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Abstract. The votion of a Mazwi-Ulain space, introduced by C. P. Niculescu in 6]
by using the midpoints, is extended here for an arbitrary weight A € (U, 1). A similar

characterization iferms of a class of sometries and their unique fixer point is obtained

for the rational case A = ™ and under more complicated conditions than that of in [6
" p

or [7, p. 166

MSC2010 numbers: 51K05, 51M25, 461320.
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The classical result of S. Mazur and 8. Ulam [d]. stating that every isometry
between real normed linear spaces is a linear map up to translation, was recently
reconsiclered from the point of view of its extensions. Notice that this property is not
true in the category complex linear spaces. for example, for the conjugation map in
the complex plane. Note that the surjectivity hypothesis is esseutial and that without
this assumption, J. A. Baker proved that every isometry from a normed 1eal space

into a strictly convex nornied real space is a linear map up to translation.

An interesting framework to deal with the Mazur-Ulam theorem was developed in
6], see also |7, p. 165]. This approach is based on the uotion of midpoint in a metric
space, and therefore the notion of Mazur-Ulem space is naturally considered. The
aim of this note is to extend this notion to a weighted case, by nsing an arbitrary.
but fixed, intermediate point. On this way, several aspects of Mazur-Ulam spaces are
generalized for a weight A € (0,1), the previous setting being obtained for A = ,f—,

i

Also, for this special case A = 3. we derive some new aspects, for instance, we show

that the midpoint is an example of metric center, in the sense of |9].
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. 8. NOTEZAT AND M. CRASMAREANU

The present paper is divided into two sectious. The first section is devoted to the
weighted Mazur-Ulam speces and Lheir characterizations in terms of isometries with
a unique fixed point satisfving some additional properties. but only for the rational
A. Two types of examples are provided: the real normed spaces and intervals with
distances induced by a bijection. In the second class we recover the points provided
by the geometric and harmonic means. The second section deals with the convexity
between weighted Mazur-Ulam spaces, and the geometric convexity, discussed in 2],
is interpreted in our setting.

Let (Af,d) be a metric space and let JTsom(M,d) denote the group of isometries
of (Af.d). Recall that the points .y, z € (M. d) ave called collinear (in this order) il
dr, y) + d(y. z) = d(z. 2).

Definition 1. Let A € (0,1) be a fixed real nmnber. A A-Mazur-Ulem space (AMU-
space for short) is defined to be a triple (M, d.}) with (M,d) a metric space and
oo M x M — Af satisfying for all x.y € M the following conditions:

A) (the idempotent property) .riiz = x:

B) (the A-commutative property) d(xfy. yliir) = |2A — 1M(z, y);

C) (the weighted property) the points z, zfly, y are collinear and d(x, zfy) = Ad(z,y):
D) (the transformation property) T(zfy) = T(z){T(y) for all T € Isom(M. d).

The point afy is called the A-internediate pomt between z and y.

Remark 1. i) For A = % we recover the notion of Mazur-Ulam space considered in

[7. p. 166]. The point 8y is called midpoint by Niculescu. but it appears also with
dificrent names. ¢.g., metric midpoint (sce [8] and also [1, p. 18]). If we ask for the
uniqueness of midpoints, we obtain the class of metric spaces with UMP property for
which the survey [3] is available.

ii) From condition C) we derive: d(y, xfly) = (1 — A)d(z. y). The existence of xfly for
every A € (0.1) in |1, p. 18| is called metric convexity of (M, d), while the uniqueness
of the X-intcriediate point is called strict metric convezity.

iii) The essence of Mazur-Ulam theorem is contained in condition D).

Example 1. Let (A, d) be a real normed space with distance: d{z,y) = |2 — yl|.

With xfay = (1 — M)z + Ay we obtain & AMU-space. A remarkable example of %MU-

space, treated in [6) and {7, p. 167-1G8], is that of (Sym™*(n, R), dirare), where

Sym**(n.R) denotes the set of all n x n dimensional positive definite matrices

with the trace metric diyrace(A, B) = (Z;::l log2 z\k)lﬂ, where A;...., A, are the
4
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eigenvalues of AB~!. The analogue of (1 — A\)z + Ay in this cone is the matrix
AﬂxB = AY/2 (A-1/2BA—I./2)‘\ AV/2,

Example 2. A large class of nonlinear cxamples can be obtained in the case where
M C R is a real interval and f : M — f(M) is a ijection. Then dy : Af x
M — Ry given by dy(z.y) = |f(z) ~ f(y)| is a distance on M, and with zi;y =
£ (1 = A)f(x) + Af(y)) we get a AMU-space. The following two examples are of
interest.

1.1) Let M = R} = (0.4o¢) and f(z) = logr. Then f(M) = R and dg(r,y) =
|log ¥|. lence xlyy = 2! 2> and for A = % we have the Mazur-Ulam space (see 7

p. 166]). provided that the midpoint is equal to the geometric mean.
s  d=A<0.5 d=1-A
@ < .
X X#Y Y

d&=r>05 d=1-A
- ®
X X#y y
The cascs A # %

1.2) Let M be as in examnple 1.1), and let f(z) = = = inv(x). Then f(M) = A and

dg(z,y) = |1 - %l Thercfore 27y = yrfi=y;. nd the case X = 3 gives 7y the
harmonic mcan M _; of z and y (sce [7, p. 1]). that is, zfly = *% = M (1,v)

Following the ideas of |7, p. 166], a characterization of AMU-spaces can be derived
for the rational weights A = ®, where m,n are integers with n > m 2> 1 and

ged(m, n) = 1. Specifically, we have the following result.

Theorem 1. Let (M, d) be a metric space. Suppose that for any pair (a.b) € M x M
there ewists Gqp € Isomn(M,d) with the properties:

(AMU1) d{Gan(e). b) = (m = 1)d(n, b) and d(Ga s(b),a) = (n — m — 1)d(a,b):
(AMU2) G edmits u unigue ﬁu‘;ed point 2% and d(Gau(z),£) = nd(z,=*") for all
€ M;

(AMU3) d(Ga (), Gya(z)) = |2m — n|d(a.b) for all x € AL

(AMUA4) the points a. ™%, b are collinear and nd(a. ="*) = md(a. b):

(AMUS) Grare o T = T 0 Gay for all T € Isom(A] . d).

Then (M, d. ) with affb = 2** 25 a AMU-space.

5
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Proof. We have to verify conditions A) D) of Definition 1. For A). observe that by
condition (AMU2) we have nd{a, z%) = d(G, »(a). ), while the condition (AMU1)
gives d(G, o(a),a) = 0.

B) From condition {(AMU2) we Lave nd(aib, Wa) = d(Gy o(alth). afh), nit the fixed
point property gives d{(Gup(ath), Gsa(atd)) = |2m — n|d(a.b). llence d{niih, bliia) =
|24 - 1|d(a. b).

C) the condition (AMU4) is exactly the claimed property.

D) From the fixed point property and the condition (AMUS) we have G 1o(2'(tb)) =
T(a1b) which yields T (alb) = T(e)iT(®). O

Remarks 2. i) 1n the Niculescu's works [6. 7] the function G, is an isometry, but
this property was not used in the above proof of Theorem 1.

ii) ‘I'he condition (AMU3) implies that the distance between Gau(z) and Gy qo(2)
does not depend on x € M.

iii) We have nd(b. z'?) = (n — m)d(a. b) and also the collinearity of all four points

a.z9b zba b,

Gn.b(x)

The collinearity of points.

iv) A comparison of Theorem 3.13.2 of [7. p. 166] and our Theorem 1 reveals the
complexity of the arbitrary rational case of A and the special case A = i More
precisely. our %MUI-? are cxactly the conditions MU 1-2 of the above cited theorem
from [7]. while the condition 12-MU3 means that G, 3 = Gpa-

v) Very close notion appears in |9, p. 100): for a,b € (M. d) a point z € M is called
a metric center of a and b if there exists a surjective isometry ¢ : M -+ M such that
¥(a) = b, ¥i(b) = a, and for every § C M with 0 < sup,_cd(r,z) < +00 we have
(1) supd(z. z) < supd(¥(r).x).

rfES €S
Lemma 4 of [9] shows that z is the unique metric center of a and b, and also, it is
the unique fixed point of ¥. For %MU-spaces provided by Theorem 3.13.2 of [7, p.
166]. we have that the point efb is the metric center of ¢ and b since Gaupla) = b,
6
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Ga (V) = a, and the right-hand side of (1) is the double of the left-hand side. Also,
assuming that (M, d) is bounded we have that afb is a dissimilarity cenler of M (see
[9, p. 99| for the definition), and applying Lemma 1 of |9] we conclude that a bounded
%MU-spm'c provided by the isometries G.. has a “universal” widpoint z, that is, for
all a,b,¢,d € M we have afih = dfid = = and z is the unique fixed point of all clements
of Tsom(M.d).

Example 3. Returning to the Examples 2 we consider:

3.1) G2 ,(z) = (n = m)a+ mb — (n - 1)z. Then we have Gh(a) = (1 — m)a+ mb
and G o(b) = (n — m)a + (m + 1 — n)b.

3.2) Gf'b(w) = [ ((n—m)f(a) + mf(b) — (n — 1)f(z)). Then lor f(z) = logr we

i n— . » d
have G,"}(z) = S==1—. while for f(z) = 1 we have G2/'(x) = YT ot oy

T
Henee (r':“:ﬁ(a) | G]“"_E(b) = @™, and respectively. G (a) =
ab

mrtis Wl G ) = oy
Example 4. Let (M,d) be a metric absolute plane according to [5, p. 236]. that
is, a set satistying the axioms of incidence (in the plane), those of ordering, those
of cougruence and those of continuity. Then. in view of Theorem 1.4 of |5. p. 237).
we conclude that an isometry with a unique fixed poinl is a product of two axial
syunnetries.

In this section we show that the weighted Mazur-Ulam spaces constitute a natural

framework to deal with convexity.

Definition 2. Let (M, d.{) and (M’ @' f) be two weighted Mazur-Ulam spaces with
M’ being a subinterval in the real line R. A continuous function f : A/ — Af is called

(t, i')-convex if for all =,y € M we have

(2) faty) < JEW f(w),

and it is called (f,f')-concavc if the opposite inequality holds. In the equality case:
(3) ‘ S(ady) = f( ' f(y)

we call it (§,')-affine.

Note that for (M.d, ) = (M’.d'.§') given in Example 2.1, that is, in the case of
real normed spaces. the relation (2.1) is the classical convexity of real funetions, and
*(3) is the usual affinity property. Since the weights of Af and Al’ can be different. we

obtain a very large setting for the notions of convexity, concavity and affinity.
7
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Example 5. A function g : (0, +00) —= (0, +00) is called geometrically convez if for
All A € (0,1) and ail 2,y € (0, +¢) we have (see |2, p. 154]:

(1) glz’y' ) < g(x) gy)' 2.
It is noticed that g is geometrically convex if and ouly if ils exponential conjugate
log og o exp is convex on the real line R.

1t follows from (4) that

(5) 9, y) < g(=)ibga(®),
and hence
g: (M= (O,Mj.dlug.ﬂ;,g) = (M = {0, 00), diog. g}
is geometrically convex if and oaly if it is (u[:,s. ﬂ{\og)-convcx for all A € (0,1).
Acknowledgments: The authors are grateflul to Professor Dr. Constantin P. Niculescu

and an anonymous referee for several useful remarks.
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Annotaumnn. B crathe 203 aeabTa-cy6rapMoHItecKiX B 00AYILIOCKOCTH dyRK-
wifi nocrpoen adaitor vacru reopun M.M . TDwxpbawsnna-B.C Baxapyua. ornocs-
uicica n pakTOPHIAAUMH w-ACCORBIX NMOAKNACCOR MepomopdHbix dyrkimit orpa-
HUUERNOIO BUIR B Xpy1e. BRejensr w-peconrsle KiRces qenntu-cyBrapyonn rec-
KHX B BepxEell nonynaockocTin QyHKIK ¢ OrpaNUeHHOA XAPAKTEPHCTHKOR THIA
Lysan, nafaciinl napamMeTpyyeckuc NpEeACTABICIMA YTHX KANCCOR.

MSC2010 number: 31A05; 31A20.

Kniouenble cj108a: rapsoHnieckas QyHKUMA: fe1bTA-CyOrapMOHNMecKast (pyHKLH;
uoresinwr thus T'pyna; fapsas.

1. BDEIEHHE

CraThs nocpAlICHA TIOCTPOENNIO B fI0YNA0CKOCTH, 315 ACALTA-CYOrapaomrecKix
ynkui, anasora yacth reopun M. M. dokpbanisina - B. C. 3axapsaua. [1. 2. oTnocs-
wedicst K (PaKTopUBAIIMN W-BECOBBLIX UOAKINCCOB MePoMOPQIHLIX (DY HKLMI OrpaHy 1eH-
HOTO BHAA B Kpyre. KpoMe Toro, pesy;ibTaThi CTATbI PACcIpOCTPAHAXT Ha Basee of-
uuti ey uait geabra-cyGrapaionnyeckux Qyskiit peaysibrars |3, ornocsumecs: K na-
PAMETDHMMECKMM 1IPEICTABIEHUAM IIOJIKIRCCOB MAPMOHUUYECKUX (DY HKIMI w-0orpaHnyeH-

HOI'O HIlJa B OJIYIIMNOCKOCTN.

Paceaatpubaiorest Kancenl acnbTa-cybrapsomitieckux s noaynaockoern G5 = {z
Im z > 0} byHKUME, 4bll W-YACTHRIC NPOUIBOYILIE LOLMMHEHRI VCA0BIIO POCTA BYHE-
uuii knacca N E. 1. Conomennena 4], 1.e.
1
sup [ | + iy)de < +20.
0ot oo
Ais1 BBCAEHI1S1 OTMEUEHHBIX NIPOMIBOAHRKIX, BCIOAY Hivke Gyaen NoaraTe, 4o w(r) -

dynkuun wiacea €, re. w(x) > 0, ne vospaciaer na (0, +00) 1

w(T) <™ upn wexoropom —-1<a<0 wnmobon T > Ay >0
9
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(w(z) =< 2* camnuaer, uro Cir" < w(z) < Cz® ¢ HekoTopLIMK NOCTOsINNLIMU C) 2 >

0). Kpume ‘roro. Gyaem nouarals, 4o
.
w1 () r/ w(t)dt < +oc. 0 < z < +00.
0
Ans w(r) € Q@ n byuxkuni u(z) ranannbix B G dopmasibHO cupesensem olepaTop

+a0
(1.1) Lou(z) = —Lwla—au-u(z). rae Ly u(z) = / u(z + iN)dw; (A).
2 Jo

Kpone rorv, 6yaem ucnionsaosars vapo tvua Komn

oo 2 +o0
(1.2) Cu(2) = J/ Pmi_t)‘ rae L) = f/u e "Mw(A)dA.
i} w
Kak verpyano uposeputh. upn z € G+
i
(1.3) - Ge(z)="=CH (=) renE= / C.,(Re z + st )t
Jlm z JIm z

rae. kak ¥ vewoay Hwke. C, () - sapo e Kows ua |5). Kpome roro, B yacTHOM
cayuyae creneHHbIX pyHxkumil w(z) =z, -1 < a < 0,
1 1
Clz)=C,lz)= ——— n (‘(:l‘ = — 2€EGY,

(=iz)ite T sl =iz

1.e. Cu(z) npenpanaercs B 0buiHoe s apo Koiun n nveem

1
(1.4) L.C,(z)=—, z€UG'

-—yz

2. QAKTOPH THUNA BJIsIIKE

2.1. Monaras, wro w(z) € X u { = € +m € G - bukcupovanHAs TOUKA. BEEAEM B

paccmorpende caeayroume gdpaxropbt Tins Basuike:
y
(2.1) bu(2,¢) = cxp {— / Culz —¢+it)+Cu(z—C - it)]u(t)dt} -
n

= exp { - Colz— € - iw(n - ,tl)clt} . Imz>n.

-n
OrMeTim. 910 249 raaniofl persn aorapigdma o6uiguore dhakropa Basmke cnpapes-

JIHDBO npeacrtaniiernde

; e 9 dt
(2.2) logbyiz,0) = log —— =/ —_— ¥
\ 2= -g b+ is—=E§) &

Teopema 2.1. [lpu mobor w(z) € N u a0bott Puncuposannoti mownu ( =€ +in €
Gt dmmuus b{z.() 2onromopdmre e nosynaocxocmu G, 20e 1umeemn eduncmeennoi
HYAL NEPe020 nopsidua @ movxe 2 = (.

10
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Honesamesvcmeo. M3 (2.1), uHTErpMpOBEHKEM 110 HACTAM M MCIONBLAIYH dopmyny

(29) u4 |5] onyuaen

(2.3) bu(2,6) = bu, (2.C) exp{~Go(=. ()},

Gu(z.§) = Culz — Qun(2n) ~ / Culz — (+ithw(t)dt + I'rv Colz — (= tw(t)dl
N 49

Bueck by, (2,() - daxrop Tina Basmxe i3 [5]. Janee. B nemrte 2.1 paborsi |3] 10kaza-
Ho, 10 Cy(2) - ronomopdnan B Gt dyukuma. Ten cammm, npu 11060 (puxcuposan-
HoM € € G* dbyuxuns C,(z — () roaomopdua 8 G+ Kpome toro, u3 (1.2) creayer,
C.(z—C+it)| € Culip)
H lCu(z —¢—it)] S C,ip) npu n <1 < 2 u 0 <t <7 coorsercraenno. Cenopa-

1o |C,,(2)| € Cu(ip) npu mobom z ¢ Im 2 > p > 0. Moatonmy

renbHO, hynkuun G, (2, () ronomopdua s G, u s (2.2) Muokires exp{—G..(z.())
[ \

rosoMopden u He obpamaercs B noas B G . Tonosmopdbuocts dpynkmun F (2, () s G

U ee eAMHCTBEHHDIN, 1IDOCTOA HY/Ib B TOIKE { CedyI0T f13 Tex *e CBOACTS by, (2. (

JOKa3aHHbIX B JleMMe 3 paborsl [5). C
Huxe MBl JaeM 110.1€3HYI0 OLeHKY 113 (pakTopa Tuna Basimke.

Jlemma 2.1. Ecau w(t) € N, mo npu mobor ( =E+ine Gt p > gue€(0.1+a)

M., wr
(2.4) |]0g b,,(.':, C)l < m""%? A U(fjdt. Im z > 2p,

2de nocmornnar M, . > 0 sagucum moavro om p u =

AHoxazameancmeo. llerpyano nporepirrs, yto sauay sroporo pasencrea B (1.3) u
ouenxrs {3.2) us (8

My

T;P’TT Imz)p.

(2.5) [Cun (2)] <
U3 storo nepasencrsa B upedctasiends {2.1) cienyer onenka (2.4). a

2.2. Teneps HccneaveM HeKOTOpbIe cBoficTBa daxtopa Tuna Basinke b, (2, (), suisas-

JIeMBIC ¢ UPMMEeHeHKen olepaTopa L. onpeacicHHoro B (1.1).

Jlemma 2.2. Eeav w(r) € 0 u = £+ € G - Puncuposannar mouna. mo
dyrxyun L, log |bu(z. C)|- 2apaoritinecru npadosoicaeata Ha 6CI0 KOHEURYIO KOMNAENC-

Hro naocrkocmy C, npome 3amanymozo ompesxa npamod [, a COEFUNANOULED TONNY
11
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¢ ul. wa awbot mowne = =z + iy & [(.C] cnpasedausn npedemasaenun

| o " win=t)
(2.6) Lw lOgIbu(Z,C)J = Re [_. :’(:‘_—E)‘d"
P (-2
(2.7) Lologlh,(z,€)| = —‘23,"/: TRWRE i - 2212 =y w(n — t)dt.

Eeau. donoarumenvio, w(t) ydosaemaoprem ycaoeuro leavdepa na (0,1)], mo dyrn-

yus L, log |b,(=.¢)| nenpcpmena 6 mouxar omxpwmozo ompeaxa ((,C).

Tonasameascmeo. Tpeacrasnene (2.6) crenyer w3 (1.1), (1.4), (2.1), abconornok
cxoumnmocT rHterpata sayTpn GV /[¢, ] n cauncrBenHocTH rapmonmteckot By HK-
wun. Tapmonnimocers Ly, log by (2, ¢)| BHe oTpe3ka r(f] caeayer B3 PABHOMEPNON

exoaumocTH nirrerpadia (2.6) v n06oi o6nacty, yiaieHHol or oTpe3ka [¢, E] Doparyaa

(2.7) encayet npAMBIM BhiaHcacHHeM Ha (2.6). 3ameTuns, uro Ly, log |b,(—iz+£, ()| =
—L,log |bu(iz + £.C)|, a npu 2 ¢ [-1.7]

: 1 " -t
L. loglbu(iz+&,¢)| = =2rlm &,(z), rae d,(2)= %/ w—(:’—:-;!—')-dt.
=

Tent caMpIsl, MOXKIIO BOCHOJILIOBETLCH XOPOIIO U3BECTHLIMI CHOMCTBAMMN MIITCIPAJIA
tuna Koum (cm. [6], Tn. I), xoropuie riacat: $u.(x) - nenpepstsnas na (—7, 1) dbynk-

uust kaacca Lip A ¢ mobeiy A € (0.1). Ipu n06om z € (=7, 1) cyuecrByOT b KOHEY-

namn Coxoukoro-ITaenens 8F (2) -8 (2) = w(n—|z[), B (2)+ 27 (2) = 20,(z). Du
lipeiedisl ¢y Th HenpepbiBibie ynkuuu knacca Lip A na (-7, n) ¢ mobuin A € (0. 1).

HBI 11peae. bl z—):l'il:)'G‘*' ®.(z) = 8} (2), ;.l;i?éc- @, (z) = & (2), cBazanubie opmy-

H naxoneu, ecn w(t) yaomtersopsaer ycnopumio Ieasaepa na (0,7), To w(ly| — 1)
YAOBIETBOPSIET TOMY XcC yc1oBuIO Ha (—1,7), 1 dyukuun L., log b, (iz + £.¢)| =

-27lin ®,,(2) HenpepniBHA B TOUKAX OTKPBITOro oTpesxa ((, C). O
Jlemma 2.3. [Ipu 20bort w € Q u mwbosm Purcuposarnom { = € + in € G+

) [- fw(x)dx- y2mn

+C
(2.8) ;/ L.loglbu(z +iy,Q)ldz = ¢ 2,
o o l—/ wiride. 0 < y<.
U iy
“mo xeanemcn nenpeprierol dynxyueti om y € (0, +0). Kpose mozo,
1 [ 1
(2.9) = / 1L, log |b.(z + iy,C)Hd:r < 3/ w(r)dz, 0<y < +oo.
. L
Aoxesamerncmao. U3 (2.6) caeayer, wro upn z + iy & [C Z]
n = y
(2.10) L,log|b,(z +ty.Q)| = / - w(n — |t|)dt.
¥.6) | BT pary (n—1t))

12



O HEKOTOPbLIX KJIACCAX AENGTA-CYBFAPMOHWYECKUX ®YHKLWA

Orcroaga

+00 "
f Lyloglbu(z + iy, {)dz == J[ w(n — |t|) sign (¢ — y)dt.
-n

—00
1! BEIMHUCIAR HOCReaN#A AuTerpan npnxoanm K (2.8). Ina moxasarcascrsa (2.9) 7a-

MerHM, 9To BBKay (2.6) upn mobon y > 0

1 £+n :
— |Lo, log {bu (2 + iy, Ol|dz

2T Je—n
It — ol E4n B\ n
/ ( .[—u (t - V), + (f E)?) RIS < /0 i)t

B cnay (2.7) L log |bu(z.¢)| < 0. ecom [z — €| > 1), win y > 7. TToarosy, Beuy (2.8)

+ 0 ]
/ | Lo log (b (z + iy, {)||dz = [ w(r)dr. n<y<+x.
-no' 0

o poxasarensersa (2.9) npr 0 < y < 5 3amerun, wio B cuay (2.7) MHoxecrio
S, rex x, upu koropeix Ly, log Ibo(x + iy, C)| = 0, sexut B unreppate (€ —n.& + 7).

