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1. Introduction, definitions and results

In this paper by meromorphic functions we always will mean meromorphic functions
In the complex plane, and will use the standard notation of value distribution theory
(see (7)):

T(r,f), m(r,/), N(r,oo0\f), 7V(r,oc;

By letter E we will denote any set of positive real numbers of finite linear measure, not
necessarily the same at each occurrence. We denote by T(r) the maximum of T(r% [K))
and T(r,gW). and by S(r) any quantity satisfying the relation S(r) = o(T(r)) as
r —>o00,r £ E.

If for some a € CU {00}, the functions / and g have the same sets of a-points with
the same multiplicities, then we say that / and g share the value a CM (counting

multiplicities). If the multiplicities are not taken into account, then we say that /
and g share the value a IM (ignoring multiplicities).

Let S be a set of distinct elements of CU {00}. Denote E/(S) := Uncsf* :
a = 0}, where each zero is counted according to its multiplicity. If we do not count
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the multiplicities, then the set UncS” : f(z) ~ a = 0} is denoted by E/(S). It
E/(S) = Eg(S), then we say that J and g share the set S CM. On the other hand, if

Ef(S) - Eg(S). then we say that / and g share the set S INIL. Evidently, if S contains
only one element, these definitions coincide with the usual definitions of CM and 1M
shared values, respectively. e

In 1926. R. Xevanlinna showed that a ineroinorphic function onthe complex plane
€ is uniquely determined by the pre-images, ignoring multiplicities, of 5 distinct values
(including infinity). A few years latter, he showed that when multiplicities are taken
Into consideration, then 4 points are enough. More precisely, Nevanlinna proved that
If two meromorphic functions share four distinct values CM, then either they coincide
or one of them is the bilinear transformation of the other.

These two results are the starting point of uniqueness theory. The research became
more interesting, although sophisticated, when F. Gross and C. C. Yang transferred
the study of uniqueness theory to a more general setting, namely considering sets of
distinct elements instead of values. For instance, they proved that if / andg are two
non-constant entire functions and Si, and S3 are three distinct finite sets such
that / USt) = g~I1{Si) fori = 1,2,3, then / = g.

The following question was a*sked in [19).

Question A. Can out find three finite sets S} (j = 2.3) such that any two non-
constant mx rowoTj/hic functions f and g satisfying Ef(Sj) = EtXSj) forj = 1,2,3
must be identical ?

Question A may be considered as an inception of a new horizon in the uniqueness
of meromorphic functions concerning three set sharing problem and so far the quest
for affirmative answer to Question A under weaker hypothesis has made a great stride
(see, e.q., [1]. [2], [5] [7], [14], [1G]|, 18] [21], |22]).

Infortunately the derivative counterparts of the results obtained in the above
cited papers are scanty in number. In 2003, in the direction of Question A concerning

the uniqueness of derivatives of meromorphic functions, Qiu and Fang obtained the

following result.

Theorem A (|18|). Let Si = {z :zn—zn~l —1 = 0}, = {ac} and S3 = {0},
and let n > 3 and K > 0 be integers. Let f and g be two non-constant meromorphic

( such that Ef(k)(S3) = Eg(k)(Sj) forj = 1.3 and Ef(S2) = E,f(S2), then

In 2004, Yi and Lin |22| proved the following theorem.
4
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Theorem B ([22]). Let 5, = {z :z11+ azn 1+ 6 = 0}, = {oc} and S3 = {()}.
where a and b are nonzero constants such thatzn+azn~l+b = has no repeated roots,

and let n > 3 and A> 0 be integers. Let f and g ke two non-constant meromorphic
functions such that. EjwfSj) = Egik>(Sj)) forj = 1,2,3, then /<> = gW.

The following examples show that in Theorems A and B the condition a 0 is

necessary.
Example 1.1 (|4]). Lc.tf(z) = andg(z) = (-l)ke~z,and letSx= {z :z3 | = 0},
= {oo}, Sa = {U}. Since f(k - ' = gW - 3~ , where, w = coaLé- + i3inL|d,,

0 <1< 2. clearly me have E/(k)(Sj) = EnK) (Sj) forj = 1,2,3, while {1 {

The following examples establish the sharpness of the lower bound of n in Theorems
A and 13

Example 1.2 ([4]). Let f(z) = y/a + 3 \f(*3ez andg(z) = ( |)Kyla+ \/o3 e~z,
and let S\ = {cv+ j™ajS}, = {oc}. = {0} witha +8 = —a and c\3 = b. where a.
b art nonzero complex numbers. Clearly we have Ef{k)(Sj) = EWk}(Sj) forj = 1.2,3.
while / (A) g*kK

Example 1.3. Let f = oty/fie2 and g = (—1)kBy/ae~x, where a and fi ai'e two non

zero complex numbers such that * - 1. Let Si = {&y/a.a\/3}, = {oc} and

S3= {0}. Clearly we have Ej{k)(Sj) = En(k)(Sj) forj = 1,2.3, while/ |b  gk).

Example 1.4. £e£f = \/2e* and I= (-1)/cvi2e z. Let Si = {1 +i.1—+}, 5 = {oc}
and = {0}, Clearly we have Euk) (Sj) = Eg{k)(Sj) for j 1.2,3. while f [K) {

The above examples assure the fact that in Theorems A and B, the cardinality
of the set S\ cannot be further reduced. Rather, on the basis of these examples, one
may try to relax the nature of sharing the range sets. For the purpose of relaxation
of the nature of sharing the sets the notion of weighted sharing of values and sets,

which appeared in 112. 13|, lias become an effective tool.

Definition 1.1 (112, 13)). Let K be a nonnegative integer or infinity. Fora CU{oo0}
we denote by £*(«; J) the set of all a-points of /. where an appoint of multiplicity m
IS counted m. times if rn < Kk and k + 1 times if m > k. If Ek(a ,f) = E*(a:g), we say

that f and g share the value a until weight K.

It follows from Definition 1.1 that if / and g share a value a with weight A then

a point z0 is an a-point of / with multiplicity m < k if and only if it is an a-point of
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g with multiplicity m < k\ and zo is an a-point of / with multiplicity m > « if and
only if it is an a-point of g with multiplicity n > k\ where m is not necessarily equal
to n.

We will write*/» g shafe (a, k)" to mean that / *ind g share the value a with weight
k. Clearly if /. g share (a. k), then /, g share (a.p) for any integer p. 0 < p < k. Also,
we note that /, g share a value a IM or CM if and only if /, g share (a,0) or (a, 00),

respectively.

Definition 1.2 (112]). Let S be a set of distinct elemeiits of CU {oc}, and let K Le
a nonnegative integer or oo. We define E/(S,k) := UaeS Ek{a; f). It is clear that

Ef(S) = E/(S. oc) andEf(S) = Ef(S}0).

In 2009. Banerjee and Bhattacharjec [3] used the concept of weighted sharing of

sets to improve Theorems A and B.

Theorem C ([3]). Let Si. r= 1—3 be as in Theorem B and Kk be a positive integer.

If f and g are two non-constant meromorphic functions such that Ef(k)(S\A) =

Egfk)(SiA), £/(52.0c) = EyiSo, oc) and 7) = Eg(k)(S53,7), then fNe =
S (fe). Y.
Theorem D ([3]). Let Si, i = 1—3 be as in 'Theorem B and kK be a positive integer.

If f and g are two non-constant meromoi'phic functions such that Ej(k)(Si,5) =
Eg<k)(S\y5), E/(52,0c) = £~(5 , ) and EjwiS~™Il) = £yt (53, 1), then /<*) =
J k).

Theorem E ([3]). Let St.i = 1.2.3 be a3 in Theorem B and k be a positive integer.
If f and g are two non-constant meromorphic functions such that Ej{k)(S\t6) =

£9(10(51,6), £/(52,0c) = EQg(S2.00) and E£y(*)(5n»0) = 2»(*)(53,0), then f(k) =
g(k)

In 2011, Banerjee and Bhattacharjee [4) further improved the above results, by

proving the following theorems.

Theorem F (|4|). Let 5%, i = 1—3 be as in Theorem B and kK be a positive integer.
If f and g are two non-constant meromorphic functions such that Ef{k)(S\,5) =
£<j(*)(51,5), £/(5 , ) = EQ(S2.oc) and Ef{k)(S™0) = £ p<k)(53,0), then /<*)
9N,
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Theorem G (|4]). LetS* 1= 1,2,3 be as in Theorem D and Kk be a positive integer.
If f and (j are two non-constant meromorphic functions such that Efik)(S\A) =
Eg{k) (Si,4). £/(S2,oc) = Eg(S2,00) and £ <*)( ,1) = Eg(k)(S*A)1l then fW =
No

Theorem H (]4]). LetSi, i = 1,2,3 be as in Theorem B and kK be a positive integer.
If f and g are two non-constant meromorphic functions such that Ef(k)(S\, 5) =

EgKb)(S\, 5), E/(S2)$) = Eg(S2,9) and 7 , 0c) = Eg{k}[Ss, oc), then f K" =
g(kK

In the present paper we significantly reduce the weight of the range sets in all the

above theorems. The following theorem is the main result of this paper.

Theorem 1.1. Let St i = 1,2,3 be as in Theorem B and K be a positive integer.
If f and g are two non-constant meromorphic functions such that £/(*>(5i, fci) =
Eg{k)(S-[,ki), Ef (S2ik2) = Eg{S24&2) and Efik)(S" k)) = Eg(k)(S" k™)} where kj >

4, k2> 0. fa > 0 are integers satisfying
2KIK2K3 > k\ + k2+ 2A%+ K - 2KK\Kk3 - k\k2- kk\ + 3,

then —gNo.

Remark 1.1. Notelthat Theorem 1.1 holds for k\ = 4, k2 = 2 and = 0, and so it

Improves Theorems A-H.

Remark 1.2. Examples 1.2-1.4 assure the fact that in Theorem 1.1, n > 3 is the

best possible.

Throughout the paper we will use the standard definitions and notation of the value
distribution theory available in [10). Below we recall some notation and definitions

which are used in this paper.

Definition 1.3 ((11)). Fora eC U {oc} and a meromorphic fimction /. we denote
by N(r,a\f |= 1) the counting function of simple a-points of f . For a positive integer
m we denote by N(r,a\ f |< m) (resp. N(r,a\ f |[> m)) the counting function of those
a-points of f whose multiplicities are not greater (resp. less) than m, when: each
a-point is counted according to its multiplicity. The functions Ar(r,a;/ |< m) and
(N(r,a; f |> m)) arc defined similarly, where, in counting the a-points of f we ignoiv
the multiplicities. Also, the functions N{r a\f |< rn), N{r,a\f |[> m), A(/\a;/ |<

m) and 7V(r,a;/ |> rn) are defined analogously.
7
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Definition 1.4. We denote by Jir(r,a; f |= A) the reduced counting function of those

a-points of afunction f whose multiplicities are exactly k, where Kk > 2 is an integer.

Definition 1.5 ([2]). Let. f and g be two non-constant, meromoi'phic functions such
that f and g share (a, k), when a £ Cu{oc-}. Let c() be an a-point of f with multiplicity
p. and an a-point of g with multiplicity q. We denote by JIr/[?\a;/) the counting
function of those a-points of f and g, for which p > g and each a-point is counted

only once. In the same way we can define the function N ( \ \ ).

Definition 1.6 ([13)). We denote No(r,a;f) = N(r,a: f) -} Ar(i\a:f |> 2).

Definition 1.7 ([12, 13|). Let f and g share a valued IM. We denote by Ar*(r,a; /, )

the reduced counting function of those a-points of f whose multiplicities differ from

the multiplicities of the corresponding a-points of g. Clearly, we have A™*(?\a; f. g) =
(r,a;g.f) and JN{r,a:f.g) Nb(r.a:f) 4 Nb(r,u;g).

Definition 1.8 ((15]). Let a.b G Cun {oc}. We denote by N(i\a:f \' g = b) the

counting function of those a-points of /, counted according to multiplicity, which are

b-points ofg.
Definition 1.9 ([15]). Let a, 1)\, —,bg 6 C U {'x,}. We denote by N(i\a;/ |
g \,1) ...., ) the counting function of those a-points of f, counted according to

multiplicity, which are not the b,-points ofg for i = 1.2

Definition 1.10. Let f and g be two non-constant mcromoi'phic functions such
that Ef(S.k) = Ey(S.k), and let a and b be any two elements of S. We denote
by X m(r.a\f\g = 6) the reduced counting function of those a-points of f whose
m ultiplicities differ from the multiplicities of the corresponding b-points ofg. Clearly,
we have JI*(/\ a; f\g = b) = N m(r%\g\f = a). Also, ifa = b. then r,a; f\g = b) =
A\(r\a; fyg).

2. Lemmas

In this section wc present some lemmas which will be needed in the sequel.

Let F and G be two non-constant meromorphic functions defined as follows:

(2.1) pre W10t e) oy (s{)7 1)+ «)
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where n > 2 and Kk > 0 are integers. Define the following functions:

n= T 2F ) (a" 1C
F F-1) \G' G-1
w I _ F G
" F—1 C-T
P

2 <(*) (k)

and

“W I(*) y -W j Iyw

where u;, and cjj are any two roots of the-egnation zn + azn~{+ 6= 0.

3: ( v {K)' 1 '\ ( (»f) foNg})'

Lemma 2.1 ([13), Lemma 1). Let F. G share (1,1) and Il 0. Then
N(r,LF |=1)=AWN1G |=1 < N(r, #) + 5(r;F) + S(r,G).

Lemma 2.2. Lef S\, and be as in Theorem 1.1. and let F and G be given by
(2.1). Iffor two non-constant meromorjihir functions f andy we have Ej{ (S].0) =

Eg{k)(Si,Q), Ef{k) (S2,0) = Ea) ( ,0), 0) = Eg(S”0) and Il 0. then
I(r,Ad) < 7»(r.0;/ A+ ([.LEG)+F(r, Jw)+ JT(r,-e —
+3V.(r,oc;/,0)+ *o(r.0;(/<*>)")+ NO(rt0;(g™)").

w/iotr JIm(/A0;(/(A)) ) is the reduced counting function of those zeros */(/<*>)" which
are not the zeros of f*k)(F —1) and Jiro(r, 0; (a"k)) ) is defined similarly.

Proof. Since Ej(k) (Si,0) = (Si, 0), it follows that F, (7 share (1.0). From (2.1)
we have
F = [r/<fc+ (n De](/w)n-2(/(*)7 (-4
and
G=m*>+(C 1) [(™)7- (M)7(C ).
We can easily verify that the possible poles of Il can occur at:
(i) those zeros of k) and g (9 whose multiplicities are different from the multiplicities

of the corresponding zeros of y{k) and f (k\ respectively,

(it) the zeros of r#/(A) 4~a(n —1) and ng(k) + a(n —1),

(iii) those poles of / and g whose multiplicities arc different from the multiplicities ot
the corresponding poles of y and /, respectively,

(iv) the 1-points of F and G with different multiplicities,
9
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(v) the zeros of (f[K) which are not zeros of f* (F —1),
(vi) the zeros of (g”) which are not zeros of g"k\ G 1).

Lemma 2.2 is proved. O
Lemma 2.3 (|17]). Let f be a non-constant meromorphic function and let

t «*/[*

«(/) = m
£
1=0

e an iireducible rational function in f with constant coefficients {«*-} and {6}, whei'e
an 0 andbm 0. Then

T(r,R(f)) =dT(r,f) + S(r,f),
where d = max{n, m}.

Lemma 2.4 ([4]). Let F and G be given by (2.1). If f [K), gW share (0,0) and O is
not a Picard exceptional value of f {k and (fk\ then ®i = 0 implies F = G.

Lemma 2.5 (|4]). Let F and G be given by (2.1)f n >3 be an integer and 0. If
F, G share (1, fci); f. g shaic (oc, k2), and f (k), g{k) share (0, k$), where 0 < ki < oc,
then

[(n-1)fc3+ n-2]7V (r,0;/(fc>|> k3+ 1) < N.(r, L F, G) + N.(r, oo; F, G) + S(r).
Lemma 2.6. Let f and g be two non-constant meromorphic functions, F and G be

given by (2.1), n > 3 be an integer and 0. If F, G share (1, fei); f (k\ g{k) share
(0.&3), and f, y share ( , ), where. 1 < k\ < 00, then

bWwr, LF > + 1)<77.(r,0;/<>g™) + 7V,(r.o0;/,g) + S(r, + S(r,g(k>).
Proof. Note that
K, N(r, I;F| > ki + 1) < N(r, 0;®2) < N(r. <2) + S(r,/<ft) + S(r.g<>) <
N,(r, 0; f(K\g (k3 + N.(r, oc;/, g) + S(r,/ (fc)) + S(r,

aii“"the result follows. I

Lemma 2.7. Let f and g be two non-constant, meromorphic functions, F and G be
given by (2.1), n > 3 be an integer, and let 0, 0. If F. G share (l,fei),
where kI > 2; f (k\ g<k) share (0,k"), and f, g share (0o, k2), 0 < k2 < oc. then

F 1)< F5(r' /W) + S(r'sWs
10
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A similar result also holds for g'k).

Proof. Using Lemmas 2.5 and 2.G. and noting that JI™*(r, 0; f (kK\ g {k> < N(r. 0: / W| >
hs + 1), we can write

[(n- 1)*3+ (» - 2)]IV(r,0;/<*> > g+ 1)
< ,(r,LFG)+ 'V.(ro0;f.g) + 5(r,/ (*>)+ S(r, g{k))
< 31]1\/(r,0:/<fc)| > k3+ 1)+ IA'Iﬂr .(r, oc;/,*)

+S(r,fW) + S(r,gW),

and the result follows. Lemma 2.7 is proved. O

Lemma 2.8. Let f and g be two non-constant meromoi'phic. functions. Suppose f,
g share (00,0) and oo is not a Picard exceptional value of f and g. Then 1= 0
implies f* = g*.

Proof. Suppose @3 = 0. Then by integration we obtain

Ui C Ui
1- 7% m - ;%>

where A 0. Since /, g share (0c.0) it follows that A = 1. and hence f ’k) = * ~

Lemma 2.9. Letf and g be two non constant meromoi'phic functions and 3 0,

and let F and G be given by (2.1). Iff (k\ g{k) share (0, ); f. g share (00, A ), where
1< A < oc, and Ef(k)(S\,k]) = Eylh)(S\, k\), where 1 < k\ < oc and the set S\ is

as in Theorem 1.1, then

k2+ k) iV(r,00:/ |> A + 1)

< N. (r,0-,f{h),glk)) +H.{r,hF,G) + S(r).
A similar result also holds for g™k\

Proof. If oc is an e.v.P. (Picard exceptional value) of f [k} and g(k\ then the result

follows immediately.

Next, suppose oc is not e.v.P. of f (k) and g'k\ Since £y(*)(Si,A9) = Eg(k)(b\,k 1)? it
11
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follows tlial A\ (r, f [I)\glk) = ) <A UF.G). Hence we can write
(k2 + k) N(r,oo;f\ > + 1)
= (& -fA) Afr.oc; (fi > k>-f 1)
< JIF(r,0;®3)
< N(r,*3)+ S(r.fW) + S{r,g'k))
< W.(r:0;/« ffW) + tf,(r,w,:/<V*> = w,) + S(r,/<*>) + S(r.yw )
< JV.(r.0;/ W,0W) + TV.(r,I;F, G) + 5(r),

and the result follows. Lemma 2.9 is proved. O

Lemma 2.10. Let f and g be two non-constant meromoi'phic funct/ions, 0.
®d3 0, and let F and G he given by (2.1). Jff [K\ g{k) share (0.ks); /. g share

(oc. A), where 0 < Kk < oc, and F, G share (l,fci). where k\ > 1. then
i\r.oc:/ |> A+ ) _IN. (r,0;/@®) )+ S(r).
> similar result also holds for gW also.

Proof. Using Lemmas 2.6 and 2.9 and noting that AT*(r.oc;/,#) < N(r, oc;/| >
A -f 1). we can write
(b2 + k)N(r:oc:f\ > *2+ 1) < jV.(r,I;F,G) + 7v.(r,0;/<*\.9(A) + ,S(r)
< pM(r 0051 > %2+ 1)+ AN L (r,0 W, gW)
+S(r.fW) + S(r.aM),

and the result follows. Lemma 2.10 Ls proved. O

Lemma 2.11 ([4]). Let F and G be given by (2.1) and Il 0. If ~ gW share
4*).kn); f, g share (ocl- ). where 0 < k2 < oo, and F, G share (14°1), where 1<
k\ < oc. then
{(nk2 + nk + n) - 1} Ar(r,oc:/ |> k2+ 1)
< 3V. (r,0:/ (fc),fl(k)) + TV(r,U:/ (o +a) + W(r,0; + a) + /V.(r,i; F,G) + S(r).

J1 similar result also holds for g.

Lemma 2.12. Let f and g be two non-constant meromoi'phic functions. Also, let F

and G be given by (2.1), n > 3 be an integer, and 0. 0Oand 3 0. IfF,
12
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G share (1,/vi); / (M, g{n) share (0. ), and f, g share (oc- ), where k{ > I, k2> 10

and k:i > 0 are integers satisfying
'3

2*ibl 3 > fo + k2 + 2A3+ K —2kk[k:> —K[ko —kki -f 3,

then
N(r. 1;F| > + 1)+ Ar(r,oc;/| > k2+ 1) + Afy-.O;/ ()| > fi3+ 1) = S(r).
Proof. Since ®i 0 from Lemma 2.5 we get
(A, + 1) N(iI\O;/ (fc)] > AB+ 1) < 2V(r.1:/ £.*i + 1)+ 7V(r.oc: /| > A+ 1) + S(r).
Next, since N 0and 3 0, we can apply Lemmas 2.6 and 2.0 to obtain
Al IV, LF| >A+1) < N(0/<*>|> B+ 1)+ N(r,o0;f\ >k2+ 1)+ S(r),
and
(fc2 + fc) N(r,00;f\>k2+ 1) < N(rA-.F\>kl+\) + X(rA):fik)\>k:i+\) + S(r).

Using the above inequalities and arguments similar to those applied in the proof

of Lemma 2.6 from [20]. wo can complete the proof the lemma. We omit the details.

