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XypHan "W3Bectua HAH ApmeHun, MaTematmka” ny6nuMKyeT OpWUrUHanbHble
CTaTbl, B OCHOBHOM Ha PYCCKOM f3blKe, B CNeAyHLWMX OCHOBHbIX HamnpaBneHusX:
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K cTtaTbe cnepyeT npunoxuTb mHaekc MSC (Mathematics Subject Classification),

pestomMe (40 15 CTPOK) Ha PYCcCKOM W aHIMMACKOM f3blKax, a TakXe CMuCoK

K/H0YEBbIX C/IOB HA PYCCKOM W aHrINMACKOM A3blkaxX. B TekcTe pestome >KenaTenbHO

n3beratb rPOMO3AKMUX HOPMYS U CChINOK.

Ha oTaenbHOM nucTe npunaralTcs CBefeHus 06 aBTopax: NOAHOe Ha3BaHWe Hayu-

HOTO yupex[ieHus, MOYTOBbIA agpec, HoMep TenedoHa WU afpec 3NeKTPOHHOW NOuThI.

Heo6x04MMo yKa3aTb aBTOpa, OTBETCTBEHHOIO 3a MEPenucKy ¢ pefakuunei.

O[fHOBPEMEHHO C [BYMs pacrneyaTaHHbIMW 3K3eMnaspamu cTaTbM B pefakuuio
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3NEKTPOHHOI nouTe: sart@vsu.am. CTaTbu MOXHO NPeACTaBUTb TaKXKe Ha WHTepHeT

CTpaHuLe XypHana: http://jmath.sci.am

Mpun noarotoBke ctatby B cucteme TuX (Plain TuX, LATeX, AmS-TeX) cneayet

MCNoMb30BaTh WPMGTLI pasmepa 12pt n cobntogaTts pasmep nevyaTHoro nons 13x21cm.

O6bemM CTaTby He JO/MKEH NpeBbiwath 20 CTpaHuL,

HywmepyeMble hopmy bl BbILeNATb B OTAENbHYIO CTPOKY, a HOMep (hopMy/ibl CTaBUTb Y

NeBOro Kpas CTpaHuubl, >XenaTeflbHO MCMONb30BaTb [BOWHYK HyMmepauuio Mo

naparpadam. HymepyoTca TONbKO Te (POpMY/bl, Ha KOTOPbIE UMEIOTCS CCbIKM.

[pachnyeckne maTepuanbl NpeacTaBsatoTCA oTAenbHbIMK (ainamn (EPS, JPG, BMP)

WK Ha OTAeNbHbIX NCTax B ABYX 3K3eMnaspax C ykasaHuem MX HOMEpOB U MeCT B

TeKcTe.

MpoHyMepoBaHHbI B MOPSAKE LMUTUPOBaHUA CMMCOK NMTepaTypbl MOMeLLaeTca B

KOHUe cTaTbu. B TekcTe ykasbiBaeTCH MOPSAKOBLIA HOMepP WCTOYHMKA W3 CAKCKA
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SABNCAWEE OT OPUEHTALUUWN PACMPEAENEHWE ATV HDbI
CNYUYAMHOIO OTPE3KA N KOBAPUOTPAMMA

A. TACMAPSAH, B. K. OTAHAH

EpeBaHCKWIA rocyfapCTBEHHbIA YHNUBEPCUTET, APMeEHNS
& mails: aral987-87@mail.ru;  victo@aua.am

AHHoTayna. B cTaTbe pacCMOTPeH cnyyvaliHblii 0Tpe3ok ( ) B A" ¢ dmKcupo-
BaHHbLIMW HanpaBieHWEM W ANVHOA NpK yCnoBUK, 4To £>(bl) NepecekaeT orpaHu-
UeHHoe BbiNyk/oe Tefo D. MonyyeHa CBA3b MeX/y X0Bapuorpammoi u pacnpe-
feneHnem cnyuvaiiHoi Bennumubl \ \[= agnnHa D). Takxe nonyuyeHa CBfi3b
Mexay pacnpefeneHuem | | v 3aBUCALLEN OT OpueHTauun GyHKUKeN pacnpege-
NeHns 4AVHbI XOpAbl. Micnonb3ys Haly GopMyny nonyvyaem CBA3b MexXAy MyHK-
UMAMK pacnpegeneHns ANUHbI XOPAbl U CNyYaiHOW BENNUMHBI )X,

MSC2010 numbers: 60D05; 52A22; 53C65

KnwoueBble cnosa: KoBapuorpamma; 3aBuCsilLee OT OpUEHTaLMW pacnpegeneHve
CﬂyLIaVIHOFO 0Tpes3Ka; 3aBucAllad 0T OpueHTaunmn (*)yHKLI,VIﬂ pacnpeneneHna AnnMHbl
X0pAbl; BbINYKJI0€ TENO.

1. Beegenue

Mycte Rn{n > 2) - -mepHOe eBKIMAOBO NPOCTpPaHcTBO, D ¢ R - orpaHn4yeHHasn
BbIMyk/1as 061acTb C BHYTPEHHUMU TouKamu, a Vii(-) - - MmepHas mepa Jlebera B EP.

OnpegeneHune 1.1. (cm. [3]d. PyHKUMA
(1.2) C(/iy=7n(Dn(D + h)), Nnen”,

HasblBaeTCA KoBapuorpammoi Tena D. 3gecb D + J1= {x+ h,x e D}.

XK. MatepoH cdopmynuposan runoTtesy, YTo Kosapuorpamma Bblnyknoro Tena D
onpefenseT ee B K/acce BCEX BbIMYK/IbIX TeJsl, C TOYHOCTbLIO 10 NapasinesibHbIX MNepeHo-
COB 1 oTpaxkeHuit (cm. [3]). . BuaHum n I". ABEPKOB A0Kas3ann, YTO Kaxkaas njaockas
BbIMyKNas 061acTb OMNpefensieTcs B Kiacce BCEX MJIOCKMX BbIMyK/bIX 06nacTeld no
KOBapuorpaMmme, ¢ TO4HOCTbIO A0 NapassiefibHbIX MePeHOCoB U oTpadkeHNA (cm. [4]).
Myctb S'1 1- ( —1)-mMepHasa egnHNYHaA cepa € LeHTPOM B Hayasie KoopauHaTt B

Rn. PaccmoTpum cnyyaliHyto npsmyto m3 fli(tt):

Mi(n) = (npsAMble NapannenbHble HaNpPaBieHUIO U Y Nepecekalowmne D}.
3
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A. TACMNAPAH, B. K. OTAHAH

MycTtb MNrui b - opToroHanbHas nNpoekumsa D Ha rmnepnaockocTb Ul (Ul - runepnnoc-
KOCTb NPOXOAALLAsA Yepe3 Hayasio KoOpAMHAT C HOPMa/ibHbIM BEKTOPOM tt). Cryyaii-
Has npsMast, napasienibHass Hanpas/eHNIo U 1 Mnepecekaroliass D rmMeeT TouKy nepe-
ceveHust (0603Ha4MMm ee vepes X) ¢ MrutD. MoXHO 0TOXAeCTBNATbL ToUkM ITruj.D ¢
NPSMbIMY, KOTOPbIe NepecekatoT D v napansiefibHbl HanpasieHnio u. IocnefHee o3Ha-
YaeT, YTO MOXHO 0TOXAecTBNATL f2i(u) 1 Mrui D. MNMpeanonoXxus, 4YTO TOUKa nepece-

YeHWUA x paBHOMEPHO pacrpegenieHa B Bbinykiom Tene I r,,iD Mbl MOXeEM onpeaennTb

CMeAYIOLLYI0 (PYHKLUMIO pacnpeseneHus:

OnpepgeneHve 1.2. ®yHKuna
W- {X€TIr*"D :V,(ff(w,x)nD) <«)}
{) Fa> - bbliA)
HasblBae TCA 3aBUCALLEN 0T opueHTauMun hyHKLMeli pacnpegeneHns AnviHbl xopgbl D
B HanpasneHun n B Touke € TO, rge ( .X) - MpsMas napaniefnbHas U 1 nepeceka-

owan Mr,,x6 B Touke X, a be(n) = Y _x(Mrn*0).

BekTop h € /1" MOXHO 33gaBaTb Kak /i = , rje u - HanpasneHve h, a ero gavHa.

Nlemma 1.1. (cm. [3]/ NycTbun 6 S’1 1, at > 0 Takoe, yTOo Dn(D-Mu) cogep>kuT

BHYTpeHHMe Touku. Torga C[u, ) aunddepeHumpyema no u

(1.3) ~ro = (s (m)). M),

Myctb { ) - cnyyaiHbIii 0TPe30K AvHbl | > 0, napannenbHbli (MKCMPOBaHHOMY
HanpaBfeHVIO 1 N MepeceKalolwmini D. PaccMoTpum cnydaiiHyo BenuunHy [X/|(w) =

Vi(L(w) ), rae { ) 6 fb(w), npuuem
() = {oTpe3ku gnvHbIl |, NapasnensHble HanpaBieHNO bl U Nepecekatolme D}.

CnyyaliHblii 0Tpe3oK b(Lw), nexatymii Ha HpsAMol A(1, 1), MOXHO 3ajaBaTb KOOpPAM-
Hatamu (8(m,x),y), r4e y ofHOMepHas KoopAvHaTa LieHTpa oTpeska ( ) Ha npsmoii
A[n, X). Hayanom KoopamHaT Ha HpsIMoli 4[u, X) 6epeTcsl ofHa N3 TOYEK MepeceyeHui
4(n,x) ¢ 3D. Vcnonb3sys BbileyrnoMsAHYTble 0603HAYEHNS MOXHO OTOXAECTBNATb
Mr(n) ¢ MHOXXeCTBOM:

M@ = |(i,y):x6MNruxb, ye - ,xbl,x)+ 17,

rge xbl x) —Y\(g(m<x) D). 3ameTtwi, uto fij(M1) He 3aBMCUT OT TOro, Kakasi 13
[BYyX TOYeK nepeceyeHunii f(n, x)nD 6epeTcsa B KayecTBe Havana koopguHat. Kakoe n3
4



3aBuUCsAlULee OT OpueHTaUMUKM pacnpepgeneHne AANHbl ..

[BYX HarnpaB/ieHN1 BbIGPaHO B KAUeCTBO NOIOXKMTENLHOIO CreayeT U3 BUAA MHTepBaia
n3MeHeHus y. anee, 0603Ha4Mm

Bo = {(*¥)€ 2( ): |LI(xy) <0, t€ R\

OueBngHo, 4to () M BE wn3MepuMble NOAMHOXECTBA B Rn.

OnpegeneHune 1.3. ®yHKUMA
(L4) WI(«>0 =/ s12(«)) = Y(H2()) Ta

Ha3biBAeTCH 3aBUCALLER 0T opveHTaumn yHKLUMel pacrnpefeneHns aavHbl ciyyaii-
HOro oTpe3ka B HanpasfeHMM n 6 S” 1

MycTb G,, - NpocTpaHCcTBO BCeX NpsMbIX B A™. Mpamyto g 6 G,, MOXHO 3ajaBaTb
ce UiwpmBnciwom n € 5M 1 1 TOYKOIN NepeceyeHnst X ¢ rMnepniockocTebo u”. Mnot-
noctb dul- - anemeHT 06bema du eanHMYHOM cepbl S 1, a dX - 37IeMeHT obbema ™
B Touke X. INycTb L(-) NOKasIbHO-KOHEYHas Mepa B NpocTpaHcTBe Gn, MHBapaHTHas
OTHOCUTE/IbHO FPYNMbl BCEX EBK/MAOBbLIX ABVXXEHWUIA NAOCKOCTU. VI3BECTHO, YTO ane-
MEHT 3TO/ Mepbl C TOYHOCTbIO A0 MOCTOSAHHOIO MHOXMWTENS UMEET cregytowmii Bug,
(cm. [1], cTp. 204)

ix(dg) = dy = dudx

O603HauMm uyepe3 On- 1 = Vn i(Sn 1) mepy Jlebera eanHnyHoOR cdepbl B A”. OHA
KaXX[0ro orpaHn4yeHHOro BbINyk/1oro Tena D, 0603Ha4M MHOXECTBO NPsAMbIX, nepe-
cekawolwumx D yepes

ID]= {9eG,,, gnD#0}
Nmeem (cm. [1], erp. 233)

wr Tal ()
"Eh= 2(n—I)
CnyuyaiiHas npsmas B [D] ecTb npsiMas ¢ pacnpegeneHneM nponopuyoHasibHbIM CyXXe-
HUIO Mepbl L, Ha [D]. CnepoBatenbHo, Ana Kaxgoro £ 1 nmeem
m({ae[P], Vi(gnD)<t})
F - m(W)
F(t) Ha3sbiBaeTCa yHKLUWMEN pacnpefeneHns anvHbl xopabl Tena D.
MycTb L - cnyyaliHbiii 0Tpe3ok gavHbl | B RN u K(-) - KMHeMaTnyeckass Mepa oTpe3ka

L (cm. [1]). Ecnn g e Gn npsamas, cogepkatasd L ay ofgHOMepHas KoopavHaTtaLeHTpa
5



A. TACIIAPAH, B. K. OTAHAH

oTpeska L Ha g, Torga anemeHT KWHeMaTU4ecKo Mepbl C TOYHOCTbHO A0 NOCTOAHHOIO
MHOXNTENA NMEET B[

dK = dgdydK([i ,

rae dy ognomepHasn neberoBa mMepa Ha 4, a dK”™ anemMeHT ABWXeHWA B Rn, ocTas-
NALLWMe NpAMY 4 HenogBWdKHOM (cM. [2], cTp. 201, 160, 125). B cnyyae opveH-
TUPOBAHHOIO OTPe3Ka, BbILLEYNOMSAHYTbIV MOCTOAHHbIA MHOXMWTE/b paBeH 1, a Ans
HeOpVEHTMPOBAHHOI 0 0Tpe3ka MHOXUTeNb (B 3TOl cTaTbe paccmaTpuBatoTCs TOMb-
KO HEOPUEHTUPOBAHHbIE OTPE3KN).

[nunHa cnyyainHoro oTpeska, Npy ycnoBuu, YTo  nepecekaeT D, nMeeT cregytoLLyto
(hyHKUMIO pacnpefeneHms

AT(L : D~0,ViL D)<i) _ 1
K(L:Lr\D~0) ’ £

FIL,(0 - dyHKUMA pacnpepeneHns AnHbI cilyqaliiHoro oTpeska L.

2. OcHoBHble pesynbTaThbl

B HacTosLeli paboTe MonyyeHbl CreAytoLLve pesyibTaTbl:
1. CsA3sb Mexay (PyHKLMeld pacnpefeneHns cny4vaiiHoin BenuumHbl \b\{L) 1 3aBumcs-
LLiel OT opueHTaumMy yHKL el pacnpegeneHns 4MHbl Xopabl B Rn:

0 ana <0

el %|(,)= MW 2t+ F(u,t){l t)-JoF(u,z)dz
ana 0< <,

V«(D) + ttD(«)
ansa > |

B [5]-[7] nony4yeHbl sIBHble BblpaXKeHWs 3aBUCSILLEA OT OpMeHTaUMM (hyHKL MK pacnpe-
[eneHns 4/IMHbl Xop4bl 418 TPEYrofbHUKA, 3/1IMNca, NpaBuibHOr0 MHOFOYro/ibHUKA
1 napannenorpamma. CnefoBartesibHo, noactasnsasa B (2.1) = 2 n F(u,t) nonyyaem
ABHble BblpadkeHNs Ana .FE,|(ti, ) 4N BbIWeynoMAHYTbIX MI0CKUX BbINYK/bIX 06/1a-
CcTeil.

2. 13 (2.1) moxHO nonyunTb 3HayeHns F(u, ) Ha uHTepsane [0,1) B TepMMHaX yHK-
Lmun pacnpegeneHus ):

ft

@2) F(uy= 'V'(lFf }’V ( )) I\, )+ Jqg AN (g2)dz + 1-



3ABVCALWEE OT OPUEHTALUWNWN PACMNPEAENEHWNE ONVHBI ..

3. Mony4eHa cBA3b Mexay (GyHKUMel pacnpefeneHvs cnydaliHoli BennyuHbl |L|(u)
1 KoBapmorpammoi Ha nHTepsasie [Q 1], KoTopas gaeTcs cnegytoLeli Gopmynoii:
1 \dC(u,t)
V.(D)-HMu) gt ¢ «) c(unN+e a4 +IM«)
3HauveHus F|x,|(t»,t) paBHbl 0, AN < 0 v paBHbI 1, g > .
4. N3 (2.3) MOXXHO MONYYMUTb 3HAYEHNS MPOU3BOLHON KOBApOrpamMmmMbl MO Ha UHTep-
Bane [0,0 B TepMuHax (hyHKUMM pacnpegeneHnsa | |(, ).

0C(n,t) 2D(«)  K,(D)+ZMtx) . 1 Il N
at (i-ty i-t F'\L\M + — tJQ F\L\(u>*)dz
5. Takoke noslyveHa CBA3b Mexay PYHKLUMeR pacnpefenieHns 4MHbI C/TyHaiHoro oT-
pe3ka, nepecekarowero D v dyHKLUKMen pacnpegeneHns anvHbl xopabl D B A7:

0 ansa < 0,

0,_jV._i(SD)( + F()( -t) - JoF(z)dz")

@5) %.() = Lo 0< <

(n- NHON_1wn(D) + 10n- 2Wn-x{dD)
1 ans > |

Ecnu npeanonoxuts, uto F(t) MMeei NAOTHOCTb, nogctasnasa B (2.5) = 2, nony-
Yyaem pesynbTaT 13 [8].
3. fokaszatensctea (2.1) (2.4)

CornacHo onpejesieHNo 3aBUCALLE OT OpMeHTauMn pacnpegeneHns AnHbl Ciy-
yaiiHoro otpeska, gns pacydeta RL\(u,t) Mbl AO/DKHbI HalTK -MepHyto JleberoBy

Mepy ana { ) u CHauvana Bbluncium mepy Jlebera gns fi2(u) C Rn.
r r /mx(«,*)+4 r
V., [M2(n))= 1/ dxdy = / dx dy= (X(u.x) + dx =
Jfla(u) Jnr,iD - Jnr,iD
(3.1) = [ x(ux)dx + | f dx=VvnD)+1 ()
Jnr J.D JnruzD

OueBugHo, yto .Fir,|(ti,f) = 0 ana K O n jPx|(ti, ) = 1ana > |. Kpome TOro, ansa

0 < < | unmeem

HIM) = oy o XY T viyrppaff [y BB O0Y) < Mdxdy =

R A SR td
.. A T-IT X X,y) < ,
Vin(Mr(u)) D J-j (L0ey) <ty
rae | uHamkaTop, T.e. 1(A) = 1ecnm cobbiTue A BbIMoHEHO 1 0 B NPOTUBHOM Clly4ae.
7



A. TACNAPSAH, B. K. OlAHAH

MoxHo npeactasuTb MruxD C Rn~* B BUfe 06beUHEHUSA BYX HeMnepeccKaroLmxcs

MHOXeCTB B J/In 1:

Mr,,xb = {x 6 Hruj.D :*(u,i)«}U (i6 Mr,0.b :*(«.x) > ),

cnepoBartesibHO, NMEEM

1 r rx(u.*)+4
—x_7/ dxI (\L\(x,y)<t)dy=
Vh (f2j(u)) Inruj.D J-£
1 r /m*(«.*)+£
= Valoidw) yxwit  3- TOAL\(x,y)<t)dy+
1 /m /-XK*)+£
* / dx I(\L\(x,y) < t) dy

V(1) xux)>t I—s
Ecm*( ,) < t, to /(IL|(z,j/) < t) = 1ana kaxgoroy e [ Sx(u,a:) + -
Ecnm x(n,r) ~ 10 AILL(X,y) <<) = ! Torga v TonbKo Torga

Y6
CnepoBaTtesibHO, Ans 3aBVICF|LLI,el7I OT OpMeHTaunn pacnpeneneHnn onNHbI CﬂyLIaVIHOFO

0Tpe3kKa NMeem

*Li (M) = tztdx

(U, x) +1dx+ J£

\\//nJ[SH{u)qjl fx(u,x)<t (u.x)>

B2 = [ x(u>x)dx + Ih)(u)F(u,t) + 2tbu(u)(I-F(u,t)) ,
K.(Ma(«))

rae F(u,t) - 3aBUCSLLAs OT OpUEHTaLMM (hyHKUMSI pacnpejeneHnst aniwbl xopabl D,

KOTOpas paBHa c/eaytoLlemy BblpaxeHuto (cm. (1.2))

(3.3) M(w,t), = %JH%J Jy(u,*)q

Wcnonb3ys (3.3) MOXHO YNpoCTUTL CIEAYIOLLMIA UHTerpa:

J*(u i)(I*(«,x)dx: v[rir’\xD X(«. KX («. ) <t)ydi = ( )J/O zdF(u, ) =
= -6d(«) | 2d{I-F(u.2)) = -bD[Y) (I -F(u.i)) - f (1-F(u.2)dz =

(3.4) = bn(ti) {] 1 F(u,n)<er- () @- F(u,t)
o

Mopctasnsas (3.4) B (3.2) nonyyaem (2.1).



