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1l Introduction

Let H be the class of functions analytic in the open unit disk U = {z 6 C : \z\ < 1}
and let H [a,n] be the subclass of H consisting of function of the form:
/ (r) = a+a,z"+an+t\zn+l + ... (z 6 U).
Let A (p) denote the class of all analytic functions of the form:

00

(1.2) | (z) = zx+ £ *P+kzp+k (peN= {1,2,3,...}; zeu).
k—

We set A (1) = A. If / (z) and g (z) are analytic in U functions, we say that / (z)
is subordinate to p(z), or equivalently, g (z) is superordinate to /(z), and write
/(z) 4 g(z) (z 6 V) . if there exists a Schwarz function w (z), which is analytic in U
with w(0) = 0 and |w(z)| < 1such that /(z) = g(ui(z)) (z 6 U). It is known that

f{z) -<g(z) =» /(0) = g(0) and f{U) C g(U).
Furthermore, if the function g (z) is univalent in U, then we have the following

equivalence (see [5], [18] and [19]): /(z) <g(z) <<= /(0) = s(0) and f(U) C g(U).
For functions / (z) given by (1.1) and

00
(1.2) g(™*) ="+ ,bpt+kzptk (p6 N;z 6 U),
k—
the Hadamard product or convolution of / (z) and g (z) is defined by
(19) (1) = "p + ¥ § OpHbpHIAHE = (91) (2)
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For functions f,g e A{p), we define the WVnear operator DKp : A(p) m A(p) (A >
0,p 6 N,n 6 No= NU{0» by: DxJ f *g){z) = (/ *<?)(*), and

D\JJ *g)(z) = DxM *s)M = (X *)(/ * +y (1 **)(*) -

and (in general)

Dl,pu*9){z) = *9)(2))
1.3 = z*+ f;(~")\-+A+P*fctp (a>0).
Jt=l p
Prom (1.3), we can easily deduce that
(1.4) -z {Dlp{f *<?)(¥) = +  *fw  (1- A)4"P(/ *f)(*) (A> 0).

The linear operator D$tl(f*g)(z) = D”(f*g)(z) was introduced by Aoufand Seoudy
in [3]. Observe that the operator B " p(f*g)(z) reduces to known operators for specific
choices of g,n and A Some of them follows.

(i) For A= 1land g(z) = we have *g)(z) = Df(z), where D is the
p—valent Salagean operator introduced and studied by Kamali and Orhan.
(tf) For = 0and g(z) = zv+ (A>0;p ;/,s 6 No), we get

DUf*g)(z) = (/*)(*) = i1(X,Df(2),
where /p(A, 1) is the generalized multiplier transformation, which was introduced by
Cfttas [7]. Notice that the operator /*(A, 2 contains, as special cases, the multiplier
transformation (see [8]), the generalized Salfige&n operator introduced and studied by
Al-Oboudi [1], which in turn, contains as special case the SalSgeSn operator ([24]).
(iii) Forn = 0 and
o =ps Y (@)-QOE kD
where ou./ - 6 C* = C\{0}, (i= 1,2,../), 0 = 1,2,...5),] < s+ 11,5 e NO, we
obtain
- *9{2) = (/ *9)(z) = HPIL.(ai)f(z),
where HPi S(ai) is the Dziok-Srivastava operator introduced and studied in [9] (see
also [10] and [11]). The operator # p,i,e(a:i), in turn contains a number of other
interesting operators such as, the Hohlov linear operator (see [12]), the Carlson-Shaffer
linear operator (see [6] and [23]), the Ruscheweyh derivative operator (see [22]), the
Bemardi-Libera-Livingston operator (see [4], [14] and [15]), and the OwarSrivastava
fractional derivative operator (see [20]).
Using the linear operator £”,,,(/ *g), we define a new subclass ej p(/,g\a, A, B)
of the class A(p) as follows:
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Definition 1.1. Let g 6 A (p) be defined by (1.3). A function / € A (ji) is said to
be in the class 6" p(/, g; a, A, B) if it satisfies the following subordination condition:

» v (- ) («) cff (/*»>(*) .1+ a»
« ) * + o 5 AT XK

(P66 N;n6NO;A>0;aeC;-1 <B<A<1z6U).
LeteSp(f,g;0,A,B) = (f.g; A,B),andejp(/«/;a,1 2/3-1) = e; p(f,0\a,f)),

where ej p(/, g; a, 0) denotes the class of functions from A (p) satisfying

p€ N;n € No;A>0;a6C;0< B<1l;z€ U Weset p(/,9;0,R8) =¢ejp(/,p;/9).

In the present paper we establish subordination and superordination properties,
convolution properties, inclusion relationships and embedding properties for the class
ejj (f,g\a, A, B). Several other new results are also obtained.

2. Preliminary results

In order to state and prove our main results, we need the following definition and
a number of known lemmas.
Definition 2.1. [18]. Define Q as the set of all functions f (z) that are analytic and
injective on U\E (/), where

£(/) = {<60tf:lim/(z) = 00j,

and satisfy f* (C) 0 for ( 6 U\E (/).
Lemma 2.1. [19]. Let h (z) be an analytic and convex (univalent) function in U with
h (0) = 1. Suppose also that the function ¢ (z) given by

(2.1) P(z) =1+c\z+C2Z + ..
is analytic in U. Ifgp(z) + <sW - h(z) @i(7)>0;7 0),then
(2) <n)(2) = 7z~7J[ h@Etl1dt4 h(z),
0

and I(r) is the best dominant.
Lemma 2.2. [25]. Let q(z) be a convex univalent function in U and let a 6 C, 1j €
C* = C\ {0} with

«1ll + 1> max
M 2 I -

If the function ¢ (z) is analytic in U (z) + TJrb (2) 4 oq (z) + r]zq (z), then
d(r) -<q(z) and q(z) is the best dominant.
5
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Lemma 2.3. [18]. Let g{z) be a convex univalent function in U and k e C. Further
assume that St(R) > 0. 1 (r) 6 H[g(0), ] Q, adg>(z) + kxd' (r) is univalent in
U, thenq (z) + Kzgq {£) < o(r) + krep (z) implies q(z) Y dp(z)and g{z) is the best
subdominant.
Lemma 2.4. [16]. Let J be an analytic and convex function in U. If f,g 6
A and f,g <5 then Xf+ (1—Ag4J (0< A< 1).
Lemma 2.5.[21]. Letf (z) = I+ £*=i akzk be analytic in U andg (z) = 1+E*=i
be analytic and convex in U. If f <g, then |a*| < |6i] (Ae N).

The next lemma contains three well-known identities for the Gauss hypergeometric

function -Fi defined by

(2.2) 2Fi(a,b\c\z) = » NNz k(a,6c6Cic zZg ={0,-1,-2,..};z6U).

fO W* UJ*
Notice that the series in (2.2) converges absolutely for z 6 U, and hence 2 F1 represents
an analytic function in U (for details we refer [26, Chapter 14]).
Lemma 2.6. [26]. For real or complex parameters a, b, and c (¢ Zq), the following
identities hold (3?(c) > A () > 0):

1

(2.3) J *-1(1- 1 61(1- zt)~adt= I'(B)TE ) 2Fi (a,b;c;r)j

(2.9) 2Fi (a,b;c\z) = (1- z)~° 2Fi “o,c- ;¢ i
(2-5) 2F1(a,b,c;z) = 2FL( ,a;¢;2) .

3. Main results

In what follows, unless otherwise stated, we assume thatp € N, n 6 No, —1 < B <
A <1, A> 0and g (z) is the function given by (1.2).

Our first result concerns subordination property.
Theorem 3.1. Let f € CJ, (f,g-,a,A,B) with »{a} > 0. Then

£

(3.1) . *
r* +Bz

where the function ip (z) given by

(3.2) rp(z)=j£€ + (1~£H 1+Sz) 12PL(M ~ + lisT”T), ifBjLO,
11+ */5 = 0.

is the best dominant of (3.1). Furthermore,
6
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(3.3) . (*eyU),

where 1 = + cryn +1;~ 1) ifB* e
U--=fc4 NS = e
INe estimate (3.3) w i/ie beat possible.
Proof. Consider the function

(3.4) <fi{z) = Dlpifzp 9){z) (zeu),

and observe that <i(z) is of the form (2.1) and is analytic in U. Differentiating (3.5)
with respect to z and using the identity (1.5), we get

(1-ay RV BO*9() 4, DIv(F20) () _ 3§% 1orayidh vl F A2 T

Now, using Lemma 2.1 for 7 = we obtain
< . , - *
p ocXJ 01- Bt
+ ifB* 0,
+ i/S =0,
where we have made a change of variable followed by the use of identities (2.3) - (2.5)
witho=1, b= and ¢ = b+ 1. This proves the assertion (3.1).

Next, in order to prove (3.3), it is enough to show that iof|s|<i {in (V(*))} =
e (—1). Indeed, we have for \2\ <r < 1,
/1L +AN0 ~ 1-Ar
*{TTTz) r e -
setting G(z,s) = L a” and dv(s) = £;5~& ds (0< s < 1), which is a positive
1

measure on [0, I],we get t>(z) = f G (r,s) dv (s), so that
1 0

o 3 {zASsdvl s YTl (1 crc
0

Letting r -» 1 in the last inequality, we obtain the assertion (3.3).

Finally, the estimate (3.3) is the best possible because >(z) is the best dominant
of (3.1). Theorem 3.1 is proved.

Taking a = 1in Theorem 3.1, we obtain the following result.
Corollary 3.1. The following inclusion property holds true for the class C%p (/, g\ A, B)

e~ 1(/,9,A,B)c CJ,(/,g;0) c &Kv(/,qg;A,B),
7
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14 + (i-4)(i-97T ¥

li-nfeA <fB-°m
The result is best possible.
Taking A =1—2p(0< /3< 1)and B = -1 in Corollary 3.1, we obtain the following

Corollary 3.2. The following inclusion holds: (/,9\P) C C"iP(/,g,cr) C Cap (/,09;P),
wherea =0+ (l-p){2F1(l,1;f +1; £) - I} «The result is best possible.
Theorem 3.2. For f e C£,, (/,p; A,5) the function Fsp (/) defined by (see [15])

(3.5) 1%, (/) () = B& R 161 W* > -p)

belongs to the class CJp (/,<?; A, B) and satisfies

— 2—  * e *k(z)*TTTz'
where the function k (z) given by
1361 k(2)= 5+ ( -5)( +7™)_1 N (. «+?2+ ;N ).

A+p+i
is the best dominant of (3.7). Furthermore,

(3.7) (zeu),

where
(38) y=/8+(1-")(1l--®)lan(i.i;«+p+i;A).
- MM ife =a
The estimate (3.7) is the best possible.
Proof. Prom (3.5) we have
(39) z( . (F$>() *9) (@) ={6+p)DKP(/ *0) (2) - SDIp(Fsp(/) *5) (2).
We define

(3.10) d(z) = ?.Ip(F*,p(n*a) (f) (Ke
Zp
and observe that the function $(z) is ofthe form (2.1) and is analytic in U. Differentiating
(3.9) with respect to z and using the identity (3.8), we get
Onn(/*0)(«) ,, n 1’ {x) 1+Az =

p 94 ' 1 *+p N 1+Sz
The rest of the proof is similar to that of Theorem 3.1. Theorem 3.2 is proved.
Theorem 3.3. I ff e CA(f,g;fi) (0O<p<1), thenf 6C?,(/,$;a,0) 0<P<1la>0)

Jor |z| < N, where
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(3.11) A=/1+(y) -y -
The bound R is the best possible.
Proof. Since / € Cyp (/,g\0), we can write — = 0+[l —F))n (2) (ze U).

It is easy to see that the function u (z) is of the form (2.1), is analytic and has a positive
real part in U. Differentiating (3.7) with respect to z and using (1.4), we obtain

< |(1_ ]S & m _,}=UNe

Using the following well-known estimate (see, e.g., [17]):
lzu (2)
»{ti (2) 1—r2

in view of (3.11) we obtain

(N =r<i)

(313) > n{.(,)} (i--ir).

It is easy to see that the right-hand side of (3.12) is positive, provided that r < R,
where R is given by (3.10). In order to show that the bound R is the best possible,
we consider the function / G A(p) defined by

+1i-fl— (zeU).

By noting that
z 2Aaz
-~ 1 > pis) zp J 1 x+p(1-2)2

for |z| = R, we conclude that the bound R is the best possible. Theorem 3.3 is proved.
Theorem 3.4. Let g(z) be a univalent function in U and a € C*. Suppose also that
q(z) satisfies

4 +T1a>%}>n*" M * o } -
If f e A(jp) satisfies the following subordination condition

p.»,

then Dx-r"*9"2). - q( ) iand q(z) is the best dominant.
9
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Proof. Let the function ¢{r) be defined by (3.5). From (3.13) we find that

(3.15) P2)+ — =)< )+ (r) e
By Lemma 2.2 and (3.14), we easily get the assertion of Theorem 3.4.

Taking q(r) = (-1<5<A<1) in Theorem 3.4, wc get the following
result.

Corollary 3.3. Leta € C* and -1 < B <A < 1. Suppose also that

If f € A(p) satisfies the following subordination condition:

(I**)(*), NRL@**)(*> .1+~ , *X(A-B)z

(i “)— A e QA ATTX + p (L+B2)2
ilien <efunction + s i/le best dominant.
Theorem 3.5. Let g (z) be a convex univalentfunction in U and a 6 C with K (a) >
0. Also let D"'@ 3)(z) e ffe«),1] Q and (1 a) +a°**{{'- be

univalent in U. If

, 4. 9gA ,, x XN bV * 0 Ne ,
IOW + —zq (*) <(- “)— B + A >

ilen 9(r) < £ * 112} *1i and the function q(z) is the best subdominant.
Proof. Let the function ¢ (z) be defined by (3.2). Then
., aA (/**)(*) X_. aA 4
W+-r*J (™)-<('-a)- - ——+=~—E2— " =¢(r)+- ro ().
An application of Lemma 3.3 yields the assertion. Theorem 3.5 is proved.
Taking q(z) = in Theorem 5, we get the following result.
Corollary 3.4. Let q(z) be a convex univalent function in U and —\ < B <A <1,

aec with S(o) >0. Abo let H iitiIM e 4 [,(0),1] Q, and

1l e, M 'in x A i LW
zP Z?
be univalent in U. If
I+Az aX(A-B)z N(IT*FTF)M . DAr(f*g){z)
1+Bz+ p (1+pg*)a 1 J F + e e ’
then 1+51 < DX'K{r , and #»e function is the best subdominant

Combining the above results of subordination and superordination, we easily get
the following “sandwich-type” result.
10
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Corollary 3.5. Let g\ (z) be a convex univalent and  (z) be a univalent functions
in U, and a 6 C with SR(a) > 0. Assume also that  (z) satisfies (3.5). If

6 N[?2(0),1] <2,

and (1 —a) + QEbn A univalent in U, and also

#/1 ybD™", (f*e)(z)
9/1(*)+y Bl(*) 4(1_Q)-——-—" - +Q— — ~p—mmme- <VI(*)+ *9 (*)
then qi (z) < D>r<* P 1> < jand (z) and (z) are <Jk besi subordinant and

the best dominant, respectively.

Taking gi (z) = and q2(z) = (-1 <B2<Br<Ai<A2<1l)in
Corollary 3.5, we get the following result.
Corollary B.th a 6 C with |R(a) > 0, and let 8 (\+ *) > wax {O,—5(")}.

jf DIIPUjOYM [a (o) "] Q, and(l - a) +aP & E ’)la). is univalent
in U, and also
1+Aiz a\{A\-B\)z - , *9) (2) -D'*1(/ *9) (2)
1+Biz+ p (1+Blzf 4 (1" a) * + *
1+A2z a\( —5)z
4 1+B2z+p (1+B2zf "’
n
ihen 1+5° 4 °-Af(pg)(X) - , and the functions £b8Jf and ££g*§ are 47k best

subordinant and best dominant, respectively.
Theorem 3.6. Let « >ai >0and 4 <Bi1<B2<A2<A:<1 Then

(3.16) CztP{f,g\oc2,A2,B2) C C%P(f,g\ai,Ai,Bi).
Proof. Assuming that / € CaiP(/><?, , ,5 ), we get

1 2 M

! ! r» » 1+ B2r
Since -1 < < B:2< < Ai < 1, we easily find that

. * * *

@317 (i-a,) RPN T S Ul ) W PRI R DA S L)
implying / € ClJp(/,<7;a2,A\,B\). Thus Theorem 3.6 holds for = ai > 0.

a2 > Qi > 0, then by Theorem 3.1 and (3.21), we infer / € A o\VAN, BY),
implying

3.18 /[*g)W < it
\(/ ) eV (ng) +(*)B

At the same time, we have
11



M. K. AOCF AND T. M. SEOUDY

LU, Nplo o xa) () N £1) * ) (r)
(1 0 A P 7p \Y cu) zp
Ap 1%« (* , . |* A5
(3.19) r— (1_0>)”_'9\( OC) oy ARPLUZG) (L

Moreover, since 0 < fj- <1, and the function (H<i?i<Aj<Liz€E£)is

analytic and convex in U, by (3.16) - ( 3.18) and Lemma 2.5, we find

4D 1p(/.9)(z) . DI+1(/**)(*) , 1+ Axz
+a --- 1+ B\z'

(i-ax) ,

that is, / € CZP(f,g-,ai,Ai,Bi), which implies (3.15). Theorem 3.6 is proved.
Theorem 3.7. A necessary and sufficient condition for / 6 (,0;a, A, B)isthat

(8.20) g (" Y «blJl»* No < « < 2%)e

Proof. Observe that a function f (z) 6 CEp(/, 5;a,A, B) ifand only if

*

1_a)2y ANCOF3EEE)M #1E|E L * L <H#H<*>,

which is equivalent to the following

i [(L+BeB){(1-a)DIp(/*5)(z) + ODJI+1(/ *g) («)} (I + Aew)]

- d+a=")(L+E f £ N (N — A0,

which easily implies the convolution property (3.19). Theorem 3.7 is proved.
Theorem 3.8. A function / (z) belongs to the class C%p(f,g; a, A, B) (a > 0) if its
coefficients satisfy the condition:

VAN
52 (p+ AgA) TP+ ¥k Nak+pbk+p\ <p (A-B).
k=I \ P |/

Proof. By Theorem 3.7,/ (z) € (2 ,(/,g-a, A,B) ifand only if

p + Xak fp +XkJ\n ig
p(A- B) p ak+Pbk+p N € (0 <B <2ir).
Thus [E*=i . ) (Br~) afcHbfctpl < |ei9] = 1, and the result follows.
Theorem 3.9. Let
(3.21) {z) =zp+ Yy 6 . a4 B)
1
Then

12
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The inequality (3.21) is sharp, with the extremal function given by

X

0
Proof. Combining (1.3) and (3.20), we obtain

(3.24) =1+ (J4—B)z+....

An

application of Lemma 2.5 to ( 3.22) yields

(3.25)

This and (3.23) imply (3.21). Theorem 3.9 is proved.
Acknowledgement: The authors are grateful to the referees for their valuable

suggestions.
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Abstract. With the help of weighted sharing of sets we deal with the problem of unique
range set for meromorphic functions with deficient values and obtain a result which imp-
roves, generalizes and extends some previous results. We provide two examples to show
that the condition in one of our results Is the best possible.
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1 Introduction: Definitions and Results

Throughout the paper by meromorphic functions we always mean meromorphic
functions in the complex plane C, and the letter E will denote any set of positive
real numbers of finite linear measure, not necessarily the same at each occurrence.
For any non-constant meromorphic function ft(z) we denote by 5(r, h) any quantity
satisfying S(r, h) = o(T(r, ft)), (r — w0, r 0 E).

We denote by T(r) the maximum of T(r,/) and T(r, g), and by S(r) any quantity
satisfying S(r) = o(T(r)) asr —w»oo, r E.

