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AwtTauma. Ans GyHKiWin ] ronoMopgHbIX HO BHYTPEHHOCTU [JAHHOTO yrna
1 HIMPCPbLIBLUAC NB Yr/e pacCMaTpuBaeM 3ajavyy paBHOMEPHOro W KacaTeNbHOro
npueANKEHUS Wi Yivio MEPOMOPHHBLIMU PYHKLUAMN UMEKLWNMU ONTUMaNbHbINA
pocT Ha CCCKOHCLWIOCTM JTOT POCT 3aUWCUT OT pocTa PYHKWI / 1 yrne u ot
oudhepeHLManbHbIX CBONCTB Ha FpaHuLLe Yrna; pocT OLeHUBAETCA UX HEBaHINK-
it0BCKOJ1 XapaKTepuCTUKOIA. MpH 3TUM |>accMaTpH»UeTCA PacrnonoXeHue noaocos
npnéanmxawWwmx QyHKLUIA Ha KOMNAEKCHOW MA0CKOCTHU.

MSC2010 numbers: 30EHD, 30DxX.

KntoueBble c/i0Ba: paBHOMEPHOE M KacaTelbHOe NPUbAnXeHne; MepoMoptHasa yHK-
ums.

1. BBe,quMe n BcnomoraTe/ZibHble cBeageHMA

I paboTe paccMaTpmBaeTCs 3ajadva paBHOMEPHOrO M KacaTenbHOro NpuoeamxeHms
Nyrnax MepoMopHbIMA BYHKLUAMY UMEIOLLMMW ONTUMa/bHbIA pocT. AHanornyHas
Yyagaya 06 ONTUManbHO PaBHOMEPHOM U KacaTeNbHOM MPUGAMKEHUMN LienbiMU DYHK-
uMsMM B yrnax mccnegosanacs B pabotax |1]-[5].

OHsa yrna A,, = (C6 C : |argC| < a/2} paccmotpum knacc A{f,,) yHKuUni /,
HenpepbIBHbIX Ha Aa H ronoMopdHbIX Ha [, °. B [ Tcp-McpacnsaH paCCMOTpgf 3a4a-
Yy paBHOMEPHOI O MPUBAVKEHMSA (YDKLHH / MepomopgnbiMn GyHKLMAMK 4 Ha [ n-n
ana 16 (0, a), ¢ oueHKo pocTa PYHKLUUM 4 Ha KOMMNEKCHON NnockocTn C B TepMUHAx
pocTa HeBaH/IMIIOHCKON XapaKTepuCTUKON (yHKuun a. 3atem B [7], [8] ABeTUCAHOM
1 ApakensiHoM 6bifl YTOUHEH POCT NPUBAMKAIOLLMX MEPOMOPHHBIX HYHKLNIA.

34ecb 415 paBHOMepPHOro nNpubamkeHus B [,, Mbl npegnonaraem, Yto npuéanka-
emas QyHkumsa / € N'(4,,): T. e. ronomopHas Ha [° v HenpepbiBHO AndhepeHLmn-
pyemas Ha [l0. 1 nonyyaem, 4To pPocT NpUBAMKaKLMX YHKLUA 3aBUCAT OT pocTa

/ nH 4, wnot pocta {' Ha Y/,



C. AJIEKCAHSH

B [4] pokasaHa, 4TO ecnm yHKuusa / 6 A (JIn) gonyckaeT paBHOMepHOe npubau-
YKEHME LeNbIMM PYHKUUAMU Ha [1,,, TO NOpSA0K NprbAnmKaroLwmx QyHKUWA Henlb3s
YMeHbLNTb OT T/ (2T - @), HO B CNy4ae MepoMOopdHOro NPUBAMKEHUS, Mbl MOXEM
pocT NpubAMKaloLWMX YHKLUUA B TEPMUHAX MX HEBAH/MHOBCKON XapaKTepUCTUKM

cfenatb MeHbLUe Yem cxp{Tr/ (2 —o:)}.
B cnyyae KacaTenbHOro NPUBAXEHNS POCT MPUGAMKAIOLLMX MEPOMOPPHBIX Gyirk-

LMiA 3aBUCUT TakXKe OT CKOPOCTW NpubamKenus.

3aflaya onTUManbHO PABHOMEPHOIO M KacaTeNlbHOro NpuénmxeLlis mepoMopdnbl-
MM PYHKLMSMI Ha BeLLeCTBEHHOM ock R paccmoTpeHa ApakensiHoM 1 ABETUCSHOM B
pabote [9]. AHasorMyHas 3afada Ha nonocax paccmotpeHa B [HO|.

PaboTa cocToMT 13 ABYyX naparpacos. MepBblii COAEPXUT BBEJEHNE U BCMOMOra-
Te/lbHble CBEAEHWs, a BTOPOI1 - (hOPMY/IMPOBKM U [,0KA3aTeIbCTBA OCHOBHbIX Pe3y/lb-
TaToB 06 ONTUMaNbHO PaBHOMEPHOM W KacaTe/flbHOM MPUBAMXEHMN Ha yrnax Mepo-

MOPMHLIMH (DYHKLMSIMU.

1.1. O6o3HauyeHunsa 1 onpegeneHunsa. Ans mHoxecTBa E C C, 3amblKaHue, BHYyT-
peHHOCTb U rpaHuyy E B C 0603Ha4MM COOTBETCTBEHHO Yepe3 E, E° H gE.

Myctb E 3amkHyTOE MHOXecTBO B C. AndA knacca C (E) HenpepbIBHbIX (YHKLMWIA
/ :E —»C 0603HauMM Yepes /a cy>keHue QyHKUMM / Ha AE, 1 NonoXum

M (1) = Mf (rE) = VIIETE, = _sup 1/(r)],

i£fino
Ch(E):= (feC (E) :[I4* < +00}.
[1ns 3aMKHYTOro MHoXecTBa E C C Monoxum
N(E)=C(E) H(E®) u Ab(E) =Cb(E)MH(E®).

Monoxunm TaKxe:
R+:={ieR:1 >0}uR ={ieR:I <0}
Drm={zeC:\2\<r}pnsar >0
Shm={r 6 C:|lwr| < Ili}agns > 0-nonoca;
U@ ={z€C:arg(z a)=0 panaee[ n/2,m2lnae C-nyuy,
(E) := {Ce C:|argE-01 < a/2} ansa 0,/36 (0,2m),
70=ap, n70,.=7anA4r.



OMTUMA/NTBHO PABHOMEPHOE N KACATEJ/IbHOE MPUBNVXEHWE ...

Mbl 6ygem ncnonb3oBatb PyHKUMIO P. HeeaHnHHbI log+ : P+ —R+, onpcacnsc-

Myto pOpMynoii:

* ), ecim 0<x <1,
log x= <
llogx, ecim X> 1.

OueBugHo, log+ HeoTpuuaTenbHas 1 HeybbiBaoLWasa QyHKLUA Ha R4,
MycTb T(r,A) HCBaHNMHOBCKas XapakTepucTuka MepomopdHoi dyHkuum a. a(0) /
TC:
T(r,p)-(2y) 1 [ hi+\g(re'e)\de+ f n(t,g)t~Idt,
rae  (, ) y4icno noncos [ VIJ(E)I (. yueTom mx KpaT‘IJ-I%CTeI‘/JI).
Ounddei>eHyHpyemas dyHkums />(r) > 0 Ha (0, 0C) Ha3bIBAETCA YTOUYHEHHbLIM MO-
pALKOM B cMbicne BanupoHa (cMm. [12]), ecnm BbIHOMLWHOTCA CnegytoLive ABa YCnoBum:

H-in%"(r) =p<+00m Iir(r)\crp M Inr=0.

1.2. NpnbnuxeHne Ha Oa pyHKumamu n3 A (4a), f) >a. B atom nyHKTe Mbl
npunénusum dyHkuyuo / € N1' (4An) Ha An dyHKumammn F rn3 knacca A {Ag) € oLUeHKoW
pocta F Ha Ag.

Nemma 1.1. Ana0<a <ft<2n (ecm <ir, Tou fl <n) cywecTsyeT yHKUMA
gq((,z) e C(Ae XAR) n<?,) 6 H{Ap), Takad 4yTo

(1.1). 2«,<)=1nNuncC6 A, \0“

n pocT (I OLEHUM HepaBeHCTBam

(1.2) K (C,n)| <c((In(n] + 1) In(n| + 1))2+ 1) B AA X Ap,
rae(=un+ivunc=c(a0) >0 3aBucaT nuwb oT a n f3

[JokasaTenscTBO. CHavana paccMoTpuM ciyyaii /3 < ir. MycTb G KOHPOPMHOE 0T06-
paxeHve ns °/ Bobnactm C\ ( (ir/2) i i (-7r/2)) (cm. [9]):

*=GUN =i(e“-e-").
OueBungHoO
(1.3) G(|Rew]) < \G(W)\ < G'(|Retu|]) + h gns w 6 S°t, 0 < h < 7r/2,
Monoxus z = X+ iy = G (K + iv), nonyuum

X= ll» (cu—c “)cosmmy =~ (e“+ e~“)sinv.
5



C. ANEKCAHAH

M3 (1.3), pns 0 e (O,*) cywectyeT noctosHHas J1 = h(fi) 6 (0,*/2), Takasd 4yTto
G 1(4/5) C . Vickomyto (PYHKLMIO MOXHO OMpeAenuTb GopMysoi:
(1.4) qgC )=25[(G 1(C)- G 100)2+25] pnaze nCe AMA*“.

M3 (1.4) cnegyet 9(C,O = 1gns C6 [5\Aa- OueBngHo, 4T0 q(C,*) 6 A (A*) ansa
thmkcnpoBaHHoro C€ Ap. Tenepb Mbl LO/MKHbI OLEHUTL pocT yHKumn g (C,*) ansa
(€ AMA wur 6 [z YuntbiBas, uto |G 1(C)| » ~(ICI +1) + 2. u3 (1.3), (1.4)

nony4um 25
I(7(C’*} - (ReG-4C) ReG-42)r + 3

(1.5) <c(@n( [+ 1- In(rl+ 1))2+ 1) I-

Ona cnyyas P> o> 7 BO3bMEM

(1.6) 7(C,2) = 25r[("-1(v/c)-C -1(\/5);A+ 25

(c\4 =1). 3gecb G 1(Ap/ ) C5/,, n Mbl NPUXOANM K BEPXHEMY CNyYat0.

Tbkum o6pasom n3 (1.4) - (1.6) npuxogmm Kk (1.1), (1-2)* O
Teopema 1.1. MycTb J 6 Al (J0), « < P <win{a+ a/2>* + ft/2}< B€ A (Ap) &
£> 0. Torga cywecTsyeT yHkuus F 6 A (Ap), Takaa uTo
@7 \f(z)tp(z)-F(z)\<epgnsiz€An
N pocT oyHKumm F Ha Ap yposneTBopseT, 4ns r > 0, HepaBeHCTBY
(1.8) MT (r) < 3M/ (Ir) Mv (r) + ceexp {i + ee-1A(3Ir,f) Mv (1)},
ane
(1i9) nr<n-= |<i<*-{(ICI + 1) fa (01}.

I=1+tan((fi- a)/2) > 1, B nocTosAHHasA ¢ = c(a,/3) >0 3aBUCUT NULWb OT a U

P.

JokasaTenscTBo. 3ameHssi/ Hae 1 n.FHae~IF, Moxem cBecTV fOKa3aTe/IbCTBO
K cnyvato e = 1

Mbl fokaxeM feMMy AByMs Wwaramu. CHadvana dyHkuuio / 6 A' (4J1) npnbansum
Ha o, yHKurein ® € A (J1), noTom (yHKUMO D Nprban3nMm Ha Aa PyHKuUueld F e
A {Ap).



OMTUMANBHO PABHOMEPHOE Il KACATE/IbHOE MPUBIVNXKEHWE
LWnr 1. Nycts /. C 1 npogomxenve / Ha AN, B3aB /. (O =/ (C) pha C€ Odawn
(1.10) /(O =»/H+»)+ (1- »)/(«) pna C€ A3\A4

ipeV—<. ', 7,0 >0nu- \J\(;2- v2 Ha7QaTa CE€ AMA“. N3 (1.10) cnepgyer,

*no pocT /. Ha [ yAOBNeTBOPseT HepaBeHCTBaM

(1.11) All. (r,4™) < 3A/l, (Ir. A a).

M3 gopmynbl Kowun-Pumrwa c)/. (C) = 0 gns C€ Aa v un3 (1.10) cnepyet
(1.12) /.(0| < 2dAl/ ICI,Trr) gna Ce AAL°,

rge 1= tfial (C,7«) > 0.
Myctb —¥Yn = n(C|) € Npgna C€ 13 6yaeT KyCOYHO MOCTOAHHaA (DYHKLMS;

thukenpyem  (|C[) ycnosuem

(1.13) o< (Id) {ldKfa(@l)NM(@O1l- 1<ipnace 7*

Tenepb onpefenvMM 3aMKHYTY 061acTb J1 ¢ rnafKoii rpaHuLeit, Takyo 4To
(n—1)/ Inn < dint (31,C) < n/Inngna 67,,.

Beegem HoByH dyHKUMO Q ( , ), Takyto uTto Q (C,C) —1 A'IAC € Jp:

(m»>. «(r-,= (" 1)
rae  Bblbepem Tak, yto tlist (<0,7«) = Idist. (C,7,,) ana CE£ <1 OuesungHo, Q (C, *) 6
11 (1) gna dmkenposaHHoo € U = J1\[a.

M3 Teopembl 1 opmynbl Kowm

(1.15) foo Q(C (N9ECe= (20 o

4ns noboii xopaaHoBckol obnactu D C [if3 ¢ KyCOYHO TN1afKOW, NOMOXUTENbHO
OPUEHTUPOBAHHON rpaHuLEi.
Tenepb Ana r > 0 pacCMOTPUM UHTErpanbl

(1-16) ()y=4a 11 (r)(  ana:ze Np,r,

Jur
C nogblHTerpansHoi gyHkumen Ge (2) = (<pdf.) () Q{,2) Q (r) 9 (£, z), rae (d 2)
Bbl6paHbl U3 SlemMbl 1.1 yaoBneTsopatowmmM ycnosumsam (1.1) n (1.2), C<(z) = (C—z) 1
nur=u 5.



c. ANEKCAHAH

Beegem HoBble hyHKUMM Fr € C (JIr) dhopmynoii
(1.17) Fr(z)=/. (*)+ h (*) A"a *e 1*

M3 (1.1), (1.16) n Teopembl Mopepa cnegyeT, uto Fr(z) € H (4/},r)- OueBugmo

Takxe, 4to Fr £ A (JIr) gns no6oro r > 0.
Tenepb AOMKHbI A0Ka3aTb, YTO Tr (z) NOKabHOPABHOMEPHO CXOAMTCA Ha J1, mpu

I —¥00, K HECOBCTBEHHOMY MHTErpany

(1.18) looG< W A'» ze Nl-
Torpga B cuny (1.17), nckomyto hyHkumo @6 A (") MOXXHO onpefennTb Gopmynoi

(1.19) o) :=<pm)/. (1) + le>(*) pnar € .

W3 onpegeneHms (1.19) cnegyert, 4To

(1.20) NIV ¢ in, = Ilocla.,

"

(1.21) | ()] < [.(r)v>(r)| + [foo(r)] ans z e A,

TakK YTO NPUBAMKEHHO PYHKUMM < Ha [a dyHkumamm ® e A (J1) 1 oueHKa pocTa

® Ha J1 CBOAMTCS B 3TOl CXeMe K OLEHKe /co-
Mepeiiaem K 0Ka3aTeNbCTBY NOKabHO-PaBHOMEPHOW CXOAMMOCTM MHTErpanoB I T (r)

Ha /1, npu r -> 00. U3 (1.16), gna z € 1 € U, Mbl nonyunm

(1-22) \G(@\ <\a( 2\ (W "y (w),

roe C= m+iv, n, V67, u/(«)=n(C)/ In (|C).
Myctb K - komnakTHoe MHOXecTBO U1 K C A. CyulectByeT r0 > 1, Takoe 4TO
K ¢ DoHTr" > r' > 3r0. Otctoga cnegyet, uto |[C- Cg < c|r - Co. Orcioga

nosly4yaem CnefytoLLyro OLEHKY UHTerpana

1.23 T M Jiv< - W .
(1.23) o YTam ) +i
YuntbiBas, 4To

(i-24) n /. (01 <citm(lu)/n gna C6 U,
8



ONTUMA/IbHO PABHOMEPHOE N KACATE/IbBHOE NMPUBNVXEHWE ...

1 HepaBeHcTBa (1.2) n (1.23), rge ¢\ = ci (a, 8) > 0, Mbl NOAYy4YUM

'0 du

-
\IRe (2) - I (2)1 < Qjﬁj_p, u(Inu - In(jz| + 1))2

< Q(blril- r0) In(r"- r0)) e’
paHHomepHo And z € K, npu r", r7—>oc,. 310 A0Ka3bIBaeT abCOMOTHYIO M IOKAbHO-
PaBHOMEPHYIO CXOAMMOCTb MHTerpana I>k(r) gna r 6 J1muto Ix 6 A (J1).

[na gokasatenbcTia (1.7), Mbl 4O/MKHbI oueHNTb \1” (z)| gns r 6 J1. MpegcTaBum

uHTerpan  (r) B BUAE CyMMbl [BYX MHTErpasioB:

1.2 = - z N f = 2
(1.25) (r) Wg’B(i) (z) dac + I \BL) Gc (z) derec = Ix () + J2(r),
rneB(z) ={CE€C: 6/1u -2\<1} Ona € A\B () cnegyet, uto |E- G <

g\z - Co|, rae = q(6) > 0. N3 (1.22)-(1.24) nonyuum
aC

(1.26) | 2( )< J/ ., du<cA
llpegetaBum — = rk'il n n3 (1.22)-(1.24) nony4mm
(1.27) <»* = e

Takum o6pasom, ¢ yyetom (1.26), (1.27), u3 (1.25) noayunm ~ ()| < cu,
MycTb ceitvac r6 /1. MpeactaBum /«, () B BUAE CYMMbI 4BYX WHTErpasio.:
(1.28) oo(r) = [ T+ Gt(z)dcrc = J3(z) +J4(2),
JD(z2) Veld(*)
rae
nN():={(6C:(€Bwu |<- z] < 3Z(z))}
BTopoit nHterpan yxe ouounnun B (1.26).

