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AwnnoTayus. B paboTe JoKa3biBaeTCA eANHCTBEHHOCTb cneja C*-anre6p n-ne-
PUOAMYECKNX MPOM3BEAEHMIA MPON3BONBHBLIX CEMEACTB rpynn 6e3 WHBONKOLUMIA.
Mokas3aHo, 4To CBOGOAHbIE 6epHcaiifoBbl rpynnsl B(T, M) n ux rpynnsl asTo-
MOP(U3MOB Takxe 061a4al0T CBOMCTBOM efMHCTBEHHOTO cneja. MokasaHo Tak-
Xe. uTo n6as cueTHas rpynna BKNajblBaeTCA B HEKOTOPYIO 3-MOPOX/AeHHyra
rpynny co CBOCTBOM eAWHCTBEHHOTO Cneja, a Nto6as cuyeTHas Nepuojuveckas
rpynna orpaHWYeHHOro nepuoja 6e3 MHBONIOLWIA BKNafblBaeTC B HEKOTOPYHO
J-nopox/eHHyio nepuoguueckyio rpynny C orpaHuyeHHOro nepuoja co CBOIi-
CTBOM efWNHCTBEHHOTO cnefja. Mpu aTom B KauecTBe rpynnbl G MOXHO BblGpaThb
KaK MpoCTyto, Tak W He MPOCTYyH rpymnmny.

MSC2010 number: 20F50, 20E06, 20F28, 22D25.

Kniouesble cnosa:lnepuoguyeckas rpynna; nepuoguyeckoe npovssefeHune rpynn;
rpynna aBToMopgu3MoB; npusegeHHas C*-anre6pa rpynmoi.

1. Beepgenune

[ina 3afaHHON (AMcKpeTHOM) rpynnbl G 0603Hayum yepes { ) runb6epToBo Npo-

CTPaHCTBO BCeX (PyHKumii / : G — C, gna kotopbix pag Y1 \I(y)\2 cxoauTes, a
ffSO"

yepes ' (/ (E7)) o603HauMm C*-anre6py BCeX OrPaHUYEHHbIX IMHENHbIX 0NepaTopoB
Ha h{G). MycTb Xc mG —>23(/ ((7)) ecTb neBOe perynsapHoe npeacraBneHne rpynneol
G, 3apaBaemoe dopmynoii (Ng(<7)(/))(s) = f{y~1s) ansa Bcex g,s e G. Mo onpe-
feneHuto, npueefeHHas C*-anre6pa rpynnbl G eCTb 3aMblKaHUe NMHERHOW 060104KK
MHOXecTBa € G] oTHOCMTENbHO OMepaTtopHOi HopMbl. OHa 0603HavaeTcs
yepes Crcd{G). Cnegom C*-anre6pbl A HasbiBaeTCA NGO NONOXKMUTENbHbIW NUHEN-

Hbli pyHkumoHan T : A —» C Takoif, yto T(1) = 1 u T(ab) = T(ba) ana Bcex

1MccnefoBaHns NepBoro aBTopa GbiNW MpoBedeHbl Npu MofAepXKe LieHTpa MaTeMaTuyeckux uc-
cnefoBaHuil Npu hUHaHCOBOM noajepxxke MocyAapcTBEHHOro KomMuTeTa no Hayke MOH PA B pamkax
Hay4Horo npoekta 10-3/1-41.
WccnegoBaHus BTOpPOro aBTopa 6blnv nposedeHbl npu (uHaHcoBoi noagepxke TKH MOH PA B
pamMKax Hay4HoOro npoekta 15T-1A258.
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a,b e J1. FoBopaT, uTo rpynna G o6nagaeT CBOMCTBOM eANHCTBEHHOrO Cneaa, ecnu ee
C*-anre6pa Cred(G) umeeT efJMUHCTBEHHbIN (T.e. TONbKO KaHOHWYECKWIA) cneq.

B pa6orte [1] Moyepcom 6bina fokasaHa, 4To cBOGOAHAA rpynna paHra 2 o6nagaet
CBOCTBOM eAMHCTBEHHOrO cnefa. Bcnep 3a aTUM pasHble aBTOPbI yKasanu apyrue
VHTepecHble Knacchbl rpynn, C*-anre6pbl KOTOPbIX UMEIOT eANHCTBEHHbI cnes. B pa-
60T1e |2| A. HO. OnblwaHcknii n . B. Ocun gokasanu, 4to 4NA JOCTATOYHO 60MbLUINX
HeyeTHbIX N cBo6OAHble GepuelifgoBbl rpynnbl B{T.n) nepuoga N u paHra T > 1
06najaloT CBOWCTBOM eJMHCTBEHHOrO cnefja, a anrebpa Cra {B{vi. )) ABNsAeTCA Npo-
cToli anre6poii. 1o HefaBHWUX NOP GblN OTKPbLIT CTapblii BONPOC 06 3KBUBAaNEHTHOCTH
cnepylowmx AByx ycnosuid (cm., Hanpumep, [3], Bonpoc 4):

1) C*-anre6pa rpynnbl G uMeeT eANHCTBEHHbIW Cneg;

2) rpynna G nmeeT TpMBUanbHbIi aMmeHaGenbHbI pagukan.

HanoMHnM, 4To ameHaGenblibiM pajguKanoM rpynmbl HasbiBaeTCs ee HanGonbluas
ameHabenbHasa HopmanbHas nogrpynna. Kak nokasan M.[03i [4], no6as rpynna o6-
nafaet amenabenbnbiM pagnuKanom.

B pa6oTe [5 Ha yKasaHHbIi BONpoC 6bln Aail NONOXWUTENbHbIA O0TBET. A MMEHHO,
6bIN10 A0Ka3aHO, YTO ameHabenbHbI pagukan rpynnel G TpuBManeH Toraa v TONb-
Ko Toraa, korga C*-anre6pa Cred(G) gaHHoi rpynnbl G uMeeT efUHCTBEHHBbIV cneg.
Kpome Toro, B aT0ii e paboTe [5) 66110 AaHO elue OfHO [0Ka3aTeNbCTBO €ANHCTBEH-
HocTu cnepa C*-anrebp cBo6oAHbIX 6epHcaifoBbix rpynn B(T,n) 40OCTaTOYHO 60/b-
LIOro HeYeTHOro nepuoga. [iokasaHa Takxe npoctota anre6p Crcd{B{m,ri)) ucnonb-
3yloLWmnX HeKoTopble cBolicTBa rpynn B(T,n), ykasaHHble B paboTtax [6] u [7]. Bonpoc
npoctoTel C*-anrebp -nepuoguuecknx NpoussedeHunit nccnefosax B [8j.

Llenblo HacTosLLel 3aMeTKM SBNAeTCA f0Ka3aTe/IbCTBO eMHCTBEHHOCTU cnepa C*-
anrebp Bcex HETPMBUANbHbIX 7i-NePUOJUYECKNX MPOU3BEAEHUI NPON3BObHbIX CEMeCTB
rpynn 6e3 MHBOMOLWIA. MOHATNE NEpPUOANYECKOro MPONU3BeAeHUs AaHHOro nepuoaa
n (T.e. -NepuojMyeckoro nNpousBefeHMs) AaHHOro cemeiicTea rpynn 6bl-
no BBefeHo B pabote C.M.Apgana [9) (cm. Takxke [10]). STa onepauus, o603Hauvae-

mas 4epes [1 nG'i, onpegensieTcs Ha knacce BCeX rpynn AN KaXAoro HeyeTHOro
e/
n > 665 kak (hakTop rpynna cBo604HOr0 NPOM3BeAeHNS 3aaHHOrO cemeiicTBa rpynn

F = [1*cn no cneynanbHO BbIGPAHHON HOpPManbHOW MoArpynne, Kotopas
i€l



CBOWCTBO EJVWHCTBEHHOIO CNEJA

3aflaeTCA HEKOTOPOIi CUCTEMON ONpesensatoLnX COOTHOLLEHN Buaa An = 1 ¢ npume-
HeHMeM CI0XHOI COBMECTHOI MHAYKLMM HO HaTypanbHOMY MapameTpy, Ha3blBaemo-
My paHrom (cm. [11-12]). B pa6oTe |13| npuBeAeHbl pasnnyHbIMW WHTEPECHbIE CBOIi-
CTBa N-NepuoauYecKux npousseseHunid. MockonbkKy cBO60AHbIE GepHCalifoBbl Fpynmbl
B(T,n) n3oMoOpdhHbI  -MepUOANUCCKOMY NPOU3BEAEHNIO T LUKANYECKUX rpynn no-
pagka n (cm. [9, Teopema 5]). TO Mbl NONyYaeM CyLLECTBEHHOE YCUNEHWE pPe3yNbTaToB
[2] v [5) o cBoOliCTBE €AMHCTBEHHOTO Cnefa CBO6OAHbLIX 6epHCaiigoBbix rpynn. Mokasa-
HO, YTO rpynnbl aBTOMOP(X3MOB rpynn B(Tn.n) Takxe 06nafaloT CBOCTBOM efuH-
CTBEHHOTO cnefa. Kpome TOro, Mbl JOKaXKeM, YTO 1t06as cyeTHas rpynna usoMophHo
BK/a/lblBaeTCA B HEKOTOPYH 3-MOPOXAEHHYIO Fpynny CO CBOACTBOM efANHCTBEHHOrO
cnefa, a Nobas cueTHas nepuoguueckas rpynna H orpaHuyeHHoro nepuoga u 6es
VIHBOMIOLMI BKNafblBaeTCH B HEKOTOPYIO 3-MOPOX/EHHYIO Nepuoaunyeckyto rpynny G
OrpaHNUYeHHOro Mepuofa Co CBOWCTBOM eANHCTBEHHOTO cnefa. Mpu 3TOM B KadyecTse
rpynnbl G MOXHO BbIGPaTh Kak NPOCTYLO, Tak 1 He NpoCTyto rpynmy.

2. ®opmynuposku pesynstatos

Teopema 2.1. n-nepuoanyeckoe Npou3BefeHNe NPOU3BONLHOIO cemeiicTga rpynn
6e3 MHBONIOLMIF 06nafaeT CBOWCTBOM €AMHCTBEHHOTO Cneja Npu N60M HeueTHOM
n > 1003.

Kak yxxe 0TMeTUNM Bbillie CNPaBeAsnBO Credylollee yTBePXAeHMe.

Nemma 2.1. (cm. [5, Teopema 1.6] u |14. Teopema 5.2 \) iuckpeTHas rpynna
G o6nagaeT CBOWCTBOM eAMHCTBEHHOTO Crefja TOrga W TONbKO TOrja, Korja ee
amMeHabenrbHbIi pagnkan TpuBnaneH.

MoaTomy Teopema 2.1 3KBMBANEHTHA CeAytOWEMY YTBEPXKAEHUIO.

Teopema 2.2. n-nepuoanyeckoe Npou3BeAeHe NPOU3BONLHOTO CeMeiicTBa rpynn
6e3 MHBONOLMIA UMeeT TPpUBUaNbHbIA aMeHabenbHbli pagukan npu Nlo6om HeyeTHOM
n > 1003.

Cnepcteue 2.1. CeobogHble GepHcaiifosbl rpynnel B{in,n) obnagawT cBOWCT-
BOM e[MHCTBEHHOrO cnefja nNpu nNo6oM HeyeTHOM m > 1003 u ana noboro paHra
T>1
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Teopema 2.3. pynna asTomopdusmos Aut(Fm) cso6ogHoii rpynnel Fm wu rpyn-
na asTomopgunamos AuL(D(m,n)) ceobogHoii GepHcaiigosoii rpynnel B{T.n) obnapa-
eT CBONCTBOM eANHCTBEHHOTO cneda Ans Ntoboro paHra T > 1 v npu No60M HeyeT-

Hom nm > 1003.

Teopema 2.4. Jliobas cyeTHas rpynna u3oMop(HO BKNaAbIBAETCA B HEKOTOPYIO

3-M0OpO>K/EeHHYI0 rpynny co CBOWCTBOM eNHCTBEHHOTO Meja.

Teopema 2.5. Jllobam cueTHas nepuoguyeckas rpynna H orpaHnyeHHoro nepu-
ofa u 6e3 WHBONOLMIA MOXKHO BNOOICUTb B HEKOTOPYIO 3-MOPO>K/AEHHYIO nepuoanye-
cKkytlo rpynny G orpaHuM4eHHOro nepuoja co CBONCTBOM eAWHCTBEHHOro cneja. Mpw

9TOM B KayecTBe rpynnbl G MOXHO BbIGpaTb Kak NpocTyl, Tak v He NpocTyio
rpynny.

Teopembl 2.1 n 2.2 6yayT fOKasaHbl B pasgene 3, a Teopembl 2.3 2.5 6yayT

floKa3aHbl B pasfene 4.

3. Lokasatensctso Teopem 2.1 n 2.2

MockonbKy Teopembl 2.1 1 2.2 3KBMBANEHTHbI, TO Mbl OKaXeM TO/IbKO Teopemy 2.2.

JloKa3aTenbCTBO TeopeMbl 2.2. PacCMOTPUM rbliepnoAnyeckoe nNpoussefeHne
G = N "Gi npoussonbHoro cemeiictsa rpynn {C»}*€/ 6e3 MHBONOLNA U NOKAKEM,
4yTo e:eegmemaﬁenbnblﬁ pagukan TpusmaneH.

B pa6oTte (15) 6bI10 AOKa3aHO, YTO Ta-HEpPMOAWYECKOe MpPou3BefeHue cemeiicTa
rpynn {Gi}ieJ 6e3 mHBonouuii ecTb hakTop rpynna F/M cBo6oaHOro nponsBefe-
Hus F — LW 61 Gi no HopmanbHOI noarpynne M, KoTopas 04HO3Ha4YHO onpeaenseTcs
cneayoLwmnMmn yCnosuamm:

a. nogrpynna M umeeT TpMBManbHOe nepeceyeHne CoO BCEMU KOMMOHeHTamu (7,,

b. nogrpynna M fBnseTcs HOpManbHbIM 3aMblKaHMEM HEKOTOPOro MHoXecTsa
cnoB Buga Cu e F, npuuem, ecnn anemeHT X 6 F He conpsxxeH B F/M Hukakomy
3M1EMEHTY M3 KOMMOHeH T G\, To X i1 = 1 B hakTOp rpynne F/M.

C nomoLblo Takoro OnucaHus n-nepuojuyecknx npounssegeHnii B pabote [15] go-

Ka3aH TakKxke CrefytoLnii pesynbTar.

Nemma 3.1. (cm. [15, Teopema '1\) MycTb G ecTb N-Nepuoanyeckoe npoussege-
Hue npoussonbHoro cemeiicTea rpynn {Gj}iei 6e3 uHsonouuit, rge n A 1003  npo-
13BONbHOE HeuyeTHOe uncno. Torga KaXkaas Heuuknnueckas nogrpynna H rpynnel G,
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CBOWCTBO EAVMHCTBEHHOIMO CNEAA

KOTOpas He COMpsA>KeHa HUKaKoi noarpynne KOMNOHeHT GX. COAEPXKUT NOArpynny,
13oMopdHyt0 cBo6OAHON Nepuognyeckoii rpynne B(2.n) paHra 2.

OTO yTBEpXAeHWe Mbl UCMOMb3yeM ANA [OKa3aTeNbCTBa TeopeMbl 2.2. XOpOLUO
13BECTHO, YTO NOATPYNMbl aMeHabeNbHbIX rPynn ToXe ameHabenbHbl. [103TOMY Kax-
fas Heuuknuyeckas moarpynna H rpynnel G, KOTOpas He COMPSXEHa HU C Kakoi
noArpynnoii KoMnoHeHT C,, fBNAeTCA HeameHabenbltoi. [leiicTBUTENbHO, U3 NEMMbl
3.1 cnegyeT, 4To H coOAepXuT noarpynny, W30MOpP(HY CBOGOAHOW NepuofnYecKoii
rpynne B(2,n) paHra 2, a no knaccuyeckoit Teopeme C. . Aasana (cm. [G Teopema
5)). rpynna B(2,7?) He ameHabenbHa.

Takum o6pa3om, B rpynne C ameHabenbHbIMKU ABAAIOTCA TONbKO ameHabesbHble
noArpynmnbl KOMMNOHEHT Gi AN CONPsXXKeHHble UM NOArpynnbl rpynnel G. Mokaxem,
YTO HW OfjHa HeTpUBMaNbHasa noarpynna rpynnel G. KoTopas conps)eHa Kakoii-nn6o

nogrpynne 11 ofHoii U3 KOMMOHEHT G, He sABNfETCA HOPManbHOW NoArpynnoii B G.

Nemma 3.2. Jliobas nogrpynna H KOMNOHeHTbl Gi «aHTNUHOPMaNrMa» Npu nio-
6om i. T.e. n3 X &Gi ciegyeT xHx 1 4 =1

[lokasaTenbCTBO. HanmOMHMM, 4TO COrNacHO ONpeAeNneHnto NepuoanUeckux npo-
13BeflEHN 3NEeMEHTbI BCeX KOMMOHEHT ABNAIOTCA NOPOXAAOLWMMU, T.e. UMEIOT ANNHY
1. PaccmMOTpUM Npomn3BONbHbLIA anemeHT xh x 1, rae re H n x &Gi. Bbibpas o pgo-
CTaTO4YHO 6OMbLUMM, MOXEM cUuTaTh, 4To X € Hal)./Ea u xhx~] E &qg. Mokaxem,
4Tto cnoBo x h x 1 aBnseTca abCONOTHO NPUBEAEHHBIM CNIOBOM.

JlonycTuM, 4TO NPU HEKOTOPOM B BbINONHEHO COOTHOLWeHMe xhx 10 Kp. Bbibepem
Takoe  MUHWManbHbIM. Torga B cuny [11, 1V.1.19] HaligeTcs HEKOTOpPOe HOPMUPO-
BaHHOe BXOxfgeHue V e Hopm(/3,xhx 1.n - 217). flonycTum, 4to V = P *E *Q.
Moxem cuntaTb, 4To 3< a. B cuny nemmbl [11, 1V. 1.18] HenpuBoguMble NOACNOBA
x 1 X 1He moryT cogepxatb 6onee (n + 1)/2 + 42 yyacTkoB. M03TOMY, anemMeHTap-
Hoe cnoBo E paHra {3 umeet Bug E = xiiixb, rae BbifeneHa LeHTpanbHas 6yksa h
HecokpaTtumoro cnosa x h x 1. Mpu aTom Kaxpaoe n3 nogacnos x\ n .c cnosa E copgep-
XWUT He 6onee (n 4-1)/2 4-42 y4acTKOB, a 3HA4UT, U He MeHee 2p y4acCTKOB, TakK Kak
n—217- ( + 1/2 + 43) > 2p. 3TN BXOXKAEHNA 3NEeMEHTaPHbIX 2p-CTeHeuel Xi n
cornacosaHbl, Tak Kak BxoncAeHve V aBnseTca ux obwum npogomkeHnem. Torpa B
cuny nemmbl [11. 11, 5.17] noacnoBa Xi W X- pPoACTBEHHbI. Be3 orpaHnyeHuns o6LyHO-
CTW, MOXEM CYMUTaTb, YTO A/INHA XYy He 6onblue AAnHbI A . Torga .r*16yget Hayanom
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X-. OTO 03HAYaeT, YTO 3/1eMEHTapHbIe p-CTenenu X 1 .T- TOXe POACTBEHHbI, a 3TO
npotusopeunT [11, I, 5.22]. CnepoBatensHo, nmeem xh x 1€

Ecnu Tenepb ans Hekotoporo 1\ 6 H numeeT mecto paBeHcTBo h\ = xhx ' B G,
To B cuny |11, IV. 2.16| paBeHcTBO /ii = x h x 1 cnpaBegnnBo Takxe B CBOGOAHOM
npowssefeHun cemeiictea rpynn {Gt}i%i- Ho ato npotusopeunt ycnosuio x  G{.
JNlemma 3.2 gokasaHa.

