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AN UMNWHAPOB C KPYTOBbIMUW, 3NAUNTUYECKUMMN N TPEYTONbHBIMW OCHOBAHUAMMN.
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1. Besepgenune

MNyctb Rn  -MepHoe eBKIMAOBO npocTpaHcTeo, D C R™ - orpaHnyeHHas BbIMykK-
nasi 06nacTb ¢ BHYTPEHHUMM TouKamu, 5”7 1- (N —1)-mMepHas eauHMYHas cepa ¢
LIEHTPOM B Hayane KoopauHaT, a £,,(*) - -MepHasi mepa JleberaB R”.

B [1] MatepoH cthopmMynmMpoBas rMnoTesy, 4To KOBapuorpaMma BbIMyK/Ioro Tena
orpefenserT ee B Knacce BCEX BbIMYK/bIX Te/, C TOYHOCTLIO 0 Napase/bHbIX nepe-
HOCOB 1 OTpaXXeHWid. dTa rMnoTesa M3BeCcTHa kak rmnotesa MartepoHa (cm. [17]).

B [2] T. buaHun n I'. ABepKoB foKa3anu runotesy MartepoHa gna n = 2. Ha
M0CKOCTW MONOXUTENbHBIA OTBET A8 runoTesbl MaTepoHa B Kfiacce BbIMyK/bIX
MHOrOyronbHUKoB nonyuun B. Harenb (cm. [3]). BraHuM Tak e [okKasan, uTo B
cnyyae n > 4 runotesa He BepHa (cM. [6]). OYeHb Mano 1U3BECTHO OTHOCUTENBHO M-
noTtesbl MaTepoHa, KOrja pasmMepHOCTb MPOCTPaHCTBa OoMblue ABYX. V3BECTHO, 4TO
LIEHTPa/IbHO-CUMMETPUYHBIE BbINYK/ble Tena ool pasMepHOCTU eAUHCTBEHHbIM 00-
pa3oM onpegenstoTcs No KoBapuorpaMmme, C TOUHOCTBIO 40 NapasiefibHbIX NepeHoCcoB
(cm. [4]). B cnyvae 3-mMepHOro npocTpaHCTBa BOMPOC OCTAeTCs OTKPbITbIM. HecMoT-

ps Ha 3TO, B C/ly4Yae OrpaHUYEHHOTO BbIMYK/IOrO MHOFOrpaHHUKa Npy N=3 runoTesa
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I. C. APYTIOHAH, B. K. OFTAHAH

Puc. 1. dyHkuusa pacnpegeneHvs 4vHbl XOpAbl B HampaBneHuu
©= f gna Kpyroeoro LuUAnHApPa ¢ paguycom 1 n BbICOTOR 2.

MartepoHa nonyunna nonoxmTensHblid oteeT (cm. [5], [17] v [8]). OTMeTuM, YTO BbI-
MYK/IOCTb CYLLUECTBEHA B 3TOM Kpyre BOMPOcoB. ABTOPbI paboTsl [7] moctpounu npu-
Mep ABYX HEe KOHTPY3HTHbIX W He BbIMYK/bIX MHOIOYro/IbHUKOB C OJHOW U TOW Xe
KOBap1orpammoii.

UTo6bl HaliTV COOTBETCTBYIOLLMIA MOAXOA ANA PeLleHns 3afaumn B R3, HY>XXHO Mo-
HATb XapaKTep NoBeLeHNs KOBapMOrpaMmbl B Cllyyae NPOCTPaHCTBEHHbIX Tef. SABHbI
BUJ, KOBapuorpammbl 4ns Ten B R3 M3BeCTeH TOMbKO B Cllyyae Lwapa.

KoBapunorpamma Co(-) o6nactu D onpegensietcst Kak

1.1 CD(x) =Ln(Dn{D +x}), xeRn.

Cd (-) vHBapvaHTHa OTHOCWUTENLHO MapaiefbHbIX MNEPEHOCOB U OTpaxkeHWiA. I. Ma-
Tepoii (cm. [1]) gokasan, uto gns noéoro >0un p6S1 1

(12) deDity) = _Ln_i(fye . £ (6> (“+ ))> ),

rae  +y ectb npamad, napannenbHas HamnpasneHuio tp U Npoxoasiuasayepes Tou-
KY Y, & X - OpTOroHa/IbHOe [OMO/IHEHWE K ip, TO €CTb - TUMepriocKocTb B Rn ¢
HOPMaJibHbIM HanpasfeHvem p6 S 1.

MycTb G MPOCTPaHCTBO NPAMBIX Ha EBKMAOBOI niockoctn R2 g e G, (p, ip)= no-
NAPHbIe KOOPAMHATLI MEPreHANKYNAPa, OMYLLEHHOro 13 Havana KOOpPAMHAT Ha nps-
Myto ; p > 0, 96 S1.



KOBAPVNOITPAMMA UWNINHAOPA

[ns 3aMKHYTO OrpaHMYeHHOW BbIMyKIO ob6nacth D ¢ R2 0603HauMm Yepes
Sd(<p) onopHyto (hyHKLUMIO B HanpasneHuu ip € S1, onpefenseMyro cneaytoLmm ob-
pasom

Sd(v)=max{p6 R+ : a(p,<) D 0},
roe R+  MHOXECTBO HeOTpUUaTeNbHbIX AeACTBUTENbHBIX YNCEN.
[ns orpaHnyeHHoi Bbinyknoii o6nact D ¢ R2 0603Haumm yepes ) hyHKLMIO

UMPWHBLI B HampaBneHnn tp e 1, T.e. PaccTOSHME MEXAY OMOPHbIMM MPAMBIMUA K
rpaHuue D, KoTopble NeprieHAMKYNSPHbI HanpaeeHuo <. Miveem

) = ) + SD{y + 7n.

DyHKUMA bo(<p) ecTb nepuognyeckas PyHKUMs ¢ neprogom T (cm. [18]).

[nsa o6nactu D 3aBucALLas OT HanpaBieHns PyHKLUA pacnpeseneHuns AanHbl Xop-
abl Fd{x, > onpegenseTca Kak BEpPOATHOCTb, YTO C/ydaliHas xopga x(3) = D,
rAe 4 13 Ny4vka NpsMbIX NapaieNibHbIX HanpaBneHno < 6y4eT NMETb A/TMHY He npe-
BOCXOASALYIO x. CryyaiiHas npsimas KoTopast neprneHAVKYNsapHa HanpaBneHno < 1
nepecekaeT D mMMmeeT nepeceyeHvie (0603HaYMM TOUKY NepeceyeHns Yepes y) € nps-
MOV napannenbHO HanpaBieHWHIO tp U MPOXOASALLEN Yepe3 Havalo KoopamHat. Thuka
MepeceyeHnst y paBHOMEPHO pacnpegeneHa B uHTepsane [0,bx?(y»)]. Takum obpasom,
“Meem

™ n Li{v-x% +v) <*}
bl x *>~ b™p) .

HeTpyaHo yb6eautbea, uto ang = 2 dopmyna (1.2) aKBMBaneHTHa

p” =bD(v)(l FD(tV))-

B cnyyae n = 2 sBHbI BUA YHKUMW pacnipesieneHns 4JIMHbl XOpAbl B Hanpasne-
HUW, @ TaK Xe KOBapuorpammbl, U3BECTHbI TO/IbKO B CNy4ae Kpyra, TPeyrosbHWKa,
NpaBUILHOTO MHOrOYro/lbHWKa, NapannenorpamMma v anaunca (cm. [11]- [13]). Mpak-
TUYECKOe NpUMeHeHNEe 3TUX Pe3y/bTaToB B KpMcTanorpadum MoxHo Haiktv B [9] (cm.
Takxe [10], [14] v [15]).

O603HaumMM yepes I mpocTpaHCcTBO NPAMBIX 7 B R3. O603HaunM Yepes Mo(ww) npo-
ekumto obnactm D C R3 B HanpasieHWn Ww 6 S2, a yepes  j(w) - nnowadb Ma(w).
Kaxgas npamas, napannefbHas HanpasfieHWo LW U nepecekarolwas D nmeeT nepe-
ceyeHue ¢ Mc(y). O603HauUMM 3Ty TOUKY 4Yepe3 y a mpsmyto - yepes lw+ y. Touka

MepeceyeHrs y paBHOMepPHO pacnpeaenieHa B 11d(w). ®yHKUWs pacnpeseneHus 4/HbI
5



I. C. APYTIOHAH, B. K. OTAHAH

Puc. 2. ®yHKUMA pacnpefeneHus ONvHbI XOpabl B HanpasieHun
©=  [1a KpyroBoro UWavHApa ¢ pagmycom 1 u BbICOTON 2.

XopAbl 06nacT D B HanpaeneHum L 6 SP onpefenseTcs Kak

- . Lii Vw +
(i.8) FaM _Liiv mvw +Y)

HeTpyaHo y6eanTbes, Uto ana n = 3 hopmyna (1.2) aKBMBaNeHTHa
(1.6) -~ N~ - =sD{uj)a-FDM ).

B cTatbe nonyyeHbl cnegytoLLyie pesynbTaThbl:
(1) Popmyna ceasbiBalOLLAA KOBaprorpaMmy U OYHKLUMIO pacnpefeneHus 4/inHbl
Xopgp! (B HaMpasneHnn) LUMAMHApa ¢ TEMU Xe (DYHKLMAMU ero 0CHOBaHus,
(2) KoBapuorpamma v yHKUMS pacnpefeneHns A7WHbl XOpabl B HanpasneHuu
ONS LANMHAPOB C KPYrOBbIMU, 3AMATUYECKUMI U TPEYTONbHbIMW OCHOBaHM-
AMK.

Mbl TaK)Xe NPVUBOAMM TPatvK1 3aBUCSLLMX OT HampaBneHns (yHKLMIA pacrnipeaene-
HUS ANIMHbI XOpAbl AN IMMMHAPOB C KPYTOBbIMU, 3AUMTUYECKUMU 1 TPEYToNbHbIMY
OCHOBaHUSIMU A1 HEKOTOPbIX 3HAYEHWIA LU 1 3aMeYaeM, UTO 3TW rpaduKu Unu Herpe-
PbIBHbI BCHOMY, UMM UMEKOT CKAUY0K TO/IbKO B OJJHOM TOUKE.

2. OcHoBHasa dpopmyna

PaccmoTpum umnmHap U ¢ ocHoBasLweM B (He 0653aTe/IbHO BbIMYK/bIM) W BbICO-
Toii h. OueBmgHo, uto obnactb U  { 4-x} 0 Toxe SiBASeTCS LuAnHAPOM. Benm

0603HaUMTb Yepes ANVHY BeKTopa X a yepes W= (6O (<, —LUMMHIPUYECKUE
6



KOBAPVNOITPAMMA UVNAVNHAOPA

Puc. 3. ®yHKUMs pacnpefeneHns 4Hbl X0pabl B HanpaBieHUu
©= %//15 KpYroBoro LUMAMHApPa C Paguycom 1 1 BbICOTOl 2.

KOOPAMHATLI TOUKU U, <p€ S1, ©6 [-7r/2,T/2]) HanpaBneHne X, TO OCHOBaHWEM LW
mmHgpa U { + x} 6yger obnacte B {B +V}, rae y BeKTOp Ha NAOCKOCTY [/IUHBI
t cos ©u HanpasneHuem ip, a BbicoTa UunuHapa 6yaet h —t sin © (BBUAY CUMMETPUU
Mbl 6yaem paccMaTpuBaTb TOMbKO ciydaidh © 6 [0,7r/2]). Takum obpasom, ns (1.1)
nosnyvaem

Cu(x)=Cuf{tw) = 3( { +tw))= (£ {B+ (tcosfh”}) «(h - tsinfl),
CnegoBatesibHo,
(2.1 Cu{tw) = {h- temQO) mCe((t cosO).

dopmyna (2.1) faeT BO3MOXHOCTb HalTX KOBapuorpamMmy LUAMHAPA BbICOTbl h B
TepMMHaxX KOBapMorpaMmbl ero OCHOBaHWSA. TpUBMaNbHbIN CiyYald - 3TO CayYaii Kpy-
rosoro uuauHapa (06b14HbIA umnuHap). B [11] - [13] nonyyeHbl KOBaprorpaMmbl a1-
AnNCca, NpaBUAbLHOr0 MHOTOYTO/bHMKA, TPEYTONibHUKA Y NMPAMOYTO/bHIKA, ClejoBa-
TeNbHO UCMO0/b3YA (2.1) Mbl MOXEM HaWTV KOBAPUOTPAMMbI yunuHapos C KPYrOBbIMM,
ANAUNTUYECKMMU, MPABUAbHO-MHOMOYrOMbHbLIMMW, TPEYTObHbIMU 1 NapasiienorpaMm-
HbIMW OCHOBAHMAMM.
OnddepeHunpysa no obe yactu ypasHeHus (2.1), nonydaem

22 - -fecMico.eM +(h-t«»e)dcM t™ e)f).
7



I. C. APYTIOHAH, B. K. OTAHAH
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Puc. 4. ®yHKUMA pacnpefenieHnsa GVHbI XOpAbl B Hampas/ieHuu
u = (|,0) 4ng 3NIMNTUYECKOrO UMAMHApPA C MonyocsmMm 2 1 1 m

BbICOTOI 3.

OueBMaHO, YTO (PYHKLUMA pacripefeneHns AnnHbl Xopasl umnuHapa U B Hanpasne-
HWM W paBHa 0, eci < 0, M 1, ecim > Xmex(w), rge Xmnx(w) mMakcumasibHas
XopAa umnuHapa B HanpasneHun u. Myctb t e [0,Xm*x(w)). Micnonbaysa (1.2) n (1.6)

nosnyyaem
(23)
ay(w)(I —Fu(t, w)) = sin cos6) >) + (h—t sin 6 cos Obs(<P)(1—Fb (t cos § <))

WHTerpupys (1.2) B cnyyae = 2 OTHOCUTENIbHO , MOJy4Yaem
24

roe ||B|| nnowans obnactu B.
M3 (2.3) n (2.4) BbiBOAUM

Jo

+( - iBin®) coaBbs(<p)(1 - FB(tco80,<p)) = |[|5]|6 0 + 0 M*

(2.5) X (1- 18in0)(1 - FB(tcos0,ip)) - sianJf (1- Fb[ucos9,<p))du
0
8



KOBAPVNOIPAMMA LININHAPA

HeTpygHo ybeautbes, uto su(ut) = ||S|| sin 6 + be(4>)b.co36, noatomy u3 (2.5) nony-
yaem

(. )= bBM cOS® _____ sinfl + (h —tam©)Fb (tcosQ <)\
||B||sin0 + bB[<p)hcos 6

(2-6) +ain6 f (1 —Fb(ucos0,<p)du
Jo

OueBmngHo, Fu(t,u>) = 0, ecnmt = 0. bonee ToOro, HeTPYAHO ybeanTbes, uto Fu(t,u) =
1 korga = Xmax(w) gna noboro B© < arctan (b 31011 cnyuae XTnx(n) *cos©
MakcuManbHas Xopfa OCHOBaHWs B HanpasneHun ¢) n Fu(tu>) < 1B LWOTUBHOM
cnyyae (3TO €BA3aHO C (PaKTOM, YTO BCE XOPLbl C KOHLAMW HA OCHOBaHWW LMAHAPA
paBHbl MO f/INHE).

OkoHuatefibHO, nonyyaem opmyny mexxay Fu(t,u) n Fe(t, ip):

2.7
'0, ecim <0,
Wi|aed+acosid [(1 tSin0)FB(tcosq*>)+

Fu(t,w) = .
-K81MO0 + 8IM0/y (1 —Fb (uGXx6,ip)) duj , ecnn 0 < < Xmax(w),
4, ecan t>Xm ax(w).

TakvM 06pa3oM, 3aBUCALLAA OT Hanpas/ieHnsa YHKLMA pacnpefeneHns 4JIMHbI Xop-
abl Fu{t,u) unnnHapa U MOXeT MMEeTb CKauoK, 3aBUCALLMIA OT HanpaBaeHns W (ans
©= f ckayok paBeH 1). Takoii CKa4OK BO3HMKAET B TOUKe Xmax(w); pyHKLMS pacnpe-
feneHus Fu{t,u) HempepbiBHA BCIOAY 3a UCK/IHOYEHNEM TOUKM Xmax(w). Mbl unso-
CTPMPYeM 3TO CBOMCTBO Ha PucyHKax 1-8, rae Ans HEKOTOPbIX 3HAYEHWI HarpaBeHWs
LW pyHKUMA pacnpeseneHuns Fu(t,u) umeet ckadok B Touke Xwax(®), B TO BpeMst Kak
AN ApYrvx 3HaveHuid yHkuma Fu(t,u) HempepbiBHa BClogy. 3Ty 3aKOHOMEPHOCTb
Mbl M3YYaem B CredytoLlem naparpage.

3. UacTHbie cnyuamn

3.1. Cnyuali Kpyrosoro umnunHgpa. MNyctb Lr KpyroBoi LUANHAP C pPagnmycoM
OCHOBaHMA T 1 BbICOTOW h. KoBapuorpammMa Kpyra paguyca r paBHa

2r2arccoat - r2- 12, ecim 0< <2,

7 (*,<?)=
B NMPOTMBHOM CJ/iy4Yae,



I C. APYTIOHAH, B. K. OTAHAH

Puc. 5. dyHkuus pacnpefieneHns ovHbl XOpAbl B HanpasneHum
— (", ) BNs ANNMNTUYECKOTO LMMHAPA C MOMyocsMu 2 1 1 u

BbICOTOI 3.

cnefosatenibHO 13 (2.1) ans koBapuorpammel Lr nonyyaem ( [16], MpunoxeHve K)

(h-taind) (2r2arccos
(81 y= -» Avar2 —t1cosa O, eCMM 0 < < XmaxH,
1, otherwise,

rae

ecim  ©€ [Qarctan

(32)  Xmxw) A0 = (T ooy e [arctan g,
Onda dyHKuuy pacnpegeneHus AnvHblI XOpAbl B HANPaBIEHUN MoTyyHaem

o} ecwm  <Q
wm(«¥)= 1~\[] o<ic<or,
1, ecnm i > 2r,

cnefoBaTenbHO U3 (2.7) nonyyaem

3.3)
0, ecnm  *< 0,
Ind+2bco,d [ BIMAarcsin  + Jlcosg+
+ (3-r20 - ftcosfl) yI- tag Bs;j ecnn 0 <<<Xme«(w),
1 eCN > Xmiuc(w).
Kak BugHo 13 dopmynbl (3.3)pyHKumsapacnpeenedms (W) 3aBUCUT OT bl

TONbKO uepe3 0-KOOPAMHATY HanpaBfeHus W. 3To CliedyeT U3 CUMMETPUS Kpyro-

BOTO LWMHAPA OTHOCWUTENBHO ~KOOPAMHATbLI HanpasfeHus L. Mo 3Toli npuyuHe
10



KOBAPNOITPAMMA UWNINHAOPA

Puc. 6. ®YHKLMA pacnpeseneHns 4MHbl XOpAbl B HANpasieHUm
w= (f,8) 4na npaBMNbLHOIA NPU3MbI CO CTOPOHOI 3 1 BbICOTOM 1.

Ha pucyHkax 1-3 Mbl paccmartpriBaeM TO/bKO 3HayeHus @ PucyHku 1-2 nokasbl-
BAtOT, UTO (PYHKUMA pacnpeseneHns ,.( ) BCloay HenpepbiBHA A W= (-,77/6) n
W = (=>M74), TaK Kak gna aTux cnydaes arctan5 = /4 n M6 < /4 n 4 < /4.
Korga>xe 0-koopfguHaTa Hanpas/ieHUs U MPEBOCXOANT /4 BO3HMKAET CKAY0K B TOUKE
Xmax(w), KOTOpbIV BO3pacTaeT Npu CTpemMaeHnn Ok /2. B cnyyvae ©= /2, hyHKuns
pacnpegeneHus , ) UMeeT CKa4oK paBHbIii 1 B Touke 2 (cMm. Puc. 3).

3.2. Cnyyaih anAMNTUYecKOro uuauHgpa. PaccmoTpum umamHap Lc BeicoTsl h
¥ 3NAUNCOM C MOMYOCsMM @ U 6 B OCHOBaHUM. KoBapuorpamma annimnnca ¢ nonyocamu
a n bumeet sug (cm. [12]):

Ce(t<p):S2ab(i- .ecm 0<i<XwM,

) B MPOTUBHOM CJly4ae,
roe Xwax(®) = y/azBiH;Ab c0e240 MaKCVManbHas xopfa B HarpasfieHu tp (cm. [12]).

M3 (2.1) umeem
coe» ©
M
={ arcsrn ©® | M 0 < < Xmax(w)i
n 0 NPOTVBHOM CryYae,

rae

ecim 66 0,arctan
(3.9) Xraax(w) = Xmax(«P, =

,DG. ecm ©6
1



I. C. APYTIOHAH, B. K. OTAHAH

Puc. 7. ®yHKUMS pacnpefeneHns AMHbI X0pabl B HanpaBneHum
) 418 NpU3Mbl BbICOTbI 2 U MPSMOYTO/bHLIM TPEYrO/IbHUKOM

C KaTeToM 1 M yrfioM | B ocHoBanuu.

[ns hyHKUMKM pacnipefeneHns B HanpasieHU UMeeM (em. [12])

IQ ecm <Q
1 \N1 >kbe)' BOUM 0 *

1, ecim > XmaxM.

cnefoBatesibHO U3 (2.7) nonyvaem
(3.6)

0} ecnu
E(Sw) =
irabdinfl+IffMco.a [sXmaxfc) 8IM0 arCBIM +

+ﬂcOSO+(2I"-ﬂ cO8B)Yi "r*"], ecnm 0 < < Xmkx(w),

t>X maxg ),
rae Xmax(w) onpe,qenﬂeTc;l ypaBHeHueMm (3.4) 1 be(<) = y/a23|n2<p+ Noecos2 < lMo-

naras a =b=r B (3.6) nonyyaem (3.3).

[JanbHeiwasa unncTpauns CBOMCTBA “tkavka” AN 3aBUCALLE OT HanpasieHus
(hYHKLUW pacrnpefeneHns 4nHbl XOpabl NpeAcTasneHa Ha PucyHkax 4-6. Ha Puc. 4
HET CKa4KoB, MOTOMY YTO

3
©=0< arctanm « 66.2°

y 22sin27/6 + 12c0s27/6
12



KOBAPNOITPAMMA UWINHAPA

Puc. 8. ®YHKUMSA pacrpefeneHns AnvMHbI XOpAbl B Hanpas/ieHuu
(7, NS MPU3MbI BbICOTbI 2 U TPEYro/ibHbIM OCHOBAHWEM CO CTO-

POHOI 1 1 MpUMeratoLLyMU K HeMy yrnamm

a Ha Puc. 5 umeeTtcs ckayok B Touke XTax(n/2, /tr/3) = ,17;3 = 2\/3, TaK Kak

LIS arctan = arctan
yj22sin27/2 + 12cos2772
3.3. Cnyyain npusmbl. PaccmoTpum npm3My La C TpeyronibHbIM OCHoBaHveM [.
Mbl nonaraem 4To 0fHa 13 CTOPOH A NEXUT Ha ocu X . TycTb 0 A1HA 3TOIN CTOPOHBI,
a au P - npunerawowwme K Hemy yribl. B [11] nokasaHo, 4To koBapuorpamma [ uveet
BUA

( I y2
3.7) CAMZHA (X 1 U 0< < XmaxOp),
o> B MPOTMBHOM C/lyuae,
roe 54 nnowaas TpeyronbHuka [, a XTex(<p) onpeaensercs cneaytolM o6pasom
alyvp) ecrm V S(0,«],
(3.8) Xmex(V)= ZiSi'ify «O» VE€[«,» [,
g ) > ecm  <pe [ir—O0,ir].

Vimes B Bugy (2.1) nonyyaem

ecm 0< < Xmax(w),
B NPOTMBHOM Cryyae,

(39) WaM =|~Ne -Istoe) ( - JSfoY

rae Xmax(w) onpegensetcsa opmynoii (3.4).
13



I C. AHYTIOHAH, B. K. OFAHAH

[Janee, cHoBa 13 [11] umeem

lo, ecm < O
(3.10) *x(*-9) = ecm 0< < XramM,
1 ecm > XTax(<p),
cnefosatesibHo (cMm. (2.7))
(3.11)
o, ecmm < 0,
ecim 0 < < Xm»x(w),
U, ECAN > Xmwx(w),

rae (cm. [11]) .
Oalmg%* > em 9 6[,a],

ba(ys) = OBIT, ecm ip€ [aT1r - 0],

»aBi';if;?g‘igj)_a) . eCM ife [T—E£,7r].

Ha pucyHkax 6-8 1306paxeHbl rpadmkn QyHKLUM pacnpeseneHns (t,w) OHs
HEKOTOPbIX TUMOB TPEYrOfIbHAKOB W 15 KOHKPETHbIX HanpasneHuii w. MOoXHO 3a-
METWTb, YTO 06LLEe CBOWCTBO HEMPEPLIBHOCTY 3aBUCALLEN OT HanpaBieHnst YHKLK
pacnpeeneHns AavHbl XOpAbl, KOTOPOe 6bl10 onucano B naparpagax 2 u 3 1akxe
MMEeT MeCTO B 3TUX CNyYasiX.

Abstract. In this paper we establish relationships between the covariogram and the
orientation-dependent chord length distribution function of a cylinder and those of
its base. Also, we obtain explicit expressions for the covariogram and the orientation-
dependent chord length distribution function of a cylinder with cyclic, elliptical and
triangular bases.
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Abstract. In this paper we introduce a 9-fractional variant of nonlinear Langevin
equation of different orders with -fractional antiperiodic boundary conditions. The
nonUnearity in the proposed problem involves an integral term (a Riemann-Liouville
type 9-integral) and a non-integral term. Some existence results for solutions of the
given problem are established by means of classical tools of fixed point theory. An
illustrative example is also presented.

MSC2010 numbers: 34A08, 34B10, 34B15.
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1. Introduction

Nonlinear boundary value problems of fractional differential equations have received
considerable attention in the preceding decades. In the literature one can easily find
a variety of results on the topic, ranging from theoretical analysis to asymptotic
behavior and numerical methods for fractional equations.

An important feature of a fractional order differential operator, distinguishing
it from an integer-order differential operator, is that it is of nonlocal nature and
takes into account memory and hereditary properties of some important and useful
materials and processes.

The fractional calculus has evolved as an effective mathematical modeling tool in
several real world phenomena occurring in physical and technical sciences (see [1]).
More details and examples on the topic can be found in the papers [2) and [3] and
references therein.

The subject of -difference equations has gained considerable attention over the
years since its inception by Jackson [4]. One of the advantages to consider 5-difference
equations is that these equations are always completely controllable and appear in
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ON A Q-FRACTIONAL VARIANT OF NONLINEAR LANGEVIN EQUATION .

the g-optimal control problems (see [5]). Fbr further details, we refer the reader to
references [6] and [7].

Fractional 9-difference (or g-fractional) equations, regarded as fractional counterparts
of -difference equations, have been studied by a number of authors (see [8] - [10]). Fbr
some earlier work on the topic, we refer to [11] and [12], whereas the basic concepts
on -fractional calculus can be found in the recent text [7].

Antiperiodic boundary conditions occur in the mathematical modeling of a variety
of problems of applied nature. An account of classical and fractional antiperiodic
boundary conditions can be found in the papers [13] and [14] and references therein.
However, the concept of fractional -difference antiperiodic boundary conditions has
not been introduced yet.

The Langevin equation involving fractional derivatives of different non-integer
orders provides a more flexible model for fractal processes. Some recent results on
Langevin equation can be found in the papers [15] and [16]. We recall that the ordinary
Langevin equation does not provide correct description of the dynamics of systems
in complex media. Notice that Langevin equation involving -fractional derivatives
of different orders has not been studied so far.

The objective of the present paper is to study a new boundary value problem for
the -fractional nonlinear Langevin equation of different orders involving an integral
term (a Riemann-Liouville type -integral) and a non-integral term, with -fractional
antiperiodic boundary conditions. More precisely, for given numbers 0 < fi < 1 and
0 < 7 < 1, we consider a full -fractional antiperiodic boundary value problem for
the Langevin equation given by

(1.1) M%(cE>? + Ax(t) = pf{t,x(t)) + 61<g(tx(t)), 0<t<1,0< <1,

(1.2) *(0) = -i(l), (0) =-°L x(1),

where % and °D” denote the Caputo type fractional g-derivative, J*0(.) = /£(.)
denotes the Riemann-Liouville integral with 0 < < 1, f,g are given continuous
functions, A 0, and p, 5 are real constants.

The paper is organized as follows. Section 2 deals with some general concepts and
results from -fractional calculus, as well as an auxiliary lemma for a linear variant of
the problem (1.1), (1-2)- In Section 3, we present some existence results for solutions
of the problem (1.1), (1.2) by applying Krasnoselskii’s fixed point theorem, Leray-
Schauder alternative and Banach’s contraction mapping principle.
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2. Preliminaries on fractional g-CALCULUS

In this section we discuss some general concepts and results from ~-fractional
calculus. We first recall the necessary notation and definitions, and introduce the

terminology of ~-fractional calculus (see [7, 17, 18]).
Fbr a real parameter j 6 R+\ {1}, a -real number denoted by [a], is defined by

=19 a6r
The g-analogue of the Pochhammer symbol ( -shifted factorial) is defined as
k—+
©?0=1. (a;9)k=JJ(1 -09D, A:ENU{oo0}.
1=0

The g-analogue of the exponent (®—y)k is defined as

x-y)O=1, z-ji)W=040 @& vyg), Ae N, x,y € R.
i=o

The g-gamma function I",(y) is defined as
l«W - (I-g)V-I >
wherey 6 R\ {0,-1, -2,...}. Observe that Tq(y + 1) = [/]?I",(y).

Definition 2.1. Letf be afunction defined on [0, ], b> 0 and leta € (0, b) be an
arbitrary fixed point. The Riemann-Liouville type fractional g-integral is defined by

VUm =f*§& ~ Df3)dgB)t >0,
provided that the integral exists.
Remark 2.1. The g-fractional integration possesses the semigroup property:
WAafM = (Jftvx*); 7/1eR+, ae (ob).

Before giving the definition of fractional -derivative, we recall the concept of g-
derivative. We know that the g-derivative of a function f(t) is rfpfinpH as

(2).N)(1) = b 0, (Daf)(Q) = lim(D./)(1).

Furthermore, we define D°f = f, D%f = Dq(D*~Y), n=1,2,....
18
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Definition 2.2. (\ \) The Riemann-Liouvillt type fractional g-derivative of order fi
of afunction f(t) is defined by

r (#/)(*), /3<o0.
21) ( 0)X)=1 /t», =0,

| (ZIWIW ~)N), 3>0,
where \0\ is the smallest integer greater than or equal to 0.
Remark 2.2. The following relations hold (see [18], Lemma 6):

(i) = /(t), o<a<t.

() ((*-a)m) = {x a)»+x\ o<a<i<MeR +,Ae (-1,00).
Definition 2.3. (\W1\) The Caputo type fractional g-derivative of order f) 6 R+ of a
function f{t) is defined by {cD"J){t) = (ij#'~Pd [ /)(<).

Remark 2.3. ForO<a <t andfie R\ N, the following relations hold (see [11]):
®m ('Dti'/m = (cD laD4f)(ty,
(b): [cD$,alg,af)(i) = /(*)>
(c): (IPa =f{t)- EILV1T © “k(o/«iQh;

Ib define the solution of the problem (1.1), (1.2), we need the following lemma.

Lemma 2.1. For agiven h e C([0,1],R), the unique solution of the boundary value

problem

(2.2) cDf(@J+Ax{t) =h(t), 0<i<1l 0< <1,
( x(0) = -x(1), (0) = - &>J*(1)

is given by

14 ~Jfo-'r f -({ -7%r Ih(mdm=~AI")d*
<«>

- (1 y1r( f m - Al PO K
Proof. Applying the operator  to the ~-fractional Langevin equation in (2.2), we
get

2.4) "DIx(t) = IHh(t)-Xx(t)-bo.
19
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Next, we apply the operator 1J to the both sides of (2.4) with t e [0,1] to obtain

rbo - bi-
r(7+1)

Using the boundary conditions (2.2) in (2.5) and solving the resulting system of
equations for bo and , we get

- qr
1 ['(l-jup),, u
4T (7 + 1)Yo r,Gs) v ,U-
Substituting the obtained values of bo and bi into (2.5) we get (2.3). This completes

the proof of Lemma 2.1. O

3. The main results

Let £ = C([0,1],R) denote the Banach space of all continuous functions from [0,1]
into R, endowed with the usual norm defined by ||x|| = sup{|z(t)|, t € [0,1]}.
We use Lemma 2.1 to define an operator 1C: £ -» £ by

(tbdw = ) ("I ( DIC *(m)Km
</ ~tr7g+ 9n  AxM )doU
M@ - <ro)c-1> \
+5I r,03-K)
_1 {1 an)b-4y , - )*-»,, v
r(z) \P T.{p) /(mix(m))dgm
( - ffimjw+f2) \
+ —rg(*+cy— gm *(T)HT ) dvu-

Observe that the problem (1.1), (1-2) has solutions ifand only ifthe operator equation
* = U® has fixed points. In the sequel, we need the following assumptions:

(Ai) f,g :[0,1] X R -» R are continuous functions such that \f(t,x) - f(t,y)| <

Li\x y\ and \g(t,x) g(t,y)\<L2\x y\, V<e[0,l], Lx, L2>0, z.yeR;
20
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() Thereexisti% t2 6 C7([0,1],R+) with |/(t,x)| < i?i(t), |g(t,x)| < V(t, x) 6
[0,1] XR, where | <|| = supt€[ofl] | (t)], i = 1,2.

For the sake of brevity, we introduce the following quantities:
3 | 1
w 2T, 0+ + 1) +4r(7+1)apg +1)e
(32 w =2, (|+ C+7+1) + 4T (7+1)I,(/3 + C+1)"’

N3=2r,(7+1)°

= N+ DTe{p+ D)+ ( + +1)
| A 1 M 1]
+<J 14T, (7+1)FB(*+C+ 1)+ 2B + C+7 + 1)J1i + 2IB(7 + 1)’
where = max{Li, }.
Our first existence result is based on the Krasnoselskii’s fixed point theorem ([19]).

Lemma 3.1 (Krasnoselskii). LetY be a closed, convex, bounded and nonempty subset
of a Banach space X, and let , be operators such that

(i) Six + S2y € Y whenever x,y € Y;

(ii) Si is compact and continuous;

(Hi) s a contraction mapping.

Then there exists z e Y such thatz = Siz + z.

Theorem 3.1. Letf, g : [0,1]XR -4 R be continuous functions satisfying assumptions
( ) and (). Furthermore let < 1, where fl is given by (3.3). Then the problem
(1.1), (1.2) has at least one solution on [o, 1].

Proof. With /ii,M2,M3 given by (3.2), we consider the set Br = {x 6 € : ||x|| < r},
where
> \p\IN + LLYJift» [1A%2
1-|A|a3
Now we show that the conditions of Lemma 3.1 are satisfied. To this end, we define

the operators Hi and on Br by

(ag ()" ! ("~apfl
+SL A rff+0 )gm’ ~ diu 4e [%1i],
(ag(1)- )(pJo (1 rloT
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+8 YUpffi+ O T d*u’ *e [QI].
Bbrl,} £ Br, we find that
[[Uix + Uavll < |p|||t?i|[/ii + |[<*I0] + JAr/i3 <,

implying that Uiz + LLly € BT. It is clear that the continuity of the operator Ui
follows from that of / and g. Also, observe that Hi is uniformly bounded on B Tsince

n, N ipiiitfiii , T bl , iair
1 wm- r()9+7+1) Tg{P+c+7+ 1)+ r,(7+ 1)

Next, we show the compactness of the operator . In view of (Ai), we set

VE(t,x)\=Fi, Is(*,x)|=0i.

(t,*)es[%f)i]xBr (<,*)es[gﬁ]xsr

Hence, we have

I(u.«)(«0-Ne .)(h)] <J (ti- -fa <7M-> (MAJ (U- «W »-)A
0 o 9

£ 1% i SO mAAL) A TS A x

-0 *

which is independent of x and tends to zeroas -* . Thus, Hi is relativelymm prt
on Br. Hence, by the ArzelSrAscoU Theorem, Ui is compact on Br.
22
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Now, we show that is a contraction. In view of (J1i), for x,y € Br we can write

liun*- Uni < » (1 » - I(»,»<«)>

+w ~r"0+0— N “*1(n)

+1 ) 1}Wn/  'u-nv>) 1 } - f(mMm))\d4m

+u " +0)— k(@Tz(m)) AT > ))NT + iAixU) y (<))l
KL, {s5VT+l)(MWE (1~rToT "(")K*

+IS" | +0 SW  “>-»(“K “) -

1 oz1i(1-n 150 , n « p P r,,u

+2 r,(7) i — I'M - 2I»H-vUNKT

+ *1 N (0+ )— VTXK T + WW«) - *(«)i)L

Kr,(7 +1)BO +1) 1209+ 7+ 1))

1 1 M, A
H<S|(Arsey + IrBra+C+ M) + pR/I8+ ¢+ 9+n)h  2r (7 + 1)

= nli-yl,
where we have used (3.3). Hence, taking into account that by our assumption N < 1,
we conclude that is a contraction mapping. Thus all the assumptions of Lemma
3.1 are satisfied. So the conclusion of Lemma 3.1 applies and the problem (1.1), (1.2)
has at least one solution on [0,1]. This completes the proof of Theorem 3.1. O
The second existence result is based on the Leray-Schauder alternative (see [20]).

