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A bstract. In the framework of von Neumann's description of measurements of 
discrete quant uni observable we establish a  one-to-one correspondence between 
sym m etric statistical operators W o f quantum mechanical systems and classical 

point processes Kw. thereby giving a  particle picture o f indistinguishable quantum 
particles. T h is holds true under irreducibility assumptions if we fix the underlying 
complete orthononnal system . The method of the Campbell measure is developed 
for such statistical operators; it is shown that the Campbell measure of a  statistical 

operator W coincides with the Campbell measure of the corresponding point process 

k w - Moreover, again under irreducibility assumptions, a  symmetric statistical ope­
rator is  completely determined by its Campbell measure. The method of the Campbell 

m easure (hen is used to  characterize Bose-Einstein and Fermi-Dirac statistical ope­
rators. T h is is an elementary introduction into the work of Fichtner and Freudenberg 
110, 11] combined with the quantum mechanical investigations of |2| and the corres­
ponding point process approach of [30). It is based on the classical work of von Neu­
mann [22|, Segal, Cook and Chaiken |28, 8, 7] as well as Moyat [18].

M S C 2 0 1 0  n u m b e r s :  81-01; 82-01; 60G55

K e y w o r d s : Point process, Cam pbell measure, statistical operator.

1. I n t r o d u c t i o n

We consider quantum  statistical sta tes and ask for a  precise particle picture of 

them . Under irreducibility assum ptions we develop a  one-to-one correspondence between 

sym m etric sta tistica l operators W o f finite quantum mechanical system s and point 

processes k \v > thereby giving a  particle picture o f indistinguishable quantum particles. 

T h is is done by developing a  disintegration theory for such statistical operators in 

com plete analogy  to  the decomposition o f classical into conditional probabilities.

We also  need the method o f the Campbell measure, which is well known for point 

processes, and which is developed here for statistical operators. (This is inspired by 

the work o f  Fichtner, see for instance (12), and Liebscher (16].) We show that the 

Cam pbell m easure o f a  sym m etric statistical operator W coincides with the usual
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Campbell measure of its law kw \ moreover, under irreducibility assumptions, W is 

then completely determined by its Campbell measure.

Wo then present the point processes which correspond to the quantum statistical 

operators of Maxwell-Boltzmann, Bose-Einstein and Fermi-Dirac in the case of a  fixed 

number of particles. Surprisingly, only the point process belonging to the Maxwell- 

Boltzmann statistical operator is really known and has been considered in probability 
theory until now.

We then extend our considerations to systems with a  random number o f particles 

and therefore work on Fock spaces. In this framework the Poisson point process 

belongs to the Maxwell-Boltzmann statistical operator. Next the symmetric Bosc- 

Einstein and Fermi-Dirac statistical operators are constructed together with their 

associated point processes. Since these statistical operators are determined by their 

Campbell measures, and since the Campbell measures coincide for statistical operators 

and their point processes, we shall investigate the Campbell measure of these point 

processes.

As a result of the application of the method of Cam pbell measures we find that 

the point processes belonging to Bose-Einstein and Fermi-Dirac statistical operators 

respectively are given by Papangelou processes with explicitly given conditional intensity 

kernels. They are called here Polya sum and Pdlya difference processes respectively. 

The corresponding random fields are of first order and have independent increments. 

The distribution of the field variables, wliich represent the number of particles in a  

given region, are explicitly known. These results have been shown in (20). Thus these 

processes have all characteristic properties of an ideal gas. In this way we obtain 

detailed informations about the point processes and thereby about the correponding 

statistical operators.
We stress here the point of view that for the developement of a  full interacting 

theory of quantum gases one should start with the corresponding ideal gas and then 

modify this by means o f a  Boltzmann factor to include an interaction between the 

particles. (First steps in this direction can be found in [20].)
Historically the first attem pts to unify quantum mechanics with point process 

theory can be found in the work of Fock [13], Segal [28], Cook [8] and Cliaiken [7] and 

then, more systematically, in the work of Moyal |18|. For a  more recent contribution 

to the construction of Bose and Fermi processes from the point of view of quantum 

mechanics we refer to  Tam ura and Ito [29].
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Note added in February 2015. Unpublished versions of this work exist since 2008. 

We did not intend to publish it. But in the meantime several publications (see |20, 

19, 26, 27] e.g.) referred to it so that it might be useful to make it available to the 
public.

2. D is in t e g r a t io n  o f  s t a t is t ic a l  o p e r a t o r s

We consider von Neumann’s description of the measuring process of discrete quantum 

observables (cf. [22,23]) and use it for a  representation of statistical operators in terms 

of their conditional statistical operators and their laws.

Consider a  countable set Y ^  0 together with an equivalence relation ~  in Y. 

Represent (Y ,~ )  by means of ( I \r )  in such a  way that F is a  countable set and 

r  : Y  —» r  a  surjective mapping satisfying

(2 .1) (at ~  y <=>  r(x) =  r(y)).

Given 7  €  r  we set Y-, =  { r  =  7 } for the associated equivalence class. In the sequel 

we assum e always that

(2.2) 1 <  cd Yy <  +00  for any 7 . ,

Let. IK be a  complex separable Hilbert space of countable dimension |V|. We identify' 

the set Y with the coinplcte othonormal system (corw) y =  {ev\y €  Y ] chosen in 

"K. Furthermore, we set =  {ev|y €  Y-t) . The equivalence relation ~  induces an 

equivalence relation in y by means of (e * ~  ev <=> x ~  y) with y7 as equivalence 

classes.
The set of events o f the system described by the Hilbert space IK can be identified 

with the collection of all orthogonal projections resp. all (closed) subspaces. The state 

space S(IK) of the system is the collection of (self-adjoint)  bounded linear operators 

W on !K which are positive and have trace one, i.e. tr W =  1. Such W are called 

statistical operators. They form a  convex set whose extremal poiuts, the socalled pure 

states, are defined by

h o h  =  (h ,.)-h , h € X , ||/i|| =  1.

B y the spectral theorem every state W admits a representation
00

W =  Pn ՛ hn O hn >
I1>1

where (pM)„ is a  probability on N and (/»«)„ some cons in IK. (For more details we 

refer to |9|.)

1
THE PARTICLE STRUCTURE OF THE QUANTUM ...
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Our problem is how to associate to a given statistical operator W e  S(IK), admitting 

a  spectral resolution with respect to a  given cons y , a  law, and, in particular situations, 
a  point process k , and vice versa.

In the above situation we are given a  complex separable Hilbert space IK with fixed 

basis y. indexed by Y . We consider

H  I  sp{ey\y € y }̂,

the smallest subspace of IK containing {ev\y €  Y^}. The collection (lK7 )76r  is an 

orthogonal decomposition of IK; and IK is the direct sum o f it. We have

1 <  dim IK7 =  |>r7 | =  cdKy <  00.

Here cd denotes cardinality. Finally we write

P7 =  P * '

for the orthogonal projection onto IK7.

We start with a  statistical operator W €  S(IK) which adm its the spectral resolution

(2.3) W =  £  P„ g(y)
vev

for some law o on Y with respect to the chosen cons y. Here P y =  ey o  ey with

ey o e y =  (e „ ,.) • ey. Thus W is diagonalized by the given cons y. Set

(2-4) W7 =  £  Ptff?(y).

This defines self-adjoint linear operators on IK, leaving IK7 invariant s.th.

W7 =  P7 W P7 , W7 IK^ =  {0 } .

Decomposition (2.4) is unique. If tr W7 =  tr (P y W) is strictly positive, we can

normalize W7 to obtain the following statistical operator on IK:

f | 8 S S 1
This is called the conditional statistical operator of W given P7 . The notion of

conditional statistical operators has been studied systematically by Cassinelli. Zanghi

and Ozawa (cf. [6, 23] and the literature cited there).

T h eo rem  2 .1 . Given an equivalence relation in Y  which can be represented by means 
of ( r ,r )  in such a way that conditions (2. 1)  and (2.2)  are satisfied, any statistical
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operator W 6 S(IK), admitting a spectral resolution (2-3) with respect to y, can be 
represented as

(2.6) W =  X > ( - |7 ) - k w ( 7 ) ,
g F ;

where W (.|7 ) 6  S(IK), leading !K7 invariant with W(.|7 )IK7 =  {0 }. and where nyj is 
a  probability on T having the. following properties:

(2.7) « w ( 7 ) - > ( P rW )l 7  €  T.

This decomposition is unique.

In formula (2.6) and also later we use the convention that Wfflm ■ =  0 if

»w (7 ) =  0. We call «w  the law of the statistical operator W. It is some kind of partial 

trace o f W with respect to 7 , and we also write kw(7 ) =  tr7(W). This means that 

ir 7(W) =  52v€y (ev,W etf). We observe that for the calculation of the law k \v we 

can use the cons which is most convenient, because a  trace does not depend on the 

choice of a  cons. Decomposition (2.6) is completely analogous to the decomposition 

o f classical probabilities into conditional probabilities; and it is the starting point for 

the solution of our problem.

3 . D i s i n t e g r a t i o n  o f  s y m m e t r ic  s t a t i s t i c a l  o p e r a t o r s

Consider next a  finite group S acting on Y  together with the equivalence relation 

~  induced by S in Y  by means of x  ~  y <=>  3 g 6 S  : y — 9 X- All orbits are finite, 
and S  acts transitively on each of them. We assume also that (F ,~ )  is represented 
by ( r .  r ) . A s above IK denotes a  complex separable Hilbert space with a  cons given 

by y. We consider then the unitary representation U =  (Uj).j€r* induced by S on IK 

by means of

=  )  1K  ՛ eov- ^ ] \ ey
v v

It is obvious that U acts?on IK as well as on each IK7. Thus each IK7 as well as 
■  remains invariant under U. The collection ILy of restrictions of Ug<g & S< to the 
subspaces IK7 is called an irreducible system, if any closed subspace S  of IKy which 

remains invariant under ILy is either {0 }  or IKy. This is equivalent to the condition 

that it does not commute with no non-trivial (self-adjoint) projection (|1), Exercise

I.3.D .) A statistical operator W is called symmetric (with respect to 9) if

(3.1) UgWU^-i =  W for any g  €  S-

In the sequel we consider symmetric W admitting a spectral resolution for cons V.
7
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Lem m a 3.1. W is symmetric if  and only if  each W7 is symmetric.

Proof. By (3.1) combined with decomposition (2.6) W is symmetric iff

i for any g  € S-
7 у

The uniqueness of the decomposition combined with the fact that each 9C, reap. 
remains invariant under U immediately implies the result. □

We need also the following result which in our context is Schur’s lemma ([4], Satz 

7.1 b.):

Lem m a 3.2. Let W be symmetric. I f  the collection XL, is irreducible then “W-, is  of 
the form W7 =  « ^ ( 7) • P7. Here are non-negative functions on Г, determined by

the equation « ^ ( 7) =  (ey,Wey), у 6  Yy.

The positivity of follows from the positivity of the statistical operator W. Thus 

we obtain the following disintegration of a  symmetric statistical operator W.

C orollary  3.1. IfW  is symmetric and if  each 1Ц is irreducible then 

W =  «w (7 )^ r and *w (7 ) dim №r  =  1.
7 € Г  т е г

To summarize we have the following result.

Theorem  3.1. Under the assumption that each ILy, 7  € Г, is irreducible the equation

<з -2> ШВШШТг€Г ^

induces a one-to-one correspondence between symmetric statistical operators W on 

J i ,  admitting a  spectral resolution with respect to У , and probabilities к on Г.

This correspondence will be the main device in the sequel.

C orollary  3.2. If  W is a symmetric statistical operator on 'K, admitting a  spectral 
resolution with respect to У, and i f  U7 is irreducible then the conditional statistical 
operator W(.|7-), if  well defined, coincides with the normalized pivjection onto !КУ:

м ЗШ Н Е
Moreover, k\v(7 ) =  dim CK7 • €  Г, the law of W, detennines the operator W
completely.

8
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From now on the underlying group S is given by a  finite symmetric group 8(E) 
of all permutations a  of some finite set E . In this case we consider the following 
operators:

n ± = \E\j.' 5 1  s9n± ( ° )  ■ u °-
1 1 » € * (E )

Here 8gn (a) €  { —1, + 1 }  denotes the sign of a  where sgn+ is the identity and sgn- =  
sgn. Both operators arc orthogonal projections onto subspaccs IK+ and IK_ of IK and 
satisfy

(3.4) tl,riT+ — iT+, UffTI- =  agn(p) • 77_ for any a  €  8(E).

In particular the operators 77+ and 77_ are symmetric. The elements of IK+ are also 
called symmetric; the elements of IK_ antisymmetric.

4. E x a m p l e s

We consider the following standard finite setting (cf. [2, 24]). X  is a  finite, non­
empty set of cardinality d; and Y =  X n. According to the convention of quantum 
mechanics the 1-particle space of a  particle in X  is given by C .  whereas the n- 
particle system is described by the complex Hilbert space IK =  (£)n C "՝, i.e. the n-th 

tensor power of the 1-particle space. Note that IK coincides with CY: and if n =  0 
then IK is the one-dimensional complex plane. In C *  we choose some cons (e*)*gx 
conveniently, y =  {ev =  y =  (®i,. . . ,x n) €  then is a  cons in IK indexed

by y. If n =  0 then ^ is a  singleton consisting of some unit vector 1 in C fixed ouce 
and for all. The underlying symmetric group is given by the collection Sn of bijections 
a  on E  =  [n] =  {1 , . . . ,  n }. S „ acts on Y by means of

a »—> ( ( * i  i—> (xff->(i ) , . . . , * » - • ( » ) ) ) •

It operates on IK by means of the collection of unitary representations consisting of

: e *, <g> ■ • • ® ex„ •—» $  • • • ® e* „ - i (n) >

and is then extended by linearity. We shall be interested in statistical operators 
which are symmetric, i.e. commute with the above representation of §n, and which 

admit a  spectral resolution with rcspect to <1- Every observation W of a system of 
identical particles has this property. The Hilbert spaces IK+,IK_, appropriate for the 
description of particles obeying quantum statistics, are constructed by means of the 
projections 77+, /7- induced by the group S„.

9



A. BACH AND H. ZESSIN

A representation (I \  r ) of the equivalence relation induced by S „ on Y  is given by

r = := {($*, + • • •+sXn| ( z i ,xn) € y},
| : ( * 1 . . • • *— 1 g - • *  +  6Xn.

4.1. T h e M axw ell-B o ltzn ian n  s ta t is t ic a l  o p e ra to r . In !K we choose a  cons indexed 

by Y  in the following way: We are given a  statistical operator w on the 1-particle space 

IKi :=  C x . Denote by g the probability on X  appearing in the spectral resolution of 

w. which at the same time gives a  cons (ex)x€x  in 0<i. This basis will be fixed also in 

the following examples and enables one to define the cons V in as above. Moreover, 

we always assume that g is not a Dirac measure. This implies that d =  cd X  >  2.

The Maxwell-Boltzmann statistical operator fo r  w is defined by the tensor product of 

tu: M " =  wn. .Here wn denotes the n —fold tensor product o f w. Using proposition

16.3. in [24] this statistical operator can be expressed explicitly by

(4-1) =
»€V \

where Py =  ey o e v, and gu is the product law g<8> - - ® g  on Y . (4.1) is nothing else 

than the spectral resolution of M ՞ with respect to V. M£, is sym metric with respect 

to S „. By Theorem 2.1 there is associated the following law on M n(.X), which thus 
is a  point process in X , namely

(4.2) « ( 7 ) =  ( n)  • I !  ^(x У (X)՝ 1  e  M n W -
*€■*

Here '

■ O-cSw 3H
(4.2) follows from the fact that dim J f "  =  (" )  and that, for y =  ( x i , . . . ,  i n) 6  K, 

and thereby 7  =  6Xt +  • ■ • +  6Tn: by formula (4.1),

71
« * ( 7 ) =  <Cx, ® • • • 8  cXn, M£,eXl ® ® eXn) =  g (x j).

j = 1

The point process k  is called Maxwell-Boltzmann process for the param eters (gy n), 

and will be denoted by P” .

4.2. T h e  B o se-E in ste in  s ta t is t ic a l  o p e ra to r . We start with the following observations: 

We are given a  particle number n  >  0. One can construct by means o f V, as chosen

10
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above, a  cons y+  in and y_ in IK_ respectively as follows:

y +  =  { c'+ (7) =  J Q  ■ n +  ®»€~pp-rer ,(n,h  €  M ;;(A )j,

y ֊ =  { e - ( 7 )  =  Vn! • 77_ e aen№ 7 c„|7 €  M n( X ) } .

Herr the tensor product is taken along a  fixed numeration of A՜, and

M ;,(X ) =  |d Xl +  +<$Xli| ( x , , . . . , x n) €  V ՛} .

Y  is the collection of all y 6  Y  with pairwise distinct components.

We work separately in each of the spaces with these cons. In terms of y± 

the projections i7± can be written as I7± =  £ t,6 i)± Q f , where the one-dimensional 
projections are given by Q f  =  eoe, e € V±. Since there is a  bijection between M„(A') 

and y+ resp. M „(A ) and y_ wc see immediately that (recall that d =  trX ) 

fd  +  n — 1\  H  /  d)
cd y +  =  ^ ^ J ;  cr fy . =  if n <  d; cdy_ = 0, if n  >  d.

The Bose-Einstein statistical operator for ic is given bv the conditional Maxwell- 

Boltzmann statistical operator given the projection /7_. This is an operator on !K+ 

defined by E "  =  tr(/7^M„^ • i7+M ",. Note that

t r ( J7 + H C )=  £  I I e ( " ) ' ,(“> > 0 ’
« € *

because the g is assumed not to be a Dirac measure.

We choose a cons in !K+ for which E ”  can be diagonalized, namely y+, which is 

indexed by the finite set M „(A ). The symmetric group now acts on the basis y+ and 

is trivial, i.e. a  singleton consisting of the identity. Thus the associated equivalence 

relation ~  is given by the identity of elements in y+ ; and the representation of (y+. ~ )  

is given by T =  M „(A ) with r  : e+ (7 ) — > 7 . Theorem 3.1 then implies that the 

point process belonging to E ”  is given by the following point process in X : For any 11 M^(A-)

H  -----------n  rfaV'W • n M Mm)-2-#ie:Mn(X) I laex  6W  aeX 

Moreover, the Bose-Einstein statistical operator admits the representation

k =  E  E: w  ՛ < ( , ) ■
7€M„(X)

We call E“  the Bose-Einstein point process in X  for the parameters (n, g).

11
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If 0 is the uniform distribution on X , and thereby w =  \ t r l ,  where I  denotes the 
identity operator on <C , then

E":=E::=r H " +՛
and the Bose-Einstein process is then given by the uniform distribution on M "(X ) :

4.3. T h e F erm i-D irac  s ta t is t ic a l  o p e ra to r . For n  <  d =  cd X  the Fermi-Dirac 

statistical operator for w is given by the conditional Maxwell-Boltzmann statistical 

operator given Jhe projection / /_ . This is a  symmetric statistical operator on !K_ 

defined by

(4.4) B ”  = ---------I---------- 77 M ”
1 ’  w *r(77_M £)

This operator adm its a spectral resolution with respect to the cons V_ in !K _ , where

again the basis (e *) l 6 x  is coming from the spectral resolution o f w and g  is the

corresponding law not being a  Dirac measure. B y  Theorem 3.1 we then obtain as 

before the particle picture of the Fermi-Dirac statistical operator: It is given by the 

following simple point process, called Fermi-Dirac process fo r  (n, g) in X :

(4.5) (7 ) =  — tr  J J  g (a)yta\  7  €  M'n(X ), and 0 otherwise .
a € X

The partition function now is given by Z  =  (A ) F L e x  Thus D£ is

the conditional law of given M n(A ), i.e. given that the realization 7  o f the particle 

process is simple. We again have a  representation o f the Fermi-Dirac statistical 

operator which is parallel to the one for the Bose-Einstein statistical operator, namely

» ; , =  § 1  ° 2 ( 7 )

Note that in the special case where w =  3 • I ,  thus g being the uniform distribution 

on X , the Fermi-Dirac statistical operator is given by



and the simple point process by the Fermi-Dirac process in X  for the parameters 
(n, d). (Recall that d =  p f|.)

|  C)
5 . T h e  m e t h o d  o f  t h e  C a m p b e l l  m e a s u r e

In the situation of the last section we introduce the occupation number operator 
and the Cam pbell operator respectively Campbell measure of a  statistical state.

The situation is the same as in the examples: IKi =  C x  for some finite X \ (ez )l6 .v 
is a  cons in JKi. Recall that Г  =  M "(X ), and r  : ( x i , . . .  ,x „ )  ■— ►

Sxt +  • • • +  SXn. Note that r = M o i ,  where t : ( x j , . . .  ,x n) ՛— » e*, & • • • ® eXn and

M (eXx ® ® eXn) =  SXl 4------ 1- 6X„ .

We define for x  G X  the occupation number operator in x  on IK =  IK^n as follows: 

If  /  is the identity operator on IKj, let

I

THE PARTICLE STRUCTURE OF THE QUANTUM ...

П

(In the case n =  0 we set N±°* = 0 - 7 . )  And, more generally, X o  — £ i€B  X *  the 

occupation number operator in B  C X . It is evident that N g =  Qb {M )Iu, where for 

x i , . . . , x n G X  we set

Cs($C1 H------1՜ $r„) =  (<J*1 +  • • • +  SX„)(B ).

