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Aunorayus. CTaTbs MOCBsLLEHA Npo6aeMam annpoKCUMaLMW CNefoB Npoums-
BE/IEHNsl YCEUEHHbIX TEM/IMLEBbLIX OMEPaTopoB W MaTpul, MOPOXAEHHbIX UHTE-
rpUpyemMbIMK, AeACTBUTENbHBIMU YETHBIMU (YHKLMAMU ONpedeneHHbIMY Ha Aeid-
CTBUTENbHOM OCU (COOTBETCTBEHHO, Ha EAUHUYHONA OKPYXHOCTW), U OLEHKU CO-
OTBETCTBYHOLLMX MOFPELUHOCTE. DTN MPUGAUXKEHUS 1 COOTBETCTBYIOLLME OLLEHKM
MOrpeLUHOCTel BaXHbl B CTAaTUCTUYECKOM aHann3e CTaLMOHAPHbIX MPOLECCOB C
HenpepbIBHLIM WU AUCKPETHLIM BpeMeHeM (aCMNTOTUYECKOe pacnpefeneHue H
GONbLUME YKNOHEHUS ANS TEMULEBbIX KBaAPaTUUECKUX (hYHKLMOHANOB U (hopM,
napamMeTpuyeckoe M HerapameTpuyeckoe oueHuBaHue U T.4.). Mbl gaem 0630p
M3BECTHbIX PE3y/IbTaTOB CBA3aNMbIX C NPOGIeMOii annpoKcUMaluy cnedos u npu-
BOZMM HEKOTOpbIE HOBbIE Pe3ynbTaThl.

MSC2010 numbers: 60G10; 62M20; 47B35.

KntoueBble cnoBa: ANNpoKcUMalLWs CNeAoB, TenaMLEeBbl MaTpULLbl, YCeUYeHHbIl Ten-
JINLEB ONepaTop, OLEHKU MOrPeLUHOCTEA, CUHTY/ISPHOCT.

1. Beepgenune

TennuueBbl MaTpULbl U ONepaTopbl, KOTOPble NPeACTaBAOT 60MbLIOA caMoCTos-
TeNbHbIA UHTEPEC M UMEIOT LUMPOKUIA CMEKTP MPUMEHEHUs B pa3nnMynbiX 061acTaX
HayKu (3KOHOMWKA, UHXEHepus, (UMHaHChLI, ruaponorus, Gusnka, nepefaya CUrHa-
NOB U T.A4.) €CTECTBEHHbIM 06pa30M BO3HUMKAKT B aHanu3e CTalMOHapHbIX MpoLec-
COB KOBapuaHTHble MaTpuLbl (OnepaTopbl) CTaLMHAPHbIX NPOLECCOB C ANCKPETHBLIM
(HenpepbIBHLIM) BPEMEHEM ABAAIOTCA YCEYEHHbIMM TeLULILEBbLIMW MaTpuliaMu (onepa-
TOopamu), MOPOXAEHHbIMU CNEKTPa/IbHOM MAIOTHOCTBKO 3TOr0 npouecca. V1 Hao6opoT,
NpPoW3BO/IbHASA HeoTpuuaTeNnbHas cyMMupyeMas QyHKLUS NOpoXAaeT Ten/nueByto
maTpuLy (onepartop), KOTOPYH MOXHO pacCMaTprBaTh Kak CMEeKTPanbHYH NIOTHOCTb
HEKOTOPOro CTaLMOHapHOro npoLecca ¢ ANCKPETHLIM (HENpepbIBHbIM) BPEMEHEM, W,
cnefoBaTe/lbHO, COOTBETCTBYIOLLAA YCeUYeHHas MaTpuua (onepaTop) siBAsSieTCA KOBa-
pvaHTHOM maTpuuein (onepaTopom) 3TOro npouecca.

"WccnesoBaHns M. TMHOBSHA 6bIM YaCTUYHO MoAaepXXaHbl HaluMOHaNbHBIM HayuYHbIM (hOHA0M
Grant #DMS-1309009.
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Bol MaTpuubl U onepaTopbl UTPparT BaXKHYHO PO/b B pas/iHy-
YCCUeHHbIC TEMULEBLI MaTyUM» TLCTLYECKOro aHannsa CTaljoHapHbIX NpoLec-

HbIX 06/1aCTAX CMNeKTpaslbHOro u cran TaKnx> Kak npefesibHble TeOpeMbl M
COB C AMCKPETHbIM W Henpepbl® eBblX ciyyaliHbiXx KBagpaTUYHbIX HOpPM N (YHK-
60/bINMe YTOHEHUA 4NA Tew ' 1 PYHKLMOHA/IOB, aCCMUTOTHYECKNE
LMOHA/OB, OLIEHKN CNEKTPanbHbIXM ? 7 (PN Bl_@rT []1 [w [5)
pasnoXeHWs OLEHOK U T.4. » annpokcymMaLum cnefoB NpoussefeHNs
HacTtosllas cTaThq N°«ALW, ,  aTOPOB) MOPOXAEHHbIX UHTErpupyembimu, felt
YCEUYEHHbIX TEMNLEBbIX. P < onpefeneHHbIMU Ha eAVHUYHON OKPYXXHOCTH
CUATENbHBbIMU YeTHbIMU PYHT'?1 COOTBEXCTBYHOrLHX NOrPeLLHOCTENA.
(Ha peicTBUTENBHOI OCK), o6pasom. B ocTanbHOW yacTu 3TOro naparpada
(**n,n cnepoB. B naparpade 2 mbl 06cyxaa-

TenauueBbIX MaTpul. B naparpade 3 paccmatpuBaem aTy
uyobaamy ans TewwuToIX onepatopos. B naparpade 4 npuBeseHbl BCOMOraTesib-
Hble nieMMbl. B naparpade 5 gokasbiBatoTcsa Teopembl 3.1 - 3.4. B naparpade 6 mbl
06CYX/aeM HEKOTOPblE NPUMEPbI.

11 Mpob6nema annpokcumauunmn cnefos. Mpobnemy annpokcUMmaL iy cnesos npo
13BefEHUI yceueHHbIX ThMULCBbLIX MaTPUL, 1 ONepaTopoB MOXHO CHOPMYNMPOBATb

crnegyrowmmM o6pasom.

yctb % = {1, ... N7} - Habop UHTErpupyemMbIX, AeNCTBUTENbHbLIX YETHbIX
(hYHKLMIA, onpeaeneHHbIX Ha MHOXecTBe A, rge J1 —R ( 00,00) wim N- T
(-a- # v nyctb AT{hk) o03HauaeT nM60O -yCceueHHbIn TENIMLEBBIA onepaTop, Mo
Tennuyesa (I x MN)-maTpuua, nopoxaeHHas GyHKumneid hk (cooTBeTCTBYHOLLME OMNpe-
JeneHus npuBefeHbl HWke). Oanee, nyctb T := {1k « ™ € {—,1}, k — 1,7} -
3a4aHHas nocnefoBaTeNlbHOCTL Yncen 1. Monoxum

SakAT) :=

rae trf[A] o6o3HavaeT cneg A,

I T1a
Ma,«,r:= 271) -1/ [ *() < ,
jAk=1

On.nm,r(r) = |5n0,3c,r(l") - Ma.k,T]|.

Mpobnema cocTouT B annpokcumauum 34.M.TCI BeMumMHO MpA.u.r B OLeHKe Mo-
rpewHocTn Jla,a,kK.T(T) npu T -> 00. To4Hee, ANSA 3aaHHON NOCNe0BATEIbHOCTM
T={7K£ {-1,1}, K = 1,T} HYXHO HainTu ycnosusa Ha yHKuumn {JI*(A), k = 1w}
Takue, 4To :

Mpob6nema (A): Oo,nn,T1(T) =0(1) npulo

Mpobnema (B): Oaiin,r(F) = 0(T ~),y>0,
Mpobnema annpokKcMMaummn cnefos Obina paccMOTPeHa elle B MoHorpaguu peHa-
fepa u Cere [19]. OHa MHTEHCUBHO U3yvanacb B niuTepatype (cMm., Hanpumep, Kac
[21], Ibragimov ]20], Rosenblatt [23], Tbniguchi [24], Avram [1], Fbx and Taqqu [7],
Dahlhaus [6], Giraitis and Surgailis [17], Ginovyan [8]-[11], Timiguchi and Kakizawa
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[25]. Licberman and Phillips [22]. Giraitis ct al. [16]. Ginovyan and Sahakyan [12]-
[15]).

B HacTosLlel cTaTbe W CYyMMUPYEM U3BECTHbIE pe3y/bTaTbl HO Npobaemam (A) u
(B) n foOKa3biBaeM HEKTOpPbIe HOBble pPe3yNbTaTbl 415 TEMIMLEBbIX MaTpUL, U onepa-
TOPOB. C(HOPMYNMpPOBaHHbIe B Naparpagax 2 u 3. PeaynbTaThl 0 TENAMNLEBLIX Onepa-
Topax AoKasaHbl B naparpacge 5. [lokasaTenbCcTBa COOTBETCTBYIOLLMX Pe3yNbTaToB O
TenMLEeBbIX MaTpULLaX aHa/IorMYHbI U Mbl UX M€ NPUBOAUM.

Mbl BbleNsieM CnefytoLnin YaCTHBbIA CyYaii, KOTOPbIA BaXKeH 415 MPUNOXKEHNI 1
LUIMPOKO 06CYX/eH B inTepaType: T = 2v, T = 1, k= 1T, a

Ni(A) = 13(J1) = eee= ii2, I(A) = /(A)

Aa(A) = MA) = mm= N1"(A) = o{A).
B panbHeiiwem 6ykBamu C. ¢ a M. ¢ nHAekcamy unu 6e3. Mbl 0603HaYaem Moso-
XKUTE/bHbIE MOCTOSHHbIE, KOTOPbIE MOTYT 6biTh PasHbIMU B pa3HbiX opmynax. Mbl
npegnonaraeMm Takxke, YTo BCe PYHKLMM, OMpeaeneHHble Ha T NPOAO/MKEHbI Ha BCHO
ocb 5 ¢ nepuogom 2Tr.

2. Mpo6nema cnepos gna TennuuyeBblXx MaTpuy

Myctb /(A) wnHTerpupyemas, yetHas yHkuma Ha T = (-T.7r]. Ana I = 1,2,...
yepeB BTk/) 0603Haunm Tenamuesyto (I x T ‘tmaTpuly, NOPOXKAEHHYIO DYHKUMeN /,

BT := 11/(»-*)1#b=TT’
rae

CYTb KO3(hpuumeHTol dypbe QyHKLMM /.
OTMeTUM, YTO

@.1)

UTo 6ygeT, ecnim Mbl 3aMeHUM MaTpuly BT (/T npousBefeHMeM TenanueBbiX MaTpuL?
3ameTuM, UYTO NpousBefeHne TenauLEeBbIX MaTpuL, ne ABNSETCA TenauLeBol MaTpu-
L.

Wpea cocTomT B NpuBAVKEHUN Cnefa NPou3BeAeHUs TeNIULEBbIX MaTpUL, Cnesom
TenaMLEeBO MaTpULbl, MOPOX/AEHHON NPOU3BEAEHNEM NOPOXAANLLMX DYHKLUWA. Tou-
Hee. and Habopa 'K={ . __ .Am} AeACTBUTENbHbIX, YETHbIX N MHTErPUPYEMbIX
Ha T (yHKUWIA Mbl nonaraeii

(2-2) Ss.j((T) :=-tr uUBT(b) , AlT.x 1= (2inm—E£ rian d\.
1=1 Li=i
N nycTb
O = AgT.x(I"N) = ISb.mCT) - Mr.ac]>
OTMeTMM, 4TO cornacHo (2.1),
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Kak xopoluo npubnmxaetcsa Sb,x (T) BennumHoit M j,x? KakoBa CKOPOCTb CTpeM/ie-
HUA K Hymo norpewHoctn AB.T.KCI» korga T °°N ® 3TOM COCTOAT MPO6NEMbI
(A) n (B) B paccMaTpvBaemMoM Clyyae.

2.1.Mpo6nema (A) 4NS TewnuwesblX MaTpul. HanomHuM, 4yto npobnema (A)
COCTOMT B HaX0XAeHuUW ycnosuin Ha yHkuum Ni(A),  ( ),..., JIt (A) B (2.2) Takux,

yto AB.T.53¢cCIM = o(1) npn T -¥ oo.
B Teopeme 2.1 1 3aMevaHun 2.2 Mbl CyMMUPYEM pe3ynbTaTbl No npobneme (A) ana

TeNAMLUEBbIX MaTpuy, B ciyyae, korga = 1, K —1,T.

Teopema 2.1. MNMycTb AB.T,K(T) = |58,u(T) - MT,n|. Karkgoe n3 cnegyrowmx
YCNOBWIA LOCTATOYHO 415 BbINOMHEHNS YCNOBUA

(2.3) OB.T.KCO =0(1) npn T-w0o0.

(A1) ewun(T), rael<pi<oo,i=T-mwu l/px+... + 1/pT < 1
(A2) dyHKyms p(n), onpeaeneHHas paBeHCTBOM

@.) )= ) BIAYIBA - ni)lis(A — ) sshm(X —Um-i) d

roev = (ui, ,...,Um-i) € Rm 1, npunagne>xut Lm-2(Tm~1) n Henpe-
pbiBHa B To4ke 0 = (0,0,...,0) eRm 1.

3ameyaHue 2.1. YTeepxaeHue (Ai) 66110 gokasaHo ABpaMoM [1]. B yacTHOM cny-
yae pi = 00, <= |, m, Korga Bce (YyHKLMWN /L OrpaHUYeHbl, OHO 6bI10 LOKa3aHO
peHagepem u Cere ([19], Sec. 7.4). B cnyyae T = 4; pi = p3 = 2; p? = pn = 00,
(A1) 6b110 fokaszaHo MbparumoBbiM [20] 1 PoseHbnatToM [23]. YTBepxaeHue (A2), B
cnydae T =4, li=/B:=/ n =JK:= ,6blN0 g0Ka3aHO MMHOBAHOM 1N CaaksiHOM
[12].

3ameyaHue 2.2. B vactHoMm cnyvyae T = 4, Jli = JB :=/ and JR = J¥U = ,
Imparituc n Cypraitnuc [17] (cm. Takke MupaiAituc u gp. [16]), n TmHoBsH 1 CaaksaH
[12]pokasanu, 4To cnefytoLme YCioBUs TakxKe A0CTaTOYHbI A5 BbINOAHEHUS (2.3):
(A3) (Twparituc n Cypraiinuc [17]). / € La(T), pe £2(T), /g 6 La(T) n

/ [2A<2(A M)dA—»  f2(X)g2(X)dA npu M-»0.

(A4) (TwHoBAH 1 CaaksaH [12]). ®yHKUMKM / Up YyAOBAETBOPAIOT YCI0BUAM
I(A) < JA] “la®) wn [fI(A) < |A] "(A) npu AeT,
AN HekoTpobix a< 1, P<\ca +0< 1/2,u <SV(R), A-"+4di"A) 6
i J(T), t= 1,2, rae iSV(R) - Knacc Mef/leHHO MEHSIOLWMXCS B HyNe YHKUNUA «(A),
Ae R, TouHee,
«(ah)
i) (A" = a>0"
npu atoM, U(X) e L°°(R), \iTx* 0u(X) = 0, u(A) = «(-A) n 0 < «(A) < tx(/i) npn
O <A<

3ameyaHue 2.3. YT1BepxaeHue (A4), B yacTHOM cnydae, korga a +0 < 1/2, goka-
3anu dokc n Takky [7].
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3ameyaHue 2.4. bbino 66l nHTepecHo fokasaTb (A3) u (A4) ansi NPOM3BONALHOMO
T >4

2.2. Mpobnema (B) gna TennuuesblX mMatpuy. HanomHum, yto npobnema (B)
COCTOWT B HAXOXAEHWUMN YCNOBUIA Ha PyHKUMK HX(A), (), ..., /iT(A) B (2.2), rapaH-
TMpyHLWmMX BbinonHeHwe ycnosusa AB. T.KCO = 0 (T 7) npu T -* 00 4151 HEKOTOPOro
7 > 0.

B Teopeme 2.2 HVXe MOAbITOXEHbI pe3y/bTaThl, Kacatolwmecs npobnemsl (B) ans
TenAuLeBbIX MaTpul, B cnyvae, korga 7* = 1, k = 1,T7. CHavana onpegenvm Heko-
TOpble Knacchbl OyHKUWIA (CM., Hanpumep, [5, 24, 25]). HanomHum, 4yto T = (—ir, 4] 1
MOMOXUM

(T) =1/ €L(X): f; [*[/(*)<oo0],
rae f(k) = /Te’&AI(A)dA [( *) = [(fc), n
YaCT) = Yasamn(T) = |/ : I(A) = , A6t ,
rge 0 < al < 00, a NOIMHOMBI
A(z) :=J2akzk n B(z):=J2bkzk (q,p 6 N)
k=0 /=0

0Tpe3aHbl OT HyNns npu |z| < 1.

Lna gpyHkuumn ¢ € ~(T), 1 < p < 00, Yepe3 up(th, 6) 0603Ha4MM ee //-moaYyNb
HenpepbIBHOCTK:

Wp(tM) := oilrjlgs M-+ h)~ ~(-)||lb». H> 0.

[na 3afaHHbIX umcen 0 < 7 < 1n 1 <p<oo, uepes Lip(T;p,7) o6o3HauMM -
JInmwimuoBbiin Knacc QyHKUniA Ha T (cm., Hanpumep, [5]):

Lip(T;p,7) = W A)e£p(T); up(=H = 0(<r), <5-t0}.
3ameTum, uTto ans o 6 Lip(p,7), cywecTByeT nocTosHHaa C Takas, 4To bip((;8) <
C 7npn 6>0.

HakoHel, yepe3 B * 2(T) 0603Haumm Knacc pyHKLmMii becoBa, KOTopbIii onpeaensieTcs
Tak:

B\'\T):={, €L\T): f) (fd+ )J/(fc)]2 < ooj ,

rae f{k), ke Z, cyTb kKoappuumneHTbl Pypbe PyHKLMM /.

Teopema 2.2. MycTtb Tk= 1, k= I,m, 5C= {N(R,..., ™} n nyctb A, T,X(T)
onpefeneHa Kak B Teopeme 2.1. VIMeloT MECTO cnegytowue yTBep>KAeHNs:
(B1) Ecnm hi 6 Ji(T), *= 1,7, Torga
OB, Tk(MN)=0(T-) npu T o0
7
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(B2) Ecnm doyHKuymn /u(A), t = 17m, MMET paBHOMEPHO OrpaHWUyeHHble NpPoun3-
BoAHble Ha T := (-4, T]| Toraa ans npousBonsLHOro ¢ > O

OB .T.XCO = 0{T~1+) npn T co.
(B3) Ecnu dyHkuua <p(n), onpegeneHHas B (2.4) y[0BNeTBOPSAET YCNOBUIO
V1) - ¥(0)| < Clu]7, U= (tli,Ua,..Wm-lI) e T 1,
C HEKOTOpbIMK NOCTOSAHHBIMM C >0 n 7 6 (0,1], ree 0 = (0,...,0) €R" 1

um= | + ese+ |um-i|j Torga ansa no6oro e > O
(2.5) OBT.rxCM = O (T-i+) npu [-+oo0.
(B4) MycTs /u(A) 6 Up(T;pt, 7), raepi > 1,i = 1,2.......T ¢ 1/,

and 7 € (0,1]. Torga (2.5) BbinonHsieTCA npu nto6om e > 0.

(B5) MycTb pyHKumn /u(A), *= 1,2....... T andpepeHuympyemsbl Ha T\ {0}, u gns
HEKOTOpPbIX KOHCTAHT C{ > 0ucy, i = 1,2....... T c ycnosuamun 0 < oy < 1,
a:= 04 < 1, UMET MECTO OLEHKM

fu(A) < CM »', Ne(A)| < C>JAr(e<+l), A€ T\ {0}, *=1,2.... T.
Torga npw nto6om e > 0 ycnosue (2.5) BbINONHAETCSA C

(2.6) 7=7(1-a).

3ameuvaHue 2.5. YTBepxaeHue (B1) 66110 fokasaHo ThHuryun [24] (cm Takxe [25]).
YT1BepxzaeHue (B2), kotopoe cnabee (B1), Ho npu 6onee cnabbix ycnosuii 6b110 foKa-
3aHo JlnbepmaHoM u dununcom [22]. YTBepxaeHus (B3)-(B5) ana T = 4 goKasaHbl
MHoBAHOM 1 CaaksiHoM [15].

3ameyaHune 2.6. Jlerko Bugetb, 4to npu ycnosmn (B2) nmeem, uto /u, 6 Lip(T;p, 1)
Ana nobbix i = 1,2,...m wup > 1 CnegoBatencHo, n3 (B4) sbiTekaet (B2).

