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OB ABCONIIOTHOW CXOAUMOCTW PAAOB MO OBLLEW
CUCTEME ®PAHKJ/INHA
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AnnoTauyus. PaccmaTpuBaetcs o6uias cuctema ®paHKIMHA, NOPOXKAEHHAS CUMb-
HO perynsipHbiM pasbueHunem oTpeska [0; 1]. [Ans TakMX CUCTEM [OKa3blBalOTCA:
1) a6CcontoTHasA cXxoanMocTb psaa ®ypbo-PpaHKIHHA B TOUKE ABASETCA NOKab-
HbIM CBOMCTBOM; 2) paf ®ypbc-PpaHKAMHA GYHKLUMUM OrpaHUYeHHOV Bapuayumn
noyTn BCrofy abContoTHO cxoauTcs; 3) ntobas MouTy BCIOLY KOHOYHAsA U3Mepu-
Mas QYHKLMUW NpeacTaBAseTCsa noyTy BClogy abCoMOTHO CXOAALMMCS PAAOM HO
3Toll cucTeme.

MSC2010 numbers: 42C15; 42C25.

KntoueBble cnosa: ABCOMOTHas CXOANMOCTb; O6IJJ,aF| cuctema dpaHKInHa.

1. Beepgenne

Onpepgenexnune 1.1. MocnegoaTenbHoCcTh (pasbuenune) 7 = {i,, : 0 > 0} HasblBa-
eTcA gonycTumoid, ecnmto = 0,t\ =1, tn 6 (0;1), n> 2,7 BCclogy NnoTHO B [0;1]
M KaXkpaa Touyka £ (0; 1) BcTpeyaeTcs B 7 He 6onee Hem fga pasa.

Mycte 7 = { :n > 0} gonyctumas nocnegosatenbHOCTb. 4ns > 2 0603Ha4MM
v={ :0<i<n} Oonyctum T, noay4yaeTrca u3 7,, HeyObIBalOLLEA NepecTaHoB-
koii: 7r, = {17 :T" <,0 <t < n—1}, T, = 7n. Toraa yepe3 5N o0603Ha4yMm npo-
CTPaHCTBO PYHKLMIA onpefeneHHbIX bia [0; 1], KOTOpble HENPepbIBHbI CNEBa, JIMHEWHbI
Ha (T";TA.*) v HenpepbIBHbI B I, ecim TE X< r" < 1. . AcHo, yto dimS,, = n + 1
n5,_1C Sn. CnefoBaTte/ibHO, CyLlecTBYeT (C TOYHOCTbIO [0 3HaKa) eAMHCTBEHHas
yHKumMa / € Sn, KoTopas opToroHanbHa S,,_i u ||/|| = 1. 3Ty QYHKUUIO Ha3bl-
BalOT -0 hyHKUMel dpaHKAMHA, COOTBETCTBYHOLLEN pa3dbmneHunto 7. V3BeCTHO, 4TO
/(tn) ¢ 0. MoaTtomy nonaraetca f(tn) > 0.

Onpegenerdne 1.2. O6wasa cnctema dpaHkamHa {/,,(a) : n > 0} coOTBETCTBY-
owas pasbueHnto 7 onpegenseTcsa no npasunay /o(r) = 1, fi(x) = y/3(2x —1) n

‘iccnefoBaHuWe BbIMOMHEHO Npu (nHaHcoBol nopfepxke TKH MOH PA B paxucax Hay4yHOro
npoekrta 13-NMAOOCs.



.. TEBOPKAH

b.ian> 2 ®yukumnd /,,(*) ecTb n-aa yHKUWA PpaHKIMHa, COOTBETCTBYIOLAA

pasbueHunto 7.

Ob6uas cnctema PpaHKIMHA MCCNeLyeTCs HauMHasa ¢ paboTsl [1], rae fokasano,
yTO ecnm pag oa»fn(x) asnseTca pagom Pypbe UHTErPUPYEMOR PyHKLMKM [, TO

(LY 1S.(8) <C-M (/,x),
rae Sn(x) = ElUo akfk(x) yacTnuyHas cymma paga ®ypbe-®paHknHHa, a M(/, x)
MaKcumasbHas QyHKuma Xapan-Jintneyga gyHkuum /.

[Janee B pabotax [2], [3| 4ns mccnefoBaHUs CBOWCTB 06LLei cnucTeMbl P paHKANHA
BBeZeHbl NOHATUSA CUNLHOM U cnaboii perynspHocTy pasbueHuns 7. MNpusegem Heo6xo-

OVMble onpeaeneHns.

Onpegenenune 1.3. MocnefoBaTeNbHOCTb 7 Ha3blBaeTCA KBa3WAMALMUCCKON, €Cnu
» < 2 < .. <t2H 1 MexKay ABYMS cocefHuMM Toukamu u3 {,, :0<n <
2*} HaxoauTcs no ogHoi Touke us {£, : 2* < n < 2fc+l}.

OnpegeneHune 1.4. MNocnegoBaTenbHOCTh 7 Ha3bIBAETCA CUNLHO PEryNsIPHON, ecu
CyWecTBYeT NOCTOAHHAA 7 > 1, Takad YTo
7 1< Twl~tF <7. pgna n=23,. i=12,..,n-1.
Ti ~ T-1

Ecnn B mocnefoBaTeNnbHOCTM T, TOUKOI t,, ABASiETCA TOUKa T”, TO 0603HaYaloTCs

=1 wu = Tu.l- NHbIMK cnoBamMu Ansi (PUKCMPOBAHHOIO M Yepes n +
0603HavatoTCA 6avdKaiwmMe K TOYKM K3 T,,_i, COOTBETCTBEHHO, CMEBa W Crnpasa.
WHTepBanbl ( ~\ ) u (£,,;i+) Ha30BEM CMEXHbIMMU.

OnpepgeneHue 1.5. TMocnegoBaTensHOCTb 7 Ha3blBaeTCA ¢nabo perynsapHoi, ecu
CYLLECTBYET MOCTOAHHAsA 7 > 1, Takas 4To

| 1< <b ons =2.3,...

WHuMK cnoBamu nocnefoBaTenbHOCTb 7 cnabo perynsipHas, ecnn 0THOLIEHWe [IVH
CME>KHbIX UHTEPBANOB CHW3Y W CBEPXY OrpaHuueHbl yncnamu 1/7, 7, cOOTBET-
CTBEHHO.

FAcHO, 4TO ecnn 7 cnabo (CWbHO) perynspHas, TO B Heli Ka)kjas TouKa BCTpeya-
€TCA OAWH pas, T.e. ABONHbIX TOYEK HET.

OTMeTUM, 4TO ecnu NOocnefoBaTeNnbHOCT 7 AMagnyeckas, T.e. = ffijT,1, roe
n=2+T1>1" 1 " 2fck = 0, 1,2,..., TO COOTBETCTBYHOLaA cuctema PpaHKImHa
eCTb Knaccuyeckas cuctema ®paHknnHa [7].
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OB ABCOJIKOTHOW CXOAUMOCTU PALOB

YCnoBMMCS 0 HEKOTOPbIX 0603HAYeHUAX.

ana / 6 L\ uepes a,(/), n = 0,1,2,..., 0603Ha4MM KO3IppuLUmneHTbl Pypbe-
®paHknnHa yHkumm /, 1. c. a,, (/) = 13 f(1)f,,(t)dt.

Yepes ¢, C,C\,C7, ..., 0603Ha4atOTCA NOCTOAHHbIE 3aBUCALLME TONbKO OT CBOMX WH-
[leKCOB. 3HayeHUs 3TUX MOCTOAHHbLIX B PasHbIX (POPMYiax MOryT 6biTb pPasHbIMU.

OnuHy oTpeska | 0603Ha4nm yepes |/|.

p(t,/)-3TO paccTosiHMe MeXay TOYKOIA | n nHTepBanom 7, H BoobLle p(A, B )-paccTosiHme
MeXay MHoxecTBamu A u B, T.e. p(A, B) = infxediVea |x —y|.

Uepes dn(t, x) 0603Ha4YMM KOAMYECTBO TOYEK U3 Tn, KOTOPblE HaXOAATCA MeX-
Jy Toukamn u X. B cnyvae x = ,,, BMecTO d,,(i,t,) 0603HaUMM T < ()
KOMIMYECTBO TOUeK M3 T,,, KOTOPbIE HAXOAATCSA MeX Ay ToukaMu £, 1 . 119 MHOXeCTBa
A yepe3 dn(A) o603Haumm dn(A) = mingli ( ().

3anucb  ~  03HAYaeT, YTO CYLUECTBYHOT NOMNOXUTENbHbIE MOCTOSHHbIE C U C,
Takme yTo cma < b < C ma, a 3anucb a ~7 6 03HaYaeT, YTO 3TU MOCTOAHHbIE MOTYT
3aBUCETb OT 7.

Yepes Xn(ar) 0603Ha4YMM XapakTepuCTUYECKY0 PYHKLMIO MHOXECTBa A, a yepes
L(A)-neberoBy mepy MHoxecTBa A, A° - AONOMHEHNE MHOXECTBA A.

V'/(/)-Bapunauuns dyHkuum / Ha otpeske |, a BV (7)-MHOXeCTBO (hyHKUWIA orpa-
HuueHHo Bapmauun Ha |. Ecnam | = [0; 1], To npocto 0603Hauum V (f) n BV.

2. HekoTopbie cBolicTBa ob6ueii cuctemb PpaHknunua

CemMeiicTBO MHTEPBAN0B NNHEeNMoCcT nepBbix N+1 QyHkumii {4,(i)}/1=0 0603HaUNM
yepes 3,,. FACHO, YTO MHTepBanbl ceMelicTaa 3,, MofyyatoTcs pa3dneHnem otpeska [0; 1
Toukamum Tn. O603HauMMm Takxke 3= > Cnepytolasn nemma fokasana B paborte
[4], (cm. nemmy 2.2).

Nemma 2.1. MMycTb NoCnefoBaTeNbHOCTb 7 CUbHO pPerynspHas ¢ napa.ueinpom 7
W MHTepBanbl 7,7] ¢ 06WMM K-OHUOM a NpuHagne>kaT HekoTopomy 3IML Toraa, eciu
Ik € 3Nk kK = pasnuyHble MHTEepBaNbl, C 0OLMM KOHLOM a, Clk-1 nu
| € 3T, TO T. < Cy.

B nccnegoBaHmax o6uelt cucteMbl ®paHKAMHA BaXHYIO ponb UrpaloT WHTEepBa-
nbl Jn v [, cBsi3aHHble C QyHKUMeR /,. ONs onpegeneHus aTUX WHTEPBAasOB Har
MOMHWM, 4YTO NpW onpeaesneHnn cnaboii perynspHOCTU Mbl ONpeaesnn ToUkn 1

Kak Gnvkaiwme K Touku u3 T,_i, COOTBETCTBEHHO, C/ieBa U crnpaBa. Torga
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I.r. TEBOPKAH

0603Ha4um uepes [, nHtepsan ( ; +). M3BecTHo, uto PyHKuma |/,,(x)| goctura-

eT HanbonbLlero 3HaveHus na [ ;#]. Moatomy uHTepBan [, Ha3blBalOT UHTEpBa-

NIOM MnKa yHKUMK /,,» Onpegennm eLle TOUKK n + Kak Toukm u3 T,,_i, co-

OTBETCTBEHHO, BivKalilne K cneBa M K + cnpaBa. Torga, ecim = 1/, 10
=7 _, -=1pIr =m+1n + =1+2 N3 unTepsanos [1(' 2;r/]],

" 10-] TOT> MMEET HaMMeHbLUYIO AnMHY 0603Haunm I* = [T";7('+2]. VK-
Tepsan Jn OAWH M3 MHTepBanoB [TpiT/i+i] u [ri"+ii 7'*§{) c ycnosmem, uto |J,| =
max(|[r/l;T?2+1, [[ip+i; ~ +2]).

OueBMAHO, YTO ecnn nocnefoBaTenbHOCTL cnabo perynspHas, 1o |J,| ~7 |40,
MoaToMy, paau yao6CcTBa, B OLeHKax Mony4veHHbIX B paboTax [2], [5] Ayw dyHKLMiA /,,
Mbl MOXeM Jn 3ameHATb Ha [1,,. [pnBeaeM HeKOTopble OLEeHKM Ans (yHKuuii ®paH-
KMWHa, fokasaHHble B paboTax [2] n [5]. Bo nepBbiX, CyLiecTBYeT Takas NOCTOAHHASA
C7, 4To AN9 BCeX M M i BbINOMHAOTCA

(2.1) I/-M I~V |+JEI)+W "rga I€i
rae g 34ecb W fanee paBHO  a «5-H000M MHTepBan NMHEWHOCTM YHKUUK /N, T.e.

6es,,.
[anee, ana noboro p € [1; 00) n HekoToporo e 6 (0; 1) nmetoT MecTo

(2.2 J[ \fn)\pdx < (? [ \Mfn(X)\pdx ecm 7 < ,
.23 ﬁ2+3\f \pd ? ITﬂl\f \pd T

- n(x)\pdx <** n(x)\pdx ecm T?>t,,
(2-3) iﬁml ()\p 7 ()\p
n
(2-4) 1/ 11, ) [i/nllp~T|4,|* | korga 1<p < o0

Nemma 2.2. Ana
I» 1)(*) :=J|;) fn{t)dt, X6 [0;1],  =0,1,2...
BEpHa OLiEHKa
M i ->wm | < "K |4 + M
age 6 No6oi MHTepBan NMHENHOCT U yHKLMUK /,,.

[okasatenbctBo. Korgaz 6 $u nesee [, oueHka (2.5) cnegyet u3 (2.1) u
(2.2). B cnyvae korga 6 npasee 4T yunTbiBad, uto 1fn(t)dt = 0, MOXHO
3aMeHUTb Ha - fn(t)dt n npumeHunTsb (2.1) 1 (2.3). Jlemma foKa3zaHa.

6



OB ABECOJ/IIOTHOW CXOAMMOCTU PSI10B

Ona | € 30603Ha4nMm
(2.6) Di={ :/,, nuHeliHaHa /} wu D/,t= {ne Di:d,(7) = k}.
B pa6oTe [3] goka3aHa cnegytowasn (cm. |3| neima 3.4.)

Nemma 2.3. TlycTb nocnefoBaTeNbHOCTbL 7 CUALHO PeryndapHas ¢ napameTpom 7 v
{/,,(1)}* o cooTBeTCTBYyOWan el 06wWaa cucTema PpaHkIHa. Torga ansa noboro
uHTepsana | 6 3 1 noboro ymcna K UMeeT MeCTO

NI+ /Y NIXK /T *c-<+ «o

3. CgoiicTBO nokanusaumm a6CoONOTHOW CXOAWMOCTU pPSif0B

Pypbe-PpaHknmHa

B sTom pasgene 6yAeT AoKa3aHo, 4TO abCOMOTHAA CXOAMMOCTL pafa ®ypbe-PpaHKInHa
B TOYKeE I, NOKa/lbHOE CBOICTBO, T.€. eC/n a,J,, (i) pag ®ypbe-PpaHKINHA PYHK-
um /, TO CX0AMMOCTb psija lon/n(a)| 3aBuCKUT OT noBefeHNs GyHKUMM / B
HEKOTOPOI OKPeCTHOCTW TOYKM X. [LN5 KNacCU4ecKoi cucteMbl ®paHKAMHA aHano-
rMYHble BOMPOCHI pacCMOTPeHbI B paboTe [8].

Nemma 3.1. TlycTb nocnefoBaTensHOCTL 7 CWIbHO PErynfpHas ¢ napameTpom
7 u {fn(x)}%Lo cooTBeTCTBYylOWAn el obwas cucTema dPpaHknnHa. Torga ecnu
f € Li[0;1]wn/( ) =0, korga e [0;/?], TO

fe0)
1) } "Wn(Hfn(x)\ Ct1,/* ana X< /2

n=0
2) pag [°n(/)/H(x)| paBHOMepHO cxoanTca Ha [0;fi'\, npu no6om 0" < /2.

JTa neMmMa BbiTeKaeT 13 cne,qyrou.l,eﬁ JIEMMBbI.

Nemma 3.2. MycTb nocnefoBaTeNbHOCTb 7 CUABHO perynspHas ¢ napameTpoMm
7, {/«( )E cooTBeTCTBylOLWas el obwas cucTema PpaHkamHa u ko > 2 . [lo-
nycTWM NO Takoe, YTO B MHTepBane (*;/?) ecTb MO KpaiHein mepe KO TO iek u3
7N, Torga ecnn e I»i[0;1] /(£) = 0, korga € [0;>3], TO

i‘n/n(*)i ~ *r<a X < &

roe a,, = a, (/).

[Joka3aTenbCTBO. PAacCCMOTPUM HECKOJ/IbKO C/yYaes.
7



r.r.rEBOPKAH

Mepsblii cnyyvaii. O, C (x;0). MNpumeHsas (2.1). nonyyaem

O-D le"t >

Moatomy B cuny (2.1), nmeem

. fm, -cC TAnllL/EEnan
[fin/n()I _ CT(AM + p(4.../?))(|8.] + p(H..1))

HeTpyaHo 3aMeTUTb, YTO

bl < AN
qanr+ p(A., " XK|An*p(An.37)) - P -x

Moatomy ana A, C (*;0) vimeem

lon/, ()| <

Orctoga, yunTbiBas, 4To BbipaxeHue dn(P) + dn(x), ¢ ycnosuem An C (gs;/3), pacTeT
BMECTE C N, NPUHMUMas TOMbKO HaTypa/bHble 3HAYEHUS He MEHbLLE KO, MOyYaem

32 E 3 < .

n:A4,C(*;n
BTopoit cnyyaid, i 6 s u > o Mpumenss (2.1) nonyyaem (3.1). Toraa B cuny
(2.4), nonyyaem

[On/n()l <~ Nefg ™ | y .

M3 nemmbl 2.1 cnegyeT, 4TO BennumnHa Cin() KaXkgoe HaTypanbHOE 3HaYeHne MOXeT

NpuHMMaTL He 6onee Yem Cy pas. Moatomy m3 HepaseHcTBa dn(0) > ko cnegyet

W\ <
B

(3.3 E KLW \<cy x

N>n<j:xGAn
Tpetuin cnyvaii. An C [0;x). Micnonb3ys (2.1), nonyyaem (3.1) n BHOBb MCNONb3YS
(2.1) nonyvaem

Icbf (x)l < C IAH TV -W AW
L /n W 7(AN + p(8.,./2)(A.] + p(AMINY + i)
jfh _ IAj/nW-HM »)

- 707 x) "4, + p(An,In 1)+ |/n>Y*
rfe In,x TOT MHTepBan NMHEAHOCTU DYHKLMK /,,, KOTOPOMY NPUHAANEXMT TOUKA X.
WHTepBansbl |,, X BNOXeHbI. Yepe3  0603Ha4MM Te M3 MNTepBanoB KOTOpble Nne
noeTopstoTcs, T.e. iE+l ¢ \k 1 ana nioboro Hailgetcs Takoe j, yto /,,* = . Torga

649 E k(i<

n:A,,C[0;x)



OB ABCOJIIOTHOWM CXOANUMOCTU FS0B ...

c uwmy vy lAn[™.(1?)

7ri - " r 4 ! C ,0.x

T )
Ni*=/N<Mx)=T1
MpuMeHss nemmy 2.3 1 0603HauMB = minn/n 1 < )), u3 (3.4) nonyuum

[An|+ p(4n,0) + \lI\

(3.5 £ \*nfn(x)\ < C7TM » £ N(w +1)<C7rMA
n:A,C[0;x) P * ] T>Ii P X ]
3amMeTuMm, YTO Yncna : MPUHUMAIOT HaTypasbHble 3HAYeNus fne MeHblue Ko. U3
NneMMbl 2.1, cnegyeT, 4To yncna KaX[0e natypasnbuoe nadeille MOryT npUHNMaTh
He 6onee C7 pa3. Moatomy 13 (3.5) nonyumm

(3.6) £ lon/,,(x)| <
n>no,AnC[0;x)

YeTBepTbln cnyyaii. 0 6 O,. B aTom cnyyae, ¢ yyetom (2.4) n (2.1), nonyumm

3.7 la,./,.(x)] < C7
44n| + p(4An.x)

M3 nemmbl 2.1 cnegyeT, 4To ( (X) Kaxgoe HaTypaibHOe 3HaYeHe MOXET NPUHNMATb

He 6onee C-, pa3. MNostomy n3 (3.7), c yyeTom Tow, 4To d,t(X) > Ko, cnegyet

(3.8) £ la./,(x) <
P~x
Mateih cnyvain. 4, C (& 1). HanomHum, uto A4, = (t~;t+). O603Haunm V =
= 1). Torpa

on=[ f(Ofn(t)dt+ [ {{O)fn{t)dt+ [ () ()<t =:0,,i +a,.2+ctni3
Jvn Jv*

Y. [onmx)|<£ £ [fininX).

n,c(/3:1) i=1 go,c(n;1)
A) OueHum Sa,,c(/J;1) lan,2/r»(x)|. N3 HepaBeHcTBa (CM. (2.4))
| .| < Cyl4,|~¥2/g, \f{t)\dt n c yuetom (2.1), nonyyaem

Kr/”@]sc'k rab ) 17'<) | n

CnepoBaTtesibHO

(3.9) £ bl W \< ~ T ,9K £ [ \T\n.

