0=1, To rgp)=1

JokasaTenbcTBO. MONOXNUTENLHOCTL OnepaTopa  cnegyeT w3 (3.1), (4.3) bl ycno-
BUS MonoxutenbHocTu (4.1). OTclofa, cornacHo (4.2) cnefyeT paBeHCTBO ) =
6



O/IHO MPEOBPA3OBAHVIE UHTEFPA/IbHBIX YPABHEHUI

r+(Y). Nyctb / e (,)wn /M= 1 0603Hauum p = (/+ T+)/ e . U3 (1.3)
nmeem (y> (1 - K)<p) = (/, (/- ) )= 1- (f,Uf). OTcloaa nonyyaem:

(4.6) S <huj) = IMI2- (v, ) > IMI2( (M)

W3 paBeHcTBa / = (/- K+)<p umeem [i<p|| > (||/ - 1<+\) . OTciopa u u3s (4.6)
nonyyaem Ceayioljyio OLeHKy:

I
=

@.7) </,0/)<1 (i-r+(AY)U-K+[])2, |/l =

Mpu r+(AY) < 113 (4.6) cnegyet oyeHka (4.4). B cnyuae r+{K) = 1 u3 (4.6) umeem
r(U) < 1. HeobpatumocTb onepatopa | — K ucknioyaeT HepaBeHcTBO r(U) < 1,
noatomy r(U) = 1. Teopema gokasaHa o

Teopema 4.1 COAEpXWUT cnefylline BaxHble cBoiiCTBa onepatopa U. OAHUM U3
HUX sABnfAeTcA TOT (akT, 4yTo npu r+(K) < 1 BbINONHAKTCA HepaBeHCTBO (4.3) H
paBeHCTBO (4.4), He3aBMCMMO OT 3HauyeHus r (K ). BTopoe CBOICTBO 3aknio4yaeTcs B
TOM, YTO onepatop U NONOXUTeNbHbIA NPU CUMMETPUYHOM K.

CsegeHune (1.1) K ypaBHeHUIo (3.4) pacKpbiBaeT BOZMOXHOCTU NpUMeHeHUs Gorat
TOT apceHana MeTOJOB PelleHUsi MHTErpanbHbIX YPaBHEHWIA C ONepaTopom CKaTus.

BaxHblii knacc ypasneuuit (1.1), ygosnetsopsioiunx ycnosuto r+(I() < 1, co-
CTaBNAT ypaBHEHWUS C OTPUALATENbHLIM 0NepaTopoM (To ecTb Koraa (—K ) nonoxu-
TenbHbiA). Torga cnekTp onepatopa K cocpejoToueH Ha 0TpuuatensHoil nonyocy,
r+[K) = 0. MoaTtomy AnA NpUMeHMMOCTU TeopeMbl 4.1 0CTaeTCs BbIMONHEHNE YCNO-
BWii HOpManbHoOi obpaTumocTyn (2.2).

YpasHenne (1.1) ¢ OTPUUATeNbHLIM OMEPaTOPOM BO3HUKAET B TEOPUM ONTUMANb-
HOWl unbTpauun cnyyaitHelx npoueccos (cm. [41 f6]), npu pewenun o6paTHbIX 3agay
TeopuW nepeHoca manyueHns (cm. [7]) B cnyyae NPUMEHEHUA PerynapusaynoHmnbIX
MeTOJ0B PelleHns UHTErPanbHbIX ypaBHeHWA NepBoro poAa u ap.

4.2. O BbIMONHENWW ycnosuii (2.2). B cny4ae KOHeYHoro npomexyTka (o, b), npu
[0CTAaTOUYHO O6WMX NPeANONOKEHNAX OTHOCUTENLHO KNACcCOB TPEYTONbHbIX 0Neparo-
pos M*, onepatopsl V+ € BO/ILTEPPOBLI B CTPOTOM CMbIC/IE (MX CMEKTP cOCTOMT
Tonbko U3 Toukn 0). Torgaycnosus (3.1) aBToMaTM4Yecku BbiMonHalTCA. Tak 06¢cTO-
WT geno B cnyuae onepatopos MunbGepta-LUMMATA, KOTOPBIA GyAeT paccMoTpeH B
Cnefyloulem NyHKTe U B Clydae ifepHbIX (M0 POTeHAHKY) 0nepaTopos.

B papje cny4aes Bbl p TBar+(K) < 1 T HOPManbHYy0
06paTumMocTh 1—K +. B 3TOM BONpOCE MOXET 6bITb MCMONb30BANA CEAYIOLLAs NEMMa.

Nemma 4.1. Mycte V€ ( ((,b) uA=V+VT. Torga

a) Ecnur+(J1) < 1, To uMeeT MecTH nejmeeucmeo
(4.8) (Vu>V>) A AU 12»  tpeL-i(a,b).

6) Ecnu V BnonHe HenpepbiBHbIA, To onepaTopbl | —V u | —V T o6paTumsl.
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JfokasaTenbcTBOo. MycTb PG («, ). U3 r+(1) £ 1 u (4.1) nonyyaem (Vtp,<p) +
(Vrp, < < UMI2. C yyeTom paBeHcTBa (V'>, ) = (V7ip, ) npuxoanm Kk (4.6). loka-
XeM yTBepX/eHue 6) 0T NPoTUBHOTO. MycTh, Hanpumep, 1 —V HeoGpaTum. MoacTas-
NAS B HEPABEHCTBO (4.6) B KAUECTBE <PHEMOABIXHBIN 3NEMEHT BMIO/IHE HENPEPLIBHOTO
onepatopa V Npuxogum K NpoTUBOpeunio. fleMma JoKasaHa. o

MycTe perynspHelii onepatop K 06nagaeT BMOMHE HEMpepbIBHON MaXopPaHTOiA:
\K (x,t)\ < Ka(x,t), rae onepatop ¢ agpom Kq(x, ) BNonHe HenpepbiBHbIA B ( , b).
3 Teopembl 0 MaxcopaHTe (cM.[8, Teopemy 5.10]) cnegyeT, 4To TOrja BNOMHe Henpe-
pbIBHbI Kak K, Tak 1 - ee TpeyronbHble yactTi K+. CornacHo nemme 4.1, npu r+(K) <
lonepatopbl | —K+ 6yayT 06paTMbl 1 COOTBETCTBYIOLME YCNOBUSA TeOpeMbl 4.1 Bbl-
NoNHAKTCA.

4.3. Cnyuvait onepatopoB Munb6epTa-lWl muaTa. MycTs J2 coBnagaet ¢ anre6-
POV MHTerpanbHbIx 0nepatopos Munb6epTa-LLUMUATA, AAPa KOTOPIX UHTErPUPYEMbI
C KBagpaToM:

b b
JJ k*(x,ndxdt < +00.

Knacc onepatopos Funb6epta LUIMMATA 3aMKHYT OTHOCUTENbHO YMHOXEHUA U AB-
nfetcs B. anre6podi. Anre6pamu SBAAKTCA Takxe *. TpeyronbHele onepatopbl
Vi 6 M2 BonbTeppoBbl (CM. [9]), onepaTopbl | —V+ HOpManbHO 06paTUMbI.

B paccmaTpuBaemom Ciyuae Teopemy 4.1 MOXHO nepedpasupoBath Credyloujum
o6pasom:
Teopema 4.2. MycTb K MHTerpanbHblii onepaTop ¢ CAMMeTPUYHbBIM AAPOM [Unb-
6epTa-LUMuaTa M BbINONHAGTCA HepaseHCTBO r+(K) < 1. Toraa umeeT MecTo
npeacTasnenve (1.3), rae  NONOOIOMTENbHbI MHTErPanbHbIii ONEPaTop ¢ AAPOM
MunbbepTa-lWmugTa. Mpu r+(K) < 1 uMeeT MecTOo HepaBeHCTBO (4.7). Ecnn ke
r+{k)=1, Tor(0)=1

4.4. ®opmynapansa obpatHoro onepatopa (j - . MycTb Kknacc  aBnaerca
6aHaxoBoii anre6poii ¢ onepaTopHOii Hopmoii. Huxe 6yaeT npuseseHa opmyna ans
o6patHoro onepatopa (i — , HEMOCPEACTBEHHO BbITeKaloWas n3 Teopembl 4.1.

CornacHo u3BecTHoit hopmyne Bepnuura - Cenbdanga (cm. [3]), ans onepatopa U,
thurypupyioujero B (1.3), umeem:

(4-9) rg) - tfo 4

W3 (4.9) cnepyet, uTo B cnydae rgp) < 1onepatop - (j'i  pasnaraetcs B pAaj

Heiimana: (i- U) = £0 A\ KoTopblii cxoguTcs GbicTpee n060i reomeTpuye-
4 ‘ 1=

CKOIi nporpeccun co 3HameHaTenem q rd) +e, 0<e<1—rd).



OAHO MPEOBPA3OBAHUE UHTEMPA/IbHbIX YPABHEHUN

MycTb BLIMONHEHBI YCNOBNA YTBEPX/AEHUS a) Teopembl 4.1. Toraa BbINONHAETCH
HepaseHCTBO r(U) < 1, 4To NpnBoANT K thopmyne

(4.10) (i-A)_"=(/+T+) ( ( \(7+ _)

5. Ypasuenue (1.1) C cy6cToxacTuueckum aapom

B HacToAl{eM NyHKTe B KayeCTBe QyHKLMOHANbHOTO NpocTpaHcTea E CygeT pac-
CMOTpeHo npocTpaHcTBo Li(a,b). Knacc M cocTouT u3 onepaTopos, fApa KOTOPbIX
Y/10BNETBOPAIOT YCNOBUIO

(5.1) Kk )= j\K{x,!)\dx < +oc.

NmeeT MECTO HepaBeHCTBO

(5.2) 1 <
ﬂnpo K spnsetcs CTOXaCTUYeCKUm, ecnun

(5.3) K, )> 0, J Kix,i)dx = 1.

Myctb

K(x,t)> 0 u uy(K)< L
B Teopun nepeHoca Takoil (paBHOMEepPHO CY6CTOXacTUYeCKMii) cnyvail MoxeT cooT-
BETCTBOBATbL AMCCUNATUBHOMY paccesHuio. Torga ponb yucna fi(K) moxert urpath
anb6e/0 paccesHus.

B gnccunaTusHoM cnyuae, cornacHo (5.2), onepatop K cxumatowunit 8 Li(a,b) ¢
KO3 (HUUUEHTOM CKaTUA . CHUMAIOWUMU ABNSIOTCA TaKxKe onepatopsl K+ noato-
MYy BbLWONHALTCA ycnosnus (3.1) HopmanbHoii o6paTumocTu. CornacHo nemme 3.1, cy-
wecTByeT npegcTaBnenune (1.3). MoxHo nokasaTh, 4To Torgar+(x,i) > 0, U(x,t) >
0, () <u{K). Npu 3HayeHusax /i(/C) < 1, 6nu3kux K 1, aapo K HasbiBaeTcs no-
YTU KOHCEPBATUBHbLIM. PeweHne ypasHeHna (1.1) B TaKOM cnyyae 06bIYHO CONPAXKEHO
c 6onbwnmn TpyaHOCTAMU. Torpa gaxe yi ne ) no
¢ 1li{K) MOXeT 0Ka3aThCA CywWecTBeHHbIM. B Clyuae CUMMETPUYHOTO NOYTH KOHCEpBar
TUBHOTO AApa K MOXHO 0XMAaTh 40 YeTbipexKpaTHOro ysennyenns yncna 1—uy{V)
no cpasHenmnio ¢ 1—u{K), 4To NPUBOAUT K TAKOMY Xe YBENMUYEHMIO CKOPOCTI CXOAM-
mocTu psaga Heiimanagna (I — ) 1 no cpasHeHuto ¢ (7 —K ) 1. Tak o6cTomuT geno
B Cnyyae ypaBHeHus BuHepa-Xonga ¢ CUMMETPUUHBIM JUCCUNATUBHLIM AAPOM (CM.

No

6. OaHO ypasHenue Bunepa-Xonda c oTpuyatencHbim sgpom

MycTb Tenepb Knacc — COCTOMT M3 MHTErpanbHbIX OnepaTopos Buhepa-Xonda

(6.1) Kf(x)= Jnx t)flf)dt
o



B. H. EHTVUBAPSH, H. 6. EHTUBAPAH

c agepHbIMU GyHKuuamu T 6 Li(—o00,00). Mpegnonaraetcs, 4To E coBnagaeT ¢ oa-
HUM 13 <1>yHKUMOHanblibix npocTpaHcTs Lp(0,00), 1 < p < 00. Mmoot MecTo oueHKa:

1als < @- J inz\dx

Onepatop (6.1) HeKOMNaKTHbIi B NpocTpaHcTBax E, TpeyronbHble onepatopbl K+
HeBO/bTePPOBbI. Knacc I He 3aMKHYT 0THOCUTENbHO YMHOXEHWS, 0JHAKO BbIMONHEHbI
Bce Tpe6oBaHMA U3 NYHKTa 2.

B |1| 6bin0 U3yyeHo npepcTaBneHne (1.3) AnA cnyyvan ypaBHeHns BuHepa-Xonda

(6.2) /(*) = a(x) + [T {x- t)f(t)dt,
o
C NONOXUTENbHLIM A4pOM. Hudxe 6yaeT paccMoTpeHo ypaBHeHue (6.2) ¢ 4eTKoii oTpu-
uatenbHoii aaepHoit dyHkymeit K e b\ (-00,00) NpejcTaBneHHoOli Yepes 3KCMOHEHTbI
B BMAE MHTerpana CTunbTbeca:
P
(6.3) K(x)= -\ I e-M*<I7(«), (».4c(0,00), A>O0.

3pech a - HeyGbiBalowas (yHKUNSA, YA0BNETBOPAIOLAA YCNOBMIO HOPMUPOBKN:

Jm K(x)(1x = zJB ﬁ(>»:1

YpaBHeHue (6.2) ¢ agpom (6.3) n cOOTBETCTBYIOLee YPaBHEHNE HA KOHEYHOM MpoMe-
XKYTKe BO3HUKAKT B TEOPUM NIMHEAHON ONTUMANbHOA GUALTPALUN CNYYaliHbIX NPo-
ueccos (cm. [4]-[6]). B pa6oTe [10] n3noXeH OAUH CNOCOG ero peleHns, OCHOBaHHbII
Ha npsAMoe NpuMeHeHue MeToAa ypaBHeHus B.AmGapuyymsaHa. ¥ paBHeHue (6.2), (6.3)
BO3ilIKAET TaKXKe NPW Perynapusayuu ypasHeHun BuneparXonga nepsoro poaa.

3 pesynbTaToB pa6oThl [11] cnegyet, 4To B cnyyvae aapa (6.3) onepatopbl | - K+
HOPManbHO 06PaTUMbI U Pe30NbBEHTHAs MYHKUUA [ umeeT Bua:

T(x,i) = Fo@— ), To@)= —J e~xpdw(p),

rae w HeyGbiBalouas GyHKuus,

00 B
- J ro(x)dx =J ~dw(p) = <1
o a

B paccmaTpuBaemMoMm cnydyae NONOXMTeNbHbI onepatop U, gurypupytouwuii B (1.3)
onpeaensieTca no cnegyloueii gopmyne:

m 1o du>(s) > 0.



O/IHO MPEOBPA3OBAHUE WHTEMPA/IbHBIX YPABHEHWIA

WmeeT mecTo paBeHcTBO ||E/|| = (+ ) < 1- CkasaHHOe 03HauyaeT, YTO COOTBET-
cTByloujee ypasHeHue (3.4) ABNSieTCA ypaBHeHUeM BuHepa-XoHda ¢ AMCCUNATUBHLIM
ARPOM. OHO MOXET GbiTb PEWEHO C MPUMEHEHMEM ypaBHeHUs AMGapuymsHa (cM.
[12]) unu meTosoM ycpefHeHUs afpa paboTbl [13]

ABTOpbI BbIPaXaloT 61aroaapHocTs A. . BapcersiH 3a nonesHble 06CyXAeHNA.

Abstract. Let E = E(a,b) be some Banach space of measurable functions on (a, b),
I he the identity operator, and let K be a FYedholm-typo regular integral operator
acting on E and I<* be its triangular pag- . We consider the representation | —K =
(I —I<_)(I—U){I —/$"+), for some known classes of integral operators. lu particular,
we show that under certain conditions the operator U is positive and its spectral
radius satisfies the condition r (Oj < 1. Also, we give some possible applications of
the representation
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WHTEFPANbHOE NPEACTABNEHWNE N TEOPEMbI
BNOXEHWA B MNOCKOCTWN ANA MYNbTUAHKWU3OTPON NbIX
NMPOCTPAHCTB

r. A. KAPANETSH

Poccuiicko-ApMAHCKNIT yHuBEpCMTET™
E-mail: gamik_karapetyan@yahoo.com

AHHOTaWws. Pab0TaABNAETCA NPOAOMKEHYEM PaBoTl [1], A C NOMOLLIO Cre-
LMaNbHOTO UHTErpasHONO NPEACTABNEHNS (YHKLUI AOKA3IBAIOTCA TEOpeMbl
BNOXEHNS ANS MyNbT @ 8. B oTm-

MHOTOYronblink umeet BEPLINH

MSC2010 number: 32Q40.

Knioyesble CNoBa: TeOpeMa BNOXEHNA; MyNbTUANM3OTPOLLII0€ NPOCTPAHCTBO; BNONHE
NPaBUNIbHbIN MHOTOYTONbHIK; MHTErpanbHOe NpeAcTaBNeHve.

Beepenue

B faHHO/ pa6oTe UHTErpanbHble NPeACTABNEHNS U TEOPEMbI BNOXKEHWS, KOTOPbIE B
pa6oTe [1] 6bi11 JoKa3aHbl ANS DYHKLWIA, NPUHAANEKAUMX MYNbTUAHU30TPONHOMY
(YHKLMOHANBHOMY NPOCTPAHCTBY C O/AHOI BEPLIMHOI aHN30TPONHOCTH, 0606Wal0TCS
ANS cyyas, KOTAa BMOMHE NPaBubHbIA MHOTOYTONbHUK UMEET NPOM3BONbHOE KOMM-
4eCTBO BEPLINM aHW30TPOMHOCTU. Teopembl BNOXeHUs Brepsbie usyyan C. /1. Co6o-
nes B [2]. B panbHeiiwem 3Tn pe3ynbTaTthl Gbinn 0606LieHbl APYTUMI MaTeMaTUKaMu
N0 pasHbIM HanpasneHnusmM. OTMeTUM U3 HuX paboTsl [3] - [C]  MmoHorpaduio [7].

1 SAPa MHTErpanbHOro NPeACTaBNeHUA U WX CBOMCTBA

MycTe R2 - AByMepHOe eBKAMAOBO MPOCTPAHCTBO, Z+ — MHOXECTBO ABYMep-
HbIX MYyNbTUMH/EKCOB, T.e. a = (ai,ar) 6 Z+, ecn & ,« Lenble HeOTpULaTeNb-
Hble yncna. Ans £7/ 6 R2, a2 6 2 . v 4 > 0 BBegeM cneaylolme 0603HaueHs:
lal = <4+o0p.e = {2'<?.p = (I'M”), 1 = 7557 (** i.*)1 O’ = ecTs
0606uieHHas Npon3sogHan Ho C./1C060NeBY. IS HEKOTOPOTO HAaBOPa MyNbTUMHAEK-
COB 0603HAUNM Yepe3  HAMMEHbLIMIA BLINYK/bIA MHOTOYTONbHUK, COAePXaHNii Bce

‘PaboTa BINONHEHA B PaMKaX TEMATMIECKOrO (uHaHCHpOBaHUA PAY 3 cpeacts MOH <> u
KOMUTETa NayKyt NPU MAHUCTEPCTBE 06Pa30BaHNA

npu o
W Haykit PA (Kop npoekTa SCS e15T-1A197).
12



WHTErPANBHOE MPEACTABNEHME N TEOPEMbI BNOXEHNA

TOYKM [aHHOTO Ha6opa. MHOrOyronbHuK 91 Ha3bLIBAETCA BMONMHE MPAaBUMbHBIM, ec-
NV MMeeT BEpWUHY B Hauane KOOPAWHAT U HA BCEX KOOPAMHATHBIX OCAX, @ BHEWHNe
HOPManu BCeX HEKOOPAMHATHLIX CTOPOH UMEIOT MONOXUTENbHbIE KOMIOHEHTbI. ycTb
a0= (i|,0),al,...,aA = (O, ) ecTb BepWMHbI BNONHE NPaBMNLHOIO MHOFOYr0Nb-
HuKa OT. COOTBETCTBYIOLLYI0 HEKOOPAUHATHYIO BHEWHIOK HOPMaNb CTOPOHBI, MPOX0-
AAweit yepes Toukn a‘,a,+1, 0603Haumm /x+1 (*= 0,1,..., M —1), rae ypasHeHune
COOTBeTCTBYIOUEl CTOpPOHBI AaeTca opmynoit (/il+l,a) = 1 [i= 0,1,....M - 1)

Kak u B pa6oTe [1], C MOMOWbIO BEPWMH MHOTOYTONbHUKA 91 BBeAeM Credylownii
1 o\ ( s 1\ 2fe ! ANAe
MHorounel: P(y, )= 1" ) +\ ) e—+t v ) .rpe /> Onpo-

M3BONbLHbLIA NapameTp u 0603HAUUM

OiA (,-«(m>ee')2" u=01...m).

Mycte GO(f,iy), Gij{t,v) (j = 0,1 ecTb npeobpasoBaHus ®ypbe COOTHEC
cTBYlILMX GyHKUMiA Go n Gij {j = 0,1,...,M). OueBugHo, 4to Go, Gij (j =
0.1....,M) u nux npeo6pasoBaHns ®ypbe npuHagnexar knaccy S = S(R'™).

0O603Hauynm yepes 7 = (7 .7 ) TOuKy nepecedeHus nuHuii (a./tl) = 1u (a,gn/) =
1 MycTb (0,0) n (0,a) Takne Touku, yTo Ou{ = 1luouy\ = 1,a N Takoe 4erHoe ynucno,
4yto N /, N'y , NO, Na - 4eTHble yucna. Torgagns agep Go,Gij ( =0,1,..., M)
nMeeT MecTo cneaylouas nemma (aHanor nemmbl 1.1 pa6oTsl [1]).

Nemma 1.1. Ana no6oro MynbTunHaekca T = ( , ) CyuwecTBYlT NOCTOAH-
Hble uncna Oi,bi,Ci(i = 1,2) Takue, 4To gna nw6oro v : 0 < n < 1 UMET MecTO

HepaseHCTBa
1.2
3 oillny| +
npu 71 <72,
(1.3)
11+
[EM-en (4,10)|<1/" N N . npu71 > 72.

(1.4)

Cillnt/] +
(+ ()" + (M) ( +v-n («its) L+ tj'»))
AHanornyHble HepaBeHCTBa UMEOT MecTO W Ana Go (,y).

