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Amtoranunna. B aannoft paGote goxwssipaeres, 1To aas moboro € > 0 cye
eToyeT wimepusoe aioxectoo E C {0, 1), ¢ mopoft | E |> 1 - ¢ Takoe, 1to 11n
kiokaof pyskunu f € L0, 1] Mmoxuo uaftth bynxino f € LU0, 1], connaan
winyio ¢ f un E, taxyso, wro paa Oypue-Yosua cyukuwm f(ir) exomrren no
nopsme  L'[0, 1] u ace waenst s nocsegopnteankoct Mogydedt koadbuumenton
Mypne suonnt noayennoft dbyrkimn 1o cuerese Yosmna pacionoxkenss n yGnina-
101(CM TTOPSIAKe.

MSC2010 numbers: 42C10, 42C20.

Kmouessie caona: Kospdpmmenrn Qypoe; cuerema Yommua,; cxogumocts no L'
HOpMeE.

1. BBEIEHME

Hacrosiian crarbs nochsiineHa sy icHnio nosegedns koapguuuerron Mypre cyni-
MUPYCMBIX hynkinf 110 cnerese Youna, a takxke, “kpasu” abcosmoTHON CXOAMMOCTI
pargos Pypre-Yosua, ¢ T0'1KH 3penmst KJIACCHIECKHX Teopers ol nenpasienunn (cal
1], 2]

Paboru (3] [10] 66 1ocsstenb TEOpeManM HCHPABJICHNS. B KOTOPBIX MOJLYJIH
nenysnensix koapdpugenros Pypue (1o cncremant Xaapa, Yosuta, @abepa-layuepa)
KOPPEKTUPOBAHHON (DYHKIMK MOHOTOHHO yObiBaIN.

Hanonuum oupestencnne cucresst Yonma-tanu & = {Wy} (em. [11], [12]).

k k
Wolx) =1, W,(x)= H T, (&), T = ZZ"", my > g > . > my,
ol s=1

e {r ()}, - encrema Panemaxepa:

I, com x€ | ;,\,
ro(z) = { -1, ccnm T € [:':. 1.

ro(ez + 1) = ro(), n(x) = 1'”(2"1'), =g N
]
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TTonoxunm

n—1 Al
Sul@ ) = L el fWila), mre () = [ S@)Wila)dr,
k=0

"

A = Zf‘nm(f)s')k(l) rae |cq) (O > leagsy (£, k=1,2..,

=
—

Spec(f) = {k €e NU {0}, ck(f) # 0}.

[Ipuse e Te pe3ybTarTbl, KOTOPbIE HENOCPEICTBEHHO OTHOCSITCS K De3YJIbTalaM, 110-
JIyYeHHbIM B HacTosulei pabore.

dnst cicrembl Xaapa x = {xa(r)} B pabore [3] (cm. Takxe [4], [5]) ycranosieso,
110 das Aroboli nocaedosameavnocmu ax \, 0 ¢ ag = o(\/L;), {on}is, € la udan
xascdozo £ > 0 modcHO nocmpoums uamepumoe muoocecrneo E C [0,1], ¢ mepoti
|[E| > 1 — € maxoe, wno das npouseoavnoti f(z) € L*(0,1) mosecno 6va0 natimu
dynxywo f(z) € LY0.1), f(z) = f(z) na E, maxyro, wmo [0! f(z)Xn(z)dz = a,
dax ecex n € Spee( f).

Jnsi cucremsr Yomua {W,,} sHamu Gblu nosydersl cieyionye pe3yabTarhl

a) (em. [6] u (7)) Jan 2106020 0 < € < 1 cywecneyem u3mepumoe mMHONHCECTNEO
E C [0,1], ¢ mepoii | E |[> 1 — ¢, maxoe, wmo dan xaxcdod gynwyuu f € L0, 1]
MoscHO natimu gynxyuwo f € L*[0,1], cosnadarowyro ¢ f na E, maxyro, wmo ee
prd Pypoe - Yoawa czodumes no nopme L'[0,1] u nowmu ecrody na [0,1], u sce
HEHYNEBDIE LAEHDL 8 NOCAeJ08AMENLHOCTU Modyaet Kosdduyuenmos Dypoe 6Ho6b
noayxennol gynryuu no cucmeme Yoauia pacnoodicenvt 6 ybvieaiowem nopadxe.

6) (cm. [7])) Jan mobuz 0 < e <1, p> 1 u dar xavcdott dynxyuu f € LP(0,1)
MooKcHO Hatimu makyro gynxyuoe f € LP(0, 1), mes{f # f} < €, wMO 6Ce Henyae-
svie waenvt 8 nocaedosamenvrocmu {|cn( f)|} pacnoaodicens. 6 yboearouem nopaoxe
(3decv c( f ) xospPuyuenmu Pypre ucnpasaennott pyrrxyuu f (z) no cucmeme Yo-
awa ).

8) (cm. [8]) Lan awbot nocredosamesvrocmu ax ™~ 0 ¢ {a}fs, ¢ l2 u daa
xancdozo € > 0 cyuwecmeyem usmepumoe muoscecmeo £ C [0,1], ¢ mepod |E| > 1—¢
maxoe, wmo das npouseoavrotl f(z) € L'[0,1] moorcno natimu dynxyuwo f(z) €
L'[0,1), f(z) = f(z) na E maxyw, wmo ee pad Pypve-Yoawa cxodumca % f(z) no
nopame L[0,1] u |e,(f)] = an das ecex n € spec(f).
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Otmernm, uTo M3 JoKa3aTeNbCTB TeOpeM pabot |4)-[8] He BMAHO, MOXKHO su nC-
uPaBJIeHHY10 (DYHKIMIO BBLIGPATH Tak, YTO6bI BCe WiieHbl B I0C/Ie0BATEIEHOCTH KO3(]-
duupenros Pypbe BHOBD 101y 4eHHOH DYHKUMH 10 MOAYILIO Gblilin bt PACIIOI0KEHB]
B y6biBalollemM nopsiaxe?

B nacrostuieli pabore J0Ka3LIBaeTCA, YTO Uil CUCTCMDL YOUIILA 3TO BOSMOXKLO, T.e.

HClIpaBJIeHHYI0 QYHKMI0O f(T) MOXHO BeIGpaTh Tak, 4TO6BI

lee(A > lex+1(f)l, k=0,1,2,...

OcHOBHBIMA pe3y/ibTaTaMH HaCTOsIIEed CTaTbyl HBJISKTCSI clielytonme xpe TeopemMbl.

Teopema 1.1. Jas a060z0 wucaa € € (0;1) cywecmsyem usmepumoe mHodHcecmeo
E C [0;1], ¢ mepoti |[E| > 1 — &, maxoe, wmo dan xadxcdoti gynwyuu f € L[0:1]
MO2ICHO Hatimu Gyrryuo f € L[0;1], cosnadarowyro ¢ f na E, maxyro, wmo ee pxaod
Pypve- Yoawa cxodumes no nopme L0, 1] u ece waens 6 nocredosamesvnocmu xo-
sppuryuenmos Pypve 6106b NOAYERHOT HYHKYUU f no cucmeme Yoauta, no modyao

pacnoaodicenvt 6 yooeaowem noproxe.

[TaoTnocrnio HOOMIIOXKCCTBa B HEOTPHIATEJLIIBIX LEJILIX YHUCEJl HA3bIBACTC s BCIIH-
“1IMHa

p{B) = lim sup ﬁ

n— 00 n

rpe B,,—4uci0 3J1eMEeHTOB U3 B, [1€ IPEBLILIAIOWHX 7.

Teopcma, 1.1 siBasieTcsa CJIEACTBHEM CJIEAYIOLIETrO YTBEPHCACHHA.

Teopema 1.2. Jan 1106020 wucaa € € (0;1) cyusecmeyem usmepumoe MHONCECTE0
E c [0;1), ¢ mepoti |E| > 1 — €, maxoe, wmo dax xaowcdot dywwyuu f € L'[0:1]
MOAHCHO HAMU PYHKUUIO f € L'[0;1), euda f(a:) = fi () + fa(x), cosnadarowyro ¢ f
na E, maxyro, vmo
1. ece uaenn 8 nocaedosarneavrocmu xosppuyuenmos Pypve 6106 NOAYHENHOU
dynxyuu f (z) no cucmeme Yoawa no modyaro pacnorodicens. 8 Yomeauem nopake.
2. pad Oypve-Yorwa Pynxuuu fo(z) crodumes x ned no nopme L'[0,1]. a pad

Dypve- Yoawa dynxyuu fi abcoaromno crodumes x nel u

Zlcn(fl)l < ©o.
n=0

IS

3. naommnocma Spec(f)) pasna 1

Spec(f1) U Spec(fa) = NU{0}, Spec(fi)N Spec(fz) = 0.

]
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3amevanue 1.1. B ¢Bsi3M CO BTOPBIM YTBEPXKAEHMEM TEOPEMbI 1.2 OTMETHM, YTO

ucnpasieHnyo GyHruMo f(r) HeBO3MOXKHO BoIOpaTh Tak, 4TOOHI

3 lealf)l < 00
n=0

T.e. Teopema 1.2 B 3TOM CMbIC/IE OKOHYATENBbHA.

OrmeruM Taroxe, yro B pabore [13] A. M. Ouiesckuii 10Kazaj, 4To CyUIeCTByeT
byukiwms g(r) € C[0,2n) raxas, yro i moboit dynkuun f(z) ¢ ycnosuem |{z €
[0,27] ; f(z) = g(z)}| > 0, nocnenoparenbrocTh KO3 bunUenToB Pypre pyHKuHHU
f(z) no tpuronomerpuycckoii cucreme {an(f), bn(f)} ¢ I, npu seex p € (0,2).

OTnmeTHM TakxKe, yTo Ass moboro 0 < € < 1 B pabore (14} mocTpoeno nanmepumoe
muoxecrso £ C (0,1] ¢ mepoit | E |> 1 — € rakoe, 4r0o gisi Kaxxaoi byHKuau
f € L'0,1) moxno 6bin0 Haiitn bysaxumo f € L'[0,1), conagaomyo ¢ f Ha E,
Takylo. yro ee psa Pypbe 110 TPUIOHOMETPUYECKOH CUCTEME cTOdumces 110 HOpMe
L[0,1) u {an(f), bu(f)} € I, npu Beex p € (2,00).
3ameuyanue 1.2. M3 reopeant 1.1 BLITeKkaer, YTO H#CaOH LI aA20PUTNM UCIIPABIIENTION

Qyuxunn f(z) no cucmeme Yonwa cxodumes x nedw no L[0,1) nopme u
Gm(z. f.®) = Smi(z, f, ®), Vz € (0,1),VYm =0,1,2,....

3ameuanne 1.3. B reopeMax 1.1 u 1.2 ucnpapiieHHyo QyHKIMIO _f(:c) MOKHO Bbl-
Bpare max, wmobel ee pad Pypve- Yoauwa cxoduacsa nowmu ecrody na [0,1].

Bo3HuKalOT ciieayonye BOIPOCH!, OTBETHI HA KOTOPBIX HaM He U3BECTHLI.
Bonpoc 1. MoxHO Jin W3MEHHTH 3HaYeHusi Jio0oi n3mepumoit dpyukuun f(z) nHa
MIIOXKECTBC MaJIOH Mepbl TAK, YTOObI BCE YJIEHBI HIIH 6CC HEHYAEBBLE %AEMHDL B 1I0CIER0-
BaresibHOCTH Ko duunenros Pypre BHOBL N0Jy4eHHON BYHKLUN f (z) 1o cucrenme
DpaHKIIHA 10 MOAYJIK PacliojloKeHbl B yObisatoieM opsiake?
Bonpoc 2. Bepubl aun teopemnt 1.1 u 1.2 a1s1 TpHronoMeTPUYeCKOA CUCTEMBL?

B rekcre nonb3yemest cuegyonuMi 0603HAYEHMUSIMU:

C,Cy, ...~ abCONOTHBIE IOCTOAHHBIE;

x1(z) xapakrepucTHyeckas GyHKIMI MHOXeCTBa [;

Nfll = fol |f(z)|dz - Hopma B npoctpancrse L'{0,1].
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2. OCHOBHHIE JIEMMBbI

Hatomuum sexoropsie csoiicrsa cucremsl Yoama (cm. [11], [17]). dast 106bix Ha-

TYpanbubix unucea m, 1 u k, k < 2™,

(2.1) Wigm () - Wi(z) = Wigr 44 (z).
= ] 0, ecmn ze(27™]]
ey kz—u Wi(z) = | 2", ecn z € [0;27™),

a st Jo6oro HaTypasbsoro ucia M u aas soGoro z € (0;1)

M

Y Wix)
k=0

W3 nocneauero HepaBeHCTBa IOMyYaeM, YTO /IS MOBbIX HATYpasbHbIX uncen M, N

1
=
o 2

un, 0<M<N <2" umeeM

N

Z Welz)

k=M

(2.3)

g 1
< [ 2"dr + [ gdr=1+2nlr12<3n.
Jo Jo-n T

Huxecaenylompii pesyaerar 6611 nosyden B [15].

JIemma 2.1. Jas arbozo deouwrozo unwmepeana A = [%_, 5'.21‘,1], 0<1i1<27, udas
106020 HAMYPAALHOZO YUCAG M > 0, M — 0 “eMHOe, CYULCTREYEM MHO20UAEH .0

cucmeme Yorwa

g 4t

4
P)= Y oxWi(z)

k=2m

maxotd, wmo

Dleg| =2-"F°  npu2™ < k < 2+,

2Px)=1 ecruze€ By, |Ei|=3}A];

3)P(x) = -1 ecauz € Es, |Ep|=}|A|;

4)P(x) =0 ecrux g,

5) supyy, tz::,. aWi(z)| <C  ecamuze A;

6) sup,s '224:2.. arWi(z)l <27™°  ecauz g A,

2de E, u Ey cymo xonevrvie 06sedunenus 060UNKIT UNTMEPBAAOS.

Vmeer mec1o citegyiomee yreepxieHue.
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Jlemma 2.2. [Tycmov ng -Hexomopoe HamMypaibHoe “ucao, a A = [ T ,}] (G [2 T 1]
dsounHpill unmepsan, moada das awbwz vucea €,b > 0 ul # 0 cyuecmeyrom muo-

acecmeo E C A, ¢ mepoti |E| > (1 — €)|Al, u mnozouren no cucmese Yorwa

2" -1

Plahis Z axWi(z)

ke2mo
maxue, “mo
1. |aks1| < lax| < b dan scez k (2™ <k <2 -1);
2. P(x)=1 ecux € E;
3 P(z)=0ecauz € [Z’L 1] \A
4 suppg [ Sh g wxWie(@)|| < ClUIA.

Joka3sarenbcTBO JileMMbl 2.2 Boibepem HarypaubHOe 44cio o1 > o+ 2 tak, 4robbl

BblIIOJIH#1J10CH yCJlOBPIe
(2.4) 2= < b.

HMutepsan A upeacraBum B puge o6Le/HIIeINs] IBOMYIDLIX UIITEPBAIOB

T
25  A=JA", cuepon|aM| =277, ((=1,2,...,m, 11 =2277),

1=]

Bribepem narypanbHoe 44CI0 Ty TaK, 9T0 1My — 0] ~ YeTHOe YUCJIO U
wi 0
(2.6) my > max{o1 +20; ng}, 27 > (my +01)2_2L.

Iyctb iy =my+o0,—oc+1nu

70 =] =i 2L

Q\(z) = Z apWilz) = lll. Z Wi (z).

k=2"0 k=2"0

U3 (2.4) cienyer, uro
[Z[2="

ni

(2.7) an= <277 < b uisiBcex 2™ < k< 2.

A u3 (2.2) u (2.3) nosyyaeM, 410

-y
28  Qe)=0. cm ze ), (@i <2l L HIAL
- l!l =
(2.9) sup axWi(z)|| < 3n, < Al
m<2m (| S
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. - 1
Teueps wist kaxwporo © € {1,2,--- , 71}, upumenus Jjemmy 2.1 s uarepsasia AE ) u
q9HUCiia M), NONYy4YaeM DOJHHOM MO CHCTeMe Yomma

™1 +1_1

PP@)= 5 1a{'Wi(z)

k=2™1

¢ ko3duipentamu (cm. Takke (2.6))

2—0. 2—”1
(2.10) [ladd] = 2= < S =apr, (2™ gk<2™t)
my + o) ng
O603Ha" 1M
1
(2.11) V,m=Zp_(‘)mu,..‘,h_,,,. (o1 (2)

=1
W3 oupenenenus nonunoma Pj(z) cineayer, uro (cm. nemmy 2.1 u dopmyser (2.1) u
(2.5))

0, ectu z €A,
(2.12) Pl(z)=(l, ecrm re€E},
—l, ecm ze€ EY,

rue E{ u E}-xoHeunble obbeamHenus ABOMYHBIX MHTepBasos, a |Ej| = [E!| =

27~ = 1|A|. Scno, uto

ry L
IBj = Y PP = A’ = [mal.

=1 =0
O603HaAM
2nNi)
Qu(m) = > U W), Qilz) = Zol YWami i pgmi+1 (2)-
k=0

M3 (2.1), (2.2) v onpenenenus Qf caeayer, 1T0
N L O g > 1/27° > 1/2™.

PacemoTpum caeayromui noauHom

2"t
Pi(z)= Y aWilx)=Qi(z)+Qf(z) + Pi(a).
k=270
Slcno, 9To Moy KodbdULEeHTOB a) 1py 2™ < k < 21+ papnm I]27 7T, (om.
(2.1) » (2.11)), nosromy ansa xospdunuentos nomHoma Py (z) momysaem (cM. (2.7)
1 (2.10))

(2.13) b> azno| = |azroga| = = lazmoy| 2 Jazei | = = Jaguisiy]-
9
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JlonycTum, 4TO y>Ke nOCTpoeHsl MHorodnensl P (z), ().« -, Pj_1(x), mHoXecTBa
El CE/,C--CE{CA, uuHcna 01,02, -+ ,0,-1,M1,Ma,~+- . Mj_;, yAOBJIe-

TBOPsilOIMHUE YCIIOBHIIM

(2.14) 0y-1 20 +2(i—1). mj_y >0 1 + 20,
2ﬂj_1+|_1

Pioif@) = ) aWil®)=-2"% eem ze€E] |,
k=2")—2+1

(uput 7 = 2 uon 22-1F! jjonumMaenm 2'0), roe E_;-'_ 1 SIBJISIETCS] KOHEYHBIM 00'beArHEHHeM

JABOMYHbLIX HHTEDBAJIOB, C MepOﬁ

|Ej_1 = 2707DjA) = 276D,

™ do;_y
I("kl > ](12,.]._1“*1, = 2]—2”,2 —==1 . ke [2nj—z+l; ons-1+l _ 1]‘
Bribepem naTypaJsibHOE 9MCII0 05 TaK. 4TOGLI

mi-1+0j-1

(2.15) a; > + 2

H MHOX€eCTBO Ej«’ 1 TIPeICTaBIISIOCh B BHJE
g
A (1)
Ei.v =4,
=1

riue Af’) ABOMYHBIA HHTEpBaAJ C Mepoit IA'(.j)f = 27%, 4 = 1,2;sv 15, nivy &=
20_7—0—(_1—1).

N3 (2.14) u (2.15) caeayer, uto
(2.16) 0; >0;_1+22>0+2j.
Beibepem HaTypasibHOE YUCIIO m;j TaK, 4106sl 1, — 0; GbLIO YETHBIM,
(2.17) m; > max{0; +20 +2j;n;_, +1} u 2% > (m; +a,)2'.‘f.

Mycrbn; =mj+o0,—0c—(j~-1)+1mn

2"i—-1 PRdI— 1
=1 el
Ge)= 3 aa@y= TIHET S5 g
k=2mi-1+1 " k=2RiS
W3 (2.15) cnenyer, uro upu 2-111 < k< om5 _ g
’ 2]“ll[|2“71’ P TR LT
(2.18) lagl = e <¥er T T = lereithasls

10




O MNOBEAEHUHU KOIPPUUMEHTOB ®YPbE 10 CUCTEME YOJILLIA

T.¢. MOAY/IN KO3 PHIHEHTOB MHOTOUYIEH Q;(:c) MEHbINE, YeM MOAyIH Ko3ddunmen-
ToB P;_(z). Ananoruuno (2.8) u (2.9), s mMHorounena Q' (z) nonydaem (cm. Taioke

(2.16) u (2.3))

_ -n —(n;—141)

(2.19) Q;(z) SXORSapi S>> 257" > LAl
22 Al

il

(2.20) Q5@ < 2 B @
M : V=Y |UllAl
(2.21) sup Z axWi(z){| < 3n,= | S ‘.,‘, i
M2 | 4 e g

Anst kakgoro @ = 1;2;--- ;7;, npumenus semmy 2.1 mpu = m; u A = A7,

nonay4aemM 110JiMHOM

2Y7|j1'1_‘1 :
Pl = 3 27 Mo Wila),
k=21
K03 UIHEHTBI KOTOPOro YAOBAETBOPSIOT CIeAYIOMEMY YCI0BHIO (cM. Takuxe (2.17))
(2.22) 91-1 )lai_‘i = 97 Yjo- =72 < 9I-Yjj|——— < 2 E—,
. (m; +a;) nj
T.e. MeHbile, vem Kodbduments nommuoma Q' (z).
O6o3naunm .
3
}:‘(I) ~ Z P'()l“)“'?r $ir- H'.’”-'.’I'r‘\
=1
E ={ze : lPJ’-(x) > 0}, E;»' ={z € E;’_l : IPj(z) < 0}.