Also, we adopt the standard notation of the Nevanlinna theory of meromorphic
functions as explained in [6]. For a € C U {oo} we define

0(a;/) = 1—Iirm_sKu]5) AIF[F,Tf§ -

Let / and g be two non-constant meromorphic functions and let o be a finite
complex number. We say that / and g share a CM, if/ —a and g —a have the same
zeros with the same multiplicities. Similarly, we say that / and g share o L, if/ - a
and g - a have the same zeros ignoring multiplicities. In addition, we say that / and
g share oo CM, if 1/f and 1/g share 0 CM, and / and g share oo IM, if 1// and 1/g
share 0 IM.

Let 5 be a set of distinct elements of C U {oo} and Ef(S) = Uoesfc ' /M = a}i
where each point is counted according to its multiplicity. If we do not count the

JThe first author is thankful to DST-PURSE programme for financial support.
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multiplicity the set Uees{2+/(r) = ‘s denoted bv £7(5)—4 E/ —Eg(S) we
say that / and g share the set S CM. On the other hand, if E/(S) = Eg(S) we say
that f and g share the set 5 LU. Evidently, these definitions coincide with the usual
definitions of CM (resp., LLI) shared values, provided that the set 5 contains only one
element.

Let S (5 CC) be aset, and let / and g be two non-constant meromorphic (resp.,
entire) functions. If Ef {S) = Eg{S) implies / a g, then S is called a unique range
set for meromorphic (resp., entire) functions or in brief URSM (resp., URSE).

In 1926, R. Nevanlinna showed that a meromorphic function on the complex plane
C is uniquely determined by the images (ignoring multiplicities) of 5 distinct values.
A few years later he showed that when multiplicities are counted, then 4 points are
sufficient (with one exceptional situation). In [4j Gross raised the problem of finding
out a finite set S so that an entire function is determined by the single pre-image
(counting multiplicities) of S.

In 1982 F. Gross and C. C. Yang [5] proved the following theorem:

Theorem A. LetS = {z € C:e*+z =0}, and let f.gbe two entire functions
satisfying Ef(S) —Eg(S). Thenf = g.

Since in Theorem A, 5 is an infinite set, it does not provide a solution to the
Gross’ problem. In 1994 H.X. Yi [16] established a URSE with 15 elements, and in
1995 P. Li and C.C. Yang [14] established a URSM with 15 elements and a URSE
with 7 elements. Since then to find a URSM with minimum cardinality becomes an
increasing interest among the researchers.

In 1998 G. Frank and M. Reinders [Z] obtained a URSM with 11 element, which
is the smallest available URSM to the knowledge of the authors.

A polynomial P in C is called a strong uniqueness polynomial for meromorphic
(resp., entire) functions  for any non-constant meromorphic (resp., entire) functions
/ and g, P(f) = cP(g) implies / —g, where c is a suitable nonzero constant. We say
P is SUPM (resp., SUPE) in brief. On the other hand, for a polynomial P in C if
the condition P(f) = P(g) implies / = g for any non-constant meromorphic (resp.,
entire) function / and g, then P is called a uniqueness polynomial for meromorphic
(resp., entire) functions. We say P is a UPM (resp., UPE) in brief.

Suppose that P is a polynomial of degree n in C having only simple zeros and 5
be the set of all zeros of P. If S is a URSM (resp., URSE), then from the definition it
follows that P is UPM (resp., UPE). However the converse is not true, in general. For
instance, P{z) = az+b(a 0) isclearlya UPM, but for/ = ~ exand5=--e *
we see that Ef(S) = Eg(S), where S = {—£} is the set of zeros of P(z) =az +h.

To find conditions under which the converse is true, H. Fujimoto [3] first invented a
special property of polynomials, which he called the property (H). Fujimoto’s property
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(H) may be stated as follows: A polynomial P is said to satisfy the property (H) if
P(a) P{0) for any two distinct zeros a and  of the derivative P'. Fujimoto found
a sufficient condition for a set of zeros S of a SUPM (resp., SUPE) P to be a URSM
(resp., URSE). Specifically, in [3] H. Fujimoto proved the following result.

Theorem B. [3] Let P be apolynomial of degree n in C having only simple zeros and
satisfying the condition (H). Let P4 have k distinct zeros and either Kk > 3 or Kk = 2
and P' has no a simple zero. Further suppose that P is a SUPM (resp., SUPE). If S
is the set of zeros of P andn >2k +7 (resp., n > 2k+ 3), then S is a URSM (resp.,
URSE).

To deal with the the Gross’problem and its counterpart for meromorphic functions
on C, Yi [17] and Li and Yang [14]-[15] have investigated the zero sets of polynomials
of the form P(z) = z" + azn~m+ 6, where n > m > 1 and a and b tire chosen so that
P has n distinct roots. Clearly P{z) satisfies the property (H). In [18] it has been
shown that when m> 2 the zero set S of P(z) is a URSM and hence P(z) is a UPM.
But when m = 1, the situation is completely different. So, a natural question would
be whether for m = 1, the zero set S of P(z) can be a URSM or even a URSE.

In this direction, independently Yi [17] and Li-Yang [14] had already made some
contributions for entire functions. In paricular, they proved the following result.

Theorem C. LetS = {z :z7—ze—1= 0}. Iff and g are two non-constant entire
functions satisfying Ef(S) = EB(S) then f = g.

Clearly z7—z°—Lis an UPE. To obtain a counterpart of Theorem C for meromorphic
functions and for more general polynomials, in 1996 Yi proved the following result.

Theorem D. [18] Let S = {z :zn + azn~m+ 6= 0}, where m, n are two positive
integers such that m and n have no common factors, n > 2m + 8 (m > 2), and a,
b are nonzero constants such that the algebraic equation zn + azn~m+ 6= 0 has no
multiple roots. Then Ef(S) = Eg(S) implies f = g.

>From Theorem D we infer that a URS of meromorphic functions of the form as
given in Theorem B consists of 13 elements. In [18] Yi also explored the case m = 1,
and obtained the following version of Theorem D in this case.

Theorem E. 18] LetS = {z:zn+ az1 1+ 6= 0}, where n (> 11) is an integer, a
and b are two nonzero constants such that the algebraic equation zn+ az7 1+ 6=0
has no multiple roots. Iff and g are non-constant meromorphic functions satisfying
Ef(S) = Eg{S) then eitherf =g orf = g= where =

Clearly under the assumptions of Theorem E, S can not be a URSM.

In 1998 Fang and Hua [1] have extended Theorem C to the case of meromorphic
functions with some additional conditions on the ramification indices of / and g.
Specifically, in [1] was proved the followin result.
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Theorem F. [1] Let S be as in Theorem C. If two meromorphic functions f and g

are such that ©(oo;/) > O(00;p) > & and Ef(S) = Eg(S) then f m=g
We need the following definition, known as weighted sharing of sets and values, which

renders a useful tool for the purpose of relaxation of the nature of sharing the sets.

Definition 1.1. [B, 9] Let k be a nonnegative integer or infinity. Fora e C U {oo}
we denote by Ek(a\f) the set of all a-points off, where an a-point of multiplicity m
is counted m times ifm < k andk+ 1 times ifm>k. If Ek{a f) —Ek{a,g), we say

that f,g share the value a with weight k.
We write /, g share (a k) to mean that /, g share the value o with weight k.

Clearly if /. g share (a, k) then /, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f , g share (a, 0) or (a, 00)
respectively.
Definition 1.2. [8] Let S be a set of distinct elements of C U {oo} and kK be a
nonnegative integer or oo. We denote by E/(S, k) the set Ef(S” = UaeS™2 ¢/(z)~a =
0}. Clearly Ef (S) = Ef(S,00) and Ef {S) = Ef (S, 0).
Definition 1.3. [/] Fora e C U {oc} we denote by N(r,a;f |= 1) the counting
function of simple a-points of f. For apositive integer m we denote by N(r, a; f\ <m)
(resp., N[r, a; f\> m) the counting function of those a-points off whose multiplicities
are not greater(resp., less) than m, where each a-point is counted according to its
multiplicity. The functions N(r, a;/ |< m) and N(r, a;/ |> m) are defined similarly,
where in counting the a-points of f we ignore the multiplicities. Also, the functions
W(r,a;/ |[< m),N(r,a;f |[> m),N(r,a\f |< m) and 77(r,a;f |> m) are defined
analogously.
We define €(a; /):I—Iirps% Ny dP , where N2(r, a; f)=N(r, a; f)+N(r, a;/ |> 2).
Lahiri [10] improved Theorem F in the following direction.
Theorem G. [10] Let S be as in Theorem C. Iffor two non-constant meromorphic
functions f and g, ©(oo;/) + ©(00;g) > | and E/{S,2) = EQ(S, 2) thenf =g.

In 2004 Lahiri and Banerjee [11] further improved Theorem C in a more compact
and convenient way, and obtained the following result.
Theorem H. [11] LetS = {z :zn+azn~1+b= 0}, where n (> 9) is an integer, and
a, b are two nonzero constants such thatzn+ ozn 1+ = 0 has no multiple roots. If
Ef(S, 2) = Eg(S, 2) and ©(00;/) + ©(00;g) > *T, thenf —q.

The following example shows that the set 5 in Theorems G-H cannot be replaced
by an arbitrary set containing six distinct elements.
Example 1.1. Let f{z) = y/aJFje* and g{z) = y/apye *, andletS={a [ a [
PMa, ?-YTiTV®i7V"™}> where a, and 7 are nonzero distinct complex numbers.
Then it is easy to see that Ef(S, 00) = Eg(S, 00) but f

So we observe that deficiencies of poles play a vital role in order to find sufficient
conditions for which the conclusions of Theorems F, and G-H holds true.
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We naturally raise the following questions.
Question 1: Is there any significant contribution of the deficiencies of the other
values in Theorems G and H?
Question 2: What happens if we reduce the degree of the equation defining S in
Theorem H?

In this paper we give some affirmative answers to the above questions, which in
turn will further improve, generalize and extend Theorems G and H.

The following theorem is the main result of the paper.
Theorem 1.1. LetS = {z :zn+ azn~l +6 = 0}, where n (> 6) is an integer,
and a, 6 are two nonzero constants such that zn+ azn 1 + 6 = 0 has no multiple
roots. Suppose that f and g are two non-constant meromorphic functions satisfying
Ef(S, m) = Eg(S, m). If one of the following conditions is satisfied:

(i) m>2and ©/ +6>maxfr12
(i) m=1and®/+ > maxf-"2,
(iii) m=0and ©/ +6a>max{"s,

then f = g, where ©/ = 6(0;/) + © (-0ii*i;/) + ©(00; /) + a;/) and ©p can
be defined similarly.

The examples that follow show that the condition 6/ + 69 > in Theorem 1.1
is sharp, whenn > 8 and m > 2.
Example 1.2. (Example 2, [11]). Let/ = —a-"pr and g = —ah , Where

N=ag/1 1 a = exp{-m) and n(> 3) is an integer.

Then we have T(r,f) = (n- 1)T(r,J1) + 0(1); T(r,S) = (n - 1)T(r,/1) + 0(1)
and T(r,h) = T(r,el) + 0(1). Next, we see thath a,a2andso for any complex
number 7 a,a2we have 7™V(r,7;h) ~ T(r,h). Also, we note that a root of h = 1
is not a pole and zero of f and g. Hence ©(00;/) = ©(00;9) = . On the other

hand, we have £ N(r, f}k\h) + N(r, 00;h)
S(0:/) = 1- limsup—- ' oL o )

and E 27 (r, A1) +77(r,0:0)

Observe that the polynomial (ti—1)zn—nzn 1+1 has double zero at the pointz = 1.
Consequently it has n —1 distinct zeros, which we denote by u*,k = 1,..., n —1 So,
we have



ABHINIT BAXERJEE AND SUJOY MAJUMDER

N{r, v;e3)

e(-alT ;)=1 (n-Ne ««)+0()=0

and EAT.un»)
O(-a®r  95=1 (n-1r(re)+0(1) =°!
where vj = +,j = —1. Therefore ©/ + 69 = Clearly Ef(S,00) =
£s(S, OOI) because +«=5n16+Abut/ # & a(ae,_ 1.
Example 1.3. Let/ and g be as inExamplé 1.2, where h — ‘e*% i

and n(> 3) is an integer.. _ . . ]
Now we give some definitions and notation which are used in the rest of the paper

Definition 1.4. [19] Let f and g be two non-constant meromorphic functions such
that f and g share (a, 0). Let zqg be an a-point of f with multiplicity p, an a-point of
g with multiplicity g. We denote by N1 (t,a; /) the reduced counting function of those
a-points o ff andg wherep > g, by NV(r,a;f) the countingfunction of those a-points
off andg wherep =q= 1,andby  (r, & f) the reduced counting function of those
a-points of f and g where p = g > 2. In the same way we can define the functions
NL(r,a\g), Ng(r,a; ), 774(r,a;g); and the functions N L(r,a\f) and NL(r, a; g)

for ae C U{oo}. e
Observe that' when/ and g share (a,m),m> 1,thenN j(r,a;/) = N(r,a;/ |= 1).
Definition 1.6. We denote by N(r, &; f |= k) the reduced counting function of those

a-points of f whose multiplicities is exactly k, where kK > 2 is an integer.
Definition 1.6. [8, 9] Let f, g share a value a IM. We denote by N,(r, a;/, g) the

reduced counting function of those a-points of f whose multiplicities differ from the
multiplicities of the corresponding a-points of g.

2. Lemmas

In this section we present some lemmas which wifi be needed in the sequel. Let F
and G be two non-constant meromorphic functions defined as follows.

2.0 jr=In-1/+°), G=g"-1g+ Q)
—b —b
Also, we wifi use the function H defined as follows:
IFL F-1) \G' G—Ij '

Lemma 2.1. [13] Letf be a non-constant meromorphic function and let
-1

be an irreducible rational function in f with constant coefficients {afc} and { ,}, where
an Qandbm~” 0. Then T(r, R{f)) =dT(r,/) + S(r,/), where d = max{n,m}.
20
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mLemma 2.2. [19] Let F, G be two non-constant meromorphic functions such that
they share (1,0) and H 0, where H is defined by (8.2). Then

N$(r, LF |= ) =JIVE(r,1;,G |= 1) < Wr, H) + S(r, F) + S(r, G).
Lemma 2.3. LetS = {z :zn+azn 1+ b= 0}, where a, b are nonzero constants
such that zn+ azn 1 +6 = 0 has no multiple roots, n (> 3) is an integer, and let
F, G be given by (2.1). If for two non-constant meromorphic functions f and g,
E/(S, 0) = Eg{S,0) and H* O, then
N(r,H) < N(r,0,f) +N(r,0;g) + N(r,00-,f) + N(r,00]g) + N(r,-a-,f\>2)

+N(r,-a;g[>2)+N(r, a ! /)+UWr, * +2*(n LF,G)

+No(r,0;/) + NO(r,0;9),
where No(r,Q-,f") is the reduced counting function of those zeros of f', which are not

the zeros of / (/ + a)(/ 4-al-)(F —1) and No(r, 0;g) is defined similarly.
Proof. Since E/(S, 0) = Eg(S, 0) it follows that F and G share (1,0). From

(2.1)we have F = [nf+(n —l)a\fn~2f'/(—b) and G = [np+ (n—)a]gn~2g /(—H).

It can easily be verified that the possible poles of H occur at: (i) zeros of / and g,
(i) multiple zeros of / + a and g + a, (iii) zeros of nf + o(n —1) and ng + o(n —1),
(iv) poles of / and g, (v) those 1-points of F and G with different multiplicities, (vi)
zeros of f , which are not the zeros of /(/ + a) (/ + alt—) (F —1), (vii) zeros of g ,
which are not zeros of g[g + a) [g+ a2”) (G —1). Since H has only simple poles,

the result follows from above. Lemma 2.3 is proved.
Lemma 2.4. [11]. Let f, g be two non-constant meromorphic functions. Then

[” 1(/ + a)sn 1(s + a) & b, where a, b are nonzero finite constants and n (> 5) is

an integer.
Lemma 2.5. Letf, g be two non-constant meromorphic functions such that ©/ +

o > where ©/ and ©p are as in in the Theorem 1.1. Then /n 1(/ + a) =
n 1<+ a) implies f = g, where n (> 2) is an integer and a is a nonzero finite

constant.
Proof. Let

(2-3) r \f +a) gn-\g +3a)

and suppose /  g. We consider two cases:
Case | Lety = j be a constant. Then it follows from (2.3) that y¢p 1, yn1 1

yn land/ =-—a is a constant, which is impossible.
Case Il Lety = j be non-constant. Then

<«>

and

@Sl n 1-yn n & n(l - yn) "
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Assuming p(z) = (n- 1)*"- nz” 1+ 1, wehavep(0) Oandp(l)=p (1)=0. So
from (2.5) we obtain £ Lr, ;y) < M{r, /). where «J. | 2o ~ D

have the same meaning as in Example 1.2
>From (2.4) and Lemma 2.1 we obtain T(r, /) = (n—)T(r, y) + S(r,y). We first

note that the zeros of 1+ y + y2+ me+ I/n 2 contributes to the zeros of both / and
g. In addition, the poles of y contributes to the zeros of / and since g = fy the zeros
of y contributes to the zeros ofg. So from (2-4) w”find

£ Wr,vy,y) + Wr,o0y) <LlWr,0;/),J2LWr,wk\y)<Llr, oo;/),
where Jk = exp (**=*) for &= 1,2........ n-1andy =exp(”) forj =1,2,...,n-2

Also, from (2.4) we have N(r,0;y) < 5°\2(r,-0; /).
Hence by the second fundament%l_tfeorem we carr]1 write ™y

(3n-4)r(r,y) < N(r,00;y) +~ 77(r, Uily) + A ON(rtvjy)+ A IN(r,wk
i=1 j=1 k=1
+W(r,0y) + S(ry)
< N(r,0; f) + LWr, —o— i/) +77(r,00;/) + n’\2 (r,-0; /) + S(ry)

< (I ©0/) e(-8B*— ;I)- 6(0;/) - -~(-a;/)+ TI(r,/)

+5(r.y)
= (n-Y - o/+e) T(ry)+5(ry),
implying
(2'6) rec-~ (r ©/+§f r(r'v)+5(r’v)*

where 0 < 2e < ©/ + ©p. Again putting yi = " and noting that T(ry) =
T(r, yx) + 0 (1), we can use the above arguments to obtain

27 ITT T(rv)< (1-8a+e) T(r,y) + S(r,y).

Adding (2.6) and (2.7) we get 7+0©/+068 2ej T(r,y) <5(r,Yy), which
is a contradiction. Hence f = g, and the result follows. Lemma 2.5 is proved.
Lemma 2.6. Letf beanon-constant meromorphicfunction and leta*, i = 1,2,...,n,
ke finite distinct complex numbers, where n > 2. Then

N(r,0;f) | T(r,/)+UWr,io;/)-"m (r,a,;/) + S(r,f)

Proof. Let F = 2J— ,then £ m(r,<5/) = m(r,J’) + 0(1). Note that

m(r,F) < m(r,0;/)+ m(r, £ -rf-) = T{r, /") - W(r, 0; /%) + 5(r, /).
Also, observe that T(r,/) = m(r,/") +JIV(r,/") < T(r,f) +N(r, f) +S(r, f) and the
result follows. Lemma 2.6 is proved.
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3. Proof of Theorem 1.1

We know from the assumption that the zeros of zn+azn~1+b are simple; we denote
themby ,j =1,2,...n. LetF, G be given by (2.1). Since E/(S,m) = Eg(S, m) it

follows that F, G share (I,m).

Case 1. We first consider the case H 0, where H is given by (2.2).
Subcase 1.1. m > 1. Assuming first that m> 2 and using Lemma 2.6 with n = 3,

fl.il°’“2= +Tv,(r, L F, G) < NO(r, 0;9)

+ N(r,LG|>2)+ N(r, ;G |> 3) < 770(r,0; )

+ MM(r,bl]\g |= 2) + 27V (r,b1,;3 |> 3)} < N(r,0;fI' |g 0,-a,-a— -)
i=1

< N(r,0;g) - N(r,0;9) + N{r, 0;g) - N(r, -a; g) + N(r,-a; 0)

—N(r, -an-"-,g) - Wr,-a " 5j)

= N(r,0;9) + N{r, 00;9) + 7V, -a; g) + F(r, -a?—"-,g) - 2T(r,q) + S(r,9).
Hence using (3.1) and Lemmas 2.1 - 2.3, from second fundamental theorem we

have for any e >0

(3.2 (n+2)T(r,/) <LWr,0;/) +Wr, -a;/) + Wr, a— /)
+UWr, 00;/) + N{r, ;F |= 1)+ LWWr, L, F |> 2) - NO{r,0;/") + S(r,/)
< (? 206(0,/)- 26(cc,/) 2O (-a ;/) fc(-a;/)+-e) T(r,/)

+ 5. 29(0,5) 26(00,0)- 20 (-a”-i;s) R(a;p)+ " T(rp)

+S(r,J) + S{r,g) < (12- 20/ - 20s+e)T(r) + S(r).
In a similar way we can obtain

3.3 (n+2) T(r,5) <(11-20/- 200+ €) T(r) + S(r).
Combining (3.2) and (3.3) we conclude that
(3.4) (n-10 + 20/ +209-e)T (r)<S(r).