13
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. 1. KAPANETSH

JlokasaTenbcTBo. [INA AoKa3aTeNbCTBa CHa4ana u3yunm nosedeHne MHTerpana

B 3aBUCUMOCTH OT F
PaccmoTpum Touky al Ecnu To nocne npeo6pasoBanns = u “r/,

nonyunm

e e

E )

<cv (U +T )

P (g n

ahavilvi

<C,- (MW +M Jt-e-~N jviArnrc-~Ad.n <Ch-<U+(— Y),
o o
Tak Kak mi —Lk - » > —1.
Ecnn xe 2 > "*jijf, To pacCMOTPUM NoCNefHIO HEKOOPANHATNYIO CTOPOHY. Mpun
> +1. nocne npeobpasoBaHus £ = i/_/* T), Nony4nM aHanoru4yHo npeabigy-
wemy cnyvato, 4yto | < Cv~(m H(m,* ))

MycTb Tenepb jj| > . °b-r < jflj+f (cnyuail paBeHCTBa U3y4uM OT/ENbHO),
TOrAa paccMoTpUM credyloulylo Touky a2. Ecau . TO BO3bMEM CTOPOHY,
NPOXOAALLYI0 Yepe3 TOUKM alm a2 (T.e. paCCMOTPUM BHEWHIOK Hopmans /i2), a ecan

TO PaccMoTpuUM cregyloujyio Touky a3. Tak Kak no NpeanonoxeHuio
pr < 2+ \e T0 06A3aTenbHo HalgyTcs Toukma’ v a,+1 (r=0,1..... M —1) u3
BEpUIMH MHOTOYronbHuka OTTakue, 4To

5) C> Wi+ Lt mi+ 1
2 7 +1 # +1 .
[fokaxem, 4ytol < Cv~" + )), TAe Ui+l —HopManb CTOPOHbI, NPoXoAsLL el

yepe3 Toun o* n B,+1. nA 3Toro B uHTerpane | cpenas 3ameHy nepemeHHbIx £ =
v 1 1/, nonyunm

I < Cx-(1"

e d | dmdru.



WHTEMPANBHOE NPEACTAB/IEHWUE W TEOPEMbI BNIOXEHUA ..

[lokaxem, 4To cyujecTByloT Takue yucna K u L (K,L > —1), uto

fund
= Tviv2l1l Irm.2 |

OTHocuTensHo K u L umeem cuctem)'

mi — =K +

m2-|f =41< +1L

0TKYyAa, cornacHo (1.5)

nii —(L+ Tr)-Tpr+ AT
= - -, 0, > -1,
1
(16) i i
- (14 W) -* o+
= -, 0» > 1
Vcxops M3 3TOTO, B MHTerpane | cAenas 3ameHy MepemeHHbiX = T | LT =
a'+l/a‘+1
. nonyunm

/< Cv (I"+1+(mkH) J J tKe-takTLe-Ta'+ldtdr < Cv~(K +,H"».a1+))
00
Tak kak K,L > —I1, To uHTerpansl cxoaatca.

Tenepb n3yuum cnyuaii paseHcTsa. MycTh

" a? 1 _ mi+1 a} mi+1 aj+l mi+1

(4 41 mj+1 <4 +17 0j+° < SATT' (* ~1.M ~ 1)
Mpui = 1pzna a0 = .(/i,0) = (ai,a§) umeem, uto noatomy 6yaem
cyuTaTh, 4TO AHanornyHo, gns Toukn am = (O,1) = (0" ,0") umeem

e’ +1

a? mj+l

Pasgenum | Ha cnegyloujue nHTerpansl:
I=1li+1+13+1

-4
!> J + J dE+ J dEi J +J J



. A. KAPAMETSAH

Ouenum Kaxpoe craraeMoe OTAeNbHO. B cenas 3ameHy nepemeHHbiX = v 1T,
nonyunm
Oo
an/ cpenas 3ameHy nepemeHHbiX £ = nonyuum
no+.-n 0
1./ 0w r . 25} Sfeol  afHL aleH
I\ ) | | e 4 ""a e-y> b drndrfr
0

= (A TS A+ A D).

. 1oui] e o2 dvidrti,

rae K onpegensertca (hopmynoii (1.6). Mocne 3ameHbl NepeMeHHbIX = W U ', T=

ljj2 1/, nonyunm

(18
120 (K+VU ")) e—raat™dt j - dr,
y i+l-4) -~}r b1
TaK Kak jji = ti)2° ", tot = <4 t/2 . MycTb /4+1 < /4, Torpa umeem

T>
MocnefHee HepaBeHCTBO cneayeT U3 Toro, yto v < 1, /4+1 < /4, fbrf? < 1 (Tk.

< N+T1. ff = mj+b TO ffrrsf’ B wnTore nonyumm, uto

t~hr

Tak Kak IIF> —1, a uHterpan f e~t7k°ItK Intdt cxoauTtes npu A'> —1.



VHTETPANBHOE MPEACTABNEHWUE U TEOPEMbI BJIOXKEHUSA ..

Ecnv xe ad+1 > /4. To 0603HauMM uepes n = (/4+1 - | ) Torga us
dopmynbl (1.8) nonyuum

/
< Cil-(I"i+11+(m,'141)) J € - 3 4 Kdt } LLI'.. dr+| |ZT_

< (cili»i/|+ v d"+ UK "1"

B nocne 3aMeHbl nepemMeHHbix ="\, uMeem
I3< Jdij 3 "2 e
o 1
=, (M +M).
JJexpj- 1M1 Avi %21 x2] exp - | 2] AjlMla

n
O60o3Haum = Tuwl 1‘ T= Trat , nepexoanm K MHTerpany
/” ( “2 _tdel1
e-rkw*TLdT /- dt < Cil-()/"1+(m")),
0 Wt

Tak Kak X > —1. HakoHel, ANA OUeHKN caenas 3aMeHy nepemeHHbix £= /~ '+
ronyurv

[sii7}
l4< J dm J 1
vwi-“l Ta
< “"let\] T~~-dT,
0 e
raec= (/4+1-/' )(1-~) "* +1,T0ecTs TCA Kak /  (cM. T80

(1.8). CnepoBatensHo, Ans /4 umeem



. N. KAPAMETAH

B MTOre NONYYNM, Y4TO NS HEKOTOPBIX MOCTOAHHBIX Ci,C2 > O MMEeT MECTO HepaBeH-
cTBO

(1.9) I< Ll =t = (R C-T)

3ameyaHne 1.1. MHOXKUTeNb |Inu\ noABNAeTCA TONLKO U TOM Cny4ae, Koraa ans

HekoTopbixi (i= 1,..., M —1) UMeeT MecTO cooTHoweHune (1.7).

Mepeiigem Tenepb K A0Ka3aTenbCTBY HepaBeHcTBa (1.2). MycTb 7i < Ans no-
60ro MynbTUMHAEKCA T = (T , ) UMeem

= (r.0,1.M)

m
MycTe Ans HekoToporo Homepai (t= 0,1....M - 1) MMeeT MeCTo HepaBeHCTBO

<-> f

Torpa nocne 3ameHbl NEPeMeHHbIX = .2/, nony4um

18T <BUM(ELI/)] < © 7= (1t (M) H2fe A - ("1/-+)).

W3 ycnosusa (1.10), kak aHanor ycnosus (1.5), cnegyeT, 4yTo nocnefHuit uHTerpan
MOXHO NPeACTaBUTh B BUAE

[DMG i, (Li/)] < C*=(1" "h (", "% )+ < *-B(* («i="™)).

rge K, > —lHekoTopble yncna. Tak kak v<1,a 1— TO MmeeM
lomG, r((,»)] < Ck-(b* I+("w™)) .
B cnyuae, korga gns Hekotoporoi (»=0,1,...,M - 1)
« _mi+ (2fc-Dal+ | a%l , Tu+ (k- 1)a?+ 1
aj + (k—1)aj+ 1" aj+l  m2+ (2*- 1) +1
nosiBNAeTCA MHOXMWTeNb [Ini/|, Kak u npu oueHke uHTerpana I.
B MTOre NOY4YUM, YTO 415t HEKOTOPBIX MOCTORHHBIX Ci U C2 IMEET MECTO HepaBeH-

"<V M[<T UM *M >m u + ()



WHTEMPANBHOE MPEACTAB/IEHVE U TEOPEMbI BNOXEHUA ...

OueHum Tenepb BblpaxeHue i/~Nt"'lIt"'n DmGitr{t,v). Mo cBoiicTBy npeo6paso-

BaHUA Pypbe MMeeM

0 AT 20T 1O,

na
KOTOpOe noc/ne MHTerpihoBaHns Mo YacTAM NepexoauT B MHTerpan

*
13 dpopmynsl (1.8) pa6oTbl [1], ANS NPON3BOAHONK PYHKLNM ) ( ® umeem, 4To
HYXHO OUEHUTb ClleAyIoiumMe MHTerpans

£ CM 7 7 Cl(EM+(»-1k £M+
0+5=*7 J
”

. «- B>MNc?2V (>.0XA,
ai+.. +flbI=f i=0

rae npoussejeHune Gepetca ANs Tex j, ANA KOTopbix [al] > 0.
PaccMOTPUM OAUH U3 MHTErPANoB B AaHHOW CyMMe U B HeM CTeMeHb  0603HaYMM

PX, @ cTeneHb - Ecnu
a) To nocne npeo6pasoBaHus £ = YANA CTENeH V, NONyunm
w
i=3
rfie KONUYecTBo MHoXNTenei /3], a nHaekcbl j (J=10,1,...,M) MOryT noBTOpPATLCA.

Tak kak (IV7, 1) = N, (ak/!1) < 1 (r= 0,1,...,M), To cTeneHb Npu n GyaeT
Gonblwe unu pasHa, yem —(I/x11+ (T, a1)). To ecTb nonyuum

6) ecnu TO PaccMOTPUM MOCNEAHIOI0 HEICOOPANHATHYIO CTOpPOHy. Ecnn
rbr=T > \
TO Xe Camoe, TONbKO Be3jie /T 3aMEHUTCS Ha
B) KakK W npu oueHke |, B cnyvae

Pi+1

paccMoTpUM Te MyNbTUMHAEKCH @ M all , 4Ny KOTOpbIX
£ £ + tti+l Pi+ 1
al pa+ 1’a?l’' P2+ 1

19



. A. KAPAMNETSH

Torga nocne NPeo6pasoBanns - U=A+d 40a CTeNeHM U, NONYHMM

5]
ii-(M ) [ (e
1=1

[I=(i 140"t )= A s e

Tak kak (Ny,/*<+1) > N, (a ,yl+i) < 1(r=10,1,..., M), To KaKk W B Npejbiayliem
cnyyae cTeneHb v 6yAeT 6onblie unu pasHa, yem - (|/i,+1[+ (T,/**+1)), To ecTb

r) B cnyvae, koraa Ans Hekotoporoi (i= 1,...,M - 1)

~ITT < AJ+Ti TO, KaK U Npu oueHke UHTerpana I, umeem

(1.12) <. F-TbAU+C-V)} (culbl + «)
NpN HEKOTOPbIX MOCTOAHHBIX ai W Tak kak (N6,/ik) > N (k = 1 T0
aHanornyHas ouyeHka cnpasefnnea v gns t"eGi<ft, n), To ecTb

[AmiFoi,«n)| < Kii»u+ »3),

W HepaBeHCTBO (1.2) AoKa3aHo.
AHaNor1u4yHo AokasbiBaloTca HepaseHcTsa (1.3) u (1.4). o

3ameuvaHue 1.2. b HepaseHcTBax (1.2)-(1.4) MHOXKUTenb |in i\ noABnAeTCA TONb-
KO B TOM CAyuae, KOrAa ANst HEKOTOPOro i UMeeT MecTo CooTHoweHue (1.1).

2. MNHTerpanbHoe npejcTasneHie  TeOpeMbi- BNOXKEHUA
Kak H B pa6oTe [1], ans no6oit hyHKUMN / paccMOTPUM yCpefHeHUe C AApOM

ycpeaHenns Go( ,u)

(2.1) fu{x) = — J {1)GOft- X v)dt.
R*

C y cBoiicTBa 1,(x).

Nemma 2.1. Ecu / € Lp(R2), To/, € Lp(R2), I1I.( «) » 0 npuv -» 30,
l<p<oc,anpul<p<oo

Hnil/if-111%,8(K) = 0-

/l0Ka3aTenbCTBO He OTANYAETCA OT A0Ka3aTeNbCTBa 1eMMbl 2.1 pa6oTel [1].
VimeeT mecTo cnefyioujas Teopema 06 MHTErpanbHOM NpeACTaBNeHUU.
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VHTEFPANIbHOE MPEACTABNEHUE WU TEOPEMbI BIOXEHUA .,

Teopema 2.1. MycTb AnA (yHkuuu f cywecTByl T 0606LUieHHbIE NMPOU3BOAHBIE
Da/ (r=0,1,...,M), rqe a’ - BeplWMHbI BNONHE NPaBUNbHOTO MHOTOYronbHuKa 91
nDnJ 6 bp(K2) (r=0,1 . M), Torpa ans nouTw Bcex i6 K 2 umeeT mecTo

npejcTasnexne

@2 Y= w o+ liag J -/ ARG - x vt
<0c R2
[loKa3aTenbCTBO He OT/IMYAETCA OT 0KA3ATENbCTBA TeopeMbl 3.1 paboTsi [1].
HakoHel, npumenas nemmy 1.1 n Teopemy 2.1, kak 1 B paboTe [1], MOXHO foKa3aTb

Teopemy BNOXKEHMS.

Teopem» 2.2. MycTb f <TY'1(R2) = (/;/£ L, (K5 ,/)s’/1£ [-»(K'), 1<p<
30, 1 "0,1...M}, 7 = (1i,7a) TOYKe nepeceveHns Npanibix ~1ln

tkl,a) = 1. Torga, ecan

X = (N + () - U (>- A+3) <1

o N+ (%) - U (-1+j) <171 > 73,

To ecTb nobas pyHkyus f £ WA1(R2) umeeT 0606-
ujeHHyto npoussogxyio Dmf, npuHagneoicauwyio npocTpatcTsy Lg (KZ) nnpn7l ¢

72 UMEeT MecTO HepaseHCTBO

(2.3)
M

HAMAU(R=») < (aillnA L -0a)A1-0~ /1A A A~ (bi|1nk{4 ) ||/||MRS)

rhe nocTosHHele , b\, He 3aBuUCAT oT u li, a \, Takoice He 3aBUCAT

0T g, h > 0 — npousBonbHbI/A napameTp. Mpu 71 = 72 umeeT MecTO aHanoruy-
HOe HepaBeHCTBO HePaBeHCTBY (2-3), rAe MHOTO'TeHbl OTHOCUTenbHO [In/t| umern T

BTOPOil NOPAAOK.

JflokasaTenbcTBo. Cny4yan7i < 72n 71 > 72 0Ka3bIBAOTCA aHANTHINYNO KaK 1 B 10~
KasaTenbcTBe Teopembl 4.1 pa6oTel [1]. lokaxem cnyyait 71 = 72 = 7.3 uHTerpanb-

HOTO npeAcTaBneHns (2.2) umeem, 4To Ans nio6bix napametpoB e u h (0 < e < h)

M h .
DmM x)-D mfe(x) =J2 / & /
J=0{
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Mp T80 KOHra, y
(2-4) A
ID- - A"/ Mlag*>5E /1K 'ILdK ~'AL
i=°c R
rpel- p= -
OueHum

(R2)- N3 HepaBeHcTBa (1.4) umeem

®) 4 ®R) - v

(1
l)‘i+v~n +c))r(i+ (m f+*F)J)

OueHUM nocnefHnii nuterpan. Tak kak 7i = 72 = 7,70 [/ = \V*m\, b} > [i'*, cne-

A (cilnW + cj)

fAoBaTenbHo, /4 < Lp . Pasgenum uHTerpan Ha cnepyioujne cnaraemble (nokasarenb

T NPONyCTAM, NOTOMY 4TO NPU N = 2 OH He BAMAET HA CXOAUMOCTb MHTerpana):

1= 77 \(1
PP @ (LT ) (14 R +<f))
I3 00 a I'x 00 00 00
SJdtid +Jdnj +Jdtid +Jdnd d
0 0 M 0 0 ek M1

=/1+ ] --/3+ /4.
B /j npousseas 3aMeHy NepemMeHHbIX

n™ i), nonyuum

h<ay\ 11 <ay\,
U0 1+ oTi%) 7+

®
@

Npou3Be/A 3aMeHy NepemMeHHbIX = VM T, Nony4um

vAh-i "
3 = d-
(vnhf-" +nr

1<Ccvy\ J dt



VHTEMPANBLHOE MPECTABNEHUE W TEOPEMbI BNIOXEHUS .

ANA HEKOTOPbIX NOCTOAHHbIX rii n d2. B /3 nocne npeo6pasoBanus = nil'i/, nony4um
<blI*A]limj 1HN$ST 5. SC"U s CvW.
Mocne npeo6pasoBaHus = u™ij gna , nonyyum

B utore umeem, uto

..... >IN («DlIns|>+.i[In*| + ~)
= (collni/|2 + ei| Ini/| + e2) v~x
ANA HEKOTOPLIX MOCTOSIHHBIX €0 ,ei,e3.
MoACTaBNAS NONYUEHHYIO OUEHKY B (2.4) U MHTErpUpys Mo U (C y4eTOM TOro, 4To

X < 1), nonyunm
uB-JIM - C" I(*)14,(i*) SA * («lInflla+ »1Ib/| +v) Lo-'/Lnr.

OTciofa, kak n B pa6ote [1], cnegyeT, 4To ,U. -*J B LJ(R2) npu N -+ 0, n gnsa
! cyuwectsyeT o6obueHHas nponssogHas D"‘f, npuHagnexaujan npocTpaHcTey
ANA KOTOPOW BLINONHAETCS HEPABEHCTBO
M
HA/IlagiP) - '=* («|b/>|3+ ¢ |bIA| + c2) £ w51

+h~x (e0|IN1|2+ ei|n 1|+ e2) [|/]ip(Ra).
Teopema 2.2 goKa3aHa o

3.1. B HepaseHcTBe (2.S) milodicuTenb |In/i| nossnseTcs TONbKO a
TOM cny4ae, Korga Ans HekoToporo i (r= 0,1,...,M) umeeT MecTO COOTHOLWeE-
Hue (1-T)- B npoTuBHOM cnyyae KO3 (hULUMEHTbI 0i U bi MOXKHO B3ATb HYNeBbIMH,
W HepaBeHCTBO (2.3) npesBpaTWUTCA B 06bIYHOE WHTEPNONALMOHHOE HEPaBEHCTBO.
Heo6x0AMMOCTb NoABNEHNA norapumMnyeckoro MHOXKuTens B cnyyae (1.7) o6oc-
HoBaHa B pa6oTe [1].

3 Teopembl 2.2 gns Bnoxenna DaW " (R 2) *>C(R2) umeem:
Teopema 2.3. MycTs 1< p<00,m = (Mi, ) -MyibTuuHaekc. OGo3HauMN

X = (K1+ (m>M)) - w(l~ A npu7i<Ts,
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X=,jy“ M(U + (™)~ U )y "™ rTr-
Torpa, ecnm x < 1« To DmWijfl(Ra) «> C'(K2), To eanb Ans nioboro / € W™ (R2)
npoussogHas Dmf NouTw BCloAy HenpepbiBHa B R2, U MMeeT MeCTO HepaBeHCTBO

op [D"7TM 1< N1 x (illnAl[+ 1)g 1 A/1 A, + % -* (bilbll + br) 11/1174,,.

Abstract. The present paper is a continuation of the author’s paper [1], where by
means of a special integral repre ion of i we prove embeddi

for multianisotropic functional spaces. In contrast to [1], here we consider the case
where the corresponding completely regular polyhedron has many anisotropy vertices.
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EXISTENCE OF SOLUTIONS FOR DISCRETE FRACTIONAL
DIFFERENCE INCLUSIONS WITH BOUNDARY CONDITIONS
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Abstract. This paper is mainly concerned with the existence of eoiutions for a certain
class of discrete fractional difference inclusions with boundary conditions. Under certain
suitable conditions, the existence results arc established by using fixed point theory for

multi-valued upper semi-continuous maps. Also, an example is presented to illustrate
the possible applications of the obtained results.1

MSC2010 numbers: 26A33, 39A10, 39A12.
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upper semi-continuity; fixed point theory.

1. Introduction

For a,b GR, such that b—a is a nonnegative integer, we denote No = {a,a +
1,a+ 2iw}and Nj| = {a,a+1, *e+,b}. In what, follows, for any function u: Na —»iS
we assume that u(3) = °>where ki, 6 N, with ki > fr2.

In this paper, we study the existence of solutions for the following discrete
fractional difference inclusion with boundary conditions:

f—O°u(i) € F(t+a —lu(t+a—1)), t£N&

1 \u(a-2)-4 “-Y(6+1)=o0,

where a 6 (1,2], b 6 Ni, A° denotes the discrete Rieinann-Liouville fractional
difference of order a, F :N~t" 1x1-> V{R) is a multi-valued function, and P(R)
stands for the fjtmily of all subsets of R.

It is well known that the discrete analogues of differential equations can be very
useful in applications, in particular, for using computer to simulate the behavior
of solutions for ccrtain dynamic equations (see [1, 2]). Although, compared to the
continuous case, significantly less is known about the discrete fractional calculus,
in recent several years, there has been an increase interest in developing the theory
of discrete fractional difference equations (see [3-9], and reference therein). On the
other hand, many real problems arising in applications, for instance, in economics,
in optimal control, etc., can be modeled as differential inclusions. So, differential

"This work was supported by the Longdong University Grant XYZK-1402 and the Science
Research Project of Gansu University 2016B-103.
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inclusions were in the focus of many authors (see [10-12]). The study of fractional
differential inclusions was initiated by Sayed and Ibrahim [13].

Although, the solvability of discrete boundary value problems for fractional
difference equations has been studied extensively, there are only few papers dealing
with discrete difference inclusions (see [14, 15]). Moreover, to the best of our
knowledge, the question of existence of solutions for discrete fractional difference
inclusions with boundary conditions has not been studied. So, in this paper, we
discuss this problem and provide some sufficient conditions for the existence of
solutions for problem (1.1).

The rest of the paper is organized as follows. In Section 2, we present some
preliminaries: necessary basic definitions and some results from discrete fractional
calculus and multi-valued analysis. In Section 3, the existence results for the solution
ofthe problem (1.1) are established with the help of the fixed point theory for multi-
valued upper semi-continuous maps. Finally, in Section 4, an example is provided
to illustrate the possible applications of the obtained analytical results.

2. PRIILIMINAIUKS

In this section, we first present some necessary basic definitions and lemmas
about discrete fractional calculus, which can be found in [3, 7).

Definition 2.1. Foranyt and v, thefalling factorialfunction is defined as follows:
_orE ]
r(t+L-v)'
eprovided that the right-hand side is well defined. We appeal to the convention that
ift + | —v is apole of the Gamma function and t + 1 is not apole, then t- = 0.

Definition 2.2. For a givenv > 0, the v-th discrete fractional sum of a function
f :Na-» R is defined by

Also, we define the trivial sum [2/(4) = f(t), t 6 Na.