W3 nemmbl 3.2 cnefyeT, YTO BCE MOATPYNMbl KOMMOHEHT 6'i (u wx COMPAXEHHbIE)
He ABNAIOTCA HOPMa/bHLIMW NOATPYNNamMn B -Nepuofnyeckom nponssegesum G. Mo-
3TOMY Hanbonblias ameHabenHas HopManbHas noArpynna rpynnsl G TpuBManbHa, T.
e. aMmeHabenbHbIA pagukan rpywisl G TpuBmaneH. Teopema 2.2 foKa3aHa.

4. loxasatensctso Teopem 2.3 - 2.5

[loka3aTenbCTBO Teopembl 2.3. [lokaxeMm, 4yTo rpynna Aut(Fm) umeer Tpueun-
anbHblii ameHabenbHbl pagukan. Mpegnonoxum, 4to A ameHabenbHbI pagukan
rpynnbl Aut(Fm) n A - HeTpuBuanbHas nogrpynna. Ecnn a npom3BoNbHbIA aBTO-
MOp(n3M HeKOTOpPOI rpynnbl G, a iff - BHYTPeHHUI aBTOMOPhU3M 3anemeHTa 4 € G,
TO Nnerko nposepsemas opmyna a oigoa 1= i nNokasbiBaeT, YTO LeHTpanmsa-
TOP rpynnbl BHYTPEHHUX aBTOMOP(HMU3MOB MPOWU3BO/bHOI FPYNMbl C TPUBUANbHBIM
LIEHTPOM TaK)Xe TPUBMaNEH.

Mycte Inn{Fm) rpynna BHYTPeHHWX aBTOMOP(N3IMOB CBOGOAHON rpynnbl Fm.
C 0fjHOI# CTOPOHBI, N3 TPUBUANLHOCTM LieHTpanu3aTopa CaunpT)(Inn(Fm)) cneayer,
4TO nepeceyeHne HopManbHbIX nogrpynn AC\Inn(Fm) saBnseTcs HeTpMBManbHOIi ame-
HabenbHON HopmanbHoi nogrpynnoid B8 Inn(Fm) (noarpynnsl ameHabenbHbIX rpynn

ameHabenbHbl). C Apyroii cTOpoHsl, Tak Kak Inn(Fm) nsomopdHa cBo6oaHol rpyn-
ne Fm, To no Teopeme HunbceHa Llpelicpa HeTpuBManbHas HopmanbHas nogrpynna
A Inn(Fm) n3omopdHa cBo6ogHOl rpynne HekoToporo paHra > 1. CornacHo wus-
BECTHOI Teopeme (hoH HelimaHa 0 HeameHabenbHOCTU CBOGOAHBLIX Fpynn paHra >1,
rpynna A /nn(Fm) HeameHa6enbHa. lMony4yeHHOe HPTWBOPeUMe [0KasblBaeT, YTo
ameHabenbHbll pagukan A rpynnsl Aub(Fm) TpusuaneH.

Tenepb fOKaXeM, 4TO ameHabenbHbIii pagukan A rpynnel Aut(B{m,n)) cso6oa-
HOVA 6epnelifoBoit rpynnbl B(T,n) roxe TpuBManeH Npu HeyeTHbIX N > 1003. Mpeg-
NONOXWM, 4TO A HeTpuBManbHas ameHabenbHas HOpManbHas NoArpynna rpynmbl
Aut(B{m, )).



CBOWCTBO EAMHCTBEHHOIO CNEJA ..

Mpexpe BCero, HaNnoMHUM, 4TO B cuny Teopembl [11, rn. V1. Teopema 3.4) LeHTp
rpynnel B{T.n) TpuBnaneH Ann BCcex HeuyeTHbIX > 665. MosTOpAs NpefpblayLlve
paccyX/eHus, Mbl NPUAEM K BbIBOAY, YTO nepecedeHune

A Tnn(B(lo,n)) = N

ABNAETCA HETPUBMANLHON aMeHabenbHOW HOPManbHOW MOArpPYNMoi B rpynne BHYT-
peHHUX aBToMmoptusmos Inn{B(T,n)). [okaxem, 4To HopmanbHasa nogrpynna N
6ecKoHeuHa.

Mockonbky Inn(B(7T,n)) v B(T,n) nsomoptHbl (B cuny TPMBNANLHOCTYW LieHTpa
B(T,n)), TO MOXHO cunTath, 4To N ABNSAeTCA HOPManbHOW nogrpynnoii 8 B(T,n).
Aapo romomopcusma / 1 B(T,n) —Aut(N) conocTaBnfIOLEro KaXA0MY 3NEMEHTY
A 6 B(Tn,n) orpaHnyeHne Ha N BHYTpeHHero aBToMopusma anemeHTa [, CoBnajas
eT ¢ ueHTpanusatopom C nogrpynnbl N B B(T,n). Ecnm 66l N 6bina 6bl KOHEUHO
noArpynnoii, To KOHOYHbIM 6bin 661 1 Aut(N). Mo Teopeme [11, rn. VI, Teopema 3.1]
LleHTpann3aTop N6oro HeTPUBMaNbHOro anemMeHTa rpynnel B{T,n) unknuyeckas
rpynna. CnegosaTenbHO U3 KOHEYHOCTU N BbITEKANo 6bl Take KOHEUHOCTb LieHTpa-
nusatop C. Torga v rpynna B(Tn, n) 6bina 6bl KOHEYHON, NOCKONLKY (hakTop rpynna
B{T.rr)/C BknagbiBaetcs B Aut(N). 3To npotnBopeuunt Teopeme [11, rn. VI, Teopema
1.5|, ‘cornacHo koTopoii rpynna B{T,n) 6eckoHeyHa. Takum o6pa3om, HOpManbHas
nogrpynna N <Inn(B(T,n)) 6eCKOHeYHa 1, B YaCTHOCTY, He ABNAETCS LUKNINYECKON
noarpynmnoi.

W3 nsomopcHocTy rpynn Inn{B(T,n)) n B(Tn.n), B cuny Teopembl 1 paboTbl
[7]. cnepyeT, uTo Heuuknuyeckas nogrpynna N COAepPXWUT NOArpPYNny W3OMOP(HYO
rpynne B(2,n). Kak y>e oTMeTunu Bbiwe, B cuny [6, Teopema 5] rpynnel B(2. n) Hea-
MeHabenbHbl N8 BCEX HEYeTHbIX N > 665. Toraa nogrpynna N Toxe HeameHabenbHa,
Tak Kak CofilepXXnT HeameHabenbliyto noarpynny B(2, n). Takum o6pa3om nonyyaercs,
uyto N 1 amena6enibna n HeameHabenbHa. MpoTMBOpeUNe 3aBepLLaeT 40Ka3aTeNbCTBO
Teopembl 2.3.

[lokasaTenbcTBO Teopembl 2.4. MMycTb G Npou3Bo/abHaA cyeTHaa rpynna. B
cuny u3BecTHoll Teopembl I.XurmaHa, b.MoiimaHa n X.HolimaHa, rpywia G Bkna-
[bIBAeTCA B HEKOTOPYIO 2-MOPOXAEHHYO rpynny . PaccMoTpum cBo6ogHOe npous-
BefeHune I * Z 6GeckoHeuHol Lmknuyeckoit rpynnbl Z na [. Fpynna [ * Z asnset-
€A 3-MOPOX/EHHON rpynnoii, cogepxalleil n3omoptHyto konuio rpynnel G. Jliobas
HeTpuBManbHas HOpManbHas NOArpynna aToro NPOM3BeAeHUs COAEPXMUT noarpynny

9
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130MOpGHYI0 CBOGOAHOI rpynne paHra 2 (cm., Hanpumep, [10, cnegcTeue 3.6.3]) 1 no-
3TOMY He ABNAETCA aMeHabenbHOM rpynnoii. 3HaunT ameHabenbHbI pagukan rpynns

[ *Z TpuBunaneH. Teopema 2.4 foKa3aHa.

[oka3zaTenbcTBO TeopeMbl 2.5. MycTb C  Npon3BO/IbHAA CUYETHAA Nepuoamnye-
cKas rpynna HekoToporo OrpaHMYeHHoOro nepnofa K 1 6e3 MHBOMOLNIA. Torga K MOX-
HO CUMTaTb HEYETHbIM YNCNOM. Bocnonb3yemcs cnefytowmm pesynstatom u3 [17).

Nemma 4.1. ([17. cneacTtve ' .2\) Aina Ka>kKAoro HeyeTHoro n > 1003 nw6as
cyYeTHas rpynna nepuoga n BKNafblBaeTCH B HEKOTOPYK 2-MOPO>XKAEHHYI rpynny

nepuoga n.

B cuny nemmbl 4.1. rpynna G BKNaAblBaeTCA B HEKOTOPYHO 2-MOPOXAEHHYIO rpyn-
ny I nepuoga n, rae n > 1003 npon3BoibHOE HEYETHOE YNCIO, KOTOPOE AE/INTCA Ha K.
PaccmoTpum n-nepuogmueckoe npoussegeHue I *Ze LMKAMYECKON rpynnbl Zs Npons-
BO/IbHOTO HEYETHOro nepuoaa s Ha . 9T0 npomssefeHne ABNAETCA 3-MOPOXKAEHHOM
rpynmnoii, KoTopas COAEPXMUT M3OMOPHHYIO KOMWIO rpynmbl [ B CUAY TOUHOCTH Onepa-
UM -nepuoguyeckoro npoussedeHns (cm. [9, Teopema 3|). CnefoBatenbHO v rpynna
G BknagbiBaetcs B T *ZS. Mo Teopeme 2.1 rpynna M *Z, o6nagaeT CBOWCTBOM ef1H-
CTBEHHOro cnefa. OcTaeTcs BOCMONb30BATLCSA KPUTEPUEM MPOCTOTbI NePUOANYECKNX
npoussefeHnin, aokasaHHbIM C.U.AasHom B pa6oTe [18]. CornacHo aTomy Kputeputo
rpynna I *ba npocTa Torga v TobKO TOrAa, KOrAa Yncna 3m i1 B3auMHO MpoCThbl.

Teopema 2.5 fjoKa3aHa.

Abstract. In this paper we prove the unique trace property of C'-algebras of n-
periodic products of arbitrary family of groups without involutions. We show that
the free Burnside groups B(m,n) and their automorphism groups also possess the
unique trace property. Also, we show that every countable group is embedded into
some 3-generated group with the unique trace property, while every countable periodic
group of bounded period and without involutions is embedded into some 3-generated
periodic group G of bounded period with the unique trace property. Moreover, as a
group G can be chosen both simple and not simple group.
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Abstract. This paper is concerned with the question of existence of solutions
for one-dimensional higher-order semi-linear fractional differential equations
supplemented with nonlocal strip type boundary conditions. The nonlocal

strip condition addresses a situation where the linear combination of the values

of unknown function at. two nonlocal points, located to the left and right hand

sides of the strip, respectively, is proportional to its strip value. The case of

Stieltjes type strip condition is also discussed. Our results, relying on some
standard fixed point theorems, arc supported with illustrative examples.

MSC2010 numbers: 34A08, 34B15.
Keywords: fractional differential equation; nonlocal condition; strip; existence; fixed

point.

1 Introduction

In this paper, we consider a new class of boundary value problems of Caputo
type fractional differential equations of arbitrary order involving a nonlocal sub-strip

condition given by
cD4x(t) = f{t,x(t)), n- 1<g< ,n>2 tGI[0,1],

(11 ,r(0) = x'(0) = x"(0) = ... = x<"-2)(0) = 0,

ax(C0 + 6i(C2) = c [ x(s)ds, 0< <7< <( <1,
Jn

where / :[0,1] x R -* R is a given continuous function, and a, 6,c are real constants.

In (1.1), the nonlocal strip condition can be interpreted as follows: the linear
combination of the values of unknown function at two points Ci and £ , located to the
left and right hand sides of the strip, respectively, is proportional to its strip value
(J* x(s)ds). This situation has interesting applications in oil exploration (geophysics)
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and acoustic scattering (scattering from a strip together with some nonlocal scatterers
off the strip located 0Olla given boundary).

The interest in the study of fractional calculus mainly owes to its extensive theoretical
development and widespread applications in a variety of disciplines such as biological
sciences, ecology, aerodynamics, control theory, viscoelasticity, electro-dynamics of
complex medium, electron-analytical chemistry, environmental issues, etc. The nonlocal
characteristic of fractional-order differential and integral operators helps to trace the
past history of several materials and processes, and thus fractional calculus’ tools have
contributed toward revolutionizing the traditional mathematical modeling techniques
based 011 integer-order calculus. More details 011 the topic can be found in [1]-[7].
Fractional-order boundary value problems involving classical, nonlocal, multi-point,
periodic and anti-periodic, fractional-order, and integral boundary conditions have
recently been investigated by many researchers (see, [8]-[26], and references therein).
The paper is organized as follows. In Section 2, we recall some preliminary concepts
of fractional calculus and establish an auxiliary lemma concerning the linear variant
of the problem (1.1). In Section 3, we state and prove our main existence results.
We emphasize that the tools of fixed point theory employed in this section are well-
known. however, their exposition in the present setting allow to explore further insight
in terms of the existence criteria for solutions of the problem at hand. In Section 4,
we extend the existence results, obtained in Section 3, to the case of Stieltjes type

strip conditions.

2. Background material

In this section, we recall some basic definitions and tools of fractional calculus (see
[1, 3]), and state two auxiliary lemmas, which will be used in the proofs of the main

results of the paper.

Definition 2.1. The fractional integral of order g > 0 with the lower limit zero for

afunction f is defined as follows:

t>0.

mprovided the right hand-side is pointwise defined on [0.00). where V{q) = /0° t'l le Idt
is the gamma function.

13
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Definition 2.2. The Riemann-Liouville fractional derivative of orderq >0, n —1<

qg<n, n€N, is defined as

where the function /(/+) has absolutely continuous derivatives up to order (n —1).

Definition 2.3. The Caputo derivative of order g (n —1 < g < n) for afunction

f :[0,0g) -> R is defined by

mD -f(t)= ' (f(t) - £ £ /IM(E™, t>0.
Remark 2.1. If f(t) 6 6V*[0,00), then forn —1< g < n xue have

eDM = Flo< & = Fr oo JA) >

Lemma 2.1 (see [4, 14]). Letu € ACm[,1] and v G v4C[0,1]. Then forp e (m —

Ibm). m 6 N and t & [0,1] the following assertions hold:
(a): the general solution of the fractional differential e(iuation rDpu(t) = 0 is
W(E) = bo + bit 2-f-.. + bm_iEm_1, where b{e R, i =10,1,2..... m - 1;.
(b): 1" 'DMO = «(*) ET-
(©: 1 >()= ().
To define a solution of the problem (1.1), we consider its linear variant:
'D4x{t) = li«k)>n—1<qg< ,n>2 t6 [0,1],
2.1 z(0) = i'(0) = z"(0) = ... = x(""2>(0) = O,
or(Ci) + b*(Cr) = r.f x(»)ds, 0< (i <if< < (2<1,
Jlj

where /1:[0,1] -* R is a given appropriate function.

Definition 2.4. A functionx 6 ACII[.1] is said to be a solution of the problem (2.1)
on [0, 1] if it satisfies the conditions in (2.1), and the fractional differential equation

in (2.1) for any h € AC[0,1].

14
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Lemma 2.2. A function x is a solution of the problem (2.1) (in the sense of Definition

2. ), if and only if it satisfies the following fractional integral equation:

(* *>g~ A R * 1,
O = 1 odir A i(9)d3+~ - [-¥ )7 T() {)
(-) bSu (bnl) h(s)<ia+cl |
where
(2.3) A=[< 1+Ki 1- £ (c /™)1 o.

Proof. By Lemma 2.1, the solution of fractional differential equation in (2.1) can

be written as follows:

(24)  x(t) = f -—  — h(s)ds+ 60+ bit+ £+ .+ - 2+ bn-\Ln~x,

J )
where 0. ..., € R are arbitrary constants. Using the boundary conditions
7(0) = x'(0) —x"(0) = ... = x(n 2)(0) = 0, we find that 0= 6i = b2= .. = fm_2 =

0. Thus. (2.4) takes the form:

91
(2.5) =/ {r@ +

Nowrapplying the condition ax(£i) + bx((2) = cf* x{s)ds in (2.5), we obtain

Yoo -

* i T Iriir MH

where A is given by (2.3). Substituting bn- 1 into (2.5) we get the solution (2.2).
Conversely, by direct computation with the aid of Lemma 2.1, w-e infer that x(t)

given by (2.2) satisfies the problem (2.1). This completes the proof.

3. Existence results

Let Y = C([0.1],R) denote the Banach space of all continuous functions from [0,1]
to R endowed with the norm :||x|| = sup{|x(£)|,t 6 [0,1]}. In view of Lemma 2.2, we

define an operator IK: ? — » Y associated with problem (1.1) as follows:
15
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= Jo@ ~ f(eM,))da+ LA -[-al  ({"r('f /(«m«(«»*

- bC (br (s~ f(,'x(*))d3+cfjo IET ™ /(n i(")H -
(3.1)
Observe that the problem (1.1) has solutions if and only if the operator X has fixed

points.
For the sake of computational convenience, we set

Now we state an existence and uniqueness result for problem (1.1) which is based on

Banach’s contraction mapping principle.

Theorem 3.1. Letf : [0,1] x R — >R be a continuous function .satisfying the

Lipschitz condition:
(Ai):If(t,x) - f(t,y)l <t\x W\, vt6[01], x,y GRJ >0.
Then (1.1) has a unique, solution provided that < 1, where a is given by (3.2).
Proof. We first show that the operator X defined by (3.1) satisfies the inclusion:
XBr C Br,where Br = {x € ¥ :|lir]| < r}, r > an/{\-(Ti:),and = supt€[0|1j |/(t.0)].
For X GBr and t G [0,1], it follows from Lipschitz condition that

(3.3)  \f(t.x(t)) 1< If(t,x(t)) f(t,01+ Kit.,0L< WX\ +a < tr+ a.

In view of (3.2) and (3.3), we can write

Nfls, (i 1 AW s r -

+ w£& wp-T 'O ))yb+ )4 f ANNi(u,xM )\duds))

- {tT+a)x W ny+x flafr & )+T1urn)+ A 113

< (Er+cta<r,

showing that XBr ¢ Br.
16
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Now, for .r,y 6 R and for each t 6 [0,1], we obtain

WXx-XyW < sup { [ A — \f(s,x(s)) - f(s.y(s))\ds
- w

1€[0,1]
WW ;%

(< ri’ - A(* K («))-I(* > M )0
M I(3’ym)|n”’

al = e ey s @Iru<hT

@ T " SWNE (A

TR el 1 5 -y

Taking into account that (a < 1. we conclude that the operator X is a contraction.
Thus, by Banach’s contraction mapping principle, there exists a unique solution of

(1.1). This completes the proofof theorem 3.1.

Our next existence result is based on the following fixed point theorem .

Lemma 3.1 (Krasnoselskii, [28]). Let. ¥i be a closed, convex, bounded and nonempty

subset of a Banach space V- Let-\ ,\  be operators satisfying the conditions:

(a) XiVi + A2Y2 € ¥i whenever t/i.j/ € Vil

(b) Xi is compact and continuous;

(c) x 2 M a contraction mapping.