Lemma 3.2. (A nonlinear alternative for single valued maps). Let E be a Banach
apace, C be a closed, convex subset of E, and V be an open subset of C with 0 6 V.
Suppose that U : V -> C is a continuous, compact (that is, U(Y) is a relatively
compact subset of C) map. Then either U has afixed pointin V, or there is ax GdV
(the boundary of V in C) and k 6 (0,1) with x = KLLx).
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Theorem 3.2. Letf,g Vv[0,1] X R -+ R be continuous functions and let the following

assumptions be fulfilled:
(A3) There existfunctions C{[0,1], R+), and nondecreasing functions \A, rfo
R+ -4 R+ such that |/(i,s)] < JIWVIifINI) and Iff(*.z)] < b-a(*)1M1)
V (t,i)e[0,]] XR.
( 4) There exists a constantw > 0 such that

w> \p\blM")" +\6\\bI\Mn)K" where m J_
1- JA*3 7<)

Then the boundary value problem (1.1), (1.2) has at least one solution on [0,1].
Proof. Consider the operator U : 6 -¥ 6 defined by (3.1). It is easy to show that U
is continuous. We complete the proof in the following steps.

(i) U maps bounded sets into bounded sets in C7([0,1],R). Indeed, for a positive
number e, let Be - {x e 6 : ||x|]| < e} be a bounded set in C([0,1],R). Since

|/(m,z(m))| < i*(m) *Vi(IWI) and ™)< m\V/*(|[*||)» we have

ICib>||< »P|{_( (™| “Ne , ))1~

+{Ir “r.w+o “>I8(m’ + «*<*>0<m*+ 57h+i) X

*(wyf <l-rfot *“>)K“wW jf @rr9+0~1)|g(u’

P Jo — TAP+ C)e--Iffm o * (m ))K ™ + |A[ja:(«)[)d,u]

< Wbl M *ij)a*i+ M bM IW Dw + |AlIMIm3,

and the result follows.
(i) U maps bounded sets into equicontinuous sets of C([0,1],R).
Indeed, let \, 6 [0,1] with t\ < and x 6 Be, where Be is a bounded set of
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C([0,1],R). Then we can write

I(Ux)(*a) - (U)(t)]l

N @Y G- grT I, W-gmhv o,
- 11| 0'1 r,oT *(I)))*(((>*. "
+ \\ — rjfg + )-———-- A(mNe (eK m + We)d,u
( gu)fr-4/ (u-gm)~ Y

r.(7)  Uplyo rg(iy " (m)~ (£)i,m

+ N r~ + — Hj(m)tftl(e)d7m + |Ale)d,u
+
+ Wi (1F,09+0 " »»Ne<»)«.«)m

It is clear that the right hand side of the above inequality tends to zero independently
of x 6 Beas —1\ —»0. Since It satisfies the above assumptions, it follows from the
ArzelA-Ascoli theorem that U : C—C is completely continuous.

(Hi) Let a be a solution and x = kUx for k 6 (0,1). Using the arguments of the proof
of boundedness of U, for t € [0,1] we can write

I*@®)] = [«(Us)(t)] < VI bl iiM iAOmi + M IN IfetHD ft + Ne | >.

Consequently, we have
A~ NIKHVAMV T + ke V(A
Mg -emmemmmmenes [ UM wmmrmmmmmmenes '

In view of (), there exists such that ||z|| . We set
V ={x66:|X| <w}

and observe that the operator U : V -> C([0,1],R) is continuous and completely
continuous. Prom the choice of V, there isno x 6 dV such that x = kU(x) for some
K € (0,1). Consequently, we can apply Lemma 3.2, a nonlinear Leray-Schauder type
alternative, to conclude that U has a fixed point x € V which is a solution of the
problem (1.1), (1.2). This completes the proof of Theorem 3.2. O

Now we are going to prove the uniqueness of solutions of problem (1.1), (1.2), using
Banach’s contraction principle (that is, Banach fixed point theorem).
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Theorem 3.3. Suppose that the assumption (Ax) holds and that
(3.5) Mn=(n+|Am)<1. A= \p\n+|

when Awifia and y3 are given by (3.S) and L = max{Li, La}. Then the boundary
value problem (1.1), (1.2) has a unique solution.

Proof. Define N = max{7Vi, JI }, where Ni and N2 are finite numbers given by
Ni = suple[oli] |/(i, 0)] and N2 = supt€(0il| |ff(t,0)]. Selecting o > NA we show
that 1LB,, C Ba, where Ba = {x € 6 : ||z|]| < a}. Indeed, using the inequalities

I/(a,a:(e)) < |/(«,3(a)) - /(a,0)| + |/(e,0)] < Lxx+NU
and
| (<. (*)1 < [fi(e.®(s)) -$(«.0)1 + [ff(e,0)] < + N2

for X e B,,, we can write (see (3.4))

] 1 (L-g»)09 10 n
+4r(7+ 1)Yo  [,08)

+ ’&/\ ( 4 N N }

, 1 /-1 (1- qu)V<-V
4T, (7 + 1)Yo r0o9+0 o
A1yl (- qu)(y Vo ( (- emjw-K-D t ]
r,(7) 1Yo r,("+o
-}1|An~r<'|' sup. / ; (I * )___}2__'_______}__ 1& ‘) __];_)_ )
t€loi] Jo r,@7) A 2Y00,(7) J

< (La+ N)A + \X\au3 < c,

showing that 1LB,, ¢ Ba.
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Next, for 1,!/6 C, we have

ltte-ttyll

5 % { | (wlh (" |.|.|||-|

+WjE ~ { +0— - 9(jn,y(m))*dgm + [Allx(u) - y(u)])d,tx
+AF(T+ 1) (M 4 [i(<.e(M) 1< (<))

+n r,08+o— 1 *“’ M

+1 =W N (w 1} (ta>a(T)) - .

Jo A { +0 WNTOL(T» ®(-.V(T))KT+|A||X(«)-i/(u)|)d,uJ
<nf*-yl.

Inking into account that by our assumption N < 1,, we conclude that the operator

U is a contraction. Therefore, by Banach’s contraction principle, the problem (1.1),
(1.2) has a unique solution. This completes the proof of Theorem 3.3. O

4. An Example

Consider a boundary value problem for integro-differential equations of fractional
order given by
DV22AD\'2+ Mx(t) = \f{t, x(1)) + x(t)), t,q6 (0,1),

4.2)
x(0) = —x(I), cD?x(0) = - e£>?x(1),

where f(t,x) = 4+ a(sint+ + |®|) andg(t,x) = tan 1x+ t3+ 6.
It is clear that
\f(t,x)- f(t,y)\< glx-y|, [fI(i,x) -ff(t,i))] < ~|i y]|.
With =i = =q= 1/2, A= 1/16, p= 1/3, k= 1/7, Lx= 1/8, = 1/4, we

find that IT = 0.2905925472 < 1.
Clearly L = max{Li, } = 1/4. Thus all the assumptions of Theorem 3.3 are

satisfied. Hence, by the conclusion of Theorem 3.3, the problem (4.1) has a unique

solution.
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cTpaHcTBa IP.

1. Beegenue

Knaccuueckasi cuctema ®paHKIMHa, Kak nepeblii NpUMepP OpTOHOPMUPOBAHHOMO
6asuca B C[0; 1], 6blna onpeseneHa B [5].

OnpegeneHue 1.1. MocnepgoBaTenbHoCTh (pasduenne) T = { : > O} HasbiBa-
eTcq fjonycTumoii Ha [0;1], ecrmt =0, \ =1, 6 (0;1), > 2,7 BCtogy NNOTHO
B [0; 1] k ka>kpas Touka 6 (0;1) BcTpeyaeTcs B 7 He 6onee Yem [Ba pasa.

Mycte 7 = {£,: > O} gonycTvmasa nocnefoBaTe/ibHOCTb. A1 > 2 0603HaUNM
7, = { :0<t < } [fonyctum T, noay4yaetca U3 7n HeybObiBatOLLel nepecTa-
HoBkoM: T, = {T/l:r/l< 1O.Uu0 <i < - 1}, T, = 7n. Yepes 5,, 0603HaYMM
MPOCTPAHCTBO (hYHKLUWIA onpefeneHHbIX Ha [0; 1], HenpepbIBHbIX CleBa U NIMHEHbIX
Ha n HEnpepbIBHbIX B T", eciM TE X< T" < TA.X. AcHO, uTo dimbn=n+ 1
M Sn-1 C Sn. CnefoBaTenbHO CYLLECTBYET eAMHCTBEHHasA (C TOYHOCTLIO A0 3HaKa)
thyHKumsA / e Sn, optoroHanbHas 5,,-i u ||/|| = 1. 3Ty QyHKUMIO Ha3blBalOT M-0i
(hyHKumeli dpaHKIMHA, COOTBETCTBYHOLLEN pasbueHnto 7. M3secTHo, uto () 0.
Moatomy nonaraetca () > 0.

OnpepeneHne 1.2. O6uwan cuctema dpankmmia {/,,(a;) : > 0} cooTBeTCTBY-
towan pasdueHuto 7 onpegenseTcs no npasuay /o(r) = 1, /i(r) = V32 - 1) u
~-WccnepoBaHve BbIMONHEHO Mpy rnaHcoBoil noaaepxke TKH MOH PA B pamkax Hay4HOro
npoekta 13-1iAOOB.
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anan > 2 yHkups /,,(X) ecTb n-afd yHkums PpaHKiMHa, COOTBETCTBYOLWANA
pasoueHnio 7.

Mpn = rae = 2K+ m, A=0,1...m = 1,2*, nonyvaetcs Knac-
cnyeckas cuctema ®paHkivHa [5]. O6lwas cuctema ®paHKIMHA MUCCnefoBanach BO
MHOrMx pabotax. O HEKOTOPbIX CBOWCTBax 3TOW CUCTEMbI, MOMYUEHHbIX B paboTax
[1-[3], Mbl yKaxkem Nno mepe HeOOXOAUMOCTY.

B HacTosLLei paboTe Mbl BBEEM M U3YUMM OHO 0606LLEHME 3TOW CUCTEMbI Ha R.
Mpw onpegeneHwy aToli CUCTEMbI Mbl UCMO/b3YEM Te e BYKBbI, UTO U Npu onpegene-
HUM 06LLEeR crcTeMbl PpaHKNMHA. OLHAKO 3TO He NpYBEAET K MyTaHuLe, MNOCKO/bKY
06 06weli cucteMbl dpaHkMHa Ha [0; 1] B ByKBEHHbIX 0O03HAYEHWSX Mbl GOMbLUIE

rOBOPUTL He ByEM.

Onpegenenne 1.3. MocnegoBaTenbHOCTh (pasduenne) 7 = {tn :n > 0} Ha3oBeM
[OMycTVMOl Ha R, ecnn 7 BClogy MNOTHO B R U Kadkaas ToHka € R BcTpevyaeTcs

B 7 He Gonee OAHOTO pasa.

Mycts 7 = {tn :n > 0} gonyctumas nocnefoBaTe/ibHOCTL. And > 2 0603HaUMM
T,={4:0<t<n+1}. JonycTum im nonyyaetcs us T,, HeybbIBatoLLel NepecTaHoB-
koii: = {17 :r? <714.i.0<t< } T, = Tn-Yepes Sn 0603Ha4MM NPOCTPaHCTBO
(hYHKLWA onpefeneHHbIX M HEMPEPbIBHbIX Ha R, MnHeliHbIX Ha [r"; TA,j] v paBHbIX Hy-
N0 BHe (tq ;77+1). AcHo, uto dimS,, = n 1 Sn-i C Sn. CnegosaTtesibHO, CyLLEeCTBYeT
€[MHCTBEHHasA (C TOYHOCTLIO A0 3HaKa) PYHKUMA / e Sn, OpTOroHasbHas Sn-i u
1n/mz = 1. 3ty yHKUMIO Ha30BeM -0i (hyHKLMen dpaHKAMHA Ha R, COOTBETCTBY-
toweii pasbueHnio 7. Ans dmkempoBaHHoro  uepes N™ 0 < r< + 1, 0603Ha4MM
5-cnnaiiHbl COOTBETCTBYHOLLYE TTI, T.€.

korgpa =rf,

, korga t G( oo;rf)UJ[rf; 00),
NVHeHasA Ha  [eqr; I,

Korga = T?,
, korga € (-00;tE.j] U 00), l<i<n
NnHeiHas Ha [rAA°T?] wn [r/*;7],

Korga = TE+L,
, korga e (-00;r1"] (r£+1;00),

WHeliHas Ha [T7;r"+1].
AcHo, 4TON? e |, 1<t < | 0bpasytloT 6a3uc 3TOro NPOCTPaHCTBA, NPUYEM .

N? Sn,korgai = 0wamn+ 1.
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OnpegneneHue 1.4. O6was cuctema PpaHkmmHa ‘{fn(x) :n > 1} coOTBETCTBY-
toLlas pasbueHuto 7 onpegenseTca no npasuny /i(x) = nponan > 2
pyHKUMs /n(X) ecTb N-a8 QyHKUUA PpaHKIMHA, COOTBETCTBYOLAn pa3dbueHnio 7.

Mpu nccnegoBaHuy 06Lwein cuctembl PpaHkavHa Ha [0; 1] BaXXHYH ponb Chirpain
MOHATUS PerynspHOCTV NOCNeA0BATENBHOCTM 7. 3TU MOHATUA HaM HYXXHbl TaKxe
Opy U3yYeHUW cucTeMbl PpaHKIvMHa Ha R. BBefgeM NoHATUA perynspHocTM Ha R.

OnpegeneHune 1.5. JonycTumas nocnefoBaTeNbHOCTb 7 Ha3bIBAETCA CUMBHO pe-
ryNsiPHON C NapameTpoM 7, eciu

A? .
7-1<-"p<7, pgiascex n> 2, i=1,..,n,

3gecb n pganee A" =r1" —£ T.

Onpegenenne 1.6. JlonycTmumas nocnesoBaTeNbHOCTh 7 Ha3blBaeTCA PerynspHoii
Mo napam c napameTpoM 7, ecnu

7 1< ”Mt2 . anascex >2, *=172..n -1
S'U+i + ni

Tak Kak nocnefoBaTenbHOCTb 7 BCHOAY MN0THA Ha A, To cuctema {/,,} i ABnseTcs
MO/IHO OPTOHOPMUPOBaHHOI cucTeMoid B L2(R). BBegeM 0603HaueHMs.

Yepes ¢,C,Ci,Cy,..., 0603Ha4alOTCA NOCTOSAHHbIE, 3aBUCALLME TOSIbKO OT CBOUX
WHAEKCOB. 3HauYeHUs 3TUX MOCTOAHHBIX B Pa3HbIX HOPMYIax MOryT 6biTb pasHbIMU.

|/| - onnHa otpeska l.

p(t, 1) - paccTosHue mMexay TOUKON W uHTepBaiom |.

Uepes dn(t,x) 0603HauYMM KOMMYECTBO TOYUEK U3 KOTOpPble HAXOA4ATCA MexXay
Toukamu 1 X B cnyyae x = , Bmecto dn{t,tn) 6ygem nucatb dn(t), T.e. dn(t)-
KO/IMYECTBO TOYEK 13 KOTOpble HAXOAATCA MEXAY ToYKaMu in u i. 3anucek a ~ b
03HAYaeT, YTO CYLLECTBYIOT MOMOXKUTESIbHbIE MOCTOAAHHbIE C XKC, Takune 4yTo c ma <
b< C m, a 3anucb a ~7 bo3HayaeT, 4YTo 3TV NOCTOAHHbLIE MOTYT 3aBUCETL OT 7.

Uepes xa(*)i u{A) n A° 6ygem 0603Ha4aTb XapaKTEPUCTUYECKYHD (DYHKUMIO, ne-
6eroByto Mepy 1 [0MO/IHEHNE MHOXECTBa A, COOTBETCTBEHHO.

CraTbs MMeeT CNnefytoLyto CTPYKTYpy: B §2 nony4eHbl HEKOTOpPbIE OLEHKN Ans
agpa Ovpuxne obuiein cuctembl ®paHknMHa. B 83 foKas3aHbl TeopeMbl O JIOKaslb-
HO paBHOMEPHOI cxoanumocTh pagoB dypbe-PpaHknnHa. B 84 n3yvatotcs cBoiicTBa
(OYHKLUMN PpaHKIMHa U 6e3yCcnoBHAA 6a3MCHOCTL CUCTEMbI PPaHKINHA.
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2. Ouenkn gna agpa AQupuxne obuwein cuctemb Ppanknuua

Uepes Kn(t, r) 0603Haumm sapo Aupnxne o6uein cuctembl paHknvHa, T.e. K,, (,T) =
5Dal= /u(t)/n(r). B aTom pasgene usyumm a4po K,t(t,r) u npumeHss nonyyeHHble
oueHkm ans Kn(t,r), 4OKaXKEM TeOpeMbl O paBHOMEPHOI OKa/IbHOW CXOAUMOCTM psi-
noB dypbe-PpaHKMHa. Ham npurogatcs creaytoLLye CBOCTBA, NErko NpoBepsieMble

MPAMBIMUA BbIYUCNEHWAMM.
CsoiictBo 2.1. AnAa Bcexn, 0 < *<j < +1 umeem
Korga j >i+ 1,
Korgaj = *+1,
Korga j =1,

rge nonaraerca Ag = A2 = 0.

CsoiictBo 2.2. MycTb/ €Snun () =£"=10iN?(t). Torga ans Bcex 1< p < 00
BbINO/HAIO T CA

roe»p = (A? + A*+1)/2.

Mpexxae yem n3yyatb -yio yHKuMo PpaHkamHa fn, NOAyYMM OCHOBHbIE CBOIA-
ctea agpa Kn{t,r).

Nemma 2.1. Ans scexn ut umeem fR\Kn{t,\dT < 3.

[okasaTenbcTBO. [LOCNOBHO NPUMEHUM METOZ M3 (6] 418 OLEHMBAHWS HOPMbI NPO-
ektopa u3 L°°(R) B Sn. MNMyctb g 6 L°°(R) n P € Sn ee npoekuns, T.e. P(t) =
IRKn(t,T)g(r)dT. Oonyctum P(t) = Er=iW W wn| | = maxx” |6i] = ||P||TQ
Thbrpa

Ag\ Xj+1 elblloo > JRg{t)Nf[t)dt\ = jj*P (t)N?(t)dt

Ortctofa, yuuTbiBas, YTo HopMa npoekTopa pasHa supt/ 4 |Kn(t, r)|dr, nonyuum yTsep-
XIeHne nemMmbl 2.1
FAcHo, uTo ecrm g 6 Sn, 10 5(t) = !a Kn(i, T)a(T)AT. MO3TOMY pveem
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KOTOpOE, C y4eTOM IMHEAHOCTH (hyHKUMKM Kn(t,r) Mo KaXKAoi nepemMeHHol Ha 0Tpes-
Kax [1”;7]J+J, paBHOCUNLHO

(2.2) J[RKn{jE,T)N?{T)d.T: N?{t£) = Sik, korgai=1,2,...,n, t=1,2,..., .
YumnTbiBasi MIMHERHOCTb PYHKUMKM Kn(-,T) Ha uHTepBaiax noy4mm
**T)=EBANT , (TK,r).
o= ]
B fokasaTenbcTBe criegytoleli iemmel BMecto K,,, T, AlL6ygem nucatb K, A

Nemma 2.2. ina dwmkcmposaHHoro Kk 0603Haunm ol = K(Tk,Ti). Torga ans cu, uve-
0T MecTo

(2-2) a»*0i+i <0, gnai=1,2,..., - 1,
(2.3) oyl ( +]. ) <lewti|<bl ( +27 ), gAi=1,.,f- 1
(24) Joi) ( +17gi) < (@) <oy (r+2~ ), pa»=f+1,.., —1
(2-5) R D e < w S e 4
[okasaTtenbcTBo. M3 (2.1), C NprMeHeHMeM CBOICTBA 2.1 NoyYaem
(2.6) MMAT+H M)+ 9N =Q
3 0
,nm an(An + A,+i) t anAn+i _
' ! JJ + 6 ’
(2.8) + + +547+1 =0>pp9i =2 i _ 1,fe+1.. -1,
) 0] @)
/o o\ Qfc-iAfc  ttfc(Afc + XKk+i) afc+iAfc'+i _
' 6 3

N3 (2.6) n (2.8) gns »= 2,..., ft- 1 nonyunm

a2= ai ( +2").

aita=-ai(2+2)-0 ,_ 1" -.
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Ortctofa, NPUMEHSAs MaTeMaTUUeCKYH UHAYKUMIO, nonyuum (2-3) u (2-2) pns i =
1.....k—L. AHanornuyHo, npumenssa (2.7), (2.8) gnat = A+l,...,n —1, nonyuum (2.4)

n((2.2) pnai =K, 1. B yacTHocTw, [afc| > 2[a*_i| u |a*| > 2|c*k+i|. OTctoga n
n3 (2.9) cnegyet (2.5). Nlemma 2.2 fokasaHa.

N3 (23) pna »=1,...,k- 1umeem |af < qmou+i|* 3pecb v fanee 4=5
Ortctoga, ¢ yyeTom (2.5), ons *= 1,...,K - 1 nony4mm
(o«n u In AR v . . Jr -

' A+ A AT+IHAI Afc | + AT AL+ABFH
MocnepoBaTenbHO MNPYMEHsIS OYeBMAHOe HepaBeHCTBO (a+),)(bt+] N atbtc> 3 (210)
nonyuunm
<2n1> M AXrrtarbrTter

M3 (2.11) BbiTeKaeT cnepytoLLiee YTBEPXKIEHNE.

Nemma 2.3. Ana scexnul<i<k<n UMeT MeCTO HepaBeHCTBa

(2-12) TrE, Tn\ < qlfed IIT*+i4-Ti-i -

Nemma 2.4. BepHu cnegytoLyie OLEHKM

(2.13) 1HBANOIIP-M?)* 1, l<p<oo k=102..,,
cyuwiecTsyeT ee (0;1) Takoe, 4TO
Tn am
"OAKN(Te, T)Wwir <eU  H\K,,(Te,T)\pLT korpa i =1,...,jE 1,
Jrt

H ri
(215) 1 \Kn(TET)\pT< € / \KnNe,T)\'*r, korga i=it+1,...,n- 1

JokasatenbcTtBo. HepaseHcTBa (2.14) H (2.15) [oKa3blBAIOTCA aHanormyHo. [o-
KaxeM (2.14). Ona (UKCMpoBaHHbIX U K, KaK W NpuY LOKa3aTeNbCTBe NeMMbl 2.2
nonaraetcs ay = Kn(TE, Tp), Al = AIL C yyeTom ay ea<+i < 0, nonyymm

N-p., P+1lai_i| + |ou|
MockonbKy p > 1, C y4eTOM BbIMYKIOCTU (OYHKLMM XP 1 [au-i| < 2|a»|, nmeem

K-.T'+KIF* _ N
kM |[+bl T 1 K-1+N ) BMA-VHT-

C gpyroii ctopoHsl 1 P< " |a<|p. CnegoBaTesibHO

> 2P (v PO IE<!

rmi,p |0l4—|p
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OTctoga, ¢ npuMeHeHueM (2.3) ans e = nofy4nm
> K(vA_ i)PA~tl +5-r2-Y > jAP(V2 - 1)p > e~p.

ngp 7 KOS DRIU Sy 7 fPOVE D e
CooTHouleHue (2.13) cnepyet u3 (2.14), (2.15) n (2.5). Jlemma 2.4 foka3aHa.

3ameyaHue 2.1. lMycTb 7 CuUNbHO perynapHasa nocnefosaTebHOCTL C NnapameT-
poMm 7. Torga HeTpyAHO 3aMeTUTb, 4TO u3 (2.3)-(2.5) cnegyeT, 4yTO And =
(2+ 27) 1, BbINONHAKTCA CNefytoLLMe HepaBeHCTBa:

<w> i*.w . *X
rge a J1ib= min(a, 6).
W3 nemmbl 2.3 cnegyet

Nemma 2.5. Onda mo6oro S >0 umeet mecto HT /|4 T>r |4,.(<,7)|(iT= 0.

3. O nokKasnbHO paBHOMepHOI?’I cxogmnMmocCcTun pagos. (Dypbe-(DpaHKnl/lHa

C npumeHeHviem fiemMm 2.1 1 2.5 cTaHAapTHLIMU PacCy>KAeHUAMU 4OKa3biBatOTCA
CriefytoLLme TeOpeMmbI.

Teopema 3.1. TycTb 7 gonycTumMas nocnegosatensHocTb U {/n(t)}£Li cooTBeT-
cTByloWas el obwaa cuctTema PpaHkamHa. Torga ana noboin dyHkumm / € C(R),
C KOMNAKTHbIM HOCUTENeM, YacTuyHble cymmbl Sn(f,x) paga ®ypbe no cucTeme
{/nM}n”i pasHomepHo cxoaaTea K f(x) Ha R.

Teopema 3.2. TlycTb 7 gonycTumas nocnefosaTenbHOCTb. Torga COOTBETCTBY-
towas e obwasa cuctema dpaHkmHa {/n(i)}ELI sBnseTcs 6asucom B 1°(12), ans
1< P< o0

Ctpombepr [8] Ha feliCTBMTENLHON OC R MOCTPOMT CUCTEMY M3 KYCOYHO JINHEN-
HbIX (hYHKLMIA cnegytowmm obpasom. Mycte o= { : € 7VIU{OJU{—/2 : €N}
nRi/ = 20 U{1/2}i rge N-MHOXeCTBO HaTypanbHbIX yncen. Yepes So m /2 06o-
3HAUYMM MHOXECTBA HernpepbIBHbIX U KYCOYHO NIMHEWHbIX (yHKUMA 13 b2(R), cooT-
BETCTBEHHO, € y3namu 13 o n [i/ . CywecTByeT eANHCTBEHHaA PyHKuna / 6/
co cBoiictBamu: / optoroHanbHa , ||/|| = 1w /(1/2) > 0. Janee nonaraetcs
fjk(t) = 2/2/(2 - k), j,k € Z, rge Z -MHOXeCTBO UenbIX uyucen. Ctpombepr
[8] mokasan, uto cuctema {fik{t)}j,kez aBnsercsa 6e3ycnosHbiM 6asucom B 1°(A),
1< p < o0, n A*(4). OgHako 3aTa cucTema He aBnseTca 6asucom B b: (M), Tak
kak JRfjk(t)dt = 0, j,k e Z. HensBeCcTHO TaKXe, CYLUECTBYET /i1 OAHOMHAEKCHAS
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Hymepaums cuctembl {/,*(<)}**€*. Npu KOTOPOI YacTWuHble CymMMbl paga Pypbe-
Crtpombepra HemnpepbIBHON (YHKLMM C KOMMAKTHbIM HOCUTESIEM PaBHOMEPHO CXO-
aarca. MycTtb ip(t) YeTHasA, NONOXMTENbHAaA M Bo3pacTaoLwwas Ha [0;00) ¢yHKUMS.

O603HauMM
CI9(R) = {/ € C{R): |/(01 ™ op(0» [Onsa HekoToporo ¢ > 0 u no6oro 6 A).
MocnefoBatenbHOCTL T1 NOCTPOMM CriefytoLwmm obpasom. Monoxkum 0=10, = —4,
= 1 Ha Bropom wware gobasum Toykm = -2, = , =, =2 Ha
-OM Lware 6epem *- = —n, a NOTOM NOCNEA0BATENbHO C/IeBa HamnpaBo J06aBMM
CpefHue TOUKW VHTEePBASIOB NOMYUYEHHbIX TOUKaMMW OMpefe/eHHbIX 40  -0ro Lwara, u
nonoxum  + _ = n. beckoHe4yHO Npofo/MKas aTOT NPOLLECE, NOMYUMM AOMYCTUMYHO

nocnegosaresibHOCTb T1.
MycTb nocnefosateibHOCTL T3, NOCTPOEHA TEM XXe alfOpUTMOM, YTO W NOCNeno-

BaTeNbHOCTb T1, C TOW pasHULIER, YTO HA -OM Luare A06aB/eHbl TOUKN * = \
E»_ = rpe 00. AcHo, 4TO Y2 coBnagaet ¢ T1, ecnm = n. Takxe

HETPYAHO 3aMeTUTb, YTO T2 GYET CUMBLHO PEryNSPHOIA, TOTAA M TOIbKO TOrAa, Koraa

0<infr +a~~"+1 n Bup” A 1< o0
7 Un+l Yn+
B yacTHOCTM ~-CMNbHO perynsapHa. BepHa cnegytolas Teopema.

Teopema 3.3. MycTb {/n(@a0}5]Li cucTema dpaHknMHa COOTBETCTBYHOLLLAA Nocne-
[0BaTENbHOCTY 75 U (PYHKLMA <P YAOBNETBOPAET YCNOBUHD

(3.1) Wy =0

Torga anst mo6oid yHkuum / 6 CV(R) YacTW4HbIE CyMMbI , ) paga ®ypbe no
cucTeme {/n(<)}E=i nokanbHO paBHOMEpPHO cxoaaTcs K f(t).

Teopema 3.4. TycTb nocnefoBaTeNbHOCTL T2 CUMbHO perynsipHas ¢ napamMeTpoMm
7 n {/n(r)}*=i cucTema PpaHKIMHA COOTBETCTBYIOLAA NOCNeA0BaTENbHOCTHY T2.
Torga eciv oyHKUMA <P yLOBNETBOPSAET YCNOBUIO

3.2 limsu >0,

B2 P,

To cywecTsyeT dyHkums / 6 CV(R) ana koTopoii Sn(f,t) He cxoguTea k f(t) B
HEKOTOPbIX TOYKaX.
[okasaTenbctBo Teopemsbl 3.3. OueHum 5,,(/, <) /(*). MycTb k NH06OE HaTypasb-
Hoe 1 £ nto6oe NONOXMTENbHOE uncna. Boibepem S > 0, Takoe 4TO

(3-3) [/(i) - /(T)] <e, kakTOnbKO \t- M<Su ,T6 [-£*; &].
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Torpga
(3.9) , ) - ():} Kn(t,r)f(r)ydr f(t) =

= Knt)(/(c) f)dr+ T Knit, r)(/(r) - f{t))dT+

+JfA<|t KAt D) - e dr + fit (J[R Knit, AT - 1) =

= hif, t,n) + li.Aif, t,n) + Uif, n)+  t,n)
M3 (3.3) n nemmbl 2.1 cnegyet

(3.5 \Isif,t,n)\ < 3£,
M3 nemmbl 2.5 npu UKCMpPOBaHHOM A MONYyYUM
(3.6) rlli%\ls,Aif,t,n)\ =0, npu4em paBHOMEPHO, ecn € [—&;€*]e

Onga J(/,t,n) npu goctaToyHo 6onbwoM  uMeeM (cMm. (2.12))
n+l
Vo N < ()
i=0

\T \ \URKnIt,T)NZir)dT +  Knit,r)7Cfi(r)dr| <

c\m\ ~ )1 ~ 4+
\ 1~ TO0 T+l ~1/
CnepoBsatenbHo, nosyyaem

3.7 nl—iPSo |/(/, , )]= O npuyem paBHOMepHO, ecn 6 [£*;&].
W3 (3.4)-(3.7) cnepyeT, 4TO A4N19 LOKa3aTeNbCTBA TEOPEMbI 3.3 HYXHO [0Ka3aTb, YTO
ecim /| GCviR) wn (pit) ygosnetsopsieT (3.1), TO Npy JOCTaTOYHO 60/bLLIOM A

(3.8) lim / \Knit, T)\(pir)dT =0, npuyeM paBHOMEPHO, ecn 6 [—£*;&].
n >*°Ja<|r|

[ns dukcMpoBaHHOrO K BblbepeM i? > 0, a NOTOM HaTypasbHOE T 0> K TaKue, YT
(3.9 @ " 1m° <1 un yffn)< (etf)2 , korgan > To-

Y6eammcs, UTO B Ka4yecTBe A MOXHO B3sTb T,,. MycTb 2T —1 < < 21+1 —1,
T > T0. HeTpyZfHO 3aMeTuTb, YTO KO/IMYECTBO TOYEK M3 TN, KOTOpble NpUHaAnexar
[1;£i+i) He meHblue 2Ta~1 1. MM03TOMY, KOAMYECTBO TOYeK U3 T,,, KOTOpble NpuUHaL-
nexar [&£») He MeHblle 2T~K 1. CnegosatenibHo, (cm. (2.13), (2.15)) nonyvaem
€1 «T-*-1
\Knit, T)\dT < Ce , Korga  To<» un  &[E>&]

ft
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Otcroga nonyymm

m—1 m—1
(3100 [ \Kn(t,N\<p(t)dt < C "2 v»(N)e2T*"1=Ce3"" 1£ )<
*0<M i=TO =Ty
Cre3- * - =T (e2'* " e*)'".

M3 (3.10), (3.9) cnepyet (3.8). Teopema 3.3 goKasaHa.
JokaszaTenbcTtBo Teopembl 3.4. [lokaxeM, YTO ecnu BbiNonHseTca (3.2) 1 no-

CnegoBaTe/lbHOCTb T2 CUMBHO perynsipHas ¢ napameTpoM 7, TO HailgeTcst (yHKUmMA
/ e Cv, ana kotopoii 5,,(/, z) He cxoauTcsa K /(*) B HEKOTOPOI TOYKE T.
YunTbiBas (3.2), MOXEM HaTX NONOXKMTENbHOE YACNO 5 1 BO3pacTatoLLyto nocre-

[,0BaTe/IbHOCTb HATYPasIbHbIX YMCeN N*, TaKue YTo
(3.11) ITRES(E, ¥)>ccre >,
Yuutbisad, uto e4 > 1, Nony4nM CyLLECTBOBaHME TaKOro Y1C/a Ko, YTo
(3.12) edm "0>1
O6o3Havasd TK = 2 +2 —2 , U3 onpefiefieHns T2 UMeeM, 4To
e Aiui <2"+1.2 = £n* € I <mk= +1¢ YTK

W PYrvX ToueK Mexxay HiMmi u3 (" KHe cylecTsyeT. CrieoBaTernibHo,

AT*(& 0.<7T,,-i) *-ftW & 0.fnJ < 0 u «pome TOIO (& ,, £, + )= 0.
Myctb A Takasd Touka u3 [tml-i;£nj, uto KTK(Eb,,£K) =  [Monoxum
r ) pAME{ k) korpa  =HK
(3.13) Ofc(f)=< o, «korgpa le(- "1 [ |#; )

NHeliHas Ha  &;£,,,,] n [f.kE,*+]-
3ameTuMM TakXe, YTO KOMMYecTBO Touek u3 Tk mexay n paBHO 2r*-*0.
Moatomy un3 (2.16) nmeem

[A (AU )l >3e “*— 1 -

Yro+1l - *

Otctopa n n3 (3.13), (3.11) cneoyet
J RKmStk* T)ek(T)d.T > \k Tk{ " Tkl X n.+ i nk)>

o r 1 _ -< - 1
C 7** - («7 ] e

CreposartesisHO, MoMy4aem

2"»
-KO
38



OB O4HOM OBOBLLEHWN OBLWEN CUCTEMbI ®PAHK/INHA ..

dyHkumio / n3 CV{A), ansa kotopoir  (, ) He cxoawuTtces, 6yaem uckatb B BUae

0o

(3.15)

FACHO, uTO Mpu N60M BbIGOPE K,, hyHKUMSA / npuHagnexut CV(R) n npu nob6oM
0 QyHKUMA YZ**1BK (0 HenpepbiBHAa M UMEET KOMMAKTHbIA HOCUTENb. YUnTbiBas
37O, HETPYAHO 3aMeTUTb, YTO MO MHAYKUMM MOXHO BblbpaTh uncna fc,, Tak 4To6bI
BbIMOJTHANNCH

(3.16)

HeTpyaHO 3aMeTUTb, YTO ecm K > Kv, To Smj,,,(0fc£fco) = 0. Moatomy u3 (3.15),
(3.16), (3.14) u (3.12) 6ynem uveTb vlijSm... (/,£kB) = 00. Teopema 3.4 foKa3aHa.

