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1 Introduction

1.1. Notation. The following standard notation are used throughout this paper.
The letters N, Z. R and C will denote the sets of natural, integer, real and complex
numbers, respectively, with known algebraic structure and topology. For E ¢ C the
sets E, E” and dE will denote correspondingly the closure, the interior and the
boundary of E. Also, we set:

NO := NU{0}: R+ = {x € K :x > 0};

Inb 's=[a*b], |/,,b] = b- a>0;1 :=(ab). |/ bj=b- a>0;

Drc'={z € C :\z—c\ < r) - an open disk of radius r > 0 and center at cfC :

D\ := {z EC :\z\ < 1} - the unit disk; dD\ = {£ € C :|C| = 1} - the unit, circle;

;={z = rei0 :r € R+ > 0} * a ray in direction elff for ©G R.

For « € (0, 2tt], "3f. [0,27r) and y e 0D\ denote:

A ):={z C :largc| < /3/2} - an angle of opening 3 6 [0.21r) and bisector R+.

70i#l := {C EdD\ :|arg(£//i)] < 5/2} -an £trcon dD\ of length  centered at p\

7®L:= {£ € d.D\ :|arg(”~//i)| < ft/2} - an arc on 0D\ of length ft centered at p..

For a closed set E C C and a domain Si C C denote:

C(E) - the class of continuous functions/ : E —C:

11(Q) - the class of holomorphic functions in 12.

1.2. The problem 1°. The notions of an analytic element (element, for short) and

its analytic continuation are fundamental in the version of the analytic functions

theory, proposed by Karl Weierstrass (see |1]. §2). An element, centered at ¢ 6 C,
3
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is a power series with coefficients {/,,}~ nc ¢ -converging in a disk Drc :

(1.1) I(*) = ;1—9 ~c> forr 6 Drc

and presenting a holoinorpliic function / £ H (D rg)\ conversely, any / e H(Drc)
has a unique expansion of form (1.1).

The main aim of the Weierstrass approach was to investigate the global properties
of an analytic function /, using the terms of its local presentation by an element
of form (1.1). This includes, in particular, the problems: on possibility of analytic
continuation of an element (1.1) to u domain, containing Dr.c, on restoration of that,
continuation (if is known its possibility), on localization of possible singularities of
(1.1) out of Dr.c-

Recall that a point // £ DDrc is said to be a regular point of element (1.1) if
there is a direct analytic continuation of (1.1) from Dr,c to some neighborhood Dpift
of a: otherwise fj. is called a singular point of (1.1). Thus, the set of regular points
of (1.1) on dDr.c is its open subset or is empty. An element (1.1) has a singular
point on ¢)Dre if and only if it is a canonical clement, that is. if r is the radius of
its convergence, and 0D rc is the natural boundary of (1.1) ifall r € dDr<c are the
singular points of (1.1).

The main subject of this paper is the problem on localization the singularities of
a canonical element (1.1) along dDr,ce Note that it suffice to consider this problem

for the normalized elements / with the unit dish D\ of convergence:
oc

(1.2) f(z) = £ f,z"for N <1, limsup = 1
=0 -+00

The mentioned problem for an element (1.2) was a subject for a number of classical
investigations, due to K. Weierstrass, J. Hadamard, E. Fabry. G. Polya and other
authors (see [1]. §2). The first results, concerning conditions guaranteeing that dD i
is the natural boundary for (1.2). were obtained by K. Weierstrass and J. Hadamard
in terms of the gap or lacuna set of (1.2):

(1-3) L/:={neNO0:/, =0}

E. Fabry has exploited a new approach for investigating the next general problem:
find conditions on coefficients fn of (1.2) (using the terms of their modulus and
arguments), guaranteeing for (1.2) the existence of a singular point on a given arc
7C . The solution of this problem was the aim of E. Fabry’s known General
Theorem (see |2] and [1|, Theorem 2.1.1). More perfect and strongly proved version
of this result has been obtained later by G. P6iya (see [3j and [lj. Theorem 2.1.3).

using the introduced notions of minimal and maximal densities for the subsets of
1
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No (see (3) and [4], VI E, Section 3). The obtained solution was satisfactory in case
of using the terms of the gap sets (1.3) (see Fabry-Polya theorem on gaps in [1]).
Its exactness has been discussed in a number of papers (see |3] and [5], IX B). and
was proved in [6j. Mention also the extension of the noted theorem, obtained in [7].

Other principal result of the Fabry’s approach was the theorem on arguments
(see |8j and |[1|, Theorem 2.3.1), obtained in the special case, when the boundary
arc actually is reduced to a point. Mention also the papers [9]-[I()] on this subject,
extending the General Theorem and the noted concepts in different directions.

The aim of this paper is the description of some necessary conditions on coefficients
of an element (1.2) (expressed in terms of their modulus and arguments), in order
a given open arc 7° C dD\ be an arc of regularity for (1.2). This will allow to
find some sufficient conditions, guaranteeing the existence 01170 (and also on 7) of
some singular points of (1.2), extending the results on singularities, obtained in [9]
and [7]. A necessary instrument to solve the above stated problems is the so-called
“Coefficient function” method, based 011 the idea of interpolation the coefficients
{fn}n=o0 °f (1-2) 011 'he set No by entire functions pof exponential type with some
special properties.

2°. Returning to the normalized element (1.2), we present some preliminary

notation and terms. Associate with the coefficients {/»}o° C C of (1.2) a definite

sequence of their arguments {w,}* :
(1.4) /,, = |reilety)” for n fc NO,

selected by setting Au>, := cjv - wrt-1 for 1 € No with w_i —0 and defining each
argument uj,, for n € No uniquely by induction via minimizing |4o0;,| condition:

' f Aw,, = 0 forn GL/,
Av>,, € (—T, 7] for hf.

Setting now No\L/ := {nfc}fLo with . 0 for k G No, one can present element

(1.2) in the form:

(1.27) f(z) = for | | < 1. limsup \ink'yYTk - 1.
k=0 *
Then it follows from (1.27) and (1.0) that

0-57) Au,,,, = arg(/,../l,,.._,) 6 (-A-9] for k > 1,
with Auw,,, = = arg 6 (-tr.Tr].

3°. Consider now the related with (1.2) normalized element

(1.6) f'(z) :=S(-z) =Y, Ne for IzI< 1
n=0
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with coefficients

(1.7) V= (-1 =l for n 6 No.

where the arguments v of/* are defined uniquely by induction. Set for this Au>* :=
bi* _ *_ forn e Nowithuili =0. assuming as in (1.5). that 4c = 0 for € L/
with 0= = arg/*0 € (-tr,7r]. Then it follows by (1.5”) and (1.7). that

can be defined via Awrk uniquely, since either ) = mor Aw*t = (-)Aw, £t
(correspondingly if n* - «Jfc is an even or odd number). In the second case one
can choose the sign of arg(—1) = =ft, by setting:

.o f Awwr + T if € (—r,0],
(18) \ - o ifAn,, 6 (OIr].

Then with the condition [Ja»* = 0 for € L/ we obtain as in (1.5), that

(1.9) £ (—T.7] for n € NO.

4°. Consider now for the element / in (1.2)-(1.'2") and for any interval Ip( := [p. <]
with p.q e NO the quantity:
(1.10) v {iTn)-= £ 1Jw"1= E
»IEP:S) nfe€(p.q]
the variation of the coefficient arguments of / on Ip.g. This quantity can be defined

also for any interval la,b C IK| by formula:

(1 11) vf(la,b) = niax{Vf(IPq) : 1P,q C la,b).

assuming Vf(lab) = 0, if there is no any IPYC lab with p.q e No, p < g. Then by
(1.5) and (1.10)-(l.11), we have

(1.12) V /(/sib) < ir |/Bib].

Introduce also the quantity:

(1.13) u/(a,b) = Vf(lab/\lab\6 [0,Tr],

the mean variation of the coefficient arguments of / in (1.2) on

Definition 1.1. The introduced in (1.10)-(l.1S) quantities Vf(lafl) with vj{u,b)
for the element f in (1.2) can be defined also for the element z — f(—z) = f*(z)
in (1.6)-(1.7), replacing them the arguments {wn}o° {w*}y°. defined in (1.7)-
(1.9) for /*, and correspondingly replacing in (1.10)-(1.18), Vf(la.b) by V f[lab)
and Vf(a,b) by Vj(a,b).

The rest of the paper is organized as follows: Sections 2 and 3 contain the

descriptions of some necessary auxiliary notions and results, including the above

6
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noted "Coefficient function "method with some new necessary constructions. The

statements and proofs of the main results are presented in Section 4.
2. Auxiliary results

2.1. Entire functions of exponential type. The class £ of entire functions ip

of exponential type (see (11|-|13]) is defined by condition:

= Iigﬁlipflsl"llos+ M *)1) < +OG,

where ¢ is the exponential type of y2 Then ip,d (=£ implies <+ ib € £ and ipp € £.
The main characteristic for the behavior of any € £ along a ray Iq for 86 R

is Hie exponential indicator (indicator, for short) function h~ of p (see (I)-(13j),

defined by formula (excluding the case v?= 0):

(2.1) bV(8) = limsup {r 1log [v?(rel0)|} for 6e R.

In thisterms the growth and decrease on C of any <p £ £ is restrictedby the
inequality:

(2.2) \u>{rei®)\ < cxp{r[/lv (0) +e(r)]} for rem®6 C,

where e(r) -4 0 as r -4 +oo, uniformly for ® € R. Below some properties of the

exponential indicator h = hv arc presented.

(a) hgis a real valued, 27r - periodic and bounded by function:— < hv{9) <

, fors 6 R.
(b) For € £ and any © € R the following inequalities are satisfied:
(2.3) ii¥p[0) < hv{& + Hy,(®) and h*"+"0) < iabx{liv(8), li"(8)}.

(c) hyfi has the property of trigonometric convexity, (see [13]): for any triple # <
SIS with 9 —0) < T the following inequality is satisfied:
(2.4) /i,,(0)sin(02 - ©i) < /i9(0i)sin(02 - 0) + hv (02)sin(0 0,).
This property implies the continuity of the indicator hv : R —[—<w,av\ and, in
addition, the following property:

(d) ateach point 0 € R, h# has one sided derivatives h'A(6-) (from the left) and
/in(0+) (from the right), satisfying:
(2.5) Aj,(0_) < N~(0+) for 6 € R,
where the equality holds, that is, actually the derivative h'v (0) exists, except may

be only a countable set of points 0 € R.

Definition 2.1. Denote by £q the subclass of the. functions y36 £ with the exponential
indicator /iv, satisfying the condition h~(0) = 0.
7
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(e) For any 9 G £0 and S € (0,7r) the following inequality is satisfied (see [7]):

(2.6) M *) ~ M 5)Isin0l for U ~ 5
where for S G (0, 2/2)
c (fi) o= >0
' sin §

Actually, (2.6) follows from property (c) with (2.4) for the triples 0 < & < S and
—S < © < 0, while (2.5) for the triple —6 < 0 < S with 6 G (0, Tr/2) states that
AN )+ 1 {-6) >0, implying c~(6) > 0.

(f) For any p GSo and S G (0. rr) from (2.2) and (2.6) we obtain the asymptotic
inequality
2.7) \<p{z)\ < exp{<v((5) [Imz| + \z\e{\z\)} for G 425
where r(|r]) —* 0 as \z2\ —+oc.

(g) It follows from properties (d)-(e) that. c.~{8) in (2.6) with v» G So has the

limit, as —0:

(2.8) lim cu,6) = limsup {/i*,(0)/ [0]} := m.* > 0.
- 0_>0

where

(2.9) nip := raax{-21"(0_), hv{0+)}.

Remark 2.1. It follows from (2.9) and (2.5) that.
(2.10) — < /in0_) < hv(0+) < m9,

so that mv > 0. Here mv = 0 **=> JI7N0_) = N17(0+) = 0, that is, if there exists the
derivative h'v(0) = 0. Abo. (2.12) implies the following, more stronger than (2.11),

ir.lation for mp :

2.9) mf = max{|A'v(0_)]|, [ftE,(0+)[},

with the. equivalent to (2.8) carw W ¢ Ty~ o= = limsupe_,0|/i,,(0)/0].
2.2. The "Coefficient function” method. 1°.This method isthe main tool
for analyzing the behavior of a normalized element (1.2) via interpolation the

coefficients {/n}£L0 of (1-2) the set NO by a function tp G S or ip G A(4.<?)

of exponential growth:
(2-11) <p(n) = fn for n G NO.

The method was used mainly to establish a criterion on possibility of the analytic
continuation of (1.2) outside the unit disk Dy in terms of (p (see |1). §7; [14].

Chapter X and [15]-|18[). In particular, there is such a criterion for the element
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(1.2) on regularity of some open arcs of the unit circle ODi. which can be applied

in problems 011 localization of singulardies of (1.2) on OD\ (see [10] and (7).
Next, as a “Coefficient functionS for (1.2) and for the related series we will use

the functions from - The following criterion (sec [14] and [7]. Theorem 2) on

regularity for (1.2) of an open proper subarc of dD\ is essential for us.

Criterion 2.1. The open arcODi\Afl onDDy for /3 € [0,27r) is an arc of regularity
for the normalized clement. (1.2) if and only if there is a function p e So- satisfying

the interpolation conditions (2-11) find the condition

(2.12) limsup {h~(6)/ [0} := mv < fi/2.
0->0

Note that by Remark 2.1,7iv > 0 and mv can be defined also by formula (2.9).

2°. Let now j3:= 2a —n e [0,2mr) in (1.15) with a (0, 27r], so that actually
dDi\As := Ta, lis an open arc of dD\ of length ft and center 1. Then the open
arc 7® C dD\ of length ft and center 1 will be an arc of regularity for the element
/ in (1.2) if and only if d D i\A? is an arc of regularity for the element z —* f(—z)
with coefficients (—!)"/« for n e No, and in view of Criterion 2.1 and Remark 2.1

we get the following result.

Corollary 2.1. The open arc. 7€ c¢ OD1 of length a e (0,27r] and center 1 is
an arc of regularity for the normalized clement f in (1.2) if and only if there is a

function = € 00. satisfying the interpolation conditions:
(2.13) (- O'V(rc) = fn for n € NO.

and the cxjndition (2.12) with'13—2tt—cv, where mv can be defined also by formulas
(2.11) or (2.9). Ifft = 2. that is, B = 0, implying = 0, then there exists the
derivative hL(0) = 0.

Note that the interpolation conditions (2.13) are more adapted for the applications
of Lemma 3.1 in Subsection 3.1. The next Remark 2.2 is adapting for this also the

interpolation conditions (2.11) in Criterion 1.

Remark 2.2. The interpolation conditions (2.11) can also be written as follows:

(2.117) (—)*V(n) = fn for n € NO,
with f* := (—1)nfn - \fn\e*«, allowing to use the selected in (1.!)-(1.9) arguments
< off;,.

3°. Consider now the open arc 7"/t C dD\ of length ft € (0,27r] and center
/i = ex with A6 (—T, ), so that /i ® —1. Then obviously 7" /t will be an open arc
9
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of regularity for the element / in (1.2) if and only if 7a.1 % an arc  regularity for
the normalized element, ¢ -> f(/iz) with coefficients {e,An/n}JS- By Corollary 2.1,
the necessary and sufficient condition for this is the existence of a function <A€ £0

with TAA< n - of2, satisfying by (2.10) the interpolation conditions:

(2.137) (—1)™v a(n) = eiXnfn  for r-e No.

Next, consider the function p € £o- defined by formula

(2.14) ® ) = *>*(;)exp(-iAz) forr = re'e € C,

satisfying the interpolation conditions (2.13). In addition, by (2.14), we have
ft*(8) = hV!i(0) +Asni0 for 0eR,

Bo that, ipe e with /ir(0) = 1 °)  0.thatis,v € £, Sinceh”~(0x) = A*(0+)-A,
it follows from (2.9) and Remark 2.1 for <p\ that

(2.15) mVA max{A  /i/,,(0_),/i*,(0+) - A}

Then by (2.15), either -h~(0_) =~ - Awith h"0+) < mVA-fA, or alternatively
ft.~(0-) < m~A- Awith /in,(0+) = mVx + A so that

(2.10) mv = wax{Twn- ArnVA+ A} = T vn+ [A].

Now, by Corollary 2.1 and (2.10), the above condition (2.12) for <p\ is equivalent

to the next, condition for ip :
(2.17) < T—al2 + |Al

In addition, if a = 2n, that is, /3 = 0, then by (2-12) it follows that = 0,
implying by Corollary 2.1 the existence of the derivative /i£,a(0) = 0. that is, the
existence of the derivative /t*,(0) = A, and by (2.16) the equation = |A|

From the above discussion we come to the following criterion.

Criterion 2.2. The open arc 7° /t C dD\ or the symmetric open arc 7" C ODy
of length, ex G (0,2n] and center // or —\x with ft = e*Afor A € (—r, ) will be an
arc of regularity for the clement (1.2) if and only if there i3 a function 9 € £q,
satisfying the condition (2.17) with (2.9) and the interpolation conditions: (2.13)
for the center and (2.11) for —u. In both cases it follows for a = 2n the existence
of /i*,(0) = Awithmv = |A].

Actually, the Criterion 2 for the center /t follows from Corollary 1 with (215)-
(2.17). The case with center -y follows from the case for /t. applied to the related
with (1.2) element 3 -> f(-z) in (1.16)-(1.17) (sec also Remark 2.2).
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3. TWO AUXILIARY ANALYTIC FUNCTIONS

3.1. The auxiliary function pv for a "Coefficient function™”. A function
V :lab — K is called real analytic if ¢ has a locally convergent power series
expansion around any center ¢ € Inb, guaranteeing for ¢ a unique real analytic
continuation on some open interval, containing la.b- If- in addition. ¢{c) = 0 for
some ¢ 6 /n,6, then it follows (excluding the case ¢ = 0 on Inj,) Llit; existence of

some rn € N and a real analytic on lub function ¢c with dc(c) 0. such that
Ph(x) = (x - c)The{x) for X € Inb,

that is, ¢ is a zero of the function ® of multiplicity in. Denote by nv (la,0) the total
number of zeros of ® on lab- taking also into account their multiplicity. The uext

lemma on estimation of 4g{10.5) will be useful for us (see Lemma 3 ill |9]).

Lemma 3.1. Letd be a real analytic function on the interval IPQ with p.qt Z,
and let Wy,(Jp,9) be the number of the sign changes in the finite sequence (—1)"d{n)
forn € Ip4 Z. Then n*(/Pt9) > |[/PM w*(/) with \IP4A\ = q - p.

Now our aim is to use the above Criterion 2.2 to describe the conditions on
regularity for normalized element (1.2) the openarc 7™~ C cJD1loflength a 6 (0, 2n]
and center /1= ex for J1 € (—&,7) in terms of the function 9 € So, satisfying the
necessary and sufficient conditions (2.13) and (2.17). Present for this the condition

(2.13) in terms (1.4)-(1.5) of the modulus and arguments of the coefficients of (1.2):
(3.1) (-)™(n)=1/,, m 10lew- for n€ No.

Since in general is not real valued on any interval la,, C R+, then to apply Lemma
3.1, we need to replace by another function with this property and closely related
to <

Associate with G £0 from Criterion 2 the function qv € S with the parameter
1)6(0,7):
(3.2) Vr{z) = W e<" + é(r)er*y2 for rgcC,
where

ip{z) := v?2(z) for z GC,

so that ® € £0 with h$(0) = hip(-0) for ©€ R. Then is real valued on K for any

tL€ (0.n) :

(3.3) <E»l(#) = Re[y>(x)et7l for x € K,
n
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satisfying by (3.1) and (3.3) the interpolation conditions:
(34) ( H'Vr,(n) = Re(/,,«") = |In Icoe(w,, 4-») for n € NO.
To estimate the growth of on C, note that by (3.2).
\4> {2\ < max{|v?(z)|,\<p(z)\] for r GC,
and from (2.7) with () in (2.G) it follows for 6 G (0.7) the asymptotic inequality
(3.5) IVin(*)l < exp{c*(<5) |[17r| + \z\e(\z\)} for z € s

where e(|r|) —»0 as \z\ -+ +o00, uniformly for 2, G (0.7).

