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ABHOTALMA. [na fonycTHrOR NoCNEAORATENLHOCTH T OMPEASIRETCA OPTOHA]
MUPODAIMIAA CHCTEMA HY KYCa'tHO nunefiHbIx q)ylll(l[ll“ € HyneBbIM HITerpasnon
Ha . Haltnenn Heolxonumble M ZOCTARTO'IHBIE YCAOBHMA Ha T, KIs Toro, '1Tubel
COOTBETCTBYICIIAA cHeTena 6uina 6aaucam 5 H ().

MSC2010 numbers: 42C10; 42C25: 46E30.
Kniouesbie cnopa: Obian cucrema PpankinHa: cxoauMocTs; Ge3veioprasn daau«
IIocTL; npocrpauctoa LP.

1. BBEAEHHE

B pabGore (1] ppegeno nougtuc obwely cucremsl Opankanna na R Tam ke joxasa-
IL TEOPCMDl CXOAMMOCTH AJf 3TOR cucremel. Jiaa npeacrapieuns ey HacToamesd

CTaTbH, IPUBEAEM HEKOTOPbIE ONpe e/ IeHNA W Pe3yAbTaThl u3 paborn [1].

Onpenenenune 1.1. Hocredosameavrocmuy (pasbuerue) T = {t, - n > 0} nasoeem
donycmumoid na R, ecau T 6crody naomno 6 R u xexcdun monxa | € R scmpevaemncs

6 T ne boaee wem odun pas.

Mvers T = {t, : n > 0} aouycruman uocsedobarensHocts. Just 7 2 2 oGo3na-
anm T, = {¢; : 0 < i € n + 1}. Jonyctum m, noaydaercs u3 T, HeyGeisaouen
nepectalonkols: T, = {7 1 7 < 1%,,0 £ 2 € n}, 7, = T,,. Toraa ucpes 8, obosna-
uuM NpocTpaHcTBO (hyHKIMA onpefeneHHbLIX Ha R. xoTopele nuHednbr Ha (7" 77L | H
pasubt 1mymo sue (7§, Ty, ). fAcho. yro dimS, = n u Sa.1 C S,. Cnenonatensno
cyulecTByeT {¢ TOYHOCTbIO A0 3HAKA) eAMHCTBeHHAs bynkuus f € Sy, xoropas OpTO-
ronausha S, ) u || f|lz = 1. D1y dyukuuo vazopesm n-oil pyuxuned OpankinHa va

R cooTvercraylomeii pasbunenni 7.

MWeeneposanus eninonsess npu dirancernd nognepsikxke TKH MOH PA B pamkax waywHoro
npoexTa 13-1A0006
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[ I TEBUIKSH, K. A. KEPHH

Tin dukcuposannoro n ueped N 0 < i € n + 1. oboanauum B-cnnaiime coor-

BCTCTBYIOUIME Ty, T.€
1. korama t=1y,

AN (t)={¢ 0, korna ! € (—o0 77)U[7]. 00),
nunetuan va [, Y. y
n

l. xoima t=Tm
NP (1) =< 0, xorga € (—oo, 7| U [1],,00),

unchnan va (774,70 w o [ 7]

1, xorpa t=1,,

\l " = § n l B
V'.i(t)={ 0, xorma t€ (~o0 1‘,_:] U {75y, 00),
nuneiiRas Ha (71 7).
Heno, yto N € 5. 1 < n. 1 obpasytor Hasnc sTore npoctpacTra. OternHo
Taxke, uro N* € S, korma i = 0 nmo n + 1.

Onpeaenenne 1.2. Ofwor cucmema Ppunxauia {fa(z) : n 2 1} COOMBEMCINGY-

touian pasbuenuro T onpedensemces no npasuqy fi(z) = :_'&l'T‘\ll(T) udwn > 2
Nz
dynxuua f, ecin n-a% dynxuun Ppenxanne coormeemcmoyouas paabuenuo J.

1o oupeicienie IOYTH BOBTOPsIET onpeacnenue obiuel cuerenmbr PpaniciiHa Ha
0. 1] (enr [2] [4]). wacrHbin ciyuaeM KOTOPOro HENNETCs KJIACCHYECKAH CHCTEMA

Dpatkaana (ca. [6]

[Tpn uconegosannm ofwed cucremer @panxauna Ha [0, 1] BadkHy0 poab ceirpani
IOHSTHSL PeryIBIpIocTs toc/iepoBatensioctn T. 1A ODONsTHs 1AM HYXIILL TaKKe

npH H3vyenmn cucremb Ppankiuna Ha R.

Onpenenenne 1.3. Jonycmunmaes nociedosamenvrocms T Ha3EaeMCK CUALHO pe-

ZYARPUOL € NAPAMETPOM Y, ECAL

<+, danecer nz2 1=1,.,n,

3decv u datee AT =7 — 1] .

Onpcpenenne 1.4. Jonycmumas nocaedosamesvnocms T nasmeaemes peayaspyotl

N0 NAPAM € NUPOMEMPOM 7Y, ECAU

Alia+ Al
$ % %9 danecez n22 T=1,2 00—l
‘H»Il T A1v

Tak kax nocrieiopaTerbioeTs T Beloy NAoTHA Ha R, TO CHCTEMA { 1.} aBasercn
1101HOfA OPTOHOPMHPOBaHHON cuctenoft B L2(R).

B pabore [1]. v yacTHOCTH 10Ka38HO, wTO cuctema | [, )%, | npaneTcs 6a3ucom B

LP(R), 1 < p < oo 1 6eaycnosuuing Basucos 5 L*(R), 1 < p < co. JoxaiaHbl Taxmke
4




0b OAHON CUCTEME KYCO'HO JIMHERHbBIX ®VHKLUHA

TCOPEMBI O IOKAJILHO PaBHOMEPHORA cxoanmocTi psior Oypue-DOpankausa Henpepsis-
HbiX QyHRKIMA.

Onllﬂ’l(() cucrema {f,}22, He obpasyer Ganc H'(R). TaK kak wHTerpaiLl 3THX
hyHxumi orsntiHbE OT Hyast. CrpomGepr |7] OCTPOMS CHETEMY H3 Ky oo HO JIIHEAHbIX
by ki, obpayouux Geavesonnbifi 6aouc v ' (R). B nacroswest paboie anpee
JIAETCA OAHA CHCTCMA HY Kyco™no nHneAHbIX yHKUMA, onpeaeiscman 101y cTHMOR
uocHeaobateiasHocTbio T. Haxomnres Heobxoaumuie 1t j0crarouHble yeiosus Ha T
PH KOTOPBIX COOTBETCTBYIOWAR ciicTema 6yaet Gaaucon o H'(R).

Ycaosumea o llekoTopuix 0Go3natcusX.

Yepeu ¢, C,Cy, Cy, ..., 0603HAUAIOICH NOCTOHHH BIE IRHUCALINE TOJIbKO O CHUMX MH-
JEKCOB. 3HAIeHW3 3THX MOCTOAHHBIX B Pa3HbIX oprynax MorvT ObiTh Pa3HBIMH.
by orpeika { obosHauns vepea |f|. 3auucs a—~ b oananaer. uro cymecrsyior
NOIOAKHTEIBHDBIC IocTosiHEBle © M C, 1aknme yro ¢ a < b < C - a, a janucs a b
OJHAYAET. IO ITH MOCTONHHLIC MOI'YT 3aBmcerh oT 7y. Yepel xa(x) obosnaunm xa-
PAKTCPHCTIHOCKYIO (DYHKUMIO MHOXKCCTBA A.

PeaysabraTht Hacrosuefi pabors! 6e3 A0Ka3aTesIhCTB AHOHCHPOBAHBL B (5]

2. ONPEAENEHHME OBIUEN CUCTEMLI (PPAHKIIMKA H EE AP0 JIMPUXIE

Uepes SY ofosnaum MHOXecTBO YHKIMA H3 S, ¢ HyNeBky waTerpaiton. Scu
IO G S 581 .C 2 n dimS” = n — 1. Mosromy, nas n > 3. cymecteyer
eAMHCTRCHNAS (€ TOMNOCTRIO 10 3Haka) byuxansr Fl, € 82, co coficTanm: || F,[|; = |
n F, oproronansua S°_ ;. I1y dyHkumo Hadosem n-oft ¢ymxwtenn OpaHK KA ©

HYJI€BbIM HHTEIPAJIOM,

Oueanano, uro N ¢ 5% u nosromry Hyxmo wekats 6amc B S0 Obosnarmn

Rt
(2.1) A!,"(t):llN'—(l. i=12...,n
'\n + 1+1
Toraa fo MP(t)dt = 3, i =1.2, ., 0, u 1%
(2.2) Bl (t) = MM(t) - ML), t=1.2 .. n-1
Hyeem B € 32. Ouesuano, dyukus B2, 1 = 1.2, . n— 1, IKHCAHO HEIARHCHMBL H

noaromy obpasytor 6asuc B S

Onpeacncume 2.1. Cucmesa Ppaunauna ¢ nyseavniy unmepraasws {£,(t) - n
2} coomeemcmeyrowar pasbuenur T onpedeisemcn no npasuay Fy(l) l—,;- u
dax n 2 3 Pynnyun F,(t) ecmo n-ax Gnicyus pexriuna ¢ Hyaeeua uRme2paioa:,

covmeemcmsyiouias pa3buenuro T.
]




I. I TEBOYKAHH, K. A. KEPHH

Yepez D, (¢, 7) 0603HAIMM AAPO NPOUKTOPA M3 MPOCTPAHCTRA L'(R) B npocTpan-
cteo S?, e Dalt.7) = Y o Fa(t)Fi(7). Ovennano. D.(t,7) = Dun(r,t.)

Tlist necnesosanny sapa Jupixae Dy (1, 7). HAnomaim HEKOTOpLIE CUOACTBA HAapa
Tupixie Kn (1, 7) cicremur Opankauna { fn(t)}o2,, Te. Kn(t, 1) = Yopey fr(t) fi(r).

Seo. yro ecm g € S, 1o ¢(t) = fR Kn(t. 7)g(7)dr. llusToMy HMmeeT MeCro

(2.3) / Ka(t, 7)NM(r)dr = N'(t), t=1,2... n,
IR

KOTOpOe, ¢ yueToM THefnocTi yHKkuMi Ky (2, 7) no xaxaof nepemMenHofi Ha oTpe3-

kax (7. 7" | paBHOCHABHO
/ Ka(rf 7)NJ(r)dr = NM7g) = 8ir., xoraa 1 =1,2,...,n, =12 ...n
R

Vunrbimas muneAHocTs dynkumn Ky (-, 7) va smurepsanax [, 774 ], nonyuum

n
Kalt,7) = Y NMOKA(77. 7).
k=1

B pabote [1] wist K, (1, 7) 10Ka3aHBL CACAVIOUIE JJEMMBI.

Jdemma 2.1. [Jar scex n ut g5nONHREMCR

[ |Kn(t.7)dr < 3.
/R

Jemma 2.2. Jarndscezne N, u (g1 <k € n+ ] gnnoannomen

< i = 4

(2.4) [ (2. 7)< gl L8 - -

ITe41 — -1l
- ~N n n -

Je q FUTH=Tgy The2 - Toet1

Puxcupyesm n u ana yaoberea wyecro Da(t, 7), Ko (t. 7), NM(t), MI(t), B (1), 77,
A" bynem nucate D(t, 1), K(t, 7), Ni(r), M (2), Bi(t). 7, . Hockoauky Sﬂ COCTOMT

M3 KYCOMHO JTHAREfIHbIX GYHKUMM, TO

n n
(2.5) {t.7): Z D, 7 INJ(E)N;(r) = ZN,(t)D(T,J)
e j=1 i=]
T}
(2.6) D(n,1) = Z Di7i, 7, )N; (7).

=1
Buipaaum Di7,.7) yepea K(7;, 7). Ouesunno. D(r,, ) € §° u ono oaHo3HAYHO LNpe-
neaaeTca U3 yciosuf

(2.7) Dir,.7)Bulridr = By(r,), woran k= Wy b O
R
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OB OJHOA CUCTEME KYCOUYHO JIMHEAKBX ©VYHKUMA

(2:8) jR D(ri.7)dr = 0.

llockonpky pyuximn K(r, 7), i = 1.2, .. n, AuHeAHO HEIABMCHMLI M NPUIA LICKAT
8u. 10 D(7,, T) MOXKHO HCKAThL B BH.1€ CYMMbI )::=| a\ K (7, 7), rae a) uckomme Yuca.
YOcaumcs, 4T0 npu noaxociawem subope uuce a, s

n
(2.9) D(r;,7) = K(7,.7) — a, Z K(r,,7)(% + A1)

=1
suinoausiorcn (2.7), (2.8). deActeutenpro. aas moboro a,. U3 (2.1) - (2.3). nueen

/D(T“T)Bk(f)d‘f f/ K (1, 7)(Mi(7) = Maia (7))d7-

a-Z(A +/\_:+1)/ K7y, 7)(M(7) = Mina ()b =
=1
Mi(n) = Miy1(n) = @ (e + e ) Mi(mi) +

ai(Mst + Mes2) M1 (Tesr) = By(r,)—a+a = B (Ti)
1.€. {2.7) Bnoaneno. Eciu nonoxure

fn K(m. T)df

(2.100 a, ;= Z:_l(I\JL:/\J'Pl)In K(r, 7)dr

1o 13 (2.9) nonyuaenm (2.8).
Oneunn a,. Vh "+l Ni(T) = Xinyrn0 ) (T) ¥ (2.3) nony'THM
n+l

(2.11) / K{r, 1)dr =f Z K(r,, T)Nn(T)dr = K(r;, T)No(7)dr + 1+
R -

To

\
Tnet {
/ I((TJI ) v|+l(7)d1' =1+ _-—I\ ('r fl) -+ — K T; 'r,.)

Cnenosaresnno, ua {2.10) umeen

A A .
(212) )| o 'bTIK(f,".T]) + (;'IK(Tl‘fﬂ)

3 e n)(Ay + 2.
x Z(A +As41) +_ZK(TJWTI)(/\ + M)t —’“i,K{TJ‘T N ))

\s=1

Herpyano 3ansernrt, uro

S K. m)y + Agsr) = z/ﬂ K (7, 7m)dT.
i=1
OTKY8, ucuoas3ys (2.11), 1oay4un

- Aﬂ-}-l .y "
(213) ZK(YM 7m)(A, + 0\,,1) = J—\:‘l’\'tﬂm'l, +24 3 K(7m. )

=i
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dna n 2 3 rakxke myeem (cv. (2.4)):

A An i1 A . 52
= - _ {a™ W=y o 22
(2.14) 3 K(tm. 1) + 3 K(rm, )| < 3(0 +q ) <37
Crenoparensso. i3 (2.12) a (2.13) noayunn
s 1
(2-15 | = ———, — £ L2
(2.13] a; - rae 51 s ¢ <

Ouxyaa, upusensis {2.9) n Jlemny 2.1, nonyunm

LY | Frd 6 »
(2.16) ] |D(7;, T)|dT < / |K (7, 1)|ldr + ——— :; (A; +A4) € 16.
T T a=]

T4 = To ==

T2 (2.5) 1 (2 16) BeITeKAET CHEIYIOWLES Y IBEPXKIEHIHE.
JTeatnta 2.3, [Jar aw0bo20 n 6mnosHAEMCR
[ 1Datt.lar < 15
R

W2 (2.9) u (2 13) nonygaem ;ipyvroe npedcrasnenue pius Dz, 7):

(2.17) Dire, 7)) = K(1,7) —a, 3_ K(7,7)(A; + X, 41) =

=l

Kir,7) —q E‘L?\j +A541) Z Ne(T)K (15, Tm) =
=4

m=]

- \ < ‘ A ¢ A,I
K{r;,7) — 2a, Z N, (7) (l + FIK‘{TI,T.") + Jl [((Tn\T'uii\. .
m=1 /

3. OCHOBHBIE SIEMMBI

Hauosings asa sxpusaiesTHbIX onpeyesieHus npocrpancrsa I (R).
L\

Nycrn ¥(t) = max(0,1 — |]), welt) = %w(%ﬂu Hnst f € LM R) noioxkuM
f*(t) = sup ‘/ F(T)e(t — 7)adr] .
>ol|/r
Onpeieienne 3.1. (cx. [8]) Bydem z0s0pumn, wmo f € H'(R), ecau f* € L'(R).

ITpu smom nonazaem || f|| g = || £°]1.

Onpenenenwe 3.2. losopam, wmo ¢ € L'(R) rearemes GMOMOM, €CAN CYUECTRBY-

em unmepear I € R, maxoii xmo suppe C I, sup |¢| < r}l u f, d(t)dt = 0.

Onpegenenne 3.3. f ¢ H'(R) ecau CYUECTMBYIOM amOMbL ¢; 1 JelicTROUTREAHDE
wucaa ¢; maxue, wmo f = Y70, ¢.b;. flpu smom nosazacmes || f|| ;1 = inf(Y oo, |al).

2de HUNCHAR 2pant BEPEMCR MO 8CEB0IMONCHBM NPeICTIABAEH INM pyrxyuu f amo-

MEMY.



OB OAHON CUCTEME KYCOUHO JTMHEAHKIX ®YHKLIMHA

Oupeaenenne 3.3 snepsbic 66110 gano » pafiore (9] u Tar xe 6110 10KAIARO. 9TO
HOpPMLE B oupeaesienax 3.1 u 3.3 sksupasienTiL!.

’
Janee nam Byuer 1ose31ua CeLYIOmAs NPocias JemMa.

Jlemma 3.1. MTyeme suppy C |o, 3] u ff p(t)dt = d. Tozda dar arbozo b

2(A - o) wmeem mecmo

b
: |4l b-3
3.1 *()dt > — In ——
(3.1) [ o> B 2=2
Aoxesamennemao. Heiicrourennuo, ans ! > 28 — o n ¢ = 3(t — [A) nMmeen
| p8
2 > A0 — 1] s 1d1
@' (1) 2 /; p(r)Ue(t — T)dr |d =3

Hurerpupys nocneniee nepascHeTro noavune (3.1).

IlycTs ¢ aTom, T.e. I8 HEKOTOPOIro MHTEPBAIA [ BLINOAIMIOTCH YCAOBIS:
O
(3.2) suppp C I, suplo(t)| < [I]7*, j ¢()dt =0
!

Uepes P(¢) obo3naunm npoekumno ¢ na S, . e. P(¢)(t) = [, D{t, 7)¢(7)dr. Obo3na

LM TaKoKe

" ’ - \ '\‘. - \ ANil g
(3.3) K'(t.7)= 22 Ni(t)a, z No(7) (l + ?l\ (71, 7Tm) + B K(Tn-To) )

1=1 m=1

(3.4) PmW:/memwsiaww [“mnw
n SR

Toraa, u3 (2.17) Byuenm umernb

(3.5) P(9)(t) = P(e)(t) = Pi()(2)-

Jlemma 3.2. Cywecmeoyem nocmornnex Cy > 0, maxas wmo

sup [|[P(¢)||gr > Ci -InA - 8,

2de A = 1nax uckdie 1 Aepitdaeg L SEPTHAR 2PaNb DEPEMCR NO BCECOI MO
1€ign -1 Ap1tAgn AvtAcpn J

MM ATOMEM .

Horazameavemeau. Qucpnagio, 410
(3.6) PH(P)t) 2 P (p)(t) — Pr{)1)

I3 (3.3), (2.15), (2.14) cneayer, 4ro

(3.7) |kt )| <
q

Tu41 — To




I . TEBUPKSIH, K. A, KEPfiH

Cacuonareisho, ¢ yietos (3.2), nonyuum [P (g)(t) < - '.'_'“, Moarony
# . 8
(3.8) [} (@)(t)] € ————.

Tu+l — T0

Jloc/IOBHO 110BTOPYH 10ANY JIOKAIAICHBCTEA ACMME 5.2 u3 paborm (3], noayunnm

/" POd e Cp o Ina

KoMmBunupys tacienee Hepayencryo ¢ (3.8), (3.6) wonyunm, wro

ey

sup | P(&)]| j POt > Oy IuA - 8

L

Measaa 3.2 nokasnna. 0

Jdemma 3.3. Honycmum nococdosameavrocmv T peyARpHAA DO napam ¢ naja-

MEMPOA Y U Cltilecm@yem maxar nocmornnaA ) > (), wmo dan awofoll hynryu

F e II'(R) emnosnaemcs
(3.9) IPCF) e < 8-(|Fllpn.

Tozda cyuiccneyem nocmosunar C, ¢ > 0, maxaa umo

AR 4 AR
S (-1 " " Hal > C-‘ .
W 4 ,\,l‘ 1 ,\;‘ gt /\::*‘ g

A 4 A2

N ™ AN
AT + '\.' ¥ v ’\v.n

(3.10)

Jonesemenvcmeo. Tonycrum nporusKoe: seiiosiaescs (3.9) 1 He BbIIOIHNe o (3.10).

Lorua s 06010 HATYPAILHOLO k CYUICCTBYET ik, TRKIC 'IT0

a A | Allu 4 AT 1
(3.11) - P < [t %'—"’,‘!’3 ,
Ty v+ TI! Tru. +1 Ty

Dukcipyes 1ocTarotio Soibuioe k (Gyger yroUHEHO HHXKe) 1 AOIYCTHM ANS Tk Bbi-
nosmsierest uepsoce w3 wepancHers (3.11), Hanee, ¢ 1ens10 ynpoueuust siiucH, sMecro

e manmment n, A wyecro A, 7. NP (t) Gyuem nncars Ay, 7y, Ny(t), cooTseTcTaerno.

