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Anwnotaunsn. B CTaTbe BBOAATCA MOHATWS aHAIUTUUECKO KPWBOIA U 3KBUBa-
NEHTHBIX TOYEK Ha NoBEePXHOCTAX Bopa-PHMilLa. KOHCTPYKTUBHBINA 1 anre6pa-
MYeCKUM MeTofa»™ [0Ka3bIBaeTCs, UTO TOUKM MOBEpXHOCTU BoparPrnmaHa no-
Ka/lbHO VMEIOT OfJIHAKOBOE UMC/IO 9KBUBANEHTHBLIX TOYEK.
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1. BeegeHue

B paboTe upofomkaeTcs uccnefosaHne nosepxHocteid boperPumaHa, Havartoe B
cTatbe [1]. HanoMHum, 4TO noBepxHOCTM Bopa-PHMaHa nony4arTcs BCeACTBUE Ha-
KpbITUiA 0606LLEHHOM NNOCKOCTM [l - N0KaNbHO KOMMAKTHOrO NpPOCTpaHCTBa, Nony-
YeHHOro u3 gekaprtosa npoussegeHns G x [0,00) NyTeM OTOXAECTBMEHUS B TOUKY
cnoa C x {0}, rae C rpynna xapakTepoB BCIOAY MN/IOTHOM B €BK/IMAOBOI TONONOMMM
T nogrpynnbl [ rpynnbl BeLWECTBEHHbIX Yucen R. dnemeHTamu [ 6yayT Toukm (a,r)
ca€Gr>0un*=0Gx {0} Ormetum, 4To NpokonoTas 0606LleHHas NIOCKOCTb
O\{*} := [i° ABnsieTCA rpynmnoil OTHOCMTENIbHO eCTECTBEHHOW onepauuy MOKOOpAM-
HaTHOro YMHOXeHUA. KOHCTpyKumMs npocTpaHcTBa [ BOCXoauT K ApeHcy U 3uHre-
py |2], n [, oyeBMAHLIM 06pPa30OM KaHOHWYECKW OTOXAECTBASETCA C NMPOCTPAHCTBOM
6 = {ar :a 6 G,r € [0,00)} aHanorom KOMMNMeKCHoi naockoctn C, cOCTOALMM U3
romomopgusmos cn : I -4 C :aun a(a)r°. Tononorvein Ha [l 6yaeT cTaHAapTHas
thaktopTononorms & = {U C & : U e Kk x Tp.oc)}. [[° * ~ Tononorus Ha G, a
T[0,00) - cy>eHue na [0, 00) eBKNNAOBOI TOMOMOTUN T. AHANOTMYHbIM 06pa3oM onpe-
gensaetca tononorma Tao N k X T(0l+oo) Ha [A°. Ha npocTpaHcTBe [, pa3BuBaeTcs
Teopus 0606LLEHHbIX aHaNMTUYECKUX PYHKLWIA, NO3BONAIOLLLAS NOMyYaTb HOBbIE pe-
3yNbTaTbl METOAAMMW KMACCUYECKON Teopun aHanuTuueckux QyHkuuid (cm. [3], [4]).

WccnefonmHUC BLIMOMHEHO MpW (hMHAHCOBOW noagepxke PO®PU o pamkax nayynoro npoekra
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A. ®. BEKHASJIPAH, C. A. TPUTOPAH

HanomHuM Tenepb onpefeneHns 0606LLEeHHbIX aHaIUTUYECKOW YHKLMN U TOHKOrO
MHOXeCTBa B [, C MOMOLLBIO KOTOPbIX OMpejensietcs nosepxHocTb Bopa-PiwaHa.
Myctb T+ = {0 € T :a > 0}. Kaxabllii xapaktep x°,a 6 '+> COOTBETCTBYHIOLLMIA
aneMeHTy 0 6 '+, MOXHO pacLuMpuTb 40 HeNpepbIBHOM yHKUMM <R Ha [, nonaras

ansa = ot
VaW = Xe(a)re

¢ Xa(a) = a(a).

OnpepeneHne 1.1. MycTb D - 0TKpbITOe MHOXKecTBO B [l. HenpepbiBHas Ha
D yHKuMa / HasblBaeTCA 00606LUEHHO aHanMTUYeCKol, ecam ans nw6oro 3 € D
HalipeTcs Takas okpecTHocTb U C D, a e U, uTo cy>keHune f Ha U paBHOMepHO
annpoKCMMNUPYeTCA NMHEAHBIMU KOMOUHALNAMUN PYHKUNA qB,a € T+.

MHOXeCTBO BCeX 0006LLEHHbIX aHAUTUYECKUX PYHKUNIA Ha D 0603HavaeTca 0(D).
B cnegytowem onpefeneHnn UCNONb3yeTca TOT (hakT, 4YTO MPOCTpaHcTBo [° =
O\{*} nokanbHO nmeeT cTpykTypy Buga V. x W, V. ¢ Ga,W C C, rge Ga= {a e

G;a(a) = 1}ca€r (cm. [3], cTp. 10-11).

OnpepeneHne 1.2. TycTb D - 0TKpbITOE MHOXKeCcTBO B [l. 3aMKHYyTO€e NogMHo-
>kecTBo K C D Ha30BeM TOHKWUM €CNU BbIMONHATCA ClefyloLLne ycnosus:

(1) pna ka>kpoih Toukn a € D,s *, CYWeECTBYIT OKpecTHocTb C D,
—V xW , n dyukuyms f e 0(17),/ 0 obpawarowasncs B Hynb Ha KnU ,
(2) ons kadxkgoroa GV cy>keHue } HaWn — {a} xW He paBHa TO>X[eCTBEHHO
HyNo,
(3) ecnm * 6 D, TO HalgeTcs HeTpuBnansHas yHkumsa / 6 0(4r),4r ¢ D,
obpaLatowascsa B Hynb Ha ATMK, rge Ar = {«e [; |3 < r} - 0606LeHHbII
[OUCK paguycar B A.

Mepeiigem Tenepb K OnpefAeneHni0 NoBepxHoCTM bopa-PumaHa. Kak n3BecTHO (cm.
[5], cTp. 25) oToGpaxkeHWe TOMOAOrMYEeCKUX NPOCTpaHCTB N : Y -+ X HasblBaeTcs
(Bo06LLE roBOPsi, Pa3BeTB/IEHHbIM) HaKPbITWEM, €CIM OHO HEMpPEepbIBHO, OTKPLITO U
ANCKPETHO, TO eCTb ANA KaXA0ro X ¢ X cnoi >k~1(x) - ANCKPeTHOe MHOXEeCTBO B
Y . OTo6paxeHne TONOMOTMYECKUX MPOCTPAHCTB N 1Y -t X HAa3biBalOT HEpasBeTB-

NEHHbIM HaKpbITUEM, €CM KaXKAas Touka X € X uMeeT (TakK Ha3biBaeMyl POBHO
4



0 MOBEPXHOCTSAX BOPA-PUMIIHA, N

HaKpbITYI0) OKpPecTHOCTb U, Takyto, 4To
* =[_\Ui
ien

-ON3BIOHKTHOE 00beaMHEHVE OTKPbLITbIX MHOXECTB B Y 1 BCe CyXeHus 7rly, : L, —» U
- romeoMopusmbl. Ecnv MHOXeCTBO A KOHEYHO (CnefoBaTe/lbHO, BCE C/IOU HaKpbl-
TWA COCTOAT U3 OLHOTrO M TOrO XKe 4Yucna To4vek), To (Hepe3BeTB/IEHHOE) HaKpbITUE
Ha3blBAeTCA KOHEYHONUCTHbIM, a YMCAO0 TOUEK CNOEB Ha3blBAETCA €ro yucnam Nu-
CTOB.

OnpepgenexHune 1.3. Tononormyeckoe nNpocTPaHCTBO X HAa3blBAETCH NMOBEPXHOCT b0
bopa-PvmaHa Hag [l, ecnu cyuwecTBYeT TOHKOE MHOXKeCcTBO K C A W HakpbiTue
X -4 [, Takue, 4TO Cy>KeHUe ir Ha MHOXKecTBO X *= J\7r 1(A) eCTb Hepas-.
BeTB/AEHHOE KOHEYHONUCTHOE HaKpbiTUe MHOXKecTBa A* = O\K.

OTMeTMM, YTO BONPOCHI FPYMNMOBbLIX CTPYKTYpP Ha noBepxHocTax bopa-PumaHa
paccmoTpeHbl B pabotax [1], [6] - [8]. Onpegenum Tenepb MOHATME MNIOCKOCTW B
npoctpaHcTBe [. W3 nnoTHocTM nmogrpynnel I B R Mofiyyaem, 4TO OTOOGpaxeHue
a:M-*G: -»at, cc*t@ = e*,0 e I', NHbeKTNBHO N 06pa3 a(R) nnoTeH B
G (cm. [9], cTp. 55). OTo6paxeHue a : R -» G NopoXAaeT NOrpy>eHue

P:C [A°:z= +iy * = atc~v.

*
MHoxecTtBo [1° = G x (0, +00), KOTOPOE KAHOHNYECKWN OTOXECTB/IAETCA C NPOCTPaH-
cteom {ar :a 6 G,r € (0,00)}, ABnseTcA NOKa/bHO KOMMAKTHOM FPYMnnoi OTHOCK-
Te/IbHO NOKOOPAMHATHOrO YMHOXEHUSA C eANHNYHBIM 3ieMeHToM aw, = <*(0) = ¥>(0)-
OTmeTum, 4TO 06pa3 <p(C) nnoteH Kak B [° Tak 1 B []. MHOXxecTBO Buga C, = sip(C)
6yfem nasbiBaTb MIOCKOCTbIO B [° npoxogsilei yepes Touky s e [°; Co = Cv(0)(=
<p(C)). Aanee B paboTe C NOMOLLLIO NOHATMA NAIOCKOCTW B NPOCTPaHCTBe [l BBOAATCA
MOHATUA aHa/IMTUYECKOW KPUBOM M 3KBMBANIEHTHLIX TOUYEK Ma MOBEPXHOCTAX Br~er

PumaHa.

2. AHanunTnueckue Kpussblie

Myctb Co onpeaeneHHas Bbille NIOCKOCTb B [,°, MPOX0AsLLas Yepe3 eUHNYHbIN
aneMeHT of rpynnbl A°. Kak Mbl y)e BUAenn, MHoXecTBo Co ecTb BCIOAY MIOTHas
nogrpynna rpynnsl [°, fBnaswoowasca 06pasom aggMTUBHON rpynnbl KOMMIEKCHbIX
yucen C nog felicTemnemM rpynnoBoro romomopdguama ip: C -» °. Tak Kak gq 6 Co,
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N. ®. BEKH/NI3APAH, C. A. TPUTOPAH

TO AN ntoboro s e [1° MHoxecTBO sCq = C, eCTb NNOCKOCTb B [1° npoxofALias yepes
s. MHOXecTBO BCex NNOCKOCTell Takoro BMAa pacrnajaeTcsl Ha KAacCbl CMEXHOCTU
rpynnel A° no nogrpynne Co-

PaccmoTpum KpuByto B [1°, TO ecTb oTo6paxeHune 7 : 7 = [0,1] — [1°, HenpepbIB-
noe OTHOCUTE/IbHO TOMOMOrMK TAO B [, .

Onpegenenune 2.1. Kpueasa 7(7) C [° Ha3biBaeTCs aHaNIMTUYECKOI KPWUBOiA, ecnun
OHa NONHOCTbI0 cofiep>KMTCa B nnockocTwu C,,0, Ans HekoToporo «o € [°.

MycTb 7(7) - HeKOTOpas aHanUTUYecKas Kpueaa B [1° nexalaa B naockoctu C,0,
s0 6 [°. Torga ans nwob6oro a e [° kpueas 7J1I), -y,(t) = € 7, nexuT B
nnockoctn Cs*0 u, cnefoBaTenbHO, TaKXXe SBAAETCS aHaIMTUYECKOW KPUBOWA.

Myctb X - noBepxHocTb bopa-Piwana Hag [, K - TOHKOE MHOXECTBO KpUTnye-
CKMX TOYEK HakpblTua 7r: X —* [ B [l. Onpeaenvm Tenepb NOHATUE aHAIMTUYECKOIA
KpMBOW Ha mogmHoxectse X * = 7r_1(4*) npocTpaHcTtBa X, rge A* = O\K (Mbl
cunMTaem, 4To * 6 K 1 paccmaTprBaem UCXOAHOe HakpbiThe Hag 4° = O\{*}).

Mo Teopeme 0 NOAHATUM KpuBOIA (CM. [5], 84), ANs KaXA0 aHaNMTUYECKON KpPUBOWA
7(7) B 4* v kaxaol Toukn W e _1(7(0)) cyLiecTByeT eaAnHCTBEHHasA KpuBas ~(7) C
X* ¢ Hayanom B TOYKe w, HakpbiBatowas kpusyto 7(/), Toectb 7(0) = wn 7() =
T°7(<), 6 7.B atom cnyyae kpusas 7 (7) Ha3blBaeTCs NOAHATUEM KpUBOW 7(7).

Onpegenenne 2.2. Kpusas Ha X* HasblBaeTCs aHaNMTUYECKONA, ecan oHa npep-
CTaBnAeT CoB0W NOAHATWE HEKOTOPOI aHaNUTUYECKON KpUBO M3 A*.

Takum o6pas3om, ecim 7(7) ¢ X T- aHanMTU4YeCKas KpuBas, TO OHa sBNseTcA
NOAHATUEM HEKOTOPOW aHanuTu4yeckoi kpmeoi 7(7) ¢ C*, ae A°, roe C* = CATC.
BBeaeM NoHATME 3KBMBAIEHTHOCTM Ha cnosx ir_1(s), a € A*.

Onpegenenne 2.3. [1Be TOYKM roi,m 6 7r 1(s) Ha30BEM 3KBMBANEHTHLIMU, €CK
cywecTByeT aHanuTunueckas kpusasa 7(7) C X d, Takag ytow\ = 7(0) v g =
7(1). OKBMBANEHTHOCTb Touek WA 6yaem 0603Ha4yaTb Wi ~

HeTpyaHO NpoBepuTb, YTO €CAM Wj ~ WH U gl ~ W TO Wj ~ wi. TKKumM 06-
pasom, MHoxecTBo 7r 1(a) = {tui,...,iu,,} pa3buBaeTCs Ha KOHEYHOE UYMCNO K/accoB
3KBMBANEHTHOCTU. Onpefenum Ha X* QyHKUMIo v : X* -> Z+, nonaras gns ae> € X*

b'(rvo) = card{w e T—1(7r(ri»0)) : W rJIu}.
6



O MOBEPXHOCTAX BOPA-PUMNHA, 11

To ecTb V - (hyHKUMA AeilCTBYIOLLAS HA MHOXECTBE X *, KOTOpas KaX[oi TOmMKe
vjo 6 X' CTaBUT B COOTBETCTBME YMNC/IO 3KBUBANEHTHbIX €1 TOYeK.

3. JlokanbHOe NOCTOAHCTBO PYyHKUMN U

OCHOBHbIM pe3ynbTaToOM 3TOr0 Naparpaga ABNAeTCA 40Ka3aTebCTBO JI0KANbHOIO
MOCTOSHCTBA, CUMTAIOLLEN YHKLMN V @ X* -¥ Z+,

CHayvana n3yunm nosefeHne QyHKUUM 1 Ha MHoXecTse 7r 1(CJ), a 6 A*. MycTb
s &A*. O603HaUMM yepes L(a) YMUCNOo KNaccoB 3KBMBANEHTHOCTU (B CMbIC/ie onpefe-
neHuns 2.3) Haf a, TO eCTb YMC/I0 KNacCoB 3KBUBANEHTHOCTU B MHOXecTBe 71 (a):

Ix(@) = card{C[w) :to 6 7r 1(s)},

rae
C(w) = {«€ 7A(7r(ry)) :vn ~ w}.

Takum o6pasom, C ecTb 0TOOpaXKeHue AeiicTBytoLLee Ha X 5, KOTOPOe KaXK4oi TouKe

w 6 X* cTaBUT B COOTBETCTBME MHOXECTBO 3KBMBANEHTHbIX € TOYEK, W, cnefoBa-

TenbHo, cardC{w) — u{w). Mepeligem K foka3aTeNbCTBY /IOKa/IbHOrO MOCTOSAHCTBA

tyHKUUKM 1 Ha 7r 1(CJ), ae O*.

Nemma 3.1. MycTb ae A*. Torga QyHKums 1 : A* -Y Z+ nocTosHHa Ha C', a
(OYHKLUMS v 1 X * —Z+ NoCTOAHHA HA KOMMNOHEeHTax CBA3HOCT U npoobpasa ir_1(CJ).

[JokasaTenscTBo. lMpexae BCcero, OTMETUM, YTO MOCKOMbKY HemnpepbiBHOEe 0To6pa-
XeHue T, := 7Ar-i(c:) : T 1(C*)  C* ABNsAeTCA HAKPbITUEM CBA3HOMO U SIOKAIbHO
NIMHENHO CBA3HOrO NpocTpaHcTBa C*, BOOGLLE rOBOPS, HECBSA3HOW PUMAaHOBOW MOBepX-
HOCTbi0 r_1(C*), TO ero cy>xeHue Ha Nl06Y0 KOMMOHEHTY (NMHERHOI) CBA3ZHOCTYU
nosepxHoctn T 1(C*) Takxke fBNAETCA HakpblTUeM npocTpaHcTBa C*. B yacTHO-
CTU, U3 KOHEYHOSIMCTHOCTU HAKPbITUSA Il CiefyeT, YTO YMCN0 TaKUX KOMMOHEHT KOHeu-
Ho 1 ans no6oro o e CJ BennunHa m{L) cardfa 1(<r) ) sBNAeTCA NOCTOSHHOW,
He 3aBMCALLEi 0T 0, ¥ paBHa YMCNy IMCTOB HAKpbITUA MpocTpaHcTBa C* oTobpaxe-
Hvem 77 (o4eBMaHO, cymma Bcex m{L) no Bcem KOMMOHeHTaM CBA3HOCTW L gacT n
- YMCNO IMCTOB HaKpbITUA ir).
3atmkcrpyem nponseosibHoe 0 6 CJ n paccmoTpum pasbueHne T 1(c) = ()
C(wm) cnos M-1(cT) B AN3BLIOHKTHOE 06beAMHEHME KNAaCCOB 3KBNBANEHTHOCTMN Haf
0. Mo onpefeneHno 3KBUBANEHTHbIX TOYEK MMeeM, YTo Ans noboro i, 1 < i < T Bce

TOYKKM Knacca C(Wi) COEANHEHbI aHA/IUTUYECKUMWN KPWUBBLIMW, CnefoBatesibHO, ANA
7



A. ®. BEKHA3APAH, C. 1. 1'PUTOPAH

nboro i, 1 < » < T knacc C(tw<) nexnT B HEKOTOPOW CBA3HOW KOMMOHeHTe L,
npocTtpaHcTBa ir-1(C;), coaepxalleil TOUKy v 6 npuuem s_1(<r) (= C(u=j),
MOTOMY Kak Rce TOMKKM €1ost -K 1(a) HaxofsLwmecs B OfHON CBA3HON KOMMOHEHTE C K-
04eBUAHO 3KBMBaNeHTHbI W, Tak Kak Cy)>XeHUe HaKpbITUA THHA KXY KOMMNOHEHTY
cessnoctn MOBEPXHOCTU XK XC*) ABNSETCA HaKpbITUEM NpocTpaHcTBa C*, To Apyrux
KOMIMOHEHT CBSI3HOCTW, KPpOMe i I,m,y T 1(C*) He 6ygeT, 60 CyLiecTBOBaHMe
eLle 04HOro KOMMNOHEHTA 03Ha4ano 6bl, YTO B C* eCTb TOUKM, KOTOPbIE NOKPbLIBAOTCA
6onblUee YNCNO pa3 YeM <T, YTO MPOTUBOPEUMUT TOMY, YTO M SBNAETCA HaKpbITUEM.
MMo3aToMy T coBMajaeT C YAC/IOM KOMMOHEHT cBA3HOCTU 7r 1(C*), TO eCTb He 3aBUCUT
0T 0. Takum o6pasom, gns nwboro a £ C* nmeem, yto u{c) —T.