3.2. Estimation of the number of zeros of on In C R+. Apply now
Lemma 3.1 to the real analytic function V := A I~ in (3-3) on any interval Jpq
with p,q G No, noting that the quantity w {IPiY) for the function (3.3) is equal by
(3.4) to the number of the sign changes S/(r/. Ipg) in the finite sequence {Ro(flLel1)}
for n GIpg No with any fixed G (0.%), where {/,,}( arc the coefficients of the
element / in (1.2). Then for the number n”~ (/P;7) of zeros of on Ipq. it follows

with \ , \ = q—p the inequality:
(3.6) >V (W 5 1w - Ip.q) for WE (0,77).

To use this estimate, we need some additional information on the character of
dependence of s/(r/,/p{?) on the parameter r/ G (0, 7). Consider for this with the
coefficients {/,,}EL 0 of O-2) also the subsequence {/ *}*  for ~ No\L/
of the nonzero coefficients of (1.2) as in (1.2 ). with the subsequence {wn).}£L0 °f

their arguments, satisfying the condition (1.5°). Then, we have

(3.7) s.(/./,,,)= 51 Mu.-Tn») for J)6 (0, ),
thE(p-a

where Ik = [ *_, *] for kG N, and setting
(3.8) e,, = {r/ 6 (0,ir):s/(r,,/,,d = 1},

with sf(ri,Int) = 0 for tje (0,ir)\e,t, we have by (3.4) thatjlee, ,c (0,vr) ifand

only if

(3.9) cos(w,,& , 4-rj)cos(wnk + //) < 0.

2". Our next aim is to calculate the length [enJ of the set ek in (3.8). Note for
this that by (3.9). the condition = 0 (that is. wk = wrk ,) implies clk = 0
with » = 0. Let us show' that, conversely the condition Auj,te ¢ 0 implies that
l«nj = |AwnJ G (O.jt].
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To this end, first note that if Ju)rk = 7. that is. wk = unb_r+n. then (3.9) is
equivalent to the condition cos2(w»ft+ >) > .so that either elk = (0,7%). or eTH =
(0,7 )\{70} for some G (U. M) with co&(ubk + 770) = 0. implying |end = w=
in both cases.

Consider now the ense Aw,.K 0 with Awrlk T, that is, if [AwnJ G (0,7)
by (1.5), and let us see that then always we have [eTJ = |Awnfc|. Setting for
thisu;'4 = { , _ u/4}and w"t = max{w,th_, ,wnfc}, consider the open interval
( -'H..w>"f) with [Awld = ul,k w(lc G (0,7r). Denote by X the set of zeros of cosine
function, that is, X = {im}” _ i with xm = #/2 + ™m and m G Z.

Remark 3.1. Let )Au;NK G (0. 1r). The condition (3.9) will be satisfied for some
77 G (0.7) if and only if there is (a unique) xp G X fur some,p G Z. satisfying
ipe I? m=( + +n) vme |1°] = |4 .yl < u

The existence of xv and its uniqueness follows from (3.9) by the mean value
property of cos.r for x G 1 and by condition |[/~| < . Conversely, for any such

xp G X M/™*with |/j| < T the condition (3.9) will be satisfied.

3°. Now to calculate |c,,J in case |JAwnJ G (0,Tr), there are two alternative cases:

a) (4, ) 1 0 and b) (cunk, )* ) X = 0.For both cases there isxm G JT
with m G Z, such that the following inequalities are satisfied:

(3.10) Xm_i < Jnk < xm < < Im+l
in the case a), and
(3.11) Xxm_, < ' < [ <xm.

in the case b).
By Remark 3.1, the condition (3.9) will be satisfied in both cases a) and b) for
some 1 G (0, ) if there is a unique xp G T", satisfying the inequality:

(3.12) Xp_i < ( , + 3 < xp<w'k+ o< rp+l.

Namely, (3.12) will be satisfied in thecase a) with (3.10) if and only if

w<=/ [¢] for P = m,
1 , = (-Cm+l ,*) forp=m + 1,
sothat fi,k= e,k , with ,=0and| _|=xm o l=< - *

implying |[cnJ — |[AwnJ . In the case b) with (3.11). the inequality (3.12) will be
satisfied for p = ni and i) G enjt := (x,,, - w"fc.Tm - w'lfc) with |[(2Ufc] = |[Awnfc|e

Conclusion 3.1. The equivalence of (3.8) and (3.9), and the above cases a) and
b) imply that always |cnfc| = |Ab;Mr, .so that enik 0 |Aw,t3 € (0, m and
elk = 0 <>Auj,k —0 by openness of erk.

13
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Using now (3.7)-(3.9) aiul Conclusion 3.1, one can calculate for an interval 1M

with p.gq 6 N(, the integral

bl Tn)= f »/(4.72)*/= Z | «A'hinMv

Je nk€lp.4)Jr-~
so that
(3.13) 3/(W = £ E". 1= U
nke(p,4) nke(v,4\

Then, by (1.10) it follows that
(3.14) Vi(l,,..) = [Aw.,.= Y |4w,,| = 3/(/p.,).
.e<MJ n.6(p«]

Finally, integrating the Inequality (3.0) by » 6 (0, sr) and taking into account (3.7)
with (3.13)-(3.14). we obtain the inequality:
(3.15) I n~(lv,,) Iri>ir[\Mp.q\-V t{1p.g)].

10
Corollary 3.1. It follows from (3.15) that for any 1,.b C 1R+ witha € N or € N

the following inequality is satisfied:
(3.16) [ . (la,h)dn > wax{0, |a-(J/«.b| - 1) - V/(/np)]},
Jo

where Vj{In,b) w the variation on I,,j, of the arguments {wn}§° of coefficients {/,, 1 *
of (1.2). defined in (1.11)-(1.12).

Actually, if |/,,.b] > 1with a € N or b€ N. then there is Ipg C la,b with p.q G No
and p < g, so that V/(IP<4) < Vj(lab) and \Ipg\ > |/a,6) —1 > 0.
Remark 3.2. Applying Corollary 2 for the normalized element (1.0) with coefficients
{fn}o° *n (1-V aTd their arguments {w*} °, defined- in (1.7)-(1.9), then using the
function if) from (3.2) for corresponding € £a in Crit-erion 2.2. in Corollary 3.1

instead of (3.10), we obtain the inequality:

(3.16") nV4(laj,)(hi > max{0, [n-(/a.b| - 1) - V/{la.p)]},
where. V f(lub) is the variation on of the arguments in (1.G)-(1.9) (see
Definition 1).

3.3. An auxiliary Blaschkc product. 1°. Consider the closed disk Drg of the
radius r € (0,1) and center 1 with the diameter I(r) := Vi-r,iu - Below arc
presented some notation, related with D r.\.

We first introduce the family of closed subintervals {/*} of I(r) forr € Tn{r)\{I},
by setting

‘IN7T> ilr>1:
14
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sothat 1 ( )°and |/;|=7r1 f |1 - T|.Next, forany r e /°(r)\{1} denote by DE
the closed disk with diameter IT :
(3.18) D; :=Drrev C Drii,

where the radius rT < r and the center cT 6 (/*)°\{1} of IDEcan be presented with

sT= sgn(l - r) by formulas:

(3.19) rT:=(r+ |1- t\)/2 and cv := 1+ sT(r- rT).

Also, let gT for r € {TT)"\{ 1} be the Green’s function of D in (3.18)-(3.19):
(3.20) gT{z,C) = log\bT{z.C)| forr,(f K, r s

where bT{z.£) is the following Blasdike factor for

(3.21) bT(z,£) := rT(c —()/1T(z,0

with ZT(s,C) = 'r- (C- cr)(z - Ct). satisfying

(3.22) IM*»01 = 1forr € 0I% and € (DT)°.

2°. We usemainly the special case gT[z) m=<h(z-1) of gT for r € or\{ 1} :

(3.23) oru) = log forre D;\{1},

rT\z —IV
where /r(c) := IT(z, 1) isa non-constant, linearfunction of z, with real valued

restriction IT(l) for £ 1.
(3.28)ZI(E) = ri+ (c, I(f- Cr) = 1T(Q) +i;(H(t 1),
increasing on 1 forr < 1 and decreasing for r >1 by (3.19). sincelT(t) =cT 1.

Thus, we have
(3.25) le(r) < IT{t) < IT{vT) for t € /1.

where vT = 1+ rsTis the opposite to r endpoint of /£. Using (3.18)-(3.19), we find
from (3.25)

(3.26) zZ(r)y = rel- r | AT{ur) = reT, AITN) =l ] (D] =r1-rT.

It follows from (3.25)-(3.26) that IT{t) > 0 for t € JT{r). Then from (3.23)-(3.24) we
have for t G \{1) that pT(t) := (1 - t)g'T{t) = fr(1)//r(<) > 0. implying ¢T(t) > 0
for t < Jand ¢gT[t) < 0 for t > 1. This with gr(i) = 0 for I = T. t = vr gives us

after integration by parts the equality

(3.27) X =J gT(thdt = J" pT(t)dt.

and setting kT := ZT(1)/ [2Z~-(1)] > 0, we obtain

3.28 3T = kTsr f d\ogIT(t) = krlogj ~—r.
(3.28) ;. 4vos (1) 9,

15
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Now let Ir for r G (77)°\{l) be the interval with endpoints T and 1 independently
from r. Then using (3.26)-(3.26), similar to (3.28), wc obtain
(3.29) =J Pr(t)di = kTsr dloglr{t) = krlog < kT.

3°. The solution of the Dirichlet problem for Dr with boundary data G C(LT)
for LT= ® r can be. presented by the PoinHon integral:
(3.30) Pra)(r) := {2n)~I 0(CKWt(~,C) MCl  for 1 G (HO>)n,
where d,,gr is the derivative of gT(-,0- given by (3.20)-(3.21), in direction of the
inner normal vector v on LT.

Next, if n is a subhaimonic function on D" with continuous extension on Lr,

then by the maximum principle, we have

(3.31) «(*) < Pr[u](z) for GD;,

with (qualitysignfor all GD , ifu is harmonic on D".
Example 3.1. Consider the subharmonic on DT function u@:
(3.32) «o(-)=11 | for z GDr-

Then the Poisson integral (3.30) until boundan/ data ¢o= w, \LT satisfies forz = 1

the relation:
pT™M (i) = *m-%,
where 3T is a3 in (3.27)-(3.28).
Actually, the function Uo GC(Dr) in (3.32) is harmonic in both half-disks:
ID*= {z GKX :+ Imz > 0}

and «o = 0 with a/l) = 1 on Itfe) (from both sides of /£). Also, by (3.23),
the function z -* gr(z) is harmonic on K¥. except the intcgrable singularity at

= 1G H, so that
(3.34) JJ T[iiofsar ATAMOIV = N
Apply now tothe pair of functions uqg. gT and to both closed half-disks D> the
Green’s identity (see [19]) with Laplace operator [. by noting that gT = 0 on

i)3Te Since = /; UL* withLf = LT Df, by (3.34), (3.27) and (3.30) for
¢ = uo \LTwith 2= 1, we have

0=yno(C)d,9r(l,C)K1 2~ gr(t)<U = 2*Vr[uo}{l)-23r
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implying (3.33).
4°. Consider the BlascJike product with the finite number of zeros {z3}\" C B

(3.35) Br{z) = Y[br{z,zj) for re Dr

i-i
where br(z, ) is the Blaschke factor for given by (3.21) and satisfying (3.22),
so that

(3.30) IBT()IS 1for26 LT.

In terms of the Green’s function gT(z,0 (see (3.20)-(3.21)), it follows from (3.36)
that

-\og\B T(z)\ = Y~(/r(z.Zj) for reO ;,
and. in particular,

(3.37) -log|Br(l)] = £>(*i).
>=1

4. Power series: localization of singularities

4.1. Application of the auxiliary function qv. 1°. We start with the following

definition.

Definition 4.1. Any sequence Q = C No will be called indial for the

normalized element f in (1.2) if

(4.1) —¥oo“m n\l/qg" = 1,

k
and the (non-empty) set of all such sequences Q will be denoted by 71/ (see /7/,
Definition 3).

Obviously, any radial sequence Q G Tz/ will be simultaneously a radial sequence
also for the element /* in (1.6)-(1.7). since |/*| = |/,,| for n G No-

Consider now- the auxiliary function defined by (3.2). Then by (1.4), (3.3)-
(3.4) and (4.1) with any Q = {gkYjfLi E.7Z/ the following condition is satisfied:

(4.2) ql" togl~ bl I =4 *toglcos(<*'4li + V)| + ek,

where tfc —0 as k —¥oc.
Returning to the closed disk Dr.i from Subsection 3.2 with the fixed radius
r G (0,1) and the diameter /(?¢) := [1 —7.1+ r], w'e will assume further that
r G (0, rg) with ré= sin for S G (0, #/2). implying DP% C & - Then it follows
17
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for 2 GDr.1 and A € N that gkz G Drk,ch C A 2n with rk = gkr, ck = gk, that is,
Tork,ck =qkDr.l.implying by (3.5) the inequality:

(4.3) 7,:1log \ipv(qkz)\ < cv (S) [Im z\ 4-£*,
with ek -> 0 as A-> +oc, uniformly for GDrj and 7e (0,7).

Consider the family of closed disks DTC D rd in (3.17)-(3.19) with diameter W
forr 6 (/AN LW - For a fixe(l1 4k £ Q denote by tj = tj,k{r,ri), j = 1,2....mk
possible finitenumber solutions of the equation:

(4.4) A»l(7fc0 = 0 for / 6 1°(r). ij G (0,7),

the zerosof #n(qkt) onl°(r), taking also into account their multiplicity. Denote by

Br.n the finite Blaschkc product for the closed disk DT (see (3.35)) with the zeros
tj'k G (/;y\ satisfying by (3.36) the condition \Br<4{z)\ = 1 forz e LT := dBT.
Otherwise we will set Dd{z) — 1 for z G DT, if 4>,,(gkt) has no zeros on (/£)". So
that in both cases we have \BT.r}{z)\ = 1 forz € LT.

Next, for a fixed k G N, consider the function "§T11 G /(D>T) :

(4.5) Vir.r,(2) := <Pr,(qkz)/Br.T,(z) for GHKxr C Dr<l

and introduce the subharmonic function

(4.6) uT(z) := g* llog\dTv{r)\ for r € IO,
whicli is continuous on LT and, by (4.3) and (4.5)-(4.6), satisfies the inequality
4.7) tiT(C) < cv (6) [Im<| 4- £k for <€ L.

Then from the maximum principle (3.31), applied to uTin (4.6) at the point 2 = 1,
and from Example 1 with (3.32)-(3.33), it follows that

(4-8) uT(l) < Vr[uT{l) < ttlc"6)3T+ek,
where Ek -4 0 as k -> 4-00. In addition, by (4.4)-(4.5) and (3.37), we have
(4.9) Mt(1) = JFcllog|™ (<) + A. with N=7~ 1~ 9r{tj),
HE;)»

setting /1 = 0. if the equation (4.3) has no zeros on I (r).

2°. Next, for any t G IR+\{1}, denote by the closed interval of the length
\h\ = \t - 1| with the endpoints t and 1. Also, for any g G N. denote by qlt the
closed interval of the length q\Jt\ = g\t - 1| with the endpoints gt and g. In this
terms let us present the sum in (4.9) by an integral, if /1 0. Then the number
nsv(4k-li), the solutions tj € gkh ofequation (4.4) on according their multiplicity,
is a function of t G ~(f)\{1}. decreasing for / < 1 and increasing for t > 1. Also,

taking into account that, in contrary to n” I(gkh)-. the function gT(t) is ivcrxuising
18
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for t < 1 and decreasing for t > 1, and, in addition, is vanishing at the endpoints
of IT (useful for integration by parts), we obtain for any r G 1°(r)\{1}:

«l =1 [Nu>,,(<likJT)| = \g'r(t)\dt.

Using the notation pT(0 — (1 ~ Offr(0 > 0 for t G 'mwith pT(l) = 1. we obtain
the equality

N=13 (i>,.,@xN)/(i< AWM.
which is preserving also in the case A = 0 with n”~,{qgkh) = 0 for t G (/£)". This
equality together with (3.2), (4.8), (4.9) gives us the asymptotic inequality:
(4.10) J v (» /1) (» 1) - *-lcv(6)]pT(t)dt <
where ek = - g~ kM with ?%(»;) = log |cos(w,,, + rj)| and -+ 0 as K -» +no.
Integrating both sides of (4.11) by u 6 (0, ) and setting
(4.11) v(aM ~ J[ iV, («Jt)*7>

0

we come from (4.11) with T£ (~")"\{1} to the inequality

(4.12) J [\(gM /(gk\U\)-cA s)]PT(t)dt<e’i,

where = -9 3( ,) and 3(.41) = J*Ik{v)<bl- Now since 3(wt ) = 3(0),
by T - periodicity of the function 4-> /*(7), it follows that -* 0 as A-> 00.

4.2. Nccessary mctric conditions on regularity arcs of (1.2). After the
above preparation, we can formulate the main results of this paper, using some
additional notation. For a mdial sequence Q = {gk}%Li € 7Zf of the element / in
(1.2) consider the variation Vj(qklt) of the arguments { } ° of the coefficients
{/,}q° of (1.2) on the interval quit for t G R+\{1}, so that Vf{qgkh) = 0, if
gk [/«| < 1. Now for r G (0,r$) we set:

(4.13) VI(t,Q) = limsupi//(<fc/t) € [0.7] for t G I (r)\{l}.
JB»oc
where Uf(gkh) = Vfidkh)/(9k |/*[) is the mean variation of the arguments {w,}o°

on the interval gkh (see (1.13). Next, denote

(4.14) v7(r.Q)= sup v/(t,Q) and v7(r,Q) = sup Vf(t.Q),
i€ll-r,1] i€[l,I+rl

so that both tfir, Q) are non-decreasing functions of r, having the limits as r —0 :
(4.15) vf{Q) = limvf(r,Q) G [0,ir].
Finally, introduce the quantity:

(4.16) vj(Q) = min{vl(Q),v~(Q)} G [0, ],
19
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the mean density the vuriation of {Awn}g® along Q.
Analogously, using Definition 2.2 and replacing in (4.13)-(4.15) the element /
by the normalized element z -* f(-z) = f*(z) in (1.0) with coefficient arguments

{4*}o° *n (I-7)-(1-9), we obtain for the element (1.2) also the quantity:
(4.17) vi(Q) = inm{1".(Q),t".(Q)} 6 [C.ir],

the mean density the variation of the arguments along Q.

Now wc urc in position to state the main results of this paper.

Theorem 4.1. Letfor a G (0,27r] and 4 = e*A with A € (—n,n) the open arc
7" CdDior thesymmetric open arc 7" _/t C dD 1 be an arcofregularity for the
clement f in(1.2). Then for any radial sequence Q G 71/ the followinginequality

is satisfied:

(4.18) . wep)+1n1 for ° 7 q

Proof. From Corollary 2.2 for the interval la,, = gkh with t G ¥ (r)\{1} we have
the next estimate from below for the integral O”igkh), defined in (4.11):

(4.19) > nmx{0,[ir(» Mil 1)  Vj{gklt)\).
For € 7(r)\{1}, define the function
(4.20) <k(t) 1= ( ° f *

\ I if \h\>% "\
satisfying the condition: ak{t) -» 1 as A * oc for t G Ar)\{1}, wherer G (0,r*)
for rs = sin  with S G (0,7/2). Then from (4.12) and (1.19)-(1.20) for any r G
/°(r)\{1} we obtain the inequality:

(4.21) [*~cv(6)]f ak(t)pT(t)dt < ~ \vf(qkh) + -ngk II'2\pT[t)dl + *,
where e” -¥ 0 as k -> oc. Applying to (4.21) the Fatou’s lemma (see |20]), we come
with k 00 to the inequality:
(4.22) pk- Cp()13r < J  VF(1,Q)pT(t)dt,
where

3T = J' Pr(tdt.