Lemma 2.13 (|13|). Let N(IN\O;/A) |/ 0) be the counting function of those zeros
of fAk) which are not zeros of f. when a zero of f k is counted according to its

multiplicity. Then
N(r.O:/<*> 1/ 0) < kN{r, 0o:f) + N{r, 0;/ |< k) + kN(r, O;/ |> k) + S(r./).

Lemma 2.14. Let F and G be given by (2.1), F. G share (1. &i), 2 < ki < 00. and
let 0 and > 3. Also, let f [k), </k) share (0,k.1) and f. g share (oc. oc). Then

Af(r.0:/ (fo) < . N(r,00:/) + S(r,fw).

Proof. Using Lemmas 2.3 and 2.13 we can write

N,(r, LF.G) <JV(r,LF |> A+ 1)< I OV(r,1:F) - NM(r, 1, F))

< J [E£ (VWi /""" ) - % Wi /«) )| < (jv(r,o0;(/<«)" | /<> * 0))
1 J=I ‘
< 1 [37(r,0;/Ne>)+"(r,oc:J1] +5(r,/*>),
where , ...¢jn the distinct roots of equation 2” + azv~1+ b= 0. Ihe rest of

the proof follows from Lemma 2.5 with A3 = 0. N
13
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Lemma 2.15. Let F and G be given by (2.1), F, G shaiv (l. ki), 2 < k[ < oc, and

let 0 and > 3. Also, let n " share (O< ) and .y share (oc, oc). where

O< kn< oc. Then

vs (,+DIITI--V)-1| Wr’> n + *==
4 similar result also holds for G.

Proof. Using Lemmas 2.3 and 2.13 we can write

NL{r.1:F) < N{r,LF\>kx+2)< — vy (N(r,1:F)- N(r,1F))

1 1 ‘N(r,0;/(f) + JII(r,00;/)] + S(r,/<*>).

Now using Lemma 2.14 the proof of the lemma can easily be completed. We omit the

detalils. O

Lemma 2.16 ([1]). Letf and q be two non-constant meromorphic functions sharing

(1. A4), where 2 < k[ < oc. Then
N{r. 1;/1 = 2)+ 27V(r,1;/| =3)+ ...+ (kn - 1) IV(r, L. f\ = kx) + kx N L(r, 1;/)
+{ki + 1) NL(r, I;9) + kx1 " +1(r,lI;g) < N(r.1l;g) N(r,I\g).

Lemma 2.17. Let F and G be given by (2.1) and they share (LA’))* Uf(k\ g~
share (0.A8) and /, g share ( , ), where 2< k\ < oc, and H 0. Then

nT(r,fik)) < Ar(r,00;/) -f N{r,-a-—n -;/a)) + N(rdoo;qg) + A:(r,-a-F -\g (k)
+7V(r,0;/« ) + W r:0;g{k) + IV,(r,0;/ « ,</*>)+ AT,(r,oc;/. N)
-(*1 - D)?2V.(r, 1;F,G) + AIL(r, 1; F) + S(r, /<*>) + S(r, $<).

J1 similar result also holds for

Proof. Using Lemmas 2.13 and 2.1G we can write
?2.2) NO(r,0: (gW) ) + N(r, 1;F |[> 2) + N.(r, L, F,G)
< No(r..0; (s(fc>)) + N{r. L;F| = 2) + N(r, ;F| = 3)+ ... + N(r, 1;F| = /n)
+ N +1(r, L, F) + 7VL(r, L, F) + ™Mt (r, ;G) + N.(r, 1, F, G)
< NO(r,0; (<<*>)") "V(r. L, F| = 3)-... (*, 27V(r,1;F| = fc,)-(*, -1 )NL(r, L; F)
-fcilV~r, 1;G) - {kx- 1) ? +1(r, 1;F) + JII(r,1;G) - N(r, 1;G) + 37.(r, 1, F, G)
<U r, 0;9<>)")+ N(r,1;C)-Mr, 1;G)- (fci- 2)NL(rA;F) - (kt 1)IVL(r, 1;G)

< No(r,0;(<<®)") + N(r, 1;G) - 77(r, 1,G) - (fe, - 2)Nj-(r, 1; F) - (A, DO, 1. G)
14
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< N(r,0; (/™" I (» 0)- (K, - 2)NL(r,hF) - (& - DNL{r, 1:G)
< Nr(r,0;0(i)) + Ar(r,o0;48.) - A, - 2)NI(i\L;F) (A*- D]JVL(r,1:G) =

W(r;0; g(k)) + JV(r,oc;9) - (*, - DN, (r, ;F C) + NL(r, 1;F),

where A'o(r,0;{g(k>) ) has the same meaning as in Lemma 2.2. Hence using (2.2),

Lemmas 2.1, 2.2 and 2.3, in view of second fundamental theorem, we obtain

(2.3) nT(r,/ W) < N(r,0;/W) + N(r,ocj) + tf(r, 1L;F |= D+
+7V(r. LF |> 2) - Na(r,0;(/<*>)") + 5(r, /<fc5) < N(r, 0: /<*>) + N(r, oo: /)

+ /V(rt_n! iﬁL (*)) + 7v(r,-a n -, fl(fc) + AT.(r20:f (Mgw )+ W,(r.00:/,<?)+

+N,(r, L F,G) + JII(r:1;F| > 2) + jMO(r:0; ($(fc>)") + S(r, /<*>) + S(r.5f%)
< N(r,oc;/) + N{r.—a—j—/ ) + /\V/(r, 00; () + N(r, -a - --—-—-- g(k)) +7V(r.0;f w )
+~N{r. 0; SW) + A/.(r,oc;f. g) + JI.(r,0; /<*\s(fc)) - (A, - I)N.(r, L, F, G)+

+NL(r,lI;F) +S(r,fW) + S(r,gW).

This proves the lemma. O

Lemma 2.18 (|4|). Let F and G be given by (2.1) and they share (\.k\), and let
n>3. Iff{k\ gwW share (0.0) andf. gshare ( , ), and N = 0. Then f k] = g[h).

3. Proofs of the theorem

Proof of Theorem 1.1 Let F and G be given by (2.1). Then F. G share (I,ki) and

(0o: k2). We consider the following cases.
Case 1. Let // 0. Clearly F and so f (K  g{k).
Subcase 1.1: Let 0.

Subcase 1.1.1: Suppose 3 0.
Suppose first that 0 is not an e.v.P. of f {k) and g{k). Then by Lemma 2.4 wc got
0. Since fAk\ g"k) share (0, k-) it follows that A"™(r, ) 5 Ar(r,0;/ (A).
Hence, successively applying Lemmas 2.17 and 2.7 for k3 = 0, Lemma 2.10 for k2 = 0
15



. BANERJEE, S. MAJUMDER AND B. CHAKRABORTY

and Lemma 2.12. we can write

(3.1)nT(r,/«)

< N<ioc;/) + N(i\ -a ---r-]---;f {k") 4>1V(r, oc\g) + N (* -<i-—n -2 g[k))
+2 N(r.o:;fw )+ N,{r, 0:/<> ff(fc) + N.(r, 00: f.<j) - (K\ - 1)N,(r, 1:F, G)
+tf,.(r.1:F) + S(r,/<*>) + S(r.0,)))

< Af(~-4 --1-1--/ A) + .V(r, -a----—-;i- r/A) + 3 N(r.0;/ (K) + 2.Y(r. 00:/)
+Ar.(r,oc; /,<)+ S(r,/W) + S(r,£(t))

< WVea— W)+ 1V (W e L 3* + 377(1

+A(r.ac:/l >k2+ 1)+ — N(r,0:/ (A)| > A3+ 1) + 5(r,/ Ne) + S(r../[*>)

< T(r.f(ky+ I (r,<<>+ 5(r,/W) + S(r,g"

< 2 r(r)+ S(r).
Next, suppose 0 is an e.v.P. of / (A) and Then N(r.0;/ (A) = S(r,/”). Assuming
that ®di ™ 0, we can apply Lenmia 2.10 for A = 0 to get An(r,00;/) = S(r). Hence
NV*(r, yNi f.g) = S{r). showing that (3.1) holds.

Now assume that = 0. Then (F - 1) = d(G - 1), whered 0.1. Since /, ¢
share (oc. A ), it follows that /. g share (x:.oc) which implies A\(r, oc;/, <& = S(r).

Also, by Lemma 2.10 for k= = 0 we have N(r.oo\f) = S(r). Therefore, in this case
also (3.1) holds.

Arguments similar to those applied above can be used to obtain
(3.2) nT(r,gM) < 2 T(r) + S[r).
Combining (3.1) and (3.2) we get
(3.3) (n-2)T(r)<sS(r),

which leads to a contradiction for n > 3.

Subcase 1.1.2: Suppose 3= 0. Then by integration we obtain

QUi , Ui .
1~jm = =~ 70Ty
where A . If A = 1then /(A = ~g Ik\ which contradicts 0.So A 0.1

Since /. g share (0C.A3), it follows that A'(r, 00:f) = S{r.J"k)) and N(r.oo\g) =
S(i\g{l . Now proceeding as in Subcase 1.1.1, we can arrive at a contradiction.
Subcase 1.2: Let = 0.

16



FURTHER RESULTS ON UNIQUENESS OF DERIVATIVES ..

By integration we have / (*> = cg( wherec# 0,1. Since gfc>share (0.k3) and

/. y share (oo, ), it follows that 77,(r,0;/(fcff(fc) = 0 and 37.(r,oc; J.g) = 0.
Subcase 1.2.1 Suppose ®3 0.

If 0 is not. an e.v.P. of f{k and jW, then by Lemma 2.4 we get 0. Now

consecutively applying Lemmas 2.17, 2.14 and 2.9 for k2 = 0, and Lemma 2.15, we
can write

(3.4) nNT(r,/«) < 37(r,00;/) +7V(r, -a — [**») + 77(r, 00; 9)+

HIV(r-tt—. §i"1) +277(r,0;/() + 37.(r,8;/ (O, AB) +37.(r,30/,8)-
-(*1- 1) N.(r,L;F;G)+7ri(n)l;F)+ S(r,/ W)+ S(r,/7fe>)<Ar(r, o— ;/W)+

N(r,-a-— -;</(fc)) +2 JV(r,oo;/)+-Kr\-(7—_’\7);—_[ A(r.0o0;N)-(A,-1) JIr.(r, 1;F,G)+

HTTL(r L F) + 5(r, / (=) + S(r, flen) < 37(r,-a— /() + 37(r,-a— ;% «)+
+3 77(r,00;/) - A -1)A.(r, LFG)+37L(r, ; F)+S(r,/« ) +5(r, )<2T(r)+
+ 37.(1r, LF,G) - (A - 1)37.(r,1;F,G) + 37t(r, 1;F) + 5(r,/«) + S(r«/<€>) <

+ WC-.00*) + SC./(«) + W ) <

4 2+ No 7 w S N W NYTW + SWH
Therefore

<> (- * (tl+ , HA(MM.-.)-mm) ™ £ 5(r)-
Since n > 3. the inequality (3.5) leads to a contradiction.
In the case where 0 is an e.v.P. of f Ik and g{k}, we can apply Lemma 2.9 for
= 0, to get N(r, oo;/) = EW™*(r, 1; F.G). llence, proceeding as above in this case
also we arrive at a contradiction.
Subcase 1.2.2: Suppose 3= 0.
Suppose 00 is not an e.v.P. of / and g. Since f*k\ g share (0, A) and /, g share
(00, A2), it follows from Lemma 2.8 that 77.(r,0; f {k).g<k)) = 0 and 3v,(r,00; f. g) = 0.
Assuming that O is notan e.v.P of } {k and g(k), by Lemma 2.4 weget ) 0. Now,
consecutively using Lemmas 2.17 and 2.5 for A3 = 0. and Lemma 2.11 for k- = 0, we

can write

(3.6) nT(r,f{k) <37(r,oo;/)+37(r,-a—_" + N(r,oo0\g)+

17
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LLr. -a—  :97™) + 2N(r, 0:/<*>) + JIT.(r, O0; /<*>,g(k)) + N.(r, 00;/,9)-
7?

- (it,- 1) N.(rJ-F.G) + NL(r, L F) + S(r.} <™+ S(r,g<> < Af(r, -a - ;[ (fo))+

+7V(r, -0 — )+ 2*F(r,oc:/)+2 N. (r;1; 1 G) (*,-1) TV.(r, 1;F, G)+Af, (r, 1;F)+
+S(r./ (fco) + S(r, <<>) < 7V(r, - N(r,-a?-+£4M)-

-(k - 3)N.(r.1:F,G)+3VL(r, 1;F)+ Ty {tV(r.0;/ (fct+«) +7V(r,0;g™ +a)+
+N.(rA-,F.G)}+S(r,f*) +S(r,g") <2T +-— ———-T(r)+ - T™M(r,l;F)+

(r )p+S(r,i%) +5(r,g") (M)t o T+ = T EF)
+5(r./<») + S(,-»<>) < (2 + + L - Ao ) T(r) + SW
Therefore
*3 7> H -~"Tb T -WwWri11).mMm: ) L)rI>*

Since 4 > 3. the inequality (3.7) leads to a contradiction.

If 0 is an e.v.P. of f [ and g"k\ then with the help of Lemmas 2.17 and 2.11 for

= 0 and the above arguments, we arrive at a contradiction.

If oc is an e.v.P. of / and g. then proceeding as in Subcase 1.2.1, we can arrive at
a contradiction.

Case 2. Let d = 0. In this case the assertion of the theorem follows from Lemma

2.18. Theorem 1.1 is proved.
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l. Introduction

Let be aseparable Hilbert space with inner product A sequenceof
vectors In 'K is called a frame for K if there exist constants A and B (0 <

A < D < ~c).such that for all/ 6 K we have

(11) AllZlI2< f; I</,A>R<anpn 2

1
The constants A and B are called the lower and upper frame bounds, respectively. The

second inequality of the frame condition (1.1) is also known as the Bessel condition
{tk)kLi- If A = B, then {fk}kL\ is called a tight frame, and if A = B = 1, then

UkYkLi  called a normalized tight frame or Parseval frame. A sequence {fk)kL\ in

Hilbert space K is called a frame sequence in K if it is a frame for span{fk}%L{-

A bounded linear operator T defined by

T :f2(N) -> W, T{ca}u=, =Y, Ckh
k=1

Is called the synthesis operator of {/*}£1 . Also, a bounded linear operator S defined

by
00

- KA K, Sf = fik> fk
k=1

is called the frame operator of {A}£=i- It is easy to show that S = TT*, where T*

Is the adjoint operator of T.
20
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Two frames {fk}]?=i and are called dual frames for W if
00 ocC
[ = < /[.IK > %K > <I|,9% > 1kl forany / 6 IK
g = =i

The frame {/1-}" defined by ] = S 1/* is a dual frame of frame {/k}j* j. and is
called the canonical dual frame of {/*}£!|.

A Riesz basis for *K is a family of the form where IS an
orthonormal basis for 9 and A € B('.H) is an invertible operator. Every Riesz basis
for K is a frame for O . A sequence { / * } in the. Hilbert space *Kis called a Riesz
basic sequence in IK if it is a Riesz basis for the Hilbert space spanf/*}”~. For more
information concerning frames we refer to [2. 3, 11).

In 1959, R. Kadison and I. Singer [4] introduced the problem of extensions of pure
states.

Kadison-Singer Problem. Does every pure state on the (Abelian) von Neumann
algebra |'@of bounded diagonal operators on have a unique extension to a (pure)
state on B{( ), the von Neumann algebra of all bounded linear operators on the Hilbert
space £ ?

Recall that a state of von Neumann algebra A is a linear functional A on A with
A(/) = 1 and A(T) > 0 for all positive operators T £ A. A pure state of A is an
extreme point of the family of states of A.

For € R. consider the translation and modulation operators on  (Ne), which
are defined as (Tap)(:c) = g(x —a)t (Ebp){x) = ezZnibxg(x), Vj* € R, respectively. A
Gabor frame is a frame for (Ne) of the form {EmbTnag}mtn*z, where a.b > 0 and
g£ (No) is a fixed function.

Studying the Gabor frames, Il. Fiechtinger noted that all examples of Gabor frames
can be written as a finite union of Riesz basis sequence and so he suggested the
following conjecture:

Fiechtinger Conjecture. Every bounded frame can be written as a finite union of
Riesz basic sequences.

This conjecture is equivalent to the Kadison-Singer problem (see [7)), which lias
been solved recently by Marcus, Spielman and Srivastava [5|. Hence the Fiechtinger
conjecture is now a useful theorem in the frame theory.

Another conjecture that is equivalent to the Kadison-Singer problem is the Bouigain-

Tzafriri conjecture.
Bourgain-Tzafriri Conjecture. There is a universal constant ;/ > 0 so that for
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every ©> 1 there is a natural number r = r(©) satisfying: for any natural number n,
IJT :Cn —Cn is a linear operator with ||[I'|| < ©and |[l'e*|| = 1for allr= 1,2,
then there is a partition { } of {1.2,..., n} so that for allj = 1/2,...,r and all
choices of scalars wc “ave

HACJTCIH2 > i;™|ci|2.

t'€lj i£l]
In this paper, the proof of two conjectures (the Weaver conjecture KS- and the

Casazza-Tremain conjecture) in the infinite dimensional Hilbert spaces is given.

2. The conjecture KSr

The famous Kadison-Singer problem in C * algebra, posed on 1959, has been solved

recently by Marcus, Spielman and Srivastava [5]. In fact, in [5] was proved the Weaver
conjecture ' in the finite dimensional Hilbert space C f, d € N, which implies the
Kadison-Singer problem. Observe that the Kadison-Singer problem is also equivalent
to the Paving conjecture (see [1. 10]).
Paving Conjecture: For any > 0, thereisr = r(t) € N such that for every zero
diagonal operator T on Cn, n 6 N, there, exists a partition { of {1,2. such
that \P JJP I\ < e\\T\\ for all ] € {1,2..... n}. where Pjy is the orthogonal projection
onto {r,},€y and {elJJLj is the canonical orthonomial basis for C7L

N. Weaver |G using the equivalence of the Kadison-Singer problem and the Paving
conjecture suggested another equivalent Conjecture KSrr.

Conjecture KSr. Let. r £ N. There exist universal constants f > 2 and 0 > 0 such

that, the following holds. Let /1,/ , /m€ Cn with [|[4]|] < 1 and suppose
m

I /0 12- 77 f0l'aM * vectors / 6
k=1

Then there exists a partition {/j}J=1 of {1,2, ...,n} such that
Y I(/+fk) 2< *7- 0 for all unit vectors f € C" and all ] G{1,2,..., r}.
KEI]

Note that the constants 7 and 0 > 0 must be independent of n and m.

In fact, N. Weaver has proved the following theorem.

Theorem 2.1 ([G]). The Kadison-Singer problem has a positive solution if and only

if Conjecture K Sr is true for some r > 2.

Also, N. Weaver has indicated modifications in Conjecture KS7, which do not alter

its truth-value.
22
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Theorem 2.2 ((G)). If either or both of the following modifications is made to
Conjectui'e KSr, the resulting conjecture is equivalent to Conjecture KSr:

a) require 0 = 1: *

b) assume S5HIM=i I (/*/*) 2= dfor un” vectors f € C'l instead of

EfcLi I</, 1) 12 < V-

In |5]. A. Marcus, D. Spielman and N. Srivastava using the mixed characteristic
polynomials and the above theorem have established the following theorem, and hence

proved the Kadison-Singer problem.

Theorem 2.3 (|5]). There exist universal constants // > 2 and © > 0 such that the

following holds. Let /v/ , /m € C7 with Wl < 1 and suppose

m

1(/, fk) 2 =7 for all unit vectors f € Cri.
K=1

Then there exist a partition /b / of {1,2,...,n} such that

(/. fk) |2 < 71—O© for all unit vectors f € C" and all j = 1.2.
ktlj
It is easy to show that Theorem 2.3 remains true in the ca.se where C" is replaced
by any finite dimensional Hilbert space. To prove the Weaver Conjecture K  in the
infinite dimensional Hilbert spaces we need the following lemma (see [9|, Proposition

2.1).

Lemma 2.1. Fixr 6 N and assume for every natural number n we have a partition

{/"U-i of {1,2,...,n}. Then there are natural numbers {r2i < < ...} such that
|”J C /rfcfor allk > andi € {l,2,...,r}. Also, if = {j\j €/, } = {j\ < <
...}, then {/i}J=1 is a partition of N and C I"n for all mt N.

The proof of Weaver Conjecture KS2 in the infinite dimensional Hilbert spaces is

given in the next theorem.

Theorem 2.4. There exist universal constants 7 > 2 and 0 > 0 such that the

following holds. Let {/*}gi{ be a sequence in an infinite dimensional Hilbert space IK

with LUAL < 1 and suppose

€))
1(/, fk) 2=V fOr vectors f € IK
k=\
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Then thereexists a partition / ,/ of N such that

.0~ 1(/,4) |2< ?%—© for all unit vectors f £ Ki = 1,2.
*€/*

Proof. Lot # > £ and 6 > 0 be as in Theorem 2.3, and let (2.1) holds. Wo fix a unit

vector / € K and for any n € N consider the space Kn := span{fi,/ ,..../n,/}.
Then forall m€ N and for all 4€ with Uptl= 1. we have

E lo ) 2< D (, 1k R=v-
k=\ k=]

By Theorems 2.2 and 2.3, for any n € N there exists a partition /{*,1 of {!.2,.... /1}
such that

1(&./,) < 7- ©for all unit vectors g £ Knandi € {1,2}.

Next, by Lenmia 2.1. there exist natural numbers ii\ < < .. such that/ CI]'k

for all k > and r G {1.2}. Also, if = {j|j €/, } = {ji <jo < ..} then {/ }?-
Is a partition of Nand {\, ,..jm}C '3” forall rn 6 N.
Thus, for all m £ N we have
m
EK/Ja)l2< E I{/./In>2<y4y-8,
*=j Kely T
and hencc we get (2.2). Theorem 2.4 is proved. O

P. Casazza and J. Tremain suggested the following conjecture (see [7, Conjecture

8.2]).

