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Abstract. The main goal of this paper is to obtain some bounds for the normalized
Laplacian energy of a connected graph. The normalized Laplacian energy of the line
and para-line graphs of a graph are investigated. The relationship of the smallest and
largest positive normalized Laplacian eigenvalues of graphs are also studied.
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1. Introduction

We first recall some notions and definitions that will be used throughout the paper.
Let G = (V,E) be a simple graph with n vertices and m edges, and let A{G) denote
its adjacency matrix. The eigenvalues of A(G) are called the eigenvalues of G and
form the spectrum of G. Let L(G) = D(G) —A(G) be the Laplacian matrix of the
graph G, where D(G) = [dy] is the diagonal matrix with entries the degree of vertices,
that is, dn = degiyi) and dy = 0 fort / j. The Laplacian eigenvalues of G are the
eigenvalues of L[G).

Suppose {Ai, A2, ..., A} is the spectrum of G such that Ai > A2 > ese> A The
energy E(G) of G is a graph invariant, which was introduced by Ivan Gutman (see
[7, 8]), and is defined to be E(G) — |Ajl. If 0= 1\ < < eee < LIn-i < Mh
are the Laplacian eigenvalues of G, then the quantity LE(G) = ]1£=i \M- 2m/n]| is
called the Laplacian energy of G. If G is an r—egular graph, then E(G) = LE(G)
(see [9]). The normalized Laplacian matrix £(G) = [£y] is defined as follows:

1, ifi=j and degG(«i) o0
M Adeg(w() deg(u))’ ift j and Vi is adjacent to vj.
0, otherwise

The eigenvalues of this matrix are called the normalized Laplacian eigenvalues of G,
denoted by 0 = M(C?) < 62(G) < *»+< 6n(G). If G has exactly a distinct normalized
Laplacian eigenvalues ,6 ,...,  and the multiplicity of Siis , 1<t < a, then we
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for the normalized Laplacian spectrum of G. In a similar way as the classical notion
of characteristic polynomial, the polynomial tp(G,6) = det(6Iln —2(G)) * called the
normalized Laplacian characteristic polynomial of G, where Iu is the unit matrix of
order n. The normalized Laplacian energy of G is defined as Et(G) = EJLIil<5i(G) —|.
If G is an r—regular graph, then it is well-known that E(G) = rEi(G) (see [3] for
details).

The line graph of a graph G, 1(G), is the graph whose vertices correspond to the
edges of G, with two vertices of 1(G) being adjacent if and only if the corresponding
edges of G have a common vertex. Define I1°(G) = G and Ik(G) = i(fle%(G)), k > 1.
It is well-known that for an r—regular n—vertex graph G, fk(G) is a (2kr —2k+1 +

use the following compact form

2)—regular n MMTui(2, 1r —2*+ 1)—vertex graph.

Following Yana et al. [10], a para-line graph G(G) of G is defined asa line graph of
the subdivisiongraph S(G), where S(G) is the graph obtained from Gbyinsertinga
vertex to every edge of G. This graph is also called the clique-inserted graph. Suppose
C°(G) = G and Ck(G) = C(Ck~1(G)) for k > 1. Note that if G is an r-regular
n—vertex graph, then Ck(G) is an r—regular graph with nrk vertices, where Kk > 0.
It is known that if G is connected, then 1(G) and S(G) are connected, too. For two
graphs Gi and , G\ U is the disjoint union of G\ and G-. The join G\ + Ga
is the graph obtained from G\ U G2 by connecting all vertices from V(G\) with all
vertices from V(G2). If Gi, G2,...,G k are graphs with mutually disjoint vertex sets,
we denote Gi +  \--—- hG* by Tk=IGj. In the case where G\ = = eom= G* = G,
we denote Tk=1Gj by Gk.

The following results are crucial throughout this paper.

Lemma 1.1. (See [3]J. Let G be a graph of order n > 2 without isolated vertices. Then
0 is a simple eigenvalue of£(G) if and only ifG is connected. Moreover, $Z"=i -G =
n and JZILi $ =n+ 2R i(G), where R i(G) is the Randic index of G.

Lemma 1.2. (See [1]J. Let G be an r—regular graph with n vertices and m edges.
Suppose that the spectrum of G isr = X1 > Jb > see> A Then the spectrum of
1G) is2r 2, AR+r—2for2<i<n and —2 with multiplicity m —n.

Lemma 1.3. (See [10]/ Let G be an r—regular graph with n vertices and m edges.

We also assume that the eigenvalues of G arer = \ > >emm> Xn. Then
4
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the eigenvalues of the para-line graph C(G) are: 0 with multiplicity m —n; —2 with
multiplicity m —n, and simple eigenvalues r+2+VT"+4(A+1)"where 1 < »< n.

Lemma 1.4. (See [2]/ Let G\ be ann —regular graph on  vertices and be an
r -regular graph on vertices. Suppose 0 < <5i((?i) < ee» < Sn(Gi) < 2 are the
normalized Laplacian eigenvalues of G\ ando < ( ) < =a < 50(G ) < 2 are the
normalized Laplacian eigenvalues of G2. Then the normalized Laplacian eigenvalues
of the join graph G\ + can be computed as follows:

/' Q ryt+riSAGi)  ni+rjfj (Q3) 1 Hi A
] n3+ri +la + ni+r2 I
V1 2<ii<«l 2< i< 1 J

Throughout this paper we use standard notation, taken mainly from the standard
book of graph theory. Suppose G is a graph. The complement of G is denoted by G.
K,, and Kn denote the complete and empty graphs on n vertices, respectively. The
complete bipartite graph with a bipartition of sizes ni and is denoted by K,,1d%®

2. The main results

In this section, some bounds on the normalized Laplacian energy of graphs are

presented.

Proposition 2.1. Let G be a simple connected graph with n vertices. Then E((G) >

nly>(G,D|x.
Proof. By arithmetic-geometric inequality, we have
1
= > ( M Ne -y )
t=1 \i=1 /
“? 1-%) = %>(<?, )]i.
1=
where, ip(G,x) = "= (2 Equality in the above relation occurs if and only if

Si = §j. This implies that all Si vanish. This contradicts the connectivity of G, and

the result follows. O

Proposition 2.2. Suppose G is a connected graph of order n. Then

where A (G) is the maximal degree of vertices in G.
5
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Proof. We have 6\ = 0, and hence Et(G) = XI [ 4=1+X/[" Applying
t= F=N
the arithmetic—geometric inequality, we can write

(1>-nV = X >-n2+ £
A= 1 <= « % .

> 2R\(G) —1+ (n—I)(n—2)j N

- 24_,(o 1+2(" ;) (0 Ne D)

A -+ AL A - 1))

= 2R-LG)-1+ (" -1 (UNe - 1)j

2A 1«?)-1 +2( ~™ AV<p(c, )2

By [3, Theorem 2], we have R i(G) > ~ , and therefore

&<Q) =1+~ - + N 1) A BN L
This completes the proof. O

Proposition 2.3. Let G be an r—regular, r> 2, graph with n vertices. Then,

m m < (— A +«(r- ))o

Proof. It is well-known that the line graph of G is (2r —2)—egular, and by Lemma

1.2, the non-zero Laplacian eigenvalues are 2r —2 —(-2) = 2r with multiplicity

m-n and 2r —2—Aj+r- 2)=r —A = L, 2 <i < n. By [4], the normalized

Laplacian eigenvalues of r-regular graphs are equal to Si = where 1 < i <n.

So, the normalized eigenvalues of 1(G) are O, with multiplicity m —n and 5751
6
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2 <t < n. So, we can write

m—
Ta» = E i* 2 m+ E i— i-u
»=1 1=1
270 2 (X ~di# idio2r + 2i+ n (r 2)
< — (e i« -ri+E ir-2i+n(r-2)"

To complete the proof, it remains to observe that Ei(I(G)) 1 +n(r.
2)). Indeed, otherwise we would have \w, —(2r - 2)| = \ui —r| + |r —2|, which is
impossible. ]

Corollary 2.1. Let G be an r-regvlar graph, r> 2, with n vertices. Then E(1(G)) <
E{G) + 2n(r - 2).

Proof. The result follows from Proposition 2.3 and the well-known equalities E(1(G)) =
(2r - 2)Et(I(G)) E(G) = LE{G).

Proposition 2.4. Let G be an r—regular graph of order n. Then Et{C{G)) > 2.

Proof. By Lemma 1.3, C[G) is an r-regular graph, hence the non-zero Laplacian
eigenvalues of C(G) are r with multiplicity n"2 2\, r + 2 with multiplicity
r- "

By [4], the normalized Laplacian eigenvalues of r—regular graphs are equal to
Si = IIM, where 1 < i <n, and so the normalized eigenvalues of C(G) axe given by

Hence, by the definition of normalized Laplacian energy and triangle inequality we

have

Ee(C(G)) = 1+ |
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To complete the proof, we must show that Ei(C{G)) 2- Indeed, in other case,

2-1 2—r+ y'V2+ 4(Aj 4- 1) 2-1 - y/r2+ 4(Aj + 1)
T
r 2r 2r

So, both 2~F+V1'9r-VI(A‘— and 2-'-y 'r§1r+4(AJ_ri2 have the same signs, which is impossible,

and the result follows. N

Corollary 2.2. Let G be an r—regular n—vertex graph. Then E(C(G)) > 2r.

Proposition 2.6. Suppose G j5 are r—regular graphs with n veiiices. Then

K fc-1
Et(£ Gi) = n(lb-1) +r [rEt{Gk) + (n(k 2) +Tr)Et( Gj) + "l
Proof. By Lemma 1.4, the normalized Laplacian eigenvalues of G = Gj are as
follows:
AT I S R .0
\ 1 2<t<n 2 <t< n(k—1) 1 .

where, r' = n(k —2) + r is the degree of graph G' = YIjZI Gj- Hence, we can write

, n(*-1) .
EeG) = I+£ n(k —1) + rSi(Gk) oy nEre )
i=2 nk—I1) +r i=2 n+r*
nkk-1) + n _r
nk—1)+r n+r
r r
n(*-1)+r ~ - I>+n+r
n(k —1) n

ntk —2y +r Th+r

_ — "x o921 oMo
Ak-To R A A AR (e g e
which completes the proof.

Corollary 2.3. Let G be an r—regular graph with n vertices. Then,
Et{GK) = nNe -1)+r H <(G)+ (n(fc" 2)+r)m k ~ 1)G) +2{n" )]+

n
Since Kn = ¥~ Ki and KMR = Kni + Kn,, by Proposition 2.7 and Corollary
i=I
2.8, we have Et{Kn) = Er(KI'y) = 2.
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Proposition 2.6. Let G be a connected graph with the smallest and the largest
positive normalized Laplacian eigenvalues < and Sn, respectively. Then

a) 6n- 62> ~rr\/(n —I)(n + 2i?_i(G)) —2,

b) \k-l_ /( 1)( + 272-1(0))-

Proof. We may assume that n > 3. Recall the Ozekis inequaUty (see [6]), stating
that if ai and bi, 1 <t < n, are nonnegative real numbers, then

aiJE b*~ (£ ~ 9 ~ mimz2)2>
»=1 »=1 i=I
where Mi = maxi<i<,,a>i M2 = muxi<i<nbi, mi = TTni<i<,,cy and = <<<,,

An application of Ozekis inequality with f= 1 and b{ = Si, 2 <i <n, yields
(n- DE \- (f) Si)2< ( - )2
1=2 t=2

In view of Lemma 1.1, it is easy to see that
5,-S2>—  ~(n D(n+ 2R-\{G)) - n2,

yielding the assertion a).
To prove the assertion b), we recall the Polya-Szego inequality (see [6]), stating
that if aj, bi, Mi, nu, 1 <i < n, are as in part a), then we have

Applying the last inequality with a<= 1 and bi = Si, 2 <t < n, we get

Therefore,

This completes the proof of the assertion b). O
Acknowledgement. The authors are indebted to the anonymous referees whose
suggestions and remarks helped to improve the original presentation. The research
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Abstract.1 In this paper wc study some estimates of norms in variable exponent Lebesguo
spaces for singular intogral operators that are imaginary powers of the Laplace operator in
Rn. Using the Mcllin transform argument, from these estimates we obtain the boundedness
for a family of maximal operators in variable exponent Lobesguc spaces, which arc cloecly
related to the (weak) solution of the wave equation.
MSC2010 numbers: 42B25, 42B20, 46E30, 44A10, 42B10, 35L05.
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1. Introduction

In the recent paper [8] we studied the boundedness of Stein’s spherical maximal
function M in variable exponent Lebesgue spaces. The proof is based on the Rubio
De Francia extrapolation method and one of the corresponding results in weighted
Lebesgue spaces. The Stein’s spherical maximal functions are closely related to the
solution of the wave equation in R3. In order to study the wave equation inR" ,n > 3
we need to consider the more general spherical maximal function M4, a = ([25D).
To investigate such operators we use a new approach based on a Mellin transform
argument used for the first time by Cowling and Mauceri in [1], which reduces the
problem to that one to find sharp estimates for norms of imaginary power of the
Laplace operator.

1The research of the second and third authors was partly supported by Shota Rustaveli National
Science Foundation grants no.13/06 (Geometry of function spaces, interpolation and embedding
theorems) and 31/48 (Operators in some function spaces and their applications in Fburier Analysis).
Tho research of the second author was partly supported by grant no. P201-13-14743S of the Grant
Agency of tho Czech Republic and RVO: 67985840.
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Let y(R") be the set of all measurable functions.p : Rn -* [1.°°]. which will
be called variable exponents. Set p~ = essinfxeR»p(:r) and p+ = esssupxeR..p(x). If
p+ < 0o, then the variable exponent p is bounded. Forp 6 7(Rn), letp € T(R ) be
defined through = 1>where wc adopt the convention — = 0.

Ebrp 6 y(Rn), let RE, be the set where p = +00. The symbol Lp()(Rn) denotes
the set of measurable functions real or complex valued / on R" such that for some

This set becomes a Banach function space when equipped with the norm
ww.,=inf{a>0: Pp{) (Q < I1}.

Let B(x, r) denote the open ball in R” of radius r and center a. By \B(X, r)| we denote
the n—dimensional Lebesgue measure of D(x,r). The llardy-Littlewood maximal
operator M is defined on locally integrable functions / on R" by the formula

M f = \f(v)\dy-
(X) ?Eg \B[)%,r)\ Jllé(x,r) (V) y

Define the Spherical Maximal operator M by

M/(as) := ?E([)J\ */(as)l = ?EE ’/I{»mn:|M|=1} - ty)d/it(y)

where fit denotes the normalized surface measure on the sphere of center 0 and
radius t in Rn. The Hardy-Littlewood maximal operator M, which involves averaging
over balls, is clearly related to the spherical maximal operator, which averages over
spheres. Indeed, by using polar coordinates, one easily verifies the pointwise inequality
Mf(x) <Mf(x) for any (continuous) function.

A function p : Rn —»(0, 00) is said to be locally log-Holder continuous on Rn if
there exists ci > 0 such that

b(«)- pMI <a to8(e+” _t|)

forall Xy € R”, \x—\ < 1/2. Moreover, p(-) satisfies the log-Holder decay condition
if there existp” 6 (0,00) and a constant > 0 such that

b(z) - Pool < iog(e%l- s

for all 3 € Rn. We say that p(-) is globally log-Holder continuous on Rn if it is

locally log-Holder continuous and satisfies the log-Holder decay condition. We write

p() £ yIng(Rn) if p(-) € [P(Rn) and is globally log-Holder continuous on R" If
12
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p(-) € T(Rn) with p+ < oo, then p(-) 6 3Hog(R") ifand only ifp is globally log-Holder
continuous on Rn. Ifp € :Plog(iRn) and p~ > 1, then the classical boundedness theorem
for the Ilardy-Littlewood maximal operator can be extended to (see [4, 5, 2)). For
more information on variable Lebesgue spaces, log-Holder continuity conditions and
their relationship with the boundedness of the Hardy-Littlewood maximal operator,
son the monographs [3, 7|. Ifn > 3, p 6 ?log(Rn) and <p~<pt<p (n—1),
then the boundedness theorem for the spherical maximal function M in was
proved in [8].

Wc denote by ®(R”) the class of all measurable functions p : R" -» (0,00) for
which the Hardy-Littlewood maximal operator is bounded on *

Throughout the paper, we denote by ¢, C, Ci, C\, 03, , etc. positive constant
which is independent of the main parameters but which may vary from line to line.

2. Imaginary power of Laplace operator in variable Lebesgue spaces

Let S(Rn) denote the Schwartz space consisting of sufficiently smooth functions
that are rapidly decreasing at infinity. Let A be the standard Laplace operator in Rn,

given by
n==Egg~n
1
If -
Ne :J[ e tf(x)dx,
D
then

(-A/1)n(0 = |2<|2/(0, [/ e 5(R").
Starting from this relation, it is natural to define 4~ 2 for any complex exponent 0

by
(M)A ) N0 = (2,r[f)*/(0, / 6 S(Rn).

In particular, for each 0 < a < n, the operator
fo/~(C o) “12
is known as the Riesz potential. Here la may be expressed as
Taf = Ka*f

where Ka{x) = r~r*/22~°T /T (") |x]~n+a,the symbol I denoting the standard

gamma function, and therefore (see [16] p. 117 and [6, 3]) la is an integral operator.
13
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In tliis paper we consider the operator 7- , u £ R\-(0}, given by
liuf = Kiu*f, / 6 S(R"),
which makes sense via
(W H)A( = *£|)-*/(0 . / 6 “(Rn)-
that is u = (=) , an imaginary power of —A. This operator was studied by

Muckenhlioupt [14] in 19G0 and used by Cowling and Mauceri [1] in 1978 to prove

E.M. Stein's theorem on the spherical maximal function [15].
Note that |E(f)| = |(2Tr|E])-<4 = 1, so that by Plancherel’s theorem we have in

/,2(Rn)
(21) [IW [la = Lyl2-
By using further properties of the kernel KiU particularly the fact that it is locally
integrable away from the origin and satisfies
<Cu+MTIr/2*r

and

VITin*)| < Cal+ M)"'3*11*]-"1
for X 0 (see [1] and [10]), one may observe that also extends to a bounded

operator on L%,(Rn). By w we mean a weight, i.e. a nonnegative, locally integrable
function on R“. When 1< p < oo, we say w € Ap if for every ball B

I C < oo,
By APW we denote the infimum over the constants on the right-hand side of the last
inequality.

Theorem 2.1 ([10]). Let be 1 < p < oo and w 6 Ap. For each 6 6 (0,1) and
u € R\{0}, the following weighted estimate holds wenhever w e Ap, 1 < p <00 :
(2-2) 1/ <~ + DI~ . 1 e LE(RN).

Our extension of this theorem in the variable Lebesgue spaces setting is the
following statement.
Theorem 2.2. Let bep(-) 6 B(R’). Thenfor all 6 6 (0,1) there exists a constant C
such that, for allu€ R\{0}

(2-3) IHWIU.) < C(1+ M r/~ll/iu.,, I 6 £*)(;R").
14
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To prove this Theorem we need the extrapolation theorem for variable Lebesgue
spaces. By  we will denote a family of ordered pairs of non-negative, measurable
functions (/,<7). We say that an inequality

(2.9) f f{x)Pow(x)dx < c f g{x)pavj{x)dxt (0 < po < 00)
Jk JR"
holds for any (/,g) 6 rand we [, (for some g, 1 < g < 00) if it holds for any pair

in  such that the left-hand side is finite, and the constant C depends only on po and
on the constant A,,Lu.

Theorem 2.3. (|7, Theorem 7.2.1, page 214], sec oho [6, Theorem 4.26, page 87],
[3, Chap. 5]). Given afamily @, assume that (2.4) holds for some 1 < po < 00, for
every weight w € andfor all (/,g) e J. Let exponent p(-) be such that then exists
1< pi <p_, with (p(-)/Pi)' 6 ®(R™). Then

wivo <
for all (f,g) e 'J such that f € V>U(Rn).
Proof of Theorem 2.2. Using Theorem 2.3, estimate (2.2) and the fact that if

p() e ®(Rn) then (p()/pi)' € 3(Rn) for some 1< pi < p_, (see [7, Theorem 5.7.2,
page 181]) we obtain (2.3). O

Corollary 2.1. Let = + for some 0 < ©< 1 and p(-) e 3(Rn). Then
for all 0 < S < 1 there exists a constant C such that, for all u e R\{0}

(2.5) [liiu/||p() < C{1+ \w\en/*+es\\fU b f 6 L*>(R").

Proof. By using the complex interpolation theorem for variable exponent Lebesgue
spaces (see [7, Theorem.1.2, page 215] ), we have Rn = [L2(Rn, LA (Rn]g.
Therefore, p(-) 6 ®(Rn) and

bou”c, <C @+ M)Bn/2+9r.

3. The spherical maximal function

Fora > 0, let ma(x) = (1 —[i|2)a 1/T'(a), where |i| < 1, and uia(x) = 0 if
[i| > 1. With ma,t[x) = ma(x/t)t~n, t > 0, we define spherical means of (complex)
order Rea > 0, by

M f/fr) = (Mat *f){x).
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Note that the Fourier transform of ma is given by
m,.(() = 7r-a+ 7 |-"/2-a+i¢n/2+a_i(271]")).

The definition of can be extended to the region Rea < 0 by the analytic
continuation. Indeed for complex a in general we can define the operator M f by

(3.1) Maf(x) = sup [Mt*/(x)].
Note that for a = 0 we have Maf(x) = cMf(x)for anappropriate constant c.

Theorem 3.1 (E.M. Stein [15]). The inequality||Ma/||p < A>al]|/||p holds in the
folloiuing circumstances:

(@ ifl<p<2 whena > 1-—4-n/p,

(b) if 2 < p < 00, when a > (l/p)(2 —n).

Note that for a in Steins’s theorem we have the restriction 1—n/2 < a < 1 and,
moreover, we have

a) ifa = 0, thenn >3, p > jjrj,

b) If0<a <1lthenn>2, <p < 00,

c) 1-n/2<a<O0thenn>3 n_"+ta<p<

In this section we study boundedness properties of the Stein’s spherical maximal
operator MQon the variable exponent Lebesgue spaces. Our main result is following

Theorem 3.2. Let1- n/2 < a <1 andletp(-) := 6 B(R") for some
0 <0<1— Then the spherical maximal operator Ma is bounded onZ/~"fR™).
Proof. Let .Fq(A) = T a+1A n/2 a+V n/2+B_i(27-A), A> 0, where J,, denotes the
Bessel function of order u. Then we have

(r/)No = Fa(t\t\)Ne
Let -F*(A) = Fa(X) —"a(0)e~n , so that F*(0) = 0. Using the Mellin transform we
have

that is, F* is the Mellin transform of Aa(u) (for the Mellin transform see [9]). By the

Fourier Inversion Theorem, this holds if and only if
1 e
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For/ 6 §(A") we have

mf*f{x) = (mf(o «T N x) = (F«(*[f]) *Ne " (x)

= (("«ifD+ we-i") -TY (x).

and

(KW) W0 )Vx)= ( AaMtKTF **/® ) V(¥

= AAL(U)E(JE[<UFLO ) V()<

= 0() ™2 *«(21r?2)</ (0 ) V(x)du
= [AN)T U T (*)<fo-

Since |(27 )< <« | —1, by using Minkovski’s inequality and Corollary 2.1, we obtain

MKT ) eenoTu*.) =1
p(-)

< [ Ma)(Tr) 24-1w/(r)|p(* n
Jr
< J[R \Aq (u) IU<,,/(°) [Ip{)rf«
<C [ | «( )|+ IxxD~A~dull/lIpj.).
JR

Using the following expression for Aa(u) (see [11])

M(a+n/2 —1/2)r () >-iu
4my2 [r(a+n/2+iu/2) T(a+n/2)

we have -Aa(u) = O ((1 + |y])-“-n/2) . Finally we get
IITOKI)eW Ne11p(.) <CJ[R(I +1 ) " ( + bl)on/2+ar< Y /||p()
= CJ; @+ |u])_°_n/2+en/2+< fdul|/||p(.)
If we take 6 very small, such that -a —n/2 + &n/2 -f & < —1, we obtain that
J[r(l + |ul)-*“-"/2+en/2+wdu < 00
and therefore

3.2) m m ) e <cuyl ).
17
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It is known that (see [16, p. 61]).
I(a,(0)e-"«i’em ) v(*) <o g *ili)(*).

where Pt is the Poisson kernel. Since (see [16, Theorem 1, p.62])

supjPt *|/|(a:) < c.Mf(x),

t>o0
where M is the llardy-Littlewood maximal function, using the assumption p(-) 6
B(Rn), the identity =" + 1111 the complex interpolation method

A (R ) = [L2(Rn),L?t)(Rn)]e>

we obtain that p(-) e B(Rn), and therefore

(3.3) (FQ)e i‘«da-+o)v(x) <ow n*.) < c\W\\wv{y
2(¢)

Using (3.2) and (3.3) we get

As a conscquence, we can get another boundedness result for Ma in the variable

Lebesgue spaces. We need the following

Lemma 3.1. Letpe 7I0RR”). If1- n/2 <a <1 andn_"+a <p_ <p+ < ,
then there are exist © 0 <®©< 1 £ + £<* and variable exponent p(-) 6 (Hoe(R"),
such that we have

1 1-0 (S}

3.4
34 P(0 2 +p()

Proof. We need to find ©such that O < 0 < |- |+ |a and exponentp(-) e ylog(Rn)
such that (3.4) holds. We have

L2 < inf —T < su [ <1’ %__}a_
n  *eRnp(x) >I()eR-pfx) n’

Let = 5+ r[x). It is easy to see that
(3.9) TR S,

Equation (3.4) is equivalent to
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Using (3.5) we may take a small 6 > 0 such that
1 a

i +6<§eanr(x) <%§nr(x) <i--+ -(5.