Then from (4.22) and (4.14), for sT = sgn{l1- r) with r 6 /“(r)\{l), it follows
that [tt- c«<5)3T < YT+ i¥Y (r,Q)3T, where ¥Tis the next integral on the interval
IT with the endpoints r and 1:
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Using the relations for 3T and YT from (3.28)-(3.29), we obtain frr—Cy,(£)]/..(T) <
1+ VjT{r.Q)Ir(T), where

ur) .=logjy
Dividing both sides by /r(r) and letting r -» 1 with r < 1 and r > 1, in view of
(4.13)-(4.14), we obtain

(4.23) tt- cN<5) < m\n{vI(i\Q),Vf(r,Q)} for r G(0,1).

Now letting here r -4 0. and using (4.15)-(4.1G), we obtain & —c™@g’) < V/(Q).
Finally, by (2.8), c~(5) -> as S-> 0, implying

(4.21) tt < VF(Q) + inv.

Then by Criterion 2, < m—a/2+|A |,which together with (4.24) implies (4.18)
for 7 fl. Applying the above arguments for the normalized elementr -> f*(z) —

I( z) in (1.6) with coefficients {/*}g0 in (1.7), we obtain (4.19) for7°,_M O

43. Some consequcnces from Theorem 4.1. From the necessary condition
(4.18)of Theorem 4.1 on regularity of the element (1.2) on the open arcs of 0D\

we infer the following result.

Corollary 4.1. For any a G (0.2m] and /i = co1 with A G (—r,71) the element
f in (1.2) has a singular point on the open arc 7 C dD\ or on the symmetric
open arc - CdD\, iffor some radial scquencc. Q G TZj, or correspondingly for
Q' G 7Zj. the following inequality is satisfied:

(4.25) <224 Shay+ Al for

Concerning the singularities of the element (1.2) on closed arcsof dDi, from

Corollary 4.1 we obtain the next result.

Corollary 4.2. For any G [0.27r) and y = ei/l with A G (—r,7r) the element
f in (1.2) has a singular point on the arc 73, C dD\ or on the. symmetric arc.
7j8.-/i C dD 1. if for some radial scquencc Q G 1Zf, or correspondingly for Q" G 7Zf,
the following inequality is satisfied:
(4-26) o> S <T(Q )+ W hr ~te-n

Actually, if Ip.y contains only regular points of /, then the open arc 7® for
a = $ + £ with sufficiently small £ > 0 will be an arc of regularity for /, which
will contradict. Corollary 4.1 for 7"~. Of course. Corollary 4.2 is satisfied also for

= 2. since the normalized clement (1.2) always has a singular point 011 dD].
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Remark 4.1. Ifthe inequalities in (125) are satisfied simultaneously for 7 and
70 _,, then the singular ponds on these arcs will be diffeir.nl foi a G (0,7r), since
7", 7n-11= 0- A similar 7emark with ft G [0. n) is true also for the inequalities

in ( .20) of Corollary .2.

The next corollary contains some more concrete cases of the Corollaries 3-4.

Corollary 4.3. For the element f in (1.2) with a radial sequent*. Q M/ the
following assertions hold:

1) IfA=0 and Vf(Q) < n for some Q € K/, then for ft = 2Vf(Q) € (0,2Tr),
it follows from Corollary .2 that f has a singular point on the arc 77,1- implying
for v/{Q) = 0 with ft = 0, that the point 1 is u singular point of f. If A= 0 and
Vf(Q') < mfor some Q G 11;. then f has a singular point on the arc 7# _j with
ft = 2Vj(Q') and center - 1, implying for vJ(Q') = 0, that the point -1 is a singular

point of f.

2) Let /1 = e*A with A G (-n,1r){0}. and 2 |A] < a < 2n. Thenfor = a —
2 |A|, from Corollary .1 with (4.25) it follows that C7°sand _ C
implying by 1) for 77+1, that: a) the point 1 is a singular point ~ifvf(Q)  0;

b) the point. -1 is a singular point, of 7a,-* \f V}{Q*) = 0.
S) Let for clement f in (1.2) with radial sequences Q G Tz/ and Q G 71/, and
fora G (0.2n) and /n= eiX with AG (—7r,n) the following inequalities be satisfied:

(4.27) al2 > vj(Q) + |Al and ft/2 > v){Qf) + |A],
where ft = 2rr—a G [0,27r). Then by Corollaries .1- .2 and ( .27), the element f

has (different) singular points on both complementary arcs 7® and 's- on 0D\

with 7r,_/A = dD j\7ft,M

Note that in Theorem 1.1 and in Corollaries 4.1-4.2 instead of vj(Q) one can
use also some other quantities of the element / in (1.2). related with any radial
sequence Q = {qk)kLi € TZf, using in (4.13)-(4.17) directly the quantities { ; } °
and {Ao>*}q°, defined in (1.4)-(1.5) and (1.7)-(1.9).

For r G (0,rs) and gk G Q we set:

wj(r.gk) = max |Aa>,| and wf(r,qgk) = max |[AwT]|,
n€qgitdr nEgkl t
wherel = [1—r, 1]and I+ = [1,1+r]. Then forr G (0, rs) the functionsu>*(r.Q) =
lim sup~~oo w f (r, gk) G [0.7%] are both monotonic having the limitslimr_>u f(r,Q) =
U/(Q) G[0.7]. and we define
(4.28) wf{Q) := min{ti;J(Q), wf (Q)}.
22
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Replacing in this definition / in (1.2) by the related with / element /* in (1.G)-(1.7)

with the coefficient arguments (0'* }o°> we come for J to the second quantity
(4.29) vwi(Q) m=Wf(Q) = minfu'y. (Q)} e [0,1r].
The comparison of (4.28)-(4.29) and (4.16)-(4.17) shows that

0<vf(Q) <w/(Q) <it and 0<v*(Q)<w}Q)<n.

Thus, replacing in Theorem 1 and in Corollaries 3-4 the quantity v/(Q) by u>/(Q)
and correspondingly v*(Q) by w j(Q ). we will obtain some new, and perhaps intuitively
more clear corollaries, including the influence of the gaps in coefficients of the

element /, taking into account that if /,, = 0 for some n € N(), then also fa>,, = 0

or fla;* = 0. The converse is not true, since if JXJ /n_j > 0, then again fAa;, —0
by (1.4)-(1.5), but fn/fn-1 < 0 with fa;* = T by (1.8).
Assuming now that the condition litn_to |[fa;r|] = 0 or lim,,-~ |fa;*| = 0

is satisfied, it will follow* from (4.28)-(4.29) that correspondingly wj(Q) = 0 or
u }(Q) = 0 for arbitrary radial subsequence Q € TIf. This will imply in Corollary
4.3, item 1) the singularity of the points 1 or correspondingly 1 for any Q £ 71
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Annotauns. HalijeHbl GOPMYyNbl BOCCTAHOBNEHNS KO3((HNLMEHTOB KPaTHOrO
paaa ®paHKANHA MO OF0 CyMMe, YA0BNETBOPAIOWEr0 YCNOBUAM: 1) KBajpaTHbie;
4aCTUYHblE CYMMbl C HOMEPaMM ‘IV MOYTU BCIOAY CXOAATCH, 2) MaxopaHTa ua-
CTUYHBIX CYMM C HOMepamu 2" y/J0BNeTBOPSET HEKOTOPOMY HE0BX0AUMOMY yCno-
BUIO.
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BOCCTaHOB/IEHUA.

1. Beepenne

OpTOHOPMHpPOBaHHas cucTemMa ®paHKAMHA COCTOUT U3 KYCOUYHO-NINHERHBIX U Hemnpe-
PbIBHbIX PYHKLMIA. STa cuctema nocTpoeHa ®. ®paHKANHOM [1] Kak nepBblii npumep
NoNHOW OpTOHOpMHpOBaHHOVI CNCTEMbl, KOTOpaa ABnAaetca 6asucom B npocTpaHcTBe
HenpepbiBHbIX Ha [0; 1] pyHKUMIA. NS GOPMYNMPOBKM pe3ynbTaTOB HAMOMHUM HEKO-
TOpble ONpeAeneHus.

MOycte = 2*+i/, >0, rge 1< v < 2m. O603Ha4mum

Yepes Sn 0603Ha4YMM NPOCTPAHCTBO (hYHKLMIA, HEMPEPbIBHbIX WM KYCOYHO-NNHENRHbIX
na [();'] ¢ yanamn {m,.i}’=0, T.e. / 6 Su, ecnn / 6 C[0;1] u nuHeliHas na Kax-
fom oTpeske [an.«-i; *nx»b >= 1,2, AcHo, uto dimSn = /7+1 1 MHOXecCTBO
{ .} _ nonyvaetcs fo6aBneHWem TOYKM ., ] K MHOXECTBY Mo-
3TOMY, cyljecTByeT eANHCTBEHHas yHKuus fn G Sn, KoTopas OpTOroHanbHa i

1MccnepoBanne NepBoro aBTOPa BbIMONHEHO NPU HUHAHCOBOI NOAAEPXKKE [OCYAapCTBEHHOTO KO-
MuTeTa no Hayke MOIlI PA B pamkax Hay4Horo npoekta 10-3/1-41


mailto:gtjg@ysu.am
mailto:inichatl@ysu.am

I I.TEBOPKAH, M. TL. noroosaH

1,(«,,2. O > (1 N2 = 1. Monaras /,,(*) = 1, /i(*) = \/3(2 - 1), x 6 [0; 1), no-
Ny4uM 0pTOHOPMUPOBaHHYIO cucTemy {/,,(x)}5,0. KOTOpas 3KBMBANEHTHbLIM 06pa3oM
onpegeneHa ®. ®paHknuHom [1].

B HacToAweit pa6oTe paccMaTpuUBalOTCA KpaTHbIe pPAfbl HO cucTeme P paHKAUHA.

MycTb (I HEKOTOPOE HaTypanbHOe Yucno. PaccMoTpum d-mepHble paga ®paHKIMHa

(1.1) Y.
ieNjj
rae ra —(mi..., Tn) 6 Ng-boktop ¢ HeoTpuLaTENbHBIMU LENOYNCNEHHBIMU KOOPAN-
HataMn. X —( . T b G [0; I]J u ftn(x) = / WI(xi) »... «fm 4(Xd)-

O603HauYNM yYepes <x,(X) KBafpaTHble YacTU4YHble CyMMbl psaga (1.1) ¢ Homepamu

2", T.e.

(1.2) cr,(x) = a,, /T (x),

raeT = (T \,T a). Nonoxum
0*(X) = sup |<T,(X)|.

B pa6oTe [2] aHOHCupoBaHa u B paboTe |3| goka3aHa cnejyiolias Teopema.
Teopema 1.1. Ecnn cymmbl (1.2) cxogsaTcs No Mepe K MHTErpupyemoii cyHkuyunm /
1 BbINONHAET CA yCNoBUE
(1.3) Hminf (JTemcs {x 6 [0; 1]#/: <7*(x) > A}) = 0.
To pag (1.1) asngeTca pagom Pypbe-dOpaHkimHa GyHkuum /.

B HacTosLell paGoTe Mbl AOKaXeM CrefyoLyio Teopemy.
Teopema 1.2. MycTb cymmbl (1.2) cXxoasaTcsa No Mepe K HEKOTOPOK pyHKuun f u
ANS HeKOTOpoit nocnefoBaTeNbHOCTU A* —>+30 BbINONHAETCA
(1.4) Alim - (A* emes {xG [0; I]d : cT*(x) > A=}) = 0.

Torga ans no6oro m G Njj umeeT mMecTO

(1.5) «,= lim [/(x)]JAKm (x)dx!
**+<»J[0,i]4

rae
/I(x), ecam |/(x)] <A
(26) veola= 0, ecm |[/(x)] > A
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O BOCCTAHOB/NEHUN KO3®PULUMEHTOB PAAA ®PAHK/INHA

HanomHuM, 4To hyHKWis / Ha3biBaeTcs J1-uHTerpmpyemoit Ha [0; 11d, ecnu Bbinon-
HseTcs

1.7) AHw” (N1 mmes {x e [0; ] : |/(x)| > A}) =0
n cyuiecTeyet

(1.8) lim / [/(x)]ANc =: () / f(x)dx.
n—»  y[o:- Jpop
MockonbKy ans no6oro pukcupoaHHoro w e Nqg pyHKuus /,,,(x) orpaHuyeHa, 1o

npun BbinonHeHnn (1.7) umeet mecTo

m/ Ieie=ni, Kyh

ecnn XoTs Gbl OANH U3 3TUX NPEeAenoB CYLLecTBYeT.

Moatomy u3 Teopemsl 1.2 cnegyet

Teopema 1.3. Ecnum cymmbl (1-2) no Mepe CXOAATCH K HEKOTOPO (DyHKUUW 1
BbINONHAeTCA yc.aomme (1.7). To ¢pryHkums / sBnseTcs JI-uHTerpupyeman u psg
(1.1) sBnse.Tcn pagom ®ypbl - D]XWKNHA B CMbiCne A-MHTerpupoBanus, .c. Ans
no6oro in G N[ iweeT. mecTo
an= @) [ f(x)inx)fix.
J[O;

AHanorn Teopem 11 1.3 gns npocTbix (0OfHOKPaTHbIX) PsAAOB <1>paHKIMHA fOKa-
3aHbl B paboTax |4|, |5|. B paboTe (6] aHanoruuHas Teopema gokasaHa s NpoCTbiX
pafoB no obuieii cucteme ®paHKAMHA, NOPOXKAEHHOW KBa3WAMaAMYECKO W CUNbHO
perynapHoii nocnejoBaTeNbHOCTbIO. MMOCKONLKY B HacToswel paboTe obuas cucre-
Ma ®paHKANHA He paccMaTpuBaeTCs, TO OMpe/esieHne 3TOi cMCTeMbl NPUBOAUTCS He
6ypet. B pa6oTax |4] [C] BMECTO MaXOpaHTbl YaCTUYHbLIX CYMM C HOMepamu 2" dury-
puUpyeT MaxopaHTa BCEX YaCTUUHbIX CyMM. [oaTomy, Teopembl 1.1 1.3 HOBble Takxe
ANS NPOCTbIX PAA0B P paHKAMHA.

AHanoruyHble Bonpockl Ans cuctem Mpaiica, NOPOXAEHHOI OrpaHUYeHHoIi nocne-
[0BaTeNbHOCTbIO. paccmoTpeHbl B. B. KocTuHbim [7], [8]. Mpu gokasaTenbcTee Teo-
pembl 1.2 B OCHOBHOM NMpUMeHseM MeToAbl U3 paboTbl NepBoro aBTopa |3|. I mectamm,

pagn NONHOTbI U3N0XEHUA, Mbl BbIHYXAEHbl MOBTOPUTLCA.

2. L okasatensctBo Teopemb 1.2

BBefem HekoTopble 0603Ha4YeHNs. Monoxum tj = npm 0 < j < 2", a TaKkxe
tvx=tg=0n ,+l = = 1. O6osHauum 6 = ( _
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M r.TEBOPKAH. M. M. NOrocsH
Ans no6oron >\ onpegennm GyHkumm B?(r), i = 0......2", cnegytowmum obpartom:

B)Kl) - i 0 Hgmr: J' ,} - 0,.,2", Il IBTW nuHeiiHa Ha [tIL,:#, = 1,..

Monoxum Nj = {0.1....Torga

(T.() = "2
meKj;

Ons sektopaj = (j\,....jd) 6 NJ* 0603Hauyum
(21) Aol = XmX <% " (<J...t],)

7
Bj'(t) = Bf{ti...td) = B;, («0 =... *Bfd(td).

HeTpyAHO 3ameTuTb, 4To *2j=0 Ll (x) =  korpa x € [0; 1]. MoaTomy

13j'(x) = 1. xorga Xf: [0;1]4, n suppBJ' = Aj.
JeN!

HeTpyaHO 3aMeTUTb Takxe, YTo

LVA (X)n' Ei'(x)dx_n :l_lA

Moatomy ana

<«) =

nveem

(2.3) f Mi (x)dx = 1.

OueBMAHO, 4TO Kak cuctema yHkunii {BjJjeN*, Tak n cuctema yHkymii {AfA}j€Nei,

06pasyloT 6a3nc B NMHEIHOM NPOCTpaHCTBe
(2-') S*:= < A2 om/m(x) :am6 |
MoaTomy BepHa cnegytowas nemma.

Nemma 2.1. dcm Fe ,uF 0, TocywecTsyeT j 6 Nj. Takoe, 4To

(P,MN:= [ F(x)Atf(x)dx 0.
W

B pa6oTe |3| goKa3saHbl cnegyrolme nNeMmbl
28
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O BOCCTAHOB/IEHU KO3®PULIMEHTOB PAOA ®PAHK/INHA
Nemma 2.2. Ansa nobbix Mj*(x) n 1 > W cywecTBYT yucna aj Takue 4To

ME(X) = Y. aj'WjTx),

Jo\
npuyem
nj=1 O >0 n g =0 ecwm Li'<".
JEN*
Nemma 2.3. MycTb yHkyna. F onpegeneHa na [ := [nu;#i] x ¢ < x [eyelid],

d G 14, n sBnseTCA NNHEiHOW (yHKUMel No Ka>kaoi nepemeHHoii. 'Topga ecnm |, =

inaxeep |-F(t)|, To

mecs|t 6 4 :|F(t)| >

fAoka3zaTenbcTBO TeopeMbl 1.2. MycTb cymmbl (1.2) HO Mepe CX0AUTCH K YHKLUKN
! v pag (1.1) ygosnetsopseT ycnosuto (1.4). CHavana AoKaxem, 4To 4NS NPOU3BO/b-

Horo L unjo € nmeeT MecTo

(2.5) a-,, (X)Af1J'(x)dx = kIjTXjEo;i]'f[/(x)]A(‘ﬂ/.'.";'(x)»lx.

f
JQy
0O603HauNM

Ek - {x 6 slipp,WE£ = ta-(x) > At}.
MycTb =-Npou3BoNbHOE MONOXWUTENbHOE YNCAO. M0 YCNOBUIO TEOPEMbI, MOXHO Bbl-

6paTb Takoe KO. YT06bl BbINONHANNCH

(2.6) 2,m  "1efIs emes(E*) < £, KOrga K > Ko,
[
2.7) mes(£*) < 2 8fmes(suppA/*’). Korga K > Kg.

Ans *> no 0603HaunM

n=4{n:n- f)x- x( 1°%)'Nic*“pp-V?}

Ecnn gnsa HekoToporo A € ,, BbInoNHAETCA

(2.8) x&uW{En A) <2 2dmes(/l),
TO
(2.9) \av{x)\ < 2,\k, korga x e A.

29
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[leiAcTBMTENBHO, MOCKONbKY Ha A QYHKUUA <r,(X) NNHeliHas HO KaX/0ii nepeMeHHOi
Xj,j= ]...i, TO B cuny nemmsl 2.3 NONYYUM, YTO ecnmn 6bl UMeNo MecTo bl «o)| >

2d /13 4nA HeKOTOPOro xo € -4. Torja BbIMOMHANOCH Gbl
mcs{x 6 A :[cT,(X)| > ¥} > 3 * ),

KOTOpOe MpoTusopeumnT (2.8).
N3 (2.7) cnegyeT, uto
(2.10) nics(E*NN) < 2"7'inra(J1). korga A 6 M,,.

Tenepb ana // > vB no umavkuum onpegenum cemeiictea flj v HI. Ans i/ = w

nonoXum

n;, = {Ner2,:nke(/1 £*)>2 “ enkk(J1)}, Qn = (J .

1 ={ne6 N« »}. = -

N3 (2.10) cnepyert, 4T0 Q,,,, = 0 1 P,,, = suppM"~.
[Honyckas, uto onpegenensl flj,, lij,. Q,- u P,,-, ana i/ < I/,onpegenum cemeiictea

ill nll~ cnegyrownm o6pasom.

(2.11) (In=j-461,: ( £2)>2~Mmos(/l) n 4£ A
<, = n-
neunt.
=146 4£ y O'}
Monoxunm Takxe
p,= n A-
ner#
Takum o6pa3om onpegeneHHble cemeiicTea ill, i'll 11 mHoxecTBa Qv. ,, o6nagawT

cnegyowmmu ceoiicteamu: i'll ¢ C



O BOCCTAHOB/NEHUWN KO3®PULUMEHTOB PAAA ®PAHKNIVNHA

N3 (211) un (2.13) cnepyeT, 4TO
(2.14) racs ~ (J < 26dmcs(EF) gnsa nwo6oro u.