CrneRoBaTeanio

(2.11) f |L log h{® + 13, C)Hd:r = ( / / \ slog by (x + iy, ()|dr

"
= 2] L, loglb,(z + ty,Q)|dx + 21r/ w(t)dt
n—y

n

[£+n n I
< 2 |L, log|bu(z + ty.C)||dz + 27 [ w(t)dt < 6m I w(t)dt
Jf—r.l -’U Jl) Mm

Jlemma 2.4. Ecau ( = £ +in € G - guncupooarniax mouna. o dyrxyun (1) € N

ydoeacmeopaem yeaoawo leandepa na (0, 7], mo
+00
(2.12) Tiny / [L. og b (r + iy, Olldz =0
"00 —20

Joxasameavcmmao. Benay (2.8) mnrerpaa nmo (—oo.+oc) B npapoit wacTi nepsoi
crpokir opryim (2.11) crpesures x #ymo npu y — 0. Jdun goxkasarenscTea To-

ro e J\J1d HHTel'pajsa no S:' BOCIIONbI3YEMCS HEPABEHU THOM

S A
0< /+ Ly Jog b (2 + 2y, ()|dx < [ IL, log b..(£ + iy. ¢)||dr-
Js; Je-n

B cuuy semmbt 2.2, dyuxima L, log|b.,(z, ()| HenpeprisHa B 3arxHYTOM KBATpATE
{z=2+w:|2-& € 0.9/2 > y} v nosromy ram orpasuuena. Ten canbihi, BRIIY
13



A. Al 2XKPBALUSIH, XK. 3. PECTPEINO
‘reopenibl Jlebera 06 orpAHITICHHON CXOIMMOCTH M 1IDEACTAB/ICHUN (2.7)

Iimsup/ L,loglb(x + 1y.¢)|dx £ lml r | L, log [by(x + iy, Qljdr = 0. 0O

n—0 Vig-y

2.3. Joxaxen eine rpi JMeMMBI, KOTOPbIAH BOCIIOIHIYEMCH 1103XKE.

Jlemma 2.5, Ecau w(l) € ), mosda npu a0bau giuncuposantion ¢ = & + 1 € G*

HRNTIUR
dynry

ool €)= rutog 12128,

20e by(z.() - obwunwii gaxmop Banwre (2.2), 2oaomopfra 6 C\{E —th: 0 < h <
+c}

Zoxasamenvcmeo. B cnay dbopmya (2.2) u (2.6)

' o /*m w(t)dt /+°° w(t)di
Fologby{z.{) =~ — —_—,
Jo t=ia=Q lo t=i(z=0)
co [T w(t)dt " w(t)dt
Ten CaMLIM, HPIXOIMA K HPCACTABICHUI0
+~a 1 1
(2.13) ¢Azo=£ {,ﬂh_ﬂ—,”h_a}mmﬁ
+f'{ b o 5 Bl —}u(t)d’f.
o Le+ie-C) t—i(z2-0)
OTKY1a cneayer ronoMopdHocTb v,(z, () B nagnexaulell obaacry. O

Jlemma 2.6. Ecau w(l) € 2. mo npu awbom duxcuposannor ( =& +ine Gt
Re ¢.(2.) <0. ze GT\E
Hoxasameavemeo. Jiasi upoctorsr pacemorpust pynrimio @5 (2.¢) = wu(2 — £.¢).

Ornmnian or (2.13) 1o xe upeacrasienne ia oz — €,¢) = 0 (oboznauenne ans

cayuas wlr) @ 1) ymuoxennoe Ha (), noayyaenm

(2.14) ¢u(2.) =_/; {f .‘(i —in)  t- i(.:+ iq)}[w[t) — w(n))de
[ 1 \ :
+ /: i t+i(z+m) t—i(z+ i'l)}[w(') —wpdt = I + L.

‘I106m1 aokasate. wro Re gl {z.€) €0 (—oc < £ < +2¢, z # 0), 3ameTusl, uTo

e gr0) = ( [+ [ bott) - o

11

1[+u:

= J, + Jo.
f+n+ir




O HEKOTOPBIX KJTACCAX AENBTA-CYBFAPMOHHUUECKIX ®YHKLIN

Jerko BuAETL, wTO PN () < ¢ <

rz_}_,’ __t'l

% ‘t-n+ix 5
N+ —m2 <7

o t+n+ir

upnesm w(t)—w(n) 2 0, uockoubky dynkuun w(t) nesoapacrawmasn. Takia 06paion:.

Ji(z) €0, —00 < x < +oc. Jasiee. HHTErPHPOLAHIEN 110 1ACTIIN 1oJ1y1aem

' +oo
Jlx) = —/ log
n

Aan pacupocrpanenust nepavencrsa ¢*(z.¢) < 0 na vee Gt jokaxem oneiky

(i + i) — 4y

(& + it) + iy gatl < 0.

M,
(2.15) etz Q) < - l‘_”,"'. z€CF, |z]>2n,

1ac nocrosknas Mg, > 0 sapucur Tonbko oT w i 7. JeficTBUTCALIEO. HOTPY.IHO

BUAETh, IO IPH Z € = |z| > 27,

e Rl g (1))t 4 2|2 + in|w(t)dt
Il (=0l < /,: [z + 2t - ][z + +7)l| /u- [z + ity — )]z + i(t + n)|

+ 00 dt K 'ff]d‘
i 2.1/2/ S TRREOVER.
o M(n)/ (|2|+t—7!)(|z|+t+fi) TEUh Rlea-

+2¢ 23/2 ] \l_.,
N e ——— ’ s
<o) | et o w04 <

B cuny 3701 oueHky HenonoxkuTeabHoctb Re ¢ (2, () 6vaer pacnpocrpatcna na G*
nyrem upuneneuns reopens 1.1 Tia. 7. (7], ecan nokazen. yro
»1
liru illtllf |Re @2 (z + iy, ()ldz < +o0.
w ok =il

C a0l ueibio 3amerun, 1o B (2.14)

IRI P t)dt/+m =) R LY b }/
/_l|e2(.r+7y)|4-l- ow( e W= y=—02 42 [rgt )+ )

"
=27 [ w(t)dt < +oc.
Jo

Kpowne Toro, ¢ 3aMeRanu uepeMentbix A = (L + y — 1)/z n t = 2p/z nosyuacnm

L aat? [(A + 1) + AtldA P
/Ivan(:+-v)ld:<llSw(n)/ / A = K+ Ky

3accl

+0o

K, =16 [m‘" /+w—d’\—<161 (m ——— < Bu(y)) < +%
'M(") t o (AHt+1)2 oM oy HE+1)

15




A. M. IXKPBALUAH, AX. 3. PECTPENO

b
H. ¢ aMcuoil nepeneinio X* = r,

) . oo + o0 MiA
hz:]fwrsln.Lq dt-/o TP+

A de " og(t + ) Xdt < +
<8 dt/ — = 161, log = 0.
1)(“.(") </2., g (I + 1)[.&'+ (t + 1)2] ?W(ﬂ) I ‘2

0

TMemma 2.7. Ecauw(t) € Q c a € (—1.0), mo npu awbom { =€ + iy € G*
”_ |_:.\I' i ¥2e - G+
(2.16) log ———= = ~— C.(z — L, log [bo(t, Q)|dt := =Ju(2,{). 2 €GT,
bo(z, C) LU PSS
unpu aobuzr c € (0, 1+a) ulmz>p>0
n
(2.17) [Ju{z.€)] < Ay {1l +17) Jf w(t)dt,
0

20€ NOCHORHRAA A._,_‘, > 0 3acucum mosvko om p u éynnuuu w.

Joxasameavcrnon. Tlo reopeme Tepraotua-Pucca

1 f" Re ¢.(t.C)

Re ¢.(z.¢) = py + Re - dt, z=r+1iyeGt,
m no —1(2 - f‘)

rac p lim u "Re o, (iy.€) = 0 s cnay (2.15). C apyrofl ¢TOPOHBI. JIETKO BUACTD,
y-? oo
410
1 I [+ Re p,(t,()
L, - C.(z—t t,¢)dt = — ——ldt. zeGt.
Jﬂ’_/ - ‘.(Z )RC iﬂw( C) - [1 --é(z—f)
Kpowme Toro, jierko uposepurs, 310 dyHxuus log I%i VAOB/IETBOPHET BCEM Tpe-
Gosannss Teopembt 3.1 us [3]. 1 nosTomy
bo(z.C)| ji. e by (1. Q)
log | =——=| = T+ = Re C,(z — t)L. log | 2> dt. Gt.
0g bo(2,C) Q)+ a)r + P /_m e u(z ) Of bo(t‘c) 2€6

Paccmarpibas B 310ft (GopMyJIe HOBeIeHUe eSO CTOPOHbl H MHTErPAIIA CIIPABA 1IPH
|z = + naayuax z = re*? (|9—m/2| < m/2), BiHM, YTO JieBAs CIOPOHA, OYEBH,IHO,
CTPEMHUTER K HYAK0 1upu |z| =& +oc. B naterpanc xe L, log !%l € L'(-00, +00),
a 1M sapa cupasesiusa oneHka (2.5). TeM CaMbIM, HHTCIPAJ TOXE CIPEMUTCH K
uyJio npu |z| = +00. u nostomy ay = a; = 0 Tauce, ssuuy (2.7) L, log [b,(t,¢) =0
upit nwbom T € (~oc. 400), rro upssoguT K dopmyse (2.16). Lis soKalareabcrsa
(2.17), mocrione3yemes npeacrasieHuen (2.2) i BbitIUCIUM

U dA

e (o —iA+t-£)2

+2c
L. log|bot, ¢)] = Re / (e
0
16




O HEKOTOPBIX KJTACCAX JEJBTA-CYBFAPMOHUYECKUX OYHKUNN

OTcroaa
+ o0 n
L2 == [ wlords [ 103 + BOvjar
v J oy

rAe 1o Tespenie o phiverax M ¢opayue (1.3)

Cuu(z + t)dt J'-r‘ (z=£=iA+ig), A<@o

Ii{x —

i) = /.m It — (- £=1A+La)]2 l A>o,

L)) = [ Culz + t)dt - 0 A <o,
Jose [t—(-&+i)—i0))? ~Co(2-€E+i)—10), A>o.

C ienoBate:ThHO

-J(z,¢) =£’w(a)daf Cu(z—-&—iX+io)dr
-7
-+ I"” w(o)do JI:' Cu(z - & =t +120)dX

9
v JF“-’(U)dﬂ/ Co{z=€+12—io)d)r:= K, + K7 + K.
0 a

Kak MOXHO 1mposepuTh, ¢ npuMesennenm onerku (3.2) u3 [8] x C, (2) nonyuaent. aro

npi 2obsix € € (0,1 +a)ulmz=y>p>0

- l l
< B —
|K3| < M.,,/‘; w(A + q){w gyt 2T vy g T }d.\.

rac nocroamas A, ,. > 0 3aBHcHT TOMLKO OT w, p ¥ £. Janee. ouciuBas moawi-
TEIPaJIbHOE BLIDAXKEHUC TOIYHAEM, 110
+nc K
d 7 w(A)dr !
|yl < MY, et j ( )2 <M, —— < M:’“/ w(t)dt
1+n (p + \)2to~e 1+~ 0

¢ AlGAOTHYIILIMEA nocToAltbiME. Taxua xe OGPHJIU.\!. HO JaYHTEILIO NPOE IIPHXO-

JAUM K HepaBelCTBAM
5
|K1al € MZ5, en / w(t)dr.
0

H3 ycranosieHnbIx OUCHOK crieyet Hepapencrso (2.17). )
3. TTIOTEHUMANE THITIA TPHHA

3.1. IHasunen co caeayomiel TeopeMul 0 CXOQUMOCTH NOTENINAanon Tuita ['phila.

Teopema 3.1. ITycma» w(t) € Q u v(() > 0 - bopeaesa amepa 6 noaynaocxocmu G

¢ HOocumeaem & noaoce, m.e. sup{Im(support v)} = Dy < +oc, u maxan. wmo

(3.1) /fm (/Olm (w(t)df)l dv(¢) < 400

17




A. AL JDKPBALUSAH, 1XK. 3. PECTPETIO

Toeda nomenyuaa muna Mpuxa

Put) = [[ oglbu(z.Olvt)

crodumesa 8 G . 20e raanemca cybeapmonusecxott dynnyuet: ¢ mepoit Pucea v(().

Aonasemesvemao. B mwbolt nomymaockoern G = (s :Imz > plel0 <p< A

onpegeana norcanuan tuna I'puda 1o dopmyae

l)w(Z) = Pﬂ(z-p)+Uu(z|p)s 2 GG:!

Ao = [ 1os| =2 a0 = [ | togboz Oldv(o)

- oGurynLil noTenumai [pHil, KOTOPLIR, KaK X0powo n3peeTo, cxomres 8 Gt npn

r,1e
=<

:-¢

ycnosuu Basmke. uto cnabee (3.1), a

Us(z.p) = [/;:t’\c* log |b,(z, {)|dv(¢) + //;+ log
= U,f,”(:._p) + Ufz)(z.p),

bu(2.¢)
bO(:t ()_)

dv(()

Jokaxem, uro P,(z) exoanres 8 GY B oM eMuicite, wro upu Juobom p € (0,A)

notenumuan Py(z, p) cxomutes 8 G, a dynkuna U, (z. p) rapmonnyna s G7.

Ornterin., wro 1o reopence 2.1 noasinrerpaisnas pynkums log |by(z. )| B U.‘.,”(z, p)
rapmonana 8 G . Tlosromy, nonaras, uto z = r+iy, ( =€+inuy > p,tue py > p

¢hukcnpopano. a 3aTeM ucnoaLdys onpeaeacune (2.1) dbyunxkunn b,.(z, ) nonvuaen
n "
| log lbu(2.¢)l| = f |Culz = € = it)lwin — 1thdt < 2C,(i(ps — p)) J[ w(t)dt.
. 0

Takun obpasom

"
|U°(}1)(.:, p)| £ //GJ‘(” | log (b, (=, ¢)||d(C) < M //(W\GI (/0 w(t)dt) av({) < +>

c M =2C,(2(p, — p)), Te. B i phae (2. p) mosyns rapmonurieckont B G NIOARIHTCIDATR-
Hoit (hyHKIME 00aaaer liesaphcHmolt oT 2 € G ;l. UHITCIPHPYEMOI! MAaXKOPAHTOMR, H
cle0BaTenbno, GynuKIus U,'_,')(:. p) rapmonriia o G [las 10KASATCALCTRA FAPMO-
wuanocrn U (z,p) B G, samertn, 910 346Ch LOABIHTErPAJILRAS (DYIKIMA I'APMO-
HuyHa B G+ nph moboM ( € G*. a unterpan paBHOMEpHO cxoauten B G B cuny
oucnkn (2.17). a

Teopema 3.2. Mycm» w(z) € Q, Gopeacsa mepa v(() > 0 nomenyuara muna [pyuna

P_(z) nodwunena yeaoewmn (3.1) u sup{Im(support v)} = Dy < +00. Hasee, nycmo
18



0O HEKOTOPBIX K/IACCAX JENBTA-CYBrAPMOHUYECKUX ®SYHKLHA.

JAMUKAINUC MUONCCCMOE NPCOCAPHNET monex Muoncecmea Re {(support NG ;}
umeetn nuyaeeyo mepy Jdebeea npu awbosm p > 0. Tozda dapocyun L, P(2) zapao-

HusHa 6 obaacmu

(3.2) D={ze(;+:ze U [(.Re(]}

{€suppv

U NPedemueima abroaTte 1 PAGHOAEPHO CTodRusLMeR enympr D unmezponom

(3.3) LoPu(2) = //c Lologlbu(z.Oldv(C). 2€D
Kpome mozo, ’ :

y y — { m (4 b
(3.4) '!:l}lx g L.D,(iy) = //0+ (1{ w(t)df) dv(().

Aorvasamesvemeo. Cuavana uokaxem, yr dyHKuus

(3.5) F(z) = / /(_  Lulog (=, )ldvi()

rapaordyina 8 D. Jescrsurenbho, moboil xomuakt X C D y1aieH HA KAKOE-10 PRC-
crosgaue d > 0 oT MHOXKECTBA Uccsuppy (€ ReC]. Otciona, B cuay dopmyan (2.6)
HOJIY IACM HYXKHYIO MRKODAHTY /131 MOAY/11 LOANKICIDAIbHOA dyHkuud B (3.5) b

Joboit touke 2 € K

B [ (ratogutzallive) 5 [ (o) ano < +oc.

Taxus oGpasom. unterpat o (3.5) a6comoOTHO U PABHOMEPHO CXOIITCH BHYTPH K,

FA€ HPCACTAHINET IAPMOIMYCCKYI0 DYHKLMIO, 1IOCKOJILKY 110 nemme 2.2 hyukumy

L, log |by(z,¢)| rapyonwina 8 G \ ¢, Re¢). Mo (2.6), (3.1) u HepaBcHCTRY W(l) <

[w(t)]~' (0 < t < +00) u3 nermm 4.2 pabor 3]. rae (t) A man A = max{Ag, D}
19




A. M. JDRPBALUSAH, UK. 9. PECTIEINO
n moboro z € X nosryuaem

4+o0
LalF(2)| = / |F(z + ia)|dw(o)
0

~fL (3 oS (fmnind

<, (o S e ) ([P
<f[. (dw(;;a) ‘ a:(a)l;—: oy e ) (f o)) 40
I, (zom i fa o) (o o

mf[ /o"w(z;dt)du(c)uoa

ric M > 0 - noctosinan. Ha (2.1) u dopmynm (4.3) nenmr 4.2 [3] eneayer. wro npi
mobom 2 ¢ Im 2 > Dy

L;F(z2) = [)‘ ~ F(z + io)dw(c) = fL+ {/0"»1.‘, log|bu(z + ia,()]d&(a)] dv{()
- / Lo Lo log b (2, Oldv(() = [ Tog lbu (2,)ldv(C) = Pul2).
G+ (25 d

W, TeM camhiM, 3Ta GopMyna nepHa JUis acex ¢ € D B cuAy €AMHCTREHHOCTR rap-

A

i

monutieckof dpyHritmu. Bouiee roro. Lg F(z) umeer rapMoHUUCCKOE 11K0J(0/1KeHHE HA

MHOXECTRO ¢ ¢ ypp, [RE €.C), M dysxims P, (z) cybrapmonntina » G*.

Janee, pBisly abcomoTHON ¢ paBHOMEPHON CXOTMMOCTH HHTETpAJIOR, MPEACTARINIO-
amx dyskmo F(z) » Im z > Dy nerxo nokasaths, wro L,LzF(z) = F(z) B no-
synpockoctu Im z > TJg. a Taxwe nporeputs, uro P, (2) € M,. Cnenonatemwno,
dyuxunsn L, P,(z) rapmonuuna 8 D b cuny semmus 2.2 paboret [3]. Taxum ofipa-
aoM, L,LzF(z) = F(z) B nomynaockoct hm z > Dy, rre Ly F(z) = P,{z) ann
Beex 2 € D. Orciona cneayer, uro L, P, (2) = F(z) npu nbom Im z > Dy, rae
o6e CropoHAn paneHcrHa - GyHKIMY. rapmonndeckde B D. Dtu bynkuuu connana-
10T B 065acTA D B CHAY €TMHCTREHHOCTH TAPMOHIIECKOR DYHKIIMH, TTO IOKASBIBRET

dopmyay (3.3). CootHomenne (3.4) ouesiLino Bauay (2.10). a

Teopema 3.3. Mycmv dynrxynn w(t) € Q0 ydosremeopaem ycaoeurw leavdepa wa
(0, 4+20), a Gopeaesn mepa v(() 2 0 ycroeuww {3.1), u sup{Im(support 1)} = Dy <

+00. Jasee, nyemn npu awofior p > 0 3ammsaiue Muoncecman npedeavius mosiex
20




O HEKOTOPHKIX KJIACCAX JEJIBTA-CYBFAPMOHHUYECKHX ®VHKUMNA

anogcecmoa Re { (support ¥) N G:} wmeem nyaecyio mepy Jebean. Toada eepntt co-

OTNHOULCHILR.
+aoc
(4.6) Nlmf o Pu(r + iy)ldm < +nc,
v J oo
400
(3.7) lim IL Pu(z +iy)jde =0,
vl
I-+an % ( ) :
3.8 Pz + )| wlo)do < +x.
( ) Tin :;lgu-ﬂ In 5_ (2 ? ) i

Hoxasameavemeo. Bunay (3.3), (2.9) u veopemr ®ybuim no:yums, ro upn y > 0

./:Mt |LuPulz + iy)jdr < ./"“: dx // IL‘,, log |b.(x + ty,()”dv(()

// dv C)f | L log b, (€ + iy, <) )||dz < 27 // (}0 W f)rlt) dv(() < +o0.

Orciopa, sunay TE'O])FMM Jlebera ob mpmmueuuon exoaumoctd W (2.12), caexyer
(3.7). dna poxasatenscrna (3.8), samernai, uro dynxums log [b.(z.n)| rapmonntua
. . , 9 1
r Gp,, 8 unrerpan P, (z) papHonepro cxosures B Gp,+1+ MOCKombKY 1o (2.1) mpy

¥ > Dy + 1 nmeen
0 n
|log{bu(z + Q)| < [ |Culx — &+ iy — )|win - |thdt < 2C..,(‘:)/ w(t)dt.
—n [}

Jerko vugers, yron G E,u 41 MOAYIL nponssoaroil log Jby(z, ¢)| useer 1y e vuenky,

rae C, (i) sameneno na C,, (i). Cnenonarensno, npu y > Do + 1 umeen

%P..,(H w = [ / %loglbu<nr+ iy, O)ldv(C).

Hanee, paunay ouenkir (3.2) us [8] npu mobux ¢ € (0,1 +a) uy > Dy + 1

——P (:z:+1yr //r‘ |0ylog'b (£ + iy, Q)| dv(C)

52[/ du(c)f |Culz — &+ iy — )|t — [tde

win — |¢])dt
2‘,"/ '/l‘\ .
3 "‘f "“‘.L,u E+ily—OPTe -

OFKY/AA BhITEKAET coOTHOLIeHe (3.8). 0

4. BECOBBIE KJACCH AEMLTA-CYBIrAPMOHHYECKHX ®YHKLUHIl

Betoay nike Gyaen nonarate, yro dyuxwst U(z) geavra-cybrapmoununa s vepxiett

nosyiviockoera G*, T.e. spasercs paanoctoio U(=) = Uy (z) — Uy(2) 1myx evbrapao-

Hudeckux B G+ ynxnuil. Kpame roro, 6y:1em nonarars, 4ro 3ua KOllePeMEeHHA MEepA
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Pucca. T.e. 3apsa v(¢) dpyrxmun U(z) MunnmansHo pasnoxen B cmbicie 2Kopaaua,
re. v{() = v () — v—(¢). rae vi(€) - NOJCKNTEINLHAN U OTPHIATEIBHAA BADHAIHK
Mephl {¢) - CyTh HeOTpPHUATEIbHbIE GOPEIEBE! MEPhI C HEMEPeCeKAIOIUUMIICH HOCHTe-
s B G Byaen rosopitts, 4To AeabTa-cybrapMonuucckie B nekoropoi obaactn
dvaxumu U(z) u V(z) = Vi(2) — Va(z) pabun. Te. U(z) = V(2), ecsm Uy (2) + Va(2) =
Us(2) + Vi(z) scrony B 3roit ofracTil.

Hike M ucuosbsyeM xapakrepuc gy tdna LyasH vuaa
Y

(4.1) &(p.xL.U) = L["L {:EL_,U(I+1'p)}+dJ:+//c: (/:N(w(t)dt) dv£(().

an
rac 0 < p < 490 M HcuoibdopaHo oboanaychue ¢t = max{a,0}, a = at —a".
OrMeTuM. uTo 3TO olipeaeaeHMe HMeeT cauict. JelcTeurennno, coan dyuknus U(z)
y6mBaeT JOCTATOUHO BLICTPO B BECKOHEIHOCTH 1 ee 3apstA ¥(() AOCTATOUHO Xopoum,
yToOBI OBecneynBaTh CXOAUMOCTE COOTBETCTRYOUIEr0 NMOoTeHuMata tona [puHAa, To

byuxumn u(z) = U(z) = P,(2) rapmosuuna s G, n
L, U(z) = Lyu(z) + L, P.,(2),

rae Lou(z) w L. P,(z) onpeaenexn Boie.

Onpenenenne 4.1. Tyemu dyrnyur w(t) € Q ydosaemaopaem ycaosuro Neanvdepa
na (0, +00). Tozda N™ - xnacc scex deavma-cybeapmonuvecxux ¢ G+ gypocyuil U(z)
maxux, 4mo:
(i) Accoyuuposannwii c U(2) sapad v maxos, wmo Im {suppv} < Dy < +oc, u
npu A106oam p > 0 IeMBIXKAHUE MHONCECIMBE NPECCADHBT MOMEK MHOCECTNER
Re {(suppv) NG} } umeem nyaesyo mepy Jlebeza.
(i) U(z) € M. m.e. cypyecmoyem yeaosan obaccmn A(dg, Ro) = {z : |n/2 -
argz| < by, |z| 2 Ro} c0< 8 < 7/2 u0 < Ry < +00 manax, wno

+20 K
(4.2) sup / =
z€X Jo 33’

024 ar06020 xomnaxma K C G N A(dy. Ry).

