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AnHoTaumsn. B eramse paccyvorpenss apegenusie Ulnnzcom u Buwiescon one-
paTtopil ‘rita Bepranna, Janucsimie o1 HOpMAJkHOR Napbl neconsx dhyHkunid.
JIORAAHO, TO CYNIECTRYIOT 3HA'IEHWII TADAMETPA J, NPH KOTOPBIX 3TH GNEPATO-
PUl orpaliutdenst Ha npoctpancteax Lip, g, 8) co cucmamofi nopmolt o ensmsy-
Howm Diape u3 C7.

MSC2010 number: 17B38, 32A37.

Knouyessie cnosa: euxunuynbil wap n3 C”; Hopyaisnan secoBast GYHKUA: HOP-
MailbHAs MAPA; IPOCIPAHCTBA CO CAIELIAHHONA HOPMO#: olepatopbl Bepryana’

1. BBEAEHHME ¥ OBO3HA'IEHHS

Ilycte B = B, := {z = (2),....2,) € €" : |z| < 1}  orkpbiTptii e1uHnMuA
wap B C", 11 §:= dJB — cro rpumina, cuunnynan chepa. Cranapitoc npodaneacise
8 C" ofio3nastum depea {z,w) := 2%, + - -+ 2,W,, 2,w € C". Beoay nanee 6yaem
nonaratb 2 =7, w=pn € B, 0<r,p< 1, (,n€S. r=|z|= \/(—z—,?)

MuoxxecTno Beex rosomopdnuix dynkuuil B mape B o6osuaunm uepes H(B). Jas
dbyuxkuun f(z) = f(r{). 3aaanHoil B 1mape B, ee unreIpa/ibHbIE CPEAHRE HOPIIKS P
ua cdepe |z| = r obosHatensl Kak 06bIuHO, Yepes

Mp(fir) = "f(r')“u(s;d.,)’ 0<r<1 0<p<x,

-

rye do — (2n — 1)-mepnast nopepxuaocrias mepa Jicbern na cdepe S. HopMUpOBaHHAaK
TaK, 110 0(S) = 1. Kuace gyuxupit f € 11(B) ¢ "nopmoit" || f[lzze = sup Mu(f;7)
ectb obuiaHoe tpocrpauctso Xapun H?(B) v equnuvnom wape B. e
Onpeacaun upocrpracteo L(p. q.8)(0 < p,q < o0. 8 € R) co cMeiannoi Hopmo#
KAK HPOCTPAHCTBO TeX uaMepuMux dhysximi f(2) = f(r{) s wape B. ann koTopnx

'Hacrosmee uceacnonase MCPBOTY ABTOpPH Bunoarneno npu cnnanconoit nosaepuxe lentpa
MaremaTnirecknx Mecneporannit Epensanckoro FoacyaapcTeeHnore Yuusepeutera
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1 1/q
l (/ (1- r)""'.\l,?(];r)dr) U e,
Il (.. 1 fllp.q0 =y \JO
l esssup (1 - r)? M, (f;7), q = o0.

o<r<i

Hoaupocrpancrsa L(p, ¢. ). cocroiupe 13 ronomopdnpix dyakimi. 0603maMAL uC-
pes H (p.g. 8) := IH{B)NL(p,q.3), 8>0.Ecanl < p.g < oo, 1o L{p, gq. 3), I(p, q, 3)
as/stores GanaxoBuiMu npocrpancrsan ¢ Hopyoht || - e pu p = ¢ < o0 upo-
crpancisa [ (p.p. 3) cosuadaior © secosbiMy Kiaaccamu Bepraaua, a ups ¢ = oo ux
YACTO HAILIBAIOT BECOBLIMHA UPOUTPAICTEAMK Xapad.

[pocrpancrsa co cmewaANLOil HOPMOH i 1OM0MOPMULIX 1 CAHRMMUOM Kpyie
dvuxunit 6uum ssegersr Xapan u Jutrasyaom s 1], {2] u paseuts B gaabhetturen
®nertom |3]. Cnorpn Tarxxe stosorpacpuu [4]. [5], nocssimennuie secosoist upoct-
pancrean Beprmana I (p, p, A) B eausnyiion Kpyre.

Muoro pator nocesiexo npocspancrsast Lip. g, 8) co cnemanHoi HOpMOR min
BX OA0POCTPAHCTBAM, COCTOSIUMM W3 IOJOMOPQHBIX, IWHOPHIAPDMOBHUEUKUX 1IN
rapaoHiueckux dyuxuuil B xpyre, wape ua C* wm R”. Tpocrpancrsa H(p, q.8)
it ronoMopdunix dynsuuit B cuunianon wape B € C7 o 6epraanosckuc oucpa-
TOPB! Ha HHUX 1OAPOGHO Mccneaosansl, B paborax [6] [10]. a pan ronosopdreix u
n-1apmonnteckix Gynxiwil 1 uosn, weke u3 C cyorpil. nanpusep [11].

Cumsonut Cle, 8....). ta ¥ 1.1, BCIOAY 6yayT 06031aNATE NOJIOKHTCALHLIC TOCTO-
$IHHBIC, PAIMH'IHBIE B DASHBIX MECTAX il 3ABHCHINE TOIBKO OT YKA3AHHBIX HUEK-
cop . 3. ... Yepes dV obozmaumn neGerosy mepy na B. HOPMUPOBaUHYIO TakK, uTO
V(B) = 1. B noasipubix xoopausarax 6ytem uvers dV (z) = 2nr*" " ldrdo(¢).

Buccto cranaapraeix crenesnbx secosbix dhynximi Mnae 1 Buabase [12] sucp-
BbIE 1IPELI0KHUIM HCHOIR30KaT 60Jee 0blUe HOPMAIbLHLE Becosble (hyHKkuun. Pax-
THYECKH DT0 'Te BCCOBLIC (ByIKUMil. KOTOPLIC HMCICT CICUCIIBIC MIOPAETE] M MAXKO-

PANTLI C UUIOAKHTC/HLIILIAL [TOKAIATCANMU.

Onpepeneune 1.1. (Ilopmaorvras secosan gyroyur, |12|) Hoaoorcumeasrasn nenpe-
pushan ynwyun p(r). 0 < r < 1, naswenemes nopmasvrod, ecau naiidymcsa no-
cmoannne 0 < o < b u ) < ry < 1 maxue, 4INo wLMLIOM MECTRO

p(r) zir)
(1.1) P vl

= v - W/‘+m mpu T L. rySr<l
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OMNFPATOPHI TUMA BEPTMAHA HA NMPOCTPAHCTRAX

B3ucch 1 2anee MOHOTOHHOCTE (DYHKIUI BCerua 6yaen 1104pa3yMeBars B IIPOKOAL.
Hecrporom cMmbicse. Huiexchl @ 1 b iy sopmaibHoit dyHkunst & onpe densores
1EO/THOSHAMHO.

TuiuHmMI UPHMCParM HOPMANbILIX DYHKUIA 1BANIOTCH DYHKLIK BIL1a

)
Cealr) =1 =r)° (lua l;r) - e>0, deR,

d
npraest npn © o= O iyt gy g = (lug i—'_-') ye we ByAET HopMaaniof.

Onpcaencume 1.2. (Hopamaivias napa, [12]) Craorcest, wmo napa dynxuyuii {o. v}
COCTRAGAREIN HOPMARDHYIO NAPY. €CAl GYHEULA P HOPMANDHA. U CYULPCTNBYLIN YTLCAO

a > b—1 (undexe napn) maxoe, wmo
(12) P i) = (1= 1), 0<r<l.

Beuay ycnobun oo > b — 1 dyuxkuus 32 Gyser uHrerpupyemoii Ha uiwveprade {0, 1).
Kak 1nmokasano s [12]. U351 HODMAJIBHOI (DYHKI(MI (9 BCCLIA HABUCICsE €0 1I0PMATbHAN
11APA, & upu 6o.16e CTPOroM YoUoBHN & > b PyHKIMS P cAMA TAK X<e ByAeT HOPMAThHOHN
¢ UHIeKcaMn o — by a — a.

Pacwmnpus 061acTb OLPCLeneHst TAKHX PaAUaIbHBIX BCCOBHIX (hYHKIMIA 10 wapa
B. nonoxus ¢(2) = ¢(|z]) = @(r). ©(2) = v(|z]) = w(r).

[Mocpescrson HopamaibHmx Becosnx yakumii Uliuae u Brumssine [12] B eaunuy-
HoM Kpyre D = B upeaioxnim 0bobuieunst oneparopos bepraada, KOTopsie Ll

mapa B oupenesienst 8 paborax A. . Tlerpocsina [13], [14] B Buge

(1.3) Q,.,‘.m(:);:/n“ _‘;‘f":;()"‘.'fm flw)dV(w), =€B
(1.4) Quolf)(z) = /B - —U<(~:)..i(:")"" f(w)dV{w), :eB

B gacthom cayuae o(r) = (1 — 72)*, ¢ = 1 oneparopst (1.3), (1.4)«cBoasres K
KJaccHuecKHM 1poekropan Bepramana. e [4] |L0]. B cayuae p(r) = (1—72)". w(r) =
(1-72), c+d = & oucparopm rana Bepraana (1.3), (1.4) Taxoke Xopoiuo H3BCCTHDI,
en. |7] [11].

3 nacTosuueil crarse Mhl GOKZ3LILACM. MTO CYUECIBYIOT JHAMCHN Hapaserpa 3,
1pu Ko rophix obuuke oneparopst (1.3), (1.4) orpanuucust Ha npocrpancreax L{p, g. )
€O CMCIWALILONH HOPMOR B wnpe B.

OcHoBHBIM PeAYIbTATOM (TATbH ARTACTCH CleRYIollasl TeOpeaa.



K JI. ABETIICAH, H. T. TANOAH

Teopema 1.1. Jlyemv1 < p.g< oo, BER, {p, ¥} Hopmasviar nepe Gyrxyul ¢
undexcomua w b (0 < @ < b) u ¢ undexcom napw e (a > b—1) 8 cmoicae Onpedesenuil
L1-1.2

Ecaub ~a < 3 < 1 + a, mo onepamops Qu . u 6,‘, ozpanudento deticineyom

1u3 npocmpancinea L(p, q, 8) 6 ceba, m.c.

(1.5) Qe : L(p.q.8) — L(p.q.8),

(1.6) Qe L(p.q.8) — L(p, . ).

Sameuanne 1.1. B waemnon caywae 1 < p = g = 1/8 < 00, m.e. dan 1e6ccoao2o
naacca Lip, p.1/p). Teopema 1.1 yemanosaena 6 (13), [14], #o dpyeuse semodon ¢
ucno vs08aHUeM Man Hosvisaesozo mecma Hypa (|4] [7]). xomopuiid ne nodzodum e
nawes caysae. Bue boace wacmuue cayveu onepamnopoe Bepemana co emenennsmu

aecamu uayvens o [5] [10].

3amcuanne 1.2. B Teopeate 1.1 am anmusecxu obobuiaem peayaornem us [13],
[14] s mper nanpasacnurz: so-nepewe, npednorazaem ece snavenur 1 < p < oo, 60-
GIMOPBLT, PACCALAMPUBLEM GPCOBBIE NPOCPANCINGR, 8-MPEMVUT, BMECTO NPOCTILPANCNE
Bepamane pocemarnpusaes. Goaee obugue npocmparcmea Lip.q,8) co cmewannot
nopaoti. Tlpu s1nos eaecino nenodrodsiycso mecma lypa muw npumernscem 06obuge-

nud nepagcncmea Xapou.

2. HEPABEHCTBA XAPAM M APYI'ME MHTECPAJILHLIE HEPABEHCTBA

[LIupoko wisecTib xnacenueckue nepasencrsa Xapan (em. 3], [15)):
1 o p o}
(2.1) / £ ( / h(t) df.) dr < C(p. ) ] =81 2 () da.
[}] /() )]
1 T v L
(2.2) / (1—r)-t (;/ h(t)dt) dr < C(p,8) ,l (1 —ryPt8=1 pP(r) dr,
0 Wi L1

1 r 1
(2.3) []l(] -r)~-! (_I[ h{#) dt) dr < C(p, ;‘i)/!-l (1 = )P~ 3=V hP(r) dr,

rael <p<oc, 8>0, h(r) 20.

OrraeTus, uTo HepaBeHcTBO (2.3) BHIBOANTCS U3 (2.1) aunefinoi 3aMenoft nepemeH-
1ILIX MIITErPHPOBAIINAL.

JLis HOCHCAYIONEX AOKATEICALCTE HAM LOHAN008ICH taKoke oGubuwhny uepa-
sencts (2.2) n (2.3).




OTIEPATOPHI TUMNMA BEPIMAHA HA MIPOCTPAHCTBAX

Jlemma 2.1. MTyemsv 1 < p < oc, ¥ > 0, h(r) > 0. Jax noaoocumeavnoti nenpe-
pusnoil fynsyun p(r), 0 < r < 1, Hatidyines nocmosnnne b € R, v~ ph > 0, u

0 <79 <1 maxue, wmo

(2.4) “'*"r')h 2 mpu mp<r<l
Tozda
1 - P g 1 T |
(1—r)‘f‘(/ ; (1=r) .
. - ~, 0.1 —_— hPir)d
(2.5) -/0 (1) A hit)et ) dr < Clp,~, b,mm) 3 ) h*| r

Hoxasameancmeo. TIpusiesnnm sepasencreo Xapau (2.2) 1o orHomenno K byHKIpH

4 .
317('—'% h(r) n ¢ nuackeom 8 =~ —pb > 0,

1 _nb » =
/ (1—r)7—Ph=! ( (a-u° h(!)!ﬂ) dr < (‘/ (1—r)Per-pb=t ((l r)® h(r)) dr.
0 o ¥ 2(r)

rae nocrosinian C 3asucur inuib o1 p, vy, b. Bunuy yciosus (2.4), moHuronsoro yGt-

e gab
Balus pyIKIHK L‘ - " na uurepsanc (7o, 1) n nenpepuiarocTn na [0. 1) noayuaem

' = r (P 1 i 1
/ (1—r)r ™ '“?(—))—- (/ h(t)dt) drs_C(p.'y,b,ro)/ %h"h)dr,
N 0 0

wro cosllagaer ¢ (2.5). O

3ameuanue 2.1. Croocee ¢ nepasencmsom (2.5) dpyeoe nepa6encmao muna Xapdu

€ YHACTUEM NOPMUABHULE GCCOBBL Pynryutt movicho natimu 6 [10].
Ham uonanobirres rakike apyras pasnosuanocts nepaseucrsa (2.5).

Jlemma 2.2. fycmo | < p < oc, h(r) > 0. Jax noacowcumervnot HETIPEPOIGHOT
dynwyuu @(r), 0 < r < 1, natdymea nocmosnnne a € R, v -pa<0, u 0<yg <1
L

NAKUE, MO

plr)
(2.6) H—_T)“ iy npu T <r <l
Tozda
1 -1 ¢ ¢} ” i 4y =1
1= p)¥ N (1 —r)
2.7 / (—(/hfdr dar < C(p, .ﬂ.l‘)/ —_— hP(r)dr
(2.7) L, o\ {t) ) (p. 7.0, S
Aoxaremeavcmao. Tpurennm vepasencrso Xapuw (2.3) 1o orsonienuo K dyHKunm
‘-:_T:): h{r) n ¢ mgekcom —f = — pa < 0,

/(1 ~r)YPe- ‘(f st h(t)dt) dr<C/ (1—rp)Pty—pacl (t ""}( )) dr.

7




K. J1. ABETHCSH. H. T. TFATIOAH

rae nocronnnas C 3aBiCHT Jlaulb OT P, 7. 6. Brilay yciiosusn (2.6), MOHOTOHHOI'O BO3-

t1-r)"
pacTaHns (hYHKIHH ——

1 ™ : p el _ pipsr=1
SRS 1 =r)f 3 ] g._r).._— »
fu U (/ """“) dr S Clpy.auto) f =S50y P

wro coslniacyt ¢ (2.7). 0

na rrepsadie (rg. 1) 0 seupepbisHocty va [0, 1) nosyam

Jlemma 2.3. ([6]. [7]) Jrx o > O cnpascdrusa oyenxa
/’ da({\) < C(a,n) ‘ o B
Je V=, 0" ~ (1-12])”
Jdemma 2.4. (|12}) Tpu  m > 8 > 0 cnpagedauco 1epaseHcmeo
(- p)*-? C(3, m)
j —dp S g
o (1-1p) {1

Clreay 1As IEMMA BISIETCH BAPHAHTOM CXOxKMX otienok w3 [9]. [12]  |14].

0<r«<l.

JlemmMa 2.5. [Tycmo @ - nopmaabrax Gynxyuk ¢ undexcavua ub (0 <a<b) uc
undexcom napyi o (o > b= 1) @ cunieae Onpedeacnuti 1.1 1.2.

Eeaw h—a< fB<1+a, mo

‘ .
, v(p) ¢(r)
(2.8) /” T e = p)p dp < C(aﬁabru)——)aﬂs. 0<r<l.

Joxazameavcmeo. Yeiaosue B < 1+ a obeciieniuBaer CXOUUMOCTh HHTErpaia (2.8).
Jocrarouno 10Kasars Hepasencrso (2.8) aas r, Ganskux k 1. Bogemem 7, 79 < 1 < 1,

u pa3obben uHrerpan (2.8) Ha TPH “ACTH,
plp)
, L ) =
f ( — mpl el al =

o w(p) e .
([ +/"u+</; ) (]—,p)l'u(l_l))d dp—Jl+J2+J]

Murrerpa J) orpamitien nekoropoi noctosnuoil Clea, 3,79). dsist OLEHOK HHTelPaios

Ja n Jy nenoassyes yeaopua nopnanuioern (1.1) » Jemmy 2.4,

_ " ¢l (1-p)" olr) [ (1=p"7
Sl M (e (S (o M (T
) wir) 1 c
S C(u\ 31’)) (l plll 1)b (] - 1-)0'}1’—,) - C(a,[i,b) (] f(:;?“a'
Mockonury 3 > b = a > a = @, 10 GHANOIHYHbIM GOPALOM 110y 1AM
1 1
A ¢(p) - p)° o(r) (1.—pp*-*
= [ 525 aoer s i ), (T =roye =
1
< Clw, 3,a) (lpq(r:)u (1 = p)ot3-a = Cle, . a) gl )lou

5




ONEPATOPHI TUMA BEPIMAHA HA MPOCTPAHCTBAX
YTO 3aBEPUIAET AOKAIBTENLCTDO Jlemam: 2.5, O

3. OrPAHUMEHHOCTh OIEPATOPORB THITA BEPIMAHA HA [HPOCTPAHCTBAX CO
CMEILAHHOA HOPMOT

Jlemma 3.1, Mlyemas 1 < p < 00, 0 > =1, {@, ¥}  DUPE NOAOHCUWINENVHUL: BECOBLT

Pynxyuis. Tozde umeenm mecmno ouerxa

1 o
(3.1)  My(Qu.e(S)i7) < Clp, n,a) (r) A (—i%mp(ﬁp)dﬂ, 0<r<l.

,ZIOR(LSG‘ITLC-’?.’J)C‘"&BO. Uepeﬁ;lem K HOAXPHbIMN KOODINHATAM B HHTEL'DAJIbHOM [IPE (¢ TAB-

JIeHIH é,,,‘.( filz),
|0v.v(l)(3)| < ¥(z) ./B R plt) |f(w)| dV (w) =

= (:.IU)I""."

)
|f ()| n—1
= 2n { -3
n(z) L [ [T =z, pmy i es 4atm)| 2(p) p** =" dp,

11 [IcpenMmicM ¢ro B paace

02) (@110 < 2000) [ [ [ 5] o) =

= 2n4(r) /0 9(r.p.{) 0lp) p*"  dp.

rac o603HaIcHO

|/ (o)
g(r.p.C) =[s|1 —(r'(._p::)l"“*“ dr(n).