Casazza-Tremain Conjecture. There exists an e > 0 so that for large K, for all

n and all equal norm Parseval frames {fi}?J\ for there, is aJ C {1,2,..., Kn) so

that both {/, }ieJ al/icf {f }ieJr have lower frame bounds which are greater than e.
The proof of the Casazza-Tremain Conjecture in the finite dimensional Hilbert

spaces can be found in [8|. The following theorem contains a proof of the Casazza-

Tremain Conjecture in the infinite dimensional Hilbert spaces.

Theorem 2.5. Let the constants // and O be as in Theorem 2. . Then every t]-tight
frame in the infinite dimensional Hilbert, space K with normalized elements can be

partitioned into two frames with frame bounds 0 and 1j.

Proof. Lot {fk}*=\ bo a 7-tight frame in the infinite dimensional Hilbert space K

with UALl < 1. Then by Theorem 2.4, there exists a partition of N such that
24
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(2.2) holds, and

)

v=FE/I n>R=E ! n)R+EIl (/.n) R<EIl <./oi2+* »e
fceli fc€/a [t

and hence £ fco/i 1(/, 1) [2> 0. Therefore

O< E K/L.MR<EI <-n>i2=Y4
kell A=1

Similar arguments can he used to show that

< J2\(f,fb)E<4.
x|

Theorem 2.5 is proved. O

Acknowledgment. We thank a referee for careful reading the paper and useful

comments which improved the paper.
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AnHoTauuna. B paboTe goKa3biBaeTCcqd TeopeMa O BOCCTAaHOB/IEHMU KoO3appuun-
eHTOB paga dpaHKAMHA NO ee CYMMe MpU HEKOTOPOM YCNOBUM HA MaXKOpaHTy
2*'-4aCTUYHbIX CYMM paga PpaHKIMHa.

MSC2010 number: 42C10: 42C25.

KntoueBble cnoBa: Cucrtema ®paHKINHA, €JMHCTBEHHOCTb;, -UHTEerpan.

l. Beegenune

N3 Teopun TPUTOHOMETPUYECKUX PALOB XOPOLLUO M3BECTHO, YTO M3 MOYTU BCHOAY CXO-
OANMOCTU TPUTOHOMETPUYECKOro pAfa K HY/N He cnefyeT, 4TO BCe KOIPPULMEHTbI
3TOro pdaga paBHbl Hynto (cm. 112]). Takada Xe cuTyaunma MMeeT MeCTO ANd APYrux
K/TaCCUYECKUX CUCTEM, Hanpumep ans pAaaoB HO cuctemam Xaapa, Yosnwa, ®paHKIN-
Ha.

B pa6oTax [1], |3| BnepBble 6bI/IN pacCMOTPEHbI BOMPOCblI e4UHCTBEHHOCTW ANA MNO-
YTW BCHOAY CXOAALLMXCA UM CYMMUPYIOLNXCA TPUTOHOMETPUYECKNX pAaoB. MOHAT-
HO, YUTO NMPWN 3TOM Obl/IN Ha/IOXEHbI AOMONMHUTENBbHbIE YC/IOBUA Ha PAL.

B pa6oTax |6], |7| mony4yeHbl TeOpeMbl BOCCTAHOB/AEHNN KOIPWPULMEHTOB PAAOB HO

cucteme dpaHK/INHA HO CyMMe psia NPy YC0OBUW YTO MaXopaHTa YacTUYHbIX CYMM

S"(i) yn0BNeTBOPSET YCOBUIO
lim inf Al{.r € [0,1]; 5*(x) > A} = 0.

[. . FeBOpKAHOM 5], n yacTHOCTK, OblN1a NOSIy4YeHa aHasiornyHasa TeopemMa s cuUcTe-
Mbl Xaapa. a B [9] bbl/la JOKa3aHa Teopema BOCCTAHOB/IEHUSA A1 PALOB MO CUCTEME
Xaapa ¢ Ma)kopaHToW yaoB/ieTBopstoLlen 6osiee cnabomy ycrioBuio.

OCHOBHOW Le/b0 3TON pPaboThbl ABMAETCA MOJIyYEHME TEOPEMbI A9 PAA0B MO CUCTe-

Me dpaHKNMHA Tuna Teopembl MosydeHHon B [9]. Ana popMynmMpoBKK MOMYUEHHbIX

1M ccnenoBaHna BbINOMIHEHLI Npu huHaHcoBoil noagepxke TKH MOH PA B pamKax Hay4yHOro
wrekra 15T 1A00G.
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pe3ynbTaToB AaAguM HEKOTOPble Heobxoaumble onpedenieHusA. Myctb N = 2K + I. rae
k>0ul<i<?2k. Obo3HaAuUYUM

npu O<j < 2
e, npn 2/+ 1<) </l

Uepe3 5T 0603HaUYMM NPOCTPAHCTBO PYHKLIMIA, HEMPEPbIBHbLIX U KYCOYHO JIMHENHbIX
Ha [0;1] ¢ ysnamu {~ }"=0, Te. / € Sn,ecm /| G C[();1] n nMHeHa Ha Kax-
nomMm oTpeske [sn.j-i;snj], j = 1,2,....n. AcHo, yTo diiiiS,, = + 1 1 MHOXecCTBO
{sTIi/}j=0 nonyyaetca nob6asneHnem ToUKM sn,2i-i K mHOXxectBy { - }'7). loaTo-
MYy, CYLLeCTBYeT eJMHCTBEHHAs!, C TOYHOCTbIO A0 3HaKa, PyHKuUKMa fn € Sn, KoTopas
optoroHanbHa 5,,  wu ||/ || = 1 Monaraa /0(x) = 1, /i(x) = \/3(2x - 1), x € [0; 1],
nony4ymm optoHopmupoBaHnyto cuctemy {/ (M)} ,}, KoTopasa skBMBaNIEHTHbIM 0b6pa-
30M onpegeneHa ®. dpaHkInHom [11].

PaccmoTtpum pag Y 12 o anfn{x). O6o3Haunm

2Il
av(x) := 0,/,,(X), ad(x) := SUI/E \<T»(X)\.
n=0
BBenem creaytouime ob6o3HauveHusa: 7 = , korpa 0 < j < 2", _ = =0 un
£,+ = . = 1L Monoknm A" = [V XV'+J gna 1< j < 2" nJIVJ(®™) = Sij npn
O0< 7< 2 v nuHenHa na [$£ 1?tE] npu 1< i < 21 anaj = 0,-—2". Yepe3s M 1(x)
0603Ha4YUM
= ? N (X)
Y{ ) o\ \ q +1 - :A y
AcHO, uTo suppMj = suppNj' = A; n
(1.1) ; Mij{x)dx = 1.
1o

Uepes \/I\ obo3Haunm mepy Jlebera mHoxecTBa Jl.
[MycTb cuctema pyHkumin {/fm(”)} yanoBneTBopseT CneayoLmm YyCrIoBUSAM.

®dyHKUuumM /i,,,(x) : [0, ] — R Takue, 4Tto

(1.2) 0< /i,(X) < h2(x) < < hm(x) < ..., = °°
M cywecTBYK T ABOMUYHBIE TOUKM 0 = tm,0 < AT.l < seee < AT TIT = rak,,e 4TO
MHTEepBanbl i>*m.fc)i A= 1,... ,r?m, fBONYHB, T.e.

W « €r} »fre©={["."] O<< W>0}.
N Ha 3TUX MHTepBanax QyHKuma /isn(x) noctoaHHa: liTt(x) = AN agna r€ ., A—
I» e oo W?Ne
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Kpome HODX BbINO/HEHbI C. iedytoilne gHa ycrioBUA:

(1.3) %P,H}',P hw (x)dx = Llrl’l;(I/ﬂAr > 0O
| .
a;: a;- \
(1-4) sup (’\\T o+ —. -J < +00.
K\ AK i i

NHade roeops, ana Kaxaom pyHkumm hm(x) nutepsan [0, 1] MOXXHO pa3gpobuTb Ha
NBOVYHbIE NHTEPBa/bl, HA KaXXAOM M3 KOTOPbIX 3Ta QYHKUNA NMPUHMUMAET 3Ha4YeHUd
3KBMBAJIEHTHbIEe 3HAYEHNAM Ha COCeAHUX MHTepBanax, a MHTerpasbl Mo 3TUM UHTEP-
BaslaM 060/1bllUe HEKOTOPOW MOMOXUTENNbHOW NMOCTOAHHOW.

OkasblBaeTtcd, (CM. fieMmy 2.2) 4TO ecnn pyHKUUKM hm yaoBNeTBOPAOT YCNOBUAM
(1.2)-(1.1), TO MOXHO Bbl6paTb HOBblE ABONYHbIE NHTepBasbl TaK 4YTO BMecTe C

ycnosuamn (1.3), (1.4) yaoBneTBopsAnoChb 6bl YC/0BHO

(1'H) (iiTi+TIr) " +oc

Tenepb Mbl B COCTOSIHUN CHOPMYNMPOBATb OCHOBHOW pe3y/sibTaT CTaTbMu.

Teopema 1.1. TlycTb nocnegosaTenbHOCTb PYHKUMM hm(X) yaosneTBOpAeT
ycnosuam (1.2) (1.4), nocnenoBaTe/NbHOCTb ON — 0 CXOAMTCH TIO Mepc
K pyHKunm f . a Mma>kopaHTa a* 4yaCTUUYHbLIX CYMM 0,, YOOBNeTBOPAET chedyrowemy

YCNOBUIO:
(1.G) lim | hm(x)dx = O.
Torga ana scex n > 0 UMeT, MECTO
(1.7) a, = T"Tocan [f(x)]h () f,.(x)dx,
afe
A*). ) < AKX)
O /()] > X(x).
2. BcnomorartenbHble nemMmMbl.

[Ona nokasaTesnibCTBa TeopeMbl 1.1 HamM MOHaA06ATCA cnefyrUine ABE JIEMMb.

JTemma 2.1. MycTb 0 = < \<...<f£,, = 1nh(x) = A Korga x 6 Ik =
[ 1*tk) n 1k € 'D drah=1,.... n. bonee Toro 7 > OTakasa 4To
(21) - < <7, anak=1,...,4—1.

I +\
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Torga cyulecTBYOT TOYkM O = < < .. < = 1. TakuMe 4TO MHTepBany
U = [ik-1,*1) € D,/ = 1,...,*, QyHkuma li Ha 3TUX MHTepBanax NoOCTOAHHAA:

li(x) = J¥ gpha X£ yl=1__ Kpome ToOro

(22) —<4n <27
2> 1/1+1l
(2.3) - < <7, pnal = - L
N A+L
(2.4) mill / hrn(x)dx = min7 h m(x)dx > 0.
1, <J*

N3 nemmbl 2.1 nerko BbIBECTU CNeayloLLyo JIEMMY.

NNemma 2.2. TlycTb yHKUumn liin(x) ypgosneTsopAwT ycnosuam (1.2)-(1. ).
TOorga CywecTBYT ABOMYHble TOYkM O = Two < Tm\ < ... < tm”™m = 1 Takue,
4yTO MHTepsBanbl M = [6r A-\/1T,K) € NBOWYHbIEe AnA BCex K = 1,...,HT U «a
3TUX MHTepBanax yHkuma HT(x) nocTtosaHHada: hm(x) = Al" gaa x € /E', [c =
1,...,n1, n ycnosua (1.3), (1-4)} a Tak>ke (1.5) yaoBneTBOPEHblI A1 WHTEPBANOB

| 1 3HadyeHum A

3amevaHune 2.1. W3 ne-mmbl 2.2 cnefyeT. YTO Npu AoKa3aTe/NbCTBEe TEOpeMbl

1.1 Mbl MO>XEM cunTaThb, 4YTO ycnosue (1.5) Tak>e BbINONHEHO.

Noka3zaTenbcTBO fieMmMbl 2.1. Tonoxum ¢ = Tinb Jf hm(x)dx = rmin™Anl/nl

M NycTb 1 < KO < , Takoe 4to Aay|/*0| = c. 13 onpedeneHnsa ¢ cnefgyeTt 4To And

KaXgoroi. Ko + 1< 1< n- Ko cyuwecTtByeT uesnoe i > 0 Takoe, 4To
(25) 2"'c < Attilfol < 2'1+c.
OTtmeTuM, 4uTo No = 0. INonoxxum
ti,j = <5,+-1+ 7 j, Anaj = o0,.-. -2",
%] = By WA= Agnaj = ...,2 ,

CnepoBaTenlbHO, MEeM

(2.6) f hmx)dx = c< [ lim(x)dx = Xij\lij\ < 2r.

N3 onpenenenna c, /t)j, (2.5) n (2.1) cneayet, 4To

A=\ V< Bl Kok -
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aHa/1I0f'M4HO, MOoJsiydaem

Ajl =\ \ > [----- N JT e = ATIN 12 |

IA) KO+ 7*k(]+| 1 ’\;
[MocnegHWe ABa HepaBeHCTBa 0O3Ha4yalT, YTO COOTHOLUEHUE ANNMH MHTepBasioB C
00LWKMM KOHLUOM He 60siee yem 27. lNepeHymepoBaB uUHTepBasbl {Ij\— + 1 < i <

—KoJ1 < j < 2} B nopAAKe BOo3pacTaHMA NeBOro KoHua MnoslyynMmM WHTepBaslbl
I[l. =1 S5IT=40n 2Ik*KoTOpbIE YA0BAETBOPAIT yC/10BUIO (2.2). PaBeHCTBO (2.4)
cneayet u3 (2.6). N3 onpeaeneHna 7/ cneayet, 4Tto liT NOCTOSAHHA Ha KaXaom Y/, u
ecnm 0603HaYNTb COOTBETCTBYHOULME 3HAUeHUA yepe3 A/, To 3 (2.1) nonyumm (2.3),

= = N
TaK KaK ]-V4_ 1 nnun CYLLI,eCTByeT TaKOe K, 4YTO BfC‘l'l

3. [ okasaTtenbcTtBOo Teopembl 1.1.

Npn foKa3aTenbCTBE Mbl 6ygeM B OCHOBHOM MPUMEHATb MeToAbl pa6oTt 8| u |9].

JlocTaToOYHO JOoKa3aTb, UTO AN NOObIX VO%0 MMEET MeCTO C/eaytoLlee COOTHOLLEHME

(3.1) K,,J1/£)= tA!HOﬂ/(X)]ﬂra(X)M £(x)ir,

[enctBuTtenbHo. ansa nwoboro n > 0 cywecTByeT Lenoe K TakKoe, YTo N < 2K, Cne-
noaTtenbHo /n 6 . MO3TOMY CYLWecTBYT uyucna o,, r = Q...,2A Takue, 4To

/,, = 51 =0 J/4, oTkyaa, npumeHasa (3.1), nonyvmm

| 2k \ 2* 2k -1
al = X! Ja =51 Mi) = a»n)“r [ [/(x)]i...(x)MAON)AX
\»=0 / i=0 1=0
J * J
= lim [ [f)]hrti{T)*OLiM {x)dx = lim [ [f(x)]htn{x)f n(x)dx.
m-¥o0alQ m-»00 7 ()

N3 ycnosun (1.4) n (1.5) BbITekaeT, uTo cywectByeT 7 > 0 Takas, 4yTo

AT Yis
(3.2) A< AN, <TAT w iii <|/F+ii<7]/0 -

O603Haumm c» = IinfT,kf,.n hm(x)dx = IinfmA Afc'Uri n
(3.3) Em={x 6 suppMj'0;a*(x) > /im(x)} .

3agukcmpyem /'o../o n 5 < N/ (167). 13 (1.6) cnenyeT, UTO CyUleCTBYeT TO TaKOoe.

YTO IHA T > TO UMEEeT MeCTO
(3.4) [ hm(x)dX < e,
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Tak kak (liT(x)) ] -> 0. v ona kaxpgoro .1 nocneposatenbHocTb (liT(X))~1 yobl-
Batowlaa, cnegosatenibHO (/iw(x-))1 =3 0 Ha [0,1], noaToMy Aana Kaxaoro A/ cyule-
CTBYeT mi Takoe yTo anda mm > %y nmeem hm(x) > M ana nwbéoro x  [0,1]. B3sas

Al = 2"<1ne, otctoga v 13 (3.4) nonyymm, 4to Ana T > Tax(mu.wi) =: NMeeT
MeCTO

M\ET\ < [ hm(x)dx<¥€)

JEm

OTKyga nonyyum gnsa T > crnefyrollee HePaBEHCTBO
(3.5) \ET\< - = |71|, ana nwbéoro A € V un,
rae

i i+ 1 (<i< 2 i

: < /< 2" - _

o ]
3apukcupyem T > . [JoKaXem, 4To

I/ ml
(3.6) IE,,, MI™I< — ansa nw6orok = 1, — nT.

O

B npoTUBHOM cny4yae cyLlecTBYeT Ko, Takoe yto \ET N /E" > |/£*|/8, oTKyaa nony-

Yaem

ro< AfUN| < BAEIETN/E| <8 f hw(X)dx <Ss< €0,
b
T.e. NPULAN K NPOTUBOPEUMIO.

Ana nwbéoro ./ GD, KOTOpbIM MOXHO npeacTaBuUTb B BUAE 06beagnHeHna uJ=//£\

n3 (3.6) oygem umetb |[J  ET\= W=/ KI #m| <2 3W=/KIT =2 VI» Te-

(3.7) 1J | <gna nwoboroJ = =11 6 'D.
O
FACHO, 4TO
(3.8) ecim ./ €'Dn.ilD1 , -ra./=uj=4" gna HEKOTOPbIX | < KO< | H

Ansa iy > i/o 0603Ha4YUM
= {/1:Ae bvuA CsuppAl/jo}.

MycTb Vi-HauMeHblLee HaTypasbHOe YUCN0 A1 KOTOPOro cyllecTByeT UHTepBan J1 e

yaosnetrsopsawowmin ycrnosuwo |A ET\ > |N1- (3 cneagyer, 4TO > 0\,
Ternepb A8 v > VO N0 MHAYKUWWA OMnpeaesiumMm CeMencTaa m I*. Ona v = vo
MOMOXKNM

N = (A€0y :\A ET\> \A\), Qua= U A,
I J AET T
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{ {, 4r (.} Pw= U ]l

neni0
N3 Toro, uto v\ > W. cneayet, 4to (?,,,, = Hun
(39 ,0 =SUPPME.
Jlonyckasi, 4To onpeneneHbl , nQumna // < /In onpepenum cemenctea I* n
Q* cneayoLmMm o06pasom:
(3.10) ni=|nen,,:|MNET|> M1 v At (3 Q1.
I 1/'O J

Qu= U /I, *=1A6M,:1t (J

4 €ftJ, Vv

MNonoxum Takxe P,, = U.icH*  Bebline onpeaeneHHble cemenctea 2], ill n mHoXe-
cTBa Q,,, P,, obnapgatoT cneay rowmmm ceoncteamu: Qj, C fi'd C I,
(3.11) SuppA/jj = p,,(J J q» ) . fU Q%)
\Wv'<v ] e
n
(3.12) Qv Q,n=0. ecnm y'/ iJl

N3 (3/10) u (3.12) cneayeTt, 4To

(3.13) (J Qu, < 8|Em| ana nwoboro /.

W <v

Tenepb AOKaXKEM, UTO

(3.14) ann Kaxkgoro J1€ M~/ > /ly cywectByetr A Takoe yto A C /™,

B npoTuBHOM C/y4yae CyLlecTBOBasio Obl KO Takon 4Tto A J /™, cnegoBaTesibHO U3
(3.8) nonyumm, uto A = U ans HekotopbiXx | < ko < j. CnegoBaTtesibHO U3

(3.7) nonyuum |1 £,,,| < 2 3|/1|, 4To NnpoTmnBOpeUnT ycnosuio J1 €
O6o3Haynm (HanomHum, Yyto A1l = (1 ))

(3.15) Ju={: " Qu 0w A4; CP,, I}.
[ OoKaXeM, 4To

(3/16) Wu(x)\ < 2hm(x) pna X € Ay, j € J,,
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MycTb /1 Ta nonoBuHkKa [', KoTopad npuHagneXut n*. Torga, npumeHss (3.14),

nonydumm mic) A C /"' ana HekoTtoporo /. [loKkaxem, 4To
(3.17) A) Cip Ulwirana k =1- 1w /.

MpeanonoXXmum NPoTUBOMNOJIOXKHOE: paccMoTpum cnydail A™ 3 //E, (aHanormnyHo pac-
cmaTpuBaetcsa cnyyanm A 3 //U1). 3ameTtum, uto u3 (3.2) cneagyet 2\A\ = |0 >
/™M1 > |/,m|/7, oTKyaa nony4um

< UMKI1I<2W\AWX[" < 16 | ETWn< 167 [ hm(X<r. < \dle <

|En,
YTO HEBO3MOXXHO. -

Mycte O] n 472 cooTBETCTBEHHO fieBas U NpaBasd NOJIOBUHKN UHTepBana A ™. U3
(3.17) cnepyet, uTto cywectBytoT / ,/ Takume, uto Ai C I™ un N2 C FAcHO, uTO

|/l —/ | < 1. CnepoBaTtenbHO
(3.18) AT(a) = A7 gnax € AjJ = 1,2.

Tak kak A\. - C A C Pn \ (HanoMHuwm, 4uTtoj € J,,), cfiefoBaTe/IbHO CYLLECTBYIOT

oi, 02 € lTak yto 4* C O* C P,,-i gna i1 — 1,2, oTKyaa noayvum

(3.19) a4, £,

<4, £,

< ana *= 1,2,

Nokaxem (3.16) ona x € Ai- HepaBeHcTBO (3.16) ana x € [12 nokasbiBaeTca aHaso-

MTMMYHo.

Y4yutbiBas NIMHENHOCTb yHKUMKM av Ha [i = [a,/9], nony4ynm, 4TO MHOXXECTBO
1:={ e i :MOI < n/'™}

AaBnaeTca uHtepsanom. M3 (3.18) n (3.19) cneayet, 4To

(3.20) /| ={Fe i:MOI <MOJM >lIni EKn >||4il-
[MosaTOMy, MPUHMMAasA BO BHMMaHME NMHENHOCTb PYHKUMK ou 1 (3.19), nonyuum
o\T n XT
(3.21) | (01 < = 3
C yuetom (3.20) nonyymm, 4TO TOoUKa a yaaneHa ot | =:[a:b]MeHblle yem I—.