Then there, exists y € ¥Yi such thaty = \\y + X2¥-

Theorem 3.2. Letf :[0,1]1XxR —>R be a continuous function satisfying the condition

(j4i), and \f(t,x)\ < 5(t) for all (t.x) E [0,1] xR and 6 6 C([0,1].R+). Then problem

has at. least one solution on [0.1] provided that t-y < 1, where

(1.1)
a\ in o, ci , a ., L, Katl 1)\
( 3} 7 |[M)1la,M(<r+ 1) +1 1r(g +1) 11 r(9+ 2 )
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Proof. We fix r > ||<)<7 and set Br = {x G IP: ||.7|| < r}. Define the operators Xi

and % on Br as follows:

= (> x(»))ds,
ERe -, N [T(CTS (B> (T ' ( 1()ds

For X,y G Br, it is easy to show that ||(3Cis) + {X2y)|| < || <7< r, where s as in
(3.2). Hence Xyx + % y GBr.

Next, using the condition (J1i) and formula (3.4), we can show that the operator

X 2 is a contraction. Indeed, for x,y GK and t G [0,1], we can write

ikap (eav)l < (sup { ' Hm»(»))  I(«»(»))!I<*»
(6 e)4
+li[ TEf(4)— SI(per(*)) 1

+lc|/ I N— = U («)) L)) a*»]}

5 Nr<$l) +6riaT) +]c]4 ~ I 1s*m* *
This shows that X- is a contraction in view of the condition £y < 1. The continuity

of / implies that the operator Xi is continuous. Also, Xi is uniformly boiuided on
Br:

LpCdl < A — I/(s.x(s))lds < sup [ 7 ’ S(s)ds

sup f

ie[o,i|70 u9) ie[0,i]V0 1(e)
S / {-s lid’a< .
Ao ~ < Tre+ D)

Moreover, with sup((1)e(0 1]xBr |/(«,i)| = f < oo and 0 < t, < *2 < 1, we have
[(*.«)te)-(*,*)(t)] = |1 joy £~ 1 f(aMa))dsi

FLU[((2- s),_1 - (< = 8)-1 1 s
» [T ——T SN PR A

+ - r(9+ 1j(2k2 <ljf+ 2 *1)’
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which teuds to zero independent of x as - — > 0. This implies that 3Ci is
relatively compact on Br, and hence, by the Arzela-Ascoli theorem, is compact
on Br.Thus, the assumptions of Krasonselskii’s fixed point theorem (Lemma 3.1) are
satisfied. Hence w-e can apply Lemma 3.1 to conclude that the problem (1.1) has <t

least one solution on [0,1]. This completes the proof.

Now we are going to show the existence of solutions for problem (1.1) via the

following fixed point theorem (see [28]).

Theorem 3.3. Let X be a Banac.h space. Assume that T : X — >X is a completely
continuous operator and the set V.= {u 6 X\u = (Tu,0 < e < 1} is bounded. Then T

has a fixed point, in X.

Theorem 3.4. Assuine that there exists a positive constant such that |/(t,a-)| <

Li for allt 6 [0,1]. X 6 M. Then problem (1.1) has at least one solution on [0,1].

Proof. We first show that the operator X defined by (3.1) iscompletely continuous.
Indeed, observe that the continuity of X follows from the continuity of /. Let D ¢ 7
be bounded. Then, it is easy to show that |[(Xt)(£)| < L"a = for all x G D, where

g is given by (3.2). Furthermore, for 0 < < < 1, we can write

I(3Cx)(t2) - PC.r)(<,)|

which tends to zero independent of x as - ti — >0. Therefore. X is equicontinuous

on [0,1]. Thus, by the Arzela-Ascoli theorem, the operator OCis completely continuous.
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Next, we show that the set V. = {x 6 ¥ :x = tXx,0 <t < 1} is bounded. Let
XeV and t€ [0,1]. Then we have

/< om o< on -2

- >C 'k TWL'M )V *'f I NTs§n n” <" [

As before, it can be shown that [x(t)] = e\(Xx){t)\ < Lyo = . Hence, ||i|]| < L2
for all x tV and t e [0.1], showing that the set V is bounded. Thus, we can apply
Theorem 3.3 to concludc that problem (1.1) has at least one solution on [0, I]. This

completes the proof.

In our next existence result, we make use of the Leray-Schauder nonlinear alternative

for single valued maps (sec [29]).

Lemma 3.2 (Leray-Schauder nonlinear alternative). Let E\ be a closed, convex
subset of a Bannch space E, and let V be an open subset of E\ with 0 € V. Suppose
that U : V — >Ey is a continuous, compact map (thatis, (”) is a relatively compact
subset of E\). Then either U has afixed point in V or there is x € OV (the boundary
of V in Ei), such that x = kIX(x) for k € (0,1).

Theorem 3.5. Letf :[0, IjxIR — >R be a continuous function, and let the following

conditions hold:

( ): there exist a function p € C([0,1],R+) and a nondecreasing function \
R+ — >R+ such that \f(t.,x)\ < p(b)-b(\x\\) for all (t.x) G [0.1] x R;

(N13): there exists a constant M > 0 such that

M {\A\rA+ 2) [0+ CEW LA M) N+ - 1)} > e

Then problem (1.1) has at least one solution on [0,1].

Proof. We consider the operator X :IP — >Y¥ defined by (3.1), and show that it
maps bounded sets into bounded sets in Y. For a positive number r, let Br = {x €

Y :|Ix|]| < r} be a bounded set in ¥. Then, in view of condition (A2), for x € Br and
20
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t € [0,1], we have

Ka- )41

WIN ¥ 2) UR + 1I(M ]+ Jale? + | |<) + [e|(?5+1- "1™ )]+

Next, it will be shown that X maps bounded sets into equicontinuous sets of 7. Let
<i, G [0,1] with < and .r GBr. Then, we have

I(XT)(t2) (X r)(t,)]

Clearly, the right-hand side of the above inequality tends to zero independent of
X GBras — Yt\. Thus, by the Arzela-Ascoli theorem, the operator X is completely
continuous.

Let X be a solution of problem (1.1). Then, following the method employed to

establish the boundedness of the operator X, for AG (0,1) we obtain

O = IAGS)MI < ~ [W [ (, + ) (N + Wc?+ [b|C3) + [cl«*+< ,««)]

which can alternatively be expressed as follows:

In view of condition (A3), there exists M such that [|x|| M. We choose X = {i €
Y ¢ ||| < M 4- 1}. and observe that the operator X :j\f — >7 is continuous and
completely continuous. Also, from the choice of N. it follows that there is no x £
to satisfy X = AUC(x) for some A G (0.1). Thus, we can use Lemma 3.2, to conclude
that the operator X has a fixed point i g N, which is a solution of problem (1.1).
This completes the proof.
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Example 3.1. Consider the following fractional boundary value problem:
cD4x(t) = .X —+ bttan 1x + e 1lcos(t2+ 1)* € [0,1].
s/t + 4

x(0) = z'(0) = x"(0) = xnl(0) = 0,

(3.6)
ax(Ci) + M<2) = ¢/ *(«)<&,0<Ci < 77<~"<Cr<1*
Jrt

Here we have q = 9/2,a= 1/2, = 1/3,c¢= 1,Cl= 1/5,Q= 2/3,£= 1/2,77= 1/3
ang /f(;j() = - + 5ftan 1x + e cosit2 + 1). With the given data, we get
A= 1172,

N =k ; 1+KTI1- -(«*“-4")Il- 0.061217,
M+ 7T ATIPIE+ 1) + AR EIAD + Pt g "} ° 087113

It is clear that < 1. Thus, all the conditions of Theorem 3.1 are satisfied, and

consequently there exists a unique solution for the problem (3.6).

Example 3.2. Consider the problem (3.6) with
3.7) /(t,z) = Qi+ 1)(— "j + cosi).

Clearly, we have |/(J,x)| < p(t)ip(\x\) with p(t) = (21+ 1) and ¢p{\x\) = 2. By the

assumption:

M{ |TIT(?+2) [<2+ (m]| + Wc? + [6]<?) + |c|(r™ =~ y i>h
we find that M > 0.222678. Thus, by Theorem 3.5, there exists at least one solution
for problem (3.6) with f(t,x) given by (3.7).

4. Existence results for Stieltjes type problem

In this section, the existence results obtained in Section 3. we extend to the case
of Stieltjes type strip condition. More precisely, we consider the following boundary
value problem:

cD4x(t) = f(t,x), n- 1<qg< ,n>2,t€ [0,1],

@1) x(0) = x'(0) = x"(0) = .. = x<"~250) = 0,

x(Ci) + fer(Cs) = CJ[ X(s)Af(s).0<Cl<4< < <1,
n

where p(s) is a function of bounded variation.
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In this case, we define an operator UGk IP — »Y as follows: (UGsx)(t) =

(4-2) =£ (1" /(5'*(s))ds+V [ - ° 1% % m ok y*
- b7 - flaAg)dstci |L AT No(lm 4

(4.3)

where

(4.4) A, = [off 1+ bCI1- cI D0

In what follows we use the notation:

Theorem 4.1. Letf : [0,1] x R — »R be a continuous function satisfying the
Lipschitz condition: \f(t,x) f(t,y)| < I\x - y\ for all I G[0,1], x,y GR and i > 0.
Then problem. (4.1) has a unique solution provided that < 1, where aHis given by

(4.5).

Proof. With the help of the operator 3C4 defined by (4.2), (4.4). we can complete

the proof following the method of proof of Theorem 3.1. So. we omit the details.

Remark 4.1. The analogs of Theorems 3.2, ., 3.5 for problem (4.1) can also be

obtained by using the operator X s and a,, defined by (4.2), (4.4) and (4.5), respectively.

Example 4.1. Consider the following Stieltjes type fractional boundary value problem:

cD4x(t) = f(t,x), t G [0,1],
1%

x(0) = x(0) = X*'(0) = X (0) = 0,ax(Ci) + te(C2) = ¢ x{a)Nip{a).

Here we have q = 9/2,a = 1/2,6 = 1/3,¢c = I,Ci = 1/5,Q2 = 2/3, = 1/2,V =
1/3, ip(s) = s+ 82/2 and f{t,x) = x/y/t + 4 + 51tan 1x + e_tcos(<2+ 1). Using the
given data, we find that | = 11/2, [/1/]1 ~ 0.058841 and os ~ 0.038353. With , < 1,
all the conditions of Theorem 4.1 are satisfied. So, there exists a unique solution for

problem (4.6).
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Concluding remarks

In this paper, we have studied a new class of nonlocal fractional boundary value
problems of arbitrary order in presence of classical and Stieltjes type strip conditions.
Our results arc new and take care of some new special situations. For instance, by
taking ¢ = 0. we obtain the results for a boundary value problem of fractional-order

e (n _ L.n] involving a nonlocal condition of the form a;r«i) + br(<j2) = 0 with
alb -CFV Cr™1-lu fXe casc where a - 0 (or Ci -> 0+) and <2 > 1, our results
correspond to a condition of the form: *(1) = /*i f* x(s)ds (/n constant). Letting
It=0 and Cl —»0+, we the results for the condition: [*x(s)ds = 0. The last two

observations obviously hold for Stieltjes type strip conditions as well.

Acknowledgement. The authors thank a referee for useful comments that led to

the improvement of the original manuscript.
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Abstract. In this paper, we introduce a new notion of generalized (Jordan) left derivation
on rings as follows: let R be n ring, an additive mapping F : R —>R is called a generalized
(resp. Jordan) left derivation if there exists an element w € R such that F(xy) = xF(y)+
yF(x) + yxw (resp. F(x2) = 2xF(x) + x2w) for all x,y GR. Then, some related properties
and results on generalized (Jordan) left derivation of square closed Lie ideals are obtained.

MSC2010 numbers: 16Y99, 20N20.
Keywords: ring; generalized left derivation; generalized Jordan left derivation; square
closed Lie ideal.

1. Introduction

Throughout the paper R will denote an associative ring with center Z{R). For
any x,y € R, the symbol pxy] will stand for the commutator xy —yx. We will use
the commutator identities fx,yz] = [x,y]lz + y[x, z] and [xy,z] = Pk z]y + x[y.z]. A
mapping a : R — >R is said to be commuting if [tr(x), 1] = 0 for all x € R. Recall that
aring R is prime if xRy = 0 implies that either :r= 0ory = 0, and R is semiprime if
xRx = 0 implies that. :r= 0. A ring R is a-torsion free, where n > 1is an integer, if
nx = 0, Xe R, implies that x = 0. An additive subgroup U of R is called a Lie ideal
if [U,R]JCU. A Lie ideal U is called square closed if u2 € U for all ne U. Note that
for every u, v in square closed Lie ideal U, we have uv+ vu = (u+v)2- u2- v26 U
and iu>—vu e U, aud hence 2uv 6 U for all u,v € U.

Following |9], an additive mapping d : R — >R we will call a derivation (resp.
a Jordan derivation) if d(xy) = d(x)y + xd(y) (resp. d{x2) = d(x)x + xd(x)), for
all X.y € R. In particular, for a fixed a e R, the mapping la : R — >R given by
1,,(x) = [arr] is a derivation, and is called an inner derivation. Following (15], an
additive mapping H : R — >R is called a left (resp. right) centralizer (multiplier) of

26


mailto:davvaz@yazd.ac.ir
mailto:kamali@ardakan.ac

GENERALIZED (.IORDAN) LEFT DERIVATIONS ON RINGS

R if H(xy) = H(x)y (resp. H(xy) = xH(y)), for all x,y e R. An additive mapping
Il : R —>R is called a left (resp. light) Jordan centralize! (multiplier) of R if
H(x2) = H(x)x (resp. #(;X2) = xH(x)), for all x 6 R. An additive function F :
R — >R is called a generalized inner derivation if F(x) = ax + xb, for fixed a,b€ R.
For such a mapping F, it is easy to see that F(xy) = F(x)y+x[y, b] = F(x)y+xlb(y).
for all x.y ¢ R This observation leads to the following definition, given by BreSar
in [6): An additive mapping F : R —¥ R is called a generalized derivation (resp.
generalized Jordan derivation) if there exists a derivation d : R —* R such that
F(xy) = F(x)y + cd(y) (resp. F(x2) = F(x)x + xd(x)), for all x,y € R. Hence,
the concept of generalized derivation covers both the concept of derivation and the
concept of left centralizer.

In [10], another type of generalized (Jordan) derivation is defined as follows: an
additive mapping F : R — >R is called a generalized derivation (resp. generalized
Jordan derivation) if there exists an element w £ R such that F(xy) = F{x)y +
xF(y) + xwy (resp. F{x2) = F(x)x + xF(x) + xwx), for all x.y e R.

The concepts of left derivation and Jordan left derivation were introduced by BreSar
and Vukman in [7]. defined as follows: an additive mapping d : R — >R is called
a left derivation (resp. a left Jordan derivation) if d(xy) = xd(y) + yd(x) (resp.
d(x2) = 2xd(x)), for all x,y € R. Ashraf and Ali [3|, generalized the notions of left
and Jordan left derivations as follows: an additive mapping F : R — >R is called a

generalized left derivation if there exists a left derivation d : R — >R such that,
(1.1) F(xy) = xF(y) + yd(x), for all x.y € R.

and an additive mapping F : R — >R is called a generalized Jordan left derivation if

there exists a Jordan left derivation d : R — >R such that
1.2) N(z2) = xF(x) + xd(x), for all x 6 R.

We denote (1.1) and (1.2) by (F.,d). It is easy to see that F : R — yR is a generalized
left derivation if and only if F Is of the form F = d+ H. where d is a left derivation
and 11 is a right centralizer on R. The concept of generalized left derivation covers the
concepts of left derivation and right centralizer. It is easy to see that every generalized
left derivation on a ring A is a generalized Jordan left derivation. However, the
converse is not true in general (see Example 1.1 of [3]). In (3) it was shown that
if R is a 2-torsion free prime ring, then every generalized Jordan left derivation on R
is a generalized left derivation. Further, Ali [1] showed that the above result remains
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valid for 2-torsion free semiprime ring R. For some properties of Jordan left derivation
and generalized Jordan left derivation, we refer the reader to [1, 2. 3, 4. 7, 8].

Now, we introduce another type of a generalized left derivation and a generalized
Jordan left derivation. Let R be a ring, an additive mapping F : R —y R is called a

generalized left derivation if there exists an element w € R such that

(1.3) F(xy) = xF(y) + yF(x) + yxw,

and F is called a generalized Jordan left derivation if there exists w € R such that
(1.4) N (z2) —2xF(x) + x2w.

We denote (1.3) and (1.4) by (F,w).
Observe that if (F,w) is a generalized left derivation of type (1.3), then F +
wr : R —>R is a left derivation, where wr : R — 't R is defined as wr(x) = xw.
Indeed, we have (F + wr)(xy) = F(xy) + wr(xy) = xF(y) + yF(x) + yXw + Xyw=
(XF(y) + xyw) + (yF(x)+yxw) = x{F + wr)(y)+y(F + wr)(x). Also, (F,F + wr) is
a generalized left derivation of type (1.1), because F(xy) = xF(y) + yF(x) -1 yxw =
xF{y) + y(F + wr)(x). In this case R has an identity J. The converse is also valid,
that is. if (F,d) is a generalized left derivation of type (1.1), then (F,-F (1)) is a
generalized left derivation of type (1.3), because F(xy) = xF(y) + yd(x) = xF(y) +
Y(F(x) - xF{1)) = xF(y) + yF(x) + yx(-F (1)).

Example 1.1. Consider the ring (Z, +, ). Fora GZ we set w = —a and define the
map F :Z — »Z as F(x) = ax, for all x 6 Z. Then it is easy to see that (F,w) is a

generalized left derivation.

Example 1.2. LetM = | ~ ~ |a.66 K| Then M withusual addition and
multiplication of matrices v a ling.Suppose thatw = noAN and define the map
F:M —>M aF~™ ~ 0) (™~ 0) Then a 9encralized left
derivation.

I la,b.cfe R L Then M with usual addition

Example 1.3. LetM 7£I 8 8 (o}
c Oj )

1\b
\
) and define

)

(
and multiplication of matrices is a ring. Suppose, thatw = |
\

==

0
0
0

o oo
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themap F : M —>M as F

o 2 O
o oo
o oo

generalized left derivation.

Example 1.4. Let 12 be a power set. For all A. B £ Q, we define A+ B —/1AB —
NnB- AMNB and A-B = A B. Then (12, +, ® is a ring. Suppose thatw = 12 and
define the map F : 12— >17as F(A) = A, for all A e 12. Then (F,w) is a genemlized
left derivation.

2. Generalized left derivations associated with an element on rings

In this section, we prove some properties of generalized (Jordan) left derivation
{F,w) on semiprime and prime rings. To this end. we first recall and prove some

necessary lemmas.

Lemma 2.1. Let R be a 2-torsion free ring and let L be a square closed Lie ideal of
R. If(F.w) : R — ¥R is a generalized Jordan left, derivation on L, then the following
assertions hold:
(1) F(uv + vu) = 2uF(v) + 2vF(u) + uvw + vuw;
(2) F(uvu) = u2F{v) —vuF{u) + 3uvF(u) +Uu2vw +2uvuw —mrw;
(3) F(uvz + zvu) = (uz + zu)F(v) + 3uvF(z) + 3zvF[u) uuF(z) —vzF(u) +
UZVW + ZUVW + 2uUVZW + 2ZVUW —VUZW —VZUW;

4) [ui>Ju(F(u) + )= ulu, ul(F(w) + uw):
(5) [u,yl(F(uv) uF{v) —vF{u) —vuw) = 0;
©) F([ti.w]2) = [a,u]F((u,1)]).

Lemma 2.2 ([13]). Let R be a semiprime ring and let the relation axb 4-bxc = 0
hold for all x € R and for some a.b,c GR. Then [a + c)xb= 0 for all x € R.

Lemma 2.3 ([11]). Let R be a 2-torsion free semiprime ring and let F : R — >R be
an additive mapping satisfying [[F(;r). a],x] = 0 for all x 6 R. Then [F(x),x] = (J-,
for all X€ R.