Teopembl 3.3 1 3.4 yKasbiBalOT Ha TO, YTO YeM Mef/ieHee pacTyT  Tem Luupe
knacc dyHkuuii CV(R), psagbl ®ypbe-dpaHKIMHa KOTOPbIX S10Ka/IbHO paBHOMEPHO
cXofsTCA.

4. CeovictBa dpyHKkuUnii Ppanknmua n 6esycnoeHas BasMCHOCTb CUCTEMb

Ppanknunua

Mony4nM HEKOTOPbIE OLEHKM AN Tv-0i (hyHKUMM DpaHKInHA.

Nemma 4.1. NycTb fn(t) = Cfc™?(*) n-aa dyHkuMa PpaHkMHa u 17 = tn.
Torpga
(4.1) Wnlp~/ /2 1p, ana 1<p < oo,
roe
Korga 2 <i<n—Ii,
Korga i=1,
Korga i =0,
Korga i =n,
Korga i= + 1.
4.2)
(4.3)
(4.9 IG-iIK-A?-1 + 2A?) < m 200-i(A?_i + AR’), gnsa j <i- 1,
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(4.6) 10+11(2T+1 + 5A+3) - 10UT+1 ~ 2IO+1I(A+1 + Aa)> gna |~ »+ 1

[JokasaTenbcTBo. CHavanapaccmMoTpum ciyyaii 2 < t < n-1. Mycts IV 1(<)}"/
6asnc npocTpaHcTBa 5,, - 1- HeTpyaHO 3aMeTnTb, UTO

(4.6) MF1=Nj Ao 372 *- 2 m A 1= H O™ | A *+ 1

4.7 + +
0O603Ha4NM
(4-8) ()= + = A 1t]+Kn(Tr *)"

W3 (4.6), (4.7) n (2.1) umeem, yto w € Sn(R) n opToroHansHa 5,,_i(J1). Cnegosar
TenbHO cj(t) = afn(t), na HekoToporo a. 3ameTum, 4To U3 (2.2) cnegyet

-0V = UTAI =

a,y 4 i|ynNe~i'r*)1+ JKn(?TH1+W? ~ IKn(™ 1
Moatomy (4.2), (4.4) n (4.6) cnepytoT n3 (2.2)-(2.4). Kpome Toro, otctoga u u3 (2.13)

cnepyet

AP~ o 4 A i HKn{TILu YIP + 1IKn{TT"HIP + ar+ a~ 1 " 1'9|p ~
ama L, 1uin 1, A Y1
A? + ASHi <1 * A? + A+ 1i+1-
CrefoBatesisHO
4.9 IWlp~/ 7, 1<p<oo0.
YuuTtblad, uto ||/,,|/]a = 1 u3 (4.9) nonyuum a ~ /4 u ||/n|p ~ [Ona 3a-

BEPLUEHWS PaccMaTpMBaeMoro Cyyas npoCTbIMUA BbIMUCNEHWUSMU HY>KHO NPOBEPUTH
(4.3), npumeHsn (4.8), (2.3) (25 na~ /4-

B cnyyae i = 0 HeTpygHO 3amMeTuTb, UTOo B /n(i) = Kn(r?,t) «[/IF,(T, -)llal un
noaTomy cBoiicTea (4.1)-(4.5) cnegytoT u3 nemm 2.4, 2.2. B cnyvae i =  + 1 6yger
/n(i) = -"«(TN+iiO )&

B cnyyae *= 1 nonaras

W E(ReE) S JAA W L)
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aHaNorMyHbIMK BblYUCIEHUAMN Monyuum (4.1)-(4.5) ona atoro cnyyas. B cnyvae i =
nonaraercs

Nemma 4.1 fokasaHa.

Tenepb onpegennm “KaHOHUYECKWA MHTepBan” J,,, CBA3aHHbIN C (yHKUMel /n. OT-
MeTUM, YTO MOHATUE Takoro MHTepBana B pabotax [3], (4], [10], [9] cbirpana BaXKHytO
posib Npu nccnefoBaHuy cucTembl ®paHknuHa Ha [0; 1].

MycTb B NocnefoBaTeNlbHOCTY T, BBINOMHAETCAT” = tnn 1 < i < n. B aToM cnyyae
WHTepBan Jn onpegenseTca cnegyrowmm obpasom. Bo nepsbix, nycts j* e {F—1,i,*+
1}, Takoe uTo AL +A*>+1 = min*_i<"<1+ (A’ +A"+1). Janee, 606K U3 UHTEPBA/IOB
(r._jrji), ¢ ;77" +1) 0603HayaeTca vepe3 Jn. B cnyyasxt = Out = n+1 nonoxum
Jn = (fi",r?) uJn = (Tn-i\T"+i), cooTBeTCTBEHHO. Ecn i = 1, TO j* 6 {1; 2}, Takoe
yto A", + A.+1 = min(A + AJ,AJ+ A"), a Jn 60nbLumnii u3 nuTepsaios (rjt 1;1".),
(rji; AHanornyHo onpegenserca J,, B cnyyae » = n. HeTpygHo 3aMeTuTb, UTO
|[Jn| ~ Mt MpumeHsas nemmy 4.4 1 aHanu3upys onpejenieHne nHTepsana J,, MOXHO
[0Ka3aTb C/iefytoLLyto NemMmy.

Nemma 4.2. MycTb [-nHTepBan nuHeiHocTH (yHKumm / n(E). Torga

: M»I*
(4.10) 17, ()] < 0o+ (L, o) + 1a]° kKorga € .

JloKa3aTenbCTBO 3TON NeMMbI M3naratb He 6yaeM, NOCKO/bKY 3TO MOBTOPEHMWe [0-
KasatenbcTBa iemmbl 3.2 13 [3]. Ha camom aene onpefeneHue MHTepBaioB Jn CBA3aHO
TONbKO C NOCNef0BaTelbHOCTLI0 7. M03TOMY BepHa CrnefytoLas ieMma, foKasaHHas
B pabote [3] 4ns pas3bueHuid oTpeska [0;1].

Nemma 4.3. MycTtb 7 —( ) > 0) gonycTumasn nocnefosaTeNsHOCTb Torda ans
noéoron ni=0,1,..., UMeeT MeCToO

MpumeHaAsa nemmbl 4.2,4.3 v 4pyrue oueHkn ansa yHKumniAi dpaHknHa n NOBTOPSS
paccyxgeHuns us pabot [3], [10] (cm. [3] Teopema 2.1 nnn [10] Teopema 2) MOXHO
[lOKa3aTb C/iefyHoLLyto TEOpPeMy.

Teopema 4.1. lMycTb 7- gonycTumas nocnefoBaTeNbHOCTh. Torga COOTBETCTBY-
towan ein cuctema PpaHkmHa {/n(*)HJILi sBnseTcs 6e3ycnoBHbIM 6a31COM B IHO6OM
npocTpaHcTsee LP(R), 1< p < oo.
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OTMeTMM, 4TO 6e3ycnoBHYH 6a3MCHOCTb K1acCMYECcKOM cucTeMbl PpaHKIMHA B
£p(0;1)i 1 < P < 0° pokaszaHa C.B. BoukapeBbiM [11]. Be3ycnoBHyto 6a31MCHOCTb
obuweii cuctembl ®parHkimHa B LP(0;1), 1 < p < 00 gokasaHa B [3]. A B pa6ote
[10] noka3aHa 6e3ycioBHast 6a3MCHOCTb O6LLEN NePUOAMYECKON CUCTEMBbI DpaHKIMHA

BLp{0; 1), 1<P< o0
[JokasaTtenbcTBo Teopembl 4.1 JOCTATOYHO A/IMHHOE U NOYTKU MOBTOPAET [OKAa3a-

TenbCcTBO TeopeMbl 2.1 13 [3]. Mo3aTomy ero NnpuBOAUTL He BydeMm.

Abstract. A general Franklin system on R, generated by an admissible sequence
T is defined. We show that such defined system forms an unconditional basis in the
space If*R), 1 < p < oo, and prove theorems on locally uniform convergence of

Eburier-FVanklin series by this system.
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Abstract.1 Let a*zv be a power series with radius of convergence 1, and let

*n(*) = avzu denote its partial sums. Fbr a given triangular matrix A = [an*]

i«0

n
we consider the A-transforms <r,,(z) = £ (x), and prove two Tauberian
ilI=0
theorems of the following type: from certain summability properties of
outsido the unit disk and a condition on the entries cenu the convergence of a

subsequence {ant (z)} is concluded.
MSC2010 numbers: 30B30, 40E05, 40E15, 30B40.
Keywords: Tauberian theorem; Hadamard-Ostrowski gap; overconvergence.

1. Introduction

1.1. Overconvergence and H.-O. gaps. Let be given a power series with radius
of convergence 1:

(1.2) f(z) = ax*", im \av\ldv = 1,
- S

which represents a holomorphic function in the unit disk D = {z :\z2\ < 1}. As usual,
we denote its partial sums by

(1.2) sn(z) =

Such aseries is called overconvergent if there exists a domain G which is not contained
in D and a subsequence {pk} of natural numbers such that {sPk(z)} converges compactly
on G. Then {sp,,(z)} is called an overconvergent subsequence of (1.1). If G intersects
D, then {sPi(r)} generates an analytic continuation of f. (Note that there are other
definitions of overconvergence.)

*The research of the first author was supported by German Academic Exchange Service (DAAD),
Kennziffer A/10/02530
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The phenomenon of overconvergence was discovered by Porter [16] more than a
century ago and thoroughly has been investigated by Ostrowski in [11) - [14]. Fbr a
good treatise on the theory of overconvergence we refer to Hille’s book [5, Section
16.7]. One of Ostrowski’s main results is an interdependence between overconvergence
and existence of certain gaps in the sequence of coefficients {a,,}.

We say that the power series (1.1) has a sequence {pjt, #} of H.-O. gaps (short for
Hadamard-Ostrowski gaps) if Pk and 9* are natural numbers satisfying

Pi < gi < P2 < < lim ~>1
t=4 2 k-¥00 Hk

and
lylm) 1a,,51/" <1 for

We summarize the main results on overconvergence in the following theorem.
Theorem O (Ostrowski [11], [13]).

(@) If the power series (1.1) possesses H.-O. gaps {pk.tffe}, then any sequence
(B,,4(r)} with nk € [Pfciofc] converges compactly in a domain which contains
every point on \z2\ = 1 in which f is holomorphic.

(b) Every overconvergent power series possesses H.-O. gaps.

1.2. Summability of power series. Let A = [aw]*“n=0 be an infinite triangular
matrix with complex entries ow, where a,,,, = 0 for v > n. Such a matrix generates
a transformation of a power series. The j4-transforms of the series (1.1) are given by

(1.3)

The matrix A is called p-regular ("'regular for power series") if for all series of
type (1.1) the sequence {<m(z)} converges compactly in B. This property can be
characterized by the entries of A only. The following conditions are necessary and
sufficient for p-regularity (see [7]):

14 i =
(1.4) im atm, = 0 for all V€ NO,
n
(15)
n
(1.6) forall re (0,1).
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In common use of summability theory the matrix A is regular if and only if the
conditions (1.4), (1.5) and instead of (1.6) the following stronger property

supY?2 |aw| < 00
n /=0
hold. Observe that if A is regular, then A is also p-regular, but not conversely.
K A is p-regular, then the following properties of the sequence (1.2) can easily be

obtained by straightforward estimates:

(1-7) I_itr(r)10 m:aé [l<7n(z)j] N <R forallR > 1
if (1.1) has H.-O. gaps {p/t,%]}, then
(1-8) kl_itrg)wo{I lr%riltgﬁ h<rj?|l<(z)|) N <R forallR > 1

2. A Tauberian Theorem
The following Theorem is our main result.

Theorem 2.1. Supposethat A =][«,,,] is ap-regular matrix with the property that
there exists a subsequence {n*}of Nand aconstant7 € (0,1) suchthat
1 u/1 00
(21) ns, =1> [J {[tn*],...,nk}.
“eJ k=1
n
Let apower series of type (1.1) be given and J2(z) = _f_oo’\vsv[z) be its A-transforms.
n i/=

Suppose that for an R > 1 there exists a closed arc " C {z :\2\ = J1} with
(2.2) TIMNiMx|ank(z)|}1/n* < R.

Then the considered power series has H.-O. gaps of the type {[<njtl,n*} for some
5€ (0,1). Iff has an analytic continuation, then {«,,, (*)} is overconvergent.

Remark 2.1
(1) If the sequence {alli(r)} converges compactly in a domain, which is not
contained in D, then (2.2) is trivially satisfied for suitably chosen R > 1 and
arcs I ¢ {z :\z2\ = A}. In the case where the matrix A has the property that
there are constants ¢ > 0 and 7 € (0, 1) with

2.3) I~2 an,| > ¢ forall n with [Tn] <v <n
=1

and all sufficiently large n, then (2.1) is satisfied. In section 3 we list a number
of well known summability methods which are generated by matrices and
satisfy (2.3).
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(2) Suppose that the condition (2.1) is satisfied. Then the matrix A is not efficient
for the analytic continuation of all function elements of type (1.1).

More precisely, there exist power series (1.1) suchthaten(z) = YZ=0 "«/(#)
converges compactly in D, but not in any bigger domain (however, a subsequence
{alk(z)} may have this property). Iflim~oo la,!¥V" = 1,then (<r,,(2)} and all
its subsequences are compactly convergent only in D. For a detailed discussion
of this problem we refer to [1], [2|, [7], [8] (see, also, [3], (4)).

(3) Theorem 2.1 may be considered as a Tbuberian theorem: From siunmability -
properties (here condition (2.2)) together with a so-called Tauberian condition
(here (2.1)) convergence properties are derived. However, in contrast to classical
Tauberian results, in Theorem 2.1 convergence of a subsequence is concluded.

Proof of Theorem 2.1. Suppose that an e > 0 is given and consider the circle
\2\ = R and its closed subarc I". Then, by (1.7) there exists an no such that for all

n>no

«E=( |<,» n ¥M£)|<
[*|=il zn 1 M—al r 1"

In addition, by (2.2) there exists a > no such that for all k > ko

r | zn* I= B”*

Letr with 1 < r < R begiven. Then, according to Nevanlinna’s W-constants theorem
(see Hilte, [5, p. 409]), there exists a universal © € (0,1), which depends only on the
geometrical configuration, such that for all k > ko

ga|bW | 4<pPn .o« £ _ (£)-.

Therefore, if e > 0 is chosen sufficiently small, we obtain for those k
mg)r<|ffr]',(z)| < (<znn\
where 0 < g < 1 (but gqr > 1). We have
-
=362 fimy

and Cauchy’s inequality gives for 0 < v < nk and all K > ko
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*

If we now choose 6 with 7 < S< 150 near to 1that r1* <  then for all n with
[<faf] <v <nk and Kk > ko we get the estimate

~%
n=y ®rl~*< 1
But then (2.2) implies
00
TinMay1/* <1 for J= (J {[$ *]....., *}.
"ed fc=l

Therefore the power series under consideration has H.-O. gaps of the type {[<5n*],nk}.

In the case where / lias an analytic continuation, Theorem 0 implies that {Brn»(r)}

is an overconvergent subsequence of the series. Theorem 2.1 is proved. O
As a corollary of Theorem 2.1 we have the following result.

Theorem 2.2. Let a power series of type (1.1) be given which has an analytic
continuation. Suppose that A = [ow] w o p-regulat triangular matrix and that for a

sequence {p*}  with lim > 1 transformations
k toa

n
rCw =]C “"eg'(%)

i/=0
are compactly convergent in a domain which is not contained in the unit disk. If
00
(24) lim \akk\1v = 1 for J= (J(pf+ 1,...,pfcH}
=]
is satisfied, then {sHc(r)} is an overconvergent subsequence of the considered power

series.

Proof. Without loss of generality we can assume that Pk+i/Pk > A> 1 for all Ae No-
We define a triangular matrix B = [ ] in the following way:

_fo ifVv n
forngpk : Pn \ ifven’
f PK I ve 10 VPP 0) o170
or —| Ppu i y—pp ®™—0

The matrix B is obviously p-regular. We consider
0n(z) = ) JPnvSu{z)
5Q

and obtain
K

K
°Pkiz) = _)Pkat. S?I(Z) = Y_’(‘)a”w,cp)(r) = W
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as well as /W = <**forall ¥ with pk-1<v < pk.
Therefore, the matrix B satisfies a condition of type (2.1), while the sequence

W) has property (2.2) for a suitably chosen R > 1landanarcl" ¢ {z :\z2\ = R}.
It follows that {sp,(z)} is an overconvergent subsequence. Theorem 2.2 is proved. O

3. Examples

We discuss some examples of well-known summability methods that are defined
by triangular matrices and satisfy the requirements of Theorem 2.1. Especially we
are interested whether the property (2.1), which acts as a Tauberian condition in
this result, can be realized. Whenever in addition a power series (1.1) is considered,
for which the corresponding transformations satisfy a property of type (2.2), then a
Tauberian result as in Theorem 2.1 can be concluded for this series.

1. NOrlund means NO. Letc= {c,} be a sequence of real numbers with co > 0
andn> 0forn> 1, andlet C,, = C,,. Then the NOrlund means are generated

by the triangular matrix A = [ow] given by

ow = N~Mo<u<n.
£n
The condition litn oo = 0 is necessary and sufficient for the regularity of Nc, and
it is also well-known that all NOrlund methods are ineffective for analytic continuations

of any power series. Fbr 0 < v < n we get

N < X) <1,
1=y

and by the regularity condition we have 1T n_*o0£g=t = |. Hence limd_>oc(Cn)V¥n =
1, which implies that for all NOrlund means the condition (2.1) is satisfied for all
subsequences {n*} of N.

Hence a Tauberian result as in Theorem 2.1 holds for all power series whose Nc
transformations satisfy condition (2.2).

(Actually the Nc method was first introduced by Russian mathematician Voronoi
in 1902 (see [17]); independently of Voronoi the definition was given by Ntfrlund in
1920 (see [10]).)

2. Cesiro means C,,. These are special regular Nerlund means which for a > 0
are generated by the sequence c,, = ("+“ 1).

3. Weighted means R*. (Also known as Riesz means or NOrlund-type means.)
Let c= {Cn} be again a sequence of real numbers with @ > 0 and c,, > 0 forn > 1,
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and let C,, = £ "=0c,, Then the Re means are generated by the triangular matrix
A = [a,,,] given by

anv= — if 0<l<n.
Here the condition liumoo Cn = oo is necessary and sufficient for the regularity of
Re- As in the case of Ntfrlund means we have for 0 < v <n

E<E<w<i.
=1
Therefore condition (2.1) is satisfied if {Cn} is not “too fast” increasing sequence,
that is, if 1iT,,_too(Cn)Y*" = 1. In this case Theorem 2.1 applies also to thie method.

4. Hausdorffmeans Hx. Thisis awide class of summability methods, containing
many well-known methods as special cases.
Let X be a real-valued function of bounded variation on {0,1] satisfying

X(t) = *(*+) forall t G[0,1).

The Hx means are generated by the triangular matrix A = [a,,,,] with

<w = (") jn i-t) n-vdx{t)
0
and the regularity conditions are x(0) = 0, x(I) ~ 1 (see [15]). The best known
Hausdorff means are the Ceskro means Ca (a > 0), where

X{H=1- 1 or,

the Holder means Ha (a > 0), where (I" denotes the Gamma function)
t

0
tind the Euler means Er (0 < r < 1), where

for 0<t<r
11 for r<t< 1.

The (upper) order of a regular Hausdorff mean is defined as
P=PIX) = inf{s :x(*) = 1forall te[s, 1]}.

Obviously Ca and Ha have order p —1, while p = r < 1 for the Euler means ET.

If a power series has an analytic continuation, then all Hx means with p < 1 are
efficient for those series and also an estimate (depending on p) for the summability
domain can be given. On the other hand, all Hx means of order p = 1 are Inefficient
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for analytic continuation (for details see [9, section 2], [15, chapter 1V, 2]). Especially

for Cesiro and Holder means we have inefficiency for any power series.
A has order p = 1, then there exist constants 7 € (0,1) and ¢ > 0 such that

for all sufficiently large n | <w| > c forall n 6 [711,n].
This estimate is a special case of a result on the distribution of Hausdorff elements

(see |93, Lemma 1), which was proved by probabilistic methods.
It follows that Hx means of order p = 1 satisfy condition (2.1) for any subsequence
of N, and under the additional assumption (2.2) on the behavior of a power series a

Tauberian result as in Theorem 2.1 holds.
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1. Crasses of functions of bounded generalized variation

In 1881 C. Jordan [17] introduced a class of functions of bounded variation and
applied it to the theory of Fourier series. Hereinafter this notion was generalized by
many authors (quadratic variation, -variation, fl-variation etc. (see, e.g., [2, 18, 27,
29]). In two dimensional case the class of functions of bounded variation (BV) was
introduced by G. Hardy [16].

Let/ be a real and measurable function of two variables on the unit square. Given
intervals [ = (a,b), J = (c,d) and points x,y from | := [0,1) we denote

I(A.Y) = f(b,y) - I(a,y), f(x,Jd)=/1(*,d)- f(x,¢)
and
1(4,3) =1(o,c) [(a,d)- f(b,c)+ f(b, d).
Let E = {fi} be a collection of nonoverlapping intervals from | ordered in arbitrary
way and let I be the set of ell such collections E. Denote by fin the set of all

collections of n nonoverlapping intervals  C I.
For the sequences of positive numbers

A= n2= {Ng3-~1

IThe research of U. Goginava was supported by Shota Rustaveli National Science Fbundation
grant no.31/48 (Operators in some function spaces and their applications in Fburier analysis).
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and T2 = [0,1)2 we denote
Nwvi(/;12) = supsup ~2 1/(™ 'V- {E = {4<}),

N2V2(1;12) = syp 'sﬁugdfj A ={ »

(Prryamln = pep By E 7

Definition 1.1. We say that a function f has bounded {A1, A2)-variation on P and
write f € (A1,A2) BV (P), if

(ALA2 VU;P) = AIM(/; P) + AAZ(/; P) + (AR Mi,2(/; T2) < 0.
mai _ A2 = /1, tAen we say /" Nan bounded A-variation on and use the

notation ABV(P).
We say that a Junction f has bounded partial A-variation on and write f e

PABV {P), if
PABV(f-,P) := AVi(f\P) + AV2(/;/2) < oo.

IfA= {An} with A, = 1L, orif0<c< An< C7< 00 n=1,2,..the classes
ABV and PABYV coincide, respectively, with the Ilardy class BV and with the class
PBV functions of bounded partial variation introduced by Goginava [6]. Hence it
is reasonable to assume that An —»00 and since the intervals in E = {Aj} are
ordered arbitrarily, we can assume, without loss of generality, that the sequence {An}

is increasing. Thus, we assume that
@
(1.1) I<A1<A3<..., lim A, = 00, VvV (1/A,) = +00.

71=1

In the case where A,, = n, n = 1,2... we will use the term harmonic variation
instead of A-variation and will write H instead of A, that is, HBV, PHBV, HV(f),
etc.

The notion of Jl-variation was introduced by Waterman [27] in one dimensional
case, and by Sahakian [23] in two dimensional case; the notion of bounded partial
A-variation [PABV) was introduced by Goginava and Sahakian [12].

Dyachenko and Waterman [5] introduced another class of functions of generalized
bounded variation. Denoting by I the set of finite collections of nonoverlapping
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rectangles Ak := X [>,<5" C P, we define

I’V bl/):= su
{AHerY A

Definition 1.2 (Dyachenko and Waterman, [5)). Letf be a real function on 12. We
say that f G A*BV, if

N*V (/) := AVICf) + AV2(f) + A*Vj,a (/) < oo.

In [13], the authors have introduced new classes of functions of generalized bounded
variation and investigated the convergence of Fourier series of functions from that
classes.

For the sequence /1 = {An}£Li we define

N#VI(/):= sup sup
A#V3(f) := su sup "2
® M CpT L pe ny Aj
Definition 1.3. We say that afunction f belongs to the class A*BV, if
A*V{f) = N# Vi(/) + A*V2(f) < oo.

The notion of continuity of functions in J1-variation plays an important role in the
study of convergence of Fburier series of functions of bounded Jl-variation.

Definition 1.4. We say that a function f is continuous in [Al,A2)-variation on
and write f &C (1L, N12) V, if

1im A*Vi(/) = _lim N£bl/) = 0

and

lim ( ,A2MI2(/) = Un (11,71») V12(/) = 0,
—t00 Mn—oo0

U

where ={A Y ={n~rrr1=1,2.

Definition 1.5. A function f is continuous in A#-variation on 12 and write f €
CA*V, if
lim N#V (/)=0,

TI >o00
where A,, = {At}",.
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Definition 1.6. We say that a motion / is continuous in A’-variation on |7 and

write f € CA*V, if
lim AnVi (/) = lim AnV2(/) = 0; Um N*Vi3 (/) = 0.
n—00 -too n-too

Now, we define
n

vf(n,f):= supsup YWF{li,Vi)\, n=1,2,...,
e i=1
m

vt (m,/) ;= supsup Y*|/(ay, ), m=1,2....
The following theorems hold.

BV CHBV.

Theorem 1.2 (Goginava, Sahakian [13]). Suppose
+ <eo, ,=1]2
n=1
Thenfe {~(+ } 57.

Theorem 1.3 (Goginava [10]). Letar,j9€ (0,1), a +/?< 1 and

f1 Aty <o 8- 15

77ien/ e C'{ril-a+"} " V.
Theorem 1.4 (Goginava [10]). Leta,j9 € (0,1) anda + /?< 1. Then
C{Ma+*)}ty c C{il } {j1*} V.
The next theorem shows, that for some sequences J1 the classes A*V and CA*V
coincide.
Theorem 1.6. Let the sequence J1 = {A,} be as in (1.1) and
(1-2) imimfa2m = 5> 1,
Nn-Wo0 nn

Then A*V = CA*V.

Proof. Assume the opposite, that there exists a function/ 6 A*V for which liminfA#V (/)
0 (see Definition 1.5). Without lose of generality, we can assume that liminf AjfVj (/) =
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S > 0 and that $= 1. Then, taking into account that the soqucnce {AjfVi(/)} is
decreasing, we have

(1-3) 'IF—%*V[(/) =1

Let a natural k and the numbers e > 0, 90 G (1, q) be fixed.
According to (1.2) and (1.3) there exist a natural N' > k such that

(1.4) A>90 AVi(f)>1-e for n>N\

Then fora natural N > 2N"' there are a eet of points and a set of nonoverlapping
intervals {&}?=! € fi such that

(1.5)
JF+<

Adding, if necessary, new terms in (1.5) we can assume that

(j &= (0,1).

i=1
Denote
(1.6) fi==y4/No<—hltt-O . la:= V I/(fM>yw)l,

*N+U-1 A Xff+H
Since N > 2/ implies that N + 2t- 1> + 1), from (1.4) and (1.6) we have
@an I[ =Y UNe<-i»lft-i)l _ y |/(Oa<-iya«-i)l An+m-i > "
1 Ajv'+ “ AIr+2i_i An >H
and
(1.8) =Yy |[/(”'bl|=T '-T " >
An -h AN+21 A i

Consequently, by (1.5) we get
(1.9) /"= +1' > 90(/i + h) =qol> <ol - e).

Now, we take a natural M to satisfy

(1.10) M> N +2(i0+1) and 2(2*+ aw, |[/0K)| < e,
AM  x£[0,1]
and hence using (1.4), we can find a set of points and a set of nonoverlapping

intervals {4 ~}~ € ft such that
10 I»/A .
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Denote by Q the set of indices j = 1,2, me ,jo for which the corresponding interval

[y does not contain an endpoint of the intervals = 1,2,..., 2io, that is, Aj lies
in one of the intervals ft,» = 1,2,....2*0- Then the number of indices in [I,j0]\ Q
does not exceed 2*0+ 1» (1.HO) we get
y I/(A>»Z))l < e
amMm »

Consequently, by (1.11) we have

(1.12)

Denoting

fkQ  Xm+*

from (1.9) and (1.12) we obtain
W+3)+@A +Ji)=1"+J>9( e)+1 2e>PD+1 3e

Theretofore

which means that

and hence

since e is any positive number and N' > k. Taking into account that K is an arbitrary
natural number, the last inequality implies

which contradicts the assumption (1.3), and the result follows. Theorem 1.5 is proved.
It is easy to see that for any 7 > O the sequence ,, = , n=1,2,... satisfies the
condition (1.2) with g= . Nence Theorem 1.5 implies the following result.

Corollary 1.1. // 0<7 < 1,then{ *}¥V =C{n>} V.

This, combined with Theorem 1.4 implies the next result.
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Corollary 1.2. Leta,f3G(0,1) anda + /?< 1. 77»en

{*1 (“+«}#V C C{il *} {j1*} V.

2. Walsh functions

Let P be the set of positive integers, and N=PU{0}. We denote the set of all
integers by Z and the set of dyadic rational numbers in the unit interval I = [0,1) by
Q. Each element of Q is of the form for somep,n 6 N, 0 <p < 2". By a dyadic
interval in I we mean an interval of the form [11N {I+1) 2~w) for some
1€ N,0< 1< 2N.Given N € Nand x € I, we denote by In (x) the dyadic interval
of length 2 N that contains x. Finally, we set In := [0,2~N) and In 'm=I\In-

Let ro (x) be the following function

=/ “
if
The Rademacher system is defined by
rn(x) =ro(2nx), 16/, n=1,2,--—--

The Walsh functions wo, Wi, ... are defined as follows. Denote tuo (x) = 1and if fc=
2ni H--—--- 2"* is a positive integer with > > eee>na> 0, then

We(x) =r, (i)-r,. (X).
The Walsh-Dirichlet kernel is defined by

n—
Ai(xX)= £ w+(x), n=1,2,..

k=0

Recall that (see [15, 25])
n m -J2v [0,2 ")

(2'1} D2" (x)-\o , ifX6[2n,1)
and
(2.2) 1°2n+m (x) ~ D2n (x) + x)Dm(x), 0~W 2, n=0,1,..
It is well known that (see [25])
(2.3) Dn (t)=wn (t) x2njw2j(t)Dv(t), if = 2%

N
i=0 j=0
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where
(.5) =22 3+ 2" 4+« 22+ 2°,

Given x e |, the expansion

@
2.6 x =Y jXk2
(2.6) Yl

where each *£t= 0 or 1, is called a dyadic expansion of x. If x 6 1\Q, then (2.6) is
uniquely determined. For x € Q wc choosc the dyadic expansion with KIi>r{)10 x* = 0.
The dyadic sum of x,y 6 J in terms of the dyadic expansion of x and y is defined by

X+y="2\xu- yig2~fcH>

Jt=0
We say that / (x,y) is continuous at (x,y) if
2.7 nmof(x + h,y +S) = f{x,y).

We consider the double system {«/,,(0K) x wm(y): n,m e N} on the unit square
J2=10,1)x[0,]).
If/ e L1(If), then
/o, n):J £ (x, y) wn (x)wm (y)dxdy
P

is the (n, m)-th Walsh-Fourier coefficient of /.
The rectangular partial sums of double Fourier series with respect to the Walsh

system are defined by

M-1ff-1
5m.ar(iy;/) = 22 22 f (m, n) wm(x)wn(y).
m=0 n=0

The Cesfcro (C;al,/?)-means of double Walsh-Fourier series are defined as follows

anmix V;/) ~ ~ ~f) 5353" i~n-jSIj(x, /),

n—"Sn-l t=1 1

where
N
Alo)_-ll» Aa._ (a7 1) mm(a ), "-1,-2...
It is well-known that (see [30))
w N =E Kzl
k=0

(2.9) ., ne.



ON THE CONVERGENCE AND SUMMABILITY OF DOUBLE WALSH-FOURIER

and
(2.10) <E(*,Vf)=jf (,,)K° (x+*X* (y+ 1)dadt,
p
where
(2-11) KILX) := £ >N * (%)
h \

3. Convergence of two-dimensional Walsh-Fourier series

The well known Dirichlet-Jordan theorem (see (30j) states that the Fourier series
of a function /(x), X e T of bounded variation converges at every point x to the
value [/ (x+ 0) + / (x - 0)]/2.

Hardy [16] generalized the Dirichlet-Jordan theorem to the double Fourier series.
He proved that if a function /(x,y) has bounded variation in the sense of Hardy
(/ € BV), then 5 [/] converges at any point (x,y) to the value ££ / (x£ 0,y = 0).
Here and below we consider the convergence of only rectangular partial sums of
double Fourier series.

Convergence of d-dimensional trigonometric Fourier series of functions of bounded
N-variation was investigated in details by Sahakian [23), Dyachenko [3,4,5], Bakhvalov
[lj, Sablin [22], Goginava, Sahakian (12, 13], and others.

For the d-dimensional Walsh-Fourier series the convergence of partial sums of
functions of bounded harmonic variation and other bounded generalized variations
were studied by Moricz [19, 20], Onnewer, Waterman [21], and Goginava [7].

In the two-dimensional case the following result is known.

Theorem 3.1 (Sargsyan [24]). If f 6 HBV(P), then the double Walsh-Fourier
series of f converges to f (x,y) at any point (x,y) 6 12 where f is continuous.

The authors have investigated convergence of multiple Walsh-Fourier series of
functions of partial /1-bounded variation. In particular, the following result was proved
in [14].

Theorem 3.2 (Goginava, Sahakian [14]). The following assertions hold:
a) Iff P{iog?2uj BV(P) for some £ > 0, then the double WaUh-Fourier
series off converges to f (x,y) at any point (x,y) e  wheref is continuous.
b) There exists a continuousfunctionf e P{"|*}5V (/2) such that the quadratic
partial sums of its Walsh-Fourier series diverge at some point.
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The next theorem contains a similar result for functions of bounded /1™-variation

Theorem 3.3. The follovnng assertions hold:
a) Iff W , then the double Walsh-Fourier series of J converges to

f (x,y) at any point (x,y) where f is continuous.
b) For an arbitrary sequence an -* °° the™ exists a continuous function f e

J, "°n-.{l.* BV such that the quadratic partial sums of its Wolsh-Fourier
iog(n+i) j

series diverge unboundedly at (0,0).

Proof. The assertion a) immediately follows from Theorems 1.1 and 3.1.
To prove the assertion b), observe first that for any sequence /1 = {A,} satisfying
(1.1) the class C [P)f\S*BV is a Banach space with the norm

ii/ilA#Bv=iiliic+tn#inal),

and 5yv,jy(0,0,/), n = 1,2,..., is a sequence of bounded linear functionate on that

space. Denote

(2™+'x - 2, if X€ [j2~2N,(2j +1)2 1" 1],
<PNI(X) = 1_ (2*N+'x- 25 - 2), if xe e+ 123 1,03+ D2-m™7,
0, ifze A [j2~2N,(j + 1) 22N] ,
(3.1) <N(x) = 53 VWj(x), X6 7,
j=l
ON (x,y) = <N(x) pn (v)sgnD,,n (x)sgnD,w (y), x,yel,

where gN is defined in (2.5).
Suppose /1 = jAn =
a=172

i »where an -¥ oo0. It is easy to show that for

2%
b*V.(gN)<c 53 10g(>+ 1) =0o(N2) as N -i oo.
*a<

Therefore ||par||n#avi = 0 (N2) = ijnN 2, wherer\y, -4 0 as N 00. Hence, denoting
Gm = mwe conclude that Gn e A*BV and

3.2) sup||Gw|A#BV, <oo0.
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By construction of the function Gjv we have

SgN,gn (0,00GN) = JJ Gﬂ Ne D4" M A

(3-3) = JJ <PN(*) <PN(y) ID ,n (z)] ID4n (y)| dxdy

4>N (ar) \D4,, (x)\dx 1
\I L]

Next, using (2.4), we can write
0+1)2™
I (pN (®) IDmtl {x)\dx—f <p\lJ (x) IAn* (x)\dx =

*53’\(5 ¥ ”\N®d>2ﬁ £V

2N
Consequently, from (3.3) we (fbtam
(3.4) | (0,0; C?jv)| > % -+00 as N -¥o00.
According to the Banach-Steinhaus Theorem, (3.2) and (3.4) imply that there exists
a continuous function / 6 {lag(n+1)} BV such that

sup ISjf.N (0,0; /) 1= + Q0.

Theorem 3.3 is proved. O
As an immediate consequence of Theorems 1.2 and 3.3 we have the following result.

Theorem 3.4. Let the Junction f (x,y), (x,y) € 12, satisfy the condition
-v*(,f,n)log(n+I
y-yr(fnlogn+l)
n=1
Then the double Walsh-Fourier series o ff converges to f (x,y) at any point [x,y) €
where f is continuous.

8=1,2.