CnepoBatenbHo, 13 (3.21) nonyymm

\Io,,/(a)\{ <>\Jﬁ'+| 8 __\x [ J _O< OVﬂZ—

AHanornyHo nosnydaetcsd, 4to \ (@\ < 2A]'l OTciofa M3 NIMHENHOCTURYHKLINN
on Ha [a; /i), npumeHasa (3.18), nonydum, yto I&AOI < 2A»n(0> * € [a>\1

HepaBeHCcTBO (3.16) A0Ka3aHO.
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AHanorMyHo HepaseHcTBY (3.10) gOoKa3bIiBaeTCA, UTO
(3.22) <Nl < 2hm(x) gna x € A'- C P,,.

Tenepb HO MHAYKUWW onpefeninMm pasnoxxeHua dn ana J1/2°, ynosneTBopsoLlmne ycno-

BUAM. o

(32 ME=dn= E QM
>:Oychi

(324) EE<>+ E a'=1- q'' e

Tak Kak PW = suppA/j™ ecm. (3.9)). nosatomy nonoxkum OW) = A/ OyesmngHo WO
yaoBnieTBopsAeT ycnosuam (3.23) n (3.24).
[lonyckasa, 4To onpeaesieHo M, yaosnetrsopatoulee ycnosuam (3.23). (3.24). onpe-

aenum n+1- Ana j. ¢ ycnosuem A'e C PI1 nmeem

+1

(3.25) |\/|"(X) = E Mj(t"+)NE+I[x) = Y. C >0
v=0 v:0::+,C3uppll/;

3ameTum, uto ecim A" C P,, n A”+1 C suppMj* = A'L 1o nn6o A”+1nQn+i ~ 0, n

noatomy v B J1,,+b nn6o AJl 1 C Pn+\e CnegoBatenibHO, noactaesnsas (3.25) B (3.23),

N TpynNnNupysi NoAo6Hble YreHbl (0AHO 1 ToxXe AJl+1 MOXET BXOAUTb B pasHble CyMMb

(3.25)), nonyuunm

3D ... =E . . ... E «YBt

«/<n+l J€J- >: 1+ 1CIMn+i
HeoTpuuaTtenibHOCTb KoapgpuuymeHToB a”’j 1,a"" +1 B (3.2G) cneayeT U3 HeoTpuLUaTeNb-
HOCTU KO3(hpumumeHToB B (3.25) U1 (3.23). YunTbiBas, YTO MHTErpasibl OT BCEX PYHK-
unin AJj paBHbl eanHuue (cm. (1.1)), u3 (3.26) nonyumm
E E + E °Il=1

*< + jed,, >:0;+,c/In+H

NTak, AoKasann BO3MOXHOCTb npeactaBneHna (3.23), ¢ KoadhpuumeHTamu (3.24).

CnepoBaTesibHO, ANst N11060ro N MMeem

(327 K.")=e E o -»mi)+ E d),
i:Ayc/l.
Otmetum, utoecm il < i/ < wup> 2" 710 (/,,. Al'") = 0. MNoatomy

(329 K, n;)=E MIbM/IN=E TP mi) = (<~

p=0 p=0
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CnepoBaTefibHO, C y4eToM (3.27), Nony4yum

Ko./1'C) T\n,A»Ww :Ne = (9n,m£) {N,,,,,M;;;)
(329) = E E < (» N ,, m;)+ £ a" K-]|
i'<snj€Ju j:A”CP»

CHayvana ouenum 1 . N3 (3.28) n (3.1G) cnenyet

H=IEE - (Vi <E E <M+ AF)

i/<nj€l,, i'<uj€d,,
<3E EM1=3ME E <imi
1/<Nj€I»/ i/<n j€J|/
N3 (3.23) n (3.24) BbiTeKaeT, UTo 2 < j] g"JM' < M"° cnepgoBaTenbHO
(3.30) \\ <3| h,n(t)M ;:m .
Jn wpa;

BeBenem cnegytouime 0603HaYEHUS:

={jed,: s.t. n; CJ/E}> T=
N=UuUu/. .uupmg
v<njeli JEJ]

[MoaTtomy, npumeHaa (3.30), nonyyumm

11" < 3 , No  :Ne +

(3.31) .

N3 (3.17) cneanyeT, 4To ana Kaxgoroj € JPcyuwectByetr ATakoe, Yto J1' C /["'U /" p

a u3 onpegeneHns Q,,, 21 nonyuymm, U4To ANS KaXKJ0oro AcyulecTByeT He 60siee 0fHOl

napbl (i'(k),j(k)) ana kotopon j{k) 6 mnpags} CC U/A.,. CnenoBaTe/ibHO 1?

(3.2) nonyunm

/14
JV<EMP+AVy)ig:ihi < (7+1E A lgnY F

TaKXXe 3aMeTUM, UTo U3 onpegeneHns Qu cneayet

inAn < Lo nCiyl<qu ~ 7 nrey
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O6beanHAA nocseiHne AHa HepaBeHCTBa C (3.2) noayyum
[ > \
\E-N unr +EAUK ™M
o IS<1 . k— UL )

I,
(3.32) - 27+ 1 Y Q> N =:2(7+1)2/*

k=1 v<n

Bocnonb3oBaBwuch (3.14) v onpegeneHnem Qu ansg /;| nonyymum cnegyrollyro OUeHKY

M,

(3.33) ETN Q' It <

k=1 n<ri

HT

<8]rF A"|B,, /F1=8/ ft,(t)dt < 85.

OueHum Ifr Ona j £ J,1 nveem C /£’ npn HEKOTOPOM K. OTKYyja
|I4;] < 21* M Qu|, noatomy [N, M/ < 2| 3 QY /E*|. N3 nocnepHeli OLEHKY

I"< n

BbITEKAET

i
M hmdt= Y, A'U» T <2£ a? U 0, Jr - 205
] L ? A=1 /.:1 '<

O6beamHan nocnegHee HepaBeHCTBO € (3.31) (3.33) nonyyum

(3.34) /4| <
Mepengem K oueHuBaHuio /I N3 (3.23) n (3.24) BbITEKAET, 4YTO ajMj <
, C/lefloBaTe/IbHO
Itfl < ( K - [/]fcj. E <*iIW< [ Wn(t)-[f(t)}h,n(HD\-M% (t)dt
j.AfCPn y n°
(3.35) <cl

Beenem cnegytollee 0603HavYeHUs

C,= (J O* Em, D,= (J [O* ££, (t;:M*)-/(<)!<*}
j:A"C A, i:A"Cn,
Fn = 1J  O» {KMO J[«)I>E}.
j.AACPn
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AcHo, uto C,,UDu\jFn = (J 4", aTtakxe \f(t)\ < hm(t) gha n.e. x £ DAUFn C
Y-b'CIn

EtT , uTo BMecTe ¢ HepaBeHCTBOM (3.35) gaeT OLEHKY

Wnm<c([ MO -[/(/)],+ [ I<r(0 /(t)|dt+ [ \an(t) - AOWU

(3-30) = ( +T,+ /«).

ana € Cnin (3.22) nmeem [<T1,,(0 [/(O)h,,,()] < MO I + I[/(«XK,, (0l ~ W m(t),
OTKYyAa Mosiyynm

(3.37) <3[ hm()dt <3 ][ hin(t)dt < 3e.
L ) Jvm

N3 onpegeneHna mHoxectsa D,, cnegyet, 4to [cm(0 ~/(01 < £ AAna / € Dn, noatomy

(3 38) <[ £ <E.

Jdn

Tak KaK  CXOAW TCs N0 Mepe K /. cneaoBaTeflbHO CYLLECTBYET TaKoe  4To

WEWN () MA>e RS o iffih) L £ (0,1])

OTcloga, npuHnmaa Bo BHMMaHue, 4to \an{t) - /(01 < Wn(t)\ + \f(t)\ < 2hm(t) gn4a

ne. € Fn C nosiyuynm

(3.39) < [ 2hm(t)dt < 2Tax{hm(t);1 6 [0,1]} *|{*; () /(01 > "} < 2e.
JFEn

N3 HepaBeHCTB (3.36)-(3.39) cnepyet, uTto |/*| < 6r, KoTopoe BMecTe ¢ (3.29), (3.31)

B/IeYeT 3a cobom

IKo.AC)- | [/O]

*,(1)M «;Ne\<c Ye.

PaBeHCcTBO (3.1), 1 BMecTe C HAM U TeopeMa [oKa3aHbl.
PaboTa 6blsia BbinonHeHa sietom 2016 . BO BpeMs BM3UTa aBTopa B BOCTOHCKUM
YHusepcutet, CLLUA. ABTOp 6narogapeH pakynbTety Matematnku m CTaTUCTUKMU

BOCTOHCKOro YHMBEPCUTET 3a rOCTENPUMMCTBO U XOPOLLINE YCNOBUSA AN paboThbl.

Abstract. In this paper we prove a theorem on restoration of coefficients of Franklin

series by means of its sum under some condition on 2'"-majorant of partial sums of

the series.
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RESULTS ON UNIQUENESS OF ENTIRE FUNCTIONS WHOSE
DIFFERENCE POLYNOMIALS SHARE A POLYNOMIAL
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Abstract. In this paper, we use the concept, of weighted sharing of values to investigate

the uniqueness results when two difference polynomials of entire functions share a nonzero
polynomial or a small function with a finite weight. We also investigate the situation when
the original functions share the value 0 CM (counting multiplicities). The obtained results

improve some recent related results of X. Li et al. (Ann. Polon. Math, 102 (2011), 111-127)
and that of W. Li et al. |Bull. Malay. Math. Sci. Soc., 39 (2016). 499 - 515|.

MSC2010 numbers: 30D35, 39A10.
Keywords: uniqueness; entire function; difference polynomial; weighted sharing.

1. Introduction. Definitions and results

in this paper, a meromorphic function means meromorphic in the complex plane.
We adopt the standard notation of Nevanlinnas value distribution theory of meromor-
phic functions as presented in [9], [12] and [23). By letter E we denote any set
of positive real numbers of finite linear measure, not necessarily lhe same at each
occurrence. For a nonconstant meromorphic function h. we denote by T(r.h) the
Nevanlinna characteristic function of h and by S(rji) any quantity satisfying the
relation S(r,h) = o{T(ry/1)}, r -4 0o, r &E.

Let / and g be two nonconstant meromorphic functions and let a € C U {oo}. If
zeros of / - a and g - a coincide in location and multiplicity, then we say that ) and
g share the value a CM (counting multiplicities). On the other hand, if zeros of / a
and g - a coincide only in their location, then we say that / and g share the value a
IM (ignoring multiplicities). A meromorphic function a is called a small function with
respect to / if T(r,a) = 5(r,/). Throughout the paper, we denote by p(f) the order
of / (see [9], [12|, [23)). We define the difference operators N1,;/( ) = f(z 4 v) - /(:)
and Alj/(z) = ~| (&i,f(z))y where 1j is a nonzero complex number and n > 2
IS an integer. In the special case where /; = 1, we use the usual difference notation

Ad(z) = Af(z2).
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A number of papers has been devoted to the uniqueness of entire and meroinorphic
functions whose differential polynomials share certain values or fixed points (see [5].
16]. [16]. [19). [20], |22|, and references therein). Recently the value distribution in
difference analogue ha* become a subject of gfeat interest among the researchers.
For instance, llalburd and Korhonen [7] established a version of Nevanlinna theory
based on difference operators. The difference logarithmic derivative lemma, given by
Halburd and Korhonen [8) in 2006, and by Chiang and Feng [4| in 2008. plays an
important role in the study of difference analogues of Nevanlinna theory. With the
development of difference analogue of Nevanlinna theory, the researchers concentrated
their attention to the distribution of zeros of different types of difference polynomials

and obtained the corresponding uniqueness results.

Theorem A. (see /1M) Letf be a transcendental entire function offinite order, and
let ) O be any complex constant. Then for n > 2 the function fn(z)f(z +i]) assumes

evenj nonzero value a € C infinitely often.

Example 1.1 ([13)). Let f(z) = 1+ez. Then the function f(z)f(z + ni) —1= —e2r

has no zeros, showing that Theorem A does not hold ifn = 1.

Example 1.2 ([17]). Let f(z) = e~H. Then f2(z)f(z + 7)) —2 = —1 and p(f) = 00,
where // is the solution of equation e = - 2. Evidently, the function f 2(z)f(z + r/) —2

has no zeros, showing that Theorem A does not hold if / is of infinite order.

Theorem B. (see /18/) Let f and g be two transcendental entire functions offinite
order. Leti) 0 be a complex constant and let n > G be an integer. If f I(z)f(z -I-?)

and gu(z)g(z 4 17) share 1 CM, then cither fg = t\ orf = for some constants t\
and  satisfying t"41 = £ +1 = 1.

Theorem C. (see /1Y/) Let f be a transcendental entire function offinite order, and
let // be a nonzero complex constant. Thenforn > 2 the function f n(z)f(z+7]) —Po(2)

has infinitely many zeros, where Po(z) 0 is any polynomial.

Example 1.3 ([17]). Let f(z) = e"e*. Then fn(z)f(z + i]) - PO(z) = 1 PO(z) and
( ) = oc, where // is a nonzero constant satisfying e/ = —n, Pg{z) is a nonconstant
polynomial, and n is a positive integer. Evidently, the function /" (z)f(z + //) —Po(r)
has finitely many zeros, showing that the condition p(f) < 00 in Theorem C is
nccessanj.

Now the following question arises naturally.
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Question 1. Is there any uniqueness result corresponding to Theorem C ?

Theorem D. (see /lit/) Let f and g be two dishnet transcendental entire function*
of finite order, and let PO 0 be a polynomial. Suppose that // is a nonzero complex
constant and n > 4 is an integer such that 2deg(PQ < n 4- 1. Also, suppose that
fy(z)f(z+ 7) # P)(z) wnd gu(z)g(z 4- r]) —Po(z) share 0 CM. Then the following
assertions hold.

(0 n > 1 and fn(z)f(z + i1j)/Po(z) is a Mobius transformation of g”’(z)g(z 4
V)/Pqg{z), then either

(i) f = tg. where 1 is a constant satisfying tn 1= 1, or

(i) f = and g = te ®. where Pq reduces to a nonzero constant c. t is a constant
such that /',+1= c2. and Q is a nonconstant polynomial.

(1) If > 6, then I(i) or I(ii) holds.

Theorem E. (see /loj) Let f and g be two transcendental entire functions of finite
order, and let ct { 0, oc) be a meromorphie function such that p(n) < p(f). Suppose
that 11 is a nonzero complex number, and n and m are positive integers satisfying
n>m+6.1ffn(z)(fm{z) 1)f{z +1ij) andgn{z)(g n{z) 1)g(z +ii) share a{z) CM.

then f = ty. where t is a constant such that t,n = 1.

Let P(z) = anzu 4-a,, izn~| 4-... 4- ao be a nonzero polynomial, where au 0,
an-x,...,d()are complex constants. Define I'i := mi- and I = mu+ 2 .. where
ni[ is the number of simple zeros of P and Is the number of multiple zeros of P.
Throughout the paper we use the notation d = gcd(Ao, Aj,A,»), where A = n4 1
ifm=0and A=1i141ifa, O.

Theorem F. (see /21/) Letf be a transcendental entire function offinite order and
I] be a fixed nonzero complex constant. Then for n > m the function P{f(z))f(z +
q) —a(”) = 0 has infinitely many solutions, where a 0 is a small function with

respect to f. and rn is the number of distinct zeros of P.

Theorem G. (see [21)) Let f and g be two transcendental entire functions of finite
order, // be a nonzero complex constant, andn > 21' + 1 be an integer. If P(f(z))f(z4
rj) and P(g(z))g(z 4 //) share 1 CM, then one of the following cases hold:

(1) f = tg, where td = 1;

(1) f andg satisfy the algebraic equation /?(/,</) = 0. where R(w\, w2) = P(WwW.I)wi(:4

) - P{w2)w2(z 4-r/);
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(Hi) f = ett. § = ce, where a and . are two polynomials anda + &= ¢, and e is a

constant satisfying «Ee*n+1'c = 1.

Example 1.4. (see [21)) LVAtP(z) = (z - 1)B(r4 I)(Un, f(z) = sins, g(z) = cosr
and = 2n. It iseasy to see thatn > 2I' + land P(f{z))f(z +tj)) = P(g(z))g(z + ).
Therefore P(/(*))/(~+77?) and /J(f(2))<7(~+ 7) share 1CM. It is also clear that though
f and y satisfy R(f,g) = 0, where R(w\, ) =P(wi)wi(z+7)— ( ) ) ( + 7,

we have / ™ /</ for a constant / satisfying tm = 1, where m €

Note that the functions / and y in Example 1.4 do not share 0 CM, and the

following question arises naturally.

Question 2. What can be said about f and vy, if f and g shave 0 CM in Theorem
G?

Theorem H. (see ) Let f, y be two transcendental entire functions of finite
order such that f and y share 0 CM. Suppose that Pg 0 is a polynomial,  is a
nonzero complex constant, and is an integer such that deg(Po) < n + 1. Assume
that P(f(z))f(z 4-n) - PO atid P(y(z))g(z + /) - Pgshare 0 CM. Ifn > 21+ 1 and
P(f(z))f(z + 1y) is a Mobius transformation of P{g(z))g(z + ). orifn > 2I + 1
then one of the following two cases hold:

() f = ty, where td = 1;

(i) f = e'\'y = te~a, where Py reduces to a nonzero constant ¢, t is a constant such

that /" +1 = c2? and a is a nonconstant polynomial.

Regarding Theorems I). E and H. it is natural to ask the following question which

Is the motivation of the present paper.

Question 3. Is it possible in some way to relax the nature of sharing in Theorems
D. E and H?

|11 this paper, our aim is to find out the possible answer to Question 3. We will
prove three theorems which improves Theorems D, E and Il by relaxing the nature
of sharing. To state the main results, we need the following definition of weighted

sharing which measures how close a shared value is to being shared CM or to being
shared IM.

Definition 1.1 ((10)). Let k be a nonnegative integer or infinity. For 0 € CU {00}
we denote by E*(a: f) the set of all a-points of f where an a-point, of multiplicity m
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IS counted m times ifm <k and k4 1times ifm > k. If Ek(a;/) = Ek{a\g)f then
we say that f and g share Ihe value a with weight k.

This definition implies that if / and g share a value a with weight k. then -0 is
an a-point of / with multiplicily m < «k if and only if it is an a-point of g with
multiplicity m < k, and IS an a-point of / with multiplicity m > k if and only if it
Is an a-point of g with multiplicity n > k, where m is not necessarily equal to n.

We write /. g share (a, k) to mean that / and g share the value a with weight k.
It i1s clear that if /, g share (a. k), then /, g share (a,/)) for any integer p. 0 < p < k.
Also, note that /. g share the value a IM or CM if and only if /. g share (a,0) or
(a,00), respectively.

Remarkl.l. Let a € CU {oo} and A bo a nonnegativc integer orinfinity. Let
a; /. g) denote the reduced counting function of those a-points of /whose
multiplicities arc equal to that of the corresponding a-points of g, and both of their
multiplicities are not greater than k. Also, let A™Md(r,a.f,g) denote the reduccd
counting function of those a-points of / which are a-points of g, and both of their

multiplicities are not less than k. If

N(r,a\f |< k) - N k){r,a\f,g) = S(r./),
N(r.a\g < K) - NK)(r.a:f.g) = S{r.g),
N(r,a;/ |> k+ 1) - N°(k+X(r,a;f,g) = S(r,f),

N(r,a\g |[> k+ 1) AMctl(r,a.f,g) = S(r,q),
or if Kk = 0 and

IV(r.a;/) -7VO0(r?a;/.p) = 5(r./),

N(r,a\g) - No(na;/,</) = S(r,<;)5

then we say that / and <share “(a, fc)\

Now we are ready to state our main results.

Theorem 1.1. Letf and g be two distinct tmnscendental entire ctions of finite

order, and let P{)( 0) be a polynomial Suppose that i] is a nonzero complex constant

and r? > 4 is an integer such that 2dcg(Pi)) < n+1. Suppose that f T(z)f(z +1)) —Po(¥I

andgfi(z)g(z+v) Po(z) share. (0.2). Ifn> 4 and fn(z)f(z +v)/Pu(z) ia a Mobius
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transformation of gn(z)g(z + i])/Po(z), or if 1 > 0, then one of the following two
cases hold:

(1) f = tg, where 1 i1s a constant satisfying £*1= 1,

(i) f —(('andy —U c¢. where Pq reduces lo a no'nzero constant c, t is a constant
such that fn M = ¢2, and Q is a nonconstant polynomial.

Theorem 1.2. Let f and g be two transcendental entire functions of finite order,
and let a ( 0. oo) be a meromorphic Junction such that p(a) < p(f). Suppose that //
IS @ nonzero complex number, and n and m arc positive integers such thatn > m + 6.
NWri () ()- Df(z+ n)an(i <“(-)('"m(z) 1)g(z + Tj) share (a, 2), then f = tg,
where t is a constant satisfying tm = 1.

Theorem 1.3. Let f and y be two transcendental entire functions of finite order
such that f and y share 0 CM, and let Po(”® 0) be a polynomial. Suppose that i] is
a nonzero complex constant and n is an integer such that dcy(P*) < n + 1. Assume
that P(f(z))f(z 4 T) - R) and P(y{z))y(z + ;/) —P() share (0,2). Ifn > 2li 4- 1 and
P(f(z))f(z + ij)/Pu(z) is a Mobius transformation of P(g(z))g(z -f rj)jPo(z), or if
> 2 - 1. then one of the following two cases hold:
(1) f =ty, where td = 1;
(i) f =eJ.y = te J. where Po reduces to a nonzero constant c, tisa constant such

that /T+1= c2. and 3 is a nonconstant polynomial.

