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FINE PROPERTIES OF FUNCTIONS FROM HAJLASZ SOBOLEV
CLASSES M?, p >0, I. LEBESGUE POINTS

S. A. BONDAREV, V. G. KROTOV

Belarusian State University
E-mail:  bsa0893Ggmarl.com, krotov@bsu.by

Abstract. Let X be ninetric measure space satistying the doubling condition of order
4 > 0. For a function f € L? (X), p > 0 and a hall B X by [g"j we denole the
best approximation by constants in the space L"(B) In this paper, for functions f
from Hajlnez-Soboley classes ME(X), p > 0, @ > U, we investigate the size of the set
F of pointy for which the following limit exists: lin, , 4g f'," gy = f°(z). We prove

that the complement of tho set £ has zero outer measure for some general class of

outer measures (in particular, it has zero capacity). A sharp estimate of the Hausdorff

ditnenxion of this complement is given. Besides, it is shown that for z € £ lim f,,
r

|f = f(z)|9dn = 0. 1/¢ = 1/p — a/4. Similar results are also proved for the sots where
the “means” lg); E____f converge with a specified rate.

MSC2010 numbers: 46E35. 13AR5.

Keywords: Metric measure space: doubling condition; Subolev space: Lebesgue point
capacity; outer measure; Hausdorff measure and dimension.

1. INTRODUCTION

The classical Lebesgue theorem (see |1, Chapter 1. §1|) states that for any function
f € L _(R™). p 2 1, almost all points are Lebesque points. that 1s. for p-almost
cverywhere x € R" the limit

(11) 'llaumu“ . / Fdu=1°(z)
Bls.r)

exists and the function f* is equivalent to f. where u is the Lebesgne measure on R™.

For more regular functions. the sizes of the Lebesgue exceptional sel (that is.
the set of points for which the liniit (1.1) does not exist). can be estimated more
precisely. For instance, for functions from Sobolev space WE(R") with | < p < n/k,
this exceptional set has vanishing W} -capacity. and its Hansdortf dimension is at most
n — kp. Such type questions first were considered in [2], and then were generalized in
[3] [5]- A detailed history of similar results on R" can be found in [6, Chapter 6.2].
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Recently similar problems in more general situation. for Hajlash Sobolev classes
MP(X). p > 1. a > 0. on metric spaces with measure (see definition below) have
heen studied by a number of authors (see [7]  [14]. and references therein).

Ini the present paper. we also study estimates of the size of the Lebesguc exceptional
set for functions from Hajlasz Sobolev classes MP?(X), but for p > 0, in which case
the functions from AM2(X) can be non-summable. To this end, we first introduce

a generalization of the notion of Lebesgue points, which does not use the integral

averages over balls.

2. THE BASIC NOTIONS AND NOTATION

Let (X.d.u) be a2 metric space with a regular Borel measurc 4 and a metric d.
We assume that the measure y satisfies the doubling condition, that is, there exists

a number g, > 0. such that
(2.1) w(B(r,2r)) < auu{B(x,r)), z€e X, r>0.

Note that the condition (2.1) can be given the following quantitative form: under

(2.1) for some 7 > 0 (can be taken v = log, a,,) the following inequality holds:

\

22) wBe ) <a,(2) wB@r), sex.0<r<h

The constant v plays the role of the dimension of the space X.
For a Lell B € X. by rg and g we denote the radius and center of B, respectively,
and by AB we denote the concentric with B ball of radius Arp.

Throughout the paper we will use the notation

”"zzfd’mﬂf]B—)!“”

for the average of & functiou f € L}, (X) over the ball B C X.

By letter ¢ will be denoted various positive constants. possibly depending on some
parameters, but these dependence will not be essential for us. Besides, the notation
A< B will mean A € ¢B

It is easy to check (see, e.g.. [L5, Lemma 3]) that for any nunber p > 0, a ball
B C X and a function f € L? (B) there exists a number lg’)f to satisty

: \r L

(f!lw'li,"/v'dum = Inf fum—n"du(u)
N7 n
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FINE PROPERTIES OF FUNCTIONS FROM HAILASZ SOBOLEV CLASSES

Note that the number 73" f generally is not uniquely defined. In this case we take
any of the possible values of Ig" f- The numbers I‘é‘) § we play the role of integral
averages [g for nonsummable functions.

For a function f € LP(X) by D,[f] we denote the class of all nonnegative ;
measurable functions g, for each of which there exists a set £ © X with p(£) =0,
such that

/(@) - 1| < [dlz. )] l9(2) + glw)], z.p€ X\ E
The elements of D,[f] are called generalized a-gradients of function f. We list some
simple properties of the generalized c-gradients D, [ that will be used below without

additional comments and references:
Dﬂ[fl < Do[[fl] D,[f + const| = D.[f]
97 € Daf] and gy € Dafv] = gy + g € Dalf + 1],

91 € Dolf] = c¢gs € Dafcf], ¢>0,

if gi € Do[fi] and sup, f; < +oc p-almost everywhere. then
(2.3) supg; € D, [sup f.].
1EN 1€N
We introduce the scale of Hajlasz Sobolev classes A{2(X) = {f € LP1X) D
L¥(X) # 3}. 0 < p < oc, a > 0. These spaces are normed as follows:

(2.4) 11l agzixy = IS llLsxy + inf {”_‘JIILP(xy 19 € Do[f)n LA(X)}

(notice that for 0 < p < 1 the expression (2.4) is only a pre-norm). For a = 1
these spaces were introduced in the paper by P. Hajlasz [7]. where it was shown that
M (R™) coincides with the classical Sobolev space W[ (R"). For ¢v > 0 Lhese sprces
first were appeared in {16, 17).
For a > 0 define the Holder classes:
A
Ho(X) = {¢ € C(X) : 16l w,(x) ‘su]:l—"%—m < +oc}«

Observe that in contrast to the classical cases X = [0.1]" and X = R”. the class
H,(X) can be nonempty for some a > 1. Notice also that the class H,(X) is
everywhere deuse in MP(X) for p > O and 0 < a < | (see {7. Theorem 5| for
p>1and a = 1), in the case p > 0 and 0 < a < 1 the proof is similar.

The classes M% generate the capacities:

Cap, ,(F) = inf {Ilf Wogmexy : £ € ME(X). f 2 lin the neighborhood of - C .\'}
5
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The capacities. together with the measure, the content snd the ITausdorff dimension
will play the role of “measuring instruments” of the sizes of exceptional sets.

Now we consider another way of estimating the complement of an exceptional set.
which is based on the use of the so-called modified Hausdorff contents (sec |19} and
122])

Let b« (0.1] — (0.1] be a given increasing function with h(40) = 0. which will
be called a gauge function. The modified Hausdorff R-content of codimension % for a

set E C X is defined to be

Kl E] .uf[:'M L’:Ulil:..r.), r.<.R}.
el

1 hir,)

where the infimum is taken over all possible coverings of the set E by countable

=)

collections of balls, while the quantity H*(E) = limg_, ;0 H%(E) is called the mudified
Hausglorff measure of codimension /i for E.
Recall that for a gauge function i and 0 < R < 1 the classical Hausdorfl' (h. R)-

content of a set E © X is dehned as follows:

oC o
HYE) = {Zn(m:EcUB(z,,r,a, ri < n}.
=]

i=1
where the mfimum is taken over all possible coverings of the set E by countable
collections of balls. while the quantity HM E) = limp » o HR(£) is called the Hausdorff
h-measure for E. For A(t) = t®. o > 0. we writc H instead of " . The Hausdorff

dimension is defined as follows:

dimpgE = inf {s: H{(E) =0}.

3. THE MAIN RESULLS

In the definition of Lebesgue points of a function f € LP(X). p > 0. instead of
the integral averages fy. we use the best approximations l};" J. The next theorem
shows that the results. proved for averages fg. remain valid for such delined Lebesgue

points.

Theorem 3.1. Let o € (0. 1], 0 < p < v/ and f € MP(X). Then there exists o set
E © X such that Cap,, ,(E) =0 and for any x € X \ E the following Fimil exists:

(3.1) lim BV o i s AR

r—40 Hirr)/

6
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Desides. we have

(3.2) litn f M = £7(@0)| % dpe = 0,

r =40
O(c.r)

| -

T'he result of Theorem 3.1 for elassical Lebesgue points is well-known. Tn the case
X =R".p>1.a=1it was proved in |2]. for p > 1, a = | Theorem 3.1, without
]

relation (3.2), was established in [3], for thecase p > 1, a=1and 1/g > L/p - o/
it was proved in [9]. for p> 1. a > 0in [10] [12), and for p=1.a =1 in |13

Remark 3.1. In addition to the result of Theorem 3.1. for anv z € X ' E the
following assertions hold:
1) if 0 <6< q. then

: e ey
Jimy f 151 pP =0,
e
2)if0 < # < ¢. then
) ey
MAm T of = £7(@).
3) if p 2 =F= (in this case g > 1}, then

f !f 7 ler.r)qu# =0.

B{r.r)

lim
r—+U

in particular, we have lim, 1o fpz.r) = f(2)

When preparing the present paper. the preprint [18] was published, where a different
approach to the definition of Lebesgue points was proposed. This approach is hased
on the use of the quantitics
(3.3) m}(E) =if{u €R: p({r € E: f(z) >a}) <dp(E)}. 0<§<1/2,
which are cilled d-medians of a measurable function f over the set £ C X of finite

measure.
The main result of [18] concerning the spaces MP(X) {in [18] also was considercd

Besov and ‘Iyiebel-Lizorkin type spaces) is that the result of Theoremn 3.1 holds when

the best approximations lg'(’, o/ are replaced by medians m]’;\’B(L r)) for any 0

& < 1/2, that is. in Theorem 3.1 the relation (3.1) can be replaced by
: S(B(r v)) = f(
(3.4) "1_1‘11_*1‘, m$(B(x.7)) = f*(z).

We show that in a sense these two approaches are equivalent. and hence the above

cited result from |18] can easily be deduced from our Theoren 3.1
7
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Corollary 3.1. Leta € (0.1]. 0 < p < v/a and f € ME(X). Then there crists a sct
E C X. such that Cap, ,(E) = 0 and for any r € X \ E and any 0 < 6 < 1/2 the
relation (3.4) holds.

A nonnegative function v, defiued on the ¢ algebra of Borel sets from X, 1s called
an outer measure if it 1s monotone (that is, E, C Eg implies 1(E3) < v(E)) and is
subadditive with some constant e,, meaning that for any sequence of Borel sots Ej,
the following inequality holds: v (U, Fi) € @, 3, v{Fx).

Let A be a given gauge function. We will use the following consition that connect
the underlying measure 2 and the outer measure v: there exists a constant ¢, such

that
W E)
(3.5) u#(B) <e, ;” — forallballs BC X, rg<1.

\TB)

In the theorem that follows. in terms of the above condition. we give an estimate of
the complement of the set of points at which the relation (3.1) is satisfied for functions
from the classes ME(.X) for all p > 0 and a > 0. We will consider gauge functions h
of the following form:

’ !lp »
(3.6) hit) = (——) 2

2l t)

where ¢ : (0.1] = (0.1] is a positive increasing function for which @(t}t * decreases.

Theorem 3.2. Let o >0, 0<p < v/a and f € MP(X). Let v be an outer measure
satisfying condition (3.5) with a gauge function h of the fortn (3.6). such that

-

(3.7) Z;(?"]- x

Then there exists a set E C X such thal v(E) = 0 and for any € X \ E the limat
in (3.1) ezists and the relation (3.2) is satisfied.

ap Satixfies the condition (3.5) for ¢ = 1. for which (3.7)

is not satisfied. Hence Theoremm 3.1 cannot be deduced from Theorem 3.2. As an

Observe that v = Cap

example of outer measure v satisfying conditions of the theorem can be counsidered

the modified Hausdorff measure 3", from which we obtain the following result.

Corollary 3.2. Leta > 0.0 < p < 4/a and f € ME(X ), and lct e gauge function
given by (3.6) satisfy the condition (3.7). Then there erists a set E C X such that
H"(E) = 0 and for any z € X \ E the limit in (3.1) exists and the relation (3.2) is
satisfied.
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A similar result can be stated in terms of wedians mf.(B(z, r)). instead of the best
approximations Ig'(’: S 17
Corollary 3.3. Leta >0, 0 < p < v/ and f € ME(X). and let a gauge function
given by (3.6) satisfy the condition (3.7). Then there erists a st E ¢ X such that
H"(E) = 0 and for any = € X \ E the limit in (3.4) exists and the relation (3.2) is
salisfied.

Note that this result, without relation (3.2). for a € (0, 1] and p € (0. 1) was proved
in [22|.
The classical conlent Hiq satisfies the condition (3.5) with function h(t) = 7 7

at least locally. Indeed, we fix the ball By = B(zg, Rg) and let B be a ball that is

contained in By. then by doubling condition we have ;(B) > plBs)

r i3 Therefore
)

Ilf(B)(f;-r;“rz,f' R" ) .‘, B

u(Bu‘»r"

Henee taking into account the subadditivity of the content 11,” we can state the

following result.

Corollary 3.4. Let o > 0, 0 < p < v/a and f € ME(X). Then there ezists a sel
E C X, such that dimy(E) < v — ap end for any 2 € X \ E the limit in (3.1) ezusts
and the relation (3.2) is satisfied.

Our next result cstimates the sizes of the complement of a set on which the

“avernges” I l;.(): o converge with n specified rate.
Theorem 3.3, Let 0 < o, 0 < p < y/a be given, and let v be an outer measure
satisfying the condition (3.5) with h of the form (3.6) and a function © satisfying
(3.7). Then for any function f € ME(X) there exists o sel EcCX,suchthatv(E) =0
and for ell T € X \ E the following relations hold:

(3.8) .-E."Eo [v(,-)rl (f*(z) - ng_);-..-)f] =0,
(3.9) lim [io(r)] L mé(B(a,r) - f*(#)} =0, 0<8<1/2
1/e
1l .o
(3.10) 'll":owun.‘ f \f - I'(J‘)I'dﬂ =0, whore q = ;’ :
er)

9
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Notice that the set E in Theorem 3.3 satisfies the condition
g{(fn=ﬂ)p(5m - H'»=u;n~3)p(E) =0
for 0 < 4 < a (see [14, Theorem 2| in the case p > 1 and @(t) = t5).

Remark 3.2. All above stated resulis remain valid for the homogeneous versions

MI(X) of Hajlasz-Sobolev spaces. which are defined to be the sets of measurable
functions f satistying D, [f] N LF(X) # @.

4. AUXILIARY NOTIONS AND RESULTS

We first examine the bebavior of the best approximations I:;J:.-s f

Lemma 4.1. If f € C(X), 1 € X and p > 0. then limnl‘"’?”)j = f(z). If [ €

LP(X). then the bt Hus, IBP()I r)f erists p-alinost everywhere, n

The first assertion is obvious, while the second was proved in |15, Lemma 7| (sce
also |24. Theorem 2| and |25, Lemma 2|). Lemmna 4.1 shows that for nonsummable
functions, in the definition of Lebesgue points the integral averages fp(;,) can be
replaced by the best approximations IB"’,): f.

The hasic tools in the proofs of the main results play the LP- oscillations:

I/p

A5 B) = (1 - 1117
L
where B C X is a ball. and the corresponding maximal operators:
A [(x) = sup r” Ap(/, B).
BOz

where Lhe supremnum 15 taken over all balls B containing the point . and o > 0,

feLl (X).p>0

Lemma 1.2, Let a, p. # > 0. The following assertious hold:
1) if B,. By € X arc two balls such that B, C B and ) < ry, < ry,, then

v's
(4.1) DS~ I3 1) < AF. B.)+( o~ ) Ap(f. B);
2) for any ball B C X we have
V/p
(4.2) Au(f.B) < 1§ (/pl"' g

ll)



FINE PROPERTIES OF FUNCTIONS FROM HAJLASZ SOBOLEV CLASSES

if. in addition. p < 4/a. then

Ie »

(4.3) ({I[-I"’]'dp) <1 (f{ﬂf.“’ﬂ“du) . where f;;%:'

oY)
Proof. The inequality (4.1) was proved in {15. Lemma 5]. The inequality {(4.2) cau
he obtained by averaging over y € B of the abvious inequalhity

Ao(f.B) < AL f(y) for pe B,

while (4.3) is proved in |15, Theorem 2|.
T'he next lemma fotlows from the so-called seli-improvement property of the Poincaré

incquality (see [15. ‘Thearem 6]).

Lemma 4.3. Let 1/6 < 1/p+ a/y. Then for f ¢ UPtX) and g € D,|[f]

a1 <5 (f o i)

Next, we present results containing descriptions of classes n terms of maxinal

functions A (see |23. Corollary 3.1]. and also [15. Theoren 4]).

Lemima 4.4. Ifa,p > 0 and f € LP(X), then
1) from ALY [ € LP(X) for some B > 0 follows f € MU(X),
2) from [ € MY(X) follows A\ [ € LP(X) for 1/8 > max {1/p

Lemma 4.5. Let a.p > 0. If f € MIP(X), ¢ € Ha(X) and is bounded. then fo e
AIL(X). Besides, if ¢(x) = 0 for £ € X\ E, then for ang funclion g € D, [[| 1 L7(X)

we have

(9 16l + L1 101, x,) x5 € Dalf] 0 17(X)

The result. of Lemma 4.5 is kuown for p > 1 (see [8. Lemma 5.20] and [9. Lomoy
2.5)). The proof is similar in the case p > 0 The next classical lemina can be found
in [26] (sce also [27. Lenuna 1.6)).

Lemma 4.6. From cach covering of the set E C X by balis of bounded diamneters ca
be sclected at most countable set of mutually disjownt bulls { B} satisfying E U; 58,

For a measurable function 4 we introduce the i-"fractional” maxinal function

y Wk

My pg(x) = gup hiry) ][ i dn)
o

i1
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In the special case k(t) = 1 we obtain the usual modified Hardy-Littlewood maximal

function: i
M,g(z) = su (f & :

i) = 3| £ lof* du
for which for 0 < 8 < p the following standard estimates hold (see. e.g.. [1, §1.3]):

(4.4) IMeflizecxy S MfllLscx)
In the next lemma we collect the necessary properties of A-“fractional” maximal

function.

Lemma 4.7. Lei p > 0 and v be an ouler measure satisfying the condition (3.5).

Then the following weak type tnequality holds:
] ]
(4.5) v{re X :Mupg(z) > A} £ (: ”9"1."(){)) .

and v(Ej plg]) = 0 for any function g € LP(X), where

Eyplel = l: € X: Tim_ h(r) f |9/ dp > 0
l B(r.r)
Proof. We first prove the second assertion of the lemma. By subadditivity of

measure v, it is enough to show that ¥(E)) = 0 for A > 0, where

Ex=(zeX: moh(r) f’ gPdp > A
l B(z.r)
Let 0 < § < 1. If x € E,, then there exists a ball B, = B(x,r;), where r; € (0,86),

such that

(4.6) h(r,)f_q” di > A
B,

By Lemma 4.6, from the covering {B; : z € E)} it can be selected at most countable
subset of mutually disjoint balls { B, = B,,} satisfying Ey C U, 5B..
Heuce taking into account the subadditivity of v, and conditions (2.2), (3.5) and

{4.6), we can write

B S v (U'JB-) < v(5B) £ 3 u(Bi)/h(ri) S

1 / 1
.';.—E .Opdlls-/ Pdp — 0 5> 0.
A g, Y U.B.g 1 as § o

12



FINE PROPERTIES OF FUNCTIONS FROM HAJLASZ SOBOLEV CLASSES

The last relation follows from absolute continuity of the integral and continuity of

the gauge function A at zcro. because by (4.6) we have

(U80)<2Mn)[ g dp <'(6) gPdp =0 as 50,
s

Repeating the above arguments for the set {My, ,g > A}, we obtain (4.5).

Lemma 4.8. Let p > (), 0 < 8 < a, and let the outer measure v satisfy the condition
(3.5), where h(t) =t " Then for f e L (X) the following inequality holds:

. )
[ Ay > nar < 14011
0

This result can be found in [20] (see Theorem 2 and the remark at the end of §2
in [20]).

Lemma 4.9 ([10,11]). Let EC X, 0<a <1, 7> ap andp > 0. Then the follounng
assertions hold:

1) the capacity Cap, , s an ouler meusure end
Cap, ,(E) = inf {Cap, ,(0) :EC 0.0 s open}) .

2)forze X,0<r <1 Cap,,(B(z.7)) < r ™ Pp(B(r,1)).
3) for 0< B < a Cap, (E) =0 = Capg ,(E) =0.