Since e > 0. (3.4) leads to a contradiction. As for the case m = 1, we use Lemma 2.6
to get the following counterpart of formula (3.1):

(3.5) NO(r,0;g) + N(r, 1;G |> 2) + N .(r, 1;F,G)
< No(r,0;g) +N(r, ;G |> 20+ NL(r, ,G) + NL(r, L, F)
< N(r,0;g \g O0,-a,-a-—=-) + JrN(r,0;/" |/ O,-0,-a - -)

< N(r,0;m)+ (r,-a; 0 + N{r, —a—q-;g) + N(r, 00;5) - 2I(r,g) + m{N(r, 0;/)

+Wr, -a;/) + Wr,-a— ;/) + Wr,oc;/)} - I(r,/) + S(r,/) + 5(r, n).
23
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So "ging (3.5), Lemmas 2.2 and 2.3, and proceeding as in (3.2), from second

fundamental theorem we have for.any £>0 n—I1 _ 1
(3.6) (n+2)T(r,/) <2p (r,0;/) + N(r,—a -2 ;/) + N(r, 00;/) j

+N2(r,-a; /) 2|F (r, 0;9) + LW, ff)+ 2 (r>°:p)} + NXr>a%)

+ T/ +Wr,-as /) +F(r, a G/ +Wnoo/) | - 2T(p) - T )
+S(r,/) +S(r,d< (N - 28/ 20P+e)T(r) + 2T(r) + S(r).

Similarly we can obtain

(3.7 (n+2)T(r,5) < (11- 26/- 20a+e)I(r) + 2T(r) + S(r).
(Combining (3.6) and (3.7) we conclude that

(3.9) (T»-11+ 26/ + 20 ,,-e) [ (r)<5(r).

Since e > 0, (3.8) leads to a contradiction.
Subcase 1.2. m = 0. Using Lemma 2.6 we observe that

(3.9 NO(r,0;g') + 3vE(r. 1,*0 + 2NL(r, 1, G) + 2NL(r, L, F)
< NO(r,0;g) +IVE(r.L, + NL(r,1;G) + NL(r, 1;G) + 2NL(r, 1;F)
< NO(r,0;,g) + Wr, 1;G |> 2)+ NL(r,1;G) + 2N L(r, 1;F)
< Wr,0g9lg 0-o0, a ) +UWr1G|>2)+2N(r,;F \>2)

< 2|F(r, 0;g) + N{r, o0;g) +LWLr, -0;g) +LWr,-a " ;j)

+Ur,0;/) + N(r,00;/) + LUr, -a;/) +Wr,-a ; /)}

4T (r,/) AT(r,p) + 5(r,/) + 5(r,f).
Hence using (3.9) and Lemmas 2.2 and 2.3, from second fundamental theorem we
have for any e > 0

(3.10) (n+2)T(r,/)
< N(r,0;/) + N(r,-0;/) +77(r, a /) + F(r,00;/) + 7V, L, F)
+NL(r, 1;F) + NL(r, 1;G) + #£(r, 1;F) - N(_)(r, 0;/) + S(r, f)
< 2jINV(r,0;/) + N(r,00;/) + IVTr, /)J + N2{r,-a;/)

+7(r,0;0) +Wr, -a— ;j) + F(r,00;5)+ Wr, -a;p| > 2) + jvg(r. ,F)

+2Afi(r, 1, G) + 2NL{r, , F) + NO(r,0;g) + 5(r,/) + S(r,9)
< (16—36/—36a+ €) T(r) + 2T(r) + S(r).
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In a similar manner we can obtain
(3.12) (n+2) T(r,g) < (16- 38/- 303+ e)T(r) + 2T(r) + S(r).
Combining (3.10) and (3.11) we conclude that

(3.12) (n- 16+ 30/ + 30a- e)T(r) < S(r).
Since £ > 0, (3.12) leads to a contradiction.
Case 2H = 0. By integration we get from (2.2)
(313) F-1SG—1+B'
where A andB are constants and Ad 0. >From (3.13) we obtain
ttl« B+1)G+A 5-1
(3n4) F= BG+A-B [
Clearly (3.14) together with Lemma 2.1 yields
(3.15) T(r,f) =T(r,g) + 0(2).

Subcase 2.1. Assume that B 0,—L
1 -S-1/0, then from (3.14) we obtain N(r, ~ -mG) = N(r, 0;F). Hence
using Lemma 2.1 and the second fundamental theorem we obtain

nT(r,g) < LWr,co\G)+ N(r,0;G) + N(r AN\NG ) +5(r,9)
< N(r, 00;9) + N(r, 0;g) + N(r,0;g +a) + N(r, 0;/) +N(r,0\f +a) + S(r, g)
< 2T(r,/) + 3T(r,g) + 5(r, g),
which, in view of (3.15), leads to a contradiction because n > 6. Thus A—B —1= 0,
and hence (3.14) reduces to F = mimpljdng N(r, =£;G) = N(r,o00-f). Again
by Lemma 2.1 and the second fundamental theorem we have
nT(r,g) < N(r,o00;G) + N(r, 0;G)+ N(r,— ;G) + S{r, 9)
< N(r, 00;g) + N(r, 0;g) + N(r,0\g +d) + N(r, oo; /) + S(r, g)
< T(r,}) + 3T(r,g) +S(r,g9),

which, in view of (3.15), leads to a contradiction because n > 6.
Subcase 2.2. Assume that B = -1. Prom (3.14) we have

316> Fs ah +T
If +1 0, then from (3.17) we obtain //(r,A+1;G) = N(r, 0o;/). So repeating the
arguments used in the Subcase 2.1, we again get a contradiction. Hence A +1 = 0,
and from (3.17) we infer FG = 1, implying /” 1(/ + a)gn~I(g +a) = 2, which is
impossible by Lemma 2.4.
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Subcase 2.3. Assome that 5 = 0. Prom (3.14) we obtain
., G+A-I
(3.17) F = .
IfA - 1 0, then from (3.17) we obtain N(r, 1—.4; (?) = N(r, 0;F). So in the same
manner as above we again get a contradiction. So A = 1 and hence F = G, that is,

-i ta)= 1 +a). Now the assertion of the theorem follows from Lemma
2.5. This completes the proof of Theorem 1.1.
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Annotauyusn. CTaTbsl NOCBSLLEHA UCCNEAOBAHUIO Knacca NoTeHUWanos puHa B
€[IMHUYHOI Kpyre KOMMNIEKCHOW NNOCKOCTU, 061aAatoLMX OFpaHUYeHHbIMU KBa-
PaTUYHBLIMU UHTErpaNbHbIMU CPEaHUMN.

MSC2010 number: 31A99, 31C05
Kntouesble cnosa: noteHuuan "puHa; 6openesckas Mepa; MosHoTa.

1. Beegenue

CTtaTbs MOCBSLLEHA UCCMEA0BaHMIO Kacca NoTeHuuanos MpyHa B eAvHWUYHOM Kpy-
re KOMMNEKCHON MA0CKOCTK, 06M1afatowmx OrpaHNYeHHbIMW KBaAPaTUYHbIMA NHTE-
rpasibHbIMW CPESHUMM, YTO ABNSAETCA G/IM3KOM K KIaCCMYECKOl 3afadeil, TeCHO CBS-
3aHHol ¢ paboToii [2].

XOpOLLO M3BECTEH KAacCUYecKuii pesynbTaT 0 ToM, 4To eciu i/(E) > O 6Gopenesckost
mepa e |[C < 1, mo noTeHuuan puHa

- *) = log 2~ dv
(1-1) P{*) 55]@4 9 ox ©
cxoguTea e\l < 1 m

2r
(1.2) sup [ P(re*)M <+oo0
0<r<1iJo

Torfa u TO/MbKO TOr4a, Korfa BbIMOMHEHO ycnosue basuike
1.3) }[ (1- 1d) <mC) < +00.
Jicl<1

Cnepytollas Teopema 0TBeYaeT Ha Borpoc: Kakoe 6onee cunbHoe Yem (1.3) ycnosue
Ha reHepupyoLLyo Mepy pasHocunbHO (1.2) ¢ KBagpaToM noTeHuuana MpuHa?
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Teopema 1.1. MoTeHyun Mpura (1.1), reHeprpoBaHUM it GOPbIEBCKOI Mepoii n > O

Y0BNETBOPSIET YaloBuIO

n*
(14) O(P)= AP [ [Plre“)Iam < +°°

TOrga v TOMbKO TOrfa, Korga

(15) 9P) = I [[  X(Cil. ICal)<MCi)<MC2) < +00-

2%6 - <2

naTo 068CI'Ie'-IVIBaXGEIfICFIhg}'Te,CII,_y}OLLI,VIMVI HepaBeLCtl'gaMl/I(Z) <a’b<d,

(16) CI®(P) < B [ < C20(P),

rae Gi v £7 - NONO>KNTENbHbIE NMOCTOSHHbIE, 3ABUCSLLME TOMBKO OT MEPbI U.
3ameyaHue 1.1. C npuMeHeHMEM HepaBeHCTBa X + y > K (1.5) nmonyyaem
.7 ®(P)<21[ Cl<LVI- IfP~ o j

CnepytoLan Teopema OTHOCUTCA K MOJHOTe paccMaTpyBaemoro B Teopeme 1.1 MHO-
YKECTBa MOTEHLMAIOB.

Teopema 1.2. MHO>KecTBO ?0 noTeHumanos MpuHa (1.1) y4oBne TBOPAIOLLMX YCO-
Buto (1.4) NONHO B MeTpUKe

(G )=[§,QC|<iMcal<i30(\CiI,ICaI)d\(“i-“)(Ci)H(“-“)(02)@ |

rge noTeHumanbl P\ n P3 reHepupoBaHbl 60peneBcxumm mepamm Vi >0 > 0, a
i —/ | 03Ha4aeT NONHYH Bapuaumio 3apsgavi— , T.e. CyMMY ero nono>KnTeb-
HO 1 OTpPULATENLHOI BapuaLmii.

3ameyaHue 1.2. VI3 npuBeAEHHOrO B CReayHoLLEM pasfene CTaThy JoKasaTenbcTea
Teopembl 1.2 cregyeT, 4TO Tak>Ke MHOXKeCTBO ?i (c- To) noTeHunanos I'puHa
B \2\ < 1, onpegeneHHOe YCNOBKMEM OFPaHWYeHHOCTY NPaBOCTOPOHHEN BENNYMHBI B
(1.7), nonHo B MeTpuKe

p(Pi,b)= [[ \1 - ICld\yi - *M)O)-

3ameyaHune 1.3. Bauay Teopembl 1.2 Nerko fokasaTb, YTO MHOXKECTBA reHepu-
poBaHHbIX 3apsfaMu noTeHumanos puHa, yaoBneTBOPAOLWMX ycnosuam ||P [0 =
p[P,0) < +00, unun LPLLj = p(P, 0) < +00 - baHaxoBbl NPOCTpPaHCTBA.
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2. M okasaTenscTtBa Teopem 1.1 1 1.2

Joka3aTenscTso Teopembl 1.1. Ecnm do 6 (0,1) - hMKCcMpoBaHHOE YKCO Y

-7
=- |
PO{Z) JJ[!}CI«*O % 1-C* <M C)'

TO Pq{z) O4EBMAHO YAOB/ETBOPSET ycnoButo (1.4). Tem cambim, fanee Gygem cum-
TaTb, UTO 6openeBckas mMepa ( ) TakoBa, uTo inf {|E| : € supp ilJ > do- 310
NpeanonoXxeHne He ymanseT O6LLHOCTY NPUMEHSEMOr0 pacCyXAeHus, HaleneHHOro
Ha [l0Ka3aTenbCTBO HepaBeHCTB (1.6).

[na gokasaTtenbcTea NpaBoro HepaseHCTBa (1.6) crefyeT OueHWUTbL MHTerpan (1.4),
YTO JOCTMPKMMO OLIEHKOI BENNYMHBI

I(fcecn = J  1%8M « ', 10 Vi) Hog [bo(rew, p2e<*)|do

o< BB < 1 vi26 [02m) roe
-z

(2.1 log |bO(r, £)| = —Rej dt =log

<da 11- cﬁ* 1- C
yacTHbIn BMg thaktopa TmHa baswke u3 [1]. OtmeTms, yTto 7(r, ) 0YeBMAHO fB-
NAETCA HEMpepbIBHOM (DYHKUMEN OT I, pi, W <, , pacCCMOTPMM fBa OTAEMbHbIX
cnyyas. OfHako, npeABapuTe/lbHO 3aMeTUM, YTo ecm z = re™ g —peilfi - TOUKK

eAVHNYHOIO Kpyra u T/p < 1, T0
, oc / VK o0/ \iI'

W, TEM CaMbIM,

r 1

(2.2) log\bo(re 6,peip\ = _~ ( \ cos [(K+ I)(t? - <o\ / tkd t-log-".
Jp*

OTMeTUM TaKXe, 4TOo Mpu mo6b|x LenbIX ymcnax K, n > 0 v niobom ipi,2 6 [0,27r)

(23 "3 O+ 1)(*-"]co [(«t!)(*-*)]<»

[0 npu Kdn,
{’I‘Scos [(A+ D2 - ¥)] npu kK=n.
(a) Mycts Ci2 = Pi.ae"l* 0<rio<pi,/32< 1mn0<r<pbp2 Torgar/pi,2< 1n,
BBUAY (2.2), (2.3) HETPYAHO BLIYMCAUTL

*

ri6) = v (=) (e dn - O 41090
K=0
3peck 0 < Splf-t/ﬂ < < < 1, 1 No3TOMy BbIYUC/IEHNEM MOCNEAHEN CyMMa Mony4vaem
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(2.9 «r,Cb« - LI ° * "») * +11 k * A

roe 3
.
L.1nppg g1

n * N
v PiPa JPT 4 PIPJISInz

- aapo [MyaccoHa, 1, TeM cambIM,

< 41 rlj_l l rl @ + 3 1b S -1 I;I -1
1ofl-A - dy 3,1,1
L 1. *1 1-(1-»)(1-1)"~ 1080 108«

3pecbxe x < 1-dg < (1-d§)(* + 1), utemcambim 1-(1 x)(1 i/) = x+y-xy >
dg(3 + y)- CnepoBatesibHO
I -A dy 3, 1,1
* di +1* » ¥ »
npuo<do</12<1umMO<r<H2
(6) nMyctb0<do<Pia<r< 1 Torgaana aHanorMyHoro BbIYUCIEHNS 3aMETUM,
yro ecm |(| < \A\ < 1 (Te. p <r <1), T0 BBULY (2.1)

. ~ KA dt dt, o C 1 dt
gleo(z.C) = c>1<1 T S T RS (TP
o [ r\*+1 rp/*- 1
=-E_J cos[(fc+ I)(tf-y>)] / t*d*-log —
Ts \y oosllfe+ Dety>)] /o o g P

FE G for s for DO ] 1 <adt
u p

*=0

Moatomy, nonb3yack (2.3) nosyyaem

/(I',Ci.Ca) = logJ - logx - i log» * a *L p (AA w _ \ *2
n “rpj 4 g 4" * VP1P2 7*2
mi /1 Ft/1 priai \ *2
W,lUrti L/r W t~1 *)

4‘1:] F*I <WI’12- *\'th

i f1r A r o rp (M IVIE-n) A
-Pilr *1 Wl /
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BbibpocvB nocnegHue [Ba OTPULATENbHBIX YeHa U paccyaas Kak B NpedbiayLiem
cnyyae (a) nonyumm, yto npu 0 <do<pi,/?2<r<|

1/ 1 [1*? du 1 1
(2.6) + +

Mepeiigs K MHTerpasly OT KBagpaTa noTeHupana MprHa, 3aMeTuM, YTo

Q1> +'m=5270 pw M - K Mo« .c)no )«

+» T T//I<Ki*hK '".OHo0o) "
=2\[[ Il +If [[ VIrCiCAN(CiX C2),

a otctofa, Beugy (2.5) u (2.6), nonyyaem

ady
™ ksw M<)) +w bl ) * &
[Janee, npu ntobbIX uncnax e [do, 1)
Aol O ) Y A o A S
1 NO3TOMY
sup — [ 2’ [p(reith]2di? = sup J[r) <-1 (I +- f1MPdx f1
o<rp<i2Tryo Lp( ] o<rgi " LLI,( 2dtJJO Jo X+y’

T.e. 0Ka3aHo NpaBoe HepaBeHCTBO B (1.6).

[ T4 fokasatefibCTBa /1eBOro HepaseHCTBa B (1.6) cHauana OTMETUM, YTO €C/M 3a-
MbIKaHWe MHOXECTBa supp i/(£) cofepxuTca B HEKOTOPOM Kpyre [£| < do < 1, TO
thyHkuma 3C(CGI>E |) (E, 6 supp (0) orpaHuyeHa, U nNo3Tomy

+00> sup [ [P{reii)]dti> Cv [[  [[  3C(CilICa)<MCi)<MCa)
0<r<1JO JJ\Ci\<SJJ\ta\<$S

C HeKOTOpOIi nocTosHHo Cda > 0 3aBucALLEN TONLKO OT do- A1 cnydas e, Koraa

supp /() vMmeeT npefesibHble TOUKM HA OKPYXXHOCTW | = 1, 3aMeTWM, 4TO ANf
K1l
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BENMUUHBI J(r) 13 (2.7)

=[r [ L11/3,Ci,C3)<MCi)<M<a),
N<a|<it»<linl<i

roe, Beuay (2.4),

3
-y 1 T1*1 i )&
y B 4@k
1 Iidti /1~ (s"Tpa) 11 dX, o1+ AadX,
8lallr Jz hby *a 8/i/3 ni 'nd31- Nij2 A2
B® T % MsEV O Tew Y% ME+vo
Takum o6pasom
sup J(r) >5 ff [f X(|Ci|, IC3IXCiXCa),

NeBOE HEPaBEHCTBO (1.6) CrpaBed/IMBO B /IOGOM C/yyae, U TeOpema AoKasaHa.

JokazaTenscTBo Teopembl 1.2. IMycTb {P,}i° C Yo - pyHAaMeHTabHasA nocnesosa-
TeNbHOCTb MOTEHLMANO0B, YA0BNETBOPSAOLWYMX ycnosuio (1.4). Beuay Teopemsl 1.1, 310
03HaYaeT, YTo HeoTpuULaTe/bHbIE GopenieBCKMe Mepbl {~n}i°, reHepupytowme {Pn}* ,
YLOBNETBOPSAIOT ycnosuto (1.5), n ana noboro e > O

P7(Pn+T<Pn) = [[ [[ AC(ICi|, ICaD" " n+m «'n)(CHM (I'n+m Vn)(Ca)| < B

npy AOCTaTouHO 60nbliom Nt > 1 1 mo6agx n> Ne n T > 1. 1na AoKasaTenbCTBa
CyLLecTBOBaHUsA noTeHumana P(z) € Yo, Takoro y4to p(Pn,P) -Y Onpu —»00, byaem
M0/Ib30BaTLCA HEKOTOPbIMM XOPOLLO U3BECTHBIMU pe3ynbTatamu 13 [3].
3athmkcvposas NpoussosbHoe uncno € (0, 1), 3aMeTumM, YTo

-(@-22 \ N |<IXAAPKadK+m - »)( )<+ v.,)(Ca)l

- (i_ ja)aP2(pn+T,pn) <
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* Moatomy ans noboro e > 0 cywectsyeT Nt > 1 Takoe, 4To
d|K+m « (<) <e. n>N'e,m> 1.
'ICI<

Ortcroga cnefyet, uTo nocnefosatenibHOCT uncen {"n(D«)}i°® dyHLameHTanbHa, u
noatomy 0 < v(0Oi) <A{< +00, > 1 Kpowme TOro, nocsefoBate/ilHOCTb 60penes-
ckmnx mep {/ } ° dhyHpameHTaslbHa Ha SIMHEiHOM MHOroo6pasvn ¢* BeLeCTBEHHBIX,
HenpepbIBHbIX yHKUMI B kpyre D$ —{( : |(| < <} n noatomy, BBUAY Teopembl 0.4'
n3 [3], cywectByeT bopenesckas Mepa v, > 0 Ha Df Takaq, uTo B ®g cnpaseannea
cnabas cxogMmocTb v =>v*, N -4 00, T.e. Npy Nto6oi pyHKumn A(() e ds

ff <kc)smo >/ipo<mc) as  ->00.