Definition 1.2 ([11]). Fora £ CU {oc} we define N[r. a;/ |= 1) to be the counting
function of simple appoints off . For a positm integer p we define N(r. o: f |< p) to be
the counting function of those a-points of f (counted uul.h proper multiplicities) whose
multiplicities arc not greater than p. By N(r.a\f |< p) we denote, the corresponding
reduced counting function. In an analogous manner wc define the functions N(r,a:/ |>

p) and Nr(r,a;/ |[> p).

definition 1.3 ([10]). Let p be a positive integer or infinity. We define Np(r.a: f)
to be the counting function of a-points of f, where each a-point of multiplicity m is
cimnted m times if m <p and p times ifm > p. Then define

Ap(N\a; /) := N(roa\f) + N(r,a\f |> 2)+ ... + N(r,a;f [>p).
Clearly, N\(r,a\f) = N(r,a;f).
Definition 1.4 (]1]). Let f and y be two nonconstant Tcromorphic functions such

that f and y share | IM. Let Zq be an 1-point of f and y with multiplicities p and g,
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respectively. Define A’l (A 1;/) to be the counting function of those 1-points of f and
g. wherep > g. Ng(r. 1;/) to he the counting function of those 1-points of f and g,
wherep g — 1. and A (r, 1;/) (k > 2 ?s a/l integer) to be the counting function
of those 1-points of f and ¢, where p = g > k, and each pom! in these counting
functions is counted only once. In the same manner we can define the functions
N's(r,1;9), ND{r,1;9) and N~'(r,I;g).

Definition 1.5 ([10]). Let f and g be two nonconstant meromorphic functions such
that f and g sharethe value a IM. Define (rfa]/. <) to hethe reduced counting
function of those a-pointsoff whose multiplicities differ from that of thecorresponding
a-pointsofg. Clearly, N+(r.a;f,g) = N>(r,a:g,f) aiidN*(r.a;f,g)=~NL(r,a\f) +
Nb(r,a:g).

2. Lemmas

In this section, we state some lemmas which will be needed in the sequel. We

denote by Il (he following function:

| E" 2F' \ 1G"  2G
1 VF'  F-\) VG' G- 1

where F. G are nonconstant meromorphic functions defined in the complex plane C.

Lemma 2.1 (see [23), Proof of Theorem 1.12). Let f be a nonconstant meromorphu

fimctum in the complex plane, and let
(2.1) P{f) = anfn(z) + <hi ifn 1(*) + e+ aif(z) + ac?
where ao, aif ... , ari are constants and an 0. Then m(r, P(f)) = nm¢(r. f) -f0{1).

Lemma 2.2 ([4)). Let f be a meromorphic function of order p(f) <oc,and let

1] 0) be a complex number. Then for each e > 0 we have

' ) +T T ) - 0< +)-
Lemma 2.3 (|4]). Let f be a meromorphic function of order p(f) <oc,and let

0) be a complex number. Then for each > 0 we have
T(r,f(z + ) =T(r,f(z)) + 0 {r*N-i+«} + 0{k)gr}.
Lemma 2.4. Let f be a transcendental entire function of order p(J) < oc, and Id

tj(* 0) be a complex number. Suppose that F = P(f(z))f(z + rj), where P(f) is as
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in (2.1). Then
T[r, F) = Gi+ DT(r./) + 0{vpyU) 1,e}+ S(r,f).

Resides. we have S(I\ F) = 5(r./).

Proof. Noting that / is an entire function of finite order p, in view of Lemmas 2.1

and 2.2 andthe standard Valiron-Mohon ko theorem, we can write
(n + DT(r,/) = T(r, f(z2)P(f(z))) + S(r. )

= m(r. f(z)P(f(2))) + S(r.f) <m (r, +ra(r, F(z)) + S(r.f) <

(22) m(r.-W -) +m(r. F(z)) +S(r;f) <T(r.F) +0{W'b1+}+ S(r,/).
V /(* + *?)

On the other hand, by Lemmas 2.1 and 2.3 and the fact that / is a transcendental

entire function of finite order, we obtain
T(r.F) < T(®W{f(2)) +T{rd(z +1j)) + S(r,f)
= nT(r,/) + T(r. f(z + 7)) + S(r, /)
(2.3) < (n+ DT(rd) + 0{/M())- 1} + S(r.1).

Now the result follows from (2.2) and (2.3). [

Lemma 2.5 (|14|). Let f and g be two tmnscendental entire functions of finite
order, 1)(d 0) be a complex constant. ( ) be a small function of f and g, P(z) =
anzu+an_izn~1+ ... +a\z + «o0 be a nonzero polynomial, where ao, ai- ... , an(® 0)
are complex constants, and letn > I'i be an integer. If P{f)f(z + ) and P(g)g{z +1])
share a(c) IM, then p(f) = p(g).

Lemma 2.6 (see [23), Lemma 7.1). Let F and G be nonconstant meromorphic

functions such that G is a Mobius transformation of F. Suppose that there exists

a subset | ¢ with linear measure mesl = +oc such thatforr6 | andr oc
m N(r.1);F) + N(r,i)\G) + 1V(r,00;F) + N(r}oo;G) < (J1+ o(l))T{r. F),

where J1< 1. // there exists a point zo B C satisfying F(zo) = (7(cq) = 1, then cither
F=GorFG=1

Lemma 2.7 (|2|). Let F and G be two nonconstant meromorphic functions sharing
(1,2), (3c.0) and H 0. Then the following assertions hold.
(i) T(r, F) < N2(r,0; F) + N2(r.0; G) + 77(r, oo; F) + N(r, 00; G) + N,(r, oo; F, G) -
m(r, 1:G) - NME3(r.1;F) - NL{r,1,G) + 5(r, F) + S(r. G);
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(i) T(r, G) < N2(r.0;F) + W2(r, 0; G) + N(r. oo;F) + N(r,oc: G) + /V.(?\oo; F. G) -
- 1,F) Nj?(r,1;G) - N L(rél; F)+ S(r, F) + S(r, G).

Lemma 2.8 (|24]). Le/ F andG be two nonconstant meromorphic functions, and let
[l = 0. If

e U e i G [ S Sl < |
400 T ()

where T(r) = max{T(r, F),T(r,G)}, 6 / and Jis a set with infinite linear measure,
then cither F = G or FG = 1.

Lemma 2.9 (|3]). Lei f andg be two transcendental entire functions offinite order,
and let ( 0) be a complex constant. Let n and m be positive integers, such that

n>m+5 and

r(z)(r(z) - DI(* +n)=gn(@2)(g'n(z) - Va{r + »).

Then f(z) = tg(z), where t is a constant satisfying tm = I.

Though the authors of 3] claimed that the result of Lemma 2.9 is true forn > m+6.

from the proof it can easily be viewed that in fact it is true for > rn+ 5.

3. PROOF OF THEOREMS

Proof of Theorem 1.2. LetF(z) =N ~ T (;) *>/(--+w/) and G(z) =
Then F and G are transcendental meromorphic functions that share (1,2). Noting

that /j(o") < p(f). from Lemma 2.4 we see that

(3.1) T(r,F)=(n+71 + 1) (r!t/) + O{N N_1+E}+0{r",(>)+E},

(3.2) T(r,G) = (n+m+ 1)T(r,g) + 1+f}+ 0{r"(a)+£}.
From (3.1) and (3.2) we get

(3.3) p{F) <max{/>(/).p(a)},  p{f) < max{p(F).p(a)},

(3.4) p{G) < Tax{p(<7)./3(a)}, () <max{p{G).p(a)}.

Using (3.3) and the fact that p(a) < p(f) we obtain

(3.5) p{F) = Pif)e
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Now, using Nevanlinna second fundamental theorem, we can write
T{r.F) < TM740:F) + ]V (r,00:F)+iV (r,l:F) + 5(r,/)
< V(r,0:f(z)) + N(r.O:f(z + /1)) + INV(r, 1;/'" (™))
+N(r. 1:G) + 0{r"<*)+t} + S(r. f)
< M+ 2)T(r./) + T(r,G) +0{r")-1+£}
(3.G6) + 0{i"n)+£} + S{rJ).

Similarly, we get

T(r,G) < (Mm+2)r(rS)+T(r,F)+0{r*bl+£}

(3.7) +0{r"(“)+£}+ S(r,/).
From (3.1), (3.5), (3.G)and the condition p{(\) < p(f) < oowe see that
(3.8) P(F) < p(G),

and from (3.4). (3.5), (3.8) and the condition p(a) < p(f) < oc we obtain

(3.9) P[G) = p(9).
Also, from (3.2), (3.5), (3.7) - (3.9) and the condition p(a) < p(f) < oc we get
(3-10) pP(G)<p(F).
Combining (3.5) and (3.8)-(3.10), we obtain
(3.11) P(f) = p(g) = p(F) = p(G).
Suppose that H 0. Then using Lemmas 2.3 and 2.7 we can write
T(r. F) + T(r. G) < 2\V2(r;0: F) + 2N2{r.0:G) + 24/ (r.oc:F) + 2X{r. oc: G)
+2N. (r,00; F G) + S(r. F) + S{r. G)
< AN(r,0;/) + 4N(r, 0;g9) + 2N(r, 1;/'") + 2/V(r, 1:9")
+2JV(r,0;f(z + ,)) + 2N(r, 0;g(z + /,)) + S(r.J) + S(r, g)
< (2m+6){T(r,/)) + T(r,S}+ 0 (rp(/)-A") + 0 (/<O 1+1)
(312) +S(r,/) + S(r,9).

Therefore, from (3.1). (3.2) and (3.12) we obtain

(n-m-5){T(r,/) + T(r,g)\< 0 (r"(> 1+£) + 0 (r'"<«>-1+£) + S(r,/) + S(r.5),
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yielding a contradiction with the assumption that n > m + 6. Thus we must have

If = 0. Taking into account that
-3

AJr,0: F) + N(r,0: G) + 7V(r, oo; F) + W, oo; G)
< Xr,0;/) + N(r,0;g) + Wv, 1;/"*) + N(r. 1;

+N(r, 0;f(z +//)) + N(r,0;g(z + //)) + 5(r, /) +S(r, J)
< (m+ 2){T(r,/) + T(r, <N} + S(r.f) + S(r.g)
2111+ 4 nn/_4
< mmeemmmeeee- 1(7),
n+m+1 -

where T(r) = max{T(?\ F),T(r,G)}, by Lemma 2.8. we deduce thateither F = G or
FG = 1 Let FC = 1 Then wc have
/W W - D/(* + - D)*¥(*+ @) = a2,

implying that

() - wrs-ux)y+ /7 2()+...+ 1)/(8+v)an(r) - i)

(sT 1i*) +sT-2(z2)+ - + D5(:+i;) = a2.
Noting that / and < are transcendental entire functions of finite order, it is easily
seen from the above -equality that Ar(r,0;/) = S(r%), N(r, 1;/) =S(/\/) and

N(r,oo;f) = S(r,f) forr € 1 and r — :x. where / C (0. +cc) isa subset of

infinite linear measure. Thus, we obtain

T(r.f) <7V(r,0;/) + Nr(r,1,/) + 7V(r, 00; /) S(r,/),

forr 6 / and r 00, which is meaningless. Thus, we must have F = G. and hence

rwr(z) - 1D/(*+»)=e"(*)(smW - + )

Therefore by Lemma 2.9, it immediately follows that. f(z) = tg(z), where £is a

constant satisfying = 1. This completes the proof of Theorem 1.2. O
Proofof Theorem 1.3. Let \ = (1] N aml G\ = 1 - Tiien Fi and
G lare two transcendental nwromorphic functions sharing (1,2). FI'Oin Lonmin 2.4 we
get

(3.13) T, F) =(n+DT(r,f) +0 { r* - 1+e} + 0{logr}.

(3.14) T(r,Gi) = >+ \)T(r,g) 4 0{ W v)*1+E} + 0{logr}.
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Since f and g are of finite order, il follows from (3.13) and (3.14) that F[ and G\ are

also of finite order. Moreover, from Lemma 2.5 we deduce that

p(f) = p(il) = P{FI) = p{OI).

We now discuss the following two cases separately.

Case 1. Suppose that F\ isa Mobius transformation of G\. Then using the standard
Valiron-Mohon'ko lemma we obtain T(r. F(f)f(z+il)) = T(i\ P(<7)<(~+7))+0 {logr}.
Tlicn from (3.13) and (3.14) and the fact that / and arc transcendental entire

functions of finite order we deduce

T(r,f) T(r. F\
4—— >1— —T- 41”11 as r -4 ocandr e |I.
T(r.0) T{r.f)

From Lemma 2.3 and the condition that / and g arc transcendental entire functions

we have
_ A
N(r. 0:F,(*)) + ,V(r.o0;F](z)) < n'(r,0;P(/(:))) + N(r,0;f(z +t}) + 0{logr}
< [|T(r./(*)) + T(r,f(z + 1))+ Oflogr}
< (F1+ DHT(r,f(2)) +0{r"W-1+1} + 0{\ogr},
as r —»oc and re/. Similarly, we get
JV(r.0;G1(2)) + jV(r.00;G,(z)) < (I', + DT(r,g(z)) + 0 { » ~ 1+e) + O{logr},
asr-4ocandr € /. Thus
N (r.0; Fi(z)) + r(r,oc; F\(z)) 4 JI'(r,0:G\(z)) + N(r,00;Gi(2))
(3.15) < ~ m " rir.f.KI| + o0d)),
as r —»oc and r € 1. lu view of Nevaulinua’s second fundamental theorem, we obtain
F(r,49(*)) < W(r,0;F!(*)+17(r,00;F,(*))+F(r,I;Fi(*)) + 0{logr}
< Ar,0:A(/(*))) + JI(r,0;, /(* + 7)) + IV, L F, (r)) + 0{logr}
< ( + DT(r,/(r)) 4Wr, LFi[z)) + 0 {WNN-i+*}+ 0 {logr},
which together with (3.13) gives (n-T 1)T(r,/) < 7V(r,0; F](z)) 4-5(r,/), asr 4 oc
and r £ /. From this and the fact that Fj and Gi sliare (1,2) we conclude that there
exists a point zq € C such that Fi(zo) = Gi(zo) = 1. Hence from (3.15), Lemma 2G
and the condition n > 2I't 4 1 we infer that either F\G\ = 1 or F\ = G\. Now the

conclusion of the theorem in this case follows from the proof of Case 1.1 and Case
1.2 of Theorem 5 from 114].
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Case 2. Now we assume that n > 22+ 1and // 0. Then using Lemmas2.3 and
2.7 we can write
T(r,F,)+ T(r,G,) <2M(r,0:F,) + 2Na(r,0;Gi) + 2N(r,00: F,) + 2N(r, oc; G 1)

+ 277.(r,oc.F,,Ci)+ S(r,F,)+ 5(r,Gj)

< 2V2(r, 0; P(f)) + 22(r,0; P(g)) + 2N(r, 0;f(z + r,)) + 2N (r,0;g(z + /)) + 0{log

< 2(F, + D{T(r, /) + TG>\ <D} + 0(r'<f)- I+e) + O(r"<»>-1+£) + S(r,/) + S(r, g),
which together with (3.13) and (3.14) gives

(n  2T2- D{T(r,/) + T(r,g)} < S(r,/) +

yielding a contradiction with the fact that n > 22+ 1. Thus we must have Il = 0.
Since n > 22+ 1> 2l + 1, we obtain
IV(r,0: F,)+ N{r, 0; C1i)+ 77(r, oc, FJ + 7V(r. .05 Gi)

< JIr(r,0; P(f)) + N(r,0; P{g)) + N(r,0; f(z + »?) + JV(r,0;5(2 + r;)) + 0{log r}

< (b +0){r(,)+Tr<n}r+0(N4A i+c) + 0(r™')-1+£) + O{logr}

< {r(r,1)+rr,Gnr+0(N 'bl+e) + 0(UN»)-1+£) + S(r,/) + S(r,Q)

2(C1+ )7, .4,

o a Rt o,

where T(r) = max{!T(r,F\)yT(r.G\)}. Therefore, in view of Lemma 2.8, we can
conclude that either Fi — G\ 01 F\G\ = 1. Now the result follows from Case 1. This

completes the proof of Theorem 1.3.

Proof of Theorem 1.1. Let = 7) and = « Then F2 and

are two transcendental meromorphic functions that, share (1,2). Applying arguments
similar to those used 111 the proof of Theorem 1.3. we conclude that in both cases
either F2G2 = 1or F2 = (* . Then the conclusion of the theorem follows from the

proof of Subcase 1.1 and Subcase 1.2 of Theorem 1 from |15|. Here we omit the

details. N
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Abstract. In this article, the Green and Neumann functions are given for a half

lens and the Dirichlet and Neumann problems for Poisson equation are solved. All
formulas are given in explicit form.
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|l. Introduction

The Laplace operator grag~ produces a second order model equation - the Poisson
equation. The classical way to solve the Dirichlet and Neumann boundary \alue
problems for Poisson equation involves application of representation formulas via
the Green and Neumann functions. Explicit solutions to the Dirichlet and Neumann
boundary value problems for Poisson equation arc well known for some particular
domains, such as, the half disc and half ring [1]. the ring domain |2|. the quarter ring
domain (3), the equilateral triangle [1], and the unit disc [5|. Let = {z € A]|lITc > ()},
where [1 is a lens defined by the following formula (see [(i]): A = D m(r), where
IO= {z :\z2\ < 1}, Dm(r) = {z :\z—m\ </}, 0< F< 1< m,and r2+ 1= vr.

In this article, we provide explicit solutions and solvability conditions for the

Dirichlet and Neumann problems for Poisson equation in the half lens &

2. Boundary value problems for Poisson equation

In order to treat the Dirichlet and Neumann boundary value problems for second
order complex partial differential equations some special kernel functions, the Green
and Neumann functions, have to be constructed. These kernels then are used to solve
the Dirichlet and Neumann boundary value problems for Poisson equation via the

corresponding integral representation formulas for solutions. The harmonic Green
53
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function for half lens I'T is given by the following formula (see [7]):

(< 2)(I zQ|<(I >m) (in r))(<(T

<7i(r,C) = log
For : e (m —r, 1), that*is, z = z, we have

f1)G ,(*,<) = 41m [~ 4 7

] —
1 C(rn—z) —l —mz)

for c 6 that is. zz = 1, we have
ft,. <?1(*, 0 = (Zd, + zdz)Gi(z,0 = 4R e[N + Tj
* cimel ) Je—m)
and for that is, \z - m\ = r, we have \
ftwGi(s,0 =

Cr2 r3

)

tnz))

+ <(l_ ~

=)

AT

T.((ra:-l)-(r ™) I' C(»»-1)-(1 m:)Jl*

The next theorem contains a representation formula for a class of functions via the

Green function, which is used to solve the Dirichlet boundary value problem for

Poisson equation (see [8. 9]).

Theorem 2.1. Let © C € be a regular domain, arid let Gi be the harmonic Green

Junction for 0. Then any o £ C2(0: C)

w(z) = --xz f
Joe

w{()d"Gi(ztQd8" -

C](0;C) can be represented as follows:

[ we?(QGi(z.X)dEdri.
Je

when // is the outward normal derivative on ©0© and s is the arc length parameter.

Thus, any functionun e C2(iINC) M C~gp C) can be represented as follows:

= [ /W )[aC-~"]G 1(z.0dC+ [ w(O[C«c +C~*]Gi(2,0f
IJm-r JdnD 4
+ |/ r'wWC Na< + (1za”~G iU .0 M1
Joumn WC)[(") (1z i ]

-1 J vtfQGilz,adtdti,
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where cJifo —dil OW and gllpT = Sfi 9D m(r), and in explicit form the Green

representation formula from Theorem 2.1 for I is

TF

o r'v 1)
tm-r) -(l-rmz)i2 & + * | -0 i p-h p

r2(1 —a|2) , r2(1—r|2) 1dc . 1 f F 1< ”ia
K(l1-Ttr)-4T1-1r)P |<(1—ﬂir)—(m—r)|*J 2rri |/ w (0 "K-*|2
p*-|*-1|2r2— —n1" , r3—r—7 |21 dC

1) - i f w<?(C)Gi(*,C)dCdij.
il

In fact formula (2.1) provides a solution to the Dirichlct problem.
Theorem 2.2. The DmcJilct problem
Nzz =f  in Q. w =7 o7 7717 - ry = 7(1l) = o,

with given f € c(Q,c) and 7 ¢ c(of2,c) is uniquely solvable and the solution is

given by
— 2ni J(m—FT(O L\t~z\i 1* + TF
r2(z-i) L if , 1 f f\ ry—=2 1-u12
d/ + 2*7 / 1(0 e 1
*—z—
c—Wu

r2—r— |2 r2—4J-wWz2 ¢2—z—mil 1 (IC
Ic *12 li-xc12 + u-=ci2 Jc-m

j:n TAN
Proof. It can easily be verified that uj is a solution to the Poisson equation. So, it

remains to verify that the boundary conditions are satisfied for the boundary integrals.

For ICol = 1, G0 6 G 1, + t€{m-r, 1), CE€ 3AlNnand ij 6 dQDm. we
have

1 - <0]2 =]«o - 1|2.1t(l - m<o) (rn- Co))2 = I<(m Co) - (1 - '»Co)|2.

1C-Col?2 =]t - CCol2.1C Col2=|i Cod2. 1- ICol2= 0.

7]—Col2  ®0.14O - raCo)- {M- Co))2P 0.DKL- mCo) - (m ~ Co)|]2 PO0.
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Hence, based o11 the properties of the Poisson kernel for D (see [10)), we can write

lim w(z) = lim 2~7 f + 0
*o* **Kn on VcKiD 4 <Kk  * 4
= lim
J-Ko J od
where
o) st ts)g, *¢&dlb\dQz.
For O £ ‘thatis, [C0 m|=r1,C0®mM- r,i te m-r, 1), (£

and // € c)llo« we have
r2|t- Col2 = I<(w - Co)- (1 - mCo)2,r2jC< 112= I*(1 »40) - (m - Co0)|2
r2Kk Col2 = IC(m Co)- (1 mCo)[2»2|C- Col = |C(1 - ™Co) - (m - Co)|2
\f-cot ® 0. |1-vCol#0T |1 -f2Co| # O.