Ecim p = oc, To Hemeuenno noitytaem 13 (3.2) uo Teane 2.3.

1
Moo (Qy u(£)i7) < 2n4(r) / Mw(f:n)sup[ Golt) ¢ | (0 5™ dp <

CES SII‘:('C'P')H"‘“"

< Cln, @) ¥(r) / (1—*’(5’——~.1m(f;p)dp.

7{,)1 to

Ecnn p = 1. 1o unrerpuposanent (3.2) nemesicuuo 1noiyacm Tpebyesoe Hepa-
BencTyo (3.1), Bocnoib3osasuch reoperoll Oybuau u Jesnon 2.3.

Ecan 1 < p < oc, 10 13 Hepuvenctsa Fenbiepa u Jenmbr 2.3 noyuaen

[fem)e dam) """ ( do(n) i
9(7‘-/‘.() < (ﬂ 1 - (1.(,,m>|n+l+n) / |] 3 r( )| ite ) =

Cip.n. ) ‘/f lf ()P do(n) N/

= =m0 Js 1=, ppfeee )
9




K. 1. ABETICALL H, T. TAMMOAH

vae o' coupsiaennwii unyekc. 1/p+1/p' = 1. Janee uponurerpupyen 110 uepe-

nerHOM ¢ Ha Gbepe S 1 BHOBL BOCHOAR3YenCs Jemmoil 2.3,

P do (¢)
ot 2. Merisiam < = ,,(f,’)(ff;)p/.,’ / (L =0, ma)l"“*") |/ (emi® don) <

C(p.n, o)
3 (1 = rp)(1talp/p' (] = pp)l+e / | £ ()| do(n) =

Cip.n,a)
= ————— MY (f:.pn),
(1 = rp)li=alr A
nan

Clp.n.x) »
A=rp)ite M(f:p).

(3.3) l|atr. e NIL"(b do) =

Teieph BepHeMcs K HepaseHCTBY (3.2) M upumedun HepaseHcrso Munkosckoro, a

JaremM - oucuxy (3.3),
\
M, (Quulf):r) < 20(r) /0 l9(r. 2. M Loy a0y PLP) P2~ dp <

)
(o ¢lp) 13
{C(p,n,a)v(?)./(; —(l—rp)"" AM,(f: p) dp.

YTO 3aRepuiIaeT JoKkadIarenncTso Jlemam 3.1. a

Hoxasateanerno Teopeasr 1.1, Mockoasky Q.o (£)(2)] < Q. o(IfD(2), T0 pocta-
TOMHO A0KA3ATH MU orparnicHHocts (1.6) onepaTopa é,,,,}.(l f-

Briaqavie nozioxxum 1 < ¢ < oc. o JTesme 3.1 usecas

(34)  Myp(Qp.e(F)iT) < Clpo,0) ¥(r) %M,‘(ﬁp)dﬂe 0<r<l,
| T

ITpoun1erpupyens Teneps 1o paiutasibHoH HepeMeHHol Tak. 1robh HOMY THTh CMELaH-

HYT0 HOPMY.
1
”(‘)‘ ] (])I[,‘r - / (1= r)»"'l'l‘\,:(é:“[!).r) dr <

1 1 a
= C/(; (1 - r)ffq—l () [/0 % ALLf:p) dp] or.

’,) e

aice BocHOALIYEMOI yC10BIIEM {1.2) Onpe:enctus 1.2 HopraLbHOA Lapil, & 3areM

paszobpen nuTerpat na ape acTil,

[4 ey — y '
If o < (] —r)'lﬂh 1 1 2 . -
| 2 (f)l Lipg B = C X "(r) 4 (l LW )1+u :’\1,,(!,[))(1/) dr =
; (1 - r)"u+ﬂq—
s *’U’)
= 0 ‘p‘i(r) [( / (1 )I+ﬂ Mu{f:p) dp dr <
(8:9) <h+h,

10




ONEPATOPLI TUITA EEPCMAHA HA NPOCTPAHCTRAX

Murerpa:upi Iy 1 Iy ouennm HO OTAeHBHOCTI, HCHOIB3YS HEpABEHCTBA TiUA Xapuu u3
Jemm 2.1 n 2.2,
Ho oriowennio K unterpany Iy MoxcHo npusenitts nepapencrso (2.5), 1160 yeiosse

aq + Aq — by > 0 papuocuasno 8 > b — o,
h=¢| i L b el | / 2(n)
0

¥
Aln(f? n) dﬂ| dr <

0 ¢9(r) (1 —=rp)ite
(1 8 r)uq+ﬂt;-—l+q r .(r) )
p Cf ¢¥(r) l(l ri)i+a My(fi7) s

!
<C / (1 —1')3"_1]&!."3(_{; r)dr =
Jao
(3.6) = Clm, 1. 8,0.b,70) I}y
Ilo orHoweHMIO K BATErpany Iy MOXKHO HPHAMEHHT b HEPABCHCTEO (2.7), ubo ycsosuc
Bq — q — aq < 0 pavsuociisno § < 1 + a,

(1 —r)eatfe=t [ 1 ) |
oo C-/ Pq(r) [/, (1 — rp)i+e My(fip)dp

— p)q-g-1 [ pl ]
<C (—]—')——-L/ ¢(p) ",p(f-ﬂ)dp] dr <

q
dr <

0 wi(r)
- 3!.' q—1+q q
so [ = o aisin] o =

= C/ (1- r)ﬁ""M;’(f:r)dr =
0
(3'7) = C("!p' . ﬂ-('\aq T{)) "f";-(ﬂq,a)'
Hepapenctna (3.5) (3.7) Baecre aator Tpebyeroe HepapeHcTBO
"Qd.l‘(l'""‘r# A .<. (& "]h Lipg )

b4
rae nocrosinan C = C(n,p,q,8.0,a.b,79) > 0 3aBHCHT 1M1 OT yKA3AHHBIN n1apa-
METPOB.

Tencps nonoxin g = 0o. Ha Hepaserersa (3.4) ¢ npusrenenirear Jeampr 2.5 noytiacas

My(Qpul(f)iT) < Clp.n.a) w(r) /01 0= 7_p)ﬂ':"(l mnY (1 - p)° My(fip)dp <
< CH() M lleip,o0.m) j: a ,p)ﬂi)(l — 8 P
< CV Wi oo <
< Ctpm . Bacburo) [y iy

11



K. 7. ADETICHH, 1. T. TANOAH

OTrciota

QeS| < CllfM Lep.oc.

Lipx ) —
e nocrostnnas C = Cip.n.a, B.a.b.1g) > 0 3aBucir jhuib OT yKa3aHHbIX 1apa-

serpon. Teopeaa 1.1 gokasnna.

Abstract. The paper considers Bergman type operators introduced by Shields and
Williams depending on normal pair of weight functions. We prove that there exist
values of parameters 3 for which these operators are bouuded on mixed norn spaces
L{p.q, 3} ou the unit ball in C"
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JAJAYA PUMAHA B BECOBBIX MPOCTPAICTBAX L'(p)

[. M. ANPATIETAH. B. I'. IETPOCSTH

Epesanckit Tocyaapersennniit ¥Yuisepeurer
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AHHOTALNA. B eanHuyurom kpyre orpausiticHHull okpyxuocte T = (. |z]
1} puccMaTpubpaeTcn rpanurian Jaas4a Puntana b secopom npoctpanctoe L' (p),
m

rze pt) = [It—tel™, te € T k = 1.2 m wop, k= 12, m qen

o
CTBUTCABKLIC ‘liiciia. 'L'peGyerca onpeaesnTs BHAJIMTHUCCKYIO BHE OXPYMHOCTI

T pynkuuwo B(z), P(oa) =0, Taxyso, arobu Hmeno Mecto lim, y_g [|P¥(rt) —
a(t)® = (r~'t) — F(O)llLr(,) = O, rac f € L'(p), a(®) € CHT). 6§ > 0,a p,
1ICKOTOPOC APOAOIKCHRC DYHKIMHE £ BO BUYTPb OKPYXHOCTIL. VeTaliakiupiacres
HOPMARNLHAA DAIPCUINAMOCTL ITOIL 3a13a9H.

MSC2010 number: 35125
Kinouessbie ciosa: 3azaka Punana; secosoe upocTpanctso; unrerpa thna Komnu;
dakropHlalts.

1. BBEAEHHE

[Iycrs T upocrasi 3amKHyTas kpusast JIsnyHosa B KOMiLIeKCHOI niockoctn z. G
BuyrpcHiss, a G~ ancwnny odaacyn orpanuyicHusie kpuuoit I'. Xopouwo winecria
rpannHas sagava Pumana unu 3anaia coupsxenus (ea. (1] [6]).

() - a(t)®~(t) = f(t).t € T.

L
rie a(t) 3ajaHHaN KyCOMHO HelupepisHas Ha I dyvhkiu n3 knacca C%. a f upnHai-
acxknt kaaccy C(T) nan LP(T)(1 < p < 00). Hekonmuie bynxiunt @ anaantiuc-
ckne G* coorvercrsenno ¢ynknuu u3 knacca E¥ (oM. [12]). Ipy uccneosaning 1o
YaUAYH BAXKHYIO POAb M1 Dacy TOT haky. 410 nHrerpa: tiuna Kowu sgiasnercs orpann-
“IEHHBIM ONEPATOPOM B COOTHETCTBYIOWMX lpocTpanctbax. Hecneiovanne 1pannynoit
3aaauu Punmana koraa f € L‘(I‘) CBIANA C OUPCALNEHNLIMY TPY.IHOCTHAMH HOCKO/ILKY
nnterpas tHite Konk e sinnneres orpai e HiLiM 0NePaTOpPOM B 3TOM NPOCTPAHCTHE.
B paGore |7| npeaiodkena Hosas nocranoska 3a4aum Pitnanua n atom npocrpancrie. B
cay1ae, Koraa I'-e AMHHIHAS OKPYIKHOCTD. 3Ta Aa1a4a opayinpyerca s suac: Oupe-
z| < 1}, D™ = {2,|z| > 1}, byuxiun

Aenuth aHasmrTHueckde 8 DI e DY = {z.
13




I. M. AAPANETSAH. B. T IETPOCHAH

¢+ rak, 4TOGL! BMEO MecTO

(1.1) lixln “H(I*"’(r!.) —a()e () - S =0, P (oc) =0,
[

rae ||-|[; - Hopma npoerpancrsa LY(7). 1= {z.|z| = 1}.

B Hactosiniet paboTe rpannunas 3aiava PHMana HCCIERYETCS B BECOBOM DPOCTPAH-

crse f € L (p) (byuxunus f € L1(p) ccam

il o) = /T @) ()] < )

"
rac p(t) = H [t~ t|™. tx €T, k=1.2. ... m.nax. k=1.2,.... m acicrBuTrensupie

k=1
unc.a. st popay iHpoBKE 3aaauM IpUBLAe HeKOTOpbic o6osnaticHus. [lyers

m m
n -
(1.2) pe(t) = p*(0) T It = tel™. 0°(0) = [T It = ta™,
k=il =]
l' 1, ccmmmay < —1. ( [k + 1, ccomm o Hemenoc.
5L — n, =
. 0, ccamag > -1 . l o, CCIIM (v IICHoe,

Bk = ax — 1. Acko wro 3, € (—1,0] u p*(t) € LY(T).

Pil('('l\!O'l‘pHM Ipanniyio dada‘ly lea‘ua 13 cue,uflomei& HOCTAHOBKE!

3anaua R. Ilycre f npoiseoavnas uamcpinas na T ¢ysxusa u3 kaacca L!(p).
Caeayer oupeacmur, ananurnvecky 8 Dt U D™ dyukuumio ¢(z), ¢(oc) = 0, Tak

4TOOB! HMENTO MCCTO FPAHMTIHOE YCNOBHE
(1.3) ._lil}[o“dﬂ(rt) - a(t)® (r't) ~ [(tMi12 () =0,

rae a(t). a(t) # 0 uponssoabhas ¢yukwis 13 kiacca CH(T), § > 0, $* cyxennn
dynkinn ¢ na DT coorsercrsenno. 3auaia R npu @ = 1 v 3azaya Jdupuxie B
aHaIorHiHON HocTaHoBKe Korda ax > 0 uccaenoBana v paborax (8] it [10]. Sagaua R
B ciymae kotya p(t) = |1 —1 ™ necnicnosana B paGore |9, a aagaua Pumana B necobbix

upocrpancroax L”.p > 1 » pabore |11].

2. TIPEABAPUTENLHLIE JIEMMI

B stom naparpade Mbl A0KaLIBAEM HECKO!ILKO JIEMA, KOTOpLIe HYAYt HCIOIIbL30-
YAY

BaHbl NP1 JOKa3aTe/1bCTBE OCHOBHbIX PE3yAbLTAaTOR.

JMemma 2.1. Mycnv tx € Tt # 1.1 # Jud € [0,1), k = 1,...,m, 6§ > 0
npowzeoavnue deticmsuneavroe yucaa. 1o2da
14



FAJAYA PUMAHA B DECOBLIX NPOCTPAHCTRAX L'(p)

1 —r)%|dt
a} sup Hitk—TlA* / T( f)l | <@
r€(0,1) ) T Hltk—tl)‘"l‘r-rtl

1 — 3|t
6) sup n|tk~‘r|'\‘/ — { et} <C,
rc(0.1
€ (¢ )“ Hl’k_tllgl_r_’fl
k=1

1= )|t
6) sup ltx — TIM/ ( 1+A)l‘ | <C,
r€(0,1) T Itl- - l't} "IT e Tf'

2de C < > He susucum om T.

Aoxazameancmao. Bubepent nonymntepoanii Ty € T, Tak wrobut T = o, Ti. 4 €
T, T; ﬂT- = Wi # j. dast moboro r € (0. 1), 7€ T Gyaesm umert

o [ =) Sl — e [ (oLl
H|'k 7| / <C2|tk-"'| = |tx — t|*e |1 — rt]’

H '“ - 'V\A'r I Lol

Hdoctarano yeranosuts, 'rro s Juoboro tg € T

L—r)d|dt
sup |tg — et :) ldtl
re(0.1) J7 |to — t]A |7 — rt]
Bouay toro, uro
| —r)¥ |t
sup (———”—! = sup (1- r)‘ln|1 -7 < x,
re.)Jr |7 —ri re(0.1)
noayvaem
t — |to — t]*)|¢
e / )5” o —71* = to — t))ldt) &
re(0.1) |to ~ t[*}r ~ rt!
Mockoanky

lto — 71* — |tg — t]*] < Cr - 4>,

TO AOCTATOMLHO ACKU3aTh. 4TO

(1 = r)¥)r — t]*|dt|
sup .
re(0.1) Jr to — tAlr — rt|
,.’.'Icﬁ(:'rlm'rc.'u.m). HMeeM

S e
T

[to — tP|r —rtP=2 = Jy. |ty = t]Ar = rt]1=2-0 =

[ (1-r)¥-5a / (1-r) d|
<G
Jr To—t-5 Tl
rae 8, € (0,4). Yrnepxuenne a) neMmul f0KRIANO.
15
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LD 1OKASATENLCTHA Y THEDK 1eHNy 6). 110 aHAIOIHlL. AOCTATOYHO YC IralioBTh, UTO

1 - r2)dt|
sup |ty - 7|* ( oc, A e (0.1
ol ol / e e RESLLCEY

Tox xax

o - o [ (=)l cetf (el

7 lto =t} 7 —rt]?2 — T it = 1]} 7 — re[22

TO NMOJOHTIM

Lir ) = / (- ?'2)|(If|
: ll ST |to - tl"IT - rt|2_‘\'

Lot / (1= r3)|de|
fto—1|<1—r [tg = tI}7 — re[2-A

VoauTwisast, rro upy [tg ~ 0 2 1 =7 |tg — t] > 27 |ty — rHf. Boaysinm

(1 —r2)ldt|
L) < - <
i(r.t) <2 L o — rlA7r — rt2-2 ~

- (1 — 72}t (1 —o)ldtf,
‘2(/T [ty = rt|? +/T |7 - rt|2 )=

']
o) S / R L

j<r-r (1 =7)I7A{6]4

HOAVHACM JOKASATCABC T Y Iiepaciciun 6) JIENIMbBLL

I:k ,u\/ “ - 'rz)[rftl <
: U =t — |

/ (1= )t = 7> = [t = rtPldt| +/ (1 ~ r2)|de|

[ty — rt|1*Ar — 5t ot —rt)|T — rt|

Iockoaoky

danee uneens

Tak rax

/_“_“Iﬂl"il__/. £ =)l ./“_rz”d” = dn,

rlte—rtllr—rt] = /1- |t = rt|2 |r = rti{?

TO. IPHMCHAA HCPaABCHCTDA F(.‘.‘lbl(‘[)ﬂ. NOJVHIACM

/ (1 - r2)jltx — 7} ~ s — re}> lide] <C (1 - 7%)|at|
[tx — rtf* 1Ay — 1t Jr e =i A T — )t A T
(1= )it , [ (1 =)
<
C(f TPREETTCR My e ) < o8

O

Jesmaa 2.1 noxasaua.

IMycry & = ind a(t).t € T. Xopowo uspectio. 4ro VKM @ ZOTIYCKACT Hpencran-

xesme (ean. (1), [2])

a(t) = S*T{e)S @),
16



JAOAUA PUMAHA B BECOBLIX MPOCTPAHCTHAX L' (p)

rae
_S"(:)?c:p(_l_/ M, s € D*.
T

I 4

= Ra(t t
§(2) = 2 nPJ‘p{.—l—-/ __“__l"(" “(z'))" ), z€ D,
- 'I'

St € CH(D%) v |S~(2)] = O(]z| ") upm z - oc.