Cnepytowme pesynbtathbl (cp. [11]) nmokasbiBakOT, YTO B YaCTHOM Ciayyae T = 2
oueHkn (B4) n (B5) TeopeMbl 2.2 MOTYT 6bITb CYLLECTBEHHO Y/yYLLEHbI.

Teopema 2.3. MycTb /U(A) € blp(T;p*,70, > 1 I/Pi+1l/pa< 1 7<€ (0,1],
*= 1,2, 1 NycTb

@7) Aas(T) = [%* [M(* )0 )]- 2] () .

Torpa
(o(r (7,+")), ecm T7i+tj<1

Oa,s(lM)=< 0(r_11nr), ecm 71+72=1
[ 0(r-1), echm 7i+7a> |-

Teopema 2.4. lonycTuM, 4T0 PyHKUMmn /L(A), *= 1,2, ya0BNeTBOPAT YCNOBUAM
Teopembl S.2 (B5) ¢cT. = 2. Torga

Oa.B(T) = O (T-1+“+8’>) npu T ->o00.

Teopema 2.5. Ecam /u(A) e B\/2{T), *= 1,2, Torga
0aBs(T)=0(T 1 npum T -ioo.
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3. MNpo6nema cnegos ans TennvueBblXx onepaTopos

B atom naparpade mbl paccmMatpusaeM npob6nembl (A) u (B) gns TennuueBbIxX
onepaTopos, T. e. B C/lyyae, Korfja nopoxgawowe QyHKUUM onpefeneHbl Ha fei-
cTBUTENbHON ocu. Mpobnema (A) BKNHOYaeT oLeHKy 0(1), a npobnema (B) BkAoYaeT
oueHKy 0 (T 7) c HekoTopoi 7 > 0. Pe3ynbTaTbl 3TOro naparpaga gokasaHbl B na-
parpade 5.

[na neicTBUTeNbHOW, YETHOW W MHTerpupyemoin Ha R ¢yHkuum / nana T > 0,
T-yceueHHbIn onepaTop Tenaumua Nr(/), nopoXaeHHbIN Qykuwneli /, onpeaensercs
cnegyrowmm obpasom (cM., Hanp., [13, 19, 20]):

(3.1) [WH/HW = J/o /(< s)u(s)ds, tt(s) € 1?[0,I7],
roe

+00
(3.2 / e f(X)dX, teR

00

eCcTb npeobpasoBaHne ®ypbe GyHKunm /(A).
M3 (3.1), (3.2) n n3 opmynbl 414 CNEA0B MHTErPasibHbIX 0NepaTopoB (CM., Hanp.,
[18], cTp. 114), cneayeT, 4TO

W] = [ f(t- dt=THO) =T f(X)dX.

Mbl CTaBMM TOT e BOMPOC, YTO U B Clyyae TELiMLEBLIX MATpWL: 4TO GYAET mpw
3ameHe onepatopa W r(f) Ha npon3sBegeHne Takux onepaTopoB? OTMETUM, YTO Npo-
13BeaeHNe TEMMLEBbIX OMEPaTopoB ONsATL Me BNSeTCS TeNnMLEBbIM ONepaTopoM.
MoAXOA TOT Xe, UTO M B Clyyae TenjmMueBbIX MaTpul, - NpuGaAM3UTbL cned npo-
13BeAEHNS TENMLEBLIX ONepaToOPOB CIefOM TEN/MLEBOTO OMepaTopa, NOPOXAEeHHOTo
Mpou3BeAeHMEM MOPOXAAOLMX (DYHKLMIA. [N AeliCTBUTENbHBIX, YETHBLIX U UHTErpU-

pyembix Ha R dyHkumin = {fti, ,..., , } onpegenum

(3.3) S\wk (T) := —tr Lot , Mr*:=(@r 1J1 dX,
Li=i

“ NycTb

(3.4) LO(T) == &wijt,x(T) = |SV,:k(T) Afo.wl-

3ameTum, 4yTO cornacHo (3.3),

Mr, = —tr WT[1 11 ||

Kak xopowo Mr,k npubnmkaetr Sw,x(T)t KakoBa cKOPOCTb CXOAMMOCTU K HY/O
norpewHocTn Aiv,H,1(T), koraa T -» 00? B atom coctoaT npo6nemsl (A) n (B) B
paccmaTpriBaeMOM CIyuae.
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3.1. Mpo6nema (A) onsa Tennuuesbix onepaTopoB. B Teopeme 3.1 n 3ameyaHun
3.1 HMXe MOoAbITOXeHbl pe3y/bTaTbl, Kacalolwmecs npobnemsl (A) 408 TenanLeBbIX

0rnepaTopos.
Teopema 3.1. Myctb A(I) := A\vaMT) onpegeneHa B (8. ). Ka>kgoe n3 cnegy-
IOLLMX YCNOBWIA AOCTATOUHO NS BbINOAHEHUS YCNOBUA

(3.5) N(T)=o0(1) npu T -Yoo.
(A1) hie LAR) L*(R), rgePi> 1, *= 177, 1/pi + see+ 1/Pm < 1.
(A2) dyHKuns <p(u), onpeaeneHHas paBeHCTBOM
+00
/ Ni(A)IT(A —Ni)/*3(A— )eeWIT (A—» - ) dA

<00

roe v = (Ui....... um-i) 6 Rro~\ npuHagne>xmT Lm-2(Rm 1) u HenpepbiBHA
B Touke 0 = (0,..., 0)€ERm 1.
3ameyaHune 3.1. B uactHOM cnyyae, korga T =4, Jli = /M «=/ and =JU: =

, B paboTe N'mHoBAHa 1 CaaksiHa [13] goKasaHo, YTO ChefytoLwmne ycnoBms Takxe

[0CTaTOUHbI A5 BbINOSHEHUS (3.5):
(A3) / 6 13 nL2(R), g6 L*(R)n i 2(R), fg 6 L3(R) u

[ +0 [2(A)R(A-IX)dA—»f +°°/ 2(A)p2(A) dA npwn -1O .
J_GD()( ) J_GD()p() pn o

(A4) DYHKUMKM /A f WHTErpupyembl Ha R, orpaHuyeHbl Ha R\ (—T,7), 1 yposne-
TBOPAIOT YCNOBUSAM
I(A) < |JAF“2i(A) n  |p(A)| < |A] /,L2(A) npun Ae[-70],

npu HekoTopbix 0T<1, 0<lca +0< 1/2, n 6 SV(R), ~(+ ) 6

A1), i =12, rge SV(R) - Knacc MeAneHHO MCHSIOXLMXCA B Hyne PYHKUUA «(A),
Ae R, Takux, uto M(A) 6 £°°(R), litTn-10 «(A) = O «(A) = bI(—A) 1 0 < M(A) < v(u)
npn 0 < A< .
3ameyaHue 3.2. bblno 6bl UHTEpecHO 0606WKTL yTBEPXAeHNA (A3) u (A4d) Ha npo-
M3BOJIbHOE T > 4.
3.2. Mpobnema (B) gnsa TennmueBbiXx onepatopoB. B Teopeme 3.2 HUXe nogbl-

TOXeHbI pe3y nbTaThl, Kacaroumecs npobneme (B) 414 TennnueBbIX ONepaTopoB B CNy-
Yae, korgaTk= 1, Kk = 1,1. lycTb

*R)y:={/6~R):jT WIH{t)\dt<oo0j,
raem = /RSE(Q’I!‘ [(A)dA, 1( <) = /(<)
nagel 7 1< p < 00 yepes , S) 0603HaUMM |P—moaynb HenpepbIBHOCTYU
RSN i p pes LLp(ch, S) Ay pep
yHKUUM d: Up(iM) := Osﬁps IS + h) - MW* 5> 0.

[na 3agaHHbIX umcen 0 < 7 < 1M 1<p< 00, yepes Lip(R;p,7) obo3Haunm Z/-
NUNLUMLEBBIA Knacc Ha R (cm., Hanp., [5]):

Lip(R;p,7) = {d{A) € L*(R) : wp(V«)) =0 (0 npu -»0}.
10
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HakoHel, yepe3 B * 2(R) o603Haumm knacc becoga:
s2R) = {1 e L'R) :jT (Il + IO < 00j |

rpe f(t), € R - npeobpasoBaHue Pypbe yHKLUM /.

Teopema 3.2. MycTudl={ , ,..., } AvvaacOr u”~(u) onpegeneHbl & (S.4)
n (3.6). CnpasefnnBbl CneayroLLMe NPeano>KeHUs:

(B1) Ecmhi €~(R), i=1,2,...,m, TOrga
&W,KX(T)=0(T 1 npu T-Yoo.
(B2) MNycTtb < ()€ L°°(Rm 1) n ang HeKOTOpPbIX NOCTOAHHLIXC >0 n 7 € (0,1]

3.7 [<?(n) - v?0)| < Clu]7, u= (ULU2.rrrrrrennee. «m-) € Rm 1,
roe 0 = (0,...,0) 6 Rm1um W = | H------ [um-i|. Torga ansa no6oro
e>0
(3.8) Awnpe(T) =0 (F_1+*) npn [-> oo.
(B3) MycTb hi(X) 6 Lip(R;p,,7), raepi > 1, ii= 1,2, 1/pi+-e-+l/pm< 1

n 7 € (0,1]. Torga (3.8) BbinonHseTca npu 1to6omM e > 0.

(B4) NycTb /i,(A), i = 1,2,...,m, auddepeHumpyemble dyHkunn Ha R\ {0} Ta-
KWe, 4TO ANA HeKOTOpbIX MOCTOAHHLIX Ci > 0u G > 0, &> 1, t =
1,2,....m ca = <1, npn*=1,2,....,m,’

5 _ _ - Npu A< 1
(3.9) Man<i ~ , |\4(L||<C{LI,X,I_|pI/I A > 1

Torga ans no6oro e >0

(3.10) Ovvkun(T) = O (Fr~7+%) npu T-¥oo,
rae

(3.11) 7= ﬁq(l —0)-

Crepytowye pe3ynbTaThl, ABASIOLMECS HEMpPepPbIBHbIMU aHanoramu Teopem 2.3 -
2.5, MokasblBatoT, YTO B cfiydyae m = 2 oueHkn B (B3) n (B4) Teopembl 3:2 MOryT
ObITb CYLLECTBEHHO Y/yULLEHBI.

Teopema 3.3. MycTb bl(X) e Lip(R; p», 7i) rgePi > 1, l/pi+ 1 = 1n7<£ (0,1],
i= 1,2, nnycTb

(3.12) Oan'(T) = A At (ni)rT(12)] 271l () ()dX

Torga
O(T hr-\*) npn7i472<1

2w (T)= 0(T_11nT) npn7i+72 =1
0(T 1) npn7i+72> 1

11
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Teopema 3.4. MycTb yHkunn JK(A), i = 1,2, y40oBNe TBOPAT YCNOBMEM Teope-
Mbl 3.2 (B4) cm = 2. Torga
(3.13) A2iwv(T) =0 (T 1+0l1+,a9 npu l-w0cC.

Teopema 3.5. MycTb JUA) € B\'\R), i = 1,2. a 4400 T onpegeneHa o
Torpa-
(3.14) biMT)=0(I"'1) npu T ->o00.
4. lMpepBapuTensbHble pe3ynbTaThl
B 3Tom naparpage Mbl JOK&XXeM HeCKO/IbKO BCOMOraTebHbIX eMM. Crefytollee
YTBEPXKAEHNE XOPOLLUO M3BECTHO (CM., Haup., [13], [16], cTp. 8).

Nemma 4.1. NycTb Dt (u) - sapo0 Anpuxne
sin(Tu/2)

Torga gna no6oro 6 6 (0,1)
|Ar(n)| < 2Tsl«|, 1, ne R.

0O603Ha4YMM

4.2) Ct(bl):= BTeiTvdt = eiTv/2DT(u), « e R,
o

4.2 dr(n):= eAr(«i)*esDT{um-\)DT(u\ H------ um-i),

4.3 ():i=y>Ui«i+ ..., Feeet+ - )
roe = («1,...yUm-i) e Rm 1, a dpyHKUMs ¥>(u), COOTBETCTBYIOLAaA Habopy K =

{Nni, Ns,..., N7}, onpegeneHa B (3.6).
Cnepgytowasi nemmMa BbiTekaet u3 (3.3) u (4.1) - (4.3) (cp. [13], nemma 1).

Nemma 4.2. Myctb = {Nifa...... N,,} - Habop AeNCTBUTENbHbIX, YeTHbBIX W1

UHTerpupyembix Ha R yHKuuin, JT* - KoadhpuumeHThl Dypbe PyHKUMM J* (K =
1,...,T), nnyctb S(T) :=Sw,x(T) onpegeneHa B (3.3). Cnpaseaamebl creayroLyne
paBeHCTBa:

1.1l T
1) S(T) = Jb J  Nlini ua)Mua- «3)eeeKnblT - ui)dui...dum,

2) S(T) = —Jmehi(ui)... JIr («1)Crr(«i - w)CT{ni - us) Xeeo
XGT(Um- U\)du\ .. .dujn,
3) S(T) =@Mk lem_i h(n)pr (n)du.
Onam=3,4... nJ>0 0603Ha4nM

E4= {(ui,....,um DeRm1l: |td<Ht= 1... m 1}, E|=R"*1\E,
12
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= = N __
P(3) =2, p(T) T _(I) (T >3).
Nemma 4.3. Agpo dr(n), 1 € Rm 1, T > 3 ya0BneTBOPSAET CReAyHLUM YCNOBUAM:

a) Sl_lj_p / |PT(n)|Ni = Ci < oo;

) Mldbr(m)du =1;

li D7 =0 > 0;
c) -:-rjloc/7e1| (n)| du ana noéoro 6
d) gna no6oro 5 > 0 cywecTByeT NOCTOAHHAA Ms > 0 Takas, 4To

(4.4) [ |or(m)F(T)rin<Al« npu T> 0,
YEJ

[okasaTenbcTBO. [lOKa3aTeNbCTBO a) - C) MOXHO HaiTu B [2], nemma 3.2 (CM. Takxe
[13], nemma 2). Jokaxem d). CHayana 3aMeTum, 4To

(4.5) Jﬁ?\DT{a)\p{m)du< C-T®2-1u |Ar(«)I<C& npu |u>§ T >0.
[Oanee, gns u = (ux,..., um_i) € Rm 1 nmeem, 4TO

J QPE(T)(W)rin - < »] DHT)(M)rin+ J DNT)(M)c(n

* [mi|>E |«|>1
46+ ...+ <btm\u)du=:11 +12 + ...+ Im-i.
U™ i| >6
JocTatoyHo oueHnts  (/,  OLEHMBAKOTCA aHaNoOrnyHo). Vimeem, 4to
< | NN J T
|>6, |ua|>i/m jw >, jJum_i|>i/m
4.7 + \] PEM (n)rin=:/p)+... + fr ~1)+/{T1).

[>(5, \ut\<S/m, [um-i I<£/"
CornacHo (4.5),

2o o s e

\ui\>6/m
X\Dt{v.i + ... + um_i)|p(Th) duidum_i...dua

(4.8) ]

AHaNorn4Ho,

(4.9 A< MS, i=3,....m—1L
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Tenepb, 3aMeTVM, UYTO B UHTerpane Mbl MEeM, YTo |W +... + «m-ii > 6/T,.
CnepoBaTensHo, cornacHo (4.5)
. . A . .
Fl(T)iC .J*p%m) JF D*m\ ui) mef " m)(um i)d«2.medujn- Xdul
\ux\>6
(4.10) <CS j j—LjyA.iSM,.

M3 (4.6) - (4.10) nonyumm (4.4). Nemma 4.3g0Ka3aHa.
JlokasaTenbCTBO CeAyHoLLein NeMMbl MOXHO HaiiTh B [16], cTp. 161.
Nemma 4.4. Myctb 0 </3 < 1, 0<a<1l, «« +/[?> 1 Torga gna noboro

yER y O,
r 1 i M _
YHM“I*+ i/l v I~ 1
roe M - nocTosHHaA, 3asucAwas oT a u p.
O6osHaumm E = {(« , ,s-, )€Rn:|»<1)<=1,2,...,n} nEc = Rn\E.
[lokasaTenbcTBa Crefyowmx TpeX NeMM MOXHO Halitu B [14].
Nemma 4.5. Myct 0<a<1wu <P< » Torpa

r u.l®
Bi-=/ T e rmg du\ eeedun < 00, t=1,...,n.

Nemma 4.0. MNycTb < < 1 Torpga

| = —N madui---dun< oo.
n][b l«i 'q

oo (€0 Hmt 0, K

Nemma 4.7. Myctbp > 1, 0< a< Up unycTb /(A) - auddepeHupyemas Ha
R\ {0} dyHKuua Takasi, YTO ANA HEKOTOPOIA KOHCTaHTbl M > O

@i VRV WAG Fhwst. 1N E | arja)-*-1 BBLIATST
Torpa/ 6 Lip(p, 1/p —a).

5. lD.OKa3aTeI'II:-CTBa Teopem 31 - 35

MbI foKaXKeM TO/IbKO pe3ynbTaThbl, KaCatoLMecs TELLLLLEBbIX OnepaTopos (Teope-
Mbl 3.1 - 3.5). CooTBETCTBYHOLLYE PE3Y/IbTaThl O TELLLLLEBbIX MaTpMLax (Teopembl 2.1
- 2.5) [l0Ka3bIBaKOTCA aHAOrMYHO.

JokazaTenscTBo Teopembl 3.1. Mbl HauHeM ¢ yTBepxaeHus (A2). B cuny nemmbl 4.2,
3) n 4.3, b), umeem: A(T) = mT LY(T)|, rae

A(r)= jgm_l [*(n)  DO)]PTW)<in.
14
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3 (4.3) cnepyeT, 4to yHKUUs (1) npuHagnexmt Lm_J(Rm 1) n HenpepbiBHA B
Touke 0 = (0,...,0) e Rm 1. CnegoBatesibHO, nNpy fl060M e > 0 MoXeM HaliTu 6 > 0
Takoe, uTo

(5.1) |Pn) - ®0)] < ~, wmn6ES

rge Ci nocTosiHHaa u3 neMMbl Lemma 4.3, a). PaccmMoTpyM pasnoxeHue & = @i +
Takoe, 4To

(5.2) Udilli-» < - w n ||®aljoo < oo,

rae M{ onpegenexa B nemme 4.3, d).
3ameTum, 4Tto [ACP(m) = XES§- MoaToMy npuMeHMB nemmy 4.3
n (5.1), (5.2), npn goctato4Ho 60bwoM T 6yAemM UMETb, YTO

[AM)| < JEt | (n)-P0)||PT(M)MN + Cr1 J[E] [PIMUDPTYM)I**

+ er; | ()- ¢(O)||d)r(|/|)|ri1/|w< J4”5[ |Pr(un)i

+  Udiiii—*jJ " dHT)(m)(in| + ] |®TMM)rin < 3e,

YTO fOKa3blBaeT yTBepXKaeHue (A2).
[okaszatenbcTBo (Al). CornacHo (A2) JOCTaTOYHO LOKa3aTb, YTO PYHKLUMSA

+00
/ Ni(AYN2(A - ni)N3(A - Yeema (A- um-i)d\,
=00
rge u = (mi,...,Um-i) € R” 1, npuHagnexuTt Lm_2(Rm~1) n HenpepbiBHa B 0 =
(0,...,0) 6 R * 1, npn ycnosuu, 4To

m .
(5.4) kieL'WHIS?"R), 1<Pi<oo, i=Il,...m, Y)-<1.
MpumeHnB HepaseHcTBO Menbaepa, u3 (5.3) u (5.4) nonyyaem
Mu)l <n iMmn* <°> ueRml-
|:

CnepoBatenibHo, p€ L°°(Rm 1). C apyroii cTopoHbl, u3 ycnosus /u, 6 L:(R) un (5.3)
cnegyet, uto 6 L1(Rm 1). 3Haunt >e Lm 2(Rm 1).
Lna pokaszatenbcTBa HeNpepbIBHOCTU Yr(4) B TOUKe O pacCMOTPUM TPpU Cryuys.
Cnyyaih 1. pi<oo, t=1,...,m.
[nsa npoussonbHoro E=> 0 moxem HaiiTn $> 0 Takoe, uTto (cMm. (5.4))
(5.5) <A-1n) - u)|&*< < e, t=2....... npu |ul < S
®ukenpyem u = (tii,..., Um_i) ¢ |u] < $u nonoxum
bI(X) = /lu(A- w_i) - u(A), t=2,...,m.
15
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Torpa, B cuny (5.3),
vim)=j NiAN (BA + dA=v(0) + W'

M3 (5.5) cneyeT, uTo ||7u||®, < €, «= 2, eee " e 3aMeTUM, UTO KaXKAbI U3 WHTe-
rpasioB. COCTaBAAOLWMX TY, COAEPXKUT MO KpaiiHeih Mepe 0aHY DYHKUWIO /L, 1, MOXET

6bITb OLEHEH CIefYHOLLMM 06PAa3OM:

J Mu)ft2(A)MA).. Am-i(A)dA ¢ iy - <Ce
m
Cnyuaid 2. pi<oo, t=1,..,m, J2—<I
CyuwiectBytoT uncna pj < Pi, t = 1,...,Tn, Takue, 4T0 V' Pi —1- Torpa, B cuny
(5.4) Mbl nmeem, uTo /i 6 LRI(R), i = 1,..., Ta, U ByHKLMSA >HenpepbiBHa B 0, Kak
1 B cnyvae 1.