YunTbiBas, 4To nen < e2n u

-—< <cny/mesD (2),
Jut(z) IC- A

n3 (1.23) n |C| > (tanJ) |z| mMbl nonyyYnm
(1.29) J3() < oxp{2n (31| |)}

M3 (1.29) n (1.30) mMbl Npuxoamm K oueHke (1.8).
LLar 2. ®ynkuywo ® HenpepbIBHO NPOAO/MKUM, Tak 4yTo ® € C1(4a):

OC) =id( +V)+(L-i)DdPW) gna =wn+r1v6 4/40,
9



C. AIEKCAHAH

rae »= *«<((, 1) Uk = /|C|2-* 2. PocT hyHKLMN P y[0BNETBOPAET HEPABEHCTBAM:

Njo(r, As) < 3A/h(r, /1) ans seex r > 0.
Beegem cnegytowme QyHKLLiH

roe W = 44000171 (IC)) = max{n(|ICD np = Ma (C)-
M3 (1.31) Il onpegeneHns qyHkummn @ cnegyet ut0 Jr(z) 1% A5 npu r —y oo
NOKaNbHO-PaBHOMEPHO cXoauTcs (MOBTOPSA PacCy>KAeHWs, UCMO0b30BaHHbIe B LUare

1) K nHTerpany Joe-
OueHum Jco Ha [,, n O7. CHauvana oueHum ./«, na r e [,. W3 onpeaeneHus

GyHkummn @ (C), cnegyet
[0 (C)] < 2(2” + Ald (|(])) Ana Bcex Ce W.

[na ouyeHkn Joo Ha An n3 (1.31) Mbl noay4mm

rge p v n 3aBUCSAT OT |z|.
Ecnv n > Inp, T0 2" > p 1 nonyynm

Ecnv n < Inp, TO nmeem

Takum 06pa3om AoKasano, 4To
(1.31) Moo ()| < Canaz €[,
OueHuBas yHKUMM J  (Z) Kak U Bbllle, Mbl MONyYaeM
(1.32) poo ()1 < exp{2m (/ |z])}.
YuuntbiBas (1.25)-(1.27) n (1.32), n3 (1.20) nony4mm, 4to
VX )- FO)l<cana26 1,
1 3aMeHAa ¢ Ha 1/c, nonyuum oueHky (1.7).
Onpegenum nckomyto dyHKuuto F dopmynoii (ecm. (1.19))

(1.33) F@) =0+ (2) anaz€ 4n,
10



ONTUMA/IbHO PABHOMEPHOE U KACATE/IbHOE MPUBAVXEHWE
n c yqyetom (1.30) n (1.32), (1.33), Mbl noAy4UM
|/ ()< 3Mj (1\2\) Mf (\2\) + exp{2n (3L|z])} + cxp{2m (/|F)} gisar6 [,

[okasblBatoulee oueHky (1.8). Teopema 1.1 gOoKa3aHa. O

2. MpuenukeHne MepoOMOPHHLIMU PYHKLUAMMN

Mpouecc onTUMaNbLHO PaBHOMEPHOrO MpUBAMXeHUs B yrnae [, MepoMOpPgHbIIrn
YHKLMAMW peann3yeTcs ABYMA luiaramu. Ha nepBom Lare Mbl NpUGAN3MM GYHK-
umo F . A (Au) na Aa mepomodnbiMm hyHKUMsiMM G ¢ oueHKoin pocta G Ha C,
MOTOM MCNoMb3ys cnegyrowyto Jlemmy 2.1, noayuuMm MepoMopdHoe npubnmkeHune

/6/1" (L0) B A,

2.1. PaBHOMepHOe MepoMoptHOoe npubamxeHne Ha [,. Hwxe Ham noHago-
6uTcs cnegytowlas nemma (cm. [7], cTp. 548-549).

Nemma 2.1. Ana BeTBWN aHAIMTUYECKOW (OYHKUMKN Z —>Sjz, VIT = 1, 0gHO3HAYHON
B o6nacTu C\(-00,0], u gm uncna 6 € [0,1] cywecTByeT MepoMopdHas yHKLNA
W —wg, C HNAenMu Ha (—ec, —1), Takas, 4YTo

(2.1) |w(z) -y/z\< (1/2)Y[r| gns largz| < - § |z|> 6
n
(2.2) T (r.w) = O (log2r) npur  oo.

Teopema 2.1. MycTtb F € y4(4"), 0 < a < ft < 2iv,p > 1ue > 0. Torga
cipucr.TByeT Mkpamoi>(p>Has B C (pyHKUuMsA G, Takaa 4yTo

(2.3) [F()—G(@)|<epraz€ d,n\2\>p

1 pocT (yHKUMM G Ha C orpaHuMyeH HepaBeHCTBOM

2.4 T(r,e~ G)<k log* 1JAL + feiog2(r + i) gnar > p,
(2.4) ( ) J[I }I g . g2(r + i) A p

roe K > 0 NocTosHHas, 3aBucsAlWas nuwe oT a, ft n p. Mpu 3ToM, BO3MO3iCHbIC
Mo/toCkl NPUBAMK.aOLLMX DYHKLMIA pacnonodKeHbl Ha MHUMOIA ocbl Anst ft < >Ku Ha
NeBOI YaCTU BelLecTBEHHON ocbl Ans ft >TT.

11



C. ANIEKCAHSAH

Mol gokaxem «Y KOPUY «cnonsy» MeTon pe3suTas AN1S O».

KasaTcbeTea §EOPEMbI 113 paboThl [7]. M3 JleMmbl 3 ¢ B - 1mycTb «<») - ap («},

TakK 4To
(2-5) w0l > IC12 gns C6 75 n |w(z)| < *1+ falql/2 gnare Ada,

rae 34ecb M B faNbHeiweM Yepes >0,j = 1,2,- me 0603Ha4aOTCA NOCTOAHHbIE,
3aBucAwme nuwb oT a, /3and p. U3 4. C [, cnegyer, 4To CyW,ecTByeT NOCTOAHHAA

*3 6 (0,1), Takast uTO
(2.6) IC *1>*30A+ WN) gnaC6Tandre 4,,

roe = (7fI\*i) U{9D\ [o)-
Tenepb BBeaeM GyHkuuo Q (C,z) paumoHasbHYH N0 T U KyCOUHO-aHa/IMTUYECKYHO

no CC75:

27 <BCMH=(" )

rzie BbI6op HOMOCOB C M UX KPAaTHOCTEN  OCYLLECTBASETCS BHU3Y. PUKCUPYeM Ymncio
9=minf?, cos26(/3)/ cos2S(a)} > L, rae6(a) = (Tr/2—a/2)pnsa <irm (a) =
(#- a/2) pna a > T, n paccMoTpuM nocnegosatenbHocTb ( *)*=, n* e N {0}.
O6o3Hauum 7* = {C€ 75 : fcl < 1A N PP 7+ = {L6 7 : ITC > 0} un
7 ={Ce75:17C < 0}.

[Ona cnydad a < /3 <>K onpegeniM MHOXECTBO MOMOCOB MPUOBAMKaoWmMX yHK-
umii (C) nonaras C = igk/ cos 02 —/3/2) pna Ce 7* u '= —W 003 (1r/2 —4,/2)
ana Ceée 7%, mnpn # < a < p nonaraem ' = -gff cos (- /3/2) pns C€ 7jf n
C=“9*%/cos(n- 132 pna C6 7*;mC = 0,ecrn C€ 70 = I dDi ans obenx
CNyyaes.

Monaras gk = g*/cos(a  0/2) v oueHmBas Q (C,z) gnaze Aa\Dpwu C6 I, Mmbl
13 (2.7) nonyuum
,00,C-C" ,, yj928In25 06) + (f- !)2cos2a (/9)

' —il C SuUNE)

13 onpeaeneHns NoCcoB crefyer, 4yTo ans ¢ukcmposaHHoro d € (di, 1) cyuwe-

CTBYeT nmocTosHHas | = 1 (a,0) 6 (0,1) my g~m ansa kaxgoro m € N, Takas

yTo

=di < 1

cc <d
z-cy
12
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OMNTUMA/IbHO PABHOMEPHOE N KACATENBbHOE MPUBNNXEHWE ..

ona CETMwnre Dm . OueBuaHo, 4To (2.9) BhINONHAETCA ewe u ana C6 M\IT, rae
rr=r Dru\n- puk-
Taknm o6pasom u3 (2.7)-(2.9) nmeem

(2.10) \Q (™) < <M * = 12,000,

AN BCEX CMTyYaeB PacCMOTPEHHBIX BbiLUE.
OTctoga NOBTOPSs Warn gokasaTenbcTBa TeopeMbl 1 pa6oTbl [7], Mbl NOMyYUM
[l0Ka3aTeNbCTBO 3roli TeopeMbl. |

Cnepcteue 2.1. U3 Tewcmbl 2.1 (2.3)-(2. ) cnegyeT, 4To dhyHkumio F 6 A (4iA)
nopsigkn 0 < pf < +00 MO>XHO HAa Aa paBHOMEPHO MPUGAN3NTbL MePOMOP(HbLIMU
thipawivuam G r. nonlocamMm Ha MHUMOW orblgnsia </3<nuHaR pgniaw<a <,
cT (r,G) =0 (rPF), npur -» +00.

Cnepytouian TeopeMa BASAETCSA OCHOBHbIM pPe3y/ibTaTOM 3TOI paboThbl.

Teopema 2.2. MycTb/ GA'(Oa), ae (0,2ir), <e A(Ap), 9>0,p>1ne>0.
Torga cywecTByeT Mepomo])bHast PyHKUMA y, Takaa 4yTo

(2.11) [/ () (2)-g@\<epnare daun \r\>p
LT(r,r V) <kjT J “liog+ M(T-)p z x | + }ax +
(2.12) +fclog2(r+ 1) anar >p,

roe k = k ((*,p) > 0 m A(r,/) onpegeneHbl B (1.9). Mpu 3TOM, BO3MOXKHbIe MOAOCHI
n]T6AM3H:aowWiix yHKUUA nexkaT Ha MHUMOW ocbl And a < M U B NeBOM 4YacTwu

BEU.leCTBeHHOIZ OoCbl And a > n.

[okasaTenbCTBO, HENocpeAcTBeHHO cneayet U3 Jlemmbl 2.1 n u3 Teopembl 1.1. Puk-
cupyem p > a u 0 < wiwnior + Tr/r, 2n}, Takyto yto tan (/3/2 - a/2) <p - 1. 13 (1.10)
nMeem
(2.13) log* < klog* M<(prl M* (r) + k (3pT’>\m (I V),
rae K = K («,p) > 3.

Takum o6pasom u3 (1.7) n (2.3) mMbl npuxogum K (2-11); a u3 (1.8)-(1.9), (2.4) un
(2.13) nony4vaem oueHky (2.12). O

13



C. AJIEKCAHSAH

3ameyaHune 2.1. Ecnan B Teopeme npegnonodxkunTb, yto C J1'(A,,UDP), TO

(2.11)  6ygeT BbINONHSAETCSH 415 BCEX Z e AT-

B Teopeme 2.2, BYB = 1, NONy4YMM paBHOMEPHOe MpubamxkeHne QyHkuum / e

>4 ([,,) Ha [, MepoMOpgHbLIMI QYHKLMUAMM.

Teopema 2.3. NMycTb/ € Al (4,,), 0 £ (0.2m), p> 1616 > 0. Torga cyLlecTBYeT
mMepomopcHas (yHKUMA 4, Takad 4To

1/ (r)- A(0L<£panaz£ O, n\2\>p

r(r,«-m < {b«*“ b a +i& g} fr+1)
Nur>p, rgek =k(a,p) >0unA(r,/) onpegeneHbl B (1.9). Mpu 3TOM BO3MOXKHbIE
MONOChl NMPUBAM>KAIOLLMX (YHKLMKM PacronodKeHbl Ha MHUMOW ocbl ang a < T U

NEBOI YacTH BELLEC. THE.HHOM OCb: ANS I > XK

B [4] nonyyeH cnegyrowmin pesynbtaT: ecnn ¢pyHkuma / 6 A (4u) gonyckaeT pas-

HOMepHOe NPUBAMKeHWe LenbiMi YHKUMAMKU Ha [,,, TO NOPAAOK MPUBIMKaLWmnX
(hYHKLNA HeNb3s 6bIN0 YMEHbLWWTL OT 1/ (2 —or). 13 Teopembl 2.2 Mbl MOXKEM YKa-

3aTb HOBble YC/IOBMS Ha /, AOMYCKarollee paBHOMEPHOe NpubnumxeHue Ha M, Mr.po-
MopubIMM PyHKUMAMK g nopagka p 6 (0,>k (Qk— ) (1. e. T (r,a) = O (rp) npu

r —»+00). HenocpeAcTBeHHO 13 Teopembl 2.3 cneayer:

Cnepcteue 2.2. MNyctb e Al (An) ana a € (0,2n) ¢ p{ > 0 u yHkuua zf'0{z)
orpaHuyeHa Ha - Torga  JornyckaeT paBHOMEpHOe Npubaum>KeHue Ha [a Mmepo-

MOPHLIMU PYHKUMAMW NOPAAKM Pj.

2.2. KacatenbHoe mepomopgHoe npubnumxeHue Ha L,. B pabote [7] kaca-
TenbHoe npubnmkeHne yHkummn / € A (4,) MepoMOpgHLIMN PYHKLMAMU peannso-
BaHO Ha 1 - pna dukcupoBaHHoro J1€ (0,0). 3geck OHO peasim3yeTcs Ha BCEM Yrie

[Oa. [lokasbiBaeTCa CreaytoLuii pesynbTar.

Teopema 2.4. MycTtb/ e A" (J1,,), a € (0,211), p > 1une >0 Torga cywecTsyeT
MepomopdHasa YHKUMA 4, Takas 4yTo

(2-14) /@) - 0 <£]~p(*) anaze A, n\\>p,
14



ONTUMA/TBHO PABHOMEPHOE N KACATE/NIbHOE MPUBNVXEHWE

(2.15) +fc(l + p{r)) log2:'r

mc kK = mfa./j.p) > ) iip (r) yTOYHEHHbI NOPSAOK a cMbicne BanxipoHn. Mpw .iTom,
NOMIMOXK.HbIF: NOMOCHI NpUOMIOicatoiLnin (OYHKLWIA NC3ir.aT Ha HEKOTOPbIX YINOBbIX 06-

nacTax.

JokazaTenscTBo. M3 Teopembl “>1 pabotbl (11] (rrp. 99) cnedyeT cyliecTBOBaHMWe
ronoMopgHoin yHkumn 6 H (O,+* D\) ans dukcmpoBaHHoro 5 6 (0.2k —0) U

nocTosiHHOM ki > 0, Takoi uTo
(2-16) 2<l/p(*)IM "' (W)<fci.

MpumeHnum K yHKumm /,, n K obnactn O«+* Di Teopemy 2.1 nonarasi e = 1,
p = 2 mbl N3 (2.3) 1 (2.16) nonyymm, 4To NpMbAMKatOLLaa MepoMopdHas PyHKL WA

[,, YAOBNETBOPSET HepaBeHCTBaM

(2.17) 1< \a,,{r)\\r\-*A) <2ki
a cornacno (2.16) u (2.4) poct dvirknum  orpaHWYNBaeTCs HCPSABCNICTBOM

T (r,4,,) < p(m)logr*” + ®log2(r f 1) <
/ 2rJrlp (t)logTr-Ijr’r\I:[ + f2log2(r + 1) <

(2.18) < k3k(r) log3(r+ 1), r > 1

MpumeHum Tenepb K QyHKUumn fg,, n K yray A, Teopemy 2.1. Ecim y\ - npubnu-
Xarowas QyHKUWs, To Tpebyemyto MepoMOpPQHY PYHKNWUIO A Nonyyum, nonaras

4 —ailyp. Torga cornacHo Ho (2.11) Mbl Meem
1/(r) - U(Nl < jg:a), gnar €4, \n>p,
0TKyfa, ¢ yyetom (2.17), nonyunm oueHky (2.14). Kpome TOro
T (re~1n) <T(r,e~1gi) + T (r,gp) +

raoe >0, 3aBUCUT Wb OT Bbibopa yHKUMK p. OueHKa (2.15) cnepyet n3 (2.12)

n (2.18), ecnn B (2.12) B3aTb P= V. O
15
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C. ANIEKCAHSAH

Abstract. For functions that arc holomorphic on the interior of given angle and
continuous in the angle, wc discuss the problem ofuniform and tangential approximation
in the angle by meromorphic functions having optimal growth at infinity. We show
that this growth depends on the growth of underlying function in the angle and the
differential properties on the boundary of the angle. We estimate the growth of the
function by its Nevanlinna characteristic. Also wc describe the possible set of the

poles of the approximating functions on the complex plane.
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AHKOT/HNA. B cTaTbe No/yyeHbl IBHble BbIPAXEHNsS1 KOBapUOrpaMMbl 1 3aBu-
cAlell OT OpuUeHTaLUM YHKLMW pacnpefeneHus AnvHbI XOpAsl ANs napanneno-
rpamma. Takxe NoflydeHo BblpaxeHne (YHXLIIM pacnpeaeneHus 4AnHbl Xopabl
ANS napannenorpamma.

MSC2010 number: 60D05; 52A22; 53C65.

KntoueBble cloBa: OrpaHWYeHHas BbiMyKnas 061acTb; KOBapMorpamma; pacnpefe-
NeHVe A/IMHbI XOp/bl; 3aBMCALLAs OT OpUeHTauuu PYHKLMS pacnpefeneHus AAuHbI
XOpAbl.

1. BeepgeHnune

B [5] XK. MatepoH copmynmpoBan runotesy, 4To KoBapnorpamMma BbIMyKAOro Te-
na D onpegenseT ee B Kflacce BCeX BbIMYK/bIX Tefl, C TOYHOCTbIO A0 NapaniefbHblX
MepeHocoB M oTpaxkeHuil. B. Hai-enb B [3] gokasan 4TO NAOCKUIA BbIMYKAbIA MHOMO-
YrONbHUK BOCCTAHAaB/IMBAETCA B KNAcce BCEX MNOCKUX BbIMYKNbIX MHOTOYrofibHUKOB
Mo KoBapmorpamme (C TOYHOCTbIO 0 NapaniefibHbiX NEPEHOCOB M OTpaxKeHuin). B [4]
. BuaHum n . ABepKOB A0Ka3anu, YTO KaXAasa nnockas BbiNnykias 06nacTb onpege-
NSeTcs B Knacce BCeX NIOCKMX BbINYK/bIX 061acTeil N0 KOBapMorpamme, ¢ TOUHOCTbIO
[0 napannenbHbIX NEPEHOCOB M OTPaXXeHW. BbipaXeHns KoBapuorpaMmmbl 1 3aBuUcA-
el OT HanpaBfeHnsa YHKLUW pacnpefeneHns 4AUHbI XOPAbl U3BECTHbI TONbKO AA
TpeyronbHuka (cMm. [9]), AN npaBunbHOro MHOroyronsHuka (cm. [10]) n annunca (cm.
[10D).