5. A WEAK INEQUALITY FOR CAPACITIES

To prove the main result of the paper. we need a number of results, which can
also represent an independent interest. Such results are weak estiwates of capacities
which will be obtained using a discrete maximal function. To define this notion, we
necd some preliminary work. We start with lemmas on coverings and on existence of

partition of unity {see (9])

Lemma 5.1. There ezists a number N € N, such that for any r > 0 a farmly of
finite or countable balls { B{z:. r)}: , can be found to satisfy

Xc O B(mi'r)f Z XB(z:.6r) < N.

=1 =)

Lemma 5.2. Let0 < ¢ < 1 andr > 0. For the balls {B(2,,7)} from Lemnma 3.1 there
erists a collection of functions {¢,} C Ha(X) possessing the follounng properties:
1)0<¢ <1,
2) u(r) =0, x € X\ B(zi 6r).
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3) ¢ (z) > c. £ € B(x,.3r), where constant ¢ > 0 depends only on a, from (2.1).
4) ‘ﬂ-”lidf,\'; -\ g
5) Y oz =1
1=l
Now we are ready to define the diserete maximal function. Let > 0 and {B,} be
a covering of X by balls B(r,,r) from Lemma 5.1, and let é; be the functions from

Lennna 5.2. Define the discrete convelution of function f by

(5.1) fole) = Zo-(r)lfﬁ'(), and 1

=1

and the discrete maximal operator by
A* f(z) = sup [, (z),
7

where {r;} are in some way emumerated sequence of rational numbers from (0, 1).
Note thay in the standard definition of the discrete maximal function (see [9], [13])

is used the integral averages. In our case, these averages are replaced by the clements

of the best approximation I} f. Now we proceed to prove a number of pioperties of

the discrete convolution and discrete maximal function. We will follow the scheme

from [13].

Lemma 5.3. The operutor of discrele connolution s bounded in the spaces L¥(X)

and MP(X), that is.

(3.2) | friloexy S Nl Leexy-

(5.3) fellanzoxy S I Raeny-

Proof. We first prove the inequality (5.2). We have
x

finrans s [ AU < 3 B
=1 =1

Using the following easy verified inequality ll‘ f|P faB. |f|P du and taking into
account the bounded multiplicity of the intersection of balls 68, (see Lemma 5.1), we

obtain

T .Zj f 1P aus [ 11,

and the inequality (5.2) follows.
14



FINE PROPERTIES OF FUNCTIONS FROM 11AJLASZ SOROLEV CLASSES .

To prove the inequality (5.3), we follow |13]. and produce the a-gradient for f, and
prove that this gradient and the function f, belong to LP(X). We usc the notation
B, = B{z;,r). and represent f, in the forin

@) = @)+ 3 outa) (11851 - 1))

i=]
It is easy to seo that g + 3.0 7 € D|[f,], where g € D[f] and g, is the generalized
agradient for ¢; [|I§'g‘ fl - ﬂflf Using Lemma 4.3, with some constant ¢ > 0 we have

r ,
(17 - 1851+ 0) xon, € D [0 (115351 - 171)]
Let 2 € 61,. then 3B, C B{x,9r). We write the obvious inequality
1)~ 1811 S 1£(2) = Tgtean | + 150 ! - 185 1)

and estimate the terms on the right-hand side separately.
If at a point z the relation (3.1) is satisfied, then using Lemma 4.3. we can writ

the following chain of inequalities

|I(I) (.t ']r]fl Z 'I.B,?: 32*Ir)f - Ilﬁl.{j:,il"lr)fi ~

-~ x
2- iy
< Z A,,(f. B(I. 3 J")) S Z, R
=0 1=0

The parameter 8 we choase to satisty the condition of Lemma 4.3. that is.
TR

(5.4) CRE<-+2
v & p v

To estimate the second term, we again use Lemma 4.3 to obtain

G, oy f = 15 5| < Aplf. B(z.97)) < 7°Mag.

Thus. for almost all € X (see Lemma 4.1) the inequality holds:

ik 8 0

r 4 " a 4

|’(I,’l"b‘,'if M‘v ;(6\ ‘-'0:

implying that c(g + Msg) € D|f;]. Taking into account (4.4). we obtain inequality
(5.3). O

Lemma 5.4. The discrete maximal function acts boundedly in the space MP(X).
that is,

(5.5) 1M flaez o) S 1 F laezcx)-

15
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Proof. In Lemma 5.3 it is shown thal the function c(g + Mag) (where g is any
a-gradient of function f. and ¢ satisfies (5.4)) is an a—gradient for the discrete
convolution f, for any ». Hence. by (2.8) this function is also an a gradient for

Af* f. Write the inequality
in)
[AUED M 14}
"P

where i indicates that the sum is over those indices i. for which = € 613, (by Lemma
5.1. the number of such indices is bounded by a constant, depending (){ll_\' on 7). We
choose a number 8 to satisly (5.4), and ¢stimate cach tern on the right-hand side of
the inequality

/¢
511 < Avis3ma+ (f 101 du) < Ap(J.6B.) + Mo (x).

Using the self-improvement property of the Poincaré inequality and Lemina 4.3, we

obtain
£.(r) € Mog() + Mo f(2).

implying the inequality (5.5). The proof of Lemma 5.4 is complete. O
Now we introduce one more maximal operator:
M) = sup [ID)
Bes.ru<l
The next lemma asserts that for the operators My f, Myf aud Aaf n weak type

inequality by capacity holds.

Lemma 5.5. Let f € MP(X), then

] 1B
(5.6) Cap...,{z:(rn(r);»x}sLi,i‘ﬂ, A>0,

where as T can be taken any of the operators M f, My f or Ao f.

Proof. Observe first that the inequality (5.6) for T' = A:,"’ follows from Lemna
1.8. Indeed. for given A > 0. by Lemmas 4.3 and 4.8 we get
s e

A(Cap, , {401 > A})”p < ( A j 7 'Cap,,, {AE,"’f > :} d!) 3

/2
S AP flleeixy < 1S laezexs:
To prove the inequality (5.6) for T = M;, observe that

Mif(x) < c (AP f(z) + M'f(a:)) .
16
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From the previous inequality, using the fact that the assertion is already proved for

A", we obtain
Cap,,, (M1f > M) < Cap,, , (Af,”’ f> %) +Cap, p (M' I>% ) <

1P g 2\
< a . Law o o
.\;—” +blpu'\.\| ] > 2'_}
Thus. it remains to show that

Hf" ME

a-pn,.(M f> )~ L

To prove the last inequality, we use the definition of capacity to obtain
T

e M\ A"
C{\p",p (A” f>2—c)§_ T o T
|1f|1Mp

Therefore
Cap, ,(M;f >\ S ——

Fiually, the inequality (5.6) for operator M f follows from the above proved inequality
and M, f(x) < AP f(z) + M, f(z). Lemma 5.5 is proved
6. Proor or THEOREM 3.1 AND ITS COROLLARIES

We define
Qfx) = Bm 05, o~ T8 Sl
and show that
Cap,,{r€ X :Qf(z) >0} =0.

Taking into account that the Halder class H,(X) is everywhere dense in M?(X), for
€ > 0 the function f can be represented in the form f = f; + fa, where f, € Ha(X)

and || f2l| pg <.
For any y,z € X we write the obvious incquality

M it = I8 oy f1 S Mige ] — SN+ UG, o
HIG. o f2 — AW+ g, o f = S|+ 113 s - f;(z)|+
HI, myf2 — P2+ UG, f1 = T il + UBle iy fo = 13, o .
and average it by y € B(r,7) and z € B(z. R) to obtain
U ]~ 10 S| < Aplf Ba:7)) + Ap(fa Bla.r))+
+Ap(f2, B(z, 7)) + Ap(/. B(.’r R)) + Ap(f1, B(x, R))+
I hi- (g R)f1|+”3(:r) l},’;’,’mm.

+Ap(f2 B(z.R)) + |1 Bis.r)
17
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The Frst six terms can he estimated similarly as follows. Using the inequality (4.2)
and Lemmas 1.2. 4.7 and 1.9. we conclude that the following relation is fulfilled

Cap,, ,-almost everywhere:

/ \ Up

Adf. Biz.r)) €7 ( ][ l./lf,"’j]"dp) =0 as r— 0.
s r)

Besides. in view of continuity of f; and Lemma 4.1, for any x € X we have

LTI L S R
Thercfore. Cap,, ,-almost ever}'where
Qf(c) < Qfa(z) < M fo(x).

Also. by Lemma 5.5 for any A > 0 we have

Wl \"
Cap, ,{2f > A} £ Cap, ,{M;fy > A} £ (%ﬁh) < (%)n

Hence for any A > 0 we have Cap,, ,{2f > A} = 0, and the result follows. Theorem
3.1 is proved.
Now we prove the assertions in Remark 3.1. Observe first that the assertion 1)
unmediately follows from Holder inequality. To prove the assertion 2), the inequality
1 /] 8) ]
e = Iie I S 1) — 150 S + 11 (0) = 2550, 3 )
we average by y € B(x.r) to obtain
. [/
1 pteerf — I5tenyf| S Aglf. B(x,7)).
The right-hand side of the last inequality tends to 0 as r — +0. which implies 2),

since m view of (3.1) and (3.2)) we have I‘B'(':c of = I ().
To prove the assertion 3). for ¢ 2 1 we write the obvious inequality

1/¢ / l/q
f = Imenldn] s f =12 |+
‘J“l r) \e.r)
{ 1/q
{p P
gt = Il S 1 1 =18, ivan|
(z,r) J

and observe that by Theorem 3.1, the right-hand side of the last inequality tends to

0 as r = +0. implying the assertion 3).
18
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To prove Corollary 3.1, we need an inequality for 1he difference of the best approximations
I:_-,”f and medians m’}(B).

Lemma 6.1. For any ball B C X and any function f € L7 _(X) the following
mequality holds:

Wy
(6.1) m$0) - 18115 (3 f 17181 )

Proof. The result easily follows from the following clemcentary properties of medians
mff {see [21], and also [18. Lernma 2.7)):

mi(B) +a=m},,(B) for aeR |m}(B) <mi(B)

3 | i/p
m(B) < (Ifolfl”dy) , p>0.

Indeed, using the above properties, for any ball B © X we have

m$(B) - IPf| s m? ., (B)< l]( TN
! b =1\ 2=\ 3 - B 1

iniplying (6.1).

Now. the result of Corollary 3.1 follows from Theorem 3.1. since by the inequality
{(4.2) of Lemima 4.2, and Lemmas 4.7 and 6.1 (see also property 2) of capacities from
Lemma 4.9), for all 0 < § < 1/2 we have

i — A (p)
Cap, {re X : "I_l’rt’ln|m!(l?(:.r)) —Ignt] >0} =0

7 PRrROOF OF THEOREM 3.2

Let the numbers 0 < 7 < 1 and n € N be such that 27" < r < 27"+ Then by
Leinma 4.2 (see the inequalities (4.1) and (4.2)) we have

i/p

WGl “ oz i | f 1A
ari
Hence. we can use Lemma 4.7 to obtain

(w i -
vir e .\’:'I_T._r:“lln’“_,] = Dyieg-wyl >0} =0,
showing that it is enough to check that the sequence {I;,’?I ,‘,,]} converges v-almost

everywlhere.
19
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Let m > n and B, = B(x,2°"). We again use the inequalitics (4.1) and (4.2), to

estimate the difference IIH’) J - "H’..). f|. to obtain

e
=191 3: o ,,,II‘*E?"(’{“?’”#) -

-n r-n

Ve
} 3 (4/“"0 11" d : Zv(u Y (h(ﬂ')/l“q‘.”l”“‘) S

i=n \ i,

< Mg f(2) Y 9(27") 0

ann — 20 at cach point € X for which M, f(z) < 0o, and hence, by Lemma 4.7,
the convergence is v-almosl everywhere. Theorem 3.2 is proved.
To prove Corollary 3.2 it ix enough to show that the limit (3.1) exista ﬂ?-nlmtmt

cverywhere, since the conditions HP(E) = 0 and HA(£) = 0 are cquivalent. So, it
remwaings to apply Theorem 3.2 with v — X}, Corollary 3.3 imnmediately follows from

Lemma 6.1,

8 PROOY OF THEOREM 3.3

We prove the convergence for the elements of the heat approximation, that is, the
cquality (3.8). Then the result for mediank (3.9) will follow from (3.8) and Lemma
6.1

Let E; be the camplement of the ket of points = € X satisfying the relation:

i»
.'...Tu “” l"'l‘ "I] -0

It follows from Theorem 3.2 that v (E|) = 0.
let z€ X\ E, 0<r <1and B, = B(z.2 /r). Applying the inequalities (4.1)

and (4.2), from Lemma 4.2 we obtain

P(r)] 7 L) = 10, S < ot} Zu,.,,,l-lﬁ',’lls

Wr
< lwtr)) ‘Zw B)) < -22 "(f us."nw) S
A,

i) }-lt

iy
< wup (h(ﬂfm_ ”IA.‘."’ﬂ'da) :
20
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and the lnst term tends to O an r — 40, provided that

' (v =
'l_l'!}:"h(r) mr.r)[}l,,“ NN"du =0,

Al)l)lyi“g ld'-'"l""‘ ‘-i w".h " - Af‘ ’ , W uh'ai“ U(FJZ) = 0. wher'
L L) xr A ¢ I (1] ‘I. r J 2N d L > "
i +~240 ) J l (i /I } >

Thus, on the complement of the set E = Fy U E; the relation (3.8) in fulfilled.
Now we prove the relation (3.10). It follows from Inequality (4.3) that

: 3 \I/q 1/p
(r)| f - gy <) AP 4 ,
lotr)] (mmu B ~(.m &) u)

and for £ € X \ £ the right-hand side of the last incquality tends to 0 as r — +0.

Therefore for any r € X \ E we can write
fim_[¢(r)] " ( /
vr-aa0 n

Ie
. 1 (p
+ i fe(r)] ( fu - i = 1ent I"flu) =0,

and (3.10) follows. Theorem 3.3 is proved.

e
_r)lff(-’-)l"du) < lim folr)] ' /() - 17, . 11+

s
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HUHTETPAJILHOE MNPEACTABJIEHUE M TEOPEMbI
BJOXKEHNSA OJ18 MYJIbTUAHU3OTPONHLIX TIPOCTPAHCTB
B MJIOCKOCTH C OJHOW BEPIIMHONM AHU3OTPOITHOCTU

I A. KAPATIETHHN

Pocciiicro-Apasanckutt (Caapsdcknil) Yuusepcurer
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AHHOTALUHA. BB AAHHOA CTATHS NONVHEHB OOAXOAANHME WHTErPAALKBIE |IPeA-
cTanaenua aaa ynkii uy Coboacnckux MY ILTHAHIIOTRONITRIX NPOCTPaReTn
# NPIMENeNs ANIA NOAY' ICINR TEOPEM WINKEHIA LIS FTHX (POCTPRHCTE.

MSC2010 number: 12E10

Kun4yeBnie Cl10Ba: HHTErPAILHOE NNPEeACTABJICHUE: TEOPEAA BIIOXKEHIIA! cobuaepckue
MY ThTHSHIT3OTPOILHOE {IDOCTPAHCTBO

BBEAEKUE

Teopeninl Ba0KeHs! PYHKIHONARBHRIX IIPOCTPARCT B 4731 (ithehepeHuMpyenbix By Hx-
muil nosmkna o paborax C.J1. Co6onesa |1]. |2], rac ¢ nomompko npoekuuonuoro
ouepalropa AOKA3BIBAJIUCH TEOPEMB] BIOXKEHHR 1 H30TPOLIHLLIX (b)'HK[UIOH&'Ibe.I)(
npucrpaneTs. B aaiuHelmen, HCXOAR 9 PAUIMSHBIX BOUDPOCOB (DUARKH M TCXHHKR,
u3yuanics Gojiee ob1yMe NPOCTPAHCTEA. KOTOPBIE HASLIBAIINCE AHH3OTPOLIHBINH OPu-
crpaucisamu C. J1. Coboscsa. an rakux npocrpascth Obliid LUOJIY IEHN HEICI DA Ib-
Hele pejicranaenns (e, Haupuvep. [3|  [7]). Bee s1a peavabiaTel u ueropun so-
1POCA MOXKHO HAjiTu B kunre [8]. B 1asibHeitines, IPHMeRsis 10,1y YeHHbIE HHTEIDA b-
1LIC HPCACTABJICHAS, OLIM JOKAIAHL PA3THYHBIC TEOPCME! DIOKCLINA 118 FTHX 0po-
crpancts (cm. nanpunep, (4] |7}, 9] {11] u sonorpadie [8]). B paasuemines ko-
raa J1. Xepmanaep |12] ssea KI8CC 1MUOSUIMETHYECKHX ONEPATOPOB. CIATH HIY Yalh
myabrannzorpoutbie npoctpancrsa C. JI. Cobolsiena. Jouroe spens He yaasaioch
HOAY'IETSL HUAXOMMIEE HETErPATBHOS UPEeACTABIeHHe a3 BYnKIEA 13 91HX Kiac
coB. B nannof paGoTe 1OJIVMENO TAXOE HHTErpaibHOe NpeacTapnenne 115 (yuxui
M3 MY/ABTHAIM3OTPOHNLX UPOCTPAHCTB, € IPIMCICHICM KOTOPOIO U0y YeHLl ieape-
bl BiIOXKCHHA. TIPH 110J1y 4EHHA COOTHCTCTBY IONIICTO HHTCIPAIBROIO IPCICTABICHHS,

UCHIOJIbAYIOTCH PAHEE 1I0JIYYEHHBIP MHTEIPasibLIe Hpeicrasnenus [13] u [14].
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1. 1aPA MHTEI'PATBHOI'O MIPEACTABJAEHHSA H HX CBOACTBA

Myers R? - aBYMepHOC NPOCTPAHCTBO, Z7 MHOXCCTBO JABYMEPHBIX MY.ThbTHMH-
LCKCOB, T.€. @ = (a),az) € Zi. CCIH ¥y, (v IEJIRIC HCOTPHIWATC/ILHBIC YHCA. Ans
EneERae Zi,l‘ > 0 oboanaxun vepea ¥ = (tM %) (£,9) = &im + &am.al =
M +a.6° = 6D = %f:.D"‘ = DY D§* ofobmentas cofoacBCKAR TPOUI-
BOJTHAS.

JAs KoHewHOro HaBOpa MYJILTHIHIEKCOB 4Yeped H 0GO3IHAMMM HAMMEHBUIHA Bhi-
UYK.BIE MHOMOYLOABHHK. COAEPXKAIMMHA 8C€ TOUKH J8HHOTO Habopa. H Ha3miBaercs
BROCIHE NPABHMILHBIM, €CH ) COJEPXKHMT TOYKH B HAYAJIE KOOPINHAT H BO BCEX KO-
OPAMHATHAIX OCsiX. 6) BHEIUHHE HOpPMAJIM BCEX OAHOMEPHhIX HEKOOPUUHATHLIX CTOPOH
HMCIOT NOJOKHTCTLHRIC KOOPANIIATLL.

Iycrs H pronHc npaBunbHbt MHoroyronLHuk. HYepes H!.i=1,... M obo3snaynm
HEKOOPIMHATHEIE CTOPOHK MHorovrobuaka H. [lycrs p'yt =1, M takas BHeu-
HAs HOpMANe CTOpOHbI H!, 4TO ypasHeHuc TaHHOf CTOPOHBbI 3a1aeTcR ¢opmynaoh
(o;p'y=1.0=1..... M. Obodnaunum Takxe A = (A, Az) = (T‘." ):)

Wasectno (cm. [15]), aro ecam ouepatop P(D) ¢ BenecTeenHuinyu koadipuumen-
TSM# THIIOO/LIMUTIYCH. TO XapAKXTCPHCTHUYCCKMA MHOIOTPAILKK JAUHOTO OlCPaTopa
BIIO.THC 1IPABILTbEBI, W BCPIUMHEI HMCIOT YeTHblE KoopMuuaTss. IR TAKHX oneparo-
pop B pabore |14] 6uL10 noAyYeHO MHTErpalibHOE HPEACTAB/IEHHE Yeped CHI03/JMNI-
THyecknft oneparop. B nacroswehd pabore Gysem npumensrs nacy paborm {14].

