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1 Introduction

It vs well-known that the notion of variation of a function was introduced by .lordau
[18] in 1881. In 11)21, Wiener [23] generalized this notion and introduced the notion
of -variation. In 1937, Young |20| introduced the notion of -varialiou. Waterman
[24] has studied the class of functions of hounded Jl-variation, and Chantuna |
lias delined lhe notion of modulus of variation of a function. Later the notion uf
modulus of variation for a continuous function was generalized by Karchava [19]. In
1990. Kitfi and Yoneda )2p| haw introduced the notion of generalized Wiener's class
DV (p{n) tp)-

Lei / be a function defined on (—e0. +oc) with period 1. [ issaid to he a partition
with period 1, if

A: .t-i <tn<t\ <h < ..<(mc< L < L

satisfies — + 1for I: = 0,%£1.12,.... when; m is ;i positive integer. Let
1;(4) = inf\tk -

Definition 1.1 (|2()|). iai />{a@) bt an increasiny < :<<,vch that. 1< y>«) fp os

M-+OC, where I < p < oc. We say that afunction f belongs to the class BV [pin] t p)
3



N APLAKOV

y (f'p( ) P):=supsup ™ [/(/*) - I(*A-i)],<)) p(A) > — f < oo

Ifp (n) = p for all n. then the class BV (p( ) t p) coincides with the Wiener class
Vp of functions of bounded p-variation.

Properties of functions of class BV (p(n) t p) as well as uniform convergence and
divergence of their Fourier series by trigonometric and Walsh systems have been
studied by Kita |21|, Goginava [7] |9] and Goginava, Nagy |12|.

In '2000. Akhobadze [1) has generalized the class BV (p(n) t p) by introducing the
class BV (p(n) P,®), defined below.

Let ®be an increasing function defined on the set of natural numbers N, such that
0(1) > 2 and

]]!i_%:qa(b) = +00.
Let/ be a finite 1-periodic function defined on (—e0, +oc), and let [ be a partition

with period 1, defined above.

Definition 1.2 (Akhobadze [1)). Let p(n) be an increasing sequence such that 1 <
p(n) f p asn —Yoo, where 1 < p < oc, and let the function @ be above. We say

that a function f belongs to the class BV (p( ) p, ) if
V(f.p(n)1p.<t>) = supsup I (ife-pIr )Nt op@) >N j o<

If p(n) = p for ericii natural n, where 1 < p < oo. then the class BV (p(n) f p. $
coincides with the Wiener class W< and if ®(n) = 2. n = 1,2..... then the class
BV (p () t Pi®) coincides with the class BV (p (it) t A=

Some generalizations of the notion of variation of functions has been considered
by Akhobadze [2], Goginava |8, 9), and Goginava and Sahakian 113, 14|.

Let C([0,1]) denote the space of continuous functions with period 1

If / 6 C'([0, 1]), then the function

(5. ) = max {If (x)- /(if)] - -y\< x,y € (0.1}

is called the modulus of continuity of /.
Given a modulus of continuity n (), by 11Wwe denote the class of functions / €
C ([0,1]) satisfying w(J,/) = 0(w(J)) as 6 — 0 + . Given an increasing function
4
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m defined on the set of naturals N. such that <p(l) > 2 and liin,, »™" (n) - +00.
Denote

t(? min{ :kEN, ipk)>r}, r>2

Definition 1.3. We say that the sequence {p ( ) :n > 1} and the function ip satisfy
condition (By ip), if Ihere exists a constant ¢ > 0 such, that for every n > 1
oc 1 c

2. IIAAH-LIKE SYSTEMS

Let {p,} be a sequence of prime numbers, such that 2 < p,, < N (n = J,2,..),
where N > 2 is a natural number. Let {mu. n > 0} be a sequence of integers defined

by

and let

Each integer in > 2 can be uniquely written in the form
m =m, + r(pn+i - 1) + s,

wheren =0,1,.... r = 0...m,, —land a= 1, ....p,t+1 —1
We set \ 1 (I) —]ou [0,1], and for m >2 define

At the interior discontinuity points t € Q, we define the function \m (0 to I» the
average of the limits on either side, while at the endpoints of the interval [0.1], we
define T (4) to bo the limits from the interior.

Thus we have defined the system x{Pn} of the class  The class \ ywhich is the sot
of all systems \ {pn} with bounded sequences {pn > 2}, was introduced by Vilenkin
[23] in 1947. Ifpn = 2,n = 1.2,..., then we have the classical llaar system, introduced
by Haar 117 in 19U9.
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Let L([0,1]) be the class of all measurable 1—periodic functions defined on i0.

i =)\ < <a

Denote by am (/) the Fourier coefficients of a function / € L{[0.1]) with respect to

with the following norm

Haar-like system {\1 (0}:
1
««, (/) = 1 f(f) X,n(t)dt.  hi = 1,2...
0
The problem of estimation of Fouricr-1laar coefficients and absolute convergence of
series of Fourier-Haar coefficients has been studied in a number of papers. Wo mention,
for instance, the papers by Ul’ianov |22|. Golubov |15|, Chaiituria |5]. Goginava 110],
Gat and Toledo [fi|, Aplakov [1].
The absolute convergence of series of Fourier-1laar-like coefficients has been studied
by Golubov and Rubinshtein [10], where, in particular, the following theorems were

proved.

Theorem GUI ([16]). Let { ,,} 6\ The following assertions hold.
1) Iff d V] for I<p <oo0and0 > , then

[o]e]

m=1
2) For any 1< p < oc there exists nfunction /o € Vp (moreover /u e Lip(]/p)),

for which
00

N l«m (f0)|'f= QC
m=I
when 0 =

Theorem GR2 (fl6]). Let \'{;>,} 6 \. The following assertions hold.
1) Iff £ Vpforl<p<ooanda <i —|, then

oc
m* |o,,, (/)] < 00.

2) Forany 1< p < oo there, exists afunction /(, € W (moreoverfa€ Lip(\/p)),

for which
00

A2 m" Jam(/o)| = oc
=1
when <*=" — |
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In this paper we study absolute convergence of flic series of Fourier coefficients
with respect to Haar-likc systems in the class of functions of generalized bounded

variation. Specifically, we study convergence of the series

f>°K , )

for functions / from the class BV (p(n) t }»<3, l'or various values of the parameters
a and /3

The main results

The main results of this paper are the following theorems.

Theorem 3.1. The following assertions hold.

a) Letf e BV (>( )t for some ft G(2/3,2) mid

*
1

;l\=l ,,h,<(1/2+1/,,(r(m,,))) 1< e

Then

[e]e]

b) Let the sequence {/>(«) :n > 1} and the function he such that the condition
(B.ip) is satisfied, and let for some ft € (2/3. 2)
00
/(112 tl,-(r(m,,))>. 1 = 00
n=I m

Then there crisis a function f06 BV (p(n) f such that

f 00
Y Man(fo)f = 00
n-1

Theorem 3.2. The following assertions hold.

a) Letf GBV "p(n) t . < for some a € (-1/2, 1/2) and

b P (T(T,,))-112~«
w=l "ht

Then
@

J 2 n"ia» (J1l < oo.

71— 1



A AP1.AKOV

b) Let. the sequence {p ( ) :n > 1} and the function tp be such thatthe condition

(B,ip) is satisfied, and let for some a 6 (—1/2,1/2)
@

B I/p(r(m,))-1/2—« ~ °°
J=lmn

Then there exists afunction /y € BV ("p(n) i+,, o) that
00

nk (Nn)i= °°e
n=1

Combining Theorems 3.1 and 3.2 we obtain the following result.

Theorem 3.3. The following assertions hold.

a) Letf 6 BV ("p(n) t 2+4a-i’  Jor somc P > 0 wii/i <# < 2+ 2a,
aw/ let
Then
lan(/)|3 < 00.
L

b) Le/. the. sequence {p ( ) :n > J} and the. function ip be such that the condition
(B,<p) is satisfied, and let. for somc ;3 > 0 with ><8<2+2a

@ J
ii=l mn
Then there exists a function fa€ BV yp(n) t such that

oo

1T n“Ja, (/(,)|fl = oo.

n=1
4. Auxiliary results’

To prove the theorems stated in Section 3. we need the following lemmas.

Lemma 4.1 ((3, 11]). The. embedding HwWC BV (p(n) tp.0) holds if and onhj if

u (0 = o (*,/pCt<l/*))» hs <—»()+.

Lemma 4.2 ([16]). Let cn> 0, Icn < oc and lei Jo be afunction defined by
n=
0]

Jo(*)= £ ( I)fclcloe2” 1%+
bl

8



ON absolute convergence of the series ..

m,,+i
then [am(/0)| > coin], c,,, where rO is any positive constant.
m=mn+|

Lemma 4.3. Letp{n) TP withp e (1,00) and lel the sequence {p(n) mn > 1J and
the function  satisfy condition If

m@ =2 ( 1) il,,(t(,.u))
fe=i "o-

then fQ€ BV (p( ) tP, )
Proof. Forevery 0 < < 1, there exists a natural n such that

1 <<5<— .
m,+1 m,

Let, X,y 6 [0,1] be such that. |[n —y| < €< 1. Then we can write

l/lo(a) /o (?)] <™ (lcos(2mnkx) - cos (21rTBA/)| +
k=1

+ |sin (2aTKx) - sin (27rrUfcj/)) m k
(2 |sin {TkT(a: - y)) sin (mka (x + t/))]
k=1
+2 |sin (77T (x - (/) cos (mfcjr (a: + .y))|) n

A [sin (LT (x - y))I

sin (TnKT r- )r)_l 1
(4.1) < 4V i ’ K +‘4 Y I/ Ky =1+11.
k~1 =i‘IL'II<P(r§m ) k-n+1 lep(r(m -

We first estimate | to obtain

<«>

<4n6' v ,IIMT(T") < cSrn]r]* T(M™
k=1

m I-1/p(T(n,,)) B <(r(m,)) < GsIMN(T/IT))

From the condition of the lemma for Il we have

c
11 <

]/J-)gr(mu» < r£ 1p(T(™n)) (1jl/ p(£(1/S))
rum rel/p n e
Slllgm )
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Combining (4.1)-(4.3) we get

w (6,/0) = O as 8 O0+.
Applying Lemma 4.1 wc obtain

/0 € BV (p(n) t P:®),

and tlif* result follows.

5. PROOKS

Proof of Theorem S 1. In (10] it is proved that the following estimation holds

m,,+H
(3.1) e
m,,-1 Pn+i—
< cml - (pn+i- 1)
S S On r.lt - ~ )
where
AWA r K-1 T . K
: in,,  m,+1' m, pi,+

Then we can write

E o)?'(/) < crn'n 2 (pn+t 1)

mn—ipr+i-1 et P(1(T.))
fit
+ ™ +1
=cm, ® ()i )
P(r(mn))
k ! Gt mn) TGS *wn ' onn+is .
< cm Wgz))( +
O ) ()

p(T(T,,)

X sup . i . .
E /g = -7y Th, T mna+t)

p(»,) 1/ pet («i,%)
<csuppnnin 2 [V [l.p()t 2____[27'1)

10
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Let ) < p(T(vin)) < and n > n0. Then applying Holder’s inequality we gel
.ot e SHI(r(in,, )
(m>+-m,,) nv—w
MI=.7/1, 11 m—mu 1J
= &m U2+, (r(w,.)))-!
lienee
GD D0 dn+l
EW(i"=E E_ K()r*
—EE |SH)B+ \*
=EE, 1708+ EE, MY
JE o L)L < oo

Part a) of the theorem is proved.
b) Let { )t and 0 6 (2/3.2). Define

#2TTITKX
:E( ])1 mk

and show that /o is the required function. To this end, observe first (hat by Lemma

4.3 we have

/oeW ~“nlt— i).

Denote by En the set of integers r from [0, m,, - 1] satisfying |(/0) j > »x 1'1
andlet £” = [0.m, 1\ En.
In 11G it is proved that
P li-1

/1 / I\
iK™ (i = |«it> (/)] < E /] Tw- {4 + (It.
Consequently, we can write
E «- o) <«n*|/a E E [ icny-i1 (it
ret: /*

<enii2 E / (<) [ft+—

11
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dt
re E', i)
X Sup y /n+ﬂ ﬁ_/fl+l1 +_1 <Cm,,
[ Vo vl \ rm,  In, fl/ mn+1
€€ g it
r<r("n»\ l/pf-fm,.))
su * * hpemeeeen
te P E /¢ +rn,),/ I+ m,,+1
u?,
* |—|"| < C- FI*I%IIZ
Next., from Lemma 4.2 we get.
00 I/p(r(mn)) E |ftnr (/0)]
wn r—o
<e [W/O)+E [a¢ (M)
rein’ rek
L p(r(m,,))

< c- e £0,,,-(172+1/1'(r(.»,.))) Ip"

\E
o7 + N T1y2 IMT(W,,))
<c >
Therefore
(5.2) 12
In view of (5.2) we get
m, |
Ev) \>E |<&()
r=° I?7£"

(5:3) 2 TA2FI ") [ | U~ L AT+ M M ))-1

From condition of the theorem and (5.3) we obtain

E D (QP=E. E D'mr"CE ~
m=2 /i=0 m=m,-f1

12
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ON ABSOLUTE CONVERGENCE OF THE SERIES
This completes the proof of part b) of the theorem. O

Proof of Theorem 3.2. To prove pail a) of the theorem, wc apply (5.1) for = land
use the fact suppn < N, to obtain

a T7ifiH "nH

E Miem(/)i=x__ E m»K(/)|<E<+> E O

m=m,, 11

.l - Ip +i- I r'+

< WOHM-0E E [ fo-/ (<),

f»eH

mT—1 , 1
<C,*Eo<+'> *AH-JE 1 IC)C, L
=N+ 2Q4-7)
n=0
EM/, |! /(<+ _+~ "Tl+1
[t 2 I(+ ) /(< :+67)
00 . /m, -1 \
< N +1 2 (I'n+, 1/~ 1m X sup 1J2 fft+—)
A +1 € m.lﬁ'f::gn’} Vv V "a»/
»N~,+.»\ */p(r(«un+.))
B(*+ — + 1 X'm

— . Withrf

Thus, part a) of the theorem is proved.
13
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To prove part b) of the theorem, we define

lo(x) = ~( 1)"--"
k— 7/1,.

and apply Lemma 13 to conclude that /o 6 /2V' ~ () i S |

Next, from condition of the theorem and Lemma 1.2 we obtain

Emm@=E E it

n~msnifl +1
mn+i X 1/2
EE<E b >C ,W(0
r|Iy4 1/p(r(u;,))-1/2-,, 00’
and the result follows. O

|7

|9
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i
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AHHOTauymna. llaidgemel gocnitnyiibl!lycnoBusa(HUHCMOCTU cncTembl ( /~ -K {xPk) *
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6uopToromanslias cucTema.

1. BeepeHnue

MycTb

(hyHKuMa beccens nepsoro pofa C UHAeKCOM i/. dyHKuma J,, npu i/ > — nmeer
6eCKOHEYHOe MHOXECTBO {4, : k € '£} BelleCTBEHHbIX KOPHEN, cpean KOTOPbIX Mono-
XUTeNbHble Kopnun K 6 N, n oTpuuaresnbHble KOpHY /> /. = —p. A€ N (cm. |1, 2]).
XOpoLLUO M3MecTno cregytolee yTeepxaeHume (CMm. |1|(*[3|).

Teopema A. MycTb u > —1n (pK :k 6 N) nocneaoBaTeNbHOCTb MONO>XKNTENb-
HbIX KOpHel yHKumu .1,. Torga cuctema (y/xpk,l,,(3:pi.) : kK 6 N) obpasyeT 6asuc
npocTpancTea [?(0;1).

Myctb X 6 K 1 .Sx Kknacc uenbix QyHKUMiA (7 3KCMOHEHUMANbHOTO TUna a < 1,
Y[0B/IETBOPSIOLMX CEefYHOWMM YCOBUAM:

a) ci(l + [r)XENT'rl < \G(2)\ < (14 |r|)vellr ~, ecnn |lwr| > $>409 HEKOTOPOro
m > 0;

6) G umeeT 6eCKOHEYUHOe MHOXeEC TBO KOpHel {/a. : kK € Z\{0}}. Bce KOpHM NpocTble
W OT/INYHBI OT HY”NS;
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B) iif{\pk - PM\ mx ® ) > 0.

Knacc Sx usyvancs B |4 |7]. Ecnn C € Sx, To umeem (|4)-[7]):

r) fil + r)*e|lly] < |(7(r)] < <yl + [*)Ae|l,,rl,ecru T £ u{n :|c- pb| < }ans
HekoToporo > 0;

a) IC 'bl 1 > cB(1 + bl )x;

e) EfcezUo}!1+ bl ' ° < +°° npu nobom a >
3AECb n panee CYTb MONOXNTENNbHbIE KOHCTAHTLI. Ll,eI'IbIO CTaTbN ABNAETCA OOKa-

3aTeNbCTBO CEeAYOWMX YTBEPXKAEHNA.

Teopema 1.1. MycTtbu > —4/2, x —~u~ 1- m(pb : K € N) nocnegosaTenNb-
HOCTb KOMMMEKCHbIX YMucen Takux, 4To \ p,xnpu K n. Ecam nocnegoBaTenb-
HocTb (pk : A6 Z\ {0}), roe p-b := —pk- k GN. ABnseTCA NocnefoBaTeNbHOCTbIO
Hyneii HekOTOpO YyeTHoW (yHkumm C € . To cuctema (y/xpk-Jv(xpk) : A€ N)
o6pasyeT 6asnc B npocTpaHcTee A2((); 1).

OTMeTUM, 4TO PyHKUMA C(r) = z~".],,( ) ABNAETCA YeTHON N NPUHAANEXN T Kac-
cy Sx, ecnm X — — —1/2 (cm. [1] [.']). Moatomy Teopema 1.1 sBnAetca o06o6LLe-

Hvem TeopeMmbl A. MycTtb E, {z\p) = D /F \  uenas gyHkuma tuna MHTTar-
K=0 1»>
Negdnepa.

Teopema 1.2. Myctb n e [—1/2;1), p = v43/2 n (pxk mk € N) nocnego-
BaTENbHOCTb KOMMMNEKCHbIX 4ucen Takux, 4To p\ npm K - n. Cucrtema
WIPkMtPk) mk € N) o6pasyeT 6asuc B npocTpaHcTBe (0;1) Torga n TOMbKo
Torfga, korga 6asmMcomM NNory NpocTpaHCcTBa fABAseTCA cucTema (E'4|"2N? [ (—2-K;
p) :k € N), rae zk = p\.

Jokazatensctea Teopem 1.1 n 1.2 6a3upyroTca Ha page pesynbtatos M. M. xp-
6awsma n C. I'. PachaenHna ¢ pa6ot |1| |10|, B KOTOpbIX UCCNe[0BannCh 1 6asnchbl 13
cucTeM (yHKUUIA TuHa MuTTar-Jlepdnepa. basuchl (T 11/2EN\/2[—T2ZK\ p) : A€ N)
n3yyanucb Takxke B pabotax I M. Ny6peesa [111 113]. C cTo pe3ynbTaToM H Teope-
Mbl 1.2 MOXHO MOSTlY4UTb HEKOTOPbIE JONOMHEHNS K Teopeme 1.1, HO UTO He ABNsETCA
LICMbIO AaHHON 3aMeTKuW. BeposTHO, 4To Teopema 1.2 cnpaBegivBa U Ans HEKOTOPbIX
vi [-1/2;1).
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2. BcnomoraTtenbHble pes3ynbeTaThbl

Myctb 1) 6 (-30;4-0c). 7 € (-00;4-0c), ,I € (-oc;-M30), II/2iLY7:0\ npocTpaH-
CTBO LeNbIX PYHKUWUA / 3KcroucuLHanbiioro TMna a < L Ans KOTopbIX
+C n
(J w+nrv(x + W 2<x

n W2w = 1V2A[); 0]. Mbl cmonb3yem, B 4aCTHOCTM, CRefytoLee YTBepXKAeHMe.

Teopema 2.1. MycTb w > -1, 2\ +® = 0 u nocnegoBaTenbHOCTb (Pi, : K €
Z\{()}) sBnseTCA NnocnefoBaTeNbHOCTbIO Myneil HeKOTopoin hyHkuum G 6 . Toraa
Ka>kgas yHkuma / € \V2bl npegcTasnseTcs B BALE.
(2.0 f(z) = Y. /bl ag

W nocnefgHuii psg 6e3ycnoBHO cxoguTcesi B 2",

Teopema 2.1 cogepxuTcs, aktuueckn, B pabote C. |I. PacgaensHa |5. Mo B |o|
nMeeTcs ycnosme W < 1. Mo3ToMy Mbl NPUBOAMM HEKOTOPble YKazaHus Mo AoKasa-
TeNnbCTBY Teopembl 2.1.

Myctb —ec < a<b< 4oc, Dat={z:a<Imz <B3}wn NPOCTPaHCTBO
(DYHKUMIA, ronomopdHbIX B nosoce Dab: And KoTopbIix

sup \ | |/(G14iy))2(r:a<y <b” < +30.

Ecnu no kpaiiHeli Mepe OfHO U3 YMCen a Un bABASETCA KOHEYHbIM, TO BCSKas (PyHK-
uma / € H2(Dulj) nmeeT noutn Bcrogy Ha dDauyrnoBble npegenbHble 3Ha4YeHUs (CM.
|10]), / 6 b2(gMa.) n paseHcTBo ||/|| = (/,,X81|/(3)|2U*]) 3ajaeT HOpPMY Ha
H2(Da.b). Ecnm a € R n b = 4-oc, To 112(D0ib) npocTtpaHcTBO Xapan U 2(C+ )
B nonynnockoctm C+u = {r : lwr > a}. Ecom b € Kuna = —ec, T0 H2(i1,1,)
npoctpaHcTBo Xapaw //2(0 , ) B nonynnockoct C~h= {z :lwz < 6}.

Nemma 2.1. 8,9|/ MNycTb w > -1. Ecnu/ € W2“[7;/?] ana HeKOTOPbIX 7 =
7 6 (—c; -M30) n M= L6 (-oc: +00), To/ e UN2"[7;/3 ana nobbixy 6 (—ec; +00)
n $ C (—oc; 4-0c), NpMYEM HOPMBI.

-fex. +00
iifiin-.-[0;an = y rv— = y|*|‘| [(*)I12A--
—f0 oc-
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=7 Vs, AR v LN
3KBMBaANMIiT2U na \v 2Mm.