3ABUVUCALWLEE OT OPUEHTALUNN PACMPELAENEHWE ONNHbBI

Takmm 06pa3oM, ecivi MMeeM 3aBUCALLYIO OT OpMeHTauMn MYHKLMIO pacrpegeneHns
O/IMHBI XopAbl Tena D, TO MOXHO NONyYnTb 3aBUCSLLYIO OT OpUEHTaLUKU pacnpese-
NeHVie fIVHBI CNyYaiHOro 0Tpe3Ka nepecekarowyto D. OTMeTUM, UTO 418 KaX[0ro
(PVKCMPOBAHHOI0 HanpasneHna n 6 ' 13HaveHUA yHKUMKM F(u, ) BOocCTaHaBMBa-
0T 3nadveinTa yHKumn Fj/,)|(ti, ). Monpobyem pelwmnTb 06paTHyt0 Npobnemy: Haintn
3Ha4veHns pyHkumm F(u,t), korga 3agaHbl 3HadeHus F|x,|(u,t) Ha geicTBUTEbHON
ocn. MoXKHO HaiAiTu yHKuMo F(u, ) pelumB MHTErpasibHoe ypaBHeHMe (2.1) Ha WH-
Tepsasie [0,1]. Bo-nepBbIX, cAenaem cnegyoLme 0603HaueHNS:

n~w W “
OueBungHo, 4To G(u, ) AnddepeHumpyemanot u G'(u,t) = F(ti, ). CnegoBaTenbHO,
13 (2.1) nony4vaem cnegyroulee anchepeHUNaNbHOe YpaBHeHNE:

(3.5) Flil(«,t) = A2t + G'(U*)(F- )- G(ui)] a1 0< <1

Jlerko 3ameTuTb, 4TO

(36) G'(«t{l-t) G(u, )= (- HG(u, )’

M3 (3.6) MOXHO npefcTaBuTb (3.5) cnegytouimmMm o6pasom:

3.7) (/- 1)G(u,t))" = A~IFw {u,t) - 21

MHTerpupys ob6e vactu (3.7) 1 gens Ha |— nonyyaem BbipaxeHue ansa G(u, f) korga
O< <1:

(3.8) G(«t) = jA t J(A-LFw (n,t) - 2t)dt =

B Hawmnx o603HaueHuax G(u,0)=0, cnegosatenbHo B (1) = 0. AnddepeHuympys (3.8)

no mnosyvaem
FM =G'(u,)= (. Fw {u,z)dz-— ~ =" 1 |+
1 rL 2ii- 12

1 10C/Ie HeCMOXHbIX NpeobpasoBaHmnii nonyyaem (2.2).
Takum obpasom, ecnu umeem F|t|(u, i), TO MOXXKHO BOCCTaHOBUTbL F(U, ) Ha NMHTep-
Baste [0, i). Tak Kak pyHKLMA pacnpepeneHmsa F(u,t) nmeeT NeBOCTOPOHHWIA Npegen
9
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B KaX[0l TOUKe, TO N3 (2-2) MOXHO NonyunTb 3HadeHne F(u, ) B Touke = I
F(u, 1) = \mi_F(u,t).

MoactaBnas (2.2) B (1.3), nonyyaem (2.4).
MHTerpupysa (1.3) no 1 ucnonb3ys HavasbHble ycnosusa C(u, 0) = V,,(D), nonyyaem

(3.9) C(u,t) = Ki(D) + b(D, n) F(u,z)dz-1b(D,w).
Moactasnsasa (3.9) u (1.3) B (2.1) nonyyaem (2.3).
4. l okasatenbctBo dopmynsl (2.5)

Vcnonb3ysa (3.1), BbIUMC/IUM CreLyroWniA UHTerpan:

I dgdydKw = [ dK[” du /dxdy=
Jslx...xsn-ax.5"* JDr\L™x,y)jtt

4.1) =0 - ...01[ (K,(D) + ZbD(u))du
Js"-1
M3BecTHO, 4To (cM. [1] cTp. 218)

n

42) Lo p OB 21
Takum obpasom, nogctasnas (4.2) B (4.1) nonyyaeM KMHEMATUYECKYIO Mepy  Nnepe-
cekatowtyto D (cm. [Z] cTp. 201):

(4.3) K{L : D 0)= Vi(p)On-r + «°n an i(3P)

—1

YT0o6bl NONyUnNTh PYHKLMIO pacnpesenieHns 4/IMHbl XOPAbl Cy4aiiHOro 0TpesKa, CHa-
Yyana BbIYMC/IMM KWUHEMATMYECKYIO Mepy OTPe3KoB, nepecekarwlmx D n nopoxpato-
LWMX XOpAbl ASIMHBLI MeHbLUe 3afaHHoro umicna 6 [0,i]. Mcnonb3ya onpefeneHune
(hyHKUUW pacnpefeneHns ANUHbI XOPAbl CyYaiHOro 0Tpe3Ka, 418 BbILLeYNOMSHY-

ToW MeEpPbI UMEEM:

/Ir(L:InD#0,Vi(LnD)<t) = - dgdydKm =
( ( )<t) 2J\/,(inD)<t ad
=\ ..., vn(B~)du = io,,_2...0,J vn(ih(u))Fw (u,t)du =

=-0n 2...0\"j 2bo(u)tdu + J bo(u)F(u, t)(I —t) du—

-L . (M 7> f(* [KOn-:-T (Ne )+
(4.4) N T - ¢ n-2Yn-y{gD) _ On-2vn-,{ON) j* 1
n-1 n-1 Yo J

10
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Tak Kak 0 < F(u,z) < 1, ucnonb3ys teopeMmy ®y6uHU, MOXHO U3MEHUTL MOPSALOK
WHTErpupoBaHns NOBTOPHbIX MHTErpanos B (4.4).
N3 onpepenenuns FIE|(E), ncrnonbsys (4.3) u (4.4) nonyyaem (2.5).

5. FIL|(u,t) ANA  MEPHOTO WAPA

MycTb D - N MepHblIli wap B i M ¢ pagnycom J1 1 c LEHTPOM B Hayasle KOOPAWHAT.
N3BECTHO, 4TO

Tri ir2Ti ffn- 1
(5-1) = N m«)= A
3aceb M(T) ecTb ramma (yHKUmsa - I(T) = wm-~le~wdw. MOXHO BbIYNCNNTb

F|x,|(u, ) gna  MepHoro wapa ucnonb3ys (2.1). Mcnone3ya (5.1) nonyyaem

4 bp(y) = 1 1 1

VO + Ibobl) L+ i + A

rae B(s,a, b) = /0Froa_1(1 —a)b~1dw gnsa a, 6 € J11 - 6eTa thyHKUMS.
N3 onpegenennsa F(u, ) nerko BugeTb, 4To

(5.3) 1- FK )= -

) [)

&Dr(w) - N MepHbI wap B J1'" ¢ pagnycom r = A2 — W C LEHTPOM B Havase

KoopaunHat. CregosartefisHO

ool - ke )T WT
N3 (5.3) n (5.4) BbiTekaeT, uto Ansa e [0,2[] vmeem

(5.5) "M -1-[i (£)*] =

OTmeTuM, uto F(u, )= 1npn > 2R. Bbluncnmm cnepyrowmii nHTerpan:

(5,) H a )T > -* - W - (WA )*r =
O6o3Haunm 1—("g)2 = til. CnegoBatenbHo z = 24(1 —w)$ ndz = —R [l —w)~$dw.
Korgaz = 0, Tow = 1, akorgaw = 1- (j"j)2, to z = t. 3ameHoii NepemMeHHoO B
onpefeneHHom nHTerpane, U3 (5.6) nonyyaem

[ F(u,2)dz=t—R [ (I-w)~~dw = t—R f N1 (1-w)”™ 1(iw
Jo Ji-W * ALY

11
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0TKyga cregyet

(5-7) L F(M’z)dz = B(1’ ~ o 5(1 (am)
Moactasnasa (5.2), (5.5) n (5.7) B (2.1), gna 6 [0,/) nonyyaem

FW< 17 (4%, j)+1[+ (* 1 (rH) \]

B yacTHOM cnydae, korga/ = 2R, noactaenss B (5.8) = 2R, nony4vaem
n~ nxl _rfror ™)
\Y 2,/ rx”n)
4YTO COBNAJAET C U3BECTHOW POPMY/IOi CBA3bIBAtOLLLE raMma 1 6eTa GyHKLmUN.
Jlerko npoBepuTb, Uto \\{ ) = (,)ana MepHoro wapa ¢ pagnycom R un

C LEHTPOM B Ha4dasie KoopAuHar.

Abstract. The paper considers a random segment L(u>) in Rn with fixed direction
and length that intersects a given bounded convex body D C RJL We obtain a
relationship between the covariograin of D and the distribution of the random variable
\L\ - the length of D. A relationship between the distribution of \L\ and the
orientation-dependent chord length distribution is also obtained. As a consequence, we
obtain a relationship between the chord length distribution function and the random

segment distribution function for D C Rn.
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Abstract.W e consider the problem of non-parametric estimation of the mean function of an
inhomogeneous Poisson process when its intensity function is periodic. Fbr integral-type quadratic
loss functions there is a classical lower bound for all estimators and the empirical mean function
attains that lower bound, thus it is asymptotically efficient. Following the ideas of the work by
Golubev and Levit, we compare asymptotically efficient estimators and propose an estimator which
is second order asymptotically efficient. Second order efficiency is done over Sobolev ellipsoids,

following the ideas of Pinsker.

MSC2010 numbers: 62G05, 62MO05.
Keywords: Poisson process; second order estimation; asymptotic efficiency.

1. Introduction

We consider the problem of non-parametric estimation of the mean function of an
inhomogeneous Poisson process. We suppose that the unknown intensity function is
periodic. It is known that empirical mean function is an asymptotically efficient (in
several senses, see e.g. Kutoyants [7],[8]) estimator. Particularly, we are interested in
asymptotic efficiency with respect to the integral-type quadratic lass function. Note
that there are many estimators that are asymptotically efficient in this sense. The
goal of present work is to choose in this class of asymptotically efficient estimators the
estimators which are asymptotically efficient of the second order. Such a statement of
the problem was considered by Golubev and Levit [6] in the problem of distribution
function estimation for the model of independent and identically distributed random
variables. Then applying the ideas of this work to the second order asymptotically
efficient estimation for different models, Dalalyan and Kutoyants [lj proved second
order asymptotic efficiency in the estimation problem of the invariant density of
an ergodic diffusion process, in partial linear models the second order asymptotic
efficiency was proved by Golubev, Hardle [5]. In this paper we prove second order
asymptotic efficiency result for the mean function of a Poisson process. The main

13
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idea that led to development of these type problems was proposed by Pinsker in [10]
(more details on the Pinsker bound can be found in [9], [11]).

2. Auxiliary Results

Let a probability space (M,J,P) and a stochastic process Xr = {Xt,t G [0,T]}
be given. Recall that Xr is an inhomogeneous Poisson process if 1.JTo = 0 as. 2.
The increments of the process XT on the disjoints intervals are independent random
variables. 3. We have

P(Xt-X.=k) = M*)- AM) .e-[A(t)-A(]jo<s<t<T, keZ+,

where Z+ is the set ofall nonnegative integers. Here A(t), t e [0,I] is a non-decreasing
function, and is called the mean function of the Poisson process, because EX(t) =
A.(t). If the mean function is absolutely continuous

n(t)= A(s)d«,
Jo

then A(t), 0 < t <r is called the intensity function.

Let us consider the problem of estimation J1(t), when its intensity function is a r-
periodic function. For simplicity we suppose that T = Tn = rn. Then the observations
XT= {Xt,t 6 [0,m]}, can be written in the form

(2.1) X" = (*b *2,000,%,),
where
Xi= (XM 0<t<r), Xj(t) =Xjr+t- XjT.

It is well known that the empirical estimator

A™O0= -~"X>i(0.*e[o,T]

i=1

is consistent and asymptotically normal: for allf 6 [0, r]

Vn(A(i) - n(<))=>*(o,n(*).
Moreover, this estimator is asymptotically efficient in the sense of the following lower
bound: for all estimators A(t), t € [0,r] and all t* 6 (0,r] we have

I|_I|‘n6 HIBOREJ\?,”EH(”“(I ) - A(t¥)2> A*(f),

where Vs = {J1(.): supt6[Ir] |JA(t) —A*(t)] < K} and for the empirical mean function
one has equality. This is a particular case of a general lower bound given in [7]. Similar

inequality holds for integral-type quadratic loss function ([8])
14
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(2.2) lim Umn supn f Ea(A,(s) A(s))2ds > f A*(s)ds.
4-»0n-H-00 AEVj JO Jo

Definition 2.1. The estimators J1*( ) for which we have equality in (2.2), i.e.,

Ihn lim_sup n
&*On—£00 Agv™  Jo

are called (first order) asymptotically efficient.

f En(1™(a) —A(s))2ds = J[) A*(s)ds,

The empirical mean function is asymptotically efficient estimator also in this sense ([8]).

The goal of the present work is to find in the class of first order asymptotically
efficient estimators an estimator which is second order asymptotically efficient. We
follow the mains steps of the proof of Golubev, Levit [6].

3. Main Result

Denote by Cm(R+), T6 M the class ofall / : R+ 4 R.+ T-periodic functions so
that their (m —I)-th derivative ft"1 1) exists and is absolutely continuous. Let us
consider the following class of functions

7T (4.,5)={ ()= J[' \(s)ds: A€ em_1(R+),
0

(3.1) iTIA<"™*>(i)]2dt < R, |n(T) = Sj ,

where 1 > 0,S >0, m > 1, m € X are given constants. Introduce as well
(oCy \ 2ma
~R2ir(2m- H(m 1)) '
Proposition 3.1. Suppose we have observations of the model (2.1). Then, for all
estimators An(t) of the mean function Ji(t), following lower bound holds
lim sup 3"1f [ En(in(i) —A(t))2dt ——f A(t)dt > —1.
n-H-00 AGYT (4,3) \JO nJo /
This proposition is proved in the forthcoming work [3]. In this work we propose an
estimator which attains this lower bound, thus we wifi prove that this lower bound is

sharp. Introduce

+00
Ali(t) = Ai,<fiit)+y; 1< . )+
-
+» . 1
+ N2 1M21n(A2l+1,n - |+ ) + +1J

1=1

15
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where { } ? is the trigonometric basis on Lu[0,t], Ai,,,are the Fourier coefficients

of the empirical mean function with respect tothis basis and

|2.2i’n‘—(‘1~ \ullyn Ta';) '

Mnr 25 m [t e a
° [n2n R 2m —I)(m —1). 2K\ 22nl

Here x+ = max(x,0). The main result of this work is the following theorem.
Theorem 3.1. The estimator 1*(t) attains the lower bound described above, that is,

lim sup
n-,+00/1€Y,,(aA

(f En(NINE) - A(t))2dt - —[ A()di) = -N.
\Jo n Jo J
4. The proof
Consider the norined linear space
[07-1=1j/: \f(t)\2dt < +00j ,
with the norm
i {l0iTYiY o
Evidently. Jm(R,S) C [0, r]. The main idea of the proof s to replace the estimation
problem of the infinite-dimensional (continuum) mean function by the estimation

problem of infinite-dimensional (countable) vector of its Fourier coefficients. Recall
that the space [0, t] is isomorphic to the space

E»2<+t»},
with the norm
" -d*)*

Consider a complete, orthonormal system in the space L2[0, r],

orM=f T, =2()= cos— t,  Q-iktx(t) = -, keN.
Each function/ € [0,7] isa  -limit of its Fourier series
«foo
/(0 =132 ekk{l), &K=T {) )
fe=i

16
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Our first goal is to describe the set © C  of Fourier coefficients of the functions
from the set Tm(R,S): Introduce following subset of L2[0,r]

ET(A) = {/:/ (1.1) 6 ACIOT]./ (2(0) = /W (1), = 0,m —1, T [f<mit) 2dt< R},

where ACIO, r] is the class of all absolutely continuous functions on the interval [0,r].
The proof of the next lemma can be found in [11], lemma A.3.

Lemma 4.1. The function f belongs to the set Hm(ii) if and only if itsFourier
coefficients with respect to the trigonometric basis belong to the set

(4.1) em=|e€<2 27r*2 <gql,

where Au = j4j*+i = () , fc€>f
Denote
A* = [ Ab4>k(t)dt, Afc= [ X)4>k(t)dt.
Jo Jo

Since A GJ m(-R, S) is equivalent to Ae HT_i(A) for its intensity function and, by the
Lemma 4.1, the later is equivalent to (Ajt)jt>i € ©T _i, then, calculating (A(0) = 0)

2 "W = A “7 2~AA2 =17 2"N(T) N2Kk+b
we obtain necessary and sufficient condition for A 6 3m (-R, S) that is (J1*)*>i satisfies

o B BEHVIISE .

Let us write the empirical mean function as a stochastic integral

A= E *ife= E f 7<* *Ne(*)e

We consider generalization of this estimator

M )= E T Kn{a-i)Xi{a)ds,
nj=ilJ°
where Kn(u) for each n 6 INis such a function that
Kn(u+t)=Kn(), Kn{u)=Kn(-u), n6 [0,T].
We show that there are functions Kn(u) for which the estimator described above is

asymptotically efficient. Introduce

Aj,,,= T () () , Kin= T Kn()<tsi(t)dt.
Jo Jo
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Let us first study

A =T A(«)*(*)* = XM KA g- *)*¥(*)*) ds

= K n{v)®i{a- «)duj da.
We calculate separately the even and odd Fourier coefficients

+, = An(w)Bin— {s-u)duj ds
=yjli £ Xj(s) sin QT Kn(u)cos— udu” ds

- Xj(@a)cos™ s QT Kn{u)sin— ud»ij ds.

Since

I ke ™M Bu= 1 i, dysme 8l <o,
n-r r J r

f Kn(u)cos— udu=_[ Kn(u)cos— udu — n,
JaT T Jo 7

then (the second one can be proved in the same way)
Aai+i.n=/1* ,, «A2+iil, AMi, = X * 2,n *A2iTl.
Instead of this we consider the estimator which Fourier coefficients have the form ([2])
Aiin=Ai,, (,=KynmAyn \ + =1(,( +, —< +)+< +,
where

a2,+i=\fl"is-
Now we are ready to evaluate the risk described in the theorem. First,

EnllAn - Al2 - ; rA(s)ds= Ea||lA, All2- EallA, - Al2.
t Jo

Using the fact that EaAi)1= A(, and denoting ofn = E nlAiil-J1/|2. by the Parseval’s
equality we get

+00
ENJAN All2 EalA, - All2= £ ([tfMn[2 1)(4 ., + 4 +i.n)
0 =
(4-3) tWK,n - 2 gAazivi - a2ti2+ A2 .
1=1

18
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Ib compute the variance ~ + a\l+l<n, introduce the notation
**(«) = Xj(t) - A(H).
In the sequel, we are going to use the following property of stochastic integral
(4.4) ) 1) ) D)= fadA(), f.geU[0,r\.
Further, integrating by parts, we get

A, - Af=r32jQ () () = ()~ ()
which entails that
=EfA.N- A,02- i jT QT *(.)d.) 2dA().
Simple algebra yields
& .+l , = (s;)2W Mmr) - a»] .

Combining with (4.3), this leads to

As (A) (tfn)2- 1)

EAJAN A2 EN|N, A2

(4.5)
+00 00 - [T

+ \Ku.n - 1)2 [|Aai+i - [A+112+ |A2)2] + ~ Z \IT (Tr) [-7q,n|2)Am-
1= i=

For the third term in the right-hand side we have

1*=1 |
L2 12 #1502 (212~ "1

Since (Aj)i>i € ©ro_i, then from (4.1) we obtain

g(?T »kak

[2 \\, 2 AC L-1" 2
gsVillsi) Wik - i T (m)=*
19
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Now, consider the first two terms of the right-hand side of the equation (4.5). Introduce

a set of possible kernels (for all Cn > 0)

A A
{*2in:*21» 1 — — 1 Cnj-
It follows from (4.2)
+00 +o0
y ' —$§ (1*21,n]2- 1)+ + 53 1*21,n - 1]2 [1721+1 - 021+ 122 + 112112]
2 1=1
'Q::L'S& ' .'+%$tAVT/ (" r DW - me M |
Hence, minimizing the later over the set C,,
(4.6) K'g,n = ai'gmin |[* ,,| = "M —|~~| cC.,j

we obtain

EallA, JR2- En|n, N2 <
\eT?,l,JFn,s)gl all LR - Enf| 12)

Here A, (£) is the estimator corresponding to the kernel K (it). In fact, we have not
yet constructed the estimator. We have to specify the sequence of positive numbers
c,, in the definition (4.6). Consider the function

9 +0° 2

a p = « E W ) (i*2/,ni2 -i)+ < £ g

and minimize it with respect to the positive sequence c,,. Introduce as well Nn =

[«(*T-* ()] + Gri<a

To minimize this function consider its derivative
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Consider such sums (/? e >f)

EEDK)

1<N,,

hence, if c,, — Y0, aan — »+00,

n 52 10- > x0dx,
[NLFJ 1</, -[0

that is,
N N — ’ _A oo _
1N, —1'IF')F1F(1+0(1)) n-"+
Using this identity we can transform (4.7) (remembering that Nn = —c,, m)
|ls L (~)y2" "™ E i*-> (T)” 2£ ' 2 - -«a
\ 47 4y Kjv, /
(drr - — T1)--"(m + »W>-
Finally, for the solution of (4.8), we can write
< =* 1+ 1)
1r 25 m 3bT

(4.9 n2n R (2m —I)(m —1)

Now, using the identity (/? 6 >0

1 1 +00
£ A :T"T// Adx-(1+0(1),n-++00,

I>N,,

for 3= 2

N4 2>
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aro-Ura’ (1)
-m<"""in-il:b,m+na-

1+ o0(i)) + ) R =

n 2m—1 NoT0—1
Yy « B A n (1+%(1)>+('4),9=
K)-*1 A F1+»(U)+«)’d = -N»- 1)1 2¢(1+0(1)).

where we have used the relation (4.9). Now, choosing the sequence c,, = a* for the
definition of the estimator in (4.6), we obtain from (4.7)

sup  (eallN,- N2 EnjN, - Nj2) <
7

nes-T (5,5)v
(4.10) <—2m- 1)(a;)24(1 + o(l)) + r max — TV XK
If we show that
(.11) ilrn N i -%Qétw|2| _ ot(n__aLLI_LI

then, since
M=(2t-1)(a;)21n" T,

we get from (4.10)

t sup  (Enj|n,,-nJ2-En||n,,-N112 < -M.
rf+@o Aad~(-9) /

This combined with the proposition wifi end the proof. To prove (4.11) recall that

Qe 171 2S m
)>:(4 V| a)-h y. n2n R (2ro- I)(to- 1)

Therefore,
1 |L- gL 121~ 2 1- Kbl.n 2 . c .ap
(M)- -n TC-(W y~ =nan = A$MF = o(n 5 T)-m>1-
Theorem 3.1 is proved.
Acknowledgements The author is greatful to Yu. A. Kutoyants for his suggestions

and interesting discussions and to A. S. Dalalyan for fruitful comments.
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1. Beepgenune

Beefem Heobxoanmble 0603HayeHus. O npomexyTka | yepe3 Q(/) o603HauMm
MHOXECTBO BCEX KOHEYHbIX CUCTEM MOMapHO HenepeceKarLmxcs UHTepBaos In, Tar
kux yto AT C /. Myctb Ik = (afc 69 n / dyHKums Ha Rm. Mpu m = 1 0603Ha4YMMm
f(h) = /(6i)-/(ai). EcnrmgnaTt —1yxe onpegeneHo f(h,... TO NOMOXUM

J(wL1*eo | ')

BennunHy (1 ,..., Im) 6yaem HasbiBaTb CMELLAHHLIM MpupaLLeHiemM gyHKuum / Ha
/= IxX ... xIm.