Anc((n.1) p K>KO0 n:d,(x)=kJA "



r.r. TEBOPKAH

M3 nemmbl 2.1 creflyeT, YTO KOMMYECTBO BNOXEHHbLIX MHTepBanos [, C YCMOBUEM
*.(*) = k He npeBocxoguT (7. MoaTtomy u3 (3.9), yuuTbiBasi, 4to <b(X) > KO, UMeeM

G0 £ MWSE Erthb-T T-

O .cNe 1)
B) Ouenum E g,,c(*i) I<KW«(*)I- HanomHuM, 4TO t+ npaBas cocegnas ¢ tn Touka
13 nn. HeTpyaHO 3aMeTUTb, 4To ecim n\ < < .. Takue uwucna, yto d,,m(r) = K,
Tot+ , <<+ unr,m([+)>T-1, Korga T > |. Monoxum Takxe £5 = 1. Torga s

cuny (2.1) nonyymm

[anT,3|]< E 1 " 1)/(s)ll/«-(*)I<k<Or E |AnT T YV - "'/ "1]/(x)]".
5¢ , I:l<m "l

C yyetom (2.1), gns nm c ycnosuamum [,,7 C (0; 1) n dnm(x) = fc umeem

|l «(*)] < E w1 1(®) k&
n i<t [

CnefoBaTesfibHO

E K»..3/Tu.(*)i <cy E E 91 ' /+111(*)k>

MocneaHee HePaBeHCTBO CYMMMPYS MO AW YUUTbIBas, YTO K > KO, MOSy4nM

(3.11) E 1h. ], (*)l<rd~-
n:4,,C(/2;1) [
C) OueHum Ea,,c(/9D) 1® , / ( )l- ANna (hMKCUMPOBAHHOIO HaTypanbHOro r 0603HaYMM
Mi={ :A4,c (31),8(r;0)ecTb i UHTEPBaNOB IMHEAHOCTY YHKLUU/,,},
n nycTb J1i TOT U3 3TUX UHTEPBA/IOB IMHENHOCTK, KOTOPbI/ 6nvke & Mpu pukcmpo-
BaHHbIX i, K U ans n, ¢ ycnosuem dn(Ai) = k 0603Haumm yepes Lnj, j = 1,2,..., K,

MHTepBanbl NMHEHOCTU GyHKLUMKM /,,, nepecekatolmecs ¢ V' ~, npuyeM max =
minLnj+i- Torga

K i] < E jL [l (t)|I/(i)|* < CTE thip(ﬁmy A)'+rIZ-n.,iibnj In w

CnepoBatenbHO (cMm. (2.1))

Ki/n(*)| <C7|an|+p(anrc)E JAn|+p(An)Ln() + |Ln ,| ILnj \f(*)\d*.

10



OB ABCOJIOTHOM CXOAMMOCTU PALOB .

[Moatomy

|Bn,i/n(*)|

n:df(A()zfc

<M o & - \[K" I"Ig*'i,\ . CUeein.
mu M ,£(r| 5:ch:1 Eii#P(lM’],Lnj)#an\er,,j 1)1
3ameTuM, 4TO MpWU PUKCUMPOBAHHOM j iraTepBanbl Lnj nnbo He nepecekastcs, nMb6o
MMEHT 06LWuMiA neBblin KoHel. Yepes L*pl p = 1,2,..., 0603Ha4MM MaKCUManbHble 13
nux. MycTb .7 TaKOW MHTEPBan, YTO ANA HEKOTOPbIX MU j UMeeT MeCTo J = -
Torga dn{J) = Kk —j. N3 nemmbl 2.3 nmeem

«*w L j + A J+W ¢, (* 3+4y
3ameTuM Takxe, 4To ecm Lnij D 3 ... 3 Lnmj , TO wiTepBanbl MMHEAHOCTH
Lntii-1,i = 1,2,..m.J HenmsmeHHbl. Mo3aTomy B cuay nemmbl 2.1 umeem mj < C7.
[Moatomy

(3-12) £ £ | 1, ()]
ft nd,(AQ=fc

Am NE g KkHipigku(k-i+ i)E m \**< £ -
Cymmupys (3.12) no i 1 yunTbiBas, 4To i > KO NOJy4UM

(3-13) £ | LM<
n:[.CNel)

M3 (3.10), (3.11), (3.13) cnenyet

(3.14) £ K7, (*)| <
:4,,C(/3;1)
M3 (3.2), (3.3), (3.6), (3.8) u (3.14) cnesyeT yTBEPXKAEHWE NIEMMbI.
AHaNorMYyHo A0Ka3bIBaOTCA Crefytolmne yTBepXAeHNS.

Nemma 3.3. MycTb nocnefaoBaTenbHOCTb 7 CUAbHO PErynsipHOM, C napameTpoMm
7 { (O cooTBeTCTBYylWAa el obuwas cuncrema dpaHkinHa. Torga eciu
f € 14[0;1] n f[t) = 0, korpga t £ [a; 1], TO
1) EALo M /)1 .(*)| < Cid.x, Korga x > a.
B) psg 1°n/n(*)| paBHOMepHO cxoguTcs Ha [0'; 1], npn nw6om o' > a.
11



. r.TEBOPKAH

Nemma 3.4. TycTb nocnefoBaTeNbHOCTL 7 CW.IbHO perynspHas ¢ napameTpam
7> {/n(i)}~o cooTBeTCTByWOWas el obwaa cuctema PpaHkimHa 1 > 2 . [lo-
MycTUM MO Takoe, YTO O MHTepBane (0;X) ecTb NO KpaiHei mepe KO Touek u3
7no.Torga ecm / € ii[0; 1 u Ne = 0, korga e [ft;1], TO

£) KW \< Korga X > a,
M=%0
roe an = a,,(/)e
M3 nemm 3.1, 3.3 nonyyarotcs Teopembl 3.1 n 3.2,

Teopema 3.1. MycTb NocnefoBaTeNbHOCTh 7 CUABHO PerynsipHas ¢ napaMe TpoM
7 n {fn(x)}%L0 cooTBCTCTBYKNUAsA el obwas cucTema PpaHknmHa. Torga ecnu
f e 15[0;1] n f{x) = 0, korga x 6 (a;£), TO

VZZLo M [)In(*)| ™ °iel* Korgax e

2) pag T.n=o la«(/)/n(x)| pasHomepHo cxoguTca Ha [a\ft] C {a; ft).
Teopema 3.2. TlycTb nocnefoBaTeNbHOCTL 7 CWUbHO PEryaspHas C napameTponi
7 n {/n(x)}'=0 cooTBeTCTBYOWAnA el obwas cucTtema PpaHkanHa. Torga ecnu
f,ge Li[0; 1] n f(x) = g(x), korga x € {a;ft), To

JJEZ=0M N1 - On(fHll/n(x)| < C7./,x, korga x 6 (a; ft),

2) PAT,n=o0 l«n(/)* «*(ff)ll/n(s)l pasHoMepHO cxoanTces Ha [«'i/37] C (a; ft), T.e.
psagsl Pypbe yHKUMIA fu g paBHOMEPHO abCONKTHO paBHOCXOAATCA Ha [o17,>9].

Teopema 3.1 yKa3blBaeT Ha TO, 4TO a6CONIOTHAA CXOAMMOCTb paga ®ypbe-PpaHKINHA
WHTErpupyemMon yHKUun / B TOUKE X 3aBUCUT OT NOBeAeHUS YHKUUM / B HEKOTO-
poii OKPeCTHOCTY TOUKM X. Criefytollas TeopeMa yKa3sblBaeT Ha TO, YTO abCcoNoTHas
CXOAMMOCTb psja Pypbe-dpaHKANHA UHTErpUpyemMoin yHKLUMM / B TOYKE X He 3ar
BUCUT OT TeX (OYHKUWiA /,,, MHTepBanbl MMKa KOTOPbIX HE HAaXOAATCS B HEKOTOPOM
OKPECTHOCTY TOUKM X.

Teopema 3.3. TycTb NocnefoBaTENbHOCTL 7 CUAbHO pPerynsipHas ¢ napaMeTpoM
7 « {In(x)}£Lo cooTBeTCTBYytLan el 0bwaa cucrtema PpaHknuHa. Torga ecnu /
nHTerpupyemas yukuua ni € (q; ft), To

£ Kfn(x)\ < oo,
[.«r(2;0)
rge On = a,, (/).

[okasatenbcTBO. B cuny Teopembl 3.2, 63 orpaHnyeHMs 06LLHOCTM MOXHO Npes-
nonoXutb, 4To {) = 0, Korga (a,ft). KonnuecTBo Tex n, 4Nns KOTopbIX X 6 AN
12



06 ABCOJIFOTHOW CXOAMMOCTW PAIOB ...

n JTn <€ (a; /3) orpaHnyeHo. Mo3ToMy fOCTaTOYHO A0KAa3aTb HepaBeHCTBA

(3.15) E l«n/n(®)| < oo, E 1®n/n(®)| < oo,
(3.16) E I°«/»(x)| < oc, E ® / (®)] < oo.
[..C(0:a) 0.C(13;X)

HepageHcTBa (3.15) A0Ka3bIBAKTCSA Kak YeTBepPTbIli cyyait nemmbl 3.2. HepaBeHCTBa
(3.1G) pokasbiBalOTCS Kak TpeTwuii cnyyaid nemmbl 3.2. Teopema 3.3 AoKasaHa.

4., Ab6contwoTHasa cxoaumocTb pagos Pypbe-®PpanknuHa GyHKUUA
OFPAHUYEHHOW BAPUALIU
Teopema 4.1. lycTb nocnefoBaTeNbHOCTL T CUALHO peryndpHasa ¢ napameTpoMm

7, {In(x)}55L0 cooTBeTCTBYtOLWas el 06was cucTema PpavknuHa n / € jBV. Torga

El 7 <<?-Neje

Joka3satenscteo. Yepes ,t = £1.£2,..., 0603HaYNM TOT MHTEPBAN NNHEN-
noctn gyHkuymm /,,, gnsa kotoporo dn(Ln,i) = |»| n nHTepean , HaxogmTcsa npasee
O, ecom i > 0 un nesee 4,,, ecim t < 0. O603Ha4YMM TaKXe o= [A,. Torga
[0; ] = ibn.i n nHTepBanbl |- B3aMMHO He nepecekatotcs. MoaTomy

4.1 la,| = 1 Nefn(t)dt\ = \£ fL-'"HW it)l = IE ft'H tm t)
C yuetom nemmbl 2.2, in (4.1) nonyyum

@) Ki<  U<)NBL)

»

- Nn*"1+ a@n.brel) + | ,<1 *-p 4"
Mockonbky ||/,,]] < C7|4,,|1/2, TO U3 (4.2) nmeem

(.a, E b M . <
M3 o6o3HayeHunin (2.6) n n3 (4.3) cnegyet

(4.4) [bl ibl .S E

=c-EapgTtTE>»*» w T tpabx N -
13



. r.TEBOPKAH

N3 nemmbl 2.3 MeeM

\ | Ll,—rrr<CJ'IK+I)
neDJk'T'[ p&ll
Moatomy u3 (4.4) nonyymm
(4.5) £10 ||I/.]] < >E~(NH1E
n=0

PaHrom nHTepeana | € 3 Ha30BeM KOSIMYECTBO MHTEPBAIOB M3 3, KOTOPble cofgepXaT
MHTepBas | W pasnuMuHbl Mexay Co60i. AcHo, uTo paHr uHTepBana [0; 1] paseH 1
HeTpyAHO 3aMeTUTb, YTO NGO MHTEpPBaN paHra K ecTb 06beauHeHUe AByX Heritpo-
cekalouyuxca UHTEPBANIOB paHra K 4- 1. CnefoBaTenbmno, ecim 0603HaunThb

1 = {/e 3:paHr uHtepeana | paBeH A},

TO UMeem
[0;1]= /, pns noboro K.
lei*
C y4eToM CU/LHOI perynsapHocTM T UMeeM Takxe

(4.6) mn<(~ ) korga 1€ JIk
M3 (4.5), (4.6) nonyumm

£ wiiil,iii<c, £ £ IW(/>
n=0 K [Giljb

BA><C,V (1.
* 47 7 len*
Teopema 4.1 foKa3aHa.
B pa6ote [10] 4ns Knaccuyeckoi cucTeMbl ®paHKIMHA AOKa3aHO 6ofiee CUbHOE

yTBepX/aeHne. A UMEHHO, [0Ka3aHo uTo ecim / € BV U a,,-Koath(ULMeHTbl Pypbe
(yHKUMK / MO Knaccuueckoii cucteme ®paHKnuHa, Toraa

Cnegcteue 4.1. MycTb NOCNeAOBATENBHOCTb T CULHO PerynsipHas ¢ napaMe TpoM
™ {l ()} = cooTseTcTBylOWAs eil obwas cucTema dpaHkimHa n/ 6 BV. Torga
psg dypbe-OpaHkMHa PYHKLUMKM  NOYTU BCHOAY abCOMTHO CXoanTCs.

OTcroga v u3 TeopemMbl 3.2 nosyyaetcs

Cnegcteue 4.2. TycTb NOCAeAO0BATENLHOCTL T CUNBLHO PerynsipHas ¢ napamMme TpoM

7, {/In(z)}£Lo cooTBeTCTBYLOWAnA el 0bwan cucTema PpaHKIMHA U UHTErpupye-

masa Ha [0; 1] pyHKuMa  Ha oTpeske [0; ] UMeeT OrpaHMyeHHyt Bapuaumio. Torga

pag ®ypbe-dpaHkanHa pyHKumM / Ha (0; 6) NoYTHK BCogy abCOMOTHO CXOAMTCH.
14



OB ABECOJ/IIOTHOW CXOAMMOCTW PALOB ...

3amevaHue 4.1. B cnegcTsum 4-1 Henb3st yTBEPXKAAaTb He TOMbKO BClOAY abCco-
NIOTHYI CXOAMMOCTb, HO U CXOAUMOCTb BCHOAY.

B pa6oTe [8] [OKAa3aHO, YTO €C/M WHTErpupyemMas ¢yHkuyus B TOUKE XO UMEET
paspbiB MEpBOro poga, To ee psg Pypbe MO KAACCMUECKOW cucTeme dpaHKIvHA B
TOUKe XO pacXoAuTcA. B OBLUEM Cydae aHaNorMyHoe YTBEPXKAEHNE HaM He Yaanoch
[0Ka3aTb. OfIHAaKO, BEPHO CMeytoLLee YTBEPXKAeHNeE.

Teopema 4.2. TycTb nocnegosaTensHocTb T gonycTumas m {/n(r)}”_u cooT-
BeTCTBYylOWan el obwasa cuctema dpaHkimHa. Torda AAS MOYTW BCEX X, €Cu
/ 6 L\[0; 1] n dyHKuMsA / B TOUKE X MMeeT paspbliB NepBOro poga, To pag Pypbe-
®paHKAMHa PYHKLMM / B TOYKE X OrpaHWYeHO PacxoauTCs.

[nsa nokasaTe/bCTBA 3TO TEOPEMbI HaM HYXXHa ClefytoLLas

Nemma 4.1. MycTb nocnegoeaTenbHocTb 7 gonycTumas u {/n(3:)}£!10 cooTBeT-
CTBylOLWan el obwas cucTema PpaHkimHa. Torga Ans nouTw Beex X 6 [0; 1] Bbinon-
HAeTCA

4.7 Iimg&o JfO fn(t)dt yn@ol > ci.

[ okasaTenbLcTBO. B paboTe [5] 4OKAa3aHO, UYTO CYLLECTBYIOT MOCTOSIHHbIE C U C,
Takue, 4YTo ANA N6oro p, 1 < p < 00, BbINOMHAETCA CNnefylollas Lenoyka Hepa-
BEHCTB:

(4.8) c\jn\ "-'> < m \Lf{Jn) < W \P< C\Jn\l/p- 1/2.

OnpegeneHve nHTepeana J,, npueegeHo nepeg (2.1). OAHako, 34ecb BaXXHO TO, YTO
Jn oguH 13 uHtepeanos ( ~~; ~), ( ;*,), (,;<+), ( ; ++), Ha KOTOPbIX QYHKUNS
/,, MMHelHasA, 1 B KOHUaX UHTepBana ./, GYHKUNA ,, MPUHUMAET 3HAYEHNS PasHbIX
3HakoB. Jonyctum J,, = ( ;/3) n/,(t) = o,(i - Zn) korga € [or;/9], roe Zn 6 J,,.
Torga u3 nepeoro HepaseHcTBa B (4.8) nonyumm

(4.9 \an\>c\ \ 3\

OueBMIHO, UTO YHKLNSA

(4.10) ®,(x) = f fn(t)dt, x€J,
J

He MeHSieT 3HaK Ha Jn n

Nen(x)| = ~bl (* - *n)2-
15
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CnepoBatensHo
(4.11) 60 |n.(*)" ~6~
(4.12) xeJn:|KM*)|~“ AT} -V

W3 (4.9)—4.12) cnepyeT, UTO ANA PYHKLMK

don{x) = [ fn{t)dt= [ fn(t)dt +<nK)
BbINO/HAETCA K *
(4.13) H{r 6 Jn : Nen(a)| > J"11/23 ~

W3 nuHeliHocTn yHKuymm f,, Ha J,, 1 nepBoro HepaseHcTBa B (4.8) cnegyet

(4.14) n~teJn- I/nMI > Ygnl 1/2} ~
M3 (4.13) n (4.14) nonyymm

(4.15) € Jn :|*n(20/n(x)| > ggg| * .

HeTpyAHO 3aMeTUTb, UTo

(limsup J,,) =/i '/\fc:IMJ =1

Moatomy mn3 (4.15) cnepyeT yTBEPXAEHNE NEMMbI.
[okasaTenbcTBO Teopembl 4.2. IMycTb 415 TOUKM X BbINONHAETCA (4.7) 1 nH-
Terpupyemas yHKUmMs / B TOUKe x MMeeT paspbiB nepsoro poga. O603HauMMm
Korga <X,
(x) —/(xk —0), Korga t=x,

X +0)- /(Ok - 0), Korga > X,

FAcHo, 4To nHTerpupyemas pyHkuma <plt) = f(t) x{t) HenpepbiBHa B TOUKE x U Orpa-
HWYeHa B HEKOTOPOI OKPECTHOCTW TOYKM x. Torga B cuny (1.1) yacTuUHble CyMMbI
paga dypbe PYHKUNUN <p OrpaHMYenbl B NEKOTOPOA OKPECTHOCTM TOUKM x U CXOAATCA
B Touke X. YuuTbias, uto 1f,(t)dt = 0, korga > 0, gna KoappuuymeHTos On(x)
nony4nmM

°r»(X) = dJ fn(t)dt ana > 0,

(0]
rae d = /(k + 0) —/(k —0). MNpumeHas nemMmy 4.2, nofyyum
limsup [an(x)/n(®)| >dci.
CnepoBatenibHO, pag ®ypbe-PpaHknnHa yHKUMM / B TOUKe X pacxoauTces. Teopema
4.2 pokasana.
16



OB ABCOJ/IIOTHOW CXOAWMOCTU PALOB ...

5. NMpeactasneHune pyHKUN ab6CONOTHO CXOAAWUMUCA pAgaAMU

B 3TOM pasgene [0Ka3blBalOTCA TEOPEMbI O MPEACTABEHNN N3MEPUMBIX (DYHKLUIA
M.B. aBCO/IOTHO CXOAALLMMMUCS Psagamiu no o6LLeii cucteMe dpaHKIMHA, COOTBETCTBY-
tOLLEI CUIbHO PerynsipHoMy pas6reHuto.

Nemma 5.1. MycTb nocnefoBaTeNbHOCTb 7 CrifbHO perynspHas ¢ napameTpoM
7 n {fn(x)}%Lo cooTBeTCTBYylLWan eii 06was cucTema dpaHkIMHa. [onycTum
I - [o;p\ 60,0, nsupptp C |. Torga, ecrm 1 C [, 60, TO
£ M T \i < cyiinii,
n:nei)g

roe D& = { : [, —uHTepBan AMHeRHoCcTH yHKUumn /,} n a,, = On(ip).

LokasatenbcTBo. Ecnm | C 4, 6 0 u /,, nnHeitHa Ha A, To (cm. (2.1))

bl *a»«.-Ki+ W &
N NnoaTomy

KIiW 1. <C ,m.mK [+ p®™® @A)+ |i| m*m<*>,

O603Haunm Db%= { € :dn(A) = k}. C npumMeHeHneMm nemMmbl 2.3, cyMmMupys
nocnesHee HePaBeHCTBO, MOAYYUM

-C.M .E** E Kinl‘IT A+ I *c* » ‘E «*<>+ 1)< C.M ..
K s J

Nemma 5.1 gokasaHa.

