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MEPNOANYECKWE MPOUN3SBELAEHWA TPYTIN

C.1n nadH. B C. ATNBEKAH

EpeBaHCKUI ivcyfapCTBEHHbIN yHUBEPCUTET, ApMeHnal
MaTemaTunyecknii MHCTUTYT UM. B A. Creknosa PAIl. Mocksa?
E-mails: sia“mi.ras.ru: avarujaniiysu.afn

Auwnortauun. B paboTe faeTca 0630p pe3ynbTaToB, OTHOCAUMNIXCA K N-Mepuosn-
YECKUM MNPOU3BEAEHUAM Trpynn, KOTopble Obl/IM MOMYYeHbl H MNOC/efHUe rogpbl
aBTopaMun f[aHHOW cTaTbW, a TakKXe pesynbTaTbl ApYrux aBTOPOB M 3TOM Ha-
npasneHun. OTu onepauun 6binn BBefeHbl C.M.AgaHom B 1976 rogy* onu pe-
LeHNS N3BeCcTHOM npobnembl J1 1 ManbueBa. BblN0 ycTaHOBMEHO, YTO NEPUOAN-
YeH-Krie NPOU3BeJEHUS ULLIMKXICA accouMaTUBHbIMU, TOUHLIMW, HACNELCTBEHHbIMU
no NoArpynnam a TakXxe 061afal0T gpYrMMU BaXXHbLIMU ceoncroamu, TAKUMU «a«
xondoitocTsb, C*-npoctolii, paBHOMepHas HeaMCHab0NbIOCTb, 5(?-ynnecpcanbnocTb
n r.g. Bbino TakXe yCcTaHOBJ/IEHO, *ITO  -MEpPUOAMYECKNE MPOU3BELEHUA TPy
MOXHO OJHO3HA4YHO 0XapakKTepu3oBaTb C MOMOLLbIH) HEKOTOPbIX KOHKPETHbIX W
iijjmm'iy» hopMynmnpyemMbiX CBOWNCTB, YTO NO3BONSAET U4 N-NepuojHUYecKue nNpomsse-
OEHUN pasHbIX CEMENCTB rpynn pacnpocTPaHUTb MHOTMe M3YUeHHble paHee pe-
3yNbTaTbl 0 CBOOOAHbIX MepuogmMuecknx rpynnax B(yn.n). B 4acTHOCTU, B cTarbe
[aeTca onucaHme KOHEYHbIX MOArpynn M-nNcpuoanuyvecKnx NpousBefeHuin, aHanm-
3bipycreM 0606ugaeTca nony4veHHoe paHee C. . AgAHOM KpuUrepuini NpocToThbl
NepuoanyecKnx NpousBeaeHni

MSC2010 number: 20F50; 20F05; 20E06; 20F28; 22D25

KnwouyeBble cnoBa: lepuognyeckas rpynna, -nepuogunyeckoe NpousBefeHUe a.-
TOMOp®inm. nogrpynna, paBHoMepHasa HeaMeHabenbHOCTbL. C* npocTa» rpynna.

l. BesepgeHnune

MOHATME NEPUOAMYECKOTO NPOM3BeeHMs Nepuoaa N ANs AaHHOK ceMelicTBa rpynn

{GiU i, obosHauaemoe yepe3 1 ' 6 bl 1 0 BBegeHo C. N. AgssHom B pa6oTe |1) (cm.
oc/
Takxe (2)). CosfaHue 3TUX NPOU3BELEHUSA MO3BONINIO PeLNTb U3BECTHYIO npobnemy

A. . ManbueBa 0 cyw,ecTBOBaHNM onepaynum YMHOXEHUSA rpynn, OT/IMYHON 0i Knac-
CMYECKMX onepaumnii cBo604HOI0 M NPAMOro NPon3BeAeHN N YA0BNETBOPSOLWEN BCEM

M3BECTHbIM CBOMCTBAM 3TUX OnepaLuii.

WMccnepoBaHe B. C ATta6cksiHa UbINoNHeHO m cyeT rpaHta K MOM PA n PO®PU PD b
paMKax COBMeCTHbIX Hay4HbIX iipoipamm 15RF-054 n 15-51-05012-/ipm_H

2Pas3genbl 1-5 ctaTbu BbINOAHeHbI C. W. AgsHom, N pasgensbl 6-9 B. C ATRO6CKHHOM. Wccne-
posaHue C. 1 ApxHa BbIMNO/IHEHO M CYET TPaHTa Poccuiickoro HAYUHOro poHaa (MPOEKT HOMeEp
16-11-10252) n MaTemMaTn4yecKoM MHCTUTYTe HM. B. A CTteknomna Poccuitickoli akageMnm Hayk
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C. 1. /Yyadll. 8 C ATABEKAH

Mepunognyeckoe npounsBefeHMe AaHHOro nepuofa H onpefensdeTca ANA KaXAoro
HeyeTHOro > Q65 Ha OCHOBe reopHu HoBuKoBa-A,4siHa. KOoTopas Nogpo6HO N3N0oXe-
Ha MoHorpagun |3| (cm. rakxe |-1)). 418 Npon3BOSILHOIO JaHHOI0 CeEMelcTBa rpynn
{C.-},, | npousBegeHune C \I"C, onpegensieTca Kak (hakTop rpynna cBobojHoO-
ro NpuBefeHNA 3TOro cemel;lﬁlTBa Nno CUCTEME OMNpeAenstoW X COOTHOWEHUA Buaa
I 1 KoTopble ONPeaensatoTCsa CIOXKHON COBMECTHOW MHAYKLMEN HO HATypalbHOMY
napamMmeTpy, Ha3blIBAEMOMY pPaHrom.

3TN onepaumn yMHOXeHUs rpynn ob6nagatoT OCHOBHbIMM CBOWCTBaMM Kaccuye-
CKUX onepaynin csoboAHOro uM NpAMoro nppuissedeHHst rpynn (cm. |1}): oHU aBnga-
Knca 10YHbIMMU, accounmaTMBHbIMU H Hac/eACTBEHHbIMM MO nogrpynnam B cBA3n ¢
npo6nemoin noctaBneHHoih A. Il ManbueBbiM, nocsiegHee CBOMCTBO MOJSyYUSI0 Ha-

3BaHMe noctynat ManbueBa. CBOWNCTBO HacneagCcTtBeHHOCTWM MO noagrpynnamMm O3Ha4ya-

eM no noarpynnbl //, kKomnoHeni G, nN-nepuoanyeckoro npovssegeHuna G = "~
*~
nopoxgawT B G cBOE N-nepuoguyeckoe rnpomvsseseHne. HouyHee. TOXAeCTBEHHbIe BJIO-

XxeHusa I, >* (7, npofo/mKalTCAa A0 B/IOXKEHUA UX N-NEPUOAMNYECKOr0o NMPon3BeseHNs
Il = N"H, B rpynny (7 = M nCi.
12/ £/

2. Kputepuii npoctoTbl U ero o6o6u,eHmne

KOHCTPYKUUS M-Nepuoanueckoro nNpousBeleHNs HEUETHOro nepuoga n o6nagaet
TaKXe CNeAylLlLMM BaXKHbIM CBOWCTBOM YC/IOBHOW MepUOAMYHOCTU, KOTOPOE MOX-
HO paccMaTpuBaTb KaK €CTECTBEHHbI aHa/or TOXKAeCTBa KOMMYTaLUUM 31EMEHTOB U3

Pa3HbIX KOMMOHEH T B NMPAMbIX MPONU3BEAEHUNAX TPYyMM:

MpegnoxeHnne 2.1. (cm |1. Teopema 2]) Ecnu ncxofHole rpynnbl G, He coaep-

>KaT WHBOMOUWUIA, TO onepauus yMHOXKeHus rpynn "G, Mo>XeT 6blTb M0e.TPo-

£/
tun Tak, 4TOob6bl O HeW Ans nwoboro bicn<ouna X, KOTOprVI HE COMPA>XKEH HUKaKOMY

ITEMEHTY UCXOAHbLIX KOMIMOHEHT, BbIMO/IHANOCHL PAaBEHCTBO X = 1

Ha ocHoBe aToro coiictBa B pabote |5) C. Il Aganom 6bls1 JOKa3aH Cnegytouui

KpUTepuii NPocTOoThl //-NepnognyeckKnx Npou3BeaeHUn rpynm.

leopema 2.1. (c.m |5. leopema 11j lNMepuoanyeckoe Npou3BefeHUe JaHHOIo ce-
mericTBa rpynn {G, }iqi, He cogep>Kaw,nx UHBOMOLWNIO, ABNSET CA NPOCTON rpynmnoin
B TOM M TO/NbKO TOM cnydae, ecnn " G, ana kKa>kpjo/o mnoXX.ntensa G, aToro

npou3BeaeHNs.



NMEPNOONYECKWME TMPOMN3BEAEHWA TPYTIN

KpuTepnin NpocTOoTbl NO3BO/INN yKa3aTb HOBblE CEPUN KOHEYHO MOPOXKAEHHbIX 6ec-
KOHEYHbIX MPOCTbIX TFPynn B MHOroobpasmsax nepuognyeckKuUx rpynn HeYeTHOro co-
cTaBHOro nepuoga A, rge K > 1 umn > 665 (cm. (5 Teopema 2|). Takum ob6pasom,
Obl/1 MOJIy4eH HOJMOXIirreNbHbIA OTBei Ha BOMPOC, NMOCTaBJfIEHHbI B M3BEYHOW MO-
Horpatum XaHnbl HeimaH: Mo>eT N1 MHoroo6pasve, onvanyHoe o1 MHOTo06LUXNKNS
BCeEX rpynn, cogep>kan)*, 6eCKOHEYHOE MHOXX eCTBO HENM3OMOPMPHbIX (HELUKIINYCCKUNX)
NPoCThbIX rpynn?

CneKTpPOM JaHHOM NepunoAMYeCcKOM rpynnbl Ha3biBaeTCA MHOXEC FBO NOPALKOB BCEX

HeTPUBMANbHbIX 3/1EMEHTOB 3TON rpynnbl. B paboTe (5) foKa3aHa iakKxXe

Teopema 2.2. Ana BCAKOro MHo>XecTBa M HeyeTHbl MNPOCThbl yn<<\
»Xauwero xora 6bl 0O4HO Yucno p > 665, MOXKHO NOCTPOMTH CYETHYH MNepuognye-
CKyt npocTyt rpynny Il . ana koTopoii A/ ABnaeTcsa cnekTpom. Ecnam npu aTom
MHO> ecTBO A/ KOHeYHO, TO nocTpoeHHaa rpynna Il nmeeT noH' 4Hot uym<no no-

PO>KAAKLULUX WM OTPAHNYEHHYI0 3KCMOHEHTY.

OTcrofa TaKXe cnegyeT CyWecTBOBaHME KOHTUHYyMa pasIMYHbIX CYETHbIX MNpPO-
CTbIX MEPMOANYECKUX Tpynn.
B coBMeCcTHOM paboTe aBTOPOB |6] MONyyYeHO ecTeCcTBEHHOe 0606ULeHE KpUTEPUN

NpocToThbl (CM. Teopemy 2.1 Bbille).

Teopema 2.3. (c™m. [G Teopema 2\) Jllobad HeTpuBManbLHasd Hopma bHasa /
rpynna uv-nepuvognyeckoro npoussefeHns G = " "« cofep>XuT nogrpynny G “.
ier

N3 nero HenocpeACTBEHHO BbITEKAET

CnepctBune 2.1. n-nepvoaunyeckoc npoussegeHune G I~ ab. acnHg
iei
CTOW rpynnoii TOorga v TonbkKo Torga, korga G = Gn.

3. O XON®OBOCTWU MEPUNOANUYECKWNX MPOU3BEAEHWNN

pyHHa Ha3biBaeTCs XON(OBOM, eCNIN BCAKUIA ee aNUMOPMU3M Ha cebss MBK-ICH aB-
ToMopguamom. CornacHo n3BecTHon Teopeme ManbueBa (1958) Bce KOHEYHO MOPOX-
feHHble PUHUTHO annpPoOKCUMUPYeMble Tpynnbl XOHMOBbI. [MpuUMepbl OTHOCUTENIBHO
CB0O6OAHbIX (pa3pewnMbIiX) HE PUHUTHO anMPOKCUMUPYEMbIX XOMMOBbLIX TPynmn Brnep-
Bble ObInK nocTpoeHbl K). ' KneinmaHom B 1982r. Bonpoc 0 TOM AABAAKOTCA /1M XOHDO-

BMMW CBO6OAHbIE 6epHCcaMfoBbl rpynnbl /i(T.n) HeYeTHOro nepuofa n > 665 noka

OeraeTca OTKPbITbIM.



C N NaAH. B C ATABEKAH

CyLLecTBYIOT NMpuMepbl 6ECKOHEYHbIX, KOHEYHO MOPOXKAEHHbIX PUHUTHO anmnpok-
CUMUPYEMbIX a criefoBaTesiIbHO M XOM<[OBbIX. Nnepuognyveckux rpynn (Fonog. 1964r.,
Mpuropyyk. 198-1 | m HO 3TV rpynnbl He YLOB/IETBOPAOT KakomMy Nnb6o TOXAECTBY
nuna Y - 1 Hamu nonydeH NonoXuTenbHbIA OTBET Ha 60siee 06WMiA BONPOC O TOM,
CYLW,eCTBYKOT i1 He NpPoCTble, He PUHUTHO anMNPOKCUMUPYEMbIe, KOHEYHO MOPOXKAEH-

Hble XOH(OBbI FPynMbl, yA0BNETBOPSOLLME TOX/AECTBY BMaa xn — 1?

Teopema 3.1. (em. |r> Teopema 4]J Ecnun 0 n-nepnognyeckom npounssegeHne G =

1" G, rpyHTI 6C.i MHBONOLNIA XOTSHA Obl B OAHOM M3 MHOXXWTENE He. BbINOMHSAETESA

ToXaecTBO X' = 1, TO G dAB.iAeTca XON(BOM rpynnoi.

C nomoulbto reopembl 3.1 yaaeTcs NOCTPOMTbL NPUMePbl HE MPOCTbIX U HE PUHUTHO

annpoKCMMUPYeMbIX XOM(OBbIX FPYMNn orpaHWYeHHOro nepuoga.

CnepctBue 3.1. (em. [G CneactBue 3)™ Ecnm HeyeTHoe vucno n > 0G5 aen4d-
A 106 WYW.HHbIMI genuTeniMm une.w r = Kn, TO U-Mepuogmyeckoe, Npoun3BefeHue,
KHUT MHOTO YUCNN UMKAUYECKIUT TPynn nepuoja r ceThb He NMPOCTOA XOTihosa rpynne,

KOTopasi He (PUHMTHO annpoKcuMuUpyema.

1l Hacneayemo pakTopusyemMble MHOXUTENU NMepMNoagNYECKNX

MPOUN3BEAEHWNN

B pab6oTe |G| BbISIBNEHO elle OAHO WMHTEPECHOEe CBOMCTBO HOPMasibHbIX MOArpynn
anepuognyecknx npowussegeHnii rpynn. JonycTum, 4To HekoTopasa noarpynna Il
IpynHbl C o6nagaeT BMNOJIHE eCTECTBEHHbLIM CBOWMCTBOM MOATPYNN: 3afjaHHYK KOHIpy-
3HUMIO na gaHHon noarpynne Il MOXXHO NPOAO/KNTL O HEKOTOPOMN KOHTPYIHUUWN Ha
Bceit rpynne G. D10 03HayaeT, yUTo pakTop rpynna noarpynnbl // rpynnbl C ecTe-

mNVbIM 06patoM BKIaAblBaeTCA B HEKOTOPYH hakKTop rpynny Bcel rpynnbl G.

OnpepeneHne 4.1. HopmanbHyto nogrpynny A/ noarpynnsl 11 rpynnel G Haso-
bIM LUH.ICAYEMO HOpManbHOM MNOArpynmnon, ecnn cywecTByeT HOpManbHas noarpyn-

na \ a rpynnel G Takad, urTo Il Ay; = VY.

InnH nobas nopm.inbliaH nogrpynna gaHHow nogi pynnbl // rpynnbl G siBnseTcs
Hac neflyemo HopmanbHOW, To noarpynna Il Ha3biBaeTcA Hacnegyemo hakTopusye-
Mol MoHaTuMe //P-noarpynnbl 66110 BBegeHo B.HelimaHom B 1954 r., rae yKasaHHble
noai pynnbl 6bINM HasBaHbl  -nogrpynnamu. (B nutepatype BCTpeyvarTCA TaKXe U
ApYyrue HasBaHuA ang atoro noHsatua: C EP-nogrpynna v Q-nogrpynna).
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MEPNOAMNYECKWME MPOMNSBEAEHWA TPYMM

LleHTp nto6oi rpynnbl aBnsetca AdP-nogi pynHon, niobas npoctaa nogrpynnajaH-
HoW rpynnbl //®-noarpynuna. ntoboi petpakr // gaHHon ipvnnbl C lid-nogi pynna.
B abcontoTHO cBOGOAHONM rpyLuie paHra 2 ¢ nopoxgawuwumm a. b nogrpynna rno-
poXxaeHHasa sanemeHTammn . B2° lub {2° n], (i - 1,2....) aBndetca //®-noarpymmon,
nromMopgHOM cBoboaHOM rpynne Fx 6eckoHeyHoro paHra (b. HeimaH. 1959 r.). Og-
HMM M3 BaXHbIX pe3ynbTaToB 06 /P -noarpyHnax sensercs i>c3ynbtat A.KO.OnbliaHc-
Koro (1991 r.) o ToM. 4YTO NPOU3BOJIbLHAA He3sIcCMCHTapnas runepbonuyeckasa rpynna
cogepxun! //®-noarpynny. n3oMmopHy abconTHO CBO6OAHOW rpynne 6ecko-
HEYHOro paHra.

N3 onpeseneHnii Npsamoro n cBo604HON0 NPou3BefleHNA HENOCPEeLCTBEHHO CneayeT,
4 TO Npomn3BoNbHasa rpynna G\ asnsdetcs //®-noArpynnoi Kak NpssMoro npon3sefeHns
G\ X , Tak u cBob6ogHOro npounssegeHna C\ e rpynn G\ n . CnpasegninBea

cnepyouas

Teopema 4.1. (cm. [G Teopema 1| HeTpusBmnanbHaa HopMmanobHas nogrpynna i\c,

MHOXUNTeEnNA O, HeTpI/IBI/IaTIbHOI'O ﬂ-l'lepI/IO,qI/ILIeCKOI'O |'|p0|/|3Be,U|eHI/IF| ABNAET -
»E/
CA HacnefyemMo HOPMasibHOW NOArpynnoi rpynnsl O, 0 TOM M TONLKO TOM Cy4ae,

ecnu .\, COAEP>XMT BCe M-ble CTeneHn anemeHToB O,.

CnepctBue 4.1. MHokuTenbs G\ n-nepuognMyeckoro npomusBefeHNs AB.rAeT-
cA HacnegyeMo (hakTOopu3yemMoil MOArpPynnol Torga v TONAbKO ToOraa, Korga nwo6as

HeTpuMBMaNbHaa HopmanbHaa noarpynna JIc, rpynnsl G\ cogep>XunT noarpynny G\*

Ewe ognH BaxHbIN pe3ynbTat 06 //®-Hofi pynnax cBo604HbIX 6epHCaANA0BbIX TPy

N 310XeH HMXe (cMm. Teopemy (i.2).

m XapaKTepucTmyecKkune CBOWCTBA NEPUOANYECKUX NMPON3IBEJEHMNI

B ocHoBononaratwouwen pab6ote |1| gokasaHo, 4To cB06OAHOe npousBefeHune F =
M*e/ O, cofepXn T HEKOTOPYI HOopMasbHyt noarpynny N. gakTop rpynna F/A
Nno KOTOPOW Ha3BaHa M-nepuogmyeckum npoussegeHuem cemeiictea rpynn {G,},e/.
KoTopas y40B/MeTBOPSAET cnefylow,mm ycnosuam: a. lNogrpynna A' nmeei TpuBUasibHOe
nepeceyeHue co BceMu KomnoHeHTamun G,. b. Moarpynna V ABMAeTCA HOPMasbHbIM
3aMbIKaHHOM HEKOTOpOro MHoXectBa cnoB Buga Cn € F w. ecnu anemeHT J1 6 M
He conps>eH B F/N HMKakKoMy 3/1IeMeHTY M3 KOMMOHeHT O,, To X = 1 B (hakTop

rpynne F/N.