Ecnn mHoxecTBO {1...., T} pasbuTo Ha ABa HenepecekaroLMXcs MHOXECTBa a U
P, T0 uepes f(la,xp) 6ygem 0603Ha4aTb CMeLIAHHOE MpupalleHne / Kak yHKLMK
apryMeHTOB xi, i 6 a, NPU PUKCUPOBAHHBIX xj, | €

O6o03HauyLi Yepe3  MHOXECTBO HeyOblBalOLLMX MOCNEA0BATE/IbHOCTEN MOMOXM-
TenbHbIX uncen J1 = {A,.}, yL0BNETBOPAIOLWMX YCNOBUAM
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Onpepgenenne 1.1. Nyctb Aj = { }9?le L, j =1 Torga (Ni,...N1)-
Bapuaumeir pyHkuum f{xi,... ,im) OTHOCMTENLHO NepeMeHHbIX X\,.. .,Xxm no na-
pannenenunegy Ai X... X T Ha3blBaeTCA BENNUYMHA

Myctba C {1, <, T} coctout maumcenji <...<jpu@3={1,...,m}\a. Torga
yepes

0603Haumm (Ajj. . ... NBapnauunto / OTHOCUMTENbHO (DYHKL MW NEPEMEHHBIX X j ., ..., Xjv

Mo p-mepnomy napannenenunegy Aa = [,-, X **¢X Ajp Npn (OMKCUPOBaHHbIX 3Maye-
HUAX Xj, j 6 p.

(n,,..., 17,)-Bapraumein yHkumm f(Xi,..., Xm) OTHOCUTENbHO NEpeMeHHbIX Xa
no m-mepHoMy napannenenunegy An = i X wex [T Ha3blBaeTCsA BEIMUNHA

Ecnu nonHas Bapnaums yHKLMM KOHEYHa, TO OHa sBnseTcs (DyHKUMel orpaHuyeH-
Hoin (/b ... ,A.-T)-Bapmauun, a Knacc Takux yHKuuii ob6osHavaroT uepes (Mi, ..
AT)BV{b).

Ecnn nocnegoBaTensHocTu A{ coBnafatoT M paBHbl J1, TO ANA KpaTKOCTW Bygem
nucatb Vg“, Vg un IBV (). B yacTHOoM cnydae, korga J1 = {n}, dyHKuun knacca
ABV (A) Ha3blBalOT PYHKUUAMWN OrpaHNYEHHON rapMOHMYECKOl Bapuauum v nuwyT
HBV (A), VH n 1.4.

OnpepgeneHne 1.3. CkaxkeMm, 4TO0 X 6 Rm fBseT CA perynsipHOil TOUYKON YHKLMM
/, ecnu cywecTBYIOT U KOHEYHbI 2T npesenbl

f(xi dO,...,xmi 0)— liro f@4ii t\t...,xmi tm)y

ONsi BCEOO3MOOICHBLIX KOMBUHALMIA 3HAKOB.
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B ogHomepHOM cyyae Knaccebl ABV 6binv BBedeHb! [l. BatepmaHom [2], a B ABy-
MepHOM cniyyae - A. A. CaaksiHoM [7]. Cnyyaii 60nee BbICOKUX pa3mMepHOCTel 6bin
paccmoTtpeH A. L. CabnuHbiv [9].

Knaccbl ABV 04eHb MOMe3Hbl MPU U3yYeHUW CXOLUMOCTU TPUTOHOMETPUYECKMUX
psgos ®ypbe. Okaszanock (cMm. [4], [6], [8]), 4TO 3TK Knaccbl MOXHO MCNONbL30BaTb TakK-
e MpU U3yYeHUN CXOAMMOCTM TPUrOHOMETPUYECKNX MHTEPMONALMOHHBIX MNO/IMHOMOB
B OJHOMEPHOM U1 ABYMepHOM cny4yasx. MpuBeseM OCHOBHble U3BECTHbIe pe3ynbTarbl.

Teopema 1.1 (4. Batepman [2]). MycTb 2ir-nepnognueckas gpyHkuna/ e HBV ([ n.
m]). Torga B Kadkpaoii Touke pag dypbe f cxoguTcea K BeanuuHe /(a+°)+Ap-0) u
CXOAMMOCTb PaBHOMEPHA Ha Mt06OM 0T pe3kKe, NedKallem BHY TPy UHTepBana Hempe-
PbIBHOCTU (hyHKLMU.

Teopema 1.2 (A. A. CaakaH [7]). MNycTb 2ir-nepuognyeckas no Ka>kgomy nepemeH-
HOMY usmepumas yHkums / 6 HBV ({—m, 7]2). Torga B Ka>Kaoii perynsipHoin Touke
(xi,x3) e R2 psg ®ypbe / cxoanTcs no MpuHrexedMy K BeAMYMHE

x2) = i/(i! +0,x2% 0).

Ecnn dhyHKUMS HenpepbiBHA HA OTKPbITOM MHOXKeCcTBe E, TO CXOAMMOCTb paBHO-
MepHa Ha nto6oM KomnakTe, ne>katem B E.

A. H. baxBanos [5] nokasan, 4To B ciyyae T > 2 HENPEPbLIBHOCTb (DYHKUUU 1
OrpaHMYeHHOCTb e rapMOHUYECKON BapuaL My HeJOCTaTOuUHbI A5 CXOAUMOCTM PSaoB
®ypbe no MpuHrexelimy. [. BatepmaHom [3] 66110 BBEEHO MOHATVE HEMPEPLIBHOCTU
no A-Bapuauun, Kotopoe 6bi10 0606uieHo A. H. BaxBanoBoM [5] Ha MHOrOMEPHbIiA
Cnyyaii Ana yCTaHOBNEHWS! CXOAMMOCTM No MpuHrexeiimy npym T > 2.

Onpegenenne 1.4. CkakeM, 4yTO (yHkuusa / € (Ai,... ,AT)BV () HenpepblBHa
no (Ai,..., AT)-sapuauuu n Hanuwem / e C'(11,....1 1)V (4), echn gna nobdoro
HenycToro mHo>kectea = {ju...,jp} C {1,..., T} v moboro jk ¢ a

S <>+l (NN)=0
ege A™ = {Ai+c} £ 1.

Teopema 1.3 (A. H. baxsanos [5]). MycTb/ 6 CHV([—/r,7r]T) HenpepbiBHas 2TF
nepuoanyeckas no Ka>kaomy aprymeHTy (yHkuus. Torga ee psg Pypbe paBHOMEPHO
cXoanTca K Hell no MpuHrexeimy Ha [-9, 9]°L
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[N TPUroHOMETPUYECKUX UHTEPNONALMOHHBIX MOIMHOMOB aHanor Teopemsl 1.1
6b11 fokasaH A. A. Kenb3oHom [6] (cm. TakxKe (4]), a aHanor TeopeMbl 1.2 6b11 fOKa3aH
B pabote A. Hypb6ekaHa un A. CaaksHa [8].

B HacTosLell paboTe AoKa3aH aHanor Teopembl 1.3 ANg TPUrOHOMETPUYECKUX UH-
TepnofALMOHHBIX MO/IMHOMOB W YCTAHOB/EHA ero0 OKOHYaTENIbHOCTb.

2. BCI'IOMOFaTeJ'IbH ble pe3ynbTaThbl

Onpegenexnune 2.1. MycTb GyHKuma f(xi,...,x m) 2n-nepuoguyHa no Ka>kaomy
aprymeHTy 1 T = [510K. Ana Habopa HaTypanbHbix umcen N = (Ni,..., Nm)
n BekTOpa X° = (x?,...,1,,) 6 T™ onpefenum y3nbl UHTEPMNOAALUN CNeLyoLL UM
o6pasom:

xj = Xxj(x°,N) = (x}x...,.x£) , i= 0% jim) € Zm,

Xj —  + jhNt hjft — r—1)ee. lw, j 62

2ivT+i*
Uepes INI....Nm(f,x) 0603HauMM eANHCTBEHHbLIA TPUrOHOMETPUYECKUA (MHTepno-
NALMOHHBIA) NONMHOM BUAA
Hi Nm
53 c 1" INe izl memefmim
ui=-Ni  vm=ANm
[Ns KOTOpOoro

iNl...w-(/,xj) = 7(xj), jezm.
Kak rnokasaHo B [1], w,..., A,,-4aCTUUHble CYMMbl NUHTEPMONALMOHHOIO NoJINHOMa
3afarTca (hOpMyflaMI/I:
(2.1) = £ e £

Ul=-ni I =-run

T
roe Wjv,+i(t<) - HenpepbiBHas cnieBa, CTyneH4atas ()yHKUMA CO ckaykamu Jlgf, B
Toykax Xj, j = 1,...,2Ni+ 1, aDn() - agpo Aupuxne.

Teopema 2.1. MycTb/ € MBV(AT) ana HekoToporo uHTepsana J1 C T. Torga

(22) y/ p AFLLFTITT =P - OW2W ) aW2Wiel ()

<n A X (VU-CHAT) + M (/, A")),
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roe M (/, A1) = BuPxell /(x)-

JokasaTenbcTBo. Teopemy AOKaKeM MHAYKUMeli no m. Ana T = 1 oHa AOKa3aHa
B paboTte [8]. Mpeanonoxum, 4To Teopema BepHa AN T —1 W goKaxem ans T.

0O603HaunB

<K*i) = J[LI,T—lf(tU " -,")A\E[—Z A dusNe+HI(12)---db>2N,,+1(tm),
nHTerpan B (2.2) MOXKeM MpeacTaBuTb B BUAE

1=J 0(<i)-"-r-~Arfw2Wi+i(<i)-
MpuMeHVB TeopeMy B OAHOMEPHOM Criy4ae, Noyunm
*

23 [/l<— (W.A)+M*1).
A B CUY MHAYKTMBHOIO Npeanonoxenna agna T —1u 6 [ 6ygem umetb
@4 NoJ<IT— 1XpKm- ) A™D+ g}

[Ns OUEHKN rapMOHMYecKoll Bapuauuu (yHKUMM O PacCMOTPUM TFapMOHWUYECKYHO
CYMMY M0 HEKOTOPOMY CeMeliCTBY NomnapHO nenepecekatolmnxcs MHTepeanos {4*}£=1 =

(< @y=t s &

y 10(A%)I _
(o=
ss g Y [[(&i*2>---|EmM) /(<**>*2>ese. *m)] —PIRNa+I(t2 ) " -<P2AfmM+I(Am) =
k=l OT-1 *=2
/ r T
53 T [/(A» *2|eeeltin)—f (& k,t2, ... ,tm)] R —
AT-. b=l i=2 Y
* m e
=/ - )JJl - < At () eos™AR2VNIHI(Iim)
</ar i 7T
m jy j1
<M=t — x[w , a7 1)+ Afe a7 1)],
=2 1

rae yepes rp 0603HaveHa PyHKLUUA
r

FY)YZE T M OF m>seee® ™M [(n* *y  <«)].

*:I

HeTpyAHO HoKa3aTb, 4To

(2.5) VHbE, 1T 1) < VAU, A1),  AfWAT_1) < VH(f, AT ).
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CXOAMMOCTb MHOITOMEPHbLIX MHTEPMNONMALNOHHBLIX nonnHomMOB ..
M3 (2.3)-(2.5) BbiTekaeT Tpebyemasn oueHKa (2.2). Teopema 2.1 foKa3aHa. O

Teopema 2.2. MycTb f{x ,...,XT) 2>K-Neproguueckas no Ka>kAoMmy nepemMeHHo-
My yHkuma, u/ € HBV (T'n). Torga

\ m o, ... tm)ei”r + -+nr d w 2NI+1(tl) mmmdw2Nm+1{tm)
< 141
ana noboroj = 1,..., m.

[loka3zaTenbCcTBO. Be3 orpaHMueHUn 06LLHOCTY MOXEM CUMTaTh, 4To j = 1. Tenepb
BOCMO/b3yeMCSl aHa/I0roM Teopembl 2.2 151 0HOMEPHOrO C/lyYasi, KOTOpbIli 6bin 40-
KasaH B [4] (Teopema 2):

I n/(*i,*ee,tm)e<(n,t,+- +n“ ‘m)d N 1+i(t1) medw2Nm+I(tm)

t o eeticos e FT/(EL L tm)e<iIWMHL) 55 gwiivic (ifc)

Jt'—1 Ut k=2
< (2iNm 1ta_m_ax [I(<!),. o tm)e,  H(iJawai(ti) < ZnT\ Inj{/i V(M-
Teopema 2.2 foKa3aHa. O

Teopema 2.3. Myctb f(xt,...,xm) n g(xi,...,xm) = MNx&C1*- Ecm f 6
HBV(T"), 9i6 HBV(T),l = 1 T, TOrda

29
k . . m
[ /7¢x+ 99@® M AUNA % 0 <on%e dpson, i (*i) oee +i(tk)
JTm 3=1 1 a=k+1

20.9) A 2iV)+1 2N, +1 1
<<?(/,
i T 2n, \nNa
Ans nobbix X€ T™, <Nj,j=1,.,k 8=k+1,....m k=1,..,m.
JokazaTenscTsBo. O603HaUYMM
F(t) = /(xr+ t)s(t), Xt 6 Rm.

Mo nemme 1.2 u3 [7] umeem, yto F e HBV (TT). O603HaumB
r ko'
( H,...,tm)= JTk/(X + O)ff(t) fj S— — dvbNy+i{ti) s NKk-+i(tk),
J- J
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UHTerpan B (2.6) MOXeM 3anucaTb B C/efytoLIEM BUaE

T

@7) [ fictliossl ) U e " dbtyNk+iHftk+]) oo oGV +i(ET)
- =+l
<{2nT-k-r"+1_1_blo)

M OLEHWTb C NOMOLLbLIO TeopeMsl 2.2, rie a6 (A+ 1,...,T}.
apmMoHMYeckas Bapuaums PyHKUMM b OLLEHMBAETCA TaK, KakK B JOKa3aTeNbCTBe

Teopemsbl 2.1:

(2.8) VH () <C II‘I_1 n R V*r(F).

M3 oueHok (2.7) n (2.8) cnegyet (2.6). O
Teopema 2.4. MycTb f(Xi,..., XT) 2-K-Nepuogmnyeckas no Ka>K4omy nepeMeHHo-
MY (PYHKLWMSA, HBV (T'n). Ana mob6oro e > O

)Ll (>*) — T /(X*(:‘Ei) M l_I!!LI i MeWi+I(*1) eIV, H(tm) +0(1),

T LU
a ";[—«,€) ]
rae o(1) cTpemnTcs K O paBHOMepHo Ha T™, korgary —fo0o, »= 1,...U, Tak, YTo
OTHOLeHMA paBHOMEPHO OrpaHuYeHbl.

JokaszaTenbcTBO. 3anuweM sapo Aupuxne Dn(t) B cnegytowemM Bmae:
A.Q= + g{t)sinni + cos , 6T,
rae

ff(t)y=2 ~ |" ? 0< * "> »(°)=0-
Tbiga, cornacHo (2.1),

(1.%)y= [ [(*+DTAYN)NA 1+i(*)"-n»ag.+i(*n.)
JTm t=I

23 L
=/ (X + )N 2 , Ldw2jv,+i(<i) see<iw2arJWi(<t ) + 1\ + 1 + 73,

1 = [ Ox+4) T —A A dw2dV,+i(ti)"-du2jvm+i(fm)



CXO0AMMOCTb MHOITOMEPHbIX MHTEPMNONALNOHHbBIX noannHomMoB ..

a ln agnserca cymmoii no Kk = 1,..., T—1 1 BCEBO3MOXHbIM KOMBUHaumam (*i,..., tm)
WHTerpanoB cnefymlLlero suaa

K oTn. T. 1
//< (() ﬂ A(N.)BT TUUN W+ NCOBTU.Ii. gu>2N,+I(tl) me mdu>2Nm+ I(tn

»=1 *o LK+
CHayvana ouenum uHterpan I\. O603HauMm
ecm ftj < e
- ft ecmm [i| > 6.

h(t)

Tak KaK (hyHKUMS h orpaHuyeHa Ha T, TO UCMOMb3ys NeMMy 1.2 n3 [7] nonydyaem
m

F()=A4x+1)N ()eHBVIIY, VH(F) <C(e)V,.(f).

»=1
MprvMeHnB Teopemy 2.2 ANa QYHKUUKU F, NONYYUM HYXKHYIO OLEHKY A4
[anee, HeTpyaHO ybeanTtbes, yto g 6 HBV(T) u c yyetom nemmbl 1.2 n3 [7]

nony4vaem
m

I(x + )N <7(*i)esAIBV (TT)1
i=1
YTO BMECTE C TEOPEMOI 2.2 AaeT HYXXHYIO OUeHKYy ans 1 .
WHTerpansl B I3 ABAAKOTCA CymMMamu WHTerpanos Buaa (2.6), rae gi = 4 wm
<i = 5 1 oueHMBAKOTCA N0 Teopeme 2.3, OTKyAa CnefyeT HY>KHas oueHKa Ans I3, Tak
KaK KONMYECTBO MHTErpanoB BuAa (2.6) COCTaBNAOWMX  KOHEYHO U 3aBUCUT TO/bKO

oTT. M
3. OCHOBHbIe pe3ynbTaTbl
Teopema 3.1. MycTb / - 2n-nepuogmnyeckas No Ka>kjoMy nepemeHHOMY (OyHKLWS

n € CHV(TT). Torga gns no6oi perynsapHoin Toukum X = (Xi,...,XT) 6 T,

(3 = +0
npun yCnoeun, 4To OoTHoweHna Ni/iy, paBHOMEPHO OrpaHUYeHb.

Ecnu, Kpome Toro, hyHKUMS / HenpepbiBHA B OKPeCTHOCTW KomnakTa K, To
(3.1) nmeeT mecTO paBHOMEpPHO Mo X 6 K.

[okazaTenscTso. o Teopeme 2.4 LOCTAaTOYHO MOKasaTtb, YTO
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rae
(3.3 Tn<N{<L-ni, i=1,....m
(L - dwmKcnpoBaHHAsA KOHCTaHTa) K

/(x +0) = lim /(xi+ ,...,xm+tm)-
M3 Teopembl 2.4 creflyeT, 4To

-4r / rl 2N () = —
.......... T y[o’e]T t; db>2N ,, .+ i(t,n) m

Cl'le,qOBaTBfleO, €cnm 0603HaYUM
m{)=Vx(@)=/(x+t) - /(x + 0),

TO COOTHOLWeEHME (3.2) NPUMET BUA;

@4 lim - f =0,

...... nm-*x> 7Tm J[0le]m ££ H

Ho Ho Teopeme 2.1,
m .
A(t)J3 81 - idUINi+I1(*1) esediolNm+\ (tm)
I\ fcl
< ( +1r [VH(W[o.€lm) + MW, [0,ep)],
rae L - noctosHHaa us (3.3). OTctoga cnepyet (3.4), a, cnefoBatesibHO, U yTBEPXKAe-
HVe TeopeMbl, Tak Kak u3 ycnoeus / 6 CHV{TT) BbiTekaeT, 4To (CM Teopemy 2 13

ny,

(3.5 limVH (&, [0,ep) = 0, lim [0,ep) =0,

npwn aTom, ecnn / HenpepbiBHa B OKpecTHOCTU komnakTta K, To (3.5) nmeet mecTto
paBHOMepHO Mo X 6 K. Teopema 3.1 foKa3aHa. O

B cnyyae T > 2 B [5] (Teopema 5) npuBeaeH MpuUMep HeNpPepbIBHON hYHKLMM C
OrpaHUYeHHOW rapMOHUYecKoi Bapuaumeli psg ®ypbe KOTOPO PacxXoauTCst B HEKO-
Topoli Touke. MNpuBeAEM aHaNOrMYHbI/A MpUMep 415 TPUrOHOMETPUUECKUX UHTEPMO-
NALMOHHBIX MOMMHOMOB. MpW MOCTPOEHNM NPUMEPa BOCMO/b3YeMCs 31EMEHTaMIN KOH-

CTPyKUMn npumepa B [5].