Nemma 2.2. Myctobw > -1 nf € N2". Torga gna noéoro z =x +ry € C
MMeeT MEeCTO HepaBeHCTBO

I9%)1 < e||/|[He.-eW(L+ W) “/2( + bl)"1/2-

Nemma 2.3. (J5 8. 9" MycTb ui > —Auny 6 K. Ecim nocnegosaTensHocTb ([ :
k € N) doyHkuuin . € N'2" aBnseTca hyHAaMeHTanbHol B \V2M, TO OHa. cxoauTes
N0 HOpPME W paBHOMEPHO Na Nbom KomnakTe B C K HEKOTOPOIA pyHkuun / €  2-".

Nemma 2.4, f|5|j NycTb w > —1. (pk = b Ll nocnefoBaTenbHOCTb pasinyHbIX
KOMMNNEKCHbIX Yncen Takux, 4Toa< « < Imp* < bi < b ninf{jp*—p,\:k »} >
(. Torpa \IABIPO + |pfc)w < CTl/IIn™- gns no6oi dyHkuum f ft V2",

Nemma 25, AN OycTtbw > —1.w+ \>0wun (pk : k € Z\ {0}) nocneaosa-
TeNbHOCTb Hyneit HekoTopoi dyHKkumun G £ Sx. Torga ecnm / € W2i* nf(pk) = O
and scex K € b\ {0}, To/ = 0.

Tenepb Mbl B COCTOSIHUM 0YepTUTb L0Ka3aTe/IbCTBO Teopembl 2.1.
MycTb 7 = 0+ 1 [nd nonyyeHnus yTBEPXAEHUA Teopembl 2.1 40CTaTOYHO Yybe-
AMTbCA, 4TO
f(pk)G(z)
g ( POC(PY

CHavana 3ameTum, uTo |r“/2(7(r)| < c«, ecnm 1 6 YC* 1 MoaTtomy

< -boo.

i/
G(2) . 6@
z pK =00 WE pk 2T )
1/2
< c8 lek = ay
(/ru/1 M Pa Fc HMO- )

Mockonbky 7 —p*- > 1.70 dhyHKUmMA (z—pK) 1npuHagnexuT NpocTpaHcTBY Xapam
11'2(C+n), npuuem

M+
=sup < (") dz <
- Pk Px
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roe BepxHssi rpaHb Gepetcs HO yHKuuam ® 6 7/2(C ® Ho c gpyroil CTOpPOHBI,

nveem (cm. (10)):
i-y+on

/ -dz - -2Triv(n) » 1Y | — OV
17% YA ""’Pk | )= , /
CneposatenibHO, MOMyYaem
/(Pfc)G(2) .
e @-pospy OB IAKLY fPL (e
4 | . V2
<@ E No)lD+bIr E ..
\fc6A (0} / \«.-6Z\{0} ’
, 'la
—@JI E il(w-)I2U 1|n|r I
\"62\{0} /

Moatomy Ho nemme 2.4 psag (2.1) 6esycnosHo cxoanTes B U 2", a no nemme 2.5 cymma
aToro psaga paeHa /(r). Takum obpasom, Teopema 2.1 foKa3aHa.

11

3 AOKaSaTeI‘IbCTBO Teopewmbl

MbI BOCMO/Ib3yEMCS ClIeAYHOLMMU U3BECTHBIMU YTBEPXKAEHUSMN.

Nemma 3.1. (|14, 15 MNycTb 1 > 1/2. ®dyHkuna Q npeacTasnseTcs B BALE
1
Q(z) = I \fztJu(zt)q(t.) dt

0
2(0; 1) Torga n Tonbko ToOrga, korga Q &/,-(0;+30)

C HEKOTOpPOI (hyHKUMed ¢
ueTHas Uenas yHKLUA 3KCMOHEHLMANbHOIo Tuna

M Q(z) = iy+2p(r)) p
< 1.

Nemma 3.2. (j10, c. 07,) MycTb ;/ > - |. Torga nob6as qyHkums Q e L2{0;+00)

npeacTaendeTCcAa B BUAE
+00

o J yrij.(t

). Mpu aom, [|QI - [I<| v
+xX

<= Y \Vzi.lu{zt)Q{z)dz.

C HekoTOpoOi (byHkumen e 2(0;+
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Cnepcteue 3.1. MycTb 1 > —1/2 n w = 2i/4- 1. Knacc napHbIX UeNbIX QyHKLM

[~ COBMafaeT C MHOXKECTBOM (DYHKLMIA, NpeAcTaBUMbIX B BUAE
1
I(r)y =2 " ‘1 Y sfrt.d,{zt)q{t) dt, € 2(0: 1).

[¢]
Mpu aTom, IMW2* = 2IMI // cnpaBean1Ba ABOWCTBEHHaAA chopmyna
<M = Y zul2\fzij,,{zt)f{z)dz.
0

M3 cneactena 3.1 HenocpefCTBEHHO BbITEKalOT CneaytoLme npesnoXKeHus.

Mpegnoxernune 3.1. (jICjj NycTtb n > -1/2. w= 2/"+1 v (/ :k 6 N) nocne-
[,0BaTENbHOCTb OT/NUYHBIX OT HYNS KOMMIEKCHbIX YMCeN Takux, 4yTo p2  p2 npu
K 0. [na Toro, 4yTo6bl cucTema (y/xpkJv{xpk) mK 6 N) 6bina nonHoii B L2(0: 1).
mHeoOXoAMMO ¥ A0CTAaTO4HO, 4TO06bl nocnegoBaTenbHOCTh (PK @ K € N) He 6bina
nognoviefoBaTenbIWCTbLIO HyNeid HA OAHON HeHyNeBoi YeTHOR dyHKuun C £ U/2bl.

MpeanoxeHune 3.2. flIG) MycTtb V > —4/2, n = 2;/+ 1« (oo, : k e N)  «o-
CNefoBaTEeNbMOCTb OTANYHBIX OT HYM, KOMMAEKCHBIX YMCEN Takux, 4To p2 p

«pu AN 7. Ana Toro, 4Tobbl cucTema (Mxpin.v{xpk) : ft € M) 6bina nonHon u
MuHUManbHoi B L"((); 1), He06X0AMMO M 4OCTATOYHO, YTOObl NOCNeA0BATENbHOCTb
(pk 1K &z \ {0}), roe /)™= := -pk, K 6 N, 6bl1a nocnefoBaTeNbHOCTbIO Hynel
HEKOTOpOI YeTHOI uenoi pyHkuum G 1V2LLTakoi, uTo (z22—p2)~1G(z) € \V2LL

Mpn sTOM,
1
(1) [ y/"AtpnhiMdt=1 J; ”1J
0 *
roe
(32 Tfc(i) = "TrIT’% /( __________ A o K-
G(PTo) TRk

Mpepgnoxenune 3.3. Myctb v > —1/2, w- 2iv+ 1.(p* :/» € N)nocnego-

BaTENbHOCTb OT/IMUHbIX OT HY/NS MKOMIJIEKCHbIX- YMCeN Takux, 4yTo p\  p2 npu

K 1, unocnegoBaTensHocTh (pK : K 6 b\ {0}), rae p_a; = —pK, K 6 N, sBnd-

€TCA NocnefoBaTeNbHOCTbIO HyMe HEKOTOPON YETHON Lenoin pyHkumn G Takoi,

uyTo (r2—2)~1G(z) G N'2". Ana. Toro, yTo6bl cucTema (Ixpiidli(xpi ) : k € N)
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6bina 6asucom npocTpaHcTBa  (0:1). HE06XO4UMO N AOCTATOYHO, YTOObI KaXkaas
yeTHada uenas, yHkuna P & \V 2L pa3naranacb B psg

ou .y 2PKP(p)G(2)
<6k (22~ PG (pk)’

cxofswmiica B 14"«

[lokasatenbcTBo npefnoxeHns 3.3 NpoOBOAMTCS CTaHAAPTHLIMM MeToAamu (cMm. [4]
[8]. 1111 113)) ¥ YaCTUYHO COAEPXUTCA HUKe. lMepexoaum HenocpeAcTBEHHO K [OKa-
3atenbcTBY Teopemsl 1.1. MycTts w = 2i/+ 1. Torga w > 0. dyHKumna (r2—p2)~1G(z)
ABNAETCA YETHOW uenoii (yHKUMeld 3KCMOHEeHUManbHOro Tuna a < 1 u gyHKuus
zv+1/2(r2_ p£)~1G(z) npuHagnexut L2(0; 4-oc). CornacHo nemmam 3.1 n 3.2. hyHK-
umm 7k{l), k 6 N, oupcaencuHble paseHcTBOM (3.2), npuHagnexat 2((); 1). Myctb

£J2Q1 nQ(z) fa\Zzt.J,,(zt)fj(t)dt. CornacHo nemme 3.1 Q(z) = z'+1/2P(2),
roe P yeTHas uenas PYHKUMA 3KCNOHeHUManbHOro tuHa a < 1. Kpome Toro.

}'I - (Pg”‘) ana k € N. CnefosatefnibHO, B CUy TeopeMbl 2.1, UMeem

P(\— v P(I'b)(>(z) _ v  2pkP(pk-)G(z)

K ,K O, <*- &
rge nocnegHuwin pag cxogutces B \V2LU Takum 06pasom,

y - 2K PIK )-."*Uy;(r)
o(,

n nocnegHwin psg cxoantea B L2(0;-foc). CnepoBaTenbHO, NONy4Yaem

w n 1}
qt) = [ V/ziju(zt)Q(z)dz [ J7tU th)Z + '2G(z) ,
KW ° <«m> | - PR

= #A2 /,(0-
jteN
Moatomy ntob6as gyHkums # G L2(0;1) pasnaraetcs B psag no cucteme (7K : K €
N). Kpome Toro, BbinonHsetcs (3.1). CnegosatensbHo cuctema (7K mk € N) mmeeT
6uopToronanbnyto cuctemy. Moatomy (7* : kK € N)  6asuc npoctpaHcTBa 2(0:1).
3HaumnT 6asmcom sBnseTca u 6uopToronansiias cucrtema. Moatomy {*/xpkd,,{xpk) :
K 6 N) 6asuc. Takum obpasom, Teopema 1.1 gokasaHa.
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4. Noka3aTenbCcTBO Teopemb 1.2

Myctb 1 6 R v O£(I") Knacc uenbiX yHKUWUIA / nopsgka < p v Tuna < <K 4n4

KOTOPbIX
+00

|2—//'”!'/f“ﬁ).’/r" rfr < +00.
0
Nemma 4.1. /]10, e. 351|j NycTb n 6 (—1;1) n// = i/ + 3/2. Knacc J'I'/Z(i/) cosna-

[AeT C MHOXKECTBOM LenblX QyHKUMM /. AONyCKaloWmMX npeacTaBneHue suga
1

/(r) = J Ei/2{-T2r\p) T "~xp[m) dr. ipe L2(0:1).

A%, aToM, Hopmbl LL/IIN2Y  w | || SBASlOTCS .3KBMBANEHTHLIMW W CnpaBegvsa
[BOWiCTBEHHast hopmyna

U bl ) f>;l« |
0
M3 nemmbl 4.1 HenocpeACTBEHHO BbITEKalOT Cefylolme NpPeanoXKeHus, KoTopble

ABNAKOTCA aHasoraMu COOTBETCTBEHHbIX pe3ynbTartos u3 |4 (8] |11]. (12), |17|.

MpegnoxeHune 4.1. NMyctbu 6 (-1;1), =v+3/2u(*:A€ N) npousBonLHas
nocnefoBaTeNbHOCTb Pa3MYHbIX KOMMNEKCHbIX yucen. ns Toro, 4Tobbl cucTema
(7™ 1Ei/  T2zZk\It) : k a N) 6bina nonHoii B (0; 1), HE06X0ANMO M AOCTATOUHO,
4yTO0O6bI NocneaoBaTeNbHOCTL ( * WK 6 N) He 6bina NOANOCNe40BATENBHOCTbIO Mynei
HU OfHON HeHynesol yHKUMKM E £ N1 /2(iy).

MpegnoxeHnue 4.2. Myctb v 6 (—4; 1), 4 = v+ 3/2 7 {zk : A6 N) npous-
BO/IbHAasi MOCNeA0BaTEeNbHOCTb Pa3MYHbIX KOMMNEKCHbIX yucen. A s Toro, YTobsl
cuctema (T*1 1£ / (-712r*.;/t) : A6 N) 6bl1a nonHo M MuHUManbHoit B L2(0:1),
HeobxoayMo M [OCTaTO4YHO, YTO6bl nocnegoBaTensHocTb (. : A 6 N) 6blna no-
CACAOBATTICALHOCTbIO Hynell HekoTopoii uenoit (yHkumm E A N2 (/) Taxoii, yTo
( ZI) IE(0 e n\/2(").

Mpepgnoxenune 4.3. Myctb v 6 (—1;1), /t — v+ 3/2 ri nocnefoBaTeNbHOCTb

(zk WKk 6 N) pasnnMuHbIX KOMMNEKCHbIX YMCeN, ABNSAeTCS NOCNef0BATENbHOCTbLI HY-

neli HEKOTOpO uenoin yHkuum E Takoi, 4yTo G - 2i)~"E(() A/rn T0-

ro, 4Tobel cuctema (T 1Ei/2(—2r/,;//) : K £ N) 6bina 6asncoM NPOCTpPaHCTBa
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1"(0: 1), HeobxoauMo 1 LOCTAaTO4YHO, YTO06bl Kaxkgasa dyHkuua M £ JIV'A(n) pasna-
ranaco B pajg

In Al-n _ ﬂ&rn)H(C}\ ,
@) Q=S (
cxopawuiics a J\ 2(n).

3ameyaHue 4.1. Myctb u > —1, bl = 204 1 « (pt : AE N) nocnegosaTens-
HOCTb OT/IMYHbIX OT NYNA KOMMAEKCHbIX YnCen Takux, 4To ) npu kK .
Torpa nocnegosaTensHocTb (B : k £ Z\ {0}), rae p kK = —pK, K ft N, asnsa-
eTCs NOocNefoBaTeNbHOCTbLIO HyNell HEeKOTOPOi YeTHOW (yHKumm C Takoi, 4yTo
(2—p2)~IG(z) £ W2m ecam n TONbKO ecnn, nocnefoBaTenbHocTb (ZK : ft £ N),
Zk — p\, ABnNsAeTCA NOCNefoBaTeNbHOCTbIO Hynell HeKOTOpoW (yHKuun E Takoi,
uyTo (C—2\) *IE£(E) £ J1\/2(n). Kpome Toro, pyHkuua P[z) = il(z2) npuHagnexxuT
W2 Torga n Tonbko Torga, korga £ >lj*2(i/). MoaTomy npeano>kexue 3.8 3k-
BUBANEHTHO ChefytoLiemy.

MpeanoxeHune 4.4, Myctbn>-1/2, w=2u+ 1, (pKk : K £ N) nocnegosaTenb-
HOCTb OT/IMYHbIX OT HYNA. KOMMAEKCHbIX YMCeN, Takux, 4To p\ npu K 0.
nocnegoBaTensHocThb (r* : A€ N), rge r* := | ABAseTCA NOCNeA0BATENbHOCTbIO
Hyneid HekoTopon yHkuum E Takoih, uTo (C— ) IH<Q £ N1/ (n). Ana Toro
yTOo6bl cuctema. (y/xpkJd,(xpk) mk £ N) 6bina 6iumcom npocrnjxmcmaa L2(0: 1),
Heo6X0AMMO U AOCTAaTO4YHO, YTO06bI Ntobas (pyHkuma Il £ vz (1) pasnaranacsk B pag
(4-1). cxopswmiica B J'I1/2~(v).

Teopema 1.2 SBNSieTCA HEMOCPeACTBEHHbLIM CNeACTBMEM NPEANnoXeHuin 4.3 n 4.4,

Abstract. We find sufficient conditions for the Imsisness of the system (y/xpkJv(%Pk) m
k £ N) in the space L2(0; 1) and established the relationship between an approximation

properties of this system and the properties of the system (t"+1/2/Jj/2(— 2p\\/t) :

k £ N). where is the Bessel function of the first kind of index n and Ef,(z;p) is

the Mittag-Leffler-type function.
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AnnoTtayus. D HacToAwel paboTe onMcbiBAOTCA BCe MOACUMCTEMbI MHOTOMep-
HOW cucTembl Xaapa. KOTOpble ABAAOTCA AeMOKpaTMyeckKumm cuctemamu u &i(0. I)rf.

MSC2010 numbers: 41AG5. 4GB20.
KnwouyeBble croBa: rpugH airoputm; MHOromepHas cuctema Xaapa B L': nogcwm-
cTema cucTeMbl Xaapa.

1l Beepgenne

Mycte ® = {I/>} HopmMpoBaHHbLIA 6a3nc n baHaxoBom npocTpaHcTBe X. Toraa,

4ns no6oro anemeHTa T € X GyfeM UMeTb Pas/ioXeHUe
TO

(11) »'5>(7)*:
—1

climec,,(x) = 0. Monoxum @0 = 0 1 MHAYKLUME HO M NOCTPOUM MOC/eA0BaTENIbHOCTb

MHOXEeCTB HaTypasibHbIX yncen {®,,,} yL0BNEeTBOPAIOLLMX YC/IOBUAM:
- = ij i > -(:0) | .
®or-i C P, #Pm=1m un »I-é!bl:lm Ir,i(x) | {E(%é | c-(:o) |

MHoxecTBa ®T MOryT OMPeAeNATLCA HEOAHO3HAUHO, HO B PaMKax HalLMX paccyx/e-
HUii 3TO He MMeeT 3HaveHus. T1010XKUM

(1.2) Gm(r) = Gm(x, {®P,,,}) = "2 c.(x)oi.

)ed,,.

daKTnyecku, 418 nonyyeHus Gm(x) HY>XHO M3 pasnoxeHusa (1.1) B3ATb TN cnara-
EMbIX C MaKCUMa/IbHbIMWN 3HAYEHUAMW | ci(x) |. dneMeHT G,,,(.T) Ha3bIBaeTCA rpuan
aiLUPOKCHMAMUTOM X MO cucTeMe @, a 3TOT METOA NPUOAMKEHUA 3NeMeHTa X C Mo-
MOLLbIO HeNMHENHbIX onepaTopoB Gm - rpuan anroputmom. MogpobHee o rpuan an-
roputMax B baHaxoBOM MPOCTPAHCTBE MOXHO MoyuTaTb B KHure [1]. Jlydiuee, 4To

1cencpokaniH- BbINONHEHO Mpu (uMHaHcoBoW nogaepxke TKH MOM PA B pamkax Hay4HOro
npoekta N SCS 13-1AS13.
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OEMOKPATUYECKWE MOACUCTEMbl MHOTOMEPHOW CUCTEMbI XJAI'/I

MOXXHO 0XXMNpaTb OT rpuan asiropuTMa, 3To PpaBeHCTBO
r »

inf I/ -~ M-b,lls

. R 7 = f = f
.7 - (2., = rr,n(f) = kj,,_Al,rll,HEN nt € i=1*

OnpepeneHune 1.1. (cm. \2\) Basnc ® HasbiBaeTCA rpuan 6asmcom B X ecnm cyle-
cTByeT uucno C > 1 Takoe, 4To Ans noboro x 6 A" T 6 /V 1 gnst HeKOTOpPOW no-
cnegoBaTensHocTu {(7,,,}. onpeaeneHHoin cornacHo (1.2), 6yayT BbINOAHATbLCA Cre-
JyloLme COOTHOLLIEHUS.

ir- Co(DIl < C mm(v), m = 1,2,...

B Toii ke camoii pa6oTe aBTOpPbI OMMCANW TPUAW 6Gasucbl, MOMO/b30BaB MOHSATUE

[IEMOKPaTNYUECKOW CUCTEMBI.

OnpepeneHne 1.2. MHOXeCTBO AnemenTon ® (He 06A3aTeNbHO 6a3nc.) HasblBa-
€T CHA AeMOKpPaTMNYeCKOol CUCTeMON, B X . ecnn cyulecTByeT umucno C > 1 Takoe, 4TO
MMEEM .MECTO COOTHOLLEHMe
(1-3) BlI>llI<CYl2>L

ien ieH
anst N06bIX KOHEYHbIX MHOXKECTB HaTypasbHbiX uncen A n B c #.4 = #B.

Teopema 1.1. (cm. \2\) Bewwn @ gasnfeTca rpugn, 6asmcom B X ToOrga v TONbKO

Torga, Korga oH SiBNsieTCs, 6e3yCNOBHbIA 1 1eMOKPaTWNYECKUM B X .

[anee, HeKoTOpble CBOWCTBA AEMOKPATMYeCKMX 6a3ncoB 6blav usyyeHbl B [3] 1
[4]. B pa6oTe [5] 6b11M onucaHbl Bce eMOKPaTUYeCKUe NOACUCTEMbI CUCTEMbI Xaapa
B £((),1). B HacTosiLen paboTe Mbl 0606LiaeM 3TOT pe3y/nbTaT Ha MHOFOMEPHYHO
cuctemy Xaapa. '

HanomHum ee onpefenenve. Myctb ©,, MHOXeCTBO BCEX ABOWYHLIX WHTEPBasIOB
ANVHBI 2 7 = X'Dn X ... X'E>, MHOXECTBO BCeX F-MEPHbIX 4BONYHbIX Ky0OB

¢ pebpom AnviHbI 2
5= [a b) € £, 0603HaUMM

. Takke nonoxkum V= LU, BjJ. Ana ABOMYHOro nHTepBana

<Tre> IJm J
2" le [«,™)

(1.5) r<><= - - € [BEb ~
O: [a, b).
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c. . ror4il

Takxe nonoxum = {m.j) : 06 X>"\ 1< j < 2d—1} U ([0, I)'y,0). Kaxgomy ane-
MeHTY 13 .'KCcOoO0TBeTCTBYET 0aHa (DYHKLUMS M3 MHOrOMepHOW cucTembl Xaapa. lMycTb

3=D X X... X3a¢€ nil<j <2, —1 Monoxum
n

= tY)- 1 K Ve

t.=1

d
rae uucna f; € {(), 1} asnawTca ynudpamMmy ABOUYHOIO Pas3foXeHUs j = IA—l 2

MHoromepHoii cnuctemoli Xaapa HasbiBaeTca MHoxecTBo {hp.j) : 0-j) 6 N} cos-
MeCTHO ¢ (pyHKumeli ['([0.1)W«) = 1- Tak-KaK KOHEYHOe KOJINYECTBO 3/1IEMEHTOB He
MOXeT MOB/UATb Ha CBOWC TBO AeMOKPATMUYHOCTU CUCTEMbI, TO 6€3 OrpaHNYeHNs 06LL-
HOCTM Mbl He Byaem paccmaTpuBaTb QYHKUUIO /([o.i)-".0) KK aieMeHT MHOrOMepHoi
cucTembl Xaapa.