4. CESARO MEANS OF NEGATIVE ORDER FOR TWO-DIMENSIONAL WALSH-FOURIER
SERIES

The problem of summability of CesAro means of negative order for one dimensional
Walsh-Fourier series was studied in the papers [8], [26]. In the two-dimensional case
the summability of Walsh-Eburier series by Cesfro method of negative order for
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functions of partial bounded variation was investigated by the first author in [9],
[11]. In particular, the following results were obtained.

Theorem 4.1 (Goginava [9]). Letf GCw [P)MPBV anda,0 > 0, or+0 < 1. Then
the double Walsh-Fourier series of the function f is uniformly (C; -a, -0) summable
in the sense of Pringsheim.

Theorem 4.2 (Goginava [9]). Leta,0> 0, a+0 > 1. Then there exists a continuous
function fO GPBV such that the Ces/ro (C; -a, -0) means <7“'~ (0,0; f0) of the
double Walsh-Fourier series of fb diverge.

Theorem 4.3 (Goginava [11]). Letf e C ({i1 0},{0~P))Y (P) witha,0 G(0,1).
Then the (C,-a, 0)-means of double Walsh-Fourier series converge to J (x,y), if f
is continuous at (x,y)m

Theorem 4.4 (Goginava [11]). Leta,0 G(0,1), a+ 0 < 1. Thefollowing assertions
hold:

a) 1ff P {lag*w(I+i) } BV(P) for some e > 0, then the double Wabh-Fourier
series of thefunctionf is (C;-a, —0) summable tof {x,y), iff is continuous

at (x,y).
b) There exists a continuous Junction f GPj ' ( +)} BV(P) such that the
means A (0,0;/) diverge.

In this paper we prove the following result.

Theorem 4.5. The following assertions hold:
a) Uta,0 G(0,1),a+0 < landf G } MV. Then the means
(*.1/:/) converge to f(x,y), iff is continuous at (X,y).
b) Let A := { 1( +/)E,}, where f oo as n -> o0o. Then there exists a
function f G C (P) CA*V for which the (C;-a, -0)-means of double
Walsh-Fourier series diverge unboundedly at (0,0).

Proof. The assertion a) immediately follows from Corollary 1.2 and Theorem 4.3. Ib
prove part b) of the theorem, observe first that

BVCC {nl (“+«6,}#V,

and since £,, | oo is arbitrary, it is enough to show that there exists a continuous
function / G A*BV for which (C;-a, -0)-means of double Walsh-Fourier series
diverge unboundedly at (0,0).
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Denote
hN (x,y) := <iN(x) <IN(v) LB KpH (x) BonK~J1 (y),
where <py iH definedin (3.1),and the kernel K% is defined in (2.11). It ia easy to show
that fora= 1,2and TV~—»00 we have

(ap <c(o,a
i=l S}
Hence
IMInBv =»( ' ""») =

where tin = 0(1) as N -t 0o. Consequently, denoting

rr /.4 _ fejy(x.y)
*( T 22LLa+i)
we conclude that dar 6 C(/2) A*BV and
(4.1) 8up||Anr|n#Bv <oo0.
By construction of the function Il , we have

»~0MP& (0,0;4,,) = jj HN(X,y)K-% (x) K~i (y)dxdy
P

(4-2)

VN22N(a+0) j j KN (*e») 15» (*)*2™ (»)
=)

= A 2% («+1) [ (*) Ne ™| fcIJvN K~ ).
| I
Now, using the following estimate from [26]:

m—N
J [Q?(X)[rfx >c(a)2ma, TVEN, m=1,~IV, 0<ac<]
-V-I
we can write
2w _! 0+jS*"
(4.3) J <N(x) (X)|dx = 53 Vifj{x) \kv % (k) dx
J *]  jaaw
a--i. , .M AN T 12311 / n i T
= 53 ka* ( ~)]| / 'PNj{x)dx = - 53 f 23w J d*
i=I ja~av = j2~3N
adW.i tt+1)2~sw 3r-1 am+l-i K +1)*
= E. / £ / Ne (*)!=*
=i >0 i=a-
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., maw N1
:Zl"g}l T K%QRldeda) £ 21>Gax™

™=0
Similarly, we can prove that

(4.4) | w (x)|*(*)|*" «al)2aw. * 6N- °<A~A<L
I
Combining (4.3) and (4.4) we get

(4.5) 0.°19*) * ~ f - »« “ A <
Applying the Banach-Steinhaus theorem, from (4.1) and (4.5) we infer that there

exists a continuous function / e A*BV such that
sup {(ivnr" (>>0,; /)|1: +Q0.
n

Theorem 4.5 is proved. O
Taking into account the embedding A*BV C S#BV, from Theorem 4.5 we obtain

the following result.

Corollary 4.1. Leta,p € (0,1), a+ < landf € {nl-IB+/1}*BV. Then the
means(x,y;f) converge to f(x,y), iff is continuous at (x,y).

A combination of Theorems 1.3 and 4.5 yields the following result.

Theorem 4.6. ljeta, € (0,1),a+/3< 1 and

gi"fi-faS) <0° for a= 1>2-
Then the means(x,y,f) converge to f(x,y), iff is continuous at (x,y).
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Abstract. Turo new formulae expressing explicitly the repeated integrals of Chebyshev
polynomials of third and fourth kinds of arbitrary degree in terms of the same polynomials
are derived. The method of proof is novel and essentially based on making use of the power
series representation of these polynomials and their inversion formulae. Using the Calerldn

spectral method, wo show that these formulae can be used to solve some high-order boundary
value problems with varying coefficients, and propose two Galerkin-typo algorithms for solving
tho integrated forms of some liigh-ordor boundary value problems with polynomial coefficients.
A numerical example is discussed, which shows that the proposed algorithms are more accurate

and efficient compared with tho analytical ones.
MSC2010 numbers: 42C10; 33A50; 65L05; 65L10.
Keywords: Chebyshev polynomials of third and fourth kinds; power form; inversion
formula; high-order boundary value problem.

1. Introduction

Spectral methods have been extensively used in applied mathematics and scientific
computing to obtain numerical solutions of ordinary and partial differential equations
(see Boyd [5| and Canuto et al. [6]). These numerical solutions are written as expansions
in terms of certain "basis functions which may be expressed in terms of various
orthogonal polynomials. Spectral methods have advantage that they take on a global
approach, while finite-element methods use a local approach, and as a consequence,
spectra] methods have “good” error properties and converge exponentially.

The classical Jacobi polynomials P 1°'B)(x) play an important role in mathematical
analysis and its applications (see Abramowitz and Stegun [3], Andrews et al. [4]
and Boyd [5]). In particular, the Legendre, the Chebyshev and the ultraspherical
polynomials, which are special classes of Jacobi polynomials, have already played an
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important role in the spectral methods for solving ordinary and partial differential
equations.

The Chebyshev polynomials have become increasingly important in numerical
analysis, from both theoretical and practical points of view. It is well-known that
there are four kinds of Chebyshev polynomials. They all are special cases of the
classical Jacobi polynomials. A large number of books and research articles deal with
the first and second kinds of Chebyshev polynomials Tn(x) and Un(x) and their
various applications (see Boyd |5), Doha et al. (14), Julien and Watson [17], and
references therein). However, there is only a few number of publications devoted to
the Chebyshev polynomials of third and fourth kinds V,,[x) and W,,(z) (see, e.g., Doha
et al. [13] and Eslahchi et al. [16]). This motivates our interest to such polynomials.

The study of both high even-order and high odd-order boundary-value problems
(BVP%) is of interest. For instance, the third order equations are of mathematical and
physical interest, since they lack symmetry and, in addition, contain an important
type of operators which appears in Tany commonly occurring partial differential
equations, such as the Kortewege-de Vries equation. Another important example is
the sixth-order boundary-value problem, which arise in astrophysics. Due to their
great importance in various applications in many fields, high-order boundary-value
problems have been extensively discussed by a number of authors (see, e.g., [15, 19,
22, 24, 25, 26]). In a series of papers [1, 2, 9, 10, 11, 13], the authors dealt with
such equations by using the Galerkin or Petrov-Galerkin methods. Using compact
combinations of various orthogonal polynomials, they have constructed suitable bases
functions which satisfy the boundary conditions of the given differential equation.

An alternative approach is to integrate the differential equation g times, where g
is the order of the equation. The advantage of this approach is that the underlying
equation resulted an algebraic system that contains a finite number of terms. Doha et
al. [12] have followed this approach, to solve the integrated forms of third- and fifth-
order elliptic differential equations using general parameters of the generalized Jacobi
polynomials. Some other papers were concerned with obtaining analytical formulae
for the g times repeated integration of some orthogonal polynomials (see, e.g. Doha
[7, 8], and Phillips and Karageorghis [21]).

In this paper, we derive two new formulae that express explicitly the repeated
integrals of Chebyshev polynomials of third and fourth kinds in terms of the same
polynomials. Then using these formulae, we develop two Galerkin-type algorithms,
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(C3GM) and (C4GM), for solving the integrated forms of some high even-order

differential equations with polynomial coefficients.
The paper is organized as follows. In Section 2, some properties of Chebyshev

polynomials of third and fourth kinds are given, and some new relations of these
polynomials are stated and proved. In Section 3, we derive two new formulae which
express explicitly the repeated integrals of Chebyshev polynomials of third and fourth
VinHn in terms of the same polynomials. In Section 4, we present two Galerkin-
type algorithms for solving the integrated forms of some high-order boundary value
problems with polynomial coefficients. In Section 5, a numerical example is discussed
to demonstrate the accuracy and efficiency of the algorithms proposed in Section 4.

2. Some properties of Chebyshev polynomials of third and fourth kinds

Chebyshev polynomials Vn{x) and Wn(x) of third and fourth kinds are polynomials
in x, which can be defined by one of the following two equivalent forms (see Mason

and Handscomb [20]):

and

where x = cosfl, and P$?'0){x) is the classical Jacobi polynomial of degree n.
It is clear that
(2.2) Wn(x) = (—1)” V,,(—x).

The polynoamils Vn(x) and Wn(z) are orthogonal on (-1, 1) with respect to the

yg— . respectively, that is, we have
0, ifTtdn,
m, ifm=n,
and can be generated by using the following two recurrence relations:
(2.3) Vn(x) = 2xVn-i(x) —Vn 2{x), n=2,3,...,
wth V(K = 1, V\{x) = 2x —1, and

Wn{x) = 2x Wn-i(sc) Wn-tix), n=2,3,...,
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with Wo[x) = 1, Wi(x) = 2x + 1. Below the following special values will be of
importance:

(2-4) () = (-irw , (-1) = I,

(2-5) W)= (-1 V,(-I) = 2n+ 1,

(2.6) DOK (1) = (-)"+*E>*wn{-1) = I'I{ G DL &
k=0

ol

2.7y DgW,(I) = (Hhn+,Z27WVh(-1) = 2n+1) N (" .o> 1
k=0

The following two theorems and lemma are needed in the sequel.

Theorem 2.1. The explicit power form of the polynomial Vn(x), n > 1 is given by

the formula

! [*1
(2.8) Vn(x) = '£ ankxn-*k+"£ b N,KXN- 2K- \
k=0 k=0
where
_ (-Vk(n k)\2*~"k ( DArfo *:-1)r 201
(G **K fol (n —2fc)l fel(n—2fc—1)1

Proof. We proceed by induction on n. Assume that the relation (2.8) holds for
(n —1) and (n —2). Then starting with the recurrence relation (2.3) and applying
the induction hypothesis twice, we obtain

1=m 12]-i
(2.10) V,(x) =2 £ on-x.fcx" 2%- Y, *» * *sp- 2fe~2+
=0 =0
171 1£]-i
+2 J2 bn-i.itx” 3* 1 bn-2 kxn~2k 3,
=0 X=0

which can be written in the form

1 2
where
141]
Y. = —on-a,»-1 G,+ 20n-1,0XNs Y. g20n-1f- in-2«-i3 XN 2K,
1 fc=l
(V1
Y, =2bn-101 1+ £ {2bn_lifc- bn-2k-y} xn-2k~\
2 fe=I
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ftnl én-_f,ﬂcl): ncven <

n odda.

It is not difficult to show that
21in—0 = Ono, -an-a.f-i = 2a"-i.* °n-afc-1=4». 1<k <[=vyi],
-10=bno, 2 -.,* bn-ik-i=bnk 1<*< .,

i

and therefore we can write o

1 =0
“d m

3 f=0
where Onk and 6nfc are given in (2.9). This completes the proof of Theorem 2.1. O

The next theorem was proved in Doha et al. (13].

Theorem 2.2. For allk,m e Z+, we have

(2.11) Vk(x) = | Q vk+m?,(x).
In particular, the following inversion formula holds
1 m
2-12 =
(212) 10
Lemma 2.1. For every nonnegative integer r and a natural n > r, we have
(2.13) V' (~1) ("~ 1-1) _ (Hrg(n——m

MK on-j+g-n)\{r-jy. rt@—)t( + —)I"

Proof. Setting
M v (1Y (n-i-1)I
W -j+rg-rnr-j)
and using Zeilberger’s algorithm (see, e.g., Koepf [18]), we conclude that Mn,g
satisfies the following difference equation of order one:

(r+D(n-r LMNOKEH+ (g-r)(n+q-r) MmHT=0, Mn2A0=
(n+9)r

which can be solved to obtain
M _(~1rg'(m r 1
nyr rl(@—")!(n+qg—)l
Lemma 2.1 is proved.
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Remark 2.1. The counterparts of Theorems 2.1 and 2.2 for the polynomials W,,[x)
can easily be deduced with the aid of relation (2.1).

3. Formulas for repeated integrals of Chebyshev polynomials Vn(x)
and Wn(x)

The objective of this section is to state and prove two theorems, which express
explicitly the repeated integrals of Chebyshev polynomials Vn[x) and Wn(x) in terms
of the same polynomials.

Given a natural number g, the times repeated integral ofthe third kind Chebyshev
polynomial Vn(x) is denoted by

q timet
. — 4
4(F)IJ ®Vn{x){dx)q =] N Wn(x)'dx dx...dx.

Theorem 3.1. The following formula holds.

) 2
(3.1) #> (%)= g Vn+q-2r Bn,TqVn+tq—2—i(®) + HA5-iX3))
r=0 r=0
where
(~Dr(n-nlql (—D)T+L [n —r —1)1ql

Nlm rBHA-~1AN + a-r)!” nr4 2«rt(g-r-1)1(n+g-r)t”’

and 7g-i(x) is a polynomial of degree at most (q —1).

Proof. Integrating the relation (2.8) 9-times, and using the equality

@ XHA
/
we get
[t] M
Ne (*) = £ e,lkes” 2**+ £ fnxq ),
fc=0 fc=0
where
(-1)fe2n- 2*(n-fc)l (-1)<t1 -« 1(,, - -11
3.2) £nkg— Al(n_2fc+ 9! =* k\(n —2k + g —1)!

and n4 i(x) is a polynomial of degree at most (q—1).
Taking into account the relation (2.12), we can write

1$?4z) = Y11 +Y , +M-N1x)>
a
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Wheie [*1 [axpl]-Ji
53 =53e"™** 53 Ci.n-2k+qVn+g- 2k - 2i (x)+
1 k=0 »0
[f]
53/n,*,f1 53 ««,*-l+4-1Vn+v-U-2i-20x),
k=0 »0
[s] [=t7i) fe

X = enfc9 53 A -2¥+9N+9 2*-2<-1(3)+
2 =0 <=0

[?] ("+—]-*
53 Wvm 53 Ci.n-rk+A-1 Ki-<j-2fe-2t-3(x),
=0 10

the coefficients e,,,*,? and /n,m are given in (3.2) and

GfIO- S L’ .
Expanding Xl) and 82 and collecting similar terms, after some algebra we get

A

y
INN)=¢ 5w, «~ WX+ 53 MIrgWg2- 100 + 7r._i,
r=0 r=0

where
r
(3.3) An,rtg —53 ien™ACr-jtn+qg-lj + fnj.q Cr~j—,n+g=2j—} >
1=0
r
(3.4 Bn,rg= 53 iendMCr-i.n+g-lj + fnj,q Cr-j.n+q-ij-1] *
1=0

Next, it is not difficult to show that

(3.5) finj,, Criif+,_an+ /,,Ji9Cr g 1>, an !=-_ 2 ~ a? b~
I+ g-j-n)i(r-jl

and
(3.6) enjtaCr- ,n+qg-2Z + /nj,, <V-i,n+3%-J-i = m

Finally, substituting the relations (3.5) and (3.6) into (3.3) and (3.4), and using (2.13),
for ATIr g and Bn,r < we obtain
(-D)r2~g(n —n)!ql
r@-r)t(n+g !’
B _ (Hr+12~q(n — —I1ig

nrd rl(g-r-1)!(n +g-r)l”’

and the result follows. Theorem 3.1 is proved.
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Remark 3.1. Note that the relation (3.1) may be written in the following equivalent
form:

(3.7) O P M -E * ivVn+g-i(x) + n—9—1,
i=0
where
(-1)4 (n i)l
T(A;l |- TTTb(n+—ff4r‘)l71» “ %18 e"\®n,
3.8 x, o= _ .
(3.8) B 11 R AR

M p M W H W

and #?_i(i) is a polynomial of degree at most (g —1).

Using the arguments of the proof of Theorem 3.1 and formula (2.1), we can obtain
a formula that express explicitly the repeated integral of Chebyshev fourth kind
polynomial Wn{x) in terms of the same polynomial. The corresponding result is
stated in the following theorem.

Theorem 3.2. Let (x) be the g-times repeated integral of the polynomial W,,(x):

“#>(*) = wn{x){dx)\

then
2
4 >0 = Wn+a-keo +
1=0
where
(3.9) = (—D*Enig>

and 7T,_i(x) is a polynomial of degree at most (q —1).

4. An APPLICATION TO A HIGH-ORDBR TWO POINT BOUNDARY VALUE PROBLEM

In this section, we are interested in applying the formulas, obtained in Section 3,
to solve the following high-order boundary value problem:

4.2) (-1)” «@m>(s) + TP(*) «(*) = /(*), ®€ (-1,1), n> 1,
subject to the nonhomogeneous Dirichlet boundary conditions
4.2) unr(xl) = totj, 0<j < _ 1

where p(x) is a given polynomial and 7 is a real constant.
73



b. H. DOHA AND W. M. ADD- ELHAMEED

It is worth to note that if we use the transformation:
2n—

y(x) =u(x)-f

where 0 < i < 2n- 1, are coefficients to be determined such that y(x) satisfies

the homogeneous boundary conditions

@3 WD) =0, 0< <n—
then the equation (4.1) takes the form

(4.4) 1)7yEnX) + 7p(x)y(x) =g{x), xe (-1,1), n>1,

where

9(x) =f(x) + ~2 Vix*

and tfi, 0 < t < 2n —1 are some constants that arc determined in terms of ft. For

details we refer to Doha et al. [13].
In what follows, we take p(x) = x", /i e Z”°, and instead of the problem (4.4)
subject to (4.3), consider its integrated form:
(4.5)
[/ (2n) 2n—1
X" J(x)(dx)<3n>= h(x) + Oix\ x€(-1,1),
i=0

12" v
yA(+1)=0, 0< <n—1, h{x)=] g(x)(dx)( \

where a* are arbitrary constants, and

q times

@) e 4gtimca
\] y(x){dx)4 = \] v(x)dxdx ...dx.

Define the following spaces

SN = span{Vo(x), Vi (x), V7{X)....... VN(x)},

SN = span{WO0(x), Wy(x), W2(x)....... WN(x)},

Xn=(v(x) €SN :&v{x1)=0,0<j <n- 1},

%n = {«(X) e Sn WD3v (1) =0, 0<j <n—1}
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Then the Chebyshev third and fourth kinds Galerkin procedures for solving (4.5)
consist of finding yjy(x) 6 Xn and Vn (x) e X n to satisfy

(-DnYar(*).v(m)Wi + 7 ([ aty£(z)(dz)(T),t;020)
v

(4-6) ~ J ud(x)

= (KE)+ J2 bi¢E»v(x)]) > 0<k<N —2n, Vv(x) € XN,

' »=0 /U %

and

(CD)"VWn(x),vx)wx]+7 ( f X*1yAx) (dxY 3n),v(x)\

\ / «»a(x)
= (h(x)+ Y'. bi " (g),r>@)" , 0<k<N 2n, Vv(x)6 Xn,
v *=0 JW,

wherew\(x) = yj] )=y N, (), «(F)W) =3 Wix)u{x)v(x)dx
is the inner product in the weighted spacc 1,1), and bi, bi, i = 1,2 arc some
constants.

We can construct two kinds of bases functions as compact combinations of the
Chebyshev polynomials of third and fourth kinds by setting

2»

(4.8) q}(,ﬂ{X): vie(x) + £ < w VkHUKX), o< K<N - 2n, n> 1,
m=1

2n

(4.9) viean@ = Wk(X)+ Y, dnkww=)y, o< k<N- 2n, n> 1,
m=l

where the coefficients {dm,*} and {dm,*} are chosen such that ¢k,n[x) € Xb+ and
i>kn(x) £ X*+2n. In view of relations (2.4)-(2.7), the boundary conditions (4.3) lead
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n tb. following linear to dolermi». th. co-M ts {*»,*):

2n+1
1+53 *pe* = ©
m=

()TO2fc+ 2ni+ )dm,* = -(2fc + )«

11 2n+1 « 1
TT(c—a) (fc+ s+ 1)+ 53 dmh M (k + Tn-*)(k+T + a+ 1)=0,
Ilv m=I >0
80 n
efc* DU (k-3)(k +a+1)+ 53 (-I)mdm.*(2* + 2™+ [)x
«=

ﬁfe+ m-s)(fc+m+a+ 1) —Q

O<k<N-2n and 1<qg< -1
The determinant of the above system is different from zero, hence {d™,*} can be

uniquely determined to obtain

v _____2;,_\ ..... , mis even,
— ({+Fn+
(4.10) dmfc

(fc+n+2)

and hence the basis functions ¢k,nix) take the form:

(«} *>SM-i"Brerb W

g {-1r®{7T-m){k+1)T = i{X)
to T+ n+ Hm+l

Similarly, the constants dm,* can be uniquely determined to obtain

4.12) dmk = (~1) dmk>

and hence

(4.13)
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It 1b obvious that {<£*> (*)} and {ipk,n(.x)} are linearly Independent. Therefore we
have

Xn = span{Ofc>n(x): 0 < K <N —2n}, Xy = span{V>*n{x): 0 <k <N —2n}.

Thus, the variational relations (4.6) and (4.7) are respectively equivalent to the
following:

((-Dn»U (*),fc(**w + ( X»Yb(X)(<1X)™ bk M(x))
(4.14) v 7 ux(s)
= + 52 biVi(x),pr={x)” Il 0<kK<N —2n,
and
(4.15) cr tua(x)
= [h(x)+ £ Wi{x), 0< k< N —=2n.
\ i=0 [ uwX)

Noting that the constants bi, bi, 0 < i <2n—1, should not appear if we take k>2n
in (4.14) and (4.15), we can write

416)  (( 1)"YBX) OKNX)"W+ (/ @) ~(*)(*)Q 1<M «)
= (Ms).oxn(x))v na)» 2n< k<N,

uii(i )

and

4.17) (C Dnyw (x).2,n(*))«W + N (N ) ) i
= (NgivVs.nCrr))**), 2 <k<N.
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Denoting

= (h{x), PxA[x )>i{x) n=C 2t T

= (n(a0, y>k,n(a0w*)>
N -

WA = 53°" GTn) cn = (cU,C?unnnne <&_2nr,
m=0
N-2n
B" = (<$,<?uer. <ft_2n)r ,

m=0

-An= (ai:hn<kj<N, *Sn = (bkjhn<kj<N,

RN= (ryyzn<ra<a. Sn = (Sy)2n<fc,j<Ar>
the equations (4.1G) and (4.17) can be written in the following equivalent matrix

forms:
W+ 7 ®n)cn = h",

and
(At+740

where the nonzero elements of the matrices An, Bn, Rn and Sn are given explicitly

in the following two theorems.

Theorem 4.1. Let the basis functions dk,n(x) be defined as in (4.11), and let
akj = (~1)” (®i-2n,n(x Pedbk,n(x))ai(x)

and
CU) n g i onn(a)(<ig)(@n) | DK |
| R / ' . y
« = ( / wi@®@
Then
X n+Tn = *pan{do MN(x), X ), ®wv,{x)}
and the nonzero elements of the matrices An and Bn are given by
2n
(4.18) aly = ()n1wY, dmj-2ndj-k+m-2n.ki
m=Q

2 4n
(419) bki= — ~ (,)"™m,j 2n rffi+j+rm—-fc=2** £p4di+m-2n-2«,i,2ni
m=0 j=01=0 4 7

where dm,* and En” 4 are as in (4.10) and (3.8), respectively.
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Theorem 4.2. Let the basis Junctions rl>kn[X) be defined as in (4.13), and let
rkj = (-1)” Ne-2r.,n(&),Vifcl,(x))IPa(l ),

and

X' N+2n = span{tpo n(x),ipi<n(x),... ,ipN'n{x)},

and the nonzero elements of the matrices Rn and S,, are given by
2n

tn=0 *=0»=0
where dm,k and Sk,n,q are as in (4.12) and (3.9), respectively.

The proofs of Theorems 4.1 and 4.2 are similar, so it suffices to prove only Theorem
4.1.

Proof of Theorem .1. The basis functions ¢k,n{x) we choose such that ck,n(?0 6
Xff+2n for t= 0,1,...,7V. On the other hand, it is clear that {">kn.(nO}o<*<nr are
linearly independent and the dimension of -Xjv+ is equal to N+ 1. Hence, we have

Xff+un = 8pan{do,,(r), gi,n{x),..., ~ ,n(i)}.

To obtain the nonzero elements (ojy) for 2n < k,j < N, we use formula (4.8) to get

2n 2n
= (1) £ £ <W-2n<kKk(Vj-to+nix), Vk+iix) ) ~ ,
m=0i=0

which in turn, with the aid of the orthogonality relation (2.2), yields
2n

fifci= (-1)" ITE£ dmj-an rfj-2n+m-fc,fc. j = k+S,8>0.
m=0

Thus, the formula (4.18) is proved. To prove (4.19), observe that since
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we can use the formulas (2-11) and (4.8) to obtain

io2 on o, 4
2n{x)= — £ £ | \dmj~2n Vv+j+m 2n 2,(x),
m=0«=0 V'

and therefore relation (3.7) gives

JE ya g j-2m,n (x) (dx) (2n)

J 2n  /* 4n |V
=2TE£ £ £ (.) ~J 2nEP+i+#m~2n 2t,i,2n V»+j+rn~i 2,(x).
m=0j=0r=0 V /
Finally, using the orthogonality relation (2.2), we obtain

™~ » [y
bkj - £ (s) dnH+m-i-k-2,,k E»+j+m 2n~2t,i,2n-
m=0 e=01i=0 " "

This completes the proof of Theorem 4.1.

5. Numerical results

In this section we give a numerical example to show the accuracy and the efficiency

of the proposed algorithms.

Example 1. Consider the following linear sixth-order boundary value problem (see,
Siddigi and Akram [23]j.-

(5.1)

i,00>(X)+(5x+1)i/(x) = (185x—25x*+10 x4) cos(x)+(270—36x2) sin(x), x € [-1,1],

subject to the boundary conditions:

y(—3) = 4cos(l), v(l) = -2cos(l),
YW ( 1) = cos(l) + 4sin(l), WV (1) = cos(l) + 2sin(l),
y(@)(-1) = —L6cos(l) + 28In(1), WV(1) = 14cos(l) - 2sin(l).

The analytical solution of this problem is given by
y(x) = (2x3- 5x +1) cos(x).
Table 1 below contains the maximum pointwise error E of |[u — using our

algorithms C3GM and C4GM for various values of N, while Table 2 pnnblnc the
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Table 1. Maximum pointwise error for Example 1, N = 14,16,18,20,22.
N C3GM C4AGM
14 216553 x10*“ 216799 X 10 *
16 7.20557 X 10 12 7.21269 x 10 12
18 165128 x 1014 170084 x 10 14
20 13765Xx 1015 1.38995x 10 15

Table 2. Comparison between best error for Example 1 by different

methods
Best error C3GM C4GM Siddigi and Akram [23]
E 13765Xx 101 1.38995x10 10 868x10"

best errors obtained by our methods (C3CM and C4GM) and by the septic spline
method developed in [23].

Comparing the errors given in Table 2, we conclude that our two methods, C3GM
and C4GM, are more accurate than the method developed in [23].
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AnHoTauusi. B HacToslel paboTe paccMaTpMBaeTCsl BOMPOC XapakTepusauuu
MHOXECTB TOUeK Heang(epeHLPyeMoCT UHTErPanoB Ho 6a3nucam NPsSIMOYrosib-
HWKOB M KBafpaToB. B 4acTHOCTM, faHa MonHas XapakTepusauus MHOXEeCTB
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1. BeegeHnune

Bonpocbl xapakTepusaumm aKCTPeMaTbHbIX MHOXECTB aKTya/lbHbl BO MHOTMX Ha-
MpaBfeHNsAX MaTeMaTMYeCcKOro aHanmsa. JKCTpeMasibHble MHOXECTBa 4acTo BCTpe-
YarTCs B TEOPMM OPTOrOHANbHBIX PAAOB W B UCCEL0BAHMAX FPaHNYHBIX NMOBEAEHUI
AHIMTUYECKMX 1 FTaPMOHNYECKMX PYHKLMIA. STM BOMpocaM MOCBSLLEHbI MHOMO pa-
60T. 3afaun xapakTepu3aLny MHOXECTB TOUEK PaCXOAMMOCTY TPUrOHOMETPUYECKIMX
psaoB paccmaTpuBanuch B pabotax [4, 5, 19, 10, 26, 27, 34]. AHaNOrMYHble BOMPOChI
NS PSAOB MO LPYTMM KNacCUYeCKUM OPTOrOHabHbIM CUCTEM BblIM PAaCCMOTPEHbI B
[2,3,0,12,14,15, 21, 23, 30,31]. Noapo6HbI 0630p HEKOTOPbLIX U3 3TUX Pe3yNbTaToB
MOXHO HaliTh B cTaTbsx . J1. YnbsHoBa [28, 29]. XapakTepu3aumsm npesesibHbIX
MHOXXECTB aHa/IMTUYECKUX (DYHKLMIA MOCHSiLeHa MOHorpadms 3. KonikHreyga n A
Nosatepa [17].

MepBOVCTOYHMKOM A5 MHOTMX 3TWUX UCCMEe0BaHUI ABNAETCS Credytolee yTBep-
XIEHMe.

Teopema A. [XaH-CepnuHckuid, [8,25]] Ana Toro, 4yTo6bl MHOXKECTBO E C R 6bI110
MHO>KECTBOM PacxognmocTu (HeorpaHUyeHHO pacxogMMOoCTH) HEKOTOPOI nocne-
[0BaTENbHOCTW HenpepbIBHbIX YHKLUMWIA Ha R, HEOBXOAMMO N JOCTaTO4YHO, YTOObI
OHO 6bI10 MHO>XKeCcTBOM Gsa (G&).
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OZHUMU U3 pefKUX Pe3ynbTaToB, AAKOLUX MOMHbIE XapaKTepusaLnm aKCTpeMasb-

HbIX MHO>XECTB ABNAKOTCA CneayroLline TeopeMbl.
Teopema B. (Konecnukos [18], 1994] Ans Toro, 4Tobbl MHOXKeCTBO B C T 6bIn0

MHO>XeCTBOM pajuabHO pacxoaymMoCTy HEKOTOPOi aHaNM TUYECKOA B AMHUYHOM
Kpyre doyHKLWM, HEOBXOAMMO M AOCTATOYHO, YT06bI E 6b110 6bl 06bEANHEHNEM [ABYX
MHO>KeCTB, OfHO M3 KOTOpbIX GS, a Apyroe - Hyfb MHO>KeCTBO Tuna Gsa-
Teopema C. [3aropckuii [33], 1946] [Ans TOro 4rTobbl MHOXXECTBO E ¢ R 06bl10
MHO>KecTBaM HeaudhepeHLMpPyeMOCTI HEKOTOPOI HENpepbIBHON Ha R oyHKLMK,
Heo6XoAMMO M [OCTaTOo4HO, YTO E 6bin0 06beguHeHneM MHO>KecTBa Tuna Gs u
MHO>KeCcTBa Tuna G<r Mepbl Hy/lb.

B paboTax [11,13] ycTaHOB/EHbI 06LLE TEOPEMbI XapaKTepU3aLmMmn 3KCTpeMasbHbIX
MHOXECTB MOC/Nef0BaTeIbHOCTEl OMepaTopoB CO CBOWCTBOM /I0KaNM3auum, U3 KoTo-
pbIX, B YaCTHOCTW, CMEAYIOT HEKOTOpble Pe3y/bTaThbl, YNOMAHYTLIX Bbile padoT. C
MOMOLLbHO 3TUX TEOPEM, MO/YUEHb! TAKXKE MOJHbIE XapaKTeprn3aLym MHOXECTB TOHeK
pacxogumocTy (C, a) cpefHMX psfoB Pypbe No KNacCUYeCKNM OPTOHOPMUPOBaHHBIM
cucTeMaM, a TakXKe 06bIYHbIX YAaCTUYHBLIX CYMM psAgoB Xaapa v dPpaHKIMHa.

B HacTosLLeii paboTe paccMaTpMBaeTCs BONPOC XapakTepu3aLmm MHOXECTB TOUeK
HeauddepeHUMpyemMocTy MHTerpanos yHkuuii u3 1?[R2), 1 < p < oo. MNyctb 3T
€CTb MHOXECTBO BCEX NOMYOTKPbITbIX NPAMOYTO/IbHAKOB (AeKapTOBbI NPOM3BEAEHUS
[BYX nHTepBanoB BuAa [0, b)) B R2, a uepe3 Q 0603HAUMM MHOXECTBO MOYOTKPbIThIX
KBagpaToB Ha R2. OueBnaHO umeem C . [ANHY 60/bLUE CTOPOHbI MPSMOYTO/b-
HMKa R G JR 060o3Haumm yepe3 diam (R). MycTb LU ecTb ognH 13 6asncos O unm Q.
[ns npoussonbHoN hyHkummn / € ZIL(R2) onpegenum

&I(£./)= limsup fmdt f(x).
diam (J1)—»0:reflelLl1 | I

oBopAT, UTO MHTErpan yHkuumM / e LXR2) B Touke ig R 2 andhepeHumpyem
no 6asncy A ecim 8T(x,/) = 0. N3BECTHbI CreaytoLLmMe KacCuyecKne TeopeMbl 0
AndhepeHLMpoBaHNM MHTerpanos (cMm. [7] ).

Teopema D. [Nleber, [20]] Ecn/ € Z1(R2), To <q(a,/) = 0 nouTw BClogy Ha R2.
Teopema E. [Meccen-MapumHkesuu-3urmyHa, [9]] Eciv / G L(1 +logX)(R2), To
6n(x,/) = 0 nouTw Bcrogy Ha R2.

OtmeTum, yTo Knacc L{1 + logL)(R2) npeactaBnseT co60K MHOXECTBO (PYHKL, MV
/(r), YBOBNETBOPAIOLLME YC/IOBUIO
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1 UMeeM
ANR2)3 UL +logL)(R2) 37(R2), 1<p<@

CornacHo Teopeme E nonyyaem, 4To MHTerpanbl pyHKUMiA knacca Z"R2), 1 < p < 00,

LnddepeHUmMpyembl noyuTy Berogy no 6asucy Or

Teopema F. [besHkosuy, [1]] Ecnm / 6 LA"R2) n <&H) /) < 00 Ha HEKOTOPOM

MHO>KecTBe E C R2, To 6<y(x,/) = 0 nouTwm Bcrogy Ha E.

Teopema G. [Cakc, [24]] CywecTsyeT thyHkuma f 6 L1(R2), ans koropoii 5xdx, /) =

00 BCloZly Ha R2.

OnpegeneHne 1.1. MHo>KecTBa

OT(/) ={*£R2:bl *,1 =0}.
= {x6R2: 0< 6<1(X,/) < 00},
Um(f) = {x 6 R2: = 00}
Ha30BeM, COOTBETCTBeHHO, C, B uU MHo>KecTBamu (hyHKumMn / 6 L*(R2) oTHO-
cuTenbHO 6asuca LU (pasHoro O unu Q).

Cnepfytowme Teopembl fat0T xapaktepmsaumm U, B 1 C MHOXECTB B HEKOTOPbIX
npoctpaHcTBax 1" (R2) no 6asucam A'm Q

Teopema 1.1. Ana Toro 4Tobbl E C R2 6bU10 U-MHO>KECTBOM HEKOTOPOI (DYHK-
unm / 6 LXR2) oTHOCMTeNbHO 6asnca O, Heo6X0AMMO U A0CTaTOUHO, YTO06bl OHO
6bI10 MHO>XKecTBOM Tuna Gs-

Teopema 1.2. Ana Toro yTobbl E C R2 66110 B-MHO>KECTBOM HEKOTOPOI (PYHK-
umm / e ZMNR2), 1 < p < 00, OTHOCUTENBHO Gasuca Q, He0H6X0AMMO M [OCTATOUHO,
4TO06bI OHO 6bII0 GSa-MHOXKECTBOM Mepbl HY/b.