Cnyuyaih 3. pi<oo, t=1,..., T4, II;nl,l $7:
CHavana 3aMeTuM, 4TO MO KpaiiHeil Mepe OfHO M3 Pi koHeuHo. Bes. orpaHuyeHus
06LLHOCTM MOXKEM CYMTaTh, YTO pi < 00. na no6oro e > 0 naiigem yHKumm JIx, '{
Takue, 4TO
(5.6) ni=ni+ Y 6 £°°(R), WK\\wx <e.
Torpa,

() = 2'(%) + ¥(«).
rge yHKumMn <gun /' onpegeneHsl Tak, Kak yHkums > (5.3) ck [a /1", BmecTo hi
cooTtBeTCBeHHO. M3 (5.6) cnegyeT, uto yHKums iff HenpepbiBHa B O (cm. Cnyyai 2),
a C yyeTtom HepaseHcTBa [enbaepa, [N (n)| < C «£. CnegosartenbHO, NPU LOCTATOYHO

masiom |u| Byaem UMeTb
V(u)  VOL < [M(u) - W)+ [v>"(u)  ¥>"(0)] < (C + D)e.
Teopema 3.1 foKa3aHa.

JokaszaTenbCTBO TeopeMbl 3.2. Mbl HauHeM C yTBepxaeHus (B1). CHauana 3ame-
TUM, 4TOo 13 ycnosua /y e Ji (R) crnegyeT, UTO AN HEKOTOPOW KOHCTaHTbl A > Q

(5.7) m |/ ()<, 16R, t=12,...,m.
B cuny nemmbl 4.2 nveem:

I rr-. . . .
TeS(T) = T Tﬂl(((l- ) -n 3)... m(Um - uj)dui... dum.
Jo Jo
CpaenaB 3aMeHy nepemMeHHbIX
MI - = - 3= y e ,Uum_i Um = tm_b
N yuynTbiBas, 4yTo t\ + eee(-tm-i =  —itm, nonyuymm (HUXe Mbl MO/b3YeMCS 060-

3HaveHuem tm_! = (*1,... . tm-i) n dtm-l = dtl mmdtm- 1):
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M *i) eee 1 T-|(tm — —. —

[ I iy
=JT1T") DAT(—L—... —$m—) [T — N-li
raB
(5-9) [(tm_ )] = [i(tHf.. o, *™- )| < 2(jtx] + ... + [im_X]):

C fapyroli cTopoHsbl, B cuny (3.3) 1 paBeHcTBa NapccBans, Mbl UMeeM:

(5100 M: = Mk;k=@mr-1/“ [n/n(A) dA
J-00 | =y
— £ emf Jli(<i)eechT i(tm_i)AM(— —... —
J—e0 J-0
M3 (3.3), (5.8) n (5.10) cneayeT, uTO

S(T) - M :=Sw,x{T) -
= T m<i)mahhem— (N fm—igtm—i)dtm_i
1

I
JF-T.T]1-»
+ [ AL(AL) seeAm—(Am-1)Am(— -~ ~
TR--I\[_T,rl—»

(6.11) =::4y+4*.

M3 (5.7), (5.9) n (5.11) nonyyaem
m— -

(5.12) \TAM<2AT \n1(tD)---hm-i(tm- Pti\dtm- 1=:Al <o0>
i=i

Tak Kak /u 6 3i(R), t=1,2,...,m.
[Lanee, 3aMeTHbI, 4TO

m m
Rm-1\ (Tyjm-ac (I ((tl,....,~_)eRm 1:|tj|>T}=: (J *
<1 =1
3Hauut, B cuny (5.7) n (5.11),
™1 -
(5.13) \T-bW\<2AY\ A(tid-.X-ir-Otildt*"*A"o0o0.
i=1 mB<

M3 (5.11) - (5.13) BbiTekaeT (Bi).
[okasatenbcTBo (B2). B cuny nemmbl 4.2, 3), nemmsbl 4.3, b), n (3.3) umeem

(514) A(N) = )11 [00) - ©O)er (A m—1

M3 (3.7) n (4.3) cnegyet, 4to gnsi n = («i,..., Um-i) € Rm_1

(5.15) |OM)  ®0)] < (M- 1)C(|«i|T + sso+ [«m-i|7).
17
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Mycts £ 6 (0,7). MpuMeHuB iemmy 4.1 ¢ 6 = 1+ 1>n YuutbiBaa (5-14) u (5.15),
6yaeM MeTb

am < CTJ[ |P(n) - PO)|[|PT(M)MM + Cm} 1 () eO)IdTMW)|Ni
e e°

mir iz w

Nom«) S [ [ +'m.. + b eee

roef = {(«t,«2,..., Uffi-) 6 R -L (<1, t=1,2,....m —1}mE ° = Rm 1\25.
Tak Kak

m m

Mbl MOXEM MPUMEHUTbL NleMMbl 45nd4.6ca =7, = m—Llun 5= 1— K 3aKNOUUTb,
yTo BCe MHTerpasbl B (5.16) KOHeuHbl. Tak Kak 1 —mb = 7 —e, u3 (5.16) cnegyet

yTBepxaeHue (B2).
[LokazaTenscTBo (B3). CornacHo (B2) focTaTouvHO AoKas3aTb, UTO DYHKLUMSA

(5.17) *>() = I*h AX)b(X-ul)---hm{X Um-i)dX1u = («i,ese,um_i) 6 Rm~i

npuHagnexut L°°(Rm 1), n npu HeKoTopoli nocTosiHHOM C > O
(5.18) *>m) V0| < C\u\\ 1 6Rm-\

npu ycnosumn, 4to

(5.19) hi 6 Lip(Ripi,7), 1<p<oo, t=12,..m, Y Z<1i

B cuny HepaBeHcTBa enbgepa u (5.19) nonyyaem
m
Ml<n IMU* <> ueR 1
=1

CnepoBatenbHo, ifie L°°(Rm_1).
Lnsa nokasatensctsa (5.18) dmkcupyem n = (Wi,..., u,n-i) e Rm_1 1 NONOXKUM
(5.20) Ni(A) = y(A —Ui_i) —hi(X), A€R, *=2
IKK Kak /i 6 1np(H;p*,7), Mbl nmeem
(5-21) INlI=<<agp 7, *=2,.., T.
B cuny (5.17) n (5.20),
V(u)= /ni(A)NO(N,(A) + Ni(A) d\ = <) + W.

R <=2
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Kaxpablid 3 (21-1 —1) nHTerpanos, coctasnaowmx W cofep>uT no KpaiHei mepc
0AHY (yHKUMIO hi, 1 ¢ yyeTom (5.21), MOXET ObITb OLiEHEHa CnefyoLmMm 06pasom:

‘{R}'Il(A)FIa(A)J'B(A)...bIA)*A < LAiLgo N §if»||[M «)H xm ssLATLiPT < C|u|7,

yTo foKasbiBaeT (B3).
LokasaTenscTso (B4). Monoxum

Tbrpa,

Y . =1 and-—-—-—= —[l- (<Ti H--mmmmmr <tm)] = 7 > 0. *= 1,2 m,
N Pi Pi m

o<kei <1<, *=12..m.
Pi

3HauuT, ¢ yyeTom niemmsbl 4.7, hi 6 Lip(pi,7), *= 1,2,... ,m. MNpumeHus (B3), nony-
ynm (3.10), rae 7 onpegeneHa B (3.11).
JlokaszaTenscTBo Teopembl 3.3. 3aMeTuM, YTO B Culy neMMbl 7 13 [14]

(5.22) S2tW(T) := i11rfWr’\OWHbj)] =2* J[ Jf FT(s- i)/u(«)M¥*)
r
rae FT{u) - agpo Peiiepa:

P

Ham notpebytoTcs cnegytowme ceolicta Ft (v) (cm., Hanp., [5]):

(5.23) \] FT(u)du= 1,
(5.24) [ FT(Wdu<CT 1,
Jn-1
ol [ CT~a, ecam a <1
(5.25) j FT(Wuadu< <CT 1IuT, ecm a=1
o CT 1, ecrm a > 1

Tak Kak QpyHkuus Ft {u) yeTHas, c yuetom (5.22) nmeem:
(5.26) S2W{T)=* *Hb) + *)M*) + M *)M « + *)]dudt-
CnepoBatenibHo, yuntbiBas (5.23), (5.26) 1 paBeHCTBO

\] hi(t)hi(t)dt:\] Nigm+ ) ( + t)dt,
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nonyymm
L2vUT): = ’I‘tr[Wr(fti)H"r(Aa)] - 2»«//ﬂM*)M <) dt

(5.27)= ﬂ-\] Ft(Vl)J {tO— c+nt {+)— )

MpumeHnB HepaBeHCTBO IMenbgepa, 3 (5.27) Haxogum

(5.28) AOr.ivCrI) < *\] *HUIM« + m) Jli-)Hix* [IMU+ ') MOIllin»**

n, cornacHo (5.28),

(5.29) favv(N <C iJI) FT(u)|uP,+7:du+ C2ML™*, |* | " J[V>\ FT{u)du.

M3 (5.24), (5.25) n (5.29) nonyunm yTBEPXKAEHME TEOPEMBbI.
[oka3aTensCcTBO Teopembl . . B cuny nemmbl 4.7, B NPeAnonoxXeHnax Teopembl
nveem, yto /uy £ Lip(p,,I/pi - oi), t = 1,2. MNoatomy, npuMeHnB Teopemy 3.3 C

7i = 1/pi —Hi, nonyuum (3.13).
[lokasaTenbCTBO Teopembl 3.5. 3amMeTuM, 4TO ecnu i>€ Bélz(R), To npu T —» 00,

(5.30) [ Ne )\2dt=0{Il/T) wn T \\$()\ =0(1).
M>T J-T
[anee, B cuny (5.22) n paBeHcTBa MapceBans,
(5.31) =+ [ \Whi(tjha(t)dt+[
1 J-T J|t|>

CnepoBaTensHO, NpYMeHMB HepaBeHCTBO MTBapua AN K MHTerpasamM B MpaBoil yacTu
(5.31), n ncnonbays (5.30), ansa dyHkuuin h\ n J2, nonyunm (3.14).

THi(*)a(4)<iA.
.

6. NMpumepsl
B aTom naparpade mbl Nonb3yemcsa crefyowymm 0603HadYeHnamn: m= 2i/,
Ni(A) = MB(A) = eee= J2,, i(A) := [i(A),JRA) =  A) = eee= A = 12(A),

SUAT) = Tir[AT(LIJ T(b)]n,
bvNT) ;= tr[AT{h)AT{f2)Y - (br)2' 1JL[/i(A)/2(A)]‘/d\
rae nin6o AT(fi) = BT{M) n N =T, nméo AT{h) = WT(fi) m =R, t=1,2.

Mpumep 6.1. MNycts /*(A) = |A]l“, AE [-Trar], i = 1,2, c0 < a, < 1mnu
a = £5+ a2 < 1/u. Jlerko BuAeTb, 4TO ycnoBusi Teopembl 2.2 (B5) BbINOMHEHBI
W, cnefosatensHo, Ana nboro e > 0 uMeem

(6.2) O,..8(IN = o0 (T-Y*)+a2+<  npu
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Mpumep 6.2. Myctb O(A) = ~ i Ae [-rar], r=12,c0<a\ <oowu
O< < <12.Torpanpud —di + < 1/2 gnsa no6oro e > 0 uveem

Anpg(T) = O (r 1/@2"+“+”~ npn T uoo.

[LencTeuTensHO, Npeanonoxums, yto A6 (0,>] (cnyvaih A6 [—T,0) paccmaTprBaeTcs
aHanornyHo), N y4nTbiBas paBeHCTBO |1—e*" = 2sin(A/2), nonyuum, ytognsar= 1,2

q -2d,
»7 ]
2d,-1 .
A)-g —2dLi2~Zi<TlﬁsinT cos —

FAcHo, YTO ycnoBus Teopemsl 2.2 (B5) BbimonHaoTes c o = 2( n My = Af2i = a?,
*= 1,2, 1 Mbl nonyyum (6.1).

Mpumep 6.3. Myctb O (A) = |A-2ft(l + A2)_/5 AeR, ¢/?>0, 0 <a< 1/(2p) npu
p> 1luna+ > 1/2, unyctb/ (A) = A(X) feAcTBUTeNbHAA, YeTHasa, UHTerpupyemMas
hyHKumMsa 13 knacca Lip(g, Yp —2a) ¢ 1/p4-1/g<I1/v, v6 N. Torgagns e > O

O,vv(T)= O (T Up+3ate) npu T -yoo0.
[eiicTBUTENbHO, 3aMETUM, UTO

(6 2) f'{\) — 20+ 2(Q+ MNA
NA) - "A*H.i(l + A)W

CnegoBaTenbHO, QyHKUMmM /i n /| yposnetsopsitoT ycnosusm (4.11) ¢ — 2a u
&= 2a + 2& Tbrpa, no nemme 4.7, /i(A) 6 Lip(p, 1/p —2a), n ocTtaeTca NpuUMeHUTb
Teopemy 3.2 (B3).

Mpumep 6.4. Myctb /<(A) = |A~2n‘(L + A2)~A c 0 < <12 wnaj+ ft > 1/2,
%= 1,2 Torga, npn a = qi + < 1/(2i/), y 6 N, gnsa noéoro e > 0 nmeem

O,.M(T)=0 (r-*+o+r) npun TI-

[JeictButensHo, B cuny (6.2) dyHKumMmn [ v/ y[aoBNeTBOPAKOT YCNOBUAM TEOPEMbI
3.2 (B4) ¢ 9-= 2a< n <= 2au + 2ft, *= 1,2.

Abstract. The paper is devoted to the problem of approximation of the traces
of products of truncated Toeplitz operators and matrices generated by integrable
real symmetric functions defined on the real line (resp. on the unit circle), and
estimation of the corresponding errors. These approximations and the corresponding
error bounds are of importance in the statistical analysis of continuous- and discrete-
time stationary processes (asymptotic distributions and large deviations of Theplitz
type quadratic functionals and forms, parametric and nonparametric estimation, etc.)
We review and summarize the known results concerning the trace approximation
problem and prove some new results.
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GLOBAL MORREY ESTIMATES FOR A CLASS OF
ORNSTEIN-UHLENBECK OPERATORS
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Abstract. In this paper, wo consider a class of hypoclliptic Omstoin-Uhlcnbeck
operators in R" given by A = <4)01tX) + bijxiQj, where (), (by)
are VX /V constant matrices, and (ay) issymmetric and positive semidefinite. We
dcducc global MorTey estimates for A from similar estimates of its evolution operator
L on a strip domain S = x [—1,1].
MSC2010 numbers: 35R03, 49N60
Keywords: Ornstcin-Uhlenbeck operators; Morrey estimates; Local quasidistance.

1l Introduction and main results

Consider a class of Ornstcin-Uhlenbeck operators in Rff defined by

N N
1.1) A = div(AV) + (x. BV) = Y, + E  bijXidxj,
ij=1 ij=I

where V = (5XI,5%a,..., 5jk)i div(-) and (m<) denote the gradient, the divergence
and the inner product in R”, respectively; A = (ay), B = (by) are N x JT matrices
with constant real entries, and A has the following form:

where Ag = (ay)Jj=i is apo X po constant matrix with po < N, which is symmetric
and positive definite, and satisfies the following uniform ellipticity condition:

(12 X 12¢ ¢ <013
ij=1 M
for all £ e RPo and for some positive constant .
We also assume that the following condition holds:

(Hg) Ker(A) does not contain nontrivial subspaces that are invariant for B.

1This work was supported by the National Natural Science Fbundation of China (Grant Nos.
11271299 and 11001221), the Mathematical Tianyuan Fbundation of China (No. 11126027) and the
Shanxi University Yinjin Rencai Jianshe Xiangmu(No. 010951801004).
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In [1] L. Hormander pointed out that the condition (Ho) implies the hypoellipticity
of operators (1.1).

Denote
(13) C{t) =J E{a)AET{s)ds,

where E(a) = exp(-sBT). In (2] the authors showed that (HO) is equivalent to the

following condition:
C(t) > 0, foreveryt > 0. (1.9

It is interesting that the condition (1.4) can also be expressed in the geometric-
differential terms. Indeed, setting X0 = (a?,BV), we observe that (1.4) is equivalent
to the H5rmander condition:
(1.5) rankC(ax, dXro,X 0)(x) =N, x €
where £(5XI,5*,,..., ,X ) denotes the Lie algebra generated by dXl, dX2, ...,

Xo. The proof of the equivalence (Ho) and (1.5) is implicitly contained in the
Introduction of [1], while Kuptsov [3] gave an explicit proof of the equivalence (1.4)
and (1.5). In [2] the authors proved that (1.5) implies that for some basis in R" the
matrix B has the following form:

Bx 0 °\
* * Bu 0
*oxox Br
\* * * *)
where Bj isapj \ x pj block of rank Pj, j = 1,2 Moreover po > pi > ... >

pr>landpo+ pi+... +Pr=N.

Recently, many authors have studied the Omstein-Uhlenbech operators (see, e.g.,
[4]-[8], and references therein). In the nondegenerate case (po = N), G. Prato and A.
Lunardi [4] have obtained global second order Holder estimates, /~-estimates have
been established by G. Metafune, J. Priiss, A. Rhandi and R Schnaubelt (5) by using
a semigroup approach. In the degenerate case, by applying an interpolation method,
B. Farkasa and A. Lunardi [6] obtained Zsa-eetimates with respect to an invariant
Gaussian measure. The spectrum of operator A was derived by G. Metafune and D.
Pallara in [7]. M. Bramanti, G. Cupini, b. Lanconelli and E. Priola (8] investigated
global ~-estimates of the operator A.

A number of authors studied the Morrey estimates for some operators (see, e.g.,
[9]-[11]). For instance, local Morrey estimates for second-order nondivergence elliptic
operators in Euclidean spaces were established by G. Fazio and M. Ragusa in [9].

24



GLOBAL MORREY ESTIMATES FOR A CLASS OP

G. Lieberman [10) derived directly local Morrey estimates for some second-order
nondivergence elliptic and parabolic operators. For Hormander type parabolic nondivergence
operators, S. Tang and P. Niu [11] established local Sobolev-Morrey estimates.

In this paper, for operators A of the form (1.1) with matrices B given by (1.6), we
prove global Morrey estimates by applying the approach in [8].

In order to slate our main results, we ueed lo introduce some notation and definitions.

Definition 1.1. We say that a measurable function f 6 belongs to the
Morrey space LPARN) with p 6 (1, +00) and A€ [0, Q], if the following norm

is finite, where Q and Br are given in (3.1) and (3.2), respectively.
The main results in this paper is the following theorem.

Theorem 1.1. For everyp € (l,00) and Ae [0,0) there exist a constant ¢ > O,
depending on p, po, a matrix B and a number y, satisfying (1.2) such that

Br*(K") < cf||[m|[pO(Km) + i,j=12... po;

for every ue Cg°(RN).

We deduce global Sobolev-Morrey estimates of A from similar estimates of its
evolution operator L on astrip domain S = RjVx [-1,1]. Since the distance induced
by the homogeneous model, corresponding to the principal part of the operator L, is
the local quasidistance, the singular integrals on spaces of homogeneous type theory
are no longer valid. Thus, we split the fundamental solution of L into singular and
regular parts. Then we apply the standard methods and a covering lemma to both
singular and regular parts, and obtain the desired global Morrey estimates.

The paper is organized as follows: In Section 2 we discuss the evolution operator
L corresponding to /1, and state Morrey estimates for operator L (Theorem 2.1). In
Section 3 we discuss some known results, which we use in the proof of our main result
(Theorem 1.1), given in Section 4.

2. A RELATION WITH THE EVOLUTION OPERATOR

Tb prove estimates for the underlying operator A, we first obtain the corresponding
estimates of its evolution operator L defined by
Po
(2.1) Lu=Au-dtu= + Yov,
i,j=I
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where You = £ fj=1bysAjU - ft«. and using the obtained estimates, we prove our
main result.