Lemma 2.4 ([11]). Let. R be a prime, ring and let a,b. ¢ be elements of R such that
arbrc = 0 for allr € R. Thena=0orb=0orc=0.

Lemma 2.5 ([11]). Let R be a 2-torsion free prime ring and let di, be derivations
of R such that dido is also a derivation. Then =0or( =0.
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Lemma 2.6. LetR be aprime ring and lei (F,w) : R — »R be a nonzero generalized
Jordan left derivation. Further, let a € R be such that F(a) -aw. Then (/£)2 =
(/n(/a))2 = 0, where /,,(x) = [a,x] is an inner derivation associated to a.

Proof. By Lemma 2.1 (4). we have [a, [a,x]]F(a) + [a, [a,x]]aw = 0, for all i f fi.
This implies that
(2.1) 1%(x)(F(a) + aw) = [a (a,x]](F(a) + aw) = 0.
On the other hand, we have 1%(xy) = 1%(x)y + 21,,(x)la(y) + xI%(y). Therefore, by
(2.1). we get

0= II(xy)(F(a) +aw) = (1%(x)y + 2la(x)la(y) + x1%(y))(F(a) + aw)
(2.2) = (1%(x)y + 2la(x)la(y))(F(a) + aw).
We replace y by la(yz) in (2.2), and use (2.1), to get 1%(x)la(yz)(F(a) + aw) = 0.
This implies that
23) H(x)U (y)z(F (a) + aw) + Jjf(x)y/a(z)(F(a) + aw) = 0.
Next, we replace z by I,,(z) in (2.3). and use (2.1), to obtain
(2.4) 1H(x)In(y)1,.{z)(F{a) + aw) = 0.
In (2.3), we replace y by /,,(</) and use (2.4), to get
H{x)1I{y)z{F{a) + aw) = 0.

So, we have 1%(x)1%(y) = 0. since R is prime and F(a) -au . Finally, we replace y

by x, to obtain (/g(.1))2 = ([a, [are]])2 = 0. for all x G R. [}

Lemma 2.7 ([5]). Let R be a 2-torsion free prime ring and let L be a Lie ideal of R
such that. L £ Z(R). Ifx,y € R such that xLy = 0, thenx = 0 ory = 0.

Lemma 2.8 ([12]). Let R be a 2-torsion free prime ring and let L be a nonzero Lie
ideal of R. If L is commutative, that is, [uu] = 0 for alluyv 6 L, thenL CZ(R).

Using arguments similar to those applied in the proof of Theorem 3.1 of [3], we

can prove the following result.

Proposition 2.1. Let R be a 2-torsion free ring and let (F,w) : R —>R be a
generalized Jordan left derivation. Further, let L be a square closed Lie ideal of R
such that L has a commutator which is not a left zero divisor. Then (F,w) is a
generalized left derivation on L.
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Corollary 2.1. Let R be a 2-torsion free ring such that R has a commutator which
is not a left reTv divisor. Also, let (F,to) : R — »R be a generalized Jordan left

derivation. Then (F,w) is a generalized left derivation on R.

Theorem 2.1. Let R be a 2-torsion free semiprime ring and let (F. w) : R — »R be

a generalized Jorxlan left derivation, where w G Z(R). Then F is commuting on R.

Proof. By Lemma 2.1, we have for all x.y GR,

(2.5) F(xy + yx) = 2x.F{y) + 2UF(x) + xyw + yxw,

(2.6) F(xyx) = x2F(y) + 3xyF(x) yxF(x) + x2yw + 2Xyxw - yx2w.
In (2.5), we replace y by xyx and use (2.6) to get
F(x2yx 4-xyx2)= 2xF(xyx) + 2xyxF(x) + X2yxw + xyx2w
2.7) = 2x3F{y) + 6x2yF(x) + 2x3yw + 5x2yxw -  xijx2w.
In (2.6). we replace y by xy + yx and use (2.5) to obtain
F(x2yx + xyx2)= x2F (xy + yx) + 3x(xy + yx)F{x) - (xy + yx)xF(x) + x2(xy + yx)w

+2X(Xy + yx)xw —(xy + yx)x2w

2x3F (y) + 5x2yF(x) + 2.ryxF(x) - yx2F(x) + 2x3yw + Ix2yxw
(2.8) +XYyX2W —yX3w.

Combining (2.7) and (2.8), we have for all x,y G A,

(2.9)  X2yF(x) —2xyxF(x) + yx2F(x) + x2yxxv - 2xyx2w + yx3w= 0.

Replace y by F(x)y in (2.9) to obtain

(2.10) X2F (X)yF (x)—=2xF (X)yxF (x) + F(X)yx2F(x) + x2F (x)yxw

—2xF(x)yx2w + F(x)yx3w = 0.
Left multiplication in (2.9) by F(x) yields
(2.11) F(X)Xx2yF (x) 2F (x)xyxF(x) -l-F(x)yx2F(x) 4- F(x)x2yxw
—2F (x)xyx2w + F(x)yx3w = 0.
Combining (2.10) and (2.11). we obtain for all x,y G R,
(2.12) (F(z),x2]yF(x) - 2[F(x),x]y.rF(x)+

+ [F(x),x2]i/xiu —2[F (x),x)yx2w = 0.
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Replace y by yx in (2.12), to get
(2.13) (F(x), x2]lyxF(x) - 2[F(x), x]y.r2F (x)+

+[F(x),x2]lyx2w - 2[F{x),x)yx*w = 0.
Right multiplicaion in (2.12) by x yields
(2.14) [F(x).x2]yF(x)x  2(F(x),x]yxF(x)x+

+[F(x),x2yxwx - 2[F(x), x]yx2wx = 0.
Combining (2.13) and (2.14), and taking into account that w e Z(R), we obtain for
all X,y €R.

[FO).x2ly[F(x).x] + [F(x).x]y (-2x[F(x),x]) = 0.

So. by Lemma 2.2. we have ([F(x).x2] - 2x[F(x),x]) y[F(x).,x] = 0, which implies
that
(2.15) [(FG:n). x], x]y[F(x), X] = O.
By (2.15), we obtain [[F(x),x],x]y[[F(x),x],x] = 0. Therefore, [[F(x),x],x] = 0, since
R is semiprime. So. we can apply Lemma 2.3 to conclude that [F(x),x] = 0 for all

Xe R. O
Theorem 2.2. Let R be aring and (F,w) : R — >R be a nonzero generalized left
derivation. Then the following assertions hold:
(1) IfR is prime, then R is commutative or F(x) = —xw, for all x ER.
(2) IfR is semipHme and w € Z(R), then F maps Z(R) into Z(R).
Proof. To prove assertion (1) of the theorem, observe first that for all x,y € R,
F(x(yx))= xF(yx) + yxF(x) + yx2w
(2.16) = XyF(x) + x2F(y) + yxF(x) + x2yw + yx2w.
On the other hand, we have
F((xy)x)= xyF(x) + xF(xy) + x2yw
(2.17) = XyF(x) + X2F (y) + XyF(x) + Xyxw + X2yw.
Comparing (2.16) and (2.17). we obtain (xy —yx)F(x) + (xy yx)xw = 0. So,
(xy —yx)(F(x) + xw) = 0, for all x,y 6 R. Replace y by zy, where z R. we get
0= (xzy zyx)(F(x) + xw) = (xzy - zxy + zxy - zyx)(F(x) + xw)

= (xz - zx)y(F(x) + xw) + z(xy - yx)(F(x) + xw) = (xz - zx)y(F(x) + xw).
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Therefore,

(2.18) (xz —zx)y(F(x) + xw) = 0, for all x,y,z € R.

The last relation implies that either x € Z(R) or F(x) = —xw for all x € R. Put
A ={x €R Ix € Z(R)) and B = {x € R \ F(x) = —xw}, and observe that
R —Awn B. So, either R = A or R = B, since A and B are subgroupsof R. If 4 = A.
then R is commutative. If R = B, then F(x) = —xw, for all x € R. This completes
the proof of assertion (1).

To prove assertion (2) of the theorem, we put x + a instead of x in the relation
(2.18), where a € Z(R). to get 0 = (xz - zx)y(F(a) + aw) + (az - za)y(F(x)-\-xw) =
{xz - zx)y(F(a) + aw). So, we have (xz zx)y(F(a) + aw) = 0, and replace by
F(a) to obtain (xF(a) —F(a)x)y(F(a) + aw) = 0.

Now we replace y by yx to get (iF(o) - F(a)x)y(xF(a) + xaw) = 0.

Therefore, we have (xF(a) - F(a)x)y(xF(a) + xaw) - (xF(a) - F(a)x)y(F(a)x +
awx) = 0. So, (xF(a) - F(a)x)y(xF(a) - F(a)x) = 0;since a,w € Z(R). Hence,
xF(a) —F(a)x = 0, implying that F(a) G Z(R). [}
Theorem 2.3. Let R be a 6-torsion free prime ring and let (F,w) : R —>R be
a nonzero generalized Jordan left derivation. If a € R is such that a2 = 0, then
F(a) = —aw.

Proof. For a = 0. the statement is obvious. So, we suppose that a 0. Then we
have 0 = F(0) = F(a2) = 2aF(a) + a2w = 2aF(a), implying that aF(a) = 0. since R
is a 2-torsion free ring. By Lemma 2.1 (2), we get for ally 6 R,

F(aya)= a2F(y) - yaF(a) + 3ayF(a) + azyw + 2ayaw ya2w
(2.19) = 3ayF(a) + 2ayaw.
So, we have for all x,y GR,
(2.20) F(a(xay + yax)a) = 3axayF(a) -b 'SayaxF(a) + 2axayaw + 2ayaxaw.
On the other hand, by Lemma 2.1 (3) and the relation (2.19), we have
F(a(xay + yax)a)= F(ax(aya) 4- (aya)xa)
= 3axF(aya) + 3ayaxF(a) —xaF(aya) + 2axayaw 4- 2ayaxaw
(2.21) = 9axayF(a) + 3ayaxF(a) + Saxayaw -f 2ayaxaw.
Comparing (2.20) and (2.21), we obtain

6axayF(a) + Gaxayaw = 0.
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Thus, (axa)y(F(a)+aw) = 0, since R is 6-torsion free. This implies that F(a) = -aw,
since R is prime and a 0. [}

Theorem 2.4. Let R be a prime ring such that char(R) 2.3, and let (F,w) :
R — »R be a nonzero generalized Joirlan left derivation. If there exists a nonzero
a € R such that a2 = 0, then F(x) = -xw for all x € R.

Proof. By the hypothesis, we have 0 = F(0) = F(a2) = 2aF(a) -l-a2w = 2aF(a).
So, aF(a) = 0, since R is 2-torsion free. Therefore, by Lemma 2.1 (1). F(aba) =
F(a(ba) 4- (ba)a) = 2aF(ba) 4- 2baF{a) + ba2w + abaw = 2aF(ba) + abaw, for all
be R. This implies that
(2.22) F(aba) = 2aF{ba) + abaw.

On the other hand, by Lemma 2.1 (2), we have
(2.23) F(aba) = a2F(b) baF(a) + 3abF(a) + a2bw 4- 2abaw - ba2w = 2abaw
Comparing (2.22) and (2.23), we get for all b6 A,
(2.24) 2aF(ba) = abaw.
By (2.24), we obtain
(2.25) F(baba) = F((fca)2) = 2baF(bu) + babaw = 2bdbaw.
Also, by Lemma 2.1 (2), we have
F(ab2a)= a2F(b2) - b2aF(a) + 3ab2F(a) + a2b2w -f 2ab2aw  b2a2w
(2.26) = 2ab2aw.
By (2.25) and (2.26), we find
(2.27) 2(F(ab2a) + F(baba)) = 4ab2aw + Ababaw.
On the other hand,by Lemma 2.1 (3) and (2.24), we obtain
2 (F(ab2a) + F(baba))= 2 (F(ab2a + baba))
= 2(abaF{b) + ba2F(b) - baF(ba) - b2aF(a) + ababw + ba2bw
+2ab2aw + 2babaw - babaw —b2a2w)
= 2(abaF(b) baF(ba) + ababw + 2ab2aw -I- babaw)
(2-28) = 2abaF(b) + babaw 4- 2ababu> + 4ab2aw.
By comparing (2.27) and (2.28). we get 2abaF(b) 4- 2ababw = 0. This implies that

(2-29) aba(F(b) + bw) = 0,
34



GENERALIZED (JORDAN) LEFT DERIVATIONS ON RINGS ..
since R is 2-torsion free. We replace b by b+ c in (2.29), where c 6 R, to get
(2.30) aba(F(c) + cw) -l-aca(F(b) -I-bur) = 0
Next, wc replace ¢ by ac + co in (2.30), to obtain

aba(F(ac + ca) + (ac 4-ca)w) = 0.
Therefore, by Lemma 2.1 (1), we find
0 = aba(‘2aF(c) + 2cF(a) + 2acw -I-2caw) = 2abacF(a) + 2abacaw.
So, abac(F(a) + atu) = 0, since R is 2-torsion free. Now. Lemma 2.4 implies that
(2.31) F(a) = -aw,
since a/0. Hence, by Lemma 2.1 (2), we have
acaF(bab)= aca(b2F(a) —abF(b) + b2aw + 2babw —ab2w)
(2.32) = acab2F(a) + acab2aw + 2acnbalnu = lacababw.
Replace b by bab in (2.30) and use (2.32), to obtain
0= ababa(F(c) + cw) + acM.(F(bab) + balrw)
= ababa(F(c) + cw) + 3acababw = ababa(F(c) + cw).

Thus, ababa(F(c) + cw) = 0. Now, Lemma 2.4 implies that a(F(c) + cw) = 0, since

a 0. So, wc have
(2.33) aF(c) = -acw.

Next, replace ¢ by c¢2 in (2.33), to get acF(c) + ac?w = 0. Then, replace ¢ by c+ b. to
obtain acF(b) + abF(c) + acbw + abcw = 0. Also, replace ¢ by ac, to find ab(F(ac) +

acxu) = 0. So, we have
(2.34) F(ac) = —acw,

since R is prime and a 0. Hence, in view of (2.31), (2.33), (2.34) and Lemma 2.!

(1), we can write
—acw + F(ca)= F(ac) + F(ca) = F(ac + ca) = 2aF(c) + 2cF(a) + acw + caw
= 2aF(c) + 2cF(a) + acw -I-caw = —acw —caw.
Therefore,

(2.35) F(ca) = —eaw.
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Now, we replace ¢ by be in (2.34) and c by cb in (2.35). to obtain F(abc) = -abcw
and F(cha) = -chaw. Hence, by Lemma 2.1 (3). we have

-abcw - c.baw= F(abc) + F(cha) = F(abc + cha)
= acF(b) 4- caF(b) —baF{c) —bcF(a) + acbxv 4- cabw
+2abcw + 2cbaw - bacw —bcaw

= acF(b) + acbw + 2abcw + lebaw.

Thus. ac(F(b) + bw) = 0, implying that F(b) = -bw for all b (z R. since R is prime
and 0" O. n

Corollary 2.2. Let R be a prime ring .such that char(R) 2,3. If there exists a
nonzero generalized Jordan left derivation F : R — >R such that F(a) —aw for

some a € R, then R is commutative.

Proof. Let a 6 R be such that F(a) —aw. Then, by Lemnia 2.G, we have
(/2(@-)2 = ([Ma>x]))2 —0 f°r x € R- So, by Theorem 2.4. we get /2(z) =
[a, [ox]] = 0. Now, Lemma 2.5 implies that la{x) = [a.x] = 0 for all x € R. This
means that a € Z(R). Put A= {x € R\x € Z{R)} and B = {x € R \F{x) = -xw}.
and observe that R = AU B. So, 4 = A or R = B. since A and B are subgroups
of R. If R = B, then F(x) = -xw for all x € R, yielding a contradiction. Thus,
R = A = Z(R), implying that R is commutative. m}

Theorem 2.5. Let R be a 2-torsion free prime ring and let L be a nonzero square
closed Lie ideal of R such that L has no a nonzero nilpotent element of order 2.
Further, let (F,w) : R — >R be a generalized Jordan left derivation. Then (F, w) is
a generalized left derivation on L.

Proof. If L is commutative, then by Lemma 2.8, we have L C Z{R). So, by
Lemma 2.1 (1), we get 2F(uv) = 2{uF(v) + t;F(u) + vuw} for all u.v € L. Therefore.
F(uv) = uF(i»+ vF(u) + vuw. since R is a 2-torsion free ring.

Now. let L be noncommutative. Then by Lemma 2.1 (4), we have for all u,v € L,
u2vF(u) + vu2F(u) —2uvuF(u) + u2vuw + vv?w —2uvu2w = 0.

In the above relation, we replace u by [u, zq], where zq 6 L. and use Theorem 2.4. to

obtain

[u, 20]2v(F ([u, £0]) + K 20]w) = O for all u,v € L.
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So, by Lemma 2.7, we have .z0]2 = 0 or F([u, z0]) = —{u, zq\w. Therefore, [u,z] = 0
or F([u,20]) = —u,Zo]w for all 1 G L, since by assumption, L has no a nonzero
nilpotent element of order 2.

Next, we put A = (u € L | [it,20] = 0} and B = {a € L | F([u, ro]) = —uyz™w),
and observe that L = AuB. So, either L = A or L = B, since A and B are subgroups
of L. If L = A, then uzq = zqu for all n € L. So, by Theorem 2.1 of [1], we have
F(uzq) = uF(zo) 4 zOF (u) + zquw for all » G L, since R is 2-torsion free. If L = B.
then F([u, 0]) = ~[w, zo]w for all u G L. Therefore

(2.36) F(u20) - F(z0u) = zquw - uzoiv.
On the other hand, we have
(2.37) F(uzo) 4- F(zou) = 2uF(zo) -f 2zgF (u) 4- uz™w + zquw.

Adding the equations in (2.36) and (2.37), we get F(uz0) = uF (zq) -I-zgF [u) 4- zquw
for all n G L. since R is 2-torsion free. Hence, we have F(uz) = uF{z) 4-zF(u) + zuw

forallu,z GL. [m]

Corollary 2.3. Let R be a 2-torsion free prime ring and let (F, ) :R —>R be a
generalized Jordan left derivation such that R has no a nonzero nilpotent element of
order 2. Then (F,w) is a generalized left derivation on R.

Theorem 2.6. Let R be a 2-torsion free prime ring such that R has no a nonzero
nilpotent element of order 2. Further, let (F,w) : R — >R be a generalized Jordan
left derivation. Then R is commutative or F(x) = —xw for all x GR.

Proof. The result immediately follows from Corollary 2.3 and Theorem 2.2 (1). N
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Abstract. For bounded linear operators, the study of Weyl-type theorems and properties
has been of significant interest for several non-normal classes of operators. In this paper,
we extend this study to a class of unbounded posinormal operators. We define and study
the spectral properties of unbounded posinormal and totally posinormal operators defined
on an infinite dimensional complex Hilbert space H. For this class, under certain conditions
several Weyl-type theorems and related properties are obtained.1
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1. Introduction

In [16]. Il. Weyl proved that if T is a hermitian operator, then em,(T) consists
precisely of all points in a(T) except, the isolated eigenvalues of finite multiplicity.
Later. Weyl’s theorem has been extended from hermitian operators to the classes of
bounded normal, hyponormal and Toeplitz operators by L. Coburn [4|. Further, M.
Berkani [2] proved that if T is a bounded normal operator acting on a Hilbert space
H, then kkbw (T) = <r(T)\ E(T), where E(T) is the set of all isolated eigenvalues of
T. This gives a generalization of the Weyl’s theorem. Then, this generalized version
of classical Weyl’s theorem was proved for bounded hyponormal operators by M.
Berkani and A. Arroud [3]. However, the study of Weyl-type theorems and related
properties has so far been limited to the class of bounded operators.