U3 onpeaenenns nommuoma Pj(z), (2.1) n nemmer 2.1 creayer. uro

(0, ecau r&’EJ” O
(2.23) Piz) =<2l ecmn z€E,

-2, ecmn z€E/,
-
a E‘; u E’-' ABJISIOTCA KOHCTHBIMI 0ObEIMHEHUSIMH JABONYHBIX WHTEDPBAJIOB, ¢ MepPOi

|E;| = |EY) = 3|E}_ | = 3|Al. fleno, uro

(2.24) [EAT Z 1B = 321 Ial| = 2 UIEf | = pilAl.
=1 =1
O6o3Ha MM
2'“j_1 ™y by
Q=)= Y 272 T W),
k=0

Q(x) = 3 QyxIWys, 4 ymryamss+(7)
—

11



M. I TPHTI'OPAH. K. A. HABACAPOAH

U3 onpenenenns nomuuoMa QY (z) u dopmyn (2.2) u (2.17) caeayer, uto

(2.25) Qi(x) =0, ecoim T >277° >27™i
(2.26) 1Q) @) < ry2 2= < 27T =y < 27|11l
Paccmo'rpmd CJle,LLVIOLllHﬁ 1HIOJIMHOM
P ol AL |
Piz)= Y  aWi(z)=Q)(z)+Q}(z) + P(z).
k=2"i-1+!

SlcHo, yTo Moayn Ko3ddHUUMEHTOB ay, npu 2% < k < 2™+ papHb 2-7_‘]l|2“—1—,
(eMm. (2.1)). mosTomy, ans kospduurenToB nonuuoMa Pj(x) nonyyaem (cM. Takke
(2.18) u (2.22))

(2.27) |”'2"j—1+‘_1l 2 [”’2"1—1"’1| = =lagn;_q| 2 |ags| = - = |("2"J+‘_.1]-

Taxum oGpasom, o urAyKIuK, onpenensiores nonmHomsl {Q5}, {Q7}, {Pj}, {P;} u
muoxecrsa EY D Ey D - - yaoiersopsiowne ycnosusm (2.19)—(2.27).

[ycts g = [log2 5“1] + 1. PaccMoTpuM MHOro4s1eH

2nq+l 1 q q q
P(z) = Z arWi(z) = ZP(JI =ZQ; z)+ZQ;’(:v)+ZPJ’(:c)
k=2m0 J=1 i=1 H=1 j=1
M3 (2.12) u (2.23) cneayer, uro npu Beex 7 < g
r 4 ecim € A\ E/,
(2.28) Y Piz)=4 —(2" 1), ecan ze€ EY,
] ecoim = € A.

Ecau B3ste E = A\ E], 10, ouesnano. |E| = |A| — 279A] > (1 — €)|A|. YunrbiBas
raxoke (2.13), (2.27), (2.19), (2.25) u (2.28) noayuaem, 410 P(r) u mHoxecrBo F

y0B/1eTBOPAIOT NyHKTaM 1)-3) nemmer 2.2. fIcHo Takxe, 4To npu Beex r < @

(2.29) 3P| = MIA\ B + 2 - DIIEL < 204,

1=1
[Tyers M nHexoTOpOE HATypaJibHOE YUCIIO ¢ ycsosUeM 2™ < M < 2™+ Torna aus
wekoroporo r, (1 <r <gq), Me [2"”““;2"""'1) (upu 7 = 1 Bmecro 2nr-1tH!

A
HY>KHO noHnMaTh 2"°). B canyuae, korna M < 2", nonannom Zkizn,, axWi(z) nmeer

BUJ
M M
Y aWi(z) = ZQ,(z)+ZQ, x)+ZP’ )+ Y W),
k=2"0 =1 k=2"r—1+!
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O [OBEAEHUN KOSPOULMEHTOB ®YIBE 110 CUCTEME YOJILLA
nosromy u3 (2.8) u (2.20) mosyyaeM, YTO HOpPMA MEPBOro CIATAEMOrO MEHbIIe uYem
[U}|Al. Anasornunyio oueHKY MOXHO HOJIyYHTH M JUIsi HODMbI BTOPOLO CATAeMOro
(cm. (2.26)). CuenoBarensHo, ¢ yaerom (2.29) u (2.21) nmeem, uro

M
(2.30) Y aWi(z)|| < sllAl.
k=2no

Ecam xe M > 2", To upu HekoTopom uucine ¢, (0 < i < 2"~™r) M € [27 41277,

" y r M
2™ + (14 1)2™"), cneoBaTeNbHO, I HOPMBL IIOJMHOMA ) j_ono Gk Wi (Z) nomytaen

M r r—1 r-1
> st < |50 + [T + [ 2 +
k=2"0 j=1 =0 =1
g e — 1 M
(2.31) Z akLVk(J,‘) T L aka(J:)
k=2nr k=2nr 4i2mr

CyMMa nepBbIX Tpex cJjlaraemblX , KaKk H B IPEXHeM ciaydae, MeHbluc.yem 4|/||Al.
Yerseproe ciaaraeMoe oneHuBaeTcst Kak B (2.24) u (2.26) u menbiue yem 2|l|[A|. Tst
[OCJIE/IHEI'O CJIAIAEMOI'0 PACCMOTPHM JBa CJlyyas!.

B cayuae. Korga 1Mciio ¢ 4eTHOe, U3 OnpeeJierns MHorodaerna Q. (z), (2.3), (2.16)

n (2.17) monyuyaem, 4ro

M M-2"r —2mr
Y aWi(z)f = 27ty Y. W@ <
h=20r 4-12mr k=0
2 U2~ = . 3m,. < 2Ji[|A|-

A ecslM YHCIIO 1 HEveTHOoe, TO, C y4eToM lyHKTOB 5) u 6) nemmbr 2.1, (2.1), (2.6),
(2.17) u onpefenenus: JOIRIOMA l’,(”(:c), MoJIyyaeM, 4To
M

|
Z ag “"k()')

s / +f < CT Y EL, |+
k=20r i E

J(0:1)\ B!

-1
22— < oAl + 272~ < (€ + DA,

rae C nocrosHuas n3 jgemmbl 2.1. Cresosatensho, ¢ yuerom (2.30) u (2.31) nosy4a-
em, 1o cyulecrsyer aGeoumornas ocrostnan C rakas. Yro 1yt Jioboro narypalib-
noro uucaa M u3 npomexytka [2™; 2" +1)

M

3 aWi(@)| < aillllAlL
k=2"0

JlemMma 2.2 nokasana.
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Jlemma 2.3. [Tycms € € (0;1), ng -namypaavioe wucao, a by-nexomopoe nosovcu-

meavroe wucao. [lycmo, danee, f(z) = S i_, lexa, (x) emynenvaman dyrnryun c
yerosuem supp(f)H27™051) # B u Ay Qg+ -+ Ay Henepecexarouguecs dsounsie

unmepeanst. Tozda cywecmeyrom dynxyun g € L1[0; 1], muozonsen no cucmeme Yo-

Awa
PRl

P(z) =, Do celbniz)
k=20
u mnoocecmso E C [27"0; 1] maxue, wmo

1. |ck41] < |ck| < bp Oan 6cez k, 2™ <k< 2™ -1,

2. |E|>1-¢e=25"9,

J. g(x) = f(x), ecaux € E,

4 lglt < ClifIL

5. NP(I) —g(@)ll <e,

6. [| k= 1~ kWi (z)|| < Cllf(z)|l + & dar ecex namypaavrea M € [2™0;2™).

HokazarenscTBo nemMmel 2.3. Paccmorpum cieaytontyo dbyHKLMO
f(@) = £(®) - Xj2-wauy(@ Dmr

e l, #0, 1<k <r. Jdust kaxaoro k, 1<k <7, 11004epesHO 1IPUMEH;Is JleMMy
2.2 pus nurepsasa Ap, uncen €, b = |agne-1_y|, (upn k = 1 b = %“), nl =1y,
M0JIY1AEM MHOTOYJIEHBI 110 CHCTEME YoJua

2"k -1

Pz)= 3. aWi(z)

i=2"k=1
1 MHOKeeTBa By C AZ CO CJCAYIOLIMMHY CBOMCTBAMM:
A) B C &) |Ex| > (1 - €)|AL,

B) b0 2 lazwe| 2 lazrusa| 2 -+ 2 |aznr 1],
C) Pu(z) =1, ecam z € Ey,
D) Pi(z) =0, ecau ze€ [27";1])\ A},
E) sup Y aWiz)| € CllIaL).
21 M2 | S,
O6o3Hauunn ’
E = [27";1]\ | J (A% \ Bx),
k=1
(2.32) g(z) =Y _ Pi(z)
k=1

14




O IHOBEAEHUN KOIPPULHMEHTOB OYPbLE 110 CUCTEME YOJHLUA

M3 yciaoeusn A) nonyvaem, uyto |E| > 1 — ¢ — 27™_ Tlockonbky Ha muoxectse E
bynkunn f(z) u f(x) cosuagaior, To B cuny (2.32), C) u D) nonyuaem, g(z) =
f(.c) = f(z) upu Bcex © € E.

Mycrs o; = 27 min{by;e} M ¢; = a; + ay, 2" <1 < 2™, Torga yreepxaenue |

JICMMDLE HElIOCPCUCTBCHHO clicAyCl U3 B) PaCCMO‘I‘pHM MHorowiel

anr -1 2"+
P(z)= Y aWiz)=gz)+ Y aWi).
i=270 L 1=2"0
QueBnaHO, Y10
2559
IP(x) - gzl € 3 ai<e=
1=2"0

3amernM, urTo ||f|i < )|fll, nosromy, mast yuoboro M € (2m°:2"7), ¢ yyerom E).

HOJLY 4aeM
M r -
(2.33) Y aWilx)|| < 3 clillail = clifi| < s,
k=2"0 k=1

cea0oBaTe /L1,

M AM M 2"r—1

Y. aWi@| €| Y aWi@)|[+| D axWi(@)| < Cllfll+ Y a < Clifll+e
k=2"0 k=2"0 k=2"0 =22

s (2.33), B yacrHnocrn, noayvaem ||g|l < C| f||. Temma 2.3 nokasana.

3. JOKA3ATEJbLCTBO TEOPEMbI 1.2
Ilycrs € € (0; 1) upoussosbHOe 4nciIo, &
(3.1) no = [loga e~ + 1.

Paccmorpum nocaesosarenbuocrs { fi(2)}72, nosmHonmos 1o cucreme Yousina ¢ pa-
HHOHAIbHBIMU KO3¢hieHTaMu, C yCl0BHEM supp(fe) N (27";1) # 0. Ecan 1no-
CJIEAOBATE/IBHO IIPYMEHMM JieMMy 2.3, TO MOXKeM HAiTH 110CJe10BaTe/IbHOCTH PYHK-
unii {gn(z)}22,, muoxecrs {Gp}, (G, C [2779;1]), Harypaubhbix aucen {m,}

{l,} /" u nonunomos Buaa

2mn 3 2mn -1
G@= Y W@ = 3 aWi),
k=2m'"l k=2m"-1

(my=mng, 1 =1, “‘(2?'?0-1 = 1), koTOpbI€ AIsl Bcex uncean > 1 u k € (2™, 2"n — 1)

YAUAOBJIETBOPHIOT YC/NOBUIIM:

, R 1 )
(3.2) lal | < o) < 2721t < iln;'.:.,,.l.. N

15
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(3.3) Ga(7) = fa(2), ectmz € Gn ||@,(2) ~Fa(a)) < 27772,
(3.4) [Gn| >1-277""2 2™,

» |
. e | aWHR < Clll) 2

(3.6) 13 (@)l < Cllfal)]l.

Mosnoxum G =72, Gn. Ouesuano, uro (cm. (3.1), (3.4)) |G] > 1 —e.
MTonoxunm by, = t‘.'.u' B Ty (e = (0], T gooo (2200 — 1,

2m0 1
(3.7) Ro(@) = Y b Wi(z).
AuD

HeTpyaHo BuETh, 4TO MOXHO BHIOPATH MOANOCIEA0BATENEHOCTE { fi, (Z)} 7%, Takyfo,

yro k; > ng,
r1l N
(38)  Jfim [ |3 fi (@) = (f(z) - Ro(@))|dz =0, |fe (@} <27, n22.

o |

TTonoxnm
2"k
(3.9) a(z) =3, ), Q@ =0u@= Y W),
jzz"‘k‘—l
b =) = 27wl (1 4+27), € [ame 2™,
0,
Riz)= Y B5Wil).
j=2"0

Ouesnano, uT0 KO3b]HUMeHTs! N0AUHOMA R (Z) MOHOTOHHO YOBIBAIOT, MEHbLLE KO-
sqdutmenros nosnnona Ro(z) u (em. (3.2) u (3.9)) Gonbwe, yeMm ko3¢ duuuetrst

nosmBoma Q) (x). Taxxke umeem

2™k -1 2Mki -1y
"R] (T)” < Z b(,l) < Z 2=2muy 1=y +1 & e 2-L
F=2"0 j=2mo0
MpealiosoxnM, 9To yxke ollpedenensl yucaa ky = vy < .. < Vg1, QYHKIHK
i ()i fug 2 (2), 6, (7)) 009, (&) 1 moTUROMBE
2men |
Q@) =8, (&)= Y. &™'Wz), 1<n<q-1,
3=2"vu -1
e I |
(3.10) Ru@)= > oMw@), 1<n<q-1,
]=2"‘Vn-|

16



O 1IOBEAEHUH KOS®PHLUNEHTOB ®YPbE [10 CUCTEME YOJILIA

VAOBAETBOPSIOUME YCIOBUSM:
gn(x) = fr(z), e z€CG, 1<n<g-1, 4y

B

ZI(RUJ’I + Qulx)) = gul=)]
k=1
HeTpyaHo BUAETB, 4TO MOXHO BbIGPATH HATYPANBHOE YHCIO Yy > Uy | Tak. 4Tofm

<271 J <. -1

(3.11)

q—1

mu%(mm—iﬂ&m+&m%mmﬂ

i=1

=2

(3.12)

My, —1 > My, +q.

B cuay (3.8) u (3.11) umeem

(313) | fe,(z) - qz-l [(Ri(z) + Qi(z)) —u(z)]|| <279+ 2792 =5 94
s (3.12) u (3.13) Bm;;;er
(3.14) 1fo. ()] <6-27¢
Tostony (cu. Taxske (3.6))
(3.15) ”g,,q (r)” <6-27% = 27C,.
Tonoxum
(3.16) 9q(2) = fr (2) + 8., (%) ~ £, ()],
2™ -1

(3.17) Q@) =T, @)= Y W)

Pt

(3.18) b; = bgq) h 2-2m.«,-|-l,,(1+2-j) <27, =l +1 je [2"'"q—|,2'"~.,-1),

. 2%t
(3.19) R@= Y &7W, ()
g3 !

M3 (3.2), (3.12), (3.18) u mMonoronHoCTR HOCHENOBATENbHOCTE! {m,, } i {ln} crenyer
410 pan seex j € (2Mva-1 20

(3.20) Jalee) _ ] < 273mvemihy < pUD) < 9] < 273Mvemn e bl (- )
v J 1 - ;""’q—l-]’

H

27=sy 2Mwa=1 g
(321) z b;‘l)= z 2-')"..~»4»,,(1+2-])<-‘y--,. ‘< -a
j=2"%=1 j=2""u1

17
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Vusrtsisasi cootHomenus (3.16) u (3.3) noayunm
(3.22) 94(z) = fa,(x), T€G.

B cuay (3.16), (3.11), (3.12) 1 (3.15) nmeem

Ngo (D)l < +117,,, (=)]|+

[ =
fu@) = { fuo) = S (Ri() + Qu(a)) - .a.-(z)l)

tes]

gam £ € 279724 @21 T . gug,

q—1
> (Ri(@) + Qul@) - gi(=)]
t=1
A u3 (3.16). (3.3), (3.12) u (3.21) nonyuaem

<

Q., (@) = 3., @) + IRl +

S (R (@) + Qu(a)) - gu(a)
=il

(3.24) + ey L7,

( &
v () — [\fk. (@) - ) _ [Ri(2) + Qulz) = gi(m)])
=1

B cuny (3.5) u (3.14) nmeem

A
(3.25) i T Z ,,i"..)w’,(r) < Clfu (@) +27972 < C427,
- y=2""e!

SlcHo, 410 110 MHAYKUMH ONpedessiorcs nocnenosaresbsoctd dynkuunt {gq(r)}92,
(g1(x) = fi, (x)) n nonunomos {Qq(2)}, {Re(z)} yaosnereopsionpix ycnosusm (3.19)-
(3.25) uas Beex g > 1. U3 (3.23) suirexaer, 4ro

1
|g4(x)}dz < oo.
0

o
(3.26) )

q=1
Oupeyeaum dyHxumIo f(x) n nocaea0BATENLHOCTD HHCE {dr}i2 o cnemyrommum ob-
pai’om

(3.27) f(z) = Ro(z) + ) _ gql@),

q=1

o [ak, k€ U:;JT"’-",T”’.)‘
bk, B OCTAJILHLIX CAYYRAX.

N3 (3.8), (3.22), (3.26) u (3.27) cnepyer
flz) e L'0,1}, f(z) = f(z), z€G.
A u3 oupeuenenns nocnegosarensHoctu {d, } nmeem (cm. raxxke (3.2), (3.7) u (3.20))

{dn| > |dns1| > 0 mas Beex n > 0.
18



O HOBEUEHMHU KOSOPUUHUEHTOB ®YPbE [I0 CUCTEME YOJILUA

flycTs RaHO [IPOM3BOJILHOE HATYPaibHOE YUCI0 n > 2™° TOrAd IJIA HEKOTODPOIo ¢,
umeem n € [2™"e-1 2™v) | u3 coorHomennit (3.17), (3.19), (3.21), (3.23) (3.25),

(3.27) Oyuem umern

" g-—1
Y deWilz) - f(2)| < D _((Ri(z) + Qilz)) - gi(@)]|f 4
=0 im]
ov :
e ’(‘I)WI -
+§—:|lg (T)"+2m.,,_,'2,?§2—,'.. . ; i Wi} +
1=q j=2""a-1
k
3.28 wow ()l < 277C;.
(3.28) ¥ S i ,~Z o i(x f
cJael0BaTeJIbHO
i P
dk=/ f@Wi(a)dz = ca(f), k=1,2,...
U
IMonoxum
- o ~ s
(3.29) fi@) =Y _Riz), falz) =) Qula).
1=0 =1

Ha (3.25). (3.26), (3.16), (3.19) u (3.21) creuyer
f(@) = fi(z) + fa(x)

"
oo ot ATt 20R0ES oo
3 0 _
Sl 3 3 s S i +) 27 <.
n=0 q=0 J=2'""q-l j=0 =i

Hs (3.29), (3.10) u (3.12) cneayer, uro p(Spec(f1)) = 1. Teopema 1.2 goxadara.

Abstract. The paper proves that for any ¢ > 0 there exists a measurable set £ C
[0, 1] with measure |E| > 1 — ¢ such that for each f € L'[0.1] there is a function f €
L'[0; 1] coinciding with f on E whose Fourier-Walsh series converges to f in L'[0.1]-
norm, and the sequence {|rk(f)[}ic=0 is monotonically decreasing. where {cx(f)} is

the sequence of Fourier-Walsh coefficients of function f.

CINUCOK JIMTEPATYPbI

[1] H. H. JTyaun, “K ocHosHoft Teopeme unTerpasibHoro Hcunciaenus”, Marenm. C6., 28:2, 266 - 294
(1912).

2] A. E. Mensmos, "O papHomepto#t cxogumoctu pagos Oyvpee’, Mates. C6., 63:2. 67 - 96 (1942)

3] M. G. Grigorian, “On the convergence of Fourier series in the metric of L'", Analysis Math.,
17, 211 - 2347 (1991).

|[4] M. T. Ipuropsan, C. JI. Forsin, “HenuneAHAs ANMPOKCHMALKA N0 cucTerre Xaapa u mogudHkaumn
¢dyvuxknut”, Analysis Mathematica, 32, 49 - 80 (2006).

19



151
6]

(10]
[11]
[12]
113}
14
23|
16}

(17]

M. I TPUTOPSIH. K. A, HABACAPIAAH

K. A. Hapacapasn. A. A. Crenansn, “O psgax no cucreme Xaapa”, Hap. HAH Apmennu, cep.
MarenmaTuxa, 42:4, 53 - 66 (2007).

M. I Tpuropsiu, “O6 ycunennom L!-greedy cro#tcrse cucremnt Yonuwa”, H3e. BY3-os, 5, 26 —
37 (2008).

M. I Tpuropsy, “Moauduxauun byuxuutt, kosbduunents: Pypbe 1 Hemnennas annp.”, Mat.
6., Ho. 3, crp. 49 - 78 (2012).

K. A. Hasacapasu, “O psgax Yoawa ¢ MOHOTOHHbIMH ko3 duuuentamu”, H3s. HAH Apnennn,
cep. Marematnka, 42, Ho. 5, 51 - 64 (2007).

M. G. Grigorian .A. A. Sargsyan, “On the coefficients of expansion of elements from C|0.1] space
by the Faber--Schauder system”, Jornal of Function Spaces and Applications, 2, 34 — 42 (2011).
M. I'. [puropsin, B. I'. Kporos, “Teopesma ucnpabyiesus Jly3auHa H ko3bHIMERT! Pa3ioKeRu
®yps no cucreme Pabepa-Lllaynepa”, Mat. 3amerkn, 93, Ho. 3, 172 - 178 (2013).

B. U. lony6os, A. ®. Edumos, B. A. Cxeopuos. Psaam n [Npeobpasosanun Yoawa, M., Hayka
(1987).

R. E. A. C. Paley, “A remarkable set of orthogonal functions”, Proc. London Math. Soc., 34,
241 - 279 (1932).

A. M. Onesckut, Cytyccmeosanue Gynxyutl ¢ neycmpanumsmu ocobenrnocmanu Kapaemana,
JAH CCCP, 238, no. 4, 796-799 (1978).

M. I'. Ppuropsin, “O HekoTOpeIX CBO#cTBax opToroHanbHLix cucrem’, Uas. PAH, cep. mar, 57,
Ho. 5, 75 — 105 (1993).

K. A. Hasacapgsin, “O Hynb pagax no asoiHo#l cucreme Yonwa”, Uss. HAH Apmcunu, cep.
Maremaruka, 29, Ho. 1, 50 68 (1994).

I T. Tepopksin, K. A. Hasacapasn, “O psumax ¢ MOHOTOHHBIMH Ko3adduunentamu”, Uas. AH
Poccun, cep. mar., 63, so. 1, 41 - 60 (1999).