Teopema 3.2. TlycTb T > 3 nnocnegosaTensHOCTU AL, ..., AT € L TakoBbl, YTO



CXOANMOCTb MHOTOMEPHbIX MHTEPAOAALUMOHHBIX MOJIMHOMOB ..

Torga B knacce (A, N12,... AT )5V ([, 7T ) cywecTBYyeT HenpepbiBHas QyHKLMA
TPUrOHOMET PUYECKME VHTEPNONALMOHHbIE NMOAMHOMbI KOTOPON pacxoasaTcs no Ky-
6am B O— (0,

B yacTHOCTHM, 3TO 03HAYAET, UTO B CNyyae T > 2 B Teopeme 3.1 knacc CHV{[ >k, )
Henb3s 3aMeHUTb Knaccom HBV ([—r, 7T ).

[Joka3aTenscTBO. 19 NOCTPOEHMA PYHKLMM BOCMONb3YeMCA TaK Ha3blBaeMbIMM “Ana-
FOHaNbHBIMKN™ YHKLMAMKN onpegenieHHbIMKU B [5]. MycTb n*, JV* HaTypasibHble Yyncna
Takue, 4To

(3.6) nx=4, n*>3,  NO=1 Nk-= ese * = Nk-irik-

4 na HaTypanbHbIX K onpegenum nHtepsanbl D\ = {fTNK,ir/Nk-i). ¥3namn nHtep-
nonAuum 6yayT CNY>XUTb TOUYKK

OnpegenuM yHKUMM /* ¢ NOMOLLbIO KOTOPbLIX ByAeT 3afjaHa “auaroHansHan” PyHK-
uma. Mol nonaraem /*() = O0npu € T \ D\. B y3nax tj, kotopble HaxogsaTcs B DI
nonaraem
fkfc) = [sin{Nk + 1/2)* ],
a Ha MHTepBanax Mexay ys3namu QyHkums [ nuHeiHas. 3aMeTuWM, 4TO M3 orpe-
penenuns cnegyet, uto fki- ) = fkijjf-;) = 0. Jlerko npoBepuTb, YTO HOMEpPamu
y3/10B, KOTOpbIE NeXaT B anaoTcsj = Nk+2,..., Nk+ * Hocutenb gpyHKLMM
fk genntca Toukamu i* Ha * MHTepBasIOB MOHOTOHHOCTW. lMpupalieHme PyHKLMM Ha
( *—2) nHTepBanax MOHOTOHHOCTW paBHseTCA — *\ a Ha OCTa/lbHbIX BYX paBHSAETCA
. CnepoBartensbHo

[Janee, 0603Hauum D\ = (n/(Nk + 1/2), 2ir/l{Nk + 1/2)) n

Torpga “amnaroHanbHas” yHKUna

3.7)

npuHagnexut knaccy (H,A.2,... ,TMBV (TT) no nemme 6 B [5].
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CHayvana fokaxeMm, 4Yto pag B (3.7) CXOAMTCA paBHOMEPHO. oKaxem, 4To s
noboro e > 0 cywectayeT uncno No > 0 Takoe, 4to npu N > Ng

oc / T \
E < £ ANABCCX X = (*1,...,XT)€TT.
j=N+1\ 9=2 /

3ameTum, yTo wax|/,*(«)!'\ Oupnj -> o0o. Beibepem J¥o > 0 Tak, utowax|/*(i)| <
€npnj > No. Tak kak [fy(t)] < 1, To AcHo, uTO

E (ak™” N m **) < E I-M*])-
i=N+1\ 7=z  J=WHI

MocKonbKy Mo MOCTPOEHWIO HOcUTenn (yHKUMIA [, nexkat B uHTepBanax D\, To gnsa
nboro x = (x1,.. mxT) 6 T "*umeem

E INMiC®)!=0. ecm x11 U Dh-
3=N+1 j=N+1

B npoTvBHOM cny4ae, Tak Kak vHTepBanbl D\ monapHO He mepecekatoTcs, TO ANS
HekoToporo jo > N > Ng 6yaem umeTb
CEINOFDI =\ M\ <
i=nr+i
4TO M TpeboBanoch fOKa3aTb.
V13 paBHOMEPHOIA cxoaumocTy paga (3.7) v HenpepbiBHOCTM (yHKUWiA fj n hj cne-
LyeT, 4To PyHKLMA / HenpepbiBHa HA T T.
O603HaUUM

bl i)=%:::8 ), n =1,2,...

1 fOKaXkeM, 4To B (3.6) nMocnefoBaTe/lbHOCTb M* MOXHO Bbl6paTh TaK, 4TOObI A4/15

Npy JOCTaTOYHO 60/bLUMX Tt UMeNy MecTo OLEHKM
Rk > 25 npu 4eTHbIX K, Rk <6 npu HeyeTbIX K.

Tak Kak pag (3.7) paBHOMEPHO CXOAMTCA,
@ 00
a*=Ew M. °)(M(".0))mi=:E
i=1 3=1
CHayana paccmMoTpumM BenmuuHbl Ibik{/y, 0). Ana no6oro A
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38 WA.0)= = N < M) =

1 1 m > 1 1
Tk i=* +2 2Hin(tj/2) X Nk+ 1/2 - (2Nk+ 1)Innfcj=" +2£ x

1 1 n*~
JE+aJ—1*J/2 = § J+UW - 2b~”(Innfc 1}- 3°

npu gocrtatoyHo 6onbwmnx *. MycTb /0(t) = JDSi /<(*)> Torga

(39) £ iv*(1,0)= £ NW W |
=fc+l I=k+l

/m* « M Gn(Me + i1/2)i 1 2ir VA Y

s ~ /0 w*) " mmi/- « w - ;* Baiunn *K°e (w71 T Jl

eMNk +tovfcT
A h_— A
28inn/2{2Nk+1) " 9k 1 teonavay "OW! X fsrbeis © 2

npu JOCTaTOYHO 60/blIMX *. B foKa3aTeNbCTBe HEPaBEHCTBA Mbl BOCMO/b30BA/IUCh
TeM, YTO eIMHCTBEHHbLIM Y3/10M UHTEPNONALUN B UHTepBane O, " aABnsaeTcs djk+i =
A+l om flo(i)| = |/i(*)i, Tak Kak HocuTenu /i MOMapHO He MepecekaroTCs.
Ecnv uncna Wi ,..., NK-i yxe BblbpaHbl, TOogna i = 1,2,..., K —1,

<) = /J )KM t)Sm]*ktdu2Nk+i{t) + o(1) npn Nk ,
rfAe uHTerpan asnseTca KoadpuumeHTom Pypbe-JlarpaHika HenpepbIBHON QyHKL UK

KOTOpbIli CTpeMUTCs K Hyto, Korga Nk —>00. CnefjoBaTefibHO YACMO 1* MOXHO

BblOpaTh Tak, YTo6bI

*-1 r
(3.10) Eir(N,0)]|< -,
i=1
35



A. P. HYPBEKAH

Mepeligem K oueHkam /*,,(/*,0). YuuTblBas, 4To AN NO6GOrO K eAUHCTBEHHO y3N10-
Boin Toukoii B Df. asnsietca 24 |F1, To 6ygem umeTb

1 r™HN,+1/2) HOV+ 1/2)i)2
(3.11) 2M T

(ernh\{Nk+ 5) X aWk+f]
28Ny +1/r))*

1 = 2. =ICp,
- @M+ naT2 3
[anee, ona r K umeem, 4to
1 /-WCr+1/2) c » 171 sin(MVic+ 1/2)
312 \ ,,1 ,0\= o

LT 12 (@NKk+L)sind

W ) a> T % + ) <J - *xEx[2)y A el W
1 ™ . I ~l
- JIXWi+ 1/2 X 2sin(7r/(2Nk +1)) - 2

Tbraa, ¢ yyetom (3.10),
(3.13) £ N*«d ™ I-
251<b
Yunutbieasa (3.8), (3.11) n (3.9), (3.12), BbibepeM KO Tak, 4TOObI MNP K>KO

-T
(3.14) Rkk > =35 £ \RKki2j\<
2>k

W3 cooTHowweHul (3.13) 1 (3.14) nonyymMm, YTO NPY YETHBIX K > KO
Rk>Rkk- £ \RkV\ £ Nem*I>35- f f =25

2j<k 2j>k

a NP HEeYeTHbIX K > KO
[Nar] < Y 1 10 *.2>1+ Y 1 - I II:

2j<k 2j>k
YTO U [OKa3blBaeT PacXoAUMOCTb MHTEPMOAALMOHHBLIX NOSMHOMOB MO Kyb6am B TOUY-
ke 0. n

Abstract. The paper considers the question of convergence of partial sums of multi-
dimensional trigonometric interpolation polynomials. Convergence by Pringsheim for
functions that are continuous in harmonic variation is established. An example is
constructed showing that continuity in variation cannot be replaced by boundedness

of variation.
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Aunotaunn. B flaHHON paboTe NPUBOAMTCA MOMHOE OMWUCaHUE WHBAPUAHTHbLIX
naeanos C*-noganre6p anre6pbl Tennuua, HENOABUXKHbLIX OTHOCUTEIbHO KOHeY-
HOI rpynnbl aBTOMOP(M3MOB. [,0Ka3blBAETCA PACLLeNMMOCTb KOPOTKMUX TOUHbIX
MOoCNef0BaTeNbHOCTEN NOPOXKAEHHBIX TAKUMU MAeanamm.

MSC2010 numbers:

KntoueBble CNoBa: MHAEKC MOHOMa; anreébpa Tennuua; HenpuBOAMMOeE MpeacTaB-
neHvie; C'-anre6pa, MHBapWaHTHas nofganre6pa; MHBapUaHTHbIN Uaean; KOMNaKTHbINA
oneparop.

1.Beepgenue

1 OfHUM 13 XOPOLUO M3BECTHBIX M UCNOMb3YeMbIX anrebpanyeckux 06beKToB B CO-
BPEMEHHOI MaTeMaTU4eckoi um3mnke sBnseTca anrebpa Tennuya 7. B paboTax MHO-
rMx aBTOPOB WCC/EYeTCA Kak caMma 3Ta anrebpa, TakK U pasfinyHble ee MOAUDNKALIMN,
M3y4aroTCA CBOIMCTBA NOMYyYeHHbIX anredp (cm. [1] [6]). AaHHasa cTaTbs NOCBALLEHA
0JHOMY 13 0606LLEHNI anrebpbl Tennuua, KOTOPoe BOSHMKAET Npu uccneposaHmn C*-
anreép, NOPOXAEHHbLIX MHBEPCHLIMU NOAMNONYrpynnamMu GUUMKIMYECKO/ nonyrpyn-
nbl. PaHee, B paboTe [7], aBTOpamMmn 6bIN0 HayaTo u3ydeHue C'-nofanrebpbl anrebpbi
Tennuua 7, NOPOXAEHHON MOHOMaMW, WHAEKC KOTOPOM KpaTeH uucny T. OTa C'-
anre6pa 6blna 0603HaYeHa 7T 1 6bI110 NOKa3aHo, YTO OHA HENO/BUXXHA OTHOCUTENbHO
KOHEYHOI MOArpynnbl rpynnbl S1 nopsgka T. BbiAy onvcaHbl BCe HEMPUBOAVMbIE
6ecKOHeUYHOMepHbIe MpeAcTaBneHns aToi C7*-anrebpbi.

B HacToswleli cTaTbe MPOAO/MKAETCA UccneaoBaHne C*-anredpbl 7T C HECKO/MbKO
WHOI TOYKM 3peHus. B yacTHOCTU, NokasbiBaeTcs, 4To C*-anrebpa 7T npeacTaBns-
eTcs B BUAE

(1-1) Tm= T(rn)+3Cm,

1Pa6oTa BbIMOMHEHa NpU (hMHAHCOBO noafepxke PODU N 12-01-97016.
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raoe T(t) C'-noganrebpa B anrebpe TT, nopoXaeHHas onepatopamn T™ n T*T,
a X,n - C*-nopanrebpa BcexX KOMNaKTHbIX OMepaTopoB B 7T. Bosiee TOro, nokasbl-
BAETCA, YTO MPU HEKOTOPbIX MOAUDUKaLMAX noganrebpbl X T M0yyatoTcs HOBble
npeactasneHms suga (1.1) gns anrebpbl 7T.

OCHOBHOI Lefblo CTaTbW SIBASETCSH MCCMefoBaHWe WHBapUaHTHbIX uieanos C*-
anrebpbl 7T. Vigean J anredpbl 7 T Ha3blBAETCA MHBAPUAHTHLIM OTHOCUTENBHO HEKO-
TOpPOro ectecTBeHHoro npeacrasneHms al: S1 -» Aut(T), ecnm a0(z)(J) = J ans
noboro z e S1. B cTatbe Nony4eHo MoOHOE OMNMCaHUE BCeX WHBapWaHTHbIX uiea-
noB anre6pbl TT, U MOKAa3aHO, YTO MX KOHEYHOe YMCno, B TOYHOCTU paBHoe 2LL un
YTO KaXKAbl U3 HUX MOPOXAAETCA PasHOCTSAMM MPOeKTopoB Bupa T “T** —TJT*3,
O< i <j < 7. Takxe JoKa3aHO, 4YTO eciM J  VMHBapWaHTHbIA ngean C*-anrebpsbl
7TnJ XT,T0OHaMOXeT 6blTb NPeACTaBNeHa B BUAE NPAMON CyMMbI 7T “ 7,,®J,
ANs HekoToporon <T.

2. NOAANTEBPbI ANTEBPbI TEMNANUA, HEMOABWMXXHBIE OTHOCUTENBHO
KOHEYHOW TPYMMbl ABTOMOP®N3MOB

PaccmoTpum runb6epToBO NpocTpaHcTBo |2{Z+) ¢ ecTeCTBEHHbLIM OPTOHOPMOPO-
BaHHbIM 6asncom {en}kez+. MycTb T - onepatop casura Ha 12{Z+), KoTopbIii Ha
6asnce 4enCTBYET Crefytowmm 06pasom:

Tek = efcHi-

OueBngHo, yto T*T = I, rge T* conpsbkeHHbI onepaTop K onepatopy T, | -
TOXAECTBeHHbIN onepatop, 1 TT*= P npoekTtop Ha 12{Z+\0). CnepoBatensHo,
nonyrpynna, nopoxzaeHHas oneparopamn I n I, obpasyeT OULUKINYECKYIO MOy-
rpynny. Kaxgblii 3neMeHT 3TOi nonyrpynnbl MMeeT Bug TnT*Mm n,m e Z+. Takue
3NeMeHTbl B fa/ibHeiwem Oyaem HasbiBaTb MOHOMaMu [5], @ YACno m —m - WHAEK-
COM MOHOMa 1 0603Ha4vaTh ind(r"T*m). KoHeYHble NNHelHble KOMOMHaLMK
MOHOMOB 06pa3ytT MHBOMIOTMBHYK noganrebpy anrebpbl B(12(Z+)) BCcex nuHei-
HbIX OrpaHWYeHHbIX OMepaTopoB rnaLbepToBa NpocTpaHcTBa 12(Z+). PaBHOMepHOe
3aMblKaHue 3Toli noganrebpbl B B (12{Z+)) Ha3biBaeTcs anrebpoit Tennuya n 0603Ha-
yaetcsa uvepes 7. Myctb (M 1) — 1) ®7 - C*-anrebpa Bcex HenpepbIBHbIX
0TOBPaXKEHWIN N3 eANHNYHON OKPY>XHOCTM S1 B anrebpy 7, ¢ HOpMOiA

A ||= sui) NA(Z) I, AeC™-7).
s
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Mycte A*, 6 CCS1;7), Aw(EK = A(z mzo) - onepaTtop cABura Ha zq. Tak Kak
I Agg 11=11 A 1l To onepaTop casura A MOpoXKAaeT NpefcTaB/eHne

ff-.S1-* AutM S 1;7))t a(z)(A) = Al.

Kaxaomy anemeHty A u3 Cft'-.T) MOXHO CONOCTaBUTb (POPMasbHbIN pag;:

A(«)N "2 Akzk,
K=—60
€ Ko3thdhmumeHTamm
Ak = J <r(z)(A)z-kdz,

rae uHTerpan Gepertcs No HOpMMPOBaHHON Mepc Jlebera na S 1

O603Haumnm yepe3 7 C*-noganredpy anre6pbl (1) ® T, NOPOXKAEHHYH MOHO-
mMamm TnT*m{z) = zkTnT*m, n,T 6 Z+, rge t= - T10. OYeBMAHO, UTO
anrebpa T uHBapMaHTHa OTHOCUTENbHO CABWUIOB 3fieMeHTaMu rpynnbl S1, TO ecTb
a(z)(i4) 6 7 pna nobbix A n3 T nz 6 51 B pabotax [8], [9] 66110 NOKa3aHo, 4TO
oTobpaxeHne A >>A A = A(1) nopoxaaeT nsomoppusm mexagy C*-anrebpamu
7 n T. AHanorunyHble pe3ynbTatbl Ans 6onee obLero cnyyae 6biAM MNOMyYeHbl B
pa6ote [10]. Moatomy npeacTtaBneHve a: S1 —»Aut(T) nopoxgaeT npeacTaBneHme
<to—mAUut(T):

a0(r)(A) = A(2),

roe A = A(1). Otmetum, yto co(z)(TnT*m) = zkTnT*m, n,T 6 Z+, K =n T .
MoHATME NHAEKCA MOHOMA MOXHO PacrnpocTpaHUTb U Ha 3neMeHTbl 7°nj ,tm anrebpbl
7: ind(TuT*m) = n —T. W3 noctpoeHuns anrebpbl T BUAHO, 4TO ecin. A = T"T*T,
B=TkT*1u -m K —I, Torga

J A@B*(z)dz = 0.

»

MosTomy anre6py T MOXHO 3anucaTb B Buae

rge -C* 3aMKHYTOe NOANPOCTPAHCTBO B 7, NMOPOXAEHHOE MOHOMaMW MHAPKrS ft, To
ecTb coctosuee n3 tex A € T, 4na KOTOPbIX

a(z)(A) = zfA.
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CnepoBatesibHo,

(21) 7= 0 Lk,

K=—00
rae £jt  3aMKHYTOe NOANPOCTPaHCTBO B T, MOPOXAEHHOE MOHOMaMu MHAEKCA K.
Moatomy
Jk = {Ae7-,a0(z)(A) = zkA}.

Kaxzgomy anemeHTy A 13 T MOXHO COMOCTaBUTL (hopMasibHbIi psa:

A- £) AK

fc=-00
rae Ak 6 >t MycTb 7T - C*-noganrebpa anre6pbl Thnavua, NOpoXXaeHHas MOHO-
Mamu, MHOEKC KOTOPbIX KpaTeH yicny T.
B pa6orte [7] 6bi10 nokasaHo, Yto ecnt Gm = {z 6 S1:zm — 1} - KOHeuyHas
nogrpynna rpynnsl S1nopsgkaT, ToO

(2.2) TT ={Ae 7 :cro(NUT) =A, ze Gm}.

MocnegHee 03Ha4yaeT, UTO anrebpa 7T SBNSETCA HEMOABMXKHON OTHOCUTENBHO KOHEY-
HOI rpyilbl aBToMopr3MoB Gm.

00
Nemma 2.1. CnpasegnMBo TOXKAeCTBO: 7T = ® £KT, rge
K= —00

£bn = {A6 7;<t0(z)(A) = z"A).

[JokasaTenscTBo. lMNMyctb B £ 7T, Torga cornacHo (2.2) a0(z)(B) —B. W3 paBseH-
ctBa (2.1) u 7T C T BblTekaeT

B- £

00
roe Bk 6 -C+~ Ho tak kak aO(r)(b) = B, cnegosatensHo, aO(r)(B*;) = B*, 10
ecTb uid(Bfc) kpateH T. Takum o6bpasom, Bk 6 -Ctm- [NocnegHee 03HayaeTr, 4To

o]
7TC ® -(m Ob6paTHOe BKIHOYEHNE OYEBWAHO. O
fc=—o00

3. Ctpyktypa anre6puor (T

O603Haumm vepes 7(Tn) C*-noganrebpy anrebpbl Tenauua 7, NOPOXKAEHHYIO one-

patopamn TT n T*T. OueBmgHO, 4to T(T) C7T.
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PaccmoTpuM rMnb6epToBO NPOCTPaHCTBO 12(Z+) ¢ 6asncom {e/b}*er +. Mpeactasnm
ero B Bufe NPSMOIA CyMMbl
(3.1) i"Z+)= A0 ©H\¢p ... OHT-M
rge 6asunc noanpocTpaHcTBa < cocToUT U3 BeKTOpoB {ei+jtm}jtez+>1 < r < T0. Thraa
nognpoctpasictBa Hu 0 < i < To —1, UHBAPUAHTHbI OTHOCUTENBHO anrebpbl 7T.
[LelicTBuTensHO, NycTb A e 7T,TOoraa A npubnmkaeTcs MMHeRHbIMU KOMOMHALMAMY
mMoHoMoB V = TKT*‘, rge ind(V) = kK- | kpateH T, Toectb K | =dm, d 6 Z
Torpga gns nobeix Hin e € dA, ecim Vej 0, To Vej = el+ind(v) = eJ+(/m €
Hi- CnepoBsatenbHo, Aej 6 $-. MMoaTomy ntoboit anemeHT A € 7T 0AHO3HAYHO
npeacTaBnseTcs B BuAe

A =A\Ha® OA|aT_,.