OCHOBHOIA Lenblo faHHOl paboTbl ABNAETCA pacluMpeHune Knacca obnacTei, 418 KOTo-
pbIX MOXHO 3anucatb B ABHOM BUJE KOBapMorpamMmy ¥ 3aBUCALLYIO OT HanpaB/ieHus
(hyHKLMIO pacnpefeneHns AMNHbI XOPAbI.

B HacToslLeil pa6oTe NonyyeHsl cnefyroline pesybTaThl:
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A. TACIMAPAH, B. K. OTAHAH

1. BblpaXKeHUsi KOBAPMOTPaMMbI 1 3aBUCSLLEN OT OpMeHTaLUn hyHKLMU pacnpe-

OeNeHNs A/INHbI XOPAbl 415 N06Oro napannenorpaMma.
2. BblpaxeHue QYHKLUW pacnpefeneHuns 4MHbI XOpAbl 4715 napanienorpamma.

MycTtb 1" - -MepHOe eBKNMA0BO nNpocTpaHcTeo, D C A" - orpaHnyeHHOe BbINyK/oe
TEN0 C BHYTPEHHUMM Toukamu, S " 1- (N 1)-mepHas efnHUYHasA cdepa C LLEHTPOM

B Hauyane koopauHat, a V() -MepHas mepa JleberaB R .

OnpepeneHune 1.1. ([5])- ®yHKUMA
(1.1) C(D,h) = V«(Dn(D-ft)), A6 RN,

HasblBaeTCA KoBapuorpammoit Tena D. 3gecb D —h = {x —h,a € D}.

Koeapnorpamma C(D, h) nHBapraHTHa OTHOCUTE/ILHO MapanfieibHbIX NepeHOCoB

1 oTpaxeHuin. XX. MatepoH (cm. [2], [5]) pokasan, uto gns (> 0mu £ S" 1

(1.2) 9C(M,bl) = _Kn i({y 6 .yi(D  (n+y) >},
at

rage  +yecTb npamas, napanienbHas Hanpas/iEHUIO U 1 NPOXOAALLas Yepes TOUKY Y,
npuyem 1 1 - opTOroHanbHoe fononHeHne K u. Mpasaa YacTtb (1.2) ecTb GyHKLUMA X-
nydyeii Tena D B HanpasneHuw napannensHom n (cm (BJ) v ABNAeTCA pacnpegeneHnem
LNVHBI XOpAbl MHOXeCTBa D B HanpasfeHun w.

O603Haumm yepes 6(D, n) wunpuHy obnactu D C A2 B HanpaBneHun u. CnyvaliHas
npamas, napannenbHas HanpasfeHUIO U U nepecekalowas D nMeeT ToUKy nepeceye-
H1A (0603HaYMM ee Yepes ) ¢ NPAMOWA, NapannenbHO HanpaBfeHNIO U k U NPOXoas-
el Yepes Hayano KoopamHaT. Touka MepecevyeHns r paBHOMEPHO pacrnpejefieHa B
nutepsane [0,6(D,u)]. MOXHO 0TOXECTBNATL TOUKM MHTepBana [O b (4 n)] ¢ npa-

MbIMW, KOTOpPbIE MepecekaloT D 1 napannenbHbl HanpasieHW o Ti.

OnpepeneHne 1.2. dyHKunA

1.3) F(D,bl )= 2: Vibl y)nP)<0
6(D,u)

Ha3blBA€TCA 3aBUCALLEN OT OpueHTauun QyHKUWell pacnpefeneHns AAMHbI XOpAbl
o6bnacTu D B Hanpasnenun n 6 S1, rge gt (u) - NnpAamasn, napannenbHas HanpasneHnto
n 6 S1u nepecekatwuwas nHTepsan [0,6(D,u)] B Touke z.
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KOBAPNOITPAMMA TMAPANNENOIPAMMA

MpegnoxeHnue 1.1. 3aBucAulas 0T OpueHTALUMM (YHKLUA pacnpefeneHus fuHbl

xopabl o6nacTu D B HanpaBneHun u € S1 onpegenseTcs No opmyne

(1.4) F(D,ut=1-6( 6 ) ) ) 1-°

CBf3b MeX/y KOB&PMUOrpaMMoii 1 3aBUCSLLel OT OpUMeHTaLMM QYHKLMU pacnpege-

NEHUs AIMHBI XopAbl 06Hapyxun XX. Matepoii B [5].

Nemma 1.1. Anam € 1 nyctb > 0 Takoe, yTo D (D — ) cogep>kuT

BHYTpeHHUe ToHKU. Torga C(D, ) guddepeHumpyema no u
(1.5) =@ f(D,U™)-bD,Ti).
OueBngHO, 4TO

(1.6) bfD,u) = - 5C7(D tu)
1=0

O603HauyMMm 4yepe3 G NPOCTPAHCTBO BCEX MPAMbIX § B €BKAMAOBONA naockoctn Ft?, un
nycTb (tp,p) - NONSPHbIE KOOPAMHATLI OCHOBaHWS NepneHAMKynapa, OMnyLIeHHOro Ha
npAMyto g U3 Hayana koopauHat O.
O603HauMM 4yepe3s /i(-) NOKanbHO-KOHEYHYIO Mepy B npocTpaHcTBe G, MHBapuaHT-
Nyt OTHOCMTENIbHO TPYNMbl BCEX €BKINAOBbLIX ABUXKEHWIA (NapanienbHbiX NepeHocoB
1 BpaLLeHWNit). VI3BECTHO, YTO 3N1EMEHT 3TO Mepbl C TOYHOCTbIO 0 MOCTOAHHOIO MHO-
xutens nmeet Bug ([1]) n(dg) = dpdtp, rae dp - ogHomepHas mepa Jlebera, a dtp -
paBHOMepHas Mepa Ha S1.
[ na orpaHnyeHHoi BbINYKNoi 06nactm D, 0603HaYMM MHOXECTBO NPAMbIX, Nepece-
Karowmnx D yepes

[D] = {g € G, gr\D?tl)}
Nwmeem (cm. [1]) /i([D]) = 0D, rae <9D gnivHa rpaHuibl o6nactn D.
CnyuaiiHas npsmas B [D] ecTb npsimas ¢ pacnpegeneHnem nponopLoHanbHbIM CyXe-

HUo Mepbl /i Ha [D],
OnpepeneHune 1.3. ®dyHKUUA

(1.7) fb(0 - ~ elP|>-MP'< 1), <€N°

HasblBaeTCA PYHKLMel pacnpedeneHns AnuHbl XopAsl o6nacTu D, rae Dj - anvHa
xopfpl nepeceueHus g ¢ D.
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2. KOBAPOTPAMMA N ®YHKUNA PACMPEAENEHNA ONTVMHBI XOPAbl B
HAMPABNEHNN U

Myctb ABCD - napannenorpamm. O6o3Haumm \AB\ = aun \AD\ = a2, ZBAD = a,
ZCAD = x, ZBDC =y- a, nnowagb ABC® u4epe3 5. TlycTb > NI€XUT Ha Nlyye
C HY/IeBbIM Harnpas/ieHUeM, a Hanpas/ieHne NPOTUB YacOBOW CTpenku 6epeTcs B Kave-
cTBe MOMOXNTENBHOT0. He HapyLas o6wHOCT Npeanonoxmm, 4To ABCD nexuT B
NeBOM MOYMNIOCKOCTU OTHOCMTeNbHO AD. OTMeTuMm, 4To Bcergay < 1. O603Ha4nM

yepe3s tmax(u) xopay HanpaBneHus n 6 S 1 MakcuManbHON AnuHbl. Monyyaem

g2 —( +ai8ln(a—v))t+ «, wun6 (0,0;), 6 [0 tmx(tO]

—K\Wt* — sinU+ Olsin(« —0))t +K2, u € (a,ir), 1 € [0, tmax(v)]
(2.1) C(tu) = sina —aitsina, u=20,t6 [0, ]
[ - , t*= a, <€ [0,ai].

3pecb n Hmxe W = 8In“ffil~", « = ara2sina, C{ABCD, ) = C( ), npuuem
C{tv) paBHa 0 npu t * “max(u).

*e (0,«), t€ Jou « )|

e («m*). *6 to.W «)]
«=0,16[0,a2]
0, u=a, te[0,ai]

(2.2) F(u,t) = sO

3pecb u HUWXe F(ABCD, n, ) = F(u, ). 3HaueHue F(u,t) paHo O npu < O u paBHO

1npn > tmax(w), MpYsM

taana e (o]
al ﬁ']ﬁa1 neé [x,y\mpa
(2.3) —n ain(adig) + mE [y
az, u=20
ail n=a

M3 (2.3) nerko 3ameTuTb, 4TO Wax(«) HeipepbiBHAsA PyHKLUMS Ha S1, cnefosa-
TeNbHO, eCNy Mbl VMEEM BeNMYMHbI tmax(u) mapannenorpaMma Ha BCHOAY MAOTHOM
MOLMHOXECTBE U3 S1, TO MOXHO eJMHCTBEHHbIM 06pa3oM BOCCTaHOBUTbL tmex(u) Ans

no6oro HanpasneHna n 6 S 1.
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3.4oka3aTtenbcTBa (2.1;-(2.3)

Bblumcnivm KoBapuorpammy napannenorpamma ABCD gnsa HanpasneHuii n 6 (0,a).
Ecnu nHTepnpeinpoBaTh TOUKM napannenorpamma ABCD BekTopamu B pesy/ib-
Tate Mbl noayymum napannenorpamm AtuBtICtuDIlv. Mycte ABCD  AiuBtuCtuDtu
COAEPXMUT BHYTpPeHHME TOUKU. Touku nepecedeHns ABCD un AtuBtuCtuDtu Ha cTO-
poHax AD n AB o0603Hauynm ueped E K F CcOOTBETCTBEHHO. PaccMoTpum npsamble,
npoxogawme yepes To4kn E v F 1 napannensHble HanpasfeHWo W, Torga nepece-
YyeHne 3TUX MNpAMbIX co cTopoHamn CD u BC o0603Hauum, cooTBeTcTBeHHO £fU u
Ftu. /lerko 3ameTuTtb, Yto EEtu = FFtu = . 3HayeHne KoBapuorpamMmmsl B tv pasHO

nnowaan napannenorpamma AF Ctug\
(3.1) C{tu) = SafCiuB = AF AE sinlFAE

Jlerko 3amMeTuTb, 4TO AE = —ED, AF = aj —FB H ZFAE —a.
MoxHo Halitn ED us AEDEtu. AEDEtu = n—a, ZDEtuE = a —u. Mo Teopeme
CUHYCOB VIMEEM

ED _ sin(a-u)rr = tsin(a-u)

82) a sina
Haigem FB n3 ABFFt,. ZFFt,B = «, ZFtuBF = T —a. Mo Teopeme C/HYCOB

nony4vyaem

(3.3 . .
sina sinq

MoacTasnas (3.2) u (3.3) B (3.1) ans kaxgoro n € (0,a) nonyyaem

M.4) G(Eu )_ il'[]'ﬂ's'l'sr_]fl(i?":""')'% — + alsin(a - u)jt +

Bbluncnum koBapuorpammy ABCD pgna Hanpasnewuid n 6 (a, s-). MycTb BekTOp,
KOTopbI/i 06pa3yeT yron u ¢ nyyom AD o6pasyeT yron u' ¢ nyyom DA. Tak Kak
m 6 (a,7), To n' e (0,77 —a). 3T0T cnyyain 6bIN PaKTUYECKM pacCMOTpeH (ec-
nn paccmaTtpusate DA Kak Hy/neBoe Hanpas/iieHWe, a B KayeCTBE MOJIOXMUTENbHOrO
HanpaBneHWa B3ATb Hanpas/fieHWe N0 4acoBOW CTpenke), 3gecb BAD 3ameHeH Ha

ZADC = m—a. CnepoBaTtensHo, ana un 6 (a, 7r) ICNOb3ys COOTHOLWEHME N' = TT—U

nony4vaem
sinusin(u-a , - y .
(3.5) C(tu)» -------- ,---(-------)-1 — + ai sm(u —a))t + sin a.
sina
Nerko 3ametutb, 4yto C(t0O) = sina —aiisiua, u C(ta) = — ».
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Mockonbky C(D,tu) = + «)). TO Mbl NONYy4YaeM KoBapuorpammy napan-
fnenorpamma ans Kaxgoroun 6 S1.
Ecnu ABC D nAtuBtuCtuDtu He umeeT BHYTpeHHUX TouveK, TO C( ) = O (AcHo, 4TO
tmax(u) = min{* > 0; C(tu) = 0}). C gpyroi ctopoHsbl, ecnn ABC D nAtuBtuCtuDtu
MUMEET BHYTPEeHHME TOYKM (Toectb < W M ). 10 C( ) > 0 u cnpasegnuso (3.4)
unu (3.5). Tak Kak KoBapuorpamma HenpepbiBHas PYHKLMSA, TO HAUMEHbLUWIA U3 KOp-
Heln (3.4) n (3.5) coBnagaet ¢ tmax(u)-

3 Teopembl Bueta cnegyet, 4to KopHamu (3.4) asnawTca A YoM fa

amsina HiD cf -

KOPHAMU ’(353 asnaTca “Binh® n agp24j
Haiigem <mox(u). gna u 6 (0,a). HepaBeHCTBO 3KBMBANEHTHO

a2sinu < oisin(a - tx) = oi(sina costt- cosasinu),

pasgenss obe 4acTu KOTOPOr0 Ha Sin a Nosly4yaem 3KBMBaNeHTHOE HepaBeHCTBO cotu >
ai®hor + cota, otctogaun 6 (0,arcctg( j» + cota)]. Micnonb3ys Teopemy CUHYCOB

B ACAD u Toxgectso 1+ cot2x = nosy4yaem

513.6) X = arcctg\ggm : j cota )

oTclofa cnefyet

(3.7 W »> = “
-fcr*

Havigem tmax(u), ana u 6 (a,7r). HepaBeHCTBO °>p°a < 3KBUBA/IEHTHO
1 > aisin(u—a) = oi(sinncosa —cosusina),

paspendsa 06e yacTtu KOTOPOro Ha sina nony4yaem sKBMBa/leHTHOE HEPABEHCTBO cotn >

“rta ~ a.rina orctogau 6 (or,arcctg(cota - --~na)l O603Hauum ZADB yepes yr.

Mcnonb3ys Teopemy cuHycoB B C+ADB u Toxpaectso 1+ cot2y\ = yi, nonyvyaem

(3-8) yX = arcct% [— cota)]
aisma

Tak KaK y = - yn TO UCMONb3ya TOXAECTBO arcctgr + arcctg(-z) = «ku (3.8),

nony4vaem

3-9 = arcctg (cota --—--—--- — A
e Y g{/ aiswal/
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CnepoBatenbHo, 13 (3.9) nmeem

(3.10)
<1l-) ~ W W
M3 (3.7) n (3.10) nonyuyaem (2.3).
Takum o6pasom ucnonb3ys (3.4), (3.5) n (2.3) nonyyaem (2.1).
OugpdepeHunpys (2.1) nonydaem

| 2/ci*-  sinu- oisin(a -u), ne (0,a), € [0 imax(u)]
-2/tif - sinu - Oismfc- a), wue (a,71r), 6 [0,tmsx(u)]

«1sina, u=0,te [0, ]
sina. n=a, € [Oai]

CornacHo (1.5) n (3.11) nonyyaem WKUPUHY NnapanaenorpamMmma

(3.12) b() = !a2sinu + aisin(Q- u» wune [°.Q
0 +0 1(-0), wm6[a,;r]

M3 (3.11) n (3.12), ucnonbsysa flemmy 1.1 nonyyaem (2.2). 3gecb U HUXe b(n) =
b{ADCD,u).

W3 (2.2) sicHo, 4TO 3aBUCALLAs OT OPUEHTAWLW YHKLMSA pacrnpefeneHns annMHbl Xop-
[bl MeeT NpaBOCTOPOHHWIA pa3pbiB B TOuke = tmnx(u) moyTn gns Bcex u 6 S1.
BeposATHOCTb TOrO, 4TO CAyyvaliHas NpsMasi B HamnpaefieHUW W 06pasyeT xopay Anu-

HOW tm»Xx(«)i paBHa

alsinfor—y)—ap vin u

ai8ln(o— )+aobinu*
sinu—ai sin

a,qsinm+aisin|&f£3 ne [x,a)

aj sin n—ai sinl

ag sin n+ai sin U—@} neé (ar y]
1 ini )

w6 il

ai aim +apgblnu >

1. m=0a

ne (o,i]

(3.13) P(xbl = tmax(u)) = <

rae x(n) ecTb xopfa o6pasoBaHHas cny4vaiiHOn NpsiMOi HanpaBneHUa U. Ha pucyHke
1 n3o6paxeH rpatnk BepoATHOCTW TOr0, YTO CAyyaiiHas npsMas B HanpaBneHUU U
06pasyeT xopay ANMHOWK £max(u) 4NS napannenorpaMmma c napamerpamu oi = 1, =
2,a = 7r/5. Kak BUAHO 13 rpaduka npyu n coBnagatoLieid ¢ HanpaBneHNAMU CTOPOH

napannenorpamma P(x(n) = <max(u)) paBHa 1, a B nanpaBneHuu guaroHanei - 0.
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PUC. 1

4. YHKUMA PACMPEAENEHVA OJINHBLI XOPAbI ANA MAPANNIENOTPAMMA

Myctb 0i < 1 a< . OGO3HauYMM AuaroHanu napannenorpamma yepes d\,

(di < ), aBbicoTbluepes hi, (hi < ). Jlerko BbIYUCNNTb, 4yTO
4.1) di = (a?+ - 20ia2co3a)*

(4.2) da = (a? + a2+ 2aia2cosa) *

(4.3) hi = aisina

4.4) = sina.