Extend ) linearly to an operator-valued measure on X  x M " (X ) by K;, =  ^;,(M) ■ 

7M, h G F + (X  x M "(A §). Here ( /»(a*) — f  h (x ,n) n (d x). and F+ denotes the 
collection o f  non-negative, measurable functions on the underlying domain. Thus in 

particular “N b x C =  7®” . This shows: Any element ey =

of the basis is an eigenvector of ‘N b x C with eigenvalue Cb(AI(ev)) ■ lc {M ( t v)).

We are now in the position to define the Campbell measure for statistical operators 

on !K. Given a  statistical operator W we call on ‘X  the Campbell operator

measure of W. Its trace Cw(-) =  trfW X /») is called the Campbell measure ofW  on 

X  x Recall that the Campbell measure of the law k\v of W is defined by

C*w(°> 7) = 7(o)«w(7). °  G X , 7  G M"(X).

It is obvious that such a  Campbell measure is supported by the set

{ (a , 7 ) : 7 (0 ) > 1 } .  Moreover, we see that the law «w  of W is determined by its
Cam pbell measure.

13
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P ro p o sitio n  5 .1 . For any statistical operator W on the space IK its Campbell measure 

coincides with the Campbell measure o f its law, i.e. Cw =  C *w. The law of W is 

completely detennint-d by Giv. I f  W is also symmetric then, under the additional 

irreducibility assumptions o f Theorem 2. even W is completely determined by its 
Campbell measure.

Proof.

frOW *) =  £ < e , ,  W»f»(*,)> =  ^ & (r (» )) (e „ W (« ,) )  =  £ > ( ֊)  £  <e„, W(ev)).
v |  7 » e v ,

The assertion now follows from the definition (2.7) of % ՝ . The remaining statement 

follows immediately from Theorem 3.1. □

We remark for later use that Proposition 5.1 remains true for statistical operators 

W acting on subspaces of IK because the occupation number operators N #  act on 

them by restriction.

6. S t a t k s  o n  F o c k  s p a c e s  a n d  t h e i r  C a m p b e l l  m e a s u r e s

The above picture is now extended to systems with a  random particle number.

Let X  be a  finite set o f cardinality d >  1 and =  (££)” ՛ C x ,m  >  0, with IKo =  C. 

The cons in C  consists of some unit vector, denoted by 1. The direct sum o f these 

Hilbert spaces is the Fock space over C x , denoted by H. For each tn the symmetric 

group S m acts on X m, and the corresponding unitary representation on IKm is denoted 

by l lm- This family of representations gives rise to a  unitary operator It on H, defined 

by the dircct sum 11 =  £ m = o lt ,„ . Thus U (g)h =  U,n(g)h, if g  6  8m,h  €  IKm. Given 

statistical operators W„, on IKm and scalars pm >  0, 7»  >  0, summing up to 1, then 

the direct sum
OO

(6.1) w = 2 > mwm
m= 0

is a  statistical operator on the Fock space H. W is symmetric if aud only if each W,„ 

has this property. It is obvious that the point process belonging to this statistical 

operator is given by
30

(6.2) K-W = ® P m - « w m.
m =0

The simplest examples are obtained if W,„ =  u ։'" for some given statistical operator w 

on .'Kj =  C ֊Y. Only them will be considered in the sequel in detail. In this framework 

the occupation number operator is given by the direct sum operator N ;1. =  ]Cm=o W* 
on the Fock space over C'Y. Here is the occupation number operator on IK,„

14



as defined above. And again N/j =  £b(M ) ■ 1, B  C -Y, where I  now denotes the 
identity operator on M. Extending N  to an operator valued measure on X  x M ( A ' )  

a s  above by Mh =  Qt(M ) ■ I ,  It. €  F + (X  x M(A՜ ) ) ,  we are now iu the position 

to define the Campbell measure for statistical operators on H as we did already in a 
special situation. Recall that =  f  h (x ,/j)fi(d x ).

Given a  statistical operator W on H we call WN(.) the Campbell operator measure 

of W. By Theorem 2.1 we know that WN/, =  ]C76r Ch(7 )«w (7 ) • 'W( b'), h €  F+. 

Define C \v(-).=  /r(W!K( )). This object is called I he Campbell measure of W . Arguing 
as above we obtain

T h e o re m  6 .1 . For any statistical operator W on the. Fock space H one has C\v =  

e Mv. Thus the law o fW is  completely determined by Cw. If  "Vi is also symmetric then, 

under the additional iireduaibilily assumptions of Theorem 3.1, even W is completely 

determined by its Campbell measure.

Consider now the direct sums J7± =  I I±  , where is the orthogonal

projection onto the BE- resp. FD  symmetric subspace o/IK,,,. Fl± is then the orthogonal 

projection onto the BE- resp. FD  symmetric subspace H ± of H. It follows (sec |2|) 

that I J±  satisfy

(6.3) =  sg n ± (a )II± , a  G §<* :=  [ J  S m.
m >0

We are mainly interested in statistical operators W living on the symmetric subspaces 

H ±. B y  this we mean that W satisfies the conditions W =  IJ±W II±. In case +  this is 

equivalent to say that W is Bose-Einstein symmetric, i.e. 11,7W =  W. a  €  Soo? and iu 

case — that W is Fermi-Dirac symmetric, i.e. =  5<ttj(ct)'VV. a  e  S<x>- Moreover, 

these conditions imply the symmetry of the statistical operator. (All this can be found 

in [21)
Theorem 6.1 remains true for statistical operators acting on the Fock spaces H± 

because the "Hb act on IHI± by restriction. Note also that one obtains by means of a 

basis in 3Ci a  basis in the Fdckspaces H, H ± by taking unions Um>i Um>i > 

augmented in each case by the basis in IKo, which consists of 1. Considered as an 

element of the Fock spaces 1 is called ground state and corresponds to the empty 

particle configuration.

7. S t a t e s  w it h  r a n d o m  p a r t ic l e  n u m b e r s

The method of second quantization is recalled which permits to lift an operator 

on a  1-particle space to a Fock space.

9
THE PARTICLE STRUCTURE OF THE QUANTUM ...
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7.1. T h e m eth od  o f  seco n d  q u an tiza tio n . We recall the method of the so-called 

second quantization. The idea behind is to lift operators H  on IK to one of the Fock 
spaccs. The method goes back to the work of Fock [13], Cook (8] and Berezin [3] (cf. 

also |5|). If H  is a  statistical operator on IK. one can define a  operator Hm on the 

tensor product !Km by setting H o i =  0 and
m • • ••

Hm(e,„  ® ® e*,,,) =  ^ e a, ■ • • <8> H e aj <» ■ • ■ ® e«m, Oi , . . . ,  a rn €  X .
j = l

Denoting by Sjk the Kronecker symbol,
m

Hm -  ® ®  H *in՝ i 
i = 1

The direct sum of the II  m is denoted by
OO

dT(H) |  I g  Hm.
m=0

Note that we used this method already for the operator exoex and obtained in chapter 

6 for the operator rfr(e.x ©ex) the occupation number operator on the Fock space 

over Cx .

If w is a  statistical operator on IK, the second quantization o f w then is defined by

rw = E^-'"‘
m =0

This is an operator on the full Fock space IHI having finite trace e.

An important observation is given in terms of such trace class operators. These are 

multiples of statistical operators, i.e. operators of the form w =  zwm, where z >  0 

and ui is some statistical operator. In this case
OO

m=0
r(u.՛) =  2 ^  —  • wm with tr  r(iy ) =  e * .

L e m m a 7 .1 . Let I I  be a  bounded, self adjoint operator such that w =  c x p (- f)H ) is 
a trace class operator with ft €  R + . Then

exp ( - 0  H )m =  exp H s*։  ® • • ■ ®

Recall here that the left hand side of this equation is given by e ® • • • <8> e " .  
For a proof of the lemma we refer to Cook [8].

16



L e m m a  7 .2 . Let II  be a  self adjoint operator such that w =  exp( ֊P H )  is a trace
class operator with & €  E . Defining the associated Gibbs state

H ' G = trexP(֊fl//)“ p(- № )

and z =  cd exp (—p H ) we obtain

(7.2) | ( o x p ( - / 3 f f ) ) =
mim =0

r  (cxp(—p H )) is  trace class with trace, c* .

A s a  consequence we see that M sc  :=  e~* T (exp(- p H ))  is a  statistical operator 
on the Fock space.

According to Lemmas 7.1 and 7.2 there are two representations of this operator:

THE PARTICLE STRUCTURE OF THE QUANTUM ...

j =  i

To summarize in a  sUghtly modified way: Given some trace class operator tu =  zw 

with corresponding spectral measure e =  then uim has trace tr u,m =  zm. In this 

case the associated second quantization of w is given by

1 trw m wm 1 ^  s m

m s(J m=U

E i s  the normalizing constant. In this way the trace class operator w is lifted to 

some symmetric statistical operator on the full Fock space H.

The construction principle behind the method of second quantization is: Given 

7» ,  the trace class operator wm is normalized to some statistical operator wm, then 

weighted by the factor ctft̂ -  and summed up; finally it is normalized so that the 

resulting operator becomes statistical.

One also uses this quantization method in a  sligthly generalized form to lift the 

underlying w on the subspaces and obtain the statistical operators

i  00

E «" =  = 7  2 -  *r(/7+ w >' 77M m ). t T ( n ± ’wm) 

Du, =  ^  t r (n [m)wm) • —IHI ■

Note here that the normalizing constants E *  =  £m = o  ) arc termwise

strictly positive and convergent on account of the assumption that e  is not a  Dirac 

measure. E w is called the Bose-Einstein operator for w, B>IU the Fermi-Dirac operator
17
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for w and p f  : m ՛— > =rr •fr(77±m)M "‘ ) the particle number distribution o /E u. or E„,
respectively. Thus the operators M u., E iy and Dw are the second quantizations of w for 

the different Fock spaces W, H ±. One question then is to calculate the correponding 
laws and to characterize them.

7.2. M axw ell-B o ltzm an n  s ta t is t ic a l  o p e ra to r s  w ith  P o is so n ian  ra n d o m  p ar tic le  

num ber. The Maxwell-Boltzmann statistical operator is described a s  a  solution of 
an integration-by-parts formula.

We are in the framework of section 4: tv is a  statistical operator on C ՜*, X  being 

a  finite set of cardinality d. As above we choose a  cons ex ,x  €  X , the one coming 

from the spectral decomposition of w with law o. We are interested in the symmetric 

statistical operator given by the second quantization o f the trace class operator w =

This is the Maxwell-Boltzmann statistical operator fo r  z ,w . We remark that, instead 

of the Poisson law, any law (pm)m can be taken to get some statistical operator. By 

formula (6.2) the corresponding point process is the Poisson process P 0 with intensity 

g  =  zq. Thus — Pq, where

=  =  e * 5 3  7 7  5 Z +  ■ ■ ■ +  8Tnt) e (x \)  ■ ■ ■ e(xm ).
m= 0 (xl ...,xm)e X ”'

PL, is supported by M "(X )  =  U ^ 0 3Vt"(X). Note that this formula is completely 

parallel to (7.4), namely

and *  denotes convolution of laws.

It is well-known by Mecke’s characterization of the Poisson process (see (17]) that 

Pg is characterized as the unique solution Q of the equation

x6X-r€M
To say it in another way. Q is the unique solution of the equation Qq(x , 7 ) =  p (i)Q (7 ֊  

Sx), x  €  X , 7  € M  '(X ), 'y(x) >  1. Another very useful view to equation (7.6) is

(Note that the operation *  differs from the convolution operation * .)  To summarize: 

The first part of Theorem 6.1 implies

(7.4)

00 -m

(7.6) Cq  =  G lv *  Q.

18



C o ro lla ry  7 .1 . Let w be a  statistical operator on Cx  with spectral law g and z >  0 

a  parameter. Then is a  solution W of the equation C\v =  CLzi ★ Kyj.

This result is a  version of Lemma 4.12 of Liehscher [10).

7.3. B o se -E in ste in  s ta t is t ic a l o p era to rs w ith ran dom  p artic le  num ber. We 

consider the Bose-Einstein statistical operatoi• on the Fock space H+ with one-particle 

statistical operator w. It is clear that E„, is symmetric and thereby also BE-symmetric. 

By the results obtained in Bji>4. E w is given by the following direct sum

(7.7) E ^ ^ f ;  f r ( n < " > » c )  • E Er w  • <£;<">■
~ W m՜ 0 _7G M -(X )

Here we denote now the dependence on the particle number m in Qt+£,y

E x a m p le  7 .1 . Consider a statistical operator w with g being the uniform distribution 

on X ,  i.e. g  =  g . Recall that d  >  2. In this case

and E +  =  E||](d) =  • Thus the particle number distribution is given by the

following negative binomial distribution

We want to calculate the Campbell measure Ce„ • Thus we first calculate its law: 

formulas (6.1) and (6.2) immediately imply that

(7.9) K E . = E t : = ^ f > ( f f ? ' )M r ) E ? .
“ • W  m=0

This point process is called here the Bose-Einstein process and denoted by Ee. This 

enables us to represent E u. as

j j f l  E E.(T  ) ■ < ( , ) •
76M (X)

The Campbell measure of the Bose-Einstein statistical operator E„, is given by the 

usual Campbell measure of the Bose-Einstein process. Moreover, E tt. is completely 

determined by the Campbell measure of its law Ee. So we have to study the Campbell 

measure 6 ee which will be done in the B jl 8.

19
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7.4. F erm i-D irac  s ta t is t ic a l  o p e ra to r s  w ith  ra n d o m  p a r tic le  n u m b er. Consider 

now the Fermi-Dirac statistical operator on H -  with one-particle statistical operator 

w. Analogously to the case of the Bose-Einstein operator it is FD-symmetric and can 

be represented as

(7.10) £  D " (7 )
m~ 0 7€M^(X)

E x am p le  7 .2 . Consider a  statistic-> I operator w with g being the uniform distribution 

on X ,  i.e. e  =  3 with d >  2. Then

ig iS  1111H
and E~ =  E ~(d) =  (1 +  j ) d . Thus the particle number distribution is given by the 

following binomial distribution

(7.11) = ( * . ) •  ( ? T l ) ”  • j -  d T l ) d “  ̂

Observe here the symmeti'y between Bose-Einstein and Fermi-Dirac statistical operators:

S J d ) = 3 + ( - < i ) .

We want to calculate its Campbell measure Cd,„ • Again we calculate first its law: 

This is given by

(7-12) kDv = O e : = ^ j t  • D™.
i = 0

Tliis point process is called the Fermi-Dirac process and is denoted by D0. Again we 
have a  representation of the form

i l  1  0 .(7 )
-reM(x)

Now we have the problem to study e D„ and to analyze De. This problem will be 

solved in Bjb8 by using again the method of the Cam pbell measure.

8. C h a r a c t e r iz a t io n s  o f  B o s e - E i n s t e in  a n d  F e r m i- D i r a c  p r o c e s s e s

The question is, what are the properties of the Boson resp. Fermion point processes. 

The answer is given by means of the method of the Campbell measure. For this aim we 

derive integration-by-parts formulas for Ee resp. De in terms of its  Cam pbell measures. 

The arguments are only sketched. For the details we refer to [15, 20, 21, 25].
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8.1. B o so n s . Recall that the law g on X  is uot a  Dirac measure. Recall that for a 

given n G M' (X )

i  n  «*>)'*•> .
w “  o€X

If n (X ) =  m , tliis can be written as

՝  e  m = | S § | H g i M .

In terms of the Poisson process in X  with intensity measure q, which is defined by

p ' w = t ՝ ' ( ,n ^ P p< w '
we obtain a  representation of Et, in terms of Pe:

(8'1) E«w  = ^ 7 V j 5 F " ,Jt,p«w -

Now we start to calculate the Campbell measure of Ep, i.e.

Ce# (a. fJ֊) =  M a )EeO* -  <*°)> M  >  1.

Using representation (8.1) in combination with Mecke’s  characterization (7.5) of the 

latter yields a  recurrence which immediately leads to

L e m m a  8 .1 . For (a ,/*)  G C  =  { ( a , / t ) : /*(a) >  1}

/*(«)
(8 .2) e Ee(a, /t) =  e{a Y  • E<?(m -  M -

i= i

Observe that (8.2) is an equation for E? . To solve this equation we look at it in 

the following way:

P r o p o s it io n  8 .1 . For any h G F+

(8.3) e E»  J  p  £  E f t ( o , T + A ) e ( « ) J A(a)EB(7 ).
o6A'7eM  ( X ) j> l  

Here X denotes the counting measure on X .

Equation (8.3) has the same structure as cqtf&tion (7.6):

(%) « .  =

where the operation *  is a  version of a  convolution operation defined by the right 

hand side of (8.3); and L *  is given by the following positive measure on M 'j(X ).

=  r f f t J e W ' .  9  6 F + .
i £ i o e x  3

THE PARTICLE STRUCTURE OF THE QUANTUM ...
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This implies that Ev is the so called random KMM measure in X  fo r  L +  in the sense 

of [211.
As Mathias Raflor [25] has shown in full generality Ee then coincides with the 

Polya sum process Se,\  for (g, A). Tliis process is by definition a  Papangelou process 

with the kernel rr+ defined by

(8.4) ir+ (/i,a) =  g(a) • (A (a )+  /i(a )), a  €  X ,n  €  M  (X ).

And this means that S0,\  is the unique solution S  of the following integration by parts 

formula:

(8.5) Cs{h) =  5 ^ ^ / i ( a , / i  +  <5a)»r+ (/i»a)S(/i), h € F+.
n A

This process has been called in [20] the P 6lya sum process fo r  the parameters (g, A). 

Thus we see that the cliaracteristic properties of the Bose-Einstein process are twofold: 

It is a  KMM process as well as a  P6lya sum process.

The argumeut for the equality of E*, and S =  S e \  is as follows: If  one iterates the 

last equation (8.5) one obtains for any N  €  N

Gs(h) = 53 53 /l("’ **+ <J»)^(°)(1 + M(«))S(/i)
H a 
N

= e{ayh(a. n + j6a )S(/t) +
jm  1 n a

+ 51 e(a)'V/i(«: V + N6u)p(a)S(ii)
fi |

--KV-H-oo 53 53 53 S(aYhfa  M + jSa)S(n).
j > l  p  a

Here we used again that g  is not a  Dirac measure and also that S  is of first order. 

This shows that S solves equation (8.3) or equivalently (E i + ). One can show that 

this equation has only one solution. (Cf. [21]) To summarize we obtained the

P ro p o sitio n  8 .2 . Given a probability g  on X  which is not a Dirac measure then the 

Bose-Einstein process Eff coincides with the random KM M  measure in X  fo r  L +  as 

well as the Polya sum process S e,x fo r  the parameters (g, A). Moreover, this process 

is infinitely divisible and uniquely determined as a  solution o f the integration-by-par Is 
formula (8-3).

We know also from [20| that the property of Ee being a  Papangelou process for 

7rJ allows to calculate explicitly its particle number distribution. In the case where 

g is the uniform distribution on X  this coincides with p t  which we calculated above
22



by completely different quantum mechanical methods. This implies that the point 
process in this case is of first order, i.e. the mean particle number is finite. (All this 
can be found in (20).) This shows that Eff has all properties of an ideal gas.

Moreover, equation ^E /#+^ implies that Ee is a socalled permanental process. This 

means that its reduced density matrix has a permanental structure. A proof based 
on )  CRn be found in (21, 15] and the references therein.

Finally, using the above developed method of the Campbell measure, in particular 

Theorem 4, we obtain immediately characterizations of the Bose-Einstein statistical 

operator for ui: The fact that ke„. =  Ee solves equat ion ^E j + \  immediately implies

T h e o re m  8 .1 . Let w be a statistical ope ra l or on C x with spectral law g which us not a 

Dirac measure. A symmetric statistical operator W on the Fock space H+> admitting a 

spectral resolution with respect to y + . coincides with E lu iff it ts a  solution of equation 

C w  =  CL + * k \v .

Moreover, ke„. =  Etf being also a  solution to equation (8.5), implies

T h eo rem  8 .2 . Under the. assumptions of Theorem 8.1, W coincides with Eu. iff it 

is the solution o f the equation

(8 .6 ) Cw h =  ^  /»(x ,7  + 6 r )jr+ (7.x)K\v(7). h 6 F+.

Statistical operators W which solve equation (8 .6) can be called P6lya sum statistical 

operators specified by ir+ .

8.2. F c rm io n s. The Campbell measure of Dp is concentrated on C  and given there 

by

Cd, (a. M) =  e(a) ՛ Dff(/i -  6a), p(a) =  1.

This implies that Dp is a  Papangelou process for the kernel

ir~ (a ,n ) =  o(a) ■ (A(a) ֊  /x (a)), /i(a) <  1;

(and ir~ =  0 else.) Recall here that A denotes the counting measure. In the terminology 

of (20], De is a  Polya difference process fin (A, g). As for Bosons the distribution of 

the particle number is explicitly known, and the process is of first order. Again D„ 

is completely determined by its kernel 7r_. De is a  simple process, i.e. concentrated on 

M՛(AT), and thus respects Pauli’s  exclusion principle. Furthermore, D„ has independent 

increments. Thus it has all properties of an ideal gas. (For more details we refer to 

[20].) We observe here that the same reasoning we did above for the Papangelou 

process Ee yields that

THE PARTICLE STRUCTURE OF THE QUANTUM ... «
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Proposition 8.3. The Papungelou pivcess D„ 13 the unique solution of the following 
equation for simple point processes Q. 

j-00
(8.7) Cq(/i) =  5"1(-1)J~1 g(a)^(o,ц +  jSa) Q(n), h e F+. 

i *  1 u.ti

(The proof is exactly the same as above.) Again equation (8.10), which has Dff as a 
unique solution, is of the form

( E t - )  C q  =  Cl - + Q ,

but now for the signed measure

L7M = E £
j £ i aex J

In this case one can show (see (21, 15)) that ^  - j  implies that De is a so called 
determinantal process.