Bynem paccMaTpusaTh coiyuad, KOIAa MHOrOYroAbHMK H HMeeT OJHY BepuIdHy
AHM3OTPONHOCTH, T.€. BEPLUIMHAMH MHoroyronbiuka H ssasnores roaku (0;0); (4: 0);
(0;12): @ = (ay.a2). a-az # 0. H} cTopoHa coepunsioman roukn (1;0); a = (@), a3)
u 3ansercs copmyaoft (u'; ) = 1. H} cropona upoxomsimas uepea touku (0;12);
a = (a1, az) 1 3anserca dopmynott (u?; 8) = 1.

s v > 0 u HaTypaasHoro k 0bo3aHauum

(1.1) P(v:€) = P(v:£€:.62) = (€)' )% + (L€ €32)%* + (v€3)**

(12)  Gol&iv) = e P¥O. Gy, = 2k(ve™' )2~ P0) j =123,

rae o' = (11,0),a% = (a1,03).a” = (0,1)). OveBwano, 9To Ans J06Or0 IHANEHHS

napamerpa v > 0:Gp, Gy, € 8.5 = 1.2,3, rae S = S{R?) »smoxeerso 6icTpo y6bi-

salonmx Ha GeckoneunocTn Geckoncuno padxpepenumpyemulx dyuknufl. Jance obo-

JHaYMM yeped Gn(t:u),G],,(t. v),j = 1,2,3 npeobpaiosauus Qypue COUTHETCTBEILMO
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bynxuutt Go(§v):i Gy (6iv), Te.

(1.3) Gusttiv) = 5z [ 406G (€t i =1.2.3

Kax napecrio, npeobpasosuine Pypue nepesosut S un S, 1.e. Go(t; v), Gy j(t;v) € S.
Nayuum crolicTra Ga, Gl,_,-. Crnpabeanupa cieIyomas Jesma.

Jlemma 1.1. MTycmv 8 u 0 maxue wucaa, vmo §- u? = 1; o - Wy =1, a N manoe
namypaavroe wucao, xmo N8 u No wemuwie. Tozda das 2106020 mysvmuundexcam =
(1n1,m2) u awbozo maxozo wucae N cyuecmeoyom nocmosnnsie Nucad uq, by, ¢; (1 =

1,2) maxue, 4o 0ax aw06020 v : 0 < v < 1 urserom Mmecmo nepesencmaa

. - max(|u'|+(mya')) 1
14) |D"Gi(tv)| s v P :
( ) 1..1( ) S l+V“'\“|‘“ N vy $ !\

n)[a1|lnu| + a3).

npu ) < az,

max (|u'{+(m;n')) 1

. T
(1.5) ID Giy(t: ")l 4 L 4 u-N(gNorgiem 4 ¢Ne)

{bi|lnv| + b2},

npu o) > Az,

'D'"Gi.j(t;u){ <v max(|ut|+(m:p'))
(1.6) ‘ 1 k
(v (@™ + 4°)) (140N (L™ + 4))

npu Q) = ap = G.

{(c1|lny| + c3)

Noxasameavcmeo. Cuauana s J060ro My bTRINAEKeE m = (m), my) H3YUmM no-
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CpaJl 1IPEACTABAM B BULZE
1o~ Fl, <€ [ 15C+7) = Ol |Cotriv)| dr
s (T)Su A
+C f MFC+7) = FCOlg, l(fo(r: v)ld‘r = Miv) + Az(v)
pr{r)2eM

Yuirnisan sepasencrso (2.2), ana Ag() umeem

r drydry
14w N (r{“‘ +r.f"')'

Ag(v) S 20| fll pgaryp =M+ =(@:ANk
ox(TI2er!

KOTOpKI#t Toc/le Npeobpaiopanus 7 = v n upuMer BuA

112k d
Azlv) € 2(‘”1:1.‘"‘"Jlﬂn.A )2k J/ : d'):. m )

1+ T
Arin)2M

Nyews A = v+ rae 5 € (0.1) noka npoussoabuoe yncno. OueHns nocreanuii
RHTeIPaj ¢ MOMOINLIO A cmbep:wecxom upeoﬁpa:souaunu {cm. |8]). T. e. oBoapauum
m=rMw.y, = '\‘wz rae .ul" + u = 1. Ecan ¢ = min (w,zm. +w§m’) Ha

MHOroubpasny Wi +u2 =1, T0 gna Az(v) umeeMm

|Al =
(1—(a,A))2k X Z 2,2
‘\Jll‘i ZPHINL (Rl)ll / / lfr {1( A )

Y palei=]

ac

£ / AM-1-N g (1-(0 mu"!"‘"m‘) i Cyth'-lll)(l"qh("(‘”‘”“'[“u”n)

141
[Iycte N rakoe wucio, wro nokasareis v nuaoxuresHul, toraa Az(v) = 0. korua
v —+ 0.

Onenum Ay(v). lpunenss semmy 1.1 nis cayqasn a; < az,m=0,N =0, uneem

AW SC s 1+ 1) ~ FOle, e S

minsy

/ dm dfrz.
J

P (p) <o
Tax xak |A| > jnax |u'| (310 creayer u3 BRyKIOCTH MHOroyro.aeHuka H), 1o cywme-
crayer uscno 7,y € (0:1) Taxoe, wro y|A| > max |ut|.
=12

[Mocae A cbepudeckoro npeoOpasopaiiug umeen

-~ mnx gt
Au) 5 o™ kel sup IFC+1) = SOl can.

aa(ms
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HHTETPAJIBHOE MPEJACTABJIEHME U TEOPEMB BAOMEHHUS

YunThIBAA. UTO (OKAIATE/]L CTeleHM v LONOKHTeALuwd, 8 ynkums [ i3 L,
HellpepPbIBHA B ueqoM upH 1 € p < oo (eM. [8]), To umeem. uto 4,(v) — 0, kuraa

77— 0.
B cayuae oy = a2 8 onenxe Ay(v) nosmisiercst mHoxureas |liv). koropmft e

HapymaeT cxoauMocT A;(v) k uymio. Jemma 2.2 goxataus. )

Cneacreue 2.1. [lyemu f € Ly(R?) (1 < p < o0). Tozda cywecmeyem nociedosa-

meavnocms v — 0 npu k — oo, wmo llim Fu (x) = f(z) 918 nownu ecex T € RR?
V=

Hoxaszameanrcmeo. PeavabtaT HenocpeacTBeHHO caenyer U3 L, cxoaumocth (Toraa

IR TOTMOCNEAOBATEILAOCTH f,, (Z) cxomumocts K f{T) nowTtr Bewosy) a

3. UHTETPAJIbHOE NPEACTABIEHHE C A/IPOM. MTOPOAAEHHMM HABOPOM
MYJIbBTHHHIEKCOB

Teopema 3.1. MMyems dar gypxyuu f cyryccmayiom npouseodme D™ f 1= 1,2,3.
20e o' sePUUNHB GNOANE NPAGUABHO20 MHo20Y2anvNuxa H u D® [ € L,(R*) (1 <p «

)2 = 1,2.3. Toeda dan nowmu ecex 1 € R?* umeem mecmo npedcmagaenue
3 h
(@.1) f@ = fu@)+lim - [ av [ 0 1(0G e - i
=0 1 A
=17 R?

Hoxssameavcmeo. Us dopmynsl Hoorona-Tlelibauua u w3 yepeanenns (2.1) unmeenm
(3:2)

fals) = Jula) = = / / f(z + )Colt; v)dtdy = ~- / / (o + 1) 5 Goft: vt
€ ¢« R
Buiuncaum zg;G.o(t;u ). Hnteem

i 3 (e i —-‘(u)_”_ P e -
oy Coltiv) = 2:/ RS

v

- Z/ —i(¢,€) —P(V€)( —2k)v 2k— leAa’df =
)-Im

)
) 2% 1 =
= a ZD,‘" /e"("“c ~Plw8)(_2¢) (u{“’) d)d&; = Z[’, Gh,(t:v)
=1 R s
MoacTasasns [Ony4eHHoe BhipaXkeHne B (3. 2) noayuns

fulz) = fi(x) = /(/!(x-ﬂ)Z "Gy y(ts u)dt)

=i



I A. KAPATIETAH

'
Tax xax s dyuxkuun [ cymecrsyior o6oGuentsie npon3sounse DO f. To uo onpe-

JeneHinn 0606neHHON POHIBOAHOM ITMeen

s A
(3.3) fa(x) - fuz) = }:/ (/ Dy f(z + )Gy (k)b | dv
y=1 X Vi
Mpunenns B cootoiucumn (3.3) cacacroue 2.1, AnBEPITACN JOKASATC/ILCTEO TCOPCADI
3.1. O

1. TEOPEMK B.10KEHHMS 418 MYILTHAHN3OTPOMHEX MPOCTPAHCTB

TToKAKEM TEOPEMY BJAMKERHs Vs (hYHKINA, UDIRATIERAILUX MY/ILTHAHNIOTPOL-
HOMYV IIDOC1PARHCTUY Hr"fh"'! = {f;f € L(H",D" [ € Ly(R™).i = 1,2,3}, xoto-
pas upi Il = {a:|ea| € i} COBIAZACT € COOTBCTCTBYIODIIMH TCOPCMAMH BJIOKCHHA
w3 pafiorn [1): [2]. a upn H = {o:{a: ) £ 1} coBuanaet ¢ TEOPEMAMH B.IOXKEHHS Lisi

AHH3OTPOMHBIX MPOCTPAHCTB (CM.. HanpHMep. |8]).

Teopema 4.1. fTycms 1 < p< g<oc uanl < p< oo npug=oc; m = (m;:my) -

myanmuundexc. Oboanauy vepe3

(.3 - . T
x = max (¢’ + (n. 1)) - |1?] - (l - = -) ecau 0y < 0y,
il 2 p q
- e ! 1 i .
v =max (|| +(m,u) = |¢']- (1= =4~ ] ecruar > a,
=12 Poa

L il
X = max ((m.p‘)) - (; + ;) |;1’|) ceat iy = 03,
Tozda. npu x < 1 D" WY (R?) — Lo(R?), m.e. amwbas dynsyua f € W' (R?) useem
0Gobuennyo npouseodmyro D™ f, npunadaencawyno maacey Lo(R?). flpu oy # a2
wau 2: = EJ-}: UMEFIN MECTHO KEPRGENCIIRO
(4.1)

3
1D™ flln,crey < W' Man okl +a2) S D™ fllr, (ray + W~ * (Bl n b + b))\ f 1,03,

=1
2de nocmoxnnme ay.a2.b;. by ne sa6ucam om f u h, a by, by ne sasucam maxoice om

g, a h - npouacoavimil nosoHcuMEALHNIE NATHLMEMP.

Hoxasamenvcrnso. Tlyers a; < ag. Toraa s cnay npeactanpnienya (3.3) naeem

g &
(4.2) D™ fu(z) = D™ f.(x) = 2/@/0““0)0"‘6.”(! p—
b o B g
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HHTEPAALHOE NPEACTABIEHME W TEOPEME BJIOXEHUA

B upapoit yact¥ ZaHHOIO NPEACTABICHHH, LPHMEHsst HepaseucTro FOura. noyuum:

D™ £, ~ D™ Ly, ey SZ/dV |

“D"‘(‘,,t u]

L (N7 L.(/)

mrl-}-t-l

OiteHnm "D"'G. " & u)" A Hcnoasaya vepasescrso (1.5) noayuaem
()

[pGiscm], . sv 5D 01 4 )

L. (R
.
[ dt dts
(l +uN ""'f""" -HN“))
Mocae npeobpasosaknst f = v# 7, VIUTBIBAR AeMMy 1.2, posyums

?|

- q ) i
In cl,‘ ”)L '.:h“"‘(-.““ (agllow] +0g) € v aglInv +0;)
L (H")

[MoacTabass moayUenHyo ouenky B (4.2) nveen

3
(43) “Dmfh o Dmft".(.'(R") -3 hl-x(“l“nhl + uz)z “D"J"‘“L (R?)
y=1 4

Te npn h = 0 D™, dbymamentaasna 8 L(#?). Ho no acmme 2.2 f, » f b

L,(R?) (1 € p < x) upu ¢ = 0. O1crona. u n3 uasectHoro ceoficTea obobiuicHHOR

upoxasoaxoft 1o Coboneny {em. nemma (.2 paborel |8]) moayunm. 9To cyiuecTyer

o6obwennas nponasoanas D' f € L (R?) n |D™ f - D’"fglilwm,, — 0 npu € — 0.
Orcrona, w ¥3 Hepasencrsa {4.3) nmeen

"Dmf”]_ (R1) = "Dmfn‘-"‘_ J(R?) + "Dmf D™ fhﬂl_'(m;

Ly(n?)

S ID™ full, gy + ' X |l ] s |o= 1]
j=1

Ouennm renepn "Dmf""l.,(n’)' IMpumensts MHTeIPAIBHLE NpecTabienye 2.1, csodl-

ctio dyHkiwn Golt: v) (e nemmy 1.1) u uepasencrso FOHra. imeent:

"Dmfh“L.(m) < C"f"[.,,(m] "GO(, ")"
39
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I A. KAPATIETAIH

Tak kaKk a1 < agz, 10 b cuay HepasencrTsa (1.3) uMees, uTO

mt,n‘(lu‘l-i-(m,p'))

LID'"G(,(-.H)“ <cv ® (by|Inv| + ba)-
L.R?)
.
/ dt \di;
- Na) Na "
i (I+u O =+t{‘”’))
[Moc:ie upeobpazopanus t = 4""’7;. it vuuTwbas. uto N8 - u? = N, (No:p®) = N
RO YHHM!
-m NSl +L‘l
W™ fully ey < R PAm AT (a1 In B + ba):
:
dn dy
/ = ]v v | W, r-
l+ u dd Vi +(~‘))

Tak KAK [OCAEIHHI MHTEIPAT CXONHMTCA (CM. NeMMY 1.2) nmeem:

"Dmfh"),q(mw < Cah™(by| Inv| + by) “f”[_,,(m) .
Teopema 4.1 10Ka3AHA. O
Sameuanne 4.1. 1) B nepeaencmee (4.1) rosopumusecxuti MHONCUMECAD NORGAKX-

EIMCH MOABKD 6 MOM cayuae. x02du 6 Popmyase (1.8) nogeasemer ciaazaemoe, On

KOomopozo '-'—i— = Y B dpyzur cAyMGRT NOCTMOANKBE d) % b) MONCHO 8IATIL WYAA-

'R g

MU.
2) B cayae ay = a3, ecau maxwce 6 dopmyae (1.8) ecinv manoe caazaemoc,

1 4
das xomopozo f:: . = 4 mo 6 nepaRencmee (4. 1) NOABARNMOR MHOICUTREAN TRUNI

(a1(Inh)?)+az|Inh|+a3) 6 nepsom caazaesom u (by (I h)? +bz| In h|+bs) 0o emopom

CAQ2ALMOM.
3) B nepasencmee (§.1) npu BLS = B nog0aenuu 202apupMUNECKROZ0 MHOHCT-

ri 01 ra
MEAR €CTRECTNGEHNO KAX NONAHCE™ medym.quﬂ NPUMED.

ITpumep 4.1. ITyems f{r),2;) = ¢ ('”' ) (u :’z) (st ag®)®
2da [ € 8, u, credosamenvro. f € WH(R?). Hneem

, (X1 # 3. To-

| s
('[(D“'nf(ll.xz))zdx,dx, ~C.VTT5L'J In v,
\ 4 L‘;J
j(f(-’rlsx'z)) d-?]d.l‘)) ~C v < x
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HHTETPAMBHOE NPEACTABJIEHNUE U TEOPEMBI BIAOYKEHWUA

4
i ('/' (D"'I‘n.mz))’dxldm,\] ~Coy O3 1) |
=1 ]

u 028 oyenxu D' f wepes f u D f weobroduso s npaacti vacmu nepueencmaa {(4.1)

dobasumy Aozapudmunecxul MuodcumMers.
OTcroan MOXHO IIOAYHHTD BIOKEHHS D"W'" (R?) < C(R?), a unenno:

Teopema 4.2. flyernv 1 € p < oo; mo= (m);mg) - myavmuundexc. Oboaravum

wepea

:u?’g (Iu|i+(m,p")) —|p2|- (1——'1.), npu ay < (g,

\ = { max ('] + (m.t)) — || - (1 - ’l') y npu oy > as.
. p‘ -
{2.‘1.); (Lp-l + (m, p'\) : npe ay = a;,.

Tozoa, ecau )y < Y, me D™ W’"(Rz) 3 C(R?) m.e. das ambozo f € W:’(R’) npows-

sodnax D™ f nowmu eciody nenpepwana 6 R? u wmeem mecmo wepagencmeo
3

sup |D™ f(x)] < A'"X(ay|Inb| + a3) Z ||D"‘||L,(m) + A% by b + ba)[| £l 2, ¢ pa
reR?

i=1

Hoxasameavcmeo. [Mpumensns nepasenctso (4.3) npu ¢ = 50 nueeM. 4T0 PYHKLIA
D™ f, dyusanenranuiu B Log(R?) 4. cregovareisuo. cxomves Kk D™ [ Tlo rak kak
byuknun D™ f, nenpepwiBab, To exomumocTs Lo (R%) coBnanser ¢ parnoreproit
CXOUUMOCTLIO §1 Hpeachstan GyHkunn D™ f neupepuuna. Tax kax D™ f oupeaesicha
AHMIB € TOMHOCTBK) U0 IKBIABANEHTHOCTH. TO B TEOPEME Ha CAMOM 1€1€ YIBCPXIA-
€TCs1 HENPePhIBHOCTh 1IPOMIBOANONH ncxoaHolt dynkunn no'rry sewony. Teopema 4.2

JOKAJATIA. O

Abstract. In this paper we obtain appropriate integral representations for functions
from Sobolev multianisotrapic spaces, and apply them to obtain embedding theorcis

for these spaces.
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O BE3VYCJIOBHON BA3UCHOCTHU B H!(R) CUCTEMBI
®YHKLUNA ©PAHKJIMBEA C RYJIEBHIMUA CPEJAHUMM

K. A. KEPAI1

Epesanckuit rocyaape raennnil yaupepesrer'
E-mail:  kerenkeryen@yahoo.com

AHHOTALMA. Onpeleasera obuan cicrema GpAHKIRHA HA 1T € Hy7ICEbIM Cpet-
1CHM, HIOPMKICHHAA JonveriMof rocienosateasnoctsier T. HaftgeHo Heolxoasn-
MUOC ® IOCTATOMHDE yciionile na T MTPH KOTODOM CONTRETCTBYIOILEY CHCTEMA HB-
AneTc Gesycaoprmm Gasucom n H1(R),

MSC2010 number: 42C10: 46E30.
Kumouennte caosa: cucrena®pankanna; feaycsonnet 6aauc: npocrpancteo H' (1),

1. BBEAEHUE

B 3Toil craThe Heeae (YI0TCH CBONCTBA OPTOHOPMATLRON CILIARI CHETEMBI BTUPOIO
HOPSLIKA € NPOHIBO/IbHBIMH y3,18MH. ClHCTEMATHYECKME HCCIEAOBAHUH TAKHX CHCTeN
nauasioch ¢ pabor 3. "Inceanckoro [2], [3] o knaccuueckoit cucrene Ppankaava. koro-
Pas MBIHETCH OPTOHOPMAJILHON CHCTEMOF KYFOUHO- IMHEAHKIX HelPEPbisHaix (PYHK
il ¢ anagnueckdmn yasann. B 1975 r C. B. Boukapesbint {1] 6bL1a gokazana Ges-
ycnonnas 6aaucHocTs Kaaccuueckoit cierenmnt Opankanna g L0, 1], w1 < p < x.
& s 19821, 1. Bofrrmintuk |19] aoxasna Gesycnosnyio 6a3ucHOCTb 3100 CHOTEMB B
H'[0,1].

Pacn].w("rpmwllm' FIMX PE3VILTATOB LN HPOHIBOALIUN NOCIEAOBATEIILHOCTH Y3~
1108, 1.€ JLits1 obuleft cucremun Opankana, vauanocs ¢ pabor [4]. (8. B [9| ' T Tesop-
Kan 0 A, Kanonr yokasasiy, o ofinas cucreva PpasrianHa sbsiercs 6e3yc 105H LM
6asucom B LP[0, 1], ansn 1 < p < oc. HMmu rakske ObLTIl IO/ TV'IEHB POCThIE TEOMET-
phrieckKuie Xl‘lpﬂ.K'l'CpH'Jﬂu"H HOGHCADHAL €ABHOCTH YWI0B. AAH KOTOPLIX (OO HCTCIHY-
onas obnan cuctema PpaHkIuHa spasiercs G6a3ncom 1 6e3ycaorHbIM GasHCON B
HY0,1] (e, [10)). 1py g0Kasateaserse YTHX PEayAbTaTOB BRKHYK POl ChIrpasii
XAPAKTEPHCTHIECKHE HINTEPBAIh CBsAANHBIE ¢ KK 0N ofinelt dynkwieli PpaHkin-

na.