For an infinite dimensional complex Hilbert space H, we denote by C(ll) the set
of all closed linear operators acting on H. For an operator T € C(H). by D(T),
N(T) and IR(T) we denote the domain, null space and range of T, respectively.

1The second author was supported by the Senior Research fellowship of Council of Scientific and

Industrial Research, India, under the University Grants Commission Fellowship scheme (giant no.
SRF/AA/139/F-211/2012-13).
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Also, by a(T) and Q(T) we denote the nullity and defect of T, respectively, that
is, n(T) = iliTWT) and f)(T) = c.odim'R{T). We call an operator T € C(H) upper
semi-Fredholm (respectively, lower semi-Fredholm) if L, T) is closcd and a(T) < oo
(respectively, /3(T) < 00). A semi-Fredlwlm operator is either an upper or lower semi-
Ffedholin operator. In this case, the index of T is defined as ind{T) = a(T) - 0{T).
If T is both upper and lower semi-Fredholm, that is, if «(T) and /3(T) both are
finite, then T is called a Fredholm operator. An operator T € C(H) is called Wcyl
if it is a Fredholm operator of index 0, and the Weyl spectrum of T is defined as

aw{T) = {A€ C :T - Al is not Weyl}. Denote
SFA(H) = {T € C(H) :T is upper semi-Fredholm with ind(T) 0},
SF*(11) = {T € C{Il) : T is lower semi-Fredholm with ind(T) ~ 0},

and observe that these operators generate the following upper and lower-Weyl spectra:

<WT) = {Ae C:T- XIi SF~(H)},
<riu(M = {A€C:T - XI | 6T+(51)}.

The ascent p(T) and descent q(T) of an operator T 6 C(H) are defined as follows:
p(T) = inf{n : X(T") = >f(T"+1)}, q(T) = inj{n :3)(T") = X(T"+1}.

Let c1(T), an(T), <r.,(T) and p(T) denote the spectrum, approximate spectrum, surjective
spectrum and the resolvent set of an operator T € C{11), respectively. By isocr(T)
and iso<7,,(T) we denote the isolated points of o{T) and <a(T), respectively. It is well
known that the resolvent operator R\(T) - (T - Al) lis an analytic operator-valued
function for allA6 p{T) (see [15, Ch. V|), and the points of isocr(T) are eitherpoles

or essential singularities of Ra(T). For T € C(H), X € iso<r(T)is said tobeapole
of order p if p = p(T - Al) < oo and q(T - Al) < oo (see |12]). Also, A€ <a(T) is
said to be a left-pole if p p(T - Al) < oo and #(T - Al)P+1 is closed. Let mO(T)
and 7“(T) denote the set of all poles of finite multiplicity and left, poles of finite
multiplicity, respectively. Also, let E,,(T) and E“(T) denote the set of all eigenvalues
of finite multiplicities in isoa(T) and iso<re(T), respectively.

An important property of closed linear operators in Fredholm theory is the single
valued extension property (SVEP). We mainly concern with the SVEP at a point, the
localized version of SVEP, introduced by J. Finch [6], and relate it to the finiteness
of the ascent of a closed linear operator. Let T : V(T) ¢ 4 — # be a closed
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linear mapping and let A0 be a complex number. An operator T has the single valued
extension property (SVEP) at A,. if/ = 0 is the only solution to (T - Xf)f(X) =0
that is analytic in every neighborhood of AD. Also. T has SVEP if it has this property
at every point A, in the complex plane.

Evidently, T GC(H) has SVEP at every AG/?(T). Moreover, by identity theorem
for analytic functions, it is easily seen that T has SVEP at every boundary point
(in particular, at every isolated point) of <r(T). Also, from the definition of localized
SVEP, it follows that

AG isoafl('i)y => T has SVEP at A, and by duality,
AGisoa., (T) => T* has SVEP at A
The above implications become equivalences whenever T is a bounded senn-Fredholm

operator (see [1, Chapter 3]). For the case T G C(H), we prove this equivalence in
the theorem that follows. We begin with a definition.

Definition 1.1 (jll, Ch IV, §lj). Let T G C(H). Let A be an operator such that
'D(T) C V(A) and [lid«|| ~ a|ju]] + for n G 'D(T), where a,b arc nonnegalivc
constants. Then we say that A is relatively bounded with, respect to T or T-bounded
and the T-bound of A is infh.

Lemma 1.1 ([11. Ch. IV, Theorem 5.31]). Let T GC(H) be semi-Fredhohn and let
A be a T-bounded operator in H. Then S — T + XA € C(H), S is semi-Fredholm

and a(S) os well as 13(S) are constant for sufficiently small |A] > 0.

The reduced minimum modulus of an operator T G C(H) is defined by
7T(T) - *«H{||7 :|| ;& GT>(T)NWT)+, ||x|| = 1}

It is known that A(T) is closed if and only if 7(T) > 0 for every T G C(H).

Theorem 1.1. Let T G C(H) be a semi-Fredholm operator. Then the following are
equivalent:

(i) T has SVEP at0

(ii) &a(T) does not cluster at 0

(iii) p(T) < 00.
Proof. The equivalence (i) ¢= (iii) follows from [G Theorem 15]. Now we prove the

implication (i) => (ii). Suppose T has SVEP at zero. Since T is semi-Fredholm
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operator, so is Tn for all n € N. Then A(T”) is closed for all n, so that T°°(#)
= M A~(TN)is closed.

Since '1' is semi-Fredholm, $(T) is closed, and there exists an e > 0 such that 7 (T)
> c. Consider Ain 0 < |A| < e. Then [JAx|| = |A|lla:|| < e\W\ < 7 (T)||x]|| forall x € H.
By Lemma 1.1, T - Al is a closed semi-Fredholm operator, so that A(T - Al) is closed
for all Asatisfying 0 < |A| < f. Thus, we have that if 0 < |A| < c, then A€ <r«(T) if
and only if AGep(T).

Next, if 0  x € N(T - Al), then x = {Tx =T (f) € A(T). Also, T2x = T(AX) =
AT.T  A2r. This implies x - ~T 2r € IR(T2). Continuing this process, we get x €
Te°°(#). Thus, N(T - Al) C T°°(#) for all A 0. This implies that every non-zero
eigenvalue of T belongs to <7(T|r~(5))-

Suppose the opposite that 0 is a cluster point of aa(T). Then there exists a sequence
(An) of nonzero eigenvalues of T such that Xn > 0asn -» 0o. Hence Ari Ga(T|r»(H))
so that 0 € (T(T\r <*(n)), because the spectrum of an operator is closed. Since T is
a semi-Fredholm operator, either a{T) or d(T) is finite and J1(T) is closed. Hence
T\t ™(H) onto. Also, since T has SVEP at 0, by Corollary 3 from (6, p. 62], we
have that T\t”(h) is injective, so that 0 » a{T\r*,(w), which is a contradiction.
Therefore. rr,,(T) does not cluster at 0. Finally, observe that the implication (ii) =
(i) holds for all closed linear operators. [}

Recent ly, we have extended the study of Weyl-type theorems to the class of unbounded
normal operators |9], and the class of unbounded hyponormal operators [8].

In this paper, we define the class of unbounded posinormal operators on an infinite
dimensional complex Hilbert space H. In Section 2, we introduce and study the
spectral properties of operators from this class. In Sections 3 and 4, we study the
Weyl-type theorems and its variants, namely, the properties (w), (aw), (b) and (ab)
for the class of unbounded totally posinormal operators. Also, we discuss an example

that illustrates the obtained results.

2. Unbounded Posinormal, operators

The class of bounded posinormal operators is sufficiently large and contains the
classes of hyponormal operators, M-hyponormal operators and dominant operators.
The class of bounded posinormal operators was introduced by H. Rhaly in [14]. where
many interesting properties of operators from this class were studied. Since then these
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operators have been explored in a number of papers (see. e.g.. Jeon et al. [10], Duggal
and Kubrusly [5]. Mecheri [13]). For instance, Jeon et al. [10] have proved the WeyPs
theorem for posinornial operators with certain additional conditions. Duggal and
Kubrusly [5) have proved the Weyl’s theorem for posinornial operators under weaker
conditions than those imposed in [10]. In this paper, we extend this study to the class
of unbounded posinornial operators.

Recall that a self-adjoint operator P is positive if <Px,x>” 0 for every x € D(P)
CH.

Definition 2.1. A densely defined operator T e C(H) with '‘D(T) C V(T*) is said
to be posinornial (or positive-normal) if there exist a positive operator P. (V(P)
3 0i(T)), called the interrupter, such that TV T*PT.

Notice that the equality TT* = T*PT in Definition 2.1 implicitly carries the
condition that D(7T*) = V{T*PT).
Example 2.1. Let H = 12 and lot the operator T be defined {is follows:
T(xi,x2,x\3,...) = (0,2.ri;:r2,3x3,4a4,...) = (0, 1, ® ,03X3,04X4,...),

where

and

If Coo —{x = (x,) :(x,) 0 foronly finitely many n G N}, then coa is dense in 12.
Since c00 C D(T), we have that 'D(T) is dense in H. Also, the adjoint T* of T is

defined as follows:
F*(xi.x2,x3,...) = (2x2,x3, 3x4,4x5,...) = («1X2,02X3,03X4,04X5,...)
with

B(T*) = |(i,) el 2:f; |«Jxj+1]2< 00| = V(T).

Define P to be the diagonal operator with the diagonal entries p, given by:
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Then we have TT* T'PT, and hence T is an unbounded posinormal operator.

Remark 2.1. In Example 2.1. since |a,,| * |a,I+i|, T is a posinormal operator which

is not hyponormal.

Definition 2.2. A densely defined operator T G C{H) with 'D(T) ¢ b (V) is said

to be totally posinormal if T - X1 is posinoimal for every X € €.

We define a class of operators as follows: 7 := {T € C(Il): cr(T|g/ - XI) =
{0} => {T\m —A/) = 0 for every invariant subspace M of 7°}, and we will use the

following notation:

p(H) ={T G :T is a totally posinormal operator with p{T) 0}.
Theorem 2.1. 1fTe C(H) with N(T  XI) C LW (T - X1)"), then p(T - XI) 1.

Proof. Suppose X € X((T - A/)2), then (T - XI)x G W T - XI) WT XI) c
N(T —XI)  {N((T ~ A)*)} 1 = {0}. Thus, x G X(T —XI), and since the reverse
inclusion is true for every linear operator, we conclude that N ((T-A/)2) = >f(T- XI)

and p(T —XI) <1. [}

Theorem 2.2. If T is an unbounded posinormal operator, then N(T) C N(T*). In
particular, if T G p(H), then N(T —XI) C N(T —XI)* for all X G C and thus,
p(T —XI) 1for every AGC.

Proof. Suppose that T is an unbounded posinormal operator with interrupter P and
let ;r GX(T). Then Tx = 0 implies0 = T'PTx = TT'x and |[F*x|[2= (TTnx,x) =
0. Thus, X GN(T*). and hence IN(T) ¢ N(T*). IfT Gp(H), then T-X | is posinormal
and N(7'- XI) C 3sf((T —A/)*) for every AGC. Thus, we can apply Theorem 2.1 to
obtain p(T —XI) ~ 1 for every AGC. m}

In the next lemma, it is shown that T G p(H) is polaroid. that is, every isolated

point of the spectrum of T is a pole of the resolvent operator.

Lemma 2.1. IfTGp(H), then X is an isolated point ofa(T) if and only if X is a

simple pole of the resolvent of T.

Proof. Suppose A'is an isolated point of cr(T). Then Il = N(E0) ® 4{En), where EO
is the corresponding spectral projection operator. If Tx = T |n(zs,) and T2 = T |*(Eo),
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then a(Ti) = a(T) \ {A} and a(T2) = {A}. Since. a(T2- A/) = {0} and T G , we
have that ||(7’-A/).x|| —O0 for every x G 'R(£0). Therefore, OI(T—XI) = >/(£,,)0(T -
XIYN(EO) = W,Eo0) © 0, and thus WL T - Al)2 = (T - A7l Ea)0 0 = W Ea)00 =

A(r - Al).
Thus, q(T —AI) = p(T —Al) ~ 1, and hence Ais a simple pole of the resolvent
operator R\(T). D

3. Wkyl-tyib theorems

In this section, we study Weyl-type theorems for totally posinormal operators and
their adjoints. We say that an operator T € C(H) satisfies:
(i) Wecyl’s theorem ifcr(T) \ cw(T) EO(T).
(ii) a-Wejd:s theorem if a,,(T) \ auw(T) —E, (T).
(iii) Browder’s theorem if a(T) \ cw(T) —TO(T).
(iv) a-Browder’s theorem if <n(T) \ anw(T) = #"(T).

Theorem 3.1. If T Gp(H), then the following assertions hold:
(i) T and 7* satisfy Weyls theorem,
(ii) 7* satisfies a-Weyl's theorem,

(iii) 1f T* has SVEP, then T satisfies a-Weyl% theorem.

Proof.

(i) Suppose AGecr(T) \aw(T). Then 0 < a(T - Al) = /3(T - Al) < oo. Also, p(T -
Al) < oc gives q(T - Al) - p(T - Al) < oo and thus, AG E<,(T). Conversely, if
AGE,(T). then Abeing isolated in (t(T) is a pole of order 1, so that Il = 9%(T
- Al) 0 N(T - Al). Since A has finite multiplicity in cr(T), we have 0 < a(T -
Al) = d(T - Al) < oc. Hence, T satisfies Weyl’s theorem.

To prove that T* satisfies Weyl’s Theorem, let A G <1(T*) \crw(T*). Then
0 < ft(T”- Al) = /2(T* - Al) < oc. Now, q(T* - Al) = p(T - Al) < oo together
with Theorem 3.4(iv) from [1] gives A G EO(T*). Conversely, if A G EO(T*),
then A G iso<r(T) is a pole of order 1and H = 32(T - Al) & N(T - Al). Thus,
0<0(T* - Al) a(T -Al)- ft{T - Al) - a(T* - Al) < oc. Now, A G <r(T*)
\<1,,(T*), and hence T* satisfies Weyl’s theorem.

(ii) Since T being posinormal has SVEP, by Corollary 7 from [6] we have a(T")
= rja(T*) and thus, EO(T*) = E"(T*). Therefore, since T* satisfies Weyl’s
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theorem by (i), it is enough to show that aw(T*) - auu,(T*). If N £ <ww,,(T*),
then ind(T* - /1l) < 0. Also, Theorem 3.4(ii) from [1] and q(T* - Al) - p(T
-Al) < oo imply ind(T* - Al) A 0, so that iiul(T* - Al) 0 and A" 4,,(T*).
Taking into account that the reverse inclusion holds for every closed operator,
we conclude that T* satisfies a-Weyl’s theorem.

(iii) If T* has SVEP, then a(T) = a,(T) and E,,(T) = E%(T). By part (i). T
satisfies Weyl’s theorem, so it is enough to show that aw{T) = auw{T).
Suppose A ~ auw(T). Then T* —XI is a lower semi-Fredholm operator
with ind{T* - Al) ~ 0. Since r* has SVEP, we have p(T* XlI) < oo,
and thus ind(T* —XI) 0. Now, ind(T —XI) = ind{T*—XI) = 0 and
q(T  X1) = p{T - XI) < o0, so that Ais a pole oforderp =p(T - XI) =1
and Il = WLT XI)0 A(T - XI). Therefore, B{T - XI) = a(T - XI) < oo
and A (AU(T). Since the reverse inclusion always holds, T satisfies a-Weyl’s

theorem. [}
Theorem 3.2. If T Gp(H), then T and 1* satisfy Browders Theorem.

Proof. For every totally posinormal operator T we have q(T* - A) —p(T - Al) < oo for
every A6 C. Browder’ theorem for T and 'I'* now follows from Theorem 3.4 of [1].
Suppose Ae a(T)\aw(T), then q(T—XI) = p(T—XI) < oo and A€ T,(T). Conversely,
suppose A G #0(T), then Il = N (T—XI)(BW, T —XI) and /3(T—XI) = or(T—XI) < oo.
Thus, AGecr(T) \ any(T), and hence T satisfies Browder’s theorem.

Next, suppose A G v{T*) \ aw(T*), then A G rr(T) \ aw(T) = Tr,,(T) and hence
p(T* - XI) = q(T - XI) = p{T - XI) = q{T*- XI) < oo. Therefore, A G mO(['*).
Conversely, suppose A G m0(T*), then AG isoa(T*) and AG isoa{T). We have that
Ais a pole of order 1and H = N(T —XI) © 3(T - XI). Therefore, a(T —XI) =
fi{T- XI1) = at(T*-X1) <ooand AG (T )\ow(T), so that AG (T{T*) \(Ttu(T*), and

hence T* satisfies Browder’ theorem. D

Theorem 3.3. If T Gp(ll), then T* satisfies a-Browder’s theorem. In addition, if

T* has SVEP, then T satisfies a-Browder’ theorem.

Proof. IfAG #"(T*), then a(T* - Al) < oo and p(T* - Al) < oc. Also, T Gp (#) gives

q(T* - Al) p(T - Al) < oo, so that O(T* - Al) a(T* - Al) < oo and AGae(T")

Wti.-(T*). Conversely, if A G /ra(T*) \<ruw(T*), then ind(T* - Al) ~ 0, and q(T* -
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Al) p(T -Al)< oo implies ind(T* - Al) 0. Now, p(T* - Al) < oo and #(T*“ -
Al)“ is closed for every n. Therefore, A€ 7"(T*), and hence T* satisfies a-Browder’s
theorem.

Next, since p(T - Al) < oo and T is semi-Fredholm, it follows that Tn is semi-
Fredholm for every n € N. Hence the inclusion <x(T) \cr,m.(T) C #"(T) follows easily.
Conversely, if AG To(T), then p(T - Al) = 1, a(T - Al) < oo and 32(T - Al)2 is closed.
Now. (T - Al)2 is semi-Fredholm with p((T - Al)2) < oo and thus, ind{{T - Al)2) *
0. Since, T* has SVEP, so does (T*)2. Hence, q((T - Al)2) < oo and thus, ind{{T -
Al)2) A 0. Therefore, 2.ind(T - Al) —tnrf((T - Al)2) —0, so that A€ cr(T) \<ru,(T)
C an(T) \ffu«i(T), showing that T satisfies a-Browder!s theorem. [}

4. Variants of W isyl’s theorem

In tliis section, we study several properties which were introduced as variants of
the Weyl:s theorem. We say that an operator T G C{ll) satisfies:
(i) property (w) if 90(T) \ JWI(T) EO(T).
(ii) property (aw) if <r(T) \ <u.(T) = E"(T).
(iii) property (b) if @) \ auu(T) Tg(T).
(iv) property (ab) if rr(T) \ <m(T) = & (T).

Theorem 4.1. If T Gp(H) and T* has SVEP. then T satisfies properties (w), (aw),
(b) and (ab).

Proof.

(i) Since T satisfies Weyls theorem, we have E,(T) —cr(T) \<?WT) C <a(T)
\<7TUJ(T). Conversely, if AG aa(T) \<ruu.(T), then p(T - Al) < oo implies AG
isocr«(T), and T* has SVEP implies A G iso<r4(T). Therefore, A G isotr(T) and
hence in EC(T).

(ii) Since T* has SVEP, we have <1(T) <a(T). and thus EO(T) - E,(T). By
Theorem 3.1(i). we get a(T) \ <u,(T) EO(T) E“(T).

(iii) Since T satisfies Browder's theorem (Theorem 3.2), and T* has SVEP implies
a(T) aa(T), it isenough to show that cr™(T) —(UWT). If A ft su«>(T), then
ind(T - Al) » 0. Next, T* has SVEP implies q(T - Al) < oo so that ind{T -
Al) A 0. Thus, ind{T - Al) ..0 and A" a«»(T). Hence, sw(T) Q auw{T), and
since the reverse inclusion always holds, we conclude that T satisfies (b).
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(iv) Suppose /1€ <7(T) \<rw(T). Since p(T - Al) 1, we need to show that A(T -
Al)2 is closed. This follows from the fact that (T - Al)2 is Fredholm operator,
because (T - Al) is so. Therefore, A€ T"(T). The converse follows from the

proof of a-Browcler’s theorem for operator T (see Theorem 3.3). O
Theorem 4.2. Lei T 6 p(ll)- Then T satisfies properties (w), (aw), (b) and (ab).