C . nadil. B. C. IT/IBEKAH

Ha camom fene, npuBefeHHble Bblle CBOMWCTBA M-NEPHOLMYECKUX NMPOU3BELEHUN
ABnATCA XajxiK7ne.pucmmer.Kinw B rom cmbic/ie, 4TO BepHa crefylouada Teopema

€ANHCTBEHHOCTMN.

Teopema 5.1. (enun |8. Teo|x ma I|j MycTb yncnon > 665 HEYETHO MUMHOXKUTeE-
nn He cofep>aT WHBOMWUMIA. Torga cBoboaHoe npownsBegeHne F = Mi€/
COAEP>XUT eANHCTOEHNYK HOpManbHyw noarpynny M. yooBNeTBOPALLY YCNO-
BUAM:

a. Moarpynna W MmeeT TPUBUCUIbHOE NEpeceyeHne cCo BCEMUN KOMMNOHeHTamMu G,.

b. Mogrpynna M fABNAeTCHA HOPMA.ibHbL 3aMblKaHMEM HEKOTOPOro MHO>EeCTBa
C.toH Bnga Cne F un. ecnn anemeHT X 6 M He conpsa>eH B F/M HuKakomy ane-

MEeHTY M3 KOMMNOHEHT G,. To X1 = 1 b pakTOp rpynne F/M.

6 BnoxeHnnme cBob6oagHbIX 6epHcavgoBblx TPYNN B NepunogmnyeckKkune

MPON3SBEAEHINA

YKaxeM BaXXHO0e NMPUNOXeHMe Teopembl 5.1, noKasbiBakwlWwee, 4TO NOArpynnbl n-
HEPHOANYECKMUX NPOU3BEAEHUN AOCTATOYHO “6oNnblumne’s
HanomHum, 4uTo cBo60fHON GepHcaigoBo rpynnoi B(T,n) nepnoga N v paHra T

HasblBaeTcA rpynna co caegyrouwmm 3ajaHuem:
n(r,n) =( , ... lLron= 1),

rM npoberaeT MHOXeCTBO BCeX C OB B rpynnoBom angasute {«). Xopowo
M3BECTHO, YTO A4 N0 60ro HeyetHoro > 665 u T > 1 rpynna fi(m.n) 6ecKkoHe4yHa

N aaXe UMeeT NMoKasaTe/lbHbI POCT.

Teopema 0.1. (cm. |8. Teopema 2]) Bcakasa Heumknmyeckaa nogrpynna n‘nepuopun-
4ecKOoro npou3sefeHusa rpynn 6e3 MHBOMIOLMIA, KONOpPan He CONPA>eHa C Kakon nmbo

noarpynnoit rpynn C,. cogep>XunT noArpynny, M3oMopgHYy CBOOGOAHON GepHcaiigoBoi

rpynne 13(2,n) paHra 2.

CnepctBue 6.1. Ana nwoboro HeyeTHoro n ™ 1003 Ka>kpgad Heuukamyeckas Ko-
YyHaA noArpynna N-nepmoanyeckKoro Npons3BeaeHnsa NPoM3BONbHOIO CEMeNncTBa rpynn

{(>,} | 6e3 nHBONOLMI conpsA>KeHa HeKoTopoW noarpynne, n3 Il, ogHOro M3 Komno-
HeHT Cwn.

IScBA3M ¢ Teoi>CMoi 6.1 0OTMETMM, 4 TOCYL|eCTBYET MHTEPECHOE CXO/ACTBO LEHTPann-

324 0POB LIMKANYECKMX MOATPYNN CBOGOAHbIX GepHCANA0BbIX TPynn, /anepnoanyeckunx
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NMEPNOANYHECKWME MPON3BEAEHWA TPYTIM

npon3BeaeHnin N cBOGOAHbIX rPynn 6eCKOHeYHO 6a3mpyeMblx MHOTroo6pasnii C.M.AasiHa
(cm. [9]).

Cnegyrwou,aa Teopema gjokasaHa u pab6oTte |12|.

Teopema 6.2. (cm. (12. Teopema ' \) na Ka>kKAoro HeyeTHOro H > 1003 nobam
HeuMKNMYeckKasa noarpynna ceob6oaHol 6epHcaingoaon rpynnel B(T,n cogep>XumT HO-

nogrpynny rpynnel U(m.n), nsomopdgHyto rpynne. N{oo.n).

3 3Toro, B YaCcTHOCTMK, C/efyeT, UTo ft0b6aA HeunKnanyeckas noarpynna // rpynnsl
B{T.n) SQ-yHuBpcasbHa H MHOroobpasum bn Bcex ipvHMN nepuofa M. i.e. BCAKasd
CYeTHaa rpynna u3 MHoroo6pasusa b,, M30MOPMHO B/IOXKMMA B HEKOTOPYK (akTop
rpynny nogrpynnsl Il (cu. Takxe |13]).

Kpome TOro, nony4yaetcs, 4TO Ka)kjasd cyeTHas rpynna nepuoja H BKafblBaeTcs

B HEKOTOPYI 2-HOPOXXAEHHYI rpynny nepuoga n (cm. Takxe [14. Teopema 3>.1)).

7. PaBHOMepHaa HeaMeHabeNnbllOCTb NepuoaMUYEeCKUX NPOU3BEeAEHUN

MpuBeseHHadA Bbille TeopemMa eUHCTBEHHOCTU (Teopema 5.1) No3BosIAET TaKXe uc-
cnepoBaTb paBHOMEPHYI HeamenabenbHOCTb NePUOANYECKUX NMpoun3BedeHNA. Tpynna
C HasblBaeTCsa ameHN6enbnou, ecNn CyuecTByeT KOHEYHO-aAa4nTUBHASA Mepa p. onpe-
fefleHHasA Ha MHOXEeCTBe BCeX MOAMHOXeCTB rpynnbl (7, KoTopas MHBapmaHTHa OT-
HOCUTeNIbHO NieBbIX cABUros U p(G) = 1. Kak nokasaHo Ox. ¢poH HellmaHoMm, Knacc
aMeHabC/IbHbIX TPYNN 3aMKHYT OTHOCUTENbHO ONepaynin B3AaTUA Noarpynnbl, pak Top
rpynnbl, MHOYKTUBHOIO npegena, paclunpeHns. Bce KOHeYHble Tpyrnnbl, Hee KOHeY-
HO MOPOXJAeHHble pa3]>elWwHMble rpynnbl ameHabenbHbb C APYro CTOPOHLI, ntobas
rpynna, cogepxatuias cBo604HYIO MOArpynny paHra 2 HeameHabenbHa.

B pa6ote C. . ApgAHa (7) BrepBble 6b1/10 OKa3aHO, 4YTO ANA BCeX HEYETHbIX
n>6G5unT > 1rpynnbl MN(T,n) HeameHabenbHbl U CAy4YalHble 6NYyXAaHNA Ha HUX
He BO3BpaTHbl (peweHne N3BECTHOW nNpobneMmbl KecTeHa). 3ro 6bINn nepBblie Npume-
pbl HeaMeHabesnbHbIX TPynn, Y40BMETBOPAKLWNX HETPUBUASIBLHOMY TOXAECTBY U. TeM
cambIM, He cofepXXauime cBO6OAHbIX MOArpynm.

AMeHabenblible FpPynMnbl ONUCLIBAOTCA TaKXe C MOMOLLbIO, TaK Ha3blBaeMOW, KOH-
cTaHTbl ®PenHepa rpynnbl. KoHcTaHTONn ®cnHcpa rpynnbl (i OTHOCMTENbHO KOHeu-

HOTO Mopo>KjalolWero MHO>XecTBa S Ha3blBaeTCA 4YUC/IO

Fo/s(C)5"m f-jjr
9
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roe UHPHMyM 6epercsa Ho BCEM KOHEYHbIM HemycTbiM nogmMHoxectBamM A C G u

N2 — {« 6 1lax A pansa HekoTopow.r € S+1).

Il wecTHO. YTO rpynna ameHabenbHa Torga n TonbkKo torga, korga Fols (G) = 0 gna
HEKOTOPOI (cnefoBaTeNlbHO. AN KaXK[0H) KOHEYHOro MOpoXXAal L e MHOXeCTBa
5.

Mpynna G HasblBaereH paBHOMEpPHO HeaMeHabCNbHOH TPYMMOW, eCNn Cyw,ecTBYeT
rakoc : > 0, yto Fols{G) > £ gna nw60 KOHEYHOro NopoXxpjaruw,ero MHOXecTBa
$.

B 2009 I (cm. [10). |11]) 6bINO AOKa3aHO, 4YTO ANSA KaXAOro HeYeTHOK 4ucna
n ~ 1003 ntob6as KOHEYHO NOilXAEHHaH Heuuknndeckasa nogrpynna Il cBo6ogHOM
6epHcagosoun rpynnel B(T.n) paBHOMepHO HeameHabenbHas rpynna. B 4yacrHo-
c-n. ana nwboro T N 2 M HeyeTHoro n ~ 1003 cBob6oaHadaA GepHcanpgoBa rpynna
H(T™. n), He O Nl.KO He ameHabenblia, HO U paBHOMEPHO NeameHabenbHa.

EcTecTBEHHbIM 06006WEHMEM MOCNEAHUX Pe3yibTaTOB ABMAETCA Cnejytollee yTBep-

XIeHue.

Teopema 7.1. (cm. (8, Teopema 3]) Menkas KOHEYHO MOPO>K/AeHHaaA noarpynna

N-NepuoanyYeckKoro npomvssefeHuns KoTopas He COMps>XeHa HU e Kakoh noj-
oc/
rpynnoi rpynn G,, ABnseTCSA PaBHONN PHO HeaMeHabCNbHOW rPynmnown.

CnepctBue 7.1. Ecnm n<yeTHoe yncno n > 1003 ABnsieTcs COGCTBEHHbIM Aenn-
TenemMm 4yucna r, To nN-nepuofnyeckoe NpPou3BefeHNe KOHEeYHOro 4yucnia UUKAMYEeCcKux
rpynn nepuoja r ecThb He npocTas, xongooa, He PUHUTHO annpokcumupuemasn u

paBHOMEpPHO HeameHabenbHas rpynna nepuoga r.

CnepctBUue 7.2. Ecnm HedyeTHoe ymucno n > 1003 B3aMMHO NpPOCTO C yucnax™ r,
TO N-Nepuofnyeckoe Npon3BefeHNe KOHEYHOro Yyucna UuKAInM4Yeckux rpynn nepuoga r

ecThb NpocTas paBHOMEPHO HeaMeHabenbHas rpynna nepuoja wr.

B vacTtocTtun, 1003-nepuoanyveckoe npounsBefeHne ABYX UUKANYECKUX rpynn no-

pagka 3 paBHOMEPHO HeaMeHabenbHasa wWocTaa rpynna B Koropoli BbINONTHAETCHA TOX -
pectso xJiiTt = 1

10
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8. O C*-MPOCTOTE NEPUNOANYECKUNX MPOU3BEAEHUIA

Ana 3agaHHon rpynnbl C 0603Haunm yepe3 1 (C) rmnb6epToBO NPOCTPAHCTBO BCEX

OyHKUumMnm / : C -* C, gna kotopbix psag £ \ ( )\2 cxogutca, a uyepes (/ ((?))

0603HauymMm C*-anrebpy BCex OrpaHMYeHHbIX NIMHENHbIX onepaTopoB Ha h(G)

Myctb Ac WG —*3(1 ( )) ecTb neBoe perynsipHoe npeactasneHue rpynnol G (i.e.
~c(<?2)(N)(s) = f(u M) ona ecex g,s = G. MpueegeHHolr C*-anre6poii rpynnbl G
Ha3blBaeTCH 3aMblKaHue NMHENHOM 060104k MHOXecTBa {A<7 (y)|j € C} oTHOCUTENb-

HO onepaTopHOi HopMbl. OHa o603HauvaeTcs Cred(G).

OnpepeneHne 8.1. Ipynna G HasbiBaeTCcA C'"-npocTO rpynnoi, t.c,iu a .rebpa
Gred(G) npocTwu. T.e. HE COAEP>KUT COOGCTBEHHbIX HETPUBUAbHbIX ABYCTOPOHHMUX

nAeanos.

Cnegom C*“-anrebpbl A Ha3biBaeTCA /110601 NOMOXKUTENbHbIN NUHEWHBIA PYHKLN-
oHan T : .4 -+ C Takoi, uto T(1) = | n T(ab) = T(ba) gna Bcex a.b € A. [oBo-
pAT, uTo rpynna G ob6najaeT CBOMCTBOM eAMHCTBEHHOIO cnega, ecnu ee C*-anrebpa
Cred(G) nmeeT egMHCTBEHHbIN (Te. TONIbKO KaHOHW4Yeckuin) cneg. B 1975 roay [llo-
yepc gokasan, 4to cBobofHas rpynna paHTa 2 o6sagaet CBOWCTBOM eAUMHCTBEHHOIO
cnepa. Becnep 3a aTUM pasHble aBTOPbl yKasanu Apyrme MHTePecHble K/acchbl ipyiul,

C*-anrebpbl KOTOPbIX MUMEHT €AUHCTBEHHbIV cnep.

OnpegeneHune 8.2. Hambonbimaa amcHabcnbHass HopMa*\bHaa nogrpynna rpynnbl

Ha3blBaeTCs ee aMeHabenbHbINi pagnKanom.

Kak gokaszan M [ain (1957 r.). niobas rpynna o6nagaet amcHabenbHbIM pagnkKa-
nom. B 201 r. B pa6oTe 116) 6b1/10 fOKA3aHO, YTO aMeHabenbHbI pagukan rpynnbel G
TpuBManeH Torga u Tonbko torga, korga C*-anre6pa C,ed{G) gaHHon rpynnbl G nwe-
CT eAMHCTBEHHbIN cnef. Kpome Toro, B |16|) 661710 fOKa3aHO, YTO AUCKPeTHas rpynna
CO CYHETHbIM KO/INYECTBOM aMCHabenbHbiX nogrpynn ssnsgetrca C*-npocToi rpynnoi
Torga v ToNIbKO TOrfga, Korja ee ameHabenbHbI pagukan TpUBManeH.

B pab6oTe (15] 6b11M nocTaBrieHbl cnefytolme BOnpochl.

Bonpoc, (a) CyuiecTByOT N1 He TpuBMasbHble C'-NpocTble rpynnbl 6e€3 HeLnKan-
YeCKMX CBOOGOAHBLIX moarpynn?

(b) ABnsawTCcA N cBo60AHbIE6GCPHCAAOBDLI rpynnbl C*-HPOCTbIMH ANSA 4OCTATOYHO

60/1bLIOro HeYeTHOro nepuoga u paHta 1?

OTBeTbl Ha 3TN BOMPOCHLI IETKO BbITEKaT U3 HI/I)KGCI'IG,CI,)/I'OLLI,EVI TEOpPEMBbI.
7
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Teopema 8.1. (cm. (17, Teopema \\) n-NMepuognyeckoe nponssefeHne He 6onee
4eM C « intlo/0 4 Me.MCNKW MPOM3BOJIbHbLI € KOHEYHbIX UMW CYETHbIX rpynn 6e3 WMHBO-
HauWi, Ka>Kabll, U3 KOTOPbIX COAEP>XXUT NULWb CYETHOE KOIMYECTBO a.meHabcC.ibHbIX

noarpynn se.isicanca C'" -npocToi rpynnoi npu Nw6om HeyeTHoOM v > 1003.

CnepgctBue 8.1. n-Mepuognmyeckoe nNpovsBefeHne He 60Nee, YeM CYETHOro Cce-
MeCTBM NPOM3BO/bHbLINI KOHEYHbIX rpynn 6e3 MHBanmouuii siensieTcs C -npocToil

rpynnoin npu nwob6bom HeyeTHom n > 1003.

bl
CneacTtBue 8.2. n-Mepnoanuyeckoe Npou3BeeHNe CYeTHOIO cemelicTBa NPous-

BOMbHbLIX LMKAUYECKUX rpynn 6e3 UHBOMUUIA aBndeTcs C -npocTol rpynnoi npu

nwobom HeyeTHOM mm > 1003.

C.icgcnnk 8.3. CobogHasa 6epHcangosu rpynna li{T, n) asnaeTca C* -npoe Toil

rpynnov npu nio6om HeyeTHOM n > 1003.

Moc negHee cneacTBue ANS .3HAYUTENbHO OONbLUIMX HEYETHbIX 3HAYEHWI N paHee
ObIN0 foKa3aHo B paboTe J1 KO.OnbwaHckoro n . B OcuHa [18]. C ncnonb3oBaHneMm
a-nepuoanyvecKnux nNpon3BefeHnin cneymanbHblX rpynn B [17) 6blna gokKasaHa cnegy-

Iouiaa reol>ema.

Teopema 8.2. (cm. 117. Teo{H ma 2\) AnA KomMeforo HeyeTHoro n > 1003 cyuie-
CTBYET KOHTWUHYYM HeM30MOP(HbIX He MPOCThbIX 3-MOPOXKAEHHbLIX FPynn, B KOTO-

PbIX BbIMONHAETCA TO>XAecTBo X' —1.

OTHOCUTEeNbHO BOMpPOCa eAUHCTBEHHOCTM cnefa B paboTe [19) nonyyeH Takxe cne-

Ayl nii pesynbTart.

Teopema 8.3. (em. 119. Teopema 3)J I'pynnbl aBTOomMaTnamos Aut(F,,) csoboa-
HbIX rpynn Fm, a Tak>X.c rpynnbl aBTomMopdgunamos Aut(B(m,n)j cBoboaHbIX Gepu-
camposbli: rpynn H(T.n) o6nagaloT CBOWCTBOM €4MHCTBEHHOrO cnega Ans nw6oro

paHra rm > 1 1 npun nwbom HeyeTHOM n > 1003.

( MOMOLLbIO KOHE FPYKLUIA «-MepUoANYECKUX NMPOU3BEAEHUIN A0KA3blBAeTCsA Cleay-

lollan TeopeMa 0 BIOXKEHUM Fpynm.

leopema 8.4. (cm. 119, Teo|>ema \\) JTto6adA cyeTHas rpynna XMoMopTO BKAaAbI-

Ba>IT, 1 6 He KOTOpPYH 'i-NOPO>K/AEHHYI TPymnny co CBONCTBOM €4MHCTBEHHOIO cneja



NMEPNOANYHECKWME TTIPOU3BEAEHWNA TPVTIN

9. Ob ABTOMOP®U3MAX MEPVUOAMNYECKNX MPOU3BELEHWN

ABToMopgu3sm if rpynnbl C HasbiBaeTcA HOpMasibHbIM aBTOMOP<[T3MOM ec/u
<p(H) = H pna nwb6oin HopmanbHON nogrpynnbel H rpynnel C Ou4eBULHO, /060N
BHYTPEHHUI aBTOMOP{U3M NPOM3BOJILHOW TPYyNMbl AB/AETCA ee HOPMajbHbIM aBTO-
Mopdusmom. M. B. MNMowagnum B (20] goKasan, YTo KaX/Ablil HOPMasibHbIA aBTOMOpP-
hun3m cBOGOAHOINO0 NPON3BEAEHUSA HErpuMBHAaNAbMbIX FPYNN  BHYTPeHHUIA AHanormny-

Hbl€ YTBEPXAEHUA Oblnn JOKa3aHbl B pa3Hble roabl A4 pa3s/iIndHbIX MHTEPECHbLIX Knac -

coB rpynnm.

OTMeTUM BaXHblI pe3ynbTaT 0 TOM. YTO ANS He4yeTHbIX N > 1003 Bce HOpMaA ibHble
aBTOMOP(PM3Mbl HELUKINYECKNX CBOGOAHbIX 6epHCcanfoBbIX rpynn B[Tn n) asnatTcA
BHYTpPeHHMUMMKU (cm. [21] [23]). STOT pe3ynbTaT pacnpocTpaHAeTCA Ha HEKOTOpble M-

nepuoanyeckne NPon3BeaeHUS.

Teopema 9.1. (cm. [25 Peopema ¢ Jlo60ir HOpMasnbHbIA aBTOMOPMU3IM M-
NepuoANYCCKOro NPOn3BeAeHNS LNKNNYECKMUX TPYyNN nopsgka r. rae r gennT™ M. ABNS-

eTCA BHYTPEHHUM.

OfHaKo, KaK rnokasblBaeT criegylownin pesynbtat nu3 [24]. aHanor pesynbTtarta lieiua-

AVIMa He BepeH ANA M-UepUoAHYEEKNX NpPon3BeaeHUI B 06LLLEM C/yYae.

