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Aunotauus. B CTaTbe M3yyaloTcA (YHKUWUM pacnpefeneHns B HanpasneHWu
ONA HEKOTOPbIX OrPaHWUYEHHbIX, BbIMYK/bIX TeN Ha MAOCKOCTM W B MPOCTPaH-
cTBe. B 4acTHOCTM, NpuBEAEHbI (HOPMY/bl AN pacnpefeneHns AnHbl Xopabl B
HanpaBneHUn NS NPaBUNLHOTO MHOFOYToMbHUKA W anaunca. ®yHKLWS pacnpe-
[eNeHNs [IMHbl XOPabl B HANpaBieHMN W3BECTHA TOMLKO B Clydae Kpyra u Tpe-
YronbHuKa. MosyyeHbl BblpaXeHus A/ pacnpeAeneHus naowjagm cnydainHoro
CeueHUs BbIMYKIOro Tena NaoCKOCTbIO A 3ANMNCOMAA U UMAnHApPaA. ®YHKUMS
pacnpefeneHus Cny4aiHoro ceyeHws M3BeCTHA TONbKO B CAy4ae wwapa.

MSC2010 numbers: 60D05; 52A22; 53C65.

Keywords: orpaHu4eHHoe BbINyK/0e TeNo; (yHKLUMSA pacnpeieneHns A/IMHbl XOpAbl
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1. BeegeHue

MycTb G NpocTpaHCTBO NPSAMbIX Ha eBKNNAOBON niockocTn Rag 6 G, (p, <p)= no-
NAPHbIE KOOPAMHATBLI MEPNeHANKYNApa, OMYLLLEHHOro0 13 Havana KoopAauHaTt Ha nps-
Myt 4,p > 0, w6 S1(S1leaMHNYHan OKPY>KHOCTb Ha MIOCKOCTY C LIEHTPOM B Havane
KOOpAWHAT).

B npoctpaHcTBe G pacCMOTPUM JIOK&/IbHO KOHEUHYIO Mepy /X(-), UHBapUaHTHYO
OTHOCUTE/NbHO TPYNMbl BCEX eBKMNA0BbIX 4BVXKEHWI NIOCKOCTU (T.€. BpaLLeHWUiA 1 na-
pannefbHbIX NePeHOCOoB). DNIEMEHT 3TOM Mepbl C TOYHOCTbLIO 0 MOCTOSAHHOTO MHOXM-
Tens umeeT Bug (cm. [3]) n{dg) = dpdtp, rae dp ogHomepHasa mepa Jlebera, a dip -
yrnosasi mepa Ha S1.

[ns Bbinyknoi o6nactn D v giw HekoTopoli Toukn O BHYTpy D 0603HauYum 4epes
Sd{<P) onopHy (yHKUUIO B HanpasneHnn p € S1, T.e. MaKCMMa/ibHOe 3HayeHue p

0THOCUTENBHO ToukM O AnA KoTopoii npamMast a(p, <) nepecekaet D:

SdM = max{p: a[p,ipp D 0}
3
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Ecnv D MMeeT LieHTP CUMMETPUM, TO 06bIYHO 33 TOUKY O 6epeTcsl LLEHTP CUMMETPUN.

PyHKLMA
)= 7+ + ff)
Ha3bIBaeTCA (PYHKLUMEN LUIMPUHBI N He 3aBUCUT OT Bblbopa Touku O.

[ns obnactu D 3aBucALLAaA 0T HanpaeeHUs PYHKLUNS pacnpegeneHms AnHbl Xop-
abl Fo{x,ip) onpegensieTcs Kak BepOATHOCTb, YTO criy4aiHasa xopga \{g) = 4N D,
4NA [ U3 NyYKa NPAMbIX UMEKOLLUX HarnpaB/ieHne WwWamn ip+n, 0yaeT UMeTb A/TNHY He
npeBocxoAsLLyto X. CiyyaiiHas npsiMas KoTopasi NepreHAMKYNsipHa HanpasieHn o
1 nepecekaetT D vMeeT nepeceyeHne (0603HAUMM TOUKY MepeceveHmnsa Yepes y) ¢ nps-
MOIi NapaieNlbHOl HanpaB/ieHNI0 <P U NPOX0AALLEeli Yepe3 Havano KoopamHaT. Touka

nepeceyeHns y paBHOMEPHO pacripefesieHa B vHTepBane [— (< + ir),5u(v>)] (nn
[Q bo[®P)])- Takmum 06pa3om, MMeem
4 -MV :Xbl®)) < *}

(11) Fd{x'™ ---eoemoeeem- M i
rae oy[<p) ectb npsimas nepreHAuKynspHas HarnpasfieHno tp 1 nepeceKaeT OTPE3OK
[- + TM)i 5d(¥>)] B Touke y.

C 30-x rozoB 20-0ro Beka U3y4aroTcs He TONbKO BUAbI 3TUX PYHKLUN AU pasiny-
HbIX 06/1aCTeli HO 1 BO3MOXXHOCTb e4MHCTBEHHbIM 06pa30M BOCCTAHOBUTb OrpaHNYeH-
HYI0 BbIMYK/Iyl0 06/1aCTb C MOMOLLBIO 3TUX (DYHKLWIA.

B [2] MatepoH BBe/ MOHATUE KOBapMorpammbl CHOPMYIMPOBaB rMnoTesy, 4YTo Ko-
BapuorpamMma BbInyknoro tena D onpegenser D B Knacce BCeX BbIMYK/bIX Ten, ¢
TOYHOCTbIO 0 Mapa/iefibHbIX NEPEHOCOB M OTPAKEHWIA.

Myctb R” -mepHoe eBKNNAOBO npocTpaHcTBo, D C R"™ - orpaHnyeHHas BbiMykK-
nas 0bnacTb ¢ BHYTPEHHUMU Toukamu, Sn * —(Ti —1)-mepHas egnHUYHaA cgepa ¢
LEHTPOM B Hadasie KoopauHaT, a £,,(¢) - n-mepHas Jleberosa mepa B Kn. ®yHKLMA

Co(x) = L,(DI]{D + x}) pana mob6oro igR ™

Ha3blBaeTCcsA KoBapuorpammoii o6nactun D. Kosapuorpamma CD(X) MHBapuaHTHa 0T-
HOCUTESIbHO NapasinesibHbIX MePeHOCOB M 0TpadkeHWit. XK. MaTepoH (cm. [2]) fokasan,
ytogna >0unip€5” 1

(12) dCo(t(p) _ _ 1 6 . LAD NN +y)) >t}),

rae lv + y ecTb nNpsmasi, napassiesibHast HanpPaB/IeHUIO ip U MPOXOAsLLAs Yepes TOUKY

y,a - OPTOroHa/bHOe [0MNOMHEHNE K <
4



3ABUCSHLWNE OT HAMPABNEHWA PACMNPELENEHNA CEYEHUN

HeTpygHo y6eanTbest, uto ansi n = 2 (1.2) aKBMBASIEHTHA C/ieAyIoLLEMY BbIPaXKEHUIO:

ACp(iip)

(1.3) i

T.e. TMNOTe3a 0 BOCCTaHOB/IEHWM BbIMYK/Oro Tena D no KoBapuorpaMmMe 3KBMBasIEHT-
Ha rmnoTese BOCCTAHOB/EHWS Tena D uyepes 3aBUCALLYIO OT Hanpas/eHUs (YHKLUIO
pacrnpegeneHns 4NHbI XOPAbl.

B [6] nokasaHa runotesa MaTepoHa gns = 2. B [7] gokasaHo, 4to gnsa n > 4
runoTesa He BepHa. 13 n = 3 npobnema noka He peLleHa.

Bce BblLIeynoMsAHYTble pe3ynbTaTbl U haKTbl FOBOPAT O TOM, YTO pacnpefeseHns
O/IMHBI XOpAbl B Hanpas/ieHUW, a TaK XEe KoBapuorpamma, ABMAITCH K/IHOYEBLIMU
MOHATUAMMW NPU N3YHEHUWN OTPaHUYEHHbIX, BbIMYK/bIX Te/, Y U3yyeHne 3TUX yHKLUUIA
B YaCTHbIX C/ly4asx MOryT AaTb pe3ynbTaTbl, KOTOPble MOryT 6biTb 0606LLEHbI Ha BCe
OrpaHWyeHHble BbINyK/ble Tena, WM Ha HeKOTOPbIA NOAKNACcC 3TUX Ten.

B 3-mMepHOM NMpocTpaHCTBE MOXHO paccMaTpuBaTh 4Ba Tvna pacnpegeneHunii 3aBu-
CAWMX OT HanpasneHus. MNepBoe NpefAcTaBnseT co60il BEPOATHOCTbL TOr0, YTO XOpAa
o6pa3oBaHHasA NpW MepeceyeHMU MPOCTPAHCTBEHHOW NPAMOW C TesIOM MMEeT ASINHY
MeHbLLE UM PaBHYIO AaHHOro yncna. Bo BTOpom cnyyae paccmaTpmBaloTcs Cryyai-
Hble MJI0CKOCTU 1 UX MepeceyeHunss ¢ Te/IOM.

O603HaunmM Yepe3 E npocTtpaHcTBO niockocTeli B R3. Kaxpaoe e € E MoXHo onpe-
JenuTb HanpaeneHveM n = (<PB) 6 2 (ip6 1, ©6 [Tr/2,71/2]) n pacctoAHnem p
MI0OCKOCTM e 0T Havana KoopgmHat. O6o3HauMm 4yepes A(e) MOWaAb ceyeHUs Tena
D niockocTbio €, a Yepe3 So(w) 0NOPHYH PYHKLUUIO B Harpas/ieHUN LW OTHOCUTENTbHO

HEKOTOpOI BHYTPeHHel Touku O obnactu D:
)=max{p:e(, ) D Ok

CnyyvaiiHast N0CKOCTb KOTOpas MMeeT Hanpas/ieHve LW 1 nepecekaeT D vMeeT TouKy
nepeceyeHns y ¢ NPSMOL NapasienbHON HanpasaeHWHo LW NPOX0asLLeld Yepes Havano
KOOpAMHAT. ToUKa nepeceveHnss y paBHOMEPHO pacrpefeneHa B uHtepsane [0,  o»)],
rae 6jd(w) yHKUUA WnprHbI B HanpasneHun w (ba(w) = So(w) + So(—w)), KoTopas
He 3aBMCUT OT Toukn O. Mbl MOXEM OTOXAECTBAATL TOUKM oTpeska [OVE>(M)] ¢
MA0CKOCTAMM, KOTOpble nepecekaloT D u uMeloT HanpasfeHve W TakuMm o6pasom,

nMeemM

(1.4)
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rge e,(bl) eCTb MJOCKOCTb KOTOpas MMeeT Hanpas/ieHue V) N MepecekaeT 0TPe3oK
[G 6]j(w)] B TOUKe Y.

Llenbto HacTosLLel CTaTbH ABNSETCA pacluvpeHue Knacca Ten A1 KOTOpbIX W3-

BECTEH BUJ PYHKLMUW pacnpefeneHnsi ANHbI XOpAbl (KOBapuorpammbl) U QyHKLK
pacnpefeneHyisi M/I0LAaAN CeUYeHUs B HanpaBieHun. MNonyyeHbl crieaytolve pesybTa-

Tbl:
(1) PYHKUMA pacrnpefenieHns 4JINHbI XOpAbl B HanpaBieHUu ANd NpasBuibHOIo

MHOTOYTO/IbHMKa,
(2) KoBapviorpamma v yHKLMSI pacnpeaeneHust A/IMHbl X0pAbl B HanpasfieHun

4N 3Nnnca,
(3) PyHKUMS pacnpefeneHUs MOLWAAN CeUYEHUS B HaNpaB/ieHUn 4Ns 3/INNCou-

Aa,
(4) dyHKUMS pacnpefeneHus NIOWAAN CeYeHNs] B HANPaBeHUN AN1s LUINHAPA.

2. Cnyuaii npaBuAbLHOrOo MHOTFOYroO/ibHUKA

PaccmMoOTpUM MpaBWbHBIA N-YroNbHUK
N co cTtopoHamn a*, K = 1,2, anunol
a. Mbl nonaraem, 4To Hayasio KoopAuHart
COBMafaeT ¢ LEeHTPOM MHOr0YyrosibH1Ka, a
ocb O X NpoxoAuT Yepe3 BepLUMHY MHOrO-
YronbHUKa.
OueBungHO, 4To Fn{x,4>) = 0, ecnn x <
Owu Fa(x,ip) = 1, ecnn x > Xnx(<fi), rge
XTxx(p) MakcumasibHas Xopfa B Hanpas-
neHum ip. MNycTb 0 < X < Xtax(p)-
MycTb J1 nr paguycbl OMWCaHHOW W
BMNCAHHON OKPYXXHOCTEN COOTBETCTBEHHO.
HeTpyaHo y6eanTbCA, UTO a* ecTb MHOXEeCTBO TOYeK (X,Y) KOTOpble NpuHaanexar
npsimoit Ik npoxogsLLeit Yepes a* 1 yaoBAETBOPAT I < y/x2 + y2 < T1.
HopmasibHO.? ypaBHeHWe NPSAMOA  MMeET CrefyowWmii BUug:

cneposaTtesibHO,



3ABUCSALLNE OT HAMPABNEHWA PACMPEAENEHUSA CEYEHUN

n (. 2k 12k 1 . N
OT=wun <(i,y)] Xcos—-—sg+y3in——7-1=0, 1< y/x2+y2< [ >.
k=1
MycTb Sn(<p) onopHas PYyHKLUMS MHOroyronbHuKa I a HanpasBieHun ip 0THeCeHHas
K Hayasny KoopauHaT. Mbl 6yaem paccmaTpumBaTh TO/IbKO ciydvaih pe [0, ], nockosnb-
Ky Sn(v’) n &n(x, Q) ABNAIOTCA NEPUOSUYECKUMN DYHKLUAMU OT Y? C Nepuogom 2%,

W, KpoMe Toro, Anst PE€ [,
Snip) =5n (=7 ~*) m Fn(z,¥=*n (X, — - .

Ona tp 6 [0,5] np 6 [0, Sn(v»)L Sn(<p) = Rcosip. PaccmMoTpuM HopMmasibHOe
ypaBHeHWe NpsAMoli A(p, <) 1 ee nepeceyeHns ¢ rpaHnLen IM:

f ICOS¥>+ysin™-p =0
(2.1) X% sin -r=0

Peluast nocneaHiow cucteMy<npiXiaem? < R.

p»In rain”®

pcoe 11— COg
Q2). v —

[ < Pa2Preos(3Hiir-n)+r2 N 02
-uM A) -1 -
Jlerko y6efnTbCs, YTO NieBas YacTb TPETLErO HEPABEHCTBA CUCTeMbI (2.2) BCerfja Bbl-
B . _2_2prcosf = T 14
nonHsaetcy. [lencTBUTeNbHO, M2 < ------ an~a-"i —y — 3KBUBAIEHTHO HEPABEHCTBY
( N ) >o
sina(~*-¥>)
MOHATHO, YTO ANA (UKCUMPOBAHHOIO HarnpasieHua P € [O -J npsamble 4(p, <P nepe-

CEKAKTCA TOJ/IbKO C HEKOTOPbIMM CTOPOHaMWM MHOroyrosibHMKa, Korga p U3MeHAeTca

Ha oTpeske [0, Sn(vO]-
/,,04 e /2fc —1 \ AT T . [ m
(2.3) * J1 = cosin = glldl2 -ni-

Pewas (2.3) nonyyaem, 4Tto npsmMble 4(p,u>), rae P 6 [Q *], nepecekarTca TO/bKO

QO CTOOHIMA O, noj - Onj 7D

imMm -E -1i. * » -£ + 1T b
n [i] HaMMmeHblUee uUenoe YMCIo He MeHbLUe X, a [Xj Hambonbluee Lenoe YUCI0 He

6onbLe X



I C. APYTIOHAH. B. K. OTAHAH

[Lanee, HalifieM 3HaYeHNA p Xist KOToOpbIX NpaAMas 4(p, ) nepecekaeT napy CTOPOH

™

(«,,«,), rae i 6 {1,2,...,<(*)>.3 € W M + 1. n> HeTPyaHO

ans ip6 [o, 2]
ecrmp e [Jlcos (£ - v9),5n(?)]. ™ $(?+*) nepecekaet Bi 1 B,,,
ecmp 6 [Acoe (£ +,,) ,9cos (£ - ¥>)]. To pCp.\p nepecekaeT az u a,,
ecnup6 [Acos (£ -p ), Rcox (£ + ¥)], To p(p,V>) NepecekaeTr a2 u a,,_b

ecnmp s [0, A cos N, 10 p(p, V) nepecekaeT alGy n ajM .
Myctbp 6 [HAcos (23* + tp) ,Acos (2 - tp)}mimeem, yto npsamas g(p, ) nNepeceka-
eT dk+i u  +1-fc, Npy 3TOM TOUKM NepeceyeHUs1 y40BIETBOPSAIOT CMCTEMAM

p.inriiig-nina r "l p*An

Zk+1=  sin(% T,_~-> .In - !
pcos2ttlir rcos™ 1 _peon3" N ‘n-rcay

N VKHE = - Jin(% iff-v) 'm [ Jd/n-fc+i « --*> 13 -

PaccTosiHue mexay Toukamu (z*+bV*+i) n (xn-JH-i, Vn-fc+i) (T.e. X(P>¥>)) paBHO
_(rcos (2 -y)-pcoa2*7r)8w2*7r
8w (2/Arr-"N)8T1(27-71 + ¥9)
OTctofa HoMyyaem, yTo Korfai>e [fcos (22* + tp) , A cos (22* —tp)] makcumanbHas

ANnHa xopg 06pasoBaHHbIX NpsAMbIMU A(p, ) paBHa
(r CCS;\ —tp] - FICOS(Z’)* + <)OCSZ*7r) 8II'I--7F

2.4 MK(tp) = 2 —om ML o= N
@4 (te) 'Egln (eniff - ») sl/l (@*~7r + <p

a MUHUMa/bHAA —

M - 2(roosctr /(\z*ii'glco%%in (2*pTr + 9

Ntak, pnsa Xe (mfc(”), M*(y>)] xopaa anvHbl X obpa3oBaHa npsmoit f(p, ip), rae

2rsin2*jrcos (2 -<p) - asin (2”-Tr - tp) sin (2 1T+ tp)

p 2 1
cnefoBaTesibHO, Mepa 3HaYeHU p 06pasyOLLMX XOPAbl A/IMHON He MPeBbILLALLNX X
paBHa
(2.6)

Q ecm X < T*(y>),
PK(X,<p) = ficos (22% - ) - sinnir
ecim TK(ip) < x < MK(),
~Rcoa (22* —tp) —HAco8 (22* + tp) , ecim x> Mk{<p).
Tenepb nycTbp 6 |a cos (22* —tp) , A cos + pjj.B atom cnyyae npsamas

A(p,<p) NepecekaeT 0* 1 ON+i-*, 1 TOUKN NepeceyeHVs yoBea BOPSIIOT cucTeMam
8
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pBin 3k~1m—Falny M pain A 17—ain w
4= > (% -*) = Xn-k+\ rin(»t— >
pros 2k—_317r_—rC‘5|\P nor pcoy ai"~*)'l~1a--rco»y

Vk+1 ~ JAn(2t=i7r ~]’ V- 4] " aln( 1-r— }

HeTpyaHo y6eauTbest, uTo
. _ (rcosy-pcos~ATr)sin”itr
air>r/ . @ﬁ;ﬁ]ﬂ_ v>3 . /(Q,KI_\'_ . tps »
cnefoBatenbHo, Korgap € [ncos (— - tp) ,Rcos (M * 1) + A | AnMHa MaKCUMaslb-

Hoi Xopabl paBHa

, oy ” nNoT I»)m*V »
@27 al Lé/\:l7€' - tp) srzw (’\)4 r +)y:)

a iIMHa MYHMMasIbHO Xopapl -
(rcosyj —i?cos (2ir(*~x) +  cos sin

(2.8) (*) = 2 Nemmmmmmmeeee — Yy A
8W( n n-v)ysmin n+V)

NTak, ecnn x 6 \mk{<p), Mk(ip)}, To xopaa anmHbl X obpasoBaHa npsamoii g(p, tp), rae

2rsin ~pA7rco3p - xsin - P sin + tp)
P— Sin

cnepoBaTtesibHO, Mepa 3HaueHui p 06pa3yrou.mx XopAabl ,CI,I'II/IHOVI He npeBbllWakoWmnx X

paBHa
(2.9)
Q ecim X < mk(tp),
Ocos (| +<9N_*8 i n ~o1 )
\ n ain nair
P*(*in) = ecim m'k(tp) < x < Mk(tp),
Rcos (~"~a +\»)- AQB(— ¥>).
k ccarm X > KM
Ecrm p e [O, A cos N j, xo g(p,tp) nepecekaeT au™) u (M), U anAa
TOYeK MepeceyeHnss UMeem
pain 3" - ¥T—F sintf pBin YM*)— T— sin
**) JIn(2ikrix_v)-> xm - sin(2jbtLiiw_"->
pcoe 24" —IT—F coad pcos ™ ~ ‘[T—rcosy
_YiM - , (% AN >
Tak Kak,
cos™ 1+ —wT—" —pcos - I”sin HIKIHrig-

*(?,*>) -



r. C. APYTIOHAH. B. K. OTAHAH

TO noactasnsasa p = 0 B nocnegHem BbIPaXKeHUN, nonyyvyaem

rcos FUTO+/lybi- ) sin
(2.10)

sin 1 1sin (
n nogcrtasnasa J1cos » _ , nonyyaem
@f L (4rMM-1* —ip\ —R cos - V) B sin
2 gln(2ilrblT _ v;]3in(M£bin-~ )

O603HauMm yepe3 Mo(<p) makcumym 3 (2.10) n (2.11), a yepe3 TO(<?) —MUHUMYM.
Ntak, ana X6 [Tobl.A/oM] xopaa oylwHbl X 06pa3oBbiBaeTcA npsiMoii 4(p, <), rae

2rsin W fi'A7rcos|f LTRY)—XSiN(n (4 % 0y sin|
- sin - tionim T
cnefoBaTeNbHO, Mepa 3HaueHuUii p 06pasyoLIMX XOPAbl ANVHOV He NPEBbILLIAOLMX X
paBna

Pofe ) = cos R-LOBLZ 1M .