KoaghumumneHTbl pasnoxeHns Cna onpegensoTcs cornacHo gopmynam

(1-6) c(3j)(f) = M3) [ hCII)f(IL

roe /i mepa Jlebera B R.

[ns aByx aBomnuHbIX Ky60B 'J,3 £ X ¢ 4 C 3 0603HauUM
1.7) Caa) = {Ae'DJ: gcACJ}

OCHOBHbIM pe3ynbTaTom HaCTOﬂLLI.eVI pa6OTbI ABNIAETCA cnefytouiee yTBep>XaeHune.

Teopema 1.2. MHOXXeCTBO (pyHLLNIA ABNSAETCA JeMOKpaTUYECKOA Cu-
cTemoin B L\((I, I)f Torga v Tonbko Torga, Korga cywecTBYeT HaTypalbHOE YMCNO
M > 1 Takoe, 4TO gns Nobbix ‘I3 € 2rc 3 C Jc #C(0,3) > M cywecTsytoT. A C
3CAOCIunk cl<k<21—1Takue, uyto (A, K) {(3n,j,)}

2. Konnekunuv no gBONUYHBIM Ky6aM M OLueHKa HOPMbl PYHKUUU MO

KOS®PNLIMEHTAM PA3TOXEHWA
B atom naparpaq)e Mbl JOKa)XEM HECKO/1IbKO JIEMM, C NOMOLLbKO KOTOPbIX AOKa3bl-

BaeTCsl OCHOBHOW pesynbTar.

Nemma 2.1. MycTb wunietoTcs dyHkumsa / € (0,1)'( n gBonuHbli Ky6 0 € T)™
Torga ana noboro HaTypanbHoror, 1< i < 2d —1 nmeeT MecTO C/efytoui,ee COOT-

notue.Hmne

b :=[ Y 1d]l>|cpto(/) I.
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LEMOKPATWUYECKWE MOACUCTEMbl MHOTOMEPHOM CUCTEMbI XAAI'A

[okasaTenbcTBo. CornacHo (1.6) umeem, uTo

ldFi)(N\< 1) thpsif 10 =1 1/ 1 = Wb-

Ona nwobbix / € (O 1)/n3€ 0603HauNM

2' 1
PAW =/ E Z % )t/)W
ao j=i

Nemma 2.2. MycTb yHkuma f € Li (0. I)f X ggonyHble, Ky6bl 3 U 3 TaKoBbl, YTO

D le@E»)() I< | mobbix (3,0 C
2} 3Ca « [*(3) = 2»V(3),
3) C(n,:,,)()) = 0 gnsA HekoToporo 1< iy < 2(1—1.

Torga UIP/IMIb < 1- 2.

[okasaTenscTBo. Onpegenvm yucno A us ycnosus /i(0) —2~bl . Ana nwb6oro 0 <
i < K CyLecTBYIOT POBHO 2 1—1 hyHKUMIA 13 cuCTeMbl Xaapa, KOTOpble MMeT MOo-
py 2 ”1 1l KoTopble He paBHAOTCA 0 Ha MHOXecTBe 3. ABCOMIOTHbIE 3HAYEHUS 3TUX
yHKUMA Ha 3 paBHsAoTcsa 2nl. CyMMuMpyst 3TU abCoMoTHbIE 3HAYEHMSA U YUYUTbIBaS,
4YTO BCe KOAPUUMEHTBI PasnoXeHUs PyHKUUKM / HO abCOMHOTHOWN BESIMYUHE He Mpe-

BOCXOAAT 1, NOAy4YUM, UYTO Ha MHOXecTBe 3 a6CONOTHOE 3HaueHue pyHKuun P;i(/) He

NpPeBOCXOANT
k-i
N2 1)e2bl+ (21- 2) 2k 1™= 2bl- Ne M - 1
i=0 .

C yyeTom TOro, 4to /t(3) = 2~bl ybexjaemcsi B CNPaBes/IMBOCTN JIEMMbI. O

Tak Kak KOHeYHOe KOMM4YecTBO 3/1eMEHTOB He MOMYT MOB/INSATL Ha CBOWCTBO AeMO-
KPaTUYHOCTU CUCTEMBI, TO Mbl 6yaeM nonaratb, Y4To PyHKUMK /i(fon)"1)> e i~( , )",
He npunagnexat MHoxecTByY {/1(; ... »)}

[na nob6oro HaTypasnbHOro s 4yepes A,, 0603HaUYMM MHOXECTBO BCeX [BOUMYHbIX

KyGoB [l ANsi KOTOpbIX

1) cywectByetr, 1< i< 2'1- 1Takoe, uto (A.i) ™ {,p»mi«)}:
2) cywectByeT x, 1< « < $Takoe, uto 3* C A, n(Ik) = 2~V (4) UL (3bi*) €
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C. 1. rorair

3aMeTUM, 4TO MPU HEeMycTOM MHOXECTBe MHOXEeCTBO J14 roxe Gyget
HemycTbIM. VcXoas U3 onpefeneHns, Nerka NpoBepuTb CNpPaBe/IMBOCTb CeAyHOLLEi

NneMMbl.

Nemma 2.3. MNycTb cucrTema ygoiineTiiopmein. ycnaswiy Teopembl 1.2.
Torfa Ans N0boro HaTypanbHOrO A C.LiMBEA/IMBO CriefytoLLiee, COOTHOLLEHNE

Tenepb JOKaXeM [M1aBHYH IEMMY, UCX0As M3 KOTOPOI Mbl JoKaXKeM Teopemy 1.2.

Jlemma 2.4. TlycTb cucTema YL0BIETBOPAET YC/MOBUIO Teopembl 1.2
Torga
(2-1) 1A 2(n;, D./>

roe fn = EF=i hV,,i.)
JokaszaTenscTso. 1o MHAYKUMKN HO #J1,, fLOKaXeM, 4TO

(2-2) * w > —r,

0TKYyfa, C YY4EeTOM JiIeMMbl 2.3 NOMy4YUM YTBEPXKAEHUE NeMMbl 2.4.
Mpu #1,, = 1 cornacHo nemme 2.1 nmeem, 4TO

[Iv4 >1.

»=1
*TO €C Tb YC/10BUe (2.2) BbINONHAETCA. MMpeanonoxmnm, 4To ycrioBue (2.2) BbINONHAETCA
Hpu #J1,, = T W fJoKaxeM ang cnyyasa #/1,, = 7 + 1
Bblbepem n3 J1,, caMbiii MasieHbKUA HO pa3mepam Ky6. O6o3Hauum ero uyepes J.
CornacHo onpefesieHNI0 MHoXecTBa J1,,, CyLecTBYIOT ymncna i U K 4/ KOTOpbIX
1) c(g.(/,) =0 2)rNe.,,,(/,) = 1. 3y okCAwn ( )=2-"V(4).

YuutbiBas nemmy 2.1 nmeem, 4to ||/,, |lat > 1. a cornacHo nemme 2.2,
Hapg.)ik < 1- *'-
O y4eToM 3TUX HepaBeHCTB 3aK/4aeM, YTO

w N o= [[P3*(/»)UN + I «lk [IP3*(/«)1b, > 1IP3*(J<)Il + 2 ™o

Ona 3aBeplueHNs AoKasaTeNbCTBa OCTAETCA 3aMeTUTb, YTO ANA oueHKU ||Pm» (/n)]]
MOXEM MPUMEHUTb NPELNONIOKEHNE VHAYKLUUKN anv #11,,  T. O
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OEMOKPATUYECKWE MOACUCTEMbl MHOFOMEPHOW CUCTEMbl XAAPA

3. L okasaTtenbcTBO Teopemb 1.2

LocTaTo4YHOCTb. MyCTb YCNOBMS TEOPEMbI BbIMNOMHATCA. 3aMeTUM, UYTO EC/IN HEKO-
TOpPOE MHOXECTBO Y/0BNEeTBOPSAET YC/IOBMSAM TEOPEMbI, TO U NoGas ce noa-
cucTema Takxe BGyeT YAOBNMETBOPSTb 9TUM YCNoBMSIM (MPU TOM >Ke 3HaueHuu M).

Mo3ToMy, HaM [J0CTATOYHO OLEHWUTb TOMIbKO HOPMY (DYHKLMM

=1
CornacHo neMmme 2.4, UMeeM, 4To

— (n+
a C [pyroii CTOPOHbI, C Y4eTOM HepaBeHCTBa TPEyrosibHMKa umeem, uto ||/,]| < n.
0TKyga v cnefyeT AeMOKPATUUYHOCTb CUCTEMBI )}
HeobxoanmocTb. Mpefnonoxmnm npoTuBHoe. [usa Npov3BoabHO 60/bworo M noso-

xum A'= (2 —1)A/ v BbibepeM Kybbl 3i....... 3M Takwue, 4TO

1) 3kc 3k=+ana 2< kK< M
2) = ) ana 2< K < M,
3) @fe>i) € {(3n,in)} fua 1< k< Mwul<i<ad—1

Jlerko npoBepuThb, YTO

Mol MBTT™ 71U : (£3 «
£ £ <N) = =KD i€3i\3m
K-1cl 0: ti31

0TKyfAa 3aK/r4vaem, 4To
M 2*'-1

(3-1) | | £ £ n<3-of|<2-
k=1 i=1

C gpyroi cTopoHbl, BbibpaH nocnefoBartesibHocTh Ky6oB 3Ci, ..., XU, Takux, 4To

1) (X;- N6 {(J,, )}anascex 1<i <N,

2) , X,=0pnaBeex 1< i j < Jn,
6yfeM UMeTb, UTO

v

AN QA= = (27 1)M.
£=
CpaBHuBas ¢ (3.1) 3aKk/1t04aeM, UYTO CUCTEMA He SIBNSIETCS AeMOKPa TUYECKON CUCTEMOIA

B (0.1
Abstract. In this paper we describe all subsystems of the multiple llaar system that

are democratic systems in  (0,1)"*.
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AHHOTaumsa. B paHHOW paboTe xapakTepu3yloTcA CBEPXTOXAECTBa MHOroo6-
pasus cnabo MAEMHOTEHTHbIX peweTok, KoTopoe S/MKVIYA HUNbNOTEHTHLIM 3a-
MbIKQHHOM MHOroo6pasms peLleTok. [JoKa3biBaeTCs CYyL|eCTBOBaHWE KOHEYHOro
6a3nca AN TakMx CBCPXTOX/AECTB.

MSC2010 numbers: 03B15, 08A05, 03C05. 03C85. 0GA0.

KnwueBble C/i0Ba: CBEPXTOXKAECTBO; cnabo NaeMnoTeHTHasA NolypeLleTKa, cna6o
NAEMNOTEHTHAA PELLETKA; cnabo NAEMMNOTEHTHaA KBa3MPELLIETKa.

1. Beepgenue

VivetoTcsi pa3iuHble pacLLUMPeHUsT KNacCUYecKoro MoHSATUSE pelleTku. B paboTax
[1], |2| BBOAMTCA NOHATWE cnNabo accouMaTUBHON pelleTKM, a U pabotax |3) - [9 -
anredpbl C CUCTEMON TOX/ECTB, KOTOPbIE Mbl Ha3bIBaeM C/1ab0 MAEMMOTEHTMLIMH pe-
LLETKaMU.

OnpepgenerHune 1.1. Anrebpa ¢ oaHoli GuHapHoON, onepauueit (L; JT) Ha3biBaeTCS cna-
60 MAcNiNOTeHTHO/1 NOMypeLLeTKOM, eCv Oivi YA0BNEeTBOPSIET CNEAYIOLMM TOXK/e-

cTBam:

(1.1) aAh —bAa, (KoniMyTaTMWBHOCTD)
(1.2) (@anbnc=an@nc), (accoumaTUBHOCTb)
(1.3) an(bnb) = aAl). (cnabas ngemnoTeHTHOCTb)

[l06aBMB TOXKAECTBO MACMOTEHTNOCTMW: aAa —a, NoMy4Ynum MonypcTeTKy. MHo-
>KECTBO BCEX MAEMMOTEHTTbIX 3/IEMEHTOB Ka>KA0oi cnabo uaemnoTeninHoli nomy-
peLLeTKM 06pUryeT MOoMypeLleTKy.

Onpepenenne 1.2. (cm. [3] - [5)j Anrebpa (L: J1V) ¢ aBymsi GMHapHbIMK onepa-
LMSIMM HasbiBaeTCA Cnabo MaemMnoTeHTHOW pelleTKoM, ecnn ce peaykThbl (L: A) n
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4. C. AABUWOOBA. O. M. MOBCUCAH

( ;V) sBnATCA cnabo MACMMOTENTULIMU MOMYPCLUCTKAMU. a TakXKe BbIMosHSI-
0T CA cneaytoLme TO>XKAeCTBa:

1.9 o1( vo)=anaaV(&na) —aVa, (cnaboe nNornoLieHune)

(1.5) aJla —«V'a. (ypaBHEHHOCTb)

MHOXeCTBO BCeX MAEMMNOTEHTOB €N1abo UAEMNOTEHTHOM PeLleTKM 6yeT PeLLeTKON.
CyLLecTBYHOT anirebpbl, SBASIOLLMECS C/1ab0 MAEMMOTENTNLIMU PeLLeTKamu, HO He SB-
NSAOLLMEC peLLIeTKaMK.

Hanpuwmep, (Z \ {0}; /1, V), rae x 1y = (x|, |y]) v x Vy = [:f. ly|ll, ana koTopbIx
[1X], [y]) v [171.]y]] cooTBeTCTBEHHO HamboNbLUMIA OOLLUMIA AeNnTeNlb U HaVIMeHbLLee
obLLee KpaTHOe 3/1emMeHTOB [l 1 | /| ABnsieTca cnabo MAEMMNOTEHTHOM PELUETKOM, HO
He ByfeT PEeLUeTKOM, MOCKOMbKY ANS OTPULATe/IbHbIX X MMeeM: X JIX  X.

CKaxkem, 4TO €nabo MaeMHOTeHTHas pewleTka (i; N, V) AUCTPUOYTMBHA, €CN OHa
YAO0B/IETBOPSIET 060UM TOXAECTBAM AUCTPUOYTUBHOCTU:

XNy Vz) = (x y) V(X ),

XV (ynr) = (cVy) 1(x V).

Kaxkgoii cnabo maeMnoTeHTHOM peLLeTKe COOTBETCTBYET KBa3MMOPSA0K B, KOTOPbI
onpegensieTca cneayowmuM 06pasom:

xOy +mx J1i/ = X N1x.

3ameTuMm, 4TO OHepaunn cnabo MAEMHOTGHTHOVI PELLETKN COXPaHAKT ee KBasLopsa-

[JOK. -
HarnomMHUM, YTO CBEPXTOXAECTBO (hopMy/ia BTOPOro MOpsiAKa CreAytoLLero Buaa:

VAL, ATV ii-|,..., xn(wi = WZ),
roe X . X,,,PYHKLUMOHA/IbHbIE nepeMeHHble, a XiY...,X,, npegMeTHbIE Me-
peMeHHble B crioBax(Tepmax) . .CBepxTOXfAecTBa 00bIYHO 3anucbiBatoTCA 6e3

KBaHTOPHbIX MPUCTaBOK, Te. KaK paBeHCT3a: i = w-. CKaxem, 4To B anrebpe (@, F)
BbINOSTHAETCSH CBEPXTOXKAECTBO W\ &> ecnv JaHHOe paBeHCTBO CrpaBesIMBO Korja
KaXgas (yHKUMOHa/IbHAA 1 KaK4as NpeaMeTHasi nepemeHHble 3aMeHeHbl COOTBET-
CTBEHHO Ha MPOU3BO/IbHYHO OMepaLMio COOTBETCTBYHOLLEl apHOCTU 13 F 1 Ha npows-

BO/bHbIA 3neMeHT 13 Q (cm. [0  |8)).
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CBEPXTOXAECTBA C/NABO MWAEMIIOTEHTHbIX 1T'EWLETOK

OueBngHO, YTO cNabo MACMHOTEHTHas peweTka = (L; A V) AucTpubyTnBHa Toraa
it TONbKO TOrJa, Korga B Hell BbINOSHSETCS C/eAyHoLLIEE CBEPXTOXAECTBO:

X(F(x';v).r) = F(1-(r,r),.V(r/.n)

XapaKTepu3aummn CBEPXTOXAECTB MHOr006pasuii PeLleToK, MOAYNISPHbLIX PELLETOK,
ONCTPUBYTUBHbLIX PELLIETOK, OyneBbIX, a TakK >Xe AeMOpPraHoBbIX anrebp 6bUIn AaHbl
B paboTax [7] [12]. O 6a3unce CBEPXTOXKAECTB B TePMasibHbIX (MONNHOMUASIBHBIX) aUl-
re6pax cm. (13] [15]. O NpWIOXKeHUN CBEPXTOXAECTB U ANCKPETHON MaTeMaTUKe CM.
[1C].
CKaXKeM, 4TO CBCPXTOX[CCTBO BbIMOSHSAETCA B MHOroobpasun V, ecnm faHHoe
BEPXTOXEETBO CrpaBef/IMBO B Kaxaol anrebpe mHoroobpasvs V. B Takom chny-
Yae [aHHOe CBEPXTOXKAECTBO Oy/AeT HasbiBa ThCA CBEPXTOX/EC.TBOM MHOroo6pasus V.
CBepx TOXKAeC TBO (MM TOXAECTBO) = W- Ha3bIBaeTCA OAHOPOAHbLIM (Mnn pery-
napHbIM No A. . MarnbueBy), ecnv B €noBa % 1 iv> BXOAAT OfHW M TC XKe NpeaMeT-
Hble repeMeHHble. Kaxkaoe CBepXTOXKAECTBO MHOroobpasus ¢nabo MAeMHOTEHTHbIX
peLLeTOK OAHOPOAHO. B HacTosLLeli paboTe XapaKTepu3yoTCs CHePXTKAECTBA. MHOIO-
0bpasunsi ¢nabo MAEMHOTEHTHbIX PELLETOK.

2. HenpemnoTteHTHble hyHKunm MNnoika

Anrebpy 1= ({/; E) HazoBeM CymMOIA CBOMX MOMAapHO HerepeceKaroiLyxcs nogasn-
reép (7; )) rae ie J. ecnm cnpaBeamBbl cnegytowme yenosus (cp. (17|-[10]):
i) U=o agnaBecexi.jEIlr j\
> U= U,G Ui\
iii) Ha MHOXecTBe uHAeKcoB | CyLLeCTBYeT OTHOLLEHMe “<"'Takoe, uTo (/; <) - Bepx-
HsI HOJTypeLLeTKa CO CefyLLMMI CBOCTBaMU;
iv) ecnn 1 < j, TOcywiecTByeT romomopuam < : (¥<; ) i-4 (f/j-,E), rge <py(x) —
Fi(x, ..., X) a4nsa noooii Onepauym F, e E, x 6 U, npi3m - yik r<j <K;

V) ons Bcex A € E 1 ans Bcex Xi,..., Xxn 6 Q cnpaBeAnnBo pPaBeHCTBO:
XK*1 mbXy) (D 1% ti( )1
rge apHocte |1 = n,xi € Ui,,...,X,, € .. €/ to= {,...,in}.

3amMeTUM, UYTO 0HOPOAHOE TOX/ECTBO, CNPaBe/IMBOE BO BCEX MOMapHO HCrepece-

KaIOLLMXCS MOACMCTEMAX, CMPABEIMBO 1 Ha UX CyMME, UTO HEMocpeCTBEHHO creayeT

U3 NyHKTa V) onpedeneHns CrefoBaTte/lbHO, KaXaoe 0HOPOAHOE CBEPXTOXIECTBO,
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cnpasef/IMBOe BO BCEX MOMAapHO HeHepeceKatoLLMXCs nojanrebpax, cripaBeavBo Tak-
XE 1 Ha X CyMMe.

Onpegenenne 2.1. MycTb U= (C/;S) npoussonbHaa anrebpa. buHapHasa qyHK-
uma / :Ux U —U HasbiBae TCA HCMAEMNOTEHTNON hyHKUMeli MoHKa ans anrebpsl
W, ecnn oHa yfoBneTBOPSET cregdylowmm ToxKaecTsam (cp. |17] - |19/

1w/(/{*m. Y), 2) = f{x,f(y,z2));

. (%, X) = Ft(x,.... xX), ana nob6oii onepauun Ft e E;

w?-/(x, (2, 1)) = /(- /( 1. ;<):

4-F(Ft(x\,.. «.£»{())* J) = F,(f(xuy),...f(xIIW.y)), ana nwo6oii onepauymn Ft £ E;

/7, FI(.Ti,... aMh)) = f(y,Ft[f(y,xD,...f(y,TnW))), ana noboii onepauum
F, € E;

6.f(Ft(xi,...,xn(i)).Xi) —Ft(xi,__ .1,,()) ~cira Bcex 1 < r < n(/)j. gna nio6on
onepauun Ft € K;

70(F,Gr,:o x G, F (@i m(0) = F,(x\,... Jlrs no6oi onepauum
Ft.eE.
8. f(x.f(.r,y)) = I(r-;)).

Teopema 2.1. Ka>Kaoi HenaeMnoTeHTHON (yHKUMK MnoHka anre6psl it = (U: E)
COOTBETCTBYeT MpeAcTasneHve Il Kak CyMMbl CBOMX MOMAPHO HEHepeceKaroLLmxcs
noganre6p.