Teopema 1.3. Ana Toro yTobbl E ¢ R2 6b110 U-MHO>XKECTBaM HEKOTOPOiA (hyHK-
umn / 6 ZNR2), 1 <p < 00, OTHOCKTENLHO 6asnca Q, HEOBXOAMMO M [OCTATOYHO,
YTO06bI OHO 6bIN0 GS-MHOXKECTBOM MEpbI HY/b.

B Teopeme 1.3 cniyyaid p = 00 He paccmaTpuBaeTcs, Tak Kak u3 / 6 b°° cnegyet
UgU) = 0. M3 Teopem 1.2 1 1.3 nonyyaem cregytoLnin pesynbTar.

Cnegcteue 1.1. Anga Toro, 4TOObI NONAPHO HenepecexaroLyyecs MHoO>KecTBa E\,

Ei, E3C R2 ¢ Ei UEh UE3 = R2 aBnsinuck 6bl cooTBeTCTBEHHO U, B n C MHoO-

>KecTBamn HeKOTopoii dyHkuum / € £p(R2), 1 < p < 00, 0THOCMTENbHO 6asuca Q,
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HeobXxoauMMOo M focTaTouHo, 4Tobbl \EW = |£?| O E\ umeno Tun Gf, a E? 6b1n0
MHO>KecTBOM Gga-

Cneactene 1.2. [And Toro, 4Tobbl MONAPHO HemepecekatoLmecs MHO>KecTBa Ey,

, E3C R2 aBnanncb COOTBETCTBEHHO , B 1 C MHOXKecTBaMu HeKOTOpOI
tbyHkumm / e N1°°(R2) oTHOCUTENbHO 6asuca Q, HEOOXOAMMO U JOCTaTOYHO, YT OOkl
Ei=0, Ei 6b110 Gsa MHO>XXeCTBOM MepbI Hyb.

2. Pas6ueHns u kntouesble hyHKLUNN

Uepes Hf n Qj 0603HaunM COOTBETCTBEHHO CEMEICTBA ABOVMYHbLIX MPSMOYTrO/b-
HWKOB 1 KBagpaTtoB. Vmeem C IHu Qf C Q Yepes E n E 0603HaummM cooT-
BETCTBEHHO 3aMblKaHMe 1N BHYTpPeHHOCTb MHOXecTBa E C R2. MHoxectso E C R2
Ha3bIBAETCA MHOXeCTBOM TUHa GT ecnim OHO NpesCcTaBUMO B BUE CHETHOTO Nepeceye-
HMA OTKPbITBIX MHOXECTB, a CYETHble 06beMHEHNA MHOXECTB T1MNa Gj Ha3biBaroTCS

Gsa MHOXecTBaMMU.

Onpegenenne 2.1. CemeiicTBa A 1 B [BOWNYHBLIX NMPAMOYTONbLHUKOB U3 obna-
[JaloT COOTHOLWeEHMeM A < B, ecnn ansa nobbix anemMeHToB a € A U b6 B BbINOS-
HsieTCs ogHo u3 ycnosuii @ C buima b= 0. Mpn 3Tom ecim A cOCTOUT U3
€IMHCTBEHHOrO 3/1eMeHTa a, TO 3TO COOTHOLLEHNE MOXKHO 3anucbiBaTb a Y B.

Onpegenexnne 2.2. CeMmeiiCTBO ABOWYHLIX NPAMOYrofbHUKOB A C SRj oKanbHO-
KOHEYHO OTHOCUTENbHO HEKOTOPOro OTKPbLITOro MHoXKecTBa G C R2, ecnm no6oi
komnakT K C.G nepecekaeTcs MNLLb C KOHEYHLIM YUC/IOM 3/IEMEHTOB U3 A.

OnpegeneHne 2.3. CemeiicTso 2 C G nonapHO HenepeceKatoLyxcs LBOMYHbIX
KBaApaTOoB HA30BeM S-pa3breHnemM O TKPbITOro MHoXKecTBa G C R2, ecnim OHO NoKanbHO-
KOHEYHO OTHOCUTENBHO G 1 BbINOAHAKTCS COOTHOLLUEHWSA

G= (J &

ne

(21) 5> -» 0, npu diam (bl) -> 0, well.

Nemma 2.1. Ecom5>0, aB C9 ecTb nob6oe cemeiicTBO, NOKaIbHO-KOHEYHOE
OTHOCUTENbHO HEKOTOPOro OrpaHnyeHHOro oTKpbiToro MHo>kecTsa G C R2, TO
cyllecTByeT 6-pasbueHune I mHOXKecTBa G, Takoe, 4To0 MY B.
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JokazaTenscTBO. MycTb AN, J1= 1,2..., eCTb CEMENCTBO BCEBO3MOXHbIX ABONYHBIX
KBaApaToB, A/IMHbI CTOPOH KOTOPbIX PaBHbl 2* 1 BbIMOHAOTCA COOTHOLLEHUS

T

diam (W) < ------=----1--- , e Ay.

3ameTum, 4To AK BygeT He NycTbIM Npu K> KO- O603Ha4YMM

SWE€AK:wWE y wl, kK=2,3,...
( WEMK-i J

Jlerko npoBepuTb, UTO CEMEICTBO KBAAPaToOB

YO0B/IETBOPSIET YC/IOBUSM JIEMMBI. O

[nsa paHHoro kBagpatawgQ onpefenvMm nupammgoo6pasHyto QyHKLMI0
Xw(x) = dist [x, wc), X6 R2
KOTOpas O4eBMAHO ABMSETCH HEMpepbIBHON. PaccmaTpuBaloTCs (hyHKLMN
u(x,n) = 3«(n+ 1)2M 2(Ajo,2 mX(02-n)(x) +\i/2,i/2+2-»)x[i/2,i/242-")(x)
—A[o,a-»)X[1/ 2,1/ 2+ 2-")(x) - A[Y 2ii/2+2-n)x[0i2-n)(x)) , €N,

v(x) = A[0,1/2)x[0,1/2)(x) + A[U2il)x[V 2ti)(a:) - A[Gi/2)x[i/2,i)(a:) - A[ila>)x[0,i/2)(*)-

Onpesenum YeTbipe MHOXECTBa

(2.2) an-):&o[ﬁ +93TH i +rbl “j=
1 0603Ha4YUM
(2.3) E(n) = Eoo(n) UEoi( ) Ew{n) UEn ().

MycTb W 6 Q eCTb NMPOM3BOMLHBIN KBagpaT, a (il MHeiHoe npeobpasoBaHne B R2,
oToGparkatoLLLee VB Ha equHMYHbLIN kBagpat [Q1)2 C R2. O603HaunMm

Uu(x,n) = n(du(x),n), wbi(x) = v(du(x)), Eu(n) = (&,)- 1(.6(m)).
MPOCTbIE BLIUMC/IEHNS MOKA3LIBAIOT, YTO

(24) im*n)|ji=iagi=Ja(n)n =21iin > IMx)|li = N/3.
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[Janee, 3ameTnm, 4To ecim w e QB €CTb ABOMYHbIA NPAMOYTO/bHUK, TO AN15 060w
ToukM X G EbI(M) CyLlecTBYeT ABOUYHbIA NPAMOYTObHUK R(X) 415 KOTOPOro UMeem

M 16 N(l)c k,<™)
M 3TOT MPAMOYIO/IbHUK COBMAaAAaeT C OAHVUM W3 NPAMOYTO/IbHUKOB, YYaCTBYHOLWMX B
06beguHeHMAX (2.2). AHIOrMYHO, eciin BHOBb W € Qj, TO

2-6) rai /BAo™(1)4E =5 16B [ c*“

ANs HekoToporo keagpata J1(r) ¢ [J1(x)| = |bl|/4. HaaToT pa3 R(X) npocTo coBnagaeT
C OHUM 13 YEeTbIPEX KBaApaTOB, COCTABMSAIOWMX W [Mpy 3TOM OTMETMM, YTO B 060MX
cnyyasx R(X) Bbl6MpaeTCs U3 KOHEUYHOro Habopa NpPsIMOYTo/bHMKOB.

3. A okasaTtensctBo Teopembl 1.1

[ns naHHoro npsmoyrosbHuka R € O 0603HauMM Yepes vert (A1) MHOXeCTBO Ye-
ThIpeX BEPLUMH NPSMOYro/bHMKa R.

Nemma 3.1. Ecnm Q € Q un dpyukuma f(x) = /(xi,x3) 6 L(R2) ynosneTsopseT
ycnosvim supp/(x) ¢ Q u

(3.1) J f(xi,t)dt= (, ) =0, xi.ijeR,
TOo Ana noboro npsmoyronsHuka J1 € AT ¢ ycnosrem Q  vert (J1) = O umeem
(3.2) [ f(x)dx=0.

Jr

JokasaTenscTeo. Ecnv /1 Q= 0, 10 (3.2) TpuBManbHoO. Mpeanonoxum, 4To
Q=[xilA)* R .E£), N=[oibi)yx , ).

C yyetom ycnosua Q vert (J1) = O, ocTaeTca ML paccMoTpeTb cnyyan [a3,ft) c
[oi, bi) unn [@2,ft) C K ,6). Ecinm umeem nepeoe COOTHOLLEHNWE, TO € y4eTom (3.1),
Nerko yCMOTpeTb, UTO

r e bl il
[ f(x)dx = / [ f(zl,X2)dXidXe= / /. /(@®1,1 )2 <E
"l J o N

= \] ®b )Q)tfain i2=0.

BTopoii cnyyaii paccmMaTpuBaeTCs aHasorMyHbIM 06pa3om. O
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Nemma 3.2. Ecim Q e Q v cpyHkums / € £°°(R2) ynoBneTBOPAET YCNOBUHO
(3.3 Bupp/ C Q,

TO Ansa noboro npsMoyronbHuka A € fHumeeT MeCTO HepaBeHCTBO
1 /m|fMI(fT .ll/lloo-diam(g)

TWYn dtam(B) m
[JokasaTenscTso. [MokaXem HepaBeHCTBO
34) | Al diam(Q)
A ~ diam (A)'

I'Iapanneanb|M NnepeHoCcoM KBaapart Q MOXHO nepecTaBnUTb Tak, 4YTOObI €r0 BEpLUNHa
coBnagana 6bl C O,U,HOI\/’I M3 BEPLUMH NPAMOYTO/IbHNKa. 3amMeTuM, 4YTO TOrga BenmymnHa

IQHS| NpuHMMaeT HamGO/bLLEE 3HAYEHNE, A BCE OCTa/IbHbIE BEIMYMHBI B HEPABEHCTBE
(3.4) coxpaHstoTcs. Moatomy 6e3 NOTePU OGLLHOCTY MOXHO PaccMaTpuBaTh TOMIbKO

Cnefytolime cnyyam B3auMHOro pacnonoxeHusa Q m 4 (cm. Puc. 1).

Puc. 1

MycTb CTOpOHa KBafpaTta paBHa C, @ CTOPOHbI NPAMOYTro/ibHUKA paBHbl &, b (a < b).

B nepsom cny4ae nveem

[<?204A| _ c _ diam (Q)
[A] ~b diam(A)’
BO BTOPOM MIMEEM
|IQn Al _ a-c_ c¢ diam(Q)
|4 o*b b diam(q)’

a B TPeTbeM Cny4dae
oA~ < ¢ diam (Q)

|4 a-b~b diam (A)
M3 (3.3) n (3.4) BbiTekaet
1 - 1in«n A, 1loomdiam(Q)
W Jx — il— s <w»(d)e
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Nemma 3.3. EcimL > 1, ° Q e Qd ecTb NPOM3BONbHBINA [BOMYHBIA KBAAPaT, TO
cywecTsyeT (pyHkumst } 6 C(Ra) mumcno ) >0 Takue, 4TO

(3.5) suppf C Q,

(3.6) I1/lloo < >

(3.7 Ijill <2 1

(3.8 f(x)dx= Q neit, Q vert(J)=0,

1 Ansa noboin Toukm X 6 Q cywecTByeT ABOUYHBIA NpAMOYronbHUMK R(x) ¢ Q Ta-

KOW, yTO

1 f(t)dt . X60,
(39) O B ©

npn 3Tom cemeiicTBO {4 (5): X € Q} COCTOMT M3 KOHEYHOrO Yncna 3NeMeHTOB.

[JokasaTenscTso. lNycTb n [3L] + 1 n T ecTb HEKOTOPOe HaTypasibHOe YMC/o.

OnpegenvM MHOXeCTBa

(3.10) Q=Gi 3(?ad...9<7T,

11 KOHEYHble CeMelicTBa JBONYHBIX KBaapaToB O* ¢ K=1,2,..., T, TaKue, 4To

(3.11) Gh= (J w, k=1,2,...,T,
(3.12) Gk=Gk-i\ (J *= 2 m,
b»er* !

rae MHoxxecTBa Ew(m) onpegeneHbl B (2.3). Bocnonb3ayemcs MaTemMaTuiecKon NHAYK-
umeii. B kayecTBe MepBoro Luara Bo3bMeM Npocto Gi = Q u = {Q}. HAcHo, uTo
ycnosusa (3.10) - (3.12) sbinonHAKOTCA. Mpefnonoxum, YTO yXKe onpejeneHbl MHO-
»ectBa Gk v cemeiicTBa I2* npu k = 1,2,... ,p, yaosneTsopstoLime ycnosusm (3.10)-
(3.12). Onpefenim MHOXECTBO
Gp+i = Gp\ (J Ebi(n).
Ler.

OuyeBMaHO, OHO MPeACTaBMMO B BUAE KOHEUHOH 06beyHEHNA ABOMYHBIX KBafpatoB,
cocTasnsowwmx Mp+i. B utore nonyyaem

Gp+1= (J w.
LwellpH
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OuesungHo Gp1lwm Tipj! yposnetsopstoT ycnosusam (3.10)-(3.12) npu k = p+ 1. Yuu-
TbiBad (2.4), (3.11) un (3.12), nmeem

G = |G *-i]- (3 Ew(m)

1, cnenoBsatesibHO, Nnony4vyaem

(3-13) \Gm\ = (|- ymlQl <,
npy goctaToyHo 6onbwioM m = m(n). O603HaUUM
(3.14) N*) =53 (*) x=12..m-I,
ueQi,
(3.15) /m(x) = VIL(X).
460.
YuutbiBaa (2.4), (3.11) - (3.15), nerko nposeputsb, Yt0
(3.16) supp/k C Gfc\Gjt+i = (J £L,(n), A=1,2,....m,
wen*

@ W= 1jone )|

wen*

=EIW I =|G*I |[Gwl, *=1,....m -1,

Lern»
(3.18) [l/m{li=n-[Gm|<|g],
(3.19) W n =3(n+NH2n 2= c{l).
Onpegenvm

/Iw -E nm .
h=l

OuesugHo / € G(R2) n nmvetoT mecto (3.5) H (3.6). Janee, ¢ yuetom (3.10), (3.17) 1
(3.18), nonyyaem

LI/(t)Idt = X)(IGfd - [Gfe+i]) + |Q] = 2|Q[ - |Gm| < 2\Q\,

oTKyfa cnepyeT (3.7). Ycnosue (3.8) HemegnieHHO cnefyeT u3 nemMmbl 3.2. UTO6bI
nokasaTb (3.9), BoO3bMeM /106yt ToUKy X € Q. meem x e G*\G*+i npu HEKOTOPOM
kK=1,2,..., T, rge npegnonaraetcs Gn+l = 0. M3 (3.16) nonyyaem, uto x e Ewi(n)
onsa HekoToporo ksagpaTta u e fife. Ecim Kk < T, TO cornacHo (2.5) cylwecTtByet
npamoyronbHuk R = R{x), x £ R C EbI[n), Takoli 4To

n+1
>
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Ecnm xe K = TO U3 (2*6) BbITEKAET
n - ’
w \n T m J[nbuj{t)dt:3>
Ans HekoToporo kBagpataR = A(x), xe EC w . MpuaTtom cemelictBo {A(r), xe Q }

COCTaBNSAET KOHeYHbIl Ha6op. O

Nemma 3.4. Ecim G C R2-0rpaHnyeHHOe OTKPbITOe MHOXKECTBO, a CeMeiicTBO
[BONYHBIX NPAMOYrONbHNKOB A ¢ $KN N0KabHO-KOHEYHO OTHOCUTeNbHO G, TO AN
nobbix umcen L > 1, e > 0 cywecTsyeT yHkuusa f e L°°(R) Takas, 4To

(3.20 suppfc G,
(3.22) /1 < .
(3.22) [ f{(x)dx =0, RG6A,
n
(3.23) E«(/>*) =0, x6K2
3.24 <e, R€ ,REG,
(3.24) m IL md*
M ans Nio6oii Toukn X 6 G cylecTBYeT ABONYHBIA MPAMOYronbHUK R = R(X) C G,
Takoi uTo
1
(3.25) L IM* >L, xe R{x)CG,
1N R

npu aTom cemeiicTBo {R(x): X 6 G) NOKaIbHO-KOHEYHO OTHOCUTENLHO G.

[JokasaTenscTso. MNyctb 5 > 0 ecTb HekoTopoe yuco. CornacHo nemme 2.1 cylue-
CTBYeT J-pa3bueHune 2419 MHOXecTBa G, Takoe 4To

(3.26) n=A.

MpumMeHnB neMmy 3.3 Haf KaxabIM KBagpatoM Q 6 I, Mbl nonyuum dyHkumm fg(x),
Q 6 fl, ygosnetsopsitowme ycnosusam (3.5)-(3.9). O603HaunM

(3.27) Ne)=w £ LW -
Qen

FAcHo, uTo MMeeT mecTo (3.20) 1

(3.28)

Hanee, B cuny (3.7) (gns QyHKLMiA /<?), uMeem

1. < u_q,QEen V|b|b£gL3\Q£ea2IBI-1.

92
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n nonyunm (3.21). N3 (3.8), B HaCTHOCTK, UMeeM
(3.29) } fQ{t)dt =
q

W3 ycnosusa (3.26) cnegyet, yuto ans nobbix A4 GA 1 Q € ft umeem Q ¢ A wm
Q R =0, nnoatomy, ¢ yuyetom (3.29), nonyyaem

/»q{x)dx -0 Qsn,

0TKyfa cnefyet (3.22). Ecnim i e G, 170 & 6 Q npu Hekotopom Q G IN. CornacHo
(3.9), cywectyeT npaMoyronbHUK A = A(x) C O, ya0BNeTBOPAOLLMIA YCOBUHO

> 2L\G\.

IW\ 2ICIAl >L,

koTopoe gaet (3.25). CornacHo nexwe 3.3 cemelictBo {A(X) : x € Q} cocTouT 13
KOHEYHOro yucna npsMoyronbHuKoB. C yyetom (3.26), nerko 3ametuTb, 4to {R(X) :
x € G} 6yfer NoKanbHO-KOHEYHbIM OTHOCUTENBbHO G. Terepb paccMOTPUM Jito6ble
Q 6 MuR € 9L Ecnm umeet mecto Q vert(d) = 0, 1o cornacHo nemme 3.1,
noay4numM

OTtcroga nonyyaem

jR [<A*)<& —O.
Ecnn xe nmeem
(3.30) Rt G, Q wvert(d) O,

TO Nerko ycMoTpeTb, 4To diam (A) > dist(Q,Gc)/2. Otctofa, NpUMeHUB nemmy 3.2
1 cooTHoweHms (2.1), (3.28), 3akntoyaem

Gan  u k(g < Womiam(@) 7 ob) diam(Q)

npu diam () —»0. OTMeTUM, UTO NMpY PUKCMPOBAHHOM H KOMIMYECTBO TaKUX KBaf-
patos Q 6 T, yanoenetsopstowmx (3.30) He npesocxoamT 4. OTcroga n u3 (3.27) Bbl-
TekaeT

fagz,f) = giam (m'%‘; x€stelst I;;f‘l‘]fr f(t)ydt-f{x)

. i =0, 6 Gc,
dlarn(H)I-LrI)]:*GFléilH r;”_ Jlr X

T.e. umeeT MecTo (3.23) npu x € Gc. Ecim xe r 6 C, To 060 NpsMOYrofbHNK
A y KoToporo BennymHa diam (H) gocTaTouHO Mana nepecekaeTcs NMLb KOHEUHbIM
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r. A'kaparynsaHu, g.a. KAPAIYJIAH

ymcom KeagpatoB m3 M. C gpyroii cTopoHbl, SHX, /) = 0, Tak Kak Kaxgasa us /g
ABMIAETCSA HEMPepbIBHOW (hyHKUMed. OTCIoAa Nerko cnegyet

$a(*i/) =01 x GG,
M Mbl nonyyaem (3.23). AHaOrMUYHbIMK paccyxgeHuamu, npu ycnosusx (3.30), u3
(2.1) n (3.31) 3akntovaem
/ L ff(x)dx < 4en
(532) o A <46 distQ.6) - 6]
KoTopoe paet (3.24) npy 4OCTaTOYHO MasioM S.
JokasaTenscTBO Teopembl 1.1. HeobxogumocTb: A gaHHOR yHkuun/ 6 ~ (R 2)

PacCMOTPUM MHOXECTBa

A.(/)= jx €R2: AN€A, x6 N, diam () < I/ ,[JL  /(*)a| >nd)

KOTOpble QYEBMAHO ABMAIOTCSH OTKPbITbIMU. [LOKaXeM, YTO
(3.33) A(f) = >1"(/) = {xe R2: H(X,/) = oo}.
n>1
[eiicTBUTENbHO,
x€ (), x€An(f), npu nobom =1,2,...

% € R x € J1*, diam (/1) -»0, [JL j f(t)dt -»oo,

<><Bart(x,/) = oo.

W3 cooTHoLeHns (3.33) BbiTekaeT, uTto {X 6 R3: *(x,/) = 00} ABNAETCA MHOXe-
cTBoM Tuna G{.

JocTaTouHocTb: MNycTb E ecTb HeKOTOpoe MHOXeCTBO Tuna Gj. CHavana npes-
nonoxum, 4to E C Q, rae Q ecTb HeKOTOpbI KBagpaT. Torga nmeem

a-Tlc*
fc=l

rae, 6e3 orpaHuYeHns OBLLHOCTU, MOXHO Mpegnonaratb, YTo MHOXecTBa G* ¢ 2Q u
G*+i ¢ Gfc, k =1,2...... [JOKaXXeM, YTO CyLLEeCTBYET NOC/E0BaTENbHOCTb (DYHKLNT

el°°(rU), k=1,2,..., 4LNA KOTOPbIX UMEOT MECTO COOTHOLLIEHMA

(3.34) suppa ¢ Gk< I/ (Il = X
(3-35) 6<x [l) =0, X6R2,
(3.36) JIJIWI LfkDodx <2-%, Ren,RtG K,
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M 4N no6oii Toukn X 6 Gt cyllecTByeT ABOMYHLIA MPAMOYTObHUK H* (1), Takoi
yTo
K-1

(3:37) Y[ fk@dt >2%+ £llilloo, X6 Rk(x) CG*, k> 1,
iRk{x) =1

(338) | [*(*)N«0, xeG,, j=1,2,..%-1

npwv aTom cemeiictBo {*(x): x € G*} ABnseTCA NOKa/IbHO-KOHEYHbIM OTHOCUTENIbHO
Git. Bocnonbayemcs MHAyKumeid. Cnyyali fc= 1 BbiTekaeT 13 nemmbl 3.4 npn G = Gi
n = 0. lNpegnonoxmm, 4To yxKe onpeaeneHsl PyHKuMn /*(*), t= 1,2,...,p co
cBoicTBamu (3.34)-(3.38). O603HaUMM

(3.39) = IIJJ{Jk(*): xeChb).

k=1
Mo NpeanonoXxeHMI0 MHAYKLUMK, Kaxgoe u3 cemeidcTB {A*(x) : x 6 C*}, k= 1,2,...p,
ABNAETCA /IOKA/IbHO-KOHEYHbIM OTHOCUTensHo G*. OTcloga, 04eBUAHO, YTO MHOXE-
CTBO MPAMOYTO/NbHUKOB J1 ByfeT NOKa/lbHO-KOHEYHbIM OTHOCUTEeNbHO Gp+i. Torga
npuMeHVB nemmy 3.4 ana >4 onpegeneHHoro B (3.39) u

0=0", 6=2"\ = N1+A | 00,
i=i
MOXHO onpefenutb (yHKumno fp+i(x), YA0BNEeTBOPAOLLYIO YCNOBUAM NeMMbl 3.4,
0O603HauYMM

/() = Xfic(q)-

Bo3bMem o6yt Touky X E. Vimeem X 6 Gfc, k = 1,2, — TycTb Ab(X) ecTb no-
CefoBaTeNbHOCTb NPAMOYIO/IbHUKOB, YA0BETBOPSAIOLWMX yenosuam (3.37) u (3.38).
Vimeem

r 1
00 R0/ tdepol oo i1

) o UMM _Eﬂx@/ M

4001 fhiew TV
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1 cneposatensHo *,(*./) = o0o. Tenepb npeanonoxum, 4yto x € E*. Torga nveem
X 6 Gk- 1\ Gk npv HekoTopom * = 1,2,..., rae npeanonaraetcs GO= R n nmeem

*o

(3.40) HX)=°> 1-
Ecnm m > fg 10, ¢ yyetom (3.35), (3.36) un (3.40), nonydaem

«*F[>-* (»E£:*) 4 £ lw i T n ~n<l)

T4t [ fi()N % £ 2
Tl 1eq i—m

limsup E
<iioT(5)-»01x69619°=
Tak Kak m 6 IRMpou3BoNbHOE 4KMCIO, TO OTcloga nonydaem 6<s(x,f) = 0, yTo K
[l0Ka3blBaeT AOCTaTOMHOCTb B Ciyyae Korga E cogepxmTcsa B HEKOTOPOM KBagpare

Q. [lononHUTeNbHO OTMETUM, YTO MOCTPOEHHAA PYHKLUWSA / YA0B/IETBOPAET YC0BUIO
supp/ C 2Q. Tenepb NpeanonoXuM, 4To E ecTb Npon3BosibHOe MHOXeCTBO Tuna Gg-

nyCTb Qk €CTb NOCNeaoBare/IbHOCTb KBaApaTos C
diam (Qk) = 1, UKQk = R2.

OueBMaHO, YTO Kaxkaoe MHOXecTBO Ek = E - Qk umeet tun Gg. INpumeHuB [oKa-
3aHHOe A4/19 KaXKA0ro MHOXecTBa Ek, Haigem ¢yHKumMm F*(x), ¢ ycnoBusmm

supp-F* C 2Qk, 6n(x,Fk) =0, X€ (Ek)c, 6n(x,Fk) =00, Xe i
DyHKUMA
N)y=E a
)= Ean

6yAeT UCKOMOIA. [eiiCTBUTENLHO, eClM X 6 5 e, TO MMeeM

Tak KakK KaXAbliA MpsMOYronbHUK A € | nepecekaeTcs NnLb C KOHEYHbIM YMC/IOM
kBagpatos 2Qfc, TO nonyunm

aisT(slowese!H |] JREA dt £ LWar(w4™,ieses |4 JRFK® di ~ F (x)-

Ecnn e x 6 E, T0 umeem X 6 EK, npu HekoTopom K U X Ej, j K. OTcroa,
aHa/IornyHbIM 06pa3om, Nerko NoyynTsb Bru(x, F) = oo. Teopema 1.1 gokasaHa. O
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4. 1 okaszaTenbctBa Teopem 1.2 n 1.3

O nsa namepumoro MHoxxectea A C R2 0603HaunM
A{A) =AU{x 6 R2:2(r,ia) > 0}.
Tak Kak ro TeopeMe D vmeeM Sq(x,if) = 0 n.B., TO NoAy4YUM
4.1) A\ |=0.
JNerko NpoBepuTL TaKXKe CleAyHoLLMe CBOCTBA

4.2) A4 UB) ¢ A(i4) UA(B),
4.3) A(T) C A(B), npn A C B.

Nemma 4.1. Ecnm 6 > 0, G eCTb OTKpbITOE MHOXKECTBO, a E C G nmeeT Mepy
HY/Mb, TO CYLLECTBYET OTKPbITOe MHOXKEeCTBO U Takoe, 4TO

(4.4) EcUCG,
(4.5) \QnU\<6\Q\, <B6Q $£G,
(4.6) ()CG.

[JokazaTenscTBo. CornacHo nemme 2.1, cyuiectsyeT pasbveHue ft MHoxecTBa G,
Takoe, 4To

4-7) I > ) o/~  diam(w) m*c> w6 n-
OueBnAHO, MOXHO BbI6paTh OTKPLITOE MHOXeCTBO U Takoe, uTo
ECU, |w \ < min{tf/4dist(w,Ge)}w.

MycTb Q ecTb NPOM3BOMbLHLIA KBagpat, Tako yto Q (. G. Tbraa, ecnm w 6 ft un
w Q 0, To cornacHo (4.7) umeem

diam (o)} < ~SIeLOn G Y2 whiam Q) diam (Q)

OTcloga, € yueTom cooTHoweHns  Q 0, nerko cneayet ui C 2Q 1, cnefoBatesbHo,
nMmeem

dist (w, G°) < y2 miam (2Q) = 2\ 2- diam {Q) < 4 «diam (Q).
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OTcroga nony4vyaem

\gclul< X)
bI6I: )

< X min{J/4,dist(w,Gc)}H

(4.8) < min{£/4,4 «diam(Q)}  ~ M
bIGIT: 0
< min{J/4,4 «diam(Q)} w]
wEn:wcC3Q

< min{J,4 «diam (Q)}<3|i
OTKy[la HemefieHHo cnepyeT (4.5). UTobbl ycTaHOBUTL (4.6) BO3bMEM /1H0OYH0 TOUKY
x 6 Gc. N3 (4.8) cnepyet

0T J_ [ lu(t)dt = lim \QAU\ _
dijun (Q)—0: x€Q6Q |Q| diam(Q) »0:*eQe« |Q|

1 cnegosatenibHo nosyumm <5g(xIc/) = 0 npu X e Ge. 310 3HaumT, 4to X(U) ¢ G.
Nemma 4.1 fokasaHa.

Nemma 4.2. Ecim A C 5 C R2 eCTb OTKPbITbIE MHOXKECTBA, TO CyLlecTByeT
OTKpPbITOE MHOXKECTBO G, Takoe, 4TO

(4.9 ACGCB,

(4.10) |G| = +

@411 A(C\)cB.

[JokaszaTenscTBo. Ecnm |11 = |B|, To BO3bMeEM G = 1 YTBEPXAEHUE OYEBUAHO.

Tak uto, npegnonoxum || < |B|. Myctb M = {uF} ecTb NPON3BONLHOE pasbrueHne
MHoXecTBa B. Cyuuectsyet umncrio p € N Takoe, 4to

(4.12) £ M >b W a.
k=1
0O603naymm
(4.13) <)=Nw ([J (*£*)), 0<£E<,

1 paccMoTpum tyHkumio /(t) = |G(<)|. N3 (4.12) un (4.13) cnegyeT

po)=W <14+ w I))>£ bl >MWUl+ia
k=1 2
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OTcroga 1 13 HenpepbIBHOCTK /() cnepyeT, 4yto Ansa HekoToporo to € (01,1) uveet
MeCTO PaBeHCTBO

c?(*0)) =M + M .

JNerko BnaeTsb, 4to G = G(to) ygosnetsopseT ycnosuam (4.9) u (4.10). 4na nposepku
(4.11), 3ameTum, uTO cornacHo (4.13) uMeem COOTHOLLIEHWE

G\AC
=
13 KOTOPOro Nerko BbiTekaeT (4.11). O

Nemma 4.3. Ecim B ¢ R2 ecTb oTKpbITOE, @ A C B 13MeprMoe MHO>KeCTBa, C
A(A) C B, TO cylwecTBYeT OTKPbITOe MHOXKecTBO G C B Takoe, uTo

(4.14) A(A)CG, A(G)cB, [G]=

JokaszaTenscTBo. Tak Kak \X(A)\ JI| = 0, To ucnonb3ys nemmy 4.1, Halilem OTKpbI-
Toe MHOXecTBO C Takoe, uto A(A)\A c C, A(C) C B. fanee, cornacHo nemme 4.2,
CyLLECTBYET OTKPbITOE MHOXeCTBO G Takoe, 4To
AuCcGcecB, A(G\(AuC))c5, |Gl=MzIM.

Otcropa u 13 (4.1)-(4.3) nonyyaem

AA) CAuncC CG,

A(G) C A(G\(AuG))uA(AuG)

CAG\ (AUC)) UA(A)UA(C) C B.

PaccmoTpyM ceMeiicTBO OTKpPbITbIX MHOXeCTB {Gr : r € E}, rae E C R-HekoTopoe
MHOXeCTBO MHEKCOB. ByfieM roBopuTh, YTO 3TO CEMENCTBO ABAAETCA LEnblo, ecu
A(Gr) C G=>npu ntobbIx r,r' e E, cr <rl

Nemma 4.4. Ecim A 1 B-oTKpbITble MHOXKecTBa B R2, ¢ ycnosuamu A(A) C B u
a = |A|l < |B] =0, To cyLecTBYeT Lenb OTKPbITbIX MHOXECTB

Gr, T€P =J|a+" N , 0<i<2f=0,If...|
Takas, YTo

(4.15) Ga=A,Gp =B, |Grl=T1, r€[a,/9].
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LokasaTensctso. Onpegennm Ga = A, Gp = B 1 npumeHum nemmy 4.3 aiv ua,
pbl OTKPbITbIX MHOXeCTB Ga, Gp. ITUM onpefenseTcd OTKPbITOe MHOXeCTBO G =
G(a+fi)/2, ¢ ycnosusimmn (4.14), uto o3nayaeT MHOXecTBa Ga, Gla+py2, Gp o6pasy-
I0T Uenb. [lanee, NPOAO/MKNM PacCy>XXAeHus no MHAyKumn. O603HauYnM

Of<<A = {a + O< *< 2fd |

1 NPEANOJIOKMM, YTO Y)Ke BblopaHbl MHOXecTBa GT, A4ns Bcex © € ®b[ar, 0J, npy aTom
OHW 06pa3ytoT Uenb 1 \GT\ = T. [MNpuMeHuB nemmy 4.3 415 KKA0A Napbl MHOXECTB
&ila*. £(<+i)fa*> nonyumum MHOoxecTBa G(MHL)/2*+i, 0 < » < 2k - 1. fAcHO, 4TO no-
nyyeHHoe TakuM nyTem cemelictBo {GT, r € bk+i[a,0]} Toxe 6ygeT uenbto. Mpu
3TOM coxpaHsieTcsi cBoiicTBo \CT\= 1 Tenepb y>ke npu r € Dt+i[a, 0]. B camom gene,

VIMeeM
|G(WAHL)/3*+i| = £(K?i/34 + IG(i+i)/2']) = § ) =

Mpofo/MKNB 3TOT MPOLIECC, NOMYUMM CEMECTBO MHOXECTB Gr, onpegeneHHbIX Mpu

Bcex I e (Q koTopoe 6yaeT uenbto U |G(r)| = r. Jlemma 4.4 fokasaHa. O

Nemma 4.5. Ecime > O G C R2 ecTb OTKpPbITOE MHOXKECTBO, a E ¢ G nmeeT
Mepy Hy/b, TO CyLeCTBYIOT OTKPbITOE MHOXKECTBO A, CE ¢ A ¢ G, u diyHKUmA
N(x), x e R2, Takue, 4TO

(4.16) suppAcG, h(x)=1 e ,

(4.17) 0<h(x)<1, r6 R2

(4.18) " Jfqh[t)dt <e, Qe Q $£G,
(4.19) So{x,h) =Q X6 R2

[JokasaTenscTso. MpumMeHus fnemmy 4.1, NonyymMm OTKPbITOE MHOXecTBO B ¢ ycrno-
BUAMMU

(4.20) ECBCG,

(4.21) |QnB|<e|Q|, Qe Q Q<£G,

(4.22) A(B) C G.