«[«/|CI<i V7ICI<1

[Janee, BBMAY oueBuaHoro HepaseHcTBa |[p(P,,+T ,0)—p(Pn,0)| < p(Pn+T,Pn) Takxe
nocnegosartesibHocTb uncen {/3(Pn,0)}* dyHaameHTanbHa, U NO3TOMY

(2.8) p(P,,0) -¥b< +00 npu -yoo u p(Pn,0) < B < +oo0, > 1.

B cuny Teopembl 0.6 u3 [3] cyllecTByeT nocnefoBaTe/lbHOCTL * | +00 Takasl, 4To
npu Kk 00 B ¥ nveem Vik = ,rge > 0 - 6openesckas mepa Ha Df. Teneps,
nonaras, YTto paccMoTpeHHoe 6 € (0, 1) - NepBblil YleH HEKOTOPOI MOC/eA0BaTeNbHO-
cTm 5T 1 1, ansa <6 Kak Bbllle BbiGepeM noanocnefoBaTeibHoCTb U3 {n*}?°, us yero -
noAnocnesoBaTeNibHOCTb 418 <& 1 T.4. 3aTeM, Nepeigsa K anaroHanbHON nocnefoBa-
TenbHOCTM (NMjjO 3amMeTumM, YTo MIMTr =>v Npn T —y 00 B &g ¢ nobeiM 5 6 (0, 1), rae
V > 0 - 6openesckas mepa yxe Ha BceM Kpyre D = {( : |[(] < !} Oanee, 3ameTum,
4yTOo BBMAY PyHAaMeHTanbHOCTY nocnegosatensHocTy yucen {i/(Di)}° npu nobom
66 (0,1), npn ntobom 8 e (0,1)

(@~ )OI < (- «nIDY+ - V)@ < £

AN focTaTouHo 6onbworo T > 11 moboro n > nT. OTctoga cnegyet, yto im(06) —»

»O{) npu n -¥ 00, M oYeBMAHO VII =m VvV npu  -> 00 B ®f ¢ nobeiM 6 (0,1).
[Danee, nonaras uto {r*}8° C (0,1) - Bo3pacraroLlas nocnefoBare/lbHOCTb, BBUAY
(2.8) nonyunm

B>Iliminff;f; ff ff * (K ii,i6ifcM Ci)<M 6)

> ff ff 3c(ICi[,IC2I)MCiX C2) = p2(~o),
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A. IXPBAWAH. 3. ANA3

rae P(z) - noxeHunan "pnHa, reHepupoBaHHbIii Mepoid v. Tak p{P, 0) < +00. Tenepb,
BBeJs B pacCMOTPeHUe cnefytoive yHKumm ot r 6 (0, 1):

v, () = J[J(C“q_;_l/:lvlk_3(:(|Cii»I|7|I\/MCO’“—I|7|)» n™1
3ametum, 4to <p,4r) /m p(P,,,0) npu ntobom n > 1. Monoxus <p,,(1) = p{Pn,0) (n > 1)
nonMyuMM (hyHAaMeHTa/IbHVIO Ha BCeM OTpe3ke [0, 1] nocneaoBaTenbHOCTb (hYHKLMIA,
HerpepbIBHbIX B Touke © = 1. MpegensHas gyHkuua < () = Umpn(7) Heybbisato-
L1as n HenpepbiBHasa B T = 1, u yX1) = p(P, 0), nockonbky p(Pr,0)  p(P 0) npu
r —»1—0 18 noTeHumanos Pr(z), reHepmpoBaHHbIX Mepamu XDr (0*~(0> r/e XDr (C)
XapaktepucTmueckas yHkuma kpyra Dr. C gpyroii ctopodbl MlimJ<Pn(l) ~ ~n(r)] =
Y1) —<p(r)< £ Korga r goctatoyHo 6nm3ko K 1. Moatomy ans nroboro e > 0 cylue-
cteytoT uncna rE 6 (0,1) u Ne > 11akune, uto 0 < vn(l) —Pn[r) < £EMPUre<r< 1
nn> Ne. Tenepb 3ameTvM, 4TO Npy MobLIX T € (0,1) 1 > 1

p(P.Pn)y < // [/  30(Clcahd(«/ nOfeM * - A)C2)

+ [[[I L(GLICIK CiXK C2)
(DXD\(DrxDx)

£33 ac(eilIcrD A (CwnCr) =h +h + h,
(DOXONAD)

roe 1 = ip(l) - tp(r) n /3= (>,1) —m(r)- TBm cambim, 4N5 NO6BOrO e > O HalgeTcs
roe (0,1) takoe, uto 0 < /33 <enpu > Ntro,a0O< I\ <enpu > " o
MOCKONbKyY i/M =7 npu n -+ oo B . Takum obpasom p(P, Pn) —»0 npy  —»00, 1
[l0Ka3aTeNbCTBO 3aBepLLEHO.

Abstract. The paper is devoted to investigation of the class of Green potentials in
the unit disc of the complex plane, which possess bounded square integral means.
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O MAAOKNX PEWLWEHNAX OAHOIO KANACCA MNMOo4YTKn
FMAOO3NNNNTUYECKMNX YPABHEHUN

I. . KASAPAH

Poccuiicko - apMsiHCKmMiA (CnaBsHCKWIA) YHUBEPCUTET
EpeBaHCKWii rocyfapCTBeHHbIV YHUBEPCUTET
E-mail: haikghazaryanQmail.ru

Aunorauus. [N5 opnoro KNACCa HEBLIPOXAEHHbLIX (PETYNSPHBIX) MOYTU FUMO-
3N/IMNTUYECKNX YPaBHEHUI, OAHOBPEMEHHO SIBMSIIOLUXCA YaCTUUHO TUMO3NNM-
TUYECKMUMM MO OMPefeNeHHbIM NepemMeHHbIM, BbIAENAOTCA GeCKOHEUHO Andde-
peHuMpyemble B ONpefeneHHOM nosoce peLueHus.

MSC2010 number: 12E10, 26C05.

KntoueBble cnoga: rUNO3NMNTUYECKUIA; (MOYTU TUMO3NIUMTUYECKNIA; YAaCTUYHO
rMNO3NINNTUYECKINIA; HEBLIPOXKAEHHbI) ONepaTop; My/bTUAHN30TPOMHbIE MPOCTPaH-
ctBa Cobonesa.

1. Beegenue

Mocne ocHoBononaratowwmx pa6oT J1. XepmaHgepa (cm. Hanpumep, [1] - [3]), no-
CBALLEHHbIX IMHEAHBIM TUNO3NANATUYECKUM AuddepeHLManbHbIM YpaBHEHNAM, BCe
peweHns n3 knacca pacnpegeneHnii (cM. [4] nnm [5]) KoTopbix ABASAKTCA 6ecKo-
HeYyHO AnddepeHUnpyeMbIMU (HYHKUUSAMW, eCTeCTBEHHbIM 06pa3oM BO3HMK BOMPOC
0 HaxoXAeHWW anpuopHbIX YC0BUIA Ha peLleHne HeErMnoaIIMNTUYECKOrO YPaBHEHUS
P{D)u = 0, npy KOTOpbIX 3TO peLUeHNe ABNSETCA 6ECKOHEUHO AndhepeHLMpyeMoii
(hyHKUWEN, UaK, Y4TO TO XXe, BOMPOC O BblAeNIeHNN BECKOHEYHO AnddepeHLUpyemMblxX
PELUEHNA HErMno3NNMNTNYeCKOro ypaBHeHNs P(D)u = 0 M3 MHOXeCTBa peLLeHWit
3TOr0 ypaBHeHWS M3 ONpejesieHHOro Knacca (Hanpumep, U3 Knacca pacrnpegeneHui).

MNepBble pesynbTaTbl B 3TOM HanpasfieHuy npuHaanexat J1. FopauHry, 6. Manb-
rpaHxy, J1. Epennpaiicy, >x. MuTpe n gpyrum. B pa6oTe [6] /1. FopgnHran b. Manb-
rpaH>ka BBefleHO MOHATWE YaCTUYHO TMNO3NANMNTUYecKoro onepatopa P (D). 3To Tar
Kve onepaTtopbl, 4719 KOTOPbIX BCE PeLLEeHMs U3 Knacca pacrnpegeneHunii, 0TBeYaroL X
UM guddepeHunanbHoro ypasHeHns P{D)u = / ¢ 6eckoHe4HO gudepeHLpyemoii
npaBoil YacTblo, ABAAIOTCA 6ECKOHEYHO AnddepeHLMpyeMbIMU, eCIN anpuopu npes-
nonaraTb, YTO 3TN PeLLeHNsT 6ECKOHEYHO anddepeHLMpyeMbl MO onpesesieHHbIM ne-
pPeMeHHbIM.
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r. . KASAPAH

Beegem psag 0603HayeHUiA N onpegeneHnii, HEO6X0ANMbIX ANA faslbHELLIero: nycTb
N MHOXecTBO HaTypasibHbIX uncen, NO= N U {0}, /1? = No * - * JIb MHOXeCTBO
N—MepHbIX MyNbTUNHAEKCOB, E™ 1 Rn n-MepHble eBKANA0BLI NPOCTPAHCTBA TOYEK
(BeKTOPOB) COOTBETCTBEHHO X =( X i, XN) H =(€i,s»Er)eflna £€ A4 x & E
na € ivVf nonokum |£] = \/?i + —+€ "l«l = Qi + s+ ° 1 f =ijem
Da=D? . rge Dj =} G =1..")e

Myctb P(E>) = P(Z?i,..,Dn)= £ 7q-0° nuHelHbIN guddepeHunanbHbI one-
paTop € MNOCTOSAHHbLIMM Koemmmumeﬁ‘?gmm n P(E) = P(£i»—iCn) = Yj7a£ eroxa-

paKTepuUCTUYECKMIA MHOFOYNEH (MOMHBIA CUMBOA), F4e CyMMa pacnpocTpaHseTcs no
KOHeYHOMY Habopy MynbTunHgekcos (P) = {a 6 0}.

Myctb Q 06nacTb M3 E™. Yepes D(Q) = C%°(M) 0603HAYMM MHOXECTBO (DUHUTHBIX .
B M dyHKuuin 3 CMY), a yepes £>'(M) MHOXECTBO pacnpegeneHnii (0606LLEHHbIX
tyHKumiA) Ha D(Q) (cm. [4j nnm [5)).

Onepatop P(D) (MHorouneH P (0) HasblBaeTcss rmnosnamntTmyeckmum (cm. [3],
onpegeneHne 11.1.2 n Teopemy 11.1.1), ecnn BbINOMHAETCA OLHO U3 CNefylOLUX 3K-
BMBaJ/IEHTHbIX ycroBuii: 1) ecim m 6 D'(Q) peweHne ypaBHeHus P(D)u — 0, To
ne 2) ecnn |£| -mo0o,n 0 a 6 N1~ To0P (@) (E)/-?(£) = D*P(Q/P(Q -WN).

Myctb n > 2,1 < Kk < n. lMNpegactaBum Toukn X € En a Buge X = (X ,X ),
rge x = (zi,....xlc)x" = (ifct+i,...,i,,) ( COOTBETCTBEHHO /15 ToyeK ( 6 /1" wu
a = (&i, ) 6 JVJ).

Onepatop P(D) Ha3biBaeTCcA YaCTUUYHO TUMO3MNNUNTUYECKUM OTHOCUTENBHO
runepnnockoctn X = 0 (MHorouneH P(£) Ha3biBaeTCA YaCTUYHO TUMNOAIUMTUYE-
ckum o "), ecimpnaseex 0 a6 Jily P(@)( )/ (0 —»0, korga |£"| -* 00, a | |
0CTaeTcs orpaHuyeHHbIM (M. [6] nnm [3], onpegeneHne 11.2.4).

B [6] 6b1110 floKa3aHo, YTO ecv peeHne U 6 2Y (0) YaCTUYHO FMMO3/TUNTUYECKOr0
OTHOCMTE/NIbHO rMnNepnaockocTu X' = 0 ypaBHeHus P (D)u —O0, aBnseTca rnagkoi no
nepemMeHHbIM X', To U 6 C°°(Q). danee MHOrMMM aBTOPaMu B pasHbIX HanpaBneHUsAX
66110 0606LLEHO NOHATUE TUMNONUATUYHOCTU UM YACTUYHOM TUNO3NNATUYHOCTY
(cm., Hanpumep JT. EpeHnpatic [7], XK. Mutpe B], E. A. F'opuH [9], KO. B. Eropos [10],
Lox. ®pubepr [11], P. k. EnvoT [12], [13] n gpyrue).

B uvacTtHoCcTW, B paboTe [14] A. C. Byrpos NocTpoua NPpUMeP HErMNo3IMNTUYECKO-
ro ypaBHEHWS, BCe pPeLLeHNs KOTOPOro ABAAKTCA 6eCKOHeYHO anddepeHLMpyeMbIMu
B M01yNPOCTPAHCTBE (PYHKLMAMM, ECNIN OHM BMECTE C HEKOTOPLIMU UX NPOU3BOAHBIMMN
WHTErprpyembl C KBaJpaToMm.

B pa6oTtax [15], [16] B. L. BypeHKoB n3yumnn ypaBHeHune P(D)u = / B umnuHgpe
R=TKXEn\ rpe0</< wnl2 obnactb u3 E\ a/ un Bce eé Npom3BogHble |I—
NOKa/IbHO KBafpaTUUHO UHTErpupyemsl. IM nonyyeHbl HEO6X0AMMbIE U O0CTaTOYHbIE
YCNOBUA NPU KOTOPbIX /H060e NI0Ka/IbHO KBaApaTu4HoO UHTerpupyemoe B I2 BmecTe
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'CO CBOMMW HEKOTOPbIMW NPOM3BOAHLIMU peLleHne ypaBHeHue P(D)u = / aBnseTca
6ecKOHeYHO anddepeHympyemoin B 2 pyHKUMEN.

B [17] Mbl BBenM MOHATWME MOYTW FUMO3NMNTUYECKOrO MHOro4ysieHa (oneparopa),
a B pabotax [18] u [19] ( coBmecTHO ¢ B. H. MaprapnHom) Aokaszanu, 4To npu
/ € C°°(En) n 6 > 0 Bce pewweHnsa anddepeHumnansHoro ypasHeHns P(D)u = f,
KOTOpbIe MHTErpupyembl C 3KCMOHEHUMasIbHbIM BeCOM e~"XK fBNAI0TCA 6CKOHEUYHO
anddepeHumpyemMbiMn YHKLMAMKM B En Torga v TObKO TOrAa, Korfa onepaTtop
P{D) noutun nwoannuntuyeH. Mpwn atom (cm. [17]) onepatop P{D) (MHorouneH P(£))
HasblBaeTCA MOYTU TMNO3NINNTUYECKNM, €CIN C HEKOTOPOI nocTosiwoin C > O

N 0)(0I/[1 + \P(0\}< C V*6 NI", Vae |

Mycte A = {qJ = (a],...,a£)}}* KoHeuHbIi Habop mynbTUMHAEKcOB M3 Ntf. Hau-
MeHbLUMIA BbIMYK/bI MHOFOrpaHHMK, CofepXXallmii TOMKM A Ha30BeEM MHOrOrpaH-
HWKOM HbloTOHa MHOXecTBa A.

MHororpaHHuk R= 0?(P), nocTpoeHHbI Ha Habope (P)U {0} onepatopa P{D) =
P(Di,...,.D,,) = 7a Da HasoBemM MHororpaHHukom HbioToHa onepatopa P(D)
(MHorouneHa P(£)) (cm. [20] nim [21]).

Onpegenenune 1.1. (cm. [20] - [223) MycTb R+ = {x 6 1" :Xj >0; j = 1,
MHororpaHHUk R C /1" c¢ BepwmHamn n3 Nft HasoBemM MONAHbIM, ecnn 3? nMe-
€T BepLUMHbl Ha Ka>KAol KOOpAMHaTHOM ocv M B Havane koopguHaT NE. TlonHbliA
MHOrorpaHHuK 3? Ha3oBem MPasuJibHbIM (BMOJIHE MPaBUNbHbLIM), €CIU BCE KOOp-
OVHATbI BHELWHWX HOpManeli (N —1) - MepHbIX HEKOOPAMHAT HbIX rpaHeli RHeoTpu-
uaTenbHbl (NOMOXKUTeESbHbI).

OKa3bIBaeTCA, YTO MHOrorpaHHMK HblOTOHA rMMo3NIMNTUYECKOro onepaTopa siB-
NSieTCA BMNOMHe NPaBu/IbHBIM, & MHOrOrpaHHMK Hbl0TOHA MOYTU TMMO3/IIUNTUYECKOTO
oneparopa - npasuibHbIM (CM. [22], Jlemma 2.1 ).

Bclofly fanee yeTHble uncna T,rH2,73,...,Ttnn (T > nij\j = 2,3,..., ) duKcK-
poBaHbl, Npu 3tom Yepes 3= W T, ,..,rnn) CJ1" mbl 0603HAYNM MHOrOrpaH-
HUK ¢ BepwuHamu (0,...,0), (1,0,...,,0), (O,T,...,0) , ( 0,0, T)wm(T, ,0, 0),
(r,0,730,..,0) , (1,0,.,0,TN).

Jlerko y6eanTbCs, YTO 3TO NPaBWU/IbHbLIA MHOrOrpaHHWK. OAHaKO MHOrorpaHHMK
3? ne ABNSAETCA BMOJSIHE NPaBU/IbHBIM, TaK KaK (EAVHWYHAsA) BHELIHASA HOpMab (N —
1)—mepHoi rpaHu ¢ BepwimHamm (w,0,...,0),(T, 0,...,0),...,(m,0,...,0, ,) sB-
nsetca sektop (1,0,...,0). MeoMeTpUYeCcKM 3TO O3HaAYaeT, YTO 3Ta rpaHb MeprneHn-
KynsipHa KoopAuHaTHOM ocn 0»i.
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B HacTosLweli paboTe Mbl paccMaTpuBaeM IMHeNHbIN AuddepeHUanbHbli onepa-
Top P(D) = P(Di,Di,...,Dn) c BewwecTBeHHbIMN KO3(DPULIMEHTaMM U C MHOTOrpaH-
HUKOM HbtoToHa A = WT,Ta, 7 3,....T,,). lpun aTom 6yaem cumMTaTb, UTO Xapak-
TEPUCTUYECKUIA MHOrounieH P(£). oTBeyarowuiA 3TOMy OMepaTopy SABSeTCA HeBbl-
POXAEHHbIM (pPerynsipHbIiM) B TOM CMbIC/le, YTO C HEKOTOPOW MOMOXWTENbHOM

NOCTOSAAHHOM cnpaBef/IMBO HepaBeHCTBO
(1.1 l1+ra>M 1£ T4Y>- V*6 4"
aeR

MpocThble BbIYNUC/EHUS MOKa3bIBalOT (CM., Hanpumep, [20] unu [22]), uTo ans n6oro
MHorouseHa () ¢ NpaBW/IbHbIM MHOFOFPaHHWKOM HblOTOHA CYLLIECTBYET Unc/o U2 >

0 Takoe, uto gnA Bcex 1= 0,1,...
1+ £ KU m VEe/1™

Takxe nerko ybeanTbCcst B TOM, YTO MHOrousneH -P(E)> ¢ MHOrorpaHHuUKom HbioTo-
Ha W = R(m,m2,m3,....m,,), ygosnersopswwmii ycnosusam (1.1), (1.2) asnsetcs
MOYTU FUMO3NIMNTUYECKUM (CM. [22]) U 4acTUYHO TUMO3ANINNTUYECKUM OTHOCUTENb-
HO "= { .., ) (cwm. [3], Teopema 11.2.3). OTMETUM.UTO B CBSA3UN C U3YYeHUEM
eNHCTBEHHOCTN peLleHns 3afaydn Aupuxse, obwme HeBbIPOXKAEHHbIE YPaBHEHUSA C
MOJSIHLIMW MHOrorpaHHMKaMn HbloTOHa BrepBble paccMoTpeHbl C. M. HUKOMLCKUM
(cm. [23]). B. M. MuxaiinoBbim B [20] HalifieHbl HEO6XOAVMMbIE U LOCTATO4YHbIE YC/10-
BUSA, MPU KOTOPbIX MHOro4sieH P(£) ¢ MO/IHLIM MHOrorpaHHMKoOM HbloTOHa ABAsAET-
CA HeBbIPOXAeHHbIM. B 4acTHOCTM, TaM [l0Ka3aHO, YTO BepLUMHbI MHOrOrpaHHuKa
HblO0TOHA HEBLIPOXAEHHON0 MHOMOY/IEHA C BeLeCTBEHHbIMU KO3duLeHTaMm nme-
IOT YETHble KOOPAMHATBLI. TUM U MOTUBUPYETCA Halle MPearnosioXKeHNEe 0 YEeTHOCTU
ymcen m,rri2,...,rrin.