(iii) Haeem mecmo coommnozenue

ia )

U(z +i0)|w(o)do < +oc

(4.3) 51;1‘:’) [£(p. L.U) + £(p, ~LU)} = § < +0.
F]

3ameyaune 4.1. flpusedennoe osawe onpedeacnue pacnpocmpansern onpedeaense
" g . . .

3.1 pabomm 3] xaacca M zapmonuvecus: dipanyuil na cayuati deavrna-cybzapmoru-

wechuT gynwuii.
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3ameuanne 4.2. Ycaoaue (4.3) onpedeaenus 4.1 obecnevusaem aonoanenue 02pariu-
venus (3.1) na vy o w000 noayniocxocmn G:'. Tem camvirt, 1o meopeme 3.1 nomen-
yuaa P,(z) cymcennozo e G, 3epada v crodumca 6 G*, u. credosamenvno. fynryuu

[LLU(2))*, ducypupyrowgue 6 (4.3), unpedenenwn v G

3ameuanue 4.3. B omauxuc om meopuu 6 edunusrom xpyze (1. 2, 9|, ocnosarnnoti
HG PREHUSECUU HEBUHAUNHOGCNUT TAPAXMEPUCTNUN POCMa U Ybvieanus, maxoe pue-
nogecue dan zapamepucnur Lydsu, m.e. dopmyra B.5I Jesuna, ne ewmnoannemcs
das scex diyneyull deavma-cybzapmonusecxux 6 nosynaocxocmu (cm. 24, 3 6 [7)).
ITosmouy ecmecmeenno onpedeasms xaacc M ozpanuvenuem (4.3) ne obe zapax-

mepucmusy lydsu - wax pocina, max u ybusarus. enarozuxno 24. { 6 |7].

B cieayionets Teopente veranosiesbl 1apareT pHUECKHe [IPeICTABIEHIH KIACCOs D] Py

[ 4 .
Teopema 4.1. Tpu mobom w € N wracc N cosnadaem ¢ muosicecmaom dymxyutt

npedemasummz 6 gude

44) Ulz)=ag+e1z+ .:'r- J[.I Re{Cu(z - t)}du(t) + J[_]I;,-+ log |bu (2. ¢)|dw(().

—o0
20e z =z + iy € Gt ay u a) - eewecmeernme wucan. dyrnayus plt) ozparurennot
sapuayuu na (—oc, +o¢), a v(() = wa(() —v—((), 20c v4(¢) > O Gopercscruc mepn 6
Gt morue, wmo I {suppra} € Dy < +00, npu aw0bom p > 0 samvxanue muosnce-
tmea npedeavnsir movex muodcecemsa Re {(supprs) NG 5} uateem nyaceyo mepy

JMebeza. u

(4.5) //;+ ('/:"( w(.r)d:r) dvi(C) < +oo.

Mepa p(t) 6 (4.4) soccmanasrusaemca dopmyaoi obpawenus Cmuavmbeca:
23
(4.6) #(z) = lim f L.U(t+1iy)dt ne z€(—00,+3),
y—++0 fp
@ Ot MUCEn Qg U @) UMECTR MECTTIO COOMHOWEHILE
(4.7) lim Ulr+iy) =ap+a1z, —00 <7< +oc.
y—=+x

Aoxazamenvcmeo. Tlyers U(z) € NT. Toraa, senay (4.3) n Teopenies 3.1, npH a060M

£ > 0 norennunasibl tuna Fpuna

[ rogtbuts = 10, + 1) = I 1810z = in.¢ — ol
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cxopares G . o pyRknus
Uate) = Uz) = [ toglbutz = io, = o))
e

TAPMOHITA B G:. B cuny (3.8) unrerpan B npanoit wacT sroft hopMyant apunag-

nexcnt M. Mostomy Takxe Up(z) € M, a no Tecopeme 3.2
LoUb() = LUG) - [ Lotog[bu(z~inC - imldut), z€D,
G

tne D - obnacth (3.2), a dyukuma L,Uy(z) rapMOHIIHA B MOMYMIOCKOCTH G': no

nemme 2.2 ma [3]. Kpome Toro,

+20 r+00
sup/ ILon(:: + iy)|da: < s;;; J’ IL,,,U(:E + iy)ld:c

o0 ¥V o0
L =

+ sup/
y>0J—00

A < sup [£(y, LLU) + £(y. -L,U)] < 400,
y>0

>0

/ L. log b (z + iy = ip,¢ = 1p)|dv(()| dz := A+ B,
G

The

B any (4.3), a B < 400 B cnny (3.6). Cnesionateinsnro, no teopeme E. JI. Conomen-
ucna [4] (cm. Takxe Teopemy 2.1 B [3])

4 Yy = ‘lﬂp(f) s
L;..Uo(2+zp)=;r' m. z=z+iy€GT,
- Q0

Tre p,(t) orpamuuerHoRt BapHaumn Ha (—00, +00). AHanoruuHo nemme 1.3 m rm.
3 |7], nerpyamo nokasats, 'rro du,(t) = L,Uo(t + ip)dt. Orciona, sBHAY 37 n
smovennsn L, U(t + ip) € L‘(—oo. +00) BaITclOmero #3 (4.3), 3aknovacM, yTO MpH

mobom z =1+ iy € G

L ot ’ d’
(4.8) LU(z+1ip)= '/j;+ L, log|b,(z.¢ — ip)ldv(C) + %‘/- ,(zL—(:-):_:Tp:T’_a'

Hanee, sBuny (4.7)

yEr.nm % //,::, L, log b, (iy,¢ — 1p)|dv(C) = —[/G: (/:-‘w(t)dt) dv((),

M oTcioga mpuxommM K dopaynce B. §1. Jleppua: npu moboM p > 0

(4.9) yliTw %I,,,,U(iy) = 2% j: W LUt +ip)dt — / ]G . ( /0 r’.pw(t)dt) dav(¢),

oo
r/le npefien cyniecteyeT M KoHeueH. OTMeTHM. MEXY NPO'IHM, YITO B TEPMHAAX X8~

pakrepuctax tuna Liymn (4.1) dopmyna (4.9) ecTs parnonecue

lim 71LL,,U(ijy) + £(p. ~L,U) = £(p, LLU).
y—400 2
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Teneps aametTns, uTo B3 ycnopus (4.3) creayer (4.5). Heictrutensio, no (4.3)

fl;':)lfj;;; ( j: ’““)df/\! dv(¢) < S

nps moboM dukcuporaHHoM gy > 0 u mobonm p € (0, pu). Tlosromy

/ l " ( fn "w(t)dt) dv(() < lim inf f j; ) ( /n q_pw(t)dt) av(¢) £ S,

rro nietet (4.5). CnenomatensMo, noTeHimians: Thria I'prHa ¢ v4 cxoaaTcst i

Jim, [ , Lulog hu(2.€ — ip)dv(C) = L, Lotoglbutz, 0l €,
NOCKOJILKY Notennuman no G+ \G, ucuesaer, u, B cury (2.6), MOYIH NOABIHTErDA-
HnIX QYRKIHI HA ofienx CTOPOHAX NPHAEAEHHOTO BHIINE COOTHOIMEHNA AMEIOT HHTerpApye-
MLl€ MAXXOPANTHL B Mobot Toyke £ € D. Jlanee, uo Xopomo MIBECTIILIM TeopesaM
ACOICCTBCHHONO aHAJIMAA CYUICCTRYIOT MOCJIC/I0BATEABEOCTL gy L 0 B chyHxums u(t)
OrpaHIrieHHoR aa;ﬂiamm Aa (—00, +00) Takne, 41O
+ : +20

*an;%[m W&:%/_w Fr%(zi):—y'id"' z=z+iyeGt
TakumM obpason, anr MioGoft Touku z = x + iy € D npeacabhbit nepexoa B (4.8)
NPHBOAHT K dopmynre

+oc

(4.10) LU(2) = jt/(’_ L, log Jbu(z. Q) ldv(C) + % /_ _ %

Teneps 3amerum, Hamay cxoMmacTn HoreHimaia T [puna dynkiusa
V) = UG - [ toglbutz, 0wt

rapmokuuna B Gt. Kpome toro, V(z) € M,, Tax kax U(z) € M, u norennuar
TOXe npiHagnexutr M, n cuny (3.8). Jdanee. BBuay onpenenesns 4.1 n repasercTsa
(3.8) V(z) yaornereopser coornomenuio (4.2). Cnegosatensho, V{z) npunansexcrr
knaccy N rapmoAnyeckux dyHxumn 1, 8 cury Teopenmsn 3.1 w3 [3]. nomyuaen
] + 0o
Viz)=ap+ar+ ;J/:x Re Cu(z — t)duy(t), z=z+iyeGt,

F/ie Gp M @) - BENECTBeHHkIe YNCha, a k(1) - dyHxins orpannvienHoll sapuanun Ha
{—o0, +00). Mpumenns oneparop L., k o6eHM HACTALM MOC/IEHET0 PABCHCTBA. BBILLY
(4.10) aaxmouaesm, 110 Mepn i {t) u u(t) cornanawor. Hrak, npeacrasrenue (4.4)
nokaanro. CooTHomenne (4.7) Aas IMcen ap M 6 CAERYET i3 TORO JKe COOTHOTIEHUS

Teopemss 3.1 [3] ans rapmormteckux yHKImN, TaK Kax COOTRETCTBYIOUTN{ npenen
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s noTeHiutana tuna [prua pasasercd Hymo. Popmyna obpauteNHs CrunnTheca

(4.6) o'icBnana RBUAY cooTHOweHNA (3.7) 18 norcinnana Tuna [pima.

O6patho, ecom U(z) - anaa (4.4) ¢ Tpebyensivm napamerpamu, o U(z) € NI 8 ey

Teopemnt 3.1 3 [3] u croficrs (3.8), (3.6) norcRumana Tima Upuna. O

Bamenanme 4.4. [ wacmnos ciyvae duckpemuoll smepu meopesa 4.1 nepexodum 6
ymeepacdente 0 morm, wmo xaacc mex meposopdrns 6 Gt dyweyuil f(z), dar xo-
mopwz log | f(2)] € M™ npu xaxom-aubo w € §, caenadaem ¢ ssnoxcecmeom diynryud
npedcrnagumas o gude

(14.11) f(2)= M exp Iao +ayz + 1 Hw(f‘,,(z - )dplt) + iC} , z€GH,

Bu(z, t¥n;) L TJ o

20¢ ;1(t) ozpanusennoll sapuanyuu na (—00, +00), ay, @1 u C - sewiecneennsie vucaa,
a nocaedosameanwocmu {ai}. {b,} C G* ydosaemaoparom ycrosuro muna Barwxe

Tm b,

;/olmm w(t)dt < +20, ;/0 w(t)dt < +c0.

Ecau gaxmopusayun (4.11) umeem mecmo, mo

plz) = lim / Lolog|f(t +iy)ldt n.a. z € (—c0,+0),
y—+0 0
lim log|f(z+iy)l=ag+ayxz. —-o00 <z < +o0.
y—++oo
3ameuanue 4.5. [Jonoarumeasnve x exarovenuo N7 ycaogun
lim U(rgo+iy) =0 u lim log|f(zi2+:y)] =0 npu xexuz-aubo =z # ry
y—+oo y—r+oc
CYHCAIOM DACCMOMPEHHBE BWULE KAACCH (eAdMA-CYOZGPMONUNECKUT U MEPMOPHHHT
Pyrxuutll x HEXOMOPHM NOGKRALCCAM HYHKIUL 02panuYent020 euda. I'panunsim caotl-

CMEAM PACCMOMPEHHNT KAGCCOO GOMOPH HAMEPEHD. NOCORTMUMD 0MILABNOE UCCAE-

dosarue.

Abstract. The paper is devoted to the construction in the half-plane, for delta-
subharmonic functions, of an analog of the part of the theory of M. M. Djrbashian-
V. S. Zakarian, which relates to the factorization of the w-weighted snbclasses of
meromorphic functions of bounded type in the unit disc. Some w-weighted classes of

delta-subharmonic functions with bounded Tsuji type characteristics are introduced

in the upper half-plane and the descriptive representations of these classes are found.
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GENERALIZATIONS OF KOTHE-TOEPLITZ DUALS AND NULL
DUALS OF NEW DIFFERENCE SEQUENCE SPACES
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Abstract. The main purpose of the paper is to generalize the notions of the
Kothe-Toeplitz duals and Null duals of sequence spaces by introducing the concepts
of @EF-, BEF-, yEF-duals and N EF-duals. where £ = (E,,) and F = (I},) are two
partitions of finite subsets of the pasitive integers. These duals are computed for the
classical sequence spaces {a , ¢ and . The other purpose of the paper is to introduce
the sequence spaces X(E.A) = {x = {z1) (ZUEEk £ — Zi(—:Em,, x,):ll € X},

where X € {lox.c.cy} We investigate the topological properties of these spaces,
establish some inclusion relations between thein, and compute the .NEF—(or Null)

duals for Lthese spaces.

MSC2010 numbers: 40A05, 40C05. 46A45.

Keywords: Semi-noried scquence space: difference sequence space; matrix domain;
o-, B-. - and N-duals.

1. INTRODUCTION

Let w denote the space of all real-valued sequences. Any vector subspace of w is
called a sequence space. Let l.,. ¢ and ¢y Le the spaces of hounded, convergent and
null sequences z = (z,.). respectively, endowed by the norm ||z|» = SUPg, |2k
We write bs and cs for the spaces of all bounded and convergent series, respectively.

Kizmaz [6] defined the difference sequence space

X(A) = {z = (zx) | Az € X},
for X € {l.c.co}. where Azx = (x4 — 74_1)5., and 2o = 0. Observe that X(A) is
a Banach space with the norm ||.r||a = supy,, |2k — #a-y), For a sequence space X,
the matrix domain X 4 of an infinite matrix A is defined by

(15 Xa={r=(rn)€w : Are X}.

which is a sequence space. The new sequence space X 4 generated by the limitation

matrix A from a scquence space X can be the extension or the contraction or the

overlap of the original space X. A matrix A = (¢n4) is said to be a triangle matrix
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ifa, =0 for k > n and an, # 0 for all » € N. If A is a triangle matrix, then one
can easily observe (hat Lthe sequence spaces X4 and X are linearly isomorphic, that
is, X4 = X.

In the summability theory. the A-dual of a sequence space is very important
in connection with inclusion theorems. The notion of a dual sequence space was
introduced by Kéthe and Toeplitz [8], and was extended to vector-valued sequence

spaces by Maddox |9]. For the sequence spaces X and Y, the set A (X, Y) defined by
MX,)Y)={a=(ax) €w : (axzr)pe, €Y Vz=(rc)€ X}
v -

is called the multiplier space of X and Y.
With the above notation, the a-, 8- ¥ and N-duals of a sequence space X . denoted

by X*. X?. X7 and X V. respectively, are defined as follows:

X =M(X,l), X" =M(X,cs), X" =M(Xbs), XN =M(X, )
Let E = (E,) be a partition of finite subsets of the positive integers such that
{1.2) max B, < mnk,;. n=1.2.--

For X € {l;. 1w, ¢, e} with 1 < p < 00, we define the sequence space X (E) hy

X(E):I.r—(n (Zz) ex
{ k=1

leFJ\

The semiuorws ||.[|,, £ on the sequence space (,(£) (1 < p < x). and ||l £ ou the
space X (F) for X € {l,c,p} are defined by formulas:

1!»

by c = (Z . 1€ p<os, Iz)loo,2 = sup Z my

\n= ;el-. / "2l ek,

It is worthwhile to note that in the special case £, = {n: n =1,2,- -}, we have
X(£) = X. Recently the Kothe-Toeplitz duals for these spaces were computed
by Erfammanesh and Foroutannia. In the past, several authors have studied the
Kothe-Toeplitz duals of sequence spaces that are the matrix domains of triangle
matrices in the classical spaces . I, ¢ and ¢. For mstance, some matrix dowains
of the difference operator have been studied in |2, 3, 10, 12|. In these papers the
matrix domains are obtained by triangle matrices, and hence these spaces are normed
sequence spaces. For more details on the dowmains of triangle matrices in some sequence

spaces, we refer the reader to Chapter 4 of [1]. Note that the inatrix domains considered
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in this paper are specified by a certain non-triangle matrix, so we should not expect
that the related spaces are normed sequence spaces.

I this paper. the concepts of the Kothe-Toeplitz duals and Null duals are generalized
and the a ks F-, 8EF-, yEF- and N E F-duals are determined for the classical sequence
spaces I, ¢ and ¢o. Also, the norined sequence space X{A) is extended to the
semi-normed space X(E. A), where X € {la,c,e0}. We consider same topological
properties of this space and derive inclusion relations. Morcover. we compute the
N EF-(or Null) duals for the space X (F. A). The obtained results are generalizations

of sume results of Malkowsky and Rakocevic [11] and Kizmnaz |7].
2. THE aEF-. 3EF-, yEF- aNxb NEF-DUALS OF SEQUENCE SPACES

In this section. we generalize the concept of multiplier space to introduce new
generalizations of Kéthe-Toeplitz duals and Null duals of sequence spaces. Furthermore,

we determmine these duals for the sequence spaces Ly, ¢ and ¢p.

Dcfinition 2.1. Let E = (E,)) and F = (F,) be two partitions of finile subsets of
the positive integers satisfying condition (1.2). For the sequence spaces X and Y, the
sel Mpg p(X.Y) definad by

My p(X.Y) = {a =(ay) Ew : (Z a; Z .r\ €Y Vr=(xx)eX l
\\rGFy W, k=i J

is called the generalized mudtiplier space of X and Y.

With the above notation. the aEF-, BEF-, yEF- and N EF-duals of a sequence
space X, denoted by X“EF xXPEF ¥1EF gnq XNEF respectively, are defined by

XOEF = pMpp(X. ), XPEF = Mpp(X.cs).

XVEF = Mpp(X,bs), XNEF = Mpp(X, ).
It should be noted that in the special case E, = F, = {n} for all n, we have
1\1&)‘-()(, Y) = M(X. Y}, and heuce

)(nHF‘ e XﬂEF — Xﬂ, X'yE'F - X’, xNF,‘F=XN.

Lemma 2.1, Let X. Y, Z C w and let {Xs : 6 € A} be any collection of subsels of
w. Then the following statements hold:
(#) X C Z implies M p(2.Y) C Mg r(X,Y),
(i2) Y C Z implies Mg p(X.Y) C Mg p(X.2),
(ki) X € Mg p(Mpe(X,Y).Y),
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(w) M. r(X,Y) = Mg r(Mp (Mg r(X. Y),¥).Y),
() Mp.r(Uses X6, Y) = Ngep Me.r(Xs, Y-

Proof. The statements (i) and (ii) immediately follow from the definition of generalized
multiplier space.
(iid) Let x € X. We have (.o @0 ier, t.):.'_l €Y forallae Myg(X V). and
consequently © € My p(Mpp(X,Y),Y).
(iv) By applying (ii7) with X replaced by Mg g(X,Y ), we obtain

Mer(X,Y) C Mg, F(Mee(Mep(X.Y).Y).Y).

Conversely, due to (iii), we have X C Mpe(Mg p(X.Y).Y). So, in view of part (i),
we conclude that
Mg p(Mpg(Mer(X,Y).Y),Y) C Mg r(X.Y).
(v) Observe first that in view of part (i), X5 C Usea N4 for all 6 € A implics
"‘{E.F(U X&-Y) C n A’E_p'(.x,s. Y)
$€A JeA
Couversely, if a € ;e 4 Mp.p(X5,Y). then a € M r(Xs. Y) for all § € A. Hence

(Z=2 q) ev.
1€FL €Ey 7/ Ranl

for all § € A and for wll 2 € Xs. This implics (Z,ep @ X icp, J.'I:‘l € Y for
all 7 € U;eq Xo, and hence @ € Mg p(Useq As-Y) Thus Nsea MEF(X5.Y) C

JWF:,F(U“_,, Xs.Y). O

Remark 2.1. If E, = F, = {n} for all n, then we have Lemma 1.25 from [11].

Letting 1 to denate either of the symbols e, 3, 7 or N. from now on we will use

the following notation
(“"f:P)fEF = X‘H‘Ei".

Corollary 2.1. Let X,Y Cw and { X5 : 6 € A} be any collcction of subsets of w.
and let t denole either of the symbols o, 8, 4 or N. Then the follounny statemends
hold:
(1) XEF c XBEF ¢ X"EF ¢y in particular, X EF is a scquence space.
(i1) X C Z implics Z1EF C It
(i) X c XHEE

J1
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(iv) X1EE = XHHEE
» VEF AEF
(" (UA;\’\A) ’nl.-i'\l -

Remark 2.2. If E, = F,, = {n} for all n. then we have Corollary 1.26 from |11].

Below, we determine the gencralized inultiplier space for some sequence spaces. To
this end. we first recall the {ollowing result from [4]. Also. from now on. we denote

the cardinal number of the set Ex by |Ex|.

Theorem 2.1 ([4], Corollary 2.5). The following statements hold.

(1) Let sup,, |Ea| < oc. then we have X C X(E) for X € {lx,c0}-

(i) fE.={Nn—-N+1.Nn-N+2...- Nn} for all n, then c C c(E).

(#i1) If. in addition, |E,| > 1 for an infinite numnber of n, then the inclusion relations

m parts (1) and (ii) are strct.

Theorem 2.2. If sup, |Ex| < oc, then the follounng statements hold:
(1) Mg gleo. X) =l (F). where X € {lx,c,e}.
(i) Mg r(lx.X) = co(F). where X € {c.cq}.
(#ii) If. m addition, E, = {Nn~ N + 1,Nn — N +2..-- .Nn} for all n, then
Mg gle.c) = c(F)
Proof. (i) Since ¢y C ¢ C L, by applying Lemma 2.1(ii), we obtain

MEg (0. o) € Mg p(co.€) € Mg p(ca: o).
So, it 1s cnough to verify the inclusions I (F) € Mg g(co, co) and Mg pleg, lx) C
I.(F). Assume first that a € [ (F) and & € cg. Then by Theorem 2.1 we have z €
"o(E), and hence limi—es (Eiep, 1 Licn, z;) = 0, implying that « € Mg r(co, co)-

Thus. we have [ (F) C Mg p(co. co)- =
Now et o & Lo (F). Then there is & subsoguenee (Z_,h ﬂ.) \ of the soquence
4 =

(Z;eﬁ u.):_‘ such that iz'e”h, a.| > j% for j =1.2,---. If the sequence = = (zi)

is defined by

3 “
- v :
By = e,

{ _‘-_'.iL. ‘I 1= min &‘
] otherwise,

for i = 1.2.---, then we have z € ¢g and E,“‘ s zien, a, = (=1)73, for all j.
.
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showing that Mg plan. i) C loo(F).
(i1) By Lemma 2.1(ii) we have

My pllsc. co) C Mg plla. c).

Hence. it is enough to verity the inclusions ¢ (F) € Mg g(ls, o) and Mg p(le, ) C
co(F). Assume first that a &€ cg(F). Then by Theorem 2.1 we have

lmoxo(z Ea:.)—ﬂ for all € ly,

\aeF’. icFy

that is, @ € Mg p(lec, o). Thus ¢o(F) € Mg pllos. (o)

Now let a ¢ co(F). T‘n there are a real number b > 0 and a subsequence

-~

(Zie”», u'),‘=1 of the sequence (Z.eﬁ "')k_—x such that |Z,€F.‘ gyl > b for all
for j = 1.2.--- . Defining the sequence r = (x;) as in part (i7). we have z € I
and (Y icr, 0 3 e r, 1.)::1 ¢ c, which implics ¢ € Mg p(la:,¢) and shows that
Afg‘p(lw,c) C p(F).
(i1z) Suppose that a € ¢(F). By applying Theorem 2.1, we conclude that

tl-'.'?u (Z a, Z 1‘.\ exists for all z € ¢

i€F, €E
So a € Mg p(e.¢) and ¢(F) € Mg r(e, c)
Now we assume a € c¢(F), and define the sequence = by z = J; .9 )1t
is casy to sce that € ¢ and (Z.eh MY ek, :r,)k L= (e s, e ) , €« Thus,
a &€ Mg g(e. ¢), showing that Mg g(e, ) C ¢(F). (]

Remark 2.3. If E, = F,, = {n} for all n, then we have Ezample 1.28 from [11].
As an immediate consequence of Theorem 2.2, we have the following result.

Corollary 2.2. (i) If sup, |Ex| < 80, then e/ EF = 1 (F) and IYEF = o(F).
(it) f En={Nn=N+1,Nn-N+2.-- Nn} for all n, then ¢VEF = ¢(F).