Definition 2.3. For a givenv > 0, the v-th discrete Riemann-Liouville fractional
difference of afunction/ :Na4 1 is defined by

A«/W = AnArI=")/(*), t€ Na+n_,,
where n is the smallest integer greater than or equal to v and A" is the n-th oider
forward difference operator. If u —n e Ni, then A"/(<) = Onf(t).

Lemma 2.1. Letv >0. Then
A vAuf(t) = f(t) + cii—-+ A"+ eom+ cnth=lis,

where  GR,i = 1,+¢¢,n, andn is the smallest integer greater than or equal to v.
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Lemma 2.2. Letf :Na—»R andi/,/i > 0. Then
A =Aa"""IW = O pOrvw , *e Nat/1+,.
Lemma 2.3. Ze£Ea GR and > 0 be given. Then, forv € (n—I,n],n€N If
Hatfi(™ ~ a)~ = ~ t 6 No+"+h-,,.

Next, we briefly recall some basic definitions from the theory of multi-valued
functions. For more details on multi-valued maps, wu refer the reader to [11).

For a normed space (X, || +]|), let Pe(X) = {Y e V(X) :V is bounded}, where
P(X) denotes the family of all subsets of X. Then a multi-valued map G : X ¥
P{X) is convex (closed, compact) valued if G(x) is convex (closed, compact) for all
X G X. G is bounded on bounded sets if G(B) = nx6sC(a;) is bounded in X for
all B G Pb(X), that is, supxeB{sup{|li/|| :y e G(x)}} < oo. G is called upper semi-
continuous (u.s.c., for short) on X if for each xo € X the set G(x0) is a nonempty,
closed subset of X, and for each open set M of X containing G(x0), there exists
an open neighborhood No of xq such that G{No) C 1. G is said to be completely
continuous if G(B) is relatively compact for every B e Po{X). If a multi-valued
map G is completely continuous with nonempty compact values, then G is u.s.c. if
and only if G has a closed graph, that is, x,, -> 0,yn -> /o. lin 6 G{xn) imply
Yo e G(xo) Finally, we state two fixed point theorems for multi-valued maps, which
will be used in the proofs of our main results.

Lemma 2.4. (see [16]). Let D be a nonempty dosed convex subset of a Banach
space E, and let G : D — V(D) be an u.s.c. compact map with nonempty, closed
and convex values. Then G has a fixed point in D.

Lemma 2.5. (see [16]). Let E be a Banach space, U be an open subset of E and
©GU. Suppose G : U —V(E) is an u.s.c. compact map with nonempty, closed and
convex values. Then either

(i) G has a fixed pointin U, or

(ii) there are 1 GdU and AG (0,1) such that u G XG(u).

3. The main results

In this section, we establish the existence of solutions for the problem (1.1). To
accomplish this, we first give the definition of solutions for the problem (1.1), and
prove a basic lemma which is crucial in the proofs of our main results.

Definition 3.1. A function u —¥R is said to be a solutionfor problem (1.1)
if there exists a function v :—mR such that v(t) G F(t, u(t)) on
and
- “()= + -1), tGNg
1] \u(a- 2)= Aa-wmb+ 1)= 0,
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Lemma 3.1. Letv : ->R  given. The unique solution of (3.1) is given
b
«(*) =12 G(i,e)v(«+ or- 1), t GN*+S,
«0

where
M Aty @ { et 1~ lenl ;..
Proof. Suppose that u : ® satisfies the equation in problem (3.1). Then

we can apply Lemma 2.1 to conclude that

)= -j— YAt-a- D2hits(e+ a - 1)+ cjfasx+ c2tA
forsomee; €R, i =12, t€N ~. Byu{a—2) = 0, weget = 0. Therefore,
(33) <1)=-— E(t-»-)2=in(» +a-1)+al2=l, IE»N.

Next, by virtue of Lemmas 2.2 and 2.3, and the fact that the equality 44~ [ )=
g{t) holds for any function g with G (0,+00), we have

(3.4) A“-14») = -£«>(» + 0-1) +cil(a), (eNj«.
s=0

Using the condition A°~1u(b+ 1) = 0, from (3.4) we obtain

Now, substituting the obtained relation of cj into (3.3), we get

*0o --ANB X o1>M(L+ -y +NMEFS M+ -y
' 80 '«

b
-J20(t,a)v(a+a-1), teNn~,
5=0
whore G(t,s) is defined by (3.2), and the result follows. (=]

Remark 3.1. From the expression ofG(t,s), given in (3.2), we can easily infer

that
0< G(ts) <(b+a- 1)2=1 for (f,s) 6 n1£“ x Nfj.

Next, we denote X = [x: ~ —vR}andY = {y :N**_1 -+ R}, and observe
that X and Y become Banach spaces when equipped with the usual maximum
norm, that is, forany x GX andy GY, || = max{la;(f)] : t G -1* } and
21l = max {ly(t)] :«GN ~ 1}
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Define an operator N : X P{X) by
b
(35) N[u) = {ft GX :li{ty=  G[ts)v(a+a- 1), v GSpiUj,

where S>,, = {v EY :v{t) 6 F[tu{t)), t G

Now we list a number of assumptions to be used in the statements of the main
results.

(Hi) F : N~ta 1 XR > 'P(R) is a nonempty, compact and convex multi-valued
map;

(11) X I» F(t,x) is us.c. for each t GNEt“-1;

(H3) For each r > 0, there exists a function qr :N~t.* 1 [0,+00) such that

(3.6) INe *)I1* = sup{jwl: Ye F{t,x)} <ipr(t)

for each {t,x) GN~t“-1 x [-r,r], and liminfr_»+00 A w(s) = P\

(H3) there exist nonnegative functions o,b6 Y, and ©e (0,1) such that
I < a(t) + bW, (t,x) G X R.

(Ha4) there exist a nondecreaslng function ¢ : [0,00) -+ (0,0c), a function p :

_>[o,00) satisfying 53 P(0 ™ O»and a positive number M, such that
|IF(t.az)|l7>= sup{|i/l:y GF{tx)} < p(f)V>(M)

bra—
for (t,x) GN~ “-1 x R>and M > (b +a - 1Ly=+p{M) J2 p(t) > 1.
Now we are in a position to state the main results of the paper.

Theorem 3.1. If assumptions (H1)-(H3) are fulfilled, ami
3.7) ob+a- 1)2=i<1,
then problem (1.1) has at least one solution in X.

Proof. We divide the proofinto three steps, to show that the operator N, defined
by (3.5), satisfies all the assumptions of Lemma 2.4.
Step 1. We show that the operator N (u) is convex for any u G X.
Indeed, if , G N(u), then there exist t>i,v2 G Sf.u such that for each t G
N*3 , we have
b
hi(t) ="2 G(t, 8)vi(s + a —1), t= 1,2
»0
Let w G [0,1], then for each t GN”t.2, we have

b
[mhi+(1-*) ()=Y)G(ta)zav(s+a- 1)4(1-w)v2(s+a- 1)
»0
Sincc S¥,uis convex (becausc F assumes convex values), we have ruhi+ (1-m )h2 G
N(u), implying that N{u) is convex for any u GX.
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Step 2. We show that there exists a number r1> 0such that N : Ba ¢ V(Br>) is
a completely continuous map with compact values, where = {«6 X, |u]] <»*'}.
Indeed, if the claimed assertion is not true, then for each positive number r, a
function ur GBr can be found such that /i 6 N(ur) and |[ftr|| > r with
b
M4 = 130(i,«K(» +«-i)i
»=0

for some vr G .9p,ur- On the other hand, from (3.6) in (H3) and Remark 3.1, we
have

1.6 |
r< WAil= max ]£.G(tavr(s+a- 1)
I= 1

b
<(b+a—1— égK(e+a- N<(+a 1— C0<pr(s+0- 1.
«

Dividing both sides by r and taking the lower limit as r > oo, wc conclude that
0(b + a —1)2=" > 1, whicli contradicts (3.7). llence, the existence of a positive
number r* is proved. Furthermore, since X is a finite dimension space, the operator
N :Br>»P(BT) is completely continuous with compact values.
Step 3. We show that N is a u.s.c. map.
For this purpose, we first define the linear continuous operator © : ¥ -» X, by
b
V-t @) =Y. Cft»M*+0-1) if N«*.
a=0

Letun >LL, hn GW(un) and h,, — ho as n —00. It is easy to see that we only have
to show that lio G N(un). To this end, observe first that the relation h,, G Ar(u,,)
means that there exists v,, G5>ilh such that /u, = &un. Since {un}neNa is bounded,
from its convergence and the condition (3.6) in (113) it follows that there exists a
compact set  of Y with {vti}neNo Q N (see [17, p. 262]). Therefore there exists a
convergent subsequence {funk}fceNb of {un}neNo such that v,k -* vgas kK 00.

Now, letv,.k-» uoas A 00 and v,k(t) GF(t, Unk(t)) forall t G Then,
since F{t,-) is u.s.c. for all t G Nj£.“-1, we can conclude that vo(t) G F(t,vo(t)),
implying that vo G5f.uo. Next, since v,.k -» uo as k “moo and © is continuous, we
see that hnk = Qv,.k —»&v0as k 00, and hence ho = Qv0 G Q (Sfill) = N(uo).
As a result, ATis a u.s.c. map.

Thus, N :Br -¥ P(Br) is a compact multi-valued map, and is a u.s.c. with
convex closed values. Hence we can apply Lemma 2.4 to conclude that N has at
least one fixed point u GBr>c X, which is a solution of the problem (1.1). [m)
As an immediate consequence of Theorem 3.1, we can obtain the following result.

Corollary 3.1. If assumptions (Hi), (H2) and (H3) arefulfilled, then problem (1.1)
has at least one solution.
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Theorem 3.2. If assumptions (Hi), (H2) and (114) are fulfilled, then problem (1.1)
has at least one solution.

Proof. In order to use Lemma 2.5, we first show that the set
S = (ue X :n G\N{v) for some AG (0,1)}

is bounded, where N is defined by (3.5).

Let u G S, then there exists a function v G S,u such that for each t G
we have u(f) = A5D*=0 eM s + <- 1) for some A G (0,1). llence, in view of
assumption (H A for any t GN "t|, we can write

I I b
[«(0] =|AY jG(t,s)v(s + a —1) < max G(ts)\v(s+a- 1)
1 &0 1 =0

b
<{b+a- 1)2=i]Tp(s+a- i/>(us+a- 1))
*=0

>+a- 1)M(IMI)  pu+ - 1)
This shows that the set S is bounded, and the inequality

INI< o+ a - DS=ty(|«]))

n(r+a 1)
«0
holds for each u  S. Then by (H4), there exists M such that |jul| M.

Define U = {ti GX : ||u]| < J1/}. Just as in the proof of Theorem 3.1, we can
show that the operator N :U -* P{X) is a compact multi-valued map, and is u.s.c.
with convex closed values. Prom the choice of U, we can easily find that the second
possibility given in Lemma 2.5 is ruled out. So, the first possibility of Lemma 2.5
holds and we can conclude that N has at least one fixed pointu G U C X, which
is a solution of problem (1.1). [m)

4. An example

In this section, we discuss an example to illustrate the possible applications of
the above established anatytical results.
Example 4.1. Consider the following problem

|-A au(t)GF(t+o-l,«(t+a-1)), tGNg,
("> \u(a- 2)=A°~Tu(b+ 1)= 0,

wherea G (1,2], bGN1 and F :N~t* 1 x R —P(R) is a multi-valued map defined
by
(t,z)->F(M)= [srf2+ L,AfT ++1]-
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It is clear that F satisfies assumptions (Hi) and (11). Then, forany v 6 [th+ +
s + 1+ 1], we have

I’ ,{n + A +1+ 1} 1+6+"
for each (t,x) € x K. Therefore, ||F(t,®)[[7>< | + b+ , showing that the
assumption (H3) Is satisfied. So, in view of Corollary 3.1, we can conclude that
problem (4.1) has at least one solution on N”t- .
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(YHKLMS; BECOBas MePa; OrpaHNueHHbI NPOEKTOP; ABOMCTBEHHOCTb.

1. Beeaenue

MonoxuTensHas, HenpepbiBHas W y6biBalowas Ha [0,1) QyHKUMA ip HasblBaeT-
cs BecoBo (yHKumeid, ecnm limyj(r) = 0 npu r — 1. KoHeyHas, NonoxuTenbHas
6openesckas Mepa rj Ha [0,1) Ha3biBaeTCA BECOBOI MepOA, ecnu ee HOCUTENb He Co-
CpefoTO4eH HU Ha Kakom noguHTtepsane [0,/?), 0< p < 1.

MycTb /iooQv3 — GaHaxoBO NMPOCTPAHCTBO KOMMMEKCHO3MAYbIbIX (YHKLWA 1, rap-
MOMNMYECKHX B eAMHNYHOM KpyTe, ¢ Hopmoii L = sup{u(z)”(|z]): \2\ < 1} u ho(tp)
— 3aMKHYTOe NoANpOCTPAHCTBO (yHKUMiA 1, ana KoTopeix [u(z)| = o(l/ip{\z\)) npu
LA

B pa6ote [1] nokazaHo, 4To hoo(") n3omeTpuyeckn M3oMOptHHO BTOPOMY COMps-
JKEHHOMY MpPOCTPaHCTBY K ). B [2] 6bina nocTaBneHa v pelueHa 3agava ABOW-
CTBEHHOCTW: HaWTK BecoByto Mepy i) Ha [0,1) Takyto, uTo

h}(ri) = {v€ LI(dq(r)d0): v rapmoHuyHo B \z\ < 1}

ABNAETCA NPOMEXYTOYHBIM COMPSKEHHBIM, T. €. ~ bB(d)’ n ~ [loo(v’)-

B yka3saHHOi1 pa6oTe [2] paccmMoTpeH cnyyaii = 2. Kak W3BECTHO, BCAKas rapMoHu-

ueckas B eUHNUYHOM Kpyre \2\ < 1 dyHKUns h pasnaraetcs B psj no CTeneHaM z n

, TaK Kak BellleCTBEHHO3HauYHasA rapMoHuyeckas (yHKLUA ABNAETCA BelleCTBeHHOI
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4acTbl0 rONOMOPHONM (hyHKLUMW. STO MO3BONAET NPUMEHSTL METOZL! KOMMEKCHOTO
aHann3a.

HacTosian cTaTba NOCSAILENA PELIEHNIO 33a4u ABOVCTBEHHOCTI 4NN MHOTOMEp-
HOFO CAly4asi, @ UMenHo, ANs (MYHKLMIA, FaPMOHMUYECKAX  eAWHUYHOM wWwape P.",
n > 2. MHOTOMEpHbI Cayyali MeeT Crieyutuky B TOM CMbICIE, YTO He NPUXOANTCA
TOBOPUTL O CBA3N MeX/Y rapMOHNYECKMI 1 TONOMOPMHBIMI (DYHKLUAMMN, U BMECTO
CTeneHel I 1 I Mbl MeeM eno co ChepuyecKinMin FrapMoHNKaMu.

Huxe NpuMeHsIoTCs cneayloljne 0603HaueHns:

K” — -MepHOe eBKMA0BO NPOCTPaHCTBO;

B = {x GR": [a| < 1} —OTKpbITbI/ eAMHNYHBII Wap B K";

5 —ero rpaHuLa, ABNAKWAACS EAMHUYHON Chepoil;

a — 6openesckas Mepa Ha , MHBAapWaHTHaA OTHOCMTENbHO BPaLEHWUA N HOPMUPO-

BaHHas ycnosuem <r(5) = 1;
h(D)  nWHeiiHoe NPOCTPAHCTBO BCEX KOMM/IEKCHO3HAUHBIX, FapMOHMYeCKUX B B

yHKUMIA.
CumBonbl C, ¢ BClOgy ByAyT 0603HauaTb NONOKUTENbHbIE MOCTOSIHHbIE, BO3MOXHO,
pasfuyHble B PasHbiX MECTax.

2, MpocTpancTsa rapMoHuuecknx hyHKYU

MycTb ip(r) —Becosas 4>yHKuuA Ur; —Becosas Mepa. Mpogomkum ipn B, nonoxwus
ip(x) = ¥>(|x|). AHsa u e h{B) itonoxum

llule>= iip{| (®)|(®): Xe B} =sup{A/00(u,Va(): T < I},
IM lu= J/s _][0 W rC)l dri(r)dcT(Q = ,][) Mi{u,r)®)(r),
rae Alpu.r) =sup{lu@): =t} Mimr) =13 Ju<) da@Q
Onpeaenm NpoCcTPaHCTBA FapMOHUYECKNX (DYHKLMIA:
)= {n€n(B): [mllv < oo},
{>)={«Gh(B): limMoo(u,r)ip(r) = 0},
byu) = {* € UB): |luf|4 < oo}

QuesugHo, hofip) ¢ (p), TaK 4TO MOXHO MCMONbL30BaTb HOPMY |[u|lv ans /io(p).
Creaytoime /iBa NpeAn0XKeHNS NOCBSALLEHbI OCHOBHbIM CBOACTBAM 3TUX NPOCTPAHCTB.

Mpeanoxenune 2.1. MycTb h o3HayaeT N06oe M3 TPex BBEAEHHbIX BbilUE MPO-
cTpaHcTs. Torpa:
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(i) ecnu b —orpaHnyeHHoe nogmHooicecToo h, To yHKUMKM U3 b paBHOMepHO
OrpaHnyeHbl Ha KaXK/i0M KOMNaKTHOM NoAMHOXKecTse B;

() cxopsawanca B h nocnefoBaTENbHOCTb CXOAUTCA PABHOMEPHO HA KOMMaKT -
HbIX NOAMHOXecTBax B;

(iii) ans no6oi Toukn X 6 B 3HauYeHWe a X SABASETCA OFPaHUYEHHBIM TUHEHHBIM
yHKUMOHanom Ha h;

(iv) h —6aHaxoBO NMPOCTpPaHCTBO;

(V) Jlo(v) sBnsieTCA 3aMKHY TbIM MOANPOCT paHCTBOM hoofo)-

JNlokasaTenscTso. B [3, Mpepnoxenve 2] ana n € NoJy4eHO HEepaBeHCTBO,
vMeloLLiee B HalWX 0603HAYEHNAX BUJ

l«M1 7 '(llflg{;n-i (j([i+m)/2 I"»(OI)I M1, *Gs-
OTcioga ans n € JII@?) cnepytot (i) u (iii). Ans hM(ip) n ho(<p) aTn yTBepXAeHNS
oyeBMAHbI. Jlerko BugeTs, uTo (ii) cnegyet us (i).

[Mokaxem (iv). OueBUANo, NPOCTpaHCTBA h ABNAIOTCA NMHEAHBIMA HOPMUPOBAH-
HbIMM, MOITOMY JOCTAaTOYHO JOKa3aTh UX MOMHOTY. JlOKaXEM MONHOTY Mycts
nocnegosatenbHocTb Uj pyHaameHTanbHa B hr{i) u nyctb K — komnakTHoe nog-
MHOXecTBO B. W3 (ii) cneayet, uTo cyulectyeT koHcTaHTa C = C(K) Takas, 4To

max|u(*)! < Clull,
Ans scex m 6 1( ). CnenosatensHo,
U#() - u*()I A\ - llu
ANA nobbix X € K a j, K. MockonbKy Uj pyHAameHTanbHa B TO oTClOAa cne-
AYET, YTO Ha KOMMNAKTHbIX NOAMHOXECTBAX B M0CNEA0BATENLHOCTL Uj PaBHOMEPHO
CXOANTCSA K HEKOTOPOIA (YHKLMM 1, TapMOHUYecKoii B B. U3 dyHAaMeHTanbHOCTH Ly
cnepyer, uto

J[ Jf Juj(rC)| dr {r)dafc) = Nel1, < el + 1K 11, < c.
s Jo
113 Teopembl daTy cnefyet, 4To

M .- M K)[*?(r)*r(0<C.

T.e.me
Cnyuaii hoo(ip) npowe. MycTb wy 6 ~ ). Ha KomnakTHOM noAmHoxecTse K
wapa GyHKUMA ip(x) oTrpaHnyeHa oT Hyns, No3ToMy
() Uk@) < Cip(x)\w{x) - ufoi)| = - tifdv, x GK.
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Ecnn (hyHaameHTanbHa B Jo(vO> TO oTClofa CnedyeT, YTO Ha KOMNaKTHbIX MOA-
MHOXeCTBax B nocneAoBatenbHOCTb «* PABHOMEPHO CXOAUTCA K HEKOTOPOM (hyHKLMM
W, TapMOHIUYECKOii B B. HeTpyaHO BUAETb, UTO Uj CXOAUTCS K U 1 B HOpME

(v) cnepyet u3 (iv). (=)
Mpeanoxenune 2.2. MycTb ne(x) = un(ax), 0< Q< 1L

Ecnuu B h1(r)) nnu n € Fo(<p), Tona 1 no Hopme, Npu B -»1;

ecm n € ), To ||ujlv < || |I*, « ,,-» noTo4euHo o0 B;

(iii) rapmoHMyeckie NOAMHOMBI NNOTHbI B /t*(rj) n BIL)(<p);

(iv) kuoicas thyHkunsa u 6 hoo(ip) ABNAETCA NOTOYEUHBLIM NPEAENOM HeKOTOPOi
orp: 0/ N0 HopMe TeNbHOCT I TapMOHIUYECKIX NOMHOMOB.

JokazaTenscTso, (i) Ana /lo(*) ato oueBugHo. PaccmoTpum cayuait hl(ij). Ans
no6oro uucna Se (0,1) 6ysem nmeTb

IK-4,=J  Me»0 - «(*01M O *Xw) <
JoJsMB'O «K)IMO df)r)+
(2.1) +1 (I«( »01 + I«(*Ol) <LLO*?(r)
BBugy TOro, 4to (yHKUNA|u| cybrapmonnyHa, ee cpejjHee N0 eANHUYHON chepe
T(e) = J (erC)r<~(0
s
SABNSETCA HeyGblBatoLel BenuumnHoii oT o: T(a) < T(1). OTciogam us (2.1)

1% upr?< J% J[S \u(Qr0 u(i'0\MOodv(r) +2J[S J[s \u{rO\da{(,)dri(r),

OTKy/ja BUAHO, YTO BbIGPAB 4YMCAO 6, a 3aTeM B JOCTATOMHO 6M3KUMU K 1, Npasyio
4acTb 3TOr0 HEPABEHCTBA MOXHO C/eNaTh CKO/b YTOAHO Manoi.
(i) cnepyeT U3 NpUHLMNA MAaKCUMYMa 1 HEMpepbIBHOCTW. Kak 13BecTHO', (hyHKLMs
, TapMOHMYECKas B OKPECTHOCTU B, paBHOMEPHO Ha B NpuGauxaeTcs rapMoHuye-
CKUMW NonMHOMaMK. Micnonb3ys aTOT (hakT, nonyyaem n (iv). [m)

OTMeTUM elle, YTO B [4] AaHbI COOTBETCTBYIOWME CBOWCTBA MPOCTPAHCTB o0~
MOPMHBIX GYHKLLA B eAMHUYHOM wape u3 C".