Oanee, nyctb w 6 ir 1(CJ) 1 - KomMnoHeHTa cBsisHoCcTM 7r 1(C*), cofepalias
o e . Kak nokasaHo Bbiwe, C ) = 7—4(r(ry)) . Moatomy v(w) = cardC(w) —
m(L). Jlemma foka3aHa. O

[ns nokasaTenbCTBa NOKaNbHOMO MOCTOSHCTBA V Ha X * HaMm MOHafo6uMTCs cnefy-
toLLiee YTBEPXKAeHVe, KOTOPOe MOXHO PaccMaTpuBaTh KakK BEPCUIO TEOPEMbI O HaKpbl-

BalOLLe/i rOMOTOLLLL ANS HAKPLITUA TF: X* SmO*,

Nemma 3.2. MycTb gaHbl Touka a E * n 3amkHyTaa kpueas 7 ¢ [* ¢ Havyanam
1 KOHUOM B Touke 3: 7(0) = 7(1) = 3. MycTb-k 1{3) = {aa.xa, ...,.X,,} n*y:1->XT
- Kpueasa B X* ¢ Havyanom 7(0) = x\ n koHuom 7(1) = 2 cx ,* e A~1{B)xi
X2, HakpblBatowasa kpusyto 7: 7(4 = To e |. MycTb, fanee, MKCMpoBaHo
pasno>keHue

3.1

npoo6pasa -1 (!7) OTKPbITO! POBHO HAKPbITON OKPECTHOCTU  TOUKM 3 B AU3b-
IOHKTHOE 00beANHEHNE OTKPbIThIX MHOXKECTB Vi, rOMeoMOp(MHbIX  nNpu oTobpa-
>KeHnax 7rvi mVi c obpaTHbiMu < = (jrjvd 1 : Vi npuyem < ) =
Xi,i = 1, , TO ecTb Hymepayus B (3.1) BblbpaHa Tak, 4T06bl X\ € V\, X% € Vj.
Torga cyuiecTBYeT OTKpbITas OKpeCTHOCTb WO ejUHNYHOr0 31eMeHTa ao rpynnbl
[°, Takaa yTo 3\Vo C U n gna noboro o € Wo nogHaTue % : 1 -> X* kpur
Boin 7,,(t) = <ry(t),t | c Hayanom B Touke <pi(0a) G Vj uMeeT KOHel, B TOuKe
pn{oa) e Vu.



O MOBEPXHOCTAX BOPA-PUMAHII, Il

3amevaHne: VHbIMK CMoBamu, eciii UMeeTCs MOAHATUE KPUBOW 7 C Hayanom U

KOHLIOM Ha nimcTax V\ N V2 COOTBETCTBEHHO, TO MOAHATHE "BO3MYLLEHHO” KPUBOIA 7,

C Ha4yasiomM Ha nucte V\ TakxKe 3aKaH4YMBaeTCs Ha UCTe Vj.

LokasaTenscTB0o. Bocnonb3yemcsi cTaHgapTHOM cxemoit noctpoeHus 7 ¢ 7 (0) = xi,
KoTopylo byaem afanTupoBaTb K paccMaTpuBaeMoli CUTyaumu.

Mpexgae Bcero, opraHnsyem Ans Komnakta 7(7) OTKPbITOe MOKPbITUE POBHO Har
KPbITbIMW MHOXECTBamMy CneumanbHoro Buga. A UMeHHO, YCTaHOBUM CYLLECTBOBaHUe
OTKPbITOM OKpecTHocTM W ¢ 117eanHunupl qq rpynnbl [,°, Takoin 4yTo gna noboro
te | MHOXecTBO y(t)W pOBHO HaKpbITO.

Tak KaK OTKPbITble POBHO HAKpbITble MHOXECTBA COCTaBNAOT 6a3y NpoCcTpaHCTBa

[*, TO cyuwlecTByeT KOHeYHoe MOKpbITMe KomnakTta 7 (7) TaKUMU MHOXECTBaMM:
|
7(/) C U UL

i=1
Myctb {Wj}jcj - oTKpbITas 6a3a N0KaIbHO KOMNAKTHOIO NPOCTpaHcTBa [° B TOUKe
0ro, TaKas 4to 4N15 BCAKOro j e J 3amblkaHne W j KOMMakTHO. [nsa Kaxgoroj e J
onpejesiMm MHOXeCTBO

Kj={ 1:7{t)Wj C Ui gnda HekoToporoi, 1<i <1}
“I"aK Kak Bce W j 3aMKHYTbl 1 KaXX40€ N3 MHOXECTB — 1,1 oTKpbITO, TO Kj Takxe

| |
oTKpbITO, j € J. Oanee, umeem uto 7(7) C _(J1 Ui, cnegoBatenswHo gnsa ntoboro € 7
1=

cywecTtByeTt Takoe uto 7(i) C , aTak Kak ABnseTca 6a3oli B TOUKe CO>TO
cywecTtyeTj € J, Takoe uto 7{t)Wj C Ui, oTkyga cnegyet, uto e Kj. Takum obpar
3oM, cemeiicTBo {K j}jej obpasyeT OTKpbITOE NMOKPbITME KOMNAaKTa |, cnefoBaTenbHO

d
Mbl MOXeM Bbl6paTbh KOHEYHOE YMCNO UHAEKCOB Takux, 4to 7 ¢ Kijk.
fe=l
i
PaccmoTpum Tenepb MHoXectBo W = ! Wj* Ca 1 . Tak Kak MHOXecCTBa
=1

N 8~rn ABAAKTCA OTKPbITbIMU OKPECTHOCTAMU €AUHNYHOIO 3/IEMEHTA ao,

TO MHOXecTBO W He nycTo M TOXe fABMseTcA OTKprTOVI OKPEeCTHOCTbHO alll Bbibe-
d

pemM Ternepb NpouM3BONbHYHO TOuKy tel. Tak Kak | C U1 >10 cyulecTByeT Tar
Koe jm, yTo t e Kjm, 4To No onpefeneHni0o MHOXECTBa Plé]m B/leYeT CyLLecTBOBaHMe
t,1 <t < m, Takoro 4to 7 C Ui, otkyga, B cuny Toro uto Bce Ui poBHO Ha-
KPbITbl, CNeAyeT POBHO HaKpbITOCTb MHOXecCTBa 7 {t)W C ry{t)Wjm. Taknum o6pa3om,
cyluecTBoBaHMe MHOXecTBa W c TpebyeMbIMW CBONCTBAMU YCTAHOBJIEHO.

9
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Ila/lOMHUM Tenepb OCHOBHbIE 31EMEHTbI KOHCTPYKLUM NOAHATas KpuBOi. OTKPbI-
Tble KCHOXecTBay(t)W,t e /, oueBMAHO, MOKpPbIBatOT KOMNaKT 7 (7), cnefoBaTensHo,
cyLecTByeT KoHe4yHoe umncno touek {ijJltLi Takux, uto mHoxecTBa y (tk)W,k = 1,71
nokpbiBatoT 7(7) n nepeceveHne “coccanmx” mHoxectB 7 (fk)W  7(*+i)W\ Kk =
I m -1 HenycTo, NpMyem ACHO, YTO MOXHO Bbl6paTh {**}£,! Takumu, 4TOGLI Bbl-
nonHanoc = 0, = 1 Torja HaigeTca pasbuerne otpeska | = (0,1] Toukamm
O0=to< <. <tm=1,TaKkoe yto ana noboro k, K € 1,7n o6pas 7 ([** b<k))
Le/IMKOM COAEPXUTCS B OTKPLITOM, POBHO HakpbITOM MHOXecTBe 7 (tk)W. FcHo uTto
™ e 7MW~ T(*fc+i)™, K 6 1,n»-i. O6o3HaumB yK := 7)), kK = T~T, A4n4
npoobpasa OTKPbITOr0, POBHO HAKPLITOro MHOXecTBa 7*W nofyunm npeacTaBieHme

*-1tokW) = \Jv?,

i=1
npuyem gnd Kaxgoro i,i = 1,n, cyxeHue -\VkK : V* —a7*W  romeoMopmam c
06paTHbIM i = (Trly*)-1 : 7 AMo*= lin</1= |,m. Mepeilgem K noatanHomy

nocTpoennTo Kpneoit 7. imeem, uto 7 = 107, cnchoBaTcabno, Na HavyalbHOM OTpe3Ke
[toni] = [0,i\] C | umetoTca  BO3MOXHOCTEI MOCTPOEHMS HaYasbHON YacTu KpuUBOW
7, a umeHHo: 7([0,*1)) = <} ° 7([0,ii]), » = T7n. MOCKOAbKY ANS NOAHATUA 7 UMeeM
7(0) = xi,To Mbl BbIbMpaem To i gHs KoToporo ip] (7 (0)) = 1 . O603Ha4YMM BbIGpaHHOE
1 yepes *i- MNocTpoenHe HeNpepbIBHON KPWUBOW 7 MPOLOMKAeTCA NyTeMm CLenseHus
HenpepbIBHbIX Ha *] KyCKOB Yy = 0y, K= 1,T BTOuYKax *3a cueT- nogbopa
cnefytolLero no npeapigyliemy Tak, 4ToObI Ny = 1), rpe
-1=7("-)67*iW /KW. Lienoyka romeomopp13mMoB

o TKW Y

06ecneymBaeT HENPEPbLIBHOCTb KPUBOWA 7 1a Nocnef0BaTeNsHOCTU IUCTOB k=171
Ha KOTOpbIX OHa NeXxuT. Tbk kak kpueaa 7,7 (0) = Xi 0gHO3Ha4YHO onpefenseTcs no
7 (eAMHCTBEHHOCTb MOAHATWA KPUBOI), TO OHA HE 3aBUCWT OT MPeACTaBsloLLei ee
KOHCTPYKLMWN, KOTOPYHO Mbl BblGUpaeM COrNacysch ¢ YCI0BUAMMU NEMMbI.

[anee, nmeem uto 71 = 7(™M) = 7(0) = 8 = 7(1) = 7( ) = yT, cnegosa-

TenbHo, 7iW = sW ¢ 1 MOMyYeHHbI NepBbIM FOMeOMOpPhN3M i sW -¥ Vjj
yposnetsopseT ycnosuio < (7(0)) = X\ e Vj, cnefoaTeNbHO SBNAETCA (yxe-
HueM oTobpaxkeHus ip\ :  —b VA Ha MHOxecTBO aW: ip} = ipi\ly (noTomy Kak u

10
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S 1 i aBnA0TCA romeomopguaMammn, 0KanbHO 06paTHbIMK K 7r). Torga us gaH-
HOro B YC/IOBUM NIEMMbI cornaleHms o Hymepaumumn (7 (1) = x3 6 V2) aHanormyHbIMm
paccyXacnusmu noaydyaem, 4to 3 = <Adv.

MTaK, Mbl NpeAcTaBUIM MOCTPOEHME MOAHATMS KPMBOM B Hallem cnyyae. 3afjava
COCTOMT B TOM, 4TOObl MOKa3aTb, YTO MPU MasOM BO3MYLLEHUN HayabHOW TOYKU
Xi £ V] cooTBeTcTBYIOWAA (NOAHATAA) KPMBas He CMOXET COCKO/b3HYTb CYKa3aHHbIX
NINCTOB, U, CNef0BaTENLHO, ee KOHEL, ByaeT nexatb Ha V™. 1N pelleHus 3Tol 3afaum
060CHYeM CyLLecTBOBaHUE MHOXeCTB  w Uk €O crneuuanbHbIMK CBOMCTBaMU.

Bo nepBbIX, AN n060ro K, 1 < K < T CYyLeCTBYeT OTKPbITas OKPECTHOCTb
eAnHNLbl «0, Takas, uyTo £/*7([E*- , *]) C 7foW, fOKa3aTenbCTBO KOTOPOro cneayet
13 komnaktHoctn 7 ([tt_i, *]) C 7fcW n oTkpbiTocTM 7kW. BO BTOpPBIX, 414 1060r0
K, 2 < K < Tn, HaligeTcsa okpecTHOCTb UK eguHuMUbI Or0, Takas, uto > (£) = 4> (0)
npu Bcex /3 € bk-\Uk- B camom fene, nmeem, uto *_ = 7( *- ) 6 jk-iW  jkW n

" (bfc 1) = (bfc_i). Tik kak 7fc_iNewn *V [/ oTKpbITbl, TO MHOXecCTBO 7fc_iW
TfcTV 3 bk-i TakxKe OTKpPbITO, CNefoBaTe/IbHO CYLLECTBYeT OKPeCTHOCTb eVHNY-
HOro anemeHTa aoi Takaa 4to bk-\Uk C 7*_iNe M7blV, oTKyfa cnegyeT paBeHCTBO
Uo%~\ (P) = <Fk{P),P £ bk-iUk, notomy kak " SABNAOTCA roMmeoMopdusma-
MU, NI0KaNbHO 06paTHbIMU K Tr.

* HakoHel, AOKaXeM, 4TO npu BbINONHEHMY YCTAHOB/EHHbIX BbilLe yCnosuii, ans
N6Oro a 13 OTKPbITOM OKpecTHOCTU Wh = t_Z(PK Uk) \ eguHunubl Qo nogHaTue
% KpWBOW 7,, C HayanoMm B TOuYKe ipi(a3) MMeeT KOHeL B Touke y?a(crs). [ns aToro

paccMoTpuUM 0TOGpaXKeHue
v(t) = y{(<77(*). 6 [ifc-x.tfc], k= 1,T,

N MOKaXKeM, YTO Vv eCcTb MenpepbiBnad Kpueas, cosnagarowaa c % . Acno, 4To AocTa-

TOYHO A0Ka3aTb HEMpPepbIBHOCTL v B Toukax t*,fc= 1, m -1. Nmeem
! (ff7(*)). *6 fc-i.M .
1 \ﬂb+xfaV\6-16 PosseH]
Tak kak a 6 Wo C Uk+l, To bka 6 bkUk+i, cncgosatcnbno () = V& ®*0)»
TO eCTb (7 (tfc)o0) = Vif+t (7 (")J) 1 TeM caMbiM [0Ka3aHa HenpepbIBHOCTb V B
tk, To ecTb v(t),t 6 | —HenpepbiBHas KpuBasi. Tak Kak KaxAblii romeoMophuam <K,
K = 1,n?, B CBOeli 06nacTu onpefeneHns ABAseTcs 006paTHbIM K 7r, TO U3 onpegeneHus
oTobpaxeHus v nonydaem Aov{t) = 47(4 = 7&(t),t € |, cnegoBatenbHO, v SBNA-
eTcs NoAHATUEM KpuBOW 7». Wmeem, ganee, n(0) = < (cr-y(O) = < (<*). TakK Kak
1
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a GWg C uT, T0 13 onpefeneHms MHoxecTtBa Um nonyyaem, uto 07 ([*T ii*T]) C
7,,1¥ = sW, To ecTb, B YaCTHOCTK, as = <ry(*T) e «W, 0TKya, Nonb3ysacb TEM, YTO
<P = <p\\,w, nonyuyaem v(0) = (as) = <i(a3). Takum 06pa3oM v AeCTBUTENILHO
ecTb MNoAHATan Kpusas "[0 0 KOTOPOI roBopuTCS B NeMMe. [OKaxeM Tenepb, YTO KO-
neH KpuBoiA 7,, nexxut na nucte Va. imeem % (\) = w(l) = ¥>£>7(1)) = V>E(™),
N, Tak Kak as e sW a |\*w, nonyyaem, yto 7,,(1) - > (as) - <pi(as) e V2.

Jlemma 3.2 fokasana. O

Cnegcteue 3.1. Y Ka>KAoro aneMeHTaw 6 X* HaiifjeTca Takas OKpeCTHOCTb V,
yTOo 4N Noboro r e V umeeT MeCcTO HepaBeHCTBO i/(z) > u(w).

JokazaTenscTBo. Myctb W 6 X * n Tr(w) :I'? € [O*. Myctb U poBHO HakpbiTas
OKPEeCTHOCTb TOYKKU 3, Takas 4To ()= '(-le n Bce >XX: \b —»U - romeomop-
thunsmbl, ¢ obpatnbwyt i : U -¥ Vi- I'Ipe,qnc:nox(mm, yto w € Vi. BbibepeM Heko-
Topoe 1 Vi u3 C(w). Torga #(u) = 3 U 13 TOMEOMOP(MHOCTA N Ha KaX4oM

nonyyaem yto n  V\. MNycTb, ckaxkem, n 6 Va Tak Kak n e C(rv) To no onpege-
NeHnto MHoxecTBa C ) CYLLECTBYET aHafMTMYecKasa KpuBas C Ha4yaioM W KOHLLOM
B W U M COOTBETCTBEHHO, TO €CTb CYLUIECTBYeT aHanuTuyeckas kpusas 7 ¢ [O* ¢
7(0) = 7(1) = « Takas, uto Ans ee nogHATMA 7 ¢ X' umeem 7(0) = u>7(1) = n.
MycTb Tenepb W ~ eCTb MHOXeCTBO WO 13 NpefblayLLeil neMMbl 4N paccmaTpuBae-
moro cnyyas (Mbl fo6aBnseM MHAEKC 2 Tak Kak npegnonaraem, 4To u € V). O603Ha-
ynm V<) = = Wi (sWg2"). Torga, cornacHo npeaplayliein nemmMe, ons
noboro x 6 V!(Z) CYLLECTBYET aHa/IMTUYeCKas Kp1Bas C Ha4a/loM B TOUKE x U KOHLOM
B MHOXecTBe M (sW q2Y) C Wh CnegoBatesibHO, TOYKKN U3 UMEKT Ha nncte V?
CTONbKO XXe 3KBUBAEHTHbIX TOYEK CKOJbKO ry(a UMEHHO, NO OfHOW 3KBMBASIEHTHON
Touke). [Janee nooyepedHo paccmaTpuBas IUCTbl V3,...,V,, U y4nUTbiBas, YTO W MO-
XET UMeTb 3KBMBANIEHTHbIE TOYKM TOMLKO Ha fiucTtax Vi,i = 2, (npuyem He 6onee
OJHOW 3KBMBaNEHTHOW Toq;||<14 “ﬁ1 KaX0OM N1CTe), nonyyaeM MHoxectBav/3d\ ..., v/”\
Onpegenus Tenepb V = x_gVi MoMYyYMM MHOXECTBO V, KOTOpPOe, o4eBuano, byaet

Y0BNETBOPSATL Tpe6oBaHuIo cneacTeus. Cneacteume 3.1 40Ka3aHo. |

Tenepb Bce FOTOBO 4151 (hOPMY/IMPOBKM U 40Ka3aTeIbCTBA OCHOBHOIO YTBEPXAe-
HUS.

Teopema 3.1. DyHKUMA K : X* -» Z+ NOKaNbHO NOCTOSHHA Ha X*.
12
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[okasaTenscTBo. CHavyana foOKaxem, 4to QyHkuma /i : O* — Z+ asnseTcs no-
cTosHHOM Ha O*. Nmeem u(a) = cord{C(tu), w € Tr-1(cT)}. CornacHo cneacTeuio
31 gna vwi 6 7 1(a) cyllecTByeT OKPeCcTHoCTb Vj Takas uTo b>(r) > u(u>i),z e
V], TO eCTb Y TOYKU I YMC/IO 3KBUBAMEHTHbIX TOUEK He MeHblle YyeM y w\. MycTb
T 1(<r) = (Wi,...,uin) n nyctb Vi,..., Vil - COOTBETCTBYIOLLME OKPECTHOCTU 3TUX TO-
yek. OnpegenvMm = ] (V<. Mpegnonoxum, uto f e u paccmotpm»! L(E) =
card{C(z), z 6 m_1(4)}- Bbibepem npoussonbHoe z 6 T_1($) n NpeanonoXum 4to
z 6 Vi gna HekoToporot, 1 < i < n. Torga no onpegeneHnio MHoxecTBa Vi umeem,
YTo Yy TOUKM Z 6 Jr i(E) UMCNO 3KBMBANEHTHbIX TOYEK HE MeHbLUe Yem yuii 6 7T 1(a):
v{z) > v(wi), n, cnefoBaTeNlbHO, YMCNO KNacCOB SKBMBANEHTHOCTM TOYeK M3 -1 (£)
He 60/blUe YMcna KNaccoB 3KBMBAIEHTHOCTU ToueK U3 71 (cT), To ecTb /i(E) < ufa).
WTak, gna noboro a 6 O* cyuwecTByeT oKpecTHOCTb U TOUKM a, Takas uTo

(3.2) MO </*(*).£ 6 U.