2rsin AN —~ qreos|™ )t ) —A— - 18Il L
............. fw dO E ffllg

€C/IN MaKCUMa/lbHasi XopAa noslyyvaeTcsl Npu 3HaveHun p = 0, 1 paBHa
(2.13)

PO(*.¥>) = mmmmmmemmee 2==mmmmmmees n 8N —

B MPOTMBHOM cnydae. Kpome Toro, u3 (2.12) n (2.13) cnegyet, 4To po(X,p) paseH 0,

ecnn X < To(ip) n paseH A cos ( _ N _ecnm x > MO(ip).
O603Haunm
(2.14) Gn(x, V) = po(x,™ + EE } - aPk(x,v) + EN>-V fo(*. ¥)

OKoHuaTesIbHO, A/151 (PYHKLMW pacnpefenieHns fJIMHbI X0pAbl B HanpasfeHun ip 4ns

npaBU/IbHOIo -yrosibHMKa nosiydaem



3ABVCSHLWWNE OT HATPAB/IEHWA PACMPELE/NEHNA CEYEHUN

2.1. MpaBUNbHbIA TPeyronbHWK. PaccMOTpUM 4YacTHbI cnyyaii (2.15), korga I
€CTb NpaBUsbHbIN TPeYrosibHUK CO CTOPOHOM a. O603HauuMm ero yepes Ta. HeTpygHo
ybeanTbes, 4TO B CNyyae = 3
ecnm o < < {,

S <»<5. “ IM=3-
Myctb 0 < w< f e Vimeem (cm. (2.10), (2.11)),

ap={"

MoM=2sm (f ~X (f+~7)" =o~» o n GT.(x,<P)=Po(x,v), rge

| (- ) 1(*+*), ecm o<p<. _
(216) Po(z,</0=<x* adn(f-v)dn(f+».)’

1AconN. ecim x > ,gn(f:;ri(f+y),
Ecnnm f < w< §, T0

moM = ac®°s(f ) Mobl = = XTtax(” "
2sinpsin(§8 + <p) v ' 2sin(f+vs) nraxv”

(2.17)
Po(*. = <

Oanee, n3 (2.7) n (2.8) cnepyet, uTo

M i(<P) = = MOWV?) = XT«bl. =0 n
\3 w
(2.18) *(* ). =*& Zsln/\ i+, ecm o0<,<*«(*).

N3 (2.17) n (2.18) nony4vaem, utoecim f < w < §. T0
(2.19)

Cr.(,I»)="-300,(56 »)+

NTak, n3 (2.16) n (2.19) (gna | —y>), nonyyaem, 4to korga 0 < ~ < f,
»CM (y-g)sin(f+y) = 2x3in (| + tp) = g
™ sin N (Jlcoav™ + f cos (™ —ip)) avs3 XTaxM

ToT xe pe3ynbTaT Mbl nonyyaem B cnyyae f < < f, cnegoBartenbHo

(2w, = vesK
11



. C. APYTIOHAH. B. K. OTAHAH

(2.20)  eCTb YacTHbIil cnyyali pesynbTaTa MoslyYeHHOro B [8] Korga TpeyrosibHUK

NpaBu/IbHbIA.

2.2. Cnyuvali kBagpaTa. PaccmoTpum KBagpaTt 5a co CTOpoHOl a. HeTpyaHo y6e-
— 3 Nmeem (cm.

AnTbCs, 4TO AN N = 4 (Mbl nonaraem «p < J) )=2mu
(2.10), (2.11)),
iV/iobl = ™o(v?) = sin  + &) = Xmax® ’

noaTomy
291 ecnm X < XiwkOrO.
( ’ ) ecnn X = XTBXM-

NTak, Xmax(v’) Tsxkenasa Touka ansa Fs.fovO- OTOT (haKT cBA3aH C NPUCYTCTBUEM

napannenbHbIX CTOPOH B KBagpaTe.
N3 (2.7) n (2.8) nonyyaem M[(<p) = XnwxM u TUip) = 0, cnegoBaTtesibHO

(2.22) Xip) =zsin ™ —yjsin (£ +¥) — — ecnum o < a < Xwax(")-

OKOHYaTes/IbHO, MeeM

0, ecm X< o,

XC032 :

(2.23) Fs. x,<) = < ay2oontp1 ecm 0 < X < Xmax(<p)i
cosx< - ecm X = Xﬂxfa).

«J1eo.»+tan<”?

rae € o, J] 1 Xmnx(v’) — »In(}f+v>)
3. Cnyuaii annunca

PaccmoTpum anamnc 6

O603HauMM Yepes Se(tp) orop-
HYl0 (YHKUMIO 3nauvnca B Har
npasfeHnn L

Haipgem Se(ifi), a Takxe
X(p, 9 ona nwboro ipe Slum
p6[0,Se()]

Yrtobbl Halitu Sc(gp) Ham
HY>XHO HaliTu paccTosHWe Kaca-
TeNbHOM NapasnesibHoN NPsSMOoN



3ABUCSHLWNE OT HATPABNEHWA PACMPELE/NEHWA CEYEHUI

A(p, tp) OT Hauana KoopauHart. MepexoaUM K NapameTpUYeCKUM YpPaBHEHUSIM:

/ x(t) = acos< y'(*o) .
( y(t) = bsmt " x'ffo) nrup~

rge to napameTp COOTBETCTBYHOLUMIA TOUKe, rfe KacaTe/lbHas K KPUBOW MeprieHanKy-
napHa npsmoli y = xt&atp. He ymanss obwHocTtn 6ygem nonaratb, 4to 0 < P <
§, x(t0) > 0, y(to) > 0. Vimeem,

a
—--— = cottp wmnm cotto = —cottp.
asi’n to P b P

HeTpyaHo y6eauTbest, UTo

acosi . bsin to
cos = . acosip . =, sint0 =

a2cos2tp+ B2sin P y azcosz2 tp+ b2sin tp

cnefoBaTeNIbHO ypaBHEHME KacaTenlbHOW B Touke (x(to), y(t0)) nmeeT Bug

b b
(3.1) y —-—- sin . = cottp ﬂ X = r a2cos p

Vo2 cosz <p+ b2sin 9 y a2cos2 tp+ b2sin tp

MoactaBnsAs y = x tantp u pewas (3.1) Mbl HaxoguM a6CLMCy TOUKW MepeceyeHus

KacaTe/lbHOM B TOuKe (z(*0)> v(£0)) ¢ npsAMoi y = x tan fp:
X = Xsc(v) = costp\Ja2cos2tp + b2sin2tp.

OueBuHO, 4TO Se(tp) = mOKOHYaTe/IbHO MoNnyYyaeMm:

Se(ip) = \Ja2cos2tp + b2sin2tp.

Haiigem gnvHy xopgbl X(p, $m KoHueBble Toukn xopabl X(P> P) paBHbI

apcostpx |sin tp\\JaZCOSth + b2sin2tp —pz

12 F ey J‘Fcos tp+ 19sin T
C apyroi cTopoHbl 04eBUAHO, 4TO X(p, \d = , CnefoBaTe/IbHO
/(%2) XIPiq)'L)l __Zab\/ 2cos2V + b23|n5 <P P2 . 2abyd§/2{\tp)- p1l

alcos p+ hrsm <P

pnaseex 6 1umpe (osep)l
HeTpyaHo y6eanTbes, UTo A8 dukcrpoBaHHoW tpu p € [0,5e(<)], x(p, ¥) < £ Torga
W TOMbKO TOrfa, Korgap > , )i — CnefoBaTeIbHO NosTyYaem

1 5%~ S'M]/1- r x2S2(tp)

13



. C. APYTIOHAH. B. K. OTAHAH

OKOHYaTefIbHO, 4151 (YHKLMW pacrpesenieHns AfIMHbl X0pabl B HaNpaBneHun — ans

anauMnca ¢ nonyocsiMm a v b nonyyaem:

n ecin X< Q

(33) Fe(x<f)= -1- yjl- ecnn 0 < X < XnuucM,
1 eCJN X > XmaxfaOi
K *

rae XTsxiv*) ecTb MakcMMasibHasi XopAa B HanpaBieHun

2

Xmxbl vVcos™N +sinV

MogcTaBnsAs B (3.3) a = b= r, nonyyaem (yHKUMIO pacnpefeneLlis MHbl Xopabl B

HanpasfieHUn " 115 Kpyra.
Mcnonb3ya (1.3) nonyyaem, 4To AN KOBapuvorpammbl 3/1/1Mnca UMeeT MecTo Cre-

[ytoLLiee paBeHCTBO
_9C NM)=23e ll _re(iVvy)>

cnegoBaTeslbHO
P xMancos2 + ksinz (p)
Ccfo) - Ce(0) = -2Se(M)Y y 1- — 4 A2 s |
nm
C.M = + 1 N

3.4
(34) 2ab
dakTNYecKM, KoBaprorpamma amnca cBssaHa ¢ MakCmasibHOM XOpA0ii ceayoLmnm
obpaszom:
3.5)
Ce(t?) = ( 2ab0 - e , N0 < < XTtaxW,

0, B MPOTMBHOM C/lyyae.
B (3.5) BblpaxkeHune ecTb ®Y*“*Lua ot LU,

Moxoxast 3aBUCKMOCTb MoJlyYeHa U B [8], MOCKONbKY l0Ka3aHo, YTO KOBapuorpamMma

TPEYrosibHNKa NMeET BN/
CO(M)= |AN(1 ~1T)2 U 0<*<XT«M.
0, B NPOTMBHOM CJiy4ae,

roge AL nnowagb TpeyronbHuka [.
14



3ABUCALWNE OT HAMPABNEHWA PACMPELENEHUA CEUYEHWNNA

Kpome TOro, HeTPYAHO BUAETb, YTO (DYHKLMA NOCPeACTBOM KOTOPOI KoBapuorpamma
3aBUCUT OT C TOYHOCTBLIO [0 NOCTOSAHHOrO MHOXWTENA COBMafaeT C Heorpe-
[eNeHHbIM MHTErpasiomM rpaHuLibl COOTBETCTBEHHOW 06/1aCTL.
OTctofja BO3HMKAIOT C/ieflytoLLe BOMpPOChl:
(1) Mpu kaknx ycnoBumsx Kosapuorpamma Co(t<p) Bbinyksoli o6nactn D 3aBucuT
0T < uepe3 PyHKLMIO CD(t<p) = Cx>(t,xmax(<>)?
(2) Mpn kakux ycnoeBuax KoBapuorpamma ) BbINyKnoin obnactu D ecTb

(*)yHKLI,VIFl 3aBUCMMasn TOJIbKO OT

(3) NMycTb y = /(x) ypaBHeHMe rpaHnLbl 061acTM D B OKPECTHOCTM TOUKW Mepe-
cedeHns 3D c nyyom y? Mpu Kakunx ycnosusax Co(tip) npegctaBumo B BUje

[ »=C\+C2 [ /(1)dx,
Jo
rge Ci, 1 C3 NocTosAHMNble?

4. Cnyuan snnuncouga

MycTb gaH annuncoug E ¢ ypaBHeHWeM
X2V2 12
T+ +

(4n)

Haiigem tyHKUMIO pacnpegene-
HWUA NoWaamn ciy4anHoro cede-
Hus annunconga. N3 (1.4) nmeem
r,/., .n bi{p: A(p,w)<x}
Me{x w)- bl 4 ]
Ona HaxoxaeHUs Se (1) HYX-

HO HallTW paccTosiHMe KacaTesb-

HOW njockocT E ¢ HopMasbio

UMetoLLeli HanpasneHne U 6 S2

0T Hayana KoopauHart.

N3 UunnnHAprYecKoro ypaBHeHUss NaockocTu e(p,w) umeem (W= (<, 6)):

XcosOcosip XcosOsinip zsin®—p = 0.

YpaBHeHMe KacaTe/lbHOM NA0CKOCTM K E B Touke (x0,yo0i-ro) € E umeet Bua:



. C. APYTIOHAH, B. K. OTAHAH

cnepoBatenibHO BekTop {* * ,£,$} ABNsETCS HOPMasb0 KacaTeflbHOM M/I0CKOCTY.
MocKo/bKY Mbl MLUEM KacaTesbHYH M/I0CKOCTb MEPNeHAVKY/ISIPHYIO HarnpaB/ieHno
&,8), cnefoBaTenbHO BEKTOP Jo/mKeH ObITb NapasiiefibHbIM BEKTOPY

{cos ©cos tp, cos Bsintp, sin 5}, T.e. 42159 HEKOTOPOro to

= *pC030C08",
(4.3) ' = <ocosesintp,
= fgsinQ
MoacTtasnasa (4.3) B (4.1) nonyyaem
1
n yja2cos2 ©cos2 P+ H2cos2 Ssin2tp+ c2sin2 ©

PacctosiHue Touku (0,0,0) 0T KacaTe/bHOI MIOCKOCTW pPaBHO
2 2 2

vif» + # + # N’
OKOanTeﬂbHO, nony4yaem

(4.4) Se (fp 6 = \Ja2cos2 6cos2 tp+ b2cos2 Bsin2tp+ c2sin2 &

Tenepb Hangem A(p, tp, €). N5 3TOro Ham HY)XXHO HaWTK nowab 3aMKHYTOR obna-
CTW C FpaHuULIeN y0BNeTBOPSAIOLLEN CUCTEME
(45) [Prd+ =1, : )

XABEAHp + 9@'9'”" + Maing —p = o.
XO0pOLUO M3BECTHO, YTO CEYEHWSA aNunnconga ABNAKTCA ananncamn. Ytobbl NpuBecTr
annunc (4.5) K KaHOHWYeCKOMY BUAY Mbl OMpeje/um npeobpasoBaHe KOOPANHATHOM
CUCTEMbI, B pe3ynbTaTe KOTOPOU MOyocu afaunca cosnagyT ¢ 0OCAMU KOOPAMHAT Ho-
BOIi KOOPAMHATHOM CUCTEMBI.
MepBbIM Warom mbl Bpatiaem cuctemy O XY nNpoTMB YacoBOi CTPEIKM Ha yron tp oT-
HocuTeIbHO oc OZ. O603HaYMM HOBYHO cUCTEMY KoopauHaT yepe3 OX'Y'Z'. Nmeem

(cm. [3)),

X= x7costp— sintp,

y = X slltp+ y* Cbtp,
z = zf.
MNocne aToro BpaLleHnsa Mbl em nepenucatb (4.5) B BUge:
I'tels +y <pty »?)* + =1

(4.6) .
X" Chs6 + 2" sine—p = 0.
16



3ABUCSHUWNE OT HAMPAB/IEHUA PACMPELENEHNA CEYEHUN

BTopbIiM Liarom mbl Bpaitaem HoBylo cuctemy OX'Y'Z' oTHocuTenbHO ocn OY' Ha
yron f —0 NpoTuB 4acoBoOW CTPenkKu. B pesynbTarte nosyvyaeM HOBYHO KOOPAMHATHYIO
cuctemy OX"Y"Z", rpge

X‘= x"sin©+ z'" cosQ

V= v

7' = —x"cosO+ z""sinQ

CnegoBaTefibHO, Mbl MOXXeM MepenucaTb (4.6) B BUAe

"\bl " «inB+8" co3B) co»y-y"'alny)3 ((x" eiii8+»" cosO) giny>+u"cm»)a
4.7 « + {~x""c0’ B+1"airB)i. = 1]
r-v =0.

W HakoHel, Mbl NEPEHOCUM LIEHTP KOOPAMHATHOWM cucteMbl OX™Y™Z'™ Ha BeMUUHY
p B HanpasneHun ocu OZ™ . HoBasa KoopavnHaTHas cuctema O XY Z yA0OB/eTBOPSAET

( x=x",

- p .
OKOHYaTesIbHO, ANA FpaHuLbl ceveHns e(p, ¥,0)M\E umMeem cnefytolee npeacTaBe-

HUe:
((isin0+ pcos0)cosy? —ysin V)2 , ((Ssin0 + pcose)sin”™ + jlcosir)2
a5 + &

(4.8) +(p.-m»-ico.8)- _

KpuBas onpefeneHHaa ypasHeHuem (4.8) ecTb nnockas kpvead B O XY U1 vmeeT
opmy

(4.9) oyi2 + 2ai2i y + ax2y2 + 2ai3x + 2a23y + 033 = 0,
rge
cos2 tpsin2 ®  sin2 tpsin2 ©  cos2 ©

°u = ~ + & +

costpsintpsin ©  costpsin tpsin ©
A + i

012 = 021 = j2 ,
sinztp  cos2 tp
022 = + &
pcos2tpcos©sin®  psin2tpcos0sin0  pcos0sin0
013=@L= ---—---- . gmm————— + J 2 .
pcostpelltpcos® p costpsintpcosO
023 = 032 = A5 t 1




. C. APYTIOHAH. B. K. OTAHAH

KpuBble onpeseneHHble NOCPescTBOM (4.9) eCTb KpvBble BTOPOro nopsigka icm. [5]),
1 U3BECTHO YTO MX 06pa3 3aBUCUT OT MHBAPWAHTOB
a ai3 il ai
u ail ai2 - oil + Q22-

(4.10) [ = det a 023 . D=det B
asi 032 a33

HeTpyaHo ybeanTbes, uto ans (4.8) D > 0w A/ < 0, n 3TOT hakT sABNseTCS eLle
OfHVM [lI0Ka3aTe/IbCTBOM YTO CEYEHUS anaurncova ABnATCa anamncamu (cm. [5]).
Kpome Toro, ecnv Kpvsasi BTOPOro rnopsfka ABMSETCA 3NIMMNCOM, TO ee nnowafb
MOXXHO HaliTuh topmynoii (cm. [5])

(4.12) 5=r A
\/p3’
Mcnonb3sya (4.11) nonydvaem

<P,0) -P 2
(4.12) SU<P,0) _ _'ITabC (n_ p2 \
.0 )V
MopctaBnasap = 0B (4.12) Mbl HAXOAUM MaKCMMA/IbHYIO NOLWaLb CEYEHUA B Hanpas-
neHnmn (W»io):

N Kabc
Auwnx(<pB) - Se M -

OueBMAHO UTO /15 Ntoboro HanpasneHus (> 6 n x > 0 A(p, ip,®) < x Torgau ToNbKo

Torja, Korga

cnepoBaTesibHO

oevPiV) \Y Traoc
OKoOHYaTe/bHO, nony4vyaem
(4.13)
)

01 X <Q

Felx,tp=1 1 /I o’ . .
\ . 0< Z< 5 5Y
1.
5. Cnyuaii ymnunapa

PaccMOTpVM annUNTUYeCKUiA umnuHgp C ¢ mnonyocsMM a M U BbICOTOW 2J1
18



3ABUCHALLNE OT HATMPABNEHWA PACMPELENEHUA CEYEHUN

YpaBHeHVe uunnHgpa C  MOXHO
npeacTaBuUThL B BUAE

X = acost
wanm y = bsini
IN <b >1 <JI.

Ona no6oro w = (tp, © € S2, nnoc-
KOCTU e(p, W) ANA pasIUyHbIX 3Ha-
YeHWn p 06pPa3oBbIBAKOT CEUEHUSI B
BWAE 3/1IMNca, UM B BUAE YCEYEH-
Horo annunca (3namncbl 6e3 ogHo-
ro Wan [BYX 3AIMNTUYECKUX Cer-
MeHTOB). Haigem ¢yHKUMIO pac-
npegeneHns naowagn ceyeHusa Uu-
nunHapa C.

CnepBa HaliileM 3Ha4eHus p B CNy-
Yyaax Korfa ceyeHus SABNSAKTCA 3/1/IMNcamm.

Mo cumMMeTpMM paccMOTPUM TO/IbKO cnyyaid 0 < B < [Onsa nwoboro p mMbl pac-
cmaTpuBaem ceveHue nnockoctu e(p,un) ¢ C.

EcTb aBa 3Ha4deHMs p gns KoTtopbix e(p,w) C sABnAsieTca Toukoh. OfHa M3 HUX
ABMSIETCA 3HAUYEHMEM OMOPHON (PYHKLMM B Hanpas/fieHnu [tp, ©), a BTOpPOe - 3Ha4eHue
nocsie KOTOPOro ceyeHne MeHsIeT obpas.