Proof.

(i) By Theorem 3.1(i), T* satisfies Weyl’s theorem. Thus, it is enough to show
that <r(T*) \<tw(T*) = <71,(T*) \<t«*(T*). If A € <x«(T*) \<xmu(T*), then
ind(T* - Al) ~ 0. Also, q(T* - Al) - p(T - Al) < oo as T is totally posinormal,
so that ind(T* - Al) ~ 0. Then. ind{T* - Al) - 0 and A€ cr(T*) \<t,,,(T*).
Since the reverse inclusion holds for every operator, we conclude that T*
satisfies property (w).

(ii) Since T has SVEP, we have cr(T*)  4,(T*). Now property (aw) for T* follows
from Weyl’s theorem for T* (Theorem 3.1(i)).

The proof of parts (iii) and (iv) is similar to that of part (i) because T*

satisfies Browder’s and a-Browder’s theorems (see Theorem 3.2). [}

Example 4.1. Let H —12and T be defined as in Example 2.1:
T(xi,x2,x3,...) = (0,xi,2x2,x3,4x4,...) = (0,01X1,02X2,03X3,04X4,...),
where
_jj, ifj €N,j = 2n;
AMANL,ifj —2n —1.
Also, an interrupter P for T is given by the diagonal operator with diagonal entries
Pr-
*12, ifiGN,i" 3
if2 = 1,2.
Clearly, </((T) = &. and hencc E,,(T) = E™(T) = ¢. From [7]. since 1 >0 |on| —
oc, we have
cr(T)  o-(T*) = C U {oc}, the extended complex plane.
<r«(T) —{oc} and a,,(T*) Cu{oc},
<p(T*) = C so that E,(T*) = E“(T*) = ¢

Case (i): Let A€ a(T), A oc.
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Then, A Ja(T) implies that #(T* - Al) - o(T - Al) = 0. Hence p(T - Al) q(T*
- Al) 0,and A(T - Al) is closed, so that Ag JUWI(T) and ind(T* - Al) ~ 0, implying
that A€ suw(T*). Also, AG aP(T*) implies that B(T - Al) = tr(T* - Al) 0, so that
ind(T - Al) = -ind{T* AlI) 0, and hence AGaw(T) and A€ <,0(T*).

Since A (. isocx(T) and A £ isocr(T*), then Adoes not lie in 7, (T). ™ (T), MO(T*)
or <(T%*).

Case (ii): Let A= oo.

Then A I(T). and A G <n(T) implies that q(T - Al) = 0, but A(T Al). and
thus, CR(T* - Al) is not closed. Hence. A = oc lies in atm)(T), <@a,(T), cwtu(T*) and
qtli(T*), and Adoes not belong to T,,(T), 7 (T), mO(T*) and T®(T*).

Rom the above cases, we infer that:

<r,,(T) = CU {oo} and <,u(T) = {oo},

aw(T *)-<ruw(T*) = Cuf{oo},

EO(T) = E«(T) = EO(T*) - E«(T*) - d}

M(T) <(T) @TO(T*) 7y(T) &

Therefore, the operators T and T* satisfy Weyl’s theorem, Browder’s theorem,

a-WeyPs theorem, a-Browder’s theorem, and properties (w), (b), (aw) and (ab).

Remark 4.1. Example 4.1 also shows that the condition that T’ has SVEP, for T
G p(H) to satisfy a-Weyl’s theorem, a-Browders theorem and properties (w), (b).

(aw) and (ab), is only a sufficient condition but not a necessary one.
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AunoTauns. FBNEHMe rub6ca mccnegyetcs Anu pagos no obuieii cucteme ®paH-
KnuHa. O6uwas cuctema ®paHKAMHA NOPOXAEHHAas BClOAy nnoTHoi B [0,1] no-
CnefoBaTeNbHOCTbIO Touek 7 = (, > 0), 3T0 NOCNeA0BATENbHOCTb KyCOYHO
NMHENHBIX HeNpepbiBHLIX DYHKUUIA C y3namu u3 7, -as QyHKUUS KOTOPOIl uMe-
et yansl to,...,tN.B cTatbe gokasaHo, uTo sBneHne Mm66ca ans psgos no obuiei
cucteme ®paHKAMHA UMeET MECTO MouTW ANs Bcex Touyek oTpeska [0,1].

MSC2010 number: 42C10.
Kniouesble cnosa: fBneHne Mnb6ea; psag Pypoe; o6uas cuctema PpaHkImnHa.

1. BeepgeHue

fiBneHnem MM66ca HasbiBaeTCA onpefeneHHas 0Co6eHHOCTb NMOBEAEHNA YaCTUUHbBIX
CymMM psifa ®ypbe B OKPECTHOCTW TOUKM paspbiBa (hyHKLMU. OHO BnepBble 0GHapy-
XeHo . Yunbpeitamom (1848 r.) v 3HauMTeNbHO NO3XKe NepeoTKpbITO . M66com
(1899 r.). -as uyacTuyHas cymma psga ®ypbe umeeT Gonbluve KonebaHus B6IU3M
cKayka, KOTopoe [OCTUraeT MakCMMyMa YaCTUYHOW CyMMbl, Bbille 3afaHHON (PYHK-
uyn. TIpn yBeNMYEHNM N CKA4OK He 3aTyXaeT, a CTPeMUTCH K KOHEUHOMY mpepeny.

Knaccnueckas cuctemMa ®paHKAMHa - NONHAs OPTOHOPMUPOBaHHAS CUCTEMa KyCOYHO-
JINHEAHBIX HenpepbIBHbIX (YHKLWIA € ABOMUHBIMK y3namu. OHa 6bina BBefeHa P paH-
KMUHOM B [1]. KaK npumep NONHON OPTOHOPMMUPOBAHHOM CUCTEMbI, KOTOpas fBNsercs
6asucom B C [0,1]. 3aTem 3Ta cucTeMa Gbina 1ccnefoBaHa MHOTMMU aBTOpaMu ¢ pas-
HbIX TOYEK 3peHMs. XOpoLIO M3BECTHO, YTO Knaccuyeckas cuctema PpaHKIMHA SIB-
naetca 6asucom B [0.1] npu 1< p < 00 u 6e3ycnoBHbIM 6asucom npu 1 < p < 00
(em. [2)).

B fjaHHOI cTaTbe Mbl uccnedyem o6ilyto cuctemy ®paHKMHa, KOTopas nonyvaercs
PacCMOTPEHWEM LLIIOU3BO/bHOM MOCNe[0BaTENbHOCTM Y3N10B. bepeTcs BClogy NnoTHas
B [0.1] nocnegoBaTenbHOCTb pasnnuHblx Towek T = (, > 0) u3 [0,1] n cTponTcs

o6ilan cuctema PpaHKNNMHA KYCOYHO-NIMHENHBIX HEMnpepbIBHbIX (VHKIWA ¢ y3namu
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7. bonec nogpo6Ho 06Las cuctema P paHKAMHA onpejeneHa v naparpage 2. O6wasn
cuctema PpaHknnHa Takxke sBnsetca 6asucom B C [0.1] m [0,1] npu 1< p < oo

(cm. [3]) n 6e3ycnoBHbIM 6asncom npu 1< p < 0o (cm. [4]).

2. Onpepenenus n ocHoBHOM pesynbTaT

Onpepenenne 2.1. [locaefoBaTnensHocTb 7 = { : > 0} pasAMyHbIX TOYeK M3
[0,1] Ha3oBem gonycTumoii, ecnn to = 0, ti = 1, tn € (0,1) gna nwboron >2un 7

BClofly nnoTHo B [0,1].

Myctb 7 = {tn :n > 0} gonycTumas nocnefoBaTenbHoCTb. Ansa > 1 0603HauMm
T, —{ti:0<i<n+1} Nyctb itn = {K" : X[ < XEW.O < r < 7i} - HeybbIBalOLLaA
nepecTaHoBKa nocnefoBaTenbHOCTM 7n. Torga yepes Sn 0603Ha4MM NPOCTPAHCTBO
(YHKUWA onpefeneHHbIX Na R. KOTOpble HeNpepbiBHbI, NHENHbI Na X'+1] ansa
moboro i = 0,1,...,n. AcHo, yTto diui5,, = n+1 u Sn-i C Sn. CnepoBaTesibHO
cylecTByeT (C TOYHOCTbIO [0 3HaKa) eAMHCTBEHHas (yHKuua /n E S,,, koTopas op-
ToroHanbHa Sn_i n lI/,Il = 1. 3Ty QyHKLNIO Ha30BeM T;-HoOl PyHKLMel ®paHKNnHa
Ha R, cooTBeTCTBYIOLLeli pasbueHnto 7.

Ans dukcuposaHHoro n yepes /I, 0 < i < n + 1, 0603Haunm B-cHnaiiHbl COOT-

BeTCTBYtoLme T], T.e.

U B OCTa/IbHbIX C/ly4asXx,
-1 np" 6 [*" I'<
0 B OCTa/lbHbIX C/yyasx,
-ijl, npn 6
K =1 nput e [i*,xj+1]
(0] B OCTa/lbHbIX C/yyasX,
npn 1< k < - 1 fAcHo, uto {/IM}’_0 o6pasyeT 6asnc B NpoCTpaHCTBE

OnpegeneHue 2.2. MycTb 7  pgonycTumas nocnefoBaTenbHocTb. O6was cu-
cTema ®pavkamHa { , > 0} cooTBeTCTByOWan pasbueHnio 7 onpegenseTcs no
npasuny /o (f) = 1, /i () =y/b(2 —1), m anan > 2./, ecTbn-asa PyHkuna Ppax-
KNWHA. COOTBETCTBYIOLWas pasbueHnto 7.
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W3 oLeHOK Loo-HOpM OpTOroHaNbHbIX MPOEKLMIA Ha KYCOYHO-MHEWHBIX (hYHKLMAX
(cm. [3]) cneayeT, uTo ANA KaxAoW NocnefoBaTeNbHOCTM y3n10B T, COOTBETCTBYIOLL A
cuctema ®paHknuHa ssnsetca 6asmcom B C[0.1] n L1 [0,1], 1 <p < oo.

OTMeTuM, 4TO B cnyvae tu = —” —1 s n =2k+T,kK=0,1__ mmE

{1,2...... 2K}. Mbl NoNMyYaem Knaccuueckyto cuctemy ®dpaHknuna (cm. [1]).

OnpepeneHune 2.3. MNycTb TOouYKa paspbiBa NepBoro poga yHkuum q 6 L1[0,1],
npnuem \q(fo+) ~ F(*o~)I = 2d > Q v nycTb nocnegoBaTCAHOCTb PyHKUMi {qn (£)}**[

cxoanTesa K q( ) B KaXK.JO TOYKE HEKOTOPOW OKPeCnoCTH TOYKM - PYHKUMIO
c (t0,9, {w}* i) = G(to) = N1 i [,,(t) +
0

HasoseM hyHKumMell Mnb6eca ans nocnegoBaTensHocTwn {gn (E)}*L.r Ecmm G (0) > 1,
TO cKadkeM, 4TO ana nocnegosaTendocTn {9 (0} B Aro-4ke  MMeeT MeCTO

aBneHne méoeca.

Xopowo 13secTHO (cM. [5], cTp. 123-126). 4TO A4S YACTUYHBIX CYMM paga dypbe
HO TPUrOHOMETPUYECKOV cuCTeMe MMeeT MecTo fBneHne Mn66ea: hyHkuma G () He

3aBUCWT OT U paBHa NOCTOAHHOW MM66ca

o
fABneHune Mmb6ea gns psgos Pypbe no cuctemMe Yonwa, uccnegosaHo B pagotax [6]

u [7]. CywiecTBOBaHWe sBNeHUs M1G6ca Ans psfos Pypbe Mo cucTeMe Yonina foka-
3aHo A. M. 3y6akunom B [6]. B [7] fokasaHO, 4TO 3HayYeHWe NOCTOAHHON Mnb6ca Ans
YaCTUYHbIX CyMM psfoB ®ypbe-Yonlia 3aBUCUT OT pacnpefeneHns Touyek paspbia

(YHKLMYU, 1 ANS ABOMUHO-MPPALMOHA/IbHBIX TOUEK HAXOAUTLCA MEXAY YMCnaMu - 1

3 3 4
=. 3HayeHMe - [OCTUraeTcs NOYTK BCIOAY, a 3HAUYeHWe - B OMPefeneHHbIX TOYKax.
fiBneHne Mn66ca ans pagos dypbe No Knaccuyeckoii cucteme dpaHkanMHa ucene-

posaHo O. . CaprcaHom B [8], rae foKa3aHa cnegytollas Teopema:

Teopema 2.1. MycTb  ABAAETCHA TOUKO-W paspbiBa NepBoro poga yHkuun £
1[0,1]. O60o3HaummM ye.pe3  (/, ) HacTuyHyt CyMMY psga Pypbe-Ppavknmna hyHK-

umm unGo)=G( , ,{ (/)}*=)- Torga B kaxkgoit Touke € (0,1)
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npuyem noyTu Bcoay
4v/3

°mM =1+ 3(3+\U -

ChopMmy/MpyeM OCHOBHOI pe3y/nbTaT HacTOsLLel cTaTby:

Teopema 2.2. MycTb to ABASETCSH TOYKOWA paspbiBa Nepeoro poga dyHkuun / €
L1[0.1]. O603Hauum yepe3 5,, (/, ) 4acTuuHyto cymmy psga ®ypbe no obLei cu-
cTenic ®paHknnHa yHkumm  n G (£o) = G ("o*/. {E» (/)}* )- Torga

a) (7(<o) < %,qn* no6oro to € (0, 1),

b) G(<0) > pana noutTu Bcex € [0,1].

3ameyaHue 2.1. 3amMeTUM, YTO HUDXKHARA rPpaHb B Teopeme 2.2 GONbLUe YeM HUIK-

HAAS TpaHb B Teopeme 2.1.

CnepcTsue 2.1. SiBneHue Mn66ea ans psaos dPypbe no obuieit cucTeme ®paHkIMHA

MMeeT MecTO NMoYTW BO BCeX Toukax oTpeska [0,1].

3ameyaHue 2.2. B cTaTbe [9 ana obuweit cucTemsl ®panknnHa {/ }* 0 pokasaHo,
4yTo and nouTu Beex x € [0,1], ecnm yHkuma €  1[0.1] B TouKe X UMeeT paspbis
nepBoro poga, To pag ®ypbe-PpaHkanHa pacxoauTcs B 3TOi Touke. [lo aToro 8 [10]
6bIN0 0Ka3aHo, YTO AN KNaccuyeckoil cucTembl PpaHKIMHa nocneAHee CBOCTBO
cnpasegmso Ana scex X € [0,1]. B cBA3M C 3TUM M C Teopemoi 2.2 BO3HWKaOT

cnegytoxuue Aga Borpoca:

Bonpoc 2.1. CnpasejanBo N1 yTBepP>KAeHWe, YTO Ana pagos dypbe No npou3sob-
HOIi oblieii cucTeme ®paHkauHa seneHue nbbca MMeeT MeCTO ANA BCeX TOYeK
nHTepsana (0,1)?

Bonpoc 2.2. CuwxiBegnmeo nu yTBepP>KAeHWe, YTO AN NPON3BONLHONA 06Lei cu-

cTembl ®paHknnHa, ecnn B Touke X € [0,1] cyHkuma €  1[0,1] umeeT paspbiB

nepeoro poga, To psj Pypbe pacxoguTcs B 9TOW Touke?
3. lokasaTenLcTBO OCHOBHOIO pesynbraTa

Ans ynpolieHns 0603HaueHNii, MHoraa Gydem nucatb X, BMeCTo X". 3adukcupyem

n-oe pas6ueHue oTpeska [0,1]:

0=x0<X\<... <X <X, =1

54
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n o6osHaumm A; = X{ —Xi- Takxe, gna nwo6oro i 6 {0,1,... ,n} o6o3HauMm a* =
Kn (xK,xi). PaccMoTpum cnegyoityto yHKLUNIO

O603HaunM yepe3 Sn (ipx, ) NocnefoBaTeNbHOCTb YaCTUYHBIX CyMM paga dPypbe no

o6Lweil cucteme PpaHKAMHa yHKLUN 3ameTum, 4To

S, fVt3) = J ax (D) Kn (, 1T = J Ky (1) H,
[0} [0}
rae Kn(x. T) 7i-oe agpo [upuxne o6Leit cuctemMbl ®paHKnHa.

Nemma 3.1. Ecam x 6 (0,1) nt G[0,1], To

AokasaTenbcTBo. MocKoNbKY yHKUNS ,, {<px/T) KyCOUYHO-NNHEHaA 1 HenpepbIB-

Has OTHOCWTE/bHO MepeMeHHON , crefoBaTeNbHO, A0CTAaTOYHO [0Ka3aThb, Y4TO

ana nwéoro kK £ {0,1,---n}. be3 orpaHNYeHNs 06LLHOCTM Mbl MOXEM CUMTATb, YTO
X € [xT Vi), rge me {1,2,..., n —2}. O6o3Hauum a* = Kn(xk, Xi), r=1 , n.
Yepe3 x 0603HauMM TOUKy, KOTOpas yfoBneTBopsieT ycnousam Kn (xA.x1) = 0 u
X e (XT,xT+i).

Tenepb Bblyncanm Sn {ipx ,XK)- MoCKONbKY yHKLNA

NPULLLLNEXUT S, TO

1 npu K <nr

Onpuk=>T.
0

CnefoBaTenbHO, nosyvyaem
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Takum 06pasoM, UMeem
X

1@l A,
T i+l
1y (Trl+2am Al e,
ST ZCD AT ks T

S, (v3x.Ti) = J Kn (Xk,t)dt =
(0] 0 XT
XT X
= \] Kn (’Ugdt+ J -m+ (— XT)\]dt.
o Tr
XT
= 1 Kn (zic,t)dt + ttro(x - xT) + A*T (X xT)2

o
(«m+J + 2aT1 ) At +1

M1+ L 27T) AN
J S P A

(x- x

+C»T’("-"Tj/ +

ft

h-l——_—']J—m(ar—iT)‘Q npu &<’

m) + &if'rll" Al()’(— *m) npu K >

Cnyuaii I: k < T. Ecnm k < T, Toraa umeem, uto (cm. (11))

(<4 + 2«i+i) Aii
ana nwoéoror € {&k +1,..., T —1}.

(oik + 2r>fc+i) Afcri o TT —2
i=jk+i
W3 HepaBeHCTB [ui| > 2| :*+ | n a*a;+
0o<n

2ai 4 (*i+i

@ni+i + « + )A+
CnepoBaTte/ibHO

— = (—)1a K (20T + «T +i) Ar+1.
a*l

1< 0 (cm. [11)) cnegyert, uTo
+2aiii< 1
2

ana nwoéoro i € {k+ LA+ 2,...,2n—1}, noatomy

bITEKAET, YTO
aMETUM, 4TO U3 paBeHcTBa (cm. [11])

(oK + 2ak+1) Afthi- A2 * I (Afc+)Afgri) = 3 (+H Afoy,

> 61

o \in—x

/o, _&5 3 \1
) (2«m +6arm+1) Am+1.