Wecnnnonanns asmonnin npu ¢unancornfl noagepxkxe TIKH MO PA p pasmxkax nayuioro
ipoexTa 13- LA006
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K. A. KEPAH

B pabore [12] 611 vpeien ananor obuweil cuctemal GPaHKnHA HA AefCTBUTE/ILHO
OCH € uyACBRIMI epeatimu. Tan Gblila MO/y'CHA ICOMCTPI'ECKAR XapAKTCPHIALUM
HOC/I6.10BATE/IBHOCTCH Y3N0B, AiAsl KOTOPBIX COOTBETCTHYIOINAN cHcTena PpaHKiMHa
Ha R ¢ Hy:;IeBbIM CPeJHHM sipisiceres Baancon B IT'(R). 1aao OTMCTHTH, 1O 1A
XBPAKTEDIIAIMsL He SIR/IeTCH AHAJIONOM TOM, 11oNVHeHHOR HA oTpe3ke {0,1] B |10].

OcHOBHOM LenBIo 3T0fl PAGOTH! HBAKETCH XaPAKTEDPHIALNS [I0CICA0BATE bHOC el
Y3108 251 KOTOPBIX cOOTBeTCTBYIOmas obulas ciucrema Opanxanna Ha R ¢ HysteBbiAL
CpeanMMH spaneles GeaycioBiuM 6aducom B HY(R).

MarepHa! opraHi30BaH C/CIYIOWHM 06pa30M. Bo propom naparpade upineie-
Hhi HCOGXUOIMBIC ONPELEICHU H (DOPMY/IMPOHKA OCHOBHOIO pe3yibrata. B rperbem
naparpade 10Kasankl Hexkoropsle cpoficTsa dynximfi Ppankrana Ha R ¢ HysneBbin
cpearnm. 3 uerveproa uaparpade uecieayeres 1IaAKoCTb MyAbTHILIHKATUPOB JAep
Jupicie. A n nocneien nsTos naparpage UpLBesieNo A0KalaTeNbCTBO OCHOBIOro

Pe3YALTATA.

2. HEKOTOPKIE OMNPEAEIEHUA H ®OPMY/IMPOBKA OCCHOBHOI'O PE3YJ/IBTATA

Onpeacncuue 2.1. [Tocaedosameavrorme (pasbucnue) T = (t, : n > 0) nazonesm

donycmusmott va R, ecau T gcrody naomnuo 6 R u xaxcdas mouxe L € R scmpevaemer

8 T ne Goree s odun pad.

[lvers T = (t,, : n 2 0) gonycrumas nocieaosaTensHocTs. Jdas n 2> 2 oBo3na-
unm T, = (f, - 0 < 7 < n + 1). Jonyerus 7, noayuaercs m3 T, HevOriBaiouied
OCPCCTANOBKOR: Ty, = (7, ; : 7,y < Ty,i41,0 < i € 1), 7, = Ty,. Toraa yepes 82 abo-
3HAMIIM UPOCTPAHCTBO PYHKUMI C HVIIEBRIM CPEJHMM, KOTOPBI® HellpephlbHEl Ha R,
JSHCAHRI HA [Ty, 5. T i+1] M pRBHAI Hy10 BHE (T),.0. Ty nt1)- SCHO, WO dimS,‘: =n-1
n S,_, C 82 CicnoeaTennHo, CYINECTBYET CTMHCTBERHAN {c ToTHOCTHIO N0 3HAa-
xa) ynkuus F,, € S, kotopas oproronasna SO, u [|F,llz = 1. Dry dymamo
Hasosem n-oft pyHknveli Ppank inHa ¢ HYJI€BbIM CpeAHHM Ha R, cooTvercreyougefi

pa:sbuenuio T,

Onpeaenenue 2.2, Cucmema dyinyuii Pparxauna ¢ nyaeovmu cpedrumu (Fu(t))ny2
coomermemey0uyts pusbuciuo T onpedcasemer caedyouium ofpasos; dir n 2 2

dymxyun Fo(t) ecmo n-as dipcyus Opanxauna ¢ nyseavum cpedrim, COOMEEMEmay-
otan pasbuenuio T,
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O BE3YCJIOBHOR BAIUCHOCTY B #1'(R) CUCTEMBI ®VHKIMA

[Tpu nccneaosannm o6mwed cucremu OpaHkinMHA Ha [0, 1] Baokuyi0 poms CRIrpajn
NOHATHA PCTYIAPHOCTM NOCACAOBATCALHOCTH T. FITH MOHATHA HaM HVKIA TAKMK:

HPK W3y'cHuA CHCTeMbl Dpankinna va R. Beenem rountus pervisipsocred na R

Onpeaenenne 2.3. Honycmumas nocaedogamesvrocmn T nesusnemes cuavho pe-

2ysapnod na I ¢ napamempom v, ecau 0as ecex n > 2.

p AL
-1 S;—:'g'y, dar ecex 1= 1,,..n.
.
u
3 AN an n
(2.1) IH -'ﬁ >771 ’-n ,‘"+l )’T }.

ATHAD + ..+ A

adecv u danee Al' =T,,, — T .

X+ N5+ Ay

Onpenenenne 2.4. Jonycmumas nocaedosamesvriocmns T nasmeaemca pezyinpmoii

no napam na R ¢ napamempom 7, ecau daa ecex n > 2 umeem mecmo (2.1) u

n +Aﬂ
‘7_15—3——*" i+ <~ dagarer i=12 .. .n-1\.

A+ AN

1+1 f

OcHoBHBIM pe3ynbTaTom [12] HBAsieTcH CACAYIOMAN XAPAKTEPH3ALMN 110C/ 161018

‘resibHOCTell, Ui KOTOpbIX cucveMa (Fy,) asasercs 6asucom v H'(R).

Teopema 2.1 ([12]). Hycmo T donycmumanr nocaedosamesvrocms u (Fn(t))2, co-
omaemcmaeyouar cucmema Pyrxyull Ppanxauna ¢ nyacobistu cpeoruatu. Tozda dax
1moeo, uwmobn cucmema (Fn(t))S, 6vua fasucam 6 H'(R) neobrodumo u docma-
mouno, ymobw nocaedogamenvnocms T bvna clavno pezyrapnot no napom Ha R ¢

HEXOMOPBAL NADAMEMPOM 7.

B sto#t pafioTe HaMi NIONY IeHA XaPAKTePHSAILISI TOCAeACBATEALHOCTE, 11 KOTO-
puix cherema (F, ) anasierca Geaycaosuum 6asucom b 1 (R). OcHoBHuim peayibTaros

ITOR CTATHN HBJISETCH CHEAYIONIEe YTBEPHIEHIIE.

Teopema 2.2. ITycmv T donycmuman nocaedossmeavrocms u (F,(1))an, coom-
serncmeyougan cucmema Ppoyul Gpansauna ¢ wyaesvmu cpednumu. Tocda dax
mozo, wmobn cucmema (Fo(1))2, fnna besycaosnmm basucom 6 H'(R) neobirodu-
A0 u doctnamonno, smobn nociedosamesvrocmy T Gound cuadvko pezyanprod va R

€ HEXOTNOPHAY NAPUMEIMPOM 7).

OrMmerHM, 'ITO JOKAIATENLCTBA BeaycnorHOH BA3HCHOCTN B IEACTBHTEILHOM NPO-
crpancree Xapax obuedd encremnl @panksna wa [0, 1] 8 [10], a rakxe opranopmadie-
HOM CHETeMRI CHIIAAHOB BHICIIIEIO TIOPHIKA b [11] OCHOBLIBAIOTCA HA IKBHBA/IEHTHOCTH
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CaeaVIOMX erhpex veaouull. Yrobn cPopMYAHPOBATL ITH YCNOBHM. JaUHM Heob-
xomnbie onpeteacaus. [Ivers ( fu)azo 06wmasn cucrema Gpankanna Ha {0, 1] coorser-
CTBYIOMAS AOIYCTHMORA 110¢.1€10BATEIRHOCTH. 151 10C/1€J0BATEALHOCTH KO diim-

eHTOB (@1,)n>0 1OJIOXKHM

173

n S:= sup ia,.[,.

m>0 nel !

~
P = Zu,':[:'

nmy

Jdas f € L'[0,1] obo3nauny cpes Pf u Sf dpyuknuu P n § coorsercrayonyic
oc ne10sATe.ThHOCTH Ko3dihwiwmenTos a,, = (f, f,). B pa6ore [10| 60 nokazaHo
IKBHBAIEHTHOCT CIEAVIOMMX VCAOBHA 13 CHIBHO Pery.TSPHBIX 1OCACI0BATCALNO-

crefl:

(A) PeL'0.1].

(B) Paa 0 ,,a. fu Ocayeaobno exoqmrea n L0 1],

(C) S € L'o.1)].

(D) Cvutectnyver dyakimst f € H'[0.1] vakas. uro a, = (f, fn)-

B namem cavuae, e w1 cncremel QPAHKIMHA ¢ HYNEBBIM CPESHHM, AHAIOIH
Beex HauIMKUA goxaansie s pabure [10] Moo noayunts, Kpome Gurth Moxer
umiankannn (C) = (D). TpoGrena a TOM, 4TO NPH QOKAIATEALCTBE HAMITHKAIHH
(Y = (D) ncnoipsyeres creayiomee Baxioe csolicrvo dynkumit ®paskinia Ha
[0. 1]. koTopoe. BooGine rorOpsI. He BepHO A3 byHKuuit PpaHKINHA ¢ HYJIEBRIM Cpen-
Hit. Oupeacacnne dynkuun Qpunramna Ha [0,1] aHENOIHYHO ONPEACICHIIO JaH-
HOMY BBiUC (hyHRIMn (DPAHK/MHA ¢ HYJICBBIM CPCAHHM. ¢ TOH pasHuuef, 4To co-
OTBETCTHYIOUME POCTPALICTBA KYCOYHO-. MIIefilblX (DYHKImMA MOTYT HMCThL CPe;lHHC
oraurnuie o1 vyl Tloaromy 1o onpe ieaenio kkaan GyHkimn Gpasicimul oprom -
HAILHA BCEM TAKAM KVCOTIHO- 1MHEIIMLIM, HEIDePRIBHLIM (DYHKIUIHM. FITO HEAbIH CKi-
38Tk 0 hyHKIMI OPAHKHA € HYIEBHIM CPEAHHM (B ITOM CiIyuae KVCOUMHU-MIteftible
DVHKUMH 1O/DKHI TAKIKE HMETD HY/ICHYI0 CPCUIIO0).

B nactosueR pabore. BMCCTO FIKDUBATICHTIIOCTH STHX YOTRIpEX YCJIoDKt Mbl AOKA-

IBIBACM 1LALKOCTE MYILTHILIMKATODOB Haep Jdupuxie obwelt cucremb PpankinHa
Ha R ¢ Hyqcsbivm cpeanumu. Takodl 104%03 6bL upuMeHen Takxe b [16).
Yesiosunics B HeKoTopbix obo3nacHinx. Uepes ¢. C. Cy,C,, .... oboanaalTCR 110
CTOAHHBIC 38BUCAINE TOIBKO OT CHOMX HHLAEKCOB. SHAMEHMS! ITHX [OCTOAHHKBIX B ii-
Hbix BopMyIax MoryT 6biTh pasnsiam. Janny orpeska ] oBoanatmm uepea |7
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0 BEIYCNOBHOW BABUCHOCTH B ' (R) CUCTEMI OVHKIIUHN

Samuen a ~ b, a £ b. a 2 b o3aua0T, 4TO CYMICETBYIOT DOAOKMTCALDLIC HUCTO-
aunsic ¢ u C, rakucuroc-a €< b < C a,a < C.b, a > c-bcooTBETCTBONHO. & 3AIUCH
a~y b aSyb, a2, bo3HauAOT. YTO ITH LIOCTONHMHBIE MOLYT 3RBHCETH OT 5.

Yepes 14(z) 060aHAUNM XAPRKTEPHCTHUECKYH) §YHKIMK MHOXECTEA A,

3. [IPEABAPHUTEIBHBLIE HABHAYIEHHUA U BCIIOMOIrATE/BHBIE YTBEPXKJIEHNA

B aromM naparpade Mb1 HOJAY UMM OUCHKH 215 06pAaTHOR MaTPRIb! ['PAMA CHCTEM
B-cuiafition, orky/ia noayunm onenkn Gynxuun OpalkavHa ¢ HyIensN HHTeIDA-
AOM. A TaKKe AANMM OIPEJLNEHHE LPOCTPANCTBA XapAH H yKAAKeM Ha croficrso
JAAKOCTH HAPA. 1IPH KOTOPLIM COOTBCTCTRYIOIMA HHTErPaIbLHLI onepartop Byaer

orpanmennsin u3 H'(R) 8 H'(R).

3.1. Hekoropste cpolicTea B-crinaltnos u matpuusi Ipama. [Tycrs T pasfiue
rue gehcronrensRofiocn T = (T, ) < ... < 74 < ... < Tyyyg), Tac in, > —1
Hepes A, oGo3Hauus Ay oTpeska [r,-).7) A —m < i< n+1 auwepes N,
(-=m —1< i< n+ 1) obosHauny B-crmaiiub coorsercrsyommue T. e,
{ l.xorna t= T

Ni(t) = Z O.xoran t€(-oo.n 1 |U[R4.2¢). it -m<t<n

AvHCAHA HA [T, 1) v (7, T,

u
l.korua t="T_m-_1. { 1,k0r08 = 7Tny;.
Noju-tl) =< O.xoria { € |[Tu1.T=m)y Nugai{t) =< 0,x0raa8 ! € (7. ruyil,
auactiHa 1a {7,017l amHeitHa Ha |7, Thg ).

Marpuiy Fpama cucremst (N0, oBoaianuy nepea G, me. G = (NN oL

vae {f,g9) = [, f(x)g(r)dz. a oBpatnyio- G 1 (01,1 = — - Oennawo. To C11CTEMA

(N}):;__,,l, QrpeAeenIas C:1eAy ImUM oGPaIonM

(3.1) Ny =3 a,N.

i=—m
Guop roronaasna cuereme (V)L
s At A, &
TTPHABIMMA BRIHCACHIAMIT MOXHQ 01y anTh, o (N,  N;) = == (N, N ) =
i%—'. u (Ni. Nj) = 0. upn |e = j| > 1. Careponarensho, kuspduumenibn a;; viaosice

TBODMIOT CJ1€AYIOILHM VDABHEHHMNM:

(32)  Naij1+2(A +A41)8, + Ajsitije =60, aam -m<ijsn

ONPeNeNHB i _;n—1 = M1 = 0.
Ham nonanobsires cueayone coolcina xoxpduuvenros a, .
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Yreepxaenne 3.1. fJax awobwua @ u j umeom Mecmo CAeQYIOULE COOMHOULENILK

(3.3) 3<aihi+rn) sS4

(3.4) ai, = (-1)*ai5i;
[ laus| 2 2|ai 41l 7214,
3.5) 1 lais! 2 2aiy-al, 7S¢
Boave moeo
e { (2+ 3322 lewsnl S lousl € (24235 ) losgual, 52
14 %%k )Ia,J t| € [aiy] € (24‘2“‘_‘) laig=il. 754

J

1

[ai ] < 4q’"'——-——-. 20c 7 2 1,
(3.7) ] \ gt
“ 2, <4 —————. dej <1
l F 'JI =44 /\j+...+)(,'+1' 3 adi
du g = % n
4 1
(3.8)

'“l L E T v
: 20031 max(A, 4+ Ay Ay + Ayga)

Hoxasarenncrso. 3ameTud, 90 |2, p -1| 2 2|@;n| B Gin-1 810 < 0 {cM. (3.2)).
Orkyaa muorokparuws wenonwsopaises pasencrsa (3.2) noayunm, wro fa;,| 2
2a 41l w @541 -, <0308 § > 1. AHAJIOTHYLO MOKHO JOKA3ATEH, 4TO, |a, ;| 2
2a, ;). e, a; <014 7 < i Hepasencrsa (3.5) sokasauw. Cossmewuag pui-
weckasaboe ¢ (3.2) noryunm. 970 @5 ; > 0, cneJoeatensHo nmeer mecto (3.4), 6onee

TOU. UMCCM
2()‘1 + A1), 26 = )\iai.u‘l ar 2(A| i '\i+l)al.:’ + /\|+la|.i+1 P4 g(’\l ot Al+l)al'~"‘

Hrak. nepasescrso (3.3) raxoxe gokadano. Hepasencrsa (3.6) sisiasiorcs cacactBuens
(3.2), (3.4) 1 (3.5). a (3.8) srrexaer 13 (3.3) u (3.5).
10661 ya0croBepIrTbest B cipaseasmbocn (3.7). 3ameTns, uTo aum § 2 i, ua (3.6)

i (3.3) umeenm

2 A 2\? A A
s d B (2 e
! 3 l\) + t\,ql |a ¥ ‘l - 3 (A <+ AJ.,.])(AJ—]_ + AJ)'G‘J :'

(g)}-n AjA-1 Ais1 lacs <
3 A+ 20000 1+ X)) - (e + Aiga) Gl S

4qj_i . A|+] '..-'AJ‘
s+ 2e) s + Aes2) OG5+ 205 + A1)
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0 BE3YCNAOBHOW BABHUCHOCTH B #1'(R) CUCTEMBI ®VHKIIMN

orKyud ACliojib3ys HEPABEHCIBO

(A Arn)higr F Aig2) oo (Ao + 250 +A541) 2 (A4 A0 e )y
(4s1€H Ak - Aygt - .. Ay IONYYAPTCH YMHOXAx BTOPhIE CJIArAeMble ePBhIX k — i ckobok

¢ NEPYBIMH CJIAIAEMBIMA OCTRJILHBIX CKOGOK) 1I0My4HM nepeoe Hepavexcrso B (3.7).

Bropoc HepaBeHcTBO B (3.7) T0Ka3LIBAETCA AHATIOTHYHO.

Yreepxkaeuue 3.2, MTycmv | < p < +. Tozda

" lfp
39) {| Y aN,| ~ ( Yl A+ A00)] = (a,(,\,-.\,,,,:)"

T

j==-m = \J=-m (4
u
(3.10) :
:
n " e -
Z: a,-N; v z |ajlp(1\j+xj+1)l-p\ = (ﬂj(/\,‘-i—»\j-l-l)l/pd) = l
==t ! Jm—tn / I=="er

Heparencrso (3.9) snanercen Jlemmon 4.2 ua |7], raasa 5, koropoe rosoput o LP
craluibHocTd B-cilaadinos, u Hepasedcrso (3.10) spirekaer M3 IJHAMEHITOIO Pe3V.ib-
tara A. IUagpuna |17| o runorese ae Boopa (n1s BaiBoaa HepaseHcTsa (3.10) ua

Jroro pesyasrara cm. |5)).

3.2. Onenku drynkuuu ®pankmmna. Iycre T paaboenne seAcisuTe.IbHOA ocH:
T=(T_m—1 €...<W<...< Tppi). rae mn 2 -1, aT noayusercs us T urbpa-
ChiBaHHEM To. Yepes (:\.f.. -m <t < n— 1) oboznaunum B-cuiaRibl COOTBETCTBYIOMHE
T. Cosm Mexay ¢ynkumnnm N, n N; cnenylomas:
[ Ni(t). s ~-m<iS -2,

Noa(t) + ;?:-,I“:No(t), am i= -1,

(3.11) Ni(t) =
Ni(t) + Ir;:Nn(t‘). ana 1=0,

T

Nis1(t), am 1<€i<n—-1.
‘Uepea M,(t) oboanauum dynrxunu Ni(t) n L' nopmuposke, a

Bi(t) = Mi(t) - M,_1(t), rne —m+1<1<n.

O6o3snatm A = [r_,n-1, Tus41]- [TpocTpanCTBO KycOuHO-NIHEARBIX ¢ yRianM 43 T
M HeupepupHmX YHKIMA C HYIeBRIME CPeaHiMH, ofpamalmuecs B HOAb BHe A =
[T-en— 1. Tns1] 0BOINAUMM yepes SO.
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AnaiiotnyHo olpeseNsorcs hbyHKIHH _ﬂ‘,. B. H LIPOCTPAHCTRO SY. dan TOLO, YT0-
66 onpeacTMTE DYHKIUNO OPTOTOHATBHYIO K S0 UPHHALICAKAIYIO IpocTpancTey S¢
¢ L? sopmo#n passoii 1. onpeaem HyaxnuMIo p € SV=wpan{B;: —-m+1<i< n},

KOTOPasn OpPToOIVHAILHA S'"( Oyrruio ¢ Gy,ueM HCKATD B CACAYIOILEM HHAC

~

Q= E 0y \';.