Ons k > 0 o6o3Hauum Mk = {x 6 En : |ii| < /c}. Lenblo HacTosiLen paboTbl

AB/IAETCA OKA3aTeNNbCTBO CYLLIECTBOBAHNSA Yncna /co > 0 Takoro, 4YTo npu K > «0 BCe
peweHns n E D'(Q.K) ypaBHeHus P(D)u = 0, KOTOpble YAOBMNETBOPSAOT YC/I0BUAM
£)(0, 0,,...,.a,, ) 6 F2(MKY ana a 6 TV a2+ ... + a,, < T, npuHagnexart C°°(MK).
3TK yCcnoBms HamHOro cnabee, YeM COOTBETCTBEHHbIE ycrioBuA B [14], [15] nim [6].
e Myctb A C A" Npon3BOMbHbIA MOMHBIA MHOrorpaHHuK, a' = (- ,..,amn), a =
(«1,a"™) € Ng. O603Ha4MM 4epe3 F? MHOXECTBO My/IbTUNHAEKCOB a 6 A TaKuX,4To
(°i+1,a") ¢ OnA BblgeneHUs rNagKux peLleHniA NccnesyeMoro ypaBHeHNs, Ham
HeobX04MMO NOCTPOUTL Ha MHOXeCTBe Ng PyHKUUIO <i(0;), MPUHMMAIOLLYIO Lelodnc-
JIeHHbIEe 3HaYeHUs U TaKyto, YTO

1) d(ai £ l,a") = d(a) £1 pnascex € N ,ai-1 € NO,

2)d(@) < TaonaaeK\A/

3)d(@) = T ona a € 3
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Tak Kak npuv NnocTPoeHUn TaKoi hyHKLMUM Mbl 4acTo GyAeM MOSIb30BATLCS FeOMeT-
PUYECKMMY COOBPAXKEHNSIMU, TO Aasiee OrpPaHNUMMCS TPEXMEPHbLIM CllyYaeM.

2. MocTpoeHue hyHKUUN d(a)

NTak, Bclogy fanee n = 3, YeTHble ynucna T, ,m3, (T > my,j = 2,3) d¢uKcu-
poBaHbl, Npy 3ToM yepe3 5i- WT, ,73) CP3 Mbl 0603HaYMM MHOFOrpaHHUK ¢
BepwwuHamu (0,0,0), (1,0,0),(0,7,0),(0,0,T) un (T, ,0), (1,0,T3). Jlerko y6e-
AUTbCS, YTO 3TO NpPaBU/IbHBIA (HO HE BMOJIHE MPaBW/IbHbINA) MHOrOrpaHHUK, OrpaHu-

YEHHbIN KOOpAMHATHbIMK nnockocTamn =0 (J = 1,2,3) 1 NI0CKOCTSMU
n= [i(0="€i =1},
P2={ : 613,420 = . 6+m( + ) =1},
P3={C: 6 R3Ar(0 = m e £+ o m +ﬁ£3:!}'

[na noctpoeHns yHKuun d(a), yaoBneTBopsitoLLein ycnosusm 1) - 3), 0603Ha4UM

A(@e ™[ "1™ ], p(a)=m[" Q@+ Q@B m3
L—LB

nansa nwoéoroa 6 @ Ng nonoXxum
(2.1) d(a) = [Tax{ai,ai + N1(a),ai + B(a)}] ,

roe [a]' = [a] = o, ecnn a uenoe ymcno u [a]' = [a + 1, B NPOTUBHOM Ccry4ae.

Ham 6ygeT yao6Ho BMaom3MeHnTb opmyny (2.1). Ansa sToro nposegem B P 3 nnoc-
KOCTb , MPOXOASLLYIO Yepes TOUKM (BepLUMHbI MHOrorpaHHuka R) (0, ,0), (0,0,ww)
n (w, ,0). YpaBHeHue 3TO NnockocTu byaeT

PA=«€ 0 3;44(0 = ;\71_ + |771 =1

[anee zanucb a 6 3l 6ygeT o3Hayatb, 4To @ € 3P Ng, a 3anucb a 6 P- 4TO
a6 (J =1,...,5) (onpegeneHne P5 cm. HMXe). MnockocTb P4 fennT MHOXECTBO
3? Ng Ha gBa nogmHoxecTBa: Qi = {a 6 3i; ()< 1} m = 3P\ , npu aTtom
NMeeT MecTo

JlemMma 2.1. BbINofiHEHbI CnefyoLline yTBep>KAeHNS:
1) pna Toyeka € P4 yucna.A(a) uB(a) uensbie, npy sTom A(a) = B(a) = a3;
2) npy w3 = A(a) = B(a) gna scex a e 4;
3) ecnn w3 < , To.A@ <B(a) npna € $i n/i(a)>B(a) npna € , a
e cnyvae LB >, HaobopoT.



I. . KASAPAH

[okasaTenbcTBO. Tak Kak NyHKTbI 2) 1 3) NosyyatoTca NPoCcTbIMU BbIYUCIEHUAMN,
TO [JOK&XXeM TO/IbKO MepBbI MyHKT. AnA Toueka 6 Pn u m e e m ' 1. YMHOXxas
06e YacTu 3TOro COOTHOLLEHUS Ha T (T T —m3), NoayyYum

—( —T3)a2+ ( —T3)0c3 = T(TB —Tn3).

771
MNpeAcTaBUM MOSTy4eHHOE PaBeHCTBO B BUfE

(T—)ar+(T1—)az— ( —m3) =

= I‘I2i(r7i TR +(T-T2AB- (T-T2)TI
T

[ensa obe yacTu NoSlyYeHHOro paBeHCTBa Ha 2 2 122 1| nonyumm
Nay=mo P T2 ) = 0s.
m —m?2 m —m3
Jlemma 2.1 gokasaHa. @)
3a cueT nepeHyMepauuy KOOPAMHATHBIX oceld Wi MOXHO cunTaTb, 4To m3 <
MoaTomMy Bcroay flanee byaeM cunMTatb, 4TO m3 < M2 U cBoiicTBa 1) - 3) dyHKUMUK
d(a) Mbl fJoKaXXeM TONbKO B 3TOM cny4dae. Mcxoaa us nemmbl 2.1, dopmyny (2.1)
MOXHO npeobpas3oBaTb Tak

(2.2) d(a) = max{ai,ai + [5(a)]'; a e 9i},

(2.3) d(a) = mai{ai,ai + [-A@); ae }
K pokasaTenbCTBY CBOMCTB 1)-3) hyHKUUM d(a) NpeanoLuieM CAeaytoLy ieMmy.

Nlemma 2.2. Ana Toyeka 6 (P\UPjU 3) uncna A(a) n B{a) uenble, npn sTom
d(a) = T.

JokasaTenscTBO. Toukm (0,7 ,0), (0,0,73), (7,0,73) u (1,71 2,0), Nexart Ha
nnockoctn P6 := {{ e N3, AB(0 = ~- + ~ = 1}, noatomy Ass To4eKk a 6 P5
CnpaBef/IMBO COOTHOLLEHME A a2+ a3 T3 = T3 (N + N -—1) = 0. 3TO 3HAUUT, 4TO
B(a) = 0 gnsa Touek a e P& m noatomy B(a) = 0 gna Touek a 6 0 ofHOMEpPHOIA
rpaHu o := {(1,0, 7 3) - (7,T 2,0))} C Pb MmHororpaHHuka 3?. Tak Kak ai = T
anaTodeka 6 Mo C P\ mtoukma 6 P&nexar B 9?i, To pyHKUMA d(a) onpegenserca
thopmynoin (2.2), nostomy d(a) = a\ = T gndA Touek a 6 lNo. Toukm a 6 Pj\ o
nieXkaT nof nNaockocTblo Pu, noatomy Ansa HUMX B(a) < 0 monatb d{a) = a\ = T.

Myctb a 6 P3 C 9i, T.e. dyHKunsa d(a) onatb onpegensietca opmynon (2.2).
Ona Takux Toyek N a2+ a3=m ab lMoaTtomy

ou+B(a) =ai+ [m— —m ~LWs3'_a + _M)l =T
T-T3 T

Taknm 06pa3omM gokaszaHo, 4To gi1ga a € P3 uncno B(a) yenoe u, Tak Kak ax < m
ana scex Tovek a6 4,70 d{a) = max{ai,m} = m.
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Myctb a 6 Pj C , T.e. gyHKuua d(a) onpegenserca gopmynoin (2.3). Torga
+ =m— ai, noatomy

= al e — — 1'= ai - ' =
A(a) = al + [T o rg& ]] ai + [m( = N'=m,
T.e. X(a) uenoe ansa Touek aeP j mn <f(@) = m. Jlemma 2.2 fokasaHa. O

Nemma 2.3. ®dyHKumsa d(a), onpegeneHHas hopmynamu (2.2), (2.8) ygosneTsopseT
ycnosuam 1) - 3).

JokazaTenbscTBo. [epBoe CBOMCTBO 04eBMAHO. CHavana JoKaxem CBOCTBO 3). Tou-
kn a € (PiUP2UP3) ¢ npuHagnexaT . [na Takux TOYeK CBOWCTBO 3) cnefyeT
13 nemmbl 2.2. MycTb noatomy a 6 37\ (Pi P3). Torga Qi < m, A2(a) < 1,
O3(@) <1 un (ai + 1,a") = (ai +1,a2,03) 1 4A.

[okaxem cBoicTBo 3) ansa Touek a € i, T.e. npu A4(a) < 1, A3(0) < 1, npu
3ToM, Tak Kak (ai + 1,a") R 10 NMM60 ai + 1 > T (Te Touka (ai + 1l,a")
NnoKuaaeT , nepecekas naockoctb Pi), nuéo A3(oi + \,a™) > 1 (T.e. Touka (0i +
1,a") nokunpgaeT K, nepecekast nnockocTb P3.)

Tak Kak Mbl paccMaTpvBaeM Toukm a € $?\ P\, To nepBblIii ciyyain NCKYaeTcs.
Bo BTOpoMm cnyyae nveem

1<A. (a +1a"). As()+ _, < +

2 ™2
Ww-Tn3 T-T3 T-T3
T < - Al + — + a3+ s - < T F -
T T T
T3 T8
T-T 3 - cfi+1)< —0 +a3- T3 < (T - T3)-—-mmommm-
@i+D<—p ( ) weeremmie

Tak Kak T3 < T, TO OTClO4a UMeemM

m m —T3 T
YTO 3KBMB&IEHTHO HepaBeHCTBY m —1 < + P(a) < m.

Ona toyek a 6\ Pi ai < m —1, nosaToMy oTclofa cnefyeT BO MNepBbIX, YTO
[-B(a)]' > B(a) > 0 n BO BTOpbIX, UTO B(a)— uncno Heuenoe. Moatomy d(a) =
Tax{ai,a\ + [J3(a)]'} = gi + [B(a)l; m m - 1< aj + [jB(g)] < m. OTcroga, n u3
ceoiicTBa [a]' = [a] + 1 ANA Heuenblx a, Nosayvaem

m<ax + [P(@)] + 1= ai 4[5(@)] <m+ 1,

Te. T < dfa) < Tn+ 1 Tak kKak d(a) uenoe, To oTcloha cnegyet, uto d(a) = m.
CoiictBo 3) thyHKummM d(a) ons Tovek a 6 [l0Ka3aHo.

JoKaxem 3TO CBOIWCTBO 1A To4eK a 6 , T.e. 4NA TOYeK, fexalinx cTporo
MeXay MI0CKOCTAMMU n P» [Ona Taknx Touvek d(a) onpeaensieTcs gopmysioin
(2.3), npn atom Ar(a) < 1, (ai + 1,a") 3?. Kak Bbille Nosayyum, 4YTo sn6o
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0, + 1> w, nméo Aa(ai + 1,a") > 1. B nepsom cnyyae umeem Ww - 1< Bi < T
Torjaqi = mMT.e. 0 e Pi A [Ong Takux Todek 3) gokaszaHo. Bo BTOpoM cryyae
N N m—

1< A2(cu+1,a") = 42(a) H-T—2 < 1+

OTKYyfia CfieflyeT, uTo

S ai+ QI+ —— <+
(- - (on+ 1) < la”| - <(C - ) N«
Tak Kak < , TO oTclofia VMeem
. («,,+,) <121z 2s < i-a,
m_

0TKYyZa B CBOI o4epesb CneayeT, UyTo Ww—1 < ai + .A(Q) < W. 3TO 3HAYUT, YTO YMC/O
A(a) He MOXeT 6bITb LenbiM. Torga w —1 < ¢ + [-A(@)] < T i noaTomy

(2.4) m<a*+ (A@)]+ 1=ai+ [A@@] < + 1.

Tak Kak onf ToYek a € Odi(a) > 1wu < w, 70 |a"| —w2 >0, noatomy
Ji(a) > 0 nd(a) = max{ai.cti + [.4(a)]'} = ai + [A(a)]'. CnegoBatenbHO 13 (2.4)
nmeem < d(a) < w +1. Tak Kak d(a) Uenoe, To oTClOAa CreayeT, uTo d(a) = Tm
Takum 06pa3om cBOICTBO 3) AN yHKUMM d(a) NOMHOCTLIO foKasaso.
[okaxem cBoicTBO 2) yHKumn d(a) ons Todek a 6 5>i. CHauvanasameTum, 4TO
O3(<*i- 1,a"™) < 1 gnga Tovek a 6 \ Si, noatomy

—Lu—(a|+1)+(ﬁ + as) < w,

0TKyfaa cnegyeT, 4yto B(a) < m- (ai +1). Ecnm a € \Ne ¢ , TO 1o nepeBomy
NYHKTY nemmbl 2.1 B(a) = a3 > 0 n gna 1akux To4eK

d(a) = max{ai,an + [5(a)]'} = max{oti, +5(a)} = +5(a) <m- 1

UYTO AOKasbIBaeT CBOMCTBO 2) ansA Touek a 6 (P4 37\ &7 C £5i. MNoatomy ganee
MOXEeM cuuUTaTb, YTO a € \ (5 SI). Ana Takux Toyek  <%) < 1,A43(ai +
1,°") < 1wunai< .Ecmmb5(a) uenoe, To Kak Bblwe, d(a) < w —1. MycTb B(a)
Heuenoe, Torga [S(a)]' = [5(a)] +1, npuatom [5(a)] < B{a) < m- (ai + 1), Te.

“1+ [#(“)]' = ai+ [6(a)] +1 <ai+5(a) + 1< .

Tak Kak ai < w, To oTctofa cnegyet d(a) = max{al,al+ [B(a)]'} < w, uTto
[l0Ka3bIBaeT CBOWCTBO 2) ANs BCex ToueK a 6 >,
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[okaxeM CBOWCTBO 2) Ans Todek a 6 . B aTom cnyyvae hyHKumMa d(a) onpefge-
nsieTca gopmynoli (2.3). MNocTynasa Kak Bbllle, A1 TOYEK a : ( +1a") <1,
An(a) > 1 nonyuum A{a) <T —(qi +1), npm atom A(a) > 0, Tak Kak

\a"\' - 1a = mj(— + — - 1)> m j(— + — —1)> 0.
771 m 2 1

Ecnm A(a) uenoe, To d(a) = 7haa:{ai,Qi + >1(@)} = Qi+ A(a) < T - l,ecrm ()
Heuenoe, To d(a) —max{ai,ai + [A(@)] + 1} < ai + A(ct) + 1< m.

Tak Kak d(a) uenoe , To B 060Mx cy4dasx nonyyaem, 4to d(a) < T —1 n CBOWCTBO
2) pna ¢yHKuiw d(a) gokasaHo Ang Bcex a 6 32 Jlemma 2.3 foKasaHa. O

3. Anpmoprle BeCcOBble OLEHKMN

BBegem BecoByk (yHKUMIO g(t) ogHOW nepemeHHoir 6 J11 Tak, 4Tob6bl 1) 0 <
()< 1, ff(-t) = g(t) gna scex € O1, n2) g(t) =0 gna |t > 1.

Myctb kK > 0 n gK(t) = g(t/n). Torga oyeBugHo, 4To 3) g4\t) = DI\gK(t)] =
K 1( )*()pna € (—,kK)mngnascex/=0,1,..

B KauecTBe TaKON(yHKL MM Mbl OyAeM paccMaTpuBaTb, Hanpumep, GyHkun () =
[V@2fc)!](l - t2k) pna € (-1,1) v () =0pgna | (> 1ana moboro K 6 N.

MycTb MHororpaHHuk 3? = 3f(T4, T2, T3), MHOXecTBO Si 1 (yHKuUMa d{a) onpe-
flefneHbl Kak Bblwe, K > 0 O, = {r 6 £3,|xi|] < k}. Hmxe Ham noHagobuTCca
cnefytoLlee npeanioXxXeHne, jokasaHHoe B [ 24, cnegeteusa 2.1 n 2.2]

Nemma 3.1. CyuwecTBYylOT nono>kuTensHole uncna C\ n Ki Takue, yT0 And Bcex
K> «1 n e Cqg’(QKk) crnpasea/msbl cnesytoLine OLEHKM

EI\D*VI‘I bl a.) <Cr[J2 \\D°r5?| ,( )+

aeR ogR'
(3.1) + E \\Da"VvVg”~°'a"% i{nJ-
\a'\<T
E NN. bl ao *ci[E 1a“(™:MNlima>+
a6A a6A’
(3.2) + E
la"|<m

B cne,qyrou.l,eﬁ NnemMmMe foKasblBaldOTCA OUEHKN, CBA3AHHbIE C N3yYaeMbIM OMNepPaTopomMm.

Nlemma 3.2. MycTb cumson P(E) onepaTopa P(D) ¢ MHororpaHHMKOM HbloTOHa
= (74, 742, 743) yposneTBopseT ycnosuam (1.1), (1-2)- Torga cywiecTBYT no-
NO>KUTenNbHble yncna C v Ko Takue, YTO 15 BCEX K > kq

Elp /1 bl n.) <C[PE)V>CIU3Nn.)+

a€R
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(3.3) + £ IPaV Ok(©° ’ltaca.)! Vv>eC8W -
le"|<m
[JokasaTenscTBo. HMXe. B gokasaTtenbcteax femm 3.2 n 3.3 1" I = 1" 11i3(sa,)-
MycTb «2 > Tax{T,*i}, rae uncno m BbIGPAHO TaK, YTO BbIMO/IHAIOTCA HEPABEHCTBA
(3.1) v (3.2). NMpuMeHsa npeobpasoBaHne Pypbe N ee 06paTHOE, a TAKXe PaBeHCTBO
MapceBans, 4nga n6oro K > 0 v gnsa Bcex P C8(CLK) nonydvaem

£ ||In*> OH < 9?) I+ \\wC\\\-
a€R'
OTcroga 1 n3 (3.2) nony4vaem, 4To ANg A60ro K > «

£ NDa<pgim i< Cim HIPMD)(<P O il + \\v 0/T1+
aeNe
(3.4) +C £ IZ7*V i/, W €CS°(n*)-
la™<m
3gecb cnegyeT OTMETUTb, YTO M3 OMNpefenieHNs (PyHKUMW 4 cnedyeT, yTto <pg™ 6
C8°(Mk) npn V 6 C8°(MN«).

