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AHHOTaunsa. B cTaTbe gokasbiBaeTcs, 4To Ans nboro 0 < < 1 cyuwlecTBytoT
n3mepumoe MHoxectso E C [0,1] ¢ mepoii | E |> 1—e un BecoBas (yHXLHA

/j(z) = 1nB E Takue, uto ans nwoboro p e [1,2] n Ans KaXAon hyHKUUK
/ e L\1(0,1) MOXHO HaiiTn cyHkuuto / G L1(0,1) coBnagatowyto ¢ / Ha E n
TaKyto, YTO KaK ee XafHblii anropuTm, Tak n pag ®ypbe No TPUrOHOMETPUYECKOI
CUCTeME CXOAATcs K neil no Hopmam J11[0,1) n £,£(0.1].

MSC2010 numbers: 42C10, 42B05.
KnwoueBble CNoBa: XafHbl anroputMm; cxoaumocTb B LE£[0,1]; TpuroHoMeTpuye-
cKasi cucTema.

1. BeeaeHue

Pa6oTa mpogonkaeT MccnefoBaHMS aBTopa 0 CXOAMMOCTW >XafHbIX anropuTMOB
C TOYKW 3PEHUS LLUMPOKO M3BECTHbLIX Kaccuyeckux teopem H. H. JlysnHa n 4. E.
MeHbLUOBa “06 McnpaBneHnn GyHKUMn” (c.m. [1], [2]).

Ona dyHkymmn/ 6 1 [0,1], (f{x £ 1) = f(x),x 6 [0,1)) KoappnLUMeHTbI Dypbe
M YyacTuyHaa cymma psga dypbe nNo TpUroHomeTpuueckoit cucteme {e2Tiix}” :_00

3apalTcs popMynamu

(1.2) cfo(/)= [ f[t)e~2rikdt, ft=0,£1,£2,..., c-k= ck,
Jo
n
(1.2) 5m(x,/) « J2 <*(/)e2"ikx%m = 0,1,2............
|k|<m

MycTb [0,1]—BecoBoe NPOCTPaAHCTBO:

(1.3) LE[O,I]={/(x): 50 \f(x)\pn(x)dx < 00,}, 1< p < oo.
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M. T. TPUTOPAH

MepecTaHOBKY HeoTpuuatenbHbIX Uenbix yncen a  {"MN}Pr— (N er/;Y) Ha-

30BeM YbblBatoLel, ecnm

(1.4)

MHOXeCTBO TaKux MepecTaHoBOK 0603Hauum uyepe3 D(f). B cnyuae cTporux Hepar

BeHCTB (1.4), MHOXecTBO D (f) coaepXXMT TO/IbKO OAHY yOblBalOLW YO NepecTaHOBKY.
Ons kaxpoh pyHkuymm / € LI1\O, 1] n gna noboro anemeHTa a 6 D (f) onpegenvm

nocnefoBaTe/IbHOCTb HeNMHeNHbIX onepaTopoB {Gm(/>ff)}m=i> cnegytownm obpasom
(1.5) Gm(xJ) = Gm(xJ,a)= °m U)JCZImr(fC)J:

[*|<m

3ameTum, 4yTo onepatop Gm(x, f) 3aBUCUT OT M1 peannsyeT Hauyullee THUYNEHHOE
NpMoAMKeHWe MO TPUTOHOMETPUYECKOW cMCTeMe B NnpocTpaHcTBe L2[0,1].

MeTog npnbnmkenns yHKUUN / NocnefoBaTe/IbHOCTbI HENTMHEMHbIX 0MepaTopoB
{(?,,(/, Has3bIBaeTCs XagHbIM (FpuAnN) anropuTMoM QYHKUMKW / NO TPUTOHO-
MeTpuyeckoli cucteme{ei rk*}£i_00.

[OBOPAIT, UTO XafHblA anropuT™M yHKUUKM / MO TPUTOHOMETPUYECKOW cuUCTeMe

cxoauTcsa B BecoBoM npocTpaHcTBe LJ[0,1], ecnv npm HekoTopom a 6 D (f) nmeem

XKagHble anropuTMbl 415 6aHaXx0BbIX MPOCTPAHCTB, OTHOCUTEIbHO HOPMUPOBAHHbIX
6asncoB n3yyeHbl B pabotax [3] [15] v [17] [21].

T. B. KopHep 0TBeTUB Ha BONpoc NocTtaB/ieHHbIN KapnecoHom n Koiidgmanom, no-
cTpoun B [4] Nnpumep HenpepbIBHOW (PYHKUMW, XaHblA anropuTmMm KOTOPOW HO Tpu-
rOHOMETPMYECKOl CUCTEMe pacxoAmTcsa nouTu Bclogy. B pabote [5] B. H. Temnskos
[0Kasan cyliecTBoBaHue yHKUMM /o(X) 6 < < ~[0,2Tr] XagHblii anropuTm KoTo-
poil N0 TPUrOHOMETPUYECKOW CUCTEME pacxofmTca no mepe. B paboTe [6] gokasaHo,
yTo AnA Kaxgoro p > 1, p / 2, cywecTtByeT pyHKuma /(x) 6 17(0,1), xagHbli
anropuMTM KOTOPOW Nno cucteme Yonuwa pacxogmutes B 1°(0,1) (cm. Takxke [20]). EcTte-
CTBEHeH cregytoLmnii
Bonpoc 1.1. CywiecTBYeT /I U3MEPUMOE MHOXECTBO € CKOJflb YrO4HO Masioi Mepbl
TaKoe.uTo Moc/sie N3MeHeHMs1 3HavYeHUn nb6oii pyHKunm knacca Lp(0,1),p > 1 Ha e,
XKafHbl anropuTM Mo cucTeme Yosnwa n no TPUroOHOMETPUYECKO CUCTEME N3MEHEH-

HOI (hYHKLMK cxoanncsa 6bl K neld ( moyTw Bctogy no Hopme Lp(0,1), paBHOMePHO)?
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HENMHEWHASA AMNMPOKCUMALMA MO TPUTOHOMETPUYECKOW CUCTEME ...

Ba)XHO OTMETUTb, YTO B pa6oTe [7] NnoKasaHo cyllecTBOBaHMe nonHo B 2(0,1) op-
TOHOPMWPOBAHHOI CUCTEMBbI, 4151 KOTOPOW MOCTaB/IeHHbIM BONPOC NpU p > 2 UMeeT 0T-
puuaTenbHbI OTBET, TOUHEE HOCTiOEHA OPTOHOPMUPOBaHHas cucTema tp.= {db (X )}KLi
OorpaHNYeHHbIX YHKLUMIA 1 HenpepbiBHAA PYHKUMSA A(X) Takue, 4TO ecnu A1 HeKo-
TopoW yHKumm / e /~(0.1), p > 2; | {x € [0,1];/(x) = ~(i)} |> 0, TO ee xaAHbIl
anroputm {Gm{x,i>,f)} no cucteme ip pacxogutcsa B Lr(0,1).

MbI paccmoTpum Bonpoc 1.1 B 4BYX NocTaHOBKax:

1. Korpga 3HaueHns gyHKummn f(x) M3MeHs0TCA Ha 3aBUCALLEM OT DYHKLUN MHO-
XKecTBe CKOMb YFOAHO Masnoli Mepbl.

2. Korjga nckniumnTesibHOe MHOXECTBO €, Ma KOTOPOM MPOUCXOAUT M3MEHCNUC UC
3aBUCUT OT mMcnpaBnsieMoit oyHKumm /(X), T.e. OHO YHMBEpPCaNbHO, 06CYy)XUBAET Le-
bl PYHKUMOHAaNbHbIA Knacc.

B cooTBeTCTBMU C 3TMMK NocTaHOBKaMu B paboTax [8] [11] aBTopa gnsi cuctemsl

Yonia AoKasaHbl Cieflytol e Teopembi:

Teopema 1.1. Ansa nwoboro 0 < e < 1 un ansa kascaoh pyHkumm / € L1(0,1) MO>XKHO
HaWTwn yHkumio / e V (0,1), [{x 6 [0,1];/ / I}| < e, >KafHblIA anropuTM KOTOpPOI

no cucTemMe Yosnwa cxoguTcsa K Heli nodyTwu Bclogy Ha [0, 1].

Teopema 1.2. Ana nobbix 0<e<1,2<p<o00u Ans KaKAoh pyHkumm 1{x) 6
Lp(0,1) mo>kHO HaliTu dyHkuuo / € Lp(0,1), |{x 6 [0,1];/ /}| < e Takyw, 4ToO
€ro >KafHblli anropuTM™ Mo cucTeme YonLia cXoauTcsa K Held B 1°10,1] « Bce HeHye-

Bble UneHbl B nocnegosaTensHocTwn {|cn(/)|} pacnono>keHbl B ybblBalOLWEM NOPSAKE.

Teopema 1.3. Ans no6oro 0 < e < 1 cyuwlecTBYOT M3MepnMoe MHO>KecTBO E C
[0,1] ¢ mepoit 1E |> 1—e u BecoBasa (yHKUMA L(X),u(x) = 1 Ha E Takue, 4yTo0 Ans
noborop € [1,00) n gna ka>kgoh pyHkumn / 6 L[i(0,1) MO>KHO HaWTw yHKumMto / €
L!(0.1), coBnagawowyo ¢ Ha E VWWKy0, 4YTO ee >KafHbli anropuTM Mo cucTeme

Yonwa cxoanTcesa K Heit no Hopmam LJJ(0,1) n Lx(0,1).

Cpa3sy e 0TMeTUM, UTO OCTaeTCsA OTKPbITbIM C/IefyHOLLINiA
Bonpoc 1.2. BepHbl nn Teopembl 1.1 - 1.3 npu p > 2 4NA TPUrOHOMETPUYECKON
cucTeMbl?

OTmMeTUM Takxe, 4To B cnyyae p 6 [1,2] 4N TPUTOHOMETPUYECKOWN CUCTEMBI B

pab6oTe [12] aBTOpPOM A0OKas3aHo, 4TO
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Ons no6oro0 < e< 1cyuwecTsylw T U3Mepumoe MHo>KecTBO E C [0,1] ¢ mepoii
\E\> 1-e Takoe, YTO A1A KaKA0N V'"*»** [<«> e
yHKuuto / 6 L'[0.1], coBnagatowyto ¢ Ha E Takyl, 4TO0 ee >KafHblii anropuTm

Nno TPUrOHOMETPUYECKO CUCTEME CXOANTCA K Heil no Hopme V (E), T.e.
4 /P

lim ([ \Gm{x,f)- faW dx) =0.
T-*00 \7£; 7

B HacTosiLLel pa6oTe foKasbiBaeTcs Teopema 1.4, KoTopas SBASETCS YCUIEHNEM BblLe

chopMyIMPOBaHHOIO pesynbTaTa

Teopema 1.4. ina no6oro 0 < e < 1 CyLeCTBYOT M3MepUMoe MHOXKecTBo E C
[0,1] ¢ mepoli |[E| > 1 e u BecoBas dyHKumMaA /i(x); 0 < u(x) < 1; p(x) = 1 Ha E
Takue, 4TOo Ans nboro p £ [1,2) « ana Kaxkaoh pyHkumm Hx) e Lg[0,1] Mo>KHO
HaliTn QyHkuuio a(x) 6 ~*[0,1] £[0, 1] cosnagatowyto ¢ /(*) Ha E, >KafHbll

anroppTm KOTOpOVI no TpMFOHOMETpMHeCKOVI CncrTeme cxoamTca K Heit no HOpMam

L*[0,1] t»Lj;[0,1].

OTMeTUM, YTO B CBSA3N C M3YYeHWEM CXOLMMOCTMU XXaAHOro anroputma BHOBb MO-
JIYYEHHOW, ucnpaBneHHOW, PYHKLUMN /(X) BO3HWUK clefyrolnii BONpoc, KOTOPbIA Ha
MO B3rnsj NpeacTaBnseT caMOCTOATENIbHbIA UHTEpPeC.

Bonpoc 1.3. MoXno 11 nameHnTb 3HaveHns noboii pyHkuymm f{x) knacca £'[(), 1]. p >
1 na MHOXecTBe Manoli Mepwl Tak, YTo6bl BCe HEHY/EBbIE Y/eHbl B Moc/efoBaTe/lb-
HOCTN KO3(h(PULNEHTOB Dypbe BHOBb MOMYYEHHON (IYHKLMW MO KIACCUYECKUM CU-
cTemaM (B 4YaCTHOCTM MO CMCTeMe Yonwa v no TPUFOHOMETPUYECKO cucTeme), no
MOy o 6b1an 6bl pacnonoXxeHbl B yobiBatoLweM nopsake?

B pa6oTe [10] foKa3aHO, 4TO BONPOC 3 418 CUCTEMbI Y0/LIa UMEET NONOXKNTENbHbIN
oTBeT (cMm. Takxe |11| - [15]), a Ans TPUrOHOMETPMUYECKOW CUCTEMbI 3TOT BOMPOC
0CTaeTCcsA OTKPbITbIM.

Teopema 1.4 cnegyeT 13 6onee obuieii Teopembl 1.5.

Teopema 1.5. nsa noboii HenpepbiBHOM HEOTpULATENbHON BO3pacTalLwen PyHK-
uam (), 6 (0,00) cw(+0)=0 u gna nwoboro 0 < e < 1 cyw,ecTBYlT MU3Mepu-
Moe MHo>KecTBo E C [0,1] c mepoin |[E|] > 1- e u BecoBas (yHKUMS 0 <
K x) < 1, Ai(s) = 1 Ha E Takue, yTo ana noborop 6 [1,2] n ana ka>kaoin dyHKLMK

/(*) 6 ££[0,1] MO>KHO HanTu yHkuymo a(x) 6 L1[0,1] L£[0,1] coBnagatoLLyto
6
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c /(.r) tut E n nepecTaHoBky {a[k)},(a(—k) = —er(A)) uenbix umcen 0,+1,+2,..
Takue, 4TO
1) KaK >KafHbll MATOPUHLI, TakK u psag dypbe yHKLUMN y(X) NO TPUTOHOMETpu-

yeckoin cucTeme {e2’rfer}jtf 1 00 cxogaTca K Heit mo Hopmam  [0,1]n ££[0,1]:

2) 52M .9)iM bl .?)1) < oo, f [1(z) - g(x)\dx <c;
n”o
3) D(f) copep>knT TONbLKO ybbiBatoLyto nkpecTaHoBkyo = {cr(A:)}*b (cm. (1.

B cBf3n cO BTOpPbIM YTBEPXAeHWEM TeopemMbl 1.5 3amMeTVMM,uTO ecnu (yHKUUS
/ 6 Z1(0,1) wn f[x) . L2(E), To gna kaxgoih cyHiouin g{x) 6 1!0!'1) coBua-
parowas ¢ / Ha E, nocnegoBatenbHocTb {c,,(<7)} . OTmMeTuM, 4TO M3 NyHKTa 2
TeopeMbl 1.5 BbITeKaeT, 4YTO Moc/neAoBaTeNlbHOCTb KO3(h(uLneHToB Pypbe Mcnpas-
NeHHol yHKUMM A{X) HO TPUTOHOMETPUUYECKOWN CUCTEME NEeXMUT BO Bcex In,q > 2,
Te- < °° mnga nl060145 > 2)- B Teopeme 1.5 UCKAOUUTESb-
HOE MHOXeCTBO €, Ma KOTOPOM MpOMCXOAMT M3Menenue, He 3aBUCUT OT WUCMpaBns-
eMoii hyHKuMn /(ar), oHo yHumBepcasibHO. OTMeTMM TaKXe, 4YTO B c/lydae, Korpga
3TO MHOXeCTBO € 3aBUCMT OT ()yHKUuM B [16] A. M. OneBckuii gokasan, 4To Cy-
LiecTByeT yHkums a(x) 6 C[0,2Tr] Takasa, 4yTto ana nw6oit hyHkumm f(x) c Mme-
poii |{x € [0,27r] ; f(x) = fl(.r)}} > 0 , nocnepgoBaTeNbHOCTb KO3(PuMLMEHTOB Py-
pbe yHkywi f{x) Ho TpuroHomeTpuuyeckonn cucteme {a,,(/), bn(/)} Ip npn Bcex

pe (0,2).

2. AOKaSaTeI‘IbCTBO OCHOBHbBIX NnNemMM

MoBTopSAs paccyX/eHus NpuBefeHHbIe NPW foKasaTeNbCTBE NeMMbl 2 paGoTbl aB-

Topa [12], nonyumm cnegytolee yTBEPXKAEHMeE,

Nemma 2.1. MNycTb (), e (0,00), HenpepbiBHAA HeoTpuLaTeNbHAs Bo3pacTato-
was dyHkuma ¢ w(+0) = 0. Torga ana nwbbix yncen, &6 (0.1), e€ (0,1), N > 1 nu
ansa ka>kgon gyHkumnm f{x) 6 Z~[0,1] (||/|| > 0) cywecTBYIOT U3MepPUMOE MHO>Ke-
cTBo E C [0,1], pyHKumsa a(x), nonmHom Q(x) Buaa

M

Q(x)= \IXz’N

)
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UnepectaHoBka {*(*)}£* "*««« N....M, ( -k) = )), cTapble y40BNeTBO-

PAKT YyCNOBUAM:

I) g{x) = I(sc), i6 4 Is|] > 1 £.
2) J “\g(x)\dx < 2 3* \f(x)\dx, [Q(i) - 5(i)|2di <5,
M
3) £ la*jaw (M) < 8,
\k\=N
4) 6 > |a,(jt)l > la~fc+ol > 0, pgnsa nwboro K 6 [N, M),
max jrl iirkx gy < 3 [ \f(x)\dx,
5) N<rnsMJo £ a*e Jo
[fc|=dv
6) max dx < 3 f |/(x)|ds.
N<m<Mfo \Ki=N Jo

Ona kaxgoro p G[[1;2] v gnsa nob6oro nsmepnmoro nogMmHoxectsa e C E

T P
7) max } £ AKC?*iK*  dx < 2J[ \fO)\*dr. + &
N<m<M JK |J[|=Af e
8) m . £ asrfoezrifffgz X <23 |/(x)|priT.+ S.
NSy e ffcl=N

OCHOBHbIM CPeACTBOM A1 O0Ka3aTeNbCTBA TeopeMbl 1.5 ABNseTCA cneaytoLLas nem-

Ma.