Therefore
lim W(Z — li 2( C NN YN = [T2(Co) = 7(Co),
o N S (©0) = 7(€0)
where
r(f\ - f y(O0 €
21U 0, _ CEODwW)\ « | Dm.
Similarly, for € (m - /.1), thatis. @ = Co, C£€ 77 e andte (m- r, 1),
we have
IC - Col = |C- Col- |C(L - "*Co) - (m - Co)]2= IC(L - ~Co)- (m - Co)|2
li-Coi/12 = U - Cor/R21 -Col = Iv- Col,

K- 1] PO, jt(1 - mCo) (m cCo)2Po- I<(i- Co)- (1 - «Co)|2 Po-

Thus, in view of [111 we get

+0C
/ F3(0rrr ™~ = 13(Co) = 7(Co),

DC
-DC

where
r3f)=j3 7~ t€E(m-r, 1),
0, te R\(m —r, 1).
Here the corner points m —r I, + i— were excluded.

To check the boundary behavior at points m —r and 1, we define

[l r
= Wi /[ 7(0 wripr + dt%
ofm—F
IK
"r(r) * /*<>[nP -nAp - iu C
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and

ra-n -7|3  ra—d*ml* rJ(rv |* mja)

() ~ 2% L ., /(C) n b i~ - - p W i

<K
-m'

We first prove that. 1it* _u w(r) = 7 (1) 0. Indeed, using the equalities

_ F/(m r)
/ TrWTjfEfprdt = /
Jm —r J1
and
/ 2 - r<lALm “+)
I r7™"((»,->-)-Ti-t:)Pcli = J " T)]177 Tl <1
we can write
ravn-r) _ TG ~r)
<*M - A/ r,(1)n~.1, + / r-mwrld bp"'"']-
o/Th — Jrn—r
where
rm J 7(0: m—r <t < 1,
ra()" 1 —7 (7)1 1<t< 1/m-r.

Hence, based o11 the properties of the Poisson kernel for half plane, for € (in -

r, 7 7). we have
lim Ui(z) = T(f0).

z-+to

11 particular, the relation liuk_n n;i(r) = 7 (1) = 0 follows, because of the continuity

of M1 at 1. Now we prove that Hom >T _ruji(z) = 7( - 1) = 0. Indeed, we have

wi(r) = 2723 Jr5(0|M 1~ + 2b 3 rrs(O\i(i-?2n!)-(1-z)\*At
where

1 7 (0, T —T< <1,
So, for € (—1,1) we have

lim u?i(r) = [(*o).

and, in particular, the relation limz_*m- r~i(-) = 7 (ni—r) = o follows, because of the
continuity of ' at m —r. Next, we show that lim* > - (z) = 0 and lim- >m r”2(2) =

0. To this end, we write

@ (*) = 27, T(Oy#N 3ST

f ro(l-|rin) d . 1 f ( - K
2ni /[ _'"1C) K(1-71r) (rm-2)ia 4 + 24i "IC(I-m*)-(m-z)p <
My A WO

<

- £m[  rac) - & |

ITianuw Yaanao
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where
( 70, C  €airb
6(C) = <7(C). C 6 «nD)
[ 0. c e0 \ .
Then, for € ® we have
liw [.«b) ? : ( 0 A -
and, in particular, the relation Iim~i & () = (1) = 0, follows, because of the

continuity of o at 1. Next, in view of the equality

-»<f£m?>- -]l r.tojrSf + A W m -Z S M v f
it follows that liitz1 -»m_ r (— )= - limc*w_r ; (:). and hence
Z_Mm_r (z) = 0.

Now we examine the limiting behavior of n;3(r). We have

“2ni / |C(1-Tr)-(1-2)- -m  2ni J' [; \C(lI-mz)-(m-z)\2C-nT
« <™Dm
Therefore
* _ ' N\ -
«n A B'aD,rq(rfc)n AJ{)DinEi-)«> ' % &

where

7(0, Cenllo
r7(C = < -7(C), C€dnD,,,

0, ce f2Dm\ ap.

| hen for @€ 5 ¢)Dm(r) we have

i -, («) = r,(Co) - to A /
*~h«  arDf, ()

implying that limz_+,t r”~3(2) = ['7(771 —r) = 0. From
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it follows that limz«*i on3(t) = - lirtb_Mb*3(r), and hcnce linb_ 1 3(z) = 0. Now we
show that lim ™ L+ L uj(z) = + i£). We have
m m
1 = 3b/ Mrlu,(*)" ““W +u'(i) - “4) +“t(S) Kt(S)
tu< (™) - w /  focw + 77(3) - Vr(z) - vc(z)
Jano

+*c(E£sfc) + ™M ra) -~ () M & )f

+Tb / K (r)+ ()- ivt{z) - w((2)

0
<L-2) +e* (» > +
where M,(r) = uc(r) = and Nes;(r) =

Multiplying (2.2) by 7 (Jjj + r*) and subtracting tbe resulting equation from u(z),
for z £ dfl wc obtain

(%) T(&+<E) = 3b/ T(0[I"T +IM-A* A,

-ibl T b X I» + [,,*<>[E£#

r2(1-vn) »3(1- 'r[3) idc
IC(i tr)-(7-r)[-> |<;(I-m*)-(m-z)|2*C

| f /A" -r-pH* r*- *-m|3 r--\r- 71
+ A 7] - e - a3

+TMATA]<A: i[nQGiMW r,

= 2N 7T(CH)NMFHIN,
J Ne v 1
where 7«) = 7(C) 7(7 +1 ). and7(£ + r£) = 0. Thus, we have

li A\ A -
_|Lm X(D ) 7(N +iN) Om
m

X‘
+ W

Theorem 2.2 is proved. U
Another second order representation formula, similar to the one given in Theorem

2.1 1s available, where instead of Green function the harmonic Neumann function is

used (see |8]).

Theorem 2.3. Let © C C be a regular domain, and let Ni be the harmonic Neumann
function for 0. Then any y € C2(©;C) C"(©;€) can bt represented as follows:

w(z) ==~ f{w{Qdu<Ni(z,Q - duxu(QN\(z,Q}<\ = - [WwWA(C)N\(zX )" dili.
47t) dh ~NoIb
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Thus, any function uj £ C2(fl;C)nCI(li;C) can be represented as follows:

* = X7/ 0 + f LL + 0
() EJ rn—r [«C JOLIJ-IBII ' a ) (

+r f Nx{z,0[(*T*)a< +fe) M C)c"T

Jaiin.

“Th[ /W )[5<-"]/V Lr,C)dC+ [ (C)[Cec+ h1Ti(*,0%

Le/m —r

4-r.;/«! u>(C)LM0< = S

(2.3) - i T ac?(C)NL(2,C)d dr/.
/n

It can easily be verified that the harmonic Neumann function N\(z,C) for the half

lens < is given by the following formula:

bgl(<- =)L - ) C(1-mz) - (m-71))
(Con-2) - (-mz)) C-)(1- 20 (CI mz) - (m - 2))
c(m-12) - @- mz))

For z 6 dilji\ {1, —+ /~} and 6 12, we have

a v ,(3,0 £ + & + +
I 2 1 Cr : (mc-1)z : (C m)z
—Z 1- C(1 C(f"—=)—l-t»z)
-L-4 C . (w<-1)z : - m)7
C-r I-rC Clh—mz)-(m-z)C(m—z) (|l —mz)
1JL f | = I = = «
Y- - |-~C ((I-ms)-(m-1) C{F"—)—1—n?)

Similarly, for ce (m-r,)).(e 12 r€c)(n, \{rn~r. —+ i~} and ( 6 . we get
(z,c) = -I{A: - a5)yri(r,0 = 0,
and
d,Mz,Q = ((*=ffl)as+ (~)~)~(z.c) = -f.

Now we introduce the outward normal derivatives at the corner points. Let the partial

outward normal derivativesbe given by the following formulas:

(2.4) a+w(1)= lim d,,MQ, 9IM1) =  lim&.«(*),
<€cKIf>\{I} tE(m-r,l)
(2-5) Ojw(m —r) = jjm . V™ (07? , —r) = £_I>§rnrn1 r cV.w(0>
te(wi-r.l) ceotti>m\{T-*r}
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and

(2 -fi) + /' )= lim a,, u(C), 0 "(£+*£)~ Nw AvMO-
>m ~% “*m)
CerT\{ +]| } C€aab\{"+«")

Definition 2.1. If the partial outward normal derivatives (2.4)-(2.8) e.ibl. then the

outward normal derivatives at the three comer points al't defined to be
d»MQ = [<w (0 +((V;w(0]: Ce{m=-r1,-3+7?: }.

The formula (2.3) provides a solution to the Neumann boundary value problem
for Poisson equation.
Theorem 2.4. The Neumann problem
Uzz =/ in ft, duy = on #ft,

m/ "(Of+£/ ~(0~=C,

1 e,

[07* ] £ C(ft;C), 7 € C(r7/Q;C) and c € C is solvable if and only if

(2-7)] N9<\{\|[|r):i [ 7(0f + 1/ 7(0c™Ml + 0 7(0cwW
° <) J =T

and the weak solution is given by formula:

=~2¢/ 7(0[bg]|l - r|2+ log|l - zf|2+ log|f(m - )- (1 - wz)|2
dm-r
+ log [*(1 - 7721 —(m - 2)|2]df
- [7(0[log|C- |2+ log|l sCI2+ log|lC(m - r) - (1- Tr)|2

+log|C(1 mz)- (T - )"

2FﬁJiXIf]n,

+log |C(1 wviz) -(m - z)|§|" m

(2.8) .

Proof. It follows from Theorem 2.3 that if the Neumann problem is solvable, then
the solution should be of form (2.8). Now we verify that (2.8) indeed is a solution of
the Neumann problem. We easily get uz-; = f in . Next, for € W, we have

-1(0, inyu) =" m@r - 0DV, (=,/)7(0<1" —fl'éﬂN9>—W(*.Cb(C)£

£ } (d,-&)NQ(*,()?(C)"+"5nf(0(0.-bW ZXWr,’
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and for z € and € dfl we can write

(<; - <blAI (c, C) = -[<TT T + (1—mz)~C(m--z) *

1 ¢ ] 1
* 1 1MCc (I-ms)—<(m-D ~ (m-i |) ((I" m:)Je

Therefore, for to € (r/i —r, 1), we have

di/,w(*0)= Hii [- »(0Z- 0?7)]w(z) = lim ~ [ -y(O)jf~dt = -y(t0).

Jm _r

Further, we have

(2.9) <>ZM™  y) = f0—|i>rrnn-r 0., 0)=y(m- r),
o€(m—,I)

(2.10) O~w(l) = %Iln’l dv.u{U>) = 7(1).
[lo€(m-r,I)

Similarly, we obtain

(zdz + zch)ij(z) = — f (zdz+ zdz)Ni(z,£)7 (t)d*

Jrnr

+ 4 e EW C)7(0f + 47 | Wt+zdsWz, 07«)~r
L »

[ N {zd +idg)Ni{z,CNethi.
JQ

Taking into account that for z € il and £ ¢ $S2

fzd, + J&HNNZ 0, = 2[8: + TNt Mmyy—<aim)’ T (m-r)-((1-m 2)
+ 1+ 4 : Z(1-J»C> 1
C—z 1-?2C  (\—mz)~C(m —z) (m-z)—C(l—mz) mb

for Q € dilv \ {1, + ? }, we can write

Aw(Co) = lim (zbz + zih)uj(z) = lim {5/ 7(0 [t +r 2. 1]"

-40 N 0o
*[ 7t af 70f - N[ 70
+ | f = 7KO0O) I [' 7(<)d«

Jdils QI=n
/m J nn-r

-Tif _7(0f - 25/ 7(0crr+ 1 [ fa«Nedn,
Jdilp JDi\oin J1

which implies the necessity and sufficiency of condition (2.7). Thus, we have

(211) a+w(l)= Jirn ~w(Co) = 7(1).

<leWwi'\{1lT1t+iT>
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(+2.12) 0 W(z +ii) = lim = 7 (- + *£)e

N 1
foas\i. 4 +<i }

Finally, wo observe that

((“  W.+ (*=“)ftr)«M = 447)OF).V,(2.th(/)df

« ( )Y9.+(NM)an™i(z,c)<i™.
Next, taking into account that for € I, C£€ arll,

((“ mN. +(b»>»)w ,fcO-liw +W +i.AdcV N,

Il (r-1)(1l-T1<) ( -rn) , (T-m_K , (7- ni)(7n-C) (z-m)(I-mQ 1
(rn-*)-<(l-ms) ~ r 1;( T (1-,,)])-C(m-;) ° Jn

for <0 6 <"D,,, \ {rn r, + ij-}, we can write

ft,.w(Co) = *Ijzno ((~)0, + (™M9r)w (z)
lim
*_*Co
T Yaw 1 (0fc a4 ArA T o, +Trfgmagyl

= T mranre T a7 (08

(2.13) S 7 (8 £/ J(Odtf*
- T

™ */anDm TIr Yn
which implies the necessity and sufficiency of condition (2.7).

Furthermore, we have

(2.14) n,, U -T) = Colr:]%_r du(Q =7(m - 1),

Coballot \{T-1r,"+i—>

(2.15) #.«(E+»E)* lim _ N« (0=7(N+*T)"
/\-I-+/\-|-
Co€<9ngT \{T1-1r, —

Hence, in view of (2.9)-(2.15) and Definition 2.1, we conclude that
d,M0 =7(0, C€ {m-r,l, £ +»£}e

This completes the proof of Theorem 2.4.
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P. A. XAHATPAII

EpeBaHCKNIN rocyaapCTBEHHbIW YHUBEPCUTET
E-mail: khachatTyan.rafik@tgmaH.com

AnwnoTauns. B CTaTbe MPUBEAEHO A0CTAaTOUYHOE YC/OBME, MPU KOTOPOM Mepe-
CeyeHne perynsipHbiX KacaTefllbHbIX KOHYCOB SIBASIETCA KacaTe/lbHbIM KOHYCOM.
MoCTPOeHbl PerynspHbie KacaTeflbHble KOHYCbIH LWATPbl 1S MHOXecTB, 3a/jaBa-

eMbIX TOKaNbHO NHMNINLEBBIMU PYHKUNAMU. KOHYCbl ONUCLIBAOTCA B TEPMUHAX
A'-0000LEHHbIX MPON3BOAHbIX.

MSC2010 number: 26E25; 49/152; 46.105.
KniouyeBble cnoBa: cyboanddepcHunan; warep; KacaTeNlbHbI KOHYC.

1. KacaTtenbHble KOHYCHbI

B pa6otax (cm. [3), |5) - [7)) uccnenytotcs Hanbonee U3BEeCTHbIe H IMTepaType pas-
NNYHbIE TUMbl KacaTe/lbHbIX KOHYCOB (KOHTUHIEHTHbIN, HKHWIA, KacaTe/lbHbl KOHYC
Knapka) Kak Ans BbIMYK/bIX, TaK U 4NA HEBbINYKNbIX MHOXECTB. DTO BbI3BaHO TeM,
YTO €C/I HEKOTOPbIN M3 3TUX TUMOB KOHYCOB OKa3blBAETCA BbIMYK/bIM, TO 3r0 N03BO-
NAeT n3ydaTb HEeBbINMYK/bIC 3KCTPEMasSIbHbIE 3a4ayM MeToAaMW BbIMYKNOro aHannsa
[3, 5, 7).

B pa6ote [@ E. C. HONOBMHKMHBLIM onpefeneHbl H U3y4YeHbl ApPYyrne acCUMMNTOTU-
YyeCKue KacaTeflbHble KOHYCbl K HeBbIMYK/bIM MHOXecTBaM. B 4acTHOCTW, BBefeHO
MOHATME PErynsapHoOro KacaTe/lbHOro KOHyca, pa3BmBaroLLee NOHATMA wWaTpa bonTaH-
ckoro |1. 2].

B HacTosLLen cTatbe C MOMOLLbIO NOHATUA PerynspHoro Kacate/nbHOro KoHyca BBe-
neHo noHAaTne K- 06006LIeHHON MPOM3BOAHOM NI0KA/IbHO NUMLIMLIEBON (YHKUUK. B
3TUX TEPMUHAX NMOCTPOEHbI BbIMYK/ble KacaTe/ibHble KOHYCbl K MHOXKeCcTBaMm, 3ajaBae-
MbIM OrpaHNYeHNAMWN TUMA PAaBEHCTB U HepaBeHCTB. CpopmynnpoBaHbl HeobxoanMmble
YC/NI0BUA 3KCTPEMYMa B Hernagkmx aKCTpemanbHbIX 3ajadax.

B pmanbHenwem < a,b > - cKansgapHoe npousBefieHWe BeKTopoB a,b € R". A —

JS={r€ R'YIx+ B C .4}-- reomeTpnyeckas pasHoCcTb MHOXecTB A 1 B (cm. |4).
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P. . XAHATPAH

B 4 (rn. 3, n. 24, nemma 24.3) AoKasaHO, 4YTO AN1A BCAKOro 3aMKHYTOro KoHyca

K MHOXeCcTBO K — K aABndeTca ero BbiNyKAblIM 3aMKHYTbIM NOAKOHYCOM.

OnpepneneHne 1.1. |6]. HU>KHMM KacaTenbHbIM KOHYCOM KO MHO>XecTBy A/ B

Touke .0 € M HasblBaeTCA MHO>XECTBO BMaa
Tm(x0) := {r e Ru :%d(x, A 1(/1/ - x0)) = 0}.

NHbiMK cnoBamu, X € '7a/(x0) B TOM U TONbKO B TOM cny4dae, ecan Ong nob6oin no-
G\egoBaTenbHOCTU NONOXKMTENbHBLIX ynucen {A.-}, cxopauwriecs K Hyn, HangeTcs
nocnegosaTenbHOCTh Touvek {TIb cxogaruascsa K Touke X, U Takasd, YyTO culwBea-

nnBo BKMoyeHue .r) + AXC £ M anda noboro K € N.

OnpepeneHue 1.2 (6). MycTb J : Rl —» R—oKanbHO nunwuuesas yHKUMA W
M = epi(f) = {(a,x) e N J(#)}e MycTtb K C Tm(xo, f(X0))— BbINYKNbIN
3aMKHYTbIN KOHYC, a /a'(X0,X) — NONO>XUTENbHO OAHOPOAHAsA BbiNyKNas (MYHKLUUS,
Hagrpagukan kKoTopoin aemcTca KoHyc K. ®dyHkuus /g-(.r0,x) HasbiBaeTCHA 0606-
weHHon K - npomussogHoi (yHkumu f B Touke .To no HawkKiBneHnsam, a K- cyband-

pepeHumanoMm PyHKUMN f B TOYKE XO Ha3biBAeTCA MHOXXECTBO
ak/(xo0) = {X*GdAn:fK(xo0,x) >< x*,x > VXE£ R’

Ecom K = Ta/(x0./(x0)) —Tm(x0,/(*0)), To o603Haumum f'K(xi):x) = f'AL{xu,x).
Torga <90/(XW) TKMbIBAETCA HUIXKHMM acMMNTOTUYECKUM cybandxdepenumnom

PYHKUMM J B TOUYKe &0 M 0003HavaeTcsa yepes anb![x0) (cm. [6]/

OnpepneneHne 1.3. [8). O6obuleHHas npousBogHasa Mwuiwena- MeHo pyHkuum f no

HanpasneHuto 7, obosHavyaemasn /a,/a(;f'o-x), onpegenseTcsd Tak:

f/Mp&x()if(j: Sulg {ﬁm Sug/\(i_q_i' __________ +an) A A0 + Aw)l
WER" A
OnpepneneHue 1.4. [8). CybandmepeHumanom Muxmensa-11eHo Ana noOKanbHO UMW K-
LUeBOM (DYHKUMKM / B TOUYKe Xy Ha3blBaeTCsH MHOX>XECTBO
amrlLxo) = {x* € Rn/f'MP(x0,x) >< X*,x > VX € An}.
OnpepneneHne 1.5. |7|. MycTb /(X)—nponssonbHaa PyHKUMA. TToNo>KUM

P(XO,X): lim  sup-2----------"-
Yy >Z, &0 A



O PEIMYNAPHbBIX KACATEJIbHbIX KOHYCAX

[T0N0OXNTEeNbHO O4HOPOAHAA BbiNyKnas, 3aMKHyTasa no X gyHkumna /i(x0,x) Hasbl-

BAaeTCA BEPXHEW BbINYK/OW annpokcumaumnen yHkumun / B Touke X0, ecnu
h(xo,x) > F(x0.x), X€ 4An.

OTmeTnM, 4TO 0606w eHHas nponssogHas fA(x0,x) ®. Knapka (cm. [3], rn. 1. n.2.1) n
nponssoaHasa /a,/p(xo,x) Mwuwens- NcHO ABNAKOTCA BEPXHUMU BbIMYKNbIMUA annpok-

CMMaunaMn nNoKalJibHO flI/II'ILIJI/ILIﬁBOM beHKLl'I/II/I /| B TOYKE XO-

OnpepeneHue 1.6. |7). Boinyknbin KoHyc A'a/(xq) HasbiBaeTCA KOHYCOM KacaTelb-
HbIX HanpaBneHnin mHo>XecTsa M B Touke .[0, ecnn M3 BkAUeHua x G K\r(xu)

CAcAyeT, 4YTO cywecTBYyeT Takad yHKumna ~?(J1), 4To
x0 Ax+ y2A) 6 N/

npu gocTaTo4yHo manbix A> 0 un /1-17°(J1) —»0, korga A| O.

OnpepeneHune 1.7. [6]. Bbinyknbid 3aMKHYTbIn KOHyYc K C Tm(X0) HasbliBaeTCH
pPerynapHblM KacaTelbHbIM KOHYCOM KO MHO>XecTBY M B TOYKe X0, ecnu Cylle-
CTBYT uucna g > 0, > 0 n oTobpa>keHue (0, £i] x (A" 0O%$2(0)) —=Rn

TakKune, 4yT1o

X0+ Ax4- <p(X.x) € M VIT€ (0,<51), x € Kf] O;*(0),

a ana yHKuum
P(A) = sup{A_1||v5(AX)|| :x € 7< 42(0)}

cnpasennneso paseHcTBO liTnioN(A) = 0. Kpome aToro, ecnn npu nobom A€ (0, 8)
oTobpa>keHue V(A ¢ HenpepbiBHo na K [O%$2(0), To K Ha3blBaeTCHA HEMPEPbIBHbIM

PErynsipHbiM KOHYCOM.