Nemma 5.2. TlycTb nocnefoBaTeNbHOCTb 7 CUNLHO pPerynsapHas ¢ napameTpom 7
n {/n(i)}*_o cooTBeTCcTBylOWas el obwasa cucrema PpaHknnHa. Torga Ans npo-
n3BONbHLIX [3;6] € S0 1 e € (0;0,1) cywecTByeT noanHom g ) = 1”1 1oOn/nWi
Takol 4To

1 {)=0, korga * (o;b),

2. () =1, korga € E C [a;H nu(E) > (1—e)(b—a),

3. /o En L \anU t)\dt < ejlne 1,

4 j )< -

[JokasatenbcTBo. Yepes la,i, *= 0,1,2,..., 0603Ha4NM NHTEPBabl U3 3 C NIEBLIM
Konuom a, npuyem [o;6] = /a,0, /a,i+i C /a,i. AHanornuno, yepes 4,j,j = 0,1,2,...,
17
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0603HauYMM UHTEpPBasbl N3 3 C NPaBbIM KOHAOM b. YUMUTbIBas CUSIbHYHO PerynsipHocTb

nocneLoBaTeNbHOCTA 7, UMEEM

(5.1) ~-ifo.ii < laitil < — yIr n 'A<+ A< V-
MycTb «ol jo Takune, 4TO

(5.2Majio\ < [(b- “) Ubjol < |(b - °)

7

(G.3)/a,<o-il > |( - a), I-kjo-il » |( - a)

M3 (5.1) n (5.3) cnegyert, 4TO

L
Moatomy
(54) *0< Cyine L
AHanornyHo
(5.5) < lHel

MycTb al npaBblii KoHel, MHTepBana la,0, a 6'-neBblii KoHel MHTepBana A00, T.e.

lajo = [a;/1 h.jo —[B\Y- Ob6o3Haumm Takxe yepes a", b", COOTBETCTBEINIO, NpPaBbIii
1 neBblli KOHLbI MHTepBanoB lajia+i u IbjO+i, T.e. a;/-Touka n3 TI)/0,<0 C HAVMeHbLLINM

nngekcom n V-touka 3 7 Ibja ¢ HAUMEHbLUMM MHAEKCOM.

O60o3Haunn!
Korpga =a",
Korga (a;a"), '

VHellHaa Ha uHTepBanax [a;a"\,[0";a'];
Korga 1 = b",
) Korja (V;b),

VHeinHas Ha uHTepBanax [ 5 "1,[ "™ 1;

0, korga e [0;0] ([ 1]
(5.8) <) = 1 korpga t6 [0} 1
[ nuHelinas Ha uHTepBanax [a;a'], [67;6].

Monoxum
(5.9) ()=<(0)- apa(t) - 0< ()

rge unicna a u ft onpegensoTcs U3 ycnouii



OB ABCOJIIOTHOM CXoANMOCTUM Tra408B ..
M3 (5.10) cnegyet, uTo a,(d) = 0, korga < rig, a u3 (5.6)-(5.9) cnegyet, uTO
a )=0,korgaa",b" e T, Moatomy () mmeeT Bug X2INno >e»(*)> rpe
M=rT1in{ :a"67,,b"¢e T,}

M3 (5.6)-(5.9) n (5.2) cnegytoT NYHKTbI 11 2 nemmsl.
[nsa nokasaTenbctBa NyHKTOB 3 M 4, cHayana oueHuM N H 0. NS BbINONHEHUS
(5.10) AOCTAaTOYHO BbINO/HEHNE COOTHOLLEHWIA

(5.11) I () =0wnw [ {)0O,
Jo Jo
roe w(i) = i — PaBeHcTBa (5.11) paBHOCW/bHbLI CUCTEME
A< 4- = hi,
+ 0 =
roe
I4i = [ <Pa(t)dt, = f <pb(dt, hi= [ ip(t)dt
Jo Jo Jo
n N
= fa(t)u(t)dt, = [ tpb(t)u(t)dt, = <p(t)u(t)dt.
Jo Jo Jo

HeTpyaHo 3aMeTUTb, YTO

hn,/ii2~7e(6—a), Ji~b —a,

— \, e6—o)2, |/ ~( -a)2
Mo3aTomy, yunTbiBas, 4To
L O D S -
N — 0\ P= W -
nonyyaem
(5.12) a~7-, 0~7
M3 (5.12), (5.6)-(5.9) cneayeT NyHKT 4 nemmbl. OLeHNM /0 |an/T»(*)M*. AcHo,

yTo a,, = a,((f) = n,(v>) aa,("a) - 0a,{(pb).
MpumeHsaa nemmy 5.1, ¢ yyetom (5.2), nonyunm

(5.13) £ "\a (pa)fn{thdt=jr £ "lan(v»,,)In(i)* A (Fo+ 1)|1¥>ai
n=no ® »=0 n:n€D/g< ®

M3 (5.13), c yuetom (5.6), (5.4) n (5.12), cnegyet



r.r. rEBOPKAH

AHanoruyHo, npumenss (5.7), (5.5) u (5.12), nonyumm

(5.15) 0L [/ ByMI»*)1N " cr(& °),ne *
MN=ng

[na ouenkH So |Bn/"(01* mam ocTaetcs ouenutb £ A Hi/o' Mv>LU *)|N-
MycTtb = [ab,], x= 0,1, ...,io+ L, mhj = [ojjb],j = 0,1, ...,l0 + 1. AcHo, uTO
a'=blga"=bMMbY=alun "=a*+i. O603Ha4YNM

N = niin{n: -6 T,}, = win{n :aje 7n},
T.e. bi=t,,,, <j= tmj. Janee, NonoXum
E»)={ :ru< <Tu+ti}y, Ny)=4{ : < < mj+i}, S{i,j) = L()nRQ)
’ korga . (0; ),

,korga 6 [6(;aj],

WHeliHas Ha oTpe3kax [B; bj], [aj; 6].
V3 onpegenenns qyHKumiA /,, cnegyeT, uto

J[ fn{t)faj{t)dt =0, ecrm ne5(t,j).

0

Moatomy, ana € S(i, j)

(5.16) On(<p)= | <p®fn(t)dt= [ (PpfY)- 4=ij(t)) fn(t)dt = Ai{fn) + Bj(fn),
Jo Jo

rae

(5-17) ):J[ ‘L ® M fn(t)dt,
a
(5.18) Bjifn):Jf. w-o*M LI <b-
aj
MpumeHasa nemmy 5.1, nonyymm
(5.19) £ \Mfn)\Wfn\i < a g -a)
nGS(id)
(5.20) J2 IBA«)||[/«[I1 <Cj(b aj).
nG S (ij)
OueBngHo, 4to ecnm n e [no; Af], To 6 N9 HEKOTOPbIX I, j U KOMNMYEeCTBO

HenycTbix S(t,j) He npeBocxogut tO+ jO + 2. MoaTtomy H3 (5.16)-(5.20), (5.4), (5.5)
nMeem

62) E KAl <T6-a) I 1

M3 (5.14), (5.15), (5.21), (5.9) cnegyeT NyHKT 3 nemMmbl. JlemMma foKa3aHa.
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Nemma 5.3. TMycTb nocnefosaTenbHOCTb 7 CUNbHO perynapHasa ¢ napaMmeTpom 7,
{/n(x)}"=« cooTBeTCTBYylOLWas el obwascucTema ®paHkmHa n abe 7, a<bhb
Torga ana nobbix € > 0, 6 > 0 u HaTypanbHoro N cywecTByeT noauHom () =
Eni/v+i« [ () no cucteme {/,,(x)}”, Takoit 4To

1. () = 1, korpa x € E. rge E-o06beanHeHne uHTepsanos u3 3 u y(g) >

1 e a),

2. ()=0«korgax [o/»],

3. |<E(H <~ , mnsa nwo6oro

4 EmIn KfnW dt <Cf(b—a)lne 1,

5- Hn l«n/n(Ol < < korpga t<£[a-6;b + 5\

[JokazatenbcTBO. HanoMHum, uto >, = {1/* : T? < 7-4Uu0 < i < - 1} HeybblI-
BaloLlas nepectaHoBKa uncen u3 7,,. Myctb no> N, Takoe, 4to max(r/*l - r/l) < Si,
rae uacno  6yget Bbibpano no3xe n a, 6 6 TN, Ans otpeskos [T,";-*] ¢ [ab]
npuMeHss nemmy 5.2, nonyvyaeMm UKUUK ) = E*In0« obnagarowme
cBOCTBaMM

A) ¢i(l) =0, korga | (T7-T2+1),
B) )=1 korgate £, C( ; #1) Mu(Ei)> (L- &)T?2+1 - T/,
Ii_s lo W,=TbM <h)/n(f)I* ~ NM1(T/+i ~ T7*)1lne 1< \Ine 1
Monoxum () = ]I, ) = EnL.0° / (), rge OueBnAano, YTo U3
A), B), B) cneaytoT nyHKTbl 1, 2, 4 feMMbI.
N3 nemm 3.2, 3.4 nmeem, 4YTto

(5.22) £ I« ™ £(ym;TRN))2  korga 1€ Ne 19-i]> '®I-

Mpun nogxopgswem Bbi6ope 81, n3 (5.22) n B) nonyunum nyHKT 5 nemmsbl. MyHKT 3
cnegyet n3 M) m (5.22). lemma 5.3 fokasaHa.

Nemma 5.4. TlycTb NocnefoBaTeNbHOCTb 7 CUMBHO perynspHas ¢ napameTpom 7
n {/r,(x)}*L0 cooTBeTCTBYLlas eil 06was cucrema PparHknmHa. Torga Ans Noo6oi
MoYTU BCIOAY KOHEUYHOW n3mepumMoii doyHKumuu /(<), Noboro N3MeprmMoro MHOXKecTBa
A C [0; 1], ntobbIX NONO>KMUTENbHbLIX Ynucen e, S n NOO60Oro HaTypanLHoOro yncna N
CyLLeCTBYOT M3MepUMble MHO>KecTBa B, D v noavHom 1) = E~Ln+i °n/n(i)
Takve, yToB CACD

L\ ()- f(t)lI<S korga € B nu{B) > (1- e)u(A),

2 JoLE*U + Kfn(t\dt < 3

3 E~Lvv+ll«n/n(t)l < G korgat e Dcunii(D\A) <e”A).
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JloKasaTenbCTBO. Be3 orpaHNueHns OBLLHOCTM, MOXEM CUMTATb, YTO YHKLMA
/ orpaHuueHHas H HeoTpuuUaTenbHas, T.e. O< /() < K. MNycTb uncna a, Takue, 4YTo

0= Q<Ql< ..< ==K u a*~*'" 1K 6-
O603HauMm Gi = { 6 [0;1] :a,_i < /( ) < a.}- CywecTBytoT nHTepsanbl Ime 3 un
yucna - Takme uto < Ji+i,Jm JIn'= 0 korgamj”m H

MpumeHas neMmy 5.3, noay4um noamHombl T (i) = E n=jvIi+i °n/»»W 1 MHOXecTBa
ET, Takue, yto ecim i/i_i <M<, TO

®T") =c4u. Korga teEmCIlm, p(Em) > (i - u(1T),
-1 Wintl )
[ £ 1IN < -r ai-Mm),
Jo wit+i £

£ Jan/n(01 < fm «korga t1 [fim- &n; + <nii
T+l
rae [amjbm] = /7, a T 1 6T HekoTOpble NONOXKMTENbHbIE Yncna. Mpu NoaxoasLLem

Bbl6ope uncen 7 v 6T, noamnom gl) = € = i ®T( ) 6yAeT yA0BNETBOPSATh YCI0BUAM
neMmMmbl. Jlemma 5.4 flokasaHa.

Teopema 5.1. TlycTb nocnefoBaTeNbHOCTbL 7 CUILHO PeryndpHas c napameTpoMm
7, {/n(r)}*_0 cooTBeTCTBYtOLas el 0bwasa cncTema PpaHkimHam a,be 7, a <b.
Torga ons No6oA NOYTY BCIOAY KOHEYHON M3MEPUMON (OyHKUMN  CX/LLeCTBYET paj
E~Lo KOTOpbIA NOYTW BClogy abcontoTHO cxoanTesa K /(i), T.e.

1) E~o On/n(i) = /(*) n.B. Ha [0;1]

2) Er=0 K/n(*)I < +0° «*B- [0; 1].

Joka3atenbCcTBO. [yCTbe* = 2 *, 5k —4+1> * — 1|2 |—. [1pyMeHasa nemmy 5.4

naiigem munoxectso B\ ¢ [0; 1] n nonvnom ) = EiSa °«/ () Takue, 4TO

\T & T <6x xeBu uBh)>1-el

| TEKT\< % } \m\dt.
0 = El Jbl

Tenepb, npuMeHnB nemmy 5.4 K dyHkuum f(t) - di(i) n mHoxecTBy Blt nonyumm
nonvHom 2( ) = EAnrx+io«/n(0 h£jC Si Takue, uto

(5-23) MNe)> (1 eablAx),
22



OB ABCOSIOTHOV CXOAUMOCTW T'A0B ...

(5.24) IDa(*) - (/(<) - <M<))| < &> Korpga 6 E?,

1A _
(5.25) /£ |a»/«(*)|N < [1C)  0iy)rfi < =<Va.

w0 n=/v,+i £ Jb* £2
MycTb D B\ u n(Fi) > 1— .0naTb, npuMeHMB neMmy5.4, HaiifjemMm MOAMHOM
= °n/n(0 n MHOXecTBa <72, J12, Takune 41O
(5.26) <Rc FAE£2c A2, AXNF\F2)\G2) < e2,
(5.27) [0 (0- (/(<)- 0i(<)— ()\'< , xorpa e G2
N3

(5.28) £ Kbl <b, iew un *"Ne\(F2£2)<e2

Mi +1

O6o3Hawm A2=Ei W u {)="(i)+ <M =E*at.+i« [/ (0- N3 (5.23)-
(5.28) aiegyto-r

I Na )
| [fin/n(t)|di < A n oi<( )>1—£ —2
n-Ww,
/M ~ O].(*) -0(®)] <25, korpa 65,
rae Bi C F2 11 //(F2\B 2) < £2.
CnepoBatenbHo /*( ) > 1—2e2. Mpogonxkas 3TOT NPOLECC, MOYYUM MHOXECTBA
BT, A,,, nnoamHombl  11( ) = Y I*N m+i<hifn(t) Takune, 4to

N>
(5.29) IM -£*»(*) <2 6BT, u(BT)>1—£M,
n=1
/ "ot
Yy [/ (0]» ~ 2C~in, u(AT)> 1—ET ~ 2Cn
-iT n=N,,,+1
M3 nocneaHero BbiTeKaeT
/ 00
£ \anfn{t)\dt < rOy £ e, < +00
n=Nmt+| n>m

A m) > 1—4£,, —4em.
n>m

OTcrofa cnepyet, uTo psag anfn(t) noutn Bcrogy Ha [0; 1] abcontoTHO cxoanTca.
M3 (5.29) cnegyeT, 4To noyTun BClogy cxoanTtes K f(t). Teopema gokasaHa.

Korga nocnegoBaTensHoOCTh T ¢nabo perynspHas u ksasmanagmdeckas n {/n(x)} Lo
COOTBETCTBYHOLLAA el 06Las cuctema ®paHKINHA, BO3MOXHOCTb NPeAcTaBneHUs U3-
MepUMbIX YHKLMA NOYTK BCOAY abCOMOTHO CXOAALLMMUCSA PsgamMu HO CUCTEME
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{/n(xX)}2Lo pokasaHa B paboTe [6]. 19 Knaccuueckoi cuctembl PpaHKAMHA aHaNor
Teopembl 5.1 6blna foKasaHa B paboTte [11]. Bonpocbl npeacTaBieHUs U3MepPUMbIX
(hYHKLMIA aBCOMOTHO CXOAALLMMUCS PSAAMM MO0 APYTMM CUCTEMAM ObiN PaCCMOTPEHBI

B paboTax [12]-[15].

Abstract. The paper considers general Franklin systems generated by strong regular
partitions of the segment [0; 1]. For such systems wo prove the following assertions: 1)
the absolute convergence of a Fourier-Franklin series at a point is a local property; 2)
the Fourier-Franklin series of a function of bounded variation absolute converges
almost everywhere; 3) any almost everywhere finite measurable function can be
represented by an almost everywhere absolutely convergent series by a general FYanklin

system.
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CONVERGENCE IN MEASURE OF LOGARITHMIC MEANS OF
MULTIPLE FOURIER SERIES

U. GOGINAVA AND L. GOCOLADZE

Ivanc Javakhishvili Thilisi State University, Thilisi, Georgia
E-mails: zazagoginava@gmail.com; Igogoladzcl@hotmail.com

Abstract. The maximal Orlicz space such that the mixed logarithmic means
of rectangular partial sums of multiple Fourier series for the functions from
this space converge In measure is found.

MSC2010 numbers: 42A24
Keywords: Multiple Fourier series. Orlicz space, convergence in measure.

1. Introduction and main results

Let Tf := [, 7)rf denote a cube in the d-dimensional Euclidean space Rrf. The
elements of Rif are denoted by x := (x\,...,xd).
Let D = {1,2.....d}, B = {/1./, l1l1<r<d B C D, Ik < lk+1, ft =
,2,....,r —1, B' = D\B. For any x = (ij,..,.3v) 6 Rd and any B C D, denote
xb = {xiltxi2,...,x/r) 6 Rr. The number of elements of a set B we denote by |B|. If
B 0, then for any natural number n we suppose that := (n,n, ...,n) 6 RI°l. The
notation a < bstands for a < cbh, where c is a constant depending on the dimension
d. Below we will identify the symbols

un nir
Y and ' dte and dt™ mssmdtir, respectively.
in=0n <q1=0 <r=0

We denote by Lo(Td) the Lebesgue space of functions that are measurable and
finite almost everywhere on T 1 The Lebesgue measure of a set A C Td we denote by
mes(A). Also, we denote by Lp (Td) the class of all measurable functions / that are

'The research of U. Goginava was supported by Shota Rustaveli National Science Foundation
grant D1/9/5-100/13 (Function spaces, weighted inequalities for integral operators and problems of
summability of Fourier beriea)
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2ir-periodic with respect to all variables and satisfy
i/p
< 00.

The weak - Lx (Td) space consists of aU measurable, 2ir-periodic with respect to

each variable functions /, satisfying
Hlwealc—&i(T*) := euP Ames{x 6 T- : |/(x)| > A} < oo.

The Fourier series of a function / 6 L\ (T*) with respect to the trigonometric

system is the series

S[/]:= £ /(n ... nd)e*<"-+"+"-4
m,...,nd=-00
where
I(n,...1 f{x1,...,xd)e i* +"+ d x 1-~dxd
* T*
are the Fourier coefficients of f. The rectangular partial sums are defined as follows:
Nd
W /;x):= E
ud=-Nd

In the literature, it is known the notion of Riesz logarithmic means of a Fourier
series. Given a natural n, the n-tli Riesz logarithmic mean of the Fourier series of an
integrable function / is defined by

+1'
where 5*(/) is the partial sum of the Fourier series of /. The Riesz logarithmic means
of Fburier series with respect to trigonometric system has been studied by a number of
authors. Here we mention the papers by Szasz [13] and Yabuta [16], where additional
references can be found. The Riesz logarithmic means of Fourier series with respect
to Walsh and Vilenkin systems were discussed by [2] and Simon [12].

Let {9*: k > 0} be a sequence of nonnegative numbers. The Norlund means for

the Fourier series of / are defined by

1 ”

f=04k §n
26
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In the special case where gk =we have the Nivlund logarithmic meaus:
) =

(ID Ln( - £'a-=0 +1’
which represent kind o f"reverse "Riesz logarithmic means. In [@ we have proved some
convcrgence and divergence properties for the logarithmic means of Walsh-Fourier
series of functions in the class of continuous functions and in the Lcbcsguc space L.

The Rcisz and Norlund logarithmic means of multiple Fourier scries arc defined
by the following formulas:

f-x) — 1 SiD (/;
() — 1 siDi
iCD jtD
r (f-v\ 1 V' SnDiD(/;x)
cece (/- » . n |7| + 4 -
€D »-u" JeD

It is easy to sec that

DEEA=«] ’f OF o (¢ Ot
=106, 6 2d
KD, =MH)e,, Go, = G,

j€D jeD

n= 1+1  CM=zJITT-

Let B C D. Then the mixed logarithmic means of multiple Fourier series are
defined by

and

where

(L oR. )(f-v) — 1 Yy ' 3nB-iH/ly (f’'X)
N0 (1) L) Tt D M (xi+ i)J.€D

It is easy to show that

(L,,BoR,1d) (/;x) = "j \] f(t)FnB(x n-tfl)", (xB--taO "t.
™
Let LQ = LgCT*) be the Orhcz space generated by Young function Q, that is, Q
is a convex continuous even function such that Q(0) = 0 and (see [10], Ch. 2)

U#+00 U 1140 u
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This space is endowed with the norm

/1Uofl1*)= >0: J
T

In particular, if Q(u) = nlog*(l + u) (u.0 > 0). then the corresponding space will
be denoted by Llog0L(Td).