YT06bl HANTU 3TW NMEPECeYeHUs PeLLnM C/IeAYIOLLYHO CUCTEMY:
( xco3Bcosip + ycoBOBTIip+ KBTO-p= O
b +$% =1

CnepoBartesnbHo,
X2 (p —hsinO —xco038 costp)2 __

—K + .
b2 cos2 ©sin tp
KOTOPOEe AB/IAETCA KBaApaTUYeCKNM ypaBHeHveM Buga Ax1l+ Bx + C = 0, rge

1 cosZGcosthQ_ 2(p- hsin0O)cosecostp g _ (P-hsing)2

- a2'1b2coszesin2tp' b2 cos20sin2 ) b2 cos2©sin2
OueBunaHo, uTO e(p, tp, ©) byaeT MMeTb NMepeceveHne C rpaHuULIeli BEPXHEro OCHOBaHWS

C Torga v TonbKo TOrga, korga B2- 4.AC > Q Te.
02€0s20C082 p+ h2cos26sin2tp- (hsin®- p)2 > 0.
MocnegHee aKBNBaIEHTHO

(5.1) hsin®—cos9\Ja2cos2tp+ b2sin2tp<p < hsin©+ cos6\Ja2cos2tp+ b2sin2tp.
19



I. C. APYTIOHSAH. B. K. OTAHSAH
B (5.1) BbthaxeLlie B MpaBoi YacTn NpeacTaBnseT cob6oi ONOPHY (y HKAUKO s Ha
npasneHun {p,0) 6 S2.rae 0 < ©< f. 3TO 03HAYUaeT UTO B 06LLEM C/lyyae OrnopHas
(hyHKUmS umunuHgpa C umeeT BUL;
Sc (tp,® = Jsin® + cosO©\[a2cos2tp+ V2sin2
B (5.1) Mbl BUAUM YTO MOTYT 6bITb 3Ha4YeHUA 0 (419 PUKCMPOBAHHOM >) AN KOTOPbIX
CeveHUs1 He MOryT 6bITb anauncamu ansa nbéoro p 6 [0, Sc {fit0)]- STMMK 3HAUEHUAMN

ABNAKOTCA
v/B2COS2tp + h2sin <
N | ]

©< arctan

WTak, Mbl paccmaTp1Baem ABa Cyyas:
Cnyuaii 1. 0 e [Oarctan V° 006 gj _
UT06bl HallTV ypaBHeHWe rPaHULLbl CEYEHNS, HaM HYXXHO PeLUnTb CUCTEMY:

[ &+ = . .
(5.2) < xcos0Ocosy> + ycoso sinys+ zsin0 —p = O

I <N
Kak B cny4ae anaunconga, Mbl npeobpasyem KOOPAMHATHYIO CUCTeMy, YTo6bl NpuBe-
cTn KpuByto (5.2) B N/IOCKOCTb, e OHa NpeAcTaBMMa B KaHOHU4YeckoM Buge. llocne

npeobpasoBaHuii
( X \ / sin0 0 —CO8 \ / cos\V?sinild O
y 1= 1 01 O I I —sintpcos< O
z ) \ cos0O0 an® J\ 00 1

ceyeHne 06pa3oBaHHOE MI0CKOCTLIO e(p, tp, 0) nepeBoAmMTCA Ha naockocTb O XY Koop-
AnHaTHoI cuctembl OXY Z.
N3 (5.3) nmeem

X = (xsin0+ (z + p) cos ©) costp—y sin tp,

y = (Xsino + (z + p) coso)sintp+ yxx>stp,
z=(z+p)sin0- xcosO,

KOTOpOe 03Ha4aet B HOBOI KOOPAMHATHOM cucTeme (5.2) 6yAeT UMeTb BUA;
1) I ((*«In9+pco» coey-fl.Iny»a + atsin8+pcoad .| v+qcoBy)3 _

|[psino —xcoso| < h.

Korga 0 = 0, TO ceueHue ABNSETCA NPAMOYTONIbHUKOM C MJI0WALLIH0

( .tp,0) = iabfl*  cos3v + 8Ia2V -P 2
a2 cos2 tp+ b2sin2 tp

20



3ABUCSHUNE OT HAMPABNEHUA PACMPEAENEHUSA CEYEHUN

Korga ©® Q nepBoe BblpaxeHune cuctembl (5.4) xapakTepusyeT KpPUBYK BTOPOro
nopsgka (cm. (4.9)) rae
cos2 IksIlb ©  8Irk (£8IM20

B2 2

cos sin -Psin e COS sinipsine
, =021 = N + p ,

sin2 P COS2
°22 + 2 7
pros2”cos0sin0  psin2ipcos Bsin ©
2

ai3 = asi =

p2 c0S2 Pcos2 ©  p2 sinz2 Ppcos2 O
= — — + — 2 L

OueBNaHO, YTO 3Ta KpuBas ABSETCA 3UMNCOM. [1OCKOMbKY Mbl paccMarpuBaem
TOJIbKO T€ 3HaYeHMA 3TOr0 INMCHI, ANA KOTOPbIX |psin# —£coso| < h, Ham HY>XHO
NepeBecTN ero B KAHOHWYECKYO (hopMy 4TO6bI pa3obpaTbCs C ero CermeHTamu.
B [5] fokasaHo, 4TO cyLlecTByeT yron /9, rae cot2/9 = , UTO BpaLlLeHre Koop-
OVHAT Ha yron P nepeBoAuT KPUBYIO BTOPOro nopsigka B hopmy

Aii2 + Aj2+ ~ = Q
rge Ai 1 ABNAIOTCA KOPHAMW KBaApaTUYecKoro ypaBHeHus A2 —IX+ D = O(/, D
n [, onpegenstoTes no (4.11)).
DaKTNYECKN, NOC/Ee BbILLEYNOMSAHYTOro npeobpasosaHusa (5.4) 6yfeT UMeTb BUJ 3N-
JiMnca yceyeHHOro ABYMS napasinenbHbIMy NPAMbIMA, KOTOPbIe MOTYT He 6bITb Napan-
NeNbHbIMW NoNyocsiM annunca. Jns HaxoxgeHWs niowagmn aTol 061acTv HaM HYXXHO
HaTV Naowaan ABYX 3MIMNTUYECKMX CErMEHTOB.
[ia npocToTbl paccMOTpUM cfy4aii KpyroBoro uuavHapa, T.e. a = b = r. B atom
cnyyae (5.4) nmeeT cnegyownii BUA :

(5'?) ((zsin o + proso)cos”™ —yBinip) + ((xsino +pcoso)sinyj +j/cosip) = 12
\' |psin0 - xcos0| < J1

Korga 0 0, nepsoe ypaBHeHMe cucTembl (5.5) xapakTepusyeT snnunc BUa
(5.6) sin20 (x + pcot0)2 + y2 —r2
Ecnn MepeHecTn Ha4vano KoopamHat cucteMbl O XY Z B HanpasneHun OX:

{

= X + pcotB

=Yy
:2,

21
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. C. APYTIOHAH. B. K. OTAHAH

T0 (5.5) npumeT BuA:
I sin2 ©x2 + y2=r2

B7) I bIr? ~icos™N —

HeTpyaHo y6eanTbes, 4To naowas o6nactn A' 3aMmKHyTbIM anauncom fy + =1
n npaMbiMn X = X\ n X= xj (— < Xi < xa < o paBeH

(5-8) —

A'=bl [ yfi® dx =q x2Y ' & xivI[ ~- + [arcsin - —arcsin —]

CpasHugas (5.7) ¢ (5.8) nonyuaem, uto A(p, . 6) paseH

p+swe | (p+ hsmef p-hsmO r [p-hsmO)2
Alp.v>8) =T sin©cosO y rz2cos2 © Sin ©c¢os © y2c0s25
__r_g_ ra cSi P__-t_h__s_in__o___arcsi'n_E)____[lSInOg
sin” rcos0 30

rge o < p < rcos# —hsinfl.
Onap >rcos hsin©ceyeHne ABAAETCA 3/1IMNCOM OTPE3aHHbI U3 O4HOTO KOHLA,

cnefoBaTeslbHO MMEeM:
r2 p —/18in0 p —bsin® (p —KBWO)?2
NN = iN T3 N - - -T2V e l2cos2o0 o
Cnyuaii 2. 6F arctan ~ ° 7 N+ N

B aTom cnyuyae ceyeHve 06pa3oBaHHOE MIOCKOCTLIO e(p, tp, 6) MOXET 6bITb 3A/IUMCOM,
UAn annnncom 6e3 0fHOro 3NUMNTUYECKOro cerMeHTa. MOMHOUEHHbIMU 3anuncamu

ABNAKOTCA CeHEHNA ANA KOTOPbIX
O< p < hsin®—cos  a?cos2tp+ b2sin2 tp,

1 B 3TOM c/lyyae ucnonb3sys (4.12) nony4vaem

(5.9) * ok oy e > - I -
(5.9) npaBunbLHO (ANS BCeX p) WM Toraa, Korga ©=
Tenepb NycTb p > KBIiN® —C0S cos2tp+ 2sin2y» CHoOro gns NpocToTbl pac-

CMOTPUM cflyyaid KpyioBoi-0 umnuHgpa. Mmeem annunc (5.6), oTpe3aHHbIW NpsiMoi
X = ¥S_TSn€U cnegoBatesibHO
(5.10) A(p,<p,®) = -iLarccos™In

smO0 rcostf sin$Q>B0 V r2Cos2e

3ameTum, uto nogctasnsasa p = JisinA+r cos0 nonyyaem A(p, tp, ©) = o, Y4TO NOrNYHO.
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3ABUCSHLWWNE OT HATMPABNEHUSA PACMPELENEHNA CEYEHUN

NTak, Mbl Nonyyunnau cnegyrowme pesynibTarbl:

(1) Ana no6oro anMNTUYECKOro LWINHAPA C BLICOTOM 2h 1 nofyocsiMn a u- , ec-
/N ceyeHMe 06pa30BaHHbINA NIOCKOCTbIO e(p, tp, 0) SABASETCS 3/IIMMNCOM (Hempe-
MEHHO 0 0), TO ero NJoLaas paBeH

TRb

(5.11) AGe) = o)

Korga 0 = 0, umeem

babhy/a2cos2 tp + b2sin2 2
AP 1.8 = yaZCosz th: 2sin2 tp<p_p
B yacTHOM cyyae, Korga umeem 6eCKOHEYHbIA 3NIMNTUYECKUA unnuHap (J1=
0C), TO BCe €ro CeYeHWs 3NAUMCbl 0 ™ 0, CefoBaTe/bHO LUOLWAAb CeYeHUs
BbluncnsieTcs yepes (5.11) (gna 6eckoHedHoro uunuHgpa A(p, tp.O) = 00).
(2) Ans KpyroBoro uuaMHApa c BbICOTON 2h 1 pagnycom I naowagb ceyeHws

o06pa3oBaHHOI nnockocTblo e(p, tp,0) paBeH

(5.12)
4h\/r2-p 2, ecnm o = o,
rp+hahifl  /, (p+hbmijf p-hsln9 7/, (p- haiiiOf
T sin$coas r5cos29 tin9cos9V r5coe3s
+XK5 [ “ b EWnr - -
ecnn o < |o| < arctan jj, p < rcoso —/i|sino],
A(p,A.0) = r2 p-/ilBin9| p-hlsinfl T. (p-hlaing])?
|sin9] ACCOS rton9 |aing| coss V racoi3s *
ecnn o < |o| < arctanf, |p—rcoso| < hjsino],
°ol, ecnu arctanjj < lo| <\, p < /»|sino| —rcoso,
ra -hlsin9, rhl|sin9 rn -hlsing])a .
yiaT arccosT MR oL Ry lsinel (p-hisingapy AT

ecnn arctanf£ < jo| < f, |p—/i|sino]|| < rcoso.

UTo6bl HaliTU (YHKUMIO pacnpefenieHnsl Nowaan CeYeHUs LWANHAPA HaM HYXHO
pewmnTb cuctemy (5.12) OTHOCMTENbHO p. Kak BMAHO B HEKOTOPbIX C/y4asx HeBO3-
MOXHO HaliTW 3TO peLleHue B SIBHOM Buae B TepMuHax r, h, tp, ©u A. To3Tomy Mbl
He MOXKEeM HaiTu OKoH4YaTenbHbIl BUA Fc{X, tp, 0), HECMOTPS Ha TO, YTO B HEKOTOPbIX
cny4yasx 3To BO3MOXHo. Ho 6narogapsi cucteme (5.12) Mbl MOXeM HaliTu nnowiagb
cnyyanHoro ceyeHusi. Kpome Toro, Ans OMKCUPOBaHHOW I, J1, Mbl MOXeM MOyUYnTb
Tabnuuy 3HadeHuii Fc(x, tp, €) ncnonb3ys dopmyny

JH Jlsino1+4-7-coso - pX
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rfe px, Y1CoBoe peLleHve cuctembl (5.12) (OTHOCUTENBHOP), 418 KOTOPOro naowagib
ceyeHNs paBeH X. [lpyroe Ba)KHOe 3ak/toueHue, YTO MOXHO caenatb u3 (5.12), ato
hakT, uto A{p, P O, cnegosartenibHO N Fc(x, ©), He 3aBUCAT OT ip (B cny4vae anavn-
TUYECKOro LUMAMHAPa Mbl Takoro He umeem). Aanee, A(p,ip, 0) n Fc(x,<p,0) Henpe-
PbIBHbI OTHOCUTENIBHO P M X COOTBETCTBEHHO A1 11060 ukcmposaHHo {jp, €) C S~,
HO B OT/INYMM OT 3/1/IUNCOMAA, OHMN HE ABMAIOTCA HeMpepbIBHbIMU OTHOCUTENBHO (S?0).

ITOT (haKT 06BbACHAETCA TAXKECTbIO TOUKM 9 = j M TeM, 4YTO B Touke 0 = 0 cedeHune

npeBpaLaeTcsa B NPAMOYro/bHUK.
Abstract. Inthe paper the orientation dependent chord length distribution functions
for some bounded convex domains are obtained. In particular, formulae for the
orientation dependent chord length distributions for a regular polygon and an ellipse
are obtained. Explicit forms of the orientation dependent chord length distributions
were known only in the cases of a disc and a triangle. We also obtain the cross-
section area distribution functions for an ellipsoid and a cylinder. The cross-section

area distribution function was known only in the case of a ball.

CMNCOK TNTEPATYPLI

[1] L. A. Santalo, Integral Geometry and Geometric Probability, Addision-Wesley, Reading, MA,
(2004).

[2] G. Matheron, Random Sets and Integral Geometry, New York, Wiley (1976).

[3] P.B. AmbapuymsH, V. Mekke, [. LLITossH, BBegeHne B CTOXaCTUUECKYIO reomeTpuio, M., Hayka
(1990).

[4] R Schneider, W. Weil, Stochastic and Integral Geometry, Springer, BerUn-Heidelberg (2008).

[6] M. C. AnekcaHgpos, JIeKLMU NO aHAIMTUYECKOI TeOMeTPUM, MOMNONHEHHbIE HEO6XOANMbIMU CBe-
neHusmmn n3 anrebpsl, MockBa, Hayka (1968).

[6] G. Bianchi and G. Averkov, “Confirmation of Matheron's Conjecture on the covariogram of a
planar convex body”, Journal of the European Mathematical Society, 11, 1187 - 1202 (2009).

[71 G. Bianchi, “Matheron’s conjecture for the covariogram problem", J. London Math. Soc., 71
no. 1, 203 - 220 (2005).

[8] A. G. Gasparyan, V. K. Ohanyan, “Recognition of triangles by covariogram”, Journal of
E:Z%rlge)mporary Mathematical Analysis (Armenian Academy of sciences), 48, no. 3, 110 - 122

Moctynuna 3 wiona 2013

24



M3secTna HAH Apmennn. MaTemaTuka, Tom 49, u. 3, 2014, cTp. 25- 38.
CONSTRUCTING POLYNOMIALS OF MINIMAL GROWTH

IAN DETERS

Farmers insurance Group, Akron, USA

E-mail: iandeter8@iandeters.com

Abstract. In [2] a cyclic diagonal operator on the space of functions analytic on tbe
unit disk with eigenvalues (A,,) Is shown to admit spectral synthesis if and only if for
each j there is a sequence of polynomials (pn) such that limn-*eo Pn(A*) = Sjt and
limsup,,_>ausupt>J Ipn(Ajk)!/* < 1. The author also shows, through contradiction,
that certain classes of cyclic diagonal operators are synthetic. It is the intent of this
paper to use the aforementioned equivalence to constructively produce examples of

synthetic diagonal operators. In particular, this paper gives two different constructions

for sequences of polynomials that satisfy the required properties for certain sequences
to be the eigenvalues of a synthetic operator. Along the way we compare this to other
results in the Hterature connecting polynomial behavior ([4] and [9]) and analytic
continuation of Dirichlet series ([1]) to the spectral synthesis of diagonal operators.
MSC2010 numbers: 30BtO, 30B50, 47B36, 47B38

Keywords: Polynomials construction; invariant subspaces; diagonal operators;
spectral synthesis.

1. Introduction

A vector X in a complete, metrizable, topological, vector space X is said to be
cyclic for a continuous, linear operator T : X —»X if the closed, linear span of the
orbit {T~x :n > 0} of x under T is all of X. Operators that have a cyclic vector are
said to be cyclic. A vector x is said to be a root vector for T if there exist A6 C
and n e N such that (T —Al)nx = 0. A continuous, linear operator T : X X on
a complete, metrizable, topological, vector space X is said to admit spectral synthesis
or be synthetic if every closed invariant subspace M of T equals the closed linear
span of the root vectors for T contained in M. Cyclicity results yield interesting
approximation results. For instance, the Weierstrass Approximation Theorem asserts
that the function f(x) = 1 on [0,1] is cyclic for the operator T : g(x) -mxg{x) of

multiplication by x on the Banach space C([0,1]) of continuous functions on [0,1].
25
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Results about polynotniak are intimately related to the results about cyclicity and
synthesis since the vector space generated by the set {7 x :x 6 A'} is equal to the st
(p(T) :p GC[z]}, where C[2] is the set of polynomials with coefficients in C. There
are three recent results which demonstrate this connection. To state these results, we
first present the notation, used in the original papers, and the necessary background.

The operator J(An,m,,) is a Jordan block acting on a finite dimensional Hilbert
space Jtn. The space of functions analytic on the unit disk in C is denoted as Hi, and
the space of functions analytic on C is denoted as H(C). A Unear operator D : H\ -4
Hi or D : H(C) - ytf(C) is called diagonal it has as eigenvectors the monomials
zn for n > 0. Formally, these maps are given by
The sequence (An) is called D's associated sequence. A diagonal operator D with
associated sequence (A,) on H\ or A(C) is defined and continuous if and only if
limsup”oo |A,» < lorlimsup”™” |A,li < 00, respectively (see Proposition 1in
[3] and Lemma 1 in [7], respectively). In either case, the operator D is cyclic if and
only if the eigenvalues are distinct (see Theorem 1 in [3] and Proposition 3 in [7]).
Note that the root vectors for a diagonal operator axe precisely its eigenvectors. The

aforementioned results are as follows.

Theorem 1.1 ([9], Theorem 3). Let {An} be a bounded sequence of distinct complex
numbers, let {w,} be a bounded sequence ofpositive integers, and letJ = ®J(An, mn)
be a Jordan operator acting on a Hilbert space % = If for each positive
integer i, the orthogonal projection Px, :J1 -y is in the weakly closed algebra,
generated by J and the identity, then the Jordan operator J = ©./(An.m,,) admits

spectral synthesis.

Theorem 1.2 ([9], Theorem 4). Let {An} be a bounded sequence of distinct complex
numbers, let {m,,} be a bounded sequence ofpositive integers, and letJ = ®J(An, m")
be a Jordan operator acting on a Hilbert space % = 0 “=150n. Let i be any positive
integer and {p0} be a set ofpolynomials. Then (pa(J)} converges in the weak operator
topology to the projection operator PXI if and only if

(3) suPafcIPa}(A*)| < oo for allj > o,
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where

no- IvPa‘(l'IK) Vi<mk.

Theorem 1.3 ([2], Theorem 8). LetD :Hi —» Hi be a diagonal operator with distinct
eigenvalues and let b be the algebra generated by D. The following statements are

equivalent:

(1) In the SOT, 7, 6 V for alln > 0.

(2) D is synthetic.

(3) The function f 6 Hi is cyclic, where f(z) = j— -

(4) For eachj > 0 there is some sequence of polynomials (p,,) C C[z], depending
on j, such that 1it,_tooPn(Aib) = Sjtk and

limsupsup({|p,(Ajt)|i}) < L
n-ioo k>j

Theorem 1.4 ([4], Theorem 3.1). Let D be a cyclic diagonal operator on CK(C) having
eigenvalues {An}. Iffor eachj > 0 there exists a sequence {pj,n(z)} of polynomials
for which lim,,_»0CpJin(Afc) = 6i k and sup({|pJi7I(A()|1/* :k > 0,n > 1} < oo, then

D admits spectral synthesis.