0O603Ha4YNM

(2.15)j,,={j:Aay Qv 0 Ay c P, _L}.

Einj = (j\, :.jd) €3/ na=p ~ i i X mmxtogns

N60ro MHOXecTBa

(216) B := [N 7 ;7] *me * [A2/~°Nj P rgc *=vu njmj,+1 4=1...,d
MMeeT MecTo

(2.17) mes(Z? £*) < 2 rdmes(i?).

[leiicTBUTENbHO. ecAuM ANs HeKoToporo B He BbinonHsetcs (2.17), Torga Ans Ky6a

D € ,_,cycnosuem B ¢ D, BbINOAHUTCA
(2.18) mes(D Ek)>2 J ),

Tak Kak mes(jD) —2rfmes(B). V3 cooTHoweHuns (2.18) cneayeT, 4To D ¢ U
CneposaTenbHo. B C n Ay { ..< Qv) ® W KoTopoe; NpoTUBOPEYnT
ycnosuto Aly C Piy i u3 (2.15) n cooTHoweHuno (2.12).

B cuny (2.8), (2-9), ns (2.15)-(2.17) nonyuum
(2.19) 1I<MX)L < <*e korga X€ Ay, j 6J,.

O‘leEVIAHO, aHanornyHo nonyynm

(2.20) M x)| < 2dwV.. korga x G Ay C Pv.
Tenepb N0 MHAYKLNYU ONPeAenuM pasnoxenus ¢n ans , YA0BNETBOPAOLUNe ycro-
BUAM:
(2.21) ~  E « Ne
[1<» jfed, j:Aj‘CPn
(2.22) EE<i+ E “”-1 <ir°< ™
Monoxum /0 = OueBUAHO 11>, yAoBneTBOpseT ycnosuam (2.21), (2.22). fo-

nyckas. 4To onpegenexo -0rl. ygosnetsopstouiee ycnosuam (2.21), (2.22). onpegennm
31
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¢nM. Oav j. c ycnosuem A]° C P,,, u cuny nemmbl 2.2, uMeem
(2.23) Afj" = 23 Iyn'K", ¢ N >«-
v:[» 1 OnppAA"

3ametum. yto ecam A]' C Pn u Bbinonusetcs (2.23), To nambo O£+ Q,+1 0,
n noatomy Vv € J,+i. -lubo A”+1 C P,+1+Moatomy, nogctasnaa (2.23) a (2.21), n
rpynnupys nofo6Hble YneHbl (04HO U Toxe [y41 MOXeT BXOAUTb M pasHble CyMMbl
(2.23)), nonyunm
(2.24) =onl= E T,<Y MI+ E

il<n+ 131, j:Aj,+,CP,M
lleoTpnliaTenbHocTb KO3 puuneHTo £ \ oj<+l B (2-24) cneayeT U3 HeoTpULaTenb-
HOCTU KO3PuuymeHTOB B (2.23) 1 (2.21). YunTbiBasA, YTO WHTerpanbl Bcex yHKUUI
MY pasHbl efuHule (cMm. (2.3)), u3 (2.24) nonyuum

E E<i' + E ca'ro,
Kn+ljt.T, J: AN+ 1CPL|

NTak, Mbl JoKa3any BO3MOXHOCTb NpefcTaBneHns (2.21). c koapduyneHtamum (2.22).
OTmeTum, ytoecnm uq < i/ < wnpana p —(p\....,pn) BoINONHAETCA M a X ; > 2". TO

(P-Mp =0.aHaj € MoaTtomy

Mop

= E wn = E M/p-y )= (»ou oy
peN~ PEN;I

CnepoBaTtenbHo, ¢ yyeTom (2.21), ana n > Vq umeem

(2.251 [ ~O0)NL*(x)ebe= [ (M (XA, (X)rfx =
Josij" " yai

EE<i(*"-mNn+ E a.f'kK,m;*)=

i/l<njel, i:Oicpn
E E mn + E « IV ».=:1%>+
I'<vjel,, jtAj'Cn
N3 (219) un (2.3) cnepyet
(2.26) I/, <E E < iik.mni<2" E E « [/
N3 (2.22) n (2.21) umeem
(2.27) E E <i/ Mj(x)dx< f ME{x.)dx,

"<ijed, < *'D-
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0 BOCCTAHOB/IEHUWN KO0 ®ULUNEHTOB PAAA ®PAHKINHA .
rae
(2.28) A.=u1 un pgi-

W3 onpegenenns mHoxecTBa 3u (c.m. (2.15)) cnegyeTt, yto

mps(Aj-n<b) > 2-d
mes(Aj')

3 nocnegHero n (2.14), (2.13) nonyyaem, 4To
(2.29) mes(£)n) < 2,n mmes(Ek).

Moatomy, n3 (2.26). (2 27) H (2.6) cnegyet, 4TO

(2.30) |/,,11< mM mA* erues(£*) < 2"“ e.
Ana nmeem
(2.31) ». £ nimil I =
\ i:fl,~CP,, /
- (.. Y1 oai Ml + (WA aiMi  ~ »3+ "4
i:l;cp, / \Y JN'CP» /
O603Hayum Hn = L ape/*» N = {xE AjJ :|/(x)| > A*}. AcHo, 4To TK C £*,

n noatomy mes(T*) < rues(£/,). CnepoBatenbHo (cMm. (2.6))
(2.32) raes(Tjt) <e-2 w ~ <A;lL
N3 (2.20) nmeem, uto

lm(x)| < 2(*A* «korga x e Hn.

CnepoBaTenbHO
(2.33) - [/I(x)]a) < (2d + 1) «Aft. korpa x £ 4,,.
OyeBUAHO
(23-1) |/,,3] < 217|"'J/ K (x) - [/(x)]*.Mx =
.,

2vd { 1 K(x) - [)IA X+ [ \TLX) - L/(x)]a,lrix ) -
\JHn\Tk JH~N\Tk )

N3 (2.33) n (2.32) cnegyeT, 4TO BTOPOIl UHTerpan B (2.34) MeHblle -r/3 npu Bcex n.
A nepBblii MHTErpan CTPEMUTCS K HY/IO KOTAa N —>00, MOCKO/bKY MOAWHTErpanbHas
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(YHKUMA Ha Hn orpaHuMyeHa W HO Mepe CTPeMUTCS K Hynto BHe T/,. CnegoBaTenbHo
ans /,13 nmeem

(2.35) |I».3] < s/2, Korga m AOCTaTO4YHO 60ONbLUOE.

Ana In<d ni (2.21) umeem

CH =W JHRE E < = (i) +

N3 (2.28). (2.29) un (2.G) cnepyeT, 4TO

mes “supp AN <221 meshEA uf mxk 1.
Kpome Toro (cm. (2.21). (2.22)) umeem

Y, <rur(x) < [TC(X)| < 2°y+])./.
jeld..

CneposaTtefibHO
(2.37) |n,,51<2--"r.

N3 (2.30). (2.31). (2.35) (2.37) n (2.25) BbITEKAET, YTO

/ »» (*Ne (*)* |/ Y(x)In«, UE" (x)iix < ¢ Korpa
ANCHIE 7[0;1%

CooTHOLWeHKe (2.5) AoKa3aHo.

Tenepb gokaxeMm, 4to ans nob6oro m € Njj BbinonHsaetcs (1.5). CHavana 3auk-
cupyem HekoTopoe i/, ¢ ypoBHeM 2V > waxi<€<~rry. Torga (em. (2.4)) /T e
YuntbiBas, 4to cuctema yHkuynii {Alj'jjgHg obpasyeTt 6asuc B S,,. HaliayTcsa Koad-
duynenTsl ;5j,j € Nf, Takue uto
(2.38) 1,,(X) = £ JjAlfIx).

JGN:
OyeBnAHO
«am=K,/m) =" j9<TAAF.
Jew™*
OTclofa, ¢ npumeHeHuem (2.5) u (2.38). nonyunm
°* = Eft*s*“ / [/(x)k.M f(x)rfx="liw / [/(x)]A,./m(x)rfx.
jENT 400-/f0;1]- 00 +/[0;Jy*

Teopema 1.2 NOIHOCTLIO flOKa3aHa.



O BOCCTAHOBNEHUN KO3®®NUWEHTOB PALA ®PAHKINHA

Abstract. In this paper, we obtain recovery formulas for coefficients of multiple
Franklin series by means of its sum, if the series sat isfies the following conditions: 1)
the square partial sums with indices 2" converge almost everywhere, 2) the majorant

of partial sums with indices 2" satisfies some necessary condition.
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POINTWISE CONVERGENCE OF MARCINKIEWICZ-FEJfiR
MEANS OF DOUBLE VILENKIN-FOURIER SERIES
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Abstract. In Ibis paper wc give a characterization of points at which 1
Marcinkiewicz-Fcj<5r means of double Vilenkin Fourier series converge. 1

MSC2010 numbers: 42C10.
Keywords: Vilenkin function; Pointwise suminability: Marcinkiewicz-Fejer mean;
Lebesgue point.

1. Introduction

Lebesgue’s theorem |14] is well known for trigonometric Fourier series: Lhe Fejer
means a,,/ of a function f € Lj([0.2tr)) converge to f almost everywhere if (see
also Zygmund [20]). An analogous result for Walsh-Fourier series is due to Fine
|3j. Later Schipp [19] showed that the maximal operator a* of the Fejer means of
one-dimensional Walsh-Fourier series is of weak type (1,1), from which the a. e.
convergence can be deduced by standard arguments.

For two-dimensional trigonometric Fourier series. Marcinkiewicz [15] established
that the MarCinkiewicz-Fejér means

of a function / e LlogL([0,27r) x [0,27r)) converge a.e. to / as n oc. where
Sj.j (/) denotes the cubic partial sums of the Fourier series of /. Later Zhizhiashvili
[24. 25] extended this result to all / 6 L]([0.2m) x [0,2TT)). An analogous result for
two-dimensional Walsh-Fourier series is due to Weisz [211

In one-dimensional case the set of convergence is characterized with the help of
Lebesgue points. It is known that an a.e. point x 6 [0.2n) is a Lebesgue point
of / £ L[ ([0,21r)) and the Fejer means of the trigonometric Fourier series of / t

‘The research was supported by Shota Rustaveli National Scicncc Foundation grant no.D1/9/5-
100 13.
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Lj ((0,2tr)) converge to / at each Lebesgue point (see Butzer and Nessel [2]). Weisz
(20] introduced the notion of Walsh-Lebesgue points and proved the analogous results
for Walsh-Fourier series.

For Vilenkin-Fourier scries, the author and Gogoladze (11) introduced the notion of
Vilenkin-Lebesgue points and proved that the Fejér means of Vilenkin-Fourier series
of / e Li (Gm) converge to / at each Vilenkin-Lebesgue point-

In this paper we generalize these results for the Marcinkiewicz-Fcjér means of
double Vilenkin-Fourier series, and characterize the set of convergence of these means.
We introduce the notion of Marcinkiewicz-Lebesgue points, and prove that a.e. point
is a Marcinkiewicz-Lebesgue point of an integrable function / and the Marcinkiewicz-
Fe,jér means of double Vilenkin-Fourier series of / converge to/ at each Marcinkiewicz-
Lebesgue point. The summability problems of cubic partial sums of multiple Fourier
series have been investigated in [4]-[13].

2. Definitions and Notation

Let N+ denote the set of positive integers, and N = N+u{0}. Let m = (mo,mi,...)
denote a sequence of positive integers not less than 2. Denote by Ziric = {0. 1....m*—
1} the additive group of integers modulo m*. Define the group Gm to be the complete
direct product of the groups Zm., wit h the product of the discrete topologies of Zm .
The direct product of the measures

W(}) = Tk 0 62ZmJ,
denoted by u, is the Ilaar measure on Gm with fi(G,,) = 1. If the sequence m is
bounded, then Gm is called a bounded Vilenkin group. The elements of Gm can be
represented by sequences x := (x0,arl ..). (xj e Zmj). The group operation
"+ ”in Gm is given by X+ y = (:r0+ ijg(niodmo), xk+ yk(modinkK) ....), where
X = (x0,eee.£%..)and y = (yy...,y i..) 6 Gm. The inverse of is denoted by
In this paper we consider only bounded Vilenkin groups.

A base for the neighborhoods of Gm can be given as follows: for .r€ G,,, andn € N
define

Ms) = f'mi
A(ot) :={y € Gmlyo = x0,...,yi - 1 = xXn_i}.
Also, define In= 7n(0) for n 6 N+. Forn € N we set en := (0,...,,0.1,0,...) € Gm the

n th coordinate of which is 1 and the remaining are zeros.
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If we deline the so-called generalized number system based on m in the following
way: Mil := |,M I+i mkMk(k € N), then every n 6 N can be uniquely expressed
asH= £ njM , wheren, e Zm, (j e N+) and only a finite number of differ
from zero°We also use the following notation: |n| := max{fc € N :m, 0}, that is,
M|,,| < n < JH),|+i forit> 0.

Next, we introduce on G,, an orthonormal system which is called the Vilenkin
system. To this end, we first define the complex valued functions rh(x) : Gm > C,
the generalized Rademacher functions as follows:

(%)= exp&— } (2= 1, xeGm.k 6N).
mk
It is known that
\' jo, if xn 0
2D rw=1m, ifz,=o
t=0 v

Now define the Vilenkin system ¢ := (ipn mn e N) o121 Gm as follows:
I'n(x):=nCW ("€N).
0

In the special case m = 2. this system is called the Walsh-Paley system.
Observe that the Vilenkin system is orthonormal and complete in LI1(Gm) (see [1]).
We consider the double system {Mv»(z) x ipm(v) mn,m€ N} o1 GmxG m. Throughout
the paper, the notation a < b will stand for a < cb, where ¢ Lsan absolute constant.
The rectangular partial sums of the double Vilenkin-Fourier series of a function /

are defined as follows:

M-1n-1

Sm.n {x,y,f):= J2 Ys /(* 3)di(x) Pi(y).
»0 j=0

where the number

hivpy= 3 feWtie) O ¢V
G, xGm
is said to be the (t.j)tli Vilenkin-Fourier coefiicient of /.
The norm (or quasinorm) of the space Lp (G,,, x Gm) is defined by
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The space weak-Lp (Gm x G,,,) consists of all measurable functions f for which
Wiwonk—t,,(GrmxG) := su;gAlX(lll > A)J* < +o0.
' A>

The a-algebra generated by the dyadic 2-dimensional ~ x Ik cube of measure 1x
Mkn will be denoted by Fk (k € N). Denote by / = 6 N) the one-parameter
martingales with respect to (F,,,n e N) (for details see |22[). The maximal function
of a martingale / is defined by f = §g&|/(,,)|. In the case / £ Ly (G,,, x Gm). the
maximal function can also be given by

J f {t it)dp (., it)
U.(0)x..(y)
(%Y) GGm x Gm.
For 0 < p < oc the dyadic martingale Hardy space HVUG x G) consists of all

) oA &

martingales for which W\\Hp := ||/*||,, < oc. If / e L\ (Ginx Gm), then it is easy
to show that the sequence (S\in,M, (/) : 1€ N) is a martingale. If / is a martingale,
that is, / = (f(°\ ~ ..), then the Vilenkin-Fourier coefficients must be defined in
a slightly different way:

f(ij) =Jim J fw (*y)to(*) bl dax.y).
G,XC,,
The Vilenkin-Fourier coefficients of / € L\ {Gm x Gm) are the same as those of the
martingale (Sm,,.a/,, (/) mHe N) obtained from /.
For n = 1,2.... and a martingale /, the Marcinkicwicz-Fejer means of order n of
the 2-dimensional Vilenkin-Fourier series of / are given by

Lo
@ (*eVF)=~YlI AV |
j=0
Denoting by

. 1n
K, (=) = - Dk (x) Dk (y)
1 A=0
the 2-diinensioual Marcinkiewicz-Fejdr kernel of order n, we can write
(2.2) »a(* )= 3  f(t,u)K, (x t,y u)dfi(tu).
Gny.Gm
A bounded measurable function a is said to be a />-atom, if there exists a generalized
square/ x ./ e Fn, such that

a) J adp=0; b) Ua*< p(I x c)suppaC/ xJ.
TxJ

39



U. GOGINAVA

An operator T, which maps the set of martingales into the collection of measurable
functions, be called / -quasi-local if there exists a constant Cp > t) such that for every
p-atom a

J ITaV <CP<%*o,
OmxGm\(IxJ)
where / x J is the support of the atom.

3. Marcinkiewicz-Ledesgue points

In one-dimensional case a point x € (—ec, 00) is called a Lebesgue point of a

function / if
h

limf [ \f (%+t) —f H\dt = 0.
0

It is known that a.e. point x 6 [0.2-n) is a Lebesgue point of / € L\ ((0.27r)) and
that the Fcjér means of the trigonometric Fourier series of / € L\ (fO, 2n-)) converge
to / at each Lebesgue point (see Butzer and Nessel (2)). Feichtinger and Weisz [18]
extended these results to two-dimensional trigonometric Fourier series, to arbitrary
summability method and to all f € L (logL)+ ([(). 27r)2).

In |20). Weisz introduced the notion of one-dimensional Walsh-Lebesgue point:
X€ is a Walsh-Lebesgue point of / 6 Li (G-) if

I HE*+0 -/ (*)A=0.
k=0 i,,M

He proved that an a.e. point x G G- is a Walsh-Lebesgue point of an integrable
function /. and the Fejér means of the Walsh-Fourier series of / 6  (G-) converge
to / at each Walsh-Lebesgue point. The higher dimensional extension of this result
can be found in [11, 23].

In [11]. the author and Gogoladze have introduced the notion of Vilenkin-Lebcsgue
points as follows. Consider the operator

A-l m,-1
WaS(*) = £ M*‘E I UE-f )N Nom
s=0  r*=1 JA(x—r»en)

A point X€ Gm is said to be a Vilenkin-Lebcsgue point of a function / GL\ (Gm) if
n ~ 111! ~ % characterized the set of convergence of Vilenkin-Fejér
means. Specifically the following results were proved in [11].
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Theorem GG ([II])- Let f € Li (Gm), whim G,,, is a bounded Vilenkin group.
Then for all Vilenkin-Lebesgue points of f

i e () = 1 (x) .

Corollary GGI (|11])- Lcl / € Li (£»,,).. where G,,, is a bounded Vilenkin group
Then
liin \VAf(x) =0 fora e x £Gm,

thus an a. e. point is a Vilenkin-Lebesgue point of f .

Corollary GG2 (111)). Let/ € />i (Gf,,). when. Gm is n bounded Vilenkin group.
Then

On(r;f) /1 (x) for ae xe G,

For two-dimensional Walsh-Fourier series, Weisz [21| has proved that for all / e
L[(G X G) the Marcinkiewicz-Fejer means anf converge a.e. to / as n —oo.

In [13] it is characterized the set of convergence of Mareinkiewicz-Fejér means of
two-dimensional Walsh-Fourior series.

For two-dimensional Vilenkin-Fourier series, Gat [1] has proved that for all / €
Lv (Gm X Gm) the Maicinkiewicz-Fejr means anf converge a.e. to f as n —o0.

In this paper we characterize the set of convergence of Marcinkiewicz-Fejer means
with respcct to bouuded Vilenkin system. We introduce the notion of Marcinkiewicz-
Lebesgue points and prove that an a.e. point is a Marcinkiewicz-Lebesgue point, of
an integrable function / and the Marcinkiewicz-Fejér means of the two-dimensional
Vilenkin-Fourier series of / converge to / at each Marcinkiewicz-Lebesgue point.

We set

J-1j-1mi-1

V=(U=(/ ud=1

h.Xh(u4@)
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3 ] »e, |
,=0,=, EZ:-!/.(i.cjx/,
where
r,E<)=N (£ BGERT))
=« \ s=0 !

Using (2.1), it is easy to show that

(. minimi eeem,,, if x, + yj (modmj) =0, j=**+1
q otherwise.