JokasaTenscTBo. Onpegenvm Ha MHoXecTBe U oTHoweHne a C U x U cnegyrowmm
o6pasom:

aab </(0. b = /(n.*a), /(6.a) = /(6,6),

roe /' HempgeMMOTeHTHass iyHKums noHKa gaHHoli anrebpbl 11 OTHOLIEHKWE O
3KBMBA/IEHTHOCTb Ha MHOXecTBe U. OB603HaU4MM COOTBETCTBYHOLLME K/acChbl 3KBYBa-
NeHTHOCTK 4epe3 Ui,i € |. Takum obpasom, nosyyaem pasbueHve MHoxectBa U
Ha NonapHO HewvepecekaroLHecs nogmHoxectsa C, ¢ U.i € I. Jokaxem, 4To Vi

noganre6pbl. [eAcTBUTENbHO, ecnn «i,...,a,,(<) € Ui,r 6 |, Torga gnsa nwo6oro
Fte E, (|F,| = ) nveem:

[(F,(al...., «m{d),«,) = F((«i.... «,(()) = f(Ft(ai,...anW),Fi.(au ...,a,,il]));
[(«1:F («l....... “AN) = I(nl-Ft(/(n,,ai),... /(a,, Q)
= [(«l, (Ft(al,.... «l)...... Ft(ai,----- fli))) =/(«I,F,(at........... ai))
= F,(ab ¢+ ,«i) = /(at,fti). Te Ft(«m,... «,,(,),ai 6
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Tenepb Ha MHOXeECTBe WHAEKCOB | onpefenum MOpsfoK ''<‘'‘credytolym o6pasom:
<  TOrfau TonbKO TOrAa, Korgacywlectsytota € /#,66 Takwue, yto/(/), a) =

f(b.1>). AaHHOe onpepenieHne NpeBpaLlaeT MHOXXECTBO | B BEPXHIOKO MOMYPELLIETKY.
Onpegenum oTobpaxkeHue VA, £ »» [2a0a < crefyrolwmM 06pasoMm:

= /(«- ).

roe b € € . O

3. O NnoAgnPAMO HEPA3NOXWMbIX CNABO UAEMMOTEHTHbIX KBASUPELLETKAX

OnpepeneHne 3.1. BuHapHas anrebpa. 1 = (I/: E) HasbiBaeTCA cnabo, naemno-
TEeHTHOI KBa3MpeLLeT KO, eCiv OHa YA0BNEeTBOPSET CnefylolWuM CBEpX TO>XKAECTBaM:

(3.1) X{x,x) = Y(x,x),
3.2) X(x,y) = X(y.x),
(3.3) X(x,X(yyz)) = X(X(x.y).2),
(3.4) X(x,X(y,n)) = X(x, y),

(3.5 X(Y{Xfay),z),Yfaz)) = Y{X(X,y),e).

3ameTuM, 4TO Kakgas cnabo HAemitoTeirmias pewleTka U Kaxgas cnabo naemno-
TEHTHas MONyperveTka yaoBeTBopseT ceepxToxgectsam (3.1) - (3.5).
[anee, jokakem psij CBepXTOXAECTB, CNpaBed/IMBbIX BO BCeX €1ab0 UAEMIOTEUTUBIX
KBasvpeLLeTKax. [JOKaxXeM CnefytoLLiee CBEPXTOXAECTBO:

3.0 X(X:X(Y(x,y), [(r],2)) = X(Y(z, y),X);

Bo-nepBbIx 3aMeTUM, UTO C/leaytoLLMe CBEPXTOXAECTBA HEMOCPEACTBEHHO CEAYIOT U3
cBepxToxgecte (3.5) n (3.2);

G7) X(Y(X(Y(2,y)-x), X(y,x)). Y{x, X(y, X)) = Y{X(Y(z,y).x).X(y.X)),
(3.8) XEYIX(:v,Y).%), Y (Y. X)) = Y{X(X,y).X).

LelicTBUTEeNbHO, HOKAXKEM CBEPXTOXAECTBO (3.7):
XY (X(F(r.Y).r) 4 (V.0)),T (x.X (1,.r)))
=2 X(Y(X(y, ™), X{x, Y(z,;i), Y (X(y, X), X))
( 9 Y(X(y.x), X{x,Y(z,y))) = Y (ry)*) XKy, ).
CnpaBe/IMBOCTb CBEPXTOXAECTBA (3.8) BbITEKAET U3 CBEPXTOXAECTBA (3.5) Mpu

r = x. CnegoBartesibHO, Mosyyaem
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K@ (,]0,%),X(*x)) ( 7) X(Y{X(Y(z.y). %), X(y. *)), Y(X, X(y,x)) (=>
X(YiX(Y{z,y),x)X(y,x)), X{Y (X{x,v),X),Y(vtx)) (="
XXY(X(Y(z,y)-x), X(Y,x)), Y(X(x,¥), X)), Y(y. X)) (=9
X(Y(X(Y(z,y), %), X(y,%)), Y(y,X)).

Takum 06pa3oM, Mbl MOyHaeM CriefytoLlee CBEPXTOXAECTBO:
(3.9) Y(X(Y(z.y). x).X(y,x)) = X{Y(X{Ylziy),x), X(y, X)).Y(y. X)).
Tenepb AokakeM cBepXToXaecTBO (3.0). Nveem

X X(Y{x,y), Y (y,s)) (3% (i) X(X(T,Y(y,2)),Y(x,y)) &}
X(Y(X(x. Y(y, 2)), X(x,/1)). Y(x,y)) GIB (39

Y(X(Y(z,y),x)xX{3i.x)) =MX(Y(z,y),x).

Takum 06pasom, cuepxToxaecTBo (3.0) AoKasaHO. 3aMEHUB B CBEPXTOXAECTBE
(3.0) y Ha Y'(x,y), mony4mm:

X%, XY (X Y%, 9), Y(Y(X, ), 2))) = X(Y(2;Y(X, Y)), X).

CornacHo ceepxToxgectBam (3.2)- (3.4) nonyyaem: Y(Xx.Y(X,y)) =
Y(Y(X,X),y) = Y(y, Y(X,x)) = Y(y,x) = V(aly). CnepoBaresibHo,

(3.10) X XY (x,y), Y(Y(%,Y),2))) = X(X,Y(z. Y (X))~

(3.11) Y(X{Y(2,y), 0 tX{y,x) = X{Y (X{Y (g,y), %), XM\y{»"))-
CBepXTOX/AeCTBO

(3.12) X(Y(y,2), X(x,Y(x,y))) = X(Y(z,y),x)

ABNSETCA cneacTBmem cBepxToxaecTB (3.2), (3.3) u (3.0). AeicTBUTENbHO,
X(Y(y,2), X(x,Y(x,y))) (BEDX(X(x.Y(y,z)). Y, X(x,Y(y.z)).

Mogctasum B (3.12) y —2z, Nosyymm:

(3.13) Xy, X(xY (x,y))) = X(y.X).

JIOKaXeM crnefyloLLiee CBEPXTOXAECTBO:

(3.14) Y (Y (%, X(y,Y(y.2))).2) = Y(X,Y(y,2)),

[nsi 3TOro Heo6X0AMMO [0Ka3aTb CeLytoLLme ABa CBEPXTOXECTBA:

(3.15) X(Y(x.y).z) = X(X(Y(x,y).2).Y(Y(X.y),2),

(3.10) X(y,Y(y,2))=Y(y,X(y.2)).

CnepBa JOKaXeM CBEpPXTOXAeCTBO (3.15):

XY (X,¥),2) ¢ 120 X(Y(X,¥),X(z,Y(zA'(X,¥)))) ;b (32
38



CBEPXTOXAECTBA CNABO MWAEMMOTEHTHbLIX PEWETOK

X(X(Y(x1y),2),Y(z.Y(x.y))).
3ameTuM, 4TO M3 CHepxToxaecTeBa (3.15), BOCMOMb30BaBLUUCL CBEPXTOXAECTBaMU
(3.4) n (3.1), npn x —y, Noay4aem:

3.17) X(y.z) = X(X(y.2).Y(y,2)).

JencTeutensHo,
X(X(y,2),Y(y.z)) & IX(X(X(y,y),2),Y{Y(y.yU) =°
X(X(Y(y,y),2),Y(Y(y.y),z) F>X(Y(y.y),z) (= IX(X(y.y).2) () X(y,2).
[anee fokaxeM CBepXxToXaecTBo (3.16):
X{y.Y{y.z)) YIM*/) Y(X(y.Y(y:2)),y) ( 2 ¥(y, X(y. Y(y, ))) 9
Yy, Y(X(y,Y(y.2)),X(y,2))
Y(y, Y(X(y. Y(y,2)), X(X(y, Y(y, 1)), 1))
Yy, X(X(y, Y(y, 2)\ 2)) '= 1¥ (L X(X(Y, 2, Y(Y..)) ' DY, X(y. . ).
Tenepb nony4mm CeepxToxaecTso (3.14). Viveem
y'(r(x . X@/.r(v.2))).z) (=" K(C(x,Y(y,X(y.n)") (9
Y(x,Y(Y(y,2).X(y,2))) @I) ¥(r.¥(%r)).
CornacHo (3.14) vnmeem:

(3.18) Y(Y(x,X(2,Y(y,2))).y) = Y(X,Y(y.2)).

NS ganbHeliwero HaMm HeobXoAMMO TaKXKe A0Kas3aTb CMeaytoLlee CBEPXTOX/AECTBO:
(3.19) JTCR Y{X, X(y, Y(y. 2)))) = X(X, Y(x,X(r, V(™. *))).

Nmeem:

X~yfoXfe.yfo,*))) (9 XA (V'(I,A-(MT (y,r)).Y(x.¥(/.r)) (=4
XOGXY(X Yy Yy, 2))), YOY(X, X(z. Y(y, ). y))) (=
X(x, Y(Y(x, X{z, Y(y,*))].)) EW)YXY(y, 2)).
XY (X, X(2,Y(y,2))) ( DXOGXY (XX (2, Y (yrmY (x.Y(y,2)) (=9
XxFY (5 Y(2,Y(y,n), Y(T, X(r, Y(y.r), ) (=0
XY (Y (x,X(r,¥(y.2))).¥)) (=4 ¥Y(@,Y(y,r)).

CnepoBaTensHo,
(3.20) Xy (x,X(*1y(i,2))) = Y(*.Y(y.*)),
(3.21) X(z, Y(X, X(z,Y(,1)) = Y(*. ¥Y(y, ).

M3 ceepxToxaecTB (3.20) 1 (3.21) cnegyeT cBepxToxaécTBo (3.19).
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Jlemma 3.1. Kadkgas cnabo maemvoTcnTHas KeasupewleTka (Q.A.D) c gsyms
6VMHapHbIMK oMepaumMaMmn ABASIETCA €1abo MAEMNOTEHTON pelleTKOW uaM cymmMoin
CBOMX MOMapHO HercpeceTcaliumxca noganrebp, KOTopble ABAATCA cnabo naemno-
TEHTHbIMU peLleTKamu.

[JokasaTenbcTBo. 3agaanm otobpakeHue / :Q x Q —Q cregytoLmm 06pas3om:

l(=c,y) = A(x,B{x,y))  B(x. A{x.y)).

Jokaxem, uto /  HemgemmoTeHTHas yHKumMA TMnoHKa. KOppeKTHOCTL 0To6bpaXxe-
HYA J HEenocpeAcTBeHHO criefyeT M3 cBepxtoxgectsa (3.1C). NMposepym ycrosusi
onpegeneHun 2.1.

I- f{f(x.,y).z) = f(A(x,B(x,y)).z) = A(A(X,B(x.,y)).B(A(x,B(x,y)).2)) =1
NN B(x.y)), A{B{A{x, B(x.y)), 1), B(B(x,Y), 2)) B (32

A(A(x, B(x,y)), A(BUI.T. B(x, ¥)):2), B{B(z, A(x. B(x. ))), ))) (=10

A(A(x. B(x.y)), B(U(z,A(x, B(x.¥))).¥)) (=9

A{A{x, B(x,y)), B(B(xyy), 1) (= BA{x, A{B(x,y), B(B(x,y), 2))) (=L
A(x.B(B(x,y).2)).

IGv.3(y.2)) = f(X.;A(yB(Y.2))) = A(XJI(X,A(Y.Y(Y,2)))) <']
A(x,B(x.B(y,2)))).

2. f(x,x) = A(X, B(x.x)) A(XA(X.X)) =N A(x, x)=B(X. x).

3- f(x,H{y.z)) = f{x, Ay, B(y, 2))) = A(x, B(x, Ay, B(y, 1)));
fix. f(z. y)) = f(x. A(z,B(z.y))) = A(X, B(x, A(z,B(z. ?.)))).
CornacHo ceepxTtoxgecTBy (3.18) nonyuaem: f(x,f(y,z)) = f(x,f(z,y)).

B pokasatenbCTBe ycnoBuii 4-8 onpegeneHus 2.1, 6e3 orpaHuMYeHus OBLLIHOCTM,
MOXXHO MpeanonoxuTb, 4to Ft — A CornacHo Teopeme 2.1, anrebpa (Q-.A.1J) sB-
NseTCA CYMMOI CBOMX MOMapHO HeHepecekaroLmxcs noganredbp . i 6 /. OcTaeTtcs
JoKasaTb, 4YTo noganrebpbl 1/r  cnabo MACMNOTCUTILIC peleTky. Ansa noganrebp
U, crnepyeT NpoBepuTb NWb ToXKAecTBa craboro nornoweHns (L4)>xk A (x Vy) =
X A X, XV (XAy) —x\/ x. [elAicTBMTeNbHO, X,y 6 u, TOrga u TO/IbKO TOrAa, Korga
I (x.y) = f(x, x),f(y, X) —f{y, y). Bbluicnme npaByt0 1 NeBYy0 YacT! paBeHCTBa
I(.r,y) = f(x, X) (npn A = 1, B —V), nony4aem:

I Ci*ty) = XA ®Vy)yun/l (x,x) =110 (xVa)= /1 (x Ax) = x Ax,
CNefoBaTeNlbHO x A (x VYY) - x A x. AHa/IOTMYHO NONy4aeM BTOPOe TOXAECTBO. [
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Teopema 3.1. 104 noanpsMo HePa3noXKUMOii cnabo MaeMnoTeHTIMT KBasupelleT-
kv, it = ({/; E) nmeem: |E| < 2

JokasaTenscTBo. Myctb LI = ((/; E) cnabo maemHoTeHTHan KBasupelueTka. [lo-
Kaxem, 4To ecm |[E| > 3, To 11l Hogmpsmo pasnokmma. lMockonbky |E| > 3, TO
CYLLIECTBYIOT NOMNapHO pasnnyHble 6UHapHble onepaumn At. 12, Jiy 6 E. Onpegenim
(dbyHKumn fij cnegyrowpmm 06pasom:

fij(x,y) = A(x-.Aj(x.y)).

3aganmm oTtnowleHHs Or/ Ha MHoxecTse |l crnegytowmm obpasom:

A><l lijxy) = xfijly}x) = y-
OTHoLLEeHNe {K = x} - 3KBMBa/IEHTHOCTb Ha MHOXecTBe . Bonee Toro,
Q] KoOHrpysHuum Ha anrebpe Il.
Mokaxem, yto | O\ &A= .Ecwmx(®, 6n 9.), T0rgax6\2y. xeiny,
xO2sy. Takum obpasom. fi,2(x.y) = x, fi,2(y,x) = y,/i:n(x.y) = x, fiMy,x) =
y,/23@ry) = x, 133(?/>x) —\+ una x = y. B nepBOM c/ly4ae U3 CBEPXTOXECTBA
(3.7), 3ameHoOI z Ha Z(X.y), MOAy4nMm:

Ai(y\2(n\y).N3(n\y)) = |20, As(x, y)), A2(x. y)). A:i(x,y)) =
NN, (. A2(x. y)). In{x,y)) = Oje Na(r,y)) = x;

Ai(A2(y. x), AL (y,x)) = AINiN2(y, N3(r/,.1), A2(y,X)), A3(y.X)) =
AY{A}y. N2(y,x)). Nl-n(y.x)) = Ni(T/, Nu(il,.T1) = y.

CnepoHaTenbHo, B 060MX ciy4vasx nonydaem: x = y. OcTaeTcs [oKasaTb, YTO BCE
TpU KOHrpysHUumun &\ 2,0i,,j Il tf2.;5 HeTpuBUaNbHbI. [OKaXxeM, Hanpumep, HeTPHBHa b-
HOCTb KOHIPY3HLMM . Mockonbky J1) ¢ A2, TO CyLLECTBYIOT 3/IEMEHTbI X.y 6
Takue, 4uTo Ai(x, y) b J12(X,y), Torga» I\(x. y)H\, 212§ y). [ecTBUTENbHO, COFNacHO
cBepxToxaecTBy (3.17), npuy = X (X,y), Z = Y(X.y), UMeem:

Y YY) = XIX(X(X, ) Y (X)), YX(X. y), Y(X, Y)):
Orctogay, CoiflacHO CBepxXTOXAecTBY (3.13), NoMyyYnMm CBCPXTOXAECTXHO:
X(x,y) = X(X(x,y), Y(X(x.y),Y(x.y))),
a oTctogas, Npu X = flb Y = A2. uMeem:
fi.2(0i (ry). N2(x, y)) = A1 (N1 Y), N2(NL1(X, ). N2¢r»0)) = N,(X,Y).
[nsa fokaszaTenbCTBA paBeHCTBaA

11,2(A2(x,y),Ni(x.y)) = N2(x,Y)
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BOCMO/Ib3YEMCSI CBEPXTOXAECTBOM (3.1G):

I (A2(x,y).Ai(x,y)) = ANAZ{x,y)yA2(A2(x.y), Ai(x.y))) (=0
A2(A2(x.y), Ai{A2(x,y),Ai(x.y))) = A2(x,y).

TaK, ucxogHas anrebpa oKasblBaeTcs MOAHPSAMO Pas3fioKMMOM, UTO ABSETCA NPo-
TMBOpeUreM. TaknuM 06pa3oM, MOLLHOCTb MHOXECTBA OrepaLiv MOoAHPSIMO Hepassno-
XUMOW cnabo naeMnoTeHTHON KBasWpeLLeTKM  He 6osiee ABYX. O

4. OcHoBHOW IHIBY/bLTAT

Teopema 4.1. Jlo6oe CBEPXTOXKAECTBO MHOroo6pasmsa cnabo ngemMmnoTeHTHbIX pe-
LUETOK ABNSeTCA crnegcTememM ceepxToxkaecTs (3.1) - (3.5).

Jokn.wirenscinuo. CornacHo Teopeme 3.1, MOLLHOCTb |£| MOAHPSIMO HEPa3/IOXMMOIA
cnabo naemnoTeHTHoN kBasupelleTky (U; E) mMeHbLUe Wi paBHa AByM. CrnefoBaTeslb-
HO. Mo TeopeMe BupkKroga o NoANPAMbIX MPOU3BEAEHUAX, Kaxas cnabo ngemnoTenT-
nas KeBasupeLleTka M30MopHa NoAMPsSMOMY NPOM3BeAeHU0 c1abo MAeMMnOTEHTHbIX
KBa3Hpenierok ¢ 04HOM 1 AByMsi GMHapHbIMK onepaumamy. Cnabo naemMnoTeHTHas
KBasupeLleTKa C OfHOM 6MHapHO onepaumein  cnabo MAeMNOTEHTHAA HOMypeLLeTKa.
MosTomy, Noboe OAHOPOAHOE CBEPXTOXECTBO BbIMOHSETCSH B CNab0 WMAEMMOTEHT-
HOl KBasMpeLLEeTKE C 0AHOM GMHapHOIM onepauueit. C apyro CTOPOHbI, Cneayst Niem-
Me 3.1, 3aK/l04aeM, UYTO €nabo MAEMMOTEHTHas KBasMpeLleTKa C ABYMS OMHapPHbIMU
onepauusiMu - €nabo MAEMMNOTEHTHas peLleTKa Mbo cymma CBOMX MOMAapHO Here-
peceKaroLLMXcs noganrebp, KoTopble ABASKOTCA CNabo MAEMHOTEMTNbLIMM PeLLETKaMMU.
CnepoBaTenbHO, KaX[0e OfHOPOAHOE CBEPXTOXAECTBO, BbIMO/HSIOLLEECS HA MHOIO-
06pasnn cabo MAEMMOTEHTHBLIX PELLEeTOK, OyAeT BbIMOHATLCA U B KaXKaoi €nabo
MAEMMNOTEHTHON KBa3MpELLIETKE C ABYMSI GMHAPHbIMK OnepaLusivMm. |

*

Cnepcrue 4.1. Karkfoe cBepXTOXKAECTBO MUOr<to6]KMMS peLleTOK SBNSe T CA Cnea-
cTBuem ceepxToxkgecTs (3.2), (3.3), (3.5) n cBeaxTo3icAeeTBA MAEMNOTEHTHO-
ctu A(x,x) = x (\7\: |8]. [10])/

Mokaxkem, YTO CBEPXTOXAECTBO (3.5) ABNseTCA cneacTBuem cBepxToxgects (3.1) -
(3.4) n cnepytoLLEero cBepx TOXAecTBa ANCTPUOYTUBHOCTHU:

(4.1) X(Y(x,y),2) = Y(X(z,2),X(y,2)).

JencTenTensHo,

X(Y(X(%,y),2),Y(y,2)) ( IX(X(Y(x,2),Y(y,2)),Y(y,2)) =~

X(¥Y(x,2), X(Y(y,2). Y @, 1)) =3>X(Y(x,2).Y(y,r) = 1Y(X(x,y), 2).
42



CBbI'XTOXAOECTBA C/TIABO MAEMMNOTEHTHbLIX PEWETOK

CnegcTteue 4.2. Kaxkaoe CBepXTO03icAeCTBO MHOroo6pasns AUCTpPUBY TVBHbIX Cna-

60 NACNTOTCHV ThIX PELLETOK SBNSIE T CA CNeAcTBMeM ceepxToxKgecTs (3.1) - (3.4)
e

1 cBepx7nuMcaccTen gucTpubyTusHocTmn ( .1).

Abstract. The paper is devoted to the characterization of hyperidentities of a variety
of weakly idenlpotenl lal dees lliat are nilpotent closures of the variety of lattices. The

existence of a finite basis for such hypcridentities is established.

|2

3]
Jil
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7l
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O POPMANBHO MOYTN TUNOSINANNOTUYECKNX
MHOTOUNEHAX MOCTOAHHOW MOLLHOCTHN
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Annotayusn. M3yvaloTca cBoiicTBa AnddepeHUManbHblX onepaTtopoB (MHOro
YNEeHOB) C MepPeMeHHbIMU KO3 (ULMEHTAMN NOCTOAHHOW MOLLHOCTU WAW MOCTO-
AHHON cunbl no J1. XepmaHgepy. MonyyeHbl HeO6XOANMbIE YCNOBUA MOCTOAHCTBA
CWAbl N MOLHOCTU MHOFOYNEHOB MHOIMX MNepeMeHHbIX. [N MHOrOYNEHOB ABYX
nepemMeHHbIX C BELLeCTBEHHbIMW KO3M(ULMEHTAMU NONYYeHbl HEO6XOAUMbIE U [0-
CTaTOYHble YCNOBMUSA NOCTOAHCTBA MOLHOCTU M (DOPManbHOW MNOYTU TUNOINAHM-
TUYNOETW B TEPMUHAX HYNel W WX KpaTHOCTEe COOTBETCTBYHOLWMX 0606LLEHHO -
0/JHOPO/JHbIX NOAMHOrOY/IEHOB U3Y4YaeMblX MHOrOY/IEHOB.

MSC2010 numbers: 12E10.

KntwoueBble cnoBa: OpManbHO MOYTU FMMIO3AANNTHYECKUIA onepaTop (MHOTOYJIEH);
onepaTop MOCTOSIHHOW CuAbl (MOLLHOCTH); HeperynsipHblii (BbIPOXAEHHbIA) MHOrO-
UfieH.