In [2] it was proved that the operator L is left-invariant with respect to the Lie
group X whose underlying manifold is RiV+1, endowed with the composition law

x.to((. M= ((+E{t)x,t+r)y

where E(r) = exp[—+BT).
Remark 2.1. We want to stress that the group K = (Riv+1,0) is not in general of

polynomial growth (see |g]). Therefore, we cannot evpect a global Morrey estimate
to be true on the whole R*+1, and hence we discuss the estimates of L in the strip

5= RN X [-1,1].

To proceed we first introduce the Morrey function space for the strip domain S
(cf. Definition 1.1).

Definition 2.1. We say that a measurable function f e ifoc(-5) belongs to the Morrey
space U>\S) withp e (1, +oo) and A6 [0,Q + 2], if the following norm

H/IACS) = . a

| \f(w)\pdw j
\*es,lfgo rAJqgr(t)ns (W)l WJl

is finite, where Q and QT are given in (3.1) and (S.S), respectively.

Observe that the operator L is a Kolmogorov-Fokker-Planck type ultraparabolic
operator, and in the special case wherepo = N and B = 0 it becomes a heat operator.
Also, the degenerate operator L appears in many applied problems. For instance, the
Kolmogorov equation

+ XigXam = , (x,t) e R3

appears in the financial problems (see, e.g., [12, 13|), in the kinetic theory (see,
e.g., [14, 15]), as well as in the visual perception problems (see [16]). Owing to
its importance in physics and in mathematical finance, the operator L has been
extensively studied in the literature (see e.g., [2], [18]- [23]). For instance, in the
papers [2] and [17]-|]19] was proved an invariant Hamach inequality for the non-
negative solutions of the equation Lu = 0. The papers [20, 21] deal with estimates
for the weak solutions of the equation Lu = 0. In [22] and [23] were obtained local
/N estimates.

The first step of the proof of our main result (Theorem 1.1) is to establish the
following theorem, which contains estimates for evolution operator L.
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Theorem 2.1. For everyp € (1,00) and Ae [0,Q + 2) there exist a constant c> 0,
depending onp, po, a matrix B and a number (i satisfying (1.2) such that

(2-2) INDGUIIEF-*(S) ~ c||bu||™»(5), i,j =1,2,...,p0;

(23) | >*( )~ cf|2/ti]i,,x(s),
for every n 6 C™°(S).

3. Preliminary

Note first that the operator L does not have a suitable family of dilations. Th order
to define the homogeneous norm, we consider the principal part of the operator L:

Lo =div(AV) + (x, z?0v) - dt,

where Bgstands for the matrix for which all the *—blocks in B aro zero matrices.
Pbr there are groups of dilations on RN and Rw+1, which we denoteby (<5(A))a>o
and (D(a))a>oi respectively. More precisely, (5(J/1))n1>0 and D{X) are defined by

5(A) = diag(Xai,AQJ,..., Aa"),

D(A) = diag{Aa‘,A°»,..., A" A2,
where
Ql = ... = fpo = 1, Qpo+l = ... = Opo+pi = 3,...,
"Pot. AP+ = om = ~2r "1-

Therefore, we can write

(A = diagiXI®, A A2r+11Pr),

D(A) =diagw n,AJ/Pl,..., Ar+l/Pr, A2,

where denotes the pj x pj identity matrix, and <5(A) and D (A) denote the matrices
of dilations on RN and Rw+1, respectively.
Note that det(L>(A)) = AQ+2, where

(3.1) Q =po+3pi+ ...+ 2r+ Dpr

is called a homogeneous dimension of Rw+1. Similarly, det(<5(A)) = A\ and Q is called
a homogeneous dimension of R'v. Notice also that the operator Lg is homogeneous
of degree two with respect to the dilations D(A), that is,

ZO(u(D(A)z)) = X2(L0u)(D(X)z), z e Rw+1, A>0
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for even’ u € Co°(KJ/TH1). There is a natural homogeneous norm in S v+1, induced
by dilation D(X) given by
[*91L = > N + PN/2-
j-1
With this norm we define the function d[z, w) = |ju>1 ° *||, and observe that
INA)*]| = AN, A> 0, *€ Ra+l.

Note that the operation "0'"is a translation, induced by the operator L, and || «| is
the homogeneous norm, induced by the dilations associated with the principal part
operator . This implies that d is a hybrid quasidistance. The ball with respect to

d is denoted by
B(z,r)=Br{z) = {to6 R*4 1 :d(z,w) < r}.

Similarly, there is a homogeneous norm in R”, induced by dilation 5(A), defined by

NEmIi=E N L
>=]
With this norm we define the function
<M*Y)=Ne 1 .
and the ball with respect to dj we denote by
3.2) B(@a,r) = Br(i) = {y € R* :di(x,y) <r}.
Bbrz = (kt) e Rn+1 the cylinder in R//+1 we denote by
(3.3) Qr(z) =Br(x) x(t-r2,t +r2).

Ear more about the general theory of homogeneous spaces we refer to [24] - [26].

Remark 3.1. Ifwe choose the strip S as our space, then d is no longer a quasidistance.
In fact, as it follows from Lemma 3.1, d is a local quasisymmetric quasidistance. This
is why we cannot usethe theory of homogeneous spaces, and instead we deal with
singular integrals to derive the Morrey estimates by applying the properties of local
quasidistances.

Lemma 3.1 ([8]). For every compact set M CR w there exists a constant Cm such
that

Ik I»< CM\2\\, *6 MX [-1,1];

l*ofll <Cm(M + llAl), f65 zem X[, 1]
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Moreover, since the set {z : ||z]| < 1} is compact, the above inequalities imply that
there, exists a constant C such that

d(z,C)<Cd(C,z), z,Cc6S, d(t,z) <y
<m O <C(d(z,w) +d(w,Q), z,S,weS, d(z.w)<1l d(, )<Ll
Recall that for functions / and g defined on KI\A, their convolution f*g is defined

by
/ *9(z) = JI;?N+1f(ZO H () :J&WH g{C'102z)f(QetTrB<%

where = (a,t).
Lemma 3.2 ([2]). The operator L possesses a fundamental solution:
r(*,0=7(r10%*), *,<€R"+1,

with
0 t< 0,
(3.4) 7(2):<| \(;‘1“) Pexd{ \{C-x{t)x,x) - elrB), t>0,

where z = (a,t) and C(t) is as in (1.2). (Recall that C(t) satisfies (1.3) and 7 6
C°°(RN+1\{ 0});.
By the definition of the fundamental solution we have
- _ * e * -
(3.5) u(z) = -(Lu *7)(2) >f1.|rr+i 7(C 10*)MCX
Moreover, the following representation formula holds (see [8], [18)):
(3.6) dlIXju(z) = —PV(Lu *dliXji){z) + CijLu(z)

for every n € C'o°(R"Y+1) and for suitable chosen constants cy, t,j = 1,2,... ,po- The
principal value in (3.6) is understood as

PV(Lu* )2) = tim | 0 .

Remark 3.2. For u 6 Cq°(S) setting

.. IM«(r), zebh,
uiz) = 0 r € RN+1\S,

from (3.5) we infer that
3.7 ui) - (Lu*7)(*™ - [ M(z, QLu(OdC J/S Mr,OMCK-
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Lemma 3.3 ([18]). The fundamental solution I has the following properties:
for every z,(£ S there exists C > 0 such that

IS.,r(«,01Sgrr™|5«” i=12.......
\pwr(r, O < [M1lor|0o+2” *»J~ eeePO-

4, Proofs of Theorems 2.1 and 1.1

In this section we use the methods of the singular integral theory and the method
in [8], adapted to our situation according to the properties of the local quasidistance

and the fundamental solution I, to prove our main results.
We first introduce a suitable cutoff function t) 6 Cq°(Rn+1) satisfying 0 < 7] < 1,
r/(z) = 1, ||lz|]| < ftj/2;1)(z) = O, ||z|| > ft,, where ft, < 1 is a positive constant to be

determined later.
Observe that (3.6) can be written as follows:

= —PV(Lu * (vdXiXJ7)) - * (1 - VPKXil)) +
= -PV(Lu *ko)- (Lu +k00) + djLu,

where k0o = T)XiX* , k* = (1 - r)dXxX , i,j =1,...,po.
We define the following linear operators:

Tg= PVE&*ko), Kg = (g* *«,),
and first derive the global Morrey estimate of K on S.
Lemma 4.1 (|8j). For every p € (1,00) there exists a constant ¢ = c(p,po, B,4) > 0

such that
s llip(s) < clislI™s),

for every g e Z7(S).
Lemma 4.2. There exists a constant ¢ > 0 such that
\pg+2 ~ B(Z>®) 5| <cpQ+7, zeS, p>0.

Remark 4.1. The proof of Lemma 4.2 can be deduced from that of Proposition 9 in
[8j. However, for completeness of presentation, we give here the proof of this lemma.

Proof of Lemma .2. We have

\B(z,p)nS\= [
JSn{|IC >0*]<p}
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To compute the integral on the right-hand side, weset z = (x,t), w = ( ,r), C loz =
v), and observe that

\B{z,p)nS\= [ eT™ dtdr.

Since z, w e S we liave |r| < 2 and

|B(z,p)nS| = f eT™M<%dT
Jsnm, T)\<p)
< eevn [ dw<cpQ+2.
Jsn{\wA\<p}
Similarly, the inequality e~2TrB < erTrB implies ip”~+2 < |B(z,p) |, and the result
follows. =

Lemma 4.3 ([8]). For every rO > 0 and K > 1 there exist g € (0, r0), a positive
integer M and a sequence of points {z,}gj CS such that S C USi £(2iiB) and

00

*B(*.,Kg(z) <M forallzeS.
I=1

Lemma 4.4. For every g € /~A5), p> ] and A> 0 there exists a constant ¢ such
that

lisllip(s) < cllp]|t,.a(S).
Proof. For every ball B(zi,p), p < r>it follows that

\ ilp
IMII"(B(s,p) < PX/p{p AJ[b(4 N Iff(Z)IpE/Z))

Up
= PVP (pox§ fd
(p nopoi) ™ T4 %)
< d[ffILP.*(B(x4p))-
By Lemma 4.3 we can write
00 00
IMU*(.9) < X) lI0Hi>B0Ki,p)) < - " ® 17 (B).
1=1 =
and the result follows. O

Lemma 4.5 ([8]). For every go > 0 there exits a constant m —rn(ga) > 0 such that
~|*o0(z)|dz < m.
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Lemma 4.6. Letp e (I,00) and A€ [0,Q + 2]. Then there exists a positive constant
c depending only on p and A such that
(4.2) I 1) < clisllip-x(s),
for everyg6 L™ S).
Proof. Let g be the conjugate exponent to p. Applying Holder inequality and Lemma

4.5 we get

\Kg[2)\

N\

J [feoo(c Lo *)[7sbl C 1° *)I2pI§(C M

AN

(/wc'orm) (lg\bl ¢ 0, T O M )

\ P

< ™/4  |*o0(C-lo *)llp(Olpdc)

Next, for every Q = Q(y, r), r < 1, we can write
priiagii-iana S

jFn» < 1-7 c«W oW *

<M4ERNY) fIHOW

nsJ,

< m?"*ieol/ir*H Q \  |ff(C)|pdC
< 0\>

By the inequality A<+ 2 we have

(4-3) JNINIUW ns) < cf|ff>(s).

Finally, for every B = B(y, r), r > 1, by Lemma 4.1 we get

(4-4) < |I-KFffIINCQns) < c||ifff||j>(s) < cL/MHi»™).

Thus, the desired inequality (4.2) follows from (4.3), (4.4) and Lemma 4.4. This
completes the proof. O
Now we proceed to discuss the global Morrey estimate for T on S.

Lemma 4.7 ([8]). There exists a number Rqg > 0 such that for every zo € S and
R< Ro, ifa,b are two cutofffunctions belonging to CP(RN+1) for some 7 > 0 with
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suppa, suppb C B(ro,R), and if k(z,() = a(z)ku(* Loz)b(() and
Hg(z) =P v [ Hz, O/(O*.
then the following estimate holds:

HATU» (B (*0,R)) ~ c|[ffIEA(B(I0(T))

for allp 6 (l,00), g 6 Lp(D(zo, R)) and for some ¢ > 0 depending on the cutoff
functions a, b only through their CP norms and on p, but independent of zo and R.

Lemma 4.8. There exists a number Rq > 0 such thatfor every zo 6 S and R < Ro,
ifa,b,k(z,Q and H are as in Lemma .7, then there exists a constant ¢ > 0, such
that the following estimate holds with p 6 (1,00) and A6 [0, Q 4-2)):

(4-5) \\Ha\\,,.

for all g e Z*A(B(«0, R)), where the constant ¢ depends on the cutoff functions a, b
only through their CP norms, but is independent of zq and R.

Proof. For every Q = Q{y,6r) with Q R(zq,R) 0, where 6 < 1 is a positive
constant to be determined later, we set Q = Q{y,r) and Qc = Qc Bfo, R). For
a measurable set E ¢ S, denoting the relative characteristic function by xb, the
function g € Lp(B(z0,R)) can be represented in the form g = g\ + -, where

Si = 9Xqt\B(zoR)> 9* = A5'T LU (x0,4)-
Hence, applying Lemma 4.7, w« obtain

NAFFIfI£].(QNB (*0,«)) < 1A pi||*(s(",,8)) < cllpillx,.(8(".8))

= clI5illbi*(gnB(*0.5)) —crr Hr™-*(B(*0,9))-

For every z € Q B(zo,R) if 6 Qc, then by Lemma 3.1 there exist a positive
constant crO such that

F< 1K 1° I/l <CRo([[C“lo A|| + |~ 10Jl) < cl/iodIC 1o 2f| -H5r).

With 6 = 1/(2cgo) we have
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By Lemma 4.2 we can write

\ |5 (r,C)3(CX

1R s >L{OSBI*0.FI):1IC‘0rLL>4>}

< Y ( ...-1/.n g TalflcCOMC
"m/{ceBCro.A):2°-Mr<||C-‘0=11<2* «{} " "

£ (2kIr)0+2 X afr(*)ne(--0.J1)|S(C)I C
- £ (2*5rV+a 'S{0|dC

21
i»JIBXo,A) X 4~ t
< dlplli»1B0oS57) XA

implying
/ [AP2(r)|~r < cP||ffi|d,.»(B(@ciiO)rA- w+2) (f; (2f)iri?+2i) I
YOB(is,J) \fc=I /
< N N HbB / 11U
Therefore,
4.7 i|A.<72i£5OMB(inJ» < Cr/lIiglu™MIBIxa.R)) 5’1(2*) 1t

where the constant ¢ > 0 depends on p and [o- Finally, by (4.6) and (4.7) we get

(ar|ja/p vipin>(<ang(«a.s)) N N _alpiifiie*-*(B(»0,n) B 2° > 5*

Since A < (Q + 2), the above series is convergent, and the desired inequality (4.5)

follows. O

Lemma 4.9. Letp 6 (l,00) and Ae [0,Q + 2). There exits a positive constant c,
such that

(4-8) HASHE».MS) - 11 **( ),
for every g € {).
Proof. Let g s Cq(S) be a cutoff function satisfying

a(z) = 1, lizll < qo; a(z) = 0, |z|| > 2ft-
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Denote a*(z) = a(z 1o0zj), <= 1,2,..., and observe that when ||E 1 oz|| > ft,, then

AMIC 1°z) = 0- Hence by z e B(zj,go) and fcoC 1 02z) O, it follows that there
exists a constant C > 0 such that C6 B(zj, C ag).
Define the second cutoff function /36 CJ(5):

0(*) =1, ||z]] < Cpo; £x(2z) = 0O, ||z|]| > 2Cft,.
Let bj(z) = /?(z 1o0zi), t= 1,2...... Setting rg = Rg/2D, and applying Lemma 4.3
we concluse that there exist a constant po < tq to satisfy

(4-9) ™ A(5)<£,I|IT Pb
1=

Now choosing ft, = po, we find that C6 Bfo.Cft,) for every z 6 Bfc.pu), and
hence

Tfi(z) PV [ koiC1°%) ()

PV f,,,0i(2)fco(C_102)6i(C)Ff(0*

= PV f Oi(z)ko{C °*)bi{Qg(0dC =Tig[z).
Jb (z(,2Cpo)
Thus, we have
(4.10) ?% H slIL»™N((B(*<po))) = _5|1 I <plI™-»((B(*,i/1)))-
- 1=

By 2Cpa < Ro and Lemma 4.8 we get

(4.11) 1| LF.X(fI(Z,2Cpo)) <

where ¢ depends on the cutoff functions a+ 6*only through their CP norms, and does
not depend on Zi and 2Cpo- Also, note that

[[oillc-> = Ualer. t=1,2,..., UMlci = [|[9llcm i = 1,2,...,
Therefore, the constant ¢ in (4.11) is independent of i.
Finally, by (4.9) - (4.11) and Lemma 4.3, we obtain

00

HASHINCS) A | Iblix". MB(X520p0))) ~ cM|bIIE,.*(5),
i=

implying (4.8). This completes the proof. O
Now we are in position to prove our main results, Theorems 2.1 and 1.1
Proof of Theorem 2.1. It follows from (4.1) that

£»,«(*) = —TLu(z) - KLu(z) + CyLu(2).
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Next, by Lemmas 4.6 and 4.9 we obtain
NiFE«Ni'x(5) + WKLvW’-\s) + Ov-buB”cs)

(412) < c||E«||i».x(@), i,j = 1,2,.. ¢,PO-
Now the estimate of ||1 «|| *»( ) follows from (4.12) and
Po
yOu = Lu -
M=1

Therefore, (2.2) and (2.3) are fulfilled. Theorem 2.1 is proved.

Proof of Theorem 1.1. Let € Cg°(R) be a cutoff function such that supp” ¢ [-1,1]
and /1 \i>{t)\pdt > 0. Letting u : RN —»R be a Cu?° solution to the equation Au =
/ inRn,forsome/ e LAR") and U(x,t) = u(X)ij>(t), we have

LU(x,t) = f{x)ip(t) - ux)ip'(t) = F(x,t).
According to Theorem 2.1

(4-13) 1M A »™ () N clTlie>-*B)» »>i = 1]2....... Po-

Next, for A6 [2,Q +2) and i,j = 1,2,...,pu the left-hand side of (4.13) can be

estimated as follows

. * = i * * i
\K*Ne .Y f%/), *e's?rgoé)égr(*)ns |BXf(J)KN9(T)K</ riT

1 rx+r 1 r
|~ (9lpne

W or / Ne(T)[PETe  SLP /
t€[-4,1),r>0r J1-r3 *eK",r>0r JBr(x)CAN
su / j?+ t)|pdr/-  su . - Noe«
t€[—1,ﬁ,r>0}’—1 VA2 Jlpd xeR'F,)r>0 r YBr(xriA L (
g }4-I ngl‘J',FIgbOr .]I/3r(x)nR« 1 4
Now we estimate the norm H\V'lIkp-HS) f°r Ae [2,Q + 2). We have
WMIp.HVSV) = *ess'lﬁo | y/gr(,)ns 1/(iDK T)|pcyriT
N - - B2\
te[-II],r>0r jt-T* IVA\Wpdr x6R$'l,JP>O r S 2J{)r{x)rX" \O0\pdx
sup [ \ip(r2i+ t)|pd¥ym  sup \f{x)\pdx
te[-i,i),r>0d-i xeKk",r>or yBr(x)rn”
xeEv>o0”"N () * l/(HPdI = N «K pa-.<o»>-
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. Similarly, we gel UM> || »*( )  c1M1n>*-a(u«). In view of (4.13) the above inequalities
imply that for A6 [0, Q)

— C{IHUI[j>*RW) + UbiLlsnpyiN}, i,j =1,2,...,po,
where the constant ¢ depends on ip and @'.

Finally, the estimate of follows from the equality Xun = An —
0ij0ilXju. This completes the proof. Theorem 1.1 is proved.
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AHHoTauma. CTaTba MOCBALLEHA UCCNEAO0BAHUIO TUNbGEPTOBLIX MPOCTPAHCTB

» COAEpXaLnxcs B NPOCTPAHCTBO Xapan A2 hyHKUMA ronoMopiHbIX a |z] <
1. B yacTHoCru, fjoKka3aHa Teopema 06 OnMcaHUK TPaHUYHbIX CBOCTB (DYHKLMIA
113 /1, HEKOTOPbIMU TOHKWMM LU-CbIKOCTAMWU W, C MOMOLYbIO SBHOFO BMAa U30-
mMeTpnu mMexgy A2 un B A2 HalifjleHbl 6uopTorananbHbro CUCTEMbl PYHKL WA,
cofepxaline manble cTeneHn sgpa Konuw.

MSC2010 numbers: 32A35, 31A05.

KnioueBble cnoBa: BeCOBble NMPOCTPAHCTBA, FOOMOPMHbIE (hYHKLUKN, GUOpPTOro-
nasibrble CUCTEMbI.