Nemma 2.2. MycTbult) , t G(0,00)—HenpepbiBHasA HEOTpULATENbHAA BO3pacTa-
towasa pyHkumna ¢ w(+0)= 0. Torga ana nwoboro 0 < e < 1 cyuiecTByeT udMepumas
tyHkuma u(x) c I/x€ [0.1],u{x) = 1} |> 1—e Takas, 4YTO A4na nwbuix 6 S (0.1),
e€ (0,1) » N > 1 wn gna ka>kgoint pyHkumm f(x) e L2[0,1] (||/]| > 0) cywecTBylOT

nsMmepumoe MHo>kecTBo E C [0,1], dyHKumaA a(x), nonnHom Q(x) Buaa

Q(x) = £ akeMkx = £ aaWe2riaWx, a_fc= ak,
\u=H \K\=N
8
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(3pecb (M—K) = —<T(K) -HeKOoTOpasA nepecTaHOBKA HaTYypanbHbIX NUCEN

JT,.... M) KoTopble YyA0BNeTBOPA T YC/MOBUAM:

1) A(x) = /(x), X6E, |£] > 1- e,

2) [ 9(x)\dx<2 f\f(x)\dx, [ [(3(>k)-5(i)|2dbr1 <6,
Jo Jo L\o

3) J[ \g(xX)\p(x) dx < ZJ[ \f(x)\pn(x)dx + 6, pgna nwb6oro pe [1,2],
0 0

u
4) 1T |ofg2a;(joA.]) < S,
\K\=N

5) 6 > > I<Mk+)l > 0, pgna nwéoro ke[N,M),
6) yax, I' £ xwxxwx dXx<3 [ \f(x)\dx,

" =N Jo
7 max J® £ a,wWc2r x dx <3 [ [/(X)]cfer,
) vt |, WK=N Jo
8) »

Nénrr?ém_fo \|f\=N akc7wikx  /n(x) dx <2 o \/(x)\py(x) dx+S, ans nw6orop 6 [1,2],

9) )

max Jl £ a{Kr ? N x ufx) dx <2\f(x)\p/i(x) dx+S, ansa nwo6orop 6 [1,2].
N<M<M IO \n=n Jo

[okasaTenbcTBo. MycTb 0 < e < 1. Ecn 0603Ha4YMM 4epes

(2-1) W *)}£1
nocnepoBaTtesibHOCTb MNOJIMHOMOB HO TpMFOHOMETpMHECKOM cucteme C an'I/IOI/Ia!'IinbI-

MU KO3 (hMLMeHTaMK U MocnefoBaTe/lbHO NPUMEHUM JleMMy 2.1, TO MOXEM HaiTu

nocnegosatenbHocTy yHKUmniA (fin(x)}, mHoxecTB {A*} 1 nonnHomoB

Tin— Th—1
(2.2) Qn(x) = £ = £ 4nea® , a”=4n),
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rae {«»(*)}£E! (««(-*) = -°n(K)), To = 1; AN KaXXAoro MUKCMpoBaHHOrO n,
HeKoTopas MnepecTaHOBKa HaTypa/bHbIX Yucen 7mn-\,inn-i + I |—in*n~ 1- KoTopble

YO0BNETBOPSIIOT YC/OBUAM:

(2.3) on(*) =/n(x), *6¢£
c2A) \En\ > 1- 4-Bd1+a),
(2.5) J  \gn{x)\dx < 3 |7,,(az)|dx,

/1 \ 172
(2.6) \Qn(x)-gn(x)\3xrj < 4-8( +)
2.7)

I > |aj.n)| > >| N~ N>0, pgnanwéoro A€ [wn-bT,, - 1), > 1,
(2.8) x;' [4n)2w (|4n)]) < 4-B<s,+a>,
N ()
: > 2xi<r,,(k)x
(29) m,, P&, | ) B <3 V00w,
A
(2.10) fiy Yax < 3 f 1\fn(x)\dx,
- =9 b Jo
ANns Kaxgoro p 6 [1;2] u gna no6oro namepmmoro nogmHoxectesa e C E,,
P \ ilp
max dx 1
\ 1p
(2.11) <3 (M|, (i)|pdx) P+ 4-e("+Jl
r A
max / o(me2dex: P 4.0
18 \fcl=mn_i ]

(2.12) <3Qf|,(a)pd r)UP+ 4-«("+ )

10
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Monoxum
(2.13) 2,= #,, n=1,2,..,
B=n
(2.14) G=r2u, no= [logjel+ 1,
00
(2.15) B =

OueBngHo, 4to (cm. (2.4). (2.13) (2-15)) |IB] = 1, |C| > 1—f.
Onpegenum yHKUUIO L(X) cregytowmm obpasom:

r 1, *ecu([0,1]\B),

(2-16)
My 2£  \ > 1» TIA Tg+ 1]
roe
11
2'n -
hk = sup (1 + [ |.0*@30|p<tc+ max »(K) - 2Triak{e)x
I<p<2 Jo mfc ,<m<mkJ
P
(2.17) + max I)' £ a[k)c2™x  dx).
- « < » n

i3 (2.1G), (2.17) pnn Bcex > 1un p € [1,2] nonyyum

A M *)A = (I M *)IpMad* <

/ b £
Ao,i]\nk nrf+l

(2.18) < £ 2" (_£ 1bl*)1p<b) ~ < -
AHanNornyHo ans Bcex K > w, n p 6 [1,2] 6ygeni nmeTtb

(219 max _ I eZineni(* jyyrfi < 2-
fo.i [A|=Tv_i

M3 cooTHoweHwuit (2.3), (2.16) - (2.18) BbITeKaeT

[ \gk(xX)\vn(x)dx= [ \fk(x)\pfji(x)dx+ [ \gk(x)\pti(x)cLv <
Jo Jsh. J[n,i\n*

(2.20) < C \fk(x)\y{x)dx + 2-ac Vp6 [1,2].
Jo

11

(Ix+



M. T. TPUTOPAH

YuuTtbiBaa cooTHoweHusa (2.11), (2.16)-(2.19), gna scex T € [mfc_ amf), Kk > ry, n

\ m
m - .
. E (o) 2wdfk(<)i  (j(x)dx = E aiznezmak{»)x u(x)1x+
[ . Mo)e ;- jo=m_
q (o) _2wiak(Ox n(x)dx <
J[o.ivuU
X E (@) p2xk()* b=
< 2+ E M/ _ 5& e o
3 sz +1 WOAO.-i
in
-8(fc+i) +3 / f \Fk(.x)Vdx\
< Ne x4+ £ N*
n=no+|
ne
) .
- + [ \fk(x)\p mlivdx
< b3 2k+ n:Eno+| 2% 22p(fer) g \n
K
<1-3*+ ?2.22p(M-1). V  [tn+22. 1 |4()P ./i(x)dx <
3 n=«4l
@.21) <V ( 2+  \K)\p wi(x)dx] .

AHanornyHo (cm. (2.12), (2.16), (2.18)) gna scexm e [T*_i,T*), ft> nown p 6 [1,2]

6yaem MMeTb

P 1
(2.22) f £ a'klew “ M(x)dz <V U~2k+ [ |JA(*)P/*(*)d*) .
Jo [«|=rru,_i 4 0
Bosbmem pyHKuMto /* ( )( ,_ -1> TV)u3 nocnegoBaTenbHocTu (2.1) Takyto, 4YTo

(2.23) ™ 1/(x) /H(x)[2dx<m in{~)21£ I~ 1™ }fco > [log™ £] + nn .

Monoxunm
(2.24)
"o-»-1 »0-1 a/
<?x) := E 2-2n” - ke2rikx + £ anre2"8l= £ gfednikk, a-k= ak
Ifd=wW [fc=m»0 1 lfcl=7v

E = Sta, fl(x) = /(x) + fio(x) - 4, (x)
12



HENIMHENHARA ANMPOKCUMALMSA MO TrW'OHOMETIMYECKOW CUCTEME ...

OTctoga n u3 (2.3) (2.6), (2.16), (2,20) n (2.23) BbITeKaeT, 4TO PyHKUMK A(x), (i{X),
MHOXecTBO E 1 nonnHom Q(x) ygosneTBopsoT TpeboBaHMAM 1) - 3) neMmbl 2.
YuuntbiBas cooTHoweHusa (2.7)-(2.10), n (2.20)  (2.24) nonyumm, 4To PyHKLUK

a(x), /i(x) n nonnHom Q(x) yaoBneTBopuior Tpe6oBaHuaM 4)-9) nemmbl 2.2. O

3. [ okazaTtenscteo Teopemsb 1.5
MycTb 0 < e < 1. Ecnun 0603HaumMm 4epes

(3.1) {I(*)3£,.1

nocnefoBaTeIbHOCTb MO/IMHOMOB HO TPUTOHOMETPUYECKOM CUCTEME C paLMOHasbHbI-
MU KO3hMLUMEHTaMM M MOCNefoBaTelbHO NPUMEHUM JSleMMy 2.2, TO MOXeM HaiTh
BECOBYI (hyHKLMIO U{X) C

3.2) I {xe [01], u(x) = 1} |> 1- e/2,

1 nocnegoBatenbHocTN yHKUMA {8n(aO}S!Li> mHoxecTB {£,,} “ NOAMHOMOB

3.3) Qn(x) = nd = £ 4 a)*21iKX,
roe {<Mn(&)w?1*_« (o-n(-fc) = -an(k)), mu= 1 , gna KaXaoro GUKCMpPOBaAHHOIO
», NeKoTopasi NepecTaHOBKa HaTypasibHbIX YUMCeN W ,,_i, »M,,-i +1,..., m,,—1, KoTopble

ONs BCeX M > 1 yA0BNETBOPAIOT YCN0BUAM:

3.4) yn(x) = /,,(i), x € E,,
(3.5) A, > 1- 4 8( +2),
(3.6) [ \g,,{X)\dx < 3 [ \f,,(x)\dx,
Jo Jn
3.7) \g,,(X)\pn(x)dx < 2 \fn{x)\»~x)dx + 4 8<'+ ),
Jo Jo

[ : 172
a Qn(*)-ffn(x)| dxj < 4-8(n+2)

(3.9)
—> L, V-)I > laff \c+i)l > lal,,|JL)I > Vn - VK 6 [mn_i,m,, - 1) Vn> 1,
(3.10) | >2«(] ) <4-8( +2),

|b|=n.-i
13
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N
. () 227, (Kx < 3 f \f,(x)\dx,
(3.11) TR | Yo A0
N ]
(3.12) max ﬁ <:3J/
mn-i <N<T7i| Jo _ . 0
[fcl=mn_i
Ip
(r1 N
max p(x)dx 1
lJP U.=tn, _i /
| \ lBp
(3.13) 2  JAMIW ***)  + 4-8(n+2),Vp € [1,2)
n Up
mn_@?\i{(ﬁ]n \(jaf £ a[n)c2,r<h: '-'.(X)(lXJ
1 rl \ Up
(3.14) < |/,, (6O |M *)™J +4-8n+2\Vp€[l,2).
Monoxunm
00
(3.15) £=(_ E£mN{EMO>]>"%) = 1}-n° = iloY ei+ 1-

OueBungHo, yTo (cM. (3.2).(3.5),(3.15)) \E\ > 1—e.
Myctb p € [1,2] n I(x) £ Lp[0,1]. (cm. (1.3)) Monoxum
7(x), i6B;

(3.1G) [e(*) =
O X<E.

HeTpyaHO BMAETb, UTO MOXHO Bbi6paTb nognocnegoBatensHocTb {fk,,(x)}*L1 n3 no-

cnefoBaTenbHOCTK (3.1) Takyt, YTO

N p \Up
3.17 =
(3.17) N_*Oogjo . dx] =0,
(3.18) in,(*)r*) <4 (+)) n>2
rae
*’_1
(3.19) fie, (x) £ ate 1- £ awKedRrKS>X, |« J| > |a<7(i+i)l > Q
I*I=0 |b|=0

14



HENVMHEMHAS ANMPOKCUMALINA MO TPUFOHOMETPUYECKOM CUCTEME ...

n <7(|&[)-HckoTopast nepecTaHOBKa HaTypasbHbIX uucen 1,2, - 1,a( k)
-a(k).( a-k = SfgV|fc| € [0,m,,))).
OueBugHo, uto (cm. (3.1G)-(3.17))

(3.20) C ey nra) < ©
Monoxum

&i k G0, LWy/,),
(3.21) -

AT, K6 [T,,.], T,,), «>U+1],

a(k), fcgfO.m,,),
(3.22) o(K) =

K6 [T, i,T,), Vi>uw+ 1

MycTb

(3.23) <7ix) = Q,(x) = A4,(.1), /(1) = Wu, b/i)=Tin{4“3a;l|lar(T i_,)|}.

MpegnonoXTi, 4TO yXKeonpefeneHbl yucna vi < .. < 11) < .. < I(q

N> M V Ju OyHKTUW g,,(X), f,...(X), 1< < g- 1, 0 NOAMHOHIbI
Qn(x) = £ aa(k)eni<ir T= £ (ike2*ikx, Mn = mUnu
[fc|=AY,, [fc=M1,,
iMj, = T 1, U > 17y —i
YL0BNETBOPSAIOLLME YCIOBUAM:

<7T(® =Nnx), xeEVn 1< <q—1,
} [fin(i)|fte < 4 3", 1<n<g—1,
"

a \ilp

(-4 (if E [fa-M +bT*TM{K)X) i fed <4 8( 41\

{n) = wT{k 6 N: Kki U~jj[AIMjT U {/(s)y™ 13},
N
max .+ g 4y y A ()xOXx<43n 1<n<7—1
Mn<N<J7t | C KA,

15
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N .
wax ! y aKBZ-KlKX dx < 4 3", 1<n<q- 1,
M., <N<7.130  \=fan
i/
[ ri N 5 \ p
max_ W[ . e<r(fo)e li(x)dix | <4 3, 1< <q- 1,
M,,<N<Ti,, O *|=jw, ,
/ #W N \ ilp
max_ £ fifc2rfor H(x)dx | <43, 1<n<q-1,

WO =M, /

la, Wwn)l > - > la*®1>- > la(A7 ) > 6"") >0, VA6 (Mn,M.) . 1<n<qg- 1

BosbmeMm yHKuUMto fi/q(x) n3 nocnegoBaTensHocTh (3.1) Takyto, 4To

<7-1 I/p
n.(*) E [N +~ [, Ne
n=2
(3.25) < 4 A(<7+2)>
(3-26) 1®<1(1,,,_)| < bug-1), vu> vy-, m

CornacHo (3.17) n (3.23) nmeem
i <71 <T-iP o\ IV
a fk{x) - £ [(<3n(*) + bi(n)e2r,'(,)i) 4.(®)] dij < 4 8,~1.

OTcioga 1 n3 (3.24) BbiTekaeT

(3.27)

Monoxum
Mq A

(3.28) <W*) = «,(*) = £ aaf{k)e2™IO* = £  ake2rikx,
fc=AJ, A=A/,

rae

(3.29) M, =mMW-1 Mu=m,, 1, (. (3.3))

(3.30) »(*) = [*(*) + [&,>) AwX)J, (. (3.17), (3.25)),

(3.31) 11(g) = min{ k1 |0,m4)U n {/(a)}"1}3,

[b,(4) =m in (4-8(«+3> i|ea(7i7f)]) .
16



HEIMHENHASA ANMPOKCUMALMSA MO TPUTOHOMETPUYECKOW CUCTEME ...
YuntbiBasa cooTHoweHus (3.4), (3.6), (3.24),(3.25),(3.27) wn (3.30) nonyuymm

(3.32) Gu(x) = 1*,(*)» ®~

fQ*(x)Ife < 1/,.(*) "n.(x) g [(<2,(%) + Hu)e™ ™>) - 9j(x)  dx+

(3-33) + No *,(?)Ne + AQJW +2~ A~ —jjti)] dx<4-3®
AHanorm4yHo gnsa Bcex > 1un p 6 [1,2] nonyunm

(3.34) (J I5»QKIPK x)fbj <4

B cuny (3.8), (3.25), (3.31) nmeem
p \ 1lp

E [(«N~+bage2t &) - gj] dx1 <
P\ 1/p

(/ Po-Aw -E[(W + 7 ,)»w]j s«

(3.35) +&I()+ ( 104,(*) -gu,(x)\2dx~ < 4 §(«+

N3 cooTHoweHuni (3.9), (3.11) -(3.14), (3.26) n (3.27), (3.29) BbITeKaeT

(3.36) max [ E fc 3 [ |1.,(x)|dx < 4 3,
AfgAN<M4JO | | - 0
r N rl
(3.37) max / E ake2mkxdx<3 \fu {x)\dx < 4 3,
m4<n<JT.Jo ..I-T. Jo
1/P
max / E <a4 D= n(x)dx J <
VO =,
(3.38) <3 1% 4 3,
n > \ I/p
3.39 max / T nogdx 3 < 4 34,
( ) M,<N<a7, 1/0 I*IEM a'é ()

17
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(3.40) b,(_1, > K(4/)| > - > laqa{®)l > - > K(A7,)] > p4a) v~ 2-
FAcHo, 4TO Mo miviyKniin onpegensatoTcsa nocnegosatenbHOCTM GyHKuMn {y4(x)}?=],
MHoxecTB {G,},=i, umcen {/(<?)}~i, { ,()}” wn nonnHomoB LI *)},=i, ygosne-

TBOpSAOLWMX yenosuam (3.31)  (3.40) gnsa scex q > 1.
YuutbiBas Bblbop {<r(A)2".x, {[M?, M 9]} 1 un {?)}*-x (cm. (3.2C), (3.29), (3.31))

nosly4ymM, YTO MocnefoBaTe/IbHOCTb HaTypasibHbIX YKCen

(3.41) a{1),..er(ne - 1), i(1),...,.a(Mn),...,a(*),....a(K,,), /( ).,

eCTb HEKOTOpas nepectaHoBKa nocncgosatcnbnoctn 0,1.2, ...,m, ...
MocnegoBaTenbHocTh (3.41) 3anuwem B BUAe

<7IA), a /(2 al(K)..

@
Onpegennm gyHKumo a(x) n pag 52 da(k)e?*'a,”™ x cnegytouwmm obpasom
K=—00
(3-42) a(x) = £)fffc(s).
k=1
roe
(3.43) gdx) = Qdx) = fk*x)= Y, blioe2™ (KX>
I*1=i
@ —
£ aaWe2™ M *+
fc=-oc [fe|=1
n=2
roe
K,(*)}r=0- {eff(l)> &(D.a<t(Ma). a,1(n7a,)i ((2).
(3.45) .., b(n_i), off(Ain)l..., aff(57n)) 6,( ), o<AN+1), ...}, (d-k = 3*.V* > 0).
OTcroga n 13 cooTHoweHuin (3.9), (3.10), (3.21)- (3.23), (3.19), (3.20) BbITeKaeT
@
K/(*)I > KT/(*+1)|, [Ana nwob6oro A> 0, 52 Mfcaw(]d*]) < oo,
k=1

B cuny (3.15)- (3.20), (3.33), (3.34) bygem nmeTb

a(x) e 10,11  £[0,1], jg(x) - f(x)\' <¢c, g(x)=/( ), xe E.