The rectangular partial sums of double Fourier series Srdm (/i-I'Y) of a function
/ e Lp(T2), 1 < p < oo, converge in Lp norm to the function / as n -+ oo (see
[17]). In the space L\ (T2) this result does not hold. But for / 6 L\ (T), the operator
SnU\x) is of weak type (1,1) (see [18]). This fact implies convergence of Sn (/;*)
in measure on T to the function / 6 L\ (T). However, for double Fourier series this
result does not hold (see [8, 11]). Moreover, it is proved that quadratic partial sums
Sn,n (/; X,y) of double Fourier series do not converge in two-dimensional measure on
T2 even for functions from Orlicz spaces wider than the Orlicz space L logL (T2). On
the other hand, it is well-known that the rectangular partial sums S,,,m (/; x,y) ofa
function / e LlogL (T2) converge in measure on T2

Notice that the classical regular summation methods often improve the convergence
of Fourier series. For instance, the Fejflr means of the double Fourier series of a
function / € Li (T2) converge in L\ (T2) norm to the function / (see [17]). These
means represent the particular case of the Nurlund means.

It is well known that the method of N”rlund logarithmic means of double Fourier
series is weaker than the Cesdro method of any positive order. In [14] Tkcbuchava
proved that these means of double Fourier series in general do not converge in two-
dimensional measure on I 1 even for functions from Orlicz spaces wider than the
Orlicz space L logrf 1L (T*). Thus, not all classical regular summation methods can
improve the convergence in measure of double Fourier series.

For the results on summability of logarithmic means of Walsh-Fourier series we
refer the papers [4]-[6], [13, 16].

In this paper we consider the mixed logarithmic means ( oRnNO,) (/) of rectan-
gular partial sums of multiple Fourier series and prove that these means are acting
from the space Llog|B| 1L (T into the spacc weak - (Td) (Theorem 1.1). This
fact implies the convergence in measure of mixed logarithmic means of rectangular
partial sums of multiple Fourier series (Theorem 1.2). We also prove the sharpness of
this result (Theorem 1.3).
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Theorem 1.1. LetB C D andf 6 Llog,B*1L (T*). Then
11(E», 0a ...) < | + ||iZiiogIBl"‘ rn]lim

Theorem 1.2. LetB CD andf €Llog™ 1L (T). Then

(E», °Rnu.) (/) f inmeasure onT1l as T4 » ,i€ D.

Theorem 1.3. LetB ¢ D, |22 > 1 and Lq (Td) be an Orliczspace,such that
Lg(Th)gLloglI”~L fr).

Then the. set of Junctions from the Orlicz space Lq (Td) with logarithmic means
[L,.B (/) of rectangular partial sums of multiple Fourier series convergent
in measure on Tif is offirst Baire category in Lg (Tri) .

Corollary 1.1. Let B C D, \B\ > 1 and < : [0,00[— [0,00[ be a nondecreasing
function satisfying the condition
tp(x) = o(zlogs|_1x) as X-—¥+00.

Then there exists a function f e Li(Td) such that

a)
] <
%
b) the logarithmic means (LT o ) (/) of rectangrdar partial sums of multiple

Fourier series of f diverge in measure on T<L

2. Auxiliary results

In this section we state some auxiliary results that will be used in the proofs of
our main results. For the next result we refer to ([1], Ch. 1).

Theorem 2.1. Let H : Li{Td) — be a linear continuous operator, which
commutes with a family of translations 8, that is, HEf = EHf for allE € £ and
all f 6 Li(TI). Let LW/Ux,”) = 1 ond A> 1. Then for any 1 < r 6 N under the
condition mes{x € T* : \Hf\ > A} > i there exist E\,....ETe £, j = 1,2,...,d, and
fi=+1,t=1,...,r, such that

mesjx 6 *: 4 e</Nex)M | > A > |-

The proof of the next result can be found in [3].
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Lemma 2.1. Let {AT}"“=1 be a sequence of linear continuous operators, acting
from Orlicz space LqCTY) into the space Lo(Td). Suppose that there exists a sequence
of functions {£*}gLi from the unit ball Sq(0,1) of the space Lq{T"), sequences of
integers {Tk}?=1 and increasing to infinity such that

B = infmes{x £ T*: |[#mkE* ®iv) | > A} > °-

Then the set K offunctions f from the space Lg”T1), for which the sequence {Hmf}
converges in measure to an a. e. finite function, is offirst Baire category in the space

Lq('T".
For the next lemma we refer to [4].

Lemma 2.2. Let (Trf) be an Orlicz space and let tp : [0,00) — [0,00) be a
measurable function satisfying the condition >(x) = o( (a;)) as x —»00. Thenthere
exists an Orlicz space Lu (T1J), such that a;(x) = o(®(x)) as x -» oo, and ui (x) >
®(x) for X>c > 0.

To state the next lemma the proof of which can be found in [7], we first introduce

the following notation:

7r(12m+l) _Tr(121+5) T

mn: 6(22n+i/ )’ Pmn 625+ i/2)’7 6(22 +1/2)°

and set 4-_

*i := [*mn 7 1Pmn Tn]*
TB1

13

Lemma 2.3. Let0<z <yn and x 6 JnmThen

~(x-2)>
Fv~ (x-2) «

3. Proof of main results

Proof of Theorem 1.1. First, we prove that the one dimensional operator Ln (/) (see
(1.1)), has weak type (1,1), that is, for / e L\ (T1) we have

Wn (/)ILcofe-L,(T*) — /1o, {T*) =
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Setting 0,, (<) :=sin((n+ 1)t) and ,, (t) := cos((n+ 1)t), we can write

82 Sn-k(f;X)—1 I ()8 2s5in\(x_ o/p§="Wak

= !k/J/(*)sin((n+1)(X'°) 2Hin ((x —t) /2)

i.fj/(t) coB((n+ 1) (»- 1) Zglhf_'((/xz_)lf)/i) )

LA 4 it fy M (Fe+U2) (*-0)  cos((i-1)/2)\

sin((n4d 1) (x O)dt
+n j f{i) 2tan((x- f)/2)

-i /1 Woo,« + ,)(,- )
T

AL F()PR(t)Dk (x-t)dt + A J J(t)an (t) Die (x —t) dt

sin((n+ 1) (x - t)
BAIM S (x- D/2) d

A.(X) sin ((A+ J{2) (x - 1))
I IOA© 2sin((£xﬁz—t)/2) dt

M) fit) an ()
1
= —a,, (X) Sfc(/4,,; x) + ft, (x) Sk(/«,,; X)

~Pn (X) Sfc (/&,; X) - an(x) Stt(/a,,; X) + S™M1 (/; X),

t

sin((fc+ 1/2) (x -1))

2ein((x—1)/2) O

where S,, (/; x),S” (/; x) and £ (x) stand for the conjugate partial sums, the  modified
partial sums andthe conjugate kernel, respectively. Taking Into accountthat for
fELI(I) (see [18], Ch. 7):

\Sn (/) 'weak— (T1) HLi(TX) »
spn+ 72NN - H/NijfP)
A=0 weak—L jfT1)
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and

sup £s* (/)

fc=0 weak—+(TI)
we can apply Abel’s transform to infer (3.1) from (3.2).

We apply the following special case of the Marcinkiewicz interpolation theorem
(9], p. 173). Let T : L\ (T1) -> Lo (T1) be a quasilinear operator of weak type (1,1)
and of type (a, a) forsome 1< a < oo, that is, T satisfies the following conditions:

n+1

a) forally > 0
(33) mes{xeT1:\T(f,x)\>y}< J\f(>)|dx; V/6LL(TD;
T
b) forall / € La(T1)
(34) HAMGfrd) ~ 1IMlio(T>) »

Then forall 0 >0
@5 I \T(/|IMNT(Ex)\dx < IVFO)\InpHHONX + 1.

T1 T
On the other hand, it is easy to show that the operator f* G n has typo (1,1). Indeed,

applying Abel’s transform we get

W.»  E(w -rb)E'<*>+rrTf C'<>

n—
where
3=0
Hence
(36) fxg, -+ PTKIPFKDN
+ 2 Ln

Since I/ * Ajx ~ II/Hi from (3.6) we conclude that
3-7) H/*Gn|ILI(TL)< ||/|[ii{T1).

Next, setting

A:={x6T":I(LnB ORNB,) (/,x)| > A}.
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where B' = {ei,s2,...,sr/}, in view of (3.1)-(3.7) we can write
Ames {x eT* :j( ol ) (/,x)|> A}

Jineodx= J 1T 1n (0 dxtt 3dxo\{i}

™ JH-1 \'t /

N

(A5, 0 *e*0RSK, 0O oeseoLn,r) (/I
iijbifr-)
< 1+ 1f,,0...oLnr(/)]logl o...0" (N||]ii(T-)
< — <i+ |[|lLnyr (NH]iogr 2\Ln,r (/)]]]ii(T-)
< |+ IlIi/llogl 1}/|||LIfpl),
and the result follows. Theorem 1.1 is proved. O

Proof of Theorem 1.2. By virtue of standard arguments (see, e.g., [18]),theresult
can easily be deduced from Theorem 1.1. So we omit the details. O

Proof of Theorem 1.3. By Lemma 2.1 the proof will be completed if we showthat
there exist sequences of integers {n* :« > 1} and {** : « > 1} increasing to infinity,
and a sequence of functions {£*:£> 1} from the unit ball Sq (0,1) of Orlicz space

La (TD,such that for all «

(3.8) mes{x 6 " 1: \L2* k(B) o (&;x)] > vk} >
First, we prove that
(3.9) mes|x €T1: L2 B)o R ~{Bl) > 2"(*|S|-*>J
mBI-1
~ (20[£my>!5 1> i-

By Lemma 2.3 we have

OB =0 L (i g

|'OT<<”B| * *
X[ N dz8 = |8 | Men zi)dzB
TI-'l <eB' 7" PVr»)¥1 1GB
1L 6Jn:>€B
JEB X1
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Consequently

mes gx ST1: 2 ) oN2an@) *N] rz‘j (2] |‘”}

> mes!XENIXT I» -t IT re?l-«|

Xj
ies\{n}

Setting

rn,tial..,Tir - Miax |:Pin < 2. 2B |-) n (3min- 7n)
16 B\{h}
after some algebra we obtain ~ —pf—  Then we have
iesuil)

mcsx6Td: Lvb) ° ~2>"(B) >2n@BI-1)|

2"(B\{/,}) eir

-~ 2 g M~ 2"(20-1) * >

, n
»* 1 >=1«\{1 > ieB\{/|)
yielding (3.9).

Next, under the conditions of the theorem we have

inf —QMW =9
u-K» ylogl 1 1n

Therefore there exists a sequence of integers {n* : k > 1} increasing to infinity, such
that for all fc

<->

From (3.9) we have

mes <X e |": AJ23nk (B) ° R A"k r 2!*""3 4}
nWw -i
> [K
*(2] 1) .
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Then, by Theorem 2.1, there exist EIt....Erk e £ and ei,...,elk fa = + 1) such that

(3.11) mes{x e T4: Lt c e v (e (e s

i=1 \ Tr»* )
> »(2] |-1) > 1
8

onk(3|B)-I
where rfe ~ —SﬁT}l—)
n

Denoting
2N K(4|B|-1)-1 2] | ~-1
= AQ 220015 1) O =0 2aniBiy AT O
where

mkld = 17 V=" ke

Ly 71 1
from (3.11) we obtain (3.8).
Finally, we prove that & G Sq (0,1). To this end, observe that since

IIMfell < 2®Y«*+2),

iy - J Q(m)) +2

and A for 0 < « < u\ in view of (3.10) we can write

f (221 |A4(2))\

dx
y N q2r k)

1+

QA iBi-t) )22],£I,I"<. IAtfe(x)] |

< | / a3|lly..>a3[s) (1A +3) Q(22]BK)
jrf Q(2alB|nk)
"oy ToRk:
1 f QIK)Ziy e <.,
T
implying that £ Sq (0,1). This completes the proof of Theorem 1.3. L]
Proof of Corollary 1.1. The result followe from Theorem 1.3 and Lemma 2.2, L]

Acknowledgment. The authors would like to thank the referee for helpful suggestions.
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Abstract. We present a new method to prove a certain geometric-decay
inequality for entries of inverses of B-spline Gram matrices, which is given in [1].
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1. Introduction

Let k, m € N be fixed. We define a knot-sequence [, = such that
ti < N+l> o= ti = mwe—t/c, 1= eee= tmtfc ~ 1-
For convenience, weset §=0fori <Oand = 1fort>m +k+1. Let (N<fl'Li =

(Ni)iLi be the sequence of  -normalized B-splines of order k on [. We use the

notations
4] = max(tj+i —t,), Jij = Eninej)i*mx(j)Hfc>  Vij = |Oy*

Define the B-spline Gram matrix A = ({J1", Nj))Tj=1 and its inverse B := (bij)Yj=i 'm=
A 1 In this note, we will present a new method of proof of an inequality of the

following type:

Theorem 1.1. The entries of B satisfy the estimate
bj| < 1?-1, 1<i,j <n,

where K > 0 and 7 6 (0,1) are constants that depend only on k and not on the

partition A.

This result was proved in [1] for general spline orders k and has many consequences,

for instance
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(1) a-e. convergence of the orthogonal projection P4/ as |4]| - O arbitrarily,
where Ppg is the orthogonal projection operator onto span{JVt: 1 < i < m}

N.
(2) unconditionality of orthonormal spline series in reflexive L p spaces [2].

In order to compare the methods used in [lj and those used here, we note that the
proof in [1] strongly uses Shadrin’s theorem [8] that ||P4||T0 < ¢ for some constant
c that depends only on Aand not on . Our proof does not use Shadrin’ theorem,
but we arc able to prove Theorem 1.1 only for the spline orders Kk = 2 and kK = 3. Wo
note that for k = 2, i.e. in the piecewise linear case, there is a very direct argument
by Z.Ciesielski to obtain Theorem 1.1, which is presented in |7] (cf. the results in
[3, 4]). However, this proof is strictly limited to kK = 2. One additional advantage of
our approach is, that for k = 3, we get sharper constants K aijd y than the ones
obtained in [1].

This article is structured as follows. In Section 2, we collect a few preliminaries
about matrices and B-splines. In Section 3 we derive a simple iteration formula for
inverse matrices, which is the basis of our method of proving Theorem 1.1. Next,
we use this iteration formula in Section 4 to give a new proof of Theorem 1.1 for
K = 2. Finally, in Section 5, we show how our iterative method can be used to prove

Theorem 1.1 for k = 3.

2. Preliminaries

2.1. The Sherman-Morrison formula. We have the following formula for the
inverse of a rank j perturbation of a given matrix A.

Theorem 2.1. [9,11) Let A be an invertible m x m matrix and U,V m x j matrices.
Ifthej Xj matrix 1+ VxA-1U is invertible, then we have

(A+UVT) 1=A 1- A-XU{1+ VTA~IU)~IVTA~1L

In applications of this formula, j is typically much smaller than m. We apply it for
the choicej = 2.

2.2. B-splines. The B-spline functions Ni have the properties
SUppN{ = [*<*<+*], Ni> 0, =1
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Moreover, we have the recursion formula for B-splines:

Nik+i(x) = + W -5
4+fc —a ti+fcH —tj+1

and the L'-uorm of JV,* is given by

For each [, we define then the space n) of splines of order k with knots A as a
linear apan of (JV;-), namely
n
A€ SIt(A) <> a="TciNi, CjgR,
ml

so that Sat(A) is the space of piecewise polynomial functions of degree kK —1, with
K - 2 continuous derivatives at
Observe that w, = tmnx(i,j)+k —mtn(<j) satisfies the inequality

n N\ ) CMnfeH ~ tn+l 0 LA
(2-1) Vintl <TTjn A+ —t +j 7

This follows from the elementary inequality a + + ¢ < (at+b)(a-fc) for positive real
numbers a, b, c with the choicesa= + ,—tn+i, b tn+\—tj andc=  +k+i—tn+k-
In order to keep future expressions involving distances of points in [, simple, we

introduce the following notation for integer parameters £,n,j:
(2.2) (E,n)j := [tn)j := tj+ —tj+n.

2.3. Total positivity. We denote by Qe,n the set of strictly increasing sequences of
£ integers from the set {l,...,n}. Let A be an n x -matrix. For or,/J e Qt,n, we
denote by A[a\&] the submatrix of A consisting of the rows indexed by a and the
columns indexed by f). Furthermore we let o' (the complement of a) be the uniquely
determined element of Qn-t,n that consists of all integers in {1,... ,n} not occurring
in a. In addition, we use the notation A(a-,0) := A[g"\/?].

Definition 2.1. Let A be ann x -matrix. A is rolled totally positive, if
(2.3) det>l[a;0\ >0, fora, €Qi<nl<E<n.

The cofactor formulabij = (—1)I+Jdet A(j;i)/ det A for the inverse D = (b{j)Jj=i

of the matrix A leads to

Proposition 2.1. Inverses B = (hitj) of totally positive matrices A = (aitj) have the

checkerboard property. This means that (—1),+J6tj > O for all i,j.
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The theory of totally positive matrices can be applied to our Gram matrices of

B-splines, since we have

Theorem 2.2 ([5]). The Gram matrix of B-splines A = ((JV,,*, Nj,k))%jml of arbitrary

order k and arbitrary partition [ is totally positive.

This theorem is a consequence of the so called basic composition formula (Equation
(2.5), Chapter 1in [6]) and the fact that the kernel X-fax), depending on the variables
»and |, is totally positive (Theorem 4.1, Chapter 10 in [6J). Thus the inverse of A
possesses the checkerboard property by the above proposition.

3. An iteration formula for inverses of matrices

In this section, we use the Sherman-Morrieon formula to obtain an iterative expression
for inverse matrices. Let A = (& ){ =1 be an invertible m x m-matrix and define
An = for 1< n <mto bethe Xn matrix consisting of the first n rows
and the first n columns of A. Furthermore set Bn := if An is invertible and let
( ?)’=1:= & - Then An+i may be written as the sum of two matrices as follows:

31> - (ot ) +0 ? d) « S- +T-
where vn 6 R” is the column vector (on+i.i,... ,an+lin)T and un is the column
vector (0i,n+i, ..., On.n+i)7". T,, is a rank 2 matrix that can be written as the product

Tn= UnV” where U,, and V,, are (n + 1) x 2 matrices and defined as

If we apply Theorem 2.1 to the above decomposition (3.1) of An+1, we get by some

easy computations:

Corollary 3.1. Let 1 < n < m. Additionally, suppose that An,B,, and vn,un are
defined as above and set v = vn,u = un. If An is invertible, a,+lif+1 / 0 and
On+i.n+i - vTBnu 0 we have the following formula for Bn+l =

Bn+l= ( Bn °TX1 4 (BnuvTBn ~Bnu\
\0ixn 0) a,,+ifMkFi —TBnu V —TBn 1)’

We employ this corollary in the cases where the matrix A is a symmetric tridiagonal
or a symmetric 5-banded matrix.
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3.1. Tridiagonal matrices. Let A be a symmetric tridiagonal m x m-matrix. Using
Corollary 3.1 on A, wegetfor1<n<m —1

3.2) Bn+l = V ) + Ontlt,+I1 + )i~
where Cn+1 is given by

bi,nky,nai,n+i tfl

.. -Bra«yn+l ifl<i<n,i=n+l,
(*n+Dij = . .
“NEn'bntx ifl<j<nit= n+ 1,
1 ifi =j=n+1

3.2. 5-banded matrices. Let A = (aji3) be a symmetric 5-bouded matrix. This
means that a,j = 0 for |i—j\ > 2. Using Corollary 3.1 on A, weget for2 < n<m —1

(3.3) * - - (£ . 0" +tw u . N«
where
(3.4)
An+l,n+1 @n+1,n+l bn,nan,n+I1 An— 1 +1® , +1 ~n-0L1,n—1"n=1,n+l)
and Cn+i is given by
& ¢+l - Yin-Ni-hn+l ifl<*<n,j = + 1,
(3.5) (An+i -b jtnOn,n+ < >+ 1<j< t= +1,
’ . NP+ +), H if 1~ j A7,
Kl if =J=71+1.

The following two lemmas arc independent of the spccial form of matrices considered
in the next sections. We will use them in Section 5 to estimate inverses of Gram
matrices corresponding to splines of order 3. The crucial fact about the following
lemma is that inequality (3.6) depends only on the matrix A and on entries 6” n,b"" i}l i

of the matrices respectively.