1. BeegeHue

LLInpokue, obuwe npoctpaHcTBa A% ronomopgHbix B \2\ < 1 pyHKLMIA BBEAEHbI W HC-
cnefoBaHbl B paboTe [2], no aHanormm ¢ npocTpaHcTeamu Hp(oc) = (1<p<+oo
(-1 < a < +00), uccnefoBaHHbIMU B pabote M.M. IxpbatsaHa [1]. MpocTpaHcTBa
JIP - MHOXXeCTBa rofIOMOPgIHbIX hyHKUWMIA /(r), AN KOTOPbIX
\ Up
(~ / <+00, o0<p < +00,

rae cliiwgpei6) = -dw(/32W u w(i) 6 HAa, T.e. hyHKUMa w(i) onpegeneHa Ha [0,1] u

TakKoBa, 4TO:
1
i) 0<Vw<+00 HPNmobom 5e [0,1),
S

(U An=AnWw) = -/d«ndw ()"0, =1,2,...,

(iii) Ilrugéf V|4, > 1
B [2| B yacTHOCTM goOKa3aHO, 4TO Awl 6aHax0Bbl NPOCTPAHCTBA, MpeBpaLlaroLLyMecs B
rMNb6epTOBbI NPOCTPAHCTBA, KOr4a p = 2 U (hYHKUMA W[X) MOHOTOHHA. YTO npu nto-

6om p > 1 npocTpaHcTBa AE MOKPLIBAKT MHOXECTBO BCEX (DYHKLUIA rONOMOPRHBIX
39
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B |z| < 1. Kpome Toro, B [2| ycTaHOB/EHa ABHAsA hopMyna 419 H30MeTPrH mexay JT*
1 npocTpaHcTBOM Xapan H2, 4To no3BonseT NepeBecuT N6 pe3ynbTaT afAuTiH-

Horo xapaktepa u3 W2 B J12. B npoctom cniydae )= (1 )° (-1 < a < +00)
NpocTpaHCcTBa A? MEPEXOAAT B XOPOLLO M3BECTHbIE NPOCTPancTBa

1.1 Ap(a) = A*:= JJ  (1- [r)OJ/(r)|piAa(r) < +oo,

nccneposaHble B |1]. 34ech da(z) - AByMepHas mepa Jlebera. B obLiem >xe cnydae
rpeyveckas 6ykea u B [2] 03HayaeT TO Xe, YTO B MccnegoBaHuax M.M. [xpbatusHa
[3, 7 knaccoB MepOMOPMHLIX (hYHKLMIA, T.e. MOAYEPKMBAET TO, YTO A? UCYEpPNbIBAOT
BCe ronoMopHble B \2\ < 1 dyHKUMMN.

HacTosLas ctaTbsl MOCBALLEHA UCCIEA0BAHNIO, B CNyYae p = 2, HECKOJIbKO UHbIX Be-
COBbIX MPOCTPAHCTB (1 < p < +00) Tvna Aupuxne QYHKUWA ronoMopgHbIX B
\72\ < 1, KoTopble copepxkatcs B npocTpaHcTBe Xapan Hp B W\ < 1. 3Tn "y3kume"
MPOCTPaHCTBa BBeAeHbI B [2] NpeanonioxeHnem o TOM, YTO He cama ro/ioMopHast
(hyHKUmMA /(*), a ee npoussogHas /'(r) npuHagnexut j4£. Thkoe onpeeneHune, ove-
BWAHO, 06ecneymBaeT 6aHaX0BOCTb HOBbIX MPOCTPAHCTB, & TAKXe UX Mepexos B rnb-
6epToBbI MPOCTPAHCTBA B C/lyyae p = 2, rAe CKa1ApHOe Npov3BeAeHMe TO Xe, UYTO B
A%, 04HaKO C 3aMeHOl (hYHKLMMW Ha ee NPOU3BOAHY!IO.

B HacTosLell cTaTbe fAaHbl HEKOTOPbIE YCUEHWS 1 MPOAOMKEHUSA pe3ybTaToB pabo-
Tbl [4 B cnyyae p = 2. VIMeHHO, yCTaHOBNeHa Apyras ABHasa (hopmMyna U3OMETPHH C
MPOCTPaHCTBOM Xapam H 2, 60ree TOHKMIA pe3yibTaT 0 FPaHUYHOM MOBeAEHUN (DY HK-
umii n3 A* C 92, a TakKe HeKoTopble pe3ynbTaTbl O GMOPTOTOHA/IbHBIX CUCTEMAX

(hyHKUMiA B A* ¢ A2
2. MNpocTpaHcTea Af c A2 un unx rpaHM4YHbIe cBOliCcTBa

OnpegeneHve npoctpaHcTs A% C A2, faHHOe B |2), LenecoobpasHo HEMHOIO Moay-
(hvumpoBaTb 1 NPUBECTM K YAO06HON ANs paccMaTpyBaeMbIX 3a4ad hopme.

Onpepgenenne 2.1. Knacc N - MHOXKECTBO HenpepbIBHO AndipepeHUMpyeMbIX B
[0,1] chyHKumiA u>0(f) € da Takux, 4To

@ ()\ B[01], wo(l) =0 mwo(0) =a < +o0,
(b) WOE)| /- B[0,1) n| () —i] < Kt, 0< < , NP HEKOTOPBIX NOCTOSH-
Hbix K > QuQ <5<1.

Bcrogy Huxe 6yaem cuntath, uto O( ) €Mn n WI(x) - kBagpat BonbTeppa
wi(x) =~1J ™M< (<7), O0<r<1
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Toraa, Kak 3To NokasaHo B flokasaTesibCTse TeopeMbl 1.5 u3 [2], u>i(x) 6 Mg, wi(0) =
Lwi(l- 0=0wu

CD):K(*)I=£ ) {) o<l <1
OTmeTum, uTo B cnydae wo(x) =a 1(1—x)a 0<a <1
wi(z) X(1-x)2a v w(i)x (1-x)2» 1 npu X->1- 0,

roe f{x) x g(x) gns gByx HeoTpuuatenbHbix GyHKumii f(x) n g(x) o3HayaeT, 4To
ci/(x) < a[x) < r,-if(X) ¢ HeKOTOPbIMM MOCTOSAHHbIMM Ci,c2 > 0.

Onpegenenue 2.2. Ecnvwo(x) € M*, T0 i42 - MHOXKeCTBO roI0MOPHbIX B Z]| < |
thyHkumin f(z) Takmx, uto /'( ) e A ™.

Teopema 2.1. Ecam wo(x) 6 TO MHO>KECTBO j42 fBNSeTCS rMabOepTOBbIM
MPOCTPaHCTBOM, Ife HOPMa NMOPOXKAAETCHA CKaNAPHLIM NPOU3BELEHNEM

(f>9)w= br <«
«Al Cd2

[JokaszaTenscTso. Beuay pesynbtatoB [2] cnegyeT AokasaTb NuLlb BoXeHwe J12 C
#A2. C atoin uenbto 3ameTMm, uto ecim /() 6 2, To B cuny Teopembl 1.5 u3 [Z]

¥>0(2) = bu*/'(r) = - JE f'(tz)dwO(t) € A2 wn LUvollga = iifiia»

Kpowme Toro, ecnn /() = XltLo a*2fc- paznoxeHue Teinopa pyHkummn /() B |r| < 1,
TO OYEBWAHO

Po{z) = 52ak(b i*-rK (0|n) r* 1, | <1

[anee, B cuny Teopemsl 8 13 [4) cywiecTByeT ybbiBatowas gpyHkumusa /9(x) B [0,1] Takas,
yto /8(0) = 1,/8(1) = O m

K j\kIM(O\t= (-J \ kde(t)) =[Ak{fi)]~\ k>I.

Takum 06pasom

blT)=£ a4 01 )M lea2’
n [<€ (*)]e A2 nockonbky npu nrobom r e (0,1)

J \ [re"w»(re»)] [*c» < tr \Mtrei6)\ 1d~(0|) dd

<Jfo \dp(t)\JB b>(*Te")|[240" IIVOIIsh < +°°-
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OcTaeTcs 3aMeTUTb, YTO

b M * FrRy)FTS o)™ o)y
n, Tem cambiM, f(z) 6 HA2m
Teopema 2.2. Tpu nobéom vi0(x) € Mn npocTpaHcTBO A2 COBNafaeT C MHO>Ke-
CTBOM (DyHKLMA, NpeACTaBNMbIX B BALE
(2.1) IM [(°)=" | CH](re-“)e"r(ef )M, |*¥ <1,
rae ip(eig) Gb2[0.27r] n
zk o 1
esAW i) bo()=(¥pla ™
Ons noboro f(z) € N2 cywecTByeT eAMHCTBEHHAA (PYHKUMA ~M(r) M3 npocTpaH-
cTBa Xapan A2, obecneursaroLLias paBeHcTBo (2.1), u

4>0(2) = lwo/CO = - ‘{0 /(<*)duo(0, M < 1

Kpome Toro, Wpd\* = 1/IU*»u p < - A2 ana moboin yHkummn <pleid) e
2[0,21], ¢ koTOpOii BepHO (2.1). OnepaTop M30MeTpPUYeCKM 0TobparkKaeT nof-

MPOCTPAHCTBO (hyHKUMIA A%, 06paLLaroLLyXCa B HOMb © Havane KoopanHaT, B H2, u

WHTerpan B Npasoii yacTu (2.1) aenseTcsa obpaTHoi nsomeTpueid (A*,) 1.

[JokazaTenscTgo. Mo onpeaeneHuio 2.2 BkmtoveHue f(z) € A2 o3Havaet f'(z) 6 A2 ,
1 noaTomy no teopeme 1.5 un3

I'(*) = -?J CU(*c-"ble")<kO, N <1,

roe <A@ =i Ud /(r) e A2u ||*o|ja» = ||/||n> mCneposaTesbHO,

2.2 1(,) 1(0)= Me")*®  Co*(Ce-"K. W <1,
roe
rA(Ce «)dC = f R A A !
no 414 7k &V T+ 1)A*bl
n

(*+ DAfc(wo) = {k+1) (- tkduO(t)® = (A+1)J «*K(i)|]A = Ok+1(]a,')).

Tem cambIM

jfcnu»r-x =- " M =8“[ C Kk , 1].
i » 0 [ ]
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n thopmyna (2.2) nepexofnt B (2.1), nockonbky u3 <fo(z) 6 1T2 cnegyeT, UTo

Jo =°

O6patHo, ecnn thopmyna (2.1) BepHa ¢ Kakoin-nm6o i/3(e,in) 6 L2[0,27r], To o4eBUaHO

( Fjf" «. M < 1.

OrTcrofa creqyert, 4To
['(*) =— Jo C7ze-iOMe~rdO, |z <1,

nl'(z) 6 no Teopeme 1.5 u3 [2]. OcTaBLUasca 4acTb A0OKa3aTeNbCTBA OUEBUAHA.
OTMeTMM, YTO paccMaTpMBaemMble NPOCTPAHCTBA A2 CXOXW € TeMu Knaccamu YWud
M.M.Dxp6antaHa (3, 7], KOTOpble cofepXxaTcs B HEBaHIMHHOBCKOM Kracce N Me-
POMOPMHbIX (PYHKUWIA OFpaHUYEHHOro Buga B |z| < 1. A umeHHo. A2 ¢ H2 n A2
06naaaloT TeM Xe rpaHNYHbIM CBOMCTBOM, 4TO Knacchl N (w) ¢ N.

Mpexae Yem NPMBECTM TEOPEMY O FrPaHWMYHbIX CBOMCTBAX PYHKLUMI U3 A*, HANOMHUM
onpeseneHve w-eMkocTtu, BeegeHHoe M.M. xpbawusHom n B.C. 3axapaHom [5, C 3,
7] B KauecTBe 0606LLEHMS XOPOLLO M3BECTHOW a-eMKOCT dpocTMaHa (cnydai w(x) =
(1—a)a, — < a < 0). Nonaras, uto W(x) > 0 HenpepbiBHa Ha [0,1), W(a;) —1| < Kx
(0 < X <S) npu HekoTopom K >0, 66 (0,1), w(0) = 1, u[x)dx < +00 u

zk 1
a,(z)=i+£ —r
(2) k=l k fo tk~1U)(x)dx (1—2).+
OHW BBEN

OnpegneneHue 2.3. bopenesckoe MHOXKecTBO E C [0,271] nMeeT NONO>KUTENbHY0
LU-eMKOCTb, €Cli CYLLecTBYeT Gopeneackas mepa L, <E Takas, 4To
adir
sup a) |Ca,(ze ,tf)|ci”\(i?) < -boo.
1*<i
B npoTwuBHOM cnyyae, Korga aTOT MHTerpan 6eckoHeyeH Ans noboii BopeneBckoii
Mepu X <E, MHOXXeCTBO E MMeeT Hynesyl LUI-eMKOCTb.

Teopema 2.3. Ecnum>o(x) 6 To ntobas pyHkuma f(z) e A2 o0bnagaeT KOHEUHbI-
MU YrN0BbIMU FPaHUYHbIMK 3HaveHuamu /(e tf) ana scex )€ [0,2h] ¢ BO3MOXKHbIM
ncknoYeHnem MHosicecTsa E C [0,27] HyneBoii \bla\-emkoCcTU.

3aMeyaHune 2.1. YTBep>KieHVWe Teopembl 2.3 ABNAETCH CNefCTBUEM TeOpeMbl 8

u3 [3] (cm. TaKoKe [7], cTp. 112) n npeacTasneHns (2.1) Teopembl 2.2. Teopema 2.3

YyTOuUHAeT Teopemy 2.1 n3 [2], nockonbky ecnm /'(r) 6 A2 cw(x) = (1- x)a (0 <
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Q < 1). TO Teopema 2.1 u3 [2) ONMUCLIBAET rpaHWYHOE MoBefeHue /() B TepMuHax
(o - M-eMKOCTHU, B TO BPeMsi Kak Teopema 2.3 - B TepMUHAX (a/2 - 1)-C.uKOrTH.

3. BuoptoronansHbie cuctems pyHkyuin B J1I2 C A2

Teopema 2.2 No3BO/ISIET NEPEBECTU pe3y/ibTaTbl a4AMTUBHOIO XapakKTepa n3 npocTpaH-
CTBa XapgH 2 B NOJ06HbIE XXe yTBepXXAeHWs B npocTpaHcTBax , C A2 Mpw-
BeleHHbIe HWKe YTBepXAeHWUs - aHanoru pesynbtatos M.M. [kp6anisgHa u .M.
AiipanetsiHa [8] [10] no 6uopToroHanbHbL cucTemam (yHKuuid B 112. B nonyyeH-
HbIX YTBEPXAeHMAX hyHKUMM N3 J12 annpokcmmmpytotes sgpamm C|M|(r) koTtopble
B HEKOTOPOM CMbicnie, nydule aapa Kowm, nockonbky npy wO(x) = a 1(1 - x)“
(0< Q< 1) cosnagatoT ¢ (1 - z)~°.

[na npoctoTbl 6ygem paccMaTpuBaTb CAyyail MPOCTbIX Y3108, T.e. 6ydeM paccmat-
puBaTb NOC/e0BaTeNlbHOCTM nonapHo pasfnyHbIX uyucen u3 |z| < 1, ynosne-

TBOPSIHOLLMX YCNOBUIO BasiLlke
oo

(3.1 £(1 - bl) < +00.
i=i
MpuHaTo nucats {a>}° € J1, ecim MHOXECTBO paBHOMEpHO OTAENEHO, T.e.
alc

J‘_g]ii:Eq)K 1- ajaic -

[Janee, Beesiem npomnsseneHve bnawke ¢ Hynsmu { } °

1 0603Ha4VM NOANPOCTPAHCTBO (DYHKUMIA M3 A2, 06pallatoLmMXcs B HOMb B Hauane
KoopgmHart, yepes J12(0), a nsometputo A2 — »A2(0) Teopembl 2.2 Yepes

Tuof(z) = \n<1 (o= (L")-D.
M3BecTHOe HepaseHcTBO LUannpo-LUunaca [1lj nprobpetaeTt cnegytowyto dopmy.

Mpegnoxenune 3.1. Ecam {cn}f° e [, To ana nwo6oro F{z) e A2, c HEKOTOpOIi

nocTosiHHOl C > O
00

£(1 M 2| F (a)2< CW\R\ .
=i

[ns npuBeseHus psfa yTBEPKAEHUIA, KOTOPble B OCHOBHOM cefytoT [10), 0603HauMm
"M =T n k@) =MIL
1- z —gt
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1 3aMETUM, YTO rofioMopgHble B\ < 1yHKUMM TATAT)) =J1dp) n TUTIK(r)) =
8K(r) ponyckaroT npencTas/eHnst

(3.2) AnM-vMcrilk*) 1], = M<1.
=1 A"vivll

rae bk - KoauLMeHTbl CTeneilloro pasnoxernus B(z)(z - a*) 1= O0bn.*z"-

MpepnoxeHue 3.2. Ecam nocneposatenibHOCTb {a*}?° He y40BNeTBOPSET YC/O-
Buto brsiwke, T.e. psag (3.1) pacxoguTces, To 0be cucTemsl (3.2) noaHbl B >i£(0).

Bygem nonaratb, uto A{@~.} - MHOXecTBO (yHkumii F(z) 6 2(0), ana KOTOpbIX
CYLLeCTBYIOT € H2, ip(0) = 0, Takue, YTO rpaHUyYHbIE 3HaYeHNs ¥>(z)//?(1/z)
COBMAaZaloT C rpaHNYHbIMK 3HaveHnaMn £WOF(z) noutu Berogy Ha [z| = 1.

MpepnoxeHue 3.3. ®dyHkumn (3.2) npuHagne>kat Afak}, a cuctemsl (3.2) 6uop-
TOrOHaNlbHbI B, T.€.

&x&ew= Ll =4y ¥ K

MpepgnoxeHue 4. Ecnu F(z) € >12,00), To F(z) € A{a*} paBHOCUNILHO

=i C- 2 H<L
MpegnoxeHune 3.5. obas yHkuna ffz) 6 /47(0) npegcTasuma B Bue
1) =1i @)+ A@@), 2= |11+ LWL 12,
<e/i(r) e A{a*} n

/W =T»(BWIW )Y~ ¢ .in 4 | (K™ 7 £A"
MpeanoxeHne 3.6. £c«m 6 4u - NocnefoBaTeNlbHOCTb, A1s KO-
TOpoi

I (1 - [@)rA*2 < +aQ
K\

TO CywecTBYeT efMHCTBeHHaa yHkuusa F(z) 6 A{a*} Takaa, uTo

(3.3) LuoF{ak)=Wk, k= 1,2,...
3Ta (yHKUMA npeacTasnMa B Buae
@
F(z) = MUfcSfe(z), |z] < 4,
fe=l

ztte psg, CXoAMTCS B HOPMeE NpocTpaHcTBa A2, aF(z) - peleHne MHTEepnoNsALMOHHON

mafaun (3.3), obnagatolee MUHUMaNbLHOK HOPMOIA.
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MpepnoxeHune 3.7. 05e cucteme* { (Ha*|2)1/2Ak(=)}i° u{(l-[a*|*) 12 *()}
- 6e3ycnosHble 6asuckl B A{a*} Torga u Tonbko Torga, korga {a*}f € 4.

Mpegnoxenue 3.8. Ecnm {a*}I" 6 A. Tonobas pyHkuusa F(z) 6 A{o*} npeacTa-
BMMa 000M.HM psga.un

2) Ck(F)Xk{z) = T Z\< (M) =
3= foo
KOTOpble CXOAATCA B HOPME NPOCTPaHCTBa AlLL

Abstract. The paper is devoted to investigation of some Hilbert spaces A2 which are
contained in Hardy’s H 2 of functions holomorphicin \z2\ < 1. In particular, it is proved
that the boundary properties of functions from 2 arc characterized by some sharp
w-capacities, and some biorthogonal systems of functions containing small degrees of
the Cauchy kernel are found in 2 by means of an explicit isometry between A2 and

H2
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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
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Abstract. In this paper we consider a class of a second-order impulsive
differential inclusions. Using ti variational method based on the non-smooth
critical point theory, we prove the existence and multiplicity of anti-periodic
solutions.
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auti-periodic solution.

1. Introduction

The aim of this paper is to establish the existence and multiplicity of solutions
for the following second-order impulsive differential inclusion subject to anti-periodic
boundary conditions

(P p(«'M)) + Mdp(«(i)) e 9F (i,u(i)), in [0, T]\{ii,a3....,i m},
1.1) «-Obp{u'{*k)) = Ik(u(xk)), *=1,2,....,m,
«(0) = -t (T), u'(0) = —u'(T),

wherep>1,T>0,M >0, ®dp(x) :=[ijp2i,0=i0< <..<xm<xm+ti=T,
Adv[u'(xk)) = dpn'(xE)) ~ $p(.u'(xk))> where and u'(x*) stand for the
right and left limits of u'(x) at x = respectively; e C(R,R), k = 1,2,....m,

F :[0,T] XR -¥ R is a measurable function such that for all t e [0,T], F(t, ® is
locally Lipschitz and dF(t, ) denotes the generalized subdifferential in the sense of
Clarke |1].