18



HENMHENHASA ANMPOKCUMALNSA MO TPUTOHOMETPUYECKOWM CUCTEME
Myctb T > Ali, Torga cywecTByet’ HaTypasbHOe YMCNO  TaKoe, YTo
(3.46) Ng<m< Ng+b

roe Ng= AN+ 1+ HE=2[A7lk Mk + 2\ gnsa nwoboro > 2.
B cuny (1.4), (1.5), (3.31), (3.33),(3.37) n (3.41)- (3.46) nmeem
7-1

r <-< 1 £ [(<? («)+ «(»)] <£2+
1*1-1
+ Y[ \ge(x)\dx +  wax ake2MaCkX gy 4 pi) <2 .
Jo m,<v<M,Jo 1121

CnepoBatenbHo, dk = f0 g[x)e 2Inkxdx- — ck(g) gna nw6oro k > 0 (cm.(l1.1)).
AHanornyHbim obpasom ybexxgaemcs B cnpaBeAIMBOCTU HepaBeHCTBA

ilp
(r\Gm{x,g)-g{x)\vi"x)dx n{x)dx < 'l

|fc|=0

YuntbiBas Bbi6op uncen (1),/(2),.....1{k),... nonyumm, uto 0(A:)}£I1! ecTb HeKoTOpas
nepecTaHoBKa HaTypanbHbIx Yncen{f 6 UilLi\Mn+1, JZ1/,,+i]} n, cnegoBatenbHO (CM.
(3.3). (3.21) (3.23), (3.28), (3.29), (3.31) n (3.45)), 4NA KaXXAOro HaTypasbHOro q

CYLLECTBYIOT HaTypa/ibHble YMcna Ny n Jq Takue ,4To
) ™,
{bux))1—i C {dk,k e M™)[J [M ,,+I,Mn+i]} = {bk,k 6 M~I[J TMn+1,1*n+i]}c{b/(K)}"i
rv=l =1
OTctoga n 13 cootnoweHnin (1.2), (3.31), (3.34). (3.35), (3.39), (3.41) - (3.45), pnsa

Kaxpaoro q > 2 v ans Bcex T > Mjt 6yaem nmMeTb

1 \ 1P i/p
Ism(x,9) g(x)\rn(x)dx ) = £rffe2r -p{x) [li(#)ria: | <
I*1=0
yila
< £ [ ( « () - (&(M)] H {x)dx)

° /T ullp /o - i/p
YL . ake2iria{kx

C'n 3 MEBRETL o

+ £ <(«) <2 -
r=q+1
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AHANOTMYHO ANS KaXAoro > 2 U Ana Bcex T > Mj, [A0KasblBaeTcsl, uTo

Tbhopcmn 1.5 fokasaHa.

Abstract. In this paper we prove that for any 0 < e < 1 there exist a measurable
set E C [0,1] with measure |£] > 1- «and a weight function y{x)\ 0 < wu(x) <
1; uf{x) = 1on E, such that for any number p € [1,2] and each function / € L£(0,1)
there is a function g(x) 6 L1[0,1] £[0,1], coinciduig with f(x) on E, whose greedy
algorithm and Fourier series by trigonometric system converge to g(x) in norms Z{0 J|

and L£[0,1].
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Ahstract.In this paper, we study Finsler E-spnccs. We first prove that any
E-space Is a homogeneous Finaler space. Thon wo study some geometric
properties of Berwald E-epacas and prove that any generalized symmetric
Berwald space i8 a Borwaid E-space where E is cyclic. Then we show that if
each S" is parallel with respect to Berwald connection of a Borwaid E-space
then the space is locally symmetric. Finally we study some existence theorems.

MSC2010 numbers: 53C60, 53C35.
Keywords: E—space; generalized symmetric spacc; Finsler space; Berwald space.

1. Introduction

In recent years, a rapid development took place in Finsler geometry. Recall that a
Finsler mctric on a manifold is a family of Minkowski norms on tangent spaces. One
of the basic motivations to study Finsler geometry is its important applications in
physics and biology (see, e.g., [1]).

While many works have been done on the general geometric properties of Finsler
geometry, such as connection, geodesics and curvature, only very little attention has
been paid to the group aspects of this interesting field.

The study of homogeneous spaces equipped with some additional invariant geometric
structures yields some important models for applications. E. Cartan began the exploration
of symmetric spaces in the thirtieth of 20th century, probably bearing in mind some far
going generalization of Riemannian spaccs of constant curvature. Symmetric spaces
have appeared to be very rich in content, stimulating the research in Lie groups,
geometry, mechanics, physics, gravity, etc. E. Cartan explored Riemannian symmetric
spaces and presented their complete classification in terms of Lie groups and Lie
algebras (see, e.g., [10].

A remarkable breakthrough in the theory of symmetric spaces was achieved by

0. Loos, [18]. He tried to describe symmetric spaces by means of binary operation
22
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X-y = sx(y) and by its algebraic properties. To this end, In [18] was given the following

definition.

Definition. 1.1. A smooth manifold M endowed by a smooth operation (J11¢) is
said to be a symmetric space if the following conditions are fidfilled:

(1): X X = X,

(2): x-{x-y)=y,

(3): x-(yz) = (x-y)-(x-2)

(4): In an appropriate neighborhood U ofx € M, ifx ey = x for somey 6 U,
theny = x.

The next essential step was done by A. Ledger in [14], who introduced the notion of
generalized symmetry on a manifold M, sx, as a diffeomorphism satisfying sxx = X,
and there exists a neighborhood U of x such that if sxy =y for some y € U, then
y = x. Being influenced by the works of 0. Loos and A. Ledger, O. Kowalski [12] and
A. Fedenko [8] introduced the notion of regular s-manifolds, combining the ideas of

0. Loos and A. Ledger. Namely, the following definition was introduced.

Definition 1.2. A smooth manifold M with a system of diffeomorphisms {s*}igAf

is said to be a regular s—manifold if the following conditions are fulfilled:

(1): exx —xf
(2): sx 0Sy = sSmy 0 Sx,
(3): —Ildx is invertible.

The E—spaces and the reduced £ —spaces were first introduced by O. Loos as
generalizations of reflection spaces and symmetric spaces, respectively (see [19]). Then
he proved that any E-space with compact E is a fibre bundle over a reduced E-space.
The basic properties of a r«*Huced E-space M, affine and Riemannian E—space were
given in [1C] and [17].

Let (M, F) be a Finsler space, where F is positively homogeneous of degree one.
As in the Riemannian case, we have two types of definitions of isometry on (M, F),
in terms of Finsler function in the tangent space and the induced non-reversible
distance functionallthe base manifold M. It is well known that the two definitions
are equivalent if the metric F is Riemannian. The equivalence of these two definitions

in the general Finsler case was proved by S. Deng and Z. Hou [5]. Using this result,
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S. Deng and Z. Hou [5] also proved that the group of isometries I(M, F) of a Finsler
space (M,F) is a Lie transformation group of M, and for any point x € M, the
isotropic subgroup IX(M,F) is a compact subgroup of I(M,F). These results are

important in the study of homogenous Finsler spaccs.
Notice that the definition of symmetric Finsler space is a natural generalization

of E. Cartan’s definition of Riemmauian symmetric spaces. Recall that a Finsler
space (J1/, F) is called symmetric Finsler space if for any point p £ M there exists
an involutive isometry sp of (M, F) such that p is an isolated fixed point of sp (see
[6, 13)]).

Observe that if we drop the involution property in the definitiou of symmetric
Finsler space, keeping the property 8X° av = 8Z0ex, z = sx(y), then we get a larger
class of Finsler manifolds than the symmetric Finsler space.

The study of invariant structure on a—spaces and E—spaces is an important

problem in differential geometry (see, e.g., [2, 3, 9]). The purpose of this paper is

to study the Finsler E—spaces.

2. Finsler Spaces

In this section, we give a brief description of the basic quantities and fundamental
formulas of Finsler geometry, for details the reader is referred to [1, 4].

Let M be an n—dimensional smooth manifold without boundary, and let TM
denote its tangent bundle. A Finsler structure on M isa map F : TM — »[0, 00)
that possesses the following properties (see [4]):

(1) F issmoothon TM :=TM —{0}.
(2) F(x, Ay) = AF(x,y) foranyx e M,y e TXM and A> 0.
(3) F2is strongly convex, that is,
1 d2F7
gy(l,w):=2~ W (l,v)
is positive definite for all (i,y) e TM.

Let (M, F) be a Finsler n-manifold with Finsler function F : TM — ¥0,00), and let

(x,y) = (x\y<) be the local coordinates on TM. The function F iscalledreversible

if F(x,y) = F(x, -y) foranyy 6 TXM.

Notice that many Finsler quantities are functions on TM rather than on M. Some
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fundamental quantities and relations of Finsler geometry are:

.. 1 d2F3
gij(x.v) : - Qyifryj (8.¥Y) (the fundamental tensor),

<yk(*,Y) = (the Cartan tensor),
b MM e\
Ty * 8 v Oaf dxi dxmy
=4jkVk - Cjk~.vrv\ where Cjk = guCljk.

According to [4], the pull-back bundle ™ TM admits a unique linear connection,
called Chern’s connection. Its connection forms are characterized by the structure
equations:

e Torsion freeness: doj* = up A wj.

» Almost O—eompatibility: dg,j = giku!f + gkjwWk + 2CyfcWn+fc, where ' = dx{and
wn+* _ [lyk +

It is easy to see that torsion freeness is equivalent to the absence of dyk terms in
uij, namely = Ijkdxk, together with the symmetry

To define the flag curvature, we need some differential forms on TM —{0}. Let
Syl= dyi+ NjdjJ.
The curvature 2-form of the Chern’s connection are
fi* = duij —u}j A wk.

Since Clj are 2-foruis on the manifold TM —{0}, they can be expanded as

flj = \R Jkldxk A dxI + P kldxk A — m+ A

Note that Q vanishes for the Chern’s connection. Let R jiiu = 9imLLIki-
A flagon M at x 6 M is a pair (P,y), where P is a plane in the tangent space
TTM and y is a non-zero vector in P. The flag curvature of the flag (P,y) is defined

to be
K(P - Rjikiyl)uk
UV(y, y)beli«) - [gv{yv u)]2-
where n = u'gfr is any nonzero vector in P such that P = span{j/,ii}. It can be

shown (see [4]), that the quantity K(P,y) is independent of the choice of u.

Definition 2.1. A Finsler metric F on a manifold M is called a Berwald metric if

in any standard local coordinate system (xr,y') inTM —{0}, the Christoffel symbols
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Mk = '~.(i) dBfunction* of X e M only, in which case, G* = 5T jk(x)yiyk art
quadratic in y = n*ap\x-
3. Reduced E -spaces

As it was mentioned above, the E-spaces and the reduced E-spaces were first
introduced by O. Loos [19] as generalizations of reflection spaces and symmetric
spaces, respectively. We firsl recall a definition and some basic results concerning

E—spaces.

Definition 3.1 (O. Loos,[19]). Let M be a smoothconnected manifold, E be alLie
group, and 4 : M X E X M —> M be asmooth map. Then the triple(M. E,/i) is
called a E-space if it satisfies the following conditions:

(Ei): /Ix(z,a,x) = X,

(E2): fi{x,e,y) =,

(E3): @, a u(x, 1Y) = u(x,trr,y),

(E4): n(x,<r,fi(y,T,z)) = (i(u(x,<T)y),aTta-1,¢,cT,r)),
where x,y,z e M, o,t 6 E and e is the identity element of E. The triple (M, E, )

is usually just replaced by M.

For a fixed point x 6 M we define a map ax M —=mM by <k(y) = y[x,a,y)
and a map a*: M —>M by 0x{y) = ay(x). Then in terms of these maps the above
conditions can be written as follows:

(Ei): <mm(9 = X,

(E2): ex = id\f,

(E3): ax™ = t)X,

(E4): axwax | = (oTa~Lcrx(y).

Example 3.1.

(i): Symmetric spaces are E - spaces.
(ii): LetV ,My.M — »M be a smooth map such that the maps sx, x € M,
given by sx(y) = v(x, y) for all y 6 /1/ satisfy the following conditions:
(@) sx(x) = X,
(b) each s* is a diffeomorphism of M,
(c) sx osv = a, osx, where z = sx{y).
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We then call {B*}xen/ a regular e -8tructure on M. Let Z be the additive
group of all integers. We definea map u: M x Z x I/ — »M by u[x, f,y) =
(sx)I (y) forall x,y £ M and all AG Z. Then we can check by easy computation
that (M, Z,) is a E—spacc. Thus, a regular a—structure on M is a special
ease of a E—structure.
For each x €M by E, we denote the image of E under the map E —>EX
a — »(Ix. Tlion it follows from (E2) and (E3) that Ex is a subgroup of Diff(M) and
the map is a homomorphism.
Let M and M be E-spaces. We say that a smooth map p: M —>M is a
homomorphism if
®bix,a,y)) =p(d(x).a.dy)). VayéM,oekE,
or equivalently, if docrx = Vi¥x)odp. If dphas a smooth inverse, then it is an isomorphism,
and if, in addition M = M , then ¢ is an automorphism of M. We write Aut(M)
for the group of automorphism of M. When E is abelian, it follows from (E4) that
for x € M, ox is an automorpliism. Also, for any E-space M it can be seen that
the wap @ = X ocr1Llsail automorphism. The subgroup of Aut(M) generated by
axu~x, x.y € M,a e E is denoted by G.

For each a € E we define a (1,1) tensor field on the E—spacc M by
S"Xx = {ffx). Xx Vt€ M, Xx € TXM.

It is clear that S° is smooth and the following hold:
(i) tx{S"X) = St<tt~ (txX) for x e e E,JJf € xW),
(ii) S* is AuL(M)—invariant,
(W(<T*)*MX = (/ a*).Xx = (7- Sa)Xx.
Definition 3.2. A E—space M is called a reduced E—space if for each x € M the
following are fulfilled:

(1) TXM is generated by the set of all ax{Xx), that is,

TXM = gen{{l - Sa)Xx\Xx e TxM,a € E}.
(2) 1fXx 6 TXM and 0xXx = Ofor alia £ E, then XT = 0, and thus no non-zeiv
vector in TXM s fixed by all S".

We remark that, for a E-space (U, E, u) with a cyclic or compact Lie group E,

the conditions (1) and (2) in Definition 3.2 are equivalent (see [15]).
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4. Finsler E -spaces

In this section we study the Finsler E-spaces. Notice that a Finsler E-space
(J1/, E, F) isjust a reduced E-space together with a Fiusler metric which is E-invariant,
while a metrisable E—space is just a reduced E—space admitting a Finsler metric for

which it is a Finsler E-space. More precisely, we have the following definition.

Definition 4.1. A Finsler E-space, denoted by (Af, E, F), is a rcduced E—space
together with a Finsler metric F which is invariant under Ep forp GM .
A metrisable E-space is a reduced E—space whidi admits a Ep—invariant Finsler

metric.
Theorem 4.1. LetM be a Finsler E—space. Then M is isomorphic to a homogeneous

space jj, where K is a trvnsitive closed Lie subgroup of I(M,F) on which E acts as

a Lie transformation group, and H is its isotropic subgroup atp € M satisfying
{Kz)0C A C K*.
Proof. Let K = (Aut(M) /(M,F))Oand t be its Lie algebra. Observe that E acts

as Lie transformation group on t by (tr,X) — »ap),X fora 6 S,X € t and a fixed
point p e M. Clearly the following diagram is commutative

(a,X) -kip(X)
Ext. —y t
(id, exp) 4 4exp
Ex if —e K

[a4>) + OpOtpoa”l
Since K is connected it follows that E acts on K as a Lie transformation group. Next,
since Aut(M) /(M F) is transitive on M, then K is also transitive on M and M
is diffecinorphic to jj, where H is the isotropy subgroup of K at p (see [11]). Now if
h 6 H, then we have

Fohoa 1l=opo joh =h,

implying that 4 C K*. If X belongs to the Lie algebra of Kz, then for all a € E
we have (a).(X) = X, and in particular, at p we have {ap),Xp Xp. On the other
hand, since M is reduced, we have Xp = 0. Therefore the one parameter subgroup

tft satisfies <pt(p) = p and X 6 f), and hence (Kz)aC A CKz.
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Next, we define /»": f x E x f —>$ by (atf,a,bH) —» ~ 7 1H (which
is well defined). We can easily see that 8 is a E—space. Now, definingip: — »M
by kH —*«k(p), loro,be K, a GE we can write

ifiofi (aH, e,bH) = aopa~Ibov(p) = Ta(p) (b(p)) = u(a{p), a, b(p)).

Then we have
ipol = fio(y» Xid X >).
This completcr the proof of Theorem 4.1.
Let (Af,F) be a connected Finsler space and let I(M, F) be the group of all
isometries on M. An isomctry on (J1/, F) with isolated fixed point x is called a

symmetry at x, and is written as sx (see [9]).

Definition 4.2. A family {a*ja: € M} of symmetries on a connected Finsler space
(M,F) is called an s-stnicture on (M ,F). An s—structure {Bx}px 6 N1/} on (M ,F)
is called regular if for every pair of points x,y 6 M we have

(4.1) 8x° Sy —8r OSxy &— S-xiy)

Definition 4.3. A generalized symmetric Finsler space is defined to be a connected

Finsler manifold (M ,F) admitting a regular s—structure.

Proposition 4.1. Let (J1/,F) be a generalized symmetric Berwald space. Then M is
a Berwald E—space, where E is cyclic.

Proof. Let E be the group isomorphic to the cyclic group generated by sp for a fixed
point p € M. We first show that E does not depend on the choice of p. Let g £ M,
then there is an automorphism >such that y>{g) = p, and

iposqg= spoip.
Hence if sj = id for some k, then = id.
Now define /trWxExM — »M by u(x,8,y) = ax(y), and observe that (Ei)
and (E2) are trivial, while (E3) follows from (1). Abo, S leaves no vector in TPM
fixed, and hence (7 —S) is non-singular. Therefore M is a reduced E—space. This

completes the proof. O

Theorem 4.2. Let (M,E,F) be a Berwald E-space. If each Sa is parallel with

respect to the Berwald connection, then the space is locally symmetric.
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Proof. Let X,Y, Z e x(M). Taking into account that the curvature tensor R is
invariant with respect to the isometry ax for all x e M, we have
S*(R(X,Y, 2)) = R(SaX, S'Y, S°Z).
Differentiating covariantly in the direction of W 6 x(J1/) and using VS = 0, we get
SaVwR{X,Y,Z) = VwW'X, S"Y,Saz).
Therefore S°[(Vu/N)(X,Y, Z) + R[VWX, Y, Z)
+R(X, V,vY,Z) + R(X, Y,Vw2)] = (VWR)(S"X, SaY,S°Z)
+R(VwSaX, Y, Z) + R(X, VwS-'Y, Z)+ R(X, Y, VWS"Z).
On the other hand, since R and VR are Sa—nvariant and
VwSaX = Sa{VwX) VwSaY =Sa(VwY) VWS"Z = Sa{Vw2),
we obtain
(yv-S')wR)(SaX,SaY,Saz) = 0.
Finally, since S"'s are non-singular and the E—space is reduced, it follows that V' /1 =

0. Theorem 4.2 is proved.

Theorem 4.3. Let (M, E, F) be a reversible Berwald T.—space. If each Sa is parallel
with respect to the Berwald connection and the flag curvature of (M, F) is evciywheiv

non-zero, then F is Riemannian.