W3 (3.6) cnegyeT, 4To coOtx = cnefoBatefibHoO, NCNonb3ys (4.2) n (4.3)

nonyyaem 1+ cot2xx=  +°afakYa@a® = xf OTcioga

hi
4.5 BLUX =
(4.5) @
i +
(4.6) cosa: = al cosda:

(4.6) uMMeeT MecTo Tak Kak X < % (nocrefHee BbITEKAET U3 MPEANONOXEHNUs a < ).

N3 (4.5) n (4.6) cnenyet, uto

4.7 gM(a x)\ = _

(4.8) cos(a-x) = cosa + ai
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Wa (3.9; cnepyet, uTto coty = . CnefloBatenbHO, ucnonb3ys (4.1) n (4.3)
nonyyaem 1+ cot2y = a* a* ? i\@awa = OTclofa
(4.9) sinj/ = ~i
“1
(4.10) cosy = 238
“1
(4.10) BbIMO/IHAETCA TaK KakK cosor < n cosy < 0 (mocnefHee BblTeKaeT u3

npegnonoxenmsa A <y < TI). N3 (4.9) n (4.10) cnepyer, 4To
(4.11) sin(y-a) = !Y‘-l
{812 coby - ay = -Blz__cos
M3 (4.1), (4.10) n (4.12) umeem

(4.13) di = aicos(y - a) — cosy
N3 (4.2), (4.6) n (4.8) nmeem

(4.14) d- = oi cos(a —x) +

M3 (4.1) AcHO, 4TO HepaBeHCTBO di > 0i 3KBMBa/IEHTHO HepaBeHCTBY  —2ai cosa >

0, cnepgoBatensHo, 13 (4.3) u (4.9) nony4yaem.
Cnepcteue 4.1. Cnefylowme Tpu HEPABEHCTBA 9KBUBANEH T HbI:
oi<dj, cosot< -—, siny <sina.
J 2al y

N3 (4.1) acHo, uTO HepaBeHCcTBO d\ >  3KBMBA/IEHTHO HEPABEHCTBY ai —2 cosa >

0, cneposatenibHO M3 (4.4) n (4.11) nony4yaem cnegcrteue 4.2.

Cnepcteue 4.2. Cnegylowme TPU HEPABEHCTBA 3KBUBANEHTHbI:
ai . .
< , cosac< 5 sin(y-a) <sina.
M3 (4.12) cnepyeTt, YTO HEPABEHCTBO Y—a > | 3KBUBa/JIeHTHO HEpaBeHCTBY cosa >
Cfef,0BaTeNbHO Nosyvyaem cneacrene 4.3.

Cnepncteune 4.3. Crepylowme 4Ba HEPABEHCTBA 3KBUBANEHTHbI:
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UTo6bl MONYUYUTL BbipaXKeHWe A4na QYHKLMUY pacnpeseneHnsa ganHel xopabsl ana ABCD,

BbIUMCIUM
(4.15) in(1) := uy({s e [ABCD], \n ABCD\ < }). *6R.
Ona atoro npouHTterpupyem b(«) * W ) Ha mHTepBane [0,1r]. U3 (3.12) n (2.2)

nveem
4 * *- 116(01*]1 6[01/\' ]

U £ XIQ)>*6 [0
_ «e (°.»] *6 1°
(4.16) F(u,t)-b(u) = « 6 [y.»), «€ [0,;g"aaj]

, «=0,te o ]
.0, u=o, i6[0,ai]

3HauveHus F(u,t)mb(u) pasHbl b[u) Korgat > “max(u) w paBHbl OKOrga < 0.

Bbluncnum minttnaxiv) mmaxtmax(u) gnsa HanpaeneHuin tt6 [0,s], n 6[x,a], u €

[orny]l v u € [yTr].
Ecnm 0 < m <x, Tosin(a- x) <sin(a- n) <sina (Tak Kak 0 < a < >/2 u sin

BO3pacTaeT Ha uHTepsane [0,7r/2]), cnegosatensHo n3s (2.3), (4.4) n (4.7) nonyvyaem
24.17) u%i)’n*jtmax(u) = " lgta,)i] tmax(u) = <.
Ecnm x < m <a, Tosinx<sinn <sing (tak kak 0 < a < rr/2 u sin Bo3pactaeTt Ha
nutepsane [0,7r/2]), cnegosaTensHo n3 (2.3), (4.3) un (4.5) nonyyaem

(4.18) uéF*i,Qr]<nuuc(n) =oi n ugﬁl?é] tmax(ti) = d2.
Ecnn cosa <M-ma<unm<y, tosiny <sintt < 1 (Tak Kak a < >k/2 < y 1 u3
cneactsus 4.1 siny < sina), cnefoBatensHo n3 (2.3), (4.3) n (4.9) nonyyaem

4.19 min _ tmax(u) = hi 1 max _tmex(u) = dj.

(4.19) (u) [ tmex(u) = dj

uela,v]
Ecnn cosa >N -ma<unm<y, Tosina <sinu < 1 (Tak Kak a < n/2 <y un u3

coiicTBa 4.1 sina < siny), cnefoBatenbHo u3 (2.3) u (4.3) nonyyaem
(4-20) gtérb] tmax(u) = Jli w urgﬁ)y(\/]tmax(u) = oi.
Ecnv cosa > "ny<un<7r, tosina < sin(u—a) < sin(y—a) (Tak Kak sin y6biBaet

Ha uHTepBane PK2, >4 n us cnepctema 4.2 sin(y - a) > sina), cnegosartenbHo us (2.3)

n (4.3) nonyvaem
4.21) min  *m«(«) = di 1 max imax(u) = a2
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Ecnu < cosa < My <mun < T 710sina < sin(u—a) < 1 (TaKk Kak u3
cBoiicTBa 4.3 cnefyet, yTo ir —a < Tr/2 < y —a, a u3 cnefgctena 4.2 cnefyet, 4to

sin/y - a) >sina), cnegoBaTencHo U3 (2.3) n (4.4) nonyyaem

4.22 in_t,atx(u) = " max_ «,," = a2
(4.22) i (u) o ()
Ecnu cosa < My < M < 7, 710 sin(y —a) < sin(« —a) < 1 (Tak Kak u3

cneactema 4.3 cnefyet, uto K- a < Tr/2 <y - a, a u3 cnegcrsua 4.2 cnefyet, 4to
sin(j/ - a) <sina), cnegosatenbHo U3 (2.3), (4.4) n (4.11) nonyyaem

4.23 min tmbx(v) = n  max. <max(u) = di.

(4.23) v) . max(u)

C TOUKM 3peHnsa QYHKLUKN pacnpefieneHuns 4anHbl Xopabl NOy4YuM cregytouine cemMb
Cny4aes 419 napannenorpamma:

1. cosa > jlJ- ncosa > [N<wuy-a>fF)

2. cosa > M cosa < (di<ajuny- a<§8);

3. cosa < mcosa> U (di>ainy-a>|));

4. cosa > cosa < cosa < n sina < (di< a2, ai<diyy-a< 8§
nliz3<oi )

5.cosa > cava < ,cosa < 8wu sina> £ (di<a2, aj<dlity- a<f
n > 0i );

6. cosa < nsina < (dj >a2nlfiz< a\l);

7. cosa < nsina > (di >a2unli2> ai);

5. Cnyuali napannenorpamma Tuna 1

Ecm 0 <t < To ucnonssys (4.17). (4.18), (4.20) n (4.21) gna mMakcuManbHOWA
XOpA4bl, mony4vaem, 4To MHOXecTBO {M :tmax(u) < } (0,7r) nycto. CnepoBaTtencHo,
nHTerpupysa (4.1G) nonyyaem aBHoe BbipaxkeHue (4.15) gna 0 <t < hi

i = [0 xF. tYdu= ¢ 2Sinusinga gy,
Jo Jo 8lna
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B cnyuae < < du ucnonb3ys HepaBeHcTBa (4.17), (4.18) gna mMakcuMMmanbHoM
XOpfbl, NONyYaem Cnefytolliee paBeHCTBO A/ MHOXECTB
(5.2) {u:<mox(u)<*}n(0,a) = 0

Tak Kak hi < < du 10 13 (4.3), (4.9) n cnegctema 4.1 nonyyaem, 4yto a < T
y < arcsin®’¥no < f n f < - arcsina‘an- < ymCnefoBaTe/NbHO, MHOXECTBO
{n:«T0.(M) = <> (¢ coBnagaet ¢ MHOXecTsBOM

. aisina . Oisina
(5.3) garcsm —_—, arcsm -
Lna cnyvasd hi<t<di, ucnonb3ys HepaBeHCTBO (4.21) ANS MaKCMManbHOW XOpAbl,
nosiyyaem cnefytoLiee paBeHCTBO
(5.4) {«:tmax(v) < } [y,M=0
Mcnonb3ysa (5.2)-(5.4) Mbl nonyyaem ABHOE BbipaxeHue (4.15) ans < <di

NUHTerpupys (4.16)

ra Zsinu/s\infa —n) .

M - b(u) X F(urt)du = ———-—--A el tdu
+ 28musm (u a)t(iu+ 8inu+aiM u _ Q))du
Ja Sina
2 sinusin(u —a)
-fi=ercviniL iii sina
. aisi ?sin2
(55} = 2t- (2a —arcsinﬂs-'ia)i cota + 2 t/1--223'"e2

Ana cnyyaa d\ <t < ai, ucnonb3ys HepaseHcTBa (4.17) n (4.18) gna makcumarb-

HOIi XOpAbl, NOAyYaem creaytoliee paBeHCTBO AN MHOXECTB
(5.6) {u :tmaxiu) < <} (0,a) =0

Tak kak d\ < < Bi, T0 u3 (4.3), (4.9) n cneacteua 4.1 nonyyaem, 4to a <

arcsinai<a <7r-ymy<Tr - arcsina>'no < n - a. CnefoBateflbHO, MHOXe-

cTBO {« :<mox(u) = “in 0 < } ( , /] coBnagaeT ¢ MHOX€eCTBOM
It 7\ . oisina . aisina
) arcsin— —",7r—arcsm— -—

Takkakd\ < < ,T0u3 (4.4), (4.11) ncnepcteua 4.1 nonyyaem, 4to arcsin °3*nt>+

a < arcsin +a<ir-y +2a<yuy<n +a- arcsin < T+



KOBAPVOITPAMMA MAPANINENOIrPAMMA

a - urcsin, " < CnepoBaTenbHO, MMOXECTBO HanpaBneHuid {n : tmax(v) =

Jnlu-n) < O 12> coBnagaet ¢ MHOXECTBOM
(5.8) =] _srcsip@ 2sinal

Wcnonb3ysa (5.6)-(5.8) Mbl nonyyaem fABHOe BbipaxeHue (4.15) gna d\ < < a\

nHTerpupys (4.16)

KO = K«)X « «.0* .-
0

Yo smQ

r ,,ini? 2s.nusjn(u_ r+a.” in®
+ [ e Frmmmmmem—en tau+ / . (aosinu + aisin(w —a))au

n, sina Tscl@ suasa

2siny5In(y - a
f ysin( - a), .
r+a-arcsln £*41° 1a
(5-9)
/ . aisina . axsinaw | a?sin2a | ?2sin2.<

= 3t—(%a-arcsm — - arcsin— — E5tcota+a|y 1 ?1 % 1— -N—

[ns cnyvas aj < < a2, ucnonb3ys HepaBeHCTBO (4.17) AN MakCUManbHOW XOpAbl,

Mosyyaem crieflytolliee PaBeHCTBO AN MHOXECTB

(5.10) {n :tmax(«) < O (0,x] =0

N3 (4.3), (4.5) nar < < a2cnepyet, 4to i < arcsin < arcsin °*%na < a u

T—a < m—arcsin M "" < T—arcsin® . CnefobATeNbHO. MHOXECTBO

{ etmax(tt) = “* 70< ) [i,a) coBnagaeT ¢ MHOXeCTBOM HanpasfeHuni
1 1ci N

{giﬂ farcsmﬂs'-rl—%-,a |

Ons cnyyasaj < < , ucnonb3ys HepaBeHCTBO (4.20) ANA MakKcUMalbHOW XOpAbI,

nosyyaem crefytollee paBeHCTBO AN MHOXECTB
(5.12) {n :tmax(u) < } (a,y] = (a,yl]
Tak Kak a\ < < 02, 70 u3 (4.4), (4.11), cnegcteum 4.1 n 4.3 nonyyaem, 4to 2a <

arcsin + a < arcsin +a <y,
. az2sina ,, .. a2sina
T+ a —arcsin--—--- —---<"TT+ @ —arcsin----------- <'n
Oi
CnepoBaTenbHo, MHoxecTBo {u :tmaa(u) = o’n(u-a) < *} [2.") coBnajaer ¢ MHo-

>X€CTBOM HanpaBneHui
a2simaN

(5.13) y, T+ a —arcsin )
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Mcnonbsys (5.10)-(5.13) 1 uHTerpmpya «.«B. »» P >™ (C415)
Aol < <

- narcein °1 23i|'|L||Bi|'|(a — )td

A@4)= 3 b(u) xF(u,t)du = Jo sina u
Jur+a-agogiiv- 2
+ ( sinu+O!sin(a—u))d«+ / (<2sinu+fll sin(u-a))du
MrciaSJn

, T 2sinu8in(ti-q)™, = 2ei + t

N+a-arbl n? 8IMa
(5-14) ; | -—
-(a + arcsin a,siha : N oresm— — )icota + aiy 1- + o2y I
Onda cnyyas < <da, u3 (4.4) n (4.7) cnefyert, 4to 2a - X - W< arcsin +
a-7r<2a-1r<0mn0<a - arcsin®°2 < X. CneposaTefibHO, MHOXX€eCTBO
HanpasneHunii {« :ima*(u) = < *} (0,*] coBnagaet ¢ MHOXeCTBOM

/ .

(5.15) (0,a-arcsm— )
Onsa cnyuvas < < ,u3 (43) n (45) nmeem, 4yto x < arcsin a9 <awu
a< T—Q <mr—arcsinaiXXga < ,o CnepoBaTefnibHO, MHOXecTBO { =

< } [i,a) coBnagaeT c MHOXeCTBOM HanpaBfeHui

( ansina \
(5.16) (arcsin— —.a)

Onqa cnyuas < i < d2, ucnonb3ys HepaBeHcTBa (4.20) n (4.21) ana MakCUMasbHOW

XOpfAbl, MOMy4aeM CredytoLlee paBeHCTBO A1 MHOXECTB
(5.17) (n :tmoafu) < O (a, 7 = (a, ™
Mcnonb3ya (5.15)-(5.17) nHterpupys (4.16), Mbl nofyyaem asHoe BbipaxeHue (4.15)
ans < <@
na-arcain 3 "°
[*(*) = \] ) * P(Uit)du =J ( sinu + oisin(a - u))du

..blBai®a- 28inusin(Q_ u)
+ / Ly, e Nl R tou+ / ( sinti+ oisin(a —u))dti
Va-urcein™™i Sina Yarcain YIt—

+ J/ (azsinu + aisin(u-a))du
a

— 05 .1 * 1Si i
—%Hik9- ¢ —/(arcsr'n gsil_n__q__ arcsm 9-2-5-:-0-9----21)”[ cota
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(5.18) _bM - sin2a _@" a2sin2q

Takum o6pasom, u3s (5.1.)« (5-5), (5.9), (5.14) n (5.18 nony4vaem BbipaxkeHune QPyHKL NN

pacrnpegeneHua ANWHbLI XOpAbl ANA napannenorpamma tuna 1.

6. OcTtanbHbie 6 TUNOB NapannenorpamMmmMmos

AHanorMyHbIMun paccyxgeHvamm, ucnonosys (4.1)-(4.23) n cnegctens 4.1-4.3 nony-
yaem BbIpaXeHUs PYHKUWIA pacnpefeneHns 4AVWHbI XOp4bl ANS napanfienorpammoBs
TMNOB 2-7. OTMEeTUM, YTO PYHKLNW pacnpegeneHuns AAnnbl XOPAbl BO BCEX 7 CAyYanx
ABNAIOTCA HENPEPbIBHBIMU DYHKLNAMMN.

MpaMOyronbHUK SBNAETCA MapannenorpamMmom Tuna 7. MogcTtaBnsas a = Tr/2 B Bbl-
paxkeHue ana QYHKLMW pacnpefeneHns ANUHbI XOpPAbl ANA napannenorpamma tmna
7 nonyvaem ]>e3ynbTat paboTsbl [7] 4ns npsMoyronbHuKa. Pom6 - mapannenorpamm
Tna 2 unm Tuna 6 (3aBucuT oT TOoro, yrons0<a < | wm | < a < |). MNoacras-
nas a\ = B BblpaXeHue PYHKUUN pacnpefeneHna AAUHbI XOpAbl TuNa 2 uam tuna
Gnonyyaem pesynbtat pabotel [8]. B yacTHOCTM, ABHbIN BUA PYHKLUKX pacnpegene-
HUA paliHbl xopabl Fo(t) ana kBagpaTa MOXHO HaiTy B [11]. BBegem 0603HayeHus
b =

[ na napannenorpamma Tuna 1 nonyvyaem
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Anda napannenorpamma Tuna 2 UMeem

0,
5p (2 + (T—2a) cota),
-L (2 - 2(a-arcsin”-) cota) +
N(2- (8-+ 2a- 2arcsin™- 2 arcsin”) cota) + + $%$k2,
3"(3 - (3a- arcsin - arcsin ) cota) + jfeki + ffcfc2,

+ ™ (i _ (q+ arcsin - arcsin *f) cota) + fifcki + jfek2,
1_ “ (- (a- arcsin™ - arcsin ) cota) + +Jdnr2’

Ona napannenorpaMmma Tvna 3 OKOHYaTeNbHO MOy4Yaem

o,
5A(2 + (9--2a) cota),
(2- 2 (a-arcsin™t)cota) +
5d + Id*i>
+ sb (1~ (a + arcsin
1- g£j(l- (a- arcsin
u,

) cota) + -jjfcki + jfekz,
) cota) + + jjfck2,

- arcsin
- arcsin

[ ns napannenorpaMmma tuna 4 uMmeem

0,
57 (2 + (77 -2a) cota),
N(2-2(a-arcsin”)cota) + fgfci,
(2- (A+ 2a- 2arcsin -2 arcsin”) cota) + ~
_ AblI7L- 2arcsin®)cota + + |MA 2,
31$+ rotl- (Q+ arc8in a)+ $fc*i + 5fefc2,
1- abll- (* - arcsin )cotQ) + b Ki + $bk2-
I 1»

+ Nk 2,

- arcsin

[ns napannenorpamma Tuna 5 noayyaem

gfe(2+ (a ~ 2a) cota),
g™(2-2 (a-arcsin®-)cota) + ~fci,

ffe + W2kh

WS- m(* - 2“ csinn?) cota + fgfci + MA 2,

%6+ 3bl 1- (“ + AN~ arcsin Af) cota) + ffefci + JfeA*.
1- ab(l- (a- arcsin - arcsin ) cota) + -jfcki + jfck2,
1*

32

<0
0< <
i< <
nR< <d
di <t<oi
ai <t<az?
a2<t<d2
t>d2

*< o
0< <hi
hi <t<<
ai <t<di
di <t< a2
a2<t<
t>d2

<0

0<
< <
h2<t <ai

ai <t <di

< hi

di <t<a?2
a2<t<d2

t>

<0
o< <hi
hi < <
oi <t<h2
h2 <t<di
di<t<a2
a2<t<d2
t> d2



KOBAPVOITPAMMA MAPANNENOTPAMMA

Puc. 2

B cnyuyae napannenorpaMma Tuna 6 uMeem

0,
(2 + (- 2a)cota),
(2 - 2(a- arcsin~k)cota) +
50(2- (8-+ 2a - 2arcsin —2 arcsin ~1) cota) +

life  u5(tr 2 arcsin™l)cota + u8A:i + $£fc2l

1 sfc(2+ ~ 2a)cota) + + |jEfc2,
1- gg(l- (a- arcsin - arcsin”) cota) + ffckx + gfefc2,
1,

B cnyuae napannenorpamMma Tuna 7 UMeem

0,
50(2 + (Tr-2a)cota)l
5~(2 —2(a - arcsin”) cota) + fgfci,

& + &*1I:
Sft- _ 2“ [I3N13 )COta+
1 abl2+ 2a)COta)+ Id*! + SDfe-

1 ab(l- («- arcsinit - oican ) a) + jfek-i + " k 2,

u.