Hrax, punomnores

-1 ¢ A|+)‘t;‘ﬂ

e —— <y, o i=12.,0-1
Akl + Aig2 ‘

¥

) A+ A 1
{3.12 =
) M+ A4 - An s $ k

[Tonoxun
1

H(7) = E(W(NJ(S) -Ni(z + A+ M)

10




OB OUHOA CHCTEME KYCO'HO JIMHEAHKIX ®YHKUHA

O'EBHAHO, W10 @ RHIACTCA BTOMOM W 1503ToMy ||¢] ;i = 1. Onenmnt || P(@) [ 70 comasy
Nycis ourn P(g)(t) n Pi(¢)(t) onpenesnsiioren popmyaamn (3.4) u umeer Mecio
npecrasaenne (3.5). Ha (3.3), (2.14) u (2.15), tonyuum

l 2:'_1 N.(¢) 2;4 NJ(T) _z_!n_‘"ﬁ' Ni(t),zjli N’(U

—— 0 " ®
(3:13) 29 (M1 4+ -+ Ans) <Kitr)<8 AL+ Al
H3 »roro cacayer, 4ro
(3.14) [Pi(e)(t)] <« —
To4) = 70

OTKYHR 1OJAY MM
8

(3.15) [Py (#)(t)] < S

3unmerum, uro P(¢) = P(mhf.) = m,\’h CHCHODATCILIY, HCHOJILIYSA
(3.14) n (3.12), Gyaem wners ans k > G4

(3.16) J{., P(6)(2)dt > ; - B?T.Y’T;:io > é
Monoswstn Py(t) := P(O)(E) - Xy rg]{8), 3

(3.17) Pa(t) 1= P(B)(1) - X{rs,ray () = PUONE) - Xirzurne (1)
Mpumensws JTemny 3.1, w3 (3.16) nony ium

(3.18) [' 2 (1)t >C|..’"T:+’:né‘ > Cln(k — 1).

Owryan, upusenns (3.15) v (3.17), vony wnm

|P(AW 12 2/ P*(#)(t)dt 2 Clu(k — 1) - 8,

To

4ro nporisopeaut (3.9), cean nante k > 64, tak vrobm Cln(k — 1) — 8 > 6. Jlemna

3.3 rokasaua.

4. JOKA3ATE/ILCTBO OCHOBHOI'O PE3V/ILTATA

Teopema 4.1. [lyeinv T donycmumar nocaedoaameawvnocme u {F,(t)} )., coom-
dememeyoniax cuctitesms Pparniune ¢ wyrcovmu unmezpaaamn. Tozda dan mozo,
wmobn cucmema { F (1) 1oLy 6viaa barucom 8 I R) neobrodumo u docrmamonro an-
noanenue ycaoeud:

(i) nucaedosameavrnocmes T peayanpna no napasm ¢ napasmempos vy,

(i) cyujecmeyem nocmonnnax 8 > 0, maxax ¥Mo dax 6CEL N SUAGAIKIOMICH

n " n »
A+ ,\a'l:n .A.l+ g ot Wy :::I Aﬂ: R
iy 1 a i |

11




[ I TEBOI'KHH, K. A. KEPSIH

HToxnaameavemso. Heobxomumocrs venosnd (i), (i) creayer w3 aemm 3.2, 3.3
HMoctaTouHocTs. 113 Bciony 1IOTHOCTH Hoc1enosaTenbRocT T cneayer. sro |, 53
perouy wiorso v [71(R). TlosroMy ACCTATOYHO XOKAIBTH, YT0 CYLUICCTBYRT HOCTONHHAL

', 5. TaKan ro ks nwboro n i awbore F € If'(R) smmonnsercs
(4.1 [[Pa{F)ll e < CsallEllar.

Yunrsinas onpeneaense 3.3, qocraTouHo gqokadars (4. 1) b caiyuae, korua F siisiercs

ATOMOM, T.€.

(4.2) suppF C [r.y], sup|F(t)| < ! [t fF(t)dt = (0.

Y=z
Jacduxcupyenm n. B gaibHeftiidx 3aMHCNX ANA HPOCTOTH HHUCKC N ONYCKAEM, T.e.
smecto 77, A7, P,.(F), 6yaem nucats 7, ., P(F), coorsercreernto.

BoamoxxHe criejylonlie ciydai.

(1) z<m,
(2) y > Tn,
@) [y Clpn)rael<j<kgn

B nepBom cityuae obcyuun 1Ba HOACAYYAs: i > T3 Wi ¥ < T4. B iepsom nojcayuae
% BTOPOrO YCJOBHMA TEOPEMBbl H W3 PEryIspHOCTH nocnesosaTenstocrn T 1o napanm

HALEeA
13 8
(4.3) [lz. ¥}l 2 A2 4+ A3 > — (A1 + A2) > —(Tu1 = T0)-
Crenopareabto sup |[F(t)]| < eg~(Tus1 — 70) " 1 ¢ yueror nemmbr 2.3, nonydaenm
IP(F)(t)| € Cor{Tnsr ~ )"

TMpuannasg vo sinsanne suppP(F) C [0, 7o |- [ PF) ()l = 0, nonymnt |P(EF) |4 <
Ce.,. Bo wiopom noacayuae (y < 73) u3 (2.4) uonyumsm

v 1 =
|P{F)(t)| < [ |K @, DIIF(T)dr < max [K(¢ 7)| < S Co~(Tat1 — To) 1.
z r€lr ] A1 +¥s

W3 (3.4) u (3.7) cnenyer
C‘

|P{F)(t)| < e

Crenosarensio |[P(F)(t)] € Conl(tusr — 70)”". Orciona. c yuerom suppP(F) C
[7o. et | 00 [ PUF){t)dt = 0, smcen (P{F) s < Con-
Bropoii cnyuali 10Ka3b1BaETCs aHATOrM'HO IIEPBOMY.

12




OB OAHOR CMCTEME KYCOUHO NUHERHBIX OVHKUWAA

Tperuit cayqai. Jdonycrum P(F)(t) = _[R K(t.7)F(7)dr umect npcaciapaensie

’

P(F)(t) = Y aNi(t)

O6oanaumm N = Ny yiom oo, Nf = N, - X(r> s, ,)- Paccsorpin byHKuMH

1 1 3
(4.4) W= Sal_lN'+' + ;n.h'. - in...z\'.‘.,. aa 1<€i<n.
TAC Gp = Gpat = 0. Yuirteiean, uro N; = N7 + N o {(4.4) nonyns
n
45 P(F)t) =Y wi(t) + =N S NE(2).
(45) (F)(t) §w()+3 D)+ N
O6oanaunm L, = supp¥N,. Hauomuum, uro suppN, = [1,_y, 7i41]. s 1< 0 < 0.

Herpyamo siaucamtb, y1o g4 1 < i < n
(4.6) /Rv:.-(t)dt - /n P(F)(t)N;(t)dt = f F(t)N.(t)dt.
Barcrum, yToecnit 1 €1 < jum k <i < n. To supp’;‘ﬂ L, = 0. Nosromy
f F(t)N,(0)dt = 0.
R

Crenosareisro, us (4.6) nonysum
jl Pi(t)dt =0, xoria l1<i<jumk<i<n
R

[Tostony
(4.7) sl € [l=lZ:). xorma 1<ei< jumk<i<n

Onerin Hopamy ”Zmpp,-n,'_:o v."m g § < § ous (2.4) 1 peryasipHoc I liociaeno-

BATCTLHOCTH T MO MApPaM ¢ MAPAMETPOM ¥ HMCEM

4.8 illos P(F)(t)| < ‘(1.7 <@
(4.8) lhwalt $’elvp_rgmll (F)e)l < -sn'?'?’f.,n« |K(t.7) <o i
AlliL'lOl'll‘lllO uu.'ly'mercx

(4.9) Ivadlec < fl'"“"‘-‘—q’ Kora | > k.

IL,J"
Hs (4.7) - (4.9) cneuyer

sppFNL, =i

Z y’;,“ < C,.
P

O6o3narimne

.
(4.10) UOEDIAG)

=3
13




I I TEBOIKHH, K. A. KEP'SIH

HeTpyaHo 38METHTE. Y4TO

(4.11) S N =1, worma t€(n,n
o)
Mosromy u3 (4.10). (4.6), {3.11). (4.2) crheayer %

Tad T 4
/ wit)dt = / F(O)No(1)dt = f F) Y N(t)dt = 0.

L ._J- Jit *; =5

Orciona, Henonways suppy C (751, 7e+ 1], nseen |9 g € |j]loo{Th+1=T5-1). TT061
oueHuTb ||¥||oo paccMoTpum ABa noaciayuas: k — j < 3w k — 7 2 4. B nepuom
NOACAYYAE H3 PETYJIAPHOCTH NOC/E10BaTeILHOCTH T No napam ¢ IBPAMETPONM Y Ml

6ynen umeThb

(-1 Tl ~y (7. mg2]l. AnA j -1 <1< k-1

C.eaosarensno. w3 (2.4) u || F||; <€ 1, nonyuuss

suplolt) < max

(E,

{ll} €  max |[P(F)(n)|s max |K(¢n)lS ——.

(Ci<h+] F=igiy The 1 — Ty=i

“'Fl
Orkyaa noayuun ouerky |||l < C,. Bo Bropom noaciyuae mm unseem (741, 11} €
[r.y] © [r,m) k=12 (5 +1) +2. Cacnoparensiio, HCIOALIYA CHILLYIO pery-
ASPHOCTE 110 NApaM ¢ napamerpoM v nocaeaosatTensiocTd T u Jlemmy 2.1 nomyunns
|supp | C [1;—1, Ta41] m
3 C.
sup [¢(t)| < 3sup|F(1)| < < -,

Th-1 ~ Tiel Tkl — T30

orkyaa 6ynem umets ||l g < C5.
LiTak. 40s JaBeplienns LOKa3ATE/bCTSA TEOPEMBI A0CIATOYHO ouennts (cM. (4.5))
%N + SN} — Pi(F)||a B TPeTheM cayuae. M3 (4.6) cneayer. uro

S‘f wlt)dt =
s

n T

F(H)Y_ N.(t)dt = | Flydt =

" =] s

CueaoBare. 16HO, N10J1YY4aeM
0 A Dy +
) o’ | — = -
(4.12) jn( 3 No(t) + 3 N (t) P|(F')(t}) dt =0

Henonbaya (2.4), nepasencreo || ||y, € | u ycnoeue (ii) na Teopembl 4.1 nony4aem

Cy Ce
- ’ |"n| & ——
n+l 70 Tayl = TO
14

(4.13) jmi s




OB OUHOR CUCTEME KYCOYHO TUHERHKIX ¢@YHRKLUWA

Teneps onenun P (F)(t). Tak xax B 3T0M cayuae suppf C [ry.-7) € [r1,7.), m
n
Y Ni(r) = 1, win 7 € |1, 7| cuicuosarensHo, nmeen
=1
jF(‘r)ZN.(r]dr— [ F(r)dr =0,
=]

o Kyua ucioabiys (3.3), (3.4) (cm. rakke (2.15), (2.14)), nony4um

(4.14) [Pi(F)()| =

lﬁ/ F(r)zN(t)a, 2;\1 () ( K(. r,,.)+i'—‘=r\(r,,, f,,,)) drl <

msd

'\"”Ktr.. ) .

<
- R -

1<i€n Tonsl = Th

1€m€n

2 max |as |—K(fl ) ¥

U1 (4.13). (4.14) cnegyer

Co
Tngl = T0

g

|2N7 0+ 2N - PP <

xoropoe koMBuHnpys ¢ (4.12) noayuim

|| Ny 4+ Sn PI(F)” <G

Teopema 4.1 gokasana.

3amcuanuc 4.1. Hecmompr Ha mo, xme onpedesentunr cucmesmdp: Ppanxiung wa
[0,1] u #a B ¢ nyacovm unmezpasom anaaozuumm. odnaxo. weobzodumwme u do-
CTAMONKYE YOA061A OAR HGIUCHOCME IMUT CUCMEM COOTRBEMCINEEHHO 8 NPOCTIPAH-
emeaz H'[0,1] u H*(R) ne anarosunnm. B pabome |10] doxaszano. wmo obuwax cu-
cmema Dparnauna ssasemca bosucom 6 H'[0,1], mozda u moavxo mozda. xezda
10POHCIBVUAR NOCAEFOBRMEALHOCIL T AGAREMCX PECYARDHOL No napam Jan ne-
puodunccxoii obuiet cucmemm Pponxiunc meopesa maxo20 Hee zapaxrnepa doxasana
e [11].

IIpumep nocaegovaTensHOCTH yaosiaersopaiowmufi yeaosusam (i), (ii) Teo-
pembt 4.1. Tlycrb &, m = 1,2,..., BOIPACTAIOWAN 1OC.TEA0BATCABHOCTE TOJHOXK-

renbHbx ucen. Oupeneinm ponycrumyio nocaeaosareiskocts T = {t, - n > 0}

cieayromum obpaion. Ha uepsom wave nonoxun ty = 0, t; = —&). tz3 = £, Ha
BTOpPOM iare gobaBuat rouKM I3 = =€, Uy = —£,/2, 15 = £,/2. tc = £3. pouycThn
Tgn_2 = {t, : 0 € 1 £ 2" — 2} onpeaencuo. Ha n-om mare nonoxum tz._, = —§,.

15
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Hloronm aubanum cienn na HPABO CPCLIHE TOYKH 1L CPBRION OOPUILIIIIBIC TV IKE-

M Ty g Hnonomnm tp g = £, Hpojonxan tak 40 GeCKOHRIMOCTH 1101y 1M

AONYCTHMYIO Hoveaosnreanioe s J. fleno, tro ecan ’ 4
4.15) 0 < inf f_"'_t.'kﬁ el ELt!_r& <
m>1 & Sm m> {m = amo 1

10148 1HOCHCA0HATSILHOCTD T CHIILHO peryJisippHa ( CJHCACHATE/IBHO, H CH.IBHU pery-
ppHR 1o llﬂ.l)HMJ» O'I('IIII..‘.I.II(). 110 HOCACORR TN BHOC D o VAOIICTBOPHIYT YCNOBHEO

(i), roran U TOABKO TOIIA

4.16) inf S5 q.

m>1 £y

Tak kak i € = 8" npu y > 1, yenosun (4.15), (4.16) yaowiersopennl, cieaosa-
TeIbHO, H0CNCoBA renbHoc T T onpeiciennas Kak nnime ana §, = s, upn 9 > 1,
6yaer yaowiersopsiib yoaosisinm Teopemw 4.1 a coorserc rsytoman cuciema Opan-

Kana € Hynaesein cpeannsu {F), (825, 6yaer 6azncom i i1'(R).

Ahstract. For an admissible sequence 7 we define an orthonormal system consisting
of piccewise linear functions with vanishing integrals on K. Necessary and sufficient

conditions un T are found for the corresponding systemn to he a basis in /' (R).
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- 0 HEKOTOPbIX KJACCAX I'APMOHUYECKUX ®VHKIIUK ©
HEOTPUUATE/JIBHLIMU TAPMOHUYECKUMHA
MAXOPAHTAMMU B MOJYIIJIOCKOCTH

A. M. JDKI'BAILUSIH, 1. 3. PECTPENO

Institute of Mathematics, University of Antioguia, Medellin, Colombia
E-maily: armen jerbushian@yahon.com; cocojoel890yahoo ey

AHHU'I'AHM". BIH‘HBIIN HOKOTOPLIC W-RECOBLIr HAACCL MADMOIK IOCKUX R pepx-
nefl panynaocnacTe hynkimil, Hnfaens twpeacrasnenus yrux saaccan Tano
ONHCANME TRANKIIIAIX AANeHHR hyamuuB ¥l pArCMATDHRACMLIX KAl COR MO~
CPpcACTBOM NMOKATHM W-EMXOCTH, B 'IACTHOM CAY'IAL NMEPEXOIALLCIO B AlIAN o-
CAMKOCTH 0|)och!|.Hn.

MSC2010 numbers: 31A05, 31A20.

Kutouenme ciaopa: rapaotnccKie (t).\’IIKlIHH: CFPANHMIIOE® TIOREICHIte,

1. BBEAEHME

/lanHasi CTATbY YACTH'IHO PACIIPOCTPAHNHET HA CAYMANH [OJYIIOCKOCTH PeIYIbIaTh
|1. 2], oTHocAIUMECR K rpaRHKMHLIM cBoficTBAM lloAKACCOB MepoMopdibx by
W-OIPAHKYEHHOIO BIAA B CAHHNUHOM KPY1e. A MMEHHO. HoA0GHbIe PESYIBIATH 1Oy
YCHLL JUIH ICKOTOPLIX W-BCCOBBLIX KJIACCOH IAPMOHMUCCKUX Dy ki ¢ neopuuateib-
HBIMH FAPMOHWYECKHMH MAXKOPAHTAMI B BepxHelt noaynnockoctin Kposme toro,
CTATHE ARHO W-BCCOBUC, FAPMOHHICCKOE PACIMUPLINE PeyabiaTos |3, 01HOCH X K
DAKTOPHARUKY K MPAHNUHBIM THAUCHHAM MCPOMOPhHBIX Dy IKIMA (-OrPRHHYCHHOTO

BHUA B 1L1OJYIJIOCKOCTH.

lhuke preemprpyuaiores Hekoropute kiaacenl rapyonnicckux v G dyinumi, dun
YACTHLIC w-npoHasoaitsie upuuagiexar kracey N™ E. 1. Conomenuesa 4, 1 e
YAOBJICTHOPHIO! YCIOUHIO
4w
sup f |uls + iy)|ds < +00
p>0 .’-;‘,
AL BueleHHN OTMENENHLIX [IPOMIBOAHLIX, HCIOAY HHMKe ByaeM NoNaraTh, 470 w(z) -

Gryusumn kincen Q, 1. e w(z) > 0, nevo ipactacr na (0, +00)

W(J‘) ~T [IPH RCKOTOPOM -1 <a<) uwmobos x> AI! >0
|
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A. M. [DKUBALUHH, J0K. 3. PECTIEIO
{w(z) = ™ osnauaer. uto C12" € w(x) < Cyxr™ c HEKOTOPLIMH MOIOMKHTEIbHEIMHI
nocronwHeing C) 1 Cz). Kpome Toro, nonaraem, 4ro
.
w () =/ w(t)dt < +o0, 0< T < +00.
v

Ormernat. uro B Q B wacrHOCTA CcOACPKELCH BCe PyHKuun buia w(z) = =% npu
l<ac<(

llosaras, 4ro w(z) € 2 n gpyskunn u(z) sanana 8 G+, GopmalibHO BuesEM OLIEPATOD

(1.1) Lou(z) = — Lo, ‘-"—;u(z),

rae
+20

x]2) Lwiu(Z) == / U(Z + ZA) dw. (A)
0

- onepaTop, paccmoTpeHusilt B [5]. OTreTum, uTo B [5| paccMoTpeHo Takke Hekoe sia-
po THua Koum, cesaaxuoe ¢ onepaTopom (1.2), ¢ neyGuisawmwaM Ha (0, +oc) bymk-
IHMOHAAREBIM HapaneTpoM w(z). JIerko BHIETE, YTO HHTErDHPOBAHKEM IO YACTSM B

JHAMeHATEe/IE IIOALIHTEeI'PANLHOI'O BhIDAXKEHHA s1.ADa HI [5' moJjiy4yaem
{a v}

1.3) Culr)= [ e 1 (t)=t/\t e uw(A)dA
. swlZ) .’0 ’.(',A o = 4 3

Beroay nuxe Gyaesm rnoae3oBaTecs MMeHHO 3TMM onpenenenuem siapa C(2), uro,

]

MENCAY MPOYHM, UPHMEHMMO H B CJiyyae HeyOLIBAIOWIErO PYHKIBOHANBHOIO MADA-

MeTpa w(z). pacemorpensoro s [5].
2. IIPEOIBAPUTE/ILHRIE PE3Y.ILTATHI
2.1. HauneM ¢ HekoTopbix cBoiicTs sapa C(z).

Jlemma 2.1. Ecauw(z) € Q. mo dynnyur C,(2) conomopdna 6 G*, v npu swbom
g > U cywecmeyem nocmosnnad M, , > 0, 3aeuchujon mesvxo om p u w, maxex.

umo

. A
2.1) ICulz +ig)l < N

My o
ylou'

~00 < F < 400, y>p.

Horasamenvcineo. Tlycrs 0 < p < y < +00 -ni0bsie yncia. Torua npn 0 <t < 1/Aq
itz e v 1 e A 1 e~

= - < —
L) 1 o 7™ e =tu(c)ds s tfi e *zodr = Ci [¥® -2 pad)’

anps 1/Ay <t < 400
eu(xamy)L

1,(t)

o~V 1 et 1 e ¥
= +0c S A s An
tfn e *u(z)dz w(Ao) ¢ fll “e~Tdr ~ wW(Ay) 1 —e 180

18




O HEKOTOPAIX KJIACCAX FAPMOHUMECKMX OYHKUHA

Taxun 06pa3oM, npu s06oM g > 0 noapiHTErpanbHoe Boipaxkenue B (1.3) nmeer
¢ymmupyeMyio maxopanTy. Tem camuim, urTerpan (1.3) pasHoMepro cxoaurcy B Ho-
AYUNOCKOCTH i > p, u Cy(z) ronomopdomo v G*. Kpone Toro, AH4/0IH4HO oy 4aey,
4TO AAST AOCTATOMHO Gonktioro y > 0 u mwoboro r € (—o0o. +ma)
o i 1 [*™ eV

JT= e-2aada T8 Juyp, TR

1 21/8¢ . 1 +oo s
< = j e Vo dt 4 ————— / e Yt
Cs Jo Caw(Ao) J1/a,

1. jﬂ/ﬁo 1 +o00 K
< —_— e “u"du + ——/ e Ydug —<,
y‘*w:f 1] yCQW(Au) v/ &a Y i

rue K > 0 - mocTosHHAN, 3aBUCH A TONLKO OT W, T. €. BepHa oneska (2.1)

i =\ - 1
ICu(s) < & Jo

B uacthom cnyvae w(z) =z, —1 < a < 0, kak Herpyaro ybenurthes,

Culz) ® Ca(z) = ﬁ w Cu(2) Lman = L. zeG*,

v e. Cu(z) nepexonur s oBenuiopennoe siupo Ko, Kpome roro,
1
LE.C.(z)= ' ¢ €EG™
—i

HettereuTensto, ecnu w(z) € 2, To no Teopeme OyGunu

8 - ()
L,Cu(z) = -Lu, -Cu(2) = —/ —C.(z +ig)du (o) =
dy ( ) A oy ( 1
+3 o [ stoc i i 20 r+tos  __ap
o ! n(=+w)tdt + i > dus (o 1
- E'- ;—-—) dyl(a) = -[ e”'u_lh)dt T —
/o Y\Jo tf " etdw(z) 0 .

f.mefudl.ul(:tﬁﬂ 1<
2.2. Tnst upusenenun L, k apyrum dyHKuMaM Hy¥HBI HEKOTODLIE ONpedeieHuy

Onpegenenunc 2.1. Obracno G C C nasosem oo-36e3d006pasnot, ecau smecme ¢

mobott mouroi z € G 6 G codeprcumea maxwce unmepsaa z + ik, 0 < h < +00.