1. Beepenune

Ecnun gna obwmnx nnHelHbIX anddepeHyanbHbiX 0nepaTopoB (ypaBHEHMI) ¢ no-
CTOAHHLIMU KO3(h(ULMEHTAMN MHOTME BONPOCHI (CyLliecTBOBaHWe PyHAAMEHTaNbHO-
ro peleHuns, NoKanbHaa paspewMMocTb, KOPPEKTHOCTb MOCTAHOBKMN KpaeBbIX 3ajau
M T.A4.) [OCTATOYHO XOPOLUO M3YyYeHbl, TO TEOPUA TaKUX OMEPaTOPOB C MEPEMEHHbI-
MU KO3(hPULUMEHTAMWU CPaBHUTENbLHO Mano pas3suTa. AuddepeHumanbHble onepaTo-
pbl MOCTOAHHOW CWAblI C MEpPeMeHHbIMWU KO3(UUMEHTaMU BO MHOTMX OTHOLUEHUAX
BeAyT cebs Kak onepaTopbl C MOCTOSAHHbIMU Ko3pduuymneHtamm ( cm. |1, rnaBa 13 ).
Hanpumep, Bce 0606LeHHbIe pelleHUs GOPManbHO TMUO3NTUNTUYECKUX YPaBHEHW
NMOCTOSAHHOM CUAbI ¢ GECKOHEYHO ANPGEPeHLMPYEMbIMU KOG DULMEHTAMUN ABNAIOT-
ca 6ecKOHeYHo guddepeHumpyembiMn yHkumamu (cm. [2]  (4), namn [1], Teopema
13.4.1).

byfeM nosb3oBaTbCa CnefyrowmMy CTaH4apTHbIMKY 0603HaYeHNAMM: JI-MHOXECTBO
HaTypanbHbiX yucen, IO = Jiru {0}, - NoO X ... X ,Wh-MHOXeCTBO N-MepnbIX


mailto:haikghazaryan@mail.nt

0 ®OPMA/IbBHO MNOYTUN TUNOINNNNTUYECKNX MHOIMOYNEHAX

MYNbTUUHAOKCOB, E" M R"- -MepHble BELLeCTBEHHbIE MPOCTPAHCTBA TOYEK COOTBET-
CTBEHHO T = (i) ..... Yymu = ( , £i). Ana 6 /?", x € E”uno £ " o603Ha-
yum iei = VW + 2 +11- N = +-+«, =C - ".Du= D\"..D?r,
roe Dj = n/ nmé6o Dj = -O/dxj (j = HakoHey, o603Hauum 1" =
{6 >0j=1 A ={ CA"IE] &0}

Myctb N= {0*} MHOXecTBO ToYek 13 Yfy. MHororpaHHmkom llbloToHa Habopa N
Ha30BEM HaMMeHbLUWIA BbINYKAbIA MHOrorpaHHuk Si= mR(N) C 1", cogepxalnii MHO-
xecTtBo Kn{()} .Ans Toyek a 6 N$ o603Hauum MN(a) = {#€ Bi <o»* = l..«}.
MHororpaHHuk RC [” Ha30BeM MNOJIHbIM. eC.YH NeMMeEeT BeplIMHY B Hayane Koop-
OWHAT 1 OTNYHbIE OT Havyana KoOpAMHaT BEPLIMHY Ma KaXAoW ocu KoopauHat
MonHbIA MHOTOrpaHHMK SRHa30BeM NpPaBWbHbIM (BMOJIHE MPaBUIIbHbLIM), €CNN C KaX-
[0V BeplIMHON e € 9 MHOTOrpaHHWK  COAepXMUT MHoXecTBO M(c) (COOTBETCTBEHHO
Kaxjasa Touyka MHoxecTBa M(e) \ {c} ABnAeTcs BHyTpeHHeil Toukoi 'R) OueBuAHO,
3TO 3KBUBANEHTHO TOMY, YTO BHelwHUe (oTHocuTenbHO f) Hopmanu (% —1)—mepHbIX
MOKOOPAMHATHbIX rpaHeil XXnMeroT HeoTpuuaTenbHble (COOTBETCTBEHHO MOMOXMUTENb-
Hble) KoopauHatbl. O603HauMM yepe3d K* (r = 1,... MK, K = 0, —1) k - mep-
Hble rpaHuW MHororpaHHuka 9?. I'paHb L, Ha30BeM rnaBHOW, ecau Cpean eaUHWNYHBIX
BHeWHNX ( OTHOCMTeNbHO S?) HOpMasein 3TON rpaHn, MHOXECTBO KOTOPbIX 0603HaUYNM
yepes J1(51,), umeeTca Hopmanb, X0TA 6bl O4Ha KOOPAMHATA, KOTOPOM MOMOXM TenbHa.
Touky 0 £ '(? Ha30BeM rN1aBHOW, eCiM  MPUHAANEXUT XOTA Obl OAHOW FNaBHON rpaHu
1. MHOXeCTBO BCEX eANHWNYHbIX BHELWHMX HOpManeli rnaBHbiX rpaHeii fi 0603HauMMm
yepe3 A(R). naBHytO rpaHb Ha30BEM MpaBU/IbHON (BMNOMAHE NMPaBUbHOI), ecnun B
MHOXecTBe JIONE) cyLiecTByeT BEKTOP, BCe KOOPAWHATbI KOTOPOI HeoTpuuatesnbHbl (
nonoxuTenbHbl). Yepes M*. = J1[, (TQ 0603HA4YMM YMCNO K - MEPHbIX BMOJIHE NPaBUb-
HbIX rpaHei 5R npu aToMm 6yfem cumTaTth, 4YTO ANA Kaxagoro k = 0, 1,..., 4 —1 rpaHm
NMPOHYMePOBaHbl Tak, YTO BMNOMAHe MPaBUAbHbIMKU ABAAOTCA rpaHn Mf(i - 1..... Alt).

Mycts P(O) = TY'- NUHelHbIA udhepeHLManbHbIil 0NepaTop e BeLLeCTBEH-
a
HbIMH MOCTOSIHHbIMU Koa(uuueHTamu, a () = )é)flo "- O0TBeYal WM emMy CUM-

BON (XapaKTepucTMYeCKM MHOro4feH). 34ecb CymMa pacnpocTpaHAeTcs Mo KOHeu-
HOMy Habopy mynbTumHgokcoB (P) — (o £ JI(¢* : =a (0} Mwuororpannuk W =
LLLP) Ha6opa Touek (P) {0} Ha3oBem MHOrorpaHHuKom HbIOTOHa WM XapakTe-

pucTUYeCKMM MHororpaHHukom onepatopa P (1)) (mHorouneHa P( )). MHorouneH



r. . KN3APAIT

PIF ) _ ' Ha30BEM MOAMHOrOY/IEHOM MHOrOYeHa , 0TBEYAlLW MM rpa-
HW IRj MHororpaHHuka WL P). Mycte N€ E" nd > I MHorouneH /?(£) Ha3blBaeT-
cs A—eofHopofHbIM J1-Hopsaaka (I, ecnu ANY)y = 4A@ne i, [ ,) = 1IR(E) npu
Bcex > 0, YTO 3KBMBANIEHTHO TOMY, YTO MHOrouneH ( ) npefcTaBnfeTcs B BuAe
R(O=T.(y»)=,He-

Nerko nokasatb, YTo iiogmMHorounieH P' k mHorouneHa P saBnsetcs A—o4HOPOAHLIM
ana nmobéoro A6 A(Rj(P)).

Ona A—eQHOPOAHOrO MHOrouneHa ) o6osHauum E(7?) = {( f a"". | —
1,R(£) = 0} Nyctb 1) € £(/?), 0603Ha4uM yepe3 A(T], R) A-kpaTHOCTb Hynsa //. T.e
yucno, onpegeneHHoe Tak: DVR(ij) —O0 gnga scex n € N1,/ takux, uto (A.;/) < (/. R)
n D 14() 0 ana xota 6bl 04HOTO MynbTUMHAEKCA Takoro, 4to (A/<) = A(T/. R).
[na ogHOPOAHbLIX MHOFOYNEHOB, Korga. Al = ... —A,,, 3T0 KpaTHOCTb Hynsa 7.

paHb N& MHororpaHHuka LU, P) HasbiBaeTCs HEBbIPOXAEHHON, ecnn £ (P' k) = W
MHorouneH P(£) ¢ MHororpaHHukoMm J?= LLLP) Ha3blBaeMca HEBbIPOXAEHHbIM , €Cn
HOBbIPOX/EHbI BCe rnaBHble rpaHn 3?. B pa6ote |5] B.MN. MwuxaiinoBa foka3aHo, 4TO
ONA HEBLIPOX/JEHHOrT0 MHOrouyneHa P ¢ MofHbIM MHOrorpaHHukom HbtoToHa LU P)

cyuwiecTByet noctofHHaa C > 0 Takas,uTo

(n) Ei€dfircllp)l + 0 vrE/T -
pekK
B pa6ote [ C. M. HUKONbCKOro foKa3aHa e4MHCTBEHHOCTb K1aCCMUYECKOro peLlueHus
nepBoOii KpaeBoli 3afayn A8 ypaBHEHWIA, CUMBO/bI KOTOPbIX YAOBAETBOPAKT N1OMY
HepaBeHCTBY. B |7| gokasaHo, 4TO YCNOBME HEBLIPOXAEHHOCTU MHOMOY/EHA ABASETCA
TaKxe HeobxoaumbIM ans cnpasegnueoeru (J.1).
Ona mHorouneHa. () yudes ) 0603HauuM yHKuUuto ST XepmaHaepa. onpeje-

nsemyto gpopmynoi

(1.2) w = \D“P {0\2]U2.
tw.V

MHororpaHHuK HetoToHa Ha6opa mynbTwwackcos \J (D "P (0) o6o3Hauum yepes LU, P)

= LW P) n HasoBeM MHOrorpaHHuk MbloToHa yHKUnm ().
N3 npocTbiX reoMeTpuyecknx coobpaxeHunidi fcHo, 4to ecnu 9?(P) npaBubHbIV
MHOrorpaHHuk, 7o }2(/ 3 = LW, P), npn atom BNofHe npaBubHble rpaHu W P) u LWP)

cOBMagalor.



O ®OIrM/NbIIO NOYTUN TUNOINNUNATHYHECKNX MHOIOYJEHAX

OnpepgeneHune 1.1. ToBOpAT, YTO MHOrouneH P((.) MowHee (CUIbHEE) MHOrOU/EHE,

() v 3anuceiBaloT Q < P (COOTBETCTBEHHO Q < ), eCciu CyWecTByeT MOCTO-
AHHas C > 0 Takaa, yTo Om.Bcex g Rn Q(0 < C[l4-|P(£)|]] (cooTBeTCTBEHHO
KOOIl - C\P(0\). Ecrim Q < P < Q (cooTBeTCTBEHHO Q <P - Q), TO roBopsaT,
YTO MHOTOYNEeHbl P 1 Q MMeT O4MHAKOBYI MOLWHOCTb (Cuny).

OnpegeneHue 1.2. MHorouneH ( ) HasblBaeTCAMOYTMU FMNO3NANNT UUECKUM
(cm. /5. /Of), ecnn D:iP < P pgns Bcex /i € N('.

M3BECTHO, YTO MHOTOrpaHHUK HbloTOMa rMNO3NANTUYECKOrO onepaTopa ABnsaeTcs
BMOJIHE NPaBU/bHbLIM, & NOYTU TLUIOANNHTUYECKOIO - MPaBUbHBIM (CM. [7])

FACHO,4TO NO60A TMHOINNMHTUYECKWIA OMepaTop ABAAETCA NOYTU NMIO3ANANIITAYC-
ckuMm. Ob6paTHOe He BEPHO, YTO BUAHO U3 CAefyloLiero npumMepa.

Mpumep 1.1. Nyctbm =2, ( . )- (Ei-£)2( +£)+Si+ + 1- W

Teopembl 3.1 paboThl |7| cnegyeT, 4TO 3TO NOYTU MLWO3NINATUYECKUIA MHOFOUNEH, N
13 Teopembl 1 pabotol |LU| cnegyeT, 4To P He rwoannwtTuyeH
3 Teopembl 10.4.3 moHOrpaguu [1] nerko BbIBECTU, YTO A1 MOYTW FMMNO3NHUTH !
CKMX MHOro4sieHoB P n Q cooTHoweHns Q <P n Q - P 3KBMBaNEHTHbI.
B TepMmuHax peweHunit gudpdepeHLnanbHblX YpaBHeHWU A TMMO3NNHMNTUYECKHE YpaBHe-
HHA XapaKTepus3yrTca Tem, YTO BCE HEMpepbiBHblEe pelleHnn ypasHeHun P(D)u = O
ABNAOTCA GECKOHEYHO AuddepeHLmpyemMbiMn QyHKUnAamMu. B 11110Ka3aHo: 4ns To-
ro, 4tobbl peweHus P(D)u = 0, cymMupyemble C ONpefeneHHbiM (3KCMOHeHLManb-
HbIM) BeCOM OblNN 6ECKOHEUHO AudhepeHLMPYEMbIMU DYHKLUAMU BO BCEM NPOCTPaH-
CTBe, HEO6X0AMMO U [OCTATOYHO, YTO6bI onepaTop P (D) 6bia NOYTU TMHOINAUUTMYE-
CKUM.

Myctb Teneps P(x,D) = {xX)Dn gutdepeHynanbHblii onepaTop ¢ Koahdu-
uneHtamn {7«(:r)}, onpegeneHHbiMn B 06nactm N ¢ Ev, P(x.i) - To(;)C orHe-
yalLWnii emy xapakTepucTuyecknii MHOrouneH (MOHbIA CUMBON) U gkam,qoﬁ TOuKe
;re fe W oyHkuma P(x°,£) 1. XepmaHgepa gnd mHorouneHa P(x°, ) ¢ NOCTOAHHbIMU

KoaphuumeH Tamun onpegensietca gopmynoid (1.2).

Onpepenenne 1.3. ToBOpPAT, 4YTO MHOrouneH (:\ ) MMeeT NOCTOAHHYIO MOLY-
HOCTb (MOCTOSHHYK cuay) B M, ecnn Ans Ka>kfoi napbl Touek :in,x2 £ U mHoro-
uneHbl P{xx, ) uP(x~,£) (cooTBeTCTBEHHO (oyHKUMKN. P(X'. ) n P(x2,£))) umeroT
O[JMHAKOBYI0 MOLLHOCTb, T.e cywecTBYeT uncno C(xL,X) > 0 Takoe, 4To

IP (a:\O|/W *2,e)| < C(xI,x2) VFE
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T. V. \KNIYW*5\1

(eoomflcincmocniio lign dyHkuun P'j.

MHOrousieHbl NOCTOSAHHOW MOWHOCTYU U I MUMelT NOCTOsIHHYI0 cuny u M, uTo cnegyet

n3 Teopembl 10.4.3 moHorpagum |1]. O6paTHoe He BepHO (CM. HWXe, npumep 2.1).

2. Heo6xoanmmMble ycnoeus NocTOAHCTBA MOLWHOCTU U CUMbl ONepaTopoB

(MHOrouneHos)

[Ons mHorouneHa P(x,£) B Kaxpoi (MKcupoBaHHOW Touke ;r° € ft 0603Ha4YMM
yepes A?(;r°) = W (x°,P) (cootBetrcTBeHHO 5?(.c°) = 3?(.1°,P)) MHOrorpaHHuk HbtoTo-
Ha MHorouneHa P(x(), ) C NOCTOAHHbIMU KO3(ppuumeHTaMn (COOTBETCTBEHHO PYHK-
umm P(x°,£)) n BBeLeM MOHATUSA MOAHOTbLI, (BMOMHE) NPaBUIbHOCTU MHOTFOrpaHHMKa
3{:r°), (BNONAHE) NPaBULHOCTU W BbIPOXAEHHOE™ ero rpaHeld, NOHATUA WOArpaHei
M HOALWITOYNEHOB U AN BbIPOXAEHHOW rpaHn [ = 1 < io < Alk(xP.0 <

< n —1) Beegem o0603HaveHns £(a: .M n A(a'o,r/,l) Kak BblWe 419 MHOro4YeHa
P(k°,£) c NOCTOAHHBLIMWU KO3 PULMeHTaMK. Mbl CKaXKem, 4YTO MHOrorpaHHuk (k. P)
(cooTtBeTcTBEHHO 8I(i, P)) He 3aBMCUT OT TOYKM X 6 J2 eCnu MHOXECTBO ero rnaBHbIX
BepLlMH He 3aBuCuKT oT X € T1.

O603Haunm yepe3 K = LLLP) MHOXeCTBO My/NbTHUHAEKCOB 0- € Ntj. Ana KoTopbIX
KoahpuumeHt  {x) npu £ B MHorouneHe P(.v,£) He obpaliaeTcad B Hy/lb XOTS Obl
B 0fHON Touke X € Q n uepe3 P(K) —9?(N(/*)) mHororpaHHuK MNbIOTOHA 3TOF0 MHO-
XecTBa. Ecnu MHororpaHHuk LLLX, ) He 3aBUCUT OT TOUKM X € (2, TO, OYEBUAHO,
rnaBHble rpaHW MHororpaHHukos Lx, P) u 'T?(N(P)) w. ecnn 0603Ha4ynTb COOTBET-
CTBYIOLLME rNaBHble FpaHN OAMHAKOBbIMW MHAeKcaMu, MHOXecTBa A[SIV'(-K(.t, 11))] n
N[3?£°(K(K(P)))| coBnagatoT. Tak Kak no6oi sektop A A(LLL LLLP)) sBnseTca BHeww-
Hell! HopManblo OAHON U TONMbKO OAHON rpaHm I = 1 <iy< MLUx0),0< k» <
A —1) mHororpaHHuka S?(N(P)), to KaxAblii Takoil BEKTOpP OAHO3HA4YHO onpepens-
et yucna N/ = NI(A) n Tt = <lj(X),j = 0,1,....71/, He 3aBneaunuk; ot x € I Takue,
yto <y > (Il > ... > (I > 0 u mHorouneH P(x, ) npeacrtas.ifeTcqd B BUAe CyMMbl

J1 ofHOPOAHBLIX MHOIOY/IEHOB

(2.1)
j=0 7~0 (A n)=ilj
rge /'o(a.. ) = PIVKi(x,") gna nwo6oro A€ JI(1?£").
MNycte T = I(t°) - 3 (1 < in < AI"NO — —n ~ 1) HeKoTOpas rnaBHas
BbIPIOXKAEeHHAa B TOUKe ,i° € Q rpaHb MHOrorpaHHuka Heto ToHa R P) mMHorouneHa
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O ®OPMAJIBHO MOYTU TUMOSNNUNTUNYHECKNX MHOTOYNEHAX ..

P(.re, £)» C kaxpon Toukoi .r0 € 12, kaxxgoin rpaHbto . Kaxabim Bektopom AE£ JI(IN)
N KaX Ao Toukoii i] € E(a:°, ') mbl cBsbkem uncno 1(xm) = 1(x°, A T), onpegeneHHoe

chnefytolwum o6pasom:

(2.2) Pjx>.m)y=0j=0,1,/(1¢- 1 P,(x»)(*0r)" O

n yncno Lx°) = 1(xn.i), A ), onpegeneHHoe gopmynoit (cm. npeactaeneHue (2.1))
(2.3) I(1°) = ~nay,/, - A0k®, 1], P,)}.

Nemma 2.1. MycTb MHOrouneH P(x, f), c nonHbIM MHOrorpaHHukom HetoToHa L., P),
*/IMEET MOCTOAHHYI0O MOWHOCTL a 12 Torga 1) mHororpaHHuk LU x.P) He 3aBuCUT
OT TOHKM X 6 12, 2) ecnn I BbIPOXKAEHHASA [NaBHOM rpaHb MHOrorpaHHuka LWLP) =
L x, P). To mHo>kecTBO E(.1, ") n ans ka>kgoro sekTnoxi A6 J1(I") n Ka>KAoin Tou-

ku i] € E(I") uucna 1(x,7), ') me 3aBUCAT OT TOuku X € 12

Loi;n.iaTenbansa. ]) JlocTaTo4HO J0Ka3aTb, YTO KOIPMULMEHTLI NPU rNaBHbIX Bep-
wun (HynbMepHbIX rpaHeid) LLLx. P) He o6pawatoTcs B HyNb HU B 04HOI Touke X € 11
MycTb, HaNpoTMB, KO3APHUUUEHT r(X) HEKOTOPOW rNaBHOW BEPLUUHbI C MHOrOrpaH-
Huka 'R(x, P) obpawaetca B ny/nb B HEKOTOPOI To4Yke a0 6 12

Tak Kak e rfnaBHas BeplnHa, TO U3 reOMeTPUYECKNX COOBPaXKeHWI SCHO, YTO CyLle-
cteyeT BeKTOp A6 JI(e) Takol, uto (IT—1)—mepHas onopHas K L x°,P) runepnnoc-
KOCTb C BHeLUHeli HOpManblo A NPOXoAsLias 4Yepe3 BepLIMHY <, He NMPOXOAMT uyepes
Hayano KoopauHart, T.e. ecnu (A, a) = <dypaBHeHMe 3TOi runepnaockoctu, To d > 0.

Bbibepem Touky .c1  12'tak, uTto6bl 7c(al) 0. Torga nerko NoAcyYUTaTh, YTO 414
noboii Toukm 1) 6 H" °, Ha nocnegoBatenbHoctn " = $xi] ( = 1,2...) P(xL") =
bl *1)||?/'>ri+o(,srf) npyn B ¥ oc?, B TO BpeMa Kak P(:xi, *) = o(H4) 4TO NpOTUBOPEUnNT
MOCTOSHCTBY MOLLHOCTM MHOrouneHa P (xyE) v foka3biBaeT NYHKT 1) nemmbl.

2) o yxe [,0Ka3aHHOI Y4acT NeMMbl MHOFOFpaHHNK V(K. P) He 3aBUCMT OT TOUKM
x € 12 Ecam E~T’.IN) E(a:2,[) ons napsbl Toyek .c1 1M X2 U3 12, TO Cyw,ecTByeT,
Hanpumep, // 6 E(x-L,I) \ E(:c2.IN). MocTynas Kak BblWe, U3 npefctaBneHus (2.1)
nMeem Ha Tol Xe nocnegosaTenbHocTn {E/} |P(.r1,”v)] = ( 1), npm a —» oo n
[P(12,1)1 > |P ,“f"(:r2,£%)|s'< ana Bcex « = 1,2,..., YTO NPOTUBOPEUUT NOCTOAHCTBA
MoLLHOCTM MHorouneHa P(x, ().