<O
0< <hi
\< <
<t <ai
<u<t< a2
a2<t<di
di < t< d2
i>d2

<0
O< <hi
hi<t<ai
ox < <
< <az2
a2< <d\
di < <
> d2

Ha pucyHke 2 nszobpaxeH rpadvk GyHKLUM pacnpefeneHns 47vHbl XOpAbl napanie-

norpamma Tuna 3 ¢ napametpamu ai = 1, a2= 2, a = Tr/5.

Abstract.

In this paper we obtain the explicit forms of the covariogram and the

orientation-dependent chord length distribution function for any parallelogram. The
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explicit form of the chord length distribution function for a parallelogram is also

obtained.
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1. Beepgenue

MycTb N - nNpou3BOAbHOE HaTypasbHOe uncno, to GT := [-7r,7r] - NpoM3BO/IbHOE

[eACTBUTENbHOE YMCHO, U
ar )
(1.1 Mn=2N—1, U=t0+ihN, t=0,+1,+2-—

Lna 27T-nepuognyeckoid, MHTerpupyemoit no Pumary Ha T dyHkuum / yepes /\-(/, X)
0603HaYNM eANHCTBEHHbIA TPUTOHOMETPUYECKUNIA NOSIMHOM BUAA:

nN N N
(.x)=—+ cosux + b?sinux) = einx,
== V=N

KOTOpbI/ coBnagaet ¢/ B Toukax  (cm. [1], rn. 10):
(,)= ) 1-01. .2

Toukm ti HasblBalOTCSA (DYHAAMEHTA/IbHLIMW UM Y3M0BLIMM TOUKAMU UHTEPMONSILWN.

Ecnn 0603HaunTL Yepes
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A4po Aupuxne, ToO UMeeT MeCTO criegytollas hopmyna
2N 1r
IN(f,x) = m=r/t~ -
roe b2nr+i(*)  HempepbiBHaA cneBa CTyrneHYaTas QyHKUUA, nMelowas ckadkn hN B

TOYKax
K03t (huLMeHTbl UHTEPMNONSLWOHHOTO NofMHOMa /,, (/) HasbiBaldTCs KO3((ULNEH-

Tamu ®ypbe-JlarpaHxka U onpeaenstoTcs cefyowumMu GopMynamu:

== o, B=" et

cZ = £-J/M(t)e-+*du2N+i{t).

YacTnyHble CyMMbl MHTEPNONALMOHHOIO Mo/IMHOME» UMetoT Bug (71 = 0}12..., IV)i

W/,x) =4 +Y2(°u 003" 8IM/I) = ~ / J(OAT(* - HANRWH ().
=1

MMeeT MecTo CrefytoLmii aHanor XopoLo W3BeCTHOI TeopeMbl Aupuxne-)XopgaHa

([1], rn. 2) o cxogumocTmn pagoB dypbe PYHKLMIA OrpaHNYeHHON BapuaLum.

Teopema 1.1 ([1], rn. X). Ecam, yHKUMS  MMeeT OrpaHWYeHHy Bapuauuio Ha
oTpeske [,7r1, Torga { ,Xx) cxoguTcsa npun —Vco,N > n Kk f(x) B Ka>Kaoi
Touke x 6 T, rae dyHkuma / HenpepbiBHa. CXOAMMOCTbL PaBHOMEPHA Ha Ka>KAOM

0Tpe3Ke HenpepbIBHOCTY (yHKUMK f .
B pa6ote [1. BatepmaHa [2] 66110 BBe4eHO NOHATME J1-Bapuaunm QyHKLUN.

OnpegeneHne 1.1. MycTb {Aa} - HeybbiBaloLlas NOCneA0BaTENLHOCTb MOAOXKM-
TefbHbIX Ynicen, Takasa uyTo pag £ A 1 pacxoguTcs. J1-eapuaumein pyHkumm f(x),

x | Ha OTpeske 1 BELLECTBEHHOW OCM HA3blBAETCA CredytoLias BeAMymnHa:
VA(f,I):=aup”™JM

rae sup 6epeTcs no Bcem cucTemam {/n} monapHo HemepecekawLWMXcs MHTEPBaIoB
mal, n/(R)=1(/3)- /(a) ecm [ = (a, 0).
O603HauMm

KBV = ABV(l) = {/ : VA(f,r) < oo}.
36



CXOAMMOCTb ABYMEPHbIX TPUTOHOMETPUYECKNX MHTEPMNOAALMOHHBLIX ..

B uacTHoM cnyyan, korga A, = n, knacc ABV HasbiBaeTCS KracCoM (OyHKLUIA orpa-
HUYEHHOI rapMOHMYecKoii Bapuauum n nuweTcsa Vu(/.1) n HBV BmecTo Va(/, 7)
MWABV COOTBETCTBEHHO.

Teopema 1.1 6bina 0606LieHa [I. BatepmaHom v X. KcuHrom [3] gns knacca yHK-
LMiA C OrpaHMYEHHOW rapMOHNYECKOI BapuaLmeil.

Teopema 1.2 ((3]). Ecnn pyHkuma f nmeeT orpaHMyeHHOE rapMOHUYECKOE M3MEHe-
Hue, Torga 77 (i, f) cTpemMaTcs K /(X) B Ka>KAO0W TOUYKe HENPepPbIBHOCTU (DYHKLMM

S. CXoaUMOoCTb paBHOMEpPHa Ha Ka>KAOM OTPe3Ke HenpepbiBHOCTY (PYHKLWN }.

B ABYMEpHOM c/lyvae CX0AMMOCTb Mo MpuHTCXeliMy pagos ®ypbe QyHKLMIA orpa-
HWYEHHO rapmMOHMYecKoi Bapuauuy 6bina fokasaHa A. CaaksaHom B [4], rae npu-
BefieHbl onpefiefieHne U OCHOBHbIE CBOWCTBA rapMOHMYECKOI Bapualuun B ABYMEPHOM

cnyyae.

OnpegeneHue 1.2. MycTb f(X,y) 2>K-nepuogmueckas PyHKLMA MO Ka>KAOA nepe-
MeHHOA. Ona uHTepBanos | = (a,b), A = (a,/3) nono>kum
YMI:IxA)=8PE 1 & M
K
rge sup 6epeTcsa no Bcem cuctema.ki {/,, 37~ xu { nonapHO HenepeceKaroLmx-

CA UHTepBanos U3 | 1 A COOTBETCTBEHHO, U
(1.2) /(/,B):=1I(a,a) - /(a,0)- Ab,a) +/( ,0).

[BymMepHas rapMoHuueckas Bapuauus yHKUMN  Ha NpsMoyronbHuke | X A onpe-

JensieTCs CnefyoLmm obpasom:
VhU,I X0) := W f\Ix A) + sup Vx{f(x,y0),1) + sup W(f(x0,y),A),
J/oEA *06/

roe VX u Vy - 0HOMEepHblE rapMOHMYECKMe BapuaL 0 THOCUTENbHO NePeMEHHbIX X
My COOTBETCNIY* MHO. Knacc pyHKUMIA OrpaHnyeHHO rapMOHNYECKO Bapuayun Ha

npsimoyronbHuke | x [ o6o3HavaoT vepes HBV = HBV (I x 4).

B gaHHOI CTaTbe A0Ka3biBaeTCs Credytollas TeopemMa O CXOAMMOCTU YaCTUUYHbLIX
CYMM TPUTOHOMETPUYECKUX UHTEPMONSALMOHHBIX NMO/IMHOMOB A5 (hYHKUMIA ABYX ne-

PEMEHHBIX C OrpaHU4YeHHOl rapMOHWYECKOl BapuaLmeil.
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MycTb y3nbl  onpegenexbl Kak B (1-1), n

(1.3) = =3+W Ti' =
raoe M - HaTypanbHoe uucno, n a0 £ T. [ns 3agaHHol dyHkumm /(*,y), (*,y) 6 R2,
2Tr-NEepPUOANYECKOI MO KaXX 0l NepeMeHHON, CyLLeCTBYeT eAUHCTBEHHbIV TPUrOHOMET-

pVI‘—IeCKVIM Mo/ INHOM

w/.*.»)- E E

ir=—N
KOoTopbIii coBnagaet ¢/ B Toukax (- ):

= ffaraj)> *=0,1,...,2N, j =0,1,

YacTuyHble CyMMbl 3TOro nonnHoma umetot Bug (n=0,1,..., N, T =0,1,..., M):
«</.*) - E E.
n— [i=—m
(1.9) = ,74-, I f(t,s)Dn{x-t)Dm(y - 8)dusN+: (t)dw2M+i{s)
= /nA\J[tlf(x +t,y +8)Dn(t)Dm(s)dbbN+i(t)d&2M+i(s),
roe [+ () = «2n-+i(a: + 1), +( ) = c*m+i(v + ) OCHOBHbIM pe3y/ibTaToM

HacTosLLEel paboTbl ABNSETCA Cheaytollas TeopemMa.

Teopema 1.3. MycTb yHKumas € HBV (T2) unTerpupyema no Pumany. Torga B
Ka>K Aol TOHKe (X, y) 6 T2, rae cywecTBYOT npeaensl no keagpaHTam f(x 0, /+0),
MMeeT MeCTO ClefytoLLiee paBeHCTBO

(1-5) nm‘ooW (f *.»)-jE/(*£0,yx0) (N>n, M>T),

npy YCNoBuW, YTO OTHOWeEHUA N/n 1 M /T paBHOMEpPHO orpaHnyeHbl. Ecnn f Hempe-
pblBHA HA OTKPLITOM MHO>KecTBe E 6 T2, TO CXOANMOCTb PaBHOMEPHA Ha Ilo6oM

komnakTe K C E.

2. BcnomoraTtensHble pe3ynbTaThbl

B ganbHeiwemM Mbl Yepe3 C 0603HaUMM abCONMIOTHBIE NMOCTOSIHHbIE, KOTOPbIE MOTYT
GblTb pasHbIMK B PasHbIX (hopmynax.
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Nemma 2.1. NycTb and HaTypansHoro N u (0 € T, ToHkW, , onpefeneHsl B (1.1),
ml<n<N. Torga,
K
Y sinnti i
nh,\> I<j<k<2N.
<3
[ nsa nokasatenscTea 1eMMbl LOCTATOYHO YMHOXUTb 06 CTOPOHbI HEPaBEHCTBA Ha

sin A M ucnonb3oBatb HepaBeHCTBO Sin > £ (0< < ).
Nemma 2.2. Ecnn € ABK([a,b]), [a, ]¢ T, Torga
) J\N(t) dw oNH@E) <Cc - (va(r, [ab]) + iipiicym],) .

JokasaTenscTBo. O603HaUUM +1,..., }={i6N: € [a ]} bes
OrpaHNYeHnst 06LLHOCTU MOXEM CUUTATb, YTO [a, 6] C [0,7r], n uTo tmi > 0 (nonaraem

= ,ecim = 0). MNMpumeHunB npeobpaszoBaHne Abens, 6yaem UMETb:
ma

£ otk sin ntfc. sinntfc
fe=mi tk *=mj+ tk '
Lo\ Timi o fatl)l =
+ UMY —— AN ;o 91 _gfarl) sinntj
i kil @0 WO oy
7 . .
N™m2) sin ntj sin nt.m|
Ta tmi

0O603Ha4mB nocnegHve cnaraemble vepes li,h,h, cydetom nemmbl 2.1 6yaem umeTh,

4yTo

< IS ICQO,b)N= 2721 yIIP 100N <2s-|jp||C(laib])

A IbICLUab) T < IFIIC(a DA 27V+ 1
h < s Tihf] T on WS IICos])-
Ta—% ) K
M-2)< n* £ gfa) - gfa+i) _ £_ ginnt.
K—my+1 /A
Ta—1
| . AT
+ W 52 5(h+q - sin 7ify
fe=mj +1 ("+1) ifetl j=mi+|
Ta—1
+ MMic(fabl) 5Z ., T < C Ml (V/f(g,[a, 1)+ llgllc([ab])) *

fe=mi*fl
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Cymmupys HepaBeHcTBa (2.2), nonyunm (2.1)-

Nemma 2.3. AycTs Rx,y)\, Axy) © Iﬁlzﬁl\y’\(i'l'?) {} W& KaOK/OM NpsAMOYronbHuKe
peweTKN PYHKUMSA A 3aBUCUT TOMbKO o+ X WMAM OT Y. Torga

N M C(f, g
Il fix +t,y +s)g[t,a)” -eimtduzt/+i(t)dubM+i(«) m  Iniw
AN MobbIX i,j/6 T, 1<n <N, 1<tn<M.
[JokazaTenbcTBo. O603HAUNM
F(t,s) = f{x + Ly + s)$(t, s), X9 = F(t, s)—— duzaN+i(t).

CornacHo Teopeme 2 13 [3], umeem, 4To
J7~s)eim,duzM+\{a) < NNV anD)

[na nonyyeHns OLEHKM rapMOHMYECKOro msmeHeHua Va(®, T) paccmoTpum Bapua-

LIMOHHYO CyMMY ip Ha uHTepBanax {4*}*0= (at, /1)i°m

'"SE T U&) =E T AF(*A>" " (ak)— dpN+1() =
*:l*'-l-
E A) - afo)]l— =J™"m dubN +i(t),
rae
A fl
# ) = E iN n)-~,72)] <*=3

3 nemmbl 2.2 BbITEKAET
. . 2T 4-1
m=]jTm du 2 N+i[t) <cx”*(yH(AT)+mM cC).
MoBTOpSAs OLUEHKM 13 fOKa3aTeNbCTBa 1eMMbl 2.1 u3 [4], nonyumm:
| <™ — C(ls),
YTO M 3aBepLUaeT JoKa3aTe/bCTBO fIeMMbl 2.3. O

Nemma 2.4. Ona npoussonbHOW (yHKumm / 6 HBV(T2) u e > 0 cnpasesivso
COOTHOLLEHNE:

IN'Mif X'V) —- JJ f(X +1,y +5)— — B—A— dw2iv+(E)dw2M+i(s) +o(l),

rae o(l) cTpemuTcs K O paBHOMEPHO Ha KBagpaTe T2, korga n, T -¥ 00 Tak, 4To

OTHOWeEHNA % 1 £ paBHOMEPHO OrpaHUyeHbl.
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[JokasaTenscTBo. 3anuwem sgpo Oupuxne Dn(t) B cnegytollem Buge:
Dn(t) =--- + () +1 05 , t6 [T
raoe
o) = ,ay '“ 7 0< M< 5(0) = 0.
CornacHo (1.4), nmeem, 41O

1
ﬁw*y# f(*+ty+s) -2 dw.2,+I(t)dZ2M+I(S)
rr

. sinnt sinms ]
+ [ (i +fy+s)— d%2N+I{)< Af+i(s)
w—ir */e<|t|<ir * a

fl f sinnt Sinms<z‘>2N+ltd 2M+H

+ X +t,y+a)- U=, H (S

Je<\>\<* J&t\< y ) a ® )

sinnt .

AU N s a) g(s)sinms+ - COSMS  de>2N-+\(t)dW2M-+ 1(s)
—=]

+f f f(* +t,y +a) sinme g(t) sinnt + ~cosnt fNRWH (t)AM + 1 (5)
J—iFJ—gt ’

rlit orif
+ I \] f(x +t,y +a) g(t)sinnt + - cosnt

p(s) sinMs + COSMS  <fc>2N+H (t)dui2M+I (s)

6
= J[ r/ix+(y+9 ~ — + (Ne 1+1()+" W (x,y).
StJ-t t s p=!

[loKaxxeM, UTO B YCNOBUAX NEMMBbI,

(2.3) FI,HECO/TM*(*'V) =0, p=1,234,5

paBHOMepHO MO (X, y) € T2, N >n, M > T. B cnyvasx p = 1,2,3,4 310 cnegyet us

NemMmbl 2.3 Npu COOTBETCTBYHOLLEM Bbl6ope dyHKLMKM g(t, S). Mpu p = 5 COOTHOLLEHME

(2.3) BbITEKAET U3 CNefyoLero yTBepXAeHMS.