Onpenenenne 2.2, @ynryun u(z), sadaxrun 8 0c0-36eadovbpainoti obracmu G. npu-
nadaexwcum xascey M, (w(z) € Q), ecau cywecmsyem yzaoeax ofinacme Aoy, Ry) =
{z :|7/2 — argz| < &y, |z]' 2 Ro} ¢ manumu-aubo 0 < &) < /2 ul < Ry < +ox
Maran, ¥mo
+oo | 3

(2.2) sup/ |—u(z 4+ to)|wlg)de < +o00

ek Jo  [FY
dar mobozo xomnaxma X C G N A(dy, Ry).

Jlemma 2.2, Ecauw(z) € Q, a dynxyus u(z) € AL, zapaonuvna 8 00-3sesdoobpainoil

obaacrnu G, mo mawxnce dynnyun L,u(z) 2apmonuvna 6 G.
19




A. M, IASI'BALUSAH, O2K. 3. 'ECTPEILIO

Hoxasameancmeo. Ecom X - kaxod-1u6o komMnakT B G, 10 TP HEKOTOPOM dy > ()
komiaxT Ko = K + 1dy coneprurcs Buy1rpu obinactn GN A(dy, Ry). Tent campim, npu

mobom = € K ans dynxuuu vy (z) = %u(:r + iy) nonyuaem

du | N
Lw,lm(:%—:/ —u(z +10)|w(o)do + —u(z +w)|wlo)do = I) + I,
4] |ay dn
rne “
sup f; < max  jui(z + i0)| [ w(o)do < +o00,
X €%, 0€0Sdn
ano (2.2)
+00 | o | rtoc a8 ' I
/ '—u(z + io){ w(o)do = / —u(z + idy + io)| w(o + do)do
dy UJ ' 0 |UU I
+ac | | f+oo
g / | —u({z + idg) + io)|w(o)dos < sup —u(z + io)|w(o)de < +o00,
40 | oy I 2EXa JO ay

uoCKOILKY (bylKknmns w(r) Hesospacraowan. Orcioan, 1punseieitnenm reopentbt Oybu-

ITH AAKJI0" A€M, 49TO ANH mobora z € G 1y AOCTATOWMIIO MAJIOIV T > 0

‘!,/;.1 u('+rv"\1m2—"‘— 1'[, ‘a u(2+7‘€'0)d0—
2 fact ' 2x Jo 'Oy
- (—)
/ / —uz 4 re’® + zA)dﬂ) g (A) = / —u(2+A)dwi{A) = Lou(z).
fi] \ 27f 8 0 ay
Taxun obpaszom, Gynxuus L,u(z) rapmonuuna so pced obaacty G. a

s soxasatenscTna TOTo, 4TO OnepaTop L. - BIaMMHOOAHOIHATHOE OTOBPAKEHHEM
Ha HeKOTOPOM KIIBCCE I'ADMOHMYECKHMX H 00-38e3,1006pa3Ho 06JiactH (byHKUMA, 110HA-
AOBHTC UPHBELEEHBIA HUXKE PESYILTAT. KOTOPBIA MBINEICS HAOBBIM M YCTHHOB-

JlellnbIX B JasibHefiiueM IpeacTaBielnh.

Teopema 2.1. (E. . Conomenuen [4]). Krace M cybrapmonunecxuz e G*

Pyrryut u(z) nodvurennnr yerosuro

+00
mp/ [u(z + ty)ldz < +o00

v0J 00
cosnadeert ¢ miodcecmsom Gynryul NPeoCTRGEUMILE ¢ G1ude
T du(t)
(2) / [ 10 d — L 2 ¢
ulz M gz_ v(() + o P z=r+ilyeCGt,

ede p(t) - Pynxyun ozpanusennozo vamenents xa (—oo, +00), a V(€) > 0 - bopenres-

crax mepe e G maxasn, wmo

/ Im(dv(¢) < 400,
Figs
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Jlemma 2.3. [Tycme oc-36eadoobpasnes obracmoy G codepocum ace noaynaocxocmu
Gy={z=x+1iy:y> P} € p 2 py, 20¢ py > 0 Puxcuposano. Tozda onepamaop
‘Lw REAACTICR GIULMHONOHOSNANHIM OTROGPIICERUEM, € MOVHOCTINO Jo Crazaemozo
@p + @1T C BEWECMEERNDML NOCTNORRNMMY G, G), HO MHOMCECMEE 2APMOHUNECKUT

8 G gyrnyutt u(z + iy) € M, nodvunennnz ycaosurwo

+ao'
(2.3) sup [ |-u(x+1y) dz < +o0.

> J o

Moxazameavcmao. [pu peinonsenun yciowua (2. 3) rapmouuteckas v G GyHKUM
w(2) = b—u(_’;-‘-zy) npuHBLIeKAT kiaccy N u G} npu sobom p > gy Tenm campin,
3 reopemyy 2.1 cieiyer. wro npu mobom z € G

1 % wift +in) 1L et +x
= Re— [ ————dl = Re— [ i Wz -1p-t)r
uy(2) = Ty Re_‘I = uy (t + p)dt/‘; e do

+oo ) r 1 +oc
= Rc/ gz -ie)e l—/ e "7u(t + ip)dt
" L R,

rue BBuAy (2.3) dynkuus p(o) orpanudena b () < o < +00. Tostomy

+o0
do snc/ e (o) do
"

Lou(z) = —Lu,: u(z + iy) = — /.-Hx ui(z + 1A )dw; (A)

400,
—Re du (X) / el (e+iA=10)2 o (5)do
1] 1]

400 r
«Rcf g=iole
o

ans moboro z = = + iy € G}, rae npeobpaszosaune Jlannaca

{oo x-
F(z) = / e'l=—isle [,;4«) / e~"*dun()\)| do
0 0

Apnsiercs ronosmopdBoii v G: hynkuuned. a u3 roxiecrsa L u(z) = 0 B nonymioc-

+no N
v(ﬂ} C_vxdtuleA}v o
(g

xoctu GF (p > po) cneayert, uto F(z) = iC rne C -ReiecTBeHHAR NOCTOSHHAS.

Teneps 3amerust, uro yuxunn @(o) orpannyena s 0 < ¢ < +00. a BBUAY CHOltCTH

j“e-"*m(,\)=/oﬂ ~a3y,(A)dA

0
orpaiigyelna ¥ Henpepushy B 0 < § < 0 < +0o, kakoso 6w e 6ruto § > 0. Kpune

'ro1o, Ho reopeme Abeay (cm. nanp. [6]. crp. 182, Cuencrune la) u3 acuMHTOIHKM

w(A) =< A* (A = 400, —1 < a < 0) cneayer. uTo

w(A) bynxnus

r+on + 00
{ e du(N) = [ e w(A)dA = —
Jo Jo

aO npy ¢ — +00.
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Taxum 0bpasoM, renepupytomas pyHxuus npeobpazopanns Jlannaca F(z2), T™e.

+o00
wlo) J[ e duy()), 0<o < +oo,
0

orpanuyena. W uosromy |F(iy)| < My~! npw y — +o0o, rae M > 0 - nocrosiHnas.

Tem campiv, €' = 0, 4 BBHAY CUAHCTBEHHOCTH IEHEPUDPYIOWER (yHKIMUH

400

e(@) | e () =0, 0<o < oo,

0

I’A€ O'ICBMANO
+ 3
/ e "*dun(2) >0, 0< o < +oo.
0

Takun obpazom (o) ®0 (0 < 0 < +00), T e.
a +o0
uy(z +iy) = muu +1y) = Re.[ e (o)de = 0, y>p.

Oanaxo, dynkuua uy{z + iy) = du(z + iy) /By rapmornysa Bo Beelt NOAYIIOCKOCTH

G, u, rent cambiM. Ou(z)/dy =0, z = ¢ + iy € G. OTona cneayer, YTO
u(z)=ag+a1z, z=2+1iy€G,

TAe @y M @) - BELLECTBEHHRIE HOCTONHNRIE, JABUCIIIME Tullh OT PyHKINY u(z2). O

3. TIPEACTABJIEHMSA

OcHopHOMN PEIYALTAT 31010 pa3jella OTHOCHTCH K IIPDEACTABAEHUNM OllpeaeIeHHbIX

1IH2KE KJ1ACCOB FapMOHUYeCKHUX (PyHKLMIA.

Onpenenenne 3.1. N (w(z) € Q) - xaacc sewecmeennnr, zapaonnvecsur ¢ G
gryrryuii u(z), npunadaercawuz M,, u ydoeaemaoparowu yeaoeuw (2.3) dar nexo-
mopuz py > 0, u

+ 00
(3.1) aup/ |Luu(z + iy)|dz < +o0.
¥>0J -0
Teopema 3.1. 1%, Kaece M7 coenadaem ¢ mnomwcecmeom dynxyuil npedema-

UMz 8 sude
1 +o0
(32 uE)=a+mz+s [ Re Culz — )du(t). z=z+iye G*

2de ag u a; - 6eweceennme wucaa, ¢ uft) - PyHAYLR OZPANUNENHO20 UIMeE-

Henua Ha (~oc, +00).
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2°. Ecau umeem mecmo npedemaeaenue (3.2), mo npu awbom z = x + iy € G*

¢ (33)  u(z)=eo+ax

+o 1 4060 -1 4o
+ Re/ P a5 (t/ r""u(n]dn) / e“"‘d;;(z\)
0 w 0 -

1T amom,

ff.

(3.4) lim u(r+1)=ag+a1x, —00 <7< 400,
1—++00

a mepa p(t) 6 dopmyanz (3.2) u (3.3) mooicem 6mums naiiderna npu norsouu

caedyrouse2o ananoze Popmyast obpawenus Cmurmueca:

(3.5) () = hm Luu(a: +iy}dz, -0 <t< 400

Y+
AHoxasemeavcmeo. 1°. Tlycts cupabennuso npeacrapiende (3.2). Bauay ouerku (2 1
unTerpan B (3.2) pasiomepro cxoantes BRYTPH G, u, Tem cambint, dyRKwis w2

rapmonnusa B G7. Jlasee, nerko suuers, 4To npu Jiobos 2 = z + iy € G

8 +00 eizldt
3.6 Lz = —/ L. b (),
o D= ), eeranm —

1% 1pu £ = 400, yao-

rae C,, (2) - snapo w3 7). ¢ HeyBuisaioen by HKuued wy () =
BiersopAtonielt yenopnam nemmot 3.1 8 [7]. TlosTomy, ey (2.1)» Teopenul Dybunn u
ouenxu (3.2) na |7| aakmouaem, 4to upn mobos z € G, upn moboy PpuKCHpOBaHHO

p > 0 umobom e € (0,1)

"

+o0 +o0 | 4 1 +ac
—u(z + i) |dw s=/ l-—— Co ¢+zs—‘d(tydw
,/: e il S - R o
1 +o0c | r+o00
’—‘—/ Co (z+is-1) w(s)ds
T Jo
‘\+m
S(—.z-fﬁ/ w(s) d9+ﬂf,‘_,5/ ‘”‘dsA/V;A<+oo,‘
o8

e M. MPU! > U - nocrosHNRe, JARUCAILHE TOALKO OT £, w N £. TeM canmiy,

u(z) € M,,.

Desiee, ucnonnays npocryio usycToporHio ouerky (a + b)* = a* + b (a.b A >

0), ananornmno 3akniouaem, yTo 1A mobux y > p > 0ne € (0,1 + o) uneerTcn
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noctosHHar My, > 0, npu koropoli

+m| A +o0 | a 1 +oc '
/ u{r +1y)ldr —/ '-——/ Cu,(z-t)du(t)|dx

’6 e |OYT
1 + +00 * 50 d ‘
</ ICmiz—f)lldﬂ(f)l)d-'rS Moo [ / '_"f,."..

+00 +o00 1
A, (t —————ds < M —— :
< 1p‘u/ |dp( )|j e + oot p|pnwj_°° ] +1 e < oo
vae AL, > 0n My, o > 0 - Apyrse NOCTONHHDLE. Orcioua caenyer (2.3).

Teneps dameruM. 4To Hpd mobom z = + iy € G*

Y
1 +o0 d +oo
= —Ile —/ [7/ C.(z +is — t)dult )] dw, (s
T Jo dy 0o
1 +ow r oo
Re -] l/ (2 + 15 — )du(t) Idw; (s)
T (] L -—0s
Re l
1r

+oo
= Re

@
U A i) 0] 0
jl‘

+mr|h-l|( (&:"A —.‘dh’ (’)) |d (t)
]n ' -"td““( )

1 + a0 +oo +o00 d
= Re — [ l/ e‘(‘_'}edﬁ} du(t) = Re = [ "(t)
" j—m 4] —no t - Z
I4€ BCe Mirrerpaibl ABCOIOIHO H PABHOMEPHO cxOusTCH BruyTpu G¥o Tem cambin

v [T __de)
J = (I_t)2+y2‘

3
‘\

(3.7) Lou(z) = = z=z+iy€eG*,

OTKyna chepyer ycaosue (3.1):

+oo ro0 +oc
sup [ Mt + e s [ iduOl = < oo

>0 J—ag —

Tem canbim, u(z) € N

Ob6parno. nyctb u(z) € N7, Torne u(z) € M., u o nemme 2.2 byHkunn L,u(z)
rapsonuna 8 G+, Kpose Toro, Lu(z) yaosnereopsier yenosuio (3.1), u nosromy
1o Teopeme 2.1 uMmeer MecTo lIpeACTaB/ieHne Buia (3.7), rue (2} - hynxums orpanm-

YEHHOro MaMeHeHus Ha (—o0o, +co). OTiona noayyaes

+ + -~
L.u(z) = Re — / = ‘:ﬂ»(n Re lf i [f pite=the g
- Z TJa 0
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a TaxxKe, 4To B Nobol Touke z € G

- e +oc '3
buutz) =Re - [ “autn) [ @) [

+a ei(le+|/\)ad3

: + +oa Me-tetd)n
e /m il/ SR e Y dutty] dun ()
0 Wr) o \Jo s Jo ¥ emoswla)de /
+o ar 1 + 00 .
= _/ = lRe = Col(z+1h - t]du(f)l dwi(A) = Lu®(2).
0 gy T J-no
rae, O4enuuIo,
+00
u’(z) = Re ! Culz + 1A = L)du(t) € N
M Jeno

Ouestano 1akxe, uto u(z) — u"(z) € M w L (u(z) —u*(z)) = 0, z € G*. Tem
caMbiM, npejcTaBaenne {(3.2) creayer BBy nemvst 2.3.
2°. [Ipeucravnenne (3.3) cregyer u3 (3.2). Hanee. (3.4) creyyer w3 (3.3) u (2.1}, a

(3.5) - knaceuyeckn dopmyna obpamenna Crunreeca o1s meph p(t) B (3.7)
4. I'PAHUYHBIE 3HAYFEHHUSI
4.1. Haultem ¢ npeapapyTensiinix onpenenennit u 1eM.

Onpeanenenne 4.1. flycms E G (—00, +00) - vamepusmoe ne Bopearo mnoocecmao
{B-mnoxcecneo) uw € . Bydem 2060pumn, o E - MHONCECTIBO NOAOHCUINEABHOT
w-emrocrnu, uau C (E) > 0, ecau cyuecmeyen Hopeaesn mepa (B-mepa) v 2 0

nocumenrem 6 E (v < E) maxas, vmo

r4+x

(4.1) j drit) =1
— 00
u
+a0
(4.2) Si = sup / |Cuflz — t)|dT(t) < +r0.
G J oo
Ecau nem maxon mepw, m. e. §i = +oo dax awboit neompuygmervroi B-mepw

T < E, nodsunennoti ycacsunw (4.1), mo cxaxncem, wmo E - nyaedoti w-emnocm,

uau C,(E) = 0.

Jlemma 4.1. flycmv B-mnoxcecmee E;, E, C (~00, +50) maxosw, wmo C,(E,) =
Cu(E2) = 0 npu nexomopom w € Q. Tozda C,(E, U Ey) = 0.

Hoxasamenvemao. Myers * < E, U E; - neoTphnaTensnasn B-mepa, notuuHenHas

ycnosuio (4.1). Torna unrerpan (4.1), essTmit no £, wim E;. jomken PABHHTHCH

nexoemy uucry A € (0,1). K npumepy, nycrs ato 6yser uxrerpan no E,. Toraa
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TAKXKE Mepa T) = J'l.j"‘rf_,__‘,l ¢ mocuresnem b By nomxea yiopnersosits (4.1). Onnako,

CL(E,) = 0 1, Tem caMbin

+ou +o0
sup f |Cu{z — t)|dr(t) 2 M sup / |Cu(z = t)|dmi(t) = +20.

I €CH o0 EGH ")

JMemma 4.2. TTpu awbom w € Q ypasnenue Boavmeppa
.
/ w(z -tdw(t) =1, -oo<z< 400,
i
usmcem neybmagrouee pewsenue w(z) manoe, vmo w(0) = 0 u &fz) < [w(z)]”' dra

egcer —o0 < £ < +oo. Kpome moeo,

(4.3) C.,,(z)zL;(L_) , z€G*,

e}

daAa onepamopa .
Lof()= [ (s +io)dilo)

Joxasameavcmeo. Bans O (z) = 1, Qz(x) = w(z) p Teopeme 1.2 paborst (8|, 3akas0-

vaen, 4T0 hyHKUMA wW(7) C OTMEYCHHBIMM CBORCTHAMM CyimecTByer. TeM caMbiM

o N &
(4.4) / e (/ wip — a)dtD(a)) du=1/t, 0<t < +2.
n 4]
Ouauako. upu mobom ¢ > 0

450 + a0 +a0 #H
{4.5) [ e “dwo) [ e Pw(A)dr = [ e "dp [ w(p — o)dw(a)
/ Jo J Jo

/0 )]
BBHRY afbconoTHol CXOAMMOCTH 3TUX WHTErpanos, 4TO OE€BHIAHO AJIH TeX, KOTODble

copepxar w(A)dA, win dii(o), nockoibKy i Jioborot € (—o0, +00) HalpyTes aucna

My > 0unae(-1,0) rakue, uro .

B + 00 £400 a400 P_wdﬂ‘
./ e”la(ﬁ.;fo') =€ ‘wﬁfa) +1 l ﬂ_lﬂ':'{o')da S t-/ '
1] o= jl] 0 w(a)

{
Ap +oo\ _—to 28 + oo
do ¢ 2
_ ¢ [ gg./ E < j e do + Mlt/ e e %o < +o0.
Jo An wlo) w(dp) Jo Ao

B cuny (4.4) u (4.5)
]

1 LA ) Py i~ =
Ao (!/0. e Mw(A)dA _/n e "di(a)

npu mobom ¢ € (0, +oo), U. CaexoBaTebHO,

" o (z):/‘mrllfi ,/+m‘.lﬂ (/#mr—tﬂ‘ﬁ ) t‘
w i 0] 4 5 (er) ) dt.
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JIna 3aBEPIUCHNA AOKAIATENLCTBEA OCTEETCA 3AMETHTH,4TO NpH mobom = € G

1 +ou +20 - oh )'d' r4+00 e / £t™ ; :
o | bod = - e "da(a) ) dt,
tafg) = [ @@ [ eseran [ ([ i)

e HITErpanLl ABCONIOTHO CXOAATCA, IOCKONBKY

+a0 400 +acdao
@(a)f |¢“"""|dt§ di(o) <+oc, z=r+iyeC"
v v v ¥to

BBHAY HEDPABEHCTBA

[‘*mda(a), 1 /“0 do +"/*°‘= do A
Jn 1+o =U(An),o (1+0)2 o Ao (1+a)2o"' B

ClUPABERIHBEIX 11D} HOKOTODPhIX 4yucnax M: > 0u a € (—1 0).

[

Jlemma 4.3. flycmv w € Q unycme C(E) > 0 das B-mnowcecmen E ¢ (—00. +20).
Aanee, nycrns B-mepa v < E ydossemeoprem ycaoeusm (4.1) u (4.2) Tozda, dar

a0b020 T € (—00, +0m0)

+00 100
/ |Cu(z — t)ldr(t) < S; = sup [ (Cul(z — t}|dT(2) < +.

o0 z6G¥+ J-2

Aorasamenverngo. B cuay (4.3) Re Culz) 2 0, z € Gt u, Tes cammm, Pynrams
Cu(2z) obianaer HexacarenbHbIMi I'DAHAYABIMU IHAMEHWIME 11O ITH BO BCEX TOYKAX

-0 < & < 4o00. Jauce uo sremme Qary

+o0 +o0
+00 > liminf/ |Co(ic + ty — t)|dr(t) > / liminf |C(z + iy — t)|dr(t)
w40 -o0 was 30

el
2/ ICu(x — 1)|dT(1)
— a0

upu iobom T € (=00, 00), K, TEM CAMBIM,

+o0 + 20
lup/ [Culz = t)|dr(e) > / |Cu(z — t)|dr(t).
’>° - aD -0
[lepexon k cynpemymy 1o x € (—00, +00) JaBepmiaeT NOKAIATENLCTHO. O

4.2. [lna noKa3aTeIBnCTBa OCHOBHOM TEOpeMbl AAHHOTO padjgena HY)XHa TakXe

Jlemma 4.4. [lycmnv w € 8, @ f(2) - zaromopfrar 6 G+ Pynryus suda

400
()= Cu(z — t)du(t), :z€G*,
- 00
2de p(t) - PynrKyUUR 02paNUNHNO020 UsMeNeNUR na (—00, +00). Tozda mmoscecmao
mez £ € (—00, +00), 2de HEKACAINEALROP 2PARUNKOE JHANENLE f(x) ne cyujeemayem
8 Gude wONELHO20 npedena, 062a0GET RYALEOU W-EMNGCINDIO.