3. Bocnpoussoasuee sapo

PaccmMoTpum cnepBa cnyyait nnockocty (T. €. 1 = 2). Ecnv yHKUUS U rapMoHny-
Ha B @AVHUYHOM Kpyre , TO, KaK M3BECTHO, OHA ABNAETCS BEL|ECTBEHHOI YaCTbIO
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OFPAHUYEHHBIE MPOEKTOPbLI U IBONCTBEHHOCTb ..

ronomopgHoii B 13 dyHkumn /. Tak kak u = (/ + /)/2, To U3 pa3noxeHns B paj
Teiinopa nonyyaem pasnoxeHue Ans 1, MMeloLLee BIAA

3.1) n(reis) = " akr"eikd,

rge 0 < r < 1. B MHOromepHOM cniyyae (T.e. > 2) TaKoil CBS3N MeXAy rapMoHuue-
CKUMU 1 FONOMOPHHLIMI DYHKUMAMU HET, HO CYLLECTBYET aHanor pasnoxexus (3.1),
B KOTOPOM PO/ib IKCMOHEHT €Ik UTpaloT chepuyeckne rapMoHUKN. B CBA3N C 3TUM
HaNOMHUM HeKOTOpble aKThbl U3 TEOPUM FaPMOHUYECKUX (YHKLMIA (CM., Hanpumep,
[5D-

Yepes 0603HAYAETCH MHOXKECTBO BCEX KOMM/IEKCHO3HAUHbIX OHOPOAHbIX
rapMOHMYECKMX MONMHOMOB CTEMEHY K B MPOCTPAHCTBE

CyxeHue nonnHoma us IKfc(R”) Ha cthepy S HasbiBaeTcs Chepnuyeckoil rapMOHMKOI
cTeneHy K. MHOXECTBO BCEX C(EPUUECKUX FapMOHUK CTeneHu K 0603Ha4aeTcs Yepes
345S).

Bcskas ciepnyeckas rapmoHnka p e JCfc(S) eagnHCTBEHHBIM 06pa3om Npoao/ka-
€TCs 10 OJHOPOAHOTO FapMOHMYECKOTO MOMHOMA, KOTOPbIA Mbl Gy/eM 0603HauaTh
Toit e GyKBoii p.

IH*(5) ABNAETCA KOHEUHOMEPHBIM 3aMKHYTbIM MOAMPOCTPAHCTBOM UbGEPTOBA
npocTpaHcTea L 2(S) co cKanapHbIM Npon3seseHnem

(«wv) = Jsu(£)v{£)da(Q.

MycTb Touka e S dukcupoBaHa ®yHkumoHan J1: Oik(S) -» C, onpegensiembiii
Kak 3HaueHue B Touke :JI(p) = p(£), oueBMAHO, NuHeeH. N3 o6lueit Teopun runbGep-
TOBbIX NPOCTPAHCTB CNeAyeT, 4To cyliecTByeT anemeHT Zfc(-,0 G TakKoi, uTo
Ans Bcex p 6 IKfc(S)

pK) = A p(0Z»(C,«)<MC).

DYHKUMA ZU Ha3bIBAETCA 30HaNLHOW rapMOHNKOI NOPAAKA K C MOMOCOM B TOuKe £.
OHa BellyeCTBEHHa N y/0BNeTBOpPsAET ycnosuo 2*(C.0 = Zk(t, O-

MycTb $p— BecoBas (yHKUMA u I/ — BecoBas mepa. Beegem mepy dp = <pdi] n
mepy dp.’, onpejeneHHyto paBeHCTBOM

(3.2) [1f(r)ds(r)= [1f(ri)dti(r), /6C [0,1].
Jo Jo

OueBnaHO, 06e 3T Mepbl GOpeneBckue, KOHEUHbIe, NONOXMUTENbHbIE U UX HOCUTENM
He COCpefloTO4eHbl HW Ha Kakom noguHTtepsane [0,p), 0< p < 1.
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Huxe ucnonb3yetcs nonsipHas opma Todek X,y e R”, T.e.x = ,y= , r1ge
, 6 , p>0, r>0. PaccMOTpUM (yHKUMIO

(3.3) R.(xy) = = X)**% (*>vp
fo=0 fo=0
rae tk = So Mkdll'(r) = 0r2kdn(r). Bo BTopom paBeHcTBe B (3.3) uepe3 Zk(x,y)
0603HaueHo Npoao/mkeHre 2*( C) no KaxAoil NepemMeHHoM co cepbl Ha Bce npo-
CTPaHCTBO R" KaK OJHOPOAHOTO rapMOHMYECKOTO MO/MHOMA CTereHU K, MO3TOMy
pkrkZk(t, C) = Zk(x,y).
Mbl GyfeM Nonb30BaThCA COOTHOLLEHWEM ABOWCTBEHHOCTU MexXay hx (ip) u Ar(?),
KOTOpOE 3aJaeTcs GUNNHENHOM (hopMOoii:

(3.4) myv)= )ESJO u(rQv{rt)ip(r) ( -)( (), w6Aoobl, vehlfa).

Cnepytoliee npeanoxeHve yteepxaaet, uto (m(m), R,,(x,-)) = u(x) ans scex u €
N(¥>) UNL(i?). B aTom cnyyae roBopsTt, 4to GyHKUMA SAL(X,y) ABNSETCS BOCNPOU3-
BOAALLMM SAPOM Ans 6unuHeitHo dopmbl (3.4).

Mpegnoxenue 3.1. a) Mpu dukcpoBaHHoit Touke, X 6 B diyHkyus J17(x,y) rap-
MOHMYHa B wape {y: W< W 1}

b) ®yHkuna Au(x,y) aBnseTcs BC ASLWNMM SAPOM Ans 6 iiHoW dchop-
Mbl (3.4), T.e. Ana Bcex n € Aooto) U JT*(4)

35) <A, )= ()
[JlokasaTenbcTBo. Kak ussectHo (cm. [5, Theorem 5.33]), .

(3.6) |r*(Ww £*£C *"-\" pgnascex ,((= ,

rae dfc —pa3smepHocTb npocTpaHcTBa IK*(S), C —abcontoTHas KOHCTaHTa. Tak Kak
Mepa L' He paBHa HY/IO HU B Kakoi OKpPeCTHOCTU 1, TO

tk- J rkdn'(r)>8kJ dn{r), k=0,1,2,...,

oTKyfAa cnegyeT, 4to 1= 0(s~k), k -t co, ana kaxporo 0 < < 1. OTcloga u n3
(3.6) cnepyeT, uTo psg B Npasoit yacTy (3.3) CXOANUTCH aBCOMNOTHO U PaBHOMEPHO Ha
mHoxectse {(k,y) e K2": [x|ly| < g, 0 < g < 1}, 0TKyaau cneayet yTBepXzeHue a).

C yyeTom Toro, uto >dr/ = dfi, u3 (3.4) cneayert, uto (3.5) ABNAETCA NHTErpanbHbIM
npeacTaBneHneM: AN BCAKON yHKuuu ne ~ ) uwm n e JINr/)

3.7 nx) = nK)Aa(x,0 dp.(r)da{Q.
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Vmeem
M, = I«K)Idli(da{Q) = j I«K)lv»W
oTKyAa
(3.8) ll<llp <m0 ; ) < Cli«ll
"
(3.9) Hull, < m ax"r)} Ju(r<)|dr,(r)da(Q < Cllull,..
sJo

OrTctoga cnegyet, uto ecnm u G hx {ip) UhI(i]), To u G/il(/*)- Ans dyHKUWiA xe u3
1( ) (d nccKonbKo WHbIX 0603HaYeHnAX) hopmyna (3.7) AokasaHa B [3, Theorem 1],
OTKy/a 1 CneayeT yTBepx/aeHue b). [u}

Mpeanoxenue 3.2. MycTb £(AA(X, *)) —nuHeiHas 060104Ka MHOXKECTBA (yHK-
umit [R,,(x, *): x € B). Torpa £(4a(x,*)) nnoTHa B /I(j/) n B ).

JokasaTenscTBo. PaccMoTpum ciyuaii ft1(r?), ans ho(ip) fokasaTenbCTBO aHanorny-
Ho. CornacHo Teopeme XaHa-baHaxa, JOCTaTOYHO MoKasaTb, YTo ecnv ® G JIL(I?)* n
$(Rv(x,*)) = 04nsa Bcex x 6 B, To ® aHHynupyeT BCE ).

Tak kak R,,(x.y) rapmoHuuHa B |y| < |*| 1, pag (3.3) aToii GyHKLMM cxopuTes B
B paBHOMEPHO U, cnejoBaTenbHO, Takxe u no Hopme /il(rj). Moatomy

(3.10) AL A )
fc=O
LANSA BCAKOW Toukn X B.
MycTb opToHopmanbnblii 6asuc B JCK(S). Torpa Zk{x,y) =
(3.11) «(z»(*) =
3=1

rae c f = ®(e”). Takum obpasom, <&Zk(x\-)) G Wf(Kn) u (3.10) sBnseTcs ogHo-
POAHBIM pa3noxeHnem GyHKuun P(i?M(K, W) Ha OAHOPOAHbIE NONNHOMBI. TMOKaxeM,
41O U3 paBeHcTBa P(Ap(X,-)) = O cneayer (/?.(,*) =0, k= 0,1,— 3aduk-
cupyem C G 5 n paccmoTpum cyxkeHne dyHkuun ®(/Ip(x, ¢)) Ha npamyo x =
0<r < 1 WNveem

d(a,k 'O)Zﬁ;o . » - ﬁ:o!*lm(r*K. »rc 0
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Ans Beex 0 < r < 1. Mo Teopeme eAMHCTBEHHOCTU ANf KOI(HULMEHTOB CTENEHHOO
psiAa oAHOI nepemeHHoi, ®(.2%(C, +)) —0 (T-K- ®0)i A=0,1,.... OTclogau us
(3.11)

*(z»(C.-)) = E ‘4 4K)=o. 0 s
i=l
0TKyfJa B CUNY NNHEAHONM He3aBUCUMOCTU cucTeMbl [ A} " cnedyeT, UTo =0
j =1,.. ffcwanaecex A= 0,1 ,...3HaunT, ® aHHYMpyeT BCe rapMOHWUYECKNe

NONMHOMBI, TaK Kak BCAKWW TapMOHWYECKWI MONUMOM SBNSETCS KOHEWHOI NnHeli-
Holl KOM6WHaL et CornacHo nyHkTy (iii) Mpegnoxenns 2.2, ® aHHynupyeT Bce
npocTpaHcTso Jli (7).

Ans Becooii Mepbl I/ 0603Hauum yepe3 Lx{dr)da) n L°°{dr]da) 6aHaxoBbl npo-
CTPaHCTBA KOMM/NEKCO3HaUHbIX (YHKLMIA B B, KOTOpbIe UHTErpUpyeMmbl 1, COOTBET-
CTBEHHO, CYL{ECTBEHHO OFPaHNYEHbI U N3MEPUMbI OTHOCUTENbHO Mepbi dr/da. Hopmy
B 3TUX NPOCTPAHCTBAX 0603HAYNM, COOTBETCTBEHHO, Yepes LbLL, 1 Lk|joo- MycTs, ganee
Co(B) — 6aHax0BO MPOCTPAHCTBO KOMMNEKCO3HAUHbBIX HEMPEPbIBHbIX Ha 2? (YHKLWIA,
06paLAlOLNXCA B HYMb HA S, C BUP-HOPMOIA. Kak M3BECTHO, ABOVCTBEHHBIM (COMps-
XeHHbIM) K Co(B) sBnseTcs M (B) — npocTpaHCTBO KOMMNEKCHbIX KOHEYMbIX 60-
peneBcKnx mep B B, ¢ HOpMoii MonHoii Bapuauun. Mel oToxaecteasem L1{drjda) ¢
abCONOTHO HenpepbIBHLIMW OTHOCUTENbHO dr)da Mepamu.

Cnegytouian Teopema ABASAETCH OCHOBHOM.

Teopema 3.1. MycTb (p — BecoBas PyHKUMsA, § — BecoBas mepa W liy, — cooT-
BETCTBYlOLLee BOCNPON3BOASALLEe AP0 (3.3). PAacCMOTPUM NnHEliHbIE MHTerpanbHble
onepaTopbl

(w *) 0I'ﬂM(",rO/(rC)/‘I>M<l/IO le £ (<M*),

ik
(OAa)-J/ Y-Nix.ybl y)M y) vEM(B).
B
Torpa cnefytoline yCnosus 3KBUBANEHTHbI:

mWUN«.-)l,<aa,
(ii) T saBnseTCcA orpaHuyeHHbIM onepaTopom 3 L°°{di)da) B /ioo(<p)-
(iii) S sBNsieTCA orpaHnyeHHbIM onepaTopom n3 M (B) B ki(T).
(iv) h1@*~ fioo(vO.
W) (<)~ h{v).
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[lokasaTenbCTBO. HenocpeACTBEHHO U3 onpejeneHus onepatopa T cneayer, YTo u3
(i) BbITekaeT (ii). B camom aene,

()

< LI/LlpoJ[S }0 |9 /i(i,rC)| di](r) AT(C)
= /110U (+,004 <11/11-0 kg
oTkypaa cnegyet, uto \Tf\\v < cLy/Lloo.

W3 Teopembl ®y6UHM cnedyeT, 4To M3 (i) BbiTekaeT Takxe (iii). B camom aene,

HAUIM=JB\IB (7 v)v(v) <Mv)Jdrl(r) AKO
S1A!B [n"(fC-1)IP™M M O ) v(y)M b)

-Lw fANMN MM-'U -
Jlokaxem, 4to u3 (iii) cnegyet (v). Ycnoeue (v) 03HauaeT, YTO KaxAblii 3neMeHT u3
J11(77) MOXET 6bITb OTOXK/ECTB/EH CNMHEHBIM (DYHKLNOHANOM Ha ( >) NocpeACcTBOM
[BOICTBCNNOro COOTHOLWCITA (3.4), @ TouHee, CCAN ANs 3afaHHOI yHKUMK v G i (/)
onpeaenuTb dyHkumoHan () = (u,v), 1 G (), To Iv G hofo)*. O6parHo, ans
Kaxporo dyHkunoHana | G Jlo(vO* fomkHa CyLecTBoBaTb eAUHCTBEHHAs (PYHKLWA
V Ghi(ri) Takas, 4To | = Iv. KpOMe TOr0, HOPMb! [|/v| U LivLl, 3KBUBANEHTHbI.
B camoM fjene, COTNacHo HepaBeHCTBY Ienbaepa,
M«l - < n,H,.
Takum o6pasom, lv G Jlo(v)* u |[iv]| < | ||4. OcTanock AokasaTb, 4TO CyllecTByeT
KOHCTaHTa C Takas, 4To BCAKWIA (yHkunoHan | G ho(ip)* npepctaBnseTcs B BUfe
= rae V Ghi(ij) v Wil < c|z|.

OToxpaecTsnaa u G ho(<p) ¢ pyHkumeii utp G Co(B), Mbl MOXeM paccmaTpusaTh
ho(<p) kak nognpoctpaHcTBo Co(B). M3 Teopembl XaHa-baHaxa cnefyet, 4To cyye-
cTByeT mMep 1 G M (B) Takas, uto ||2] = | || v I(u) = JBu(y)ip(y) dufy). Takum
o6pasom,

°) = JfB R, {x.y)<p(y) dil(y) = (Si/)(x).
Myctb V= Sv. CornacHo (iii), v GhI{r)u | || < [IS||| || = lI5] |l/]l- Banee, no Mpea-
noxennio 3.1, Iv(RMx,-)) = (Aa(x,-).v) = v(x) = (Su)(x) = I(R/t(x,-)). Takum
o6pasom, tyHKUMoHank! | 1 lv coBnagaioT na nnHeiiHoii o6onouke £(AM(X, ¢)) MHO-
xecTBa (yHKUni {SM(X, *), X GB). Mo Mpegnoxenuto 3.2, |1 = Iv. E4UHCTBEHHOCTb
cneyet Takoke U3 lMpeAnoxenus 3.2, Tak Kak v ONpeenseTcs BOCMPOU3BOASLLUM
SAPOM.
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AHaNOrM4Ho AoKasbiBaeTcs, 4To u3 (ii) cnegyet (iv). TONbKO Ha 3TOT pa3 HY>XHO
WCMONb30BaTh ABOWCTBEHHOCTL npocTpaHcTe L1(dr]( ) m °°( () BMecTo fABOii-
cTBeHHocTu Co(B) u M(B).

MycTb, fanee, BbiNonHeHo (iv). MpumeHnB Teopemy XaHa-BaHaxa, 6yaem nMeTb

JIA-)a A ¢ sUp{l<«, Fillre, )1 « € hoofo), || || < 1}

= csup {|«(a:)|: n £ fioo(y>), IN*. ~ N~ . x€B.

AHaN0r1yHo foKasblBaeTcs, 4To u3 (v) cnegyet (i). O

Henocpe/ACTBEHHO U3 OMpe/eneHs BOCTPON3BOASILETO AAPa ClleAyeT, YTO ecn
OrpaHunYeH, TO OH SBNAETCA OTPaHUueHHBIM NPOEKTOPOM 13 M{B) Ha noanpocTpaH-
CTBO

PaccmoTpum onepatop T. Ecnn u € JlooOp), To T(up) = u. 3T0 cnegyeT u3 ToOro,
yTo sgpo 11U Bocnpowmssogsiyee. Mpeanonoxum, uyto T orpaHuueH. Tirga |ull <
LM mv2oo- CnegoBaTensHo, " ) MOXHO paccmaTpuBaTh Kak 3aMKHyTOe Moj-
npocTtpaHcTso L°°(di]( ). Takmum obpasom, ecnn T orpaHuueH, To onepatop <pT
OCYLLEeCTBAAET OrpaHNyeHHOe NpoekTUpoBaHue u3 L "di/da) Ha nognpocTpaHCTBO
iphooiip).

4. i sosicTeennocTs

B 3TOM pasfene Mbl paccMaTpuBaem 3aJayy iBOCTBEHHOCTU NS LIMPOKOTO Knac-
ca BecoBbIX (DyHKUMIA (p. Teopema 3.1, Mo CyLLecTBY, CBOAUT 3afady ABOWCTBEHHOCTU
K OLjeHKe (i) BOCTIPOM3BOASILETO SAPa, NPOBEPUTL KOTOPYIO NErye, Yem COOTHOLLEHNS
@iv) n (v).

MycTb yHKuMa d(I) NONOXNTENbHA, HEMPEPLIBHO AUd(hepeHLpyemMa, MOHOTOH-
HO BO3pPACTaeT K +00 Ha [0,00) 1 YJOBNETBOPSET CEAYIOLM TPEM YCIIOBUAM:

M. Cyujectytota > 0un 0> OTakne, yto ( )/ *\ 0ans > 0,nput-too.
IMN. CyuiecTByeT KOHCTaHTa ¢ > 0 Takas, uto

3fech MCMONb30BAHO CTaHAAPTHOE 0603HAYEHNE Pa3HOCTY NOPSAKA P
= S 1) (F)(F>>e
Bo NG
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OFPAHWYEHHBIE NMPOEKTOPbI Y ABOWCTBEHHOCTD ..

Nemma 4.1. [2, Nemma 1] MNycTb dyHKUNA NoNO>KNTeNbHa, HenpepbIBHA, MO-
HOTOHHO BO3pacTaeT Ha [0,00) 1 yjoBneTBopseT ycnosuio 1. Toraa cyujecTsyoT
KOHCTaHTbI I, C Takue, 4To ana0<r < 1

Nemma 4.2. MycTb GyHKyua rp(i) NONO>KNUTeNbHA, HENpepbiBHA, MOHOT OHHO BO3-
pacTaeT Ha [0,00) u ygosneTeopsieT ycnosusim 11 u 111. MycTs

R{?,V) = 5"V'(A)Zfo(x,y).

. r )e

[lokasaTenscTso. MpumMeHsn npeobpasosanne Abens, nonyyum

AK.ro-lr.w w .o = £ T ribl (.o
k=0 k=0
9-1
(4.1) o+ ( ° (GO,
k=0

rae Afc(f,C) = EL=0 Zm(t>O-
W3 (3.6) cneayert, uto |D9(A, £)| < C(q + 1)gn~2. C y4eToM 3TOr0 HEPaBeHCTHA 1
ycnosus 11, yaem umets

Wry>,K,0L<Cr'{,+1)*+" 2

OTcloda cneayeT, YTo Npu g —» 00 NOCNEAHNI YNeH B NpaBoi yacth (4.1) cTpemuTcs
K My/0 1 Mbl Nonyyaem

n({,rc)=£(p ‘«par)c*k,<).
fe=0
Eule pa3 npumeHnB npeo6pasosaque AGens, nonyuum

L(EX) = (BV()r=)(*+ Ne (£,0),
b=n

k k
rae (,0=Y, (CO =Y, (fc+ 1- m)Zm(*,O- Ncnonb3ys TOXAECTBO
T=0 T=0

A2(iK)rk) = [(1- r)V(*) +2r(l r)AV (*) + rag V(fc)]rfe,
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oNly4aem OLIEHKY
Ne roisa-r2E>+ Ti=Yn((,0+
k=0
+2(1- NE> +1)( AVN)rHIN(e, O+ f > + 1) [A**(*)r*«]| Fk((, O).
fe=0 fe=o

MOanee, nockonbKy Zm(£, 8 ABNAETCA OAHOPOAHBIM FAPMOHNYECKUM NOMHOMOM CTe-
nexn 77, TO vmeem

(«) fap«x o« o) =g e
k

YunTbiBas, 4To C)= X](*+ 1~ 1)1 (", C), u3 (4.2) nonyunm
™7n=0

[ Fk(i,0cb(0 =k+1
Js

Moatomy
I [n«, Ol *7(0 < (1-r1)s > +iXKUr*
« 19
4.3) +2L-n)f> +1)(- AV (D))r*+1+ >+ 1) IAV(1)>-*+1].

Mpumenss Nlemmy 4.1 K GyHKUMKM (8;+ 1)(X), nmeem
(4.4) +

Ana > xo u3 I cnegyet

P(n+e)-b(n) () o)
(n+1)°

n“ (n+ mn
Aanee, p(n+ 1) - d(n) < () [(1+1/n)*- i] < ch(n)/n, T.e.
-4V (n)<c/rn, =1,2,3,....
Ortcioaa u u3 Jlemmbl 4.1

(4.0) £ Ne+t1)( AV (U)r« < A-A-1-V
=0 11 W/
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OFPAHWYEHHBIE MPOEKTOPbI U ABOVCTBEHHOCTb ..