MycTb Teneps 1] €E(N) v m,»/\1) > M) (cm. (2.2)). MoBTopas Te xe
paccy>XgeHus, npu aToM umes B Buay, 4to P,(; ,7) = 0 gns Bcex r < /(.cJ), nonyumm
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. T KASATSIT
npu s —woc Ansa Kaxpgoro7 = 1.2

Ne ,«)! =1 Y. PA**:2)+piV)&.?2)+

+ A 3An= s O)PLiXI)(V\+0(SH)),

T.e. [P(#L1,E£V)|/|P(a;2,£")| -» 0C, YTO NPOTUBOPEYUT MOCTOAHCTBY MOLLHOCTU MHOrO-

yneHa P(x, ). lemma 2.1 fokasaHa. O

3ameyaHue 2.1. Hu>Ke Mbl MOKa>kem, YTO 417 MHOrOYIEHOM NOCTOSAHHON CuAbl
MHOrorpaHHuk 32(.T, P) He 3aBUCUT OT TOuku X 6 M. OTMeTUM, OfHAKO, 4TO AnA
MHOTFOYNIEHOB NOCTOSHHON cuabl 4 O MHOrorJwHHuK t(:t, P) Mo>keT MeHATbCA OT

TOUKM K TOYKE, YTO NOATBEP>KAAETCA CMeAyOLUM NPUMEPOM.

Mpumep 2.1. NycTb» = 2, P(.r,£) - £2+£ +|1#]2 +6>" = {x =E2: |a] < 1}
MHororpaHHUK HbloToHa F20K P) 3TOro MHOrouneHa ABnseTca NpaBUMbHbIM 415 BCEX
O 1€ dcsepwuHamm (0,0), (2.0), (2,2) n (0.2) n nonHbIM gns x = 0 ¢ BepLUIMHAMM
(0,0), (2,0), (2.2) n (0, D).

N3 nemmbl 2.1 cnegyeT, 4TO 3TOT MHOrOYNeH He MMeeT MOCTOAHHOW MOLWHOCTU B
M. C gpyroii cTOpoHbI NPOCTOM NOACYET NOKa3bIBaET, YTO KO3 PuumneHt 7( ,) = M
npu npaBunbHON BepwuHe (0,2) MHororpaHHuka KR(x, P) 3ameHseTca KoaphuumneH-
ToM 7(n-i)0K) = 4 4 |.t|1 npn npaBunbHoW BepwuHe (0,4) mMHororpaHHuka L x.P2)
MHorouneHa P2(x,£). Tak kak 7(0,4)0,)) > 0 Ansa Bcex x 6 I, TO HenmocpeacTBEHHONA
NPOBEPKOWA Nerko y6efnTbesa, YTo MHOrouneH P20k £) WMeeT NOCTOSHHYI MOLLHOCTb,
cnefoBaTenibHO, MHOro4YneH P (X, ), UMeeT MOCTOSHHYW cuay B 1. OTMeTUM, 4TO B

3TOM TaKXXe MOXHO y6eiuTbCs NPUMEHUB TeopeMy 2.1 (CM. HUXe).
2

OnpepeneHune 2.1. OnepaTop P(x.D) no3osem (thopMasnbHO MOYTU TMNOINANNT U-
yeckum B 1, ecnun

a) P(j\),D) nmoyTwu runomuwinTuUYen Ana Ka>KAoW Touku xq € Ti,

b) onepaTop P(x,D) umeeT MOCTOAHHYI0O MOWHOCTb B 1.

Tak Kak (cMm. |7|. nemma 2.1, Teopema 2.1 n cnegcTsue 2.1) MHOrorpaHHuUKN HotoTo-
Ha MOYTU TMHOINMHTUYECKUX MHOTOUYSIEHOB ABNAOTCA NMPaBUbHLIMU U (BO BCAKOM
cnydyae npu n = 2) He BbIPOXAEHHbIMW, MOTYT MMeTb TO/IbKO BMOJIHE MpPaBU/bHbIE
rpaHun, To HWXe, B nemMmax 2.2 n 2.3 Mbl 6yJeM CYMTaTb, YTO MHOTOrpaHHWK HbOTOHA
9i(x, P) nsyuyaemoro mHorouneHa P(.x,£) ABnseTca npasufibHbIM, Npu 3TOM 1160 ANA
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O ®OPMAJIbHO MOYTU THAO3NINNTUNYECKUX MIKOTOYNIPIAX

Bcex Touek X 6 Il mHorouneH ( , ) HEeBbIPOX[EH, NGO BbIPOXKAEHbLI Wb BROJHE

npaBuNbHbIE TpaHN.
*

Nemma 2.2. MycTb 9?(x. P) npaBuibHbIl MHOrOrpaHHMK HblOTOHA MHOrouneHa
P(x. ) nocTosHHOi cunbl a . Torga

1) mHororpaHHuk LLLx, P) He 3aBUCUT OT TOuYkK a € it.

2) MHO>XecTBa £(.T. PKK), 0TBe4aloT,He BMOJHE NPaBWU/bHbIM MOAMHOro4nenam

P'k(x. ) 1 <r<nA,0<k<n—1) He 3aBUCAT OT Toukn T6 : E(X\P 'K) =
£(P‘k)Vx 6 ft,
3) ecm I = P) BnonHe npaBuibHas BblpO>KAeHHas r]xiHb L x.P), A6

nNr). nmhe T,(x,P" K", TOo (cMm. (2.3)) uncno 1{x,i], AT) He 3aBUCUT OT TOUKU

X € 12.

JokasaTenbcTBO. 1) Tak Kak LWiClWHe NpaBu/ibHble BEPLUUHBI U KO3MHULNEHTHI, OT-
BevalLlue 3TUM BeplIMHaM B MHororpaHHukax 5?(1, P) u 'R(x, P) coBnagaloT, To uX
He3aBMCUMOCTb 0T X € 240Ka3blBaeTCA KaK COOTBETCTBYIOWMIA cnyyail B nemme 2.1.
MycTb ¢ NpaBuibHasA, HO HO BMO/MHe NpaBuibHas BepwunHa L x,P). Tak Kak MHO-
rorpaHHuk 3?(a\ P) mpaBu/bHbIA, TO U3 FEOMETPUYECKNX COO6pPaXeHWn AICHO, 4TO B
3TOM Cflyyae a) € IeXMUT Na Kakoi - TO KOOPAMHATHOW rMnepnnockocTu, 6) npoekums
KaKoW - TO BMOJIHE NPaBU/IbHOW BepLwKHbI €1 MHOrorpaHHuka L x, P) Ha cooTBeTCTBY-
IOLLYH TMNEepnaoCKOCTL COBMAAaeT C e, T.e. CyWecTBYeT MynbTunHaekc 0 € V",
Takoii, yto el —i/ = e. Torga u3 nemmbl 2.1 n3 [13] cneayeT, 4TO MOAMHOrOY/EH,
0TBeYaloLWnii BeplnHe 2e MHOrorpaHHuka 'R(:r. P2) mHorouneHa /* (*,?) umeeT Bug
[E)'(-7Pi (x)Ee>)|2 + ... = c(el,iMI7ei(x)|2£2t + roe c{eliy) > O u He BbINUCaHbI
HeoTpuuaTesbHble YieHbl. Tak Kak No yxe foKa3aHHON YacTu 7ti(x) O npu T€ f2
W e[IMHCTBEHHAA HeNpaBuIbHaa BepLIMHA NOMHOr0 MHOrOrpaHHMKa ABNAETCA Havyano
KOOpPAWHAT, TO NepBblii MYHKT JOKa3aH.

2) BMOJIHE NPaBUbHbIE NOAMHOrOYNeHbl A4NA MHOrouneHa P(X. ) u yHkumm P(X. £)
COBNaZatT, MO3TOMY 3TOT NMYHKT [OKA3blBAETCA aHANOTMYHO MYHKTY 2) nemmbl 2.1

3) Nyctb I(xuV ,X,I) = dit - A(V,x\Pit) >dj - A(v,x2,Ph) = d:2,r/,ATl)
LN HekoTOpol napbl Touek .rl,x2 us S n HekoTopoii Tpoiiku (r/, A T). 3gecb ji n
HOMepa, peanusyiolime MakCMMyM B NpaBoii 4acTu (2.3) COOTBETCTBEHHO B TOUKe .rl
nXx2.

Ona kaxgoro n e Ji(', no sektopy A£ JI(IN), utoukun y E £(.r, PI»Kk"). npeactasum
MHorouneH DVP (x,£) B BUAe CyMMbl A—O[HOPOAHbLIX MHOT0Y/IEHOB No opmyne (2.1).
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I . KN3APAIl

Torpa gns kaxgoro p = 1,2 umeem (Hwxke A,, = 4(?/,.1,''Pj,,), = 1,2)

@ /v-ou E +E +E |0

(nin<gd,,  (intg,,  (y)>Aj,T =0
PaccmoTpum nosefeHue gyHkuum (. ". ). p = 1.2 Ha nocnefoBaTeNbHOCTH =
SAl « - 1,2..... Tak kak MHorouneHbl {D /Pj} A— ofHOPOAHbI HO , TO MpPOCThle

BbIKNAAKWN MOKa3biBAOT (CM. onpejesneHne uucnia /), 4to npw »00

]
(2.5) E + E e ireagmc)  ows)). p=12
(A,;N<4,, ]—0
N C HEKOTOPbIMWU NMONTOXWNTE/NbHBIMWN NOCTOAHHBIMU <in
nf
(2.6) £ INYTPAXLA) > T, [E)WP/L(EL T)|.s'(),
(A.)-I, 7=0
(2.(0 E !ﬁﬂ (* 2501 < *QV) «= [12- we
(.08 -0

Tak kak £'Pu(r], /)~ on/( ./) > [(/: /). To cooTHoweHna (2.4) - (2-() ) noka-
3bIBaOT, 4YTO Mpu"* —>00 P(k11E*)/P(a:2,£¥) —00. 3TO NPOTMBOPEYUT MOCTOAHCTBY

cunbl MHorouneHa P(a\£) u fokasbiBaeT NyHKT 3). J/lemma 2.2 foka3aHa. M

B pgononHeHnn K nemmam 2.1 n 2.2 4N MHOTOYEHOB ABYX MNEPEMEHHbIX Mbl A0-
KaXeMm elle 0AHO CBOMCTBO MHOFOY1EHOB MOCTOSHHON MOLLHOCTW, HEO6XOAMMOE HaMm
0N BbIBOJA KPUTEPUSA NOCTOAHCTBA MOLHOCTA MHOTOY/IEHOB. py YTOM Mbl OrpaHu-
YynBaemcsa [BYMepPHbIM C/ly4yaem, Tak Kak B cny4yae n = 2 0606LWEHHO - O4HOPOAHbIE
MHOTOY/IEHbl MPeACTaBAATCA B BUAE NMPOU3BESEHNA NPOCTbIX 0606LWEHHO - 04HOPOA-
HbIX MHOTOY/IEHOB, YTO HAMHOI0 06/1eryaeT X U3yYeHne 1 3a CHeT YTOTO MOJSTyYeHHbIe
pe3ynbTaTbl HOCAT OKOHYaTeNbHbIA XapakTep. VIMeHHo, B |8, /lemma 2.1]) foKa3saHo,
4yTo ANA NO60ro 0AHOPOAHOrO0 MHOrouYneHa A C BELECTBEHHLIMU KO3 HULMEHTAMM
CYLLECTBYIOT BellecTBeHHble ynucna IM[,..., T, HaTypanbHble Yncna Hu, ...,mr 1 6ecko-
HeuyHo AnddepeHumpyemas B H2<pyHKLMsA o Takue, 4to yo(s) @ 0 npn “ £ ¥Y?1n

MHOrouneH /?(£) npencTaBniseTcs B BUe
r r

(2.7) AW =< () Auci  THUX)W = (,L,(O N bl OT -
71 1—1
OTMeTUM, UYTO TaK Kak KOHLbl OTPE3Ka, Ha KOTOPOM pPacnosioXeHbl MyNbTUUHACKCHI
a 6 (11) TakxKe ABNANOTCA MYNbTUMHAEKCAMU. TO KOOPAWMHATbl BEKTOpa A MOXHO
BbI6VIpaTb Tak, 4To6bl OTHOLWEHMe Ai/ A cTano paiplOHa}'IbelM YNCNOM C HEeYeTHbIM
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O ®OPMAJIbHO MOYTU TUNO3INANTITUYHECKMX MHOTOYMTEHAX

3HaMeHaTenem, u npu Ai = . T.e. Korga A( ) O4HOPOAHbLIA MHOrOYfeH, r/,, 1 —

0,1, TaKXe 04HOPOAHbLIE MHOTFOU/EHbI.

Nemma 2.3. MycTtb n = 2. = P"-1HekoTOpasa BbIPO>XKAeHHAA O4HOMEPHAA BNOMHE
npasiurbHaa rpaHb NOAHOro MHororpaHHuka 5? = W P) = LW x, P) mHorounena P(.v. )
mnocTosaHHoN mowHocTH ofi C E2, A€ A(IN) n P™JI(.;. ) A—OAHOPOAHbLIA NOAMULTO-
4yneH MHorouneHa P, oTBevatowumii rpadun I'. A na ka>kgoih Touku x € O npeacTasum
MHoOrouneH P,rn(x, ) B suge (2,7)
r(.) r(T)
P’UW ) ="'I<(*0 1I'I1Ki - n(*)~,/Aa)mW =: Yobl) {Il"(*4ﬂ T,(*)

‘Torga uucna 2(.r), {T; (>)} u {ini(x)} He 3aBUCAT OT TOUKMU X 6 I.

[okasaTenbocTBO. HesaBucumoctb oT X € I uncen r(x) un {r/(n:)} fokasaHa B NieM-
me 2.2. flokaxem, 4to yucna {ini(x)} Takxe He 3aBMCAT OT X. MycTb, HaoboporT,
T,,(an) > mjn(x2) gna HekoTopoi napbl Touyek X1 n r2 u3 M 1 HEKOTOpPOro Ho-
mepa /o, (1 < /, < 1 = r(x)). 1lo BekTOopy A npeactaBum MHOrouneHbl Qj(£) =
P(x], ) ] = 1,2 c nOCTOSAHHbIMU KO3PuLMeHTaMu B BuAe (CM. npegctasneHue (2.1))

)

QM) = PiaUx\c)+17>Vv , O =pa(*e) niw tor” +p01". 0 =
I=]

= «.(*»",0«(0 k,(£)]"*"@J) + BV , 0.

roe
r(r)

V ,o0=P(r,o-P-V ,0; 90= n
#,,.171

Mycts </,,,;) = 4, - na)2,/Ar = O, 1> 0, Ci = «A (« n+ 1) 1- £r = # - Torga
aoaj =12 n6e=12,.. umeem

(28) QAC) =B*p AV , u» * + 1w, T)) +p- 1(*> ),

npu 3TOM, OYEBMAHO, C HEKOTOPLIMU MOM0XUTENbHBIMW NOCTOAHHbLIMYU n C-

(2-9) eV, T )< A

MpocTble BbIKMaAKN MOKa3biBalOT CYLLECTBOBAHWE MOMOXUTENbHbIX Ynucen O3 n C4

TaKuUx, 410
(2.10) IP*0 1(s1, £8) < C35 " 6™0*1'» \p*«n (x2, C)\ > C4s'T' 6

Bbibepem uncno $> 0 rak, ytobbel d()- 5miO{x1) > rib Tak Kak d0- <BYO(.T) <
do- $Ti,,(x2), To oTClOga n 13 (2.8) - (2.10) cnegyer, uto |P(x, 4'9)|/P(./-2,~'*) -> 0.
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. . KA3APAII

npy S —»00. YTO NPOTMBOPEYNT NOCTOSHHOW MOLWHOCTM MHOrouYneHa P(x. *). Jlemma
2.3 foKa3aHa. O

N3 nemm 2.1 1 2.3 HENOCPEACTBEHHO CnedyeT

CnepctBue 2.1. Benu gBymepHblil MHOToUYNeH P (X,£). C €fMHCTBEHHONR BbIPOXKAEH-
HOW rpaHblo RO , MMeeT MNOCTOSAHHYH MOWHOCTbL B 1. TO MHOrouneH P 1(x,£)

npeacTasndaeTca B Buae
r

(2.11) P- A ) = = «.(*,0 N«* - A2 /A)mS
i=1

roe <lo(x, ) HenpepbiBHaf N0 X W 6GECKOHEYHO AudepeHunpyemas no yHKLMA

Takas, uTo (fo(A, ) O gnsaBcexxeiinm 6

Cnepytolee npefnoxeHne faeT HeobXxofMMoe ycnosue GopManbHON NOYTU FUHO-
annunTUYHocT. OHO J0Ka3biBaeTCAa OYKBaIbHbIM NOBTOPEHWEM [J0KA3a TE/bC TBA /IEM-
Mbl 3.2 paboThl |7], c yyeTom fiemm 2.1 n 2.2 HacTosAweln paboTbl, MO3TOMY Mbl 34€Ch
ero nNpoBoAMTbL He bygeMm. Kak 6yfeT BUAHO HWXKe, AN ONpeAefeHHOro knacca MHo-
royneHos , ) OHO ABNAeTCS W [OCTAaTOYHbIM YCNOBMEM N8 DOPManbHOW NOYTK
FTMHO3NNMNTUYHOCTY (CM. Teopemy 3.3).

Nemma 2.4. MycTtb I = 1(1 <io < A/*0< Ao< n—1) HekoTopas BNOMHe npa-
BU/IbHAA BbIPOXK/EHHAA rpaHb LW XIBUNLHOINO MHOrorpaHHmka HeioToHa 5? = WP) =
L x, P) dopmanbHO NOYTU rUNoO3nIMnTUYeckoro MHorouneHa POk,£)> x € M. A€
nr) nié E(x,IN. Torga

dj{A) - A(im7, A Pj) < i 01,/ 1
€
3. locTaTouHble yCNOBUSA NOCTOAHCTBA MOUHOCTU U GOPMAbHOII

no4yTmM rMNoOoO3ANINMNTNYHHOCTMN

CnepBa [OKaXeM crefylollee NpeanoXeHue, pellatolliee BOMPOC O MOCTOSHCTBE

MOLLHOCTN HEBLIPOXAEHHbLIX MHOIO4Y/1€HOB.

Nemma 3.1. MycTb KOahPUUNEHTbI *,,(X) HEBbIPOXKAEHHOrO MHorouneHa P(x,£) =

7<0*)En onpefeneHbl B OrpaHWYeHHON o6nacT N orpaHuyeHbl B O, NnpuyemM rnas-

a

Hble KO3((MLMEHTbI HenpepbIBHbI B M. MycTb NOAHbIA MHOTOrpaHHuk 3?(.c. P) He 3a-
BUCUT OT Toukm x 6 /1 :LWx,P) = WP). Torga cywecTByoT unucna 0 < ¢ <
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O ®OPMANBHO MOYTU TUAOINANATUYECKNX MHOIMOYNEHAX

Takue, 4TO
(3.1) G £ ICI<~(*.01<C2 E INm *en, £eP™.

V6SKHP) ueit(P)
JokasaTenscTBO. 13 Il. MuxaiinosbiMm B [5| foKa3aHa cnefylLas TeopemMa: ecnu

0= <N6 ... cn/ BepwWHbI NONHOro MHororpaHHuka llbiotoHa i(P) HeBbIpOXAeH-
HOro MHorouneHa /’(0 TO ¢ HEKOTOPLIMW MOMIOXUTENbHbIMU NOCTOAHHbLIMKU Ci 1 Co
CcnpaBef/INBbl HepaBeHCTBa

n
£ IFI<Ci"I€*‘|<C2IP(OI, £€ 1",
t/€« k—0

a INA HernasHbIX Touek u € iR npu no6om S > 0 cyuwiecteyeT yncno o<b) > 0 Takoe,

uTo
M

3.2) M<afrVvece(*), 6 Rn-
fcu

MpaBas yacTb (3.1) cnefyeT U3 OrpaHMUYEHHOCTU KO3 PULNEHTOB MHOrouneHa P(a, £).
[Ookaxem nesyto yactb (3.1). MycTb a° Touka U3 . Tak Kak MHorouyneH P(a:°,£)
C MOCTOSAHHbIMW KO3t (uLMeHTaMn MNeBblpoXaen. To no Teopeme B.M. Mwuxaiinosa
cylwecTByeT yncno Cuy(x) > 0 Takoe, 4To
(3.3) £ IM<Cs3(*°)|P(*°,0I, 4ed",
V6DK(P)
rae yepes alllP) 0603Ha4eHO MHOXECTBO FN1aBHbIX TOYEK MHOrorpaHHmka SR(P).
Myctb r > 0 v yucno p = p(e) > 0 BbIbpaHO Tak, y4To 7« (X) - 7« (a()| < e/2 pns
BCEX rNaBHbIX KO3(hPMUMEHTOB 7«(.€) 1 BCex Toyek X 6 I Takux, yTo |.T—a°| < p.

Torga ¢ HeKoTopoii nocTosiHHOW C\ > 0 umeem

P(*£) P&'01l< £ [7e(*) - 7a(xu)l IT 1+

vEC)LLP)
(3.4) £ [EU<| £ \?\+c< E Imn-
vIW(P)\sLLP) venllP) 1/bWP)\OSA(P)

MprmMeHas HepaBeHCTBO (3.2) HPH 0 < S < zj2C\. nmeem

(3.5) c4 £ Il <e/l2 £ INl+c(£).
i'ELLLP)\iIXK(P) ve€<m(P)
M3 (3.1) - (3.5) nonyyaem upu | T—r°| < p

E 1AL A C3(k0) IP(*,0  P(:I°,01 + C3(T°) |[P(*,0] <
veiwp)



r.r KA3APAH

<C3(*V E IM +c*(A)Ne ,0 1 + & )*
nbTUp)

BbibepeM uncno ¢ > 0 rak, 4ytobbl C-j(cikn)e < 1. nepeHecem u4jeH c C ii neByt cno-
pomy u pasgenum o6e 4vac TV NoJy4eHHOro HepaseHcTBa Ha | —C3(x )e. Torga ¢
HEKO TOPbIMU MOMOXUTENbHbIMU nocTosHHbiMU C7, = CV,(XV) n C6  Cc,(X .€) npu
[x - x°| < (), nonyyaem

(3.6) £ IM 3 A [p(*,0i+ ci>
161w P)
Tak Kak MHOXecTBO obnacTeid C/(x°) = {T6 :|x—x°| < p] gns Bcex X° 6  MOKpbI-
BaeT I, 1o, cornacHo nemme; eiiHe - bopens. “3 3TOro0 MOKPbLITUA MOXHO BblAeNUTb
KOHeyHoe nognokpseite {1 } o6nactu IN. Bo3bMeM TOUKM XK € (k = 1.....AY)
M 3anuwem HepaBeHcTBa (3ii) 4NA 3TUX TOYEK, NPU 3TOM KaXON TOuKuM X* 6ygert
COOTBETCTBOBATb BMOJMHE OnpejeneHHoe ynucno - > 0. B3as r = min{ei, ...,rn/} n
r, 1- ~ 3e™N(7 (.7%), C'3(xK)}. u3 {(3.6)} nonyuum neByt yacTb HepaBeHcTBa (3.1).