Now we proceed to obtain the o EF-. BEF- and yE F-duals for the sequence spaces

1y, ¢ and cy.

Theorem 2.3. Suppose that supy |Ex| < oc, and let 1 denote one of the symbols a.
B8, v. Then we have c(',EF =tEF = l;fr =4, (F).

Proof. We only prove the statcment for the case t = 8. the other cases can be proved
similarly. By Corollary 2.1(ii) we have 1277 ¢ 3EF  JEF Hence. it is enough to
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show that [,(F) € 1257 uud 5F ¢ 1,(F). Let ¢ € )(F) and ¢ € I be given. Then
by Theorem 2.1 we have z € [o(F). llence

i'zn,zx.

€Fa why
showing that (3 ,cr @ Dick, 1.)“_. € cs. Thus, we have a € M2¥* and [|(F) ©
IFF To prove the inclusion co'EF C [1(F), it is enough to show that for a given
a ¢ 1, (F) a sequence x € cg can be found to satisfy (3, @ Yk, r.):;' & cs. To

show the existence of a sequence r € ¢g with the abuve property. observe first that

< sup < 0.

3

k=l

3

1€F,

e

e

siuce u ¢ [ (F). we may choose an index subsequence (1) from N with rp = 0 and

Y 54

kmn, | [t€Fy

>h J=1.2,.--

Now we define the scquence 1 € ¢ such that the first element of the set Ey is equal to

Jls_qn 3 ic# @ and the remaining clements are zero. whenever n,_; < k¥ < n;. Then

we have
- 1 n,-1
pol 09 >RV EE IS ) SENES
k=n, , \1€F. i€F. Y k=n,_ . heF,
for j = 1,2.-- . Therefore (¥,eg, #i e r, a,,-)zl desand a g n:sr, showing that
BEF
«, C II(FJ 0O

Remark 2.4. If E,, = F, = {n} for all n. then we have Theorem 1.29 from |11].

Definition 2.2. A subsct X of w is said to be E-normal ify € X and |}, g 7| £
'4—4|€E., Yil- for k=1,2,.- -, together imply r € X . In the special case where E,, = {n}

for ull n, the set X s called normul.

Examplc 2.1. The sequence spaces ¢y and 5 are normal, but they are not E-normal.
Indeed, taking r = (1,—-1.2,-2,- - ). y = (1. %, ---) and E, = {2n — 1, 2n} for all n,
we have | Z.es.. x| < IZIGE., wland y € g, 1, while 7 € cy.

Example 2.2. The sequence spaces ¢o(E) and {.(E) are E-normal, but they are
not normal. Indeed, taking z = (1.1,2,2,---), y = (1,-1,2,-2.--:) and E, =
{2n — 1.2n} for every n, it is easy to see that |z;] < || and y € cu(E), L (E), while
z & co(E), 1c(E).

Example 2.3. The sequetice spaces ¢ and ¢(E) are neither E-normal nor normal.
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Theorem 2.4. Let X be a E-normal subset of w. Then we have

qu}F= xﬂEF' & x)EF

Proof. By Coroliary 2.1(i) we have X"EF ¢ XAEF  x"EF Heuce, to prove the
statement, it is cnough to verify the inclusion X YEF ¢ X9EF Jet > ¢ X 'EF and r €
X he given. We define a sequence g such that 3. o 5= (sgn 3 £, %) IZ-CE. 7|
for k = 1,2,- .. It is clear that [¥ .o 3| € |X.cp, 2:| for all k. Consequently
y € X, because X is E-normal. So, we obtain

3 (T a2 w)

k=1 \i€Fy 1€E,

< 00.

sSep
"

Furthermore, by the definition of the sequence y, we have 3% | ]Z' cR 2oKE, o <
oc. Taking into account that z € X is arbitrary, we conclude that z € X“EF,

This completes the proof of the theorem. O

Remark 2.5. If E,, = F,, = {n} for all n, then we have Remark 1.27 from [11].

3. GENERALIZED DIFFERENCE SEQUENCE SPACE

Suppose E = (F,,) is a sequence of finite subsets of the positive integers that satisfy
the condition (1.2). For cvery sequence space X, we define the gencralized difference
sequence space X (E, A) as follows:

4 L.

/ N
XE o) ={a=(n) : | Yz~ Y :,-.-) e,\'y
o e

wE, L1 Oy

where X € {lw. ¢.co}- The semiuorw [f.[|g,.a on X(E, 4} is defined by

(3~1) lelle.a =S‘:]) :30" Z Xyt

€E, VEDu.
It should be noted that the function ||.]| g.a canuot be a norm. Since if z = (1, ~1,0.0,
and E, = {2n — 1,2n} for all n, then |jz||z,a = 0 while z # 0. It is also important
to note that in the special case E, = {n: n=1,2,---} we have X(E,A) = X(A)
and fjefle.a = ll=lla.
If the infinite matrix A = (a,x) is defined by

-1 ifkeE,)

1 ifke E,
0 otheruise,
35
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then with the notation of (1.1). we can redefine the spaces lo(E), ¢(E) and eo(E) as

follows:

Ix(E. &) =(loc)a.  c(E.A)=(c}a.  co(E,A) = (co)a-
The purpose of this section is to consider some properties of the sequence spaces
X(E. A) and to derive some inclusion relations for these spaces. Also, we characterize
the N-duals of X (£.A). where X € {lx,¢,¢co}. We begin with the following result

which plays an essential role in our study of the spaces X (E, A).

Theorem 3.1, For X € {lx.c.ry} the sequence spaces X (E, A) are complele semi-

normed linear spaces with respect lo the semi-norm defined by (9.1).

Proof. The result can be obtamed by a direct verification. and so we omit the details.
It can easily be checked that the absolute property does not hold on the space
X(E.A). that is, |z]|le.a # §lz/lz o for at least one sequence in this space, where

|x| = (|zx|)- Thus. X (£, A) is a sequence spacc of non-absolute type.

Theorem 3.2. Let M = {7 = (Za) © 1 ,cp, Ty = 0.¥n}. For X € {lx,c.co} the
quotient spuce X (E.A)/M is lincarly isomorphic to the space X(A).

Proof. Cousider the map
/ X
T X(EA)—Xx@A), e —{ Yl
JEE, in:l

and observe that T is a linear and surjective map. So, the desired result follows from
the first isomorphisio theoreiwn. a

Note that if {E,,| > 1 only for a finite number of n. then we have X{A) = X(E, A).

In the following, we derive some inclusion relations for the spaces X, X(E). X(A)

and X(E, A), where X € {lo,c.cp}.

Theorem 3.3. The following statements hold.
(i) Ifsup, |E.| < oc, then X C X(E,A) Jor X € {lec. 0}
() fE,={Nu—-N+1,Non—-N+2,--. Nn} for all n, then ¢ C ¢(E, A).
(#12) If |En| > 1 for an infinite number of n, then the inclusion relations in parts (i)
und (i7) are strict.
(1v) We have X(E) C X(E.A), where X € {lno, ¢, ¢g}. Moreover, these inclusions
are strict.
(W) fE,={Nu—-N+1.Nn-N+2,-- Nnj} for all n, then X(A) C X(E.AQ).
where X € {loc,c,cn}. Moreover, these inclusions are strict when N > 1.
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Proof. Parts (1) and (i) can easily be obtained by applying Theorem 2.1,

(iii) Since by assumption |E,] > 1 for an infinite number of n, one can chivose a

sequence (n;) with [Ey,| > 1 for j =1,2,---. Define a sequence z = () 8s follows:
2, if k= mink,,
Ty = -3, if k=minE, +1 k=12, -
0, otherwise,

It is obvious that Zoél.'. z; = 0, henee z € X(E, A), while z € X for X € {Ix,¢.co},
showing that the inclusions in parts (i) and (i) are strict.
(iv) Putting E,, = {n} in parts (i) and (i1), it can be concluded that X C X{4). Let
= € X(E) be given. It is casygto check that (¥.c 5, .n-):' € X and (e, :r:.-):;l €
X{A). Thus, z € X(E, A), and hence X(E) ¢ X(E, A). Moreover, if the sequences
z = (2x) and y = (yr) are defined as follows:
r._j 3, iflr=mi.nF,‘_, | o eIl if k = min E,
L 0, otherwise, 1 0 otherwise.
then we have z € X{E.A) — X(F) for X € {Ix,c} and y € co(E. Q) ~ co(E).
(v) Taking into account that
Z TS Z Ti = (-'"’nN’ = -"7nN—l) + 2ZuN-1 — TuN-2) + -+ N(TuN_N41 — 70N-N)
€k, i€k,
+ (N —1)(Zan-~ —Tnn-N—1)+ -+ (Tan_2nvs2 = Tun—2v41).

it is clear that x € X(A) implies £ € X(E.A). Moreover, if N > 1 then we define

the sequence ¢ = () as follows:

n, if k=nN-N+1
sp=m¢ 1-n, if k=aN-N+2
0, otherwise,
and observe that r € X(E.A) — X(A). m
Below, we compute the N-dual of tlie difference sequence spaces X(E.A), where

X € {lc.¢,ep}- In order to do this. we first give a preliminary lemma.

Lemma 3.1. The following stafemnents hold.

(1) If « € Lc(A), then sup, HLI < 00.

(i1) If x € c(A), then 3k — £ (k = 00), where Axy — £ (k — 00).
(iit) If x € cy(A), then T& <4 0 (k — oc).

The proof is trivial and so is omitted.
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Theorem 3.4. The following equalities hold:

x
NEF(E A) =INEF (B A)=(a=(a) : (k o a.) €cgp =d.
ek bwl
Proof. We first show that ¢¥E¥(E. A) = d;. To this end, assuine a € cVEF(E, A),

and observe that

lim Y a S‘ x; =0,

kﬂm‘ﬁﬁ € By
for all r € ¢(E.A). We choose the sequence a: such that 3 ... @y = k for all k,
so x € ¢(E, A) and hence lingaox kY g, a0 = 0. Thus ¢NEF(E A) C dy. Now let
a € d,. Since (Eiem :z;.)zc=1 € c(A) for every £ € ¢(E, A), and there is a real number
£ such that

(T X w) e

JGbL JEEM-,
by Lemma 3.1 we have

r
llll"l Z a, L% T = hm k \“ a,ZJEEk Easith
— k
ILF.. JECE, ‘CFk

Therefore a € ¢¥FF(E A), and hence d, C cNPF(E. A).

Now we show that I¥#F(E, A) = d|. It is clear that ¢(E. A) C I (E, A). implying
that INEF(E A) c ¢VEF(E.A) =d). Let a € d, and T € {x(E.A). Then we have

v L]

(Tiex, .r,): , € {x(4) and sup, ﬂ#| < 90 by Lemma 3.1. Therefore

‘—‘)Q"t Xy L
]1520 S q Z T, = hm k Z =0,

€F,  1€F, i€F,
implving that a € IXEF(E A). O

Corollary 3.1. The following equalities hold:
c¥(8) =17(A) = {a= (a) : (kax) € co} .

Proof. The result follows from Theorem 3.4 with E,, = F,, = {n} for all n. O
Let X and Y be two sequence spaces. and let A = (anx) be an infinite matrix
of real numbers a,x, where n,k € N = {1,2, --}. We say that A delines a matrix
mapping from X into ¥, denoted by A: X - Y, if for every sequence z = (1) € X
the sequence Az = {(Ax),} exists and is in Y. where (Az), = Yopoq @natx for
= 1.2,---. By (X,Y) we denote the class of all infinite matrices A such that

A X Y.
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Theorem 3.5 ([11]. Theorem 1.36). We have A € (cq.ca) if and only if the following

conditions hold:

lim @, =0 (k: ]|2‘.._)'
n—o0

and

sup (z Ia,.kl/l < o0

k=1

Theorem 3.6. We have

(139

-~
cNEV(E, A) 0 a = (ax) : (kzm) €ly p =dy.
-

-
Proof. Let a € dy. Since (Ziel‘:g ;r,)z_il € rpld) for all 2 € cg(E, A), by Lemma 3.1
we have limg_o —Z-:L;kl = 0. Thercfore

5

lim S a; ; z5 = hmk S .‘-_”'L,_:o__
k—yop bt k
Wy ]eEl 1EFy

implying that a € ¢ ZF(E, A).
Now let @ € ¢y PF(E.A) and 7 € (E,A) be given. Then thete exists only one

sequence y = (yx) € ¢y such that 3 p *, = ZL, y,- Therefore

lun Z z aiy; = lxm Z a; z z; =0,

_7 =1:€F, -(f'. JCE,
for all y = (yx) € cp. Defining the matrix A = (a1;)22, by

_I£¢£Fn‘ if I(-”(k
AP l 0 if 7>k,

we have ling_ ZI‘-I ay;y; = 0 for all y € cp. Hence we can apply Theorem 3.5 to

conclude that A = (ax;) € (¢o,¢n) aud

kZa, _sll:p ZZa. —aupZa;‘J < 00

IEFy J=Li€Fy

sup

Corollary 3.2 (|7). Lemma 2). We have ¥ (A) = {a = {ag) : (kag) € I}

Proof. The result follows from Theorem 3.6 with £, = F, = {n} for all n. a
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v

Abstract. Lot G be a homogencous group, and let X, X3. . Xpy be left-invariant

real vector Relds on G that are hamogeneous of degree one with respect to the dilation

group of & and satisfy Hormander's condition. We establish a regularity result in the
Po

Orlicz spaces for the following equation: Lu(x) = ¥ «,, (1) X, X;ju(c) = f(r), where
i=1

a,,(z) are real valued, bounded measurable functions defined on G, satisfying the uni-

form ellipticity condition, and belonging to the space VAfO(G) {Vanishing Mean
Qascillation) with respect to the subelliptic metric induced by the vector ficlds X, X3,

R T

MSC2010 numbers: 35R03. 19N60.

Keywords: Orlicz estimate: homogeneous group: non-divergence degenerate elliptic
equation.

]. INTRODUCTION AND MAIN RESULTS

Let' G be a homogencous group, and let X, X5, Xy, form a svstem of O
real vector fields defined on RY (po € N), which are left iuvariant with respect to the
left translations on G and are homogencous of degree onc with respect to the dilation
group of G. Also, assume that they satisty the finite rank condition at every point of
RV, that is,

rankL(X,...., Xp)(z) = N, r € RV,

where £(X),....X,,) denotes the Lic algebra gencrated by the fields Xy.. ... X,

'This work was supported by the National Natural Science Foundauon of China {Gram Nos.
11271299 and 11001221), the Mathematical Tianyuan Foundation of China (No. 11126027), Natural
Science Foundation of Shanxi Province (No. 2014021009-1) and the Scientific and Technologial
Innovation Programs of Iligher Education Institutions in Shanxi (No. 2015101).
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X. FENG

Our aim is to establish regularity resuits in the Orlicz spaces for solutions of the
following equation
(1.1) (= i ai(T) X, X;u(x) = f(z). £ €G,
ij=1
where po < N. A = (a,;(x)) are real valued. bounded measurable functions defined
in G. satistying very weak regularity conditions, namely, they belong to the class
V MO(G) defined with respect to the homogencous distance. Also, the matrix (ai;(x))

is asswned to satisfy the condition:

Po
0 =ay, v ER < Y ay(2)6E; S vIgP.

ig=1
forevervi,j=1,....pg. EER™. v >0and ae. T €G.
In 1967, Hérmander [12] investigated the operator Ly = Y tu, X7 + Xo, and

pointed out that the finitc rank condition implies the hypoellipticity of L,. In [8],
Follaud proved that homogeneous hypoelliptic operators on nilpotent groups have
homogencous fundamental solutions. Later, Bramanti and Brandolini (4] have obtained
L¥ estimates for the operator L on homogeneous groups. The Orlicz spaces originally
introduced by Orlicz |17] as generalizations of L? spaces in Euclidean groups, have
been extensively studied in the literature (see [1, 13, 14, 22] and references therein).
The theory of Orlicz spaces plays a major role in a wide range of areas (see [18]). A
number of papers are devoted to regularity theory of elliptic equations in the Orlicz
spaces (see [2. 13. 21]. Criteria of weighted inequalities in Orlicz classes for maximal
functions defined on homogeneous type spaces were obtained by Gogatishvili and
Kokilashvili in [10].

Definition 1.1. For a measurable function f € L}, (G), denote

., |
(1.2) nf(R) = sup — / |f{y) - fa.
B.cG |Brl I,
wherc fp, s the average of [ over B,. A function [ is said lo belong lo the class
BMO(G) (Bounded Mean Oscillation on G). if || f||. := supg np(R) < +oc, while we

say that f € VMO(G) (Vanishing Mean Oscillation), if limz_,q n(R) = 0.

dy, R >0,

The class of all functions 4 : [0, 5c) — [0.oc) which are increasing and convex we
denote by &.

Definition 1.2. A function ¢ € ® is said to be @ Young function if

lim QQ = lim —t- “ 0,

v ST . l-‘o‘.'"& olt)
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Definition 1.3. 4 Young function ¢ € & 1s said to satisfy the global V> condition,
denoted by ¢ € V3, if there exists a number o > 1 such that ¢(t) < = for every
t>0.

Definition 1.4. A Young function ¢ € P s said to satisfy the globa! A, condition,
denoted by ¢ € A;, if there ezists a positive constant K such that for every t > ()
(1.3) #(2t) < Ko(t).

Lemma 1.1 ([6]). Let ¢ be a Young function. Then ¢ € VoM Ag if and only if there
erist constants Ay > A, >$) and o) 2 ay > 1 such that for any 0 < s < ¢

s\™ o(‘) A\ s
14 Al = € el < An [~
(14) “(o) =90 "(,)
Morcover, the condition (1.2) implies thal for 0 < 8, <1< 8, < oc
(1.5) $(81L) < A0 9(t) and $(02t) < A; 05 6(1).
A simple example of functions ¢(t) satistying the A; N V3 condition is the power
function @(t) = t* with p > 1. Moreover, we remark that the A, NV, condition makes

the function grow moderately. For instance, ¢(t) = [|°(1 + |log|t||) € A, NV, for
p> 1l

Definition 1.5. Let ¢ be a Young function. The Orlicz class K®(G) s defined to be

the set of measurable functions g salisfying the condition:

/ #(lgl)dz < oo,
G
and the Orlicz space L*(G) is defined to be the linear hull of K°(G).

In this class we consider the following analog of the Luxemburg norm:

(1.6) lulls = inf{k >0 / ( “"" ,u <1}

Observe that, in general, K¢ ¢ L?. However, if ¢ satnsﬁcs the global A; condition,
then we have K'® = L?. Moreover. if g € L?(G). then f ¢(lgl)dx can be written in
the form (see [21]):

(L.7) /C ooz = f., (e e G lgl > AYdlp()).

Lemma 1.2 ([6]). Let U be a bounded domain in G and ¢ € Vo N Ay. Then
L™ (U) c L¥(U) C L*2(U) c L'(U),

where () 2 o > 1 are as in Lemme 1.1
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For p € [1. x| we define
Pu

20
IPullewe = 3 Xl I1P*llime) = > IXe X ull Loy
=1

1,1=1

Similarly can be defined || D™l for m = 1, 2.

Definition 1.6. Let ¢ be a Young function. The Orlicz-Sobolev space S*#(G) s
defined to be the set of those functions u € L?(G) whose derivatives D"u also belong
to L°(G) for all 0 < h < 2 such that |[ul|gre(e) = Z:_‘, D" ully 1s finite.

As iu the case of ordinary Sobolev spaces, Sg“’(G) is defined to be the closure of
Ci°(G) in S24(G).

In this paper, by using the same techniques as in [20, 21]. an approximation
arpument and the reverse lolder incquality, we obtain Orlicz estimates for solutions

of equation (1.1). The main result of the paper is the following theorem.

Theorem 1.1. 4ssume that ¢ € & is a Young function and ¢ € AoNVa. If f €
L%(G) and u € §%°(G) is a solution of equalion

Lu—pu=finG.
then there exist posifive constants py and ¢ such the! for any p > po, we have
(1.8 [ @0 + (10wl + ot < ¢ [ olif)da,
a G

where the constant ¢ depends only on G, v, py and @.

The paper is organized as follows. In Section 2. we introduce the notion of homnogenous
groups. In Scetion 3 we derive several lemmas. which are used to prove the main result.
Section 4 is devoted to the proof of the main result - Theorem 1.1.

2. HOMOGENOUS GROUPS

Given a pair of stnooth mnappings:

[(z.g)m»zoy : RYxRY 5 RN, e 27" :RY 2 RV

The space RY together with these mappings lorms a group with the identity being the
origin. Next, assume that there exist 0 < w; € w; < ... € wy, such that the dilation
Do) : (x1.....zx) = ("' 71, ... ¢°xx) is a group automorphism, for all o > 0.
The space RY with this structure is called 4 homogeneous group and is denoted by
C'. For more details on the subject we refer to |4, 19].

14
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A homogeneous norm || - || on G is defined as follows. For any z € G\{0} we set
Izl = p & 1D(1/p)z| = 1.

where | - | denotes the Euclidean norm, and also let lIol = 0. Then we have
(i) |D(e)zll = ellz|| for every z € G. o> 0;
(ii) there exist constants ¢;,c2 2 1 such that for every z.y € G,

== < eullll;

llz o yll < ea(lixll + [lll)-
[u view of the above propees, it is natural to-lefine the quasidistance d(-. -) by
(2.1) dz,y) = [ly~ o z|.
Wt denote the ball with respect to d by
(2.2) B(z)=(ye G d(xy)<r}.
Note that B(0,7) = D(r)B(0,1) and
(2.3) |8, r)| = F7|B(0, 1)),
where z € G, r > (), and
(2.9) Q =wy 4 Tun,

which is called the homogeneous dimension of G. By (2.3). the doubling is valid.
that is. |B(x,2r)| € ¢|B(z.r)|, = € G. r > 0, and therefore (G,dr. d) is a space of
homogenous type.

In what follows, we will define another homogenous group §. whose underlying

wmanifold is R¥*! endowed with the cowmposition law
() OT)=(xoyt+7), (z,t)'=(z"1 1)

for any {z,t),(y.7) € R¥*!. The dilation on R¥*! is defined by D(p) - (r.1)
{D(e). ot) for all g > 0.

Example 2.1. Consider the Heisenbery group G(R? .0, D())), where
@1y} e (@ nch) = (@1 + 220+ ya, b + b + 2(zayy — Ty2)).

D(A)(x, y.t) = (Ar, Ay, A%t).

a0 . _ 0 AL P d
Xy = br +2ym‘ Xy = Ey--zra. [X3, Xg] = -Jb—‘
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It 13 easy to check that X, . Xz are left invariant with respect to the left translations
on G and are homogeneons of degree one with respect lo the dilutton group of G.

Moreover. they satisfy the finite rank condition at every point of R3. that is,

rankL(X1. X2)(z) =3, z € R’

3. SOME LEMMAS

For convenicnce, in this seetion we assume that 2 € Cg®(Bg,) with some constant
Ry, > 0 is a solution of cquation (1.i). Let p = (14 a3)/2 > 1. In fact, in the

subsequent proof we can choose any canstant p with 1 < p < as. Now we define

A= | 1Dl + MP [ \f|"d,
o

Ja

where Af > 1is a large enough constant to be determined later. For any A > 0 we set
\
(3.1) uxr = u/(AgA). fn = f/{dod),

and observe that wy still will be a solution of equation (1.1) with fy instead of f.

Next. {or any ball B in G we define

1B = l_;ﬂ (/ﬂlD"txl'dJ + M"/nl!al'dt)

and EA(1) = {7 € G - |D?uy} > 1}. Since |[D?%u;| S 1 for z € G\ Ex(1), we focus on
thic level set Ex(1).
By using methods similar to that of applied in [21], we can prove the following

three leminas.

Lemma 3.1. For any A > 0 there exists a family of disjoint balls {B,.(T)}i>1 with
I, € Ex(1) and p, = p(z;, A) > O such that
IA[Bp, (zi)] = 1. I[Bp(z))] < 1 for any p > p;.

and

Ex{1) C U By, (i) U negligible set.
i1

Lemma 3.2. Under the conditions of Letama 3.1 we have

gred (/
T 2V =1 em,, (r 1% 3119}

L / Ifs[Pde).
{r€R,, (2.):1/x]>1/{201)

46
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Lemma 3.3. If ¢ € & satrsfies the global A, NV condition. then for any by, by > 0

we huve

\ \ .
S loPee ) digban] < (b1 b2.6) [ bz
o M (reGial> ) &

Lemma 3.4 ([9]). Let g € L4(DBar) for some R >0 and g > 1. and let f € L"(Byp)
forr > ¢. Assume that the following estimate holds
1 1 d 1
— - gldr < ¢ (— gdz:) + = fldz + 6— T,
|3 Ja, |Ba| Jy, [Ba| S, {B.| E,y
wherec > 1 and 0 < 8 < 1. Then there exist C = C(G,¢,q,7.8) and e = (G, ¢, q.7. 8)

such that g € LP(B)) for p €%q.q +¢) and

B ) (_'_/,. (;/ s )
(lﬂul n'th se lnzl‘n,“‘{) s |3, n,/ !) J

Lemma 3.5 ([4]). Let Q be e bounded domain in G and &' CC Q. If u € §29(Q)
and Lu € S () for sume positive integer k, 1 < p < 00 and s > /2, then

lleell ax.~qary € edllLaellsooreiay + Nasll ooy }s

where 1 = max(p, §), a € (0,1), ¢ is a positive constant end Q 15 as in (2.4).