Janee, npumeHnB nemMmy 4.3, NONYUYUM OTKPbLITOE MHOXECTBO A, ¢ ycnosuamu E C A,
| | < |E| n A(j4) C B. lMyctb a = | |, /3= |B|. CornacHo nemme 4.4, cyluecTsyeT

Lienb OTKPbITbIX MHOXeCTB (G(r): reD }, ynoBneTBopatoLLas yCNoBUAM

Ga=A Gp=B, |[Gr|l=T.
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O603Haunm T7(x) = inf{r : x € Gr}, x € B\ A. OTmMeTum, 4To T(X) oTobpaxaer

MHOXECTBO B \ A v [a,/3]. Onpefennm HenpepbIBHY PYHKLMIO

npw X 6 [0,a],
(o} npw i€ [P 1],
NUHeliHa Ha
n PyHKLNIO
npn X € A,
(4.23) Nx) = ~ 0 FApU  MeeRBIVS.,

OuesungHo supph(x) C B C G u BbinonHaoTca ycnosma (4.16) v (4.17). N3 (4.21)
cnepyet

iiii/ n @ T r 1*5 Q€Q 510
1 nony4yaem (4.18). OcTtaetcsd npoBepuThb ycnosue (4.19). PaccMoTpyUM (DYHKLMIO
m—

(4.24) p(3) = 1Go(r) + 53 /(M)IQ-u1\OrL (%)
fc=0

rge yncna r* € D yaooBneTBopar0T HepaBeHCTBY
a=r0<ri<..<rT =P,

[Jokaxem, yto gna noboro £ > 0 MOXHO BblIGpaTh I'* TakKuMu, 4TO

(4.25) Nx) -p(x)] <e, x6R2

B camom fiene, nmeem

(4.26) Nx) =px) =1, X6 Ga,

(4.27) Nx) =px) =0, X6R2\Gp.

Ecnn e X6 Gp\Ga, 10 umeem x € Grb+l \ Gr,, iu HekoTopom ft= 0,1,..., m - 1
Torga u3 onpegeneHns 0TOOPaXKeHMS T ciegyeT, yTo r* < T(x) < ry+i. YuutbiBas
(4.23), nonyyaem

4.28 inf /() </ < /1), Griv\G i,
( ) te[r:,r:<+i] () </»(«) t6[§tL,|P4-H'] (t), ueGri r(

Nmeem Takxe

(4.29) et f(O=fr< sup D).

M3 HenpepbIBHOCTY PYHKUMK / CELYET, YTO MPU JOCTATOUHO MasioM
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VvMeem

(4.30) sup _|/(t) /(01 <£> *=0,1,...,T-1L
60, ]

Komb6uHmpys (4.26)-(4.30), nonyyaem (4.25). N3 (4.25), (4.24) cnepyet

(4.31) Sa(x,h) <SQ(x,h-p) +SQ(x,p) <e + SQx,p).

[na pokaszarensctsa (4.19) paccMoTpyM TpU Cy4as.
Cnyyain L x e Ca- Wmeem, 4to Ca-OTKpbITOE MHOXECTBO U h(t) = 1 npwu

Ortctoga cnegyeT (4.19) npu Takux X.
Cnyuaii 2 x  Gff\ Ga. B atom cnyuae numeem

(4.32) X € GTkH\ Gr,

Mpy HEKOTOPOM K = 0,1,...,nr—1. Tbraa us oTKpbITOCT MHOXeCTB Gr, cregyeTt

e Ga.

6a(x,lcl) =0, i>kK+ 1.

C ppyroii CTOpoHbI, yunTbiBas cootnowweHus A(Gr,) C Gn+1, nvmeem

<bByrler) =0, i<k-1, fc>0.
B wTore nonyvaem
(4.33) *a(*>lcrw\Grl<M *»fcrl+l)+ fa(*.1g9,) = 0O i€N, idpkK,k-1.
N3 (4.24) n (4.32) BoiTekaeT p(x) = f(rk). Vimeem Takxke Jq(Mo) = 0. Otcroga
cnegyet
(4.34) SQ(x,p) = S0 (x,p f(rk) ).
Vimeem

P(*) f(r)IB)=@ () ~ )Y+ E(/(r4 /bl)lcrH\cr<*)-
<=0

[Oanee, nmea B Bugy (4.30) n (4.33), nonyumm
(*P /(r¥)IB) < £ ( ()- f(rk)SQ(x, 10r+) (r))l < 2e

i6Nn{fc-1,*}
Kom6mHupys aTo ¢ (4.31) u (4.34), nonyumm 6a(x, h) = 0.
Cnyuvait A X € R2\ B. N3 cootHoweHuii A(GrJ C GTm = B, i = 1,2,..., T- 1,

cnepyet
rHw |y(x, loM+i\oR =0 i=1,2,..., T- 2
1 cnefoBaTenibHo, € yyeToMm (4.24), (4.30) n paseHctsa f(rm) = 0, nony4ymm
a(x,p) = |/(rm_)[tFD(®,10rm\orm_,)< e.
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370 3aBepLuaeT AokazaTenscTso (4.19). Slemmva 4.5 fokasaHa. L]

Nemma 4.0. na noboro Hynb-mHOo>KecTBa E C R2Tmna Gs, cywecTByeT (OyHK-
umsa g(x) 6 b°°(R2), yoosneTeopsioLias ycnosusm

a)0<pa(x) <1, i6 R2

b) 60(x,8) = 0 B ka>KA0N TOUKe X 6 E°,

c) 5a(x,8) = 1 B Ka>Kgoii Touke x 6 E.

JokasaTenscTBo. Mmeem

rge £ -HekoTopble OTKPbITble MHOXecTBa. MocTpoum yHKumn oK 6 L°°(R2), oT-
KpbITble MHOXecTBa Gk, K = 1,2,...,, Y4OBMETBOPSAIOLLME YCNOBUAM

1) E C GfcC Ek, Gk C Gk-i, k>1(G 0= R2),

2) 9k(x) = 1, X6 Gfc, k > 1,

3) 9k(x) = Q x 6 R2\ Gfc_i, k > 1,

4)0< <1lir 6R2 fe> 1,
5) /g 9k(t)dt < 2~f>Q 6 Q , <~ Gfc i,
6) =0, 6R2

Cpenaem 3T NocTpoeHus no uHaykumn. Bosbmem Co = R2. MNpriMeHuB nemmy 4.5
npu G = Go n e = 1/ 2, Haiigem (yHKUmMIo J1(r), n OTKPbITOE MHOXECTBO A, y[0B/e-
TBOPSAIOLLME yCoBUAM nemMMbl. O603HaumM gi(x) = h(x) n Gi = j4d25i. Jlerko npose-
pWTb, 4YTO TOrAa 6yayT BbINONHEHBI yCNOBUA 1)-6) Npy K = 1. Mpeanonoxum, 4Tto yxe
BblOpanu MHoXecTBa Gk n (yHKUMM aK(x), ¢ ycnosuamu 1)-6) npn Kk = 1,2,...,p.
[anee, BHOBb NpumeHuB niemmy 4.5 npn G = Gp n e = 2~p~X, Haiigem yHKumnio h{x)
1 OTKPbITOE MHOXECTBO A, Y0BNETBOPSAIOLLME YCIIOBUAM TOI >Ke neMmMbl. O603HauMB
5+ () = h(x) n Gp+i = A Ep+i Mbl nonyumm

amppsp+i C Gv,
9p+i(*) —1| * € Gp+l,
0< P+i(3:) <1, 26 Ra,

No(*>Pp+i) = 0i x 6 R2.
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J1erko npoBepuTh, YTO TOrAa 6yayT BbIMOMHEHbI TAKXKeE YCIoBMA 1)-6) npu K =p + 1,
YTO 1 3aBepLUAEeT NPOLLECC MHAYKUMN. U3 %()D CNeayeT, uTo

i=1
Onpegenvm
\(/4.35) Mc\l,(x) = ( 0, mnpu xeE, "P"16®2\E,

OTmeTuM, YTO pAg B (4.35) cxogutcsa ecnn X E. U3 cooTHoweHwid 1), 2) u 3) nerko
cnenyeT ycnosue a) neMmbl, Ecninm x &E, To nmeem

(4.36) x € G*_1\ Gk,
[N HEKOTOPOro K = 1,2,..., a 3T0 3Ha4uT, 4YT0
(4.37) <m)=0, i>K.

Bo3bMeM M06YHO0 TOUKY X C ycnoBuem (4.36) u nyctb Q 3 X eCTb MPOV3BOJIbHbII
KBagpar. M3 cooTHowleHus 5) u (4.37) cnepyet

) ) < 2'Hl * > *’
w \Vim )n-mx)\=w \Viw n
OTKY[a, C Y4eTOM 6), SIErKo NonyynTh
/ 00 \ 00
(4.38) Sq(X,0) = £q1r, 53 j <532<inmpum > fc
\' i=m / ism

Tak kKak M€ fi MOXeT 6bITb NPOV3BO/bHBIM YACIOM, TO NMOAYUUM YC/I0BUE b) 1eMMbI.
UT06bI YCTaHOBUTL YC/10BME C), Mpeanonoxum x € E. Torga nmeem x e G*, K =
1,2........ OueBWAHO, YTO CYLLECTBYET NOCNe0BaTe/IbHOCTb KBAAPATOB Qb TaKMX, 4TO

Qk C Gfc,Qk £ Gk-

Ortctofa, ¢ y4eToM 2) 1 5), nonyyunm

iapgir/'® * 1' < '

OTcroga nony4mm
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Tak Kak cymma Z)t=i(~1)*+1l npuHumaeT 3HayeHus O 1 1 no oyepeam, TO NOMyYaem
ycnoBue ¢) ans noboii Touku X e E. Jlemma 4.6 gokasaHa. O

Joka3aTenbcTBO Teopembl 1.2. OuyeBWAHO, YTO AOCTATOYHO YCTAHOBUTL YacTb HEob-
XOAMMOCTY B Ciy4yae p = 1, a YaCTb JOCTATOYHOCTU B C/lyyae p = 00.

HeobxogumocTs: MycTb / 6 Lx(Ra) ecTb NpousBobHas yHKUMSA. Bo nepBbix OT-
METUM, YTO COBEPLUEHHO aHa/IOrMYHO [0Ka3aTe/lbCTBY HEOOXOAMMON YacTW TeopeMbl
1.1 MOXHO yCTaHOBUTb, 4TO Uq(/) ABNSeTCA MHOXECTBOM Tuna G& [anee, paccMoT-
pUM MHOXecTBa

A»1(/) = {k€R2:3Q,Q'e Q x e QnQ",

diam (< ) < 1/n, diam (Q) < Un, |— JQf(f)dt - m=  J{t)dt > J.

13 coobpaXkeHUiA HEMPEPbLIBHOCTK, NIEFKO MPOBEPUTD, YTO OHN ABASAIOTCA OTKPbLITLIMU.
Jokaxem, 4yto

(4.39) A(fy= (3 M m(f) = {*€R2:5Q(*/) > 0).

m>In>|

[.ns 3TOro NPOBepPUM 3KBUBANIEHTHOCTb C/IEAYHOLMX COOTHOLLIEHWIA:

X€ A(), 3710, Tak yto X 6 A,,T0 (/), npu nobom n = 1,2,...
<>30Qfc, Qk e Q, diam (Qk) -» 0, diam(<3*) -4 0,

m L m*-rnlLfm >mo
8a(x,f) > 0.

OTcroga v 13(4.39) nonyunm,uto {x € R2: Sq(x,/) > O} ABNSETCA MHOXeCTBOM
Tuna Gsa- Vimeem

Ba{f) = {x e R2: 5a (a,/) > O}\ UXf),

n C/q(/) ssnsetca mHoXecTBOM TuUNa Gj. OTcroga cnefyet, 4To Bq(/) ecTb MHOXe-
cTBO TMNa Gs*. To, UTO OHO MMEeT Mepy Hynb, cnegyeT U3 Teopems! D.

JocTaTo4yHocTb: MNpeanonoxunm, 4to E ectb MHOXECTBO TuNa Gsa Mepbl HY b U
npeAcTaBuM ero B BUAe
@
E={JEKk,
k—1
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rge A-mHoxectsa Tmna Gs mepbl Hy/b. O4YeBUAHO MOXHO NpegnonaraTs, 4YTo EK €
Eic+i- B npoTMBHOM Cnyyae MOrnv 6bl pacCMaTpMBaTb MHOXECTBA
AE = b
j-1

KOTOpble TOXe SBAAOTCA MHOXeCTBaMu Tuna Gs,, U UX 06beAnHeHNe paBHo E. Mpw-
MEHVB fileMmy 4.6, Hailgem yHKUMK OK(X), Takue, YTo

a) 0 < 9k(x) <1,

b) ia(a-,9x) = 0B kaxgoW Touke x  EK,

c) So(x,ffk) = 1 gnsa noboin Toukn X e EK.
O603na4nm

fix) = YA*~Kkokix)
k=1

W3 cBoiicTBa a) cnegyeT, uto / € //"(MN2). MycTb x € E. NS HEKOTOPOro K UMEEM

x Ek\ Ek-i- OTctoga BblTeKaeT

& 57 =0, 6a{x,aok) = 1.
Orcrofga nonyvaem
Saix,f) = Sa Y~14 > 4~k60{X,K) - 6 a 4
> 4~t- 4 >0
«=*+
Ecnm e X &E, 10 umeem x  Ei,i = 1,2,.... Mpu 11o6oM PrUKCMpoBaHHOM K 6 N,

C YYETOM CBOWCTB a)-C), CrefyeTt

bl x,n= (x,"2a*a/1 <534-*
\ =t [ <=

TaK Kak nocnegHee UMeeT MecTo npu Nobom K, To nonyuum <5q(x,/) = 0. Tbopema

[loKasaHa. O

JlokaszaTenscTBo Teopembl 1.8. HeobxoanmocTs yTBEPXKAEHNS aHaNora4yHo Aokasa-

Te/IbCTBY HEOOXOAMMOCTM NpeaplayLuein Teopemsl. MpUCTYNM K foKas3aTensCTBY fo-

CTaTOYHOCTU. ByaeM BOCMNOb30BaThCA PYHKLMAMU AK(X), MOCTPOEHHbIE B Havase f0-

Kasarte/nbCTBa ieMMbl 4.6. 1le TpyAHO BbISCHUTb, YTO B MECTE YCI0BUSMU 1)-6) MOXHO
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TakXXe rapaHTuposartb ycnosue |G/t < 4 *. Onpegenym yHKLUNIO
I(*) = £8*(*)-
K=1

OueBnaHO, YTO OHa MPMHAANEXMT BCeM npocTpaHcTBam 1°(K2), 1 < p < o0o0. U3
COOTHOLLIEHMA 2) cpasy e crnegyeT, uto Sa(x,f) = oonpu i € E. Ecnm xe x  E,
TO vmeeM (4.36) n (4.37). BosbMeM nt06YHO TOUKY X € ycnoBrem (4.36) 1 nyctb Q 3x
€CTb MPON3BO/IbHBIA KBagpaT. M3 cooTHoLeHus 5) u (4.37) cnepyeT

<21 i>Kk,

0TKyAa, C YY4eTOM 6), erko nonyymTb
( @ \ @
X E 9i)< £ 2<inpuT> K,
=/ <
KOTOpOe yCTaHaBNMBaeT Sq (x,/) = 0. Teopema 1.3 foKa3aHa. O

Abstract. The paper considers a question of characterization of the sets of points
of differentiation of integrals by bases of rectangles and squares. In particular, a
complete characterization of the sets of ambiguous points for integrals of functions
from LMR2), 1 < p < 00, by the basis of squares is obtained.
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Abstract.1 lii thin paper wu fimt ntudy tho borizoutul and vertical distributions of a class
of ~-natural metrics on the taoguut bundle of Finsler manifolds. Theu we characterize the
Riemannian manifolds among Finslor manifolds from the viewpoint of the geometry of slit
tangent bundle and obtain some results on the Riemannian curvature of these metrics.
Finally we prove that if the slit tangent bundle is locally symmetric, then the base manifold
is locally Euclidean.

MSC2010 numbers: 53B40; 53C60.

Keywords: Horizontal and vertical distributions; Finsler manifold; ~-natural metrics;
symmetric space.

1. Introduction

A Riemannian metric jo na smooth manifold M gives rise to several Riemannian
metrics on the tangent bundle TM of M, and maybe the best known example is the
Sasaki metric gs introduced in [18]. Although the Sasaki metric is naturally defined,
it is very rigid. For example, Kowalski [10] showed that TM with the Sasaki metric
is never locally symmetric unless the metric g on the base manifold M is flat. On the
other hand, the Sasaki metric is not a “good” metric in the sense of [7], since its Ricci
curvature is not constant, that is, the Sasaki metric is not generally Einstein. For
this reason, a number of mathematicians tried to construct metrics that save more
geometrical properties than Sasaki metric (see, e.g., [1] - [4, 11, 12], and references
therein). Also, Oproiu and his collaborators (see [14], [15]) have constructed a family
of Riemannian metrics on TM, for which the Ricci curvature is constant, and the
tangent bundle TM endowed a metric from this family is locally symmetric.

Thie research was In part eupported by a grant from Arale university (no. 90/8771).
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In this paper, by using Finsler metric F o na manifold M, we introduce a lift
metric G on TM, called generalized Sasaki metric, or p-natural metric as follows:

6xi™ = 9ij(x,v)" ~dyv =aF" 9 (x,y)' ayir =°’
where a : ImiF2) C R+ —»R+-

Let F be a positive-definite Finsler metric on the manifold M. We prove that F
is a Landsberg metric if and only if the vertical distribution VTM is totally geodesic
in TTM, generalizing a result, previously known only in the case of Sasaki metrics
(see [6]). Next, we prove that a necessary and sufficient condition for F be a weakly
Landsberg metric is that the vertical distribution VTM is minimal in TTM. This
result is an extension of Shen’s theorem, proved in [19] for Sasaki metrics. Then we
show that the horizontal distribution HTM is integrable if and only if F has zero
flag curvature, which generalizes Mo’ result obtained in [13].

According to Deicke’s theorem (see [9]), a Finsler metric F on a manifr.?® M »
Riemannian if and only if the Cartan tensor is zero. In this paper, we characterize the
Riemannian manifolds among Finsler manifolds from the viewpoint of the geometry of
tangent bundle, and prove that a Finsler metric F is a Riemannian metric if and only
if the horizontal distribution HTM is minimal in TTM. In [10], Kowalski proved that
the tangent bundle of a Riemannian manifold with Sasaki metric is locally symmetric
ifand only if the base manifold is locally Euclidean. Then Wu [22] extended this result
to the case of Finsler manifolds. In this paper, we show that under some conditions,
this result remains true for 5-natural metrics on Finsler manifolds.

2. Preliminaries

In this section we introduce the necessary notation and definitions, as well as the
Chern-Rund connection V, associated with a Finsler manifold (Af, F).

Let M be an n-dimensional C°° manifold. Denote by TXM the tangent space at
Xe M, and by TM = UxeMTxM the tangent bundle of M. A Finsler metric on M
is a function F : TM —[0,00) that has the following properties:

(i) FisC®° on TM;
(if) F is positively 1-homogeneous on the fibers of tangent bundle TM;

(i) for each y € TXM, the quadratic form g,, : TXM ® TXM -mR defined by

gp(u,v) := ffy(j/)uV is positive definite, where

1 Ne i* . i 9
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Lemma 2.1 (Euler’s Lemma). Let H be a real-valued function on R of positively
homogeneous of degree r. If H is differentiable away from the origin of R, then

yth i H(y) = tH (v)-

Let X € M and Fx := P\twM To measure the non-Euclidean feature of Fx, define
Cv:TXM ®TXM ® TXM —R by Cv{u,v,w) := Cgo(y)u*vfwk, where

The family C = {Cy}ye™ s called the Cartan torsion. By using the notion of
Cartan torsion, define the mean Cartan torsion ly : T*M —R by lv(u) := /<(y)iN
where /<(y) := gjkCijk(y) and glk = Qy*) L It is well known that | = 0O if and only
if F is Riemannian (see [6], [9]).

Put CJk := g"C,jk. The formal Christofell symbols of the second kind are

which are functions on TM. Also, we define the following quantities on TM, called
the nonlinear connection coefficients on TM:

V=7V C5*% K, y6TM.

There are a number of connections in Finsler geometry (see [, [20]). In this paper,
we use the Chern connection. According to [8], the pulled-back bundle ir TM admits
a unique linear connection, which is called the Chern connection. Its connection forms
are characterized by the structure equations:

(1) Torsion frecness: dx* nL, =0.

(2) Almost compatibility: dgy - gtjuf - giyu* = 2Cyk(cfy* + NfdxJ).
It is easy to see that the torsion freeness is equivalent to the absence of dyk terms in
wj, namely, wj = rjfax*, together with the symmetry property T"k = 1V Let

6i =di-N?dk,

where = jfr, & := and Q4 := wp. The Riemannian curvature tensor
and the Landsberg curvature tensor Ljk can be expressed by the equations

2.1) LUl 'ki = Wj* +

(22) =A I»,
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respectively. Obviously, we have R /u = R/ik- LHk = 9uLjh> thea both Cijk
and Lijk are symmetric on a1 their indices, and by Euler’s lemma we have y'Cuk =

y'Lijk = 0. Denote Rkl := \5LL, u, observe that
Abl=-4 , Rii=W M *No)e

Setting

(23
() RjM m=9uRj M> (ii) Riki B=9uRtk> («»)ii*k:= 1Y , (iw)B” '=9bnl,

we can write (see [8])

N fty» ~ = CjuR’ki —CktsRji —CkitR?ij —CijaR ~ — Cu,R jk— Cjk3R‘li,
(24) IFRjikt = Riki, y'Ow = = o&*.  MWJ1'k=0, ft* = [,
and
(2.6) N'pl =

The flag curvature of the Chern-Rund connection V associated with F is a geometrical
invariant which generalizes the sectional curvature in Riemannian geometry. Let
X6 Mand0 y .TXM, thenV = is called the transverse edge. The
flag curvature is obtained by carrying out the following computation at the point
(K y) e TM, and viewingy and V as sections of n’TM:

K{V'V) := 9{V.,¥)91y V) \a{Y,V )T
If K(y, V) is independent of the transverse edge V, that is, there is a scalar function
A(x,y) on TM such that K(y,V) = X(x,y), then (M,F) is called of scalar flag
curvature. If furthermore X(x, y) is constant on TM, then the Finsler manifold (M, F)
is called of constant flag curvature. By using (2.6) and part (iii) of formula (2.3), we
conclude that Rlk = 0 ifand only if Rkl = 0, and this is just the condition for (M, F)
to have zero flag curvature (cf. [8], [21], [22]).

2.1. p-natural Metrics. For a given Finsler manifold (M ,F), we can endow its

slit tangent bundle TM with a Riemannian metric, known as the ~-natural metric

or generalized Sasaki metric. It can be described in local coordinates as follows.

Let (x,y) = (x*y‘) be the local coordinates on TM. It is well known that the
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tangent space to TM at (scy) splits into the direct sum of the vertical subepace
VTM (Xy) = span{9j} and the horizontal subspace HTM”"XV) = spar{<5j} as follows:

TXVMTM =VTMHN) ®HTM {}V).
The g-natural metric or generalized Sasaki metric G on TM is defined by
Q-7> °ep ,£,)-0,

where a/. Im(F2) ¢ R+ *R+.For X = X1~ 6 x{M), its horizontal lift X h and
vertical lift X v are defined by

Xh:=(X10m—, and Xv:={Xioi)A.

The Levi-Civita connection V on TM with respect to G is given by Koszul formula
2G(VY,Z) = XG(y,£) + YG{Z,X) - ZG{X,Y)

(2-9) +G([X, Y], Z) - G((Y, 2\, X) +G([Z,X],Y),

where X,Y,Z e x(TAf). We say that the vertical distribution VTM is totally
geodesic (resp. minimal) in TTM if IKVa#} = 0 (reap. g"IKVejdj = 0), where IK
denotes the horizontal projection. Similarly, if we denote by V the vertical projection,
then we say that the horizontal distribution HTM is totally geodesic (resp. minimal)
inTTM if Ws(5) = 0 (resp. g'"*"Wsfy = 0). By a simple calculation, we get the
following result.

Lemma 2.2. (see [16]) Let (M, F) be a Finsler manifold. Then we have
Ne Sj] = -R\A, Di,F =0 [G,U =(I*+ %)

Lemma 2.3. (see [16]) Let (M,F) be a Finsler manifold. Then the Levi-Civita
connection on the Riemannian manifold (TM, G) is locally expressed as follows:

(2.9) Va,5j = a(F2)L%5k + [C% ++v A WV*)Ne.
(2.10) = [C% + \a{F>)jRHi*]fc- \&,

(2.11) Vual = [C\j + \a[F2rfRI}i% + M*#fc,

(2.12) VsiSj = Mwbk- [ + o~

where

(2.13) Rnjk =9u9ldRig f
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The following proposition contains some relationships between the Finsler manifold
[M, F) and the vertical or horizontal distributions in TTM.
Proposition 2.1. Let (M, F) be a Finsler manifold. Then the following assertions
hold.
1) F is a Landsberg metric if and only if VTM is totally geodesic in TTM.
2) F is a weakly Landsberg metric if and only if VTM is minimal m TTM.
3) F has zero flag curvature if and only if HTM s integrable.

Proof. Taking into account that aiF2) 0, the assertions 1) and 2) we infer from
(2.9), as for assertion 3), it follows from Lemma 2.2. O

3. Reduction of Finsler Manifolds to Riemannian Manifolds

Let div denotes the divergence operator of (TM,G). In this section, we characterize
the Riemannian manifolds as the Finsler manifolds such that the vertical lift of any
vector field is divergence-free, or equivalently, the horizontal distribution is minimal
in the tangent bundle of the slit tangent bundle.

Theorem 3.1. Let (M, F) be a Finsler manifold. Then the following statements are
equivalent.

1) (M, F) is a Riemannian manifold;

2) div{Xv) = ntyj*Xiyi foranyX = X*£t 6 x(M);

3) The horizontal distribution HTM is minimal in TTM.

Proof. By (2.12) we have p4VVij4y = Equivalence of statements 1)
and 3) follows from the above equation and the Deicke’s theorem. On the other hand,

by the definition of divergence we have

div(d)) = &'6(vrg 1) + _~"6(V B,arf1)

=/1 c K, +\<F2VmRE v)gbl+ + % E}(Vv K+ Viek pgo*)]T
29%Cyl+n N Yi=2 +nf © .
o a{F>) ™
implying that
(3.1 dfv(Xv) = 2X<li +

a{F)

for X = X'-g"r 6 x{M). Hence the equivalence of statements 1) and 2) follows from

(3.1). Theorem 3.1. is proved. O
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Corollary 3.1. Let (M,F) be a Finsler manifold and a'(F3) = 0. Then F is a
Riemannian metric if and only if div(Xv) = 0.

Proof. Since a'(F2) = 0, then by (3.1) we get div(Xv) = 2X‘T{. It follows that
div(Xv)= 0 ifand only if = ( O

Lemma 3.1. Let (Af,F) be a Riemannian manifold. Then the coefficients of the

Riemannian curvature tensor with respect to G are given by the following formulas:

2aa" —3a2 . - .
ahak = [ 75-----(vivk6 - yjVkSi - gjkviv’ + gikviv")

a(2a+ FZa)} ) o
(3.2 + a* W j  9jkSi))dt,
m , 0j)5ft=[|[(Hy® - Rjik*)+ " ymyl(R-mjkRlir*“- RrniHRyr")

(3.3) +aVv (ttVv » % )]«.
m ~)Sk=[R” - yIRTjkRIri*+ \y IRrikRIrj + i/flryi?Ifc]]5,

(3-4) - 1*Mm]9»,
m,6j)dk = - Ow'yle + [|i/*(O<HritV. - RikjrR\r)
(3.5) +Rk y + —Rri}H(Vr6i + YKK - alky*)]ar,

R(Si, a])6k = "yIRijky a+ [--(VjR'ik + VIRAk&j - V ik W )
(3.6) --"KirRtu?+\w\k]b,
Rfafydb = [( - a')vjylRIki* +

(3.7) - RjH - —yii/mfl;Hr/imjvi<

where denote the horizontal covariant derivative of the tensor RIkf  with respect
to the Chern connection.

Proof. Recall that the curvature tensor in terms of the Levi-Oivita connection V is
given by the following formula

(3.8) R(X,Y)Z = VxVyZ - VyVxZ- V[xylZ,

where X,Y,Z e x{TM). Since (M, F) is a Riemannian manifold, we have

(3.9 £y =Cy =0.

Substituting (3.9) into (2.9)-(2-12) and using (3.8), we obtain (3.2)-(3.7). O
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Theorem 3.2. Let (M,F) be a Riemannian manifold. Then the tangent bundle TM
with the lift metric G has constant sectional curvature k if and only if M is aflat
manifold and either a(F2) = ¢ or a(F2) = fx, where c is an arbitrary real constant.
Furthermore, in this case k = 0 and TM is aflat manifold.

Proof. We first recall that the curvature tensor field of the Riemannian manifnl/j
(TM, G) with constant sectional curvature k satisfies the following equation:

(3.10) R(X,Y)Z =K[G(Y,Z)X - G(X, 2Z)Y],

where X, Y, Z\(TM). Assuming that (TM, G) has a constant sectional curvature k,
we obtain

(3.11) R(6i, Si)dii = k[G(Sj,fob - G(SU%)6] = 0.

Using (3.5) and (3.11), we get

2VI(Rm rR'jr - RIKITR’ir) + Rkij + —Rrij(VrK + Y&  9rkYa) = 0,
or
(3.12) Rk = - -v\RikiTRtjr - RikjTRSir) - ~ RTij(Vr&k + YkK - FArkY*).
By (2.5) and (2.13) we conclude that
(3.13) WVViRnj = = Y*9u91& n = 9ktViRijt = 0.
Multiplying (3.12) by yk and using (3.13), we can write
(3.14) (I+F2 )~ =0

The equation (3.14) implies that either =0orl+F2—=0.

Now, we prove that in these cases (M, F) is a flat manifold.

Case 1. K = 0, then by using (3.12) we obtain RK3tj = 0, implying that
(M, F) is a flat manifold.

Case 2. If 1+ F2 =0, then we get a+ a'F2 = 0. Fort = F2, solving tliis
equation we get

(3.16) a(F’). a'(F>) = -

where c is a constant. Since (TM,G) has a constant sectional curvature k, then we
have R(di,dj)Sk = k(G(dj,Sk)di  G(di,Sk)dj) = 0. Plugging (3.15) into (3.3) we
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get
(3.16)
AV -V )+ AV (MN% - om@iget N fyiv - % )= o
By contracting (3.16) with y* and using (3.13), we obtain
(317) AUK" + piVIRiikS = °-
Also, from (3.10) we have
(3.18) R(SUO03)ab = k{G{dj, gi)6i - G(6i,nilll) = ka(F2)gjk5i = | | gJhSi.

The relations (3.7), (3.15) and (3.18) imply
(3.19)

[~ fyki ~ RIji*— mEpfylymRIkir &T/r]ii* = ~pi9jk&i-

Multiplying both sides of (3.19) by y*yk and using (3.13), we conclude that kc = 0.
Since ¢ 0, then kK = 0. In this case (k = 0), by contracting (3.19) with yk, we get

(3.20) N% <'=0.
By replacingj -t i and i -¥ K in (3.20), we get

(3.21) n / -*ylRikk =0,

and in view of (3.17) and (3.21) we obtain

(3.22) i) =0

Observe that if - —1=0, then F2= | = constant, which is contradiction. Thus,

in view of jpy - 1 ~ 0 and (3.22), we conclude that ¥R » 1 = 0. Consequently, by
using (2.13), we get
(3.23)

0 = ATna*Ty RIIk* = ATadITYAFiliA**Ki\i = ATaA AIHA**N g = N~ &kt
Substituting (3.23) into (3.12), we get Rk tj = 0. Therefore in this case, and hence in
both cases, (M, F) is a flat Finsler manifold.

Now, we show that (TM, G) is flat. Tb this end, we first substitute Axk*y = 0 and
Rfj = 0 into (3.4) to obtain R(6i,6j)6k = 0. Hence from (3.10), we get

H9jrS* - giT5*) = 0,
implying that k = 0, that is, (TM, G) is flat. Therefore

(3.24) £( , )6] = 0.
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Since (M, F) is a Riemannian manifold, then g& i8 a function of poeition. Therefore,
in view of (3.2) and (3.24), we obtain
(3.25) 200" - 3al2=0 and a'(2a+ F2al) = 0.

Fbr t = F2, solving the equations in (3.25), we get 2) = cand 3 =
Finally, using (3.2) - (3.7), it is easy to see that the converse of this theorem is true.

Theorem 3.4 is proved. O

4. Locally Symmetric Finsler Metrics

In [10], Kowalski proved that the tangent bundle of a Riemannian manifold with
Sasaki metric is locally symmetric ifand only if the base manifold is locally Euclidean.
Then Wu [22] extended this result to the case of Finsler manifolds. In this section,
we show that under some conditions, this result remains true for Finsler rtmifnida
with -natural metrics. To this end, we first prove the following result.

Theorem 4.1. Let (M, F) be aFinsler manifold and a(F2) be a positively homogeneous
of degree -2. Tf(TM,G) is locally symmetric, then (M, F) is locally Euclidean.

Proof. Let 7) € x(TAf) be such that jj(®,y) = yv=y% Then by (2.9) we get

(4.2) =y {aLk8k + [C% + bl * +ytf-agy*)]"} =

Also, using (2.10) and (3.13), we obtain

(42) VN =Y[C%+ la(F2y‘Ru}5k = 0.
Then we have

4.3) y*(Vvl,a g = Yvullla ,fydt) 3 T/R(di fydt.

Using (2.9) and (2.10), a direct computation shows that

N (ft, = {a'Z/ip(MS*+ VKS] gkyr) - a'Lgr(yiSl + ykS[ gikyT) + lay LghRt\r
+di(aL,jk) - fyiaL’u) + a(LkC\r - 27ttCJr + CTkL\r -
-8§«V EF NV} S +{a(LrkL jr LgkL=r) _ {CTjkCr - CICAI)
+( )2(VjVKSi  VIK&j - YidlikYl+ ytgjhV - FagJdksJ + F2gikSj)

@.4)+di[ {VjSi+ykS] giky)] dj[ (ViSI +ykSf - <2uV)I} ft,
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where R denotes the Riemannian curvature of (TM, G). Let a(t) be positively homogeneous
of degree  then afF2), a'(F2) and a"(F") are positively homogeneous of degrees n,
n —2 and n —4, respectively. Contracting (4.4) with yi we get

(4.5 y>m, 9))9* = [F2a' - (» +1)a]LikS. + (@a"a~ + aa' Yibkg,.
(0]
Taking into account the equation (4.4), we obtain
={°(1 n2)+ (n- 1)P2a'}uk6. + { F*a'{aad~ aKi)

(4.6) +2F2° - AF2M - -4} Wk ft.

Assuming that V1 = 0, in view of (4.5) and (4.6), we have
O=Nnv,i)i, WOoi=|a(l-nl)+FV (to+2-3rL-)} ~.
(4.7) +{ + £ " A

Lett = F2,since M F 2) is positively homogeneous of degree n, then a(t) is positively
homogeneous of degree  Hence using Lemma 2.1 we obtain ta'(t) = §o(t). For the
solution of the above equation we have a(t) = rf?. Therefore

a(F2) =cFn, a'(F2) =c”F 12, a"(F*) = - 1)F -4
Using the above relations we get

4.8) [a(l - n2)+ F2a'(4n+2- 3F AL tf, = |(n + 2)2L \kSa,

(4.9) -F 2a" + 0'(FV - 0) = 0.

In view of (4.7), (4.8) and (4.9) we have |(n + 2)2L*ikS, = 0, implying that Ljk=10
( —2), which together with yields

m , 0j)0t = [ClucCr - CIjkC‘iT+ + ykS) - giktf)]
+ VKSF - + -EpibHVK& - ViVktj
(4.10) VjgikV’ + Vigjkv* - Gk6*F2+ 3i*<S.F2)]<9.

Consequently we have

0= (VAW BX = Vr,(R(di,dj)9t) - 3— Rid-bfydt ~

@.11) = -(n + 2){ISr[p (A +VKSj 9ikVJ)] + YiBM  9ikY)]

+-£pq(yjyk6{-ViVk6j-yjoikV* +VigikV: ~9jk6tF 2+gik5] F2)+CrkC jr C ikC\r}dt-
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Taking into account that n / -2, we can use (4.HO) and (4.11) to conclude that

A(A.,()6* = 0.
Now let € x(TM) be such that £(*,») = vh =iffu then from (2.11) we obtain
Vedi = N{&3 - =N{d}- cCrfA.
This implies

-R(T),v(di)dj - WL ,ai)V(a)
(R\R(v, Sk)dj + R"Riv, gi)6K).

0= (y(R)(v.9i)d]

(4.12)

It can directly be verified that
(4.13) R(v,sk)» =i )( C %j+ *yIRi*jkFn)St,
(4.14) R(v, 91)Sk = |(n + MyIRi‘kFneét.
Combining (4.12)-(4.14) we obtain

1
©

(4.15) c (") — [R\(-C'kj + jjVIRI*jkFn) + cRt"R"F "]
Multiplying (4.15) by y, = g,iyi and then summing up, we get
(4.16) cF” (" 4*Rfic+ RKRik) = 0.