MpumeHsas ycnosue I, 3aTeM CyMMUpYS N0 4acTAM W ele pa3 npumeHss Jlemmy 4.1,
Gyznem umeTs

jr> +1)[av(*)re+1<cf;(( AV (4k+*
K= K=

(4.6) <cr(l-r)53 ®(Krk- ch{0)r2<cc ” '

N3 (4.3)-(4.6) cnepyet

\
arrOMO<CoIn *
\1—
YunTbiBas, uto WpE, )= (, ), oTCloAa NoMyyaem yTBepxAeHue nemmbl. [

Tenepb Mbl B COCTOSIHUN [J0Ka3aTb OCHOBHYIO TEOPEMY O JABOWCTBEHHOCTH.
Teopema 4.1. MycTb < —Becosas (yHKuMA suga ip(r) = q).[v(*i——l-_-)-{-, rae ()
NoNoXKUTenbHa, HenpepbiBHO AuddepeHumMpyeMa, MOHOTOHHO BO3pacTaeT K 00 Ha
[C00) 1 yposneTBopsieT ycnosusm I, I1 u I1l. Torga cyxuecTByeT BecoBas mepa
Takas, uyTo )* ~ hl(rf) u h (rj)* ~ /ioo(<") OTHOCUTENbHO ABOWCTBEHHOIO CO-
OTHoLeHus (3.4).

JlokasaTenbcTBO. [INS KaX/JOro Lenoro yucna T > 1 MocTpouM BECOBYHO Mepy NT,
KOTOpas Y/0BNETBOPSET 3aKNOUYEHNIO TeopeMbl. 3adMKCUPYeM T 1 3aMeTUM, 4To
Bmecte ¢ ) ycnosusm 1, 11 v 111 yaosnetBopsieT Takxe u (OT. MposepseTcs 310 ane-
MeHTapHO. W3 ycnosus | cnedyeT, 4To CyILECTBYeT NONOXMUTENbHAA KOHeuHas Gope-
nenckas mepa fi'T Ha [0,1) Takas, uTO

P(K)~T = JI' rfed//m(r), A=0,1,2.....
o

NS 3TOr0 JOCTAaTOYHO MPUMEHWTL M3BECTHBIA KPUTEPUii paspeluumocTi npo6o
Mbl MOMeHTOB Xaycgopda ans nocnefosatensHoctu f(k), a umenHo: Ap/(fc) > 0,
K,p = 0,1,2,... (cm. [6, cTp. 97, Teopema 2.6.4]). 3ameTuM, uTO HocuTenb PiT He
COCPEAOTOUEH HI HA KakoM noguHTepsane [0,p), 0 < p < 1, Tak Kak B MNPOTUBHOM
cnyyae [K)T umen 6bl 3KCNOHEHLWANbHbINM POCT, Y4TO MPOTUBOPEUNNO Bbl YCNOBUIO
M. Onpegenum LT cornacHo (3.2), Te.

[ /HIHCM- [ /W d*r), 1eClo,i],
Jo Jo

v nonoxum dim(r) = ({1/(1 - r)) dnm(r). Ans TOro, 4To6k! T),, 6bINa 6bl BECOBON
MEpoii, 0CTaeTCst NokasaTb, YTO OHA KOHedHa. U3 MMpepnoxeus 3.1 cnegyet, 4To



A. V. NETPOCSH
BOCMPON3BOAALLEE AAPO, ACCOLMNPOBAHHOE C <PU T,,,, MEET BUA
N1Cav) = Y MM )ymZk(x,y).
[SY

Takum 06pasom, 4ns AOKa3aTeNbCTBa TeOPeMbI JOCTATOUHO 0Ka3aTh OLeHKy (i) Teo-
pembl 3.1 gns liT, T. e,

4> J >E»m

Bonee Toro, 3 (4.7) npu a = 0 cnegyeT, YTO Mepa T/T KOHeuHa.
MpumeHeHne Slemmbl 4.2 Ans VT cBOAWT (4.7) K HepaBeHCTBY

148) Ex(T =p) 1 )m  °SP<l.
[i0Ka3aTenbCTBO KOTOPOro npuseseHo B [2, Theorem 4]. [m)

B 3aK/t0ueH1e NpuBeJemM NpumMepbl yHKLWiA VB-), y0BNETBOPSIOWNUX YCIIOBUAM
Teopembl 4.1:
mhx) = (x+ )%, V(x) = [In@42)]“, ip(x)= [InIn@--4)]“, a > 0.
3ameTuM, YTO BeCoBble (DYHKLMN <p{X), KOTOPbIM 3/1eCb COOTBETCTBYIOT -(p(X) = [IN(®+
2)]“ np(x) = [InIn(® + 4)]°, ve ABNAOTCA HOPMATbHLIMU.

Abstract. The paper studies the Banach spaces /loo(v’), h0(<p), and lil (ty) of harmonic
functions over the unit ball in Rr. These spaces depend on a weight function
and a weight measure 1. For a given function >from a sufficiently broad class of
functions, we solve the duality problem, that is, we construct measures r) such that
h1*)* ~ heoitp) and ho{<p)* ~ hl(rj).
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Abstract. In this paper, by certain recent of the Ruler’s beta, Gauss’

hypergeometric and confluent hypergeometric functions (see [+!]), we extend the SrivasLava’s
triple hypergeometric function Ha by making use of two additional parameters in the integ-

rand. Systematic investigation of its properties including, among others, various integral rep-
resentations of Euler and Laplace type, Mcllin transforms, Laguerre polynomial representation,

transformation formulas and a recurrence relation, is presented. Also, by virtue of Luke’s bounds
for hypergeometric functions and various bounds upon the Uessel functions appearing in the

kernels of the newly established integral representations, we deduce a set of bounding inequalities
for the extended Srivastava’s triple hypergeometric function HA.p.g-1

MSC2010 numbers: Prihiary 33820, 33C20, 33B15, 33C05.

Keywords: (p,g)-extended Beta function; (p.g)-extended hypergeometric function;
extended Appell function; Mellin transform; Laguerre polynomial; bounding inequality.

I. Introduction and preliminaries

Throughout the paper, N, 7 and C will denote the sets of positive integers,
negative integers and complex numbers, respectively. Also, we denote NO = N U {0}
and Zq = Z~ U {0}.

The definition of the generalized hypergeometric Junction with r numerator and
s denominator parameters, as a series, reads as follows:

b, ., .b;z)= b-2) = £ '

where bj € C\Zq ,j = TTs- The series converges forallz 6 C ifr < s. Itis divergent
forallz 0 whenr > s+ 1, unless at least one numerator parameter is a negative
integer, in whidi case it becomes a polynomial. Finally, ifr = s +1, the series
converges on the unit circle \2\ = 1 when —Y2aj) > 0-"™he celebrated
Gauss’ hypergeometric function is -Fi, and the confluent Kummer’s function is

JThe research of Tibor K. Poginy has been supported in part by Croatian Science Foundation
under the project No. 3435
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® = iF\. Extensions, generalizations and unifications of Euler’s Beta function
together with related higher transcendent hypergeometric type special functions
were investigated recently by anumber of authors (see [2,3], and references therein).
In particular, Chaudhry et al. [2, p. 20, Equation (1.7)] presented the following
extension of the Beta function:

(11) ; B(x,y;p)= [ i* 1(1- t)v 1leW Ddt,SR(p)>0;

o

where forp = 0, TT{S1(®), WWy)} > 0. They also obtained related connections of
B(x,y;p) with Macdonald (or modified Bessel function of the second kind), error
and W hittaker functions. Further, Chaudhry et al. [3] used B (x,y,p) to extend the
Gauss’ hypergeometric and the confluent (Kummer’s) hypergeoinetric functions in

the following manner:

Tp<«bi4*) - £ (<), B “e_~uil) ., r>0,M<1:BA >Bf >0,

(1.3) lbp("'):EOT r .7 " 5 P>0;'BA>BA>0,
n>

respectively. More recently, Ozarslan and Ozergin [14] defined the extended first
Appell function in the form:
(1.4)

iL«A *3«.kri-jC m -tto. ~ ~ " a ) aP)a apao
provided that max{|*|, |j/|} < 1. They obtained the following integral representation
(see [14, p. 1826, Eq. (2.1)]):

(15) Fra,bb-c-xv,p)=J * @ *n-Cc-yn" )

for all 3I(p) > 0 and max{|arg(l - ®)|,|arg(l- y)|} < ¥ 32(c) > Ji(a) > 0.
Itis clearthat the special cases of (1.1) - (1.4) whenp = 0reduce to the classical
Euler’s Beta, Gauss”hypergeometric, confluent hypergeometric and the first Appell
functions, respectively.
Recently, Choi et al [4] have introduced further extensions for functions B(z,y;p),
Fp(a, ;c;z) and ®p(6;c;z) in the following manner:

(1-6) Bxifpan = {1 1(1- r-le=7" d b
[}
when min{3i(:E),K(i)} > 0;min{K(p),32(g)} > 0, and by means of (L.6):

(1.7) ¥, (abicir) = £ ) B+ AL Irl<LBA >BA >0,



EXTENDED SRIVASTAVA'S TRIPLE HYPERGEOMETRIC Ha.p.q FUNCTION ...
(18) K n i i i apg>anpg>0.

Related properties, various integral representations, Mellin transform are also given
in [4].

A further extension of extended Appell function (1.5), in terms of the extended
beta function B(x.,y-,p.q) (1.6), we introduce as the series:

(1.9) E_('i-ftB (\tigs ¥

B(a,c nj‘;"l')ﬁl n!

whicli turns out to be a special case of the double series 5j ' gn° when u = 1
(see [20, p. 256, Eq. (6.3)]). It should be noted that the thorough study of these
functions is still an interesting open question. Note that series (1.9) plays one of
the central roles in the present paper. Also, it is clear that when p = q (resp.
p - g = 0), the functions in (1.6) - (1.9) reduce to (1.1) - (1.4) (reap., to the
classical Euler Beta, Gauss hypergeometric, confluent hypergeometric and Appell
functions), respectively.

In terms of the extended beta function B(x,y;p,q) defined by (1.6), we now
introduce the extended Srivastava's triple hypergeometric function for alla, 0, 0' G
Cand7,Y € C\ Zq in the form:

(1-10) HA'PNa.A/3-y.Y-xy.] =
E (a)k+,(0)k+m B (p + m+ ¥ - p,g)xkymz"
. 50 B03'.Y-40 K\ omlnte

when min{p.</} > 0;[® < r, |y| < s, \\ <t whiler = (1- s)(I- t) when
p = q = 0. The special case of (1.10), ig.0.0 = Ha reduces to the Srivastava’s
triple hypergeometric function Ha, introduced in [16] (see also [17]):

rh Ver L1 VA ()seEras WP T+, -p ) XKy TN
HAo0M 0 —moeemn W - e LT -T — Ahw

(q)fc+n(j8)fc+m (i9)m+n

. > W T %»« fomlnt! 1

where |x| <1, |y| < a,|z| < t;r = (1- a)(l - t) (compare also [18, p. 43, Eq. (11)],
and references therein).

Motivated essentially by the potential applications of functions B(x,y.p.q).
Fp,q(a. 6;¢;z), ®P4Ub\c;z) and the extended Appell’s function Fi(a, b,b';c\x,y;p.q)
in diverse areas of mathematical, physical, engineering and statistical sciences (see
[4], and references therein), our aim is to introduce and investigate, in a rather
systematic manner, the extended Srivastava’striple hypergeometric functions Ha PiY,
by presenting:

(i) various Euler and Laplace type integral representations, as well as, further
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integral representations involving the Besse! and modified Bessel functions iii the

kernel;
(ii) Mellin transform, Laguerre polynomial representations and certain recurrence

relations;
(iii) a set of bounding inequalities, using the underlying new integral expressions,

where the main tool is the Luke’srational and exponential bounds for the generalized
hypergeometric functions rFr, and as a counterpart, diverse bounds upon the Bessel
functions appearing in the kernels of integral representations.

2. On the extended Srivastava’s triple hypergeometric function

this section wo study three different categories of results concerning the newly
defined special function Hn,Pn that are: integral representations, recurrence and

transformations formulas.

2.1. Integral representations. In this subsection, we establish a sot of Euler and
Laplace type integral representations for function Ha P We also obtain certain
integral representations for Hn,p,u involving the Bessel and modified Bessel functions.
We begin with a simple auxiliary integral representation result, which, to the best
of our knowledge, is new, and is of interest by itself.

Lemma 2.1. For allmin{82(p), 5i(g)} > 0 and inax{|arg(l —x)\, |arg(l -y)[} < ir;
3i(c) > Sl(a) > 0, we have

Fi(a‘h‘ll;c;x‘y,p,q):J% 78(3 c—a)‘ (1-®t)-6(1- it)y~bc ~ ~

Proof. Applying the integral expression (1.6) to the extended Beta-function kernel,
we can write

F.(0,6,*4. . kp.M- £_ (4-M .
( 4ok > B(ac-a) %(ﬁ

oB(a'c~“) ml nl Jo

mE. (»)(

Taking into account the binomial series expansion (1+u)~* = £ fc>0 (~")ufg [7i] <
1, by legitimate exchange of the order of integration and summation, we obtain
(2-1)- o

Now, we are in position to state our first main integral representation result for
function HApq.
50
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Theorem 2.1. For all min{5I(p), K(g)} > 0 and for all IR(Y) > > 0 when
p =q =0, we have

aNAm[a,mM'ixV;*M =£ B(y,Xykl-Cy(!-..)-
22) kn (AT, (i— T T A) =-*% %

Proof. Observe first that the extended Srivastava’s triple hypergeometric function
Hn,p,u- defined by (1.10), can be expressed as a single series by the extended Appell
functions (1.9) as follows:

(2.3)

Ha,,[<*0,ft-,7,i ;*.V,A =

=Y, (Y * V.oA+ %+ 51 V»P 1N .
fc>0 *e

Next, substituting the integral in (2.1) into (2.3), we obtain

Ann.M 057, 7T5*y.*1=8(Y,y -y) " ! (1-*10 0 (1-4)

(2.4)

Fuially, changing the order of suinination and integration in (2.4), we arrive at
(2.2). Theorem 2.1 is proved. o
In the next theorem, we state two equivalent double integral expressions for

function Hn,p.um

Theorem 2.2. Let the assumptions of Theorem 2.1 be fulfilled. Then

M un- -1 —1 A 1
B(n,7-WB(N1"V -«

(L-vYt-'5-1(1 vy)°-0

o me » * dudw,
—nx —vy —vz + vlyzja

w@s)
and for all inin{9?(p), 3i(g)} > 0 we have

A, oalaft 7,V %= sNe 7_As(Y.r--Y)
(26) X f e-S-A dud, .
o * Yon (i-*u-(»+*)»+n*Fy)*

Ifp = 4= 0) then (2.6) Aofds u/ften LL*Yy) > (¢ )> 0 and 9t(Y) > ULP") > 0.

Proof. Using the well-known integral formula

e*>=m $hb)jfr 1a-t)M (@-*r d
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forall £(c) > 31(b) > 0; [arg(l - Z)\ <n- e 0 < e< T, from (2.2) we obtain (2.5).
Next, the representation (2.G) can easily be deduced from (2.5) after some simple
algebraic manipulations. Theorem 2.2 is proved. o

Theorem 2.3. Let min{3t(p),32(g)} > 0 and x > 0, inax{?i(i/),5R(2)} < 1, and
inin{3i(a), 3i(/3)} > 0 whenp = q = 0. Then we have

@7 x| 3 +

Proof. Using the integral form of the Pochhammer symbols (a)fc+n and (/5)fctm
and the elementary series identity (see [18, p. 52, Eq. 1.6(2)]):
{xi +x2)'n
£ n(m,+mj) A 7A7 = E n(*)
fii, ma>n m>0
in (1.10), and afterward applying the definition ofextended confluent hypergeometric
function (1.8), we obtain

Hn, A°NPbT - * vl = W (IR e— *l— -

(2.8) X 0-Fi(-; 7;Xfti) ®p,qW "V ;ys + zt) dsd t.
Next, observe that the Bessel function J,,(z) and the modified Bessel function 1v{z)
can be expressed in terms of hypergeometric functions as follows (see [21]):

(2.9)
«my f$ ijer( Er-M STSTI) N (- *+:
being V€ C\Z ~ in both cases. Finally, combining (2.8) and (2.9), we obtain (2.7).

Theorem 2.3 is proved. o

2.2. Meffin transforms and representations via Laguerre polynomials.
The double Mellin transforms of suitable classes of integrable functions fix,y)
with indices r and a are usually defined by (see [15, p. 293, Eq. (7.1.6)]):

M {f{x.,y)}{r.a) =j xr~1y’~1 f(x.y) dxdy,
provided that the improper integral exists.

Theorem 2.4. For allmin{3i(r), 31(a)} > 0 and LLP'+r) > 0, LY +s-f)")> 0
the Mellin transform of Ha p,u wiYi respect top,q> 0 is given by formula:

(2.10)

M{Un,,HT,) = IMIWBLtf' +nV +.-y ) an[0,B,[+r;7.Y+r+»"i»r].
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Proof. Using the definition of Mellin transform, we find from (1.10) that
M{Ha,pn}{r,8)= Jr ° JV pr~lg'~IHAPgq[a,/3,/3,7,7";x,y, z] dpdq
o Jo

reer ,r-lns-x (Y (ab+n(ff)fc+m B (0'+ TN+ T, 7' -P *;p,q) xkym zn\ .
u W * N m!only

_ 1 Yy @fctn(fcrm xAyrza
B(/3.Y ,0)">0  (Dfc fclmInt

X[ [ pr~1qt~1B(/3l+m +nt'y/ —P",p, q)dpdq
Jo Jo

Next, applying the formula (see [4, p.342, Eq. (2.1)])
[ [ pr~V -1B(®, y;pf?)dpdg= I (r)l(8)B(x+r, j/+s) (9i(r) > 0, 32(s) > 0)
Jo Jo

to the double integral, we obtain
M {Hnpu}(r,s) = T(NFE)X

{a)k+nW)k+m B +m+n+r,Y - p +s)xkymzn
fa)k B(S.7' - ) o mtont
n,n>0

which, in view of (1.11), gives (2.10). Theorem 2.4 is proved. o
The special case of (2.10) when r = a= 1yields the following relation between the
function Ha p,uand the Srivastava’s triple hypergeometric function Ha-

\] Ha,p,q[oi,J,/Y;7,7Lx,y, zZldpdq = y HA[a ,P ,P '7'+2;a,2,z],
provided that 92(t/) > W,/ )> 0.

Theorem 2.5. Thefollowing Laguerre polynomial representation holds for 3i(p) >
0, R{q) > 0:

=B(yy 'y) £ Bp'+sn+lY-fl'+m +1)

XHApGR, , '+n+ 17,7 +m+n+ 2;x,y,2] Lm{p) Ln(q).

Proof. We start by recalling the following identity, in a slightly corrected form, due
to Choi et al. [4, p. 350, Eq. (5.5)]:

4(2-3 = j£ infbsh (L i
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Using this identity, from (2.2) we obtain

Bam [»ANT.Yi*Y.*i L] San)(l »%)
P-)
X0 [eme> {nE i(Ei"()m+ (1 r+}

Now, changing integration and summation order in the representation (2.11) and
using (2-2), we obtain the desired result. Theorem 2.5 is proved. o

2.3. Transformations and rccurrcncc relations. In this subscction, we first
derive a transformation formula and then obtain a recurrence relation for function

Hapu

Theorem 2.6. The following transformation formula for Ha P/1 holds:

HApu[a,P,P\7.V;X,y,2)
(2.12)
-11-rt-,)"40, [B.AY-NT.Yi

Proof. Applying to (2.8) the extended Kummer’s transformation (see [4, p. 361,
Eq. (11.4)]): ®Pi,(/3;7;r) = e* ®,P(7 - /3,7;-z), we find that

*
W f V-
X 0-Pi(-; 7;®et) ®IP(T/- /6;7 ; —ye - «t)d*ds.

The substitution 1—z) = u, s(l —y) = v leads to

bamm~ .~ 1 fr

which is exactly the same as (2.12). Theorem 2.6 is proved. o
Theorem 2.7. Thefollowing recurrence relation for Ha p,4 holds:
HAPglasA 7.7 8.1.2]= #n,p,?K 0,07 - 1.7; y.r]
+ 7(f_g7) + M+ 158574 LY %5 %] e

Proof. Using in the integral representation (2.8) and the contiguous relation

iA)- NN o-Fi(—=7 +1;%)

we obtain the desired result. Theorem 2.7 is proved. o
64



EXTENDED SRIVASTAVA'S TRIPLE HYPERGEOMETRIC Ha.p.q FUNCTION ...
3. BOUNDING INEQUALITIES

lu this section, we find bounding inequalities for the extended Srivastava’s triple
hypergeometric function #n,Pis. We begin with a simple auxiliary lemmathat gives
a functional bound for function B(x,y\p, q), delined by (1.6).

Lemma 3.1. For all min{p.<7} > 0 and miu{5R(x),32(i/)} > 0 we have
(3.1) B{x.y:p.q) < B{x,y)
Indeed, using the sharp estimate

sup exp {—7 —
t

— 1=er 4 a, min{)73>0,
o<t<i 1-tJ

from (1.6) we obtain (3.1).

3.1. Bounds obtained via series representations. Applying the functional

bound (3.1) to all series representations of newly extended special functions involving

the function B(x,y;p,q), such as the extended Gauss’ hypergeometric Fpg> the

extended Kummer’s confluent hypergeometric ®PY, the extended Appell’s F\ and

the extended Srivastava’s triple hypergeometric H”,pu functions, given by (1.7) -

(1.10), respectively, we obtain the following functional bounds

Theorem 3.1. For allmin{p,q} > 0; St(c) > St(b) > 0 and for all \2\ < 1 we have

(3.2) Fpya, bic;z) < e VMWua  1(a,b;cz)

3.3) ®,.,(b'c;r) < e-<v*+/1' ®(i;c;2)

Moreover, for max{|arg(l - x)|, |arg(l - y)\} < 7r;5i(c) > SR(a) > 0, we have

Fi(a,b,b'cix,y;p,q) <e "~ 47* Fi(a,b,b';cixy);

while for faz] < r, |y < 3,\2\ <t andt= (1- r)(l- s) whenp = g= 0, we have

Hap.,[a,/,P \1, 1\ X, 1,4] < Nnfa,P ,7,Vi*.YAm

Proof. To prove the inequality (3.2), observe that all parameters and expressions
in (3.2) are positive, and hence we can use the series representation of the extended
Gauss’ hypergeometric function (1.7) and Lemma 2 to conclude that:

e-(\/p+\/9)a . zn
FM (a,b-,c\z)< B(6 c~_y 53 (a),B(b+ n,c- b) A

_ e-iy/p+Vu)ar (c) (@nr(b+n) z* _ -(/p+rf)ly (8)n(b)a
m r<+n) n! (c)" nt

EVom the last relation we easily obtain (3.2). The other three inequalities can be

proved similarly, and so we omit the details. Theorem 3.1 is proved. o
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3.2. Bounds obtained via integral representations. In this subsection, we
establish another type bounding inequalities for function Hn,vu, combining its
Lemma 2. Since

newly derived integral expressions and the bound (3.1) stated i
the integrands consist of either the exponential exp{-p/t - 17/(1 - t)} or rational
functions (Theorems 2.1 and 2.2) and extended Kummcr’s ®p> together with
the modified Bessel functions (Theorem 3), we need auxiliary tools to bound the
involved special functions.