Nemma 3.1 gokasana. U
M3 nemmbl 3.1 HenocpefcTBEHHO CNeAyeT crnefyloliee YTBEPXKAEHMe.

Teopema 3.1. MycTb MHoOrouneH P(x, ) ynoBneTBopseT YCNoBuAM nemMmbl 3.1.

Torga P (X, ) MMeeT NOCTOSIHHYIO MouWwHOCTb B IM.

O603Hay4MM yepe3 | M MHOXEeCTBO MHOrouneHos P(£) = £3 C NOCTOSAHHbLIMY

KoahpuumeHTamMun Takux, 4to |P(£)| —- 00 npmu |E| —» oo.
Mycts P(.r,£) = N1 7a(x)™* mHorouneH, ¢ koappuumeHtamu {7«(;k)}> onpegene-
a
HbIMU 1 o6nactm O C En. bygem roBopuTh, 4TO f’ € 1,,(fi), ecnn mHorouneH P(x°,£)
C MOCTOSHHBIMU KO3 (MLMeHTaMy NPUHAANEXNT In ansa no6oii Toukn x° £ M. Mpu
3TOM, OYEBUAHO, YTO ecnu MHorouneH A(X,£) MMeeT NOCTOAHHYH MOLWHOCTb B 12 1
P(x°.£) 6 /,, xoTsa 6bl B 0gHON Touke X° € , 10 P € 7,,(M).

Nerko takxe ybegutcd, yto ecnm P e (), TO, He MEHAA CUNY UM MOLLHOCTb
3TOr0 MHOrOY/IeHa, 3a cyeT 406aB/IEHNA KOHCTaHTbl K P Y YMHOXEHNA Ha KOHCTaH Ty,
MOXHO fo6utbcs TOro, uto P(.1, ) > 0 agnqa Bcex € 2" u 1 £ IN. Moatomy fanee
bymem cuntaTb, utoecnm P € 1,,( ), 70 P(x, ) >0pgna scex € llnwnx e M.

Tenepb Mbl B COCTOSHUM A0Ka3aTb KPUTEPUIA MOCTOSHCTBA MOLLLHOCTM O4HOFO Knac-
ca MHOroufieHoB. pn 3ToM Hwxe, B Teopeme 3.2, AN YNPOLLEHUSA PacCY>XAeHWUA n

3anucu, 6ygem npegnonaratb, 4to (cM. npegctaBneHue (2.1)) P\(x. /) & O g is Bcex
=6



O ®OPMANBHO MNOYTUN TUMOINNMNNTUYECKIIX MHOTOYNEHAX ..

Touek e E(:B, ), T.c. Ans Touek // e ¥Y2" pnsa kotopbix Pn(.T,//) = 0. 3T0 3KBMBa-
NEHTHO ToMy, 4TO I(X.ij) — 1. Bblwe Mbl y6eaunuce (emM. NYHKT 2) IEMMbI 2.1), YTO
4N MHOTOYNEeHOB MOCTOAHHOW MOLWHOCTM MHOXecTBa E(x\T) u uucna /(x,?/.T) He
3aBucat ot x @ I(x.ij) = /(?/) VT € 1. Tak, 4To Hale OrpaHNYeHne 3aK/10YaeTCcs B
TOM, 4TO Mbl nonaraem I(i]) —1 ans scex € E(IN).

Teopema 3.2. MycTbn = 2 1 9i(x, P) WMBNABLALIA MW TLWKTNUK HblOTOHA MHO-
rouneHa P(OK,£) € / (ft) r BewecTBEHHbIMWU KOIDDULMEHTaMU, ONpefeneHHbIMU B
orpaHuuyeHHoit obnacTu ft ¢ 2. MycTb KO3PUUMEHTbI 7«(K) OrpaHuueHbl B ft,
npuuyeM rnaBHble KO3(MLUMEHTbI HenpepbIBHbI a ft.

MycTb ogHOMepHasa BMOMHe npasunbHas rpaHb = J1'" 1 MHororpaHHiuka L x.P)
BbIPO>K/EHa, MPU 3TOM OCTalbHble OfHOMEPHbIE TNaBHble rPaHn J1 HEBbIPOXKAEHbI.

MHorouneH P{n\ ) nMeeT NocTOSHHYIO MOLWHOCTbL B ft Torga u Tonbko ToOraa,
Korga

1) mHororpaHHuk L x,P) He 3aBucuT OoT Touku r 6 ft : IR(r, P) —'R(P) ansa
Bec:/: x 6 ft.

2) MHOrouneH ,1(" . ) npegcTasnseTca B Buge (2.11).

JokasaTenbcTBO. [,0CTaTOYHO fOKa3aTb, YTO ANA N060WA napbl Touek .rlm x2 us ft
MHorouneHsl P(x',(,) (j = 1,2) c NOCTOAHHbIMU KOIPHULMEHTAMU UMEIOT OANHAKO-
BYK MOLWWHOCTb. [yCcTb, HAa060pPOT, CyLlecTBYeT nocnefoBaTenbHOCTL {£“} * -»m oC
Takas, 4Tto Npu -* 00, UMEEM

(3.7) \P (x\[M\/\P{x2,M\-*0c.

He ymansas 06L{HOCTM, MOXHO CUMTaTb, YTO BCE KOOPAMHATbI BekTOpoB {£*} nono-
XUTebHbl. O603HAUUM

Ps = exp[(lny + (B A4 2]1/2- = fips i=12-

Torgads = Ps , /Is—efWHWNYHbIE BEKTOPbI, pS —»3C €CM  —» 0C, U/IN EC/IN HEKOTO-
pas KOOpAWHAaTACTPEMUTCA K HYMO Npu  —>00. TaK KakK BEKTOPbI p.3 HAX0AATCA Ha
eAVHUYHOI OKPY>XHOCTU, TO y nocnegosatensHocTu {// } nmeeTcs npegenbHas Touka
p. 3a cYeT B3ATMA NOAMNOCNEL0BATENILHOCTU MOXHO CYMTaTb, 4TO p* —p nNpu —>00.
M3 BbINYKNOCTU MHOrOrpaHHMKa -R crnefyeT, 4To p SBAAETCS BHeLIHeld HOpManbio K
OfHOW M TONMbKO OfHON rpaHn R
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Bosbmem B E 2 kakoil - HMGyAb OpTOroHanbHbIN 6a3unc (p.,p,). Torga p“= kl1p +
"[7, 4= 1,2,.... PaccMOTpuM rpaHun Ji*, u MHOTOrpaHHuKa = ;R(P), ygo-

B/IETBOPAIOLLME YCNOBUAM, YTO , IEeXXWUT B OMOPHOM K $P MAOCKOCTU C BHELUHEN
HOpManblo p., a rpaHb , fIBNAETCA MOArpaHblo 3i*', M NeXUT B ONOPHOI K (pac-
CMaTpMBaeMOii M301MPOBaHHO) rpaHu C UHenwen Hopmanbto p.. Ecnm cyuecTBy-
toT 60/1e€ OfHOW TakoW NoArpaHn (4To BOSMOXHO TONbKO npu K\ = 1). TO B KayecTse
R”2. ycnoBumcs 6paTb Ty, AN TOYEK « KOTOpoW (p.,0) 6onbwe. Mpn aToM nesasu-
ciiMo oT Toro K, = 0 unn K1= 1, rpaHb , HynbmepHasa: k- = O, T.e §t“ , BepwwunHa
n.

Tak Kak g* —p, T0 kK* = 1. = o(kJ) npu s —o00. CnepoBaTtefnbHO p* —>0C
npu —>o0c. Bo3MOXHbI ABa cnyyas: (3a cYeT Bbl6Opa NognocnefoBaTeNlbHOCTYN) a)
pY —oc, 6) /v* nMeeT KOHeYHbI npegen.

Cnyuait a). MycTb cHavyana M(>> 0 n ft = Kf, BepwuHa 3?(P) n 7/4./;) oTse-
yarowmnin ein koaguumneHT. Mpegctasum no dopmyne (2.1) n no Bektopam // n NV

MHOTOY/IeHbI ), J = 1,2) B BUge
P(**0=£ W .0-

Torpga n3 BbINYKOCTW MHOTOrpaHHuUKa SP 1 ero rpaHeii 1 U3 p - (COOTBETCTBEHHO p—)
OAHOPOAHOCTM MHOrouyneHa Po(x*,£) = P'u '{xl, ), (cooTBeTcTBEHHO P ‘- °(X",") =
7/0a-") (£)'4) nonyuynm Ha nocnegosatensHoctTu {f } Npyv HEKOTOPbIX MOMOXKUTENbHbIX

Z
P (X\C) = p»'du/>*e* (*>p?5"*) + o(pf ") + pf'd" PI(xj,p" )+ o(pf'l)=
(3.8) = 7fl(ad) + + pAXAp'P 2) + of/»?1* ).

Tak Kak ft = rnaBHas Bepiwwa ft. To no nemme 2.1 7/0a:2) 0. C pgpyroii
CTOPOHbI, TaK Kak —» 1 « = o(cl) npu s -) oo n <o > d\, To u3 (3.8) cnegyet
CyLLeCTBOBaHME MOMOXNUTENbHbIX MOCTOAHHLIX Ci 1 C Takux, 4TO ANA [OCTaTOYHO

60nbLINX
\P (x\M\ < CI bft(ri)\pf',arK* 0); \P(x2.C)\ > <FaM * 2)» * + “BNe.«

yTo npoTtmeopeunt ( 3.7).
Ecnn do = 0, To NpoTMBOpPeYME NOMyyYaeTCcs aHa0rMYHO COOTBETCTBYIOLWEMY CNY-
Yato Teopembl 3.1 paboTbl |7].
B cnyyae 6) Tp = p*~>—1/ npu —»00 ANS HekoTopoi T/ € ft20. PaccmoTpum
ABa nogcnyvas: 6.1) Pril',(x2,tj)) 0wn6.2) P'1* (&2,//) = 0.
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B cnyuae 6. 1) |P'|,A > 0 4na f[ocTtaTtoyHo 6ibWnx s, No3Tomy, Ans Ta-
KUX S, KaK v Bblwe, U3 (3.8) NMeeM C HEKOTOPbIMU MONOXKMUTENbHBIMIA NOCTOAHHbIMU
Giun C,

IP(.r\M\ < pfidns IP(*2,M11 > CA\Pi'™*'(x2,7)\p?"Ja,

yto npoTusopeuunt ( 3.7).

B cnyuyae 6. 2) rpaHb !I{*, aBnsetcs BbLUIOXAEHHOH. CflefoBaTe/IbHO coBnajaet <
ofjHOMepHoU rpaHbto I n ki = 1. Tak kak P{x, ) 6 / (), To HO nemme 3.1 paboThI
5] (cm.Takxe |14]) P'"n (x2,2*%) > 0 n P\ (c2,if) > 0 gnsa focrato4yHo 6onblInX a,

npu atom /*11(xJ,if) ( - 1,2) npeactaBnaoTca H Buge (211):
(3.9) P-V ,,,*) =90(*V blu*), J=b2-

Tak kak flo{x:,O HenpepbiBHas HO (, € P2n yHKuma u qa(xJ,rj) O TO cyue-
CTBYIOT NnocTosfHHble Cj —Cx* > 0 (j = 1,2) Takue, 4To 4NA AOCTATOUYHO 6ONbLUNX

S
(3110) Ch<\'h)(x\7f)\<Ch, j =1,2.

Torpa u3 (3.8) - (3.10) NS fOCTATOYHO 6OMLLWINX S MMEEM C HEKOTOPOI NMOCTOSHHOM
C7=C-(x\x2)>0

\P (x\M\ = blx*nMPotOp: 1+LUW xLvlMp?,a +o(pf I\ < CT|P(i2,MN)I,

4yTo npoTmBopeunT (3.7). Teopema 3.2 fOKa3aHa. O

3ameyaHue 3.1. He3HauuTeNbHbIM W3MEHEHWEM [OKa3aTenbCTBa MOXHO y6e-
ANTbCA B TOM. YTO Teopema 3.2 ocTaeTca B cune u Torga, korga 1(i)) > 1 ans
HekoTopoil Toukn 7 € E(I'), T.e. P,(x,®) = )i = 0,1._/—1, ecm, Hanpu-
Mep, A5 Ka>KAOM Takol TOouku tj cywecTByeT okpecTHocTh U(i]) TaTs, uTo
Pi{x, ) >0 pgna scex € ?2/(/), x€Qur—o0,1,..,1—1

Teopema 3.3. lycTb ABYMepHbIl MHOrouneH P(x. ) yaoBneTBopseT YCNOBUAM
Teopembl 3.2 1, CnefoBaTeNbHO, UMEET NOCTOAHHY MOWHOCTbL B . MHOrouneu
P(x, ) ABnfeTcs opmanbHO MOYTU FMNOAINAMNTMYECKU.M B T Torga u TOMbKO
Torga, Korga
1) mHororpaHHuk LLLP) = Lx, P) npaBunbHbIi
2) < () - 4¢r, /1. APy < ana scex r6  u anda scex i] € E(.1, IN).
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LokasaTen,cTBO. HeobxogmmocTb ycnosum 1) cnegyeT u3 nemmbl 2.1 pa6boTbl [7],
He0OX0AMMOCTb YCNOBMU 2) chnefyeT U3 Nemmbl 2.4 HacToswei paboTbl. [ocTaTtoy-
HOCTb criegyeT m3 Teopembl 3.1 paboTbl [7], ecnn yyecTb, 4TO M3 MOCTOAHC TBA MOLL-
HOCTWM MHorouyneHa (: , ) cnepyet, 4to MHoxecTtBo E(.r, ) n uucna A(ay?/, 1. Pw).
Lix.i), AT) He 3aBucUT OT Touknm x € ft. npu atom B faHHOM cny4dae BekTop J1
onpegensetca ogHo3HauyHo u /(»/, ) = 1 anqa scex ¥ € E(I). O

Abstract.. In this paper we study properties of differential operators (polynomials)
witli variable coefficients of constant power or of constant, strength in the sense
of L. llormander. Necessary conditions for constancy of the strength and power of
polynomials of many variables are obtained. For polynomials of two variables with
real coefficients necessary and sufficient conditions for constancy of the power and
for formally almost hypoellipticity, in terms of zeros and their multiplicities of the
corresponding generalized-homogeneous suhpolynomials of underlying polynomials

are also obtained.
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A bstract. In this paper by using variational methods, l.ax-Milgram theorem mid
some iterative techniques. we prove the existence of at least one nontrivial solution
of the Kirchhoff type fractional differential equations without assuming compactness

conditions.
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1l Introduction

The main purpose of this paper is to establish the existence of at least one nontrivial

solution of the following Kirchhoff type fractional differential equation:

(a, + fun (jR (|_oeOr*,(0 12+ MOMOI2) ")) +O® MO0)
= f(t,u(t)), tel. Ue //"(R),

where /. > 0.« > 0.a € (1], ( and _<x.DJ* are the right, and left inverse
operators of the correspondirlog Liouville-Wcyl fractional integrals oforder a, respectively,
b:R—=R,inf, (.)>0,and/ :ExXxE-)K and rn : R+ — R+ arc continuous
functions.

In the first part of the paper we establish the existence of at least, one nontrivial
solution of the following Kirchhoff type fractional differential problem by using Lax-

Milgram theorem and some iterative techniques:
(a, + fim ( h»()[2)4)) (D" (La/>2(¥)) + «(*))
(1.1) =/(*«(*)), ten, wueii,n8),
where fi is a bounded smooth domain in R, a € (5,1],/ :Rx1 —»R and m :R+ —

R+ are continuous functions. Here b(t) = 1,«1 > 0 isa parameter and y, is a constant.
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lii the second part of the paper we prove the existence of at least one nontrivial
solution of the following Kirchhoff type fractional differential problem by using variational

methods:

(a, + aaJR +WMOI2)*) (*Z>£(-noOfu(*)) + b(t)u(t))
(1.2) = /(t,u(t)), ffcR, nex \

where 0 € (5.1]. b:R -» R, inf,CR6(0 > 0./ R x R —R is a continuous function
and ai,as > 0 are constants. Here /1 = 1and m(t) = o> is constant.

In recent years much attention has been paid to the investigation of fractional
differential equations. This is due to both the intensive development of the theory
of fractional calculus itself and the applications of such constructions in various
fields of science, such as physics, chemistry, biology, economics, control theory, signal
and image processing, biophysics, blood flow phenomena, aerodynamics, fitting of
experimental data. etc. (see (J| (7| and references therein).

It should be noted that the critical point theory and variational methods have
also turned out to be very effective tools in establishing the existence of solutions for
integer order differential equations. The idea behind this is to try to find solutions
for a given boundary value problem by looking for critical points of a suitable energy
functional defined 011 an appropriate function space. It is worthwhile to note that
the critical point theory recently becomes a powerful tool in studying the existence
of solutions for differential equations with variational structures. For details on the
topic we refer the reader to the books by Mawhin and Willem |8]. Rabinowitz |9] and
references therein.

To proceed, we first introduce the following conditions:

(Lo) L{t) is a positive definite symmetric matrix for all t e R, and there exists
I f. C(R,(0.+00)) such that 1(1) —+00 as || —»+oc and

(L(t)u.n) >/(OM2 forall t€ R, ne R".

(FIIS)i \V(t,0) forallt 6 R, W(t,n) > «(<)M” and [VH'(t.u)l < 6( ) |” forall
(/,tf) € R XR", where 1< d < 2 is a constant, a: R — R+ is a bounded continuous
function, and b : R —mR+ is a continuous function such that be L- *(R,R).

(1 ) Thereisaconstant. 1< a <d < 2such that

(VW{t. u).u) <a\V(l,u), forall/e R. n6 R”\ {0}
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Recently Jiao and Zhou |10], have studied the following fractional boundary value

problem
ftD$(aD?u(8) = VF(t, «(<)), t€ [0 T],
V"(0)=«CMN=a
and used the critical point theory to prove the existence of solutions to this problem.
In [11], Torres has applied the mountain pass theorem to establish the existence

of solutions for the following fractional Hamiltonian system:
(1.3) +L(Ou(t)) = VIV(t.u())., teR, wnell"(L.

Later on, by using the genus properties of (lie critical point theory, Zhang and Yuan
13| have, obtained infinitely many solutions for the problem (1.3).

Also, by using the mountain pass theorem and comparison arguments. Torres [12]
has established the existence of at least one nontrivial solution for the problem (1 3)
in the case where L — 1 and «(f)) = /(/,«) with f e C(R. R).

In this paper, by using the Lax-Milgram theorem, some iterative techniques and
variational methods, we investigate the question of existence of at least, one nontrivial
solution for problems (1.1) and (1.2) without assuming, similar to (P 11S) > compactness
condition such as f(t. x)x < rrF(t,x) for all (t,x) € R x R.

The paper is organized as follows. In Section 2. we give the necessary definitions
and state some preliminary results, which are needed in the proofs of the main results.
Sections 3 and 4 are devoted to our main results on existence of at least one nontrivial

solution for problems (1.1) ajid (1.2).

2. Preliminaries

In this section, we give necessary definitions and state some preliminary results,
which are needed in the proofs of the main results of the paper.

Let (X, Il «]l.v) be a Banach space, (A". || ¢||n.) be its topological dual, and
m: X —>R be a functional defined on X. We say (hat \p satisfies the Palais-Smale
condition if any sequence («,) 6 X for which <p(«,) is bounded and < { ) —0 as
n -> 00 possesses a convergent subsequence.

For the convenience of the reader, we also present here the necessary definitions

from the theory of fractional calculus (see |3]).
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Definition 2.1. The left and right LiouvUle-We.yl fractional integrals of order 0 <

a < 1 on the whole axis R are defined by

(2.1) _oolld x) = f 1( ) J—o6

@22)1"<n(*) = [™(

respectively, wherei e I.
The left and right Liouville- Weyl fractional derivatives of order 0 < a < 1 on the

whole axis R are defined by

(2.3) -0034x) =

(2.4) A N ad(x),

respectively, where, x 6 R.

Formulas (2.3) and (2.4) can also bo written in the following alternative forms:

(2.5) -«B A M -

Also, we define the Fourier transform J(u)(£) of u(x) by
3 («)(0 = /[ e-ij:<p(x)dx.
of X
Recall (see |11]|) the semi-norm
(t>
and the norm

(2-7) HullZj,(K) = (12illlas) 11°1/(5.)) > o>

and denote by /" " (R) the completion of C *R ) with respect to the norm Il +||/" (K)-
Let Q be a bounded open interval of R. and let fnx (A) be the completion of
Cb°(M) with respect to the norm

IMI/ A~ ) = (||-ocB 4 ib<0, + IHib(M))
Next, for 0 < a < 1, we give a relationship between the classical fractional Sobolev

space //“ (IK) and the space /"~(R), where Mn(L, is defined by

1Ir{XK) = C,f(R)
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with the norm
(2-8) IMI< = (iMIb(K) +
and the semi-norm
M* = £l 3-(«)|b(K).

Let. #,"($2) denote the completion of C{j*(Q) with respect to the norm (2.8).
We note the spaces I1" (L) and /“~(R) coincide and have equivalent norms, and
so arc the spaces and 1'Zx (il) (see fll]). Therefore, there exists a positive

constant C-co such that

(2-9) Ml> < C-eoIN fAFII).

Define

H'(R) = {ae L2AR) [CTY() € LAR)} .
To state our results we will need the following assumption.
(L)i:R -t (0, +00) is continuous and b(t) —»+o00 as \t\ -» oo.

Define tlur space

and observe that X a is a reflexive and separable Hilbert space with the inner product
(2.10) (u,v)x .. = (_oof*«i(i) «-noD;v(t) + () ()N)<1
and the corresponding norm

_IMla« =
if

'I'he lemmas that follows can be proved by using the arguments similar to that of

Lemmas 2.1 and 2.2 and Theorem 2.1 from [1I].

Lemma 2.1. Suppose lhatb(t) satisfies condition (L). Then the space X it is continuously

embedded into the space I1n{R).

Lemma 2.2. Let« > |, then#"(R) C C(R) and there is a positive constant C = Cn
such that

2.11 < C «.
(2.11) 3:%%|U(X)| [lull
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Remark 2.1. The result of Lemma 2.2 remains true if we replace I1n(R) by Hg{iY]j.