OTMeTuM, YTO BCe BbllLeCKa3aHHOe CrpaBes/IMBo W Ans anrebpbl 7(T).

Anrebpa 7(T) Ha kaxzgom nognpoctpaHcTee LL,0 < i < T —1, AelCTBYeT Kak
anrebpa Tennuua, Tak Kak TACi+KT = Ci+(™i)T  sBnsSieTcs onepaTopom casura
Ha 6asmnce nognpocTpaHcTBa A*. Takum obpasom: T(Tn)|s, —7, TO eCTb CyLLEeCTBYIOT
nsomopmsmsl Ti\ T(T)|5, —»T,t = 0,1,...,To—1 conocTaBnatoLme caBury Ha s
caBur Ha  Z+). CnefosaTefbHO, Ana noboro A € T(T0) HalifeTcs eaUHCTBEHHbIN
B e 7, Takoit, uto 7 ( |«,) = Ti(J1]a,) = e-mTw-i(Alsn_1) = B. MNoatomy

T(10) = {A :A=B0OBiIi©..©BT_b

T

(3.2) roe <Bi)=B,i=0,1,..,To—1, B6T}<->0T,

.
rae yepes ® T 0603HayeHa nNpsamas CyMmma To 3K3eMNAsApoB anrebpbl Tennuua 7.

Beegem cnegytowyme 0603Havenms: Pi = TITm,1—0 , 1 , m. Toraa cnpaseanvebl
nepasenctea PO > Pi> .. > Pm.

Nemma 3.1. Anrebpa 7T sBnseTca C*-anrebpoil, NOPO>KAEHHOW OnepaTopamu.
TT, T*T n npoekTopamn Pi, rge 1< | <10—1.

JokaszaTenbcTBO. Mo onpefeneHnto anrebpa 7T NOpoXAaeTca aneMeHTaMn V, WH-
[EeKCbl KOTOPbIX KpaTHbl T, To ectb V = Tmk+T*mn+, rge k,n e Z+, 0 <
I<710- 1 Torga V =T>*TIO*T717T = (M9)*(CrT*)(I"'*71)". OTcloga nony4aem
YTBEPXAEHNE NEMMbI. |

Mokaxem, 4To anrebpa 7T Ha KaxAoMm nognpocTpaHcTBe A<,0 < i < T -1
Takxke feicTByeT Kak anrebpa Tennuua 7. [Ons 3TOro BLIACHUM, KakK MPOEKTOPbI
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Pjl 1< j < m —1, geiAicTBYHOT Ha 3TUX MOAMNPOCTPaHCTBaxX. basmcom Hi ABnseTcs
MHOXecTBO {e<Hom}fcez+- OuesmaHo, PjCi+km = Ci+bn gna nwoboro k > 1. A npu

K = 0 nmeem
Pm- =1 «l npu i > j,
370 <
OTO 03HayaeT, uTo

Takum o6pasom, anre6pa Tmil, nopoxzaaeTcs TONbKO NWWb onepatopamum 1T u
+m

Myctb X (7*-nopanre6pa BceX KOMNaKTHbIX 0nepaTopoB anrebpbl Tenauua T, a
XT- C*-noganre6paBcex KOMMNaKTHbIX OrepaTopos anredpbl TT . O603Ha4YMM Yepes

.
$h3C = {Ko©.. ®KT-i :Ki —KkomnakTHbIii onepatop B B{LL]), 0<r< T - 1}

Nemma 3.2. CnpasefMBo TOXKAECTBO:

.
ar _IT\A*

JokasaTenscTBO. Myctb A6 XTc Tr.Torga A  A\WHO06..0 A\H,, xun A\Hi -
KOMMNaKTHbIV onepaTop B 5(A<), 0<i <T—1 Toectb A e (—5 X. Takum o6pa3om,
XTCch x. m

Mokaxxem o6paTHOe BK/toueiwe. Anrebpa TT codepxuT onepatopbl Ei = P, —
Pi+i, 0 < i < 7T —1, geiicTByloLMe CNeayoLLMM 0O6Pa3oM:

ecnm K = i,

EiCk ek
€C/ B MPOTMBHOM C/lyYae.

0.
Kaxgblii onepaTtop Ei,0 < i < T —1, ABAseTCA OAHOMEPHbIM W, CNef0BaTe/bHO,

KOMMaKTHbIM Ha CBOEM MOAnpocTpaHcTee F». MockosbKy 7 T\H( ABnaetca anre6poi
Tennuua u, cnefoBaTeNibHO, HEMPUBOAMMA, TO 7T U< COAEPXXMT BECb Maean KOMMaKT-
T

HbIX onepaTtopos Ha L. OTctoga cnegyet, uto g X C X T. O
Teopema 3.1. Jlioboii anemeHT A e TT npefcTasnseTcs B Buge A = C+ D, rge
C67{T), De XT, TOeCTb

Tt = (1) + XTA

[lokazaTenbcTBo. CornacHo iemMme 3.1 C’-anre6pa 7T NopoXjaaeTcs noganre6poii

T(T) n npoektopamu Pi,...,PT _i. Ana gokasaTtenbCTBa TEOPEMbI, Y4nTbIBas, YTO
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b. B. JIMMAYEBA, K. 1. OBCEMNAH

X T sBnsietcs ngeanom B 7T, 4OCTATOUHO nokasath, 4To Pj6 T(m) + 30m, 1< j <
in—1,Toects Pf=C+D,rge (76 T(rn) u D € 3C".
[LelicTBuTensHo, yunTbiBas (3.3), 4ns noboro j, 1<j <T - 1, umeem:

Pj = P\H © - OP\HjOPj\H+L ©... OPj|aT =
_ywy™ 0 0ijmpmo /0 ...©/ = (FTT*T ¢ ..0 TTT*1)+

+(00..000© (/- TTT*r)0...0 (/ TT™)) =C+D,

roe C = TTTTmO LOTMI'MET(T) M 22=00 ...00© (/- TTT*T)© ... ©
(/ —j TOr'*m) e ® C Tak Kak 7 — ABNSAETCA KOHEYHOMEPHbIM OMNEepaTopom
W, CNefoBaTeNbHO, KOMMNaKTHbIM. B cuny nemmbl 3.2 D 6 30 . Takumo6pasom,

Pj=C +D, 1< <1 - 1rmae CeT(1), De . O

N3 Teopembl 3.1, nemMbl 3.2 1 pasnoxeHus (3.2) cnefyert, UTO KaXAblii aNeMeHT

A un3 anre6pbl TT npeacTasnseTcs B BUAeE:

A—{G5o+ Ko)©..0 {Br-1+ KT-1),
(3.4) roe Ti(Bi)= B,i=0,1,....m —1,5 e T, KO,...,KT e3C}.

4. KOpOTKI/le TO4UYHbIE NMOcC/iegoBaTe/IbHOCTMU

MocnenoBaTeNbHOCTL anre6panyecknx 06bekTos Gi ¢ nocnegoBaTeNbHOCTbIO O-
momopgusmos <pi: Gi -> Gj+i, Takas uto ans nwo6oro i o6pas ipi \ cosnagaer ¢
appom ffii (ecnim 06a romomMopdu3ma ¢ TaKUMM UHAEKCAMW CYLLECTBYIOT) Ha3blBAETCA
TOYHOIA.

TouHble nocnegosatenbHocT Tuna 0 — »A -~4 B ¥ C — »0 HasbiBatoTCA KO-
POTKUMMN TOYHLIMU NOCNEA0BATENLHOCTAMM, B 3TOM CAy4yae y3- MOHOMOPHW3M, a
> 3numMop(uM3M, TO eCTb KOPOTKas TOYHAs MOCNEf0BaTENbHOCTL COCTOUT M3 06b-
ekTa B, ero nogo6vekta A u aktop-o6bekTa C. Mpn 3ToM, ecnu y <PecTb npasblit
06paTHbIN MMy  neBblii 06paTHbIA Mopdusm, To B MoxHo oToxaecteutb c A0 C
Takum o6pasom, 4to A u C oTtobpaxatTcs @ A U C ToXAecTBEHHbIM 06pasom. B
3TOM C/lyyae KOpPOTKas TOYHas MocnefoBaTe/bHOCTb Ha3biBaeTCs PacLenMoil.

PaccmoTpum pasnoxexue (3.1) runb6epToBO NpocTpaHCTBa Z+) 1 ceMelicTBO
npeacrtasnennit C*-anre6pbl T,, T, :TT —B(Hi), 3agaHHbIX paBeHCTBOM ANA Ni0-
6oro A 6 Tt

au(/1) = A\H,, 0 < *< 1 —1
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CTPYKTYPA UHBAPUAHTHbBIX WAEA/IOB HEKOTOPBIX MOJA/NEEP

B cuny nemMmbl 3.1 1 (3.3) nonyyaem, YTo 3TU NPeACTaBNEHNUS ONUCHIBAIOTCS PaBeH-
cTBamMm

70,(Pi) = TM(P2) = TTI(P<) = /, TMi(Pi+i) = .. = T<Pr—) = TT"*, 0< *<7-1.
B pa6oTe [7] 6blna fjoKasaHa crefyroLLas Teopema, Onm1CbIBatoLLas BCe HEMPUBOAUMbIE,

YHUTAPHO HEIKBMBANIEHTHbIE, GECKOHEUHOMEPHbIE NpefcTaBneHns C*-anre6pbl TT .

Teopema 4.1. C*anre6pa TT MMeeT POBHO T HENPUBOAUMbIX, YHATAPHO HE3KBU-
BaNeHTHbIX, GECKOHEYHOMEpPHbIX NPeACTaBneHWid, KOTOpble ONUCLIBAKOTCA TOXKAe-

cTBaMu:
)Pi=P2= . =PT-1=T71T'T,
2)Pi=/, P2=P3= ... =PT-i = T1I*T,
3)Pj=P2=1, P3= ..=PT1-1 =
T)P\=P2= ..=PT1-1 = I-

OTMeTUM, 4TO CeMelicTBO HpefcTaBneHuid {mri} N 1 ONMCbIBAETCA aHAI0MMYHbIMU
TOXAecTBamu u, cneposatensHo, {fi}”~1 HenpuBOAWMbIE, YHUTAPHO HE3KBMBAr
neiiTiible 6CCKOHeYitOMepiible MpeacTaBnenus.

PaccMoTpumM figpa aTux npegctasneHuin {ir*}”1, Kotopble, 04eBUAHO, ABMSAOT-
ca mgeanamu anrebpbl TT - MycTb Ji = ker(T),0 < i < m —1. B ganbHeiiwem
OyaeM 1cnonb30Bath crefytoLlee, 0603HaueHue: ecin uaean J HeEKOTOpPOW anrebpbl
nopoxgjaetcs anemeHTamn Ag,...,AT- 1, 6ygem nucatb J = [ .., ].

3ameTum, yto Jo = pI'T T*n' —A]. [elicTBUTENbHO, Tak Kak »o{TTiT ‘w- Pi) = Q
TOM TmT‘m- Pi)troPi) =0 mk®"TTTT —P()=0,2<1<7-1.

AHanornyHo, Ji = [TmT*m—P<+i, | —Pi], 2<i<m—L,un Jm i = [/ —Pm-i]-
Takum 06pa3oM, Mbl MOYYUIN CEMECTBO MAeanoB { KOTOpble ABAAOTCS A4-
pamy HempuBOAMMbIX MpeacTaBneHnin {u»} 1

PaccmoTprM Tenepb BCEBO3MOXHbIE NONapHble nepeceveHns ngeanos Ji Jj, 0<
i <] < m—L NMokaxeM, 4TO TaKoe nepeceyveHue ABASETCA A4POM NpeacTaseHns Mo
T Tt —B {Hi ®Hj). OelicTBUTeNbHO, NepecedeHnto /< Jj ByayT npuHagiexartb

anemeHtbl TmT*m- Pj+I, r'MT*m Pj+2,.., IT'T™ Prai, | Pi,-, * Pj
a Takxe Pi+1 Pf+2, Pi+  Pi+3,-, Pj.1  Pj- 3710 o3Hauaet, uto Ji Jj =
™r*r _ Pj+lj pi+l —Pj, | —Pj], HeTpyAHO BUAETb, 4TO 3TOT MAean ABNAETCA

SAPOM NPSIMOIA CYMMbI ABYX HEMPUBOAUMBIX MPEACTaBAEHWIA, TO eCTb

KerPki © nj) = Ji Jj.
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3ameTum, ytoecm i =0, 70 | —Po=0,aecmj = M 10" TTT, T —PT = 0.
AHaNornyHo, paccMmarprisas BCEBO3MOXHbIE NepeceyeHuns Jrrio<ii< <..<
tn < m —1, MOXHO MOKa3aTb, YTO OHW SBNAKOTCA AAPaMN NpeAcTaBneHNi

® ":TT1->B(040.

A=L k=L

.
3ameTum, 4To Ji = {0}, n cnegoBarenbHO, YTO NpeAcTaB/ieHne
<0

m—1
hTrcOT->B{H)
i=0
ABMIAETCA TOYHbIM.
B cnegytrowmx nemmax onucbiBaroTes ngeansl Ji, 0 < *< m- 1, n BCEBO3MOXHble

NX nepeceyeHuns o*» 0 < » < ..<in<Tn—1

Nemma 4.1. /6ot ngean Ji, 0 < i < T —1, anrebpbl 7T UMeeT Buj

Ji={AeXm:A\H = 0}.

JokaszaTenbcTBo. IMycTb A f1060IA anemMeHT 13 C Tr. Tak Kak Ji = ker(w)
n m™-A = AlH,, T0 Alni = 0. Mokaxem, 4To A 6 X T. CornacHo Teopeme 3.1, A
npeactasnsetca B suge A - A0+ K, rge 6 T(m), K e XT. anee n3 (3.2) n
nemmebl 3.2 nonyyaem Ao = BO®...®BT- 1, rge =B,i=01,...m-1. B67
m K=Kidg..pAt, 9-6 X,0<i <71 —1 MNockonbky |#4= 0, T0 .Ags< =
—K\H,- CnegoBatensHo, Bi = —K, e X. Tak kak n - usomopcwusm, 1o Ti(Bi) = B
- TaKXe fBASeTCA KOMMaKTHbIM ONepaTopoM, OTKyfa ucnonb3ys To, yuto Tj(Bj) —

B,3=0 , —1,»+1, 1 nonyyaetcs, 4to Bj Takxe SABAAOTCA KOMNaKTHbIMU
oneparopamu. Takum obpasom, Ao 6 X T, cnepoBatensHo, A 6 DC™ O
M

Nemma 4.2. JIwboi n&an fczln*' 0<i” <...<<,<m- 1 nmeet Bi"

= {rELT =0, k=1, }
k=1

JloKa3aTenbLCcTBO ananoruyno nemme 4.1.
Cnepgytowas Teopema sBnseTcs 0606LeHnem Teopembl 3.1.

Teopema 4.2. C*-anre6pa Tro Kak BeKTOPHOe NPOCTPAHCTBO NpPeACcTaBnseTCs B
BMAE NPSIMOI CyMMBbI:
Tt = T(tnh) ¢ Ji,
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CTPYKTYPA NMHBAPUWAHTHbIX MAEATOB HEKOTOPbLIX MOOANTEBP .
ans noéoroi, 0<i<T —L

LokasaTenscTBO. Tak Kak TT |H, = T(T)|a,, TO Ana noboro anemeHTa A ¢ 7T
cyuiectsyeT B € T(T), Takoin uto A\y, = B\H,- MNpefcTaBum 3nemMeHT A B Buge
A = (A —B) + B. OueBugHo, 4to (A —B)\H, = 0. MNoaTomy cornacHo nemme 4.1
(A —B) e Ji. T&kum obpaszom: Tt = T(T) + Ji.

MokaxeM, 4YTO 3TO ecTb MpsAMas cymma. [eicTButensHo, ecim A 6 7(T)  J<, TO
A= Ba®..@BT-\,rge 7y(Jly =B, BeT n Alat = Bi = 0. Ho torga B = 0, TaK
Kak Ti - nsomopumam n 3HaumT BCe Bj = 0,j = —Ll,i+ 1,...,m—1. OTkyga
nony4vaetcs, yto A = 0. CnegoBaTensHo, 7T = T(Tn) ® J*. O

Cnepcteue 4.1. MycTb X(T) anrebpa KOMNaKTHbIX onepaTopos B 7(T). Torga
Xr =3CMoOeJi,o<t<T -1.
Cnepacteue 4.2. KopoTKue TOYHbIE NOCNef0BATENLHOCTY
0—Ji =77TT(T )= T 0,
rgeid: Ji-tTrn - Bnoxkenud, 0 < i < T —1, pacLlienumel.

Teopema 4.3. dakTop-anrebpa 7T/X T u3omopHa C(SI) n kopoTkas TouyHas
nocneaoBaTenbHOCThb

0-»XT »7T-»C(5X 40,

roe id : 30n—Tm  BNO>XKEHUWe, LONONHAEMA.

[JokasaTenscTBo. OTO6paxkeHue BAoxXeHua rd : X T = 3C(M® —T1 = 7(7)d J-
packnagbiBaeTcs B NpAMYyto cymmy id = dibi/», rae 6: (M) -» T (T) eCTb BNOXKeHUe,

:Ji =y Ji  TOXAecTBeHHOe oTob6paxkeHme. U, nockonbky T(Tn) A T, a X(T) * X,
MMeeT MecTo M30MOp(K3M

TT/IXT*> 7(T)/IX(T) “ ~(SD.
CnepfoBaTefibHO, CYLLECTBYeT KOPOTKas TOYHas nocnefioBaTeNlbHOCTb
0—»X(mM)®Ji- T(w)©Ji —=C(iS*) —»0.

Oanee, nockonbky 7(T) * T CASHEECHN C(S)®3C(mM), To7T=7(T)©Ji
C(5D)Pp3C(TM)pJi = C(5'YPACT . 3T0 AOKa3bIBAET AOMNOMHAEMOCTb NOCNEL0BATE b-
HocTn 0 YXT —7T1 —£ C(S1) —0. O
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B. B. TMMAYEBA, K. I OBCENAH
Teopema 4.4. CyLLl'eCTBYET KOPOTKadA TOo4YHad pacliennmvasn nocnenoBaTe/lbHOCTb:

o—p| Jik »Im-+T1, —»0,
K=1
rel0 <4< < ..<in<m-—L1 W cnegoBaTensHo, Tm 13oMopgHa npsmoi
cymme anrebp:
TmSTnoOf).7it.
k=1

JokasaTenscTso. CornacHo nemme 4.2

Jik = {A 6 XT:Ala, = ..= A\Hin = 0}.
fc=l
Paccmotpum ¥ Tm -4 T, = VMo ©—© An-i) = Aix} fiag ... © N,
MOHATHO, YTO - AB/SIETCA FOMOMOP(U3MOM, AP0 KOTOPOro
ker{tp) = { :AMHil =..= = 0},

PaccyxaeHusamu, aHanormyHbIMu, Kak npu AOKQ3ATENbCTBE NIEMMbI 4.1 MOXHO MoKa-
3aTb, YTo ker(ip) ¢ X T. Moatomy ker(ip) = 1* OTcloga cnefyeT CyLLecTBOBaB
k=1

n
nve KOpPOTKOI TOYHOI nocnegoBatenbHoCTY O ->f I}'I -*Tm 7,, —»0.
e=
[ns fokasaTenbCTBa pacLenMocTy 3ag4aium BroxeHme A: T,, —»7 T cregyrowmm
obpasom: ALA) = A(Jli, .. ©AJ =B, B 6 Tr,rge B\Wk = Aik, 1< &<

n, B\HIk = 0, ] iic- Torga <poX = id. O
5. WneapunaHTHboie ngeanst C*-anre6pw TT,

Bo BTOpOoM naparpade 6b110 MOKa3aHo, UTO CyLUeCTBYeT NpeAcTaB/eHume ero: S1—
Aut(T) Takoe, 4TO a0 (z)(T) = zT. Mockonbky anrebpa 7T ecTb C*-anrebpa, NOPOX-
JeHHasa onepatopamu I™*, TT u npoektopamu Pit 1 <t <m- 1, noo(z)(Tn) =
zmT n, oy(r)(7*m) = z~mT 'm, <to(r)(Pi) = P* TO Cy>eHWe 3TOro npeacrasfeHns
Ha Tm ecTb npeacTasneHne am:S1-> Aut(Tm), am(z)(Tm) = zmTm.

Wpean | anrebpbl 7m Ha3oBeM WHBApPUMAHTHbLIM OTHOCMTENbHO MPEACTaB/EHUS
oT:51 -4 Aut(Tm), ecnim am{z){l) = / pna mo6oro z € 51 Takum 06pa3om,
BCe mAeansbl anrebpbl TT pa3buBaloTCs Ha [Ba Knacca - WHBApWaHTHbIX U HEWHBa-
pranTHbIX naeanos. [aHHblil naparpad NocesLLen onMcaHWIo Knacca MHBapUaHTHbIX
naeanos.

Nemma 5.1. Ngeanbl Jit 0<i<m- 1 u Jik, 0< *i< ..<i, <T10- 1
ABNAO T CA MHBAPWUAHTHbIMU.
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CTPYKTYPA MHBAPUAHTHbIX NOEA/TOB HEKOTOPbIX MOAANTEBP ..