"

Jlemma 2.2. Tycmv g > -1, k=1,..m N = an, f € L'(p) u ®(2) neno-
k=1
mopoe pewenue sadowu R, Tveda ee momeno npedemaesumn o eude

a) Ecau N+ x>0, mo

S(z) f()TkHdt  S(z)P(2)
2rill{z) fr SH(t)(t - ) O(z) °

200 = € DY U D™, P(2) nexomopuii noaunom nopsdca N +x — |,

(2.1) P(z) =

m

= H(tk =z,
k=1

6) Ecau N+& < 0, mo ®(z) usccem npedemaanenue (2.1). z2de P(z) = 0 v fyrnruxn
I ydoacacineopaem yeaosuism

Jng)

S0 ER=0. k=00 - (N+r)-1.
T

(2.2)

Horasamenncmeo. Ilycrs N + & 2 0. Tak kak —1 < ap — ng <0, 10

e |
fﬁ’* R 2T AT fona), g

lm

r—1-0 S*(t) S—(¢) S+(1)
OGoznarinm
bra Otlrallils) ... I (rl2)(2)
wr (2 = S+(Z) " wv (z) = S+(Z) ¢
_ @O ¢ (o 'yn)
I8 = 51D 0] e =1

Monyaum rpasiranyio saaauy TnasGepra 9/ (8) -0 (1) = f-(t) othocurensno dymk-
wn V. Taxk kek bynxun ¥~ useer nomoc nopsaka N + & — 1 B 6eCKOHEMHOCTH,

™D

1 Je(t)d?
Bl e : T 3,
1'((.) 2RI‘/','-Z Yn(O‘..tD.
rac Pr(2) noaunon nopstaka N + & — 1. 'Tak xax

O | EnE)
j,,(f) - S+(t) L l,.{z) - _S'_(:T—

17
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upH = 1 — 0. T0. 1epexoul K Upeley o1y 1aeN JOKAIATENLCIBO Y IBEPIKICHUH
a). Eem N +x <0 10 P(z)=0n

S(z) [ fl)I(t)de
2x(z) Jr ST - 2)

Mockonsky dynkims §{z)([1(z)) ! nmeer nomoc nopsiaxa —(N+4) B 6eckoHe HOCTH,

TO 1101y YBCM VIBEPXCHHE §) 1eMMbl. g

Piz) =

Jlemma 2.3. Mycms f € L'(p) u
S(z) f(BOII(¢e)dt
2eill(z) Jr STt =2)’

(2.3) K(f.2) = zeD*UD,

mo20a

K (f,re) — a(YK~ (for ' Ol oy S ClfllLrw

Joxasameavcmeao. Toaokusm K+(f,rt) — a() K~ (f.r=t) = Li{r. ) + [a(r.t), rae
SHrt) —a()S (1) £ f(r)(7)dT
Frill{rt) Jr 5T —rt)
a(r)S‘(r"t)( I f(r)M{r)dr 1 f(rTHr)dr
2mi T{rt) J7 S*(7)(r —rt) TI(r~'t) _/ S+(r)(r - 1)’
Tax xak |S*(rt) — a(t)S§=(r~'¢)| < C(1 — r)*, 6 > 0, To nosy9aACH

. C(l - 7‘)‘s Lf(7)|[T(7){ld7|
Ihr 81 < S / =

’1(?,'} =

,:(1" f] =

duanee nmeem Iy(r,t) = I;')(r t) + Im(r t), coe

a8 (r~ )  f(r)N(r)(1 — r?)dt
2mill(rt) j-,- SH(r)|r -2’

I (r.t) =

1Dy ) = HOS™(r 't) X S f(r)0{r)dr
2 \ | = _2: '((n(r”) t)) )/‘svf(r)(r_r‘)

Tak kak Gyuxums a(t)S™ (v ~1t) pasHomepno vrpannycna upu r —+ 1 — 0, 10
C_ ffOINEIO = 72)ldr]
In(rf)l Jr |7 = rtf? ’
1182 (r.t)] < C| ! | |fF T ld|
( i) TM(rlt) Jro v —rt
Hauee, upepnosarast ax > —1 Gyuem nMern

‘ (1 —r)*olt) )IN(r)ldrllat]
”"(”)"L(f"=/ [i(rt)  Jr |7 =t

¢
sC [ |f(r)lptr)p" (r) j (T%
18
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JAOAYA PHMAHA B BECOBBIX MPOCTPAHCTOAX L'{p)

rae p°(t) onpeaenena B (1.2). B cuay vrsepicaennn a) nemmas 2.1

- ~ (] = r)aldll
I e <

1ue 6 € (0.1), v € T. Cieposareitbno

Mi(rtllsm < ClfllLagm-

Adance unmeem
d
U5 lesin <€ [ Wptnte ) [ LI ar

B cuity yTrepxcuenus 6) semaim 2.1

(l-r )|d£|
BRE) st F—Arr <

Hoaroay
W5t Ol < CW ey

Hanee nnmeens

1 = 1 1 ! :
Ti(re) ~ TIr—20)' = 'Jtx — rt)™ Te(rt)  Jtx — r—Ltjo Tig(r-te) =
1 ] 1
< | - 4
|te — rt|7 Mi(rt) p(r-1t)
1 1 1 (1-r) (1-7)
{ el

BT T e v 7l e e il o e R

rae Ii(t) = HI(¢)(t — tx) ™. Crenovaresnbro
HI((TI(re (r=1¢))"!(ldt
P00 <€ [ 17ore o LD (),
Yuaureisas 1To
sup gty [ 2NN - (G))lidd (1 — r)p*(r)lde]

re0,1) T |7 —rt] Tt — vE["e s

ad *
. Z/ (t—r)p (T)idtl ret; ¢
S = ny — % > .
reecfl} 8 IT l't”tk rt| -t
11 DpMMCHSAS YTRCPXKAeune B) aemmit 2.1 noayuacM

— pOI(T(re)) =t = (N{r~"¢))~ l||d¢|
re(o,1)  JT lr — vt}

CiieaosarensHo
Lir < l"')‘l’v' Ur n |
. |( ")'L‘(h) - / ‘ " 7 )'( ) ( ):l' ('r)'l.l ""

. (1= r)®p(t)|dt}
SC/TU(T)!P(T)P (T)/TWWTL
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Yunurnisun, 4To

0(,) (] —1‘)6p"(t)ldf| < 0% (1) (I —'I')‘Slflfl
P e =] = S ()T — ot

11 UPHMCHSAN JeMMy 2.1 3aBepuiachM QOKA3aTCAbCTBO JICMAIbL O
Oyuxuuo alf) orhecem x knaccy R (a(t) € RY). rae a = {ay,....a,,}, ecan

(2.4) hm hS19 (rt) —a()S™ (v~ ')\l Lsp ) = O.

K nupnnepy a(t) € R®. ecan Ay > —ng =14

at) =cod (1 - ™)), teT
= k=]

LAE Y Les0e YHCAO. Ax HeoTpHUaTeblinle neabie wuc1a. Toraa v = ind a(t). Ovesna-

Ho, uro ec;m ¥y > 0. o St (z) = 1.
i b )
8 (z) = cos *(Q(H(l - ™).

Haeem

m
IS*(rt) — a()S~(r~'1)| € C| ]'[(z,L =t - T - 0™

k=1

Crenosareanno upn f € T;

|S+(1'U —a()S™(r~ lf)lﬂr <C(1 -t - "'tlnk—uk—ll"k — e

Hxtest B Buay uto Ap + ng > —1 nony=acs a(t) € R™. AuamormiHO MOXXHO A0KA3ATH

yro a(t) € R™, xoraa v < 0. o

Jlemma 2.4. [lycmo a(t) € R® uoj < -2 dan newomopozo § € 1, m. Tozdu ecau

P(2) = Aty — 2) + Aty ~ 2)° + .. + Ay (t; — 2)~™ !

YO0EAETNEOPACTI. YCAOEUIO

lim / IS*(rt) P(rt) — a(8)S™ (r )P )|, (b)|dt) = 0,

r=1=0 hy _tieh
daq nenomopozo 0 < § < min It, — txl, 5 # &, mo Pz)=0
Hoxaaameavcmaeo. Tax kak
S*(rt)P(rt) — a(t)S~(r")P(r 1) = Ii(rt) + Iy(r, t),

rac

li(r.t) = (ST(rt) - a(t)8™ (r~1t) P(rt),
20
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Iy(7,t) = a(t)S™(r ') (P(rt) — P(r1¢)),
To us yenonus at) € R enenyer uto I e)llzi(py = 0. Myers Ay # 0. Toraa
¥MCCM
|P(rt) — P(r~'8)| > (1 = 7).

e lt; —t| < C(1—r), C >0. [losromy
(1 —r)jdt|
L(rt) oy (8)ldt] > / |
/;-I 2(rt)le- (e Ir,—rt|<Ci1—r) |t = 78|~ jt; — tm=as

Tak xak [t; =7t = O(1 —r) npu [t; — t| < C{1 ~r). T0

C{l~r) q
(L2 (rt)ler(O)ldt] > (1 =yt [ ZE o e,
ity =1 <Ol =r) o9 v .

C.ienosaresono A; = 0.
[pesnonoxny Ay # 0. Iyers k nevernoe micion Ay = Ay = .= A, , = 0. Tor;ia

npn |t; —t| < C(1 —r) umeen

[P(rt) = P(r="¢)] > (1 = r)t, = ¢[*!
C:reyoBarenHO

/ B (r)lps (1) ldt] >
¢, - tl<h

pC(1=r)

>(1- r)"“""l /

Jo
MNockonvky A +a; +1 < 0, To

litn / [Ia(r, 1)|pr(D)]dL] > 0.
[y =tj<é

res| =0

1-7r t-__tk'Hl}An‘al
[ (1-7)jt; ~ ¢ |

lt. — rt|—n
Jlgy eCir-r) j~ vt~

Gt = C(1 — r)kto,+1

Ecau & uerioe uncio, To
C(1-r)

/ 2 (r)lor (D]dl] > (1 = 7)o+ / Tty o
1ty =~t]<é c{1-r)*

(l s .r)k+n_,+l(A . B(l - r)“""—';"‘:)_

Tak xak k + «; — n; > (}, TO noNY'acM 20KAIATEALCTBO JIEMMDL. 0

B saanHeiiueM 6yaeM HPeANONAraTh, YTo

(2.5) a1 02 S ... S, Ay S =1 tmp+1 > —1

Jdemma 2.5. Myemo k; 2 —nj, j=1,2,....mog. mo20a

”mo

Jim ||5+(TE)JH(t, ~rt)ki — a(t)s-(r“lr)g(tj — 8 ) w0

2]
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Jonasumeavemeo. Tak Kak
S*(rt) H (t; = rt)" —a(®)S~(r7"t) H (t; =~ = Iy (r, ) + L2(r, 8},
a, <1 o<1
rac

Lirt) = (STt) —a(OS~ (1) [ &5 - rt)*

a;<—1
Lirt)y=a®8 ("0 I &-r* - [ ;i -r "0,
a;<—1 ays—1

10 yuutbisast, wro |S*(rt) — a(t)S™(r~ )| < C(1 —7)® u & > 0 nonyuaem

|t; — rt|*|dt|
< 6 J
[ 106 0ot < ¢ =) Z /1 = -

,H‘ELO/T |71 (r, t)]|df] = 0.

Hance. Tak Kak npu t € T;

P T -t = T & -rt)| < Clt;—rt)* (&, —r~'0)*| < CQ—r)Jt, —rt[*,

a,<—1 ax, €—1

TO

[ imtrtip-ear < o - 0 i ST S

YuuTuipas uTo n, — r; < 1. moaydaenm

lim /|Ig(r,t)||dt|:0.
r—+1-0 T

Jleainia 2.5 n0KazaHa. a

Jemma 2.6. Hycmo oq < —2 dan nexomopozo k.1 < k < m, a(l) € R™ u &y(z) =
m

(tx — 2) H - z2)™. Eeau dynxyus

=1

N I 1 )
“iE (m < ke (tk—z>‘"~) Gl

ydosaemaopsem yrio8ulo
/ IS*(rt)of (1) — a(8)S ™ (r~ )7 (1) | v ()] — O,

mo Yr(2z) npedcma.ﬂu.ua 8 oude @i (z) = Ay + (tx — 2) "™ Dy(2), 2de o(2) enaiumu-
weewnr ynnuun 6 move ty, Ay nexomopoe xomnaexcroe Nucao.
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Aoxasemervemeo. B cuny mnennnl 2.5
r
/ (e —r) =™ o (rt) S* (rt)—a(t)(tr =7 1) "™ i (r T IS (™ t){pr (1) ]it] — O,
e —t]<e

koraa r = 1 — 0, To hpyukims

[ty ~1) g1
, ¢ (a)(ty —2)""™
$u(2) = (i)t - 2) + .. + =X T

12KIKE YAOBIETBOPSET YCIOBHIO
/ |S+(1"t)¢k(rt) —a(t)s~ (r'lt)d)k(r_ lt)[p,.(f)|(lt] - 0.
Ity =tj<e

B cuny aemmst 2.4 uncaa A;..... A_,, OAINO3HAYHO ONIPEACIFIOTCA W3 YCIoBHA

[ A F () + A 1 F(ty) =0

A—n.,F“(tk) r A—n.—lF‘U'L') a7 -4—8.—2F(tk) =0

\ A FE™(0) + A, P D) + o+ AL F(te) = 0.
Bribupas A_,, MpoIr3BOnLHBIM 06Pa30M 113 ITOM CHCTCMBI OTROZHATHO OMTPCENREM
uncia Ay, Ay, ..., A_n, 1 Yurrsiban gemmm 2.4 1 2.5 3aBepniaen J0OKa3aTe/bCTHO

aemMMe! 2.6. a

3. OCHOBHASL TEOPEMA
Teopema 3.1. ITyems f € L'(p). Tozda
T-lizln_u NKH(fort) — a(t)K~(f.r ') - f®lerp,y =0,

20e IC(f. z) onpedeasemen dopmyaot (2.3). Taxune obpasom K (f, z) pewenue 3adevu
R. xoeda N + & > 0. Ecau N+~ < 0, mo K(f, z) asanemes petuernuem sadavu R

mozda u moawvxo mozde xozda f ydosaemeopaem ycaosuim (2.2).
’

Aorazemeavcmeo. Tlycrb f & 0 B HEKOTOPRIX HellePECEKAIOWULXCH OKDECTHOCTSIX
Ty € T rouck ty.. OBoanaunm ucpes Ty obbeaunenic 3tux unrepsaios. Torna bynk-

1S
f(r)I(r)dr
T SH(r)(T - 2)

adasurruiba 1 1. Paa Tetinopa saTofi ymkumi B Toukax ti, 1=1,.... m umeer Bun

D, (Z) =

®(z) = .‘lf,‘) K Ag"(: —tL)+ ..+ A,Ei)(z .
_kl/ f(r)(r)dr
T

2ri Jp S*H(T)(T = t;)FFL’

rac A.{n = = L. ..M.
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Haeen
KY(fort) —a(K ([, r7't) = Li(r, ) + La(r. 1),
e
o SHED®(rt) - a()S (v 1) (r ‘1)
Li(r,t) = n(re) s
L(r.t) = a()S (r '0)®1(r ')((TT(rt)) = (TI(r ')} 1)
Tak kak

Id’l(’l't) = 4’1(1'_“” < A(] = 1‘), L€ T].
TO V'INTbIBAH *ITO
[S*(rt)d(rt) — a(NS~ (r~ 1), (r 1) < C(1 =7)%, § >0, € T,

HOJY THEN

~ s
| / I (+)pe(P)elt] < C° / A= e oy [ @) > 00 > 10,
) T, (re) 7

Han t € T} naeear

1
|/ Iy(r, ) pe(1)dt] < (’Z/ (1- "l"" + T =il e (O)]1e2] <

k=)

i

<Ol - r)Z(/ It — tef™ "t |dt] +/ It — ™ ™4 dt]) = 0,7 > 1.

Hasee. nyers t € T\ Ty. Tax xax f()TI(2) € LYT) ro pyuxium
®.(2) = S(z) fr)n(r)dr
R T r SHr)(7 — 2)

YACUIETBOPHET YCAOBUKD
@7 (rt) — a(t)®5 (r~11) — H(OT(E)||pr =0, 7 5 1-0.
C.icitovareabno, reopesa qokaJana aust hynkip: ofpautaoweitcs: 18 HyJib B OKpect-
HOCTSIX TOUCK L. k = 1., .., m [Iyers reneps f ccrs upoussonbuas pyuxigis ws L (p).
Jns moboro £ > (0 mokHO Haliti pyukuw f, € L' (p) Takyw, uro fe = 0n Ty n
If = feliLi(yy < e. M3 nenme 2.3 eacayer
[K*H(f.rt) = at) K~ (f.r7't) = ()l Lrgp) <
< |K(f = feort) = @)K (f = feur " OllLrpy+
|K*(f..rt) — a(t) K “(JerME) - felleopan + I1f = fellLany €
< ONf = fellrim + 1K (e, 7t) —al) I (fo. 7710 = fellLa(p,)-
Tuk kak

WK (feurt) = aK (fe.r At) — fellprgpy 20, 7 =2 1 =0
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LONY IAEM NOKA3B1€ARCTHO Teopenut 3. 1. 0

4. HCCNENOBAHHME 3AMAMN R B CAIVIAE oy > —1, A= 1,2....,m

TeopeMa 4.1. Cnpacedauct: carcdyrouue ymaeparcocnun:
a) Ecau k 2 0, mo obwce pewenue odnopodnotl 3adaxu R aoocno npedecmasumn

68 sude

mom 4k
(4.1) By(z) = S(=! E:Z:k~z +Pu0,
=] j=1

zde P(=) noaunom nopadxa k — | npurx >0 u P(:) &0 npu s = 0.

6) Ecaun <OuN+x>0, mo 06u4ec pewcnue oduopodnoti sadavu R awxcno
npedemasums ¢ sude a
SiE)2(=)

N(z)

2de P(z) nevomopwiil noaunom noproxa N + k — 1.

(4.2) ®a(z) =

8) Ecau N + & < 0, mo 0dnopodnas 3a0a4a UMEE TNORBRO KYAEGOE PEIUEHNE.

Hoxarameavemao. Tyers P(z) = ZL(: A2k, Tlockoabky |S*(rt)—a(t)S™(+~1t))| <

A(1 = )" 1o Gyuem umern

|ST(xt)P(rt) — a(1)S™ (r~")P(r~"t)| < C(1 = )"

[Moyromy
IS*(rt)P(rt) — a(t)S~ (") P(r~"t)||1(p) = 0.7 — 1 — 0.
TMonoxmum
Pulz) =8tk —2)77, j<nx. k=1....m
Moty umas

5 (rt) - “(‘)‘I’fk("_'f)l S IST(rt)(te = 7t)™) = a(OST(r Dt - ')

IS*(: t) - a(t).S' r %) 1 ]

+ a(t}S(r 1))

= ltx — re]7 (b=t} (tx —r1)7!
[Lor)’ | 1 $-3° Lan) .
C(lt. - rtf I(u -rt) 1 -r“‘ll'l) o [ty ~ rej $ [ty = rip*1’
IMosromy

"(I';L-("” - "(‘)’”(r- ‘"'L‘(M <
(1= rlpt)ldtl [ (= rpt)lde],
T -1t T Mk —rejirr
a5

(
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MMockoabKY j < N 0 N — ap < 1 10 10CIIEIHME HHTeI'DaJIbl CTPEMSIITCS K HYJIO IPH
1 — 1—. YrsepxicHHe a) TeopeMbl NOKAIHHO, AHANOIH'MHO UOKAIBIBAIOTCH yTHEpP-

Aaedtst 6) u n). O

Teopema 4.2. Cnpasedaugn caedymuiue Ymeepcoenus

o) ecaiu N + 6 > 0, mo obwee peuienue sadavu 1 moxncno npedcmasums ¢ eude
(4.3) ®(z) = K(f.2) + Po(2).

ede K(f. 2) onpedeasemen dopmynott (2.1), a By(z) obwee peurerue odopodiod 3a-
davwu R,
6) ccau N + k < 0. mo 3edave R pespewuma mozda u moavno mozda xoeda f

ydoaaemeopaem ycaoauase (2.2). Mpu smnom pewerue moxeno npedemasumo 6 aude

(2.1).

5. MCCAEAOBARME 3AUAYN R B CAYIAE [IPOM3BOJLKLIX g, k=1,2,.

Teopema 5.1. ITyemo at) € R®. Tozda
a) Ecau N + & 2 0, mo pewenue 3adavu R moncrno npedecmasums 6 sude

(5.1) d(2) = K(f,2) + S(z){ Ao + P(z)(I1(2)) 7},

2de Ay npmeoasmor xomnaexcroe wucao npu K > 0 v Ag = 0 npu & < 0, P(2)
noaunos nopadxa N + s — 1.
6) Ecau N +k <0 ux > 0. mo ®(z) umeen npedcmasaenue (4.3), 20e dy(z) =0

u [ ydvsiaemeopaem caeSpOWILM YrAOHTLAM:

- f(t) k

5.2 - 0,1... — o

(5-2) S*(t)“(t)t dt=0, k= (N+x)-1

8) beau N < 0 u x < 0. mo 3adeva It umeem eduncmoennoe peutenue $(z) =

K(f, z)+ AuS(z), 20¢c

- f(&)II(t)dt
(J.J) AU — = 5’; 2 W

u [ ydoeaemeopaem ycioeunm (5.2), ecau k # =N — 1.
2) Ecau N+x <0 u N 2 0. mo mo 3adaue R umeem odno pewenue $(z) = K(f, 2)

u [ ydveaemeoprem ycaosunm (5.2).