OueHUM nepBoe cnaraemoe nNpasoii YacTu (3.4). ns 3Toro NpMMeHNUM 0606LLEHHYHO
thopmyny JleinbHuua (cm., Hanpumep, [3] Teopema 11.1.7), cBoiicTBa 1) - 3) dyHKUNN
d(a) (Jlemma 2.3), HepaBeHcTBO (1.2), paBeHCTBO MapceBans U CBOMCTBO 3) yHKLMN
OK. Monyunm, 4To ans n6oro K > « 1 ana scex € C8°(MK)

WpT<poH <IT oM OH+E£ y[p°-°">(apg (z~nii <
>1mw

< Il [P(%] CW + £ £ (yluClAers?-ill<

19e(P)iA>i >=1

<|(Mov)olIl+~ 1 /& £ U~sAOUL,
* *6(5)

roe pC30 ) ) onepatop, oTBevatowmini mHorouneHy D\P{£) j = 0,1,... 3aecb Mbl
BOCMO/Ib30BA/INCL TEM, YTO 419 K > T > 2 MMeeT MeCTO HepaBeHCTBO (2/«)* < 2/K
ana scex j = 1,2, .. Bblbepem uncno ko > max{m,2 / T}. Tak kak (P) C
£, To nepeBefs MOCNEAHWIA YNeH Moc/egHero HepaBeHCTBA cripasa HaneBo, Aens obe
YacTW NOyYeHHOr0 HepaBeHCTBA Ha BO3HWKLUWIA NMOMNOXWTENbHbIA KOIMDULNEHT 1
NPYMeHAA HepaBeHCTBO (3.4), nonyunm (3.3) 4NA Bcex K > ko- Jlemma 3.2 gjoKasaHa.

Janee gna no6oro k- No yvepe3 R 0603HAUMM MHOrorpaHHUK HblOTOHa Habopa
mynbTumnHgekcoB {a € Nft; (ai —k, 0/') 6 SR} B cnegytoLiem NpessioKeHUN Yncno
Ko BbI6paHOo Tak, YTO A48 BCEX K > KO BbIMO/HAKTCA HepaBeHcTBa (3.1) - (3.3).
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Nemma 3.3. TlycTb BbIMNONHATCA YCN0BMA nemMmbl 3.2, Torga ana kaxkgoro k & No
cywecTByloT uncnaaj (J= 0,1, K+ 1) Takue, 4TO A4na N06Oro K > «o

/136 A » 1=0

(3.5) +afctl £ IP“'V 2~ 0i0")||b,(n™  V peC0°(NK)-
la”|<m
[okaszaTenscTBO. MpMMeHMM MHAYKuMio no fc. Tak kak 30 = K, To npu kK = O
HepaBeHCTBO (3.5) cnegyeT M3 HepaBeHcTBa (3.3). Mpegnonoxum, yto r € No u 4To
HepaBeHcTBa (3.5) crnipaBef/vBbI 415 BCeX K < T, JOKaXXeM ux ana A= r+ 1.
MpumeHssa dopmyny JleibHMua, nonyumm (d@ari + r+ 1,a") = d(a) + r+ 1)

£ w A~ N =( £ + £)IP W wii=
0€ATr+i (1€ Rr+i\Rr /?edr

(3.6) = £ ||Z?C.+'+la")vsd@ir+lat)|+ £ ||~ ««]],
qe» eeKr

Mo nNpegnonoXeHno MHAYKLMU HepaBeHCTBO (3.5) cnpaBeAnvBo ANA K = I, NO3TOMY
BTOpas cymMMa B paBoii YacTu (3.6) oLeHMBaeTCs Yepes NpaByto YacTb (3.5) npu K = 1
W, CNefoBaTeNnbHoO, Yepes npasyto vacTb (3.5) npu K = r+1. Takum o6pasom, ocTaeTcs
OLEHWTb TO/IbKO MepBYH0 CyMMy npasoi yactu (3.6). C 3Toi Lebio MPUMEHNM eLlie

pa3 hopmyny fleiibHuua, nonyunm ( —O6UHOMMANbHbIE KO3PHULMEHTbI)
22 |p (“>+p+r1l' “")V)s<j(ai+tr+l,a")|| _
a6 4d
= £ iPMAi+V$rs20)l+ £ \Da[D[+1p +] ()
ai=0 ai>|

-EctP (M*-i+r+1'“"V] ~Mr+ij ()| < £ |Da[D[+V +1157"11-
j=i aesd

(3.7) + £ £ cillPC.-J+H-1 «%] (Dig?") a-W||.
a6 d;ai>l i=1
Myctb a € ik, nonoxum 1j = lj(a\) = max{r + 1—j,0}, Torga a) d(a) + (a) >
d(oi — + r+ 1,a"); b) Tak Kak /1 ToueK X € [p«(xi)] < 1w lii|/k < 1,TocC
NeKoTOpPbIMKU NocToANMNbLIMK bj > 0 umeeM (34ecb = (ai— +r+1a )6 5r)
+1(* )= 1IN Sk+13 i)l < N ffl/(xi); 1*¥i| <*. 0 = 1l eee <*0
IDL g?\xi) | <bjo«a)+>(xr) < b} N(a.-j+r+i, «*")(qi)>
Takum 06pa3om BTOpas cymMma B NpaBoii YacTy (3.7) oueHMBaeTCA Yepes fIeBYH0 YacTb
(3.5) 4nA K = 1, 4TO NO NPEANONOXKEHNIO NHAYKLUN OLEHNBAETCA Yepes NpaByto YacTb
(35) gna k=r+ 1 Tak kKak D\+1ly 6 C§°(MK), To u3 nemmbl 3.2 cnegyet, 4To
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£ JWB[+V i\« UA CLHP(0)[0;*V  +4 »” [I+

(3.8) + E IPMOTIVinUy». *""’I-
|o"|<m
MprMeHsiA 0606LLeHHYO thopMmyny JlelibH1ua, ANS NepBOro caraeMoro rnosy4yaem

P(NPT*V  +11= p(B)PAV ] +1+E nA~(* )D)[Z3J+1N ~ 5~ 1

OTClofa IMeeM C HEKOTOPOIA MOCTOsIHHOW > O

P{D)[D1+V sl < |PODEFN  +11 E( ) 11L(OP)PTH 1~ 4

OTKyfa B CBOO 04epefb CedyeT, UTo Ans no6oro K > 2

upp)[arfv  Hla?li<||pp)Pi+V]5"1Hml+

(3.9) +C2- f; IIP®. V )PT +V] +1+ 1t
* 1=1
Myctb p(*- *"'>(E) = £1 D "™-1VY)= 1,eme «). Torga

pft0'>(O)p[+V] +1+™-'=[E 7] E£>N+r+l- ""V| P«tl+m'
vetP)
Takkak r+l+m—I<r+I+m —1 (I=1,....m) u (r+ m,i/*) 6 Sir gna v 6 Si,
to (r+1+m —i,l/"") € Sir gnaBcex vGSi nm I=1,....m. C apyroin CTOpPoHbI, Tak
Kak 0 < gk{x\) < 1ana x € M* nvi < mana i/ € Si, To fiE+l+m~1 < +1+ 1 1ana
I 6 M«wnile i. MoaTomy oTCclO4a MMEEM C HEKOTOPOW NMOCTOSIHHOM C3 > O

E P( SD)[DHV] +#7 1M<C E

i=i fieftr .
[nsa BTopoii cymMmbl B (3.8) nmeeM
E ipa>rv M H]M0<)ii< E ip(+la"v N Qa")H+1H+
|0"|<m |a"|<w

Tak Kak m > 2 n d(Q.a™)+r+ 1= d(r+ 1,a"),to (r+ l.a") 6 Sir gna Bcex
a" € Ng :\a"\ < T n oTclofia MeeM C HEKOTOPOW NMOCTOsSIHHOM C3 > O

E IPEHL“VpQ“yrHii<c3 E 1141 -

|a"|<m 06 «r
Mo NpeanonoXeHWIO MHAYKLUMN NpaBas 4acTb 3TOro HepaBeHCTBA OLeHMBAETCA Yepes
npasyto vacTb (3.5) 4NA K = T, a N3 NocnefHNX 4BYX HEPABEHCTB CnefyeT, YTO BTOopas
cyMMa npaBoii yactu (3.8) oueHMBaeTCs Yepe3 NpaByto YacTb (3.5) AnA K = + 1,
YTO 3aBepLUaeT JOKa3aTe/bCTBO sieMMbl. Jlemma 3.3 gokasaHa. O
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4. BecoBble aHnsoTponHble npoctpaHctea Co6onesa. OcHoBHO

pesynbTarT.

Myctb pyHkuma g(t),d(a), obnactb N MHororpaHHuk Y gnsa no6oro | € No
onpegeneHbl Kak Bbiwe U Hi = A;(3%, €d, QK) MHOXeCTBO (DYHKLUUIA 1, NOKaIbHO
WHTErpupyemsbix B C OrpaHM4yeHHol HOpMOiA
4.1) INIa, = £ IP“<@)lIbl0.)-

a€s8
JNlerko npoBepuTb, 4TO AN nw6oro | 6 No 1 Ans Npov3BoNbHbIX GyHKLMI d(a)
1 g(t)1 yaoBneTBOPAOLMX NPMBELEHHBIM Bblille YCN0BMAM, MHOXeCTBO Hi ¢ Hopmoii
(4.1) aBnsAeTCA NOMHLIM HOPMUPOBAHHBIM MPOCTPAHCTBOM, coBnagarLmm ¢ W2's (nK)
Cob6onesa npwu = m3 =0 MNpn T\ + T§ 0 npocTpaHcTBa TMNa $| 4acto
Ha3bIBaKOT MY/NbTUAHU30TPOMNHBLIMWN BECOBLIMU NpocTpaHcTBaMy Cobosesa.

[na NonHoTbl M3N0XeHUA, NpUBefeM, ellle OAHO MPeAsIoKeHNe, KOTOPbIM Oyaem
nonb3oBaTbcA. CHayasna HanoMHUM, YTO MOMIOXKUTENbHAA YHKUMA K, 3afaHHasA B A"
HasblBaeTCHd YMEPEHHO pacTyuieli BecoBoli hyHKuMeld, (cm. [3], OnpeaeneHne
10.1.1) ecnn cyLweCcTBYIOT MOIOXKUTENbHbIE Yncna C n M, Takue 4To

*(E+ »?)<(1 + CK|)m ; V ~6 49"

Cnepys J1. XepmaHaepy, MHOXECTBO BCeX TaKuX yHKUWI 0603Hauum Yvepes K. Ana
K 6 K uepe3 Bk o6o3Haumm mHOXectBOM e ' (rge = S (R Nn) MHOXeCTBO yMepeH-
HO pacTyLmx pacnpegeneHunii /1. LLBapua, (cMm., Hanpumep [4])) Takux 4To nNpeobpa-
3oBaHue Pypbe F(u)—dyHkuma n ||| = Uud™ =/ |[fe(f).F(u)(f)|2dE < cro. Jlerko
nokasatb, 4Uto eciv A0 £ K n kj(E) = A(E)(1 + |EIKO>To kj 6 K (j = 1,2, eee)e

Teopema lNopguHra - ManbrpaHxa (cm. [3], Teopema 11.2.5). MycTb P(D)
YacTWYHO TUMO3NANNTUYECKNIA ONepaTop OTHOCUTENbHO TMMAEPMAOCKOCTM X =
x2........ ) =0, Bkoc(G) = (M 6 BK(G) VG C G) nk0€ K. Ecnnn 6 OI~(2%)
(G —0,1,...) aBnAeTcCA peweHnem ypasHeHus P{D)u = 0, Toun C°°(QK).

Mycrb, Kak Bbiwe, P(D) 4acTWYHO FMHOSMIMUTUYECKUIA (OTHOCUTENIbHO MJI0CKO-
cTm x = (x2,i3) = 0 npocTpaHcTBa E3) onepatop ¢ mMHororpaHHuMKoM HbloToHa

= 3R(m, ,T3), cumBon P(E) kotoporo ygosnetsopset (1.1) - (1.2) nu k > 0.
IMprvMepom Takoro onepartopa ABASeTCS CeAytoLunin onepaTop

P(D) = +D?+D?2)+(HJAD ~ 1+ (-1

Jlerko npoBepsieTcs, YTO 3TO YACTUYHO TUMO3NIMNTUYECKMIA (OTHOCUTENIbHO N/I0CKO-
ctm x = 0 ) onepatop, cMMBOA () KOTOPOro ABMSETCH HEBbIPOXKAEHHbIW, YacTUy-
HO runosnAunTUYeckuin no " = (&,£3) M NOYTU TMNO3MNUNTUYECKUA MHOFOYNEH
PO = ( &)= (?+& + 2+ + £143T3 * MoNoxnm

NPKk)={ ~ ~ elL2sIK\a"\<T, PDu=0i€ .}
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MNyctbp 6 CT(-1,1), @>0,fI>Ne =1, h>OuM t) = J1 1*(*/*)s O603Has

()= =* = uxi  *>1 )™n

Bl
I

Jlerko y6eantbcs B Tom, Uto Z2abh 6 I- gnaa 6 3l (i= Ql,-” ) u £a un =
(Da ) posa |a"| < ro-
Nemma 4.1. MycTb n £ N(P, K)- Torga gns mo6oro 1= 0,1, eee
4.3) [{(1Ne bl P:T +'in3(M.) »0 npu h-m+0.

JokasaTenscTBo. Tak Kak P(D)n = 0 goa ne N(P, k), To £>'[P(E>)u] = 0 (i =
0,1, eee)e Moatomy D[P(D)uh(x) = pi-P(I>Hb(*) = 0 (I = 0,1, *¢) po0A TOYeK
X € fik-h (cM- [25], 6.2.(2)). CnefoBatenbHO, ANA fokasaTenbcTea (4.3) JoCcTaTO4HO

[0Ka3zaTb, 4To npu h —¥+0

(4.4) UD[P(D)uh)yes "+ ,( \ ._) »0; ZzZ=0,1,—
Myctb D[P{D) = £ 7aD° wn7 = roas{hi|, « 6 ("I-P)}- Tak kKak gK(x\) <
QE(DiP)

2/ilk pnaie f1 K\ MNk- , To, NpUMeHAs HepaBeHCTBO KOHra, Mosly4yMM C HEKOTOPOW
noctosiHHoin Ci = Ci(k) > 0

l(ripP K )pl "iisiNe -*) < (p +i HHAP)«AIIL,(n.\n-f) <

<T(TH £ 1/(«Q)@imx,*" )NV fifwdit] |LrBn_K<

* a€(R) J
<7 (N »+ [[E>?NbIIET sup ||(E>° w)(u -r/i,a;")||i,a(n«\n,-n) <
* aeR IvK<n
(4.5) <(7,(Ir +3)-+"' £ sup [[(N“IOO*-1i,* XK (M AM">-

le"I<m Iwl<h

I n
Mo onpepeneHnto mHoxectea N(P, k) vvmeem Da un 6 E?’) ona ja | < m.
MoaTomy npumeHeHWe Teopembl Dy6UHU AaéT

La. {xi) = JIE 1{Da"u)2(x)dx" e LI{EI\ wa»(ij) = 0, | > k.
Otcioga umeem npu —»+0, n |a"\< T
-> 0.

3710 BMecTO ¢ (4.5) fokasbiBaeT (4.4). lemma 4.1 fjoka3aHa.
JoKa)keM HaKOHeL, OCHOBHOM pe3ynbTaT HacTosLeli paboTbl.
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Teopema 4.1. MycTtb R = 8 (Ti,T2,T3) MHOrorpaHHMK HbloTOHa onepaTopa
P{D), cumson ) KoToporo ygosneTBopsieT ycnosuam (1.1) - (1.2) n uncno
ko > 0 BblbpaHO Kak B nemme 3.2. Torga ans K> Ko

a) N(P,k) CA((,p,MK) pgnascex 1=0,1,...

b N(P,k) ¢ C°(SIk).

JokasaTenbcTBo nepeoit yactu. Myctb 16 No,K > kg,u g N(P,k)* Mbl gonx-
Hbl foKa3aTb, UTo U 6 H(Stt,g,nK)- Mpu 3Tom 6yaem cunTaTb, YTO PYHKLUUN U 6
N (P, k) npogomkeHbl Hynem BHe Tk . Myctb h > 0 n no dpyHkuumn V € Co°(—1,1)
pyHKuma Uh{x) nocTtpoeHa Kak Bbllwe. O4yeBMAHO, AnA nobbix h > 0 n | € No
Uh £ L. Moatomy, NnpumeHAs nemmMy 3.3, NOAy4YUM ans noboro K> K&

. £a(M,)+
pek, i=0
(4-6) +0I+1 £ N\DP *Op N ( )
15'l<m

Mycte {hk} npousBonbHas 6eckoHe4HO y6blBalOLLAA MocnefoBaTeNlbHOCTb. MMoka-
XeM, uTo nocnegosatensHocTb {uhk} cxogmTtesa B L. Tak Kak Hi nosnHoe npocTpaH-
CTBO, A1 3TOr0 A0OCTATOYHO foKa3aTb, YTO NOCMef0BaTe/IbHOCTb {UHK} (yHLaMeH-
TanbHa B fA|. Tak kak ubp — . € LLL, To 13 HepaBeHcTBa (4.6) nonyunm

lH«p,-ufc.il 9, < £<bv N (B O K -«J1.])5r+,UN(M.)+
3=0
+all £ \DP'[Wp- unt] O N ).
\P\<T
MycTb p, a-+ 00, TOrAa nepBas CyMMa MpaBoii 4acTu 3TOr0 HepPaBeHCTBA CTPEMUTCA

K HYNt0 1o neMme 4.1, a BTopas cyMmMa CTPEMUTCA K HY/O TaK Kak Mo ornpejesneHunto
MHOXecTBa N(P,K) D& un e (~K) npm \0\ < T, cnegoBaTenbHO (ecnu eLle
UMeTb B BUgy, 4to \fE®p < 1) Dp ne'e )6 () mpu \ "\ < T anAa
mo6boro > 0.

NTakK, WHK— nocnefoBaTesibHOCTL Kowin B npocTpaHcTBe Hi anga kaxporo | €
No, cnefoBatenbHO nn*- cxogutes. O4veBnaHo, B b3(MkK) nocnegosatensHocTb Uhk
CXOAUTCH K UCXOAHOW PyHKUMM K- TaK Kak onepaTop 0606LLeHHOro auddepeHyun-
poBaHUA ABNAETCA 3aMKHYTbIM ornepaTopoM (cM. [25], nemma 6.2), To Uhk  un npu
K =y 0C TakXe B f|, npyv 3ToM 1 6 HA;, 4YTO JOKA3bLIBAET MYHKT &) TEOPEMbI.