As above for Bosons we obtain a characterization of symmetric statistical operators 
for Fermions: A symmetric statistical operator W, admitting a spectral resolution 
with rcspect to y_, coincidcs with Dw iff it is the unique solution of the equation 
Cw =  C/,- *  kw; or equivalently, iff it is the solution of the; equation

Cw h =  5 3  M l +  <U я--(7.s)kw(7 ), Л G F+.
(*.t)
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Т О Н К И Е  С В О Й С Т В А  Ф У Н К Ц И Й  И З  К Л А С С О В  
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А н н о т а ц и я .  В работе изучается аппроксимация Лузина функций из клас­
сов Хайлаша- Соболева Л/«(А') при р > 0. Доказано, что для /  € Л/£(Х) и 
любого £ >  0 существуют открытое множество 0 ։  Q X, мера которого мень­
ше е (в качество меры можно взять соответствующие емкость или вмести­
мость Хаусдорфа), и приближающая функция /г такие, что /  =  /е на Л"\Ог.
При этом исправляющая функция / с является регулярной (принадлежит ис­
ходному пространству Л//,’(Х) классу «является локально гсльдеровской) н 
приближает исходную функцию в метрике пространства МЩХ).

M SC 2010  n um ber: 46Е35, 43А85. \
К лю чевы е сл ова : Метрическое пространство с мерой, условие удвоения, класс 
Соболева, аппроксимация Лузина, емкость, внешняя мера, мера п размерность 
Хаусдорфа.

1. В веден и е

Наша работа является непосредственным продолжением работы |1|. Мы ис­

пользуем результаты из |1] дли изучения свойства аппроксимации в  смысле Лу­

зина для классов Хайлаша-Соболсва Л/£ при р >  0. При этом мы полностью 

придерживаемся обозначений и определений из (II.

Теорема Лузина утверждает, что любая измеримая на R n функция /  облада- 

ег С-свойством /  является непрерывной, если пренебречь множесгвом сколь 

угодно малой меры. Точнее, для любой измеримой на R”  функции /  и любого 

е >  0 существуют такие функция е  C (R n) и открытое множество Ое С R” , 

д ля которых

/(х )  =  у>(;г) при х  €  Rn \  Ое, ц (Ое) <  е 

(р мера Лебега на R” ).

Если функция /  является более регулярной в том или ином смысле, то исправ­

ляющая функция '֊р может обладать дополнительными свойствами гладкости и 
аппроксимирующими свойствами.
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mailto:krotov@bsu.by


Д л я  классов Хайлагпа- Соболева А/£ при р >  1 такие вопросы исследовались 

в (21 (5). Мы распросграним результаты этих работ на случай /; >  0.

2 . О с н о в н а я  т е о р е м а

Приведем определении, необходимые для формулировки основного результа­

та. Пусть (X , (I, /л) — метрическое пространство с регулярной борелевской мерой 

/1 и метрикой (1, В (х ,г ) =  {у  е  X  : <1(х, у) <  г} шар с центром в точке х е  X , 

радиуса г >  0 .

Будем предполагать, что мера ц удовлетворяет условию удвоения с показате­

лем 7  >  0 , т.е. для некоторой постоянной выполнено неравенство

<  а »  ( ! ~ У  ,1(В (х ,г)), х 6  X , 0 <  г <  П.

Для ш ара В  с  X  обозначаем гв  и хд соответственно его радиус и центр, кроме 

того, А В  шар, концентрический с В. радиуса Агд. Кроме того, пусть

I
ТО Н КИ Е СВОЙСТВА ФУНКЦИЙ ИЗ КЛАССОВ ХАЙЛАША СОБОЛЕВА

f f . i v
в

Через с всюду обозначаем различные положительные постоянные, зависящие, 

возможно, от определенных параметров, но эти зависимости для нас несуще­

ственны. Кроме того, запись А <  В  всегда будет означать, что А <  сВ.

Неотрицательную функцию I/, определенную на а  алгебре борелевских мно­

жеств из X , будем называть внешней мерой, если она монотонна и субаддитивна 

с иекоторой постоянной а„ , то есть для любой последовательности борелевских 

множеств Ей выполнено неравенство

Кроме того, внешнюю меру будем называть регулярной в нуле, если для любого 

множества Е  С X  с и(Е) =  0 и для любого е >  0 существует открытое множество

О Э  Е , для которого //(О) <  е.

Пусть задана возрастающая функция И : (0.1] —* (0,1]. /г(+0) =  0. Такие функ­

ции будем называть измеряющими. Мы будем использовать следующее условие, 

связывающее исходпую меру /г и внешнюю меру и: существует такая постоянная 

с„, что выполнено неравенство

(2.1) */(/?) <  си у- —■■ для всех шаров В  С X , г  в  <  1.т т
2 7



Напомним, что для измеряющей функций /i и 0 <  Я <  1 классическая и моди­
фицированная (/?.. Д)-вместимость Хаусдорфа множества Е  С X  вводятся как

{ ос оо

r i < R

»= 1  i = l

X'h(E) = iof | f ;  f‘{B̂ ՝ )] : £  c  j j  Bfe.rO, r, <

соответсп'венно (точная нижняя грань берется но всевозможным покрытиям мно­
жества Е  счетными семействами шаров). Величины

Hh{E )=  lim НЪ(Е), МН(Е) =  lim MhR(E) л-ч+о ' 7 л-»+о " v ՛
называются классической и модифицированной Л-мерой Хаусдорфа для Е  соот­
ветственно. Для h[t) =  о >  0, пишем / / "  и 1Н՜" вместо Я 1՞ и Л 1 .В  случае 
классических мер также можно определить размерность Хаусдорфа

(Итн£ =  inf {s : # f (E) =  0} .

Введем класс Хайлаша Соболева М£(Х). 0 <  р <  оо, а  >  0, как множество

а д * )  =  { /  е LP(X ) : Da \f] П LP(X) £  0 },

II/IIaox) = II/IUp(X) +  inf {N lip p o  : 9 е Da [f] П LP(X )}  , 

где через Da \f] обозначен класс всех неотрицательных /(-измеримых функций д, 
для каждой из которых существует такое множество Е  С X , ц(Е) =  0, что

1/(*) -  /(у)! <  И *.у )]в1»(*) +  »(»)], х,у € X  \  Е.

Классы М%(Х) порождают емкости

Сарп,р(Е) =  inf |||/11д/р(х ) : /  € M *(X ),f  >  1 в окрестности Е  С А"|. 

Наконец, для а  >  0 определим классы Гельдера

Я „ ( * )  С(X ) : М „ . (Х) =  «up <  + о с | .

Наш основной результат формулируется следующим образом.

Теорема 2.1. Пусть 0 < /3 <  а  <  1 0  <  р <  7 / а  и задана функция f  € М£(Х). 
Пусть также .задана внешняя мера и, регулярная в нуле и удовлетворяющая 
условию (2.1) с функцией h(t) =  Тогда для любого е >  0 существуют
функция / е и открытое множество О С X , такие, что 

1 )  1/ ( 0 )  < е ,

С . А. Б О Н Д А Р Е В , В  Г. К Р О Т О В
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2 ) f  =  Je на Х \ 0 ,
'V /е € М£(Х) и fe € Hff(B) для любого шара В  С X,
4) II/1 1с\\м'(х) <  s.-

В качестве примеров внешних мер, удовлетворяющих условию теоремы, мож­
но взять v =  Сар(о1 ^ р и I/ =  W(“ " fl)p1 а также v =  Ц ^ - Я г  (ири условии 
ц(Х) <  оо).

При 0 =  а  =  ] , р >  \ подобный результат был ранее получен П.Хайлашем в 
|2|, где вместо 1) утверждалось, что ц(0) <  е, а в 3) было / е € Я, (Л՜). Случай
0  < а  =  1 теоремы 2.1 существенно сложнее, он был изучен в работе [3] при р >  1 

и в |4J при р =  1. В работе [5| теорема 2.1 была доказана для р > 1, 0 <  о  <  1.

Следствие 2.1. Пусть 0 <  8  < а  <Л , 0 < р <  7/а и задана функция / е Mg(X).
Тогда для любого е >  0 существуют функция /е и открытое множество

О С  X , такие, что
У сч>с ֊« ,(0 ) < е, < с, и["-й',(0) < £
1 1 1 1  на Х \ 0 ,
3) f e € Mg(X) и /с € Н,в(В) для любого шара В  С  X,

4) II/ 1  ЛИMg{X) <  Щ

Во время подготовки нашей работы к печати появился препринт |6 |, в котором 
также доказано утверждение следствия 2.1 для модифицированной вместимости 
Хаусдорфа. Методы |6 ] отличны от наших.

Результаты нашей работы докладывались на семинаре “Функциональные про­
странства՝’ Университета Фридриха Шиллера (Иена, Германия, 19 декабря 2014 
г. и 3 декабря 2015 г.), на Международной конференции “Функциональные про­
странства и теория аппроксимации функций”, посвященной 110-летию со дня 
рождения академика С.М. Никольского (Москва. 28 мая 2015 г., и на Между­
народной конференции «Harmonic Analysis and Approximations, VI* (Цахкадзор. 
Армения, 13 сентября 2015 г.).

При доказательстве теоремы 2.1 мы следуем схеме работ [3. 5). Работу с несум- 
мируемыми функциями обеспечивают результаты работ |1) и |9). По существу, 
задача разбивается на две части. С одной стороны нам нужны квалифицирован­
ные оценки массивности лебеговых множеств некоторых максимальных функ­
ций, а с другой надо уметь продолжать функции с этих множеств, сохраняя 
определенные условия гладкости. Для оценки исключительных множеств будем
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использовать результаты из работ [10] и [1|. При этом важно использование неко- 
торого а111 фокс и а 1 иру ющёго аппарата - при р >  1 эту роль выполняют средние 

Стеклова. для р € (0,1) эта роль передается наилучшим ^''-приближениям по­

стоянными на шарах 13 С А' [1]. Для продолжения функций применяется аналог 
конструкции Уитни, подложенный в [3] при рассмотрении аналогичной задачи 

для частного случая л  =  1 .

3. В с п о м о г а т е л ь н ы е  у т в е р ж д е н и я

Д ля доказательства основной теоремы нам понадобится ряд результатов, боль- 
шинство из которых известны при р  >  1 .

Л ем м а 3.1 (|1|, лемма 9). П усть Е  С X , 0 <  а  <  1, 7  >  ар . Тогда:

1) емкость Сар„ р является внешней мерой и

Сарп>р(Е ) =  М՛ {С ара р(0 )  : Е  С 0 , 0 ֊  о тк р ы то } .

У  (В(х, г)) <  г ՜ " ” ,! (В (х , г)) для х  €  X , 0 <  г  <  1,

Я) при 0 <  ,3 <  а  из Сарп%р(Е ) =  0 следует Сарр,р(Е ) =  0.

Пусть

\  ! / р

I/ ( у) - Ц р М у) \  - Р >  I

тогда существует число /д  /  [9. лемма 3]). реализующее точную ннжшою гра­

ницу в (3.1).

Техническим средством для доказательства основной теоремы является мак­

симальный оператор А^'Н/ .  Определим его следующим образом

•л 1Рд Д ж) =  вир гв а Ар(/ , В ),
Вэх,ги< 4

При В  =  оо вместо Д о!-»/ будем писать А сР /.

Л ем м а 3.2 (|10|). П усть р  >  0. О <  0  <  а ,  а мера // и внешняя мера и связаны 

условием (2.1) с функцией /»(£) =  1^° а'>р. Тогда для /  €  Ь\ос(Х )  справедливо 
неравенство

>  \ ) л х  <  Ц л У / К , , , , -

С. А. БОНДАРЕВ. В  Г. КРОТОВ
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ТО Н КИ Е СВО ЙСТВА ФУНКЦИЙ ИТ КЛАССОВ ХАЙЛАША СОБОЛЕВА ...

Лемма 3.3 (|9|, лемма 3). Пусть /  6 1Яш), р >  0. ВЬВ2 С X шары, причем 
гц, <  гц3 и В 1 С В%. Тогда

/  | ՜  *я ?/1  £  Л »(/՝ ®г)-

Л емма 3.4. Пусть р,р >  0, /  € Ь1։(Х ) и точка х £ X  такова, что 

Тогда

1/ ( *>  I  <  ^ < ’ /(х ).

Доказательство. Пусть для краткости 7* =  7"^  2_*г)/ .  Тогда

! / ( * )  ֊  /о| =
п —1

fc= 0  fc= 0  

Далее используем лемму 3.3 для оценки каждого слагаемого в сумме

ОС

< £ 1 4 - 7 ^ + 1 1 ,

£  I7*- - M s Y ,  A»v- в (х-2" * г)) £  л Т п х) Е с г м * -
Щ о  А= 0  fc= 0

Утверждение доказано.

Л е м м а  3 .5 . [11, лемма 2.5] Если /  €  М ^(Х), <р €  На (Х ) и ограничена, т о  

/ф  е  М £(Х) .  Кроме того, если Е  С X  и ф(х) =  0 при i 6 .V \ Е , т о  для любой 

функции у €  Da ( f )  П  Ьр

(tflMloo +  1/1 • М я “ (Х)) Хе  €  D,,(/<£) П 77.

Основным техническим средством дня построения разбиений единицы и про­

должения функции с сохранением гладкости является конструкция, изложенная 

в следующих двух леммах.

Л е м м а  3 .6 . [3, лемма 5.7] П усть О С X  — открытое множество, О ±  X . 

pj(0) <  оо. Д ля заданного С  > 2  обозначим r(x) =  lllKl< * ^ \ ° ) . Тогда существует 

N  >  I и последовательность {х *} точек из X  такие, ч то  

1) шары В (.т ,,г ,/4 )  попарно не пересекаются, п  =  г(ц) ,

«;u»i Н Ш  1
3) B (x i,C r i)  С О,
4) если х  €  B (x i,C r i) , т о  C ri <  dist (ж,X  \  О) <  SC ri}

5) для любого г сущ ествует такое у% €  X  \  О, ч то  d(xi,y,) <  3Ci'i,

щ Н И В к  1N ՛
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Лемма 3.7. (7, лемма 2.1С| Пусть 0 <  а  < 1, О открытое множество, 
(В(х,,гг)} - покрытие О гищкши из леммы 3.6 для С  =  5. Тогда существует 
такая последовательность функций что 

1) »иррй>, С 13(х{, 2г,),0 < Фi(x) <  1,
* )  № (*) -  &(у)| <  сг~а [д(х,у)\а ,
3) 21.=1 Л (*)  =  Хо(х).

4 . Д о к а з а т е л ь с т в о  о с н о в н о й  т е о р е м ы  

Сначала сделаем дополнительное предположение — для некоторого Хо € X

(4.1) вирр/ С В(х0, 1) =  Во

Доказательство утверждения 1). В силу [1, теорема 3) ь'(Л). =  0, где А множе­
ство точек х € X. в которых не выполнено (3.2). Поэтому для е >  0 существует 
такое открытое множество Ь Э Л, что и(Ь) <  е. Для А >  0 обозначим

Ех =  { х е Х  :А (* )П х )>  А}.

Положим О =  Е\ и Ь и покажем, что при достаточно'^большом А множество О 
обладает необходимыми свойствами. Легко видеть, что О открыто и О С 2Во.

Из леммы 3.2

А'-‘ |/(£») ЛХ <  \\А ^ Щ ,т  < 00.

откуда следует, что и(Е\) —> 0 при А —► +оо. кроме того, очевидно, что ц(Е\) -+ О 
при А —> +оо.

Таким образом, утверждение 1) теоремы выполнено. Дополнительно выберем 
А >  0 настолько большим, чтобы

(4.2) Г №&+
1о щ

Доказательство утверждения 2). Пусть {В(х*,г,)} ֊-  покрытие множества О 
из леммы 3.6 для С =  5. Тогда, применяя лемму 3.7, найдем набор функций 
{ * } "  таких, что

8ирр0, С В (ц , 2г<), 0 <  фг(х) <  1,
ОО

\ФЛх) -  ф,(у)| <  г՜® \д{х,у))п . 5 3  *»(*)  =  Хо(х).
1=1

Определим функцию /е равенством

|7(ж). х е х \ о ,
(4.3) № ) =  а  , М Л )  ,

V мв1
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Утверждение 2 теоремы следует непосредственно из этого определения.
Доказательство утверждения 3). Сперва проведем вспомогательное рассуж­

дение. Пусть х е  О, тогда существует такая точка х* е X  \  О, что й(х,хт) <
2 сИз1(х, X  \  О). Поэтому

Т О Н К И Е  С В О Й С Т В А  Ф УНКЦ И Й  И З К Л А С СО В ХА Й ЛА Ш А  С О Б О Л ЕВА  ... *

I / < ( * ’ )  -  ш \  =
»=> •6 / .

где 1Г =  { г : х е вирр &}.
Заметим, что в точке х* € X \ 0  выполнено соотношение (3.2), и В(я*,2г4) с 

В{х*. 40гг) для любого г е 1Х. Поэтому в силу лемм 3.3 и 3.4

Так как в 1Х не более /V слагаемых и А $'/(х*) <  А (так как ж* е X \  О), то

(4.4) |Ь (х*) -  Ш \  < £ ф Щ Ю  < Мх.х' ^ а ЫДх-) <Х[сЦх,х-)]р .
а

Дальнейшее доказательство того, что /г € Нв(Х), проводится точно так же, как 
и при р >  1 в работе [5], с той лишь разницей, что операторы заменяются на 
операторы А р .  Для полноты повторим это рассуждение здесь. Рассмотрим три 
возможных случаи расположения точек х,у € X.

Случай 1. Пусть х, у € X \  О. Запишем очевидное неравенство

1 Л ( * )  ֊  Ш \  <  IН у )  -  ^ и , . У))/1  +  № )  ֊  4 1 М(х,у))/ 1 +  

+ 17В(»,«1(*,у))^ I  7В(1 ,М 1х,» ) ) / ! •

Из леммы 3.4 следует, что первые два слагаемых мажорируются величиной

с [ф ,9)]* [ < ’/(*)+■</(»)].
Третье слагаемое также оценивается сверху этой же величиной в силу леммы 
3.3. Таким образом, для х,у 6 X  \  О выполнено

(4.5) \ Ш  -  /с(у)|(< [л ^ П х) +  < 7 м ]  <Ц(1(х,у)\р

Случай 2. Пусть х, у € О. Введем обозначение

(4.6) <1о =  шах {<НвЬ (х, Х \ 0 ) ,  (у, X  \  О )}.

Если й(х, у) >  с/о, то подберем точки х*,у* € X  \  О так. чтобы д(х,х*) < 
2(НзЬ(х,Х \ 0 )  и (1(у,у*) <  2с11вЪ(у, А՜ \0 ) .  Запишем очевидное неравенство

| / . ( * )  ֊  /е (у )1  <  И  ֊  Л ( Х * ) |  +  1Л (у ) -  Ш )I + 1/ « ( » • )  -  Л ( у ‘ )|
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<ГЧ/

Оценим первые два слагаемых с помощью (4.4), а третье, используя (4.5). Полу­

чим
\М х )-М у )\< Х [д (х ,у )]в .

Пусть теперь с1(х, у) <  йо- Как и прежде, выберем х* € Х \ 0  так, чтобы (1(х, х* ) <  
2сН81(.т,.К \  О).

Поэтому, учитывая пункт 4) леммы 3.6, получаем

|/.(») -  ш \  =  Е  и м  -  « ( » ) ]  -  / ( * • ) ]
1 *1

Е
*

Заметим, что для г € /*  и /у справедливо включение В(и\, 2т\) С В (х *, 100т-,), 
следовательно, в силу лемм 3.3 и 3.4

"  1/(*') -  4 1 , 2г.)Я  ^ 1/(4' -  4 ^ - ,1 о о ;Щ +

+ | 4 1 . 2г ,) /  -  451-,™ .-,)/! ^  г ? л у н х ‘ ).
Таким образом, мы приходим к неравенству \

1 / . М - Ш 1  < № * , » ) ] ' ’  Е  [Л{х'?-б  <  л  Их. к ) ] * .
/ « и / ,  Г«

Случай 3. Пусть х 6 О, а у 6 X  \  О. Выберем Xя 6 X \  О так, чтобы <1(х,х*) <
2 <31з1(а:, X  \  О). Тогда из (4.4) и уже доказанного пункта 1 следует

I/.(*) ֊  Ш \  <  1/.М -  Л(х’ )| +  1ЛМ - /« ( * • ) !<  А Их, V)]'’
Таким образом, показано, что / е € Нд(Х). если носитель функции /  сосредото­
чен в единичном шаре.

Осталось показать, что / е € М ?{Х). Докажем сначала, что / е €  ^ ( Х ) .  Для 
этого оценим сверху \1д(Хг>2г.) /1: из (3.1) получаем

1/ в ? х „ 2г4) / Г ^ ^ ( / . в ( ^ . 2 ^ ) )  +  /  | / Г ^  <  /  | / | р ф .
З в ( х ( , Я г ,) У в ( х 4,2г ( )

Используя ЭТО неравенство и (4.3), имеем

00 ж

(4.7) =  <  Е  [  1/Г ̂  =  «  [  \I\-dli.
1=1 »= 1 В ( * 1,2г | )

Так как / е =  /  на X  -\ О, то доказано, что / е € ЬР(Х).
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Чтобы доказать, что Оа ^ в)Г\1^ ф 0 , покажем, что для некоторой постоянной 
сбудет выполнено сА*?*/ € Оп(/е)Г\Ьр. Снова рассмотрим три различных случая 
расположения точек х, у.
1. Пусть х ,у  е Х \ 0 .  Тогда, так как / е =  /  на X \  О, то

!/«(*) ֊  Л ( » ) Ц ] / ( * )  -  /(у) I <  (с*(х,у)]а +Л ?>/(у)] .