Teopema 9.2. (cm. [24, Teopema \]) MycTb G npoussonbHaa rpynna
BONOUMA, obnagatuiad asTomMopuaMom nopsgka 2. Torga ecnu f.ia HEKOTOPOro
HeyeTHOro ymcna n > 665 rpynna G cosnagaeT co cBoein noarpynnoin C", ToO n-
nepnognyeckoe npoussegeHne G G obnagaeT BHEWHWUM HOpMasbHbIA aBTOMAT U3-

MOM.
MimeeT MecTo TaKXe cnefyloliee yTBepXaeHue.

Teopema 9.3. (cm. [20, Teopema ¢ J1t060i pacwennAaUNn aeToMopdu
MEPUOAMNYECKOTO MPON3BEAEHNS LNbIMYEEKUX TPYNN MopsaKa r. rae r AennT n. ABns-
eTca BHYTPEHHWUNi, eciM NOpPAAOK 3TOro aBTomMopdumnaMa ecThb CTeMeHb MPOCTOro

yncTrT.

HanoMHUM, 4To aBroMopH3M rpynnbl G Ha3blBaeTCs pacuwennswlwmm aBTo-
Mop(uM3mMOM nepuoga n, ecnu ¢pn - 1wu me < — o ina nto6oro sanemeHTa
g £ C. CneayeT Tak)XXe OTMETUTb, UTO nocnegHass rcopema 9.3 o6o6uiaei HEKOTOPbIe
pe3ynbTaTtbl paboT |27| u [28).
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Abstract. In this paper we provide an overview of the results relating to the n-
periodic products of groups that have been obtained in recent years by the authors of
the present paper, as well as some results obtained bv other authors in this direction.
I'he periodic products were introduced by S. I Adian in 197G to solve the Maltsev's
well-known problem. It was shown that the periodic products are exact, associative
and hereditary foi subgroups. They also possess some other important properties
such as the llopf property, the C*-simplicity. the uniform non-amenability, the SQ-
universalitv. etc. li was proved that the «-periodig products of groups can uniquely
be characterized by means of certain quite specific and simply formulated properties.
These properties allow to extend to -periodic products of various families of groups a
number of results previously obtained for free periodic groups B(m. n). In particular,
we describe the finite subgroups of n-periodic products, Also, we analyze and extend

the simplicity criterion of «-periodic products obtained previously by S. I. Adian.
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1. Introduction

Let r ho a real number with r > 0, and let U(r) = {z € C :\z\ < r} be the disk
centered at zero and of radius r and U = U(l) = {z € € :\z\ < 1}.

Let / be a function delined by f{z) = anz™.
>1=0

We say that / is convex on U(r) if / : U(r) -> C is univalent and f(U(r)) is a

convex domain in C. It is well-known that / is convex if and only if

In this paper we first determine the radius of convexity of particular functions and use
these results to detei mine sharp bounds regarding functions which satisfy a differential
inequality. In the second part of the paper we deduce a sharp starlikeness condition.
Results related to these questions can be found in |lI)-(4| and (11). The following

problem was proposed in |7]| (sec p. 243): if /(()) = a with Rc« > 0, and

(1.2) Re(a+ \zj\z) + 2z2t"(z)) > 0, z € U,
10
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then Re/(r) > 0.z € U.
Tins implication isvery simple to prove using the theory <fdifferential .subordinations
presented in |G| and |7|. In this paper we determine the best upper and lower bounds

for Hef(z) provided that u = 1 and the condition (1.2) holds, | hc basic tool, used

in the proofs, is the convexity of particular functions.
Notice that differential inequalities of type (1.2) were studied in [9] and |10). where

the theory of extreme points, developed in [5], was used.

2. Preliminaries

In this section we give a number of lemmas, which will be used in the proofs of the
main results. Let 0<(U) be the class of holomorphic functions in U. We define the

classes of functions /10 and by the following equalities:
n,= {76 'X((r)|/(o)=1} and ? = {f€EAQ Re/(*)>0, zeU).

Lemma 2.1 (llerglotz, see |5|, p. 27). .4 function f belongs (o the class J* if and only
if there u>a pwbahility measure 4 on [0.2) such that

r2* 1+ zc-it
Lemma 2.2. //0 € [-it, jt], then

............. - ( UOI . 2fcos(9A )* JO 1+ f2—2tcog0

Proof. We have to prove that

121) 2 (i> >/ +t* ~2tcose (It) 1+ 12-2tcosedt

bVom Cuuchy-Schwarz ine<|uality we get

(22) 2
On the other hand, it is easy to see that

2t.2 fl t+1t2
(2 3) 1+ )-- 21coi«/l - 1+t>-2t,uss "
The inequalities (2.2) and (2.3) imply (2.1).
Let / and g be two analytic functions in U defined by the power series f(z) =
Y™ unz" and g{z) — " bnzn, respectively. The Hadamard product of these functions

rtel tim |
17
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is delined by

For V C N0 the dual set of V is defined by

Vd= {<&e AO\(f *<j)(z7 0 forall / eV andall ze U).

Lemma 2.3. Let o bt a real number v(vlith/\o /€\ (0.1).Aami Id flic function hr be

defined by the powerseries hr(z) = c+”~ j_ "~ pijj'z'" Then the function f(z) =

n=2
oc

z+Y . ' « starlike of order a in U if and only if
n=2

Oil *M il ~ o, where-zeU and T € R.
r r

Proof. Since Re zjjty = 1> o0 > 0. it follows that the condition
2=0

Re ~T7~7" >o0c, z£E U
1(*)

is equivalent to Yyy o [T.z U. 7€ R. This can be rewritten as
00 C
I-b~arin;,-1-(o -3)(I +~ a flin-,)2U. for z€t/and T € R.
n=2 n=2

and hence we get

-0+ <T
1+%_25@7T7rnAn",*°’ zeU reR -

The last relation is equivalent to
— = * 0 forall € U and forall T € R.

and the result follows. O

Lemma 2.4. For Me dual set of the class Y = {/ € -40| Hef(z) >0, z € V } we

have
{/6 N,IRel(j)>], =erl}cr".
Proof. The inequality Rcf(z) > . z € V. is equivalent to 2/ - 1€ ( Hence, if

gf Yand 2/ 1CY, then by Herglotz formula, we get 2f(z) 1= f*w
18
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and r/(i) = Observing that the first equality is equivalent to f(z) =
J  ——m\//i(/). we can write
In).g(z) = (1+ f; *" c e (i+2E jJ f "e ""M¥*))
b A r2* f2« f2« j , -, (»+)

“T2i> 7. L oeL.)Ma)dv{t)=l t T
Therefore Re (/(r) *'/(r)) >0. re (/. which means f(z) *y{z) 0 (M)re .(\#
IP, and hence / € Y*.

Lemma 2.5 (see |6], p. 64 and |7). p. 236). Let X be the class of fimctions of
Q0

fonn f(z) = z + 52 a,,zn satisfying the. condition
4=2

Mc(l1+ ~770T1) >(J /°rall z GU.
/l L denotes the opemtor of Libtru defined by L(f)(z) = 4f0 f(t)dt. then
L("X) C X.

Lemma 2.6. The follonnng equalities hold:

\A r>,,° - f* (1 - J-)?/(cosfl - *?)) . | fl 1- .nNt/sine J ;
Ao+ D20, 1+ x2y2- 2xycoB® 3<Y Jg /1 1+ J2%2 2xycos0
a c,n0 rl /ol yy(cos0 - -y) yl fl xysinU
N (rTTTH2 i, 1+ a2y2- 2:tycoe0 * n n 1+*V " 2*Y«*0
Proof. Using the equality /1(1 c)x" \ = mwe can write
@ _in0 «@ /1 /m
Y — ==Y enmn/ | (1-x)x" Vdrdy
“ La(«+ N2 ~ Jo
=L L (l-x"eBiiei(n~i)Bxn~ 'n~ <bly= (i
[7 1(i-~("N,-XY . I -An ©
Jo I+ x ¥ - 2xycosO , 1+ x2y2- 2Xy cos©

The proof of the second equality is similar, and so is omitted.

Lemma 2.7. Ifa = 2 In -T. then the follonnng inequalities hold:
n
1 rl (1 - xy)(l 4-cost)
n
>0 /! @y () +ex»«) n 96,-

~ GJo Jo (1+ xy)(l + x2y2- 2xycos0) 2
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plri XybinO t o,
\+x*y* 2xya*0 *<¥
< W 2 U + COSO0) e e (0)n

o @+ ert/jv'l + X2V2- 2zj/coq0

Proof. The first inequality is equivalent, to

6(1-0) [" [ (1 - JjNH(1 + cosfl)
7- Go A1 + xj)(1 + x'2y2 - 21J/COSO) X(J
/on f1fl (1-sy)(l+ cosfl) .

~Jo Jo ,7(1 +**)(! + iV - bryco&O) V'
To prove the last inequality we consider the following functions
(1 - xy)(l + cosfl) A
L1t R UKX) = * V(X)) =1 W(TTr,,)(l +*V 3XyCcoBB)

Since un is increasing and v is decreasing, according to Chebyshev inequality we have

[ n{x)dx / v(x)tlr > [ u(x)o(x)dx.

Jo Jn Jo
This inequality is equivalent to the following:

(1 - xy)(l + coso0)

2L Jo V@ + MNHA + *2y2 - 2xycosO)dX<ly
1 - ry)(l+cosO)

4 f XY &5 +x2y% 2xy cofdlAxdy.

Since — ®» 0.573... > - the desired inequality (2.1) follows.

The second inequality follows because the inequality | (

Xy, rrTT~
(I+ry) * y€ 10,11 fle i°-"1iis to

0< (1- xy)2(l + cosO), x.y e [0.1], 0 € (0,ir). O

Lemma 2.8. The following inequality holds:

2*yY .. (1 n/)(l + cosO)
m
<4(1-<()( + N ) (1 -a)-f|+|‘ .7 "k
n(n + 1) ' Ano(H+ 1)2/
¢ r\ cosno 1
e s [ M

20



THK RADIUS OF CONVEXITY OF PARTICULAR FUNCTIONS

Proof. We distinguish two cases. First suppose 0 € (8 r). and consider the function
ac

n:[0,2n] -> R defined by u(0) = 1+ £ An application of Lemma 2.6 yields
n=1
S(a\l _ _ V* Sinn0 _ f X Xyinne
(m+1)2 *o Ju I+ * v 2®ycosh

Thus, it follows that

. v-'  cosrud i ("
“W = 1+ E =g ~7TT)5

and consequently we have

Again applying Lemma 2.6 we obtain

cosms \ vX cosmgf

« « = <» “ +ﬁ_=1 ' 7 n=IOT+'jS = (1 Q)x
N1 [1- x)y(co&O0 xy)J ,\ . | [ Xxy(cosO-xy) v
(2-7) 4 1+1, 1+'3?yr —2xj/cos0.) Yo I+ X» 2XycoSedxdt/

Taking into account that u(tt) = 0. from (2.7) we get the following integral representation

of 1 —n :

(2.8) | « = fl N Y
1 /o

Using (2.7) and (2.8). we can write

noAL v EBSAE ¥ EBsRb 58 fo THwirgy
'orH 2R VTl 2 - oS ERdY it

n [ " O - x)y(cosO - xy) . ,\ [° xy(cosO xy)
( +1 1+ x2y2- 2.rflrosft) + I 1+ 1y - 24<™
fu (* T+k(blY =N [1[ U -x)y{cos$- xy) \
1- JolJo N Jo> W« +*V -ZxycosO

21



O. ENGEL. 1 O. PALL SZAMO

jglinH ed «NTaby

mr4 rNe fi>-* .
n (I JI»)@ I cosO) :
rz(l+ ar<NJ++Vv - 2*Ycos®* ' V'

: (I - x»/)(I + cosfl)
I I(' Fr27(1+ xy)(1+ *V - 2*Vcos0)' ™My
>

4) - i»/)(I + cos0)
I I Jv@ +*y)(l + *2y2 - 2*(/coeB) ' J
Hence, using Lemma 2.7 we obtain the inequality

7 [ 1 -xy)(\+c<*0) ,
C.Jo n /v + *y)0 + *2¥2 - 2*ycos0) X 17

/ N cosnO \ cosno . .n ,
(2.10) < ( - +1 ~ 3 1 ) + 5 7
n—1 X 7 n=1"

It is easy to seethat ('2.G) and (2.10) imply (2.5) provided that 0 € [~e7r] o

Now assumethat 0 € [0, Taking into account that the mapping H is strictly

decreasing, we can write

0O - » * * 2 -

(211) =« (*), B6 [0,]].
If0 € [0.|], then (2.9) implies

(1 - *y)(l + cos0)
In 1 XJ(L+ XYL 4 *2j* - 2xycob®) X"
n

ocC DC

Combining (2.11) and (2.12) we obtain (2.5) for ©€ [0, §]. Thus, the inequality (2 5)
holds for every ©€ (0, n). O
3. The main results

In this section we state and prove the main results of the paper.

22
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Theorem 3.1. The functions ip and tp, defined by the power series

are convex in the unit disk 1J, and the radii of convexity of 2 and - are =rf£ = 1

Proof. We first prove the cbnvcxity of function v. It is well known that the function

; is convex in V if and only if

(3.0 * (\ + *)¢\{(z;)>/)>0

It is easv to see that

( oW ) o) tthz gt
n*i yo 1- r/

Thus, we have to prove the following inequality:

(3.2) RCTTT —mm > *
fo fTA7idt

According to the minimum principle for harmonic functions it is enough to prove the

inequality Re —------------ > | in the case z = #* 06 [-a\Tr]. We have
Jo

/) 1—egl0 I-M2- 20080 Y »12 2ot

Hence, the inequality (3.2) is equivalent to the following:

B VP i 21F)F(E >N *=> %)

Let the curve I' be defined parametrically by j = x(«>). y = y(f), r € [ . 1], where

*<») = jf-itO * «"dV(v) = £ « < " - The zero-[join, of [is0(0.0)
and the terminus is J1(x(1)|y(1)).

For 0 e [- 7. n] we can write

[l . (1+0(1 <coeOQJA» ./ /m. (l-i)sine ,.\r >1]

L "1+ f>-2,cosfl + 4 'I+4 2,— 0dl) -~
<IO]2=( Ne )) +Ne *>) -«(jfViJ-lcos/ *)8
(3.4) 200 9C (L _ _ .. 02
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On the other hand, according to Lemma 2.2. we have
1 \ (1 +0(1 - «>s0)
[ ' TTTW “mreV ‘TTra™r->* -
Finally, combining (3.1) and (3.5) we gel (3.3). Thus, we have proved that ® is

a convex function on U. Next, since the radius of convergence of the power series
00 n
nNO) = m\n IT) is e<lual to one-il follows that rE. = 1.

r.=1
To prove the assertion of the theorem for function » we recall the Libera operator
L. defined in Lemma 2.5, and observe that since 4{#{z) - 1) = L(2(V’- 1))(z), then
by Lemma 2.5 we have 4(p 1) 6 'X. and hence the convexity of \p with radius of

convergence r€ = 1 follows. 4t O

Corollary 3.1. ///(0) = 1 and »/

(3.0) Re (1 + 4zf'{z) + 2z2f"(z)) >0, for allz € U,
then
(3.7) 2 —~~~ hi(l 4-r) < Re (f(z)) <2 &~~~ In(1—r), z € (/(r)

for everyr G (0. 1) and 2 —In4 < Re (/(-r)) < 2 for nil z € U. The bounds arc the

best possible.

-X
Proof. Let f(z) = 1+ ant™ be the development in power series of a function /.
n=1
N1 simple calculation leads to
(e]e]
1+ 4z3'(z) + 2z2f"(x) = 1+ 2~ n(n - l)anzn.
n=1

According to Hcrglotz formula there is a probability measure ft such that

1+ 4z])\z) + 2z2t"(z) =

Jo | —e
Thus, it follows that
V- f 1l+e~u 2 i S
1+2 ~ (74-\a,zn = [/ m . <FE)=H 2V r" [/ e N
> 701 c n=1I Jo
. 1 . .
and we obtain a,, o — [ ¢ Lltdfi(t). Finally we get
n(n + 1)
(3.8) NI») - (1 4 f =J% (zc “mi).
The last equality implies that
f{z) € conii[*(C/)] = ) for all z € U,
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where conv[~(U)] denotes the convex hull of the set iI>(U) and so we have f(U) ¢
ib{U). Now the inclusion f(U) C ( ) and the univalence of v imply the subordination
f and consequently we have f(U(r)) C i (U(r)) for all r € (0.1). From this

inclusion we deduce

inf Re~fc) < Re/(r) < sup Re zGU(r).
*€1/(r) XEF/(r)

Next, since >{ ) is a convex domain iu C. which is symmetric with rcspcct to real
axis, f(z) is real if and only if z is real, and f[x) is strictly increasing on [ 1.1], it

follows that
inf He*e()= —) =2 — lu(l + /)
and

sup Re<s(*)="(r) =2+ -—— - In(l - ).
te€/(r) t

Thus, the inequalities in (3.7) are proved. The second assertion of the corollary follows
from (3.7) by passing to the limitasr/1. a
Other results regarding the radii of starlikeness and convexity of particular functions

can be found in |1|-|1| and [II].

Remark 3.1. The restriction a — 1 docs not detract the generality. Indeed, ifa =

a + i/3 unth o > 0. then the condition (1.2) is equivalent to the following
Re (I + :/'( ) + >0. 16U,

and arguments similar to those used in the proof of Corollary 3 1 lead to
IW =f (- |~ T

Thus we. have.

re 1( % ) -+ "> No w

and

11 - 1 1
2 - 1r In( + r) < Re(/(c)) <n 2+--——1In(1-71) , zeU(r).

Corollary 3.2. If/(0) = 1 and if (3.6) holds

(3.9) () <2+ ~~ In(l ~71), S€1/(r)

for every r e (0, 1) and \f(z)\ < 2, z € U. The bounds air the best possible.
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Proof. Lot r be a fixed real number with r € (0. J). The inclusion f(U(r)) C V(~(t"))

implies?

I/MT S « Ne \ = +1 ATTT) =2+~ 1,1 - 1)’

I n |
and hence (3.9) follows. The inequality |/(r)| < 2 follows from (3.9) by passing to
the limit as r 1. M
Theorem 3.2. If/(0) = 1 and (3.6) then the function F(z) := | f(t)dt is starlike
Jo

of ordern = — = 0.7756.... that is. the following inequality holds:

The result is sharp.

Proof. Observe first that from condition (3.6) we get the equality (3.8) and this

implies

According to Lemma 2.3. the function F us starlike of order o if and only if
(3.11) — O forall z€ U and T € R.