Also, by Lemma 2.1 there us a positive constant D,, such that

(2.12) NI*>< A IM I*-

Remark 2.2. It follows from Lemma 2.2 that ifu G //'*(R) with j < a < 1, then
n€ Lq(R) for all g € [2,0c), because

Remark 2.3. From Remark 2.2 and Lemma 2.1, it can easily be deduced that the
imbedding of X" into £"(R) is also continuous for q € (2,00). Hence, there exists a

positive constant C4 such that

Lemma 2.3. Suppose that (L) holds. Then the imbedding of X" into L2(R)

continuous and compact.

Lemma 2.4. Lai be n bounded open interval of K. Then the imbedding of

into L4(Q) is continuous and compact for any q 6 [2;0c), and we have

for some constant dv > 0.

Proof. Using arguments similar to the proof of Lemma 2.2 from |11|, it can be shown
that Sobolev’s theorem (see |14|) implies that lift(SI) is compactly embedded into

2( ) and £2(i2) is continuously embedded into L4(tt). llonce the embedding of
117 (M) into L4(n) is compact.. O

Remark 2.4. It follows from Lemma 2J, and (2.0) that for 2 < g < oo there exists

a constant > 0 such that |jw]t«(n) * ¥ M 1/% (Si)-

3. Existence of a solution for the problem (1.1)

In this section, by using some iterative techniques,we prove the existence of at
least one nontrivial solution for problem (1.1).
Let Q be a bounded open interval of R. Recall that the spaces //,“(fi) and 1" x (SI)
coincide and have equivalent norms. Let be equipped with the equivalent norm
Q0
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I 1b?2,*!»)- F°r» Tcnw.>"n6 n m define
Bu(n,v) = («t +/im([w]*)) [ (C«E){*«(*) xO2v(i) + u{t)v{t))dt,
F,Jv) = f f{t,wa(t))v{t)dt, (ihw = Bw(u,v) - F,u(v).

Assume that, the function /(<,«), t, a€ R, satisfies the following conditions:
(Hi) J'(t.s) is Lipschitz with respect to the second argument, and there exist
constants ¢ > 0 and € (2, 00), such that f(t. a) < c(l + |s|,, 1) forall /;s € R.
(H2) 0 < inf((.,,)62xR f{t.,s) < oo.

The main result of this section is the following theorem.

Theorem 3.1. Assume, that the conditions (//1) and (112) hold, then for any bounded

positive, continuous function m and a number ai € [711' Ifft—zm-lrl.oc). where d =
[hp )" 16 R+ and f/ie constant 1 is as m Remark 2. with g = 2p- 2. <fte

problem (1:1) /ias a/ /east one nontrivial solution.
To prove theorem 3.1 we first establish the following lemma.

Lemma 3.1. Under the assumptions of Theorem 3.1, for any w.wo € lift( ) there

exists a unique u GHq(H) satisfying I,,hWI(u)(v) = 0 for any v 6 and

3.1)

(3.2)

where e. d € R+ are positive constants
Proof. By using Holder and Minkowski inequalities, one can write
B,,,(uyv) = (ai + gT(IH1/*<n))) | (-0cJO"tt(f) ooDtv(t) +u(l)v{t)"dt
<(«1 + ((l]-00~M 0 HIL2(fi))(H-0uEXM 0O IL2(fi))+
HkMoIM I7ii) < 2 («1 +/"n(INI/»,x<s0)) H«llr«ok(»)v]||[/"~(n) =
(33) - ColYIAMIMI/-,.<n).
where 0 < G0 := 2(«i + /*T(Jjw||*n {i1)) < oo, and

(34) Bw{u,u) > (ai+/> (I [I**CNF 11,20) > I11012.7(0).
Gr7



N, NYAMORADI, M. R. HAMIDI
Also, by (HI), the Holder inequality and Remark 2.4. we get
Fw,,(v) = < W™ )11 ) 111 %)

< cMIZ+ | IC N 20 ) IMI%(SY) A c(IM + LDl -jGii))HEN” ASY)
(3.5) < co([0] + cWONISAVUIIVE  ( )e

So, Fw, is continuous 011 Hft(SI). Hcncc the Riesz representation theorem can be
applied to conclude that there exists a unique element q 6 lift ({l) satisfying Fwg(».) =
(g,v) for any v € IIft(SI) and IIMI/-_(fi) = N~ udl(/fy(ri))*. where (e,*) is the inner
product of Hilbert space Hft(fi). Furthermore, by (3.3) —(3.5). the bilinear mapping
Dw satisfies (lie hypotheses of the Lax-Milgram theorem, implying that there is an
invertible linear operator A satisfying || ;| < 2(«i+//«i(||u;]|J,, "SY))) and || 11< ,
such that Bw(n,v)  (Mu, n) for any u,v € lift(Sl).

Thus, there exists a unique a 6 lift(SI), such that Aa = g. Then we can conclude
Bw(u,v) - (Au,v) = (</<;) = FWU(v). implying J,,,iWh(a)(v) = 0 for any v e Hft(SI).

Now proceed to prove the inequations (3.1) and (3.2). To this end, first observe

that by (3.5) we have
IMI/'jxe S IPVONIATD)- < c(Ifi| + < | [[NN)-

Let Ve /) (M) be such that v > 0, M|/« (nj = 1and |ulli,i(fj) > O0- For example,
such a function v can be constructed as follows. Assuming that & = (T|,T-) with

T\T) e R we define To = J|+T-, a= /7, and

Jo, |.r- TO| > a,
[c®-Tn")-“~, 0K 7Y < «
and set
w
l1"olb-eotn)

It is easy to see that the constructed function v satisfies the above conditions, that
is. V6 Uft(SI. V>0, |/ -,()=21and | | >( ) > »

Next, in view of (112) we have
Ibl/%.(5!) = Ne Ik// ( ))- > |A<b(Z) > (b-S)&ZiEXK) (<, )| 11 1) > 0.
Taking ¢ = 57inf(t,a)EnxR ( s)IMU'($i)) and using An = y. we can conclude that

-1l AU AK() A c
2~ (fl) M - & +vT (\MIA{)Y
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116]|-A (M) < Y[R —— sLL-

This completes the proof of Lemma 3.1.

Proofof Theorem 3.1. First we take u;y, 6 HL(VI) to satisfy < (™) '73T-
Then by Lemma 3.1. the equation Bw(u,v) —Fw,,(v) = Iw.w,,('<i)(") —O0 has a solution
n satisfying

(3.6) n1 ~ )< —(2"D-

Thus, taking into account that ai € [—#7-— r 7- ), we can conclude that

(3.7) 111 ) A IMI/=,<> A _j_

In view of the above discussion, if we take too = "n.w such that, [lito.w]|/« (si) <

(~)yrrr *1' wecan conclude that the equation B,,,(v, i = Fu, ,,,(() lias a nontrivial

solution MI,... satisfying | , [|[/"~(i') < (M)~ r.

By the same arguments, the equation Bw{u, v) = 1\1w(>) has a nontrivial solution
« ,,,satisfying || , |/ ()< (™)~ mHence, by induction, we can obtain a sequence
{««»>} with | «,,,Hr*n) < = 1.2,.... Also, taking 4 = max{m(<) |0 <

1< (=7)'rrT} from (3.2) we can infer that ||M,,,,..][/- (») > W mprovided that
H|/.. (» < (™))" - So, by the definition of sequence {««IW}, we have

(3.8) =0, vVEwWm), neN.

Below we will show that the sequence {?<,,.} converges to some uw € To
this end, observe that in view of ||M,,.,.|[y« 7~ < (w*)<?T for all » and rcflexiveness
of 4,7 (M), going to a subsequence if necessary, we may suppose that L as
n -> 00.

Next, by relations (3.3) and (3.5) we have lw.u,,(uvi) £ (US{LW,)"- and lienee
Iw.uv (Uu))(wu,w - Uw) -> 0- From boundedness of sequence and (HI), we can
infer that f(t, wn,,,,) is bounded in L2([l). From Lemma 2.4 one has U,,, —y u,, in
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L2(il). hence using Holder inequality we can write

/
T GO N A liu)
(fd + M UULIH 1/AgA))) | (0— Wi —ooD, 1 L> ) 4 (U w)Adt
J N*5 -UW)(nw
(« "bI*"A(IMbc«rt(io)) » ("~ocrf 1 V-0cA; "wl)) b
~j Q¢ 4N (fE m)tw Wu-)it
B - Liiw)(cn,H» - ««e))K
~ Jut,uw(MUOOhu  ww) I AY(>NIv)0 e
ITu,\ul ~ )l 2]l (-Lecon)||/;-»{T) [[/-(S2)
(3.9) +|/(#,2/4.an)||/=3{«) Awau* - Wuw|n2(ii) o*
Therefore
(«I +/"W IN 1? «oo(sh)))ll
« [, (MAY)  fw.liu Ly, AN 70,
Thus, —»uw strongly in 11q(U). Therefore, (tt,. Wt = 0 for any v €

L (I1), and since f(t. a) is Lipschit.z with respect to tin; second argument, wc can

write
li VtUu. (Aw )M — A diu (Use)t Aitwm,_ 1 (un.w)ll
< «d e () 1N () DI (wd  Uitw) v-Df V+ ( UMU)*"A(/f
11/ (f{t,nw)rrdt - i)")<
— («1 + PA(IhuH/"e (n)))(l11-007] (W ~ 1L2(U) W-neDf 3'[[i=(1i)
+ U  wn.tr|[12{v.) WM *()) j ("n~ ),n)vdtl

< 2(rt] +itm (fw [I._.e>(15))) ([lttu) -« »  M{[sun (u) [ F [/ «ii(jj))

(3.10) +||u,,, - Mum-i.wI/AnalM /™M) 0-
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This implies that the equation I,,.,u(u)(v) = 0 has a nontrivial solution satisfying
M W%( 0 < (M)~ 1 and Ikwlil/%(») > provided that |[MI/%(Si) <
(f)--

In the case where w — 0, the above arguments can be used to conclude that
the equation /o,tl(«)(i) —O0 has a nontrivial solution, which we denote by itj, such
that Ih'illfresi) < (t) ™ and [|ttifl]a > 0- - < Let. w = ithb then the equation
tu,.u{y)(v) = *has a nontrivial solution , such that | ||[/» (» < (~)I and

[[27-1 -~ 1) > ai™ g . Hence, applying induction, we can get a sequence {«,} with

H««l/"x(0) < and ||« ||/-XT) > ~17~n such tjiat 1.,-,,«,(««)” = 0w
any v € //,7(0).
Prom reflexivcnoss of and boundedness of {u,,}, we can infer that u,, An

in Au(M). Atso, by (3.3) and (3.5), we have /?,(<«m), /«(*) £ (A('(M))*. So we get.
At ()T )
< j(a + itm (||tt, _i|[l,, ~(ft))) iii (-00A"wW -30 » t) + um,, - )

+11u (f{t,u)(un w))</«|

[(o,+pn(flu,-I1?,

- 1 @+,.mMf, ) nc(unc~ A+ IM«» - #)I

(3J1> *U-wwnff_ + - )i >
Since / is Lipschitz with respect to the second argument and u,, —u in L2(Q), in

view of (3.11), we obtain
@i +/MIK-il1/%(u)))IK.  wl/exn)
(3.12) = N L (M) Je,_fu(M)itin )
+ " f(t.u,) - f(t. H)K - u)rdl -> o,
implying that ?,, —it in From equality
(1 + /tm(Jlit, NI/“7A@ji))) I ( ocV'tun -ocDt O+ UnVAdx = j  (f(t,un)i?)dt,

n £ 4/,*(M), and )/, -f n in Hqg(Sl), similar to (3.10), we can conclude that for any
Ve ay(IT),

«X+pT(m[]'"™ 0PI (-00r>v7 _ 2?11 +avrdt. = J  [f(t,n)irdt.

Thus. «is a noutrivial solution of (1.1) satisfying IM li-~ii) > +)~ This completes
the proof of Theorem 3.1. O
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4. Existence of a solution for tiie problem (12)

The functional J : X n —»R corresponding to problem (1.2) is defined by
d(M) = J (U W )I1J+ b0 |u(0layn +
(4.1) + (I_-"Dr«(*)]2 + b(«)|[M (O 1*)*y Fit. u{t))dt,

where F(r,t.) - f* f(x,s)ds, and

()=4 L O + +
(4.2) Qf (i"apuW i2+6() (<)!'2)n) ,
(4.3) Wu)= [ F(t, u(t))dt.
R

We assume that / satisfies the following conditions:

(FI) / ¢ C(R XR.R) and there exist constants 1< 71 < 72 < ... < < 2and
functions g L'~ (R.R+) (i=1,2,...,rn) such that
L
[/(«,x)]| < V (i,x)eR x R:
i=1
(F2) there exist an open interval / ¢ | and constants S> 0,70 6 (1.2) and f]> 0
such that
F(t,x) >»/N7a, V({,()elx [-M].

Now, we are in position to state the main result of this section.

Theorem 4.1. Let.o 6 ( . 1] and b(t) satisfy assumption (L). Assume, that (FI) and

(F2) hold, then the problem (1.2) has at least one nontrivial solution in X 1.

Note that in Theorem 4.1 the assumption (F2) can be replaced by the following
condition:
(F3) there exist an open interval I C R and constants 8 > 0, 70 € (1,2) and 7 > (I
such that
xf(t,x) > / ", V(t.x)e !l X[—<5@F

Hence, we have the following corollary.

Corollary 4.1. Let a and b(t) be as in Theorem .1. Assume, that (FI) and (FJ)

hold, then the problem (1.2) has at least one nontrivial solution in X n.
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We first state two lemmas.

Lemma 4.1. Assume that conditions (L) and (FI) hold. Then the functional J :
X° —R defined by ( .1) is well defined, belongs to the class C'l (J14, E) and satisfies

J'(u)v (ar+ « (1-00DIMOI12 + b(0 1«(0 la) n )
X A Y- x D, u(t) + b(tyu(t)v{t)rdt
(4-4) - [ f(t,u(r))v(t)dt.
=

Furtlieniwre, the critical points of J in X" urc the solutions of the problem (1.2).

Proof We first, show that. (In functional J : Xii — IKdefined by (4.1) is well defined

on A"™. In view of (FI), the Holder inequality and Remark 2.3. one tan gel

f \F(t,u(t)\dt < jr = f 0,[t)\u(t)\'«dt
I'Jp
(4-5) < E:i H:.t i Y ™o Ne E:i i b

implying that J : X x — R is,well defined on X a.
Next, wo prove the equality (4.4). Rewrite ./ as follows: ,/ = ® — It is easy to

check that 6 C'pTMR) and

= A«i +0  (]-°0ATu(012+ f(01"(0r2) f//n

(4-C) x £ (.x V2u(l) m.x D?v(t) + b(t)v{t)v(i))dt.

Therefore, it remains to prove a similar equality for ®. To this end, for u,v € X'

and any number li e (G, 1), we apply the Mean Value theorem to obtain

(4.7) JjF(t.,u(t) 4 hv(t)) - F{Lv(t)]dt = A /(**"m(t) 4 o(t.)hv(t)v(t)dt.
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where 0 < £5(t) < 1 for every | &R. Also, by (FI), the Holder inequality and Remark

2.3, we have

B hren(g.xl) \f(t. u.(t) + g(t)hv(1))v(t)\dt

<Y o N+ ) ) D

m r
<y ,/ 0T d«(ifjp’ 1+ % or I)w \*

i=1N
< *Y (MOT*-1+ M O -1)2"*%) \'"Ne \ )

m 2~ |

AE (IR (*)*) 2 (ii<nit 1+ iHy-rl) Qf Hoi2r)

1
(4.8) <fc?l«iii » 1+ 1,15-1) IMI;ve < +oc.

Thun by (4.7), (4.8) and Lebesgue dominated convergence theorem, we gel

$!1(<tb - )I-)QQ+ 3((( + /LlJn) - ((()
= lim 3 L{F(U(e) + hv() —F(L i)t
(4.9) = im0t (<) + VOV = [t u)i>rt

&

A combination of (4.(i) and (4.9) shows that (4.4) holds. Furthermore, by standard
arguments, it is easy to show that the critical points of J in X n are the solutions of
problem (1.2).

Now we prove that ,/' is continuous, that is, it belongs to the class R).
Clearly it is enough to show that @' is continuous. Since § € L1 '*(R,R1) (i

1,..., to), for any e > 0 there exists Te > 0 such that
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Let u —«o in X n, then in view of (FI), continuity of /, Remark 2.3 and (4.10), we

can write
sup |'i/f(M)it NM(«oH = sup N ((,1()) - f(t'U<>(1)))v(t)dt\
M.*'» =1 [|t/]|xa=I

< sup  J <7, \(F(t,u{t)) f(t, «o(t))M*)|fft

+ o»p_iE MW 1+ k()7 ) ()T
< sup (jtI<TIT(F,» (1)) - f{i, N\ <it) 2 (flf<T, MO 127~ )]
-Nx-»—1
3-7j
+ «wup t(fw>T.er*m ) 5 (ihi]> 1+ 1bl L4 T1)
[pmix A =i »*i \ / N 7 4 7

[/(i,«(0)-/(M 10 (0)I13n)*
2--

+E (/lii>wr«T5(on) 2 (iNHC1+INC-:")
m / Y
< Cc2tE+£gcj* (iiuiir.:1+ HuoiiKl) .
implying that ®'(n)i? —®'(«0)r> —0 as n -4 «o uniformly with respect to v. This
implies that @' is continuous. Thus, we have shown that J € C1(Xn,R). Lemma 4.1
is proved. O

The proof of the nextlemma can befound in  [8].

Lemma 4.2. Let X be a realBanach space, and let J g CII(.V, IR satisfy the. Palais-

Smale condition. 1fJ is boinUed from below, then ¢ = inf.y J is a critical value of ./.

Proof of Theorem 4.1. In view of Lemma 4.1 we have ./ 6 C1(An,R). We first
show that ./ is bounded from below. Indeed, by (FI), (4.1), Lemma 4.1, and (he

Holder inequality, we can write

= fi<(]-*W )12+ b0l«(0la)n + T (JR(I-0c/AX 012+ m\u(t)\2)di)2

S0 F(tu(t))dt > W%« - JHn*Mt))dt

> ~ SW & «-e™ -~ 1«
(4.11) > M IM|2, _ f; ~Mig”Ail AN\,
i—\ L
Since 1< 7,<2(i=1,...,vn), we see that J is coercive and bounded below.
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Next, we prove that ./ satisfies the Palais-Smale condition. To this end, assume
that {(ifc}*6N C X n is a sequence such lhat {./(«fc)}teN is bounded and J'(uk) 0
as A — -foe. Hence by (4.11), there exists a constant M > t) such that |ja*||,V" <
M. kK € N. Therefore, there is a subsequence, again denoted by {«*} and u, 6 Xa
such that H- —k?io- Hence

(4.12) (./'(it*.) —J'(iin))(uk- —wo) —0.
and by Lemma 2.3. we have

(4.13)Uk —«o strongly in L 2(E).

Since ul, — Uo, then by the Banach-Stcinhaus theorem, there exists a constant At > 0
such that

4.14 sup ||%]||lg-« < Ni, «o]|x" <M.

(4.14) A6?\I” lla [[«ol]

Further, in view of (FI) and the Holder inequality, we can get:
VE(/(MuM) - /(M'o(0)XX (0-M*)LL|
< Jr1/(~uk(0) - /(M*0(*))IMO - «o(0U

2

<t (/»«r7m) (imyrl+ lolllal) URmo - mopn)*

(415) <E(V P 4t)dtj * («||5,-" + IbI&T) l»- /|
Therefore, by (4.12)-(4.15), we have
(4.20) [ (F(LUK(D)  HELUO))(Uk(®  uom)ar >0, as k> foe.
Also, one can get
('( )- S)efc «©@=(d  ROA-xDFU.OR+ () (O\3L)
x Jr (-00D2«k(t) m-rvDfiiik - u,)+ () ()( -
- («1 4 ( Jj (1-noDJ’uoMI2+ B 1M O 12)™*-)

X /k ~_ooD fuO(t) e-ocDt (nk - Uo) + (.) ( ) - u0)~dt.

- JR(F(F:UK() - f(t, {)NC () - ud(t))dt
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= («l+ «JK(] soe>rer (012 + {)\V ()V)<1)JRVocuy(uk « )1 + <>(01<p - wo12
[iH (1-00-D* «i)(i)|2 + b (t)M t)\2)dt - JR (I-,,D 2uk(t)l2 + BAik(0|2)n]
x Jr (-oc-D*«o(t) +_ooD}'(tn - uo) + b(t)uu(t.){uk - w )jdt
- «<m(®) - /(*. “0(1)))(nk(f) - Uu(t))dt > ai im- «OIE.
02 [/, (\ N2+ t(0]u,,()]2di jR(I-00”"tu™)I2+ b(i)K(0la)a]
X JR (_x D?ua{t) m <*D?(nk - Mo) + b(t)u0(t)(uk - Mo))rf<
-JR(/(MU(0) - /(*.«o(*)Ke«n(0 -
Therefore
«iLn- «0il2-. < (sf(cu*) - N(«i)))(«n - «0) -« [ (1-A°" MpWI2 + W l«n (0 12) dt
= K (]-<x A "'u (012 + fe(t)l»*k(0I2) A
X ir< (-no®t*t/(|(<) m-007PO™it - “») + - Nyt
(4.17)  + SR(f(t,iik(1))  f(1-no{t)))(uk(t)  Uo(t)dt.

Next-, since w -» «0. then we have as fc —+ 00,
al (N *« (012+ ] )« (012)~ (|-«Ne *(01* B(OMOI2)N]
(4.18) X1 (00« B«<m- »)+ {) H)( - Uoijdt. =0.

It- follows from (4.12), (4.16) (4.18) that «.- —t iig strongly in X n, implying that ./
satisfies the Palais-Smale condition.

Next, by Lemma 4.2, =»inf)< J(u) is a critical value of ./, that is. there exists a
critical point n* fe X n such that J(u*) =

Finally, we show that u 0. Let viy 6 X" \ (0} and |(to].v<- = 1. then by (4.1),
(F2) and Remark 2.3, we have

(4.19) I(mo) = R (- - > (0124 b(t)\ut)(t)\2)dt
+T* (iR(l-o0/22Ho(0la+ (] ()2)~)2
JRF(t. *uM)dl. < + Wo(t)pedt, <)< *<E.

Since 1 < 70 < 2, from (4.19) we have J(su0) < 0 for s > 0 small enough, lienee

J(«*) = 4 < 0) implying that u* is a nontrivial critical point, of J, and so u* is a

nontrivial solution of problem (1.2). This completes the proof of Theorem 4.1. O
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