All three results have similar kinds of conditions which guarantee that an operator
is synthetic. First, condition (1) in Theorem 1.2, the first condition on the sequences of
polynomials in Theorem 1.4, and the first condition on the sequences of polynomials
in part 4 of Theorem 1.3 can colloquially be thought of as separating a sequence of
points. Second, condition (3) in Theorem 1.2, the second condition on the sequences of
polynomials in Theorem 1.4, and the second condition on the sequences of polynomials
in part 4 of Theorem 1.3 specifies a growth condition on the polynomials on the
sequence of points. In particular, the growth condition in part 4 of Theorem 1.3 is the
strictest it can be and still allow for unbounded eigenvalues. This will be colloquially
referred to as satisfying a minimal growth condition.

Seubert and Deters present examples of synthetic diagonal operators (see [9],
Theorem 5, [3], Corollary 1 and Theorem 5, [2], Theorem 6, [4], Theorem 3.2 and
Corollary 3.3). In [9] and [4] the authors use the existence of nets and sequences of
polynomials to demonstrate the synthesis of some subset of diagonal operators. While
Deters does not do this in [3], Theorem 8 of [3] guarantees the existence of sequences

of polynomials which separate eigenvalues and satisfy a minimal growth condition.
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No sequences of polynomials are constructed in [9] or [3]. Rather, they are shown
to exist through arguments based on contradiction or using existence theorems like
Mergelyan's Theorem. In the proofof Theorem 3.3 in [4], Seubert and Deters construct
sequences of polynomials simply by looking at the power series expansion of canonical
products. For instance, for a diagonal operator on H(C) with eigenvalues™ (,\,,) such
that A, = n2for n > 0. the polynomials (p,,) defined by pn(z) = MN*=i ~F~ sat’s?
the conditions in Theorem 1.4 for [p- However, observe that the growth restriction on
the polynomials in the conditions of part 4 of Theorem 1.3 is much more restrictive
than the growth restriction in Theorem 1.4. The purpose of this paper is to construct

polynomials which satisfy the conditions in part 4 of Theorem 1.3.

2. Constructing Polynomials Of Minimal Growth

For the sake of brevity, we enumerate the conditions in part 4 of Theorem 1.3 as

follows:

(2-1) PHPAY) = Sjk,

(2-2) limsupsup({|pn(Afc)|i}) < 1L
n-foo k>j

Constructing polynomials which satisfy conditions (1) and (2) appears to be non-
trivial. For instance, consider the diagonal operator with eigenvalues An = n for
n > 0. Such an operator is synthetic by Theorem 6 in [2]. A natural choice for the

polynomials corresponding to Ao would be PnM = Mk=i However, note that

Ne )' = ( NYy4r(5 1+n ) N
Hence, while the sequence clearly satisfies condition (1) forj = 0, it does not satisfy
condition (2).

It may also be thought that Theorem 3.2 in [4] would provide some insight into such
constructions. Following the proof of Theorem 3.2 in [4), if D is a diagonal operator
on Hi with associated sequence (A,,), then the equivalent condition to Theorem 3.2
in [4] would be that there is some non-trivial, entire function E of order p and typer
such that £(A,,) = 0foralln > 0and lim *~ |A,|Vn = 0. However, if |A,| < |A,+1|
forn > 0and n(r) = \{z : E(z) = 0,\2\ <r}|, then, for sufficiently large k, Theorem
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45.1 in [5] would imply that

, . n(At]) ~ In|E(Q)] + (r + D)BJA*DP  _ .
T Kbl 2 as A oo.

Thus, the “obvious” candidates for sequences of polynomials do not work and more
creativity must be used. We shall first construct polynomials which satisfy (1) and
(2) for a particular family of bounded eigenvalues. To accomplish this we shall make

use of polynomial approximations of Blaschke products.

Theorem 2.1. Let (A,) C C be a sequence such that |A,| < 1and 5ZjJLO(I —
|A,) < oc, then for each j > 0, there is some sequence (p,,) C C[z] suchthat
1Hn,,_,00Pn(Aa:) = §jk and liinsup,,” supfc |p,,(Af)|i < 1

Proof. Fixj >0, and for n >j define

An = max({|Ajtl: 1< k<n}) andBn{z) = N — M J"d.
Mi (1 - Afc2)Ak
Choose Mn such that (2/(1 »)) "2 */"+1/(1 - An)) < 1n, and forn > 1

define

<. H=DNO" 2?2 * "£N r.
Kep] k m=0

For |z] < 1and 0 < K < n observe that

M, _ Mn
I(z Afc)(Afc/Afc) £ (A*z)m|< 2 £ 2 < 2/(1 An).
770 7710
Since I(z —Afc)(JAjt/Aj)|/|I —A*z| < 1 for |z| < 1, we have that for n > max({l,j})
and |z] < 1
lon(z) _Bn(z)|<(— ‘Nz-Akl ) |Afczim
\ Anl m=Mn+I
( VX oAl 1
\1-An) 1-An <
Next, since (1 - |Afc) < oo, there is some B &Hi such that Bn converges to

B in Hi, B(\ie) = 0 fork j, and B(Xj) ¢ O (see Theorem 15.21 in [8]). Note that
lit,,_toogn = B in Hi. Define p,, = gn/B(Xj). Since

Ipn(AR)[* < ((<n(A*)  Sn(Afc)l/[B(AJ)N" + |Bn(Afc)/B(A)D™,

the sequence (pn) clearly possesses the desired properties. O
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Corollary 2.1. If D : Hi -* H\ is a diagonal operator with associated sequence

(An) C C such that |An|< 1 and £ “ 0(1 |A,|) < oo, then D is synthetic.

A more general, but non-constructive version of this result is known from Corollan

1in [3]. However, the proof of Corollary 1 in [3] relies on Proposition 2 of [12] whose

proof is nontrivial.
We now are going to construct polynomials that satisfy conditions (1) and (2)

for a particular collection of sequences (An) such that limsuPfA" |JA,|" < 1 and
limsup,,*», |A,| = 00. Although there will be many details in what follows, the main
spirit of the approach will be to consider sequences (A,,) such that 5Zn=o0 = °0
Informally, the sequence (A,,) does not grow too quickly. We will then find a sequence
(zn) of positive numbers such that 1 ,,_«» = 0and A =00e Informally,

the sequence (Zn) will grow faster than the sequence (JAn|), but not too fast. The
desired sequence (p,,) of polynomials will then look like pn(z) — Mk=i mThe
first step will be the following lemma which follows directly from elementary entire

function theory.

Lemma 2.1. Letz,zqge C such thatRez > Rero and a sequence ofpositive numbers
(zn) such that z* f oo be given. Ifz  {zn :n > 1}, thenpn(z) = N"=i 0 if
and only ifyz. £ = °°-

Proof. Since Zk t oo, there is a sequence of numbers (u,,) such that 1it,_toou,, = 1
and (Iz - Zn\WZQ - znl)2= 1+ 2(Rezo - Rez)un/z,,. Hence, by Theorem 15.5 in [8],
the result follows. u

In light of the above proposition, we will concentrate our efforts on polynomials of
the form pn(z) = ME=i that satisfy conditions (1) and (2) for some sequence
(zn)- To this end, we now develop some ideas to judiciously select sequences of zeros
for the polynomials. Our definitions will be recursive. Define ao(x) = x, an(x) =
1“ -(*),e=1 and en = «*"-1forn > 1. Abo, define bn(x) = Mb=0 ak(x) for
n > 0. We collect some basic results about these functions below. In particular, we

will obtain an estimate for M*=i am(2+ fe—1) similar in spirit to Stirling’ formula.

Lemma 2.2. Leto,, and bn be defined as above. The following assertions hold.

(1) Letm > 0, n 6 N, and x > em be given. There is a function em<x : N —R
such that TE_X<hn{x+ *- 1) = am(x +n - and limsupn_+00(1 -
£Em,*(n))Inn = 1.
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(2) Letm > 0, n 6 N, and x > em be given. There is a function emx : N —R
such that M*=r bm(x + t—1) = bm@ + n — and lim supn_foo(l —
Em,i(n))bn=1I.

(3) Ifn> 1and0< c < 1, then abipx(ca,,(r))i < el/a*1*/c\

(4) ForX,y > 2andn >0, a~l{xy) > a 1(r)a 1(y).

(5) For each e e (0,1) there is some M such that a~1(xv) > (a~1(x))v for
X>M,y6 [el), andn > 0.

Proof. (1) Define a sequence {em,i(n), n e N} as follows: we put em,*(I) = 1and

for n > 2 define

e” - (n) - g a"« (I+*m»m
Observe that the only task is to prove the second property of em X. The proof will be
by induction on m. The case m = 0 follows directly from Stirling’s Formula (see [6],
p. 313). Suppose that the result holds for some m > 0 and let x > em+i be given.
For n > 2 define

f,u_ am+2(V) am-rl(y)
am+2(x +n - 1) Om+ifa+ n —1)'

First, observe that

falx+n- 1) =0,  fa(am+i(Om+i(x+n - 4)) <o
and
I"(«m+IK+1t1+ - 1)“m+l( +n-))) > 0
for sufficiently large n. Write yn = ~+I( +( + - 1)/ + ( + - 1)) and

note that /,, has a unique maximum at ynmObserve that for sufficiently large n,
X <yn <x + n —1 Define A\ to be the smallest k such that |(i + kn —1) —yn| =
min({|(x + Kk —1) —y,,| : 1 < Kk < n}) and observe that |y,, —(x + fon —1)1 < 1/2 for
sufficiently large n.

Next, by the Mean Value Theorem, there is some c,, between yn and x + kn —1
such that \fn{x+kn -1) - /,({/,,)| = [/I"(c,,)|[(x + fc,-1) -y n\. It is easy to see that
limn_,00c,, = o0o. Since lit,_toc/'(c,,) = 0, lim,, *»fn(yn) =1, lim* * |/, (i +
k,,- 1)- /,(jl,)] = 0and lit,_too/, (i + fon- 1) = 1. Hence, for sufficiently large n,
we have

z+ 1 X»T+i (<Wi(a: + n —I)-™+j (*+—»)
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and -Om+i(a0 , am+2(J + kn- 1) _ am-n(g+ *n 1)
nEm+L*(n) - £T/1n)) - amEX(x+n-1) 0,+ (*+n~X am+I(*+ M 1)
A am+2(x+ fc-1) _ am+i(»+ *-1) > 0.
+ fc:2ﬂ<’\Knam+2(X +n-1)  am+i(x + a9 —1)
Therefore,

limsuplnn(l —£m+i,x(n)) < limsuplnn(l —£m,i(n)) ~ 1
—+0 N-»00

and the result is proven.
(2) Itfollows from part 1 that, for each 0 < j < m, there is some function ij X,

defined on N, suchthat lim9upn_foo(l - £j,*(n)) Inn < 1 and

f[ aj(x+ k- 1)=aj(x+n-
k—

Next, we put em,*(I) = 1 and for n > 2 define

e () " INBM (*+n—1) £ 4 « (* + » - 4*I»-
Clearly, we have
bm(x + n - =M bmXx+k- 1).

Jfcssl
The other part of the assertion follows by noting that
m
Naitix+n- D/Inbm(x+n- 1)= 1
1=0
(3) Follows from a simple calculation.
(4) Follows by induction and the observation that xy > x +y for x,y > 2.
(5) Follows by induction and the observation that lim ~!  yVCv-O = e. O
We now proceed to the main result. In particular, the theorem that follows will
produce a construction of polynomials whose existence is guaranteed in Corollary 1
of [2], and mildly extend the result of Theorem 6 in [2].

Theorem 2.2. Suppose (A,) is a sequence of distinct complex numbers such that
0 < ReAn < ReAn+i and [Im An| < Re A, for n > 0, limn-»00 Re A,, = 00, and there
is some p > 0 such that |An| < bp(n) for n > ev. Then for eacht > 0, there is a
sequence (pn) C C[r] such that (pn) satisfies (1) and (£).
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CONSTRUCTING POLYNOMIALS OF MINIMAL GROWTH

Proof. Leta > 0be given, fixa uonnegative integer t, and define ©= max({ep+i, |A*[}).
For n,k> 1, define zk = bp+i(® + k - 1),

M= T TN e

and jn = min({j : Re > zn/2}). Note that

INI<ffl1+-M -r < K-i<e» n X
£ de- I

By assumption, there is some J\ such that |AY < bp(j) forj > J\. Since

bp(xap+i(x))
bp+"x)
there is some Mi such that 6p((r/4)ap+i(x/4)) < 2bp+1(i/4) for X > M.
Thus, if max({Ji,ep}) <jn< ( /4) + ( /4) and n > Mi, then

2ReA,, < 2JAnhl< 2p(jn) < 2bp((n/4)ap+1(n/4))

P+l
< dbp+1(n/4) = n O af(n/4) < z,, < 2ReAlri.

*=1
Hence, ifj,, > max({/1, ep}) and n > Mi, thenjn > (n/4)ap+i(n/4). Thus, limn *» IA.11*
1 and there is some Ni such that \An\I* n < y/1 + a for n > Ni.

By part 2 of Lemma 2.2, there is a function e : N -> R such that forn > 1

M** = (»+i(*+n 4V (m=C (n
*=j
and limsupn_Kx,(I - e(n)) In(n) = 1. Forn > 1and 0 < k < p, define

Ofc= (on(J+n-1)flp+i(9+n -1)) ") t(n),

and note that forn > 1,

p P pi
N o< = W ax(-+ - fn- MY =N Gt DE) = ()
*=0 k=0 k=0

FVompart 5 of Lemma 2.2, there is some M- such that ak (xv) > a”*1(x)y for x > Mr,
y 6 1), and 0 < Kk < p+ 1. Since 1liT,,_toce(n) = 1and lim* »» afq(i) = oo for
0 < A< p+1, there issome N3 such that | < e(n), ak[@+n-1)" > 2for0 < kK <p,
<>{0+n- 1)XRH) > 2, and flp+i*+ n- 1) > M2 forn > N2.
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Thus, forn > N2 and 0 < Kk <p, w? have that
m<n)ap+i(0+ n- 1)No <W +n - 1)I(n)ap+i(0 + n - 1)*&
<(0+ - 1DE<) > *(0+n 1)~
<ay\ak[e+ w- l)e(n))a* + - 1)")
<ajfl@<(®>+ n—Il)efnap+i(*+ n- 1)) = ak"Cn.k)

Therefore. .
— lEHD

Thus, there is some N3 such that supr (bj,(x)/2n*)n/,r < VT+"a for n > N3.
Next, since limj_«x, Re Aj = 00, there is some J7 such that ReAj > 2 Re A< Define

J = max({J2,ep,jifl,jN3,i + 1}), and observe that
6+
Y.Uzk > [ lop+i(x)dx =4 + (9+ ) - +{9).
k=1 Je
Hence, limn_»00P,i(Aj) = 6 i forj > I. Choose No such that |?n(Aj)] < 1forl <j <

and 71> No, and define N = tax({iVo,7Vi,/Ir3}). If n > N, j >t, and |pn(Aj)| > 1,
thenj > J, ReAj > z~/2 and there are two possibilities.
First, there is some m with 1< m < n —1such that zm/2 < Re Aj < Zm+1/2.

Second, Zn/2 < ReA]j. In the first case, if m < N\, then m+ 1 < N1 and

<RefMi< ReAj <ReAj<~ < *f,

Thus, in the first case, m > N\. Similarly, m > N3 in the first case, and hence we

have

b (A =

<VT+aVT+Q = 1+ a.
Similarly, in the second case, we have fcntAj)!1* < 1+ a, implying that for n > TV
suplpn(Aj)} < 1+ a.
3>1
Since a is arbitrary, we have
limsupsup|pn(Aj* < 1
*OOPJS>P|P (ADI

and litn-too Pn(Aj) = 6ji forj > 1.
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Ift = O, then we are done. IfI > 0, then define p(z) = and g,, = p-pn,
and observe that litn-too gn(Xj) = Sj,t forj >0 and

limsupsuplg,,(AM|} < 1.
B-too }>t
This completes the proof of Theorem 2.2. |

Corollary 2.2. Suppose (A,) is a sequence of distinct complex numbers such that
0 < Re An < ReAn+i and |ImAn(< ReAn forn > 0, limn-)* Re An = 00, and there
is some p > 0 such that |An| < 6p(n) for n > ep. Then the diagonal operator with

associated sequence (An) is synthetic.

3. Discussion

One may wonder how far one may push the technique used in Theorem 2.2 to
constructively produce examples of synthetic diagonal operators on H\. To help
answer this question we turn to some results from [1]. The two theorems from [1]

of the greatest importance to this paper are stated below.

Theorem 3.1 ([1] Theorem 3.1). For any p > 2, writing A,, = np (n > 0), there

exists a complex sequence {cn} satisfying

(3.1) Iimsug) lc,|" = 6P=e_rcot£
such that
IM = Cne_An'
n=0

(which converges for Rez > 0, and extends as a C°° function to foe closed right

half-plane) has an infinite-order zero at z = 0. In other terms,

00
X >nplc=0 A=0,1,2,—
n=0

Moreover, for positive x

\f(x)\ < Ce— "1,

where C, ¢ are positive constants.
For integral p, the constant on the right-hand side of (S.I) is sharp, in the sense
that no such sequence {c,} exists with 0 < limsup””" |cn|" < &.
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Theorem 3.2 ([1] Theorem 2.1). Let0 < Aj < < m > ane’
I (Inn)2 U
imsup —r--=------ )
n—1?0ep *n
Suppose, for some e > 0, [cn| < e rv/*".
ANACNA* =0, K=0,1,2, e0em
n=1
then all On vanish.

The use of the two above theorems becomes evident when compared with the
following result (stated in abbreviated form) from [3].

Theorem 3.3 (Theorem 3in [3]). Let D be a cyclic diagonal operator on X R having
distinct eigenvalues {An}. Then the following are equivalent:

(1) D admits spectral synthesis.

(2) There does not exist a sequence of complex numbers, not identically

zero, for which limsup liOnI™ < 1 and 0 = 51°Lown”n for K>0.
A combination of Theorems 3.1, 3.2, and 3.3 yields the following corollary.

Corollary 3.1. Let D :Hi -> Hi be the diagonal operator with associated sequence
(np). Then the following hold:

(1) Ifp > 2, then D is not synthetic.
(2) 1fl<p< 2, then D is synthetic.

Consider the diagonal operator D : Hi —¥Hi with associated sequence (np).

If p > 2, then by Corollary 3.1 and Theorem 1.3 it would be fruitless to try to
construct polynomials which separate points and satisfy the minimal growth condition.

However, if 1 < p < 2then Corollary 3.1 and Theorem 1.3 guarantee the existence
of polynomials which separate points and satisfy the minimal growth condition.

How shall such polynomials be constructed? Observe that since Y!"=i 3 < °°
ideas used to prove Theorem 2.2 may not apply. To make this precise, let (pn) C C[Z]
be such that (p,,) satisfies conditions (2.1) and (2.2) for j = 0. How would such
polynomials look like? Once again, as it was mentioned above, the "obvious"polynomials
On(z) = IE U (s- kp)/(-kp) fail. To see this, note that by the Mean Value Theorem
(n+ )p k» > (n+ 1- k)pkP~I. Hence

K bl -nN kig * 7”>nN - P-,

fe=l K
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implying that supfc0 lo”"A*)!Y/* > pn/(n+1).

Assume, without loss of generality, that no p,, is constant and pn(0) = 1 for all
n > 1. Foreachn > 1writep,(z) = FTAbi(*-27,n)/(-rn.*) for some zn,u zngd, e
C. Define gn(z) = * (* 1* *D/I(-|* .*|) note that the sequence (gn) also
satisfies (2.1) and (2.2) forj = 0. Hence, we may assume, without loss of generality,
that for n > 1,pn is not constant, pn(0) = 1, and pn has real positive zeroes.

Suppose momentarily that p,(z) = N*=i(r ~ zk)/{~Zk) for some sequence of
positive numbers (z,,) and reason heuristically rather than precisely. One possibility
is that {A, ; n > 1} C {z,, : n > 1}. However, we have already seen that the
polynomials ME=i(r ~ A*)/(-A*) do not satisfy (2). If this is the case, then the
sequence (p,,) would seem to fail for the same reason that the sequence (on) failed.
Thus, there issome Ano {* :n > 1}. Then by Lemma 2.1 we have I/zn = oo.
This implies that (zn) grows slower than (A,), and hence that pn grows faster than
on- Thus, it would seem that (p,,) does not satisfy (2).

Therefore, it appears that there is not some sequence of positive numbers (zn)
for which pn(z) = N*=i(r ~ zk)/(—Zk) satisfies conditions (1) and (2), and greater
creativity would be required to construct polynomials (p,,).
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Abstract. Norlund strong logarithmic means of double Fourier series acting from
space LlogL (T3) into space (Ta),0< p < 1, are studied. The maximal
Orlicz space such that the Norlund strong logarithmic means of double Fourier
series for the functions from this space converge in two-dimensional measure is
found.
MSC2010 numbers: 42A24.
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1. Introduction

It is known that the rectangular partial sums of double Fourier series Snm (/; X, y)
of a function / G Lp(T2), T := [-A-.1r), 1 < p < 00, converge in Lp norm to the
function / as n —»00 (see [14]). In the case L\ (T2) this result does not hold. But for
| € L\ (T), the operator S,, (/; x) is of weak type (1,1) (see [16]). This fact implies
convergence of S,, (/; x) in measure on T to the function / € Li (T). However, for
double Fourier series this result does not hold (see [7, 9]). Moreover, it is proved that
the quadratic partial sums S,,,,, (/; x,y) of double Fourier series do not converge in
two-dimensional measure on T2 even for functions from Orlicz spaces wider than the
Orlicz space LlogL (T2). On the other hand, it is well-known that the rectangular
partial sums S,,,m (/; x, y) of a function / € L logL (T2) converge in measure on T2.