Then for0, 0<©<1—£ + £a, 0=1—"+ —9qg, 0g> 0 we have

;l. - ‘.2. - 5+6 _o* * _ %
S e s ge <P
and taking Oo < 25 we get
3.7 Ste f()<su ‘6/) !
2 n
FVom (3.6) and (3.7) it follows
< infr A

J=eR" p[x) xGRn p(z)
Finally, it is not hard to prove that p(-) e Tlog(R"). Indeed we may use the simple

equality
i i _o ! 1

P*) pv)  P@  pEy)

Remark 3.1. fact in Lemma 3.1 we use only the simple fact that if p e 3xpgRn)
then also p(-) 6 Hm(Rn). For applications we need to consider such classes of
exponents withthisproperty, because they make theHardy-Littlewood maximal
functionbounded on variable exponent Lebesgue spaces. In generalthe class of
variable exponents 3 (R \ for which the Hardy-Littlewood maximal function are bounded
on variable exponent Lebesgue spaces have not such property (see [13] and the
digression in [3, Chap. 4]). The opposite statement by interpolation theorem is always
true, that is if p(-) € B(Rn), then p € E(Rn). For example (see [7, Remark 4.3.10,
page 114]), it is possible to replace the log-Holder decay condition by the weaker
condition 1 € LJ(')(R") with
1 1
s(x)  p(x)  Poo

Corollary 3.1. Letn >3, 1-—/2 <a < 1. ,p(-) 6 T,09(R”) and <p_<
p+ < . Then spherical maximal functions M° sare bounded on Lp(>(Rn).

Proof. Using Lemma 3.1 and the complex interpolation method for variable exponent
Lebesgue spaces, from Theorem 3.2 we deduce the desired result. O

Theorem 3.3. Letn > 2 andp(-) € Pos(Rn) with ,,_"+a <p~ <p+ <p_ , 0<
a < 1. Then the spherical maximal operator Ma is bounded on Lp” (R n).
19
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Proof. Fix 7 such that 1< 7 < and P+7 < Define the variable
exponent
- p@n7
~ p_(n—1+a)’
It is clear that p 6 53ayRn),
7 n , P+n-~i , n
p-=n-l+a>n 1l +a “ P+~p_(n-l+«) n-a*

By Lemma 3.1 thereexists @0 < ©< |- + |0 and » variable exponentp 6 Y|o8(Kn),

such that
1 _ 1 8+ _e_

e + p(-
Therefore, by the complex in{)e(rp)olatiozn thecFJ)r(e?n for variable exponent Lebesgue
spaces, we have
LP()(Rn = [L2(Rn, b*>(Rn)]*
From Theorem 3.2 we deduce that the spherical maximal functions M* are bounded
on (Rn). By the complcx interpolation method for variable exponent Lebesgue

spaces, we have
[L°°(Rn), LA"(R™)]e = L*>(RB)

for®=p 6 (~>1)e FinaUy, by using the fact that if 0 < ft < 1 the spherical
maximal functions M" are bounded on L°°(R”), we obtain that the spherical maximal
functions M* are bounded on L**(Rn). O

Taking a = 0 in Theorem 3.3, we get the following result.

Corollary 3.2. Letn > 3, p(-) € :Plog(Rn) and » <p_ <p+ <p_(n- 1). Then
the spherical maximal function M is bounded on £p(-)(Rn).

4. An application

Spherical averages often make their appearance as solutions of certain partial
dilTereulial equations. We sLale iwo corollaries, whose proofe are immediate consequeuces

of the boundedness of M* in the variable exponent Lebesgue spaces and of (3.1).
a) Letq = — .Foran appropriate constant Cn, we have that u(x, t) = CntMf(x),

where u is the solutiou of the wave equation

Bty = Ax(u) (.Y,

u(x,0) = o,

20
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(see [16], page 519).

Corollary 4.1. Letn> 3 andp(-) e 310*(Rn). | f <p_<p+t < then for the
weak solution u = u(x, t) of the wave equation with the initial data in f e /A"(R "),

we have the following a priori estimate:

(4.1) sup K:tM)l < Cll/IUo,
t>0 ()

where C depends only on p(-) and limt_»o = /(x)ae x 6 R".

The estimate (4.1) tells that the integrability property of the initial velocity of
propagation of a wave is preserved in the solution, under an assumption of regularity
of the exponent, expressed in terms of a logarithmic Dini-type condition. Th some
sense (which is made precise by such logarithmic Dini-type condition), in the places
where the initial velocity does not blow up (in the sense of the boundedness of the
norm in a Lebesgue space which may vary poinwise), also the wave does not. For a
more detailed digression, see [8].

b) Let a = For an appropriate constant c,,, the spherical average u(x,t) =

(x) solves Darboux’s equation (see [12])

ﬁIZI/I 1) + ZAM. . Jike «)\({M)>

u(x,0) = /(x),
~Nx,f) = o.
Corollary 4.2. Letn> 3 andp(-) 6 yl(Rn). If* <p_<p+t < thenfor the

weak solution u = u(x, t) of the Darboux’ equation with the initial dataf € Z/P~(Rn)
we have the following a priori estimate:

[lsupu(x,*)[Irf.) < \\
where C depends only on p(-) and limt_»0 |w(x, t)\t = /(x) a.e. x € Rn.
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O TMNEPBONMTNMYECKMX MHOITOYNEHAX C BECOM

I. . KASAPAH, B. H. MAPIAPAH
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EpeBaHCcKuii FocyaapcTBeHHbI YHUBepcUTeT
E-mails: haikghazaryanGmail.ru; vachagan.margaryaniSyahoo.com

Annotauns. Ob6O6WalTCA pe3ynbTathl I'bpauHra, flapcoHa, KaTtTtabpura, Po-
auHo, Kr-vmo o koppekTHocTu 3agaun Koww gnsa N - runepbonnyeckux ypas-
HeHwiA. [loka3biBaeTcs, 4TO B 06uwem cnyyae, korga Bektop N = (Ni,..., N,,) He
coBsnagaet ¢ BekTopom (1,0, ...,0) gns KoppekTHOCTM 3agayn KoTun Heobxogumo
na camom fefne 6o/ee CUbHOE YCNIOBME, KOTOPOE Mbl Ha3biBaeM rumnep6onnyHo-
CTbIO C BEeCOM. PaccmaTpvBalOTCH CBOWCTBA rmMnepboNMYeCKNX MHOFOYNEHOB C
orpefieNieHHbIM BECOM.

MSC2010 numbers: 12E10.

KntouyeBble cnoBa: runepbonnyeckunii onepatop; runepboimyecKnii MHOro4seH c Be-
COM; MY/IbTUAHU30TPOMHOE MPOCTPAHCTBO XXeBpe; BMOSIHE NpPaBU/bHbIA MHOTOrpaH-
HUK HblOTOHA

1. Beegernue. [loctanoska 3agaun

Mycts Enun A"- -MepHble BeLeCTBEHHbIE NPOCTPaHCTBa TOMEK X = ( X\, x M) n

= (£i.—> ) cooTtBeTcTBeHHO, C" = RnxiRJI,Rn 0= {£e Rn: >0,j =
No - MHOXecTBO mcoTpiwarcabnbiX Lenbix yncen, Nff = No x ... x JTO-MHOXeCTBO

-MepHbIX MynbTuMHAekcoB. OAns € A”, x e En un a e Nfi nonoxum || =
lal= +..40», °= D“ = roeDj = pg/en
nméo Dj = \.d/dxj (j = 1,...n).

[na Habopa Touek K= {al,..,aM}, ak 6 Rn‘0 (fc= 1 , M) HaumeHbLUWiA Bbl-
NyKNblA MHOrorpaHHuk 3?(H) B Rn °, cogepxawmin Bce Toukn Habopa N HasblBaeTcs
MHOrorpaHHukKoMm HbtoToHa Habopa N (cm [ 1] uam [2]).

MHororpaHHuk 3? ¢ BepwinHamMm M3 A" 0 HasbiBaeTCA NOMHbIM, ecnn 3? UMeeT Bep-
LUMHY B Hayane KOOPAMHAT U JONOMHUTENbHYIO BEPNTVHY Ha KaXOi ocv KoopAuHat
A" TMoNHbIA MHOrOrpaHHWK 3? Ha3blBaeTcsA BNOMHE NPaBUbHbLIM, €Cnn (eAUHUY-
Hble) BHeLUHWE HOpManu Bcex (M —1)—MepHbIX HEKOOPAMHATHBIX rpaHeil 32 (MHoXe-
CTBO KOTOpPbIX 0603HauuM yepe3s J1(3R))MMeOT NON0XUTENbHbIE KOOPAUHATLI.
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L nsa nuHeliHoro gndepeHUMansHOro onepatopa c NOCTOSHHbIMU KO3thurLmeHTa-
mu P(D) = ~ 7aZ)", rge cymma pacnpocTpaHsaeTcs no KOHEYHOMY Habopy My /b TUNH-
pekcoB (P) ={a e Ao :70 0} ,uepe3s { )= £7 £“ 0603Ha4MM xapaKTepucTuye-
CKMn MHOroueH (MoNMHbIA CMMBO) OTBEYaKOLMIA 3TOMY onepatopy, Yepe3 T = T(P)
0603Ha4MM ero nopsfokK, a Yepes PT ero rnasHyto (T —6AHOPOAHYIO) YacTb U Npej-
CTaBMM MHOro4fieH P B BMAE CYMMbl j —0AHOPOAHbIX MHOro41eHoB (j = 1,...,T)

(1.1) p(€ ='£pno =E E v e a-
a 3=0 |a|=]
Mycte N = (Ni,...,Nn) 6 En,Mbl- noAynpocTpaHCTBO, 3aflaHHOE HepaBeHCTBOM

(x,N) > 0, / —3agaHHaa pyHKuma ¢ Hocutenem suppf C lMgr- 3agaya Konni gns
onepatopa P(D) B lar ¢ 04HOPOAHLIMW HaYaNbHbIMU faHHbIMW COCTOUT B HaxoXae-
HUK pelleHns ypaBHeHus P(D)u = f B E* Takoro,uTto suppu C iiu-

Hwxe 6ygem nonaratb, YTo N —efMHUYHbI BEKTOP.

OnpegeneHue 1.1. OnepaTop P(D) (MHorouneH P(£)) HasbiBaeTcsa runepbonu-
yeckum (no MapauHry) oTHocuTensHo BekTopa N € 2?7, ecrm Pm(N) 0 v anda
HEKOTOporo BewecTBeHHOro T P(E4-irN) 0 gna Bcex € Rnut < tq.

3amedaHue 1.1. flerko ybeguTcs, 4To ecnm Ana sekTtopa N 6 En n mHorouneHa
P(0 Pm(N) 0, TO cywecTByeT BewWweCTBEHHOe yncno  Takoe, yTo ( +
irN) 0 pandascex (,r) €Rntl n T<Ci(f + 1).

Ecau N = (1,0,...,0) yacTo 6bIBaeT yao6Ho paccmatpusath (n -1-1)—wmepHoe npo-
cTpaHcTBO En+l (uan An+1) v BbIAENWUTb OLHY M3 MEPEMEHHbIX, KOTOPYH 00bIYHO
0603HavaloT yepes , a rpynny nepeMeHHbIx yvepes (t,x) = (t,xi,...,xn). UTo6bl U3-
NOXUTb HEKOTOpPbIE U3BECTHbIE Pe3yNbTaTbl, HEMOCPEACTBEHHO CBA3aHHbIE C HACTOSA-
LWwei paboTold, Mbl NOCTYNUM Cregyrowym ob6pa3oM: 6yfeM BPeMEHHO CUMTaTb, YTO

N = ,0) 6 EM+1 n Bmecto P[D) 3anuwem P(Di Dx), a Bmecto ( ) cooT-
BeTcTBeHHO P(X, {), rae Ac C, € 4d”. Onepatop
1.2) P(DuDx)=Dr+ £

n

C MOCTOSHHbIMU KO3(hULMeHTaMN Ha3blBaeTCs cabo runepboanMYecKUM OTHOCU-
TENbHO , WK, YTO TO Xe, OTHocuTenbHo (N + 1)-mepHoro BekTopa N = (1,0,0),
ecnm Ans no6boro BewecTBeHHOro 6 J1" KopHU no J1 MHOro4YneHa
-PmM = An+ £ 7,.ilrA’
[i/|+j=mjf4n»
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BeLEeCTBEHHbI. IMpu 3TOM, ecim KopHu no J1 mHorouneHa PT (A£) npu { e A" npo-
CTble, TO OneparTop Ha3blBaeTCA CTPOro runepbonmyeckum uam runepbonunye-
CKMM no MeTpoBCKOMY.

M3yueHune 3agaum Kontv gns obwmx runepboamnyecknx n, B 4aCTHOCTU, cnabo ru-
nep6onnyeckux ypaBHeHUiA Havanock ¢ pabotel E. E. fleBn [3], rae paccmatpusan-
CA ABYMEpHbIN cnydvai. B 1951 rogy J1. FopgmHrom 661710 BBEAEHO MOHATME 06LLEr0o
runep6onnyeckoro onepatopa (ypaBHeHUS, MHOro4YieHa), 0606LatoLlee NOHATHE TU-
nep6onmyHocT no Metposckomy (cm. [4j, [B] nnm [6, onpegenernne 12.3.3]). Bbino
[l0Ka3aHo, YTO ycnoBue rmnepboanyHoCcTM (M TemM cambiM ycnoBue cnaboin runep6o-
NIMYHOCTK) HEOBXOAMMO ANS TOr0, YTOObI HexapakTepucTuyeckas 3agada Kowu nmena
pewleHne B knacce pacnpefenenuii D'(En) J1. LWBapua (cm., Hanpumep, [7], [8] nan
[6, Teopema 12.3.1 ]).

HaxoxpeHune Hanbonee WMPOKMUX PYHKLMOHANbHBIX NPOCTPAHCTB, rae 3ajadva Ko-
WK gns cnabo runepbomMyeckoro onepaTopa nocTasieHa KOPPEKTHO, NPYUBENO K KNac-
cam >Kespe (cm. [9]). BTK Knaccbl SABAAKOTCA NMPOMEXYTOUHbIMU MEXAY Kfaccamu
6eCKOHEYHO AN hepeHLMPYEMbIX 1N BELLECTBEHHO - aHAIMTUYECKNX DYHKLMIA. OfaHa-
KO, €C/i1 YCOBMe CTPOroi rmnepboInYHOCTM SABASETCA 4OCTATOUYHBIM 419 KOPPEKT-
HOCTW nocTaHOBKM 3agaun Kowwm B C°°, 3Ta. 3agava BoobLle roBopsa nepectaét 6biTb
KOPPEKTHO MOCTaB/IEHHOW ANs cnabo runepbomyecKuxX ypaBHEHWIA, B YEM nerko yobe-
LMTCS Ha npuMMepe onepaTopa TennonpoBOAHOCTM, ANA KOTOporo 3agaya Kowwu no-
CTaB/leHa KOPPeKTHO B knacce XXeBpe G* npu S < 2, HO NOCTaBNeHa HEKOPPEKTHO
B G*npu s > 2 uam B C°° (cm., Hanpumep, [6, nyHKT 4.2] ). Mpu atom G*(ft)-
3TO MHOXeCTBO (PYHKUUA n 6 C°°(I'l) Takux, 4To ANA Kaxaoro komnakta K C Q
cywecTByeT noctosHHaa C = C(K, U) > 0 Takas, 4To

sup |Dau(i)] < C OK1(0:)*, a € Ng.
xek

Lna cnabo runepbonnyeckuX ypaBHEHWI C MOCTOSHHbIMU KO3(P(ULMEHTaMU Kpu-
TepuUM KOPPEKTHOCTU 3afaum KonTu monyueHsl H pabotax flemu, FopanHra, Jlakca,
CseHccoHa u apyrux (cm., Hanpumep. [3], [10] - [13]).

Cnabo runep6onuyecknii onepatop P(Dt,Dx) HasbiBaeTCca S-rmnepboanyecKnmM
(1 < s < 00) OTHOCUTENILHO , UK, YTO TO Xe OTHOCUTeNbHO (N + 1)-MepHOro Bek-
TopaN —(1,0,0), ecnu cyuwectByeT uncno ¢> 0 Takoe, uto ITX > —e(1-I-]ED)*
ans tex Tovek (A, ) 6 C Kk Rn gns kotopeix P(A£) = 0. Ecam I TX > —¢, TO onepa-
Top P(Dt,Dx) HasbiBaloT runepbonmyeckum (no I'bpaunuiy) (cm.[5], 115]). 4 na 6onee

noApo6HbIX cBefeHWi cM. MoHorpaduio J1. XepmaHgepa [6, rnasa 12].
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B pa6oTax |12 n (13] gokasaHo, 4To A4 a-runcpbognyeckoro onepartopa (1.2) 3a-
padva Kotu ¢ HavanbHbiMu ycnosusmu DMu(0,x) = Ik{X) (x E ) u HavanbHbIMK
MyHKumammn . 6 G& (En) w <»**(ElN) C8°(ElN k=0,1...T - 1, (0< <),
nmeeT pelleHne n € C’1(E7"+1). Mpun 3TOM 0Ka3aoch, YTO KaXKAbli « runepbonnyec-
Kuii onepaTop ABASeTCA €Nabo rmnepbonnyYeckMm U Kaxkablii cnabo runepbonnyeckunin
oneparop ABnseTcs N-runepbonnYecKUM, rae r-makcumanbHas KpaTHOCTb Xapak-
TepucTuk (Hyneit cumeona -Pm(A,0 no A) (cm. [13) u [9]).

B pa6orte |14] O. /inccom u J1. PoanHo (ans 60nee Noapo6HbIX CBEAEHWIA CM. MOHO-
rpacguio [16]) gna cumona {, ) onepaTtopa P(Dt,DX) BBeeHO MOHATME BECOBOM
(YHKLUMN TNep6b0anYHOCTM, 3aBMCALLEN TONbKO OT MepeMeHHbIx = (Ei,—, ) n
onpefenieHbl HEOAHOPOAHbIE Knacchl XKeBpe, NOPOXKAeHHble TakuMK Becamu. mu, a
fanee B 6onee obwem cnyyae []. Kanso B [17} M3y4yeHbl BOMPOCHI CYLLECTBOBAHMA
pelueHns 3afayn Kowu B 3TUX NPOCTPaHCTBaX.

. Kanso B (17| BBeAeHO Takxe MoHsATUe (B, 3R—Funepbonuueckoro (MynsTuksar
3urnnepb6onunyeckoro) otHocutensHo ( + 1)—mepHoro Bektopa N = (1,0, ...,0), one-
patopa, obobuiatoLiee NOHATME B—TunepbonnyHocTh. 3710 onepatop P[Dt,Dx) Bnga
(1.2), pna KoToporo cylecTsyeT uncno ¢ > 0 Takoe, 4yTo cumson (1.3) yaoBneTso-
pseT ycnosuto: ecim P(A, ) = 0, To /T«A > —¢|E|£, rae /i(E) = |E£|r—HUKOTOpGLIN
(BMonHe onpefeneHHbIin) Bec, 3aBUCALLMIA OT £, HO He 3aBucAiumMin oT . B [17] goka-
3bIBaeTCA CYLLECTBOBAHME €AMHCTBEHHOIO peLleHnst COOTBETCTBYOLL el 3agaun Kontu
B C°°{[-T,T]) G*1K(E") gna mo6bix (T,3) : T >0, 1< 3i <3 HANA NpPOn3-
BO/IbHbIX HayabHbIX faiwbix n3 Ggl’ K(E%).

B cepum paboT K. AraksaHa nlyuveHa KOppekTHOCTb 3agaum Konmn gns runep6o-
NMYECKMX OMNepaToOpoB C KpaTHbIMW XapakTepuctukamu (cm. [18J, [19]).

Bo Bcex paboTax, NOCBALEHHbIX S-runep6oamyeckum unm (a, H)-runepbonnyecknm
N 6 En+l onepatopam P(Dt, Dx), Bblgenserca o4HO NepeMeHHoe , T.e. paccmarpu-
Baetcs cnyyain N =(1,0,...,0), npu 3TOM BEC FMNePBONYHOCTA HE 3aBUCUT OT

B HacTosuleil paboTe Mbl BbIBOAWM HEO6XOAMMbIE YCOBUSA A5 CYLLECTBOBaHUS
€[MHCTBEHHOrO peLUeHns HexapakTepucTuyeckol 3agaum Kowwn gna runepbonuye-
CKUX YpaBHEHWIA C BeCOM, Korga a) (efuHWYHbIN) BekTOp N 6 En+1 Nnpou3BONbHbIA,
6) Bec rmnep6b0MYHOCTY 3aBUCUT OT BCEX MEPEMEHHbIX, CNeA0BaTe/IbHO My/bTUAHU-
30TPOMHOe NPOCTPaHCTBO XKeBpe, rae MLLeTCa peLleHune, MOPoXKAaeTcs 06LLMM BECOM.
Mpu 3TOM, TaK KaK NepeMeHHble ByayT UrpaTb OAMHAKOBYIO POfb, TO GyfeM CUMTATb,
UTO M3y4yaeMble OMepaTopbl AEACTBYIOT B M—MEPHOM MpoCcTpaHCcTBe. MccnegytoTtes
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CBOIACTBA CYMBOJ/I0B, OTBEYAIOLLMX PACCMOTPEHHbIM NIMHENHBIM AVt thepeHLnanbHbIM
oneparopam.

Myctb K6 An>° BNOMHe npaBuibHbIiA MHOrorpaHHuk u A€ J1(51). Yepes 3?° o6o-
3HAYMM MHOXECTBO €ro BEPLUMH W MOOXUM

d(A) = d(A ) = Tax(i/, A) = max”™ VjX],

T =r,4) - ® 0=1..»), 0= ««r,,

blo=E If'lI= £ IffMClI; »(0=1+Kr—
ile KB i/e si0

B (20] pokasaHo cyuecTtBoBaHue Yucna C = C(34) > 0 Takoro, 4to
(1.3) N*« +17) < <7[N*0 + o(rf)] V ~eC "

[ na BnosHe npaBubHOINO MHOrorpaHHuka 3?, yucnar > 1u obnactn Q C EJBBegem
cnefytoLmne MynbTUaHU3OTPOMHbIe MPOCTpaHCTBa XKeBpe.

Yepes I'M(12) 0603Haumm (cM. [6] ) MHOXeCTBO yHKr™ii / g C°°(IM) Takux, 4To
Ana Kaxgoro komnakTa I<c I cywectsyet uncno C = C(f, K) > 0 Takoe, uTo

sup ID°f(x)\ < <%l M Va6 M
XeK

Monoxum = {ne d*0; v/j 6 3, (j = 1,....,m)} n o603Haumm uepe3 M'K(2)
MHOXecTBO (yHKuuid / g C°°(Q) Takux, 4To Ana Kaxgoro komnakta K C I cyige-
ctByeT uncno C = C(/, K) >0 Takoe, 4T0

sup \Daf(x)\ < Cj+1jj Vae (j=01,.).
xek

HakoHeu, cnegys A. Kopnau [21] u J1. 3aHrupaTtu [22] (cm. Takxe [16] nan [17]),
yepe3 CR(f2) 0603HauMM MHOXeCTBO (hyHKUMA / € C°° (M) TakMX, 4TO AN1A KaXOro
komnakta K CC I cywectByeT uncno Kk = k(/, K) > 0 Takoe, 4To

Ki
HI/1k KK = D -rr] < 00.
/ , Sh,lpg]egl\lfd)s(léﬁ\ aJ{x)\ };r] 00

Monoxum Takxe Gj(fi) = {/ € Gn(En),suppf C M}. Nlerko ybegutcs, uto GR(fi)
npocTtpaHcTeo ®pewe, nputom FK(M) ¢ GR(ft). N3BecTtHO (cm. [20]), uto I'I(IM) ¢
r*(M) npu r > 1/r0@3ft), n f.g e FA(MN) gns nobeix / 6 FTAM) nge Cr(M).
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2. Heo6xoanmoe ycnosue ogHoO3HauHOM paspewmmmMmocTn 3agaun Kowwn

Nemma 2.1. MycTb nocnegoBaTenbHOCTW NoNo>KMTenbHbIX uncen {x,} v {y,} Ta-
Kve, 4yTO0 ya—>00 u xsly,, =0 npu B —>00. Torga Ansa nobeix r 6 [0,1) n I> 0.

liw e al/*= 0.
»-*« t>0 \ *

[JokasaTen,cTBo. MpocTble BbIKNAAKM NMOKa3bIBAKOT, YTO ANS AOCTATOUYHO GOMbLINX

8up (X* +?1Y e-o». = = eV l-<r81( +v1H)1>
t>0 \ )
OTKyfa crefyeT yTBEPXAeHUNe IEMMbl. O
Cregfytolliee npefnoXxeHve faeT He06X0MMOe YC0BMNe KOPPEKTHOCTY NOCTaHOBKU
HexapaKTepuCcTUYecKoi 3agaun Kowwm ana runepboanyeckmx OTHOCUTENbHO Npous-
BONbHOro (eguHuMYHOro) Bektopa N € EIl ypaBHeHWiA. Mpu 3TOM OyfAem cumMTaTb,
410 Bec J1a(£) nopoXaaeTcs BNOHE NPaBU/IbHbIM MHOFOrPaHHUKOM 415 KOTOPOro
ro(9?) < 1. CHayana npvBegemM Npumep Takoro MHOrorpaHHuKa.
Mpumep 2.1. MycTb = 21 R MHoOrorpaHHuk ¢ sepwuHamu (0,0), (6\, 0), (i/1, wj),
(0, ), rpeSit i/, € (0,1), ygoBneTBopsatoLMe YCNOBUAM

B+ ir>1x714+ 4 + i <l

A

Jlerko yb6eamTcs, 4TO 3TO BMOJIHE NPaBU/IbHbIA MHOTFOrpaHHUK, ANa KoToporo ro(£)
1 un n(0 = 1+ Ifil*Xl+ |&|fc + INM61**- Hanpumep, 4N napameTpoBs =
2/3, =1/3,ili = 4/9,ini = 3/18 r0(A) = 3/4 .