Lemma 3.1. Let A be a symmetric 5-banded m x m-matrix such thatBn = A 1is
checkerboard for 1 < n < m. Then, the inequality

(3.6)
n+l A

1: 1 E 2fIn, Tifin,n+1 Onn+lan-1,n+l
bji+l.n+l - |°n+l,n+l ~ “n.n~n+I (Onn+1

“n-I,n “n—kn
“n-l.n+l&n-1.n-10- + b",nbn-1,n-1an-1,n))

holds for 2 < n < 71—1.
41



M. PASSENBRUNNER

Proof. By (3.4) and the checkerboard property of B,,, ~+ + is given by
3.7

+1. +1 = (an+l.n+X - bn,n°n+1+ 2| -1. 10 . +1<l,1. +1 Sl» - -1, o+ )
Another consequence of the identities (3.3)- (3.5) is
= 1+ + frdin2an-2.n)Nk"hil°n-1.n + &En-2°a-2,n)

for 1<tj < - 1 Thechoicei =j = n —1 in these equationstogether with the
checkerboard property of Bn yield the estimate

(3.8) ~S-1.n-I —k"—n—O + *n,n*n-1,n—an-1,n)'

The defining property of the inverse matrix B,, = A 1, the factthat Anis 2-banded
and the checkerboard property of B,, again imply

(39 fpndnl=0 -1, °, A2 ° -2 ~N—0 -1 ",®, ~ 1)

Finally, inserting (3.8) and (3.9) in (3.7) yields the conclusion of the lemma.

Lemma 3.2. LetA beasin Lemma3.1and2<n <m. Then, ifl< j<n—\, the
estimate
(3.10) \b%\ < |by-ii|b”,,On-i,,,
holds. Additionallyfor 3<n<m and 1<j <n —2 we have
(3.11) PEJ<| 71| ~( -1, —A L 1)-
Proof. First, we note that (3.3) - (3.5) yield
(3.12) b, = - 6”IMNb,",,12an-2n + bATlia,,_Itn) ifl<j<n—L
Since Bn is checkerboard, (3.10) follows for 1 < j <n - 1. By the defining property
of Bn = A™1 we obtain
(3.13) by _3a, 3illi+ 1~2 _, _+ 7,0 <*-, - =6jn-1L
Thus we get, under the assumption 1< j <n —2,
(3.14)
1?, 1 1= °n-2,n-1(‘bn-3.0-1|b",nl131+ On-L.A-11bMiiil) > sBniz.n-1"~-1.n-11MNM i,
since S,, i is checkerboard. Now use the checkerboard property of Bn in (3.12) and

insert estimate (3.14) in (3.12) to conclude the assertion of the lemma.
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4. PICEWISE LINEAR SPLINES

Wec now apply Corollary 3.1 to the ease of piecewise linear continuous splines to
get geometric estimates for the entries of their Gram matrix inverse. The purpose of
the following presentation is twofold: first, the simpler case k = 2 illustrates the basic
proof steps that are essentially the same as for k = 3. Secondly, we give a new proof
of the result in [7].

In this section, Ni is the unique piecewise Unear continuous function on the unit
interval [0,1] such that Ni(tj) = 6i,j for 1 < j < m. We consider the Gram matrix
A = (< )5=1 = ((Ni, Nj))Yj=I obtained from these functions. Using the special
form of the piecewise linear B-splines N{, we get

(4.1) my» = (20)f/3 ifl<i<m,
4.2) a,i+i = &i+ii = (21)</6 ifl<i<»n-lI,
(4.3 Hj =0 if - j\ > 1

Note that A is symmetric and tridiagonal, therefore wc may apply the formulas of
Section 3.1 to A. If we do and insert the expressions (4.1)- (4.3) for the Gram matrix

A, we obtain
(4.4) Bn+l= (0*m °ixl) +3((20)m+1l- ~b”n(21£) 1C, 11>
where

AAT n(21)N/36  if 1< t,j <n,
(4.5) (Cn+i)ij = -65In(21)11/6 ifl<t< nj=n+1

-by>n(21),,/6 if£l<j<n,i=n+l,
K ift=j =n+1.
Lemma 4.1. Let the matrix A be as above and 1 < n < m. Then we have the
estimates
3 3 4

(4-6) (20j; - "™ - 1(10),,+ 2N Ne

Proof. Wc procecd by induction on n. For n = 1, wc have by definition of B\
and (4.1)

i4=6"!.,=3((0) +(21),)1
since (10)1= 0 and thus equality on both sides of (4.6). We know from Theorem 2.2

that A is totally positive, so a fortiori An is totally positive for every 1 < n < m.
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Therefore, Proposition 2.1 yields 6£ }.n+1 > 0. So we see the lower estimate in (4.6)
immediately by glancing at formula (4.4) for £1, +1. For the upper estimate, we

obtain as a consequence of the inductive hypothesis
*C+i,n+ = 3((20)N+i - ", (21) )
< 3((20)n+i + (21)")_1(21) )1
<3((20),,+i-i(21),,)
= 3( (10),,+ + (21),,+) \
thus the conclusion of the lemma.

Lemma 4.2. Let the matrix A be as above and 1 < n < m. Then, the elements 6''n

of Bn satisfy the geometric estimate

@.7) bdd,| < i foraHl<j< n,
where q = 2/3.

Proof. Wc infer from (4.4) and (4.5) that
4&1 = +1 ) +1

Invoking Lemma 4.1 for bd3Jin+1 we get further

«mg8>
Now we note that by Lemma 4.1, inequality (4.7) is true for n = j. For general n > j,

inequality (4.7) follows from (4.8) by induction using inequality (2.1).

Theorem 4.1. Let the matrix A be as above and 1 < n <m. Then, the elements of
Bn= ~1satisfy the geometric estimate

36 .

| forall1<i,j <n,

0 Vij

where g = 2/3.
Proof. We first observe that it is sufficient to prove the theorem for the parameter

choices t < j < n —1, since Bn is symmetric and the case j = n is already covered

by Lemma 4.2. Equations (4.4) and (4.5) yield
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so by induction

Using now Lemmas 4.1 and 4.2 wc get

Since (10)f+i < (20)r+i, (10)*+1 < (0)<< r/jt fmdw < Taforj <l <n- 1, we
estimate this from above by

proving the theorem.
This proves Theorem 1.1 for piecewise linear splines, i.e. K = 2.

5. PICEWISE QUADRATIC SPLINES

In this scction, wc apply Corollary 3.1 to the case of picccwisc quadratic splines
to get geometric estimates for the entries of their Gram matrix inverse.

5.1. The Gram matrix. We now calculate the Gram matrix of B-splines of order
three. There is a standard formula for the inner product of B-splines of arbitrary
order k involving divided differences (see for instance [10, Theorem 4.25]), but in this
section wc prefer to calculate the Gram matrix for k = 3 directly. The reason is a
simplification of the general formula in our special case k = 3. As an easy consequence
of the recursion formula for B-splines, wc get the following

Corollary 5.1. The B-spline functions Ni = N{3, 1 <i <m of order 3 corresponding

to the sequence A = (< )1= ore given by
if X £ [EiiEf+)i
ij#2 3p (- t+iE<3- X) itX6 + £4),
(5.1)  Nt(x) — (20)<(21)t (31)«(21)«
(th3 =2 if X e [ti+2,7+3)
(31)i(32)i ' '
lo otherwise.
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Lemma 5.1. Let\<i<m- 1. Then we have

. . (21)? (10), + (32),
(5.2 / Ni(xX)Ni+1(x)dx = y £ 10 30(20)- 5(31),.
and due to symmetry
fit+3 32)? ) .
(5.3) Ni()Ni+ (x) dx - i’ 33?22)),- * 5((31)),.1

Proof. A straightforward calculation using Corollary 5.1 yields

ri+ .
Ni(x)Ni+i{x)dx - ., » +1 ) +4 531
Jt,+,
An easy reformulation of this identity gives us (5.2). Equation (5.3) now follows by

symmetry.

Proposition 5.1. The entries of the Gram matrix A = (0ij)ij=1 = ((N{,/")™=1
of B-splines of order 3 admit the following representation.

(32)? , :

(5.4) ol = <42t = 30(31)i(42).- ifl1<i<m-—2

(0.5) Oji+i -~ Oi+i.i (31%) + 382(1)6))(.1(%. + 308322423)?_< * o~
30),  (30)<(21),2

(5.6) Oi,i = (30) 1(5(2)5)(i(3)1)i »/1<t<m.

Furthermore, a,j- =0 if\i —j\ > 2,

Proof. Equation (5.4) is a simple consequence of Corollary 5.1. For equation (5.5),
we observe that (Ni, Ni+1) is the sum of (5.2) and (5.3). Thus, (5.5) is a consequence
of the identity

@' 1+ () B4 j + (f _ (@la+ (32a (21)(32) (31)
G1) .10 5@3f)  (31) .10 5(@31). 10(31) 5(31) 10 °

where every bracket (mn) is taken with respect to the subindex i. Since Nt has
compact support and the B-splines form a partition of unity, we obtain

(657) fi, e N = ity = GO
t=i-2
The only unknown part in this equation ia (Ni,N{), so we use (5.7) and simple
calculations to complete the proof of the proposition.
Observe that the Gram matrix A is symmetric, 5-banded and totally positive (cf.

Theorem 2.2), so in particular, we can apply Lemmas 3.1 and 3.2 to A.
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x[i +111
3 - Ioq o=
15 (x[i]l] +x[i +11) (x[i +1] +x[i +21])
X[i+1] +#X[i+2] X[i ¢112x[i]
>[i_. j_1
10 30 (x[i] +#X[i +1]) (x[l +1] +x[1 +21])
x[i +213x[i +3] L.
l; 3- 0 +i;
30 (x[i + 1] +#x[i +2]) (x[i +2] +x [l +31])
. . x[i +2]3
ali_, j-1 : AN RN

30 (x[i +1] +x [i +21) (x[i +2] + X [i +3D)

FiG. 1. Definition of the Gram matrix A iu Mathematica.

1 1 1 X[i+ 1] x[i +2]
V[i_] W o-x[i] + — X[i+1]+ —X[i+2]-
9 12 5 30 (x[i +1] +x[i +21])
x[i +2] 20 x[i]
1+
6 (x[i + 1] +x[i +21]) 9 (x[i] +x[i +11])
5 X[i - 1] x[il] 2 x[1 - 193 x[i] )
108 (x[i - 1] +x[i]) 73 <x[i-

1]

Fig. 2. Definition of the function tpin Mathematica

In the following, we use a computer algebra system, in our case Mathematica 8.0,
to show that ccrtain given polynomials have only nonncgative coefficients. This allows
us to deduce that the given polynomial itself is nonnegative for positive arguments.
In the following results, we need the matrix A to be defined in Mathematica. This is
done in Figure 1. Furthermore we need a Mathematica expression for ipn to be defined
in Proposition 5.2. For this, wc refer to Figure 2.

The first thing to show is, as in Section 4, a suitable upper bound for 6"n. This is
the content of the following Proposition 5.2.

Proposition 5.2. Let A be as in Proposition 5.1 and 1 < n < m. Then the element
Hln of Bn = 1 satisfies the estimate

C(10) L, (21) . (32) (VBN (32)  20(10)4

o 9 12 5  30(31) V + 6(31)  9(20) J
68 50,-1)(10) fr IfflVv 1=.
108(1,-1) 73(1,-)2 3 ‘v’

where every bracket (ij) in this formula is taken with respect to the subindex n.
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Proof. We use Lemma 3.1 and induction to prove the claimed estimate. Recall

that Lemma 3.1 stated that

NN - / Zﬂ;ﬂﬂilmn-l-lm-ﬂ]l’\
(an+l.n+l-bn.nOn.n+ICON.N+X thin  J

-1
_20nn+igt—1. +1 _ _ 1 +16-} _ (l+ e»nbr:i,n_ A _ 1in))
An-n
for2 < n <m - 1 Thus to apply induction, wc need to verify (5.8) for n = 1 and
= 2. First, we suppose that n = 1; here we have = g J= 5/(30)i by (5.6) and
the fact that (20)i = 0. For n = 2, the formula =(, - )-1 holds in
view of Corollary 3.1. We thus obtain by (5.5), (5.6), (20)i = 0 and some elementary
calculations
2 I Ne Wbl b | V1
(5.10) [312 - 12 + 5 (30 31 (%'YIB M/l

The expression for } 1and (5.10) are special cases of (5.8) since (20)i = 0. Thus, the
lemma is proved forn = 1and n = 2

Before we proceed with the actual proof of (5.8), we show that the term a,,,n+i -
2"~ , appearing in (5.9), is nonnegative. It is equivalent to show that the
expression ™ + N- N N+ isnonnegative. This is done using the mathematics
code of Figure 3. The method of proof is as follows.

(1) Define the rational functionp= ,, + ,_ —2a*nan-i n+i depending on
the variables x[1] = (10),,_i, s[2] = (21)n-i, ¢, z[5] = (54)n_i.

(2) Determine the denominator d of the rational function p as 900(a: [1]+x[2])(r[2]+
X[B12(z[3] + z[4])2(x[4] + x[5]) and observe that d is positive for positive
arguments.

(3) Calculate the coefficients of the polynomial q := d mp and verify that no
coefficient of g is negative.

Now we continue with the proof of (5.8). Since every entry ay of the Gram matrix

A is nonnegativc and the matrices Bn-i,B n arc checkerboard, the argument of the

last paragraph shows that a sufficient condition for (5.8) to be true forall 1< n <m
is the following recursive inequality for ipn, 2<n<m- 1
(on+ln+l 4> +( ,+1 @a-"an 1n+l)

(5.11) “rmam
nfln,n+l O—n-f1 . L
an_1n an-l,n+IvV>n-I(l + ‘Pn'Pn \On-i,n)J < fn+l-
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e P[«-—-=] := *actor[a[l, 2] «[2, 3] -2a[2, 2] «[1, 3] /-
Table [x[n] - Li«t[x] InJ, {n, 1, Length[Liat[a]l]1}1]:;
dlr____ ] :» Denominator[p[x1];
ar*—__ 1 =<9 pl*];
d[Sequence 00 Table [x[n], (n, 1, 5}11
Select[Flatten[CoefficientLiat [
q[Sequence 00 Table[x[n], (n, 1, 5}1), Table[x[n], (1, 1, 55111, 8 <04]

900 (X[1] +x[2]1) x[2] +X[BDr X[3] +X[4Da x[4] +x[51)

D
FIO. 3. Proof of the inequality cin.n+i - - -N>0
The proofthat this inequality is true for all choices of (0, —1)n-b (10)n_i,..., (54)n_i
is equivalent to prove that the rational function p defined as
(5.12)
and depending on the six variables (0, —)n_i, (10),,_i,..., (54),,_i is nonnegative

for nonnegative arguments. This is done in the mathematica-code of Figure 4 using
the following steps.
(1) Define the rational function p to be the expression in (5.12) depending on the
variables as[l] = (10),,_ , X[2] = (21),,- ,..., &5 = (54),,_2, z[6] = (65),,_2.
(2) Determine the denominator d of the rational function p as an integer multiple
of (x[1]+z[2])4(x[2]+x[3])5(i[3]+i[4])8(i[4]+a:[5])6(i[5]+2[6])2 and observe
that d is positive for positive arguments.
(3) Calculate the coefficients of the polynomial q := d mp and verify that no
coefficient of q is negative.

This proves the assertion of the proposition

Remark 1. It is an easy consequence of the above lemma and the inequality

that we also have the estimate

(5.13)
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PtHeer] ' 2»[3, 3] *12, 4]
T*etor[4»[3]-1 V[2]"* *[2» 3] [a[4, 4] -*[3] «[3, 4] |a[3, 4] - - —

2.[3, 4] «[2. 41---- 41* ,[2] (i*,[3] »[2] «[2. 3]2) -»[4]-1] /.
*[2, 3] 1
Table [X[n] -+ Liat[*]In], ¢ . x, Length [Liet(~11}1] ;
d[*___ ] ; Denominator[p[x]1]1;

qlz 1 d[<] p[*1;
d[Sequence M Table [x[n] , (n, 1, 6}1]
Select[Flatten[CoefficientLiat[
q[Sequence = Table [x[n], {n, 1, 8311. Table[x[n], {n, 1, 63111, » <0 t]

72 441550 057 348 800 000 (x[1] +x[2])4

(X[2] +x[3])5 (x[3) +X[4])* (x[4] +x[5])5 (X[5] +x[6])2

&

Fig. 4. Proof of the estimate for ',

X
*[i] » (XTi] +T;x[i +1] 0—;x[i +2]} :

Fig. 5. Definition of the function ip

for all 1 <n <m. The mathematica expression of cn is given by Figure 5.

Lemma 5.2. Let A be as in Proposition 5.1 and 2 < n < m. Then we have the
estimate

*n <6(20)n
bn.n*n-1.n- 5(30)n-

Proof. By Remark 1, it suffices to show that

nn —i-,n< %%%n
We apply the same method of proof as in the above proposition and proceed with
the maihematica-code of Figure 6 using the following steps.

(1) Define the rational functionp = f V'nOn-x,n depending on the variables
*[1] = @QO)n-i,8[2] = RVn-i»*[3] = (32),._i,i[4] = (43),, 1.

(2) Determine the denominator d of the rational function p as 5(x[I] + x[2])
(i[2] + r[3D(r[3] +a:[4D(i[2] + z[3] + x[4])(4i[2] + 3z[3] + 6x[4]) and observe
that d is positive for positive arguments.
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.6 x[2]+x[3]
p[*---] :=Factor—-———————————— *[2] «[1, 2] /-
5 X[2] +x[3] +X 4]
Table [X[j] -»Liat[r]Inl, {, 1, Length [Liat [xX]]1}1]:;

d[*___] :» Denominator[p[*]];

ql*__1 =d[«] p[*];
d [Sequence M Table [x[n], { ., 1, 4}31]
Select [Flatten [CoefficientLiat [g[x, y, a, w] , {x, y, *, w}]]. <06]

5 (11 +x[21) (x[2] +x[31) (X[BI+X[4D
(x[2] +x[3] +x[4]) (4 x [2J+3x[3] + 6x[4])

)

Fig. 6. Proof of the estimate for 6” |

(3) Calculate the coefficients of the polynomial q := d ep and verify that no
coefficient of q is negative.

Let&nh:= ,( -, - — ) mThis expression is important, since it is
used in Lemma 3.2 to estimate | £ | for 1 <j < —1. In the following lemma, we
estimate the product of two consecutive values of @1. We will use this result in the
proof of Proposition 5.3 to obtain explicit estimates for | ** |.

Lemma 5.3. Let A be anin Proposition 5.1 and 3<n <m - 1 Then we have that

87 %20 (20)+1
( ) +1  100(30)M(30)rH+I
Proof. We show that the rational function p, defined as
n 87 (30)n (30)n+i n ,,
( J 100  (20),, (20),,+i " n+b
depending on the variables i[lI] = (10) _, [2] = (21),_ ,..., x[6] = (65),,_ is

nonnegative for nonnegative arguments. This is done with the mathcmaticorcode in
Figure 7 using the steps

(1) Define the rational function p as in (5.15).

(2) Determine the denominator d of the rational function p and verify that no
coefficient of the polynomial d is negative.

(3) Determine the coefficients of the polynomial q := d mp and verify that no
coefficient of q is negative.
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87 *[3] +*[<] +«[5] x[4] +X[5] +x[6]
pl*--] :-Faofcor[— -»[3] *[4] x[3] +x[4] x[4] +x[5]
/ «[1, 3}y >[2, 211 ( «]>[3. 3] U
(*[2" 3L -[1,2] Jl ' »[2» 3] J

Table [x[] Liat[*]1[n], { ., 1, Length [ 11311:
d[*_ 1] : Denominator[p[x]11;

ar*__ 1 :«d[*1p[x];
Select[Flatten[CoefficientLiat [

d [Sequence == Table [x[n]1, ( , 1, 6}]1]1, Table[x[n]l, {n, 1, 63111, <0
Select [Flatten [CoeiflclentLiat [g[Sequence ¢+ Table [x[n], [n, 1, 6}]1],

Table [x[n], { ., 1, 63111, K< 0 S]

{

Fig. 7. Proof of the estimate for the product of two consecutive
values of ,

Proposition 5.3. Let A be as in Proposition 5.1, 1<n<m and1<j <n. Then

we have the estimate

|”1<C with g = (87/100)V2, C = 12<T2(jj)2.

Proof. We see in the first place that Remark 1yields the estimate ii” < 12/(30),,

and thus the assertion of the theorem in the easej = . Hj < —1, we get from
Lemma 3.2
(5-16) W ,nl<~tb+iaW+i N 6-

e:j+

Now assume that n- (j+2)+ 1= n- j - 1is odd. By Lemmas 5.2 and 5.3 we
conclude from (5.16) that

(5.17) 829< o, L

We use induction and inequality (2.1) for r) to obtain the final estimate

fOYVTI2 T — e
™ 47 (30)*

(5-18) [62inj< 12r»(!h2E X
'0/ Vijn
If we assume that n —(j + 2) + 1 is even, the same reasoning yields the estimate

(S-1») \bim\< 12q
® Vjn

Inequalities (5.18) and (5.19) together now prove the proposition.
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The passage to estimates of expressions |b"j| for 1< i,j < n is now an analogous
calculation as in Theorem 4.1 and carried out in the following

Theorem 5.1. Let A be as in Proposition 5.1 and 1< n < m. Then the entries
of the matrix B,, satisfy the estimate

(5.20) for alll <i,j <n,
where C\ —C (I + and C,q are as in Proposition 5.3.