[ns gokasatenbcTBa BTOPOI YacTy TeOpeMbl, CHayana MoKaxeM, YTO 418 KaKAon
pyHkunm p€ C“ (M) wnkaxgoroj 6 No cywectByet uncno C —C(j, >4,K) > Q
He 3aBUCALLEe OT M TaKoe, YTo

(4.7) £ IInBM Ilbing) < c\MH, Vue Hj.
QGRj
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Myctb a e &, 96 CE°(MN,) nj 6 M dukcupoBaHbl. MpumeHssa dhopmyny Jlei6-

HML@, MeEM A/151 MPOU3BO/bHON yHKLUMKU 1 6 Hj

48 £“(™»=£ C*jD*uD*-*V = §£ Pe"V /<n.
0<Q
rge Ca,0— 6uHOMMaIbHbIE KOIPHULMEHTBI.
OueBngHO, UTO ANns NbbIX 0o.y3 £ 5ff dyHKuMA ¢a,s(x) D ~3EO/P*  (xi)
npy X€ 8uppip n dga0Ix) = 0 npu X supp < npuHagnexut Cg (~K)- TMonoxum
= Taxaiseqi {Cra,5}, =Taxa,/9ea/11A»,0(*)I1}i Cj= CjCj.
Tak Kak MHOrorpaHHUK 8 npaBuibHbin U Q€ ,To /3€ A n (0 —0) 6 Stj gna
No60ro MynibTuMHAekca & < 0;. Moatomy n3 (4.8) nmeem

p-mi <c¢c¢£ * £ NN
0<Q /SER

OTctofja UMeeM € HEKOTopoW nocTosiHHo Cj = Crj(y>g) > O
lina(vww>)11lb(ns) < q E = CjINIn,.
06Kj

Tak Kak MynbTUMHAEKC @ 6 3tj MpoM3BOMbHBIN, TO 3TO 40OKa3blBaeT HepPaBeHCTBO
4.7) ¢ noctosiHHO C = C- C(Stj) > 0, rge C(A,) uncno mynbTUMHAEKCOB a € HA,-.

Myctb fco(0 = 1+ |[P(£)|, LU) = *o(£)-(1 + Ifi)J (= 1,2,---- Tak Kak ore-
patop P[D) yposnetrBopsieT ycnosmsm (1.1)-(1.2), To nerko y6eauTcss B TOM, 4TO
kiE) (@ = 0,1,...) 4aBnAlTCA MeANEHHO pacTyLiMMN BeCOBbIMM (yHKUnAMn. C
[PYroi CTOpOHbIl, Tak kak onepatop P{D) 4acTW4HO FMMO3INANMATMYEH OTHOCUTESb-
HO M/IOCKOCTU X = (x2,x3) = 0, TO NMesi B BUAY TeopeMy [opauHra - ManbrpaHxa,
noly4nM, 4To ANA [oKas3aTeNbCTBa BTOPOM 4aCTM Teopembl, JOCTATOUYHO MOKa3aTb,
yto N(P, K) C BEj (fI*), k> «0, j = 0,1, m-+, T.e. 4OCTATOYHO NOKa3aTb, YTO 4718
npon3Bo/ibHbIX X6 N(P,K) 1 ip6 C8°(MK) n<pG5 ,kj j = 0,1, eee.

Jlerko nokasatb, YTO 4715 MHOro4neHa P (f) ¢ MHOrorpaHHUKOM A 1 15 Kaxaoro
j e No cywectByeT noctosiHHaa > 0 Takas, 4YTo

49 (L+ip(oi)i+ bly <A £ 1a ve6s3
aGSfy

MycTb ip 6 Cg°(SIK). MpumeHas HepaBeHCTBO (4.9), yXKe [OKa3aHHbIA NYyHKT a)
HacTosILLeli TeOpeMbl U paBeHCTBO MapceBans, NoAyYMM C HEKOTOPbIMY MOOXUTENb-
HbIMW nocTosiHHbIMKU C\ = Ci(4;), = 9,)

IM 1B, * (M0 =u1+ [P +\ Ne( v)OII <
AN £ INe (« *0(01lbl *) =6 £ Hm°a(®™MImn-)-
a€dd

MpuMeHsa 3gecb oueHKy (4.7), nonyuyum |lup|) Bi  ( ,,) < C§ ||u|| Hj, rae uucno
6], He 3aBucsLee ot 1 6 N(P, K), B3aTO 13 (4.7). Teopema 4.1 foKaszaHa.
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Abstract. For a class of non-degenerate (regular) almost hypoelliptic equations,
which are partially hypoelliptic with respect to certain variables, infinitely differentiable
in a specific strip solutions are extracted.
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MOPIrAHA
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AunoTaums. B CTaTbe XapakTepusyeTcs Kiacc noanpsMo HepasnoXuMbIX as-
re6p, B KOTOPbIX BbIMOMHAIOTCS CBEPXTOXAECTBA MHOrooGpa3us anre6p e Mop-
raHa. Takue anre6pbl Ha3bIBAOTCS NOAMPAMO HEPa3NOXMUMbIMU KBa3HpeLLeTKaxL
e MopraHa. COOTBETCTBYHOLLAs XapaKTepu3aLus 0KasblBaeTcs 6/IM3KOI K Knac-
CMYECKOM XapaKTeprsaLumn nognpsaMo HepasnoXuMbIx e MopraHoBbIX anre6p.

MSC2010 number: 06D30, 08A05, 03C05, 03C85.
KnoueBble CnoBa: CBEpPXTOXAECTBO; anrebpa [le Moprana; kBasupelletka [e
MopraHa; nofnpaMo Hepas/ioxummas anreépa.

1. Beenenune

O MOHATMAX CBEPXTOXAECTBA, KaTteropum T-anredp u Apyrux npeaaputesbHbIX
MOHATUAX U pe3ynbTaTax cM. B [1] - [4). MHOXeCTBO BCEX CBEPXTOXAECTB K/acca a-
re6p V Ha30BeM CBEPX3KBALMOHAIbHON (M MNepaKBaLyOHaIbHOM) Teopueit aToro
Knacca 1 o6ozHauum yepes Heq(V).

Anrebpa Q(+, ¢/) ¢ aByMs G1HapHBIMK 1 OfHOI YHAPHOI OnepauusamMm HasbiBaeTcs
anredpoit (un pewetkoid) e MopraHa, ecim Q{+, ® - ANCTPUOYTMBHAA peLLeTKa 1
Q(+, «') ynosnetsopseT ToxaectBaM (X +y)' = X -y' ux" =X, rge x" = ( a ([5),
p.3, [6]-[10]). OueBMaHO, YTO 3[€Cb BbIMOMHAETCA U TOXAECTBO: {X-y)' = x/ +yl
CepxToXaecTBaMHOroobpasus anrebp [le MopraHa xapaktepusytoTcs B pabote [11].
B HacTosLLeil paboTe ¢ TOYHOCTbIO 40 M30MOP(U3MA XapaKTepusytoTca MOAMPAMO
HepasnoXuMble airebpbl CO CBEPXTOXAECTBaMM MHOroobpaswa anrebp e MopraHa.

OnpegeneHue 1.1. T-anrebpa A = (Q,E), roe T = {1,2}, Ha3blBaeTCA KBa3upe-
weTkoi [le MopraHa (man e MopraHoBoii KBasvpeLIeTKOIM), eCM OHa YAOBNETBO-
psieT BCEM CBEPXTO>KAeCTBaM MHOroobpasus anrebp e MopraHa.

B pa6oTte [12] BBOguUTCA NoHATVE [le MopraHoBOi CymMMbl 1 JaeTcs 06LLas xapak-
Tepusauys [le MopraHoBbIX KBa3VIPELLETOK C ABYMS GUHapHbLIMMX Orepalmamu:
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noanPAMO HEPA3NOXWMbBIE ANNTEEPbI CO CBEPXTOXAECTBAMU ..

Teopema 1.1. Anrebpa A = (Q,{+,-,}) C AByMS GMHAPHbIMW OnepaunsMi +, 1
OfHOVi YHapHOIn onepaumeii ~ SBNseTCA KBasupelleTKol [le MopraHa Torga u Tofb-
KO TOrga, Korga oHa sensieTcs anrebpoii e Moprava unn e MopraHoBoii cymmo
anrebp [le MopraHa.

HekoTopble AeTann oKa3aTeNbCTBa 3TOW TEOPEMbI Mbl MUCMOMb3YEM MPU AOKa3a-
TeNbCTBE OCHOBHOIO pe3y/bTaTa HacToslLLel paboTbl. O603HauMM Knacc Bcex e Mop-
raHOBbIX KBa3WpeLLETOK Yepe3 £22). 13 cBepXxToXaecTBa

@y en =y™E )

BbITEKAET, YTO YHapHas onepaums B /o601 KasvpeLleTke e MopraHa -e1HCTBEHHa.
Bynem 0603HauaTh ee yepes "'. CriegytoLmin pe3ynbTaT TakKe JokasaH B paboTe [12].
MpepnoxeHue 1.1. Ecnn keasupenieTkae MopraHa 2L = (Q, E) nognpsmo Hepas-
NOXKMMa, TO KOMMYeCTBO OMHAPHBIX Ornepauumili B MHO>KeCcTBe £ He -60/blue 2.

Moatomy TpebyeTcs HaliTV NOANPAMO HepasNnOXMMble KBasmpelleTkn e MopraHa
C OJ]HOV NN ABYMS BMHapPHbIMK OnepauusmMu.

BBegem 0603HaveHms ans cnegytowmx e MopraHosbix anreop: 2 = ({0,1}, {+, « "},
3= ({0,a, 1} {+,+~}), rpeo=a un4d=({0,a,bl} {+,+ }),ropea=a b=
b a+b =1 amb = 0. O603HauMm fJanee cregytoLime peaykTbl 3TUX anreop:
2+= ({01} {+,-}),3+= ({0,a, 1}, {+,-}), 4+ = ({00, , 1} {+, }).

Cdhopmynvpyem CrefyroLLmin U3BECTHBIN pesy/bTar.

Teopema 1.2. ([13]) EAMHCTBEHHbIMU (C TOYHOCTHLIO [0 M30MOP(IM3IMA) HeTpu-
BUAbHLIMU MOANPAMO Hepas3no>KuMbiMu [le MopraHosbiMu anrebpamu ABnf0TCA

anrebpbl 2,3,4.

Mopgnpssmo Hepasznoxumble kBa3upeweTkn e Moprana c ogHo

BEVWHAPHOW OTMEPALVEN

Myctb 2L = Q(+~) aABnseTcs HeTpMBUaIbLHONM [le MopraHoBO KBa3vpeLLeTKoM ¢
0AHOIN GMHapHOIi onepaumeid. OnNpeaenMm HOBYHO GMHAPHYHD OMepauUyio ¢ Ha MHOXe-
cTBe Q crefyrowm obpasoM: x my —x +y. Torga, anrebpa X = Q(+, -,) Aensetcs
anrebpoin [le MopraHa. [eicTBUTENbHO, TaK Kak < (+,~) ABMAETCS KBa3UpeLLeTKOM
[e MopraHa, TO B Heil BbINO/HEHbI CNEAYHOLLME TOXECTBA:
©On [ X+X=x, X+y=y+x, ¥+ (y+r)=(x+y)+z f =x,

\ X+y+X=X, X+y+z=x+z+y+2z

(3T0 cneayeT M3 COOTBETCTBYHOLLMX CBEPXTOXAECTB C OfHOM GUHAPHOI hYHKLIMO-

Ha/lbHOI nepemeHHoit). Moatomy B Q(+,-,") cnpaBefMBbI CredytoLMe TOXAECTBA:

x -X—X+x=T=x\
Xmy=x+y=y+x=y x\
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Xefyer) = x+y z =X+ (7+71) = (+y) +*= (-2’
(a:+y) oX= X+y+2:: X;
x+y).2=F+y+r=r+r+V+z=(Xer)+ (yer).

OTn TOXeCTBa BMECTE C TOXeCcTBaMu (2-1) NoKasbIBakoT, UTo anrebpa Q(+, ¢, ) 8-

nsetcs anreépoii [le MopraHa.
OueBWAHO, YTO ECNN OTHOLLIEHME 3KBUBANEHTHOCTY ©Ha MHOXECTBE Q ABNSETCS KOH-

rPy3HLUMeRn anrebpbl 21, TO OHO SBASETCA M KOHIPyaHUueli anrebpbl D. CnegoBaTesb-
HO, ecn 21 —HeTprBManbHaA NOAMNPSMO Hepas/oXMmas anrebpa, To COOTBETCTBYHO-
was anrebpa D 6yaeT NOANPAMO HepasnoXMMoli anrebpoin [le MopraHa B COriacHo
Teopeme 1.2, OHa n3omopchHa ofHoi 13 anredp 2,3,4. MNoatomy anrebpa 2L nsomopd-
Ha 04HOIN 13 anrebp 2% 3+,4*". 3TMM [OKa3aH CrefyroLLmMiA pesynbTar.

Mpeanoxexve 2.1. EANHCTBEHHBIMU (C TOYHOCTHIO [0 M30MOP(M3Ma) HET PUBK-
aNbHbIMK MOAMNPAMO Hepasno>KNMbIMKM [le MopraHoBbIMU KBa3vpeLLeTKaMn C OfHOI
6yHapHoOIi onepauueit ABNATCA anredpbl 2+, 3+, 4+,

3. HekoTopble npegBapnTtenbHblie pesynbTaThbl
B atom naparpadge scrogy 2L = Q(+, -~) ecTb kBasupelleTka le MopraHa ¢ AByms
6unapnbIMy onepaLmnaMu.

Nemma 3.1. Ana no6oro anemeHTa p € Q MOXKHO OMNPeAenTb KOHIPYSHUUIO &
anredpbl 21 cneAyroLIMM 06pasom:

xye>x-p=vp, 2-p=y-p.
[JokaszaTenscTso. OueBUAHO, YTO & ABNAETCA OTHOLLUEHWEM 3KBUBaIEHTHOCTU. [0-

KaXXeM KOHIPY3HTHOCTb. IMycTb x8py, z9pt. Mbl fOMKHBI f0KA3aThb, YTO X + rOvwy +
, XerBpy ¢ 1 xspy. Bocrnonb3yemcs cBepxToxgecTBamy MHOroobpasus anrebp e

Moprana:
F(G{x.y). 1) = G(F{x, 2), {y, 1), F(S(x,y), 1) = S(F(S, 2), F(y, ).
roe G(x,y) o3Hauaet G(x,y). MNonarasg F =+ G = + 1 yunTbiBas paBEHCTBA X *p =
y-p, %-p=U-puz-p =t-p, 7 = ?m, NONYy4NM:
(x+y)-p=x-p+y-p=2z-p+t-p=(z+1)-p,
X+yp=Fp+yp=1p+l1 =TH-p.

A 370 3HauuT, YTO X + Y9pz + 1L TOYHO TaK e, nonarasa F = o G = e nonyymm
Xey&Xe . CooTHOLLEHME XSp%004eBUIHO. q

Nemma 3.2. Ans nobbIx 31eMeHTOB p,q 6 Q umeem @IEA= Oul,
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JlokazaTenscTso. MycTb xBpy 1 xO4y. Torjax B =y M, Xp =ypnx-q =
y o, Xm =Yy m. CnegosarefibHO, BOCMO/b3YACh CBEPXTOXAECTBOM
(3.1) F(x,F(y,2)) =F(F(x.y),F{x,2)),
nonyumm: x ep g = X"p &g =jpp el =Y P UmAHanornuHo, x p ¢ —yp-g.
OTUM Mbl JoKasann, 4To X & LY.

Myctb Tenepb X Sy, Te. X p g=Yy-p quUX p q=Yy p g Vcnonssysa
CBEPXTOX/ECTBO

(3.2) F(z,F(5,7) =T,

OyJemM VMEeTb: X B = X- p- - P = Y- p- - p = Y-p. MogobHbIM NyTeM [JOKa3bIBaKOTCA
paBenctBa: X-q =Yy @, X p=y-p, X g=y g Otvcioga nmeem: xopy un xuy. 0O

Nemma 3.3. Ans no6oro anemeHTap 6 Q nveem & € = 0, rge 0 -nynesoe
OTHOLLEHME 3KBUBANEHTHOCTH.

[JokasaTenscTso. Eciux @y ux vy, 10

X-p=Yyp, X-p=y p XPp-yp, Xx-p=y p.

MosTomy:
X (=2) X mX p = Xmy mp ( 'xAy-Trp=r1~T/arfp = Yax p = Iey-p =Y.
CneposarenibHo, @ &= 0. O

BBefiemM OTHOLLEHME <. Ha MHOXecCTBe Q CriefytoLwmM 06pa3om:
x <.y x®W=x X,yeQ.
FCHO, UTO <. ABNAETCH OTHOLUEHVEM nopsagka.

Nemma 3.4. Ons no6oro anemeHTap 6 Q umeem & = 0 Torga v TOMbKO TOraa,
Korgap <. p.

[okaszaTenscTBo. Ecim p < p, Top = p-pnO = pNep = = € cornacHo
nemmam 3.2 n 3.3. M Hao6opoT, nycTb & = 0. CornacHo CBEPXTOXAECTBY (3.2) nveem:
pSpp m . CreposartensHo, p = p-p . Otclogap =pp ,Te.p<.p. O

Nemma 3.5. MycTb kBasupeweTka e MopraHa OL= Q(+, < ") noanpsmo Hepas-
no>kmuma. Torga Anst toboro aneMeHTa x 6 Q UMeeM X <, X UM X <, X.

[JokasaTenscTso Anrebpa OLnoanpsamo Hepasnoxmma n &Nex = 0 cornacHo nem-
me 3.3. CnepoBatenbHo, & = 0 nnn 0% = 0. Tenepb Tpebyemblii pe3ynbTaT cneayet

13 neMmbl 3.4.
AHaJIOrMYHO MOXKHO OMNpeAennTb OTHOLLEHME Nopsigka <+ Ha MHOXecTBe Q:

X<+y<$x +y =x, x,y e Q.
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FAcHo, uTo Nnemma 3.5 cnpasef/MBa U A1 3TOM0 OTHOLLEHWUS NOPAAKA, T.e. 3/IeMeHTbI
* I CpaBHUMbI OTHOCUTENbHO NopsAKa <+ 418 No6oro anemeHTa x 6 Q B Noanpsmo

HEepa3noXXMMoin KeasupeLueTke e MopraHa A = Q(+, & )e

4. Mognpamo Hepasnoxumble kBasnpeweTkn [le Moprana c asyms

BUHAPHbLIMW OMEPAUVAMN

MycTb anrebpa A = C2(+, «,") aBnseTca [e MopraHoBO KBa3UPEeLLETKOM ¢ AByMS
anwv-Tn..,»u onepaunsmn. Onpeaenm OTHOLLIEHWE ~ Ha MHOXECTBE Q CredyHoLLym
obpazom:

x~y*>x+ (@) =x y+(yx) = y.
B pa6oTe [12] gokaszaHo, YTO ~ SIBMISIETCS OTHOLLEHVWEM KOHTPY3HTHOCTW AN anredpsl
A = <3(-, Myctb Q = LI-6/ Qi - COOTBETCTBYIOLLEE pa3bueHne MHOXeCTBa Q.
Onpefenvm HOBYHO YHapHYHO Orepauyio ' Ha MHOXecTBe Q cnefyrowym 06pa3om:
x = x X +X+x (X +E).

M3BecTHO (cM. [12]), uTo MHOXecTBa Qi, i € | 3aMKHYTbI OTHOCWUTE/ILHO OMnepauyii
+, ¢/ nanrebpol <(+ m/), *€J - cyTb anrebpbl e MopraHa. bonee Toro anre6ps!
QiViQi nzomopHb! na nobbix t, j e |. Janee (x+y)' = X'-y Ana mobbIXT,y e Q.
HanomHuM, YTOo yHapHas onepaums X 1 KOHIPpysHUUs ~ UCMO/b3yrTCA B paboTe [12]
AN foKasaTeNnbCcTBa CTPYKTYPHOI Teopembl Ans e MopraHoBbIX KBasvpELLETOK.
Tenepb Mbl MOXEM [0Ka3aTb OCHOBHOW pe3ynbTaT HacTosLLEe paboThbl.

Teopema 4.1. EAMHCTBEHHBIMM (C TOYHOCTBIO [0 M30MOP(M3MA) HETPUBNATbHbI-
MU MOANPSIMO HEPa3NoXKMMbIMU KBasupelleTkamm e MopraHa ¢ AByMst GUHAPHBIMM
onepauusMn SBASKOTCS anredpbl 2,3 ,4.