We have
F(z) [ hr(z2)

. R ) '('*n'%| 'A— T rr-")

=1+ >"  c¢"«Mt)).(t+1Y n-u-a+.T 4
Jo > V2<% Jn(n+ 1)2(1—a+iT) )

X

Since 1 ¢2 £ *( "*< ') CY, according to L<mma 2.4 the condition
f«=I

00

(312)]

implies (3 11). From the minimum principle for harmonic functions we infer that

(3.12) is equivalent to

(3n,) R< ( + 5° 06 T 6 R
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The condition (3.13) can be rewritten in the following equivalent form

O -*  cosllO \\ sim /10 , >/ il CO0Ss/10
( f/r}” (/1 F 1)*] A n+1D24117r)y o LG 1N
on
+0 ")Ei i>1),»E[II,24 IrR.
n=1

Now observe that the inequality (3.14) holds foi every V € R ifand only if

3.15 1+ A ° SM" >0. 0€ (0,2rr],
(3.15) an M2 ( ]
and
sill /10 '\ : 4 / A cosnO

cosnO \ \Y cos /10

(3.16) <0, 0€1[0,2].
MFri1(a+1)8
The convexity of which has been proved in Theorem 1. implies
V°  cos/io P> (=DM
(3.17) +Y, i+ V -rt70>0, 06 0,2-
- n(n —1)- n(n - 1)-

m. |
and so, the inequality (3.15) holds.
Thus, to compete the proof we have to prove (3.1G). To this end. observe first that
since A(2ff - 0) = A(0), 0 € [0.irj. it is enough to prove (3.16) for 0 € [0. ~
By Lemma 2.8 we have

f 2ry ¢ . @- r!/)(1+ coso0)
Jo 1-x 2y2 yJOo /» ,V(@+ x2y2 - 2xycosO0)(1 + a/)" " '7

(318) ¢ 51

Hence, we have to show that

/A sin710 \2 [' f ixi/

fra| (n+02' * v f*
Jq A

(3.19) [/ | XVt-—- (‘7 L rdidy, «€ (Q.ir;.
nn 0 +xy - 2xi/cos0)(l + xy)

Lemma 2.6 implies

00 sin/10 fl ) in0
i Ty Ssin dxdy,

n\ (M*+0N2" 1 I 1+x2y2 22Ycos”
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and hence the iuequalitv (3.19) can be rewritten in the following equivalent form:
7S i [ q ]!
Vh Jo 182Xt ') Jo Jo 1-x32

(1+X(2/2>qu 056)(I)+~xyj | B£[1D'b’

Notice that the inequality (3.20) holds because by Cauchy-Schwarz inequality we have

( a , w / -E») i

[f.70=V wW> ==

Next, according to Lemma 2.7. we have

é)z 1 xysind dxdy
9 1+ x2y2- 2xycos0

|
- f xily/2(l +cos0 n_oIm .
(3.22) < | - g'[ ( J— rixrfy, 0 € [0.2r].
Jo Jo (1 +xy)y/l+ x2y2 2Xxy cos 0
Finally, combining (3.21) and (3.22) we obtain (3.20). O

Remark 3.2. .45far as ire know the. result presented in Lemma 2.3 is n new form of
starlike.ness condition which involves convolution. Tlu: idea of use integral representations
of Fourier series in order to deduct- shaiy inequalities, which lead to sharp starlikeness
results, has been used many times. Regarding these questions we mention th< papers
112|-|17] Geometric properties of particular functions were studied in |18). Also, we

mention that (8) is a basic work in applications of convolutions in geometric function

theory.
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O PAAAX XAAPA A MHTETPUPYEMbIX ®YHKLUWUN

' r TEBOPKAH K J1 HABACAPAAH

EpeBaHckuii i-ocynniYCracinim yHuBepcuTeTl
E-mails: gggtfysu.am. knava.4anittysu.orn

Annotauyus. B paboTe HH/1AeHO yC/noBMe Ha NOCNeA0BaTENbHOCTb HaTypaibHbIX
yncen {<..}. KoTOopoe ABNSieTCS HEOOXOAMMbBIM W AOCTATOUHbLIM YCNO0BUMEM AN
TOro, 4To6bl M CXOAMMOCTM M.U KYOMUYECKMX YacTUUHbIX cyMM S,In(Xx) KpaTHoro
paga Xaapa £ nonXn(x) n ycnosus M_Lrg)l'lorw.t{x sup|S*;n(x)| > A} = O

KO3 pULUMEHTbI <IN 04HO3HAYHO OH|>edensnucb 4epT cymmy psga. lony4deHo
Heo6x04MMOe M oCTaTOYHOe Y</I0Nue /1 TOro, YTobbl /nis N60i OrpaHNYeHHON’

nocnegosatenbHoctn {sr,} pag £ \£n“ r»Xn(-r) asnanca 6bel pagom ®ypbe J1-
I'I~

MHTErpnupyemon yHKLUMN.

MSC2010 number: 42CJ10. 42C20.
Kntouesble* cnoBa: Cuctema Xaapa; CX04MMOCTb MOYTU BCOAY; A HUTei pHpOBaHHe.

1. BeBepeHwue

B HacToAwel paboTe paccmaTpuMBaloTCA KpaTHble M NPOCTble psabl Xaapa. pac-
Mp< fie/IeHne MaXKopaHTbl HEKOTOPbIX YaCTUYHbIX CYMM KOTOPbIX YA0B/IETBOPAET YC/10-
BMIO. paHeel BO3HMKAKLWEMY B HEKOTOPbIX TEOpeMax eAUHCTBEHHOCTU M.B. CXO4ALNXCA
pagoB Xaapa.

HanomHum, 4uTo cuctema Xaapa Ha [0; 1] onpegensetca cnegyrownum obpasom (Cm.

Hanpumep |1)): *,(*) = LLagnan=2*+ri= 12..2\ k=0,1,2,...

2%*? ecim g A WTT
x[kKH = 25 e T < T< -
0, ecnm W o« i

Xn(x)

3HauveHMs (yHKLKMIA Xaapa B TOUKax paspbiBa AN HaWWUX Lefed He CyL,eCTBEeHHbI
N Mbl MX He NpmBoauM. K;iK 06bI4HO, nonoxum L, = Mmipp(X,,). ACHO, 4iy> ecnu
=2*+i,i=1,2,..,2"\k=0.1.2,70 = Tijjl; -).

HACTOMILI'C VOCNGOONLLTO nepsoro «ntopn HMIOMICHO 1H»1 dwmilLIMYHION Moagepxke ocyan|>-
CTBEMHOro KommuTteTa nmo Hayke MOl PA n pamkax Hay4dHoro Mioekta 10-3/1-41
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ans = (» »l ,eec .n(f) € INT ( IX-MHOXeCTBO HaTypasibHbIX 4uCen) H X
xd) € (0: 1] o6osHauum \n{x) = \ ni(x,)v«,(a )e**X,,, U.i) n paccmoi
puM pAag
$3a,,Xn(x) =5Z«nXn,(xi)xna(*2) -*XnA*d)’

n

Anv HaTypanbHOro yncna N 4yeixsa 5.v(x) 0603Ha4MM Kybnu4deckume 4acTUYHbIEe CYMMbl,

n: n,<Jr
Onsa pyHkunun p(x) 1 NoNOXKUTENbHOro yncna A yepes [<N(X)]a 6ygem ob6o3Hauvaib

CNefvioiuvio PyHKLMIO

B pa6oTe (2) MNeBOpKAHOM Oblna goKasaHa cnefytollas

Teopema 1.1. MycTb Kybuyeckne, YaCTUUYHble CyMMbl () KpaTHOro paga
XlInanXn(x) noyTwn BCctogy (n.B.) crogaTca K /(X) W Ana HEKOTOPOW nocnegosa-

TeNbHOCTU XT + *. BbINOJIHAETCH

Torga ans scex € LM

rae A" Al IIXiiLloo

AHaNornyHble MOHPOCHLI ANs OAHOMEPHOrO psAAa HO cucremc Xaapa M Mo CHcieme
Mpaiica (o6o6uwcwioin cncteme Xaapa) 6bI1M paccMOTpeHbl B pabotax KocTuHa |3].
|4|, a pna pagoB no cucteme dpaHKINHA, K pabotax [NeBopksHa |5| n [6|. BnepBble
TeopeMbIl €JMHCTBEHHOCTU AN N.B CXOAALWNXCA PSA0B ObINM paccCMOTPEHbI B paboTax

|73, |8). B HacTosiwen paboTe foKasaHa cnegyroulas

Teopema 1.2. NMycTb {<I}- HekoTOpasa MOHOTOHHA* Moc/fef0BaTebHOCTbL HaTY-
panbHbIX 4YMCeN Takas, YTO OTHOLIEHL OrpaHMYyeHHO, MOCNeA0BaTEeNIbHOCTb
54 (x) n.a. cxoanTCcA K HEKOTOPOW (yHKUMN /(X) 1 AN HEKOTOpPOI nocnegoBaTesb-

HocTu {A,,}, Al—»00

(1.1) liHi A, sinvs{X € (0; I]'L: smip|.ng(x)| > A}

1 »00

Torga gnga scex n E ' BbINO/IHAKTCA



' TEBOPKAH K A HABAONPAOAH

HanoMHMM,uTo pyHKUMS /(X) HasbiBaeTcs A-MHTErpupyemMoit Ha MHoXxecTbe G.

ecnn  limi NMewe«f{a: € C . \/(x)\ > A} = 0 u cywccrmyer npegen

A-4+ocC
AI*i‘TTc J[G [/(.r)]Alx =: (I'I)J{._f(x)d.r.

CkaxeM. uto pag JCan\'n(x) asnaerca pagom dypbe A UHTErpupyeMon yHKLUMN,
ec/In cyulecTBYyeT Takad A uHTerpupyemas pyHkuwisa /. onpegeneHHada Ha (0: 1](/, uto

KO3(h(PMLUMNEHTbI an onpeaensitoTcs cneayounuM o6pasom:

« = (n) |/ I(x)An(x)'/x
“[0:11
N3 Teopembl 1.2 HeMef/leHHO c/eAyT Teopembl 1.3 n 1.4.
Teopema 1.3. TlycTo {<;} -HeKOTO]XiA MOHOTOHHAA MOCNeAOBATENbHOCTb HaATY-

panbHb X 4YuCce*y TakafA, YT O OTHOWEHNE orpaHM4eHHO, nocsenoBaTeENbHOCTDb

$4){X) N.B. cxopauTcsa K HEKOTOPOWA M.B. KOHEYHON PYHKLUWN /(x) u

a_I)l)rp*oA-rncs <x € [0:1] : Slep 15,, (X)| > A)>: 0,

TO BCe oyHKY,un /(xX)xn(x), wn € IN", I-nHTerpnpyemMmbl n

m» = {A) [ f{x)\n{x)dx, € Kd.
-/10:1)-

Teopema 1.4. TlycTb {qj}-HeKoTOpPas MOHOTOHHAas MOCMeLOBATENbLHOCTb NaTy-
B ibHbIX yMcen Takas, 4YTO OTHOWIEHUC OrpaHW4YeHHO, MOC/ef0BaATENbHOCTDb
. (X; N.B. CXOANTCHA K HeKoTopoin pyHkumm /(x) € /.°(0:1] w gna HEeKOTOPOW no-

cnegosaTensHocTm {A*}. AL /* oc
Jim A*erncsjx € (0;1)d: sup|, (xX)| > A =0.

Torga
an= 1 f{x)\n{x)dx. € INrf.

OkasblBaeTca B reopemax 1.2 1.4 orpaHMYeHHOCTb OTHOLWIEHNA - 1 CyLecTBEHHO.

[elicTBUTENbHO, BEPHO ClefyloLlee YyTBePXKaeHMe.,

Teopema 1.5. MycTb {</,} HeKoTOpass MOHOTOHHAA MOC/NEeAOBATENbHOCTb HATY-

panbHbIX Ynucen Takasd, 4TOo sup 5 = -foe. Torga cywecTByeT psj \?Clgl » Y B(X)
Takoh, 4To "~1

1) a\ ¢ 0.57n(x) —»0 n.s., npn N —»00,

2) Aerncs{T € [0:1] : sup]|5?fi(r)| > A} = 0.
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' TEBOPKAH k A HABAOJIPAAH

HanoMHuM,uTO PyHKUMA /(X) Ha3biBaeTca A-UHTerpupyemor Ha MHoxectBe G.
ecnn  liim Newe«{a: € C :  \/(xX)\ > A} = 0 v cywecruyer nj>egen
lim [(.D)]A(IX =2 (J1) / f(x)d.r.
Alm LSVEDIA () /- 1(x)
CkaxeM. 4ro pag 5Zan\'n(x) asnsetca pagom dypbe A UHTErpupyeMon yHKLUMN,
ec/n cyulecTByeT Takad A uHTerpupyemas pyHkumna /. onpegeneHHada Ha (0: 1](/, uto

KO3(h(hMLMEHTbI an onpegensatoTca cnegyowmm obpasom:
« =) I I(xX)An(x)'/x
7(0:1]
Teopembl 1.2 HeMefNeHHO cneayT Teopembl 1.3 n 1.4,

Teopema 1.3. TlycTo {q}} -HeKOTO]XiA MOHOTOHHAA MOCNEeAOBATENbHOCTb HaATY-
panbHbIX 4niCe*Y TakKasd, YTO OTHOLWeHNe OrpaHuW4yeHHO, nocfefoBaTeNbHOCTb

$4){x) n.B. CXOANTCA K HEKOTOPOW M.B. KOHEYHON PyHKUUMN /(X) 1

lim Aerncs<x € [0;1] : sup]|5, (X)|] > A)>: 0,
J

a-»+«»

To ace gnpikummn /(x)xn(x), un € IN", A-uHTerpnpyemMmbl n

= {A) f f{x)\n{x)dx, € Kd.
-/10:1)-

Teopema 1.4. TlycTb {qj}-HekoTOpas MOHOTOHHAas Moc/fefOHaILeNbHOCTb HaTY-
B ibHbIX yMcen Takas, 4YTO OTHOWICHUC OrpaHW4YeHHO, MOC/ef0BaATENbHOCTDb
. (X; N.B. CXOANTCHA K HeKoTopoin pyHkumm /(x) € /.°(0:1] w gna HEeKOTOPOW no-

cnegosaTenoHocTun {A;}. AM/* oc
Jim A*erncsjx € (0;1)d: sup|, (xX)| > A*| = 0.
Torga

= 1 f{x)\n{x)dx. € IN™

OkasblBaeTcsa B reopeMax 1.2 1.4 orpaHUYEHHOCTb OTHOLLIEHUSA - 1 CYLLEeCTBEHHO.
[ecTBMTENbHO, BEPHO Clefylollee YTBEPXAEHNE.

Teopema 1.5. MycTb {</,} HekKoTOpas MOHOTOHHAS MOCNEeA0BATENbHOCTb HATY-

PONbHbLIX YMcen Takasd, 4TOo sup 5 = -foe. Torga cywecTByeT psj \?Clgl » Y B(X)
Takon, 4To "~1

1) a\ v 0.57n(x) —»0 n.s., npn n —»oc,

2) Aerncs{T € [0:1] : sup]|5?fi(r)| > A} = 0.
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O PAOAX XAAPA A MHTEMPUPYEMbBIX ®YHKUWNA

ocC

XO0poLlo M3BECTHO, YTO ecin psaf  anx,(x) sBnseTcs pagom ®ypbe VHTErpu-
nsi cx:
pyemMoin (hyHKUMMU, TO. HOOGiue rovops. pag £ <€nav\ n(r), rge £, = +1. MOXeT He
n=1
CXOANTCA U NPOCTpPaHCTBe '1 N3BecTHO, uTo (c™m. |1, |9] wn |10]). psag p a,,X,,(X)
=
6e3yCNnoBHO CXOAMUTCA TOr4a v To/IbKO Toraa, Korga
(> ) X2
P{x) := e LI[O,i]
1an
Vv
S Y{x) :*suI\P venXn(*) € LID; 1]
'n*l

B paboTte (2) goKasaHOo, YTO ec/in BbIMOSIHAETCA YC/I0BUE

(1.2) A!]i_L]lJOOﬂ-mes{x . S*(x) > I} = 0.

X

io ansa nbon orpaHMYeHHOW nocnegosaTtensHocTn {e,,} pag £ (X) siBnsieTcsA
fix 1

psagoM Pypbe HEKOTOPOWN .4 MHTErpupyeMon yHKUMK. 34eCb Mbl JOKaXXeM obpaTHoe

yTBepXAeHune

Teopema 1.6. Ecnu Ons nto6oit orpaHnMyeHHoi nocnegosaTensHocTw {;,.} psig no
00

cucrteme Xaapa £ -mJin\n(x) sasnseTcsa psgom Pypbe J1 -UHTErpupyemMon (yHk-
n=1

UMn, TO BbiNONHAeTCA ycnosue (1.2).

ocC
OTmeTum, 4TO (CcM. |2|) ecnun an\ n(x) saensetca psagom dypbe A UHTerpupyemon

1

(DYHKLUMKN, TO MaXxopaHTa 4YacTUYHbIX CYMM 3TOr0 psifa MOXeT He YA0BNeTBOPUTb
ycnosuio (1.2). CnefoBaTesnibHO, CYLLLECTBYET PAL ngg]lal'IXrl(x)i KOTOpPbIi ABNAETCA ps-
AoM Pypbe J1 MHTerpmpyeMon hyHKLMK, HO NP HeKOTopbIX E,, =0:1 pAag Oj fnOTXa(j)
He ABNseTca psagom Pypbe .4 MHTErpupyemon QyHKunn. i

Taknm 06pa3omM, NoOyYEeHO HeobXoAMMOoe 1 JOCTaTOYHOEe YC/I0BME TOr0, YTOObI ANs
itn60M orpaHMyeHHoOn nocnegosatesibHocTU {£,,} pAag I_?LE « \ () aBnanca 6bl ps-
AOM Dypbe A NHTErpupyemMonm PyHKUMWN.

CnpaBeanunBo cneaytolee yTBEPXKAEHME.

Teopema 1.7. Ansa nob6oin or/toHMYeHHON nocnegosaTenbHocTU {cn} P*a no cucTe-
ocC

mMc Xaapa £ c,a,,\,(x) 6ygeT pagom ®Pypbe .4 WHTErpupyemon yHKUUMK, Toraa
nm»1
N TONIbKO TOrAa, Korga BblinonHsAeTca ycnosune (1.2).
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' TEBOPKAH,K J1 HABAONPAOAH

2 J[JokasaTenbcTBO Teopem

Noka3zaTenbcTBO TeopeMmbl 1.2. Myctb mu = (. , ¢, {) HeKOTOpbIi 3ne-

MeHT 13 V{. a yncno M BbI6paHO iaK, YTOObI

21) <M panaBcexj 6 IN
b

HeTpyaHo 3ameTwn Ib, uTO gna nwboro K > 1 dyHkymna sup|5'flj(x)| yooBnetsopser
>>*

ycnosuio (1.1) ¢ Temun xe AT [losTomy, 6e3 orpaHUYeHUss 06LLHOCTUN BYleM CUMTATb,

4YTO BbINOSIHAETCA N, < q\ Ang Bcex i, 1 = 1.2. .(/. AcHo, uTO

an — | X)Xn(x)</x = | uM (X)X (X)X,

roe Jin = supp(xn)-
HanomHuM, 4TOo ABOMYHbIA napannenenuneq /1 C [0; 1),; Ha3biBaeMcs napasnne-
nenunegom noctosiHcTBa ansa .9,(x), ecnn S,(X) noctosHHaa na J1 1M HenocTosiHHas

Ha HOGOM fABOMYHOM napannenenunege J1', KOTOpbIA cogepXuT J1. AcHO, 4TO ecnu

C [0; 1]Jv napannenenunnef nocTtosAHcTBa ANnsa Sj(x). TO

(2.2) I S,(x)dx = f Sj{x)dx pna nwb6oroi > j.

i
Jonyctum An = \J Ik, rge Ik napannenenunefbl noctosHcTea gnsa , (.r), BXogH-

A=1
wune B Jin. O4yeBngHo, 4To Ha J1 hyHKUMA \ N(X) nocToAHHaA, (NPUHUMAET 3HAYEHUS

+ Xn(x)l1™0). koTopyto 0603Haumm 4yepes Xn(h-)- Torga

(2.3) «a=Y Yn(/*) t Sqi (x)c/x.
JI-

Ana Kaxporo K, (K = 1,2.¢¢¢ 1) 1 yncna m€ K obosHauyum

S*¥(x)=sup|S,, (x)], £* = {xe [ 5"(x)>A,}.
J

MycTb N-NPON3BO/IbHOE MOMOXKNTENBHOE YNCNO0, YL0BIETBOPSIOLLEE YC/TOBUIO

(2.4) e < 2- deA+i)

Bbibepem HaTypasibHOE YUC/O0 iN HAaCTONbKO 60/bWKUM, YTOObI A, > 11 (cm. (1.1))
(2-5) XT mmes(E*,,) < s emes(lk), {kK= 1,2,90¢ , [9)e

Mockonbky (x) + f(x) n.B., Nnpy -* oc, ro AngA 3Toro in  MOXHo HatTm € IN

Tak, 4YTobbl A/isa BCeX K. (K = 1,2,2 ¢ 1)
(2.0) mcs {x € lk: \S4Ix) f{x)\ >e} < T *mcs{l,;).
n
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0 PAOAX XAAPA 4 UHTETPUPYEMbIX ®YHKLW

3ameTum, 4TO ANA BCcex X e [,, BbINOMHAETCHA HepaBeHCTBO |£,,,(X)| < N,,,. AeicTBu-
TeNnbHO. gonyctum A C 1 HekOoTOpbIn Napassenenunes nocToOAHCTBA 41N (x) n
Ha HEM BbIMOJIHAETCA HepaBeHCTBO |5V.(X)| > Am. Torga n3 onpejesieHUss MHOXecTBa

cneayo'!, uto A C £* . oikyga. ¢ yyetom (2.1), nonyyaem

mea{t%,) > Tnba(A) > 2"™i(A/+,W e (/TY) > c mea(h),

KOTo|toe npoTuBopeuunT ycnosuto (2.5). Myctb Ik = n n;

|
nuiiegbl noctoaHcTeBa agnsa Sq,{x), Bxogawme u lk. Mapannenenuneg , Ha3oBeM

., roe {4£ }-napannene-

napannenenuneiomMm MepBoro Poja, €CNu BbINOMHSETCA HepaBeHCTBO 5a,(X)| < AT

ana X fc Ajr - 13 npoTuBHOM cny4vae [~ Ha3oBem napassesienmneiom BTO|HOrM0 poga.