Lemma 3.6 (|7]). Letp > 1 and u € S*P(B,). and let Py be the class of polymomials

of homogeneous degree less that 2. Then there exists a polynomial P € P, such that

v iz

(3.2) (E;_I /R O P)(;r)|"dx) Yot ('IEITI /r | ID%u(e)Pde )

foralll < p < % and g = '_?%%_p‘ where Q 1s as in (2.4) and ¢ & a conslant

independent of B, and u.

Lemma 3.7. For any = > 0 there erists a small enough number 6 = 4(¢) € (0,1)

such that if u € Co°(Bn,) is a solution of equation (1.1) in G. and
)l

3.3 — A—Ap |dr €8,
(3.3) TER 9%, f N
1 ’ |

— D? "L.<1.—/ fItdz < 4",

Bl Jo, P04 1 g fy, M
then there ezists Ny > 1 such that
(3.4) / |D*(u — v){’da < &

B,
and
{3.5) sup |D%v] € Ny,
B,
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where v is a solution of equation 30, (@ )m XiX;v = 0 in By.

Proof. We first consider the following Dirichlet problem

(3.4)

f S s ), Xy X jw(r) = Af"'z.;—l i (r) — (0i;)p ) XiXju, ilx € By,
[ ur(T =0 if z € 0D,;.

In the paper |3], J. Bony proved that there exists a solution for the above problem.

Then ¢ = u + w satisfies
((F (e)p,XiXso(x) =0, ifxe By,
1 v(x) = u(z), if z € 48,.

Applving the L? estimates given in |4] to (3.6), we can write

(3.7)

o

/ | D*w[*dxr < / | f+ 3 (ay(2) - (ay;)m,) Xi X;ul?dx
D, JB, 1 j=1
(3.) <c{ / e+ Z/ l(ai (2= N AR ul"dr)

<ec (v“ +/ |D2u|"d$) <e
\ B,

Let P € P;. By using the local L? estimates given in [4], we obtain

| / a
—- |D%ulPdz < ¢ (— PlVdr + — ")
\Ba| Jp, [Baj a.l |B | /B, "

|u — P|Pdx + ¢b”.

,3.9
|E ‘I Ba

l~;": we get

(310) ) P et 2
i - I'd‘.‘. <
(|B4| fu u =Pl ) 13 j ), 1D ulde,

while for p > (-—,97 we have

1 \\/? | 2
3.11 A «I"‘L:) ol 2y| 2% )
it (|B4| B, A . r(‘”" /.;14 P

Hence we obtain the weak reverse Holder inequality

| /p 1 91-2:
3.12) (-—— D? "!::) < (_ 2
(312 B ), \Prds) <5y [, 1Pl

In view of (3.9)-(8.12) and Lemuna 3.4 we conclude (hat (here exist positive constants

By Lemma 3.6, for 1 < p <

£g and C such that

1
3.13 e il
61 (3 .

S i | . e
|D%u ”dﬂf) <6 (iu—dl |D)n|"d.'u) +o8? <C.
B,
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Next. it follows from (1.2) and (3.3) that

pirten) "*0
([ @) - Gyt “F e

ﬂ(v+¢..l 311

S (o™ / s () ~ (a.,)u,ldx) ot

Ilence by (3.8) and (3.14) we can write

(3.14)

\
. L ] 4 -
f |D*wlPdz < ¢ (/ |f|”d.'r+uz_ / i(aij(z) — () B )X X; u|”d:r)
< r{ﬁ’ . (‘:i-"/ |Gu($ (a'J)B.] e :r) ',“0 ()C" 'D2u|p+£ndr)’:

< ¢ (5"+6"’£"3),
\ /

which implies that (3.4) holds by choosing ¢ (6“ + 6"—1‘}5) <E.

Next. we show that (3.5) is valid. Indecd, let P € P, be chosen so that (3.2) holds
for 9 = v — P. Then ¢ satisfies the equation Z‘ ,_l(a.,)g, XiXjv =0 in By Note
that & € C(By). and using Lemnma 3.5 for k =2 and B, = ¥ €C Q2 = By, we

obtain
(3.15) [Ullaa.nB,y S cllFllLe(a,).

By {3.15) and Lemma 3.6, we get
1920l g,y < [1Blla2aca,) < cld]

Lr(B,;)

(3.16) Y
(w,ll,,,' Wa)ffes )

with a constant ¢ independent of v. Finally, it follows fromn (3.4), (3.16) that (3.5)
holds, and N, is independent of v. O
By applying the scaling method on homogenous groups. from Lemma 3.7 we cau

deduce the following result.

Lemma 3.8. For any € > U there ¢osts a small cnough number § = 6(<) € (0.1)
such that if w € C3°(Bp,) 5 a solution of equation (1.1) in G, and
1

390 W S a-a B
( ) [Ba0p, (2)] Bm,,,(,,)l By, (s )ldx <

——' 1
3.18 DPulfPde <), — Pl < g
(3.18) [Bavp (2| S, (20 1D} 1Baop, ()] S, () Il
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then there erists Ny > 1 such that

i 2
(3.19) / ID3(u} - vi)IPdz S e, sup [D°wi| £ M.
I Biop (x4} By, (2:)

where ¥ € S2¥(Bag,, (2:)) 15 a solution of equation S (@) Bay,, XiXjv = 0 in
Bzup' (.L").

Proof. Denoting

we can use the arguments of the proof of Lemma 3.7 to complete the proof.

Lemma 3.9. Let ¢ € A;NV, and [ € L%(G). Assume that u € C§°(Br,) unth some
constont Ry > 0 is a solution of equation (1.1). Then there exists a postlive constant
¢ such that

j S(|D*u))de < ¢ [ o(1f1)da.
G G

Proof. Siuce ¢, € VM O(G), we can choose p, small euough such that (3.17) holds.
By Lemma 3.2, it is easy to see that, (3.18) is valid. It follows from (3.1), (3.19) that,
forany A >0

Hz € Bsy, (z:) : |D*u] > 2N1AA} = {2 € Bsp (z:) : |D?ua| > 2N, )
< Uz € Bsp, (m3) - 1D ua = ¥))| > N} + Wz € Bsp (x3) < |D?0] > N}
Hz € B (3) : D (ua — 3| > M} S ;\3? f {D?(ux — o)) |Pdz

1oy, L7,

A

ce| By, (z.)].
Setting o = AXg, we can use Lemma 3.2 and (3.1) to obtain

|{z € Bs,, (z:) : |D?u| > 2N}

(s 4 5

i ( f \D*ulPdr + MP / |firda ) .
1P \J(zeB,, (+:)1D%ul>u/2) Hred, (x> n/(2M))

Then recalling the fact that the balls Bs,, () are disjoint,

U Bs,, (z:) U negligible sct D Ex(1) = {z € G : |D?u,| > 1},

rd)

and that E5(N) € E,(1) for any N > 1, we obtain

{z € G : \D*u| > 2Nyu}| < ZH‘I € Bsp (z:) : |D?ul > 2Ny}

< = \D*ulPdz + MP [

@ ( g
ur \J{ee@nD?5) 50 2) S{aeGifN>pn/iaan) 111 ) p
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Furthermnore, recalling (1.7) and Lemma 3.2, we can write

oC
Jouptuar = [” iz € G D2ul> 2Miahalo2Nu)
(43
% 1 \
el Z{f ID™ulPdz | di¢(@N 1))
o M \JzeGDVu|>ps2 J
+eMP / 3 / |fIPdz | d[¢(2N11)]
o B’ \Jreqf)>n/2M)
<

are fa &(1D?u|)dz + ¢ /c o(1f)dz,

where ¢; = ¢;(G, ¢) and ¢; = oG, ¢,e, M). o=
tinally, choosing a suitable € such that c;e < 1/2, we obtain

/ o(1D%u))dz < c [ o(1f1)dz.
G Jc

4. PROOF OF THE MAIN RESULT

In order to prove our main result, we first establish a lemma by using the method
applied in (15, 16].

Lemma 4.1. Let the functions ¢ and f be as in Theorem 1.1, and let u € C§°(Bp, /1)
be a solution of equation Lu — pu = f in G. Then there erist positive constants i

and ¢, depending only on G. ¢, v, Ry, such that
w2 [ auiiz + 0+ [ svuiae + [ 41Dz
G G G

<e /G SlILe — pulldr = ¢ /C 81/

Jor any p 2 po. where ag is as in (1.4).

(4.1)

Proof. Define (z) = u(r,t) = w(z)p(t)cos(/nt), La(z) = Lu(z) + (il)s, where
v € C5°(—Ru/2, Ry/2) is a cut-off function. It is easy to check that the coeflicients

uatrix of the operator L
A . Amm 0\
Am+1)xtnt1) = ( 0 1)
satisfies (1.2) and the VMO condition. Moreover, we have Lii(z) = f, where
f = w(t)eos(Vat)(L — p) + u(z)¢" (t)cos(v/at) — 2/mu(z) () sin(V/it).
For convenience, we denote D?,di(z.t) = {D?@(z), (X u)t, i}, where

D& = D4 = (XiXju}¥ ). (Xu)t = {(Xiu)e}X,.
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It follows from Lemma 3.9 that
(4.2) [supines < [ oifhas,
where dz = drdt. According to (1.5). we get
¢(|D?u(z)]) < K(Ile(t)eos(iat)])= (le(t)cos(y/7it) D? u()]).

Since XiX ju = p(t)cos(\/pt)XiX ju(z) and cost is a periodic function, we have
(4.3)

[ sv*uta)as

Je ' ,

= ( > / (ip(*)cos(ﬁt)l)“‘dt) f —l:(lw(t)r.‘os(\/ﬁt)|)"‘¢(|D2u(:r)|)drdt

< (‘/ b (t)cos(y/5it) D%u(z)|)dedt = C/cp | D2 a|)dz < C/ (D%,
where Lhe constant € depends only on N, ¢. Similarly, we can obtain

L o(|Du(z)|)dr £ C‘/ &(|e(t)cos(\/ut) Dulr)|)dxdt

< CZ/ ( ,_|Xm t(z) — Xiug'(t)cos(\/nt)| )d:z:dt

i=]1

W (/;&b(lﬁﬂ(z)l)dz+/G¢(|D_,u|)d;r),

(@d)  pon? /G o(|Du(z)l)dz < € L H(Xu)t(z))dz < C f (D3, 1(z))dz.
y S

which implies that

Since

/G o(lu(z)l)de

sc [« #lw:) — u(2)(2" (€)eos(y/Rit) — 2/’ (t)sin(/at)dadt,
then by choosing p > p large cnough we obtain '
(45) w [ 91Dz < 0 [0t atnds

Combining (4.2)-(4.5) and taking s > 119 > 0 large cnough, we conclude thal
b [ tdz + /2 [ gl + [ #10%uis
e JG G

s C/stb(lszﬂ(z)l)dz < C'L o f])dz.
52
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Morcover, noting that
~ i (Ominl Jiit) = u(z)(('(Heos( V) — & (t)cos(/at)),

we have
[ eufnizsc ( [ oL - puiyar + /c (ul)

Finally, combining the last two inequalities, and taking 2 2 po > 0 large enough, we
complete the proof of Lemuma 4.1.
To prove Theorem 1.1, we also need the following result from [5].

Lemma 4.2 ([5]). Let (X.d%:) be space of homogenous type. Then for every ry > 0
and KX > 1 there erist p € (0,70) ¢ positive integer M and a sequence of points
{#)5: C X such that

20 oG
UBimie)=X: Y xppexolz) M VzeX

i=1 =1

Proof of Theorem 1.1. For zy € G let p € C3°(Bp, /2(xv)). Denote
v(z) = u(z)p().
It follows that
Lo(z) — pv(e) = fp+ 20, XiuXi+a,uXiXj=g.

Assume that u > po > 0. It follows from Lemma 4.1 that

s / o(lv))dz + p227? / &(|Vv|)dz + / é(|D*|)dr < C / o(lgl)dz

G G ] G
< C'(‘/(: fD(UXBRn,,(r..)l)d-T+_[Crﬁ(luxg,,m(,,,)l)dr+/ 6(|Dux By, u(20)|)dT).
: G

Taking into account that

JIG #(lpDul)dz < J/G &(|Dv|)dz + /G é(|uDp))de,

fG“lﬂD’"be SC( /G &(|D*v|)dz + /G #(|DuDpl)dr + /C ¢(FHD’ﬁUd.r),

we obtain

e { otz + [ oioDuliiz + [ ao?ui)is

< C(L 4’“.’/‘(5%/:(20)')(’:0 + [Jﬂa/‘l—/p¢(lu)(unﬂ/,(,n)|)d.r+ _/C¢(FDUXBR"/1(I..)|)(L’:),
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Ilence. using Lemma 4.2, we can write
wor [ (s + =/ [ oDudz + | S(1D%uliz
e [ .:FG
= u™ / ol |u|)ebr + u"’ﬂj o(| Dul)dz
UZ, B(x.,Ro/2) =

',';1 B(I.-Ro/a)
+[ 8(1D%ul)dz
UX, B(x: Re/2)

< | Sz + 3 u [ &(IDul)dz
1=1

J B(x:, 0 /2) = B{z,,Ra/2)

S D?u|)dr
+2mexau>

<cY( mmn+wmf
::: B(t(nni B(‘-Rﬁ)

mma+] 6(| Du)Le)

{(x.,Ra)
scmdﬁWMrw"@mea+demay

By choosing & > po > 0 large enough, we conclude that (1.8) is valid. a
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Abstract. The paper is devoted to the normal families of meromorphic functions and
shared functions. Generalizing a result of Chang (2013), we prove the following theorem.
Let A(” 0,00) be a meromorphic function on a domain D and let Abe a positive integer.
Let 7 be a family of meromorphic functions on D. all of whose zeros have multiplicity at
least &+ 2. such that for each pair of functions / and g from 7, / and g share the value 0,
and and gk’ share the function A If for every / € 7, at each common zero of / and
Athe multiplicities m j for / and m/, for Asatisfy mj > m,, + k + 1for A> 1and vnj >
2m,, + 3 for k = 1, and at cach common pole of / and A, the multipHcitics j for/ and
., for a satisfy rtf > n,, + 1, then the family 7 is normal on D.

MSC2010 numbers: 30D45.
Keywords: Meromorphic functiou; normal family; shared function.

1. Introduction

Letl D be a domain in C and 7 be a family of meromorphic functions on D. The
family 3 is said to be normal on D if any sequence {/n} C 7 contains a subsequence
{ } that converges spherically locally uniformly on D to a meromorphic function
or oc (see [3|, [5], [10)).

Let /(r) and g(z) be two meromorphic functions on D. We say that / and g share
a value or a function h on D if the equations f(z) = h(z) and g(z) = h(z) have the
same solutions (ignoring multiplicity) on D.

The Gu’s normality criterion (see [2)), which originally was conjectured by Hayman
(3), states that a family 7 of meromorpbic functions defined on D is normal if /| ® 0
and fW 1for every / e 7. Generalizing the Gu’s normality criterion, Yang [11]
has proved the following theorem.

'Research supported by NSFC(Grant Nos.11171045, 11471103) and Doctoral Fund of Ministry
of Education of China(Crant No.20123207110003).
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Theorem A. Letk be a positive integer, h 0) be a holomorphic function on D,
and let 7 be afamily of meromorphic. functions defined on D. Iff 0 and ®h
for evel'y f € 7, then the family 7 is normal on D.

Following Schwick [6], in recent years a number of normality criteria concerning

shared values or functions have been proved. For instance, Chang [1] has extended
Theorem A by proving the following theorem.
Theorem B. Letk be a positive integer and h 0) be a holomorphic function on
a domain D. Let 7 be afamily of meromorphic Junctions on D, all of whose zeros
have multiplicity at least If+ 2, such that for each pair offunctions f and g from 7, f
and g share the value 0, and fNe and gNe share the function h. Suppose additionally
thatfor evei'y f € 7, at each common zero off and h the multiplicities m/ for f and
mil for h satisfy mj > mu 4-~+ 1fork > Landmj > 2m/, + 3for k —1. Then the
family 7 is normal on D.

We naturally arise the following question: Does the assertion of Theorem B still
hold if the sharing function h is meromorphic? The example that follows shows that

the answer, generally, is negative.
Example 1.1. Letk,I € N, D = {z : \2\ < 1}, h{z) — ~+T, and

Yy - *)-fz'*8BBb
Since fn(z) 0, thenfn and fm shaie 0 in D. We have

ISSI] L) o) (e o

It is clear that there exists no € N such that fn\z) —h(z) 0, and hence only at
z —0 we have fnk\z) = h(z) fot > . Thus, fn* and fNe share the function h(z)

in D for n,m > no, but the family 7 is not normal at 0.
The main results of this paper are the following theorems.

Theorem 1.1. Let ( 0O, o00) be a meromorphic function on a domain D and
let k be a positive integer. Let 7 be afamily of meromoiphic functions on D, all of
whose zeros have multiplicity at least k + 2, such that for each pair offunctions f and
g from 7, f and g share the value 0, and fW and gW share the function h. If for
every f G7, at each common pole of f and h the multiplicities n/ for f and T- for

h satisfy > nH +1, then the family 7 is normal on D.
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Since normality is a local property, combining Theorem B and Theorem 1.1, we
obtain the following generalization of Theorem B.

Theorem 1.2. Let ( 0,00) be a meromorphic function on a domain D and let k
be a positive integer. Let 7 be afamily of meromorphic functions on D, all of whose
zeros have multiplicity at least k + 2, such thatfor each pair offunctions f and g
from 7, f and g share the value 0, and fNe and gW share the function h. Iffor every
f € 7. at each common zero off and h the multiplicities in/ for f and m/, for h
satisfy in/ > m/,+fc+ 1fork > landin/ > 2m/,+ 3for kK = 1, and at each common
pule off and h, the multiplicities iij forf and n-hfor h satisfy iij > n/t+1, then the

family 7 is normal on D.

Throughout the paper, we use the following notation: by N we denote the set of
positive integers, 4(0.S) := {z : \z2\ < N1}, 4'(0,5) := {r : 0 < |r| < 6}, A4(0,5) =
{r :|r] < 5}, 4 := 4(0,1). We write f, / on D to indicate that the sequence
{/,} convergence to / in the spherical metric uniformly on compact subsets of D,

and fn —»/ on D if the convergence is in the Euclidean metric.

2. Lemmas

In this section we state a number of lenunas that will be used in the proofs of our
main results.

Lemma 2.1 ((4]). Letk be a positive integer and let 7 be a family of meromorphic
functions in a domain D, all of whose zeros have m ultiplicity at least k. Suppose that
there exists A > 1 such that |/*f¢(-)] < A whenever f(z) = 0,/ 6 7. If the family
7 is not normal at zg € D, then for each @, 0 < a < k, there exist a sequence of
complex numbers zn € D, z,, — zo, a sequence of positive numbers pn — 0, and a

sequence o fJunctions fn € 7 such that

oK)= —r¥fly "°rg (0O
Pn
on C, where ( ) is a nonconstant meromorphic function on C, all of whose zeros
have multiplicity at least k. such that ~( ) < 7~(0) = KA+ 1. Moreover, ( ) has

order at most 2. (Here *( ) = |/(01/(1 + blO12) is the spherical derivative ofg.)

In [7], Y. Xu proved that a family 7 of meromorphic functions on D is normal if
forevery / e J, all the poles of f are multiple and all the zeros of / have multiplicity
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at least A+ 1, and fAk\z) h(z) in D, where h(z) 0,” 00) is a meromorphic
function on D.

Using arguments similar to that of applied in [7],.we can prove the following result.

Lemma 2.2. Let Kk be a positive integer and let (0, 00) be a meromorphic
function in a domain D. Let 7 be a family of meromorphic functions defined on
D, all of whose zeros have multiplicity at least k + 2. If for every function f £ 3,
/<*)(*) h(z) on D, then the family 7 is normal on D.

Lemma 2.3 ([8]). Let k be a positive integer, and let 7 be afamily of meromorphic
functions in D, all of whose zeros have multiplicity at least k, and there exists M > 0
such that \f(Kz)\ < M wheneverf(z) =0,/ G7. If7k= {f{k) :/ €7} is normal,
then 7 is also normal in D.

Lemma 2.4 ((3]). Let f be a meromorphic function on C. If f 0 and f~ 1

then f is a constant.

Lemma 2.5 ([12]). Letf be a transcendental merornorphic function, and let ip be a

small meromorphic function off . Ahen for >I€ Nt oIIo]ing inequality holds:
nr,f) <3N1 14V g Sir, J),

where T, N, S are the standard notations in the Nevanlinna value distribution theory

of meromorphic functions.

Lemma 2.6. Letk, | €N, andletf 0 bea mtionalfunction on C, such that 0 is
a pole of f with multiplicity at least|+ 1. Then the fimction f*k'(z) —p- has at least

one zero.

Proof. We assume that fA(z) - jt 0on C. Then by the conditions we have

C\
2.1) = e (xo)">
where Ci  Oisaconstant, 2*e C (2 < i < t) are distinct and non-zero, and t,n, GN

with t > 1 and > |+1.Ift= 1, then we have

M =% [jp §& i
where 0 is a constant. It Lsclear that / (fc)(2) ~ jr has at least one zero becausc

w + k > I, which is a contradiction. Next, we consider the case t >2. From (2.1) we
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have

#V % CxP(z)
(2%2) f ~ o« +*( —2) 3+*eee(r —Zfin»+ich

where P(z) is a polynomial of degree (i - k.
By the assumption / (fc)(~)~ F OonC and w >1 + 1, and hence we have
(2.3) [ (M(*)-p- = zn+c(z _ 2)natfc:;: 5 _ *)»»,+**

where C3 0 is a constant. Therefore

@ . _ r3)-+ *mmm(r- *)"m+* + C,
n+*(*- 1) B ... (r-  )«+*
Q(2)
(24) FIS4KR(R . 2 ) »+*eee(z § zt)n,+kK’

Next, it followsfrom (2.2) and (2.4) that C\P(z) = Q(z)yimplying thatdcg(C\P(z)) =
deg(Q(z)). On the other hand, we have

deg(CiP(z)) = (t- k. deg(Q(2)) = w + 1------ tie +tk —I.

This contradicts the condition w, >1 + 1, and the result follows. O

Lemma 2.7. Let{/,,} be a sequence of zero-free meromorphic functions on [ (0,6),
such that {/,,} is normal on /1'(0, 6), but it is not normal atz = 0. Let | be a positive
integer. Define a sequence {Fn} by F,(z) = zlfn(z). If Ois apole offn(z), n GN
with multiplicity at least | + 1, then {F,} is normal on A '(0,6) and is not normal at
z= 0.

Proof. It is evident that {Fn} is normal on ['(0,<5). Suppose that {Fn} is normal
at z = 0. then {Fn} is normal on [1(0,<5). We may assume that Fn(z) — » F(z) on
[0(0,i1). Since {/,} is a sequence of zero-free meromorphic functions 011 [ (0.6) such
that {/,} is normal on [;(0,6) but not normal at z = 0, the maximum modulus
principle implies that fn(z) —» 0 on A'(0,5). In view of equality Fn(z) = zlfn(z)
we have F(z) = 0, which contradicts the condition Fn(0) = 00, because 0 is a pole of

fn(z) (n GN) with multiplicity at least 1+ 1. 0

3. Proof of Theorem 1.1

Suppose that the family 7 is not normal at a point zq G D, then there exists a
sequence {/,,} C J such that no subsequence of {/n} is normal at zq.
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By Theorem B, the point 0 must be a pole of h(z). We may assume that z0 = O,
D = A, and h(z) = where | is a positive integer and tp(z) is analytic on [, with
0) = land <p(z) Oforallz£A.