Teopema 2.1. MycTb 3? BNOMHe NpaBWNbHbIA MHOTOrPaHHUK, AN KOTOPOro ro
ro(in) < 1. NycTtb N € E" uP{D) nuHeiiHblii gudhepeHLmanbHbIil onepaTop Takoi,
yTOo anda noboin / 6 G*(Qjv) ypasHeHne P{D)u = / umeeT eAUHCTBEHHOE peLleHmne
n6 ( /). Torga cyuwecTByeT BeL,eCTBEHHOE YMCNO C Takoe, 4TO

(2.1) { +irN) oVv(CT)6 R\ T<cMO-

3ameuaHue 2.1. OueBugHoO, No6GOI runepboaMyeckuii No COPAMHTY OnepaTop yao-
BNeTBOPSET ycnosuo (2.1).

[JokasaTenbcTBO TeopeMbl 2.1. Tak Kak Gff(Qw) aBnfeTca 3aMKHYTbIM Nof-
npocTpaHCTBOM npocTpaHcTBa dpewe Ck(s£"), oTobpaxkeHne P(D) : CR(E™M) ->
GK(En) HenpepbIBHO 1 N0 YCN0BMIO TeopeMbl 3agada Kowwn gns ypasHeHus P(D)u =
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/ npwn Bcex / € Go (fi/lv) nmeeT efMHCTBEHHOE peLleHne C HocuTeneM B Qjv, TO n3
Teo]>eMbl baHaxa 06 o6paTHOM onepatope cnefyeT, 4To onepatop P(D) nopoxpgaeT
aBToMopuam npoctpaHcTea Gq (fi/v).

Myctby € &n n ° = 5 1Y, KO- B cuny ckasaHHoro, gns Toukn y € Miv cywecteyet
komnakt K C I/ u uncno K > 0 Takme, 4TO C HEKOTOPOI NOCTOsIHHON C\ > O

(2.2) Mv)| < CxIIIPPHII B, K,,, V16 G?( *).

Bbi6epem yHKumno * 6 MY/ 10 takyto, uto X(f) = 0npu KO m *(2) = 1npn > a.
(CyuwiecTBoBaHMe TaKoi OyHKLMM AOKasaHo B [23]).

Mpeagnonoxum obpaTHoe, T.e. cywecTByeT nocnegosatensHocTb {({*,79)}“ ! C
an+i Jakadi uto 1,//in(E*) -> -00 npu -too M P(3#) = { *+ireN) = O
(@a=1,2,...). Monoxum

n{x)=en ¥Y‘* X{(x,M)) (8=1,2,..).

Tak kak (cm. [20]) € GR(H) gnsa nobbix /| 6 GR(ft) n e FYr(m), to no
onpegenenwuo yHKumm x nmeem n, 6 GR(Mar) (3= 1,2,...). Moatomy, B cuny (2.2),
onpefeneHus nocnegosaTensHocTu {r,}, 1 NpumeHsas 0606LeHHYO hopmyny J1ein6-
Huua, Ans Bcex s = 1,2,... C HEKOTOPOM NOCTOsSHHOM > 0 uMeeM

iHM(v)Il<ailNe bl lkir.«<

<CIiE HI*V)X((**))ei(x-vV "Il KK.*<
(2.3) <C2 J2 |PY®)| |II1?ax((x,1T)) e2x~v ***|||u, K, K,
OjtaeNff

roe PW (0 = £aP (0.

OTMEeTUM, YTO B NpaBoii YyacTn (2.3) CTOUT KOHEYHasa cymma, Tak Kak P A (0 = O
npu |a|] > T. B cuny onpefeneHns yHKUMWM X OTClOAa CnefyeT CyLleCcTBOBaHME
MoNoXuTenbHbIX uncen K\ = Jli(«, x) n C3 = C3(C3,X) Takux, 4to

1<C3 £ |p(«)(r) ||||le*f~wpr|| ik >KL = 1,2,...),
|o)<m
rape K = {r6 K\ 0< (kN) < a}.
M3 onpegenexns nonyHopmel [[[ . ||| ansa Bcex 3 = 1,2,... nony4vaem

1<C3 [P (@™(r*)| sup max sup |[D™ex v'xM| - =
Icfen J
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Tak Kak MHOrorpaHHuK 3? MosHbIiA, TO CyLLECTBYET HaTypanbHoe unco | Takoe, 4To
{a 6 jWif, |a| < T} C Torpa ( cm. [1), lemma 2.1 ) cyuwiecTByeT uncno C4 > O
Takoe, 4To

Y, <cMv), yeCrT.
BEA"
W3 nocnefHux ABYX HepaBeHCTB CMieayeT CYLIEeCTBOBaHMe NOCTOAHHOK Cb > 0 Takoi,

yTo Ana BCex 3 = 1,2, ...
1< Cs8up |[C4/« (U i+1B"<T*1J

OrTctofa, B CBOIO 0Yepefb UMeeM Ana = C*/si U ¢ HeKOTOpoi nocTosiHHOW Co > O
1 < CeBuph4(?*) e a|r* (=1.2,..).

OTctoga n u3 ceoiictsa (1.4) BecoBOi (hyHKL MM MMeem

(2.9) 1< Cssup[M O +1 +\T|* e~a’ y 3=1.2,..),
i

rae C - noctosHHas n3 (1-4). Tak kak nocnegosaTensHocTu {xa = C/c;i[ft«(f*)+1))~r
nya= {|ta| (Ckr)¥"0} npu r = ro<1mni7>0 yaoBNeTBOPAOT YCAOBUAM NEMMbI
2.1, T0 u3 (2.4) cnegyet

s, SypIOR(0 + 1+ [ralr*) ] *e~<frd= O

4TO NpoTMBOpPEYNT (2.4) N LOKa3bIBAET TEOPEMY. |

Wcxops u3 Teopembl 2.1, BBefileM MOHATME BECOBOW (PYHKLMM rMNep60InyHOCTH
M NOHATME rMnepboInYecKoro oneparopa ¢ BecoMm. Mpuuyem BBeeHHOE 3[eCb MOHS-
TWe BECOBON (PYHKLMW OTAMYAETCH OT COOTBETCTBYIOLLErO MOHATUSA, BBEAEHHOro J1.
XepmaHgepom, O. Jluccom, J1. PoguHo (cm. (14] unm OnpepeneHue 1.8.1 B [16])
TeM, 4TO BecoBass PyHKLUMS J1 MOXET He y[OBNEeTBOPATb HepaBeHCTBY ( + ) <

cKO@L+M").

OnpepeneHue 2.1. JlokanbHO OrpaHuWueHHy0 yHKLUWIO J1, onpeaeneHHyto B J1” Ha-
30BEM BECOM rnMepboaMYHOCTU, eCNM  YA0BAETBOPSAET CNefyoLUM YCNOBUAM
) Kl)y>c>0 €1",
2) . lim _J1(£)>K1=0.
iel-»00
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3) ana kas/cgorp {> 0 cywecTByOT yncna 0 < ) < a2(t) Takue, 4TO

a,()N(0 < A(tO <ea(t) 1(0 V2€ 1.

MHOXEeCTBO BCEX BECOBbIX (DYHKL M 0603Haunm vepe3 H. OueBngHo, 4TO 4N NtO-
60/ yHKuun he Il nuncnaC >0 Che 4.

Onpegenernne 2.2. Myctb N e Rnuhe H. MHorouneH P Ha3oBem -runep6onu-
YCCKMM OTHOCMTenbHo BekTopa N ecan (cm. npegcTasneHune (1.1)) Pm(N) O wm
CyWecTBYeT BELEeCTBEHHOE YMCIO C TaKoe, YTo

(2.5) +irN) 0 V(f,r) 6 in+tl, T < cA(0-

M3 ycnoBmsa 1) Ha OyHKLMIO  HEmocpeACTBEHHO CrefyeT, YTO runep6boanyeckuii
no MopanHry (0THOCMTENbHO BeKTopa /) MHOrouneH siensetcs h—rmnepbonnyecknm
(oTHOocnTenbHO N) ansa ntoboi BecoBo dyHKUMM he H.

3.CsoiicTBa 1-runep60ONUYECKNX MHOTOUYTEHOB

Teopema 3.1. MycTb 6 . Ecav mHorouneH P Buga (1.1) rmnep6onmnyeH oT-
HocuTenbHo 1€ A", TO ero rnaBHas yacTb PT runep6onmyHa no FOpAMHIY OTHO-

cnTenbHo N 6 R™.

[JokasaTensCTBO. [MoKaXeM, YTo NPY YCOBUSX TEOPEMbI CYLLECTBYET BeLLeCTBEHHOE

uucno ro, AN KOTOPOro
(3.1) PT{(+irN) OLW,T)e dn+l, T < T0.
Monoxum gna e 222n >0
0(,)={6=0(£ )e C,P(t +itON)= 0}.
Tak Kak gns Bcex f 6 ", t> 0u ©£0( , )
0= { +WN)=P@I[ - (ITE)N] + it(ReO)N),

TO M3 h—Funep6onnYHOCT MHOFOYNleHa P cneayeT cyuiecTBoBaHue uucna C\ > 0

Takoro, 4To
(3.2) tReS > Ci h(t[e- (ITO)N]) € Rn,t > 0,0€ 0( ,1).

OueBunaHo, ana Kaxpaoi napel (£,0): € Rn,66 C
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Tak kak Pm(N) 0, To Hynm (no © mHorouneHa Qtifi) = (- + 6 N ) HenpepbIBHO
3aBucAT oT . CneposatenibHO, B cnay ( 3.2), Hyu (no © MHorouneHa PT1 (£ + iON)
NpUHagNeXxaT MHOXeCTBY

p){0 6 C,tRc9 > CiA(*K - ("0)7V])> = f){6>e C, JleB > (/TIrNYTV])>.
t>0 >0

OTctofia HeMmocpeaCTBEHHO NOMyYaeM, YTo Ans Tex § Ans Kotopbix PT (E+ i6Gbl) = 0

Re9 > ¢ lim H(E—{ImfH)N))/t,

rae C—nocTosiHHaa u3 (2.5).
Echrm —(ImO)N = 0 gnsa napsbl (£, ©), To oTctoga cnegyet, 4to lie® > 0. Ecnm xe

- (ImO)N 0, TO B cuny ycnoBmusi 2) Ha PYHKLUIO  UMEEM

(9 O X (/T®ivr= °-
3TO 3Ha4WT, 4To HyM (No T = T(E) ) MHorouneHa Pm(Z + iON) nexat B nony-
npoctpaHcTee Rer > 0 gna scex 6 J1". Moatomy Pm(f + iON) 0 gna nobbix
6 A", T < 0= T0, YTO 1 O3HAYaeT, YTO MHOrouYsieH PT runep6onuyeH no ropanHry
oTHOcKTeNbHO BekTopa N. Teopema 3.1 goKasaHa. d

Teopema 3.2. Ecnu mHorouneH P h—runep6onmyeH oTHOCMTeNbHO BekTopa N, TO
OH h—rnnep6onnyeH oTHOCUTENBHO BekTOopa —N.

LokasaTenscTBo. o Teopeme 3.1 MHOrouneH PT runep6onnyeH no FopanHry ot-
HocuTensHo N, noatomy (cMm. [6], nieMma 8.7.3 ) MOXHO CUMTaTb, YTO KOIPPULUEHTbI
PT BeLeCTBEHHbI.
Mycte € Rnn {rj(f) :j = 1,....m} Hynm (no T ) MHorouyneHa P(£ + i9N).
MpumeHsasa opmyny Teiinopa, nonyymm ans kaxgoro 1= 0,1,..., T
PT- ( +irN)=£ ~{DaPrn-liirN) =

oc
™ AQI

=Tm 1Pm_,(iN) + Y, h Dapm- i(irN).
j=1 M-J a-

[NoaTomy
P(f+irN) = Tm Pm(iN) +Tm~I[ Y ~ (D j P + P,a-I(iN)) + ....
J=1

rae He BbiMMCaHbl YeHbl, COAepXKallhe T B CTENEHN MEHbLUE ( —1).
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CnepoBaTenbHO

T

1> (o = Im /p n[iN) =

1=1 i-1

=* + -Pm- 1(N)]/Pm(N).
i-1
Tak Kak Pm MHOrousieH ¢ BelecTBEHHbIMKU Ko3thdumumeHTamm n /V € A", T0 ans

T
X >X) = de[*PT _ ,(N)]/Pma Cij.
i—

Torpa B cuny Ji—+unepbonnyHOCTN MHOrouneHa P v ycnosus 1) Ha yHkumio J16 H
MMeeM C HEeKOTOPbIMU BELLECTBEHHLIMU MOCTOAHHbLIMU |, C3

Net*=Cj- J2ReTi <C i -ImrAN) <
[00]3¢ &k
<C353 ( - K = 1.eee» -
"k

OTctofa HenocpeacTBeHHO nonyyaem, 4to P (f+irN) 0 pgna npomsBonbHbiX E RN
nT > C3(n—1)/1(0, T.e MHOro4neH P h—runep6onunyeH oTHoCUTENbHO BeKTOpa —N.
Teopema 3.2 floKaszaHa. O

3 3T0i TeopeMbl HEMOCPEACTBEHHO CreayeT

Cnepgcteue 3.1. MHorouneHa P h—runep6onnyeH oTHocUTeNbHO BekTOopa N To-
rga u Tonbko Torga, korga Pm(N) O u cywecTByeT NONOXKUTENbHOE YUCNO C
Takoe, yTo P(E + irN) O gnda Bcex (r,£) € An+l, T>c¢ ().

Cnegys J1. XepmaHfepy ans Toukun 6 A", mHorouneHa P n yucna > 0 BBegem
cnegytouwve gyHkumm (XepmaHgepa) (cm. [6], popmynsl (10.1.7) u (10.4.2))

OO ="E |9 “Ne £Cm*) = "E|O4 (012
[0BOPAT, UTO MHOrouneH P cunbHee MHorouneHa Q u 3anmcbiBaloT Q -y P, ecim ¢
HEKOTOPOi nocTosiHHOW C > 0

<30<cp (0 veban.
OkasbiBaetcs ( cm.[6], Teopema 10.4.1 ), uTo Q < P TOrga u TONbKo TOrfa, Korga
cyulecTByeT noctosiHHaa Ci > 0 Takas, 4To

<8«,«) < CiPtf.t) VEed", Vt>I.
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OnpepgeneHue 3.1. MycTb /16 Il. Byaem rosopuTb, 4TO MHOTOu/eH P - CUbHee
MHOrouneHa Q v nucaTb Q - *LP, ecnn ¢ HeKOTOPOIl NOCTOoNAHHON C > O

Q(S,t)<CP(t,t) ,t) e Rn+1, Vt> N1(0-

W3 ycnosus 1) Ha dyHKUMm mHoxecTBa |l cnegyet, uto Q - P Bneyer Q <h P,
Ans no6oli Jle . O6paTHOEe He BEPHO, UTO NMOATBEPXAaeTCca CleAyoLWnM NPpUMepoM
Mpumep 3.1. MNycten =2, P(E) = ( ?-£ )2. 0(0 = n A0 = 0+KI)1r2-
Jlerko nNpoBepuTb, YTO C HEKOTOPbIMU MOMOXUTENIbHbIMU NMOCTOSHHBIMU ~ , , MHO-
rouneHbl P 1 Q Ha nocnegosatensHocT * = (a,a); a = 1.2,... YAOBNETBOPSAIOT

CNnefytoLyIM COOTHOLLEHMSAM

Clrls3<0(f) <Cis3 C? B2<P(I) <c23\ 3=1.2...

T.e. Q He cusbHee P.
C [Opyroii CTOpOHbl, MPOCTble MOACYETbI NMOKa3blBalT, YTO C HEKOTOPbIMU MOSO-

XUTeNbHbIMK NOCTOAHHBIMU C3,C4 n ansa Bcex € J12, > 0 MHorouneHsl P n Q

YA0BNETBOPAKT COOTHOLUEHUAM
QBE Q < chdfi B+ ifli2*+Kii*2+t4), f) >cdKke?+ »+4
M3 KOTOPbIX CMeayeT CyLlecTBOBaHMe MNOCTOsHHOM Ca > 0 Takoi, uto Q(£,t) <
6 (,)anaBscex (€ )e d3, >0 T1e Q <nP.
Nemma 3.1. MycTb P 1 Q MHOroYneHbl 0T N NepeMeHHbIX, a dyHkuuu J1,J1i £ H
YA0BNEeTBOPAOT YCNOBUIO
(3-3) epe) <n,(e)<c2h(0, £enan,

Ci 1 C2 HekoTOpble NONOXKMTeENbHblE MOCTONHHbIE. Torga 1) Q <h P Torga m
Tonbko Torga, korga Q <hi P, 2) Q(0-) <h P(6-) gna noboro ©> 0.
JokasaTenscTBo. FCHO, YTO AN14 NH060ro MHorouseHa J1 nopsgka He Bblle T U 418
Npou3BOSbHBEIX T > Q 6 17, > 0O

(Mmin{lTHm% ,i) < N(£,4) < (Toa:{1,THT A{,i).

CneposaTenibHO Q P Torpau ToMbKO TOrAa, Korga Ana nbéoro T > 0 cywectsyeT
yncno C3 = C3(1) > 0 Takoe, 4TO

( ,Ti) < C3MI(E, rt) VF6 Rn,t> N(0,
UK, 4TO TO Xe camoe

<3(e,B) < C3P((,® Vvf€4d ,0> 1/(0-
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Myctb T = C\ (cM. HepaBeHCTBO (3.3)). Targa B cuny neBoii yactu (3.3) HepaBeHCTBO
0> (C) Bne4yét HepaBeHCTBO ©> T/i(E), NO3TOMY OTCHOAA CNEAYET, YTO

Q(e,0) <CaP&B) VCe Nn,0> Nr(0,

T.e. Q <h' P. Anda pokasatenbctBaToro, 4yto0 Q ' P Bneyet Q - P focTtatoyHo
BOCMO/1b30BaTbCA HePaBeHCTBOM

—JTi(0<J{o < —hi(O<MO, esdn,

ABNAOLLMMCA CNeACcTBMEM HepaBeHCTBa (3.3).
LokaxeM nyHKT 2) nemmsbl. MycTb Q -</1P, T.e. ¢ HEKOTOPOW MOCTOsHHON C* > O

Q(e,t)<C4P((,t), Ced", > ),
MAn, YTO TOXKE Camoe
<3(Br],i)<C<P(OTi,i), yen», *> J(«u).

MpuMmeHssa cBOWCTBO 3) (yHKUMA JT1 e A U AOKa3aHHbI NYHKT HACcTOALLEe neMMbl,
noslyyaem fokasaTeNnbCTBO NyHKTa 2). Jlemma 3.1 aokasaHa. O

Nemma 3.2. Ecnn ofHOPOAHbIA MHOrouneH PT runep60iMyeH O THOCMTENbHO BeK-
Topa N € A”, To cywecTBYyeT unucno ¢ > 0 Takoe, 4TO

(3.4) cranni) < |Pm(*+ ttf)] < cPm(E,t), (C ) € An+l, >0

[okazaTenscTBo. B moHorpadwmn [ gokasaHo, 4TO B YCNOBUAX HACTOSLLEA NEMMBI,

cywectsyeT uncno C\ > 0 Takoe, 4TO
C\PT(] < |[PT (u+ itN)I, w6 4A”.
OTctoa v U3 OfHOPOLHOCTM MHOrounieHa PT cnegyeT, YTo
CitmPm{\) <tmPm{t + iINO = [An(£+ itINOl, cen

Tak Kak 415 0AHOPOAHOr0 MHOrouneHa PT CrnpaBeAnvBo TOX/AECTBO

tmPmfy =2\P ™ fy\t3m=

=y E Ipne)(Ol -A . tt.t), (C,<)enrl, *>o,
TO N3 nocnegHnX AByxX COOTHOLLEHWI nosy4vyaem

CiA.K,*)E|Fn« + i/10i, (CO eAm+l, t>o,
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YTO A0Ka3blBaeT NneByk YacTb (3.4). MpaBas YacTb (3.4) Nony4aeTcs HeNMOCpeaCTBEH-
HbIM NpUMeHeHnem opmMynbl Teinopa Jlemma 3.2 fOKa3aHa. O

Nemma 3.3. MycTb he H, PT ogHopoAHbIi MHOTrOUYNeH nopsigka m uQ MHorouneH

nopsgka K < T, NpeAcTaBneHHbIli B BUAe CYMMbl j —OAHOPOAHbLIX MHOIOYEHOB
K
(3.5) <30=£< W -
3=0
Ecim Q <uPT, TOQj <hPT j =0,1,..., K

[JokasaTenscTBo. MycTb |, t\,..., £ nonapHo pasnuyHble, OTAUYHbIE OT HYNS YUC-
na. Tak Kak onpegenutens matpuupl (i%)*,=0 oT/IMUYEH OT HyNs

K
0(*i0 = XM <3i(0. | =0,1,...A,
1=0

To cywectsytoT uncna { , } 0O Takue, 4to
K

(3.6) Qi(0=2>J«&0. 7=0,1,..*.
7=0

MpumeHas nemmy 3.1, B CUNy YCNOBUIA HACTOALLER neMMbl 1 ToxaecTsa ( 3.6), nony-
YMM CyLLeCcTBOBaHME NonoxutensHbix yucen C\, Ci Takux, 4yto gnsa scex I = 0,1,..., K

K K
QtU, ) <CI£ t) <C2J2PT(be,t), *€4d», > ().
j=0 j=0

C Apyroii CTOpOHbI, N3 0JHOPOAHOCTY MHOrouneHoB {PT"} cneayeT, UTo 415 NO60ro
uncna 0 0 crnpaBeAnMBO MCPABCMCTBO

PwNe,0 =~ P ~ m w ="0p(m-N)IPW((O|"“lI<

<C(0)Pm(f,1), a", >0,
rae C(©) = Tax{1,6T1}. Moatomy nonoxus C3 = max{C(tj) 0 <j < A} nonyuum
anaseex 1=0,1,..., A
(,)<CBPm(,t) VE Rn, > ).

Nemma 3.2 gokasana. O

Teopema 3.3. TycTb he H v PT—04HOPOAHbIA MHOTrOYNEH nopagka T runep6onum-
yeckmii no MopauHry oTHocuTenbHo N. Ecav MHorouneH Q nopsgkaordQ = K <T
Jl—cna6ee Pn, To MHorouneH PT + Q h—runep6onmyeH oTHocUTENbHO N.
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LokasaTenscTBo. B cuny ne.unmibl 3.3 umeem ( cm. npeactasneHmne (3.5)), uto Q, Un
Pm j = 0,1,..., k. MpumeHsa dopmyny Telinopa n nemmy 3.2, oTCtoAa Noayymm ¢
HEKOTOPbIMW NONOXUTeNbHbIMKU Yncnamm Ci,C-,C/lansa scex j =0,1,...,k, £€ An
nre RMt| > ()

\Qj(t +irN)I<CiQM,r) < 2 (,r) <C3|Pm({+ irN)\.
OTctoga gns nwoboro cr> 0 n gns scex j = 0,1,..., K NoAy4Ynm
\QjNe +irN)\' < 3\ ( +irN)I eRn, redl w> ).

B cuny ogHopogHocTM MHorouneHoB PT u {Qj} oTctopa nmonyyaem ans Bcex €
Rn,r € R\\t\> ()

(3.7) [<3K+ 1 IV)| < C3cm *|IPT(E+Tr-1V)], j=01,.., K
a
K
Bbibepem uucno co > 0 Tak, 4To6bI £ o™ : <i, Torga s cuny (3.7) umeem
i=0
K

< |[P™(€+ iﬁ;N) +E«, (* + imé\l ) 1= |Pm(£+ iEON)+

+ (€+|-*,8\OI <\Pm(t+ix N)I+£ Q& +iC—DN)\<

< !IPmtt+ i’EjON)I, 6 Rn, 1 6 11, |r| > Jl(ctoO-

B uTore monyyaercs, YTO Npy COOTBETCTBYIOLLEM BbIGOpE YMcna Co AN BCex £
A7, 76 A1,|1| > ( ) cnpaBe4iMBO COOTHOLLEHUE

(3.8) Ii|p mtf + »élﬁN)\ <\(Pm+ Q)(t + i(lij)\ < ||P m(f+ <O;JV)|.