It is easy to deduce from (4.16) that Rtj = 0, or equivalently, R\j = 0. To see that
the last two equalities are equivalent, observe that if = 0, then by Iming parts
(lii) and (iv) of (2.3) we have /1y = 0. Conversely, if Ay = 0, then by using (iv) of
(2.3) we get R\ = gkiRij = 0. Hence, in view of (2.6) we conclude that R\j = 0.

Next, since \ = RKj = 0, it follows that

0= (V6Xbbll =-% V N)9|=Cleillln?g3s =-( ) c r kicrjs..
Therefore CHdC*Tj = 0, or equivalently, C*C g 7L = 0, and since F is positively
definite, we get Cy* = 0, implying that (M, F) is Riemannian. On the other hand, if
R\j —O0, then (M, F) is a flat Riemannian manifold, and thus, it is locally Euclidean.
Theorem 4.1 is proved. O

Corollary 4.1. Let (M, F) bea Finsler manyfold. If eithera(F2) cora(F2) =
then the Riemannian manifold (TM, G) is locally symmetric if and only if (M, F) is
locally Euclidean.

Proof. Observe that a(F®) = c and a(P2) = yj are positively homogenous of degrees
n = 0and n = —4, respectively. If (TM,G) is locally symmetric, then in view of
120



FINSLER MANIFOLDS WITH A SPECIAL CLASS .

Theorem 4.1 we conclude that (M,F) is locally Euclidean. Conversely, if (M,F)
is locally Euclidean, then it follows from Theorem 3.2 that (TM,G) is flat, and
consequently, it is locally symmetric. This completes the proof. a
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1. Introduction

Tight wavelet frames are different from the orthonormai wavelets because of re-
dundancy. By sacrificing orthonormality and allowing redundancy, the tight wavelet
frames become much easier to construct than the orthonormal wavelets. Tight wavelet
frames provide representations ofsignals and images in applications, where redundancy
of the representation is preferred and the perfect reconstruction property of the
associated filter bank algorithm, as in the case of orthonormal wavelets, is kept.

In recent years there has been a considerable interest in the problem of constructing
wavelet bases on locally compact Abelian groups. For example, Dahlke [4] introduced
multiresolution analysis and wavelets on locally compact Abelian groups, Lang [12],
by following the procedure of Daubechies [5], has constructed compactly supported
orthogonal wavelets on the locally compact Cantor dyadic group 6 via scaling filters,
and these wavelets turn out to be certain lacunary Walsh series on the real line.
Later on, Farkov [6] extended the results of Lang [12] on the wavelet analysis on the
Cantor dyadic group 6 to the locally compact Abelian group Gp, which is defined
for an integer p > 2 and coincides with 6 when p = 2. Concerning the construction
of wavelets on the half-line R+, Farkov [7) has given the general construction of all
compactly supported orthogonal p-wavelets in L2(R+) and obtained necessary and

sufficient conditions for scaling filters with pn many terms (p,n > 2) to generate a
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p-MR-A analysis in L2(R+). These studies were continued by Shah and Debnath in
[15-17], where they have given some new algorithms for constructing the wavelet and
Gabor frames on the positive half-line R+. More results in this direction can also be
found in [8, 9] and in the references therein.

A field K equipped with a topology is called a local field if both the additive and
multiplicative groups of K are locally compact Abelian groups. The local fields are
essentially of two types (excluding the connected local fields R and C). The local fields
of characteristic zero include the p-adic field Qp. Examples of local fields of positive
characteristic are the Cantor dyadic group and the Vilenkin p-groups. Even though
the structures and metrics of local fields of zero and positive characteristics are similar,
their wavelet and multiresolution analysis theory are quite different. Local fields
have attracted the attention of several mathematicians, and have found innumerable
applications not only in the number theory, but also in the representation theory,
division algebras, quadratic forms and algebraic geometry. As a result, local fields are
now consolidated as a part of the standard repertoire of contemporary mathematics.
For more details we referr to [14,19].

Recently, R. L. Benedetto and J. J. Benedetto [3] developed a wavelet theory for
local fields and related groups. Jiang et &/.[11] pointed out a method for constructing
orthogonal wavelets on a local field K with a constant generating sequence and
derived necessary and sufficient conditions for a solution of the refinement equation to
generate a multiresolution analysis of L2(K). Subsequently, the tight wavelet frames
on the local fields were constructed by Li and Jiang in [13]. They have obtained a
necessary condition and sufficient conditions for tight wavelet frame on local fields in
the frequency domain. Behera and Jahan [1] have constructed wavelet packets and
wavelet frame packets on a local field K of positive characteristic, and show how to
construct an orthonormal basis from a Riesz basis. Further, Behera and Jahan [2] have
given a characterization of scaling functions associated with given multiresolution
analysis of positive characteristic on a local field K. Recently, Shah and Debnath [18],
by following the procedure of Daubechies [5], have constructed tight wavelet frames
on a local field K via extension principles.

Finally, E. Hermandes and Weiss (see [10]) have given a general characterization
of all tight wavelet frames in L2(R) by means of the Fourier transform. As for the
corresponding counterpart for a local field K, such a result is not yet reported. So

in this paper, we give a complete characterization of tight wavelet frames on local
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fields of positive characteristic, using the Fburier transform with different machinery
as that of used in [10].

The paper is organized as follows. In Section 2, we discuss some preliminary facts
about local fields of positive characteristic and also some results which are required
in the subsequent section. A characterization of tight wavelet frames on local fields

of positive characteristic is given in Section 3.

2. Preliminaries on local fields

Let X be both a field and a topological space. Then K is called a local field if
both K+ and K* are locally compact Abelian groups, where K+ and K* denote the
additive and multiplicative groups of K, respectively. If K is any field and is endowed
with the discrete topology, then K is a local field. Further, if K is connected, then
K is either R or C. TfK is not connected, then it is totally disconnected. Hence by
a local field, we mean a field K which is locally compact, non-discrete and totally
disconnected. The p-adic fields are examples of local fields. For more details we refer
the monographs [14, 19]. In the rest of the paper, we use the symbols N, No and Z
to denote the sets of natural, non-negative integers and integers, respectively.

Let K be a fixed local field. Then there is an integer q = pr, where p is a fixed
prime element of K and r is a positive integer, and a norm | «| on K such that for
all r € K we have |[x|] > 0 and for each x ¢ K\ {0} we can write |z| = g* for
some integer k. This norm is non-Archimedean, that is, \x + y\ < max{|a:|, |j/|} for
all x,y 6 K and |[x +y\ = max{|x|, |y} whenever |x| ¢ |j/|. Let dx be the Haar
measure on the locally compact topological group (K, +). This measure is normalized
so that Jv dx = 1, where D = {x e K :|x| < 1} is the ring of integers in K. Define
E = {x € K :|x| < 1}. The set B is called the prime ideal in K. The prime ideal in K
is the unique maximal ideal in VV, and hence as result B is both principal and prime.
Therefore, for such an ideal B in D, we have B = (p) = pD.

Let = VB = {x€ K:|x| = 1}. Then, it is easy to verify that D* is a
group of units in K* and if x 0, then we may write x —pkx’,x" 6 D’. Moreover,
bk = pkT) = {x g K: | < *} are compact subgroups of K+, and are known as
the fractional idcah of K+ (see [14]). Let U = {a»}” be any fixed full set of coset
representatives of b in D, then every element ie K can be expressed uniquely as
X = Qp* with ce e 11 Let x be a fixed character on K+ that is trivial on 2)
but is nontrivial on B 1. Therefore, x n constant on cosets of D, implying that if

124



A CHARACTERIZATION OF TIGHT WAVELET FRAMES ...

y e bk, then Xv(x) = X(VX) for x e K. Suppose that is any character on K+, then
clearly the restriction * |[1>is also a character on b. Therefore, if (u(n):n e NO} is
a complete list of distinct coset representatives of b in K+, then, as it was proved in
[19], the set {x«(n) :n € No} of distinct characters on B is a complete orthonormal
system on V.

We now impose a natural order on the sequence {ii(n)}n6N(j. We have D/B —
GF(q) = I', where GF(q) is a c-dimensional vector space over the field GF(p) (see
[19]). Wechoose a set {1 = «o.eiie2,...,ec-i} C D* such that span {1 = CO0)€l|€2i —Cc-I}
3*GF(q). For n 6 No satisfying

0<n<@ n=a0+ aip+...+ae_Ipc-1, 0<ofc<p and ®=0,l,...,c-1,
we define
(2-1) «(”) = (oo + aiei +... + Oc-iCc-iJp 1.
Also, for = + big+ ...4-btg*,n > 0,0 < 6*< g, we set

t(n) = ( )+ p luGi)+...+p* ()

Then, it is easy to verify that for | € No
{u(k) : A6 NO} = {-u (k) : Kk € NO] = {u(fc) + u{() : k e NO},

and u(n) = 0 iff n = 0 (see [19]). Hereafter wc use the notation —Xu{n)i n>0.
Also, by fl we denote the test function space on K, that is, each function / in ft is
a finite linear combination of functions of the form lk(x - h), h € K, A€ Z, where
It is the characteristic function of Bk. Then, it is clear that d is dense in K),
1 < p < oo, and each function in is of compact support and so is its Fourier

transform. The Fburier transform of a function / 6 i J(K) is defined by
/(0 = jj{x)xdx)dx.
Note that
[(f) =3 /(*)xdx)dx = [(*) x (-fx)dx.

The properties of the Eburier transform on the local field K are quite similar to those of
the Fourier analysis on the real line (see [14,19)). In particular, if / € L1(K)nL2(K),
then / € L2(K) and ||/|| = ||/|| - Fbr a given «pe L2{K), define the wavelet system

(2.2) *(*) = {tftM :jeZ ,fceN 0},
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where i, Kk = A2DPI-—«(*))* The wavelet system (2.2) is called a wavelet frame, if
there exist positive numbers 0 < A < B < oo such that for all / 6 L2(K)
23)

jez jfee
The largest constant A and the smallest constant B satisfying (2.3) are called the
lower and upper wavelet frame bounds, respectively. A wavelet frame is a tight wavelet
frame if A and B are chosen so that A = B, and the wavelet frame is caUed a
Parseval®e wavelet frame if A = B = 1, that is, for all / e L2(K)

(2.4) EEI(/,iM la= /2
j6 Z JfceNo

and in this case, every function / 6 L2(K) can be written as
I()=E E Ko

Since ft is dense in L2(K) and is closed under the Fburier transform, the set
fto= {/ e ft:supp/c k\{o}}

is also dense in L2(K). Therefore, it is enough to verify that the system J1'(®) given

by (2.2) is a frame and tight frame for £2(K) if (2.3) and (2.4) hold for all / € ftO.
order to prove the main result to be presented in next section, we need the

following lemma whose proof can be found in [13].

Lemma 2.1. Let/e ftOandip 6 L2(K). Ifess8up{J2jez (p*f)|2: 62 1\2)} <

00, then

(9 EE =/ Wo*E N@o")V+an),

RA=E[JE(") E/ om0 B0
(§  =EE/JD(0 Epno) {e(ox

Furthermore, the iterated series in (2.6) is absolutely convergent.
Remark 2.1. The left hand side of (2.5) converges for all / 6 ftO and only if
T.}gz Ne (P*£) I2 is locally integrable in K\ UjeZ L, where Ej is the set of regular
points of 1N (p?f) I , which means that for each x € Ej, we have

\@® (pY) |2df “mV>(p*E) R asn  oo.
n

T f
N4-xes
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3. The mainresult

In this section, we establish our main result concerning the characterization of the
wavelet system X(®) given by (2.2) to be a tight frame for L2(K).

Theorem 3.1. The wavelet system JI(®) given by (2.2) is a tight wavelet frame for
L2(K) if and only if mpsatisfies

iez
and

(32) £iHp~N)IiMp-i(E+«M ))=0 forae £ megNO+ Q,
jeNb

where gNO= {gk : k= 0,1,2,...} and Q = {1,2, ...,q - 1}.
Proof. Let

t(ti(m), 0 =~ P M0 § (p~fue+ «(m))).
foeNo

Assume /e ft 0, then for each | e N, there exists k € No and a unique m €
gNo + Q such that I = g”m. Thus, by virtue of (2.1) we have that {u(/)}i€n =
{p_fcii(m)}”™ m)gNox (,n0+3)* Since the series in (2.4) is absolutely convergent, we

can estimate 1 (), defined by (2.6), as follows:

R+ )=£ [ W)4(rt) fe /( +p-d«(O)tf(p™+ «(0)|#
jez Jk UeN J

=N PO 1YL N ( + pArix(m)) +p~fM ) | <€
jez K foEND MENO+<3 J

=fho 1YL Y, Y2M(t+ pM*o) P40 (=5 +pfxM) 14

JK U6NomE€«NO+(5i6* J

=/ No {XI X) f(E+p-it.m) Z) " =0 prefr*+ 1n
K foeP

|_iezme?No+Q J

= /7 (1)|x) 57 p_ium))p *ol < *e-
N + J

N

Let us collect the results we have obtained: if » 6 L2(K) and / £ ftO, then

E E /[>fe>is= [ il«)iaD* w
67 drtl<aRgm (p
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id m€gNo+c3

The last integrand is integrable, and so is the first when Eiez Ne (pY) I is locally
integrable in K\ Ujez LW- Further, equation (3.2) implies that

ty,(u(m),f) = 0 for all m € ?NO+ Q.
Combining all together with (3.1) and (3.2) we get

EEI(/.V w >la= 1111 v/ gn°.

i6Z foeNb
Since 0is dense in L2(K), we conclude that the wavelet system X(®) given by (2.2)
is a tight frame for [712(K). Conversely, suppose that the system Ar(®) given by (2.2)
is a tight wavelet frame for L2(K), then we need to show that both equations (3.1)
and (3.2) are satisfied. Since {ipj,k(x) W 6 Z, &6 No} is a tight wavelet frame for
L3(K), then for all / e A0 we have
(3.4)

jer *eNO

By remark 2.1, Ne (p*£) 13 is locally integrable in K\ UieZ L. Therefore, for
each 6 K\ U,ez L, we consider

= * * ( )‘
where / = /1 and /[ ( £0) is the characteristic function of 0 + Then, it

follows that ) ( +Pi«(0)=0forZE N,since and +p c a n notbein
+ Bm simultaneously, and hence ||/ || } = 1. Furthermore, we have

E E k/.")iZ=wliii=iifiii=i
jer foeNo

By letting M -» 00, we obtain

Now, we estimate 1 ) as follows:

jezJK 1/eN
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1A (J01<EE/K|A(O*(*)N1 (E+p~ YOXKpU+«(0)[>
=EE" | Apion @« Q0" k+~{1*

Note that
(e+«(0)l < (lite)[2+[*(e+«(0)f) *

Therefore, we have
(3.6) [a*(/i)l <E E ™ [/ IA(p i0/i (p_i« +ti(0))10(014-
iez <N

Since U(O ®0 (i € N) and f\ £ ft0, there exists a constant J > 0 such that
A(p_i0A (p~J*+ p~MD0)) =0, Vii| >].
On the other hand, for each |jj < J, there exists a constant L such that
A (p~h+p i«0) =0, Vr>

Thie means that only a finite number of terms of the series on the right hand side of
(3.6) are non-zero. Consequently, there exits a constant C such that

\Aumi)\<cld \1\W\WH = caT\W i
implying
[M«(/i)l = °-
Hence equation (3.5) becomes
E ™ (p*6>)la=i.
>ez

Finally, we must show that if (3.4) holds for all / 6 ftO, then equation (3.2) is true.
From Equalities (3.3), (3.4) and just established equality (3.1), for all / e ftO we have

E E [ 1(0/ (£+ p_it*(in)) ty,(ti(m),p*£)dE = O-
icz mégNo+5 *

Also, by polarization, for all /, g € ft0 we have

3.7) E E I 1(0$(e+p“M T))YM “M>p*0" = °-
i€Zmggf(0+5 *

Let us fix mo e 9NO+Q andfo G K\Ujez-Ej such that neither £0 0 nor £0+u(™o) ®

0. Setting / = /1 and g = gi such that

A(O = AA(DH)K-E,O) and )= fI(E-U(m 0)),
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we obtain A ()& (£ +«(mo)) = 4M®P n>K 6> Now, equality (3.7) can be written as

(3.8) o=gMI +;|*1M «(tno)> ) +
where _
Ji=Yl 52 (E+ P-1® )) ~(«(rn)f
mEfINo+<3

0i">)5*(0,mo)
Since the first summand in (3.8) tends to ty,(u(mo),£0) as Af -» oo, we have to prove

that
lim_Ji = 0.
M-FOO

Sinceu(m) ¢ 0, (me N) and /1,51 6 il°, there exists a constant JO > 0 such that
ASi( +Piu(m))=0 Vj > Jo-
Therefore, we have

A= E E |/ AN E+P i«M) ~(«(m),A)df

me?No+<5 *

[Ji] <X V[ |A(p-i0 & (p_i(f+ u(m)))| [tv(u(rn),{|<".

i<*meeNo+<5 JK

" FUN<E NPYOBFE SEHEREG)B
0= E E N JipiBEexam! (14

LEK=IE [ NQDIV=T < oo
JO=EE - 1 |Apel BQIFdEDk- HERE

i<Jome,No+4

=EE "/ |Apif(m)l 8 @it i

J<JomgMo+Q K
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Thus ) has tho same form as with the roles of f\ and g\ interchanged. Next,
since /i(0 = 9™ ®n/(E - ?0), we can write

Nn(1)= E E [ [fli (P >(f+ «(«»))) I[r(0]2df-
i<Jome«jNo+”

Now, ifgi (p~*(E + u(w))) 0, then we must have p~JE+p~Ju(m) G£0+® ™ +u(mo)
and |p~Ju(m)| < g~M, and hence [ti(m)| < g~u ~i. Thus, we have

(3.9
M=E iq wla E It e
j<Jo Jrrprxp* g m6,NO+s5
< * % i 20-M-i 0 *dt = °
onJ Jp Iy(<3<o+r§-*+" [r(O 7Q-M-jQdt j<$j0pr-Jta+2-*+u [T(Oll-l

For given £0 ~ 0, we choose qJ° < |£0] = q~M to obtain
(3.10) p~% + b~*+m ¢ B Jo+tM Vj < JO,

as |P~JCo = 9"4I' M —qJ°q~M and B~J+Af ¢ B~Jo+M. On the other hand, for any
ji <h < Jo. we claim that

(3.11) {p iYo + b~II+M) {p_rdo+ b-b+m} = 0.

Indeed, for any x 6 p~~fo+®~J,+M andy e p~,afo+®~Ja+tM»write X = p~*£0+Ti
and y = p~*£0 + Vu then we have |i - y\ = max{|p_JIfo - P i*fo|, I"i - Vi|} =
gja-M  oi implying that (3.11) holds. Combining (3.9) - (3.11), we obtain

N(1)< J/S—JO+M MOpdf-H) as M —oo.
This completes the proof of Theorem 3.1.

Example 3.1. Consider the functions

ri1 ifre€o,

= (o ifxlv, Uit MX)

and define tp(x) = ¢\(x) - ifa(x). Since />()= () and

./\S(ql if xXGS 1,
-ANO0O if~rB 1

x G2,
M 0:{ | X<£b,

we have
XGB-~D,
otherwise.
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Next, for £/ 0, we see that £ \p (p*£) |a = 1, and since ~ and ( + ti(m))

can not be in B 1\D simultaneously, we conclude that

Y2 (p JQtto *E+um)) —o

jzaO
CMNMNCOK NNTEPATYPbI

h] g Behera and Q. Jahan, “Wavelet packets and wavelet frame packets on local fields of positive
characteristic”, J. Math. Anal. Appl., 395, 1-14 (2012).
[2 B. Behera and Q. Jahan, “Multlreeolution analysis on local fields and characterization of scaling
functions”, Adv. Pure Appl. Math., 3, 181 - 202 (2012).
[3] J. J. Benedetto and R. L. Benedetto, “A wavelet theory for local fields and related groups", J.
Geomet. Anal., 14, 423 - 466 (2004).
[4] S. Dahlke, “Multiresolution analysis and wavelets on locally compact abelian groups”, Wavelets,
Images, and Surface Fitting, A. K. Peters, 141 —156 (1994).
[5] I. Daubechies, Urn Lectures on Wavelbts, CBMS-NSF Regional Conference in Applied
Mathematics, SIAM, Philadelphia (1992).
[6] Yu. A. Farkov, “Orthogonal wavelets with compact support on locally compact Abelian groups”,
Irvest. Math., 69(3), 623 - 650 (2005).
[71 Yu. A. F&rkov, “On wavelets related to Walsh series”, J. Approoc. Theory. 161, 259 - 279 (2009).
[8] Yu. A. Ffcrkov, “Wavelets and frames based on Walsh-Dirichlet type kernels", Commun. Math.
Appl., 1, 27 - 46 (2010).
[9] Yu. A. Ffcrkov, “Examples of frames on the Cantor dyadic group”, J. Math. Sd. 187, 22-34
2012).
[10] (E He)rrtyandez and G. Weiss, A First Course on Wavelets, CRC Press (1996).
[11] H. K. Jiang, D. F. LI and N. Jin, “Multlreeolution analysis on local fields", J. Math. Anal. Appl.,
394, 523 - 532 (2004).
[12] W. C. Lang, “Orthogonal wavelets on the Cantor dyadic group”, SIAM J. Math. Anal., 27, 305
312 (1996).
[13] . F. Liand H. K. Jiang, "The necessary condition and sufficient conditions for wavelet frame
on local fields”, J. Math. Anal. Appl., 345, 500 - 510 (2008).
[14] D. Ramakrishnan and R. J. Valenza, Fourier Analysis on Number Fields, Graduate Ttocts in
Mathematics 186, Springer-Verlag, New York (1999).
[15] F. A. Shah, “Gabor frames on a half-line”, J. Contemp. Math. Anal. 47(5), 251 - 260 (2012).
[16] F. A. Shah, “Tight wavelet frames generated by the Walsh polynomials”, Int. J. Wavelets,
Multlresolut. Inf. Process., 11(6), 15 pages, (2013).
[17] F. A. Shah and L. Debnath, “Dyadic wavelet frames on a half-line using the Walah-Fourier
transform”, Integ. Trans. Special Funct. 33(7), 477 - 486 (2011).
[18] F. A. Shah and L. Debnath, “Tight wavelet frames on local fields”, Analysis. 33, 293 - 307,
(2013).
[19] M. H. Taibleson, Fburier Analysis on Local Fields, Princeton University Press, Princeton, NJ
(1975).

MocTtynuna 12 gekabpsa 2013

132



M3BecTunsa HAH ApmeHun. MaTemaTyka, Tom 49, u. 6, 2014, cTp. 133-143.
EXISTENCE AND NONEXISTENCE RESULTS FOR A 2n-TH
ORDER p-LAPLACIAN DISCRETE DIRICHLET BOUNDARY

VALUE PROBLEM

XIA LIU, YUANBIAO ZHANG AND HAIPING

Hunan Agricultural University, Changsha, China
Jinan University, Zhuhai, China
Guangdong Construction Vocational Technology Institute

E-mails: xia991002m63.com, abiaoam63.com, shp797im63.com

Abstract. 1 In this paper 2n-th order p-Laplacian difference equations are considered.
Using the critical point method, we establish various sufficient conditions for the
existence and nonexistence of solutions for Dirichlet boundary value problem.
Recent results in the literature are generalized and significantly complemented, as
well as, some new results are obtained.
MSC2010 numbers: 39A10.

Keywords: existence and nonexistence; Dirichlet boundary value problem; 2n-th
order p-Laplacian; Mountain Pass Lemma; Discrete variational theory.

1. Introduction

Throughout the paper the letters N, Z and R denote the sets of all natural, integer
and real numbers, respectively. The letter k stands for a positive integer. Fbr any a,
b€ Z (a < b), define Z(a) = {a,a+ 1,-m}and Z(a,b) = {a,0+1, ees, }. Also, the
symbol * denotes the transpose of a vector.

Recently, the difference equations have widely occurred as the mathematical models
describing real life situations in many fields, such as: probability theory, matrix theory,
electrical circuit analysis, combinatorial analysis, queuing theory, number theory,
psychology and sociology, etc.

Fbr the general background of difference equations, one can refer the monograph
[1,8]. Since the last decade, there has been much progress on the study of qualitative

IThia project is supported by Specialized Research Fund for Doctoral Program of Higher Eduction
of China (No. 20114410110002), National Natural Science Foundation of China (No. 11101098),
Natural Science Foundation of Guangdong Province (No. S2013010014460), Science and Research
Program of Hunan Provincial Science and Technology Department (No. 2012FJ4109) and Scientific
Research Fund of Hunan Provincial Education Department (No. 12C0170).
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properties of difference equations, which includes results on stability, attractivity,
oscUlation and other topics (see, [6, 11, 12, 16], and reference therein).
In this paper we consider the following 2n-th order p-Laplacian difference equation

(1.1) 4" (7<n+i*p (Ant*i-i)) = (—A/CbUi+bUIAi-i)! n € Z(1), i 6 Z(I,A),

with boundary value conditions:
(1.2) Uin= - = eee= =0, Ufch = U2 =« o= Uk+tn = O,

where [ is the forward difference operator: Aiy = ,+ - w, Anud= An_1(4wi),
is nonzero and real-valued for each i 6 Z(2 —n,k + 1), tpp(a) is the p-Laplacian
operator: <ip@ = |s|p 2s(l <p <o00), and / 6 C(R4,R).
We may think of (1.1) as a discrete analogue of the following 2n-th order p-
Laplacian functional differential equation

(1-3) ArIAp (M)] = (0 ime(*Hi).«w «(*-i))>«6 [0,4,
with boundary value conditions:
1.4) u(a) = tx'(a) = = u(n-1Ha) = 0, u(b) = v.'(b) = wm= ¢« ( 1>6) = 0.

Note that equations of type (1.3) arise in the study of solitary waves [15], in lattice
differential equations and periodic solutions [9], and in the study of functional differentia!
equations.

In recent years, the boundary value problems for differential equations were in the
focus of a number of researchers. By using various methods and techniques, such as
the Schauder fixed point theory, the topological degree theory, the coincidence degree
theory, a series of existence results of nontrivial solutions for differential equations
have been obtained (see, [4, 9]). Another important and powerful tool that was used
to deal with problems on differential equations is critical point theory (see [7, 13]).
However, only since 2003, the critical point theory has been employed to establish
sufficient conditions for the existence of periodic solutions of difference equations.
By using the critical point theory, Guo and Yu [10] and Shi et al. [14] have found
sufficient conditions for the existence of periodic solutions of second-order nonlinear
difference equations. We also refer to [16] for the discrete boundary value problems.

Compared to the first- or second-order difference equations, the study of higher-
order equations, and in particular, 2n-th order equations, has received considerably
less attention (see, [2, 3, 5] and references therein).
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The authors [2] studied the following 2n-th order difference equation:

n
(L5) XU (b(*- &?tt(i-j)) =0

in the context of the discrete calculus of variations, and Peil and Peterson [12] studied
the asymptotic behavior of solutions of (1.5) with 7,(1) = 0for1 <j <n-1. In 1998,
Anderson [3) considered (1.5) fori g Z(a), and obtained a formulation of generalized
zeros and (n. n)-disconjugacy for (1.5). In 2004, Migda [11] studied an m-th order
linear difference equation. In 2007, Cai and Yu [5] have obtained some criteria for the
existence of periodic solutions of the following 2n-th order difference equation:

(1.6) A" (7i-nbnw -n) + f(i,Ui) = o, e Z@3), le z,

in the case where / growe superlinearly both at 0 and at 00. In 2007, Chen and
Fang [6], using the critical point theory, have obtained a sufficient condition for the
existence of periodic and subharmonic solutions of the following p-Laplacian difference
equation:

1-7) A (S (At»-i)) + /(i, W+u L, Ui i) = 0, t GZ.

The study ofboundary value problems (BVP) to determine the existence ofsolutions
of difference equations has been a very active research area in the last twenty years.
For the surveys of recent results in this area, we refer the reader to the monographs
[1, 8]. However, to the best of our knowledge, results on solutions to boundary
value problems of higher-order nonlinear difference equations are very scarce in the
literature. Furthermore, since the equation (1.1) contains both advance and retardation,
not surprisingly, there are only few papers dealing with this subject.

Motivated by the above results, we use the critical point theory to give some
sufficient conditions for the existence and nonexistence of solutions for the BVP (1.1),
(1.2). We study both the superlinear and sublinear cases. The main idea used in this
paper is to transfer the existence ofsolutions ofthe BVP (1-1), (1.2) into the existence
of the critical points of some functional. The proofs are based on the celebrated
Mountain Pass Lemma in combination with variational technique. The purpose of
this paper is two-folded. On one hand, we further demonstrate the powerfulness of
critical point theory in the study ofsolutions for boundary value problems of difference
equations. On the other hand, we complement the existing results. The motivation
for the present work stems from the recent papers [7, 9].
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Fbr the basic concepts of variational methods, we refer the reader to monographs

[8,13]. Let
4 =max{7<:i GZ(2- n,*+ 1)}, = min{7<:t€ Z(2- n,k+1)}.

Our main results are as follows.
Theorem 1.1. Assume that the following hypotheses are satisfied:
(7) 7<< Oforanyi GZf-n ,k+ 1);
(Fi) there exists afunctional F(i, ¢y G CI{Z x R?,R) with F(0, ®= 0, such that

+ - Ne .*.»,*), Vi€ 2(1,4;

(Fa) i/lesie exists a constant Mg > 0, such thatfor all (<,«x,vj) G Z(l, k) x R?

dF(viV2) o fIF(ubNY

7%en the BVP (1-1), (1.2) possesses at least one solution.

Remark 1.1. Assumption (Fa) implies that there exists a constant M\ > 0, such

that
W) |F(i,vbi*)| < Mi+ Asfo(vil + [), V(t,«i,vj) 6 Z(1,k) X R2.

Theorem 1.2. Suppose that (Fj) and the following hypotheses are satisfied:
(7O 7»>0foranyi GZ(2-n,k +1);
(F3) there exists afunctional F[i, ¢) GCX(Z x A42,4), such t/iot
lim =0>r= Vi G Z(l,fc);
(F4) iletre exists a constant 0 >p, such thatfor any i G Z(l, k)
0< + v(u,,0a) * 0.
Then the BVP (1.1), (1-2) possesses at least two nontrivial solutions.

Remark 1.2. Assumption (F4) implies that there exist constants ai > 0and > 0,
such that

() F(,vi, )>ail[y/lv$+v%Y- |, ViGz(l k).

Theorem 1.3. Suppose that (Y), (Fj) and the following assumption aresatisfied:
(Ft) there exist constants R > 0 and 1 < a < 2, such that for i GZ(I,fc) and
>Ai+*2 >R,
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Then the BVP (1.1), (1.2) possesses at least one solution.

Remark 1.3. Assumption (FB implies that for each i € Z(l, k) there exist constants
03> 0and > O, such that

(F0 F(i,vi,u2)<o3(™ +t;8)fp+adl¥(, , )e Z(l,fc) xR2

Theorem 1.4. Suppose that @), (Fj) and the following assumption are satisfied:
(F6) bl (i,vi,v2,v3) >0, for V2~ 0, Vie Z(l,fc).

Then the BVP (1.1), (1.2) has no nontrivial solutions.

Remark 1.4. As it was mentioned above, results on the nonexistence of solutions of
problem (1.1), (1.2) are very scarce. Hence, Theorem 1.4 complements the existing
results.

The rest of the paper is organized as follows. In Section 2 we establish the variational
framework for the BVP (1.1), (1.2), and transfer the problem of existence of solutions
of BVP (1.1), (1.2) into that of the existence of critical points of the corresponding
functional. Some related fundamental results are also recalled. Finally, In Section 3
we prove our main results, by using the critical point method.

2. Variational structure and some lemmas

In order to apply the critical point theory, we first establish the corresponding variational
framework for the BVP (1.1) with (1.2), and state some lemmas, which are used in
the proofs of our main results. We start with some basic notation.

Let R* be the real Euclidean space of dimension k. Define the inner product on
R fc as follows:

()) (u,v) = u’'ve€ Rfc>

j=i
which induced the norm || «|:

2.2)

On the other hand, for all u 6 R* and s > 1, we define the norm [Ju]|, on R* as

follows:
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Since the norms ||u|j« and | || are equivalent, there exist constants <*, ( >
cj > 0), such that
(2.4) cilMla™ IN. " «aMa. u e Rfc-

Clearly, | || = | || . For the BVP (1.1), (1.2), consider the functional J defined

on R* as follows:

1k k
(25) J(U) = - V  T<HIg "< T - -Fin<tln" « = ( »e - >H)* ER*,
P i i

| <
where « _ = - = eee=«0 =0, «fc+t = Uct3 = eee= Ufcth = O and
en<-l!mmm»>+m MYV2)=/i,,,W",an).
oL
It is easy to see that J € C'(RfgR), and forany u = {uJJLj = ( , ,..., *)*, by
usingui_n = - = eem=tio = O, tifcti = «*+2 = ese= Uk+n = O, and
An« = o ( ’:]) «<+n-*,

we can compute the partial derivatives of J by formula:
= ()" (yi-n+iipp (4nwmi_i)) —/(t tii+i, Vi tij_i), Vie Z(l,fc).
Thus, u is a critical point of J on Rtif and only if

An yi-n+ip (AnUi-i)) = (- Yn/(} W +uT LWL-1), »6 Z(1, )
and so, we can reduce the existence of solutions of the BVP (1.1), (1.2) to the existence
of critical points of J on R*. That is, the functional J isjust the variational framework
of the BVP (1.1), (1.2).
Let D be the (k+n) x (k +n) matrix defined by

/1 -1 0 e 0 0
-1 2 -1 eee 0 0
0O -1 2 e 0 0]

0 0 O e 2 -1
\' 0 0 0O oo -1 2y
Clearly, D is positive definite. Let Ai_n,Aa_,,,"> ,A* be the eigenvalues of D.
Applying matrix theory, we see that Xj >0, j = 1- n,2- n,+® Kk, and, without
loss of generality, we can assume that

(2-6) 0< Ai-n < Ar_n<eem< Aft

Let E be a real Banach space. We assume that J 6 C1(JB.R), that is, J is a
continuously Fr&iiet-differentiable functional defined on E. The functional J is said to
138
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satisfy the Palais-Smale condition, (PS)-condition, for short, if any sequence }C
E for which {J (1™)} M bounded and J' (tt*) -* 0 as | -» 00 possesses a convergent
subsequence in E.

Let Bp denote the open ball in E of radius p centered at 0, and let dBp denote its
boundary.

Lemma 2.1 (Mountain Pass Lemma fISj). Let E be a real Banach space and let
J e C'iE, R) satisfy the (PS)-condition. 1f J(0) = 0 and

(Ji) there exist constants p, a > 0 such that J\eBr > a,

(Ja) there exists e 6 E \ B P such that J(e) < 0.

Then J possesses a critical value c>a given by

(2.7) c= inf 8% J(g(s)),
where
(2-8) M= {ge C([0,1], FI<?(0) = 0, *(1) = e}

Lemma 2.2. Suppose that the conditions (YY), (Fi), (F3) and (F4) are satisfied.
Then the functional J satisfies the (PS)-condition.

Proof. Let u6 Rftand 1 e Z(l) be such that {J (u®)} is bounded. Then there
exists a positive constant JV , such that

“M 2< ] (ti®) < Mit VI€ N.

By (Fi), we can write

-Mi<j («<o>)= i £
Pi=l-n i=1

+
-»>E aafc

i=l—
< 2% [(1M) A~ Qjtf|jtlw]| + 0271

< P I Cicilh r +°*

where xXW = ( 1 (1 ,An_14"In,e=, A1-14 Y) mTaking into account that

UT- t (ANMI-AYPIN £ (BVER

Li=I-n i=1-n
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we obtain
j @) -fa? IHI eic*W I +

That is,
alCf| « - p I <M2+5bKk.

Since > P, there exists a constant M3 > 0 to satisfy |uW| < M3, 1 e N.
Therefore, {u(,)} is bounded on Rfc As a consequence, {u(,)} possesses a convergence
subsequence in R fg, implying the (PS)-condition. Lemma 2.2 is proved. O

3. Proofs of the main results

In this Section, we prove our main results by using the critical point theory.

Proofof Theorem 1.1. By (), foranyu = (w,« , s, nk)" € R*, we have

1 = k
()= Z) 7 L+ 1 1 «*H.«
i=l—n i=l
f *
<-C?[ (AnV i - pan 1%2 +Mo” (Juiti]+ |u<)) + Mk
p Li=I-n 1=

<V *z2%)5 F2Mo )@M ik <; 3% r Famoju) Fmxk,

K
Xr = "2 (An V+i A" 2Ui)2 Ai_,, 4 (4-m)H)l >ACINI',

t=1-n t=1—n

we have
J(v) < pci*Snllullp + 2AfoVfc||u|| + M\K -¥ -00 as ||u|| -> +00.