B. C. Kammn. A. A. Caaksin. OproroHanbhsie Psian, Mockea, A®L] (1999).

IMocrynuna 4 dpespansa 2015

20



H3pecrnst HAH Apmennn. Maremarnka, Tom 51, 1. 1, 2016, ctp. 21-37.

CNEKTPAJIbLHAA YCTONYUBOCTD MOJIVIJIIMIITUYECKUX
OITEPATOPOB BBICILEI'O ITOPAJKA
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Poccuitcko- Apmsarckuii (Cuassinckuii) ynusepeurer
E-mails: garnik_karapetyan@yaehoo.comn; narek.seribekyan@gmail.com

AHHOTALMA. B zaHHOW cTaTbe NMPUBOAMTBCR OLEHKA M3MEHEHUsl COBCTBEHHbIX
aHaneHuit aanatu Jupuxiie /Uia nony3iMNTHIECKOTO ONEPATOPA NPU W3MEHEeHUN
TPaHMIBI 06/1aCTH, HA KOTOPOA CTABHTHCA 3ajaqa. PaccrMaTpHMBalOTCs onepaTo-
pPh! NMPOHU3BOJIBHOIO YETHOIO NMOPSAAKA HA OTKPHLITHIX MHOMXECTBAX C 1aAKod Mo
Jlunwuuy rpanuuedi.

MSC2010 numbers: 35P15; 47A10; 47A75

Kmouesnie caoBa: [Ipocrpancrso Cobouea, cobcTBeHLIOe 3Ha4€HMe. KOMIAKT LI
onepaTop. LOJYJUIMIITHYECKHA ONEPATOp, CUEKTD, UPUOIIHXKEHHE, [PAHUYHOE YCII0-
sue Tupuxse.

1. BBEJEHHUE

Iyers N € Nl € NV, u = (1/iy,---,1/In) u € - orkphiToe MHOXecTBO M3 R™.
M1 6yneM paccmarpuBaTh coGCTBEHHble 3HaUYEHHs! 3aaa4H JIupHuX.iie ¢ OAHOPOLHbIMY
KPAaeBbIMU YCJIOBUSIMM JUISI Olleparopa

(1.1) Hu= Y (-1)*D*(Aep(z)D u). z€Q

(a pamy
(A.u)=1

IycTy Anp orpainyeniie, H3MepUMbIe BellleCTBeHHO3HAYHbIE (DYHKUMH, Onpe/leien-
Y

Hule Ha §) ¥ ynoBieTBopaAmye Aqs = Apgq, & TAK XK€ YCJIOBHIO PABHOMEDHOI! romy-

ANAVITHIHOCTH

(1.2) Y Aap(@)bals > BlE° 6>0

(o, ps)=1
(B.p)=1}

st Beex * € 2 u Beex § = {{u}(a_,,)=1, rae £, € R cyTs He3aBHCHMBle IepeMeHHbIE

(|£|2 b Z(ﬂ.lt)—'l 'EF:)

Jtst TouHOR hOPMYJIMPOBKH 3a0a4H Ha COBCTBEHHBIE 3HAYEHUsI, CM. OlIPEe/IeHue

2.6 1 Teopemy 3.1.
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O6o3naunnm yepes W"2(2) npocrpanctso Cobosesa (xaaccos 3KBUBAJICHTHOCTH)
NeACTBITEIbHO3HAYHBIX PYHKLMNA U3 Lz(Q), HMeloUuInX Bce 06o0OnIeHHbIe IPON3BO/I-
avie D%y, (a, 1) < 1, HasesenHbix HopMoi

. e &

(1.3) lullweay = 3. 1D%ullraa)
()<l
1.2
Taxxxe 06o3nawuM yepes Wy (Q) sambikanne 8 W2(Q) npocrpancrsa C®-byHKuuit
€ KOMTIaKTHBIM HOCHTeseM B .

Mbl paccaaTpyBaeM OTKPbITbIC MHOXeCTBa §) 11t KOTOPBIX CNEKTP AUCKDPETHBIN

H MOXeT OLITL NPEACTABIEN B BHAE 11€BO3PACTAIOMIEH OC/IEL0BATENbIIOCTH 110JI0XKH-

TeJIbHbIX CODCTBEHHBIX 3HAYEHHMH.
(1.4) M) <X < <A Q) < -

Jannoe yciosue cobuionaercs koraa WH2(Q) ssnsiercs rmib6eprosbiM POCTPAH-
crBom 1 onepatop (1.1) HMeeT KOMUAKTHBIE CAMOCOUPSIXKEHHBIA 06paTHbIM (Cliek-
TpavibHAs TeopeMa Ha I'M/1bGEPTOBOM LPOCTPEHCIBE).
Jo Toro kak mepedTH K aHauu3y obuiero ciay4asi, Mbl IIPUBOAMM TIPUMEP HILTIO-
CTPUDYIOWIHH CyTh II0JIy4eHHbIX B JaHHOHA paboTe pe3ynbraTos.
Mpumep 1.1. Myers N =2, 1= (2,1) € N’ n
S o =y3

Anp =
9 0. «#p.

Mneem g = (1/0,1/1) = (1/2.1).

Sanucoisas oueparop (1.1) Aast MyJbTH-RHAEKCOB p M 3, LIOJIydaeM

u 0%

PaccmoTpuM 3anady Jupuxie Ha cobCcTBEeHHbIE 3HaYeHMs IS onepaTopa (1.5) 8 mpa-

MOYTONBHON 0baacTH
Q={(z,y)€ER*:a<z<band c <y <d}.

MoxHO0 110Ka3aTh, 4T0 cOOCTBEHHbIE 3HAYeHHs! JAaHHOM 3aJa4y 3aal0TCsl Cileayoulel

dopmyioi:
Xm.n[nl = Am + A",

rue )‘m. - JAEHCTBUICIbHBIE KOPIIK YPaBHEHH

2
cos[A4(b — a)] cosh{A/4(h — a))=1 n A, =-— (d"-"c) '
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W3 BobiiuenpuBeneHHon $OpMynsl BHAHO, YTO 1S /MOOLIX 3aJaHHBIX HMCel 7, M W

€ > 0, MOXHO HAWTH NPSIMOYroNbHUK §)' Tako#t, 4yTo
Amnl] = AmalQ]] < e

OuHAKO BO MHOTHX CJIyUasiX aHASIMTHUYECKOe BbIYHCJIeHHe CODCTBEHHBIX 3HAYEHH He
SAIBNAETCA BO3MOXHbIM. Jlake He3HAUHTENbHOE HW3MEHEHMEe IpaHMIlbl PACcCMATPHBAE-
MO#t 06J1ACTH MOXKET LIPMBECTH K YCJIOXKHEHUSIM [IPY IIONBITKE (10J1y 4UTh 3BHYIO Gop-
MYiLy A1 COOCTBEHHBIX 3HAUEHMM.

JanHasi pabora sIBAsSIETC:I LONBITKOW OTBETHTb HA CJAEAYIOINMHA BOUPOC: KaK M3-
MeHeHHs1 0B6JiacTH BUMSIOT Ha coBCTBEHHbIE 3HAYCHWUH U SABIAETCH JIH BO3MOXKHbBIM
NpHMeHeHHe YMCJIEeHHBIX METONOB OCHOBAHHBIX HA OLEHKE 3THX U3MEHEIIHii.

B panHHoll cTaThe JOKa3LIBaeTCs OLEHKA H3MEHEHWs! COOCTBEHHBIX 3HAYTEHUN /sl
MOJIY3JUIMIITHYECKUX ONEPATOPOB IIPOU3BOIBHOTO YETHOro NOPsiaka Ha N-MepHbIX 06-

JIACTSIX C HElIPePBIBHBIMH 110 JIHIIIKLY rPAHHLAMH.

28 HPE}IBAPHTEJ’IbelE ONPEJEJEHUA U OBO3HAYEHUSA
O6o3mauun qns u, v € Wé‘z(ﬂ)

2.1) Qa(wv)= [ S AwsD"uDPudz.
IR (am)=

Huorpa Mel Gynem mucate Qo(u) BMecto Qqo(u,u). PaccmaTpuBaeTcs cnenyromasn

3ajiavia Ha cobBCTReHHbIe 3HATIEHUS

(22) Q(u,v) = )\(u,v)Lz{g)

AnA Bcex GYHKUMH v € PV(: %(92), npu Hen3BecTHBIX u € Wé'z(ﬂ) {cobecrBentbie dyHk-

uuu) n A € R (coberpentisle 3Hauenus ).

Onpeaenenne 2.1. Jlunedinuim onepaTopom Ha 6anaxosom npocrpancree B nasni-
BaeTCs Napa COCTORALIAS M3 NJIOTHOTO JMHEHHOro NOANpoOCTpaHcersa L BuecTe ¢ iu-
neiubiM orobparkennem A : L — B. L nasosenm obi1acTbio onpegeneHus oneparopa A

AN
u Gysem uucars Dom(A) = L.

Onpeacnenne 2.2. Byiem rosopure, uro oneparop A ¢ o6iacieio onpeseienusi
L nnothoM B rubbepToBoM NpocTpancTpe H sBNAETCH CUMMEMPUuHbM, ECTH A5
pcex u, v € L umeer mecro
(Au,v) = (u, Av).
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Onpepenenne 2.3. Ilycte A nnHeltubifi onepaTop B ruabbepTOBOM IPOCTPAHCTBE

H. Torua conpaowcennnitt oneparop A* 3afaeTcsl ycrosBHeM
(Au,v) = (u, A™v)
ans seex uw € Dom(A) n v € Dom(A*). Obaactb onpeaenenus: A* onpegensiercs Kak
muoxkectso D seex v € H, wist Korophix cywecrByer w € H rakoe, 4ro
(Aw,v) = (u,w)

ags Beex u € Dom(A).

He TpyuHo y6eauTcs:, 4ro eciu A CMMMETDHYHBIH, TO COlIPSIKEHHbI onepaTop A”

spnsercst paciuupenuem A. ([3|, crp. 7)

Onpenenenue 2.4. OnepaTop A SIBAAETCA CAMOCONPRAIICEHHDIM. €CIH A CHMMeT-

puuanelit onepatop 1 Dom(A) = Dom(A*). 910 3xBUBaJIEHTHO TOMY, uTo A = A*.

Onpeaenenne 2.5. Oueparop A nososcumeavro onpedeaennviti, eciv (Au,u) > 0

A Beex u € Dom(A) o1:M4HBIX OT HYJIs.

Onpeaenenue 2.6. [eiicrButensroe yucio A € R saBasercs cobcrBeHHbIM 3HaYe-

Huewm onepaTopa (1.1) (aas 3agayu Jupuxie), ecan

(2.3) / S AasD*uDPvdz = A / wuds,
]

lo g d=1 Q
(X o=l

nna Bcex GyHKuu# v € W(;‘2(Q), NpH HEeu3BEeCTHhIX COBCTBEeHHbIX (YyHKUHHA u €

12

Wo ().

Onpenenenne 2.7. Mycrs H - ruasbeproBo 1npocrpancrBo. JIuHeliHb# oneparop
A : H —» H uHasbiBaeTcs Komnamxnbm €CAM A8 000l orpaHMYEHHOH nociaeaoBa-
renbHOCTH {Tn,} u3 D(A) nocienopareibHOCTh {AZ,} MMeeT CXOAsIILYIO NOALOCIE-

JoBaTenbHOcTh. OB03HAYMM MHOXECTBO BCeX KOMIIAKTHBIX onepaTopos Ha H uyepes
K(H)

3ameruM, YTO JMIIeHlbl# KOMNAKTHBIA ONepaTop SBJsETCA OrpaluvelibiM U clie-

A0BATEJILIIO HEIIPEPbIBIILIM.

Onpepenenue 2.8. Ilycrs (31, | - llsc,) » (H2, || - |ac,) runsbeproso npocrpan-
crBa 1 H; C H,. Bynem rosopuTh, uro npocrpancTso My xomnaxmuo eaoorceno
B npocrpanciBo Hp, u nucars H; CC Hy eciu oneparop BAOKEHHs (€IMHMIHBIA

oneparop) I : H; — H; aBnsieTca KOMIAKTHBIM.

24



CMEKTPAJIBHASI VCTORYUBOCTL MOJYVAIUNTUYECKUX ONTEPATOPOB

Onpepe:ienHoe Bblille MOHATHE KOMIAKTHOTO BJIOXKEHHS BbIPAKAET CBOACTBO, Y4TO
OIHO MPOCTPAHCTBO “XOpOmO KAaabimaercs”e apyroe. Huxke npusenennas teope-
Ma BJIOXKEHMS! YCTAHAB/INBAET AAHHOE CBOACTHBO Jiin 1pocrpancTs Cobosesa (e (7],

Teopema 12.1).

Teopema 2.1. ITycms | € N¥ u Q ssanemca omxpwmown muoscecmeom us RY ¢

nenpepuanotl no Jlunwuyy zpanuyed. Toeda W'2(Q) cc L2(Q).

KomnakTiie ollepatopul B ruas0epToBLIX [IPOCTPAICTBAX ABIAIOTCA CCTCCTBEIl-
HbIM 06001EHHEM MATDHIL: B TIb0ePTOBBIX IPOCTPAHCTBAX KJIACC 3THX OMEPaTOPOB
SIBJISIETCs1 3AMBIKAHMEM KJIAcCa OlIePATOPOB ¢ KOHe4HhIM paHroMm. B cuny artoro dax-
Ta, HEKOTOPbIE Pe3yIbTAThbl U3 TEOPHH MATPHLl 06OOINAITCA HA KJIACC KOMMAKTHBIX
OlIepaTOPOB.

TakuMH IPUMEPAMH SIBJISIOTCS W3BECTHAA CMEKTPAJIbHAS TeopeMa Jif KOMIAKT-
HBIX ONEPaTOpPOB H TEOPEMa O MHHUMAKCe, 32Jal0NLy 0 BADHALMOHHY 0 BOpMYITY A5

BLIYHCAENNA cOBCTBEUIILIX 3MaYenyi KOMIAKTHOTO oneparopa.

Teopema 2.2 (cnexTpayibHas Teopema, cM. [3]). [Tycms A - xomnaxmuwd, camo-
CONPAIICEHNBY onepamop 68 2uavbepmosom npocmpancmee H. Tozda cywecmesyem
cxemnniti opmonopmarvrnitl basuc {u, } npocmparncmea H cocmorusutl ua cobemeen-
NNI 8exmopoe onepamopa A, ¢ cobecmeennsmu 3naveruimu {A,} C R maxuz, ¥mo

An = 0,11 — oo,

JIpyrunmu cnoBamMu, CIeKTPabHAs TEOPEMa YTBEPXK AT, YTO CIEKTP KOMIIAKTHOTO
C4MOCONPSXKEHHOIo onepatopa auckperHuil. Kpome storo, eciin onepartop Taxxe sis-
JISIeTCsl MOJIOXKHTEBHO ONpeAeeHHbIM, TO CIIEKTDP MOXeT ObITh NMpPEACTABIEH B BUIE
BO3PACTaIoniel 110C/IeI0BaTeIbHOCTH AeHCTBUTE/IbHBIX YHUCEI], CTPEMSIIIAXCS K HYJIO.
[Tycts onepaTop A nameer cnenyoumue cobcTBEHHbIE 3HAUEHUSA:

(2.4) MENe 22,

N
rje TakXe yUYHMThIBaeTCa H KPaTHOCTB KaXaoro coBCTBEHHOro 3HaYeHHs. CJIBAVIO].I.[&SI

TeopeMa AaeT MeTOA IaXOXIACIHHA colbeTBemnIbix 3ladenii KOMIaKTIoro, cCaMocomnps-

JKEHHOI0, NMOJIOXKHTEJIBHO OlIpeAeJIEHHOro OIepaTopa.

Teopema 2.3 (Teopema o MuHHMakce, cM. [8]). ITyemv A xomnaxmunwil, camoconpa-
JICEHHDBIL, TLOAOVICUTNEABHO ONPEOLACHHHITE OTLEPATIOP 6 2uAbBEPTILOBOM TLPOCTIpANCIIGE

H ¢ cobemeennomu anavenuamu, ydosaemeopsrowtmu (2.4) Tozda umerom mecmo
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caedyrousue 8aPUALUONHDIE POPMYADBL OAR COBCTNBEHNBIT 3HALEHULL:

95 A _ (Au,u)
i S B
Adim(La)=n w0 "
: (Au, u)
(2.6) Sy £3 mnin max ———
bni€Xwerd , [lulf®
dim(L,, —y)=n=-1

Kpome mozo. murumym 6 (2.6) docmuzaemes xozda L, - aunednas oborowxa nep-

ewx n-1 cobcmeenutr 6exmMopos.
3. KOMIIAKTHOCTb OBPATHOI'O OlIEPATOPA

Cneaymomas neMMa yCTaHABIMBAET SKBMBAIeHTHOCTH HOpMKI (1.3) ¢ HopMoil omnpe-

nesiensoil nuxe B (3.1).

Jlemma 3.1. Mycmv € N¥ = (1/1;,--- ,1/In) u Q - omxpumoe mnoorcecmso us

RY maxoe,«mo W'?2(Q) cc L*(). Tozda cywecmneyem ¢ > 0, wmo

!
(31) lullweagay € e | lulleay + Y. 10" ullzay | |
(o ,p)=1

das ecex u € WhH2(Q).
Joxasameavemeo. Cwm |7}, nokasarenscrso reopemsr 12.1. O

Teopema 3.1. Myems | € NV 4 Q - omxpwmoe mroocecmeo us RN maxoe, wmo
WHR) cc L3Q) (em. [7], §12 dra docmamownwz yeaosuti wa Q). Mycms Aap
02parUMeHbe DETLCTNEUMEADHOZHANHDE USMEPUMBE Pynryuy onpedesenrvie Ha ) u
ydosaemoopawusue Aqg = Aga U yero8urw nosysaruntnuunocmu (1.2).

Tozda cywecmeyem noaoscumeavro onpedesennsiti auneiinmi onepamop T na L3(f2)
¢ KOMTLAKTRICoLM Camoconpacerndim obpamusm T~ maxot, wmo Domn(T) = Wé‘z(ﬂ)
u

(Tu,v) 3y = Qalu,v),

Hoxasameavcmeo. Vicnons3ys ycnoeue noaysanuntuanocty (1.2) noayuum caenyro-
ILICE 11EPABEIICTBO
12
Qalw,u) 28 3= [1D"ullfaq) ue Wa(A).
(ai“)=1
Iz u € W) () nmeer mecto creayiomee HepaseHcrso Ppuapuxca (cm. [9)):

2
Y ID%ulag) 2 cllull? g,

(e, 2)=1
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[Ipumensist (3.1) u (1.2) nonyvaem, 4ro Qa(u, v) ABIACTCA KOIPUXTHBHON GHnHEHHOT
dbopmoii 1a W(’;'2(Q), T.€.:

‘ !
Qalu,u) 2 ellulliyr.q), v € Wo™(Q).
U3 orpaunyennoctu xoaddpuuyenron A, g BLITEKAET:

Qaw,v)<c Y [ID%lray Y 1D%lLae),

(o pu)=} (5.)=1

OTKyJa cienyet, 4To Qo(u,v) orpanndeHa na W(; .2(9):
QQ(U, 'U) < c”u"l‘l"-’(ﬂ) "'U”WILQ(Q), for u.v € M/S,Z(Q)

CnenoBaTesbHO, AJisi Moboro u € Wé"‘,(ﬂ), F.(v) = Qq(u,v) - aT0 HenpepbIBHbLE TH-
reliHbilt pyHKIMOHAN Ha, 14’3'2(9), KOTOPBI MOXeT ObITh PACILIHPEH Ha BCE [1POCTPaH-
crso L*(Q2). U3 Teopemsi Puca o npeacTaBnesny HHEAHOTO HENPEPBIBHOIO by HKIK-
OHATA CJIe/lyeT, uTo cymecTByeT wy, € L*(§2) takoit, uro F,(v) = (w,v)12(0) /15 Beex
v e W. O6osnaunm T = wy,, u € W(i‘2(.Q).

Heciioxxuo yBugers, uto onepatop T : L2(Q2) —» L%(Q) obpaTtumpiit. JeiicTuTens-
ro, mveem (Tu, v)12q) = Qa(u,v) Aas Beex u.v € Wé’z(ﬂ).

Mockonbky Qq(u, v) - orpaHnyeHHas KO3pUMTHBHAA BuauHelinas bopmMa, TO MOX-
HO HPHMEHMTb Teopemy Jlakca-Musbrpama: must moboro f € L%()) cymiectsyer
u € Wé'Q(Q), uro Qqa(u,v) = (f,v)raq), Ans Beex v € W(;Z(Q). O6o3naynmM no-
Jydensbiit oneparop u3 L2(Q) s Wé’z(Q) yepe3 T;l(m_*w(,;,(“).