TaK KaK B CMJy yCnoBuiA TeopeMbl ( CM. TaKXXe [J0Ka3aTeNbCTBO Teopembl 3.1) pT K +
i—N) / Onput 0,70 (cm. ycnosue 1) nadynkuynio ) Pntt+'~N) ~ Onpwu |T| >
fi(cToE)- Torpa n3 (3.8) HenocpeAcTBeHHO cneayeT, uto L% + iON) + Q(E+i6N) O
npu Bcex 6 An,0 £ A1 n 6©> cto/i(ctqO-

OTctoga n u3 ycnoeusa 3) Ha YHKUMIO  MOMyvyaeM, 4TO MHOrouvneH Pm + Q

Junep6onnyeH otHocuTenbHO N. Teopema 3.3 AoKa3aHa. d
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MpvBegeM ABa MprvMepa MHOrOYNEHOB, He ABAAKOLWUXCA TMNep60oIMyYecKUMyU HO
[opanHry, HO ABNSIOLWMMUCS J1-TNepboNYECKUMH AN ONpeAeneHHbIX YHKUUA 6
#A. Mpn 3TOM BO BTOPOM MpuMepe 06e KoopAuHaTbl BeKTopa N OTAUYHBI OT HynS.

Mpumep 3.2. Nyctb = 2u P(E) = (E?- £ )2+ £2 = ) + Jerko
ybeamnTCs, YTO MHOFQY/EH runep6onmyeH no MOpAMHIY OTHOCMTENbHO BEKTOpa

— (0, 1). C gpyroli CTOPOHBI, TaK Kak MHOrouneH P3 He cnabee MHorouneHa P4 (cwm.
npumep 3.1), To no Teopeme opgirkra - CeeuccoHa (cm. |11] unu |6], Teopema 12.4.6)
MHOrouneH P He sBnseTcs runep6onmyeckum no ropamHry otHocuTensHo N = (0,1).
OpHako, Tak Kak (cm. npumep 3.1) P3 <h Pa gns ) = 1+ D2 € A, 1o
no Teopeme 3.3 MHOrouneH P aBnsieTcs J1-nwep60oinyecKUM OTHOCUTENIbHO BEKTOpa

N =(0,1).
Mpumep 3.3. Nyctb = 2, Po(0 = £?28, Q(0 = £?2$(£? + £ )+ 7?2+ £§,
) = 1+ ICilV2 + 1&12/3> JNlerko y6eantbca B TOM, 4TO Pto runep-

60nmyecknii no FopanHry otHocuTensHo N MHorouneHa, Q -<h Pio, HO Q He cnabee
P10. Mostomy mHorouneH Pio + Q He sBNAeTCA rnunepbomyeckum no FopauHry, Ho

ABNAETCA h—FVII'Iep60!'II/NECKVIM OTHOCUTENIbHO N.

Abstract. The results by Gording, Larsson, Cattabriga, Rodino, Calvo on correctness
of Cauchy problem for TV-hyperbolic equations are generalized. We prove that in the
general case where the vector N = (/I1,..., Nn) is different from the vector (1,0,..., 0),
for the. correctness of the Cauchy problem more stronger condition is required, which
we call weighted hyperbolicity condition. We also discuss the properties of polynomials

possessing weighted hyperbolicity property.
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Abstract.1 By uHing the critical point theory, some new criteria for the existence
and multiplicity of periodic and subharmonic solution» for 2nth-order p-Laplacian
difference equations ore obtained. The proof is based on the Linking Theorem in
combination with variational technique. Our results generalize and improve the
known in the literature results.
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1. Introduction

Existence of periodic solutions of higher-order differential equations has been the
subject of many investigations (see, e.g., [8], [13], and reference therein). By using
various methods and techniques, such as the fixed point theory, the Kaplan-Yorke
method, the critical point theory, the coincidence degree theory, the bifurcation
theory and the dynamical syBtem theory, etc., a number of existence results for
periodic solutions have been obtained in the literature. Difference equations, the
discrete analogs of differential equations, occur widely in numerous settings and
forms, both in mathematics itself and in its applications to statistics, computing,
electrical circuit analysis, dynamical systems, economics, biology and other fields.
For the general background of difference equations, one can refer the monograph
[1]. Since the last decade, there has been much progress on the study of qualitative

1Thte project is supported by Specialized Research Fund for the Doctoral Program of Highw
Eduction of China (Grant No. 20114410110002), National Natural Science Foundation of China
(Grant No. 11171078), Science and Research Program of Hunan Provincial Science and Technology
Department (Grant No. 2012FJ4109) and Scientific Research Fund of Hunan Provincial Education
Department (Grant No. 12C0170).
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properties of difference equations, which includes results on stability and attractivity
(see (12)), and resuits on oscillation and other topics (see [1], [18]). Only a few papers
are devoted to the periodic solutions of higher-order difference equations. Therefore,
it is worthwhile to explore this topic.

Let N, Z and R denote the sets of all natural numbers, integers and real numbers,
respectively. For a, b€ Z (o < 6), define Z(0) = {a,a+ 1,++} and Z(0,6) = {a,a+
1,++¢ ,b}. The symbol * will denote the transpose ofa vector, this paper we consider
the following 2nth-order p-Laplacian difference equation

(1.1) A" (rk-ngp(A"ufci)) + (-1rW p (u*) = (-1)MA*,«*), € Z(l), fc6 z,

where [ is the forward difference operator Au* = ujt+i U, AnUk = (47 1m*),
(fip(s) is the p-Laplacian operator gp(s) = |s|p as(l < p < 00), {»>} and {g*} are
real sequences, / 6 C(Z x R,R), T is a given positive integer, +T = r* > 0,
Qk+r = sk > 0, /(fc + T,v) = /(fc,v). Some special cases of (1.1) has been widely
used to study discrete models appearing in many fields. For example, the simple
logistic equation Un+i = run was used to approximate the evolution of an animal
population over time, where u,, denotes the number of animals this year, Un+i is the
number of animals next year, and r is the growth rate or fecundity.

Note that the equation (1.1) is a discrete analogue of the following nonlinear
differential equation

('-2) 8 : \r(t)vP y \ + (-1)"«(<bl«(*)) = (-1)" X «M),

dtn )
which was extensively studied by a number of authors (see [1]).

The widely used tools in the study ofthe existence of periodic solutions of difference
equations are the various fixed point theorems in cones (see [1]). It is well known that
the critical point theory is a very powerful tool that deals with the problems of
differential equations (see [13], [14]). Only since 2003, the critical point theory has
been employed to establish sufficient conditions for the existence of periodic solutions
of difference equations. By using the critical point theory, Guo and Yu [9]-[lI] and Shi
et al. [17], found sufficient conditions for the existence of periodic solutions of second-
order nonlinear difference equations. Compared to one- or second-order difference
equations, the study ofhigher-order equations has received considerably less attention
(see, e.g., [1], [6], [7], and the references therein). In 1994, Ahlbrandt and Peterson
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[2| studied the 2nth-order difference equation of the form:

(13) 1t ia*uk- )= 0

1=0

in the context of the discrete calculus of variations, while Peil and Peterson [15]
studied the asymptotic behavior of solutions of (1-3) with fj(fc) = O for 1 < i < n—L
In 1998, Anderson [3] considered (1.3) for ft e Z(a), and obtained a formulation of
generalized zeros and (n,n)-disconjugacy for (1.3). Th 2004, Migda |14] studied an
mlh-order linear difference equation.

Ifgk =0, p= 2andn = 2, then replacing /(ft, u/t) by -f(k,uk). the equation

(1.1) reduces to
1.9 a2 _ 2 )+ /(ft,U) = 0, ft € Z.

In 2005, Cai, Yu and Guo [5] have obtained some criteria for the existence of periodic
solutions of the fourth-order difference equation (1.4). If gk = 0 and p = 2, then
replacing f(k,uk) by (-1)n+1/(ft,Ufc), the equation (1.1) reduces to the following:

(15) A” (rfc_, A"ujt-n) + /(ft,u*) = 0, n 6 Z(3), ft GZ.

Recently, Cai and Yu [4] have obtained some criteria for the existence of periodic
solutions of the 2nth-order difference equation (1.5) in the case where / growssuperlinearly
both at 0 and at co. A great deal of work has also been done to study the existence
of solutions for discrete boundary value problems with p-Laplacian operator. Because
of their applications in many fields, we refer the reader a monograph by Agarwal [1].
However, to the best of our knowledge, results on periodic solutions of higher-order
nonlinear difference equations with p-Laplacian are very scarce in the literature. The
main purpose of this paper is to give some sufficient conditions for the existence
and multiplicity of periodic and subharmonic solutions for 2nth-order p-Laplacian
difference equations. Our methods are similar to that of used in [13], [16]. The Tnsin
approach used in our paper is a variational technique and the Linking Theorem.
Notice that our results not only generalize, but also improve the results from [4] and
[5] (for details see Remarks 1.2 and 1.4 below). The motivation for the present work

stems from the recent papers [6], [7].
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Let P be the mT x mT matrix defined by

(2 "1 0 =« 0 -y
-1 2 -1 ewe 0 O
p- 0 -1 2 .. 0 0
0 0 O e 2 -1
" 0 0 w+ -1 )
The eigenvalues of P are given by
(1-6) Aj=2(1- 005 ), j=01...mT—L

Thus, Ay= 0,A] > 0,A2> 0, ¢*s,XmT-i >0, and hence

Amin = miu{Ai, A2,e¢e ,Amr_i} = 271 - cos

if mT s even,

1.7 _ A', ,..’,A P — . -
(17)  Aux —max{Ai T (I + cos , if mT is odd.

Denote

W = kerP = {ue EmT\Pu= 06 RmT}.

Then W = [u€ ETTW = {c}, c 6 R}. Let V be the orthogonal complement of Em3
to W, that is, Emr = V ® W. For convenience, we identify the elementn € ETT
withu= ( , ,eee Set
r= min {r*}, f= max {rfc}, g= min_ {%}, gq= max {?*}
jtez(i.r){ } fcgz(i.r){ ] 9 jtez(i.T){ % d keza.T)i ¥
Now we are in position to state our main results.
Theorem 1.1. Assume that the following hypotheses are satisfied:
(Fi) there exists afunctional F (k,v) 6 CI(ZxR, R), such that F{k,v) > 0, f>gfcv" =
f(k,v) and F(fc + T,u) = F(fc,v);
(F2) there exist constantsSi > 0,a 6 ~0,£ (rAn,, + srtchthat F[k,v) <

«[n¥ for k € Z and | < Si;
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(F3) there exist constants pi >0, >0,0e (rXTnx. + ) ,+°0). such
that
F(fc,v) > PW\r - C forftf Z and | > pi,

where ci, ca are constants satisfying (2-4); and Amin, Aimc are as in (1.7).

Then for any given positive integer m > 0, the equation (1.1) has at least three mT-

periodic solutions.

Remark 1.1. By (F3) it is easy to see that there exists a constant C > 0 such that
(") TYMAX -C"', V(*w) 6ZxR.

As a matter of fact, let = max {|F(fc,v) —O\W\p+ J *k € Z, | <pi}, '= + "t

the continuity of  with respect to the second variable in bounded closed regions
implies that we can easily get the desired result.
Corollary 1.1. Assume that (Fi) —(F3) are satisfied. Then for any given positive
integer m > O, the equation (1.1) has at least two nontrivial mT-periodic solutions.
Remark 1.2. If & =0, p= 2and n = 2, Corollary 1.1 reduces to the Theorem 1.1
in [5]. If 5* = 0 and p = 2, Corollary 1.1 reduces to the Theorem 1.1 in [4].
Theorem 1.2. Assume that (F\) and the following conditions are satisfied:
FH Ilim ~ =0, Mce Z;
(F5) there exist constants Ri > 0 and ©> p such thatfor ft€ Z and |u| > Ai,

0 < OF(fc,v) < f(k,v)V.

Then for any given positive integer m > 0, the equation (1.1) has at least three mT-

periodic solutions.
Remark 1.3. Assumption (F6) implies that there exist constants aj > 0and >0

such that
(Fi)) F(k,v) > ai|v|s- a2, V(k,v) 6 Z x R.
Corollary 1.2. Assume that (Fi),(F4) and (F5) are satisfied. Then for any given
positive integer m > 0, the equation (1.1) has at least two nontrivial mT-periodic
solutions.

In the case where gk = 0 and /(fc.Ufc) = Pke (ut)» the equation (1.1) reduces to
the following 2nth-order p-Laplacian equation:

(L8) 47 (Ck-nVp (4n«*_i)) = (-1)npkg (ufc), T£ Z,

where g 6 C(R, R), pk+T = p* > 0forall t 6 Z. Then, we have the following results.
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Theorem 1.3. Assiime that the following hypotheses are satisfied:

(C,) there exists afunctional G[v) G CI{R, R) such that G(y) > 0 and C'(v) =
<A«);

(G2) there exist constants e > 0, a G (o, A® n) such that G(v) < aly|p,
for |<

(G*i) there, exist constants >0, C> 0, fl 6 (jj (ff) n~x.+°c) wnh

G(v) > O0W\p- ,for | > p2, where ,0 are constants satisfying (2-4), and
Amin, Amex are as in (1.7). Then for any given positive integer m > 0, the equation
(1.6) has at least three mT-periodic solutions.

Corollary 1.3. Assume that (Gi) —(G3) are satisfied. Then for any given positive
integer m > 0, the equation (1.6) has at least two nontrivial mT-periodic solutions.
Remark 1.4. Ifp = 2and n = 2, Corollary 1.3 reduces to Theorem 1.2 in [5]. If
p = 2, Corollary 1.3 reduces to Corollary 1.1 in [4].

The rest ofthe paper is organized as follows. In Section 2 we establish the variational
framework associated with equation (1.1), and transfer the problem of the existence
of periodic solutions of (1.1) into that of the existence of critical points of the
corresponding functional. Some related fundamental results will also be recalled. In
Section 3 we prove our main results, by using the critical point method. Finally, in
Section 4 we give an example to illustrate the main result. For the basic concepts of
variational methods, we refer the reader the references [13], [16].

2. Variational structure and some lemmas

In order to apply the critical point theory, we first establish the corresponding
variational framework for equation (1.1), and give some lemmas, which will be used
in the proofe of our main results. We start with some basic notation. Let S be the
set of scqucuccs «=(** ,u k, ,«-i,n0,«i,oe0>«* -ee) = {vic}t=-<> " at
5={{ }:Uu6R, kGZ}. Forany u,v GS and a, 66 R we define au 4-bv by

au + bv = {au* + bvk}t= 00-

Then S'is a vector space.
For any given positive integers m and T, by EwT we denote a subspace of S,

defined by

EmT = {u G S\ik+mT = Ud Mt G Z}.
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Il is clear that the subspace EmT is isomorphic to R mT, and it cau be equipped with

the inner product:

mT
(2.1) V) =Y, uivi> My 6 EmT’
J=1
mhich induced the norm || ||, defined by
(mT \ 12
(2.2 = (E Ul » « 6 EmT-

It is clear that ETT with the inner product (2.1) is a finite dimensional Hilbert space
and is linearly homeomorphic to RmT. Also, for all v S E,,,t and a > 1, we define

the norm |Jull,, on £n,r as follows:

Ur \

(2.3) IMI.= I£bl '1-

Observe that the norms ||u]|* and || || are equivalent, and hence, there exist constants

ci, @ ( > ci > 0), such that

(2.4) I <l < I, Vu€ EmT-

Clearly, |jul| = || || . For all ue ETT, define the functional J on Emr as follows:
.. mT , mT mT

(2.9) J(«) =i |gmvk-ijp+ E «*
P k=\ P k:]. k:]_

where = /(*,,).

It is easy to see that J £ C1(Ewm, R), and for any n = {tifcjfcez 6 Ewm, by using
«0 = «TT, Ui = UnT+i, we can compute the partial derivative as

= (-1)MA{rk- n<dip (4" n*-i)) + gk<P (n*)  /(AWfc).
Thus, u is a critical point of J on EmT if and only if
A" {rk n<Pp (AnUfc-i)) + (-1 )ngk<Pp («*) = (-1)n/(fc«A?), V* € Z(I,mT).

Due to the periodicity of u = {tifc}feez 6 EmT and f(k,v) in the first variable k,
we can reduce the existence of periodic solutions of equation (1.1) to the existence of
critical points of J on ETT- That is, the functional J isjust the variational framework
of equation (1.1).
Let E be a real Banach space. We assume that J G CXE, R), that is, J is a
continuously Fréchet-differentiable functional defined on E. The functional J is said to
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satisfy the Palais-Smale condition, (PS)-condition, for short, if any sequence {u”} C
E for which {J (u”)}is bounded and J' -¥ 0ast -» 00 possesses a convergent
subsequence in E.

Let Bp denote the open ball in E of radius p centered at 0, and let dBp denote its
boundary.
Lemma 2.1 (Linking Theorem, [1C]). Let E be a real Banach space, E = E\ ®
E2, where E\ is finite dimensional. Suppose that J 6 Cr(E, R) satisfies the (PS)-
condition and also the following:
(Jj) there exist constants a > 0 and p > O such that J\oBpn\&, > a;
(J-) Lheiv exists an element e 6 dBi and a constant Rq> p such thatJ\qg< 0,
where Q = (Bro E\) {se|0 < s < Ho}-
Then J possesses a critical value c>a, where

c= &%‘f E&%J(h(“))'

and ' = {he C{Q,E) | /ijog = id}, where id denotes the identity operator.
Lemma 2.2. Assume, that the conditions (Fi) and (F3) are satisfied. Thenthe
functional J is bounded fi om above in E,nT.

Proof. Il view of (£3) and (2.4), for any n € ETT, we can write

1mT . mT mT
Ju)-= i A" u*-ip+ | UP EM M *)
*=1 k=\
rmT f (mT\' 5 mT
Uk)
Lfc= = fc=i
mT
< JWE&PYYi + I$Nu\1l5 £ (iBufcP C)
P P fo=1
< -<SalL«|[.B + Ne O +mTC'
mT \ 5
< -*SAIQL|*IB +1*511*115 - Hfe «1 +2
< p’\aLx||*||5 + bCSHUHS peinoé + mT<,
where a = (4n 1tii,A” ,A M Ler»T)*- Since
mT mT °
E(L"-V u-i-[ n-2%a)b < ,£ﬁp,"-\/>2 MIS.
*= fc=
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we have
«)< (jcjA +]c5- M) L+71TC'< mTC"

This completes the proof of Lemuia 2.2.
Remark 2.1. The case mT = 1 is trivial. For the case mT = 2, the matrix P has

a different form, uainoly, we have P = 2) « However, in this special case,
similar arguments can be used, and so we omit the details.

Lemma 2.3. Assume that the conditions (Ft) and (F3) are satisfied. Then the
fimctional J satisfies the (PS)-condition.

Proof. Let {J (u(,))} be a sequence such that with some positive constant Mr:
—Mi < J (u((), i € N. Using the arguments of the proof of Lemma 2.2, it is easy to

see that

—Mj <J (»W) < fAcjAIL + 0 ) ||l«@®|[ +mTC, Vi6 N.

Therefore,
P
-MaXec ) UEI3<MI+mT?.

(

Sincc > i ~rANLe  tf). it is not difficult to check that { } is a bounded
sequence in ETTmAS a consequence, we conclude that possesses a convergence
subsequence in E,,,t, implying the (PS)-condition. Lemma 2.3 is proved.

3. Proof of the Main results

In this Section, we prove our main results by using the critical point method.
Proof of Theorem 1.1. Observe first that the assumptions (Fi) and (F2) imply
F(k,0) = 0 and /(fc,0) = 0 for k 6 Z. Hence « = Qis a trivial TT -periodic solution
of equation (1.1). By Lemma 2.2, the functional J is bounded from the above on
EmT- We define @ = uggﬁ.l_l_.](u). The arguments of the proof of Lemma 2.2 imply

Nlalllm+oo‘](u) = - 00. This means that —J(u) is coercive. By the ConthItX OfJ(}J%

there exists 1 € EmT such that J(u) = cq. Clearly, it is a critical point of J.
We claim that cq > 0. Indeed, by (F2), for any n e V with |[ti]]2 < Si, we have

mT mT mT

J(u) ~ lnn«k-ilp+ - M P- F(k, Uf)
y *=1 v fc=l fc=l
rmT 5 mT \'5

Ni*?1E (Ahl«k a v - 1)5 . %
| @ (5")
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r . a mT
> -cf(x*Px)5+-cf|«|]I2 a >SHALNIiIS5+M w5-af|«*p
& * ) v p k=1
(mT wp
Ew p —pMm.nlIMIil+pCAHullj—E* | |5,
\Jfe=l
where x = (An i, An 1 ,--- 4T 1T T)*- Since
rmT 5 mT )

(O0"-V +i- A“di*) > A-taB (AW > alw S,

we have

m/(«) > A~~~ 1 + 0? aca) IMI2-

Take 7= (At + jcf- ocjj <, to obtain J(u) > mu 6 V OBsl. Therefore,
co = s'duen,»!. *7(u) > <> 0. At the same time, we huve also proved that there exist
constants a > 0 and Ji > 0 such that J\oDtIr\V > a, implying that J satisfies the
condition (J\) of the Linking Theorem.

Noting that J(0) = 0, we conclude that the critical point 1 of J corresponding
to the critical value @ is a nontrivial mT-periodic solution of the equation (1.1). In
order to obtain another nontrivial mT-periodic solution of (1.1), different from C, we
use the conclusion of Lemma 2.1. Since J satisfies the (PS)-condition on ETT, we
have to verify the condition ( ).

Ib this end, take e 6 dB\ V, anyz eW and s 6 R, and put u = ae+z. Then,

we can write
- mT jmT mT
JUW=Tr*y |A"«*_ilf+-X >M P- E F{ktt*
k=il *=]
mT mT mT
- N £ JAvefcp+ ~ £ 1F* 4+ - £ F(fcse*+ z%)
= fc-1 fcol
mT (mT \f mT
E(An-le-A  -) ISek + 2fci2) se%+2%)
u=1
mT *
<V e§(y*PV)5 + + AN £ (opset + ZK*- 0
p p p k=1
/mT \ 5

< Vc'fo'Fy)? + + -c8||r||> /? £ |sefc+zfc2 + mTC
P P P y

< |\:)/cSaLxM IS +/F\’ + ’F‘)e§||*||5- faf - Bc\2wa+mTC,
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wherey = (n-lei, b " ", om 1 " 1")* - Since

r T 15 T T 5 M
M= 19 (A'-2e%+i - An-30)2 < £ (Ov-22%) < AmaR 1
we have
‘](«) < (\]CSA,T,,'*‘ A M ) *p (* | - <*) |*K+ "ok r <
NS + mTC'-

Thus, there exists a positive constant Ar > Si such that J(u) < 0 for any u € 3Q,

where
Q= (BfA W)®© {sel0 <s<R-).

By the Linking Theorem, J possesses a critical value ¢ > a > 0, where
= inf h r=1{h -E ? =
c ﬁ'érﬁ&ﬁj( ), {he C(Q,-ETT) | /le<? = *'}

Let tt 6 ETT be a critical point associated with the critical value ¢ of J, that is,

Ju) = c Ifi 6, then the conclusion of Theorem 1.1 holds. Otherwise, 1 = «.
Therefore @ = J(u) = J(H) =c, that is,

J(u) = inf J(h(u)).
vghr M) 7 g )

Choosing h = id, we get
2o =
Since the choice of e 6 SB] V is arbitrary, we can take -e 6 0B\ V. Similarly,
there exists a positive number A3 > Si such that J{u) < 0 for any u 6 dQ\, where
Q\ = (Bfij W) © {—ae|0 < 8< HAs}.
Again, by the Linking Theorem, J possesses a critical value > a > 0, where

Y Jh(W). i = {16 C(QLEMT) |/i[0Q, = id).

herl ”
Ifd co, then the proof is finished. If d = cg, then we have £3 J(u) =
Due to the facts J\oq < 0 and < 0, the functional J attains its maximum at
some points in the interior of sets Q and Qi- However, QnQi ¢ W and J(tt) < 0
for any u 6 W. Therefore, there must be a point v! 6 ETT to satisfy ' tt and
J(u') = = cqg This completes the proof of Theorem 1.1.