A point (X, y) GGm XGmiis said to be a Marcinkiewicz-Lebesgue point (for bounded
Vilenkin group) of f € Li (G,n x Gm) if nl_l)f)go Wn (x,y; f) —0. Set

(3.1) M 4 : /) := E E E »
<T=0 *o=,, «,=1 A
X i ~ ~ U™ " r+Mranodm®)=0"r=:fc+1- 3*-1>(">70 & (*»u)
h(t,,e4)xIh
n-la-ly-1

J f (x —t>y~ "W)I{tr buRmodmr)=0.r=A:+l....n - 1} (" «) d/ (t, u)d/ (t,u)

Ikx1k(nyes)
n m .-1
Y, J2 MaMi / f(x-t,y- u)d/i(tu)
A0 i=p /,.xli{u,e\vs
» n m, i . 4
+£ £ L / - .- )<1 (,)= V.01 (x. M/),
.=0i=. =
where If; stands for the characteristic function of set E.
It is easy to see that (X, y) -* 0 as n -+ oo if and only if
VA~ K * (*’w) = o.

We also will use the following notation:
Vf :=suplKil/l, vW / = sup|V,,()/|, (= 1.2.34.
n n
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4. The main results

In this section we state the main results of tlio paper.

Theorem 4.1. Let f € L\ (Gmx Gin). Then \nn an(x,y,f) « f (x.y) for all
Marcinkieunez- Lebesgue points of f .

Theorem 4.2. Letp > 1/2. Then \WH\p < Op||/||pfor any f e II,, (Gmx Gm) and
sup Alt{Vf > A} < cll/ll,.
A

It Ls easy to show that lini Wn (% Wf) = 0 for every Vilenkin polynomial and
(.rji) e Gm X Gm- Taking into account that the Vilenkin polynomials are dense in
Li(G,, XG,,)4from Theorem 4.2 and usual density arguments (see Marcinkiewicz
and Zygmund |Ifi]), we obtain the following result .

Corollary 4.1. Letf € L\ (Gin x Gm). Then

"Iig;D Wn(x,y\f) =0 a e (x,y) € Gm x Gm,
and thus a e. point is Marcinkiewicz-Lebesgue point of f .
Corollary 4.2 (Gat [4]). Letf € L\ {G,, x G,,,). Then

Jin<mt(x.y:f) = f (r, ) a e (x,y)e Gmx Gm.

5. Auxiliary propositions

In tliis section we state some auxiliary results that will be used in the proofs of
main results.

Theorem W (Weisz [22]). Suppose that the operator T is a-sublineur and p-quasi-
local for each0 < po < p < 1 mIfT is boundedfrom ¢(Ginx Gm) to Loc(Gm x Gm),
thenfor every 0 < po < p< 00 ||T/||p < cv \\\p, (f € Ilv(Gm x Gm)). In particular,
for f € L\(Gm X Gm) the inequality holds:

IIMIL™* _MG,,ix<7m) - c V111 m
Lemma 5.1. We have

MAK Mn (K, y) = ri*A-i (x+y) +

A1 mk-1 /r-1 \ir-1 \
+ rfcH A1 O Y) Al ( 1(Y (y ) )DM(@)EMKIY)
k=0 r=1\«j=0  / \*=0 /

43



IT. GOGINAVA

A- 1 "o-1 I \
rlcHi A <P (*.y) ( MiMK () ) "TIA fo) ° n/* (a) M KK Mel (y)

1 \fi*»0 /

4-1 w* 1 /r-1 \

+ 72 VK+HLA-l (*y) Y1 (H ~Mh(¥T , (*)Dm, (y) AhKm, (x).
k-8
Proof. Since (see [7])
Djj+rMn (@) = (YL'I'Mn (*)j DA (*) + V4/n (*)Dj ()

j—0.1..,Mn—1 r=12,...ina-i—1,

we can write

Nin 1
Maldma @)  DiNe = Ma- IKwmn i (*-2)
j=o
mA-j-1 /- 1-1
+ £ £ Dj+rMn-1(s) Dj+TMx {y) = Ma iKmn_x{x,y)
r—1 ;=0
»M-i-iMag.i-i IT- \ Ir \
+ £ £ E <v,w -.w E O )
r-i1 7=0 v /—0 ! \y=0 !
Ta iM 1
+ £ VM, L, (*) ®\in_, (r)a, (x)Dj (u)
7=1 j=0
Tn- I4Ma-i =1 fva\ \
+ £ £ & ....(*))dUa_,(x)dMa_ (v)Dj
g, £ Ego)avewom wpio)
IMn-i = /7-1
* (y) ®lin_, () Dj (¥)
j=0 Vi—)
=
MM-1-1 /r—2 \ /= \
+V 1 £ (B>« <-.wj £ a, ,(#)JOn, (x)DMA(y)
M-l 1 /7-1 \
L) (1% -, (<)M iKMa_ (v)
=l \=o ] -
/-1 Y

£ (Eii<.-] ()3 VyMD- (X)OMA_, (Y)MA-iKbh |, ().

Iterating this equality we complete the proof.
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By results of [17] we have

Ay 1
(51) \Km*(x)I£ 51 Tl 51 @ HcH)e
a=0 "N »=
n
(5.2) AN ()I< IF MIVK M> (5)] Mn < < MA+i-

J=o0
Then from (5.1) and (5.2) we can write

03 W < EM é;“éfg(*-*.e.)

- 51M*S1 _ Dmift *<m)-
i=, r=

Lcinma 5.2. Let Ma < t < MA+1- Then wc have

)i <E E E > A i (’f El1 k(> %<

j-0q-0li=.q
+E E E A4 - (C wMie>uy) E (*** )
=Q e a1

+tE ()E E E (> weh

FE*AWEGE E oo

7=0 4=0i=# N,=1
Proof. 11l |9] it is proved ihat

BAN<Y A +E, M LK WTM

+ )t Aw, (y) 1 max )nlA'n (Bl-

where n) = k~h-.
Hence, in view of Lemma 5.1 and formula (5.2). we can write
A j-a
nA', (s.y)l <E E "tJ -. (r.3)4v, W A AT (/)|
j=0 k-0
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Aj 1l
-E E Mwuj-1 (x.y) Omk (y) JTA|AMN. ()]

=0 f=O

+£ [dml(x) wax . m\1,, (/)4 Dm (y),_nuix IOl

Kn<«») 1<n<n'J)
j=ilL —_—
A j-1 Tl
NEE i oo . QE IWE
i=( <7=0 Wi=1
n J 1 A -1
| 53 £ i‘+1j->(-Ty)Dm, (,)E*, £ D«.I1
ir-00=0 <7=0 X<=1
n j jom-l
+53Dm (Y53 PE E M (9
j=0 *=0 i=n ¥,=1
n jiom,
+53  ()E ME E Mo x‘com
i=o i=aj.=1
Lemma 5.2 is proved.
6 Proofs of main results
Proof of Theorem 4.1. Wecan write

K (o 0) -/ GNIKE U -«ay =)=l (Y, (&) (<)

0,,xG,n

LA T-1 -1 kel

* _EEEE [ VE(x-tiy-u)-f{x.y)\

3=0 4=0fic’ ¢ 4= IGE/>i Gni
Xn/efij i(t-u)MaDMK{t)DMK(u - uged)dfi (t. a)

Aoj=1 j=1 Nig=1

+7EEE E 5 il0(db<i) I(*)!

§=0a=0 A-r/ %= L odon

Xf> 11 - 1((, YyMGD\EL(t - tdcq) D\ik{u)dfi (t. u)

j noJ-1 ) n'-1 f
+«E EE £ N 1 UF- Y-« - I(X,y)IDm,()DM u - U.e)d/l ((,n)
IR £ C.,.xC,,
c 4 J3-1 j in*!

,foé(ﬁé,w [ UCE-(2-<-1(Dipe (Il ia)am() (9
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= ;E £ E E M,MI [ U(x-t-U-u)~f(x,y)\

Xee+1j-|(3,u)rf/I(t,u)

EE‘Z T/ RV= T N TRV

;IX

1 I Va iV O /A0

< E AIM(*»)).
j=0
The last, expression tends to 0 as 7i -> 0o. and the result follows. m]

4
Proof of Theorem 4.2. Since Vf < | hi view of Theorem W, to complete

the proofit is enough to show that the operators i=1,2,3.4 arc”quasi-local
for each 1/2 < p < 1 and bounded from LOO(Gm x Gm) to Loo{Gm x G,,,). It follows
from (3.1) that

WIFIL <cll/lUSp£ £ ~ </
q=0k=q "

Let. a be an arbitrary atom with support /g (z'.z") = In(z') x In{z"). It is easy to
see that Vh(a) = 0 if n < N. Therefore we can suppose that n > N. We may assume
that z —z* = 0. Hence

(6.1) supp (@) CIn x /4.

The rest of the proof we split into three steps.
Step 1: Integrating over Ig x /g. Ifq> N, then by (3.1) we havey —1 74,
and hence a (;c—t,y —u) = 0. Consequently, we can write

AT-IAT—1 . »» -1

em-EE”™E.
J o(l- f,¥- li)yI(IrHu,(moJ,,.r)=0,-=t1L .. 1) (*“) (*»)e
He(te)x/<r
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Then, in view of (0.1), a(x - t.y - n) ¢ 0 implies that
t- (1),...,0,/,,0....0.r* ...

X=(0,....(),6,,0,...,0,X4-,...:xNr-i. )

n = (0....0.yi.nilc+l — Xfc+l, - T-N-i.Ux, ...)
y = (0....,0.yKk,nik+i - stfcHi, ..., TAT_i - CAT-bYAT....).
/1, JT-IN -1

Vo (*»«> V/:OI‘Z:]
=k ms 15X i) (y)
and
(0.2) I (v<» n A g 4YUY™rpg-ga-

[
N-1  JT1

E nr << <oo 1r2<p<l).
fort

Analogously, we can prove that
(6.3) J  (v@(*;a)) dli(xy) < <oo (H/2<p<l).
TVXTV
Since X + lv, we obtain L[3*(x.y.u) = 0. Similarly it can be shown that
Viid) (x,y; @) = 0. Using these and combining with (3.1) and (6.2), (6.3). we obtain
6.4) J (V{x,y.a)rAi(*y) <cr (1/2<p<1).
Ta-X7n
Step 2: Integrating over \ x /y. Since 1 ) (x,y\n) = 0 for g > N, we have

(6.5) uax.£a = E E 5 I a(jr tu-u)
n— I it J
V-l »
X I{t,.+u,.(iiliodHi,.)=0,r=fc+1,....u I} (o, «0dp [L,u) + E E — E

q—0 *=/V. W* t4—1
J (I(x —t,y —al) H{tr+ur(inodm,)=0,7-=fc+I..n -1} { .u) / (t.,u)
h (tqcq) x Ik
Gr,%a) + VAL2*(X,y: a).
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In view of (6.1), V»1'1"(x,y\a)

?i= (0 . 0,ujv, mem),

Consequently, we have

0 implies that

y = (0,...0,yum,..)

Sr2lpri-ljy | Thg- 1Tk~ 1
K Ibl,(*,v;«)| MKkM, Z £ »M ", *+ol) Wl(« (1)
1 N 7-0 k=y tg=1 fI=1

and

(6-0) / (M pIK (L)(*»se)]) 5

In view of (6.1), Vi, 2>(r,t/;a) 0 implies that
(= (0,0, t,0,0, O (R X = (0 0,f,0,0, zjv
u= (0...0,ufc,ak+1,...,a, _i,u,,...), wu = (0. 0,(/n.,...),
where
»” o
“»e A 0,<d=0,j=t+ |,....n-l.
Thus, we have
mi2p oAt — -
N> (FH#EQ)] < —1r z Z Z W L) ()U»Y)
7=0 fc=7
gy v
-T77- 2z (v)
,=0
and (n > N)
6.7) J  ~8uplv,J*dI(*.K;e)|N (.y) < 53 MU < < ap-

1.5

Combining (6.5)-(6.7) we conclude that

6.8 J
7rexine
Let g < N. Thenit is easy to show thaty —

Q K12 (a.y;5) = 0. Now let g > N. Then x —t

(6.9)
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/a- and consequently a(x —t,y —)

I's andKi2(x, y\a) = 0. Hence

(x,y.,a) = 0.
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Analogously, we can prove that

(6.10) v (4)(*.ilie) =0
The estimation of (X, y. n) is similar to that of (x,y,a), and it can be shown
that
(6.11) J [\w(n)(x,y;a)\Y(In(xty)<c.p<oo (\/2<p< 1).

In>X/n

Combining (6.8)-(6.11) we conclude that

(6.12) J (K (x,y;@)\)pd/i(x,y) < <o00 (1/2 <p< 1).

7Nxls

Step 3: Integrating over Is x Is. This case is similar to the Step 2, and we obtain

(6.13) J  (IK(xy\a))rd~(ry) < < TO(1/2<p < 1).

IV XTIV

Combining (6.4), (6.12) and (6.13) we complete the proof of the theorem. n
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Auwnorayns. MHorouneH () — ( ,..., ) HasblBaeTCA MOYTM TFUNO3NAWN-
Tuyeckum (cm. [16] ), ecnn Bce ero nmpousBogHble Dv () oueHWBalOTCA CBEpXY
yepe3 P(0- W3 Teopembl 3aiifen6epra - Tapckoro cnepyer, 4To AN Kaxjoro
MHorouneHa () yposnetsopstowero ycnosuto () > O g R" cyuwecTsytloT
uucna <> 0 m T € R1Takue, uto () > <71 + |E])T e 5". Hanbonbwee
u3 uucen T, yA0BNETBOPAIOLLEE ITOMY COOTHOWEHMIO, 0603HauUM yepes ST(P)
¥ HasoBeM uucnoMm 3aligeH6epra - Tapckoro MHorouneHa P. VI3BeCTHO, 4To ecin
K TOMy xe P & T.e. [P(£)] 00 PPN IQ -* vo, TO T T(P) > 0. B pa6oTe
ANS OJHOTO Knacca MOYTW FUMO3NNUNTUYECKAX MHOTOYNEHOB N > 2 nepemeH-
HbIX HAXOAATCA [0CTAaTOYHbIE YCNO0BMA Npu KoTopbix ST(P) > 1, a B cnyuae

= 2 pokasblBaeTcs, 4to ST(P) > 1 ana no60oro noyTH runosaNANNTNYECKOro
MHorouneHa P E

MSC2010 number: 12E10, 26C05.

KnioueBble cnoBa: MOYTU FMWOINIMUTUYECKUI omepaTop; uucno 3aiieHbepra ¢
Tapckoro; MHOrorpaHHukK blbiotonal
1. MocTaHoBKa 3a4a4YN U BCNOMOTraTeNbHbIe NPeANOXKEHUS

ByfieM Nonb3oBaTbCs CNeAyOLWUMU CTaHAAPTHBIMU 0603HaYeHnsMN: N MHOXe-

CTBO HaTypanbHbIx Yncen, No = NU {0}, Ng = No x ... X NO MHOXeCTBO N-MepHbIX

MynbTUMHAEKCoB, E™ n K” -MepHble 3BK/NA0BbLI NPOCTPAHCTBA TOYEK (BEKTOPOB)
COOTBETCTBEHHO X = (Xi,...a;,) M = ( ,— ) R+ ={£ € Rr : >0( =
1. )ptw ={ GR": =« - 0}. AnAa € Br.x6 E\ ae Nft, AeE~ANTA"
n > 0nonoxum £a = ‘mm v =D

= MN«?+ w+ «e A = V2K + -+ (11, N =

rge Dj = wm Dj = w-, ( = |
A AN, = - tAdn).

,n), (A,a) = Ai«i + ese+ Anan. tx =

WccnejoBaHue BbINONHEHO Npu (huHaHcoBoi nogjepxke TKH MOH PA B pamkax HayuyHoro
npoekta N SCS 15T-1A 197 u Tematnyeckoro ®oHAa PoccuitcKo-ApMAHCKOrO YHUBEPCUTETA MUHU-
cTepcTBa 06pa3oBaHus U Hayku Poccuiickoit degepauuu.
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MHOruve CBOMCTBA PELLEHUI TeX UMW UHbIX 3a4ay NIMHENHbIX AUddepeHLnanbHbIX
YPaBHEHWIA C MOCTOSHHBLIMW KO3 (ULMEHTAMMN OMPEAENATCS NOBEAEHNEM Ha 6ECKO-
) Andhdpe-

peHumnanbHoro onepatopa P(D) = P{D\. Dn). oTBevawLLero gaHHoMy guddepeH-

HEYHOCTU XapaKTepucTUYecKoro MHorouneHa (cumsona) () = P(£i,

LnanbHOMY ypaBHEHMI0. XOpOLLIO M3BECTHO, YTO CUMBOA () FMMO3INAUNTUYECKOTO
no J1. XepmaHzepy ornepatopa 6eckoHe4yHO Bo3pacTaeT Nnpu GeckoHe4HOM Bo3pacTa-
HUM Mogynsi aprymeHTa (cm. |1| wnm |2|), npu aTom n3 Teopembl 11.1.3 moHorpa-
un |1| cnepayeT cyliecTBOBaHWE MOMOXKMTENbHbIX YMCEN & U CO = cq(P) TakKux, 4to
|P(u)] > <1+ |£]'°] gna Bcex gocTaTtoyHo 6onbwwux |£]. O6o3Haumm 4vepes ¢ = c(P)
HanGonbliuee u3 yucen co(P) U Ha30BeM ero YUCIOM FMMO3/IMNTUYHOCTU onepaTopa
P. CvMBONbI 3NIMNTUYECKUX OMepaTopoB BO3pacTaloT ONTUMasbHO, T.e. 418 N06oro
annuTu4yeckoro onepatopa P(D) nopsgka T cyuw,ecTByeT yucno a > 0 Takoe, 4To
[P(u)l ~ + KI'] Ass Bcex goctaTovHo 6onbwinx  GK'L

YTo KacaeTcsi CMBOJIOB 06LL X JIMHENHbIX AUd(hepeHLnanbHbIX 0NepaTopos ¢ no-
CTOSIHHbIMU KoepmLMeHTaMu, To U3 Teopembl 3alifjeH6epra - Tapckoro cnegyeT (cm.
[3], 14], vnan [1], Mpumep A.2.6). 4uTo Ans Kaxgoro onepatopa P(D). cuMBON KOTOPO-
ro ygosnetsopsieT ycnosuio P(£) > O € K" cyuwectBytoT uncnaa > 0un T € R1
Takue, uto P(£) > {1+ |£|)T € K". Haunbonbluee ns yncen T. y[0BNeTBOPSAIO-
LLiee 3TOMY COOTHOLLEHMIO, 0603HaYMM 4Yepe3 ST (P) 1 HaszoBem uucnom 3aiigeH6epra
- Tapckoro. Takum 06pasom, AN FTHNO3NMUTUYECKOro onepaTtopa (MHorouneHa) P
ST{P) = c{P). a agna annntunyeckoro onepaTtopa P nopagkarn ST(P) = T.

[ns rHnoanauntuyeckoro onepatopa P (D) unucnom 3aligeH6epra - Tapckoro ST(P)
onpefensitoTcs Te Knaccbl XKCBpe. K KOTOPbIM NMPUHAAMEXAT PeLleHnst ypaBHeHUst
P(D)u = 0, a ans o6WunX NUHEHbIX AUdhepeHLnanbHbIX 0NepaTopoB € MOCTOSIH-
HbIMU KO3()(MLMEHTAMWN 3TUM YUC/IOM OMpPeAensaioTca nosBefeHne yHAaMeHTaNbHbIX
peLleHnii B Hayane KoopAnMHaT U Ha 6eCKOHEYHOCTM U apyrue ceoiicTea (cMm. [5] - [8]).

O603HauMM Yepe3 1IN MHOXECTBO MHOFOU/IEHOB C BeLL,eCTBEHHbIMU KO3 (UL meHTa-
MU N NepemMeHHbIX Takux, 4To |P(£)1 00 MPH I£I00* O4eBMAHO, HTO YMHOXEHMEM
Ha (—1) n gobaBneHWeM MONOXUTENbHON KOHCTaHTbl BCErAa MOXHO A06UTbLCS TOro,
YTO N106GOI MHOrouneH P € 1 6GyAeT MOMOXUTENbHBLIM 4151 BCeX 3HayeHuit G K”.