Note that the classical regular summation methods often improve the convergence
of Fourier series. For instance, the Fejér means of the double Fourier series of a
function / 6 L\ (T2) converge in L\ (T2) norm to the function / (see [14]). These
means represent the particular case of the Norlund means.

°The research of U. Goginava was supported by Shota Rustaveli National Science Foundation
grant no.31/48 (Operators in some function spaces and their applications in BEburier analysis)
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The Norlund logarithmic means of a double Fourier series are defined b>

(15 %, v)
tn,m L 8 1:OJ.SO(m‘_|+1)(m-J+ 1)

where In := (Lfc) and (/; *,») denote the rectangular partial sums of the
double Fourier series of the function / .

It is well known that the method of Norlund logarithmic means of double Fourier
series is weaker than the Ces6ro method of any positive order. In [10] Tkebuchava
proved that these means of double Fourier series in general do not converge in two-
dimensional measure on T2 even for functions from Orlicz spaces wider than the Orlicz
space LlogL (T2). For Norlund logarithmic means t,,,m (f\x,y) of double Fourier

series Tkebuchava [11] proved the following result.
Theorem 1.1. LetLq (T2) be an Orlicz space, such that
Lg (T2) £ LlogL (T2).

Then the set of function from the Orlicz space Lq (T2) vAth logarithmic means of
rectangular partial sums of double Fourier series, convergent in measure on T2, is of

first Baire category m Lq (T2).

On the other hand, as it was noted in [1] Remark 1, the regularity of summation
method does not allow to deduce the summability in measure of a functional sequence
from its convergence in measure.

In this paper we consider the strong logarithmic means of rectangular partial
sums of double Fourier series and prove that these means are acting from the space
LlogL(T2) into the space Lp(T2),0 < p < 1 (Theorem 4.1). This fact implies
convergence of strong logarithmic means of rectangular partial sums of double Fourier
series in measure on T2 to the function / 6 L logL (T2) (Corollary 4.1). Uniting
these results with Tkebuchava result from [10] (see Theorem 1.1), we prove that the
rectangular partial sums of double Fourier series converge in measure for all functions
from Orlicz space if and only if their Norlund logarithmic means and strong Norlund
logarithmic means converge in measure (Theorem 4.3). Thus, not all Hassirai regular
summation methods can improve the convergence in measure of double Fourier series.

For the results on summability of logarithmic means of Walsh-Fourier series we
refer the papers [3] - [5], [12, 13].
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2. Double Fourier series and conjugate functions

We denote by Lg—£0(T2) the Lebesgue sp&ce of functions that are measurable
and finite almost everywhere on T2.
Let Lg = Lqg(T2) be the Orlicz space (see [8]), generated by Young function Q,
that is, Q is a convex continuous even function, such that Q(0) = 0 and
u-!j%osw +00, u-»0 U =

This space is endowed with the norm

H/IUQ(r») = inf{* > 0:JJ Q{\f{x,y)\/k)dxdy < 1}.

In particular, if Q(u) = ulog+u, log+u := I{u>i} logu, then the corresponding
space will be denoted by LlogL(T2).
Given a function / 6 L\ (T2), its double Fourier series is defined by
(2.1) £ / (m, n) eimxeiny,
(n,m)gZa

where Z is the set of integers and

(2.2) f(m,n) = — JJ /(*,y)e~imse~invdxdy
r
are the Fourier coefficients of f.
Denote by S,,|m (/; x,y) the {n,m)th symmetric rectangular partial sums of series
(2.1). As is it well-known, we have

Snm (/i X,y) — JJj f (e,t) Dn(x —e) Dm (y —t) dsdt,
T2
wbprp
sin((n+ 1/2) u)
Dnw' 2sin (u/2)
is the Dirichlet kernel.
One can associate three conjugate series to the double Fourier series (2.1):

(a) conjugate with respect to the first variable:
(2.3) T™10*- £ (-isign
0',fc)ezd
(b) conjugate with respect to the second variable:
(2.4)*op>~ J2 H?ignlfe)/(3,fc)eiy-+~
U,k)eVv
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(c) conjugate with respect to both variables:

(2.5) firy)~ ~2 (—isign;) ( isignA)/ G, k) e<t,I+fcv).
(i-k)ezP
It is well known that for an integrable function / we have

I»»(*,»>-pvil 2 X4i)n

and
IW> (*,)=P.V ./ / 2um(4)V t, («=1)" "=
T*
Privalov’s theorem (see, e.g., [16j, vol. Il, p. 121) immediately implies the a. e.

existence of /110) and /~0,1) under the assumption / 6 L\ (T2). The a. e. existence
of /t11) for / € LlogL (T2) was proved by Zygmund (see [15, 17]).
We consider the symmetric rectangular partial sums of series (2.3)-(2.5) defined by

S*m(/;*.*):=£ £ (-i*W3)fU, k)eiUx+kw
lil<n |Al<xm

S*m (/; Xy) := £ £ (-isignA) f (J, k) ei{Ix+kv)
\i\<n\k\<m
and
MY XV)~ £ £ (-“«l1?) (-Sign*)/ 0. *) e<iHov).
lil<n[*l<m
It follows from (2.2) that

M2m (fx>v) =~ JJ f (8, 1) (i - egDm(y - 1)dadt,
™

wnm{f\xtV) = s (e,t) Dn (x —a) Dm (y —t) dadt

™
and
;ry)= — \]\] f (a,t)Dn(x- a)Dm (y - t)dadt,
where
(2.6) Dm(u)e=__1 _ cos((m + 1) u)
2tan(u/2) 2sin(u/2) * 1 1'2’-

is the conjugate Dirichlet kernel.
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In this paper we also consider the following operators

~io | ff ~ —
Amm (> YY) ~2J3J f (®i0Dn(x —s) (y —t) dsdt,
T3
= \]J f{s,t)Dn{x-a)D m (y—ti dsdt
T2
and
snm(/; V) - \]\] f (s, 1) Zn (& —s) Z3m (y —t) dsdt

T2
where Dn (u) is the modified Dirichlet kernel defined by

ftrl- 9|n(nu)
nW 2tan (u/2)

3. Strong Riesz logarithmic and strong NOrlund logarithmic means

The strong Riesz logarithmic means, the strong Norlund logarithmic means and
the strong Fejftr means of rectangular partial sums Sfjf are defined by the following

formulas, FREpERLRAR>

1 N m sy (1x»)
KUf-,x,y):?

mifo)=o i+1) +1

~«b S I r r

5QV\.y)
Vm (/I *ev) « Um (-i+L)(m-j+ 1)
1 m
«-<**ep> (W, KW 1lgg U M “r6=°'l
Denote
n?m (/) = -ftnm (/) ! (/) = Snm (/) j
/)y =r,,m(/), 0’ (/) = finm (/) .

In [6], among others, it was proved the following result

Theorem 3.1. Letf e LlogL (T2) and 0 < p < 1. Then for any a,b = 0,1 the
following inequality holds

| p \ I/p
y\]\] Asup (/; X,y)™ dxdyj <a \]\] \f (x, y)|log+ \f (i, y)\dxdy + c2.
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Applying Hardy’s transformation, we obtain o /*

. . y." ’
| IJmKm/ xs): it y%
| JmK m xs) i:OJ:O(HS(J

+JE=QZLS»HN9*'*>+ lEzol' T 2 < *m»>+ 572 ([;%

Consequently, for / 6 LlogL (T2) from Theorem 3.1 we obtain

(3.2) (1f (Kim(f;Xvj)Pdxdv)

< = {jj V'X »))
< ci\]\] 1/ (*.y)| log+ 1/ (x,y)| dxdy + @

Since
\ilp / p \ VP

(/(l?«of"*.bpdx\' M supttn (00 1 o

< ClJ IlixJldi./erfT), O0<p <1l

T
Similarly, for one dimensional case we can show that

(33) AY (T ))PA {n(r x)Y oy

A oad\f(x)\dx,feLi(T), O0<P<1,
T
where <7, (/; x),a,, (/;x), 4,, (/; x) and A,, (/; x) are the strong Fejdr and the strong
Riesz means of Fourier series and conjugate Fourier series, respectively.

4. Main Results

Theorem 4.1. Let/ € LlogL (T2) and 0 < p < 1. Then the following inequality
holds

N (rn,m q;r, y)pdxdytj < ¢j 3 (x, y)| log+ 1/ (x,y)| dxdy + cj.
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Theorem 4.2. Let{ e LlogL (T2) and0< p < 1. Then

asn,m-t oo.

Corollary 4.1. Letf e LlogL (T2). Then

in measure on T2 as n,m-¥ oo0.

Uniting these results with Tkebuchava theorem (Theorem 1.1), we can state the
following result.

Theorem 4.3. The following assertions are equivalent:

(a) the embedding Lq(T2) ¢ LlogL(T2) holds;

(b) the strong Norlund logarithmic means of double Fourier series for all Junctions
from Orlicz space Lg(T2) converges in measure on T2;

(c) the Norlund logarithmic means of double Fourier series for all functions from
Orlicz space Lq(T2) converges in measure on T2.

5. Proof of main results

Proof of Theorem .1. Setting a,,(t) := sin((r»+1)<) and 0,, (t) := cos((n + I)t),
we can write

(5.1)
-
A+ 1/2) (x t

\ J f{t)sm ((n+ 1) (x-t)) Cosg(gin:(x —)t())/(Z) )
T

in (& + 1/2) (x - t

f{t) cos((n + 1) (x-t)) Slnz((sinJE(X _)tgx/z) )

t

(cos((fe + 1/2) (x-t)) _ cos((x - 1)/2)
2sin ((x —t) /12) 2sin((x —t) /12)
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1o (+D
2 tan ((z —t) /2)

1'r ..o sin(Ne+ 1/2)(z-i))j4

--ft(es(+ %) dn((i-0/2)
T
_Qn@0 rf[t)on(t)Dk(x-t)dt+~L—-f f(t)an (t)Dk{x-t)dt
t ?

1/ gin((n+1)(x 0)»
nj 2tan ((z —t) /2)

O ) [f()B (UsM(k +1/2)(x-t))
——— 3 f(O)PR{t)  2sin((z —t) /2)
]

On (z) W((n+ i12) (x-1)),
\] f 2sin ((z —t) 12)
s

= —an(z) Sk (//?,;z) + On (z) 5* (fa,,;x)
—0n (z) Sk (fPn, z) - On (x) Sk (JOn!z) + S,,+i (/; 2).

Hence
r,(l;z) : = £E A~ N < Rn(M,,z)+"(lan,z)
‘nk=on *+ X
+-Rn (/&>,x) + Rn (fan,z) + <h+l1 (/;2).
Since

(/Vn(/;*)IP<&] <c,, f\f(x)\dx,
\T / T
from (3.3) we conclude that forO<p < land / 6 Zdi(T)

(5.2) Af (rn (/3 2))p dX; <cpf \f(2)dxj € (T).
Now we consider the rectangular partial sums of double Fourier series. In view of

(5.1) we can write
Sn-i,m—(fiX,y) = P, _j(Sm_j-(/;y);z) = —an(x)Si(Sm—{f\ y)Pn\z)
(5.3) +0n(2) Si (Sm-j (/iy)a.;z)- & (2)$ (5Sm_j(/;y)A.5)
-an@)& (Sm j (/;y)Oniz) + 5n+i (Sm j (/,y);2)
4
52 {i>>xy) +5 + {Sm— (/,y);z).
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Next, for I\ (i,j’,x,y), in view of (5.1) we have
G4 h(ijix,y) = -rtn(x)Sm—j (S, (fPn-x):y)
= an(x)Qm(y) Sj (8i (f ,x)Pm\y) tt, @)0Om(y) ( {{ x)amlyj
+90.0x) Pm () Sj (Si (FF}n*,x)0m',y) + On (x) am (y) Sj ('Si (//3,,; x) am;yj
“0,, (X)SmH+L (s< {fPn, x):y) = On (x) Qm (y) 52/ (//9n/om;x, y)
—°n (x) 0m (y) Sy (FBnam\x,y) + Q, (x) /m (y) S*° (fP,,Pm:x, y)

+Q. (9 QM (y) 5°° (fOnam:X,y) - an ()5< +1 /£, %)
4
L 70 (5051478 (fmixy).

1=1

FVom (3.2) we obtain

.. p
rn JJIr 1y y I™Mmmxy)l\ ,,
t=0 j=0

< jf\n X m(ff)nPm-,Xtv)\Pdxdy
J2

<C1/ /1 |I(X,y)|log+ |/(x,y)|dxdy + ca.
P
Similarly it can be shown that

p
s f.l Ly y Uu(tizxey)l | gq
® WAy +R0HY oo
< ci \]J I1/(x,y)llog+ |/(x, y)|dxdy + ca, Z= 2,3,4.
L
Now, we turn to A5 (t,m;x,y). Taking into account that
~10 A

1(fPn",X,y) = S, (Sl (/;y)”n;x) ,

/(s,y) 6 LlogL(T) forae.ye Tand/ e LlogL (T2,

and

\] [*m+1 (/;x,y)|dx < ci J [/(x,y)[log+|/(x,y)]|dx + c2,

T T
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from (3.3) we obtain

. p \jlp
1 [AMw-i j

] \Sm+1(/;xY)\dX<C|J Vicinitogs vy + .

T
Consequently,

B7 [[ Ifl 'Vj\  dxd
(57) |n|mh hATEIN m
< Clj f \f(x,y)\\og+ \f{x,y)\dxdy + c2.

A combination of (5.4)-(5.7) yields

- i .
- V(R vy 2

smilarly, we can prove that
p

T W T ) **

< ci \] \] I/(x, y)llog+ |/(x, y)ldxdy + c2, a= 2,34,
TJ
and

(510)

Cilll\"x Iog+’\lx +
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CONVERGENCE IN MEASURE OF STRONG LOGARITHMIC MEANS ..

Combining (5.3) and (5.8) - (5.10), we complete the proof of Theorem 4.1. O

Proof of Theorem .2. The result follows immediately from the density of polynomials
and by virtue of standard arguments (see [16]). O
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1. OcHoBHble 0603HaYeHUsA N onpepesieHUs

MycTb N- MHOXecTBO HaTypanbHbIX uncen No = N U {0}, Ng - MHOXecCTBO
MEepPHbIX MyNbTUMHAEKCOB, T.e. Touek a = (ai,...,an), off 6 No j =

Rn - n- MepHoe BeLUeCTBEHHOE 3BK/MAOBO MPOCTPaHCTBO Touek = ( , ,— )>
C=RxiR (i2=-1),A»={ e Rntj>0,j=1,...,n} nRg=4{£6
ednEi..£,70}.-

Ona , 6 Rnkr € Ng:1l<k<n,I'<sr< ,t6 49+ Ae na 6 Nft
0603HauMM (,)) = &TA + ...+ £nrin, -T) = ( M ..TE,, *T}), " = (ft,... &)«
£* = £n), £=(r.m, e(r)= (ft, sef»),  Il=
= (tf+ ..+ tx = (*A& tA), * = Jaj=a
al = ail...a,,luDa= rae j=1,..n.

Myctb P(E) = P(ft, ....&.) = EBc(“, MHOrouneH, rge cymMma pacnpocTtpaHseTcs
no KoHeyHomy Habopy (P) = {a, 2 e Wroa# 0}, aQ6 C.

B fanbHeiwem 6ygem cuntatb, 4To D\P m..mD,,P 0.

MHOrorpaHHMKOM HbIOTOHa UM XapaKTepUCTUYECKUM MHOFOTrpaHHUKOM (X.M.)
Habopa (P), (MHorouneHa P) Ha3blBaeTCA MUHUMaNbHbIA BbIMYK/bIA MHOFOFPaHHWUK
X(P) C coaepxawmin mHoxectso (P) {0}

MHororpaHHuk 3? C J1” Ha3blBaeTcsi NpaBU/bHLIM (BMOSHE MPaBUMbHBIM), ecnu
KOMMOHEHTbI BCEX BHELLHUX (OTHOCMTENbHO 3?) HopMaseid (N - 1) - MepHbIX HeKoop-

AVHATHbIX rpaHeli 81 HeoTpuuaTesbHbl (MOMOXMTENbHBI).
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O MHOTOYNEHAX TUTTOSNTNTITUYECKNX OTHOCUTE/IBHO TPYTIMbI

Ons x.m. LWWP) Habopa (P) C N$ BBefem cnefytoLime 0603Ha4eHUA
A°(P) - MHOXeCTBO BEPLUNH MHOrorpaHHuka LLLP),

A(LLLP)) - MHOXECTBO eMHWNYHbIX, BHELIHUX (OTHOCUTeNbHO LLLIP)) HopMmaneli
(m 1) - MepHbIX HEKOOPAUHATHLIX rpaHei LLP),

A+(WP)) B {AGA(LUP)) A>O0 (Ae 9" -Rg},

alP) = {Ve WP), 3AEN(AP)): (A = dA), dA)e max. (7,A)}
vek(p)

paHb [T MHOrorpaHHuka 3? C A" HasblBaeTCA rNasroi, eciun CyLLecTBYeT (BHELUHSS)
HopManb A3TOI rpaHu, uMeloLas XoTa 6bl OfHY NONOXUTENbHYI0 KOOPAUHATY.

Onpegpenenune 1.1. (cm. /1) MHorouneH P(E) — ( ,—, ) HasbiBaeTCHA rMnoan-
AMNTTTYeckuM, ecam ana noboro O ~ae Ng Da ( )/ () —»0 npu |£| —o00.

OnpegeneHne 1.2. (cm. [1]) MHorouneH P(£) = P(£i, ...,En) Ha3biBaeTCs YacTuny-

HO TUMOANAUNTUYECKUM OTHOCUTensHo ' = (£i,.., fit),k < n, ecnn BbinonHseTCA

0OHO M3 CNeflyloLnX 9KBUBANEH THbIX YCNOBNI

(1) ana no6oro 0 a e W npwu |£] -» oo, korga " —(fk+1.....£n) ocTaeTcs
orpaHunyeHHbiM DaP(£)/P(£) -y Q
(2) ecnn MHorouneH P npeAcTaBuTL B CNefyHoLLeM Buae

0"€NE-*
TO a) MHOro4neH Po" (O rMnosnannTMyeH Kak MHOFO4/IEH OT ],
b) Pa"{£')/Po"(I) =0 npu | | -» oc(E' € Pf) gna nwoboro 0 O 6
K "-
Onpepgenexnune 1.3. (om /SJ). MHorouneH P(£) = P(fi,...,En) Ha3biBaeTCA rMnoan-

aMnTuyeckum oTHocnTensHo ' = ({i,...,ft) Kk <n, ecan gna nbbix O a € N1
n nocnegosaTensHocTein {£'}* i C A"

>P(£*)/P(E®) —»0 Kak TonbKo |(E*);| -> oc npu s -> 00.

Onpegpenenne 1.4. (cm. ). MuorouneH P (0 = P((£i,-,£0) HasbiBaeTCA pery-
NAPHbIM (He BbIPOXKAEHHLIM), eCcin CyLecTBYeT NOCTOAHHAA ¢ > 0 And KOTOopoii

£ ICI<c(|P(OI +1i) veea".
a6«°(P)

B fanbHeiiliemM Ham MOHago6UTCs CreaytoLwmin Nerko NpoBepsieMblii pesynbTaT
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3ameuaHune 1.1. (em. [4] - [6])- 1) Ecom x.m. LLLP) perynsipHoro mHorouneHa P
BrnaiHe npasw/bHbIA, TO MHOrOY.reH P runoaf-wnTuyeH. 2) Ecam mHorouneH P ru-

no3aNMMNTUWYeH, TO ero x.M. LLLP) BnonHe npaBunbHbliA. 3) Mlto6aa (n - 1) - mepHas
HeKoopAuHaTHas rpaHb x.M. 3? C i?" rnasHas. 4) Ecnm x.m. 9i ) Habopa (P) C /10
BMO/HE NPaBW/bHbIA, TO ero nobas HekoOpAMHATHASA rpaHb rnasHas.