We claim that there exists 0 < S < 1 such that ¢ 0 and f[Kk)(z) ¢ h(z) on
0:(0,4"). Otherwise, there exist points zn -4 0 (z, ¢ 0) such that /i(*n) = 0 or
h \ zn) = h.(zn), and hence / 1(2) = 0 or f[K\z) = h(z). By the sharing conditions,
either fn{z) = 0 or /,1\z) = h(z) for all n. If /n(z) = 0. then {/,} is a constant
sequence, so that the family {/,} is normal 011 A(0,5), and we get a contradiction.
Thus, fnk)(z) = /1(2) for all 9, aud {fhk)} is normaTon A(0,5). By Lemma 2.3, {/,}
is normal on [(0,5) since the zeros of {/,} have multiplicity at least k + 2, which
contradicts our assumption. Next, it follows from the assumption that for each n

(3.1) J« 1 Ned*) ) (z64°(0,5)

Hence, by (3.1) and Theorem A, {/,} is normal 011 4'(0,5).

If there exists a subsequence of {/,}, which we still denote by {/n}, such that
/,(0) oo for all n, then by (3.1) and /i(0) = 00 we have fA\z)  h(z) on [(0,<5).
Since the zeros of {/n} have multiplicity at least k + 2, by Lemma 2.2, {/n} is normal
on A(0.5), yielding a contradiction.

So, /«(0) = 00 for n large enough. We may assume that /n(0) = oo for all n. Then
0 is a common pole of / () and h(z), and the multiplicity of /n(z) is at least | + 1.
Therefore
(3.2) /() o ( € 4a(o, ).

Notice that fnk\z) li(z) and flik\z) - h{z) 0 are not equivalent because h(z) is
meromorphic. Let Fn(z) = zIfn(z), 2 € 4(0,5), then F,(z) 0on f(0,6) since 0 is
apole of/,( ) with multiplicity at least | +1. Because {/,} is normal on 4'(0, S) and
is not normal at 2 = 0, by Lemma 2.7, the family {F,} is normal on 4'(0, ) and is
not normal at 2 = 0. Hence, by Lennna 2.1, there exist a subsequence of {Fn}, which
we continue to call {F,}, a sequence of points z, — 0. and a sequence of positive

uumbers pn —0, such that
(3.3) 0 = Aoy +tP® U ()

on C, where g is a nonconstant meromorphic function. Now we consider two cases.
Case 1. zn/pn —00. We claim that: 1. () 0; 2. axUC) 1-Since Fn(z) 0

on 4(0,5), for sufficiently large n we have yn(C) ® 0- By Hurwitz's theorem, either
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have
#V % CiP(z)
(2%2) f ~ (=2 # e —ZPny+ich

where P(z) is a polynomial of degree (i - I)k.
By the assumption / (fc)(~) ~ jr  00,1C and w, >1 + 1, and hence we have
2.3) I (M(*)- p- = zn+Hc(2_ natfc... ( _ *)».+*’

where C3 0 is a constant. Therefore

o . _ Z3)-+ *mum(r- *)"'m+* + C,
+¥( =2 ) ptrese( —Zt)"'Ex
Q(2)
(24) Zn'+fgz - z2)n»+* eee(z | zt)n,+k’

Next, it followsfrom (2.2) and (2.4) that C\P{z) = ~(zjvimplying thatdcg{C\P(z)) =
deg(Q(z)). On the other hand, we have

deg(CiP(z)) = (t- k. deg(Q{z)) = w +  --—-- u +tk —I.

This contradicts the condition w, >1 + 1, and the result follows. O

Lemma 2.7. Let {/,} be a sequence of zevo-fi'ee meromorphic functions on [ (0,6),
such that {fn} is normal on 4'(0, <5, but it is not normal atz = 0. Let | be a positive
integer. Define a sequence {Fn} by F,(z) = zlfn{z). If Ois a pole of/n(z), n GN
with multiplicity at least | + 1, then {F,} is normal on A (0,6) and is not normal at
z= 0.

Proof. It is evident that {Fn} is normal on ['(0,<5). Suppose that {Fn} is normal
at z = 0. then {Fn} is normal on [1(0,<5). We may assume that Fn(z) — » F(z) on
[(0,<5). Since {/,} is a sequence of zero-free meromorphic functions 011 [ (0.6) such
that {/,} is normal on [;(0,6) but not normal at z = 0, the maximum modulus
principle implies that f,(z) —» 0 on A'(0, <. In view of equality Fn(z) = zlfn{z)
we have F(z) = 0, which contradicts the condition Fn(0) = 00, because 0 is a pole of

fn(z) (n e N) with multiplicity at least 1+ 1. 0

3. Proof of Theorem 1.1

Suppose that the family 7 is not normal at a point zq G D, then there exists a
sequence {/,} C J such that no subsequence of {/n} is normal at zq.
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By Theorem B, the point 0 must be a pole of h(z). We may assume that z0 = O,
D = A, and h{z) = "r* where | is a positive integer and tp(z) is analytic on A with
0) = land <p(z) Oforall z £ A.

We claim that there exists 0 < S < 1 such that ¢ 0 and f[Kk)(z) ¢ h(z) on
0:(0,4"). Otherwise, there exist points zn -4 0 (z, ¢ 0) such that /i(*n) = 0 or
h \ zn) = h.(zn), and hence / 1(2) = 0 or f[K\z) = h(z). By the sharing conditions,
either fn(z) = Oor /1\z) = /I(2) for alln. If / () = 0. then {/,} is a constant
sequence, so that the family {/,} is normal 011 A(0,5), and we get a contradiction.
Thus, fnk)(z) = /12) for all 9, and {fhk)} is normaTon A(0,5). By Lemma 2.3, {/,}
is normal on [(0,5) since the zeros of {/,} have multiplicity at least k + 2, which
contradicts our assumption. Next, it follows from the assumption that for each n

(3.1) J« A Ned*) ) (z6 4'(0,5)

Hence, by (3.1) and Theorem A, {/,} is normal 01 4'(0,5).

If there exists a subsequence of {/,}, which we still denote by {/n}, such that
/,(0) oo for all n, then by (3.1) and /i(0) = 00 we have fnkz) h(z) on [4(0,<5).
Since the zeros of {/n} have multiplicity at least k + 2, by Lemma 2.2, {/n} is normal
on A(0.5), yielding a contradiction.

So, /«(0) = 00 for n large enough. We may assume that /n(0) = oo for all n. Then
0 is a common pole of fn(z) and h(z), and the multiplicity of /n(z) is at least | + 1.
Therefore
(3.2) /() O (2 € (o,ny).

Notice that fnk\z) li(z) and'fn\z) - h(z) 0 are not equivalent because h(z) is
meromorphic. Let Fn(z) = zlfn(z), 2 € 4(0,5), then F,(z) 0on 4(0,6) since 0 is
a pole of f n{z) with multiplicity at least | +1. Because {/,,} is normal on A'(0, S) and
is not normal at 2 = 0, by Lemma 2.7, the family {F,} is normal on A4'(0, ) and is
not normal at 2 = 0. Hence, by Lennna 2.1, there exist a subsequence of {Fn}, which
we continue to call {F,}, a sequence of points z, — 0. and a sequence of positive

uumbers pn —0, such that
(3.3) o = Aoy +tP*® U ()

on C, where g is a nonconstant meromorphic function. Now we consider two cases.
Case 1. zn/pn —00. We claim that: 1. () 0; 2. axUC) 1-Since Fn(z) 0

on A(0,5), for sufficiently large n we have yn(C) ® 0- By Hurwitz's theorem, either
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4(C) Oor () = 0. Since gis a nonconstant meromorphic function, Claim 1 follows.
To prove Claim 2, observe first that

A = -

i=o
= E_ "N >ux( ) bl T 1 % i,+i9 I
pn |

where F,(s) = PAn(£ IL)- Since -~ ; ¢ -» 0, we can write

(*+M )# (- +a.0 = E c;( ~)JI s i(0( i+ - +
j=0 2nl pn(>

(34 = A"(O +E 4i-rTM “"10 unIC)
- Zn W HN?

on C\y-"00), where G = (-1)H{1+ L) eee(/+ | - )C%( = 1,2,-WN ,*)»
Thus

/., r\ fn\zn+PnC) _ 2Zn+PnQIfn"\zn+ PwQ __  (fo/ \
N(n+ ) ¥+ p,C)
on C\g~I(o0).
Assuming " = 1, we obtain that () is a polynomial of degree k, which

contradicts Claim 1. Thus, <77~(0  1- Suppose that </*(Co) = 1, where @€ C. Then
by Hurwitz’stheorem and (3.5), there exist points Cn ~» @suchthat /« (zn+PnCn) =
h(zn + p,Qt) for sufficiently large n. By (3.1), we have zn + = 0, and hence
Oh= zn/pn— 00, yielding a contradiction. Claim 2 is proved.

It follows from Claims 1,2 and Lemma 2.4 that g( ) is a constant, which contradicts
the fact that g is a nonconstant meromorphic function.

Case 2. zn/lpn - oo. Taking a subsequence if necessary, we can assume that
Zn/pn -* ct, where a is a finite complex number. By (3.3), we have on C

m o lc',%inprc)l «» (( -Pr? m -

Setting G,(C) = I.I.Ln& P, we have on C\{0}

(36) G,C) = .1 £+gC a. GO
pn S 4

Clearly, G(C) 0. Otheiwise ( - a) = 0, implying that g( ) = 0, and yielding a
contradiction.
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It follows from (3.2) that Gn(0 ¢ O for sufficiently large n. Hence by maximum
modulus principle, the relation (3.6) also holds on C. Thus, 0 is a pole of G «) with
nndtiplicity at least/ + 1since 0 apoleof/,( ) with multiplicity at least | + 1.

Now, we claim that: 3. G(C) d® 0; 4. G(C) — 0.

Observe first that Claim 3 follows from Hurwitz’s theorem. Indeed, since G ,«) 0
for sufficiently large n, by Hurwitz's theorem, either G(C) = 0 or G(C) ¢ 0. But
G(C) = 0 contradicts the fact that g is a nonconstant meromorphic function, and the
result follows. To prove Claim 4, observe that by (3.6) we have

* g<>(0 - / N _
In view of (3.2), for sufficiently large n, we can write
(37 O<*)(0-27 = - 4 ) - A'MIkM 1 ..)*0.

Also, on G\G 1(oo) we have

(3.8 Gjf(0 1 —1G<*)(01
Next, by Hurwitz's theorem, either GA(Q - i = OQor G~( ) —T1r ® Oon
C\G 1(00). 1f GMN(C)— = 0on C\G- 1(00), then we conclude that G » (C)~ =

on C. (Otherwise G*(£0) ~ 1 ® ®f°r @€ G_1(00). But GA(C) —"--"Oas™-"Co
since G~x(00) is discrete, yielding a contradiction). This contradicts the fact that 0
is a pole of G(C) with multiplicity at least | + 1.

Thus, G~ (C)— ® 0on C\G 1(oc). Since 0 is a pole of G(C) with multiplicity
at least | + 1, we conclude that G *(C) — ® Oon C, and Claim 4 follows.

It follows from Claims 3, 4 and Lemma 2.5 that G( ) is a rational function. Finally,
in view of Lemma 2.6, we conclude that G*(C) —jt has at least one zero, which
yields a contradiction. a
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1. BeegeHue

CTaTbsa NOCBSLLEHA U3YYEHWUI0 CBOICTB NPOM3BOAHbIX MHOTO3HA4YHbIX OTO6Gpaxe-
HUA 1 OTbICKAHWIO AOCTATOYHbIX YC/IOBUIA, MPU KOTOPbIX CYL,ECTBYIOT NPOM3BOAHbIE
MHOTFO3HaYHbIX OTO6PaXeHW, rpathmkn KOTOPbIX ABASAITCA WwaTpamu BonTAHCKOro
pasnuyHoin rnagkoctu (2], [3]). MonNbITKN AaTb pasMyHble ONpeaeseHnst NPOU3BOA-
HOW MHOr03Ha4YHOro 0TOGPaXeHWa NPeaNPUHMMAN OYEHb MHOTUE YUEHbIE: CPean HUX
Xykyxapa, embsAHOB, Py6uHoB, MweHn4YHbIi 1 MHOrme gpyrune. OfHaKo MCMNoMb30-
BaTb KacaTefbHblli KOHYC K rpadhuky 66111 H])CAN0XCHbI HE3aBMCUMO B ABYX paboTax:
K. M. O6eHom 112| n E.C. NMonoBuHKMUHbLIM [8]. B paboTe |17| Takxke Mcnonb3yeTcs
yKa3aHHas Bbllle KOHLEeNLUs Npon3BoAHOM B KOTOPOI KacaTefbHbI KOHYC K rpadiunky
oTobpaxeHuns BbibupaeTcsa B BuAe HeKkoTOoporo wartpa bontaHckoro. B pa6otax [7],
[9] BBOAATCA NOHATUA NPON3BOAHBIX MHOTO3HAYHOTO OTOGPaXeHUs, onuparoLmecs Ha
pasnnyHble KacaTesibHble KOHYCbl K rpaduky oTobpaxeHus. B yacTHoCcTu, BBEAEHO 1
N3YYEHO NOHATUE PErynsapHOro KacaTenbHOro KOHyca, passuBatoLlee NoHaTue warpa
BontmMckoro. OTMeTUM Takxe, 4To B pabotax |5|, |6] b. H. MweHWYHbIM pa3BuBa-
eTcsa MeTOf WaTpoB W YCMNELWHO NPUMEHAETCH K 3ajadvyam Hernagkon onTuMusaunu.

B HacToflWwen cTaTbe paccMaTpuBaroTCs 4OCTaTOUHbIE YCI0BUSA, NPU KOTOPbIX MHO-
ro3HayHoe oTobpaxeHne CoAepXnUT HENPEpPbIBHbIE OAHO3HAYHbIE CeneKkunn, Npons3Bos-

Hbl€ KOTOPbIX MO HanpaB/ieHUAM coaepxXartca B MHOr03Ha4HOW I'IpOI/I3BO,C|,HOI71. 3apava
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P. 1. XNYATPAH

CyLlecTBOBaHNA Ceniekunii MHOro3HauyHblX OTOGpaxKeHuii, obnajawwmux onpepeneH-
HbIMW CBONCTBaMM, BECbMa UHTEPECHa W HaxoguT pa3Hoob6pa3sHble NMPUI0XeHUN BO
MHOTrMX obnacTax maremaruku. B yacTHocTh, 3ajaya O CyWwecTBOBAHWUW HenpepbiB-
HOWM cenekuuy MHOTO3HA4YHbIX OTOOGPaXeHuid, BoCcxoasallas K KnacCcuyeckoin Teopeme
9. Maiikna ([13]) (nonyHenpepbiBHOE CHU3Y MHOro3Ha4yHoe oTo6paxeHne C BbliNyK-
NbIMU 3aMKHYTbIMW 3HAYEHUAMU [0NYCKaeT HEeNpepbiBHY Cenekuu), nonyymna B
JanbHelileM WMPOKoe pas3BUTUE N MHOTOUYUNCTIEHHbIE MPUTOXEHUA.

MprBedeHbl HEKOTOPble CrneuunasnbHble KNacCbl MHOXECTB, 415 KOTOPbIX Nnokasa-
HO, YTO KOHTWHIEHTHbI/i KOHYC K HUM ABAAKTCA CTPOro AnddepeHunpyemMbim Lwa-
Tpom (Teopembl 2.1, 2.2). loka3zaHa TeopemMa 0 nepecevyeHnn cTporo auddepeHumnpye-
MbIX WaTpos(Teopema 2.3). CnefyeT OTMETUTb, YTO COOTBETCTBYIOLNE TEOPEMbI ANA
rnagkux nokanbHbIX WAaTPoOB Aoka3aHbl B paboTax [3], (5] (Teopema 1.4, 82, rnasa 5,
cTp.205).

O606ueHa knaccuyeckas TeopeMa 0 HeIBHbIX (DYHKUMNSAX ANS CUCTEM HEpPaBEHCTB.

B 84 ycTaHOBNEH OPUTUHANbHbLIA pe3ynbTaT: ecin a- MHOro3Ha4yHoe otobpaxeHune
C BbIMYK/AbIM 3aMKHYTbIM rpaukom, TO CyLlecTBYeT Cefekymsa 3aToro oTobpaxeHus,
yAoBneTBopstoLlan ycnosuo Fenbgepa ¢ KOHCTaHTol 1/2 (Teopema 4.1).

B cTtatbe NPUHATHI U3BECTHbIE ONnpefesieHns U 0603HaYeHna BbINMYK/OI0 aHanmsa.
O603Haunm 4yepes Be(x) 3aMKHYTbI wap paguycae > 0 ¢ LEHTPOM B Touke X € J1";
< n,it >- ckanApHoe npoussegenue BEKTOPoB v,u 6 Rn. M —3ambikaHNe MHOXecCTBa
M. MycTb a°a(x)~ cybanddeperHunan Knapka (cm. |4), onpegeneHne o606LWeHHOr0
rpaguenta, 82.1, rnasa 2, cTp. 34) dpyHKuuu g B Touke x. Ecnm a : Rn -> R2"-

MHOro3HayHoe oTo6paxeHune, TO
graf(a) = {(x,y) 6 Rntm :y e a(.1)}, dom{a) = {i€ Rn:a(x) O0}.

OpHo3HavyHoe oTob6paxeHue y : RP -> R"1Ha3biBaeTcsa cenekynein 4N MHOTO3Ha4yHO-

ro otobpaxeHus a, ecnm y(x) € a(x) x € dom(a).

Onpepgenexnne 1.1. [14]. TlycTb M- NOAMHOXECTBO npocTpaHcTBa A". Torga

MHOXECTBO
M° ={x€ M :Vy6 A/Ax+ (1 A)ye 1/, VAe (0,11}

HasblBaeTCcs A4pOM 3BE34HOCTU MHOXecTBa A/. Ecnu M° 0, To M Ha3sblBaeTcs

3Be34HbIM MHOXecTBOM. EcnmintM 0 0, To M Ha3blBaeTcs 3BE€3AHbIM TE/IOM.
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O MPON3BOAHbLIX MHOTO3HAYHbLIX OTOBPAXEHW
Monoxum p{x, M) = inf{\\x-y\\:y 6 A/}, Prm(x) = {y € 1/ : \\x-y\\ = p(x.M)}.

Onpepenexuve 1.2. [7]. KOHTUHTEeHTHbI KOHyCc KM (x0) ana J1/ B Touke xo e A/

onpegenseTcs cneaywwum o6pasom:
KVOoO) =limdaap-- - — = {X € " : Ury=infigbs /1 1(M - xo)) = 0}.

T.e. BekTtop x G K'm(x0), ecnu gna nwbeix o > 0, e > 0 cyu cCTBYWT 1 €

Be(x), h G(0,a] takme, uTo x0 + /w € N/.
MpuBenem onpepenexHne watpa (cMm. |2|, onpegeneHue 34.1, 8§89, rnasa 4, cTp. 278).

OnpepgenerHne 1.3. KoHyc K C KM (x0) HasbiBaeTcs waTtpoMm ansi M e x o€ M,
ecnu cyu,ecTByeT oTo6paxeHue r, OnNpeae/neHHoe O HEKOTOPOW OKPECTHOCTH

HYyNns, Takoe, 4To
rfx)
X0+ X +r(x) € Al, ecm x€ K || Uwu fpjj— >0 npn x —0.

WaTtep K Ha3biBaeTCs AUMNWULEBLIM, €CAM T ABMSETCA NUNWMNLEBLIM OTOGpaxe-
Huem. llaTep K HasbiBaeTcsa CTporo auddepeHuupyembiM, ecim T cTporo aude-

peHuupyemo B Hyne, T.e. gna nwboroe > 0 cywecTtByeT 6 > 0 Takoe, 4TO

[Ir(*T) - r(xn)]|| < e||x7 - || VxI',x£ € Bs(0) C

B panbHeliwem, ecnn a : in — >2n" MHOro3HayHoe oTo6paxeHue, rpacuk KoTo-
poOro ecTb BbINYK/bl 3aMKHYTbI KOHYC K, To nonoxum a*(y*) = {x* : (—x*.y*) fc
K'}, rope K* = {r* € Ru+,n :< r*.mu >> 0Vu € A'} (cm. onpegenebine nokanbHoO
conpsxeHHoro otobpaxenus B [5], 8§82, rnasa 3, cTp.102). B ganbHeiwem Ham noHa-

,CI,O6F|TCFI cnegywoune pesynbrathl.

Teopema 1.1. |17] Myctb M C A"- 3Be3gHoe Teno u xo € A/0. Torga KoHyc

Km(x0) = con(M —xo0) aBnaetca watpom gnasa A/ B Touke xo- 3aecb

con{M - xo)={y € 4" :y=A(x- x0),x € A/,A> 0}.

Teopema 1.2. (cnegcteue 1 Teopemsbl 3.1 [10]/ MycTb MHOro3Ha4dyHoe 0To6}0.Ke-
HMe a : " — >2Rm C BbINYKAbIMW 3aMKHYTbIMW 3HAYEHUAMMN AMMAWNLEBO HA KOM-
nakTHOM MHoxecTBe E C 1", T.e. cywecTByeT yncnoL > 0 Takoe, 4TO N06bIX
Xi,X26 E umeeT mecTo BkaoueHne a(xi) C a(xo) + L||xi —X21|4i(0). Mpegnono-

XuUM Takxe, uto f a(x) ¢ 0 x € Tbi<?a pna nw6oro (xo,yo) € graf(a), xo €
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E cywecTByeT AuNruMueBo otobpaxeHue y(x), onpegeneHHoe Ha E, takoe, uto

y(*o) = U Y (x) € a(x), xeE.
2. Ll aTpbl n NnponsBoaHble MHOFO3HAYHbIX OTO6pa>XeH Ui

MycTb @a: RN —»2 "' MHOrosHayHoe otTo6paxeHue H (xo,yo) 6 graf(a).

Onpepenenune 2.1. Nyctb K C Kparal(@hbl , yQ-3aMkHYTbI i KOHYc. K-npousBogHoii
0T MHOro3HauyHoro oto6paxeHus a B Touke ero rpaguka (xo,Yo) € <?ra/(a) Hasbl-
BaeTcsd oTobpaxeHne D Ka(xo,y0): R" —»2n Buga

D Ka(xo,Y0)(x) = {y € A : (x,y) GK}> & B.n.
B panbHeiiwem, ecnn K —A'ffra/(a)(x0,J/0), TO monoxum

D K»*f<) (z0) s D Ka(x0,yo).

OnpepeneHue 2.2. (11). MHorosHayHoe oTo6paxeHune a HasbliBaeTCs MCEBAONUMN-
wuueBbiM B Touke (xuy.yo) € yraf(a), ecnm cyu,ectByroT okpecTtHocTu V n U co-

OTBETCTBEHHO ANA TOYEeK Yy, M X0 N KOHCTaHTa L>0 Takume, 4ToO
axi)ynm »~ - a(12n+ -*2117i(0) Vxi,x2 GU.

B panbHeliwemM MHOrosHauyHoe otobpaxeHume a0 : Rn — » 29  oHpepgensieTcs no

npasuny: a°(x) = {y GRm :(x,y) G (</ral/(a))0}, x G A".

YTtBepxpgeHune 2.1. Myctb a: RN —2n1T7- oTo6paxeHne co 3Be34HbIM N 3aMKHY-
TblM rpadukom. Mpegnonoxum, 410 (x0,yo) Ggraf(a®) nxo Gint. doin(aQ. Torga
y G D*»re'<®°>(zo)(X) B TOM M TONbKO B TOM c/iy4yae, ecnm

. ( +

aio a
Loka3atenbctBo. CornacHo Teopeme 3.2(17] MHOro3HauyHoe oTo6paxeHue a HceBAo-
nuviiwnuyeso B (xo,yo0) Ggraf{a) n cneposatenvHo, B cuny npegnoxexnus 3(71 y G

D K»rafw (zo)(x) Torga n TonbKo TOrga, Kkorga

I|r<r3>i|0nfp( do + e<1<H|:>»0) = o.

Jonyctum, uto «1 < . TOCKONbKY rpadhuk oTOGpaxeHUs a SIBNSEeTCS 3BE34HbIM

MHOXeCTBOM, TO

zéa(xo + o) + (1---—--- MHoCa(— (xo+ «rx) + (L - —)xo0) = a(xo + &.
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O MPOU3BOAHbLIX MHOTO3HAUYHbLIX OTOBPAXEHWN

OTcloga cnegyet, 4yto oyHkuum a -v p{y, (a(xo + ax) - yo/a)) HeBo3pacTaeT. Cnego-

BaTesibHO,

HwobaL ?2)-«,), LIT/KBi«<«»m*s??2-m»))= 0.
aro o a40 o1

Cneactene 2.1. MycTb y(x)- audpdpepeHumpyemas no HanpasieHWo cenekuua ans

a Takaf, 4To y(x0) = yo- Torga

y'(xo,x) € £ /CBre/(">(x0,Y0)(X) VX € A".