In recent years much attention was paid to the question of existence of solutions
for impulsive boundary value problems, which'have a number of applications in
chemotherapy, population dynamics, optimal control, ecology, industrial robotics and
physics.

1This work was supported by the National Natural Science Fbundation of China (Grant Nos.
11271299 and 11001221), the Mathematical Tianyuan Fbundation of China (No. 11126027) and the
Natural Science Foundation Research Project of Shaanxi Province (No. 2012JM1014).
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For the background, theory and applications of impulsive differential equations, we

refer to |2J-[12] and references therein.
In [13], Tian and Henderson studied the following equations with impulsive effects:

(P pu'(x))) + Aldp(«(x)) eOF(u(x)) + fiG{x,u(x)), in [0,F]\{xi,x2,...,xT},
<-BOpU(xY) = m&()> = 1,2,
0) = -u(T), u'(0)=-u'(T).
In [13] it was proved that under some conditions imposed on F, G and I the problem
(1) has at least three positive solutions via the three critical point theorem of Ricceri

(see |14)).

In this paper, motivated by the above work, we study the question of existence
of solutions of the problem (1.1), and using a variational method based on the non-
smooth critical point theory, we prove the existence and multiplicity of anti-periodic

solutions of problem (1).
The paper is organized as follows. In Section 2 we give some preliminary results

end establish a variational principle for the problem (1.1), which are needed in the
proofs of the T4.in results. Section 3 is devoted to our main results.

2. Preliminaries

In this section we present some preliminaries, basic notion and results from
the theory of non-smooth analysis - the calculus for locally Lipschitz functionals,
developed by Clarke [1], which will be used in the proofe of the main results of the

paper.
Let (X, Ke||x) be a Banach space, (X * ]| *||*-) be its topological dual, and let

tp : X -> R bo a functional. Rccall that a functional ip is locally Lipschitz if for all
n 6 X there exist a neighborhood U of biand a real number Ly > 0 such that for all

X,y U
\d ) - < W oy\\x-

If / is locally Lipschitz and tx 6 X, the generalized directional derivative of spat u
along the direction t; £ X is defined by

V>°(uv) = limsupg(™+~ -y H
te-+u,tU) t

The generalized gradient of tp at u is the set
o<pn) = {u* e X* : (tt*,v) < <p°(u;v) for alive X).

Sotp: X 2X” is a multifunction. Observe that the function (ti,t>) t-> <p°(u;v) is
upper semicontinuous and satisfies

¥>°nv) = max{(E,t>) :£e O<pn)} forall ve X.
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We say that >has compact gradient if dip maps bounded subsets of X into relatively
compact subsets of X *. Also, an element u 6 X is said to be a critical point of a
locally Lipschitz functional ip if 0 € dip{u).

In the proofs of our main results, we will use some facts from the non-smooth
critical point theory. Tb state these results, we first give some definitions.

Definition 2.1. We say that an operator A : X — X * is of type (S)+ if for any
sequence {un} from X the conditions «,,-“ u and lim8 _»+00(A(un),un- u) <0
imply Un ¥ u.

Definition 2.2. Wc say that a locally Lipschitz function > X >R satisfies the non-
smooth Palais-Smale condition (non-smooth (PS)-condition for short) if any sequence
{un}n>i Q X such that {*(ttn)}n>i is bounded and

PILn)  niin{[u*|jx> :u* € d<p{un)} 0 as n-* +oc,

has a strongly convergent subsequence.

Definition 2.3. We say that a locally Lipschitz function J : X —mR satisfies the
non-smooth Cerami condition (non-smooth (C)-condition for short) if any sequence
{u«}n>i Q X such that {J(tin)}n>i n bounded and

(' + unjU)p(«n) -» 0 as n -» +00,
has a strongly convergent subsequence.

For the next result we refer to [15], Proposition 1.1.

Lemma 2.1. Letip6 CI(X) be afunctional. Then ip is locallyLipschitz and
<p°(u\v) = (tp'(u),v) for all u,v e X,
dtp(u) = {"(u)} for all n 6 X.

Considerthe space X = {ti € W1,p([0,T]) : u(0) = —x(T)} endowed with the
norm

Observe that the norm ||«||a" is equivalent to the usual norm: @ (Ju'(x)|p | |u(ar)|p)da”
(see |13], Lemma 3.1). The next lemma, which will be used in the proofs of our main
results, was proved in [13] (see [13], Lemma 3.3).

Lemma 2.2. LetuCX. Then H|c> < £ *|u||x, where £+ = 1.

It is known (see [13], Lemma 3.2) that the space X is reflexive and separable
Banach space.
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The functional J : corresponding to the problem (1.1) is defined by
n m  ru(*i) rT
Ju) = -tiNx -p jo W *-/0 F&M¥*))dx.

Now, we are going to establish a variational principle for the problem (1.1). Ib this
end, we impose the following conditions on the non-smooth potential F(x, u) and the
real continuous function I f

(H1) For all n € R, the function x -> F{x,u) is measurable.

(H2) For all x £ [0,T], the function u -» F(x, u) is locally Lipschitz and F(x,0) =

0.
(113) There exist a,b e /A([O.TIjR) and 1 < r < +o00 such that |u*| < a(x) +

b(X)[ulr 1 forall x 6 [0,T], x 6 R and u* £ dF{x,u).
(1) There exist constants aj,bj > 0and 70e [0,p—1),j = 1,2,..., m such that
Ne>(x)| < dj + bj\u\l] for all xe R andj = 1,2,...,m.

Definition 2.4. We say thatu e X is a weak solution to the problem (1.1) if
m

T((Dpr)KO®) + M Pp{ux))v(x) - v'(x)v(x))dx - ~ 71(ux{)v(x,) = 0,

for all ume dF(x,u(x)), v6 X andfor a.e. x 6 [0.['].

Proposition 2.1. Assume that the potential F(x,u) satisfies the conditions (HI)-
(H3). Then the functional J : X -> R is well defined and is locally Lipschitz on X.
Moreover, every critical pointu e X ofJ is a solution to the problem (1.1).

Proof. The proofis similar to that of Lemmas 3.5 and 4.4 from [13], and so is omitted.

Observe that, according to the Proposition 2.1, in order to find solutions of the
problem (1.1), it suffices to obtain the critical points of the functional J.

3. Main results

In this section we state and prove our main results. We first establish some existence
and multiplicity results for the problem (1.1), by using results from critical point
theory. Our first result is as follows.

Theorem 3.1. Assume that the conditions (HI)-(HS) and (I1) are fulfilled, and also
the potential F(x, u) satisfies the following conditions:
(H4) There exist 4 € (0,£), co > 0 and M > 0 such that G < F(x,u) <
-fiF°(x,u; -u) for allm R with Ju > M andx 6 [0, T\.
(H5) liw|u,_to = 0 uniformly for all x € [0, T] and all u* 6 dF{x, u).
Then, the problem (1.1) has at least one nonzero solution on X.
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Proof. First, we claim that J satisfies the non-smooth (PS)-condition.
By the conditions (112), (113) and the Lebourg’s mean value theorem, for all |u| <
M and X G [0, T] we have

[F(x,u)| = |F(z,ti) - F(x,0)] = |(u*tx)| < a(x)|u] + b(X)|u|r < Ma(x) + ITb(x).

Next, by the property of generalized directional derivative of a locally Lipschitz
function, for all |u| < Afand x 6 [0, T) we get

[Fe(x,u; —u)| = Imax{(u*, —u) :u* 6 OF(x,u)}| < a(x)|ul+b(X)|ulr < Ma{x)+M Thix).
Thus, for all u € R with Jul < M and x 6 [0, T\ we have
3.1) F(x,u) + nF°{x,u;-u) < at(x),

where aj(x) € L1([0,77],R).
Suppose bl  C X satisfies

3.2) At~ C and p(u,,) -=0.

Since dJ[Un) C /1" is a weak* compact set and the norm function in a Banach space
is weakly semi-continuous, by the Weierstrass theorem we can find € 0J(un) to
satisfy

(3.3) p{un) = IKHx- and u* = Ath, - vn foreveryn > 1,
with v,, € Le,([0,T],R), + ~7=1,and vn 6 <9F(z,u,(i)) for all .x 6 [O.T]. Here
A : X -» X* is an operator defined by
(idu,,v) = [Pp(mn(i))v/(x) + MSp{un(X))v{x))dx - ~ iQi(un(xi))v(x), VveX.
By the condition (1), when u(xj) < 0, we get
aju(xj) + Y "uy'+l(xj) < f lj{s)ds < —aju{xj) -
ju(xj) ital (xj) ) i{s) ju{xj)

> (ai + bil«(*DI7TIM *i) = -°j(-«(®1i)) - W «fe))1J+1-

When Uj(t) > 0, we obtain
-artxj) - -7Jh:rvl'v+ "(Xj) <Jo 11j(s)ds <ajufa) + -
Ji(uxi)u(xj) > (-aj - fylu(xy)p¥)u(xj) = -0m(x3) - bj{u(xj))li+1.

Thus, we have

) ) .
(3.4) o Ij{s)ds <all«(*i)| + 2N T|u( ir +1,

uxju(xj) > -ajlu(xj)l - * C#HI7 +1.
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Therefore, by Lemma 2.2 we get

m  [m(*>)
@5 Y I 1j(8)ds
U Jo

(3.6) fi(«(*i))«(*j) > -a~ri]iti||[x bj(iri) N $ +1
Thus, in view of condition (H4) and the formulas (3.1), (3.2), (3.5) and (3.6), we
can write
C+ pIKIIX >e?(«*)-/oce*>>)
= (i - X)|ul]x F(x,u,,(x))dx - ii(vn, -«,,)
m  ru,,(xi)
-N2 li(a)da + h(un(x{))un(zi)
Fl ® 1=1
> (i <4NiMIx - f (J°(i,iin(x)) + /IxF°(x,un(x);-uT(x)))<ir

- f (FOxti, (X)) + A 0(x,1,,(X);-1,,(X)))c&
- £ («,1lriik.in+~ (~ T Y m I I

-M E(*5Ti|M x+ L §Ti)*U bl i3+i)
i=l '

- (j-m)imm - ft- £ («jTiJl«nlk +

- E («PjrFIW DX+ > (M) ]« [B L)

where Ci is a constant.

Thus, the sequence {ur,} in X is bounded, and hence by passing to a subsequence
if necessary and using Sobolev’s embedding theorem, we can assume that

{itr, -4i weakly in X,
U,->au ae. in ([0,T\),
u, “mu a.e. in/?([0,T].

Now, we prove the following fact
lim8up(i4dttn,un —u) < 0.
n-*-fog( ' )
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¢ To this end, first observe that by (3.2) and (3.3), we have with e,, | 0
Cnflun —Il > (« , ,, —u) = (Axit"Un —u) —J[ u,,(a:)(til,(x) —u(x))dx
Next, by (3.7) and the Holder inequality we get °
J/o un(i)(un(i) - u{x))dx >0 as n -4 4-00.

So, linisupn_>+00(/4un, «,, —u) <0, and thus (3.8) is fulfilled. Since A is of type (S)+
(see |13], Lemma 4.2), we obtain un -t n in X.

Further, by conditions (H2), (H3), (H5) and the Lebourg’s mean value theorem,
forall X6 [OT] and u e R, we obtain

(38) F(x, u)l < ewp+ < () I

where >p, e> 0is an arbitrary real number and  GLI([0,T],R+).
Therefore, by Lemma 2.2 and formulas (3.5), (3.8), we can write
1 ™ (%) rm
nn) = rIMIA' ~ E /li(@)ds - / F(x,u(x))dx
) P t=\Jo @ §0 (x))
1 ™ () fT rT

N ~IMIX~E/ li(a)da-e \u(x)\vdx+ a2(x)|ti(x)|£dx
\ X=\JO Jo Jo

AN -IM b -
v E

[ /<(e)de — i|lgo4-IMilo / a2(x)dx
e o (e)de — e||«i||go ilo 4 )

> JIMR E /UX)AW* e(*Ti"||Ulp + i\ 2(x)dxMtx

r (r(lrd)piw

-E (a4 rifjJUnlix + +1]] 1 +) + ( *) j\M(x)dxM % .
Hence, we can find R > 0 and 5 > 0 such that
3.9) J{u) >6 forallue X with |Ju||x = R-
Now we claim that
(3.10) J{tu) -¥ —e0 aat-* +oc.

To prove this, let X be a Lebesgue-null set outside of which the hypotheses (H3) and

(H4) hold, and let x € [0,T]\>f, u € R with [u] > M. We set 3(x.A) = F(x,Au),

A€ R, and observe that 3(x, *) is locally Lipschitz. By Rademacher s theorem, we find

that for every x e [Q '] the function A-4 3(x, A) is differentiable a.e. on R, and at a

point of differentiability Ae R we have $;3(x, A) € dd{x, A). Moreover, by the chain
53



NEMAT NYAMORADI

rule we have <93(*,A) C (@QuF(z, Au),u)B, implying 03(x,A) C (OuF(x, Au), Au)R.
Next, from (H4) we infer
vd . o> gAY & (FF) >+,
AdA3(rrA)-/ia( * } 3(x,A “ Am
Integrating the above inequality from 1 to Ao we get In > In Ao . So, we have
proved that AM(x,Au) > >*F(x,u) for x e [0,T]\N, |u| > M and A> 1
Let z(x) = min{F(x,u) : |ul = M}. Clearly we have z € 1"([0,[],K+) and
*(x) > co for every x € (0,T). Therefore, for every x e [0,T]\>fand |u| > M we have

(311) F@®ti) = F(xI|[UAF-LAFtilttr]) > (A ) “F(*,[AAT) > * (x)(~) .

On Lhe other hand, in view of the equivalence between two norms in the finite-
dimensional spaces, for any finite-dimensional subspace U C X and any ue U, there

exists a constant C > 0 such that
Il = (TV(x)4dx) >Cl«|U, *>1.

Then, by (3.5) and (3.11), there exists a positive constant Ci such that
rT

JW <jlH& + £ (< [1* +: " ( ! « 4
s IMb+£

ENMEX+E (4jTIMIX+2 h (5ri), '+ IM®+]) - ®c*(i)

Since < i and 7j <p —1, for any n € JI\{0} we have J(tu) —-00 ast -> +00,
implying the desired claim (3.10).

Finally, for large to > 0 we have J(tou) < Owith fixed u € XA{0}. Hence, observing
that J(0) = 0, in view of formula (3.9) and the non-smooth mountain pass theorem
(see [16, 17]), we obtain n e X, u 0 such that 0 e dJ{v). An apphcation of
Proposition 2.1 completes the proof. Theorem 1 is proved.

In the following result we replace the condition (H4) by conditions (H6)-(H8).

Theorem 3.2. Assume that the conditions (HI)-(HS) and (I1) are fulfilled, and there
exist two positive constants /3, 7 with'y>pand0>y-p, such that F(x,u) and
h »=1,2,..., m) satisfy the following conditions:

(H6) limJuH+00 = +00 uniformly for all x e [0, T\.
(H7) lim8upju]_+00 - |*"|* < M < +00 uniformly for some M > 0 and all x €
[0.TJ.
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> 0 uniformly for all i £ [0.T].
(12) (i=1,2,...,m) arc odd and nondecreasing.

Then, the problem (1.1) has at least one nonzero solution on X.
Proof. We first prove that J satisfies the non-smootli (C)-condition (see Definition

2.3). Let {ttii}n>i £ X be such that {J(un)}n>i is bounded and (I+|jun||x)?(un) ~+
0 asn -> -boo. Then, there exists C > 0 to satisfy

(3.12) U(«n)] < C and 1+ |uT|x)p(un)< C forall n € N.

By condition (H7), there exist B\ > 0 and 6i > 0 suc.h that. F(x,u) < \|w|7 for all
uf > & and x € [0,T]. It follows from the above inequality, the conditions (HI),
(H2), and the Lebourg's mean value theorem that |F(x,ti)|] < () for all [ti| < Si
and x € [0,T], where 5a(x) 6 L1([0,T],R+). Therefore

(3.13) [F(x,m)| < Oijlup +a2(x) forallu6R, x 6 [0,T].

Also, by condition (H8) there exist > 0and < > OsuchthatpF(x,u)+F°(x,u;-u) >
&\ \& for all |u| > S- and x 6 [0,T]. By arguments similar to those used in the
derivation of (3.1), we obtain [pF(x,u) + F°(x,u; -u)| > 03(1) for all Ju| < 6 and
X 6 [0,T]. Thus, for allu e R and x € [0,T] we can write

(3.14) pF(x,u) + F°(x,u;-n) > &\n\p a3(x),

where 33(x) € L1([0,T],R+), Therefore, by (3.4), (3.12) and (3.13) we get

C=>\[(un)| >

Thus, we have

(3.15)
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Fvom (3.12) and (3.14) we obtain
(p+HC > pl(««)-«,«,)
02J  \u,,(X)\pdx - a3(x)dx - Qi6%

m  /fel».(*()

-pY |/ It(@)da + E lifun(xi))un(xi)
7iJo 1=1

02J  |«,,(x)|0d x - a3(x)dx-ei6$

-PE + MK T« +1)

—E (*11* 1 + biluniito+1) I
i=sl
where it* 6 9J(un) and w, e dF(x,u,,). Therefore the sequence {«,} ia bounded

both in Ifi{[O.Tj.R) and L°°([0,T],R).
Since 7 > p and f) > 7 - p, then assuming 7 < /? and using Holders inequality

wehave /0|1 () ~<  *|tin(x)|*dx”, which together with (3.15) implies that
{u,,} >sbounded in X. /3< , then by Lemma 2.2 we get

LA () 1A TK AT MX)|Ndx < (iTi) 7 Iti ()|

Mence, taking into account (3.15), we conclude that {ti,} is bounded in X. By
arguments similar to those used in the proof of Theorem 3.1 we infer that {tin}

strongly converges in X.
Also, by conditions (H3) and (H5) we can find R > 0 and S > 0 to satisfy

(3.16) J(ti) > & forallu € X with |u]| = R.

Next, we prove that there exists w e X such that J(uo) < 0. Tb this end, observe
first that by condition (H6), for

there exists S3 > 0 such that

F(x,n) > esliip  for all Ju| > 63, x € [0, T).
It follows from (H2), (H3) and the Lebourg’s mean value theorem that
(3.17) F(x,u) > esMp- 03<*3-0i(x), forallu6R, x € [0,7],

where 04(x) € L1([0,T],R+). Therefore, by (3.17), (H3) and Lemma 2.2, we choose
no(x) = ~ x and observe thaty e ! .
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Since by (12) the functions (i = ,2,..., m) are odd and nondecreasing, the

functions fO () are even and satisfy  1,(s)ds > 0 forany > 0. Hence
™ o(xi)
I 1 ) >o.
i=l /n
So, in view of (3.17) we can write
8P T, jy |p\ ra  ruO(xt) T
J(auo) = — AN+ AT |--%| li{a)ds-J F(x,suo(x))dx

- — +M1 - ® ) dx- \J F(x, «<o(x))<iX

w

p{T+pTi(iy *)- 'esl KWIr+Ci

where C\ := g36%T +  a”(x)dx is a positive constant. Taking into account that

1fmt 2M 2 IT\p+1 1 2M /TuM-i\
p ( p+Tvr) J“»?+1(a) =-4 T+~ (2) J<0>
we conclude that there exists a large enough so > 0 such that J(souo) < 0.
Finally, observing that J(0) = 0, wc use the formula (3.16), the non-smooth
mountain pass theorem (under the non-smooth (C)-condition (see [17))) and Proposition
2.1, to complete the proof. Theorem 2 is proved. |

Theorem 3.3. Assume that the conditions (H1)-(H5), (Il1) and (12) arc fulfilled,
and the potential F(x, u) satisfies the follovhng condition:

(119) F{x,u) = F(x, -u) for allx 6 [0,T], n e R.

Then the problem (1.1) has an unbounded sequence of solutions {u,,} C X such that
IKIU -+ 00 0s n-> oo.

Proof. It follows from the conditions (12) and (H9) that J is even. Hencc using the
arguments of the proof of Theorem 3.1 and the non-smooth symmetric mountain pass
theorem [16], we conclude that J possesses an unbounded sequence of critical values
{c,,} satisfying J(un) = cn, where 0 6 dJ(un) forn = 1,2,....