B pa6oTe [9] ANS MHOrOY/IEHOB ABYX MepeMeHHbIX, NPeACTaBASIOWMNXCS B BUAE CyM-
Mbl TPEX OAHOPOAHBLIX MHOTOUY/IEHOB, HalifjleHbl HEOGX0ANMbIE U JOCTATOUYHbIE YC/I0BUS
NPUHaANEKHOCTU 3TUX MHOFOY/IEHOB MHOXeCTBY 1 . a B [10] HalifieH anropmTm Bbl-

uncneHusi uucna 3alijeHGepra - TapcKoro AHA TaKUX MHOrouneHoB. OTMeuYeHHble
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YC/IOBUSA 11 aNirOPUTM MOJTyYeHbl B TEPMUHAX NMOPAAKOB U KpaTHOCTeli Hyneli cooTBeT-
CTBYIOLLMX OAHOPOAHbIX MHOro4sieHoB. B paboTe (11) nonyuyeHbl HEO6XOAUMbIE W A0-
CTaTOYHble YC/I0BUA NPUHAANEXHOCTY MOYTU FUMO3/IMNTUYECKOTO MHOTOu/IeHa (CM.
HWXe, onpefeneHne 1.1) n > 2 nepeMeHHbIX K B TePMWHAaxX YyCTOMYMBOCTW MHO-
rOY/IeHOB OTHOCMTENIbHO JIMHEHBIX HEBbIPOXAEHHbIX MpeobpasoBaHuii. B pa6oTe B.
M. MuxaiinoBa |12) HaliieHbl OCTATOUHbIE YC/IOBUS MPUHAAIKHOCTA MHOFoU/IeHa K
, B TEPMMHaX HEBbIPOXAEHHOCTU COOTBETCTBYIOLMX MOAMHOIOYIEHOB, & B padoTe
N. P. Bonesnua n C. I. TMHAnKMHa [|13| B TepMMHAX YCTOWYMBOCTU MHOrOY/IEHOB
O0THOCWUTENbHO BO3MYLLEHWS KOIP(ULMEHTOB UCCEAYEMOT0 MHOFOU/IEHa.

N3 Teopembl 3aiifieHbepi-a - Tapckoro cnegyeTt, 4To 418 MHoroyneHa P € /  uuc-
no ST(P) aBnseTca nNonoxuTenbHbIM. OfHaKO BO MHOTMX BOMpOCax Teopuun JIMHei-
HbIX gudepeHLnanbHbIX ypaBHeHUl 0cobblli MHTe{K*C NpeAcTaBnsAeT cnyyal, Korga
ST(P) > 1, Nno3aToMy 4acTO Ha M3y4aemblli OnepaTop anpuopu CTaBUTCS YC/IOBUE
ST(P) > 1 370 obecneymBaeT, Hanpumep, CyLiecTBOBaHWEe AOCTATOYHO 6oraToro
MHOXecTBa 6ECKOHEUYHO AU depeHLMPYeMbIX PeLLUEHNA B MHOXECTBE 0606LLEHHbIX
PeLUeHN HErMnoaNIMNTUYECKOro (HanpuMep, MOYTU TUMO3/IUMTUYECKOr0) ypaBHe-
Hua P{D) = 0 (cm., Hanpumep, [14] - [15)).

Llenbto HacTosLLel paboThbl ABNSETCA HAX0XAeHWe anrebpanyecknx ycnosuii Ha no-
4YTW TUNO3NANNTUYECKNIA MHOrounieH P € ITT npu Kotopbix ST(P) > 1. OCHOBHbIMU
pesynbTaTamu paboTbl SBAAKOTCS:

A
Teopema | (cm. CnegerBue 1.1) MycTb P{£) = £ P,( ) NOYTW rMNo3aNAMNTUYK-
3=0

CKMWiI1 MHOTOUNeH (c, BOOOLLE, rOBOPsSi, KOMMIEKCHbIMU KO *pthunueHTamu), rge. Pj mj
- OAHOPOAHbIV MHorouneH (j —0.1...., M: To > vy > .. > mm). MycTb 4ns Bcex
T € £(/ ) kpaTHOCTb Hy.om I(ij) MHOrouneHa Pq meHbLe itiq. Ecnu P € 1,,. To ¢

HEKOTOpOl nocTosiHHOM C > 0 1 gnsi Bcex 6 R™ MMeeT MecTO HepaBeHCTBO

Kl < ¢ [[PE)I + ]

Teopema Il (cm. Teopema 3.1) MycTb N = 21 P € 1 MNOYTU rMNOINIUNTNYECKUI

MHOro4neH. Torga ¢ HeKoTopoi NocTosiHHOM C > 0 n ans Beex: £ € R2 nmeem
kl<c[|p«)| + 1]
CTaTbsi MMeeT criefyloLLyto CTPYKTYpy: B OCTaBlUelics 4acTu aToro naparpada mbl

(hopMy/nMpyeM HEKOTOPble BCIOMOraTe/lbHble PesynbTaTbl W JoKasbiBaem Teopemy |
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(cm. Cneacteue 1.1). B §2 Mbl U3y4aem HeKOTOpPble CBOVICTBA MHOIOU/IEHOB fiBYX Mepe-
MEHHbIX, KOTOpPbIe Mbl UCMONb3yeM B §3 4 nA joKa3aTenscTea Teopembl Il (cm. Teopemy
3.1).

Criegylownii nprMep MokKasbIBaeT, YTO MPUHAANEXHOCTb MHOro4sieHa P MHOXe-
cTBY /,, He rapaHTupyeT oueHky ST(P) > 1. MNycTb =2, PE)= (., )=
(Ei - )2+ 1 OueBugHo, P 6 1. PaccmoTpum nosefeHve P Ha nocnefoBaTeflb-
HocTn {£* = («1/4.«)}82=i npn 5 -> oc. OYeBUAHO, YTO ANA AOCTATOYHO GONMbLUINX
P(£s) = 1/2,a |l ~ 5, Te P("s)/|*| -> 0 npn  -> 00. MO3ITOMY MHOrouneH P He
YAOBNETBOPSAET COO THOLEHWIO ST(P) > 1. OTMeTUM, 4YTO MHOro4YsieH P B 3TOM npu-
Mepe He SBNSETCA MOYTW TMUOANNUNTUYECKUM, TaK Kak, Hanpumep, 1?P (MY /P (M)
= 32a2-—»o00 npu . -4 0o0.

[lanee noj -MepHbIM MHOFOY/IEHOM Mbl GyfleM MOHMMaTb MHorouneH P (0 =
P(™i, ...,E») = Xn<vE'™ Takoi, 4To ANA Kaxgoro j = 1,.., 8 cyuecTByeT To4YKa
£* € Rn Takas, 4to DjP(&) 0. O6o3Haumm yepes (P) mHoxecTBo a € NI[j, gns

KoTOpbIX 71t 0.

Nemma 1.1. MycTb M,rij € No, nv/ > ... > no > 0 x.aj € K1 (7= 0,1,..., M).

M
00 *mea 0 mnr(x) =~ «j*We Torga KpaTHOCTb HYNsl N06OT0 HEHYNEBOro Kopns
=0

MHOro4YneHa r He nNpesocxoanT M.

[AokasaTenbcTBO. lMycTb, HA060pPOT, ANA HekoToporo xo 0
(1.1) r<j,(*0) = 0. j =0,1,....,M.
Torpa cucTema coOTHOLWEHNI (1.1) 3KBMBaNEHTHa cCMCTEME

(1.1 xEr°>(xo0)=0 =0,1 .M.

PaccMoTpuM 3Ty CUCTEMY KaK NIMHEWHYH0 CUcTeMy anre6panyeckux ypaBHeHuWii 0THO-

cnTenbHO KoaduuymeHTos {07}. Beegem o603HauveHns a(xo) = (onxL|", «ix-ul,..., aa/x{n

n
/1 1 1 n
Mo m o n\
A= \
M -1 M-1 M-1
n («0-i) M o(m -j) s IKnom-j)
\ j=o0 J=(| >=0 /

Torpga cuctemy (1.1 ) moxHo 3anucaTb B Buge Aa(xo) = 0. Tak Kak xq /O H detA

0, TO =0.j = 0.1,..., /1/. Mony4yeHHOe NPOTUBOPEYNE AOKa3bIBAET SIEMMY. [}
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OnpegeneHune 1.1. (cm. /16]) MHorouneH P Ha3oBemM NOYTU FMNO3NINNT UYECKUM,
€C/IN C HEKOTOpOl NocTOsHHON C > 0 u and Bcex € Rn

E [B“P«)|<C [|P«)|+ il

.ken;;

MycTb R OAHOPOAHbIV MHOrousneH nopsiaka M (T - OAHOPOAHbLIA MHOrOYnEH).
Yepes £(/?) 0603HAUNM MHOXECTBO €r0 BELLLECTBEHHbIX KOPHE Ha eAVHUYHON cepe:
E@?) = {// € IT, W = LLR{rj) = 0}. a yepes /a(r/) kpaTHoCTb KopHA // £ E(J1) n
nonoxum /(A) = sup In(rj). N3 topmynbl Jiinepa Ans OAHOPOAHbLIX (YHKLMIA

»/€l
HenocpeaCTBEHHO CrieflyeT yTBepXaeH e,

Nemma 1.2. Ecam gnsa rn-ogHopogHOro MHorouneHa R L= /() < 1. To
inf -~ ID°/?(r/)|>0 (j=11+1,..7T).
T * ld=i
Nemma 1.3. MycTb R T- OAHOPOAHBIA MHOFOYNEH C BeLleCTBEHHbIMU KOahhULm-

eHTamu n M€ £(/?.). Ecom () > OV(e R™, TO T ¥ 1¢j) YeTHbI,C Yinna.

[lokasaTenbCcTBO. YeTHOCTb T ouyeBMAHA. [lOKaXKeM YeTHOCTb /(Ty), Npu 3TOM fo-
CTaTOYHO paccMOoTpeTb cayyait /(r/) < T. B cuny onpegeneHus I(rj) nmeem
\DnR{tj))\ 0; noatomy cywiecTByeT TouKa r € fnTakas, 4To Y1 —

l«N 02> [al=/(4)
0. Mpumenss opmyny fleii6Huua, nonyvaem

Ut m . " .
0< MM-UT) = tH,) y D nR;M Tatl,i

OTcloga npu  —>0C UMeem
O<R{r)+tr) =tI"[ Y, —y@>tc](l+o(l)).
lo=i?)
OTKyfa HEeNoCpeACTBEHHO CreAyeT, uTo £ > 0 1 yneno 1(y) yetHoe. O

Mycte 1= (N1b...,A,)) e Rn. MHorouned R(E) = R(£i, ....£,,) HasoBem A - of-
HopofHbIM A-nopsaka d = d(R, A), ecnin R(txE) = JI(EAIEI, ..., ) = tdR(E) gns
Bcex > 0 u € XXn. OueBUAHO, A—O[HOPOAHbLIV MHorouneH A(£) A—mopsgka d.
npeAcTaBnsieTcs B BUAe

(i-) w)= E
(A)=rf
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Nemma 1.4. MNycTb n = 2, Ai,A2 GN B3auMHO npocTbie uucna, R A= (Ai, A
OHOPOAHbLI MHOrouneH A—opsagka d Buga (1.2) Takoid, uyTo /?(0,1) «/?(1.0) 0.
Torga 1) d,d/X\,d/X2 € N, 2) cywecTsytoT umcnad\ € NnUj6 K1(j ~ 0.1..... dy)
TaKvX:, YTO0 MMOro-4ncn VI Mo>KHO NpeAcTasuTb B BUAe
d,
= VEeR'J.
0
fokasaTtenbcTBo. YTto d e N. oyeBmgHo. M3 ycnosua A (0,1) «A(1,0) 0 cnepyer,
4YTO MHOXeCTBO (1) cofilepXXUT HeHyneBble MynbTUUHAEKCbI (a).0) U (0,« 2) Takue. 4To
r>lAl = a2A2 = d. oTkypaa cnegyeT, uto d/Xy.d/X2 £ N. 3To goka3biBaem MepBblii
NYHKT /IEMMBbI.

[lns fokasaTenbCTBa BTOPOro NyHKTa 0TMETWM, YTO U3 B3aUMHOIA MPOCTOTbI Yncen
Ai n Ao cnegyeT, uto d] := JI/(X\ A2) G N. Monoxum M := {a €N~,(A.a) = d)
nnycte 0 € I, Te. AiBi + = d = d\Ai , uamu, 4yTo TO Xe camoe, ™ Ai
= d\ Ai —

Tak Kak c/iAi —0 € No u uucna Ai n A- B3aUMHO NpocTble, TO € Ng. Cne-
posatenbHo M := {(A2j, Ai (d\ - j)) j = 0.1,...,t/i}. Tak kak () ¢ I, To oTcloga
UmeeM

= Ay ()" Yek?2,
j=0
rae *fj\2(<ii§) a, = 0 MPU 0'A2,(rfi - j) Ai) ~ (), 4To goKasbiBaeT Tpebyemoe
npeAcTasneHmne. SleMma gokasaHa. m]

Nemma 1.5. MycTb P noyTwW rvnoanaMNTUYECKUIA MHOTOYNEH T-0r0 nopsgka,
npeAcTaBneHHbIV B BUAE CyMMbl OfHOPOAHbIX MHOTOY/IEHOB:

M
(1-3) PO =£>TN0.

j=o

rge T =T0 >7T-i >..>7a./ >0, Pmj inj- ogHOpoAHbI MHOrouneH (j = 0,..., M).

Ecnm I = 1(PT) < m mo 1) P € /,, CyLLeCTBYeT MONOXKMUTENbHOE YKucao a
Takoe, 4TO
(1.4) lcl2< M+ i)T-"<ci[|[P(O 1 + i] VfeR".

Joka3aTenbcTBO. B cuny nemMmbl 1.2 1 m-04HOPOAiIt0OETM MHOroYneHa P,,, ¢ Heko-
Topoii noctosHHon Ci > 0 umeem gnsa Bcex 0 €R”
If” "<CilEr "£  I(TSh)(«/KI)
l«|=/
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-c.itr £ 10°9,)9=C Y- 1C“p™)L:
VR 1 lal=i

Tak KakK MHOro4sieH P noyTuv rUMO3N/IMHTUYEN, TO 0TCHo4a NMeeM C HeKOTopbIMU
NO/TIOXKUTE/IbHbIMU MOCTOAHHbIMU nCs

ler’ <c, Y, Wap)(0-oa(p- pr)(

<c, K ~Am ji+ ~Ki+ir
\\=
< C*[\P{t\ + J+C M + I)mi' VA€R"

Tak Kak T < in, To 0TClOJa C HEKOTOPOi NocTosiHHOW C.\ > 0 umeem
(1.5) 1il ' < c4[|A(01 + 1] V6 K.

Tnk Kak | < m, To 3TO 3HauuT, 4yto P e |, 4TO JOKa3bIBAET NepBblii MYHKT NeMMbI.
HepaseHcTBOM (1.5) fOoKa3aHa Takxe npaBasi 4yacTb HepaBeHcTBa (1.4)
[lns pokasaTenbCTBa /1eBOii YacTu HepaBeHCTBa (1.4), Ham Hafo MoKasaTb, YTO
-1> 2. C 3Toi4 Uuenbto 3ameTuM (cM. [17], nemma 3.1), 4To ANA MHorouneHa P € [,
nogMHorouneH PT (C BeLeCTBEHHbIMW KO3((uLMeHTaMn) coxpaHsaeT 3Hak B A™. A
3T0 no nemme 1.3 o3HayvaeT, 4TO yncna w u Ipm(rj) YétHble gna Bcex W€ £(/*«,). B
cuny Toro, uto | < T oTclopa cnegyet, utom —I > 2.ecnum > 2 u | = 0, ecrm

m = 2. 9Tum nesaa vacTb (1.4) 1 Tem cambiM nemma 1.5 fokasaHa. [}

Cnepcteue 1.1. (c.m. Teopemy | B nyHKkTe 1) Tak kak MHorouneH P (c. BoobLye

roBops, KOMMAEKCHbIMU Ko3pduuneHTammn) n MHorouneH |P |2 ogHOBpeMeHHO npwu-

Hagne>xaT wuan HeT I, To B cuny nemmbl 1.5 cyuiecTByeT umucno ¢ > 0 Takoe,
uyTo
(1.8) ieia< (1 + lei)2» »-") <c[|p(ois+ 1] v«er
rae I :=  sup
Jj;eE(PO)

3T0 AaeT oTBET (AOCTATOYHOE YC/I0BME) HA MOCTAB/EHHbI BOMpPOC B ciyyae, Korga
noyYTW rUNO3NNMUTUYECKNIA MHorouneH Buaa (1.3) ygosnetsopsis! ycnosuto 1(PT) <
T. Ham He U3BeCTHO, ABNSIETCS /N 3TO YC/I0BUE TAKXKE HEOOXOAUMBIM /151 M—MePHbIX
MoYTU TUHOIIIUMTUYECKUX MHOroYsieHos P € [, npu n > 2? HO HWXe Mbl NokKa-
XKeM, 4TO /11060 MOYTW FUNOIMIUNTUYECKNIA MHOTOUIEH ABYX MepemMeHHbIX P € 1
YAOBNETBOPSIET COOTHOLEHNIO (1.6).
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OTMEeTUM, UTO MPUHAAMNEXHOCTb MHOrOY/IeHa MHOXeCTBY [, He rapaHTupyeT ero
TMHO3MIIMHTUYHOCTb, YTO CrefveT U3 crefyloliero npuMepa: Hycr n = 3, P(E) =
@+ 2- 2)'+ 2w bCv lMpumeHsa Teopemy 3.1 paboTbl |17| ybegumcs, 4To
3TO0 MOYTM FUMO3IUNTUYECKUIA MHOTOUIEH, & U3 TeopeMbl 1 pa6oTbl 111JcnepyeT, uTo
P € VB, nNpu 3TOM 3TO He MMMNO3INNNTUYECKNIA MHOTOU/IEH, TaK Kak He YA0B/eTBOpsieT

Heo6X04UMOMY YCNOBUIO TMHO3IMHTUYHOCTH (CM. [19] , Teopema I).

2. HekoToOpble CBOWCTBA MHOFOUNEHOB ABYX NEpPeMmeHHbI X

MHoroyronbHMKoM HbloToHa MHorouneHa ( )= ( , ) Ha30BeM HavMeHbLUUi
BbINYK/blii MHOTOYyronbHuK LLLP) C R+ c BeplumHamu un3 W», cogepxaliunii MHoxe-
ctBo (P) {0}. OueBMAHO, MHOrOYroNbHNK HbOTOHA 2-MEPHOM0 MHOrO4Y/eHa sBns-
eTCA 2—MepHbIM, T.e. K+ Rfi W

MHoOroyronbHuK 9? HasoBeM MpaBW/bHBLIM, eciv AHA noboro v € P Mv) := {/ fc
R+,/* < "} ¢ ft. AnAa 2—mepHOro MHOroyrosibHUKa C R+ vyeiniz A(5?) o6o3Ha-
YUM MHOXECTBO BHELUHMUX (OTHOCUTENIbHO $T7) HopMaUsieil OAHOMEPHbIX HeKoopAWHaT-
UUX CTOPOH. J1erko y6eAnTbCs, YTO 2-MepPHbIli MHOroyronbHUK bl C M+ aBnsetcs
npaBu/bHLIM TOFAa U TONbKO Toraa, korga A(3?) C R+. B [17] goka3aHO, YTO MHOrO-
YrofiBHUK HbOTOHA MOYTU TMHOINIMNTUYECKOTO MHOTOU/IeHA AB/IAETCS NPaBU/IbHBIM.