LokasaTenbcTBO. MMockonbky Jj = [TTT*T - P<+l, | - P4, TO KOHeYHble Nu-
HeilHble KOMO6MHauun anemeHToB Buga A(TTT ‘T - Pi+i)B n A(i - Pi)B, rge
A,B € 7T, nnotHbl B Jj. Moatomy, n3 toro, uto am{z){A(TmT ,In - Pi+i)B) =
<ImR2)(Gham(Z2) (rmr* ™ P i+1)A@m(z)(B) = <m(2)(A)(T"T ~ - P i+1)am(z)(B) e K
Hffm(z)(A(/ Pi_i)B) = am(«)(A)(/-Pi_i)<rm(z)(B) € Jj, cnegyeTt, yto am(r)(Jj) =

Ji, ana nwob6oro z € S . AHaNOrMYHO NokasbiBaeTcs, UTo © ()(  *A») —
k=

—j
(]
CnepctBue 5.1. 30m - vHBApMaHTHbIA naean.
™1
LokasaTenbcTBO. MycTb Ij = < torga QQy=io ffi...0 Im-i ~ vwsapmaxiT-
ihi, <=0
HbIli ngean. O

CnepcTteue 5.2. Jlioboii ugean, cogep>katmiica B OCr, ABseTCA UHBAPUAHTHbIM
naeanom.

JokasaTenbcTBo. MycTbugean J C OCT. Tak Kak anrebpa KOMMNaKTHbIX 0NepaTopos
QCecTb HETpUBMAbHBIA MUHUMANbHBIN Maean anredpbl Tennuua, TO ecTb KaXKAblid
HeTpuBMabHbIA naean cofeput GG To cyxxeHue J |#( pasHo nubo {0} nn6o X. Mo-
aToMy B cuny fiemm 41 mn 4.2, J = . OOA HekoTopbix 0 < t] < < ..<t,<

m —1, n, cnegoBaTensbHO, ABNAETCA MHBAPUAHTHbIM. O

Nemma 5.2. MycTb J  Takoil 3aMKHYTbIA ugean anrebpbl TT, 4TO y (hakTOp-
anrebpbl 7m/J ecTb XO0TA Obl 0AHO HEMPMBOAMMOE 6ECKOHEYHOMEpHOe npeacTasne-
Hue. Torga

1) JAKm,

2) ] = Ji> NS HEKOTOPbIX 1 < »i < < ... < in < m,

3)J - I/I;BapVIaHTHbIIZ naean.

LokasaTenbcTBo. CHauvana nokaxem, yto 7(T) J = {0} Myctb 1 : 7m/J -Y
B(H') - HenpuBoauMOe 6eCKOHeYHOMepHOe MnpefcTaBieHne anrebpol Tm/J. TMycTb
a: 7T -¥ 7m/J ~ KaHOHWYeCcKuniA romomopmam. Torga m= To0a: 7T -* B{H) -
HenpurBoAMMOe 6eCKOHeUHOMepHOe HpeAcTaBneiwe anrebpsl TT - CornacHo nemme 3.3
n3 [7] 7o(r): T(t) —B[H") - TakKe HenpuBOAMMOe BGeCKOHEYHOMEPHOE NpescTaB-
neHve anrebpol T(T). OueBngHo, -K{*TT*T) |, TaK Kak, B NPOTMBHOM Cly4ae,
7r(T(t)) 6bina 66l KOMMYyTaTUBHON C*-noganrebpoli B B(H'). Ho y KoMMyTaTMBHO
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C*-anrebpbl HeT 6eCKOHEYHOMEPHbIX NPEACTaBEHN, YUTO NPOTUBOPEUNT HENPUBOAY-
MocTu npefcTasneHuns 7rT(t ). Mockonbky 7 (T) wnsomopgHa anrebpe Tennuya, no
TeopeMe KobypHa [1) a(T) - M30METPUYECKNA TOMOMOPKIM3M U, CNefoBaTEeNbHO,
ker(ir]z(m)) = {0}. C gpyroii cTopoHbl, o4eBuaHo, Ker(7r|T(m)) = ker7ir T(T). U
nockonbky J C ker(s-), nonyyaem, uto 7(T) J = {0}.

Oanee no teopeme 3.1 nveem J C XT. Ecnrm J = XT, TOo no Teopeme 4.3

7m/J = C(51). Ho 370 HEBO3MOXHO, TaK Kak y 1) HeT HenpuBOAUMBIX 6ecKo-
HEYHOMEPHbIX NpeAcTaBieHunid. Takum obpasom, J £ X T.
BTOpoe v TpeTbe YTBEPXKAEHWSA NNEMMbl BbITEKAKOT U3 CieAcTBuMA 5.2. O

!
MycTb P(T) NpOCTPaHCTBO KOHEYHbIX IMHENHbIX KOMOMHALMA BMAa

Y |
]I c-kI K+ £ CKTK, cK,c-K € C.
*=1 *=0
O603HauMm yepes L T) 3ambikaHue P(T) B anrebpe Tennuua 7. V13 pe3ynsTaTos 2-ro
naparpada BbITEKaeT, UTO KaXAoMy 3nemeHTy A 6 LL T) conoctasnseTcs hopmMasb-
HbIlA pAA:
A* AK,
K= —00
raoe Ak = ckTk gna kK >0, n Ak = CicTHfd gns k < 0.
3agaanm oTobpaxeHue p i 7 -» L(T) dopmynoit

p(A) = lim T*K1Tk.
K-*00
MMoKaxeMm, UTO P KOPPEKTHO onpegeneHo. 3ameTum, 4yto p(B) = B ansa nw6oro
B € P{T) n gna mo6oro moHoma V = TKT '1

( Tk~\ ccnm K > |,
p(V)=J ecm k<1,
I, ccmk = 1.

Moatomy, ecnim A 6 7 - ecTb KOHeYHass NMHeliHas KOMOWHaLWs MOHPMOB, TO ecTb
= iU1 ciTAT*1L, 10 p(A) 6 P(T). MNOCKONbKY KOHEYHble NIMHENHbIE KOMOUHAL MK

MOHOMOB M/IOTHbI B 7, MOAy4uM, uTo p : 7 -> L(T). OuesngHo, uto || (I < || I

Nemma 5.3. Cnegytollne yCnoBUs S3KBUBANEHTHbI:
1) A - KOMNaKTHbI1 onepaTop,
2)p{A)=0.
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CTPYKTYPA VMHBAPVMAHTHbLIX WOEA/TOB HEKOTOPbLIX MOAAJITEBP

JokasaTenbcTBO. Jokaxem 1) =»2). Kax/blii KOMNaKTHbIV 0NepaTop MOXHO npu-
6NM3UTb NIUHEHBIMK KOoMOUHaumsmu onepatopos Buga TKT*I[I —TT*)Tm7"*m. Mo-
CKO/MIbKY AN MoHOMOB V 1 W C 0ofuHaKoBbiMW MHAekcamun cripasefnvso p(V) =
p(W), To p{TKT*I(1 —T T,)TnT,,n) = 0. Moatomy p(J1) = 0 gns NOOOro KOMNaKT-
Horo oneparopa A.

Jokaxem 2) =»1). Myctb A 6 7 Takoi, uto p{A) = 0. Ana nwo6oro n one-
patop Q = | —TnT,n ecTb KOHEYHOMEPHbIA npoekTop. MNpeacTtasum A B BUfe
A= (Q+TIT*MIO+ TnTmm) = QAQ+ T'TMAQ + QATNT ,n+Trl TAIAT*n.
Tak Kak nepsble TpY cnaraemblxX ABNAIOTCA KOMMAKTHbIMW onepaTtopamu, (akTop-
Hopma onepartopa A Mo ngeany KOMNakTHbIX ONepaTopoB X YA0B/ETBOPSET HepaBeH-
cTBY

}'@EHA+ T < WT'TAAT'TAW < UTMAT Y
Ans noboro HarypanbHoro n. CnegosatesnbHo, Ii%’%” + K| =0, Toectb A - KOM-
MaKTHbI/ onepaTop. a

O603HauMM Yepe3 P[TT) NpoCTpaHCTBO KOHEUHbIX MHEMHBIX KOMOMHaLUWI BUaa

I
£ cfcT*nfc+ £ okl "\ cfec_fe C,
k=1 fc0

a yepes L(Tm) - 3ambikaHue P(TT) B anrebpe Tm. MoHATHO, yTo ecim A 6 TT, ra
p(X) 6 L(Tm).

Teopema 5.1. MycTb J - co6CTBEHHbIN Maean anrebpbl 7T. Cnegytowme ycnosus
9KBUBANIEHTHbl:

1) J - vHBapuaHTHbIA ngean,

2) JQXm-

[JokazaTenscTso. dokaxem 1) =>2). MycTb J WHBapWaHTHbIA nagean n J £ XT.
Torpa Hangetcs A 6 J\OCm- OueBugHo, p(A) e b(TT) J. TNMOCKONbKY KaXblii
00
anemeHT 3 b{TT) umeetr Bug £ Ak, rde Ak = CicTlomgnsa K > 0, u Ak = CfcT*fdm
f

C=——00

00
ana Kk < 0, umeem p{A) — £ Ak- TbK Kak A He NpuHaAneXuT X, To No 1eMme
K=—00
53p(A) 0. MycTb K Takoe uncno, yto ck 0. na onpeseneHHoOCTM Byem cumTath,

yto A> 0. Torga
Ak = c*I"* = J am{rM A))* w g*

1
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MbI BOCNO/b30BaINCL TEM, YTO J - MHBapuaHTHbIA ugean: am(r) (p(A)) e J. Moatomy
*™¢€ J. CnegoBarefibHo, | = T*TKT TK € J. Tpuwy K NpoTUBOPEYUNIO.
Vimnnmkaums 2) => 1) BbiTeKaeT U3 cneactenii 6.1 n 5.2 O

Takum 06pa3om, No60ii MHBapMaHTHBLIN naean anrebpbl TT coBnagaeT 6o ¢ 0Bn,
nmnbo ¢ ogHMM M3 maeanoB J<, 1 < i < TO, UAN C HEKOTOPbIM WX MEPECEYEHMEM.
Cnpasef/MBa cnegytoLas Teopema.

Teopema 5.2. Anrebpa TT uMeeT B TOYHOCTMU 2T MHBApMaHTHbIX MAeanoB, Kasic-
[bIA U3 KOTOPbIX NopoXKaaeTca pasHocTaAMK npoekTopos P{—Pj, 0<i <j <ToO.

ABTOPbI BbIpaXKatOT MCKPEHHIOK0 6narogapHocTb MpuropsiHy CypeHy ApLUiakoBudy
3a MonesHble 06CyXKAeHUS.

Abstract. In this paper we give a complete description of invariant ideals of C*-
subalgebras of Toeplitz algebra that are fixed with respect to a finite group of
automorphisms. The splitting property of short exact sequences generated by such
ideals is established.
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Abstract. '‘Becausc of the disconnectedness of a non-Archimedean ordored field in the

topology Induced by the order, it iB possible to have non-constant functions with zero

derivatives everywhere. In fact the solution space of the differential equation / = 0 Is
infinite dimensional. In this paper, we give sufficient conditions for a function on an

open subset of the Levi-Civita field to have zero derivative everywhere and we use the
nonconstant zero-derivative functions to obtain non-analytic solutions of systems of
linear ordinary differential equations with analytic coefficients. Then we use the
results to introduce Bessel-type special functions on the Levi-Civita field and to
study some of their properties.

MSC2010 numbers: 26E30,12J25, 33C10.

Keywords: Levi-Civita field; ordinary differential equations; Bessel-type special func-
tions; generalized Bessel functions of the first kind.

1. Introduction

Solutions of linear ordinary differential equations and some Bessel-type special
functions on the Levi-Civita field Dl [5, 6] are presented in this paper. We recall that
the elements of X are functions from Q to R with left-finite support (denoted by
“supp”). That is, below eveiy rational number g, there are only finitely many points
where the given function does not vanish. For the further discussion, it is convenient
to introduce the following terminology.

Definition 1.1 (A, w. =r). Forx 0 in > we let X(x) = min(supp(x)), which
exists because of the leftrfiniteness of svpp(x), and we let A(0) = +oo0.

1The research of the first author was conducted in the frames of t AMOP 4.2.4. A/2-11-1-2012-
0001 “National Excellence Program Elaborating and operating an inland student and researcher
personal support system”. The project was subsidized by the European Union and co-financed by
the European Social Fund.
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Given x,y 0 in 4, we say that x ~ y if A(X) = A(y), and x » y if X(X) = A(y)

and afA@) = VAG)T

Given x,y andr e R, we say thatx=ry ifx[g] = Y9l for allg<r.

At this point, these definitions may look somewhat arbitrary, but after having
introduced an order on 31, we will see that A describes orders of magnitude, the
relation s3 corresponds to agreement up to infinitely small relative error, while ~
corresponds to agreement of order of magnitude.

The set A is endowed with formal power series multiplication and componentwise
addition, which make it into a field (see [3]) in which we can ieomorphically embed
R as a subfield via the map M : R —3L defined by

ifg=10
(1.1) otherwise.
Definition 1.2 (Order in 3?). Letx,y 6 31 be given. Then we say x >y ifx =y or
y and (r - y)[A(r - y)] > Q.

It is easy to check that the relation "">"is a total order and (31, +, ¢, >) is an ordered
field (which denoted simply, by 31). Moreover, the embedding M in equation (1.1) of
R into 3? is compatible with the order. The order induces an absolute value on 3i in
the natural way: |® = x if x > 0 and |[x| = —x if x < 0. We also note that A as
defined above, is a valuation. Moreover, the relation "~"is an equivalence relation,
and the set of equivalence classes (the value group) is (isomorphic to) Q.

Besides the usual order relations, some other notations are also convenient.

Definition 1.3 (<,»). Letx,y € 31 be non-negative. We say that x is infinitely
smaller thany (and write x < y) ifnx <y for alln e N; we say that x is infinitely
larger thany (and write x » y) ify <€ x. If x « 1, then we say that x is infinitely
small; then we say thatx is infinitely large. Infinitely small numbers are also
called infinitesimals or differentials. Infinitely large numbers are also called infinite.
Non-negative numbers that are neither infinitely small nor infinitely large are called
finite numbers.

Definition 1.4 (The Number d). Let d be the element of ¥. given by d[I] = 1 and
d?] = 0 forq & 1.

Itis easy to checkthat <€ 1if > Oandrf*» 1if < 0. Moreover, forall x 6 X,

the elements of supp(x) can be arranged in ascending order, say supp(a:) = {91, ft. me<}
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with @0 < gj+i for all j, and x can be written as x = iifo]” ,where the series
converges in the topology induced by the absolute value (see [3]).

Altogether, it follows that X is a non-Archimedean field extension of R. For a
detailed study of this field, we refer the reader to [10, 20], and references therein. In
particular, it is shown that X is complete with respect to the topology induced by
the absolute value, that is, every Cauchy sequence of elements of 31 converges to an
element of X. In the wader context of valuation theory, it is interesting to note that
the topology induced by the absolute value is the same as that introduced via the
valuation A as it was shown in [19].

It follows therefore that the field K is just a special case of the class of fields
discussed in [9]. For a general overview of the algebraic properties of formal power
series fields in general, we refer the reader to the comprehensive overview by Ribenboim
[8], and for an overview of the related valuation theory to the books by Krull [4],
Schikhof [9] and Ailing [1]. A thorough and complete treatment of ordered structures
can also be found in [7].

Besides being the smallest ordered non-Archimedean field extension of the real
numbers that is both complete in the order topology and real closed, the Levi-Civita
field X is of particular interest because of its practical usefulness. Since the supports of
the elements of 3] are left-finite, it is possible to represent these numbers on a computer
(see [3]). Having infinitely small numbers, the errors in classical numerical methods
can be made infinitely small, and hence irrelevant in all practical applications. One
such application is the computation of derivatives of real functions representable on a
computer, where both the accuracy of formula manipulators and the speed of classical
numerical methods are achieved (see [16]).

In this paper we present some tools to construct a large class of solutions for
equation y = 0 on XX Then as an application of that, we define and study the
properties of Bessel-type special functions on (open subsets of) 3L

2. Matrix exponentials on 31

For an easier study of systems of linear ordinary differential equations on X, it is
beneficial to introduce matrix exponentials on X. We define matrices on 3L and matrix
operations: addition, multiplication, determinant, just as we do in the real case.
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Definition 2.1. Let M,,(X) denote the set of all n x n matrices with entries in X.
For A 6 we define || : M,,(X) -t X by

where |ay| = max {ay, -ay}.

what follows we deal only with square matrices whose entries are at most finite
in absolute value, and we denote this class of matrices by M£(K).

Definition 2.2. Let A G7 . (31) and for each kK € N U {0} let ¢t e 3? be given. We
say that the series CkAk is convergent in M£(A) if the series CK\AK\ is
convergent in R with respect to the weak topology discussed in [3, 12, 17].

Definition 2.3. Let A 6 be given. We define the exponential of A by the

where A0 = In is the n x n identity matrix.

In the next theorem we show that the series in Definition 2.3 converges in the sense
of Definition 2.2.

Theorem 2.1. For any A € M{(>K), the series

is always convergent, and hence eA is well-defined.

Proof. Let A = (ay), and let A2 = (by). Then, by the way we perform matrix
multiplication, for all i,j 6 {1,... ,n} we have

It follows that

@D | *] < n~Af.VIfc e N.

Since
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converges in the weak topology of A to (en'nl—I) /n (because | | is at most finite),
it follows from equation (2.1) and the properties of weak convergence of infinite series
(see |12. 17]) that

Egt 1O -1+ i M
converges weakly in 3t. Hence the series YlkLo converges in the sense of Definition
2.2. Theorem 2.1 is proved.
Taking into account that power series on 31 can be differentiated term by term
within their domain of convergence (see [19]), we obtain the following result.

Theorem 2.2. Let A 6 M£(3i) and let F : X M,,(31) be given by F(t) = etA.
Then F is differentiable at eacht 6 31, with derivative F'{t) = AetA.

Proof. Since F(t) = YitLo we ~n obtain F'(t) by differentiating the series
term by term as a function of t:

rm =E =nE H n** e* =

Note that all the series in the last equation are well-defined. O

3. The Main results

3.1. Linear ordinary differential equations on X. One of the main goals of
this paper is to obtain solutions of linear ordinary differential equations in the case
where the coefficients are analytic functions of the independent variable, including
non-analytic solutions in addition to the analytic ones.

The basic idea for the construction of non-analytic solutions of linear ordinary
differential equations on 3l is based on the following theorem (proved in [11]), which
shows that even the simplest differential equation y* = 0 over X has infinitely many

linearly independent solutions on [—1,1] C 3i.

Theorem 3.1. The solution space of the differential equation y7= 0 on [1,1] is

infinite dimensional.

Proof. For each n 6 N, let gn : [-1,1] -v 31 be given by p,,(X)[g] = x[g/(n + 1)].

We show that, for all n € N, g,, is differentiable on [-1,1] with gn(x) = 0 for all

x € [-1,1]. So let n e N be given. We first observe that gn(x + y) = gn{x) + gn{y)

for all x,y € [-1,1]. Now let x 6 [-1,1] and «> 0 in X be given. Let 6 = min{e2, d},
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and lety 6 [-1,1] be such that 0 < \y - x\ < 5. Then, taking into account that
gy - x )~ (y- x)n+l, we have
on@y) ey on(y! ®)-
y-X y-Xx
Next, since [j/ - X\ < min{«2,d}, we obtain that |y - i|n « e. Hence
9”“’3 -X9n(x) <eforally € [-1,1] satisfying 0 < \y - x| < 5.
It follows that gn is differentiable at x, with gn(x) = 0. This is true for all a e [-1,1]
and for all n € N. Hence gn is a solution of the differential equation y' = 0 on [-1,1]
for all n 6 N.

Next, we show that the set 5 = {y,, :n £ N} is linearly independent on [1,1].
Soletj 6 N and let »i < < eee < - in N be given. It is enough to show
that ali19 Ime19nj are linearly independent on [—1,1]. Ib this end, we suppose
that ciyfll + 2+ e + Cjgnj = 0 for some ci,cj,...,cj- in 3?, and show that

A= Q = eee= Cj = 0. Indeed, since c\alT + c-ari H------ = 0, we obtain that
CiffmW + (<9 + eme + Cjgnj (d) = 0. Hence cjd”1+ c2 H--—-—-+ ( >= 0, from
which we infer that c\ = ¢c- = eee= G = 0. O

Remark 3.1. For eachn € N, it is easy to check that the mapping gn in the proof of
Theorem 3.1 is an order preserving field automorphism ofR, this is a special property
of non-Archimedean structures since it is well-knovm that the only field automorphism
of R is the identity map (see [13]].

In Propositions 3.1 - 3.3 that follow, we give sufficient conditions for a nonconstant
function to be a solution of the differential equation y7= 0 on an open subset of >

Proposition 3.1. Let M C /1 be open and letf : M R be suchthat, for some
fixedp > 1 in Q and for some positive <. 1 in X, we have

Vxy € M X(x - y) > At) == |/(z) -/(y)]| ~ Ir-y|p.

Then f is differentiable on M with derivative f'[x) = 0 for all x e M,thatis, f is
a solution for the differential equationy' = 0 on M.

Proof. Let x € M and e > 0 in 31 be given. Since M is open, there exists sq > 0 in
3lsuch that [x - SO,x+ 0) C M. Let

S=min”~o.t"1»?}.
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Then for all y e X satisfying 0 < |y - x| < 6, we have that y € M and A(y- x) >
A<D > A(t/). Hence

/(”))(: Bl \@-1/] 1<6p-l = min|~_1.«a7f 1] < min{e2s> 1} < e

The last step is justified by the fact that if e « 1, then €2 < f and if e is finite or
infinitely large, then rf 1< sincer)< landp- 1> 0. So in both cases, we have
niin{e2,t/p~1} <€ t. Thus, / is differentiable at x for all x e M with f'(x) = 0. O

Proposition 3.2. Let M C K be open and let f : M K be such that, for some
fixedp > 1 in Q and for some positive 4 <tC1 and positive a in X, we have

Vx,y e Af,A(x- y) > Ap) =>|/(x) - /(y)] < alx - y\p.