Since 0 6 dJ{un), by (3.3) we get

(3.18) (Vn(x),un{x))dx = 0,

where vn 6 dF(x,u,,).
Next, in view of (3.5), (3.6), (3.11), (3.18), (H5) and (H9), we can write

-IKIIx = e« U* - [ (vn(x),u,,(x))dx >
P P iz1 Jo
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> (p+De, + I T((p+DF(Xx,u,, (i) F°(x,ti,(x);un(i)))dx+
J% - n(®))
+(p+ )T "/ /,(s)da - ~/,(un(x,))u,,(x,) >
i=l %o i=1

>+ De,+ ((p+ 1)+ jj) Jo {F(x,Un(x)) + F{x,—tit»(*))dx—
-(p+i)E + (8ri) ijuUn||* +1)
-E ("IKIX+bi( Ti)7,+]ji«r|iiF]) >

>(p+hen+((p+1) +-), JI{|u (*)i<Af>F(X’un(X)dX

-<P+1)E («ijriiKiix+"~T iG ~j~iw irl
E (Oi’\«IKIIX+I:>i(TI)'T<+]j||/|r|||F]) J
i=1
Thus, we have

Iw & + (p+i)E(AS5TilK iir+ ~G TO 7,+1|lu”115+1)

+E (iAW Ix + iirdriw ird
> ((p+ De, + f(p+ D+ -) f F(x,Un{x)dx.

Since 1 -> +00 asn -t +00, it follows from the above inequality that [jun||x -* +00
as n -¥ +00. Also, with some constant C", we have

(3.19) (P+1WAIKII* +C".

Hence, by the condition (H3) and formulas (3.4), (3.19), we can write

1 ™ - Jeckn(*<) fT
pen < “lI*nllx —h+C" =~/ li(e)ds+ / F(x,u,,(x)dx+C"
” i=i Jo Jo
™ /-Un(n) fT
=E / 1{(s)ds+ {mn(x),vn(x)dx + C*
i=1 n
/ \ " y

<E (*IKlloo + " I« 0 +1 + IKlloo a(x)dx + llinll*,J b{X)dx+c",
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where 6 OF(x,su,t) with a e (0,1). Thus, we have | | -“+oowin-» +o0,
and the result follows. Theorem 3 is proved.

Acknowledgments. The author would like to thank the anonymous referees for
valuable suggestions and comments.
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1. Introduction

It is well-known that the Vilenkin system does not form a basis in the space
Li (Gm) mMoreover, there is a function / in the martingale Hardy space Hi (Gm),
such that the partial sums of / are not bounded in L\ (Gm)-norm, but the partial
sums Sn of the Vilenkin-Fourier series of any function / 6 L\ (Gm) convergence in
measure (see [12]).

Uniform convergence and some approximation properties of the partial sums in
Li (Gm) norms were studied by Goginava [8] (see also [9]). Fine [3] has obtained
sufficient conditions for the uniform convergence, which are in complete analogy
with the Dini-Lipschits conditions. Guliev [13] has estimated the rate of uniform
convergence of a Walsh-Fourier series using Lebesgue constants and modulus of
continuity. Uniform convergence of subsequences of partial sums was studied also
in [7]. The same problem for Vilenkin group Gm has been considered by Fridli [4],
Blahota [2] and GAt [6].

It is also known that a subsequence Srjk is bounded from Li (Gm) to Li (Gm)
and only if nk has uniformly bounded variation and the subsequence of partial sums
SA, is bounded from the martingale Hardy space Hp (Gm) to the Lebesgue space

(Gm) for all p > 0.

1The research was supported by Shota Rustaveli National Science Foundation grant no.13/06
(Geometry of function spaces, interpolation and embedding theorems
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ON THE PARTIAL SUMS OF

111 this paper we prove the following rather surprising fact: there exists a martingale
/ 6 Hp(Gm) (0 < V< 1) Lsuch that

A»P1|5Mn+i /|| /oo = oo.

The reason of divergence of Sa/,,+i/ is that for 0 < p < 1 the Fourier coefficients of
f e Hp (Gm) are not bounded (see [17]).

In [5], Gdt has obtained the following strong convergence result: forallf  Hi (Gm)
- - W - ..
’-ioolo)g);nJE‘J K A0
where S*/ denotes tlie A-th partial sum of the Vilenkin-Fourier series of /.
For the trigonometric analogue of this result we refer to Smith [16], for the Walsh

system see Simon [14]. For the Vilenkin system Simon [15] has proved that there is
an absolute constant v, depending only on p, such that for all / 6 Hp (Gm)

O-D E. "~ s <*INe,. o<p<i.

k=i K
In [18] the author proved that for any nondecreasing function @ : N —»[1, 00)
satisfying the condition Jim ®(n) = +o0o0, there exists a martingale / £ Hv (Gm),
such that

(]3 N = (k<L

k=1
Strong convergence theorems for two-dimensional partial sums were proved by
Weisz [23], Goginava [10], Gogoladze [11] and Tephnadze [19].
The main aim of this paper is to investigate weighted maximal operators of partial
sums of Vilenkin-Fourier series. Also, the obtained results we use to prove approximation
and strong convergence theorems on the martingale Hardy spaces Hp,when0 < p < 1.

2. Definitions and notation

Let N+ denote the set of positive integers, and let N := N+ U {0}. By m := (mo,
mi,...) we denote a sequence of positive integers m* with m* > 2. Denote by Zm,, :=
{0,1, ...mfc - 1} the additive group of integers modulo rrik, and define the group Gm
as the complete direct product of the group Zmj with the product of the discrete
topologies of Zmj *s. The direct product fi of the measures

Hk (W) = 36 Zmk

is the Haar measure on Gm with 1 (Gm) = 1.
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Ifthe sequence m := (mG>mu ...) is bounded, then Gmis called a bounded Vilenkin

group, otherwise unbounded.
The elements of Gm can be represented by sequences

x =(xo0,Xi,...,Xj,...), Xk € Zmu-

Observe that the sequence {In(x), n € N}, where 1q(x) := Gm and

In(x) =={y e Gm 1\ = so, = *n-i} (X6 Gm, n 6 N).
forms a base for the neighborhood of Gm.
Denoting In :=/,, (0) forn £ Nand := Gm\ I,,, we clearly have
N-1
(2.1 In =
5=0

If we define the so-called generalized number system based on m as follows

Mo =1, Mk+i:=17*M*, AeN,
oo
then every n 6 N can be uniquely expressed as n = ‘ jMj, where n, 6 Zm.
0
(j 6 N), and only a finite number of rij's differ from zero.
Also, we denote |n| :=max {j €N, - 0}, and L\ (Gm) will stand for the usual
(one dimensional) Lebesgue space.
Next, on Gm we introduce an orthonormal system, called the Vilenkin system as
follows.
We first define the complex valued functions r* (i) : Gm —C to be the generalized
Rademacher functions:

rk (X) := exp 2mixk/1nK) (2= -1, xe Gm, K6 N) .

gl
The Vilenkin system ip := (n :n e N) on Gm is then defined as follows:

W(z) = Ur? (x) n6N.

In the special case where m = 2, the Vilenkin system will be referred as a Walsh-
Paley system. It is known that the Vilenkin system is orthonormal and complete in
Li{Gm) (see, e.g., [1, 20]).

Similar to the classical Fourier analysis case, for / e Lx(Gm) we can define the
Fourier coefficients, the partial sums of the Fourier series and the Dirichlet kernel
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with respect to the Vilenkin system ¢ as follows:

m Do fAkdn, ke N,
om
n—

snt . 6 N+, Sof := 0,
k=0
n—

Dn . = «BN+.

k=0

Recall that (see [1])

22)
and
/ nij— \
(2.3) Dn{x) = Vn(x) 1| =) "~ FEX
\j=0 =,

The norm (or quasinomi)  the space Lp(Gm) is defined by

1/1,:={3G I/f d"j (0 <p<o00).
Notice that the space LP00(Gm) consists of all measurable functions f for which
1771, :=supAa(/ > A)lp < +00.
r A>0

The cralgebra generated by the intervals {/,, (x): x € Gm} will be denoted by Fn
(n € N). Denote by / = (/n,n 6 N) a martingale with respect to Fn>n € N (for
details we refer to [21]). The maximal function of a martingale / is defend by

/[* =supl|/H.
neI\PI| |

In the case where / € Li (Gm) the maximal function can also be defined by

N {x=s

RN %N| Jln{x)f (W) dar (1)

For 0 < p < 00 the Hardy martingale space Hp(Gm) consists of all martingales /
satisfying

I/1tfp := 1I/*1l,< oo.

For 0 < p < 1 the dyadic Hardy martingale spaces Hp (Gm) possess an atomic
characterization. Namely, the following theorem is true (see [24]).
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Theorem W. A martingale f = (/,,, n € N) is in Hp(Gm) (0 < p < 1) if and
only if there e?dst a sequence ofp-atoms (a*, k 6 N) and a sequence of real numbers

{uKk, K 6 N) such that for every n € N

09)
(2.9) Y JvkSMnak = fn and 2JIm*Ip < °°-

k=0 *=0
Moreover, ||/||a ~ inf (££i,, \VK\Pf /P, where the inbTuT is taken over all decompositions

o ff of the form (2-4).
Recall, that a bounded measurable function o is a p-atom, if there exist a dyadic

interval I, such that
jrfadn =0, Lheje<uy(D~1/p, supp(@) CI.

Let X = X(Gm) denote either thespace Li(Gm)or thespace of continuous
functionsC(Gm). The corresponding norm isdenoted by Lk||x, and thecorresponding

moduli of continuity are defined by

w(l/M,, f)x = SU}) " (+ A- / (OH*.
fte/n
The modulus of continuity in Hv (Gm) (0 < p < 1) can be defined as follows:

w(l/M,,, Ns,(oT) m=Il/- *Mnf\u,(Gm) m

It is easy to show that for / 6 L\ (Gm) the sequence (Sm,,(/):ne N) is a

martingale.
If / = (/n,n 6 N) is a martingale, then the Vilenkin-Fburier coefficients must be

defined in a slightly different manner, namely:

/(t):= um Tk dj. (x).
(1) fc%"Jam ) (x)df. (x)

The Vilenkin-Fourier coefficients of a function f € Li (Gm) are the same as the
martingale (Sa*,, (/) :n € N) obtained from /.
For a martingale / we consider the maximal operators:

5*/ : =sup|5,/-,
n€N
S:;i =

where [p] denotes the integer part of p.
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3. Main results

In this section we state the main results of this paper.

Theorem 3.1. The following assertions hold:
a) Let 0 < p < 1. Then the maximal operator 5* is bounded from the Hardy
space Hp (Gm) to the space Lp (Gm).
b) Let0 < p < 1and <:N+ -¥ (l,00) be a nondecreasing function satisfying
the condition

n + I~ M fo+ I
(3.1) n'lrtgo(n Oq?){n) ° ) = +00.
Then Snf
n
su =00 for O<p<1
x40 o) P
and
Snf
su = 00.
"N <P()

We easily infer the following result, which first was established by P. Simon [15].

Corollary 3.1. Let0O <p < 1andf € Hp(Gm). Then there is a constant (o, depending
only on p, such that

oI - PN e

Theorem 3.2. LetO<p <1,/ € Hv(Gm) and Mk <n < Mk+imThen there is a
constant @, depending only on p, such that

lis.

Theorem 3.3. The following assertions hold:
a) LetO<p< 1,/ €Hv(Gm) and

N N *) .- 00.

Then
S HC) L@ =+0 (1 -0 1
b) For everyp 6 (0,1) there exists a martingale f € Hp(Gm) for which

00

and
Sk (- W, { )"0a3k oo
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Theorem 3.4. The following assertions hold:
a) Letf GH\[Gm) an®

Then
[|& (/) /111 >0 ask-too.

b) There exists a martingale f Hi(Gm) for which

asn-too

and
[[s*(/)-/1li-~0 " k~"°°-

4. Auxiliary propositions
In this section we state two known lemmas that will be used in the proofs of our
main results.

Lemma 4.1. fl22]* Let T be a sublinear operator such that for some 0 < p < 1 and

for every p-atom a

7
where | denotes the support of the atom. IfT is bounded from ,, to £«,, then

Lemma 4.2. [17] Letn 6 Nandx € 1,\ +1foro<a< N - 1. Then

\Dn{x -2 -
5. Proof of the theorems

Proof of Theorem 3.1. We first prove assertion a). To this end, observe that since S*
is bounded from Loo(Gm) to Loo(.Gm), in view of Lemma 1, it is enough to show that
for every p-atom a

J Spa(x) IOdp.(x) <c< oo for O<p<1,
7,
where | denotes the support of the atom.
Let o be an arbitrary p-atom with support/ and 1 (1) —Mjv. We may assume that
I = - Itiseasy to see that Sn(a) = 0 when n < Mu. Therefore we can assume
thatn > Mn-
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Since LHLbo < JI</p we can write

\Sn (0)| < Jf; |a (t)] IDn (& - 01dp. (¥

< Hdloo/ 1A.{x- 1)|dp (t) < Mf/P Dn[x- t)|dp ().
Oojlh {x- Dldp (1) J[N nx- tldp(t)
FbrO<p<landx C from Lemma 2 we get
® 19.,0(5)I < cMl/p-IM.

logW(n+ )(n+ 1)I'” 1 - logW (,,+ ) (n+ Nlp 1’
Combining (2.1) and (5.1) we obtain

(-2) [ \Spa{x)\Pdfi(x)=J2f |s;a(x)fd/i(i)
AT 1 75 11 1

cMr nr-1

logWp(n+ 1) (n + 1) 1" M, - logPW (n+ 1) (n+ 1)1"

This completes the proof of assertion a).
Tb prove part b) of the theorem, we set

fnk (X) = £>ma,Kktl (i) - VM7 (1)
and observe that

foo(i)— —A_an|_|f|"2|'|»+X-l
" 0, otherwise.

Hence we can write

f Dif{x)~ DM (i), ifi= MIj<x+ 1 , MIMk+1- 1,
(5.3) Sifnk (s) = < /,, (i), if | > M2nk+l,

I o, otherwise.

From (2.2) we get
(5-4) [1/nk|[tfp(Gm) = geﬂJSm,, (Inj

Let 0 < p < 1, then under the condition (3.1) there exist positive integers * such
that

K-ioo tp(M2lk + 2)
Applying (2.2), (2.3) and (5.3) we can write

3Mi,,.+1InkK &M3lk+i ~ DMin

DAL + 2 if (M"m, +2) PM2k +2)  F{Mink + 2)
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This implies
i"Maw+ism ()] 1
(5.5) U{x G ifiMan*+2) ~ V(T *+2)
Combining (5.4) and (5.5) we obtain
ilp
H(Jtfic*+aj y 1\ xeGm m +2) V(«*-*+a)/J
~ 1/-* (%),
f" \lip—=3
> R— Koo 22 500 as K —Yoo.

~ MM2n*+2)M,1- 1P o (M2n* + 2)
Now consider the case p = 1. Under the condition (3.1) there exists a sequence
{tj* : k > 1}, such that
im Jogvsr
frl;-lrrgo tp(qnix .
Let 9n*= -Man* + 1- +M2+ Mgand x 6 h,\h,+i, a=0,..., *. Combining

(2.2) and (2.3) we obtain

w (P >\DM. (*)]- Y?2T~1(*)DM» (x)

1=0
e-2
> M2 -V M*>M2, - Mb-i >
1=0
Hence
(5.6) f . (\dn (x) > [ M2dn(x) >cli > en*.
=0 \ =+
Finally, by (5.3), (5.4) and (5.6) we have
1 [ 1”rn*/n* (g)|J
I/n* (Z)ll«i(G m) \b*, V(/\FIK) ~
1 [/ Dgh (x) , \dm (@)1 \

I/ *)lIFi(or) \Jom P(n*) ~ *  Jom <P(™)

r rw (los™ 1r - 00 * *-*©
and the result follows. This completes the proof of Theorem 3.1.
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Proof of Corollary 3.1. Let 0 < p < 1. Applying (5.1), (5.2) and Theorem W we have
11S*< 1f ISka(x)|p

=MN
00

+ 13
K;M'NW v f (.[/W *(* *)1<’1\/IC’?) (*)
00
< CpMIf p B +cvM\fpjr <c¢, < 00.
*=JW J-M*
This completes the proof of Corollary 3.1.
Proof of Theorem. 3.2. Let 0 < p < 1and Mk <n < Mk+i- Using Theorem 3.1 wc
get
H~n/llp < Cpn¥* 1log” n 1l/114,(0T) *
Therefore

ISnf ft <51 - SMI\\; +ISM - f\p=s,, (SW - f)

+ N * 4+
HHw  /1r< @(nl 1) log"W % 7 Ho@n)
and
(5.7) 115, /-/||p< Cpn* 1logw Tiw A
\ T HGm)
Theorem 3.2 is proved.
Proof of Theorem 3.3. Let 0<p < 1,/ 6 Hp{Gm) and

w ( = 0ol—n—r | asn-*co.
u=*.v,,0,> \mLUr-e)
It follows from (5.7) that
[1IS,,/ - / -4 00 as n-"o00,
implying assertion a) of the theorem.
To prove part b), we set

nly

p1l
K (x) = ---- {DMik+i (x) ~ DMk (x)) >
where A= supn6Nmn, and
A A
IA(*)=J2 "~ Oi{x).
awr

Taking into account that
f ak(x), 2k<A,
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and

eUPPM =/« . [ akdn=0, |«*||, <M If--M n = my* = (QUPP ak)-I"\
Jhk

we ntin apply Theorem W to conclude that / 6 Hp.

Next, it is easy to show that
(5.8) f-Suld
(fW-5M/W.../(n) W (n).../@mfc) SMI * +V)

= (0...0,/(»+«- /W ......
- (°..° E N )mieNt
is a martingale. Hence, using (5.8) we get

1 00 1 /o1 \
WM.,.? )H' <:f\n/a]+i wd/& 1 .(.ml" 1)
where [n/2] denotes the integer part of n/2.
Next, it is easy to show that
{ I ifJe -1}, »= o,1,...
0 if ji n {Mwm,. ,M3,+1-1}.
»=0
Hence, using (5.9) we can write
limsup I/ - 57,,,+1- (N]| ,,«( )

K-too

> limsup ( [li>Mat+1-1 1L, AXGm) Il £ (E>AW - DMil) ||b,..(Om))
*xoo | i=Jt+ J

>Iiw(l -¢c/M ™ )c>0.
This completes the proof of Theorem 3.3.

Proofof Theorem . . The proofofassertion a) is similar to that of part a) of Theorem
3, and is omitted. So, we prove only part b). Ib this end we set

ey(x) = - DM Ut (x)

and

Taking into account that
c.. [ Ofc(x), 2Mk <A,
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and
supp(fifc) = 12Mk, f  akdn=0, |[ja*||] < M2wb = *(aupp ofg),

we can apply Theorem W to conclude that / 6 Hi-
Next, it is easy to show that

i) .

where [Ign/2] denotes the integer part of Ign/2. By simple calculation we get
, if j € {M2Mt,...,M2Mi+1 - 1}, »=10,1,...

610 D= g 44 U {AiJAF, . ..- 1

Finally, combining (5.6) and (5.10) we obtain
limsup I/ —Squ (/)|]i
K—t00

and the result follows. Theorem 3.4 is proved.
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Annortayus. B paboTe mpuMBoAMTCS KpuTepuii HempusogumoctTu C*-anre6psbl
CE£(X) Ha runb6epToBOM npocTpaHcTBe 13(X), NOpOXAeHHOW 0TOGpPaXeHNeM <P
CUETHOrO MHOXecTBa X B cebs. [JaHHbIii KpuTepuidi NO3BONAET CTPOUTL MPUMEPbI
C*-anrebp, HenpmBoAnUMbIX Ha 12(X).

MSC2010 numbers: 46L05, 46L55.

Kntouesble cnosa: C’-anre6pa, HYaCTn4HaA U30bIETPUA, HENPUBOAMMOE NpeacTaB-
NeHune.

1. Beegenune

OTOo6paxXeHWe BNOXEHNS CHETHOrO MHOXeCTBA X B Ce6A MOXET, C TOUHOCTbIO 0 Ka-
HOHWYECKOro n3omopgusma, nopoanTb Tonbko ae C'-anrebpbl  anrebpy Tennuua
N noganrebpy anrebpbl BCEX HEMPePbIBHbIX PYHKLUA Ha €4VHWUYHON OKPYXXHOCTM.
Anrebpa Tennuua, KOTopas MMeeT pasnuyHble NPUIOXKEHUA B COBPEMEHHOI MaTema-
TUYECKOR (hU3NKe, MOPOXKAAeTCSH 0TobpakeHnem casura () = +1 Ha MHOXeCTBe
HaTypanbHbIX Yncen (uny onepatopom npasoro casura Ha /2(N), Teopema KobypHa
[1, 2]). CywecTBytOT pasnnyHbie 0606LeHns anrebpbl Tenaumua (cm. [3] - (B]) n mx
npunoxexHus (cM. [6] [8]). OTmeTum, uTo anrebpa Tenauua NOPOXAAETCS HEMPUBO-
OUMbIM NPeACTaBNEHNEM BULMKANYECKOA nonyrpynnbl (cm. [9)).