Remark 3.1. The proofs of Theorems 1.2 and 1.3 can be carried out by the same
arguments used in the proof of Theorem 1.1. As for Corollaries 1.1 - 1.3, the results
are immediate consequences of Theorems 1.1 - 1.3. So we omit the details.
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4. An Example

In this section we give an example to illustrate our main result, stated in Theorem

1.1.
Example 4.1. Foralln € Z(l) and fc6 Z, consider the equation

@1) 07 ('kn'Pp(A"«*-i)) + (-1)ng<PPKO = ( 1)nM(3 kcos2” ) ufc 1>

where {J-fc} and {<*} are real sequences, T is a given positive integer, rk+T = r* > 0,
gk+tTt= > 0,1<P< °%iand L>p. We have

[(*,«>= + ( ) =

MM)=(3+cosl( £)) N

It is easy to check that all the assumptions of Theorem 1.1 are satisfied. Consequently,
for any given positive integer m > 0, the equation (4.1) has at least three mT-periodic
solutions.

Remark 4.1. Aspecific application of (4.1) is discrete models appearing in economics.
For example, the price-demand curve of cobweb phenomenon Dn = —ridPn + bd,
mj >0, ba> 0 is a special case of (4.1), where D,, is the number of units demanded
in period n, p,, is the price per unit in period n, and represents the sensitivity of

consumers to price.
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Abstract. We study the uniqueness of transcendental meromorphic functions sharing
two or three values with their derivatives in some angular domains instead of the whole
complex plane. The obtained results extend the corresponding results of Frank-Weissen-
bom [8] and Frank-Schid<[9], and improve Theorems 1-3 from Zheng [19]. Some examples
arc given to show that the obtained results, in a sense, are the best possible.
MSC2010 numbers: 30D35; 30D30.
Keywords: Nevanlinna theory; meromorphic functions; shared values; uniqueness
theorems.1

1. Introduction and main results

Let / : C -4 C U {oo} be a transcendental meromorphic function, where C is the
complex plane. Let <S@ /) be the Nevanlinna deficience / with respect to o € C and
T(r, J) be the Nevanlinna characteristic of /. Moreover, the lower order . ) and the
order p(f) of/ are in turn defined as follows:

r-*o0o logl
pH} = hmsup@T(r‘ /) [ ]

r—=m loglr
For the references, see, e.g., Hayman [11]. An a € C U {oo} is called an LUl (ignoring
multiplicities) shared value in a domain X C C of two meromorphic functions / and
g ifin X, f[z) = a if and only if g(z) = a. R. Nevanlinna [15] proved that if two
meromorphic functions / and g have five distinct LU shared values in X = C, then
f = g. Later on, many mathematicians treated some uniqueness of meromorphic
functions with shared values in the whole complex plane (see, e.g., Yang and Yi
IThis work Is supported by the NSFC (No.11171184), the NSFC & HFBR (Joint Project)(No.

10911120056), the NSF of Shandong Province, China (No. Z2008A01), and the NSF of Shandong
Province, China (No. ZR2009AMO008).
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[17], and references therein). In this paper, we consider the uniqueness question of
meromorphic functions sharing two or three values with their derivatives in some
nngni.»- domain X C C. Next we consider q pair of real numbers {ay,#,}, such that

(1,1) —T < Oc\ < 01 < < 02 < me< (Xq < Pq <

and define
@m , =

In order to give the definition of the Borel direction of a meromorphic function, we
first introduce some notation. Let 0 < a < 0 < 2ir be such that 0 —a < 2ir, and let

r > 0. We set
fi(a,/3) = {z:a<argz <0}

and
fl(a,0,r) = {z:a <argz <0}C\{z :|z| < r}.
The following result was proved by FVank-Weissenborn in [8].
Theorem A. Let/ be anonconstant meromorphic function. If/ and /M share two
distinct finite values a and b CM, where K > 1 is a positive integer, then / = /M .
Later on, Frank-Schick [9] proved the following result:

Theorem B. Let/ be a nonconstant meromorphic function. If / and share
three distinct finite values a*, , 03 IM, where Kk > 1 is a positive integer, then
[ = 1(*).

In 2004, Zheng [19] first considered the uniqueness of meromorphic functions with
shared values in an angular domain, and proved the following result (see [19], Theorem
3).

Theorem C. Let/ be a transcendental meromorphic function of finite lower order
fi and such that for some a 6 CU {oo} and an integerp >0, S= 6(a, /M) > 0. For q
pairs of real numbers {ay,/fy} satisfying (1.1) and (1.2), assume that / and have
three distinct IM shared values in X = _LI {z : Q) <argz <fy}. Ifw<p(f), then
[ = 1(*). .

Observe that from Lemma 2.1 and the conclusion / = fW Of Theorem C we can
deduce that every nonconstant solution of / = /Ne is of order p(f) = 1, which
contradicts the assumption p(f) >w>1ifg>2. Therefore, Theorem C is invalid if
q > 2. Our Theorem 1.3 improves Theorem C.

The main results of this paper are the following statements.
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Theorem 1.1. Let f be a transcendental meromorphic function of finite lower order
Hand such that 6 = 6(a,f*) > 0 for some a € C U {oo} and ag integer p > 0. For
g > 2 pairs ofreal numbers ,/9 } satisfying (1.1) and

(1.3) £Efo+i- A)<- “csind
=i v
where a = max{w,/i} and n is as in (1.2), assume that f and fW share wy, CM

inX = lﬂ {z : ofj < argz < 0j}, where oi, are two distinct Snite numbers in the

complex plane, and k > 1 is a positive integer. 1f p(f) , then f =

If in Theorem 1.1 we remove the assumption “/ /) < 00", then we have the
following result.
Theorem 1.2. Let f be a transcendental meromorphic function such that for some
a 6 C U {oo} and an integerp > 0, 6 = 5(a,f") > 0. Assume that for q > 2 radii
argz = Qj (1 < j < ) satisfying

(1.4 -l <«l <aj <seee<a, <™, a?i=a\+2n,

f and share oj, CM in X = C\ (% {z : argz = ay}, where ai, are
two distinct Suite numbers in the complex pEIZ%e, and fc > 1 is a positive integer. If
P(/) * iEi1|'<n«{,%,-«;>l thenf = /<*>,

Theorem 1.3. Let f be a transcendental meromorphic function of finite lower order
H and such that S= 5(a,/M ) > 0 for some a 6 C U {oo} and an integerp > 0. For
g> 2 pairs of reai numbers {09,74} satisfying (1.1) and (1.3), where a = wax{w,a}
and wis asin (1.2), assume that f and p k>shareai, , a3 IM inX = 8 {z:qj<
argz < /3j}, where oi, , a3 are three distinct Snite numbers in the cogn_pllex plane,
and Kk > 1is apositive integer. Ifp(f) w, then f = /W.

Ifin Theorem 1.3 we remove the assumption “n(f) < 00”, then we have the following
result.

Theorem 1.4. Let f be a transcendental meromorphic function such that for some
a e CU{oo} and an integer p > 0, $= S(a, /W) > 0. Assume that for? > 2
radii argz = ntj (1 <j < q) satisfying (1.4), f and /W share ai, , a3 IM in

X =C\ 8 iz margz = cty}, where ai, , a3 are three distinct Snite numbers in
i=1
the complex plane, and fc > 1 is a positive integer. If p(f) mn f,-0TT1" en

I = 1(*).
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2. Preliminaries

In this section, we introduce some important lemmas that will be used in the proofs
of the main results. First we give the following result due to Valiron [16]:
Lemma 2.1 ([16]). Let f be a meromorpbic function and let k be a positive integer.

Suppose that f is a solution of the following differential equation
aow(fc) + aia/fc-1) H--—-- ajtw = 0,

where ao, oi, ¢+, a* are constants and oo / 0. Then T(r,/) = O(r). Furthermore,

f is transcendental, then r = 0(T(r, /)).
Let / be a meromorphic function on the angular domain M(a,£) = {z : a <

argz< /?}, where a, 6 [0,27r], and so 0 < /? a < 24\ Following Nevanlinna theory

(see [10], pp. 23-26), we define

(2.1) ALK, ) = £jT (i - — ) {I°g+l/(teta)| + log+
(2.2) Ba,p(r,f) = - J log+ \f(reie)\sinmi(© - a)<W,
and

(2.3) Cap{rf)=2 Y, fiA7-% F)8n”"m a),

wheren = /( - a), 1<r < +00 and bm = |6m|eie™ are the poles of / on Lla,/3)
appearing often according to their multiplicities. Ca9 is called the angular counting
function of the poles of / on X(a,/3) and the Nevanlinna angular characteristic

function is defined as
Sa.e(r,f) = Aad{T,f) + Ba,p(r,f) + Ca<e(r,/).

Similarly, for any finite value a, we define AaO(r,fa), Ba,0(r,fa), Ca,0(r,fa) and
Sa,p(v,fa), where fa= 1/(/ —a). bbr the sake of simplicity, below we willomit the
subscript in all the above notation, and will use the notation A[r, o), B(r, a),C(r, a)
and S(r, a) instead of Aatp(r, fa), Bag(r,/,,), Cap(r, f,,) and Satp(r, /,,), respectively,
for any finite complex value a.

Lemma 2.2 ([10, Theorem 3.1]). Let f be meromorphic on U(a,fi). Then, for a
complex number a € C and an integer Kk > 0 we have

Sa,p =s<p Ci/) + 0(1),
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Sa,0(r,/«) < 2kSa,p(r,f) + Ra’r,f)

and

«— J = [Oa/»(N/).
where, and in what follows, Ra,p{r, f) is such a quantity that if p{f) < oo, then
Ra.e(r,f) = 0(1) asr -» oo, and if p(f) = oo, then Rc”{r,f) = 0 {log(rr(r,/))}
forr & E and r 4 00, where, and in what follows, E denotes a set of positive
real numbers with finite linear measure, whicb is not necessarily the same for every
occurrence in the context.
Lemma 2.3 ([10, Theorem 3.3]). Let f be meromorphic onTi(a, /3). Then for arbitrary
q distinct values Oj € C U {oo} (1 <j < q) we have

9- 2)SalJ(r,f) <J2cae(r, -) +ibArld).

For the proof of the next lemma we refer to Edrei [7] and Yang [18].
Lemma 2.4. Let f be transcendental and meromorphic in C with the lower order
0 < < o0 and the order 0 < p < oo. Then for any positive number a satisfying
p. < a < p and a set E with Unite linear measure, there exist a sequence of positive
numbers {r,} such that

(i) rn#E and lim * = oo,

(Si) lim N R2>°*nd’

(i) T, H)y<(l +o(l)) T(rn,/).

A sequence {rn} satisfying (i)-(iii) in Lemma 2.4 is called a P6iya peak of order a
outside E.

Forr > 0and a e C, we define

(iv) D(r,a) := {6 [ 1r.1r): log+ jjfah) a\>]1 :T(r,/)} and

D(r,o00) := € [-Tr.Tr): log+ |/(ren)| >~ T(@./)]

The following result is a special version of Baernstein’s theorem from [1].
Lemma 2.5. Let f be transcendental and meromorphic in C with the finite lower
order /n and the order 0 < p < 00, and 5(a,f) = S>Ofor some 0 6 C U {oo}. Then
for an arbitrary P6lya peak {rn} oforder >0,y<a<p, we have

liminftneag)(rn,a) > min Izir, 24 arcsin
Mn-+t00 |
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Remark 2.1.. Lemma 2.5 was proved in [1] for the P6iya peak of order /i, the
same arguments can be used to derive Lemma 2.5 for the P6iya peak of order a,

H<<7 <p.

For the next result we refer to Hayman and Miles [12].
Lemma 2.6. Let f be a transcendental meromorphic function in C. Then for each
K > 1, there exists a set M(K) of the lower logarithmic density at most d(K) =

1- (2eK 1- 1) 1> 0, thatis,

logdensM(K) = limin < d(K),

______ r-+oof logr >[M(K)ﬂ[i,f] B

such that for every positive integer k, we have

rguk) 1w

The following result is due to Edrei [6]:
Lemma 2.7. Let f be a meromorphic function with S(oo,/) = S > 0. Then for given

e > 0 we have
mesE(r, f) > [T(r>/N],[logrlite, r* F’
where F is a set ofpositive real numbers with finite logarithmic measure depending

on e and

E(r,f) = Jﬂe [-ir.ir):log1|/(re,9)| > jT (r,))} .

Lemma 2.8 ([10], Theorem 2.7). Let f be a meromorphic function on L, a,0). If
SaA r’f) = °(1). thet
log|/(re )| = r"c8in(w(c- a)) + o(r*)

uniformly fora<4><I13asrf£F andr -+ 0o, where c is a positive constant,
w= and F is a set of Snite logarithmic measure.

3. Proof of theorems

Proof of Theorem 1.3. Suppose that /  /” . Then, in the same manner as in
the proof of Theorems 8.22 and 8.23 in Yang and Yi [17], using Lemmas 2.2 and 2.3
for 1 <j<q we can write

Saj,pj(r,f)< Aaj'H fr, ) +
O<«Kfc+2 J X'
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(3m) BaiP> (r J _ b) +0(ogr)
0<i<j<k+2 3
3.2) <0{logrT(r,f)}
asr £ E and r -> 0o, where b\, , emm b*+i> *+ are some finite numbers. First we
prove that
(3.3 p(f) < =

Suppose the opposite that (3.3) does not hold, that is,

(3.4) p(/) > w.

Now we are going to show that (3.4) contradict the assumptions of Theorem 1.3. To
this end, we consider two cases: p(f) > p(f) and p(f) —p(f).

Case 1. Suppose that p{f) > p(f). Then, taking into account that p(f) = p(/W),
M(/) = /*(/W) and a = max{w,/i}, we obtain

3.5) p(fW) =p(f)>*>p(f) = fI(fM).

In view of (1.3) we can find some sufficiently small positive number e such that
4 . 4 7

(3.6) 5Z(“i+i - 0]) + 2e < arcsin -
K=l

and

3.7) p(/«)>a + 2e>/*(/«).

Applying Lemma 2.4 to we conclude that there exists a P6iya peak of order

+ 2e outside E. Combining this with Lemma 2.5 and

(3.8) a+2e>cj+2e>cjj +2e>1 + 2e,

we get

(3.9) measD(rn,0) > — —arcsiny - - e.

W ithout loss of generality, we can assume that (3.8) holds for all n. Then, setting
(3.10) Kn= meas ~D(rn,a) (J(ay +e,0j - ,
from (3.6), (3.9) and (3.10), we obtain

Kn >measD(rn,a) - meas ~[0,2i)\ (J (ay + e,pj - e)*
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= measD{rn,a) - meas ( (J (#, - e.kj+i + £)
=1

(3.11) = measD(rn,a) - Y](oy+i - Pj + 2¢e) > fm
>=]

It follows from (3.11) that there exists some positive integer jO with 1 < jO < g, such

that for infinitely many positive integers n, we have
K 6
(3.12) meas (D{rn,a) (a,0+ePio-£))> >
Without loss of generality, we can assume that (3.12) holds for all positive integers

n.
Next, we set E,, = D(rn,a) (ald+ £,Pja-e),and use(3.12) and thedefinition

of Z?(r, 0) in part (iv) of Lemma 2.4, to obtain

- ,00. > -M >r p a . * > - A
Jaja+e |[/w (rnfifl) a| logr,, q logrn

On the other hand, by (3.3), Lemmas 2.2 and 2.6, and the definition of Ba”(T, f)

3.3

from (2.2), we can write

106+ |ybl(I'me.»)-,, |40

£ ("

PjuC /) + *QJo/90(rm/))

< bo,T?° log(rnr(r,,, /))
(3.14) < Kb.cl'? 0{logr,, + logT(rn,/«)} + 0(1),
where rn g E and wlO = fooZajo, " a positiveconstantdepending only on  jO
and e. Prom (3.13) and (3.14) we have
(3.15) logT(rn,/ (p)) < loglogT(r,,/M) + ujologr, + 3loglogr,, + 0(1),
wherer,, £E andrn oo. Noting that {r,,} is a P6iya peak of order a +2eof /W
outside E, from (3.15) we get

a+2< lim Ipg~n./™) < < W

r,,-»00 logr,, — J
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which contradicts the assumption = max{w, fi}.

Case 2. Suppose that p(f) = p(/). Then we have /*(/) = p(/) = = p(fr).
By the same arguments as in the Case 1 with a (= n{f) = p(/)) instead of o+ 2¢,
we can derive that p(f) = o < ui, which contradicts (3.4).

Next, from (3.1), (3.3) and Lemma 2.2 we have
(3.1G) Saj 0j (r,f) = 0{1) for 1<j<gq.
From (3.16) and Lemma 2.2 we get
(3.17) Sajft (M_i__) =0¢() for I<j<aq.
From (3.17) and Lemma 2.8 for 1 < j < g we have
(318) 100 ey —ar =G (- ad)) +o(ru

asr £ F and r — oo, where ( is some positive constant, uij = andctj << ).
Finally, from (3.3) and (3.18) we have

Mir“ < £ rI02+ /A

271 " a
- 1
<‘h> Ip)(ren - a
(3.19) =, < T(r, 1<)+ 0(1) < 2T(r, /<),

asr &F and r —o00, where Mi is some positive constant.

By the standard arguments of removing exceptional sets (see, e.g., [13], Lemma
1.1.2), in view of (3.19) we conclude that there exists some positive number rg such
that for all r > ruy

(3.20) Mir" < 2T (ra, /<*>).

Hence, from (3.20) and the definition of the order of a meromorphic function we
deduce

(3.21) w<p(/«).

Noting that p(/) = p(/*), from (3.3) and (3.21) we obtain p(/) = w, which
contradicts the assumption of Theorem 1.3. This completes the proof of Theorem
1.3.
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Proof of Theorem 1.4. Suppose that / /w . Then in the same manner as in

the Case 1 of the proof of Theorems 1.3, we have

Sajai+l(r,f) < £ AajtPy fr,  *_ ) +

o<t<lI<fc+2 4 ]
(3.22) + £ (r>fJ)~T-) +0(logr)
O<i<j<k+2 4 '
(3.23) < 0{logrT(r,N)}

for1<j <qgar E andr -4 oo, where ,6,®, *+ >*+2 are some finite

numbers. Next, we prove that

(3.24) I»(/) < oo.

Indeed, observe first that for the exceptional set F in Lemma 2.7 and the exceptional
set E in (3.23r$), we have logdena(F\JE) = 0. Hence for M(K) in Lemma 2.6, where
K > 2 is a positive number, we have

logdena(M(K) UF UE) < logdena(M(K)) < d{K),
where d(K) = 1- (2¢*1 1) 1
Therefore, applying Lemma 2.7 to /M, we conclude that there exist a sequence of
positive numbers rn & M(K) UF UE such that as rn —moo

3.25 E' *
(3.25) MEASE w2y PXEn/WIlllogtn]id
Setting
1 1
(326) En 2?2+ 1[T(r,,/"™)]e(logrn]l+e’
from (3.25) and (3.26) we have
meaa (rn, (J (@aj+en,aj+l en)j
>measkE (r,,- — j meas L, (oy- en, +£,)j
> (29+ 1) £ =1fn,

implying that there exists some jo with 1 < j0 < g such that
(3.27) meaa (e (rn, " (ajo + en,ajot+l- en)* >~ |
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Without loss of generality, we can assume that (3.27) holds for all n. Next, setting
(3-28) En=E *r,, (j) (ay0O+ en,0j0+i —en),

by (3.28) and the definition of E (rn, >we have

faiO+l * 1 r

o+  I0gr\fArner) a\dB I0g+ v e «)-a\m

> meaa(En)S{a * P))T(rn,fM)

(3.29) > £ I(P))r (rn,/W).

On the other hand, from (3.23), Lemmas 2.2 and 2.6, and the definition of BQ"\(ri/)
in (2.2), we have

+ bg \U1b4me»)-a\M

A r WO D (r _n» "
Wjasin(e,Wj0)  ******* \[n>/W (rne«) - 0]

- 2oin Gin(ea;n )rio oFOXE (Tr/) + W (1> 1)
(3.30) < KjaeTniolog(r,T(rn,/)) < {logr,, + logT(r,,, /<*>)} + 0(1),

asr, £ M(K) UF UE and rn -» 00, where wlO = ~-+*_a® , KjOg is a positive
constant depending only on jo and e.

Next, from (3.29) and (3.30) we have
(3.31)
Ko, /<p)[T(r,,, IM)]1- < Aq(2g+D)Kjo€rniD[logrn]i+* {logrn+logr(rn,/«)}+<?(1),
asr, £ M(K) UFUE and rn “moo.

Finally, from (3.31) we derive

Kf) = #*(/W) < wio < w,

implying (3.24).

Now, by the arguments, similar to that of used in the proof of Theorem 1.3, from
(3.22) and (3.24) we can get the conclusion of Theorem 1.4. Theorem 1.4 is proved.

Proof of Theorem 1.1.. Suppose that / /W . Then, in the same manner as
in the proofs of Theorems 8.16, 8.17, 8.19 and 8.20 from Yang and Yi [17], we can

use Lemmas 2.2 and 2.3 to conclude that under the assumptions of Theorem 1.1,
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the estimates (3.1) and (3.2) hold. Next, the arguments, similar to that of used in
the proof of Theorem 1.3 can be applied to get a contradiction, yielding the result.
Theorem 1.1 is proved.

Proof of Theorem 1.2. Suppose that /  fw . Then, in the same manner as
in the proofs of Theorems 8.16, 8.17, 8.19 and 8.20 from Yang and Yi [17], we can
use Lemmas 2.2 and 2.3 to conclude that under the assumptions of Theorem 1.2,
the estimates (3.22) and (3.23) hold. Next, the arguments, similar to that of used in
the proof of Theorem 1.4 can be applied to get a contradiction, yielding the result.

Theorem 1.2 is proved.

4. Concluding remarks

We first recall two theorems from Zheng [19].

Theorem D ([19], Theorem 1). Let f and g be transcendental meromorphic
functions. Assume that f is offinite lower order p and that for some a € Cu {oo} and
an integerp >0, S= S(a,/M) > 0. Fbr q pairs of real numbers ,/3 } satisfying
(1.1 and (1-3), where er = max{w, p.) andu is osin (1.2), assume that f and g share

y
0i, «,a3IM inX = [J{z ot <argz < }, whereai, ,as , a5 are five
i=1

distinct numbers in the extended complex plane. Ifp{f) > , thenf =p.

Theorem E ([19], Theorem 2). Let f and g be transcendental meromorphic
functions such that for some a € C U {oo} and an integerp >0, S= 5(a, /M) > o..
Assume that for q radii argz = Qj (1 <j < q) satisfying (1.4), f and g share ai, aj,
as, «4.as Wl inX = C\.\Jl{z rargz = ftj), where ai, aj, a3, a4, aOare five distinct

numbers in the extended Ic?)mplex plane. Ifp(f) > mn ——-r, thenf =g

Using the methods of the proofs of Theorems 1.3 and l.illee can get the following
results, which improve Theorems D and E, respectively:

Theorem 4.1. Let f and g be transcendental meromorphic functions. Suppose
that f is of finite lower order p and that for some a 6 C U {oo} and an integerp > 0,

6 = 5(a,fM) > 0. Fbr q pairs of real numbers {aj,fij} satisfying (1.1) and (1.3),

where a = Tax{w,p} and isasin (1.2), assume that f and shareaj, ,a3IM
A

inX = .(Jl(z m <arg* Pj}, wherea, ,as3, ,as are five distinct numbers in
1=

the extended complex plane. If p(f) , then f =g,

Theorem 4.2. Let f and g be transcendental meromorphic functions such that

for some a 6 C U {oo} and an integerp > 0, S = 6(a,/M) > o. Assume that for g
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radii argz = ay (1 <j < q) satisfying (1.4), f and share<, , a3 a4,a8/M in
y
X = C\jI(gI{* S g”N = ay}. wi&reaii a2>a3>4 . «0 are £ve distinct numbers in the

extended complex plane. If
P(f) © - B T,
<4<«
then f = 4.
Now we consider three examples, showing that the obtained results, in a sense, are
the best possible.
Example A ([19], Remark A). Let On = n2/3, consider the functions:

IM =4+ g b, -l ew=rri-£f—, vV

Then we have p(f) = p(g) = 3/2 and w = 1. It follows from a result by Cebotarev [5]
(see, also, [3], [14]), that there exist five distinct real numbers bi, ,b3,64,65 6 C\R
such that all the equations f(z) = bj and g(z) = bj have only real roots for 1 <j <5,
and so, all.the bj are IM shared values of / and g in C\ R. Butf  g. This implies
that the assumption “S(a, /M ) > 0 for some a € C U {00}" in Theorems 4.1 and 4.2
cannot be removed.

Example B ([19], Remark A). It is easy to see that for each real number a
satisfying 0 < a < 1, sinz and cosn can take over a only on the real axis, and so they
can IM five distinct valuesin C\ R and w = 1.

Obviously, p(sinz) = p(cosz) = 1and <¥Y(0o,8inr) = J(00,c0sz) = 1. This example
shows that the assumption “p(f)  w" in Theorem 4.1 and the assumption "p(f)
77 "min {aj+i ~ aj}" fo Theorem 4.2 are the best possible.

The next example shows that the condition /i(/) < oo in Theorem 4.1 is necessary,
and hence can not be removed. We use the theory of complex dynamics, for the basic
concepts of which we refer to Bergweiler [4].