2. Пусть х, у € О. Предположим сначала, что <!(.г, у) <  <*0. Так как, в силу леммы 
3.7 ||^г||я"(х) <  сг-°, то

ТО Н КИ Е СВОЙСТВА ФУНКЦИЙ ИЗ КЛАССОВ ХАЙЛАША СОБОЛЕВА ... «

1 /е(*)-Л (У )1  = 1> м - « » > ] [# ,-д.)] <

(4.8) <  1 1 ^ Ш ! | / ^ 1 Л ) / _ /(1 )|.
/ , и / ,  I

Так как при г € 1Х и /у выполняется включение В(х*,2^) С В (т. ЮОт՛,), то имеет 
место оценка

|<„4 £ -  л*)1 ̂  1 4 1 . 0 0 г . , /  ֊  /и + В ш  ֊  С » о г , ) Л  <

(см. леммы 3.3 и 3.4). Подставляя полученную оценку в (4.8) и используя условие
6) леммы 3.6, получим

( / . ( * )  |  Ш \  <  ( Ф ,» ) ] ” л “ / М .

Теперь рассмотрим случай й(х, у) >  с/о- Тогда

И  -  / , ( » ) !  <  Е  Щ К Щ ; ! ֊  Д х )]| +
» 6 / х

+  Е  1 *< »)И & „*.,)/ -  /М П +  № )  -  /Ы 1 <

Е  r f-A ^ /t *)  +  Е  « " ' / ( v )  +  W *. »)1" К ’/ М  +  <"7(1/)] rsj

0 v

<  / (X ) +  ^  Ш 1  4- МЛт. ,Л Г  U ®  Й 5  I  Д (Р> fTvH <

» € / *

<  [dist (х, A- \  0)]°.A<f>/(x) +  [dist (у, X  \  0 )) °A ^ f(y )+

+ ՜[d (*,„)]“  [ л ? > /(lr)+ .* ? > / ( » ) ]  <  w * . »)]“  [ л ? ’ / м + •*£ > / ( *) ]

3 .  Пусть X  e  0 ,y  e  X \ 0 .  В этом случае получаем

(ш  - т \  < Е)1<0 - s
Щ

<  \ т  -  л * ) 1+ Е  i / w  -  * & * . ) «  £  м * . »))“  и ? ' / ( » )  + л ? > / ( » ) ] .  
i£/>

Таким образом, с Л ^ /  € Dn(fc) П 1Л
3 5



Доказательство утверждения 4)- В силу (4.3), (4.7) и (4.2) ||/ — /« ||j> <  е. 
Кроме того, если g € А »(/) П W, то с[Л ^f]xo € Da (f  — fs) П L1'. Тогда

I I /  -  Ш :  <  I I /  ֊  Л IU«- +  H W f \ x o i u  <  е .

Избавимся теперь от предположения (4.1). Это делается точно так же, как и в 
случае р >  1 (см. [3| и |5|). Действительно, существует не более чем счетный 
набор точек {ж,-}, такой, что

X c ( j B ( x i , l / 2 ) ,  B{Xii 1/4) П B(xj, 1/4) =  0  
i

для которого можно построить другое разбиение единицы (см. [3]) набор функ­
ций {*?,■} С Н„(Х) со свойствами

О < V>,(x) <  1, supply С В (ц , 1), . ||y>i||ffn(X ) = с, ]Py>i(x) =  1.
i

В силу леммы 3.5 /у?,; € М£(Х), а так как supp fifii С B(xi, 1), то в силу дока­
занного существует набор функций {/*}•, удовлетворяющий условиям

Г'бЛЩ Х)ПНв(Х) ,  supp/j С B(xi ;2), \\Ге ֊ / < р 4 < е / 2 \

При этом также
v { x e X : f lt( x ) * f i p i { x ) } < e / r .

Легко проверяется, что функция J .  — / ՝  удовлетворяет всем необходимым
условиям. Теорема 2.1 доказана.

Abstract. The present paper is devoted to the Lusin’s approximation of functions 
from Ilajlasz -Sobolev classes M*(X) for p >  0. It is proved that for any /  € M£(X) 
and any.e >  0 there exist an open set Ot *C X  with measure less than e (as a measure 
can be taken the corresponding capacity or Hausdorff contcnt) and an approximating 
function f t such that /  =  fe on X \O e. Moreover, the correcting function f e is regular 
(that is, it belongs to the underlying space M£(X) and it is a locally Holder function), 
and it approximates the original function in the metric of the space Mg(X).
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A bstract.. In the present paper we study the Finslerian hypcrsurfftc.es of a  Finsler spacc with 
a  special (a ,0 )  metric, and examine the hypersurfaces of this special metric as a  hyperplane 
of first, second and third kinds.

M S C 2 0 1 0  n u m b ers: 53B40, 53C60.

K ey w o rd s: Finslerian hypersurface, (a , 0 ) metric.

1. I n t r o d u c t i o n

We consider an n-dimensional Finsler space F n =  (M n. L ), that is, a  pair consisting 

of an n-dimensional differentiable manifold M n equipped with a Fundamental function 

L. The concept of an ( a ,0 )  metric, denoted by L (a ,  0 ), was introduced by M. 

Matsumoto [5], and later on has been studied by many authors (see [1 - 5, 8 - 9) and 

references therein). Well-known examples of (a . 0 )  metrics are the Rander’s  metric 

( a + £ ) ,  the Kropina metric and the generalized Kropina metric ^ - ( m  ^  0 ,- 1 ) .  

Recall that a  Finsler metric L (x ,y ) is called an (n ,0 ) metric if L  is a  positively 

homogeneous function of a  and 0  of degree one, where a 2 =  an (x )y iyi  is a  Riemannian 

metric and 0  =  6i(x)j/‘  is an 1—form on M n.

We consider a  special Finsler Space F n =  {M n,L ( a ,0 ) }  with the metric L [ a ,0 )  

given by

(1-1) L ( a ,0 )  =  a  +  0 +  .
( a - 0 )

Differentiating equation (2.1) partially with respect to a  and 0 , we get

F _  2a * + 0a -4a0 r 2n3-\ 02- 2a 0
Lri---- ’ Lc = -  le-W '

r -----2$ ։  r ___ 2a3 r - 2a0
aa > L«/3 -  fa r # 3.

where
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HYPERSURFACES OF A FINSLER SPACE ... 

т _ Of. т __ 0Г. r _ O La r  dLfi f  _ i)L ..
~  Ъ$՝ L*o -  TXT՝ -  Ж ’ La0 ~ Tit-

In the Finsler space F "  =  {M n.L ( a .0 ) }  the normalized element of the support

I, — d{L  and the angular metric tensor 1щ  arc given by the following formulas (see

Щ
I  =  c r lLnYi +  Lfibi,

tlij =  paij +  qobibj +  q-i(biYj +  bjYi) +  q-M Y j,

where Yi =  a ijy К For the fundamental function (2.1) the constants p, qo, <j_i and

9-2 in the last equation are given by the following formulas:

I  Я  Tr _1 4a4 — /34 -  8a30 +  4a/?3(1.2) p =  LLaQ = -------— ---- — --------,
a (a  — p Y

. .  4a4 -  2a2/?2 2/?3 ֊  4a2/3
® = “ W = - (a_ ft4 • » - . = ^ 0  = ( a _ 8)<

И И  r -W —4a5 — 2a2/?3 +  8a4/? +  a-/?4 — /35
9 - 2  =  L a  (Laa -  L0a  *) = ------------------------- ---- ---------- — -!-— .

a J (a — p)4

The fundamental metric tensor g^  =  | d jd jL 2 for Z. =  L (a , /3) is given by the following 

formula (see [4, 5]):

(1*3) Sij — Pa ij +  Pobibj +  p ֊i (b iY j  +  bjYi) +  p-tYiYj,

where

/ , >ч . 2 8a4 +  /?4 +  6a2/?2 — 8a3/? — 4a/33
(1.4) » - • + £ } - ------------------------------- ■

r _i r 2a/93 — 4a3# +  (2a2 +  ft՛2 -  2®?)2
P - i  =  9-1 +  ^  Р^Я  ---------------7֊ — ------------------,a (a  -  p)4

2r 2 2/34 +  8a2£2 1 6a£3 +  £
” - 2 = , ֊ a+P £ -------- -------------- --

The reciprocal teusor </'J o f </„ is given by the following formula (see [4, 5|):

C l-5 ) glj  =  p _1a ,J ֊  -  s _ j( 6V  +  Ы y l) -  s_ 2т/ V »

where i»’ =  62 =  а^Ь'Ы , aud

(1-6) s 0 =  — {ppo +  (pop-2  -  P -i)**2} ,rp

s - l  =  ---{p p -l +  (POP-2 — p -l)^ }»rp

5-2 =  — {pp ֊2  +  (pop-2 - P - l ) b 2}, 
rp

r  =  p (p  +  Pob2 +  p -i/?) +  (pop-2 -  P - i ) ( « 2fe2 -  Я
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The Av-torsion tensor C y *  =  5dkQij is given by formula (see (10)):

(1.7) 2pCijk — P - i {h-ijvik +  hjkrm +  hkiTrij) +  71mtmJ m fc, 

where

(1.8) 7i =  P ^ j j  ~  3p_i«7o, m, =  6, -  c*~20Yi.

Here m-i is a  non-vanishing covariant vector orthogonal to the element o f support y'.

Let { ’ fc} be the component of the Christoffel symbol of the associated Riemannian 

space /?", and let y *  be the covariant derivative with respect to x k relative to this 

Christoffel symbol. Define

(1.9) 2E ij =  bij +  ֊  bdi,

where bij =  Vjbi-

Let CT =  (r jj.. TJfc. r ’-fc) be the Cartan connection o f F " .  The difference tensor 

D ‘jk =  r *£  — { ’-fc} of the special Finsler space F "  is given by

(1.10) D jk =  B 'E jk  +  F lB j  +  F ]B k  +  Bjbok +  B lbo j — bo„tg ,mB jk  .

֊q mA ?  -  C imA f  +  CjkmA?gis +  As (CjmC £  +

C i frtn s-tmsvi \ 
km'-'sj ^'jk'-'maJi

where

(1.11) B k = i> o b k + P - iY kl B i = g i jB j , F ։k =  g ^ F jit 

B ij =  \ {p - i ( a i j  -  a ~ 2YiYj) +  ^ m n u j } ,  B ?  =  gk*B jit

A f  =  B ?E o o  +  B mE k0 +  BkF™  +  B 0F fcm,

Am =  B mEo0 +  2 B 0F 0m, Bo =  B t f ,  

and 'O' denotes the contraction with y1 except for the quantities P0.90 and s 0.

2 . I n d u c e d  C a r t a n  c o n n e c t i o n

Let F n ֊1  be a  hypersurface of F ”  given by the equation x ՛ =  x l (un), where 

a  =  1 .2 ,3 ...(n — 1). The element of the support yl of F n is taken to be tangential to 

F ” ՜ 1, that is, it is given by formula (see |6j):

(2 1 ) 1 1  b ; ( uK .

The metric tensor gap and the /iv-tensor CQ̂  of F " ՜ 1 are given by 

9a0 =  gijB՝a B j0 , Cap-, =  C ijk B ։a B ^B y , 

and at each point (u‘*) of F n_1, a  unit normal vector N '{u , v) is defined by
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HYPBRSURFAC.ES OF A FINSLER SPACE ...

g ij{x (u , v ) .y {u ,v )}B inN i  =  0, ty{as(u , w),y(u,v)}iV’ iVJ =  1.

The angular mctric tensor hnp of the hypersurface is determined by formulas:

(2.2) h0p =  h ijB ifB ’p, hijB'a N j  =  0, h ijW W  =  1.

The inverse ( £ “ , N i) of (£ *,, N ') is given by

Bf = Q^VijB^ BiB? = 6>l B“N< = 0, = o,
Ni =  QijW , B *  =  (]k jB jU B'nB «  +  N 'N j =  6).

The induced connection IC V  =  (r^“ , Gg, C$y) of F n՜ '  from the Cartan’s connection 

C r  =  (F * l ,  r ^ ,  C*/-) is given by formulas (see |6|):

+  r% B frB *) +  A f|f f7f

Gg =  C f, = B°C'lkB’eB\,

where

and

The quantities M/j-v and 11$ are called the second fundamental D-tensor and the 

normal curvature vector, respectively (see [G]). The second fundamental /i-tensor I I ^  

is defined as follows (see (6)):

(2.3) HPl =  Ni(B%, +  r ; j .B jB * )  +  

where

(2.4) .  =

The relative /i— and v—covariant derivatives of the projection factor B'a with respect 

to IC Y  are given by

%  |  BaffN *, B'a y  =  M apN*.

It easily follows form equation (3.3) that Hpy generally is not symmetric and satisfies 

the equation

(2.5) I I0y -  | L  =  MpHy -  Myl-Ip, 

implying that

(2.6) //o7 =  Hy, / /7 o =  Hy +  Myllo.

The following lemmas, due to Matsiunoto |6|, will be used in Section 4.
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L e m m a  2 .1 . The normal curvature Ho =  H gv^ vanishes i f  and only i f  the norm al 

curvature vector H$ vanishes.

L e m m a  2 .2 . A hypersurface is a  hyperplane o f the first, kind with respect to

the connection C'T i f  and only i f  H a  =  0.

L e m m a  2 .3 . A hypersurface F^n ֊1 * is a hyperplane o f the second kind with respect 

to the connection O F i f  and only i f  I IQ =  0  and H Qtj =  0.

L e m m a  2 .4 . A hypersurface F (n ֊1 )  is a  hyperplane o f the third kind with, respect to

the connection C T  i f  and only i f  H a  =  0  and H a p =  M a g =  0.

3 . A  HYPERSURFACE F ( n ֊1 ) (c )  O F A SPECIA L F lN S L E R  SPACE

2
Let. us consider a  Finsler space with the m etric L  =  a  +  ft +  where the 

vector field bi(.r) =  is a  gradient o f som e sca lar function b (x). Now we consider 

a  hypersurface F^r a ֊, ^(c) given by the equation b(x) =  c,. where c  is a  constant (see

[10]). From the param etric equation x l =  x ։ (u՛1) o f  F ”  (e) we get

|  o.
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f M S !

S11
showing that b i(x) is a  covariant component o f a  norm al vector field o f the hypersurface 

F n - 1(c). Further, we have

(3.1) •• b jB la  =  0 an d  biy* =  0, th a t i s ,  ft =  0,

and the itiduced m atric L (u . v) o f F ” ~ l (c) is given by

(3.2) L(u, v) =  a a p v ° v (i, a Qp =  a ij B ta B 3p , 

which is a  Riem annian metric.

Taking ft =  0 in the equations (2 .2), (2.3) and (2.5) we get

(3-3) p  =  4, 9o =  4 ,  g _ i = 0 ,  9-2 =  - 4 a ՜ 2,

Po =  8. p_j =  4 a ՜ 1, p _2 =  0, t  =  16(1 +  62),
1 1 H P

.1/1 ■ L9N* g-1 =  - 8 -2  =
4(1 +  62)’ 4 a ( l  +  fr2)'՜ J  4 a 2( l  +  62) '

From (2.4) we get

(3.4) g i j =  - a i j ------ ------b'b1 _______ -____ (& V  +  & V )  + _____-_____ vivi
4 4(1 +  ft2) 4 a ( l  +  b * y °  *  +  V ] +  4 a 2( l  +  62) y

Thus, from (4.1) and (4.4), along F , , ֊1(c) we obtain
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* * * * * =
Therefore we have

(3 .5 ) W ) ) - l -2 =  a « M j ,

where 6 is the length o f the vector 6*.

N ext, from (4.4) and (4.5) we get

(3.6) y = a %  =  ՝ p j g p  +  (,a>
1 ]] { l  +  b H m a 2)}2 1 +  62 (1- a 2) '

T h us, we have the following result. _

T h e o r e m  3 .1 . In  a  special F insler hypersurface F^n_1, (c). the induced Riemannian 

m etric is  given by (4-2) and the scalar function b(x) is given by (4-5) and (4-6).

Now, observe th a t the angular metric tensor h ij and the metric teusor gtJ of F "  

are given by form ulas:

՛ 4 4(3.7) hij =  4aij +  4b ib j---- jViV} and gi} =  4atJ- +  8bibj +  —(6jVj +  bjYi.
a *  a

.<«) 
atiFVorn equations (4.1), (4.7) and (3.2) it follows that if h * l  denotes the angular metric 

tensor o f  the Riem annian (iij(x ), then along F"rJ l we have hnfi =  fcW. Thus, along

1 we have and hence from equation (2 .6 ) we get

I f  =  i l l  m i =  bi.

Therefore, in the special Finsler hypersurface F ^  the /?v-torsion tensor becomes

(3.8) C ijk  =  - —{hijbi,. +  hjkbi +  hkibj) +  —6, 6̂ 6* .

N ext, it follows from (3.2), (3.3), (3.5), (4.1) and (4.8) that

(3.9) an d  " - = ° -

Therefore, it follows from equation (3.6) th at Ha0 is symmetric. Thus, we have the 

following result.

is  given by (4-9) and the second fundam ental h-tensor H a p is symmetric.

T h e o r e m  3 .2 . The second fundam ental i ’-tensor o f the special F insler hypersurface
r (n- 
(«)

Now, from  (4.1) we have biB'a =  0, and hence

+ Iflf! |/9 = 0 .
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Therefore, using the equality 6j|«# =  fr,|\jB^ +  bt\jN^ H $y from (3.5) we obtain

(3.10) bi\jBlnB jp +  bi\jBlnNJHp +  biHagN' =  0.

Since bi\j =  -bhC-j, we get b,\i B ,n Nj  =  0. Therefore, taking into account that frp  is 

symmetric, from equation (4.10) wc have

(3.11) y  4 iT T P j//" 9 +  =  °-

Next, contracting (4.11) with and using (3.1), we get

V. K. CHAUBEY AND A. MISHRA

Again contracting by va  the equation (4.12) and using (3.1), we have

| p >  /  i ( iTpj tf“+ I  °- ■

It follows from Lemmas 3.1 and 3.2 that the hypersuface is a  hyperplane of

first kind if and only if H0 =  0. Thus, in view o f (4.13), it. is obvious that. F ^ 1 is 

a  hypcrplane of first kind if and only if fr,|j!/'?/J  =  0. On the other hand, fr̂ u being

the covariant derivative with respect to CY o f F n is defined on y \  but fry =

is the covariant derivative with respect to Riemannian connection { ’-*} constructed 

from Uij(x). Heucc fry docs not depend on y*.

Below we consider the difference fr,u — fry, where fry =  V.7fri- The difference tensor 

D jk =  Tyk — {՝jk } is given by (2.10), and since fr, is a  gradient vector, then from (2.9) 

we have £,-/ =  fry, F y = 0  and F j  =  0. Thus, (2.10) reduces to the following

(3.14) D jk =  B'hjk +  Bjbok +  B'kb()j — bom9 imB jk  — C jmAk‘ —

CiuAT + C]kmA'?g'* + + C iM S -  <?%(&,),
where

(3.15) Bi =  8fr,- +  4 a ~ 1Y'i , =  +

Xm =  B mfroo, B y  =  ֊( a y  ֊  ^ )  +  -fr .fr., 
a  a '  a

(1 +  6fr ) y j  . ,n T37H1 , Dmt
2o 2Cl + fr2) ՝ k ~  k 00 fc0՜

In view of (4.3) and (4.4), the relation in (2.11) becomes to by virtue of (4.15) we 
have B j  =  0, B i0 =  0 which leads A tf =  B mfr00.
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Now contracting (4.14) by yk we get

Djo =  B'bjQ +  Bjboo -  B mC tjmboo-

Again contracting the above equation with respect to yi we obtain 

D'oo =  B lbm =

111 
(C)

HYPERSURFACES OF A FINSLER SPACE ...

In view of (4.1), along F, "  1 we got.

Now we contract (4.1G) by y-> to obtain

(3-17) 6i£,» o = ( r T F j ^ -

Prom (3.3). (4.5), (4.6), (4.9) and M „ =  0 we obtain

bibmq mB i  =  b2Ma 1 0 .

Thus, the relation i/£|7- =  btj  — brD '֊j and the equations (4.16), (4.17) give 

bi\jylyi =  boo — brD'm) =  y f̂pfeoo- 

Consequently, the equations (4.12) and (4.13) can be written as follows:

(3‘18) P  4(1 +  b2) ̂ a +  1 +  62'

b2 1
■Ho +  , --,-zbao =  0.

4(1 + b 2) 1 + b 2

Thus, the condition IJo =  0 is equivalent to boo =  0- Using the fact that 3  =  biy' =  0 

the condition boo — 0 can be written as b^y'y3 =  biy'bjy3 for some Cj(x). Therefore, 

we can write

(3.19) I 2bij =  biCj +  bjCi-

Now from (4.1) and (4.19) we get

boo =  0, b ijB ^ B i =  0, bi3B'a yj =  0.