2. MpeaBapuTenbHble pe3ynbTaThl

W3 onpegeneHuid 1) - 3) HEMOCPeACTBEHHO CrefyeT:
MpeanoxeHune 2.1 NycTb K,n € N 9K < n. Ecnn mHorouneH P(£) = P{£, )
FMNO3NHATUYEH OTHOCUTENbHO ' = (£ii.-i(K) (4aCTMYHO rMNO3NAMNTUYEH OTHOCK-

TenbHO £), TO
(1) ana mwoboroj :1<j < Kk mHorouneH Qj(fj;€") = P(0,—0,(j,0,...,0,(")
roe " = (&+1,—ifn) rMnosnAMNTMYEH OTHOCUTENBHO  (MacTUYHO FMMNo3f-
NUNTUYEN OTNOCUTENLMO ),
(2) pna nwoboroj :k+1<j <n mHorouneH Qj({; )= ( ,0 , Q ,0,0)
FUMNO3AMNTUYEH OTHOCUTENIbHO ' (4aCTWYHO TMMNO3UATAYEH MO '),
(3) ecnm mMHorouneH P runoanannTUyeH OTHOCUTEIbHO 1 TO OH YacTUYHO ruMno-

3NAUNTUYEH OTHOCUTENBHO '
(4) ona mo6oro " e Rn~k mHorounen  "{ ') = P{E'\ ") runoanannTuyeH Kak
MHOrOYfieH 0T cnefoBaTesibHO (CM. MYHKT 2) 3amevaHus 1.1) ( {") CR\
ABNSIETCA BMOSHe MPaBWIbHbIM MHOFOrpaHHWKOM K noatomy JI(A(<3{»)) =

N+(A(<5{»)) npu Bcex " e Rn~k.

Nemma 2.1. (cm. /8]) MycTbk,n € N uk <n. Ecnm mHorounen () = ( ,

= "(%) aafa 4aCTWYHO TMNO3NMNTUYEH OTHocuTenbHo ' = (ft, ...,E/t), TO
°e
(1) pna noboro a 6 (P), a' = (cy....aK) e NE, Op a" = (a*+i,....0,,) €
6 mrg~*

oi 6 A(<30)\a»(<30), rge QO(O = P(t';0"),
(2) pna noéoro " = (&+ ,.., ) e Rn-k = LW $0),
(3) ecrm pna A= (Ai, A,) 6 I(K(P)) npu HekoTopomj :1<j <k A- >0,
TO cyllecTBYeT MHAekc | :K+1 < | <n and koToporo > 0.

Nemma 2.2. (cm. /8]) MycTbn, K€ N nk <n. Ecim mHorounen () = P(ft.... ) =
rMNnoanAMNTuYeH oTHocuTensHo ' = (flt TO
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(1) pna moboroa 6 (P),a" 0 a'e WAo)\gll<30) rge QO(?) = P{?\ 0"),
(2 A(0««)=*(00) V~'6 Rn-K,
(3) ans noboro ¢> 0 cywecTBYeT NOCTOAHHAaA T >0 Takas, 4To

(2.1) [P(Ol>c, V™26 4", |N>T,
(4) ecnm gna A6 A(LLLP)) npu HekoTopom j :1<j <k A'>Q T0
A€ N+(A(P)),

(5) ecnrm A6 A(LLLP)) Hopmanb rpaHu ansi KOTOPOI HEKOTOopasi HEKOOpAMHATHas
rpaHb R(Qo)) C Rk ABnsieTcA nogrpaHbio, To A6 J1+(3?(P)).

Cnegcteue 2.1. Tpwu ycnosun nemmsbl S.S
H _A * _
1) ("éﬂf,,_k|P(0| 00 npu |*'| -» 00,
(2 ecmk=n-1, TO and nodoro A= (A, A,) 6 1(A(P)) umeem A, > 0.

[okasaTenscTBo. MyHKT 1) HENOCPeACTBEHHO cneayeT M3 NyHKTa 3) NeMMbl 2.2.
MyHKT 2) HENOCPEACTBEHHO CreAyeT U3 NyHKTa 4) neMMbl 2.2 U MyHKTa 3) 3aMeyaHus
11 . 0

Cnegcteue 2.2. MHorouned () = P(£i,.., ) runosaauTnnyeH OTHOCUTENbHO
"= (£i,...£*) (k <n, k,mn e N) Torga u TONbKO TOrga, Korga Ana noboro
06 C MHOrouneH P + a runoannMnTuyeH 0O THOCUTENbHO

L[lokasaTenbCTBO, HEMOCPeACTBEHHO CneayeT U3 NyHKTa 1) cneacteua 2.1 n onpege-
neHuns 3. (0]

Myctb K,n€ N,k <n. O6o3Ha4YMM
n*(P) = {a." € 3a'"6 N5 a=(a:a") 6 (P)},

M-(P) = {a" £ NX *, 3a = (0....0,ajt0,..,0) 6 V¥ a=(a;a")€P)}, j=1

a yepes 3?(M"(P)) v LWLN"(P)) xapakTepncTUYecKnii MHOrorpaHHmMK B Rn~k Habopos
n"(P) mN"(P) j =1,.., ACOOTBETCTBEHHO.

Nemma 2.3. MycTtb K,NnE£ N nk <n. Ecavm mHorounew ()= ( ,— )=
= 2Z) TUNO3NINATUYEH OTHOCUTENbHO = (£i, —£K), To N(M"(P)) =
ae(P)

= WUW(P)) j =1,...fc.
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JokasaTenbcTBo. lMycTb, HAOBOPOT, MPH YC/IOBUM NEMMbl CYLLECTBYET UHAEKC jO :
1< jo <k ansa kotoporo 52(M'o(P))  3?(M"(P)). Tak Kak no(P) C
C N"(P),cnegosatensHo LLLLLO(P)) C A(M"(P)), TO 3TO 03HayaeT, YTO CyLLecTByeT

A" e N(K(MN"(P))) gnsa koToporo

(2.2) <*n"(#H)ET) = sup («JTA") > sup (p)(A™) >0.

M3 onpepenennii iwoxects M"(P) n MN"(P) B cuny (2.2) umeem, 4TO CyLLECTBY-
eTr e (P),0" e N"(P)\M" (P), cnegoBatensHo £ P3 & 0 [na koToporo

" n") = dn"(p)(A"). NMpeacTasum mHorounieH P B Buae cymmbl A= (O A"),0' 6 Rk
OfJHOPOAHbBIX MHOTOU/IEHOB

pit) ='"Em ) = E E
i=0 i—Q aG(P).(ab)=dj

rge do > ... > dw-
W3 onpegeneHnii Bektopa Au MHoxecTea M (P) umeem

{/2.3) do = arg(a;)lg(a, A = arg('%ga", A") = *"énnq;zp)( i A') = dn»ipl)}A").

OTcroga, B cuny (2.2), nmeem, uto do = dn»(P)(A;/) > O.
Myctb G(P) = {a 6 (Po),ay = Pj,j = 1l...Kk,j jo}, mjo(0) = rgg?(P_aJo
q I}

M Go(P) = {a e <7(P),a* = mio(0)} = {a = (¥Y;»7) € G(P)}, rae Y =
(ft. eeciffjo—1> As)*

M3 onpegeneHuns mHoxecTsa (?0(P) cnegyeT, uTo £?20(P) A 0 1 N03TOMY CYLLECTBY-
eT Touka a € RE~k ons koTopoii
(2-4) E a“’¢°a’=c¢ci™0

0GGo(P)

PaccmoTpum nosegeHne MHorouneHos P n Dj, Pj(£) j = o ,M Ha {"*}11C 1",
rre =0j=1 j = EN*=amA,s=1,2,.,ae>0noka
npousBonbHOe uncno. M3 onpeaeneHuin nocnegoeatensHoctn {£%}“ ] 1 MHOXecCTBa
M*(P) («»* A0 a 6 (P) a" £ ME(P), To ((E)*)* = 0B = 1,2,...) C HEKOTOPOIA
MOCTOSIHHOW > 0 MMeeM Npu Bcex B = 1,2,...

(25) 1-PKYl = _ o )
26 a6(P)aenre) YT
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aasec>aa"3"" x")
ae(P).a"en-"0(P)

rae mjo  a6(>)“ ~n"o(P) Qo

W3 onpegeneHnii mHorodneHa PO (a e (Po) <=> a e (P), (a,A) = (a",A") =
= <fo)i MyNbTUMHAEKCA V , Yyucna (0), MHoxecTBa Gq(P) w mocnefoBaTeNlbHOCTH
{}* i B cuny (2.1) npn Bcex 3=1,2,... UMeem

(26) |££PO(LL|| = o N*x)q'A! nyomn
a€(PE).O,>7, a (Z\/Z znT(K)*)ar " ((Mn”)

n a0 7;! a°" s(q",v,) =ci-sdo.
abCo(P)
AHanornyHeIM 06pa3oM C HeKOTOPOW MOCTOsHHOW €3 > 0 npu Bcex j = 1,...,M 5

3= 1,2,... UMeeM

2.7 I"PoO <c3eB*”0 (/1 Tior nput o(i) >T1 0(0)i

(2.80 I-D?-Pj(?*)1 = 0 npn mjO(j) < Tio(0),
rgetio0-) = ae(tax”™.(™ o.
M3 oueHok (2.6)-(2.8), (2.8") npwn goctatouHo Manbix € > 0 (B cuny (2.2) n (2.5))

npu s —»00 UMeeM
0LP(L*) > ci +a™(1+ 0(1)
P(?) - gl (PI™)+*7 500
Mony4yeHHOe COOTHOLLEHWE MPOTUBOPEUNT YCNOBULIO IeMMbI, Tak kKak 7' O mJO(0) >
o, (E)* —roo npu s -yoo (E? = «*1 < jo < K), ¥ [OKa3blBaeT CNpaBesInBOCTb
yTBEpXaeHus. Jlemma 2.3 foKa3aHa. d
Cnegcteue 2.3. Tpu ycnosusix naemmbl 2.3 gns nobbix 1 < ji < .. < ji <K
(1<Kk)
m'L..Jt(P)=m"(P)) rge HAME...,.(P))

XapakTepucTUYeCKuil MHOrorpaHHuK Habopa

n"(prP) ={a"£NS~k, 2a'e”, cy=0,j ju..,ji, a=(-a") € P}

[oka3aTenbCcTBO, HEMOCPeACTBEHHO CreayeT 13 fieMMbl 2.3 TaK Kak
n*“(rP)cne..nP)c n"(P)

n cnepgosatensHo Ji(M"(P)) = A(ME(P)) C 3R("i J((P)) C 5K(M"(P)). O
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Cnepncteue 2.4. Tpu yblOBUAX NeMMbI 2-8 WkeelK

ordjP = max = ordk+iQj j =k+1,..tn,
{ o0€(P) o

roe QjM, ft)) 9 ,0,...,0,f,0...0)) j=«k+1,...n

[Joka3aTensCTBO, HEMOCPEACTBEHHO CrefyeT M3 fieMMbl 2.3, ecim 3aMeTuTb, YTO

n"(Qi)=nJT(P) j =x+ 1,..,n0. O
3. HekoTopbie CBONCTBA MHOTOTPaHHUKOB

Nemma 3.1. MycTb N. Ecnv mHorounex

PURLI?) = PRI V)= /960

rMNO3NNMNTUYeH OTHocuTenbHO ft, To MHororpanHuk 5?(M"(P)) C A" npasub-
HbIiA, rae

M"(P) = {0e N$.Bai 6 nr0 a = (ab”™) e (P)}.
[okasaTenbcTBO. ycTb, Hao6opoT, cywecTytoT 4 € J1(3?(M"(P))) ¢ R+ n nHAekc
j 11 <j<n pns kotoporo < 0. Paagu onpegeneHHOCTU (CM. MYHKT 3 3amMevaHus

1D
M= 0*i...M)>0 (L<I<n)uny" = (il+i..../in)<0.

Uepes £nm"(P)(a) u <dn(M"(P))(2d 0603HAUNM
dn",(P;)M = max 1)= max  {B,u)= Vg;(?ﬁ,(é%, n), peke(M"(P))
< (EO = e TPy =) O 1):
rae onsa paHHoro 0 e Nft LWO) = {i/,me NE, n < } Tak kak y e J1(8L(MN"(P))),
cnepoBaTenbHo cywectsyet 7 6 I£°(M"(P)) gnsa kotoporo 7" 0 m
31 (7.m) = <'(5) (/0-
OTctofa B cuny npeanonoxeHus 4" < 0 umeem
(32 <M PYM > ) ).
MycTb
AP,Y") ={a=(au0) e (P),0“>7"} w~7"y nip,7") =
= {a= (au”) GA(P.y"), (/",p’) = "TM"(5))(m)}n
U{a = (qi;/9) e A(P,)"), {0./i") <4wn”(P))(p)},

Ao(P,Y) = {a = (au/3) e JliOP)7"),0" = ¥'},
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™= aP)ehifp-rm &
M W ) ={a= (mi;0) 6 AO(P,7")}
AnAaVENSyY = (t'l,ee, )unil = (b'f+i, i/m). Tak Kak 13 onpegeneHnin MynbTu-
MHAeKca 7 1 yncna mi cnegyet, uto Jlo(P,-y") 0O, To cywectByeTrTodkaa €  and
KOTOpOro

(3.3) E a“y0’V'ar =ci 0.
Q=(mi ;/3)e.Ao(FY)

He TpyZHO 3amMeTUTb, 4TO
(1) ana nwoboro a = (a-i,/?) e Ni(P,7")

(3.4) (@) + (7", ) <dn(n-(P))M,

roe

(3.5) <N (P))(m) > ~M(N"(P))bl = max (/3',\m)>
(2) pns moboro a=(cu,P)e Ai(P,7H\NO0(P,7")

(3.6) 4.y + (4t - 7,/ < Ai'@)m) - min H;.

PaccmoTpum nosefeHne oTHoWeHUS XA/P((&;»?))/P((£i;4)) Ha nocnefoBaTe/bHO-
cm {(ft; 7))} j C A 41, rpe ft = 3" r/Y = ae<*B*, (M”)4=3" B=12,..,4a
e > 0 noka Npom3BO/IbHOE YKCO0

m? = ardxP = wax _ai > T\.
(ai;«e(s)

Tak kak J1(P.Y") = No(P)7") U (AO(P, Y)NA>CP,t")) U (Ai(P,Y")\1O(P,¥/))un
nai(P,7") = Ac(P, ") mnBi(P,T") Br(P,7") (P,7"), TO B CMAly COOTHOLLIEHWIA
(3.3)-(3.4),(3.6), onpeaenenns mHoxects Slo(P,t//)1  Bi(P,V"), ~ ( , ™)1 A(P,7")
numcen mi,me,  <in"(A)Mm)i  ~*n(n"(A)(m)i  *n(n"(1))(p) ¢ HEKOTOPOI NOCTOSH-
Hoi > O umeem

|8/<-P((E*1,7)I —I 5Z a“i:n el YA Al eals (19,47 «» -7 M")| >
©oi:MeA(P,Y") AT
>1 £ a0ii® oT"! e@P* oSE 1+ *N—
(a,;,9)6A0(P,7")
| £ aaii0-7"!
(aL/3)6B,(.Y")
A Y g ymi (g tCIVIH(VVIL

(a,;«6Ba(d,y")
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- M -3 - +(0"-V'.N") |> <
-1 Y, an s - (j3,,8_‘ 7—,’\-a3 g2 KOVIHO™VEMT [,
(ai:5)6/i (/YO
> Ci esrmi+dnCn"<*»M - msSt<m i~ 1)+dW '<'™ (jl)-
— 'S - °

OTctofa vpy AocTaTtouHo Masnbix e > 0, B cuny (3.5) nmeem, yto

(3.7 [£#>((; )1 > ci «5midan(n(»))0%)(1 + 0(1)).
[nsa MHorouneHa P ¢ HEKOTOPOW NOCTOSIHHON €3 Npu BCex 3 = 1,2,... UMeeMm
(3.8) [P((«;r?))| =] £ aai<r (4)s1(»)al =
(a,;/»)€(P)
= £ aQl,0 a9 < c3mM+An'YP)N).

/Sen"(p),(ai:/3)e(p)
M3 oueHok (3.6) n (3.7), B cuny (3.2), Npu AOCTAaTOYHO Manbix € > 0 uveem

LLEN (7522, )V (B 7)1~ 5 #**° A" Ao M - JB' A M+11- T°) > 00,

Korga 8 -> 00. 3T0 MPOTUBOPEYUT YCNOBUIO NIEMMbI TaK Kak /' 0 un = p* -*
00 Npu -y 00. MNonyyeHHOe NPOTMBOPEYMe [0KA3bIBAET, YTO MPY YCNOBUW NlEMMbI
mMHororpaHHuk A?(M"(P)) C A4 npaBubHbIA. Jlemma 3.1 gokasaHa. O

Cnepgcteue 3.1. MycTb K < n. Ecnim mHorouned P(£) = P(£i, ...,£,,) runoannun-
TUWYeH OTHoCcMTeNnbHo ' = (Ei, ....£¥)> T0 MHororpaHHuk & (M"(P)) npasuibHbIiA.

[Jloka3aTensCTBO, HEMOCPEACTBEHHO CreayeT M3 nemMMbl 3.1., ecm 3aMeTuTb, YTO B
cuny nyHkTa 1) npegnoxeHus 2.1 mHorouneH Qi(£i;£") = P(£i,0,...,0,£") (E" =
(EK+ii"™i£n)) rMnosnaMNTMYeH oTHOCMTENbHO (i a B cuiy nemMmbl 2.3 U CNeLcTBUS

2.4 nonyyaem A(M"(P)) = A(N"(<3i)). |

Nemma 3.2. MycTb k,ne N nk <n. Echm mHorouneH P(£) = ( ,.., )=

= <*T(’P) aafa runoanunTuyeH oTHocuTenbHo = (ft, ), Ton(Pun"(P)) C
e

C R+ npasunbHblit, rge TC'(P) = {(O;a") 6 N$,a" e M"(P)}.

JokaszaTenbcTBO. lMycTb, HaobopoT, cyulectByeT A € A(LLLP UM"(P))) un uHaekc
joml< jo < pns kotoporo AD < 0. MpeactaBum MHOroYsieH P B Buae Cymmbl A-
O[LHOPOAHbLIX MHOIO4/1IEHOB

PO=Exe)= B f=g T2

rgedo> ... > dM, do> QO0e A(P).
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Myctb mjo(j) = ajo j =0 , M. Tak kak A- HopManb ( - 1) - mMepHoii
HEKOOPAMHATHON FpaHuW, TO He TPYAHO 3aMeTUTb, YTO CYLLECTBYET MyNbTUMHAEKC /9 £

%°(Pwn N"(P)) (P) ans kotoporo Ojo > O cnepoBatensHo mJO0) > 0. MycTb
B3 O; 0<j<M, rmijo(d) > miQ0)},

X3 - mjo(J) mXj0o}, Bl = {jeB,d3- mjo(J) mXjo = *},

< = ) (> >0,
Tak Kak 0 6 B, To oTctoga, B cuny npegnonoxenuns A0 < 0 nmeem, 4To
(3.9 X> do- mIQ0)AT > 0.
Mockonbky do > ... > d\i u Xio < 0, cnegosatenbHo dj/AJ0 < dt/XjO npu Bcex
i<l jl=0, TO CyLUECTBYET eAMHCTBEHHbIA nHaeke ji :0 < ji < M pans
kotoporo mjo(ji) = mjo, Tak kak B o6paTHOM ciy4dae npu j,lI € B\,j <1 umenu 6bl
01 = = mJo(l).
30 *ja
OTcroga umeem, 4To
WE£o= 3}n0 :0<j< <mjo(ji)}uU
U{j:0<j <M, mjo(J) >mjo(ji)} = {ji} UGi UG2.
PaccmoTpum crefytoLime BO3MOXHbIe clyyau
1 A0 2 A<0rgeAl/= (Ai,... AK).
Myctb X 0. Torpa, cywecTtsyeT | : 1 < | < K Takoe, 4To A > 0. PaccmoTpum
noBefieHVe OTHOLLEHNS
o™=>gblp(a)/p(o
Ha nocnefoBaTeNbHOCTU cA",rage =as3x> j=1,.., , |

jonm 0=3XI0 3= r>2>e»aTouka a(jo) = (“ >>aio-i>aJo+b eesx ) e
6 [ " 1Bbi6bpaHo Tak, 4TOObI

(3.10) E aa aQjo)(io) mJoo'i)! = g 5"0.
06 (P)<*0-ml0 ji)
C HEeKOTOPOM MOCTOAHHOA > 0 NpM [OCTATOYHO BO/BLINX 3 UMEEM
M
(3.n) [P«*)| = £ |PjE) < e»m*(i + 0i)).
3=0

V3 onpegeneHunit uncen mjo(ji) u x> B cuny (3.9) npu Bcex 3 = 1,2,... UMEEM
(3.12)
P * #No)P*(€)1 = | E aQ-a”0o0) *7nYi)l-BBIA)-Ti«(i,)X| =
ae(P).aj0=mjo0i)
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_ Cj.s"h —mio(J1)**> = .3,
Mpnj 6 Ci n3 onpeaeneHnii uncen mjo(j) nji numeem, 4to
(3.13) Dz*UlPh {?) =0 s=1,2,..

Tak kak Xjo < 0 1 mJo(j) > mjo{ji), To npuj 6 G2, c HekoTopoIi nocTowwwoin c3 > O

MMeeM, YTo
(3.14)
n>r-w b (o0i- 1 E
q6 (P)-ojo—mJaCii)
= @esdi- mioVriXo = 0(3di - mio(ji)*,jo) _ 0(5%).
Takkak A1 < 0, T /1(0) > 0, cnegoBatensHo B cuny (3.8) d0 < rio-T1J1(0) A0 <
TO U3 oueHoK (3.9) - (3.13) npu s —00 MMeeMm
jeGiUGa J° Cisx(l + 0(1))
P(E) P)! W dol +0(1)) * 00

3to NPOTUBOPEUUT YC/IOBUHO NIEMMbI W A0Ka3bIBAET, YTO NPU YCIOBUU NIEMMbI ClyYald
1) He BO3MOXeH. PaccmoTpuM cnyyaii 2). CHayana moKaXem, YTo npu yC0BAN NEMMbI
B cnyyae 2) A = 0 v cnegoBatenbHO K+ 1 <jo <n (A0 < 0).