+

17) <3,

56

X
J knexk,tydt + J Kn (xk,t)dt



SABNEHWE TMBECA ANSA OBLWEN CUCTEMbI ®PAHK/INHA
cnefosarenibHO

- i) .
(-1r fc(2am+ Om+i) "m+1 < bk

B 4aCTHOCTM
(CR)

npn A< T. Tenepb paccMOTPUM fABa MoAcayyas.

a) aT > 0. B aToM cnyyae umeem
Sn (v>,,,afc) < Sn(p*.*(}) < (w ,Xk),
noToMy uTo

J ft, (*.t)dt = + > 0.

Takum 06pasoM JOCTaTOYHO 40KAa3aTb, YTO

(3.2) S, > -- un S, (yv..Tt) <
Mockonbky aT,, Qjt > 0 n c*;a,+i < 0 gna nwo6oroi e {0,1,..., —1}, cnegosarens-
HO (in —K) :2.

Ecan Kk < T, TO Mcnonb3ys HepaBeHCTBO (3.1), nonyuum
o /. y 1 +i + 2aT) AT+l 11
(<PX,,..XK) = 1(Qm| ------ £T) > > =
Ecnm k = T, TO Gyaem umMeTb

/ 4 o, (aff+l + 2«fe) el (2«fc + AMfe-l) Aetl N1 1
§.((fe.*»> =1 6 = o >0>-5.

Tenepb fOKaXeM BTOpoe HepaBeHCTBO B (3.2). Mockonbky X' —xTh = aWAft+l A
«rn - «T+1

cnefosatesibHO

N
@ (w.sfe)'= 14 Klei ......+_“ft‘.f!mt'__i_f?__t_'_,

Tak Kak (rn —k) :2, To U3 HepaeHcTB (3.1) n
(ftfc+1 + 2<f0) Afefl <
6

cneayet, 4To ecnnm A< T, To JIT +i <
2a,, 4-aw+i

Taknum o6pasom
a;n+atat-y+ , +
(2am+ am+i) (am- am+i)
57
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(2ft,,, + Om-1) (Ow, - QkT+i) + 3aT +j ((>,,, + Qm+l) ~ 1_3
+ 2(2am + am+i) (om - a»n+i) 2~2
BTopoe HepaBeHCTBO B (3.2) AOKa3aHo,

6) aT < 0. B aTom cnyyae umeem
5, (W .xK) <Sn *K) < Sn (Vxm.xK),

MOTOM)' uToO
X1

«,, + ati+i) Am+i

X,,
J Knpxkotyat = Lo <0

Taknm 06pa3oM JOCTaTOYHO A0Ka3aTh, UTO

(3.3) S,, (U>rXxb) > - n S, (¥, 3% <

MockonbkyaT <0, ToK <T u[T - K + 1) :2. CnegoBaTenbHo, U3 HepaBeHcTBa (3.1)
3

NOAYUYUM OLEHKY AT +i < ——--m--—oemeemm . Vmeem Takxe am+i > 0unaT+ 2am+l <
sOCw T Om+
0. OTcrofa cnegyet, 4To
5» (*,.*0 1+ Am+, > X _ < o+ +
6(at - Om+l) 2 (2Q'm + <%i+l) (dm ~ An+l)
3( Q"-H (at, - aT-u)) 1
2(2Qm+ am+i)(am-a m+i) > 2

MepBoe HepaBeHCTBO B (3.3) AoKa3aHO. BTope HepaBeHCTBO B (3.3) cpasy cnegyet u3
HepaBeHcTBa (3.1):

[ \ 1 (<*NH | + 2c*T) AT+ 1 13
1

Cnyuait 1l: A> T. B aTom cnyvae 13 HepaBeHCTBa (cm. |11])
(@* + 2c*i+) Aj+i = —(2«i+i + ai+ YA+, i £{m—1m,..., Kk —2}

cnepyeTt, uTo
I:—2

(2at-i + ajtdA* N 21+ '+ = (-)*"mK .-i + 2a,,)A,,,.
t-m

W3 HepaBeHCTB |ovY > 2]o,+i| u ajai+i < 0 (cm. [11]) cnepyeT, uTo

AL < —

ni + avivi 2
ana nwoéoroi e {m.T 4-1,..., A- 2}, noatomy

(-1)*-"* (BT i+ 2a,,)Am < & * - )>
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3ameuas, uTo
(20k_, +a,)A, < (a*-*®2n*)A* = 3 (i-( + +| 1 +\ <3
nonyyaem
(-1)-"(at , +2«,,)A,, < »
B YaCTHOCTM, UMEEM
(3.4) (-1)*-7 (nT_1+ 2a,)N1T <3.
O naty PACCMOTPUM ABa MOACNYYas.

a) nT > 0. B aTom cnyvae nmeem

S, ,X*) < S, (tpx,xK) < Sn (X, Xk) m

noToMy u4TO

/

Mockonbky am> 0, Tom+ 1< k u (T - A):2. CnegosatenbHo, U3 HepaBeHCTB (3.4)

nony4um

Sn = (Qm + 2am+)Am+1 >

< /vv t* A ﬂ“m+ «mOm+ + a,,,+1 + ama,,,+i + ai.+1I
. *t) = Anwfl-——- i ” ) | et (4 .
( ) n Igfara- am+l) e 2(am+ 2«m+|]q(<'°m antl)

2  2(am+ 2am+i) (am- am+l) 2 2
6) am < 0. B aTom cnyvae numeem

Sn (dr',xK) < S,,(ipx,xit) <'S,, (ipX,,,,,Xk) ,

noTomy 4TO

vJ K, (**.tydt= (M- +47 i)A-+ >0.
zm
Mockonbky am+i > 0. cnegoBaTtenbHo, ecnu
+ ) IT+1 < 6, HO Mbl TakXe MMeem

+ 1 < A ro n3 HepaBeHcTB (3.4)
noayyYnM OLeHKy (aT + 2
(a*-, +3a*)A*=6(i K+1 +~7 + ) <6

59



B. . MUKNENAH

Takum o6pasom, ecnu T < K, To (aw + 2aT+i) An+i < 0. CnefoBatensHO

+ OnJlw+l + 11~ <%+ «mOm+l + 02, i
«) = A+ 6( , _, m+l) ( , *+20m+l)(a,, nm+l)
3otm (ovm 4- qw+i ) 1 |
~2(n,, +2«t™) (ftm <Wi) 2> 2
"
r, / \ (et 2«/fi+i) Aw+i 3
S, = < 1

Nemma 3.1 gokasaHa.

Nemma 3.2. Ecim 0 < A< v - 1, To cnpaBeAnvBbl CrefytoLune yTBepXaeHus,

a) Ecnmr.e "O—- ,T0pns no6orox € TR+ A (0 Ve Flor o+ 2

S,, (<Pt,*k) > 1 +cAi.+ialt.

(23 —3 1 r

b) Ecnu c € 6 p TOAM no6oros 6 x* + At+i=----- 4
S,, (VX,XK) > 1+ cAfctiat.
[okasaTtenbcTBo. Myctb ¢ € "0, . Pewnm cnepytolliee HepaBCaHCTBO OTHOCU-

Tenbll0 NepeMeHHON X:
(3.5) Sn (<PxXK) > 1+ cXk+lak.

MockonbKy (CM. fl0Ka3aTenbCTBO feMMbl 3.1)
5,(",x,) =1- +an +akK(x - X,)+ . (iz ftg .
0 AA+L 2
cnefoBaTeNbHO KOPHW ypaBHeHUA 5»(y?* x*) = 1+ cA’+ia* aBnaloTcs cnegytoLve

uncna
. (@ 6c)ag + (L+ 6c)akQk+l+

ak

X = XK + XK+\ -
=% «fcHl

0O603HauMM Yepes X TOUKY, YAOBNETBOPSIOLLYIO cegytolwmm ycnosuam: Kn(xk x') =
0, x e (xk,xk+i). 3ameTum, 4TO N3 HepaBeHCTBa > 2 [oA»i| (cm. [11]) cnepyer,
uTo
X - XK ak
Xk+H + X K-X1  [ftfc+] ~ 2
Te x > xk + — 1 (CM. pUCYHOK).
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Puc. 1

CnepoBaTenbHO
(1- Cc)a% + (1 + Gc) OfcOfcH +
Xk + Axti - I
Nk - « +1
- ., Ok\k+l J 2At+1
> Xfc + — X > Xle Hemmeeee

ak - afcH
BeefieM (yHKLMIO
/(1 - Ge)a2+ (1+ Ge)OfeX+ 12
3

1(*) = -
*) A - X

Jlerko NpoBepuTb, YTO HepaBeHCTBO ' (X) > 0 paBHOCW/ILHO HEPaBEHCTBY

(3.6)

/(1 —6C)nsi + (1 + 6C) QfeX + x2 n .
2«kJ =T K e e e (1-2c)aE-(1 + 2c)a*c

N (x) = ——i e Y , PR —— ' N

Mockonbky tifc > 0 mc < —, 70

(1- 2c)a* + (L+2c)x > (1-2c)a* - 1+2c)y =1 6 »t >0

cnefjoBaTeNbHO HepaBeHCTBO (3.6) PaBHOCUNBHO HEPaBEHCTBY

4(1-Bc)™ + g+6c)rx =" ((1 _ 2c)ai + (1+ 2¢c)T1)2 _

nostomy 1—12c —2c2 > 0.
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2>/3 3

6 To (hyHKUMA h BO3pacTatoLas 1 B YacT-

Takum o6pasom, ecam ¢ € [0.

Hoctn /i(a*+1) < N(0) = 1- *T.e. HepaBeHCcTBO (3.5) cnpasegnuBo g

% P o

No6bIx X € Xc+ Afctl | 1- \j —g— | ,xk + —3

Ecnm c € [2s-3 _ , TO PyHKUMA h y6biBatoLas, 1, B YaCTHOCTW, Nonyyaem

| B 12

2 s\ - 12
li(al+i) < N ( y ) =

T.e. (3.5) cnpaBefnnBO ANA NOGLIX 5 € B(K + Afc+ig——'———\—/|—-'-——:—L—2—9,XK H——g{'\‘.tﬁ]e?\’n—

Ma 3.2 gokasaHa. ]

Nemma 3.3. Ecrm 0 < a < 1, To gns nboro oTpeska [a.b] C [0,1] cywecTsy-
eT Takoe HaTypanbHoe uyucno N, 4To Ans N6Goro HaTypanbHoro uncna n > N

cywecTsyeT s € {0,1,...,n —1} Tak, yTo Pr* aa+i] C (a.6) un ->a.

[lokasaTenbcTBO. MNpeanonoxmm, YTo CyLLecTByeT Takoii oTpe3ok [a b C [0,1], uTo
ans Bcex N e N cyuwiecTByeT HaTypanbHoe umcno n > N. Tak. 4To u3 [rs,xa+l] ¢
(a,b) cnegyeT HepaBeHCTBO < a. O6osHaunm A(?) = Tioc {A}. Tak Kak

nIiT A(n) = 0. TO CyWeCTBYeT HaTypasbHoe uncio N, UTO AN BCEX HATYpaibHbIX

yucen n > N BbINONHAETCA HepaBeHCTBO A(N) < — — — . 13 Hawero npeg-
MOOXEHWS MOJYyYaeM, YTO CyLLEeCTBYeT Takoe HaTypanbHoe uucno w, > N, 4To 13
ycnosus P8, TB+i] C (@, ) cneayet Aa+i < aAs. Mockonbky [ab] C [0,1]. To cyLie-
cTBytoT Takue i,j € {1,2,...,n0}, uto i<a<as<xitl < ... <Xj <b<Xj+i.
Takum obpazom A™Mi < aXk ana seex kK G{i,i + 1,...,j —1}, cnegoBatenbHo

i j-1 i

Y. Ae<q”™ AK<o0"2 At

noatomy (1- a) "2 Xk <aA <aA(n0).
k=i+1
C Apyroii CTOPOHbI, Mbl UMeeM

A*> —a- Ai_i —Aj+i >b —a —2A(no).
A=itl
62



AB/IEHVE TMBBCA A1 OBLWEN CUCTEMbl ®PAHKIVHA

Ne -a)(l-0) . L -a)(1 o)

lakum obpasom A(no; > --—--- T A * A0 MpOTUBOPEUUT Ha-
Lemy npeanonioxexunio. Jlemma 3.3 gokasaHa. ]

Nemma 3.4. [ina Bcex £ 7O, CyLlecTBYeT TaKoe NONOXKMNTE/IbHOE YUC/O T, YTO
Anm noboito oTpeska [a b C [0,1] cywectByeT HaTypanbHoe uucno N, utousn > N
cnepyet HepaseHcTBO // (E,, (5) [a,6]) > e(6- a), rae

En (¢l = {x £ [0,1] : cywecTByeT Takot T £ {(), 1, — n}, uto  (V2c,X,,) > 1+ 5}.

NokasatenbcTBO. Mockonbky ft € ~ O , TO cywectBytoT Takne £ (0,1) u

En € {'o, EY yto A= s -a—+—{— Tenepb B fieMMe 2 MOMOXKUM C = —5
MockonbKy

1 .17 a4 243 3

12>C>- 12 0

cnefoBaTeNbHO HepaBeHCTBO (3.5) cnpaBefnnBoO ANA Beex X £ ®* + —e/1 Ajti,

+ - Xb+15° Ecnn > a, TO U3 HepaBeHCTBa a* > —-----—---- (cM. [11]) Bbrre-
3 JK A+ K+
KaeT, uTo
5,(*,») >+ M W *k>1 + LI M .~ >1 + 1— =141

Takum 06pasom, nonyyaem
BNY(EN(S)  [x*x/t+i]) > SiXk+i.

Tenepb Bo3bMeM oTpe3ok [a,b] C [ab] Takum yTo6bl @ > a N1/ —a < ——. U3
NemMMbl 3 cnefyeT, YTO CyLLeCTBYeT Takoe HaTypanbHoe umucno N\. yto ans no6oro
HaTypanbHoro uncna > Jii cywectsyetr £ {1,2,.... n —1}, uto [ {;>*+i] C (07, b)

" > a. Mockonbky [ab] C [0,1], To cywecTByeT j £ {1,2--—,n —1}, uT0
Xj < b< Xj+1- OueBngHo, uTO CyLECTBYET Takoe HaTypanbHoe uucno N2, uTo ans
b—a
no6oro HaTypanbHOro yncnan > J1 umeem b- xj < ——.
Mycts n > n\nx{N\.N£}. Ecnm ~ > a ans Beex s £ {ir+ 1 - 1} 10

MCHONMB3VA (3.7) NONYUYUM OLLEHKM
L(EN [a6])>/i(En() [xi,Xj]) >e\ (Ai+i+ ... + Aj)

=¢1(b- a- (xi- a)- (b- xj)) >e\(6 a- (6'- a)- (6- Xxj))
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HakoHeL, 13 3TUX HepaBEeHCTB Mosnyyaem

U(E, (M) [ab)>uy(E, () D>l
= (W ) +1 *) V(y A)))

SE@L-n)MI(L )+ @- a)ll. \ AN =e 1- )X )

S El(1-a)(6- a- (Xi- a)- (b- Xj)) >ei (@-a)(b-a - (-a)- (b- X))
>eift- aff{6- a2k 2= £i (1 —a) ®b- a).

Monoxue e = 1 , 6ygem umetb ft(Eu(6) [a,?) > c(b a). Nlemma 3.4

Nemma 3.5. Ecnm 4 ¢ Ku ft(A) > 0, To gnsa noGox-0 B e (0,1) cywiecTByeT Takoit
oTpe3ok [a, 6], 4To
It(A [ab])>0(b- a).

NlokasaTenbcTBO. W3 Teopembl Jlebera 0 TOYKax NNOTHOCTU ChefyeT, UTO Cylie-

CTBYET X € A, A5 KOTOpOI
u(AT\[x-li,x +1i])

im0+ L =1
CnepfoBatenbHo cyulectsyer >0, 4To
fi(ylIn[i-/io,x + fio])
-2 £ - > A
Te. [( [x- ho,X + ho]) >fi (x+ ho- (x - ho)). Jlemma 3.5 gokasaHa. m]

Nemma 3.6. Mycte { }*_1 nocnegosatensHocTb nogmHoxecTs [0.1]. Ecam cy-

LWecTByeT Takoe MONOXWUTeNbHOe uucno £, 4To Ans nw6oro otpeska [a, b C [0,1]

CyLLecTBYeT HaTypanbHoe uncno N, 4to npu n > N, CnpaBef1BO HEPaBEHCTBO
X(An [ab])>£(b- a),

Torpa/ (nlﬂi‘éoAn/] =1

NokasaTenbcTBO. O603HauMM uvepes gv (ir), x € [0,1] xapakTepuCTUUECKYIO PYHK-

uno MHoXectBa An. Ecnm x n rooAn' T0 cywectByeT no € N, yto x 4 An gna
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no6oro n > no, cnepgosatensHo Hm an (x) = 0. Takum 06pa3om, [JOCTaTOHHO JOKa-
3aThb, 4TO nll_)'rpcgn (x) 0 noutu Bcrogy B [0,1]. Mpegnonoxum, 4To Ml_l‘léuo av(m =0
ana scex X € G n i (G) > 0. 113 Teopembl EropoBa cnegyet, 4TO CyLLecTBYeT Takoe
mHoxectBo F C [0,1], uto /i (F) > Owm gn(x) O Ha F, noatomy cylyecTByeT HaTy-
pansHoe umcno N', uto an (X) = 0 gna no6oron >N Te. Fn An=0,npu n> N
3 nemmbl 3.5 cnegyeT, 4TO CyLLeCTBYeT Takoil oTpesok [a 6] C [0,1), uTo
fi(FMN[a6)> (1—£)(6- a).
C [pyroii CTOPOHbI, Mbl MeeM, YTO CyLLeCTBYeT HaTypanbHoe 41cno /V, uto
u(AnnMnifa,])>e(b-a),
ans noboro > N. Takum obpasom, ecnn > Tax{N, N'}, To
0= /x(Fn An) >ii(FC\[a,b]) +u(An [ab]) - /i((a,b])
>(1—e)(b- a)+£(b a)—(b- a)=0

YTO MPOTUBOPEYUNT HaLLeMy NPeAnosoxeHuno. Jlemma 3.5 foKasaHa. O

Nemma 3.7. NycTb x € [0,1]. Ecan cywecTByeT NONOXKUTENbHOE YNCNO S U Ta-

Kue nocnefoBaTenbHOCTU HaTypanbHbix uyncen wik, ilk, 4To
(VnXmJ > 1+ 4§

Ans scex K € N. To A%XT. =X.