OnpepeneHune 1.8. |1]. Bbinyknbln KoHyc K C 74/(X0) Ha3biBaeTCA WATPOM MHO-
>ecTtBa M B Touke Xo € A/, ecnn cywecTByeT 0TOOpa>keHue r, onpeaeneHHoe B

HeKoToOpoun okpecTHocTU A*(0) Hyns, Takoe, 4TO

X0+ X+ r(x) €M, ectmt XGJT  AO*0) rprjj— »0 npn x -»0.

OuyeBWAHO, YTO ecnn A—lLuaTep, TO OH W PerynsapHblii KacaTeslbHblli KOHYC.
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MpeanoxeHne 1.1. MycTb f(X)—nunwuuesas PyHKUMA B OKpeCTHOCTU B$H(x0)
TOYKM .ro. Torga cywecTByeT Takaa HenpepbiBHAA PyHKuuMA r(x) > 0. onpenenex-

Hasa B oKpecTHocTU B,s(0) Hyna Takasa, 4yTo

(1.1 f(x0+ x) < f(x0) + fAL(x0,x) + r(x) VxeBi(0),

npudem litny”o 1=ir = 0.

[oka3aTen,cTBo. JocTatoyHo fgokKasatb, 4To f'AL(Xx{yx) ABNAeTCA BepXHEn BbINyK-
non annpokcumaumen pyHkumm f(x) B roukexo, NOCKONbKY Toraa HepaBeHCTBO (1.1)

HernocpeacTBeHHO cnenyeT u3 nemmbl 3.5 |7|(rn. 5, n.3). B [6] noka3aHO cneaytoliee

npeAcTaB/eHMe:
[ab(x0,x) = sul_g {fL(x0,x +w) - fL{x0,w)},
weRu

rae

OTcloga nony4ynm

liM SUD —mmme e e
L
= Jim sup— — A = F(xo0,x) < f'AL(x0,x) = N1(x0,x).
y Aju A
[MpeanoxeHne 1.2. |G “cnc. Teopema 25.2, rn. 3. /i. MycTb /(.r) nunwuuesa

MYHKUMUSA B HeKOTOpon okpecTHocTwu A*(0) Toukm 1y. a /*(A0, X)- HeKoToOpas ce
06obuleHHaa K - npon3BoaHas B TOUYKe Xo-

Torpa
(1) cywecTByeT yHkuma r(-,*) : (0,(5] x /?1(0) -> A+ Takad, 4To
(1.2) [(x04- AT) < /(ar0) + A/™(x0,x) 4- (A, x) Vx € JIBi(0), N€ (0,<5].

(2) Apun cpukcnposaHHom A€ (0. ] pyHkuua r(J1,-) HenpepbiBHa Ha Bi(0).
(3) Ana dyHkuum f(A = sup{A [r(A,x) :x € /?1(0)} cnpasennBo paBeHCTBO
iiwaio NA) = 0.

Teopema 1.1. MNycTb Xu— TO4YKa, MUHUMYMaA NOKaNbHO UMW MNLEBON PYHKLUUKN /(X)

Ha MHO>KecTBe A/. TlycTb aK f(x0)— K- cybanddepeHuman pyHkumm /. n A'M(X0) —
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BbINYKNbI/A KOHYC KacaTeNbHblX HanpasneHnin ans A/ B Touke x0- Toraa

roe KM (xo) = {x*e Rn :<x\x >> 0Vx € Km(Xx«)}.
[lokaszaTenbcTBO. [lonycTum nNpoTMBHOe. Toraa cornacHo TeopemMe oTaeIMMOCTH Bbl-
MYyKNbIX MHOXEeCTB CyLlecTByeT BeKTop ¢ 0, |le]| < 1 Takown, uto
/a'(*0,e) <0, c € K\i(xo).
Torpga cywecteyetr yHKUna v?(A,c) = o(A) Takaa.-uTo
So 4 Ae 4-MA.e) € Al npn manbix A> 0.

Tak Kak cyuwecTtsyeTt uncno C > 0 takoe, 4to
LLI*0<x)\\ < Q\LLY VX € A"\

TO B cMNy HepaBeHcTBa (1.2), Ana goctatovyHo manbix A> 0 nmeem

A*o + Ae+ < (,0)) < Oxo) + A[/M(x0)e + n + r(f1-r + ~ )] <

J1
<A”o) + A[/Mxo!'B)+ CMIJ1 c)|[+ sup </ (10).
n i€Bi(0) n
STO NPoTMBOPEUME, NMOCKO/bKY .I*0- TOUKa MUHUMYMA OyHKUKUK [ Ha AJ. O

B nanbHenweMm Ham NoHago0bUTbLCA CneayroWwmin pesysnbTar.

MpennoxeHune 1.3. (10). MycTb a : {" — 2J1 MHOro3HayHoe OTOOpPa>KeHMe.
rpadMKoM KOTOPOro ABNAeTCA TakKoW BbINYK/bIN 3aMKHYTbIW kohijc. YTO dom(a) =
Kn. 'Torga cyuiecTByeT MNOMOXXWUTENbHO OJHOPOAHOE W NUMNWMNLEBOE OTO&IXiMCeHMe

P :A” -> Aw Takoe, 4Tto P(X) £ a(;r) Vir6 A",

2. lNNepeceuenHne perynapHbl X KacaTe/NlbHbIX KOHYCOB

Teopema 2.1. (0 nepeceyeHnn perynapHbIX KacaTeNbHbIX KOHYCOB). [MyCTb BbIMYyK-
Nble 3aMKHYTble KoHycbl I\\ n K ABna0TCA HenpepbiBHbIMU PerynapHbIMN KOHY-
caMy KacaTe/bHbIX HanpaBfeHMW COOTBETCTBEHHO A8 MHOXXecTB M\ C R’ #
M2 C In B Touyke Xo 6 M\ I A . lMpegnono>knum Tak>ke, yTo K\ —K = /1L

Torga KoHyc Q = K\ 1 daBngeTca perynapHbiM KacaTe/lbHbIM KOHYCOM K MHO>Ke-

cteBy M = Ali JI B Touke x0.
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JlokoBaTenbcTBO. CHayana NoKaxem, 4YTO CYLLECTBYHOT MOMIOXNUTENbHO OAHOPOAHbIE
N nAWWwLLeBble oTobpaxeHusa P\ @ R" —»/\i, /7" 4 ]( Takue, 4TO ANA nroboro

X 6 Rn nmeeT MecTo paBeHCTBO
(2.1). , X = Pi(x) - Pi(x)
[Tonoxum

a{x) ={y € Al : (y- x) € A2}

Mockonbky R"™ = A'l - A'3, TO rpa@uK MHOro3Ha4yHoro otobpaxeHuna a gBngeTcs
BbIMYK/bIN 3aMKHYTbIN KOHYC 1 dom(a) = AM. [MoaTomy, cornacHo npeanoxeHuo 1.3

CYLLecTBYeT MoM0XXNUTeNIbHO OAHOPOAHOE N NUHLLINLIEBOE OTOBpaxeHue Pi : R” — >K\

Takoe, 4To
Pi(x) € a(i), |In(*)Il < Cl*|l, x&Rn,
roe C i- Hekotopoe uucno. Monoxum (1) = P\(x) - & u 3ameTtum, 4To

(*) e A2, |IP2(™)|| < (C, + 1)|I*|| < C2\X\\ Vx e A".

rae = Ci 4+ 1 Mockonbky K\ u K 4Bna0TCA HenpepbiBHbIMU PerynapHbIMu

KOHYCaMu, TO CYLLECTBYIOT TakKue 0ToOpaxeHus
(22) = X0+ Ax+ v>i(AX), i= 1,2,

yto d,(A.x) 6 1/, Vvx GQ Z?(0). A€ (0.1], rge (fi (i = 1. 2) yooBneTBOpPAOT YC/O-
BMAM OnpeaenieHNa HenpepbIBHOrO perynsapHoro KoHyca 1.5. He Hapywas o6uiHoCTH,
NpeanonoXXnUm TakXXe, YTO A9 000MX KOHYcoB (CM. onpegeneHnn 1.7) <G = = 1

lenepb Npn UKCUPoBaHHOM X € Q pacCMOTPUM CUCTEMY YPaBHEHWI, 3anncaB ee B

BEKTOPHOW (DOpPME:
(2-3) <ITA2) = D (Ar+ PN )) ®2(Ar+P,p) =0
cnonb3ya (2.2), ypaBHeHMe (2.3) MOXHO nepenucatb B BUAE:

o(x,\,y) =y + y2i(Ax + P\(j)) - Y2(Ax+ P2(])) =0.
dukcupyem X€ Q u paccmotpum Ha wape W < /(2 ) oTobpaxeHue

P(x, Ay) = LAX+p/l])) - 4 Pi()).
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[Mpn No6bIX PUKCUPOBAHHBLIX JT X oTobpaxkeHne (XA, ¢) ABNSETCHA HEMPEPbIBHbIM
onepaTtopoMm, NOCKO/bKY TaKOBbIM ABNAKOTCA oToOpaxkeHua V\(X. ). sMA. ), P,. P2.

[MoKa)xem, 4YTO Npu AOCTATOYHO MasbiX AoTobpaxeHne d(X, A ) UMeeT HeMnoaABMXK-
HYI0 TOYKY Ha HEKOTOPOM Luape C LEeHTPOM B TOYKe Hofb. ycTb Tenepb |[X|| < 12
n iM < A/(2C2). Torpa

*+ 8B (|)||<i. 1=1.2.

[To3TOMY MMeeM
LW, X, * + PHI)) - *>Am+ P,(f))]
<

\12+ M
ABLATT +iIM W, lyRi(As + PO
: V A2+ IIMI2 VA2 + lIFli2
< sup 1£ 1+ sup M M I = -|[1)+A(N), 4 a.
i€CoBi (0) J1 neQnD,(0) A
N3 onpepenennsa 1.5, cneagyet, uto </(A —»0 npu A—¥0. Takum o06pa3om, A0Ka3aHo.
4To
[P, A DI <qg(\)Vi2-Nitp.

[TonoXXnm

TA) = inf{T>0:qX)y A24-12< r}.
Tak Kak npu 4ocTaToyHOo ManbiX A> 0 MMeeT MeCTO HepaBeHCTBO
( )\ 2+ A2=\V2A<?(A) < A 10 T(A) <A

[10 onpeaeneHN0 TOYHOMW HMKHEN rpaHu ANa KaXaoro A cyuecTtByeT T“(A) Takoe,

yTo
(2.4) T(A) < 7*(A) < 1(A) 4- A2, q(\)v/A2 + (T'(A))2 < T*(A).
[ToKa)Xem, 4yT10 ' -4 0 npn A—0.

Tak Kak T(A) < An s/a2+B2<a4-/9, a >0, /9> 0, To 3 onpegeneHna r (A

nonyyaem
T(A) - A2 < $(A)>/A2+ (T(A)- A2)2 < a(A)(A+ | T(A) - A2]|) < 3ANA).

[To3TOMY —>0 npn A-4 0.
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Ho torpa u3 (2.4) cnegyet, uto F[X% —»0 npn A—» 0. Tenepb, ecnu ||?/|| < TQA) <

\/(2C 2), TO cornacHo HepaBeHCTBY (2.4) umeem
|P(*. Ay < 9(A)vIA2+ IMI2< 9(AN/A2+ (T*(A))2 < T*(A).

Takum o6pa3oM, HenpepbiBHOe oToOpaXKeHNe P(X. J1. ¢) oTobpaxaeTt wap \W\ < r*(J1)
B cebs. 3HauuMT, no Teopeme Bpayepa oTto6paxeHue d(x, A ¢ MMeeT HEeNoABMXHYIO

TOUYKY B 3TOM LUape, T.e. CyLLlecTBYeT oTobpaxkeHue </(A.X) Takoe, 4TO
P(x, Ay(A X)) =y(AX), [ly(A x)| < r*(A).

CnepoBaTenbHO.

L p n vy o, ,0, 101 _»0.
t<€Qnfl2(0) A

Takum obpasom. d(x, /1, y(A,x)) = y(J1,x). OKoHYaTenbHO 13 (2.3) NOAYyYUM, UYTO ANS

X€ Q. [|X|]| < 1/2 n gna pgoctaTo4yHo mManbixX J1> 0 umeeT MecTo paBeHCTBO

X0 + AX+ P, (y(Ax)) + V(AX+ P, (" 7)) =

= X0 + AXx + P2(y(A X)) + y2(A, X+ P2(~"1)).
[TockonbKy A'l, A*»—BbINYKble KOHYCbI, TO Ana Manbix J1> 0.

(x + p, M > )€ /N 50)1 (7 +/>( 1)6/12 [ ().
[MoaTomy, gna manbix J1> 0 nmeem

X0+ Ax+ P, (y(A X)) + ™ (A X+ Pi( N N)) =

= x0+ Ax + P2(2/(Ax)) 4 v2(A,x + P2(— ~)) € Mip]M 2.
[TonoXXum
MNA LX) = IMIy(AX) 47T, x + PiI(M—7N)).
OuyeBNAHO, 4YTO

suf/p - - o] % 0 npn J1-+ 0,
u€Qn/?J/2(0) A

mecnm r 2™ N[ (0). To gna ooctatoyHo manbix J1> 0 cnpaBeAnnBo BKIOYeHUe

X0+ Ax4 ?(Ax) e Al O
72



O PETYNAPHbBIX KACATEJ/IbHbIX KOHYCAX

3ameyaHue 2.1. OyHKuxw p(A, ® MO>KeT He ObITb HEMPePbIBHOW, 1 nosaTomy Q.

BOOOLLE roBOpPS, He eCTb HEMPEPbIBHbIN PerynapHblil KNeXuMblbHbIA KOHYC K M b TOu-

KC X{). 9

3ameuyaHue 2.2. B [9] nocTpoeH npumep ABYX 3aMKHYTbIX MHO>XecTB M\ C H4
M M2C N1n KacaTenbHbiX KoHycoB K |, A2, Takux, 4To

1. koHyc K1 asnseTca waTpom K M\ B Touke 06 J1/ ;

2. K aBngeTca kKoHycom Knapkxi ana A/ B Touke 0 € A/2;

& <t A2~ {O)}, 1T, - 2= d4. - *-

Ao N/t M2= {0}

OT0 03HAYaeT, YTO NnepeceyveHne ABYX HMKHUX KacaTelbHbIX KOHYCOB K ABYM pas3-
HbIM MHOXECTBaM  OAHOI 00LIei TOUKE 3TUX MHOXECTB MOXET MHEObITb HVKHUM
KacaTe/lbHbIM KOHYCOM MepecevyeHnss MHOXECTB B 3TOIN TOUKEe.

Tenepb NOCTPOUM PErYNSiPHblEe KOHYCbl KacaTe/bHbIX HanpaBfeHWA W LLIATPbl KO

MHOXecTBY Bunga A/ = {x € A" : a(x) < 0}.

Teopema 2.2. TlycTb </(X)—nokanrmo nunwinuesa PyHKUUS U ANA TOUYKU XO Bbl-

nonHeHbl cncayiowme ycnosus: y(xo) = 0 M0 Okpg(xo). Mono>kum
PM(xo) = € An:yk(x0.x) < (O}

Torga BbINYKAblA KOHYC PM(X0) SiBNsieTCA PErynsipHbIM KOHycam KacaTC/bHbIT Ha-

WXIBNCHUI KO MMo3icecTBY A/ B Touke Xy.

loka.)aTenbcTBo. lNockonbky 0 A OkA(X0), TO CYLWECTBYET BEKTOP LI TaKOM, 4TO
</p-(xo,w) < 0. 1lc Hapywasa O6LIHOCTW, NPeAnooXnUM, 4To AK (x0.iv) = -1. TycTb
[/ > 0. B cuny HepaseHcTBa 1.2, ecnin X € Pn(xo), [|X|| < 1/2, 7 < WUA2, To ans

N0CTAaTOYHO ManbiX J1> 0 nmeem

a(xo + A(x+ ) < (/(.T0) + Aok (xOix+ -w) + r(A,x + ) <

< -7 + (A X+ -a»)-

Ons hMKCUpoBaHHbIX X U A dyHKumo /(X. A.7) = r(A.X + Jw) HenpepbIBHA HO 7.

[ToKa)XkeM, 4TO OHa MMeeT HenoABMXHYI TOUYKY Ha HekoTopom oTtpeske [0, i/(A)]. roe
73



P. AL XA4HATPAH

MA) = o(A) npu T—0. limecm ||x + Jui|| < 1L TMoatomy

I-(A’ X + r(A’ X + >) r(x1 VI)
N VAR r-A— < siP —r1 = (A

OTcloaa

V< /(X,AT7)<r(A)\N2472-
Tenepb, NpoBOAA [0Ka3aTe/NbCTBO aHa/IOTMYHO Teopeme 2.1, Monyyaem, 4YTO Cyllle-
cTByeT PyHKUMA 7 (A.X) Takad, uto /(Xx, A7(A X)) = 71(AX), npunyem

H7(A )|
P20 A aal

3Hauunt, g(xo - AIr-f 7 (A x)w) < U Monoxnm MA,x) = 7(X,x)w. ACHO, 4TO

<up | « ) :
»*ePfi(xo)nz?1/2(0) A

Teopema 2.2 foKa3aHa.

Cnepcteue 2.1. TlycTb CyWeCcTBYOT BEKTOPbl €\ U . Takue, 4TO
(2.5). 9'kbl,eil) < 0. (-9)'k(x0,e2) <0

Torga Bbinyknbid KoHyc. Kq(xg) = {i £ Rn : gK(x0,x) < 0, (~g)'K(x0,x) < 0}
ABNAETCA PEerynsipHbIM KOHYCOM KacaTeNbHblX HanpaBfeHUW AN MHOXKecTBa =

{x € Rn:y(x) = 0} B TOUKe xq.

[lokazaTenscTBO. Mo Teopeme 2.2 cyuwlectBytoT uncno 6 > 0 u oTobpakeHUs
AM(ALX), N2(AX). yaooBneTeopsoLlme ycnosusaMm onpegeneduns 1.5 n takue, 4to Ans

Xe /Cn(xo)lMag) n manbix A> 0 nMelOT MecTo crefytolne HepaBeHCTBa:
a(xo+ Ax + "i(A.x)) < 0, a(x0+ Ax + ~“r(A,x)) > 0.
OTctoa Hanaetcs Takoe ymucno 0(A) € [0,1], uto
</(x0 + Ax + O(A)M?i(A,x) + (1 - 0(A))y?2(A,x)) = 0.

Monoxus v?2(AX) = GHHA)N(A,X) + (1-0(A))<E>2(A. x), nonyunm </(xq+ Ax-FV(A X)) =

0. a TakXxe

SUp Infr un q lipmw n -> 0.

neKn(xo)r4/10) A



O PEIMYJNNAPHbIX KACATEJIbHbIX KOHYCAX

3ameyaHue 2.3. Ecam gk (Tu.x) = AMA(xn.x), run n3BecTHO |8|, uTo

OmMp(x0,-*) = {~9)\ 0.X).
3

Torga B (2.5) MOoXHO Bbl6paTh €2 = -e\. 13ToM c/ny4vyae NoANpPOCTPaHCTBO
#n(®o0) = {*£ A" :9mp{xq,x) <0, 9IMP(x0|-x) < 0}

SAIBNSIETCS PerynsipHbIM KacaTe/lbHbIM KOHYCOM K B ToukKe .r0. AHaJIoOrnM4yHo, UCMo/b-

3y HepaBeHCTBO (1.1), MOXHO 0Ka3aTh Cneayow i pe3ynbTar.

Teopema 2.3. TlycTb y—1oKanbHO nnunwnubea yHKUMA 1 Ona TOYKKM XO BbIMOS-

HeHbl ycnoeusa A(xo) = 0, 0 £ Aam91x0) Toraa BbINYK/bIA KOHYC
Pm{x0) = {r6 R" :gAL(x0,x) < 0}

ABngeTca TUTPOM K MHOXKecTBY M —{X € Rn :y{x) < 0} B Touke Xo.

3. Heo6xoganmoe ycnosume muHumyma B TepmuHax /[C-cybagnddepeHyumnnnos

PaccmMoTpuM cneaytoLLyo 3KCTPeManbHYH 3aauy:

K

(3.1) lo(x) -> min, Xe  « .
t=I

roe N/, = {x € Nn:/*x) < 0} 1=1,2,....k,a/, (r= 1... A) - NnoKanbHO

NUNLINLEBBI PYHKL MW,

Teopema 3.1. lycTb X0 peweHne 3agaum (3.1). Toraa cyuwlecTByT unucna Ao >
0,A >0, 1€ /(x0) = {r € [1\] : /,(x0) = 0} He paBHble OIHOBPEMEHHO HYIIO,

TakKue, 4yTo

0 e Ao<9<-/o(xo) 4* A, (?k /1(x0),
1€/(i0)
roe  —3Hak K - cybangdepeHunana.