In [11], Y. Luke, has studied, among others, the problem of two-sided inequalities
for -type generalized hypergeometric function, where the bounds consist of
polynomials and/or exponential expressions. Werecall some results from [11], which
are usable for Kummer’s function ®. If bj > > 0,j =1T?, then for all x > 0 we
have (see [11, p. 57, Theorem 16, Eq. (6.6)]):

(3.4) e0x < rFr{ar\ br\z) < 1- 0(l - ex),
where
max a-
3.5) LRSS
§ 1< M %

Forall c > b> 0, the bilateral inequality (3.4), applied to the Kummer’s confluent
function () = iFi(6;c x), reduces to the following:

(3.6) < ®bie;*)<1- “(1-el),

where the equality holds for b = c. Also, we point out some other estimates for F\
from [11, p. 55, Theorem 13, Egs. (4.21), (4.23)], which are too complicated to be
used here.

Foranother estimation purposes we recall certain bounding inequalities for function
«,(E) on the positive real half-axis. We first mention von Lommel’s results (see 9],
[10, pp. 548-549], and also [21, p. 406J):

(3.7) 1M1 < 1, IN+iM1 < «>0,«6K, m
and the bound obtained by Minakshisundaram and Szdsz (see [12, p. 37]):
(3.8) 16R.

Another bounds were derived by Landau [8], who gave in a sense the best possible
bounds for Ju(t) with respect to v and t. These bounds read as follows:

(3.9) IN(01<1b*""1/3, = vA2supAi(t),
(3.10) H(DI<«K |-V, w=8upronr,
>

where Ai(-) stands for the Airy function.
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Krasikov [5] established uniform bounds for [Jv(t)|- Let u > —1/2, then
j2(t) < 4(4t2-(2, + 1)(2H-5))
"u (a2 - ABR A v
forall t > A+ A2/3, A:= (2i/+ 1)(2i/ + 3). This estimate is sharp in a certain
sense (see [5, Theorem 2]). In turn, Krasikov recently has obtained a sot of more
precise and simpler bounds for |J,,(t)| (see [6, 7]). More precisely, for all n > 1/2
and for all t > 0 the following inequality holds (see [6, p. 210, Theorem 3]):

(3-11) l'a- 3 Il : P(Ot<yf,

where the constant on the right-hand side is sharp. Next, Theorem 4 from [6. p.
210] implies the following inequality:

(3.12) jl<-303, f>0,H<i,
where
N*'7, >0, M < 1/2
0<l <., 2 W, vV>1/2
II Z>VW - U, »> 1/2-

Here the constant ¢ cannot be less then 1/\V21r. For another kind of bounds for
function J,,(() consult [6, Theorems 2, 5, 6] and [7, Theorems 2, 4].

It is worth to mention that Olenko [13, Theorem 1] established the following
upper bound:

(3.13) sup\ )\ < bLyJv1/3+ -Effc+ jj» =do, v>o,

where ai is the smallest positive zero ofthe Airy-function Ai and isthe Landau’s
constant from above. In this respect we also point out Krasikov’s result [6, p. 211,
Eq. (M)

Further considerable upper bounds are listed, for instance, in [1, 19].

Finally, a different approach to estimate the function |[JM(t)| was used by Srivastava
and Poginy in [19]. Let us denote by Xs(x) the characteristic (or indicator) function
ofasetS, thatis, Xs(x) = 1foraze S and xs(z) = 0 elsewhere. In this approach,
the integration interval is the positive real half-axis, therefore we need an efficient
bound for [J,(t)| on (0,N1], A > n/A+ A2/3/2- So, we use the bounding function

(3.14) 10,0 < T,(i) := — XA jW + ~ )(1 X(0Aj(0),
where, by simplicity reasons, we choose
= §(A+ (A+ 1)23),
because J5,,(i) is positive and monotone decreasing fort e |[((A + A2/3),00) (cf. [19,

§3]). Notice that as A\ can be taken any function of the form 5(A + (A + tj)2/3)
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with 7> 0. (The interested reader is referred to [1], too). Obviously, combining
(3.11), (3-12) in () replacing Olenko’s result and/or A,(i) in (3.1-1), we can
define further bounding functions for |J,,(f)|

Since the integral representation (2.7) can also be expressed in terms of modified
Bessel function we can apply the Luke’s estimate to bound Hn Pn. This inequality
reads as follows (see [11]):

(15) < fAT T T)00811* 1>0,/i+1>°

Now we are ready to state and prove our second set of bounding inequality results.

Theorem 3.2. Letmin{92(p),91(g)} > 0 andfor all Tox{lLyy),Ly )} < 1, min{!ft(a),
LP)} > 0 whenp= g = Q. Then under 2inin{a,ft) 4-1> 7 > 0 we have

r(7)r(s-2=1)141-V )[x |~

IHApA\a, ft,ft'\), \-x,y ,2)\ <
V2T (Qr(fye( V)2

(16 *{ET(X (L—v) a2 (17 6)"n+120) }

In the same paiximeter range for all x > 0 we have

r(t)r(a- ~jr)r(?- 351 Mo
NiMKANTIVi-*1» »]1 < mr( inr( )

(3.17)

For allmin{a,ft,7} >0 andforx > 0; y,z < 1, we have
(3.18)
1 {1-£(1 (i-r(i->)"}.

Formin{a,ft] > 0;7> 1landforx >0;y,z <1, we have

here the bound above holds if 6a —37 +2 > 0, while the expression below appears for
4a—27+1 > 0. Moreover, for allmin{a, ft,7} > 0 andforally ,ze (0,1-y/x), x >
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0, we have

iz

\HApn[a,0,0"\7,7"; X,y ,z]\ < e~ly/P+yl>"
enl v Ve (1- ylx)a+P

£

(3.19)
(1-y/x-y)P{1 - y/x

Proof. BVot the double integral representation (2.7) and the estimate (3.3), we
obtain

PEEXFUEEIT Y 5% M 1< Py o B fo 0 1¥741 b4l l
(3.20)

I A-i(Viii) 3 > . rm rtTuuyl

Next, using the second inequality in (3.6), we get

«11—— (1 ev+lt)J dsdl=: R,

Now, we bound the modulus of the Bessel functions in the integrand of R- for each
of the cases of the theorem. First, using the von Lommel’s uniform bound (3.7),
valid for all 7 > 0, from (3.20) and (3.21) we obtain (3.16). In similar manner,
(3.17) follows from the Landau’s first inequality (3.9) and (3.20), (3.21).

The bound (3.8) due to Minakshisundaram and Szdsz is of magnitude |J7_i(t)| <
Cy tK, and so do the second Landau’s (3.10) and Olenko’s (3.13) inequalities, where
C-, >0, k € {u,—g,— ), respectively. Thus, by these three inequalities, we get

Ar<C\bl * e— *+*411-Ise+“411-1 d»di
=Clxp { ¢ - e— 't"+ =] ,a #11=021- | <Isdt
= £31=1*T (0 + r +

"L y)priE=t (1 z)at-
Now, choosing k = 7 —1 we arrive at (3.18), then for k = -g, —5 we realize the
bounds affiliated to the second Landau’s and Olenko’s estimates, respectively.
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As to the use of the bound (3.15) to estimate , we remark that coshu <
c“ u >0, and hence by the arithmetic mean-geometric mean inequality, we get

* 5 {i-r (— n)} *x
i* v e-(i-vS)—( - J—1l.,¢-1  _  (1_er-+.<)! (Idi=:Na
r(7) Jo Jo 17 J

Thus, we have

F(OITM LV f 1 -f 1 1
ffr) \ (1 E) <>

which proves the upper bound in (3.19). Theorem 3.2 is proved. o

4. Concluding rrmarks and observations

Inthe present paper, we have introduced the extended Srivastava triple hypergeometric
functions Ha,pn with the help of the extended Beta function B(a:, y; p,q). The
special cases of (2.2) - (2.8) and (2.12) for p = q = 0, reduce to the already known
results for the triple hypergeometric function Ha (see [16, 17, 18]).

To refine the bounds presented above, we can also apply Luke’s companion
estimate to (3.4) (see [11, p. 57, Theorem 16, Eq. (5.8)])

411+ 0 x Kiz) <1+ Ox (% | ,

where 8is given by (3.5), and

These notations simplify (4.1) to

. /1 +6

1+ ;lexpl 2(iTBT )
Now, following the procedure, used in the proof of Theorem 3.2 with this upper
bound and/or replacing some of bounds for the Bessel Ju used there either by
Krasikov’s results (3.11), (3.12) or another kind bounds exposed in [6, 7|, we
can obtain a new set of bounding inequalities for function HA<P4. However, this

approach will be exploited in some future work.
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Abstract. This work focuses on the variance properties of isotropic Boolean random sets
containing randomly-oriented cylinders with circular cross-section. Emphasis is pul on
cylinders with large aspect ratios, of the oblale and prolate types. A link is established

between the power law decay of the covariance function and the variance of the estimates
of the volume fraction of cylinders. The covariance and integral range of the Boolean

mixtures are expressed in terms of the orientation-averaged covariogram of cylinders,
for which exact analytical formulas and approximate expressions are provided.
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1. Introduction

The covariogram, originally introduced by G. Matheron [13], gives the volume
of the intersection of a (convex) body with a translation of itself. This function is
closely related to the distribution of the length of the chords of a body, and also is
a key ingredient in the theory of Boolean stochastic models based on Poisson point
processes (see [14, 16, 17, 22, 2], and references therein). A key theorem relates
the covariance function of stationary Boolean sets in the Euclidean space to the
Poisson intensity of the point process and to the covariogram of the primary grain
In turn, the covariance function itself governs basic features of the model, such as
the specific surface area and the integral range. The integral range is linked to the
estimates on finite-size volumes of the random set volume fraction

Another property of interest concerns the probability that a segment is entirely
contained in the complementary set of a Boolean model. This probability takes
a simple form for convex primary grains, which depends on the derivative of the
covariogram at 0 (sec [22]). Linear erosion allows one to compute this probability
numerically which is especially useful for model identification (see [18, 11J).

An important subclass of Boolean models, commonly used in material science
for modeling heterogeneous materials, concern isotropic random sets. In dimension
3, this model requires one to average the covariogram over all directions uniformly
on the sphere. In the rest of this article, the orientation-averaged covariogram, also
denoted “isotropized covariogram” in the literature, will be referred to as “mean
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covariogram”. The mean covariogram is a special case of the so-called “kinematic"
integrals (see [21], Chapter 5) of the form (in dimension d):

(1.1) IggVdMngA(dg),

where a convex body A is moved into gA and the volume of the intersection
of gA with a convex set M is averaged with respect to the measure /t over all
transformations g in the motion group Gd. The measure /t is invariant in Gd. The
mean covariogram, required for describing isotropic Boolean models, is obtained
by taking translations at a fixed distance uniformly distributed on the sphere for
Gd and /i and M = A. Unfortunately, such a kinematic covariogram is usually
not known explicitly, especially in dimension 3 (3D). Some notable exceptions
include the sphere, parallelepiped, cylinder (see [6, 8]) and the Poisson polyhedra
([15]). The meau covariogram for cylinders is useful for identifying stochastic fibrous
models from experimental 2D (e.g., SEM) or 3D (e.g., tomography) images of fibrous
materials (see [18 - 20]). More generally, heterogeneous microstructures, studied for
various industrial applications, can be approached by random models of cylinders.
Examples include flakes in optics [4] or platelets in mesoporous materials [24]

This work focuses on the mean covariogram of 3D cylinders with a circular
cross-section and its applications to Boolean models, and is organized as follows.
The covariogram of a cylinder is recalled in Section 2. The mean covariogram is
derived in Section 3. Boolean models of cylinders are considered in Section 4. The
integral range is given in Section 4.1. Variance properties are discussed in Sections
4.2 and 4.3. Section 5 concludes the paper.

2. COVARIOGRAM OF A CYLINDER

Consider a cylinder C of height h and circular cross-section of radius r, and a
Cartesian coordinate system with origin O and axes eXte, and e-. Weassume that
O is at the center of one of the bases of C and that e, is parallel to the cylinder
main axis. Consider now the translation C' of the cylinder C by a vector v. We
parameterize v by its norm = | and two angles ¢ € [0;27r] and ©€ [ /2;7/2]
in spherical coordinates. The azimuthal angle ¢ is the angle between ex and the
projection of V onto the plane (0;ex, Gy). The variable ©denotes the angle between
V and the plane (0;ez,eu) sothat ©= 1r/2 when v is parallel to ez and ©= 0 when
V is contained in the plane (0;ex,ey). Note that, using this convention, ©is the
complementary of the polar angle.

The (oriented) covariogram of a cylinder K (0,t) is defined as the volume of the
intersection of C with C":

(2.2) K(e,t) = L3{Cr\C"),
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where L3 denotes the Lebesgue measure in R3. The covariogram K dependsonr, h,
tand © but noton ¢. For conciseness, the dependence on r and h is omitted in the
notation for K and in the notation for other variables hereafter. Let us introduce
the ratios:
t h

(22) =5 «=,m
The two variables x and y, not to be confounded with Cartesian coordinates, will
he used preferentially to t, h and r. Furthermore, the variable t as argument of a
function will be replaced indifferently by x ory. Forinstance, K(© i) is also denoted
A(M).

The expression for the covariogram K is derived from the formula of covariogram
of a disk in the plane and reads as follows (see [9j):

(2.3) K(6.i) = K(8,x)H(8,b),

(2.3b) K{®x) = 4ra - xain®) [cos 1(xcosfl) - x cosO\/l - x2cos20\ ,

where H{6,t) = 1when 8and t are such that the two cylinders C and C" intersect,
and 0 otherwise. More precisely:

E\in nr(elx):/ 1 if*s t n ifeelf

) i tuui-Jfel,
' 0 otherwise, max \ ifOe [tan 1

11
The term cos 1in Eq. (2.3a) refers to the inverse cosine function, also denoted
arccos, and tan 1 in (2.4) denotes the inverse tangent function. Likewise, sin 1
hereafter is used to denote the inverse sine function.

The next section is concerned with the normalized mean covariogram:

23 Ht)~w = 1 =£ dS*Mcosfl,

where the mean is taken over all directions on the sphere, assuming the distribution
of orientations is uniform on the latter. Here, the covariogram K is normalized by
the cylinder volume and surface area of the unit sphere so that the k(t) = 1 when
t= 0and k(t) = 0when t = oo. Similarto K, the function fcdepends.on r > 0 and
h>0.

3. Mean covariogram of a cylinder

In this section, the isotropized covariogram of a cylinder with circular cross-
section is given. We refer to [6 - 8, 23], where this problem has been studied in
details.

3.1. Prolate cylinders. In this subsection, we compute the limit &>(*) of kh[t)

as h -y oo with r and t being fixed. The condition t < fmax (see Eq. (2.4)) reduces

to Xcos® < 1, which is satisfied for all ®when x < 1, and for ® > cos (1/x)

when X > 1. Therefore in (2.5), the term K can be replaced by K provided the
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integration is carried out over the intervals [0;7r/2] (x < 1) and [cos- 1(l/a:);%/2]
(x > 1). Thus, we have

1, 1> .\ _f o litg-o0 JN12 (18K(8,x) Ccoso, ifX<1,
ifX> 1.

Observe however that, when x > 1, K{6,t) is purely imaginary hi the domain
0 < © < cos_1(I/x). Accordingly, it is sufficient to integrate over the interval
[0; #/2] instead of [cos- 1(l/a:);#/2], provided the imaginary part of the ii
discarded:

(3.2) W ,)=S .S it f dai?(Sx)c™ <iy,
n r

where Re{s} stands for the real pzart of a complex number z. Replacing K by its
expression given in (2.3a) and expanding the integrand at first order in 1/h, we

get
(3.3) fcoo(s) = ~ 1Y d6cosO jcos 1(rccosfl) —x cos®\/\ —x2cos2(D| .
As it was seen above, depends on t and r only through x = t/(2r). The integral

in (3.3) is readily computed in the complex domain using a symbolic calculator
(see [26]). The expression depends on the complete elliptic integrals of the first
and second kind, denoted by F and E, respectively, and defined by the following
formulas:

(3.4) F(z) = /FWZ::Q,u E(z) — | é{u\Jr\-izslr/;iu.
Jo

Jo y | —zsin tt
The above functions F and E are real-valued when z < 1, and are complex-valued
with non-zero real and imaginary parts when z > 1. We refer to the online resources
([25, 2J and references therein) for an overview of their properties. Note that the
elliptic functions are usually defined by z F(y/z), z -t E(-/z). In this work we
follow the notation used in [26].
The elliptic functions F and E appear in the integration of both the square root
and inverse cosine terms in (3.3). For instance, when x < 1, the cos 1 term is
integrated by parts as follows:

/n ” 12 xsm2Ne 1\ A 24 E(x2)
! ABcos- (z»s8)coS9 - B ~ =(z--) F(* )+ —
Jo

(3.5)
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where Im{z} denotes the imaginary part of a complex number z. The final formula
for koa{x), after simplification in the regions x < 1and x > 1, reads as follows:
(3.6)

1- 11™\E (tA)] + 2T Le + 3F (Arrj) Jm
feoofc)

The function K>k is represented in Fig. 1(a) (top curve).

3.2. Cylinders of arbitrary aspect ratio. This subsection is devoted to the
general case, that is, for finite h and r. The intervals ofintegration for ®are required
for computing (2.5). Take first li < 2r and examine the condition t < tmax in (2.4).
The quantity K in (2.3a) is non-zero in the following intervals for © (recall that
y = hit):

( Diir2] ift < ft,
3.7) «€ < [0,sin J(y)] ifft<t< 2r,
[cos 1(1/x),sin *1y ifar< t

Whereas, when ft >2r, K 18 non-zero if:

f [ow2] itt < 2r,
(3.8) 96+ { [cos- 1(|/a)mz21| ifor <t< ft,
( ifft<t

As in Subsection 3.1, K is purely-imaginary when 0 6 [0;cos" 1(1/a:)], so one may
carry out the integration in (2.5) along the intervals [0;n] with a = TH2 or a =
sin 1(y), depending on conditions specified in (3.7) and (3.8), respectively. We are
left with the evaluation of the following integral:

X) cos ©
3.9 k{x,y) =R
@9 o) = Re o Snra
Now, according to (3.7) and (3.8), a = it/2 wheny > 1 (t < ft) aud v = sin-1y
wheny < 1 (t > ft). We first examine the case a = -K/2, that is, y > 1. In this case,
equation (3.9) takes the form:
(3.10) Hx,y) = ky>i{x,y) = kooix)

— jRelfgfie cos(0)sin(0) [cos 1(xcos6)- x cos6V1 - x2cos26)j ,
where we have identified k”x), the covariogram for ft = oo given in (3.6). The
integral in (3.10) is computed using a software for symbolic computations, and.
after rearranging the terms, we get

(3.1)

L+ 1), A -rr+ (L 2)
2yir
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where IV is a step function given by:

(3.12) Lt -{E |*>1.
As expected, the quantity between square brackets in (3.11) is real when x < 1and
so is k(x,y) for all x.

We now considerthe casey < 1 (t > h) and the integral in (3.9) with a = sin 1y.
The symbolic calculator (see [26]) provides a lengthy formula for the solution. After
simplification, the expression takes different forms for x < 1and x > 1. Forx > 1
and y < 1, the covariogram K reads:

}13) ~h (f +255+i) /ITr»v1 «U1 »om

The functions of two variables F{ip\z) and E(ch\r) are the incomplete elliptic
integrals of the firstand second kind, respectively, defined by the following formulas
(see [25]):
(3.14) E{d\r)= [V I —zsin2udM,  F (d\r) = [ dti =m

Jo Joy 1—zsin'u

Notice that the complete elliptic integrals in (3.4) are special cases of P(d\r) and
E(d\r):
(3.15) E(z)=e (E\2), F(2)=F (]|z).
The incomplete elliptic integrals are real-valued if rsin2¢ < 1. Note that this is
never the case for the arguments of E and F in (3.13), so that the two functions
have complex values. Note also that, owingto t < Vh? + 4r2:
(3.16) xy/\ - j2< 1, 1—*2(1—J2) < 1.

and so kv<i(x,y) in (3.13) is real. Now, when x ,y < I, one finds for k(x,y):
x>\

+(;+ “ 1 +n -1

) (a+-L +n) AGi-n o+

2ttv3 2xy jv v 4721
(3.17) +\nyx2 A 1(XV 1-1/2+ VAl —r2-u/l —a2(i —ya))

Note the similarities with the formula for x > 1in (3.13). Also, all three expressions
inside cos 1in the above are comprised between 0 and 1 and so k[x,y) is real.
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Puc. 1. Normalized mean covariogram k(t) as a function oft: (a)
with r = 1/2 fixed and increasing height h = 0.01, 0.05, 0.2, 0.5,
1,2, +00 (bottom to top, solid lines); (b) with h = 1 fixed and
increasing radius r = 0.02, 0.1, 0.3, 0.5, 1, 2, +oo (bottom to top,
solid lines). Dashed lines: covariogram of a sphere of diameter 1.

Ib summarize, the exact expression for k(x, y) is given by (3.11) and (3.6)when
y > 1, by (313) wheny < 1< x, and by (3.17) when x < 1andy <1 The
covariogram is plotted as a function of t in Fig. 1(a) and 2(b) for various values of
r and h (solid lines), and compared with that of a sphere (dotted lines).

An asymptotic expansion of k{t) when t -> 0 is now carried out. Use the
expansion (as m 0):
(3.18)
F (d\1) = £(*M =
we find
(3.19)

M«)=1--+0C"’), **=1 K? +a)+3" 2+0(8) i-,a
As expected, the derivative of k{t) at t = 0 is equal (up to the sign) to the
surface/volume ratio of the cylinder.

The second-order derivative of k(t) becomes infinite at the point t~ h (see [6]).
Connections between the second-order derivative of the covariogram of a compact
set and its singular points have been previously noticed in the plane [5].

3.3. Oblate cylinders. Consider now the limitr -> oo with h fixed sothat x -> 0

and y remains finite. We take the limit in the formula (3.17) wheny < 1 and (3.11)
wheny > 1. The covariogram k depends of y only and reads:

(«o, Ry fx v
Note that, in the limit r — oo the cylinders amount to infinite layers enclosed
between two planes. The same asymptotic limit would accordingly be recovered
when considering cylinders with other non-circular cross-section. This is in contrast
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to the prolate case (Section 3.1), where the covariogram depends on the shape of
the cylinders cross-section.

3.4. Approximate formulas. Wc now give approximate expressions of the cxact
solutions which do not involve elliptic functions. Such simpler expressions are useful
for material applications, in particular, for identifying random models, when a high
accuracy is hot required.

We first consider the domain r » ft. The exact solution is given by (3.20) when
r = oo and by (3.11) and (3.17) when r < oo. We first letr —>o00 and t —t oo with
ft and the ratio t/r fixed, and expand (3.17) to order O (r 3). In the region t < ft,
thatis,y > 1, we let t -+ 0 and compute an expansion to 0(t3) with r, ft fixed. In
the region t > 2r, we set k » 0. One obtains:

(3.21)
ift<ft
k{t) » &r»n(0 — \ih <t<2r
ift>o2r.