Proof. By Theorem 4.2 we have VA = 0. So the geodesic symmetry sp is an affine
symmetry. Now let g 6 M. Join q to p by a curve 7. Let r denote the parallel
transformation from p to q along 7. Then for any U,V 6 TgM we have

gY{U, V) = at(Y)(t(U),t(V)) = Ssp(r(y))(dsp(r (Ul dsp(r(V)))).
Let r(Y), t(U)xr(V) be the results of the parallel displacements along 7 of Y, U, V,
respectively. Observe that sp, being an affine symmetry, transforms vectors that
are parallel along 7 to vcctors that are parallel along sp(7). Therefore dsp(r(Y),

dsp(r(U)), dsp(r(V)) must be the results of parallel displacements along ) of
A(Y), dsp(U), dsp(V), respectively. Thus, we can write

$d,,(T(y))(<Mr (t0)><4(r(V))) = 9d»,(Y)(dsp(U),dsp(V)),
implying that gy(U, V) = gd,riY)(dsp(U), dip(V)). Therefore

F{ds,,1Y)) = yJgdsT(Y){dSpY,d8pY) = s/gy{Y,Y) = F(Y).
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So the geodesic symmetry sp is a local isoinetry, implying that (M, F) is a locally
geodesic symmetric space. Therefore by Theorem 8.5 of [6] we conclude that F is a
Ricmtumtiiii metric. Theorem 4.3 is proved.

Definition 4.4. Let G be a connected Lie group, H be a closed subgroup of G, and
let E be a Lie group of automorphism ofG. Then (G, A, E) is called a E-triple if the
fallowing conditions hold:
(i): G arts effectively on §.
(ii): (GE)OC H C GE, where G2 is the closed subgivup of G defined by GE =
{x 6 G\ff{x) = n.Vr 6 E}.
(iii): The subgroup of Aut{g) generated by Ad(H) and E. has a compact elosure
in Aui(g), where E» is the image of E under its differential representation of
G.

Theorem 4.4. Let (G,H,E) be a E—riple. Then * is a reductive homogeneous

apace.

Proof. Let (G,H, E) be a E—triple and let © be the closure of the group generated
by Adc{H) aud Epiu GL(g). Then we have 0(f)) = f). Now since © is compact, there
exists a ©—invariant positive definite quadratic form (,) on g. Let
m = gen{X - a,{X)\X € g,a € E},
and let X 6 g.Y e and a6 E. Then we have
(X - <7.p0.Y) ={X,Y) - (X,a-'00) =0,
showing that f) and m are orthogonal subspaces of g. Also, if X € g is orthogonal to
fyand m, then forallY 6 and a 6 E we have
(X - 0.(X), Y) =X, Y) - (X,0;'(Y)) =(X,Y-*;\y)) =0

Thus X —a,(X) = 0 for all 0 6 E, and since X is orthogonal to f)i we have X = 0.
This shows that g = 1)0 m and © (T) = m. In particular, we have Adc{H){m) = m,

implying that § is a reductive homogeneous space. Theorem 4.4 is proved.

Theorem 4.5. Let {M. E,F) be a Finsler E—space and p be afixed point of M. Let.

G be a Lie group satisfying the following conditions:

(i): G is a connected transitive Lie transformation group of M.
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(ii): G is stable under the action of 2in Diff(M) by (a,g) —*apoa~1.
(iii): G C Aut(M)nC(M, F), where CLL , F) is the givup generated by [op\p G
M.ffGE}.
Let H be the isotropy subgroup of G at p. Then E acts on G by automorphism
satisfying >xoa = Opon, and (G, H, E) is a E—triple.

Proof. It is clear that G ie a topological Lie subgroup of /(/1/, F). On the other hand,
E 3*Ep acts on M in the obvious way as a Lie transformation group. Hence Ep is a
Lie subgroup of 7(M, F). It follows that E acts on I(M, F) by automorphisms of the
form
E XI(M, F) —VvI{M,F), (<¢,x) —pavoxoa 1.

Next, since the restriction ExG — »I(M, F) is smooth and G is stable under the
actiou of E, then M x G —> G is well defined. Now, since G is connected, it is
contained in the identity component of 1(M, F) which has a countable basis for its
topology. Then, since G is a Lie subgroup of I(M, F), it is the integral.manifold of a
left invariant integral distribution. Hence the map ExG —f G is also smooth. Thus

E acts on G by automorphism and if « GE,a € G we have
Poir)(x) =avox(p) = (apoxoo~x)(p) = (8-0a)(x),

implying that apon =iroa.

We now prove that (G, H, E) is a E-triple. To this end, observe first that G acts
effectively on 8 because G C I{M, F). Now let y G H, then y(p) = p, and since
y GAut(M), we have forall GE

cr(y) = apoyoa-1=<4Po oy =Y.

Thus, j/gGe and hence H C GE.
On the other hand, if X belongs to the Lie algebra of GE, then for all a G E with
cr(X) = X, we have

IM(X) = (Mro*)(*) = (<7pOM)(X) m ffp(TTpf)),

and since J1/ is reduced E-space it follows that -k(X) = 0, implying that X G ker#s\
Hence (GE)OC H.
Now define the Lie group G* as the Lie subgroup of I(M, F) defined on the closure
of the group generated by G and Ep. Obviously G¢ G , and since G and G both are
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Lie subgroups of I[M, F) it follows that the inclusion map i : G — >G is continuous
and hence is smooth. Then G is a Lie subgroup of G .

Next, denote the adjoint representations of G and G by Ado and Ad, respectively,
and observe that for g e G we have Adc(g) = /1(%)|s, implying that Ad{g) preserves
0. By (ii), for « S E, Ad(ap) also preserves g. Hence, since Ad : — »Gf(g)
is smooth, it follows that Ad(g ) for g 6 (~f also preserves g. Therefore the map
Ad\a : G" — »GI{g), g — »Ad(g )|,, is smooth. Now let K be the isotropy subgroup
of G atp. This is a compact Lie subgroup of G\ and hence k, the restriction of Ad\t
to K, is smooth and so k{K) is compact.

Finally, we show that § the closure of the group generated by Adc(H) and Ep
in GL(g) is contained in the compact group k(K). Indeed, let h 6 4, then since
A CK C( ,we have

Adc(h) = Ada(h)\a= Ad\0(h) = k(h),

implying tliat Adc(H) C k(K). Also, tfop 6 Ep, then <p 6 K, and hence Ad(ap)\9e
k(K). Now since k(K) is compact, and hence, is closed in GL(g) and contains Adc{H)
and SP, then ©is compact. Thus, (G, 4, E) is a E—triple. Theorem 4.5 is proved.

Theorem 4.6. Let (G,H,Y.l) be a E—triple, and letit : G —> be a natural
projection and p = ir(H). Then M = admits a Finsler E—space structure such
that

(d): apost=4q049,
(b): G C Atxt(M)

Proof. Let (G, A, E) be a E—triple, and let g and fj be the Lie algebras of G and 4,
respectively. Then we have 0( ) = . Since © is compact, there exist a direct sum
decomposition g=1)ffim with © (1) = m and a ©—invariant Minkowski norm F on
m.

Next,letM = $,p = a(A) and let Fp be the Minkowskinorm on TPM corresponding
to F induced by n. Then, since F is Ari(f)—nvariant, Fp can be extended to a
G-invariant Finsler metric on M (see [7]). It is easy to see that M = ~ isa E-space

with the smooth map

H:M XE XM —»M  (add,a, bH) —yao(a 1b)4.
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Now we show that M is a reduced E-space. Indeed, let X GTPM, p = 1r(f) and
P{X) =X foraU<6 E. Then X =*(X) for X Gm, and hencc wc have

1t(X) = <Tp(X) = {Op O1N)(X) = TOff(X),

implying that r(Z-cr (X)) = 0. Hence X - a(X) G f), but since X, crX G m, we have
X = for all & € E. Therefore X G f), and hence X = 0, implying that X = 0.

Now let E be the closure of E in Aut(g). Then, since © is compact and closed, it
follows that E is closed in © and hence is compact. Now by using the Haar measure
on E it can be shown that every X Gm = TPM is generated by the vectors of the
form X - a(X), X Gm, a GE. Let V be the vector space generated by

{X-0(X)\crezZ,X em}.
Then, since every a GE is the limit of a sequence in E, say em, it follows that
X - a(X) = X - lim7,,(X) = limpf - tr,(X)) GV.

Therefore M is a reduced E—space. Now the assertion (a) of the theorem follows from
equality op(gH) = <r(g)H, while the assertion (b) follows from agy = tgoapot 1,
where tg(kH) = gkH. Theorem 4.6 is proved.
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Beepgenune

PaboTa nocBsilLieHa HaX0XAEHWI0 [OCTATOYHbIX YCNOBWIA A1 OfHO3HAYHONM pas-
pewmmocT 3agaum Kowwn B onpefeneHHbIX My/nbTUaHM30TPOLLIbIX Kraccax »Kespe
NS rMepbonnyYeckux ¢ BeCOM ypaBHeHWIi. PacnpocTpaHsaoTes pesynbTaTbl J1. [op-
awnHra [3], JlapcoHa [11], /1. KatTabpura [12] H o606watoTca pesynbTathbl J1. PoguHo
[4], O. KanBo [6] n gpyrux 06 ogHO3HA4HOM paspelunmmocTu 3agaun Kowwm Ha obLme
runep6osmyeckne (0THOCUTENbHO (M —1)—MepHbIX FMNEPNIOCKOCTEN) ypaBHeEHUS. B
YyacTHocTu, 1) npyu paccmoTpeHun 3agaun Kowm gna ypaBHEHUA ¢ MNafWLIMMKU Yne-
HaMu B 0T/IM4Ke OT pa6oThl [6], rae yCnoBus CTaBATCSA Ha KaXKAbl MOHOM MnafLuei
4acTW, Mbl CTaBUM YC/IOBUA Ha MajLlline O4HOPOAHbIE MHOFOY/IEHbI, 2) OfHO3HAYHasA
paspeLummocTb 3aga4m Kowm gokasbiBaeTcs B 605ee 06LLMX NPOCTPaHCTBax YXKespe.
HacTtoswas ctaTtbs ABIAETCA NPOA0/HKeHMEM paboThl [7], rae nofyyeHbl He0bXoauMble
yCNoBMA 4151 OAHO3HAYHOW paspeLumMocTy 3agayvm Kowm, rae ycTaHOBeHblI HEKOTO-
pble CBOICTBA rMnep6oIMYecKMX ¢ BECOM MHOFOY/IEHOB U FAe A0CTaTOYHO Nogpo6HO
n310XeHa nctopua sonpoca. Mo3aToMy Mbl OTCbl1aeM unTaTens K aToi pabote gns
03HAKOMJIEHWS C HEOBXOAMMbIMW MOHATUSAMW, pe3y/bTaTaMn 1 NINTepaTypoid, a 34ech
Mbl NPMBOAMM JMLLb Te 0603HAYeHWs, OMNpefesieHns U CCbIIKU Ha nuTepaTypy 6e3

KOTOpPbIX NMPOYTEHME 3TOM PaGOThI CTAN0 6bl 3aTPYAHUTENBHBIM.
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1. BcnomoraTtenbHble pe3ynbTaThl

Mycte E™ RN -MepPHble BELLECTBEHHbIE MPOCTPAHCTBA TOYEK COOTBETCTBEHHO
X=(y, .n £= Cn=RnXrd", 4"0={{€R",(j >0, (=
1,...,m)}, IV-MHOXCCTBO HaTypasibHbIX uiiccn, NO = N U {0}, NE = NO x ... x NO-
MHOXECTBO -MepHbIX MynbTUNHAeKkcos. Ana e A", 16 Enwn a 6 LW, nonoxum
I8 = A"+ -+€N. M = «l + s+ «».[* = = D?..DZ", rge
Dj =3/ £ nubo L-=i.d/dxj (j = 1,...,n).

Onsa Habopa Touek N= {al,...,aM}, a*€ 4 0 (fc=1,...,M) HavMeHbLUWA Bbl-

nyknblii mHororpaHHnk K(N) B Rn °, cogepxxalymii Bce Toukn Habopa K HasblBaeTcs
MHOrorpaHHnMkom HbtoToHa Habopa K (cm [1] nm [2]).

Mitororpawiik A ¢ BepwmHami M3 Rn 0 HasbiBaeTCA MOMHbIM, €Cv 1 UMeeT Bep-
LUMHY B Hayase KOOPAWMHAT W BepLUMHY Ha KaXKAoh ocy KoopamHatT Rn n. MonHbIi
MHOrOrpaHHuK $1 HasbIBaeTCA BNOJIHE NPaBU/IbHbIM, EC/IN BHELUHWE HOpMann (Hop-
MUPOBaHHbIe TakK, 4To ~min Aj = 1) Bcex ( —1)—MepHbIX HEKOOPAUHATHbIX FpaHei
K (MHOXecTBO KOTOPbIX 0603HaUMM 4yepes J1'* 1(8?))UMeI0T NonoxXmnTelbHble KOOpAM-
HaTbl. [lna BNOMHE NPaBWILHONO MHOrorpaHHuKa R ¢ BeplumMHammn 13 Rn 0 1 BekTopa

A6 1" 1(91) o603Ha4YMM 4yepe3 3?° MHOXECTBO ero BepLUUH U NOSIOXUM

min = £ kKr=£ Kil-KnTl,
1 ilen

(1.2) 0(AIR) = max(A,i/); do(3?) = ~ max”0(A,S?).

Uepe3 Bn 0603Ha4MM MMNOXECTBO M—MEPHbIX BMNOMHE NPaBU/IbHbIX MMOrorpaLlLLKoB
K6 A" 0, ansa KotopbIx c/o(A) < 1.

Bclogy fanee, rae aTo He BbI3blBaeT HefopasymeHus, 6ygem cunTarb, YTO MHOrO-
rpaHHuK i € Bn, nopoxgatowmii Bec Jl«, PUKCUPOBAH M OMYCTUM B 0603HAYEHUSAX
lik, <o(f), A R) n 1.4 cumson .

PaccmoTpym MHorousieH oT (n+ 1) nepemeHHbIx ( , )= ( , ,-> )6 Antl
P«0,0= £ 7(00,a) £5°° I,
(a0.a)€N;+1

rie cyMma pacrnpocTpaHsieTcs Mo KOHeYHOMY Habopy My/bTUWHAEKCOB

(P) = {(a0, a) e Ng+1, 7(ac,a) O}.
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MpeacTaBMM MHOTOY/IEH P B BUfE CYMMbl OfHOPOAHbIX MHOFOU/IEHOB
m

1.2) ( <)=¥Y>,(b.0O,
=0

riem= wax («o+ M )- nopsigok MHorouseHa P, a Pj 04HOPOAHbIA MMOroysien
(©0,<)e(5)

nopagkay, (j=0,1,T).

OnpegeneHve 1.1. (cm. [8]) MHorouneH { , ) HasbiBaeTCs runep6boInyeckum

oTHocuTenbHo 0, ecam PT (1,0.....0) /0 « cywecTBYyeT uncno ¢ > 0 Takoe, YTO

|/Tnfo| < ¢ ana Touek ( 0, ) eC x FT, gnsa kontopbix  ( , ) = 0.

OnpegeneHue 1.2. (cm. [4]) MHorouneH ( , ) HasblBaeTCcAa h— runepbonuue-
CKUM oTHocuTenbHo £oi ecnim PT{\,0, 0) 0 u cywecTBYyeT uncnio ¢ > 0 Takoe,

yTo |7 | <c () ana Touek (£0,0 € C x BT. gna koTopbix P(£0, ) = 0.

Ona Toukn e A", mHorouneHa R u umucna > 0 BBefém cnegyrowine gpyHkumm JL
XépmaHgepa (cm. [5], dhopmynsl (10.1.7) n (10.4.2) )
To,o.u = / E |8 A~ 8> (& ,i 12 **<a»+ s> A (& ,0 = i (& ,* , 1).
V (a0.0)€K +|

Ona f>0 o6osHaumm Ah(t) = {(Eo:£iT) GAN+2, 1| > t JI(E)} n Ah = A/,(l).

OnpegeneHne 1.3. Ckaxkem, 4YTO MHOro4neH P cunbHee MHoroyneHa Q (Q

h—enabee P) v 3anuwem Q <P, ecnn ¢ HEKOTOPOI NocTOosHHON C > 0
<$((&,0i*-) <CP(((0,()'T) npu (£o,E,r) e Al,.

OTtmeTu»!, uto Jl. XEpmaHaepom BBEAEHO NOHATME CPABHEHNS MHOTOUNEHOB (Audde-
peHuUMasbHbIX 0repaTopoB ), Korja MHOXecTBO A\ 3aMeHseTCcs MHOXeCTBOM [in+a,
npv atom JI. FbpanHrom n C. CeeHccoHoMm (cMm. [8], unu [5], Teopema 12.4.6) fokKasaHo,
YTO eC/M rnaBHasa ofHopoAHas 4acTb PT onepatopa P = PT + Q runep6onny-
Ha (no FopauHry), To onepatop P runep6onuyeH Torga v Tonbko Torga, kKorga Q
cnabee PT. B pa6ote [9] HalifeHbl anrebpanyeckne ycrioBMa TaKoro CpaBHEHUS.