Proof. Since Bn is symmetric and the case j = n was treated in Proposition 5.3,
it suffices to consider the easesi < j < n - 1. Equations (3.3) -(3.5) yield the formula
= "1+ " "™ /" . BylLemma 3.2, inequality (3.10), we obtain

1IN <

Applying Lemma 5.2 and Proposition 5.3 we estimate further

iy i lbn 1l Q®)__Qen_2._J,
J ° 3 (B0)n Tit—vj.n4
By induction, we get
[ ijj L.~ g (20)#+1 4U~i~i
< . (1+Ec2 . i“bhL).
Vij «  (30)*+i Tjitriji  J

An easy consequence of formula (5.5) for ae,t+i is that o/, <+i < 2(31)*/15 < 2rw/\b.
This and the obvious inequalities o4 < r)u, (20)«+ < (30)<+i for £ as in the above

sum give the final estimate

This proves Theorem 1.1 for piecewise quadratic splines, i.e. k = 3.
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Abstract. In this paper we consider an inverse problem associated with
equations of the form X f = g, where X is a convolution-type operator. The aim
is to find a solution / for given function g. We construct approximate solutions
by applying a wavelet basis that is well adapted to this problem. For this basis
we calculate the elementary solutions that are the approximate preimages of the

wavelets. The solution for the inverse problem is then constructed as an appropriate
finite linear combination of the elementary solutions. Under certain assumptions
we estimate the approximation error and discuss the advantages of the proposed
scheme.

MSC2010 numbers: 65T60, 45Q05, 47A52
Keywords: Inverse problems, deconvolution problems, wavelets, multircsolution analysis.

1. Introduction

We consider convolution type operators of the form
(1.1) AF{x) =2n [ K{w)f{w)e'wxdx,
JR.
where Kk 6 CX{R) and / is a measurable function. Defining

(1.2) VK= {measurable/: («/) 6 L2(R)}

it results X : bk -Y L2(R). If g = DC/, then its Fourier transform is a(w) = (nf){u).
Although, in the general case, the integral operators % defined by (1.1) do not
represent a convolution, by analogy, we call them convolution-type operators. The

inverse problem (IP), associated with these operators consist in finding / 6 VK such

that
(1.3) Xf=g

for a given g 6 L2(R).
55



E. P. SERRANO, M. I. TROPAREVSKY AND M. A. FABIO

Note that in general we cannot assure that a solution / of the IP is the Fourier
transform of a distribution /. In the ideal ease we could construct / as : /(w) =
5'(b1)(K(b1)) 1, but it is generally non viable because of its numerical instability if K
approaches to zero on a set of positive measure, or due to irregularities on g.

In order to find an approximate solution for the IP, we construct a sequence fj 6

DK Z2(R) such that
(1.4) IKfj - ffil = °
and the approximate solution will be the limiting function f'-fj-tf.

If we choose band-limited functions /j(w), |[w| < , we have fj € VK L2(R).
In that case if we set Kj(u), the restriction of k(u) to the band of frequencies, then
X fj is actually a convolution and we can write
(1.5) lim [|l«j*fj-s]|=0.

Based on this idea, we construct fj, the solution of the IP restricted to a compact
set of frequencies, and consequently, the approximate solution / as the limit of fj.

In this paper we choose an orthonormal wavelet basis ipjk{x) associated with a
hierarchical structure of the space, the multiresolution analysis (MRA) (see [15]). The
scale function and the wavelets belong to the Schwartz class S. They are smooth and
infinitely oscillating functions with fast decay and compact eupport in two-sided bands
(lj. They are well localized in both, time and frequency domains, and are well adapted
to this problem (see [20]). Under suitable hypothesis on «, it is possible to construct
the elementary solutions, smooth functions Hjk that are nearly the preimages of the

wavelet basis ipjk(x):

= (i*fijk)(2) = 2T «(w)~fc (w)eadiy

In this way, from the coefficients of the decomposition of g in the wavelet basis, we
can estimate the components of the solution / on the subspaces generated by the
elementary solutions (band limited) and the fj are obtained. We also estimate the
error of the approximation and discuss the advantages of the proposed scheme.
Integral operators, and in particular deconvolution problems, have been extensively
studied, since they appear in various applications (electromagnetic measurements,
design of digital filters , etc.). For instance, in [18] an efficient method for solving
one dimensional deconvolution problems with noisy discrete data is presented and a
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regularizer is introduced, provided that the underlying operator can be decomposed
into a sum of a compact and an invertible operators. Numerical aspects of this problem
were analyzed in [19) and an optimal regularizer is constructed. The case of sampled
independent identically distributed variables with random measurement error with
deconvolution kernel density estimator is revisited in [7|. The relationship between
deconvolution and correct sampling is explored in [13|.

The Galerkin method for the case of integral operators with Hilbert kernels was

proposed in [1]. In [11], [12] and [24] solvability and properties of the solutions of
some integral and integro-differential equations were studied.
Techniques based on Wavelet Galerkin Methods and Wavelet Vaguelet Decomposition
were studied in [5], [8] and [9] to find approximate solutions to IP associated to
Pseudodifferential Operators (see [23]). Inverse problems associated with this kind
of operators have been studied in [5], [8] and [9], where techniques based on wavelet
Galerkin methods and wavelet Vaguelet decompositions were developed. In [22], using
deconvolution techniques, we obtained approximate solutions for the equation DC/ =
k* f — g with k{ui) = (1 + w2)~a, a > 1for n = 1 In [22][ a wavelet Vaguelet
decomposition (WVD) was used to approximate / for a more general case. In [21]
the inverse problem associated with a pseudodifferential operator whose symbol has
separated variables is analyzed.

The present paper is organized as follows. In Section 2 we introduce the wavelet
basis. In Section 3 we construct an approximate solution for IP, and analyze the
approximation error. Two examples are discussed in Section 4. Finally, we state our

conclusions in Section 5.

2. The Wavelet Basis

We choose a mother wavelet ip, which is well localized in both time and frequency

domains and possesses the following properties (see [14]):

e the family ipjk{x) = 22 2 -k), j, kK 6 Z, forms an orthonormal basis in
L2(R) associated to MRA;
. 6 S, where S is the Schwartz space, is a smooth, infinitely oscillating mother
wavelet with fast decay;
* the spectrum |V<(2~Jw) | is supported on the two-sided band
flj = {w:2J(7r- a) < |w| < 2J+1(7r+ «)}, for some 0 < or< 7r/3 .
» the numerical implementation of the associated scheme is efficient.
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Fig. 1. (a) Mother wavelet with a = 1r/4 , (b) \@\ for > 0

There also exists ¢ 6 Vo such that {dh(x —k), kK € Z} is an orthonormal basis for Vq.
The design of this basis and the implementation algorithm based on the Fourier fast
transform (FFT) have been developed by authors in [22].

Let Wj = span{i//jfc,k 6 Z} and Vj = 0 ;<J Wj be the wavelet and the scales
subspaces, respectively. Observe that each family xX)=2~ {2 — ), neZis
an orthonormal basis of Vj.

For any signal s € L2(R) we denote by Q,(e) and j(s) the orthogonal projections
of s onto the subspaces Wj and Vj, respectively. Then for any index J, the following

representation holds:

) = Qis(x) = 7jb{x) + *2 Qs(x) =
jez i>]
@n) = 1C (s> ) )+ "Mx).
ner j>] kez

We remark that Q,«(u>) is supported on Slj, while 7 () is supported on < %.
Notice also that the properties of b ensure uniform convergence on each Wj. In
addition, since W is infinitely oscillating, it has vanishing moments: /Rxnrp(x) dx = 0

for all n € No, and the same occurs to its polynomials’ components.
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3. An APPROXIMATE SOLUTION TO THE IP

3.1. The alternative problem. Without loss of generality we can assume that g
is a real function and that the real and imaginary parts of the komcl k(w) arc oven
and odd functions, rcspcctively. it is not the ease, we can split the corresponding
problems into two subproblcms associated to the kernels Ki(w) = and
k2(w) = KM -*“(~,Q, respectively.

Regarding the given function g, called also the data function, we suppose that there
exist an integer J such that an appropriate approximation gj e Vj of g is available,
given by

9j(x) = Vijg(x) = 2n j\w\<WmK(W)/(W)e dw,
where Umax —2J+1(,r + Q)- Then we consider the following alternative problem:

(3.1) 3C/ = 9J.

Taking into account that

3.2) 9j{x) = "2 Qjg(x),
i<J

it seems natural to solve the IP on each subspace Wy.

Gi( = QIg) = 20 [ c(w)/(w)e " dw

(3.3) 9i(x) = OCjf{x).

Observe that, in general, the subspaces Wj are not in the rank of the operator and
we cannot assurethat the problem (3.3) has a solution in the strict sense. In order
to solve it, wepropose to construct functions fj e DK L2(R) to satisfy

Xjfi{x) = gj(x) + €j

with |lej|| < e N gj || for some small e.
In that case we will have

9j = "2 Xjfj+ej=Xj I +¢j
j<d \i<J /
with [|ej|| < 6 ¥gj ||. We remark that each fj is a band limited function supported on
Slj, and hence the approximate solution fj = Ej<j fi is a band limited function in
DKnL 2(R). We hope that Imder suitable assumptions, the sequence fj will converge
in some sense, to be explained later, to an appropriate approximate solution of
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(1.3). order to construct such solutions fj, in the next subsection we consider

the decomposition (3.2) and define the preimages of the wavelet basis.

3.2.  The elementary solutions. In this subscction wc construct the elementary
solutions /ijk to be the preimages of the wavelet basis ipjk- To this end, we will
distinguish the following two cases:
« the functions LUk are the preimages of the wavelet basis 0,*: Xjfjjk = 45k
* the wavelet basis is n°t in the rank of Xj.
In the first case, it is worth noting that if |[k(w)] > ¢ > 0 on ft,-, then we can
compute Lk = ~r-
In the second case, where the wavelets V'j* are not in the rank of the operator X ,-,
we can construct approximate preimages -jk that satisfy XjUjk = 4>k —Vijfc-
We observe that if |«(w)| = 0 on some interval < |bl| < wa in ft,, then the same
occurs to |fc/,(w)|. In this case the problem Xjfj = < either has no unique solution
or it is incompatible. For these reasons, in what follows we assume:

Hypothesis 3.1. The set 0- = {w 6 ft- : |[/c(w)| = 0} has null measure for all j 6 Z.

Then the eventual roots of Kk must be isolated.

Definition 3.1. Under the Hypothesis 3.1 the elementary solutions uik, j, ke Z, for
the operator X - are defined by

< > «® <">=

where pj are even smooth functions satisfying ( ) > p > 0 in some neighborhood

of the roots of k(L) in Iy.

Definition 3.2. For j, k 6 Z we define tfijk = Xjfijk. Fbr the following proposition
we refer to [21].

Proposition 3.1. Under the Hypothesis 3.1 the following properties hold:

* M = Hjo{w) e~iuK*i, that is, = fijo(x - 2 ).
e If m,0 is a band limited function on ft-, then [,0 inherits the smoothness
properties -
e If [fc(w;)] > ¢ > O, then pj = 0 on ft,. On the other hand, pj can be chosen
based on k(u) for each level j, such that \support[pj)\ < e.
e In cases, || itk - $jk ||< e.
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* For each j there exist constants mj and Mj such that for allw  Slj
[fe(w) |2 )
(Ife(w)la + [pj(tu)la)a - = Smok Bk
» Thefunctions pj can be chosen such that Hjo preserves the smoothness properties
of ip.
» The family {(ijk, ft 6 Z} consists of linearly independent elements. Moreover,
it is a basis of the subspace Uj = span{jjjk, k6 Z} C L2(R) and it is a
Bessel sequence (see [4]/

3.3. The proposed solution. Observe first that by Proposition 3.1, the families
{rPjk} and {Vjfc} consist of exponentially decaying functions and are nearly biorthogonal,
that is, —1 aud (i>jn,ipjk™ ~ 0 for n / fc. Also, the family {ipjk} consist
of linearly independent functions and, in addition, it is a Bessel sequence.

In order to calculate a solution for the alternative problem (3.1), for eachj < J
we choose appropriate finite subsets K,, and construct an approximate solution on
Wj = spanlV'j*, k € Z} C Z.a(R) as follows: Qjg = djki>jk- We define Qjf =
StgK, djkPjk, and observe that

XQjf = Qig = Qi +

We propose to select the coefficients djk to satisfy the linear system:

Y (91K 1>jk = *tjk'Pjk,
KeK.) keKj
that is,
(s.Vjn) = dik irin/1ik) , ne Kj,
keKj
yielding

aj3= Y, 19,diK)-
Ksntj

We observe that Ajg is a projection that is nearly orthogonal to Wj on Wj.

Since the error of the approximation will depend on the wavelet coefficients of the
data function g, it can be controlled by choosing for each Jo < j < J, the finite sets
Kj to satisfy
(3.5) M a= £ I(5*blI2<! 1j0:;p P

k(K]
for some small e > 0.
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To carry out the numerical implementation of the scheme, we choose a minimum

level Jo. such that

(3.6) loj - E Q5m2<  HoJIR'

j<Jda

Finally,

fj= E Vjf= E
Jo<j<d Jo<i<J keKj

is an approximate solution for the IP associated with the alternative problem (3.1).

We have
Xfj= E ~9= E E VIK) @ik =9J + AJ9-
Jo<j<J Jo<j<J

3.4. The Error. Under the hypothesis and definitions described above, from (3.5) -
(3.6) we have
IOy5 12 = \9J-Xfj\\2

E Q& W+ E Elto.V'ik)I2
j<Jo Jo<J<J kgKj

K 18§ 1245 E a0 lle= cligj 13

Jo<j<]
Assuming that the initial approximate data function gj satisfies
lg- 12 = I1E  aikrjk [[2o < g
j>J

we obtain || g —X fj ||2< 2e.

Remark 3.1. We note that it is not always convenient or even possible to disregard
the low frequency components around w = 0. In particular, this is the case if g is
not an oscillating function or if it is a distribution. In such cases it is important to
include the component in the scale space Vja, and consequently the low frequencies
of elementary solutions must be defined and included in the approximation scheme.

4, Examples

Example 4.1. We consider integro-differential operators with kernels:
) = @1+ M2,
where 0 < |a| < 1. In this case the kernel /s(w) is real and even.

Note that ifa < we have k 6 L2(R) and ™K D L2(R). On the other hand, if

a > —b, then 1)k ¢ £2(R). Since n(w) > 0, we have VifcOn) = Vi* for all j and k.
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Example 4.2. We consider transfer functions of the form:

P(s)

H(a) Q(s)’

where P and Q are polynomials of degree m and n (m < n), respectively. Observe
that H describes the relationship between the input U and the output ¥ of a linear
time-invariant system:

Y{a) = H(s)U(s) = ~ L, a).

When the poles and zeros of H lie in the half-plane C , the system is stable and
we have k{bl) = H[w) e L2(R). In this case, for a given output Y it is possible to
identify the input U based on the relationship between the Fourier transform and the
convolution operator. In this case the assertion ipjk(ui) = ipjk remains true.

When the output ¥ is a distribution, it is necessary to consider the low frequency
elementary solutions as explained in the Remark 3.1.

In this frame, we could also propose an identification scheme, that is, a scheme
that identifies H, considering the kernels kn = Un as test-inputs.

5. Conclusions

In this paper approximate solutions for inverse problems, associated with the
equation Xf = g, where X is a convolution-type operator, are constructed, and
the corresponding approximation error is analyzed. A perturbed data function g is
considered. The data function g is decomposed in a suitable orthonormal wavelet basis
rpjk and the elementary solutions jijk are calculated, which are the preimages of the
wavelet basis trough X. The case when rpjk are not in the rank of X is also studied. In
both cases the data function g can be expressed as a linear combination of the images
of the elementary solutions via the operator X. The approximate solution of the IP is
constructed as an appropriate finite linear combination of the elementary solutions.
In this way the proposed scheme takes into account both, the characteristics of the
data wo want to invert and the properties of the underlying operator.

The proposed scheme can be adapted to make it applicable for the cases of noisy
data and for convolution-type operators with more general kernels.
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1. Introduction and main results

Let | = [a 6] be a finite interval and let R" be the n-dimensional vector space of
points X = (x1,..., xn)T, where T stands for transposition. Suppose that O C RJ} is
an open set, and Ej is the set of functions / :/ x 02 —R" satisfying the following
conditions:

« foralmostallt 6 I, the function f[t, m): O2 —R is continuously differentiable;

e for every (®,y) 6 O1, the functions f(t,x,y),fx(t,x,y) and fv[t,x,y) are
measurable on 7;

« for each / 6 Ej and for a compact set if C O there exists a function

€ L{l, [0,00)), such that
DK*>Y) 1+ 1fx(t,x,y) 1+ Hfv{t,x,y) |< mfK(t)

forall (x,y) 6 K7and almost all te |.

Let D be the set of continuously differentiable scalar functions r(t), te I, called delay
functions, satisfying the conditions: r(t) < t, r(t) > 0 and f := inf{r(a) : r € D}

'The work was supported by the Shota Rustaveli National Science Fbundation Grant No. 31/23.
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is finite. Let Ev be the space of continuous functions <pft) 6 R£, t € I\ <= [T,b]. By
b= {ip€ if(t) eO .te h} we denote the set of initial functions.
To each element y = 6 1=[a )xDx x E/ we assign the delay

functional differential equation
(1.2 £(t) = f(t, x(t), x(r(t)))
with the initial condition
(1.2 x(t) = <fi), t6[f, to]-
The condition (1.2) is said to be continuous initial condition since always we have
x(f0) =

Definition 1.1. Letuy = (to,T,<p,f) 6 J1. A function x(t) = x(t\fi) £ O, t 6 [f.ij,
ti € (to, ] is called a solution of equation (1.1) with the initial condition (1.2), or
equivalently, a solution corresponding to the element 1 and defined on the interval
[f, <i], if x(t) satisfies the condition (1.2), is absolutely continuous on the interval
[t0,ii], and satisfies the equation (1.1) almost everywhere on [to.ii].

Let tm = (too, Vo,/0) 6 /1 be a fixed element, with 0 < too- In the space
Ey =R| XD XEv X Ej we introduce the set of variations:

r k
V = |5/x = (<fto,tfr,(ty,tf/) £ Ey - ua :|6t0\< a, || St ||< a,Sip = ~ AiStpi,
i=1

K
(1-3) Sf=£ ASH, IA|<a,i=1..,%*}

i=1
YT 1)

where Sipi € Ev —<m Sfi e Ef - fo,i = 1,... ,k, are fixed functions, a > 0 is a fixed
number, and ||r|| := sup{|r(t)| :t 6 /}.

Let x0(t) be the solution corresponding to the element (ig and defined on the
interval [f, tio], with too < tio < b. Then there exist numbers Si > 0 and ei > 0 such
that for any [e,8u) 6 [0,ei] x V we have w>+e6(x = (to,T,<p,f0 +eSf) e J1, where
to = too+ etfto, t = 7 + eSt, P= tpo+ eStp, and the solution x(t; yo + e5u) defined on
the interval [f,tio+£i] C I\ corresponds to the element po+e5u (see Theorem 2.1). It
is clear that x(t; /iq +eSfi) satisfies the perturbed equation x(t) = f0{t, x(t), x(r(t))) +
e6f(t,x(t),x(T(t))) with the perturbed initial condition x(t) = (), 6 [fto].
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Due to the uniqueness, the solution x(t\no) is an extension of the solution xo(£)
to the interval [f,txo + <G} Therefore, in what follows, the solution xg(t) is assumed
to be defined on the interval [r,*10 + 5i].

Next, we define the increment of the solution xq(t) = x(t\no) as follows:

Ax(t) = Ax(t; ebn) = x(t\uo + ebu) - xo(t)

for all (t,e, 6u) e [f,ti0O+ 5i] x [0,£1] x V.
Now we are in position to state our main results.

Theorem 1.1. Let the following conditions hold:

1.1) the function <fia(t),t 6 I\ is absolutely continuous and the function <po(t) is

bounded;
1.2) the function fo(t,x,y), (t,x,y) e / x O2 is bounded;
1.3) there exist the finite limits dy = ( ~), lim™m*fo{w) = fo, w =

(t,x,y) 6 (a, too) X02, where wo = (too,<A)(*00).<Po(7b(*00)))-
Then there exist numbers £ 6 (0,£i) and 6 6 (0, Si) such that

(1.4) Ox(t; eby) = e6bx{t\6u) + o(t; ebL),2

for any (t,e,S/j.) 6 [too,*io+ <] x (0, )xV , whereV = {546 V :6t0< 0}, and

(1.5) 6x(t; 6u) = Y(too;t)(<j>0 - ,,)6 0+ P(V,6u),
P(t\&n)  Y[too\t)5<p{too) + J[ | )I'(7D(e);i)/ov[?o(e)]'Vo(s)"(s)ds
QO)
(1.6) - ;t Y{s]t)foy[s]xo{n{s))6T[s)ds+ f Y(s;t)6f[s]ds.
00

Here ¥ (9;t) stands for an x -matrix function satisfying the equation
@7 V.(s;t) = -y (s;t)/0*s] - ¥(7oM;i)/0,,Msa)]70(a), 8€ t"0,%

and the condition

where
lo»W = Jov(s, zo(e)>soChjM)).sf\al = 5/(el®o(e). *o(Tb(B))),

2Here and below, the symbols OfceS/i), and o(t\e6ii) stand for quantities (scalar or vector) that
have the corresponding order of smallness (with respect to c) uniformly with respect to (t, Sfi).
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70(a) is the inverse of the function ro(t), H is the identity matrix and © is the zero
matrix.