J=-m

rac cucrenma (N*)7, . 6uoproronambna K (N))] . (em. (3.1)).
A Toro, Trobs y 6bl1a OPTUTOHANBLHOMR K s° HCOOXOTUMO B TOCTATOMHO, TTOORT

(;:,E.):O, upu —m+1<i<n-—1,

1I0CICAHCe PaBHOCIIBHO HeaaBicumocTh {0, M,) ot i. Byaen cunrats, uro (p, M,) =
2. Caeaosareabho a; = 2 - [Nt = A+ A1 a7 € =2 d ¢ 2 2. O603nauas

= - — 1. w3 (3.11) noayunm ciegyioinee UpPeICTABIeHne At .
- )

(3.12) =Y (4 + 400N +a((o+MINg — ANy — MiN,).

j=-m

Myctb 1 (t) = En: (A + 241N (), va(t) = () — p1() m

j=-m
p @1 2

F=ctm fi= 0. f) = mm,

lellz” 7' Iollz llell2

fAcno. uro dyvukws F € S°, oproronatsua 8, T.c. F ato pynkims Dpankansa ¢
HyJieBbIM cpeanM. UTobki coprynuposats ouedku 1 Gynknddl f, fo Ham 1ona-
Aobatres HexoTopwie 0BO3NAUCRMA.

Crneaysn pabore I'. T. Tesopxsiva u A. Kamorr [9] mm xawaor dynkouu 6yaem
ACCOLMHPOBATE KAHCHUYeCKUE uHrepBan J caeyyowmns obpasom. Tlycrs I* ecrb ita-
MKDATYaAWUE w3 unTepBaiIoL [T_2, Tgl. [T_1, 71|, [70, 2| MIycrs I* = [1,, Tuy2]. Uepes
J obosHauus TOT M3 OrpesKos [Ty Ti41], [Tap1. Tipz], KoLOpHIR HMeer HanGo.ibutyio
JUTHHY.

lepea d{z,y) oGosnamm konuuectvo Touek M3 T = (Typ-1 < ... < Ty < ... <
Tn+1). KOTOpbIe IpuHALIeRaT [7.y|. a epes d(z) 060IHATHM KOIMHECTBO TOHEK HA
T mexay ruJ.

s orpeaka I = [z,y] wepes e(f) obosmauum min (d(T_mp—1, ), Ay, Tni1)), & ue-
pe3 d(I) obounaunss min (d(z).d(y)). TIpn 3rux 0BoIHAUEHMIIX HMEEM CAeayiouee

YipepXKaeHwve.




O REIVCJIORHON BAIMCHOCTA B #’(R) CUCTEMEd ®YHKIIKA

viecpxaenue 3.3. Oyunyun F € S° opmozonarsua s Kpose moz0 dan nocaedo-
sameavnocmy T cuavno prayaspuoi no napas wa R ¢ napamemposm 4 dan gypmyui
[1. Js pasnoocenue F 6 cymmy umerom caedyroujuc ouensu:

wps

@1 0 @IS e 8 @ - A<, i
¥

(3.14) Vel £ e ™,

G195  Ufalrolh falren)l ~ 1T w sgnfa(m) = (<1'sgnfa(r).

Ormetanm, 910 bynkuns f2 B pazioxenun F = fi + f2 nmeer nexoropuie o6mue
csofictsa ¢ obuweh dbynkunefl ®pani.mna onpeaeiestod ua [0, 1. Hanpusep, 11
obueht pynxoun Opanxana wa [0, 1) Hepasenersa Tana (3.14) Takme yiosacrso-
PHIUTCA 11 Olla TAKXKE MelldeT Cbofl JNAK ua KAXKOOM HuTepBatle MHUeRUOCTH KAK M
fa (em. (3.15)). Coorsercinyomue ceoficsa obwelt bynkumn Ppankiimpa 1okaza

uw b (9] dns zoxaaareabctsa 31oro ceofictsa. HAM NHOHAROBHTCH OIEHKS 1A @ i)
pruencroa (3.12).

Jlemma 3.1. Ilpu npunsames obosnavenuns u das nocaedosameavnorinn T cuanmo

pe2yAproti no napam na R ¢ napasempou v wmees:

(3.16) la] 2 117 Il ~elN >
Jokasatenbcreo. Clhepsa JoxaxeM Ceayouee HepaBeHCTBO

(3.17) / 2 (Aj + Apat )N ()t > 't' A, = |A|

Ryacm

ye=-m
JefteToutensno. n3
(3.18)
n
/N;(t)dc= Y (N7 N+ (N} N )+ (NS, Ngy) = 14 25mg g daer
" = ﬁ g

u J__,,,(»\, + AgarJaga = 2 fp N3(t)dt nonywons. uro

/ Z (A 4 Ay )N ()t =
R oo

- ;JA, + A1)+ —‘\;3 (l + A—'.';c.... s i“—of-'-e_... ..) +
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+1
Antl A Mgt ) \
T - P RN > E A, = A
+ 3 ( & 6 ﬂq. + ﬁ N _’- E J I ’

rae [10C.1€1Hee HEPAKEHCTRN MAIEET MECTO B CHIY (3.8).

Bocnoaw3osapmncs (3.18) 1 (3.5) moayuual, 4To
]/((Ao + AN (8) — AeNL(8) — A N_‘,(t))d!l -
R

Al An
‘T ((Ro + A1)ao.-m — dottr,—m — A1t m) + ﬁ” ((Ao + Ar)agn—

M1 — A 10)] S (Ao + M)A max(la o, wlilarnl),

OTKY.18. McHonLIVH (3.8). CHALHYIO POry:ISPHOCTL 110 lapaM Ha R uiocicousaTennHo-
ctr T n onpexeiciite yutepoaia J, monyunar

B : e (o + A )jAgintmm)
i‘/;({AO . AI}AO (t) : A"jVI (t) - /\11\‘ l(f))dt S lllill(t\_m + A-molw\n-f-l H t\n)

51 (/\u + A] )"-mn(m n £~ .”‘]" ".

Tak xak @ € §”. nosromy | p #(t)dt = 0. oKy ucnoabsyn pasencrso (3.12) smecte
¢ nacse HHM HepaseneTsoM k (3.17) noayaum (3.16).

HokazaTtenncTBo Y1aepxaenns 3.3. Cuepsa J1oKRKeM
(3.19) ll2 ~y lal(ho + Ag)Y2 ~y al|J|M/2.

3aMeTHM, YTO I CHIBLHON PeryJHpHOCTH o napaM Ha R cueayer |J| ~4 Aj + Aj41.
vae j = —1.0.1. Orxyua. nenvapdya (3.10) noayunm, 1o
(3.20)
- a , '
kel ~ ( 3O+ x| ~ 1A el ~lal { 3 s+ A0 )~ lallai.

JE= - f= -
H3 sroro, neioneayst (3.16). noayaum ouenky csepxy ansn |¢|l2

1/2

I

lwllz < lerll2 + lle2llz S+ la

‘ITo6n1 ouennte [|p|l2 cHuay paceMorpum asa cayan:
\ 1/2

/
Cayuaii 1: [a| 2 C - \IT-”H , rae nocrosHuyio C Boibepenm uyTh nodxke. Ha
’

(3.20) mueent [l@rll2 < C1|AI'2 u [allz 2 eylalld|'/?. BuGpas C > 28, Gyaen

HAIETD

lellz 2 lezllz = lleiliz 2+ lallJM2.
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1/2
Cnyuahh 2: |a| < C - (ﬁ) - M3 (3.10) n cuannoh peryastprocTd 1o napas Ha R.
LOAY 1aEN
lelZ 2 Y O+ A1) 24 14( 2 laflJ1.

~mLgyw
Je-101

dro WoJasepaer goxaanieascrso {3.19).

Icnoanaya (3.19) u (3.16), 6yaem umetn
(321) ez 2 lall1"2 25 by
[
Ha (3.10) caecayer, o ||¢) |l < 1, oTKyaa, nenoasays (3.21), nony«qun (3.13a).
Teueps oxaxen (3.13b). @yukumus fi(x) KycoHO AnHEHHAN, HUITOMY JOCTATOUHO

noka3arh (3.13h), rue z u y awasores yanaau. Uenomsays (3.1) noayuaen

n

eilme) = 3 (Y + AN = a0+ Ap0)

e J=—m

"
=2 Y a, N,-(r)dt:?/ Ny (t)dt,
n n

J==-m

OTKY/8, Bocnosib3oanuch (3.18) u (3.8), Gyaem nmers

— An+) A Antl
|¢l(7k) - WI‘")I = ay —m + n. ag.n ™ Q] —m — n| S
3 3 5 3 {

S z(qk+m + qn—k + qH-m + qu—i) S Sqe([ﬂr.‘n])

Henoapsys (3.21), n3 nocacanero nepapenetsa noayuun | fi(n) — fi(7)] <, ﬂT X
xqo([n.ﬁ])n(}l.
Teuepn aokaxesm nepascucrso (3.14). Ha (3.19) cacayer. yro
1
[f2(7i)] Sy (Ao + A1)lans| + Aolars| + Arle_z i) [
OTRyAn, ucnoasays (3.7) 0 CHALHYIO PeryJsipHOCTL NO HApAM HA R nocjejopnredns-
nHocTit T € mapaneTpon ¥ , noayuum s i > 0

q Ao+ A\
gl T < J .
|f‘( 'l)l -~ A—l +'“+Ai+] |J|J/2

H3 onpeaenenus unrepsana J useenm Ag + Ay <, |J|, cneaopaTennno wa nnuefiocTy
f2 wa [7, 4, 7], Gyaem umers s x € [1,. 1, 1)

171424 i /3 gie)
. : (T < _ . < .
|f2(-")| < max (|f2(1'.—1)|- |f)(7'l)” ~T Ar ..+ diga ~ |J] +dist(z. ])

AHANOrMYHO JTOKAALIRASTCA OLEHKA A9 T < 7p.
n3
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n+l

A.. -
+ J,(I-Q-Ao.'.,m'f ) ZAJ-IAL

J—m

re [10C.1€ IHee HEPAHEHCTRO HMeeT AlecTo B cuay (3.8).

Bocno.tbsosanmucs (3.18) a (3.5) noaywims, uto

If((»\u + AN — AoNS () —A,Nf,(t))dr‘ =

"\ - (Ao + A1 )ag —m — Aoay, - — Ay - m) + A"‘ ((Ao + Ap)ag,n—

~Ma1a — Ma 10)| € (o + M)A max(la- 1, m]; |aral).

OTKY:1a. MCnoaLIVH (3.8). CHALHYIO PETYIINPHOCTE 110 NapaM Ha R nocacuosaTehHo-
ctu 7 a1 onpeaeicitue nutepsana J, moayuna

< . i (Ao + Ay)|A[gmin(men)
| /R (0o + MING(E) = QN (O) ~ M ()] § e Bt s

g S‘r (AU + ’\l m-mngm n S'T ":'l" I].
Tak xak ¢ € §7. noaromy [nw(1)dt = 0. oTKyAA HCNO/IL3YA PABEHCTBO (3.12) smecre

¢ 1noc./e.HIM HepaseHeTsoM 1 (3.17) nomytanm (3.16).

Hokazatenbcrso Yreepxiaeuns 3.3. Ciiepea J(0OKRKeM
(3.19) lllz ~y lal(do + A1)Y/2 ~ Jall]'/2.

3aneTHM. ITO 13 CHABHON PeryIapHOcTH 10 napaM Ha R caeayer |J| ~4 Aj + Ajg1.
rae j = —1.0.1. Orkyaa. nenoassys (3.10) noiyunM, uro
(3.20)

A ) : i
lipiil2 ~ Z(A,+Aj+|)) ~1AE el ~ ol | 30 5+ 24000 ]~ lelltE.

Jm—1

J=—m
113 s1oro, nenonbays (3.16). noayaum ouenky csepxy aas |||z

el < llerllz + llpallz <y lall 172,

*ITobb! oueHats ||||2 cunay pdC(‘MDlpllM AHa CUY'IAH:

Chyuatt 1: [¢| > C . k---— , roe nocrosHuyo C suibepen yyte noaxe. Ha

(3.20) nveem (pafl2 < C1lA[Y2 ut |pallz 2 clal|J|'/2. Buibpar C > 258, 6yaem

HMeTL

ez 2 llzllz = llpsllz 2x lallJ1/2.
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L
Cnyuath 2: |a| < C - (%‘) - M2 (3.10) u cuannoh peryasipHocti 110 napan wa R,
NUJLY 1aEA]

lel32 D (A +A41) 241412 lal?1J],
-u(_,' -

IW-1.0.1
S0 1 mMBEpIIAeT qokasareascroo (3.19)

Henoawsays (3.19) u (3.16), 6yaem umers

B al .
(3.21) lellz 2 |allJ1'/? 2, ,7,.%«, s

Hs (3.10) caepyer, ro ||| < 1, orkyaa. ncuoaways (3.21), nonyams (3.13a).
Teneps oxaxem (3.13b). @yukums f{r) KycouHO AMHEAHAS, 1O5TUMY SOCTATOMHO

Aoxasats (3.13b), rie x u y svawiores yanamu. Wenoasays (3.1) noiy aen

wilm) = 30 (AN = (A + )

Jj—-m yr—m
L]
=2y ak_,/ N;(tydt = 2] N3 (t)de,
F=—m nt n
OTKY8, BOCNOJIb30Babmuch (3.18) u (3.8), Gyaem nners
l;l(ﬂ-) 3 vl(n” - A;m‘ak -m T A’H’lﬂk n— ,\_mﬂl -m = '_\n_'H‘“ wl o
" M 3 - 3 3 F

< z(qh«hu +qn—k +ql+m + qu—l) < sqt([ﬂ.ﬁ])

Henonpsyn (3.21). 13 nocacauero uepasenctsa noayunn | fi(n) — fi(n)] =- x

xq({['rk.ﬂ])-{-e(.l] :

Tencpn zokaxen nepasencrso (3.14). Ha (3.19) caeayer. yro

1
[ 207l S+ (Ao + A1)|an.i]| + Xolayi| + Ar]e—y.]) o

orKysa, ucuoib3ya (3.7) i CHABHYIO PeryJMsPHOCTS Mo napaM Ha R uocitenosnrens-

HOCcTIt T ¢ napaneTpoM Y . noayyum a5 1 2> 0

q‘ 4\0 +Al
'.,:(r'A- ~Y A_| + + ,\'.. ,-’F"‘

3 onpenenenns unteppana J mmeest Ap + Ay <, |J|, caegopatensno ui anneftinocTh
f2 na 7, . 7], 6yzem nmers m x € [1,1. 7]

A L1724 M AgAs)
[fa(x)| Sma-“(lf?(fi—l)!vlfz(fi)l) N TR AR 3 |J] + dist(z.J)

AHAOTHYHO JOKAILIRAELTCH OLEHKA 1A T < Tg.
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3anernn, wro u3 (3.4) creayer sgnfa(ri) = (—1)'sgnfz(70), # wrobm ROKARNTH
(3.15) Ham ocTacres y6eauThes, uto (eM. (3.19)) |waln)l. [e2(re1)| 24 [a]. Bea orpa-
HIlYe1MA OGINOCTH MOXKEM CHMTATDL, UTO An 2 Aj.

M3 (3.4) nmeent [@a(n)| 2 [a] - (Ao + At)laos| + Aoler i), oTxyaa, nenoumays (3.3),
nonvuum |yw2(70)| 2 lal - (Ao + Ar)lasol 2 3lal, v fpa(m)] 2 la] - Aalayra| 2 (g +
Mlars] 25 la]- (A +A2)laya| 2 |al. a vaxoxe, upusnsas Bo suuManne, 4ro (cm.(3.6))

-~

4(da + A 1)ag 1] > 20800 2 (Ao + Ar)aoe 2 3, nonyuum
[p2(r-1)| 2 la] - (A0 + Ar)lao, 1| 2y lal(Ao + A-y)la0. 1| 2 |al.
Yreepxkacune 3.3 Jokasano.

3.3. HexoTopble cBOHCTBA KAHOHHYECKHX MHTepBanoR. Ilycre T = (1,.n7 > 0)
JONYCTHAMAS 110CACI0BATebHOCTL ToveK. Hepes Ji. A, fu1. [i.2: €y iy 000388UIIM
HHTEPBA.Th, (PVHKUMIL Il BEIH'IHHB! COOTBeTcTEYIONWMe by F, u T, = (¢, : 0 <
i < n). Bonee 1010 nycrs (7,..)2 o 1noayvaetcs w3 (2,);, nepecTAHOBKON B MOPsKE

BOIPACTAILAY. T.€.
" (tha0<i<n)=(t,:0<i€<n) M To<Th1<...< Thn-

Hasn > 4w aan 0 <1 < n—1obomaunm D, , = ['r,,...‘r",H 11- 4 MIIOAKCCTRO B(exX
Dopyuepes Dore. D={D,,:0<1<n-1,n >4}
Yepea J,, 0boaHainn orpesok axnelinoeTn F,. ¥ KOTOPOLO J1eBhifi KOReN £, , KOCUA &y,
HE SHASETCH NPABBIAL KOHIOM A, B UPOTHEHOM Cay4ae "lepes J, obosiaium orpesnk
Junelinoctn Fr. y xotopuro upaesiit koHen {,. JLmnny orpeska 3, oGosHaMuM uepes
Al'l

Jlemma 3.2, MTyeme T donycmuman nocardnsameavnocms yaaos ua R cuavwo peziy-
Anpren 1 R ¢ napasemnpon sy, o (F, n 2 2) coomeememeyouan cucmema dynxyot
DPpanxauma ¢ nyseevmu cpednusu, Jax guncuposarnoeo uninepsaae A = Dy, u
duwn, uk >0 nasowcum N(A k) = {n 2 0 Fy aunciing na A u dp(d) = k).
Toada

[Jn
< I
2 T+ s ey S kL

nENLA A

Jlemma 3.3. Mycmo T donyeniuman nocacdosamesnnocmn y3ave u3 R cusnne pe-

?yaspnas na R ¢ napamemporm vy, aly, 30, D1, > . .. PAIAUNKNE URMCPAAAD U
cemeiucmaa D. Torda

oc
LR | 1
n=1

o4



O REIYCAOBHOW BATHCHOCTHU A ' (R) CUCTEMIA DYHKUUN

Jlemma 3.2 waura b3 [10] (cm. Jlemmy 3.4), a Memma 3.3 ClieSYeT W3 TOro. 4TO
JA/IHHA OTPCIKOB YMCHBIIACTCA KaK ICOMETPH'IECKan nporpeccun. OTMery. Yro aas
LIIOKENIIOro CeMeICTBA KBIOHUMECKMX OTPEIKOB, UECMOTPS Ui TO. YTO HEKUTOPLIM
pasanineis hyHKnM OPaskinHa HA R ¢ HYJeBRIM CPEAHNM MOXET COOTEETCTBO-
BATHL QMMM I TOT JXKe KAHOHKYECKNH HHTePBAJ, CYMAa KX JLTHH Takxke GyxeT couocTa-
BHMA CAMOMY WIMHHOMY KAHOHH'IECKOMY UHTEDHAJIY K3 3TUIO CeMeRCrBa, 4nKe ecim
AOLYCTHMA 110C/IEIOBATE/ILHOCTS He SIBJINETCA CHIILHO Pery/spHOf 110 napam Ha R |

0OHAKO, 3ACCh MLl MoxeM o0oBTn s 6ed 3Toro cyolierna.

Bamcuanuc 3.1. Mpu pasavunnz n um, unmepaans J, uJ, ne smozym cosnadams.
MTosmoaty 6 cuny Jdemmut 3.8 dax cunvno peayasprot nocaedosamenvnocmu va R ¢
nepasempor y npudy, D7, D ... D, D ... usteen

x

Z Ane S5 Any -

k=1
3.4. IIpocrpanctee Xapan H'(R). Creays Koldbyany n Beitcey (6] dbynkumo
a(¥) Ha3OBEM ¢-ATOMOM, ecau cymecThyeT oTpesok | TaKofi, 4ro

(@) suppac I, (i) [lafly < M, (i) [pa(c)de =0

Onpeaencuune 3.1. Hpocmparcmeo scer dymwuui f € L'(R), npedemaesunie o

a0
gt} |

HY4. Hopma dan f € H' onpedeacra cacdyonum obpraom:

S
sude f = T 10, Aja,. 2de a; Aeasomea g-amasamu u 3, |X)| < oc. obosnatum

a9 x
[l £l g1.e == inf IZP\,I f= Z.\,a,. 1AC @ €CTh q — ATOMbI
={) =0

Pasencmeo H'1 = H'"™® das | € g < X € IXOUBGAEHTINDLMY HOPMAMI AELACTICA

Pyndamenmanvro daxmos e meopuu npocmparcme Xapdu (cu. Teopemy A 6 (6])

Q1o M3 npeunvinecTs npeicrasnedis f/ L(R) B sMne aTOMMYECKHX Pad/ioXenni
GIWTAMO 1IPY MOCJEHOBAHKR BUIPOCOB OIPAHHYEHHOCTH onepatopos Nasibjaepona-
Suraynaa ua H'. Ouesnano, 4ro oneparop T Gyner orpanuteHnuy, ecan T orobpa-
HKaeT aToMLI B atomsl. Koftdaran i Bence 3amernuy, uTo 418 onpeieTeHloro Knacca
oneparopos T, upn scex atoMax a. dyHkuust Ta uneeT cXOKYI0 € ATOMAMK CTPYK-

TYPY, KOTOPYIO OHH Ha3BATH Moviexyaol. JaauM onpeacaeine MOJICKYabl.