B pa6oTe [14] 6b1n10 HayaTo nccnegoBaHne C*-anrebpbl C* (X), MOPOXAEHHOI 0TO6-
paxeHuem y : X — »X CUYETHOr0 MHOXECTBA B Cebsi, KOTOpPOe B O6LLEM Cryyae He
ABNAETCA BNOXeHNeM. B ctatbax [14]-[19] 6bin onucaH psag CBOWCTB 3Toi anrebpbl, B
YaCTHOCTM NoKasaHo, 4To C*(X) OTHOCUTCA K KaTeropuu saepnbix anrebp, obnagaet
HeTpuBUanbHoi JIP-noganre6poii, 1 Npu ycnoBUM OTCYTCTBUA LIMKANYECKUX AN tp
3N1EMEHTOB ABNSETCA Z-rpagyvpoBaHHOM.

1Pa6oTa BbINO/MHEHA NpU (hrHaHCcoBO nopaepxke PO® U (npoekT No 12-01-97016).
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B faHHol cTaTbe, MPOJ0MKas 3TV UCCNe0BaHUs, Mbl MPUBOAUM KPUTEPUIA Henpu-
BOAMMOCTY “'ecTecTBeHHOro " npeactasneHms CLLX) Ha 12(X).

2. Heo6xoaumble cBegeHunn

Myctb  -.X__yX 0TOGpaXkeHWe CYETHOTO MHOXECTBA X B Cebf, Y0BNETBOPAIO-
Lwee ycnouio card<p 1[x] < oc gns noboro x B X . Mbl npegnonaraem, 4to B J1 HeT
AUMKNNYECKUX 31eMeHToB, T.e. A{X) /i H 1 npu kakmx N1 € Nu x 6 X. Takxe
Bymem nonaratb, 4To rpad (X, ¢) ¢ BepLuMHaMK B TOYKaxX MHOXeCTBa X 1 pebpamu

(x, ifi(X)) ABNsAETCA CBSA3HBIM.
Ha runbbeptoBom mpocTpaHcTBe 12(X) ¢ ecTecTBeHHbIM 6Gasucom {e*}sgv, rae

e*(y) = &v (6x,v — cumBOn KpoHekepa), 0TObpaKeHMe Yp MHAYLMPYeET onepartop
Tv i la(X) —>I13(X); Tvf =f op.

Ecmm card < 00 Ans noboro x e X, Ho supcard > 1[i] = oo, To onepatop
Tv [OMycKaeT 3aMblKaHVie U ABNSETCA BCOAY MI0THO onpefeneHHbiM ([17]). B atom
CNy4ae OH NpefCcTaByiM B BUAE CHETHON CYMMbl OMEPATOPOB YaCTUYHON U30METPUN,

TV=U+Yy + - y/rmUm+ oml
roe nneo k& = 0, nnbo I/*e* = 4p(  J2 MPUcard<p 1[x] = K. 3ameTum, 4TO
Eod )
UiUj = UjUi = 0ecrmi .

0O603Ha4MM yepes C*(X) paBHOMEepPHO 3aMKHY Ty C'-noganrebpy anrebpbl B(12(X)),
NOpOXAeHHyt0 onepaTtopamu YactuuHoii nsometpun {UkjkeN- MopoxgatoLuee cemeid-
CTBO YaCTWUYHbIX U3OMETPUIA YAOBNETBOPSET COOTHOLLEHNSM
M UJui + H----- urUm H---=P,

\ uluj+u2us + ---+umuzl + --- = Q,
rge onepatopbl P 1 Q —NpoeKTopbl, onpefeneHHble 3aaHHbIM Ha MHOXECTBe 0T06-
paxeHvem (cm.[15, 17, 18)).

Takum o6pazom, C*(X) MOXHO B HEKOTOPOM CMbIC/ie OTHECTU K C*-anrebpam,
MOPOXAEHHbIM M30METPUAMM, YAO0BMETBOPSAIOLMMUN ONPefeNeHHbIM COOTHOLLEHUAM.
WcenepgoBaHme Takmx anredbp Hadyanucs ¢ paboTbl KyHua [10] (cm., Takke [11]- [13)).

3. MOHOMBI

OnepaTopbl YaCTUYHOA n3oMeTpun 13 MHOXXecTB {Cfck*eN n {£/£}*6n byaem Hasbl-
BaTb 3/EMEHTapPHbIMI MOHOMaMM, KOHEYHOE MPOM3BEAEHNE 3NIEMEHTAPHbLIX MOHOMOB

— MOHOMOM 1o onpegeneHuo nonokum indt/* = 1 w indt/£ = -1. WHgekcom
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HeHynesoro moHoma V (ind V) 6yaem HasblBaTb YMC/O, paBHOE CYMME WHLEKCOB 3e-
MEHTapHbIX MOHOMOB, MPOM3BEAEHNE KOTOPbIX paBHO V. VHAEKC HYneBOro MoHoma
MONOXMM PaBHbIM Hy/H0. [1pn OTCYTCTBUM LUKINYECKMX 3/TEMEHTOB MHAEKC MOHOMA
He 3aBWCMT OT €ro MNpefCcTaB/ieHUs B BUAE MPOU3BEAEHWS 3/IEMEHTAPHBIX MOHOMOB
(cm. [16, 18]). MoHom V Ha3oBeM npaBbiM aenuTenem moHoma W. ecim W = V'V,
rae V' —HekoTopblii MOHOM. MoHom W 6yeM Ha3biBaTb NONOXKNTENLHO ONpeaeneH-
HbIM OTHOCWTENIbHO AaHHOIO MPeACTaBNeHMs (Janee NONOXKMUTENbHO OMpeseneHHbIM)
€C/N MHAEKC NH06Oro ero NpaBoro Aenntens HeotpuuateneH. Ecnm W nonoxutensHo
ornpeaeneH 0THOCMTENbHO ITI Lk, rae Uk 6 {Ujl }, 10 ind ( ﬁ LWK) > 0 ans
no6oro | > 1. * |

Nemma 3.1. MycTb W nNONO>KMTENLHO OMPeAeneHHbIA MOHOM HYNEBOr0 WMHAEK-
ca. Torga W —non0>KUTeNbHbIA OnepaTop C KOHEUHbIM CMEKTPOM W MHO>KeCTBO
{e*}x6X aBnseTCHA NOAMHOXKECTBOM COOGCTBEHHbIX BEKTOPOB onepaTopa W.

MpuBegem HabpoCOK AoOKa3aTenbCTBa. 3aMETUM, UTO OTOBPAXKEHWE <P UHAY-
LMpYeT Ha MHOXECTBe X YacTUYHbI NMOPAJOK, @ UMEHHO X - Y, eCn HalifeTcsa Takoe
6 N, yto qn(y) = x. PacnpocTpaHum 3TOT MOPAZOK Ha 6asuc {ex}xex, nonaras

ex ecnn <m T(y) = X
Mycte W = 1,
fc

. Itod (kl‘_llLlJp) = 0,nnyctb Wex 0. PaccmMOTpUM ero npasble

fenutenn Vi = klri - Mo ycnosuio nHaekc noboro M HeoTpuuateneH, n VT = Ujm.
Ecnn e*, eu) O, T0 ex <eu. anee paccMoTpum Vn-i = 1 TaKow
anemeHT ex, uto (Ujm | Ujmex,ez) 0. iHngekc npasoro genutens VT \ nnéo 0, nn6o
2. B nepsom cnyyae nonyyaem er = eX} BO BTOPOM ex <e,, <ex. [1pogosmkas Takum
06pa3om, NpUxoanMM K BbiBOZY, YTO Ans nboro npasoro genutens Vi, | < T, w3
ycnosusa (Viex,ex) O cnefyet, uTo €*  €*, MpUYeM PaBeHCTBO BbIMNOJIHAETCA ANA
penntens nHaekca 0. Mockonbky W = V\ umeeT Hynesoit uHaekc n (WeXkex) 0,
1O \Vex = A*e*. 13 noctpoeHus onepaTtopos {Uk} Bce Ax > 0. B cTatbe (18] (nemma
2.5) 6b110 fOKa3aHO, YTO MHOXECTBO MaTPUUHbIX KoahuumeHTos {(Wex, ev)}xvex
KoHeuHo. OTctofa W = ai?i+a2y2+-ee+«,0¥)rae (Pi,0> ..., 3>,- nonapHo opTo-
roHa/IbHble NPoeKTopbl, 418 KoTopbix {el H6X ABAAIOTCA COOCTBEHHLIMM BEKTOpPaMK
C CO6CTBEHHbIMM 3HaueHmaMmM 0 nnn 1. @)

Myctb Mon(X) — MHOXeCTBO BCeX MOHOMOB. Ecnv npeanonoXuTb, UYTO Hyre-
Boin moHoMm Wo (Woex = 0) npuHagnexuTt MHoxecTBy Mon(X), To Monpf) ectb
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nonyrpynna OTHOCUTeNbHO npousseseHus. Tycte Mon+ (/1) — nognonyrpynna no-
nyrpynnel Mon(J/1:), coctoswas n3 WO 1 BCex NONOXUTENbHO ONpefeneHHbIX MOHO-
MoB. Takoxe BBegeM Mono(X) —nognonyrpynny MOHOMOB HyNeBOro nHaekca. IMyctb
Mon”(Jf) —nognonyrpynna nonyrpynnsl Mon+(-XT), cocTosias u3 o H Bcex no-
NOXWTENbHbIX MOHOMOB MHJEKCa Hofb, @ M—nognonyrpynna Mon (-Y), cocTosias
13 MOHOMOB, B NPEACTaBNEHUN KOTOPbIX YYaCTBYIOT TO/IbKO 3/1EMEHTapHbIE MOHOMbI
n3 {UkjkeN- 3ametum, yto Mon£(JT) sBASETCA KOMMYTaTUBHOW MOAMNOMYrpynmnoi

nonyrpynnsl MoHomMoB Mon(X).

Nemma 3.2. MycTb ex n ey —Takue anemeHTbl 6asnca {e*xgXi yTo ansa noboro
MoHoma V 13 U n moboro W 13 Mon+(X) BbINOMHAETCA paBeHCTBO

(We*, V'ex) = (U™Te,,, Vev).

Torga 3TO >Ke paBeHCTBO BbINOAHAETCA W Ans moboro V. u3 ii n moboro W un3
Mon(X).

[okasaTenbcTBO. [lOKa3aTensCcTBO NPoBeAEM METOLOM MaTeMaTUyecKon UHAYK-
L1y Mo AnviHe moHoma. 3ameTuM, yTto W e Mon”-X), B NPOTUBHOM Ciyyae TOX[e-
CTBO BbIMO/HAETCA aBTOMATUYECKM.

MpoBepyM, YTO NeMma BepHa A1 MOHOMOB HY/IEBOFO MHAEKCA AMHbI ABa. TKKMX
He paBHbIX Hy/H0 MOHOMOB Tonbko aga: WA = UfUj n' V' = UjUJ. Mo ycnosuto nem-
Mbl s WA 6 MonJ(A") BeinonHeHo [WAV*ex, V,ex) = (WiV'ey, V*ey). OTcloga

WivVex,Vex)= (Un;Y'ex,Y'ex)= W n;unm;\lFex,Yex) =
= (mum;Yex,m;Yex)=(n;n”"exymuex) =
=WUIV'Wey) = {WiVty, Vty).

MNpegnonoxmm, 4to nemma Bepna g1s MOHOMOB MHAEKCa HOMb ANWHbI 2n. [ocne-
[ioBaTe/IbHO nepebupas BCe BapuaHTbl, @ UMEHHO: MOHOM A/MHBI 2N + 2 UMeeT XOTA
6bl OAVH NpaBblii AeNnTeNb MOMOXUTENBHOIO MHAEKCa (3akaHumBaeTcs Ha Uj)\ He
ABNSAETCA NOMOXUTENBLHO ONpee/neHHbIM (3akaHumBaeTcs Ha LLL), npy 3ToM HaumHa-
eTcs Ha UK\ He ABNsieTCA NONOXUTENBHO OMPeseNieHHbIM U HaUMHaeTcs Ha  \ MOXHO
noKasaTb, MCNO/b3ys NPeAbIayLLYH0 NeMMy, YTO 40Ka3blBaeMOe YTBEPXKEeHWe BEPHO
W 415 MOHOMOB A/MHbI 2n + 2. JleMMa foKa3aHa.
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4., OcHOBHble pe3ynbTaThbl

MpviBeseM OCHOBHbIE pe3y/ibTaThl Halleil paboTbl. CornacHo nemve 3.1, Kaxgbli

moHom 1V n3 Mong, (X ) guaroHanu3syeTcs 0THOCUTe/bHO H6a3nca {ex }x*X v npeacTas-
NAETCA B BUAE KOHEYHON KOMOMHALWMW NPOEKTOPOB:
"0
w = 1i1_| <ipiWw), p$w)p3“N) :p§W)P.(V|°.

Takum 06pasom, nonyrpynna MoHoMoB Morig (X) nopoXzaeT cemelicTBO NPOEKTOPOB

" w T jfflo.
VV6Mon+(X)
Teopema 4.1. Cnepytolime yCnoBns 3KBUBAIEH THbI:
1) CA(X) HenpuBoguma Ha 12(X);

2) n3 paseHcTBa (Wex,ex) = {\Vev,ev) ansa nodoro W 6 Mon(X) cneflyeT e* = ev.

JokasatenbctBo. 1) => 2) —/0Ka3aTe/IbCTBO O4EBUAHO.
2) = 1). 3agmkcupyem / u3 12(X). MNyctb (/, eX0) OOOCHal-lana MoKaXkem, 4To
60 € C*(X)f. Ans npoctoTbl Nonoxum, 4yto / = eXo+ 2 a;el(. Mycts O+(i0) —
i=1
MHOXEeCTBO NPOeKTopoB P u3 @] LNA KOTOPbIX
VVEMOIT+CX)

Pcxo=¢€e0 n Pex, =<

[exr
C NOMOLLLbHO 3TOr0 CeMeACTBa MPOEKTOPOB MOMYHNM HOBYIO (DYHKLMIO /0 = n -n/
\Pel+(t0Y
3ametum, yto I P e B{P(X)) moxeT 1 He npuHagnexats C"(X), Ho

Pen+(x0)
( n MjecAL, r.
N64+(x0)
OuyeBnaHoO, 4TO
Io=e0+Y afex., rae a{="%

le*
Mokaxem, 4TO cemeincTBa NPoekTopoB [ +(ii) ans BCex eX(, y4acTBYIOLLMX B passno-

XeHuu /o, coBnagaroT. [eicTBUTeNbHO, JONYCTUM, YTO eX yUacTBYET B Pas/ioXKeHUN
n O+(xi) 3 O+ (a0)- Toraa HaligeTcs Takoii npoekTop P 6 O+(xi), uto PeXl = eXi,
a PeXo = 0. Ho torga {l - P) 6 A+(x0)- C apyroii ctopoHbl (1 - P)eXi = 0, uTo
MPOTMBOPEUUT HaLLleMy MPeArnosoXeHU0. Taknm 06pa3om, 415 OCTaBLUMXCA B pa3no-

XeH™ 6a3uncHbIX BeKTOPOB BCe [+(X») COBMajatorT.
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Tot anemeHT 13 cemeiictea {U fita, gna kcrroporo Lev 0 0603HauuM yepes
;. CnycTuMca Ha OfHH “9Tax”. PacCMOTPUM (hYHKLMIO [ = - OueBungHO, 4TO

» - +E«?«*.). - «'- ft
Mocne npumeHeHns UXo nosnyyaem
m Q= i ( vy Ot f>r 7z e)> rge Q"= (°«
10 card?-'M*0)) x*-% (xo)] i=i ,6%*-‘N*0] v
K nonyuvBLUeiicsa (yHKLLLT ONsSTb NPUMEHUM NPoeKTopa, 13 A+(x0)* Mocne yMHOXe-
HWA Ha o6LLWIA MHOXWTeNb card”™ 1[A(x0)] nonyyaem (yHKLMIO

/i =ex0o+ £ a™e*(, rge a™ =
i=1
B pasnoxeHun /i Mo cpaBHeHWIO C /0 OCTa/MCb Takue 6asmcHble BeKTopbl eX( y
KoTopbIx cardp 1[yX(r<] = cardy>-1[p(:ro)].
[Janee paccmoTpuM (hyHKUMK (CNycTUMCS Ha fBa “aTaxa’)

» =KM™ % M
PofH\V>(*0)) /

1 (nMogHUMeMCA Ha [iBa “aTaxka” 1 YMHOXUM Ha card<p 1[<p(xa)] card V—[<P\(*0)])

P I Uv(X0)9\-
"PoftHV>(*0) /
B pasnoxeHun / N0 cpaBHEHMIO C /0 OCTa/MCb Te 6a3UCHble BEKTOPbI, Y KOTOPbIX
coBnagatoT He Tonbko card™ 1[>(H)] = card™>_1["(xo)l. Ho u cardy) 2[("2(ii)] =
cardy3~a[q2(a;0)].
Mpogomkaa aTy npouesypy, NoMyyYnMM CXoAALyocs nocnegosarensHocTs {/nneN

B C*{X)f. Myctb /' = OueBuaHO, UTO NO nocTpoeHuto (/', eXo) = (/,eX0).
Mpeanonoxum, YTo HageTcs Takoi ex, uto (/',ex) 0. Torga, Mo MOCTPOEHMIO,
(', %) = (/, ex). 310 3HauWT, YTO AN14 MHOBOro npoekTopa P e @]

VV6Mon+plh)

BbINOJTHAETCA
(PV eX0,V eX)) = (PV ex,V*ex),
roe V u3 A. Otcroga, cornacHo nemme 3.2, ans noéoro moHoma W umeem (We X, €*0) =
(Wex,ex), 4To NPOTUBOPEUUT YCI0BMIO TeopeMbl. CreaoBaTtesibHo, /' = eX,,
[ns 3aBeplueHVs foKa3aTe/bCTBa 3aMeTUM, UYTO A1 N06bIX BYX TOYEK X,y e X

HangyTCcsa Takme yncna mu n, YTo = g(y). Teopema 4.1 foka3zaHa.
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[aHHbIA KpUTEpMin NO3BONSET CTPOMTL NPUMEPBLI HEMPUBOAMMBIX anrebp C* (J1).
Kpome TOro, oH Mo3BofISeT NOMYUYNTb UHTEPECHBLIE MPUMEPLI HEMPUBOAUMbIX Npea-
cTasneHuin CA(X).

C nomoLblo chopmMynnpoBaHHOro B TeopemMe 4.1 ycnoBms Ha 6a3MCHBIX BEKTOpax
MOXXHO BBECTMW OTHOLLIEHWE SKBMBAIEHTHOCTM Ha 6a3UCHBIX 3NneMeHTaX. basucHble ane-
MEHTbI €* 1 ey 3KBUBAIEHTHbI (ex ~ e,,), ecim ansa mnoboro W e Mon(X) BbIMo/HS-
eTca (Wextex) = (Wev,eu). OyeBnaHO, 4TO HenpueoAuMocTb CLLX) o03HayaeT, yto
BCe GasnCHbIe 3/1EMEHTbI 3KBMBA/IEHTHbI TOIbKO CamMuM cebe.

MpuBeaem 6e3 4OKa3aTeIbCTBA OAVH Pe3ynbTaT, KacaroLmiics npreognmblx C*(X).

Teopema 4.2. TyCcTb YACNO KNACCOB 3KBMBANEHTHOCTW 6A3UCHLIX 3NEMEHTOB KO-
HeyHo. Torga

rie B — HekoTopas KOHeYHOMepHasi anre6pa, a M — npsiMas cyMMa KOHEYHOro
uncnM MaTPUYHBIX anrebp, pasMepHOCTU KOTOPLIX HE MPEBbILIAKT YMCIO KNaccoB
3KBNBANEHTHOCTU.

Cnegcteue 4.1. TycTb 4nCNO KIAcCOB 3KBMBANEHTHOCTU 6a3MCHbIX 31EMEHTOB
KOHEUHO, npuyeM Ans M06bIX ABYX €X ~ €V He CyLeCTBYeT Takoro anemeHTa z 6
X n K € N, yTO COOTBETCTBYIOLME INEMEHTHI X U Y Ne>XKAT B K-OM npoobpase
anemeHTaz. Torga C*{X) ~ C(S1,B), roe B —HekoTOpas KoHeYHOMEpHas anrebpa.

Abstract. The paper gives a criterion of irreducibility of C*-algebra C*(X) in the
Hilbert space 22{X), generated by the map of a countable set X to itself. The
criterion makes it possible to construct examples of C*-algebras, irreducible on 22{X).
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