-1 . 2
IMoxkaxkenm, uro TL’ml-oW,‘,"cQ; orpannuennsiil oneparop. [lycrs f € L*(2) u

=1 f=ue W(',‘Z(Q). Torna MoXxxeM 3anucaThb

2(Q)-w!(Q)

lullfaqy < cQalu, v) = e(Tu,u)r2(q) < 1Tl 3oy lfullL2a)

(3.2)
llullzay < ellTull Ly,

TOrAa uMeeM
(3.3) ""”ﬁ/,}-’(m < clllullZaqy + Qalu, u)) < cllull Loy (lullLz) + 1Tl o)
N ||"J|w(;-2(n) < clllull Laqy + 1Tull L2q))-

Ucnonbsys (3.2) n (3.3) nosiysaem Isz.-J,unn.u';"(u)j““'.‘. 2 S cllfllieaa)-

Teitepb paccMOTPUM ClleAyOILME OniepaTop:

-1 _ 1
(3.4) = Iw‘f"(n)-»um) °T1,=(n)_.w,j'*(u)’

rac Iw.',"(m-d.’m) - KOMIIAKTHBIA ONCPATOD BJOXKCHUA U3 W(:'Z(Q) B L?(Q). He Tpya-
HO 3aMeTuTs, 410 T~! o6parumit onepatop ans T : L*(Q) —» L(). KomnaxraocTs
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onepatopa T~' cienyer 3 kOMNakTHOCTH omeparopa le.z(n)_’ 13(s2) ¥ OTPAHKYCH-
o
1
noctu oueparopa 1T .
patop L2(Q) W2 ()
Banernm Takke, 410 oueparop T~ apjisiercs CMMMCTPHYIBIM ONICPRTOPOM, OIpe-
JICIEHHbIM HAa BCEM 1IPOCTPaHCTBE LZ(Q), CIeJOBATEJIBHO OH TaK>Ke SIBJISICTCS CaMoO-

COIIPSIKEIIILIM. O

[Tonsoas nTor, U3 Teopems! 3.1 UMeeM ciexylonu peayasTar o6 o6paTHoM onepa-

Tope T~1 .

Teopema 3.2. T~ - xomnaxmusiti, CAMOCONPANCENHDBIT, NOAOHCUMEAVHO Onpede-

aennmi onepamop na L2() ¢ obracmuio anasenuii Range(T~1) = WH2(Q).

4. BAPMALIMOHHASA ®OPMVJIA /1A COBCTBEHHHX 3HAYEHHUM

Teopema 3.2 gaeT BO3MOXKHOCTL PUMEHUTL TEOPEMY O MHHHMakce (Teopema 2.3)
[U1s1 BoIYMcenusi cobcTBeHIbIX 311a4elinii 00paTnoro oneparopa. st Toro, 4robu: no-
JAYy4UTHb COBCTBEHHDbIE 3HAYEHHs1 NIPSIMOIO ONEPATOPa, Mbl IIPUMEHEM BapHALMOHHYIO
dbopmyny ast cobeTBeHHbIX 3HadeHuH obpaTHoro oneparopa T ! a 3atem Gepem 06-
pAaTHBIE K 3THM CODCTBEHHbIM 3HAYEHHMEM YHMCJia, KOTOPbIE ABJIAIOTCA CODCTBEHHLIMU
3HAYEHUAMM NIPSIMOTO onepaTopa. B pesyibrare nosnyyaem Hey6pIBAIOLLYIO NOCHEN0-
BATEJILHOCTh COBCTBEHHBbIX 3HaveHnt: A < - - < A, < - - -,

Hawe# 3anauest B 3ToM pasmene Gyaer noiy4eHne BapHalMOHHON OpMynbl ais

cobereennbix 3Havenn# T Ha asbike GuimHeiHolt dopmsr Q(u, v).

Teopema 4.1. [Tycmu T - onepamop esedennwiti 8 meopeme 3.1. Cobcmeenrvie 3na-
wenur 3adavu (2.3) coenadarom c cobecmeenmvimu snavenusmu A, [T| onepamopa T
u

(4.1) A(T) = min Qaly)

Lewgiy 4SE |
dimbi=n

| .~
L3(0)

Jloxazamenvcmeo. V13 reopemsi 3.1 ciieayer, 4To cobeTBeHHbIE 3HavYeHus 3ana4u (2.3)
COBNAAT ¢ COBCTBEHHLIMU 3HAa4YeHHsIMHU oneparopa T. JList Toro, wrobsl noay4nTh
BapHalMOHHY10 GOpMyJly, NPUMEHHM TecpeMy O MuHMMakce (teopema 2.3) ana 06-
parHoro onepatopa (3.2).

[pumenns (2.5) aus T, nonyunm

VI N VTN
i/ HZ2ccny

(4.2) M[T7!) = max min
LoL?ing JIEL
dimiLimn 40
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3ameruM, uTo A, [T] = A [T7']7'. Otxyna umeem

T=¥f. :
(43) A,.[T]:( max minw
\ ishian ive Mlzag
-1 L T ¢ ,l
= min mm(_fll__f_’z'tll’_zﬂ).‘ = et TS ”:HL‘(Q)
I i ey ) ez ek (T 1f. f)ram)

O6Gossauum T~ 'f =u € W(',‘z(Q). Cosepuus noacradosky T B (4.3) nonyumnn

Tu,Tu)r2 TY 2y TY2y) ;2

(44) A[T)= min max S——-—-—-—)—E—-(-‘-z)— = min max< . L LUN
rewhro €5 (Twu)pngy  rewi?ay 35k (. u)L2(q)
I () = T L () =n

Dopmyana (4.1) cneayer u3 (4.4) n Teopemst 3.1. 0

Crnencreue 4.1. [Tycmv T - onepamop esedennwniti 6 meopeme 3.1. Tozda

(4.5) Ae[T] = min max Qal(u).
Lewy? o Nuli ",EL =1
dimL=n Lé(m)

Loxrazamenvcmeo. YreepKiaeHue clelyer B3 OUIMHEHHOCTY KBAAPDATHYHONA (OpMbI
Qq. Heitcraureanso, nycts i = u/||ul| 2y ans Beex v € W(‘, 2(!2). Torna v = au
and [|%)| g2y = 1. Mmeem

Q) _ Qi) _ Q@ _
lullzagay  Nadllray — ao|lillLaoy
®opmy.a (4.4) cpasy cneayer u3 (4.1) u (4.6). O

—

(4.6)

-
()

B nanbreimenr mbl nHOrga OyueM Hcnonb3oBaTh 60s1€e KOMNAKTHLIA BUI HOpMY-

b1
(4.7) N )= min Ra(L),
iy
rae
R(L) = max &‘2("_)_
255 l[ullzagq

5. ITPUBJIMXKEHUE OBJACTH U3HYTPH
AN

C nomowsto dopaysist (4.1) MBI MOXKEM [OJIYHHTb HEKOTOPbIE CBOACTBA COBCIBEH-
Hbix 3Haenuit. B aTom pasaene Mui Gyaem npeanosarats coboaeHne Bcex npeanocki-
Aok TeopeMnl 3.1. B 4acToCTH, Mbl pCCMATPUBACM OTKPLITHIC MHOXecTBa ) C RY,
s Koropeix Baoxenne WH2(Q) C L?(Q) spasercs KOMITAKTHbLIM, MNycrs T - one-
parop sseaennbift B Teopeme 3.1. Ilycts A, (] - n-oe cobersennoe 3nauenne uz (4.1)

cooTsercTBylomee obnactu 2 C RV,
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Cne;kyr-omaﬂ JIEMMA 3aJ3€T OUEHKH AJIA cOOCTBCHHBIX 3HaYeHUN HA obaacTax Q] n
Qz, Koria Qg C Ql.

Jlemma 5.1. ITycmo Q) u Qy omxpuimoie muoocecmea u3 RN 4w Q, C Q. Tozda

(5.1) A1) S Anl@2), R=1,2,---.

Hoxasameavcmeo. Ilyers E W(';‘z(ﬂg) > W(';‘z(Ql) OLEPATOp IYJ/CBOLIO PaciIpe-
aust w3 Qg B ;. Jlerko suacets, uto Rg,(L) = R, (E[L)]) ans scex L C W}g'z(ﬂg).

JedcTBUTEILHO,

Rq,(E|L]) = max Qo,(Ba) _ max _Q_‘;,(_u)_ = R, (L).

E;ﬁf“" ”Eu“iz(nl) B :ﬁ: ||u”l_.7((l-,-)
CaeposaTtenbHo aas scex L C Wé'Q(Qg) ¢ dimL = n cyuwecTsyer R a W(i‘z(Ql)
takoe, 4ro dimL = n u Rq,(L’) = Rq,(L). Hepasenctso (5.1) cpasy cieayer u3
(4.7). O

s Toro, uTofLl AOKA3ATH OLEHKM [1Jisl BADUALMHM COBCTBENNLIX 3Havenuit B 06-

JIACTH, MBI CTPOMM 1'OMeOMOPGU3M h Mexury M06BIMH ABYMsI KOHE THOMEPHBIMH HON-
2 12

[IPOCTPAHCTBAMHK IPOCTPAHCTB W':) (Qy) u Wy'*(€22) onuHaKOBON pa3MEpHOCTH M A0-

Ka3blBaeM OLEHKY [Jisl cjleayoniell BeJM4YHHbI:

1Qaq, (u) = Qa,(h(u))|.

Huxe NPpHBEINEHHAasl JIEMMa SABJIBIETCs 11peABapUTebHbIM [LHAI'OM K 3TOMY lioCTpoe-

HHIO.

Jlemma 5.2. ITycme Q) u 2y omxpumse mrodcecmea u3 RN maxue, wmo Sl C
B
N u{u1, - ,up} - opmonopmasvroe muoxcecneo anemenmos us Wy 2(91). ITycmo

1" yYn}t C wo2 2} Mmrosicecneo snementnos ydosactneopaIvULEe YCAOBUIO
Yy Y 0 Y /2 Y
”yk—m_”w;.:(“,' <e, k=1,---,n.

{2
Tozda cywecmeyemn opmonopmansroe mnoncecmso {vy,- -+ .va} C Wy (Q2) maxoe,

o das doctnamonno maaozo € > 0 umeem mecmo caedyrouiee HEPUBERCTILGO:

(5.2) vk — mll“,'- 1,y < €6 k=1,---,n.

Hoxasamenvemeo. Cayua#t n = 1 oyebnanmift. Ucnonbayem unmykumio no n. [pea-
L0JIaras, 4TO yTBepX@ieHHe BEpHO AJiA n, JoKaxkeM ins n + 1. Ilyers vy, -+ v, -
MHOXKECTBO 3JICMEHTOB y/0B/eTBopsifomnx (5.2).
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ITycrs || - ||  (-) 0603HaYAIOT COOTBETCTBEHHO HOPMY M CKaJ/IsipHOE [POH3BeJeHHe

B Wé'Q(Ql). O6o3uaunn

n

Un4l = Ynt1 = Z(ynu,"k‘/lf&.
k=1

Nmeem
(yn+lv ‘Uk) = (uﬂ+lvuk> 1= (Uu+1~,vlc X uk> A (yﬂ+1 — Un41, UL‘) == O(E)l

Otkyzna
1o+t = yntall = Ole), Nvnill =1+ O(), |On4il # 0.

Tenepr. o603naunmM

- 1.)rH—l
A== Te—
|
Pyuruun {vy, v2, -+ ,Un, Un+1} OOPA3YIOT HYXKHOE HAM MHOXECTBO OPTOHOPMALbHbIX
anemenToB. deiicrBurensHo, |jux — uxl] = O(g), k = 1,--- ,n cornacko uHAYKUHOH-

HOMY LPETIONONKEHHIO, 11D 3TOM [[tni1 — Unsill < [|Yn+1 = Unsr || + [[Ons1 — Ynsa |l +
lvnt1 = Onsall = O(e). O

o 1oro, Kak iepeitiu K cienylomei gemme, Heobx0AMMO clesaTh HeKoTopble 060-

3Ha4enus1. O6o3HaunM wepes d;(z,y) l-paccrostHue Mex iy z U .
N

diz,y)=lz—yli =) |z~ "

=1
MoxHO nokasaTs, 4to | - |; onpeaeaser Hopmy Ha RV,
Mlycrs - orkpbiToe orpannydentoe Muoxecrso u3 RY. s 3anannoro € > 0 060-
3HAYHM
0. = {:E efl: d[(.’L‘,JQ) > E}

Jlemma 5.3. IIycmv Q;.9Q; - omxpumve muoocecmea u3 RY maxue, wmo Q1. C
Q2 C O dar docmamowro manozo € > 0. Toeda dar awbveo v € WJ, 2(Q;) cyuge-

cmeyem 1 € lWJ'z(QQ) YJOBAEMBOPAIOULEE HEPABEHCTEY
ffu — u"w(; 20)) < cpq, (u),
20e pay (u) = Z:(u,u)sl "l)au(‘t)"lq(ﬂl\nl.sr)'

Aoxasameavcmeo. O6o3nauuM vepes wy(z) cueyyiomyo byHKLuto:

wi(z) = c-'_:"_"’ opu |z <
0 upn |xff 2 ¢
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O603unIHM TAKKE UePed w, DYHKIHIO HOAYHACMYIO M3 W) AHKSOTPOINBIM MACHITI-
Ouposausem ua €.
: sl
we (k) = wi(ay /e, znfel™).
Bamerum, 1mo w, € C(RN) n D w,(z) = E‘(“-“)D"w.(:c)_ Tenepn, onpeaeanM

1 € CN (81, 2) caenyronmm obpaion:

7
n(x) = / la, 5 (Wwe (x = y)dy,
rac Iy, ,,  wuikarop dyukigin muoxeersa §2) 4., He caoxno yGeapres, wro
(5.3) 0<|D"n(z)] <ee™(*M re Qennlx)=1, x € N 3.

O6Gomauns & = nu € W(;'Q(Qg), Oyaenm umets

(5.4) fji — ”"w[-” : E "Dn["(] . ’I)“|L,(n.\n..3,) <

LN A

< z Z IID"“D'" ”(' - 'l)]llL:(‘7|\‘1|,:c)

(sl Ase
Hateer Mecto caeayomee nirrepiossinontoe Hepaseiicrso (e, (7|):
D u(x)] < ee'™ =AM D™ u(x)|, mast x € Uy \ 1 3¢

pumeniss nepasencrsa (5.3) 1 (5.4) Mu1 nonyuaem rpebyemoe HepaseHcrso. O
3ameuanue 5.1. Jamemum, wmo pp,(u) = 0, npu e = 0.

Jlemma 5.3 paetr Bo3MOXKUOCTD 1OCTPORTL AN JOBOI0 KOHCHHOMEPHOIO HOAUPO-
;
crpanersa L € W 2(2)) B KBKOM-TO CMBICAC BAMIKOC K NICMY KONCHHOMCPIOC HOA-
" L
npocrpancrsol C W,,)(Q-)) oguHBKOBOf pasmeprocTH. Clleayionas J1IeMMa HPUBO-

JAHT K 3TOMY IHOCTPOEHHIO.

Jlemma 5.4, lTyemn n € N u L C W(‘,")(Ql) - N-MEPHOE TLOMPOCTINCILGO ¢ Op-
monopmanvnum baaucom U = (uy,  u,}. Cywecneyemn €, 1.0, > 0 saaucauiee
moavro o n, L, u Q) mawoe, o das ocex € < ey 1,0, u Sla, ede Q. C Q C §y,
MODICHO HATITIIU T -MEPIOE NOMPOCTILPANCINGO e W’(‘,")(Q')) C OPINUHOPMANLHBM (-

aucom V = {v), -+ ,u,}, xomopoe ydosaemeoprem cAeOyrowemy Yycaoeurw:
"Uk - “L"“f.‘l il < Cn.L.ﬂ.p(U)l
ede p(U) = muxgay, .. . pir, (ex).

Joxeazameavemeo. Tlycrs €9 > 0 - noaokurensHoe JefACTBUTE/IBHOE YHCIIO TAKOE,

UTO HMECT MeCTo JeMMa 5.2 st Beex € < £g. BoabMeM €, 1 1, TRKIM, 171061 Bee 13
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CJCAYIONMX HEDABCHCTB UMEJH MCCTO UPH & < €y 1 0, (cM. aemMy 5.3 n aametanue
(5.1))

Up — Uy P <c max pg, (ux) < mBcex k=1, n.

ik = wurllyaq,) o ‘“ln.( k) < £g, M -

TTpusmcHeHKe JileMMBbl 5.2 saBepiuact J0KASATENbCTHO, c
3ameuanne 5.2. Jamemum, wino p(U) = 0 npu e = 0.

Teuepsb Mbl roTOBBI K 1H0CTPOEHKIO JiMHERHOI'O roMeoMOphU3IMA MEX Y KOHe'lHO-

MepHBIMI tpocTpancrsami L u L

Oupcacsncuuce B.1. Mycrs ) orkpoiroc muoxecrso ws RV L © W(‘)'z(ﬂl) - n-
MEpPHOE HOAIPOCTPAHCTRO C OPTOHOPMAJBHBLIM Gazucom U = {uy, - ,u,} u Qy -
OTKPLITOC MIIOXKCCTBO THKOC, 410 4y, C 2 C ), race < ¢, 1.0,

Myers L' WJ"‘(QQ) - N-MCPHOE HOANPOCTPAHCTBO € OPTOHOPMAJIbHBIM Oa3MCOM

V ={v, - ,v,} rakoe, uro
lon — ll.k"w‘ll 341,) <cp(Uypmma k=1, - n,
Ounpenenun auneftnsif romeomopdusm h(-) mexay L u L ciegyiommm o6paiom

h(u) = h{oguy + -+ aptn) = vy + -+ Qpun.

Jlemma 8.5. [lyemv h . L — e omobpancenue saedennoe 6 Onpedenenuu (5.1)
Tozda umerom mecmo caedyrousue ymeeprcdenun:
(1) h u h™! x6aRIOMCA HENPEPWOKUMY (02PBRUNERNWMY) AUNHETHWAMU OT106Da-
HeEnUuAMU Meorcdy L u yiund
(2) h neanemen usomempuent mencdy (L, | - ”W,'.'(Hn) u (L0 Nl ) e
""’"Wﬁ"‘(lh) = ]Ih(u)”m",u(”“) dax acet u € L.
(3)
b)) = “"w;'(n.) <ec-p(lU), Vue L

yuecmeyrom ¢y, ¢z > ) maxue, 4mo dan acex u € L, umeem
(d)a 0 0. 10
N cilinllrag,) S IIh()lag,) < allvllLin,).
(5) dar ecex u € L umeen
(5.5) |Qan, () — Qa, (h(u))] < ¢ P(U)||"||f‘,n.n(”,)~
0

Hoxasameancmeo. (1) Cymecrsosanue 06parsoro oroGpaxenns h=" cpasy cie-
aver u3 onpeuciienns h. Oro6paskennn h u h~! ssipiiorest HenpepuiBHRIMI,

'
HOCKOJIBKY Lnl KOHEC'THOMEDHBIE [TDOCTpPAaNCcTBa.
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(2) Tyerb u = ayuy+- - -+ 0nUn. 3aMeTHM, YTO {U1, - , Un} u {h(u1), -+ . h(un)}

opronopmaabiel. Cile10BaTe/bio, HMeEM

= ||y 4 - 4 aply "f‘,,,, nf AP co qF a: =
0

a2, T
2

= ||y hlny) + - + a,.,h,(u..,)||w(:_,(n_‘) = "h‘(")”a/f,"((l,)'

(3) Mycrb u = ayuy + -+ - + Qpuny € L.

1 () = "”w;‘;’(n,) = la1(vy — w1} + -+« + tn(vn ~ "’")”W.}"‘(ﬂl) <
< lealllvr = willyg 2, + - + laullivn = vallyiag,)
< (loal + -+ + laul)e - p(U) < ¢ - pOullyaacary
(4) Tockoabky h - nHHeiiHOe oTOOparkeHHe, NOCTATOYHO AOKA3ATb TOJILKO CIy-
Yaif, KOrda u JeXUT Ha €AMHU4HO#R chepe S C L C WJ(QI) Houycrum o6-
parnoe. Torna aas moboro k > 0 cymecrsyer ux € S Takoe, uro ||h(ur)| L2¢n,) >
Ellurli L2,y CreposaTenbho ||h,(uk)||m{.z(slq, > klluk|lLaqq, ). Tockonbky h -
usomerpus mexay (L, ”'“Wé'(u.)) u(L, "”Wé (”2)), TO HMEEM “h(u")"w,}’m,) =
||1Lk||wiz(nl) =1, otkyaa |lurfL2q,) < 1/k. Cncnosarensho {ug}e; crpe-
mutea x 0 B L2(Q). C apyroit cToponbl, S - KOMIIAKTHO B W(:'Q, CJ1e10BATE N b-
HO MOX<HO BBIOPATh CXOAAINENCS TOCAEI0BATENBHOCTD U, , H 3AMEHHTh TIOCIe-
snosare)bHocTs {ug} 1ol nocuesoBarensnoctso. Jdonycrum up = ug € S B
W, ? Toraa umeeM lull L3¢,y =0 1 el 2, = 1 - mpoTuBopeunc. Bropoc
HepPaBEHCTBO JOKA3blBAETCS AHAJIOTMYHO Mcllo/ib3ysa h~' BmecTo h.
(5) 3amerum, uto Qa,(u) = Qq,(u) ana u € Wi2(Q). Mycrs s = h(u) — u.

Hmeem

Qa, (u) — Qa, (h(w)| = |Qa, (v) - Qa, (h(w))] = [Qa, (4) - Qa, (u + )|
< 2|Qq, (w, 3)| + 1Qq, (3,8)] < cllullyra, Isllwsca,) =
= cllullypagq, I~(w) = hllyrag,) < @U)ula g, -
)

JlemMma 5.6. ITycmo ) - omxpwmoe mnoorcecmeo u3 RY u L - n-mepnoe nodnpo-
empancmneo npocmpancmes Wa2 () ¢ opmonopmanvrowm Gasucom U = {uy,-- - , Uun}.
Toz0a cywecmeyem €, 1,0, > 0 3asucauee moavko om n, L, u Q; maxoe, wmo dan
eeer € < €p 1.0, u Sz, 20c Q. C Qg C Q) umeem MECTRO CACOYIOWEE HCPAGEHCTILEO:

|Ra, (L) = R, (h[L))] < cn L.0,p(U),
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2de
Rq(L) = mazuer %(L
e "u(lw‘;‘z"”

u h - 20meomoppuim esedennuiti 8 Onpedeneruu 5.1.