Monoxum 1 win®eg-u(0) n D = {o € A* : pa) = u}. TbK Kak QyHKUMa L
iMHUMaeT 3Ha4YeHUst us Z+, 10, odeengHo, D 0. Mokaxem, yto D = O*, TO eCcTb
/i(B) = uy Ha A*.

) 3admkcmpyem npousBosnbHoe a e O* un no6oe a € D. Torga, cornacHo (3.2),
HaingeTcs okpecTHocTb U 3 <1, Takasd, uto \y < u{cr) — uy < ufa). NMockonbky
MHOXecTBo C* Bclogy NnoTHO B [1*, TO CJ/ 0, un, no nemme 3.1 nony4yaem, 4To

MIC; = tAunC: < un(o) = < { ) = 1ilC;,

To ecTb /X(3) = f(a) = /i, «», cnegoeatensHo, a & D. Takum o6pasom, D = O* n
thynkumsa /i noctosinua Ha O*.

MocToAHCTBO L Ha A* HeMeAneHHO BfeYeT 3a coboil paBeHCTBO V[z) = v[w) ans
N6oro r n3 okpectHoctTn F Toukm w (cM. CneacTeue 3.1), Tak Kak NPOTUBHOE -
cywecTtBoBaHue z € V ¢ v(z) > z/(uj) - npMBOAMT, COrNacHoO NepBoii YacTu foKasa-
TeNbCTBAa, K CTporomy HepaseHcTBY L(ir(r)) < tx(n{w)), 4To ABNAETCA NPOTMBOPEUN-
eM. TeM caMblM NOKa3aHO /I0Ka/ibHOe MOCTOAHCTBO (hyHKUMKM  Ha X*. Teopema 3.1
[0Ka3aHa. ')

13
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4, NokanbHoOe NOCTOAHCTBO bdYHKUUNN V\ anrebpanyeckasn Bepcus

B npepfblayLuein yactu 6b110 NokKasaHo, YTo M3 CneacTeus 3.1 cnegyeT noKaibHoe
NOCTOSIHCTBO PyHKUUKM V Ha X ' (Teopema 3.1), npuuem Cnegctsue 3.1 66110 nonyye-
HO NYTeM KOHCTPYKTUBHOIO MOAHATUSA KpuBbIX M3 O* (Jlemma 3.2). B gaHHoOl YacTu
anrebpanmyeckMm MeTOLOM [oKa3sbiBaeTcsa pesynbTat Cneactsmsa 3.1 gns anrebpanye-
CKOIi Bepcumn Teopun. BHavane goKaxem OAUH TEXHUYECKUIA pe3ynbTarT.

Nemma 4.1. MycTb K - KOMNakTHoe MHOXKEeCTBO U p(t,x) = xn+ g\(t)xn 1+
..+ Sn-i[t)x+ (), 6 K nonmHom c HenpepbiBHbIMW KO3pdmumeHTamm: 6
C(K), i =T7n. NycTb, panee, pyHkuusa / € C(K) yaosneTBopsieT ycnosuto p(t, f(t))
=0, €K nnyctb C= maxi<i<n{||5i||}. Torga ||/|| := supteA-|/(t)| < 1+ C.

[JokasaTenscTBo. Ecnn C = 0, TO BCe Ai paBHbl 0. 3TO 03HavaeT, 4To p(X, ) = xn,
otkyga / = 0. Takum obpasom, ||/|| = 0<1+0=1+C7. Mpu C >0mn||/|]| < 1
3aKknto4yeHme TpusmansHo: ||/|| < 1+ C.

MycTb Teneps C > 0 m ||/|| > 1. Torpga cywectsyeT t0 G K, Takoe uTo |/( 0)| =
I/LL > 1. Tak Kak /(io)n = *)E) ~1- - , 0), 10

[/(0)|< (.+ 10 + ..+ 1 1)< Ne 2,
cneposatensHo ||/|] = |[/(* )| < 1+C. Nlemma 4.1 goKa3aHa. O

OTMeTMM, 4TO Kak MOKasbiBaeT npumep MHorouyneHa gq(x) = x2 —C npu gocTa-
ToYHO Manom C (C < 1/4), TONbKO YTO YCTAHOBMEHHYIO OLEHKY HEeNb3a YAyUlunTb
no 1/ < 2C. Cnegytownii pe3ynbTtaT, No BUAUMOMY, OTHOCUTCS K MaTemMaTu4eckomy

cboannopy, MO3TOMY Mbl NMpuBeAEM ero € NoJiIHbIM A0Ka3aTe/IbCTBOM.

Nemma 4.2. Myctb K = [0,1], p(t,x) = xn+ (t)xn 1+ ...+ gn(t) - nonuHom c
HenpepbIBHbIMUK KO3(huumeHTamu: gt e C(K),i = I~n, U c JUCKPUMUHAHTOM BCIOAY
oirinmunbiM oT Hyna: (,() 0, € K. Torga cywecTBYOT POBHO N (hyHKLUMI ]y 6
C(K),i = 1,n, nonapHo He coBnagaroLWmx HA B 0AHOI Touke K 1 nNpeacTaBnsoLinx

MHO3ICCCTBO pelleHnii ypaBHeHnus p(t,x) = 0 Hag K, T.e.
p(t,hi{t))=0,teK,i =T"n.

3ameyaHue: OTMeTUM, UYTO MOCKO/bKY Ans KaXAoi Touku t0 e K ypaBHeHue

p(10)2) = O umeeT POBHO  PELUEHMIA, TO MOMAPHO pa3fiMyHble 3HavyeHusa /L(<0),i =
14
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1,n, 6yayT npefcTaBnATb Co6OM BCce peleHUs ypaBHeHUa p(to,x) = 0, TO ecTb 3Ha-
yeHnamm {/ ()} , e K, mcuepnbiBaeTcs BCE. MHOXXECTBO PELLUEHWI YpaBHEHWIA
p(t,x) =0, 6 K. [JokazaTensCcTBO 1eMMbl 4.2. OnpegenvM MHOXECTBO

Kp={(,q) e K xC:p(tx) = 0}.

Ham Hy>XHO Ha/Ti HenpepbIBHbIE, MOMapHO HecoBnagatowme gyHkuun hi 6 C{K),i =
1, , Takme 4yTo

Kp= {(i,x) e KxC: p(i,x) = 0} = (I{(t.7ij(t)) : e K).
i=1
Mpoekumns o : Kp —» K : (E,X) »> Ha nepBylo KoopauHaTy no Tteopeme [ypeuua-
Pywe 6ynet Hepa3B/eTB/EHHbIM N-IHCTHLIM HaKPbITUEM, & B CUY HENpepbiBHOCTH
tyHkunin - € C(K),i = 1, npoekuus Ha BTopyto kKoopamHaTy IN): Kp -* C : (t,x) v>
X OyfeT HenpepbIBHbIM 0TOBPaXKEHNEM.

' PaccmoTpum KpuByto un ;| K, () =, 6 T= K) n cnoh ™30 =
{(0,Xi),..., (0,x,,)} Hap Toukoin 0 6 K. o Teopeme O MOAHATUM KPWUBOMA CyLle-
CTBYIOT N NOAHATUIA 4 : | —»Kp,i = 1,9, KpUBOA W, Takux 4To ri = Fory u
«i(0) = (0,X{), i = 1,n. Monoxum = Jouw, i = 1,0, U MNOKaKEM, 4YTO 3TO U

ecTb TpebyemMble PyHKLUMKM. Tpex e BCEro 3amMeTuM, 4YTO (DYHKLMKN /U HenpepbIBHbI
KaK Cynepnosvummn HenpepbIiBHbIX PYHKLMA Ttu Wi, | —1,n. [Janee, No onpeaeneHunio
oTobpaxeHus Yumeem, 4to /u(i) BTOpas “koopgmHaTa” Toukm w{i). N3 cooTHoLe-

HMa To ) = () = nonyvaem, 4TO NepBoOWi "KoopaMHaTON” Touku i,(i) ABnseTcs

. Taknm o6pasom,

4.2) ni(i) = (iMWI <=K,
To ecTb { , )) 6 Kp,t € K,i= I,n.

MokaxeM Tenepb, YTO 4N4 NO60r0 K Toukwu /u($) nonapHo pasnuuHbl. MNpeg-
MOMIOXMUM MPOTMBHOE, TO ecTb CyllecTBOBaHue anementa to C K A uHAekcoB i |,
Takux, yto hi{to) = ().

PaccmoTpum mHoxectBo T = { € K : hi(t) = CornacHo cgenaHHomy

NpeanonoXeHnto T - He nycTo. M3 HenpepbIBHOCTM yHKLWIA /U, 1 hj cnegyer, uto T
ABNAETCA 3aMKHYTbIM MHOXECTBOM. [MoKaxeM, 4To T TakXe OTKpbITO B K.

Myctb € T. Torga B cuny (4.1) umeem, uto { ') = Tak Kak - Ha-
KPbITUE, TO CYLLECTBYeT OTKpbITOe MHOXecTBO U Jir[iii{i/)) =1/ B K, gna KoToporo

HalifeTca OTKpbIToe MHOXecTBO V 3 1w (?) = Uj(t") B Kp, Takoe uto 7r:V —» U -
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roMeomMopgu3M, a 3HaunT, 6rekuus Ha V. C Apyroil CTOPOHbI, TaK Kak L, i, Heupe-
pbiBsibl, TO cywecTByeT 6 > 0, Takoe, uto M3 € K n ] - /1 < Scnegyet, uto [ )
n () npuHagnexat V. Tak Kak Ha MHOXecTBe V 3r iBnsieTCA GUeKLueid, To cooT-
HoweHwue Tr(i(0) = = 7r(WW) npuBognt K Tomy, uto npn € K, | - 1\ < umeeT
MECTO pPaBeHCTBO MOAHATUN

(4.2) «*(*)= ),

To ecTb hi(t) = hj{t), oTkygpa cnegyet, uto ATn(t'-5, '+<5) C T, TO eCTb MHOXeCTBO T
OTKpbITO. Tak Kak K cBA3HO, nonyyaem yto T — K. 3T0 03Ha4aeT, YTO paBeHCTBO 4.2

BbIMONHSAETCA Ha BceM K, 4TO 3aBe4OMO HeBO3MOXHO, n6o i,(0) = (O X{) (0, Xj) =
(0). UTak, ycraHoBneHO nonapHoe pasnmumne Todek /y(1)>* = V» Ha 6 K. Jlemma

4.2 nokasaHa. O
OTMeTUM, YTO MocCnefHee [OKa3aHHOE B /ieMMe YTBEPXEHWE MOXHO nepegop-
MynMpoBaTb Kak NCCyL,CCTBOBANUC HenpepbiBHON na K dyHkumm 4 ¢ u,i — 1,0

B KaX[JoW Touke M3 K coBnagatollein ¢ ogHoli 13 yHKUMIA /u. HawuyM OCHOBHbIM
MHCTPYMEHTOM B 3TOI YacTW paboThbl ABASETCS CheaytoLias 1eMma.

Nemma 4.3. B ycnoeusAx npegplaywiein nemmbl ans no6oro 6 > 0 cywecTByeT e =
e(6) > 0, Takoe 4TO Ana BcAKoro Habopa pyHkumii d e C(K),e{:K ->C c |e*]| <
e,i = T7n HaigyTcan dyHkunii /u e BB(M),i =T n ansa KOTOpPbIX NpK Ka>kaom €

K Touku hi(t),i = I7n, npeacTaBnaoT coboii N pasnnyHbIX Hyneit "BO3MyLLeHHOro"
noMHoma
(4.3) Pc(t, x) = x" + + Ei(t))xn- k.

=

3peck Bs(h) = {/ 6 C{K) : |I/ - 1l < I3}

JokazaTenbcTBO. BHauane ycTaHOBUM CyLLLECTBOBaHME Takoro > 0, UTO NpM Kax-
aom £ < £o no6oii nonmHom Buga (4.3) c |le;|| < e,i = 1,n, y40BNeTBOPSAET YCNOBUAM
neMMbl 4.2, TO €CTb UMEET BCHOAY OTANYHbIN OT HyNs ANCKPUMUHAHT Ha K. [1ns aToro
BOCMO/Ib3YEeMCS U3BECTHON MHTepnpeTaumein C" Kak npocTpaHcTBa KO3(ULMEHTOB
nonnHoMoB Hag nonem C. Myctb D = {ry 6 Cn : d(w) = 0} - MHOXeCTBO Hyfel
LUCKPUMUHAHTHOro oTobpaxeHus d : C” » C, CONOCTOBAAOLLErO BeKTopy Wwe C"
KO3 MLMEHTOB NOMHOMA 3HadYeHne d(w) ero AUCKPUMUHAHTA.
PaccmoTpum oTo6paxeHue
G:K C":ti->(gi(),...., () xn+gi(t)xn 1+... +gn(t) =p{t,x).
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Torpga o6pas G(K) = ar(K) x ...xgn(K) ecTb KomnakT, 1, no ycnosuto, G(K)nD = 0

TaK KaK AUCKPUMUHAHT noanHoma p(i, X) 0TAnMYeH OT Hyns Bclogy Ha K. O603Hauvnm
yepe3 do = d(G(fC), D) - pacctosiHue mexay MHoxectBamum G{K) m D. Tak Kak
3T MHOXEeCTBa 3aMKHYTbI, a MepBoe U3 HWUX, KPOMe TOro, KOMnakTHo, To do > 0.

Mokaxem, 4YTO B KayecTBe £0 MOXHO B3ATb MOCTOSHHYO <2 /2> . [le/ACTBUTENLHO,

ana noboro Habopa G = (fli,...,gn) c |p- —#|| < e < e0,i = 1,n, paccTosHne
d(G(t), G(t)) <eoy/n = do/2 gna noboro e K. B cuny HepaseHcTBa |[d(G(f), 73) —
d{G[t),D)I < d(G(t),G(t)),t € K (cm. Hanp. [10], cTp. 377), oTCclOAa CneayeT, 4To
ons noboro 6 K mmeeT MecTo Lenoyka HepaseHcTB d(G(t), D) > d(G{t),D) -

d(G(t), G(t)) > do—do/2 > 0, koTopas 1 obecneymBaeT BbINOMHEHNE YTBEPXKAAEMOTO
ycnosusa: G(K) D = 0.

TbKrM 06pa3oM, NpW YCTaHOB/IEHHbIX BbILLe YCN0BUSX, AN N060ro NoavHOMa BY-
Aaa (4.3) B cuny nemmbl 4.2 cyulecTBYOT  QyHKUWiA bl ,i = , NpeacTaBnAoLnX
ero HynM npu Kaxaom tukcmpoBaHHoM e K, ¢ Ei = 8i —pji- MNMokaxem Tenepb
CyLLeCcTBOBaHWe e > 0, TAaKOFO YTO MpU |le<|| < e, I — 1,N HenpepbIBHbIE PELIEHUS
ypaBHeHuin pe(t,x) = 0 cogepxatcsa B Bs(h{),i = I,n.

Bo nepsbix, ans noboro Bbibopa G, ¢ ||& - #|| < e0 umeem | | < Ibll + £0,i =
1,n. Torga := wax,-||go|| < C + 60, rae C = waxi LpiLl Mo nemme 4.1 6ygem nmetb
[|/ii] <1+ C <1 + G+ eoi gna scex i = 1,..,n.

MycTtb, ganee, So= min inf |/y(€) - hj(t)|. Mo nemme 4.2 umeem, uyto So > 0.
Tak Kak npu &G < o4yeBugHo Bg, (/1) C (h), To, He ymanasa 06LHOCTH, MOXeEM
npesnoNoXnTb, YTO Halle NPoM3BOJIbHOE 5 yA0BNEeTBOPSET YCnoButo S < Sq/2. Targa,
no Teopeme ypBuuarPyLuie, cyllecTByeT NOCTOAHHaa e\ > 0, Takas, 4To npu |b» -
3,(0)] < Ei,i = I7n nonmHom P(x) = xn + bix" 1+ ..+ b,, B KOXA0OM 13 KPyros
|[r —/u(0)| < 6,i = 1,n, UMeeT POBHO NO OAHOMY HyMO (KpaTHOCTK 1).

3adukcupyem npon3sosbHoe e > 0 Co cnefyowmnmMmn YCnoBuaMu:

a) £ < e0; Toraa, No onpefeneHunto eo, u3 ||<Vi - p,-|| < e cnegyeT CyLlecTBOBaHMe
nonapHo HecoBnagawowWwmx GyHkunidi J&¥ £ C(K),i = 1,n, npeAcTaBnatoowWmx coboi
Hynn nonnHoma (4.3),

6) E < £i; Torga, no onpegeneHuto Bi, ecan |g,(0) - <? (O) < e, TO MOXHO Tak
nepeHymepoBaThb hi, uTobbl |/(0) —/u(0)| < 6,i = 1,n, U HaKOHeL,

B) e[(1 + G+ e0)” - 1]/(C + Eo) < ;Torgaans nwboro *6 {1,..,n}, nonb3yscb
paBeHcTBOM pr (i, )) = 0 nonyymm, 4T0
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b(t,fi())l = b (iMi)) plli,biT =
= ()" +gi{phi{n-1+.. +<LL)- () +Ne ) 1+.+fn0) =

(4.4) = IdWM*)" 1+... + en{t)l< 6n

Ha K npwu ||Ei|| < £, rae  =a{- a{
MokaxeM Tenepb, YTO 419 TaKUX € BbINOHAETCS UMMNANKaLUS

[| || <e="hi& Dgthi), i=
Bbi6epem npoussosbHoe iy e {1,...,n} 1 paccMOTpUM BeNNUUHY
to :=sup{r £ [0,1] : [/i,0(t) h,0(t)| < Snmpu € [0, r]}.
Uucno to > 0, Tak Kak mogynb r( ) =\ ,0() - /ufli)| HenpepbiBEH U CTPOrO MeHbLLE
npu = 0 (cm. n. (6)). OueBngHo, to < 1- Mpegnonoxmm, yto to < 1. Mo onpeaene-
HMto to umeem r( ) < 6 npu t G [0, to)- danee, nmeem 4to r(to) = 6. [elicTBUTENBHO,
npesnonoxeHve r() < MNPOTUBOPEYMT TOYHOCTU BepxXHel rpaHn to < 1, ar(t) > 6

- HenpepbIBHOCTM yHKLUK T ( ). HakoHel, AN N060r0j  »0 NONb3yach onpesene-

HUEM  MofyyaeMm

IMto) “o(*0)| = \hj(to) - 1 0( )+ ho (to) - dio(#0)| >

(4.5) > \hj(t0) - { \- r{to) >S0- 6>26- 6= 6.
Tak Kak napbl {to,hjﬁto)),j = |,n, ABNAOTCA KOPHAMU NonmMHOMa p(t, ), TO MOXeM
3anucatb p{lo,x) = M O0e M™*0)), oTkyga, B cuny (4.4) n (4.5), nonyyaem

i=i

A

(4.6) 51> ( ACO0)=r(t0) J] IMtobM M I*” 17 -

MonyyeHHOE NPOTMBOPEUME NOKa3blBaeT, YTO t0 AO/HKHO 6biTb eAMHULIEN.

OpHako, nogctaHoBka to = 1B (4.5) n (4.6) AeMOHCTPMPYET TakXXe 1 NpoTMBOpE-
ynBocTb npeanonoxeHusa r(l) = S. Takum obpasom, |/il0(t) -~ (t)| < npu € K, a
MOCKONbKY YHKLMK /UMK HenpepbiBHbI, TO |/1-0-1°L, < 6, TO ecTb e M.
B cuny npounssonibHOCTM 10 iemma 4.3 gokasaHa. |

Mepeiigem Tenepb K pacCMOTPEHMIO anrebpanyeckoiil Bepcum Teopyumn pa3BrBaeMol
B pabote. MycTb

p(3,x) =xn+/Ife)* "14-..+/,( )
18
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- MOMVHOM C 0606LLEHHbIMW aHANMTUYECKUMIN KoadduuneHTamm /o e 0(4°),t = 1~n
N aucKkpuMmnHaHtTom dp. Ibrga, oueBngHo, dp Takxe ABnsieTcs 0606LEHHON aHaNNTK-
yeckoi yHkumeir: dv € 0(4°). O603Haumm Np = N(dp) - MHOXeCTBO Hynei guc-
KpuMunHaHTa dp. Torga 6o Np HMrge He WioTHO (guckpeTHo) B A4°, nn6o Np = [°.
Mbl npegnonaraeM 4TO UMeeT MecTo nepsoe: NV HUrae He MAOTHO B [°, W Hy”b
MHOXecTBO Np 6yfeT nrpatb pofib TOHKOFO MHOXECTBa. PacCCMOTPUM MPOCTPAHCTBO

4° = {(ax) 6 4° xC :p(3,x) = 0},
N HaKpbITHe
A-:0° -» 4° : (8,x) m»s,

CyxeHue 7rlg* : O* = T 1(4*) > [O* 6ygeT Hepa3sieTBAeHHbIM HaKpbITUEM Haf
O* = A°\ Nv, KoTopoe Mbl TakXXe 6yaem 0603HayvaTb Yepes iT. Takum obpasom, 1°
CTAaHOBWTCS MOBEPXHOCTblO Bopa-Pumana. O6o3Haunm CJ = C, O* = C,\ Np,
C*sB= 7 1(C*) n Cp,, = m-1(CB). HanomMHum, 4to Kpuas u :/ -> [1° Ha3bIlBaeTCH
aHanuTuuyeckoi, ecnm n(7) C Capgnsa HekoToporos € [1° (3T0 S MOXHO B3ATb PaBHbIM

«(0)).