Nemma 1.1. Ecnn 0AHOPOAHBIA MHOTOY/IEH ( , ) nopsgka T runepbonnyeH oT-

HOCUTE/NIbHO , TO C HEKOTOpOVI NocTOSHHON ¢ > 0

UT(Eo +*T,0| > cPT((&IO.T) Mpn ((6.0.T) 6 An+3.
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[okasaTenscTBo. TMC Kak npy T = 0 goka3yemoe HepaBeHCTBO MpeBpalllaeTcs B
paBeHCTBO € € = 1, TO MOXeM fAasee cumtatb, yTo r 0. Tak Kak (cM. [5], oueHKa
(12.4.3)) c HekoTopoI1 noctossHHON C\ > 0

|[PT(€0 + *iOl > CiPm((fo,Oi!)i npuBcex (£0,0 e Rn+l,

To anda nwboro T 0

I*w -+<.)I>c¢c,PT(*r—1). npu «0,0 6 '+l
Tak KakK B Cu/ly OfHOPOAHOCTY MHOrousieHa PT nmeem uto 00+ W = T ans Bcex

(«0,0) e (P), 0TCHOJa BbITEKAET, UTO

n* P,,,(«0,0,T) =M— | £ 1AT°'|_|)«0,O|2|I_|2("<>"I‘:D:
V (a..,a)6\Wirl

£ |PMa)(™— P=PT(*"",]D<
=\ (an.a)6NG+1
< 1 + £) npu (0.Oenn+l, I O
YMHOXas No/ly4eHHOEe HePaBeHCTBO HA TT W y4UTbIBasA O4HOPOAHOCTb MHOMOY/IEHA
P,., OTCIOAa MOJy4YUMm
Pm((£0.0-T) "pT(fo + iT,01 npu Bcex (& ,0 6 RU+LT 0.

Jlemma 1.1 fokasaHa. O

Nlemma 1.2. MycTb PT{L0IO ©n *(£0iO ofgHOPOAHbLIE MHOrOY/IEHbI MOPSAKOB CO-
OTBETCTBEHHO T U K, npu3aTom Qk PT- Torga

1) ecnm PT runepbonnyeH 0THOCUTENbHO £0. TO C HEKOTOPON MOCTOSHHOM
C>0wu

(1.3) Qfc((fo + it,£),7) < C |Pm(£0 + tr,Oli npu Bcex (Co,T) € Ah.

(1.4) 2) liw sup _0
(«0.€),T)6/LYE) PT ((£0,0O.T)
[JokasaTenbcTBo NyHKTa 1). MycTb Qk -<k PT- lMpumeHasa dopmyny Teinopa

NOSTy4UM C HEKOTOPbIMM MNOCTOAHHLIMK C, >0 (7 = 1,2,3) nanda scex (£0,£,1) 6 Ah

Qdd+HroN=/ £ IQQKoO+T,0p [if*iM><
V (00,2)€Af0+L
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£ £ IOH0+s'Q)(6,01a N 2*- |T|»e»+M) <
£C "’/ (a0,a)ENS+l P eN«
<C2 r ¢£ [0~ 7 L, )2]|r|«»+W) =
Ubl,T)6m,*

= &((&,*),T) <C3Pm((fo,0,r).
OTcroga 1 n3 nemmbl 1.1 cnefyet yTBepXaeHMe nNyHKTa 1).
[Joka3zaTenbcTBO NyHKTa 2). Tak kak Qk -<h PT, T.e. C HEKOTOPOW MOCTOSIHHOWA
CA>0
Qk(((o,(),r) < CaPwm((£0,0,7) npu Bcex (£0,£,r) GAh,

TO AN NpousBonbHbIX p 0, (&>£) e A”+1L u 1| > J1(]) nmeem
Ak{N-, T)<CAPT(NiNn,T).
{ b ) ( s )
OTcrofa B CU/ly OAHOPOAHOCTU MHOrouieHoB PT 1 QK nmeem
[TF“$*(«b,£),pT) <Ci|r|-mPm((e0,0 ,PT) V(£0,0 6 4"+1,p > h(t/r).
Myctb €>0 uumcrio To = 7b(e) BblbpaHo Tak, 4To Cd [Thb| m+fc = ¢ (HanoMHuM,
4YTO T > K). TaK Kak C HEKOTOpPOI nocTosiHHoM ti = n(e) 7MJI(E/Tb) < M\ () ana
Bcex £6 J1'", TO oTClOfa Nonyvaem ;
sup & ((6>.0,1)
(«0,«),1)6-4*(ri) PmUfo.0O.1)
Tak kak J1/,(/»i) ¢ Ab(p3) Npu pi> , To OTCHOAa MMeeM ANs BCeX p > TX
8Up g*((ft.0.r) < £i
(tto,0.T)6AK) PT(K0.0.T)

cnefoBaTesibHO, Mosy4vaem
liin sup 9*CCe>’0 ’'T) < £
1> ((€0,£),1)eAKk(«) PT((£0,0,T)
Tak Kak 4ncno e > 0 npov3BO/IbHO, TO 3TO AO0Ka3biBaeT BTOPOWA MYHKT JIEMMbI.
Jlemma 1.2 fokasana.

W3 foKasaHHOli IeMMbl HEMOCPEACTBEHHO CefyeT

Cnegcteue 1.1. TMpu ycnosumax nemmbl 1.1 cywecTsyeT yncno C > 0 Takoe, 4TO

Qk((fo+ t'r,0.1)<C|Pm(E0+*r,£)| npnBcex ((o,(,r)64 ” > 1
40



O 3AJAYE KOWW B MYNTbTUAHWN3OTIOMHbIX K/TACCAX XEBTE ..

Nemma 1.3. TycTb 0gHOPOAHBIA MHOrouneH -Pr (E0>0 nopagka T runep6onuyeH

OTHOCUTESLHO , & OfiHOpoAHble MHOrouneHsl Qy( , ) mopsagkaj, j = 0,1,...,T —
1 h—enabbl PT. Torga mHorouneH Pm+ Qo+ —+ Qm-i  -runepbonnyeH oTHo-
CUTENbHO -

[JokasaTenbcTBo. MpumMeHnB hopmyny Teisopa, Noay4nMm ¢ HEKOTOPOI MOCTOSHHOWN
C\ > 0 n gna Bcex (£0.£.T) 6 /1742

ICXo +»71,{)| < Ci 0,0it)i 3=0,1,...,To- 1L
C ppyroii cTopoHbl B cuy fieMmbl 1.1 ¢ HEKOTOPOI MOCTOSAHHO >0
\ ( +11,01 >C. Pm((fo,0,7) npn (&, ,T) e Rn+2.

Moatomy B cuy NyHKTa 2) neMMbl 1.2 cyuiecTByeT 4mcno to > 0 ana KoToporo
m— |
Y:mto +iT,V\<JPm(b +iT,a npuecex (£0,C,T) eAhfo),
3=0
OTKYy/a CrnefyeT, uTo
™

di*m(Ce + <T,Ol ~ |-Pn(®G»+ ir,0 + E QIi(™0+ *T,0l »
=0

3
< |~ ( +»r,01, npwuBcex (£0,ET) e {).

Tak Kak MHorouneH PT(£0,0 runep6onvyeH OTHOCUTENBHO , To n3 nemmbl 1.1
cnepyet, uto PT (fo+ i1, )0 gnaseex ( , ,» e Jin+3, T ® 0, oTKyza, B CBOKO
ouyepeab creayeT, UTO
m—1
PT(fo+ «1,0+ J2 Qjfa+ir.O ¢ 0, npuBcex (£0,£,T)€ An+2, |r|> 0 (),
j=0
T.e. MHOrousieH Pm+ Qo0 + s+ Qm-i J1- runep60on4eH OTHOCUTENBLHO O

2. HekoTopble cBoiicTBa MHOororpaHHukos HeoTtoHa n

MYyAbTUAHUN3OTPOMNHbBIX MPOCTpPaHCTB X eBpe

Onsa 3?e B,, yepe3 SSR 0603HAYMM MHOXKECTBO TOUeK v 6 1, AN KOTOPbIX CyLle-
cTByeT BekTOp J1€ /1" 1(A) Takoii, uto (A V) = 6(A).

MycTb [a]—penasd vactb a N a 6 Ng. O6o3Haumm k(n) = k(a,n) = inf{ >
O: a € R} u nonoxum k'(a) = fc'(o,R) = k(a), ecnu umcno *:(«)- uenoe n
K'(a) [fc(@]+1, ecnn k(a)- Heuesoe.
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B 3TOM NMyHKTE Mbl JOK&XXeM HECKOJIbKO ﬂpe,D,I'IO)KeHVIf/’I, KOTOPbIMU 6y,qu Mos1b30-
BaTbLCA NPY JOKa3aTeNbCTBe OCHOBHOIO pesy/ibTara. CrefytoLee rnpea1oXKeHne Hero-

CPeACTBEHHO CnedyeT U3 OnpedenieHns MHoXecTBa 5 1 uncna fc(o).

Nemma 2.1. MycTb A€ Bn na € Nfi. Torga
1) a/k(a) 6 3BR npu aviom, ecim al/t 6 IA, To K(a) =
2)«edfc'(a) A\ [*'(“)- I S.
Ons e Bn v uyo £ (0, do] yepes LLHO) = A(A, Ho) 0603HaumMmM cnegytoLiuii (BnonHe

npaBu/ibHbIA) MHOrorpaHHuK B R n+1 0 ( 0603HaveHus do = cio(H) n 0(A) cm. B (1.1))

LWHo) = {(Ni») € N1"+1,° 2 o + o) <1, npuecex A6 M 1(A)}.

Nlemma 2.2. MycTb XK6 B,,, A6 1" 1(4A), /io 6 (0,Elo(A)] u (Bo, ) 6 Alg+l.

Torga fc((oo, or), A) = J1:(a A) + ato/Ho-

[okasaTenscTBO. Beuny nemmbl 2.1 goctatoyHo fokasaTtb, 4vto(ao,a)/[fc(o,) +
«off#o] G a«(no). kakN"(A) = {(~,A) :A6 1" ~»)}, To BcCuny onpege-
nenns kK(a, A) gna nwoboro A6 J17 ()

- + 1 “Ali*(».*)+«m/«) -

ap 6(A) o k(a,A) a
Ho k(a,)+ «o /to fc(a, A) 4-a0 £(«, A)’

A N “00(A) + Ho K(a, A1) O(A) nl,u

(2) nklatkd +ao--—-- = ®A)- .

C gpyroii ctoponbl, Tak Kak a/k(n, ) e 04 (cm. nemmy 21).™ (N .A °) = B(A0)
ans HekoToporo BekTopa A0 € /1”7 1(4). CnegoBaTenbHO, UMeeM

((00, 0, ( ?40’ A°))/(*(or, O + )HO =

(2.2) = . NP+ No*(«,A) a 0
Ho k(a, ) + oo Hok(a,SH) + ao  k(a,3ft)
N3 (2.1), (2.2 ) v onpegeneHns A cnegyet, uto (ow,a)/(k(a, A)+ 2a) g < noatomy
B cuny nemmbl 2.1 fc((ou, a), A) = (k(a. A) + ), uTo goKasbiBaeT nemMmy 2.2. 0O
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Ona X eBnwnobnactu M C EH1uepes M'A(IM) 0603Ha4MM My/ibTUAHM30TPOMNHBbI Kiacc
>KeBpe (cm. [10]) kak MHOXeCTBO pyHKUMiA / e C°°(M) Takmx, 4YTO AN KaX4oro
komnakTta K C I cywectByeT uncno ¢ = ¢(/, K) > 0 Takoe, 4uTo

Slip\D°f(x)\ < c>+1jj, npuecex a6j KUNE, j =0,1,...
Ten

Tak Kak *:'(», A) = I gna moboro /6 N un a e {13\ ((i - 1) K), To cnegytoLiee
npeAnoXeHne HeNnocpeACTBEHHO cedyeT U3 onpefeneHnii knacca '* n umcen k(a, R)
n k'(n,fR).

Nemma 2.3. / 6 TK(M) Torga v TOMbKO TOr4a, Korga Ans KaXkoro KomnakTa
K C fi cywecTsyeT nocTosfHHaa ¢ = c¢(/, K) > 0 Takas, 4TO BbINOMHAETCA OfHO
M3 CNedytoLmX 3KBMBaNeH THbIX YC/OBUIA

ggﬁ [OB/(*)] < Ck(°".*)+1 (ft(a, «))*<“w>,
sup \Dnf(x)\ < (k'ian™ "MK
sen
MpuBeem eLg nBa NpeNoXKeHUs, KOTOPbIE Ham MOHaf06ATCA NPy foKa3aTeNbCTBe
OCHOBHOW TeopemMbl. Hvke vepe3 / Mbl 0603Ha4YaeM npeobpasoBaHne Pypbe GyHKLUN
/, yvepe3 ElnpocTpaHcTBO pacnpeseneHunini Hag C°°(ET), yepe3 ' NpocTpaHCTBO Mef-

JIEHHO pacTyLLMX pacrpefeneHnii, a vepes cvmBon KpoHekepa.

Nemma 2.4. (cm.[6] unm [4]) MycTb Ke B,,, do(R) <1 (cm. (1.1)). Torga
Hpnaf 6 Fr*(En) = Mr~(En) Co°(En) cywecTBYyOT NaNoAKMTC/bHbIE YMCna

e u C Takue, 4yTO

(2.3) 1/(01 ~ C e~cn(€), npmscex € O,
2) ecnu gna pacnpegenedva / € E' wnn / € ' BbINoNHSAeTCA oueHka (2.3), ToO
[ elr*(").

3ameyaHue 2.1. M3secTHO (cm. /5/, Teopema 1.4-2), uto *(M) \ {0} = O npwu
do(A) > 1.

Nlemma 2.5. (cm. [5], lemma 12.7.7) MycTb P(D) = Dm+aiDm~1+ —am-iD +
OT 06bIKHOBEHHBIN AN depeHUManbHbIA 0NepaTop ¢ NOCTOAHHLIMU KOS (MLNEH T a-
mu, A = maz{|A| : P(A) =0}, B = tnox{|/TA| : P(A) = 0}. Torga ons Ka>K[oin
napsbl (j, K) : j, k = 0,1,..., To—1 gna peweHuns 3agaum Kowwn

P(D)vk(t) = 0, 11/(0). /1,*
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cnpaseanuea oueHka \DIVK(\ < 2T (A + 1)I+T k e+~ \ 1=0,1,....
3. OCHOBHOW PE3Y/IbTAT

Teopema 3.1. MycTb A € Bn, PT(£0,0 ™ - OAHOPOAHBIA MHOrOYNEH, r1nepbonm-
YC.r.Kuii 0OTHOCUTE/bHO {«?*(&,0JJL11 3 o0AHOPOAHbIE MHOMOY/IEHbI, MPU 3TOM
MHorouneH Qj 1ir-cna6ee MHorouneHaPT (j = 0,1,...,m-1), Q = Qn+—+Qm-i-
MycTb MHoOrorpaHHuk 3 e Bn 1 HaTypanbHoe umMcno r > 1 Takosbl, YTO T A C
9. Nuw nobe® / £IM3(£') 0 = 0,1,..., - 1) 3agaya Kowm

(3.1) R(Do,D)u(t,x) = [Pm{.Do,D) + Q{Da,D]\u{t,x) = 0, t>0

(3.2) -Dom(0, %) = fj(x) j = 0,1, ..tm —1

MMeeT eAVHCTBEHHOE peLleHne n3 MAEM*+1).

3ameyaHue 3.1. OTMeTUM, YTO aHa/lorM4Has Teopema gokasaHa B paboTe /6/ .
Kanso B cny4ae, Korga 3 = r 3? gi1a HekoToporo r 6 N, T.e. Korga MHOrorpaHHuKu
o

A nu nogo6Hbl 1 Korga ycnoBus Ha mnagwive ynenbl Q(£o0,() = ~4  0.)

CTaBATCA Ha Ka)I(,D.bIVI MTOM 3TOW CYyMMbl.

JokasaTenscTso. Mycte A(4),0 PT(AbO + Q(Do0,E) 06bIKHOBEHHbIN AN-
(hepeHUManbHbIA oMepaTop, 3aBucALMiA 0T Napametpa 6 A", O603Ha4UM uYepes
Fj(t, ) (j = 0,1,..., m —1) pelueHve cneayoLLeit 3agaum Kowm

A(A>,0M*.0=0. £>nF0O,) =9k, *=0,1...m—1
XopoLuo n3BecTHO (cM., Hanpumep [5], Teopema 12.7.5), uTo pelueHue 3agayum Kowm
(3.3) A@AbO v, 0=0, Div(0,L0 =M a j=01..T-1
MOXHO MpejcTaBuTbL B BUAe
(3-4) *(,0»] 1 (0N, -

i=0

B cuny nemm 1.1 1 1.2 cyulecTByeT uncno «i > 0 Takoe, uto A(E0+ r7,0 ~ 0 gna
Bcex (£0,£,T) € An+a. c [E0+ 11| > w (€] +1). C apyroii CTOPOHbI, B CUY JIEMMbI
1.3 cywectByeT ymncno k3 > 0 Takoe, uto |T| < K214(0 gna Touek (0, ,T) € Rn+2,

ana kotopbix R(fo+ir,O = 0. MMoatomy B cuny nemMmbl 2.5 nmeem 414 Bcex K 6 No
n J=0,1,..m-—1

(3.5) Ne ( ,01 <21 [«L(|£]+ 1)+ i]ferm JetoM«)+i] H.
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OTcrofa, U3 npeactassieHns (3.4) 1 nemMMbl 2.4 UMeeM C HEKOTOPbIMU MOMOXKUTE/bHbI-
MU nocTosiHHbIMK C,, {J = 1,...,5) ( Huxe tf(t,x) obpaTHoe npeobpazoBaHne Pypbe
yHKuMn v(t,£) no )

\D?D “H(t,x)\ = =

= (27r) njZ>€ 1 e«x*kav(t,t)dt\ <C\ J |{*] \DS°v(t,$\dt <

<2 W&HIGWW <

< C4 4<"*>+«0/-0<9>K) e-C3fco(€)+C, /1,(€)(Ji]+1) ~
"

Tak Kak Mo ycsioBuio Teopembl 1 C 3, T0  ( )/ () cxoguTcs paBHOMepHO K O
npu |£| -> ac. Moatomy B cuny nemmbl 2.2 gna nwboro T > 0 mgnd Beex A\ <T
0TCHOJa UMEEM C HEKOTOPbIMU MONOXUTENbHbIMU MOCTOSAHHbIMKU Cj = Cj[T) (
C7.8)

[Do" Dev(t, N < COJ /4(( 0, ),5)(0 a"CrAu(0 <

"
< CA((“0,tt),,;i)+I[It((ao, a), Qflfc((«u,a),6)

B cuny nemmbl 2.3 310 03Havaet, yto fl(i,x) € (£ +1), rge £++1 = {(i,x), >
Q x 6 E1}. HenocpeACTBeHHOIM MpPoOBEpPKOl erko y6eanTcs, 4YTO TaK NoyyeHHas
OyHKUMA V(t,X) YLOBNETBOPSAET ypaBHeHUO (3.1) 1 HavabHbIM ycroBuaM (3.2), T.e.
ABNIAETCA peLleHneM nocTaB/ieHHoN 3agaun Koww. EQUHCTBEHHOCTb 3TOM0 peLleHus
cnepyeT 13 TeopeMbl XonbMmrpena (cm., Hanpumep [5], Teopema 12.7.2). Teopema 3.1

AOKa3saHa. O

Abstract. In this paper we prove existence of a unique solution of Cauchy problem
in the inultiauisotropic Gevre spaces for a class of weighted hyperbolic equations with

sufficiently general weight.
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KntoueBble cnoBa: TPUrOHOMETpPUYECKUE pafbl; pAabl Xaapa, CAUMCTLLALWOCTb
pafoB dypbe.