YTtBepxpgeHue 2.1. MycTto / 6 A([—r,7]2), a hyHKUMA 4 orpaHnyeHa. B sTom

cny™iae koahmumeHTbl dypbe-NlarpaH>ka pyHkuum F(t,s) = f(x + t,y + s)g(t,s)

paBHOMEPHO Nno X,y € [, 7r]2 cxogaTcs K 0, Korga nm, Tn —»00.
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YTBepX/AeHMe BbITEKAET M3 TOr0 akTa, YTO Mpu ero ycnosmax yHkuumn F(t,a)
paBHOMepHO R MHTEerpupyemsl HO X,y 6 [ Tr.Tr]2. OnpegeneHvie NOHATUSA paBHOMEp-
HOM R WHTErpupyeMocTy 1 [0Ka3aTesbCTBO CXOAMMOCTU KO3((ULMEHTOB B OfHO-
MepHOM cnyyae faHbl B [1], rn. 10. B agBymMepHOM Ciydae BCe CYX[EeHWS OCTaroTCs

HensMeHHbIMU. A
Cnegytolas nemma 6bina gokasaHa B [4].
Nemma 2.5. MycTtb/ 6 HBV{D), D=1 x4 CT2
a) Ecnm B Touke (x,y) 6 D cywecTsyeT npegen/(x+ 0, y+ 0), Torga
HLVul, (1 +€) * (v, Y+ ) = 0
b) Ecnu dhyHKumMa f HenpepbiBHA HA OTKPbLITOM MHOXKecTBe E C D, To Ans noboro
komnakTa K C E
Cl_i;l'o\fﬂ(/, (x—e,x+e)x (y—e,y+e)=0.
pasHOMepHO Mo (X,Y) 6 K.
3. JokasaTtenbctBo Teopemb 1.3
B cuny nemm 2.4 n 2.5 [OCTaTOYHO A0Ka3aTb (4NS OCTalbHbIX TPeX KBafpaHTOB
[OKa3aTenbCTBa aHa0rMYHbI), YTO ANs MobbIX (X, y) 6 T2 ,£> 0 uL> €

n< N<Ln, T<M<Lm,

TO

By M=l [ Tix+iy+ys ™ ()dSW i(s)
rJQ JQ z 3

| 7Y
i/(x +0,y+0) <
rge B - noctosiHHas, 3aBucsALLas TObKO OT L .
Myctb n, JInT, M un (X,y) 6 T2 dumkcnpoBaHbl. 5e3 orpaHny4eHus 06LHOCTH

MOXXEM CUMTATb, YTO
x=y =0, < 0<0, -hM<so<0, N,J/irae (O.e),

rae <o u sO- Toukm us (1.1) n (1.3).
Monoxum

»=[&]* - ;]—42—[£]- — bXx?].

B mvVw



CXOOMMOCTb ABYMEPHbBIX TPUTOHOMETPUYECKNX MHTEPTIONAUMOHHBIX ...
rae [@] uenas yacTb ymcna a. O603HaUUM

(3.2 T =to + (jpi +i)hx, *=1,2,....ppb .7=0,1,...
=so+ (fa +k)lw, k=1,2,.,p2, Z=0,1,—

Tenepb, 0603Haune (,a) = f(t. s) —/(0 + 0,0 + 0). 6ygem uUmeTb:

sinnisinma

g =/ / M dRHOARRVHE + o)

Yo Yo

- Jo Jo +Jf!r—n£ J(!- Jlin J:]Iplhu J!]-,,
rUPihM MaPa/iv  r4\Pihs

+ / | J > + .
Jhm Ja\p\h,s thn Jhn +oh= j=i o

OTAenbHO OLEHUM KaXKAblil U3 MHTerpanos [,. Vimeem:

1< R G GR* O K, DA

<C sup »)| < CeVs(l, (0,e)2).

[anee, n3 nemMmbl 2.2 BbITEKAET

< ¢ TTRANAL o O£+ sup s
JO 2m «6(0,€)
< B + 1) var(, (0,e)2)nhN < B wV,,(f, (0,€)2).

Mpu K = 3,4,5 uHterpansl Ik oueHMBaIOTCA aHaNorMyHo. OcTaeTcs OLeHNTL /B- Vime-
em:

s = S N (RN | SIDM3-dw2N+l (t)du2M+i(a)
Jhm Jh* 3

Pl Pa 71-19a1 ./ i j\

. Jt t sinnTi sinmo*e
i=l fc=l J=1 121 Ti(k

Lns hMKCMPOBaHHBIX t, K OLEHWUM CNeAyHoLLYyo CyMMy

33)

(3.4) Ji= £ £
=1 121 Yok

0O603Ha4YMM
i |
Qi=Y ra[nni*> Fk= ]Clsinm<r*-
r= r=
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Vicnonb3ys npeobpasoBaHune Abens nonquM n

N
y- ¢U.l.iEri2isin smnm_ 22 ﬂnJmf "l H,ak)
) | 1 ok
it M 1
sinnT/ 'v—=2 F<i’(7f| ) @bl ak ) * [p*i-l
= BT - > 7= 0f* Pk
=1 ’ «=1 =
B0 afeVI)  » (0 +)
- £ * S £ |
1=1 =1 ¢ NH 1 7tw
A ¢ ) »( D) *( <, ) A+l +])
= [-~ 3h - A<k oy ok Q{
92-2
+ EU oo VL 4
Vo .gf 3 *bieV!
+ x4 ) A &

=: Ji+Ja+/3+ -

HayHem c oueHKuM Ji.
$—25i—=2
35 = v l t1) . Obl+1A +])
™M W ,
o4 (VA I A (L R SN R U N L I T S AR R R I AT RN
( J- o 4 H: © W +1H

+ PIhNP2hMj(-j+1, +1)

3t4 3q+ ! "Q’k"fgl

QiPk =:*1 +* +j"3+ "4

rae (em (1.2))

Ni20(7/,<Ti) AT HD) (N, +D),

N +1+1 ’\+1)

YunTtbiBan HepaseHcTBa (cM. (3.2) u [3], cTp 551)

Ai".ol+_15 = A+l 41 0(7 . +D),

> JPiliw, > Ip*hM, \Q{\ < 2, |pf| < 2,
6yaeM UMeTb:
B Wwi<— 4- V V _ < o VA (,(04))
P\hNp2hM il PifNp 2nvi 1
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Y- -2«1-2

ta SEET,

4 y 1 y>21AIyGi N 1)
PihsipihN 11+ 1) j

£ (7 i<+l

(3.8)

71-2

AHaIOrMYHbIM 06Pa3oOM MONYYUM

(39) Ne | M A~ b A 104
<73-291-2

1*1 *

M3 cooTHoweHniA (3.6) (3.9) Haxoaum, 4TO

) C
(3.10) NN Ginirpinim YMV10 r2).
OueHum ./ .
=2 (ho\ +1)
i i * N \H\
ini G r Ei:I q
| r Ne -\ - -\ +1
‘1’_?1_1 ] -« ) Pt
=1
-1] 73-2
(311) + ) J+1  \H0
ri /=1
73-2
(9i ~ )PihNp3hM [
73-2
fo-4pIft*WoNe ) £ ai4l

N
pihnpzhm P 0812+ IRIe QP < oy o

BennuunHa J3 oueHnBaeTca aHanornyHo, a gnd J4 vmeem:

P7i—1 ,73-1)
(3.12) w =
Ti °fc

£ W»»W ) S (M D-
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M3 (3.5) n (3.10) - (3.12) Haxogum, 4TO

]I > M * n 5r1o0wu,(n(ag’y
410 BMecTe ¢ (3.3) 1 (3.4) foKasblBaeT, YToO

Kak oTmeuanocs Bbllle, 0TCHOAa cneayeT HepaBeHCTBO (3.1). Teopema 1.3 AOKa3aHa.

Abstract. The paper considers a question of convergence of partial sums of two-
dimensional trigonometric interpolation polynomials. Convergence by Pringsheim for
functions of two variables with bounded harmonic variation is established.
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Abstract. In this paper we study an elliptic system involving the p(z)-Laplacian
and nonlinear boundary conditions. We prove that there exist at least two positive
solutions by using the Nehari manifold and the fibrcring maps associated with the
energy functional.
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1. Introduction

We are concerned with the existence and multiplicity of nontrivial nonnegative

solutions of the following problem:

' -A p()ti = in
(11) -ANFV=ZtfAf(x)W a(x)HO0(x)~2v inll,
.1 [VulPWw-3 =

. VWVIP(l) 2g* = fih(z)\W\*<x)-2v on 0N,
where C (/1 > 2) is a bounded domain; p, g, @ and fi belong to C(fi) and satisfy:
1<gx) <p{x) <af{x) + fi{x) <p’(x) (p'(x) = ifN > p(x), pn{x) = oo
if N < p{x)), 1 < p~ = essm/ienp(x) < p[x) < p+ := esssupx€n p(x) < 0o,
1< g~<qg+<p~-<p+<a~-+0~<a++0+ (Ap) € RA(0,0). and the weight
functions /, g, h satisfy the following conditions:
(A) / 6 C(M) with M/Upe = 1and f+ = max{/,0} ©;
(B) g,li 6 C(dfl) with Ugpo = |Mjloo = 1, 0* = nwx{+£a,0} = 0 and h+ =
inax{+/i,0} O.
The main interest in studying such problems is motivated by the presence of
the p(x)-Laplace operator, dtv(|Vtijpto 2Vti) in (1-1). This is a generalization of

the classical p-Laplace operatoj dtu(|Vti|p~2Vu), obtained in the case when p is a
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positive constant. We point out that problems involving elliptic equations with p(x)-
Laplace operators are not trivial generalizations of the similar problems, studied in the
constant case, since the p(x)- Laplace operator is not homogeneous, and thus, some
techniques, such as the Lagrange multiplier theorem, used in the classical case are
no longer applicable in the general setting involving p(x)-Laplace operators. On the
other hand, stimulated by the development of the study of elastic mechanics, interest
in variational problems and differential equations with p(x)-growth conditions has
grown in recent decades (see, e.g., [3, 4, 8]), and systematic discussion of the spaces
becomes necessary. Also, note that the study of Lebesgue spaces and

Sobolev spaces has been a subject of active research area (see, e.g., [7, 9]).
In a recent paper [1], Brown and Wu considered the corresponding semilinear
elliptic system. They showed that the above problem has at least two nonnegative
solutions if the pair (A,/i) belongs to a certain subset of R2. In [10], the authors
extended the results of [1], to the corresponding p-Laplacian system. The main
purpose of this paper is to develop the approach used in [10], and to extend the
results obtained in [10] to the case of p(i)-Laplacian with multiple parameters. This
extension is nontrivial and requires more detailed analysis of the nonlinearity and an

application of the variational methods under certain conditions.

2. Notations and preliminaries

In this section we discuss some basic properties of the Sobolev spaces WH,IN (fi),
which will be used later (for details we refer to [5, 7, 9]). Denote by S(fi) the set of
all measurable real-valued functions defined on ft. Two functions from S(f2) will be

identified, when they are equal almost everywhere. We set
C+(U) = {h:h € C'(fi), h(x) > 1 for any x 6 M},

h~ := n%iin/i(i), h+ := mf?xll(z;) for every h e C+(IN),

and define
Lp)(fl) = {tie ( ): / [nx)|p™Mdx < +00 for p € C_(fi)},

with the norm

mlip(.)(n) = |«|p(*) = inf{A >0 2‘] [-- Ip()dx < 1},
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and W1**>( )= {ue **>( ):|Vul €
with the norm | |?>»™*)( = 11 »»( + 11 >"*)( )- Observe that ~ ) and
W, p,zUU) are separable and reflexive Banach spaces (see [7]).

Setting p(k) = fn  (*)|™ "( ) fa for any v g Lpfli(n), we can write

(2-1) 11>{ )= A<p(a)~ 1
(2-2) iii»>o)n) > 1=>[< (,()<p)<|< (.M
(2-3) 117)() < 1=>MEF>(M) —~( ) —1 1>(( )

With p(u) = /I |Vu|p(X) dx + /n |ulp(l) dx, we have similar to (2.1)-(2.3) relations
with ||m|| instead of | | *(>>(( .

In the spaces 1V1p(*)(Q) the Poincaré inequality holds, that is, there exists a
positive constant Co such that

Mi*.>(M) < Cb|Vuli,(«)(n)t Vu6 ™~ ( ),

implying that |V n|£,<,)(®)) is a norm equivalent to the norm ||u|| in the space W 1,p(x>(n).
Later we will use this equivalence, and for simplicity, we will write ||u||p = [VUIE,<K)(M).

The embedding IVLPN(M) — 7~ ) is compact and continuous (p* = HIp*1)
if p(x) < N and is p* = oo if p(x) > N) (see [7]).

If g € C+(f2) and g(x) < p'(x) for any i 6 T, then there exists a compact
embedding iy LpW (n) «»L,(1)(3Q) for 1 < q(x) < p°, where pB is when
p(x) < N, and Lsoo, when p(x) > N (see [5]).

3. The main results

Let W 1p@z) = 1YLPXY) b the usual Sobolev space. In the Banach space W =
IVIp(*)(N) Xiy1pM (n) we introduce the norm

Uuv)\\w = (J |Vulp{Ddx+ J [V*|pW dx )",

and for (u,v) € W denote by ax,ubl) the energy functional associated with problem

(1.1), defined by the formula:

3xju,v) i= A~(Vulp(l) + [VeP<)) dx

~® )1 7T L /(*)w“w wNe>* -
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where

v) = Algn ds + 13JBn *u
Denote by N*,,,(0) the Nehali manifold’ defined »
XAN) = {(«,«) 6 W \{m } <" («.«).m(«»)>= 0}
The energy functional 33~ is not bounded below on the whole space W, implying

that («,«) € X x M if and only if

3(«<, V)= &>, ), (e)> = Alivelm(m) s [ Vapll) <fe

- } A*)Ne (a,M“(i) = o
n
Therefore for (u,v) € KAMIT) we have

(3.1) (3, (u,v),(u,v)) = Ne(\ 7 \* )+ |[Vv|*Xx))dx-
: fria(x)+fiW A'M alsM PI')dx .q{x)KX" u,v)<
J

< (pr- (@ P2) L) H aGOHA()N + (P+-9" K AiMe).

We split 1<\ into three parts:

Na,/i 6 NAMn): (3'(u,v), (u,vj) > 0},

{(«,*) 6 Xam(M): (3'(n,v), (u,v)) = 0}.
L = ((u>w) 6 ~AMI) : (f(u, v), (u,v)) < 0}.
Let Co = (*=-) (»"-»+)C(a, 0, q, S, S) be a positive number, where

C{a,0,qtS,S) = (° + + 21 +
204188 = 0y g €l -

Theorem 3.1. If the parameters A and p. satisfy 0 < |[A[*~-»+ + |*--«+ < Co,
then the problem (1.1) has at least two solutions (tij.uj) and (uq,Vq) such that
«0 >0, >0in andu$ O,vE 0. And, iff > 0, then >0,vj>0in

Lemma 3.1. The energy functional 3x,4 is coercive and bounded below on 3vaMI).
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Proof. Let (u,v) 6 and ||(u,t/)|liy > 1. By the Sobolev embedding theorem
we have
3 n > lll) - 3 5 ® * K " + * - *

V) A AOWVURR) + [V E[N) dx - — KA (K, V)

a-\ p. (HV.Kp« + Iv_r«) **,,,(«.V))

> —  p)if (IV«l«+ [Vv[**>)dx
+ < N T F - £> * <nm ) r * T™M -
-oA $-)1 XW**°* 4 cxaM,~~*)I1(y '0llun'-

Since p~ > g+, we have 2\ It(u,v) —»00 as ||(it, v)|[vv —»00, implying that 3n,u(n,v)

is coercive and bounded below on X*iA(IM).

Lemma 3.2. I/O < |AJ*~-«+ + |/ |p--»+ < C(a,(3,q,S,S), then Mai#(IT) = 0.

Proof. Assume the opposite, that is, 0. Let (u,n) 6 ™ i4(MN) be such that

[|(«,w)|lw > 1. Then for 0 < |A]*"-»+ + |/i|* < C(a,/3,9,5,S) we can write

0= (O'xju, V), (u, t»)

} p(xX)(\7ti|*e>+ IVwpW) dx -
n
(e(*) + 0{x)) J[n [1(%)] |“<> |[«@>dx - g(X)KxAw)

> p~J[ (\WWu\pM + \Vv\pM)dx

(a+ +P+) [ /(®)|u|“W|t»|«x)di
Jfi

> (p <t+)J[n p(*)(TVulp(l) + [Vt,[*->) dx

+ (g+- (a++0+) J[I,.{( ) [P<«>]  <*>dx.
Therefore

0> (p- 9H)IKV)||E + clO  (a+ + i8+))5ar+I+11(«,V)117+/,+,
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implying ,
I P~- + ca++/9" 0++A-A-
3.2 [[(«it>)ljw > cw™a+ + +  +

Similarly, we obtain
0= PniM«.«)»(«.«))
<P+/n(IVulp(l) + IVvlp(x))dx-(a~+ 0 ) fa/(a)|u]“(X,We)dx - q'K~iu, V)
<p+/n(lV«™> + \WvIM)dx —(a + ™ )(/n(|Vulp(>+ [Vv|p(l)) dx - Kxtli(u, v))
-q~K\,»(u,v).
Therefore

o< (p+- (a+j8)(Ut>)liy + (a +0 - g~)Kxtli(u,v),

implying

3.3) [[(u,u)|lw < Clfi(a-+"~- _p ) + H p™+)-

EYom (3.2) and (3.3) we get ||(u,v)|jlw < land |A|<-- «++H »J'-+ > C/A"Ng/™,N).
The obtained contradiction implies that >~ Mfi) = 0.

* [ < e . -1
Lemma 3.3. Suppose that (no, ) is a local minimizer for \ on N\ tI(Sl), and that

(uo.vb) * M ,m(I)- Then =0inw I»
Proof. The result can be obtained by the arguments similar to that of used in Brown

and Zhang [2], and so is omitted.

Lemma 3.4. We have
 if {no, vo) 6 Wji|tl then KKli{u,v) > 0;
e if (uo.vo) e then Kx,~u,v) > 0 and fn/(s)|tileM]|v[*W dx > 0;
e if bl, vo) € >['EM then fn/(x)|u|axk>|v|*x)dx > 0.

Proof. The proofis an immediate consequence of (u,v) € N\tll and (3.3).
We write Xn,~N(M) = NEMfi) U and define



ON A CLASS OF ELLIPTIC SYSTEMS ...

e fi)K* <>
o (*) eAM> f°r some do = do(a,0,q,S.S,Aun) > 0.