MpeanonoXum ob6paTHOE, YTO NPU YCMOBUM NIEMMbI B Clly4yae 2) AN HEKOTOPOro
1:1 <1 <k A <0 Tak Kak A- HopMasb (N-1) - MEPHO HEKOOPAMHATHON rpaHu
MHororpadHuka LLLP UT"(P)), To cywwecTtByeT MynbTunHgekc 6 SR°(P

n"(P)) (P) ansa kotoporo 0wn (Y3 A) = do- MockonbKy, B cuy onpeaeneHuns
mMHoxecTtBa M"(P) /9"= { P k + i6 8i(N"(P)) CR+~k, 10 (0, ") €
6 LLLP 1M"(P)) n cnegosartesnbHO

09",A")< H e -
oTkyga ( ', A) > 0. 310 NpoTUBOpPEUUT npegnonoxennio A > 0 Tak Kak [ >
>0. 0j >0mAr<0 j=1..k | L MNony4yeHHOe NpoTMBOpEUE LOKA3bIBAET,
4yTO MpwW YCnoBun ieMMbl B cnydae 2) A = 0. Torga
(fy= e(P), (a,A=do}={a=(0a")6(P), (a" A")=do}.
MycTtb
< = I<'l. M P) = € (ft), lal = 3.
PaccmoTpyM MoBefeHe OTHOLEHUA

N7 0o0p@/p(o
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Ha nocnegoBatensHocTn {£*} rC A", rge =a j = 1,..,* (E")Y = a.ay
£ > 0 noka Npou3BO/bHOE YMC/o, a TOYKa a 6 RE~K BbIbpaHO Tak, 4TO6bLI
(315) £ cae ()N EQ(0)=CG/ Q
r>eA0(P)
roe A Toukm b= (bk+i, ..., 6,) 6 munena 0:*+ 1<j0<

b(70) — (bfc+i,..., bjo—, bjO+i, ..., 6n).

Tak kak A = 0, cnegosatensno (a",A") = d, gna moéoroa 6 (P,) j =0
TO C HEKOTOPOI NOCTOSHHOM ¢$ > 0 Npu BCeX 3 UMeEM

M A
(316) |[PO <X >;(MN1<£ |1 £ aagp T '.(aV "
J=0 J=0 ae(P),(a",v")=dj
M
<CS$J2 Sd> m' < Che«*>+e"»'(1 + 0(1)),
3=0

raoe m' = arg% la7! > m'Q N3 onpegenenmnsi umcna m,o(0). B cuny (3.14) npu Bcex
a=1,2,... UMeeM

[EC°@OPo(OI =1 J2 aQ-mJO(0)!0Q"'Wo)(io)-se|Q,|-e(“"-A" b "*io(0)"0| >
ae(ft),aJo=mJo(0)

(3.17) >1 £ aa m7ijo(0)!1aQ*°*(jQ| s« mJO(°) Aotemo—
aeAo(P)
-1 J2 a“ m>o0(0)!aa(io)(io)| m =
ae(ft)\AO(P)
= C4Sdo mjo(°)-Aeotemi (1 +0(1)).

C HEeKOoTOpOI NOCTOAHHOM ce > 0, ihun j = 1,..., M, aHaNOrM4YHbIM 06pasoM MMeeM
(3.18) IBEOO)IMOI < ce mr ™ n(»)U+™ 1

M3 oueHok (3.15)-(3.17), Tak kak dj <d0 j = 1...J71, A0 < 0wun mo(0) > 0 To,
MpuW JOCTaTOYHO MasbiX e > 0, KOr4a B-10 0 MEeeM

DmioW p{V) [a™io(O)W )1 1£_1\Dlian )

(3.19) P(?) Ne )I

> Gest-m iOm-XI0+CmD _ ~ , 3d,-mio(0)AOW (1 + Q()) =

~ cs *adoHTn' cs
3TO NPOTUBOPEYUNT YCNOBUIO NIEMMbI Tak Kak (E")' —» 00 npm 3 -> 00. CnefoBatesbHO,

mHororpanHuk LLIP U TT*(P)) npasunbHbiiA. Slemma 3.2 foKasaHa. O
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Nemma 3.3. Mpu yc.oBum nenc-msl 3.2 a.ra noboro A 6 JI(5?(P UM"(P))) A" =

(A*+i,—A,,) > 0.
LokasaTnenscTBO. B cuny nemmbl 3.2 umeem, 4to gns noboro A6 S1(-9?2(Pull (P))),
A> 0. MNpeanonoxum, 06paTHOE, 4YTO NPW YCN0BUM NemMmbl cyllecTBytoT Ae J1(3?(Pu
M"(P))) n nHgekc jo : k + 1 <jo < n (He ymanss 06WHOCTN BYAEM CUMTaTb, UTO
jO= K+ 1) 4ns KOTOPOro C y4eTOM BblLle CKazaHHOro A*+i = 0. MpoBoas aHanoruny-
Hble pacCy>XeHNs KakK Npu 4okasaTenbcTBe NyHKTa 4) NeMMbl 2.2 U Y4UTbIBas, YTO
A*+i = 0 nonyunm A = (Ai,..., A¥) = 0. Tak kak AHopManb K (N - 1)- MEPHOI HeKo-
OPAUHATHOM rpaHn MHororpaHHuka A€ J1(3?(Pull"(P))), To B cuny BbilLeCKa3aHHOMo
CYLLECTBYET MHAEKC ji K+ 2 <ji <n fgnga kotoporo Aj, > 0. MNycTb pagu onpege-
neHHoctM A'=0 j =1,..k+1 1<l<n—kaXj>>0 j =k+1+1,..,n
MpeacTaBnm MHOrouneH P B BAe CyMMbl A- OAHOPOAHbIX MHOFO4Y/IEHOB

N(0=iS («=E E .

j=0 j—0 ae(P),(a,A)=dj
rae do > ... > dMeB cuny npegnonoxenna Xj =0 j = 1, K+ lumeem, 4To
(Po) = {a6(P),(a,A)=do} = {a6(P), £ ayAj = do} = {a 6 (P), (a", A") = do}.
j=k+1+1

Tak Kak A- HopManb K ( —1)- MepHoli HekoopAnHaTHOM rpaHn 3?(P M"(P)), To
cylecTByeT MynbTumHgekc € (Po) ana kotoporo Pk+i ¢ 0. MycTb

m*+i(0) =~ w aHi, A(PO) = {a€ (P0),a*+i = mfct(0)},

CAMK) = 6 A(p°) IQl = m}-
M3 onpeaeneHns mHoxecTtsa J1x(PO) nmeem, uto ~(Po) & 0, cnegoBaTenbHO Cylle-
CTBYET TOUKa b6 * 14na KoToporo

(3-20) E a° mm*+1(0)!lia(*+1) @ Ci / 0,

0iSAI(F\i)
rge a(A+1) = (a*+2,  an)- PaccMOTpUM NoBefeHWe OTHOLLEHNS OPE) ()
Ha nocnegosaresibHoctn {£“ |}, rge ] = °s',j = 1, ajs RPj.= 1,.17,
«tl = "= bj maA j = k+2,...,n, ae > 0 noka npoussonbLHOe uncno. N3

BB BeKTOpa AU onpefeneHns ymcna T ¢ HEKOTOPOI NOCTOAHHOA > 0 npu Bcex
a=1,2,... uMeem
(3.21)
M M
I-P(CH)| < |Po(?a)[+ 57 |P/(O 1 < C2-sdc+e'm'+c2Y ~8 " +e'A" = c2-edo+em’ (1+0(1)).
i=1 =1
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roe 7' = m% la/l.
ae
W3 onpegenenns uncna TK+1(0) n euga A (A*+1 = 0) B cuny (3.18) npu gocra-
TOYHO 6ONLLUNX 3 C HEKOTOPOU MOCTOSHHOW MMeeM
322) \I=X 10T )\ =1 E  aQ.mfctl(0)!6“(*+1) LSV -ar LA =
oen(pb)
=1£ ao-m fcH(O)ba(fc+1)-sdoteld'l] > I~ aa *m*+1(0)6Q(fc+1> esdo+tem’_
aeA(fb) a€Ai(Fb)
- £ |[aQem*+i(0)bafctl «3otei*™! > Cl ., 4 W _ C3.edot+e(m™I) _
a6 (1)\A,(Ab)
= Ci «Sdotem (1 + 0(1)).
Onaj =1, M aHanoruyHbiM 06pa3oM C HEKOTOPOI MOCTOsHHOW > O nmpu Bcex
a=1,2,... UMeemM

(3.23) \DT+il{O)Pj(O\ =
a~ e Qfc+l - pelattl . (°USF)-(“*+ -"yR ()
aw Z > mktm («w-«wW))i
< C3 «3di+c™ .

M3 oueHok (3.19)-(3.21) npu gocTatouHO Manbix e > 0, B cuny TOro, 4to dj <
<do j = nMeem

At ) () Ter O*b(ol- e |

I k+1 ) 1>

1 Pit) 1 Ne )I

Mony4yeHHOe NpoTUBOpeYMe J0Ka3biBaeT CNpPaBeaMBOCTb NeMMbl 3.3, O
Nemma 3.4. TMpu ycnosusax nemmbl 3.2, npu Bcex u" 6 M"(P) Ans KOTOPbIX Cylle-
cTByeT 0 i/ € 9* Takoe, yToO («/; ") € WP M"(P)) MHOrorpaHHuK

3P, ={r64",(";N)ellP N"(P))} CRK
BMOJHe NPaBUNbHBIA.
HokasaTenscTBo. Myctb {AJPyLj = A(WLP UN"(P))), T € N. Torga WP U
n"P)) = {y 6 A£, {y,A) <d(\i) j = 1...m}, rae

d(AJ) = max OnAN j = 1...m.

reM (Pun"(P))
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B cuny nyHkTa 5) nemmbl 2.2 1 nemmbl 3.2 cyuiectayeTr e N, r <m Takoe, YT0 ObITb
MOXET nocne nepeHymepaumn {A*}* A >0 j=1,—run (A@ = (Aj,... A" =
O (XY = (A{+1..... ) >0,j=r+1l..Tecmr< T, TaK Kak

3(P,,,") = € A*r(”'(yy) < d(A>)' (M,(A"y)J = 11"'1m}1
a B cuny ycnosus (i/,0 € WP UN“(P)),~ /0 nemmbl (»/', (A") ") <
<dAMy j=1,.r, (N, AY)<dA), ( ,AN)=0 j=r+1..mecm
r<m,To

9(P,*IN) = {" € N*,(«/,(A)>) < d(A) - (N, (A"Y)i = l........ r}
Takkak (X'Y >0 j = 1,..,r To OTCcloga nosay4aem, 4To

N(3(P,0) ¢ {(AY/1(AYNbI=1.

cneposatenbHo O (P, i/) € O* saBnseTcs BNOAHE NPaBUbHbIM MHOTOFPaHHNKOM. Jlem-
ma 3.4 foKa3aHa. O
Cnegcteue 3.2. Ecanm npw ycnosuu nemmbl S.2 gnd a = (o/;a") e (P) W, O
1<j <k Toa —e*6 9(P,a")\59(P,a"), rge €? = (0.....0,1,0,..., 0) eAMHUYHbII
OpT MO j -Tamy HanpasneHnio B RK.
JlokazaTenbCcTBO, HEMOCPEACTBEHHO CleAyeT U3 BMOSIHE NPaBUIbHOCTU MHOFOrpaH-
Huka 3(P,a") (cm. nemma 3.4). O

4. OCHOBHOW PE3YNbTAT
Myctb K <N, (P) C JVjf HekoTopbIli Habopa MHoXxecTBo M"(P),My(P)
j = 1,...,k no Habopy (P) n uucna K onpegeneHsl Kak B §2. Uepe3 G(P)o603Haumm
G(P) = UP(P) Ko(P M"(P))
rge mHoxectso M*(P) no M*(P) onpegeneHo B 83. OueBugHo, 4to G(P) = 3?°(P)
TOrja u ToNMbKO Toraa, Korga LLLP) npaBunbHbIiA.

Nemma 4.1. MycTb kK,n 6 N,k < n u gna mHorouneHa P(£) = P(£i,....E,) C
HekoTopoii nocTosHHoW Ci > 0
(4 W <Ci(lP(Ol +1) VEeRn.
a*G(P)

Ecnu ana mo6oroj:j = 1,...k UWL(P)) = WN"(P)), To cywecTByeT nNocTo-
fsHHas > 0 Ana KOTOpoi
42) J2 ie <c3(Nel +1) v?6 gn,\e\ > 1.

ae*re(/mn"(P))
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JokasaTenbcTBO. Tiak Kak ans nwoboro Habopa A C Nft 3?°(J1) C A m N"(P) =
{(C;a") € Atf, 30/ € A#(a;a") e (P)}, To A°(Pulnn"(P)) = G(P) U{a" e
3r°(MN"(P))}. CneposaTensHo ana nwboro /9 6 3R°(P UfI"(P))\G(P)0' = 0. Tak
KaK Mo ycnosuio nemmbl 32(M"(P)) = W(M"(P)) j = I,...fc, To Ana nobeix 0 6
3i°(P Ufi"(P))\G(P) nuHgekcaj :1<j <K cyllecTBYeT MynbTuMHaekc a?{0") =
(0,0, otj(fl", 0,0, ")ctj(P") 0 Takoir, uto (oy(/?"),/9") e ft°(Qj) (cm. cnea-
cTBMe 2.4), rae MHoroyneH Qj mo MHorouneHy P u uHgekcy j : 1 < j < Kk onpe-
feneHo B nyHKTe 1) npegnoxeHus 2.1. OTcloga HENOCPELCTBEHHO MOAy4YaeM, UTO
a*(0™) 6 °(PUM"(P)) cneposarensHo 0i>{0") € G(P) {w{0™) 0),j=1,...k

Torga gna nwboro f 6 A" npu |f'| > 1B cuny oueHkn (4.1) ¢ HeKOTOpbIMU
MOCTOSAHHbIMY €3, Gt > 0 nmeem

E KiI-E M+ E Y=

OCeR°(Pun"(P)) eG(P) 36*r°(aul"(P))\c(P)
=E it E K<
Nec(p) /9"e9ro(IM"(P))
<E Nit@ E Exnlie™\V
~ec(P) /9"ea°(M"(P)) i=i
« E Ptiv* E EILA
0eG(P) PEK°(M"(P)) ;=i
<C4 53 |[1<C4-CL(|P(0 |+ 1).
aeG(P)
Nlemma 4.1 fokasaHa. d
3ameuaHue 4.1. (cm. [41lwnn [5])
(1) Ecnm muorounen Q(E) = Q(fi,...,En) perynapeH, To
(@) ana moboro a 6 'R(Q)\05I(Q) npwn |£] —»oc I () ->0,
(b) cyuwecTByeT nocTosHHaA ¢ > 0 A8 KOTOPOro
E mc(iQ(oiH)
0€«(Q)
(2) Ecnn X.m. perynsipHoro MHOrouneHa npasunbHblil, To () -y 00 Npu [E] —

00.

Teopema 4.1. TycTb K < n. Ecan gna mHorouneHa P(E) = P(£i, ...,7n)
(1) gnamoboroj :1<j <k W(N"(P)) = 2(M"(P)),
(2) c HeKOTOpOI NOCTONHHOM ¢\ > 0 BbINONHSAETCA OLUEHOK (4-1),
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(3) A(P1uM"(P)) npaBUNbHBIA,
4) n+4(P UM"(P)) ®0 un gnsa no6oro A6 J1(9?(PUM"(P)))
A' = (Afcti...|An) > O
(5) pranmo6oroa = (a;a") 6 (P),aV O 3(P,0")- BNOMNHe NpaBUNbHbIN,

TO MHOrouneH P runoanamnTuyed oTHocuTensHo ' = (ft, ...,ft).

JokasaTenscTBo. B cuny paboTsl [7] 4OCTATOYHO NOKa3aTh, YTO 415 N06ON nocne-
posatenbHocTh {£}“ i C JIn npn s —»00
4.3) Do/(ni/TOHO
i=1
Kak Tonbko KfO'l -y 0o npu a -4 00. /13 ycnoeusa Teopembl, B cuiy nemmbl 4.1 n
nyHKTa 1) 3amMeyaHusa 4.1 cyulecTByeT NOCTOAHHas ¢j > 0 Ans KOToporo
(4.9) MO = £ If*I<c(|JP(Ol +i) vcenn, \ "\>
a6R(Pun"(P))nwa
B cuny nyHkTa 2) 3ameyaHus 4.1 n ycnosus 3) TeopeMbl 13 OuUeHKK (4.4) cneayer,

YTO CYLLLECTBYHOT MOCTOSIHHbIE €3 > 0 M > 0 ANA KOTOPbIX
4.5 M o<c4di®(oi vEE€an, \?2\>t
W3 onpegeneHus yHKuMM hp un oueHkn (4.5) HenocpefCTBEHHO CredyeT, YTO AN
[loKaszaTenbCcTBa COOTHOLWEHMA (4.3) LOCTATOYHO, MOKas3aTb, YTO Ans Nbbix a 6 (P)
nj:1<j<n npuaj>1
4.6 (eT BT M**) >0
Korga s —»0o, rge €? = (0,...,0,1,0,..., 0) eAUHNYHBIA OPT NO j - TOMY HamnpaBieHWNIO
BRn.Ecnn k+1<j <n, 0 B cuny NyHKTa 4) Teopembl

a- e*6 WP UN"(P))\<95i(P UM"(P))

W BbIMO/IHEHWE COOTHOLLEeHUS (4.6) Ans TakuUX a HemocpeAcTBEHHO chnefyeT U3 MyHK-
Ta 1) 3ameuvaHus 4.1 MNyctb a = (0a") 6 (P) mal/ > 1 1< j < k Thbraa
Ha OCHOBaHWW NyHKTa 5) TeopeMbl, B cuay nemmbl 3.4 WP, a™) C J1+ BnonHe npa-
BUNbHBIV 1 B cuny cneacteua 3.2. a' - ('Y = (cU....- L.cM+i,..,.<%) e
W P,a")\ab{P,a"). NMyctb
kp{e,e?)w £ \ef-

0'ei>°(4,a")

Torpa B cuny nyHkTa 1) 3amevaHma 4.1 npnayvoo (Tak Kak !(£)»| -y 00 npu a -> 00)
I((fN*)a'-ieiJlAp((0 41,,) +oo.
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O MHOIOYNEHAX TMAOO3NMNMNNTUYECKNX OTHOCUTE/IbHO TPYMMbI

Tak Kak (He TPYLHO 3aMeTUTb) C HEKOTOPOI MOCTOSAHHOM ¢3 > O

(€] *M £'. a") <<*M 0 e Rn,

TO OTCHOZa, NOCKONbKY JIA(E*) -* 00 npu S -» 00,

I(eT *'1, al((n*)a"i-o(bl (er a")) n

IM*Y) 1- 1(M*)“" I ebp((()',a") + M€*) -*0
KOrga 3 -10 0. 3TuM yTBepXAeHue TeopeMbl 4.1 foKa3aHa. |
Teopema 4.2. MycTb K,N N,k < n wn gna mHorounena () = { ,-, )

BbINONHAETCA oueHka .1. nga Toro, 4YTO06bl MHOTOUNIEH P 6bI1 TMNO3NAN T NMYECKNM
OTHOCUTENbHO =

= (£i,...,{*) HeobxoguMMO ¥ [OCTATOYHO YTOObI BbINOAHAAMCL ycnosusa 1), 3)-5)
Teopembl 4.1-

[oka3aTenbCTBO. HENOCPeACTBEHHO creayeT u3 nemMm 3.1-3.4 1 Teopemsl 4.1. O

Abstract. For a class of polynomials a necessary and sufficient condition is found
for those polynomials to be hypoelliptic with respect to a group of variables.
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TOTWMYECKON OWMNOKM ANA TNagknx QYyHKUWA.

MSC2010 numbers: 42A15.
Keywords: TpnroHomeTpuyeckas MHTEPMONALMMK; KBa3UHEPMOAMYeCKast MHTepnons-

una; notoyevyHaa CXoanMOCTb.