1. Beeaenune

B HacTosLLel paboTe U3ydaeTcs credytollas 3agada, noctasneHHas M. J1. Yibs-

HoBbIM [2] B 19G4 rogy.

nnotesa. lMycTb ar—0n HEKOTOpasd nocneaoBaTe/lbHOCTb MYACTUYHbLIX CyMM

Sv, (z) = £ cne2n"X TPUrOHOMETPUYECKOro psiga £ cnc2*'mx cxoguTcs npu
M <Vgq n

V4 +00 K KOHEYHOIn MHTerpupyemoit oyHKumm J (1) oCtogy KpOMe CHETHOr0 unucna

Touek. Torga pag 2cue%il sasnseTca pagom ®dypbe QyHKumn / (a).

CnpaBeAnnBOCTb FMNOTE3bl OCTAETCA HEW3BECTHO faxe B cnydae, korga/ (x) =
Owu TpebyeTcsa CXo4MMOCTb K Hymto cymm SVF (i) BO Bcex TOUKax x. B paboTe goka-

3bIBAETCA Crieaytollee YTBEPXKAeHNE.

Teopema 1.1. MycTb £,\ O0Tii/,/ +00 (v\ = 0J - HeKOTOpble NOCNE[OBATENb-
HOCTU HaTYypa/bHbIX Yncen. Torga cylwecTByeT nocnefoBaTensHoCTh Nj /¢ +00

(N\ = O\ Nj 6 K}, Takasd, 4TO ecim TPUrOHOMETPUYECKNI psf
11 bl

YA0BNeTBOPAET OJHOMY U3 yCNOBUA
a)c,=0npu|n| 67=Uj>IWij-uN3),

b) in=0 npu |n| 6 7e = Uj>i[NJ,N v+i),
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a nocnefoBaTeNbHOCTh £ <*, CXOANTCS K KOHEYHON MHTerpupyemoit

tyHkumm f(x) Bcrogy Ha [0, 1) Kpome cyeTHOro uncna Touvek, To (1.1) AsndeTcs
psgoMm dypbe PyHKUUK /(XK).
V3 3TOi1 Teopembl HEMEL/IEHHO cneayeT YTBepXaeHue.

C!'Ie,qCTBVIe 1.1. TlycTb M4 eCTb HEKOTOpasa NocnefoBaTeNlbHOCTb HATYPa/bHbIX

uucen, Takas 4yTo i/, /* +00 npu g -» +00. Torga no6oK TPUroHOMeTPUYECKNIi
pag
(12)

¢ ycnosueM Q1-* O npu |n| -» +3C, MO>XKHO pa3buTb Ha ABa psga

(1.3)
r.e + =4¢,, =c,uwm =0 =¢,wwm = OTaK, YTO ecnm rno-
cnegosatenbHoCcTU 52|n|<i/, ge2'inx, 5Zjnl<v, %i npu —=m+00 CXOAATCA K

KOHEYHbIM, MHTerpupyemMbiM yHKUmaM I\[x) un ft(x) Bcrogy He [0,1) Kpome cyeT-
HOrO YMcna TOYeK, TO OHU SBASIOTCH, COOTBETCTBEHHO, pafaMun dypbe yHK-
umin /i(i) m/ (), v cnegoaTenbHo, psag (1.2) sendeTcs psgom dypbe DYHKLMMN

f(x) =fi(x) + fu(x).

B naparpadax 1-3 nanaratoTcsi HEKOTOpble TeOPeMbl eAMHCTBEHHOCTU ANS TPU-
FOHOMETPUYECKUX PSAOB U PafioB HO cucTeme Xaapa, KOTOpble MCMO/b3yloTcs B

[JoKas3aTenbCTBe TeopeMbl 1.1 U UMeroT CamMOCTOATENbHbINA NHTEpPEC.

2. O EAMHCTBEHHOCTU PALOOB IO cucteme Xaapa.
HanomHum onpegeneHune cuctembl Xaapa {* () = 1,2,...} Ha oTpe3ke T =
[, 1).
OnpegeneHune 2.1. [1IBOMYHbIMM MHTEPBAIAMN HA30BEM MHTEpBa/bl BUAA

p— ,—j, <=12...2K *=01,..,

A=Al

roe

(21) n=2fctt, I<i<2k, k=0,1,2....
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MepBaa yHKUMA Xaapa onpegenserca *i(x) = 1. Mpn > 2 nmeem

( 2%/a npun x e O *#,
*«(*)=< -2kl npu x 6 A>Vi>
[ 0 nmpn x Jk.

Ecnm [ = [OF eCTb HEKOTOPbIA ABOWMYHBIA MHTEpBan U MmeeM (2.1), TO MHorga

(hyHKUM0 Xaapa Xn(x) 6yaem 0603HaunTL vepes XA4(X).

OnpegeneHune 2.2. Byaem roBopuTb, 4TO psiA Mo cucTeme Xaapa
00

(2.2) 1T auXu (*)

fi=1
o6nafaet ceoiicTBOM Al), ecnm CcyLlecTByeT nociefoBaTelbHOCTb K (q) /m +00, Tar
Kas, 4To ANnA No6oii MocnesoBaTe/IbHOCTU BONYHBIX MHTepBanoB AU 3 NI ...
c ycnosue»! 2k < uy < MMeeM

lim la,3 =0.
IMloo

Teopema 2.1. Ecnu psg (2.2) obnagaeT csoiicTBaM Ai) ¥ HekoTOpas nocneso-

BaTENbHOCTb
Kuy)
(23) Aud) (x) = apm(*).  1( S +oo,
p-1
YAOBNETBOPAET YCNOBUAM
a) Auu) (X) npu g -» 00 cxoamTcsa no mepc K dyHkumn / € L1][0, 1),
6) sup (0K)| < +00 Ans Bcex X, He NpUHafe>Kalinx cHeTHOMY MHO>Ke-
y
ctey {a*} C [0,1),
TO pag (2.2) asnaeTca pagom Pypbe dyHkuyumn / (i).

JTa TeopeMa ABnseTcs 0600LLIeHEM CNeayoLWero pesynbtaTa u3 paboTsl [1].

Teopema (TanansH-ApyTioHAH, 1964). Ecaun psag (2.2) cxoguTcs K HEKOTOPON
cymmupyemont dyHkuun f(x) Bciogy Ha T Kpome, 6bITb MOXKeT, CYETHOI0 MHO-
>KecTBa TOYEK U A5 Noboi nocnefoBaTeNbHOCTY ABOUYHLIX MHTepBanos %4 3
3 ... UMeeM
lim =Q
i-%°° 1D 1L
TO pag (2.2) asnseTca pagoM ®Pypbe yHKUuM J[X) no cucTeme Xaapa.

JloKas3aTenbCTBO TeOpPeMbl 2.1 onmnpaeTcs Ha crnegytowme aBe NeMMbl.
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Nemma 2.1. MycTb psag (2.2) ygosneTsopsaeT ycnosuio Al) nxu € [0,1). Ecam
HeKoTOpas -4acTuyHas cymma At (X) 3TOro psfa 0T/MYHA OT HYNSA HA JBOMYHOM
uHTepsane [i ero nocTosHCcTBa, T.e. A, (X) = dd Onpux € i, To cywecTsy-
0T YyacTuyHaa cymma At, (x), > |, 1 ABOMYHbIA MHTepBan [' NocTOAHCTBaA

3TOl CyMMbl, Takue, 4To

(24) A cAai, xo bl 7 At, (x) PO npux 6 4"

JokazaTenbcTBO. be3 orpaHMueHMs 06LHOCTU MOXHO Mpeanonarats, 4To d > 0.
PaccmoTpum thyHKumio X/, (X) ¢ HocuTenem [i- OyeBngHo h > I. 0603Ha>LWIM Yepes
n A Te nonosuHbl i, rae, COOTBETCTBEHHO, aj,xi, (i) > O u at,xt, (r) < 0.

Tbrogad +at,xt, (x) ~ dUWnx £ a2 nd+at,xi, (xX) <dnpux € 4~. Ecim

d+at,xi, (X)>d, x 6 4+ nd+atxt, (xX) 0, x G 4", TO NErko BnaeTb, 4To

TpeboBaHue neMMmbl BbiNoNHsAeTcA. Ecnm xe d + aixi, (X) = 0 npu x 6 A7, TO

d+ ai,Xh (x) = npu x £ A]1 lMpogomkas 3TOT NpOLecc, HETPYAHO 3aMeTUTb,

4TO BO3MOXHbI AiBa CNyyas

1) cywectBytoT <1 < .. < IT, TaKkue, 4to

d+ <4 Xi, (X)+ ..+ aLtXim(x) >dnpu x € 4 £,
d+atxi, (x) +..+ X)pOnpnxe 4-~,

rae A(,, —HocuTens yHKunn XiT (X),

2) cyulecTByeT MOC/e0BaTeNbHOCTL BOXEHHbIX MHTepeanoB [, O Ala D .. 3
» 9 .., Takue, yt0 |4/, = - |4(0_ |, T = 1,2,... n NnMeem atmxi,, (x) = 2md.
B nepBom cnyvae TpeboBaHvie 1eMMbI BbIMOHAETCS MTHOBEHHO.

Bo BTOpPOM cnyvae nonyvaem, YTO B KaXKAOM NpomexyTke 2kN < j < 2b(u)+1

HaumMHas ¢ HEKOTOPOro qu HaingeTcst yHKUMA a;i(,)XM(,) (X), 274 < i (q) < 2fd»)+1,

Takasl, UTo Npy > Qo UMeem

(25) I“M«)I 1IXmOlloo > o < 2fc(e),

rae C —noctosiHHas. CnefoBatesibHO,

<2-6) Ife?2LiC>0 "pu,>®"
HepaseHcTBO (2.6) npotusopeunt ycnosuto Al). Jlemma 2.1 fOKa3aHa. O

Nemma 2.2. MNycTb pag (2.2) ygosneTBopsaeT ycnosuio Al) n nocnegoBaTenb-

HOCTb €ro yacTuyHbix cymm Au” (x), 1(g) ¥ 1+00, cxoanTcs no mepe K yHKUMN
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/ (x) 6 L\T). MNycTb, panee, pag » (*) aBnaeTcCs pagom dypbe yHKLAK
M
/(x), T.t.

@) =) w0 oK
T

1 HeKOTOpas YacTuyHaa cymma Bi (x) paga
(2-8) 5ZbNK/.(*¥), tm=a,l-cl<
/*

OT/AMYHA OT HYNA Ha HEKOTOPOM WHTepBane [, ero NocTosHCTBa. Torja ecnu
X0 6 T, To and noboro M > 0 1 HaTypanbHOro N CyLeCcTBYT YacTUYHble
CYMMbI n A[(W(x), g > N, pagos (2.2) n (2.8), a Tak>Ke WHTepBan

nocrosHcTsea ' aTux cymm, Takve, ytTo ' C A, x0 [A'u

(2.9) | ,(,) X)] > M npu X6 4, Buuy(x) Onpux€ 4.

LokaszaTenscTBo. OTMETUM, UTO TakK Kak cMm= 0{s/n), psag £ ByXi (*) Toxe yao-
BneTsopseTycnosuio Ax). Mycts  (x) 0,x 6 A, rae [, —unHTepBan NocTOAHCTBA
cymmbl Bi (X). MpumeHsas nemmy 2.1, Hailgem cymmy Bi (x), I' > I, n uHtepsan Ai

MOCTOAAHCTBA 3TON CYyMMbl, Takue, UTo
(2.10) I'>/, Bv(x)=did0, Xedi, AiCA, xo A4i.
MycTb % BblGpaHo Tak, uTo 1(g) > I' And Bcex q > 0. U3 (2.10) cnepyet

(2.11) J Bi (x)dx =di- |4i] O,
ai
a us ycnosus 1 (g) > I\ g > qo, cnegyet
(2.12) J Buq)(x)dx:J Bv(x)dx=d,-|A,|*0, Vg> q0.

Ai Ai
MNpeanonoxeHve, 4To ANA HEKOTOPbIX CbI/IKCI/IpOBaHHbIX M > 0 n HatypanbHoro N

MMEeT MECTO HepaBEHCTBa
(2.13) MG (X)[<M, Vx6[b

anv Beex g > max {go, N} He BepHo. [eficTBUTENbHO, TaK Kak Mo NpearnosioXeHuto

Auy) (X) npy G—»00 cxoauTea no mepe K GyHkuum /(x), 13 (2.13) nonydaem

(2.14) J IAI9) (x) - f{x)\dx = 0.
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C [pyroi CTOpOHbI MMeem

r
Tak kak BT (X) = Ay (x) S,M (*), u3 (2.15) n (2.14) cnepyet

(2.16) ) (si) (] i = .

Ycnosue (2.16) npotueopeumnt paseHcTBY (2.11). CneposatesibHo, 4na no6oro M >
0w N cyuectByeT q > N, Takoe, 4YTO Ha HeKOTopom uHTepBane A4' C Ai, roe 4’

WHTepBan NocTosHCTBA CyMMm ALY) (X) 1 Bun) (X), BbINOMHAETCA HEPaBEHCTBO

(2.17) Mag (x)| > M, x64".

Mpu atom, Tak kak Ai C O v xo  [Ai, cornacHo (2.10), BbinonHeHo [, 'c O u
xq [A'. W3 ncpasenctea (2.17) cnegyert, uto [J1/(7) ()] > M n (x) d 0 npu
X€ ['. Nemma 2.2 fokasaHa. O

[okasaTenscTBo Teopembl 2.1. TycTb ycnosus Teopembl 2.1 BbINOHEHbI, HO PA4
(2.2) He aBnsaeTcA pagoMm dypbe PYHKUUKM /(X). DTO 03HAYaeT, YTO HEKOTOpble
KoathpmumeHtel = 1-  paga (2.8) oTnuyHbl 0T Hynd. MycTb {x*}* x—cueTHoe
MHOXecTBO Toyek u3 T = [0,1). HekoTopas yactuyHaa cymma Bi (X) paga (2.8)
OT/IMYHA OT HYNS Ha HEKOTOPOM WHTepBane [ MOCTOAHCTBA 3TOW CymMMbl. MycTb
Mi >0, Mi /m +00n M / +00 npu t > +00. MpumeHaa Jflemmy 2.2, onpegenum

5i > A'i, Takoe, 4YTO
Mr<<w)(¥)| > Mu  S/(7I)(x)#0, X6 4i, AiCca, xi™Ob

rae [i —wHTepBan noctosHcTBa cymm Au4) (x) n B/(q) (x).
Mpegnonoxum, yto onpegeneHsl Aud) (x), Bu”) (x), 1 < * < p, Takue, 4TO
gi> Niwu
Kbl (*)]>wi> BIM x)o°< x64,, A(CAwn, xi™NAi,
rae [i; - vHTepnan noctosiHcTBa cymm Au4) (X) un (X). MpumeHsas Nlemmy 2.2

ona cymmbl Bush) (x). Haingem cymmbl ALYt (), B/(YH) (X) n nHtepsan Ap+i nx
MOCTOSIHCTBA, Takue, 4To qp+ > Np+l, Op+i ¢ Opwu

M Kk 7i>+i) (a')| » Mp+1, By ur+l) (i) o, X € Op+b Xp+1 0 Op+1.
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MTakK, CyLlecTBYeT NocnefoBaTenbHOCTb n UHTepBanbl [<, Takue, 4To
[,  uHTepBan NOCTOSHCTBA CyMMbI 0K), Qi+l ¢ [Oians BCexT, 4 A-

Tbrpaa Touka X, NpuHagnexatias scem [<, OTAMYHA OT ToUeK {x#}* 4u
liTHup|N/() (K)| = -boo,
[-*00
4YTO MPOTUBOPEUMUT YCnoBMIO TeopeMbl 2.1. CnefoBaTensHo, ap = cft Ans Bcex LU,
Tho{>eva foKa3aHa. O
3. HeKOTOpre TeopeMbl eVNHCTBEHHOCTUN TPUTOHOMETPUNYHECKUX pAJOB.

PaccMOTpUM TPUTOHOMETPUYECKME PAAbI

(3.1) E Cne2Tnx, On-K) wpm |n| /+ +o0.
O603HauMM

— ' _°n 4c2irinx
(3.2) FQOK=c+cox+E Saire

rae F (0K) —cymma psaga, noay4yeHHoro popmMasnbHbIM MHTErpUpoBaHneM psaga (3.1),
a 3anuncb 6yneT 0603HayaTh, YTO B CymMMe 0. OueBngHoO, psag (3.2) cxoguTes

B MeTpuke  (0,1) 1 nouTu Bclogy onpefeneHa Ha T. O603HaUNM

(3.3) aVv) [t = J SN (x +t)x,,(x)dx.
T
Vimeem

af'1{t) = f SN (x + 1) Xy {x)dx = E f cne2rin(1+t)x” (k) dx
t

NSW  \ j

rge A,,  HocuTenb yHKUMKM x» (x)- OTctoga npu L, > 2 noay4vaem

« «>= £ ' [(« ™~ -< 7?2 M)
|nj<nr

(3.4) C (e2M - e 20 -)] ANt
2tin
In|<N
rae

(3.5) Puj= (e2™ 28 - - eMn2” ) .
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Vicue3HoBeHMe YneHa c HomepoM = 0 B cyMMme (3.4) 06bsACHSAETCA TeEM, UTO Kaxkgas

(hyHKLMS Xaapa ¢ HOMEPOM L, > 2 OpPTOrOHa/bHa MOCTOSIHHOW (YHKUMKW. J1erko

BUAETb, UTO
(3.6) IAME A "1 {4-* T} NT™ Bcex " n "«

OueBugHo, 4to npu N -* oo, () cxogATcs B MeTpUke K (DYHKUWK
(3.7) «,() = Ibllo0E

T.O.

(3.8) I K () n Mm=o-

T
1 MO3TOMY KO3(uLUMeHTbl () onpefenieHbl AHA noytn Bcex € . Vimeem

(3.9 / la,, (0]|2dt = IDMIOE

J

ByaeM paccmaTpuBaTh paf
(3.10) E “m(0xJ1%).