Then f is a solution for the differential equation y' = 0 on M.

Proof. Let X€ M and t > 0 in 2 be given. Then there exists > 0 in 3l such that
(x —So,x + So) C Af. Let

5= min 7 ) () UP_D}-

Then 5 > 0 and for y 6 3?satisfying 0 < |y - x| < § we have that y e M and
Ay - x) > AQJ) > A(t/). Hence

/(*))( } y/(y) <a\x —ylp_1 < fip 1 = min |0<55 1,c«/p-1,£2,tjj < min{e2,"} < e
This shows that / is differentiable at x for all x 6 M with /*(x) = 0. O

Remark 3.2. We note that Proposition 3.1 follows from Proposition 3.2 if we take
a to be any infinitely large positive number.

Definition 3.1. LetU C3land h\ M -*X. We say that h is level preserving on M
and write h e P(M) t/Vx,y € M satisfying A(x) = A(y) and x =r y it follows that
A(li(x)) = A(I(y)) and h(x) =, JI(y), where g > A(/i(x)) + r —A(X).

Example 3.1. Letf \X-*X begiven by f(x)[q] = x[g-1]. Then it is easy to check
that f 6 P(X).

Proposition 3.3. Let M C 3l be open and such that A(x) > 0 for all x e M. Let
h:M X be a level preserving function on M, and leta 6 Q, a > 1 be given. Then
5&



A. r.mb6szAros and kh.shamseddinb

the function f : M -» X given by

CHE) 12N 1] Ne ) >0
(3.1) H{x)[a] = «
h(x) [q+ AUIG)]  if X(x) = 0

is differentiable on M with derivative f'(x) = 0 for all x € M.

Proof. Let Xe >and e > 0 in 31 be given. Since M is open, there exists rj > 0 in 31
such that i< 1and (x —T1],x+ T) C M. Let

5= min{e*“ T, g}.

Then0<J<1 and (x—5,x+S) C M. Now assumingy € M such that 0 < \y—x\ < 6,

we show that

(3.2) IM -IM <e.

X-y
We note that, since \y —x\ 1, then either A(z) = 0 = \{y) or [A@) > 0 and
A(l) > 0].

First assume that A(x) > 0 (and hence A( /) > 0). We distinguish three cases.
Case 1: A(i) /' X(y). In this case, we have A(/(x))  X(f(y)), and it follows that

Ve - i) ad

X-y
Hence
A( ) = (- Nev 7)) > («- DAY

= (a-I)max [~~A(e),A(T/)] = max{2A(e), or- DA(r;)} > Ae),
implying that
(3.3) ) - 1) e

X-y

Case 2: i ~ y and x[A@)] / Y[A(Y)]. In this case the argument is similar to that of
Case 1.

Case 3:x=ry forsomer € Q withr > A(r). Then obviously A(|x—y|) = r+, where
r+ is a rational niunber such that r+ > r. It follows that A(]/(x) - /(y)]|) = ar+.

Thus, we have

AV =™ ) = AU (V) A(l-») = (- >+ > (- DA,
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from which, as in the Case 1. we obtain (3.3). Finally, if A(i) = 0 = A(j/) then the
proofof the inequality (3.2) follows by the same arguments as above (when X(x) > 0),
except that we have to use the appropriate expression for / from equation (3.1). O

In the following definition we introduce the class of all functions that are differentiable
with derivative equal to O everywhere on an open subset of 2

Definition 3.2. Let M C 31 be open and letf : M — X. We define the class of
functions Dg(M) as follows:

Dg{M) = {f : M -+ 3t|/ is differentiable on M, f'[x) = 0 Vx 6 iW}.

3.2. Systems of linear ordinary differential equations on 4. In this section
we investigate the solutions of systems of linear ordinary differential equations on >X
using the functions of class Dg.

The main goal of this section is to obtain solutions of systems of linear ODE’s of
the form:

where Y(t) is a vector of dimension n > 0, n € N, which contains the unknown
functions, Y'(t) contains the derivatives of the functions from Y(t), A(t) 6 (K,
for all t 6 3t, which contains the coefficient functions of the system, and B(t) is a
vector of dimension n, which contains functions that ensure the inhomogeneity of the
system. In order to realize this we study a few cases, going from the most special to
the most general ones.

Theorem 3.2. Consider the linear homogeneous system of ordinary differential equations
with constant coefficients which are at most finite in absolute value

Y'[t) = AY(1).
Then the solution is given by
Y(t) = eAtC + eMUna{t),

where C e Mn,i(3l) is a vector containing constants, and 1/ ,() € M,,4(23") is a
vector which contains functions of class Dq.

Proof. We rewrite the system in the form:
Y'{t)-AY (t)=On,u
which is equivalent to

e-MY'(t) - e~MAY(t) = OnJ1 or {e-MY(t))'=0,4a.
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It foUows that e~AtY(t) = C+U na(t), where C e M,,,i(K) and the elements of ,, )
are functions of class Dq, and hence Y(t) = e C + e Una(f). O

Remark 3.3. Theorem 3.2 shows that the solutions of linear homogeneous systems
with constant coefficients over 3t are very similar to those of the real case, except that
the solutions in the non-Archimedean case may also involve non-analytic functions

with zero-derivatives.

Since we know how to integrate fH-analytic functions [14] in the Lebesgue-like
theory developed in [15, 18], we can study next those inhomogeneous systems, where
the functions ensuring the inhomogeneity are ~-analytic.

Theorem 3.3. Consider the inhomogeneous system of linear ordinary differential

equations with constant coefficients:
Y'(t) = AY{t) + B(t)

on the interval [ab] C 3i, where | |, |a] and |6] are at most finite in absolute value,
and B(t) is a vector, which contains junctions that are /1-analytic on [a, 6]. Then the
solution is given by the equation

Y (t) = cMC + eAtUna(t) + [ c-A"B{a),
Ja.l]
where C € Mn.i(31) and the elements of Una{t) are functions of class D q.

Proof. We rewrite the system in the form Y'[t) —AY(t) = B(t), which is equivalent
to

(e~MY(t))" = e~AiB(t).
It follows that

e~MY(t) = C + Una(t) + / I]eFA B{q),
0,

where C 6 MTTi(3?), and Una{t) 6 M,,4(/)o), and hence
Y(<) = eMC + eMUna{t) + eAt [ e~A'B{s).

Note that we have used the fact that eAlIB{t) is a vector whose components are
products of functions that are X<analytic on [a, 6], and hence the components themselves
are 3J-analytic on [a, 6]. O
The proofs of the next two theorems (Theorems 3.4 and 3.5) are similar to those
of Theorems 3.2 and 3.3 above, and therefore they are stated without proofs.
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Theorem 3.4. Consider the homogeneous system of linear ordinary differential equations
with non-constant coefficients:

Y'{t) = A{t)Y(t)

on [a, b], where |a] and |6] are at most finite, and where A(t) is an nx n matrix whose
elements are /1-analytic on [a, 6] and such that |/I(t)| is at most finite for allt € [a, ]
Then the solution is given by

Y{t) = AWC + e-k-'i AWUna(t),

when C € Mn,i(3t) and Una{t) e XXng(£)a).

Theorem 3.5. Consider the inhomogeneous system of linear ordinary differential
equations with non-constant coefficients:

mY'(t) = A(D)Y(t) + B(t)

on [o;6], where |a|] and | | are at most finite, A(t) is an n x n matrix whose elements
are X-analytic on [o, bl and such that | ( )| is at most finite for all t £ [a, 6], and
B(t) is a vector whose components are functions that are -anolytic on [a,6]. Then
the solution is given by

Y(t) = eA0M,)C + ed-0 AWUno{t) + rf1-uA{) [ 1e~4.-1 A(NB(.i),
J[a,l
where C 6 and {)6

3.3. Bessel-type special functions on JL In this subsection we study Bessel-
type special functions on 31, with the help of the solutions for systems of linear
ordinary differential equations that we developed in Subsection 3.2. We introduce
such functions with the following problem.

Problem 1. Consider the differential equation

3.4) «V +ty'+ (12- v2)y = 0.

Let’s study the solutions of this equation on [a, 1] C 31, where 0 < a < 1, a is finite,
and V€ Q\ Z.

We call equation (3.4) the Bessel equation of order > and we study its solutions
below.

It is easy to check, as in the real case, that the functions
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and

(3.6) N - (il lar”™~nnyo6Trl
are two linearly independent analytic solutions of equation (3.4), for all t 6 [o,l],
where I is the Euler’s Gamma function. Moreover, it follows from Corollary 3.10 in
[17] that the power series in equations (3.5) and (3.6) converge weakly in [a, 1].

The main objective of Problem 1 is to construct solutions of equation (3.4) that
involve functions of the class Dq, and to study their properties.

We set
(w. =y
n* = iNn
and consider the following system of two linear ordinary differential equations:
I S =W2
w2= (i- «1+ iiu2>

which we can write in matrix form as
(3.7) W\t) = A(H)W(1),

where

Because the elements of A(t) are IR-analytic functions on [a, 1] and they are at most
finite in absolute value for all t € [a, 1], we can use Theorem 3.4 to write the solutions
of equation (3.7), which are also the solutions of equation (3.4).

Let

D()“i [/ w -(°-.>+*2(W ) 4°)"

where the fiinction In is Xanalytic on [a, 1].

Thus, the solution of equation (3.7), and hence of equation (3.4), on [a, 1] has the
form

W {t)=eD" C + e D*Una(t),

where C € M2.i(IR) and () 6 M2O(EY).

Taking into account that the analytic part of the solution has the form ci ) +
), we conclude that in the first row of the matrix eDM we can take the entries

1

to be

DU = Ju{t) and Du = J_,,(1).
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W ithC=(« *, it follows that the first component of W(t), which isy = tui(t),

has the form:
Y=ci [MO + Ju(t)g,,(t)) + c2[J-,(0 + J_,,(t)p_u(t)],

where gu,g v 6 £>0([o, 1]).
Now we are in a position to define Bessel functions of the first kind on 4.

Definition 3.3. ForO<a<1,aeS finite, we define the functions 3,, 3-,: [a 1] C
Ol-tR by
3,(0=MO + MOMOt
3—(0 = «4H(0 + 4~ (0s—2/(0»
«Jlene VE€ Q\Z and <?,<?-, € Dq([o, 1]).
Ws coi/ the functions 3,,,3 -, Bessel functions of the first kind and of order v, and
—v, respectively.

Next, we study some properties of the Bessel functions 3, and 3-,-

r.

Theorem 3.6. Under the notation of Problem 1 and Definition 3.3 above, the following

two statements are true for all t e [a, 1]:
@ vy 3,(0=(7-1(0+-WO0O) (I+ff,(0)
(6) 23,(0= (n i(0 M-i(0) (I +5,(0)-

Proof. Using equation (3.5), we can write

/IMOV =i f (-1n)y"~1 = J,+i(0
Nos- r*“~n-0o4n+y+-~r3-1 t
Then, using the fact that 3,(0 = M0 + M OM 0 P*(0 = o,Vi 6 [a,l], we
obtain
f3,(0A _ </+i(Q _ N+i(0 /»
V ill y "
implying that
or
(3.8) 3'(0=73,(0 —Mu (0 ~ Mwn (0ff*(0

Similarly, we can show that

7(~3,(0) =~ _1/1-i(0 +*_1J3,-i(0fl,(0 i
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implying that
or
(3.9
If we subtract equation (3.9) from equation (3.8), we get statement (a) of the
theorem, and if we add the two equations, we get (b). O

Remark 3.4. Just as we did in Theorem 3.6, we can obtain other recursive relations
for and3-v that would extend the classical recursive relations for Ju and J_,, from
Real Calculus to the non-Archimedean calculus on X.

the following subsection, we introduce the so-called generalized Bessel functions

of the first kind on X.

3.4. Generalized Bessel functions of the first kind on X. We give some basic
definitions based on those given by A. Baricz (see [2]) in the classical case (real and
complex). As before, let 0 < 0 < 1, a e X finite, pe Q\ Z, and let b,c 6 R in the
reat of this paper.

Definition 3.4. The differential equation
(3.10) ') +owt) + [e2-p2+ @- Bpt) =o

will be referred to as the generalized Bessel equation of order p (see [2]), and any
solution of it will be called a generalized Bessel function of order p.

The generalized Bessel functions permit the study of Bessel functions, spherical
Bessel functions and modified Bessel functions together. That is why it is very
important to extend this kind of functions to the field A.

Remark 3.5. As in the classical case (see \2\), it can easily be verified that the

is a solution of equation (S.10). Moreover, when ¢ = b= | we get the Bessel function
of the first kind of order p discussed in the previous subsection.

Similar to Definition 3.3, we introduce generalized Bessel functions of the first kind
on X as follows.
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Definition 3.5. LetO<a<l,eeR finite, p € Q\ Z, and let b,c 6 R. Then the
Junction

Wp(t) = wp(t) +wp(t)gp(t),
where gp € £>0([a, 1]), and

W -f [ t\2n+p

S nlr(p+n+ ¥) U/
is a solution of equation (3.10). We call Wp(t) a generalized Bessel function of order
p on [a 1].

The proofof the next result is similar to that of Theorem 3.6, as well as to the proof
of the corresponding result in the classical case (see [2], Lemma 1.1), and therefore
we state it without proof.

Theorem 3.7. Under the notation in Definition 3.5, the following statements are
true for allt 6 [a, 1]

(@ —“WpW = (wp-i ( + cwp+l(tj) (I + 9R(t))
(b) (@ +b- HWp(®) = (UIp-i{t) (p+b Netvn(<)) (I + fip(1)).

CrnnCoK NNTEPATYPbI

[1] N. L. Ailing, Foundations of Analysis over Surreal Number Fields, North Holland (1987).

[21 A Baricz, Generalized Bessel Functions of the First Kind, Springer (2010).

[3] M. Bene, “Calculus and numerics on Levi-Civita fields”, In M. Berz, C. Bischof, G. Corliss, and
A. Grlewank, editors, Computational Differentiation: Techniques, Applications, and Tools, 19
- 36, Philadelphia (1996).

[4] W. Krull, “Allgemeine Bewertungstheorie”, J. Heine Angew. Math., 107, 160 - 196 (1932).

[5] T. Levi-Civita, “Sugli infiniti ed infinitesimi attuali quali elementi analitici”, Atti 1st. Veneto di
Sc., Lett, ed Art., 7a, no. 4:1766 (1892).

[6] T. Levi-Civita, “Sul numeri transfiniti”, Rend. Acc. Lincei, 5a, 7:91, 113 (1898).

[7| S. Priesa-Crampe, Angeordnete Strukturen: Gruppen, Korper, projektive Ebenen, Springer,
Berlin (1983).

[8] P. Ribenboim, “Fields: Algebraically Closed and Others", Manuscripta Mathematica, 75, 116 -
150 (1992).

[91 W. H. Schikhof, Ultrametric Calculus: An Introduction to p-Adic Analysis, Cambridge
University Press (1985).

[10] K. Shamseddine, “New Elements of Analysis on the Levi-Civita Field”, PhD thesis, Michigan
State University, East Lansing, Michigan, USA (1999).

[11] K. Shamseddine, “On the existence and uniqueness of solutions of ordinary differential equations
on the Levi-Civita field", Int. J. Differ. Equ. Appl., 4, 376 - 386 (2002).

[12] K. Shamseddine, “On the topological structure of the Levi-Civita field”, J. Math. Anal. Appl.,
368, 281 - 292 (2010).

[13] K. Shamseddine, “Nontrivial order preserving automorphisms of non-Archimedean fields”,
Contemp. Math., 647, 217 - 226 (2011).

[14] K. Shamseddine, “A brief survey of the study of power series and analytic functions on the
Levi-Civita fields", Contemp. Math., 5868, 269 - 280 (2013).

67



[15]

[16]

[17]
[18]
[19]

[20]

A. R. MfeZAROS AND KH. SHAMSEDDINE

K. Shamseddine, "New results on integration on the Levi-Civita field”, Indag. Math. (N.S.), 24,

no. 1, 199 211 (2013).

K. Shamseddine and M. Berz, “Exception handling in derivative computation with non-
Archimcdean calculus”, In M. Bera, C. Bischof, G. Corliss, and A. Griowank, editors,
Computational Differentiation: Techniques, Applications, and Tools, 37 - 51, Philadelphia
(1996).

K. Shamseddine and M. Berz, “Convergence on the Levi-Civita field and study of power series”,
Proc. Sixth International Conference on p-adic Functional Analysis, 283 299, New York (2000).
K. Shamseddine and M. Berz, “Measure theory and integration on the Levi-Civita field",
Contemp. Math., 316, 369 - 387 (2003).

K. Shamseddine and M. Berz, “Analytical properties of power series on Levi-Civita fields", Ann.
Math. Blaise Pascal, 12, no. 2, 309 - 329 (2005).

K. Shamseddine and M. Berz, “Analysis on the Levi-Civita field, a brief overview", Contemp.

Math., 608, 215 - 237 (2010).
Moctynuna 31 aHBaps 2014

68



M3BecTusa HAH ApmeHus. MaTemaTwvka, Tom 50, 1. 2, 2015, cTp. 69-79.

ZEROS AND SHARED ONE VALUE OF (/-SHIFT DIFFERENCE
POLYNOMIALS

Q. ZHAO AND J. ZHANG

Beibang University, Beijing, China
E-mails: zhaogiuxia2009@126.com, jilongzhang2007@gmaJdl.com
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1. Introduction and main results

In this paper, a meromorphic function always means a nonconstant analytic function
in the whole complex plane except at possible poles. If no poles occur, it reduces to an
entire function. Let g and ¢ be non-zero complex constants, the 7-shift of a function
f(z) is defined by f(qz+c). We assume that the reader is familiar with the elementary
Nevanlinna theory (see, e.g., [2, 3, 12]).

We denote by S(r, f) any quantity satisfying S(r./) = o(T(r,/)) asr -v 00
possibly outside a set of logarithmic density 0. For a meromorphic function f{z) in
complex plane, denote by S(r,/) the family of all meromorphic functions a(z) that
satisfy T(r,a) = o(T(r,/)) asr -> 00 outside a possible exceptional set of logarithmic
density 0.

We say that the functions / and g are meromorphic and share a small function a
IM (ignoring multiplicities) if/ —a and g—a have the same zeros. If/ —a and —a
have the same zeros with the same multiplicities, then we say that / and g share a
CM (counting multiplicities). Let / be a nonconstant meromorphic function, p be a
positive integer and o be a complex constant. By Np(r, *) we denote the counting
function of the zeros of / —a, where an Tn-fold zero is counted m times ifm <p and
p times ifin > p.

'This research was supported by the NNSF of China (No. 11201014, 11171013 and 11126036), the
YWF-14-SXXY-00B of Beihang University and the youth talent program of Beijing (No. 29201443).
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Let / be a transcendental meromorphic function. In 1959, Hayman[l] proved that
fnf takes every non-zero complex value infinitely often if n > 3. Yang and Hua
[11], obtained some results about the uniqueness problems for entire functions. Since
then the difference has become a subject of great interest (see, e.g., [6, 8, 14, 15],
and references therein). Among them Liu and Cao [6], have obtained results on the
uniqueness and value distributions of 7-shift difference polynomials. Some of them
are stated below.

Theorem A. ([6, Theorem 1.1]). Let /(z) be a transcendental meromorpbic (reap,
entire) function with zero order, and let m, n be positive integers and a, q be non-zero
complex constants. 1fn>6 (resp. n > 2), then f{z)n(f(z)m—a)f{qz + ¢) —a(z) has
infinitely many zeros, where a(z) is a non-zero small function with respect to f. lu
particular, if f(z) is a transcendental entire function and a(z) is a noD-zero rational
function, then m and n can be any positive integers.

Theorem B. ([6, Theorem 1.5]). Letf{z) andg{z) be transcendental entire functions
with zero order. Ifn > m + 5, and f(z)u(f(z)m - a)f(gz + c)) and g(z)n(g(z)m -
a)g{qz + c)) share a non-zero polynomial p(z) CM, then f(z) = g(2).

In this paper, on the basis of Theorems A and B, we study the ifcth derivative of
9-shift difference polynomials and prove the following results.

Theorem 1.1. Let f(z) be a transcendental meromorphic function with zero order,
and letn, k be positive integers. I1fn > k+5, then {f(z)nf(qz+c))W- 1 has infinitely
many zeros.

Theorem 1.2. Let f(z) be a transcendental entire function with zero order, and let
n, K be positive integers, then (f(z)nf(qz + ¢))W _ 1 has infinitely many zeros.

Theorem 1.3. Letf[z) and g(z) be transcendental entire functions with zero order,
and let n, k bepositive integers. Ifn > 2k+ 5, and (f(z)nf(qz+c))M and {g(z) Tg(qz+
))(*) share z CM, then f =tg for a constantt with tn+l = 1.

Theorem 1.4. Letf{z) and g(z) be transcendental entire functions with zero order,
and letn, k bepositive integers. I1fn > 2k + 5, and (fizAfigz+c))” and (g(z)ng(qz+
c))w share 1 CM, then f =tg for a constantt with tn+1 = 1.

When sharing a single value IM, we can prove the followingtworesults.
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Theorem 1.5. Letf(z) and g{z) be transcendental entire functions with zero order,
and letn, k bepositive integers. 1fn > 5k + 11, and (f(z)nf(qz+c))W and (g{z)ng{qz+
C))W share a value z IM, then f =tg for a constant t with tn+1 = 1.