Hoxasemeavcmeo. Ecnn & penmenne 3agaun R, 1o 6ynem umeth
Pt (ot) SO R _
Jim [ 1% - T - Sl = o
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e
i m
])jr(z) = H(f-k —r2)"*, I’)J(Z) — H (th — z)™
k=l k=y+1
O6oanariun
".’ - % (‘I)" I: —
v2e) = T PR, .= D R,

nony+aeM 3afavy I'uaesbepra aas pyukium ¥, (z)
VE() - ¥ () = £, (1),

e £1(0) = o P

BTOuYKe ¢ =7 Y, k=12 ..7u B 6eckon

(t)E(t). Tak kax dynkums U, (z) MMEET NOMIOC NopaaKa —ny

) < Clz|¥*+*1 10 060

JHaI4B

/“i"‘] Afu.( )
Wl = G T

LAABNHYIO HacTh padiokennn Jopaua dyusinn 97 (2) s 1ouke vy, Gvaen uners
™y mo
THE) — (U7 (1) = Y Qur(t) = £(8) + D Quelt)
k=1 k=1
Hautee nonoxus N + x > 0, uonyyaenm

V(2 )‘2_-JJ[ f-(t) dt+i‘?kv (2) + Pr(3)

rae Pr(z) vekoropwil rosnonm nopsiaka N 4+ & — 1 upu N +k > 0 u Po(z) & 0 npu
N + & = 0. Tax kax fr(t) = F(OO(t)(S*(t))"! B L' nonyyaenm

S(z)()_ Qu(z) + P(2))
gy (=i}
®(z) = K(f,z) + T
Tac
c o
Qk( ) » (l , oo ¥ ('k )™ - = L. ,.'mu.

S(=)P(z) ,

Ouesnauo, uTo byHKIMS -_‘T('_)_ YAUB/IETBOPHET OXHOPOAHOMY Y. losuio (1.3). Tlo-

31OMY byl
my

3 Qulz)
k=1
nez) °’
Toxe yaosacrsopser ycaosuo (1.3). Yautwbas Jgemay 2.6 noiysacm cacaywouice
npeacrasnensie Gyuxipd B(z):

®(z) = K (/. 2) + 5(z)(Ao + P(z)(IT(2) 1)
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Mpesonoxknne N + x5 < 0, k > 0. [Nockoabky a(t) € R*, 1o ApS(z) svaserca
penleHHen 0AHOPO(HOI 3aawmi R, ciegonarenbHo oGuee peienye aagaun R moxHo
NpeICTABUTL B BHIE:

&(z) = K(f. 2) + S(z)Ap.
rac Ap ceTh NPOH3BOILHOE KOMILICKCHOT HIC0.
Eciu N > 0, & < 0. To dyuxisnsa S(z) umeer uodioc nopsika —x B GECKOHEYHO-
e, caesosareanto A4gS(2) ne peeine oanopoanoi 3aaauu R. rolet nmeno mecro
yenosue ®(oc) = (. ncobxoznnio naiite Ay 113 (5.1) 1 notpetopats urobnt f ysonne-
TBOpsiia yeaosuan (5.2) upu k # —N — 1.
Ipu N +x < 0, N < 0 ouesnguo wro Ag = 0 u f yuosucraopser ycnosuanm (11). 0O

Teopema 5.2. Myeme at) € R®. Toeda a) Ecau N + & > 0, mo obwsee peuierue

odnopudioti sadavu R atwsicio npedcmesums 6 cude:
(=) = S(z)(Ao + P(z)(T(z)) ™)

2de Ay npoussosvroe mosnaexchoe wueao npu kK > 0 u Ag = 0 npu k < 0, P(z2)
noaunoas nopadse N + £ — 1.

6) Ecru N+x < 0uk >0, mo P(z) = AyS(2), ¢de Ay npouaanavroe xoanaexcuoe
uueno.

8) Ecau N + k <0 u k < 0, mo odnopodnas 3adava R umeem moavno nyaeeoe
peuterus (=) = 0.

Abstract. In the unit disc bounded by the circle T = {z,|z|] = 1} we consider

the Riemann boundary value problem in the weighted space L!(p). where p(t) =
H t=™. t €T k=12 _..m and ag, k = 1,2,...,m are rcal numbers.
k=1

The question of interest is to determine an analytic outside the circle T function
b(z). Ploc) = 0 to satisfy lim, ;g [| B+ (12) — (VS (r=2t) — f(t)|L1(p.y = O. where
feLp), aft) € C*T). 6 >0, and p, arc some continuations of function p inside

the circle. The norinal solvability of this problem is established.
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MAGNETIC BI-HARMONIC DIFFERENTIAL OPERATORS ON
RIEMANNIAN MANIFOLDS AND THE SEPARATION PROBLEM

H A ATIA

King Abdulaziz University. Saudi Arabia:
Zagazig University, Zagazig. Egyvpt.
E-mail: h_a_atic@hotmail.com

Abstract. In this paper we obtain sufficient conditions for the bi-harmonic differential
operator A = A} + ¢ to be separated in the space L (M) on a complete Riemannian
manifold (A, g) with metric g, where A g is the magnetic Laplacian un M and ¢ > 0
is a locally square inlegrable function on Af. Recall that. in the terminology of Everitt
and Giertz, the differential operator A is said to be separated in L2(Af) if for all u €
L2(A1) such that Au € L2(M) we have ALu € L2(M) and qu € LZ(M).

MSC2010 numbers: 47F05. 58J99.

Keywords: separation problem: magnelic operators; bi-harmonic operators: Ricman-
nian manifolds’.

1. INTRODUCTION

The separation problein for differential operators was first introduced in 1971 by
Everitt and Giertz |10, then this problem for different differential expressions was
studied by many authors, such as Boimatove |4|, Brown [6-7|. Mohamed and Atia [16-
17]. Zaved et al [19]. Atia et al [1-3]. etc. In [14]. Milatovic has studied the separation
property for Schrodinger operators on the Riemannian manifolds. Recently Milatovic
[15]. has introduced the inagnetic Schrodinger operator of the form L = Ag + q on
a complete Riemannian manifold (M, g) with metric g, where Ag is the magnetic
Laplacian on Al and q > 0 is a locally squarc integrable function on Af. Sufficient
conditions for the operator L to be separated in L? (Af) were obtained in [15]. Atia ot
al |2] have studicd the separation property for the bi-harinonic differcntial expression
of the form AZ + ¢ with E = 0.

In this paper we generalize the results of |2] to the magnetic bi-harmonic differential
expression of the form A = AL + g, where E # 0. Let (M, g) be a Riemannian
manifold without boundary (that is, A is a C*-manifold without boundary and
map—nrw:\a funded by the Deanship of Scientific [tesearch (DSR), King Abtlulaziz Universily,

Jeddah, under grant No. (662-012-D1434). The author acknowledge with thanks DSR technical and
financial support.
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(9% ) is & Riemannian metric on M), and let ditnM = n. We will assume that A is
connected.

Throughout the paper we use the following notation. By du we will denote the
Ricmannian volume clement of M, by L? (M) we denote the space of complex-valued

square integrable functions on Af with the inner product:

(1.1) (wv) = [ (uf)dp,
/

and ||| denotes the norm in L2 (M) corresponding to the inner product (1.1). We
will use the notation L2 (A'T* M) for the space of complex-valued square integrable

1-forms on A with the inner product:

(1.2) (Vo) L2 nipe iy =/<W'W> dps,

M
where for 1-forms W = Wde? and ¥ = Widr*. we define (1. ¥) = o™V W,
where (g7") stands for the inverse of the matrix (ajx), and ¥ = Tpds*. (We use
the standard Einstein summation convention). By [|-|| 2417 5yy e denote the norm
in L2 (A'T*Af) corresponding to the inner product (1.2). By C> (Af) we denote
the space of smooth functions on M, by C2 (M) — the space of smooth compactly
supported functions on A, by Q! (M) — the space of smooth 1-forms on A/ and by
Q! (M) — the space of smooth compactly supported 1-forms on Af.

Recall that a magnetic potential is a real valued 1-form £ € Q! (Af), and note
that in any local coordinates &', 22,. ...z, the form E can be written as E = Bdal,
where E, = Ej(z) are real valued C™—functions of the local coordinates. The
operator d : C> (M) — Q! (M) stands for the usual differential and by dy; : C> (Af)
— 02! (M) we denote the deformed differential defined by dg(u) = du+iuE, for every
u € C> (M), where : = /=1. We denote the formal adjoint of dg by di - ' (M) —
C*° (M) which is defined by the identity: (dgu,w)psiqi7-pp = (udpw), Vu €
Cx(M). w e 2(M). By Ap = dpdg : C® (M) = C= (M) we denote the
magnetic Laplacian on M. with magnetic potential E. In this paper we consider
the bi-harmonic differential expression:

(1.3) A=AN% +q,
where g € LZ, (M) is a real-valued function, called the electric potential. Also. we
use the notation
(1.4) Dy = {u€ L>(Al): Au € L2(A1)}.
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Definition 1.1. Using the terminology of Everitt and Giertz jL1]. we say that the
differential expression 4 = A2 + ¢ is scparated in the space L2 (M) if for all w € D,
we have Al € L2 (M) and v € L2 (M).

Definition 1.2. Let A be as in (1.3). We define the minimal operator S in L2 (M)
assuciated with A by the formula Su = Au with domain Dom(S) = C (M).

Remark 1.1. Since § is a symmetric operator, it follows that S is closable (sce [12],
Scction V.3.3). In what follows, we will denote by S and §* the closure and the
adjoint of the operator 8 in L2 (Af) . respectively.

Lemma 1.1. If (A g) is a complete Riemannian manifold with a metric g and
a positive smooth measure dy and if 0 < g € L} (M). then the operator § is
essentially self-adjoint in L2 (Al) (see 15, 8. 13. 18]). Morcover. in this case we have
S=5" (see (9. 12]).

Definition 1.3. The set of admissible parameters P € R? is defined to be the set
of parameters (v, 8,7) € R? satisfying the following three conditions: (1) v > 0; (2)
B8>0; BYU<ad<lora=18=1.

2. TIIE MAIN RESULT
The main result of the present paper is the following theorem.
Theorem 2.1. Let (M.g) be a complete and connected C™ — Riemannian manifold

without boundary, with a positive smooth measure di and @ metric g satisfying the

Jollowing conditions:

(1) 0<q(@) € L3 (AN dq(a). dg(x) € L, (M),
(2.2) l%q(e) u(z)|| < C) "qf(:t;) u(r)|l,
(2.3) Ida() du(z)i < Ca fJa¥ () u(a)]

for every x € M and u € CX (M), where Cy > 0 and Cz > 0 are constants with
C) +2C; €[0,2). Then the differentinl ezpression A defined by (1.3) is separated in
the space L? (M)
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Proof. Let (o, 8,7) € P and u € C® (M) . By the definition (1.3) of the expression
A. for every u € C (M), we have

(O%v + qu, OFu +qu)

= (|a%ul® + 2Re (Aku.qu) + flaw)?

= ||a%ul® + 2Re (Adu. Au - Afu) + |qulf?

= —||abu]® +2Re (AL, An) + [lqul®

= (267" -1) ||A2,;;u||2 — 207" (A%u, A%u) + 2Re (AL u. Au) + [|qu)?

(287'-1) ||A?;u“2 ~ 287 'Re (A% u. Au - qu) + 2Re (A%, Au) + |qu]”
= (@3 = 1)||akul’ + 26 'Re (0% qu)

(24)  +2(1- B Re(Dbu, Au) +llgu]’.

ll4ul?

]

For any imaginary number z, we have
(2.5) —|2] £ Rez < |2].
Also, for eny two positive real numbers ¢ and b, we have

' ko 1.
s —=
(2.6) ab_,za +,“h,

where k is a positive real number. Hence, applying the inequalities (2.6), (2.7) and

the Cauchy-Schwartz inequality, we get

(1 - 8" "Re (AQE!J. Au) > —2[(1 -8 (Ai—u. Au)|
=21 - A7 {ARu Au)| 2 -2]1 - 87| [|[A%u]| || Au|
—[1=57Y (k)adaf + & naw?). .

N

v

(2.7)

Since ¢ 2 0, by the definitions of d and d;, we obtain

I

Re (qu, A} u) = Re(Agp(qu), Agu)

= Re((d*q)u + 2(dg)(du) + g(Dsn), Apu)

= Re((d’q)u, Apu) + 2Re((dg)(du), Apu) + Re (g(Apu), Apu)
(2.8) = Re((@n)n, Aeu) + 2Ro((da)(du), Dpw) + [la! Ay
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Next. by using the Cauchy-Schwartz inequality, the inequalities (2.5) and (2.6) with
k =+, and the conditions (2.2) and (2.3). we can write

Re (). bz4) 2 |(Pgu, Apw)| 2 — ||(@a)uf) [5zul
~Ci|letul| l2gull = ~C: llguil[|ot 2]

2

'A
qiu

v

(2.9) —C;% llqullg—Cx% ”q%AEulr.

and

2Rc ((dg)(du). Agu) 2 =2|(dgdu, Agu)| > —2 ||dedul| |A s
-2C; “q*u A gl = —2Cy ||lqull I q*AEull

v

(2.10) ~Corlaul? ~ G~ b A

"

Taking into account (2.9) and (2.10), from (2.8) we obtain
Re (Afu.qu) > (c,',% n (,‘27) Naref)® + (1 — (& "’T - Cﬂ-‘) “qi A,.;u'lz,
implying that
287 'Re (Akmqu) > —B7'7(Ci +2Cy) |lqu
@11) +871(2-Cit = 20m7Y) Hq%AEqr.
Taking into account (2.7) and (2.11), from (2.1) we get

(212) (14 1=~ E7) 4uf? > (1= 87'Cry - 287 Ca) llquli®

2
#8712 Cry ' =200 e uuf| + @671~ 1- |1 =87 K) Akl

If aff < 1, we choose k > 0 such that 1+ ]1 £t l k=1 = (aB)~", and multiply both
sides of (2.12) by a8 to obtain

JAW? > (8- Cir =20 laul? +a (2= Cir™ = 2Ce~) [ub ]
(213) +aB (267 —1- 1= 37 [k) || a%ul.
Next, we show that the following equality holds:

(2.14) aB (287 -1 [1- k) =1-(1 -} (1~af) .
34



MAGNETIC BI-HARMONIC DIFFERENTIAL OPFRATORS
=
Indleed, since 1 + |1 - 87k = (aB)~". we have k = '—‘l'—"J Hence, we can
write
agli - 81
1

287 =1 -1-A7 k) =0wll 23 -1 =
af (28 [1- 87" %) ud(u 1 =

ﬁ(?,ﬂ" —2(1-—l+uﬂ—a/3|1-6"|2)
-nd

1-af
20 — 2078 — a8+ 0?87 — o282 (1 - 287! + 8-2)
= 1-ap
—aB—a®+2 - -l -a) N
= af —a® + az(l af) - (1 -a) =1—(l—0)2(1—nﬁ) P

1-od 1-af
Now from (2.13) and (2.14), we get
2
4w 2 a(@=Crv =26 llgul’ +a (2= Cor™" - 20077Y) o} A
(2.15) i (| —(-0)*(1 - aBy ') a2
If @ = 8 =1, we can take any k > 0 in (2.13) to obtain
lAul? 2 (1~ Ciy—2C) llqul® + || Ak
(2.16) +(2-C' - 2007 ||qéAEu||‘ |
From (2.15) and (2.16), we obtain
. a
(217) allqul® +bflo}agu| +eclakul’ < aul’.
where a = a (8 - (C) +2C2)7) ., b= a (2 - (C1 +2C2)7"") and
7 fl -(1- a)z(l —aB)! if aB<1

11 if a=ﬂ=1.'

If C) + 2C; € (0,2). then there exists an admissible triple of parameters (o, 4.7) € P
salisfying the inequalities:

(2.18) B2(C1+2C3)y. 292 C +20;. and o+ 8 <2,

which implies that @ > 0, b > 0, and ¢ > 0. If C; = Cy = 0, then from (7) and (8)
we get d?q(x) u(e) = 0 and dg(2) du(z) = 0, for every z € M and u € C° (M),
Conscquently, we have Ag (qu) = q(Agu), and for every u € C (M) . we can write

(2.19) Aul 2 = (Au, Au) = (Au + qu, Aju + qu
E E
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= ||Ari~u”2 + 2Re (A% u, qu) + [|lgull® = ||A?r~u||2 + 2Rc (qu. A% u) + lqu)|?

|akul® + 2Re(Az (qu), Dpu) + [lqu]l®
= “A}._-u”z +2Re (g (Apu), Agu) + llqu|?

. 2
= [|akul* +2 (et agul + lqul®.
It follows from (2.17)  (2.19] that the inequality (2.17) holds for all u € C2® (Af),
witha 20,52 0. and ¢ 2 0if C; +2C; € [0, 2).

Now we proceed to prove that under the hypatheses of the theoretn the inequality

(2.17) holds for all « € Dy. To this end, observe frst that from the completeness of
(M. g). it follows that the operator § is essentially self-adjoint and Dmn(§) = D, Let
u € Dy. then there exists a sequence {u,} in C* (3f) such that u, - u and Au, -
Suin L? (M) as n = o0. Applying {2.17) with © = 4, — u,,, we conclude that the
sequences {qu,}. {A%u,} and {q#AEu,.} arc Cauchy sequences in L2 (M) . Since
N2 gl = (Aguy, Apuy,) = (Akup.u,) < ||A%w || lua]l . and {A%u,} and {u,}
are Cauchy sequences in L? (M), it follows that {Aguy,} is also a Cauchy sequence
in L2(Af). Taking into account that the operator A is essentially self-adjoint on
C2 (M) (see [17]). we have

(2.20) Agu, = Agu.
implving that
(2.21) g2 A gpup = q!wlyu und Af;;u,. - Ady,

in L2(M)asn = x

Finally, taking into account that {qu,} is a Cauchy sequence in L? (M) and
C (M) is dense in L2 (M), it follows that

(2.22) qu, — qu,

in L2(Af) as n — oc. Now, replacing u by u,, in (2.17). passing to the limit as 7 = oc
in all terms, and using (2.20) (2.22), we conclude that the inequality (2.17) holds for
all ¢ € D. This means that the differential expression A defined by (1.3) is scparated

in the space L? (M). This completes the proof of the theorem. a
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Abstract. The Ricei flow is an evolution equation in the space of Rienannian metrics.
A solution for this equation is a curve on the ifold of Ri ian metrics. In this

paper we introduce a mcetric on the manifold of Riemannian metrics such that the
Rirci Aow heenmies a geodesic. \We show that the Ricci solitons introduce a special

alice on the manifold of Riecmanuian metrics.
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1. INTRODUCTION

The collection M of all swovth Riewnunian metrics on a coinpact smooth n-
dimensional manifold A is an infinite dimensional Fréchet manifold. Geometry of
this space has been studied at first by D. Ebin [8], where he praved the existence
of a slice in the space of Riemanninn metrics. The basic fucts about the manifold of
Ricimannian metrics 91 can be found in {8, 10, 12]. In {4. 5|, B. Clarke proved that
the geadesic distance for the natural wetric is a positive topological metric on I,
and determined the metric completion of 9. The existence of a vanishing geodesic
distance for some infinite dimensional manifolds has been established in [3, 16. 17].

The Ricci low is a valuable geometric flow introduced by R. Ilaunilton in the
early 1980 [14]. Following the paper by J. Eells and J. Sampson (9], he introduced an

cvolution equation for a family of Riemnnuian metrics as follows:
] e
790 = —2Ric(g(1)).  9{0) = go,

where Ric{g(t)) denotes the Ricci curvature of the netric g(t).

TLe short time existence of solutions of the nbove evolution equation hns been pyoved

by R. Hamilton [13, 14], by using Nash and Moser implicit function theorein. Later

D. DeTurck |7] gave a shorter proof based on linearization of differential operators.
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In [11], the authors have proved this result by considering geometry of the manifold
of Riemannian metrics 90t

Ricei solitons are special solutions of the Ricci flow (see {1]). Namely, a solution
g(t) of the Ricci flow on A{ is a Ricci soliton (or self-similar solution) if there cxist a
pwsitive time-dependent function o(t) with o(0) = 1, and an 1-paramecter family of

time-dependent diffeomorphisms ¢ : M — M with g = id, such that

g(t) = o(t)(t)* 9(0).