O603HauYNM

1 = {: napannenenunes nepsoro poaa}l.

r ={/: .~-napannenenuneg BTOpPOro poaa}.
AcHo, uTo U = (L 6rigit.)m (n .€r* )- JonycTum y>Xe onpefesieHbl napan-
nenenuneabl {1 .}, {A? ,}.ee*» {Aj~1} n MHOXecTBa eee Ip 1. N n IK

NnpeacTaBnAeTcAa B BUAeE

a=(_( _4)) (

«=2 <€ Er;

Mpeactasum (3 O * 1 B BUAe 06begMHEHUA erac ,}-BNAOTCA Hapasn-
<€r;_, $

nenenunegamn noc toaHcTea Anga SMi(x). Mapannenenuneg O£} HasoBem napansene-
nunegomMm nepeoro |oga, ecnn gna x fc J£ mBbINoAHAeTCA HepaBeHCTBO \SMp,,(X)| <
A,,. B MPOTUBHOM cnydae Ajj! , HazoBeM Napanneneniwegom BToporo poga. O603Ha-

YNM

1" = {/ : A £, napannenenunes nepsoro poga}l,
™ = {f : AJ .-napannenenuneg BTOporo itoaa}.

Takum 06pasom, No NHAYKUNK BYAEM onpenenute Napannenenunegbl {A; }, {A*,},

eee {A*} n MHOXecTBa N[0, oo . [N, ", ACHO, UTO

*=(U (U ab»n< n p?.)-
»-2 €I, *T;0

N3 onpegeneHns crefyeT, UTO ecn Ain HekoToporo >€ {2.3, e«« .//)}, AE , ABNnseT-

cA napannenennneiom BTOPOro poga, TO HEKOTOPOe NMOAMHOXECTBO Mapassiesenune-

pa A'l | (HeKoTopbIW napannenenunen NOCTOAHCTBA AN , (X)), Mepa KOTOpPOro He
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I r TEBOPKAH,K A HABACAPAAH

MeHbLLIE YeM YyacTb Mepbl MHOXecTBa Aj! t, SIBNsieTcs NOAMHOXECTBOM MHO-

XecTBa [MoaTomy

(r.2)) 7Tc,(nm (n fg;,)) <2"(A+L) »m«(£;.).
=oery

AcHO TakXe, uTo ANna Bcex p € {2.3. e+ .p0} N ana N0 6O ? BbINONHAETCA HepaBeH-

CTBO

(2.8) |E*(X)| < AT, p4nda Bcex X 6 bpy

O603HaunM
Cki= {x 6 uerAN: |S,ru(x) - /(x)] < f} .

CkKi={x € £ D 140(x) - I(x)] > e}.

OueBugHO, 4TO ANA BCex K, 1 < A< T,

w [ONJarx 0 on 3 e 52 Y. 1 ilwu-rfx
\ g ()Q *=2 E[" < -« i€ *'n;..
(2.9) + /C [5VIO(x) - f/(X)]A..|rfx+ [ 15,,,0(x) - [/(x)IAJrfx.
m'Cu

N3 (2.7), (2.5), (2.8) u (2.2), cnepyeT, uTo
Po
(210) £ £ /  1(/(X)]n- UX 5 A, 2ffR +1>e1> «(*&) < “<«+1> W «(J1),

g=2 *er" /ni..
p.. :

(2.1) SUro(x) Hx £ 51 / 5 %.(X )X < 2dw+i)e uw.s(h).
*=2 |Er" *=2ier;" J/p 24

OueBuAHO, 4YTO NpeanocnegHee cnaraemoe B (2.9) He 6onbwe yem s *TCcB(/*). AnsA

nocnegHero cnaraemoro B (2.9), ¢ ydyetom (2.8) u (2.G). nony4vaem

IS A (*)-t1(*)l»» n* TC3(|K)<2€.’nCS(h).

<2 12)

J/Gk—i
YuntblBasa Takxe (2.3) n (2.2), n3 (2.9)-(2.12) nony4daem

la™ I_[ ) [/(x)li- *n(x,rfx! = |i~>1 < 'k > /|* (VW -I/W IA .)rfx|

r

< Ibl » £« mm«s(/()(2JA+,)« +3) < [|Xn|joo mTe»(4,,)2*" +»+**,
*=1
Teopema 1.2 foKasaHa.
[AnAa pokasatenbcTBa TeopeMbl 1.5 Ham HYXXeH CrnefyloWmnin pesynbTar.
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O PAAAX XAAPA A VHTETPUPYEMbBIX ®YHKUNA

Nemma 2.1. MycTb {</,,} nognocnefoBaTeNbHOCTb HATYPaNbHbIX YNCeN, C YCNOBU-

eM sup u— = -boo, a F(X) HeKOTOpPOM HeoTpuuaTenbHas PyHKUMA, onpeaeneHHas
n

Ha (0; 1. n E = supp(F) €B;ideTcA koyicuHbim 00bEAVMHEHMEM HemnepeceKarLnxcs

[BOMYHbIX WHTEPBANOB, HA Ka>KAOM M3 KOTOpbIXx F{X) nocTosHHas. Torga ana nwo-
M

bbix e,S > 0 n MO € IN cyuifiCmeyem nonnHom P{x) = ~ <I\K(X) Takoe, 4TO

/0
1) supp(P) C E,

2) min{P(.r) + F(x) : P(x) + F{x) 0} > max F(x),
3) Trnca(bupp(P + F)) < §
4) pna scex A > max F(X) BbIMOMHAETCA HEpaBeHCTBO

ﬂ-
AeTeB{X : max \F{x) + ™ «*X*(*)| > A} <e.
k=Nu

5)pna ka>kporo X € [0; 1] un GN c ycnosnem No < gn< M, nuéo £ °kYfcU) =20
kmNo
nmbo  $2 Uk\k{x) = P(x).

* - MNMu

Joka3zaTtenbcTBo nemMMbl 2.1 Tyctb E = supp(F) ABnAeTcA KOHEYHbIM 00b-

e.iInHeHNeM HenepeceKakwLWNXCA ABONYHbLIX UHTEPBA/IOB, AJIMHA KOTOPbIX 60NbLUe Yem

h. a = max F(x). Bblbepem HaTypasibHOe 4ucno < Tak, YT06bl BbIMNO/IHAMIUCH
xef[o;i)

yCcnosus

(2.13) 2d > NO, N < niin |i4; N

3 nocreaHero HepaBeHCTBA C/IEAYET, YTO MHOXECTBO E MOXHO NpeAcTaBUTb B BUJE

06'be,£l,I/IHeHI/IFI HernepeceKarwWnXxca ABONYHbIX NHTEPBaJi0B, A/TNHbI 2'L

m a* o~ + 1
(2.14) E=(J/* rac = Ne
k=1
MycTtb ‘tk —E(lic) 3Ha4veHne PyHKUUM F Ha MHOXecTBe /*. Bblbepem HaTypasibHble

yncna rk, K= 1.2,ee 10, iaK. YT0Obl BbINO/HANCL YC/I0BUS

(2.15) 7i2M > 7,
(2.16) m>r*_,, TK-2" > 7*-i *2Ik=\ fc= 2,3, 000 . T.
IMoCcKobKY sup —+ 00, TOo 13 nocnegoBarenbHoe!n {</,;} MOXXHO BblObpaTb YncIa
Ll
Qn2eeee . . YAOBNeTBOpPAKOLWMe YC/I0BUAM
(2 17) 2] <<h, <An3 <eee < YT,
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. TEBOPKAH K A nnsacappgsH

> 2 &» 1,2. 00 .m.
Ik
M3 nocnegHero HepaBeHCTBA CrnefyeT, 4To ANnA Kaxpgoro Kk, (kK = 1.2, .T). Ccy-
LLLleCTBYET HaTypasibHOe YMCNo i* Takoe, YTo <2U n2nin r < Qlk+i-

AcHO, uTo (cm. (2.11) 1 (217)) Kaxabln nHTepBan IK, (%= 1,2, ¢ m), MOXHO

npeactaBnuTb B BUAE O6'be,El|I/IHeHI/IFI HCHepeCceKakLWHXCA ABONYHbIX NHTEPBaJ/I0B AJ/INHDbI

«EN* -€£.A*
MycTb HaTypanbHOe 4ucio m 1 < » < 27, 06o3Haunmm x[m>@) := 2~,,/2\l \ x)

(hbyHKUMA Xaapa. HOpMMpoBaHHasa B ). PaccMOTPUM MOMMHOMbI NO cucTeMe Xaapa

a p' = £ E *.o:>o .
A6AI 70
HACHO, UTO
/0 ,04 / N1/ \ [ 2a» ~ 1M1 e C
(218) 1/TO + XK O - | Osecnu X€ [0;1]\ EK}
roe 1 -xapakTtepuctmyeckaa (yHKUMSA MHOXecTBa /b a EK ABNAETCA KOHEYIH>IM

O6'be,ﬂ,I/IHeHl/IeM ABONYHbLIX UHTEPBA/IOB U

(2.19) mcs{Ek) = ]I “ *mes(Jil)) = “tes(/k) = ~ -
«eJT*-
O603Ha4YnNM
Af
(2.20) p(x) = £ 3 b3 7*anpg.
K*/1'0

YT1BepXxaeHnsa 1) u 5) nemmbl 2.1, HeNnoCpeaCTBEHHO, cneaytoT mnis (2.14), (2.18) un
(2.20).

N3 onpegeneHuun uncen 7*, (N = F(/*)) (2.18) n (2.20) nony4yaem, 4To

E F(t\ 4 (\ —/ I’ 6CH r€ A= 1.2, ¢e¢ in,
2.21) f(*)+1[>(*)-J 0 eanx€[O 1\(wnr, 1’\)

KombuHmnpys nocnegHee paBeHCTBO ¢ (2.15) un (2.10) nonyyaem yTBepXfAeHue 2) nem-

Mbl 2.1. N3 (2.21), (2.19), (2.13) n nepsoro HepaBeHcTBa (2.16) cnefyeT, 4To

mcs(supp(F + P)) = ) m«(£*) = ATt ’ . n

*=1 i-1
Mpuctynnm K foKas3aTenbCT BY yTBepXXaeHUA 1) nemmbl 2.1. Mpn J1> 7T 2r- MHOXe-
cTBO (X : F(X)+P{x) > A} = N(cm. (2.16) n (2.21)) nyTBepxkaeHue 4) ouesnaHo. Jo-
NycTUM A HEKOTOpOe Yncno n3 npomexyTka (7 ;%,2° *), Torgagns HeKOTOPOro ymcna
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O PAOAX XAAPA A VHTEMPUPYEMbBIX ®YHKUWN

$ (s = 1.2.++¢,m) BbINO/IHAETCA HEPABEHCTBO 7» 2~ < 1< 7,2™ (7 2 °:=7),
cnegosatenibHO m (2.21), (215) H (216) nonyyaem
T r \
me,{x . \FH+ £ e*vt(*)>A} =me,lUI=E¢ < ATTT
kmNo \IoKn /

KomMbuHupys nocnefHee HepaBeHCTBO ¢(2.13).nonyvyaem

A 'w (r:,.F<«|F(X)+Jj > Jb< 21nN7 1&7 N~ T - f°

Jlemma 2.1 gokasaHa.

Joka3aTenbcTBO Teopembl 1.5 T[lycTb nocnegoBaTesibHOCTb {<¢,} yAoOB/ieTBO-

pseT ycnosmam Teopembl 1.5, a FO(x) = 1 npu x € Ey := [0: 1]. NMpumeHaa nemmy 2.1

ansa @yHkumm Fu(x) H uucen £i = G = 2 1, Ao = 2 nonyyaem MNOSIMHOM O CUCTEME

Xaapa
VA
/\i(*) e VI***(*)
YAOBNEeTBOPAOLWMA yTBEPXKAeHNAM 1) 5) nemmbl 2.1. O603Haumm Fi(.t) := FO(x) +
P,(x) u Ei := supp(Fi). AcHo, uyto mcs(Ei) < 2 1. JonycTum, 4TO ANSA 4uUCeN
n\ i
I = 1.2. %« ;1 - 1 yXe onpegeneHbl noamHomsl P,(.c) = 2 MKXKI™), QPyHKUUN

F.(x) := F,_i(.r)+ P,(.r) n mHOXxecTBa E, := supp(F,) Takune, 4to E, MOXHO npejcTa-
BUTb B BUe 00beAMHEHNSA ABONYHbIX UWHTEPBA/IOB, HA KaX4OM U3 KOTOPbIX PYHKLUSA

F,(.r) noctosaHHana. Myctb M1 = niaxFm_i(x).
|

MpumeHasa nemmy 2.1 ana pyHkyun F,,, i(x), yncen et —2 "\ 6T

7 J1 T-1 nony4vaem nosmMrnomM Ho cucteme Xaapa

V,,-1

1*T(X) - J 2 «***(*)
k=N,,.X

V' 0BJICI BOPUIOLWNIA YCNOBUAM: i
n) supp(PT)c. Em 1.
B) nnn{Fm(x) : F,,(x) 0} > Ta_b rge Fm(r) := Fn,_i(x) + P,,,{x).

C) mea(Em) < ———.r1pe E,,, supp(Fm).

N~ lmH
D) pna scex A> I\,, i BbINO/IHAETCA HepaBEHCTBO
W
A Te${r: max [Fm_i(x)+ V  a*x*(x)| > A} < 2*"\

LN j<7,< A
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E) ona kaxporo x € [Q 1] n HaTypasnbHOro ymcna n. ¢ ycnosmem JIt -i < < Jho,

nmn6éo OK\K(x) = 0 nmbo Y, OkXk(™) = PT(X)>
K=t -1 IFArT i
CnepoBatesibHO, HO MHAYKLWW, NOCTPOUM nocnegoBaTeslbHOCTU noinHoMos {Pm(x)},

dyHkunin {F,,,(:r)}; mHoxecTB {£T } n uucen {[rm}. yaoBNeTBOPSOLLMNE YC/TOBUSM
4) - E). N3 .4) n C) cnegyer, uto I,n{x) -> 0 n.B. Ha [0; 1].

PaccmoTpum psag

00

(2.22) I+ Y, «***(*) = Fo(*) + 51
J.-2 m=1

AcHo, uTo Ana Kaxporo T € IN BbINOMHAETCA pPaBeHCTBO

am™ 1
1+ feyfe(*) = ~m(*)»
K=2
No3ToOMy, YaCTU4Hble cyMMbl ™, (X) paga (2.22) yooBneTBOPSAKT ClefyrOLEMY YC/0-
Buo (cm. E)): Ansa Kaxpaoro HatypasbHOro ymcna n, ecnu € [JIm _i; Nm), To

ana kKaxpaoro x e [0; 1 dpyHkuma Sgn(x) coBnagaet nmbéo ¢ Fm(x) nmbéo ¢ Fm_i(x).

CnepoBaTtefnibHO

Sgn(x) -* 0 wn.B. Ha [0; 1], npu n -> oo0.

MycTb J1 HEKOTOPOE NOJIOXKUTENbHOE Yncno, bonbwe 1. Torga As19 HEKOTOPOro HaTty-
panbHOro ymncna T BbINO/IHAETCA HEPABEHCTBO < A< T, YuutbiBasa /1), B)

n E) nonyyaem, 4to

{x: suplS,,.(x)| > A} = {x: V. max [Euydx)| > A} UETH+].

n:/vrt _!<n<YvT

Komb6uHupya nocnefHee paBeHcTBO ¢ C) u J1), nony4yaem

AeTea{x : sup|S™M(x)| > A} < 2~T+ N < -(»»-)
M 1m

Teopema 1.5 gokasaHa.

Ana noKasaTe/bCTBa TEOPEMbl 1.6 HAM HYXXHO c/efyloLlee YTBEPXKAEHUE.

"
Jemva 22 WCTbSLIO £ anXn(x) > A/ Ha HeKoTopoM MHO>ecTBe E nono-
N afh
91—

>XUTnensvHon mepun. Torga <)nsa no6boro a G (0; 1) cywecTBytoT A, € K n6,, € {(: 1}

TaK/E, YTO

Af
TCS<Xa : N siarMiaI) >J1 c.u(E).
1 A/, J
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O PAAAX XAAPA A NMHTETPUPYEMbBIX ®YHKLUUNW

[loKa3zaTenbCTBO NeMMbl 2.2. MycTb 7 HaMMeHbLUee HaTypasbHOe YMCNO, ANS

KOTOIlOr0 CyLecTBYeT IBOMYHO MppaLMoHaibHOe yncno r, e E, ¢ ycnosuem
a»Xn(®i)| > J1/. O6o3HaunMm 4epe3 ', TOT MHTepBas MOCTOSAHCTBA (PYHKLMN

X,,(.T). KOTOPbIN COQEPXKMUT TOUKY Xi. FACHO, YTO

«nXn(x) > J1/ Ana Bcex 6 Aj;.
n—J/To

JonycTum yXe onpefesieHbl BoO3pacTarlWMe HaTypasbHble yucna *i;* ,-ec.mp i "
HeHepeceKkawiymnecsa MHoxectna f,,, AE, e , N 1 [lycTb ip HaMMeHbLUee HaTypasib-

HOe 4ucno, ANS KOTOPOro CYLLEeCTBYeT ABOMYHO MppaunoHanbHaa Touka ip € \

1 ?1,,£|,*. yAO0B/IeTBOPAOLAA YCNOBULO | P AnXn( Mp)\ > J1/. fJonyctum L' TOT WH-
MN=/1n
TepBasa MNOCTOAHCTBA PYHKLMN X»,(X) KOTOPbIA COAEPXUT TOUKY XP. ACHO, 4TO

(2.23) > M ana secex x G 4'
n=.y,

Tak, Nno MHAyKuun, onpegenum ymcna {n} mn mHoxectsa {*}. ygosneTBopswoLme
ycnosuio (2.23). Mpuuem, ecnu npu Hekotopom p. me.s(E \ nE~\A4|.) = Q T0 Ha
3TOM Luare Bbl6Op ymcen i* M MHOXeCTB [* ocTaHaBnuBaeTcs. B no6om cnydae, us

NOCTPOEHUS CNeAyeT, UTo

a’ng' =0 (igi) mn Ec\jK

Bbibepem HaTypasibHOE YMCNO PO Tak, «rrobbl 4Nna MHoXxecTBa E\ neE _, '. BbINOM-
Hanocb mes(E\  E) > a mmes(E). Monoxum

Mo ecnn A, :=supp(*,) C En
=\ 1 NPOTUBIOM C/ly4ae.

N3 (2.23) v onpegeneHns mHoxectBa E\ cnegyeT, 4uTo

Cn«n)\n(t) > Al ana scex 1 € E\.
n-No
Jlemma 2.2 pokasana.
Joka3aTenbcTBO Teopembl 1.6 Teopemy 1.6 fOoKa)emM OT NPOTUBHOIo [OHY
CTUM ANs Noboi orpaHMYeHHOM nocnegosatenibHocTn {£,,} pAag 1£,,<*,,»(*) CX0*
n=

AUTCA M. B. K HEKOTOPOW JI-UHTErpmupyemoii pyHKLMUNU, HO ANt HEKOTOPOFO MOJSIOXMN-

TeNIbHOro 4ucna 6 BbINO/IHAETCA HepPaBEHCTBO
(2.24) limsupAemcs {x € [0:1] : 5*(x) > A} > 26 > 0.
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roe .S*.r) ;= sup , M«JIn(a:)|- PaccmoTpum 2 cnyyas.

1°. MycTtb .9*r) < +00 n. B.

Lia kaxpgoro /. nonoxum Ek := {r € (0; 1] : S*(x) > Aa-}, rae Bo3pacrawoLias
nonegoBaTcAbNOCTb {A*-} ByaeT onpefesieHa HWUXKe MO MHAYKUMK. O4YeBUAHO, 4TO
1-c b\ I n . MOXHO NpeacTaBuUTb a BuUie 06beAUHEHNA ABOUYHbIX WHTEPBasIOB.
donyctum EK = n,nlk'n NEK = U,,I[ roe  .,,, U I'KT [ABOWYHbIE WMHTEpPBasbl
Takue, 4YTo C mcs(I'ktn) = 2 mes(lkt,n) n. kpome TOro, 'kT . EK.