It follows from (4.18) that Hn =  0, and hence in view of (4.15) and (4.19) we get 

bio# =  Am =  0, -4‘ B j  =  0 and B ijB ixB J0 =
Next, we use the equations (3.3), (4.4) (4.6), (4.9) and (4.14) to obtain
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Thus, the equation (4.11) reduces to the following

I ft2 „  ft2(4 +  3fe2) ,
(3,21) у 4(1 +  ft2) ^ 16o'(l +  b2)2 ^ ~  ' : ՛ / • ՛  A

a n d  hence the hypersurface is umhilic. Thus, we have the following result.

Theorem 3.3. A  necessary and sufficient condition for to be a hyperplane of
first kind is (4-19). In this case the second fundamental tensor of is proportional 
to its angular metric tensor. 

N ow . taking into account that by Leinina 3.3, F̂ t" ^ is a hyperplane of second 
k in d if and only if Ha =  0 and Hnp =  0, from (4.20) we get cq =  c,(x)y* =  0. 
Therefore, there exists a function t/>(x) such that с,- (x) =  0(x)ftj(x), and, in view of
(4 .19 ), w e get 2fty =  b i(x )t i> (x )b j(x ) +  b j(x ) i f i (x )b ,(x ) .  The last equation can also be 
w ritten  a s  follows 6 y  =  i j:(x )b ib j. Thus, we have the following result.

Theorem 3.4. A  necessary and sufficient condition for a hypersurface F/^~ to be 
a hyperplane of second kind is (4-21).

Putting together Lemma 3.4 and formula (4.9), we conclude that. F£̂ ~1 is not a 
hyperplane of third kind. Thus, we have the following result.

Theorem 3.5. The hypersurface Fm ~ is not a hyperplane of the third kind.
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А н н о т а ц и я .  Доказывается, ч т о  мажоранта частичных сумм и функция 
Пэли ряда Франклина имеют эквивалентные нормы в пространстве Lp(/), 
р  > 0, если интервалы “пика” функций Франклина с ненулевыми коэффици­
ентами леж ат в I. Приводятся примеры рядов указывающие на существен­
ность этого условия.

MSC2010 number: 42С10; 46Е30.
Ключевые слова: Система Франклина; безусловный базис; функции Пэли.

1. Введение

Для формулировки полученных результатов, напомним определение системы 
Франклина. Пусть п =  2* +  V, где д =  0 , 1 , 2 , и 1 < v <  2*\ Обозначим

( ггп՜! Для 0 <  t <  2i/,
(1-1) Р  3  I

|  Jjjr , для 2i/ <  i <  п.
Через 5„ обозначим пространство функций, непрерывных и кусочно линейных 
на [0; 1] с узлами {«„.,}"=0, т.е. /  G 5„, если /  € С[0;1] и линейная на каж­
дом отрезке [en, » - i ; * =  1,2,—, я. Ясно, что dirnS,, =  n +  1 и множество 
{s„ ,j}“_0 получается добавлением точки s„.2„_i к множеству - Поэто­
му, существует единственная, с точностью до знака, функция /„ G Ь„, которая 
ортогональна S „ ֊i  и ||/n||2 =  1- Полагая fo(x) =  1, /i(x) =  \/3(2x — 1), х 6 [0; I], 
получим оргонормироЬанную систему {/,»(я)}^=о՝ которая эквивалентным обра­
зом определена в работе |1| и называется системой Франклина.

Для п =  2'1 + 1/, где р =  0,1,2,..., и 1 <  у <  2'*, обозначим (см. (1.1)) {п} := 
(«п,2|/ 2, *„,2«/] и [п] =  р. Отрезок {п} иногда называют интервалом пика функции

'Исследования выполнены при финансовой поддержке РКП МОН РА в рамках научного 
проекта 15T-1A00G
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/ „  в связи с тем. что функция / „  достигает своего наименьшего и наибольшего 
значений на этом отрезке. Число [«] называют рангом числа п и отрезка {и}.

Систематическое изучение системы Франклина началось с работ [2|, |3|. где 
в частности доказано, что если /  е £ р[0; 1], 1 <  р <  оо, и 5 |£ о  «п/п(®) ее ряд 
Фурье-Франклина, то

П

(1.2) 5 * ( / , ■) €  1р[0; 1], где 5 * ( / ,х )  =  вир |5„(/,ж )| и 5 „ (/ ,.с )  =  У ^а*Д (а-).
к = 0

С. В. Бочкаревым |1| была доказана, что система Франклина является безуслов­
ным базисом в пространстве £ р[0; 1], 1 <  р  <  ос. Для этого он доказал, что 
оператор Пэл и для системы Франклина имеет слабый тин (1 ,1), т.е. существует 
постоянная С >  0, такая что если /  е  ЦО; 1] и ап/ п{х) ее ряд Фурье-
Франклшш, то

С  Ш
(1.3) т е 8 { 1 € [ 0 : 1 ) : Р ( / , х ) > А } < -  I  |/(.т)|с/х,

г д е Р ( / . 1 )  =  { Е “ 0 « ^ ( 1 ) } , / 2 . N  '

Так как Р имеет сильный тип (2,2), т.е. ||Р(/,-)||а <  С\\/\\2, из (1.3), в си­
лу известной интерполяционной теоремы Марцинкенпча (см. напр. [5] стр. 485), 
следует, что для всех р  €  (1,оо) имеет место ||Л (/, )||^ <  Ср\\/\\р. Следовательно, 
с учетом (1.2), для любого р >  1 имеем

г\ I *  | Щ / оо \ р/2

(1-4) /  5иР Е  <&~р I (
0 |  и=о ® \*=о I

где запись а ~ 7 Ь означает, что существуют постоянные Су и С ֊,,  зависящие 
только от 7 , такие что.ру • а  <  Ь <  С \ • а.

Из результатов работ [6] |8) следуег, что (1.4) верно также для р €  (0,1].

Напомним, что пространство Ьц(Е) метрическое, пространство и.в. конечных 

и измеримых на Е  функций с метрикой, сходимость по которой совпадает՝ со 
сходимостью по мере на множестве Е .

В работе [9] доказан не только аналог соотношения (1.4) в случае р =  0. но и ее 
локализация на множества положительной меры. А именно, доказана следующая 
(см. теоремы 2.1, 2.2 и 2.3 работы |9] )

ОО

Т еорем а 1.1. Для ряда 51 <%Л(ж) следующие условия эквивалентны:
к = о

(1) ряд почти всюду сходится на Е ,

(2) ряд по мере, безусловно сходится на Е ,
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(3) М1рп |53^=гп0)г/*:(з )| <  +00 п . о. па Е ,

(4) “ * / * ( * )  <  + ° °  п -в - 4 0  Е -

В  настоящей работе мы докажем, что невозможно получить локализацию со­

отношении (1.4) даже на двоичных интервалах и получим такую локализацию 
при некотором дополнительном условии.

I

О ЛОКАЛЬНОЙ ЭКВИВАЛЕНТНОСТИ МАЖОРАНТЫ ЧАСТИЧНЫХ СУММ ...

2. О с н о в н ы е  р е з у л ь т а т ы

Т ео р ем а 2 .1 . Для любого двоичного отрезка I  =  [ ^ К ^ г ] .  любого ряда 

^2 ® п/»(*) и любого р >  0 им еет м есто

эир
N

|  *

2 ^  а п / п ( х ) ~ Р
<

5 1  < £ / » ( * ) >

{ п ) С 1 . п < Г * М Л | в  )
М Л

Т ео р ем а  2 .2 . Для любого отрезки I  =  [р-, /  (0,1). любых р >  0 и

С  >  0 сущ ествую т ряды а п/ п(х) и $2™=0 Ьп/п(х) такие, ч то

Щ  |Й
(2.1) эир

N

(о о  )
5 2  °п /п (х) > с -
п<Ы

Щ. (Л
1п=0 у

М Л

(2.2)
. 7 1 = 0

1*

} > с вир
N 5 2  Ъп1п{х) 

п<М
Ьр (Л

Теорема 2.2 указывает на то, что условие {гг} С I  в теореме 2.1 существенно.

Мы убедимся, что для системы Хаара не верен аналог теоремы 2.2, а  аналог 

теоремы 2.1 верен п без условия {п } С / .  Однако в этом случае постоянные 

эквивалентности также завися՛^ от I. А именно верна следующая

Т ео р ем а 2 .3 . Д ля любого двоичного отрезка I  =  [р-, ^ г ՜ ] , любого р >  0 и 
любого ряда ^2ап\ п(х) и м еет м есто

.чир
N

5 2  а п Х п ( х )
п<!4

*Р ,1

(Л
5 2

М Л

Учитывая соотношение (1.4), для доказательства теоремы 2.1, достаточно до­
казать следующую лемму.
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Лемма 2.1. Для любого двоичного отрезка I  =  [̂ р-, любого р >  0 и
любого ряда ^ а п/„(х) имеют место

(2.3)

(2.4)

5^  а „ / „ ( х )
(« }С 1 ,П<Ы

5 1  ап/п(ж)1 Лх<Ср 
[ Ы С 1 )

н и р
N

^ 2  а п 1 п ( х )

{ п } С 1 , п < . Ч

5 3  о-1Л(х)\ с1х. 
> } С /  I

<1х.

Для доказательства вышесформулнроваиных утверждений напомним некото­
рые свойства системы Франклина.

В исследованиях рядов но системе Франклина важную роль играют так на­
зываемые экспоненциальные оценки, полученные 3. Чисельским [3]

Сх • 21*1 • (2 -  ч/Э)!4- 2" - 1! <  (—1)<+1/п(*п.О <  С2 • 2 ^  • (2 -  \/3 )|<“ 2' '" 11,

где С, =  ^  и С2 =  4 • >/3(2 +  ч/З)-
Для доказательства леммы 2.1 удобнее использовать оценки, полученные в 

|10|. Их сформулируем в виде Предложений 2.1 и 2.2.

Предложение 2.1. Для любого п =  2* +  и имеют место следующие нера­
венства:

1 2
(2-5) . 7 1 / , , ( « „ . <  |/п(вц,»)1 <  =|/п(вп,«+1)| когда 1 < г < 2 и - 2 ,

4  7

1 2
(2-6) т|/и(вп,1- 1)1 <  |/п(5п,1՜)! ^  »|/п(^п,1- 1)| когда 2и <  / <  п,4  7

(2.7) /п(*пд) =  —2/п(3п,о)) /п(вп,п— 1) ~  ~2 /п (вп,п)> /п (3п.») ' /п(вп,*+1) <  0.

Предложение 2.2. Для п =  2* +  г/, с условием 1 <  и <  2к, выполняются

(2 8) 97 |/»(ап,2„-1)| 95 107 !/„(*»,2„-1)| 98
48 |/п(«„.2„)| 42 66 |/„(а„,2„ -2)| 60‘ ц

Из Предложения 2.1 и липейности функции /„  на [вПл-!>*«,»] простыми вы­
числениями легко выводится

Предложение 2.3: Для п =  2к +  и, с условием 1 <  и <  2к, любого р >  0 
выполняются

(2-9) [  \/п{х)\р(1х <  ( ֊\  ■ [  |/п(ж)|р<£г, когда г  <  2и - 2
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\/п(х)\р/Ь <  ( -  ) • /  \/п(х)\р(Ь, когда г >  2и +  2.

Предложение 2.4. Пусть П1 =  2м +  1/1, « 2  =  2** +  и2 и  1/ |  <  и?. Тогда 
существуют числа а , 0 (зависящие о т  ц, 1/1 и и2), такие, что

/п, (ж) =  0 • / Пз(.т), когда х >  в„2,

Это Предложение впервые было применено в [8]. Из этого Предложения немед­
ленно следует

Предложение 2.5. Для любых ап, п =  2** +  и, 1 <  и < 2'* и любого 1/0,
1 <  Ц) <  2Р имеют, место 

Щ

где а  и 0  некоторые числа зависящие о т  ап.

Условимся через С, С\, С7,о б о зн ач ать  постоянные, зависящие только от 
своих индексов. Значения этих постоянных в разных формулах могут быть раз­
ными. Длину отрезка I  обозначим через |/|.

Доказательство леммы 2.1. Сначала докажем соотношение (2.3). Вместо 
2^{п}с/ а»»/я(х) будем писать £ п ап/„(х), предполагая а*, =  0, когда {п} £  I.

Допустим

и

когда х > —
-  2  м

и

Л ^  И» -  1 когда х <  — — , -  2м

(2.10)

и докажем, что

Положим для Пт =  2т  +  80 • 2т ~* +  1
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(2.12) * т ( * ) <  2 -■$'(*), 5*п(я:) < 2 • 5 *(ж), когда х € [0,1)

И

£*(*) <  5 2  а"*(х) +  52  3,п(֊г) =: Е].(х) +  Е2(х). когда х € [0,1].

Мы докажем, что

(2.13)

Пусть 1щ- слева первый интервал ранга т ,  который содержится в /. а /*,-его 
правая половила. Заметим, что отрезки 1*п не пересекаются и их объединение 
есть отрезок I. Заметим также, что функции егт (.1:) и 5*,(х), т  >  к. являют­
ся модулями линейных на отрезке 7̂ , функций. Действительно. <т„,(х)-модуль 
от линейной на 1*п функции аПп, / Пт (х). А для 5*,(х), в силу Предложения 2.5 
имеем, что для любого Лг существует а  у. такое что

Через А,„ и Вт  обозначим интегральные средние на /*, функций ата(х) и 5^1(х), 
соответственно, т.е. •

Из того, что <тт (х) и 5*„(х), т  >  к, являются модулями линейных на отрезке /*, 
функций, получаются

( 2 .1 5 )

гп >  к.

(2.17)(2.17) Ат  А  тпах <тт (х) и Вт  ~  шах 5^(х).

Из (2.16), (2.12) и (2.10), с применением неравенства Гелдера, имеем

Е 1сгр [ ■ 1сг‘ < 2” Е / йШэ* 12"
Аналогично получаем

( 2 .1 8 )
т > к
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Сначала докажем неравенство (2.13) для г =  2 и р < 1. В этом случае, последо­
вательно применяя (2.9), (2.12) и (2.10) напучим

|| 1 =  I ^  ^ ^ * Х х ) ) Р (1х <

№ ( * ) ) * (в ч *))*< ь < Ср.

Аналогично получается неравенство (2.13), когда г =  1 и р <  1.
Перейдем к получению оценок (2.13), когда р >  1. Без ограничения общности

можем считать, что суммы £,, * =  1,2, конечны, т. е. £1 =  ат  и Ез =
Е Ш о»

т ш к ° т ’

Через //„, к <  тп < к\, обозначим двоичные отрезки ранга гп +  1, где правый 
конец отрезка 1^ совпадает с левым концом отрезка /, а для j  > 1 правый конец 
отрезка 1?п совпадает с левым концом I I ՜1.

Для х € [0, 5г] и тп > к обозначим

(2.19) ¥>т(*) == Вт4 := -Д- [  5Т̂(«)Л, когда х € /£.
Н  JlU

Поскольку 5*,(х)-модуль от линейной на /,*„ функции. то (здесь и да1ее полага­
ется д =  2/7) из (2.15), (2.17) и (2.9) имеем

(2.20) 5,*„(х) <  С чрт (х) < С Вт<5 < С ч>-՝ ВтЛ <  С <?-1 Вт , когда I  € Ц„.

Обозначим =  А1„\/Ти+1, когда ш =  к, к +1,.... к\ — 1, и «/*, =  • Тогда

(2 .21 ) ( ^ т Щ 1 С 1 = 2 - " ,- 1 = и , ; 1 -

Нетрудно заметить, что если х € J m, то из (2.20) следует
кг

£ 2( * ) < С -  5 ]  у?т ( х ) < ( р  ( В л +  . . .  +  В т  +  В т + 1 - 7 +  ՝ + В к1 :Ч к՝ - т ).
т —к

Поэтому

(2 .22 ) [  ( Е 2( я ^ Щ = У ' /  ( £ 2(х ) )р< & <  
р

кг т  кг кг

С „  ■ £  р ц ( £  В . у  +  с ,  £  |7 т |(  £  в .  • г  = :  С , ( Г .  +  Г , ) .
тп—к  1/ш к  тпшк |/= »п + 1

Пусть 91 €  (0,1), такое что </[՜р <  2. Тогда для Е| получим
кг /  т  \  Р *1 т  / я »  \  Р ՜ 1

г , = с ,  £  1^-1 ( I I  у - ֊ < с Р £  ц „ |  £  )
т » к  \ | * 4  /  щ т к  и = к  \ у ш к  /
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Учитывая, что в последней сумме и >  к и 91 <  1, имеем

Поэтому, для Г1 имеем
т  *•'! Ц |

(2.23) г, < ср Е 1Л.1£ в; ■ ШШШт Е в’֊ Е И •в?"՜"1-
т = *  1 /= к  * = к  т = и

Так как |</т +1 | =  ||Лп| и ^  р <  2, то Цщ-ы! • 9?  ̂ * <  7  * |*Ап| * 9?̂  \  ДЛЯ
некоторого 7  <  1. Поэтому из (2.23) и (2.18) имеем

1
(2.24) . ГХ< С Р£  В * |Л| <  Ср, когда р >  1.

и - к

Оценим Гг, когда р >  1. Обозначим 91 = 0 ,9  и напомним, что 9 =  2/7. Тогда, 
учитывая что 9 ■ 9^1 <  1, из (2.22) с применением неравенства Гелдера получим 

к ,  |  к ,  \ р

(2.25) Г2 =  СР £ | А И (  5 2  Ви • (9]՜1 ■ ч )"~ т  • 91_ т  I <
т = Ь  \ 1/=»н+1

к ,  /  к\  \  /  к . Р ~  1

£ 1А»1 ( Е («г1 • <
т = к  \ « / в т + 1  /  \ 1 / = т + 1  /

с Р е  I ֊7՞ !  £  ПР»  ( ь  ' ■ я ) ^ - т ) = с р Ё  в г Е ш й г 1 • ? ) ' ■ < - ” ■>
г п — к  1/ = т + 1  *  1у=Дс+ 1 г п — к

Из (2.25) и (2.21) следует
кх I/—1

I )  <  с р  Е  В ' ;  ш ' £ , г - т (я ^ - я у ^ - т \
и = к + 1  т = к

Учитывая, что 2 ■ (9^1 ■ 9)р <  2 • $  • § <  1, из (2.25), (2.21) и (2.18) получим
*1

(2-26) г 2 < с р £ в д | < с р.
и = к

Из (2.26), (2.24) и (2.22) получаем

(2-27) I  (Е2(х))р(£г <  Ср, когда р >  1,

Очевидно, из (2.20) Имеем

^2_ |  /  . Ч
£ 2(х) < С ֊ 5 2  4>т(х) < С ■ 93՜1 5 2  ¥>т ( Ж +  ) ,  когда X € Щ

т= А с  т = к  \  ■ Г
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Следовательно, получаем

/  (Е2( х ) №  <  Ср V ՜1 /  & 2(х)У<1х.
т  ж

Отсюда и из (2.27) получим (2.13) для г =  2.
В случае г =  1 неравенство (2.13) доказывается чуть проще. В этом случае нет 

необходимости соотношений типа (2.14), (2.15), поскольку ат (х) одна функция
о которой известно, что (см. (2.5) )

тах  <тт (х) <  Г • ат  <  С • ■ Ат ,

где отрезки Цп те же, что в соотношении (2.20). Второе неравенство следует из 
того, что ае >  0 (в противном случае нечего доказывать) и поэтому (см. Предло­
жение 2.2 и (2.16), (2.17))

<  шах ет,п(х) =  шах <т,„(х) <  С • А,„.
\ 2к /  1 е/„, х е /^

Отсюда, рассуждениями, аналогичными рассуждениям при доказательстве (2.27). 
получим

ш
/  (Т1(х))рсЬ < С Р, для р > 0. 

т

Тем самым доказано неравенство (2.11). Аналогично доказывается, что

/  (6” (*))р<£т <  Ср,
/ а  ‘Р

которое вместе с (2.11) доказывают неравенство (2.3). Неравенство (2.4) доказы­
вается аналогично. Лемма 2.1 доказана.

Доказательство теоремы 2.2. Сначала убедимся в справедливости неравен­
ства (2.1). Поскольку [ | | ,  ф [0,1], то либо ае > 0 либо ае < 2к. Рассмотрим 
случай, когда ае >  0. Для ш >  к и I <  ае • 2та~* выберем так, чтобы

(2.28) а2'«+1/ 2"‘+| ( р )  =  у, когда I =  1,2, ...,ае-2г I—А:

Убедимся, что для любого С > 0 при достаточно большом т  ряд вп/п(х) := 
]СГ=1 а2т +//2,п+/(х) удовлетворяет (2.1). Во первых

р
(2.29) вир £  а«/».(х)

/՝#■+5ЯГ 
> /

в-2"—‘
а2«>+»/2"ч-/(х)

N п</У / 4
МЛ 3 /=1

йх >  С,
тп — к 
' 2™ '
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С другой стороны (см. (2.28) и (2.6))

(2.30)
*

5 3  ftn / n ( s ) <֊i;
fk  +  5ТП- f \  f  oo

5 3  â + i f l n+i(x) ) dx E 9 4P -

м л
r,= 0

C p  - 2  m  ^ У ^ д а т + / / а т +< ( д г ) ^  <  C p • 2  m .

При достаточно большом m из (2.29) и (2.30) следует (2.1).
Случай а* <  2*' доказывается аналогично. Только в сумме 53пОт»/п( )̂ будут 

участвовать п с условиями [п] =  т ,  {п} находится правее I.
Докажем соотношение (2.2). Опять рассмотрим только случай ж >  0. Для 

т  >  к и / <  ае • 2т ~к' выберем a2m+i так, чтобы

(2.31) a2m+If 2m+l =  (-1)', когда / * 1 , 2 ,  ...,hj • 2"*՜*.