Proof, (ij Let fu,vj € ~a,m From (3.2) we have

(3.4) 9xjv, V)< P_ J[ (|Vulpfl) + |V v|*x>) dx
n

Since (u,v) 6 ~ iMii)i we can write
(3.5)
P+jM(IV U™ +|Visr«)dx- (a +T )f fix)u**«vi/iB)dx g Kx,~v) >0

Next, by (3.4) we have
(3:6) IO 50> e>dx < QA~_9~g_ (P |"(>+ [V«pM)dx,
and by (3.5) we can write

(3.7) 3xju,v) < (L - ) | (IVulp®) + Vi) dx

+(F a+TF) [()]“r<)MNe>dx.
It follows from (3.6) and (3.7) that

3*'M < -~ (£ < o
Thus, = infAnrgAffitAN V) <0
(ii) Let (u,v) € /i(M). By (3.2) we have
</n/(*IM“wwlw * -
By the Sobolev embedding theorem we obtain
[ Mx)\m\°bI\v\M dx < S“+/ +[|(U,v) || +.
Jn

This implies

it*. *)I» >
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Therefore

u(nxy) ~ NMMAn' p+[a~+p)

S*ta=tal+ gl (AT~ + bITA

! p~-q+ oa++0+\ “++e+ ’
5 Vat++0+ -9+ !

a-+¢% P+ F+ P —ph pg++fl+\ e f-

Ip+(a=+P~) \a+ +/3+ —qt

_M+a-+ r -1 +
g-(a-+/3 ) J

Choosing 0 < + |[/x|™=" < Co, we get 3\,»(u,v) > do for all (u,v) 6
and for some do = <*o(a,/3,945, A,/i) > 0. This completes the proof.

We put
» 1/ Mie 1
ta - ¢ (p~-9 +)ii(L«livy at+0+-p-
a V(a+ + p+ - 9+) fn/(®)|«|et®)|t>]"W dx)
Lemma 3.5. For each {u,v) GW with Jn f(x)\ul\a™\v\ff*d x > 0 we have
(i) ifK\ li(u,v) < 0, then thereis aunique > tmax such that{ ,t~v) 6 L

and
3\A* u>* v)=sup3\ ll(tu,tv

(ii) if K\ It(u,v) > 0, then there ia a unique 0 < t+ < tmax < such that
(i+u, t+v) 6 ( ,t~v) 6L /1 and

3x,v(t+U, t+v) = inf  3\AtutvyY B Xt ~v) = tS>UP3\,fi {tu, tv).
(0]

Proof. Fix (u,v) 6 W with /n /(*)Ne<*>|w|«*>dx > 0. Let
m(t) = tp”-,+||(ii,«)||& ta++B+-'+ J[ /(aOltileto|«|«*> dx for t > 0.
n
Clearly, m(0) = 0, m(t) —»—00 as f —00. Moreover

m'(t) = (p~—2~)tp~~,+ 1||(u,v)|[y —a++/?2+—)t°++™- + 1 |/ [(®)|u|aW]|i»|«*)dar.

Jn
Fenc e haye m'(t) = O at = > 0fort 6 [OW ) and m'(t) < 0O for
6 Thus, m(t) achieves its maximum at tmax, increases for t 6 [0,imax)

and decreases for S (tmax, 00).
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Furthermore, we have

m(tmtx) = nM u”n &

V.Jn f(x)\u\aW\v\B(x) dx)

(3.6) > [(~.»)lg™
(t) Let Kxtli(-u,v) < 0. There is a unique > fmex such that m(t~) = Kx,h{u,v)

and m'(t~) < 0. Then we have

(P--94)(MP II(«,*  (@+ A+ -9 +)(M)"+n + [ (%) <> fe>< =

= (t~)1++17I'(t~) < 0,
and hence, we can write
( fF t 1))y = (ne[ra(n /TA,,(«,r0] = O,

implying that ( ) £ 4. Thus, for > imax we have

(p -"MI(te,M)HN-(a++/3+ 9+)M/(*)IH a(s)N «-)dx < 0, ~dxAt~tv) <0,
and

-3XAM V)= QilIM Tk - % + - lat++H0+ (x)\ridx =uq,

for = . Thus, 3\,n(t~u,t~v) = supt>03*i(Eu,ti;).
(«) Let K\tll(u,v) > 0. Using (3.8) and

m(0) = 0< K*Mu,v) < S4 (JA|a -4 + |M|[*R«t)]|(u,v)||E
< l( .«)»C<£ n -m(w).

for 0 < |Ala~R*+ + |>>*4+ < C(a,f),q,S,S), we conclude that there are unique t+

and such that 0 < t+ < <mgjt <, and
m(t+) = K\iti(u,v) = m(t), m'(t+)> 0> m"(t).

Then (t+u,t+v) 6 >fIM(t u,t u) € a1l 3\ (t~u,t~v) > dxAtuttv) A

3\ (t+u’t+v) %or eacll * 6 [+>*~] ~  3aA t+U’t+V) - 3xfj(tu,tv) for each t e
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[0,*+]. Thus,
A (t+ut+v) = inf and 3AN(i-u,i_v)=8up3A,M(hi,?).
This completes the proof. ,
y T ({m~+B~-a~XKx. )\ > ofor (it,v) e Wand K\ Ju, v) >
We choose W - HIC I8N I

0.
Theorem 3.3. Ar eac/l («,«) 6 W with K~{u,v) > 0, we have
o ifIn/(*)Me(s)M «x) dx <0, then there is a unique 0 < t+ < tmtx such that

{t+u, t+v) € and

3VA t+ut+v) = toj&Arf.(*«.t»);
. > O» ~en there ** 0 “n*9«« 0 < t+ < tmax < |
such that (t+u, t+v) {t~u,t~v) e 3™, ond
3a,,,(*+u. *v) = inf0<(<im, Oam(*“.*0; O0A/*(*‘«, ) = supt>0ag,a(/1i, to).

Proof. Fix (u,v) e W and Kxtll(u,v) > 0. Let
(3.9) rn(t)=*p+~°"_*"Ill(u.«)llw- t 4~~a~-fi Kx™{u,v) fori>0.
Clearly, m -* -00 ast -» 0+ and m(t) 4 0 as bl o00. Now the proof can be

completed using the arguments of the proof of Lemma 3.5.

Theorem 3.4. I1f 0 < |Alp~ut + |/t|]»--»+ < Co, then the functional 3x,M has a
minimizer (uj, v€) in 1 and satisfies:

(i) 3amu2>8) = 6+,

(H)(uq,Vq) is a nontrivial nonnegative solution of problem (1.1), such that ug >

0, >0 infi anduj ~0,Vgq 0.

Proof. Let {mn.vn} be the minimizing sequence for 3x,4 on N jiM Then in view of
Lemma 3.1 and compact embedding theorem, there exist a subsequence { . }“ d
(uj, Vg) 6 W, such that (uq,vj) is a solution of problem (1.1) and
u+ -* Ug wealdy in WQ,p(fi),
u+ -* Ug strongly inLg$(dn) and in

1 weakly in Wa,p™(n),
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strongly in  (A\( ) and in
and we have

Kxtll(ugE,v+) “m~a.a(«0.b'0) Bsn-tc,
f ) £1°()1 (Ddx + [ /(*)] |“«| |«*>dx asn” oc.
Jn Jn
We can write
3amu”,<) = p+(Q- +y3-) IKun.umlvu - g-(Q- + A-

Therefore

3amx ,< ) -+9”~<0asn-+oc.

It is easy to see that /Cx,JZlno >«cT) > 0 as n -* oc. We prove

u+ -> tiQ strongly in W1p»(fi),

v+ -» Vg strongly in W1,p(1)(Q).
Otherwise, suppose

-~ Ug in 1Y1p(*)(M) and v+ -** in W1p"(ft).
Then we have
luOIWL  ~ /ITAnrvoc inf ||KIHIATL.,(.) or ||r>0'||luri.p() < itrrin-~aoinf || ™ 117,,(1).
Let KA(u,,,vn) > 0 and
W O =m(t) - J[n/(x)|e|“W|ii|«4 dx,

where m(t) is as in (3.9). We have /(«,«)(t) —oo0asi 4 0+ and

1Go) () - J[d() [“~) M)dx as t —o0.

We have /[,,,,)(*) = (). Using the argument of the proof of Lemma 3.5, we
conclude that <max(«>v) is a maximum of /(u,,)(t), for t 6 (0,Emox(U/W))i ~(u,u)(0
increases and for t 6 (iTnx(un,v),00) it decreases, so that

t ((a~ +P~ A~)Kxl{nv)\-p~r
mx 4a-+0--p+)I'M IIE"
Since/fA,/i(«o i”0 ) > 0, there isa unique 0 < < tmax(«o 00 such that (<ouo  voY 6

Xt , Therefore

3a7®0.®'0)= (.~ ),

<*<*max
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aiid we can write
[K+,W#(tf) = (o) - (a+a0)( - W*o«o .* ) -
J/ 1(*)|d £ |a(B)|p>?1*x)<b:) =0-
Moreover, for sufficiently large n we have
W »>(*0) > o.
implying that tmx(wn,v,,) > 1. Furthermore, we have
W »>(1) = IKt®»)Hw - Jf*I A *XK 1#(r)|vnjA(x) dx = 0.

Since /(«,,,«,,)(*) increases for t e (0,Jm«(«n, vn)), for allt G (0,1] and for sufficiently

large n we have /(,,,,,5,)(E) < 0 . Therefore 1< < tmBX(v.Q, tig").
On the other hand, (<ouo .*ovd) e ftnd

AV(f) = bf (Uo,Vo)3\ii[tuO>uo)-
Therefore 3a,m(®*0 ,® $) < 3\Auo<vo) < liTn-002x,vy(MI>VvE) = , which is
a contradiction. Thus both

un "+uo andv+ -+ V@ strongly in WQ,p(x)(n),

and we obtain
3am(«+ ) -+ pgx,,(Mo>v0) = ex,M aan-1o.

Hence, (ug,” ) is a minimizer. With 3a,/i(«o ,uo) = 5a,m(ixo 1.1 1) . (l«ol>0 I) e
>/pm(M) and Lemma 3.2, (uj,Vvj) is a nonnegative solution of the problem (1.1).
Now, we prove that uj 0, $ 0. We assume that vj = 0. Then, since uj is a
nonzero solution of the problem
{ —Ap()tr =0, 16fl,
[Vbip(«)-3*i = Aff(i)|ul«W 2u, X6 dSl,
we have

bl i X =b [ fA®)x+9()d5>0.

With w 6 W1**~) \ {0}

W)= n [ NHHNM<0
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we have
W) = }b 9(x)\ug\4x) d3 + LJ,} /i(z)|tu|’fl) ds > 0,
n en

implying that there is a unique 0 < t+ < tnkX such that (+ , + )€ >~ (N).
We have
t =((a +0  SA~)Kx,blomw)\ = (a-+3- -q~\ ~
Tol  '(a +0 - P+)\\(«o>w)\\w \a~+0 -p+)
and
3a,m(*+Uo >t+w) = 0<(‘'nf  3x,n(tuf,tw).
Therefore

3xAt+r4 t+w) < 2x*bl,v>) < 3a,,,(uJ,0) = 0+,,

which is a contradiction, and the result follows.

Theorem 3.5. If0 < (JA|»--*+ -f |/ |»--»+ < Co, then the functional 2x, has a
minimizer (uq,v") in and satisfies:

(i) 3a/i(«o .Vg) = 7

(U)(uq,Vaq) is a nontrivial nonnegative solution of the problem (1), such that j >

0)\Vg > 0 in d and o,vif O

Proof. The proof is similar to that of Theorem 3.4, and so is omitted.

The Proof of Theorem 3.1. In view of Theorems 3.4 and 3.5, we conclude that
there exist (uj},Vq) € and ¢ o ,ve e such that u* > 0,u* > 0 in fiand
«J 0« 0. We have ~ = 0, implying that (uf.ujj) and (ug ,Vq) are

distinct. If / > 0, then by the maximum principle we have Ug > 0,v* > 0.
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Abstract. We prove that every m-th root metric with isotropic mean Berwald
curvature reduces to a weakly Berwald metric. Then we show that an m-th root
metric with isotropic mean Landsberg curvature is a weakly Landsberg metric.
We find necessary and sufficient condition under which conforma! 5-change of an
m-th root metric is locally dually flat. Finally, we prove that the conforma! 5-change
of locally projectlvely flat m-th root metrics are locally Minkowskian.

MSC2010 numbers: 53C60, 53C25.

Keywords: Conformal change; m-th root metric; ~-change; locally dually flat metric;
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1. Introduction

Let (M, F) be a Finsler manifold of dimension n, TM be its tangent bundle and
(x',y*) be the coordinates in a local chart on TM.

An m-th root Finsler metric on M, denoted by F, is defined to be F = \TA, where
A is given by A = Oil..im{x)yi yi ...y'm with symmetric in all its indices
(see [4], [9], [14]  [16]).

The theory of m-th root metrics has been developed by Shimada [14], and applied
to Biology as an ecological metric [2]. It can be regarded as a direct generalization of
Riemannian metric in the sense that the second root metric is a Riemannian metric.

Let (M, F) be a Finsler manifold of dimension n. Denote by t(x,y) the distortion
of the Minkowski norm Fx on TXMO, and let (t) be the geodesic with a(0) = x
and <j(0) = y. The rate of change of t(x,y) along Finslerian geodesics <r(t) is called
S-curvature. The Finsler metric F is said to have isotropic 5-curvature and almost
isotropic S-curvature if S = (n+ 1)cF and S = (n + 1)cF + dh, respectively, where

¢ = c¢(x) and h —h(x) are scalar functions defined on M and dh = hxXx)yl is the
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differential of h [19]. Taking twice vertical covariant derivatives of the S-curvature
gives rise to the E-curvature. The Finsler metric F is called weakly Berwald metric

if E = 0and is said to have isotropic mean Berwald curvature if E = *++cFh, where

¢ = c(x) is a scalar function defined on M and h = & is the angular metric.
Theorem 11 Let F = y/A be an m-th root Finsler metric on an open subset
Ucr.

(t) For a scalar function ¢ = c{x) on M, the following are equivalent:
:(ia) S=(n+ I)cF + 4;
© (b)) S=T).
(i) For a scalar function ¢ = c¢{x) on M, the following are equivalent:
=x!cFh;

0.

, (Ha) E
o (iib) E

Let (M, F) be a Finsler manifold. There are two basic tensors on Finsler manifolds:
the fundamental metric tensor gv and the Cartan torsion Cv, which are the second
and the third order derivatives of "F£ at y 6 TxMq, respectively. Taking a trace
of Cartan torsion Cv gives us the mean Cartan torsion ly. The rate of change of
the Cartan torsion along the Finslerian geodesics, L,,, is called Landsberg curvature
(see [17], [18]). Taking a trace of Landsberg curvature L,,yields the mean Landsberg
curvature J,,. The metric F is called isotropicmean Landsberg curvature if J = cFl,

where ¢ = c(x) is a scalar function on M.

Theorem 1.2. Let (M ,F) be a non-Riemannian m-th root Finsler manifold. For a
scalar function ¢ = c{x) defined on M, the following are equivalent:

(ia):d + cFIl = 0;

(ib): J=0.

There are two important transformation in Finsler geometry: the conformal change
and the /9-change. Two metric functions F and F defined on a manifold M are called
conformal if the length of an arbitrary vector in the one is proportional to the length

in the other, that is, if glj = ipgij. Here the length of a vector e means the fact that
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Wyl as well as yi}, must be Fiiisler metric tensors and showed that < falls into a
point function.

A change of Finsler metric F -» F is called a 5-change of F, if F(x,y) = F(x,y)+
f)(x, yj, where &(x,y) = b<(x)y' is an 1-form on a smooth manifold M. It is easy to
see that, if supjr(u)ml |b<(X)j/*| < 1, then F Ls again a Finsler metric. The notion
of a /3-change has been proposed by Matsumoto, named by Hashiguchi-Ichijy5, and
was studied in detail by Shibata (see [6], [8]. [13]). If the Finsler metric F reduces to
a Riemannian metric, then F reduces to a Handers metric. So, the -change is also
called the Randers change of Finsler metric.

Let (M, F) be a Finsler manifold. We consider the conformal ,3-changes of Finsler
metrics F = en,z"F + f), where B(x,y) = b,(z)y* is an 1-form on a smooth manifold
M and a = a(x) is the conformal factor. It is easy to see that, if supF(l yJ=J j|*|| < 1,
then F is again a Finsler metric.

Let F =VA be an m-th root Finsler metric on an open subset U C Rn. Put

A -9A A - d*A A - dA A - A
dyi! j~ Qydy)' x~ pgxi' Ao - A*'Y-

Suppose that A{j defines apositive definite tensor and let denote its inverse. The

following equalities hold:

9ij = " 2[mAAij + (2 m)AiAj\t
g4 = A~E[mAAtj + —2yV],
m —1
*Ai = mA ‘Aij = DAjt AijA{= -_1—
y*Al =mA, y'Alj ={m DAjt AljA{= - 3=

Vi= 1 A*-1At, AiAjAij= A .
m m- 1

In [1], Amari-Nagaoka introduced the notion of dually flat Riemannian metrics
when they studied the information geometry on Riemannian manifolds. A Finsler
metric F on an open subset U C Rn is called dually flat if it satisfies the equality
(FIV jk=2(**),, (see [12], [19]).

We consider conformal ~-changes of locally dually flat m-th root Finsler metrics

and prove the following result.
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Theorem 13 Let F = 'tfA be an m-tli root Finsler metric on an open subset
U CR", where A is irreducible. Suppose that F = eaF + 0 is a conformal 0-change
ofF, where 0 = bKx)y< and a = a(*). Then F is locally dually flat if and only if

then exists an 1-form ©= €(x)yi on U such that the following equalities hold:

(1.1) 0010 + PO = 200*»
(1.2) Axi= m [TASI + 26Ai + 2(a0At —axiA)],

23) £[(-1 _2)AiA~1A0- 4 + Qo-"] + 2[>U0o + (A)0)i]= -2T1e“NP,
where 0o, = Ox»w<yk, *0 = 0* = (6<W . 0° = 0*JVv» 00i = NOo and & =

a00i + 0ol —20*' ~ 2a*'0-

A Finsler metric is said to be locally projectively flat if at any point there is a
local coordinate system in which the geodesics are straight lines as point sets. It is
known that a Finsler metric F(x, y) on an open domain U C Rn is locally projectively
flat if and only if <? = Py\ where P(x, Ay) = AP(X,y), A> 0 (see [7]). Finally, we
study conformal /9-change of locally projectively flat m-th root metrics and prove the

following result.