Bo3sbmem yncno Jli tak. utobbl Ai un:s{E\) > J1(cm. (2.24)). CornacHo nemme 2.2,
s
cywecteyr! JTi <1 nen = 0; 1 Takue, 4to anga pyHkuymm <M(T) = £, ,\,,( )
=1
BbINO/THSAETCA HEPaBEHCTBO "

. : mes(Ei)
(2.25) mrs{z€£i: y?i(r) > A,}>
Y4
[JonycTnm, 4To y)XXe on|>efenieHbl Yncna A, n pyHkunm <p\x) = N r,.a,X,(X),
H= - 1-f1
AT-1
1:2:m k- 1 TlycTb = max N |m»iXn(*)|- Bbibepem uucno A* Takoe,

n—1
4YTOObI BbIMOHANNCE HepaBeHcTBa (CM. (2.24))
(2.2G) A. > 2(Allt_i + Ag_1).
(2.27) TTCU(EK) < n Xk inca(Ek) > i
3aMeTuM, 4To

N
(2.28) sup « \M(») < Alci pansa Bcex x € (0:1].
AY w1
K 1

OencTtBun iblto, ecnu 6bl gnsg HekoToporo € [0:1] B (2.28) BbINOMHANOCL 06paTHOE

HepaBeHCTBO, TO >ro o3Ha4asno Obl, 4TO e EK b Te.n e IK m, gna Hekoro-
nr

poro in. o gna Bcex JI cymma anXH{x) nocTtosHHa na MHTepBasne I'k_xrn,
nyi

ﬂ,ﬂ**; |
T

3HaunT sup 52 a*Xr(r) > Aj._i gna ecex T6 // 1T, KOTOpoe HEBO3MOXHO.

nockonbkKy 7' 11 £ £* J
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O PAOAX XAAPA A MHTETPUPYEMBbBIX ®YHKWKNT

N3 (2.20), (2.28) n onpegeneHnsa ducna J1/*_| cnepgyeT, 4To AnA bcex X e b\

BbIMOJ/THAETCA Hepa)K*HCFbO

vV v
sup «nXnfr) > S9Yx) - MK j- sup V (1, Xn(.I)
v Haellk.| ol n fTt
* 1

> A - N/* 0 - A% | >

OTcropfa, ¢ NpuMeHeHnem nemmbl 2.2 . nonydaem ymcna .\y € INu £,, - 0:1 rakHe.
OV)
4TO ANA QYHKUUN y?*(X) := N £nONXn(x) BbINONHAETCHA HEPABEHCTBO
n=\\. ,+i
. Te.u(Ky)
(2.29) Tee{at € [0; 1] : ipk(r) > Xx/2} >
FACHO, uTo
(2.30) supp(v?i.) C n rneB(blipp(@*)) < wae(E€ i) < 2 emcs{Et.-i).

Tak. HO MHAYKUWK, 6yaem onpefenatb vucna {A }, mMHoXecTBa \. /[ n C[>YHKUMH
N*(X), ygoBnetsopsatoLLmne ycnosmam (2.26), (2.27), (2.29) n (2.30).

PaccmoTpum pag

20 bC ocC N jk
N2 = 51"'Vx»(*) =51 n £n«,, Xn(]").
n»l A—1 A*=l fi—Njk i+ 1

Ih (2.30) n (2.27) cnepyeT, 4YTO 3TOT PS4 H. B. CXOAM res K HEKOTOPOn pyHKumm /(.r).

Wi onpegeneHna uncen MK v (2.20) cnefvel 4TO AN BCeX HaTypasibHbIX A> 1

LT V) > =1 3] r:[**)]>— +Alp- [V \J supp(~fl(x)) 3

9 (X: M) >. _} supp(vYI(r)).

Moatomy, yuntbiBasa Takxe (2.29), (2.30) n (2.27) nony4dyaem.uTo

TcA(E3K) rncs(E-2k) ~ mis(Eu)

T(f.*ﬂ|fx: 1/(X)[>— Y5 TeA(EsKk) | rmes(E:2l T mis(BU) R .

KombuHmnpysa nocnefHee HepaBeHCTBO C BTOPbIM HepaBeHCTBOM (2.27). Mosyymnm

X2k mrcs S : I!IT/X)V,‘ s AT Dk .

KOTOpOe 03HayaeT, 4To /(X) He aABnseTca A UHTerpupyemoi hyHKLmMen, boujx-km Ha-

LeMy npeanosioeHuto. Tem cambiM Teopema 1.6 B cnydae 1° fokasaHa.
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2°. TycTb, Tenepb MHOXecTBO B = {x : 5*(x) = -foe} nmeeT NONOXNTENLHYIO

mMopy. Onn kaxpaoro K € IN BblbepeM ABOVYHbIA MHTepBan /* Tak, 4YToObl

(2.31) n*1,1/,) = 0. Te$(lk HA) >0.9mes(h) u mes(lk) <
PaccmoTpum pag ««*»»(*)e FACHO, 4YTO NO BCeX TOYKax X € B Bbinon-
nrtef*
HACTCS Stl)) 5 A a».Xn(*) = + 00, noaTomy, NPUMEHAA Nemmy 2.2 nony4vyaem
nn</y,n,,Cli
nonnHomMm *p*(x) := £ nn.,r/. (c HekoTo|x>ro Homepa Bce cf' paBHbI Hy-

N0), YAOBMETBOPSAOLWNIA YCIOBUIO
(2.32) mcs |T € Jt: |N?a-(Mi > | > 0,8 emcs{lk).

PaccmMoTpuM (Y HKLMIO
oC

[(*):=£?2*(*) = £ £ *nW n(*)-
A=l »*:[,.Cli

'3amMeTum 4To pAaa. CI'OFlLLI,GVI B HpaBOVI yac; N CXoanTcA, NoCKOIbKY = 0 npwu
K / n. Ona KaXpgoro X, KOHe4YHoe 4Yncno cnaraeéMbliX OT/INYHBLI OT HY/N1A B TOYKE X.

OueBunAHO, 4TO (CM™m. (2 32))
meslr: |/(X)]>— ] >mcs|x : I¥?*X)| > | > 0,8 mcs{lk)t

i.e. f(X) He aBnaeTca A MHTerpupyemMon, Tak Kak u3 (2.31) nmeem, yTo riies(Jk) —»O

npu K -> oc. Teopema 1.6 gfoka3aHa.

Abstract. In this paper we obtain a necessary and sufficient condition on the
sequence of natural numbers {r/n} such that the almost everywhere convergence of the
cubic partial sums SqJ x j of the multiple llaar series JCnan\n(x) and the condition
Big_‘g_lit:];;A mc s (x sup SIr(x)| > A} = 0, imply that the coefficients an can be uniquely
determined by the sum ofG%he series. Also, we have obtained a necessary and sufficient

condition for the series JZ £,,a,,xn(x) with an arbitrary bounded sequence {f,,} to
nsl

be a Fourier-llaar series of an Jl-intcgrable function.
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Abstract. In connection to a result of R Briick, we study tin* uniiiuenes»
of an entire function when it shares n small function with 1 homogeneous

differential polynomial.

MSC2010 numbers: 30I)W5.

I. Introduction

141 j and (j bo two moromorplnc functions in the open complcx piano C. For
a<cu{>} wesay that / and g share the value a CM (counting multiplicities) if
and only if/ uand g - a Imve the same set of zeros with the same multiplicities,
where by a zero of / - 00 we mean a pole of /.

For standard notation and definitions we refer the readei the monograph (3).

However, we recall some notation and definitions.

Definition 1.1. Let. f be a mcmmorphic function, af CU{oc}. and Kk be u /tobliive
integer. Then

(*) N(k(r.a,f) (re.sjtectintly V(*(r,a:f)) denotes the counting function (the. reduced
counting function) of those zeros of f - a whose multiplicities aiv not less than
k;

() ~1)(r n-f) (respectively A*.)(r. n: f)) denotes the counting function (the. reduced

counting function) of those zeros of f —a whose multiplicities fin: not greater
than k.

Definition 1.2. Let f and g be two meromorphic functions and a.b 6 Cwn {oc}.
By N (r,a, f\g b) (i\(r.a:f\g I>)) me denote the counting function (the reduced

counting function) of those zeros of f - a, which an not the zeros ofg - h.

Hie work of the «cow | Autltor was supported by NBHM fellowship.
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AN ENTIRE FUNCTION THAT SHARES A SMALI. FUNC'I ION'

L. RuM and C. Yang (5 first considered the uniqueness problem of an entire
function which shares certain values with its derivative. R. Briiek |2| considered the
uniqueness problem of an entire function which shares a single value with its first

derivative, and proved the following result

Theorem A (|2)). Let f be a noneonstant entire function. If f and f shun the
value I CM and N{r,0;/') = £'(»%/), then / - 1= c(f - 1), where e is a nonzao

constant.

Recall that a meroinorphic function n = a(”) is railed a small function of an entire
function / if T(r,n) = S(r,f). In |1]. A. Al-khaladi treated the case of sharing of a
small function by an entire function with its higher order derivative, and obtained a

resull that can be stated «us follows.

Theorem B. Letf bcunonconstantentirefunction satisfying Y (r,0:f ’
and let a = «(c)(?¢é 0.oc) be a small function of f . Iff - a and f {k' - a share 0 CM.
then f - a — "1 - j (f<¥) - a), where 1- = C;li, \ iu a polynomial of

degree at most kK - 1 and O is an entire function.

In the present paper we consider the problem of sharing a small function by an
entire function and a homogeneous differential polynomial generated by the function,

and prove the following theorem which is the main result of the paper.

Theorem 1.1. Let f be a transcendental cntiix function such that y =\ ()
*

is nonconstant, whe.iv b, arc constants undltJ art: nonncgativc integers
. i-i
such that = n for i = 1.2.....p. Suppose that a = a(z) 0, 00) is a small

J-1 |
function off. Iffn—u and !; —a share 0 CM, and (kn 4-3)JIr(r,0;/) < AT(r, (/™)")+

(/'*)") for some A€ (0. 1). then
-a = (| +

where ¢ is a constant and 1+ = c¢7 for some entire function

2. Proof of Theorem 1.1

We state two lemmas that will be used in the proof of our main result.
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Lemma 2.1 (|4]). Let F be a transcendental meromorphic function and let I< > 1

Then Uitre exists p set AL(I<) of upper logarithmic density at most
6(K) = min{(2efc 1- 1) 1,(14-c(K - 1))exp(o(1- '<))}.
such that for every positive integer q the following inequality holds:

limsup < 3fK.

J. 1 \
rY;rfu<)T(r,FM)

If F is an enttie function, then in the above inequality 3eK can be replaced by 2eh .

Lemma 2.2 (]3|, p 17). Let f I>e a nonconstant meromorphic function, and let

\, -=>, - Dbe three distinct small functions of f. Thi n the following inequality holds:
T(r.f) < Wr.0;/ - ai)+ Wr,0:/ - )+ IVvV(r,0;/ - n3)+ S(r, /).

Proof. Let h = £-£7 Then h is an entire function without zeros. So. we can put

h = where ai is an entire function. Differentiating equation f" —a = -p—ha,
we get
(2.1) (/")'-a'= (M " No*)'m

We now consider the following two cases: al 0 and € = 0.

Case I: Let < 0. We put

(2- \y- (W W
K I»(1™) ha'

If Z) is a zero of (/’)' - a' with a'(zo)(” 0,00). then by (2.1) we get W{zq) = 0.
Assuming that W 0. we ran write

Wr.0: (/") - a) < ar(r,0;W) + S(r,f) <T(r. 1V)+ S(r,f) < N(r, 00; W) + S(r./),

because

Hence, we have

2 " (r-py) +™(r o y) +2m(r, ) +3S(r.f) =5(r./).

Note that the possible poles of W are contributed by the zeros of (/")' = 1T1°
and a' Let z\ be a zero of / with multiplicity g such that a(si) 0 ocand a'(zx) 0.

If g < k, then 2\ is n possible Jtole of W with multiplicity
(rg D- w\nj(g- D/, + (y- 2)/12+ ... + + + *}+ ]< < ilk,
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where tt is the sum of multiplicities of zeros at zj, obtained from remaining kK - q
function*. If 4> k. then W ha.s a possible pole at z\ with multiplicity

(ng- 1)- ininj (9 1)/, +{g- 2)li2+ ... + (q- K).k) f1

= ng- nun {nq- (Y, +2(2+ ...+ kltk)}

1<*<P
< max (1/,;i + 21y + ... + kllkk) < nk.

If si is aregular point of W. then we consider it as a pole of W with multiplicity

zero. Thus, we can write
Nir(r,oo; W) < KiiN(r,Q ,f) + nr(r,0;/'l// 560) + S(r,f)
< KknN(r,om) + T (r, L'j +S(r,f) = (kn + D7V(r.0:/) + S(r, /).
So. by (2.3) we get
(2.3) N(r.0: (1) a’) < {kn + )7V(r,0;/) 4 S(r. /).
Also, we have
(2.4) jV(r,0-{ry) < Wr.0;/) +Wr.0;f'\f 0) < 2N(r.0;/) + <Ar./).

lu view of Lemma 1 I. it is easy to see that 5(r,/) can be replaced by S(r, ( 1))
as r — 00, possibly outside a set of finite upper logarithmic density. Therefore, by

Lemma 2.2, we get as r —00 at least along a sequence of values

T{r{lyY) <Wr,0;{lry a)+LWr,0:{r)") +1uwWr, oc: (/")) +5(r. (/7))
< (An+ 3)7V(r.0;/) + 5(r, (/n)]),

yielding a contradiction.
Therefore W = 0, and by (2.1), we get
C )y _{ ) _ {hg>y- (ha) _
()" o' (/")'-«'" "

implying that {ha)' = a. Integrating the last equality we obtain ha = a + c. and so

h = 1+ j, where ¢ is a constant. Therefore, fn- a = (I +j|),- a). which for
at = yields 1+ £ = cl
Case Il: Let «' = 0, so that a is a constant. From (2.1) we get

n,
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where F = (/")', G =and D = a- .
Differentiating (2.5) we obtain

1h JT OF'
(2-C) /, 1, G [, +yym

Eliminating  from (2.5) and (2.G) we get
(2.7) j=C,"+G]j,

where A=D”" +B' ~ Iy-.

Assume first that G = 0. Then hip = rfj, a nonzero constant. Therefore,
(2.8) In=a+/i(0-a)=a+1rf-ac°*=a+ +e°2
where = < + log(-a).

: L . f9 ft*j.’&}
By logarithmic differentiation we get ny Qt “|c,.;, and so we have

(2 9) n/r=_K M L _
7" (a+i+f)=-1

We suppose that n > 1 Letr/+ d\ 0. Since / isentire, from (2.9) we get
IV (r,-a-(/1;eNn2) < W M jal) = S(r,c'*3),
which isa contradiction. So. a+ c¢/i =0 and from (2.8) we get / = e.". where net = n .
I'herefore «» = P (a#cMit, where P(n') is a differential polynomial in a'. Also, we have
VvV flit M = </ («**)", where d2 = —”™n. Thus, (e*1)2° = -frfcpj, which implies
2nT(r,e®) < T(r,P(a')) +0(1) = S(r,e'r),

yielding a contradiction.

Next. suppose that n = 1. Then / = a+ 1 + ¢°3, and so we have >= Q(a'2)e,,J,

where () is a differential polynomial in . Also, observe that v = dje ' 3, where
tl. = Therefore. (r.°a)2 = ~'4 ~. which is a contradiction Hence G 0.

Now we suppose that A = 0. Then from (2.7) we get ~ A= 0. and so
by integration we have Gli = I(, where K is a nonzero constant. Hence (htl>)' =

Gh[fny = K(fu)'. and so hy>= Kfu+ [/, where M is a constant. Since /'* —a =
h\b- ha, we get

(2.10) 1-1<)fn=«(1 -/i) + N/,
Ifn = it follows from (2.10) that h is a constant. Hence we have
r a=(1+£) (V,- e).

where ¢ = a(J1 - 1) isa constant such that 1+ 0.
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If K 1, then in view of (2.10), h is non-constant. So. from (2.10) we get

2+M £
1 1 A 1- K 1
where cj = and 3\ = oj -flogy”jr. 13v logarithmic differentiation we obtain
- TArTT- and so («/')" = )L, which is similar to (2.9). Hence usiiift

the equality >= Kf “+ JI/ and proceeding as above we arrive at a contradiction,

implying that A 0. Now

ms(r, .4) < 2m(r, A4) + m(r, B') + m ~r, j + m fr. = S(r, /).

Since A=«”™ ) +na(x) " fIT7 wccan wr*e
NrE.n) < N(r,0;/)+2(r,0;//j/*0) =iV (r,0:/) + ~"~rJ0 ;~ <IV(r.0;/) +

+ T (FE) =7(r,0:/) + j) *+S(r,/) =2N(r.0;/) + S(r,/).
Hence
(2.11) T(r, A) < 2N(r.0:/) + 5(r, /).
From (2.7) and (2.11) we get

m “r, < mA~Ar,-" +mAr,G'+ G—" < T2, 1)-rm(r.(7)

(2.12) + m (r.8) +"“(r.£) +0(1)<27v(r,0;/) + S(r./J

Since 4 £ 0. it isclear that B 0. Let r2 ho a zero of / with multiplicity q (> k + 1).
Then 2 is a zero of 13 = -prr* ~ with multiplicity at leust gn  kn - 1. Hence
wc have nJV(jt+i(r,0;/) - (kn +1IN(k+\(r,0;/) < Ar(r,0; B)  S(r. f). implying that
"W<A+i(r-0:/) < (*n + D™ (fc+i(»*0; /) + 5(r. /). Therefore, we can write
Y(r,0; F) <n;V(r.0;/) - 7V(r.0:/) + JT(r,0;/'|] ®»)
V _ .
< nAR(r0: /)  77(r.0:) 4 A(r,0; ) < n-V(r,0:) Tr(r,0:/) AT (rA)

nAC(r,0:/) - 77(r.0:/) + AN(r, £) + S(r,/) = n/Vfr,0;/) - 77(r,0; 1) +

+ 7V(r,0;/) +S(r,1) = n.V(r,0;/) + 5(r./) = »Mw(r,0;/) +» % +,(r.0;/) +
+ 5(r,/) < nk~RK){r,0;/) + (kn + 1)7?,*+1(r.0;/)+
(2.13) +S(r,/) < (*n+ DW(r,0;/) + S(r,/).
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In view of (2 12) and (2.13), by the first fundamental theorem we get
(2.14) ‘ T(r, F) < (kn + 3)jV(r,0;/) + S(rJ).
Finally, by Lemma 2.1 and (2.14) we have

T(r. () < (kn+3)W(r,0;/) + S(r,(/™)")

as r —» 00, possibly outside a set of finite upper logarithmic density, which is a

contradiction. This completes the proof of the theorem 1.1. O
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A bstract. This rcscarch is a continuation of the recent paper by X. Qi and L. Yang (15).
In this paper, wc continue our study concerning existence of solutions of n Fermat type
differential-difference equation. and improve the results obtained by K Liu et al. in |8 10].
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1. Introduction

A number of papers are devoted to the study of solutions of the following Fermat

type functional equation:

(1.1) ()" + ) = 1.
For instance, in the ca.se n > 4, Gross |3| has proved that the equation (1.1) has no
transcendental meromorphic solutions. For the entire ease. Montcl |11] established
that (1.1) has no transcendental entire solutions when n > 3. For n = 2. Gross
|'l] showed that the equation (1.1) has the entire solutions f(z) = sin(/t(")) and
q(r) = cos(h(z)), where JI(r) is any entire function, and no other solutions exist.
Later on, many authors investigated the generalization of equation (1.1) (see [17,
19, 21), and references therein). Recently, many articles were focused on complex
difference equations. The background for these studies lies in the recently developed
difference counterparts of Nevanlinna theory (see (1, 2)). Meanwhile, the difference
analogues of the Fermat type functional equations have been investigated in a number
of papers (see (7. 9. 12. 13, 14, 16. IS, 22)).

‘This work was supported by the National Natural Science Foundation of China(No. 11301220,
No. 11371225, No. 11401387. No 11661052 and No. 11626112), the NSF of Shandong Province,

China (N0.ZR2012AQ02U), the NSF of Zhejiang Province. China (No. Q14A11X>13) and the Fund of
Doctoral Program Research of University of Jinan (XBS1211).
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11 the recent publications Liu et al. [8, 10) discussed the question of existence of entire

solutions of finite order for the following Fermat typo differential-difference equation:

(1.2) (/W  +/(* +#

Specifically, the following result was obtained.