OnpepeneHune 4.1. Kpuasa :7 -> [* e [* HasblBaeTCSA aHANMTMUYECKON, ecnn

aHaNMTUYecKoi byaeT ee NMPOEKUMS U = N O NpU HaKpbITUM .

Nemma 4.4. Cnegyouive aBa yCNOBUA 3KBUBANEHTHbI:

(1) % :1 —»p aHannTUuYecKas Kpusas,
(2) cywecTsyeT 36 [°, Takoe yTo ii(7) C C* n.

[okazaTenscTBOo. lMpegnonoxum i : 7 —»[* - aHanuTuyeckas kpmeas. Tbraa cy-
wecteytoT 3 € A° u kpueaa u(l) C C,, Takaa 4to u = iroil. Tak Kak i(7) C Af =
T 1(40*) 10 «(7) = iron(7) C O* 10 ectb (7) C Ca A* = CJ cnepgoBaTenbHO
w()crtr 1(C;)=C;i,.

Tenepb NpegnonoXxum, 4To cywectsyetr € [°, Takoe uto ii(l) C C*,. Toxga
KpuBas «(7) = iroii(7) ¢ CJ, ToecTb U aHanMTU4YecKas Kpueas, U, crefoBaTesibHo,

KpuBasa U TakXXe aHanntun4yeckas. OKBMBANEHTHOCTb ycnoamﬁ AOKa3aHa. O

Kak Mbl y>e Buaenu, nmerowiaacs Ha [1° cTpykTypa /iokanbHO KOMMaKTHOW abe-
NeBOW TPynMbl JaeT BO3MOXHOCTb AN KaXAblX a 6 [1° 1 aHanMTUYecKoi KpuBoi
n:l — [° onpeaenuTb KpuByto U, : 7 — [°, nonaras u,(t) = sti(t),tel, koTopas
TakXe 6yaeT aHaIMTUYECKO.
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Nemma 4.5. NMycTtbu : 1 * [’ - (aHanuTwnyeckas) kpusas. Torga HaiigeTcs
Takas OKpeCcTHOCTb U eAMHWYHOrO 3nemeHTa rpynnsl [J°, 4TO gnsa scskoro s € 17

(aHanuTunueckasn) Kpueas n*(7) cogep>kuTes B 4*.

LokasaTenbcTso. Mmeem, uto u(l) C 4*, cnepoBaTenbHO «(7) He COAEPXUT TOUEK
13 Np. Tak Kak MHOXecTBO Np AUCKPETHO, TO HalifeTcs OKPeCTHOCTb KpuBoi u(7)
He mpepecekatowasncs ¢ Nv, To ecTb HalieTcsl OKpecTHOCTb U eIMHNYHOIO 3/eMeHTa
a0, Takas ytou(l)Ur\Np = 0. Torga, oueBugHo, gna noboro 3 6 U kpueasa u,(l) =

1) He nepecekaeTca ¢ Np, To ecTb 1,{1) C A*. Jlemma 4.5 foKa3aHa. O

AHaNornMyHo npexHeMmy onpegeneHuto, Ase TOUYKM w,w' € [* Ha30BeM 3KBUBa-
NEeHTHbIMU (W ~ u>), ecnm 7[> = 7r(u/) 1 CyLecTByeT aHa/JMTUYecKas KpuBas
W:7—[0* Takas uto M(0) = ry,ii(1) —u/. Onatb xe, ecm w ~ v/ un u3' ~ ro",
To M~ w". lMycTb, Kak 1 npexge, C(w) MHOXecTBO Bcex Touek (BKtouas tu),
3KBUBaNEHTHbIX Wi. 3 N-IMCTHOCTU HaKpbITUSA MMeeM, uTo cardO(w) < n. Takxe,
13 TPAH3UTUBHOCTUN OTHOLLUEHWS 3KBUBANEHTHOCTU CefyeT, YTo Ans BCAKOro w 6 O*
CYLLECTBYET aHanMTnyeckas kpusasa n(7), takaa uto -n(0) = w n C(w) C i(l). Me-
peiifieM Ternepb K BOMPOCY NI0KabHOrO NOBefeHWA Ha O* dyHKuuun v @ O0* -y Z+,
v(w) = cardC(tu). Kak y>xe oTmeuanock, Cneacteue 3.1 Bneyet 3a co6oii JoKa3aTeb-
CTBO /IOKa/bHOr0 MOCTOSHCTBA (hYHKLMKN Vv Ha NoBepXHOCTM BoparPumaHa (Teopema
3.1). B cnepytoueit Teopeme anre6panyeckum MeTOIOM [l0Ka3blBaeTCs yTBepPXeHue
Cnepctsua 3.1 4NA HaLIEro cnyyas, KOTOPOe ONATb Xe NPUBELEeT K 10KaNIbHOMY Mo-
CTOSHCTBY (hYHKUMW i/ Ha O*.

Teopema 4.1. Y KaKAOro anemMeHTa w € [If HailfeTcs Takas OKpPeCTHOCTb V,
4yTOo Ana noboro z € V umeeT MeCTO HepaBeHCTBO u(z) > v(w).

JokasaTenbcTBO. 3admkcupyem npomssonbHoe wo 6 A* ¢ 7r(rv0) = so e O*. MycTb
v{wo) = k. ycTb, fanee, C(wo) = (wo, rm*-i) nin : 7—»0* aHanuTMyeckas
kpusasa c¢ n(0) = wg n C(ro0) C (7). Targa Harigytca 0= f0<t\ < .. < -\ <1
Takne, yto (*) = Wjt=OA- 1wn o () irtUi) = *,» = O,/1-1. Monoxum
u{i) = mo {), 6 7 - npoekuus aHanuTuyeckoin kpueoin 1 C [Op. Vimeem, uto
n(l) CA*un () =Tmoim) =so,i =0,k —1

FcHO, YTO AN1A fOKa3aTe/bCTBA TEOPEMbl AOCTAaTOUYHO MOKa3aTb, YTO AN 060N

nocnefoBaTeNbHOCTM A\ —>tu0 cylecTByeT Ao, TaKoe 4To Npu A > A0 BbINOHAETCH
«(™n)> - )=N
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M3 cxogumoctt w\ too cnegyet cxogumocTtb B\ := 7r(aan) —»«0- O603HaYUM

= «w1™* Torga Bg -> ato, rge Qo eguwia rpynnsl A°. Onpegenum Kpusble
ng :/ —0° kak na(E) = 8°u(i),tel. Torga, no nemme 4.5 Haingetcst Ai Takoe, 4To
npu J1> Ai kpusble naCO copgepxartca B 4*.

PaccMoTpuM Tenepb NOAUHOMbI

p(u(t),x) =xn+ flu®)xn 1+.. +/,(«())

p(u\{t),x) =xn+/i(ux(t))xn 1+ ..+

Tak Kak kpuas ( ),te | npuHagnexuntT MHOXeCTBY [* To No femme 4.2 ypaBHeHne
p(u(t),x) = 0,t € / umeeT POBHO N HeMpepbIBHbIX MOMApPHO He COBMajaloLWwmnX peLue-
HWiA. OueBMAHO, 4NA N06oro e > 0 HaligeTca A%, Takoe 4To nNpu A > A* BbINOHsAETCA
HepaBeHCTBO
Tax||[1(«(*)) - N(«n(0)[[c(,) <*
MpumeHsasa nemmy 4.3, noayymm, uyto npu A > tnax{Ai, Ae} ypaBHeHunep(uaWw.s) = Q
te | Takxe UMeeT POBHO N Pa3fMUHbIX HEMPEpPbIBHbIX PeLUeHWi, 6IM3KUX (paBHO-
MepHO Ha [0,1]) K peweHunsam ypaBHeHus p(u(t),x) = 0, 6 I.
Mycte () = (s(t),x(t)),t e /. N3 onpefeneHns HakpbITUA T UMeeM U(t) = >Ko
n(i) = s(t),t e T, To ectb u(t) = (u(t),x(t)),t 6 I, u, B yactHoctn, W, = ( ) =
( ( )EC ) = {s0™x(i)),i = 0,k —1 Tak kak ii( ) C A*, € | To n3 onpeaeneHns

MHOXecTBa A* nosiyyaem, 4To
xn(t) + /i(u(i))in 1(t) +... + f,,(u(t)) = 0,< €/,

TO ecTb (hYHKUMA X(t) ABNsSeTCA OAHWUM U3 pelleHuniA ypaBHeHus p(u(t),x) = 0. Mo-
aToMy, cornacHo nemme 4.3, npu A> A ) cpefu pelleHuit ypasHeHus p(u\(t), x) = 0

HaigeTca x \ (), Takoe 4To

4.7 [lin -*11C(/) < 6,

roe

(4.8) 6< Kk .Tn_ili(t) - x(tj\V2,

¢ Wi = (so,x(ti)),i = 0,k —L1 Tak KakK KpuvBas U aHanuTuyeckas, TO aHaIMTUYECKO

ABNSAETCA W KpuBas M\, cnefoBaTeflbHO U3 COOTHOWeEHMS n\ = 1r(un\,x\) nonyvaem,

YTO aHaNUTUYeCKoW ByaeT Takxe kpusasa \: | A* c ig(4) = (ux(t),xx(t)),t e l.
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Mo noctpoeHntio nmeem \[ ) = ) = 8"1s\sqg = s\,i = O J1- 1. Takum 06-
pasom, Toukmn Wn(*<) = (s\,ix(ti)),i = 0.ft—1 nexat Ha kpuBoW I>(7). Tak Kak

() = SA= 1r(Ma) n i -» wo = (30,i("0)). <A »m B0, TO Bbl6bMpas 6 B
(4.7) poctaTtoyHO ManeHbKMM a J1goctaTouHo 6onbwnm (A > Jio > niax{Ai, AN},

nony4ymm 4to v\ = «a(*0)- Kpome Toro, ucnonb3ys (4.7) n (4.8), gna i j no-
nyyaem lia(£i) - £a(*i)i = |(i(i<) - () - (x(ti) - &\{V)) - - 4A(fy))| >
[(Gi(ti) - sc(i®)]  [(i(«i) - *a(i«))i - i*a(®) £~(t)| > 26- 6- 6 = 0, TOo ecTb
aAlU) @ £ {)> un cneposatensHo, \( ) v, x{tj),i j. Takum 06pa3om, Mbl

MOCTPOUAN aHANMTUYECKYIO KPUBYIO UX B A*, [0is KOTOpPOi ita(0) = «a(to) = u'x,
*(MxM) = «a,i = 0,A—L, mn \( ) An(tj),i j. 970 03HayaeT, 4TO y W\ ecTb
MUHUMYM K 3KBMBANEHTHbIX Touek \(n),i = 0,A- 1, To ecTb £/(u>a) > K = i/(w0).

Teopema 4.1 fokasaHa. O

Cnepcteue 4.1. dyHKUMA U : A* ¥ Z+ NOoKanbHO NOCTOSAHHA Ha [*.

Abstract. In this paper we introduce the notions of an analytic curve and equivalent
points on the Bohr-Riemann surfaces. By means of constructive and algebraic methods
we prove that the points of the Bohr-Riemann surfaces locally have the same number
of equivalent points.
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Abstract. Iin this papor wo study a question of almost ovcrywhoro strong convergence of the

quadratic partial of two-dimensional Walsh-Fouriar series. Specifically, we prove that the
n
asymptotic relation [5mm / —f\p— 0 as n “moo holds a-e. for every function of two

variables belonging to T logL and for 0 < p < 2. Then using a theorem by Getsadze [6] we
infer that the space Llog L cun not be enlarged by preserving this strong 3urninability property,
for every function of two variables belonging to L logL and for 0 < p < 2. Then using a theorem

by Getsadze [6] we infer that the space LlogL can not be enlarged by preserving this strong
summabllity property.

MSC2010 numbers: 42C10.
Keywords: two-dimensional Walsh system; strong Marcinkiewicz means; a.e. conver-
gence.

]. Introduction

Let P denote the set of positive integers and let N:=PU{0}. Denote by Za the
discrete cyclic group of order 2, that is, = {0,1}, where the group operation is
modulo 2 addition and every subset is open. The Haar measure.on is defined such
that the measure of a singleton is 1/2. Let G be the complete direct product of the
countable infinite copies of the compact groups 35. The elements of G are of the
form X = (xo,xi, with a* e {0,1}, h € N. The group operation on G is
the coordinate-wise addition, the measure (denoted by fX) and the topology are the
product measure and topology, respectively. The compact Abelian group G is called

1Research was supported by project TAMOP-4.2.2.A-11/1/KONV-2012-0051 and by Shota
Rustaveli National Science Fbundation grant no.31/48 (Operators in some function spaces and their
applications in Fburier analysis)
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Walsh group. A base for the neighborhoods of G can be given in the following way:
10(x) = G, In(x) = In(x0,....X,,_i)
={y Ge¥Y=(x0,¢ Xntl¥Ymyn+il I X€ Gyti € N.

These sets are called dyadic intervals. Let 0 := (0 :i e N) 6 G denote the null element
of G, In m=In (0), and en ~ (0,...,,0,x,, = 1,0,...) £G, n £ N.
Bbr k e N and x e G, by r*(x) we denote the fc-th Rademacher function:
r*(*)m-(-)m*, X6 G, K€N.

*

Ifne N, thenn = iE(::)mewbere nj € {0,1} (i € N), that is, n is expressed in
the number system of base 2. For n > 0 denote |n| = max{j € N: rij 0}, that is,
"< < 1K1
Throughout the paper the notation a < b will stand for a < c mb, where ¢ is an
absolute constant.

The Walsh-Paley system is defined to be the sequence of Walsh-Paley functions:

oc 1
x) :=JJ (re(x))n* = (—H*-0"*** (x€ G,n6P),
k=0

and wo := 1. The W”b-Dirichlet kernel is defined by
Dn(x) = £w k(x).
k=0

Recall that (see [13] and (33])

an

We consider the double system {u/,,(x) x wm(y): n,m € N} on G x G.
The rectangular partial sums of the two-dimensional Walsh-Fburier series are

defined as follows:
M-1N-1 A

Sman[x,y, /) 1= X)) X)) F(M ) wi(*) Wi ().
»0 j=0

where the number

I (x,y) W (x) uij (y) d[i(x,y)
GxG
is called the (t,j)-th Walsh-Fourier coefficient of the function/.
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Denote
(>f) = X) 1 (IMwi(*). Sg>(x,y,f) ==~ [ (ar)wr(y),
/=0

r=0
where

f(l,v) :\] f xMwiix)dd (x), /(x,r)= J f (x,y)xvr{y)dn(y).

] g
The norm (or pre-norm) of the space Lp (G x G) is defined by

11, = [ H(F»y)lp <o (v A (o <p < +oc).

We denote by L log L (G x G) the class of measurable functions / satisfying

/ I/1 I°g+ 1/1 < °o,
CxC

where log+ it = S(il00)(«) logu, and Ia is the characteristic function of the sot E.
Denote by S%(x,/) the partial sums of the trigonometric Fourier series of /, and
define the (C, 1) means by

*>/) = 1 /).
0

Ffejdr [1] proved that  (x, f) converges to /(x) uniformly for any 2ir-periodic continuous
function /. Lebeegue [17] established almaost everywhere convergence of (C, 1) means
for/ 6Li(T), T := [, it). The strong summability problem, that is, the convergence

of the strong means
1.2) — EK (x,)-/I(x)r, X6T, p>0,
fco

was first considered by Hardy and Littlewood in [14]. They showed that for any
/ e Lr(J) (1 <t < o0) the strong means tend to 0 a.e. asn -* 0o. The Fourier series
of / € Li(T) is said to be (tf, p)-summable at x G T, if the strong means, defined
by (1.2), converge to 0 as n yoo. The (ff.pj-summability problem in E<i(T) has
been investigated by Marcinkiewicz [22] for p = 2, and later by Zygmund [42] for the
general case 1 < p < oo. In [24], Oskolkov proved the following result: if / e £i(T)
and @ is a continuous positive convex function on [0, +00) with ®(0) = 0 and

1.3) In® (i) = O (t/ InInt) (t o00),
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then for almost all x

-4 to” %::0 (1# () -1 ™) ="-
It was noted in [24] that Tbtik announced a conjecture that (1.4) holds almost
everywhere for any / € L\ (T), provided that

(1.5) In =0() (<-»00).
The next result was proved by Rodin in (25].
Theorem A. Let/ € Li(T). Then forany A >0

) 1 n _ .
n'-'98°_+_1,52 (exp(A\Sk(x,f) —<(x)]) —I1) =0 forae. i6T.

In [15] Karagulyan proved the following theorem.
Theorem B. Let @ :[0,00) —[0,00) be a continuous increasing function satisfying
the conditions: @ (0) = 0 and

wn-nPlESIW .00.
t-++00 t

Then there exists a function f G L\(T) for which the relation
limsup — (*,1)|) =00
n-t00 + 1k=0
holds everywhere on T.
For quadratic partial sums of two-dimensional trigonometric Fburier series Marcinkiewicz
[23] has proved that if/ € LlogL (T2), T := [-ir,7r)2, then

n £ NS.(=V - (oY) =0

for a. e. (x,y) 6 T2. In [40] Zhizhiashvili improved this result by showing that the
class LlogL (T2) can be replaced by L\ (T2).

FVoma result of Konyagin [1C] it follows that for every e > 0 there exists a function
/ 6 Llogl' (T2) such that

a-s) /0 fora. o (x,y) € T2
fc0

The aforementioned results show that in the one-dimensional case, the (C, 1)
summability and the (C, 1) strong summability have the same maximal convergence

spaces. Namely, in both cases we have the space L\. B\it, the situation changes as
26
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we step further to the two-dimensional case, other words, the spaces of functions
with almost everywhere summable Marcinkiewicz and strong Marcinkiewicz means
are different.

The results on strong summation and approximation oftrigonometric Fourier series
have been extended for several other orthogonal systems. For instance, concerning the
Walsh system we refer to Schipp [29, 30, 31|, FYidli [2, 3|, Leindler [17]-[21], Thtik [34]
- [30], FYidli and Schipp [3], Rodin [20], Weisz [38, 39], Gabisonia [4].

The problem of summability of cubic partial sums of multiple Fourier series have
been studied by Gogoladze [10] - [12], Wang [37], Zhag [41], Glukhov [7], Goginava
8], Git, Goginava. Tkebuchava [5], Goginava, Gogoladze [9[.

For Walsh system Rodin [27] (see also Schipp |28]) proved the following result.
Theorem C. Let f 6 L\(G). Then forany A >0

n >00 -t

K™ 1 n ] E (A (AB*(s,/)-1(x)1)-i) = 0
=0

fora. e. X6 G.
In [28], Schipp introduced the operator

V,,f(x) =~ \] N F&m/(*+*+e,)j di(t)j ,

and proved the following theorem.
Theorem D. ([28]) Letf 6 Li (G), and let V f := sup Vnf. Then
ANN> )<

The exponential uniform strong approximation of the Marcinkiewicz means of two-
dimensional Walsh-Fourier series has been studied in [9]. Recall that a function ip is

said to belong the class if it increases on [0, + 00) and satisfies the condition:

limV (<) = \#(0) = 0.