Some comments. The function Sx(t; 5u) is called the variation of the solution
xo(t),t e [too.+ ], and the expression (1.5) is called the variation formula. On
the basis of Cauchy formula on representation of solutions of linear delay functional
differential equations (see [2], p.21), we conclude that the function

is a solution of the equation
5x(t) = fox[t]6x(t) + foy[t]Sx(Mt)) ~ /ovM=o(To(t))<fr(*) + 6f[t]
with the initial condition

6x(t) = 6ip(t), t € [f, too), Sx{too) = (Po —fo)Sto + 6<P(too)-

The term
- [ Y{8\)fou[s]xo{v3{s))ST(s)ds
j o

in formula (1.6) is the effect of perturbation of the delay function ro(t).
The expression ¥(4001*)(# ~fo Ne o is the effect of the initial condition (1.2) and
perturbation of the initial moment too- The expression

Y(too; t)Sip(too) + y(70(e);*)/ov[70o(e)]70(a)5v>(s)de + Y(5; t)Sf[a]ds

in formula (1.6) is the effect of perturbations of the initial function y>0(*) and the
right-hand side of equation (1.1).

Notice also that the variation formula allows to obtain an approximate solution of
the perturbed functional differential equation i(t) = f(t, x(t), x(r[t)))+£8f(t, x(t), x(r(t))
with the perturbed initial condition x(t) = <fo(t) + e6ip(t), t € [f,too + e&0]- In
fact, for a sufficiently small e 6 (0,£ ) it follows from (1.4) that x(4;80 + eby) «
xo(t)+e5x(t;5/i).

Variation formulas of solution play an important role in proving optimality necessary
conditions for optimization problems (see (I-3j). Variation formulas for various classes
of functional differential equations without perturbation of delay function are given
in [2,3].
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Theorem 1.2. Let the function <po(t), t 6 I\ be absolutely continuous and let the
functions () and fo(t,x,y), (t,x,y) £ / xO 2 be bounded. Moreover, there exist
the finite limits ytf = y>o(*oo+), /0(w) = /+, w € [too, b) x O1. Then for
each iQ€ (too,*10) there exist numbers e2g (0,£i) and 62 6 (0, ) such thatfor any
(t,e,Sn) € [to,*io+ <] X (0,£ ) X V+, where V+= {64 €V :6 > 0}, the formula
(1.4) holds with

(1-9) 6x(t\ 6u) = ¥ (too; )( + - f+)6t0+ O(t, 6u).

As an immediate consequence of Theorems 1.1 and 1.2 we can state the following
result.

Theorem 1.3. Let the assumptions of Theorems 2.1 and 2.2 be fulfilled. Moreover,

assume thatfa := ~ - Thenfor eachto € (too-*10) there exist numbers
£ € (0,£i) and 62 6 (0, <G) such that for any ( ,£,6/) e [*0*t0+ < x (0,£ ) x V,
the formula (1.4) holds with

6x(t;6u) = ¥ (too; t)f06t0 + ft(t; 6u).

Noticc that all the assumptions of Theorem 1.3 arc satisfied if the function /o(t, x, y)
is continuous and bounded, and the function <fiot) is continuously differentiable. It
is clear that in this case we have

/o = (oo) - lo(*00,¥>0(*00),¥>0(T0(*00)))-

2. Auxiliary assertions

In this section we state and prove some aiodliary results that will be used in the
proofs of main results.

Theorem 2.1. (L], Theorem 2). Let x0(t) be the solution corresponding to the

clement yo = (too, To,”0>/0) 6 A and defined on [r,*t0] (see Definition 1.1 ), let

t,0 € (0,6),t = 0,1 and let K\ C O be a compact set containing a neighborhood of the
set v?0(/i) Ua:o([tooltiol)- Then the following assertion hold:

2.1) there exist numbers £\ > 0 and6\ > 0 such that for any (e,6u) 6 (0,ei) x V,

we have 1o + £61 6 A, and the solution x (t\uyo + e6u) defined on the interval

[f,fijo + &G] C Ji corresponds to this element. Moreover, x[t;uo + £6u) €

K\,t 6 [f,tio +5i]:
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2.2) Kme ,Oanmp{\x(bu0+eb6u)-x(b m)l :te [ttio+<Si]j = 0, uniformly in 6y 6

V, where t = max{too. to}.

Theorem 2.2. Let the conditions of Theorem 1.1 hold. Then there exist numbers
£ € (0,£i) and 6 € (0,<*i) such that

2.1 t€[rr,]ﬂg+xdal 1AX(t) |< 0(ebu)

for arbitrary (e, 61) e (0,£ ) X V~. Moreover,
(2.2) Ax(too) = e[6<fl{too) + (®a ~ fo)Sto] + o(ebu).

Proof. We first note that 6u e V , that s, 6to < 0. Therefore to < too and
D - <R =B *€ [t, t0),
Ax() = <x(t)- < () t € [t0, too),
[*(t) Zo(t)> t 6 [too.tio+ 1.
Here, and in what follows, we assume that to= too + £&o, x{t) = x(t\yo + eby) and
<) = <po(t) + ebtp(t).
Let t 6 [1,to], then by (1.3) we have

K
(2.3) 1AX(t) |= 1 16ip(t) |[< ea”2 169{t) |< O(ebu).

i=1
Let t 6 [to>too]>then in view of (1.3), and the conditions 1.1) and 1.2) of Theorems
11 and 2.1, we can write

1A2M |=| x(t) - <fo(t) |=| <p(t0) + [/o(s, x(a), x(T(3))) + e6f(s, r(a),i(r(s)))J ds

- Po(t) |< e 16<p(to) 14- I(fio(to) - <RA(t) I+ tho I fo(s,x(s),x(T(s))) |

(2.4) +ea” (e)lds < 0(ebuy) + [ |a(B) |ds < O(ebu). m
= J Jo

Observe that on the interval [too, tio+*i] the function Ax(t) = x(t) - x 0(t) satisfies
the equation

(2-5) Ax(t) = a(t;ebu) + ( ;ebu),
where
(2.6)

a(i;eby) = fo(t,io(t)+Ax(t),i0(r(t))+Az(r(t))) /0[t],/o[t] = /o(t,*o(t),*ofo(t)))
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and

2.7 b(t; *5/0 = eSf(t, x0(t) + Ax(t), xO(r(t)) + Ai(r(t))).
W rewrite the equation (2.5) in the integral form

Ox(t) = Ax(too) + [ [o(s; e8/i) + b(s; e6n)]ds.

Jtoo
Hence it follows that
(2.8) 1AX{t) |<| Ax(too) I +ai(t;ety) + b{ebu),
where
rlio+fi
ai(t;ebu) = / |a(s;ebu) | da, 6(e5/) = / | b(s; ebw) \ da.
*'too J too

Let a number e2 € (0,£i) be chosen so small that for arbitrary (t,£,Sfj.) 6 [to, too] x
(0,£ ) XV the following inequality holds:

(2.9) r(t) = 7fc(t) + eSr(t) < to-
We first prove the formula (2.2). Ib this end observe that by (1.2) and (2.9) we have

AX(too) = i(too) - ®o(*00)

(2.10) =¥>(to)+ [ )Olfo(t,XO(t)+bx(t),ip(r(t)))+b(t;eﬁti)\dt-ipo{too),
Jto
Next, since
[ (po(t)dt = EfOfit0O+ ( /)
Jion
and

[I:igrn06< (') = 6ip(too) uniformly with respect to 6L € V
wc can write

<p(to) - Vo(too) = Vo(to) + eS<p(to) - <po(too) = J{ <pu(t)dt + e<By»(toa)

(2.11) t-e[<fys(to) - <By>(tog)] = e[Vo &0 + “\x(*00)] + o(ebuy).
In view of (2.4), it is clear that if t € [io,*00], then
CIl_trg (t,i0(t) + Ax(t),<p(r(t)) = LL@gl()~(t.a'oW,VoM*))) = >
Consequently
lim sup [Ifo{t,xo(t) + Ax(t),<p(T{t))) - fO |—O0,

£ >0 <¢totno)
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implying that
f  fo(t, xo(t) + Ax(t), <p(r(t)))dt = -e/0St0

(2.12) + 0 *OW + A i®>A(TW)) - fo 1* = ~£fo Sto+ (/).

Further, by (1.3) and (2.7), we have

fc  /too
(2.13) < I msfi,Ki(t)dt = o(e6fi),

Fyom (2.10), by virtue of (2.11) - (2-13) we obtain (2.2).
Tb prove the inequality (2.1), we first note that for any compact set K C O and
f CEf, there exists a function £/,*:(*) CL(l, [0,00)) such that
If(jt,xuvi) - f(t,xa,y3) |[< b}, kW *x- @I+ Il/i- ial)
for almost all te | and for any € K,i=1,2 (see [2], Lemma 3.1).
Now we assume 70(too) < *io> and estimate a\(t; eSfi), t 6 [too, *10+ <si). Obviously,

we have (see (2.6)):
(2.19) ai (t\eSp) < Lfo,k,(B) | Ax(s) \da+ ( ;ebu),
where

(t; eSfi) = 110k, (5) I1xo(T(a)) + AX(T(B)) - x0(T()) | da.

It follows from (2.9) that 7 (i) > too for t 6 [to, <00], where 7 (t) is the inverse function
of r(t).

Introduce the quantities pe = min{7 (to),70(<00)}, & = max{7 (to),7o(too)}, and
observe that pt > too- Let t € [too, Pe], then r(t) < tOand 7 ) < too, and therefore

we have

a3(t;esfi) = f LfOXA*) 1 Y>0o{T(@)) + e5<p(T(a)) - <po(To(@) | da

It follows from the boundedness of function <po(t),te li, that
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Thus, for t € [<oolPc\ we have
(216) {i\e8u) <0{e8fi).

Let t € [pr, &\. Here we consider two cases.

a) Let pc = 7(to) and & — 70(™o0) then for t e [7 ("0), To("oo)] we have r(t) > to
and ro(t) < tooe Thus, in view of (2.15) we can write

(;re/) = (( )6 )+ f LfuK, (@) [ x(r(s))) - <po(to(a)) | da < O(e8u)

£ () ()
Lfo.Ki 00 I1*(t(s))-v?o(t(s)) lds+ / Lfo K, (7) 1 Y>o((3))-<po(7ii(»)) Ida
i) A(«o)
/mr(70(to0))
< 0(ebu) + J/ Lfo Kl (7 (e)) 1x{a) - ipo(a) \7 (a)da.
to
Taking into account that

17(70(<00))-*0 |=| T0(70(t00)) +£<Jt(to(too)) —to 1=1 too-to+e<5r(70(to0)) |< 0(eb/i),
the arguments similar to that of used in (2.4) yield
1z(a) ¥0(s) |< 0(e6n),s 6 [to,r(7o(too))]-

Consequently, we have

(2.17)
Yu(*00)
a2(t;e<5/0 < 0(ebu) + O(eby) 7/ Lfo Kl(a)da < 0(e5p.),t € [7 (i0),70(too)I-
A(to)

b) Let pe = 7o(too) and & = 7 (t0), then for t 6 [70("00).7 (to)] we have rO(t) > too
and r(t) < to- Thus, in view of (2.15) we can write

a2(t;esli) = (7 ( )N+ / b/n,k.00 | ¥>o0(r(a))+e<5"(-r(3))-xo(10(a)) | da
ﬂ(\};&( )
( )LfO,K, (s) 1¥>0(r(s)) MM»)) I&

(to)
NoAJTB) | <Fo(M) - *obl-0) | €=<<0 (eou)

(too)

™™ 7(<0))

+ J/U L/«K. (700) I<flos) *o(e) 170(s)da.

< 0(ebu) + /

£

It is clear that
I )(7(*)) too =i M>bl*0)) + £5r (7 (10)) - £57(7 (t0)) - too |

=1 r (7(*0)) - - elT(7(to)) |<|to- too- ~( ( )) I< 0{ebu).
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For 3 e [too,7D(7(*0)] we have

lif>0fs) - x0(s) |= |<€o(s) - <fio(too) (,*o(f).® (~(0)™| < O(ebu).
Therefore
rToh(to))
(t; eby) < O(ebu) + 0(ebwy) J/ lo.Aibl (3))l0(3)i13, € [To(ioo). 7(*0)]-
too

Thus, for t e [<o>&] the condition (2.16) is satisfied.
Lett e [&,tw + Ji], then r(t) > t0 and r0(t) > too- Therefore

a2(bebu) = a2{&\e&uy) + J[ b{0,kA8) Ixa(T(8)) + &x (T(3)) ~ xo(M)(3)) \ds
< 0(eby) + y/ o) b/0.k/1-r(3)) | ly(s)ds

+ J/ b1,kJ13) 1®o(r(a)) - *o(T0(n)) | ds < 0(ebw)

+6

+/ xbl ~/o.Kibl 8) 1aa:(8) 1'if(a)ds+ / Lfo.K (@) 1*o(7(8))-x0(Ts(8)) |dS,
Jto *'Td(too)
where x (s) “ the characteristic function of the interval I.

Further, in view of (2.4) we have
I *o(r(a)) - ®(MiwW) |< |/ 1/o(f-*o(f). *o(td(0)) I<d < 0(ebwn)

and
/stoo

leo XblB))b0o.Krbl*)) IM *) li(a)ds = 0(eby)
Fbrt e [&,tio + <&] wc get
(i;e6u) < O(ebu) + Jf *(7(«)- 1Q* (7(«)) 17*x(s) | 7(s)ds.
too
Thus, taking into account (2.14), in the case Tii(*oo) < 0 for t e [ioo.tio + 5i], we
have

(2.17) ai(t;e6y) < 0(eby) + f [ /1 ( )+ x(TW)ELa, (T()NT( )] | Ax{3) | ds.
J

too
Now we consider the case where 7i(*00) > *io- Let the numbers S2 e (0, Ji) and

e2 e (0,ei) be chosen so small to satisfy 7 ( 10+ ) < too and r(tl0 + 62) < to for
arbitrary (e, 6u) e (0,e2) x V
It is easy to see that

ai(t;ebu) <L Lfo,ki(@[1AX(s) I+ 1<p(TR) - <p(Tb(3)) | Ids
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< 0(e&n) + [ LfaKI(s) 1Ar(s) | ds.
Jtoo

Thus, there exist humbers e2 = min{eb,e% e (0,ei) and 62 € (0,<5i) such that for
arbitrary ( ,£, /) e [<oo*io+ 5] * (0, ) x V the inequality (2.17) is fulfilled.
Obviously, we have

+63 A
(2-18) b(eby) <ea ms/, .k, (t)dt < 0(eSfx).
Jt«,

According to (2.2), (2.17) and (2.18) from the inequality (2.8) for t € [*00, *io + <]
we have

10a ) |< 0{e6u) + [x-nde, ( )+ xbl«))E/OK. (7( ))7(«)] 1& ) Ids.
An application of the Gronwall lemma yields
(2.19) 1AX(t) |[< 0{eSn),t 6 [too, *io +

Finally, the inequalities (2.3), (2.4) and (2.19) imply (2.1).
Theorem 2.2 is proved.

Theorem 2.3. Let the conditions of Theorem 1.2 befulfilled. Then there exist numbers
£26 (0,£i) and5 € (0, <A) such that (2.1) is validfor arbitrary (e,6u) 6 (0,er)x V .
Moreover, we have

Az(too) = elMfoo) + (EO  fo)Sto] + o(e8u).

Proofis similar to that of Theorem 2.2, and so is omitted.

3. Proofof Theorem 1.1

e Observe first that on the interval [too, *10 + $2] the function Ax(t) satisfies the

equation /
2

(3.2) AX(t) = /o*[tJAa;(t) + /OVJAX(TO(Y)) + e6f[t\ + ~n[4],
=

where

ri[t] = Jo(t, XO(t) + A x (i), xo(r(t)) + Ax(r(t))) - /o - fox[t]Ax(t) - /ov[t]Ai(ro(t)),

r2[t] = e[6f(t,x0(t) + A*(t),x0(r(t)) + Ax(r(t))) 6f[t]}.
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By using the Cauchy formula one can represent the solution of equation (3.1) in

the form

(3.2) Ax(t) = Y(too\)AX(too)+£  Y{s\t)E/[s]ds+" -R,[t;t00],t 6 [too, t10+<52],

where
(3.3) OoMoo]= | ( )Y(To(«);i)/oy[7o(a)l7o(a)ﬂ,x(B)}'I(,
JTo(loo
(3.4) Hi[titoo] = /  Y(B;«)n[B]/I»* = 1,2,
J too

and F(a;t) is the matrix function satisfying the equation (1.7) and the condition .

(1.8).
Observe that the function Y (s\t) is continuous on the set M= {(s,t) : too < s <

, 16 [too.tio + &]} (sec RbLemma 2.1.7). Therefore, in view of (2.2) wc have
(3.5) y(too;f)A2:(too) = £y(too;t)[<M*00) + ( [(MxMa] + o(t;edli).

Next, one can readily see that
fto

[Oo[i; too] = e / Y (AQa); t) foy[A(«)]Tb
+ f  y(70(e);t)/ov[70(s)]70(e)Aa;(e)df = e f Y('r0O(s);t)f0l/[y0(a)]jo(8)5"{a)ds
Jto *'to(*00)

—eJ[t AN (7o(s);t)/o,,[70(s)]70 (S) N (S)™ 4-0(ebu) th Y(70(a);t)/o*[70(a)] 7o(s)da

(3.6) =e -[I'o(ioo) y(70(s);t)/ow[70(e)]70(e)<Iv’(e)df+ oftE<SM).
Introducing the notations:
lo[t;a] = fo(t,x0(t) + sAx(t),x0(TO()) + s(xO(r(t))  xO(r0(t)) + Ax(r(t)))),
o[t\a] = /o*[t; & - /o*[t],p[t; & = /ojt; a] - /oy[t],
it is easy to see that
fo(t,x0(t) + Ai(i), i Qr(t)) + Ax(r(t))) - /4f

rd f1
= Jo s)ds = Jo s]Aa:(t) + /ovA *K*o(TM) - *>bl *)) + Ai(r(t)))}da

= [ <r[t;a]da] Ax(t) + [J p[t-alda] (xO(t- r) xO(ro(t)) + Ax(r(t)))

+/o*[t]AX(t) + /ov[t](zo(r(t)) - xO(rO(t)) + Ax(r(t))).
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Therefore for € [fop, <io + 5] we can write

4
*Ri[t;*o0] = T:A»L,; bl
i=1

where

Au[*:<Vo] = '/*oo = J/O <r[2*PK*;Hi2[i;ioo] = J[I Y (£;t)/>i K1(*o(T(0)
~X0(M O)+&x(r(t))Ne ,P\[i\= [O p[*;s]ds; Nis[i;<oo] = 4[ Y(C;i)Nu,N(a:o(r(0)
o «too

~Ao(M)(OXK; NM(</<»]= T YIblX LW bxblO) - bxbl Abl -
«Jtoo

The function +o(t),t 6 [f,tio + 5] is measurable. Hence for each fixed Lcbcsgne point
* )(06 (f.tio + ) of function xo(t) wc have

3.7 xo(r(0) - aro(te(0) = / © *0(s)ds = eio(TU(0O)MO + (>£ )>
IM1)
where

(3.8) lim = o uniformly for / 6V .

Thus, (3.7) is valid for almost all points of the interval (<00i*I0 + <)
Taking into account boundedness of the function
io(i) = (Oo(t)'t6lf,to°1
Vo(i,q0(*),80(Tb(*))),* e {too,<l0 + &>
from (3.7) we obtain

(3.9) Ix0(r(O) - xo(tq(0) |< O(e6u) and —j < const.
It is clear that (sec (2.1))
(3.10)
14*(T(0) - Ai(to(0) 1=£1<Mt(0) - ~A(to(0)) 1= °(£;£5Em) e [ioo,"]
and
(3.11) 10*(r(0) A*bl0) I< OK;ch)) for 6 rge.0,].

Let € [Of,tio + <G, then r(£) > t0 and r0(0 > too- Therefore, in view of (2.5) -

(2.7), we have

{) _ ()
(Wi ))  Ax(ro(0) I< / IAa:(s) Ids< Lfo.K, (s)(| Ax(a) |
Jroit) JTo(i)
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(3.12)
rr(g *

+ 1a0(r(a)) - xq(to(s)) \+ | Ax(r(a)) )da+ <a / N (s)ds = o(£; etfr).
A0 i=i

According to (2.1) and (3.9)- (3.12) for/i,[<; too], s = 2,3, we have

| an[*;ioo] |<|| Y o W » W A Rufrtoo) |<||Y l0(e6u)p2(ebu),

Ai3[Moo] = 7i(beby) ~ e[/ MN6*)/<*K]*0o(Tb(0)M OH#].
where
SO+ il
1Y U=sup{| y(f;t) L (f,t) € N},<r2(eHi) = | cnBLA, | dE,

Jtoo

+il r*
Pr(e6u) = / lpiin 1df,7i(t;e6u) = /
too *'too

Obviously,
<ty £ 7+ 1/,mn |

By the Lebesgue theorem on passage to the limit under the integral sign and formula

(3.8), we can write

éﬂbﬂZ{eSﬂ) =0, é%p3(£6u') =0, lim (*Eewo I_q
uniformly for (t,6fi) e [too, tio + $i] x V .