Example C ([19], Remark A). Consider the following function:

r¢.)y=, (o +u+il £ *

where L is the boundary of the region {z : Rez > 0,—r < Iniz < 7} specified

in a clockwise direction. Then / is an entire function with infinite lower order. It

follows from the proof of Theorem 2 in Baker [2] that, for suitable chosen a and h,

the Julia set J(f) of / lies in the region {z : Rez > —a,—h < Imz < h}. Since

J(f) does not contain any isolated Jordan arc, there exists a horizontal straight line
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which intersects ./(/) at least at five points. By a translation, we conjugate g to
an entire function f(z) such that the Julia set J(f) of /(*) contains at least five
real points ¢cj (1 < j < 5). Then all the roots of /(z) = ¢cj (1 <j < 5) Hin
G = {z:Rez> -a,-2/i < Imz < 2h}. It is well known thattanz =¢- (L <j <5)
have only real roots. Thus, / and tan z share five distinct IM shared values in C\GUR
and J(oo,/) = 1, but /(z) tanz.
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Annotauyus. BpaboTe NpMBoAATCA psif CBOMCTB C*-anre6p NOPOXAEHHbIX UH-
BEpPCHbIMM Nognonyrpynnamu GULMKAMYeckoi nonyrpynnbl Z* . [okasbiBaeTcs,
yTo Takue anrebpsl 0606WatoT anrebpy Tennuua. [acTcsa onucaHve HeNpUBOAU-
MbIX NpeAcTaBneHnin C*-anre6p noJtoXXACHHBIX UHBEPCHLIMI NOAMNONYTpYNnaMu
nonyrpynnel Z+ .

MSC2010 numbers: 12E10.

KntoueBble cnoBa: MHAEKC MOHOMA; anrebpa Tennuua; HeNnPUBOAUMOE MpescTaBse-
Hue; C*-anre6pa; 6NUMKINYecKas Nosyrpynna; UHBepcHas noayrpynna.

1. BeeaeHune

Kob6ypH B [1] noKasasn, 4YTO HeyHUTapHble N30METPUYECKMe NpeaCcTaBNeHNS NOJTy-
rpywibl NCOTPHUATCALILWX UeNbIX ynicen Z+ nopoxaatoT C'-onrcépbl, Komonuyo-
CKN n3omopHble anrebpe Tennuua. Ayrnac [2] n Mepdwm |3] gokasann nogobHble
yTBEPXAEHUS ANns abeneBbiX NOAYrPynn ¢ NOAHbIM nopsigkom. C Apyroli CTOPOHBI,
AyxagveB 1 TenosiH B paboTe [4] npuBenn KpUTepuWii Ha Nosyrpynny, NpyM KOTOPOM
KaX[0e HeYHUTapHOe N30METPUYECKOe NpeaCcTaBieHne pacLlUMpseTes 40 npescTasie-
HWA MHBEPCHOM NOAYrpynmnbl, NOPOXKAEHHOR 3TOM Nonyrpynnoii. 13 aToro Kputepus
CrleflyeT, UTo Kax/joe M30MeTPUYECKOe NpeacTasieHne noayrpynnbl Z+ paclumpseT-
CS1 40 M30METPUYECKOr0 NMPeACTaBAEHNS BULUMKINYECKON nonyrpynnbl Z\. B gaHHoi
paboTe BBOAUTCS MOHATUE MHAEKCA 3/1eMeHTa NoNyrpyiwbl Z+ 1 UCCNeayoTes nog-
nonyrpynnbl Sm, m e Z+, NOPOXAEHHbIE 3/lEMEHTaMUN, UHAEKCbI KOTOPbIX MMEKT
06K fennTeb m n S(m), NOPOXAEHHas 3feMeHTaMu 0T U 0*T . MNMokasbIBaeTcs,
UTO HeyHUTapHble M30METPUYECKMEe MNPEeLCTaBMEHUS TaKMX NOAYrpynn nopoXpawT
noganrebpbl anrebpbl Tenamua 7T 1 T (T), COCTOALLME U3 TeX 3/IEMEHTOB, KOTOpPble
HenoABVKHbI 0THOCUTE/IbHO HEKOTOPOM KOHEYHO rpynmbl aBTOMOP(M3MOB MopsiaKa
T. [laeTcs NOMHOE onMcaHve HenmpPMBOAMMbIX MpeacTaBneHnin (7*-anrebpbl TT .
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2. Mopgnonyrpynnbl 6ULNKNMYECKONW NONYyrpynnol

Monyrpynna S Ha3bIBaeTCS MHBEPCHOW, ecnm ANst Moboro a e S cyllecTByeT

€QVHCTBEHHbIN WHBEPCHLIA 31eMeHT a* 6 5, Takoi, YTO CrnpaBef/IMBbl paBeHCTBa
a*aa* = a* n «a*« = a. VI3 onpegeneHna cnegyet, 4to o0** = 0. VIACMNOTEHTHI
WHBEPCHOM NOJyrpynnbl 06pasytoT KOMMyTaTMBHY nognonyrpynny P5 = {a 6 S :
a = a2} B nonyrpynne S.
VHBepcHas Monyrpynna ¢ egvHULERn e HasbIBaeTcsl GULMKIMYECKO Mosyrpynon,
€C/I OHa MOPOXJeHa OAHWUM 3/IEMEHTOM O W COOTHOLLEHMEM a’a = e. OTMeTUM,
tjto GMUMKINYECKOI NOAYrPYNMoi SIBASIETCS UHBEPCHAs MONyrpynna, NopoXaeHHas
N30METPUYECKMMU MPEACTaBIEHNAMY NOAYTPYNMbl HEOTPULATESIbHBIX LIEMbIX YACEN.
BBuAy 3TOro B fasibHellemM 6ULMKAMYECKYO nonyrpynny 6yaeM o6o3HayaTb yepes
K -

N3 paBeHCTBA a*a = € HernocpeACTBEHHO CriefyeT, UTO KaXAbliA 3MeMeHT 6u-
UMKINYECKON MOAYrpynnbl UMEeT BUg 07*a*"', rge T WU M HeoTpuuaTesbHble Lie-
Nble yncna. B panbHeliwem 6yaem nonaratb a0 = (a*)0 = e. VHAEKCOM 3fieMeHTa
b= aTa*n u3 b\ HasoBeM umncno T — 1 0603Ha4mMm ero yepes ind(b). OTmeTUM,
yTo ind(6 «c) = ind(6) + ind(c) ansa NO6LIX 371IEMEHTOB 6,C € Z+.

PaccmoTpum romomopdmam r: Z+ —¥ Z+, T(b) = 06a*, KOTOPbIi €CTb B/IOXKEHWE
Honyrpyiwbl Z+ B cebs. 3ametn*!, yto ind(Tn(b)) = ind(t>) ana moboro n e Z+ u
b€ Z+. 3agmkeupyem uenoe umcno T. Mycte Sm= {b€ Z+ :iud(b) = k- T,k 6 Z}.
OTmeTM, 4TO B ciydae m = 1 nmonyrpynna Si = b\. MNyctb S(m) uHBepcHas
noayrpynna, NopoXaeHHas aneMeHToM aT. O4yeBUAHO, YTO , M S(M) ABNAIOT-
CS IHBEPCHbIMU MOANOAYTpynnamm 6ULUMKANYECKOR nonyrpynnbl Z+. OTMETUM, YTO
nonyrpynna S(m) Takxe SIBASETCA OULMKINYECKON. YKaXKeM CBS3b MeXAy Mosy-

rpynnamm Smwu S(m).

Nlemma 2.1. Monyrpynna Sm MpeLcTasNseTCa B BUAE:

Sm=1j r*(S(m)).
*:O
JokasaTenscTBo. Mokaxem, 4To ANs N060ro anemeHTa 6 € Sm cnpaBegmBo b€
T4(S(m)), ansa HekoToporo 0 < i < m —1. [JeicTBUTeNbHO, ecim be Sm, To b =
am*+HQmr+(, rge O<i<m 1, K re Z+. Torga

i =e'an‘e-mV 'er,(S(m)).
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T-1
BkntoueHne (J Tk(S(m)) C Sm oyeBmaHO. |
k=0

PaccmMoTpum rmnbbepToBO MPOCTPAHCTBO (2(Z+) € ecTeCTBEHHbIM OPTOHOPMUPO-
BLILWbIM 6a3ncom { e/cHcez+- MycTb T - onepaTop caBwura Ha i2(Z+), To ecTb Na
6asunce geMCTBYET CeaytoLLMM 06pasom:

Tek = e*+i.

OueBngHo, uTo T*T =/, rae T* - conpsbkeHHbI onepatop K onepatopy T, | -
TOXAECTBEHHbI onepaTop, U TT* = P - npoekTop Ha i2(Z+\{0}). CnepoBaTtenbHo,
nonyrpynna, NopoXaeHHasa onepatopamn T v [*, ob6pasyeT GULUKINYECKYIO MO-
nyrpynny. 3neMeHTbl GULIMKAMYECKOW NOAYrpynnbl B fa/ibHenllem 6yaeM HasblBaTb
MOHOMamK [5]. KOHeYHble NNHENHblE KOMOMHALMN MOHOMOB 06pasytoT MHBOMOTUB-
Hyto nofanrebpy anrebpbl B (12(Z+)) Bcex NMHEMHbIX OrpaHMYeHHbIX OMNepaTopoB
rmnbLbepToBa npocTpaHcTBa /2(Z+). PaBHOMepHOe 3amblkaHue 3TOW noganrebpbl B
B (i2(Z+)) Ha3biBaeTca anrebpoii Tenamua v 0603HaqaeTcs Yepes T.

Myctb 7 nopanre6pa anrebpbl Tennunua 7 COCTOALLAA U3 KOHEUHbIX JIMHEAHbIX
KOMOMHaLWA MOMNOMOB.

Onpegenvm npegctasneHme cr: S1— Aut(Y) eAUHNYHOR OKPY>XHOCTU S1 B rpynny

aBTOMOP(M3MOB a/nirebpbl 7 nonarasi:
a{z){TnT,m) = Zn~
M3 pe3ynbTaToB, MNO/y4YeHHbIX B paboTax [6], [7] BbITeKaeT cnegytowiasi nemma.

Jlemma 2.2. MNMpeacTasneHme cr. S1 —»AUL(tP) paclumpseTcs A0 CUbHO Henpepbls-

HOro npeacTasneHus cro: S 1 —mAut(T).

HanomHum, 4To npeacTaB/ieHNe Ha3bIBAETCHA CUTbHO HEMpPePbIBHbIM, C/IN 7-3Ha4YHas
byHKumA A(z) = CTo(z)(i4) HenpepbiBHa 4nsa ntoboro A n3 T.

Myctb b - C*-noganrebpa yHUTanbHOM C*-anrebpbl A. MONOXKMUTENBHOE SINHENR-
Hoe oTo6paxkeHne P: A b HasbIBaeTCsl YCNOBHLIM O>KugaHuem, ecnn P(b) = b
ans noboro be B, n P(abc) = aP(b)c gnsa nobbix 0,c€ ®, beA.

Myctb 7T - C*-noganrebpa anrebpbl Tennnua T, NOPOXKAEHHASA MOHOMaMK, WH-

AEKCbl KOTOPbIX KPaTHbl HXAC/TY T.

Teopema 2.1. CyuwecTByeT yc/noBHOe o>KugaHue: PT : T —»TT
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[LokaszaTenbcTso. MycTb Gm- KoHeuHast mogrpynna rpynnbl S1 nopsigka T. Oue-

BWAHO, YTO
Gm={zeSl:zm= 1}.

Onpegenvv PT w7 —»7 T, nonarasi

pT(A) = J2 o0(r)().
xeGm

Ecnn 77T** ntoboi anemeHT 13 7T, To ind(T"T*") = jm ,j CZ, ntorgagna r
13 Gm
z)(rnT*) = zn-ITnT 1= M TnT*1="T*“.
O6paTHo, NycTb D Takoi anemeHT 13 T, uto a0(z)(D) = D gna nwboro r ns Gm,
cnegosatefibHo, Pm(D) = £>. MNMokaxeM, yuTo Torga D npuHagnexuT 7T. Tak Kak
KOHEYHbIe JIMHENHbIE KOMOUHALMN MOHOMOB M/IOTHbI B 7, TO D MOXHO annpoKcmu-

pOBaTb C TAKUMU KOMBUHALMAMM, TO eCTb: Ve > 0
[

(2.1 \\D -J 2 animtT ntT*mt\\<e.
<=

MpumeHsiA Bbllwe onpeaeneHHbli PT K (2.1) 1 Mcnonb3ys HenpepbIBHOCTL Pup
nosly4aeTcs:
@2 |
WPm(D -"E<*ry, TiTAT™ N = ||ID - 5 > fInzn*-"“r n'T*mN< e||Pm|| = £.
i=1 i=1
N3 HepaBeHCTB (2.1) n (2.2) cnegyeT, 4to zn,~m‘ = 1. lNocnegHee 3HA4YUT, YTO
(w, - mi)/m € Z gnga moboro 1< i < |
Tbhkum 06pa3oM, NOAYYUIN, YTO 3eMeHT D NpubAMXKaeTcs ¢ KOHEYHbIMU NINHER-
HbIMW KOMOMHALMAMW MOHOMOB U3 7 T, crefoBatesibHo, D npuHagnexuT 7T. OTcioga
noslyyaeTcs:
7TT={Ae7:x0W(A) = A re Gm}.
MoxxHo npoBepuTb, uto PT{ABC) = APT(B)C, rge 1,C u3Tt,a Bu3T. 0O

3. Mpegctasnenus anre6pol [T

MMycTb 7 -> 7 - TOYHOE NpeAcTaBMeHNe GULMKINYECKOW Monyrpynnbl 15+ B
anrebpy Tennmua:
Tr(@naT )= TnTnT.
OuyeBnAHO, UTO CY>XeHWe NPeLCTaB/IeHNS 7 Ha NMOAMOAYTPynny Sm NopoXKaaeT a-

reépy 7T.
70



O C-NNTEBPNAX MOPOXAEHHbLIX MHBEPCHbIMW NMOAMNONYTPYMIMAMW .

Onpeaenvm aHaoMopdmam a: T —T :
aU) =TAT\A eT

3aMeTWI», YTO MPY 3TOM CredytoLlasl AnarpaMma KoMMyTaTMBHA:

Z, — I,
I 1
77—~ T

[OelictButensHo, Tr(r(b)) = Tk(b)T" = a(n(b)), b€ Z+.
O603Haunm Yepes 7(Tn) - C*-noganrebpy anredbpbl Tennvua, NOPOXAEHHYHO Mo-
nyrpynnoi 7r(Z+(rn)). OyeBugHo, 4to 7(Tm) C TT .

Nemma 3.1. Jinreépo Tm sBnsieTca C* anrebpoil, NOPO>KAEHHOW onepaTopamMu
T n, T*m n npoekTopam TIT'L rge O0<i<T-1.

[JokasaTenscTBo. Mo onpegeneHunto anrebpa TT nopoxgaeTcs afemeHTamm V, UH-
[leKC KOTOpbIX KpaTeH T, ToecTb V = 7'mfcHT*mn+l, rge k,n,l e Z+, 0 <1 < T4
Torga K = T7KTIiT 1T~ = (Tm)K(TIT*){T 'm)n. OTctoga nonyyaem yTBepxje-
nvie NeMMbI. |

Byaem o6o3HauaTb npoekTop T IT*1uepe3 Pi,1< I < m - 1. OueBngHo, PiPj =
PjiPt=Pjpnal<i<j <m -1 3T003HayaeT, Uto > Pj,i <j. Takum obpasom,

cnpaeegmeo | = Pg> P\ > ... > Pm .

MpegcTaBum rmbL6epTOBO NPOCTPAHCTBO 12(Z+) ¢ 6asncom {e*}*6z+ B BUAe nps-
MO CyMMblI
(3.1) NZ+)=Ho®H\®..®Hm-4,

rge 6asmc npoctpaHcTBa Hi coctomnt 3 {ej+jtm}*ez+, 0 < r< m—1L

Jlemma 3.2. MognpocTpaHcTea L, 0 < r < Tm—1, nHBapnaHTHbl O THOCUTE/LHO
anrebpbl TT .

JokaszaTenbcTBO. MNycTb A € 77T eCTb /IMHeliHass KOMOUHAUMSA 3/1eMEHTOB BuAa

V = TKT*], rge ind(V) = K- | kpateH T, 7o ectb K—I = dm,d e Z Torga
ans nbbix Hi v C 6 Hiecim Vcj 0, To Vej = ejtwiv) = ej+dm 6 Hi.
CnepoBaTenbHo, Aej € L. O

Teopema 3.1. Cy>keHus C*-anrebpbl 7,, Ha H\ , 0 < t < m —1, obpasyoT
CEMENCTBO T YHUTAPHO HE3KBUBAIEHTHbIX, HEMPUBOAUMBIX, GECKOHEYHOMEPHbIX

npeacTaBNeHWIA.
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JokasaTenbcTeo. PaccmoTpum npegctasneHve m: 7T —>J3(12(Z+)), n(A) —A,A 6
771. Mo nemme 3.2 Bce NpocTpaHcTBa Hit 0 < t < T -1, MHBapMaHTHbI OTHOCUTENBHO

anreépbl 7T, C/lefoBaTe/IbHO:

ir(A) = mo(JT) 0 w1(J1) ® w0 T _i(i4),

raeiri(A) = A |, gna noGoro e TMO0< t< Tn- L

M3 nemmbl 3.1 cneayeT, 4To anrebpa 7T AeNCTBYET Ha KaXKAOM W3 MPOCTPaHCTB
MN{ kak anrebpa Tennuua. [delAcTBUTENbHO, MOCKONbKY 7T MOPOXAAeTCs onepaTo-
pamm TT, T*T,TOTTL0< I <T- 1 mn 7™ +, =Bu*Y§|+) gna noboro A
a T,mpi+tmk = ettmfct) npmy M O mn TI*Te< = 0, TO onepatop ["'1 ABNSAeT-
cs OrepaTopoMm cagura Ha 6asuce {e*+bn}*ez+ s npocTtpaHcTBe L. A NpoekTopbl
Pj,l <j < T —1, pgeiicTBYIOT Ha nognpocTpaHcTBax LU, \ < i < T, crnegytomm

06pasom:

OTO 03HAYaeT, 4To

Takum obpasom, npegctasneHns W, 0 < i < T - 1, HeNpMBOAUMbI 1 anrebpa 7T
UMeeT M HenpuBOAMMbIX NPEeSCTaB/EHWA.

MokaxxeM, UTO MpPeACTaBIeHNS T YHUTAPHO He 3KBUBa/IEHTHbI. MpeanonoxXnm ob-
paTtHoe, 4To cpean W, 0 < i < T —1, eCTb YHUTAPHO 3KBMBA/IEHTHbIE, TO €CTb CY-
wecTBytOT T, tg,0 < i,j < m —1 n yHuTapHblii onepatop U: Hj —»Hi Takoij,
yTo

Unj(A) = w(A)m,

ana nwéoro A € 7T. Ana onpegeneHHoCTM Bygem cumTatb, 4To t > j. Bosbmem
A = T*T*4 Torpa w(A) = (Ne<)|a, = I\Hi, amy(A) = (Ne 9|, \w, Tak
Kak T*T*‘¢j = 0. CnegoBatenbHo, Unj(A)ej = I7ay(T*T**)e” = 0, a T5{™)Cle7 =
TH{(De< = Ni(TAT*r)ei = ey 0. Monyunnm npoTueBopeure. Takum obpasom, y asn-
redpbl TT eCTb M HENPUBOAMMBIX, YHUTAPHO HE3KBMBAIEHTHbIX, 6ECKOHEYHOMEPHbIX
NpeacTaB/eHUIA. O

Nlemma 3.3. MycTb M 7T -» B(H) - Henpueogumoe npeacTasneHne 7T Ha MW/b-
6epToBOM npocTpaHcTBe H, Toraa cymceHme 7r|T(T): T(T) -m5(HA) To>Ke Henpu-
BOAMMO.
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[JokasaTenbcTBO. Tak Kak ir(Tml) - M30MeTPUYECKWIA oMnepaTop, CrefoBaTesibHo,
no Teopeme Yonpa-®oH-HelimaHa [8|, ecTb cymma OnepaTopoB CABUra M yHUTap-
HOro onepaTopa, TO ecTb FMIb6EPTOBO MPOCTPAHCTBO H MpPeACTaBNseTCs B BUfE:
a=0 A0 dp, raeir[t(r)(A{) CA",i 6/, t=0. Mokaxkem, uyto Torga HLre I,
t= Ole:;ikme ABNAKOTCA WHBapMaHTHbIMU AN anrebpbl 7r(Tww). Takum obpas3om, no
npeanonoxenuio TT(T*) na H-,i 6 | gelicTBYeT Kak onepaTtop casura, a Ha HO kak
YHUTapHbI onepatop. M3 paBeHcTBa TmT*mPk = TmT*m,k < m, rge = TKT*k
- npoekTop, cnegyeT, yuTo ir(FTT*1)?2r(P*) = n(TTIT &1). Tak kak 7r(l'M) Ha HO
[leACTBYeT KakK yHUTapHbI onepatop, To ir{TTT T) = Tt(l) = | 1, cnegoBatesibHo,
mP*) =/,* = 0,..,Tn—1 W3 3toro n u3 toro, uto sHT(T)(H0) ¢ HQcnegyeT, uTto
$0 - eCcTb COGCTBEMHOE MHBapUAHTHOE MOAMPOCTPAHCTBO AN ir, a 3TO NPOTUBOpPE-
YWT, TOMY YTO T HEMPMBOAMMOE MNpeacTaBeHne 7T. To ecTb Hg = 0. Takum 06pasom,

A = ® H[. 970 03HayaeT, uTO ALPO = Ker(TT) onepatopa T™ He nycTo.
ieT
Myctb K —dim(Lo). Ecnn K =m 1, TO Tr|T(T) - HENPMBOAMMO 1 TeopemMa JoKasaHa.

[MpeanonoXxnum NpoTUBHOE, TO eCTb K > 1.
MokaxxeM, 4To NpoekTopbl Po = |I,Pi = =1, m —1) nepeBogsaT Lgs
cebs1, To ecTb jr(Pt)(LO) ¢ Loi* = 0,..., ar- 1. [eiicTBuTtenoHo, nyctb h 6 LO, Torga
= =0, 70 Pthe Lg,i=0,1 ,1a-1. MNMocTpoum 13
CeMeicTBa KOMMYTUPYHOLLMX NPoeKTopoB M= Pg> P\ > ... > PT \ cemeiicTBO opTO-
npoekTopoB Q 0,Q i,- Qm-i cnegyrowmm obpasom: Qi = Pj—Pj+i,t=0,1,...,Ta—2
n Qm-i = Pm-i- Torga npocTpaHcTBO MOXXHO NpeACTaBUTb B BUAE NPSAMOI Cym-
Mbl MOAMPOCTPAHCTB:

= Eq®E\®..0 ET,

rae Ej = n(Qj)(Lo),j = 0,...,Ta—1. 3amMeTum, 4YTO XOTS Obl OAHO U3 3TUX MOA-
MPOCTPAHCTB OT/IMYHO OT Hynsa. Tak kak dim(Lo) > 1 Haiigytca Xj,x2 6
Takue, uTo x\ - X? Xi,X? npuHagnexar ogHoMy M Tomy e Ej, nnéo pasHbim
Ei,Ejtl<i”j <Ta-1.

PaccmoTtpum nognpoctpaHctBa K\ = 7r(T(T))ai, kx = 7r(T(T))x2. OueBUAHO,
yto K\ = K?. BeBugy BbiweckasaHHoro ir(Pi) (Ki) C K\, w(Pi)(K?) C ana i =
0,..., Ta-1 Mostomy cornacHo femme 3.1, nonydaem Tr(TT )(JM) C KiuT(7T)(K2) C
K-. To ecTb - npusogumo. Mosydnniv npoTmBopeyme. d
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V13BECTHO, UTO Y OLULIKANYECKOW MOMyrpynnbl Z* CyLlecTBYeT C TOYHOCTbIO [0
YHUTAPHOM 3KBHBA/IEHTHOCTM OfHO GECKOHEYHOMEPHOE HenprBOAMMOE MpeacTaBs/e-
HVie 1 Cepusi OfHOMEPHbIX, YHUTapHbIX MPeACTaBeHN, NapamMeTpr3yeMbiX eauHNY-
HO OKPYXHOCTbIO 5 1(cMm., Hanpumep, [9]).

MockonbKy anrebpa T (T) nsomopgHa anredpe Tenavua T 1 NOPOXKAAETCA OULMK-
JINYECKO MONYrpynmoi, TOy Hee eCTb 04HO 6ECKOHEYHOMEPHOE HENMPUBOAMMOE Mpea-
cTaBneHne. Bo3HMKaeT BOMPOC, B HEKOTOPOM CMbIC/ie 06paTHbI K neMme 3.3: Kak
MOXXHO pacLLMpUTb HEMPUBOAMMOE MpeAcTaBeHVe anrebpbl T(TN) 4O HEMPUBOAMMBIX
npeacTaBneHwin anrebpbl T,,,, N CKOMbKO BCEro TaKWX MpeAcTaBfeHuii CyLLecTBYeT?

OkasblBaeTcs, BepHa CrieflytoLan TeopemMa.

Teopema 3.2. C"-anrebpa 7T MMeeT POBHO T HENPUBOAWMbIX, YHUTAPHO He 3K-
BMBA/IEH THbIX, 6ECKOHEYHOMEPHBIX MpeSCTaBNeHNiA.