27



A. M. JDKPBALWAHH, JOK. 9. PECITELO

Hoxasameavcmso B cuny (4.3). Re C(z) 2 0, z € G*. Tem cambim, f(2) avascres
PAIHOCTRIO ABYX TONOMOPRHBIX B G (byHKIMA ¢ HEOTPUIATEIRHBIMU BEINECTHEHNbI-
v vacrsmmn. Caenosareasho, f(z) orpannucnnoro suus 8 G* n nosTomy uneer go-
llevlible 11eKACATEILIILIE I'DAITMNIIbIEe JHaYeuns NoYTH N0 Beex ToYkax —o0 < £ < +00.
Jasiee, B cuuty reopemul JInneneda Cylec THOBRHIE KOHEUIONO HEKACAIENALHOI'O LIpe-
Aena B Kaxofi-nM6o Touke r € (—00,+00) SKBHBANEHTHO CYLUECTROBAHUIO TOTO >Ke

npejesia H NIEPIeHIHKVIHDHOM HallpaBJ€HMIL:
(4.6) lim f(z +iy) (= f(z)).
y—+0

Hust noxasaTe IbCTHA CYUIECTBOBAHUH NOCICAHEIO [IPEIE)Ia BHE MHOXECTHa HYJIEBOA
W-EMKOCTH, 3anHINeM
A
(4.7) flz+iy) = f(z +iA) =i / fl(z+ia)de
Yy

moGumn y. A (0 < y < A < 400). Tak kak w € , To npu nomowx onerkn (3.6) u
BbIMHCIICHHY, AHANOIKM'IHOIO NIPHBELEHHOMY B Ha4alle 1OKAIATEILCTHA Teopentnl 3.1,
JAKI0MACM, ¥TO MPpH Mobuix 4y > p > 0ne € (0,1 4+ o)

+0oo rianln +o0 1
if'f:nuirr)ldrr:j -/ Co ;r-}-irr—t}d;.tldo
/-, , |5 ( )]

>
+ 00 / 0 g +oo
' dult)]
= |, - < A ;
i £ (-/m i+ io t)"dﬂ(t)l) == fp'w./,, da/_m |z + 70 — g[V4e
2 g Aae dult) PoS dr o +20
'1‘ - / - l'f _ ” - _l/ll A y‘] -+ r}l‘l — A p.wy -Ynu(t) < +m9

rae M, . A w M - noroxuteasHbie nocrosunse. [losToMy, NpeaenbHbIM ne-

P w »rw

pexolom A = 400 1 (4.7) nouyvaem

(48) f(z+iy) = flz +i00) - zJ[ Ffle+io)do, y>0, —oc << 400,
v

rae uHTerpast abcoloTHO cxoauTea u f(z + 100) - KoHeuHnId npegen.
[Tycrs Ey - mroxectso rex z € (—oc, +96), L1151 KOTOPbIX

r+0o0
| f(z +io)do| = +oc.
Jo

# ycrb E - MHOXecTsO Tex T € (—00,+00), rae (4.6) He AMNACTCA KOHEMHBIM TIpe-
senom. Torwa E C Eq v cuuty (4.8), u puvencrso C,(Ep) = 0 paever C, (E) = 0.
Aettcrautensno. ecin CL(E) > 0, To cywectuopasa 661 HeOTPHIIATEMLHASR B-mepa
T < E. pma kotopoh Gsinu 6ut vepanr (4.1) u (4.2). Ho E C© Ey. wosromy 7 < Ey,

monytaem C(Eg) > 0 seuay onpeaenenusn 4.1. Takun 06pa3oM. ocTaeTcs MOKAIATE,
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aro C,(Ey) = 0. Mpeanoioxum obpatuoe: C,(Ev) > 0. Toraa nahaercs neorpuna-

Tennnan B-mepa 10 < Eg. 415 koTopo# pepam (4.1) w (4.2). Tlo (4.1).

/_; drp(x) = / dro(z) = 1.

Kpome toro, ouennano. uro

+oc ) +
(4.9) f | [ fiizr+ ia}dal drp(z) = +3.

—aa |y
C apyroit cropoHb), B cuny (4.3) C/(2) = fu “““ . Moatonty. npumennns Teopenmy

OyOunit u (4.3) oy umn

/;x fliz +i0)do = J[+°° (/+°° Clz+io - !)do) du(t)

e v

4o bos o do :
T
don + 0 +oc lL:-‘(:“ 3
= Y= — - 1 dp
/ ( / @(/\)/u I—f+u)/l = '[~m ([o z"t+i‘)‘-) .

= _1[” L (: 1 t) du(t) = — ;x C.(z — t)du(t).

-

Cresosareasno. ann moboro z = r+1y € G

4+
< / ICulz - t)lldu(t)].

+ 00
[ fl(z +io)do
Jy
u no onpeaenenno (1.3) sapa C,(z)
+00 +o0
/ dio(z) < / dm(r)j IC (£ + ty — t)du(t)
oac o

+ 20

400 +0
=/ |du(t)|/ IC(t + iy — )|ld7a(T)] £ 5 V i < +oc.

+o0

J(z+i0)do

v

Orciona, no nemse Paty

s+

+00 too o0 £5.00
/ [ fle+ Jy)dy'dro (t)= { Ihul Sz + a'y)dy’d‘ro(t)

- (/0 $oo | |
+00 | p+00

< lisu inf I' S+ 1y)dy, dro(t) < $1 V 1 < +00.
vy

—00 y - a0

9710 uporieopenT (4.9).

[IpuseeHHan rRUXE Teopema aaeT onucanie 'PAHHYHOIO loBeneHun ¢yHxIntd Kiac-

cos N (w(z) € NN) B TepMHBax w-emkocTelt.
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A. M. AXKPBALIHH, 1. 3. PECTPEIIO

Teopema 4.1. hobas gynryua u(z) € NI (w € §2) umeem nenyaeone, Konenue,
NENACAMEADHBE 2PARTINHBE IHANEHUA 60 BCET MONKAT T € {—oc, +00), xpose, brmd

AMOICENL, MHONCECTNAGAQ uy.aeaoﬁ W -EMNROCTHY.

Toxasameiscmeo. YTBEPIK(EHUE OYEBHIHO B CHIIY J1eMME 4.4 H npesctasaenus (3.2)
dyukwm u(z) € N, rae ap ¥ @) - BEIIECTREHHbIE NOCTORAIHLIE, & i(t) - dhynxima

OTPAHIYEHHOTO U3MeHeHHs Ha (—00, +00). o]
Bameuanne 4.1. Beudy (3.4), cyorcerue xaacce N onoanumesbudm ycAo6ueM

lim w(z,o+iy) =0 npu xexur Aubo IHANCHURT | # T2
y-t+00

AEAREMCH Kaaccom zapmonunecxuz 6 G dynnyud, npedcmasumur mosovxo unme-
epasom npasoti vacmu gopayan (3.2). Oduaxo, Re Cu(2) 2 0, 2 € G*, ssudy (4.3),
U RO3TOMY PURKYLL CYHCERNOZ0 KAACCE WMEIOT HEOMPULGTNEADHBE 2EPMOHUNECKUE

smascopanmse 8 Gt u obaudarom eparusnsimu cevtictoemu meopemu 4. 1.
Huke npunoaum erme o HY TEOPEMY O TDAHHTHBIX JHAYEHUSX PYHKNM#A Kknaccos T

Teopema 4.2. ITyems w € ), B-mnoncecrneo E C (—o00,+0o¢) nosoocumeavrod
w-emxoen, u nycmou a) = 0 6 npedcmasaeruu (3.2) gynruuu u(z) € NF. Tozda

L 3
(4.10) / lulz)ldrizr) < +00

o

das mot oce B-mepw 7, wmo a (4.2), dan xomopoi C,(E) > 0.

Hovawsameascmaoo. Qvesnano

1 + o0
st [ 1Cu(z - )ldult) + a0, -0 < t < +00,
L
H, TEM CAMBIM, IOAB3YsACh Teopemolt Pybunu u HepasencTeoMm {4.2) noaydmn

/m |u(z + iy)ldr(z) < %j’m |dp(t)|jfw [Culz + iy — Didr(z) + M.,

i +a0 +20 C’l +oc
< = [ [dpt)]| [m |Cul(t + iy — z)|dr{z) + M,, < o ,\{0#4- M,, < +oo.

O

CenoBaTe1bHO. NpHMeHHB Teopemy 4.1 M nemmy Paty npuxoasn k (4.10). a

Abstract. Some w-weighted classes of harmonic functions are introduced in the
upper half-plane, the representations of these classes are found. A description of the
boundary values of the functions from the counsidered classes is given by means of
a notion of w-capacity on the real axis. which becomes an analog of Frostman's a-

capacity in a particular case.
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1. OBQIBAYEHHUA U ONPEZENEHHAA

ByaeM none30osaTLCa CleAyIOIMMH CTARAAPTHRIMKM 00603HaeHNMH: N - MHOXe-
CIBO HaTypanbHelX yucen, No := NU {0}, NJ'. n € N. MHOXeCTBO N - MEpHBIX MY/b-

THHILIEKCOB, 1. €. ToUeK & = (0. ....0n), a; € Ng, j=1....,n, E" u R" - n—mMepuuie

BCI(CC T HCHHbIE JHK.IMAOBO NPOCTPAHCTEA TOYeK T = (Z1, ...Z,) U € = (&, ....&n),
Ry ~{€cR . £>0j=1_.n)RE:={E€R" & .. € #0},C" := R"x1R"
2= 1) dnst mobux €. € R". v € R®. t > 0 n a € N obosnaxun ||| :=

€+ +)2 € n) = bt bty V] = 01+ v, (€] = (] ]
t-€ = (t-& ..t &) €& = €' La~. D* = DP..D3~, rae D, = 3% ambo
D, = %83— ji=1,..n

Xapak 1epHCTHYECKHM MIIOrorpausukoyM (X. M.) Konevuoro nabopa A C R} He-
JbIBAETCH MMHHMAILHBIA BLINYKALIA MHOrOrpaHHHK R C R, cogepXalMil MHOXKe-
croo AU {0}. Muororpannuk R C R nasuisaeTcss monubim, ecim R umeeT Beputu-
HY B HAYAJIE KOODAHHAT M OI/IM'IHBIC OT HAYA1A KOODAKHAT BEPLUMHBI HA K8KUOf
ocit koopauHar. flomisift muororpanauk R € R naswisaerca npasuasnem (Bnosne
UpaBMIbHBIM (B, 1)), €C/IH KOMNOHEHTH BCeX BHewHuX (OrHOCHTe LMo R) HOpMa-
Aeft (n — 1) —MePHBIX HEKOOPAMHATHLIX FPAHENl HEeOTPHUATENbHDI (nonoxurensn).
A 8. n. muoroyroavhuks ® € RT uepes A(R) 060318MHM MBOXKECTBO HOPMa-
Al A = (A1,..,A.) (1 — 1) ~MepHBIX HEKOOPAMHATHBIX rpaHefi R, w1 koropwix
min{},, 7= 1. .n} = 1. Yepes B(n) c60311auum MHOXECTBO b. 1. MIIOTOr PAIIHH-

koB R C RY, nas koropuix

maz {(1,A), v€ R} :=dr(A) <1. A€ A(R).
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O CIPABHEHMHW C BECOM ABYMEI'HBIX MHOI'O*UIEHOB

Jas muororpannuka R € B (n) oboanauny R - muoxectso sepuimnn R u
IR ={reR IAeAR). (v.A) =du())}. Onpenennm dynkwito
k(€)= leI".
vER®
Yncia do (R) := wux {da () : A€ AR}, po(R) == max{|v|: v € R}, oy (R) -
min {|u| :0#ve Ro} HASKIBAKOTCH COOTRETCTBERHO (hOPMAJILHBIM, MAKCHMATbHbIM
H MUHMMAJTBHEIM HOpstaKamy dbyrkunn hy. Tax kax, overnano. 0 € R u dp(R) < 1
(R € B(n)), To c nexoropo#t nocronutah C 2> 1 iMeem
C 1+ [1EN)” ™ s he(§) <C- (1 +1EN™™ <
SC-(+iIEN™® <C-a+el).  ¢eRr

Mycte P(€) = 3. vaf® Yo € C, muOrownen. rae cyMMa PAcClpOCTPAHACTCH MO
ag(P)
koucunomy nabopy (P) := {a € N : v, # 0). IIpcactanum MHoroyncr P a paae

(1.2) P@&)=3 P6)
=0

(1.1}

rae m = max {|a|, a € (P)}- nopasox mHorounena P, 8 P, - oguopoauwmi miio-
rovunen nopuuke j, j = 0,....,m. Touka v € R™ Haswisaercs uyiem muorovneHa P
nopaaka €(r) € N, ecan

P@) () := (D°P)(r) =0 nna moboro a € NI, |a| < £(7)

T |P(°)(-r)| # 0 [o onpeacacemo, npn P (7) # 0 6yacm cuurets. yto £(7) =
(| =2(r)
0. 15t ogHopogroro mHorovaena P o6osnaunm Y (P) = {re R" = ||7|| =1, P(7) =0}

Hvere k€ Ng,ne N kgn & =(6, &) ecauk 21, v = (Eyr, .5

ecrm k < 7.

Onpeacnenue 1.1. Bydem 2060pumd, ¥mo smnocovaen Q(€) hn MR € B(n — k))

caabee mnozovwaena P u nucarny Q < "R P, ecau ¢ nexomopod nocmoannot C > 0

Q€ hr (") < C-P(g, hw(€"), €€ R"

ede Oan dawnoz2o Mwozowienu ¢ u Sucaa t > 0

§(€.t) = \/Zlq(o) ({)l’mnl,

Onpeaenenne 1.2 (cum. |1], oupegenenne 12.3.3 ). Muocovaen P. npedernas.aernmn

6 eude (1.2), naswaaemcs 2unepboauvecxun (no lopdunzy) omwocumensno nepsot
xomnonermu, ecau Pp, (1,0,..,0) # 0 u cywecmeyem nocmosxnas C € R manox,

wmo P(§)#0,& €C, (£2,...,&n) € R"! npu linf, < C.
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B. H. MAPPTAPHH, 1. I TOHOSIH

Onpecaenenne 1.3 (cn. [2]| nm |3] ). COxaxcem, wmo muozovwaen P, npedemasaenmmi
e 6ude (1.2), hg (R € B(n — 1)) 2unepbosunen omnocumesdHo NEPBOT KOMROHER MM,
ecau P, (1,0....0) # 0 u cywecmoyem ~ucao C € R. dar xomopozo P(€) # 0,
E1€C, (£2,....60) € R* 7! npulmé) < C - hy (€2,..,&n).

Tasn muororpanawka R € B(n) wepes R obosraumm x. M. HABOpa {0, v}, cpalU
(dy (R),0,....0). HerpyuHo 3ameruTb, 4o ReBn+1)upu R <€ B(n).
Tns R € B(n) uobnacta @ C E" (cm. [4] ) 1epea I'® () oboanaunm cnexyromui

My.1bTHaHH30TPOLHEIR Kiuace XKespe

r® Q)= {feC""(Q).VKcQ,E!C=C(f‘ K),

sup D" f (z)] S C7*'j7, Ya € jR, j =1, } :
zEN

rae K- komuaxt, j% = {v € R} : v/j € R}, u noroxum

19’" () =TREOQ)NC=(N).

0
Hasectra (em. |1]), wro TR (Q)\ {0} # 0 npu do (R) < 1 (R € B(n)).

B paSore [3|, npu HekoTophix BECORbIX oueHkax (¢ mecoM hg, R € B(n - 1),
do () < 1) na mMuaquue 4neHsl MHolrow.iena P, upeactapnennoro » suge (1.2),
J10KA3aHo, 410 ectd Py, runepboinyen 10 'OpAMHry 0THOCHTENBHO NEPBOA KOMIOHEH-
™, T0 P hg ranepBoauyenl OTHOCHTENRIIO NEPIOK KOMIIOHENTL, 1IDH 3TOM pelUenne
cneayiowmen 3agaun Komn

( P(%-D:)U(t,z)=0. t>0

l £U0,2)=f(z). [, € r?”* (E™), 7=0,...,m~=1

1 <4< 1/dg (R). npumannesxnt kmaccy TSR (H) rze H = {(t,z),t >0,z € E™}.
B paGore [5] 10ka3ano, uTo ecuin riasnas yacTs MHOrouneHa P (A, £€). upescrau-

nexnHoro B Buae (1.2), runepBosnina no FopauHry 0 THOCHTETBHO NIEPROA KOMIIOHEHTL
nP, <P, ReBn).d(R)<1),j=0,.,m-1,10P ()& hpronepboruyen
OTHOCHTENEHO NepBOA KOMIOHEKTLI, ¥ pemtenne IV caeayiomed 3axaun Kowm

[ P(£.D.)U(t,z)=0, t >')o

| ZU©32)=f;@). fie T®E). j=0,..,m—1
rae M e B(R), MIM O R, npuHaIeKNT ra (H).

Hama LEeJIL B HACTAALLEN JAMETKE MCCIeH0BATD BOIIPAC CpALIIENHI € DECOM MIIOTrO-

“JIEHOD OT JIBYX NEpPeMEeHHBIX.
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2. CPABHEHUE [BYMEPHKRIX MHOTOYJIEHOB

B sansnefem Gyuem cumrath, yTon =2 W £ = (£, &;).

Tlpeanoxenne 2.1. llycms Py,  odnopoduuti mrozovaex nopadra m,

£:=max {£(7): 7 € }_(Fm)}, 2de £ (1) - nopadox uyrr mnozounena P, 6 moune 7.

Toz20a MM0204A€H

Qum-0 &)= ¥ [PO €

fol =2
IAAUTLTIIUNEN.

Jloxasameatcmeo. HENMOCPEACTREHHO CAeAYeT U1 nemabl Jhaepa 0 NPEaCTAR/IEHMN

OMHOPOAHLIX MHOI'OMJIEHOB Yepe3 UX UPOM3BoAHbIe nopsika k (0 < k < m) O

Teopema 2.1. Tycmu R € B(2), P - mrozousen om deyr nepemenmnmnr, npedemns-
aeundili 6 eude (1.2). Tozda aaboii muozower Q noproxa we awute m—£€(1 — py (R))
hg caabee P, 20e € .= max {€(7): 7 € 3 (Fm)}, £(7) mopadox wyar mmozovsena

P, 6 mouxe 7, a p; (M) - munumanvunii nopadox dynxyuu by

Hoxeszomessemao. B cuny npennoxenus 2.1 n nesolt vactu ouenky (1.1) ¢ Hekoro-

pbinn nocrosmaeimu C, > 0, j = 1.4, npn seex £ € R? uaeent, uto

P hn(@)2C | Y [P @05 @ +ng 6] 2

| =2

=i

> bk ) | 3 P @ - |3 A @)+ 2

lal=¢ | 3=t

(2.1) > Cutl () (IEI™* + 1) 2 Cu (1 + g™t ®).
Tak Kax 8 cuiy npasoi yacry onedks (1.1) ¢ nekoropmnmn nocrostaubinm Cs, Cg > 0

npu Beex £ € R? (m) :=max{|a|: a€(Q)})

Qebm (@) - \/Z @ (@) K3 (6) <

<G 3 (1 lED™ 1o + el < Co(1 + €™,
|algm,
T0 0TCI0Aa M M3 oueHKA (2.1) momyyaem yTBEpXKAEHHE TEOPEME!. a
Tlns muoroyronshuka R € B (2) uepea (x1 (R),0) u (0, x2 (R)) oboanasmnm rep-
wuEe R, nexxamye Ha COOTBETCTHYIOIIHX OCsX KOOPAHHAT.

B pabore |6] noxaaana crenylomas Teopema.
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Teopema 2.2. fTlyems R € B(2), pu (R) < 1, P, - 0010podNBLl MIUOZOMACKH NOPAORY
mg. Muosovaen Q nopadna m, npedcmaeaennviil 6 eude (1.2), hn caabee muozovaena
P, mn2da u moasxo muzda, xozde

1) mg 2 m,

2)mg — £(7) (1 =85 (7)) 2 max {k — £ (7) (1 — 8o (7)), k=0.....m},

20¢ €(7) u € (7) noparoxu nyaeti mrozowenos Iy ¢ Q) (0 < j € m) 6 mouxe

T€Y.(Pu,) 8
Po (?R) TE Z: m.; n R{)
8o (7)

X' E rl'lu TZ - U
X2 (‘R (Pmn) 71 =0.
Mpennoxenne 2.2. Tycms R Ry € B(2), dan xomopmz py (Ri) = po (R2) < 1,

S (R) = a; (Re), § =1,2. Oduopodhiuit muozowaen Pn, noprdsa me  hg, cusonee

anosonaena (Q mozda 4 moavxo mozda, xozda () =< ™, P, -
Joxaaamenscmeo. HENOCPEACTBCHHO CeAyer HA TeopeMsl 2.2, 0

Mpeunoxenune 2.3. Feau dan muozoyzorvnuxe R € B(2) po(R) =1, mo
I)cardA (R) =1, 2) aubo x) (R) = 1, aubo x2(R) =1,
9)R={veR:: vi/xaR)+ua/x2(R) <1}.
Jlowazamenvcmeo. 1a yeuosus po(R) = | sumeest. 9t0 aun nekoroporo v° € RO
[vY| =1, a u3 ycnosua R € B(2) u onpegeacnna A (R)
(2.2) 12d(0) 2 (0220 =1, AeA(R),
. CJICI0BATENBHO,
(2.3) d(A)=1, A€AR).
Paccrmolpum caeayronme Bo3MoxiLe Cly4an
I) %€ R3. 11) »® = (1,0) n 111) ° = (0, 1).
B cayuae 1) na coornowmenus (2.2) nmees, uro ecciu A € A (R), 10 XA = (1, 1), cueio-

BaTenbHo, cardA (R) =1 n

(2.4) R={veR, vi+mn<l}.
Nycrs A, (R) = (A€ A(R): X; =1}, A} ;= min{),: A€ A;(R)}, j = 1,2 Tak
KaK M ¢ nyqaell) AL =1 s moboro A € A(R), o A(R) = A, (R) u (1,23) € A (R).