1. BeegeHne

B HacToswwei paboTe Mbl NPOAOMHKAEM M3y4veHne kBasanepuoguyeckoin (KIM) umH-
Tepnonsaumm /nr,w(/i x), Tn> 0 (muenoce), x € [1,1], KoTopasa nHTepnonupyet / Ha

paBHOMEPHOI# ceTke

(1.1) =M

1 TOYHA AN KBA3UNEPUOANYECKNX DYHKLUIA

1.2) w or
C nepuomom 2/<7 KoTopbIin cTpemutcst K 2 npu N —¥00.
Waea KI uHTepnonaumm npegnoxeHa B [2]. Pa6oTbl [7] u [8] paccmatpuBatoT
(-1,1)-cxoaMmocTb 1 MOBefeHUe B OKPeCTHOCTAX | = *1 € TOYKM 3peHMs npe-
[enbHol yHKUMKU. HekoTopble pe3ynbTaThbl MPeAcTaBeHbl Takxe B [5] v [6].
3pecb, paccMaTpuBaeM NoToYeuHyto cxogumocTs K uHTepnonsuum Ha (-1,1) u
nofly4aeM TOYHYH KOHCTaHTY /11 [NaBHOrO Y/eHa aCUMTOTUYECKON owmnbku. Heko-
TOpble pe3ynbTaThl JaHHO paboTbl NpeacTaBfeHbl Takxe B [9].

2. KBASUMNEPNOANYECKAA UHTEPNONALNA

Bonee nogpo6HO PaccMOTPUM OCHOBHbIE MOMOXeHUs peanusytolime KI nHTepno-

naumio (em. (1.1) n (1.2)). PaccmMOTpUM HOBYIO (DYHKLMIO *( ) ONpefeneHHyo Ha
68
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O MNOTOYEUYHOMN CXOANMOCTUN KBA3WMEPVUOLANUYECKOW ...

=, a\ cornacHo cnegytolueli 3aMeHbl NepemMeHHON
140 =/ =/(*), X6 [4,1], e [a,a], =ax

Torga, nutepnonsyus f(x) Ha cetke (1.1) BneyveT nHTepnonsuuio / ’ () Ha ceTke
2c

tk= eXk= 2T+ nr+i W <N.
Monyyvaetca, uto KIM nHTEepnonaumna gaktTuyeckn nHtepnonupyet /* (i) Ha ceTke
M TOYHa ANna gyHkuuii elWrt, |n| < N. BaXHO OTMeTWTb, 4YTO Ans T > 0, ceTka *
(NpogomkeHHas Ha YMCNOBYHO OCb 2-NEepUOANYECKM) HEPaBHOMEPHAS, TaK Kak

iK - tk-i = =h, k= -N + 1.... N,

BTO Bpems Kak 1—4ar+i_nr——1) = (1+1)" [ n+l . DTOI HepaBHOMEPHOCTbIO 1
06bsicHseTcs 6onee 6bicTpas (O(N 4" 1 1)) noToyeyHasa cxogumocTs (Teopema 3.1)
KT nHTepmnonaumm Ho cpaBHeHuto co cxoanmocTbio (O (N 4 1) gnd YerHbix g uam
0 (N 4 2) ona HeyeTHbIX) KMacCMYeCKOW TPUTOHOMETPMYECKO UHTEPNONALMMN pea-
NN30BaHHOW Ha paBHOMEPHOW ceTKe (cM. [3J). Takum o6pa3om, yem 60nbLIe T, TEM
6onee nnoTHee ceTka mHTepnonauun BHyTpu (—1,1), n B pesynbTaTe, Tem 60/bLIe
TOYHOCTb. BaXHO Takxe OTMeTWUTb, YTO (yHKUMA /* 3aBucuT oT N U B Teopemax
CXOAMMOCTM 3TOT (haKT HYXHO Y4eCTb M X0Ta /*->m/ npu N -* 00, HO 3Ta 3aBMCK-
MOCTb B CYLLUHOCTU MeHseT cBoicTa KM nHTEepnonaumu.

PaccmoTpum cnyyaid T = 0 Ans KOTOpPOi ceTka  paBHOMepHas. Torga KIl uH-
Tepnonauusa IN,o(f,x) yHKuMm / coBnagaeT ¢ KNacCUYeCcKol TPMroOHOMETPUYECKON
uHTepnonaumein ( , ) yHKUUM /* Ha paBHOMepHoi ceTke 2k/(2N+1), | | < N,

N COOTBETCTBEHHO,
M TN E= ( /[ (wbl)H

1 1
- ( I(*) - < RS>
n=—N k=—N v
raet = ax. Tepoema 3.2 M3yyaeT noTo4eUNyo CXO0AMMOCTb In,0na (—1,1) n npmBogMT
TOYHbIE KOHCTAHThI 4/11 [N1aBHOTO Y/eHa acCMMNTOTUYECKOM OLLIMOKM.

MycTb T > 0. CornacHo BbIWENpPUBEAEHHbIM 3aMeYaHnsM, UMeeM



J1 MOOCH A norocsH

rge c* HeM3BeCTHble (YHKLMM NOANeXanLle onpedeneHuto. Tak Kak (2.1) TouHa ans
giimffx M1yyaem cucTeMy NUHEWHbLIX YPaBHEHWUIA 4N ONPeAeneHNs HEM3BECTHbIX

N
elim<IX _ ebm*tCkx)t | < V.

k=-N
Otcroga nonyyunm (nogpobHoctu B [7])
1 ( 2ivl(Xv—)
- jr - E ea's%YArT-1N

= *= j=—N

rae vfj anemeHTbl MaTpULLbl 06paTHON K MaTpuue BaHgepMmoHaa
(2.2 w* = af~a, at = 8,/=1,...,. T,

KOTOpble UMEIOT CrefytoLlee ABHOe BblpaxeHue (cM. [1])

*-
(2.3) vE= n A Tja} Ls=1...T.
a\ M (a/ ak) =0
Kt

30ecb,  KO3(MULMEHTbI CNEYIOLIEro NoNNHOMa
T

MN(x-a>»="7i®i-

SIBHOE BbipaXKeHue A8 ¢* NPUBOAUT K credytolleit seHoi gopmyne ans KM uHTep-

nonauum
N
INmMUX)= Y, V'™ *
n=-N
roe
T
Fnm = fn,m —”~  @n,tft+N,mt e
t=1
fanm=2N+m+1 ké—Nf (£)
(2-5) n<=e* » mME ~ n Mw Il
B=1
U3 (2.2), (2.4) n (2.5) cnegyer, uto
(2-6) bv+k.T = 0, =0, k=1,... m.

70



O MOTOYEYHOW CXOAMMOCTU KBA3UMEPUOANYECKOW ...
Torga, BBugy a, (u = 0(1///), nonyumm n3 (2.3), uto
(2-7) »N-0(NT—Y, Nr-t0o,
(2.8) enr=0(UIr*1), N voo.
Yepes Onr.T 0603Haumm owmbky KM vutepnonsauuu Anr,7(/,x) = /(r) - INSm(f, x).
3. Avanus cxopgumocTn

Myctb / 6 C»WN, uA.*(/) = /W (I)-(_Dfc+v({fH-1), k=0,...,q. O603Ha-
ymm yepes /,, KoappuumneHTol dypbe GyHKUUN /

fn=\f'j{x)e~ i*nxdx.
MycTb
{/1}e—)= ({IH=£
CHauana fJoKaXem HEecKO/bKO NeMM.
Nemma 3.1. NmeeT mecTo cnegyrowas oueHka ana [n| < N npu N -¥ 00
B a ({(-n*.»eb.}“_J . +0,
rae O HekoTopast KOHCTaHTa up > 0.

LokasaTenbcTBo. CornacHo onpegeneHunio Jg (¢), umeem

2 .
B (ICD-e7"}) =()+e » o (il

= (D)M+PCK My (V) (D*=y (inPM-iYk*
{ } x=g " t=g UIK2N +m Hiy

AtI(2N +m o+ 1) 2pit
roe
wp.t= 13 (£) (-1)*** ~ p*>t 400
A=0
nJ0) vkt =0, 0< << p-1, whPiP= (—)p p\. 3T0 3aBepLUaeT gokKasatenscTeo. 0O
Myctb / 6 C'7+2m[—4,1]. O603HaYNM

fieft(x), x€[-1,-cr),
(3.2 r(x) = <f (f), a <[-ff, a],

fright(x), X € (<71],
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N. MNOrocdH. A. NOrocdH
lna

=Y 7=0
MycTb
a ( ( 1)"4*-
Nemma 3.2. [8] AycTs /(«+2T) 6 AC[-1,1] Aie HekoTOopbIX T > 1, 2> O
1)) =/(*)21) =0, kK=0.....9-1.

Torga, UMeeT MecTO crefytollas, oleHka ansn,N 00

(a3, , ; -I_'IL'I At AT T X T +T+1)IB M + N - -
MycTb
y °c (L\r(T+1)
h*Tie )-es3 ,2r + X)k+i-
r=—o0 4 7

Nemma 3.3. MycTb /(«+2T) 6 AC[—L,1] ans HekoTopbIX T > 1, q>0n
/[<*>(-1)= /IW(1) =0, t=0,...,9-1.

Torfa, UMeeT MecTO cnefyollas oleHka ans | < N + 2T npu N —00

P, -D4Y-i T 2 AyVXT +iy-*
m 2r+T1 +1 Lli 2> *(t7nfkeri(j- - A)
X
34 (e
34 \r0 (2M+ 2N+m+l) T=0
gH2TA(M( 1 o Am
r=m <=1 a—1 /

+ 0 (iV »-m 2).

[JokasaTenscTBo. Vmeem (getanm cm. B (8])

00 m 00
(3.5) Fnm= XI /n+r@2ar+m+1) ~ XI Ad InT+M-TQNT+T+1)> €
r=-o0o0 /=i r=—eo

KOTOpad nokasblBaeT, YTO
m 00

(3.6) Fnm —fn — X1 /m+r(2IM-1+#1) X1 *ne X1 fN+t+r(2N+m+l)-
T8Q t=1 r=—eo



O MOTOYEYHOWM CXOAUMOCTWU KBASUMEPUOLANYECKON

Tenepb, anga |n| < N + 2T, cornacHo Jflemme 3.2 u hopmyn (2.5), (2.8), nonyumm
VvV f- _ (=hn#1 1~ AK{f)(m+ 1)**
g fnHDAAT+1) 24+ m+1 ¢ g (i)W 0" *)I

" (_Dr(m+1)
£ — 2n vfeti +0(AT-2* 1),
™0 "2r + e

A2 R VAR _ o (-1) *1 1 V- Afc(7m+lp
g »ar2 W r(2N+m+tl, " 2Ar+m+J g w g 2i fc{ T)fcH 0-
xe - » £ > (e¥sm\ .-1BT e ~ +o(*rr-m-a).
/=1 8=1
Torpa, cornacno pasnoxenuio B psg Teinopa
Ok T +i)F+0(N-2m 1),
r=0
nonyyaem
00 -\ +2m
VY . =1 ®m VN Ly Afcilm + Dj &
n . . A P
%:1 '/r:2-oo IN+<+rQW+m+i) — 2jv+ m + | j=q k 02.1 k(i7r)k+4j - fo)
XE E +0'E" e, Minm‘+«M .

B 3aBeplUeHVe, MPUHMMas BO BHUMaHWE CrefytoLyie COOTHOLLEHNS

NeaNHmN + 1) £ = fe "+1+ , T17=0,..m —1
<=1 s=0
nMeeM
m 00
E ©enl Y1l fN+I+rdN+m+l) + +j
<1 r=-00
9+mH+i J lifcj(/)(m + iy7*_ - (y Sfc.mtl) (eidin*T +1i)T
* QiT (1) Ji, / 2WH) \T - 1 fewnf*-u\ Qr
+ £ , £ + 1) + o(Nr-"— 2).
T=T t=I 3=1 /
Mogctasnas ato u (3.7) B (3.6), nonyunm Tpebyemoe. [

Nemma 3.4. MycTb /<«+2T) e AC[-1,1] ana HeKOTOpbIXT > 1,?2>0n

INe( 1) =/ (*¥1) =0, £=0,..,9 —1
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n. MOrocqaH. A MorocqAH

Torga, UMeeT MeCTO crefytollada oueHka npu N -*e 0o

(3.8) +P) +O0(N -— T1)., >0.
(3.9 F-N+Pm=-FN.pm+ O (JIT«-*-2),p>Q
roe
RN fiath) —5_502<,’3{¢ﬁﬁm+10(a’55y fmy( 1)
K=
LokasaTenscTeo. Mmeem un3 (3.5)
00 T 00
*FW-p.m = InT-p+r(21V +7+1) &N-p,l IW+M-rpW+m+1)*
r=-o0o0 *=1 r=-o0o

CornacHo Jlemme 3.2 u (2.8)
(CH*+! 1~ Akj(fy(m +iy k
*N-pm- 2N+ T +1 Ni V~k{™Mk+I(j I

NLVY> 2% (—1) r(m+x) A, (~1)r(m+1)
2fjv-p) \*+1 / o/~r./x \fc+i
r= -~ (2'-+"2~"r) *=1 r=-00(2'-+ 57U T)
+o0(nr-9-12.
Beugy (2.5) nonyumm
_ (Li)*+p+ie I» A AfA(/)(m+ 1)> *
N-pm 2Ar+m + 1 Ari N2F R(RIN*+HI( - A)
(311) Xfd,., (. »83?) - (MS*)E .~e3 W #"
\ 1=1 *=0 J

+0(NTM«-1-2).

[Janee, ynpoCcTUM BbIpaXXeHune B CKOOKax, KOTopoe 0603HauMM Kak S (cm. Takxe (2.2))

s = Ok.T (0-p) ®k,T (oct) 1T
=1 n=0
=V res bl . Y un (a p) OK.w(r)
r=a*w(r) - a-p) -=«,wr)(r-a_p)’
roe w(*) = Mr=i «*)e Ibrga

S = [ KO )™k, T(2) .
2niYr w(r) (z ap)



O MOTOYEYHOM CXOAMMOCTWN KBA3SUMEPUOANYECKOW ...

rae I BkntovaeT Toukn {a<}ELj n a_p. Torga nonyymm

MopacTaBnss ato B (3.11), HONyYMM MEPBYIO OLEHKY. BTOpyl0 MOXHO f0Ka3aTb aHa-
NIOTNYHO. (0]

CnepytoLive TeopeMbl NPeACTaBA0T OCHOBHbIE pe3ynbTaTbl paboThl.
Teopema 3.1. MNycTb g AC[—1,1] ans HekoTOpbIX T >1,q>0nu
1 @)(-1) =/ (f)(1)=0, k=0,..., q—I1.

Torga, uMeeT MecTO oueHka ans |x| < 1 npu N -* 0o

(3.12)

1A
Rntm (f,x) —iCqtTn(f) J*g+Hm+1 [sin {*{N + )<T)~» ~ ~ ~  [ctl cCOMH-T

—sin(*Nax)?Czogmk"a 2J+°('\, 1).
rgem = [*] v Ca<m{f) onpegenex B (3.10).

[JokasaTenbcTBo. CornacHo onpegeneduto /* (cm. (3.2)), npu dukcpoBaHHoMm N

NMeem

/*(*)= £ [ A~ 1, re (-1,1).
n=—00

Torga, /(r) = £ “=_«, f*eiirnax, x 6 [-1,1]. MoaTomy

N
RnMx)= Y, (fn-Fn,T)e*™*+ £ 4
n=—N [n[>N
75
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. MOrocqaH, A. NOrocqAH

Jlerko npoBepuUTb CNefytoLLEe pPa3foXKeHe oLMBKM (CM. Takxke [4] NS aHanormyHoro

pasnoxeHus)
ivtfo* V ' AN{FNn.m})
mRvm(/,x) - e g (! + e-lr<rx)*H (1 + eiw*)*+l
*A+D<xy <& ({iym})--------
feep (L+ €-<r" ) foHl (1 + eimx)
(3.13)
, ~KN.rxTr S-N-I({Fn.m})
1+ e-i*)lcHl (1 + e™x)k+l
—ir(N+I)(TXy ___ 8iN{Fam}___
( +e-4«)H-1 (1 + ei™r)*+l
rae
w/, *>= - . »

[ToKaxXeM, 4YTo
(3.14) rN>m(f,x) = 0”-»-"* 1), IV—00, |X| < L

MprMeHeHre aHaIOTMYHOrO PasNoXeHWs MPUBOAMUT K CiefyIoLLEMY PasnoXeHWo 41

Mv.TCN*)
r /, ffili W ) e~iirNax- 6 +' ({Fn,m})
N'm ' (1 + e-iir<Tx)A+2 (1 + etir<rx+ 2
| ({Fn,,.}) eiltNax - {Fnm}e-~+ 1"
1+ e-i»«)1+3 (L + eiira*)n +2
(3.15) " .
+ (1+, ,.,)*« (l+e,.,,)* « nE C -“((/; r,, )w -~
+ (-

CornacHo oueHke (3.3) Jlemmbl 3.2, NONy4UM

*««/l;})- e”p a E N <[O(ro+0N I +7+1)>" M «*m<*»--)

+ o(n-®-21 1J).
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O NMOTOYEYHOW CXOAMMOCTU KBA3UMEPUOANUYECKON ...
Wmeem (cm. [3)  +2({5.(*)}~ >k =0(n ™~k *), ,, NO3TOMY,
$2+2({/F» = 0{n-™M-*M 1)+0 ~ - 1), |.] >N, N -5 oo.
Mbl BUAUM, YTO NOCNeAHUIA YneH B npasoli YacTun (3.15) umeeT nopagok o (N~i-m

Torga, cornacHo oueHke (3.4) Slemmbl 3.3, Hanuwem

SR -/*)) = - AKj(H(m+1)-k

)
m 1 2N+m+l A 2RR(PTr)*H( - KNS

X ({e )

S+ A (1) +ly e- 8 J* )

a j+2m x(T) / 1\ m m—1 /

- E "Etwss+i) E<i»M({N)*». «B«’]
=1 e=0

r=m

+ 0 (W -m-2).

Beuay cnegytouiein oueHku (cm. [3])

\ 0O

C " L i;” +r@~1+1)(*)]i =0(7V-2h * 5)

n cornacHo Jlemme 3.1 u (2.7), umeem
tf+2({".m /;})= O(7TV-«-T-2)
1 No3ToMy, TPeTuii uneH B npaBoi yactun (3.15) nmeet nopagok o(N~,~m~1);
[anee, oueHUM nNepBble ABa YneHa B nNpaBoit yacth (3.15). Vimeem

+H{Fnmph =299 (2 +2)IWw-fc.m -

Beugy (2.6), nonyumm

$ +1({™nT}H)= if
fc=rh+l

CornacHo Jlemme 3.4
- ? < ->Ff=* * ok _ X
(c.n-w tf?2 B, )y ’ )

+ 0 (jv-9 m 2).
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Beugy Toxgectsa (cm. [10])

dlrd 2 T T +* 7~ ") -0

Mbl 3aK/IHO4AEM, YTO
<l ({-Fnmp) = O -

AHa/10MMYHO OLEHMB OCTasIbHble YnieHbl nofyunm (3.14).
[anee, BepHeMcs K MepBbiM YeTblpeM YneHam B npasoii yacTu (3.13), KoTopble

0603HauMM Kak I\, 1, 1 1, COOTBETCTBEHHO.
Ona I\ uveem ~+ ({Fn,m}) —

=£ i=V+l+*-.m = £ = E S+ T+ 1) ** «m»e
»=0 S‘rZA; «*+1 4 7 «20(/ )

Tbraa,
T _ JrNcx Y ' *AT+1 ({-Ph.m})
2= A& e~il"'r)k+l (1 4 eWaRyR+1

_ Sy 1 Y 2k
k:O—fm"rKH zggs =0 +jt+  rN w

Beugy Jlemmbl 3.4, Mbl NONy4nMm

e N_NY
=y Rl

c"Nax%/ 1 n
1 YMTl N4+ AZZNTZmSZﬁﬂﬂT* 2J. N \a+k+ 1)\ m J

+0(JV-«-m 2).

MpumeHnB ToxgecTso (cm. [10])

nony4ymm

71 = £ (mf 2 + OiN-~

AHanornyHo, cornacHo (2.6) n lemmve 3.4, umeem gns



O MOTOYEYHOM CXOAUMOCTU KBASUMEPUOANYECKON

Torpa,
I = e-"*Naxy A-Ar-iornat})
3 1+ e~iira)k+L (1 + e *)ferl
-i*Nax V1 1 Af 2k
22*+2 COS2fc+2 A p L +e+ 1)F»-> + 0(N %_rgﬂJ)
- ( \(=1)M1 -i*Nox (m —k —2\ (-1)*
“C,.m(/) yy,¥m+l e fc J 22M4costc+47 +0 (", 2).
B 3aknoueHne +13 =
AL(Tn- K- 2\ (-1)°
= BWOr/IT 100 E ( jt + 0(N «— 2).
fc=0 ' 2

AHanornyHeiM o6pasom, 1 + =

--< Cwun (nh (*(AT+ Do»)g (T *)¥ +, 2 2 + 0(N~9%m~2)

4TO 3aBepLUaeT [0Ka3aTeNbCTBO. O
Takxe paccmaTpuBaeTcs cnyyaid Tn = 0.
Teopema 3.2. MycTb /fa+l) g AC[—1,1] ana HekoToporo q > Owu
=)CH=/™1)=0, A=0,...,9-1.
Toraa, UMeeT MecTO cnegyrouian oueHka ans [x| < 1 npu N -* 0o
Abl/.«)y=r(Ad> ~ 3 Y E (jffra+'X "--1J

Abstract. The paper considers pointwise convergence of quasi-periodical interpolations
and obtains an exact constant for the leading term of asymptotic error for smooth

functions.
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