Joxasameavemeo. s nepasencts (3.1), (1.2), (5.5) cieayer, 4To cymecTsyerT ¢y, ., >

0 sasucsimee Toiuko ot n, L, 3, N, I, 6 takoe, 4r0

(5.6) 1Qa, (1) — Qa, (h(w))| £ cur.a,(luliz(a,) + Qn, (w)p(U).
Hmeem
Qa,(h(¥))  Qa, ()
“h'('u)"iqn,) "‘lniz(n,)
< 190, () = Qu, (k)| , 190, WUIRENEaiay — Nlliaa,)!
N IRCNE 2 g2 el 02,
OTKYA2, ¢ yueToM (5.6) n nynkTa 4 aemmbl 5.5, monyyaem
Qa,(h(w) _ Qn,(v) 4 Qa@ )
“h(u)"iz(nz) uu“iygl) = Gn. Lk ( ““‘“inn:)

4YTO MOXKHO 3alluCaThb KakK

<

(Alu))
(1= cnrapl ))“—Q—"‘(L) — eaLapU) € “Q“'- J

u“%z(n,) h(“)"’i*(nz) E

£ (1+ a0l

2
||“||L:(n.)
Base cynpemym ans Bcex u € L, momydum

+ oL, P(U)-

(1 = oL, P(U))Ra, (L) — ¢n,.0,p(U) £ Ra,(RIL]) <

S (1 + Cn.L.QxP(U)Rm (L) + C‘"-L!QIP(U)'

Hepelmca.n 11ocJjieiHee HepaBeHCTBO, 110J1ydaeM
B

Ra, (L) ~ caL.a,p(U)(1 + R, (L)) € Ra,(R[L]) <

< Rq, (L) + ¢n,2,0,p(U)(1 + Ra, (1)).

Hakonen,

|Ra, (L) = Ry (h[L))] € enL.a,p(U)(1 + Ra, (L)) < €n.0,P(U)-
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Teopema 5.1. ITycmy (2 - omapwmoe u ozpanusennoe smuoancecmao us RY. Tozda
dan 06020 n € N cyugecmsyem ucao ¢, ¢, > () saguciugee moavxo om §; maxoe,

wmo dan aeex € < €n u Sy, 200 1, C Q3 C ) umeern mectno caedyromer oyenxa:

AnlSh] = AnlS22)] < cn Jhax  pa, (ur),

2de {u }i'., - nepswvie n cobemeennsie anavesun onepamopa (1.1) u
pa(w) = Y 1D w(@) o, \0 00)-
(. n)€1

Loxasameanvciso. W3 semmbt 5.1 u g C Q) cuenyer, 9ro
(57) An[”l] S AH[QZI'
Teneps, cornacko (4.7) nmeem

(h.8) A1) = min Ry, (L).

Lews g
dimmL=n

Ilycrb Ly, - 1-MCpHOE HOAMPOCTPAHCTBO H3 W(:'z(ﬂl) 1A KOTOPOr'o JOCTHI'ACTCA MH-
uumynm B (5.8). Umeem A, [Q] = Rq,(Ly). Hycrs h - romeomopdusm ssejiennnif b

Oupeaestennn 5.1. CorsacHo siemme 5.6 uameem
|Rgt, (Lu) — Ra, (h[La])| < ca,L0.0,P(Un).
Orkyaa
(5.9) R, (h[Ln]) < An[SU] + cn L., 0,P(Un)-
C apyroft cropoHs!
(5-10) An[Q2] < Ra, (h[L.}).
U3 (5.7), (5.9) u (5.10) nosyqaem
AnlEdy] € Aa[S22] < XS] + ¢n 2, P(Un),
YTO 34BCPLIACT JOKAJATCALCTBO TCOPCMLIL. ]

Craencreye 5.1. Tlycmv n € N and ) - omxpoinoe 02panurennoe MHONCECTNEO U3
RY. Hyemv {U )L, - nocaedosameaviocns omMEPpuInwe MIOICECTNG TAKUT, N0

O C N ulee, S = Q. Toada

AnfS%] = A9, k = oo.
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Abstract. The paper gives estimates for the variation of eigenvalues of Dirichlet
problem for semi-elliptic operators with homogeneous boundary conditions upon
variation of the open set on which the operators are defined. Operators of arbitrary
even order in each direction and open sets with Lipschitz continuous boundary are

considered.
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AHHOTAUMs. B pabore nafaeHo neobxooHMoe M IOCTATOYHOE anrebpautieckoe
ycnosHe ANA CpaBlHEHHS ¢ BECOM NABYMEPHBIX MHOIMOYJIEHOB.
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Kniouesble cioBa: cpaBHEHHE (C BECOM) MHOTOYJIEHOB; FMNEPBOIMIHOCTD C BECOM;
ciabas runepboAMYIOCTD.

1. BBEAEHUE

[Tycte N - MHOXECTBO HaTypanbHbix Ynucen Ny = NU{0}, N§ - MHOXecTBO R € N
MEpHBIX MYJILTHHUACKCOB, T.C. TOYeK & = ((,...,ay,) «; € Ng j=1,..,n, R"

n-MepHOe BemeCTBEHNoe 3BKJIMA0BO NnpocTpaHcTBo Touek € = (£1,...,6,), R =
{¢eRrR", & 20 j=1,..n}, RE ={6€€ R - &, #0}), C=RxiR
(12 = —1). Ana mobeix &, € R, v € R}, t > 0ua € N} obosnaunm €| =
G+ +N% EnN=6-m+.+& M W =wnn+.+va [f=
611 o fnl™, t-& = (t- &yt - €n), £° m 6?‘(::. u D = D‘;"--DS"' raoe
D;=0/0¢, j=1,..,n

XapaKTepUCTHYECKMM MHOTOTPANNMKOM (X.M.) Konednoro nabopa A C R nasul-
BAETCA MMUHHMANbHBIR BbIIYKALIA MHOrorpaunnk R C R’} coaepxamuft MHOXeCTBO
AU {0}. Muororpaunuk ® C RY uasusacrtcs noanmft, ecan R umeer Bepumiy b
Hayajle KOODJIMHAT W OTJIMYHbIE OT Hayajla KOOPAMHAT BEPUIKHY Ha KaXKJof OCH KO-
opauuat. Ioansi#t Muororpanank R C RY naseiBacTcsa Bnoase npasuibibiit (B.n.),
€CJIM KOMIIOHEeH T BCeX BHewHnX (orHocurenbho R) (n — 1) - MepHBIX HEKOOpAMHAT-
1BIX Tpanei 11010KUTeNbHLI.

Aot b1, muororpaninka R depes A(R) o6o3nayum muoxkecrso HopMadiei (n — 1)

- MepHLIX IEKOOPAHHATHLIX rpanel R

AR) = {A=(A1,..,An) : min{A;,j =1,...,n} = 1}.
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CPABHEHHUE ABYMEPHbIX MHOTOYJIEHOB

Yepea B 0603Ha4UM MHOXKECTBO T€X B.Il. MHOTOTPAHHAKOB R ISl KOTOPBIX
max{(v,A) ;v € R} <1 VA e A(R).
Jnst Muororpanuuka R € B obosnagum:
RO - MHOXecTBO BepwuH R,
R={rveR: I AeA®R), (1, A)=max{(g)), peR}}
M COMOCTABHM CHeAyIy0 GYHKIMIO

he(€) = Y 1€

veERO
Nasecro (cM. naupumep (1] nim [2]), yro muororpannuk R sisasierca x.m. uabopa
0. Yucna i
po(R) = max{lv|: v e R’} u py(R) =min{|v|: 0#veR
Ha3bIBAETCH COOTBETCIBEHHO MAKCHMAJIbHBIM U MHHUMAJIbHLIM [10PHIKOM (BYyHKLMY
hy. Tak kak, ouesugno, 0 € R° (R € B), To ¢ HeKOTOPO# MOCTOsIHHOH ¢ > 1
11) ' A+]EN® < () - (L+EN® <c- (1 +1lED) VEE R
MNycrs P(€) = ¥ %a€”, 7o € C, MHOrowIeH, Ie CyMMa PacIpOCTPAHSETCH 10 KO-
a
neunomy uabopy (P) = {a € N, ~a # 0}

IlpencraBuM MHOrO4WIeH P B BHOE CYMMBI

(1.2) P(€) = Py&),
=0
rne m = max{|la] : a € (P)} — nopsutox muorounesa I’, a P; — oxnopoaHmi#

MHOrouJieH nopsiaka j, 7 =0,...,m.
Touka T € R™ Ha3bisaercs HyjleM MHorowiesa P uopsaka [(1) € Ny, ecin
P@(r):= (D°P)(r) =0 YaeN§, lal<Ur) u Y IP@)I#£0
Jal|=i(r)
Io onpenenennio npu P(7) # 0 6yaeM cumtats, uro [(7) = 0. [as omHopoaworo

Muorounena P, nopsiaka m obosuaunm 3 (Pm) = {r € R*, ||| =1, Pxu(r) =0}
~
Onpenenenue 1.1. (cm. [3], onpedesenue 10.3.4). Bydem 2060pumv, “mo mHo20-

wen Q caalee mnozowaena P u sanucusams Q < P, ecau ¢ nexotnopod nocmornnot
c>0 Q1) < c- P(€,1) npu scex £ € R™, 20¢ Oas JanHO20 MHOZONAENE § U NUCAG

t>0

i€ = [ 3 late)g)R- el

aE NS
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Onpenenenne 1.2. Jaa R € B mmozouren Q hn caabee mnozonaena P u 6ydem

hg
ucnoav3osams danucsy @ < I, ecau ¢ nexomopot nocmosrnod ¢ > ()
Q(§, hn(€)) < c- P(€, hn(€)) VE € R™.

Onpenenenne 1.3. (cm. [4] uau [3]). Bydem 2060pums, wmo mnozonnen P nped-
cmasaennnii 6 eude (1.2) zunepboauven (no lopdunzy) ommocumeavno eexmopa
0 # n € R", ecau Pn(n) # 0 u cywecmeyem nocmosannas ¢ € R dan xomopozo

Pl+1-t-n)#0npuscert<cuf€R".

Onpeanenenne 1.4. (em. [5)). Jasn R € B Gydem 2060pumsd, wmo muozowaen P
npedcmasaennmt 8 6ude (1.2) hy eunepboauven omnocumeavro eexmopa 0 # n €
R", ecau Pp(n) # 0 u cywecmeyem nocmosnnar ¢ € R das xomopozo P(E+i-t-n) # 0
nput <c-hn(f), &€ R"

Hagectro (cM. [5] nau [6) npu n = (1.0, ...,0)), yTo ecnu MHorounen P hy ruiuep-
GoJIMueH OTHOCUTE/ILHO BEKTOPaA 7], TO €ro riaBHasi 4yactb P, runepbonuyna no Fop-
JMHI'Y OTHOCHTeNbHO 7). B paborax [5}-|7] HallueHsl JocTaTouHBIe yCIOBHA Ha MIaj-
IWHe WICHLI MIlorodnenia P upH BbIIOMHENHH KOTOPLIX MIIOTOYJIEH CTalloBuTca hg
runepbOTHYECKHM OTHOCHTETBHO BeKTOpa 7, eciu Py, runepb6onuyen no lopauury
oTHOCHTeabHO 7). B paborax (3] n (8] uoka3saro, yro mMuorouien P runepbojudes no
[opauHry OTHOCHTENBHO BEKTOPA 7) TOTAa M TOJBKO TOrAa, KOraa runepbosnded no
[opaunry orHocuTenwuo 1 muorouned P, u P < P, j=0,...,m— 1.

Ueas nacrosineit paboTbl HAliTH HEOOXOAMMOE U JOCTATOYHOE YCIOBHE Ha MHOrO-
4en ) oT ABYX nepeMeHHbIX, 4Tobnl Q 6bu10 hy cnabee R € B 3auanHOro osHopou-
HOrO MHOFOYJIEHA.

B cnexnyromunx naparpacgax 6yaeM CYHTATb, YTO m = 2 H PACCMATPHBAEMbIE MHO-

IO4JIeH bl SIBIISIIOTC MHOrO4wIeHaMH ot usyx € = (£1,€2) LepeMeHHbIX.

2. IIPEABAPHUTEJILHBIE PE3VJIbTATHI

IIpeanoxenue 2.1. [Iycmes R € B u

r = i |A A1' = y &=
xr(R) Ag/l\l&)l:lgtc(u )/ r=1,2

Tozda
(1) 12 po(R) 2 p1(R) >0,
(2 Rc{reRyi: v <1},
(3) 0rn mobozov € RURE v, < x:(R) 7=1,2,
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(4) (x1(R),0),(0, x2(R)) € R°.
,ZIO‘IC(LS(MRCJI‘!JC"IBO. TPHBHAJIBHO H 1103TOMY He€ IIPUBOJANTCS. ]

Jlemma 2.1. ITycrnv B € R. Tozde
(1) xa(R) =a1 :=sup{n/(l-1z2): veEIM, wnr<l},
(2) x2(R) = a2 :=sup{va/(1 —vy): vedR, v <1}

Joxasameavcmeo. Tak Kak yrsepxieHue yHKTa 1 J0Ka3blBaercs aHaJIOIMYHO YTBep-
JKAEHHIO IYHKTa 2, TO Mbl JOKaXeM TOJIbKO IIYHKT 2.

ITycrs naoGopor az # x2(R). Tak kak 8 cuny uynxra 4 upewioxenus 2.1 az >
x2(R), To 3r0 03HA4aeT, 4TO az > x2(R). Toraa u3 onpenenennst uncen az u x2(R)

cymecrayior Touka 10 € R, 19 < 1 u Bextop A\? € A(R) ans koTophix

A/ =) > max{(t,\0)/\): v eR}=:6/7),
WM, UTO TOXKe camMoe u‘,’ “fo + ugAg > 6y. Tax xak A‘,’ > 1 > 6y (cM. oupeaenenue
mHoXecTBa B), To orcioza nonydaem, uto (v°, A%) > 6, r.e. O & R. Tak xak OR C R,

TO 3TO0 UpPOoTUBOpPeunT ycnosuio 10 € OR u joxasniBaer, 4To az = x2(R). Jlemma 2.1

JOoKa3aHa. O

3ameuanue 2.1. [Tyemov R € B. Toz2da 6 cuay nynxma 4§ npedaoscernus 2.1
' xi(R) = max{v, /(1 -vp): vEIR, 1<},
2. x2(R) = max{vo/(1 —vy): veIR v <1}

Ansi MHoroyronbuuka R € B 0603HauuM
E\R)={6: fr(d):=max{vy+d-1n: veR’}<xi(R)},
Ex(R)={5: gg(d)=max{s v1+wa: veR}<x(R)},
xr(R) =sup{d: de€E.(R)} r=12

Herpyano 3amerurs, yro must moboro R € B, 0 < x»(R) <1 7 =1,2u 8 cuny

3aMKHYTOCTH MHOXecTBa E, . (R) x,.(R) € E-(R) r=1,2
~\

Jlemma 2.2. Tycmo R € B. Tozda
(1) xx(R) 2 x.(R) r=1,2,
(2) f2(8) = x2(R) npu § < X1 (R), x2(R) < fR(6) < 6 u [2(6) < po(R) npu
d € (x1(R),1),
(3) 9%(6) = xa(R) npu 6 < x2(R), x2(R) < gr(8) < 6 u gn(6) < po(R) npu
8 € (x2(R),1).
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Joxasameavcmeo. Tlokaxem, uto x1(R) > x1(R). Hoxasatensctso X2(R) >
> x2(R) ananornyno. Tak Kak fy MOHOTOHHO Bo3pacralomasi (OYHKHHUS, TO AJIs1 J0-
Ka3aresbCrBa HepaseHcTsa X1(R) > x1(R) mocrarouro nokasars, ¥ro fr(x1(R)) <
x1(R). B cuay 3anmevanun 2.1 umeent
xiR) 2 +x1(R) vy WwedR, wmn<l,

u 1s nexoroporo 0 € 9R, 14 <1 xi(R) = ] + x1(R) - V). Orcioma nonyuaem,
4yro

x1(R) =sup{vi + x1:(R) v2: v eEIR, 1 <1}
Tak kax v; + X (R) - v2 Heupepsisro 1o v u x1(R) > 0, To oTcioua NOsIyYaeM, 4ro
x1(R) = sup{vi+x1(M)-v2: v €O} = max{r+x1(R)-v2, v € R} = fr(x1(R)),
cnenosarensro X1 (R) > xi1(R).

M3 oupesenenus uucaa x;(R), samknyrocrn E;(R) n moHoroHHOCTH fg Helo-
cpeacTeenno cieavet, uto fr(d) > x1(R) nupu é > x1(R). Tax kax, oyeBuAHO, NpH
§ <1 fr(8) < po(R), ro wis 3asepitennss NOKA3ATENbCIBA IIYHKTA 2 OCTALTCH 11O~
Ka3aTb, YTO

fr(@) <6 upu S € (%i(R),1].
Iycrs § € (x1(R).1], cnezoBarensro & > x1(R). Torma B cuny asemmpr 2.1 § >
sup{vi/(1-13): v e€OR, vy <1}. Orciopa nonyyaem, 4o upn secex v € OR, vy +
dvp < 0.
Tak kak R° C IR, To orciona nonyyaem, uto fxr(8) < 8. [MockonbKy yTBepXKaeHUe

UYHKTa 3 JIOK43bIBAETCH AHAJIOIMYHO YTBEDXAEHMIO IIyHKTa 2, TO 3THM JiemMa 2.2
AOKa3aHa. O

Ilpcanoxenne 2.2. [lyemv R € B, §d <1, z(t) >0 t 2> 1 roxeavno ozpanu-
vennas Gynxyua das xomopoti t€-z(t) = oo, t7¢-z(t) = 0 nput — oc dan 06020
e>0. TneR? fri=lni=1 (r.)=0ukt)=t-7+t’ () n.

Toz0a ¢ nexomopoti nocmoannotic > 1 nput > 1

1) 1. tPoR) < hg(E(t)) < ¢ -t ecau T € RE,

2.a0) - < hg(gt)) < 0™ npy 5 < x1(R), npu T = £(1,0)

2.b) b (@) 4 oS8 min{1,2(t)}) < he(€(t)) < c- /2@ max{1, z(t)} npu
8 > x1(R), ecau T = £(1,0), '

fa) 1 pa®) < pp(E(t) < c- 3B npu § < x2(R), ecau T = £(0,1),

8.b6) b (pe®) 4 em) min{1,z(t)}) < hr(€(t)) < c-t97®) . max{1, z(t)} npu
6 > x2(R), ecau 7 = £(0,1).
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Jloxazameavcmaeo. HENOCPEACTBEHHO clleayeT u3 onpenenenuit byuxkumii hy, fr, gxn,

ancen po(R), x1(R), x1(R) 1 nynkros 2 u 4 upeanoxxenns 2.1. a

Ipennoxxenne 2.3. [lycine das neompuyumensiozo 00nopodrozo mrozovnena Pr,
nopadkam 1 € > (Pn). Tozda

Py(r)-€
Q) = > —(7,)—620 V€ € R?,

e

20e I(7) - nopsdox nyas mmnozonnena P, 6 mouxe 7.

[Hoxazameancrneo. [lpemioinorxum oOparHoe, 4o IPH YCJIOBHHA 1IPEIJIOMKEHNs1, CyLIe-
crayer Touka £0 € R? pns xotoporo Q;(,)((’J—) < 0. Tak xak no dopmyne Teittopa
s Jioboro t > 0 B cuny oupegesienus {(r)

P"l t 0 “* i "l 0 =
Pp(r+t£%) = 3 ———~—(T) &) ooy r’ '( = > Q.
€N} r=i(r) lal=r r=i(r)

TO U3 YCJIOBUS Ql(,)(f") < 0 npu Maneix t > 0 uMeeM, 4TO
1
P (7 +t-€%) < 37Qu (€) < 0.

ST0 NPOTHBOPEUUT YCJIOBHIO NPEJIOKEHHs H JOKA3bIBAET, 9TO NPKH YCIOBHIX lpeJ-
noxenust Qy(;)(§) > 0 npu Beex § € R?. [pennoxenue 2.3 AOKA3aHO. O

Hpeanoxenne 2.4. Iycms P, > 0, P, > 0 ooxopodusie mnozoiens co-
omeemcemeenno nopadxe mo u my. Tozda dan mobozo T € R*, |7l =1 U(7) =
min{lp(7), l1(7)}, 2de (1), lo(r) u Li(T) nopadxu nyas 6 movxe T coomeemcmeen-

Ho dan mro208nen08 Pry + Py, Prg u Py

Joxasameavemeo. Tak Kax yTBepXK/eHue MpeioXKe st 04eBHAHO NpU 7 & Y (P, )U
U (Prm,) u upn ly(r) # Li(7), koraa 7 € 3 (Pm,) U 3_(Pm, ), TO nycrs
T € 3 (Pmo) U 2 (Pm,) 1 lo(7) = Li(7).
[IpeanonoxxaM obpatuoe, uto [(1) # lo(r) = I, (7). Tak xak ouesuzno I(7) >
> minfo(7),11(7)}, T0 310 O3na4aET, wrO I(T) > lo(T) = l1(7). Torpa u3 oupepenenus

NOpsAIKA HYJsl UMEEM, UTO
(2.1) P&)(r) + P(r) =0 YaeNj, l|al<lo(r).
Tak kak B CHJy npeasioxeHus 2.3
Pl (r)ee 2
Qlo(r) = Z ———"a! >0, £€R,

|eej=to(T)
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«
Tuey= 3 fﬁz,’izo, € € R,
lal=h(r)
TO yunthiBas, uto ly(7) = li(7) B cuny (2.1) nony4aem, uro Qy(ry = 0 (Ty,(r) = 0),
T.€.
Pi)r) =0 VYae N, |a|=lo(7).

my

Tak kak B cuay onupeseiedns lo(7)
P(r) =0 Vae N, |a| < lo(r).