Theorem A. The equation (1.2) has no transcendental entire, solutions of finite
order, provided that m n, when: m and n are positive integers.

In [15], the authors of this paper have obtained a similar result for more general
equation.

Theorem B. ~15)™ Let f(z) be a transcendental meromoi-phic function offinite order,
m and n be. two positive integers such thatm > 2n+ 4. and let H(z) be a meromorphic
function satisfying .V(r, jj) = S(r,f). Then f(z) is not a solution of the. following

equation:

(1.3) (<)) + /(2 + c)m = [I(*).

In this paper, we continue our study concerning existence of entire solutions of
equation (1.3). To simplify the proofs, we transform the equation (1.3) into the

following:

(1.4) f(z)n+ (f'(z+c)r = P{z).

In what follows, we assume that the reader is familiar with the elements of Nevanlinna

theory (see |G. 20]). Now we are in position to state the main results of this paper.

Theorem 1.1. Let P[z) be a polynomial, and let n and m be positive integers such
that . Then the equation (1.4) has no transcendental entire solutions of finite.

order.

The following question arises naturally: what happens if in equation (1.4), P(z) is
a transcendental entire function? Our next result concerns this question, where we

consider the special case: P(z) = r(r)csa(2) + q(z).

Theorem 1.2. Let P(z) = r(r)en(r) + q(z), when;r(z), s(z) and gq(z) are nonze.iv
polynomials, If n and m air two positive integers satisfying n > m + 1. then the

equation

(1-5) [(*)» + (['(* + <)) = r(r)e*<*> + ,(*)

has no transcendental entire solutions of finite onler.
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Remark. The assertion of Theorem 1.2 is not true, if n = m+ 10l n < rn. For
example, when m = 1, the following equation

/IW 2+ ['U + ¢)= C2! + 1,

where <= In2 + in, has a finite order transcendental entire solution f(z) —e + 1

and the transcendental entire function f(z) = e: + ¢ solves the equation
(%) + (/"(*+ <)2=Ncr=+2+1.

wherer = Inl + in.
The following result contains a partial answer a* to what may happen if n = m in
Theorem 1.2.

Theorem 1.3. Let f(z) be an cntin: function of order 1< a(f) < oc unit A(/) < 1,
arid let P(z) = r(r)c4 + u(r), where r(z), s(z) and <i(z) art nonzero polynomiak.

Then f{z) is not a solution of equation (1.5) uhcn n = m.

In the above stated results we considered only the finite order solutions of equation

(1.4). The next result concerns the existence of infinite order solutions of (1.4).

Theorem 1.4. Let P(z) be a nonzero entire of finite order, and let m
and n be positive integers. Let f{z) be an entire function satisfying the conditions:
A(/) < <I(/) = oo and the hyper-order () < o0o. Then f(z) is not a .solution of

equation (1. ).

2. Some lemmas

Lemma 2.1 (|2|, Theorem 2.1). Let f{z) be a meromorphic function of finite order,

and letc € C. Then

(21) y ) d rT (W = 5(r/)
Lemma 2.2 ([1]. Theorem 2.1). Let f{z) be a transcendental meromorphic function

of finite order <r(f). and letc € C. Then
T(r,f(z +¢))=T(r./(;)) +0(r 1*") + O(logr).
Thus, if f is a finite order rneromorjihic function, then
r(rt/(*+c))-r(r;fl+S (k/).
Lemma 2.3 (|G), Theorem 2.4.2). Let f(z) be a transcendental meromorphic. solution

of the equation
f'A(z, f) = B(z, f).



X QIl. Y. LIU AND L VANG

where A(z.f) and B(z.f) are diffeixntial polynomials in f and its dcnvatives with

small merorTiorphic coefficients a\, in the sense that m(r,a\) = S(ryf) for all A€ /.

[/ d(D{z, 1)) < , then m{r,A{zyf)) = S(r.f).

Lemma 2.4 (|]20|. Theorem 1.51). Suppose that f}(z) (j = I,...n) (n > 2) are

meivmorphic functions, and <jj(z) (j = 1..... n) are entire functions satisfying the

following conditions:

(1) zu /1T ® *(r) = o-
(2) gj(z) - yk{) '«of constants for 1< j < k < n.

(3) Forl<j <n andl< h< xk<n, T(r,fj) - o{7’(r,eyi*’n )}. r -4 oo, r g b\

where E C ( oc) is o/finite linear measure. Then f}(z) = 0.

Lemma 2.5 ([5]). Let f(z) be u transcendental entire function of infinite order and
() < oc. Then f{z) can be represented in the form f(z) = U (z)ev”s\ where U(z)
and V (z) are entire functions, and A(/) = A(U) = o{U).

3. Proof of Theorem 1.1

Suppose there is a transcendental finite order entire solution f(z) of equation (1.4).
We discuss the following three cases.

Case 1. If n > m. then rewrite the equation (1.4) as follows:

I()M/W n"m=P(z)- (E ~j % cT '(*r-

Applying the logarithmic derivative lemma, Lemmas 2.1. 2.3 and taking into account

the assumption n > in, we conclude that
T(r,r— )= (n-m)T(r.f) = S(rd),

yielding a contradiction.
Case 2. If m > n = 1. then we have f(z) + {f(z + ¢c))m = P(z). Differentiating the

above equation, we get

(3.1) ['« +>"(I'(: +<OT~7"(r +¢) = P\z).

Set f(z 4-c) = F(z), then f'(z) = F(z - c¢). Moreover, in view of (3.1), we have
F(z-c) +m(F(z))m-1F'(z) = P'(2),

Rewrite the above equation as

m(F(z)r F’(z)=P'W - Ppl)Orbl-
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UsingLemmas 2.1, 2.3 and taking into account the assumption m > n = 1. we get
T(r,f'(z+¢c)=T(r.T' )=m(r,F") = S(r,F") = S(r,/'(* + ¢)),

yielding a contradiction.

Case 3. Ifw > n> 2. then by the second fundamental theorem for three small target

functions, we obtain

TC(r./'(r+c)) =T(r,(/'(r+c)l)

n (¢ (/'u+c»™) + N (r (/'(; + Q)m - + S(r 4
Furthermore, equation (1.4) gives mT(r,f'(z + ¢)) = nT(r.f) + 5(r./). Therefore,

we can write
(m - DT(r,"'{ +¢) <72(r,- - +Hw _ + S(r,/) =77(1
< T(r,/) + S(r,/) = T(r.]'(z +c))+ S(r./).
implying that T (r,/'(r +¢c)) < (; + M)T{r,f'[z + ¢)) + S(r.f). which contradicts
the assumption that m > n > 2. Theorem 1.1 is proved.
4. Proof of Theorem 1.2

Let f(z) be a transcendental entire solution of finite order of equation (1.5). Then

differentiating (1.5) and eliminating ¢ { \ we can write

[(2)"-> 1N (*E)+ TTHI*) = <) w(/(r +n))m'"(= + 0
r'(r)

Ifnff(z) - (#H )+ 7%)f = 0i tKn /(*)" = .4r(r)r'\ where J1 is a non-zero

constant. Thus, f(z) can be rewritten as
I(*) = Nn(r)er,

where /t(c) is a polynomial. Substituting /(:) = h(z)c™~ into (1.5), we obtain

(4.2) n r(r)c,(x) + ((/i(z+ c)e * )JI - g{z) = 0.
Hence.
(4.3) (1 - Dr(*)e*<x)+ (G (z)e”)"'n- q(z) = 0.

where G(z) = h\z + ¢) + + 1 %12. Clearly. .47~1. We set g(z) =t~ .and use

(4.3) and Lemma 2.2, to obtain

riT(r,g) = tnT(r,g) + S(r, r/),
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which contradicts the assumption that > in + 1
Now let nf'{p) - (s'(2) + 7~j)f t 0. We rewrite the equation (4.1) as follows:

[C:)= (=) (Gr()+ W )/(-)) § *

+ ™ +ffid "z % elrn *r - « 4
Applying the logarithmic derivative lemma and Lemmas 2.1, 2.3, and taking into

account that bv assumption f(z) is entire, we obtain
T(r. ,./'<*)- (»(@)+ "™ )/) =5(r,])
and

Ur.Anmr) - (s'(i)+ 1)f)) = S(r.f).

ierelore */°(;¢,/) - S(r,f). which is a contradiction. Theorem 1.2 is proved.

5. Proof of Theorem 1.3

Suppose that f(z) is an entire solution of (1.5) satisfying 1< (r(f) < oo and A(/) < L
Then, by the Hadamord factorization theorem, f(z) can be rewritten as f(z) =
h{z)cp 'K where h(z) is an entire function satisfying A(/) = A(/») = v(h) < 1, and
p(z) is a polynomial. We substitute f{z) into (1.5) to obtain

(5.1) h(z)aen* x) + A(S)ncn* s+C) = r(z)e*(x) + <y(r),

where A(z) = h'(z+ ¢) + h(z + ¢c)p'{z + c). Thus, we have

(5.2) h(z)nen* =)+ AG)V ,G+r) - r{z)e*{x) - a(z) = 0.

We discuss the following three cases:
Case 1. Ifp(z+c)-p(z) = <y, whereat is a constant, then we obtain p(z) = Bz + C.

where B 0. Substituting p(z) = Bz + C into (5.2). we get

(5.3) e{On+c W, x)n+ A(5)uB,,a») - )e"<*> - q(z) = 0.
Il '«(r) n{Liz + C) = , Where a- is a constant, then by (5.3), it follows that
(5.4) e*Dx+c\h(z)n+ A(r)V ‘) - r(z)ea") q(z),

which is impossible under the assumption that gq(z) 0.
Next, if n(v) - ti(Bz + C) ., then applying Lemma 2.4 to (5.3), we get q(z) = 0,
which is a contradiction as well. Hence, p(z + ¢) - p{z) aj.
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Case 2. Iftip(z + c) ~ s(z) = bi, where fg| is a constant then we got

(3.5) (A(*)V'- r(r))c*(,) 4 h(z)nenpt*> q(z) = ().

Observe thats(z) - np(z) £ b2. Indeed, if «(r) - vp(z) = . then we havenp(z +r) -

np(z) = b, + . which is a contradiction by Case 1 When s(z) - np{z) 1. then
applying Lemma 2.1 to (5.5), we get q(z) 0, which is a contradiction. This shows
that np(z + ¢) s(z) b\.

Case 3. Arguments, similar to those applied in Case 2. can he used to show that
np(z) - s(z) ci, where ci is a constant.

Combining the Cases 1- 3. Lemma 2.1 and formula (5.2), we conclude that <j(z) — U.
which isa contradiction. Therefore. /(:) is not a solution of equation (1.5). Theorem

1.3 is proved.

0. PIIOOF OF Til KOHEM 1.4

Let f(z) be an entire solution of equation (1.4) satisfying A(/) < a(f) = - and

(/) < oo. Hence, we can apply Lemma 2.5 to obtain

(G.1) /(r) =
where U(z) and V”r) are entire functions. Moreover, since X(U) = o(l ) —A(/) < oo.
n{f) = oo, we have v(f) = (rd® = o0o0. Therefore, V{z) is a transcendental

function. Substituting (G.I) into (1.4). we obtain
(0.2) U(z)venV(,) + Il1(z)ymcmV{s+c) = P(z),

where JI(z) —U'{z + ¢) + U(z + ¢c)\/7(* + <. From the assumption (/)< ac, we

get <?{V) < oc, and so 0{l11l) < r>c. We write (G.2) in the form
U(z)n+ 1lI{s)meGM = P(z)e— Vi*\

where G(z) := tnV(z + ¢) - nV{z). If G{z) is a polynomial, then we have <7{U{2)" +
H{z)'nec*£)) < oo and n(P(z)i 'l r)) = oo, which is a contradiction.

Therefore, G(z) is a transcendental entire function We write (G.2) as follows
(0.3) U(z)ncnV(,) + H{z)memV(x bc) - P(z)e° = 0.

and observe that //,(:) = ep<> H2(z) = cnVA\ 113{z) = e"*'<r+n> are entire
functions of regular growth with infinite order. Therefore, for i = 1.2.3 we have
T(r,Un) = o{T(r, H,)}, T(r.//"*) = ofT(r, 1))}y, T(r.P) = ofT(r.//.)}.

Applying Lemma 2.5 to (G.3), we conclude that (/(:)'* = //(:)"" P(:) O.which
is a contradiction. Hence, f(z) cannot be a solution of equation (1.1). Theorem 1.4

is proved.
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COMMUTATORS OF HOMOGENEOUS FRACTIONAL
INTEGRALS ON HERZ-TYPE HARDY SPACES WITH VARIABLE
EXPONENT

HONGBIN WANG

Shandong University of Technology'. Zibo. Chinn
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Abstract. Let Q€ L {Sn 1), s> 1, be a homogeneous function of degree zero. and
leta (0 < a <n)and b bo Lipschitz or BMO function*. In this paper, wc establish
the boundedness of the commutator» [6.I4.*], generated by a homogeneous fractional
integral operator Ty ,, and function b. on the Hcrz-type Hardy spaces with variable

exponent.

MSC2010 numbers: 42B20; 42B35.

Keywords: Her/.-tvpo Hardy space; variable exponent: commutatoi: homogeneous
fractional integral operator.

1. Introduction

The theory of function spaces with variable exponent has extensively been studied
by researchers since the work of KovEf.ik and Rdkosnik (10). In |3] and (10), the
boundedness of some integral operators on variable spaces were established. In
addition, the authors of [17| have defined the Herat-type Hardy spaces with variable
exponent and gave their atomic characterizations.

Given an open set E C K" and a measurable function p() : E — » [l.oc). By

U'"[E) we denote the set of measurable functions / on E such that for some /1> 0,

This set becomes a Banach function space when equipped with the Luxemburg-

Nakano norm:
imi*.(£)=inr{a>0: "«faSlj-

These spaces are referred to as variable spaces, since they generalize the standard
Lp spaces: if p(x) = p is constant, then , ](E) is isometrically isomorphic to Lp(E).
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The spare LL» (E ) is defined by
LI;;() = {/ ] CI<’(/*) lor all compact subsets ' C /?}.
Define :P°(/-) lo be the sot of those functions/ ) : L — >(0.00) for which
p- - cssinf(p(a;) :.rfc '} >0 and p+ = esssup{/>(a) :.r fc i’} < oc.
Also, define Y (£) to the set of those functions /X() : E — *(l.oc) for which
p~ = essinf{p(a?) :x € E) > 1 and p+ = esssup{p(tc) :x € E) < oo.

Denote //(x) = VIAKIA*) ~ ~cl ®(R**) be the set of those functions p{-) =1I(K*)
for which the Hardy-Littlewood maximal operator M is bounded on L'[ ’(Rr). Also,
by IA and X\ we denote the Lebesgue measure and the characteristic function of
a measurable set A C R'\ respectively. The notation / g means that there exist
constants Ci, > Osuch that Cyg < f < C-y.

The lemmas that follow contain some important properties of the variable LI
spaces.
Lemma 1.1 (|1|). Let p( ) E1P(R™) ke such that

< o» Ip(x)-i41/)I< _log(™ _ B, - 172
mid
0 .2) 0g(|* +c). M >14

Thru J)(m) f 'B(1R"'), lhat is. tin llnnly-Litlicirotx] maximal operator M is bounded on
D* {R«).

Lemma 1.2 (J10]). Ut p{) € tP(K™). /// € V* LUHnN) and g € L;/( >(R*), then fg is
inteymblc on X" and

ki M) <jC\dx < rv [/[L<>(r)H</[E<)(r»)>

where

rp=1+ilp - I/p+.
I his inequality is named the. ge.nemlized Holder itmptulity with resjie.ct to the variable
Lp .spaces.

Lemma 1.3 (|8]). I"t q() G b(n"). Then there cxtsts a positive constant C such

that for ull fmlls B in R" and all measurable subsets S C /I the. follountiy inequalities
hold:
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Hxgll~hrs)  cle\ IBAWK(>@») [/ \s\V I
IXBI/A( R \S\ ILV2IHI( >(r-) W\B\J

"N5GI,.- uv, W, v -
Hx<« 1 ( »(R«) W\ )
where 61 and uiv constants with 0 < \. < 1.
Throughout tin- paper constant 6 will be the same as in Lemma 1.3.
Lemma 1.4 (|8]). Suppos< q() € $(R"™). Then there exists a constant C > 0 such
that for all hulls U in R™ the following inequality holds:

JAIYRIU™ YR Iy < j(R-) A~ Af:

Next, we recall the definition of the Herz-type spaces with variable exponent Let

Bk = {x € R” :|x| < 2fc} and Ak = Bk \ B"-i for k € S. Denote by and N
the sets of all positive and non-negative integers, respectively. \k = XAk for ke Z

\k = \k ifk € Z+ and Xu = \DU

Definition 1.1 ([8]). Letc*€ R, 0 < p < ac and g(-) £ IP(R"). The homogeneous
Ilcrz spaa with variable exponent, denoted by A"")(Rn), is defined by

ANA™) ={/le L&\R"\ {OD: II/II*.,,,., < oc>,
where
( 90 1 VI»
A% (an) = 52 * pliixfclli<t->(RH) j

The non-homogeneous llcrz space with variable exponent, denoted by /1 *"(K/). is

defined by

tf*(R*“)c if € 11U v,c*-> < °°)>

when .
f no N \f>

In |17], the authors have defined the Her/-type Hardy spaces with variable exponent
H 1\ ()(R") and gave their atomic decomposition characterizations.

Let S(RM denote the space of Schwartz functions, and let S/(R”) be the dual space
ofS(RM. Let Gn (/)(x) be the grand maximal function of /(.r) defined by

GN(f)(x) = sup [<*(/)(*)].
As

<3
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where AK ~ {0 6 S(x"™) : sup WxnDs<t>x\ < 1}, N > n+ 1 and is the
al,|oj<nr
nontangential maximal operator defined by

OLI(X) = SUP \  *f(y)l

with ®i(x) = ~" (/).
Definition 1.2 (|17|). Letn € R.0 < p < 00,*<() € ?(R"™) anrf N > n+ 1
(i) The homogeneous Herz-type Harxly space with variable exponent H K~ n(Rn) is

defined by

<™ (<) - {1 6 S'(R"):GN(f)(x) e A'A(R™)}

eni HAIA™YHR™) = IK'-M/)11(H~)e
(u) The non-homogencous Herz-type Hardy space with variable exponent HK** (R n)

is defined by
IH1Q’(R™) = {/ 6 S'(R") :CN(f)(x) 6 KJ"(R")}

“11 H/MNzATAR™) = 1|Gjv(N)|||Q-*(R™).
For a e S we denote by [a] the largest integer less than or equal to a.
Definition 1.3 (|17]). Let 8 < o < x, undq() b T(IN™), and let s be a non-negative
integer such that s > [a - 1.
(i) A function u(x) on K'l is said to be a central (a.q())-utorn, if it satisfies the
fo llowing conditions:
(1) suppa C /*(0.1) = {x € RT : |;t] < /o}.
W R IllIL«c-)(R«) < |0 (o,r)| -/».
(V /v a(x)xedx = o \fi\ < s.
(u) A function a(x) on R™ is said to be a central (a. <())-atorn of restricted type,
if it satisfies the conditions (2), (3) above and
(1) suppa C B{O,r),r > 1.
Lemma 1.5 (J]17|).Let nS2<a<oo0tO<p<o0o0 andq() fc 'B(R”). Then f fc
HKTffiR") (respectively f € UK ffiR")) if and only if

* / a
/| = 51 ( r<*I>rebively / = A in the sense of S*'(Rn),
K-HKTX. \ kB0

where each a* is a central {a, (/(m))*atoT (respectively a central (a,q())-atom of
rC

restricted type) with support contained in Bk and ~ |AfcJp < oc (respectively
km—eo
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X)
\Xk\p < oc). Moreover,
k=0
D \'I/P / / \ *p>
I<;(<r) $-JRF A A~ JA*r] [respectively |[|/i|l//k«'(R-) « inf~  'AfdP

where the infimum is taken over all above decompositions of f
Let. S™*"1 denote the unit sphere in Rr(n > 2) equipped with normalized Lebesgue
measure, and let il € L*(S"~1), s > 1, be a homogeneous function of degree zero. For

0 < a < n, the homogeneous fractional integral operator Tg=® is defined by

™ =L W ~ ny)dy-
Muckenhoupt and Wheeden [12] have established the weighted {LP.L 4) boundedness
of the operator 1\ 0 with power weights. Recently, Tan and Liu (15] gave the (Lp{ K 1%,
{ * lox<))mid {WN iC "y K ") boundedness of Tn<r
Let b be a locally integrable function, the commutator of a homogeneous fractional

integral operator !/u.<generated by b and denoted by [6.ih.<r)> b>defined by

\h,Tn.,)j(x) = J (*) - % ))/(»Ne m

Motivated by the results of [5] and [15], in this paper we study the boundedness of
the commutator [6,7h.«y] for a homogeneous fractional integral operatoi I\\ a on the

Herz-type Hardy spaces with variable exponent.