It is a very useful tool in the sdudy of the differential geometry and physics (see,
e.g., [0, 18, 19, 21]). Observe that the solution of Ricci flow is a curve in the space
of Riemannian metrics. In this paper, guided by the results of |2|, we show that the
Ricci flow can be considered as a geodesic of a Riemannian metric on M Also, we
show that the Ricci solitous are applicable to give a special slice on M.

The paper is organized as follows. In Section 2, we present the necessary notation
and somne preliminary facts. In Section 3, we recall some results of D. Ebin |8 on the
manifold of Riemannian metrics, and prove a useful lemma concerning Levi-Civita
connection. In Scetion 4, we prove the main results of the paper (Theorems 4.1 and
4.2), giving a Ricmannian metric on M such that the Ricci flow is a geodesic on M.
In Section 5, the relation between Ricel solitons and slices on M is described. We

show that Ricci soliton is equivalent to existence of a finite dimensional slice for M.

2. NOTATION

2.1. A metric on tensor spaces. A Riemannian metric ¢ : TAf x5 T'AM — R will

equivalently be interpreted as musical isomorphisms:
b=g:TM=T"M f=¢ ':T°M = TM
The metric g can be extended to the cotangent bundle T*Af = T;'M by setting
97" (. B) = gi{ex, B) = a(4B)
for a, 8 € T* M, and the product etric
r s

d=Qee®qs’

extends ¢ to all tensor spaces Ty Af. A useful formula is
o3(h. k) = Tr(g~"hg~"k)

for symmetric h, k € T{A.
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2.2. A metric on tensor ficlds. A metric on the space of teusor fields can be
delined by integrating the appropriate melric on the tensor space with respeet to the
volume density:

(k) = [ 41h(o). kiz)uol(a)(a)
for h ok € T(TTA), where vol(g) is the volume density \/;i-cmd_-rl A..Ade® in
local coordinates {2'} for Af. According to Section 2.1, if h and k are tensor ficlds of

0 ! !
type ( 2 ) and A or k is syminetric, then we have

a0 k) = f Tr(g™ h(r)g™ " Mx)eol(g)(z).
A

2.3. Directional derivatives of functions. We use the following ways to denote
directional derivatives of functions, in particulnr in infinite dimensions. Given a

function F(.z.y), for instanee, we will write:
DiwF or dF{@){(h) s shoreut for @ [oF(x + th,y).

[ere (2, 2t) in the subscript denotes the tangent vector with foot point z and dircetion

h. Here the calculus in infinite dimensions as explained in [15] has been applied.

3. THE MANIFOLD OF RIEMANNIAN METRICS

In this section we recall some fundamentals on the manifold of Riemannian metries
and the natural L2 metric. The manifold of Riemannian metrics 90 is the subset of
all sections in S27T* M of svinmetric rank-2 covariant tensor fields that are positive
definite an each 75 Af for p € M, and M is an open convex positive cone in I(S2T* M),
which is an infinite-dimensional Fréchiet manifold (see [13]).

We first recall some results of Ebiu [8]. Let D be the group of simooth lunctions
on M. and let

VoM D oM, (9. f)— f*9
denote the usual "pull-back"action of D on M, For g € M, let

U, DM fer [y

denote the orbit map at g. Then ¥y, is a smooth map with derivative at the identity
e € D given by

a, = Ty X(M) - S3(M). X - Lxy,
where Ly is the Lic derivative with respect to the vector ficld X, We ean describe

the canonical splitting of S2(M). Let O, = {f*y|f € D} C ¥,(D) € M be the
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orbit through g. Then Oy is a smooth closed sub-manifold of M, with tungent space
at g giveu by Ty =ranga,. Observe that there exists, orthogonal to (), a slice
5y € M, which is also a siwooth cluosed manitold of M with tangent space at g given
by T3Sy = S9(g). Here S8(g) = {h € S2{M)|A,h = 0} is the space of €™ divergence
free Lwo-covariant symmetric lensor fields on Af. Thus, the eanonical splitting of

Sa(A) can be written as follows:
TPt = ToS, & Ty0,.

The curvature and the geodesic spaces in M relative to the canonical metric were
studied in |10, 12]. Other weak Riemannian metrics on M have been introduced in
[20], and formulas for covariant derivalive, eurvature tensor, sectioual curvature and
geodesics liave been obtained. Metrics on 9 that are stronger than L2—metric has
recently been described in |2]. Using a pseudo-dilferential operator they introduced

the following general metrics:
Gl(h k) = f g1, kyvol(g) / Tr(g™" Ly (h).g ™' K)vol(g),
M M

where Iy : (82T M) — I[(S2T*M) is a positive, symmetric, bijective pseudo-
differential operator of order 2p,p > 0, depending smoothly on the metric g. They
obtained a geodesic cquation for the general metric and all particular cases, and
among otler results, they showed that under certain conditions ou the operator £,
the geodesic equation is well-posed.

The next lemma will be used in Section 4, in the proofs of the main results of the

paper.

Lemma 3.1. The Levi-Cinita connection induced by the Sobolev metric G;' on the

manifold of Riemannian metrics is given by the following formula:
'’

1 F
=Pl [=hg™ Pk = Pykg ' h + Doy Pyk + Digxy Polt = (D) Poh) (k)))

L]
-

Vik

+ %[Tr(g'lh)k + Tr(g~ k)b = To(g™  Pyhg ™ 'K) Pyt g).

Proof. The Levi-civita connection on any Ricmannian manifold is detenmined by the

following six terms formula:

2GH(Vnk, m) = hGi(k,m)+kGh(h.m) - mGh(h k)

—GU(h, [k.m]) — Gh(k. [m, h]) + Gy(m. [h.K]).
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e = (. S0, we can
It suffices to look at constant vector fields h and k satisfying [P k)

write

WGh(k.m) + kG (h.m) = mC;(h.k)

QGg(V;.k, m) =
1)

(~Tr(g~ hg ™ Pykg~*m) = Tr(g~*kg™ Th9™
—I‘TI‘r(g“mg‘nghg’ k) — Tr(_q'll"ykg"lhy_lm)
—Tr(g” ' Pyhg™ kg™ m) + Tr(g"ll’ghg'lm.‘)—lk)
+Tr(g "' Diguny(Pak)g~"m) + Tr(g " Digi( Pol)9’ 'm)
~Tr(9™ ' Dygam(Poh)g~ k) + %Tr(g_'ngy"lm)T"(-"_1")
+%‘1‘r(g-‘Pghy-‘m)'rv-(g-‘k) > %’f‘rw"f’ghsf'k)'f"'w“m)lwl(g)-

Notice that some terms in the last formula cancel out because for symmetric ki, k. m

one has

Tr(hkm) = Tr((hkm)T) = Tr(mTkThT) = Tr(hTmTkT) = Tr(hmk).

Therefore, we Lave

2GP(Vpk,m) = f [Tr(q"lzg_ll-’gkg_‘m) - TT'(;}_'ng!]—'hy"-m)
M
+Tr(97" D) (Pyk)g~'imn) + Tr(g~} Dyay(Pyh)g™'m)
~Tr(9™ "' Diym)(Poh)g™"k) + %Tr(y' 'Pokg™ m)Tr(g™"h)
1 ol . 1
+§Tr(g "Pyhg ') Tr(g~ k) — §T1'(g"ll’ghg"lA‘)Tr(g'lm)]val(g)
= ~GP(P;'(hy™' Pk).m) - Gy (P; (Pykg™ ). m)
+G](P; (Dy iy (Pyk)), m) + Gl (P (Digy (P,1)), m)
Ay - 1
1 ~/M T1(97™ " Dyg.m)(Pah)g™ k)rol(g) + ElG;(Tf'(!l"h)’f.m)
+G, (Tr(g~"k)h,m) - Gy (Tr(g™ Pyhg™ k)P g n)l.

We assume that there exists an adjoint in the following sense
o , — 0 .
/M 92((Dgan) P)h. k)iol(g) = /M g2(m, (D, Ph)* (k))wol(g),

which is smooth in (g, k. k) and is bilinear in (h. k).
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Thus, we can write
2G5(Vak,m) = -Gy (P (hg™' Byk),m) — GP (P (Pyky ™ h),m)
+Gg (Py " (Dig.ny(Pok)).m) + GF (P (Dyy sy (Pyh)), m)
» ‘ —
~Gy (Dig.)Poh)* (k). m) + 5|GL (Tr(g~ h)k, m)
+G[ (Tr(g~'k)h,m) — G5 (Tr(g™' Pyhg™ ' k)P ' g, m)).
Finally, we have
Al b - ,
Upk = §Pg Y—hg™' Pyk — Pykg 'l + Dy 4y Pyk + Dy xyPyh — (D, Poh)* (k)]
1 , _ _ )
4 I[Tr(g ‘h)k + Tr(g™ k)b — Tr(g ' Pyhg k)P, *g].

Lemma 3.1 is proved. - g

Remark 3.1. The above formula, applied to the geodesic equation Vg’ = g” yields:
_ 1 . 1| e 1 b
9" = Pi'[-3(Diy.)Pey)*(9") — 50'97 Pog’ ~ 5Py0's 7
1 B} ] : N
+5T1(g "¢ VPog’ = 3Tr(9™ " Pyg's ' g")a + (Dig. ) Po)d),

whicli coincides with the geodesic equation obtained in 2| using minimizing energy

function.

4. A VARIANT OF RIEMANNIAN METRIC USING A PSEUDO-DIFFERENTIAL
OPERATOR

Let go be a fixed Riemannian metric. The formula
Gh(h k) = / _q?(l",h. k)vol{gn)
M
(4.1) = / Trig™".Py(h).g~" k)val(ay),
M

where P, : [(S?T*M) — T(S%T* M) is a pusitive, symmetric and bijective pscudo-
differential operator of order 2p, p > 0 depending smoothly on the fhetric g, defines a

Ricmannian metric on the manifold of Riemannian nctrics.

Theorem 4.1. The geodesic equation for G metrics defined on the manifold of

Riemannian metrics M is given by the following formula:

l fyw ’ 1 = [
¢" = Py~ 5(Di. ) Pya)"(9) - 5997 Pag
Tpie iy, o
(4.2) ~ 379y 19‘+(D(_f1..q')Pg)g’}
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Proof. In view of Lemma 3.1 and Remark ??, for G4 we have

2G (Vnk.m) = G (k,m) + KGE, (h.m) = mGl, (A, k)

= /M[—Tr(g_lhg_lpgkg‘lm.) —Tr(g kg ' P,hg™'m)
—-Tr(g_lmg'] Pyhg~ k) — Tr(g™' Pykg™ g™ m)
~Tr{97 ' Pyhg~ kg™ 'm) + Tr(g~ ' Pyhg™'mg~'k)
+Tr(y ' Dign)(Pyklg ' m) + Tr(g' ' Digiy(Pyh)g 'm)
~Tr(g ' D(gm)(Pyh)g 'k)]vol(go).

Some terms in the last formula cancel out because vol(go) is fixed for GB, metric.
‘The rest of Lthe proof is similar to that of Lemma 3.1, and so is omitted. 0O

In the {ollowing, as (non-linear) mappings al the base point g, we assume that
P,h,(Pg) 'h. (D, Ph)*(m) are compositions of operators of the following type
(sce |2]):

(a) non-linear differential operators of order { < 2p, that is,

Alg)(x) = Alz,g(2), (V) (=), ..., (V' g)(z)),

(b) linear pscudo-differential operators of order < 2p, such that the total (top) order
of the composition is < 2p.
Now consider P, as a pseudo-differential operator defined on F(S2T* M) such that

it has the following forins for special tensors.

(4.3) Py(Ric) = e'Ric

(4.9) Py(¢™V2 Ryp) = =—2Ricg 'e’Ric
(4.5) P)(ViR) := -4(Ric)e’Ric
(4.6) P,(AR;;) := ge*Ricy™'Ric

Now we can state the following resuit.

Theorem 4.2. There is a pseudo-differential operator on T(S2T*M) such that the

Ricct flow s « geodesic of G?. metric on the manifold of Riemannian melrics.
o

Proof. The result can easily be dedunced from equation (4.2) with g’ = —2Ric and
formulas (4.3)-(4.6), since

P = —(Diy, Py (i) (Rie))
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~Ricg™ ' Py(Rae) - P,(Ric)g™'Ric — 2Dy, p.. P;) Ric,

and for the adjoint operator 1% (Ric) we have

¢
/ yg((D(_,,‘m)P)Ric,I?i(:)twl(yn)=/ gz (me” Ric, Ric)vol (gn)
M

i

= TG Ve’ Ricg™ Ricyvol(go) =/ (m, ge? Ricy™ " Ric)vol(gy)
S A

- /M 98(m, (Dyg, Py (Ric))* (Ric))vol(go)-

Theorem 4.2 is proved. m]
Other Ricmannian metrics. The Ricei flow as a curve is not a geodesic of Riemaunian
metrics on M defined in 8, 20]. In [11], we huve shown that the Ricei flow is not a
geodesic of the known Ricmannian metric on 1. Let gy be a fixed Riemannian metric
on M. In fact we have the following.

(1) For the metric defined as follows:

<h k>, = / Tr(g; 'hgy ' k)vol(go)
M

for h,k € T,M, the geodesics with initial conditions (g, ) are of the form
g(t) = § + ta (sce [20]). It is obvious that the Ricci flow is not a geodesic of
this metric. Since the velocity vector for geodesic is constant. that is. %2! =a.
For more general metric defined by

<hk>y: = / Tr{gy 'hao 'K)vol(g) + a f Tr(gy "W)Tr(gy ' k)ool(ga),
M AM

where o > — L. the geodesics are the same as above (sce |20]). Therefore the

Ricci flow is not a geodesic of this gencral metric, too.

. - . . . ’
(2) Consider the following Riemannian metric on 9:

<hk>, = / Tr(gg ‘hag ‘k)vol(g)-
M
The geodesics are solutions of the following secand-order equation (see |20]):

d dg\ _ X
a (p(g);;) = k!‘l »

where vol(g) = p(g)rol(g.), k = k(x) is a positive function on M and © =
Inp(g)- It can be shown that the Ricci flow is not a geodesic of this metric,
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too. Indeed. since

cl/u)q *Fq 1 i
e =p
aroe T "% 2+ (*)90g g0
n 1 _
2scalp(g) Ric+ plg) = = = Sk(z)g909™* g0,
we have
3Ri(7 1 ! 1 ; B
— = —5k(z)geg "go — 2RRic
ot rlg) 2

But under the Ricci flow we have (see [1]):

o
ot

Therefore the Ricci flow is not a geodesic on M.

Hh = .‘lm("'v:";.kﬁw t V?.A-qu ) vz,-hkp 1 V?;,,.Rik)-

(3) For the metric defined by
<hk>y = / Tr(g_lhg_lk}uol(g(,),
M

the geodesics with initial condition (g, e) have the form g(t) = ge“‘, where

A =g 'a (sec [20]). The velocity vector of geodesic is

3; AGett = —25 ' Ricget,
which does not coincide with the Ricci flow ';';',! = —2Ric. For more general
metric defined on 9 by
<hk>g4 = j Trig 'hg 'k)vol(go) +n/ Tr(y‘lh)Tr(g_lk)vol{gn)
MM M

the geodesics are exactly the same as above. that is, g() = gc'4. Thus, the
Ricci flow can not be a geodesic.

(4) Consider the following metric on M
<hk>p: = J.IM Tr(g™ "' hg™ " k)vol(g) +(r/ Tr(g™'h)Tr(g™"k)volly).

The geodesics of this metric coincide with the geodesics of < h. k >° that is
with those of the canonical metric on 9 (sce [20]). In [11]. we have shown

that the Ricci flow is not a geodesic of the canonical metric on 9.

Remark 4.1. The Ricci flow is not a geodesic of the three special nietrics defined by
pseudo-differential operators in [2].
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5. SLick aND RICCI SOLITONS

The cxistence of a slice for the manifold of Ricmannian metrics at first have been
stucdied by Ebin in |8]. He proved that the manifold of Riemannian metrics has a
slice such that it is infinite dimensional sub-manifold of M. Observing that the Ricci
flow and Ricci solitons are curves en M, we show that for every manifold A with
Riemannian metric go which has Ricci solitons, the manifold of Riemannian metrics
has a slice such that it is a finite dimensional sub-manifold of M.

Indeed, as we know the Ricci solitons g(t) = a(t)p(t)* g(0) with initial metric g

are equivalent. to existence of a vector field X and a scalar A, such that
—2Riwc = r\!lu.— 2ny0

On the other hand, according to canonical splitting around ggy. there exist a slice
Sy0 & M such that

T, M = T, Se & TyOy..

Combining the above equations and discussion in Section 3, we obtain the following

resull.

Theorem 5.1. Ricci solilon is cquivalent lo existence of a finite dimensional slice

for M and then the tangent space at initial metric is Ago. where A is a real scalar
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Abstract. The paper deals with a question ofrobustness of inferences. carried
out on a continuous-titne stationary process contaminated by a sinaill trend, to
this departure from stationarity We show that a smoothed periodogram approach
to paramcter cstimation is highly robust to the presence of a small trend in the
model. The obtained result is a continuous version of that of Hede and Dai (Journal
of Time Scries Analysis, 17, 141-150, 1996) for discrete time processcs.
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1. INTRODUCTION

Much of statistical inferences about unknown spectral parameters is concerned
with the discrete-time stationary models, in which case it is assumed that the model
is centered, or has a constant mean (see Beran et al. [7]. Dzhaparidze |12|. Giraitis
et al. [24], Taniguchi and Kakizawa |28]. and references therein). In this paper we
are concerned with the robustuess of inferences, carried out on a coutinuous-time
stationary process contaminated by a small trend, to this departure fron} stationarity.

Specifically. let {Y(2),t € R} be a a zero mean stationary process with spectral

density f(A,8), where 6 := (8).....8;) € © C R” is an unknoun vector parameter.

We want to make inferences about 8 in the case where the actual observed data are
in the contaminated form:
(1.1) X(t)y=Y(@t)+ M(t), 0<t<T.

where M(t) is a determiuistic trend.

1The rescarch of M. 8. Ginovyan was partially supported by Nationnl Science Foundation Graut
#1DMS-1309009 at Baston University.
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We assume that the trend A (¢) is small. that is, we consider the situation in which
the major trend is removed from the model and a certain component that remains
in the model has only minor effect. In these cases standard inferences can be carried
on the basis of the stationary model Y (¢), and we arc interested in question whether
the conclusions are robust against this kind of departure from the stationary model.

A sufficiently developed inferential theory is now available for a continuwous-time
stationary model Y(t). For instance. in Anh ct al. [3, 4]. Avram et al. [5], Casas
and Gao [9]. Gao [14|, Gao et al. [15, 16], Leonenko and Sakhno [26] were obtained
sufficient conditions eusuring consistency and asymptotic normality of various statistical
estimators of #. including quasi maximum likelihood (Whittle) and minimum contrast
cstimators of ¢ constructed on the basis of a finite realization Yy := {Y'(1).0 < { < T'}
of the process Y'(t).

In this paper we show that under some conditions on the process Y (z) and the
deterministic trend A (¢) the above asymptotic properties of Whittle and minimnum
contrast estimators remains valid for the model X(t), that is, the estimating procedure
is relatively robust against replacing the stationary model Y () Ly the nou-stationary
model X (t) of the form (1.1). We will be concerned with this question for models
which may exhibit long memory, short memory or intermediate memory.

Throughout the paper the letters C and c are used to denote positive constants,
the values of which can vary from line to line.

The paper is structured as follows. In Section 2 we describe the statistical model.
Section 3 contains the approach and the main result of the paper - Theorem 3.1
Section 4 is devoted to the proof of Theorem 3.1.