CnepcrtBue 2.2. MycTb oTo6paxeHuWe a € BbINYKAbIMW 3HAYEHUSIMU YAOBNETBO-
pseT BCeMm ycnoBuam npepnoxexnua 2.1. Torga gns nwboro x € A” MHOXeCTBO

D Kg™n*) (xu, ¥0)(x) BbiNykno.

[okazaTenbcTBO. [0 NpeanonoXeHUto MHoxecTBO a l(a(xo + ax) —yo) BbINyK/oO.
OTctloga cnefyeTt, UTo pyHKUNUA v —plv, £ *2£ 1) Bbinykna. Tak 4to Ans no6bIX

/i € [0,1]m », € DKsal(a)(zo)(™) nmeem

Inn \+ (1 2,0 —- — — —
Innp(uvy + (1 pju 3 ) <
0+ - 0+ 0
a0 ax) Yo i1 - siytrp(ye 2022 Y0,
alo a aio (e]
CnepoBatenbHo, uv\ + (1 —p)i2 € £**-/<«>(x0,Yy0)(X). |

OnpepgeneHne 2.3. |1] ®yHkyna g : Rn — R HasblBaeTcs cTporo auddepeHympy-
emMoil B ToUkKe Xg, ecnu gna nwbéoroe > 0 cywecTByeT OKPECTHOCTb V TOUYKU XO

Takas, 4To
91¥) - 9(z)~ < 9Neo). Y- r >|<el|ly- z\ Vy,zeV,

rae <,(x0) rpagneHT PYHKUUM g B TOUYKE xq.

Teopema 2.1. MycTb
M {x € Rn:g(x) <0}, ©M = {xe ¥ ": y(x) = 0},

roe g ctporo guddepeHuympyemas yHkuma B Touyke xo, fA(xo) = 0 u a'{xo) @ 0.
Torga nognpoctpaHcTBOH = {x 6 Rn :< y'(x0),x >= 0} n nonynpaHcTtBo n/(x0) =
{X € Rn < g'(x0)fx =<0} aABnsAwTCcA cTporo AudepeHuMpyemMbiMi WaTpamu aas
MHOXeCcTB A4M MM B TO4Yke X0, COOTBETCTBEHHO.
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P. A. XAHATPAH

OokazaTenbcTBo. CHauyana goKaxem nepBoe yTBepXAeHWe TeopeMmbl. MOCKONbKY
1/4*0) @ 0, To HailgeTcs TakoW BekTop W, [Jw|] = 1, yto < pa'(x0),w >< 0. Tak

Kak g cTporo auddhepeHumpyema, To cyuiectsyeT hyHkuma A(x) = o(x) Takas, 4to
(2.1) A(x0+ x) = g(x0)+ < g\x0),x > +4A(2).

Monoxum w(A) = sup{R(x): |[X|]| < A}. OueBngHo, 4To wW(A) MOHOTOHHO HeybbIBaeT

nun(A)/A “m0npn A->0un A(x) <w(|x|]). Ecoux € A ny > 0, To U3 (2.1) nonyumm
</(X0 + X+ [<|fi||jy>) = n(x0)+ < g\x0),x + Xp|-w > +A(x + [i]|x||w) <

< WA < gi(xo),iy > +w([[x[[(1+/ilu>[])) = [Ix]I(a < gf(xo),w > +

| w(IWI(1 + m1HD) 11

Bbi6epem <5 > 0 HACTO/IbKO MasibiM, UTOGbI BblpaXeHne B KPYr/biX CKOBGKax cTano

MeHbLle, yeM 1/2p. < g'(x0), w > korga ||x]| < . Tatw uTo

(2.2) pa[xo+ X+ pglxtw) < 1/2u\\x\ < </(x0),w >< 0,Vx 6 A4 Q By (0), x® 0.
AHasIorM4yHo, cyuiectsyet Takoe umcio 5 > 0, yuTto

(2.3)g(xo+ X- /X|px|jro) > Onpu x GA Q Bs.j(0), x ® 0.

Monoxum S= T1in{6\,<5}. Ana cdumkcnpoBaHHorox € A4  Apn(0) paccmoTpum PyHK-
uuio q(x.0) = a(xo + X+ M||x|[ro) na cermente [—a./i]. U3 cooTHoweHui (2.2)-(2.3)
cnepyet, uto a(5,u4) < 0, q(x, —) > 0. CnepgosartencHo, cyuwectsyeT 0(x) G [, u]
Takas, 4to q(x,0(x)) = 0. Tenepb nokaxem, 4To To4yka O(x) onpegenseTca OAHO-
3Ha4HO. NS 3TOro cHavana 3aMeTuMm, 4To AN PUKCMPOBAHHOIO X dyHkuusa q(x, 0)
MOHOTOHHO y6bIBaeT oTHocutenbHo 0. [leicTBMTEbHO, MOCKObKY 4 CTPOro gudde-
peHuMpyeMa B X0, TO A/l 3afjaHHoro e < | < A'(x0), W > | 1 4ocTaTOUYHO Masbix X ® 0

nveem

Um supiiM +IbiM =
rAO T

= liraBup g(*o + * + (0O+ T)Ux|H - a(X0+ x + 0\\x\\w) <
TiO I
< I*1(< »'(*o),w > +e) < 0
OTclofga cnegyet, 4To hyHKUMS (X, 0) MOHOTOHHO y6bIBaeT OTHOCUTENLHO O U cnepo-
BaTenbHo 0(X) onpegensetcsa ogHO3Ha4YHO. 3ameTuM Takxe, 4yto 0(1) -> 0 npm x ->

0. Tenepb onpefenum otobpaxeHue r cnegyrowmm obpasom: r(x) = p(x)w Vx € A",
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O MPOWN3BOAHBLIX MHOTO3HAYHbLIX OTOBPAXEHWN

roe pOk) = O(Pr,(r))[|Pr;,(x)||. Mo onpeagenexHnto 1 A4NA A0CTaTOYHO Manbix X € H

nmeem f(xo + 7 + r(x)) = 0. HeTpyAHO AoKa3aTb Takxe, 4To

1->0 jjl
HakoHel fgokaxeMm, 4YTO OTOGpaxeHUe r CTPoro gudpdepeHypyemo B Hyne. Ans nio-

6oro e > 0 HaligeTca S > 0 Takoe, uYTo AnaA nNbbiIXx Xf,x26 11 C\Bf{0) nmeet mecto
I < g'{xo0), (p(xT) - p(xi))w > | = \B(x0+ ¥YI+ p(xr)w) - g(x0+ + p(35)tr)

- <A'BLXT - W+ (p(xM) - pld Yw > I <e(lxf-* || + [Jwlllp(x)  p(xE))-

Mockonbky | |( = 1, TO oTcloAa NoAyyYum
VT ) - p(T)h <
Tenepb ecnn xI', x j € Bs(0), T0

b plWw I < 1<s,(x0) w>1 - PraNe)|| <

I |<® '(*0),«>>|-£B I LWL
MepBoe yTBepXxAeHne TeopemMbl fokaszaHo. Onpegenum otobpaxeHne V cnegyowmm
o6pasom: p(x) = r(PrJj(x)) = a(x)w Vx 6 4n, rge a(x) = p(Pr]J(x)), PrdJ-
onepatop NpPoekTUpoBaHnUs Ha A No HanpasfeHuto BekTopa tv. MycTb 0-yron, Mexay
BEKTOPOM W M nognpocTtpaHcTtBoMm |l. Torga gnsa nw6oro x,y € A” cnpaBegsvneo

HepaBeHCTBO

fefe)-PrLLII/I<114 - »

T.e. oTo6paxeHue xfi cTporo audphepeHuympyemo B Hyne. lonyctum, 4to X € Km (x0).
Mcnonb3ys Teopemy 0 CpefiHEM 3HAUYEHUW ANA NUHLWNLEBOW PYHKLUN, NONYUYUM
(2.4)

OX(I+ =<+ (X)) = y(x0+ x + (x)) - A(xo+ Prju(t) + d(T)) =< y*,x- Pry(x) >,

roey* € 0° (), Q-HekoTOopas To4yka M3 oTpeska [xo + x + tp(x),x0+ Prjy(Ir) + c{x)).
Ecnn X € A'ny(.10), TO gnsa Hekotoporo A(x) > 0 nmeem x - PrjJ(x) = A(X)b». Tak
Kak oTobpaxeHue 'na°(x) nonyHenpepbiBHO cBepxy u < a'(xo),w >< 0, To0 n3 (2.4)

cneayet, YTo AN [0CTATOUYHO MasbiX X € KM (X 0) MMeeT Mecto HepaBeHCTBO

a(xo+ X+ d{x)) = A(K) < y*,w >< 0.
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Teopema 2.2. NMyctb = {X € Rn:£,(x) < 0,r6 /}, roel- KOHEYHOE MHOXECTBO
MHAEKCOB, yHKUMmM A,(x) cTporo gudpdepeHunpyembl B Touke Xo € [1. MNpeanono-
XWUM, 4TO cyu,ecTByeT BeKTop W, |[u»]] = 1 Takoili, 4yTo < g\(xo),w >< 0, Vr €

/(x0), rae /(x0) = {» € /: #(x0) = 0}. Toraa KOHyC
A'ii(x0) = {x € A" :<g\bl),1 >< 0, i € /(x0)}

ABNSETCS CTPOro AlwdepeHuympyembll watpom ans 11 B xo.

LokaszaTenbctBo. [Ans kaxporo r 6 /(x0) nocTpoum oTo6paxeHue ipi(x) = cbi(x)n),
onpefeneHHoe BG/M3U HyNs, Tak KakK Obl10 cAenaHo nNpu gokasaTenbCTBE TeOpeMbI
2.1. Taknm obpa3om Ana goctatoyHo manbiXx X € Ki = {x € Rn :< g (x0),x >< 0}
MMeeT MecTo HepaBeHCTBO: p(xo + x + ®i(x)) < 0.

Tak kak oTobpaxeHna cTporo gudppepeHunpyemsl B Hyne, To A4nsa nwboro <> O

HalmgyTcs Takue yncna &= 0, uto \
(2.5) INe (x) - r>iy)\ < 6]Ix - y\ npn  |x|]| < <5, |ly]l < » re /(x0).

O603Haunm a(x) = maxie/(Xn)a;(x), 0(x) = a(x)w. 6 = wini6aXo) 5. YunteiBas

COOTHOWeEHMe (2-5), umeem

[I0(x) - d(y)\ = K wax a*(x) - max or.(y)|] <
t *€/(*0)

el(xo)

< \/»i - V», < - < 6, < S
»@/% [[V»i(x) »WI < ellx- y[l npu ||x]| [yl

3HauuT, oTo6paxeHue rp cTporo andpdpepeHumpyemo B Hyse u Limy-»odp (x)/\\x\\ = 0
npu X — 0. OcTaeTtca gokasaTtb, UTo Xq + X + p(2) € M npu AOCTATOYHO MasibixX

X € A'n(xo). Nvweem
9i(*o + x+ "(x)) - 5,(x0+ X+ d(9)) =< dp(x) Pi(x),y* >,

roe y* € 0°#(0) a © HekoTopas Touka OTpe3Ka, CoOeUHSALLETO TOUYKN X0 + X + d(X)
n xo + X+ di(x). Mockonbky a(x) > a,(k) n < y*, ro >< 0, eciim X [OCTATOYHO
65113ka K Hynw, To uvmeem y,(x0+ x+ dp(x)) < M (x0+ x + p{(x)) < 0. UTak, ecnun x €
Ajj(x0) gocTtaTto4yHo 6/1M3Ka K HyN0, TOo Ansa Bcex i € /(X0) BbIMNO/IHEHbI HEPaBEHCTBA

YiXoT X+ i/>(x)) < 0, Mnoatomy Xo + X+ ~(x) 6 I.

Teopema 2.3. (0 nepeceyeHun cTporo AnddepeHunpyemsix watpos). MycTb Bbl-
nyKnble 3amMKHyTble KOHYCcbl K\ 1 K aBnawTca cTporo aunddepeHumpyemsiMy inatpa

MW COOTBETCTBEHHO ansi MHoxecTB M\ C RnuJ C Rn B Touke xq 6 M\ JV .
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MpennonoXxum Takxe, 4To
(2.6) K1 K 2=4".

Torga kKoHyc Q = K\ K ABnAseTtca cTporo AndepeHumpyemMsiM WaTpom K MHO-

xectBy M = Mi M2 B TOuYKe Xo.

[okazaTenbcTBo. CHauvasa NnoKaxeMm, YTO CyLLEeCTBYOT MOMOXUTEIbHO OAHOPOAHbIE
n aunwnuesble oTob6paxeHna M : A" —» Kb mAd" — » Kr Takue, 4to nwb60Oro
X € Rn nmeeT MecTo paBeHCTBO:

2.7 b= Px(x)- P2(X)VxTa”.

Monoxum a(x) = {y € A' :(y- x) € A*}. Vimesa BBuay CooTHOLlWEeHNe (2.6), nerko
3aMeTuTb, YTO a- MHOrO3Ha4YHOoe 0To6paxeHune ¢ BbINYK/bIM 3aMKHYTbIM rpacukom un
dorn(a) = A". CnepoBatenbHO, B CUNYy npegsoxeHun 2.4 n3 [17| cywecTsyeT Aniw-
LeBo, NONOXNTENbHO 0AHOPOAHOE OToOBpaxeHue i-\, Takoe, 4To Pi(x) € a(x) Vx 6 A".
Monoxum Pa(x) = Pi(x) —x. OueBngHO, 4TO oTOOGpaxeHue P2 nwwwnuieBo, nono-
XUTeNnbHO oAgHOpoAHO n P2(x) € A2Vx e A”. Takum o6pa3om COOTHOLWEHNE (2.7)

pokasaHo. NTak, cywecTtByoT ynucna Lx > 0, > 0 Takue, 4TO
LPi(ki) - PiOk2)|| < libxi - x2||, [[P2(xi) - P2(x2)|| < L2||xi - x2| Vx(,x2e A™.
Kpome Toro, nockosibky KoHycbl K u |l aBnawTCca warpamu, TO CyLW,ecTBYOT 0T0O6-
paxeHus
ViP) = o + x + 1,(X). - 0,0 - 1,2,
1
(oToGpaxeHus 74, i — 1,2 cTporo gnpgepeHumpyemMsl B Hyne) u ynucno 6 > 0 Takue,

4yTo ip,(Xx) € Mi Vx € Q Bf(0). Tenepb paccMoTpuUM crmeTemMy ypaBHEHWIA, 3anncas

ee B BEKTOPHOI chopme:

(2.8) q(x,y) = <pifx+ Pi(y)) - < ( + P2(y)) = 0.

Nwmei BBMAY COOTHOWEHNE (2.7), ypaBHeHUe (2.8) npuHMMaeT cneaylwnin sug;
(2.9) gx,y) = y+ (x+ Pi(y)) - r2(x+ P2(y)) = 0.

MokaxeM, 4To ypaBHeHue (2.9) yaoBneTtBopseT Bcem TpeboBaHusam Teopembl 2.3.1 o
HesABHbIX pyHKUmMax (cm. [1], §2.3, rnaBa 2, cTp. 161). JelNCTBUTENBHO, UMEEM

a) (/-HenpepbiBHOEe oToGpaxeHue n q(0,0) = 0.

b) Ana nw6oro e > 0 HanayTcs unucno > 0 1 OKPEeCTHOCTb HyNna Takue, 4TO

ecnm X6 u Ly < St, [ly"U < <5, 7o [lax,y) - ay") oy oyl <elly vyl
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CnepoBaTtenibHO, NO BblleyKa3aHHO TeopeMe cyuiecTBywT yncno C > 0, okpecT-
HOCTb V Hynsa u oTobGpaxeHune y{x). onpeaenieHHOe B 3TOW OKPECTHOCTU, Takue, 4To
9(x, y(x)) = 0wm |ly@@O|] < Cq(x,0) Vx € V. OTcioga cnegyert, 4To

(2.10) y(x)/||x|]] H?1 «xorga X -> 0.

Monoxum Tenepb

V2(x) = v?i(* + Pi(y(%))) = xo+ X+ P ,l0 )+ N (*+ Ny((x))) = xo+ X+ r(x),
roe »(*) = Pi(y(x)) + rie< + J1 (2(x))). B cuny (2.10) u Toro, uto n(x) = o(x), r(x)
obnajgaeT TeM Xe CBOWCTBOM. Tak kak K\,/ -Bbinyknble KOHYCbl , TO UMEeM

X+ Pi(y(x)) e A'b X+ P2(y(x)) GK2 Vx 6 Q.

[anee, nockonbKy KoHycbl K\ n K- aBnsitoTca niatpamMu cOOTBETCTBEHHO A1 MHO-

XectB M 1 M2. 70 npu goCTaTto4vyHo mManbix x G Q nmeem
V?2(x) = v\(x + P\(y(x))) = tp2{x + P2{y(x))) € Mi A .

OcTanocb foka3aTtb, YTO oTo6paxeHue r(x) ctporo auddepeHunpyemMmo B Hyne. Ans
3TOro0 A0CTAaTOYHO AOKasaTb, YTO TakoBbIM siBAfeTcs oTo6paxeHue 2(x). AelcTBu-
TenbHO, umeeM y(x) + ri(x + Pi(y(x))) —r2(x + P2(y(x))) = 0Vx € V.

OTclofa Tak Kak oTo6paxeHus r*, i = 1,2 cTporo gudpdepeHumpyemMbl B Hyne, TO
O0NA 3alaHHOro e > cyuwectByeT okpectHocTb U C V HynA, Takaa, 4To Ana Nw6bIX

Xi,X2 e n umeem
Uy(xl) YO H < Hn( T + Pi(y(xI))) - ri(x2+ Pi(y(x£)))|[|+
[Ir2(xT" + P2(y(xT))) - r2(x2+ P2(y(x2)Il < 2e(lIxI  xJl+ Clly(xr) y(xj)ll),
roe C = max{Li, L2}. OTcroga cnegyer, 4to
IX/(kT) - y(x2ll < - _22fCl|xr- X2II,

T.e. 0To6paxeHue y(x) ctporo an(l>depeHumpyemo B Hyne. Teopema 2.3 gokasaHa.

Cnepcteue 2.3. TlycTb MHOXECTBO M 3afaHO CUCTEMOI ypaBHEHUNA
Yi(x) = 0, i €/,

roe |- KoHeyHoe MHOXeCcTBO MHAeKkcoB. MycTb X0 € M un dyHkymm yx) ctporo
andhdpepeHuympyenibl B X0. MpeanonoXxum Takoice, 4To rpagueHTol A[(x0). i € | an-
HeliHO He3aBucuUMbl. Torga noanpoctpaHctBo N = {x € A" :< g*(x0),x >=0, 1 €
/} ABnsaeTca cTporo agnddepeHunpyembiM niaTpomMm K MHOXeCcTUyM B Touke Xq.
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3. O CYWECTBOBAHUN NMPON3BOLHOW MO HAMNPAB/NIEHWIO OT CENEKLUWNN

MHOTO3HAUYHbLIX OTOBPAXEHWWA

YTtBepxgaeHue 3.1. MycTb a : Rn — 2/1 - oinobpasiceHne co 3Be34HbIM 3aMKHY-
Tbl M rpacukom. Mpegnonoxum, 4yTo (xo,yo) € graf(a), xq € ini dom(a) n mMHo-
XecTBo a(a'o) orpaHuueHo. Torga dorn{DK»ra® ax#0,Y0)) = Rn u cyuecteyetr >

O Takoe, u4TO

(3.1) D Kw»ra'<a®>(x0,y0)(x) A4 DK"r'/M (xo0,Y0){x) + L||x||Bi(0) Vx € Rn.

[okazatenbcTtBo. CHauyasa Nnokaxem, YTO CYLW,ECTBYIOT OKPECTHOCTb BB(:ro) Touku

X0 N KoOHcTaHTa L > 0 Takue, 410
(3.2). a°(dlo) C a[x) + - x0[|Ai(0) VX € B$(xo).

Tak kak xo 6 int dom(a), To cywecTByeT yucno 6 > 0 Takoe, uTo Bs(xqg) C dom{a).

Ona X € Bs(x0) nonoxum

- K —XY , S . S
X = X0+ dr-m--m- — (1 — pmmee IX0 + Jo---maes- i1fx.
[|x - Xo X - Xoil I|x - Xoil
CnepoBartesnbHO,
il 0

OTcroga nonyyaem

1 LRI 1do

Tak uto gnda nwb6oroy G a(x),y0€ a°(xo) nmeeT MecTo BK/IKOUEHME

Yo Ii" Ig V Yo)-

Mockonbky, No npeanoxeHuto 3.1 us [17] oTo6paxeHne a orpaHUYeHo, TO OTcloga
Hemef/leHHOo crefgyeT cooTHoweHue (3.2). Tenepb gonyctum, 4to yo € a°(xo). Torga

ana ukcnpoBaHHoro x G MU goctatoyHo manbix 0 > 0 n3 (3.2) cnepyert, 4To
yo € a°(x0) C a(x0+ ax) + La]|x]||Bi(0).

OTcopa, Ana kaxgoro a > 0 Hainpgerca Takoin anemeHT yn € a(xo + ax), 4To
(y« - Yo)/a € L||x|[jBi(0). 3nauuT, cywecTByeT nocnegoeartensHoctb (ya, - yo)/an,
cxopsauwmiicsa Kk Hekotopomy anemeHTy Dyrnf{a)(x0,yo0){x). Taknm o6pa3om goka3aHo,
yto dom(DKar»M (xo0,y0)) = A". Tenepb goka3aTesnbCTBO BKAYewia (3.1) MOXHO

NPOBOAUTbL TAKUM Xe€ NyTeM Kak [0oKa3aTenbCTBO Teopemsbl 2 13 [7].
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CnepgctBue 3.1. MycTb BbINOMHEHbI BCe YCoBUA npegnoxerHba 3.1. Torga cyue-
CTBYeT MONIOXWNTE/IbHO OAHOpOAHOe oTobpaxeHne P @ A” — R"1u KOHCTaHTa

L > 0 takue, uto P(x) € DK»'a<*(xo,yo){x) u ||[P(X)||] < L||x]] Vx€ A".

YTtBepxgeHue 3.2. MycTb a : A" -¥ 2a"™*- oTtobpaxeHune, rpaduk KOTOporo fAB-
NnseTcs TaKOW BbINYKAbIN 3aMKHYTbIA KOHYC, 4To dom(a) = An. MycTb (xy,yo) €
graf(a) (xo ® 0). Torga cyu,ecTByeT HemnpepbIBHOE M MOMOXUTENbHO OAHOPOAHOE
oTob6paxeHne P : An -> Aw u koHcTaHTa L > 0 Takue, 4yto P(x0) = yo u

P{x) € a(x) n [[P(X)]] < b||x]], x 6 A".

[JokaszatenbctBo. M3BecTHO, uTO (cm. [11], Teopema 1, rnaBa 3, cTp. 136) MHOro-
3HayHoe oTo6paxKeHue a NosyHenpepbIBHO CHU3Y Ha A". M03TOMy coriacHo Teope-
Me Maikna cywecTByeT HENpepbIBHOE O0ToBpaxeHne z(x) Takoe, 4To r(xo) = you
z(x) € a(x), X€ A".

Onpegenum oTobpaxeHne P no npasuny: P(x) = J"U|2("x|"), ecnn x ¢ 0 u
P(0) = 0. NNerko BnAeTb, YTO P MONOXMNTENIBHO O4HOPOAHO M HenpepbiBHO. C Apyroi
CTOPOHbI, MOCKOMbKY rpadguk oTobpaxeHnsa a ectb KoHyc, To P(x) € a(x). Oanee,

ecnm
TaxieB||xoB(0) ||z(x)]|

lIsoll
Torga |[[P(X)|| < L||x|]| Vx € 4n.

YTtBepxpaeHune 3.3. NMycTb a : A" — 2a™- oTobpaxeHue, rpadmk KOTOpPOro SiB-
NnsaeTcs Takoi BbINYKAbIA 3aMKHYTbIN KOHYC, 4yTo dom(a) = An. NycTb (x0,yo0) €
graf(a) (xy 0) u ansa kaxgoro x 6 A” inta(x) ¢ 0. Torga cyu,ectByeT fun-
WwnUeBoe M NONOXNT&IbHO OgHOpoAHOe oToGpaxeHume P : A" — AT Takoe, 4To

P(x0) =¥Yo n P(x) Ga(x), X€ A".