Tak Kak BepLUMHbI MHOTOYro/lbHUKa | 1bI0TOHA /11060r0 MHOTO4/IeHa SIBNISIKOTCA My/lb-
TUMHAEKCAMU, TO CPeAn BHELHUX HopManeli no6oii (0AHOMEPHON) CTOPOHbI (HopMa-
neit u3 J1(5A?)) cyLiecTByeT BEKTOP C pauMoHaibHbIMU WU. C/IEA0BATE/NbHO, C Le/IbIMW KO-
opavHaTamu. Mpwu 3ToM, ecnu JT1Kakast - TO BHELLIHAS HOpMasib (04HOMEPHOI) CTOPOHbI
" MHoroyronbHuka LU, P) mHorouneHa P(£) = £ , TO ypaBHeHue npsiMoii cogeib
xalleit ctopoHy I 3agactea dopmynoii (J1, a) = T{A), rae T(A) = max{(A, ft),ft G
(P)). B atom cnyyae T(A)-0AHOPOAHbI MHorouneH PT(X)(£) = T<*E° na-

(A.)=w(A)
30BEM MOAMHOrOY/IEHOM MHOrouneHa P. oTBevatolMm cTopoHe .
Nemma 2.1. MycTb WP) npaBunbHbIA MHOrOYroNbHUK HbIOTOHA NOYTU TMMNO3N-
NUNTUYECKOTro MHorouneHa P £ . Ecnu cyuwlecTByeT HekoopanHaTHas (ofHOMep-
Has) cTopoHa [T MHoroyronbHuka LU, P): cpeay BHeLWWHUX HOpManei KoTopoii nMeeT -
cs BekTOp A= (Aj. Ar) C B3aMMHO NPOCTbIMU HATYypanbHbLIMU KOMMOHEHTamMu, To

nogmHoroyned P,,,(\) coxpaHseT 3Hak B K2.

Joka3aTenbCcTBO. Tak KaKk MHOrouseH PTJA) A—0AHOPOAHbIM, TO 4OCTATOYHO Mo-
KasaTb, UTO PT (A) COXpaHsieT 3HaK Ha MHoxecTBe D = { GRZ2,IE, Al = 1}
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MycTb, HaobopoT, PLLJ)(vx) > 0, PT (A)0?2) < 0 gns napbl Touek 7/1.2;2 eH n

nyctb /. —>00. Torga

P (*V ) = t'n(X)PmX)(T1) + o(F<A> 4 +00,

P(*V) = <HANT(A) (T + 0(<~A>) > -00.
3T0 3HAYUT, 4YTOANS NO6GOro 4OCTATOYHO 6oNbLIOro  cyuiecTByeT Touka ~(/) e 'D
Takasi, yto P(/.JT7/(0) = 0. 3 KOMMNaKTHOCTM MHOXecTBa 'D crnefyeT CyLiecTBOBaHue
nocnefoBatefisHocTU {E»}£  TaKoii, 4TO 9 —> 0C U MocneAoBaTe/lbHOCTb
CXOAMTCA K HEKOTOPOI Touke T6'1) npu —»oo.
Tak Kak /I( ) > 1, 0= ( (.4)= Pm(A)(*?(**)) +o(<IC") npu -—o0c. TO
P,n(A) 0, Te. r GE(P,mn).A), rae E(P,i(a).A) = {/ €A". |EA| - 1,PT{A)T?) =
0}

Tak kak MHorouneH PT(\) aBnsieTcst Jl—o4HOPOAHbIM, To cywiecTByloT Twenal\, 6
No n A-ofHOpOAHbIVi MHorouneH H. A—fopagka T(A) —1\ — > Takue,
yto £(0,1) « A(1,0) 0 n mMHorouneH P,,(a) npegctaBnsetcs B Buge PT,(A(E) =

) vee a2

Bcneacteue Toro, 4To 9 A—0AHOPOAHbIN MHOrouneH A—fopsgka T (A) —4Ai -
/rAa > 0 Takoii, uto #A(0,1) «A(1,0) 0 1 A BEKTOp C LI/IOYNCIEHHBIMU KOMMO-
HeHTamMu, W3 MepBOro NyHKTa nemmbl 1.4 cnepyeT, uto uucna T (A) —/ A -
(m(A) —/iAi — )/ n(rA —2A — \ )/ HaTypanbHble. Vimea B Buay,
470 ymcna A] n A- B3avMHO NpPoCTble, U3 BTOPOro MyHKTa NeMMbl 1.4 nonyyum, 4to
mA) - Al — =1\ pna Hekotoporo | € N. mHoxecTBo {a GN2,(A,a) = T)
MOXHo npegctasuTb BBuge {(A (/- j),Alj) (G —0.1,...,/)} n, 4To MHorouneH P,,,(A

npeacTtasnAeTca B Buje
(2-1) AT(N)«) = A0 = V{6 K2.

rae €)= 4(0,1),(5/ = A(1.0).

PaccmoTpum cnegytol e Tpu Bo3MoxHocTu: 1) Ti =0 (cnepoBatenbHo T = (0. +1)),
2) 7 = 0 ( cnegoBaTenbHo T = (+£1,0)), 3) T\T2 0.

B cnyyae 1) u3 npeactaBneHuns (2.1) u us toro, uto A(0,1)~ 0 cnegyeT, uto /i > 1
n N[ PTA(T) 0. Tak Kak rj(t,) -4 T Npu s — 0C. TO C HEKOTOPOI MOCTOSIHHOM

Ci > 0 nmeem anst BOCTaTOYHO GOMbLUMX S
[(D*-P)(tf («.))] > [(Di‘P,,w )(Ni7(t))l 1P '[P -P mWI(">;((.)I

> C () A L0 TPTUT)(N() °(CW ,n')>Cic <1 "A'm
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3 noYTH rMito3anannTUYHOCTM P 0TCIOJa MMEeeM C HEKOTOPbIMU MOCTOAHHbIMK C2,Cn >

Ofns BCex A0CTATOYHO 60/bLIMX A

CT "A <Cal(0['P)A u(«.))|<C3[|P(~u(4.))]+ 1]= C3,

4TO MPOTMBOPEUUT TOMY, YTO T {A) — > 0 1 ta—y o0 npu s —»oc.
B cnyuyae 2) n3 npejcTtaBneHnun (2.1) cnegyeT, uTo 1 > 1. [poBOASA aHaNOrUYHble
paccy>XfeHus, Mosy4ynM ¢ HeKOTOPbIMU MOCTOSIHHbIMKM Cn1,O> > 0 AnA Bcex gocTa-

TOYHO 60MbLINX A
tmW LA, < Ci I( )( u(()] < C5(|P(t* T7«»| + 1] = ¢ 5,
4TO NPOTMBOPEUUT ToMy, 4YTOo T{A) —/2A2> 0 n ta—>o0Cc Npn s  00.

B cny4yae 3) 3adukcupyem T2 u paccMoTpum R{X, Ti) KaKk MHOro4seH oT X, 3a-
BUCAWMI OT napameTpa . Tak Kak B CUJly fleMMbl 1.1 X = T\ ABASETCH KOPHEM
MHorouneHa R(x, T2) kpatHocTn /0 < T0 29"PT (X)(T) — 11 R(t) / 0. U Tak
Kak " PT (A)»K<s)) -+ Ni"Ani(A)(T) VPU -» oc, To cyuiecTByeT uncno 6% > 0 Takoe,
4YTO ANS BCEX [OCTATOYHO 6ONbLUNX B

|01»P,,,(A) ( = C (AH™"N|OI"P,,,(A (4(M)i > C <Ib',JT-
OTclofa ¢ HeKOTOpOo nocTosHHOK CV > 0 uMeem ANA BCeEX AOCTATOYHO 6ONbLUNX Y
I (N> (BP0 (0u(( N1 [E>I"[T - PT(m)](0u(* )1
> 06 tnl(X)-'oXI —o[t.m(X* mXI) > C7 (M)~ ~

Nwmes B BMAy NoYT! r’MNo3aNINNTUYHOCTb MHOTO4Y/IeHa P. 0TCcoaa UMeeM C HSKOTOPOVI

nocTosiHHOM CH > 0 ANnA BCCX AOCTATOYHO 60/bLINX
(2.2) (F<n, oA < c*[|P(0u(».))| +r] = C».

He ymansas o6LWHOCTU, MOXHO cunTaTb, 4To Ai < A2. Torga ni(A) —/oAi = T(A) —
2AA1-2R2+ [i A-fI A2—IyA = |AiA2-IoAi4- [iA +] A2 > |Ai(A2—1)-I-/11Ai-b/ A2 > 0.
Tak Kak /a -4-00 Npy . —» Cio, TO 3TO MPOTUBOPEUYUT COOTHOLLEHWIO (2.2) 1 JOKa3blBaeT

nemmy. n

Nlemma 2.2. TlycTb MHOrouneH P yfoBneTBOPSAeT YyCN0BUAM neMMbl 2.1 n > Aj.

Torga cyuwecTByeT uynucno C > 0 Takoe, 4TO ana sccx € K2 umeem
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AOKa3aTel’leTBOA B Xofe AoKasaTes/lbCTBa 6y,u,eM nonb3oBaTbCA O603HaH9HVIFIMI/I,
BBEeEHHbIMW B JOKa3aTeNbCTBe eMMbl 2.1, CHauana 0TMETUM CredyioLyto NpocTyio

uenb HepaBeHCTB Npu Ar > Aj 1 ans Bcex £ 6 H2
2Iri*r <c.[i+ l«il”™ + Ibl2I17]

< Call + (VKxI2/Al +]0 127 ) 2Aa W] = calu-1€-A |3 =]

Tak, 4T0 Mbl AOKaXKeM G0/bLUE, ECAIN NMOKAXEM, YTO C HEKOTOPOI MOCTOsIHHOM Ci > O
(2.4) [fARR->< C[IP({)|+ 1 VI€n2

Mpegnonoxum obpaTHoe, YTO CyLLEeCTBYeT nocnegoBatenbHocTb {EAN?| Takas, 4To

I1f*, Al —»oc npu 5-> 00 1
(2.5) P(O)/IN.2A0 " 10 .

Monoxum T8 = AA (s = 1,2...)* N3 nemmbl 2.1 cnegyeT, YTO MHOrouYneH
PT(a) coxpaHseT 3Hak: Pp»(A)(0 ~ B A2, a 3 nemmbl 1.4 cnegyeT, 4to ymucna 1\,
1. n Tri(A) YeTHble, npy aTom T(A) —1\Xi —1 > 0. Moatomy rn(A) > 2.

C apyroii CTopoHbl Tak Kak [r*\A = 1 ( = 1-2,...) 1 npu 1 —>00
P(C) = [?* T <AP,,n,(T*) + o(|<* A" a>):

ro u3 npejnosnoxeHus (2.5) cnepyeT, 4YTO npefe/ibHble TOUKWU MOC/EA0BATENIbHOCTH
{74} npunagnexat mHoxectBy E(PT(»,A) —{£ G A2. [E.A|] —1.AT(8)(0 = 0}.
MycTb T € E(PT (N)) 0gHa 13 3TUX NpefenbHbIX Tovek. He ymansasa 06w HOCTW, MOXHO
cymTaTh, YTO T8 —> T npu 5 —»oc. MoacTaBum MHorouneH PT{\) B Buge (2.1) n,
Kak Mnpu fokasaTenbCTBe /ieMMbl 2.1, paccMOTpUM criefytolie TPU BO3MOXKHOCTU:
1) ™\ = 0 (cnepoBatenbHo T = (0.+ 1)), 2) T2 = 0 (cnegoBaTenbHo T = (*1.0)),
3) 710 0. Tak Kak B cny4vae 1) PT(\)(T) liTA AW T) N'A(0.1) /O H

D[IP,,,(\)(T5) -> D[jPITX)(T) npu s 00, TO C HEKOTOPOW NOCTOSIHHOW > 0

MMeeM AN AOCTATOTIO GONMbLUMX A
iB*p(e*)i > [ni'pra(Ak)i Jo'up p.(2)K*)i
= If», A|-W L.*. 1o". P,,w (t*)| - o(|f, IT<A) "*A)> C2|f, A’"W-“A..
B cuny nouTu runoaniMnTUyYnocTi P oTclofja MMeeM ¢ HeKOTOpoii MocTosiHHO C3 > O
ANA gocTaTtoyHo Gonbwmx A |E7, Al iiAT < C3 [|A(E")| + 1]. Tak Kak (CM. BblLLe)
T(A) - [iA] > 2A-. To aro npoTuBopeunT (2.5) 1 3aBepLIaeT pacCMOTPeHne NepBoro

cnyuas.
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Paccyxpaa Kak B cnyyae 1). B cnydae 2) gns AoCTATOYHO 60MbLUIMX @ NOYYUM
oueHky |E, AT (A)- 2A2 < C\ [|P(C*)| + 1] c HekoTopoii nocTosHHOI C\ > 0. Tak Kak
w(A) - A2 > 2A2. To 3TO NpoTMBOPeYnT (2.5) 1 3aBepLUaeT pacCMOTPEHUe BTOPOro
cnyyvam.

B cnyyae 3) 13 npeactaBneHns (2.1) cnegyet, uto T € £(/?, A). 3adukenpyem 12 n
paccmMoTpuM R(X, T2) Kak MHOTOY/EH OT X, 3aBUCALLEl oT napameTpa r2. Ecny vepes
/0 0603HaYMTb KPaTHOCTb KOPHS X = T\ MHoroyneHa R(X, T2). To B cuny nemmbl 1.1
lo < |- C gpyroii cTOpoHbI, TakK Kak R)(r) = 0 npn j > 0, O\" R(x, r2)]l.r=T|
0. TOD["PmM(T) = T['T*“ D'"'R(r) 0.

MycTb T8 -¥ T npu —»o0c, TOrja C HeKOTOPOW MOCTOsIHHONW Cuy > 0 vmeeM AHS

AOCTaTO4YHO 60NbLUNX .

10 P (%) > - \D'iP P L (AK )]

> 1f. Al (a)- "o/ [D',nPmMW(-r')]  o(]?*, ) > Cr, [{*. AT <%-I'n,

OTCIOAa‘ B Ccuny noyTtun [-VIVIOSI'II'IVIHTHHOCTI/I MHoOrousneHa P. nosiy4aem HepaBeHCTBO

\ \a|™(@)_/°A < Cs[|P(I)I + 1] c HekoTopoii nocTosiHHol Ce > 0 Ans Bcex focTa-

TOYHO 6onbinx 5. Tak kak T(A) —/oAl = A|A2 4 | Ai + —IyA > 1Ai(A2 —1)
+ljAj + > 2(A2 - 1), o nosy4YeHHas OLeHKa MPOTMBOPEYUMT (2.5) W 3aBepluaeT
[l0Ka3aTeNIbCTBO OLIEHKU (2.4). m]

11a NnpMMepe MOKaXeM, YTO OLeHKa (2.3) ABNSeTCS TOYHOW B TOM CMbIC/e, YTO B
NeBOl YacTu HepaBeHCTBa (2.3) Henb3si nokasatenb 2(A2 —1)/A2 3aMeHUTb Ha 2(A2 —
1)/A2+ ¢ Hu gnAa Kakoro ¢ > 0.

HenocpeacTBeHHO NPOBEPKOI flerko y6eAnTbCA B TOM, YTO MHOroyneH ( ) =
(E2—£2)2 +£2 sBNsieTCA NOYTU TMNO3NIMHTYECKMM. Ero MHOroyronbHMKOM HbloTOHa
ABNAETCA NPAMOYrO/IbHbIA TPeyronbHUK ¢ BeplinHamu (4,0), (0,0), (0,2) n c eguH-
CTBEHHOW HEKOOpAMHAaTHOV CTOpOHOI (4,0) —(0.2). Mpwn atom BekTop A= (1,2), ¢
B3aMMOMPOCTbIMW KOOPAMHATaMW, SIB/ISETCS BHELLUHE MOpMasiblo 3TOi rpaHu. Tak,
4YTO MHOTOY/IeH P yA0B/IeTBOPSET YCNOBUSAM fleMMbl 2.2.

PaccmoTpum nocnegosaTenbHoCTb {£* = (s.s2)} . Ha aToii nocnefoBaTelbHOCTH

fim WP 22 ¢ - iRt L= g,
* »» |*a|2_n7" 4 f00 (* + B4) /2

noatomy, agns nwéoro £ > 0 liw (a2+ 1)/( 2+ QU +£ = 0.
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3. OCHOBHOW PE3YNbTAT B ABYMEPHOM CNYYAE
Teopema 3.1. (cm. Teopemy Il B nyHkTe 1) MycTb P(E) = T«£° € [ nouTwn
TUNO3NNMNTYeC.KNiA MHOrouneH. Torja cyliecTByeT 4ucno CB>>€<OP)TaKoe., 4yTO
(3.1) || < CPO1+ 1] VAER2.
fokasaTtenbcTBo. MycTh T = wax [oj n PT( )= 7 ° Takkak P € 1,70
«£(P) l«|=T

MHOrouyneH P 1 MHOroyronbHuK HbtoToHa LLLP) aBymMepHble.
PaccmoTpum aBa BO3MOXHbIX cnyyasa: 1) card(Pm) = 1wu 2) card{Pm) > 2.

MycTb B cnyyae 1) (Pw) = {ft}. Ecnun (i e Rjj, ro E(PT) = {(0, +1), (+1,0)}, npun
3TOM (KpaTHOCTb KopHeit (0.+ 1)) I\ := de<y(0,+1) = a 1 := rfe*/(zt1.0) = n
noatomy I(P,,,) := inax{fii. } < T. B aTom cny4ae yTBepXx/eHWe TeopeMbl criefyeT
13 BTOPOro NyHKTa fieMmbl 1.5

Ecnn  cnyvae 1 T0 NMM6o 8 — (rn.0). nm6o 8 — (0, r/r). MycTb .8 — (T, )
(cnyyvait $ = (0,77) paccmaTpuBaeTCsi aHanornyHo). Tak Kak MHOroyrofisHUK Hbio-
ToHa 5?(P) ABYMepHbIii, TO cyllecTByeT (0OAHOMepHasi) HEKOOpAMHaTHasi cTopoHa I
MHoroyronbHuka -Ji(P). c¢ BepwwHoii (3= (7,0). MycTe A= (AL.A2) BHelwHAA (OT-
HocuTenbHo ft(P)) HOpManb 3TOW CTOPOHBI C Lie/IbIMU KOMMOHeHTamu. V13 reomeTpu-
YecKMX coo6paxkeHwid sicHo, 4to 1 < Ai < A-. gpobb / \ pauuoHanbHas W. He
ymansas o6LwHOCTU, MOXHO cunTaTb, 4To Apobb / \ —HecokpaTumas, T.e. uucna A
n A > 2 B3aMMHO NpOCTbIe.

OueBUAHO, YpaBHEHWE NPAMOLA, NPoXoAsiLeii vepe3 rpaHb . umeeT Bug (A n) =
T(A), rge T[A) = T \\. a NogMHOroueH, oTBeYatoT, Uit 3TOl rpaHu Bug: P,n(x){0 —

Y, 7> PN atom (A.a) < TX\ ans Touek 0 € (P - PT(a))« Tak Kak Aj n
(A.a)-m(A) i
A B3auMHO npocTble n 0 < Aj < A2, ro A2> 2.

Takum 06pa3om MHOrouseH P yaoBneTBopseT yC0BUAM NeMMbl 2.2. 4TO AOKasbl-
BaeT oueHKy (3.1) u B aTOM cnyyae.

Mpex/ae Yem MepeiT K cayyval 2), 3aMeTUM, YTO OAHOPOAHbIVA MHOrouneH P,,

[BYX MEPEMEHHbIX MOXHO NPeACTaBUTbL B BUAE

(3.2) PT(() = «I"# sa«),

rage h,12 € NO, a R - ofHOPOAHbII MHOrOYNeH nopsgka — 1 Takoi, uto R(1,0)«

R(0,1) 0. Mpu aTom, TakK Kak B cnyyae 2) cardR = card(Pm) > 2, ToT—1\— >0

B cnyyae 2) umeloTcs cnegylowne agse Bo3moxHoctu: 2.1) P7,(0,1) Pt (1,0) = 0

n 2.2) Pt (0,1)PT (1,0) 0. OTMeTUM, 4YTO B NOC/EAHEM C/ly4ae MHOrOYronbHUK
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HbloToHa 9?(P) MHorouneH P npeacTaBnsieT co6oii MPsIMOYroNbHbIA TPEYroNbHUK C
BepwmnHamu (w,0), (0,m) u (0,0). npu aTom B npeacTaBneHmn (3.2) ly= = 0.
Cnyyaii 2.1) B CBOW 04epedb pasbuBaeTcsi Ha CredytoLine Noacnyyaun:
2.11) PT(0,1) = 0, PT(1,0) OTorpal/i € N,/2=10
2.1.2) Pm(0,1) ¢ 0, Pm(I'O) = 0 Torga/, = 0,1 € N
2.1.2) Pm(0,1) = Pm(l,0) = 0, Torpa/,,/2 € N.