Theorem E. ([9]) a) Let <pf£ 9 be such that
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Then for any function f eC (G xG)
lim ML)V s

n-»00 n i=l C

b) For any function p€ @ satisfying the condition

"W o-o.co ti >00 y/u

there exists a function FeC (G xG ) such that

1
~ T UISn(0,0,F)-F(0,0)) _ M1 _ +00
m-foom “ V /

For the two-dimensional Walsh-Fourier series Weisz |39| proved that if/ € (GxG),
then
171
- 5Z (Sid (*'V\f)-f (*.¥)) -> 0
fora.e. ({/) GxG.
In this paper we consider the strong means
/. 2" \ Jn

is»» /I
\ m=0 /

and the maximal strong operator

H*f := sup H»f,
n€N

and study the a. e. convergence of strong Marcinkiewicz means of the two-dimensional
Walsh-Fburier series. The following theorem is the main result of the present paper.

Theorem 1.1. Letf e LIogL (G x G) and0 < p < 2. Then
[*{#2/> A}y< (I + \]\] [/11og11/1] .
\ GxO J
The weak type (L log XL, I) inequality and the usual density arguments of Marcinkiewicz
and Zygmund imply the next result.
Theorem 1.2. Letf € LlogL (Gx G) and0 < p < 2. Then

Non1 viP
>0 forat. (x,y)eGxG as moo.

28



ALMOST EVERYWHERE STRONG SUMMABILITY ..

It is worthwhile to note that from a theorem by Getsadze [6] it follows that the
class L logL in the last theorem is necessary in the context of strong summability in
question. In other words, it is impossible to give a larger convergence space (of the
form L log ) with t(oo) = 0) than the space LlogL. This emphasizes a sharp
contrast between the one- and two-dimensional strong summability properties.

We also note that in the case of trigonometric system Sjolin [32] proved that for
every p > land / € Lp{T2) the almost everywhere convergence Snnf 4 /(ji »co)
holds. Since for Walsh system this issue is still an open problem, from this point of
view Theorem 1.2 becomes more interesting.

2. Proof of Theorem 1.1

Let / e L\ (G x G). The dyadic maximal function is given by

For an integrable function / of two variables, we need to introduce the foUowing

hybrid maximal functions:

M2f (x,y):= I/ (*,y + 1)|dn (1),

It is well known that for / 6 Llog4 L the following estimate holds

(2.3) Xu{(x,y) e G XxG:Mf(x,y)> A}

QxG
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and fors = 1,2

(2.4) JI\M tf(x,y)\dn(x,y)<I + \] J \f (X, y) [log+\f (x,y)|d/i (x,y).
GxG GxG

Setting
0= {(x,V) 6 Gx G :V\f(x,y) > A},

we can use Fubini’s Theorem and Theorem D to write

(2.5) fi(n) = \] \] X, y)dn{x,y) = \] |\] In (x,y) d/t (x) J d/i (y)
GxG B \G

\\] { J 1/ (x,y) 1d/i (x)j dit(y) <

Similarly, we can show that
(2.6) M (X, y)EGXG:V2(x,y)>A}<Mi.

For Dirichlet kernel Schipp proved the following representation (see [28, p. 622]):
n-1 K

2-7) Dm((x) = " '"UK/kt (X) Y "EKjV IWn (x + Cj)
fc=0 j=0

“\wm (x) + (m + 1/2)1/,, (),

where m < 2” and

1> if i =M . *
eki-  *i, if j =k

Proof of Theorem 1.1. First, we prove that the following estimation holds

/12" TRV
(28) ("EIW x.i/,/)12)

ViV, M) +Vi(x,y, V1) +MFf(xy + Valxy, )+ Vi(xy, )+ |[|/]a,

where J1 is an integrable on G x G function of two variables, which will be defined

below.
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It is easy to show that

(" \ Y [2"-i \ V2
YU 1Pmm[xy, )V I = f |[Smm (x,y,S2n.2»/)|2 |
m=0 \] \m=0 /

\]J 5"2~@+ay+1f) Dm (s)Dm()d/i(a,t)

M=o ,

-1
< su ff y» (1 +3y+1f) 2 Qm,,(i,y) Dm(s) Dm (t) dfi (a, t)

{am“ *‘V)} 6 x0 mmO

The last inequality is obtained by taking the supremum over all (aw (s,y)} for

(¢ "

In view of (2.7) we can write

ff n—1
(2.9) 5» {x+ay+t,f)*2 umn(@,y)Dm(s)Dm(t)d/.{at)
GxG m=0

= ff52ni21(x+ ay+t,f) 5Z 5Z 51 52 AiVii+i (s)
GxG fci=0fca=0ji=0ja=0
-3
2"-1
X X1 “nmr. @.1)iflm(a + t + Cj, + eia) d/i (7, 1i)

T CRREENH

xefcii,2il_1 12 ttfvm(r, % B+ 1+ ej,)dli¢s,t)

m=0
»n n— fd
+ /15 , (i+s)i/+t,/) ™ Y, hklik.+i (a)
GxG * =0j,=0
2’-1

XEfcj, 2,0-11/, ()  °» (F3N% (s+ ej,) (m+ 1/2)dfi(s, 1)
m=0

5 ff ~ o fx+sy+t)d 24 HKRAIKH ()
GxG fca=0jj=0
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n—
XEfcajp2* 1 22 Omn (SC,//)Wm(s+ t+ 6 ,)dfj.{3,t)
m=0
2"
+ [ 52".2 0e+ s>V+ */) ttmn (*,y) twm(« + 1) dp (s, t)
%03 ok
* an—1
4 // "n(*4 Sy+t /) A oM @I)Lms) ST+ 1, () dfi (s, 1)
GxG m=0
» . n— fa
+JJ 52+ ad/+ &) £ £ 1KVAH *)
GxG fcj=0ja=0
xekih2jl-1 1 o wmt+eis) O+ Y1t (s) dp @)
\1 , (x+3y+1/) aT, (X,y)wm () j N, (s)dli@t)
GxG m=0 *

<A / \ 2 ) 0
+ /] »»(x+ay+t,/) Om,(z,v) (m+ -J I/n(e)l/n(<)d/i(8t) =" J
Rige m=n / -

It is easy to show that

1) P9 < :Zlé_i«ml(i,y)|2\]4‘

x2(8/2)n \] \] I/(x+ay+0|d,{at) <T»Mf(x,y),

(2" \ 4

(2.12) £ 1a m(s,y)N W/ < 2772 Wlix-
m=0 /

(2.12)

|| ;$Ir:]x\(]3 »3» (®+ wV+ *>I/I)

2n—1
AN An {x,y)wm (t) (m+ 1/2) dn(s,t)
m=0

~ AA i +t4 A
7’|’XIG\\ /I” X+av+t+y dP@/)
2"-1
~amn (@ INtum )™ + 1 2)
m=0
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1/ (ag- a,y 4-*Fv)| dix(e) I d/i(u)

m/«-/
2n-1
N = @mn (X, i)uim (*) (m +1/2) Mif(x,y +t+ u)d/i( )
m=0 / ( / !
2"-1
E amn(x,v)wm(t) (m+ 1/2) dn(t)<2 nJ Sgix.y +*Mxf)
m=0
2"-1
E “»»(*v) (i) (m + 1/2) d/i(t)
m=0
\ V2
< 2
2*-| \ 12
E Qmn(*,v)<m(i) (m+ 1/2) d/i(t)
(/ m=0 )
/2n i \ V»

< 2n'2 E_ le»» (*V>I* % (%, I/,Afil) < 2n/2Vi(x.y.Af:]).
\m=0 J
Similarly, we can prove that
(2.13) Jdel<2n/2Vi(x,y,M2/).
Now, we estimate J7. Since

J 52»2n(x+B,y+ LI/1)d/i(s) =2~"5» »(X,y+1]/]),

we can write

(2.14) ini<E E *"1 Jf s (*+* *+*>1/D
o>k = N x (ikaVkatl)
2n—X
E (X-v ) (*+en)(T +V2) dite )
m=0

NEC2F 100 ftRy (Kt «e»t*> |/|)
*=° 1. x13a
"

E (ylitgra) g e
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5321—1/ I I 2 (X + s,y +t,\f\) dp (s)
,3=° r

-1
A1 Omn @) “6 ) "b1/2) d/i()
=0
n-4
< " E *-1 oo (r D

«="° Jla
2"-1

A ~NE&T
T=0

(X, Ntum (i + eja) (T + 1/2) d/i()

1 -
< -"53 * 1]
n-e i,

kn-l

17/1=0
.n—
< -" f 2Ja 1l;Ja ()5

» » (X,y + 1+ eNli l/l)

(x,y)wm (t) (m + 1/2) d/i ()

(x,y+ 1+ eb, /1)

0 ia=°
» 1
X “>o(*1Y) (t) (m + 1/2) d/i(t)

m=0
1/2

s E BXa(0R22W+ard]l o)

\®
Taking into account that

5-,  (x,y +t-Hera I/l) = 2n\] 12nJ \f (x +u,y +t+ Cj + u)|d/i(ti) j d/i(w)
In \ In )

~ 2" MIN (x,r/+ <+ et + v)dP (v) = S? {x,y+t+eh Mif),

we can use (2.14) to obtain

(
@15)  |*| < E %>
\G

1/2
\ 2 \

(x,y +t+ej,,Mif) dn )
J

<2n/2V>(x,y,Mr/).
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Similarly, we can prove that
(2.16) [J3|]<2n/2Vi(z,y,M2/).

For Jj we have
n— n— fo Ki

(2.17) « E
A=0@=0]1 =0ja*0

/] 5 2 (+sYy1-, (1)
+0
2n-1
omrt X, y)w,, (a+ 1+ eit + Ga)
n—l n—1
S5_§%2I_F€'2%€ (% +*,»+«.ili)
2»_1
53 ®mn(x,y) (e+t+Cj +ej ) dn(at)
m=0
n—1 ji
=53 53 2l+ia 2// - (x+ay+1,1/)
n-on-o 4
2"-1
(x,y)ror (a+ 1+ ejt + eja) d/*(a,t)
7T1=0

+6‘?ﬁq '|'| + 23] ., X+ s,y +t 1)

53 a™ (»»)w” («+ *+ei+ ) d(i(a,t) = Nr + J12.

It is easy to show that s+ 1+ ela= (0,0, tja+1, tj3+, ,+ ) e lj2

fors € 1jltt 6 1jj and < j\. Hence, we can write

(2.18) Jn <J2 53 2il+ia'2 [[ sa » (x+s,y+1+a+ej,|/])
|21
x|53 “oo(eyy (K4 gji) d/t@)
m_

< 2"53 53 Np*-2 | (J V (x+a+uy+1+s+eA+ wnld/i(u,u)
1i=0ji=0 Ix'jj xJn
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-
“ d/i(a,t)<22"£; f> 2
X JE T Y)Wt re”) 120 =0

X[ jL[f[222f \f(x+s+u,y+t+s+ej2+u)ld/i(a) dn (u,v)
I» W -V

J)

X “mnx>tHw™*+ eli) P(0<23nNE £ ..s-a
i1=0jj=0

Im=0

*[|/fr +ay+1l+a+ej, +u+u)di(@J Jdi(tiu)

</ Il
£ \nx/, \ B I
E X (@+eii)# ) < E E 7
7tt=0 ji=0ja=0
\
+.a,y+i+a+ela+ u)di() d(v)
\ \ hi i
12°-1
X At @mx,y)Um( i) dfi(t).
Im=0
We set

w1 (x>Y) = Y I/ (r+s,y+s)dli(a).

and observe that
ni(x,y+x)= 231\] \f(x + 3,y +x +s)\dn (a) = 2—'1\] |[F2 (x + a,y)|d/i (a),
i #
where F2(x,y) = / (x,y + x). It follows from the condition of the theorem that

EL logL (¢ X G). On the other hand, we have
SUpAj (X, X+y) <MiF2(Xy).
Let A(x,y) = supAj (X,y). It is clear that
(2n9) \]»] A (X y)di(xy) = \] J A (XY +x)dli(xy)
GxG GxG

< \]\] MiF2(x,y) dj. (x,y)

GxG
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~1+])

GxG

1+ JINT (2 y)Ibg+ 1/ (X, y)[dn (X, y) .
GxG
Then, from (2.18) we have

(2.20) [N i|<EE™ 2/ \2n[ A(x,y+t+v+eh)}d(.v)
A_o* o \ /
2"-1
53 ttmn (X,y) wm (t + ej,) dn(t)<EE 2% 2[ &V + 1+ «J1.3)
m=0 J1=on=0
-1
53 «mn (x,y) (t+e>J MNE | E 2~X t 0 (Y+*+e*« )

m=0

E QY (el

.n— \ "2
S E 53 2*-2lla()5« (x,y+t+eA,A) dp(i)
>1=0 U'a=0 /
\e
n—l
< J3 2#,/aVa(K)y>A) < 2n/2y2 (Siy) ) f
>1=0

where 6 £i (G x G). Similarly, we can prove that

(2.21) Jv<2n,2V™X,y,A). -
Combining (2.17), (2.20) and (2.21) we conclude that

. (2.22) \Ji\< 2n/Vi (*,V,A) + 2n'* b (X, tf, ).

Similarly, we can write

(2.23) L 2* 1[[ 52n2n(x+s.y+ ,I/)
>1=0 ISIXG
2"-1
X 53 <w (x,y)i»m(*+ *+ «¥*) dn{s,t)
m=0

=i E 211335 2 (*+ey+*, il
A=°  [jixG
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-1
53 *en(co)Wm(*+8+eji+e®) dfi (*
53Qm(*e" ()W (*+8+eji+er)di(

<53 £ *+x.x fj 5 -a (i+sy+1l/)
Ji=0ij=0 XAxl,,
a*-i
53 °mn (I, 1) ™m (CO)lWr ( + S+ Cj, + Rj,) ()
m=0
< 2"2Vi (*,V,A) + 2n/aVi (*,y,A),

(2.24) 4] < 2712Vi (*,y, A) + 2"/2V, (*,y,A)]

Combining (2.9), (2.10)-(2.16), and (2.22)-(2.24) we obtain the estimate (2.8). Taking
into account the inequality A ?/ < tf2/ (0 < p < 2) and the estimate

from (2.3) - (2-6), (2.8), (2.19) and Theorem D we conclude that

n{mj > A}<\ (UMI/IIT + UM3/Ij+ [JA[X+ [[/] <\ {1+\]\] [/[log+\f\j
\ GxG/
and the result follows. Theorem 1.1 is proved. O
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1. Introduction and statement of results

The geometrical relation between the maximum modulus of a complex polynomial
on a circle and the location of zeros of this polynomial within or outside this circle is
one of the attractive and fertile subjects in geometry of polynomials. Bernstein-type
inequalities play a fundamental role for many propositions in the area of polynomial
inequalities. There are many results on Bernstein’s theorems and their generalizations
in different forms. Before proceeding towards specific results concerning the zeros of
polynomials, we find it useful to consider certain fundamental theorems, which will
be used throughout this paper. We begin by stating a classical result due to Bernstein
[5]. Let P(z) be a polynomial of degree n. Then

\(/1.1) mai<|P'(*)| < ”rflf‘le IPbII.

I*|=
We also state an inequality which is a simple consequence of maximum principle (see
[9, 20]).
(1.2) max |[P(z)| <RnTak |P(z)], R > 1

The above results are best possible and the equalities hold for polynomials having
zeros at the origin.

Observe that (1.2) can also be obtained from (1.1) by using Gauss-Lucas theorem
(see [12]). Refinements of inequalities (1.1) and (1.2) can be found in a number of
important papers (see [2, 4, 6,8, 10,11,16, 18, 19], and references therein).
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If P(z) is a polynomial of degree n, having all its zeros in |z| < 1, then Aziz and
Dawood [3] proved that for \2\ = 1,

1.3 .min |P(z)| >Rn mini |[P(z)|, >1.
(L3 {nin, [P) >Rn mini |P(2)], A

This inequality is sharp for the polynomial P(z) = meifizn, m> 0.
Jain [14], generalized inequality (1.2) by proving that if P(z) is a polynomial of
degree n, then for |z| = 1 and |a| < 1,

LAHPRz)+a(M)"p(z)] <|4"+a(r-)"| max|P(*)], R> 1.

This result is best possible for P(z) = PO+ 72", where |[?| = |-y
It was shown by Ankeny and Rivlin (1]that if P(z) o in |z|] < 1, then (1.2) can
also be replaced by

(1.5) max |P(z)| < {nla:>|< P(z)], A>1.

121s=ii
Inequality (1.5) is sliarp for P(z) = 0 +7zn, where |[/9 = |y = 1/2.
Aziz and Dawood [3], improved the above inequality by introducing the minimum
value of |P(z)| on |z| = 1 as follows:

16 P(z)| < SRt P A1 i R >
(1-6) Er?ft' @< —1— jgg;,(_l (z)|——- T RinIP@)I, 1.
This result is best possible for P(z) = + 7z", where /3] > |y}

Jain [15], improved (1.4) for polynomials having no zeros in |z| < 1 with |a] <
1, R> land |z|] = 1as given below

IP(Hz) +a(")"p(z)]

.7 <I{|a"+a(™~xVv |+|l+a( )"} max|P(2)|.

Equality in (1.7) holds for P(z) = /3+ 7z", where \ \ = |7| = 1/2.

Recently, Dewan and Hans [7], proved a result concerning minimum modulus of
polynomials P(z), which is an analog of inequality (1.3).
Theorem A. If P(z) is apolynomial of degree n having all its zeros in \z2\ < 1, then
for every real or complex number 0 with \fi\ < 1 and R > 1,
(18) l[plqu*HyS?( fp(z) an+o( N )”ﬁigi'P(vz),l'
The inequality (1.8) is best possible and equality holds for P(z) = me”z1, m > 0.

Dewan and Hans [7] also improved inequality (1.7) by proving the following theorem.
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Theorem B. If P(z) m a polynomial of degree n having no zeros in \z2\< 1,then for
every real or complex number 0 with M\ < 1, R > 1, and |z| = 1,

IP{Rz) + I3(Kxx)P(2\ < I{|R* + /?2( + )«|+ 114-y9("zi)M}max|P(2)]|

(12.9) {\4"+0 (~ 1 11+0(~)"|} min\P(2)\.

Equality in (1.9) holds for P{z) = a +7zn, where |a| = F 1= 1/2.

Recently, Mezerji et al. [17], generalized Theorems A and B to a class of polynomials
having zeros in the closed interior and closed exterior of a circle \2\ = K, given by
the following two theorems.

Theorem C. If P(z) is a polynomial of degree n having all its zeros in \2\< K, K <
1, then for every real or complex number P with W\ < 1, and R > 1,

(1.10) |T|i:ni PN )+* ( 1) "fWIr 1«”"+KTtt#)1l ift|pw]-
The result is the best possible and equality holds for P(z) = azn.

Theorem D. //P(z) is apolynomial of degree n having no zeros in \2\ <K, K > 1,
then for every real or complex number @with |3 <1, R > 1, and \2\ 1,

\P(KK>2) + P("+xx>j'P{K™*2z)\

B< [OTA»+0( ™) " | + 11+ -RIPWI

(1.11) 1T A A (A Y M-l 4+3 (A) " |} lait, IPWIL

The result is best possible and equality in (1.11) holds for P(z) = zn ~K n.
While making an attempt towards the generalization of the above inequalities, the
author found that there is a room for the generalization of the condition R > 1 in the
above theorems to R > r > 0, which induces inequalities towards more generalized
form. The essence in the papers by Govil et al. [13] and Mezerji et al. [17] is the origin
of thought for the new inequalities presented in this paper.

Now we are in position to state our main results. Our first result, Theorem 1.1, is a
further generalization of Theorem C. It involves an inequality on a class of polynomials

having all its zeros in \2\ < K, K > 0.

Theorem 1.1. If P(z) is a polynomial of degree n, having all iU zeros in \z2\ <
K, K > 0, then for every real or complex number with |[/3] < 1, \z2\ > 1, and
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R>r, Rr>K2,
(1.12) Mbl +«7 # T ->17 ~:l«n+ N
The result is best possible and equality in (1.12) holds for P(z) = meiftzn, m > 0.

Remark 1.1. Ifr = 1 and K < 1, then Theorem 1.1 reduces to Theorem C; if K = 1,
then itfurther reduces to Theorem A, and if, in addition, 0 = 0. then inequality (1.12)
becomes inequality (1.3).

Remark 1.2. Ifr = K, then inequality (1.12) takes the following simple form:
[PNe) + Ir g1 +e(*x £)”||Sto JPC)]|.
Our second theorem extends Theorem D to the class of polynomials having no
zerosin \2\ < K, K > 0.