10 310 LUporHBopeunt oupeyenenuio lo(7). Ilojsyyennoe uporusopeune noka3mBaer

ClIpaBeTMBOCTb MpeasioxKenusa 2.4. a

Cnencreue 2.1. [ycmov P, - 00nopodnsiti muozovnen nopadka m u v € Y (Pn).
Tozda dan awbozor € Ny, 1 < l(1) (I(7) nopadox nyan mmnozonsena P,, 6 mouxe

T) nopadox nHyas mmozonaena

pllc iy

la)=r

6 mouxe 7 pasna 2(I(t) — 7).
Joxaszameabcmeo. HeNOCPEUCTBEHHO cleayeT W3 npeajioykeHus 2.4. ]

Jlemma 2.3. ITycmo R € B, P mnozovaen npedcmasaennwii 6 eude (1.2) v n €
RUY(Pn), |Inll = 1. Tozda das at0bozo mnozonaena Q nopadxa ne évwe m cyuse-

cmeyom wucaa €, ¢ > 0 dax xomopuzx
Q& hx(£)) < c- P(§, hn(€)) V€ € D(n,e),
2de D(n,e) = {€ € R?, |I€/II€ll - nll < e}

Hoxasameavcmeo. Ilycts

= inf -7
€0 Te}l__{l(Pm)"ﬂ Il

Tak kak MHOXeCTBO y_(P,,) 3amknyTo u 1 € 3 (Pm), T0 €0 > 0. lycrs £ = £0/2.

Tak kax 110 Teopeme Baepurrpacea
6 =inf{|Pa(E)l, [€ll=1, HE-nll <€} >0,

0 C HEKOTODBIMH 1IOCTOHHHBIMY C1, C2 > 0 B cuily 1eBof 4acTu oneHkH (1.1) upu Bcex

focraTodHo 6oiibumx € € D(7, ) umeem, 4T0
m—|

P hw(€)) 2 FPO) +1EHO) 2 e1- (IPn®)] = | 3 P01 +1) 2

=0
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m-1
@2z (™6~ 3 el Py(e/ eIl + 1) 2 calliel™ + 1).

i=0
Aot MHOTOMJIeHA Q B cuAy ycioBHS MeMMBi ¢ IPHMEHEHHEeN [IPABOA YACTH OLeHKM

(1.1) ¢ HexOTOPBLIMK MOCTOSHHBIMK c3,c4 > 0 nipu Beex € € R? umeem, uTo

Qehm(@) = [ 101 1(E) s eo 3 1+ ™ (14 el <

oEN; laj=m

< ca- (1+ fiEID™.

Orcrona 1 u3 ouenku (2.2) HenocpeacTBeHHO OaAyYaeM yTBepxaeHne Jlemmbt 2.3. O

IIpennoxenne 2.5. (cm. [10/). Myemo Pm - 00MOpOdHLTL MHOZONAEH MOPAJKA T
om deyzr nepemennviz, T € ¥ .(Pm), 1€ R%, o]l =1 u (r,9) = 0. Toeda cywe-
cmeytom wucao € > () das xKomopozo

5

SIDO P (n)IE DI - (€)' < 1Pm(©)] <

= g""n‘"P«»(f)IKt-r)l"“"’ &mI e € D(r,e),
e)

2de [(T) nopadox nyas mnozoAENa Pm 6 mouxe 7,0y ' Pr(7) # 0 a D, - npouseod-

HAA N0 HANPABAEHUIO 7.

Jlokasarenscrsa CJeAyOUHX ABYX YTBEPXICHHH TPHBHMAIbHbI, II03TOMY Mbl HX

OllyCKaeM.

Ipeanoxenne 2.6. Jan aobvir mlre€Ny, 0<r<ludpeRr

(1) m_l+(1_r)6+p1'5m8x{m"l“—5)17'1—1(1_P)},
(3) ecih 132, 8% Mo npucceTT: pERLT 0

mel+{=r)+pr< max{m ~ (1 - 6),m — (1 - p)}.

HPGAHO;I(eHHe 2.7. Ilycme mo, My, lo, [y € No, 6o € (0,1), mo2my, mo2
> R T lo(1 - 8o) 2 my — 11 (1 — ). Toeda

lo(1 = 68) 2™ ~1(1-8) Vi€ (d.1)

(1) mg — lo(1 — &) > my — 11 (1 = &), mo

(2) ecau aubo ™Mo > iy Aubo Mo —
mo —10(1 —6) >my — ll(l _5) V6 € ((50‘1)
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3. CPABHEHUE ABYMEPHbLIX MHOIOYJIEHOB

[ycrs do.6y € (0,1), 8y > o, f(8) = bp, 6 < 6y, 8o < f(8) < 4, 6 € (d1,1), z(t),
t > 1 JIOKATLHO OrpaHHYeHHAs MOJOXKHTEAbHas PYHKUNA AasA KoTopoii téz(t) — oo,
t=¢z(t) = O upu t = oo aas moboro e > 0, h(t,6) t > 1,8 < 1 pyHrums a5 KoTopok

C HeKOTOpPO# NocTOsIHHOMN ¢ > 1 npu t 2> 1

(3.1) ot < h(td) <cith < b,

(3.2) ¢ 1(t% + /19 min{1,2(t)}) < h(t,8) < c- t/® max{1,z(t)}, & € [b, 1].

JIemma 3.1. [Tycmo wucaa mg. my, lo. 1y, 60 ydosaemeopsrom ycaosusam npedaosice-

nua 2.7 a f,T,h u d) evue onucannvie ynryuu u wucao. Tozda dan a106020 6 < 1
(3.3) F{é).:= tl_i’rLloGﬂt)/Gg(t) < 00,

20e Gp(t) = 3 tm bt (=i . gle=i(4) . hi(¢,8), r=0,1.

7=0

Aoxazamenvcmeo. PaccmoTpum creayroine Bo3aMoxKHble cayyan 1) § = dy, 2) § < 4y,
3)do<d<d (upndy >é)nd)d <di<l.

B cayuae 1), B cuaty ouenku (3.2) r.x. f(do) = by, ¢ HeKOTOPO# LIOCTONAHHOM ¢1 > 0
HMeeM

tm—-10-&) . (1 4 z"(t))
4 IT‘I(I A < - i
(3.4) iog) < 0 ,1_‘,"; tmo=to(1=%) . (1 + 20 (t))

Ecom my —11(1 - 8o) < mg —lo(1 — &), 1o B cuny ycnosus Ha dbyrxiuio z(t) orciona
uony4aem, yro F(d) = 0. Ecuu xe my — 11 (1 — &) = mg — lp(1 — 8p), T0 U3 ycaouit
my > my udp < 1umeem, aroly > Iy, cirenosatensto F(dy) < 2cy. DTHM BbIIOIHEHHE
coorHowenust (3.3) B cayuae 1) gokasaso.

Paccmorpum cnywait 2). Tak kak B y1oM cayuae f(8) = §y > 6, TO B CHIY OLEHKH

(3.1) u ycnosust Ha GyHKuUMIO Z(t) ¢ HEeKOTODBLINH HOCTOSHHBIMH Cc3 > ¢y > 1 upu

JIOCTATOYHO 0OJIBLUMX ¢ HMeeM, YTO
ly
G()(t) 2 02—1 h Z tmo*lu{'(lu*]‘)d-{-jdo - xlo—](') > c’;‘ q tﬂlo—l(a(l—ao),
i=0

l
Git)s'e- Z;m- “hHh=08438  ph=i(p) < ¢, . gMa=hili=do)
1=0
Orkyna F(8) < ¢}, O1um Bouinonmuenve coornowenus (3.3) u B cayuae 2) nokasana.
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PaccMotpum ciyuait 3). Tax kak B sToM cnyyae f(8) = g, To B cuy ouenku (3.2)
¢ HEKOTOPOIi NOCTOsIHNON ¢4 > () uMeeM, 4TO
1
z‘: g =l 4l =3)8480 5 | Ll ) -1+ mj(t))
F(8) S ¢y - Tinp —e=slE0
t—oo lo

2 tmo—lo+(lo—3)6+60 5 . xln—J(t) ) [] 45 (l]lill{l, ."C(t)})jl
j=0

Tak xak B ciyqae 3) § > &y, To B cuily npemiokerus 2.6 U ycaoBHsi Ha DYHKIHMIO

z(t) orcrona ¢ HEKOTOPO# 1OCTOSIHHOM c5 > 0 UMeeM, 4TO

my —h(l—&) X, l]
(3.5) F(6) < s - Tom . =L

t—oo tmo—lu(1-6) . plo (t) 4

Ecsn nmu6o mg > my anbo mo—1lg(1--8g) > m;—1,(1—3p), T0 B cuny npeanoxxenus 2.7
1 ycioBus Ha dynkumio z(t) umeem, yro F(6) = 0. Ecim xe g = my, mg — lp(1-
—6&p) = my = [1(1 — &) (cMm. yea. nemmnr), 10 lp = [} Tak Kak §p < 1 ¢ 1o aromy
F(6) < ¢5. ITHM BbILIOJHEHHE COOTHOWEHUS U B Ciaydae 3 QOKa3aHa.

Paccmorpum cnyuait 4). B cuny ouenku (3.2) ¢ HexoTopoii nocTosinHO# ¢ > 0
HMCEM, YTO

4
Zl g —hi =08+ 1 )7 . phi=i(¢) . (14 27 (1))
=0

F(8) < g lim

t—oo &

f: gmo—lo+(lo=346 . [tdos 4 ¢/(8)i(min{1,z(t)})7] - cho—i(t)
=0

Tak kak B ciuyuae 4) &y < f(6) < 4, To B cuny npeuioxenust 2.6 U yciosus Ha
dynkumio z(t) ¢ Hekoropoii noerosnuoi ¢z > 0 noayvaem ouenky (3.5). Teneps
NpOBO/s AHAJIOTHYHBIE PACCYKIEHHS KaK nocjie oneHkH (3.5) noayuum. yro F(J) <

00 u B cayuae 4). Jlemma 3.1 noka3sana. a

Teopema 3.1. ITyemo R € B, po(R) <1, Pm, u Pm, 0dmopodnme mnoz0aers
coomeemcineenno nopadxa my > my. Muozosaen P, hw caabee mnozovaena Py,

mozda u Mmoavxo moada, xozda
AN

(36)  my—L(r)(1 = do(r)) < mo— lo(r)(1 = do(7)) ¥ € Y (Pm,).

2de lo(7), 11 () nopadxu nyan 6 moNke T cOOMEEMCTNBERNO MH020MEH06 Py u P,

a
po(R), ecau 7€ 3 (Pmo) N HG

60(T) - XI(R), ecau T € E(I)mn)y 2 =0

], x2(R), ecau 7€ Y (Puo): 1 =0
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/Joxazameavcmeo. Heobxoanmocts. Ilyetb 7 € S (Pm,), €' = s -7 + g%y s =
1,2,..,tae n € R? ||n]| = 1 u (r,n) = 0. He TpyaHo 3aMeTuTh, 4T0 C HEKOTOPOH

HOCTONHHOM ¢; > 1 uMeem (cM. oupesenende dp(T))
(3.7) e 500 < hg(e®) S e -s®M), B=1.28

Tak kak, B cuny vesosust po(R) < 1, aas moboro 7 € 3 (Pm,) do(7) < 1, 1o ann
moboro uncna € > 0 npu gocratoyHo 6onpmux s £* € D(7,€) (onpeneaenne D(r,e)
B semne 2.3). Torua B cuiy 1peaioxenust 2.6 ¢ HEKOTOPO#H 1OCTOsIHHOM ¢2 > () 1pH

AOCTATO'MHO 60.b1IBX § UMEEM
(38) Prny (€7, (7)) 2 [Py (€7)] 2 3 5™ gli (70,

Ansi MHorousieHa P, ¢ 1ipuMeHeHneM cdopmyasr Teltnopa B cuny ouenku (3.7) ¢
HEKOTOPBLIMH [OCTOSIHHBIMH €3,C4 > 0 pu Bcex 8 MMeeM
(39)  Puol€hn(€") Scsl F ame IO aD& . (el
|a|<lo(7)
+ Z gmo—ial g%(7) |0|] <cg- s"lu-ln(‘r)(l—t‘o(f))

lo(r)<|a|<mo

h
Tak Kak 10 ycu0BuIO0 TeopeMbl Pp,, = P,,,, To 13 ouenok (3.8) - (3.9) Henocpea-

CIBEHHO uoJy4aeM HepaseHctBo (3.6). a

Locmamonnocme. Ilpeatioyioxnm obpaTHoe, Wro NPH YCIOBUIX TEOPEMbI CYLIECTBYET

nocnenosarenshocts (£%)2%, C R%,  ||€°]| = oo npu s — oc aas KoTOpoOi
(3.10) P (65, hn(€°))/ P, (€, hw(£%)) = 00 korma s — oo.

Tak kak mg > my, 10 01CI0Aa HE yMOJIsiy OOLIHOCTH Ha OCHOBAHMU JiemMmb! 3.1 uMmecw,
yTo nocsegoBaTenbHocTb {7° 1= £ /||£7]|}S2, uMeeT npesen u 3TOT Npeaes NpUHALIe-
KUT MHOXKECTBY Y (P, ). llyctb 7° 5 7 € Y (Ppy) upus 2 00, n€ RZ, [y =1
u (n,7) = 0. Tak Kak BeKTODHI 7), T SBJIAIOTCA OPTOHOPMaJILHBEIM Ha3ucom B R?, To

a5l moboro s = 1,2, ... cyluecrsyior uucia ¢(s) u ¥)(s) rakue, uro
(3.11) E=p(s8) 7+9Y(s)n, s=1,2,...

OuesuaHo, 3a cueT BbIGOPA BEKTOPA 1), MOXKHO CHHTATH (He yMasss OOGLHOCTH), YTO
¥(s) > 0 upn peex s. Tak kak 7" = 7 upn s — 00, 10 U3 npeacrassenus (3.11)
cnenyer, uro @(s)/|[€* = 1, ¥(s)/¢(s) = 0 npu s = co.

lloxaskeM, 4ro 1pu HocraTo4Ho Gonpuwmx s ¥(s) > 0. Ilpemonoxxum obparHoe,

4TO CYLIECTBYeT NOAIIOC/Ie0BATeNLHOCTD locIeaoBaTenbHocTH {€* )%, KoTOpYyIO Tak
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xe obosHaunm vepes {£°} 5, ans xoroporo ¢(s) = 0. s = 1,2,.... Toraa ¢ nexoTopoit

1HOCTONHREOM cs > 0 B cuny cieacTBHsi 1 HMeeM, yTo

Pug(€ b€ < | ST 1PRNENR 18 >
lal=lo(r)

2 o5 0 (s) - hgT(E), 8=1,2,...

Tak Kak, cM. nyHKT 4) npegioxenns 2.1 n onpeaenenue yucesn po(R), dp(7), ¢ meko-

Topo#t nocrosuHoM cg > 1 npu £" = (s) - T

(3.12) gt o™ < hp(€") S5 0™Ns), s=1,2,.

TO 0TCI0AA C ICKOTOPO# nocrosuiion ¢z > 0 upM Bcex s = 1,2, ... umeemM, yto
(3.13) Pr (€% (%)) 2 7 - e teltii=dolrd) ()

Tak kak po(R) < 1, To B cuy cpeanedt yactu oueHku (1.1), oueskn (3.12) u onpene-

nenust 11 (7) ¢ HEKOTOPBIMH TIOCTOSIHHBIMH Cg, Co > 0 HMeeM, YTO

"’"“-“”h-"‘“’”z‘/ Y fem-lol(s)P () - hel(en) <

ot
\ Lir)<lal€m,

(3.14) s ‘pm\—ll(r)(s) N h;(f)(f’) < ¢ .qoml-—h('r)(l-du(r))(s), s=1,2,..

Ouenkn (3.13) u (3.14) B cuny sepasencrsa (3.6) uporuBopedar cootTHowenmo (3.10)
H JOKA3bIBAIOT, 410 [IPY KOCTATOMHO 60blumX s (He yMadsst 0OwHocT Byuem cunrars
Aas Beex s) Y(s) > 0.
ITyers p, = In(v(s))/ Ino(s), r.e. P(s) = ¢ (s), s=1,2,... Tak kak ¥(s)/p(s) =
0 upu 8 — oc, To He ymaJtsis 06mwHOCTH 6yaemM cuHTaTh, yTO P, < 1,8 =1,2, ...
ITokax<eM, 4TO Npu YCIOBMA TeOPEeMbI, €CJIH BBIIOJHAETCs coorHowenue (3.10), To

(3.15) litn o, > 0.

s900
[peanonoxxum obpaTHoe, YTO CyLIECTBYET 11GANO0C/IE0BATENbHOCTD [10C/Ie10BaTe Ib-
noctu {£*}22, koTopyio Takxe o6oznaunm vepes {7}, nns KOTOPOrO CylUecTByeT
uucio 6 < 0 ana xoroporo p, —+ 6 mpu s —. Tak kak st oboro € > 0 mpu gocta-
royno 6uibunx s £° € D(7,€), 10 C HEKOTOPBIMU HOCTOHHHBIMM C10, €11 > 0 B caiy
cnepctemst 2.1, npemioxennit 2.2, 2.5 u onpenesienus uncna dg(T) UpH HOCTATOUHO

6oabnx s nMeem
Li(r)
P"ll (Es h!ﬁ({ )) < Cip - [Z hs (Ed) Z 'Pvg-::)(fs +

r=0 |al=r
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F S e T IP@E)) <

r=L(7)+1 |al=r
L(T)

&ty [Z ‘pr-én(r)(s) . so'ml—h('r)(s) ; (W{)'(S))ll(r)—r"'
r=0

+ 2, @)™ (),

r=li(r)+1
Tak Kak ps — 6 < 0npus = 00 n 0 < dp(T) < 1, TO oTCIOAA C HEKOTOPOI MOCTOSHHON

c12 > 0 B cnay cpeauet yacTu oueHkn (1.1) npu aocrarodHo 60J/bLIMX S HMeeM, YTO
o : = 1-4,

(3.16) P (€3, h(€)) < €1 - ™ ~h(MA=do(m))(g)

AHaJIOI'HYHO s MHOrouseHa P, C HEKOTOPLIMH 1IOCTOMHHBIMH C13,C14 > 0 npn

JOCTATOYHO OOJILIIMX S HMEEM, YTO

Pro (€% hR(€)) 2 e3> IPUEN  hyT(e?) 2
lal=lo(7)

(317) 2 Cia - v"m_lﬂ(")(l—&ﬂ("))(s)_

Ouenku (3.16) u (3.17) B cuny Hepasencrsa (3.6) nporusopeuar coorHowenuo (3.10)
M I0Ka3hIBAIOT clpaBeaInBocTs (3.15).

OuesnaHo, 3a cyer BLIBOPa NOANOCIIEAOBATEILHOCTH LOCAeaoBaTeNbHOCTH { €7 }3% ;,
MOXCHO CUMTATh, YTO cywecrByer 4ucio & € (0,1] ansa koToporo p, — & mpu s — 00.
TTokaxem, yro § < 1. Ilycrs, HaoGopor, § = 1. Torya u3 upeacrasnenns (3.11) nnseen,
uro £ = p(s)T + (s) - 8, - . vae 8, = ¥(s)/p(s) = p™"1(s), s = 1,2,.... Tak xax
w(s)/¢(s) = 00, ps = 1 upn s = o0, TO

(3.18) fs =0, ©(s)-8,>00 upu 8- 0.

Jna awbdoro € > 0.
13 onpepenennit byukumu hy n uncua po(R) ¢ uekoropoii iocrosintoin c15 > 0
opu Bcex s = 1,2, ... UMeeM, 4TO

(3.19) crg 6y - ™R < hg(€*) < a1g - 9 ®)(s).

Tak kak st moboro € > 0 upu pocrarouHo 6onbmux s € € D(r,e), To B cuay

npeaoxeHusi 2.5 ¢ HEKOTOPOH 110CTOAHHONA C1g > 0 mpu AOCTATOYHO OOJMbILMX §
uMeem

(3:20) Prny (6%, h(€%)) 2 1 Prm, (6] 2 c16- 9™ (s) - 60170,
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Jna mHorovnena Pn, B cmiay npemjoxenus 2.5, cieacrsus 2.1 u ouekku (3.19) npu
AOCTATOYHO 60/bIIKUX § C HEKOTOPLIMH [OCTOAIIHLIMY €17, C18 > () HMeeM

Li(7)
Pon, (€2, h2(67) S cir - [D_ hR(€7) - D PRI+

r=0 |a|=7

e BRIEDN S 2B <

r=l(r)+1 |ex|=r

Li(T) m,
< CIS'[Z: sar-éo(‘r)(‘(j).“omx—h(r)(s)‘(‘p(s)es)ll('r)—v‘_*_ Z ’,’v J‘.lv)(“’_;m. *r(“”‘
r=0 r=4;(7)+1

Orciona, B custy ycuosus po(R) < 1 u cootnomenus (3.18), ¢ HEKOTOPOI NOCTOSHHOK

c19 > 0 npu gocTaTo9HO BONbIIUX S HMEeM
(3.21) Pruy (€ h(€")) € 10 9™ (s) - 047,

Ecsu mg > m,, o ouenku (3.20) u (3.21) nporusopeuar coornomwennio (3.10) B cuay
(3.18). Ecum xe mo = m;, ro uporusopeune ¢ coorHowenuem (3.10) nouyvaercs
n3 cootHowenus (3.18) u Hepasenctsa (3.6), Tak Kax B 3TOM cayuae [(1) > ly(7).
ITonyuenHoe 1porusopeuue sokasnisaer, yro § € (0,1).

IMycrs & € (0,1). Torga u3 npeacrasnenus (3.11) unmeenm, uro &£° = o(s) - 7+
+@%(s) - 8, -1, rme 0, := <pP"‘s(s) =Y(s)/¢%(s) s=1,2,.... [Ipu srom a5 moboro

€ > 0 nmeem
(3.22) @(s) 0s 2 00, p °(s):0, >0 xorma s— 00.