Onrcioun 8 cuny (2.3) umeem, wro

R= (] {veR wn<1}= [ {veR: (v <1}
AEA(R) AEA{R)
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Tak kak 418 Mobwx v € 3, X € A (R), (v, ) 2 v1 + Mvs, To oTcr0a8 MMees. uTo
(2.5) R={veR n+Mr<i},
n. cuenosarensHo, cardA (R) = 1.

Yreepxienue niynkta 1) n cayyae 1) noxassisaerca ananornuno cayaso (N, u
1B YTOM C1yuae
(2.6) R={veR 2y +m<i}.
B cnyae I) us npeacrabnenns (2.4) cneayer. uro x; (R) = x2(R) = |, n. caepops-
resibHO, yrBepxaenny nyrxros II) w III) sepub 8 3rom ciyqae.

B cayuae II) u3 npeacrassenus (2.5) u » cayuae III) w3 npexcrasneria (2.6)
unmcen coorserersenno, 4ro Xy (R) = |, x2(R) = 1/A u x2 (R) =1, x, (R) — 1, B
OrkyR& HCIOCPEACTBEHHO CNEAYIOT YTBEPACTEHHA NYHKTOB 2) u 3) B 3THx ciiyuanx

[Mpeanoaenne 2.3 poxkasalo. O

Hna muoroyronbuuka R € B (2) ofoanayum
B(R.2)={Me B(2): po(M) =p0(R), x,(M=x,(R). ;=12
Ey(R):={6: fo(d):=max{v +6vms < x:(R), veR°}},
E; (R) := {6: g (8) :=max {6y +1n < x2 (R), v e R}},
Xi(R)=supf{d: §€ E; (R}, j=1,2
B paGore [6] moxa3ano, uro pp(R) 2 %, (R) 2 x; (R). j = 1,2 Hy onpenencuunt
unced X, (R), j = 1,2, Tak kak R asasercs x. M. uabopa RO (cm. |7] nan [8]), useen

(27) RcC {veR}: v SR+ (R < x1(R), X2(R)wn + 02 < x2(R)} .

IIpeanoxenue 2.4. Jan mobozo R € B (2)
1) (1/x:1 (R}, 1) € A(R),
2} (1,1/x2(R)) € A(R)

Horazameavcmeo. Chauana nokexxkes. uto ans gexotoporo v € R, v" # (x; (R),0)
A +x1 (R) ] = x1 (R).

[Ipeanonoxum o6parnoe, uto st awborov € R, v # (x1 (R),0) v+x3 (R)wy #
# x1(R). Otciopa B cuny Baoxenus (2.7) umeen, 4ro aaa awboro v € RV v #
#{x1{R),0) v + x1(R)v2 < x) (N). Toraa cymecruyer yucno tg > x; (R) raxoe,
410 fr (to) € x1 (R). 3To npoTusopeunt onpenesennto wcia x) (R) u toxainea-
er, uto ans nekoroporo v € RO, 0 # (x; (R),0) vf + 51 (R) ] = x1 (R). Tax
kax (x) (R),0) € R°, 1o B ciny BumyxaocT RN orpesok I, cocaunaommi Toukn
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(x1 (R),0) n o, upsunguiexnr R Orconn n cray sroxenss (2.7) wmeem, wro T
HPHHALIEKRAT oAnoMepHoft neoopminatnolt rpann R, 1 noatosy nexrop (1, x) (R))
sipaseren {puened ornocHTeasto R) HopManuio 1ol rprim.

Caeposatensnn, (1/x3 (R). 1) € A(R), Tax kak x; (R) € 1. Tax kak yrsepxacnne
HyHKTa 2) SLOKAIBIBACTCS AHAJOTHYIO YTHEDPHUICHHUIO 1IynKTa 1), 10 3rHM npeaioxe-

e 2.4 1oxasano. U

Teopema 2.3, Mycmnv dar R € B(2) pp (R) < 1. Tozda

MR)={veR Ppl<p@®). m/m@B+msln+m/xaRs1)edR?2)

u dar mobozo R, € B(N.2) R, € M(R), mo eemv cpedu MHO20y20ABRUKOE U3
B(R.2) R € B(2)) cywecmsyem MaxcumeibHoit.

Jorasamesvcmso. Tak kuk aan moboro R € B(2) upn yeaonnn reopemol x5 (R) €
po (R) <1, 7 = 1,2, To m1 oupeacienns M (R) cnenyer, uro (x| (R), 0}, (0, x2 (R)) €
€ M (R). Cnemovarennho, win noxasarenncroa M(R) € I (R,2) ocraercs noka-
3atb, uto cymecrsyer 1° € M(R), nan koroporo |v°| = po(R). U3 onpesenc-
nust wncen po (M), x, (R), 7 = L, 2. n vuoxkenun (2.7), rak xnx x, (R) 2 x, (R),
j 1.2, caeayer, uto cymectsyer touka »' € R, |v'| = po(R), ann xoropoft
Pl R < xR, x2 (R v + 1 € x2(R). Orcroas npocTiMu BRIYHCIEHN-

MM HOJY THLCA

o (R) - x2 (R) xi (R) (1 - py (R)) A
T 3(&2) _'Jfl < I—XI(W) 4 U%—ﬂn(m)—ull.

D10 CIHBYAET, YTU UPK YCAoBHAX reopemil uncia py (R), x5 (R), 7 = 1,2, acskuw

yYiopaeTbopsTh CACAYIONHM COOTHOIICHHAM

po(R) — x2 (M) _ xa (R) (1 - pa ()
T l-xa(R)y T 150 (®)

(2.8)

Moknxken, uTo Totky

N (B @) o xR - po(R))
( I A A g )

npunapiexut M(R). Tak kak |u°] = pp (R,

4 xy (R) ) = \! ‘?)-““‘(r;n)ml) |

u b enay nepabenerna (2.8)

" R)(1 L
o b xa ()W = Ja(ﬂ)"‘%{’)‘_ﬂ + 5o (R) x:mm 7%(&»

x1 (R) (1 - pa (R))
1 -x1(R)

X1 (R) |pa(R) - ’ = x3 (R)

J8
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Ry — (] - ayy X (R) (1 - po(R)) .
() = ('~ s (R) ST

< po(R) - (1 —xztﬂ))%%& - x2(R).

o v cuay onpeaencinst M(R) 17 € M(R). Jrum yraepraenne M(R) € BN, 2)

= fu

poxaanHo. [yers By € B (N, 2). Toraa s cuay paoxenns (2.7) i MHOrOYroaLHuKa

R o, Tax Kak ), (R1) > x; (R), j = 1.2, umeewm, wro
Rc{veR: W<SopP,v+xR)m<xi(R), %2 (R)m + s - x2(Ry)}

c{reRL W S pu(R) v +x (R)va < xa (Ry), x2 (R w4+ vs < xa (R))}

Orciosa n 13 onpeygcnenus miuoxkecrva 4 (R, 2) usecn, uro
R C{reR,: WSmR), vi+xi(R)m<xi(R). xa(Ri)v +vz < x2(R)))

={veR:: [v<po(R),v/x (R)+v2 €1, 114 +1a/x2(R) < 1} = M(R)

Teopema 2.3 goxasana.

Cacacrane 2.1. fTyems R € B(2) u py(R) < |. Odnopednvitt mmozonnen I, ne
padna my hgy cuavnee muoz2ouaena ( mozda u moavxo moeda, xozda Q < "o P,

2de M (R) onpedesreno 6 meopeme 2.5.
Jloxa3nmeascmeo. HENOCPEACTBERHO ciledyer w3 reopen 2.2, 2.3 4 npejuloxenis: 2.2,

Tecopema 2.4. flyem» 8§ > 1 u R = {u € R% . v + 02 < 1}. Odwopodnuit mno
2ovsen P, nopadxa mg hp cuavmee odwopoduozo muozovaena P, nopaowa m,
moeda 1 morvxo mozda, xozdn

1) mg 2 my,

2) gy — bo(r)(1—=1/8) 2 my - & (1) (1-1/8), nput =£(0.1} € }_ (Py,). 20

{; (1) nopadox nyar muozoaena Py, , i = 0,1, 6 mouxe 7.

,Hon:a.mme.nbrnwa. 1‘10(]6)(0,&"&!0(“1‘1: AVOKRILIBECICH QIO HeubxoanMoil acTi

reopembl 2.2. Jokaxxen poctarounacts. [Ipeanonoxkiun ¢OpaTioe, UTo npit yesionusx

® c R? € 2 oo npns = o0

TCOPCMBI CYNIECTRBYET NOCJICAOBATTRROCTH (£°}
AU Koropot

(2.9) Py, (6" hw (§7)) /Py (§". hn (7)) —» 00 npu 8 —» 0.

Tak xax g 2 My, ro B cwiy Jemmu 3 paGoth [6]. He ymanss obmrocTH MOXHO
CUMTATh, UTO MOCACACRATERRNOCTH {7° 1= &%/ [|€*]1} 50, nameeT nmpejen. M 3TOT npe-

ACH TIPHHELICKHT MHOXCCTBY Y. (P, ). Myets 77 = 7 € 3 (Po,) npn s = oo
39
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Mokwkem, uro 73 = 0 { To ectb 7 = = £ (0,1)). Mycrs Havbopor 71 # 0. Torua ¢

nexoropoit noeroaiiod € 2 1 lpu gocTaTOMNO0 GOALIKX I
(2.10) crligel <lglsalel w 1l < Cllg.

Orciona 1 113 oupeueieHns dyHxiwn hy ¢ nexoropoit nocrosniod Cz 2 1 upu uo-

cTAT0'1HO (0L1BIIHX § MMEeeM
(2.11) Cy ' €] < hw (€°) < C2 €71

Tak KAK € HOKOTOPLIMH nocToARubIMU C; > 0, 7 = 3.6, v cuay ouenox (2.10) » (2.11)

npH JocTa1o4u0 Goabnx 8

“plle g0y <

-

lﬁm; (&sv hig ({a)J = V’Z !Pr(nc:} (E:‘)é

<C 3 +1ED™ Pl + g™ < caa + peniy™,

fal < m,

Pry, (€7 hn (€7)) 2 Cshg® (€7) 2 Ce(1 + JIE° )™,

TO 3TH OIEHKH IIPOTIIBOPEYAT COOTHOINeHWIO (2.9).

nOJl_\“l(!HHOE'.‘ HPOTHBOPEeYHe NOKRILIBALL, Y10 T} = 0. TCl.lepb, HPOBOMUY AHALIOFH -
Hble DACCYAKJIEHHA, KAK MpH AUKAIATELCTBE TeopeMul 2.2 B caydae T € Y. (P, ),
MOy MM, YTO NPK ycaobHsx 1) W 2) Teopemun cooTHowenne (2.9) Henoamoxkno. 1lo-

JYYCHROC 11POTHBODEYHE NOKEIhIBALT CIIPAREVIHBOCTS Y TBEPKIAEHHUA TEOPEMAI. a

Cneacteme 2.2. flyems 8 2 1, R = {vE R v +61n € 1}, Py, - 00nopoduni
MHO20%AEH NopAdKa mg. Mwozowaen Q, npedcmaeaennmii 6 sude (1.2), hy caabee
smuozowaena Py, mozda u moavxo moeda, xozda

{)mg2m,

2)ing—f(7)(1 —1/8) 2 max{k - €;{(r) (1 -1/8), j=0,...m}, npur = £(0,1) €
€ 3 (I',), 20e m - nopadox mnozousena Q, €(7) (¢; (7)) nopadox nyas mrozouaena

P, Q52 =0,....1m) ¢ moxxe 7.
Joxasameatcmeo. caeayer 3 reopembt 2.4 B cHuy semmbt 5 paGorw |6). a

Abstract. Necessary and sufficient conditions for camparison with a weight of two-

dimensional polynomials are abtained.
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Abstrart. The paper considers & quening sysiem that has k servers ard its
interartival rimes and service times are random fuzzy variables. We olitnin
A new theorem concerning the average chance of the event "r servers (r < k)
are busy at time t", provided that all the servers wark independently. We
aimulate the average chance using fuzzy simulation methad and ohtain some
results on the number of servers that are busy Sume exatnples to illustrate

the simulation pmcedure are also presented.

MSC2010 numbers: 60K05: 68120; 65C10

Keywords: Multi-server queuing systein; busy time: fuzzy interarrival times: average
chance.

1. INTRODUCTION

Queuing systemns constitute a central tool in modeling and performance of tele-
‘ommmunication and computer systems In the fuzzy case, it is assumed that the
interarrival times and the service times are random fuzzy variables. Pardoa and
Fuenteb |1] proposed the analysia, development and design of a fuzzy queuing model
with a finite input source in which the arrival pattern as well as the se1vice pattern
follow an exponential distribution with an uncertain parameter. Wanga, Liub and
Watada (2] studicd a fuzzy random renewal process in which the interarrival times
are assumed to Le iudependent and identically distributed fuszy random variables,
and two case studies of queuing systems are provided to illustrate the application
of the fuzzy random elementary renewal thecrem. Wu [3] has proposed the fuzzy
arrival rate and fuzzy service rate iu a queuing system. The nonhomogeneons Poisson
process with fuzzy intensity function is taken as the arrival process for this queuing
system. Computational procedures for performing simulation in the a-level sense
and for obtaining the -level closed intervals of the system performance nieasure
are also proposed to tackle this kind of model. Chen |4| has proposed a procedure

42
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SIMULATION OF A RANDORK FUZZY QUEUING SYSTEM

for constructing the membership functions of the performance measures in finite-
capacity queuing systeins with the arrival rate and service rate being fuzzy numbers
Kreimer (3] studied a real-time multi-server system with homogeneous servers (such
as unmanned air vehicles or machine controllers) and several nonidentical channels
(such as surveillance regions or assembly lines), working under niaximum load regime.
Zhao, Li and Huang [6] developed & cueue-based interval-fuzzy electric-power system
(QIF-ESP) model throngh coupling fuzzy queue (FQ) theory with interval-parameter
programming (IPP). Yang and Chang |7] investigated the F-policy queue using fuzzy
paraeters, in which the arrival rate. the service rate. and the start-up rate are all
fuzzy numbers. The F-policy deals with the control of arrivals in a queuing system
in which the server requires a stari-up lite before allowing custoniers Lo enter.

In this paper. we simulate the average chance of the event "all the k servers are
busy at time ¢"and the queuing system has & servers. In other words, we cstiniate the
average chance of the event "7 servers (r < k) are busy at time ¢ when all the servers
work independently and the interarrival titnes and the service times are random
fuzzy variables. We obtain some resulls about the relationship between the number
of servers and busy times and idle times.

The paper is structured as follows. In Section 2, we discuss the concepts and
essential properties of fuzzy set theory. fuzzy variables. random fuzzy variables. the
average chance, etc In Section 3. we illustrate the random fuzzy queuing system with
multiple servers and estimate the average chance of the event "r servers (r < k) are
busy at time 1". In Section 4, we consider the fuzzy simulation method. In Section 5

we provide some numerical examples.

2. DEFINITIONS AND PRELIMINARIES

Credibility theory, introduced by Liu (see |8]), 1s u branch of mathematics for
studying the behavior of fuzzy phenomena. In this section, we introcduce the basic
notions of credibility theory. such us credibility measure, credibility space. tuzey
variable, nembership function, credibility distribution, expected value, random fuzzy
variable and its expected value, independence and identical distribution.

Let © be a nonenipty set, and P be the power set of 8, that is. the largest o-
algehra over ©. Each element of # is called an event. In order to give an axiomatic
definition of credibility, it is necessary to assign to each event 4 a nnmber Cr{d}

which indicates the credibility that A will occur.
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Definition 2.1. (Liv and Liu [9]). A sct function Cr defined on © s called a
credibitity wmeasure if if satisfies the following arioms:

Aziom 1. (Normality): Cr{8} = I.

Aziom 2. {Monoltonicity): Cr{A} < Cr{l}} for AC B.

Aziom 3. (Self-Duality): Cr{A} + Cr{4"} =1 for any rvent A.

Aziom §. (Maximality): C{U;4,} = sup, Cr{A,} for any events { A;} with sup, Cr{4;} <
0.5.

Then the triplet (8. P.Cr) is called o credibality space. The product credibility meusure

can be defined in muliiple ways. We accept the following aziom.

Aziom 5 (Product Credibility Axiom ). Let ©; be nonemply sets on which C'ry are
credibility measures for k = 1.2, . 0, respectively, apd let © = ©) x O3 x ... x B,
Th

(2.1 Cr{(1.02,..8,)} = Cry @ ) ACra{fs} A ... ACro {6}
Jor each (8,.8,....8,) € O.
Let (8i. . Cry). k=1,2, .. n. be credibility spaces, @ = ©; x B3 x ... x O,, and

Cr = CrACra A ACr,. Then the triplel (8, P. Cr) is called the product credibility
space of (B. P, Cry). k=1.2,...,n.

Definition 2.2. 4 fuzzy variable is defined to be any real-valued measurable function
defined on o credibility space (©. P.Cr).

Definition 2.3. Let £ be a fuzzy varable defined on the creditality space (©. P. Cr).
Then the membership function i of £ w defined by
(2.2) u(z) = (2Cr{€=x})Al. z€ R

Definition 2.4. Let § be o fuzzy variable defined on the credibility space (6. P(8),Cr)
and lef a € (0,1]. Then

(2.3) €, = iuf{rlue(r) > a}. € = sup{riue(r) 2 a}
£V
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ave called a-pessimistic vatue and a-optimistic value of €, respectively.

Definition 2.5, Let £ be a fuzzy varable defined on the eredibility space (6, P(©), Cr)
Then the ezpected volue of € is defined by

o0 0
(2.4) E1<|=J/ CrlE>r]dr=J[ Crie < r)dr.
0

-0

provided thot at least one of the two integrals in (2.4) is finite (see [10]).

Proposition 2.1. Let & be a fuzzy variable defined on the credibility space (€. P(8). Cr)

Then we have
b, v
25) Ble] = 5 [ 16+ €lldan

Proof. Let € be normalized, that is, €liere exists a 1cal number 7y such that
pe(ro) = 1. 1f 75 > 0, theu in view of (2.1), we have

vy |

+oc \
Blg= glo+ [ Creznarsn- [ crtesnial =} [+

implying (2.5). The case 1y < 0 can be treated similarly. O
Deflnition 2.6. The fuz:y variables £,.&;. ... &, are called independent if

(2.6) cr{in,{& € B.}} = min Crit € B.)

Jor any sets By. By, ... B,, € R. by

Definition 2.7. A rundom fuzzy vanable s defined to be any function from the
credibility space (6, P,Cr) to the set of randomn variables.

Definition 2.8. The crpected value of a rundomn fuzzy variable £ is defincd by
Jc 0
(2.7 El¢] = Ju( Cr{f € O|E|£(8)] 2 r}dr —[ Cr{f € O|E[£(8)] < r}dr.

Proposition 2.2. Let &€ be a random fuzzy variable defined on the credibiity space
(8. P,Cr). Then for any 8 € © the expected value E[€(0)] w5 a fuzzy varable. provided
that E[€(8)] is finite for a fired 8 € ©.

Definition 2.9. The mandowm fuzzy variables £ and 1 are said to be identically distributed
i

g i . = inf {Pr{n(8) € B
(28) (,,.72‘,’2.,525{”’{5‘”’63” cr?:‘f;.. Int {Pr{n(6) € 1}

for any a € (0. 1] and any Borel set B of real numbers.
15
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Definition 2.10. The mandom fuzzy variables £,,i = 1, ..., n, are satd to be independent
f

(1) £,(8), i = 1. ..., are independent randorn variables for each 6 € 6.

(2) El&(-)], i = 1,...n, are independent fuzzy variables.

Definition 2.11. Lct £ be a rendom fuzzy varable defined on the credibilily space
(6. P(8),Cr). Then the average chance of the mndom fuzzy eveni € < 0 is defined
as

\
(2.9) ChiE <0} = / Cr{8 € O|Pr{£(8) < 0} > p}dp.
0

3. RANDOM FU2ZY QUEUING SYSTEMS WITH k SERVERS

In this section we study a model of queuing system with &k scrvers, denoted by
RF/RF/k/FCFS/x /o, where RF/RF means that the interarrival times and the
service times are random fuzzy variables, FCFS means that the queue discipline
is "first come, first served aud the size of source population is infinite. We assume
that the interarrival times of customers arriving at the server are independent and
identically distributed random fuzzy variables. § ~ EXP();), where A, are fuzzy
variables defined on the credibility space (8,, P(©,),Cr;), i = 1,2...., and the service
times are independent and identically distributed random fuzzy variables, n: ~ EX P(u;),
where 1, are fuzzy variables defined on the credibility space (T';, P(T),),Cr}), i =
1,2... and & and 7, arc independent.

For the model RF/RF/k/FCFS/oc/oo we describe the limit (as { = oco) of the
average chance of the event "the randown fuzzy queuing system is busy at time £ when
the queuing system has k servers. The case of different number of servers is also
discussed. Notice thatl in the special case where the model involves only one server
(k = 1). this problemn has been considered in [11].