2. THE MODEL: LONG MEMORY. SHORT MEMORY AND INTERMEDIATE MEMORY
PROCESSES

Let {Y(t}, t € R} be a centered, real-vilned, continuous-time second-order stalionary
process with covariance function 7(?). pussessing a spectral density f(A), A € R, that
is, E(|Y (1)[*] < 00 E[Y(#)] =0, 7(t) = E[Y (¢ +u)Y (x)] (u.t € R), and r(¢) and f(A)

are connected by the Fourier integral:

(2.1) rit) =/r"‘/um. teR.
“

There are several possible definitions of the notion of “memory” of a stationary

process, and they are not necessarily identical (sce Beran et al. (7], Gao |14]. Giraitis

et al. |24, Heyde and Dai [25]. Taniguchi and Kakizawa [28]). In this paper. we define
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the memory concept basing on the integrability property of covariance function r{¢),
and depending on the memory structure we will distinguish the [ollowing types of
stationary models: (a) short memory or short-range dependlent, (b) long memory or
long-range dependent, (c) intermediate memory or anti-persistent.

We will say that the process Y(t) displays short memory (SM) or short-range
depencence (SRD) it the covariance function r{#} is integrable: » € L!(R) and
f_:: 7(t)dt # 0. In this case the spectral density f(A) is bounded away from zero
and infinity at frequency A = 0, that is, 0 < f(0) < oo.

A typical continuous-time short memory model exanple is the stationary continuous-
time autoregressive moving average (CARMA) process whose spectral density is a
rational function (sec. c.g., Brockwell [8]).

Much of statistical inference is concerned with the short memory stationary models.
However, data in many ficlds of science (economics, hydrology, telecommunications,
etc.) is well modeled by a stationary process with unbounded or vanishing at the
origin spectral density (see Beran et al. [7], Casas and Gao [9]. Gao [14], Tsai and
Chan [29] and references therein).

The process Y (t) is said to be anti-persistent or exhibits intermediate memory
(IM) if the cuvariance function r(#) is integrable: 7 € L'(R) and f+:” r(t)dt = 0. In
this case the spectral density f{A) vanishes at frequency zero: f{(0) = 0.

We say that the process Y (t) displays long memory (LM) or long-range dependence
(LRD) if the covariance function 7(t) is not integrable: r ¢ L'(R). In this case the
spectral density f(A) has a pole at frequency zero, that is, it is unbounded at the
origin.

The memory property of a stationary process can also be characterized by the
behavior of spectral density f(A) in the neighborhood of zero, or by the behavior of
covariance function r(1) a infinity (see Beran et al. [7], Section 1.3.4).,

An exainple of 3 continous-time model that displays the above defined memory
structures is the continuous-time autoregressive fractionally integrated moving-average
(CARFIMA) process (see Chambers [10], Tsai and Chan [29]).

In the coutinuous context, a basic process which has commonly been uscd to model
LRD is fractional Brownian motion (fBm) Bg(t) with Hurst index H. This is a

Guaussian process with stationary increments and spectral density of the form

(2.2) F) ~eA¥2, e¢>0, 1/2<H<],
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as A = 0, and covariance function:
(2.3) () ~ct¥2 1/2< H <1,

as | — oo, where the symbol © ~ ™ indicates that the ratio of left- and right-hand
sides tends to 1. Notice that the form (2.2} can be understood in a limiting sense,
since the fim L35 1s a nonstationary process (see, e.g., Solo [27). Gao et al. [15]).

A proper stationary model in lien of fBm is the tractional Riesz-Bessel motion
(fRBm). introduced in Anh et al. [1], and then extensively discussed in a number of
papers (sce Auh et al. [2], Gao et al. [15]. Leonenko and Sakhno |26, and references
therein). The fRBm is defined to be a continuous-time Gaussian stationary process

with spectral density of the form

(2.4) f(X) = AER 0<e<o0,0<u</2, v>0

©
AP (1 + A2y’
Observe that the spectral density (2.4) behaves as O(|A|=2*) as |A| — 0 and as
O(|A|"2“+)) as jA] — oc. Thus, under the conditions 0 < « < 1/2, ¢ > 0 and
u + v > 1/2 the function f(2) in (2.4) is well-defined for both |A] = 0 and |A] = o
due to the presence of the component {1 + A?)~", which is the Fourier transform of
the Bessel potentisl. Note that in the spacial case 0 < u < 1/2, v > 1/2 the condition
u + ¢ > 1/2 holds automatically. The exponent u determines the LRD, while the
exponent v indicates the second-order intermittency of the fRBm (see Anh et al. [2]
and Gao ct al. [15]).

Comparing (2.2) and (2.4), we observe that the spectral density of [Bm is the
limiting case as v — 0 that of (RBm with [Turst index If = u + 1/2. Thus. the form
(2.4) means that fRBm may exhibit both LRD and second-order intermittency.

The next result, which was proved in Ginovyan and Sahakyan [22], gives an
asymptotic formula for covariance function of an fRBm: Let f(A) be as in (2.4) with

0<u<i/2and v > 1/2, and let 7(t) : = f(t) be the Fourier transform of f(A), then

(2.5) r(t) = Ct*~Vsin(ra)T(1 ~ 2u) - (1 + 0(1)) as t = oco.

3. THE APPROACI! AND RESULTS

The basic approach in estimating unknown spectral parameters, originated by
Whittle |30]. is based on the smoothed periodogram analysis on a frequency domain,
involving approximation of the likelihood function and asymptotic distributions of

empirical spectral functionals.
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The Whittle estimation procedure, originally devised for discrete-time short memory
slationary processes, has played a mnajor role in the parametric estimalion in the
frequency domain, and was the focus of interest of many statisticians. Their aim was to
weaken the conditions needed 1o guarantee the validity of the Whittle approximation
for short memory models, to find analogues for long and intermediate memory models,
and to show that the Whittle estimator is asymptotically equivalent to exact maximumn
likclihood estimator (see Dahlhaus |11], Dzhaparidze [12], Fox and Taqqu [13], Giraitis
and Surgailis [23], Giraitis et al. [24] and references therein). In particular, it was
shown that for Gaussian and linear stationary models the Whittle approach leads to
consistent and asymptotically normal estimators with the standard rate of convergence
under short, intermediate and long memory assuniptions.

Continuous versions of Whittle estimation procedure have heen cousidered, for
example, in Anh et al. [3, 4], Avram et al. [5|, Casas and Gao [9], Gao [14], Gao et
al. [15, 16|, Leonenko and Sakhno [26].

The procedure of estimation of a parameter 8 involved in the spectral density
f(A.8) of the wodecl, based on a finite realization Yy := {¥({t). 0 < t < T} of
the centered stationary process Y(t), is to choose the estimator 6y to minimize the
weighted Whittle functional:

| o0 Iry(X)
(3.1) U.rl®) = J—'/ [l()gf()\, a) + 7nu0) | ~w(A) dA,
where
2
1 I
(3.2) Iry(A) = — / MY (t)de
2nT | Jo

is the “continuous" periodogram of Y (¢}, and w(}) is an even weight function (that
is, w(—A) = w(A), w(}) > 0, and w(A) € L'(R)) for which the integral in (3.1) is well
defined. The choice of an appropriate weight function depends on the sp'eciﬁc form of
the spectral density (see Anh et al. [4]). An exatmple of common used weight function
is w(A) = 1/(1 + A?%).

Thus, the Whittle estimator fy with weight function w()} is defined to be a

solution of the following estimating equation

+00 a
(3.3) / Ury() ~ SO0 55~ (A6) - w(X)dA = 0.

-0

obtained by differentiating under the integral sign in (3.1).
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The asymptotic properties of the Whittle estimator 8y then can be obtained using
the standard Taylor expansion inethods based on the following smoothed periodogram
convergence results:

+oc +oc
(3.4) J/ g\ 8) Iy (A)dr f 9(A0)f(\6)dr as T - oo,

and

+o0
(3.5) 'l""‘f y()\,G)[IT.r(z\)-—f(,\.H)ld,\—"—»{-vN(U.az) as T =+ oo,

—
where g(X, 0) = g5 f (A, 8)w(X), Ity (A) is the periodogram of Y (t) given by (3.2).
N(0,02) denotes the nornal law with niean zero and variance o2, and 2L oand 5
stand for convergence in distribution and in probability. respectively.

Using this approach. statistical properties of Whittle minimum contrast estimators
for continuous-time stationary processes were studied in Anh et al. [3], Avram et al.
[5], Casas and Gao [9], Gao |14, Gao et al. [15, 16], Leonenko and Sakhno [26].
In particular. consistency and asymptotic normality of Whittle minimmum contrast
estimator 8y was established for some classcs of stationary models, including the
fractional Riesz-Bessel motion model, specified by spectral density f(A) = f(A;0)
given by (2.4) with 8 = (u,v,¢).

In our analysis we will use a general even integrable smoothing function g(X;#)
rather than the specific form g(A,68) = # f~(X,8)m()) which is suggested by the
Whittle procedure in (3.3). The general estimator 8¢ of 0 is then obtained as a
solution of the estimating equation

+
(3.6) [ ltry ) - 70000900002 =0

o)

Then the asymptotic properties of the estimator éc can be ohtained from smoothed
periodogram convergence results of type (3.4) and(3.5) with general smoothing function
g{»:; 9).

Notice that in the continuous context the basic tool for derivation of limit theorems

for empirical spectral functionals of the form

(37) soy= [ o 0)iry A

S -0
is a central limit theorem for Toeplitz type quadratic functionals of stationary processes

(sec Ginovyan |18, 19]. Ginovyan and Sahakyan [21] for Gaussian processes, and Bai
et al. [5, 6] for linear processes).
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It can be shown that the standard Taylor expansion methods based on the smoothed
periodogramn convergence resulis of type (3.4) and(3.5) with a general smoothing
function g(A; 8) and with the contaminated periodogram I x (X) instead of 14y (X),
lead consistent and asymptotically normally distributed estimators ol 8. We will not
nursuc this matter here (the details will be reported clsewhere), however, notice that
1 the special case of Whittle procedure. where g{A;8) = gT(,{,_a) - w(A) the results
of Anh et al. |3], Avram et al. |5], Casas and Gao [9], Gao [14], Gao et al. [15, 16].
Leonenko and Sakhno [26]| concerning consistency and asymptotic normality of the
Whittle minimum contrast estimators constructed on the basis of the periodogram
Iy (X), continue to hold without change for estimators calculated ou the basis of the
contaninated periodogram f7 x (A). under appropriate assumptions imposed on the
madel Y (¢£) on the smoothing function g(A,#) and on the trend AS(2).

In Theorem 3.1 that follows we show that a small trend of the form |A(2)| < CJ¢|~7?
docs not cfect the asymptotic properties (3.4) and (3.5) of the smootherl periodogram.
and hence, the asymptotic properties of the estimator 8¢, even if Iy ()) is replaced
Ly the contaminated periodogram It x (A).

Theorem 3.1. Suppose that the stalionary mean zerv process {Y (t), t € R} in (1.1)
is such that the asymptotic relations (3.4) and (3.5) are satisfied with general even
integrable smoothing function g(A) and o0? as in (27). If the trend M(t) and the
Fourer transform a(t) := §{t) of smoothing function g(A) arc such thet M(t) is
locally integrable on R and

(3.8) M@ <Cl™?, e SCIEI™". teR, 23+7>

wiw

with some constants C >0, v > 0 and 3 > 1/4, then

+c0
39) T2 / 00 0) rkelA) = Try (W] dA230 as T - oo,

— 00
and hence the esymptotic relations (3.4) and (3.5) are satisfied with {7y (\) replaced
by the contaminated periodogram Ir x (A), provided that one of the following conditions
holds:

(i) the process Y (t) has SM or IM, that is, the covariance function r(t) of Y (¢)
satisfies r € LY(R), and 3+~ > 1.
(ii) the process Y (t) has LM with covariunce function r(t) satisfying

8
(3.10) MO SClE™, tER, a+y23
with some constants C > 0,0<a <l. ando+28>1if8<1 <.
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Remark 3.1. It is easy to check that the statement of Theorem 3.1 holds, in
particular, if the parameters «. 8 and « salisfy the following conditions:

in the case (5): 8 > 1/2, ¥ > 1/2,

in the case (i) a > 3/4. 3 > 3/8, v > 3/4.

Remark 3.2. The discrete version of Theorem 3.1 (with addilional conditions v = 1
in the case (i). and ¥ > 1, a < 1/2 in the case (4i)), was proved by Heyde and
Dai 25| (see also Taniguchi and Kakizawa [28]. Theorems 6.4.1 and 6.4.2). Using the
same arguinents applied in the proof of Theorem 3.1 one can prove that the complete

discrete analog of Theorem 3.1 is also true.

Remark 3.3. Convergence results of type (3.4) and (3.5) holds under broad circumstances
of SM. IN and LM . For detailed conditions see. for example. Avram et al. [5],
Ginovyan [17]  |20]. Ginovyan and Sahakyan |21], and Leonenko and Sakhno [26].

Remark 3.4. The conditions imposed on the Fourier transform of generating function
9(t) in {3.8) and on the covariance function »(¢) in (3.10) ensure ceutral limit theorem
for empirical functionals of Gaussian and lincar long memory processes. This can
be scen from the considerations of Theorem § of Ginovyan and Sahakyan [21] (for
Gaussian processes), and Theorem 2.1 and Corollary 2.1 of Bai et al. |6] (for linear

processes).

4. PROOF OF THE MAIN RESULT

Proof of Theorem 3.1. In view of (1.1) and (4.2) we can write
2

7
/ e X (dt] -
0

2

!

r
/ MY (2) de
0

Itx(A) ~Iry(A) = 2—:7 (

]

=
/ My () dt
0

1 s 2
- oL 1y & §
R ’/“ (Y(t) + M(2)] dt

1 r r
= ,;f/ /., MY ()M (s) + YV (8)M(E) + MM ()] dtda
and

/. 9(A8) 1y, x(A) = Iyy (N)] dA

Ly
T T 0 A {}'(!)M(s) & Y(s)ﬂl(t) + ﬂr!(t)hl(s)] ot — s) dtds.
56



ON THE ROBUSTNLESS TO SMALL TRENDS OF PARAMETER .

Thus, to coniplete the proof it is enough to prove that under the conditions of the

theorem we have

TR o
(4.1) G / / M()M(s)a(t — s)dfds =0 as T -~
Jo Jo
and
r v
(4.2) T‘1/2/ _/[ Y(t)M(s)a(t — s)dtds 250 as T - oc.
v Jo

Proof of (4.1). For T > 2 we set

T 7
(4.3) I(T) = / / [M ()M (8)a(t — s)| dtds

// // ffllz /jw : L(T) + I(T) + I3(T) + 1(T),

and estimarte the integrals I,(T'), + = 1,2, 3,4, separately.
Observe first that the Fourier transform a(?) := g(t) is a bounded functiou on R,
since g is integrable on R. Hence, taking into account that by assumption the trend

M(t) is locally intcgrable on R, for [;(T) we oltain the estimate
rl 2

(4.4) I(T) < C||a||m/ [M(s)ldsjl 1M (t)]dt < C < oo, T>2
u (1]

Next, in view of (3.8). for 0 < s < L and ¢ > 2 we have |a(t—s)| < C(t—s)™" < Ct™7,

and hence. taking into account that 8+ > 1, [5(T) can be estimated as follows

) T
45) LT < c/ M (s ds/ SmdisC<m, T>2
0 2
Similarly, for I3(T) we have
(4.0) ]:;(T) SFER< 50, TESS)

To estimate [4(T) observe first that, in view of (3.8), for 1 < s < T we can write

w = [ M ol By, ™ 1,
i(s) = d(t)a(t — s)| dt < f - "14»/ - dt
( /1-/2l ( 4 {a—1) » ot DL —15)”
T 1 o0 1 s—1 1
e —_— _—
+La lﬁ(‘*-“)" ./1/2 t3(s — t)7 +//2 t3(s - t)"

i & ) 1 2 2 4
Cllaflx-s7%+s77 idr+ ——dt+ 577 " —dt+578 B Zdr
o LT b t7+‘7 18 1 v

s
1/2

e [s—ﬁ a5 L(.,‘-r)’l-ﬂ- Y+ LB+, T) (Tl—ﬂ—ﬁ'_i_sl*ﬂ—‘))
+ LB, T) ("7 4 977) + L(r.T)s' 7]

(4.7) < ClogT - (T'=2=2 +sl_‘3_"+s_’9+s").
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where the function L{u.T) is defined by

L{u,T) = logT if awl,
; 1 otherwise,

Taking into account that 8 + v > 1. from (41.7) we get
(1.8) h(s) S ClogT- (s" 274577 +577), 1<s<T,

and hence for T > 2, I,(T) can be estimated as follows
T
LT) = / Ms)his)| ds
i
S | 1 i Sa {

ClogT 1+ L(28+~ — 1,T)T*2=Y 4+ L(28,T) T'~% + 7' -F1]
C'log2 T (1 oG L Tl—zﬂ) :

IA

A

(1.9) <
Finally. taking into account that by assumption 23 + v > 3/2 and 8 > 1/4, from
{4.3)-(4.6) and (4.9) we obtain
T-Y2 . [(T) < Clog?T (T-W T2 Tl/Hﬂ) -0 as T = oo,

which implies (4.1).

Proof of (4.2). Observe first that the inequality
{(4.10) B+y>1
holds also in the case (i), since by (3.8) and (3.10), we have 2842y > 283+ y+3/2—
a>3/2+1/2=2.

Deuote

T
v(s) = u(T,8) —/ M(t)a(t - s)dt, 0<s<T,
(4]

and observe that

r1/2
/ [M (t)a(t — s)| dt gCl IM(t)[ dt<C-s7, 1<s<T,
0 Jo (=121 1/1 T
and by (1.8),
(4.11) v(s)] < ClogT- (s PV + 578 4577, l<s<T.

On the other hand. by (3.8), for T > 2 and 0 < s < 1 we have

2 T
: . |
(4.12) |Ws) < C|]la / M(t d:+/ S e D
Y [u lec J, MO+ | el

Observe that from (3.8) and (4.11) it follows that (4.12) holds for0<s<T.
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Now, we denote
T T T
Q(T) =T~/ / / Y (s)M (t)alt — s) dtds = T~ /2 Jf Y (s)i(s)ds,
o Jo 0

and observe that

T T
E{Q*T)} T /0 /o E{Y (3)Y (1)}v(s)v(T)dsdr

T T
e [ / v(s)v(t)r(s — 7)dsdT.
Jo Jo
Hence, to prove (4.2) it is enough show that
T /T
(ASI3) I (= f / |v(s)v(T)r(s — 7)|dsdr = o(T) as T — oo.
(1] (1]

In the case (3). when the process Y () has SM or IM, and hence r € L!(R), from
(4.12) for T > 2 we get

T T T
(4.14) |J(T)| SC’logT/‘; |y(s)t'/“ [r(s — 7)| drds {.ClogTJ/(; |v(s)] ds.

In view of (4.11), the last integral in (4.14) can be estimated as follows:

T I r |
/ lu(s)|ds < Clog*T [[ ds +/ (8" P 745845 ds
0 [} 1
< Clog®T(14+L(B++-1.DT* P+ LB.TT' 2+ L(7,T)T')
(415) < Clog*T(1+ 77+ 11774 T727977).

Hence. taking into account that 8+ v > 1, from {4.14) and (4.15) we obtain
JT)=0(T) as T 0.

In the case (3:), when the process Y (¢) has LM, using (3.10), (4.10) - (4.12), for
1 < 7 « T we obtain

glr) = [ [ (s = s S (:logT[” ('r = %) v 5

A S g, & T (g —
/ P(%_T‘rl)lds + f hﬁv—‘r)lds et / MF[.‘
1 e 1 1 .