Loka3zaTenbcTBo. B cuny teopembl 1 n3 [11) (cnepactBue 3, cTp.136) oToGpaxeHue
a nunnTtnyesBo Ha A" . CnegoBartesibHO OHO fAunnraueBo Ha komnakte E = /2uX(u(0).
MoaTomy cornacHo Teopeme 1.2 cyw,ecTByeT NUMNWNLCBAA Ceekuusa r, npoxoasawas
yepe3 Touky (xo,yo), T.e. r(x) 6 a(x), x € E, y(xo) = yo- PaccMoTpuM cHoBa oTo6par
XeHue P. onpegeneHHoe B npeasioxeHun 3.2. OHO NMHWKLEBO Ha A" (A0Ka3aTenbCTBO
3T0ro (hakTa MOXHO cAenatb TakuM Xe NyTeM Kak AoKa3aTesbCTBO npeanoxexus 4.2
n3 [17]). CnepoBaTtenbHO, oTo6paxeHne P ygosnetsopseT BceM Tpeb6OBaHUAM Halero
yTBEPXAEHUSA.
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YTtBepxpageHune 3.4. NMycTb a:dAn —2in - MHOro3Ha4yHoe oTo6paxKeHne c BbIMyk-
NbIMU 3aMKHYTbIMMW 3HAYEHUAMU U rpaduk KOTOPOro ABNSIETCS 3BE3AHbIM MHOXE -
CTBOM M nycTb (x0,y0) Ggraf(a®) nxqg Gintdom(a®).

Torga gns kaxpgoro (x,y) Ggraf{D K*r«i” (x0,Y0)) (x 0) HallgeTcs HenpepbIBHOE

M NONOXNTENbHO OfHOPOAHOEe oTo6GpaxeHue P Takoe, UTo P(X) =y u

P(X) § D Koaf(a)(xo,yo){x) Vx € H".

[JokaszatenbctBo. CornacHo Teopeme 3.2[17) oTo6GpaxeHue a NceBONMMULLINLEBO B
(x0.y0). CnepoBaTtenbHO, HO Teopeme 2 13 [7] oto6paxeHne D K*ra/(a) (xo,y0) yaosne-
TBOpAET ycnoBuio Slunwuuya Ha A". CneposaTtefnbHo, B CUY CNeACTBUM 2 npeanoxe-
HMA 2.1, OHO UMeeT BbiNyKble 3HaYeHUs. o u3BecTHOW Teopeme Maliikna cyuiecTBy-
eT HenpepbiBHOE OTO6paxeHue z(x) Takoe, uto z(x) = y, z(x) G D Ka™fM (x0,yo0)(x)

VX GRn.Monoxum

LI o) 1A 1aro-s

MoBTOpAA AoKa3aTeNbCTBO NpeAsioXeHns 3.2, Nonyuynm Tpebyemblii pesynbTar.

Teopema 3.1. MycTb a : A" — 2i'"- MHOro3HayHoe OoTO6paxeHWe C BbINYKAbIMU

3aMKHYTbIMW 3Ha4YeHUAMHU, rpaduk KOTOPOro ABNAETCHA 3Be34HbIM Tenom. MycTb
(xo,y0) Ggraf(n®),xo Gint dom(a ).

Torpa ans nw6oro (x,y) Ggraf(DA//<«>(x0,y0)) (k 0) cyuiecTByeT audpcpepeH-
Luupyemoe no HanpasneHuo oTobpaxeHue y, onpefeneHHoe B HEKOTOPOI OKPEeCTHO-

cTu V TOYKM XO Takoe, 4TO y(x0) = yo, y(x) Ga(x) Vx € V.

y'(x0jZ) GAMM(x0.iloK®) Vx€A”", y'(x0,x) = y.

[Loka3zaTtenbcTBo. B cuny Teopembl 1.1 koHyc A'fflny(u)(xo, yo) ssBnsaeTcs waTpom K
rpaduky oTobpaxeHuns a B Touke (X0, yo)- DTO 03HayaeT, 4TO CyL,ecTByeT oTobpaxe-
Hue r(z) = v(x,y) = (ri(x,y), r2(x,y)) = o(z), onpegeneHHoe B HEKOTOPOI OKpecT-

HocTu U Hyns, Takoe, uTo zq+ z + r(z) Ggraf{a) gnsa z G /v,/iy/(a)(20) Te-
Yo+ Y+ r2(x,y) € ax0+x + ri(x,y)) V (x,y) Girra/(a)(X0.Yo)N~

34ecb, BMecTo y noctasum P(x), onpegeneHHoe B npepgnoxexHun 3.4. MNocne nocra-

HOBKW ANA AOCTATOYHO MasnbiX X nNoayvynm

(3.3) yo+ P(x) + r2(x, d(x)) Ga(x0+ x+ (x,P(x))).
77



P. A. XAHATPAH

Tak Kak a aBnsertca ncesgonwwwlesblM B ToUke (k0.yo)* 1o n3 (3.3) cnegyet, yTo

HainpeTcs KOHCTaHTa L > 0 v OKpecTHOCTb Hynsa V Takue, 4YTO
(3.4) yo + P(x) + '/ (k,P(x)) £ a@ko + x) + b\\n (x, P (x))[|/?i(0) Vx £ V.
Mockonbky 1, (K, P{x)) o(x) n 20k, P(x)) = o(x), To n3 (3.4) cnepyert, 4TO cyule-
cTByeT Takoe oTobpaxeHue ra(k) = o(x), 4To

yo+ P(x) + r3(k) € a(ko + X) VK € V.

Takum obpasom, ecnu V = xo+V, To noN0XUM y(k) = yo+P (Ok—K0)+r3(k—xo), X €

V. JTerko 3ameTuTb, YTO OTOGPAXEHNe y YA0BNETBOPAET BCEM Tpe60BaHUAM TEOPEMbI.

Teopema 3.2. MycTb a : RN — 24 - MHOro3Ha4yHoe oTo6paociceHne U BbIMyK/blii
MMTCHYTbI KOHyc K C A"Vra/(n)Or(b Yo) sBnaeTtca cTporo guddepeHumpyembiM Wwa-
Tpom Kk graf (a) B Touke (k0,y0)- Mpegnonoxmm Takxe, 4yTo dom(DK a(xo,yo0)) =
Rn n gna kaxporo x £ A4” intD Ka(xo, Yo)(a) @ 0-

Torpga gna nw6oro (k,y) £ K (x ¢ 0) \

1. cywecTByeT nMNwWuLEBO OTo6paxeHne y, onpegeneHHoe B HEKOTOPOW OKpecT-
HOCTW V TOYKM X0 Takoe, 4To y(x) € a(x), Vx € V, y(xo) = Yo- CywecTtByeT
npousBogHasy (K0,X) Mo KaXXA0MYy HanpaBneHuto Xx. OHa nunuliLesa No nepemMeHHon

X Ha Rn n y'(x0,x) £ Oni(k0,yo)(x) VK € A", ?2/(k0,X) = V.

JokasaTenbcTBo. o npegnoxeHuio 3.3 cylwecTByeT NOMOXNTENIbHO OfHOPOAHOE U
nunwuuesoe otobpaxeHne P Takoe, uto P{x) € £5/ca(ko.yo)(x);, x € An, P(x) =
y. Tak Kak BbINyKNbliA KOHYyC K sABnsetca cTporo guddepeHumpyemMbiM LWATPOM K
graf(a) B Touke (k0;y0). TO cyw,ecTByeT cTporo gnddepeHynpyemoe B Hyne otobpa-
xeHue r(z) = ( (K y),r2(x,y)) = o(z) Takoe, uTo ANA AOCTATOYHO ManbiXx z £ K
nmeeT mMecTo BkoueHue: yO+ y + rr(k,y) £ a(xo+ X+ r\(x,y)).

MokaxeMm, 4TO ypaBHeHUE
ok, m) = m+rik + n,P(X+mn))=0

yaoBneTBopsieT BceM TpeboBaHNAM BbllleyKka3aHHOW TeopeMbl 2.3.1 13 [1] 0 HeABHbIX

dDyHKUMAX. LeACTBUTENIbHO, UMEEM

a) (/-HenpepbiBHOEe oTo6paxeHune n 4(0,0) = 0.

b) Ana nw6oro ¢ > 0 Hagytcs uncno S > 0 M okpecTHOCTb U Hyns Takue, 4To

ecmx £ Uwn | || <6 | "[] <6 1o MN(jx,u) - gq{x.n") —{n* —u"|j| - £/

n'll- CnepgoBaTeNibHO, COMNAcHO Bblleyka3aHHOl Teopeme cyuiecTBylT umucno C > 0,
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O NMPOU3BOAHbLIX MHOTO3HAYHbLIX OTOBPAXEHUN

OKpPeCcTHOCTb V Hyns n otobpaxeHune n(x), onpegeneHHoe B 3TON OKPECTHOCTH, Takue,
4Tto g(X,u(x)) = 0wn |nCx)|] < Cq(x,0), x € V. OTtcroga cnegyet, 4yto n(x)/||x]|| -> O
korga X —0. MoXHO goka3aTb(Kak 3T0 6bI/10 CAe/IaHO NPU JoKa3aTe/ibCTBE TEOPEMbI

2.3), uto oTobpaxeHue n(x) cTtporo audceperHympyemo B Hyne. NMonoxum h(x) =

Ok + n(x), POk + n(x))). OueBugHo, uto /i(kx) € K. CnepoBartefnibHO, Npn AOCTATO4YHO

MasnblX X
Yo+ Pk + it(x)) + F2(N1(k)) 6 a@k0 + x+ a(k) + ri(/i(x))) = a(k0+ x).
Mo3aToMy, ecqim MOMOXNUM
V = %0+ V, y(k) = yo+ POk -iu + n(k- %0))4-r2(/i(x - x0)) Vx 6 V,

TO N1eTKO 3aMeTUTb, YTO OTo6paxeHne y NMMNILINLEBO M YAOBNeTBOpseT Bcem Tpe6oBa-

HNAM TEOpeEMBbI.

Cnepacteue 3.2. TlycTb MHOro3Ha4yHoe oTo6paxeHue a 3afaHo Npu NMOMOLLU cu-
crneni HepaBeHcTB: o(k) = (y € Rm/ .y) <0. i €/}, rge |- KOHEYHOE MHOXe-

CTBO MHAOEKCOB.

MycTb(k0.yo) € graf(a) v dyHkyun git 1 6 | cTporo gudchepeHunpyemsl B
|xo Yo)mMonoxum /(xk0.yo) = {r G ~Yr(xo,Yo) = 0}. NpeAnonoxumm Takxe. 4To

cywectsyeTt BekTop W € Rn Takoii, 4to
(3.5) < piy{x0,yo0),bl >< 0, i 6 1(x0,yo0).

Mpwu ycnosuu (3.5) no teopeme 1.12 u3 [5| (81, rnasa 4, ctp. 140) ansa nw60ro k-

cupoBaHHOro X 6 Rn cucrtema
< 9iybl ,Y 0),Y > + < yi,(xo0,y0),Xx >< 0, »6 /()k0.y0)

paspewmma OTHOCUTeNbHO ¥y , T.e. intD Ka(x0,y0)(x) 0. Mpwu cpenaHHbIX Npeano-

NOXEeHUAX cornacHo teopeme 2.2 BbINYK/blli KOHYC
K= {(k,y) € RarA < a'v(xo0,y0),y > + < y*(k0,y0),x>< 0, «e /(x0,y0)}

aBnsietTcss cTporo andpcpepeHumpyemblM watpom k graf(a) B Touke (k0,yo)- Tenepb

MCcnonb3ys pesynbTaT Teopembl 3.2 NoAyyum cnegyloliee yTBepxaeHue.

Teopema 3.3. (0 HESABHbIX PYHKLUUAX AN CUCTEM HEPABEHCTB). MYyCTb BbINOMHEHDI

BbllleyKa3aHHble nNpeanonoxeHusa. Torga ana kaxgoro (Ok,y) € K, (x  0).
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P.A XAYATPAH

1 cyulecTByeT MUNWKLEBO OTOBpaXeHue y, onpeaenieHHoe B HEKOTOPOI okpecT-
HOCTM V TOYKM X0 Takoe, 4TOo Ai(x.y(x)) < 0, Vx € V, y{xo) = Yo >m
2. CyuiecTByeT npousBogHasy (xo, x) 110 KaX0My HanpaBneHuto x . OHa nunuin-

LEeBM NO nepemMeHHol X Ha Rn ny (xo.x) € DKa(xun,Yun)(x) Vx € 4", y (xu,x) = v.

Teopema 3.4. MNycTb a: R'1—»2/1 MHOrosHayHoe oTo6paxeHue, rpaguk KOTo-
poro ecTb 3Be3gHoe, Teno. MycTb K - kacatenbHblit koHyc Knapka(cm.\\\\, onpege-
nenve 3. fjl rnaeBa 7, cTp.397) K MHOXecTBY graf(a) B Touke (xo0,Yo) € graf(a).
Mpeanonoxum Takxe, 4to dom[Dha{xo:yo)) = Rn.

Torpga gns no6oro (x,y) € K(x ¢ 0)

1 cyuwecTByeT oTobpaxeHue y, onpefeneHHoe B HEKOTOPOl OKpecTHOCTU V Tou-
Kn Takoe, 4To y(x) € a(x), Vx€ Vy(xo0) = yo- 2. CywecTByeT npon3BogHas

y (X0.X) No KaxzoMy HanpasfeHuo X. OHW NUNWKLCBa No nepeniennoi X Ha Rn u

7 (x0,x) € DKa(xo,yo)(x) Vx 6 An, y'(x0,x) =y.

[okasaTtenbctBo. lMpu caenaHHbIX NpegnonoxeHnax no teopeme 2 |11)(85. rnasa 7,
CcTp. 418) MHOro3Ha4yHoe oTobpaxeHue a NceBAoNUNWMNLEBO B TOYKe (X0.Y0)- A no
Teopeme 4.3(17] koHyC K fBnAseTcsa .WHLWWLCBLIM WAaTpPOM K MHOxecTBy graf{a) B
srouke (0.yo). 3aMeTum Takxe, 4To Ana kaxpaoro x € An intD Ko{xq,20)(x) ¢ O.
Torga no npegnoxeHnio 3.3 cyLlecTByeT NUMLLMLEBO U MOMIOXUTE/IbHO OAHOPOAHOE
oTobpaxeHne P : Rn —» RmTakoe, 4to P(x) = y n P(x) 6 Dha(xo,Yo)(x) Vx € Nn".
Tenepb NOBTOPASA AoKa3aTesbCTBO TeopeMbl 3.1 nonyuynm Tpebyemblit pesynbtar. O

OTMeTMM, 4TO B BbllleyKa3aHHbIX NPeanNoXeHUSaX CYLLeCTBEHHbIM TpeboBaHMeEM
aBnsaeTca ycnosue: dom(a) = A”. No3ToMy BaXHbIM SIBNAETCA cnegyloliee yTBep-

XaeHue.

Teopema 3.5. MycTb «i : An —»2n , a2:4n —»2J1 — MHOro3HauHble oTo6pa-
XEHUS, rparky KOTOPbIX ABASIKOTCA TakMe BbiNyK/ble 3aMKHYTble KOHycbl K i, K
410 dom(ai) —dom(aj) = Rn. Mpegnonoxum Takxe, 4To intai(0) (0) @ Q.

Torpga dom(ai ) = A4n.

HdokasatenbctBo. Monoxum K = A'i K3, a(x) = cy(x)Nar(x), x € N1". B paboTte
|5] (cm. Teopema 2.2. 82) pokasaHo, uTo ycnosusa dom(ai) — A7, dorn(a ) = A*
3KkBMBaNeHTHbl ycnosusam aj(0) =  (0) = {0}. Tak kak intai(O) (0) 0, 1o

5151 HEKOTOPOro BekTopa M umetoT mecto: 1 € intai(0), n € a2(0). Moatomy, B cuny
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Teopembl 5.9 u3 [15], rnasa 5. cTp. 155
(O«) 6 intgraf(ax) graffa) = intl<\ B2

OTcioga, B cuny teopemsl 3.2 (cm. [5], 83, rnaBa 1) umeem K * = (K|FiK2)* = K\+K%.
Moatomy a*(0) = {x* : (-x*,0) 6 K* = I<[ + KE\. Dro 03Ha4aeT, 4YTO CyL,eCcTBYyOT
BekTopbl [x\,yl) € I<i/Ix2>Y2) 6 LWp* Takme, uto -x* = x\ + y\ + y£ = 0.
Mockonbky n € infai(0), To cywecTByeT okpecTHOCTb Bs(u), Takad, yto (0,v) €

KxVv 6 Bj(m). 3HauuT, < ®|,0 > + < yj,t/ >> 0, T.e.
(3.6) <yJ,«> + <yJ,w>>0Vu;€5*(0).

C L4pyroii cTopoHbl, NocKobKy (0,1) 6 k . o< U,»1 >>0, < wn,y2 >> 0. [ockosb-
Ky y* = —y£, To oTclofa cnegyeT, 4to < yj,u >= 0. YunTbiBas 3T0 U COOTHOLLEHWE
(3.6), nonyunm < Yi,rm >> 0Vd € Bs(0). OTcroga HemeneHHo cnegyet, uto yf = 0.

CnepoBatenibHo, y2 = 0. OKkoH4YaTenbHo, nonyyaem a*(0) = {0}.

Cnepcteue 3.3. MycTtb /i(k). i = 1,2,..., fc BbINyK/ble 1 NONOXUTENbHO OAHOPOA-
Hble OYHKL MK, onpefeneHHble Ha An a (k) NuHeHaa dyHkuusA. MycTb cywecTByeT
BeKkTop w Takoi , 4yto filw) < 0, r=1,2,...,k,g(w) = 0. Torga gna noboro Bek-

Topa x= (ai, ,.,a*+i) €4 +1 cuctema
{X%) < ai,t = 1, 2.....,fc, g(x) = Ofc+i

paspeLumnnia.

4. O CENEKUMAX MHOTO3HAYHbLIX OTOBPAXEHUN C BbIMYKAbIMW

SBAMKHYTbIMU TPA®GUKAMN

Teopema 4.1. MycTb a : A% 4 2/1"-oTo6paxeHne C BbINYK/IbIM 3aMKHYTbIM
rpachukom onpegeneHo B HEKOTOPOW oKpecTHOCTU U Touku xu. MycTb (ku,yo) 6
graf(a). Torga

1. cywecTByT uncnolL > 0 n oTtobpaxeHue y, onpefeneHHoe B HEKOTOPOI OKpecT-

HocTn U CU ToukKM X0, Takme, 4To y(x) € o(x), X € , y(xo) = Yo «
H/(*1) - y(@®2)] < ilPxi - w2||U2Vxix2e Zi.

5.CylecTByeT npom3BogHasy (Kp,K) Mo KaxAOoMYy HanpasneHuto x. OHO nunwmue-
Bamnox Ha A" ny (ko.x) € £*» R<B>(k0,yo)(k) Vx 6 A".
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NokasaTenbcTBO. PaccmoTpum oTto6paxeHne b: Ru 249 , onpejeneHHoe no npa-
Buny: 6(0k) = a(k) B\(Yo) Ve . Mockonbky a AsBNAeTCA NONYHENPEPbLIBHLIM CHU-
3y oToOGpaxeHnem, TO CyLecTByeT OKpecTHOCTb Q  Takaf, 4To b(x) 0Yx €

OTclofa b - BbiNyknoe oTo6paxeHne ¢ BbIMYKAbIMU KOMNAKTHBIMU 3HavyeHuamu. Cne-
[OBaTeNbHO, OHO AABNSIETCA NUNMLWLEBLIM OTOGPAXEHNEM C HEKOTOPOM KOHCTaHTON \
(cm. [5], Teopema 1.2. cTp. 100). 3Haunt, dom{DK»anb (o0, yo)) = Rn (cM. npegnoxe-
Hue 3.1). B cuny Teopemsbl 1.1 koHyc JI*ra/biONbY0) ABNAETCA WATPOM K MHOXECTBY
graf(a) n Touke (k0,y0)- Jlerko 3ameTutb, 4To K gra/(a)(xo,¥Yo) = K g,n/(b)(x0-Y0)-
OTcloga, cyuiectsyeT oTobpaxeHue r(z) = r(x,y) = (ri(x, y),ro(x,y)) = o(z) Takoe,

4TO ANA goctatoyHo mManbix (K,y) € Kgraj(a){xo, Yo) nmeet mecto BK/IYeHUE:
(4.1) Yo+ Y+ r2(x,Yy) € 60k0+ x+ ri(x,y))

Tak Kak bannwunyesoe oTobpaxeHne, To u3 (4.1) HemegNeHHO cneayeT, 4YTo ANA 3a-
AaHHoro e > 0O Haligetca & > 0 Takoe, 4To A NobbIX(K. y) € Kgraf(a)(x0iYo) Bs(0)

nMmeeT MeCTo BK/IKOHEeHUe:
(4.2) yo +y € 60k0+ x) + ey/\M 2+ [IYII24i(0).

3ameTum Takxe, 4To otobpaxeHue D Kx»Tdf @>(x0,y0) yaoBnetsopseT ycnosuw Jiun-
wwuua. MycTb r,-cencktop WreliHepa gna oto6paxeHus D Kerafia)(xo,yo). N3BecTHO
(cm. Hanpumep |10], nemma 2.1.4, crp. 192), yTo 37O OTOGpaxeHne yaosneTsopseT
ycnosuto Jimnwuuya ¢ HEKOTOPOW KOHCTaHTol . Onpegenum oTtobpaxeHune P no
cnepywowemy npasuny: P(x) = UxUrAw), ecnux / 0wun P(0) = 0. OueBNAHO, 4TO
P(x) G »oec(“>(k0, Y0)(x) Vk u P(AX) = AP(x) npn A > 0. MNokaxem, 4To 0T06-
paxeHue P ynoBnetBopsieT ycnoBuio JSlunwmuua ¢ HEKOTOPOW KOHCTAHTOM > 0.

LelicTBUTENbHO, MMeeM

IPOKT) - POkMII < IM (ze( )  z,(1jljj)) + \Xe{M - W W \- [px2l]) <

(4.3) < |5 | | - — jjl+ C|xF- X< (2 + C)||xF 1w\,

roe C = waxr6si(o) 1**(*)Il- N3 cooTHoweHnin (4.2)-(4.3) cnepyeT, 4To ANS KaxX[oro

£ > 0 HaligeTca &> 0 Takoe, 4TO

yo+ P(K) C b(xO+ x) + e™||x]|2+ ||[P(x)]||2Bi(0) C 6(x0+ x) + ec+ £,8||%||Bi(0)
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Vx G Bii(0). MycTtb y(x) = Prux)(y0o+ P (T - x0)). Ana kaxgoro X, ||x]| = 1 vnveem

SA11L111

Mo A v
OcTanocb gokasaTb, UTO OoTOGpaxeHue y yaosneTsopseT ycnosutwo lenbgepa. B pa-

6oT1e |15| (onpegeneHue 4(11), ctp. 134) onpefeneHo p- pacCTOsAHME MeXAy MHOXe-

ctBamun C n D cnegywuwmm obpasom:
<p(C,D) = inf{i) > 0:C Bp(0) C D + B,(0),D Bp{0) C C + 5,(0)}.

[JokasaHo (cMm. [15], ynpaxHeHue 7.67, cTp. 290), uTto, ecnv MHoXecTBa C 1 D- BblINyK-

Nble KoMnakTbl U y(X)- HenpepbiBHOe oTo6paxeHue Ha Bs(0), TO cyliecTByeT 4mcno

p > 0 Takoe, 4TO
IIPrcy(x) PrDy(x)ME 3* 2dJ/2(C,D) Vx € B6(x0).

Tak kak b- nunwuuesoe oTobpaxeHWe C HEKOTOPON KOHCTaHTOlM La M MHOXecTBO
b(x)- KOMNaKT, TO YAC/AO0 P MOXHO BblGpaTb HACTOJ/IbKO 60nbWwKM, 4To 6(X) C Bp{0),

X € Bs(xo0). NTak, ecnu xi, x- € Bs(xq), T0
[ly (xi) - y(x2)(| = [IPrb(xi)(yo + P (xI - X0)) - Prb(xs)(yo + P(x2- x0))|| <
< IIPre*,)(Yo + P (xi | x0)) - PreXi)(yo + P(x2- x0))||+
"BlIIPAb(xi)(yo + FP< - X0)) PrbXa)(y0+ P(x2- Xo))|| <
< 131U -1-211+ 3W % 1/2(b(xi),b(n)) < [Ixi xzI,/2(L3[|n - 12|,/2+ 3 (i,p)1/2)
< ((26)'2 + StLip)I"QI*! - »a||/a< 4*1 - **Hl/a.
rae 11 ((3«)'Aiz + J(Lirtlfl).

Abstract. The paperis devoted to the question ofexistence of directional derivatives

of selections of some set-valued mappings with starlike graphs.
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