Onpecacncuue 3.2. Jan dannozo £ > 0, na3oges m(r) £-MONEKyI0H dar H'(R) ¢

YCHMPOM Ty, ECAU

I/
le(x)l’dr (/.|m(1')|2|:r - .rnl'”d:r) $lu /Rm(z)d.r ={F
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SIcHO. 910 KAXCABIA 2-ATOM sBmIETCH E-MONEKYIOH i Besixoro € > 0. Boace
BAXHO. w0 ||m| 41 < ¢ 118 seex c-monekya m (cm. |6]). Cacayoummit pesyasTar [6]

CHIFPAET BANHYIO POIIb HPH JOKA3ATE1bCTBE TOOPeMbl 2.2,
Yreepxaenne 3.4. /Tyemo T : LY R) L?(R) oepanuxennwii onepamop sadammnts
T = [ K 1wy
R

Ecau danr 6cex 2-0momos a umcent Mecng PaGERCIIGO fn(Ta)(.x:)(l.r ={) u ceau cy-

wecmayem £ > 0, dar xomopoco adpo K(-,-) ydoeacmeopaem
, =T

- [N ”» ;. < C .
K1) - K&l  Opf =iz
din scex Clz — x| < | — y|. moedu daxn wexomopoti xoucmunmn ¢ npowtvedereue

c- Ta AciRemeR £-moAexyAotl OAR 6CET AMOMOG .

4. TIAAKOCTL 8IPA K,

OcHosuas uein Froro naparpaa sisiercs JOKAIATENLUTHO (IEAYIOILEIo Yy ruep-

ACIEHHA.

VYreepxaeune 4.1. [Tyemv T cuavno pezyaapras nocaedosemeavrocms Ha R ¢
napasemnpoa v, a Ky(z.y) = Yon ywnFu(2)Fu(y), 206 w € {1, 1)N. Tozda cyrue-
emeyem nocmosunne £ > U u C, maxue, ¥mo

[l

Ko(r.y) — Koz’ y)l £ Gy Jr = ylite’

dax scer (293 + Nz — 2’| <jzr -y

Beeaen cnexviomme obosnavenns

Kl,u(-'fe y) = Z;; \'-lr'ufn.l(x)fn.l (y) KZ.U(I- ?I) = :.2 “-’nfn.!(z)fn.l(y)i
Kyou(z.y) := f:: w fn l(x)fu.2(y)' Keou(z.y) = Z:—.z Wy fn2(2) fa2(y).
Boaunaem % = g < ¢; < 1. Toraa cywecroyer a > 0 rakas, 4t0 ¥® < -'l:

Ans tokazatensCrba yrsepxkieHns 4.1 HaM 110Ha206HTCH Clleayoniie JeMMmbl.

Jlemma 4.1. flycmov T cuavno pezyaspras nocacdosameavrocms ne R ¢ napamem-
pom . Tozda cyweemeyem nocmonnnas C, maxax, wmo

|z =%

|Ksw(zy) ~ Kow(@' y)l £ C, m'

danecer (Y+ )|z —-r|<lz—-y|, 1=1,2,3.
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Jlemma 4.2. ITyemu T cunvso pesyanpran nocaedosamervrocniv xe i ¢ napa.vem-

posc y. Tozda cipyecmayemn nocmoanunaa C., maras, «wmo

| g - 2’|®

Ko ulz.y) - Keola',p)] < €, =21
" - v' (L]

o acex (292 + 1)z — 2’| < |z — y].

Oresnano, ‘1o Yreepacicuue 4.1 ¢ € = o citeayer ua Jlemn 4.1 15 4.2.
Hoxazateanctno Jiemmu 4.1 ana ¢ = 1. Bea orpanitienua oBnmoctn 6y3em

CUHTATH, 4T0 7 < z' < y. Bueaem caeasyiompue 06o3itarienns:
no=min{n: A, D[z, y]}. n; =min{n 2 ng: d.(x,r)) 2 2}.
feno. o ng < my 1 3 A fua(2) = funl2)| - | fo 1(y)] = 0. OBoamarmne
I= Z (@) = faaleN - 1faa@). K = 3 (@) = faal@) - Lfoa ()
no<n<n, n>n

3anernm, yro [ (<. y) — IG o(, y)| € T + K. JucraTouno pokasaty. 4ro
J1n

(4.1) I.K %, ":'_—;ll'ﬁ;

Hartren ¢ onexi ain {. Pazoboent Muoxkeerso {n:ng < n < n;} na Jee vactn:

Ti={n:ng<n<m, eqf|r.2'}) = dulr.0,27)}.

Ty={n:nm<n<n, ez, £']) =da(2',7n.0)} -

Acno, uto I =1, + L. rae

= 3 fual@) = farl@)l - fnalw)l:
n€T,
Yepea [, » o6oama s stirepsas TmeAnocTH yuxki@n £, . KOTOpWil cogepxis To'-
Ky r . lak xax |fua(2) — faa(z)| < |z - 2 g}ax}|f’d(x)l. CAeJ0DATELIO WY
aClen
CHALION pervAApHOCTH nocaecaosarensnoctd T ua R 1 (77), (3.13). nomyminn
(42)
hg 3 e = 2 LIl cemttzalventin) < e =2 A centizaDrens)
"' T IFn.:r| |Anl2 nel) |rn -:I fa 1A,
3aneTun, 9TO HPH PUKCHPOBAHHOM €q ([2. 2°]) na cHuBHOR peryispHOCTH HOCIER08A-

TensHocTH T Ha R uneen

o in Al ~ max |Anl-
(4 3) n€Ty. l:.‘.l(|[z.::'l)==k| nl U n€T. en({z.x')—k

U S . — . o .
Heacrsureanno. upu n € Ty, eq{fz, r']) = k xoimdecrso Touex aesee = 13 T ocTa-

ercH HeuIMelnbIM (KAK 1t OLPe3OK [Tng, Ta.t]), HOTOMY WY CHALLOA pery.iapuOCLH
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nocseaosarenpuocrit T va R Gyuem uMers. uto max [An| =~y max |ty — Tho| =
min |7, — 7, 0| ~ min|Aq|. Hs (4.3) # 3ameuannn 3.1 6yacem nmers

An
n: eo(fz.27))=k < 3
min |A,| -

(4.4) 5 -
— IA"§
neTy. o lle ek

=
s cnabnol peryaspioctn nocicossreashoct T na R caeayer, uro

1~
I - ;r’I) ( ( 'Aﬂl ) e, ([x=]) 1
Z<,1lu Sy < —_—
( lrn.rl II‘.. x| qlﬂﬂx-" }]

KomGuunpyy 31M nepasetersa ¢ (4.2). {1.4) ua.1yamm

~ ¢ 3 (1] A l
< A U (II I I) n f k
hs 2, - \ el ) Baliz—ut ¥

k=1 a€T,, aulie s ink

e <alf (o
IHQZ Z |rnx|/ I‘lnl g

k=1 neT. salle2’]}=k

LEiu s fz)“ < lz=z1°
M-l = \a) T =yt

AHAJOTHYHYIO OLEIKY MOXHO MOAYYHTb B ATA [z, WTO 3ABCPIMNT AOKAIATC/ALCTBO

ouenkn (4.1) aas I. Teneps nepeflier x ouennsarmio K. Pasobrer mnoxectro {n:

n > n,;} Ha 3BC 98CTH:
S1={n:n2mn. en(lz.2']) = dnlmn o)} Sa={n:n2n, e(lr.z ]) = dp(&’, Ta s}

Acuo. uto A = Ry + K». rae
K= 3 Una(®) = funl@) - Unalodl
ﬂGSn

3 (3.12). {3.13) u emasHof peryastpHOCTH lioc 1e10BaTe sHOCTH T 1a i caenyer

~E rulle s fiee i) ,(].,,’])¢._u.)
(4.5) K 55 Z 1A Y % Z —-"'5
neES, ” we S,

3aseram. 110 upn buxcuposarHoM e,([7, 2'|) anatornano (4.4) 6yaes nmers

An
3.6 A\ A & ncs . en(ira’)=k il
L o 1&sl min |8y e

nESs|. en([r.a|)=k
Ha cuasnoii pervanprocin uocnesosarcasnocrn T na I caegyer, 4o
lJ._III |I—J' i en([r,2'])
{.__\ { P N

'\lr_ylj i \ |Anl
h8




O BEIYCJIAORBHON BAIMCHOCTH B H'(R) CHCTEME ©VIIKHIWEA

KoMBMHHDYIL 110C/Ie AHee HepaBeHCTBO ¢ {4.5), (4.6) nouyunm

I"I < i z An 1 (q)" (II"I’l)a
~" ——— e - | = e
kel neS). [Aal |z~ yl 0 Jx - |
ratie s’ ime

k. k
l‘t - Iu (l\ . II - I/1u
~’ ———
h v'll._‘\q', ~T II—‘ Il+o
AHBIIOTHIHYIO OUEIIKY MOXHO NoJy*inrh ¥ Ni8 K2, 4To 3apepristt AOK83ATEILCTRD

ouenku (1.1) uan K. Jlemma 4.1 pan i = 1 oxasans.

Hokasatenscrno Jlemmur 4.1 ans 1 = 2. Bea orpasivienns obinpiocrs 6y,1om

cuntath, uTo T < 2’ < y. fAcHo, trony < n, "Zn(m Hna(®)= fu2(2) | fna ()] = 0.

O6osHA 1NN
I= Y faal@)= fu2l)| fus(®), K = Y k) = fuala' - | fur (o)
HaS <, n2n

3amerum, uro [Ka o (x. y) — Kz..(z' y)| € 7T+ K. Jokaxenm, uro

lw o/ 10

4.7) (I

Liamem ¢ ouenkn aan 1. PasoGbes mitoxecrso {n:ng € n < np} wa ase nacrn:
Ty ={n:ng <n<ny, ex(Jn) = du(tno, minJy)},
Ta={n:ng<n<mny, e.(,) =di{maxJ,, 1ha)} .
SIemo. yro I = I, + I, rae
=Y aalz) = fu2l@) - fualw)l
neT,
Yepea [, 0boanarum vHTeppan mmeRHocTd dyHamii Fr,, KOTOpsIfi COACPHKUT TOS-

Ky z. Tak xax | fn 2(2)= fn2(2')| < |z-1'| s | ££ 2(x)|. cnesoraTeAbHO H3 cHABHON
sglxa’

peryaspuocti wociedosarcasnocrs T ua R u (3.13), (3.14), noyuun

|1 gy I ' "lil tu{du)Hd {r)
{4 R) o pa{dutida
(48 I %a Z [Tzl |Anl- (|Ja] + dist(z..]n)) ¢

Basieruns, uyro gan n € Ty upn puxcuposannnx ep(Jn) = 1, da(3) = s xoumue-
CTBO 'TOMEK C1cBA TOMKHM ¥ paBHo { + 8 uau [ — 8, OTKy18 NPHMCHASA Jdemmy 3.2 10

oraeuuocTH B obenx cnyyasx A wureppaia A = [y » noayunm

[Jnl
o | + 1
() R R e i

-y
vl Ap(riaa

[ 4
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H3 cusabHol pervisipaocti nocueaosarenbHocTit T Ha R caeqver. 900

/h-rl)‘ " 1x (10alY ¢ 1

v (el T 05d (2D S »
\ ITu.sl = . ,]) i g ta)
Kom6urnpyy i wepasedersa ¢ (4.8). (4.9) noay
R { | =2\ | Jul 1 4
I << S—‘ ' 1 ¥
3 ‘;l n,:;-: \ |runrﬂ / an""d";t(-T J") T'—‘I]I -
= B R duinims
c 15 ' 3 b= (IA"l ' |Jni ol
= -yl Z -~ \IFnsl) [Jul+dist(z. Ju) ¥
D e .7 i+a i
2, s sl ,‘,,,,,/a\ < -2
i I Ul"l‘:‘ \q.} ~ |r_"|l+n

AHATOTHMHY IO OIEHKY MOXHO UOAYyHHTs 0 118 [, TT0 JABEDIINT JOKAIATCMLCTEO
oneuky (4.7) ang . Teneps uepeiiiem x onenusammio K. Pasofuem muoxectno {n :
n 2 ny} ua ase vactu: §) = {n:n 2 ny. e, (Jn) = dn(7.0, min Jy)},
Sy={n:n>ny. en(Jo)=dy(maxJ, 1q0)} -
$lcuo, uto K = K + K. rae

= 3 fn2(@) = fa2lz)]  aa @)

nES,

M3 (3.13). (3.14). noayuum

J
4 1 k’ < ) ni 3 f"(Jn)+du(1)
(4:40) 157 2, INEAET A b

neé

|l ()t dn(z) _. ‘.
2 AT + dwt gy ! p RN

Jazu ouenxy Ui K3, no1o6sas ouexnka 6yser Takxke sepsa u ann K.

Bamerum. 410 upH dukcuposanunx €,(J, ) = {, da(x) = 5, AHANOI'HYHO HEPABCHCTBY
(4.9). 6yaem nmeThb

{Jul
an
(411) 2: o dist(r gy~ vl

tuldni=l, dp(s)=a

3 cnawnof peryiapuocty nocacaosareasuoctst T na R caenyer, uro
(I - :rl|)ﬂ . (lAn| .‘7-(1:..1J,,)+d..l3))) Y (en{Jn ) dy, (z)) > g c,,(J )+cl,.(:r)
|I — yl wl ‘Anl
Kombuunpys 310 Hepasencrsa c (4.10), (4.11) noayunm

i M1 (2} ()"
Ky < | NKi lr -+
e Z ;‘n [Jn] + dist(z, Jp) |+ = ] (fh / |z =yl

1 s=]
falty)mi, do{ajus
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_ ha ™ s . 7o
S,Mv{,““,(i g dasgl®
|z — y|t+e “:' @ =7z -yt

AHAIOTAINYI0 OHCIKY MOXKHO NOAY'INTL 11 4,1 K4, orkyan noayunm K <, .-—'—‘—-—
312 OUEHKA TAK)KE BePHa M JUin K3, YTO 3aBEPUIMT HOKA3ATENLCTBO OlEHKH (4.7) L3l

K. JIcmmMa 4.1 ans i = 2 jokasana.

Hoxazaresiberro Jlemmet 4.1 pas i = 3. Bea orpadntiedns obimHOCTH 6y.iem

CHITATh, 1T0 & < 7’ < y. $IcHO, 1Tong S Ny 1 2nicng [falZ) = fualT) fa2l) = 0.

O6oanuyuum
I= Y Unal@ = fud@ - o2l K= 3 1fui(z) = fanl@) - |fnalu)l
ny <<, _u2n|

SameruM, uro |Ka (x,y) -~ R3u(z' y)| < I + K. Jokaxen, arto
. _ -, -

(4.12) I.K <, |”L‘—"y_|1|+_~

Haunen ¢ ouenkn aus 1. Pasobbem muoxecruo {n:ng < n < n(} na ase 1acta:

Ty ={n:ng £n<ny ex([z,2']) = dn(7no, 1)},

Th={n:np S n<n, euf[,2']) = dulz’, Tun)} -

Acno.yro I =1, + I, rae

L= Una(®) - fax (@) 1 fu2()]

neT,
Yepea [, - oboanaynn murepsan giutefnocty ¢y uxiun F,,, KOTOpLl COlepxHL T04-

Ky Z. Tak kak | fo 1(2)— fua(2')] < |[z-| ZIZIN.DL] |5 1(7)]. cicaonaTeasino w3 cilbHol
re|z,x’

perynsipHocTh Nociegosarensuoct T Ha R u (3.13), (3.14), noayium

l‘ — "!I |Jnl e, ([ ) 4rn (J )4, (W)
413 Iies N g~ = )
WS 1% & T AT 00+ dtte 7))

3amerus. uto upn Gukcuposantom ey, ([x, 7']) 1 n € T) umeen

[An| ~ LIRS - 1Al

(4.14) n€Ti, enflz.a’)

min
neTy. e, ([z,2’])=k
U pnpanay, npn n € T),eq([z.2]) = k xonmgectBo Touex nepee r w3 T, ocra-
CTCH LCHIMCHLLIM (KAK M OTPC3OK [Tn,7n.1]). MOITOMY M3 CAALION PCry1apHOCTH
nocacaosurenbuocty T Ha R 6ymem mmers, 4To max|A,| ~, max|7n, ) — Teo| =
min 7,1 — Tno| ~y min|Ag|.
Basmerin, YTO NPH (PUKCHPOBAHHNX €n(Jn) = I, dn(y) = s koumuecro ywios

CNIEBA WM CHPABA OT  OCTAETCS HEMIMEHHbIM, OTKYIA lpuMeHss Jlemmy 3.2 s
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O:kadimero nntepsaia A = 1), x y naxoanwnitca B Tofl cropone oT Y. B KoTOopoil

KO IMYCCTBO ¥3I10B HU MCHRCTCH, G)’ACM HMCTDb

[ IJ“' < 1
— ; al + dist(y. Jm) 7 %

fa i dyighes

Ha cuabroil peryasiproctn nociesosarensiocrs T va R cheayer, uro

{ |z — ']\ e 25 ( [Anl ) < Jeenliz]) < 1 —
| - } | - - q;..((r.:' 1))

KomOGunupys s1i Hepasencisa ¢ (4.13). (4.15) uoayunm

h <y i b LAY £l L tiee

\ sl 7 [Ja] + dist(y. Ju) |7 — ¥

k.J.gm]l neTy. o) (e, =k
en(Fn)=t. dn(yi=a
< lr — | i: L [Aal }* |/ gt
_Y T, o l+a > Ir.. | [ + dist{y, .J.)
HI Ul kls=1 ve€T). tnllr.e =k g " Yoolu
b culdnl=l. dnip)a=
k+l4as '
- e lz —s']2
£ e § (+1)( ) S R P e
FETET z =]

AHANOrMMHYIO OUCHKY MOXHO TOAYMHTL M A7a# I, 'ITO 3ABCPIINT J0KAIATCALCTEO
onenxn (4.12) aan 1. Tenepw aoxaxem onenky aas K n3 (4.12).
Pasobues Muoxectso {n:n 2> nl} HA ,lHE YACTH:
S1={n:n2n. e,{|z.2]) = da(rn0.2)},
Sa=An : nZny. enllx, ) = daler! ;7an)}, -
fAcuo. vio A = K + Kj. tae
K=Y 1faale) = fusl@))- 2wl

neES,

Hz (3.13). (3.14). noayunm

z i'lnj i
1.16 Ky <. Y‘ : Cptallzr e i Nd.lu)_
el P L AT+ et ) !
3amertun, yro apu dukcaporannuix €,(J,) =1, d,(y) = s. anazormiuo nepapencTpy
(4.15), 6vaem umern

Il
417 Wl <
(SH Z | Jul + dist{y, Jn) ~7 SR

ng Sy
faltn)wl, dp{ylwa
M3 cunvnod peryaspnoctu nocacaonateasnocty T na R crenyer, uro

II s ',‘ o >
> ac.llza) > rulles"))
( |z - yl ) Gl - '
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Kom6unupys: a1a nepasencrsa ¢ (4.16), (4.17) nosryanm

™~ kales
S S 2 (£) (&
klam] ncTy .-“.’.;.;_‘ IJ"l + "-'St(ll Jvl) |'r R Jl \q j
Sl Fuiwl dyiyime

_ o k+i+s T
e lz-2 2 (54 1) e |2—7 E
~Y |I A '|+ﬂ ~Y q‘I._ |1+"

N e v
Alla.JlOl'lI'lHylt) OUCHKY MUMXHO “mly'l""‘b H 131 Kz. ‘1ITO ')mpu] H'T ROKANITCILC] BO

J~M/

onenku (4.12) nng K. MTemma 4.1 ann i = 3 gokasaHa.
Hoxazarenncrio Jlemmur 4.2. Bea orpannttenss vobugocrn Gydem cunrars. 4ro
z < ' < y. Beexem caeayomme 060 matienns: wepea I' = [z, 7] v np = max{n, #(T.N
) €1} Sleno. wro [Kyo(z.y) = Kooz’ )| <1+ K, vae
1= Y 1/na(®) = faa@Mina@)l K= T 1fnale) — faale sl
n<nr n>ur