Theorem 1.4. Let F = \/A be an m-th root Finsler metric on an open subset
U C R", where A is irreducible. Suppose that F = eaF + 0 is a conformal 0-change
of F, where 0 = bi(x)y' and a = a(x). Then F is locally projectively flat if and only

if it is locally Minkowskian.
2. Preliminaries

Let M be a n-dimensional C°° manifold. Denote by TXM the tangent space at
X e M, by TM = Ux<=mlxM the tangent bundle of M, and by TMO0= T M \ {0} the
slit tangent bundle. A Finsler metric on M is a function F : TM -> [0, oc) which has
the following properties:

(i) FisCe°on Ll ;

(ii) F is positively I-homogenecrus on the fibers of tangent bundle TM ;

(iii) for each'y 6 TXM, the following quadratic form g,, on TXM:

1 d2
gy («,«) := [-F2(y + atx+ tv)] |,it=0, u,v e TXM
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is positive definite.
Let ]| € M ajid Fx To measure the -Euclidean feature of Fx, define

C,.TXM I TXM I TXM ->a by
C,(u, wiu) := ~  [grHu(W V)] [t=0, u,Vv,Ww€ THV.

The family C := {Cy}yetMn called the Cartan torsion. It is well known that C=0
if and only if F is Riemannian.
Given a Finsler manifold (M, F), then a global vector field G is induced by F on

TM q, which in standard coordinates (i1,j/) for TMo is given by
G-y>+ 2G4*,y)+

where GI(y) arc local functions on TM. G is called the associated spray to (M ,F).
The projection of an integral curve of G is called a geodesic in M. In local coordinates,
a curve c(t) is a geodesic if and only if its coordinates (c'(t)) satisfy the equation
+ 2Gi(c) = 0.
Define B,, : TXM ® TXM ® TXM -> TXM and E,, : TXM ® TXM R by
Bv(u,v,w) := B'jkl(y)urvkwl” | x and E,,(u,v) := Ejk{y)v?vk, respectively, where

B>M =717 T {Vv) EIM :=1IB" -~
u=u'glrl*, /= r,'g|T|l and w = ro*a|r|x. B and E are called the Berwald curvature
and the mean Berwald curvature, respectively. A Finsler metric is called Berwald
metric and mean Berwald metric if B = 0 or E = 0, respectively.

A scalar function r = r(z,y) on TM \ {0}

T{x'y) := ,n [*Voi(B"(D) ™ -Vol{(yi) e R"l p(yib n) k 0]’

is called the distortion. Let

S(x'v)
where a(t) is the geodesic with 0-(O) = x and <r(0) = y. S is called the S-curvature. S

said to be isotropic if there is a scalar functions c(z) on M such that

S(xy) = (n+ De(X)F(x, y).
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3. Proof of Theorem i.l

In local coordinates (x\y% the vector filed G = is a global vector

field on TMo, where & = <?*(*») are local functions On TM 0 given by

By a simple calculation, we have the following result (see [22]).

Lemma 3.1. LetF = VA beanm-th root Finsler metric on an open subset U C Rn.
Then the spray coefficients of F are given by

& =\(A0j-A x)Aii.

Thus the spray coefficients of an m-th root Finsler metric are rational functions

with respect to y.

Lemma 3.2. LetF = \/A beanm-th root Finsler metric on an open subset U C R".
Then the following are equivalent:

a): S=(n+ 1)cF +9;

b): S=17

where ¢ = c(x) is a scalar function and r) = w(x)y* is an 1-form on M.

Proof. By Lemma 3.1, the -curvature of an m-th root metric is a rational function
in y. On the other hand, by taking twice vertical covariant derivatives of the S-
curvature, we get the iJ-curvature. Thus the 5-curvature is a rational function in
y. Suppose that F has almost isotropic 5-curvature, S = (n + I)c(x)F + rj, where
c = c(x) is a scalar function and rj = rji(x)yl is an 1-form on M. Then the left bpnH
side of S- I]= (n+ l)c(z)F is a rational function in y, while the right hand side is

an irrational function, implying that c= 0 and S = 1.

Lemma 3.3. LetF = /A beanm-th root Finsler metric on an open subset U C Rn.
Then the following are equivalent:

a): E = sxicFh;

b): E=0,

where ¢ = ¢(x) is a scalar function on M.
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Proof. Suppose that F = \fA has au isotopic mean Benvald curvature:
E= oFh,

where ¢ = c¢(x) is a scalar function on M. The left hand side of E = ~ipcFh is a
rational function in y, while the right hand side is an irrational function, implying
thatc=0and E = 0.

Proof of Theorem 1.1 is an immediate consequence of Lemmas 3.2 and 3.3.

From Theorem 1.1 we infer the following result.

Corollary 3.1. Let F = 'VA be an m-th root Finsler metric on an open subset
U C E". Suppose that F has isotropic S-curvature S = (n + I)cF, for some scalar

function ¢ = ¢(x) on M. Then S = 0.
A Finsler metric F satisfying Fxk = FFvu is called a Funk metric. The standard
Funk metric on the Euclidean unit ball 5 n(l), denoted by 6, is defined by
e(x,g) .- » >»)+ <x,v>_ #e3iB.(1)=Kn
where < ¢ > and |-| denote the Euclidean inner product and norm on Rn, respectively.
In [5j. Chen-Shen has introduced the notion of isotropic Berwald metrics. A Finsler

metric F is said to be isotropic Berwald metric if its Berwald curvature has the

following form:
(3.1) Bljki = c{FyivkSil + FvkviSy + Fuiyj&\ + Fv,ykyiy'},

for some scalar function ¢ = c(x) on M. Berwald metrics are trivially isotropic
Berwald metrics with ¢ = 0. Funk metrics are also non-trivial isotropic Berwald

metrics. In (3.1), putting i = / we get
Eu="cF 4>.
Plugging it into (3.1) we obtain
(3.2) B<JKL = {EjkS'i + EKIB) + EtjSi + Ejk IV'}.

This means that every isotropic Berwald metric is a Douglas metric. For the definition

of Douglas metrics we refer to [3].
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Now, let F = VA be an m- root Finsler metric on an open subset U C R™.
Suppose that F has isotropic Berwald curvature given by (3.1). By Lemma 3.1, the
left hand side of (3.1) is a rational function in y, while the right hand side is an

irrational function, implying that ¢ = 0. Thus we have the following result.
Theorem 3.1. Let F = VA be an m-th root Finsler metric on an open subset
U C Rn. Suppose that F has isotropic Berwald curvature. Then F is a Berwald

metric.

In (21], Tayebi-Rafie Rad proved that every isotropic Berwald metric (3.1) on a
manifold M has isotopic 5-curvature S = (n+1)aF, for some scalar function ¢ = c(x)

on M. Thus, as an immediate consequence of Theorem 3.1, we can state the following

result.

Corollary 3.2. Let F = '\/A be an m-th wot Finsler metric on an open subset

U C Rn. Suppose that F has isotropic Berwald curvature. Then S = 0.

4. Proof of Theorem 1.2

The quotient J/I is regarded as the relative rate of change of the mean Cartan
torsion | along Finslerian geodesics. Then F is said to be isotropic mean Landsberg
metric if J = cFI, where ¢ = c(x) is a scalar function on M. In this section, we are
going to prove Theorem 1.2. More precisely, we show that every m-th root isotropic

mean Landsberg metric reduces to a weakly Landsberg metric.

Proof of Theorem 1.2: The mean Cartan tensor of F is given by the following
formula:
= g"kCijk = - A -3[mAA" + \%
g*kCijk = - A -3[m LV
X[A2Aijk + ( L){(- 2)AtAiAk + AJAiAjk + AjAki+ * 0]}
The mean Landsberg curvature of F is given by

J o= * = A-* [MAA*+ — VvV][ A*-A.G;jk]
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Since J = cF1, then
A7bMr-icAb-"Aw+il-lwl-i'lAiAjAt+ AIAIAjk+ AjAu+AkAiIj]}].

By Lemma 3.1, the left hand side is a rational function in y, while its right-hand side

is an irrational function in y. Thus, either ¢ = 0 or A satisfies the following PDE:
A Aijk + (— —1)(~ ~ 2)AiAjAk + (— —DA{A,Ajk + AjAm + AKAij} = 0.
This implies that Cy* —0. Hence, by Deike’s theorem, F is a Riemannian metric,

which contradicts our assumption, and hence ¢ = 0. This completes the proof. O

By the similar method can be proved the following result.

Theorem 4.1. Let F = y/~A be an non-Riemannian m-th root Finsler metric on an
open subset U C R". Suppose that F has an isotropic Landsberg curvature, that is,
L = cFC, where ¢ = c(x) is a scalar function on M. Then F reduces to a Landsberg

metric.

5. Proof of Theorem 1.3

A Finsler metric F = F(x, y) on a manifold M is said to be locally dually flat if at
any point there is a coordinate system (x*) in which the spray coefficients have the
form G* = -~g,jHv> where H = H(x,y) isa C°° scalar functionon TMqg= TM\{0}
satisfying H(x, Xy) = A3H(x,y) for all A> 0. Such a coordinate system is called an
adapted coordinate system (see [15]). Recently, Shen proved that the Finsler metric F
on an open subset U C Rn is dually flat if and only if it satisfies (F2)xkviyk = 2(F2)xi.
In this case we have A = —g[F2]xmj/m.

In this section, we prove an extended version of Theorem 1.3. More precisely,
we find a necessary and sufficient condition under which a conformal /3-change of a
generalized m-th root metric is locally dually flat. Let F be a scalar function on TM

defined by F = \JA1lm + B, where A and B axe given by
A== -imX)yl-YT. B:=MaOvyY-

Then F is called generalized m-th root Finsler metric. Suppose that matrix (.Ay)
defines a positive definite tensor and (Jly ) denotes its inverse. Now, we are going to

prove the following result.
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Theorem 6/1. Let F = vMa/m+ B be a generalized m-th root Finsler metric on an
open subset U C Rn, when A is irreducible. Suppose that F = eaF +P is a conformal
P-change of F, where p = b(x)y< and a = a(x). Then F is locally dually flat if and

only if there exists an 1-form ©= 8i(x)y* on U such that the following equalities hold:

(5.1) e2n[2Bxi + 4axiB - BOi - 2aaBi] = 2{PiPa + PPoi 2PPX>,

SS.Z& Ax = "é%TAG 1+ 26Ai + 2(a0Ai - axiA)},

(5.3) T, TOO= 2T[((To/3), + T«A + a@Tt- 2Tx,p) + 2e°TP],

where T := » + B, Pot = Px*v>k . «0 = <W , Px* = (bX¥Y\ Pa = (MoV',
Poi = (bi)o, and

TP=-A *-1AP+BP,
m
Top= —A™ 2[(— - 1)APAO+ AAop] + Bop,

P = + Poi - 2/9% —2axip-

To prove Theorem 5.1, we need the following lemma.

Lemma 5.1. Suppose that the equation -2 + " 1+ 0 = 0 holds, where

,® are polynomials iny andm > 2. Then = =6 =0.

Proof of Theorem 6.1: We have
F2=e2(1* +B) + 2e“/9(N" + B)1/2+ p2,
(F2)xk =2axke2a(A" + B) +e2a( A" "Ax. + Bx*) + 2axkeap(A* + B)i

+e“[(A" + B)-V2{*"A"~1A4. + BXxk)P+ 2( * + B)Y2"*] + 2px,,p.
Then

[F2]**,,.] = 2a0e22T(+ e22TO, + 2a0e“AT* + aleapl ~illi + 2ea/0OT*
+ e00r-iT, +eQ9«T-iTO -ea/9T-*T,TO+ eaP?-*Tal

+ 2AA) + 2PPoi.
70



SOME PROPERTIES OF M-TH ROOT FINSLER METRICS
Since F is a locally dually flat metric, we can write
e°T-$ [ - + TO3To/ + ATo + 50T, + qO3T, - 2/3Tx.)
+2e0T 2(a0A + Oun —2qxi3 —25*0]
-1-MeAN* - 2[2a0001 + (" 1)1104-AAQI - 2ax,A2- 2AAX,
+e2a\2 13 4- Bbl —4aziB —222zi)

—AB3xt + 23(/30 + 2350i = O.

By Lemma 5.1, we have

(5.4) 2201N10 + (1) (0 NNoi —2axif2= 20N1i,
(5.5) 1/3T, TO= T[03To), + 50T, + ao/3T, 2-3T,. + 2eaT®],
(5.6) e2a[2a0B, + Bbl - 4axB - 2Bx,] = 2(23/9,. - /3o Mnu).

The equality (5.4) can be written as follows
(5.7) N(2NT, Noi + 2axiN) = ((_ITI - 1)N0+ 2a0mn,.

Irreducibility of /1 and deg(Ai) = m —1 imply that there exists an 1-form ©= 6iyl
on U such that

(5.8) Aqg= 6A.
By (5.8) we get
(5.9) Adi = ABi + BAI —AXi.

Substituting (5.8) and (5.9) into (5.7) we get (5.2). The converse assertion can be

obtained by a direct computation. This completes the proof. O

6. Proof of Theorem 1.4

It is known that a Finsler metric F(x,y) on U is projective if and only if its
geodesic coefficients G* have the form (?“(x,y) = P(x,y)yl, where TU = It x R" —3R
is positively homogeneous with degree one, while P{x, Ay) = AP[x,y), A> 0. We call

P (x,y) the projective factor of F(x, y). The following lemma plays an important role.
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Lemma 6.1. (RapcsAk) Let F(x,y) be a Finsler metric on an open subset U C R".
Then F(x, y) is projective onU if and only if it satisfies
(6.1) Fxkviyk = Fxi.

In this case, the projective factor P{x, y) is given by

(6.2) P F
Much earlier, G. Hamel proved that a Finsler metric F(x,y) on U C I is

projective if and only if

(6.3) AXV =

Thus (6.1) and (6.2) are equivalent.
In this section, we prove an extended version of Theorem 1.4. Specifically, we study

the conformal ~-change of a generalized m-th root metric F = \ / - f B, where A

is irreducible, and prove the following result.

Theorem 6.1. LetF = VA2/m + B be a generalized m-th root Finsler metric on an
open subset U C R", where A is irreducible. Suppose that F = eaF + 0 is a conformal
0-change of F, where 0 = bi(x)y,a = a(x). Then F is locally projectively flat if and

only if it is locally Minkowskian.
Tb prove Theorem 1.4, we need the following lemma.

Lemma 6.2. Let (M, F) be a Finsler manifold. Suppose that F = eaF + 0 is a
conformal 0-change of F. Then F is a projectively flat Finsler metric if and only if

the following holds:

(6.4) ea(Fol - Fai) = ea(ax,F aoOfl) + (6, W - (b,)0.

Proof. We have
F =eaF +0,
Fxk = axke°F + eaFxk + (bi)xky\
Fqg= ctQeaF + eaFo + (b*)oY*,

Fn = *oeaFt + eaFo + (6f)o,
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and the result follows. This completes the proof.

Proposition 6.1. Let F —VA3/m+ B be a generalized m-th root Finsler metric
on an open subset U C R", where A is irreducible, m > 4 and B 0. Suppose that
F =enF + is a conformal 3-change of F, where 0 = bi(x)y',a = a(x). IfF is a

pivjtclivbly flat metric, then F reduces to a Berwald metric.

Proof. By Lemma 6.2 we have
2N2/"*NX +mABx>

Fx,=
2mA\JA™ B
Therefore
Fryk= (1» +B) 12 +B,)(Al +B) 1
IAAMAGA, 2A2ZmAO0  2A2mAO0A, _ 1
+2( 722 4+ —" e AN~ + So,)J-
Thus
Fji - Fxl = e ~ + (1 - t)id(>1lo + TAALW - MmAAXI)

+ ™ (mAAiBao + ngAZBiao + (2- m)AIA"B + mAAoiB)
+ "mA™ +1(mABoi —A0Bi —AiBg—AXxiB —m ABXxi)
+)jm2A2(BBlaQ+ BotB - ~BOB, - Bfixt)].
By (6.4) we obtain PA& + 9A « + © = 0, where
® = — — jh0-Si + BoAi + 2B(j4zi —idjao —A0/) + mA(Bxi —Bjao —Boi)j
— (m —2)AqAiB,
@ = T/I(Tw + Aiato - Axi) —(m —21)Jlo-4i,
® = j m2A272BB/Qo —2BoiB + BgBi + 2Bxi
+ m2A2(A» + B)"e-2alrb))o- (bi)xiy* + ea(alud™ - ~Q0i4" 1>1()j.

By Lemma 5.1 we have

(6.5) d=0,
4 t

(6.6) =0

(6.7) 0=
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It follows from (6.6) that
mA(Aiao + Agi —Axt) = (m —1)AdAi.

The irreducibility of A and deg(A,) = m - 1< deg(A) imply that A, is divisible by
A. This means that there is an 1-form ©= 6iylon U, such that

64j Ag= 2mAS.

Substituting (6.9) into (6.8), we obtain

(6.10) Aoi = Axi —Aioto + 2(m —1)9Ai.

Plugging (6.9) and (6.10) into (6.5), we get
(6.11) TA(26Bi —Bdi —Bjc*o + Bxi) = Ai(4B© —Bo).

Clearly, the right-hand side of (6.11) is divisible by A. Since A is irreducible, and
both deg(j4j) and deg(20B - \B) are less than deg(/l), we have

(6.12) BO = 4B6.

By (6.9) and (6.12), we get the spray coefficients G1= Py’ with P = 6, showing that
F is a Berwald metric. This completes the proof.

The Riemann curvature

K, = R\dxk® X : TXM XM

is a family of linear maps on tangent spaces, defined by

oi A dGidGi
k dxk AXifyK AYiRyK  Apyi pyke
For a flag P = span{y,u} C TXM with flagpole y, the flag curvature K = K(P,y) is
defined by
Krp == gy(tx,K.,,(u))
{.V)’ ev(Y,Y)8vK«) ev(Y,«)2’
When F is Riemannian, K = K(P) is independent of y 6 P, which is precisely

the sectional curvature of P in Riemannian geometry. We say that a Finsler metric
F is of scalar curvature if for any y 6 TXM , the flag curvature K = K(x,y) is a
scalar function on the slit tangent bundle TM q. One of the important problems in

Finsler geometry is to characterize the Finsler manifolds of scalar flag curvature (see
74



(101,

SOME PROPERTIES OF /1/-TH ROOT FINSLER METRICS

[11]). If K = constant, then the Finsler metric F is said to be of constant flag

curvature.

Prrjof of Theorem 6.1. By Proposition 6.1, F is a Berwald metric. On the other

hand, according to Numata’s theorem, every Berwald metric of non-zero scalar flag

curvature K must be Ricmaniann. This contradicts to our assumption. Therefore

K = 0, showing that F reduces to a locally Minkowskian metric. O
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