Define P(t)- Pr{ali of k servers are busy at time t}, and P, (1) Pr{the ith server
is busy at time 1}, and observe that Pft) and P,(t) are fuzzy variables, Py and Py
are the ag-pessimistic values and the ag-optimistic values of P(t), respectively, and
E[3| <1

Lemma 3.1. (/11/). Assume that in a random fuzzy queung system RF/RF[k]FCFS/o/oc.
the fuzzy variable A has the same og-pessimiatic values and the aq-oplimistic values
Ai, and the fuzzy variable p has the same ag-pessimistic volues and the ay-oplimistic

values p,, and are conlinuous at the point oy € [0,1]. Also, let the k servers work
46
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independently, then we have

A‘ »\"
(3.1) Jim Po(t) === and lim P () = =
738 t—c .

Theorem 3.1. Let in e random fuzzy queuing system RF/RF/k/FCFS/~/oc, the
distributions of £:(6) and n;(v) be non-lattice, and let the fuzzy variables A, and ji,. 1 =
1,2..., be continuous at the point e € (0,1]. Also, let the k servers work independently,
then we have

(3-2) .lini’Ch[aH of k scrvers are busy at timme t} = (E ll"‘
—. M
Proof. From Dcfinition 10 and Proposition 1. for ith server, 7 = 1,2, ... k. we have

)
Ch{the ith server is busy af Lime L} = / Cr{8 € O|P.()(6) = p}dp
n

e A -
= /0 Cr{# € O|P(t)(6) 2 p}dpE[Fi(t)] = 5/0 (Pia(t) + Pgt))dp.
It follows from the definition of the limit that therc exist two non-negative real

numbers ¢, and . such that for any t > ¢,
A'
0< P2

Pao
and for any ¢ > {,

"

A
0< Pa(t) s .

Therefore, for any ¢ > max(t),t2), we have
A’ "
OSSP (+PLIES2+ =2 +-2.
s Fa(?) ) < R

Since E[ | is finite, 2 + L 4 ..- is an integrable function of a. Hence. we can apply

Fatou's lemma. to concludc that
1
lim mf / (P (1) + P (1))da > J[ Iim'inf (P () + Pl (t)da.
u e

and '
lim sup f (P + Po(t))da < / lim sup (P, () + P (t))de.

- fex
Next, since AL, A yih. u2 are almost surely continuous at the point a, by Lemma 1

we have
lim Ch{the ith server is busy at time t}

% lim f (PLAt) + Pa(t)dp = - / lim (P () + Pq(t))dp
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2[ f‘)da—E[ 2],

Now. for & servers that work independently and are identically distributed, we have
lim Ch{all of k servers arc busy at time t}
t-+20

l'] F'—l =(F‘l )",

=l
and the result follows. Theorem 1 is proved. 0

Remark 3.1. If X s the number of servers that ave busy at time ¢, then X s a
rendom varable with binomeal distribution. thal is, X ~ B(k,Ch), where k is the
number of servers and Ch i3 the average chance of the servers that arve busy at time

t. So. the average chance of the v servers (v < k) that are busy at time ¢ is given by

’ A >
(3.3) lim Ch{r servers are busy at time t} = (XY E[Z)D7(1 - E[Z))*",
t—roo i i
forr=0.1.2. . k. Also. we have
z 2 A
(3.4) lim Ch{at least r servers arc busy at time 1) = VAR, E'-:)‘ Eh S
) Jim Ch = L e -8l

Therefore. the mean of the number of servers that are busy at time t is kE[ﬂ.

Then. the average chance of all of k servers are idle at time ¢ is given by

A
(3.5) Jim Chiall of k servers are idle at time t} = (1 - E[‘—‘])k

4. THE FUZZY SIMULATION APPROACH

Y.Liu and B Liu [12| designed a fuzzy simulation procedure for both discrete and
cONUINUOUS Cases.
(a) Discrete fuzzy vector: asswine that f is a function, and €= (£}, -...£,,) is a discrete
fuzzy vector whose joint credibility distribution function is defined by

l g, u=u

12, u=
(41) petuy = § 12 uz

l B, U = Uy,

where pi, = minggige 00}, u = (u). .., u,,) € R™ and ;™ are the credibility
distribution functions of &, for1 = 1,2, .. .m
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Let @, = f(u,). Without loss of generality. we can assume that @, < a@; < .. < a,.
Tlen the expected value is given by

(4.2) Ef©)] =3 awp.,
=1
where
(4.3) Po= /2Ny — VIR ]+ 172V 5 - Visons),

fori=1.2,...,nand jig = j1p41 =0 .

{b) Continuous fuzzy vector: assume that € is a countinuous fuzzy vector with a
credibility distribution function p. In this case, the expected value can be estimated
by formula (16).

5. EXPERIENTIAL RESULTS

In this section, we present some practical applications of the model under study, to
show how the fuzzy simulation method can be used to estimate Lhe average chance

Example 1. Consider an investment bank with k servers. Let the interarrival times
of customers be fuzzy variables with exponential distributions with A = (1/2/3) in
minutes, and let the service times be fuzzy variables with exponential distributions
with x = (3/4/5) in minutes for k servers. Calculate the average chance of the event

"all of k servers arc busy at time t".

We use Theorem | and the simulation method, described in Section 4, to estimate
the expectation E[ﬁ] The corresponding simulation results are shown in Table 1 and
Figure 1, which contain the average chance of the event “all of k servers are busy at

time ¢"for the number of different servers. The algorithm for simulating follows.

The Algorithm

1. Generate the random numbers e;{i) in the interval (1.3). and the random
numbers e2(2) in the interval (3,5), i =1.2....n.

2.Set 1= o

3. Sct p(3) = min{y; (1), g2(2))-

If z; and z, have the same values, remove r, from the list of results. and set
pi = max(p, 1)

4. Apply formulas (16) and (17).

5. Caleulate E*.
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Table 1 and Figure 1 show that whenever the number of servers is bigger. the
average chance of the event "all of & servers are busy at time ?"is smaller, and it
tends to zero as the number of servers increases. Notice that the results are obtained
without using the a-cuts and we simulate the average chance. Also, the simulation
procedure is stable in high repetitions and it is close to the truc answer and it can

not be invoked in few repetitions.

[ k 100 500 | 1000 [ 10000 | 20000 30000
| 5 ] 00318 0.0364 00398 | (.041] 0.0414 0.0414
10 0.0012 0.0014 0.0016 0.0M7 0.0018 0.001%8
15 | 3.9172¢-005 | 1.2981¢-005 | 6.1171c-005 | 6.1359¢-005 | 6 7551¢-005 | 6.7551¢-005
20 | 3.9523e-007 | 1.8686¢-006 | 2.3734c-006 | 2.9698:-006 | 3.0270c-006 | 3.02700-006

Table 1: The results of simulation of average chance for Example 1.

J ==

Figure 1: Convergence of the fuzzy simulation for Example 1.

Example 2. Let a bauk huve status customer. Also, let the interarrival times of
costumers be (uzzy variables with exponential distribution with A = (2/3/4) in
minutes, and the service times are fuzzy variables with exponential distribution with
4+ = (3/4/5) in minutes for any server. We want to calculate the average chance of
the event "the number of different servers that are busy at time £".

We use Theorem 3 1. Rewark 3.1 and the simmulation method. described i Section
4, to estimate the avernge chance of the event "r servers (» € &) are busy at time ¢".
The corresponding results of simulation are shown in Table 2 and in Figures 2-4. In
‘Table 2. k is the number of iterations. r is the number of servers that arec busy at time
t, the "Error” rows contain the errors of the real solutions aud simulated solutions, and

the “ Averapge Chance” rows cantain the average chance of the event “the r servers out
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of 5 servers are busy at time £, r = 0-- —5. Then we calculate the error of simulation.
Similar to Exainple 1, from the results of Table 2 and Figure 2. we infer that whenever
the number of iterations is getting bigger the simulation becomes closer to the real
solution, and the fuzzy simulation procedure is stable i high repetitions. The Figures
3 and 4 show the error of simulation for different number of servers (out of 5 servers)
that are busy at time ¢ for n = 10000. 20000 and n = 30000, 40000, respectively. It is
clear that the error of simulation tends to zero for n > 40000.

I 50 1000 1000 ] Zo000 | dooon | anood |

B v o=

r) c‘l’l"_‘“‘f: 314766004 | 6.5093e-004 | 4 9800004 | 2.786%e-004 | 4809004 | 4.20240-004
Error A.81530-004 | 23069004 | 6.BRTIe-000 | 4.90N6e-MM1R | R.NEO0—006 0.0000
Average . - R

rol | Ol 0.0164 0.0109 0.0087 0.0085 0.0083 0.0080
Torror 0.0064 0.0029 G.B956e-004 | 4.9354e-001 | 2.92150.004 0.0000

. Avernge G e o

r=2 [ apoae 0.0721 0.0645 0.0817 0.000) 0.0593 0.0592
Fror 0.0131 0.0053 0.0025 U.0011 TN TRTT 0.0000

r=3 f‘;:";’}l: 0.2363 0.2334 0.2339 0.2211 0.2205 0.2200
Lrror {.0163 00134 0 0039 0.0011 5.00010e-004 0.0000 1

L || A 0.3981 0.1024 0.1079 0.4081 0.4085 0. 1087
Chance
Evror n.0106 0.0063 T RT3 004 | 6.00000-001 | 2.0000m001 0.0000

r=b | AVorage 0.2487 0.2684 0.2081 0.2996 0.3015 0.3036 |
Chance |
Error 0.0749 0.0352 0.0055 0 o040 0.0021 0.0000 |

Table 2: Results of the simulation of average chance for Example 2.

(X = =i
- -l
e —& - ]
* =
M o
B |
!. S L —v-- @ TP
t i
---------- - - -
’ L
.
—— g ——— ] - g
T ———————— ——— ]
-
) s ' (k] a 2¢ - = 4
Numbes of deraticns . e

Figure 2: Convergence of the fuzzy simulation for Example 2.
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Figurc 3: Convergence of fuzzy simulation for n = 10000. 20000 for Example 2.
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Figurc 4: Convergence of fuzzy simulation for n = 30000, 40000 for Example 2.
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ON THE CONVERGENCE OF FEJER MEANS OF
WALSH-FOURIER SERIES IN THE SPACE H,

G. TEPHNADZE

Ivane Javakhishvili Thilisi State University, Tbilisi, Georgia
E-mail: giorgitephnadze@gmail.com

Abstract. The main aim of this paper is to find necessary and sufficient conditions
far & modulus of continvity of a martingale F € Hp, for which the Fejér means of

\Walsh-Fourier series converge in Hp-norm, when 0 < p € 1/2.

MSC2010 numbers: 42C10.
Keywords: Walsh system; Fejer means; martingale Hardy space; modulus of continuity’.

1. INTRODUCTION

Weisz [16] considered the norm convergence of Fejér means of Walsh-Fourier series
and proved that

(1.1) loFll, < o lIFlly, . F€Hy p>1/2

Goginava in [5] (see also {13]) proved that there exists a martingale FF € H,

(0 < p < 1/2) such that sup,cp |lonFl| = +o0o. Weisz [18] also considered Fejér

P
means on the subsequence {2" : n > 0} and proved that

(1.2) lozFlly, < ¢ ilFlly,. F € Hy, p>0.
In [14], the author proved that if F € H, (0 < p < 1/2) and
wy, (1/2", Fy=o0 (1/2"“/""2)) as n - oc,
then
(13) llonF - Fll, >0 as n— oo.
Furthermore, it was shown that there exists a nartingale £ € Hy (0 < p < 1/2),

which wy, (1/27, F) = 0(1/2""/7=2)) as n — oo, and (1.3) does not hold. In |14],

"The research was supported by Shota Rustaveli National Science Foundation grants no.52/54
and YS515-2.1.1-47 and by Swedish Institute scolarship for postdoctoral regearch.
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the boundary case p = 1/2 also was considered, and it was proved that if F ¢ H
and

(1.4) Wi, (1/2" . F) = 0(1/n?) as n = oo,

then |[6,,F — F|l,;, #+ 0 asn — oo. Moreover, the condition (1.4) is sharp in the
above mentioned sense.

More results on summability of Fejér means of Walsh-Fourier series can be found
in |1, 4, 8. 10, 16].
The main aim of this paper is to generalize inequality (1.1) and find necessary and

sufficient conditions on a sequence {n, : k > 0} . for which
(1.5) llon, F ~ Fl, 50 as k=00 (FeH, 0<p<1/2)

Also, we prove some estimates for the Fejér means and show their sharpness in the
case where 0 < p < 1/2 (Theorems 3.1 and 3.2). Then, by applying these estimates
we find necessary and sufficient conditions for a modulus of continuity of a martingale
F € Hp. for which (1.5) holds when 0 < p < 1/2 (Theoreins 3.3 and 3.4).

2. DEFINITIONS AND NOTATION

Let N4 denote the set of naturals, and let N = N, U {0}. By Z; we deuote the
discrete cyclic group of order 2, that is, Z2 = {0.1}. where the group operation is the
modulo 2 addition and every subsel is open. The Haar measure on Z; is defined so
that the measure of a singleton is 1/2.

Define the group G as the complete direct product of the group Zz with the
product of discrete topologies of Z; The elements of G are represented by sequences
z = (9,21, .., Zj, ---), where zx = 0V 1. A base for the ncighborhood of z € G can

be given as follows:
I(z)=G, IL(z):={y€G:yw==0.Un-1 = In—1}. n€eN.

For n € N denote I,, := I, (0),7:.-: G\ I, and e, := (0,..;0.2, = 1,0....) €EG. It
is easy to show that

A -1 SAM-2 N\ -1 /-1

2.1) = U= U U hin e +m);U‘ U In (cz

=0 \ b=0i=k+1 \ k=0

e

Observe that every n € N can be uniquely expressed as n = 3.7, n, 2/ where

nj € Z3, j € N and only finite numbers of n; differ from zero.
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Let
[#) = min{j € N,n, #0} and |n| = max{; € N,u, # 0},
that is, 21"l < n < 2I"1+! We set
d(n)=|n|—[n] for all neN.

Define the variation of n € N with binary coefficients (ny, k € N) hy

o0
(2.2) V(n)=no+y_ [nk—nk-a.

k=1
Every n € N ean also be represented as n = }::_, 2™ with ny > ny > ..n, 2 0. For
such a representation of n € N, define the uumbers nt*) = 2%e1 4 2% 4 =1, . 7
The norms (or quasi-normws) of the spaces Ly(G) and Ly oo (G), (0 < p < 00) are

respectively defined by
W= [ 1P dn 1A, gy =590 22 (7 > ) < +oo.
G A>0

The k-th Rademacher function is defined by rg () = (=1)™, z € G. k € N. Now,
define the Walsh system w = {w, : n € N) on G as:

Ini=1
LT 9%

N
Wa(£) 1= ‘T_Iur:' () = 1jp) () (—1) *o , neN.

Notice that the Walsh system is orthonormal and complete in L, (G) (see [11]).
For f € L, (G). the Fourier coefficients, the partial sums of Fourier series, the
Fejer means, and the Dirichlet and Fejer kernels can be defined in the usual manner

as follows:

n-4
f(n)zjcfw,.dp, (neN), Suf =3 f(k)ur, neNs. Sof:=0,
k=0

n L | n
l e _l
o= ;gsﬁrﬁ 1% —é_owk‘ K, = nkX_;Dh neN,.

Recall that (see [11])

20 1,
(23) Do (z) = { 0 aers
Let n =377 2™ n; > ny > .. >n, 2 0. Then we have (see [7] and [11])

r fa<

(2.4) nk, = Z kn wzu) (2"‘ Kana — 'l(A)D'z"A) !

i=1
The o-algebra. generated by the intervals {1, (z) : z € G}, will be denoted by ¢

(n€N). and F = (F,.n € N) will denote a martingale with respect to ¢ (neN)
56



ON THE. CONVERGENCE OF FEJER MFEANS

(for details see [17]). The maximal function of a martingale £ is defined by F* =
sup,en 1Fsl In case f € L, (G), the maximal function can also be defined by

\
/ St

Fo1 0 < p < oo, the Hardy martingale space H, (G) consists of all martingales £ for
which [|F|ly = l|F*||, < co. The best approximation of f € L,(G) (1 < p € 0) by
Walsh polynomials is defined as

Ea(fLp) = inf IIf — vll,.

where p,, is the set of all Walsh polynonials of order less than n € N.
The modulus of continuity of a function f € L, (G) is defined Ly

wy(1/27, f) = :‘SIMI!(“ +h) - FO,-

Lt g i‘éﬁ( A u" @)

The modulus of continuity in the space Hp(G) (p > 0) is defined in the following way
wh, (/2" f) = |If = 52~ flly, -
Since [|fll, ~ /]I, for p> 1, we have wyy, (1/2" f) ~ || f = 2~ fl,. p > ]
On the other hand. there is a strong connection between these definitions. Namely,
we have
(172", f) /2 £ ||f = S~ fll, € wp(1/27. f)
If =S Sll, /25 Ex- (fiLp) S If = San S,
A bounded measurable function a is said to be a p-atom, if there exists an interval /
such that
[odum0. llal s, soppi@)
1
It is easy to check that for every martingale F = (F,,,n € N) and every k € N the
limit
F(k) = lim / F, (z) wy (z) du(z)
n-—>00 G
exists, which is called the k-th Walsh-Fourier coefficients of F.
The Walsh-Fourier coefficients of a function f € L, (G) are the same as those of the
martingale (Sar, (f) : n € N) obtained from f. For a martingale F = -7 (Fa - Faoi)

—— oc
the conjugate transforms are defined as F{t) = Y r, (#) (Fn — Fr—1), where t € G is
n=0

fixed. Note that F10) w F, aud (see [17])
@5)  [|FO, ~1Fl,. 1P, ~ LIFof e . F) g O
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3. FORMULATION OF TII: MAIN RIESULTS
Theorem 3.1. a) There erists an absolute constant ¢, such that
2 i
louFlly, , S V2 () [Fly,,. Fe€Hya

b) Let {ny : k > 0} be a subsequence of naturals, such that sup,.n V (ny) = 00, and let
$: N, = [1.) be any nondecreasing, nonnegative function satisfying the conditions:
& (n) + oo and

(3.1) E% = 00

Then there ersts e martingale F € Hy;;, such that

on, F
® (nx)

1/2

su
BN
Theorem 3.2. a) Let 0 < p < 1/2. Then there exsists an absolute constant ¢y,

depending only on p. such that
“anF,iH < cpzd(n)fl/!’—ﬂ “FHH. . Fe¢ H’,‘

b) Let 0 < p < 1/2 and & (n) be any nondecreasing function, such that
pd(ma)(1/p-2)

{3.2) ::!:d(n.j = 90, tIL[&W = 0o.

Then there erisls a martimgole F € Hp, such that
Ou, F
[ (ﬂk)

sup = 00,

kEN |

LF -~
Theorem 3.3. o) Let F € Il1;2. supgen V (nx) = 00 and
(3.3) wi, (1/2|"~',F) =o(1/V2(m)) as k=00,

Then (1.5) holds for p=1/2.
b) Let supyen V (nx) = co. Then there ezists ¢ martingale f € Hy/2(G) satisfying

(3.4) wH, 5 (1/2l~hl,p) =0(1/V? () as k=00
and
(3.5) low, F - Fu]‘,2 /—0 as k- o0.

Theorem 3.4. a) Let 0 < p < 1/2, F € Hp, supyen d (nx) = 00 and
(3.6) wi, (172", F)=o (1/2"("*)“/""’) as k — o0,

Then (1.5) holds.
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b) Let supyen d(ne) = %0. Then there erists a mertingale F € Hy(GY(0<p<1/2)
salisfying

(37) wi, (1/2"'-', F) -0 (1/2'“"-)“/"*'-‘)) BES
and
(3.8) lon, F — Fi;,. /0 as k- o0

4. AUXILIARY PROPOSITIONS

Lemma 4.1 (Welsz [18], see also Simon [12]). 4 martingale F = (F,, ne N) is
in H, (0 <p<'1) if and only if there exist a sequence (ay, k € N) of p-atoms and a
sequence (px, k € N) of a real numbers, such that for everyn € N

20 oo
(4.1) st:-'u =F.. ) |ml <o
k=0 k=0
Moreover, "F“H, ~inf(32, Iﬂk|p)) ™, where the infimum is taken over all decompositions
of F of the form (4.1).
Lemma 4.2 (Weisz [17]). Suppose that an operator T is o-linear and
/|T0|"d,u$c,.<oo. (0<p<l)

I
Jor every p-atom a, where I denotes the support of the atom a. If T s bounded from
Loo to Loo, then [[TFI|, < cp|Fily,-

Lemma 4.3 (see [7]. |11]). Lett,n € N. Then

21, if z€la(e), n>1t, 7€ I\,
Kwm(z)=¢ (2"+1)/2, « ze],,
Lo otherwise.

Lemma 4.4 (Tephunadze [15]). Let n = 3, T 2. wheremy 2 > 1 -2 2
mo 2y >l —2> ...>m,21,20. Then

n|Kn(2)| 22247 for zE€ B =l (e_1ter).
where I, {(e_; + eg) =L (eo+e1)-
Lemma 4.5 (Goginava [6]). Letz € I; . k=0, A -~ 1,1=k+1 . M Then
[ 1Kt D10 5 2+ por 3 v
M
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Lemma 4.6. Letn =5 D Doty % wheremy 2L >4 -2>ma >l >l -2

>my 2l 2 0. Then

LLUEY

InKn| < CZ (2“ (Ko + 274 (g [+ 204 5 D,.) +cV(n).