(4.16) + ClogT -
2 #Y e

Taking into account that r is bounded {|r(t)] < r(0) = E|Y(#)]® < =, t € R), and
using similar arguments as in (4.7), from (3.10) we obtain that for any n > 0

A

T .
/ |r(t 7)| dt < C]()gT(Tl_"_"+Tl_a_"+7‘_"-!-T"’)
2 t"

IA

ClogT(1+T" "), 1<7<T.
59



M. §. GINOVYAN, A. A. SAHAKYAN
Applying this inequality for n = 8+~ — 1. n= 4 and 7 = 7, from (4.16) we obtain
(417) () S Clog?T (1 473 #=1 4740~ 1<r<T.

since a + 4 > 1. On the other haud. by (4.11) and (4.12) for I'> 2 and 0 < 7 < 1,

we have

2 i
(4.18) ¢(r) < C llogT/ [r(s = 7)| ds +/2 ——-——da( lu(’:;“ ]
0 . -

<ClogT(1+ T 8- 4 Ti==8) < ClogT (1 + T'~#),

U<r<l.sincea+y>1and a>0.

Next. we denote

T ] T
(14.19) T = / [v(T)| g(7) dr =/ +/ =: JI(T) + Jo(T),
0 0 1
and cstimate Jy(7T) and Jo(T). By (4.12) and (4.18), for J,(T) we have
(4.20) MT)<Clog? T (1+ T P)=o(T) as T > =,

since 3 > 0.
To estimate Jo(T) we consider three cases, and use conditions (3.8). (3.10), (4.10)
and inequalities (4.11), (4.17).

Case 1. If 8 > 1, then we have
()| < ClugT(r"a +7r77). qlr) < Clog?T, 1<r<T,
and hence
(421) LT <SClZ@T(A+T"P+T' ") =0oT) as T - .
Case 2. If 8 < 1 < v, then we have
T S ClogT- 7%  g(r) SClog?T(1+T'"f) 1<7<T
and hence

L(T) < Clg’T(1+T"%) (14171

(4.22) < Clg®TA+T" AT A4 70" = y(T) as T o oo

since in this case by assumption a + 28 > 1.
Case 3. If A< 1 and ~ <1, then we have

(T < ClogT 7' 47 q(r) < Clog® T(1 4+ T>*~%-7),  1<7<T,
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and hence

(4.23) L) S Clog? T 1+ T3 (1 4 T27-7) <
SClog® T (1 + T2~ . 72 A=7 p pi-a-28-1) _ (1)

asT oo, since f+y>landa+28+2y=028+)+(a+7) >3
From (4.19) (4.23) we obtain J(T') = o(T) as T — oo. Thus, the relation (4.13)

and hence (4.2) are proved. O
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Abstract. Gamma-type functions satisfying the functional equation f(z + 1) = g{(r}f(r)
and limit summability of rcal and complex functions were introduced by Webster (1997)
and Hooshmand (2001). However, rome important special functions are not lizit sunimable,
and so other types of such summability are needed. In this paper, by using Bernoulli numbers
and polynomials B.(z), we define the notions of analytic summability and analytic summand
function of complex or real lunctions. aud prove several criteria for analylic sunimability of
holomorphic functions on an open domain 2. As consequences of our results, we give some
criteria for absolute convergence of the functional series S0 ; cno(z"), where o{z") = Su(2)

= B—"*'—"—‘;—}%}h—"‘—']—l. Finally, we state some open probleins for future study of analytic
and limit summability of functions.

MSC2010 numbers: 11B68, 11B99, 40A30. 39A10.

Keywords: Bernoulli number; Bernoulli polynomial: limit summability; summand
function; Gamma-type functions; analytic funciion; difference functional ecuation.

1. INTRODUCTION AND PRELIMINARIES

'The notion of limit summability of real functions was introduced and studicd in [3.4]

as a generalization of the Gamma-type functions satistying rhe functional equation

f(z+ 1) = g(x)f(2) from |6]. Below we suminarize some definitions and results from

[3.4]. Let f be a real or complex function with domain Dy O N* := {1.2.3,--}. Put
¥y ={ca+N G D}

aud then for any & € Ly and 1 € N* set

R‘I‘I(f'z) - R,,(I) = f(n)—f(1?+ﬂ).

foul®) = foru(2) == 2f(n) + 3 Ru(z).
k=1

The function f is called limit summable at zg € X if the functional sequence { fo, ()}
is convergent at @ = 2. The function f is called limnit sunimable on a set S C ¥y if
it is limit summable at all points of S.
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Now. put
fo(@) = fa () = nl.i—l'l; S (x) , R(z)= R(f, 1) = "li,?,L. Rn(f, 7).

and observe that Dy = {z € I/|f is limit summable at z}, and f,, = f; is the same
limnit function f,,, with domain Dy, .

The function f is called linit summable if it is summable on Ey. R(1) = 0 and
Dy € Dy — 1. In this case the function f, is referred to as the limit summand

function of f. Notice that if f is limit sunmuable, then Dy, = Dy — 1 and
fa'(-r) = f(I) + fa(I = 1) ; Yz € DI

Therefore, if f is limit summnable, then its limit summand function fo satisfies the
well-known difference functional equation ¢(z) — ¢(x—1) = f(x) (see [2 - 4]). llence,
we have

m

fom) = f()+---+ f(m)=>_f(5) : Vm €N".

Jwl
If f is limit simnmable, then one may use the notation a¢( f(r)) instead of f,, (z).
In |3,4] were obtained some criteria for existence of unique solutions of the above
functional equation. For instance, if || < 1, then the complex (resp. real) exponential
function a® is limit summable and g¢(a®) = 25 (e — 1).
Often if a real function f is limit sunmable on an interval of length 1 and R(1) =0,

then f is limit summable {sce [3.4]).

Example 1.1. If 0 < b # 1 and 0 < a < 1, then the real function f(r) = ca* +log, =
is limit summable and

ra

fa(-r) -

a-—l(a —1) +log, T(z + 1).

However, some important special functions. such as nonconstant polynomials and
trigonometric functions are not limit summable according to the above definition.
So. we need to introduce other types of summability. To this end, we first recall the
Bernoulli polynomials and numbers.

The Bernoulli polynomial B, (z) is generated by the identity

1t

et —1

- - B,, z
=Z—(,-)r" Pl <2mzeC
n.
n=()
Denote by Br = B,(0) and b, := B,(1) the first and sccond Bernoulli numbers,
respectively. Recall that b, = B, for alin > 2, and &, = (~1)"B,, |bn| = {B,,| for all
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120 (bzrss = Baxyy=0forallk > 1and by =-B, =3, bp= By = 1}.
Also. we have
\’-‘. Hans ' = »,_,.',, te'

= — ; |t < 27,
b p! et—1 = p! c'—l'l‘

We reler the readers to [1. 5] for more properties of Bernoulli polynoniials and

numbers. Now. put
e i B i (i e < PR PP Y

n+l

Note that the notation S,(a) was used in many references (see. e.g.. |1, 5|, and
references therein).

Since Bu(z +1) = Ba(2) = nz""! (z€ C. n > 1), then S,(m) = Y[~ k™ for all
m € N*, and

(1.2) o(z")=2"+a((2-1)") ; 2€C.n2>0.
On the other hand. we can write
r+1
(1.3) o(z") =) Buz* : z€Cn20.
k=1
where
(1.4)
n+ 1\ by -k n! 5
B = = = > N k< .
Pk ﬂn,k ( i ) T k!(n gL k)!b".}.]_k cn201< k <n+l1l

Note that we can define 8,x = 0 for all X > n + 2, but 3,0 is not defined. Simple
calculations show that Bunst = v, Bnn = = §. Bat = bu. Ba = Fluciian

and Z:;l' Bne = 1. Also, if # — k is an even number > 2, then Gnie = 0. Hence we

have
(1.5)
n+1 ’ n41 - 1 Ly PO !
z!l = _ - Ty, TS A :A=_'__ el I nil :
& ;ﬂ“"z kglk!(n+l—k;!b“ & u+lk__0( k )’*z

2. ANALYTIC SUMMABILITY AND ANALYTIC SUMMAND FUNCTIONS

Now, we are ready to introduce the uwotion of analytic summability of complex
and real functions. For simplicity, we define the analytic summability for analytic

functions around ¢ = 0, the case ¢ # 0 is similar.

Definition 2.1. Let f(2) = Y7, cn2" be a complex or real analytic function defined
on au open domain . We call f "analytic summable at z," (resp. "absolutely analytic
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summable at 2,"), il the functional series

Fon(20) = falzo) = Zc,.a(z

n=0
is convergent (resp. is absolutely convergent). We call f "analytic summable on a set
E C Dif it is analytic summable at every point of E. The function f,, = f, (with
the largest possible domain) is called "analytic summand (function) of f". If f is

analytic summable on the whole C, then we call f “entire analytic summable”.

Remark 2.1. In the cases where we use both concepts (analytic and limit summable
functions), we will use the symbols f, and f;, to denote the limit summand and the
analytic swmmnand functions of f, respectively.

We will use the following identity for iterated series of double complex sequences,
which represents the sumn of all arrays of the lower triangle of the (N + 1) x (N + 1)

matrix [Cox] by two different ways:

N nu+l N+1
(2.1) Y 3 Ga=Y Z Clen
n=() k=1 n=1 k=n-1

It is known that the natural exponeutial function ¢* is not limit summable. Indecd,
the function a* is limit summable if and ouly if [a| < 1 (see [3,4]). The following
example shows that e is analytic summable.

Example 2.1. The cxponential function exp(z) = ¢® is entire analytic summable

and
exp,(z) = l(t’—l) :z€C
Indeed, using (2.1) we can write
= -2
oxp,(z) = "2-7, “-'o ") = llm "L-:“z' AR l k)'l'nol-l'-

-

4+l

2 o= 1 Bt a
U—‘ﬁ L
=P

For the last equality, we used the identity 37 %, % = Z,-n( I)
Now we arc in position to state somc basic propertics of analytlc bummnbility of

.

(e* =1).

»
-

r—l

real and complex functions. One can sce that these properties are similar to that of

limit summability of functions.
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Theorem 2.1.Let f(z) = Y2 [ eaz™ and g{z) = Z:‘.‘, dy, 2™ be analytic functions
defined on an open domain D. The following assertions hold.

(a) Ifz,2—=1 € D, then f is analytic summable at z if and only it is analytic summable
at z — 1. So, if f is analytic summable on D. then

(2.2) Jo(2) =2} + fo(z—1) ; Vz€e DN (D +1).
(b) If [ is analytic summmable on D and D C D + 1, then
(2.3) Ja(2) = f(2)+ fo(z—1) ; Vze D.

(c) I f and g are analytic summable at z (resp. on D), then every lincar combination
of f and g is also analvtic summable, and we have (af + bg)s(z) = af,(z) + bg,(2)
(resp. for all z € D).
Proof. Put f,,(2) := }::’-o euol2"). If 2,2 — 1 € D, theu by using (1.2) we have

N

Jox(2) =3 caz™ + fou (2= 1)

n={0

Also, a simple calculation shows that

(af +bg)on (2) = fan (2) + byay (2).

Now, one easily can get the results. @]

3. SOME UPPER BOUNDS FOR og4(2")

Since the analytic summand function is generated by the sequence {o4(2")}32,,
upper bounds for o4(z") should be useful in establishing criteria about analytic
sununability. We first consider the following bounds for Bernoulli numbers:

1 2(2r)! 2(2r)! 1
—_— = —— ¢ r=123...
@) T3 Qe < |Bar| = Jb2r] < @ T=F 3
The inequality (3.1) together with B4 = b2 41 = 0 (for all 7 > 1) imply

2n! 1 )
< (—Q?FITQT—_" < A DR T, (A

(3.2) I‘Bnl = |bnl
Applying the idcutity (1.4), for every positive integer n and 1 < k < n - 1. we obtain
nl 2n—k+1)! 1 nl 1
Iﬂnkl < k‘!(‘n — JE At 1)| . (2ﬂ)n—k+l i 1 —-2k-n -— k!”v|-k+l ) on-k _ 1’

Since n - & > 1, then =t < 1, and hence we have

n! 1 n! i
Elze-d4l 2a-k Skg,mlu )
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Observe that the inequality (3.3) does not hold for & = n, but the next inequality
holds forall 1 €A <n+1

2n!
(3.4) |ﬁuk|$m 1 1<k<n+1,
and for & = n we have B, = 5 T =4

Now, using (1.5) and (3.3), we obtam

ey < BB S e e S
PR3 T T e SR T Ty T et
i 2 el ) (wlzl}*

Y T gl ]

Therefore
w2 e wjz[)* -2 n! 4
(35 lo(e") < T2k + MZ“ 2o+ e 1),

In similar way. by using (3.4), we can derive the following inequality

el

(36) o(")] < ,'i'lz‘""” < (e ),

4. SOME CRITERIA FOR ANALYTIC SUMMABILITY OF COMPLEX AND REAL
FUNCTIONS

The inequalities for 4 ("), stated in Section 3, together with some previous results

allow to prove a number of criteria for analytic smnmability.

Theorem 4.1. Let f(z) =
domain D. If Yo
m), ther f is absolutely analyr:c summable on D. Moreover, by puttm g On N =
E::"_l Binck, Abs(f(2)) 1= Loy leall2]™ and Absy(f) = Yoowy & Lleal, we have
the following assertions.

¢, z" he an analytic function defined on an open

._.u -"

e o ¢, 18 absolutely convergent (for example if limsup,, . % nlien| <

{¢) The analytic summand function f, 3 analytic on D. Indeed, the limit o, :=
By o 0p N ezists (for all 1),

2a" i
4.1 laal S -—n'—AbSl_/,r(f) L Vn.

and [, admits the represeniation:

42)  fa(z)= Za L Z n,(z ‘—J-f—"-:'—" 4Cjem~1)s" ;2 € D.

=N n=l =0
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(which provides an important ezplicit formula for computing the analytic summand

Junction f,,(z).)
(b) The following upper bounds for f,, bold:

(43) ol < 2~ 1) Absya(f) 5 2 €D
and
(49 1folo)l S 2UG - ) ABs(f() + (€7~ VAbsya () + z€ D

Proof. By usi.ng (3.6), for every z € D and a positive integer N, we can write

n 2n! "l | . 2 x|z N n!
Zlcm )|<Z|a,r e - =~( —1)5_:0;;|cﬂ|

n=0

l
= [fan (2] < ZI( oz < 2 - 1)2 = e
n=0 —O
Therefore, f is absolutely analytic summable on D and (4.3) holds. Similarly. using

(3.5), we can obtain (4.4).
Next. by applying (2.1), we can write

n4l N n+i N4
fon(z T caa(2") = Z%Zﬁnkz =3 D Bucazt =Y Z Brnckz™.
u=0 n=0 =1 n=0k=1 n=1 k=n-1
Therefore
N+1 N+1 N n+l
(4.5) fan(2) =) onnz"=) Z Bincr2™ = chﬂ(z =Y > Burcnz
n=1 n=1 ken-1 n=0 k=1

Taking into account that
n-1 N (R}

iy O ! 20— Ll
ol S Y Braller) S =5 >° —ledl S —— 3 <laul.

k=n—1 " k=n-1 E=0

we obtain (4.1), and conclude that limp o on, v exists (for all 7). Since the series

S 2r, is absolutely convergent. in view of (4.5), we get g

n=0 #n
N+1

o) = i fou(2) = Jim 3 " - =Y one”

n=1

Finally, noting that

S N

On = lim ooy = E Brnck = ,—li Z ﬁ;_—mbﬁnn-:.

k=n—1 i=0

we complete the proof. Theorem 4.1 is proved. a

Corollary 4.1. Let f(z) = Sar,cnz™ be an analytic function defined on an open

domain D. and let 2o € D. If the iterated series Y | 3 pe,_ 1 Bencr2" is absolutely
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convergent on D (resp. at zp). then f is absolutely analytic summable on D (resp. at
o).
Proof. Since the iterated series S0 "0 | Brackz” is absolutely convergent, then

D w1 Brnck is convergent (for all 2}, and

N+1 N o0 00
lim Z Z .f'ik,.ckz"=z z Bruts
N—oo

n=1 k=n—1 n=1ik=n-1}

(note that the absolute convergence is enough for the above equality). Hence, we can
apply the identity (4.5) to conclude that f is analytic summable at z, and

0 o0

a(’:) = Z Z Ancaz".

n=1k=n~1
Corollary 4.2. Analytic summand function of every polynomial of degree n exists.
and it is a polynomial of degree n + 1 without a constant term.
Corollary 4.3. If the series ¥ .., Z-c is absolutely convergent, then

RS

.,12" Z(-ll’o—"—”,')#n 1 =0,

=0
Theorem 4.2. Lot f(z) = 3°7°  ¢q2" be an analytic function defined on an open
domain D. If {/nlle,] < 6 < m for all n, then f is absolutely analytic summable on

D, and the following inequalities hold:

(4.6) |fa( ple A0+ '2—;%5"' . z€D
and

o 2 wlz| .
(4.7) [fal2) S —(e™™ ~1) ; zeD.

Proof. By applying Theoremn 4.1 and (3.5), for all z € D we can write

(NS 3 onllet ")t<z|cﬂ|( " 4 (e~ 1))

n=0

T=2 (8)z])"™ c""—lw 5.
= 27 Z n! m ;'(;)

n=0

T—2 5.
e"'|+ﬂ_

1
mizl _

and thus (4.6) is proved. The proof of (4.7) is similar. a
Example 4.1. [f f(z) = €7, then § = 1, and we have

¢ " -2

:_Dls ezl _ MLz e
(-l -+ =6 e
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Hence

e £ 2 iz}
|e_1(e —1)[51.__1((: -1); =eC.

5. ANALYTIC SUMMAND OF EXPONENTIAL AND TRIGONOMETRIC FUNCTIONS

As it was mentioned before, polynomials of degree at least one, the trigonometric
functions (sin and cos) aud the exponential functions a* with |a| > 1 are not limit
summablc. However, they are analytic summable. Indeed, observe first that in view

of Corollary 4.3 and Example 2.2, we have

N+1
(’A(Zr"“ )- Z”nfvz and O'A(e"): ef l(ez_l)-
n=0 n=1

Next, we consider analytic summability of functions a*, sin(z). cos(z), etc.
Note that a®* = cxp(zIna) is an entire function for a fixed value of Lia, and f(z) =
= §x el on If |lna] < 7. then in view of Theorem 4.1, a* is (absolutely)

cntire analytic summable and

G+n-1)!, (n ayitn=t 1 b
z = —(lna)" ~=llnay
b ] 7 ( .
“a &= (G+n-1) =y
- i{ln 2t (ngja @ (lna)".
n! a

=1 T @il n!

P
Therefore, 04(a*) = Y o0 | =% - "T‘:':". and hence

aa(a’) = =

To determine the analytic summand function of sin(z), let {e,} be a sequence such

(a -1);:|lna)j<nx z€C.

that €, = 0 if n is even and ¢, = 1 if n is odd. Then, we have

® (-1)i8) = o~
sin(z) = Z ‘—%z" = Zr..:
n=0 :

n=0
and hence o
n-1
SRS
- i il_\\“-f:—_‘](, ﬁ I'(_g),,}_- ne2Z+1
o Eeaes D o jn—17

1
InC P e e ne2z
Taking into account that
- - B 3 sin(l
S0t 2 = 20 G = 12—5::25,-()1)'
k=0 ( ) k=
we can write

oo 4 00 ) (1) :?.A
sing(z) = Zonz" = 52(-1)‘ G - 1‘_ cos(D) kz;(—l)u(_%_)!

I | k=0
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I _sin(z) 4 sin(1) — sin(z + 1)
B ism(z)+ - 2 — 2cos(1) '
The function cos,(z) can be calculated analogously, or by using the identity

| = cosil)

el

p: (€% — 1) = cos,(z) + 1sing (2).