Hokaxem, wro gan [ u K uMeior Mecro cieayiomue OueHKy:

b lx-2'|*
4,18 I K<, ————
G ~Y e - yltte

Haunem ¢ ouennsanus [. Yepes Iy obouuatium cAMHCTBesHME witiepsn ¢ yuimmu
w3 T, comepraumft vouxy z. Ha (3.14) 1 cuasHott peryasphoctn Ha 1! noctegona-

Tensnoctn T 6yuem uMeTh

dotz)ed oty

A q

W19) S k=) & (s o gy T Gty 3T

Pasofinem muomecTsBo {n: n < nr} ua TpH vacTa:
= {n:n < nr,min d, < r},

To={n:n<nyJ, Clnyl}

Ty ={n:n< nr,maxJ, >y}

Cymau coorpererayiomue Maoxectsam Ty, 75 u Ty npasof wactu (4.19) ofioanawmst

acpes Iy, Iz, Iy, re.
IJHI qd..‘l)i'd--(ﬂ

L=“""z:qm+dmu;1)+mMWH+dN@J)J ITn|

Mae=1223
Jagum ouenky csepxy ana ;. Mpn duxcuposannwx d,(z'.y) = k. du(z) =
uyers Ly O Ly O ... D L, cosokyusocts seex prasbix uurepsaios Iy 1 < np. Ha
OlpesesieHHs & K CHIBHOR peryaspHocti Ha R nocieiosareisHoctn T Gyaem umerh
[z~ 2" [z = yl* Sy LA (FHILA) < JLr] - T
N
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CaeaobaTebHo. HPUMeHIIB J1eMAy 3.2 K HHTepBa/an L, noayuum
4 Ly qd..(xhd..(y)

i = i 5
) ol el d e ghmb, d ()=l IJnl +d|s'(rn~ Jn) F |r“l lr”‘
k Jo—1
Ll g L1 Hl<(Q) Lang. 2=l
[ L) R S
§:|L| ~YUL R ( la |z — |

Orcioas, npocyMmupoBan Hepes & 1 . 1t NpuKas no pruManne, 410 |J, | +dist(y, Jn) >
It — yl.am n € T, noayunm
(F o
JI ey y".+n :
Teneps onenmt 1. Tak kak {[Jo|+dist{Ly . )+ [Un|)(| o+ dist(y. Jn)) > |[Ju] o=yl

npu n € 7). cne;ieBATCILHO

(4.20) I 2+

: . Z 1 gt (114 da(v)
2A =¥ I:l —yl iru“

n&nr

IToaroMy. IpaHIMAs BO HHUMAHKE. 410 VI 11 € Ta aHanoruuHo ciyuaso n € Ty umeer
MECTO e 1YHlIee HepaBencTBo

- e =yl S Fal'™" - (RN < A - ..,.
1

u 11 dukeuponaunnix dy(v) = k n d,(y) = | cymecrsyer we Goilee ontoro n yio-

B.1€TBOPHIOINEIO 3TOMY CAyUal). 110.1y'THM

T ) x - (Y
Iy ¢ r-r - . fr =217 -z -y kel
-t e Lo -
2=yl =1 1= ad,(r)=k.da(y)=1 Tl
ot A% ket
21 o s (Y™ gleash
e ,..ylou::.'t,‘ W “l‘_v'lon

Ans 3asepmenns oucnusanus ! ocracres oneists I5. [pn dhuxcupopannpix d,(z.y) =
k.o daly) =luyers Ly D Ly O ... 3 L, coBokyllHOCTL BCEX PABHLIX HHTEGPBAIOB
I'n. n € Ty 3 cwibHofA peryasipHoctu sa R nocicopareasyocrn T cicayer, 4To

! a (4] B v 1
lr~ ' @ - ylo & 1L (RILADE < Lt %
1

Hockonuky npu dmkenpopaisx L, u A, camufl upapmiét mureppan aunchnoern £,
codepxamnfics o (1, y] we MeHseTCs, TO HASHAYMB ITOT UNTCPBAA Yepes R,,, npumenns

aeMMy 3.2 K 9TOMY MHTePBaJly 1 KOCTIONb30BABLINCE lOCTIe JHell OLLeRKON 1101y THM

dn(2)+dn(y)
5 s
— [Jn] + dist(y, Jn) Ual &

1=1 n:T, =L, dolz.y)=k. d.(y)=l

64




O BE3VCJONHOA BAIMCHOCTH B H'(R) CHCTEMbE ®YHKUMA

Z 'ﬁ" Z |Jn| &
|Jnl + dist(Rn, J,) =

“:ru =44 -dn("-ll':k- dn(y)=t

b Y 12 e (1) ot 3 il

vll‘
Orcioun, UPOCYMMUPOBAE yeped k v {, u NPHUHAE BO BHIIMAHME lJn] + dist(r. Jn) >

|z = y|. noaytum. aro
o

I - 24
. IS, —mm
(4 22) L I IJ o '|.."

M3 uepasencty (4.20) - (4.22) cnexyer ouenxa (4.18) pas /. Teneps onenmu K U3
(3.14) u cuasHOA perysupHOCTH UA R nocaesobarensuocts T Gyuest urers

z IJnl
'l (1l + dist(r, J))([ T + dist(y. J.))

n>ng

d.(x)+d (v)

| do(2)+dn(y) _ _
MR 2R AT e AR R = Ki+ Ka

n>nr

(4.23)

Joctarouno ouennts K|, anatoruunas ouenka 6yaer Taroke sepua u 8a K, Jeft-
crenrensho, rouxs 2 = 2’ + 2y*(z' — 1) upunanicHwT HETepBAY [I',y] B Cwiy
yCAOBHA J1eMMht 4.2 M COPMIACHO CHNLRO PErviISpHOCTH Ra R npu n > np Gyzem
umern, uro #{([z', "] NTy)} 2 2.

PasoGrem MHoxecTBo (n: 1 > ny} Ha TpH yacTu:
Si={n:n>npminJ, <z},

={n:n>nm,Jo Clz,9]},

= {n:n>nr,maxJ, > y}.
HacTn cymm no Mnoxecteam iiaexcos S, Sz, S3 cooTeercrpyomue cymme Ry 060

suuaim yepes Ky, K2, K3, e

I(l‘g = IJnl d'-(‘)"‘dn(v]. = 172u3

e ([l + dist(z, 5,)) (1] + dist(y, 1)

Aasmum ouenxy coepxy wis K .
3amernn, 4T0 upH dbukcuposannnx d,(z,1') = [, dao(r',y) = s Gysem umers
le = 2| 2 3ITul, u |z~ yl Sy v *|Tul. orkyas noay s

lr —y[\* )
i J < ac{i+s) .~
(II—‘L-I -7‘V < [

1
Henonsays 310 Hepasencrso u npunsis o suumanue |J,| + dist(y, J,) > |z - v,
NPUMEHMB JIeMMy 3.2 X uHTepBAny .TuHeAHocrn F,, xoroph#l cammbl 6113kuAl K T
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HAXOMTBCH B (2, 2], HONYYHM CJIERYIOILYIO OLUEHKY

i o 'Jn' idn
: 2. 7T+ dist(z. Jn)) (|1l + chist(y. .1,.))"’r+ 3

k=1 neEs

dala)nb, dpir s =i dp(e! ubms

x L) Ta»
| NCONG
<. helee <, - .

eyl g—,""”” “Tle-wl \le-+ n

Orcivaa, npocyMMuposas depes § i1 3, NOJLY IMM, Y10

le _ =l
o |

(4.24) K Sy Togite
Tenepr onenny K ».

3amerim, uTo Opn pukcuposarnLx dn(r) = I, dyy(y) = 8 xak 1 pyU oucHisANMI
K.y 6yaem mvets |z — 2| 2 L0, | n |z - y| S5 ‘y”'ll",.l OTKYJ8 NONY*IAM

I'T_yl Lalisas) 1
(E=5) ®r i<

Henoan3ys 310 nepasencrso. upuuss so snuManue (|J, |+dist(z..2,))(|-Ja |+ dist(y, J)) >
[Jnllz = y|. npu 2 € §3 1 To. 90 cywecTBYET He GoJiee OAHOIO N € S2 119 (hHKCHPO-

BatHbix d,, (z) = L. d,(y) = 8, HOAYYIM CHEAYIOLLY IO OUEHKY

(4.25)
l\" Tv ].‘..< Y"‘*Y‘* 1 {lI—yI)'o (i\'+’< Ix_IfIﬂ
| . .:"'l~y ey f‘ff"':,l-l'-ll!\h—r'. \qu ‘l‘-u'lto'

Ans sapepuenns ouenusanus K, ocraerca ouennts K 3. 3adpukcupyen d,, (2, y) =
[. d.ty) = s. H3 cuavnoit peryvaspuocty sa R nocneaosaremnocty (t,) crenyer, 'rro

lx — yl <4 |z = 2'|7". orKyas 1OayuMM

/i’ ul\ = R i

\e=e1) 7 T
lipn dukcnposannom d,,(z,y) = | B 01peIok TOUKN He 40BABARIOTES, O3 TOMY IIPH-
MCHRA neMmy 3.2 K unTepeany suueRinoctd F,, Raxoaammfica B [z,y] u 6muxan-
wrlt k y npu bukcuposanHom dn(z,y) = l. M nocaedlee HePAaBEHCTBO BMECTE ©

|Jn| + dist(z. J,,) > |z — g oy mm CJICAYIOOLY 10 ONCHKY

[ tn
Z z (Il + dist(z, Ju))(| L] + dist(y, Ju))" >

neSsy
4.(: pl=l dyfp)mea

e ...» “ vi (ll:‘-:"l)-ﬂ (%)"
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O BEIVCJIOBHON BAINCHOCTH B #* (R) CUCTEMBl ®YHKLIMA

Orcroua, npocyMMuposas 1epea [, 1oayuuM, 4ro

26 . B=xP
(4 b) Kl.d -~ |.T _ y|l+n b

13 wepanencru (4.24) (4.26) sesvewner cupase L iwsocts onenky (4.18) ans K exr-
Ma 4.2 R0KAJIAHA.

5. JdOKA3ATE/ILCIBO TEOPEMK 2.2.

"I'1o6mi 10xAsaTH Teopeny 2.2 Mbl BOCTIO/ILIYEMCH CIEAY IOLAMY CBOACTBANN.

Yreepaxaenne 5.1, Myemn T - donyernusan nocacdosamensnocms yaron, o (E,), >,
coomaememeaywuian cucmema Pymayuti Pponxcuna ¢ Hydedumu cpednum. Ecan

OO
dan wexornopot nociedosamesvrocmu (a,) pad Y a.F. 6esycaosmo crodumca «
n=2

\1/2
L' mozda P .= l E 53) . Boaee mozo

n-2

||P||| ~ Sup "qunaﬂ Falh.
ee{ =11}~ ——

Yreepkaenne 5.2. [Tyemo T - donycmuaasn nocacdosamensnocme y3aaos, Komo-
PGH CUALHO PEZYARPUG N0 RGPA 1o R ¢ Hexomopvim napumempom 4 > 1. no we
Y0064 MEOPREM XANOMY- 21460 YCA0BUI0 Cuabmoti pezyarpnocmu na R. Tozda coom
semncnaypouas cucnesma dapisruti Opanrauna ¢ nysearmu cpednust (F,),>2 ydo-

BAECIMOOPREN YCAOGUW

| = oc.

bt
20e cynpesmym Bepemnca no acesm amosmam @ u aa(P) = (@. Fo).

sup

suplan(6)F= ]
n22

Vrsepraenue 5.1 sSBISeTes caeAcTBHEM HepaseRCTHA XuHunka. TL1x jokasaTens-

CIBa YTHEDXUERMN 5.2 HAM MOHAUOOHTCs CTeAY IOMHA pe3yIbTal.

Jlemma 5.1. flyems T - donycmiumaRr nocAedosamMensHoCInG YIA0e, NOMOPUA CUALHO
pezyaspra no napam Ha R ¢ nexomopsns napaMempos 7 > 1, o ue yodosAemoopRem
xanomy-aub0 yraoewo cuavwolt pezyanpwocnu Ha R. flyemo k u € mobvie wamy-
paavume wucaa. Tozde daa ecex: A 2 2 cywecmeyon wucas (n; );:‘1, naxue 4mo

ECAN Tn, i, HO6GR Mo4xa 6 Ty . XOMOPER HE NPUCYMCINGYEM 6 Tn, -1, 8
S 1= [fu,.y-3, Ty —2h Ay = [Ty iy =20 Ty i, <1)

L

i, . [Tm.l:—h Lo Ry = Ir"-‘l':‘r"l"JH')'
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moeda dad ecer ) < 1 < j € £ — 1 umerom mecmo

IL

(1) ROR, =0, (2) A, =4, 3) 2v-DIL| 21512 55, fd) Rl S (2r-1)|Ly),

(5) |L,] < 4y + 1) - [R)|. (6) min(|Ls},|R,]) > AlA;],  (7) €n,(Jn,) 2 k.

Hokazarenancrso Jlemmbt §5.1. B 6oace obmiem ciywae nyuxkTul 1-6 nokasans
[11] (em. Jlemuy 6.2). 3aech bl AOKAKEM TONLKO T-0fl UYHKT.
Monosuss m = [81(2y—1)(y+1)]+1. Iyets anst nocncaosareabioctn (ny)thm =1

yaon.ersopsitorest nvikTw 1-6. dokaxen. uro
{5.1) S;i#5,. uwpni2j+m.
3aMCTHM. YTU 418 3TOr0 AOCTHTUYIIO LIOKAIATD

(5.2) (L] < |Lyl,  wpm i 25+ m.

29(2y- 1)
HeficTenre. 1bHO. M3 HVHKTA 2 caeayer, yto Ly D Ly, D ... D L,, a u3 nyukra 3 Gyaem
umery |8, < (2v - 1)L} < %Il.,l < |85

Honyerum |1L;] 2 ﬁ:‘rl’» |, ns HeKOTORNTO i 2> j + m. 3aMeTHM. 'ITO H3
nyHKTa 2 caeayer, utu (L, | < |L,| o1 7 2 j. oTKy4a ncnoassys uyukr 5 noaydim

Tyl o+ 1Ll 2 L

HR_H-I + +lRti> 1)*' Jl

Tuk xak L; pxmovaeT 1onapHo 1enepeceKalonMecs MnoXKecTna L, mRyy,... R, 10
[Li| 2 |Li| + |Ry41 | + ... + |Ri| > |Lj|. nporusopeune. Hepasenerno (5.2) aokaaano.

Ha (5.1) u nynkTa 2 creayer, 4TO ij4m > ij. OTKYA8 HOAVYHM, \ITO
(5 3) ijfmkzij"'kzk-

Sfleno. rro komuyectso Touex M3 Ty, B [To, 4 v+l Tipy.nne] O0sbe k. U 31010

Hcnosbaya (5.3) noayuns, uro eq, (Jo,) 2k upy mk < j S mk 4+ €~ 1.

+mhk—1

—mk Anuan € yaomaeTBopsieT yciosuam 1-7.

Hrak. nocaesosarensiocts (n,)i
Mepehaem K 10Ka3ATEIBCTBY YTBCPXKACHHS 5.2.
Hokazatenscrno yracpxaenus 5.2. llyers £ aoboe saTypasibuoe uncno. a k€ N
n weao A 2> 2 6vavr au6pauu uo3zxe. Torpa cornacno Jlemme 5.1 cyneersyer no-
encaoBateabHoeTh (0] J-o Aaa koTopoft Bee yexaopust JTemmu 5.1 pwnonneust. 6o

FHAMHM T 0= Ty 1. T =T — |Ao} w3 := 7 + |Ag|. Hcno, yra byrkims

I
9= m“!wl = L y))
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MBARETC aToMOM. Jlokaes, 4ro Aas :1oboro U € j < € — 1 umeer mecto
(5.4) lan, ()] = (. Fa )| ~v IL,| 712

HHTErpupys 110 4acTaM noldydsnm

a,.,(¢) = /u ¢lt)(f.,,_g(t) - fu"z(f))df + jv o) S, (1) dt

1 /' , 1 /” % _
= -1 )dt - —— -1 H'dt+]¢t w. 1{1)dt.
zlel . ( )fn,.Z( ) 2|AU| 4 (y !n, 3 ! e ( )f 5. 1%
Aas Toro, 9robsl I8TL olenky 417 |a,, (@)| cHR3y. Ml aaTMM OuUCHKH AGCOMOTHLNM
susverman b = gk [7(z — Of, 5(0)dt ey w I = ghe [My - OF, (1)
Iy = r: ¢(t)fn,.l(t) de CBCPXY.
M3 (3.15), npuninas 8o eHHMAHME DVHKTEI 4 1 5 JIoMaal 5.1 i CHALHYIO pervanp-

HOCTD 11O MapamM Ha R 1ocHeoBaTe IbHOCTI T, 6_V,!19.M HMCTb

(5.5) |fn,.2(7'n,.i,—l)|- |fn,,2(7u,.l,)|: lfu,.2(7'n, sy41)] ~ IJn,I 1~y LI :
OTKYA8 MCLO/BL3Ys IHAKOUEPCMEHHUCTE QyHKIuLe f; 5 N0JYYHM, V00 IHAIHE HPUILS-
80AHYI0 fo, 2 HA Ay u L; cooTeercraenno §; u n;.
|Ly|~% 1

- H |7b| ~y 3

|Aol IL,|"%

M3 3roro u nynkra 6 Jlemmer 5.1 cneayer. 1ro cymectsyior tiocrostuibie Cy.c, > 0

|§j| =]

TRKHE, YTO
-4 -+ < O
(5.6) (2] 2 3cy1L;|™% 1 [I2] < Cofdtof - |y17% < —1L, 177
A u3 nepasencrsa (3.13) v nyaxta 7 Jlesmu 5.1 cnreqyer. 410 CYMLECTBYET LOCTOSHHAN
C, .1 > 0 rakay, 4yro

. AL
(5.7) sl £ Oy e ]

_qc,..ll../) S ("7,|le|=& bqv, ny..’) < Cﬁ.'Qku")Ibé

Teueps suibpas tucia k v A 2 2 ok, 110661 BRNOAEN.MCL Hepasenersa C, 14" < ¢,

u g;f- < ¢, 513 nepasencts (5.6), (5.7) noiyuum

lan, (&)} 2 |11] — [fa] = [fa] 2 eIL;1 L.

W3 neparcuers (3.13), (5.5), myskTa 7 JTemmni §.1 M CUnBHOB Pery.npiocTs o napam

na R nocacnonatensiocT T cleayeT cymecTBOBARAC KonctanT o, O > 0, uto

jR [y 2010 2 28 [Ly13 w (1, n (O] S C'ILs "
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Byaem cunrats, 'rro k wacronske Gosbmoe, uto Chg* < ¢, oTKyas ucnoaniys (5)

noJsIy Yaem

/ |2, (@)1 Fu (t)mtzq!l.,-r*-(/ Ifu,.n(t)ldf-llf-u-n(ﬂ"l)wa"'v
n, L,

H3 1ocicanero Hepasenctsa i tyHKTa | Jlemmu 5.1 BRITCKAET, MTO

[ suplan(oFuedt 2 < / (amy () o (B A 2
R n =1
Tax K&Kk 118 KOKI0r0 f Mbhl MOKeM NOCTPONTbL ATOM, AJs1 KOTOPOro CnpaBeLInso
NOCACAICE HCPABEIICTRO, ICA0BATLBIO CpoitcTho 5.2 JoKasullo.
JoxaszatenbcTBo Teopembt 2.2. Haunem ¢ 10KA38TENLCTHA ieobxoanmocri. Mu-
HUMALHOC T CHCTeMB! { F), ) ouennins. Yro6n aokasars nonnory (F,) » Hy(R), a0
CTATOMHO VBeauTes, 4To Nt06oA ATOM MOXKHO ANMDOKCHMHDOBATH JHHEAHON KOMOM-
nauneft (F,) ckonb yrogno xopouio. 3aMeTHM, Y10 J1060# ATOM MOXHO ANNPOKCH-
MADOBATh HenpepbiBHOf BhYAKUHEN ¢ HyTeBRIM CPEAHNM H KOMIAKTHBIM HOCHTEIeM
uo nopme H'(R), a N0C/I€AHION MOKHO 8ilIPOKCHMHPOBATL 1IOJTHHOMOM 1O CHCTEME
(F,) no sopme Ly . cncaoparenuHo i no Hopme H'(R), Tak K&K HOCHTENb KOMRAK-
ten. Myers f € HY(R) n f = 5., a,F,.. PaBromepHast OTPAHR'ICITHOCTL ONICPATO-
poB Snw = [ SoreawnFal)F (1) f(y)dy = oy wnan Fu. rae w € {-1,1}¥,
CRIbHO pervaspHoll nocieosatesHocTn T HA R caenyer 3 Yreepxaennit 4.1 n 3.4.
Teneps nokaxem obpatvoe, T.e. ecan (F,) sBaserca Ge3ycioBHhiM 6a3ucoM B
H'(R). Toraa nocienosarte;ibHoCTh (t,) 10/KkBa 6bITh CHJIbHO perynspHoll Ha R.
Cneppa 3ameTuM, 4TO echm (t,) HE CHAbLHO pery/RpHa no napaM Ha R, TO B cnay
Teopemui 2.1 (F,,) He sunnercs 6aaucom b H'(R). Ocraercs paccMoTpeTs TOT Ciy-
4afl. Korja (i,) CHILIO Pery1spHa no napsm Ha R, RO He CHJIBHO peryaspHa na R.
Houycrum (F,) ssercs Gedyciosnnm 6asncom s /1 (R). Toras, min f = Y an b,
ne € {(—1,1}N dbyuxuas f, = T e,0,F, TOXe npHHALICHKUT H'(R). Tak kax
-l €1 ||gv. crenosatensuo pax 3. anFn Takxe 6eaycnosuo cxoanrest 8 L' (R).