Yepes z(t) 0603Ha4NM JIOKAILHO OIPEHHUEHHY IO PyHKLMIO 1Jist KOTOpOro O, = z(p(s)),
a uepes h(t, §) dynkumo hy(t-7+¢%-z(t)-n). B cuay upemnoxenus 2.2 Qynuus h(t, d)
ynosnersopset ouenkam (3.1), (3.2) ¢ f(d) = gn(d) npu 7 = £(0.1), f(8) = fx(d)
upn 7 = £(1,0), 8o = 8(7), 51 = xa(R) npu 7 = £(1,0) u &y = x2(R) upn 7 = £(0.1).

B cuny npepnioxenus 2.6, cneacreus 2.1, cootHomenus (3.22) n cpeanei yactu
ouenku (1.1) ¢ nexotopuimu nocroanuumu ¢; > 0 j = 21,23 upu goctaTouno 60.n-
WHX S UMeeM, YTO

li(7)

P, (6%, h(6%) < carl 3 ™1 (s) - (9 (5) - 0)°)ThT (p(s), 6)+
r=0

+ ) ™ "(s) b (p(s),8)] <
re=ly(T)+1
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tl(f)
Sent Y @™ N (5)8,)1 T B (p(s), 6).
r=0
. lo(7)
Proo (€% hR(E7)) = c23- D ™70 (s) - (0°(5)8,) ()" - hT(p(s), 6).

r=0
OTciopa B cuiry JeMMBl 2.4 noJiyyaeM. 4TO

Tim P, (6% he(€°))/ Prmo (€7, hi(£7)) < 00.

10 uporHBOpeunT cooTHoweHuio (3.10) H J0Ka3biBaeT JOCTATOYHYIO YaCTh TEOPEMbI.

Teopema 3.1 pokasana. (]

JlemmMma 3.2. (cam.[5]). Hycms R € B u P, - 00n0opodrviti mrozovaen nopadxa mo.
Mnozowren Q npedcmnasaennwii 8 eude (1.2) hg crabee mnozovaena P, mozda u

hw y
moavko mozde, xoeda 1) m <tng v 2) Qj < Ppy j=0,..,m.

Teopema 3.2. ITycmo R € B, pyp(R) < 1 u P, 00n0podubiti mnozowaen nopidke
mg. Mnozovwaen Q npedcmasaennwti 6 6ude (1.2) hy crabee mwozownena P,,, mozda

U TMoAvKe Moeda, K0zda
(1) my 2 m,
(2) mo — lo(7)(1 = do(7)) > Umax {k - fk('r)(l —00(7))} V7€ D A(Pmo)

<k<m
2de lo(T) u do(T) onpedenervi 6 meopeme 1 a ik(r) NopRIOK Hyar muozonaena Qk

k=0,..,m 6 mouxe T.
Joxasamensbcmeo. HENOCPeACTBEHHO CaeiyeT W3 Teopemsl 3.1 B cuay semmbl 3.2. O

Teopema 3.3. ITycms npu ycaosuax meopemdt 2 my > my u mnozowaen P, -
zunepbosunen no Topduney omnocumeavio aexmopa 0 # m € R). Tozda mnozouren

P, + Q hx zunepboauven omnocumeasvro eexmopa 7).

Aoxazameasvcmeo. HenocpeaCTBERHO CleAyeT M3 Teopembl 3.2 m paborsi [5]. (0]

Abstract. A necessary and sufficient condition for comparison with a weight of two-

dimensional polynomials is obtained.
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Abstract. In this paper we generalize two known results concerning normal families
of meromorphic functions. We first improve and extend a theorem of Liu and Nevo
{10], using a completely different approach. Then we obtain a generalization of Gu's
normality criterion stated in [5].
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1. INTRODUCTION AND THE MAIN RESULTS

Let F be a family of meromorphic functions defined in D. The family F is said
to be normal in D, in the sense of Montel, if for any sequence f, € F there exists a
subsequence fp; that converges spherically locally uniformly on D to a meromorphic
function or to o (see [13]).

Let f and g be two meromorphic functions defined in a domain D, and let ¢ be a
complex number. If g(z) = a whenever f(z) = a, then we write f(z) = a = ¢(2) = a.
If f(2) = a= g(z) = aand g(z) = a = f(z) = a, then we write f(z) = o ¢ g(z) = o,
and say that f and g share the value a. It is assumed that the reader is familiar
with the standard notions and fundamental results of Nevanlinna theory, as found in
(7, 15, 16).

In 2004, Chang, Fang and Zalcamn [2], have obtained a normal family of holomorphic
functions related to a non-vanishing function, which improved the results of Chen and

Hua ([3], Theorem 1), Pang ([11], Theorem 1), and Fang and Xu ({4], Theorem 3).

The research was supported by Foundation for Distinguished Young Talents in Higher Education
of Guangdong China (no. 2013LYMO0093), Training plan for the Outstanding Young Teachers in
Higher Education of Guangdong (no. Yq 2013159), and the Natural Science Foundation of Shandong
Province Youth Fund Project (ZR2012AQU21), the Fundamental Research Funds for the Central
Universities (15CX05063A, 15CX08011A).
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TWO RESULTS ON THE NORMALITY CRITERION

Theorem A. Let F be a family of holomorphic functions on a domain D C C. Let
k > 2 be an integer, and let h(z) # 0 be a holomorphic function in D. Assume also
that the following two conditions hold for every f € F:

(a) f(z) =0 = f'(2) = h(z), and

(b) f'(2) = h(z) = |f*®)(2)| < ¢, where ¢ is a constent.

Then the family F is normal on D.

Recently, Liu and Nevo [10] have improved the above theorem by allowing h(z) to
have zeros. Specifically, Liu and Nevo have proved the following theorem.
Theorem B. Let J be a family of holomorphic functions on a domain D. Let k > 2
be an integer, and let h(z) # 0 be a holomorphic function on D C C that has no
corninon zeros with any f € F. Assume also that the follouwing two conditions hold
for every f € F:

(@) f(z) =0 = f'(z) = h(z), and

(b) f'(z) = h(2) = [f*)(2)] < ¢, where ¢ is a constant.

Then the family F is normnal on D.

Remark 1.1. In fact, Liu and Nevo firstly proved Theorem B in [9] under the
additional condition that all zeros of function h(z) have multiplicity at most k — 1.

Then they removed this additional condition in [10].

From the above theorems, we see that for each f € &, the function h is a fixed
function. So, we now pose the following question: can h be different for different
functions f in the above theorems? In this paper give an affirmative answer to this
question.

To state our result, we first recall a notation. Let F be a family of meromorphic
functions. Denote by F' the family of limit functions, and set F = FUTF. Motivated
by an idea of Grahl and C. Meng [6]. we prove the following generalization of the

above theorems using a completely different approach.
N
Theorem 1.1. Let F be a family of holomorphic functions on a domain D. Let k > 2

be an integer, and let K be a normal famnily of holomorphic functions on D such that
0, oo & K on D. Assume also that for each f € F there exists hs € H such that the

following conditions hold:

(¢) f and hy hes no common zeros,
() f(z) =0= f'(2) = hy(2),
(c) f'(z) = hy(z) = |f®)(2)] < c, where ¢ 15 a constant.
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Then the family F is normal on D.

Remark 1.2. The condition (a) is necessiry, even in the case where all Ay are the
same and the multiplicities of zeros of f are very large. The next example illustrates

this point.

Example 1.1. Let f, = nz?, where p is an integer, and let A be the unit dise. Then
fi(z) = pnz? ! and f,‘.‘)(z) =0 for k > p. Let h(z) = z. Then, it is easy to see that,
the family {f.} satisfies the conditions (b) and (c) of Theorem 1.1, but {f,} is not
normal at (0, no matter how large the integer p is.

Now we consider another problem concerning a norinal family.

In 1959, Hayman [7] proved the following seminal result: if [ is a meromorphic
function on C and if f(z) # 0 and f**(z) 3 1 for some fixed positive integer k for all
z € C. then [ is coustaut.

The corresponding normality criterion is due to Gu [5|. Tt states that a family

T of functions meromorphic on D is normal if f(z) # 0 and f*}z) # 1 on D for
cach f € J. Yang [15] extended the above criterion from a value to a holomorphic
function. In 2007, Nevo, Pang and Zaleman studied the normality problem from
different viewpoint, and proved the following result (see |14, Lemma 3]).
Theorem C. Let F be a family of meromorphic functions on a domain D, k € N,
and let H be a normal famaly of holomorphic functions on D such that h # 0,00 on
D for ench function h € H. If for each f € F, f(z) # 0 on D, and there exists a
hy € H such that F®(z) # hy(z) on D, then F is normal on D.

Recently, Liu and Chang [8] generalized Theorem C by allowing H to consist of

meromorphic functions.
Theorem D. Let F be a family of meromorphic functions on a domain D, k € N,
and let H be a normal family of meromorphic functions on D such that h # 0,00 on
D for each function h € H. If for each f €T, f(z) # 0 on D, and there erists un
hy € H such that f*)(z) # hy(z) on D, then ¥ is normnal on D.

In (8], the authors also gave an example showing that the condition FE(2) # hy(2)
cannot be replaced by f'*’(z) — h,(z) # 0, even when all hy are the same.
Example 1.2. Let f,(z2) = “l, for every n € N, and h(2) = ‘—',}J.f,'i' Then we have
fa(z) # 0 and f,'.k)(z) ~hy(z) # 0 on C for n > 1. However, the family {f.} is not

normal at 0.
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In fact, the condition f'*'(2) # hys(z) implies that f and Ay have no common
poles. So, if f is holomorphic, then the condition f%)(z) # h;(z) coincides with
FMN2) = hy(z) #0.

From Example 1.2 we see that the functions f,‘,.' and /i have the same pole at 0
with the same multiplicity. So, it is natural to ask what if all the common poles of

%) and h have different multiplicities?
In view of paper [8], we obtain a gencralization of Theorems C and D.

In what follows, we use the following notation:
(1.1) L[f]=a.of“‘)+auf("'»'”+-~-+ak_|f'+akf

denotes a linear differential polynomial of f, where ag, - - - , ax are holomorphic functions
with ay(z) # 0.

Theoremn 1.2. Let J be a family of mmeromorphic functions on a domain D, and let
K be a normal family of meromorphic functions on D such that h # 0,00 on D for
each function h € 3. Assume also that for cach f € F there erists a function hyeX
such that the following conditions hold:
(1) f(z) #0,
(2) all the zeros of L(f) — hy come from the zeros of hy,
(3) the multiplicity of zervs of L(f) — hy is not larger than that of zeros of hy at
the common zeras of L(f)} — hy and hy,
(4) the multiplicity of poles of L(f) is larger than that of poles of hy at the
common poles of L(f) and hy.

Then the family F is normal in D.

The next example shows that the condition (4) in Theorem 2 is necessary.
Example 1.3. Let f,(z) = :1; foreveryn € N, h(z) = (;.’:‘.“ and D = {z:|z] < L}
Then for n > 1 we have f,(z) # 0 and f.‘.”(z) — h(z) # 0 on D. However, the family
{ fo i not normal at 0.

Finally, we give an example to show that there exists a normal family F satislying

all the conditions of Theorem 1.2.

Example 1.4. Let f,(2) = 3-:'—' for every n € N, h(z) = ze® and D = {z:z| < 1}.
Then for n > 1 we have f,(z) # 0 and fi(2) ~ h(z) = ze* 1 -1) on C. Hence
f.(z) = h(z) and h(z) have the same zeros with the saine multiplicities. It is casy to
see that the family {f, ) satisfies all the conditions of Theorem 1.2, and hence {f,}

is normal on D.
i
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Remark 1.3. The condition (3) plays an important role in the proof of Theorem

1.2. However, we don't know whether it is necessary or not.

Throughout the paper we use the following notation: D denotes a domain in C;
A(z0,7) = {z: ]z —z20) < 7} and &'(z0.7) ={2:0 < |z — 20| < r} for zp € C and
r> 0.

2. PROOF OF TIHEOREM 1.1

To prove our main results, we need some lemmas (see {2], (7], {12]).

Lemma 2.1 ([7]). Let f be a meromorphic function on C such that f(z) # 0 and
f®)(2) # ¢ for some constant ¢ # 0 and all z € C. Then f is a constant.

Lemma 2.2 (|2|). Let g be a nonconstant entire function with p(g) < 1. Let k > 2
be an integer and let a be a nonzero finite value. If g(z) = 0 = ¢'(z) = a, and

g(z)=a= g(k)(Z) =0, then
9(2) = a(z - 2),

where zy s a constant.

Lemma 2.3 ([12]). Let F be a fomily of functions meromorphic (resp. holomorphic)
in the unil disc A, all of whose zeros have multiplicity at least k, and suppose that
there crists A > 1 such that |f*)(2)| € A whenever f(z) = 0. If T is not normal at
zg in the unit disc, then for each 0 < a < k there exist:

(a)
(b) functions f, € F and
(c) a sequence of positive numbers p, — 0 such that p fo(zn + pn€) = gn(&) o

points zn € A, zn — 2o

g(&) locally uniformly, where g is a non-constant meromorphic (resp. entire) function
in C with order at 1nost £ (resp. 1) such that ¢(¢) < g¥(0) = kA + 1.
o . . g d

Here, as usual, g*(€) = )l—"w"—tz}‘—; is the spherical derivative of g(£).

We are required to prove that a given sequence {f,} contains a subsequence
that converges spherically locally uniformly on D or {f.} is normal on D. By the
assumptions, there exists a corresponding sequence {h,} € H such that the functions
fu: hn satisfy the conditions (a)-(c) of the theorem.

Since 3 is normal, the sequence {h,} contains a subsequence, which we again

denote by {h,}, such that {h,} converges spherically locally uniformly on D to a
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holomorphic function hg, which may be oo identically. Note that since 0,00 ¢ H, we
have hg # 0, 0.

Taking into account that normality is a local property, it is enough to show that
{fa} is normal at cach zo € D. We set E = hg'(0), and continue the proof by

distinguishing two cases.
Case 1. Let 2o € F.

In this case we have hy(20) # 0. Hence, noting that h, converges to hg spherically
locally uniformly on D, we conclude that there exists a positive constant § such that

ha(z) # 0 and |h,,(2)| < |h(2)| + 1 on A(zg,8) for large enough n.
Next, it follows from condition (b) that

fa(z) = 0= |f,(2)] = |ha(2)] < A,

on A(zy,d), where A = max{|h(z)|: z € A(20,8)} + 1
Suppose, to the contrary, that {f,} is not normal at zy. Then by lemma 2.3, there
exist a subsequence of the sequence { f} (which we again denote by { f»}),  sequence

of complex numbers z,, — zp and a sequence of positive numbers p,, — 0, such that

(21 9n(6) = p7 " Falzn + put) - 9(£)

where the convergence is spherically locally uniformly in C, and g is a2 nonconstant
holomorphic function of order at most 1 and gf(¢) < ¢!(0) = A + 1.

By differentiating (2.1) one time and k-times, we obtain

(2.2) Gal€) = L1z + pn€) = ¢(6)
and
(2.3) a(€) = A1 f P (2n + pal) = 9(E),

where the convergence is spherically locally uniformly in C.
Then, it follows from (2.2) that

(2.4) Hn(€) = f:n(zn + pn&) — hn(zn + pné) = 9,(5) — ho(zo),

where the convergence is spherically locally uniformly in C.
We claim that
() 9(&) =0 = g'(€) = ho(z20)
(Ig'(€) = ho(z) = ¢® (&) = 0.
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Suppure that. g(€p) = 0. Then by Hurwitz's theorem and (2.1), there exists o

requence { &, ) such that &, - &g, snd Tor Inrge enongh 7 we have
Sulzn b puda) = 0.
Thew, by assanmption (b) we got
(2.5) Solen ¥ puln) = b (80 + pun).
A combination of (2.2) and (2.5) yiolds
(€)= B fo (20 b puka) =l b (2, 4 paba) = ho(zo),

Implying that the cladm (1) holds.
Stmilnrly we enn show the validity of the claim (11).

Then, by Lennun 2 we have g(&) = hy(20)(€ = pn), where py in a constant. Therofore
A4 e P0) < |ho(z0)l < A,
which in 0 contradiction.

Cnro 2 Lt 5y E.

Withent loss of generality, we enn nssnme that, zy = 0. Then there oxists o positive
constant & such that he(z) # 0 on A'(0,46,). Tt follows from Case | that {f,]} in
norml on A’(0,8,).

By taking n nubsegquenco and remunbering, we can assime that.
(2.6) fo = [ on A'(0,6,).

Now il [ Ix n holomorphic in A7(0,4,), then by the maximum modulus principle wo
conclnde thit fr, = f on A(0,4)), and the result follows. So, lot us assue that
fu = oc in A'(0,8)). Let » < &), then f,, = oo uniformly ou |z| = r. Without loss
of generality, we can wssinne that f,, o 0 on [z] = v for large enough 1. Note that
winca f,, wnd by, have no common zoros, f,, can have only slmple zeros. Then from
condition (b), wo deduce that !T“ in holomorphic on A0, 7).

Then by the argumnent prineiplo and the Causliy theotem, {or largs enough n, we

hnve
n(r, .-;;) |.1.:_': ./|.|_, —f—{f:l:l
4 -
(2.7) ‘-Iﬁ L —--—f"!"h"//z +4 TZ'?/;”-. ’L::-tltl
n',‘_—:"' ‘/;'I-’ ."—:llz| < 2_|n' -, AT:-Mu 0,

G0
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which bupliea that [, has no zoron in |z < r and ;}- v holomorphic in (2] < » In
view of 7‘; = 0in 0 < |2| <7, wo have t = Oin (2] <7 Thus, f,, = o0 in 2] < 7.

So, {fu} in normal at z = 0. Theoremn 1.1 s proved,

3. Proor oF i TheEorEM 1.2

We are required to prove that a given sequence {f, ) containg a subsequence
that converges spherically locally wniformly on 1) or {f,} in novimal on D, By thoe
nrsuniption, there oxists a corremponding sequence {h,} € H such that the functions
Juo B and L(f,,) satinfy the conditious (1)-(4) of the theorem.

Since K s normal, the sequence {h,} contains a subsequence, which we ngnin
denote by (/iy}, such that {hy,)} converges sphevically loeally aniformly on £ to n
meromorphic function hg, which may be 0o identicnlly. Note that since 0,00 ¢ 9, we
have hy # 0, no.

Taking futo account. that nonuality is a local property, it s enough to show that
{fu} 0 norinnl at onch 2, € D. We set £ = by ' (0) Uy, '(ov), anid continue the proof
by distingnishing two cases.

Cane 1. Lot gy ¢f B

L thin cane wo have hy(zy) ¥ 0. Hencs, noting that /i, converges to by spherically
loeally uniforinly on D, we conclude that there exists n ponsitive constant 8 such that
ha(z) ¥ U on A(zy,d) for lurge enough o Thon i follows from the condition (2) of
the theorem that L{f,)(2) = h,(2) # 0 on A(zg, 4).

Suppase, Lo the contrary, that {f,} s not novmal at z;. Then by lemma 2.3, there
oxint n subsequence of the sequence (£, }, (which we ngain denote by { £, }), 0 sequence

of complox numbers z,, <3 2y ad a sequence of positive numbers p,, = O, sich that

Bl . (€)= 0" fulan + pu€) -+ 9(6),

whors the convergonee i spherically loeally unifornly in €, and g is a non-coustant
meromorphic function.

By ditferentinting (3.1} we obtain
(3.2) a(€) = o [0 (5 + pu) -+ 46,

where the convergance is spherically locally uniformly in C, and | 1 < &
(1]
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Furthermore, we have
L(fn)(zn + pn€) = hn(zn + p€)
=00(2n + Pn€) ) (zn + Pn€) + a1(2n + Pa€)fF V(20 + £n€)
(3.3) + -+ akfr(zn + Pa€) = hn(zn + pné)
=ao(zn + pn€)gh (€) + puar(zn + pn)gl ~1(€)
+ o+ phak(zn + Pn€)9n(€) = ha(zn + pa€) = au(20)9*)(€) - ho(z0),

where the convergence is spherically locally uniformly in C.
Noting that f,,(2) # 0 in view of Hurwitz’s theorem we have g(z) # 0. Moreover, it
follows from Hurwitz's theorem and L(f,.)(2) — hn(z) # 0 on A(2p.6) that g (2) #

Nl 24

. Hence, in view of Lemma 2.1, we get a contradiction. Thus, we have proved

Halta)

that {f,} is normal at z,.

Case 2. Let 2p € E.

Without loss of generality, we can assuine that zy = 0. Then there exists a positive
constant d; such that hy(z) # 0,00 on A’(0, ;). It follows from Case 1 that {f,} is
normal on A’(0, 8, ). Moreover, we have f, — fo on A’(0, 61), where f; is meromorphic
on A'(0,8) or fo = o0

Suppose first that fo # 0. Then we have [L_ — % on A'(0,81). Since f.(z) # 0
ou D, /L is holomorphic on D. Hence, by the maximum modulus principle, we have
7 = 7 on &'(0,6y), implying that {f.} is normal at 0.

Now, we assume that fo = 0. In this case, for any positive constant r < 4;, we
have f, — 0 and f,‘.“' — 0 as n = oo on |z| = 7 for all positive integers I. Hence
L{f,) = 0and L(fn) = 0on |z| =7.

Next. from the argument priuciple, for sufficiently large n we have

. :
m] - nlr, L(f,) = ky)

___]_/ L(fn)l_h::d‘__k 1 i ’L(;d
2m [z|=r L(fn)"‘,ln + 2mi '/|2|"'" ’Lo

=i, hlo-) —n(r, hg),

n(r,

where n(r, ;) and n(r. g) are the numbers of zeros and poles of ¢ in |z] < 1,
respectively, counting multiplicities. Then, it follows that
1 1 L
34 n(r, ——————) ~n(r, L{f,) = h,.) = n(r, =) = n(r, hy).
64 nl ) = L) = h) = ar, ) = nlr, h)
We consider two subcases.
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Subcase 2.1. Let h(0) = 0.