Убедимся, что для любого С >  0 при достаточно большом т  ряд anfn(x) :=
№>9m -fc ,.՝ . ;

L,i-i ayn+lf 2mJrl(x) удовлетворяет (2.2).
Из Предложения 2.4 и (2.31) следует, что

Поэтому

(2.32)

sup
n < N

sup
N

5 3  ®п/«(а
n  < N

fC
=  |0 2 m +  l / 2 m + l ( ® ) | ,  когда x >  ~Г.

2  i

53 anfn(x)
n <N

<  [  \<4m+ if2”‘+i(x)\pdx <  Cp • 2~m.
Ь Ж

С другой стороны
(2.33)

/ ( e -m m )  * > / *
f k + jr r  I * ?

5 3  4 » + i / a » + i ( * )  rf® >  <?p ( « 2 m “ * ) * 2 - m .
1=1

Из (2.32) и (2.33), при достаточно большом т .  следует (2.2). Теорема 2.2 докаг
зана.

Доказательство теоремы 2.3. Допустим 

ЯП Я! -I- 1
7 = и И‘-’*(')11//,,(/■) =  1» где &*(х) =  sup

N2к ' щ

Пусть 77-1 <  п% < ... <  nit, те номера, для которых

Р |/  ^  0, и Дп, £  /, где Дп =  suppxn-

5 3  b n X n fa )
n < N
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Отметим, что таких п, ровно к +  1 штук. Если учесть, что функции аП1\ п,(х) 
принимаю՜!՝ достоянные значения на 7, то получим

I
шах |а71;Xn.il <  2 пйп5*(х) < 25*(х) и гаах *€/ "  *е / ' /  р| '  '  I

Следовательно, получаем

(2.34)

2 2 о п ,Х п Д х)
1=1

<  5*(х), для X € /.

£ > ’ / ’ ( х ) < 4 ( *  +  1 ).(5 -(х ))2 +  £  ап /п (х ) х  6 /
п : Д П С /п = 1

(2.35) 

Учитывая, что

£Г(х) := вир 
N

5 2
Д„с /:п<Лг

< 2 • 5*(х), х € / .

п : Д „ С /

11^(011

м л

ИЗ (2.34), (2.35) получим (£ ~ =1 а2* 2(х))- Ае <  Ср,ь/,(5՝г(х))Р(1х.
Аналогично доказывается неравенство {1(3’ (х))р(1х < Срд ОпЛгДх))̂  йх.

Тем самым доказали следующее соотношение

^(5 *(х ))рйх ~ Р1*  £  ^  а2*?,(х)^ </х,

причем постоянные эквивалентности зависят не от самой /, а от ранга 7. Теорема 
доказана.

В теоремах 2.1 и 2.3, вообще говоря, мажоранту ряда нельзя заменить сум­
мой ряда. Действительно, известно, что в пространстве 7,(0.1] не существует без­
условных базисов (см. [11)). Отсюда следует, что существуют функции ф,-ф е Та, 
такие, что

^ 5 3 ап/п(‘)') где а,, =  [  ф(х)/„(х)(1х.
\п = о  | /  -/а

и

5 3 6пХп( )^ £ ^ 1» где Ь„ =  I  ф(х)хп(х)(1х.

Ь | § | | 1  /  н ( £ « м * н ь

Следовательно

где {у?„}-система Ха ара или Франклина.
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В случае р > 1, из безусловной базисиости системы Хаара в пространстве Ьр 
и конструкции функций Хаара. для любого двоичного интервала /  имеем

/  I  *

)  f l n X n ~ P (£
Д . .С / L „(I ) \ Д « С /  /

Интересно было бы выяснить, имеет ли анапог соотношения (2.36) для систе­
мы Франклина. Для установления такой эквивалентности необходимо (и доста­
точно) установить аналог соотношений (2.3), (2.4) для суммы И {п}с/ *»»/»»(*)•

Abstract. In this paper we prove that the majorant of partial sums and the Paley 
function of Franklin series have equivalent norms in the space LP(I), p >  0, provided 
that the "peak” intervals of Franklin functions with non-vanishing coefficients lie in 
I. Examples of series emphasizing that this condition is essential are also given.

СПИСОК ЛИТЕРАТУРЫ

[1] Ph. Franklin, “A set of continues orthogonal functions”, Math. Ann. 100. 522 — 528 (1928).
[2) Z. Ciesielski, “Properties o f the orthonormal FVanklin system”, Studia Math: 23 , 141 -  157 

(1963).
[3| Z. Ciesielski, "Properties o f the orthonormal FVanklin system П”, Studia M ath. 27 , 289 -  323 

(1966).
|4] S. V. Bochkarev, “Some inequalities for the Franklin series”, Anal. Math. 1. 249 257 (1975).
[5) Б . С. Кашин, А. А. Саакян, Ортогональные Ряды, Москва, А Ф Ц  (1999).
[6| P. Sjolin, “Convergence almost everywhere of spline expansions in Hardy spaces”. In: Topics in 

modem harmonic analysis. (Turin/M ilan, 1982). 1st. Naz. A lta Mat. FYancesco Severi, Rome, 
645 -  651 (1983).

[7) P. Sjolin, J .  O. Stromberg. “Basis properties o f Hardy spaces", Ark. M at. 21 , 111 -  125 (1983).
[8] Г. Г. Геворкян, “Некоторые теоремы о безусловной сходимости и мажоранте рядов Фран­

клина и их применение к  пространствам Л е(//Р).”  Тр. МИАН С СС Р, 1 9 0 , 49 74 (1989).
Translation: С . G . G evorkian՜, Some theorems on unconditional convergence and a majorant 
of Franklin series and their application to the spaces Re(Hp). Proceedings o f the Steklov 
Institute o f Mathematics, 49 -  76 (1992).

|9| Г. Г. Геворкян, “О рядах по системе Франклина”, Anal. Math., 16, 8 7 -  114 (1990).
|10| Г. Г. Геворкян. “Неограниченность оператора сдвига по системе Франклина в пространстве 

L i ”, Мат. Заметки. 38 , по. 4, 523 -  533 (1985).
(11J A. Pelczynski, “Projections in certain Banach spaces’’, Studia Math, 19 , 209 228 (1960).

Поступила 18 мая 2016

58



«

Известия НАН Армении, Математика, том 52. и. 1. 2017, стр. 59-67.
ON IA IN TEG R A BILITY  OF A SPECIAL DOUBLE SINE SERIES 
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A b s t r a c t .  In this paper we deal with a  special double sine trigonometric series 
formed by its  blocks. This type of trigonometric series is of particular interest since 
its  blocks always are bounded, that is, under some additional Assumptions the sum- 

function of such series always exists. We give some conditions under which such sum- 
function is integrablc o f power p € {2, 3 , . . . } .  a s  well a s is integrable with some 

natural weight.

MSC2010 numbers: 42A16, 42A20, 28A25.
Keywords: Sine series; function of bounded variation; series by their blocks.

1. I n t r o d u c t i o n

Let Aj =  {« ,}  and A2 =  {r j}  be two strictly increasing sequences of natural 
numbers 1 =  ni <  n2 <  <  • • • and 1 =  rt <  r2 <  r3 <  • • • satisfying the
conditions:

У 2  —  <  + ° c and T - <
U r>

+00.

Considering the special double sine series
oo oo . , . „sm kx sin I?/
E E  
k = l £=1 M

we form the following series |
00 op

k—
(Ы) E E

r=l j= l
According to the well-known estimate 

v

n i + i - l r i + i - l

E  E
t = r j

sin kr sin £y
kt

( 1.2) E
k=v

sin kx
k <  — , v < V  <  ос, 0 <  т  <  it, 

vx

the series (1 .1) converges for all (x, y) and its sum G \l։^ (x , y) is a continuous fuuctiou 
on (0,7r] x (0,7r]. This fact is of particular interest and therefore this is the main reason 
why we have formed the series (1.1).
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In the one-dimensional case such series has been considered by Telyakovskii [1] 

and Trigub |3|. In particular, Telyakovskii |2) has considered the question: when the 

sum-function g \ t (x) o f the series ՛

oo *»<+»-! . |
s in  kx

kfc=l fc=n<

belongs to the spaces U )[0. 7r] for p  =  2,3 , . . .  ?

Specifically, in |2] was proved the following theorem.

T h eorem  1.1. For any natural p  =  2 ,3 , . . .  the function g \ , (x) belongs to the space 

a-] if the series ֊֊m *  '՛ is convergent, where mi =  m in (n < ,^+ i  — TOi +  1).

In the same paper was considered the problem of integrability of the function 

g.\,(x) with weight x ՜ 7 under natural condition 0 <  7  <-. 1. Among others, the 

following result was proved in [2].

T h eo rem  1.2. I f  for 7  e  (0 ,1 ) the series

oo |
S p l l

is contingent, then the integral J Q" -p;g/i ։ (x)dx converges.

Note that questions pertaining to trigonometric series formed by their blocks were 

considered in [4| -  |6|, and still receive considerable attention. The main aim of this 

paper is to extend the above results to two-dimensional case. In order to do this we 

will use the technique developed in [2j, the estimate (1.2) and the following inequality 

(see |2|. page 818):

n«+i— 1

XH. Z. KRASNIQI

sin kx 
Z

A . \  , „
<  — mm I - , rrii J , 0 <  x  <  n.

n ;  \ X
(1 .3 ) t i , ( x )  : =  (

k=n,

where A is an absolute constant. Here and in the sequel we write €  L p, p  >  1,

if the integral \G \u\ t (x ,y )\pdxdy is finite.

2 . T h e  m a in  r e s u l t s

In tliis section we state and prove the main results of the paper. We first prove the 

following result.
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T h e o re m  2 .1 . For any natural p  =  2, 3. . ՛.. the function G a 1,Aj belongs to the apace 
L 7>([0 , 7r) x  (0 , 7r]) i f  the scries _

H H (m» * j) !~ *  

ggg
w convergent, where tjh =  inin(n<,n<+i ֊  +  1) and s j  =  m in (rj,rJ + i -  r j  +  1).

P ro o f. For arbitrary natural numbers M  and N  we have 

r 1  \ p  —) dxd֊y

ON £.'’ -INTEGRA 131LITY OK A SPECIAL DOUBLE SINE ...

*=1 j = 1 j

n
*ir M  iVI N  .V

53  t i „  (a-) • ■ ■ 53  Uip(x)  53  «#, (y) • • • 53  u3 r(y)(l̂ y

՛ »P=1 >1=1 ip=i
I  i  |  i  > |

(21) =  5 3  "  5 3  53  ' "  53  /  /  • • •“<,.(*)“*(!/)• • • Ujv{v)dxdy.
*1=1 »-,i=l'jfi=l iP=i •'°

Next, we split the square [0, tt] x [0,tt] into the rectangles [0, a] x [0,5], [0,a] x 

[tt,/?], [a, 7r] x  [0,(9] and [a, 7r] x  [/3, tt], where a  and .5 will be determined later in an 

appropriate way. Using the estim ates (1.3) we can write

n /9
M», 11  ■ • • Wip ( * ) « jx {y) • • • Ujp (y)rfxrfy

(2.2) H I  I  r r ^ . . . . ^ j L . . . ^ dxdy =  A^ - , a . oA
./O ./o «ij w*p &  /lij N-t'p 'rj\ rip

PC* /•«■

'•'•H i (y) • ‘ ՛ Mjp (y)dxdy

m *x m j 1 dxrfy ^ 77?i, 4 2p o 5 ,-p

V  rix 1 «i,. * Jl P ՜ 1

) • • • Mi,,(*)Mj. (y) ••■Ujp(y)dxdy

1 1 «J. $ j„dxdy ,  i42p Sj, Sip
Tlj, •• "ip O. Op * p nn ’ •«ip  rj. rJp P ՜ 1 ’

•••Mi,, (*)M>» (y) ■ ■ • Mjp(y)</x-rfy

1 1 dxdy A2p (o/3)I_p

« i, • • ■̂ p  0 . • •՛ Op (®y)P '  nM • • •«ipO l • ••Op fa g ! ! ) 2
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Inserting the estimates (2.2)-(2.5) into (2.1), we obtain

m  r n /  m  N  \ P M M  N

/  /  ( E E  n*Mnj(v) I # €  < A*P E  • • • E  E
Jo Jo  \ . = 1 i—if I j,=1 *..=1 i, =  1=  1 3=1 /  »1=1 =  l

rriiy m?J, 1 a () l ~p

u  V ֊  |
/ m«i _ _ _ m*i< 3Ji __, 4- m*' . . . w?|1 !
V rn, rap rh rjp n k nip rj ։  ■■■rj

(2.6) +_ L _ ifc ...it= ^ 2  + - 1------
«it • • • rj .  rip P -  1 nh • • • ■ • • rj P (p -  I )2 /  '

Whence, clioosing in (2.6) «  =  (rnil ■ ■ ■ mip)~$ and /3 =  (s j, • • • we find that

„  " /  m  N  \ p M  M  N

/  /  rfxrfy< 4A2pE  • • ■ E  E
7o /o V - i j - i  §  i . - l  iP= l J i= l

(m<, ■•■mipsjl ■■■sjp)1-՛՛ 2 (w,-gj)1՜ *
p

y ՝  V"*՛՜. • • • ,<>jp> " <  4i42p y - y \
Jp = , n it ■ ■ • n,:„ r j ,  • • • r ip y  £=1 3=1 n i r J  /

Consequently, since the last series converges by assumption, the integrals

I t  1  M I  \ P

y0 y0 t E E l w ) )  rfx£̂

are bounded by a  quantity that is independent of M , N . Therefore, based on the 

double version of the Levi:s  theorem, we conclude that the function G \ t x.\2 belongs 

to the space L v([0- 7r] x  [0, jt]). □

The next result gives an answer to the following question: under what conditions 

the function (?Al ,a2 belongs to the space Xr"([0 . 7r] x  [0 , 7r]) with weight x ^ ' y ՜ ^ ,  

7 i .7 2 G (0 ,l ) ?

T h eo rem  2 .2 . I f  for 71,72 €  (0 ,1 ), the series YluLi ՝ ST  *® convergent,
then the following integral converges

Jo JU | i g |  I
P roof. Based on the miiform convergence of the series (1.1) we have

r r  OA, A ,(x,y) _  g g  r  r  !‘ .(x)U j(l/)
yo7o Jo Jo

Splitting th e  s q u a r e  [0. 7r] x  [0. 7r] into the rectangles (0,tt<] x [ 0 [ 0 ,  a ,]  x  [7r 

[a*.*-] x [0./3j] and [a,-,7r] x [/3j,7r], where a *  and 0j  are determined by

(2-7) tt; =  —  and 3 . =  —
m  • J  a  .
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we find that

w m m M  < 1 1  r f ։ - j ^ ^ dxdv
Jo Jo ^ 'y ՜12 Jo Jo a-’7 1 '*/7 2  n p j JI _____

(1 - 7 i ) ( l  - 72) riirj ’ >

i  n 0i - L ֊- Z L . dxdy 
Jet J o  Xy'V ^  Jo J o  x  y UiXTj

ON £ p - INTEGRABIT/ITY OF A SPECIAL DOUBLE SINE ...

71(1 - 72) niVj
(X, ftr

7o Vyjj a:7ly72 -A) Jd} ^ 'y 71 n.rjjy

( 1 1 71)72 «*»*՛

rr S M U I  rr
®7l377s J i I 7172 niTj

Finally, using (2.7) and the latest estimates, we obtain

Jo Jo * 7l2/72 \ (1  -  7 i) ( l  - 72) «iO  J

H— T p -— r — a ՜ 1’ ^ 1՜ 1'  +  7֊  -  ֊  ft1՜ 71 ft՜ 72
7i ( 1 1 72) n *r j (1 -  7i)72 "»0՜

+ — -----— a ՜ 71̂ ՜ 7*^  =  C V Y ՝  —1— m7' s j 2 <  + 00,
7i72 n^rj /

where C  =  A2 • m ax } •

The next statem ent supplements Theorem 2.1, and gives conditions under which 

the integral

* / *  GA„Aa ( * ’ */)IIJ o  Jo X՜1՝ y p

is convergent for 71,72 6  (0, 1) and p =  2 ,3 ,. .

dxdy

T h e o re m  2 .3 . I f  p  =  2 ,3 , . . .  and 7 1 , 72 6  (1 — p. 1), then the integral

IB H
xTi |/7a

convergent provided that the series
OO 00

/ f ֊֊֊֊d x d y  
Jo  Jo
g se r ie s

■ H  *=i i=i ‘ J
1 l - i ( l - 7 i )  l- i(l-T a )

1
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is convei'gent.

Proof. Using a  similar technique as in the proof Theorem 2.1 we have

M  A{  N  N  -r «

(2.8) -  e  ՛ ՛ ■ £  £  ■ ■ ՛ £  /  /  yTT՜ ^ ^ 1 ^  ■ ՛ ՛ u<p ^
*1=1 *p= l  Jl= l Jp= l ®

for all p =  2, 3 , . . . .  and natural numbers M , iV.
Again we split the square [0. tt] x  [0, jt] into the rectangles [0, a] x  [0,0\, [0, a] x [tt. 0], 

[a. ?r] x  [0,0] and [a .«] x [/9,ir], where a  and £  are determined as in Theorem 2.1.

Using the estimates (1.3) and taking into account that 71V72 €  (1 — p, 1), we can 

write

\
(x) • - ■ Uip(x)Uj, (») • • UjV (y ^ d y

< a p _ f c . . .51111
Jo Vo « „  n»p Tj, r>p

r2 S ) Sj- a ' ՜ ՜ " ? ' ՜ ™
n<! « i p (1 ֊  7 i ) ( l  -  72) ■

L  [ i ^  "  Uî Ujl | j j j  ‘ ' uiv̂ y)dxdV

<aiv r  r mil m " 1 dxdy
~  Jo Ji9 nU nip rh  ■•■rjp

-(2jQj--------------- <  S  ® p  >l2p a ^ 0^ ֊P
nh nip • • •rj. (1 -  7i)(72 +  P -  1)

L  Jo ' ' '  Ui'-№ ni՝ M ' ՛ -uiv{y)dxdy

< A*v r  f  1 sh  9J,. dxdy
Jo Jo nix- - - n ; r , r ,  X̂ -i-Vy

(2.11) <  A՝ p a1՜ ^  " 7>̂ 1" 73
74, ■ • • n ip rit rjp (71 +  p  -  1)(1 -  72|  ’ 
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and

L I  x̂ ĥ Ui> M  • uip(v)dxdy

ON /^-INTEGRABILITY OF A SPECIAL DOUBLE SINE

< a * *  r  r  1 1 ^ dvJa Jb Hi, • • • njp rjt • • • Tjp xTi+Piyla+P
A 2p /v l-7 i-P f ll~ 7 a  “ P

(2 .12) “
n i| • ■ • n i P r j i  • • • ri, (71 +  P  -  1)(72  +  P  -  1)  ’ 

The above estimates along with

-y and 0 m |
(m*, • • •m*(()i> ( • * * * * « * , ) ’

imply

i a = l  i , . = l j i = l  jp - 1  * *

where 4̂(p, 71,72) is a constant that depends only on p, 71, and 72. 
Hence,

✓ „  „  \  H

1- 5 (1- 71) l ֊j ( l ֊7 2 ) ՝
t o .- s .

Finally, the use of the double version of the Levi’s theorem implies the statement of 
the theorem. { H

It is clear that the conditions 71,75 ■> 1 — p in Theorem 2.3 are essential, therefore 
in the next theorem we examine the boundary case 71,72 = 1 — p.

Theorem 2.4. If  p =  2,3,... and 71,72 =  1 -  p, then the integral

r*  r

is convergent provided that the series

L1 teY  53 — (log m,)(logsj)
i= 1 j - 1 n iT j

is convergent.
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Proof. Observe first that in this boundary case the equality (2-8) reduces to the 
following:

(2 i3 )

M  U N  N  r n  r n \

=  E - E E - E /  /  ( * ) - '  W ; • • «*(*)<*»% •
*1= 1 *p= i i i = i  jp = i  

Also, for 71,72 =  1 — p the estimates (2.9)-(2.12) take the following forms:

/  /  (ry)T-PU,‘N‘"“i p ^ M>p1%̂
m*. sj p j j  A2vmi, mip sjt sjp (afi)*

**i» Vi? rii riP P2

XH. Z. KRASNIQI

< A 2p r  r — ------^ . . . ! ^ ^ . . . ^ d x d y  =  A 2p7^
Jo Jo (xy)l~p mi nip rh rjp nh

L I  (x) ՛՛ ՛uiv ̂ uji ̂  ՛ uĵ y)dxdy
<  4 2P [ “  f n m «» . .  . m ՝v *  d x d

Jo J d rn, "  ' nip Tjx ■ • • rjp (TVy-P ntI nf)> r7-, • • • rjp p
miv 1 dxdy mi, rr^, A2p loS  f

n /9 1

(x^i-P^1 ̂  '^ I r ^ 1 ̂  '"  uovi.y)dxdV
<  A2V [ *  [ P 1 sjt sjp dxdy <  A2p 8jl sjv Pp\ogi  

Ja  Jo  n U ■■■ni p Tjl ՛" T jp (Xy)1" p Tlfl ■ • • Tlip T j , rjp p

n
*  1

( ),-=?«*. (*) (*)ui. (I/)**' uiP W xdy

< A » r [ ' — ±_______L _ 7i ^ - < -------^ ---------log — log
J a  Jf) n it • • • n i(, r j ,  • • - Tjp ( X y y - p 71*, ■ • • n ^ r j ,  • • • T jp OL ft

respectively.
Next, specifying a  =  (rnj, • • -rrt,(,)՜'՛ and /3 =  (s,-, • • • Sjp)~՞ we obviously have

log q =  ^ g ^  +  p l°g(m*« ’ ' ’mip) and log ^  =  logTr +  ֊  log(sj, • • • sjp).
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ON L p  A NTEGRA BILITY OF A SPECIAL DOUBLE SINE

Using these equalities, the above estimates and the equality (2.13)), we obtain 

P  / • *  1 ( M  N  \ P

11 l l | t u<(x)ui(y)) * *

<

*1 =
E - E E - E ---------- — -----------{ ( - + log  it V

(-3 + log 7Г] f 53 log(m,„) + 53 log(sjM)] + 4  53 53 lo6("1̂ ) l°g(sjM) j  •
\P  /  l „=1 u=l J i/=l u=l '

Therefore, we have 

Г Г  Сд,.л,(?.»)
j o  J o

oo

<  KA2p E ■ E  E ■ ■ E ^  . . . . .  E E b s t m i j i o g K )
ii=l i.=li,=l ?y=l "  p 3i Jp u=l /1=14  =  * J i = * Jp*

p - l

1 \ v ՝  log(mi) log(sj)^  E E — EE
\ i = l j = l n >r j J  i.=  l i = l

ГЦГg

where Щ is an absolute positive constant. The proof is completed.
Acknowledgment. The author would like to thank the anonymous referee for 

her/his remarks which improved the final form of this paper.
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1. I n t r o d u c t i o n , d e f i n i t i o n s  a n d  r e s u l t s

Let / ,  g  be nonconstant meromorphic functions defined in the open complex plane 

C. For a e C U  {oo} we say that / ,  g share the value a  CM (counting multiplicities) 

if / ,  g  have the same a-poiuts with the same multiplicities, and we say that / ,  g 

share the value a  IM (ignoring multiplicities) if / .  g  have the sam e «-points but the 

multiplicities are not taken into account.