[okasaTenbcTBO. 3admKcMpyem K 1 0603HauMM yepes Sj naowaab TpeyronbHMKa,
BepLUMHAMM KOTOPOro ABNAIOTCA ToukKa (Xj, K (X TK,Xj)) v 6nnxaiilumne cnesa v cnpa-
Ba OT Touku Xj Hynn dyHkuymn K (XLLK, ). Mbl umeem, 4TO CyLLeCTBYeT TaKoe Y1Cno
ee (0,1). uto Sj <emk~jSmk gna no6oro j e {1,2— , Tk} n Sj < £j~mkSmk ans
no6oro j € {rnk, Tk + 1....,n} (cm. [12]). 3ameTum, uTo (cm. [11])

c n * Aynfer| — A«t+ Anrferi 4 n
2 Am, + AWic+l

CnepoBatenbHo Sj < 2Em*~i ans nwo6oro j 6 {1,2,... ,7*} n Sj < 2e3~mk ansa

noboro j € {Tnk,rnk + 1...., ).
[lonycTum, 4To X G [xj_i,xj] U T < TTKkeTorga
1

1+ B< S,kEx,xmk) = f Klkfemk,t)dt < <2Y e~ < 2
! 3zh i 1€
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o (el + )
0 r > Tmk—logc -—---"--------<. bcan xe r > mf*, 70
X
1 +fi < d KIXmh ) Git= 1- 3 KMkpom, ) fit.
noaTomy
2f* 1 m*
-6 > 1 Kn,,(x,Ikt)dt > Sj> 2 g ™> -~z
J j=i-1 j=il E
Takum o6pasom r < ink + 1+ logc® 0~ -[ockonbky uncna logc— 4~ 1+~ n
1+ logf He 3aBUCAT OT K, To \\rn X TK = X. Jlemma 3.7 foKa3saHa. m]

9
Cnegcteue 3.1. Jim S, (ipx, ) > ans noutn Beex x € [0,1].

[okasatenbcTtBo. MNycts '€ "0, M3 nemm 3.4 1 3.6 cregycrr. 4to

fi M liw En (S = 1

Ecnn Xe lini En( ), To cylwecTByeT Takas NocneoBaTeNbHOCTb HaTypanbHbIX Y-
n—oc
cen Mk, uto x € EMk(6) ans no6oro K € N, 4TO 03HAYaeT, 4YTO CyLLeCTBYeT Takas

nocnefoBaTeNbHOCTb HaTypasbHbIX uncen LUK, 4To
ni, > 14 &
CnefoBatefibHO 13 eMmbl 3.7 noayyum \ivn X,[k = x. MMosTomy

liin (s, )> 14,

HepaBeHCTBO CrnpaseAnuneo ansa scex J1G ~O, CNC:AC)HAT< IbHO
Jta «.(*..*) 1+5=1-
Cneacteue 3.1 fokasaHo. [}

Nemma 3.8. Myctb t0O€ (0,1), a g orpaHnueHHas Ha [0,1] n HenpepblBHAaA B TOUKe

lo dyrkyna. Torpa lim 6, (a.1) = A (to)-
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[okasatenbcTBO. lMycTh
O=xfi<K <..<xK =1
-0e pa3bueHue oTpeska [0,1]. ViMeem, uTO ANA KaXAOr O e CyLLeCTBYeT Takas § uTo
ana no6oro e («o- 6, 0+ 6), cnpaBeanmBo HepaBeHCTBO \g(t) - 4 (*0)| < e. Msbl

TakKXe MMeeM, YTO CyLLeCcTBYeT Takoe AeicTBUTeNbHOe yncno A/, uto \a (i)] < M ans

Bcex € [0,1]. MockonbKy

0 0
cnefoBaTtenbHo M3 (3.7) nonyyum

[ @ )—A«o) <J U(, ) () - a<O]A

0]
to+6
1G-S
to+6
@t,s)\ds+e / \Kn(t,s)\ds <21/ / \Kn(t,s)\ds + 3e.
to—6 [«—t>=v

Takum 06pa30M, AOCTATOYHO f0KasaTb NpeAenbHOe COOTHOLLEHME

Cnpasegnuea opmyna (cm. [11])

Xon  6anxaiilwyo TOuKy pasbueHus cnpasa OT Touku - 6. CyllecTByeT Takoe

HaTypanbHoe 4ncno N. 4To Ans NGOro HaTypanbHOro uncna n > N. cnpasefnnso
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rae K,i€ {0,1,...,n} uk i (cm. [11]), cneayer, uto
to—b *TA to—s
J Wnandx= | E-w2 (9K, (xis) da=

T ds
k=p,, i=0 -

<\, b A< | EE()"™"—q.

*m=,, (-0 w

fc=P»

7 2\
| w2, % (0 >-<f / 5 ©
144 fo-Nn ro-4. 4o <

I © <)

[ocKonbKy i . - Qn) = +60, To
y Jim (p. - QN)

to-ii

Hm J \Kn(es)|ds = 0.

TOouYHO TakXe Mbl MOXEM [l0Ka3aTb, YTO
1

Hm j IKn(,s) ds=0,
n—>octn+d
cnefjoBaTeNbHo J \Kn (, )ds=0./lemma 3.8 foKasaHa. O

30}, [><5
Tenepb fJOKaXXeM OCHOBHOI pe3ynbTar.

[lokasaTensctBo Teopembl 2.2. Myctb to £ (0,1), / (to+) = d\ un f (to—) =
PaccmoTpum (yHKLMIO
(- f O)-<s0()@d2- ) npn 6 [01]\ {0}
Yy \d | npn = to-
Jlerko BWAETb, 4TO (DYHKLUWSA [ HenpepbiBHA B Touke to M orpaHuyeHHa Ha [0,1].

CnefoBaTenbHO U3 1eMMbI 8 ciefyeT, YTo ‘ll*l"Tll) Su (g, ) = 4 (to) = d\. Takum o6pasom

[d\+( -d\) lim Sn(>,) npu > d]
lim Sn(/, )= e
t—iti) Id| +( -dY) I|m Sn(<Ptot) npu d2 <di,

\% n%o
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d\ + (d2- di) /Iim Sn{<Pt, t) npu d2 < dx
438

SnA Al <h+ (d2 di) lim S, (ipt,,t) npu d2>d\.
T>00 1 1™

W3 onpegeneHun 3 cnepyet, 4To
G(/0) = max <2 lim Sn (V0>0-1.-2 1l (~,, )+ 1
1%,

W3 nemmbl 1 cnegyert, uto ans nw6oro € [0,1]
G(t.0) < max 12«1 - 1,2-i + 1| 2,
W HakoHel, W3 CNeACTBUM 2 Mbl Mo/yvaem, 4To ans noutn Bcex € [0.1]

G(t,)>2 E_SniVb.t)-1>2.5-1 =5
g TR

B 3akntoueHune Bbipaxato 6narofapHocTb akagemuky ™. . FeBOPKAHY, NOf PyKOBOS-

CTBOM KOTOPOro BbINO/IHEHA HacToALWan pa60Ta.

Abstract. The paper is devoted to the Gibbs phenomenon for series by general
Franklin systems. The general Franklin system corresponding to a given dense sequence
of points 7 = (t,,,n > 0) in [0.1] is defined to be a sequence of orthonormal piecewise

linear functions with knots from 7, that is. the n-  function from the system has

knots ..., . The main result of this paper is that the Gibbs phenomenon for

Fourier series by general Franklin systems occurs for almost all points of [0,1].
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ON A GENERAL NONLINEAR PROBLEM WITH DISTRIBUTED
DELAYS

NASSER-EDDINE TATAR

King Fahd University of Petroleum and Minerals. Dhahran, Saudi Arabia
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Abstract. The paper considers a general system of ordinary differential equations appearing in
the neural network theory. The activation functions arc assumed to be continuous and bounded
by power type functions of the states and distributed delay terms. These activation functions
arc not necessarily Lipschitz continuous as it is commonly assumed in the literature. We obtain

sufficient conditions for exponential decay of solutions.1

MSC2010 numbers: 34D20, 34K20.
Keywords: Neural network; activation function; distributed delay; exponential stabilization.

1. Introduction

In this paper, we deal with the following system of equations:
an  XN(t) = -oioxico + x i EX](1),  Kijd.tXjWdtj +6 o,

i = 1,....,m, with given continuous functions Xj(t) = xqj(t), t € (—oc,0], () >0
and Ci(t), r = 1, t > 0. The functions L]and Kij. i.j = 1. are assumed
to be nonlinear and continuous, and satisfy some condition that will be specified
later. Notice that the system (1.1) is a generalized version of much simpler systems,
appearing in the neural network theory (see [5, 7-9, 12, 14. 15|).

In designing (artificial) neural networks, the researchers were mainly interested in
the human brain. Neural networks consist of several simple computational elements
(processors) known as "neuronswhich are highly interconnected and arranged in
layers. The tasks of neurons is to transform the received signals from the input and
transmit, the outcome to the subsequent neurons.

The applications are numerous: quality control, identification of consumer charac-
teristics, target marketing, financial health prediction, texture analysis, adaptive

1The author is grateful for the financial support, and the facilities provided by King Abdulaziz

City of Science and Technology (KACST) under the National Science, Technology and Innovation
Plan (NSTIP), Project. No. J5-O1L4884-0124.
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control, data segmentation, recognition of genes, medical diagnosis, signal processing,
etc.

Neural networks are particularly useful for tasks a traditional computer cannot
perform. Some of these tasks are, for example, detection of medical phenomena,
forecasting, identification and prediction.

After appearance of the basic neural network systems, they have been extensively
discussed in the literature. The goal was to generalize these systems and to discuss
various issues for basic and generalized systems (see [5, 7-9, 12. 14, 15]). It seems, the
most studied question is the (global) asymptotic stability of solutions. To establish
this property, various conditions have been imposed on the coefficients and on the
activation functions, and a lot of efforts were spent to relax these conditions. The most
commonly assumed condition was the Lipschitz continuity condition for activation
functions. We must, however, mention the references [1, 2, 4, 10, 11, 13], where the
uon-Lipschitz case was studied.

In this paper we assume that the functions and Kij in (1.1) are (or are bounded
by) continuous monotone nondecreasing functions that are not necessarily bounded
or Lipschitz continuous. Even the monotonicity condition may be dropped.

The main result of this paper provides sufficiently mild sufficient conditions for
solutions of the system (1.1) to converge to zero exponentially. To prove our main
result, we use a generalization of the Gronwall inequality presented below in Lemma
2.1. Notice that this lemma may also be used to prove the local existence of solutions.
The global existence can be derived from our theorem. Since here we are concerned
in the convergence to zero (of any solution), the uniqueness is irrelevant.

The paper is organized as follows. Section 2 contains some notation, assumptions
and a lemma, which is used in the proof of the main result of the paper. In Section 3
we state and prove our main result (Theorem 3.1), followed by some corollaries and

remarks.

2. Preliminaries

The functions fij and Kij, i.j = 1,....in, appearing in the system (1.1), are
assumed to satisfy the following assumption.
Assumption (HI1). Fort >0and i,j = 1,...,rn.
\fij (%5 < ) . > ]
< bij(t) j(tra= (Ja3(t)| + }_x 1ijct - syiiv (JTj(ii)[)ds) ",
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where b,j are uounegative continuous functions, are nonnegative continuously
differential>le functions with summable first order derivatives, are nonnegative

nondecreasing continuous functions, and (tij,0ij > 0,i,j = I,

Definition 2.1. A function f : R+ -» R+ is said to be in the clans HTM if it satisfies
the following two conditions:
(i) /(it) is nondecreasing and continuous for 1 > 0 and positive for n > 0;
(ii) f(au) < r(a)w(n) fora >0, u > 0, where r(a) is a nonnegative continuous
function in R+ anduj(u) is a nondecreasing continuousfunction in R+, which

is positive for n > 0.

Lemma 2.1. Let a(t) be a positive continuous function in J := [a,,3), kj(t,s),
j=1 are nonnegative continuous functions for a < s < t < 3, which are
nondecreasing in t for any fixed s, ¢ € HI]> for u > 0, and u(t) is a nonnegative

continuous functions in J. Then the inequality

u(i) < a(t) + J kj(t,s)gj(u(s))ds, te J,
implies that
u(t) < a<pn(t), a <t<en,
wheir. a(t.) := sup0<<(<ta(s), and =1

«(<) = W_,()C-1[Gj (i) + I la(* te- 11 J ' Kj(t,s)ds] j = Lo

— n>0(ij>0,j =
Moreover, in this case
u(t) < {) () a<t</3

where ()= 1

Ne :=«j-i(<)Gr’ t+jf (.91 @1«to] ,i =1,

Here On and /3" are chosen so that the functions < {) and ()j =1.. , are
defined for a <t < ji'u and for a <t < /3", respectively.

We also will need the following assumption.
Assumption (H2). Assume that rpij(u) 6 Hr<Uj and is a relabeling of xa<>t+/™>
and ipjj with A/ as coefficients (with  in the other case).
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We will also use the following notation.
*W = é ma°w ~ Z!
ct):=i:exp 13 a<tr ™ Jc,(s)|ds, t>0,

Gi=T * w>o@i>0j=1,n)

Jilt anx)
m 10
z(0) = xo(0) + y (xo(cr)) da
y r;{[r(0) + c(« i(0
fa(t) = 1, w(<) := B-i(*)C,'  Gj () + {Ir( 2(0) E r).gp'—( }
{o(0=1, fcW ~ 6-iW G 1[g, ()+ ©) + ¢(s) ds

¥>0(0 = 1and "rJ =

S ) ri{[z(0) + e(t)]"-i(1)} i
#j(0 = N-i(NC  [Gj (0 + () + o(0 J kj(s)ds

£0(0 land forj —1.

= il i M)+ ) 3- ()}
Ww :=1j-iwGj (0+31:) 20)+ ) ds

and kj differ from kj by (0) + /0° |*(<T)| da instead of hj(0).

3. The main result. Exponential convergence

In this section we state and prove our main result on the exponential convergence

of solutions to zero.

Theorem 3.1. Assume that the assumptions (Hi) and (H2) hold, and
,0

/ (*o(»))N1T < 00, =

J—oc
Then the following assertions hold.

(@ 1f()<o,i,j=1 then there exists On > 0 such that
50 < 1) + c® pa®expi- J a@dsi, 0 <t <
and there exists (> 0 such that

x(t) < [z(0) + c(t)]Ev (t)exp '] a(s)dsj ,
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(b) Ifl'ij(t), i,j = 1,—sar» are of arbitrary signs and
i'ij (uo(a)) dads <
then there exists pn > 0 such that
k< * O+ £ (-*Ne (*o(<)tkr
x<pn (t) exp ~* a(s)rfsj . 0 <t<0'u,
and there, exists > 0 such that
) < oors £ X iP{iiof)er
* ()exp ' /o a(s)cl/sj , 0 < t<O0".

Proof. We first obtain a relation that will be used to prove the assertions (a) and

(b) of the theorem.

Applying the Dini derivative to the equations in (1.1), fort > 0and i = I,..., m,
we can write
DA, <ot + x ~pij J +a(t),
Then, using our notation and the assumption (H 1), for t > 0 we obtain
D#x(t) < -a(t)x{t)
. LT .
(1) + B M )OI (e + ] oc (* - oy “r g -

Multiplying both sides of (3.1) by exp |/ @a(s)d.sj, for t > 0 we get
D+ {*(()exp [/,j a(s)dsj } < exp [/, 'a(«)ds] 6,,(t) [*(t)|“4
X (I*j(t)l + .[I*, ( S)Vq (*(»)) rfs) ].+exp [fOa(s)ds] £ |[c,(i)].
Next, it follows that (see [6])
X() < 7(0) +¢(0 + E io {E M*) O@[A- “<)So of<n)Ar] £(«)*
(3.2) >= <=1 i}
x(x(a) +f "0, (»-rfikj («(rr)rfrr) *1d.,, «>0,

where



ON A GENERAL NONLINEAR PROBLEM WITH

We define x(t) = x(t) := Xo(t) = i]_Zl|®o»(0 | for ¢ ~ 0. Let y(t) denote the right hand
side of (3.2) for t > 0, and let y(t) := x(t) for t< 0. It is clearthat y(0) = a(0),

x(t) < y(t) fort > 0, and

y'(I) =c(t)+ E 4 )E{ )«4 (x(t) + { - a)r (i(«T))do)**
(3.3) K 0
< chq)+ M*)Y(0“n («/(*) + 31x (- T)oi(y(<n)<fo) ", >0
where
bi(9) = exp 30 - ay) J m€DAT b0, €5 0.
Define
[ v(io+ E f-00 ({ a)*i(I'M)d(T t>o0
(3.4) )= m =l

Uo(t) := Xa(t) + E (- <nt’j (* («0)da, t <O.
\" M=l
Differentiating ( ), given by (3.4), and using (3.3), we can write

“O=y'(0+ E M)My0) + E MLH(*

<c'(0+ E bo(t)j'(t)"J (VM + [1» (y('- (yM )~ )
mJ m .
(3.5) + *E7_1M W vi (»(1)) + *E—l f_x I'ij(t-")44j(y(a))cla

<c*(0+ E MO*O“uwin<+ E ki(o)(iJ>q ()
+*E:1/ *((( 'Ofe(yM)
Now we use the relation (3.5) to prove the assertions (a) and (b) of the theorem.

Proof of (a). Let {) <0.i,j =1,...m. This case corresponds to the so-called

“fading memory "situation. In this case, the relation (3.5) reduces to the following:

S« < c'(t) + [M9)2()*yf + M <NeiWO)]. t>o.
tji=1

Therefore, we have

B6) z(t) <z(0) + c(t) + +i«(0)V,j (*(<)] di, t>0,

where (0) = ;c0(0) + £ f x (=") bl *))da-
7=
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It is clear that the functions z(a)ai*+0tJ belong to and since % are also
assumed from this class, we can apply Lemma 2.1 to (3.G), to obtain
(3.7) D)< )< UN0)+ o), 0<i<
x(t) < z(t) < (z(0) + )1 (), 0<t< L
This completes the proof of assertion (a).
Proof of (b). Let. (), i.j = 1, m, be of arbitrary signs. Then, in view of
relation (3.5), we have
*(«)< cY<)+ E M<W *ru+Aj + E < ()
(3.8) , "1 <
+ F‘l 0 . » | ‘>0-

The integral term in (3.8) may be treated by introducing the auxiliary function:
=(«) = z(t) + 1] [('j(s)] 1 (rm) AT*, t> o

Differentiating i(f), and using (3.8), we can write

2(0) = 00+ £ UIT <) B (0) - @a( - Dfads
R
<d(t)+ ¢ b{z()™ + & owy O
».j=I
+ £
ij=1

+in=| /I 'o-wlk'y wo) -V'yW' -«))]*
<€)+ E;{6,( (), + 1+ i@+ I'j(*)|ds] i (M)} *>a.
Therefore, we have

W r(0)+ )
B0)  + EA~fo {iii(»)(i(s))*i+ft' + [fij(0) + /&' [itj(<n)|dff] Vy (*(»))} ds

with

f(0) - 10(0)
+.jE=ij-oo]u(—<')V'i (xo(<)) da + i%_l i,r|i;>)|1-, @i (“oW)

Finally, we apply Lemma 2.1 to (3.9) and use (3.8), to obtain

() <50 < w00+ Y /" 1130 00ENA vae> 0<icor,
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and
w i < Ao(0)+_"gu/iolij(-cr)bij(xa(<j))da O o<ten

This completes the proof of assertion (b). Theorem 3.1 is proved.

Corollary 3.1. If, in addition to the hypotheses of the theorem, * , , ' andB”

are infinite, then we have global existence of solutions.

Corollary 3.2. If. in addition to the hypotheses of the theorem, we assume that

)+ )} , ) and xo(0)+ £ C aolij(-*ii(xoW ))da tpn(t) grow a. most
ij=I

polynomially. and exp J(*a(s)dsj -> oo as t -> oo, then the solutions decay in

exponential rate.

Remarks:

1. The smallness condition in the initial data is dictated by Lemma 2.1. Indeed, it
is required for existence of functions <pj(t), j = 1 It will be superfluous, for
instance, if the functions Gj (u) have infinite range. However, the other conditions on
the initial data in the statement of the result remain the same.

2. The classical llopfield neural network system with distributed delays

(t- s)iNij (Ixj(s)) ds + c,,
3=1 J-ce
may be considered as a special case of ours when = 0and fiijj —1.i,j =1,...,r.

Regarding the asymptotic behavior, our Corollary 3.2 shows that the condition on

c(t)

n(t) :=J exp|J a<n<& " [cj(«)[ch, t >0,

for the ‘constants’ e, becomes d = 0. i = 1,...,.m. The convergence to zero would
mean stability of the equilibrium 0 (iptj (0) = 0,i,j = 1,.... rn).

3. The class H YWWis sufficiently large. For instance, it contains all submultiplicative
functions ¥>since € Hv.y- It contains also the class fF introduced by Deo and
Dongade [3). Recall that the class 3 is formed by all nondecreasing continuous
functions iffin R+ such that t'>u) > 0 foru >0 and £r/;(u) — ;»u— a—1-To
see that Hrpbicontains J, is it is enough to take r satisfying r(a) = max(l.,a).
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