2. A BMO ESTIMATE FOR THE COMMUTATOR OF HOMOGENEOUS FRACTIONAL

INTEGRAL OPERATOR

Let us first 144-all lhat the space BMO(X"") consists of all locally integrable functions
/ such that

/1. = sup I |/(x) - fQ\elx < oo.
Q IQl Jg

where /g = |Q|-1 JQf(y)dy, the supremuin is taken over all cul»es Q C R” with suit's
parallel to the coordinate axes, and |(?| denotes the Lebesgue measure of Q.
A nonnegative locally integrable function w(x) on Rn is said to belong to the class

A(p,q) (1 < p,q < oc), if there is a constant C > 0 such that

T (m "r) (it t(x) ,'dx) - Cc< X -
where p* —p/(p - 1). Also, we will say that € J1| if A/lw(x) < Cu(x) for a.e. x.
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Letb BMO(RnN). lhe weighted ( '. ) boundedness of the commutator 6.1\ )
have been proved by Segovia and Torrea (11). Ding (5), and Ding and Lu |fi).
Lemma 2.1 (|5]). Suppose that 0 < a < n, s'" < p < Ja. \/qg = 1fp afn,
M€ L*S" *), undjj* 6 A(p/s',q/s). Then for b€ BMO(RN) and rn 6 Z there is a

constant C, independent of f. such that

4 | :

Lemma 2.2 (|3]). Given afamily 'J and an open set F C R". Assume that for some

po and ( , 0 < po < <0< o0o. and every weight u; € A\,

/(x)V (*)<k) B < Co . (f.g) e 7.

Given p{ ) € T°(£) such thatpo <p <P\ < define the function </(s) by
p(x) a(x)~po qo T€
/11;(*) satisfies the conditions (1.1) and (1.2) of Lemma 1.1, then for all (f,g) €

suc/i Mat/ 6 Ln*"(E). fl/ic following inequality holds:

/1 <<>(£) M C|blIE*(->(£)*
Using Lemmas 2.1 and 2.2. and aignnients similar to those applied in the proof
of Theorem 1.9 of |15j, we can prove the (Lv( '(S’1), L™ )(Rn))-boundedness of the
commutator [6.7b>4.
Before stating oiu result, we first recall the definition of the L’-Dini condition. We
say that a function Q satisfies the L4-Dini condition if il € //(Sn_1) with s> 1is
homogeneous of degree zero on R’\ and

l I<"(«ld6 < 00,
n 6

where *»(S) denotes the integral modulus of continuity of order s of Q defined by

8= (1 e TN

and is a rotation in R™ with |p| = W\p- /||.
Now we are ready to slate our result concerning the boun<le<lness of the commutator

[6, 1jj.a] on the Herz-type Hardy spaces with variable exponent.

Theorem 2.1 Suppose that b e B\10(Rn), 0 < 0 < 1,0 < a < n- 0, and
r/i() € ?(Rn) satisfies the conditions (1.1) and (1.2) of Lemma 11 with qf < n/n
GO
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and \/g\{x) 1/<7 ()= ojn. Leti}e L'(s" =*)(« > gf) with 1< s' < q[ and satisfy
U'(«)dS < 00.
g <+*
Lc/O< pi <P2<oc and <6 <a < g2+ # (respectively 0 < max(n<j2,a2) < etj <
& + fl). Then the commutator [b,Tul<] is bounded from H K °~ (R n) (respectively
fix,» H K «0 (nMuvdy to r )/
To prove Theorem 2.1, we also will need the following lemmas.
Lemma 2.3 (|9]). Let />(¢) e S(R'), A i>e a positive integer and B be a ball m IR".
Then for all b 6 BMO(RY) and all j,i € Z withj > i, wc have

i11& 11i < sup T—  |p -eeememeeeees 11 (6 -M 1.VBIIIN .(«.)< Clibl Il ,

< 8" 11X8l1500p»)

IP=>- ADb.)*X0JI»'>(r») ~ C(j - Dbl|i‘[xB, 1 7 >(*)e
w<ere A, = {x ZR" : WX\ < 2'} and Dt = {x € Rn : |x| < 2'}.
Lemma 2.4 (|2]). Given « se< £ and a function p(-) e ¥Y(E), letf :E X E -» R te
94 measurable function (with respect to product measure), such that /(-,y) € L* \E)
for almost everyy € £. Then the following inequality holds:

[ f(C 1Ddy - N
o/£ L~>(E)

Lemma 2.5 (|13]). Let g(-) be a variable exponent defined by = 5PT+ 5 (ie

KT). Then for all measurable functions f and g we have
WO * (1) A CII/]x<)R.)]1/p]ILtR0).

Lemma 2.6 (|4]). Let p() € ?(Rn) satisfy the conditions (1.1) and (1.2) of Lemma
1.1. Then for every cube (or ball) Q C R” wc have
| 101~ if¥1&€ 2rand X € Q,
HIXQIIPt m)(*e») \ 1017t lel > 1
where p(00) —XI_|pO10p(x).
Lemma 2.7 (|7|). Suppose that 0 < er < nts > 1. arui satisfies the 1.'-Dtni

condition. If there is a constant ao > 0 such that |y| < a<iR. then the following

inequality holds:

» X 1/
ff u{x y) _ »(El_ N <c*p“-(« ») /M 4 f
\In<\x\<iH - . y\'l~n Mo J \R
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Proofof heorem 2.1. We prove tlie theorem only for homogeneous case, because in

view ofembedding Rn) C for I) < < «b proved in |18). the non-

homogeneous case can be treated similarly. Let/ GH K *\*"R") and b€ BMO(RN).
a

Bv Lemma 15 we have / = V' A", where ||/|I15 KQU%)) % MjIP")J/PL
J=-00

(the infimum is taken over above decompositions of /), and a} is a dyadic central

(o, </i(-))-atom with support Bj. Noting that pi < p-. we can write

PI/P3
= {El.-co21 '4IK~Tn,]JNx*11?2,(.,

< £ 2keii[6,

—aD
X fc-2
(21) <c Y. " E IASI[b, Ib.<r](«j)xfcll/l< YR-)
+ c £ 2b 4, £ [A>|||[b,liiig] (o7 )a(«.]ii,nc )(r
K= oc \>=*-|
=: 7i + /.

We first estimate I\. Fur each k 6 Z, j < A- 2 and a.e. * 6 / , using Lemma 2.4,

the Minkowski inequality and the vanishing moments of a}. we get

I1[b.7b.ff)(aj")xK||E«)<->(R)

«(*-») o} ,Ilrl .

6(0 - fr(y))xjb(0 M No
Dyt pae - GO TONBO M)
e Nono igy\dy
«-vin~ Le lif- L' HR-)
Prtev) @ - b{y)\aj{y)\dy

M n" L*2< >(R"™)
=: /11 +/ -
To estimate /i, wc note that s > gj, and denote {-) > 1 and + J.

Then by Lemmas 2.3 and 2.5 we have

H(--y) “C b()-bs.MO

-y [ ntx Fa< >R
ne .y ft(.)
“wWn-, b x*(0) R ) ~Bjlxfe()|If 4-j(*)(R™)
«(e - 1/ «(e
<C ( ) ) Xfc(-) LR I« >(R")-

When |/?*] < 2n and x*. € 1?*, by Lemma 2.G we have

Ixo* I Lb< >(R"j % IUk\bkb % [[x B 4 [[~U] ()(r«)]|
08
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When |ZJi] > 1 we have

. -l -
So, we obtain [[xsJ i5<(r*) % IIXBM:/mu< >(RV)Efc] °
Meanwhile, by Lemma 2.7 we have

»<e 7> -gL L L fe)
M, T i I*O)OI6
2* JIvl/2*
< f-D(M "-»)) +2 b-k+\)fi 3+ HAR)A

<0 (*->(“-("-*» (*-*)0#

So, using the generalized Holder inequality, we obtain the following estimate for /y,

n (- rt n° ia g -4y ib o KI(Y)lrfy
I n I I R T | ml L"3<>(R")
c (* -i)JIbl .2 (1- ,H 22 -"))y2°-agpg ||x8 N i...( 4R .)[B il I | \aj(y)\dy
<C (*-j)||H |.2 fo)elIXB. 11 A< 3(*«) 1% iii*i<><om) Hxs>11t .i<va-)

To estimate ly>, we use arguments similar to those applied for /u, to obtain

H(--V ft(*
C T X
~y\n~ -1 « (>(R¥)
« (- y) « (-
(_Y|n-« J. |(I'I-)«T XM') L (R™) Yfe()m )(R-)
< C «(. y) «(.) X*()
*-y|[n- lmp™ > LMR"™)

< c23i"™y(“-(n_eM2¢_i)fl[|lxnll 1~ MRn)
< C2 bl+(™M"™MU xall ™, <)(».).

So, by Lemma 2.3 and the generalized Holder inequality, we have

72 =Jp o 1 r ~ " I4-%)IKbl Kv

(2.3) < C2"fa,+0'“fcwHve*|| ,< )(R«) / \bs, - b(y)\Qj{y)\dy
. bi
< C2~kn+(I~Kk)/iW\xBbL|,«|[H(k»)I( ~ -% e i ll]ts<>(a») IfI>1Lw"->(**)
< cllb]l-2-b,+(*"||Ixn A0, () -)Ikk>11 ..<»R-)IIx 9 A * >r*>-
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Next, using (2.2), (2-3). and Lemmas 1.3 and 1.4, we can write

I["7b.«r](a>)X 4;||/.«a(-)(A-)

/ ha INV I
< C(k—jplel.2 3} IKILn<)(R™ L
HXB* 11/Yn *(Rn)

C:{k-j)z->(;)+A

+nrfa,[[b]]e.

So. we have

ro* 2 4 P1
N < C\b\*" Y,k 2*P 51 I*K* " i)2">n+(i"*)(*+n*a)
k=—oc \j -oo0
w® (k=2 W
=< I vy. Y. iri(r-j)2@nrwHTsit

A= 00 yj=-o0cC

When 1 < pi < oc, take 1/pi + 1/// = 1. Since $ + nS

Holder inequality to obtain

- a > 0. we can use the

o0 / fc—=2
i\ <cm\p Y, Y, iAJip,2(-»"fc fn™ «w *
k=-00
( k=2 p./>,;

X 1 A~ (fc _ j)P",2(j-k)(d+nS2 -a)r',/2

Vj= - of

oc I k-2
Cllbl B »
Jur—oc \ jj—oo0
=ciNe XI IAIF 0 *)(*+1*a a)p,/2
(2,1) J= 0OG V >+2
00
c i w E a p
J - »
When 0 < pi < |, we have
0o / n -
1\ < C||6||P* X X N - + *x Kk KkA
Ars-'X) \>=-00
oo / o°
(2.5) = (7] ||*1 |A,|PI 1T (* - JP*2<j-*W+n**-<*)Pj
jf*-00 \& «)+2
<CW>" £ |[AjIPI.
j= oo
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Now we estimate 12. To this end, observe first that by the (R,)j-

houndedness of the commutator [ft, 7h<I], we have

< Clime £ 2"0. | A |IMt.,
kmQO 1

\ P*

f;  >|2Ne¥*,

IfO< /5 < 1. then we have

(2.0) n- C||6]|f Y. nir Y 2(“-» “pi < CLBLIE1 Y v

J=~0C ke -0V j=-0cC
If 1< /> < oo, then we
Ypilp',
< euo6|re I 11 51 2(*-)rp‘/2
(2.7) k=~co\j=k~i )
< climili Y [ Nr-
j=-00

Combining (2.1) and (2.-1)-(2.7) we complete the proof of the theorem. Theorem 2.1

is proved.

3. A LIPSCHI'IZ ESTIMATE FOR THE COMMUTATOR OF HOMOGENEOUS

FRACTIONAL INTEGRAL OPERATOR

For 0 < 7 < 1, the Lipschitz space Lip7(RM is defined as follows:

Lip,(R") = [ IWIllLip = su --7T N~ 4 < «>} nm
P, ( ) ([ p x.y€R’p;x*y (« \/Ir « ]

Let ft € Lip7(Rn). It is easy to sec that |[ft.7his]| < C||ft||i.,P, |[7D *+-,!le In [15]. the
authors proved that the operator TAM is bounded from {*(R"™) to L,I[ (R™) for
I/Ni(ar) - \/ {) = a/ and qi() 6 'J*R'") satisfying the conditions (11) and (1 2)
of Leinma 1.1 with < a. So, we can state the following theorem.
Theorem 3.1. Supjtosc that ft€ Lip.,(K") with0 <7 < landO<a <n
Ni(") G T(Rn) satisfy the conditions (1.1) and (1.2) of Lemma 1.1 with 7* < v/{n ~),
I/qi(x) - 1/g?(x) = (a+ )/ , andleti) € L"(Sn I)(s > ¢ ) with 1<s'< Then
the commutator [ft, Tg 0] t4bounded from ', ~ R”) to Lni (S").
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Next. \\y give a Lipscliitz estimate for the commutator (6,7 ,,,) on the Herz-type
Hardy .spaces with variable exponent.
Theorem 3.2. Suppose that b € Lipt(Rn) withl) < 7 < 1land 0 < 0 < n- 7.
Let (ji(-) € :P(RM satisfy the conditions (1.1) and (1.2) of Lemma 1.1 with <
n/(o + 7), \Iq\{x) \\ { ) ={o+7)n, and let Q € L (Sn * (s > qf) with

1 < % < 4; and satisfy /0 ~~dd < 00. Further, let 0 < pi < < oc and
< 0 < 6 + 7(respectively 0 < \( . ) < oy < + y). Then the
commutator [fc, Tn ,,\ maps Rn) (respectively Rn)) continuously into

A™) (respectively into K £ ff(R n)).
Proof. Similar to Theorem 2.1. it isenough to prove the theorem only for homogeneous
case. Let / € ///\ @i (R") and b e Lipg(Rn). Then by Lemma 1.5 we have / =

KO rx

V* Ajttj, where il/ll ~ nf( ITiiP1) 1/Pi (tbe infimum is taken over
= > =-00
above decompositions of /), and is a dyadic central (a,yi(-))-atom with support

Bj. So. we can write

< ! r~41
fc=-0C ;
<c £ 2™ £ IAjlfr.Th.KajM1 >R
k=-0OC N=-00
(0.0) oC Pl
+c 53 24 7 |AI xtlli,c>(R-) 1 =:Jl+n.
fc—- QG usfc-1
We first estimate J\. For each Kk G < K—2 and «.e. r € J1*, using Lemma 2.4,

the Minkowski inequality and the vanishing moments of aj, we get

( f ‘ « V) «(m)

N, Le-y|"-*  feprnn (b(-) Kv)MO le7(v)|rfy
«(*y) (0
1o 1.jn—= WO W )M O Zeo(ryM MV
In(--y) «(0 o B
Hie-nt—* L 000 BLY ) e Rn) 6(0) - b(NlIrtj(iHldy =:  + J12
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To estimate ./n, we note that s > <.}, and denote ¥m,() > 1 and e ?a!U) i
Then by Lemma 2.5 we have

ft(--vy) «(m)
j- IM MO)Ixfc(-
VAR Y e ) JIxte(-) Lva( )(Rn>

G- y) on . -
leoy[n" T delmx 0 R HIM) - 6(0)Ix*()I1",( )IK.}

° oA
< cpiLip2r X% () IIXB 114 ( )(R-)-
-yl [<4(*)
When \Uk\ < 2" and xjt € by Lemma 2.6 we have

[1Xedl.«iW(R») = |Efcl«*™* » [IXBMi«.()(K-)Ir*:-"1n1

When \Bk\ > 1 we have

* 4

“X/#Jl//\O(R")* |B * N *:iixi#ﬂM.<)(r-)|/\* x0T

So, we obtain U xanyk >(R") % HUXi»Nin M(k-)i®*i“"' A -
Meanwhile, by Lemma 2.7 we have
ft(.-y) »(e) | I
I--Y1 MH**Y Ll *.)
< (*- ><?-<»-*» [ tol + [ w2 IN«fA
o

< 2(*-0(“-(n <r))/ >-*+ +20 fc+ih

AMwl/2 d J

<Cc2{k )(* (n ~) 0 *b
So, using the generalized Holder inequality, we obtain the following estimate for ./u

(3.2)
«(m - YY) oA

, n-re 1K) - 6(0)[xfo(-) M y)Ne
=/, -y |- M L«aM(R-)
< Clp»|up,2*’2<*-1«?-<"-"»2<-, b |[|IX n| 1.1.,(4.,|B *r}-41 | () 7
< C||6]],-ip,2-b’+ 0-*b ||xra,|licii )(«.)1 1 «. .<«->lIX»A*i*

To estimate 7 , we use arguments similar to those applied for Jn, to obtain

te(--y) on
~y|n~<
n(- ) oA
le-y\n~B o] "

_(y_ |y) i Xic( IX0* 1 b R

< cz(b-l)(:(n-a))z{j- kb h nj Liii ){RK)

Xet) g

Xk(") IM OIl
L'(R™)

< C2-fal+tt-*b“~|xe.l,t« ()(R.).
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So. by tl>e generalized Holder inequality, we have

72 =Nt -1 XOlmoer)W’) -

(3.3) < £ mn) - 6(w)[l0j(»)ldy

Next, using (3.2), (3.3), and Lemmas 1.3 and 1.4, we can write

e, 1 @< MR")
< C||6llpip>2 feri+(j k) \ 8 |[|tvi()(Rn)|laj||L,(.)(Rn)[[xej||L (:>"K)

<C|lb|lup,2<-‘b|la,|lt,,0 (R. , 5 n
HXUhI I~ d 2 nj

< C2-"n+<>-*M+"'"~A>||6]||LipvV
So. we have

/ le V' M
Ji < C||9||E;p> Y 2*°p* |AJ|2--,° +(j-* ) +nAl)
&b-00 \ jf=—o0J
fc- *

o/
= CIWllip, Y £ No [2<*-*><Hk>4m x>
fcs-oc Vjai-oc

When 1 < pi < oc. take 1l/pj + I/p\ = 1. Since 7 + - a > 0, we can use the

Holder inequality to obtain

YUy
J\ < Cc |lrr e [AJIPL 2 (,~* A7+ * % <A |2

*=-n0 \j=-00

; fo2 \ pi/lp*
Y 0 *)(7+76 - ) /2
J«-0C
Y DORBR( -1y 12
jss —00
. .
—cin 7 Y M* 112 ZRsbp *
(3.4) i— 00 \fce>+2
< Cl|b]|I['P, f; |, r.

ja 00
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mh < CUbHNAA Y. 1 Y, JATFE 2 (>-X)"+'" - >
fce-oc \ j*-

oc / 30
(3.5) =cllol;p> ¥ 1*>I Y 2un~K)b+n**-a)P1
J=-X \fe=j+2

<CHbliip, E w

>“ _gc

Now we estimate J2. Observe first that by the (/,«s( JR"), Y(R,,))-boundedness
of the commutator [ft 7his], we have

‘] <LI,bHBp, E 21I""11 E MIMU <*-/
*« 0

c \;= 1
oc / oc \ Pi

< C||6]||£jPi E E |Ayl2(-4*

A:=-oc y)=A:-1
If0 < pi < 1, then we have
(30) Jj <c|B|UJPtE ” -<*|adipi E It -,, 2(i < CcUblinp,E~-,,M '

%
If 1 < pi < oc, then we can apply the Holder inequality to obtain

cc /| = \ 4 p,/p;
N <C||6]|IBP> 51 L £ 2<*-n«p'.[2
(3.7) - — \jxzk-\ J \j=fc-l

scums,, e M
>f— 30

Combining (3.1) and (3.4)-(3.7) we complete the proof of the theorem. Theorem 3 1

Is proved.
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