Theorem 1.2. If P(z) is a polynomial of degree n, having no zeros in |z] < K, K >
0. then for every real or complex number 0 with W\ < 1 andR >r, rR > |

W =i
\WPARK2Z )+ p[ ~7j P(rk2o\

< "UTHB(A T )" IR f f) "DFfl» Ne)l

(1.13) +I i) "-11+-3 (™) ") [PW .
The result is best possible and equality in (1.18) holds for P[z) = azn+bKn bl > |o|.

Remark 1.3. Tfr = 1 and K > 1, then Theorem 1. reduces to the TheoremD, and
iffy= 0 and K = 1, then inequality (1.13) becomes inequality (1.6).

Remark 1.4. ///3 = 0, then inequality (1.13) becomes
\P{RK*2)\ < t] ITRNn+ 1) lgrgé \P@2\- (ITRT - 1) u”liﬂ \P(2)\.
2. Lemmas
We begin with a lemma due to Govil et al. [13].

Lemma 2.1. If P(z) w a polynomial of degree n having all its zeros in \z2\ < K,
K >0, thenfor every R >r and Rr > K2, we have

.1) IP(AT)] > ( ) V («)1 for \2\= 1.
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Lemma 2.2. If P(z) is apolynomial of degree n having no zeros in \z2\ < K, K >0,
then for any O with |/9/ < 1, R >r, rR> fa, and \z\ = 1, we have

(2.2) \P(RK*z) + P(rK2z)\ < Kn\Q(Rz)+0 ( f)”Q(«),
where Q(z) = z"P(|).

Proof. Since P(z) 0in \2\ <K, the polynomial Q(z) has all its zeros in \z2\ < w4
Note that \Q(z)\ = -fa\P(K2z)\ for |z| = w4 Therefore by Rouche’s theorem, the
polynomial S(z) = KnQ{z) —aP (K 2z) of degree n has all its zeros in \z2\ < ~ for
|g| < 1. Hence using Lemma 2.1, forR >r, Rr> -fa and |z| = 1, we have

[S(An) (~ 71 or) Al
implying
\I<nQ(Rz) - aP(RK2)\> ( T ) "\KnQ(rz) aP(rk*2)\.
Denote ;
T(z) :=Kn{QR2)+0 (  ~ )" Q(rz)}-a{P(RK*2)+P { f P(rk*z)},

and note*that T{z) 0 for [j9 < land |z| = 1 This implies that (2.2) is true. Indeed,
if it is not true, then there exists a point z = zo with |zo| = 1 such that

\WPRK20)+0( ) L(N29L>KWnw) +p ( Y Q(rzo)\.

Wc take
_ Kn{Q(Rz0) +0(*rQ (rzo)}
a PRK*z<)+ ()('$#)"P{rK*zoy
and observe that |a] < 1. Clearly with this choice of a, we have T(zo) = o for
|zo| = 1, yielding a contradiction to the fact that T(z) is nonzero on the circle |z| = 1.
If |9 = 1, inequality (2.2) follows by continuity. Hence the proofis complete.

Lemma 2.3. If P(z) w o polynomial of degree n, then for every real or complex
number 0 with\ \ < 1 and K > 0, and for every R > r, rR > K? and \2\ > 1, we

have
(2.3) [P(Pz) + P{— 8 )uP{rz\< i1 4"+ r"(— )”)I max |P(z)].
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Proof. Consider the reciprocal polynomial of P(z) given by Q{z) = z"P(]). Take
M = max \Q{z)\ = — max |P(z)|. By Rouche’s theorem, for every a with |a| > 1,

™ K " iri=K
the polynomlal 1(2) = Q(z) - aM does not vanish in |z| < j.. Hence the polynomial
Y(z) =znJ(i) = P (z)-mizn

has all its zeros in \z2\ < K, K > 0. Applying Lemma 2.1 to the polynomial ¥ (r), for
\2\ = 1 and every R>r and rR > K 2, we obtain

W{R*\ > (£ )n\Y{r2)\.

Since Y(Rz) has all its zeros in \2\ < < 1, again applying Rouche’s theorem, we
conclude that for every 0 with |jg| < 1, all the zeros of the polynomial

y (Rz)+" ry(rz)
lie in |z| < 1. In other words, all the zeros of the polynomial
24 T@=PR2)+4 ( ~)nP(r)- a(MRnzn)+p{Z££)»M rnzn)

lie in \2\ < 1. We claim that this implies inequality (2.3). We prove the claim by
contradiction. If the claim is not true, then there exists a point z = zq with \zo\ > 1,
such that

Ip (Rzo) + 0 ) "P(r,)| > t«d>»(Ex])"1  [PW]
or equivalently,
\p Ne °) +P ( 8 )" p(rzo\ > M\zo\n\Rn+prn (7 — )" Fk

We take

P(Rzo)+I13(St%rP(rzo)

MzS{R"+pr”{Sx%)»}’
and observe that |o] > 1. In view of (2.4), it is easy to see that with this choice of
a, we have T(z0) = 0 for |zo| > 1, yielding a contradiction to the fact that T(z) is
nonzero in the closed exterior of the circle |z| = 1. TF|/3] = 1, inequality (2.3) follows

by continuity. Hence the proof is complete.

Lemma 2.4. If P(z) is a polynomial of degree n, thenfor any f) with\)\ < 1, K >0
and R>r, Rr > and \z\ = 1, we have
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\P(RK2z) + +*") P(rK2ZzZ\+Kn\Q{Rz) + p("z2iyQ (rz)\

(2.5) << * -+ *m"(fEL£ ) I+ 1+t (M £1)* D)gjjIPW I,
where Q(z) = znP(~).

Proof. Let M = \rL@)P(( [P(z)|. Then |P(z)] < M for Jz\ = K. Therefore, for a given

real or complex number Awith |A > 1, it follows from Rouche’s theorem that the
polynomia! T(z) = P(z) + AM does not vanish in \z2\ < K. Hence applying Lemma
2.2 to the polynomial T(z) for with WL, <1, |z]=1and R>r, Rr> jfj, we get

\P{RK2z) + XM +fir— — ) (P(rif2z) + AM)|
< Ku\Q(Rz) + XMRnzn + (QW + XMrnz'%

implying

IPUA)+d (f )4 ~1 +w(i+0(*££)"Il

<kho N9)+O )¥0(«> +XM*"(J1"+ Ol"(’\ 8 ) "

Now choosing the argument of Aappropriately, we get

\P(RI?2) + ALY (AT TW A (Y

< ||[AJAHW*|MA" + Orn - Kn\Q{Rz2) Q(™)|I-
Next, applying Lemma 2.3 to the polynomial Q(z), we can write

[AIMA'n|znlpn+ pr* (— M)"I >i*"\Q m + T (" Sm

Therefore .

\PW z) +p ( £ ) P{rK*2)\-\X\M\l+p (jx+£) |

<|AIM AMzr[p"+ 2 ("")n[--"1QNe) + 7 ([ |- ) nQMI.
implying
IP(RK*z) + fi(EK£f)np<rK*z) 1+ K"\Q(Rz) + /?(™ +1)nQ(rz)|
< \X\MK”\Rn+prn( y )" )! + WAT|l + ) |

on |z| = 1.
47



P. N. KUMAR

Letting |Al -+ 1in the last inequality, we get the desired inequality (2.5), and thus

the proof is complete.
3. Proofs of the theorems

Proof of Theorem 1.1. Letm = \;:Qirk|P(z)|, then 0 < m < |P(z)| for \2\ K.
Therefore if Ais a complex number such that |Al < 1, then by Rouche's theorem, it

follows that the polynomial
(3.1) G@Z)=P(*)-A mz"
of degree n has all its zeros in \2\ < K. Applying Lemma 2.1 to the polynomial G{z)
with K >0, R >r and rR > K 3, for \2\ = 1 we get
Ne )!' > ( § )n|G(rz).
Since G(Rz) has all its zeros in \2\ < < 1, then applying Rouche’s theorem, for
real or complex number 0 with \0\ < 1, one can show that the polynomial
3.2) T{z) = G{Rz) + 0 ( ) G(rz)
has all its zeros in |z| < 1. Substituting G(z) from (3.1) into (3.2), we condude that
for every Awith |A < 1, ] < 1 and \2\ > 1 the polynomial
33) T(z) = (IP(Ar)+0{ 8 ) "PM} - — m{R»z*+0rn(f )"

is nonzero. In view of the above facts, we can conclude that for every 0 with \0\ <1

and \2\ > 1
(3.4) IMai)+a (~+ £~ (@0)|>2"AY-3r" (f f)V w "

We prove our conclusion by contradiction. If the inequality (3.4) is not true, then
there exists a point z = zq with |zo| > 1, such that

K"\P(R*,) +fl <lg»+n.. (5% ])"mK]jn
Wec take
KAP(Rzg3+0{"yp(rzo))
{R* +fr” (Z+£)nmz$
and observe that |Al < 1. In view of (3.3), it is easy to see that with this choice of A

we have T (zq) = 0 for |ro| > 1, yielding a contradiction to the fact that T(z) ¢ O for

\z\ > 1. This completes the proof.
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Proof of Theorem 1.4. By the assumption the polynomial P(z) has all its zeros
in \2\ > K. Letm = \min \P(2)\. Then \P(2)\ > m for \2\ = K. If a is a complex

number such that |or] < 1, then it follows from Rouchc’s theorem that the polynomial
H(z) = P(z) - am has no zeros in \2\ < K. Hence by Lemma 2.2, we get for |*| = 1,

{P(WN>+9( "~ r )Y n » + />

<KnmRz)+p( = *"gm} wb5.'-{nur ( fx f}I-

By a proper choicc of argument of a, we get

Ptrar>))+/1(~ i > ) "p(rIf)l - Wmli+t, (Sg+1)”]

(3.5) <\KnlQ@b}+m — 2 j)nQ(rz)l-mTn~lzInjRn+/3m"r— ~ y
An application of Theorem 1.1 to the polynomial Q(z) yields
QW +P(~" ) nQWI > H»«|AMN+ (™~ r ) L W=z,

and hence (3.5) can be rewritten as
\PRKZ)+p [z iy N )V \ami+«5]|x )»|

< KAQ{Rz) +0 (- Y'an( \\mKnM\Rn+0rn( y ) "k
Therefore

WPL*)+p (A P{rk2)\- Kn\Q(Rz)+ 0 ( ) Q)

<Twm |+~ (W ) 7-lajTK-[4*+ (M £ 1)7"|, W_L

Letting |a| -¥ 1, we obtain for \2\ = 1,
\P{RK2Z)+0 ~ ) nP(?K22)\ - K \Q(Rz) +0(E£+£1)»Q(,)|

(3.6) <YuUn*-+/>* (8§ £)" 1-1+f (8§ £ ).

Next, by Lemma 2.4, we have
IP(RK2z) + P{rK2z)\ +K"Q(Rz) +0 * = iy Q(ro\

(B7) W{* . JA.+ I» -(~ 2 i)* | +]i+(> (~ i)’ |}a a b<, A, W -1.

Finally, adding (3.G) and (3.7) and rearranging, we get the desired result. Hence the
proof is complete. We conclude the paper by the following remark.
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Remark 3.1. It would, be of interest to find the analogues of the above theorems for
polynomials all of whose critical points lie within a unit distance away from each root.

Acknowledgement. The author is deeply indebted to the referee for careful reading
and comments, which brought improvements to the first version of this paper.
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AunoTauua. B poGoTe MCCNeayOTCA MHOXECTBA PErynsapHOCTU Ba rpaHuLe o6-
NacTu CXOAMMOCTW 3aflaHHOr0 KpaTHOro CTEeMeHHOro psja. B kavecTBe Takux
MHOXECTB paccMaTpyBatoTC HaGopbl NOAMAYT Ha OCTOBaX MONMMKPYrOB CXOAU-
MoCTV paga. B TepMmnHax CBOWCTB LieNoii yHKLNW, MHTEpUOANpyoLein Koadhu-
LMEHTBI psifja, HAXOAATCA pasMepbl MONMAYT, COCTABNAIOLWNX PEryNspHOe MHOXe-
cTB0. OCHOBHYH PO/b AN1f BbIYUCNEHWUS Pa3MeEPOB MOMUAYT UTPaeT MHOXECTBO
NVHENHbIX MaX0PaHT 415 noraputma MOAYNS WHTePnonupytoLLeid Lenoin dynk-
L.

MSC2010 numbers: 32A05; 30B30.

Keywords:1cTeneHHble pabl; aHAIMTUYeCKOe NPOLO/MKeHUe; npeobpasosaHuie JInH-
fenoa; MHOroMepHbIe BbIYETbI.

1. Beenenune

[ns cTeneHHbIX psagoB OAHOTO NepeMeHHOro Npob6aeMaTmka OrmMcaHWUs CUHTYNAap-
HbIX TOYEK Ha FpaHuULE Kpyra CXO4MMOCTM MMEET AaBHIOK WCTOPUIO, HACLILLEHHYIO
3HAYUTENBbHBLIMU JOCTWKEHUAMWU. ITa nNpobriematnka 6blna NpeiMeToM UCCnefoBa-
Hui1 K. BeliepnTTpacca, XX. Agamapa, E. ®abpu, I'. [onHa 1 MHOTUX LpyrvX aBTOPOB
(cm., Hanpumep, moHorpaduio J1. Brubepbaxa [1], a Takxke ctaten [2] - [4]).

[nsa KpaTHbIX CTENeHHbIX PAAO0B MMEETCA ropasfo MeHbLUe pesy/nbTaTtoB 06 onu-
CaHWUV CUHTYNSAPHBIX NOAMHOXECTB Ha rpaHuLie 061aCT CXOAUMOCTU UK, YTO TO e
camoe, 06 OMMCaHWUK MOAMHOXECTB rpaHuLbl, Yepe3 KOTopble aHaIMTUYECKU NPOLOS-
XaloTcs Takve psagbl. B HacToALLe cTaTbe Ha Cyvail KpaTHbIX CTeMeHHbIX PALOB
pacnpocTtpaHseTtcs pesynbtar TI. ApakensHa [4]. B ctaTbe [4] 6bin yKasaH pasvep
OyTv perynspHocTv (4epes3 KOTOPYHO aHa/IMTUYECKM NPOLO/MKAETCA PAaf) Ha rpaHule

1Pa6oTa BbINONMHEHa MpW MoAdepxke rpaHTa MpaBuTensctsa P® ana nposeaeHWs uccnepo-
BaHWA MojA PyKOBOACTBOM BeAyLiMX y4eHblX B CuOMpCKOM (hefepanbHOM YHMBepcuTeTe (4OroBop
14.Y26.31.0006). PaboTa ocyulecTB/ieHa TakKXe NpPU YaCTUYHOW (hMHAHCOBON Moanepxke (oHAa
"OnHacTuna”.
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A. 0. MKPTYAH

Kpyra CX0AMMOCTM B TEPMUHAX MHAMKATPUCH! POCTa LieNoid PYHKLMN 3KCNOHEHLMab-
HOrO TWMa, UHTEPMNONMP3TOrLel KoahuLMeHTbI CTeNeHHOro psaga. MprBegemM TOUHYHO
hopMynMPOBKY 3TOr0 pe3ynbTarta. [1pn 3TOM Mbl GyeM cnefoBaTb 0603HAUEHMSIM 1
[l0C/IOBHbIM (hopmynupoBkaMm ctatbu 1. ApakensHa, B. Jly u FO. Mionnepa [5), rae
ObINI0 NpUBELEHO ApYroe [0Kas3aTefbCTBO pesy/bTara U3 [4], ocHOBaHHOE Ha WHTe-
rpasibHOM npeAcTaBneHnn Jliwaeneda.

WTak, B [5) paccMaTpuBaeTcs OfHOMEPHbI CTENEHHOW pafg

(1.1) 1(*) = X]-n1z*’

KeH
VIMEIOLLMIA CBOEIN 06/1aCTbI0 CXOAMMOCTU eauHuYHbIA Kpyr D\ = {z € C : |z| < 1},
41O, cornacHo Teopeme Kowwu-Agamvapa, o3Hayaet

(1.2) un yuw = 1-

Myctb <~ cektop {r = reis &C : \& < a, € [0,4)}. Torga Teopema 2 u3 [5
rNacuT:

OTkpbiTad gyray = dDi\A,, AsnseTcs gyroi perynspHocTu psga (1.1) Torga
1 TOMbKO TOrAa, Korga CyLecTByeT Lenas (PyHKUWS 3KCMOHEHUMaNbHOMO Tuna >
MHTepnommpytoLlas KoadguumeHThl paga: ip(k) = /*, K e N, y KOTOpoii MHAMKa-
Tpuca pocTa H/(©) ynosneTsopseT ycnosuam: hv(0) = 0 n

s ¢

HanomHum, 4Tto MHAWKaTpKCa onpeaendeTca npeaenom

ie>.
r—00
MepeiiieM K MHOrOMEPHOMY C/lyyato. PacCMOTPUM  -KPaTHBbIA CTEMNEHHON psg
(1-3) I(*)= £ hz\
A-6N”
CO CBOWCTBOM
(1.9 |fH-moo IvIJ \Ne =1,
roe Rk = R4l ,a | = fd + ... + kn. CornacHo mMnoromepnoii Teopeme Kowuu-

Apamapa ([6], pasgen 7), ykasaHoe B (1.4) CBOINCTBO BblpaxkaeT TOT (hakT, 4To Rj
COCTaBNAOT Habop paauycos nonmkpyra cxogumocTu paga (1.3).
MHoxecTBo C Ha30BeM MHOXKECTBOM perynsgpHocTwu ana psga (1.3), ecam cymma

Psfa aHAIMTUYECKN MPOLOMKAETCS Yepes MIH0BYH TOUKY 3TOr0 MHOXeCTBA.
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OB AHAIMTNYECKOM MPOAO/KEHNN KPATHbLIX CTEMEHHbLIX PALOB ..

Mycts Dp(@) := {z € C : \z —a|] < p}— OTKPbITbIi KPYr € LUEHTPOM 0 6 C 1
paguycom p > 0. O6o3Haumm Dp = 0), apna <6 (0,7] yepes ,, 0603HaUMM
OTKpbITYt0 gyry ODP\ Aa.

B MHOromepHoli CMTyaLum HeT YHUBEPCANIbHOMO ONpeseneHns NHANKATPUChI pocTa
Lenon yHkuun. bonee Toro, 4acTo MHAOPMALLMIO O POCTeE LieNoi (yHKLMM BbipaKa-
0T B reomeTpuyeckux tepmuHax. Cnegys B. MBaHoBy [7] (cm. Takxke [8], rn. 3, 83),
BBEAEM CrefytoLLee MHOXECTBO, B KOTOPOM HesIBHO OTPaXKaeTcs NMOHATUE UHANKATPU-
Cbl Lenoi pyHKUmMK ip(z) € 0(CT:

TV(®) = {i/e Rn :In|p(rei)| < ifili +... + vnr,, + C,,B},
e HepaBeHCTBO BbINOMHAETCA Ans noboro r € R” npu HekoTopoii konctantc CVi$.

3neck reiB—ato BekTop (rieifll,...,rne,9n). Takum obpasom, TV[O)- 3T0 MHOXECTBO
NMHEVHBbIX Ma)KOpaHT (C TOYHOCTbIO Ao cagura CV3)

n=i/r) = Vill + ...+ vnrn
4nd norapugmMa mMoayns yHkumm ip. Onpeaenm MMoXKecTso
MVO®) :={vER”":v+eb6TV(®), v-r$. TV(O pans moboro e 6 R"},

KOTOPOE MOXHO Ha3BaTb FPaHUYHbIM MHOXKECTBOM NIMHEHbIX Ma>KOpaHT.
CKaxkeMm, 4TO Lenas pyHKUMa <puHTepnonnpyet koahduumeHTtol psga (1.3), ecnn

(1.5) <p(K) = fk pna scex kK 6 N”.

Mycts D ¢ C"—o6nactb cxopgmmoctu psaga (1.3). Beefem cemeicTso
(1.6) G=(j7a,R = *-0X c I>
A A
nonmayr T,,.8, rae R npoberaeT NoBepXHOCTb COMPSHKEHHBIX PajnyCcOB CXOAUMOCTY

paga (1.3), a a = c1() = (<7x(4),....crn()).