KOTOpYI0 Ha30BEM PSOM COOTBETCTBYIOLWMIA pagy (3.1). O603HauUMM

(3.11) AEF(XxX+0=F (E£E+i)-F ("Ni. +%),

Miveem

(3.12, - «.tw E K

(8.13) 1A E g2rint
A N <«

OTMETUM, YTO 415 NOBOro UKCMPOBAHHOTO MHTepBana AE gyHKuua (3.12) npu-
Hagnexut L2(T) n cnegoBatenbHO, onpegeneHa giw noyutu scex £€ T. Ans Guk-

CMpoBaHHOro £ vveem

(3n4> JSs./ » -1 W/ "(L+1 ' N=o0-
ai

Nemma 3.1. CyuwecTByeT MHOXKecTBO EqCT, |Eb| = 1, Takoe, 4TO 414 BCex

6 Eo BbIMOMHAETCA paBeHCTBO

(3.15) E av()Xn(r)=M r % AN noboro Af npu x € OF.
H<* I
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[okasaTenbCcTBO. [eincTentenbHo, cornacHo (3.3), uveem

(3.16) £ «W @x, (=™ | Gv(«+1).

N<a- [AN /T
Mepexopa k npegeny npu JT -» 00 B paseHcTBe (3.16), cornacHo (3.8) n (3.14)
nony4mMm, 4to ans noodoro Al

Y1 a, NeX1(*)=—: + ae6n,
fi<2L !
Ans nout Bcex 6 T. Jlemma 3.1 BepHa. O

Nemma 3.2. Ecam pag X'a/<(*)x}j (xX) cooTBeTCcTBYeT pagy “2cne2lriux, n no-
CnefHWin pag ecTb psag dypbe pyHkumm / (X), TO Ans nouTu Bcex €T umeem

(3.17) "2 am( )Xy (x) = HpT j / (x+ 1)dx, ana noéoro O£ npu x 6 OF.
p<2* o»

LokasaTenscTBo. PaccmoTpum (C,1) cpegHue

1 N
(3.18) qv(x+1) = Sv (x + 1),
v=0
rae
(3.19) S, (x+1)= cneM n’x-+i).
\n\<v

M3BecTHO, 4TO (x+1) npu N -4 oo B meTpuke L1 cxogutea K / (X + 1) Ha T

ans scex 6 [0,1). B yacTHocTk, Ana Bcex 6 T w gns Bcex O£ nmeem

(3.20) liw | pn (x+Ddx= | f (x+ Yax,

N-*00
ar
C Apyroii CTOpOHbI,

(3.21) YON(Xx+i)ydx= - — \] Sv (x +1) dx.

[Janee, cornacHo (3.13) nmeem

(322) I Sv{x+1l)dx=co|AE|+ Y! (e2rinp/a* - e2™ (s-i)/2K) e2™ *,

i H < «
1 noaTomy, nesble YacTu (3.21) npefcTaBnsatoT coboin (C,1) cpefHue nopsigka N
pana
(3.23) COlAEI+J ] '— (e2"'*/2%- eW p-U/*) e2™ ',
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KOTOpbIN cxoautcs B MeTpuke  Ha [0,1) K (i + 0- CneposatenbHoO, npasast

YyacTb paBeHcTBa (3.21) cxoamTcs B METpUKe Hal = [0,1) kK AMF (r + 1) gns

noboro € [0,1).
CnepoBaTensHo, cornacHo (3.20), bygeM MMeTb

ARzH)=) {x+1b

Ans nouty Beex i GT m ana scex A*. Slemma 3.2 gokasaHa. O

Nemma 3.3. MycTb umeeM [ga psja

(3.24) " rge K\ < M\bu\ < M, Un,

W MyCcTb psigbl
(3.25) () u EN(F)XM(¥)

COOTBETCTBYIOLME UM psAabl MO cucTeme Xaapa. Torga psgbl (3.24) conagaloT

Torga u TONbKO TOrfa, Korga Ans moyTu Bcex e T coBnagaoT psfbl (3.25).

JokaszaTenscTBo. Ecnv On = b1 ana Bcex N, To, cornacHo Slemme 3.1,
k

53 a,i Ne = igpi f f (X-bt)dx = dft (t) Xy (K), x GAE,
i A=i

Ans noutn BCex i 6 T u ans Bcex AE. Toraa, oueBugHo, a,, () =( ) ans noutn
BCEX H ANns BCex U, T.e. pAgbl (3.25) coBnagaror.
O6paTHo, nyctb ()= () Anascexly npana seex e Eo, 28| =1, EqCT.
Torpa meem
OUF{x +1t) =co-2~k+E ~ [ £ (e Z¥iu:)e2r<t
(320
= boe2-*+ ¥* A -8 2(ex -)e2-n*
q 2lrin
nnsa Bcex O* v ana noutn Beex f. M3 paBeHcTBa (3.26), Tak Kak {e2r<1l} opto-

HOpPMMpPOVaHHas cucTema, cresyer
(3.27) co=ho n 20 [(cn)y=~~a4re2), Vn™0
ana scex OkK. Ana no6oit dhmkcrpoBaHHOW napbl On v B cyllecTByeT MHTepBan

Ob, Takoir, uto &1(e2*IM¥) & 0. CnegosatenbHo, c0 = bo u On = H1 gns BCex n.
Nemma 3.3 fokasaHa.
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Teopema 3.1. Ains Toro, 4Tobbl pag '£,cne2xinx, |cn| < M, 6bin psgom dypbe
MHTerpupyemoit Ha T nepuognyeckoit pyHKumm / (r), He06XoaMMO N LOCTATOUHO,
yTOo6bl And nouTwu Bcex € T cooTseTcTBylOWMi pag  am( ) Xy (x) 6bin psgom
®ypbe yHkymm f (x +1), X ET.

JokasaTenbcTBo. IMycTb £cnc2rdic ecTb pag Pypbe hyHKumMm / (k). CornacHo
Nemme 3.2, nmeem

y. an (Q(LI x) = |’\|'|J f (X+t)dx, 6 [,anI Bcex £ .

li<a*

370 03HavaeT, yto paf 5Z () Xu (7) Ons noutn Bcex ABNseTca pagom Pypbe
yHKuma / (x + t). "

O6paTHo. lMycTb pag £ () (x) sBngercs pagom ®ypbe gpyHkuum f(x +t)

AN noutn Beex , rae / (X) —wuHTerpmpyemas Ha [0, 1) nepuogmyeckas yHKLUNUS.

Paccmotpu»! pag \I(_I bne2r:R* |, rge bn :_fr/ (x) e2ninxdx. Ecnn pag £" ar () x,, X)

COOTBETCTBYeT pafy "2bne2nwix, TO UMeeM
n

E d*W» (*)= TXpi / / (x+f) VI 6 NBvnb
1 *

ANna noyty Bcex . Ho nmeem Takxe

53 w *)=Wm [ f (x+1t)dx, Vx 6 O, Va2

CnepoBatenbHo, am( ) = d< (i), 4na noboi 1 1 gHa nouTn Beex . CornacHo Jlem-

me 3.3 6ygem nmeTb Cn = b gns Bcex n. Teopema 3.1 AoKa3aHa. O

4, MpumeHeHne pagos Xaapa
Teopema 4.1. Ecnu KoahhnumMeHTbl TPUFOHOMETPUYECKOTO psila  Cne2mTX cTpe-
MSATCA K HyNo, T.e.
4.1) IDIHED\CJ\ =Q
TO COOTBETCTBYHOLWNA eMy psj () Xy (*) obnagaeT csoiicTBOM Al) ans

noyTwu BCeX , T.e. CYLLeCTBYeT NocnefoBaTeNbHOCTD K (Q), rae K (4) /~ +00 npu

-¥ +00, Takad, uvw and no6oii nocnenoBaTe/NbHOCTW ABONYHbIX UHTEPBANOB
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as, D a/- 3 :ycnosnem 2kM < < 2fe())+1 umeem

) ad"(—= 0 gna noyTn Bcex € T.
4-2) jss-ra

[Ons [oKa3aTeNbCTBA TEOPEMbI JOKAXKEM CreayHoLLyH0 eMMy

Nemma 4.1. Ecnim 1 -»0, v pag EU . () (*) cooTBeTCTBYEeT pagy £ C,e AWK
mo
(4.3) ,ﬂ,n_\] la;, (i)]2dt = O.

r
[Jokosatncnsctneo. CornacHo (3.9), nmeem
(4.9) JaMt)[2dt= im L r ¥ ~ 1/WI2< gl N&IA.MI3.

rae 9 onpepenexbl B (3.5) 1 yaoBneTBopsatoT ycnosusm (3.6). Viveem
(4.5)

E NblI'+E'I"M*
M <nif S/7*<M <m In|>/a

«@ E+E +E -

M3 (3.6) nonyvaem

(4.7)
E .S o E * g kKK
M<>/P
(4.5)
E, -cHOMilIE - 5> o
4.9
E sofflgw* E
ul>a
N3 (4.5), (4.7) (4.9) cnepyert (4.3). Jlemma 4.1 goka3aHa. O

JokasaTenscTBo Teopembl .1. Teopema 4.1 nerko cnegyet u3 nemmol 4.1. [eit-
o]0
CTBUTENbIO, MYCTb ey 0, £ ey < 00. N3 (4.3) cneayet, YTO ANs HEKOTOPOM

y=i
nocnegosarefibHocTn k (q) /¢ +00 nmeem
[A=aK»)+H
/ £ bl *)12n
(4.10) 7>=2MQ+1
*?) £1
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M3 (4.10) cnegyeT cywectBoBaHue MHOXecTBa EOCT, |[Eb| = 1, Ans koTOpOro

"=269+1
£ bl M2

4ni> = o,
OTctofa nonyyaem, 4to (4.2) BeinonHseTca And scex e Eq. Teopema 4.1 fokasaHa.

O

Kom6uHupys Teopemsl 2.1, 3.1 1 4.1, nonyyaem

Teopema4.2. MycTbc, O mpagE sli (i) X*(*) cooTBeTCcTBYeT pagy £ Cris2*"*,
MycTb, panee, gnd noyTu Bcex e E, e E C T, \E\ = 1, cywecTByeT nocne-

[0BaTENbHOCTb
Aym) (x>)= E a<WXmQ@), i()/* +00, (/(g) 3aBuCMT OT )

TakKasd, 4TO BbIMO/MHEHbI YC/10BUA

a') (K, ) npu €—00 cxoauTea no mepc Ha {x : iel} x/ (x+1), rge

f(x) cymmupyemas yHKUuS,

b) sup | [(9 (r, )1 < +00 gnsa BCeX X, He NpUHagNeXKalMx cHe THOMY MHO>Ke-
y
cTBy EtCT.
Torpa pag £ Cne2',nx sBnseTca psagom dylbe dyHkyum J (x).

5. 1 okasaTtenscteo Teopemb 1.1

Nemma 5.1. Ecnme,, \0 npun —00, TO And MN0obbIX K > 0 1 N > 23K umeeT

MECTO HepaBeEHCTBO

2
(1) [ max E m axue - /_<E2 am°(*)Xm(*) dt  C(£n)
1 K
ana Bcex X 6 T v ans Bcex nocnegosaTensHocTel {c,.} c ycnosuem [c,i| < e,,.

LokasaTenscTBo. Bo3bmem ntobyto TOUKy X e T. Viveem

K
*€ pld 4,

rope T = 0403 Am 3 ... O AMecTb nocneaoBaTe/lbHOCTb ABOUYHbLIX UHTEPBAIOB

c|4” =2 . OueBuaHO, 4TO Kaxgas cymma u3 (5.1) noctosHHa Ha ™ w cpeam
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nepBbIX 2K PYHKLMIA Xaapa B TOUKe X OT/IMYHbI OT HYNA NnWb QYHKUMKM \i = 1n

J =01, 1- OTctoga nonyyaem

[ Y, a/N)- E (L)

/<<2"
(52) Inf>w V= )

bl 2

472n2 X In[>N in2 2

[n]>W 1=0

Ecnn nveem takxe TV> 23fc, To

(63) [/ E am®Xmp) E BN xmr) dt<Cm (em), xeT,
N<2* N2t

rae C - abcontoTHas NOCTosiHHaA. Mpu pasHbix 3HaveHwid | 6 ' B uHTerpane (5.3)
MOMyyatoTCA BCEro NWLb 2fC pasHbiX yHKUMIA 0T . OTClofa cpasy Xe Moyyaem

(.1). O

Nemma 5.2. NMyctb 1) > O N >0, k > 0. Torga cywecTsytloT K' > K, N' >
N, N' e {j/,} Takue, -yTO Ans n6OI nocnegosaTensHocTH {CM}, AN KOTOPOIA

lcn| <£] mOi=0npu N < |n| < N', BbINONHAETCA HEPaBEHCTBO

(5.4 a»(t)x»(x) - SN'(x+t) <TTVa 6T, W6 E,

M<2*'
rieECT, |£] > 1—)
Jloka3aTenscTBo. Bo3bMeM K' > K Tak, U4T06bl KYyCOYHO NOCTOSIHHAsA (DYHKLMA

(5.5) d*(*x) = j— J SN(u+l)du, WVx€ Af, 1<p<2*,
* K

Y[0BNETBOPANA HEPABEHCTBY

I"Mt.X) - sn(x +1)| <712, VXVi,
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Ans Bcex nocneposatensHocTen {c,,}, |cn| < Bl,,|. Mo nemme 4.1 cyuiectayet N' >
N, N' € {vu}, Takoe, 4TO

(5.7) J/ max dt < r/3/4.
t

[LelicTBUTENbHO, ANS 3TOMO N' Haflo B3ATb TakK, 4Tobbl 66110 N' >2x u C(enr)2 <

w4 (cm. (5.1)). Janee onpegennm
E=< €71 s
. max <72/ | .
Mcnonb3ys HepaBeHCTBO Yebblwwesa, 13 (5.7) cnegyet |£] > 1—7), a Takxe
(5.8) <TIR2, VxeT,Vviee.

C gpyroii ctopoHsbl, ecnn G,= 0 npu N < n| < N', TO VMEeM
(5.9) SN(x +t) = Sw(a: + t),

a u3 (5.5) nonyyaem

aMl)(%m(*) = WM /7 5" (m+i)<m= M * 1),
(5.10) wm<2K ' na,

Vx€ At.VAjJ,, | <p<2K.
CornacHo (5.10) n (5.9) nmeem
(5.11) eEW) () Xi«(*) - 5*'( + 1) = rffc(4,4) - Sat(x + t).
m<2*
M3 (5.11) n (5.6) cnegyet

(5.12) J2 alN)(OXn{x) - 5nr'(i+1) <72, Vx6T, Vt€E£.
<2

M3 (5.8) n (5.12) cpasy xe nonyyaem (5.4).

,meea'renmm T&IHVblll MocnegoBaTenlbHO MPUMEHMB NeMMy 5.2.. Halifem

nocnefoBaTeslbHOCTU k_l /m +00, Nj /* +00, Nj 6 {i/v}, MHOXecTBa Ej CT,

[EfI> 1- 2 , Takue, uto ecnu psag (1.1) yaoBneTBOpSeT O4ANOMY M3 YC0BUIA &) U
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b) Teopembl 1.1, TO, COOTBETCTBEHHO, BbINOJIHAETCA OAHO U3 HEPABEHCTB

E  “PYIxm(*) - 5« (*+ 0 <2~j, Vk6TI, b6 Ej,

2KV
13 4

53 < - Vs6T, VteSf

1<2K3j |
npuj = 1,2,.... Oanee 0603Ha4Mm
« = N
*>1j>fc

OuesngHo, uTo |£| = 1 MMpegnonoxum, y4to pag (1.1) yaoBneTBOpseT OfHOMY

U3 ycnosuin a) n b). bes notepn 06LLHOCTM MOXHO MpeAnonaratb, 4YTO 3TO €CTb
ycnosue a). [lasee npefnosioXxym, YTo nocnefoBaTensHOCTL £|I1<’\C,,92I‘[HX CX0-
[QMTCA K KOHEYHON MHTerpupyemoin qyHkuum f[x) Bctogy Ha [0.1) Kpome Touek
13 HEKOTOPOro CYETHOro MHoXecTBa A. Torga u3 ycnosuid (5.13) nonyvaem, 4to

nocnenoBaTe/ibHOCTb

Akj{x,t)= 53 «M(*)XM(®)
/| <

ans Bcex e E GyaeT cxogutes K f(x+t) fns Bcex X ne NpuHaAIexalux cHeTHoMY

MHOXecTBy At = + A. OTClofa nerko yCMoTpeTb, UTO ANA paja
EmMmoxn¥*)

BbINOMHEHbI ycnosua Teopem 3.1 n 4.2 n noatomy psg (1.1) 6yaet psagom dypbe
thyHKumin f[x). |

[JokasaTenscTso crefcTsema 1.1. MpumeHns Teopemy 1.1 npu en = max|j|>,, |c,-,
Haingem nocnegosatensHocTb {N”} C {w}, y40BNeTBOPAIOLLAS YCI0BUAM TEOPEMbI
1.1. Onpegenum

_j °n ecnu ne~rNrag.Nraa.,]
(5.14) 1 0 ecm ne\Jjti[NV-UNZ]

=Cn—
Nerko ycmoTpeTb, uto Torga psagsl (1.3) yaoBneTBOpsOT, COOTBETCTBEHHO, YC/I0BU-
fM a) U b). MNMpumeHuB Teopemy 1.1 Ansa Kaxaoro n3 pagos (1.3), Mbl NOAYyYUM, UYTO

oini aBnaTCA pagamu dypse dyHkuuid /i(a:) u/ (K) n cnegcrteme byaeT ycTaHOB-

JIeHO0. O
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Abstract. In this paper we discuss some uniqueness questions for trigonometric

series and for series in Haar system. The obtained results are used to study a
problem posed by P. L. Ul'yanov in 1964.
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Abstract.The paper considers the generalized Dirichlet problem for a class of
degenerate nenselfadjoint high-order ordinary differential equations on an Infinite
interval. The spectrum of the corresponding operator is studied, and in the special
case, the domain of definition of the selfadjoint operator in described.
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1. Introduction

We consider the Dirichlet problem for degenerate ordinary differential equations
of the form:

1.2 Lu=(-1r (fu (m)@m + flI(-1ra- 1(te- (m)<m- 1) + ptpu = /(*),

where t 6 (I;+00), me N,a 1,3,...2m —1, fi < a —2m, a and p are real
constants, and / 6  -07l,+00).

The dependence of the setting of boundary conditions relative to t for t = 0 on the
order of degeneration a and on the sign of number a was first noticed in the paper
by M.S. Keldysh [1] for degenerating into parts of the boundary of a second-order
elliptic equation. The casem = I, =0, 0 < a <2 was studied in the papers by
A.A. Dezin [2] and V.V. Kornienko [3], while the casem = 2, /7=0,0<a<4 was
considered in [4] (on a finite interval). Notice that the problem (1.1) in the case where
A =0 has been studied in the paper by L. Tepoyan [5].