Finally, we have
(2) sin(z) + sin(1) — sin(z + 1) oo cos(z) + cos(1) —cas(z=+ 1) — 1
SNy = ) sal2) =
) 27— 2cos(1) \ 2 — 2cos(1)

Using the properties of analytic summability, some trigonometric identities and the

above results, we obtain
sin(az + b) + sin(a + b) — sin(az + ¢ + b) — sin(b)
2 — 2cos{a)

ca(sin{az + b)) =

cos(az + b) + cos(a + b) — cos(az + a + b) — cos(b)
2 — 2cos(a) !
where a, b are real or complex constants and a # 0.

ga(cos(az + b)) =

Now, we pose a number of questions that are very important for future study of
analytic and limit summability of functions.
Open problem I. Let f be an analytic function defined on an open domain D = Dy
with the property N* C D C ¥ ;. If f is both linit and analytic surnmable. then is it
true that f, = f,, on D?
Open problem II. If f is analytic summable on D = Dy, then under what conditions
is it a unique solution of the functional equation f,{z) = f(z)+ f-(z —1) on D with
the initial condition f,{0) = 0? Compare with the uniqueness Theorem 3.1, Corollary
3.4 of |3] and Theorem A, Corollary 3.4 of [3]).
Open problem IIL. Is f(z) = 3.7, e.2" absolutely analytic sununable (on D)
whenever 7 < limsup,, .. V/n!le,| < 27?7 A special interest represents the case when
it is equal to .
Open problem IV. Is the inequality (4.3) (or (4.4)) sharp? If no, find a sharp npper
bound for the analytic summand of f.

Finally, as another direction of research, one may study interscetion of the spaces

of limit and analytic summable functions.
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AHHOTAUNA. HayHaoTen nocnenoBaTenbHOCTIt AeACTBH TENbHBIX IAMEPHMEX DY HK-
writ f,, Ha npoctpuncTee ¢ Mepoit ([0, 1), x), raec p-mepa Jlebera. Jokaszano, uto
e fn cxoaMICH K f no pacnpedclieHHio TO CYUIECTRYET TOCREAORATENLHOCTD
asTomopdiramos S, npocrpanctea ([0,1], 1) Takan, uro fp(Sa(t)) cxoaures x
f{t) no mepe na |0, 1| OBey>xaacTes cpsOb JANNOTO YTBUPXKOAOHIA € ADYTHMI
W3IRPCTHBIMU PE3YILTATAMI.

MSC2010 number: 28A20, 60E05.

Knsiouesnie cnosa: lITJOMOP(I)HTlM; Mt"['pl‘l‘leCKMﬁ THII, CXOAMMOCTL 1)0 paclipeuelie-
HHIO.

1. BBEJEHHE

Oyers f,, n=1. 2, ... u f -jelicrBUTCAbHBIC U3MEPUMDBIC PYHKLEM, IAUAHELIC HA
uanepumonm npocrpadcrse (£, p), p(S2) = 1. Ilycrs, paaee, F,, n=1, 2, ... n F-ux

$YUKIUIM pacnpeacsicHns. T.e.
Fo(z) = plw e Q: folw) £z), —00 < x < 00,
Flzg) = plwe Q: fw)<z), —00<x<00.

[osapsat, 4ro nwerepoBares8ocTh f,; cxoauTes X f 1o pacupeanesexnio, ecnu Fy(z) —
F(x) upu n = 00 B KOKAOH Touke HenpeprisrocTit F. 3anucksaercs a1o Tak: f =
D - im f, . Hapcetno ([1], e1p. 31), 4T0 U3 CXOAMOCTH 1O MCPC CJACAYCT CXOAMMOCTD
m? p;:upene.uenmo. O6paii0e, 04eBILLIO, §i€ BEPHO.

Han nonanobatces ewe NoBATSR M30MOPEIaMa IPOCTPAHCTS € MepOl M MEeTpuye-
CKOI'O THUE MIMePunbix PyHKumi, ssedennbix B. A. Poxannmm (2], [3))-

Orobpaxenue VAIOID UPOCTPAHCTBA € MEPOR Ha uPYyroe HadbiBaercsl H3oMopd-
HLIM, €CC1M OHO B3aHMHO OJHO3HAYHO, U KAK OlO, TaK I obpaTHoe eMy oTo6paxeHue
OCPCBOAUT BCAKOC MUIMCPHMOC MHOMCCTBO L M3MCPHUMOE MIOXKCCTDO TOH# 3KC MCDbI.
B tom caytrae, Xoraa oba npocrpancrsa COBLHANAIOT, HIOMOPDHUAN HAABIBAETCR ABTO-

MOPQBIMOM.
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JBa upocrpancrea. JouyCKatoLe n3oMopdHbIe 0T0OPAIKE I APYT HA ApYra, Ha-
3ninaloTCH MIaoMopdHeIMU. due dyuknun f u g, oupeielelnsle, COOTBEICIYBEHHO, HA
npoctpancTpax M u N. nasbiBaroTca M30MOPhHBIMI, €C/TH CYMIECTBYIOT TAKHE MHO-
xecrBa My € M n Ny € N mepm Hyls n racoe niomopduoe orobpancsuc T
upocrpacrea M \ M ua npocrpanctso N \ Ny, uro ans scakoro t € Af \ M,
f(t) = g(T(1)). B atoM cayuae rosopsT Takxke, 910 QyHKUMKM f M g NPHUALIEKAT
ONHOMY METPHUYECKOMY THITY.

H3 oyeBmANOl 1€II0YKK pABELCTD
plte0.1]: f(O) Sz} =p{te(0,1]: g(T(®) <z} =u{lgoT) (~.4]} =

= T~ (g7 (=0, 2])} = p{t €[0.1] : g(t) < )
cleayeT, YTo PYHKIMH, IPUAAIIENKALINE K OAHOMY METPHUYECKOMY THITY, OIRHAKOBO
pacopenenenn. O6paruoe e sepno. Bot npocTolt npusep

2t ecan 0 <t <1/2,
t =f, 05' 1. [ t) = ~ =
#e) s 1 ) {2(1-—t) cem 1/2<E< 1.

HeobxoauMLie 1 H0CTATOUHRIE YCAOBMS il TOUO, 4T0Oh Jne DYHKIMH LDIHEL e
7 0AIOMY METPHUCCKOMY THNY, nonydcnn B. A. PoxaunniM B cro xpanduxauson-
noli Teopeme ([2}).

B HacTosInei pﬂﬁO'l‘e JOKa3blBaeTCy clieAy oman

Teopema 1.1. Hyems f u fo, n =1, 2, ... -udsepussvie fyrnyuu. Jadannse Ha
[0.1] v f = D - lim f,. Tozda cywecmayern nocaedosamenvrocms S = 1IRPEE
—roo

asmomopdiuamoe npocmpancmea ([0,1], p) maxan, umo
(1.1) lim £.(Sa(t)) = f(t) no mepe na {0,1].
n —+oc

B pabore |4], ¢ MOMOLIBIO YIOMSIHYTOH BhiLUE JOBOJILHO CTIOXHOM KBamduKaiy-

oHHOIt Teopembl Poxnuua, nokadeisaercs cncuytowan’

Teopema 1.2, Eeau nocaedosameavnocmn udmepurssna gywwuul fi, fa,.... onpe-

desennmz na [0.1], czodumes no aepe x dynxuuu f, mo cyuecmeyem noc.aedosa-

meavnocmuv Sy, Sy, . .. aamosmopuamos [0.1] maxax, ymo
(1.2) ,“1'2,, FalSa(t)) = f(t) nowmu acody na [0,1],
(1.3) Jim p{t € [0,1]: S.(t) # AN
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Ormernn, uro B Teopene 1.1 yciiorne {1.3) rapauTHpoBaTL HENBIN.
KoMGuunpyst reopemy 1.2 ¢ namei reopesoit 1.1, Mul Hosy' M caeayionyi pe-

3YJILTAT.

Tcopema 1.3. Ecau nocaedosameasnocms fo,n =1, 2, ... -ussepummnz dyrvyud,
onpedesennmz wa [0, 1] czodumnca no pacnpedeaenuro x dywruun f, mo cyuecmeyem

nocaedocamennnocms 81, S,. . .. aemomopPuamos [0.1] maxax, wmo
(1.4) "“_l.lgo Fu(Su{t)) = f(#) nownu eciedy na [0,1].

Tak kaK QyRKLUMH, HPHHAANCKAIIME K OLKOMY METPUMECKOMY THIY, OHHAKOBO
pacupe.ieeHst, To u3 reopemsl 1.3 cunenyer mapccrnan teopema Ckopoxosa O 1peit-

cras.aenun (|5]).

Cnejncreune 1.1. (Cxopoxod) Mycme X, n =1, 2, ... u X -cayueilnte geausunn,
3adanwvie Ha eepoamicocmiior npocmpancmee ({0,1], g) u nyemv X = D — lim X,,.
Toz20n cywceccmayem nocacdoGamesvbiOCTId ‘CAYHRTNMT deausun Yy, N -:_i?o 2,
maxax, wimno

a} npu awboan =1, 2, ... cayvatinse eeaununs X, u Y, odunaxoso pacnpedeserns:

b) limy, o Yo (t) = X(t) nowmu nasepnoe na [0,1].

CdopayaupyeM ele oaio otUcBHAHOE CaeACTBHE U3 Teopemsr 1.3, KoTopoe 10Ka-
3BIBACT, 'ITO O;UIHAKORO DACIIPEUC/ICHHbIC (DYHKILMH B OIPEALIeHHOM CMbICHE BIBKN

110 METPHUCCKOMY TIINY.

Canencrsue 1.2. Ecau f u g -odunexoso pucnpedesennvie uamepumnie dupnie we

[0, 1], mo eyryecneyem nocaedosameavrnocms S, aemomoppuimos [0, 1] manas, wno

,,li_?,}c. (8. (t)) = ¢(t) nowmu ecrody e (0, 1].

2. BCIIOMOI'ATE/IbHBIE YTBEPXAEHUS

[Ham IlOH&AOﬁHTCﬂ AB4d BCIIOMOTATEIbHbIX YTBCDXKACHHS, KOTOPbIC IPHBOAATCH 336¢Ch

B BUJE JEMAL.

Jlemma 2.1. MTyerms A u B - usscpumaie suodcecmsa, codeprcauguecr 6 [0,1),
npuyem ji(A) = p(B) > 0. Toeda npocrpancmen (A. i) u (B, p) usomopdns,
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AHoxasameascmeo. Nocraro4uno aokasars, 4o (A. i) waomopduo ([0, u( A)). ). Mox-

HO CHRTATH, H1'0 BCE TOUKN A HBAAIOTCH TOUKAMH IJIOTHOCT 1. Pau:mrrpms (1!)‘|1K|llll()
t

fit) = ] xadp = p([0.¢] N A),
0
[A€ X A-XapaKTepUcTHHeCKAR (DVHKIMI MHOXKecTBA A,

Dynkuus f soapacramwan u abeosiorho weupepubsHaz ua (0. 1] Crueaosatciibho.
obipas f(E) mofioro ismepusmoro maoxectsa E C (0. 1] 6yaer winepuainin, Ouesu o,
J BaaumHO opHO3HauHO Ha A. Jokaxen, 410 f coxpansier Mepy LOMHOXeCTH A.

INposepunt aTo ans A.

[Tycti £ > 0-npouzwonsnce uncio. Tak kak f'(7) = 1 Ha A, To cynecTsyer crier-

Hasl cuereMa mHreppwios Ag, k=1, 2.... Takas, wro

(2.1) Ac A
k=1
(22) WA) € 3 H(A) < (A) +e .
k=1
(2.3) (1 = )u(As) < u(f(Be N A)) < (1 + E)u(Ax) . k= 1. 2.

Cymmupys no k sce yacrn (2.3), noayunm

(1=8) 3 a(dr) S pUIA) € (1 +6) Y alds).

k=1 k=1
orkyua, B cuny (2.2). 6yics umerb
(2.4) (1 — e)p(A) < u(f(A)) € p(A) + e(p(A) +1+¢).

Ilaxonen, n3 (2.4), » cuay upoussoisnocty £, uoayuunm g(f(A)) = j(A), o u Tpe-
6uBanocs.

Han 1onaaoburcst cuie CJICAYOLICC COBCCAM OUCHHAHOC yTBCpAIACHUC

’
Jlemma 2.2. [Tycmo m > 1-namypaannoe wucao u € > 0. Tozda drs mobvir doyr

CUCTILEAL TLOACHCHUINEADHBL YUCEA @), . . .. Qm @ D1, ... bny, ydoeaemeopswugusr yeao-
1AM

m m

S u.-=§ b=1lula,=b|<Ls, t=1,...,m.

im] =1

Cupasedauso Hepueencneo
m
Zmin{a,,b;} 21 —ms.
i=1

e
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3. JJOKABATENBCTBO TECOPEMB 1.1

Iycrs Fy n F-ynxumu pacnpeacnenns fu u f coorserersenHo. O6o3HaummM ucpea

C{F) mBoxecTno Touek neupepnisioctu F. [To yestosuio reopenbl
(3.1) liin F,(z) = F(z) ana seex x € C(F).
n—a

Chauasia paccMOTPHM cayuaii. KOrga NOC.1eAOBATEILHOCTD f,, PABHOMEPHO OI'DaHiI-

uexa Ha [0, 1]. BodbmeM oTpesok [a,b] rak, wrobet n, b € C(F) n
(3.2) a< fu(t)<bnmmecexn=1 2,... utel0.1]
IMocrponn noc.1egopaTeasnocTh paaéucimi orpesxa [a. bj:

Qk:{ﬂ =Tk < Tkl €0 < Tion, =b}- k=1, 2!

TAKYI, UTO 4751 Beex k =1, 2,... 12 =0, l.....m; BLINOAHAKTCH YCNOBH
(3.3) Qk C Q41 C C(F)

u

(3.4) max{(Fra41 —Tri) :0<i<my — 1} < %

Tenepn n0CTPOHAL HOC/1€10BATENBHOCTD S, aBromopdii3ros npocrpanctsa ([0, 1), u).

Cuauana BoIbaes ncia £x > 0 TaK, 1robbl
(3.5) myer — 0 upn k — oc.

3aTem BO3bMeM NOCMEA0BATENLHOCTD HATYPAIBIBIX YHcea 1 < 1y < N2 < - < 1y <

TAKYI0, 4TO A/l Beex kK = |, 2,...n > mp w1 = 0, 1,... .7k BBUIOIHLINCH
HEPAHEHCTHA
(3.6) [Falzri) — F(zei)l < ex.

Aptonopduamer S, 6yayT nocrpoennt rpynnamu. Cuavana aas 1 € 2 < ny, 3aTeM
g ny < n < ng u A dat 1 € n < 2y uonoxkum 8, = 1, rue [-roxaecrsennnii
anromophiss upoctpancrsa ([0, 1]. z).

IIycTe nocrpocHnbl aBToMOPGONIMbI Sy, .. .. Sy, —1 M NycTL ng < 1 < Ni41- Boeaen

0Bo3HaeHns

Ef,={le[0.1]):my< falt) Szhypr}i=0.1,...,mk—1,

Ev,={tel0,1]:z, <fM) < zhipt}i=0,1,....mp—1.
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O METPHUYECKOM TUIIE UAMEPUMBLIX ®YHKLIMN .

Tax xax p(EZ;) = Fu(akeq1) ~ Fa(zk) n p(E,) = F(aris1) — F(ax;), 10, B crny
(3.6) umeenm

(3.7) |/I(E;‘"i) — ;L(Ek,;)| <2, 20t i=0,1,...,my—1.

Anst Kk ol naper E,‘;|i 1 Ey i Bo3bMen MHOXKCCTDA A C EZ, n Ay ; C E;; Taknce,
uTO

n(AL ) = p(Axy) = win{p(EL,). u(Ex,)} -
Toraa, no acmme 2.1, cymeernyer miomopdiam mmoxkcerna Ay ; na A7 ;- OBosmaaum
3TOT N30MOpGU3M uepes Stk Sn<mpy,i=01,... ,m -1
Tenepb ans Kaxa0ro n 1aKoro, 410 nx < 1 < N4y NOCTPOMM aBroMOpdMan SP

-

npocrpancTsa ({0, 1], 1) cacayomus o6pasom. TTomoxcunm

Sp)=S(thupnte A}, 1=01,....me—1.

my—1
Ha pomonmurennnon mmoxeerne [0,1]\ |J AR, 3a S Bossmest mo Tofi se neanc
i=0

1.1 npouspoanusii ssomophin [0,1] mltj;l A7 na [0,1] \MU: Sp(AL,).

Hanee. mius Kaxkioro n 43 npomemy;xa . g n < nk:l: nosioxnMm S, = S7.
TIpou02KHE 10T HPOLECC HEOIPAHHMYEHIIO, MbI IOCTPOMM 1OC/IEI0BATEILUOCThL ABTO-
mopdm3amor S, npocrpancrsa ([0, 1], 1). Joxaxes. uro f,,(Sn(t)) cxomrresn k f(2) no
Mepe Ha [0, 1].

JIeHCTBUTENBIIO, CCIM 72y < T < Tgy]. TO CORTACHO MOcTpoenimio S, i B Ciy
JNeMMBbI 2.2, HMeeM]

(38) " {: €10,1]: 1fult) - FB)| 1} -

>

M3 (3.5) n (3.8) caeayer, aro f, 0 S, — f no mepe.

Tenepi: paccmorpum obwmit cayyvait. [ycrs f,. n = 1,2,.. .-uponssoabnml (He
00A3aTEIBNO PABHOMEDHO OFDAHMYENHAN) 10CJIeTOBATENBHOCTE H3MEPHMBIX (DyHK-
nn#. ’

Bosbnent 1nponsnosibHbie Todkn a.b € C(F), a < b, n nycrb @-HelpepbIBHAs,
cTporo pospacraowas GyHKu:, orobpaxarowas (—oc, 00) Ha (a.b). MoxHno s3s1b,

HALpUMED,
b-a T a+b

. +
2 14|z 2

plr) =
Taxunm 06Da30M, @ 11 06paTHOC 0TOBPAXCHAC © | HENPCPLIBHAEI i COXPARSIOT OPH-
oK. IlycTs, kak 1 seime, £, u F -dbysaxuuu pacupeseserus f, u f coorsercrsenHo.
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okarcent, MITo cYnepnoauitin ¢ o fn cXoaaTea no pacnpeaeserniio K w o f. Iyets Gy,
1 G-310 byHKIuK pacnpeucients 2 o f, u @o f coorsercrsenuo. Toraa nMeem

Galx) = pn{t€0.1]: o(fu(t)) < z} =

=u{fi' (¢ (o))} = u {Ja (w07 (@)]} =

(3.9) =pu{tef01]:a< f(t) < ¢ Ha)} = Fo(¢ Y (2)) = Fala).
Ananorunuio,
(3.10) G(z) = F(¢™'(2)) - F(a).
Ec:n « € C(G), 1o, B cuny wenpepwisnoctn v~ 1, ¢~ (x) € C(F) . Orcioas, B cuay
(3.9) 1 (3.10) 1 vcnopus a € C(F) nonyum
(3.11) lim Gn(z) = G(z)} 2ast veex x € C(G).

n—4oc
Torya, COIMIACHO JOKAZRHHOMY C1Y'310, CYUICCTBYCT NMOCICAOBATCILHOCTDL ALBIOMOD-
dsrsmon S, rakas, wro
(3.12) @0 fanoS, = po [ 10 Mepe .
HisecTHo, YTO B3sITHE HelpepbIBHON (DYHKLUM COXPAHAET cXOaMMocthb no mepe ([1],
crp. 39). B cuay sroro, n3 (3.12) cuexyer

JnoSn =9 go fao8s) = 2 g0 f) = f 1o Mepe.

Teopema 1.1 noANOCTLIO JOKaS0HA. O

Abstract. In the present paper, sequences of real measurable functions defined on
measure space ([0.1], ), where g is the Lebesgue measure, are studied. It is proved
that for every sequence f, that converges to f in distribution, there exists a sequence
of automorphisms S, of ([0, 1], u) such that f,(S.(t)) converges to f(¢) in measure

on [0, 1]. Connection with some known results is also discussed.
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