Note that the above expansion is continuous except at point t = ft, and is exact
in the limit r = oo only. It turns out, however, that formula (3.21) is a very good
approximation of the exact covariogram for r > ft. The maximal error supt[fc(i) —
*V»n(*)l between (3.21) and the exact result is attained when t £ ft whenever
r > ft. As expected, this error decreases and tends to 0 when r/h —»o00. It is about
0.5% forr = ftand 0.1% for r = 4ft (Fig. 2). The error is much smaller at points

@ h: for instance, the mean- error (\k{t) —foa>/i(i)|)t is 0.1% and 0.004% when
r = ftand r = 4ft, respectively. The approximation (3.21) is good in the region
ft/2 < r < ft. The errors are about suptjic—Av»/»| = 2-6% and (ffc—&r»/t[)t = 0.6%
when r = ft/2.

We now consider the domain ft» r and compute an approximation of k(t) valid
in the region ft S>r. This task is more difficultthan in the oblate case ft <€ r because
the exact result for ft = oo involves elliptic functions. In the domain 2r < t < ft, we
let ft -* oo and t oo with r and the ratio ft/i fixed and expand (3.11) to 0(ft-4).
We use the same expression in the domain t > ft, as long as the latter is positive
and 0 otherwise. In the domain t < 2r, we expand (3.13) when ft, t -» oo with r
and the ratio ft/ fixed, to 0(ft-4). One finds:

(3.22) K(t) u Avab(t) =
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K[t), » ()> K<£h{t)

Puc. 2. Mean normalized covariogram k of a cylinder: comparison
between the exact result (solid line) and approximations (3.21)
and (3.22) (dotted lines) whenr = h = 1andr = 1, h = 2.9,
respectively.

Weemphasize that, contrary to (3.21), the expressions above are not asymptotically
correctin the limit h -* oo. Also, approximation Av</,(t) is discontinuous at t = 2r.
The maximal error 8upt |A(t) - &r«b(i)| is attained at t A 2r, is constant and equal
to about 1.1% for h > 2r. In the domain 1.6r < li < 2r, the maximal error is less
than 1.4% (Fig. 2).

To summarize, a good approximation of the covariogram is given by (3.21) when
h < 1.6r and by (3.22) when h > 1.6r with a maximal absolute error of 1.8%.

4 Boolean model of cylinders

In this section, we consider a Boolean model of cylinders with radius r and height
h (see [17]). The Boolean model is defined by an homogeneous Poisson point process
of intensity ip (the average number of points per unit area). A cylinder C oriented
in a random direction, uniformly distributed on the sphere, is implanted on each
Poisson point. The cylinder volume fraction, denoted by p, is linked to the Poisson
intensity through the following formula (see [16]):

(4.1) log(p) =

Hereafter, we examine the integral range of Boolean random sets made of cylinders.
The Boolean model, denoted by B is the union of all cylinders C, implanted at

JjTrhr2.

Poisson points so that the cylinders may interpenetrate. Its characteristic function
is denoted by xb-

4.1. Integral range. The covariance C{t) of the Boolean model of cylinders B
reads
4.2) c{t)y={zeB,z+1leB,|t|=1t}=2p—1+ (1—
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w
0.8
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0.4
0.2
W

Puc. 3. Normalized integral range A3(p) in a Boolean model of
cylinders with radius r = 1/2 as a function of the volume fraction
p of cylinders, with varying cylinder heights h = 3, 10, 102 (solid
grey lines, top to bottom), 1/3, 10 1, 10 2, (dotted black lines,
top to bottom) and h = 1 (solid black line). Dark-grey solid line
on top: normalized integral range for a Boolean model of spheres
of diameter 1.

Its integral range is defined by (see [17]):

(4-3)

As=[ITA T Mint*PM -1 - — ,~p)j f to* - 11,
where the integrand C ) —p2is the centered covariance. For cylinders the centered
covariance is identically zero for t> tcwhere tc = y/4r2 + h2is the maximum length
ofa chord in the cylinder. The integral range is useful to quantify the representative
volume element for the set B. Using the exact expression derived in Section 3.2,
we compute the normalized covariogram:

(@-4)
for r = 1/2 (Fig. 3). The latter is equal to 1 when p = 0. Note that the integral
range is very close, but not equal, to that of a Boolean model of sphere of diameter
1
@5) A2 = — /it T(- S 1+pi.

P Jo Ll

When p = 1/2, the maximum value of A3 is found to occur for li slightly smaller
than 1 (Fig. 4). This value is still smaller than Ji3Pllere. Furthermore, numerical
computations show that the normalized integral range A3 is almost unchanged
when h is replaced by L/h (Fig. 3).

4.2. Variances and representative volume element: prolate and oblate
cylinders. Letpw be the measure ofthe volume fraction of cylinders over a domain

W ofvolume V :

(4.6)
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Puc. 4. Normalized integral range N3(p) in a Boolean model
of cylinders with radius r = 1/2 and volume fraction p = 1/2
as a function of the cylinders height k (solid Ihie). Dashed line:
normalized integral range for a Boolean model of spheres of
diameter 1.

Denote by Pw the mean of the estimates piy, taken over N independent realizations
W = Wi, ..., Wn of volume V. The variance D"(V) of the estimates pwt is given
by:

4.7)

= .H h] ~b't[(vL,d“xaM) ~A1"

Talcing N large and pw w p in (4.7), we get
(4.8) dj(V)=" j5Z ~" [a(«bW i2]*i*.

Take Wi — R3 and use the cliange of variable t = v —u. The double integral
amounts to an integral of the centered covariance function, and so we get

(4.9) Dl<y)=#jw [C(t)-p“] d4-p(I-p)~i,

aresultfirst derived by Matheron in [17]. The asymptotic expansion (4.9) is actually
valid for volumes V much larger than A3, and so requiresthat 3 (and ) is finite.
The latter shows that, when V »  3,the volume W acts as n independent domains
of volume A3 with n = W/A3. Thus, the volume A3 is said to be “representative”
of the Boolean model B. Note, however, that the variance D q(V) also depends on
the point variance p(1 —p).

When 3isinfinite, a scaling law different from (4.9) is expected [12]. For prolate
and oblate cylinders, the theory respectively predicts [10]:

(4.10) DHW) ~, DHw) s V>A,,

where a, a are prefactors. The scaling laws above indicate a slower decrease of
the variance with respect to the volume than in (4.9), due to infinite correlation
lengths.
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For prolate and oblate cylinders, the behavior of D*(W ) should be linked to
that of the integral of the covariance C(t) as t -» 00. Consider first the asymptotic
behavior of k{t) as t -» oo in the cases J = oo and r = oo. Malting use of the
expansions for ¢ -> 0:

(4.112) Fwm) - + £ x) \pA
(@11b) E@\T) = - A+ in0 4 +0(N

one finds, as t -* oo:
(4.12)

*oc(0="2+o0(?), (iFN= +oc), ko{t) = — + O . (ifr = +o00)

For prolate and oblate cylinders, the integral of the centered covariance on a
spherical domain of radius f diverges as:
(4.13)

* e

.y

Weremark that A3(£)/£3 behave as ~ V 2/3and ~ V 13, respectively, for prolate
and oblate cylinders, where V is the sphere of radius £. This qualitatively explains
the expansions (4.10).

However, the variable change t = v u leading to (4.9) can not be directly carried
out for finite domains Nee and infinite integral range. We derive it here for spherical
domains Wf of radius £. One needs to computc the probability dP (t, £) that two
points A and B in a sphere are separated from a distance in the interval [t;t + dt].
We first fix A, a pointat a distance 0 < o < £ of the sphere center. The volume of
points at a distance in the interval [t;t + dt] from A is given by:

f 47rt2dt, ift<£- a,
(4.14) dv*= 2% (- §+TE), illca<t<e+a.

Integrating over a, one finds the required probability:
(4.15) JE(LFl = j(l-A ) (1+ ), 0<t<2l

Replace now the term xB(n)xB(") in (4.8) by C{t) and integrate over t:
(4.16)

OIO:IETHE bWXBW - dud ! C(f) - p2] d/>
I Ao~ [y IMkvewi I J(<J;tzl ueu s e - p2) dix(

The above integral is analytically solvable as a closed-form expression, for oblate

cylinders (r = 00). When 21 > h, the solution involves the exponential integral

function Ei(z) = - / “ e“*/sds. The exact solution is a lengthy expression, which,

for conciseness, is not given here. It is provided by the software Mathematica [26].
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DUV)
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Puc. 5. Variance D" (V) of the estimate of the volume fraction
measured in a spherical domain W vs. volume size V of the domain
for oblate cylinders (r = +00). The cylinders height is fixed to
h = 1. Top to bottom: volume fraction of cylinders p = 0.5, 0.4,
0.6, 0.3, 0.7, 0.2, 0.8, 0.1, 0.9.

The variance D*(V) is plotted as a function of V for various volume fraction of
cylinders in Fig. 5.
Taking the limit f. o o and using the expansion (4.12) yields:

(4.17a)

(4.17b)

as t —¥ 00, with V = (4/3)R£3. Note that the above results arc identical up to a
constant factor to those obtained by replacing A3 in (4.9) by N3(£) from (4.13).

4.3. Variances and representative volume element: cylinders with finite
height and radius. This section is concerned with the behavior of-the variance
DUV) for r or h large but not infinite. We first examine the case where h is
large. The integral in Eq. (4.16) is computed numerically for increasing values of
h = 10, 102, ..., 104 with r = 1/2 fixed (Fig. 6a). The data is compared to h = 00
(solid line, top) and to the expansion (4.17) (dashed line, top). The variance D |(V )
asymptotically scales as ~ \/V for very large V, as long as h is finite. However, for
h > 10, an intermediate regime appears where D~(V) ~ 1/V 2/3. This scaling law
occurs for V. < /i3, that is, i h. It is Tery close to the asymptotic limit (4.17).
The change between the two regimes takes place, as expected, when ( is of the
same order as h. Nmnerical data indicates | n 3/1. A similar behavior happens for
r» Awith h = 1 fixed (Fig. 6b): when £» r, the scaling law Dq(V) ~ 1/V holds,
whereas DA[V) ~ 1/V 1/3when | < r. The change between the two regimes occurs
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(a) (b)

Puc. 6. Variance Dg(V) of the estimate of the volume fraction
measured in a spherical domain W vs. volume size V ofthe domain,
in log-log plot. The cylinders volume fraction is fixed to p = 1/2.
Grey solid lines, bottom to top : (a) cylinders height h 1, 10,
100, 103, 104, oo with radius fixed to r = 1/2; (b) cylinders radius
r —1, 10, 100, 103, oo with height fixed to h = 1. Dotted lines in
black: expansions (4.17).

when r « i. Plugging 6= 3h and i = r into (4.17) yields:
(4.18») ouv) -~ -3M l-py-rin (>k>r)i
(4.i8b) D im ~ - w - a y (>r>4.

The above two expansions are in good agreement with the numerical data shown
in Fig. 6.

5. Conclusion

In this work, the covariance and integral range of the Boolean model of cylinders
have been computed using the geometrical covariogram of cylinders. As expected,
the integral range takes the form of a divergent integral for flat (oblate) or highly-
elongated (prolate) cylinders. This results in peculiar scaling laws of the variance of
the measurement of the volume fraction of cylinders over subdomains of volume V.
The latter variance scales as ~ V ~1/3 for the oblate and ~ V ~2/3 for the prolate
type when V 00. The lowcst-order correction in the asymptotic expansion for
the variance has been derived for domains of volume V —> oo with a spherical
shape. For cylinders with finite (but large) aspect ratio, the scaling law ~ V 13
or~ V 2/3occursin an intermediate region where L = V " is comprised between
the lowest and highest dimensions ofthe cylinders. The classical scaling law ~ 1/V
is recovered when L is much larger than both cylinders dimensions. These results
have implications regarding the effective thermal and elastic properties of cylinder
models where similar power laws have been observed (see [3,1])
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CXOAMMOCTb PA3NTOXEHUWUN NO COBCTBEHHbLIM
PYHKUMNAM U ACUMNTOTUKA CMNEKTPANbIIbl X AHHDbIX
SALAUYN WTYPMA-NTNYBUNNA
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WHeTuTyT maTemaTuka HAH ApmeHunl
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AHHOTauuA. [lokasbiBaeTcs b a6conioT-
HO HENPEPLIBHOI (hYHKLYMM N0 COBCTBEHHbIM () 3apaun WTyp!

—y"+4 (v MIiV(0) ~ 0,y(ir)cosj8+j/ (s)sin0 —0,0 6 (0,T) ¢ cymmupye-
MbiM nOTeHyuanom 6 [0,3r]. STOT PeayAbTaT UCNONb3YETCA ANS NONYUeHNS
HOBbIX, 60/1ee TOUHbIX aCUMNTOTUHECKNX (OPMYN ANA COBCTBEHHBIX 3HAUEHMH 1
HOPMMPOBOUHbIX MOCTORHHbIX 3TOM 3afaun.

MSC2010 number: 34B24, 34L05, 34L10, 34L20

Kniouesble cnosa: sagayalll Typma-/InyBunns; pasnoxenne no co6CTBEHHbIM (yHK-
YMAM; aCUMNTOTNKA COGCTBEHHbIX 3HAUEHNI N HOPMUPOBOYHBIX MOCTOAHHbIX.

1. BeepeHue u GOPMYNUPOBKA Pe3yNbTAaTOR

0O6o3Hauynm yepes L(q,a,/3) cnegylouyio kpaesyto 3ajavy L Typma-/inysunns

(1) Syt 4 (1)Y= M)= A2, ®€ (0,7), I/ GC,
12) y (0)cosa+y'(0) a=0, a€(07],
(1.3) y (m)cosP +y' (ir)sin =0, € [0,ir),

rae g BeujecTBeHHas, cymmupyemas Ha [0,7] gpyHkumua (mbl nuwem q £ Lf>[0,7r]).
Yepes (q,a,/3) 6yaem 0603Ha4aTh TakXe CaMOCONPSXXEHHbI 0OnepaTop, MOPOX/AEH-
Hblii 3agayveit (1.1)-(1.3) B runb6epToBom npocTpancTse L2 [0,7] (cm. [1, 2]). Xopowo
M3BECTHO, YTO CMeKTp onepatopa L (q,a,/?) YNCTO ANCKPETEH N COCTONT M3 NPOCTBIX,
AeiCTBUTENbHbIX COGCTBEHHbIX 3HaueHni (cm. [1] [3]), KoTopble Mbl 0603Hauaem Ye-
pes (g,a,/3), = 0,1,2,..., nog4yepknBas 3aBUCMMOCTb OT q, @ U . Mpeanona-
raeTcsi, YTO COGCTBEHHbIE 3HAUEHUS  MPOHYMEPOBaHbI B MOPAAKE BO3PACTAHMS:

H{q.a,0) <fii{g,a,0) < </k,@a, )<...

n npu i r 0 KoMUTETa N0 HayKe
MOH PA a pamkax HayuHok npoekta No. 16YR-1A017
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A. A NNXNEBANSAH

O6o3Haynum yepes ip(x,/i,a) u d (x,/n,/i) peweHnns ypasHeHnus (1.1), yaosnetsopsio-
wjMe HauaNbHLIM YCNOBUAM

ip(0,u.,a) = sina, <'(0, ,a) = —cosa,

if) 0KIXjS) = Sin/9, 1p'{n,n,p) = -COSj0.
Xopowo u3BecTHo ([1, 2, 4]), 4To AnA (uUKCMpoBaHHOrO X, ip, <\ ¢, 1' ABNAKT
ca uenbiMn GyHKuMaMu oT 4. O6osHaumm 4epes WQp (x,/t) BPOHCKMAH pelieHuit

ip{x,u,a)n

(1.4) Wap(x, ) = W@ )VI(*. I )- V (a.4,a)V(*.1 V)m

W3 dopmynbl SInyBUNNA AN BpOHCKNaHa cneayeT (cM. Hanpumep, [0]) 4To WUIO (x, 1)
He 3aBMCUT OT X. Jlerko BMAeTb 4TO QyHKUMM tpn(x) := <p(x,iin,a) u ¢n (x) :=
¢ (x,un,P), n = 0,1,2,..., ABNAOTCA COOCTBEHHbIMU PYHKLUAMU, COOTBETCTBYHO-
WAMK COGCTBEHHOMY 3HAYeHMio /M,. Tak Kak COBCTBEHHbIE 3HAUYEHUS NPOCTbIe, TO
cyuiecTsytoT wecenal/?,=o0n[q,a,/?),n =0,1,2,..., Takne 4To

(1.5) (x) = 0,<Pn(x),/9, 0.

KBagpaTbl £2-HOPM 3TUX COGCTBEHHbIX MYHKLUIA:

(1.6) a, =0n(g,a,P) =1J ip* (x)dx, bn=b,(q,a,0)=1] > (x)dx
0 o
Ha3bIBAKOTCA HOPMUPOBOYHBIMU MOCTOSHHBIMM.
O/iHa 13 OCHOBHBLIX TEOPEM CMEKTPanbHO Teopun ANC}H)hepeHLnancibix oneparo-

poB (cm. [1]) rnacuT:

Teopema 1.1. fll, cTp. 90]j Beakas dyHkuns us o6nacTu onpefeneHns camoconps-
>KEHHOTo AMt(hepeHLMancHoro onepaTopa pasnaraeTcsi B PaBHOMEPHO cXoAswuiics
0606LeHHbI pAg ®ypbe N0 cOGCTBEHHBIM (PrPiKUMAM 3TOro onepaTopa.

DTOT pesyNbTaT He MOXET GbiTb MPUMEHEH 4NA BYHKUWIA, He NpUHAANexXau nx
o6nactu 0 AnddepenunansHoro onepartopa. B cny-
uae onepatopa LU Typmar/inysunns gokasaHo (cm. Hanpumep, [6]), 4To npu ycnosun
sina 0,sin6 0 (re.al@e (0,7)) paBHOMEpPHAA CXOAUMOCTb Pas3NoXeHUa nmeet
MecTo ANs No6oil abCONIOTHO HENPepPbIBHOW (YHKLUU, @ UMEHHO UMeeT MecTo (CM.
Takxe [5, 2, 7])

Teopema 1.2. MycTbq6 [0,7r],a,0 € (0,7r) n/ abconoTHO HenpepbiBHAA
(yHkumus Ha [0,ir]. Torpa

| N |

KA = X) X) = =—/o/(* (t)dt
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CXOAUMOCTb PA3NIOXEHUMA HO COBCTBEHHBLIM ®YHKLIVSIM ...
rae 9, (1) tp(x,Un(q,a,

MepBoii UeNbI0 AaHHO PaBoTLI ABNAETCA 40KA3ATENLCTBO TOFO, YTO AHANOTUYHbIE
pesynbTaThl UMeIT MecTo Takxe Anu 3agad  (q, , ), 0e (0,M)wu (q,a,0), a €
(0,5 ), npuyem upn 6onee obuem ycnosun q € Lt [0, T :

Teopema 1.3. MycTbq6 [0,7],a =ir, (3e (0,7) 1 abconOTHO HenpepbIBHaA
(yHkyna Ha [0,7r]. Torpa ans n6oro a e (0,7)
\ n | f
i -n = =
an b max. 1) o (x) =0, en= — | /()9

rae V2, (x) = <P(x,p,, (9.ir,0),n)=<p (x, ,Tr).

Teopema 1.4. MycTb q &E6>[0,7], a 6 (0,7), fi = 0 « / abconoTHO HenpepbIBHas
(yHkyna Ha [0,7r]. Torpa ana n6oro be (0,7)

(1.8) lim max I/ (x) - .]NF €,<p, (X)

|
V->00%6[0,6] | |

o c= 2Tt @ima
a,Jo

rae tp,, (x) = ip(x, (g,a,0),a).

3amevyaHune 1.1. Jlerko BUAETb, YTO yNy4WNWTb pesynbTaTbl Teopem 1.3 n 1-4
(NoNy4YnThb paBHOMEpPHYI0 CX0AUMOCTb pagos B (1.7) it (1.8) Ha Bcem oTpeske [OTr]
6e3 JONONHUT eNbHbIX YCNOBHIi) HEBO3MOXKHO. [leiCTBMT eNbHO, AN a6CONOTHO HiTpe-
pbiBitoil yHKuun / = — x € [0,27r], UMeeT MeCTO TOXXAecTBO (CM. Hanpumep,
[8, dopmyna 37 Ha cTp. 578],)

2 +5

T.e. Teopema 1.3 AnA Hee BepHa, HO €CNN 3aMEHUTb |... | na |...], To

~6f61h 5%
Teopema nepecTaeT 6bITh BepHOW. C Apyroii CTOPOHbI, ecnn B Teopeme 1.3 B3ATH
(0) = 0, Torga pag B (1.7) cXoAMTCA paBHOMEPHO Ha BceM oTpeske [0,7r]. AHano-

rnyHoe yTeep>KaeHne BepHo ana Teopembl 1. , ecam B3aTh f (it) = 0.

BTOPOVi Lenblo Haweit paGoThl ABAALTCA NONYUYEHUE ACUMNTOTUYECKON HOPMY bl
ANs COBCTBEHHbIX 3HauyeHnit 3ajaunm  (a,7r,/9) npn q 6 £4[0,7] w B e (0,ir) (Te.
sin/3  0). MpexAe 4em chopmMynupoBaTb pe3ynbTar, 3ameTum, 4to B paboTe [9] T.
H. ApyTioHAH BBen noHaTue hyHkuun Fi(a, P), koTopas onpegenserca gopmynoit

6n(a, ):=Vvwmn(0,a”- =A,(0a,0)- A, ., >2
79



A. A. MAXNEBAHSAH

n pokaszan uto -1 < Sn(«,0) < 1 u 8n(a,0) ABNAeTCA pelweHWeM Cnejylouiero

TPAHCUEHAEHTHOTO ypaBHEHUA:
1 cosa
(1.9) Sn(a,0) = - arccos , -
n \/(»+ S, (a,0)? sin2a + cos2a
—- arccos cos/3
y/(n + &.(a,0))2sin20 + cos20
Teopema 1.5. MycTb g€ Lr[0,7] n nycThb (q,a,0) = /x,(q,a,0). Torpa

(a) MMeeT MeCcTO acMMNTOTMNYECKOe COOTHOWEHNM (N —>00)

(110) A,b,0,8 - +i, (0,9 + +» 0,8 +0(i0),

e = [ AMdt
* Ja

Qa,0)=27( + (a,0))¢t 2 +5Sn W xdx ne (°**)e
(1.11) =In(q,ir,0) = 2jr + ~ ~ J q(x)cos2(n+6n (ir,0))xdx.
OueHka ocTaTka O ® (1-t0) pasHomepHa no Bcem a,0 € [0,7 n q u3

orpaHunyeHHbIX nogMHo>ecTB Lp, [0,77] "aw 6yaem nucaTb q€ BL" [0,7]j.
(b) ®yHkuusa |, onpegenennas Gopmynoit
1.12) I(x) = (9 ./5)sin(n +6»(“.0))s.
n=2

abCconoTHO HenpepbiBHA Ha Npon3BonbHOM oTpeske [a, ] C (0.27r), T.e. 16
Nnc(0,2rr).