Teopema 1.1. CemeilcTBo G monuayr (1.6) SIBASieTCA MHOXKECTBOM PErynsipHo-
cTu gnda paga (1.3) Torga u TOMAbKO TOrda, Korga CywecTByeT MHTepnoapytoLias
KoadhgpmumenThl Tk uenad dyHkuua <p(r) Takas, yTo:

1) 0 € 3 (0),

2) cyLleCcTBYeT BeKTOP-PyHKUMA vr{Q co 3HaueHussMum B Mr*v(6), 4ns KOTOpOii

(2.7) (9i,..3L.I.-!Br|)-}O 9L|I:I+° \0j\ <aj(R), J =1
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A. 4. MKPTYAH

[loKa3aTenbCTBO TEOPeMbl AOCTATOYHO MPOBECTW AN MOMUAYTW 7,,.0 U3 OCTOBA

no.ﬂMprra cxogunmMmocTum

{Iril< 4 i, [*n < 4dn} = Dr, X... x £&/n.

A UMeHHo, Npy hnKcrMpoBaHHbIX R\, 1 Mbl OyaeM loKasblBaTh CriefytoLLee yTBep-
XOeHve.

Mpepnoxenne 1.1. Monangyra 7<r,Ki * e x TBM.H» NBNAETCN MHO>XKECTBOM pe-
rynapHocTwu ans paga (1.3) Torga U TOMbKO TOrfa, Korfja cyllecTByeT UHTepno-
nmpyrowan koaddmumeHTsl fk Lenas dyrkuma <@ Takas, yTo:

1) 06 Mg.”0),
2) cywecTByeT BeKTOp-GhyHKUMs ) co 3HaveHmsimu B M n,v(6), Ans KOTopoi

(1.8) mmiT-’\_T-Mc@, j=1..n.

JTo60MbITHO OTMETUTL, YTO A/15'KNacca runepreomMeTpuyeeknx PyHKUMA (a Tar
KOMY Knaccy NpUHagneXxuT 1 oblas anrebpanyeckas QyHKLMA, T.e. OnNpeaesieHHas
NO/IMHOMUANbHLIM YPaBHEHWEM C HE3aBMCUMbIMU MepPeMEHHbIMU KO3 (ULIMEHTaMK)
NOAMAYTY PErynapHOCTA MOXHO PacluMpuTb 40 NOAMTONA PerynspHoctv (cm. [o] u
[10], rn. 4,7). Peub naet o NPOJOMKEHUN pAaga Yepe3 KYCOK rpaHuLbl 06/1acTy CXo-
OVMMOCTW, KOTOpLIA B YII0BbIX KOOpAMHaTax 6\,...,On onpefenseTcs nosmTornom, T.e.
OrpaHNYeHHbIM MHOMOrPaHHWUKOM.

2. Heo6xoanmocTs ycnosusa Teopembl 1.1

Myctb cymma paga (1.3) npofomkaetcs uvepes nonuayry 7aig = 7ffltRl x ... x
T<m.* mlIoKaXXeM, 4TO CyLlecTByeT Lenas gyHkumsa y:(C), koTopas NHTepnonmpyeT
Ko3thdmumneHTbl [ 1 yA0BNETBOPSIET YC/IOBMAM 1) U 2).

CornacHo NpeAnosIOKEHNIO CYLLECTBYET OAHOCBS3HasA 06nacTb O, KoTopas cogep-
xunt (Ak, X... XOHA)n 7<r,4u B KOTOpoii cymma paga (1.3) ronomopdHa. Mo Teopeme
aptorca ([GJ, pasgen 32) ata cymmMa rofioMopgHO NpofoskKaeTcsa B 061acTb, coaep-
Xalyo

(Ari U7<ri,fj) X- X (-Og, U7<7,,ft)
3aukcupyem unucna 6 (0, V1 - eia®)), j =1, Tak, uTo

drii-Ri)) * ... X(Dr:( Rn)) C .
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OB AHANIMTNYECKOM TMPOAO/TIXEHUWN KPATHbIX CTEMEHHbLIX PAAOB ..

O6o3Hauum e"“ := Rj+ j = 1,..,0. And mobbix € (0,71 —Ooy) 3admkcrpyem
M = 6 J1>,/4) Tak, uto

(A*, \ [1°141,) X... x (£, \ J«r+er) ¢ n.

Torga gns moboro e 6 R” obnactb ACg= M 4 x ... x in, roe

A (*ri( ) \ A<Tj+fj) U*Rje-U>j —li-.n,

YAOBNETBOPSET ycnosuto Mra ¢ O.

NPUMeHAA UHTerpanbHyto opmyny Konta A4n8 KO3(h(MUMEHTOB CTeMeHHOro psja
(1.3), nonyuum

roe 1=(1,1) €N, a = \. .B KayecTBe NCKOMOI MHTEPNOAVPYHIOLLEV
(hynKumMmM ip BO3bMEM TOT Ke Camblii MHTEerpa, no ¢ KOMMIEKCHbIM NapaMeTpoM T
BMECTO LIENOYMCIEHHOTO K:

Q1) rge = eX10om.

PyHkuna <@ uenas Tak Kak AB/IFETCA WHTErpasioM Mo KOMMaKTy OT (DYHKUMH,
HemnpepbIBHOM BMAOTb 40 FPaHULbl MO COBOKYNHOCTU nepeMeHHbIX (C,r) 6 (MM (C\
R_)n) x C" n ronomopcHoii BCrogy Mo napameTpy z (3gecb A_ - oTpuuartenbHas
BeLL,eCTBEHHas nosnyock) [11].

Thnepb HaM HYXHO MOMYUYUTb OLEHKY ANA (YHKUMKU . [Nnd 3TOro npovssesem
nedopmanmio octosa e cnegyromm obpasom. Kycku ayr 3 dD *-R j), n3o6pa-
XKEHHbIe Ha puc. 1 MYHKTMPOM, 3aMeHsieM AByMs ayramu Ha dDci* u Ha napy npotu-
BOMO/IOXKHO OPMEHTMPOBAHHbIX OTPe3KOoB [—e<,—ew] n [—ew, —*]. MNonyyeHHbIR
ANS KaKAoro j = 1,..., N KOHTYp 0603Ha4YUM 1}. Becb ocToB TCj AeopmupyeTcs
B -MepHbIA uMKn Lcs = X e X £2,,%.¢ 3aMeTUM, UTO NPU PUKCMPOBAHHOM
r0 6 R" wn BblbpaHHOM a € R+ kpmBble { u OrpaHN4mnBaloT Lenb, rae
NoAbIHTErpasibHOE BbipaXXeHue B (2.1) 0fHO3HAYHO W rOSI0MOPHO NO no3Tomy
3afiaHne <p(2) nHTerpanom (2.1) He 3aBUCUT OT € U 6.

O6osHavas Zj= +uw, j=1..,n,n

Me>i:= sup |/(0],
Cei.EA| (0l
55



A. . MKPTUAH

Puc. 1

13 (2.1) nonynaem OLEHKY
(2.2 n*) <MGB, 6C"
roe

3=w |

L+X.. XL+
3paech - 3TO YacTb nexallas B BepXHeli MOMynioCcKoCTH, T.€.
= A {

rge

= b, G [0 01, + *))}, ={ M+*'>: g [JNe-i,e«)},

={s**** : € [0 +«,,*)}, « {t,e* : G [enen]})

CnepoBatesibHO, 3 MOXHO NPeACTaBUTL Kak CYMMY WHTErpasios P o uenam

X ... x L™, pi,...p,, = 1,2,3,4. Kaxxaa Takas Lenb eCTb MpsMoe Mnpou3sese-
HWe Jyr (C UeHTpaMu B Hyfe) U OTPe3KoB MPAMbIX (MPOXOASALLMX Yepe3 Hy/b). IT0
Mo3BONAET CAenatb IPMEKTUBHbLIE OLEHKM UHTErpanos 3p,....... Hanpumep,

5. = | ICiT€ielillor* CiiCaT€%DTar e | 1] |7 5
J 4 U
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OB AHAJIMTUYECKOM MPOAOJIKEHUWN KPATHbLIX CTEMEHHbLIX PAAOB ..
0\+SlI (Ta+In

= AT/ - 4 (A 7ev ~ +bl Ui)dui...du>n =

C yyeTom TOro, 4to Uj + Sj < 7, Mbl U3 OYEBMAHOTO HepaBeHCcTBa e* —1 < 0e“*, rge
a > 0, x> 0, nosly4yaem OLEHKY

3L..1< N

AHaNOrM4yHoe BblYMCNeHNE LaeT:

= } |Cil €ieldijare<l...|Cnl4"e|,MI" 8Cn|"™ -|...|" 2-| =
w si Un
E£X..XZE

=AT | e [ MO(*i"C'EMIK " ) Nb.JIn =
NisM  Rje<<" A 1

CnepoBatefibHO, Npu > 1 nony4yaemM OLEHKY
<M
i=i

[anee, nveem

.= J .. J f[(e-"eu)du>i..du>n=
i+ @+6on

4 nH"N*«(TN))=

< 2. U N e-pgrctebl (M+i)eM (*-A-A>) < [ e-My&+*bl
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HakoHeLl,
(;”S) C“"
34.4=— | ..J =
chi >

OTKyZa mpn > 1 NPUXOAUM K OLiEHKe
i=1

MonyyeHHble pesynbTaTbl MOKa3bIBAOT, YTO NMPU NOBTOPHOM BbIYMC/IEHUM MHTETpana
3Pi Fi B 3aBMCUMOCTM OT 3HAYeHUs P (MOKA3bIBAMOLLETO, YTO MHTEFPUPOBAHME MO
nepemeHHol G BegeTcs no Kycky L jJ, BKMag B OLUEHKY 3TOFO MHTerpasa JatoT Bbl-

paXKeHus:
R~"jeej? echm pj =1,
e\ v i ef(JjecmPj=2n&>1,
g-Mjfc+irbl, ecm p, = 3,
g-wti+fM, ecmpj=4a(j > 1
Kaxaplii Habop pi, .,., pasobbeM Ha 4 rpynnbl: , , 3 4,rae Aj - 3To HOMepa
K€ {1, ..n}, ond KotopbIXx pKk = j. TorganpH ft > 1, j = 1,... , nonyumm:
Py < JJ N+ il eM (M «,)a-ber  x
I€AI I€/a
ieA3 jZA*

Mpv A j</ - BbINONHAETCA HepaBeHCTBO e-, N +T«l < 1, mo3aToMy U3 Npegbiay-
LLield OLEHKW Monyyaem CredyHoLLyto OLEeHKY ANS CyMMapHOro UHTerpana:

3 < CEsSR\* Ka>t =€  ellMnK +n.0+ei”
|

Taknm 06pa3oM, B 0603Ha4eHnsX (j =u aj = arctan(nj/n) HepaBeHCTBO (2.2)
[AeT HaM OLEHKY ANna QyHKuuu ip:
(2.3) Mre*®)! < c[ —fc<e*Meqdl «iyBxi+Bi coe9i)rt+...+((o'n+<5,)|aln9,,|+r,, co*B,,)r,, ~
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OB aHanNnNTUMUYECKOM NPOAONXEHUNU KPpaTHbIX CTEMNMeHHbIX PAAOB ..
ecm O\ <Qj, j =
HepaBeHCTBO (2.3) MOXHO Meperrucarb B CNeaytoLlem Buae

Arco,0ly?(re,B)| < ce”sr,+4i" Bingil+*1cos9i)r»+—+ «Bn+4n)|*insl,|+en coss,,)r,,
Norapudhmmpys nocnegHee HepaBeHCTBO, Noayymm npn [07] < otf, j = 1,...,n

(2.4) In(Nro3g<Are,Bl) <c+ £ (((~+~)|8r ~ |+ eco80,)r,).
3=1

B3as 0 = 0 B HepaseHcTBe (2.4), nonyynm

(2.5 In(Arly>(n))) <c+ <e,r >

ana noboro e 6 R* . 3ro o3HavaeT, uto 0 6 7a»y>(0).
C nomoLbto paBeHCTB (1.4) H (1.5) 3akntovaem, 4to

(2.6) In(/2fdw®))T*T = o, npn |A -> 00,
TO ecTb AN1a noboro e 6 E" Bektop —e  Ma*v(0). CnesnosatenbHo, 13 (2.5) 1 (2.6)

nonyyaem 0 6 Mag.~O).
Takxe 13 HepaBeHcTBa (2.4) crneayeT, uTo Ans noodoro e € R"

((cT, + <*i)|8In0! 1+ £\ coso1,..., (<m + i,)|sinfl,| + £, cos @) € Tu.v{6),

ecim \Oj\ < Qj, j = Ll...n.
CnepoBatenbHo cyuectyeT WB) = (i/i (6),..., V;,,(0)) 6 Ma»V;(6) co ceoiicTBOM

(0) < (crj + &) sixiOj| npu &d\<ctj, j =1,...,n.
Ans KOMNOHEHT n(®) nonyuyaem

Nt rni

®,.9)* «» o) < =1,

TeM cambIM Heob6XxoAaMMOCTb ycnosus MNpeanoxerms 1.1, cnegoBatesibHO U TeopeMsl
1.1, fokasaHa.

3. JoctatouHoCTb ycnosusa Teopems 1.1

MycTb  Uenaa hyHKUWSA, KOTopas yA0BNeTBOPSET ycnosuam 1) u 2) MNpeanoxeHns
1.1. Mokaxem, 4To psg (1.3) npogomkaeTcs yepes NoAMAyry 7<n,di x s> 7*, «,¢ 3
ycnosus 2) cnefyet, uto ana nwobéoro 6j 6 (0, CYLLECTBYET Oy TaKoe, 4To

L) < {(§ + <Sj)Isin0j], ecrt \O\ <, j=1,.., .
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A. 0. MKPTUAH

Mockonbky 1(0) £ Ma*v>(0). BbINOMHSAETCA HEPABEHCTBO
In (Arciefe>(re*))) < ((oi + <*i)|sin0,[)n +... + ((a,, + €1)|8in0n|)r,, + c,
13 KOTOPOro BbITEKAET CrefytoLLas oLeHKa

3 1) \ifi(rci9\ < ccll Tico,si...1 ~r" coss’, n((<i + 5>)i*inB>)r>+-+((<Tn+i5,)[BinBA|)r,

BBefeM BcriomoratesibHyt (hyHKLIO
n zg
a{C.r) = n K

rgeci =G +w, zj=xj+ iyi, i =1 , n. 9Ta QyHKUNS ABAAETCA blepOMOpPGNoi
(hyHKLMeA no nepemeHHbIM £ 13 C" 1 ronomMop@Hoii no nepemeHHbIM z 13 (C\R+)n.

O603HauMm D* —Umez-Di/a(m)- 3ameTum, 4TO cyLlecTByeT korncTaHta C > O
TaKas, 4YTO BbINOSHAETCSH HEPABEHCTBO

pHIT  -lITn))
(3.2 \e2iriw - 1| > -----m- - - npu weC\D*.

W3 Hero ferko nony4vaeTcs oLeHkKa
(3.3 [MCir)l < Cle<Mlogixd> < (r~lir er*11),17>
npm C6 (C\ £%)" nz 6 (C\ K+)n.

WMcnonbsys (3.1) u (3.3) ana C6 (Oa, \ D*) x... x (Jan\ D*) ur 6 (C\ R+)n,
nosyyum

MONIPC)| < cfl *e<IH, J>e<flo*IxI> <(ir Lr ar*).tol> =

O603Hauvast

d(z) = (di(zi),...,dn(zn)), dj(zj) =ir-lir-argzj\ (rj~6j, j=1,..,n,
noyynm
(3.4) MOIACH)I < cfl-ce«-10¥i*i>-<fw-w>.

Beegem Mnoxectna
Kj = DRjC4 \ (A°j+2Sj n /), >0, j=1..n
[Mokaxem, 4To

(35) dj(zj)"&j npuzjGKj j =1,..,n.
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Puc. 2

[eicTButensHo,
dj(zj) =m- Oj- 6j- pr- asgZjl j=1,...n.
MockosbKy zj 6 Kj, TO
1) ffj + 2Sj < argzj <@, => dj(zj) = —<jj—6j —n + +25j > §j,
) T<argZj<2ZT- § 2, => dj(zj) =2ir-0j- Sj- 2r+ Qg + 25 > 5.

Takum o6pasom, anga (zb ..., zn) 6 (I x ... x Kn) un (Ci,Cn) € (gAai \ D*) x
.. X (OAQn\ D*) nonyuum

I9(C,*)INOI < cA~?%e<{10BM>-< 4> <
< c/l- £e<4'108([B*)>-<4>lUl> = cc<€.e>-<5,[i7]>

B3as 2tj = 5jsinctj, j = 1,...,n, nony4yum
(3.6) DK>3)1Iv(C)I < ce<-*,ICI>.
[ns Kaxgoroj 6 {1,..,n} pacCMOTPUM 06/1aCTb Gj = Dr,u A4 ~,UNYCTbTj = dGj
- rpaHuWLa 3Toi 061acTK, MOMOXKNTENIbHO OPUEHTUPOBAHHAS OTHOCUTENbHO HyNA. Ans
Ka)XA0ro HaTypanbHOro mj pacCMOTPUM CriefytoLmii Kycok Tj :

rmj=(0= +UWeli: T+ }-
O603HaunM yepes / ,- BEpPTUKa/lbHbIA OTPE30K C BepLUMHamMm (cM. puc. 3)

(rrij + 1)(1 iitano-j) gna mj 6 N,
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OPWEHTUPOBAHHbIA ABUXEHMEM CHM3Y BBEPX. OrpaHUYeHHyt0 obbeanHeHnem IE,. U
LI o6nactb 0603HauUMM Gin. Tak, 4To

PaccMOTpUM CriedyroLLmiA MHTErpan

(37 IT = J 3(C.TbICXK =

dG™Ix...xOGXn

/ "
I ena 1) Pk

fIG* *x...xaccn

BbIUNC/IUM stor WHTErPas C MOMOLLLIO MHOTOMEPHBLIX BblYETOB. Ero mogpiHTe-
rpa/ibHOE BbIPXKEHWE OMpPeaensieT AndhepeHLNaIbHYO hopMy

RAQ<CLA ... NN
@° )

C NoNKCaMn Ha AnBM3opax

Qi ={(Ci.-Cn):/i =e2'*1-1 =0}=Zx Cn 1,

On = {(Ci....C»):fn=e3x*» 1 =0}=C" 1x Z
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OB AHATIMTUYECKOM MPOAOJ/IKEHNWN KPATHbLIX CTEMEHHbLIX PAAOB ...

Tak KOK nepecedeHve Z = Q] .. Q,, =Zn pAuckpetHo u skobuaH d(f)/d(Q =
(2mi)" 0B TOYKax K = (Ki,..., KN) € Z”, TO AN KaXA0A Toukn K e Z" onpegens-
€TCA /I0KaNbHbINA BbIYeT (cMm. [12], [13]) :

(3.8) reBkp) = " = V(k)zh-
OcT0B MHTerpmpoBaHus B (3.7) cBA3aH C NonsapHbIMU ausuopamun Qi, ..., Qn cneay-
FOLLIIMW COOTHOLLIEHWAMM:

Qi (  1X..xB67»)=(ZXxC"1 (0G7LX..X G?») =0,

Qn [GTlIx- xdG*) =(Cnl1lX2) (G7°x..xSG")=0.
CornacHo TcpMwtonormum [12], ato o3Havaet, uTo nonmagp U x ... x GU** cornaco-
BaH C amBu3opamn Qb ..., Qn. Mo3ToMy, COrfacHoO NPUHLUMY pasfenatowmnx LUKIIOB,
nHTerpan (3.7) nocne yMHOXeHWUA Ha (27rr)~N paBeH CyMMe Bbl4ETOB MO BCEM TOUYKaM

K6 (G™*1x —XG"*")n (Zx ... X 2).

C yuetom copmysbl (3.8) nonyyaem

Ari T,
(3.9) IT=Y*—"190,..., kji)zi'...Z".
fc,=0 «,=0

MpeactaBum nHTerpan (3.7) Kak cymmy 2MuHTerpanos no Lensam

rt, x - x X ... X

L N5 Kaxgoi Takoi Lenu nepemMeHHbIe MHTErpyupoBaHus Ci> —i Cn pa3obbem Ha 2 rpyn-
nbl: 771, 72, roe /7 - ato Homepa j 6 {1, ...,n}, gna kotopeix € Tnj,a Ha- aTto
Homepa j e {1, ...,n}, ana kotopblx 6 A, Torga, ucnonbdys (3.4), nonyynm

(3no0) ip(cMiir(oi <c n n e _eXil-
1 1€B3

roe € (E>n, N?) X...x (E>n, tfE).