The above inequality means that —J(u) is coercive. By the continuity of J(u), J
attains its maximum at some point, which we denote by , that is,

J(u) =maxjJ(u)lu 6 R*j .

Clearly, 11 is a critical point of the functional J, and the result follows. This completes
the proof of Theorem 1.1. O

Proof of Theorem 1.2. By (F3), for any e = where Ai_n is as in (2.6),
there exists p > 0, such that

INMi.t*)! < (Vf +v9%)* Viez(i,*),
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for y/Vi + v\ < Viip.
Forany « = ( ,,«2)es. ,U0* e R* and |lu|| < p, we have | <p, ie Z(l,k).
It follows from the proof of the Theorem 1.1 that forany u e Rfg

1 v— k
- £ T+lighr -y .

»=1-n i=1

Taking a = *,[? >0, we obtain

J{u) >a>0, Vue dBp.

»

At the same time, we have also proved that there exist constants a > 0 and p > 0
such that J\bdp > o, implying that J satisfies the condition (Ji) of Lemma 2.1.

For our setting, clearly J(0) = 0. In order to exploit the Mountain Pass Lemma
in critical point theory, we need to verify other conditions of this lemma. By Lemma
2.2, J satisfies the (PS)-condition. So; it remains to verify the condition [J-).

It follows from the proof of Lemma 2.2 that

I(«) < Nuf aicf IItif + 02*.

Since P > p, we can choose i1 large enough to ensure that J(tt) < 0.
Now we can apply the Mountain Pass Lemma to conclude that the functional J
possesses a critical value ¢ > a > 0, where

c= Iﬁgr(%tf&]J(h(S)),

and
r={h6C(0,1],Rf) Ift(0) = o, h{1) = i}.

Let i € Rf be a critical point associated with the critical value c of J, that is,
J(H) = c. Similar to the proof of Lemma 2.2 ((PS)- condition), we can conclude that
J(u) is bounded on R fc. As a consequence, there exists 1 6 R k such that

J(V) = crax = e’é[%,’ﬁ J(/i(s)).
Clearly, # 0. If1 , then the conclusion of Theorem 1.2 holds. Otherwise, i1 = i,
and we have ¢ = J{u) = cmax = *r&(zi)l(]J(h(a)). That is,

R O
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Therefore,

Crax = n%% nn®)> Ve .
By the continuity of J(h{a)) with respect to a, J(Q) = 0 and J(u) < O imply that
there exists G (0,1), such that J (h (*u)) = Crax- Choose /ij, hj 6 I' such that
{/u(@) 186 (0,1)} {Na(a) l«e (0,1)} is empty, then there exists a,, a2e (0,1) to
satisfy J(h\ (&,)) = ( (a2) = (W - Thus, we get two different critical points of
J on R* denoted by

ul= hi(ai), u2=( ).

The above arguments can be applied to conclude that the BVP (1.1), (1.2) possesses
at least two nontrivial solutions. This completes the proof of Theorem 1.2. O

Proof of Theorem 1.3. In view of above arguments, we only need to find at least

one critical point of the functional J defined by (2.5).
By (Fj), forany u = («1, , me «*)* 6 R*, we can write

1 = k
Ju = £ T<HIAAT  £F(*,Ui+i,iXi)
Pizl-n i=
> AcfAMN|ullp- a3E€  (]/v?+i+u?) - ank
v i=1 /
> - "3 [E (Y«?+1+«?) *P] j - 04k

A ANXT NnM P- *3¢?p Ijx U2+ + ui)j I - 04k

> N~ - ~oon ?" 04Kk-4+00 as | || -»+

By the continuity of J, the above inequality implies that there exist lower bounds
of the values of J. This means that J attains its minimal value at some point, which
is just the critical point of J with the finite norm. Theorem 1.3 is proved.1 O

Proof of Theorem 1.4. Assume the opposite, that the BVP (1.1), (1.2) has a
nontrivial solution. Then J has a nonzero critical point u*. Since

fa = (-DNANbI -n+ifp (ANULD) - /(, M, «_),
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we get

*

(3.1) X*,/(<,t$n,t$,«t_iK = I[( 1)MAN-THFVP (A" §))] uf

*=] i=
K
= E 1407 bFlp < o.
t=1—n
On the other hand, it follows from (Fe) that
K
(3-2) E/(».<+i.<,< iK>0.
i=
This contradicts (3.1), and the result follows. Theorem 1.4 is proved- ]
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Abstract.1 The paper characterises C*-algebras generated by semigroups of
composition operators acting upon Fbck space. With an approach of approximation
from nonharmonic analysis, sufficient conditions for cyclic representations are obtained.
We also characterize the cyclic representation of a C*-algebra of measures generated by
Heisenberg groups.
MSC2010 numbers: 30D20; 46L05.
Keywords: Cyclic representation; composition operator; semigroup; C*-algebra; Ebck
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1. Introduction

This paper is devoted to the study of properties of the C*-a]gebras generated
by semigroups of composition operators acting upon Fbck space of C*, n > 1
Representations of a C*-algebra of measures generated by Heiseaberg groups are
also considered.

The main novelty of the analysis carried out in this paper lies precisely in the fact
that we analyze the cyclic representations of the C*-algebras with the approach of
uniqueness of analytic functions, which is crucial in solving approximation problems
in nonharmonic analysis (see, [8], [16], [17]).

Semigroups appear in many areas of analysis (harmonic analysis, representation
theory, operator theory, ergodic theory, etc.) The properties of semigroups of holo-
morphic flows have been extensively studied during the past several decades. Here we
mention two known facts that are related to our work in this paper. I [4], Berkson,
Kaufman and Porta proved the strong continuity of these flows on Hardy spaces. A
complete description of semigroups of holomorphic flows on C was obtained in [11],
by using an approach and techniques, which are quite different and independent of
operator-theoretic considerations.

1Supported by National Natural Science Foundation of China (No.11261024)
144


mailto:yangsddp@12G.com

CYCLIC REPRESENTATIONS OF C”-ALGEBRAS ON FOCK SPACE

It was Grothendieck (see [9]), who initiated the study of approximation properties
of operator algebras associated with discrete groups, whose fundamental ideas have
been applied to the study of groups. In this case one discovers that some important
properties of groups can be expressed in terms of approximation properties of the
associated operator algebras. Also, various important properties of the groups ran be
expressed in terms of analytic properties of these algebras. An illustration of nontrivial
interaction between analytic and geometric properties of groups and a short survey
of approximation properties of operators algebras associated with discrete groups ran
be found in [6].

Throughout the paper we use the following notation: the points of Cn are denoted
by z = (z\,...,zn), where z* € C. If zk = xk + iyk, X = (Xi.....X,,), ¥ = (Yi,

then we write z = x + iy. The vectorsx = Rz and y = are the real and imaginary
parts of z, respectively. Rn stands for the set of all z € Cn with = 0. Also, we
denote

L= (W 2+ -+ W 2)I/a, I**1 = (I5i|2+~+1*» la)l/a, |9*] = (M UY-.+1im 13)1'3,
zp = zfl eeo*£',  (Z,t) = zI1t1+--- + zntn.

The Bargmann-Fock space 3* (C") is defined to be the Hilbert space ofentire functions
on C" equipped with the inner product:

</'$) = (2"T [(*M *)e~iwad»(*),

where v denotes the n-dimensional Lcbesgue measure on C*\ The norm in SFXCn) is
defined by ||/|| = y/(f, f) (see, [2], [3], [18]).

The reproducing kernel for the Fock space is given by Kw(z) = where
(z,w) = E U r]W- It is well known that |-K«| = The Bargmann-Fock
spaces has been studied by many authors and it is rooted from mathematical problems
of relativistic physics (see [15]) or from quantum optics (see [13]). In physics the
Bargmann-Fock space contains the canonical coherent states, so it is the main tool
for studying the bosonic coherent state theory of radiation field (see [14]).

The Bargmann-Fock spaces has also been proved invaluable in the theory of wavelets.
In fact, the Bargmann transform is a unitary map from L2(R) onto the Bargmann-
Fock space 5j(C), transforming the family of evaluation functionals at a point into
canonical coherent states, which are nothing but the Gabor wavelets.

In the last years there was an increasing interest to the characterization of composition
operators acting upon Fock space. For instance, bounded and compact composition
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operators acting upon Fock apaco 3*(C") wore described in [7]. In the recent paper
[19], boundedness and compactness of densely defined operators on Fock space 3?(C)
were characterized in terms of Berezin transform.

Motivated by [5], [6], [11}, [18], [19], it is rather natural to study the approximation
properties of C'-algebras generated by semigroups of composition operators acting
upon Fock space.

The paper is organized as followe. Section 2 is devoted to the study of composition
operators on Pbck space of Cn which induce holomorphic flows. In Section 3, we
obtain sufficient conditions for representations of a C*-algebra of composition flow
to be cyclic in Fbck space of Cn. In Section 4, similar conditions are obtained for a
C*-algebra of measures generated by Heisenberg groups.

2. Holomorphic flows induced by a bounded composition operator on

Fock space op Ch

In this section we describe the holomorphic flows induced by a bounded composition
operator on Fock space of Cn. Thb this end, we first recall some basic definitions and
results.

Let G be a domain in Cn, and let H[G) be the set of holomorphic functions on
G. A one-parameter family <p(t,z) of nonconstant functions from G to G satisfying
<0,z) = z and <p(t+8,z) = <P(g, (t,*)) forall a,t > 0and z 6 G is called a semigroup
flow (see [11]). The family {CVt)t>0 of composition operators on H(G) is given by

(<Pd)(¥) = [8(+>))

for everyt > 0 and / 6 //(G). Notice that since <p(t,z) is a flow, the semigroup
property CVI+, = CVICV, is satisfied.

The next result, which was established in [7], contains the boundedness and compactness
of composition operator on Fock space of Cn.

Lemma 2.1 ([7]). Letip:Cn —»C” be a holomorphic mapping. Iffor f 6 3~(Cn),

) 'm=/(<?(*)) m bounded on 9~C"), thentp(z) = Az+ , where A isannxn

matrix and B is an nx 1 vector. Furthermore, ||A|| < 1, and if | £] = |£| for some

e C", then (A£,B) = 0; ifCv is compact, then ||| < 1.

Conversely, let<p(z) = Az+B, where A isannxn matrix and B isannx 1 vector.

If (M, B) =0 whenever |A£| = |£|, then Cv is bounded on ?£(C1); if WA\ < 1.then
Cv is compact on 3*(Cn).
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The main result of this section is the following theorem.

Theorem 2.1. Suppose that <p(t,z) : Cn -)m Cn is an one-parameter family of
holomorphic mapping satisfying <p(0,z) = z and <ptt + s,z2) = <, (t, z)) for all
s,t > 0 and z e C". If the family (CVI)t*0 is bounded on 3~(Cn), then <p(t,z) =

eF<z+ {eFt° — 1(eFt—I)B or <p(t,z) = z + Dt, where F is annxn matrix, and
B and D are X 1 vectors.

Proof. By Lemma 2.1 we have ip(l,z) = A{L)z + B(L), where A(L) = (a#(1))»xn is
an Xn matrix satisfying ||A(t)|| < 1and B(t) = (6y(t))nxi isan n x 1 vector, a{j(t)
and bij(t) are differentiable functions oft.

From the semigroup property of the flow, we have

A(t+e)z+ B(t+5s) = A(t)(A(s)z + B{8)) + B(t) = A(t)A{s)z + A(t)B{a) + B(t).

Equating the coefficients of z, we get

(2.1) A(t+ s) = A(DA(S)
and
(2.2) B(t +s) = A{t)B(s) + B(i).

Since y)(0,z) = z, we have A(0) = I, where | is the unit matrix, and B(0) = O, where
O is the zero vector. The differentiability of A(t) and equality (2.1) imply A(t) = eFt,
where F is an n x n matrix. Actually, we have

A = i, At = @i, A% 0) = M)
Next, the equality
A(t+ B) = A(R)A(i) = A(DA(S)
implies A'(t) = A()A'(0) = A'(0)A(t). IfeFt° | for some to > 0, then from (2.2)
we have

(2.3) B(t+a) =eFtB{s) + B ),
(2.4) J9(s + 1) = eFtB(t) + B(s).
Tbking 8 = to in (2.3) and (2.4), we get B(t) = (eFt° - - 1)B{t0)-

IfeFt = I, then from (2.3) we obtain B{s+t) = B(t)+B(t). Thus, B(t) is a continuous

linear vector function in t with B(0) = 0l. So, we can conclude that B(t) = Dt for

some X 1 vector D in Cn. This completes the proof of Theorem 2.1. O
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3. Cyclic representations of C*-algebras of composition flow

In this section we deal with the C7*-algebra:
Q. «=G*({CV, : (ft 6 T}),
where Cv, (f(z)) = /®(*>*)) and I is a discrete semigroup flow of C".

We first recall some definitions from the theory of C*-algebras (see, [1]). A bounded
linear map :X -* Y between C"-algebras X and Y is called a *-homomorphism
if it preserves the algebraic operations and satisfies jr(ar*) = w(x)* for any x e X.
A representation of a C*-algebra 6 is a “-homomorphism of 6 into the C*-algebra

) of all bounded operators on some Hilbert space tf. It is customary to refer
the map p : 6 -> £(#) as a representation of 6 on H. An invariant subspace M
of the <7*-algebra p(Q) is called a cyclic subspace if it contains a vector £, such that
{p(e)e, H) iBdense in Qit. A representation p is called a cyclic representation if H
itselfis a cyclic subspace for p. Let Abe a complex set and f(z) be some holomorphic
function. If /(A) = 0 implies f[z) = 0, then A'is called a uniqueness set for /.

The main result of this section is the following theorem.

Theorem 3.1. LetA= be a sequence of nonnegative real numbers. Suppose
that p(<p(t,z)) is analytic on t and z separately, where y>(f,z) is as in Theorem
S.1. Furthermore, suppose that 0 < t e A is the uniqueness set of some bounded
holomorphic function in the right half plane. Then p is a cyclic representation of Cr,
onS*(C).

Proof. To prove that p is a cyclic representation of the C*-algebra Ct,, it is enough

to show that span{p(ert)/} is dense in ~(C ") for some fixed / 6 5~(C”). Without
loss of generality, let g be a function in 3%(Cn) such that

(3-1) \f(pMt,2)))\ = fI¥E(<%)| <
where the function <p(t,z) is as in Theorem 2.1 and a < 1/2 is some fixed positive
constant. If the conditions ofthe theorem are satisfied, but span{p(ert)/} is not dense
in 3*(Cn), then by the Hahn-Banach Theorem, there exists a nontrivial bounded
linear functional L which annihilates {/»(Cti)/}- Thus,

MfipMt.z)))) = L(g(<p(t.2))) = O.
Define

- =Myl 9MvyF))oMe~*Wedv*),
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and observe that L(w) is an analytic function in the right halfplane C+ = {10 : Arm >
0}. It follows from (3.1) that L[w) is bounded in C+. Since by assumption 0 <t 6 J1

is the uniqueness set, we can conclude that L(w) = 0. This completes the proof of
Theorem 3.1. O

The following example illustrates Theorem 3.1.

Example. The mapping p defined by (= e~*f is a cyclic representation of Ct, on
5j(C). Indeed, in this case we take f{z) = e*,

L{w) := v(z),
and

n“ {a*'n*>0'£€1" =+« }-
Then using the arguments of the proof of Theorem 3.1 and [10], we can conclude that
L(w) = 0, and the result follows.

4. Cyclicity of Segal-Bargmann representation.

In this section we study the cyclicity property of Segal-Baxgmann representation.
To this end, we first recall some basic facts on C*-algebras generated by Heisenberg
groups (see [5]). The Heisenberg group Hn is given by Cn x R with multiplication

(0,t)(b,a) = (a+ b,8+ t+ Sh.a/2),

where . /2 —(b.0 —a.b)/2i. It is well-known that the Lebesgue measure on Cn x R

is bi-invariant Haar measure on Hn. In [5], Cobum focused on the Segal-Bargmann

representation on Fock space. The representation is given by p(e, t) = euWa, where
(Wel)(z) = ka{z)f(z - a)

andJfca(z) = exp{(r,a)—a|2/2} isthe normalized reproducing kernel. In representation
theory,./? is often extended to M(Hn) and b1(f1,,), the convolution algebra of bounded
regular complex valued Borel measures on #n and its closed two-sided ideal of
measures that are absolutely continuous with respect to left Haar measure, respectively.

It is represented as follows:
(4.1) p(c) = | p(at)dcr(a, t).
JHN
The equation (4.1) determines an operator on 3~(0”) by

(p(FOLE) = { . (P(M)/T)<Fr(M)>
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where / and g are arbitrary function* in ~(C ) and () denotes the usual innor
product on L2{C").
The cut-down of p to M(Hn), L1(Hn) is defined as follows:

(4.2) R<t) = 4 , Wada(a).

C

Observe that /1/(4,) and J1/(CI) are involution Banach algebras with dam =
der(-a). The twisted convolution H)<T on M(C") is defined for any continuous on Cn
function ®which vanishes at infinity as follows:

f d@<L(Tsern)@ = f f d{asd-b)xa(b/2)dr(a)dr(b),
Jc” Jc* Jo»

where Xa(z) = exp{tS(z,a)}. Denote by B(Cn) the linear span of all continuous

positive-definite functions on C”.
For bounded and continuous >and / £ 2*(Cn), the Berezin-Toeplitz operator Tv

is defined by
(34M =— J7rv(.a)na)erc-iM dv(a).
In [5], it is proved that p, defined by (4.2), is a faithful representation of M(C")j on
57(Cn). The following identities are also proved in [5]:
e’naccl]}=e*mm(q,)]} = closure® =v e B(cn)}.

Below we prove that both p and p are cyclic representations on C"). Tb this
end, we need the Jensen’s formula for entire functions of several variables.

Lete = (ei,e2, e, ) be aunit vectorsatisfyingej >0(j= 1, 2, n). Denote by
JIr(N, 8, t) the number of points of /1 lying on the segment S(e, t) = {(eif, e3(,...,e,,Q :
11 < t} of the complex affine straight line S(e) = {(eif,e2£,...,enf):f € C}. For an
entire function /(z), by N{f, e,t) we denote the number of zeros of /(z) in S(e,<),
counted according to their multiplicity. Also, we denote

S(f,a) := £),
where r = (n,ra.....r,,) satisfying r-> 0 (j = I,2,...,n). Fbr an entire function f(z)
(/(0) / 0), the Jensen’s formula is as followe (see [12], Chapter 4, Section 2.1-2.4):
lo (jlo "Jo N~ 'SY'a”t’dai- dan-”" jdt
="rJO0 - "bslfin**1....rné*n)VB\..<lWh —log|/(0)].
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Theorem 4.1. The representations p and p defined by (4.1) and (7), respectively,
are cyclic representations of M{Hn) and Af(Cn)f on 3LLO1), respectively.

Proof. Since both ofthe closures of M(Hn) and A/(C")j under the discussed representations
are equal to closure{r,, : ipe B(Cn)}, it is enough to show that
4.3) closure{T,: e B(C”)} = 3*(C").
Let A = {AfcHJLj be a sequence of nonnegative real numbers in R", where Ay =
(Ait, A AJ). It is easy to see that the functions tp\ := e<0RA°>/2 = e<Ba°>/2, A6 /1
are in Z?(Cn). Thus, to prove (4.3), it is enough to show that the closure of linear
span {TVx : A€ N1} coincides with j£(Cn) for a suitable selected sequence J1. Denote

=Jo (jJo*eeejf% (/,S(r,a),t)dai...dan-xV
and observe that if J1 satisfies the condition

(4.9) lim sup = +00,

r-a+ T
then the closure of linear span {7” : A e A} coincides with 3*(Cn). Actually, if
(4.4) is fulfilled, but the closure of linear span {TVin: Ae A} 9*(C”), then by the
Hahn-Banach Theorem, there exists a nontrivial bounded linear functional L which
annihilates TVx, that is L(TVxf) = 0. Without loss of generality, let f{z) be a function
in 37(Cn) satisfying
(4.5) 1/(*)I<e-‘<\Wa,
where eo is some fixed positive number. Define

L) = IMNTW){zW/je-Nedv(z)

Temny

and observe that L(w) is an entire function.

gﬂjl; ei w0e>/(a)e<*a>/2e - i'Olad u (0)A)e-i** 1, dt;(2),
n

By (4.5), with some positive constant A\ we have
(4.6) \(TVmF) (2)\ < yire - * (N+1*DA

It follows from (4.6) that for sufficiently large r with some positive constant A3
log|/(z)| < A2r2. Hence by the Jensen’s formula, we should have

limsup **— < +00,

r-++00 r

which contradicts (4.4). Thus, we conclude that L(w) = 0, and the result followe.

Theorem 4.1 is proved.
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Abstract. In this paper we study the uniqueness problems on meromorphic
functions sharing a nonzero finite value or fixed points. Our results improve or

generalize those given by Fang and Hue [7], Yang and Hua [18], Fang and Qiu
[9], Cao and Zhang (2).
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1. Introduction and main results

Let C denote the complex plane and let f(z) be a non-constant meromorphic
function defined on C. We assume that the reader is familiar with the standard notions
used in the Nevanlinna value distribution theory, such as T (r, /), m(r, /), N(r,/) (see
[10,12,19, 20]). Let S(r,/) denote any quantity that satisfies the condition 5(r,/) =
o(T(r,/)) as r — oo outside possible an exceptional set of finite linear measure. A
meromorphic function a(z) is called a small function of f(z) if T(r,a) = S(r, /).

Let f(z) and g(z) be two non-constant meromorphic functions, and let a[z) be a
small function of /(z) and <(2). We say that /(z) and g(z) share a(z) CM (counting
multiplicities) if f(z) —o(z) and g(z) —a{z) have the same zeros with the same
multiplicities, and we say that f{z) and g(z) share a(z) IM (ignoring multiplicities) if
the multiplicities are ignored. We denote by Nk)(r, j —) (or Nk)(r, yrs)) the counting
function for zeros of / - a with multiplicity < k (ignoring multiplicities), and by
N(k(r)7=5) (or ~(fc(r>7I5)) the counting function for zeros of f —a with multiplicity
> fc (ignoring multiplicities). Also, we set

Nk(r, = Wr, )+ Np(r, ~ ) + N{3(r, - ) + oo+ N (K{r, M.

*This research was supported by the National Natural Science Fbundation of China (Grant No.
11171184), the Tian Yuan Special Funds of the National Natural Science Fbundation of China
(Grant No. 11426215) and the Fundamental Research Fbnds for the Central Universities (Grant No.
3122013k008).
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We say that a finite value 20 is a fixed point of / if f(zo) = zo or zo is a zero of
1(*) *-

The following theorem is well known in the value distribution theory (see [1,3]).
Theorem A. Let f(z) be a transcendental meromorphic function, and letn > 1 be
a positive integer. Then fnf = 1 has infinitely many solutions.

Fang and Hua [T}, and Yang and Hua [18], respectively have obtained a unicity

theorem corresponding to Theorem A.
Theorem B. Letf andg be two non-constant entire (resp., meromorphic) functions,
and letn> 6 (resp., n > |1j be a positive integer. Iff n(z)f'(z) and gn(z)g'(z) share
1 CM, then either }{z) = Cie* and g(z) = c”e 0, where cb and c are three
constants satisfying 4(cic3)”+1c2 = —, or f(z) = tg(z) for a constant t such that
th+1 = 1.

Corresponding to the uniqueness of entire or meromorphic functions sharing fixed
points, Fang and Qiu [9] obtained the following result.

Theorem C. Letf andg be two non-constant meromorphic (resp., entire) functions,
and letn > 11 (resp., n>Q) be a positive integer. Iff n{z)f'{z) and gn(z)g'(z) share
z CM, then either f(z) = cie0® and g(z) = cae~" a, where a, eg and c are three
constants satisfying 4( ) +1 * = - 1, or f(z) = tg(z) for a constantt such that
th+1 = 1.

For more results in this direction, we refer the reader to [4] —[9], [11],[13] - [16],
[18], [21] - [24]. Cao and Zhang [2] extended Theorems B and C as follows.
Theorem D. Letf(z) and g(z) be two transcendental meromorphic functions, whose
zeros are of multiplicities at least k, where k is a positive integer, and let n >
max{2fc-1 ,H 4/k + 4} be a positive integer. If / n/W and gngNe share z CM,
and f and g share 00 IM, then one of the following two conclusions holds:

(1) ) =W >

(2) f = cie0* g = c™e 05 where cb c2, ¢ are constants such that 4(cica)n+1c2= - 1.
Theorem E. Letf(z) and g(z) be two non*constant meromorphic functions, whose
zeros are of multiplicities at least k, where k is a positive integer, and let n >
max{2A: — 1,k + 4/k + 4} be a positive integer. If / n/W and gngNe share 1 CM,
and f and g share 00 IM, then one of the following two conclusions holds:

(1) ) =g"gw;

(2) f = c3e™9 = c"e-df wherecs, c*d are constants such that (—)*(c3c<)n+1d2t = 1.
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In this paper we show that in Theorems D and E the condition */ and g share 0o
IM"can be removed. Specifically we prove the following results.

Theorem 1.1. Let f{z) and g(z) be two non-constant meromorphic functions with
< +00» whose zeros are of multiplicities at least k, where K is a positive integer,
and letn> max{2k 4-1,2{o(f) —I)fc—3,k + 4/k 4-8} be a positive integer. If f nfW
and gngNe share z CM, then one of the following two conclusions holds:
Q) »1(*) = g*g(Kk).

(2) f = Cie* ,g = cre~ox, Whereci, a and c are constants such that 4{cia)n+icl =
- 1.

Theorem 1.2. Let f(z) and g(z) be two non-constant meromorphic functions with
o(f) < +00, whose zeros are of multiplicities at least k, where k is a positive integer,
and let n > max{2fc—1,2((/) —)fc—1,k + 4/k + 5} be a positive integer. If/n/W
and gngNe share 1 CM, then one of the following two conclusions holds:

(1) ) = Anak).

(2) f = c”edf g = cne~df where 03, 04, d are constants such that (—)*(csC4n+1(Pft= 1.

Ib prove Theorems 1.1 and 1.2, we need the following results.

Proposition 1.1. Let f(z) and g(z) be two non-constant meromorphic functions
with <r(/) < +00, and let n and K be two positive integers such that n > max{2fc+
1,2(<r()- )fc-3%}. I ffnfW gngW _ za( f —Cle“ a, g = oie~°*, where ci, ca

and c are constants such that 4(cica)n+1c2 = —1.

Proposition 1.2. Let f(z) and g(z) be two non-constant meromorphic junctions
with o(f) < +00, and let n and K be two positive integers such that n > max{2fc-
1,k+121n7/) - Dfc- 1} IfrfW gngW = 1, thenf = c3e”, g = c”e ", where
C3, & and d are constants such that (—)k(c3c4)n+1(i2x = 1.

2. Preliminary lemmas

Lemma 2.1 (see [19]). Let f(z) be a non-constant meromorphic function and let
ao(z), ai(z), ..., on(z) ( 0) be small functions off. Then

T(r, + 0n-i/" 1+ eee+ a0) = nT(r,/) + S(r,/).

155



XIAO-DIN ZHANG

Lemma 2.2 ([19], p- 21)- Let f(z) be a non-constant meromorphic function in the

complex plane. If the order of f(z) is finite, then

f
m(r,y )= O(logr), r ->o0.

Lemma 2.3 ([19], p. 65). Let h(z) be a non-constant entire function and let f[z) =
efd*). Let A and 1 be the order and the lower order of f{z), respectively. We have
(i) IfL, < oo, then is a positive integer, h(z) is a polynomial of degree , and X=u,.
(ii) If .= oo, then h{z) is transcendental and A= u.

Lemma 2.4. Let f(z) be a non-constant meromorphic function offinite order, and
let K be a positive integer. Suppose that /W 0, then

N(r, — ) < N(r,j) + kN(r, f) + O(logr).
Proof. Since / is of finite order, by Lemma 2.2, we have
Mr,y )= O(logr).

Now we use mathematical induction to prove that m(r,»-) = O(logr). Suppose
that the conclusion is true for k = m. For Kk = m + 1 we have
[(m+1) ("> f(m)/
/ Kf * f f'

Then we can write

/(m+1) f(m) f(m) »l
™r.—J ) <Mr,(— ))+m(r,= )+m(, )+0(Q)

( )/ I(m) (9*y f(m)
= Mr, -—--J -)+ 0 (logr) < m(r, ) +m(r, -) + 0(logr)

O(logr).
Moreover, we have
1 1 fM 1
Mr,y) <m(r,yw) +m(r, ~) =m(r,yuw) + O(logr).
Hence

T{r,f) N(r,p <T(r,/HO) —7VI(r,yw-) + O(logr).
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Therefore

T(r,/«) T(r,/) + N(r, ) + O(logr)

m(r, /<*>)+ N(r, /<*>) - T(r,f) + N(r, ) + 0(logr)
fw

N

= N(r, -) + kN(r, f) + O(logr).
This completes the proof of Lemma 2.4.

Lemma 2.5 ([18]). Let f(z) and g[z) be two non-constant meromorphic functions,
n and kK be two positive integers, and a be afinite nonzero constant. If f and g share
a CM, then one of the following conclusions holds:

{)T(r, ) <W(r, /) + J¥ (r, Us;)+ N2(r,/) + Wa(r,fl)+ 5 (r,f) + S (r,g), the same
inequality holding for T(r,g);

(«) fo = oa;
{Hi)f =g.
3. Proofs of Propositions 1.1-1.2

Proof of Proposition 1.1. We first prove that

(3.1) /"0, 0.
We have
(3.2) r/ sV =r2

Suppose that zo 0 is a zero of f, say of multiplicity I, then zo is a pole of g, say of
multiplicity 8. Then we have nl + | —k = ns + s + k, implying (n + 1)(Z—a) = 2k,
which is impossible since by assumption n > 2k + 1.

Now suppose that z = 0 is a zero of /, say of multiplicity 1. If z = 0 is not a pole
of g, then z = O must be the zero of z2 of multiplicity nli +1\ —k > 2, which is a
contradiction. If z = 0 is a pole of g, say of multiplicity si, then we have

(n+ D(li —s1) =2k + 2,
which is impossible since by assumption n > 2k + 1- So f has no zeros. Similarly, it

can be shown that g also has no zeros. Thus (3.1) is proved.
Next, we prove that

(3.3) N(r,f) = 0(logr), N(r,g) =O(logr).
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To this end, we rewrite (3.2) as follows

(3.4) rfws= LL-m

From (3.4) we deduce that

(3.5) N(r,r fw)=N(r, ).

Since N(r, D= (n+ )N(r, f)+kN(r, /), using (3.5) and Lemma 2.4, we obtain
(3.6) (n+ ), /) + kWr, f) <«kldr,g) + 0 (logr).

Similarly we get
(3.7) (n+ 1)N(r,g) + kN(r,g) < klr,f) + O(logr).
A combination of (3.6) and (3.7) yields
(3.8) N(r, f) + N(r,g) = 0(logr).
Thus we obtain (3.3), which means that both / and g have at most finitely many
poles. Now we prove that
(3.9 ) = <1()-
It is easy to show that both / and g must be transcendental meromorphic functions.
Note that nT(r,/) = T(r,fn) =
(3.10) =T(r,r/W/fW) <T(r,T /) + (k+ 1)T(r,/) + S(r,/),
and T(r,/n/f(f)=T (r,")<
(3.11) <T(r,gngw ) +S(r,g)<(n +k+1)T(r,g) + S(r, 9).
Combining (3.10) and (3.11) we get
(»-*-DT(r,/) <(n+ £+1)T(r,5)+5(r,/) +S(r,5).
Since n > 2fc+ 1, we have T (r,/) = 0(T(r,g)). Similarly we obtain T(r,g) =

0(T(r,/)). Thus (3.9) is proved. Note that a{f) < +00. Let
en{) el ()
= 9 =
where p(z) and q(z) are polynomials with deg(p(z)) = p and deg(g(z)) = q, while
h(z) and hi(z) are non-constant entire functions. By Lemma 2.3, h(z) and hi(z) are
polynomials with deg(ft(z)) = deg(/ii(z)) = h = a(f). Then we have
enh(z) enJli(x)
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By mathematical induction we get

r fm _ *{n+1))hMPk(z) » W _«mMapganp
p'+fcHi(z) > 9 9 gn+k+1(2) >
where Pk(z) and Qk(z) are two polynomials with deg(flfe(z)) = k{h —1 + p) and
deg(Qk(z)) = - 1+q). By (3.2), we get h(z) + h\(z) = C, where C is a constant.

Furthermore, we have

deg (Pfc(z)) + deg(Qfo(z)) = deg(pn+t+1(z)) + deg(<jn+t+1(z)) + 2,
implying that

(3.12) 2k(h-1) ={n+1)(p +q) + 2.

By (3.8), if /Y (r,/)+7V (r,0) 0, thenp+ > 1, and from (3.12) we obtainn < 2 -
1)—3 = 2k(a(f) —1) —3, which contradicts the assumption that n > 2fc(cr(/) —1) —3.
Therefore N(r, f) + N(r,g) =0, showing that both / and g are entire functions and
p —qg = 0. From (3.12) we obtain that h —2 and k = 1, and from (3.2) we have
h'[z) = z, h'i(z) = IsZ and h(z) = cz2 + B3, h\[z) = —z2+ . So, we can rewrite
/ and g as/ = Cie“ and g = cae~“ , where Ci, and c are constants such that
4(clc2)"+1c2= 1.

This completes the proof of Proposition 1.1.

Proof of Proposition 1.2. By the same reasoning as in the proof of Proposition
1.1, we get

(3.13) 2k(h—1) = (n+ I)(p + g).

In view of Ne Ne = 1, if N(r,f) + N{r,g) / 0, then p+qg> 1, and from (3.13)
we obtain n < 2k(h—1)—1 = 2k(cr(f) —1) —1, which contradicts the assumption that
n > 2k{a(f) —1) —1. Therefore N(r, f) + N(r,g) = 0, showing that both / and g are
entire functions and p = q = 0. From (3.13) we obtain that h — 1. Thus h(z) =dz+
and hi(z) = -dz + Is- Finally, we rewrite f and gas/ = c3e” and g = Cle <u, where
@3, &4 and d are nonzero constants, and deduce that (—)f(c3c4n+1d2c = 1. This
completes the proof of Proposition 1.2.

4. Proof of Theorem 1.1

Let F =fn/W, G =gng{d F* = F/z, and G* = G/z. Then F*and G* share 1
CM. In view of Lemma 2.5, we consider three cases.
Case 1.
T(r,F*)<JV2(r,I/F*)
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(4.1) +Ni(r, 1/67%) + N{r, Fn) + N2(r, G*) + S(r, /) + S(r, g).

We deduce from (4.1) that
T(r, F) < Nu(r, 1/F) + N-j(r, 1/G) + 2N(r,/) + 2N(r, g) + 3logr + S(r,/) + S(r,9).

Obviously,
4.2) N(r, F) = (n+ 1)Ar(r,/) + kN(r, f) + S{r, /).
Also, we have
nm(r,/) = m(r,Fl/<*>) <m(r,F) + m(r, 1//(*})+ 5(r, /)
= m(r,F) + T(r,/<>) - 1, 1//<*>)+ 5(r, /)
4.3) < m(r,F)+nr,f) +kN(rJ) N(r,I/fW) + S(r,f).

It follows from (4.2), (4.3) and Lemma 2.1 that
(n-D)T(r,/) < nr,F)-mr,f)-N(r,I/fW)+S(r,f)
< JT2(r, 1/F) + JT2(r, 1/G) + 2N{r, f) + 2N(r, g)
N(r,f) - N(r,1//«) + 3logr+ S(r,/) + 5(r,q)
< 277(r, /1) + A7(r, 1/g) + N(r, I/g) + klUr, g)
+XXr,f) + 2N(r, g) + 3logr + S(r,/) + 5(r, )
(4.4 < |(r(r,/)+T(r,S) + (fc+ 4)T(r,<?) + 3togr+ 5(r,/)+ S(r,<?).
Similarly we obtain
(n-DT (r,5)<”(T(r,/)
(4.5) +T(r,9) + (k+4)T(r,/) + 3logr+ S(r,/) + S(r,<).
Combining (4.4) and (4.5) we get
(n D(T(r.7) + T(r.f0)

(4.6) < (f +*+4)(T(r,/) + T(r,g)) + 6logr+ S(r,/) + 5(r,ff).

Noting that T(r,/) > logr + 0(1), T(r,(? > logr + 0(1) and n >k + 4/k 4-8, we
get a contradiction from (4.6).

Case 2. We have Ne Ne = z2, and by Proposition 1.1 we get conclusion (2) of
the theorem 1.1.

Case 3. We have /"/(*) = gngW. This completes the proof of Theorem 1.1.

The proof of Theorem 1.2 is similar to that of Theorem 1.1, the only difference is

that instead of Proposition 1.1, we use Proposition 1.2.
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