Tak Kak T > 1\ + / , TO BO BCEX 3TUX CAyvasax

1(PT) := rﬁl‘}l(l(ap)f’.){ NI»(T)} < Tnax{li,T - MJ <m

n oueHKa (3.1) cnegyeT u3 nemmbl 1.5.

PaccmoTpum noacnyyaii 2.2). Ecnu B aTom cnyyae E(PT) = 0, T.e. PT( ) ¢ 0 npmn
€] 0. To P annunTU4YecKuii MHOFOY/IEH U TOrAa HepaBeHCTBO (3.1) oueBMAHO. Tak,
4YTO CTOMT PaccMoOTpeTb NWlb cnyyah E(PT) @ 0.

Ecnn 1{PT) < Tm, To oueHkmn (3.1) cnegyet u3 nemmbl 1.5. Tak. 4To ocTaetca
paccmMoTpeTb cnyyail I(PT) = T, T.e. Korga cylecTByeT Touka r e E(PT) Takas.
yto IpT{T) = w. B atom cnyyae E(PT) = {£r}. npu atom B npeacTaBneHmun (3.2)

=12 = 0 u mMHorouneH PT npeactaBnsetrca B Buge (cm. [18] mnm [19], nemma
2.1) PT(0 = 7(T2%i ~ Ti& M, TOP 7 ® 0- Tak Kak B aToM cnyyae (D"Pm)(r) = 0
Mpu |a| < 771 To npumeHsAa opmyny Telinopa v popmyny diinepa AN 04HOPOAHBIX

MHOFOY/IEHOB, UMeeM Ansa nbbix e R2u >0

Ry»(f+tr)y =32 (0“P,)(r)F =£ A~AA[D"P,)(r)]Tr
Q a

= £ = Pm(«)=7(bl i -N&T -
MponsBeaeM 3aMeHy nepeMeHHbIX i/ = , rae
4= (" YN, <fefd = detyTl= 1

1 0603HauuM Q(»y) := P{A~ni]). Tak Kak P G 1 noyTu runoanNInnTUYeCKin MHOro-
yneH, a Matpuua .4- HeBbIPOXAeHHasA, To B cuny Teopembl 3.1 pa6oTbl |11] MHoro-
yneH Q TakXXe NpUHaANeXuUT 1 1 ABAAETCA MOYTU TMNOIUTUNTUYECKUM. MPU 3TOM

Q npegcTaBnsieTcs B BUAe
(3.3) 0(u) =7ur+ £ « “e
Takum 06pasomM MHoOrousieH Q yAOBNETBOPSET yC/0BUAM Teopembl 3.1, npuyem u3

npegctaBneHus (3.3) crefyeT, UTO ANsi HEro BO3MOXEH TO/IbKO cnyyali 1) B npouecce
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HaCTOsILLero fjoKas3aTeNbCTBa 3TON TeopeMbl . M0 yXe AOKa3aHHON 4acTu Teopembl
cywectByeT yncno C\ > 0 Takoe, uto | < Ci[\Q(ii)\ + 1] V/ € R2. OTcioga ¢

HEKOTOPOW NOCTOSHHOM > 0un gna scex GR2 umeem
C,l«l < m?| =14l < C, [|[<?(4)] +1] < C, [a@->,)| + 1= Cl[|P«)| +1].

OTUM paccMOTpeHue nogcnyyas 2.2) 3aBepLUeHO U Tem caMbiM Teopema MOAHOCTbo

fokasana.

Abstract. A polynomial P(£) = P(£i,....£«) is said to be almost hypoolliptic if
all its derivatives D UP{£) can be estimated from above by () (see (16]). Bv a
theorem of Seidenberg-Tarski it follows that for u;uh polynomial () satisfying the
condition () > 0 for all € Rn, there exist numbers a > 0 and T € R1such that

() > &0+ IENT forall € R™. The greatest of numbers T satisfying this condition,
denoted by ST(P). is called Seidenberg-Tarski number of polynomial . It is known
that if, in addition, P 6 I«, that is, |P(Ol ac as |[£| -> oc, then T = T(P) > 0.
In this paper, for a class of almost hypoolliptic polynomials of n (> 2) variables we
find a sufficient condition for ST(P) > 1. Moreover, in the case n = 2, we prove that

ST(P) > 1 for any almost hypoolliptic polynomial P € 1.
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Abstract. In this paper, wc obtain estimates for solutions for a dass of fractional order
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results. Then, we study the. qualitative properties of solutions with prescribed Q-curvnture. 1

MSC2010 numbers: 35345, 35B40, 35B-15.

Keywords: Fractional order elliptic equation; asymptotic behavior; priori estimate;
Q-curvature.

1. Introduction

In this paper, we obtain estimates for solutions of the following fractional order
elliptic equation:
JIm(ar) = Q(x)eiu in Qc A3.
—0 in Qc,

J1)"n =0 on 1,

and investigate properties of solutions of the following fractional order elliptic

equation:
(*)) (-0)in(x-) = Q(x)e3", x 6 II\

where Q is a bounded smooth domain, Q(x) is a given function in  ({}) for some
I <p<oo,and (-4)* is interpreted as (-4) o (-4)?. To define (-4)"un for a
function V in A3, we require that

Ve LI(R") :={, € LL(JIfi): <oc}.

which makes (—f)?u to be a tempered distribution (see [13]).

‘This study was supported by the National NSF (Grant No. 116G1070) and the National NSF
(Grant No. 11361054, 11561059) of China, Natural Science Foundation of Gansu Province China
(Grant No. 1506RJZE114) and Planned Projects for Postdoctoral Research Funds of Jiangsu
Province (Grant No.1301038C).
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Definition 1.1. Given a tempered distribution f in ft 1, we say that u is a solution
of equation () =1/ ifn € An £ Lx(R"), and

(1.1) I (-Aw)( -A)*v>iT = (/v>> for evei-y e 5(HA3),

Wiexe <S(/?3) is the Schwarz space of rapidly dex-.reasing smooth functions in 723.

In equation (*). we assume that u € Z1(2) and e;w e Lp (J2), where p is the
conjugate exponent of p. so that (=0 has a meaning in the sense of distributions (see
Definition 3.1 of |5]). A first; question of interest is whether one can conclude I,hat
"€ for (*). In Section 2. we give a positive answer to this question.

Recently, a series of works have been done to prove the existence and to study

the qualitative properties of solutions of the following fourth order equation:
? =Q(x)c*u, ie R4

For Q(x) — G Lin |7| has given a complete classification of solutions of this equation
in terms of their growth, or in terms of the behavior of Att at oc. Xu [17], has
obtained similar results by using moving spheres methods. In [8]. concentration
phenomena of solutions of this equation was deeply discussed. Robert and Wei
[9], Imve studied asymptotic behavior of solutions for a fourth order mean held
equation with Dirichlet boundary condition. Martinazzi |10|. and Wei and Xu |14|
gave classifications of solutions for higher order Liouville’s and conformally invariant
equations, respectively. Concentration phenomena and asymptotic behavior of solu-
tions for higher order Liouville’s and a mean field equations was studied in [11, 12j.
Based on these works. Jin et al. [6] have studied the existence and asymptotics of
solutions for equation (**). In Section 3, we extend the results of [6]. by considering
more general functions Q(x). We first obtain the asymptotic behavior of solutions
near infinity, and then prove that all solutions satisfy an identity, which is similar

to the well-known Kazdan-Warner condition.

2. 1/3-BOUNDEDNESS FOR A SINGLE SOLUTION OF EQUATION (-4)??i = Q(x)c3n
Let C R* be a bounded domain and let h be a solution of equation:
)51 (%) = /(m¥) iuglctt\
=0 in Mc,
A)ih =0 ono0

The following lemma is obtained using the arguments of Brezis-Merle [i|-
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Lemma 2.1. ([b\). Let f £ £*(I2), and let. » 6 L*(J2) be a solution of equation
(2.1). Thenfor anyp € (o, |, ~;) tfe following inequality holds:

[ exp3pH dx < C{p. diamf2),
Jn
where. diamJi denotes the diameter of domain Q.
Wo will use Lemma 2.1 to prove the theorems that follow.

Theorem 2.1. Let u be a solution of equation (2.1) xuith. f (= L1(ft). Then for
every constant K > 0 we have
eku€ \ ).

Proof. Letting 0 < t < , we can split the function / as/ = /j + /2 with ||/i||]i < e
and B L°°(Q). Denote by w, (i = 1,2) the solution of the equation

A)*Ui = fi in a

=0 in Qc. 7= 1.2.

Mu,i= 0  on <o

By Lemma 2.1, wo have J{iexp [* ]*] (Ix < oo. implying that /n exp[fc|ui[]t/i <
oc. Using Theorem 1.10 of |4|. we obtain | < |ui|+ 2| and = and the
result follows.

Theorem 2.2. Letu € {}) and (—4)*n GL1oc(Q)- Then for every constant
h > 0 we have
<6 ).

Proof. Without loss of generality, we can assume that Q = Bu(®) is a ball of radius
R centered at © For e small enough, we split ()3« as (—A)%u = fi +  with
||/ ]li < e and G (). Write « « + + uj, where(i = 1,2,3) are
respectively the solutions of equations:

r-A4)i«i=/, in 13n,

<<, = () in(B~)e, i= 1,2.3.

[(-A)aui=0 on ABH
It follows from Lemma 2.1 that efclul G L Loc(Bn). Using elliptic estimates from
|4|. we get Al N) < ¢, implying that ek’ 1€ L\ofBR).

Since (— )*;< (), we have |(-A)-ri3lx,<*(Bsa) ~ ce Taking into account that

n G LLoc(BR), we get \ - \«>( ) < c implying that eb‘3 GL Loc(BR).

Finally, in view of | < |+ | + 3|, the result follows.

Remark 2.1. Note that Theorem 2.2 is a local version of Theorem 2.1.
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Theorem 2.3. Letwu be a solution of equation (*) with Q G Lp(fi), and let eSu G
(fi) for some | <p <o0o. Thenu G °°( ).

Proof. By Theorem 2.1. we have ekn G L'(fi) for all k}that is, eu G /< (fi) for all
r < oc. It follows that Qe3" 6 Lv~&for all 6 > 0 if p < 0o0. and Qe3" G £ r(fi) for
all r < oc ifp = oc. Now, standard elliptic theory and Sobolev embedding theorem
can be applied to conclude thatug ~ ).

Corollary 2.1. Let u ke a solution of equation
M= Qr*« + f(x) init,
u=gl in fir.
(-A)iu = (2 on OQ
with Q G Lv{fy und e3u G Lv (fi) for some < p < oo, where gi, (=G L°°(0fi)
andf € (1) for someq> £ Thenu GL°°(fi).

Proof. Let w be the solution of equation

)%w = f(x) in fi,
=4 in iv\
a)sU = (2 oil Oil.

So that w G L°°(fi). Observing that the function ii = 1 —wu satisfies the equation

)81 = Qe3“e3’, in fi,
=0 in fic,
)rii = 0 on (9fi,

we can apply Theorem 2.3 to complete (lie proof.

Theorem 2.4. Letn G L~ft3) be a solution of equation (**) with Q G Lv{ft3).
and let c3u G (ft3) /or some | < p < o00. Then n G L",c(ft3).

Proof. Without loss of generality, we can assume that fi = Br(0) ¢ ft3. We

fix ¢ > 0 small enough and split Qe31 as QeAn = fi + with [|/i|]i < ¢ and

/2 g L°°(Br). Denote , respectively, the solutions of equations:
Yhii = fi in Bn,
=0 in(ag<s *=1,2.

A)aw =0 on OBu.

It follows from Lemma 2.1 that e*IU|l G L I{Bn). Using elliptic estimates from [4]. we
get . [1*(bp) < c implying that e~2*G LI{Bp). Denotingn3 = n—u\ - , and
observing that /113 is harmonic (see [G|), by the mean value theorem for harmonic

functions, we obtain |4 «3]i,~(B”) < implying that [u3lb«(Bg) < c- Next, using
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the equation (~A)hi = {Qei't)e3u'+:iu* and elliptic estimates from [4]. we get
[[(-A)5Sw]|l *(B~) < c-implying that |[u]|lI*»(j?£) < r, and the result follows.
From results of Brezis and Merle [l|rit follows that a solution u of equation (**)
is bounded from above if it satisfies the equation -JTu = V(x)cu and some other
conditions. This result was used to study the qualitative properties and classification
of solutions for some second order elliptic equations (see |2, 3, 1G|). The following
question arise naturally: do there exist a solution n of equation (**) with JnaQe3u <
4-oc that is bounded from above? The theorem that follows contains a partial answer

to this question.

Theorem 2.5. Assume that the function Q(x) in (**) is bounded away from 0
and bounded from above, and let 1 be a C2 solution of equation (**) satisfying
fR3e2" < 4-00 and u(x) = o(|.r|2). Then u+ € L°°(/?3).

To prove the theorem we need a number of lemmas that follow.

Lemma 2.2. (\LL})- Let n be a C2 function on 114 satisfying:
(a) Qedn is in LI(R4) with0 <m < Q < M for some constants m and M ;
(b) in the sense, of weak derivative, u satisfies the follomng equation:

Then there is a constant ¢ > 0. depending on u, such that |4un|(3-) < ¢ on 7?1, where
o W given by (-4 *)2 (injzhfl) = /30<5,(3).

In fact, = 8.

Lemma 2.3. (\b\). Lei a be a C2 function on Ii4 such that0 < (—A)u(x) < A
on I14 for some constant A, and let fRAQ(y)edn*dy = 0 < oo with0<m <Q <
M. Then there, exists a constant B, depending only on A,m.M and a such that
u(x) < B on R4.

Lemma 2.4. Let n be a solution of equation (**). and let

Then there is a constant ¢ such that u;(x) < 0In{\x\ + 1) + c. where

Proof. For |a| > 4, we decompose K? = A\ UA-, where Ay = {y\ly —x\ <
and A- = {y|ly- x\ > ~}. Fory 6 Au we have \y\ > |r]- [x- y\> > |x- oyl
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which implies

M+ 1
Since \x - jl < |r| + W < |(|/] + 1) for |z|, |i/| > 2 and In\x - y\ < In|x| + ¢ for
x| > 4 and \\ < 2. we have

wWx) - "~ 1A nb *» QueM'l)y

- 7Ny f I»[i] + r=0In(|x] + 1) + c.

Lemma 2.5. Letwn be a solution of equation (**) vnth u(x) = o(|x|2). Then A?i(;r)

admits the following integral representation:

~ — ,4.|.

Proof. Let V = un 4-t«. It is obvious that (-4)5r = 0 in A3. Using arguments
similar to that of applied in Lin [7], for any xq GR3 and r > 0. we obtain

6m2r2exp f ~-Nv(a:0)) < e 3v(3°) / e3vda.
\ / 7|T-.r0]=r

Since V= n 4-w < u(x) + 0In\x\ + ¢, by Lemma 2.4. we have

Thus. Av{xq) < 0 for all .tq 6 A3. Ry ljiouville’s theorem, A6 (.T) = —a in R3 for
some constant c\ > 0. Hence, we have
1 r 0(n)r.3u(v)

(2.3) A«(x) = -—r i_>p dy-

Now, we claim that = 0. Otherwise, we have Ju(x) < —ci < 0 for |.r] >Ro
where Ro is sufficientlylarge. Let h(y) = u(y) 4-e\y\2+ A {\y\2—/£() *). where e is
small enough such that for |[y| > Rq

(2.4) ON(K)= Mn+8 < - —<0.

and A is sufficiently large so that | Tnlf'l h(y) is achieved by some yo e A3 with
ly|>/1o

lyo| > Ri). Applying the maximum principle to (2.4) at yo, we get a contradiction.
Hence, our claim is proved.
Proof of Theorem 2.5. By Lemma 2.5 and the proofs of Lemma 2.2 and Lemma
2.3, our conclusion holds.
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3. Qualitative properties of solutions of equation (- )iy = Q(x)e3*

lii this section, wo study the qualitative properties of solutions of equation (**).
In view of our Theorem 2.5 and Chen |3j. we obtain the following theorem.

Theorem 3.1. Assume that Q(x) is a positive C1 function bounded away from 0
and from above, and u is a C2 solution of equation (**) satisfying JRte3udx < oc
and u(x) = °(|x|2). Then
(3.1) -0In(\x\ + 1) —c < u(x) < -0In(\x\ + 1) + ¢ for some /3> 1.
Furthermore., the following identity holds:
(3.2) [ {x,VQ)e3udx = 3tt2/9(/3 - 2).
Jn*
We first prove a number of lemmas.
Lemma 3.1. Assume that v satisfies the assumptions of Theorem 3.1, then
?nz( —>fi uniformly as \x\ —oc,

where. w(x) and fi an: as in Section 2.

Proof. We need only to verify that

r In\x  y\- In(ly|+ 1) - In|x| ,w 4 s . Vs
K Q(,,)c Y—»0as|xj 00.

Write / = ly+ |-+ /3, where /1,/ , /3 stand for integralsover theregions D\ = {y
K-WN<1}.D2=1Y :\x- 21> 1and W\ < k) and D3 ={y :\x- y\ >land W\ >
k}, respectively. Assume that |x| > 3.

(a) To estimate , we simply notice that

I.1<C f Q(v)eM ,)dy — ( In\x - y\Q(y)e3*dy.

Tlion by the boundedness of QciH (see Thmrern 2.5) and JR3 Q(y)r?n(v\ly, we see
that I\ -¥ 0 as |x| -> oc.
(6) For each fixed k. in region D2, we have, as |x| -> oc,
In\x y\ ~ In(\y\ + 1) - In\x\
In\x\
Hence, / -* 0.
(c) To see that /3 -> 0, we use the fact that

Hn\x - y\ - /n(ly] + 1) - In\x\'1
In\x\

for |j: —y\ > 1. Then letting k —>00 the result follows.
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PRIORI ESTIMATES AND ASYMPTOTIC PROPERTIES
Lemma 3.2. Assume that n satisfies the assumptions of Theorem 3.1. Then
j > )eSt<,dlt + &
where is a constant.

Proof. By Lemma 2.5, we have [i(n + v = 0 in /13, and by Theorem 2.5, we have
u+ 6 I'*-. Hence, in view of Lemma 2.4. we conclude that u + tu < dn\x\ + c. Since
n + w is harmonic function, by the gradient estimates of harmonic functions, we

obtain u(x) + w(x) = c.

Lemma 3.3. Assume that u satisfies the assumptions of Theorem 3.1. Then u(x) >
—0In(\x\ + 1) —c and f) > 1.

Proof. By Lemmas 2.4 and 3.2, we obtain
u(.r) > —PIn(\x\ + 1) —c.
From the above inequality and fRie3udx < +o00. we get /5> 1.

Lemma 3.4. Assume that u satisfies the assumption of Theorem. 3.1. Then u(x) <
—#/n(|x] + 1) + c.

Proof. Observe first that for [x —y\ > 1, we have
M < I* DKM+ 1)
Hence
Mx| - 2In(ly] + 1) < In\x-y\- (n(M + 1).

Therefore, we can write

ce(l) > MNT ("M - 2% (ly[ + 1))0(v)e3"sl iir/

s e v+ ibiyem )y

> 0ln\x\- ¢ f Q(y)e™'j)dy
AT J|x-vI<i
+ f In\x - »|<3(v)n3“U i)/
ij3In(]y\+ 1NQ (y)erdy =0InW\+h +1i+h.
Taking into account the fact that —>—0 and /3 > 1. and the boundedness

of Q{x), we conclude that ,1 —»0 as |x| —>oc. and /3 is finite. Therefore
w(x) > filn(\x\ + 1) —c. Finally, by Lemma 3.2, we have u{x) < —tiln(\x\ + 1) -He.
Proof of Theorem 3.1. The assertion (3.1) follows from Lemmas 3.3 and 3.4.
while the assertion (3.2) follows from Lemma 3.2 and Theorem 1.1 of |18|.
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