OTKY/8, HCONb3ys ylsepxienne 5.1, 1oy unm
iPfih £ sup [ fellv € supllfellars < 1 flle
e

& liocnieHee HeBepHO aaxke Aasi atomos B cuny Croltersa §5.2. Teopema 2.2 noxa’ana.

Astop suipaxaer Giarojapuocts npodeccopam I'. T Tesopksny u A. Kasmonr 3a
Noaeannte oGCyX 1eHUS.
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O BEIVCRORHOM BAIUCHOCTY B ' (A) CUCTEMIL DYHKIMA

Abstract. We define a general Franklin system of functions on R with vanishing
means, generated by an admissible sequence 7. A necessary and sufficient condition
on T is found for the corresponding general Franklin system of functions on R with

vanishing means 10 be an unconditional basis in the space H'(R).
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HANJIYYIIIWE PABHOMEPHREIE MPUBJIHM>XEHHSA HA
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AHHOTALIMA. B 310l pafiore HEGIG (YETCR AR718MA PABHOMEDHOMN NPIGNHIKEHH S
dbynkuum sagamion wa pemectRerofl ocH R rapuomiccxuwsi dhyrximsanen iea R3
HAMEIOIMHMH OMTIUMATEHER POcT Ha GecxnrewocT. PocT npnbamKaomux dyvik-
IR ARUCHT 0T pocTa B AHGMDOPCHIHANLHEIX CBOTICTB NPHG.wAAcvioft dhvirciwht
Ha K. Omveniing, "ITo 378 31,18'T8 BIEPBRP DACCMATPRBACTCH B HACTONWET paboe.

MSC2010 number: 30E10, 30Dxx.

KmoveBbie ciosa: pasHoMeproe upubiinaKkenue: rapMoHRyeckue (byHKkumu.

1. BBEAERKE U NPEABAPHTE/ILHLIE CBEIEHM A

B s10ft pabore paccanarpusaercst 3aaa4a pasuoMeploro upub.mkenns na seuye-
crBerHON ock hYHKIME © onpeaeneRaLIMA i G epeniATLIIBIMN CBORCTBAMY Ha Be-
MIECTBEHHON OCH, IAPMOHMYECKUMI (DYHKLHNMU IIMEIOUIMMH OLTHMAIBHEIH POCT Ha
HeckoHe HOoCTH.

B pabore C. I'apansepa 1| paccMATPHHAIHCH BO3MOXKHOCTL PABHOMEDHOrO NPH-
Guinxenus 18HHOM Dy HKLMI HA HEOI PAHHYEHUBIX MHOXCCTBAX 19 PMOHNICCKMMM (DY HIK-
sivm i3 R2

[Moxxoa K pewexnio 38,184H NBAHETCH KOBCTPYKTHURIIBIAL. HBO 11 XOR€ pelnenus 3a-
navyr BaMu 10cTpoen aBunift B npubamkalonx dbyuxknuit. Ananoruanas adata
AN 1edIbix W MepOMOPdHbIX By HKIEHA HCCae0BATACH COOTBETCTHCUHO B paboTax |2
n |3

B pabote |4] pynxuns, onpe.tenennas va R u umeomas nenpepuissbiil uidepen-
wnas 3-0i crenend. upnGAMAALTCH 1ADPMOHN IECKEMH (DYHKIWHMIL B 4AUnOf [10J10ce
coaepxamed R. 3aeck npubmoxalomue bynkuun rapyosnunst ua R2.

PabSora cocront u3 avyx naparpados. [lepsniil w3 nnx coiepxur sueacHUE 1 HPCi-
BAPHTCIBHBIC CHEJCHUH, A HIOPOf - OCHOBHLIE PCAYJIBTATBI CO CHBOMMM HOKAIATCIIDL-

CTBAMH.
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HAWAVYIINE PABHOMEPHBIE HPHBJIWAEHNS HA BEWECTBEHHON OCH

1.1. Hexkoropble 0603HaIeHNS 1 onpenenelus. Iycis N. R u C coorsercrsento
MEOKCCTBA HATYDAVILIIX, BCUWCCEICHHBIX 11 KOMIDICKCHBIX sucea. Bk oy 10m0c-
kocTs R? 6yaAeM HACHTHPOBATS ¢ KOMILIEKCION MI0CKOCTBIO C, uoamxkne = = r + iy
st {z. y) € RZ. s muokecrsa E C R?, sammxanue. arympennocnos 1 eparuyy £
8 R? oboanasmm coorpetcruenio vepea E, E¢ u JE.

Taxxke nonox:

R*={zeR:z20}uR ={zeR:r<o0}

Dy:={z2€C:|z| <r}) panr>0;

Si:={2€C: |Ihnz| <8} ans d >0 - no.ioca.

[lycrs E  3anknyToe muomectso s R?. [Liy knacea C (E) nenpepmssix by HKivi
f: E = R? qoaomum

my(r) =my (r.E) = 1 fllgnp, = IR ()],

2

G (E)={feC(E): |fllg < +x}.

Aast sanikuyToro muoectsa E C R? obosnavum A(E) = C(E)N I (E°) w Ay (E) =
Co (E)YN H (E®), vne H (E) knace rapmoniviecknx pyuxinn va E.
Hus f € C(R), &, € R 1 d > () uvioxus

(1.1) Ay (§.0) = ll;:;;-:l!(&*‘u)-f({—n)l»

B aaabhefiniem a8 ¢ € R oboanartmn

(1.2) wig(r.6) = ullllnl)é.ﬂu (€.8).

1.2. NIpubnmxenna va R rapmonnueckumu dyRkunAnmK. B sron naparpade
pucemoTpun 3agauy upnbmokennn Gyuxign [ € A(Sy) na R dbynkwsyin v rapao-

L b !
nsreckuail ua R2 ¢ ouenkoi pocra na R

Hasi nonsoburcs creavioulas Teopena, Jokasaunas s (4],

Teopema 1.1. Tyems gyxyux f € CHR) u 0 < § < 1. Tooda cyuiecmanem byrin-
yus v5 € H(S5), ydocrcmeopaNwaR nepasCHcmens:

(1.3) I£(x) — vs(r)] < 56* dan z € R.

u

(1.4)  |vslz)| < 3Ady(z + 1) + 3exp (5 + 8\/,\!!“.(1,2)) dan z=.r+1y € Ss.

,HOKS)KGM CHe Y IOULY IO BCIIOMOI'ATENbIY O JIEMALY.
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Jlemma 1.1, L h > 0 u b > 1. cyueemeyem sapmonuvecxan dynmyun v(s,¢) €
I (C) dan { = € + in € C\ R, maxax wmo

(1.5) in E:—d —-w(z.()| < ;J-l:? danzeRu|z|<[C]/2, |y 2t
(1.6) Inju(z.¢)| < cln(|z[ +1) +cin* bln| + Jexp (5 + I'ﬂL‘) dan z € C.

ede ( = € + iy u c > 0 abcoarwmnar ROCIMORNUNAR.

Jonasameavcinao 3ametus, uto ¢ynxius — In|s — | ann dpurcnposannoro { €
C\R. yaosacreopstet vciaosnam Teopembt 1.1 i orpannucha Ha R. Cicnonateasso,
cymecTByIoT OYHKIMN us = ws (2,(), KOTOpbE r'APMORK*iHKE B flonoce S5 1A Puk-
cuposansoro (. ([y] > 1). rie unc.o 6 6y.1er usucers or (. YUNTHIBAR. Y10

‘ln-—‘—|=%ﬂln 21<max{?ln*(;c—{),lnlm},:um.'reik

1
(~&) " +n

lz -l
Ly -z |
1 - TS |
("r—(l), (z-€F +12 b 2n|
nojay4acmM
’ 1 \\U ] 4(1_£)l+‘1 IO(I—é)’
i) =t ; :
ol ] w0t (g ) (@-8+u)

12(z - €)* 24(r - £)° L 2 L% ¥ 15
((:-5)24-'12)’ ((I*f)2+'12)‘ il 2l TP

Orcioaa s3se 6 = b{¢[* 2 ( € C, (lyl > 1), u3 ouenok (1.4) u (1.7) nony4acsm

(1.7)

(1.8) [tea (2,Q)| < 3max{2In¥(x — €).In|n]} + 3exp (5 + %) nna z € S;.

13 (1.8) caeiyer. uto dyrkums wy {z,¢) na R 118 dukcuporansoro ¢ € C\R orpa-
migesa dyvakuned In((z| + 1). Oboznauum

ls:={CeC:Im{ =46}, l_s:= {(€C: Im{ = -6},
My :={CeC Im(26}. N_g:={CeC:Im( <~} 415 >0
s noayiuiockocrn Iy s chynkimn ws 85a L5 npusenin Teopemy Jdupixne, mbl

MOZMEM oupeseinTh DYHKIINO ws KaX rapMonuieckylo dyrkuno sa 1. Tora yuu-
ThiBad. TO
/ _ S Iné
TR
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HAWJIYYUIHE PABHOMEPHWE NPUGBJIUAKEHUHA 1TA BEILECTBEHHOR OCH

rue ¢ > 0 abconrornan IIOCTORHHBH, MOXEM OMDENENHTDd Ws KAK IapMOHUYECKYIO

thyukumo ua seek C i Ppukenposannoro ¢ € C rak, 4robo
{ - .
InM,, (r} < 3exp l 5+ |—{F) +3In* r + 2Ww* VB().
\ ]

Teueps MB! TODKHBL A0KA3aTh otenky (1.5) pas 2] < (| /2u =€ C
Hoay cayuan |z| € [C]/2 » z € S5 ouenka (1.5) menocpeicrsenno ciegver na
AokadaTesnpcTea Teopemut 1 paGote |3).

Yauruipast, yro

(1.9) lnlz+C[ - w(:.()l < 6 ann = € l5 u dukciponasmoro { € C\ R,

H HPHHIMII MAKCHMYMa /It PAPMOHHUYHBIX hyHKTMH, oy wan (1.5) ana [z| < [(| /2
nzeC.
Tenepe a0kaxenm ouenky (1.6). U3 pemenny 3anauu lupuxsie umeen. 4To poct

dynkumn ws sa Iy v [1_; yxopnersopser vepasescrsy
ws(2,¢) < 3| 2 | +1) + 2in* VB|¢|.

C yuerom (1.8) mut nonyuum onenxy (1.6). Jleamma 1.1 goxasaia. 0

Teuepb chopmy.mpyem nepouifi peayisTar 06 rapMOHUIECKOM IPHOIIDKCHHN (Y HE-

LUMAMI, OnpeaesIeHHaIMH Ha R2.

Teopema 1.2. ITyemv u € H (Sh) ue > 0. Tozda cywecmeyem dynnyus v 2apao-

nunecxan ne R2 THOXAR, N0

{1.10) Ju{z,0) — v(x.0)| < 6 dan z € R.
Pocm gynxyuu v na R? ydossemeopaem dasr > 0 HEPAGEHCTEY
(1.11) Injv(x,y)| < 2InM,(]z] +2h) +clnr,
2de T = \/rT+ y? uc > 0 aacucum avwy om h.

1 |

Aoxazamesvemaeo. 3amenns v va 7' 0 v Ha £~ 'u, MBI MOXKEM JOKAIBTEILCTEO
‘TeOpeMbl NIPHBECTH K clydar € = 1.

Ilycte Tenepy v 6yaer rpanuucit Sh. ONOXATENLHO OPHEHTHPOBAUNOH OTROCH-
TeAbHO HAYA/IA KOODAHHAT, u i 7 > 0, 7, Gyner uacrs v 8 C\ D, ¢ uHAyIppoBan-

HOA OPHEHTALMEH: OTMETHAL '[TO Y, = %, ¢/ r < /. Bueaem caenyionwe hyvHKLI
-

(2.12) 1 (2) =/ v (¢) [w (z,¢) - In ﬁj d¢ for {z,{) € Cx (C\R).

rge dyuknmo w(z, () rbupaem no JTemue 1.1
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2
JLis 10KA3ATEAbCTBA TeopeMul. M A0k ouennTh I (2) Ha R n na R*.

Moanaras b = M, (|¢|) n neuonsays (1.5) noayuaem

1 ' e
el W@l < [ ol dn = e(#) < 430

[nl2h
IMyers TClICph 2 = X + fy € l_)p nHr >1rg= max{2p,p+h} + 1. M3 (1.5) H (1.'2)

caeyer

= 0 npu r = +o00.
r—Fro

¥ S
L () <e | —gd¢<e
J'Tr lr'l
Mockoabky dyukums o (2) = I (2) 370 uuTerpat BAOAL KOHEUHOTO NYTH Y\Y,, TO
onm onpe.esier rapsonnsicexyto Gynsumio na R?\ (v\y,). Cienovarcibuo. nirrerpan
Iy (-) pasHomepHo cxoauTes Ha D\ aas moboro p > () u OnpeacaseT rapMoHKIC-
cxyi10 dyuxwo. In € H (R?\y); ananoruquo I, € H (R*\%) wisi 1uoboro r 2 0.
Pacemorpun teneps dyukuuio v € H (R?\v), onpeaeaennyio dbopmynont

‘ > [ Io(z)+u(2) nasn z € S}
(1-14) il 1 Iv(2) aas = € R?\S,
H3 onpeataeius (1.12), ¢ yuerom (1.6), nonyvaem |1, (2)| < ¢(h) ara z € R. Takum
obpazom onenxa (1.10) aoka3ana. N\

Dyvuxumo t 1o Gopmy.e Kown-Cpuna npegcrasum s clegyomem suue:
(1.15) v(z) =L )+ I (2)+ 1] (2),

e

I = o= j 0w (=,

10 = -5= [ at0mle - gac,
I.=d0D,NS,.
OneBUAHO, TO HHTErPAIBL SIBANIOICH I'APMOHUMIECKMMH (DYHKIWMAMU Ha D, cie
JIOBATEJIBHO, ¥ AOUYCKAE! I'APMOMYECKOe UPOACILKenUe Ha D, s moboro 7 > fi, u
6oaee roro v € H (R?). Tpu 31om dopatyna (1.15) 212 v (z) He saBucur ot 7. cean

z € D,. Tax kak by u € H (Sy). To 10 Teopeme Kowu-Ipuna nonyuacs

(1.16) ZNU(Z)=/¢9§; [u({)%l:ﬂ(——zl-g—;u((')ln|(—z| ds,

IAe 1 0003HAYART BRYTPEHHION CAMHMYHYIO HOPMANbL K 8E,, rue E, = 8,0 D,.
1ot unrerpai va R?\S; Gyuer pasen uymo. Ha (1.14)-(1.16) wun z € B, nonyaunm
('J]c,.'b 1011ce llpcAC’l'HBJI(.‘HHC:
a d |
2nv(z) = £y —1 | N -
v (z) ]‘;E. [u '()()n n|¢ - z| anu(() In|¢ ~|| ds
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HAWJIVUILIME PARHOMEPHBIE [IPUE/IMAKEHWS HA BEWECTBEHHON QCH

+/fs (L‘-)((hv((.z)rb-r<+/f (A () w (C, =) darg,
o "\B,

rac ynxuma w ((, 2) oupeacnena u {(3). B arolt popmyne Bee aapa rapMOIHUCCKIC
dyuxumy 1o 2 gan = € EY. Cacgosarcanuo dpyakinn v (=) Gyaer rapronnina ua K2,
Teneps ouenum byuximio v ans mwoburo z € R2. C yyeronm onenkn (1.5). posbmen

r =2|z| ann z € R? 113 oupegenenun (1.12) ttoayumn, uro
(1.17) He (2)] < c(h).

C yyeront (1.6), nonyum:

(1.18) [I.(z) < er(B){M.(r) + ).
Mo roit xe cxeme:

(1.19) 177 (=) < e2(h)Mu(r),

rqe ¢i{h) > 0 uca(h) > 0.
Taxum o6pazom us (1.15), ¢ yuerom (1.17)  (1.19). nosyunm ouenxy (1.11). O
2. TAPMOHMMECKHE MPUGIUAKEHUA HA BEWECTBEHHON OCKH

Pa.{'('hl()'l'])HM IABYY O HAWJIYHINCH DABHOMEDHOM upuﬁammenmx HA BeleciselHof

OCH rapMonHvcckuat ynkunsamy. Crenyromas Teopema 1oxkaszada s padore |3).

Teopema 2.1. Myems f € C*(R) u < > 0. Tozda das h > 0 cyryccmayem dynxyux

v € I (S)), yoveaemeopawnyun nepaeencingy
1f{x) —v(r)| < 5¢ dan z € R,

pOCHL KOTHOPOt Oan 2 = & + 1y € S) 02puHUNER HEPBEEHCTIIE0A

; \
lv(z)| < 3my(c. )+ Jeexp (5 + 2\/(2!1)"’ e~V gon (. h)}
Conocranasis Teopemy 1.2 11 Teopesty 2.1, Mbl HOAYiIM OCKOUHOR pesyibiar paGo .

Teopema 2.2. Mycms f € CI(R) ue > 0. Tozde d2r h > 0 cyuecmaoyem dripcyus
w 2apmonusecsar wa R? u ydoeaemaopanwas

If(x) —w(z)| <edanx€R.

pocm womopott dan z = T + iy € R? oz2panuten HEPOGEHCMEGM

In|uw(z.y)| <2Inmy(|z| +2h) +clnr + (rvl(2h)" e~y g (7. h)

2de v = /12 + y? u e > 0 dacucum auws om h.
77



A. A. BAPLAHAH
H3 Teopembi 2.2 nonyuaea clieayomuil peaysbrar.

Teopema 2.3. Myems f € CH(R) u 0 < d < 1. Toxda cyigecmayem eapmonusecran

6 R? gymxuun vs, maxan «mo
(2.1) If (2) — v, (z,0)] < 56" dan z €R.
u dan arobott movwu (r.y) € b o

(2.2) I ug (.9)| < 3lnmy (r.1) +cln(r + 1) + +24 /mpa (2.2) + 15,

2de ¢ > 0 eOCoAwTINGS ROCTROAKRHAR.

B paGore [2] aokazano, wro ecom Gynxiia f € C(R) n yaobrersopser Heko-
Topbis /ichdrepeHiMaIbHBIN CHORCTEAM, TO €6 MOXHO UPUEIIENTL HeAbiMi hyHK-
WAL NOpPsAKA 1 M 310T HOPHAOK Heasan ymckbminth, dasee w pabore [3] Gurio
Aokasano. w10 dyHKIWo f MOKHO NpIbauanTh MepoMopdHbiMY (BYHKIHAMK € Po-
crom - T(r) = log?{vr) u ero pocr neib3st yMceHLUnITh. B ciyuac 1upMosntieckoro

U])Hﬁ.’ll[)!((‘llllil MUXKIIO IIOJYYHTL &1(‘,1\'!01]11{11 PC3y.IbTAT.

Cacacteue 2.1. Mycmy Hypmuyuu [ € CUR) u f@ oeparusvenw na R. Tozda
dpicuso [ moncHo paamoatepro npufianaunie xa R 2apmonunecumu Guecyuiiu

w € H{K®) mar, wmo Af.(r) < Ar, ¢de A > 0 66COMOINMNHIA ROCTROXMIIN.

Abstract. In this paper we investigate the problem of uniform approximation of a
function given on the real axis R by harmonic functious on R? with optimal growth
at infinity. The growth of approximating functions depends on the growth of the
approximated function and its differentinl properties on R. Note that this problem is

first considered in the present work.
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