Therefore
Ju[*itoo] = o(t; eby),t = 1,2; .Risft;too] = -e [ Y ((; ON»M*Abl£))1r(0*£
Jtoo
(3-13) +o(t-,£5/i).
Further, we have
+il
(3.14) lam[gtoo] |<J|| y I/ liov T Arr(r(0) - Ax(7b(0)l = o(e5fi)
too
By (3.13) and (3.14) we obtain
(3.15) -Ri[t;too] = -e th y(E;t)/ovfc]®ofo(0)Er(f)dE + o(t;e6fi).
00
Next, we have
rt10+tfl _ N
IM t\ ko] I< [g Lsft,Ki()(lax(o I+ 1*0o(r(0)
(3-16) -*obl 0) I+ 1ax(t(g) ) = o(ebi).
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Finally, by virtue of (3.5), (3.6), (3.15) and (3.16), from (3.2) we obtain (1.4), with
Sx[t;Sn) given by (1.5) and (1.6).
Theorem 1.1 is proved.

4. Proof of Theorem 1.2

Let t 6 (too, tio) be a fixed point, and let e2 € (0,ei) be chosen so Rmall to satisfy
t0 <t for arbitrary (e,6u) € (0,e2) x V+. The function Ax(t) satisfies equation (3.1)
on the interval [to-tio + <b]wTherefore, using Cauchy formula and (3.3), (3.4), we can
represent Ax(t) in the form

4.2) Ax() =Y ;) ( )+ £ Y(s; t)<5/[s]ds + V2 )
o £E

The matrix function Y fct) is continuous on [too,*] x [t,tio + tf2], therefore
4.2) Y(to; t)Ai(to) = eY(too; t)[(too) + {<R fo)]Sto + o{e5u).

It is not difficult to check that /20[C; to] can be written in the following form

ﬂ,o[*;*o]:e// ( )’\(70(5);f)/ou[70(s)]70(s)Ms)cis+[ Y (70(s);t)/oy[70(s)]7b(s)Ax(s)da
*/Tb(40) . «'too

4.3) =e ;0 Y (‘'yo(sy,t)fov['yo(,s)]'yo(s)Stp{s)ds + o(t-,eSfj.).
Jwar(ttro)
Using the above arguments, with some minor changes, one can show that for t €
[t, tio + 5]
(4.4)
niftto] = - ¢ J[t N(a;*)/oi,[elio(To(e))<5r(3)da + o(i;e<5/i),N2[i;io] = o(t;e<5/i).
00

Finally, note that for t € [t tio + 5]

(4.5) e[ Y(8-06f[s}ds =e [ Y(3-0)5f[s)ds + oft\eSn).

Jto “too
Taking into account (4.2) - (4.5), from (4.1) we obtain (1.4), with 6x{t\e6fi) given by
(1.9).
Theorem 1.2 is proved.
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TUHTan -pasHOCTHbIE ClyYaiiHble MONs, NepemMeLLMBaHMe

1. Beepgenune

MpegenbHble TeOPEMbl UTPAKOT BAXHENWLLYIO PO/ib Kak B NPUKMIAAHbIX, Tak U B
TEOPETUYECKMX 3aauax Teopun BeposTHOCTEW. OCcobyHo 3HAYMMOCTb NPU 3TOM MMe-
tOT OLLEHKM CKOPOCTU CXOAMMOCTH, 6€3 HAIMUNS KOTOPbIX UCMO/b30BaHWe YKa3aHHbIX
TeopeM B MPUKNaAHbIX UCCefOBaHUAX MPaKTUYECKN HEBO3MOXKHO.

Bonpoc TOYHOCTM rayCcCoBCKOM anmnpoKCUMaummn A8 CyMM CyHaiHbIX ciaraembixX
VMeeT JOATYI0 UCTOPUI0 U JOCKOH&/IbHO M3Y4YeH TO/bKO ANS MOC/eA0BaTe/IbHOCTEN
HE3aBMUCUMbIX CTyYaiiHbIX BEMMUMH (CM., Hanpumep, [1] - [4]). B onpegeneHHoli cTe-
MeHV LaHHas Tema u3yyeHa U AN cnabo 3aBMCMMbIX CTALMOHAPHBIX CyYaiHbIX
npoueccoB (0OTMCTMM paboThl [5] - [7]) n mapTuHran-pasHoctein (cm. [8, 9] v npu-
BEAEHHYIO B HUX NnTepatypy). 159 MHOrOMepHbIX e 06beKTOB (CyyaliHble nons)
M3y4eHne 3TOro BOMpOCa HaXOAMTCS B HauasbHON CTaguu. B OCHOBHOM paccMatpu-
BalOTCA COBOKYMHOCTU M-3aBUCMMbIX ClyYaitHbIX BeinumH ( [10, 11]) n cnydaiiHble
Mo/ C 3KCMOHEHUMa/IbHbIM yObiBaHMeM koppensumii ( [12] - [14]). KacaTtenbHO xe
MapTUHran-pasHOCTHbIX CAyYaliHbIX Nosei, oTMeTUM paboTy [15], B KOTOPOA B pam-
Kax CTaH4apTHbIX MapTUHIanbHbIX YC0BUIA (HA MOMEHTbI M Ha CKOPOCTb COMVXEHUS
YCMOBHbIX ANCNEPCUIA KOMMNOHEHT CAy4aliHOro nons ¢ Mx 6e3ycnoBHbIMK AUCNepcus-
MM) NONYYeHbl CTEMEHHbIE OLLEHKN CKOPOCTU CXOAMMOCTY B LIEHTPasIbHON npesenbHOi
Teopeme (LLOT).

B HacTosLeli paboTe NPUMEHSETCA APYroi NOAXOA (BOCXOAALLMIA K METOLY MasbIX
6710K0B, NpeanoxeHHOMY B paboTe [16]) K MOMyYeHMO CTEMEHHON OLEHKM CKOPOCTM
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cxogumocTn B LINT ans ofgHOPOAHbIX MApTUHIaN-pasHOCTHBLIX CyYaiiHbIX MOMeiA.
OH He npegnonaraeT 6/M30CTK YCNOBHbLIX U 6E3YCMOBHLIX AVCMEPCUIA, HO TpebyeTt
Hasmumns craboii 3aBNCMOCTY MEXAY KOMMOHEHTaMK Cy4yaiiHOro nons. Takoii nog-
XOf, OTKPbIBaeT BO3MOXXHOCTb MPUMEHEHMS NMOMYYEHHbIX Pe3ybTaToB K FMOGCOBCKUM

CNyYaliHbIM NOMAM.

2. MpepsapuTenbHble cBegeHURA

MpriBeeM OCHOBHbIE MOHATMS 1 0603HAYEHMS, MCMOMb3yeMble B paboTe. IMycTb Zd,
d > 1 —uenouncnenHas pewetka, W = {V C Zd, |V| < 00} - MNOXecTBO BCex
KOHeYHbIX nogmMHoXecTB Zd n X C R - HeKoTopoe KOHeyHoe MHOXecTBo, |Jf| > 1
3pecb 1 ganee cumBon |V| ncnonb3yetca Ans 0603HAYEHUs MOLLHOCTU KOHEYHOro
MHo>KecTBa V.

CnyyaiiHbIM noneM, 3afaHHbIM Ha Zd, ¢ ()a3oBbIM MPOCTPaHCTBOM X, OyaeM Ha-
3bIBaTb COBOKYMHOCTb (&) = (fti* 6 Zd) cnyyaiiHbIX BeMMUMH, KaXKaas U3 KOTOpbIX
NPUHMMAET 3Ha4eHve B X.

MycTb b —cr-anrebpaBcex NOAMHOXECTB X M NYCTb br  —cr-anrebpa, NopoXaeH-
Has LWIMHAPUYECKMM NOAMHOXeCTBaMM X r*. PacnpefeneHnem Ciiy4aliHOro mnons
(ft) Ha3bIBaeTCA BepoATHOCTHAA Mepa P Ha Takas, uto

Pr{(Et,teZ d) €5} =P(B), Bebr\

Onpegenm Ha X > rpynny npeobpazoBaHuii |, a 6 Zd, Takyto, uto (rax)t = xt+a
4ana Bcex X E X * . CnydaiiHoe none (&) ¢ pacnpegeneHnem P HasbiBaeTCS OAHOPOA-
HbIM, ecim P (RA) = P () ans nobbix A 6 br*un a £ Zd.

[ns 3agaHHoro ciyyainHoro nosns (&) o6o3Haumm vepes O5 cT-anrebpy, NOPOXKAEH-
HYHO CryyaiiHbIMK BenumHammn a6 S, S C Zd.

CnyyaiiHoe none (&) Ha3bIBaeTCA MapTUHIa1-pa3HOETHLIM CryyaiiHbIM nofem (cm. [17]),
ecnm ana Bcex € Zd, M |£t| < 00 wn

21) M (& /3 *\{) = 0 (M.H.),

rae M - 3Hak mMaTemaTMyecKoro OXXuaaHus.
HeTpyaHo npoBepuTb, YTO YCoBue (2.1) 3KBUBANEHTHO YCNOBUIO

2-2) M( / \)=0(nH)

onsa ecexte Zdu Ve W, V. ToHATHO Takxe, uTo ecnn () — MapTuHran-
pa3HOCTHOE CryyaliHoe Mose, To

(2-3) MEt =0 ana scex t € Zd.
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ByJem roBopuTh, YTO OAHOPOAHOE CryyaliHoe nosne (&) YAOBMETBOPSET YC/IOBUO

PaBHOMEPHOr0 CU/IbHOTO MepeMeLLMBaHNA C KO3MMULMEHTOM ipj, €CNM ANA KXA0r0o
(hrkcuposaHHoro / € IV

sup{|P (/B) - P( )|, A60y,B 60gP (B)>0}<Vi({(N),

roe yHkums ipi (p), p € R, TakoBsa, 4To tpi (p) —¥ 0 NpY p —»00 N PUKCMPOBAHHOM
T6 N'. 3pecb /3(7, 1) = inf{fE—a|, el, ae N}, |t—s| = max [ W-eW|, t =
(tW.—tW), s =

CnpasefIMBO cnefytolLiee YTBepXaeHve (CM., Hanpumep, [2, 7]).

Y1BepxgeHue 1. MycTb U,Y —cnyyaiiHble BENMYNHBI, N3MEPVMbIE OTHOCUTE/b-
HO O-anrebp 7 cooTBeTCTBEHHO, p(l,A) >, npuuem ¥ < B1 |Y| < B2
I'broa

\M(UY) - MU MY\ < (),
roe B\, Bi —nono>knTenbHble NOCTOAHHbIE.

[nsa 3afgaHHoro cnyyainHoro nons () 0603Ha4umm
$00 = X >. VA V-
tev

Mpu foKa3aTeNnbCTBE Npeje/bHbIX TEOPeM 18 CyUyaliHbIX Nofeli ¢ nepemMeLLMBaHneM
OfHUM 13 OCHOBHbIX TPebOoBaHW ABNAETCS MPaBW/IbHOE NOBELEHWE AUCMEPCUI CyMM
KOMMOHEHT cnyyaiiHoro nons 5 (V), V € W, a umenHo, DS (V) = 02|V] (1 + 0 (1)),
O< < 00. 4N 04HOPOAHBLIX MapTUHraN-pa3HOCTHbIX CyYaiHbIX Mo/ein 3To Tpebo-
BaHVie BbINO/IHAETCA aBTOMATUYECKN, TaK Kak 415 Takmx Honelk DS (Y) = V.

3. OyeHka CKOpPOCTUM CXOAMMOCTU B LI,I'IT

OCHOBHOV pe3ynbTaT HacTosLeli paboTbl —OLEeHKa CKOpOCTM cxogumMocTy B LIMT
AN OAHOPOAHBIX MapTUHIa1-PasHOCTHBIX CyYaiHbIX MO/EN, YA0BNETBOPSIOLLMX YC/I0-
BMIO PaBHOMEPHOTIO CUIbHOTO NEPeMELLIMBAHUSA - MPUBOAWTCA B CeAyHOLLeli Teopeme.

Teopema 3.1. MycTb (&) —O0AHOPOAHOE Map TUHra-pasHOCTHOE CAyyaiiHoe nane ¢
KOHeYHbIM (pa30BbIM NPOCTPAHCTBOM X, YAOBNETBOPAIOLLEE YCNOBUIO PABHOMEPHOIO
CUMBHOTO NepemMeLLnBaHmna ¢ KoadgpuumeHTam < , | € W, Takum, 4To

ViU) <l v Q) n , (it < °°-
=1
Torpa
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rge nono>kuresnbHaa nocTosHHad C He 3asucuT ot m, Vn—[ ;1] d-MepHblii
Ky6 C LEHTPOM B Hauane KoOpavHaT M CTOPOHONA 2n + 1, fi2= >0und@)=
_L f e~u3/2du —yHKUMA pacnpefeneHns CTaH4apTHOr0 HOPMabHOro 3aKoHa.
v/r-oo

[JokasarenbctBo. Onupascs Ha HepaBeHCTBO bepu-3cceeHa (cM., Hanpilep, [18], cTp.
317), mbl Byaem oLeHvBaTb 6M30CTb PYHKUMIA pacnpegeneHns NOCPeACTBOM OLEHKU
671130CTU NX XapaKTePUCTUHECKMX PYHKLMIA. TTyCTb 3n1eMeHTbI MHOXeCTBa Vil MPOHy-
MepoBaHbl HeKOTOpbIM o6pasoM: Vil = {Bi, >—»sjv}> N = (2 + 1)d. Ana ygo6eTea
3anmcun obosHauim T = —~f=> j = 1 N. MNycTb, ganee,  (E) — xapakTepuctuye-

ay/\vVn\
cKast (PYHKUMS Cny4valiHON BeMMUMHBI /SD(\S/ v —) = \HVJ OLUEeHMM pasHOCTb MEXy.
[, ) n 12 Nveem
Mexp it

3.1)

M M eWi M MeUni M Me* - e*32
1=1 =1 3=1

PaccmoTpum nepsoe cnaraemoe B (3.1). Moxem HanucaTb

N N N N w
M I e n Meit < Me'th T e i- Me***M T eivi
3=i 3=1 c j=k+1 j=k+1
Mk ;
< - eUvi-
54 e 2 J:EI+1
-M (e%' 1-itk- W rA M M B“w
V T et
]ﬂN M Ir‘lr MNkM T] "
+ e - Mr
&y M I M e

*2 IV

M =li+T2+ T3

+zl£__1 J=I;I+Ie|lrurM rfc M illv]

OLeHnM criaraemble B MPaBoii 4acTy Mosy4eHHOTo BbIpaKeHUA. NSt nepsoro cnara-
emMOoro MOXeMm 3anmcaTtb

* jIf —1 —itrie —~ —il nN .
( j=fc+i
o N
+M —l—tjic—W— =wM N eus
3=+l
<2ﬁ;iMy1P*—l W k -ry
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O603Haunm M |£0j3= ft. Bocrnonb3oBaBLUNCL HEPABEHCTBOM | X —1 —ix —
rnosyyaem

P3 P3
<rT

MokaxkeM, yto 7 = 0. YunTbIBas CBOWCTBO (2.3) MapTWHIan-pasblOCTHOrO Chy-
yaiiHOro Mons, MOXKEM HanucaTtb

|1‘|‘E:| A/r’>ﬁ: I'I c“q MwM

-fc+1
™
—Eﬂ p( (Ty/\Vn\J
[Hanee, B cuny ceoiictea (22), M( / , = «k+1,N) = 0 BHe 3aBUCMMOCTU OT

crnocoba HyMepauun 3/IieMEHTOB Vi1, u, cnepoBaresibHo,

=Y (4 ~bl ra))-

Paccmotpum T3. imeem

2 A

?,,.0 M eltrJ
22|V, fcd H j=k+1 j=k+1

T3=

Bocnonb3oBaBLUXCL COOTMOLLIEILLEM

M j:&t+| enb - M £ kM j={}+1e¢j =

N
= v IMek@Eimm- 1) ft -M£kMm (efim- 1) ft ~ |
m=k+1 \ Jj=m+1 Jj=m+1 /

nosyyaem
2 T N-1 N w
Ts 22w E £ M A(eiy* -1) M e MEKM ( ~1) n »
la |1 ”1blT=11 J=m+2 j=m+2

O603HaumB! Yepes xo = max |z|. MockosnbKy <Xgwu
z

(e™n. - 1) cilt
I=7+2
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TO, B CU/y YTBepXaeHus 1,

(e«u, - i) . B« _ M(*hM (etd*_ 1) f} &%u
j=m+2 J=m2

- 2Wx(@n +1)d2B{ki iP(bl {BmY) - 2W7(2n+ 1)-/ V(= ATy’

CnepfoBaresibHO, nony4yaem

T3<iplfw  avext Hox(le S

k=1 m=Jk+l

O603Haunm Vnfg) (j) = {r €V,, :jab—r| =j},j = 1, 2, 2n+ 1. HetpyaHo npo-
BepuTb, 4To N (j)| < 224 d~I. Ibrga

N-1 2n+l n+l 1 ...
E v>(F*ml)< B E p(I**-r))= E VWV(J)L(J)<
m=*+1 J=1 6V’r(M{|)

2nFX
<24 F:lJ‘HVU) <2m IIE:IJd VO)-

OkoHuaTe/IbHO Nostyyaem
T UB 1 2™MXOST -d-1 /A U3 1 2M20pv2 -d-1 /4
(@2n+ d2' ff3 nd/2" ** A

Takum 06paszom, /1 Nepsoro cnaraemoro B (3.1) nomyynnun cnegyroLyto OLeHKY

N N
v M M e o pg
i=i i=1

PaccmoTpum BTOpoe cnaraemoe B (3.1). 13 TeopeMbl Beppu-3cceeHa (CM., Hanpu-
mep, [18, 4]) cneayer, uTO

NMInN L3 24 Vs )8\
1Y ~v A [ | Ux Ll« WL 7 »-
(0]
Mockonbky M, |I83= ------ npu | | < — (2n4-1)m nmeem
y [ (Bl\f|3/ pu | | (5034)
M -e®2<co H e
4 03 (2n + 1)2d M3e-‘a/d< c2+
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Co03
roe G ' MepeiigeM K OLeVKe pasvocTu PYHKLUIA pacnpeseneHuns

An = sup ®(x)
v ooV w )

CornacHo HepaBeHCTBY Beppn-3cceeHa,

2T 24 . _
¢+ o smax|® ()] =
+ 24 £
ny/2n T
CneposatenbHo,
< 2_Cj 24 1
ARS 2y T <
2Ci T3 4 24 1

3T 2 Ak nu V2 T

Monoxus T = nrff8, OKOHYaTENLHO MO/yYaem
on < /2C! . 24 1 4Ca
V3r  irvAr/ ndB+ A

Teopema foKa3saHa.
B03MOXHOCTb MPYMEHEHUSA MOYYEHHbIX PE3yNbTaToB K MMOGCOBCKMM CyyaiHbIM No-
NIIM OCHOBaHa Ha cnefytoLlemM 3aMeyaHun. M3secTHo (cm., nanpumep, [19], [7]), uto
Mpn OnpefeneHHbIX YCNOBUSAX Ha MOTEHLMan rmbOCoBCKOe CryyaiiHoe Hone yaoBne-
TBOPSIET YCNOBMIO PABHOMEPHOIO CUMbHOMO NepeMeLLrBaHms. Kpome Toro, 13BeCTHbl
TakXke yCnoBus Ha NOTEHLMas, NMp1 KOTOPbIX MMOBCOBCKOE CyyaiiHOe Mose ABAETCS
MapTWHran-pasHoCTbIM cnydaliHbiM nonem ([17,20]). YKa3aHHbIe yCNOBWS He NpOTH-
BOpeYaT 4pYyT APYrY, YTO NO3BOSET BbIAEMUTL KNacc MOOCOBCKUX CyYaliHbIX HOMEN,
Y0BNETBOPAOWMX ycnoBuam Teopembl 3.1. TakosbiMu GyayT, naupumep, rubocos-
CKMe cnyyaliHble Nons ¢ JOCTATOYHO ObICTPO YObIBAKOLLMMM YETHBIMI NOTEHLMANaMMU.

B 3akntoyeHnmn aBTop BbipaXaeT 6narogapHocTb HaxancTtaHy B.C. 3a BHUMaHWe K
paboTe M LenHble 3amMeydaHus.

af Cn~d/*.

Abstract. The estimations for the rate of convergence in the central limit theorem for
homogenous martingale difference random fields on the d-dimensional integer lattice
are obtained.
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