The monograph [7] is a  good source of standard notations and definit ions of the 

value distribution theory. We now introduce some notation and a  definition.

D efin ition  1.1. Given a meromorphic function f ,  a number a  €  С  U {oo} and a 
positive integer k.

(i) N (t(r, a: f )  (N ^(r, a; f ) )  denotes the counting function (reduced counting 

function) of those a-points of f  whose multiplicities are not. less than k;
(ii) N*)(r,a;/) (Nh)(r,a;f) )  denotes the counting function (reduced counting 

function) of those a-points of f  whose multiplicities are not greater than k;

D efin ition  1 .2 . A meromorphic function a =  a(z) is called a small function of a 
meromorphic function f  if T(r, a) =  S(r, f ) .

In |5|, R. Briick considered the uniqueness problem of an entire function when 

it shares a  single value CM with its first derivative, and proposed the following 

conjecture, which inspired a  number of people to work on the topic.

•The work of the second author was supported by DAE (NBIIM fellowship), India.
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B r iic k  C o n je c tu re : Let f  be a nonconstant entire function satisfying i/(f) <  oc. 

anil let u(f )  be not a positive integer, where u(f)  is the hyper-order of f .  If f  and f  
share one finite value a CM, then f  — a — c (f  — a) for some constant c 0.

R. Briick [5] himself proved the following result.

T h e o re m  A  ((5J). Let f  be a nonconstant entire function. If f  and f  share the 
value 1 CM  and N(r ,0;//) =  S(r,f), then f  — 1 = c ( f  — 1), where c is a nonzero 
constant.

Considering entire functions of finite order, L. Z. Yang [9| proved the following 

theorem.

T h e o re m  B ([9j). Let f  be a nonconstant entire function of finite order, and let 

a(^  0) be a finite constant. I f f  and share the value a CM. then f —a =  c(fW~a), 
where c is a nonzero constant and k > l  is an integer.

In 2005, A. H. H. Al-khaladi |2] extended Theorem A to the class of meromorphic 

functions and proved the following result.

T h e o re m  C  (|2)). Let f  be a nonconstant meromorphic function satisfying Ar(r.O; f )  = 

S(r, f ) .  I f  f  and f  share the value 1 CM, then / -  1 = c ( f  -  1) for some nonzero 
constant c.

Also, in |2] were considered the following examples, showing that the value sharing 

cannot be relaxed from CM to IM, and the condition A'(r, 0; f )  =  S(r, f )  is essential.

E x a m p le  1 .1 . Let /  =  1 +  tan z. Then / '  - 1  =  ( /  - 1)2 and N(r, 0; / ' )  =  0. Clearly 

/  and / '  share the value 1 Ifyl but the conclusion of Theorem C  does not hold.

E x a m p le  1 .2 . Let f  =  - — — ;. Then / a n d  /' share the value 1 CM and N(r, 0; f )  ^

S(r, f ) .  It is easy to verify that / '  -  1 = ------- ( /  -  1).
1 1 +  e*

A. H. H. Al-khaladi [lj also observed by the following example that in Theorem A 

the shared value cannot be replaced by a  shared small function.

E x a m p le  1 .3 . Let /  =  1 +  ee and a =  §— -— . Then a  is a  small function of
1 — e~*

f  and /  -  a, f  - a  share the value 0 CM and A '(r,0 ; / ' )  =  0. Also, we see that

BRUCK CONJECTURE FOR A LINEAR ...
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Considering the sharing of small functions, A. H. H. Al-khaladi [1] proved the 

following result.

Theorem D ((lj). Let f  be a nonconstant entire function satisfying N (r, 0; /') =

S (r , /), and let a 0, oo) be a meromorpkic small function of f .  I f  f  — a and f  — a
share the value 0 CM, then f - a  =  ( l  +  - ) (f ' ֊ a ). where 1 +  -  = e p, c i s a  constant

V o /  a
and $ is an entire function.

For higher order derivatives, A. H. H. Al-khaladi [3| proved the following theorem.

T h eo rem  E  (|3|). Let f  be a nonconstant entire function satisfying N(r. 0; /***) — 

S ( r , / )  (k >  1), and let a O.oo) be a meromorphic small function of f .  If  f  -  a 

and fW  — a share the value 0 CM, then f  — a =  f l +  — - j  (/ ^  ~  <*), where Pk-i

is a polynomial of degree at most k — 1 and 1 +  ^ 0-

Recently A. H. H. Al-khaladi |4] extended Theorem E  to meromorphic functions.

A natural extension of a  derivative is a  linear differential polynomial. For a  transcendental 

meromorphic function /  we denote by L =  L ( f ^ )  a linear differential polynomial of 

the form

(1.1) L  =  L(/(fc>) =  a 0/ (fc) +  a i/< fc+1> +  • • ■ +  ap/<fc+p\

where a o ,a i , . . . ,Up( /  0) are constants, and k ( >  1) and p (>  0) are integers such 

that p =  0 if k =  1 and 0 < p < f c - 2 i f f c > 2 .

In the present paper we consider the problem of sharing a  sm all function by a 

meromorphic function and a linear differential polynomial in conformity with Briick 

conjecture. The following theorem is the main result o f the paper.

T h eo rem  1.1. Let f  be a transcendental meromorphic function and let the differential 

polynomial L =  L(/M), given by (1.1), be nonconstant. Suppose that f - a  and L - a  
share 0 CM, where a (^  0, oo) is a small function of f . If  N(r, 0; / ^ )  =  S(r, f ) ,  then

/ - a =  ( £ - „ ) ,

where P/C_ i is a polynomial of degree at most k -  1 and 1 +  =£ o.
a

The following example shows that the condition N(r, 0; /W ) =  S(r, f )  is essential 
in Theorem 1.1.
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pe*
E x a m p le  1 .4 . Let P  be a  nouconstant polynomial, and let /  =  ------- . Then / '  =

1 +  e*
c ' t P  +  P ' +  P 'c * )  and 0. f l )  ^  5 (r  f )  Also j _ p , and у  _  p , share о

(1 + e ' ) 2

CM but / '  -  P ' =  ——  ( /  -  P ') , where T (r, P ') =  S (r , / ) .
1 +  c.։

2. L e m m a s

In this section we present some necessary lemmas to be used in the proof of 

Theorem 1.1.

L e m m a  2 .1 . Let f  be a  nonconstant inewmorphic function and let L  =  L ( / * ’ ), 

given by (1.1), be nonconstant. If f —a  and L —a  share 0 CM, where a  =  a (c )(^  0, oo) 

is a  sm all function o f f ,  then one of the following assertions holds:

(i) f  — a  — ^1 +  ^ (L  — a ), where. P *_ i is a  polynomial of degree at most

к — 1 and 1 +  ——— =2= 0,

(ii) T (r , /<*>) <  (k + p  +  l)77(r. oo; / )  +  F ( r , 0; /<*>) +  N (r ,0 ;/<*>) +  S (r , / ) .

P r o o f . Let h =  - — —. Then Ii is an entire function and the poles of /  are precisely 
L  — a

the zeros of h. Now differentiating

(2.1) f  - a  =  hL — ah 

/г-times we get

(2.2) /<*> ֊  a (fc) =  (h L)(k) -  (ha)(kK

We now consider the following cases.

C a s e  I. Let ф  0. We put

Ш  Я Ш  B a
(2-3) ՛ | = - K j w  f r s s t r

Since IV =  • ֊ j  I ֊ ֊  we have m (r,lV ) =  S ( r , / ) .

We first suppose that W ^  0. Let го be a  zero of / М  — a ^  and о ^ (г о )  ф 0,oo. 

Then from (2.2) we see that is a  zero of (h L ) ^  — (ha)^kK Hence W(zo) — 0 and 

we have

W (r ,0 ;/ (fc)- a (fc)) <  N (r, 0; W) +  S (r , f )

<  T (r , W) + S ( r , f )

(2.4) =  N (r,W ) +  S ( r , f ) .
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Also

(2.5) AT(r, W) < ( k  +  p )N (r, oo; f )  +  N (r, 0; / (fc)) +  S (r , / ) .

By Nevanlinna’s three small functions theorem (see |7), p. 47), and formulas (2.4) 

and (2.5), we get

T ( r ,/<*>) < ( k + p +  l ) N ( r ,oo ;/ )  +  77(r,0; f {k)) +  N ( r ,0 ;/ (fc)) +  5 ( r , / ) ,  

which is (ii).

Now let W =  0. Then from (2.2) and (2.3) we get

(/<*> -  a < * y fc> =  (Aa)w ( / w  - a (fc))-

Since /W  -4 ® ^  ^  0. we obtain ( h a ) ^  =  a W. Integrating the last equality k-times 

we get ha =  a  +  P k -i(z ), where P k -i(z ) is a  polynomial of degree a t  m ast k — 1. So

h =  1 +  ^>fc՜ 1 and hence f  — a  =  ( 1 4- l ) (L  — a ), which is (i).
a  |  a  /  v

C a s e  II. Let a '* '  =  0. Then a  is a  polynomial of degree a t  most k — 1. From (2.2) 

we get /<*> =  (/iL)W  -  (a/i)(fc), and hence

1 S j K  iSSIl
(2 .6) hfW  hf(k) •

Putting F  =  (7 — . and b — . from (2.6) we get
h fW  h

(2.7) f i = C ~ T
Differentiating (2.7) we obtain

f2 8 ) _ 1  9 L = c ? - t M  I
* /i h F  F  F '

It follows from (2.7) and (2.8) that
4 />'

(2.9) = g '  +  G - t ,
F  |

V  F '
where A =  b- — +  b' — b ■

h |
We first suppose that G  =  0. Then by integration we get hL =  Qk-i, where

Qk~i =  Q k-i(z) is a  polynomial of degree at most k — 1. Putting h =  —— -  we get
L — a

(2.10) I  U - a ) L  =  (L -a )Q k - i.

Since a  is a  polynomial, from (2.10) we see that /  is an entire function. Hence It 

is an entile function having no zeros. We put h =  eft, where a  is an entire function, 

and so /  =  a  +  h(L — a) =  a  +  Q k-i — and L =  Q k ֊\ e ~ <x. It follows from the
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definition of L  that L  =  R (a ', a ')e a , where R {a', a ')  is a  differential polynomial in a' 
and a '.  Ilence

(2 11 ) *  R ( a \ a ’ )e2n =  Qk. l .

Prom (2.11) we see that T (r, e ° )  =  5 (r ,e “ ). yielding a  contradiction. Therefore

1 1  o.
If h is a  constant, say c, then /  — a =  c(L  — a), which is (i).

Now we suppose that h is nonconslant and b =  0. Then by integration we get

ah — P/t-i, where P k -i =  Pk- i( z )  is a  polynomial of degree at most k — 1.

Since h is ail entire function and a  is a  polynomial of degree at most fc — 1. the

equality h =  —-—  implies that a  is a  factor of Pk- i ,  and heuce 
a

(212) h =  Q՝k_t,

where Q ‘k_ t =  Qk_ t(z) is a  polynomial of degree at most k — t (t >  1).

If zq is a  pole of /..th en  zq is a zero o f h with multiphcity fc +  p, which is impossible

by (2.12). So, /  is an entire function, and hence h is an entire function having no

zeros. Therefore from (2.12) we see that h is a  constant, which is impossible.
G ' m

Now wc suppose that b £  0. Let A =  0, then from (2.9) we get —  +  — =  0. By
G  h

integration we obtain Gh =  K  and hence

(2.13) (hL)lk) =  AT/W,

where K  is a  nonzero constant.

Again, — =  — +  ------— =  0 implies by integration hb — M F , and so
b h b F

(2.14) {ah )w  =  M / №),

where M  is a  nonzero constant.

Since a  is a  polynomial and h is an entire function, we see from (2.14) that /  is an 

entire function. So. h is an entire function having no zeros and wc can put h =  e°, 

where a  is an entire function.

Integrating (2.13) A-times we get

BRUC-K CONJECTURE FOR A LINEAR ...

(2.15) hL — K f  +  P k ֊i ,

where Pk^ i — Pk֊i ( z) >s a  polynomial of degree at most k -  1. 

Since h L  =  /  — a  +  ah, from (2.15) we get

(2.16) ( l - K ) f  =  a ( } - e “ ) +  P :_ l .
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P *
If K  =  1, from (216) we see that e °  =  1 +  -  . which is impossible. Hence K  1.

Now from (2.16) we get

a e °  a  +  Pfc*_ !
(2 -w  / = j n :

Therefore from (1.1) we have

(2.18) 1 1  A(<*')ea ,

where /?(« ')  (^  0) is a  differential polynomial in o ' with polynomial coefficients. 

From (2.15) we obtain

_ K a  K u  +  P£_x
(2.19) — K = T e ■

It follows from (2.18) and (2-19) that

/ /v 7,, i i f  n K 0-՝^ Pk-l
-  T T = r  -  ~ K ^ T ‘

This implies T (r, e ") =  S (r , en), yielding a  contradiction. Therefore A ֊£  0.

(L/ p i  \
— +  — -  —  J  implies m (r, A) =  S (r , f ) .  Also, the poles

S B  I  h՛
of A are contributed by: (i) the poles of b =  — - — . (ii) the poles o f — and (iii) the

f «  / ( * + ! )  | j  
poles of —  =  . Since h is entire and the zeros of h are precisely the poles of

F  f \ k>
f ,  and each zero of h is of multiplicity k +  p. we get

■N(r, A) <  (k +  l)N (r , oo: / )  +  N (r, 0; / (fc)) +  5 (r , / ) .

Therefore

(2.20) T (r. .4) <  (fc +  \)N {r , oo; / )  +  N (r, 0; / (fc)) +  5 (r , / ) .

FVom (2.9) and (2.20) we get

m ( r , ֊)  <  m.(r, ֊)  +  m (r: G ' +  G ^ ) <  T (r , A ) +  S (r ,  / )

<  (k +  1 )N (r, oo; / )  +  N (r , 0; / (fc)) +  S (r ,  / ) .

So. by the first fundamental theorem, we obtain

T(r, / (fc>) <  (k +  l)N (r , oo; / )  +  N ( r ,0; / (fc)) +  N (r, 0; / (fc>) +  S ( r , / ) ,

which implies (ii). This completes the proof of Lemma 2.1. □

74



1

L e m m a  2 .2  (|2]). Let к be a  positive integer and f  be a  meromorphie function 

such that fW  is not constant. Then either =  с  — A  ̂ for some

nonzero constant с or

fv§(r, oo; /) < N(2(r, oo: /) + Nx){r, A; /<*>) + 77(r,0; / (fr+1)) + S(r, /),

where A is a  constant.

L e m m a  2 .3  ([10], p.39). Let f  be a nonconstant meromorphie function in the complex 

plane and let к be a  positive integer. Then

N (r, 0; f lk)) <  N (r, 0; f )  +  kN [r, oo; / )  +  5 (r , / ) .

L e m m a  2 .4  (|8]). Given a  transcendental meromorphie function f  and a constant 

К  >  1. Then there exists a set M (K ) whose upper logarithmic density is at most

5 {K ) =  m iu{(2eK՜ 1 -  I ) ՜ 1, (1 +  e (K  -  l)e x p (e (l -  Л ')))}

such that fo r  every positive integer k.

lim sup — —щ -  <  ЪеК.
r - » o o T ( r , /.)

L e m m a  2 .5 . Let f  be a transcendental meromorphie function such that N (r. 0: f 1-1 ) =  

S (r , / ) .  I f  f —a  and a y f ^ —a share 0 CM, where a  =  а (г)(ф  0, oo) is a small function 

o f f  and « i  is a  nonzero constant, then

W i) M ;/< 2>) <  7V{2(r ,o o ;/ )  +  S ( r J ) .

P ro o f. I f  a + a '  =  0, then using the method of |4] (pp. 349 - 351), we get JVj)(r. 0; / ® )  =  

S (r , / ) ,  and the result follows. If a  +  а ' ф 0, then again using the method of [4| (pp- 

351 - 354), we get i^i)(r, oo; f \  =  5 (r , / ) .  Now by Lemma 2.3 we obtain

N (r, 0; / (2)) <  N (r, 0; / (1)) +  N (r, oo; / )  +  5 (r, / )

I  ^ ( 2( r , x ; f )  +  S ( r , f ) .

Since iVij(r, 0; / ® )  <  iV(r, 0; the lemma is proved. D

L e m m a  2 .6  ([6]). Let f  be a  transcendental meromorphie function and k be a positive 

integer. Then

kN (r, oo; / )  <  N (r, 0; / (fc)) +  (1 +  <■ )JV(r, oo; / )  +  S (r , / ) ,  

w/iene e w any fixed positive number.
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3. P r o o f  o f  T h e o r e m  1 .1

Proof. First we verify that 

(3 .D  •

where c ^  0 is a constant. Indeed, if (3 .1 ) does not hold, then we get

I. LAHIRI AND B. PAL

f(k fl) fc+1

m p i  p :  -
Differentiating (3.2) and then using (3.2) we obtain

f j ( k + i ) y 2 i

{ - f i k T )  V / ( * >  )  ~  k  +  1

Integrating twice we get

/ ( * )  =  1
{Cz +  D(k +  l ) } fc+1’ 

where C #  0 and D are constants. This is impossible because /  is transcendental. 

Let k >  2. We suppose that

T(r. f (k)) < (k  +  p +  1 )7V(r,oo;/)  +  N (r,0; / (fc)) +  N (r,0; / (fc)) +  S (r ,/).

Since Ar(r,0;/^fĉ ) =  S(r, /) , we get from above

(3.3) T(r, f W ) < { k + p +  l)N{r, oo; / )  +  5(r, /).

Also, from Lemma 2.6 we obtain for 0 <  c <  ——— — 1,
p + 1

kN(r, oo; / )  <  (1 +  e)N(r, oo; / )  +  S(r. /) .

Hence from (3.3) we obtain

m(r,/W) +  N(r, oo; / )  <  ^ ( 1  +  e)JV(r,oo; / )  +  5(r, /)  

and so m(r, / ^ )  +  Ar(r,oo: / )  =  5(r, /). Therefore

(3.4) T(r,/<*>) =  S(r,/).

Let M (K) be defined as in Lemma 2.4.13y (3.4) we can choose a  sequence rn —> oo
T ( r nm / ^ )

such that r„ A/(A') and lim ^  =  0. This contradicts Lemma 2.4.n-400 T(rn, / )
Next, let k =  i. We suppose

T(r, /W) < 2JV(r, oo; / )  +  Af(r, 0; / (1)) +  N(r, 0; / (1)) +  S(r, /).

Since N(r,0\ f (1̂ ) =  S(r, /) , we obtain

m(r, / (1)) +  Ar(r, oo; / )  <  ]V(r, oo; / )  +  S(r, / )
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and so

(3.5) m(r, / (1)) +  ЛГ(2(г, oo; / )  =  S(r, /).

By the second fundamental theorem we get in view of (3.5)

T(r, /<а)) <  ■  1; /<’ )) +  N (г, 0; /<»>) +  JV(r, oo; /)  -  JV(r,0; /<2>) +  S(r, f)

and so

(3.6) m(r, 1; / (1)) +  N(r, 0; /<2>) <  ЛГх)(г, oc; / )  +  S(r, f).

Now by Lemma 2.2 and (3.5) we get for A =  0

(3.7) 7Vi)(r. oo; / )  <  N(r, 0; /<2>) +  S(r, f).

Prom (3.6) and (3.7) we get

(3.8) N(2(r,0 jW ) =  S(r,f).

By (3.5), (3.8) and Lemma 2.5 we obtain

(3.9) N(r,0-jW ) =  S(r,f).