The present paper is structured as follows. We first define the weighted Sobolev
spaces WEN(l,+00), and discuss some properties of functions u 6 W£'(l,+00) and
embedding theorems. Notice that weighted Sobolev spaces on infinite intervals have

been studied, in particular, in the papers by L.D. Kudryavcev [6] and RA. Zharov
64
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[7]. Then we define the generalized solution of the Dirichlet problem for equation
(1.2) and study the spectral properties of the corresponding operator. Finally, in the
special case where j3= -2m, we describe the domain of definition of the selfadjoint
operator. .

2. W eighted Sobolev spaces |7|TM(1,+OO)

Denote by Cm[l,+00) the set of functions from n e ~"‘[l.+00), satisfying the
boundary conditions:

.1) i/f(1)=i*(f)(+00)= 0, bO ,I,....m I,

and define the space W J'fl, +00) to be the completion of Cm[l, +00) by the norm

The inner product in 1¥Y™(1,+00) we denote by {u,v}a = t/my)), where
(-,-) stands for the inner product in (1, +00). Observe that for any function u e
1*241, +00) and any number to 6 [1, +00) the boundary values (to) and uW(I) =
Ok=0,1,...,m —1lexist (see [8]). The proofs of the next two propositions can be
found in [5].

Proposition 2.1. Forfunctionsn e WJ*(1, +00), a / 1,3,...,2m -1, thefollowing
inequalities are satisfied:

(2.2) »PW(i)|> < Cltam afc" 1 el|tt]|" {li+e0), t =0,I....... m-1.

It follows from Proposition 2.1 that in the casea > 2m -1 (weak degeneration), we
have » + ) =0forj =0,1,..., m—1, while fora < 2m-1 (strong degeneration)
not all conditions u~(+00) = 0 are "preserved”. For instance, for 1 < a < 3 after
completion only the condition u’'m 1°(+00) = 0 is "preserved”, and for a < 1 all the
values u*(+00), j = 0,1,...,m - 1, in general, can be infinite.

Let £30(1,+00) := {/; J*°°<7|/(012* < +00j. Notice that for £1 < fa we have
the embedding ,0,(1.+00) C ,0,(1,+00).

Proposition 2.2. Fors <a -2 m the following continuous embedding holds:
(2.3) utn(l,+00) C L%S1,00),

which is compact for 0 <a - 2m.
65
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Notice that the embedding (2.3) is not compact for f) = 0-2m, and for &> a-2m
it bib. Let d(m,a) = 4~m(a - 1)3(a- 3)2mma - (2m- 1))2. It is worth to note
that in the paper [L0] was considered a question concerning the number of real roots
for a polynomial with constant term d(m, a). Using Hardy inequality (see [6]) it can

be shown that (see [9])
24 tnju(m)(t)|2dt > d(m, a) t“- 2mju(t)|adt.
It is important to note that in the inequality (2.4) the number d(m, a) is exact. Abo,
as an immediate consequence of the inequality (2.4), for any < a—2m we have
(25) —(m"a)lIMI*.(i(i,+00)-
3.Degenerate nonselfadjoint differential equations

Now we define a generalized solution of the Dirichlet problem for equation (1.1)
foro”O.
Definition 3.1. A function n 6 V"*(1,+00) is called a generalized solution of the

Dirichlet problem for equation (1.1), iffor anyv 6 WJIJ*(L, +00) the following equality
is fulfilled:

3.1 {«*}, +a(-=h"= 1t"- l«("),«(m- D) + p (t\v) = (/,v).
For the proof of the next theorem we refer to [9].

Theorem 3.1. Let the following conditions be satisfied:
a(a—1) >0,
7=d(m,a)*-(a- d(m-1,a-2)+p>0.
Then a generalized solution of the Dirichlet problem for equation (1.1) exists and is
unique for every f € ,_0(l,+00).

(3.2)

The definition of a generalized solution usually generates some linear operator
£ : £ .,0(1 +00) = &, ~(I,+00) with dense in (L, +00) domain of definition
D(L) C +00) (see [5]). To obtain an operator acting in the same space, which
b necessary from spectral theory viewpoint, we define the operator L = t~eL, D(L) =
D(L). It b clear that the operator L acts in the space , {\, +00). In [ it was proved
that under the condition (3.2) the inverse operator L 1b bounded in +00)

for P <a —2m and b a compact operator for fi <a —2m.
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This, in particular, implies that for /2 < a - 2m the spectrum of the. operator L is
discrete.

For the conjugate to (1.1) equation
(3.3) 'S = (-I)m*i<m)(m> a(-1)m- 1(i°-M m- D>+ pthv = gft),

whereg 6 ,_/(1, +00), a generalized solution of the Dirichlet problem is defined as
follows:

Definition 3.2. A functionv e +00) is called a generalized solution of the
Dirichlet problem for equation (3.3), iffor any ue D(L) the equality (Lu,v) = (u,9)
is fulfilled.

Now the existence and uniqueness of a generalized solution of the Dirichlet problem
forequation (3.3) foranyg € .-/»(1> +°°) follows from Theorem 3.1 and boundedness
of the operator L~1 (see [9]). As above, we define the operator S = t~&S, £X(S5) =
on-

Remark 3.1. Fora < 1 every generalized solutionv 6 (1, +o0) of equation
(3.3) satisfies the condition:

(3.4) (t° - 1j«(m- 1)(012)1t=+00 = 0.
Also, notice that for a generalized solution n e WJ*(1, +oo) of equation (1.1) for

a < 1, it can be guaranteed only the finiteness of the left-hand side of (3.4). This is
some analog of the Keldysh theorem (see (lj).

Proposition 3.1. The spectra of operators L,S : ,/ (1, +00) —£20(1,+00) lie on
the right half-space.

Proof. Since S = L*, it is enough to prove the proposition for the operator L.
Let ReRA < 0, /1 = t~pf and / 6 +00). Then we have /1 € |/ (1, +00).
Consider the equation Lu —Ati = f\. In view of the definition of the operator L, the
last equation can be written in the form:

(3.5) Lu-Xtpu=f, /6 _/»1+ ).
Prom (3.1) for V=1 we obtain

{u,ute+at-irAN'-V "0,U"-H) + (p_ A)(td4u) = (/,u).
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It follows from the last equality and the proof of Theorem 3.1 (see [9]) that under
the conditions (3.2) and ReA < 0 the equation (3.6) is uniquely solvable for any
/ 6 ,-0(1,+00), that is, the equation Lu - Au = f\ is uniquely solvable for every

h £ELiIAL1 +°°)- D

4. Description of tiie domain of definition of the degenerate

SELFADJOINT DIFFERENTIAL EQUATION
Consider the selfadjoint differential equation
(4.1) Lu=(Hm(tau(mtym*+ptfu =f(t), f 6Lj.-zKl.+00), P <a—2m.

Define a generalized solution of the Dirichlet problem for equation (4.1) as in the
Definition 1 (for o = 0). Now consider the special case of equation (4.1) for p = O

4.2) Bu=(~1)T(bl TYT)=/, /e i2_n(l,+00).

Let B = t~&B, D(B) = D{B). In paper [5], it was proved the unique solvability
of the Dirichlet problem for equation (4.2) for every / € ,-&{1, +00), as well as,
the positiveness and seif-adjointness of the operator B :  ,0(1, +00) -+ {1, +00),
and the boundedness of the inverse operator B 1 : £20(1,+00) -* ,, 1, +00) for
f) < a- 2m and its compactness for f} < a - 2m. Thus, for < a - 2m the
operator B 1 is compact and selfadjoint. Therefore the spectrum of the operator B
for 0 < a - 2m is discrete and the system of eigenfunctions is complete in ,/ (1, +00)
(see [L1]). Also, notice that the spectrum of the operator B for 0 = a —2m is purely
continuous and coincides with the ray (see [5]):

a(B) = «c(B) = [d(m, a);+00).
Now we give the description of the domain of definition of the operator L for
= —2m, that is, consider the equation
(4.3) Lu (-1)"((-nH)H +pt-2mu=1/) fe 2m(li +00))

a 1,3,...,2m—,a > 0. Observe that D[B) = D(L), hence it is enough to describe
D(B).

Theorem 4.1. The domain of definition of the operator B consists of functions

n 6 WJ*(l,+00), for which the value u(m 1)(+o0) is finite for \ <a <1, and for
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2m —2k —2 <a <2m —2k—1, k= 0,1,...,m —2, the values tt*(+00) also are
finite.

Proof. Let m > 2. To find a general solution of the equation

= f(t)
observe first that
taUlm)(t) = : il Jr (T t)ym2/(r)dr+c+cit+ ...+ Ccmdtm~~
Let 5 < a < 1 It follows fromn 6 WE‘(l,+00) that 6 L2(1,+00). It is easy
to checkthat co= cj = ... = Cm_i = 0, because the functions t~$,t1 *,..., tm~1~%

do not belong to the space WJ’(l,+00). Thus, we have
(4.9 u(m)(t) = — jpffr - t)ymV(r)dr.

Let G(t) =/+“ (r —£)m-1/(r) dr. Applying Cauchy-Schwarz inequality we get

IQDR<jfV - oo =1 o |]|RV D)

implying that
(4-5) IG (*)I<r*|I/IIW 1 +00).
Now from (4.4) we obtain
1 I+ao
T~ al-T]dT-

Therefore
[jr+0°r “G(T)dr| < J*°° T~b~ndr mlIbansgO.+00) < « * -“||/|[,",, (1 +00)

implying that for j < a < 1the value u(m-1)(+00) is finite. Now let 2 < a < 3. It

follows from u e W~ (I, +00) that ci = ... = Cm i = 0. An integration yields
1 r+°°
r—a{r)dr,
because for 2 < a < 3 we have W'r-1)(+00) = 0. Therefore
| r+00 r+oo
(4.6) u(m-2)(f) = Cl + cOt*-a+ m — J V-aG(n)dVdr.

. Using (4.5) we can estimate the integral in (4.6) to obtain

A
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Similarly, for 2m - 2 < a < 2m- 1 we obtain

u®) . (=m [ 'r - t)ym IT-“G(r)dr +C+COtm-° +... +CT-212T-2 a.
- (m-"Dhait K
The integral on the right-hand side of the last relation can be estimated as follows

|/ +°V - t)ym-xr-nG{r)dr <ctm~n+ill/lI*d.+00).

Here it is important to note that form > 2wehavem -a+ \ <a <2m-2-a. Inthe
case m < 2 the proof is evident. Notice that the conditions of Theorem 4.1 are exact,
in the sense that their violation, generally, can cause the nonexistence of the values
u(A(+o0), k = 1.....m —L Also, note that the values u(ft)(+o0), k = 0,1,...,m -1

cannot be given arbitrarily, they are defiued by the right-hand side of the equation

(4.3) (see [2], [4D. m
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Abstract.We consider the problem of construction of asymptotically efficient estimator for
Pearson diffusion with unknown parameter in the volatility coefficient. The estimator-process
is constructed In two steps. First we propose a preliminary consistent estimator obtained by

the observations on the learning interval and then this estimator is used in construction of
one-step MLE-process (maximum likelihood estimator process). It is shown that the obtained
estimator-process is asymptotically efficient.
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1. Introduction

We consider an example of parameter estimation problem for the particular model
of observations of Pearson-type diffusion process

(1.2) dXt= -Xtdt +\Jti + X} dWt, X{), 0<t<T.

Here 56 © = (a,f)),a > 0 is unknown parameter.

Note that this is particular case of the family of stochastic processes known as
Pearson diffusions [10], section 1.3.7.

It is easy to see that in the case of continuous time observations the problem of
parameter estimation is degenerated (singular), i.e., the unknown parameter t? can
be estimated without error. Indeed, by 1 formula we can write

X? = X8+ 2 [ (XaAX + [tf + X7 ds.
0 0

1This work was done under partial financial support of the grant of RSF number 14-48-00079.
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Hence for all t 6 (0,T) we have the equality

= This effect is due to the smgularity of the measures induced by the
observations in the spacc of their realizations.
Such problems of parameter estimation in the diffusion coefficient are usually

studied in the case of discrete time observations X n = where
0 =t0< h < ... <tn=T. Then the problem is no more singular and became

an interesting statistical estimation problem. There is a diversity of the choice of
observing times . This work is the continuation of the study started in [2]. We take
in our work the simplest way of equidistant observations, i.e., tj = j6,S= £ and we
study the properties of the estimators in the asymptotics of high frequency as n —* oo.
Our goal is to construct an asymptotically efficient estimator of the parameter d. Note
that the family of measures induced by the observations X k = (Xto, Xtt,...,Xtk)
with  satisfying tk < t < tk+i and fixed t arc locally asymptotically mixed normal
(LAMN) and for all estimators  we have the lower bound on the risk

(1.3) M su&) EjlIVK (tfj - d)] > Etce (Q (tf0)) «
toc| - O</
As the loss functions I (¢) can be taken, for example, polynomial £(u) = |u|p,p > 0.

For the definition of the rundom function 6 (i?0) sec (1.7) below. An estimator ti'k is
called asymptotically efficient if for all i70 € © we have

1.9 .
n n = {x0))
The proof of tliis bound can be found in [1] and [4].
We construct the estimator in two steps. First we propose a consistent estimator
of this parameter based on the first N observations X N (X, Xt,,..., XiN) on
the time interval [0,T]. Here T = In = Then using this estimator and one-step
type device we propose an asymptotically efficient estimator.
The first consistent estimator we obtain from the equality (1.2)
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We just replaced the integrals by the corresponding integral stuns. The consistency
of this estimator follows immediately from the limits

[Xtj-Xt~] »f XadX,, —»f Xjds
jml j— Jo
and the relation (1.2).

The next step is to see the behavior of the error of estimation. Consider [/ =
yIN (pN - ). We have

\%
IN= — T X, [2dX, + JCda] —~JXti_| [2{Xt —Aj,.,) + X< 15]
Jo j=i
ana
Xtj-i [Xti - x tj_t] - X.dX.= [*!, ,-*.]dX.
Jtj-1 Jlj-1

= - X.[Xtj_  X.Jds+ I [Xti_, - X.) y/00 + X* dW.

Jgj-1 Jtj-1

yl4o + X* dWr” y/00+X* dW.

o(P'*) + (40 + X*_t)

0(«53/2) + (tfo+ X "y L w ,

where we used the estimate Xtj —Xtj_t = O ( ¥2) and denoted

Wj = Ewj = 0, Evjj = 6,Ewjwi =0,id j.
) V26 ] 1) ] o]

We have as well

X?,6- X]ds = fe-x:] ds=0(532).
Jtj-x Jtj-1

Therefore we obtain the stable convergence (see [10])
tN = £ («O+X*_ )W+ o(l)=>tr=~ £ (*0+ X )dw(8).

More detailed analysis shows that we have the convergence of moments too: for any
p>0
n*E<o|*ar-0or — »E*O|ET|p.
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The pseudo log-likelibood ratio function is

It is easy to see that the equation L {d,XN) = 0 has no solution, which can be
written in explicit form. Hence the corresponding pseudo MLE can not be written in
explicit form too. Remind that this estimator is asymptotically efficient [lj, |3|.

Our goal is to use the well-known one-step MLE device (8), [ in the construction
of one-step MLE-process. This estimator-proceas is asymptotically equivalent to the
pseudo MLE but can be calculated in explicit form. This type of eetimator-proceases
were proposed in [6] in the problem of approximation of the solution of backward
stochastic differential equation for several models of observations (see the review of
recent results in [6]).

Let us fix t € (r,T] and take such k that < t < tk+1- Hence Kk -+ oo and
tk -* t as n -+ o0o. We consider the estimation of by the observations Xk =
(Xto, Xtt Xiu). Recall that by the first X N observations we already obtained the

estimator gu. Denote the pseudo Fisher iuforination as

h,,,n(tfn) = -— — T hNe)= [“TT-— 72
2£ 1 (1+ XI_) 2Jo (*+ *?)
The one-step MLE-process introduced first in [6] is

s N +X NS} - S
K,n = — LJ > r<tk<T.

7
2lu.,, () (tfw+*£_)) Vs

Let us denote

R A [Xi, (*+xl_,)s
Oe,.n (12, Xk) = £ rT¥? L~, r<tk<T.
= 2(0+**.)) Vs
The main result of this work is the following theorem, theorem.
Theorem 1.1. The one-step MLE-process ** consistent: for anyv > 0
(1.5) P*yu~T1axn - o] > >0
and for all (T, T] the convergence A\ >
(1.6) $1/2K .n-~0)=>C tNe )

holds. Moreover, this estimator is asymptotically efficient in the sense (1.4).
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Proof. The consistency of the estimator is proved following the same steps as it
was done in |6J and we follow the main steps of the proof of the similar result in [6],
where can be found the details. We have the presentation

*1/aK,n  *>) = *-12 (N *)+ At

[?N)
=6-" (N- th)+V » (~.*1)-A t.nQ?0,xk
4t*n 0?0)
+ p<, ({iN XKk) ( N -~ 1Al
; lu,n (*,,)
We have the stable convergence
” Au.t. (#0. X k) __Kf ,n N ) («)
(7 1 *.« (t?0) C( o) () yi2( + X*y
FYoin the continuity of Fisher information 14 ( ) and consistency of dy we obtain
1 1
loon (On) | kn (™o)
Further
Att.n (fI*, X k) - At>n (tfp, X*) >»fa, Xk) (t?AF- ~o)
Itk.n (tfo) @*n LU
= <T1/2(* *0)+0 (s') =-S-W (4,,-40)+0(j12.
Hcnce

It can be shown that the moments converge too: for any p > 0

E«wisry,iK,n Bo)F —»E,0C (TO)p*
Moreover this convergence is uniform on . Therefore the one-step MLE-process is
asymptotically efficient estimator for polynomial loss functions.

Remark. The asymptotically efficient estimator process is constructed for the
values t e (r,T]. Note that it is possible to have such process (asymptotically) for
all t € (0,T]. To do this we have to consider the preliminary estimator s on the
interval [0,r,] with r,, 0 but sufficiently slowly. As it follows from the proof of
the similar result in [6] we have to take N = nKwith k 6 ( , 1). Then £T,, => =
ni2 (1204 X$) T), where T)~ IN(0,1). Now for all t G (0, T] we have

fh.T (tP0) = * 1/2K ,n  00) =» Ctm
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More detailed analysis shows the weak convergence of the random process GET (t9n),
r.<t< T withanyr. 6 (0,T) in the space of continuous on [r.,T] functions to

Q(*0), T. <t <T (see [6] for detaib).
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