B pa6ote [10] yTeepxaeHue (b) Teopembl 1.5 66110 A0KazaHo npu ycnosumn a.0 €
(0,7m) n B cnydae a = > 0 = 0. Mbl gOKaxeM, 4TO 3TO yTBEPX/AEHME BEPHO Takxe
npua = 1,0 e (0,7). 3Tomy noceaweH pasgen 3. TpeTbeit uenbio Haweil pa6oTbl
ABNACTCA NONYUYEHUE ACUMNTOTUYECKUX (OPMYN AN HOPMUPOBOUHLIX MOCTORHHBIX
OnW bn (cm. (1.6))

Teopema 1.6. N8 HOPMUPOBOYHBIX NOCTOAHHLIX On 1 b

(a) vMelT MecTO chefyllie acCUMNTOTHYECKNe COOTHOWEHUA (N —»00):



CXOAUMOCTb PA3NIOXEHWNA MO COBCTBEHHBIM ®YHKLUAM ..

M+ _2.(»,a,8

2[n+ 3,(0,ffl]2 L ir[n + J(0,ffl]

6nto,a, A4 = [I+ +p,]smA+

2 [n+ £(<%0)]2 L T[n+ 6(a, B)]
rae

sn =sn(9%-a.0)= - 1.] {*~1t)q (i)sin2[n + 5v(a, [3)]itft,

rn = rn(<»n/3) = O urn=rn(q.als) = 0 (jj?) 3,06 01’ K8
BEpHa ANA p,, W pn), Korga  —> 00, paBHOMepHa Mo Boem «.,/? € [0,1r] u
qGJLh[> -

(b) ®yHKYMA s, onpeaeneHHas hopmynoit

sw - £ A~ a, g “»

+ M, Ar*

abCcoNTHO HenpepbiBHA Ha NPON3BONbLHOM OTpeske [ai>] ¢ (0,27r) , T.e. s e
AC (0,2ir).

B pa6ote [11] yTBepxAeHue (b) Teopembl 1.6 6bin0 foKasaHo npu ycnosuu 0 e
(0,7r) u B cny4ae a = ir, 0 = 0. MeTojamu, NPUMEHEHHbIMI MpPU JOKa3aTenbCcTB
TeopeMbl 1.5 M0OXNO 0Ka3aTb, YTO yTBepPX/AeHNe BepHO Takxe npua = ir,0 G (0,7r).

2 [NOKA3SATENBbCTBA TEOPEM 1.3 1 1.4

Mbl npuBesem JoKa3aTenbcTBo Ans Teopembl 1.3. Teopema 1.4 MoXeT 6bITb AoKar

3aHa aHanornyHo.

AokasaTenscTso. 4na |A| -* 00, MMeIOT MeCTO CreaylouMe acuMnToTMyeckne Gop-
mynel ([1, 4, 10])

le|YTA[*\
21 POGULT) = YF (X 0) =y, (x,A2) = +0
vV AR )¢
JellTA|x\
(2.2) Y (XAXT) = . (x,/i) = v4 (x,A ) = cosAx+ O .

® (x,u,0) :=ipp(x,ii) = 1P (x, A2) = cosAfit- x)sin0 + sinAiZ[— ~IC

<m> +0 C™-ini— ) +0 (— Illp— j cos™-



A. A. MAXNEBAHAH

U (x,li,p) ®=H ,rt=V>(*./) = (asinA(ir- z) + 0 ) sta0_
! TellTAl(x *)n\
(2.4) - AcoaA(ir- )+ 0 ——ly-—) j =»/>.

13 (1.4) n (2.3) cnepyet, 4To Ans BpoHckuaHa W ,,j (fi) Mbl uMmeem cnegytolyyto oueH-

Ky
(25) W,,.p(u) =W*p (A2) = -dp (0./n) = - cosAmsin/5- cosO+
Telltiny I _iimAlin
O60o3Hauum yepes Zj/g wyto obnactb i nnockoctu C:
z16= {ab6C: |la- || >i, nezj.

Cnepyloljas nemma okasaHa B [12], meTogamu KoTopble Ucnonb3oBanuck B [13].
Nemma 2.1. (|12]j Ecau Ae Zi/G Torga
(2.0) BInTA > 1eM ", [caBirA > | el” A

M3 (2.5) u (2.6) cnepyeT uTo AnNA AOCTaTO4HO Gonbworo A* > 0, cyujecTyeT

KoHcTaHTa C\ > 0 Takas 4To

@.7) \Wn,p (A2) I > Cieli/I*i)in0, npn Ae Z1/6, |A| > A*

PaccMoTpUM crieayiollylo Kpaesyio 3agady

(2.8) Sy" 4+ q(x)y =W J-1(x), Xe (0iT), ueC,f €L1[0i],

(2.9) 1(0) = 0, r/(Tr)cos™-K / (Tr)sin =0, 8e(0,7r)

XOpoLwo U3BECTHO, 4TO pelleHune y (x, ,/) KpaeBoii 3agaun (2.8)-(2.9) MOXHO 3anun-
caTb B cnegytoujeii popme (cm. Hanpumep, [1, 7])

(210) y(x/*N)=— judplxu) f)m(u)d+

+ x~rJ *® ~Aodo
Tak Kak tp, @ 1 WT p ABNAOTCA LenbiMu QyHKLMAMMU OT /X, TO y (X, U,/) sABnseTcs
MepoMopdHOi (yHKUMeld oT /X, ¢ nonlocamMu B Hynax GyHkuuu W,,p unu, 4to 10
e camoe, B COGCTBEHHbIX 3HayeHusx (in,n = 0.1,2, __Mockonbky W, tp(nn) =

A 0(Mn)=/, (cm.[6, lemma 1.1.1]), To ucnonb3ys (1.5), Mbl nony4aem BbiyeT

(2.11) Ré"ﬁ y(*""f)“? 1 Vvir(, ) [ f ()W (>M»)dt
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CXOIMMOCTb PA3NNOXEHWI MO COBCTBEHHLIM ®YHKLIMAM
W3 (2-1), (2.3), (2.7) n (2.10) cneayeT, 4TO Cyl|ecTBYIOT MONOXUTeNbHbIE Yucna C,

. Ci Takue yto npu A6 Zj/g, |A| > A* umeeT MecTo cnejyloljasn OLeHKa

M * A a)| v, ()T E UM
2> % +

\ou(x,A2)l max \pP {t,A2)] f \f{t)\dt
Nol*.*) Jx

Cel'tTn*8In™ -
A s AT +CsW  +cnh )
Elie|/TAir gin
e"TUlw +co )i'tiT N

) )
AT AN(w+on ) «w
PaccmoTpum Tenepb dyHkyuio / e AC [0,7r]. Ucnonb3ys TOT akT, 4To <p, (K, /) 1

(i, u) aBnaTea pewennamn (1.1), Mbl MOXeM nepenucatb npeactasnexue (2.10)
Ansay (x,/t,/) B cnepylowem Buge (cpaBHute c [6]):

rae

(2.1-4) X )K !
@[ O< Grdtr L F () (L )d

Zi(x.nn.p D' . s

(2.15) Z2(x,m, 1. )= ~f(") fr.e\,\}m +W 4\:

=/ (r)cosp — +y{x, Higf) m

Mokaxem, 4To



A. A NAXNEBAHSH
CHauana npeAnonoXxum, 4to /' a6conioTHO HenpepbiBHaA GyHKuus Ha [0, Tr]. Torga
cyuwectByet /" 6 b1[0,7] u (2.14) MOXHO 3anucaTb B crefyloliem Buge
Z,(r,p-mAL) = M 8~

JOPW Viforidte Ve Xy d 37 {0)iliB {t1)dt
~ 1

B cuny (2.1)-(2.4) M (2.7) Mbl NONyuaeM, 4TO CywecTsyeT uncno C > 0, Takoe 4To

max \Z\ (x,/1,Tc,P/)\ < ~r, npu Ae Zlle. |A| > A*.
*6(0,x| Iy

OTcloaa cnepyet (2.16) B cnyvae /' 6 AC [0,Tr].
Tenepb obpaTumcs K o6uwemy cnydato g := /' 6 L1[0,71r]. 3adukcupyem e > 0 n
BbIGEpeM a6CONOTHO HENPEPBIBHYIO DYHKLMIO A€, TaK YTO

Torpa, cornacHo (2.1)-(2.4), (2.7) n (2.14) gna A€ Z1B, [A| > A*, Mbl UMeeM

max, \Zi (X,u, m,0,4)\< *gféf?] \ZX(x, u,Tr,O.pe)|+*reriax 1ZX(e,y,n,0,8- 1) <

reio,*] o.ir]
<Ewu Ataftmax f g i | +|y- K
- A+ 16 1 Cie\mX\* ma.fi 1
~C (6),Cjsin0 ( 8el/mAl* \~C (e) c
X+~ £?2#h U ieirsm ~ + -
Nerko BUAeTb, 4TO €CAU Mbl BbiGepem A* = Torpa ana A€ lilewn |Al>

mel ueew gy \Zi (x,/n,1,0)\ < e. B cuAy NpOM3BONLHOCTY € > 0, Mbl NPUXOAUM
K (2.16). Tenepb ouenum 2 (x,u,Tr,0) (cm. (2.15)). Mockonbky qf 6 -L1[0,Tr], TO
oueHkn B (2.12) BepHbl Takxe Agns y(x,ii,qf). Wcnonbsys (2.1), (2.7), (2.12) u ToT
thakT, 4to sin/ 0 Mbl nonyyaem cnegyloliue oueHkn (npu * 6 Zilo, |A] > A*):

<13 plA[Ciel™dI*smA| [N [-Ci ]+ |Al- |A]

rae Cr—Cj nonoxuTenbHele Yncna. PaccMoTpuM Ciefyioujnii KOHTYpPHbI MHTerpan

IN{X) =



CXOAUMOCTb PA3NIOXEHWUIA MO COBCTBEHHBIM ®OYHKLUMAM ..

rge Mol = |[/x:\\= (n + [) } (c 06xogom npoTuB 4yacoBoil cTpenku). C oAHOMR
CTOPOHbI, UCNONb3YA Teopemy Kowwu o BbiyeTax (cM. [14]), u3 (2.11) mbl nonyvaem
N 1T
(2-18) Inr(x)= A = [ 1 (t)<r (t,nn)dt<pn («, yn) .
n=0 *

C Apyroii cTopoHbl, 13 (2.13), (2.16) n (2.17) umeem, 4To
(2.19) In(X)= /(x) + +« 04,

rge 61 (x), cornacHo (2.1G) u (2.17), paBHOMEPHO CXOAMTCA K O :

Be3 noTepH 06WHOCTY, GyAeM CUNTATh YTO If = 0 He ABNAETCA COGCTBEHHBIM 3Haue-
Huem 3agaum L(q,TT,P). B camom gene, u3 4nCTOi JUCKPETHOCTK cneKTpa cneayer,
4TO CyuwecTByeT YWC/NO C Takoe, 4To uyucna Un + ¢ 0,n =0,12,..., agnaTcA
COBCTBEHHBIMU 3HAYEHNAMM 3afaum L (q + C,N,0) C TeMMU Ke COBCTBEHHBLIMM ByHK-
ynammn W HOPMWUPOBOYHbIMW NOCTOANMHbIMU ON, 4To U y 3agaun L(q,7r /3). Torga
PyHKyMS e (ﬁ#)\ MIMEeT Mo/ Chi TObKO NEepPBOTO MOPSAKA M UCONb3YS TeopeMy

Kowu 0 Bbi4eTax Mbl MOXEM NETKO BbIYMCAUTD, YTO

a m— - o i - my n, ®oeitH)
2 ITn hWtp (M) m=o XWXIfl (%) A P (M)
_op(x,Q mA OGXY) _ (6, Q) . f AYTT(XMn) _
wirl (0) A M) wrh(®) * o

Tenepb nokaxeMm, 4TO NOCNefoBaTeNbHOCTb (K (x) cxoanutca k O (npu N -* o0)
paBHOMEpHO Ha cermeHnTe [a, 7r], gns nponssonbHoro a G (0, Tr).

Tak kak pn (x) = bl + 0O (J-'j paBHOMepHoO Ha [0,1r] (cm. (2.1)), =
Mn(s,m,y3) = ~n+ ~ + O (1) (cm. [9, Teopema 1 Ha cTp. 286 M aCUMNTOTUYECKUE

oueHku ansa 6n (Tr,0) na cTp. 292]) u a,, = On(g,7r,0) = 7~ + 72 + 0 (ih))

(cm. [11, Teopema 1.1 ], cTp. 9-10), Torga du (x) (cm. (2.20)) MOXHO 3anucaTb B
85



A.N. NAXNEBAHAH

cneayloliem suge:

_ipfijx,0) 2 sin(>+s)gty (@)

rae g, (k) = O ~ paBHomepHO Ha [0,7r].
Mockonbky ¥ ' (n+ a)- =  0< X< 27r (cM. Hanpumep, [8, hopmyna (37)

HacTp. 578]), Torga noncn;;?osmenhaocn bl () CXOANTCA K HENpPepbIBHOW hyHKLUN
¢ (k) (npn Ar—>00) paBHOMEPHO Ha cermeHTe [a, 7r], AnA nponssonbHoro a G (0,8 ).
Tenepb, 4To6Gbl AOKa3aTb, 4To ((x) = 0,x £ (0,7r], AOCTATO4HO MOKa3aTb, YTO
$G—0 n.B.
Cpenan HeKOTOPbIE BLIYNCNEHWS, MONYUNM:

(221) 3 o(ipT(x)cir= ~uw 1 ~)( ,0)0( ,() 1+ —
o o

w w
(2.22) 1hr, ) p Ok, 0)ipT (K)dx = 1 @m (x)~ (X, 0) - (%) by (x, 0)) dx =
0 o
= (POK)BP K, 0) - VIT(X)®p(@.°)) B = (°«®) = - WH<e (0) »

N3 (2.21) 1 (2.22) cnepyeT

J dektpm (k)dx=0,T =0,1,2,—
o
MockonbKy cucTemacob6cTBeHHbIX hyHKumnii {v2T (K)}“ _Okpaesoii 3agaun (17, r,fi)
ABNAETCA MONHOW U opToroHanbHoit B L2(0,T), To ¢ = 0 n.B. CpaBHWBas 3TOT pe-
3yneTaT ¢ (2.18), (2.19) U nepexoas K npegeny npu N -> 00 B (2.19), Mbl NPUXOAUM
K (1.7). Teopema 1.3 gokasaHa- o

3ameyaHne 2.1. XOpowo N3BeCTHO, YTO OAHO U3 AOKA3aTeNbCTB Teopembl 1.2 oc-

HOBLIBAET CA HA T akK Ha it Teopeme 0

p AMMOCTM, KOTO-
pasi yTBep>faeT, 4T 0 pa3nodiceHne no co6CTBEHHbIM PYHKUUAM 3agauun L (q,a,0),
a,P £ (0,7) 3KBMBaNEHTHO Pa3N0>EHNIO N0 COGCTBEHHbIM (PYHKLMAM 3agaun

b (0,——) , T.e., {co3Tix}n>0 (cm. [5, 2, 7]). Aanee MO3IICHO NPUMEHUT b Teope-
My Aupuxne-XopaaHa (cm. [15, cTp. 121-122]) u Teopema 1.2 6yseT jokasaHa.
TOT e NoAX0oA He MOXKET GbiTh NPUMEHEH O HaWeM Cyyae, a UMEHHO: HeTpyA-
HO YCTAaHOBUTb YTO pasno>KeHue no cobcTBeHHbIM hyHKUMAM 3agaun L (q,>0),



CXOAMMOCTb PA3NOXEHWA NO COBCTBEHHLIM ®YHKLMAM ..

u
T.e., N0 coBCTBEHHbIM (YHKUNAM 3ajauun L (cm. [5, sameyaHue na cTp.
304] n [2, 3ameuaHne Ha cTp. 71\). C Apyroii CTOPOHbI, HACKONbKO WiM W3BECTHO,
neT aWanora Teppemel Jupuxne-XX opaaHa AnA pasnodKeHus no cucTeme QyHKiui

|sin TJ (no aTomy nosogy cm. [16, Teopema 2.6]/

3. AcMmMNTOTMKA COBCTBEHHbLIX 3HAURHNI
CToMT 3aMeTUTb 4TO npueejeHHoe paboTe [10] fOKa3aTeNLCTBO yTBEPXKAEHUA
(b) Teopembl 1.5 gnq cnyyas a,0 E (0,7r) He mpoxoAWT Ans cny4yas a = ir, 0 e
(0,7r). Huxe, ucnonb3ys Teopembl 1.3 u 1.4, Mbl pa36epem 3ToT cnyyait. O6o3HaYMM
cr(x) = J/ (t) dt v 3anuwem In (q,7r,/3) (cm. (1.11)) B cnegytoweit hopme:
o

o (1) cos 2men (1r,/?) 1 .
= ~ 21r(n+ gn (7i8)) fn CL(*)*M(»+ A(1T .«)«b.

raeo (x)=o abconioTHO HenpepbiBHas GyHKUua Ha [0,27r].
3aMeTUM 4TO eAMHCTBEHHOCTb pelweHus 6n(a,0) ypaBHeHus (1.9) npu a = ir

M0 € [0,Tr) MOXHO 40Ka3aTb MCXOAS W3 TOTO, YTO arccos ABNSIETCH yGbiBalouleii
yHKUMeR.
N3 (1.9) nerko BugeTb (nogpobHocTu cm. [9]), uTo ans 0 6 (0,7r) Mbl UMeem

31> «e<F ¢ 5+w h ) +0GO -3+0(=)m
W cnejoBaTtenbHo,

(3.2) cos 2T<Y,,(8,0) = -1 + cln, sin 2Tri, (n,0) = en,

Moatomy, I(x,0) (cm. (1.12)) MOXHO NpeACTaBUTbL B BUAE CYMMbl TpeX QYHKLNIA

1(x,0) =h (x,0)+ 1 (x,0)+ (x,0),

rae
o <rbl Asmo(n 40, (ir/3))i
h £7 (<)
(33) M*.8 = 2 (o *.(*,5)

(3.4) 3(r, 4 = £ Nsin(+4.(»9)X,



A. A NAXNELZANSI

Wi, =1 0i()sin(n+ 6, (T.P)tdt.

Mockonbky f,, = (M(0sin(n+ Su (m,P)) tdt + ] o\ (t)sin(n + S, (ir,p)) tdt n

J (t)sin (n+ S (m,P))tdt =3 A -ay (-t) sin (« + 6n(mr,P)) tdt =
= 1 —gEu—ysin(n+ Si(m/3) (i —2mdt=
=3 ai(2ir-t)((1-d n)Bin(n + 6n [n,0))t + en cos(n + 6n (ir,P))t)dt =
=J a’m- ((1- d,)sin(n+ 6n(m0))f+e,cos(n+S,(mP))i)dt,
TO
(35) [, =3 (a @ +CH{A~7))sin(n+ Sn(OW Wt~

+ + °(™ 1) 008(u+ (jrM))t

CnepyeT oTMeTUTb, 4To <§,(a,/9) onpegeneHa TONbKO ANA
wem Ao (0, r,>3), At (0,Try3) n A, (O,1r,0) = +
4TO cucTeMa PyHKUNi

> 2, N03TOMY Mbl 3anu-
. (Tr,/9) ans Bcex > 2. YuuTbigas,

” 3w/, (O,ir.A 4) 1 < (+4,(»,0))»1"
{*>,.(")}n A(0X,4 i,oul »+ o, (%« )out
ABNAETCA CUCTEMOI COBCTBEHHBIX MyHKUWIi 3agaun L (0, T, P) n npumenas Teopemy
1.3, nonyuaem

(36) cr(]) +A(~ 1) =<72(i) +

0 / (1) #+<t 1)) 3in(u+ <M™-0))*<ii
+E Yo VV2ir Vo2)) N [ T (11,0))x
n=2 {, sin2(n+ 5@ P) tdt
0

rae paj CXOAMTCA PaBHOMEPHO Ha NPou3BoNbLHOM oTpeske [a, ] C (0, 1] u

[ (a(r) #(7( ~ W sinA,(0,7r &t
01w £ °c Y KJr e --sin /1. (0, X, 4 ,
1 2A, (0, )tdt




CXOAUMOCTb PA3NIOXEHWI MO COBCTBEHHBIM ®YHKLUMAM ...

Wcnonbsys (3.1) u (3.2), Mbl BbiYMCNAEM

(3.7) /BT2(»+M*.Ir))<* =

T bIM2Ir(n + 5,(7M,P)) X

4(n + 6,(ir,p)) 2 4(n + <5,(1,0))
W3 (3.7), nerko BuaeThb, 410
2en
e TR «PMTenx.q).nf T oUW
o
Tenepb Mbl MOXeM 3anucatb (3.6) B opme
(38) Y1~ +° AT 0 ) BIN( + *»K P))tdtsin( +  (it,P))x =

= 53 (° (1) + (r

+ff(l)+a(h-f) B4A
rae pAfbl CXOAATCA PaBHOMEPHO Ha NPoU3BONLHOM oTpeske [a, 7] C (0,Tr].
W3 (3.4), (3.5), (3.8) cneayeT 4To Ana npoussonbHoro x € (0,

(3.9) (,P)=\ (o (1) a(@r-1)+a*(x))+

sin(n+ Sn (1, P)) tdtsin (n + S,, (r,P)) x+

+ ip/  (er(l) +° (*~1))sin( + ( fi)tdtsin +5n (* fi)x+
+ A d,] OMT— sin(n+S,(mP))tdtsin(n+ , (TP))x—

—_n e") a I')cos(n + fi)tdtsin + fi) *e

Mockonbky ( =0 “6nd " 1) cos(h+ (*»E))**= 0 5n

o >Torga e AC (0,1r]. C gpyroit cTopoHbl, Tak Kak (cMm. (3.4) u (3.2))



A. A. TIAXNIEBAHSH

TO € AC [T, 2m)n cnegosatensHo 6 AC (0,2TT). MMocKonbKy A+ 0)
abconoTHO HenpepbiBHaA GyHKUMA Ha (0,23T) (cm. [12, 10]), Torga /i € AC (0,27r)
Mockoneky d,, = O *1,0Pag 0 (3-3) n ero nepsas NpPoN3BOHAA CXOAATCA ab-

CONMIOTHO W paBHOMepHO Ha [0,2ir] u, cnegoaTensHo e AC [0,2TT\. YTBepxaeHue
(b) Teopembl 1.6 npn a =, e (0,7r) foKasaHo o

BnarogapHocTb. ABTOp BblpaxaeT 6narogapHocTb npoteccopy T. Il. ApyTionaHy
3a MOCTaHOBKY 3ajau ¥ BHUMaHMe K pa6oTe.

Abstract. Uniform convergence of the expansion ofan absolutely continuous function
for eigenfunctions of the Sturm-Liouville problem -y + q(x)y = uy, y(0) = 0,
y(a)cosP + y7(tr)sin0 = 0, 0 € (0,7) with surnmable potential ¢ G L\ [0, is
proved. This result is used to obtain more precise asymptotic formulae for eigenvalues
and nruining constants of this problem.
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