Hence by (3.5), (3.7) and (3.9) we get N(r,oo;f) =  S (r,f), and so by (3.5) we have 
which is (3.4) for k =  1. Similarly using Lemma 2.4 we arrive at 

a contradiction. Therefore by Lemma 2.1 we obtain
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A b stra c t . In this paper we study the existence and uniqueness of positive 
solutions for nonlinear fractional differential equation boundary value problems 
by using new fixed point results of mixed monotone operators on rones.
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mixed monotone operator.

1. I n t r o d u c t i o n

In recent, years, boundary value problems for nonlinear fractional differential equations 
with a variety of boundary couditipus have been investigated by many researchers. 
Fractional differential equations appear naturally in various fields of science and 

engineering, and thus constitute an important field of research (see [1 3]). A s a
matter of fact, fractional derivatives provide a  powerful tool for the description of 
memory and hereditary properties of various materials and processes. A significant 
feature of a  fractional order differential operator, in contrast to its  counterpart, in 
classical calculus, is its nonlocal behavior, meaning that the future sta te  o f a  dynamical 
system or process based on the fractional differential operator depends on its current, 
state as well its past states. In other words, differential equations of arbitrary order 
are capable of describing memory and hereditary properties o f certain important 
materials and processes. This aspect of fractional calculus has contributed towards 
the growing popularity of the subject. Mixed monotone operators were introduced by 
Guo and Lakshmikantham in |4|. Their study has wide applications in the applied 
sciences such as engineering, biological chemistry technology, nuclear physics and 
in mathematics (see |6 8|). Various existence and uniqueness theorems of fixed
points for mixed monotone operators have been obtained by a  number of authors
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(see [9] [12]). Bhaskar and Lakshmikantham, |9), established some coupled fixed
point theorems for mixed monotone operators in partially ordered metric spaces and 
discussed a  question of existence and uniqueness of a  solution for a periodic boundary 
value problem. Recently Y. Sang, (13), proved some new existence and uniqueness 
theorems o f a  fixed point of mixed monotone operators with perturbations.

In this paper, by applying Sang’s  results, we obtain some new results on the 
existence and uniqueness of positive solutions for some nonlinear fractional differential 
equations via given boundary value problems.

We first introduce some notations, definitions and known results to be used in the 
paper.

D efin itio n  1 .1  ([1, 2j). For a  continuous function f  : [0, oo) —► R , the Caputo 
derivative of fractional order a  it defined by

cD a f ( t )  =  r , 1 > A t ֊  s )n- ° - l f ^ ( s ) d s ,T(n I  a ) Jo
where n  — 1 <  a  <  [a] +  1 and [a] denotes the integer part of a .

D efin itio n  1 .2  ([1. 2]). The Riemann-Liouville fractional derivative of order a  for 
a  continuous function f  is defined by

D ° f ( t )  =  jp g  . A ”  f  -.— ^ — r ds, n  =  [a] +  1.
v '  r ( n  -  a y d t '  Jo  (t -  s )0 - " ՜ 1

where the right-hand side is defined pointwise on (0, oo).

D efin itio n  1 .3  ([1, 2]). Let [a, 6] be an interval in R  and a  >  0. The Riemann- 
Liouville fractional order integral o f a  function f  G / ^ ( [ a ^ .R )  is deined by

H 3 I kwhenever the integral exists.

Let (E , || • ||) be a  BanacU space which is partially ordered by a cone P  C  E , that 
is, x  <  y if and only if y — x  €  P . If x  ft y, then we denote x <  y or x  >  y. Also, 
the՛ zero clement of E  we denote by 6. Recall that a  non-empty closed convex set 
P  C  E  is called a  cone if it satisfies the conditions: (i) x  G P, A >  0 = >  Aar €  P,
(ii) x  G P, —x  €  P  ==> x  =  0. A cone P  is called normal if there exists a  constant 
Ar >  0 such that 6 <  x  <  y implies || x  ||<  N  || y ||. Also, we define the order 
interval [aii, #2] =  { i G  2?|:Ei <  .t <  z 2} for all T i, i 2 G E . We say that an operator 
A : E  - »  E  is increasing whenever x  <  y implies Ax <  Ay.

D efin itio n  1 .4  ([4, 5j). Let D  C E . An operator A : D  x  D  D  is said to be a 
mixed monotone operator if A(x, y) is increasing in x  and decreasing in y, that is, 
Ui,Vi G D ( i  =  1 ,2 ), u 1 <  « 2,v i >  V2 implies i4 (u i,v i) <  .4(m2, u2).
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Aii element x * €  D  is called a fixed point of A if it satisfies A (x ", x *)  =  x * . For 
/1 >  6 we define Ph =  { x  €  E \ 3A, n >  0; Xh <  x  <  fill}.

In this paper, using the existence and uniqueness results for the solution of the 
following operator equation

(1.1) A (x, x) +  B x  =  x ,

where .4 is a  mixed monotone operator, B  is sublinear and E  is a  real ordered 
Banach space, obtained in [13] by the partial ordering theory and monotone iterative 
technique, we study a  question of existence and uniqueness of positive solutions for 
nonlinear fractional differential equation boundary value problems.

T h eo rem  1.1 ([13]). Let P  be. a  normal cone in E . A : P  x  P  —> P  be a  mixed 
monotone operator, and let B  : E  —r E  be sublinear. Assume that fo r  all a  <  t <  b, 

there exist two positive-valued functions r (t)  and f ( t ,  x , y) defined on an interval (a, 6) 
such that:
(IIi) r  : (a.b) - r  (0,1) is surjection;
(H2) <p(t, x ; y) >  r (t)  for all t G (a, 6), x ,y  € P ;
(Hz) A (r(t)x . z ^ y )  >  <p(t,x,y)A (x}y) fo r  all t G (a ,b ), x . y  €  P ;
(H,\) ( I  -  B ) ՜ 1 : E  - *  E  exists and is an increasing operator.
Furthermore, fo r  any t G (a, b) the function <p(t, x , y) is nonincreasing in x  fo r  fixed y, 

and nondecreasing in y for fixed x .  In addition, suppose that there exist h €  P  — { 0 }  

and to €  (a, 6) such that 

r(to)h <  ( /  ֊  J ) - > * A )  <
Then the following assertions hold: •
(i) there are uo,vo €  Ph and r  €  (0 ,1) such that rv0 <  uo <  y0 and

uo 51 (I  — B ) 1A(uq,vo) <  (I  — B ) 1A(uo,tio) <  vq;

(ii) the equation ( 1 .1)  has a  unique solution x *  in [uo ,i>o];

(Hi) for any initial values xo,yu € Ph, constructing successively the sequences

x n =  ( I  ~  B )  A (xn—\ , yn֊i ) .  yn =  ( I  — B ) i4 (y „_ i ,x „_ i) , 7i =  l , 2 , . . . ,  

we have || x „  — x *  | |->  0  and || yn — x *  ||—> 0 a s  n  —► 0 0 .

2. M a in  r e s u l t s

We study the existence and uniqueness of a  solution of a  fractional differential 
equation on a  partially ordered Banach space with two types o f boundary conditions 
and two types of fractional derivatives. We first study the existence and uniqueness 
of a  positive solution for the following fractional differential equation:

(2-i) 0  =  t €  [0,1], 3 <  q  <  4,
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subject to conditions

:|-2 ) ' u (0) =  « '(0 ) =  li( l)  =  u '( l)  =  0,

where D °  is the Riemann-Llbuville fractional derivative of order a .
Consider the Bauach space of continuous functions on [0,1] with sup norm and set 

P  =  {y  €  C [0 ,1] : minjgio,!] y(t) >  0 }. Then P  is a  normal cone. The next two 
lemmas were proved in [14).

L e m m a  2.1 (|14]). Given y 6  C\0,1] and a  number a  such that 3 <  a  <  4. Then 
the unique solution o f the following fractional differential equation boundary value 
pivblem

(2‘3) =  yW ' t  €  [0,1), 3 <  a  <  4,

u(0) =  u '(0) =  u ( l )  =  u '( l )  =  0,

is  given by

u (t) =  f  G[t, s ) f (s ,y ( s ))d s ,
Jo

where

(2.4) G (t,«) =  |  1i ֊. ir::V - » |t. ֊. ) + ( ; ֊2 ) ( l ֊, H  0 <  f <  ,  <  1.
V r(ftj ’ — — —

I f  f ( t ,u ( t ) )  =  1, then the unique solution o f (2.3) is given by 

Mo(<) =  fo G (t,s )d a  =  I7 ֊f i y « a " 2(l  ֊  t)2.

L e m m a  2 .2  ((14j). The Green’s  function G (t,s )  has the following properties:

( I )  G (t, s )  >  0 and G (t, s) is continuous for t , s  6 [0,1];
(S) < G(t,.) 1  ^ 1,
where M q =  m a x {a  -  1, (a  -  2)2} . h(t) =  £"~2(1 -  t)2, k(a) =  s 2( l  -  s ) ° ~ 2.

Now we are ready to state and prove our first main result.

T h e o re m  2 .1 . Let f ( t .u (t ) ,v ( t) )  €  C ([0 ,1] x  fO.oo) x  (O.oo)) be an increasing in u 
and decreasing in v function. Assume that fo r  all a  <  t <  b there exist two positive­
valued functions r ( t )  and <p(t, u, v) defined on an interval (a, b) such that:

(III) T ՛• (a.&) —► (0 ,1) is surjection;
(H i) ip(t, u, v) >  r ( t )  for a l l t €  (a, 6), u, v €  P ;
(H :i) G ( t ,s ) f ( s ,r ( t ) u ( s ) ,  jf c v (s ) )  >  <p(t,u,v) fo G (t ,s ) f (s ,u (s ) ,v (s ))d s .
Furthermore, fo r  any t €  (a, 6) the function <p(t, u, v) is nonincreasing in u for fixed 
v, and nondecreasing in v for fixed u. In addition, suppose that there exist h 6  P —{ 6)
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An element x * €  D  is called a  fixed point of A if it satisfies A (xm,x * )  =  x * . For
h >  6 we define Ph =  {x  6  E \ 3A,/z > 0 ;  \h  <  x  <  nh}.

In this paper, using the existence and uniqueness results for the solution of the 
following operator equation

(1.1) A (x ,x ) +  B x  =  x,

where A is a  mixed monotone operator, B  is sublinear and E  is a  real ordered 
Banach space, obtained in [13] by the partial ordering theory and monotone iterative 
technique, we study a question of existence and uniqueness of positive solutions for 
nonlinear fractional differential equation boundary value problems.

T h eo rem  1.1 ([13]). Let P  be a normal cone in E .  A : P  x  P  —» P  be a  mixed 
monotone operator, and let B  : E  —r E  be sublinear. Assume that fo r  all a  <  t <  b, 
there exist two positive-valued function,$ r (t)  and <p(t, x , y) defined on an interval (a , 6) 

such that:
(//i) r  : (a. b) (0,1) is surjection;
(#2) <p(t,x,y) >  r (t)  for a l l t  G  (a, b), x ,y  € P ;
(H3) A (r(t)x , z ^ y )  >  <p(t.,x.y)A{x, y) fo r  all t G (a, b), x . y G P ;
(H i) ( I  — B )՜1 : E  —> E  exists and is an increasing operator.
Furthermore, for any t G  (a, b) the Junction <p(t. x . y) is nonincreasing in x  fo r  fixed y, 
and nondecreasing in y for fixed x . In addition, suppose that there exist h G  P  — {0} 
and to G  (a, b) such that 

r(to)h <  ( I  -  B ) ~ l A(h, h) <  ^ ' y ^ h.
Then the following assertions hold: •
(i) there are uo,vo G  Ph and r  G  (0 ,1) such that n՝o <  uo <  vq and

■ u o < ( I -  B ) ~ l A(uo,vo) <  ( /  -  B ) - l A (vo,uo) <  vQ\

(ii) the equation ( 1 .1)  has a unique solution x *  in [no, vo]/
(Hi) for any initial values xo,yo G  Ph, constructing successively the sequences

x n =  ( I - B ) ~ iA (xn- i ,y n- i ) ,  Vn =  ( / - B ) ~ 1A(yn. l , x n- i ) ,  n  =  1 ,2 , — , 

we have || x n — x* ||-> 0 and || yn — x *  ||—> 0 as n  —> oc.

2 . M a in  r e s u l t s

We study the existence and uniqueness of a  solution o f a  fractional differential 
equation on a  partially ordered Banach space with two types o f boundary conditions 
and two types of fractional derivatives. We first study the existence and uniqueness 
of a  positive solution for the following fractional differential equation:

(2.1) f a t )  =  f ( t ,u ( t )M t) ) ,  t G [0,1], 3 <  Q <  4,
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subject to conditions

(2.2) ' U(0) =  « '(0 ) =  u (l)  =  « '(1 ) =  0,

where D °  is the Riemann-Ltouville fractional derivative of order or.

Consider the Bauach space of continuous functions on [0,1) with sup norm and set 
P  =  {y  €  C [0,1] : min,e [01| y(t) >  0 }. Then P  is a  normal cone. The next two 
lemmas were proved in (14).

L e m m a  2 .1  (|14j). Given y €  C\0,1] and a  number a  such that 3 <  a  <  4. Then 
the unique solution of the following fractional differential equation boundary value 
problem

(2-3) ^ r « ( i )  =  f { t ,  y (t)), t  €  (0,1], 3 <  a  <  4,Dt
u(0) =  u '(0) =  u (l) =  « '(1 ) =  0,

is given by

where

u(t) =  f  G (t ,s ) f (s ,y (s ) )d s , 
Jo

(2.4) G ( t ,s )  =  |  s © <  t <  a  <  1.

I f  f ( t ,u ( t ) )  =  1, then the unique solution of (2.3) is given by 

=  fo G (t.,s)d s =  r ^ FTyia " 2( l  ֊  <)2.

L e m m a  2 .2  ([14]). The Green's function G (t,s )  has the following properties:

(1) G ( t ,s )  >  0 and G (t ,s )  is continuous fo r  t , s  €  [0,1);
(2)  <  G (t, . )  <  ^ 1 ,
where M 0 =  m a x {«  1 1, (o  -  2)2} , h(t) =  tn~2( 1 ֊  t)2, k (s) =  s 2( l  -  s ) ' * ՜ 2.

Now we are ready to state and prove our first main result.

T h e o re m  2 .1 . Let f ( t ,u (t ) ,v ( t) )  6  C ([0 ,1] x  [0; oo) x  [O.oo)) be an increasing in u 
and decreasing in v function. Assume that for all a  <  t <  b there exist two positive- 
valued functions r (t)  and <p(t, u, v) defined on an interval (a, b) such that:

(H i) t  • (a >b) —> (0 ,1 ) is surjection;
(H-i) <p(t, u, v) >  r (t)  fo r  all t  6  (a,b ), u ,v  6 P ;
№ )  f<! G (t, s ) f ( s , r (t)u (s), ^ jv ( s ) )  >  <p(t, u, v) G(t, s ) f ( s ,  u (s), v(s))ds. 
Furthermore, fo r  any t 6  (a, 6) the function ip(t, u, v) is nonincreasing in u for fixed 
v, and nondecreasing in v for fixed u. In addition, suppose that there exist h €  P — {#}
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and to €  (a, b) such that

/•' 77TTT>r Uo)^)
(2.5) r ( to )h <  I  G(t, s ) f ( s ,  h(s), h (s))d s < -------- -------------- h.

Jo  T\to)
Then the following assertions hold:
(i) there are tto, Vo €  Ph and r  € (0 ,1) such that ri>o <  uo <  uoi and 
wo <  fo G ( t ,s ) f ( s ,  uo(s),vo(s))ds <  / J  G (t ,s ) f ( s ,v o (s ) ,u o {s ) )d s  <  wo, 
ftt) f/ie problem (2.1), (2-2)  has a unique solution x * in [wo,wo],
(Hi) for any initial values uo.t’o €  Pi, and n =  1 , 2 . . . . ,  constructing successively the 
sequences

"n =  [  G ( t ,s ) f ( s ,u n- i { s ) ,v n- l (s))d s, v n =  f  G (t, s ) f ( s .  vn- i  { s ) ,u n-1 ( .s |||s ,
Jo  Jo

we have || un — u* ||-> 0 and || v„ — v * ||—> 0 as n —» oo.

P roo f. By Lemma 2.1. the problem is equivalent to equation u(t) =  G (t, s ) f  (s, y(s))ds, 
where G (t ,s ) is defined by (2.4). Define the operator A : P  x  P  -> E  as follows: 
A (u(t),v(t)) =  f Q G (t ,s ) f ( s ,u ( s ) ,v ( s ) )d s ,  and observe that u, is a  solution for the 
problem if and only if u =  A (u, u).

Next, it is easy to see that the operator A is increasing in u and decreasing in 
w on P . Hence, under the assumptions of the theorem we have A (j( t)u , ^U u ) >

i^(t,u ,v)A (u,v) for all t €  (a. b). u ,v 6  P  and r(t-o)h <  A (h ,li) <  h.
Thus, the operator A satisfies all the conditions o f Theorem 1.1, and hence A has a  
unique positive solution (u * ,u *)  such that A (u *,u *)  =  u *, u ' €  [«o> wo]- □

E xam p le  2 .1 . Consider the following periodic boundary value problem:

( 2 .6 )  D i t i ( t )  =  / ( f , u ( < ) , u ( t ) )  =  <7(f) +  u ( t )  +  - 7 L = ,  t € l 0 , l ] ,
V » ( 0

u(0) =  u '(0) =  u (l) =  u '( l )  =  0, 

where g(t) is continuous on [0,1] with 388.625 <  g(t) <  63728.
For every A e  (0 ,1) and u ,v  6  P  we have 

/o G (t, «)(«/(») +  Au(«) +  -tt-t-tIds =  A J 0‘ G (t, s ) [ ^  +  u (s) +  -y j  Ida\I TvlJJ \ i  AV141
Jt̂ +U(*)+ ‘ 7I7^ ,1

-  Air .)+ « ( .)+ ^ r  Jo G(t’ *)l»(«) +  «(*) +
We note that

+  u (s) +  W- r -  rl 
A <  ip {\,u ,v ) =  A-- - - -  ... V -" .. /  G {tt a)\g(a) + m («) +  Ida <  1.

. <?(*) +  «(*) + Jo V w

By means of some calculations, we can conclude that for any A 6  (0 .1 ) the function 
ip is nonincreasing in «  for fixed w and nondecreasing in v for fixed u.
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So, it is enough to verify that the condition (2.0) of Theorem 2.1 is satisfied. Putting 
u =  v =  |  == 1, and taking into account that My =  uiiu16[0ii] f 0 G(t. s)d s =  0.00001 
and M՝i =  m axte|o,i] f 0 G(t, s)d s =  0.004, wo can easily get 
2 ՜ 8 <  0.00001 x 390.625 <  G (t,s)[g (s) +  u (s) +  -^ i= ]r fs

<  0.004 x  63730 <  e  [0 ,1],
implying that the condition (2.5) of Theorem 2.1 holds. Therefore, we can apply this 
theorem to conclude that the problem in the example has a  unique solution.

Now, we study the existence and uniqueness of a  positive solution for t he following 
fractional differential equation:

(2-7) «D “ y(t) =  h(t), ' i  €  [0,T], T > 1 ,

subject to

(2.8) y(0) +  f  y (s)d s =  y(T).
Jo

L e m m a  2 .3  (|15j). Let 0 <  a  <  1 and let h €  C([0, T ],R ) be a given function. Then 
the botindary value problem (2.7), (2.8) has a unique solution, given by

y(t) =  [  G (t, s)h (s)d s,
Jo

where G (t, s) is  the Green’s Junction given by
f  - ( T ֊s ) a +a'I ( t ֊s ) "  , (7*"»)** o <  a <  t

l t # =  - ( r j r(t - sr - >  rr (a ) 5 -  ’
I  r r ( o + l )  +  7 T  }n) » t < S < T .

By using arguments similar to those applied in the proof of Theorem 2.1, it can easily 
be verified that Theorem 2.1 remains true for Green function defined in Lemma 2.3.

E x a m p le  2 .2 . Consider the following boundary value problem

№ #  -  / ( * ՝  “ ( * ) .« ( * ) )  =  s ( * M 0 *  +  « ( t ) ^ ,  t €  [0,1],

m(0) +  [  u (s)d s =  u (l),
Jo

where g (t) is continuous on [0 ,1| with 0.6378 <  g(t) <  2.89967.
For every A 6  (0 ,1 ) and u ,v  €  P  we have

(2-9) f o G (t,s)[g(s)((X u(s)^  +  ( jv ( s ) ) ^ ) ]d s  >  A £  G ( 1 , s ) { ^  +

+ « w + i +  ( a ^ ) ) ^ ) w «

y (s )u (s ) *  +  v(s) "r  Jo
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Note that -w , , .՝ -1
.............................+ (*»(«))•>■
A <  ip(A ,« ,  u ) =  A--------------- t ------------——  <  1.

9(«)u («)* +u(s)՜5"
Bv means of some calculations, we can concludc that for any A 6  (0,1) the function 
is is nonincreasing in ufor fixed v and nondecreasing in v for fixed a.

So, it is enough to verify that the condition (2.5) of Theorem 2.1 is satisfied. 
Putting u =  i; =  h =  1, and taking into account that Mx =  minte[0,i] f0 G(t,s)d$ =  
1, and M2 =  max(£[0ii] / J  G(t, s)ds =  ff, we can easily get 2՜6 <  ± x 1.6378 < 
£ ( ? ( ( . * № ( #  + u (s)^ ]d s  <  f  X  3.8967 <  -§ £ £ £  =  3 6

[0. lj. implying that the condition (2.5) of Theorem 2.1 holds. Therefore, we can apply 
this theorem to conclude that the problem in the example has a unique solution.
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