A=1 k=ia
Proof. Let n = 3"/_, 2™, ny > ny > .. > n, 2 0. Using (2.4) we get

' A1 y
nk, = Z (H’w ) ((2"*Kagna + (27 = 1) Dava))

AR )

_ I |
( 15 2"* 1- n(‘)) Dya=h—Iy
= |

For I, wu have
5 (0ffer ) (&
\k

( ﬁ w,, (2K — (2% - 1)Dz~))

v=1 \ 7=le=l, =0 \y=k+1
- v my 1 -1
= (H [] w2 wz: (2" — (25 - 1) Da) | -
=1 \j=le=l, u \U=k+1 //
Hence, taking into account that 2" — 1 = k':.; 2% and
n-1f m- ’
2" _ 1) Kgn i_Z H 2}{2,,_(2"'—1)03-).
k=0 \g=k+!
we obtain
r —-1m, L) n
=55 (e ) 0 5 (1 08
v=l \ =h=l, u=] UISTr=1
Using |Kgn| € ¢|Kpn | and |Kon 1| € ¢|K2n| + ¢, we get
(4.2) Il €Y (2 [Kau| +2™ |Kano] + 7).
v=1

.., 8. Then a'V > Zm'l 2w 2 2™ — 2% and

Let !, < na € m, for some j = 1,
(4) g gmi-1+l < 2b,

2na — 1 —n(A < 2 Ifl, = ny for some j = 1....,s. Then n
Hence for I; we have

r Ty
(4.3) Ll scd 2" 2 Dy

v=1 k=t,

Combining (4.2) and (4.3) we complete the proof of Lemma 4.6.
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5. PROOKS OF THI: MAIN RRESULTS

Proof of Theorem 3.1. We first prove assertion a). Suppose that

oaF
il —_—
(5.1 i,y S 1
Then by combining (2.5) and (5.1) we obtain
onF (onF)
5-2 ~ — e
(5.2) Zol /c I du(t)
) 1/2
a.J?('-’ f A
= — - dut) <c F® dut
L Vz (n) 1/2 ) I’C ” r”v » ‘( )

< | IFli,, du®) =clFly,, -
Thus, in view of Lemma 4.2 and (5.2). the proof of assertion a) of the theorem will
be complete, if we show that
1/2
for every 1/2-atom a. We can assume that @ is an arbitrary 1/2-atom, with support /.
u(I)=2"M and 7 = I;. It is easy to see that g, (a) = 0, when n < 2*. Therefore
we can assume that n > 2™
We set

II;A @)= 2M/ 274 | Konp (z+ t)|du(t).
In

1B,@)=2" [ 23 Dp e+ O

ar P

Let = € I5s- Since o, is bounded from Ly, to L. 7 > 2 and [af| . < 27", in view

of Lemma 4.6 we can write

loae ()] ¢ / d
Vitm) S V() Jy, [ G =+ tlldu ()

il
- uiﬂu /~ IK”(I+')|d“("Sm/I., Ikh(f""‘{“'“

¥ [ Ky d 9™ [Kgma (x +1)|d, t)}
$3 {Z/ 24 | Kya (z 4 1)) ;;(t)+/' [Kama (= + t)| dp(

(n)

+ T zjl 4. Z Dy (x4 ) (6) 4 m ’/ V () s (1)
-~
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= U_w) g. (I (Y + L, (2)+ 1, (2)) + ¢
o,a(x) 172

/
/m | S v sz |11, @) dpe ()

# N @ @)+ [ @ duta)) + e

Since s < 4V (n) to complete the proof of assertion a) of the theoren, it remains to

Hence

show that
(5.9) f 1L (@) du (2) S ¢ < oo. /_ 112 ()] du(2) S ¢ < o,
Tae I

whercag =lqorag =ma A=1 .. s
Let telppandz € iy (ex+e), 0 k<i<assMor0<k<l< M<a,.
Since £ 4+t € fi4) (ex +€;), by Lemma 4.3 we get

(5.4) Kzoa (z+1t)=0 and I}, (x)=0.

Let z € Lipy(ex+e) 0<k<as <! <M Thenz+t€ iy (ex +e) for t € Iy,

and we can apply Lennima 4.3 to obtain

(5.5) 204 [Kgou (z +1)| § 2"+ and H‘lu (z) §297*k,

Similar to (5.5), we can show that if 0 < a4 < k << M. then

(56)  2°% |Kypea(z+1)| S 224, I}, (x) $2%°4, t€ Iy, 2 € Iy (ex +&r).

Let 0 < aq € M — 1. Then, in view of (2.1) and (5.4)-(5.6), we can write

e AM-2 AM-] 12
[~-m @@=y ¥ [ 1113, ()] d (2} +
T k=0 i=k+1 7 fi4 1 (enter)
M1t 12 oa=-1 M«
+Z[ |11}, (z)| d#(I)<CZ Z / Aoty (2) +
Ineen) A=0 I=an+1 7 dt41(ea +ei)
M-2 M-1 . ar-l .
’s z Z j ’ 2"‘dﬂ(1)+cz / 2(t14+k)/2d”(1.)+
k=aal=k+1 7 iet(ester) k=0 JTae{ex)
M-1 P aa-) AM-1
oloa+k)/2
4 Z | T"‘du(x)"-t'z Z e~ 0
< T
k=0, Jiae(en) k=0 I=ns+1 -
AM-2 M-1 wa=1 P-4
240.00;/3 — DTA
'H"Z Z _-_+ L ' - L Y] €c¢<oo, forany A=1,. s
k=0 d=k+1 k=ax

Let a4 2 M. Then by .slm:lnr arguments used above it can be shown that (5.3) holds
for [I} (z), A=1,..8
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Now, we prove the boundedness of Il’,’i. Let t € Ips and x € L\Ji41, 3 <la - L.
Since z +t € [,\,4,, by using (2.3) we get

(5.7 1 () =
Let £ € I\l,41, 14 €1 < m,. Since n > 2M and t € Iy, by (2.3) we obtain

(5.8) I (z) < 2“/ 2ta Z Doy (z+ 1) dp () € 24

LU sr)S

Let z € I\fy41, msg < i S M — 1. Using (2.3) we can infer that z + ¢ € [\ /iy, for
t € Ips and
(59) 11-_2‘ (I) < (,'2&’/ 2!‘+m,q = (:2"4""‘.

i

Let 0 € {4 < my < M. Combining (2 1) and (5.7)-(5.9) we get

M-l
[ |12, ()|'* du(2) = Z Z+ B )[ |12, (z)]'"? du (z)

- 1=0 =  T=ma ¢/ TR
=4 M-t
Sc z 2(‘.‘1")/2(1" J,') +e Z / 2“‘4‘,"‘)7;2{{“ (I’#
iwly | AV e
A M-1 l
<c22‘"‘*")’2 +c Y 2Marmlpgecoc
=ty 2 i=mat]

The cases where 0 < 14 < M < ma or M < 1a S ma. canbe treated similarly. This
completes the proof of assertion a) of the theorem.

Now, we prove assertion b) of the theorem. To this end, observe first that under
condition (3.1), there exists an increasing sequence {or: K20} C {nx <k 20}of
naturals such that

~
{5.10) i/ (a) [V (ax) Sc <00
k=1
Define
Fp = Z Avay
{&; lnl<A}

A = 812 (an) IV (an), an = 2™ (Pyester = Do, )

Since
ak, iﬂil < A'
(5.11) Syaax = { 0, Jaxl 2 A
2l — -2
supp(ar) = faul / = 0, okl £27° = plsupp a2)

Ty |
we can apply Lemmna 4.1 and (5.10) to conclude that F = (Fi, F2..)E M

G3
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It is easy to show that

(5.12)
{ 2131/ (0} /V (0k), 3 € {zlm.l L2lesdtt 1}, k=01

F=1, jd U {2, 2lesls — 1}

Let 21l < j < a;. By (5.12) we have

s (P, - Dyj.y) 201817 (o)
~ N - | 2|"h|_ PP
(5.13) S,F =52"'kf1' + Z Fv)w, = 2|°'~'F+ Vi)
u:!ln.l .
Therefore
Jou o
o F 1 c 1 2
514 e : BN S.F
(Geld) Do)  Olon)os Z i & (rp ) ok Z. !
1=1 J-ﬁ“n.'

F sl i) € ~ n / o
- 'a_i"'_'la.r t ““ - ’bl"'l’ +* 2h "‘ ’(a.) z (D, . Dﬂlﬂtl)
¢ (ar) ar ® () 0 P (o) V(ak) ax

= + [, + [I1ly.

_,:l.zi"i; +1

Since
(5.15) Dyizm = Dpm + wpa Dy, when j< 2™
we can write
_2les]
2 ""b' J“‘., ay—2
516 = = — N a
( ) ”1131 o (a‘_) v (“k)ok ; (D.'H-?' sl Dzl kl)

—alox] .
20011/ () I E 2lexlP1/2 (o)
- = — = 2|“Ai K ag)
b (a) V(ax) au ; D)= $@Viosles (o )' -2 '
2 c(on = 2) [K,, _en |/ (#'72 (@0)V ().
Let o, = 7% Z:"'.L,T‘, wheremf > > -22mk>l3 >H-22 - -2
nk > 5 >0, ). Since (see Theoretn 3.1u) und (1.1)) |14, 5 < , N11E2lly 5 & € 204

{E,l} > 1/2% 1. by combining (5.14), (5.16) and Leinma 4.4 we obtain

/G 100, F(2)/ (@) du (2) 2 [ 11105 — WITE0Y3 — WETR G

-2
/ Izzl 4)112 (o) V (ak))ltpd;j.(::) - 2c
\‘=2 - "" :
ry -2
2c¢3 1/ (v'“ (ay) B4 (ok)) -2 2 ore/ (v*/2 (o) B/ (a,,))
=2
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2 VM2 (ag) /@14 (ap) o 00 88 k - o0

Theoremn 3.1 is proved. 2
Proof of Theorem 3.2. Let n € N. Arguing as in the proof of Theorem 3.1 (see
(5.2)), we only have to show that for every p-atom a

f (-Zd(n)(Z—l/ﬁ) 1on (a)|)F dp < ep < 00,
T
where [ denotes the support of the atom a.
Similar to the proof of Theorem 3.1 ), we can assume that a is an arbitrary p-atom
with support [ = Ins, u(Inm) = 2-M and n > 2M Since el < 2M/P we can write

2R g, (@) < 24010 fal, [ Ko+ 0 (1)

Ing

< 2"("’("‘/")2"”"/ [Kn (T + t)] dpe(t)

l.\f
Letz € Iiyy (ex +€1), 0 < k.1 < [n] € M. Then by Lemma 4.3 we get K (x +t) = 0,
for t € Iny and

(5.17) 24B=1/1) |5, (a)} = 0.

Let z € Iisr (e + &), [n] S k1< Mork < [n] €!< M By using Lemma 4.5 we

can write

(5.18) 9d{n)(2-1/p) low (e)] < 2d(n)(2—l/p]2M(l/p—2]+k+l - cpz[nl(l/p—2)+l.+l
A combination of (21), (5.17) and (5.18) yields

P
f_¢ |2d(n)(2—1/p)¢,“¢1 (I)I du (z)

[

(2] -2 [n]-1 n]=1a1-1 M-2 M-1

T S e .- ./JA...‘cn-H‘J

k=0 i=k+1 &=01I=[n] k=[n]i=k+1

gd(n)(?-la‘ma"ﬂ (I)

du(z)

M-\ M-3 M-\

-1 0 () du(m < Y 3

k=0 *imles) L=[n]i=k+1

initd 1
‘,' &» pLale

+

LT

fal M-1 | o ginl2p-1) ) )
+sz }: ?2q"h|-))2ﬂl~l)+ » T Zzpumu < ¢ < 0o

k=0l={n]+1 k=0
This completes the praof of assertion a) of the theorem.
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Now, we
» Proceed to prove assertion b) of the theorem. To this end, obse

al under conditions in {32) Wb Lere exisés a sequence {(. k by ﬁr‘“
such that q, > 3 and e "2

{(5.19) zu—r (ﬂn) <6< x, ufag) = Qd(m)(llr—l)/l/¢l/2(a‘)

n=0

Let
Fi= E : » 07 o gil(ifp-1)
(& pasie un‘/"(".). - : (Dﬁ-oh' - D’,‘,)

Applying Leuuna 4.1 and (5.19), similar to the proofl of Theorem 3.1 b), we couclude
that £7€ H,, It is easy to show that

2MRUr=1pg (ay) . j€{2"’" 21-!0'_1} k=01

{5.20) f'(_i} = { 0. jé U {olesl  ofayter _ 1}
L

Let 2/°4) < ; < ay. Applying (5.20). similar to (5.13) and (5.14), we get
o, F WP 5 (on - 2) S F
P(ax) d(ax)as (o) ae

glosi(i/p-1) NI
o (u ,,.,,;sn,wt + IV,

gutinel
Let ax € N and Eja,) := I, 1, (Flas)- 1+ %fay)) - Since [ — 2/21] = [au], in view
of (2.4), (515) aud Lemma 4.3. similar to (5.16), for V3 we have
glnel(1/p-1)
N - _2'051
Vsl P (ax)u(ar) ok (ak )’K 1'""!
glral (2 /p-1) I 2lowi(1/p—2)92{au]-4
¢(m)U(ak)'n I @ () u (o)

> 210.'“/’ Z)/ﬂ22[¢lsl—‘/¢l/’ (o‘) y

X P longhulog)o

glosl I\ | I

ft follows that

Tr TS K/r=20/2020s |4
2 TSR 7 121:' =4 I_ . 2’.. e
pvals, . 2 ( e /e AR SR

(zzfn.ﬂijdtu“/? 2’/2/15”2(0&)) {Ba, }

(atiasi-lou /7= (m-)) = g (2100 (“*)) EETIETY
%

.2)), we conclude that
d the first part of Theorem 3.2 {see also (1
In view of (5- 19) an

< ¢y < % 11Vl £ &p < 00 aud

= ,":,9:_" -'[V.l:'- - 00 b8 K 400,
06

(1Y {23 F-
0w FUE, = = k..
- P
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Theorem 3.2 is proved. 0
Proof of Theorem 3.3. Let F € H;; and 25 < n € 25*! Theu we have

lo F - Fl”,

< llonF — 0052 Fil{)3 + NonSa F — Sau Fl|;J3 + |83 F - FI|}/3

= llow (52 F = Fllyf3 + 13 F = Flly/3 + 0uSp F ~ Sy pm;;
$ ¢ (V2(n) + 1wy (1725 F) + lonSn F - SuF|}/3
By simple calculation we get
2t 2
G'y.SpF s Sle = ? (S-po-pF - S,-F‘) = ’—lS,. (d;aF = F)
Let p > 0. Then (see inequality (1 2)), we have

lraSus F ~ Sy F1}3

2" 1/2 1/2
~7a IS0 (0 F ~ F))/a € loaF - Filj? =0 ask > o0

which proves the first part of the theorem.
Now, we prove the second part of the theorem. Since sup, cn{ax) = oo, there exists

a sequence {ax : k 2 1} C {ni : k 2 1} such that V(ax) toc ask — o0 and
(5.21) Viaw) € Viarsr).

We set

Fa= Y o /V¥a)

{i: |a.{< A)
Since a,!lz(;c) is a 1/2-atom, we can apply Lemmna 4.1 and (5.21) to conclude that

F e H, /2- Morcover,
(5.22) F—SsuF =(F ~SpnFy, ... Fy = S2oFy o, Frpi — SonFrsi)
(0 0 Pn+l —Sg- n+ls -Fn+k—52ﬂpn+kv )

nwed
= (o. .0, Za.-'/V’(m).m) , keNy

=n

is a martingale. Hence, by (5.22) and Lemma 41 we get
o0
IF ~ Sz Flly,,, s 3 1/Vi{a) =0 (1/Vi{an).
i=n+l

It is easy to show that
I 2l /V(ay), e (2], 2 ~ 1} k=01,
l 0 ] e D {2l“||‘__.|2|a.|41 . l}
k=0
67
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Let 2o+l < j < aw. By (5.15) we obtain
=1 2|°-|w2,.._|D

r - )—II-.'
S)F = Sy, F + z': . Fo)w, = S,., | F + W
[ Ll
Hence e
(5.23) oo F = F = 2= (00 (F) - F)
I I~al __2|"||)K
ag -2l o 2l (o s —2losl
o—--—ﬂk (.52|..| F F) + 0kvmt)

Next. applying (5.23) we get

. o172 ¢ o) i/2

(5.24) 00 F = Fllija 2 7y (e = 20x) Koy iz
PN 2 [ = 2N 1/2
- '\ﬂ'—k-/' W7 goui & = FN 2 = \T} 15 g1eu) F = F”‘/T

Let msz:;lz;:;‘" 2 wheremf 2 U > -2>mh> > 2> >mh

tf>0and Ep =1, (r:,'._1 + r,.)n Using Lemma 4.4 we can write

1/2
(5.25) /( I(“* = 2lea) Kn,_zl---l (f)l du
‘ 1 I".—-‘ ) lf2 :I'i—.l ‘ r :
2 Z /E (x - 2 K, e @) dui@) 2 Eng:z' > ory > eV (ow).
Finally, combining (5.24) - (5.25) we obtain (3.5). Theorem 3.3 is proved. a

Proof of Theorem 3.4. Let 0 < p < 1/2. Arguments similar to that of applied in the
proof of Theorem 3.3 8) can be used to show that under condition (3.6) the relation
(1.5) holds. Now we prove the second part of the theorem. To this end, observe that
since supycy d(nx) = oc, there exists a sequence {ay : k 2 1} C {nx : k > 1} such

that sup,yd(ax) = o and

(5.26) 3d(ue)(1/p-2) ¢ od(aner)(1/p-2)
We set
F, = E a.(P)l,u‘)(l/p—z)d(a.).
{i: [ay]< A}

Since o’ (x) is a p-atom, we can apply Lemma 4.1 and (5.26) to conclude that £ € Hp,.

Similar to (5.22), we can show that

k4o
F—5F= (0. ...0,Zu./?‘“""“""’....) , x€N,

-k
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is & martingale. By combining (5.26) and Lemma 4.1 we get

wi, (172, F) g 37 1/2900/p-D = 0 (1/24000/0-21)

1=k
It is easy to show that
’ 20/p-2lea]  jg foml _ 2leslt — 1} £ =0,1,
x

Fj) = l 0, - "90(2,....‘ o 2Namier — 1)

Therefore we can write

6o, F - FII"' _> 2(1,21:)[&:;]“ (&k = 2!014) Ru‘.-zl-'u 1|Em_°

2|un| p /Ctk"?l""l p : : -
_( o ) "‘72|".|F- Fl';"ﬁ - \ o ) ”S}l“”[. - I,l”" :

oL

Let z € Ef,,|- By (2.4) and Lemma 4.2 we have

u(2€G: (on—2nl) K, _en] 2 227) 2 (Bayy) 2 172000

p2[as]-4,, (a: € G: (ax — 2M:1) |1{m el | 2 22en) ") > 202~ Dlos|-4

Hence |0y, F — F||:_' . ™ 0as k— oo Theorem 3.4 is proved.
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EXISTENCE THEOREMS OF PERIODIC SOLUTIONS FOR
SECOND-ORDER DIFFERENCE EQUATIONS CONTAINING
BOTH ADVANCE AND RETARDATION
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Abstract. Using the critical paint method, the existence of periodic solutions for
second-order nonlinear diflerence equations containing both advance and retardation
is established. The proof is based on the Saddle Point Theoremn in combination with

variational technique

MSC2010 numbers: 39A23.

Keywords: Existence; periodic solution; second-order nonlinear difference equation:
discrete variational theory.’

1. INTRODUCTION

Let N. Z and R denote the sets of all naturals numbers, integers and real nunbers
respectively. For auy a. b € Z with a < b, define Z(a) = {c,a+ 1.-- -} and Z(z,b) =
{a,a+1, .-, b}. The symbol » will denote the transpose of a vector.

Recently, the theory of nonlinear difference equations has been widely used to
study discrete models appearing in many fields, such as computer science. economics,
neural networks, ecology, cybernetics, etc. For the general background of difference
equations, we refer to monograph |1]. The past twenty years. there has been much
progress on the qualitative properties of difference equations, which includes resuits
on stability and attractivity and results on oscillation and other topics (see, {2-8. 12.
13, 15, 17, 18]. Therefore, it is worthwhile to explore this topic

The present paper considers the following second-order nonlinear difference equation

containing both advance and retardation:
(1.1) A (pn(Aua-1)’) + f(n, tnspr, tin, Un-ar) = 0, 7€ Z.

1This project is supported by the National Natural Science Foundation of China (No. 11361067
11401121) and Natural Science Foundation of Guangdong Province (No. $2013010014460)
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where A is the forward difference operator Au, = Un4i — tn. A%u, = A{Aug), 6 >0
is the ratio of odd positive integers, {pn} is a sequence of real numbers, M is a given
nonnegative integer. f € C(Z x R°.R). T is a given natural, pn41 = p, > 0. and
fin+T.vy, va,v3) = f(n, 21, 02, 13).

Note that the equation (1.1) can be considered as a discrete analogue of a special
case of the following second-order nonlinear funclional differential equation with

retarded and advanced arguments
(12) pOp@)]) + fit ult + M), u(t),u(t — M)) =0, t€ R.
The equation (1.2) includes the following equation

(P(De()) + f(tu(t) =0, te R,

which appears in the study of fluid dynamics, combustion theory, gas diffusion through
porous media. thermal self-ignition of a chemically active mixture of gases in a vessel,
catalysis theory, chemically reacting systems, and adiabatic reactor (see. [9]).
Note also that equalions similar in structure to (1.2) arise in the study of periodic
solutions and homeclinic orbits of functional differential equations (see, |10, 11]).
Yu, Shi and Guo [18] have studied the question of existence of homoclinic orbits

for the following second-order difference equation
(1.3) Lu, —wup = f(R. Un4p, Un, Un—M)

containing both advance and retardation.

If 6 =1 and f{n.nym, tn, Un-pas) = Guin, the equation (1.1) becomes
(1.4) A (PrAun-1) + gatin =0,

which has been extensively investigated by many authors (see [1] and references
therein). for results on oscillation, asymptotic behavior, boundary value problems,
disconjugacy and disfocality.

I f(n, %pipr tn, tn-pm) = gnith, n € Z{U), the equation (1.1) reduces to the

following equation
(1) A (pa(Bun-1)") + gnu, = 0.

which has been studied in [1, 18| for results on oscillation, asymptotic hehavior and
the existence of positive solutions.
In the case where f{n,un4ar, tn,n_p1) = gug(tin) + Tn, the equation (1.1) has
been considered in |15) for oscillatory properties of its all solutions.
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Cai, Yu and Guo ([2], Theorem 3.1), assuming that 8 > & + 1, have obtained some
sufficient conditions for the existence of periodic solutious of the following nonlinear

difference equation

(1.6) A(pn(Buni)’) + f(Rua) =0. ne2

Moreover, to our best knowledge, [2] is the only paper which deals with the problem
of periodic solutions to second-order difference equation (1.6). When 4 < § + 1. can
we still find the periodic solutions of (1.6)?