Theorem 1.6. Letf[z) and g{z) be transcendental entire functions with zero order,
and let n, K be positive integers. Ifn >5k+ 11, and (f(z)nf(qz+c))W and (g(z)ng{qz+
c))W share 1 IM, then f = tg for a constant t with tn+1 = 1.

2. Lemmas

In this section, we present some lemmas which play an important role in the
proofs of the main results. The following -shift difference analogue of the logarithmic
derivative lemma is very important when considering 9-shift difference polynomials.

Lemma 2.1 ([7, Theorem 2.1]). Let f{z) be a meromorphic function of zero order.
Then on a set of logarithmic density 1

The next two lemmas are essential in our proofs, they allow to estimate the
characteristic function and the counting function of f(qz + c) (see Lemmas 3.4 and
3.6in [10]). -

Lemma 2.2. If f{z) is a nonconstant zero orders meromorphic function, then on a
set of lower logarithmic density 1

T(r,f(qz +c¢)) = (L + o())T(r, f(z)) + O(logr).
Lemma 2.3. If f(z) is a nonconstant zero order meromorphic function, then on a
set of lower logarithmic density 1
N(r, f{gz +c)) = (L + o(1))IV(r,/(r)) + O(logr).
When considering two nonconstant meromorphic functions F and G that share at
least one finite value CM, the following lemma plays a key role. In the original paper,
[11], S(r, F) denotes any quantity satisfying S(r, F) = o(T(r, F)) as r -» 00 possibly

outside a set of finite linear measure. So it holds when S(r, F) = o(T(r, jP)) asr —00
possibly outside a set of logarithmic density O.
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Lemma 2.4 ([11, Lemma 3)). Let F and G be two nonconstant meromorphic functions.
If F and G share 1 CM, then one of the following three cases holds:

(1)  max{T(r, F),T(r,G)} < N2{r,1/F) + N2(r, 1/G) + N2(r, F)

+N2(r, G) +S(r, F) + S(r, G),

2 FG=1,

3 F=¢G,
where N2(r, 1/F) denotes the counting function of zeivs of F such that the simple

zeros are counted once and multiple zeros twice.

When two nonconstant meromorphic functions share at least one finite value 1M,
then the following lemma is needed.

Lemma 2.5 ([9, Lemma2.3]). LetF and G be two nonconstant meromorphic functions
such that F and G share 1 IU, and let

If 0, then

T(r,F) +T(r,G) < 2(N2(r, 1/F) + N2(r, 1/G) + N2(r,F) + N2(r, G)) + 3(N(r, F)
+UWr, G) + N(r, 1/F) + N(r, 1/G)) + S(r, F) + S(r, G).

Lemma 2.6 ([4]). Let f{z) be a nonconstant meromorphic function, and let a, k be

two positive integers. Then

N, (r,— ) < T(,/<>) T(r/)+N,+(r,i) +S(r/),
N. (r, ) < KN(r,f) + N.+k(r,jj+S(r,f).
Clearly, N (r, = Ni (r,
3. Proofs of the Theorems

In this section we prove our main results.

Proof of Theorem 1.1. Let F(z) = f (z)nf (gz + ¢). Using the second main theorem,
we obtain

T(r,F<*>) +N(r,ji;) +J3?2(r,F<*>) +S(r,F).
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Prom Lemma 2.6, we get
Tr,FA) < N (r,jff ) +T(r,FM) - T(r,F) + Nk+l (r, )
+N(r,F*"+S(r,F).

Since T(r, F) < (n+ D!T(r,/), we have S(r, F) = S(r,/). Thus the above inequality
and Lemma 2.3 imply

T(rF) <7f(r, Fnike (V) 4 Ne Fwy + s )
s w(rX rr)+ (+F ) +wW (r'TVTh)
- 77 (¢ ) + (fc+ L)r(r’/} +r(r’/} + 2F(r’f) + 5(r>N
(3.1) <N (r, + (*+ HT(r, /) + S(r, /).

On the other hand, fromLemma 2.1, we get

(n+ DT(r,/) = T(r,r+)=m (r,r+1)+ N (r,r+l)

s T (r'y(r, n5+ ?2)+iv(-ir(">-7P T ?)+5<r’/)
< T(r,M)+(r, DK _ ) +«(r,nM _)+" 5
(3.2) < T(r,F(z)) +2T(rd) +S(rd).

According to (3.1) and (3.2), we obtain
(n k- 5T[r,f)<N (r, + 5(r, /).

Note that n > fc+ 5, we conclude that F * (z) —1 has infinitely many zeros. This
completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. Let the function F(z) be as in the proof of Theorem 1.1.
Assume the opposite, that F~(z) - 1 has only a finite number of zeros. Since by
assumption, / is a transcendental entire function with zero order, there exists a
polynomial P(z) such that

FMz) -1 =P{z).
By integrating kK times, we get from the above equation that F(z) = Q(z), where

Q(z) is a polynomial, given by Q(z) = f(z)nf{qz + c). Obviously, Q(z) 0. Hence
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we can write
(n+ DT(r,/) = T(r,fn¥l) = m(r,/"+1)
* M L § ) + ™
(3.3) < T(r,F@) +S(r,/)=T(r,Q(*)) + S(r,f),
which is impossible. Therefore F~(z) —1 has infinitely many zeros. This completes
the proof of Theorem 1.2. O

Proof of Theorem 1.5. Let F(z) be as in the proof of Theorem 1.1, G(z) = g(z)ng(qz+
c), and A be as in Lemma 2.5. Define

()= F_V\i(z) t(' y = EV\;&Z?_

Then @(r) and () share 1 M by the conditions. Since / is a transcendental entire
function, from the definition of () we deduce that Na(r, ) = O(logr) = S(r, f).
Using Lemmas 2.6 and 2.3, we can write

Ne(r, ) < Ni(nyw)+3(r,d

< A[r,F)+n0r,, (r,i) +5S(r,f)

< Ne+ 2, ] 1) +W(,,7; -5) +s(r,fl
< (fc+ 3)T(r,/) + S{r,f).

In the same manner, we get

(3-4) *o(r, )< (* + 2T(r, f) +S(r, ).
Therefore
(3.5) N2 (r, 1) + N2(r, ®) < (fc+ 3)T(r,/) + S(r,/).

Similarly, we obtain

(3.6) N2 (r, ) + A2(r, ®) < (fc+ 3)T(r,g) +5(r,Q).

3.7 N (r, ) < (fc+ 2)T(r,g) + S(r,9).
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Next, by Lemmas 2.6 and 2.3, we get

m(r,i) < N2(r,~j+S(r,f)
< T(r,F<®) - T(r,F) + Nk+ (r, ) +S(r,f)
< T(r,F<l) - T(r,F) + NM (r,-1) + Nk+>(r, —
< T(,FW) - T(r,F) + (fc+ 2N(r.Jj+IVv (r,

. (3.8) < T(r,®)- T(r,F) + (fc+ 3)T(r,/) + S(r,/).
By (3.3) we have
(3.9 (n+ DT(r,/) <T(r,F) + S(r, /).
Combining (3.8) and (3.9), we get
(3.10) N+ DT, /) <T(r, ®)- M(r, + (fc+ 3)T(r,/) + 5(r, /).
Similarly, we can obtain
(3.11) (n+ NDT(r, @< T(r, P) - (r, *j + ({fc+ 3)T(r,p)+ S(r,S).
It follows from Lemma 2.5 that if 4 ~ 0, then
Nr,*)+T(r,*) < 2(» 1)+« 1))+3(«( )+7?2( %))
+5(r, ®) + S(r, P).
Substituting (3.4)-(3.7), (3.10) and (3.11) into the above inequality, we obtain
(n- 5fc IN[T(r,/) + T(r, g\ < S(r, f) + S(r,5),

which is a contradiction, because by assumption we have n > 5fc+11. Hence, we have
A = 0. By integrating (2.1) two times, we get

1 A
o1 o-17B
where A/ 0 and B are constants. The above equation implies
(312) (0-A)® + (N-B-1)
1 B®-(B + 1)

Hence, we easily get
r(r,®)=r(r,®) + 0(1).
Thus, we have S(r,/) = S(r,g).
In the following, we discuss three cases.
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Case 1. Suppose that B Q-1. In this case, from (3.12) we obtain
) =wr,n
Next, from the second fundamental theorem and (3.4), we have

Tr,®) < Wr,®)+T*(r, "+"li(r,1/(®-£x%)") +5(r,P)
< (k+2)T(r,f) +S(r, /).

In view of (3.8) and (3.9), we have (n —k —2)T(r,f) < T(r, ®), implying that
(n- 2k- 4)T(r,/) < 5(r,/). This contradicts the assumption n > 5fc+11.
Case 2. Suppose that 5 = 0. From (3.12) we have

(3.13) ®= AD-{A —1).

If A 1, then from (3.13) we can deduce N(r, 1/(® - ~p-)) = T7(r, ™). Then, by
the second fundamental theorem and (3.7), we obtain

rr®) < 77(r,®@)+77~ A+ 0T 1, 1/(P-2i))+5(,0)
(3.14) < (K+ 2)T(r,g) + (k+2)T(r,/) + S(r, /).

Similarly, we have
(3.15) T(r, ®) < (k+2)T(r, @+ (* + 2)T(r, /) + 5(r, S).
By (3.10), (3.11), (3.14) and (3.15), we obtain

(n- 3*- QT(r,/) + T(r, A < 5(r./) + S(r, 9),

which is a contradiction since by assumption n > 5fc+ 11. Thus, we have A = 1, and
from (3.13), we obtain = @, implying that

(/(*)"1(g™ + )M = (a(rY ‘a(ar + O)<>.
Integrating the last equality, we get

f(z)nf(Qz + ¢) = g(z)ng(qz + ¢) + p(2),
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where p(z) is a polynomial of degree at most t—1. Ifp(z) 0O, then from the second
main theorem for the small function case, we get

(n+ DT(r,/) <T(r,F) + S(r, f)
<N(r,F) + N (r,~j+ N (r, ) +5S(r,/)

*r('m?)+* (7 ) +* fa)
+7?2(r''dd ~ ) +B(-n

<2T(r,f) + 2T(r,g) + S(r,f).
Similarly, we have

(n+ DT(r,g) < 2T(r,g) +2T(r,f) +S(r,f).
Therefore

(n+ D[T(r, /) + T(r,p)] < A4[T(r,/) +T(r, g} +5(r,/) + S(r, ff),
which is a contradiction since by assumption n > 5fc+ 11. Thus, p(z) = 0, which
implies that
f{z)uf(qz + c) = g{z)ng(qz + c).

Let £ = ft. If ft is not a constant, then the above equation implies

Thus, from the first main theorem, we obtain
nT(r,ft(z)) = T(r,h(z)n)=T(r,h(gz+c)+ 0(1)
< T(r,ft(2)) + S(r, ft).

Since n > 2, we know that his a constant. Then by (3.16), we have ftn+1 = 1. Hence
f[z) = tg{z), where t is a constant and in+l = 1.
Case 3. Suppose that B = —1. From (3.12) we have

(3.17) o MA@ AL

IfA -1, then from (3.17) we can deduce N(r, 2/( - ~j)) = N(r, ). By the
same reasoning, discussed in the Case 2, we obtain a contradiction. Hence, A ——1.
Prom (3.17); we have m = 1, that is,

(3.18) (f(z)nf(qz + ¢ ) ) «(g{z)ng{gz + c))<=> = z2.
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Notice that n > 5fc+ll, hence if zo is a zero of f(z) with multiplicity p, then * isa zero
of {f{z)nf[qz + c))”~ with multiplicity at least np- k > 4A+11, which is impossible
by fhprlfing the right-hand side of (3.18). Hence, zero is a Picard exceptional value
of /(r), and thus f(z) is a constant, which is impossible. This completes the proof of

Theorem 1.5. O

Proof of Theorem 1.3. Let ®(r) and ®(z) be as in Theorem 15. Then ()and ()
share 1 CM, and from (3.8) we obtain

(3.19) Nu(r,  <T(r, )- T(r,F)+ (fc+ 3)T(r,/) + S(r,/).
Similarly, we get
N2 (r,i) <T(r, )- T(r,G)+ (fc+3)T(r,g) + S(r,3).

Assume that the Case 1of Lemma 2.4 holds. Then, in view of Lemma 2.5 and (3.19),

we can write

T(r, )< N2(r, + N2 7, +N2(r, )+ MN2(r, )+ S{r, )+5(, )
<T(r, )- T(r,F) + (k+3)T(r,/) + N2 "r, + 5(r,/) + 5(r,0)

<T(r,®)- T(r,F)+ (fc+ 3)T(r,/) + W r,G)+Wc2(r. ) + S(r,/) + S(r,5)
<T(r,®)- T(r,F) + (k+3)T(r,/) + (fc+ 3)T(r, 9 + 5(r,/) + 5(r,5).
From the above inequality we get
T(r,F) < (fc+ 3)T(r,/) + (fc+ 3)T(r,Q+ 5(r, /) + 5(r, s).
On the other hand, from (3.3) we have
(n+ )T(r,f)<T(r,F) + S{r,f).

Combining the last two inequalities we conclude that

(n-ft 2)T(r,/) < (fc+ 3)T(r,g) +5(r, /) + S(r, g).
Similarly, we obtain

(n- fc- 2)T(r,5) < (fc+ 3)T(r,/) + S(r,f) +5(r,g).
Therefore

(n- 2fc- S)[T(r,/) + T(r, )] < S(r,/) + 5(r, e),

which contradicts the assumption n > 2fc+ 5. Hence d(r)m () =1or ()= ()

by Lemma 2.4.
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The rest of the proof repeats the lines of the proof of Theorem 1.5. This completes

the proof of Theorem 1.3. O

The proofs of Theorems 1.4 and 1.6 are similar to that of Theorems 1.3 and 1.5,

and we omit them here.
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THE PROBLEM OF ADDITIONAL SAMPLES FOR
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Abstract.The problem of recovering a time-varying signals from their spatio-temporal samples,
often referred by dynamical sampling problem, has been well-studied for one-variable signals. Mar
ny examples coming from real-world applications (sampling of air pollution, wireless networks etc.)
involve spatial coordinates. We state the problem of spatio-temporal sampling for two-variable
functions and consider the problem of finding additional sampling locations for one specific family

of kernels.
MSC2010 numbers: 94A20, 40C05.
Keywords: sampling and reconstruction.

1. Introduction

Let V and V', V C V' be spaces of functions defined on a set X. We assume the
initial state of a (linear time-invariant dynamical) system /,, = AnJn- 1, is given by
an unknown function / e V, i.e. /o =/, and A : V' -> V' is a known linear operator.
At each time instancen (n = 0,..., L -1) the values (samples) of the evolved function

Anf are measured on some subset fin C X:
Vo= f\naVi=(Af) , ... VL-i = (AL- f)

The main problem in dynamical sampling is to uniquely reconstruct the function
/ €V from these samples.

In [1] — [4] the dynamical sampling problem for a single variable function / on
domains Zzd = {0,1,..., d—1}, Z or R is treated. The assumption is that the evolution
operator is given as a repeated convolution with a kernel a: ,,(/) = a*a*...*a*f =
auf forn = 0,1,...,L —1 and, at each time n, the evolved state An(f) is under-

sampled at fixed positions fi:

{/(fi), a*f( ), ..., (@* 1*/)(«)}, for c |
80
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In [5] the case when the positions of sampling points are allowed to change at
different time levels is considered. If the number of sampling points at any time
is constant, a necessary and sufficient condition is found for the existence of positions
that allow full recovery of any function by samples taken at those positions. Also, for
single measurement per time level, a lower bound on the number of such sampling
configurations is computed.

2. Dynamical sampling in i2(Zd| X ZjJ

Let the domain be the direct sum of two cyclic groups X = Zdj x Zdal , € N+

and the evolution operator be given as a convolution with a kernel a = (ak,i)(kj)ex’-

Af(k,l1) = a* f(k,1) = £ a.Pf{k-s,l p) forall (kiI)eX

where {k —s,1 —p) is understood in terms of summation operations in cyclic groups

Zj, and Zdj. We assume that d\ = J\m\, = , where d\,  are odd numbers
and the initial state / and its temporally evolved states Af, A2f,... A L~1f are
sampled on a uniform grid M = miZd] x m2Zda. Let Smi>ma = | mizdl be the
subsauipling operator on miZj, x mjZd3. Our objective is to reconstruct f from the
samples set

10~ 5mi,ma/

¥ ~ Smum,A f
(2.1

VL-1 — Smi.mjA f.

Denote by g the discrete Fourier transform (DFT) ofg 6 ia(Zd, x ZjJ:

9(s,p) = ZJA 2" g(s,p)e~*uTA-e i; for all (s,p) 6 Zdl x Z~.
k=0 10
After applying the DFT to both sides of (2.1), and using the fact that the Fburier
transform of downsampled signal Smi<m3g is
- mi—dra—
(Smim g)“(8,p) = g™ + kJi,p + 132),

also (a* /) “(s,p) = a(s,p)/(s,p), we get

1 mi—dm2—4
@2) V(D) = . (+kduj+ )i+ kIij+ )
MTh =0 =
for(i,j) 61:{0,-00,.”- 1}X{O,-", - 1}and :O,D.,..., -1,
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We use the block-matrices
|

Y
( J'+U) ... S(i+(mi—1)Jjj+13?2) \

where 1= 0,1,....m2- 1, and for all (t,j) 6/w e define
(2.3) nmoma(i,j) = [idolIMRE*>i) ™, 7 (] *»* -
For every (i,j) e J put y(i,j) = [yo(*.i) Ji(*j) - Yx.-i(».l)
/ \
[(* + (mi—1)/1il)
(W + A)

[(»+ (i -1)Ji,,7 +J2)

(>, +( 1) 2
V/@t+ mi- 1)N,i+ (m2- 1)J2)y

Then the equations (2.2) can be written as

(24) Y0 = | frpAnInA(1L)S(L)).

Note that, to be able to recover the vector / from (2.1), we need to take samples at
least mim2 times and, when L = mim2, Amitma(i,j) becomes a square matrix.

Proposition 2.1. ForL = riyT-r, any f € i2(Zd, x ZjJ can 6e uniquely recovered
from its samples (2.1) if and only if for every (i,j) e | we have

(2.5) det Afnj.mjf*) jf) 0.
If we put
,(0,0)
. (1|0) = 0
A~ (Y
0 T3 /31) )

then (2.4) is equivalent to
26 - =
(25) mim2At Y,
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where

2(00) ( 600

* - l. » -

Notice that, f is the column with rearranged Fourier coefficients of / such that they
match the order of columns in matrix A.

Proposition 2.2. Any f 6 /i (Zrfl x Zd3) can be uniquely recovered from its samples
(2.1), if an only if the matrix A is non-singular.

3. The set of additional sampling points

Because Amitm3({i,j) is a Vandermonde matrix, it is singular at an (t,j) 6 | if and
only if
(3.1) a(i+kJuj+ )=a(i+k'Juj +1'32)
for some (A, 1), (fc7, 1) e {0,* e ,mi—1} x {0, m-, -1}. Hence, taking samples after
the first 7 7 measurements is not going to add anything new in terms of recovery.
In that case, we need to consider adding extra sampling points to overcome the
singularities of Ami<m3(i,j). For functions of one variable the problem of additional
samples has been discussed in [1]. If the operator A in (2.6) is singular, we want to
be able to find a set CX\(miz~ xt~Z~) such that, for the related sampling
operator Snald, any function can be uniquely recovered from the samples

(32) {
Let (lit(ker(J1)) = n. Note that ker(A) = ker(Amum3)(i,j), hence, if the
nullity of matrix Amumt(i,j) is Wij , then n =

The kernel of A is generated by linearly independent vectorsve, s = I,...,n where
every ve has exactly two non-zero components, 1 and —1, corresponding to a pair of
coinciding columns in Ami<m (i,j), for an (i,j) 6 I.
Let Rnadd be [Masv x n matrix with rows corresponding to {(vi(k,l), s vn{k,I)) :
(k, 1) e Mam}, where v, is the vector whose rearranged DFT is v,,. With this notation,

the following result holds:

Theorem 3.1. Everyf 6 2(Za, xZ”) can be uniquely reconstructed from its spatio-
temporal samples (3.2) if and only if rank(Rnatld) = n.

Corollary 3.1. Iffor the set Q™dd any f € 2(Zdl x Z”) can be uniquely determined
by its samples (S.2), then | < |> <iiT(ker(J1)).
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4. Quadrantally SYMMETRIC KERNELS

We consider one special class of filters for which we are able to explicitly construct

an additional sampling set of possible minimal size.

Definition 4.1. The matrix a is quadrantally symmetric, if
a(s,p) = a(d - s,p) = a(s,d2-p) = a(di - s,d -p)
for all (s,p) € Zdl X Zd2, and a(s,p) a(k,l) for any other pairs {x, 1) .

If for the kernel a, a is quadrantally symmetric, then it can be easily verified that
(in particular) NTi,7a(0,0) is singular. In fact, the following lemma holds

Lemma 4.1. For quandinntally symmetric a,

M nna =

Theorem 4.1. Let the DFT a of the kernel a be quadrantally symmetric and let
Mum = |(A,0:fc=1,-",= LieznNj

U |(fc,i):fcezrl, i=

Then, any f 6 12(Zj, x Z”) can be uniquely recovered from the expanded set of

samples

4.1) {"Mim/>Sml,m?ft eee SSmitmiAm‘m3 1/} -

Note that, from Lemma 4.1, the cardinality of Modd m the previous theorem is equal
to A'T(ker(J1)) which from Corollary 3.1 is the possible minimal size among the sets
of additional sampling points which allow unique recovery of every / from (4.1).
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