[lokasaTenbCcTBO. [1peanonoXXmm NpPoOTUBHOE:

0 XoAakMxo) + Y, x>°kMx")-
»e/(X0)
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9ro 03HayaeT, 4YTO CYLLECTBYET TaKoli BEKTOp €, 4To Ansd nwbbix JSlo, fl, yucen, u3

KOTOPbIX HE BCE PaBHblI HY/HO, BbIMNOJ/IHAETCA HEPABEHCTBO

AQ/T(cCe) + Y, o»B) < 0.
i€/(x0)
OTtctopa cneayet, uto /fw(xo,e) < 0, //kK(d0,e) < N N(x0)- CornacHo npepso-

XeHnto 1.2, cyuwectByoT yHKUMN 1,(A,X) Takue, 4To
[,(x0 4+ AX) < /i(x0) 4 Al'y(x0.x) - 7u(/,Ic),

npuyem liHimo 1. 1L(1,J) = 0. Vx € i*1(0). CnegosaTenbHO AN AOCTATOYHO MasblX
N> 0 /o(ro + Ae) < /oU), *(A>4 Af) < [*(@-0) = 0, r /(x*0). Takum ob6pasom
npu manbix A> 0 Touka X0+ Ae y[10B/eTBOPSET BCEM OrpaHUYEHUAM, TaK KaK B Culy
HenpepbiBHOCTU /,(.r) Ansa goctato4yHo manbix A> 0 /i(xo 4- Ae) < 0. 1N /(k0)> a

Takxe /0(x0 4 Ae) < Yo(™0)- 3T0 NPOTUBOPEUMT TOMY, YTO XO—peLleHne 3ada4uun. O

X
Teopema 3.2. TlycTb Xq— TOYKA MUHMUMYMA NOKaNbHO nunwuueson (pyHkuun f

Ha mHOXKecTBe 12 = {r € R" : 4¢(x) = 0}. MycTb BbINONHEHbI MPEANONO>KEHMNS
cneacTeua 2.1. Torga

(3.1) 0 € okl (x0) 4 c/{coT/3kr/(x0) + coinps(-9)(3n)}

3necb cLJAI}— 3ambikaHne mHo>KecTeBa M C /?r.

[lokaszaTenbcTBo. CornacHo cneactenio 2.1 Ku(xo) AsBNaeTcsd KOHYCOM KacaTe/lbHbIX

HanpaB/fieHNn K MHOXecTBY A/ B ToUuKe Xy. [1oaTomy, B cuny Teopembl 1.1 nmeem

(>1-2) AK/bl T\K;Ibl ®b

Mockonbky Kn = cl{congkpa(xo) +cxT.ak( a){xo)}, 1o n3 (3.2) HeMeaNieHHO crieayeT

BKNto4YeHne (3.1). O

CnepctBue 3.1. Ecam i)ka(x0) = Ompa(x0) n DKf(x0) = 0ALT{x0), To K*(x0) =
cJ{conOmi*a(xo)—xTampa(xo)} = blin)mpga(xo), a Heobxoanmoe ycnosue (¥Y.1) npu-

HuMmaeT cnegytowmnin Bug 0 € Oal/(xo0) 4- bingmpa(xo).

Abstract. [I'be paper contains a sufficient condition for an intersection of regular

tangent cones to be a tangent cone. Regular tangent cones and tents for sets given
70



O PETYNAPHbBIX KACATEJ/IbHbIX KOHYCAX

by locally Lipschilz functions are constructed. The cones are described in terms of

generalized -derival ives.
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HOCTb OLEHKMN.

MSC2010 number: 62J86, 62F86.

Knw4yeBble cnoBa: HeyeTKasa perpeccus; meTol HauMeHbLNX KBaApaToB.

1l NMocrtanoska 3agaudu

OCHOBHbI€ BU/bl PErpPeccuin C HEYETKUMWN YMUCNaMn NN HEYETKUMWU HabMOAEHUAMN
onucaHol y LWanupo |l|. ®opmanbHO MX MOXHO pasfeniMTb Ha HECKO/IbKO rpynn:
perpeccus npeanoxeHHas TaHaka, perpeccusi KAcMmHCca M OCHOBaHHad Ha MeETPUKe
perpeccus daimoHpaa.

HacTtoawasa paboTa nocesueHa nocneaHen mogenn. MHTyMTMBHaA NoCTaHOBKA 3a-
nayn  HaMTu TaKOW BEKTOP HEYEeTKUX KOI((ULMEHTOB, A1 KOTOPOro HeYeTKMe Ha-
6n0aeHNs 3aBUCUMOM NMEPEMEHHOW A/ BbIOPAHHON METPUKM ByAyT KakK MOXHO 651u-
e K HEYETKUM 3HAYEHUSAM NUHENHOW KOMOWHAUUKN O0OBACHAOLWMNX MEePeMEHHbIX.

TOoYHee HY)XXHO HaliTW HeYeTKne KoaphuumeHTbl bTakme, 4ToObl PacCTOSHME

(1.1) OIYMXr+bb + .. +b*X*)

OblNO0 MUHUMaNbHbIM. 34ecb Y = (D\.....yT) - BeKTOp HabnAeHU 0O6BACHAEMOM
nepemMeHHon, a Xx = (XU...., 1]f/n) - BEKTOP COOTBETCTBYIOLNX 0OBACHAOLWNX Nepe-

MEHHbIX. 3/IEMEHTbl KaXXA0ro U3 HUX He4yeTkue ducna. Mbl ucnonb3yem cnegyrollee
onpegeneHne Heyetkoro ymcna (cm. (3|, ctp. 37-39).

OnpepgeneHne 1.1. n- MepHOe HEYETKOE YMUC/O - 3TO HEYETKOe MHOXKEeCTBO, C
OrpaHnMyeHHbIM HocuTenem M3 R " 1 KaXkabin a-yposeHb Aa = {a 6 A * 1, /m(a) =
a} KOTOporo ABNAETCHA BbINYKNAbIM MHOXXeCTBOM, U (PYHKUMA NpUHAANEXKHOCTW
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/IM(*) aBNsie T CA NONYHENPEPbLIBHOW CBEPXY U NPUHUMAET BCe 3HAYEHUA U3 UHTEpBa-
na (0,1].

MHOXEeCTBO HEYeTKMUX 4YnCen ABNAEeTCHA MOAMHOXECTBOM 6aHax0oBO MPOCTPaHCTBa
BCEX 3aMKHYTbIX BbIMYKAbIX MHOXecTB B Kn(cm. |3|). Ana Toro, 4tobbl 3agaTb Ha
HEM MeTPMKY, UCMOMb3YIT TOT (paKT, YUTO BCe a-yPOBHN PYHKLUNW NPUHAANEIKHOCTY
HEeYeTKUX 4Yncen npeacTaBfsAOT U3 Ceba 3aMKHYTbIe BbIMYyK/ble MHOXecCTBa U MOTyT
OblTb O4HO3HAYHO O0XapaKTepn3oBaHbl CBOMMW OMOPHLIMU YHKUMAMK. YacTo GepyT

cnegyowyo MeTpuky (cm. |2|)

(1.2) d(A,B)= (n I [ (3n(x}a) - Sfi(x.a))2dxda
\ Jo Jsn~I

roe aa(-,a) onopHaa (MYHKUWMA O-YilOBHSA HeyeTKoro umcna A. a Sk - eanHUYHas
chepa B RK. 1 cOOTBETCTBEHHO,

(1.3) D(Z,0) ='£d 2(2J,UJ).
J=1

015 No6bIX ABYX BEKTOPOB M3 T HEYETKUX YnCen.

[Mpn Knaccu4yeckown perpeccun TpebyeTca HAUTU CTAaTUCTUYECKYHO OLIEHKY COOTBET-
CTBYIOLWMX KO3IW(NLMEHTOB. B Hawem cny4vae oLeHKa SABNAETCA HEYETKOMW C/yyanHOM
BE/IMUYMHOWN. 1 XXenaTenbHO BbIABUTb €e CTaTUCTUYECKME CBOMCTBA. TO eCTb Mbl AO/K-
Hbl HaliTW OLEHKM CNyYaiiHbIX HEYeTKUX BenMuumM bj. npu Tom uTo Y, cryyaiiHble, a

netepmuumnpoBannble BeMMUYMHbl. CTOUT OTMETUTL, YTO TaK KakK Mbl UMeeM Aeno
C CNyYalHbIMW BefIMYMHAMK, TO MOJpa3yMeBaeTCA HEKOTOPOe BEPOSATHOCTHOE Mpo-
ctpaHcteo (I, F, IP).

[anmoHa B [2] nokasan cyulectBoBaHne MuHuUMmyma (1.1), ana (1.3). OgHako npo-
Luenyp®lel® HaxoxaeHus B 06LLEM Cny4vae 3aBUCUT OT Kacca HeuyeTKMX HabnroAeHW,
TO €CTb OT BMAa UX PYHKUMUAN NPUHAANeXHOCTU. bonee Toro, Npy Tako MOCTaHOBKE
3aflayn, TpyHee paccMmaTpuBaTb CTaTUCTUYECKME CBOMCTBA OLEHKW, TaK KaK Hao
npenBapuTenbHO cneunuunMpoBaTh OLLMBKMN.

B gaHHOW cTaTbe Mbl MpefAsiaraem OLEeHKY, nojlyvyaemMyto C NMOMOLbIO MeTofa Hau-
MEHbLUMX KBaApaToB Ma 3HaA4YeHUAX OMOPHbIX (MYHKUMA NO HanpaBneHWSM W KOH-
BEKCU(NKALNIO KOMOMHNPOBaHHbLIX OLEHOK (rpoueaypa onucaHa ganee). Mbl Takxke

paccMaTpuBaeM CTaTUCTUYECKME CBOMCTBA TAKOW OLIEHKMN.
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2. HOCTpOeHI/Ie OULEHKN N ee cTaTnctTmnmyeckKkme cBoicTBA

BmecTo TOro, Uto6bl MUHUMU3NPOBATL CYMMY KBaApaTOB Pa3HOCTEN OHOPHbIX PYHK-
UMM MO BCEM HarpaBfeHUSIM M MO BCEM a-YPOBHSIM, Mbl MpeAnaraemM rnpoBecTU 06bly-
HYIO MWHMMMK3ALMIO MO CyMMaM KBafpaTOB OLIMOOK MO KaXk[OMYy HanpaB/leHUO B

oTAeNnbHOCTN, a UMEHHO MOCTPOUTb OUEHKY HaMMEHbLUMNX KBaApPaTOB Ha KaXAOM a-

YPOBHE, A/ KaXXA0ro HanpaeneHus X £ 5 nns
(2.1) 1x<A = MXTIvA 1.x.a ‘b e "b IK.T.0A A-xn "b= " x.ct™x,n X,a
30ecb KaX[Abli BEKTOP SABMSETCA CTONMOLOM, a 4epes Mbl 0603Ha4YnUIN 3Hauye-

HVYe OMOpPHOM (PYHKUWMKM MO HanpasBneHUto X € S11 1 Ha a-ypOBHE HEYETKOro 4ucna
n. A Ang HequKoro#BeKTopa C = mnop, Cxn 6yaemM MOHMMaTb BEKTOP
(<T.r«> -MC»n.x.a)-60 -BEKTOP rayccoBcKkux nosen. Takmum o6pa3om, NonyvyeHHas OLeH-
Ka 6yaeT OLEeHKOM 3HAYEeHUI OMOPHbIX PYHKUNA KO3PPULNEHTOB, N OLLlEHKA HAUMEHb-

LUIMX KBaApaToB OYyAeT MMeTb BUA

(2-2) Ko =(XI1Jxa)-'Xlny,.U\

Tak Kak Mbl MosiydyaemM OLEHKY 3HauyeHW OMOPHbIX PYHKUMA (nnn, ecnn 6paTtb Mo
BCEM Hanpas/ieHUAM X € Sn_1, oueHKY OMNOPHOW (PYHKUWK), TO ANA TOro 4YToObl Mbl
CMOIN cAenaTb 00paTHYH TpaHchopmauuto A9 NOAyYeHUs a-ypoBHeln Koahdu-
LUMEHTOB, HaM HeobX0A4MMO, 4YTOObl OLEHKA OMOPHON (PYHKUMW npeactasffna cobou
HEeKY0 OMOPHYI0 hyHKUMI0. [4na 3TOro Heo6xoAMMo 1 AOCTATOYHO, YTOObLI 3Ta PYHK-
UMM Gblna HenpepbIBHOW, OAHOPOAHON NepPBOro nopaaka v Bbinyknon. OA4HOPOAHOCTD
MepBoro nopsaka obecrieyeHa Tem. YTO Mbl AENCTBYEM Ha eAMHUYHOMN cepe, TO eCTb
m6 S" 1 Ho aTta Toro, yutobbl caenaTb OLEHKY BbIMYKNOMW (DYHKLMEW, Ham MoHa-
noouTcsa npoueaypa KOHBEKCU(PUKALMM O eCTb HaxoXXAeHue Hambonee 6N3KON K

NAHHOW (PYHKLWM HEeNpepbiBHOW BbINYKNOW (YHKUUMN.

MpeanoxeHue 2.1. Ecnn umcno HabnoaeHnin 6onblue yncna 006bACHAKOLINX ne-

peMeHHbIX (T>K), TO oueHka (2.2) HenpepbiBHa N0 0CeM N —1 KOMMNOHEHTAaM X.

[1eNCTBUTENBHO, ONeHKa (2.2) HeNpepbIiBHA, TaK KaK OHa ABMSETCA HEKOTOPOW KOM-
OuHaLMen onopHbIX (YHKLMIA, KOTOPbIE TaKXe HEMNPEPbIBHbI. A MPU YCNOBUN T > K
oueHKa (2.2) cyulecTByer.

3BECTHO, YTO GAMKallias BbiNnyknasa MyHKUMA HenpepbiBHOW QyHKUWKM / nony-
YaeTCcs 3aMEHOM Y4YaCTKOB BOTHYTOCTU COOTBETCTBYHOLLEN TMMEPNIOCKOCTbIO. TO eCThb,

ecnn Ha ydyacTke U (yHKUMS BOrHYTa, Mbl 3aMEHSIEM 3Ty 4YacTb TMMNEPNIOCKOCTbIO
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npoxogsulein yvepes f{dU). 310 MOXHO caenatb Mcxodsa U3 OnpefefieHNs BOTHYTOW

QYHKLUUMN.
[Mony4yeHHYIO TakuM 06pa3om (PyHKUMIO 0603Ha4ymm 4depes conv(f(x)).

3ameyaHune 2.1, OTMeTI/IM,_'iIaTO

1) Takad npouenypa He MeHAeT CTeneHb OAHOPOAHOCTMW, TaK Kak BCcAkas runep-
NIOCKOCTb ABNSET CSH OJHOPOAHON NEPBOW CTEMEHN.

2) HoBas oleHKa He HapyllaeT HenpepbiBHOCTW.

3)PyHKUMOHANbHBIN BUA AAHHOKW, Mpoueaypbl 3aBUCMT OT BuAa HavyanbHOW (PYHK-
uun. Ecnm HavyanbHaa (MYHKUMA AOCTATOYHO Xopowa (auddepeHumpyema), TO Mbl
MO>XEM HaWTU y4aCTKM BOTHYTOCTMW N 3aMEHUTb TMNEPNIOCKOCT AMMU.

4) KoHBekcunkaumnio BekTopa 6yeM NOHMMATb KakK KONBEKCUUKALMIO Ka>KIOoW
KOMMNOHEHTbI.

BepHO Takxe cnefytollee YyTBEPXKIEHME,

[MpepnoxeHune 2.2. MNycTtb A(X)*B(x).An(x) , n € N, HeKOTOpble HenpepbIs-
Hble oyHKUMKM, Ha S 1.
1) cann(A(x)) < A(r) (ans ka>kpgou x).
2) conv(A(x) + B(x)) > conv(A(x)) + conv(B{x)).
3) Ecnn pyHkumna A(:v) sbinykna, 1o conv(A(x)) = A(X).
4) Ecnm An(x)  A(x) n.B. n A(x) Bbinykna, 10 conv(An(x)) —-4(x) n.s.

[MyHKTbl 1)-3) cMm. B [5], a 4yeTBepTbil MOXHO AO0Ka3aTb C/AedyHLNM 06pa3oMm.
MHoXecTBO To4ek, rge conv(An(x)) - JI(:r) cocToUT K3 ABYX MNOAMHOXECTB. ITO
MHOXecCTBO, rae An(x) He cxoautca K J1(x), n MHoXecTBo, rae— A(x), no
i4,(x) TaM ne BbINyKnble. o no onpegeneHnto conv(/in(x)) ato Hanbonee 61n13KNe K
An(x) BblNyKnble hyHKUMK. B gaHHOM cny4ae, Tak Kak A(X) BbliNyKnas MyHKUMSA, v
An(x) —(a), To A(x) n ecTb 6nnxkanwas Bbinyknaa PyHKUMsa (Ha MHOXeCTBe rfe

MMEEM TOYEYHYIO CXOAUMOCTD).

3ameyaHne 2.2. BoobGlle roeops, Henb3d yTBep>KAaTb, 4yTO conv(Bx,a) He

cMelleHa. Ecnmn Bx,« He BbiNyknas, TO OLEHKA CMeLleHHas.

OfHaKo, Hallla OLeHKa MMeeT ApPYroe Oo4YeHb BaXKHOE CTATUCTMUYECKOE CBOMCTBO.

OHa coCTOsITeNlbHA NPU HEKOTOPbIX YCMOBUSAX.
81



B I BAPOAXYAH, P. AL TEBOPKAH

Teopema 2.1. TlycTb
D limm_ ~ (~ X'1[nX Xa) = 6?r,n; TAe Qx,a  HeKoTopad k-mepHaa maTpuua. Ixis-
HOMEepHO OrpaHn4yeHHasa Mo BCEM X U a. ,
2) ca = ...,oona) ~ 1<IGF (To ecTb OWNOGKM  He3aBUCUMble U OAMHAKOBQ
pacnpegeneHHble rayccosckue nons), rae eia = {6|,aalr£ S " 1}
Torga oueHKa. «

(2.3) c.onv(éXa)

COCTOATE/NbHA NO BEPOATHOCTMN, NOYTWU ANA BCEX X.

3ameyaHune 2.3. TyT KOHBeKCUUKALUA NMPOM3BOANTCA TOMAbKO NO X ANS Ka>K-
noro jj € 12 Takyke 0OTMeTUM, YTO YCNoBue 7 3TO cTaHaapTHOe TpeboBaHue npu
YCTAaHOBKEe COCTOATbIbHOCTU PErPeCCUOHHbIX OLEHOK, cM. Hanpumep [0] cTp. 101-
162.

[lokasaTenscTBo. M3 (2.1) n (2.2) nveem uTo. \
(2-4) Bx,a= Bxa+ (XlaXx,a) 1 ,0
conv(Bx.a)= cunv(BT™M+ (0 ;. ) ,, ) >conv(BTin)+

+conv((XlaXx,a) 1IX 1jx,0Q =

{2-5) = Bx.o + ccmv((XjtaXx,a)-1XZafXia)

= Bx,, + coiiv ( ( 'T

30ecb npeanocreHee PaBeHCTBO BbITEKAET M3 TOro, YTO MCKOMbIA Bxoc npeacras-
NnAeT cobon BEKTOP OMOPHbIX (MYHKLUUA UCKOMbIX BbIMYK/bIX MHOXECTB (a-VPOBHEN
NCKOMbIX HEUYETKUX 4vncen, KoappununeHToB), cfiefoBaTe/ibHO ero KOMMNOHEHTbI TaKXe
BbIMYK/ble QYHKLUMN, N MOXHO MCMNOMb30BaTbh 3-MiA MYHKT BTOPOro YTBEPXKAEHUSA 2.

3aMeTUM, YTO KOMMOHEHTbI eXQ, npeAcTaBNAT COO0M 3HAUYEHUA ONOPHbIX NYHK-
LM rayccoBCcKmMx nonen. O603HAYMM 4Yepe3 rfa BEKTOP WX BbINYK/bIX 060/104eK (Mo
I, eCTeCTBEHHO0). Pe3ynbTaT MofyyeHHbld OaBuaoBbiM 1 MNaynayckocom (|4|) no3so-
NAeT yTBepXpaatb, UTOpPp I 1w = EX{T(cxoanTca no sepoATHOCTN), rae K
ABNSAeTCA 3aMKHYTbIM anauncom. OTtctoga cneayet yuto plimm->0C TfcfO = 0 n3 yero

cnegyeTt, Tak Kak ea C 11, U U3 ycnosusa 1) Teopembl, 4YTO

(2*6) P AW ra-»00%g Axiat*,n = 0,415 BCeX X £ 1, € [O.i].
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Ha camom fgene 3TOo 03Ha4yaeT CXOAMMOCTb HO Mepe Ha Su~l x Q gna nap (X.u).
OTcrofa MMmeeM, UYTO CyLLECTBYeT noanocnegosatenibHoCcTb {nu} Takas, 4to
t/-»» — X "é &, =0nana n.. (a-,w) 6 6°* 1x Il

3 yCNOBUIA TEOPEMBI, BbILLECKA3aHHOIO N 4-0ro NyHKTa 2-ro yTBepXaeHus cnepy-
eT, uto ana n.B X € S'1 1,

/I_ltrgo com\R/( (M, **en**ey) (m, N 0.

n cnegoBaTtesibHO

2.7) plini/foo v A~ L xT*%xa) 'l XMfixa)1=0
anga noytu Bcex x € St, 1.

N3 (2.5) n (2.7) BbITEKAET, 4YTO

(2.8) il'lnn"’\convil?:r’\) > BXd

ansa novTtm Bcex X € S" ~1
C Apyron CTOPOHbI, COrNacHO NYHKTY 1) yTBepXAeHusa 2,

(2.9) bx,a > conv(BxtQ)

N cornacHo (2.4),

XA X xh (" .* N> cotiv(Bx.n)
OTcroga npu m —>00, N ¢ yyetoMm (2.G) n (2.8) nonyymm, 4Tto

5X,« > piiL can\r(éx.a) > Bxa

CnepnoBaTenbHO
plilll CO7Iv{Bx’a") = Ar,/1

AN No4vTn Bcex a 6 S,, 1. Teopema goKasaHa. C

Nanee, y>e nmesa oueHKy (2.3), MOXXHO NONY4YNTb camy OLEHKY ANA KO3ahphuumneH-
TOB ((2.3) oueHKa A4n1s OMOpHbIX (hyHKUKMI) nyTeM peBepcun (cm. [5], cTtp. 113-115).
To ecTb ecnu 0603Hauum dt*(a) = supl€£n \(x ea —COT>(8i,XiO)), TO Halla OLUEeHKa

a-ypoBHA 6yaeT MMeTb BUA
Ka={ae Rn-1:6Ua) =0}t

roe X ea CcKansipHoe Npou3BefieHue.
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Abstract.uIn the article the method for construction of least square estimator is
considered, when observations are fuzzy numbers. The estimator is biased in general,

while the proposed method guarantees the consistency of it.
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