[JokasaTenscTBo. Myctb M T(T) -> B(H) - HenpuBoAuMOe 6eCKOHeYHOMEpPHOe
npegctasneHve anrebpbl T(T). Joonpegenum nNpeacTaBfieHve T 40 NPeLCTaB/ieHus
anreépbl T(tn). 13 nemmbl 3.1 nony4vaem, YTo 4715 3TOr0 HEOOXOAMMO A0OMpPesenTb
T Ha npoekTopbl P<i = 1,.., T —1 Tak kak TmINarpi = 7’/mT'rmt = 1,...,tn —1
n 7(t) -> B(H) - HenpuBogumoe npeactasneHne, 10 | - n(TmT,m) ogHo-
MepHbI npoekTop. Moatomy nméo Tr(P,) = 7r(TT T*m), /mbo Tr(P) = | ans Bcex
i = 1,...,m —1 Takum o6pa3om, B CWU/y HepaBeHCTB 7 > Pi > P2 > ... > PT_,,
noslydyaem T pas3/IMYHbIX NpescTaBneHnii anrebpbl 7T:

1) troCr™) = tr(:r'"), rro(Pi) = - = M(Pm—) = TITT*T)
2MTT)=ir(F),iri(A) = /,;rra(P2) = ... = MPT-i) = 7r(Tm7™m)

3 {I™) = -In(TT),12(Pi) = 2(P2) = I, T2(P3) = ... = A(Pm-i) = m(FTT*T)
T) 7-i(Tn) = 7r(C7),1rr _i(Pi) = ... = wr _i(PT_i) = I-

OueBUWAHO, NOCTPOEHHbIE MPeACTaB/IeHUSA NCYEPTbIBAIOT BCEBO3MOXHbIE pacLumpe-
HUSA NpeLcraBieHns Tr.

3ameTVM, 4TO MOCTPOEHHble MpeAcTaBfieHus M0 Tri,..., AM_i YHUTapHO 3KBMBa-
NEHTHbI NPeLCTaBeHNAM, MOCTPOEHHbIM B TeopeMe 3.1. [leicTBUTENbHO, paccMOTPUM
npeactasneHne  —n\I'K 4151 HEKOTOPOro K 13 Teopembl 3.1. basuc-npocTpancrsea
Hk coBnagaeT ¢ MHOXecTBOM {e L+ N T} . O4eBMAHO, UTO BCe MPOeKTOpa Tr\P*),
1 < » < T —1, coxXpaHsIT BCe 3N1eMeHTbl 6a3unca, KPpoMe Ha4yaslbHOro 3fleMeHTa e*,
n a*(P»)ek = xnpn i < Kk n 7iePi)cjt = 0 npu i > k. [NoaTomy cnpasefnBo
Toxpectsa nNK(Pr) = ... = m*(Pt) = in ToPfcH) = ... = if(Pm_i) = n{TmT*m).
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W3 Teopembl 3.1 credyeT, UTo NPeAcTaBieHns M,y TT i HenpuBOAWUMbI U YHU-
TapHO He 3KBMBA/IEHTHBbI. O

B 3aK/toUeHMM, aBTOp BbIPaXKaeT MCKPEHHIOW 6/1arofapHocTb npodeccopy Mpu-
ropsiny CypeHy ApLLiakoBudy 1 JlunadeBoii EkaTepyHe BnaguMmpoBHe 3a NosesHble
06CYXXEHMS U 3a LiEHHbIe YKa3aHUs.

Abstract. The paper presents a number of properties of the C*-algebras generated
by the inverse subscuiigroups of bicyclic semigroup Z+. We prove that such algebras
generalize the Toeplitz algebra. A description of the irreducible representations of
C* algebras generated by the inverse subsemigroups of semigroup Z\ is also given.
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Annotauns. B paboTe mccnefytotcs nosepxHocTv boparPrmaHa Haf 0606LLeH-
HOM nnockocTblo [1. [oKa3biBaeTcs, Y4TO TOMCLUOTMYECKHI n3omopduam p : G x
(O, +00) —»C(0, +00), CBA3bIBAOLLMIA IBE UHTEPNPETALMM NPOKOIOTOM 0606LLEH-
HOW nnockocTv [°, MHAYLMPYET HEKOTOPbI MOP(HU3M B KaTeropum HakpbiTwi
npocTpaHcTBa [,° € 0f4HO3HaYHbIM BOCCTaHOBMEHMEM MO [° rpynmnoBbIX CTPYKTYP
B HaKpbIBalOLWMX LXXITpaHCTBaxX. [anee aTOT (hakT MCnonb3yeTcs A 060CHO-
BaHMA anrebpavyHoOCTY MPOM3BOALHOIO N-MCTUOTO HaKPbITUA TpyLLibl [°.

MSC2010 numbers: 22D05, 22D12, 22D35.
KntoueBble cnosa: MNMoBepxHOCTM PuMaHa; anrebpanyeckme HakpbITUSA; HaKPbITUA
anya; 0606LLeHHbIV AUCK.

1. Beegenune

MosiBNeHne 0606LLeHHON MI0CKOCTY [ 1 pa3BopavnBaeMoii Ha Heil Teopun QyHK-
LIMIA, KaK ee MHOT Aa Ha3blBatoT, NMOAYyTOpa KOMMEKCHbIX MePEMEHHbIX, 0Ka3anoch BO3-
MOXHbIM 61arogaps cnegytoLLein U3BecTHO ANXOTOMUK 415 NPOU3BONLHON NOATPYM-
nbl [ agAMTUBHON rpynnbl BELECTBEHHbIX Yncen R: [ u3omopdHa rpynne Lenbix
yucen Z, nu6o I naoTHa B R B éBKANAO0BOIM TONONOrKW T. NIpUMEHEHME KOHCTPYKLMUH,
BOCX0AALLEN K ApeHcy 1 3uHrepy (nepexof K rpynne xapaktepoB G = I 1 noctpoe-
Hue KoHyca [l = G X [0,00)/G x {0}, cm. [1]), B nepBOM cny4yae npuBognut K G - T
nph=2C,rae T eguHNYHanA OKPY>XHOCTb KOMMIEKCHOW nnockoctn C, u onpege-
NneHve 06006LLEeHHON aHaNIMTUYECKON (hYHKLUMW He BbIBOAWUT TEOPUIO 3a PaMKK TEOPUM
aHaNMTUYeCKMX PYHKLMIA 04HOr0 KOMIM/IEKCHOrO NepeMeHHOro. Bo BTOpOM Xe cryvae
BO3HMKaET Liefias LWKana npocTpaHCTB, BeHYaeMas KomnaktoMm bopa G = R™, rge R
- Tpynna BeLLeCTBEHHbIX YWCEN B AWCKPETHON TOMOMOrMM, MOPOXAaroLias TEopUto
(YHKLUWIA, CYLIECTBEHHO OT/IMYAIOLLYIOCS OT CBOEr0 KNacCU4YecKoro npotoTuna (Cwm.
[2], [3]). Tem He meHee, 0aHOI 13 3a4ay TeOpPUM 0BOGLLEHHBIX aHANUTUYECKNX DYHK-
LMiA ocTaeTcs NOMCK HOBbIX 3P(EKTOB MPU "MPOKPYUMBAHUN" KNACCUYECKMX CLEHa-
pues. lla 3TOM NyTN eCTeCTBEHHbIM 06Pa30M BO3HMKAKOT NOBEPXHOCTM BoparPumaHa.
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2. MoeepxHocTu bopa-Pumana

Mycte ' agauMTMBHAA nogrpynna rpynnel R, BCOAY NJOTHAA OTHOCUTE/IbHO €B-
KAWA0BOW TomonornM T (TO eCTb MMeeT MEeCTO BTOPON cfiyyali OTMeYeHHON Bbllle
auxotomum), 1 G = I rpynna xapaktepos rpynnbl I". 1o TeopeMe 4BOACTBEHHOCTYH
MoHTpArMHa, rpynna xapaktepoB rpynnbl G nsomopdHa rpynne I: = . MycTb
X° ¢ G - XapaKTep, COOTBETCTBYHOLMIA anemMeHTy 0 6 . O4eBMAHO \ aXb= Xa+b-

PaccMOTpUM NOKabHO KOMNAKTHOE MPOoCTpaHCTBO [, nofiyyeHHOe U3 gekapToBa
npouseedeHmns G x [0, 00) nyTem oToXxAecTBNeHUs B TOUKY cnos G x {0}. InemeHTamu
[ 6ypyT Toukun (a,r),a € G,r >0un *= G x {0}. a Tononorueii Ha [ - cTaHAApPTHas
takToptononorus = {U CA :U E K x tjOjo)y> rge K - Tononorus na G, a |0jm)
- cy>eHue Ha [0, 00) eBknuaoBsoii Tononorun T. O6o3Haumm ganee A° = OW*} u
TRO S* K X T(0,+00) - TOnonoruto Ha [1°, onpegenseMyt aHanoruyHo T4. FpocTpan-
cTBO [l OyneT NOKafbHO KOMMaKTHbIM XaycLop(hoBbLU MPOCTPAHCTBOM, KAHOHUYECKHM
0TOXAecTBAseMbIM C npocTpaHcTBoM C= {ar :a 6 G, r e [0,00)} - aHasorom Kom-
NAeKcHoli nnockocTu C, cocToswmm 13 romomopgmsamos ot : T —C :a >*a(a)ra.
Berecay B fansHeliwem cuntaem [ = C. MpeactaBneHne a = ar 6yfem HasbiBaTb Mo-
NAPHBLIM Pa3NoXXeHMeM, a uncno r = |3| - mogynem anemeHta B 6 [. O606LEHHBbIM
anckom byget mHoxecTBo Ar = {s 6 4; |a < r}.

Myctb M+ = {ae I : 0> 0} Kaxablli xapaktep X°,a 6 [+, MOXHO pacLIMpuTb
[0 nenpepbLUnoi Gynkuny <& na [, nonaras gna a = ar

<Pa(3) = x°(a)ra
¢ x°(a) = «(a)-

Onpegenenve 2.1. NMycTtb D  oTKpbITOE MHOXKecTBO B [l. HenpepbiBHad Ha

(yHKUMA / Ha3biBaeTCA 0006LLEHHONW aHanNUMTUUYeckoi, ecin ana noboro a € D
HaligeTcs Takas okpecTHocTb U C D, uTo cy>keHne / Ha U paBHOMEpHO annpok-
CUMMWPYETCA NMMHENHbIMU KOMOUHALNAMUN PYHKLMA B, a e [+.

MHOXECTBO BCeX 0606LLEHHbIX aHANMUTUYECKMX DYHKUNIA Ha D 6ygem 0603HayaTh
yepes 0(D).

PaccmoTpuM Tenepb oTo6paxeHne a :R —=G: — rgea*(d) =ew,ael. B
cuny naoTHocTU I 3To 0TOBpaXKeHMe MHBEKTUBHO. TakxXe, Nosb3ysck TeM, 4To a(R)
pasgensieT TOUKM rpynnbl [, MOXHO f0Ka3aTb, YTO 06pa3 a(R) ABNgeTCA MAOTHLIM

B G (cm. [4], cTp. 55). Takum 06pa3om, G - KOMMAKTHbIA COneHous,.
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MHoxecTBo [1° — Gy. (O, +00), KOTOpOe KaHOHWYECKM OTOXAECTB/SETCA C Mpo-
cTpaHctBoM {ar : a £ C,r £ (0,00)}, fBNsSeTCA NOKaNbHO KOMMAKTHOW rpynmnoi
OTHOCUTE/bHO MOKOOPAMHATHOTO YMHOXEHUS C eMHNYHbIM 3neMeHTOM ao = a(0).

HakoHeLl, mepeiifiem K onpegeneHuio noBepxHocT bopa-PumMaHa. Mpexge oTme-
TUM, 4YTO 4N yAo6CcTBa YMTaTeNs B CTaTbe NpuBefEHbl AeTalbHble L0Ka3aTe/bCTBa
BCEX M3/TOXKEHHbIX YTBEPXAEHMI. Kak 13BecTHO (cM. [5], cTp. 25) oTo6GpaxkeHMe Tono-
NOTUYECKNX NMPOCTPAHCTB XK: Y —y X Ha3sblBaeTcs (BOOOLLE roBOPS, pa3BneTB/IEHHbLL)
HaKpbITUEM, €C/IM OHO HEMpPEepbIBHO, OTKPLITO U AUCKPETHO, TO €CTb AN KaXAoH
X £ X cnoii 7r 1(r) - AUCKPeTHOEe MHOXECTBO B Y. OTOOpaXKeHMe TOMONOrMYecKmx
MPOCTPaHCTB £-: Y WX Ha3blBalOT HEPa3BNeTBAEHHbIM HAKPbITUEM, €CM KaXAas
Touka X € X uMmeeT (Tak Ha3blBaeMyl POBHO HaKpbITYt) OKpecTHOCTb U, Takylo,
uTo

ir- ) =0 Vi
ien

-[N3bIOHKTHOE 06beJMHEHME OTKPLITHIX MHOXECTB B Y 1 Bce cyxeHua T |y(: Ui -» U
- roMmeomMopdu3mMbl. Ecnm MHOXECTBO J1 KOHEUHO (M1, CnefoBaTeslbHO, BCe COU HaKpbl-
TWUA COCTOAT U3 OLHOIO W TOFO XXe Yucna ToYek), To (HepasB/eTB/EHHOE) HaKpbITUe
Ha3bIBAeTCS KOHEUHONMCTHbIM, @ YMC/I0 TOUEK C/I0EB HA3bIBAETCS €r0 YMC/IOM IMCTOB.
[ na OMpejeneHns noBepxHocTM Bopa-PumaHa HaM MOHafO6WTCA NOHATWE VILHKOrO
MHOXecTBa 13 [I, Ans onpefeneHus KOTOPOro Mbl BOCNOMb3yeMcs TeM (PakTOM, UTO
npoctpaHcTeo [° = A\{*} nokanbHO nmeeT cTpykTypy Buga Vy.\V,v C Ga,W C C,
roe GO= {6 G\E<H = 1}, a 6 I (cm. [2], cTp. 10-11).

OnpegeneHne 2.2. Tlycte D 0TKpbITOE MHOXKeCcTBO B . MogmHo>KecTBO K B
Ha30BeM TOHKMM, €C/M OHO 3aMKHYTO B D 1 BbINOMAHATCA CNefyroLune yCnosus:

(1) pns ka>kpoih Toukm ae D,a  *, cywecTByeT okpecTHocTb C D,U =
V XW, u dyHkuna 6 0(17), O o6palyatowasca B HyAb Ha K ,

(2) ans ka>kporoa € V cy>kenne/ Ha\Va = {a} xW He paBHO TO>KAeCTBEHHO
HyNto,

(3) ecnm * 6 D, TO HalpeTcsa HeTpuBuanbHaa yHkums € 0(4r),4Ar C D,
obpaljarowiancs B Hynb Ha ATTTK.

Mepeiigem Tenepb K onpeaeneHnio NoBepxHoCTU Bopa-Pumana.

OnpegeneHune 2.3. Tononormyeckoe NPOCTPAHCTBO X HAa3blBAETCH NOBEPXHOCTbIO
bopa-PumaHa Hag [l, ecnv CywecTBYOT TOHKOe MHOXKecTBO K C J1 v HakpblTue
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T X —» ][], Takne, 4TO Cy>KeHue ir Ha MHo>KecTBO X' X\k 1[K) ecTb Hepas-
BETB/IEHHOE KOHEYHONNCTHOE HaKpbiTUe MHO>KecTBa O* = A\K.

OTMEeTUM, YTO TaK Kak MHOXecTBO K — {*} oueBMAHO ABNAETCSH TOHKUM MHOMXe-
CTBOM, TO CYLL,ECTBOBaHME HaKpbITUS 7 : X —> [1, TaKOro, YTO CY)KEHUE IT HA MHOXe-
ctBo X “ = X\ir~L(*) ecTb Hepa3BneTB/NEHHOE KOHEYHONIMCTHOE HAKPbITME MHOXECTBa
A" 03HavaeT, 4To NpoCTpaHCTBO X ABNAeTCA NoBepxHOCTbio bopa-PumaHa Hag A.
MpuBeseHHOe onpefeneHne MOXHO PacnpocTPaHUTb U Ha OTKPbITblie NOAMHOXECTBA
A.

OnpegeneHue 2.4. TNycTb D - OTKPbITOE MHOXXECTBO B []. Tononornyeckoe npo-
CTpaHCTBO X Ha3blBaeTCs NOBEPXHOCTbIO bopa-Pumana Hag D, ecnu CywwecTBYOT
ToHKOe MHOXKeCTBO K C D u HakpblTue ir : X -4 D, Takue, 4TO Cy>KeHue ir Ha
MHO>XecTBO X * = X\iT~1(K) ecTb Hepa3BieTBNEHHOE KOHEYHONNCTHOE HaKpbITHe
MHO>KecTBa D*= D\K.

3. HepaseneTtBneHHble HaKpbl TUS

Mepeiigem K nccnefoBaHNIO OCHOBHbIX CBOMCTB Hepa3B/NETBIEHHbIX HAKPbLITUIA NPO-
cTpaHcTBa [°. N5 3TOro cCHayana onpegennmM NOHATUE LUNNHAPUYECKONR OKPECTHO-

CTV KpuBon B [°.

OnpegpeneHne 3.1. MycTb 7 : 1 —»[0° - HenpepbiBHOE 0TO6pa>keHne onpegens-
towwee kpusyto 7(7) B 4° u U- npou3BosbHas OKPECTHOCTb eAMHWYHOrO 3eMeHTa
ao 6 [°. Torga (0TKpbITOE) MHOXKecTBO W — C/-7(7) 6yaem HasbiBaTb LUANH-
[PUYECKO/ OKPECTHOCTbI0 KpUBOM 7 (7) AU OTKPbITHIM LUANHAPOM. MHOXECTBO
U-7(0) Ha3oBeM Havyanom, a U-7 (1)-KoHuom yunuugpa W.

W3 onpepeneHus cnepyeT, 4To ecnm W- UMAUHAPUYECKAs OKPECTHOCTb KPUBOIA
7(7), To gna noboro s € U MHOoXecTBO W 6yaeT LUIMHAPUYECKOA OKPECTHOCTLIO 1
ansa kpuson 7,(7), rae 7,( ) =8 {), 6 7.

MycTb Tenepb A : X° -> [1° - Hepa3B/eTB/IEHHOE -NUCTHOE HakpbiThe n 7(7) C
[° - HekoTopas KpuBas 6e3 Touyek camonepeceyeHus ¢ 7 (0) 7(1). Mo Teopeme
0 MOAHATUM KPUBOM (MNK, KaK ee eLle Ha3blBaloT, TEOPEMe O HaKpbIBaloLLeM NyTH),
CYLLECTBYHOT  HEMEepeceKatoLLMXCsl KPUBbIX

™7 7)CXe°,i=1,.,nm,
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HakpblBatoLWMx Kpueyto 7(7): (1) = *°1 (' = 1.-.n (cwu. [5], 84). Bonec Toro,
MOKaXEeM, YTO Y KaXXAoW KpuBoi 7i(7) HaligeTcsa Takas okpectHocTb W{ 3 7,(7), uTo

(W) =x (W j),I<i,j<n,

N cy>keHue ir Ha Wi aBnsetca romeomopgusmom mexay Wi n V = 7r(Wi). LelicTBu-
TeNbHO, B CUNY XaycAopoBocTM X °, AN KOMMNAKTOB 7<(7) HaliayTca MOMnapHO Herne-
pecekatolmecs OTKpbITble MHOXecTBa Wi C X°, Takue, uto 7<(/) C Wi, i =
(cm. [6], cTp. 197). Torga, oueBugHo, Kpueas 7(7) nexut B Kaxgom ir(Wi) un, cne-
foBaTefibHO, B nepecedeHmn]M(Wi) = V, Monoxum Wi — T *(1/). To-
roa npu i = 1,...,« 6ygem umets #(Wi) = (T# N1r_1(V)) C a(r 1(V)) = V.
Mokaxem Tenepb 06paTHOe BKNKOUeHMe. MycTb g 6 V, Torga, no MOCTpoeHuto V,
cywectByeT 4 6 Wi Takoe, YTO «(ii) = [, TO ecTb ay e #w-1(g) ¢ #*1(V) un
3 = n(xi) 6 ir($iTUr-1(V)) = ir(Wi). Takum obpazom, #(Wi) = V,i =
Tak Kak MHoxecTBa Wi (a, 3HauuT, n Wi) He nepecekarTcsi, TO BHOBb MO MOCTPO-
eHn0 V oTobpaxeHue T |iy,: Wi —»V pns kaxgoro i, 1 < » < n, asnserca 6u-
eKumein (CHOPbEKTUBHOCTb U MHBEKTUBHOCTb CYXXEHWS M-IMCTHOrO HaKpbITUSA 1 Ha
Kaxgoe n3 MHoxects Wi, i = 1,..,n NpAMO cnegytoT U3 YCTaHOBNEHHbIX COOTHOLLE-
HWA #(Wi) = V,i = 1,..,n n njLjWi = 0) a TaK Kak OHO OTKpbITO, TO 6GyZeT u
romeomopgusmom (cm. [6], cTp. 64-05).

icnonb3ys KOMNaKTHOCTb 7 (7) MOXHO NokasaTb, YTO Nt06as OKPeCTHOCTb Kpu-
BOW 7 (7) COLEPXMT ee LWANHAPUYECKYHO OKPECTHOCTb. O4eBMaHO, YTo ecim U C V -
LUMANHAPUYECKas OKPECTHOCTb KpuBoit 7 (7), To W* := WiTltr- 1(1/) siBnseTca okpecT-
HoCTbHo KpuBo# (i (i ) ,KOTOPYHO Mbl TaKXKe Ha30BEM LMNNHAPUYECKONA. Takum obpasom
cnpasefnunBea cnefytoulas

Nemma 3.1. Myctb 7(7) C A° - kpuBas 6e3 Touyek camonepeceyenus, 7(0)
~N1).Torga y Hee cyllecTBYeT Takas LUIMHAPUYECKAS OKPECTHOCTbL , YTO MHO-
>kecTBo W —7T—3(C/) npeAcTasnMo B BUAE AN3BIOHKTHOr0 06beanHeHus

w =\JWi
i=1
LUNMHAPUYECKNX OKpPecTHOCTel Wi Kpusbix 7i(i), npuyeM Ka>kgas OKpecTHOCTb
Wi romeomopchHa MHO>KecTBY U.

M3 neMMbl 1 HenpepbIBHOCTU T cnefyeT, 4To ecnn Y (7) HekoTopas Kpusas B U,

TO KaX[as HaKpblBalollas ee KpuBas coaepXxnTcs B Hekotopom Wi, 1 < i <n.
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B cnegytolLeii TeopeMe NpeAcTaBAseTcs CNOCO6 onpeAeneHus CTPYKTYpbl Fpynmbl
Ha MPOCTPaHCTBAX HaKPbIBAOWMX Fpynny [°, N ONuUCLIBAeTCS CTPOEHME 3TUX TPy
C TOYHOCTbIO TOMO/OTMYECKOTO N30MOpPhK3Ma-

Teopema 3.1. MycTb ir : X° -> [1° - Hepas3BneTBNEHHOE M-AUCTHOE HaKpbITWe
MPOKONOTON 0606LLEHHO NNOCKOCTM [1° CBSA3HLIM TOMOAOTMYECKIM NMPOCTPAHCTBOM
X*°. Torga Ha X° MO>XHO TakK 3afaTb CTPYKTYPY rpynnbl , YTO N CTaHeT rpyn-
NoBbIM romomopguamam X° Ha [1°, a rpynna X°-TOnoaormyeckn n3omMopgHon ae-
KapToBy npoussegeHuto G\ x (0,+00), rge G\ - KoMnakTHaa nogrpynna X°.

JokasaTenscTBO. MycTb (x,4) 6 X° x (0,400) n 4 > 1. PaccmoTpum B A° nyTb
@)y, € [L4]. Nyctb m(x)E, 6 [14], nyTb B X° C Ha4yanom B TOYKE X, HaKpbI-
BatoWMiA NyTb 7r(X)E, To ecTb Tr(x) = x, 7r(X){ = no ir{x), ( € [I,t]. Onpegenum
Tt(x) = 7r(i)4 (koHe4yHaa Touka Nyt 7r(X)E, £ 6 [14]) n Ti(x) = 7r(x) = X. Vimeem

(3.1) Tr(X)4 = >Ko Tt(x).

Mpu 4e (0,1) kpmBasa Tr(X)E 1 COOTBETCTBEHHO (PYHKUMA Tt(x) onpefensoTcs aHa-
NOTNYHbLIM 06pa3oM MyTeM pacCMOTPEHUst MOAHATUS KpuBol 7r(X)E, £ e [4,1]. Pac-
CMOTPUM OTOBpaXKeHNe

T :X° x (0,+00) -» X° : (x,H) " Tt(x).

B nocneactsuM Mbl OMpefenuM WHTepecyloLWnii Hac AnCT npoobpas3a OKPecTHOCTH
TOYKM Tr(x)4 6 [1° OTHOCUTENIbHO -/IMCTHOrO HakpbIiTUA N : X° —» [1° u, cnefosa-
TenbHo, 13 (3.1) monyunm 6onee ABHbIA BUA GyHKUMKM Tt(X) = 7r(xX)4 ¢ NOMOLLbIO
romeomopgusma, N0KasibHO 06PaTHOrO K sr.