By using various methods and techniques, such as Schauder fixed point theorem,
the cone theoretic fixed point theorem, the method of upper and lower solutions
coincidence degree Lheory, 2 number ol existence results of nontrivial solutions for
differential equations have been obtained in |11].

Another important tool that was used to deal with problems coucerning differential
equations is the critical point theory (see, [LU, 14, 16]). Because of applications
in many areas for difference equations (see. e.g., [1]), recently a few authors have
gradually paid attention to apply the critical point theory to deal with periodic
solutions of discrete systems (see |3, 12, 13, 17]).

For instance, in |12, 13] Guo and Yu have studied the existence of periodic solutions
of second-order nonlinear difference equations by using the critical point theory.
However. to the best of our knowledge, when & # 1 the results on periodic solutions
of second-order nonlinear difference equation (1.1) are very scarce in the literature
(see [2]), because there are only few known methods to establish the existence of
periodic solutions of discrete systems. Furthermore. since f in equation (1.1) depend:s
On up4ar and w, s, the traditional methods used in [12, 13. 17| are inapplicable in
our case.

The motivation for the present paper stems from the recent papers |3, 4, 11], and
the main purpose is to give some sufficient conditions for the existence of periodic
solutions for second-order nonlinear difference equations contaiing both advance and
retardation. The basic approaches used in the paper arc variational techniques and
the Saddle Point Theorem. For basic knowledge of variational methods, the reader is
referred to |14, 16].

The obtained results generalize and complement the existing results in the literature
{2]. The details are given in Remark 1.4 below.
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Let
= j P = ax .
p= Jin {p}) p= wox {p}

Now we are in posilion to state the main results of this paper.

Theorem 1.1. Assume that the following conditions are satisfied:
(F) there erists a funclional F(n, v, 1) € CY(2 x R?. R) such that
:
F(TI + T, v, 1.12) = P(n, 'y, Uq),
OF(n — A, va,v3) " dF(n, v, v2)

= f(nn v, V2, U:l);

3v2 81)2
(Fy) there exists a constant My > O such that for all (n,v1,22) € Z x R’
dF(n.v,va) OF(n, v, va)|

< My, ‘

iy B
(F3) F(n.vy,v2) & +0o uniformly for n € Z as \/vi + vj = +0o0.

Then for any natural integer m equation (I.1) has at least one mT -periodic solution.

Remark 1.1. The condition (F3) implies that there exists a constant A, > 0 such
that
(F3) |F(n,vi,v2)| S My + Mo(Jor| + [ual), ¥(n,v1,02) € Z x R%.

Theorem 1.2, Assume that (F)) and the following conditions are satisfied:

(Fy) there exist constants R) > 0 and a, 1 < a < 2 such that for n € Z and
Vii+d 2R,

OF(n,v,. 1) AF(n.v),v2)
< v, v + Fm

(Fs) there erist constants a; > 0, a2 > 0 and 4, 1 < v < e such that

i(‘.l)
F(n.v1,1) 2 ) (‘/ﬂf+v§) —az, (n,m,m)€eZx R

Then for any qiven nalural m equation {1.1) has at least one mT -periodic solutton.

0

v2 € 50+ 1)F(n, v, va);

Remark 1.2. The condition (Fy) implies that for each n € Z there exist constants

a3 > 0 and a4 > 0 such that
ELLEN))

(Fy) Fin,v;,v2) < a3 (\/14 +QJ + a4, (n,u,v2) € Z x R

Remark 1.3. The results of Theorems 1.1 and 1.2 ensure that equation (1.1) has
at least one mT -periodic solution. However, in some cases, we are interested i the
existence of nontrivial periodic solutions for (1.1).

The next two theorens countain sufficient conditions for existence of nontrivial periodic
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solutions for equation (1.1).

Theorem 1.3. Assume that (Fy) and the following conditions are satisfied:
(Fs) F(n,0,0)=0 for allne Z;

(F7) there erists a constant a, 1 < a < 2 such that for n € Z,

6F(n,11..v2)u 4 OF (n.v1. ) 50
8‘01 ! 3‘02 u3 3

(Fa) there exist constanis a5 > 0 and v, 1 < v € a such that

0«

6+ 1)F(n,v,09), (vi,0) #0;

\ 3(6+1)
F(n,m,m) 2 as (Vnz + 3 J (n,v1,v2) € Zx R?
Then for any given natural m equation (1.1) has at least one nontriviel mT -periodic

solution.

Theorem 1.4. Assume that the conditions (Fy) — (F3) and (F5) hold, and also

(Fy) there ezist conslants ug > 0 and 8, 0 < @ < 2 such that

( \%(JH)
F(mvl,vz)zaﬁ\‘/uf-kv%} , (n.v,m) € Zx R

Then for any given netural m equation (1.1) has at least one nontrivial mT -periodic

solution.

Remark 1.4. For M = 0, the equation (1.1) reduces to (1.6). In the case where
B > 6 + 1, Cai and Yu (see [2|, Theorem 3.2), have obtained some criteyia for the
existence of periodic solutions of (1.6). When 8 < § + 1, we still can find periodic
solutions of (1.6), and hence, Theorems 1.3 and 1.4 generalize and complement the

existing results.

The rest of the paper is organized as follows. In Section 2. we establish the
variational framework associated with equation (1.1) and transfer the problem of
existence of periodic solutions of {1.1) into that of existence of critical points of the
corresponding functional. Some related fundamental results are also recalled. Section
3 contains the proofs of the main results by using the critical point method. Finally

in Section 4, we give two examples Lo illustrate the main results.

2. VARIATIONAL STRUCTURE AND SOME LEMMAS

In order to apply the critical paint theory, we first establish the corresponding variati-
onal framework for cquation (1.1) and give some lemmas, which will be used to prove

our main results. We start by some basic notation.
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Let S be the set of sequences = (- u_p. -« Uo g, U0, 81 Uny - - ) = {Un ) nos ocr
that is,

S = {{un}|un € R. n € Z}.
For any u,v € § and a,b € R, au + bv is dehined to be

au+ bv = {au, + bvp} 42 .

Theu § becomes a vector space.
For any given naturals 7 and T, by E,,7- we denote the subspace of S defined by

EMT = [u € Slun+mT = Up, for any n € Z}

It is clear that E,.7 is isomorphic to R™". The subspace E,,r can be cquipped
with the inner product (u,v) = }:;’:’l u;vj, u.¥ € Eqny, which defines the norm
L
T ki
lluH = (E;":I u}) .u€ Enr.
It is obvious that £, is a finite dimensional Hilbert space and is linearly homecmorphic

to R™7. On the other hand, we define the norm [l -« on Emr as follows:

mT
(2.1) bl = [ 35 bugl* |
jet

for all u € Epy and 8 > 1.
Since the norms ||u||, and |Jx||, are equivalent. there exist constants ¢y, ¢z (¢z >

¢y > 0). such that
(22) cillulla < lull, S callullz, u € Emiy.

Clearly, ||u|| = ||u||2. For all u € Ep,y. define the functional J on Emgp as follows:

i mT . mT
J{u) = “ ol ZP-. (Au,_ )" + Z F(n, uner, tn),
n=1

mT
(2.3) = —H(u)+ Z F(n,unyar, un).
n=1
It is clear that J € C'(Emy, R), and using g = a7, 41 = Um741, for any u =
{un}nez € E,.r we can compute the partial derivative }u'— to obtain
aJ
ar =A (Pu(Auu—l)‘) + .,(n| UnyAf, Un, u"—ﬂr!)-
"
Thus,  is a eritical point of J on E,,7 if and only if

A (pa(Bun-1)%) + f(ntn¢ar Un, ta- M) = 0, 7 € Z(1, mT).
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Due to the periodicity of u = {u,},ez € Emr and f(n, vy, v2,v3) in the first variable
n, we reduce Lhe existence of periodic solutions of equation (1.1) to the existence of
critical points of J on 2,4 That is, the functional J is just the varistional frumew ok

of equation (1 1). Lel

»

2 -1 0 - 0 -1
-1 2 -1
0o -1 2

(o
< Q

c
(=
o !
[ \~]

|

—

be a mT x mT matrix. It is easy to check that the eigenvalues of P are given by

y 3
(2.4) ;\k=2kl—cus2—kr), 4=0.1,2  .mT-1.
mT
Thus, Ao =0,A; > 0,A2>0,- - A,r-1 >0, and we have
Amin = min{As, Az, Amr_1} = 2(1 — cos 2-7),

(2.5)

4 if mT is even,

Amax = AT S AT -1 = } g
max = max{Ay, Az At -1} { 2(1+cosgtpn) . if mT is odd.

Denote W = kerP = {u € E,p|Pu = 0 € R™}. and observe that W = {u €
Enrlu= {c}, c€ R}.

Let V be the direct orthogonal complement of E,..z to W. that is, Enr = V& W’
For convenicuce, we identify u € E,,p with u = (u),uz, - ,umr)”

. Let E be a real Banach space and let J € C'(E, R). that is. J is a continuously
Fréchet-diffeieutiable functional defined on £. We say that J satisfies the Palais-Smale
condition (P.S. condition for short) if any sequence {u*)} C E for which {J (u¥)}
is bounded and J' {u*)) = 0 as & — oo. contains a convergent subsequence in £

Let B, denote the open ball in £ about 0 of radius p and let 3B, denote its
houndary.

Lemma 2.1 (Saddle Point Theorem |14, 16|). Let E be a real Banach space, and let
E = E, ® E, where E, # {0} and is finite dimensional. Suppose that J € C'(E. R)
satisfies the P.S. condition and

(J1) there erist constants o, p > 0 such that J|ps,ne, < 0;

(J2) there exist e € B, N E; and a constant w 2 ¢ such that Joop, > w.

Then J possesses a critical value ¢ 2> w, where

c=inf max J(h(u)), T = {h € C(B,NE\. E)! hlpg.ng, = d}.
hel ue B,NE,
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and 1d denotes the identity opervtor.
Lemma 2.2. Assume that the conditions (F\) — (Fi) are satisfied. Then J satisfies
the P.S. condition.
Proof. Let {u*} C Eny be such that {J (u*’)} is bounded and J’ (u(*)} = 0 as
k — oc. Then there exists a positive constant Az such that |J (u'™)] < M.

Let u®) = /" 4+ ®) e ¥V 4+ W. Taking into account that for large enough &,

flull2 < ( J (“(k “) (11'(“(k))~"> Zf("- n+n-“‘n Snﬂu)un.

n=1

in view of (Fy) and (£3), we obtain

J"H’ (41;“‘) "v( Z f (n “n+M'"u)~"‘( )M) v+ v“‘)IL
n=l
s 2MOZ| (k)l + “ (k)“ 2)!.!0\/nﬂ‘+ 1) “U(u" .

On the other hand. we huw.

CICORTE S (AN
n=l
3 &+t

s PrSt flal, ()
(and-l( ) ) =0+ 1)H \u e

"

Since
! §75+! . T . g8+
ot (S )| mpmysran](Eoey)
and =
[ 5 55 (39 = ()" (4) € ra o0
we get -
(26) < i1 f“*ﬁ "m“zh <H (”m) < +1cg+1)"§‘i ””(k)”:H'

Thus, we have

6+1)‘+

min

O < (o),

implying that {#'*'} is bounded. Next, we prove that {w!*'} is bounded. Since

(27) Ma2J (u“‘)) =-H (u(k)) ZF(n u"+M,us.“)) =
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=-"(.,m)+§ [F (n,uff‘l,,,,ugfi)_p( b "'“')l z (1w wil')
n=|

"-—
in view of (2.6) and (2.7), we can write
mT

~ (%) : g
,.Z=; F ("’ Wobm .'Sl ’) 2 6f lcg+‘f\mu || (k)“
+§ FF(n.Ovyey + “'L.Q)M"‘s‘”’ m | OF(n gty o + “"‘}I-;-. ’ ‘
e 8&‘ Vngar © S,

S My + Lo “>|l +2Mo\/171?”v<*‘ﬁ_,

1 ) ; d
where & € (0, 1). It is not difficult to see that {'i: 'z (n., Wt b w:“ﬂ)} is bounds

- G
By (Fy), {w'®} is bounded. Otherwise, assume that R[5+ 00 85 .
Since there cxist 2(¥) € R, k € N, such that w*! = (:) % . M) € Emt: 101
k 5 oc we have

mf 2 5 mT 2 4 e
[[wt®t, = ( w ) = (2 |z} ) = vmT |z = +o0.
el awl

Since F( g 09 wf,“) = F(n, z(“).z(")) then F (n w®,, wl) ) - +oo us k =

oc. This contradicts the fact that { .3 (n u.f_‘; M- wt ))} is bounded. and shows

that ./ satisfies the P.S. condition. L:l.;llma 2.2 is proved.
Lemma 2.3. Assume that the conditions (F\), (F;) and (Fs) are satisfied. Then J
salisfies the P.S. condition.

Proof. Let {u®} C E..y be such that {J (u*’)} is bounded and J' (u*)) - 0 as

k — oo. Then there exists a positive constant Ms such that [J (v™)| < My, For &

(s <,

large enough, we have

Therefore
Jil Ju (k)" 21 (1) - 2 < (), ) =
T Fn-AMul ol
=§ [ (" u®)u u:)) rjj ( (" fov!: M) g

aF (n. ' u!.")

T
Sy ' 's.”) 0 Z [F ("‘ "r:u- “::») =
7
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¢ k) (&) i
1 aF (n 'y P, ) SO aF (n ult) ol o
-‘s o 31-'[ n+M 0"2 ~

Next, taking

2

I = {n € Z(l,mT)|\/ uff,)_") + (us.k)) b4 R.}.
(k) ’ )2

I = {n e Z{1,mT)| u"+M +(un ) < Ryepn

in view of (Fy). we can write

s gy 2 B ) -
; OF (n ""+M‘u" )) 1 aF (n uﬁ:"u.u&“) .
1 aF (n u"+n,.u$.”) B oF (n “t.‘lM'“S'H) : (,‘).
,é T r% Bu, Uniar Jvz LY
V‘ F {n u,., I n‘“) Z F (" uuolll "L“')
. ® nel,
1 OF (ﬂ "vHEM"“" J) (k) oF (n "f'l‘u' 1{,,(,.*)) .
o 'g‘ i Upias t+ o : 's,k)
mT
. (1 ‘ %) ,,Zl 4 (n Tt af- “5-”) s+l QZ;, [2 KRR (" u"*"""s' )) -
oF (n uf‘;M,u‘,l”) *) aF (n usl'f:l\,,us.k)) k).
— (h'] "tu-l-)\f E 31!2 : Hk :

) OFlam ) . OF(nv; va)
vy b Bva

v with respect

The continuity of %(6 + 1)F(n, vy, vg
to the second and third variables implies that there exists a constant My > 0 such

that

n dF(n, v, v dF{n, v, v,

GO+ D0 - ), DTt 5
for n € Z(1, mT) and \/v? +v2 < R,. Therefore, by (F;), we get

{8+1)
Hern et

My + ﬁ? "1‘-!-“'“2 2 (]

where My = (1 - %) aymT + z;l_—lmTA/&.
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Combining the last inequality with (2.4), we obtain

(1= Faucd e} g o], < 2

This implies that the sequence {||u(*|[,} is bounded on the finite dimensional space

E,..r, and as a consequence, it contains a convergent subsequence. Lemma 2.3 is

proved. a

3. PROOFS OF THE MAIN RESULTS

In this Section, we prove our main 1esults by using the critical point theory.

Proof of Theorem 1.1. Observe first that by Lemma 2.2, the functional J satisfies
the P.S. condition. Hence, in order to prove Theorem 1.1 by using the Saddle Theorem,
we need to verify the conditions (J;) and (J2). From (2.8) and (F}), for any v € V

we have

mT
J(v) = -I{v) + Z F(n, vnyar-va)
n=1
- 5_2_ 1’\-;3-: “”"Ml +mTM; + My Z (lvasae] + [val)

n=1

ikd AN t

i 7 ) e
Therefore, it is easy to see that the condition (J;) is satisfied.

[oll5% + mT M, + 2MoVmT|v]|2 - —oo as [lv]l; — +oo.

Ya

Ta verify the condition (J2), notice that for any w € W, w = (w;. w; WnT
there exists z € R such that w, = z for all n € Z(1.mT). Next, in view of (F}y),
there exists a constant Rg > U such that F(n,2,2) > 0 for n € 2 and {z| > "* Let

Mg = min F(n,z,z) and M7 = min{0, Mg}. Then we have
neZ |z|€ Ro/ V2

F(n,z,2) > M7, (n,2,2)€Z x RZ.

Therefore
mT m?

J(w) =Y F(n,wnim wn) = 3 Fin.2,2) 2mTMz, we W,

n=1 nu=1
inplying that the condition (J2) is satisfied. Thus, the conditions of (J;) and (.J2)
are satisfied. and the result follows. Theorem 1.1 is proved. a
Proof of Thcorem 1.2. By Lemma 2.3, the functional J satisfies the P.S. condition.
Hence to apply the Saddle Point Theorem, it is enough to show that J satisfies the
conditions (J;) and (J;).
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To this end, observe first that for any w € W. since H(w) = 0, we have

Jw) =3 F(n. wassitn),

n=l

and by (F3)
— )
J(w) 2 a L(\/"nnf +w$,) - agmT 2 —a;mT.
ne=l
Combining this with (Fj), (2.4) and (2.8). for any v € V, we can write
mT o
—— 1(J+]]
Iy € -SRI e v a Y (YRt @) +aamT
n=1
wT 2(E+1)
3 (6+1) 4 2
<-5Es + 1 l+|)\‘;§.; el 4 azed Z (vhp+ 02 +agmT
L |
l e l) doti i
< —"—g—’qf“ & E n[] + 2201 u,c}' p (In[l.,’ ) 4 agmT.
Let ¢ = ~amT. Since | < a < 2, there exists a constant p > 0 large enough such

that
Jwsp—1<p WweV |vlla=p

Therefore, bv Lemma 2 1. the equation (1.1) has at least one mT-periodic solution.
Theorem 1 2 is proved. 0
Proof of Theorem 1.3. Similar to the proof of Leuuna 2.3, we cau show that the
functional J satisfies the P.S. condition. We prove the theorem by using the Saddle
Point Theorem. We first verify the condition (J;). To this end, observe that (Fy)
clearly implies (F3). Hence for any v € V. by (F;) and (2.4), we have J{v) = —oc as
fiellz = +oo.

Next. we show that J satisfies the condition (J;). For any given ug € V and w € W,

we set u = yg + w. Then we can write

L mT
J() = ~HOa}+ 3 Flnting,un) = '”(Vn)+z F(n, (vo)a+M+wnsae, (V0)n+wn)
— n=)
- ”» (lu ‘-i“ I “&vl + .Zr‘ ) '3“."
Z-Fe12 wa vl °-s”‘lm..+“
1)
2~ 4\3.': Brolt*! + agef 441} [:um)- +u'.|']
wel
= -3“‘.—'% L."i"‘ ““"1 + aye] 81y "l‘"; + ."":l jlaen)

2
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4 (]
S 6+l/\‘t"vﬂ"6+l + as¢; E1 '4‘1)" I;( +1) +aSc|i(‘+”“w|M§“+”

41 0 1
Since 1 < 4 < 2, there exists a constant 7 > 0 small enough such that
Juo + w) 2 i [n,r"“” e 6!’ |r‘.‘*"'i wILEE UL
“

for vy € V with ||ug|lz =  and for any w € W. Then for vy € V and for any w € W,
we gel ||vgll2 =1 and J(vo +w) 2 v > 0.

Hence in view of Saddle Point Theorem there exists a critical point u € £,
which corresponds to 8 mT-periodic solution of equation {1.1).

Noting that J(0) = 0 and J(&) > v > 0, we conclude that the critical point & of
J is a nontrivial mT-periodic solution of equation (1.1). This completes the proof of
Theorem 1.3.

Proof of Theorem 1.4. The proof repeatet the same arguments as those used in

the proof of Theorem 1.3, aud so we omit the details.

4. EXAMPLES

As an application of the main theorems, we give two examples to illustrate our

results.

Example 4.1. For all n € Z cousider the equation.

(4.1) A (p,.(Au.._l)‘) + o6 + 1)u,, [w(n) (ufH_M + u:",) LA

($41)-1
+w(n—M)(u3.+u3.-M)"' ]*0-
where {p,} is & sequence of real numbers, § > 0 is the ratio of odd naturals M is a
given nonnegative integer, ¥ is continuously differentiable and ¢:(n) > 0, T is a given
positive integer, Pu+T = Pn >0, ¥(n + T) = ¢(n) and 1 < & < 2. We have
(] ) 8
f(n, 0109, v8) = a(6+ e [w(m) (o7 + ) T4V 4 pn - 2 o 403 T

F(n,v1,v2) = ¥(n) (v + v3) 16+

Therefore
3F(n — M, v3,v3) - 8F(n.v,v2) _

Bb‘z 8uz
—a( i l)”z [lb(ﬂ) ("1 +vz);(a+1) 1 + 'b(ﬂ - M) (v, z)‘-}(6+1)—1] .

It is easy to verify that all the assumptions of Theorem 1.3 are satisfied. Consequently.

for any given natural mn equation (4.1) has at least one nontrivial mT-periodic
83




LIANWT' YANG, YUANBIAO ZHANG. SHAOLIANG YUAN, HAIPING SHi

solution.

nm

Example 4.2. For all n € Z consider equation (4.1) for ¥{n) = 6 + cos’(-F],
a € (0,2) Tt is easy to verify that all the assumptions of Theorem 1.4 are satisfied.
Counsequently, for any given natural m equation (4.1) has at least one nontrivial mT-

periodic solution.
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