Noting that the convergence h, — hg is spherically locally uniformly on D. we
conclude that there exists a positive 7y < §; such that n{ry, 7}:) = n(r;, ) and
n{ri, ho) = 0 for sufficiently large 7. Then it follows from conditious (2) and (3) that

1 1 1
Ny ) —) = nfry, —
1 L(f") < h") n(rh h") n(rl h()),

and in view of (3.4) we have

n(

n(r1, L(fa) = ha) < n(ry, ho) = 0.
Then, it follows from condition (4) that
n(r1, L(fy)) =nl(ry, L{fa) = In) < n(r1, ho) =0,

implying that n(r;. L(f.)) = 0. Hence, f, has no pole on A, . Then, taking into
account that f, — 0 on A’(0,r;) and using the maximum modulus principle, we

conclude that f,, = 0 on A(0,r;), showing that {f,,} is normal at 0.

Subcase 2.2. Let hy(0) = oo.
Noting that the convergence h, — hg is spherically locally uniformly on D. we

conclude that there exists a positive 72 < &; such that for sufficiently large n
n(ra, hn) = n(r2, ho)

and

(r2s o) = n{ra, =) = 0

T2 ) = — )=V

n\ra, P 2y ho

Then it follows from condition (2) that n(rz, Wll_h) =0, and m view of (3.4), we
obtain
(35) Tl(?', L(fu) ~h,) = "(7'1 ho) = "'(T’thn)'
Thus, by condition (4), we have
(3.6) N i(r2, L(fn)) + n(ra, ha) < n(r1, L(fa) = ha),

where 7i(r2, g) is the number of poles of g in A(0, 72), ignoring multiplicities. Combing
(3.5) and (3.6), we get 7(ra, L(f,)) < 0. implying that #i(r2, L(f.)) = 0. So
n(rg, L(f.)) = 0, and hence f, has no pole on A(0.72). The arguments, similar
to that of used in Subcase 2.1, show that {f.} is normal at 0. Combing the Cases 1
and 2 we conclude that the family F is normal at each zp € D.

This completes the proof of Theorem 1.2.
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Abstract. A simple proof of the proposition, stated in ({2}, p. 346), asserting that in
Hilbert spaces a Riesz basis is greedy. is given. Also, greedy approximant for frames
in Hilbert spaces is defined and it is shown that frames satisfy the quasi greedy and
almost greedy conditions. Finally, we give the characterizations of approximation

spaces A*(¥), A;(\ll) by mcans of weuk-¢, and Lorentz scquence spaces for frames.
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1. INTRODUCTION

Let ¥ be a separable Hilbert space with inner product (., )

Definition 1.1. (a) A sequence {z,}32, C X is called a Riesz basis for X, if
{x,}., is complete in H and there exist constants A, B > 0 such that

o~ oc -~
A aul? <1 anzal? < BY lauf? for all {aa )3, € €.
n=1 n=1 n=1

(b) A sequence {z,}5; C H is called a frame (or Hilbert frame) for 3, if there exist
constants A, B > 0 such that

~
(1.1) Allz)? < 3 (@, za)? < Bljz||® for all z € .
n=1
The constants 4 and B in (1.1) are called the lower and upper frame bounds of
the frame, respectively. They are not unique. If A = B, then {z,} is called an A-tight
frame and if A = B = 1, then {z,} is called a Parseval frame. The inequality in (1.1)
is called the frame inequality. The operator T : £2 — H defined as

T({cx}) = Z cxzk, {ck} € &,

k=1
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is called the pre-frame operator (or synthesis operator) and its adjoint operator T* :

H = €%, is called the analysis operator and is given by
T*(z) = {{z,z¢)}, z € H.

Composing T and T we obtain the frame operator S = TT* : H — H given by

0
S(x) = Z(:r,:vk)xk, T e .
k=1
Observe that the frame operator S is a positive, self-adjoint and invertible operator

on H. This gives the reconstruction formula for all z € H,

(1.2) T = 887'x = 3 (S mompep =) SlanSi o
k=1 1=}

For more details related to frames and Riesz frames, see [4. 6].

The notion of N-term error of approzimation and thresholding greedy algorithm of
order N for Schauder basis in Banach spaces have been defined and studied in [9, 12,
13, 15].

Let X be a Banach space and (z,, f..) be Schauder basis for X

Z__ = {z a,x, :0 C N,/ Jo| = N € N,a,, are scalars}
s n€oc

Forre X, 2 =3 oy fulT)z, we define

—_—

ZN = {z fa(@)z, 0 CN,)|o| = N € N}.

nE€o

For each z € X the N-term error of approzimation is defined by

an(z) =inf{llz -yl :y € z~ ).

on(z) =inf{lz-yl:y € )
Let v = {1y }{% be a permutation of natural numbers such that
[ @ 2 g (@) 2 | frs (@) 2 oo

We now define the N-greedy approximant as
N
GN(I) - Z fllk (I)Iﬂk .
k=1

Definition 1.2. A Schauder basis (zn, fn) is said to be quasi greedy if there exists

a constant C such that ||Gn(z)| < CJz|| for all x € X.

Definition 1.3. A Schauder basis (z,, f,) is said to be almost greedy if there exists

a constant C such that |z — Gn(z)|| < Can(z) for all z € X.
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Definition 1.4. A Schauder basis (#,, f.) is said to be greedy if there exists a
coustant C such that ||z — Gy (z)| < Copn(z) for all z € X.

In [9], the following relation between greedy basis, almost greedy basis and quasi
greedy basis has been given:

Greedy basis = almost greedy basis = quasi greedy basis.

Remark 1.1. Let {z,} be an orthonormal basis for Hilbert space H, then {z,} is

greedy.

2. RIESZ BASIS AND GREEDY APPROXIMATION

We begin this section with a simple new proof of the proposition, stated in ([2],
p. 346), asserting that in Hilbert spaces Riesz bases are greedy. This theorem follows
from the fact that a Riesz basis is Ly-equivalent to the Haar basis and using Theorem
2.1 of [13]. It can also be deduced from the fact that a Riesz basis is democratic and
using Theorem 1 of [14]. Here we give a formal proof of this result with improved

constant in the Greedy estimate.

Theorem 2.1. Let {z,]} be a Riesz basts for Hilbert space H with bounds A and B.
Then, for any N € N

—

|z — Gn(a)]| < \1“%ﬂ_y(w) for all z € H.

We first provide some terminology which is required in the proof of Theorem
2.1. Let {z,} be a frame for tilbert space H and ¢ C N with |[¢] = N € N. We
denote H, = span, ¢, {zn}. As in [5], {Zn}neo is a frame for H,. Let V5 be a frame
operator for the frame {z, }recs of H,. Since 3, is a closed subspace of J{, there is

an orthogonal projection P, from H onto H,. Thus, for r € H we have

Po(z) = D (Pa(@). Vo wn)za = Y (2 PV 20)en
neo n€o
~ = Z(J;,V,“zn)z".
nEe

Lemma 2.1. Let {z,} be a frame for Hilbert space H. o be a finite subset of N and
Py be the orthogonal projection from H onto #,. Then. for x € H we have

an(z) = nf{lz - Po(@) ;0 C N, lo| = N}.
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Proof. For « € { we have
llz = Po(@)ll = dist(z, o) = inf{flz — yll - y € Ky }.

So, for any y € H, we have ||z — P(z)|| < ||z — yl|. Hence

on(z) = inf{llz = Fo(z) | : 0 S N.Jo| = N}.
Let {z,} be a Riesz basis for 3 and S be a frame operator for {z,}. For ¢ C N,
define the following operators:

(i) So:H > Has
Sq(x) = Z(l. Tr)Tn, for oG N i =2ivs

neo
(il) Qo : H —=Has
Qo(z) = 5.5 (2) = Y AS S VeIt
n€o
Let p = {ny};2, be a permutation of natural numbers such that
[{z. § 7 xn, .2 WS~ s Ml (S S

P
The N-greedy approximant is given by Gn(z) = 3 (z, 57 'z, 2o, .

k=1
Remark 2.1. ([4]) A Riesz basis {z,} for K is a frame for 3, and the Riesz basis

bounds coincide with the frame bounds.

Proof. of Theorem 2.1 by Remark 2.1, a Riesz basis is a frame for H with the
same bounds. Since A and B are the bounds of the Riesz basis {z,}, by the frame
inequality we have
S
Allz? < 3z, za)? < Blizl?, = € K.
n=1

Note that

Iz — Ga(@® = 3, {2, 8700, Yooy [P = siip | 3oz 8 s M maiatil I

k>N yEH |lyll=1 k>N
< 571 2 2 ~ B S_l' 2
= |(T: T"k)l sup '(z"ny)' - I(.’E, Iﬂx)l
k>N veXluli=l SN k>N

Also, by the definition of greedy approximant, for z € 3, we have

Z (. SE g gl < Z [(x,58 'z,)[% for any ¢ C N,|o| = N.
k>N neN\o
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Thus, for any ¢ C N with |o| = N. we have
le— Gn)|I? < B z [z, 8 zn)|?, for z € K.
neN\o
Let V, be the frame operator for the frame {z, }nco of span{z, }nco, and let P, be the
orthogonal projection from X onto span{zn,}.co, given by P,(z) = Y_ (z,V, 'z,)z,

n€c
(see Theorem 1.1.8 in [4]). Also, by inequalities of canonical dual frame of {z,}, we

have
e = Po@l? 2 T He = Pole), 5702 2 Y 12,57 2) ~ (Po(a), ™20
neN nEN\e
= Z {z, S z,) Z(x,V L) (P ") P = Z Kz, 871z,
neN\o j€o neN\e

Thus, for any 0 C N with |¢| = N, we obtain
B
Iz - Gn(2)lI? < 7z - Po(2)))? for z € XK.

Hence, by Lemnma 2.2, we get

B
lx — Gn(x)ll < V/§ on(z) for £ € H.

Theoremn 2.1 is proved.

3. FRAMES AND GREEDY APPROXIMATION

Let ¥ = {z,} be a frame for Hilbert space }{ with canonical dual frame {S~!z,},
andlet z = ¥ (z,5 'xn)z, forall z € H. Define the nonlinear N-term epprozimation
n=l
manifolds for frames, in the similar manner as we have defined for Schauder basis, as
follows:

Z (¥) = {Z a,z,:0 SN, o} =N, a, are sca.lars},

nea

= [ Y
ZN(‘I‘) = {E(I.S’lzu)ru :oCN, €M, o] =N},

nco J

We define the N-term approrimation errors as

on(z) =inf{llz-yll:y€ Y (¥)}.

Gn(z) = inf{llz -yl sy 3, (V).
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Also, define S,, Q, : H = H as
Sa(z) = Y (2,%a)Tn, 0 SN, [o] = N,

n€o
Qa(z) = So (S (2)) = Y _ (&, 5™ z0)an.
n€o

Let p = {nx}§2, be a permutation of natural numbers such that
(2,8 xn)F 2 ({28 20, ) 2 Iz, 8wy} 2 ..

Now, define the N-greedy approzimant for a frame {z,} as

N
Gn(x) = E(I,S-’I"‘>1‘"k for r € H.

k=1
We have G (r) = Qgq,(2) for some ay C N, |og| = N.

Lemma 3.1. ([6]) Let {x,} be a frame unth bounds A, B, and let T be its synthesis
operator. Then €2 = kerT & RanT*. Moreover, we have

AZ|{1"|2 < z:n:,.:r,.ll2 < lelo:ﬂ2 for all a = {a,} € RanT".
n n n

Let {r,} be a frame for Hilbert space X and ¢ C N. Define the operators T,, T3

as follows:
T5({aj}jeq) = 2“1’1' {aj}ies € € T;(x) = {(2,7,)} ¢, x € K.
€0
Observe that S,(x) = 1,15 (x) = ¥ (z,x;)x, for all j € o, and T is the adjoint of
JE€o

operator T,,.
Lemma 3.2. Let ¥ = {x,} be a frame for Hilbert space H with bounds A and B,
and let 0 C N. Then ||S,(x)|} < B||z|| for all z € K.

Proof. Using the frame inequality, for x € H we obtain

ITs @I = Iz, 2;)F < S Iz, 2,)? < Blizll.

j€o i=1
T2 (2)l| € VB||z|| for all x € . Thus, we get

So, we have |
WSo (2)Il = ITo T3 ()l < ITWIITS W2l < Bllzll, = € K.

The next result shows that frames satisfy the quasi greedy condition.

Theorem 3.1. Let W = {z,} be a framne with bounds A and B. Then
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(1) IGn( < 2zl for altx € .
(2) |z — Gn()| 20 os N - co.
Proof. (1). Let Gn(x) = Qq,(z) for some oy C N with |og| = N. Then we have
NG~ @) = §Qay (@)l = §Se,S™ (@)l < ISau S~ - 1=l-
Therefore, by Lemma 3.2, ||S,, || < B and |§-!Y < A~". Hence ||Gn(z)]| £

To prove the assertion (2) observe that

le = Gu(@I? = Il 3 2. S 2 )zn P = sup | 3" (2,5 20 ) (@n I

0

Sz

ESN veH lvl=1 SN
-1 p e ?
< Y e $7'w)P wap Y Kww < B Y 5 ST 5
kSN veM||=l1=1 Sy k>N

By the definition of greedy algorithin, for any 0 C N with |o| = N, we have
.)_;, '(zvs_|wﬂ‘.)|1 S 2 ‘(x,S-Itﬂ)l'l'
k>N neN\o

Thus, we obtnin

- <
o= Gn@IP < B > 2,8 'z.)]> - Oas N =
n=N+1

Theorem 3.1 is proved. Next, we show that frames also satisfy the almost greedy

condition.

Theorem 3.2. Let ¥ = {z,,} be a frame for H with bounds A and B. Then

I - G (o)l < [ (o)

Proof. As in the proof of Theorem 3.3, we have ||z —Gn(z)||* < B Y [(z,87'z.)?
n€N\o
for any o C N with |o] = N and = € H. Also, by Lemma 3.1 we have

Allali® < || zanl‘n"2 < Blla|® for all ¢ = {an} € ker T+,

n=1
Moreover, {(x,8~'za}} = {(S'z,2,)} = T*S~(x) € RanT* = kerT*. So, for any
o € N with |¢| C N we obtain

o B
le = Gu(@I? < Zll 3 (@, 5™ zn)on? for all € %
neN\n

Now, let y = Y (z,S 'zn)an € iN(W). Then

nie
lz = ull* =i Z (%, 8 'x,)x,|? for any o € N with|o| = N.
neN\o
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Thus,

= =
e = Gu()I? < Slle = il for auy y € 3 (¥).

Hence, ||z — Gy ()] < V/,: on(z) for z € H. Theorem 3.4 is proved.
Next, we define the weak-{, and Lorentz sequence spaces. We also define the approximation
spaces A*(¥) and A}(¥) for frames ¥ = {z,} in Hilbert spaces. In [8, 10, 12], greedy
algorithms such as Pure Greedy Algorithm, Relared Greedy Algorthm, Orthogonal
Greedy Algorithm for general dictionaries in Hilbert spaces have been defined and
proved various Lebesgue-type inequalities for greedy approximations. In the following,
we give the characterizations of approximation spaces by means of sequence spaces.

We first definc the weak-¢, and Lorentz sequence spaces.

Definition 3.1. ({7, 11]) For 0 < p < oo, the weak-£, sequence space, denoted by
wéy, is defined to be the space of all sequences {a,}as,y satisfying
I{an}llwe, = supn'/Pa;, < oo,
n21

where {af}%, is a nonincreasing rearrangement of {lan|}22,.

Definition 3.2. ([1, 7]) For 0 < p < oc and 1 < g < oo, the Lorentz sequence space,
denoted by €y, 4, is defined to be the space of all sequences {a,}72, satisfying

o 1/q
Ian}le,., = (za;w"" ') <,

n=1

where {a}}°2, is a nonincreasing rearrangement of {|a.|}3%;.
The notation A = H stands for C;A < B < C,A with some constants C;,C; > 0.

Remark 3.1. Note that
1/q

L )
3.1) an)lle,., = | 3 22/%a3

=l

In the following, we define the approximation spaces for framnes.

Definition 3.3. ([7]) Let ¥ = {z,} be a frame. For 0 < s < oo, we define the
approximation space A"(¥) as the set of z € K satisfying

Hzllas(w) = supn®an(x) < 0o.
w2l
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Definition 3.4. ([7]) Let ¥ = {2,} be a frame. For 0 < s < oc and 1 < ¢ < oc, we
define the approximation space A5(V) as the set of = € H satisfying

[/ oo \ Vg
N=llagce) = (Ed.‘.(ﬂn"”) < o0.
n=i

We have (see [7])

o i\/q
(3.2) Nzl azie) = (EU 2""')

y=0

For the sake of completeness of our discussion related to the characterizations of

approximation spaces. in the form of a remark, we state a result from (7.

Remark 3.2. Let ¥ = {z,} be an orthonormal basis for J{. Then
(a) v € A°(¥) if and only if {(z,z,)} € wfp, -

P
(b) = € AL(Y) if and only if {(2, 2n)) € bpg, %

»n
+

Now the question of interest is: given a real number s > 0 such that for z € ¥ the
error of N-term approximation for frames satisfies on(z) < M- N~ N =1,2,3, ...,

for some constant M > 0. The next result concerns this question.

Theorem 3.3. Let U = (.} be a frame for H with bounds A end B. If {{(z, 5 'z,)} €
wly, then T € A*(D), where : =s+ % andp < 2.

Proof. Let M = ||{{(z, S z)}llwi, and {nx} be a permutation of N such that
(@, S za, )| 2 (2,87 T, )l 2 (2,57 2n,)]....

Now, take ¢} = |(x, S 'z, )| fork = 1,2,3,4, ..., and observe that by the assumption
we have k”"c; < M for all k € N. Also, by Theorem 3.1, for N € N we have

lz - Gn(2)I* < B z (2,57 (za,))I? = B Z Gl zeX.

k=N+1 k=N41
zmi’l 1
Consider the dyadic sums F2 = ¥ ¢}? m=1,2,3,... Then we have
k=3
2"‘“—1
2< Y MM < MP2TP™ forallm=1,2,3, .
k=2m
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Also, let 2/ < N <241 for I =0,1,2,3,... Then we can write

oo o0
N¥o%(z) < N*|lz ~Gn@I* S N*B Y ¢?<N*B) g’

k=N+1 =2}
x ~ ~ . 94+
S B 3 i = B 3 FL < BMARED S 3T o B e

k=2! m=l m={

Thus, sup N®on(z) < oo and the result follows. Theorem 3.3 is proved.
1<N<o
Next, we show that the converse of Theorem 3.3 is true for Riesz bases.

Theorem 3.4. Let ¥ = {z,} be a Riesz basis for H with bounds A and B. Then

x € A*(¥) if and only if {(z.87'z,)} € we,, ’l) =8+ ;’, p<2.

Proof. If {(x, S"z")} € wly, then the result follows from Theorem 3.3.
Conversely, let € A”. Then for any finite subset & C N with o] = N, z € 3 and

from the proof of Theorem 2.1 we have
oC

1
(z, S 'z, ) < —ta";‘,(z) for all z € H.
k=N+1 X

As in the proof of Theorew 3.3, take ¢f = |(x, Sz, )| for k=1, 2, 3,..., to obtain

2N o0

. . A = 1
SN SN 0 PNt 3D s N7 eR(e).
k=N+1 k=N+1

Since a similar inequality holds for ¢5y,,, we have the other implication of the
asserted equivalence. Moreover, by assumption, of,(x) € N~%|z||%. for N > 1.

Therefore

]
N?/PC;I = 1V20+lc;v < z"zl

2. <oo forany N > 1,
implying that {(z, S™'z,)} € wty,. Theorem 3.4 is proved.

Now, we give a characterization of approximation space A;(\I') by means of Lorentz

sequence spaces.

Theorem 3.5. Let ¥ = {x,} be a frume for H with bounds A and B. If {{x, S z,)} €
fp.q, then x € AL(P), where ;—) =8+ 3 and0< g < 2.

Proof. As in the proof of Theorem 3.3, take ¢f = |(x, S~ x,,)| for k = 1,2,3, ....,
Then, by Theorem 3.1 for ;n € N we have

oo
ovzn(z) S IIT - G,,,(a:)||2 S B Z: C;z, T € :}(
k=m+1
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Also, since an €;-norm does not exceed an €q-uorm, we can write

or(x) s VB( T a7 VE(S )< VBT, 2567

k=2 4] k=2 k=m
oo
< \/l'j(z: areider ayt/e.
k=wmn
So, it follows that with soine counstant C
-~ 20
Z 2'"“0;_ (I) < Bq/z z gmsq Z qu/Zc;.q < Bq/zcz 2kuq2kq/ﬂc;.q
m=] k=m k=1
< B"/"'CZ gkq/wc;kq < 0o,
k=1

implying that € A?(D). Theoremn 3.5 is proved.
Finally, we show that the converse of Theorem 3.5 is true for Riesz bases in Hilbert

spaces. In (8], a similar characterization of A:(¥) by orthonormal basis is given.
Theorem 3.6. Let ¥ = {z,} be a Riesz basis for H with bounds A and B. Then
3 1 1
x € A2(V) if and only if {(z, 5 'za)} € by 4, = P +5,9<2

Proof. If {(z,$""z,)} € ¢, then the result immediately follows from Theorem 3..
Conversely, let z € Ag(D). Then, by Theorem 3.12 we have

1
¢t <n ' —g,(z), forneN, ¢ e X
VA
Therefore
o0
q/p=1_» /p~1 /2 =
};171 s Aq,z_:ln‘”’ n gl (z) = ,1'/22 n%"169(z) < co.

Hence, {(z,S™'zn)} € lp o Theorem 3.6 is proved.
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