Monoxum G\ = 7r 1(G) ¢ X °u paccmoTpuM cyxxeHue p = T |ciX(0,+00)>10 BCTH
0TO6paXKeHne

p: G\ x (0, +00) -mX° :p(u,r) = Tr(un).
3ameTum, 4TO M3 onpegeneHnsa MHoxecTBa Gi I u unmeem s-(m) £ G = |1(ii)| = 1,
0TKyAa, nonb3ysck (3.1), nonyyaem uto [7r(Tr (ti))| = [tr(n)r| = r. OTctofda, Kak nerko
NpoBepuTb, CNeayeT YTo 06paTHOe K OTOBPaXKEHUIO P UMEET BUA
g:X° >Gix (0,+00): g(x) = (FDx)-i(x), [Tr(x)|).

MokaxeM, 4To p ABnseTca romeomopgusmom m3 G\ x (0,+00) Ha X°. [Ana aToro
NOKanM3yem CMTyaumio ¢ MCnonb3oBaHWeM feMMbl 3.1. 3amKcmMpyeM Mpou3BOabHOE
(x,4) e G\ x (0,+00),4 > 1. Ibrpga, cornacHo nemme 3.1, y kpuBoit n(x)(, e

[1,4] cywecTByeT unnmHapuyeckas okpectHocTb U = Ugeix)E, € [1,4], Takad, 4To
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1( ) = 1 WA, rge Kaxpas uunumHapuyeckas okpectHocTb Wt romeomoptHa U

(Uo - OKpecTHOCTb eAVHMYHOIO 37IeMeHTa ao e [°, onpefensiowas LManHLPUYECKYo
OKpecTHOCTb U). O603HauuM yepe3 W TO MHOXeCTBO Wi KOTOPOe COLEPXUT KPUBYHO
r@?. € [L,i]. Tbrgpa n(x)E cWnir:W-+ U - romeomopgpusm. O603Ha4MMm
hm w 0bpaTHoe K Hemy oTobpaxkeHue: goir = id\y. Mo onpegeneHnto Tononorum
TOO = K X T(0,+00) B 4 ° HaligyTcs okpecTHocTb U 6 K eauHuubl a0 B G ¥ yucno
6 > 0 Takue , 4yTo oKpecTHOCTb p(U x (e~/le'5) = ii(e~ii,e£) eanHuubl a0 yxe B
40 nexut B Uo, rae p-onpefeneHHbIi Bbille TOMOMOMMYECKUA M30MOPAM3M MEXAY
[ABYMS MHTepnpeTaymsaMm 0606LeHHon nnockoctn 4°.

CnegosaTtenbHo, p(ir{x)U x {te~6,te&) = wm(x)U(ter ,tes) C n(x)UOt ¢ U, T0
ecTb MHOXecTBO T (r)C/(<e'5 <eil) nexxuT B 061aCTV ONpeseneHuns noayyeHHOro Bbrmne
romeomopduama ¢ : U -¥ W. 13 nocTpoeHwnit cpasy cnegyet, uto (X, ) 6 d(n(x)in) x

ied), To ecTb [TT{X)) X ier) ABnsAeTCs OKPECTHOCTbIO ToUkM (i, ) n X°x
(O, +30). Nccnegyem Tenepb 0TOGPaXKEHNE P B 3TON OKPECTHOCTU. MycTb i 6Y ur 6
(te~I,tes). Torga, no onpegeneHnto otobpaxeHuns p, p{d{TT{)in),r) = THDhPK{X)N)).
M3 (3.1) umeem, uto >oTr(p(7r(x)in)) = 7r(<E(Tr(a)A))r = Tr(i)inr. Tak Kak 7r(x)ir 6
T(@:)U(te~s,tes) C U To Mbl MOXeM NpuMeHWTb @ = 7r_1 K BblBe€HHOMY BbIrHe
paBeHCTBY, 1 monyunm: TT((n(x)in.)) = d(n(x)ir). CneposBaTensHo, p 0To6paXaeT
MHOXecTBO ((ir(x)m) x (te~s,tes), KOTOpas ABNAETCA OKPECTHOCTLIO TOUKM (X, ), HA
{-k{x)n[ie~r,tes)). Bemay npon3sonbHoCTK (X,t) N BUEKTUBHOCTM OTOGPaXKeHUs p,
Tpebyemoe 3aK/0UeHVe YCTaHaBINBAETCA CNeaYIOLLE NoKanbHOM thakTopu3saunei p:

{ ) ) x {te~s,tes) — -— . d(ir(x)in(te~s,tes))

(TT(X)i) x (te~s,tes) — -—» I{X)U[te~s,tes)

B KOTOPOIA Bce 0TOBpaXKeHUs:, COCTaBAsOLLME P, OYAYT HENPEPLIBHBIMU U OTKPLITIMU
(cnyyait € (0,1] paccmaTpuBaeTCs aHaNOrMYHO).

WTak, p - romeomopu3M. KomnakTHocTb G\ cnegyeT n3 KomnaktHocTu G v OT-
KPbITOCTU W HenpepbiBHOCTM . MokaxeM, uto Gi CBA3HO. [leicTBMTENbHO, TaK Kak
X*° cBsi3HO, ap (cnegoBatesibHO 1 () - romeomopgmnam, To G\ x (0, +00) = q{X°) cBa3-
HO, 1 3HAaYMT Gi TakXe CBA3HO. TbKMM 06pa3om, ans cyxeHus = >k\cn-Oi -y G
BbINOMHEHbI YcnoBums Teopembl u3 [7]. CornacHo 3Toli TeopeMe Ha Ci MOXHO Tak 3a-

faTb rpynnoByto CTPYKTYpY, 4To (p= s |g, 6ydeT rpynnosbiM romomopgusmom G\
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Ha G. O4eBMAHO, YTO UMes TPYNMoBYI0 CTPYKTYpPY Ha G\ MOXeM onpefenutb rpyn-
noByH CTPYKTYpY 1 Ha G\ X (0, +00). O603Ha4YMM Yepe3  Onepaluio YMHOXEHWS B
rpynne G\ X (0, +00). OnpeAenvm Tenepb YMHOXeHWe B X ° cnegyroLwym 06pasom:

XU 2:=p(a(xi)-2(x2)),
Ana xi,x2 6 X°. Torga, Kak fIerko npoBepuTb, X ° CTAHOBUTCA FPYNnoii, ¢ eanHUY-
HbIM 3nemeHTOM p(e, 1), rae e egnHnua Cu mcx 1:=p(a{x)1) - obpaTHbIM K
anemeHTy X € X°. V3 onpegeneHns yMHOXeHNA cnefyet, 4To

A<T(xi))p(9(x2)) = xix2 = p(q(xi) mef(x2)),
LA Xi,X2 e X°, TO ecTb p - FOMOMOP(U3M, YTO 03HAYAET, YTO X ° - TOMOMOrMYECKM
nsomopHo Gi X (0, +00). HakoHeL, yCTaHOBUM FOMOMOPGHOCTb jr. MycTb X € X°
nXxX=pEr),EeCir 6 (0,+00). Torga ns (3.1) nonyuum ir(x) = n(p(€,r)) =
w(Tr (£)) = , cnegoeatenbHo, Ans X,,x2€ A0cuy = p((i,rr),x2 = p(E2,r2),
ncnosb3ys romoMopHocTb p N cyxeHus T IC,, nonyymm

Tr(xix2) = tr(p("i,ri)-p(*2,r2)) = a-(p(Ei£2,rir2)) = tr("i*a)rira =
= a-(4i)rur(*2)r2 = 7r(xi)7r(x2),

TO ecTb 7 rpynnoBoii roMomMopdu3m. Teopema goKasaHa. O

4. Anre6panueckune HakpblTusA

OnpepeneHne 4.1. TMNoeepxHoCTb bopa-PumaHa X HasbiBaeTcs anrebpanyeckoi
Hag D C A, ecnu cywecTByT Takue noamHombl Pj{x,s) = xk>+ fij{s)xkl 1+
—+ ,()cfmj CO(D), 1< T <kj,j =17V, uT0o X romeoMopHO nogamnpo-
cTpaHcTBy Xy = {(s, zi,...,ry) 6 D XCN :Pj(zj,s) = 0,1 <j <N} 0o6wmx Hynein
yKa3aHHbIX NO/IMHOMOB.

Ham Hen3BecTHO, Kaxkaasi v NoBepxHOCTb Gopa-PuMaHa sBnseTcs anrebpanue-
CKOI MOBEPXHOCTbLI0. MOKa Mbl MOXEM YTBEPXAaTb TOMbKO, YTO anre6panyeckumu
OyAyT HepasBfeTBeHHble HAKPbITUS Haj MNPOKOM0TOM 0606LLEHHOI NA0CKOCTbO [°.

Nemma 4.1. MycTb rpynnosoii romomopcpmsm p: G\ -4 G ocywecTBAseT Hepas-
BNETBNEHHOE N-TMCTHOE HAKPbITWe (KOMNAKTHOI coneHomganbHom) rpynnbl G cBA3-
Hoii rpynnoii G\. Torga rpynna Gi KoMMyTaTWBHA, U CyWECTBYHOT Takumeai, ame
M+ uni,...,nT 6N, yTo G\ n3omMopcHa anrebpanyeckomy HakpbiTUO rpynnbl G ¢
MOMOLLbI0 anrebpanyeckux ypaBHeHU
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OTmeTMM, 4TO anrebpanyHoCcTb HaKpbITUS cnegyeT n3 [8],[9], ogHako B nemme 4.1
NPUBOAMUTCA NOCTPOEHME KOHKPETHbIX anrebpanyeckmx ypaBHEHUI onpefenstoLmx
anrebpanyeckoe HakpbITe B pacCMaTp/MBaeMOM HaMU Clyyae.

LokasaTenscTeo. [10 ONpeeneHnio HaKPbITUA CYLLECTBYIOT OKPeCTHOCTU V 3 ao u
W 3 e eanHUYHbIX 31eMeHTOB rpynn G 1 G\ COOTBETCTBEHHO, Takme 4To pHa W ecTb
romeomopgusm mexgy W n V. Nyctb Wo C G\ 0KpeCcTHOCTb eAUHNMLbI €, TaKas, 4To
WRc W. Tbrga, u3 komMMmyTaTuBHocTh rpynnel G C [, Ans nobbix «,/} e Wq umeem
<Pfald) = <?2(@tp(P) = PP<P(<X) = ip(/9a), oTKyga a/9 = /9a, TakK KaK £>romeomopqHo,
a cnegoBatenbno UNbeKTMBMO Na muoxecree W 3 Wg 3 a/?,/3a. CsisHOCTb Gi
BfeYeT 3a cobol upeactasnexwe Gi = UJLWg*, 4TO no3BoaseT pacnpoCcTpaHuTb
KOMMYTATMBHOCTb Ha BCto rpynny C\. M3 aToro cregyeT, B 4aCTHOCTM, YTO rpynna
K = kerip ecTb KOHe4yHas abenesa rpynna (M3 -AIMCTHOCTM HAKPbLITUA UMEEM, HYTO
IK\ = n). O6o3Haumm yepe3 tp~ : -* i COMpsSXKEHHOE K <P oTobpaxeHue, rae G
nCi- rpynnbl xapaktepoB G n Ci COOTBETCTBEHHO. V13 onpeaeneHns Conps>XeHHoro
oTo6paxkeHuns, ana g 6 G umeem <p~(0) = 4° P€ Gi. Npn K £ K nmeem, 4to 40
JU*) = <A0) = 1, oTKyAa cnegyet, 4To 06pa3 <p~(G) npy conpsi>KeHHOM 0TOBpaXKeHNN
ip~: G -> \ nmeet Bug

(4.1) yI(£)= {x€<?i:x(1Il") = 1}.

M3 CIOpbeKTMBNOCTU  CNedyeT, YTO oTobBpaxkenue > MABLEKTUBNO, W, cnegosar
TeNlbHO, OCYLLEeCTBASET TOMOMOrMYeCKnin nsomopdpuam  Ha {x 6 Gi : x(K) = 1} -
noarpynny rpynnsl G] (</? HacnegyeT HENpPepbIBHOCTb U OTKPLITOCTL OT ip (cm. [10],
cTp.498). PaccmoTpum romomopmsmbl @ : R £ G :a() = a» na : a(R) —=Gi :
a(a(t)) = Tt(e), rae Tt(e) = a(i)-nyTb B G\ C Haya/JloM B €, HaKpbIBaKOLWMI NYyTb
a(t) = at,t e R, B G. O603Hauum R« = {Tt(e) : t e R) = o{a(R)) C Gj. Tak Kak

— G1 (cm. [7]), To 06pa3 romomophmsma n : R — Gi, 3agaBaemoro cynepnosvum-
ein K = 00a, nnoteH B Gi. /e(M) = Gi, u, cnefoBaTeslbHO, CONPsSXKEHHOE 0TOOPaXKeHNe
K :Gi -> R = R nHbekTuBHO. O603Haumm I := k~(Gi), oTkyga i anrebpau-
yeckas noarpynna R, n [i =* G\ - anrebpanyecknii nsomopnam, cefoBaTeNbHo,
TOMONOrMYECKUA N30MOPMU3M AUCKPETHBIX rpynn, a 3Haunt i G\ - Tononoruye-
CKUiA n30MOpP(M3M KOMMAKTHBIX Fpynn. B cuny BbIleN3noXeHHOro, nonb3ysce (4.1)
n TeM, 4To G - rpynna xapakTepoB rpynnbl I, MOXHO cYMTaThb, YTO

(4.2) M= {bell:Xb(AN= 1},
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rae b»» X* ~ (obwasa gna G u Gi) napameTpusalmsa xapakTepos rpynn \ rpyn-
namu I ¢ T'i, BbITEKAKOLW,As U3 TeOpeMbl ABONCTBEHHOCTU. Haligem sBHbIV Bug NV Ko-
HeuHas abenesa rpynna K n3omopdHa npsmomy npomssegeHuio K\...KT, rge kax-
pas rpynna Ki  ymknuuyeckaa nopsgka w,i = I,m ( ..»N = ). Kak u3BecTHo,
rpynna xapaktepos A - uUMKAMYeckas Toro xe nopsgka: Ki = {&7i,...7,) '}
t = 1,17 (& - egnHunua rpynnbl Gj). B cuny komnaktHocTM K KaxKAblii xapaktep
n3 K “ K\...KT npogomkaetca Ao xapakrtepa rpynnbl G\ (cm. [4], c. 56). MNMo3Tomy
Ana Kaxpgoro » 1 < i < T, Haigetca a € ]+, Takoe, uTo Xe* \k,= Uny?' Kj=
ej, ~ 1<i,J < 1 (aBnsiowWwuiics NpoLo/mMKeHNEM COOTBETCTBYIOLLEr0 XapakTepa
n3 k\...KT Ha G\). Torga gna 0 < K < u, umeem, 4yto x*c(A) 1, cnegosatesibHO
n3 (4.2) nonyyaem, yto ka I, 0< A< w, agns < := Tua yxe nmeem xa'(K) =1
0TKyAa cnegyet, uto (4 G '+. M3 Bbiweckasawioro cnegyet, uto rpynna la 6yget

UMeTb BUL
4.3) M ={K\C\+..+krCr+d:del,0 <ki<T,i=
npu 3ToM, CHOBa Mo onpegeneHuto G, i 1, T, nmeem K\cy + ... + k,nc,n . Ang

NOCTPOEHMNs TpebyeMoro anrebpanyeckoro HakpbiThs, nsomopgHoro G\, paccmoTpum
MHOXECTBO

G0= {(a,zi,...,Zm) € G xI

ABNSAKOLLENCA KOMNAKTHOM abeneBoii rpynmnoi 0THOCUTENbHO MOKOOPAMHATHOIO YMHO-
XeHUst

(a, zi,...,.zjn)(p,wi,...,wm) = (afi,ziwi,...,zmwm)

(ai = MMiG). OTobpaxeHne X : Go -+t G : (a,zi,...,zm) a ecTb romMomoptram
rpynmn, OCYLLECTBAAIOWMNIA -NMCTHOE anrebpanyeckoe HakpbiTe rpynnsl G (romo-
MOPHOCTb NPAMO CNefyeT U3 onpefeNieHns YMHOXeHNa Ha Go, a N-IMCTHOCTb CNeay-
€T U3 TOro, YTO AN1A faHHOI0 @ ypaBHeHue r"* = Xe*umeeT ry peweHui, i = 1,..., m,
nTi] .. = ). WNTak, Ham ocTanocb nokasaTb, YTo Gi = Go- Haligem gyanbHywo
K rpynne Go- pynna Go fiBnsieTCs NOArpynnoi gekaptosa npoussegeHus G x TT .
Mo Teopeme 54 n3 [11] (c.283), umeem

(4.4) Go " (I P rn/A{6"PTm GO),

roe A((MxT™,G0) = {x 6 G x Tt :x("0) = 1} - aHHynsTOp rpynnsl GO B rpynne

cMXT * = X Zm. (OTMeTVM, 4TO B CMY KOMNAKTHOCTU CO, KaXAblil XapakTep u3

Go npogonxaetca 4o xapaktepa U3 G x T77, TakMm 06pa3oM, MOXHO CUMUTaTb, YTO
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Go C I' XZ"*) C ncnonb3oBaHMeM TOMOMOMMYECKOro N30MOp(U3Ma 4BONCTBEHHOCTM
' XZm—G x T m geiictBue rpynnbl ' X ZmHa G X T”1MOXHO onucaTb CreayoLum
o6paszom:
r Xrna(,qi,...qm) [x{c4...0T)m0o,*1, 2Zm*px X ’'- ] GG xF1
C nomoLupto Takoro onucaHusa rpynna Go npefcTaBnseTcs B Buje
(4.5) Go= {(a,zi,....2m) 6 GXTm: =1,i=
roe % ~ X(_a,°....0, <0...= Mii, notomy Kak zj4 = Xil(a) X~e*(“)*?" =
1,1 = 1, m. lNMpumeHnm 3TO NpefcTas/ieHne 4na onuncaHna aHHynatopa A(G x TAGo).
Mbl yTBEPXKAaeM, UTO XapaKTepbl Xi<—<XT COCTaBNAIT ero CMCTeMY 06pasyHoLLmX:
(4.6) N(erx T 1,G0) = {xileeex5l :Pi.—tPm € Z}
LeicTBMTeNbHO, BKNKOYEHNE 3™ cnepyeT u3 (4.5), a Ans Toro, 4tobbl 40Ka3aTh BK/HO-

YyeHue "C" npefnonioxXunm, 4To

4.7 =1
MpeacTaBnas g- = + ,0< <T,i=I,m, nonyynm
9m) _ aMc,PINI+*1,..-,PTOT+*T) _ "~ /(c+piOi-pia +.,.+pTam Pmam,pj ,+*!.....n,, +fcm)
— M(c+Plai+...+pmem *11" . 0...,0),, , ®(PTATIO....0OpTOT) —
9] _ Mc+PIOI+.-+PmOm .fel....fcm)*Pl . .. A)>n

Paccmotpum = (ao.l,—1l.eari/n11,...,1),i = 1,m (a0 eguHuua G). OuyeBngHo,
Xi(ffj) = .t = 1,...,m, n, cnegoBaTencHo, BCce gj,j = |I,m, npuHagnexar Go- Vimeem

x (c+Piai+...+pmam fci,...fem) _ g2rikj/nj

yto B cuny (4.7) [OMKHO 6bITb paBHO 1, oTkyfa kj = 0,j = 1,m. Torpa, cornacHo
(4.7) n (4.8) (ucnonb3ys TakxXKe TOT PakT, 4to *i(GO) = 1,<= 1,T) nonyunm
A(c+piBi+...+pT 0T ,0....°)((50) = 1wy
4yTO O3Ha4aeT
A(c+Piait...+pmom) "~
oTkyga c + p\a\ + ... + pmam = 0, n (4.8) gaet Ham (4.6). Takum 06pa3om, B cuny
(4-4), _ -
GO0 —G XTm/A(G XT">,G0) =
- {X(cpBL..., TPA{(TXxT™,G0) :c6 I Kx=pfwy +kit0 < <w,i =177} =

= PO+ N 2eE... B )xF,-xSTA(G'7r»,Go) :ce [0 <fe<w,i=T"},
86



O MOBEPXHOCTAX BOPA-PUMAHA

oTKyfa, B cuny Toro, uto e I,r= 1,7 (u, cnegoBatensHo piCy e Ni = 1, mMwn
Xi € A(G >kTm,Go),i = I,m, nonyyaem, 4To

Go * {xbIM...*mA(CxI", Go):der,0<ki< TU,r= T7T}

M3 (4.3) nonyyaem, 4TO NpaBas 4YacTb MOCNEAHEr0 COOTHOLLEHNS M30MOpPHa rpynne
'], otkyga GO - ' cnegosatensHo GOM i Gi. Jlemma 4.1 foKa3aHa. O

OnpepeneHue 4.2, TlycTb X M Y - Tononornyeckue npocrpaHcTsea, 7 :Y —»
X HakpblTue. Hakpblsalowmnm npeobpasoBaHMeM 3TOr0 HakKpblTUA Has3blBaeTCA
NOCNOMHbIA romeomopuam } : Y —» Y, To ecTb romeomopdumsm f, Takoi, 4yTo
Mo/ = 7. Hcpa3sneTBneHHoe HakpblTve T : Y —y X Has3blBaeTCA HaKpblTUEM
lanya, ecnm ans nwobbix y\,yi 6 Y cir(yi) = 7r(y2) cywecTByeT HaKpblBatoLlee
npeobpasoBaHne / Y -» Y cl(yi) = /.

MpumeHsasa Teopemy 3.1 n nemmy 4.1, nonyymM cnegyroLLee yTBepXieHue.

Teopema 4.1. Kak[oe Hepa3BleTB/NEHHOE M-IUCTHOE HakpblTHe >X: Xn -> [°
ABNseTCA anrebpanyeckuM HakpbiTvem anya.

[okasaTenbcTBO. PaccMOTpUM NPOCTPaHCTBO

Ye = {(s,wi,...,tum) € A° x CT :w?‘ =<pa‘(3),i = bTn}
N COOTBETCTBYIOLLEE eMy anrebpanyeckoe HakpbiTue o : Y0 -* [° : (3, v, ..., Wm) >»
s npocTtpaHcTBa [°. N3 nemmbl 4.1 umeem Co = Ci, cnegosatensHo Co x (0,+00) *
G1x (0, +00) == X° (Teopema 3.1). M30MOPYHOCTb HAKPbITKA Tr: X° —> [1° anrebpa-

MYECKOMY HaKpbITUIO 0 : Y0 —»[1° Tenepb cnefyeT U3 CiefyHoLero Tonoa0rMyeckoro
n3omopgurama rpynn, KOTopoe Mbl 0603Ha4YMM Yepes Ty

(c o6bpaTHbIM
r]1:Y0-» COX (0,+00): (s,u>i,...,.wm) (¢ [-1,m/i|nT Ci,....,ruT |B|~CT, |«])),
rae umcna d onpegensoTcs No ™ K a*: ¢y = a*, t = 1,Tn. HakoHel NoKaXeM, 4To
i 2 Gi X (0, +30) -4 G x (0,+00): 7M(£,r) = 7r("™Mr
ABNSAETCS HakpbITUeM anya, 0TKyaa, B cuny G\ x (0, +oo) A X° n Gx(0, +o0) * A°,
OyfeT cnefoBaTh, UTO HakpbiTe A @ X° —»[° TakXKe ABNSeTCA HakpbiTUeM [anya.
Ons ©e kern |g, onpegenum otobpaxeHue fe : Gy x (0,+00) -» Ci x (0,+00) :

/9(ET) = (0£,r). Tak Kak ir(0) = 0 eguHuua rpynnel G, To i 0/B(E,r) =
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m@ ,r) =ir(00r = = ) =1b (E>r) Toecrb H°J1 = 7eMo3ToMy /9-
HakpblBatoLLee npeobpasosaHue. HakoHen, ecam irr((,r) = Mi(w,r) 70 [ )= ) n,
cnefoBatefibHo, ©= 1€ Kertr |q,, NpYyeM 415 HakpblBaloLLero npeobpasoBaHus

/ pumeem, uto /e(E,r) = (6(,r) = (w,r), TO eCTb LY, a, CNefoBaTeNbHO, U 1, ABAsSeTCA

HakpbiTvem [anya. Teopema AoKasaHa. O

ViccnefoBaHuWe BbINOMHEHO MPK (DMHAHCOBOW noaaepxke PO O B pamKax Hayu-
Horo npoekta No 12-01-97016 p-MoBO/MKbe-a.

Abstract. Tn the paper the Bohr-Riemann surfaces over a generalized plane [, are
investigated. It is shown that topological isomorphism p : G x (0, +00) -> <7(0, +00),
which connects two interpretations of punctured generalized plane A0, induces a
morphism in the category of coverings of the space [0 with unique reconstruction of
the group structures on the covering spaces by [0. Further this fact is used to prove
the algebraicity of an arbitrary -fold covering of a group A0.
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