M3 (3.10) BuAaHO, 4TO, ecim By ¢ 0, To MHTerpan Mo COOTBETCTBYHOLLENA LIEMW CTpe-
MUTCA K HY/O, Korgamj —»oo, j 6 Bi. PaccMoTpyM uHTerpan

0= J 5(C.*MCX-
FiX..Xrn
63



A. 0. MKPTYAH

3 oueHkm (3.6) cregyet, 4To MHTerpan | cXoAmTca paBHOMEPHO AN I U3 KOMMNaKTa
(K\ x ... x K,,), onpeaenss ronoMopgHyt QyHKLMIO Ha BHYTPEHHOCTM 3TOr0 KOM-
nakta. MNockonbky IT *m0 npu nij -* 0o, j = 1,...,n, nonyyaem 3{z) = f[z) npm

e (£>a, K") x..Xx(Dr,, K°). 910 03HayaeT, 4to nonugyra7,,,2SR ABnsercs
NonMAYroi perynsapHocTv ans /, ecnu 6 4ocTaTtouHo 61130K K Hymto. Takum 06pasom,
7a,4 nonuayra perynsipHocTv ans /, 4to u TpeboBanoch A0Ka3aTh.

Abstract. In this paper westudy the sets of regularity on the boundary of the domain
of convergence for a given multiple power series. As such sets we consider collections
of polyarcs on the frames of polydisk of convergence of the series. In terms of an
entire function, interpolating the coefficients of series, we find the sizes of polyarcs,
constituting the regular set. To compute the sizes of polyarcs we essentially use the
set of linear majorants for the logarithm of the interpolating entire function.
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Abstract. Astola and Danielian [1], using stochastic birth-death process, have proposed a
regular four-parameter discrete probability distribution, called generalized Pareto-type model,
which is an npj>CHIling distribution for modeling phenomena in Bioinformatii». Rirbod and
Gasparian [5], fitted this distribution to the two sets of real data, and have derived conditions
under which a solution for the system of likelihood equations exists and coincides with the
maximum likelihood estimators (MLE) for the model unknown parameters. Also, in [6], an
accumulation method for approximate computation of the MLE has been considered with
simulation studies. In this paper we show that for sufficiently large sample size the system of
likelihood equations has a solution, which according to [5], coincides with the MLE of vector
vaJucd parameter for the underlying model. Besides, wc establish asymptotic unbiasedness,
weak consistency, asymptotic normality, asymptotic efficiency, and convergence of arbitrary

moments of the MLE, by verifying the so-called regularity conditions.

MSC2010 numbers: 62F10, 62F12.

Keywords: Generalized Pareto-type frequency distribution; Maximum likelihood
estimator.

1. Introduction

The mechanism of biomolecular large-scale systems dynamic often can be explained
with the help of standard stochastic birth-death process with various specific constraints
on its coefficients. The stationary solutions of the process, which always are right-
skewed, can be used as frequency distributions of different events, occurring in large-
scale biomolecular systems. For details we refer to [1, 4J.

Based on the standard birth-death models, several frequency distributions have
been considered for biomolecular applications (see, for instance, Bornholdt and Ebel
[2], Kuznetsov (6, 7), Kuznetsov et aL [8], and Danielian and Astola [4)). Since then
Astola and Danielian [1], based on data sets, have introduced the following **four-

parameter dregular frequency distribution, called generalized Pareto-type frequency
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distribution (see also [5]):

Pa(fc) = = k) = Iff@)] 1«(H)m'MN1=0(" + (THbY)>» " ~ ®» >
1) 1-1
Pa(0) = [Bb(a)] 1= [i+ E "=iT$W ®mC ia + ("+3)]
where a = (0, ¢, b,p) is an unknown parameter, such that 0 < ff< 1, 0 < c < 00, 0 <
<00, 1<p<oo, bl>1-c

The model (1.1) is described by a four-component vector parameter: a = (0, ¢, b, p),
in which c is the non-linear scale parameter (or exponential scale parameter), b
is the location parameter, the parameter p describes the shape of the probability
distribution, as for the parameter § its role is explained in [1|, Ch. 4, Theorem 4.2.

The problem of interest is to investigate the statistical properties of the parameters
for the generalized Pareto-type frequency distribution, given by (1.1). However, the
model (1.1) suffers from two major drawbacks. First, it lacks a simple closed form
expression for probability mass function. The second disadvantage is that the r-th
(r 6 N) absolute moment of this distribution exists only for p > r-fl (see [5], Lemma
1). This leads to a serious difficulties in making statistical inferences about the model
unknown parameters.

Some aspects of this problem has been considered in [5]. For instance, conditions
under which a solution of the system of likelihood equations exists and coincides
with the MLE for the unknown parameters of the model (1.1), were obtained; an
approximate method (with simulation studies) for estimating the model parameters
was proposed, as well as, two real data sets on the number of proteins and the number
of residues have been proposed for fitting the model (1.1).

The purpose of the present paper is to continue the investigations conducted
in [5]. Specifically, in this paper we prove that for sufficiently large sample size
the system of likelihood equations has a solution, which according to the results
from [5], coincides with the Maximum Likelihood Estimator (MLE) of a vector
parameter for the underlying model. Besides, we establish asymptotic unbiasedness,
weak consistency, asymptotic normality, asymptotic efficiency, and convergence of
arbitrary moments of the MLE to the corresponding moments of the limiting normal
distribution, Ib this end, we make use the well-known results on asymptotic behavior
of the MLE (see [3], [9]), by verifying the corresponding regularity conditions, called

RR-conditions.
66



ASYMPTOTIC PROPERTIES OF MAXIMUM LIKELIHOOD ESTIMATORS .

The rest of the paper is organized as follows. Section 2 contains the RR conditions
(in the general case), and the asymptotic properties of the MLE. In Section 3 we
introduce some notation and prove an auxiliary result (Lemma 3.1). The Tqain results

of the paper are given in Section 4.

2. The RR-condittons and the asymptotic properties of the MLE

Let Xn = (X]j,...,Xn) be a random sample drawn from the distribution Pa
belonging to the parametric family of distributions 7 = {P0) a = (ai,...,cr/c) €
A ¢ R*}, and let pa(x) be the density function of PQ

We say that the parametric family of distributions ¥ satisfies the RR-conditions

if the following are satisfied (see [3]):

1. There exists a compact subset  of the parametric set A = {<*} containing
an open neighborhood of the true value a0 of the parameter a.

2. The distributions Pa are distinct, that is, pni(x) pai(x) for all al a2
(011,22 6 fi) and all a € SuppPa = {i6 R: pa(x) > 0}.

3. The distributions Pa have a common support, that is, the set Supp P0 does
not depend on a.

4. For all X 6 Supp P0 the functions la(x) = Inpa(x) are twice continuously
differentiable in a, and there exists a function M (x) satisfying fR |M (x)|pa(x)dx <

00 and

lim sup / M (x)pa{x)dx = 0,
a6n J\M (x)\>N

such that for all a = (qi, ...,a,,) 6 Mand x 6 Supp Pa
li«(x) [<M (x),

where I'J(x) =

5. The Fisher information matrix
1(a) =l lu{a) [|li<jj<4,

where hj(a) = Ea[g”ia”i) egijia(A'i)] = -E a[l$(Xi)] is a positive
definite continuous function for all a 6 ii such that | 1(a) |= detl(a) > 0.
Here and in what follows 2% [¥ stands for the expectation by the distribution
PQof the random variable in brackets.
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Theorem 2.1. (see /3j). Let the RR-conditions be satisfied. Then with probability

tending to one as n tends to infinity, there exists a solution an = a(X n) of the system

of likelihood equations

where La(Xn) — lu(Xi) is the logarithm of the likelihood function fa(Xn) —

1 Pn(Xi), possessing the following properties:

(i) a,, is an asymptotically normal and asymptotically efficient estimator for a,

(ii)

(iii)

(iv)

that is,
tin = y/n(a,, - a) -U n~ N(0,/- 1(a)),

where n ~ JII(0,7_1(a)) is a k-dimenaional normally distributed random
vaiiable with mean vector 0 and covariance matrix I 1{a), and means
convergence in distribution.

an is a consistent estimator for a, that is, an a as n — »co, where
means convergence in probability.

forallk>\

A1
Sn is an asymptotically unbiased estimator for a, that is,
*Ea[Sn] = 0 + 0(;73) as n -> oo,
and
Ea[(S«- «)T(Sn *“)] = ~ +°(~) as n->o0,

where m T stands for the transpose of a vector m € RKk.

Remark 2.1. It follows from the results of [5] that the solution Sn of the system (2.1)

coincides with the MLE of the parameter a (recall that the statistic an = S(Xn) on

which the function La(Xn) attains its (local) maximal value is called the MLE for

parameter a).
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3. Notation and Preliminaries

Let £ be a discrete random variable with probability distribution given by (1.1),
and let the parametric space ' be defined as follows:

ft= {a: O<00<6<B0<1, I<co<c<Co0<00, O<bo<b<Bo<oo0

(bo < 1),3 <po< p< Rqg< o0}
For Xe N, a 6 ft,j,k e N and 7 € R, we denote (see [5]):
hyjfa,a) = Em=o(m + b)-~((tn+ ) + c—1]- ;
jA x’a)= £2=0(10 + 6)7 [(™+ b)p+ c - 1]~J «[hi(m + b)]k\

H(x,a) = (c- D/»iji(x,a) + (x+b) 1
A(x,a) = (c-1) io,i,i(x,a) + In(i + b).

According to (5], the first and second order partial derivatives of function la(x) with
respect to au, where ori = 6,03 = ¢, 03 = b, 04 = p, are finite if po > 3, and can be
represented as follows.

For the first order partial derivatives we have

= — EaNe + n = «[4 (~)1  No.i(*.«)}.

= p{ao[d&a)] -4 (x,a)}, =EaT ,a)\ -J1(x.a).

For the second order partial derivatives we have

«?(*) - =p{("WUN -»)-v«-.N}. FffW = - -fanM M i«.«)].
AE,«M, < («>= Ate«d.
£(*) = o, a(*))
No = =p{(34i-p,2(0] Ai-Na(*)) + Ceu.[Aaa(e,B),A(£,a)]},

Ne ) = £ = ina.i(*,8)}+ C™ _[No,iM. 1M,
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BB(x) = = P*Var, [H(£.a)] - p{a[~]2- - Pc- D{E.[/i2)i(£,a)]
Ji(x,a)} - p2(c- N{Ealliz_p2("a)) - fi2_Pi2(x.a)},
1?(x) = = {Ea[ii((,a)]-A (x,a)} + P(c 1){£?0[/p-ipi(€,a)]
-Jp-i,a,i (™) }-P Coma[5({.a)./1("a)],

Ne = = -Vars[A(*,a)] - (c-1){d,[in2i3(e,a)] - I,.a,2(x,a)}.

Lemma 3.1. Forallx CN, a Cfi, j,k CN and 7 CR the following inequalities
hold:

(i) hjjfaa) < g(gfrrr, if PI+7 > 0;
(i) I-rj,k(x,a) < if Pj~y k>0;
(iii) tf(x,a) < z+

(iv) A (x,a)<°0Q N + x+ BO.

Proof. We have

1 1 *L n
hy' AX'A - 5 o(m + b)7 [(m + b)P+C-ip' < £ > + b)P+7 <
implying the inequality (i).
Ib prove (ii), observe that
I u_ v~ [In(m + b)]* 1 X
~5> (m+ b)p+c- i <INO(M +byp-i-b < ’
and the result follows.
To prove the inequality (iii), we use the inequality (i), to obtain
A(x,a) = (c- DAiji(x,a) + (x+ )1< (CO- 1) + (x+ )L

Finally, using the inequality (ii), we can write

A(x,a) = (c- Dio.i.i(s,a) + In(x+ )< (CO- 1)77731 + x + BO,
°0

implying the inequality (iv). Lemma 3.1 is proved.
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4. The Main Results

Let, as above, £ be a discrete random variable with probability distribution Pe
given by (1.1), and let Xn = (Xj,..., X,,) be a random sample from the distribution

PQ. We first prove a lemma, which will be used in the proof of our main result.

Lemma 4.1. Foralla 6 fi then exist positive numbers Aij and Bij (i,j = 1,2,3,4j

such that the second order partial derivatives t%(x) satisfy the following inequalities:
1#'(*) \<Aij+Birxt i,j=1,2,3,4

for all x 6 N.

Proof. The following inequalities from [5] we use repeatedly:
Ea[tk] < C(O exp{(Co 1)C(0)} = Sfc(O), fc= 1,2,
where

Cfc(O)Cfc(po. bo) - < 00,

c(o) := co{po, bo) = I‘;(« +1b0\31« < l!)g; & |_<Ip0° T

0
and Z(/?0) =* 770 is the Riemarm’s Zeta-Function.

Now, we estimate the partial derivatives I'J(x) for i,j = 1,...,4. First, for la (x)

we have
(%) < W (e«[(\ + Ea[dl2+*)< L ["(O) + 52(0)] + w x = An + Bn-x.
To estimate 1™ (x), observe first that
1€3(*) I "K-N10,i(€,8)] + ~aK ] sEafhal&<*)}.
Taking into account that by Lemma 3.1 (i)
(4.1) hoi{x,a) <
°0
we obtain

1 w n £“Ifl +d p Ne“Kl>xls * V Si(0)=n,!-
To estimate I™(x), we use the inequality (see Lemma 3.1 (iii))

(4.2) H(xyq) < -~+r1 'X+ X+ bo’
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to obtain

I£3(*) I<t W*K s+l 0)]+ <+Eau <£,[A(C,«)]

<% + %m +2 $>7N E°Ne <£ (+ (0)+ *gi”ns2(0)) 3.
Next, using now the inequality (see Lemma 3.1 (iv))

Cc —X
(4.3) A(x,q)< -X + X + BO,

we get
11" (x) |< £ {so[E=N(E,a)]+3 O <£7[N(C,0)]}

+ 1)}£%[C2] + Bo mEa[£]|

-~ + + 1)7(0)} —eAm:
To estimate i* (x), we use the inequality (see Lemma 3.1 (i))
(4.4) hff2(x,a) <
°0
and the inequality (4.1) to obtain
1" {x) \< Ea[hoi2(£,a)] + £ 4 (E>«)]2+4 2(x,a)

< Nanw +N[f2]+ 27

(517 + 5 (°) + pTjj-X = N22 + 922 X.
Now we estimate 1™ (x). We have

l1™ (x) |< [O *{E a[hoAt,<>) = + £ /4 (E«)] *A«[A(£,a)]
+£a[/i]_Pi2(£,a)] +/ii_Pi2(x,a)|.
Hence, taking into account that by Lemma 3.1 (i)
(4-5) hi-P.i(x,a) < -j ,
from (4.1), (4.2) and (4.5), we obtain

1 (*) I< Roe{"a ["3- M &HE+ ~ )] + ~«["]'Ea
+NT/B «-EaK] + ~rrsas}

n ofl + A+ ") «<5i(0) + a2+ «£2(0)] + X = Ars + Brs x.
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For wc have

INe ) |< f1B[AO,|«,0) *Afc.a)] + A0[A0.i(E.«)] *A«(f1(e,a)] + 3 A iZL(*,«)] + [na,i(*).
Hence, using (4.1), (4.3) and the following inequality (see Lemma 3.1 (i))

IpN,i(x,a) < tr@—r.

we get

IN(*) < ~"5¢Ea ¢( ] +(+ So)j + «-boii mEa[(1 + NoNM)C + #0]

+bni-T oA ait + X
—7* "{(2”0 + bo) *Si(0) + 2(1 + ffi,~V)+5 (0)]+ ~-r X—Am + B24 x.
Tb estimate J3(x), we use (4.2) and the inequalities (see Lemma 3.1 (i))
m-p,a(x,a) < X ha,i(x,a) < £Y%+2>

to obtain

1«?(*) |[< A8-Ea[H(t,a)]2+ 2[o0 + A§(C0 1)(jyjw 3 4 + *7)

+4o(Co - + bHofi) ™ 2/1o0(1 + [o)

+/ i) {(«o+ DSI(O)+ ~-~5(0)}+ X = A33+ 933 *.
For 1" (x) we have

1i“ (x) |[< No{-ba[A(C,a) <N1(E,a)]+£, [#(€,«)] ELLN(E,a)]} + Ea[H(E,a)] + A(x,a)

+9o(Co - 1)1 EB[*p-i,3,i(£,a)] + iP-i,2,i(x,a)}.
Hence, from (4.2), (4.3) and the inequality (see Lemma 3.1 (i))

X
IP-121(1,a) < ~r7>
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we obtain
|32(*) I< 25B$ ~ M{~ + &) » + A« P+N0o+$ £
AN YNMa Ml +p° (8N +1+B°) +105°+ 2+ (™ + fo) X
< + &) 0O+ fol [ +bo+l+ 3} + }e (0
+Ro (pipT + 1+ 20>) + 2+ + -R0) *x = Abl + AM X.

Finally, for I1™"(x) we have
11 (X) \< Oa[Nn(£,a)]2+ (<O - 1){~pnaaK,o)] -HPBa(*,«)}.

So, using (4.3) and the inequality (see Lemma 3.1 (i))

Ip,2A X, o) < X

we obtain

HUx) 1< 2[ £~ - + Ealt + do]2] + » 30 + X

=2(ffi& +1)-SaW+(4£0+i$=$)-S10)+ 2B3+ X% =£-x Add+ Bux.

Thus Lemma 4.1 is proved.

The main result of this paper is the following statement.
Theorem 4.1. The distribution Pa given by (1.1) satisfies the RR-conditions.

Proof. Observe first that the Conditions 1-3 are obviously satisfied. All the expressions
on the right-hand side of the representations for the functions 1%(x), introduced in
Section 3, are finite and are continuous functions in a 6 Cl (see [5]). So, we have to
verify only the Conditions 4 and 5.

Proof of Condition 4: We look for a function M{x) to satisfy 11§ (x) |< M(x) for
all a 6 ft and x € Supp PQ. To this end, denote

Lo = max{j4y}, 1<i<4, i<j< 4,

NO= max{Au, Ay}, 2<t<4, i<j<4 M(x)=LO+ NOx.

Then using Lemma 4.1 we obtain

10 (x) I< M(x) forall £Slandi,j = 1,...,4.
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Besides, we have Aa[/l1/(£)] < Lo+ N g-Si (0) for all a G M. Now we verify the condition
(4.6) AUin” sup Ea [jtf(f) «2M({)>w] = 0.
Observe first that for arbitrary N > 0
Af({)>W] = Lg+ No- £2,[E«
where N = On the other hand, we have

=190)] 53 (n+vyp M (1+(Mm+6)") ~ L S + P~
n>N m=0 2> N '

n>N

which implies (4.6), and thus completes the proof of Condition 4.
Proof of Condition 6: Using the representations for functions 1%(x), given in the

Section 3, we can write

/li(ft) = jiVara(g), 112(a) = 721(q) = |CownalE,J1o,i(E.«)]>

() («) = -|Conuy[E,A(£,a)], Tu(a) =/4i(a) = -~ConaK,JIK,a)],
{ ) = Varal/io,i(£,a0], 1Z(a) = /32(a) = -p Coval/io,i(£,a),A(4,a)],

LaW) = -Coval[V i((;a),/1(£,a)], *) = Yara[/1(£,a)]

()
/33(a) = -P2 Var,[A(E,a)], /34(a) = /«(a) = p Cova[H(£, a),/1(£,a)].

Using the results from [5], we conclude that for sufficiently large n the matrix /(a) is

positive definite, and so | /(a) |> 0 for all a € 12. The continuity of 1(a) on the set

fi is obvious. Thus, the Condition 5 is fulfilled. Theorem 4.1 is proved.

As an immediate consequence of Theorems 2.1 and 4.1 we obtain the following result.

Corollary 4.1. Let Xn = (X\,...,Xn) be a random sample from the generalized
Pareto-type distribution P,, given by (1.1) with unknown vector parametera = (8,c,b,p),
and let 2,, = a(Xn) be the MLE of a. Then for sufficiently large sample size n the
statistic 3,, is asymptotically unbiased, weak consistence, asymptotically normal and
asymptotically efficient point estimator for a, and for any k > 1 the kth moment of

a,, converges to the kth moment of the limiting normal distribution as n -too.

Acknowledgements. The author is grateful to the referee for helpful suggestions to

improve the original presentation.
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