JokaszaTenscTBo. Myctb A = Q(+,-,) - Takas anrebpa. CHavyasia 3aMeTUM, YTO
ECMx ~ Y U x <.y, TOX+Yy=Xy+y =y, Te y<+x. /N HaobopoT, ecimx <.y
N y<+ x, TOx ~ Y. [leliCTBUTENbHO, MO ONPEeLENeHN0 MOPAAKOB <.U <-+/MeeMm:
X+Xy = X+X<=X, y+yx =y +Xx =Y. [lanee, Kak cnegyet us nemmol 3.5, ans
NIO6Oro x € Q MMeeM: X <» X MM 5 <. X U X <+ 5 nam x <+ x.

ECM x <. x Ux <+x, TOX = xox +HA+x Mx+a) =x -1+ x~x = x + XK= x,
Ecmmx <, x nx <+x, Tox = x &k +x +X Kx +x) = X*X+571 = x + x = x,
EcmX<.rur <+x, TOX =Xm+r +Xe(X+r)=XeX+Xir =x+r =r,
ECx <. xmx <+ x, Tox = xeX+X+xo(X+X)=xex+ XX=x+T =x

Tak:
X [ X<BEC™Xx<TX, X<+ T umr<. X r <+ x,
\'r,ecmmx<.r, T <+ xUME <»X, X<+ X

W3 3Toro cnefyet, 4To X ~ I TOrAa U TO/bKO TOrfa, Korga x* = r. [lokaxem, 4To
mbo x' = X anda eeex X € Q, mbo X' = x and Beex x € Q. MNyctb a a ans
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HekoToporo a € Q. Torga o' = a. [lokaxeMm, 4YTo B 3TOM Cnydae X' = X A41a noboro
x 6 Q. Mpegnonoxum, 4to 0 6 Qk, rge K e I. MycTb cHayana x 6 Qk n x1  x.
Torpa = x ~ @, CNefoBaTe/lbHO 0 ~ X ~ X~ 0 (TaK KakK ~ fBffeTcs
OTHOLLEHMEM KOHTPY3HTHOCTM), OTKyZa &' = a. Mpuwan K NpoTMBOpeunto. 3Hauut
x = x ons Bcex x e Qk- Tenepb gonyctum x  Qk, T.e. X e Qp, p ® k. Tak
Kak Qp(+, ') v Qk(+i*") n30MOpdhHbI, TO CyLLecTByeT nsomoppusm - Qp -* Qk-
Torpga d(x) e Qk, noatomy dx’) = (Pp(x))' = dxx). N3 MHLEKTUBHOCTU OTOBPAXKEHMA

(hBbITEKAET X' = X, UTO U TpebOBaANIOCL fjOKa3aTb. NTak, 6o = X Ans Bcex X 6 Q,
oo x = x ans Bcex X € Q.
Echm x — x gna ecex x € Q, Toxy = XY = (x+y)' =i 4y and Bcex X,y 6

Q, T.e. orepauun + 1 ¢ COBMAJAOT. TOT C/yy4ail Mbl Y)Ke MCCIeA0BaIN BO BTOPOM
naparpade. PaccMoTpum TOT ciyyaid, Korga a/ = x gns Bcex x 6 Q. B aTom cryyae
W =r +y ana nooéeix X,y € Q v cnegosatenbHo anrebpa 2L= Q(+, -,) aBngeTcs
anre6poii [le MopraHa, kKOTOpas NoANpsAMO Hepasnoxuma. Moatomy QL n3omopdHa
0fHoWA 13 anrebp 2,3,4, cornacHo Teopeme 1.2, O

5. CnepgcTtBUSA
M3 npegnoxeHwnii 1.1, 2.1 H TeopeMbl 4.1 nerko BbIBOAATCA CriefytoLLye pe3ybTaThbl.

Teopema 5.1. EAMHCTBEHHBIMU (C TOYHOCTHIO A0 U30MOPIM3MA) HET PUBNASbHBI-
MW MOANPSIMO HepasNoXXMMbIMK KBasupenieTkamu [le MopraHa sBnstoTcs anreGpbl
2,3,4,2+3+ 4+

Cnepcteue 5.1. B kaTeropuu T-anre6p, roe T = {1,2}, nobas kBasupelleTka e
MopraHa npeAcTaBngecTa Kak NoAnpsmMoe npovssefeHue anrebp 2,3,4,2+, 3+,4+.

Tak Kak anrebpbl 2,3,2+, 3+, 4+ apnaoTca noganredpamu (8 cmbicne [1]) anrebpbl
4, TO MOMyYaem 1 CefytoLwmii pesynbTar.

Cnepcteue 5.2. le MopraHoBbiMi KBasupelleTKamMu (C TOYHOCTbIO [0 M30MOp-
(hm3ma) ABNATCH B TOYHOCTM noganrebpbl NpsmbIX cTeneHein 4 B kaTeropun T-
anreop, roe T = {1,2}.

Cnepcteue 5.3. Heq OD = Heq 4.

JlokasaTenbcTBO. OueBngHo, uto Heq HD C Heq 4. Mycts 0L € 42), Te. QL -
npov3Bo/bHAaA KBasupelleTka e MopraHa. Torga Ol sBnsetcs moganre6poin npsi-
MOi cTeneHn anrebpbl 4. Ho ntoboe cBepXToXaecTBo anrebpbl 4 UCTUHHO M B Nps-
MOV cTeneHn aToi anrebpbl. CrefoBaTenbHO, OHO BepHO 1 B anrebpe OL Moatomy
Heq £11) 3 Heq 4. ]

Cnepcteue 5.4. ([11]) Csepx3akBauuoHanbHas Teopusi MHOroobpasusi anrebp e
MopraHa paspeLumma.
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Cnepcteue 6.6. ([14]) EAMHCTBEHHbIMU (C TOYHOCTbLIO [0 M30.MOpM3Ma) HETpU-
BUa/IbHbIMY MOANPAMO Hepasno>kumbiMu T-anrebpamn, roge T = {1,2}, ynosneTso-
PSAIOLLIMMU CBEPXTOXKAECTBaM MHOroobpasus 6ynesbIx anredbp ecTb anredpbl 2 12+

LokasaTenscTso. ANrebpbl 3,3+ 4+4 He y[0BNETBOPSAIOT BCEM CBEPXTOX/ECTBaM
MHOroo6pasms 6yneBbIx anredp. Hanpumep, B 3TuX anrebpax He BbIMOMHSETCA Cre-
JytoLee CBEpXTOXAECTBO: X (X,X) = X(y,y), uboa+a”0 + 0. O

Abstract. The paper characterizes the class of subdirectly non-factorable algebras
with hyperidentities of the variety of De Morgan algebras. Such algebras are called
subdirectly non-factorable De Morgan quasilattices. The suggested characterization
is too close to that of the classical case of subdirectly non-factorable De Morgan

algebras.
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Abstract. Using a Riemannian metric on a differentiable manifold, a Cheeger-Gromoll type
metric is introduced on the (I,1)-tensor bundle of the manifold. Then the Levi-Civita connec-
tion, Rlemannian curvature tensor, Ricci tensor, scalar curvature and sectional curvature of
this metric are calculated. Also, a para-Nordenian structure on the the (l,I)-tensor bundle
with this metric is constructed and the geometric properties of this structure are studied.
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1. Introduction

Geometry of the tangent bundle TM of an n-dimensional Riemannian manifold
(M, g) with Sasaki metric has been extensively studied since the 60's. Nevertheless,
the rigidity of this metric has incited some geometers to tackle the problem of
construction and study of other metrics on TM (see [1, 21]). The Cheeger-Gromoll
metric has appeared as a nicely fitted one to overcome this rigidity (see [6]). Then
using the concept of naturality, 0. Kowalski and M. Sekizawa [17] have given a
complete classification of metrics which are naturally constructed from a metric g
on the base M, assuming that M is oriented. Other presentations of the basic results
from [17] (involving also the non-oriented case and something more) can be found
in [16]. These metrics, called in [2] ~-natural metrics on TM, had been extensively
studied during last years. It has been proved that some subclasses of p-natural metrics
such as natural diagonal lift type metrics offer very interesting geometrical features
and research horizons (see [11, 12]).

Fiber bundles have important applications in geometry and modern theoretical
physics. They are used in a number of physical fields, such as gauge theory, which
was invented by Weyl [7]. Tensor bundles TEM of type (p,g) over a differentiable
manifold M are particular examples of fiber bundles, which were studied by a number
of mathematicians such as Ledger, Yano, Cengiz, Gezer and Salimov (see [3] —[5],
[14, 18, 19]). The tangent bundle TM and cotangent bundle T*M are the special
cases of tensor bundles (see, e.g., [8] [13], which deal with -natural structures on
T™M and T'M).
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In [20], Salimov and Gezer have introduced the Sasaki metric sg on the (1,1)-
tensor bundle T}M of a Riemannian manifold M and have calculated the Levi-Civita
connection of this metric and its Riemannian curvature tensor.

In this paper, using a similar method, applied to a tangent bundle, we define
the Cheeger-Gromoll type metric CGg on T}M, which is an extension of Sasaki
metric. Then we calculate the Levi-Civita connection, Riemannian curvature tensor,
Ricci tensor, scalar curvature and sectional curvature of this metric and establish
some relationships between the geometric properties of the base manifold (M, g) and
(T}M,cag). Finally, we introduce a para-Nordenian structure on (T}M,CGg) and
find equivalence conditions for para-Kahlerian properties of this structure.

2. Preliminaries

Let M be an C°° manifold of finite dimension n. Then the set T}M —LipeA T}(p)
is defined to be the tensor bundle of type (1,1) over Af, where L, denotes the
disjoint union of the tensor spaces T}(p) for all p € M. For any pointp e T{M the
surjective correspondence p -* p determines the natural projection T: T"M -¥ M.
The projection >«defines the natural differentiable manifold structure of T/M, that
is, T}M is a C°°-manifold of dimension n 4-n2. A local coordinate neighborhood
{17®*j = 1,.. .,n)} in M induces on T"M a local coordinate neighborhood

{ir(J 7 = =1...n,j=n+j(]=n+1,.. ,n+n2}

where x3 = tj are the components of the (1, I)-tensor field t in each (1, 1)-tensor
space I'/(p) (peU) with respect to the natural base.

We denote by $i(M) the module over F(M) of all C°° tensor fields of type (1,1)
on M, where F(M) is the ring of real-valued C°° functions on M. If a 6 LLL(M),
then by contraction it is regarded as a function on T}M, which we denote by to. Ifa
has the local expression a = - ®dx" in a coordinate neighborhood U(xj) ¢ M,
then t(e) = a(t) has the local expression ia ) with respect to the coordinates
(X7,xJ) in T 1(f/). Suppose that A 6 9fJ(A/). Then there is a unique vector field
VA e suchthatfora 6 (M)

(211 vA(ta) = a(A)on =v (a(A)),

where v (a(A)) is the vertical lift of the function a(A) 6 F(M) (see [18]. We note
that the vertical lift vf =/ ojr of an arbitrary function / 6 F(M) is constant along
each fibre 7 1(p). Put VA =v Akak +v A™gu, where

9k:=£ f= VA*:=VAI

Then by (2.1), we obtain v Ak = 0 and VA® = Ak. Thus the vertical lift vA of A has
the components



CHEEGER-GROMOLL TYPE METRICS ON

(M> v e - (%) - W)

with respect to the coordinates (&, a") in T}M (see [3]). Let £y be the Lie derivation
with respect to ¥ 6 $q(M). The complete lift °V of V to T}M is defined by

(2.3) cV{ia) =i(fva),

fora 6 G{(M) (see [18]). If °V =c Vk&+c Vg, then by (2.3), it follows that the
complete lift °V has the following components

(24) cv={cw ) = ( tudjv™) ) -
with respect to the coordinates (x*,x”) in T-}M (see [3]).

The horizontal lift HY €  (T"M) of V 6 Qq(A/) to T*M is defined by (see [18]):
HV(ia) = i(Vya), a 6 Qj(A/), where V is a symmetric affine connection on M. It
is easy to see that HV has the components

(25) wy - (Hvi) = (v<rzZ-rmt?), .

with respect to the coordinates (iJ,xJ) in TfM, where I'* are the local components
of V on M. Let U(xh) be a local chart in M. Using (2.2) and (2.5) we obtain

(2.6) ej : = Hdj = H(gdh) = 6dh + (T%tR TK1)aK,
@.7) ej = v(dt®c&) = v~ S Bdk ®dxh) = ,

whereSj is the Kronecker symbol andj = n+1,... ,n+n2. These n+ n 2 vector fields
are linearly independent and generate the horizontal distribution of VV and the vertical
distribution of TfM. respectively. Indeed, we have HX = j and VA = Ajej (see
[20]). The set {e"} = {ej, ej} is called the frame adapted to the affine connection V
ont- ) CT}M.

3. A CHEEGER-GROMOLL TYPE METRIC ON T*M

For each p e M the extension of a scalar product g, denoted by G, is defined on
the tensor space 7 1(p) = T{(p) by G(AyB) = ang*IA$B\, A, B € 3}p), where
gij and g'i are the local covariant and contravariant tensors, respectively, associated
with the metric g on M.

We consider a Riemannian metric CGg of Cheeger-Gromoll type defined on T}M
as follows:

3.1 cap(vA,vB) =v(aG(A,B)+ bG(t, A)G{t, B)),
3.2 cag(vA,HY) =0,
(3-3) cag(HX,HY) =v(g(X,Y)),
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for all X,Y e &o(M) and ,5 e SS{(M), where a and 6 are smooth functions of
r = ||t||]2'= titigttWgi'i*) defined on T}M and satisfying the conditions a > 0 and
a+br > 0. The symmetric (2n X 2n)-type matrix

f 9 0 n
(3-4) [o aan -+ )"
associated with the metric C&g in the adapted frame {e/ }, has the inverse
<w> ( »xy'Fe
Notice that in the special case where a = 1and b= 0, we have the Sasaki metric sg
(see [20]). Let p=ipj™r € cNe be a tensor field defined on M. Then 7<= ( )-A
and 7<p= (?r<p™ are vector fields defined on T}M, and the bracket operation of
vertical and horizontal vector fields is given by the formulas:

(36) [VAVB) = 0, HX,VA] =v (VXA),
37) HX,HY]=H [X,Y] + (r}- 7)P(X,Y),
where R denotes the curvature tensor field of the connection V and 7 —7 : tp -»m

aJ(T/M) is an operator defined by (7- 7)" = ( ti ° ) forip€

unrj* tm /

Proposition 3.1. The Levi-Civita connection CGV associated with the Riemannian
metric CGg on the tensor bundle T}M has the following form:

cgVhXhY = H{VXY) + i(7 7)B A
GGVVAHY = | a [gHR(tb, Ai)Y +g ~ g 1°K, #))),

coVHXvB = V(VXB) + 1" (g»R (th,Bj)X +gai(ta(g 104(,*)#))),
CGV " 27?7 = £(<2(*, MVL + G(t,B)VA) + MG(A, B)vt + NG{t, A)G{t,B)vt,

«ta. and N :=

Pnoo/. By straightforward computation we obtain
(3.8) *X(T) = 0, VA(r) = 20irf AT = 2G(t, A).
Next, using (3.6) - (3.8) and the Koszul formula;
2CGS(CGV*Y, Z) = X CGy(Y, Z) + Ycag(Z, X) ZCGy(X, Y)
+Cg{[X1Y],Z) —cag([Y,% X) + cog([Z, X],Y),

where X,Y,Z we obtain the components of CGV.
Putting CGVeaefi =CG I “e 7, and using Proposition 1, we obtain:
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€ = (9aR’Vt  9bRtejrth), CCITjf rta- 9*bb.'M),
CGrl3= (r*> Bp), ccr e + + MgVgut” +
4. The Curvature Tensor of cgV

It is known that the curvature tensor caR of CGV is obtained from the formula
4.2) cgr(x,y)z =ccv|Gv?z - ccvpev AN - CGy (fiPlz,
where X,Y,Z e Qq(T}M). Putting cof(ea,e0)e7 = CGRap*e\, we get

4.2) co” =0,

(4-3) CCnw/ =0,

44 cX | =°

(4.5) caRmh7 =\{V mRIjrX - - VmRtjaX h
(4.6) °BAoNT=

@7 cchri/l = {ffieVmR'\ X - & + gjbyiR iamrtb -

CCEmO" ~ «ml) 4 fifffcelt RN flyg” AN AtasP - BFEG TP PiiOfp

+9ka(RH -anNdy,*+ra-yanr X
+ v Vv -W +*V*muNe *S
(4.8) +ghb(RleRtjpk - Rkal'R A 2RiJRmlpi) W ,

CCRM{ =9 ~ -~ + {bla™'4Y n-
+5«.(AUp"*4,* - A~r0*,'W  + 9\R lhraRipmh
+ gib(Rmh?Ripu RlhavRid 1)tX}
+M(gkiR ‘jmitk - gVRmtutw

4.9 +L(Rml. X - R mir'ty)4,

CG«mlJr = -a'tl(shi2,imrt* - gjbRimrti)+ {3~V Y ~ X
*& & +ARtrtgiaR'"W
n v v ~ 1 +f(®™4tmP- S.ttf'V
+L(%9iaR"W 9IbR ,mrth)ii

(4.10) HM g9y + IVANAL*a'V*r - 9hbRksM ),
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CORmtr _ - i -Kp'M+O04*rX - **m«l
+M(gtkRmj't* ~ 9lhRmirtthw)
+~{9taRHj hRmhrtt itp ~ Mb
@4.11) —otaR,ljhRmhpVirt» + 9IbRtpj AT/1aM6)’
ccon 71 A - 9 bRt.jrd) - anr(snapg *7 9mbR n.jth)

+a(9tnRnj r - 9tmR tnjr) + {gnaR~"gtbR"D
-gtaR’gnbRT] htatp+ * A

-gnaBRmHV X /4X +5bV 3nain 4*2
- 9mbRnp[ 9taR'ljht%ta + gmaRn, hrglbRt.jh ot &

(4.12)
2 )+ b M *9*M 91i9tiS?2K )

(4.13) +7M 1 . —gmignittWi

where Fi := 2L'- L2- N(1- Lr), Fa:=L- Af(l+rL) and F3:= 2M' + Af2-
AT(I-rM).

Theorem 4.1. Let (M,g) be a Riemannian manifold and T"M be its (1, 1)-ten3or
bundle with the metric CGg. IfT}M isflat, then M is aflat manifold.

Proof. Let 70M be a flat manifold. Then we have caR = 0, or egivalently,
CGRagrA = 0. Hence from (4.8) at the point (a:*tf) = (x\0) 6 TfM we get
0 = (CGRmijr)(x*,0) = Rmijr(xi)- Thus we have R = 0, implying that (M, g) is a
fiat manifold.

Next, let M be a flat manifold. Then in view of (4.2) - (4.13) we conclude that
all the components of caR are zero except CGRJaj- But GGRm" = 0 if and only if
jFi = iYa= F3 = 0. Thus we have the following result.

Theorem 4.2. Let (M,g) be aflat Riemannian manifold and TfM be its (1,1)-

tensor bundle with the metric cag. Then T}M isflatifandonlyifF\= = =0

Talcing into account that for Sasaki metric sg we have F\ = = F3 = 0, from
Theorems 4.1 and 4.2 we infer the following result.

Corollary 4.1. Let (M,g) be a Riemannian manifold and T}M be its (1,1)-tensor
bundle with the Sasaki metric sg. Then M isflat if and only if T} M is flat.

The Ricci tensor and the scalar curvature ofthe metric CGg are defined by CGRap =
CCR<rap CCS = capa&coRap, respectively. Using (4.2) - (4.13), we can write
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CG% = (1 n2Fi-fM + ((1- n*)b +rF3)gtigli
- 9 fR "IKK9ibRpjrhtatp

-91aRfb r&RiIPMtA + hta ),

CGR I = \[9trrR "ljTta 9 IbV rRtrti},
CRG=3%iBUVT&H-BbTHW"'*},
CGRIj=Ay+~ A0 ** ' ef* - SkaR")rRrihptat R
-ghbRk j'R*, + p*aJT" M r ipit; «n
{9b”, rRrjX t R+gvaRpj hRihr'tX P
+ghbRk, fR TjpktNe +f bRwthRuJQt!}>

with respect to the frame {e”}. Also, the scalar curvature of metric CGg is given by

5 f

Thus we have the following result.

Theorem 4.3. Let M be a Riemannian manifold with the metric g, and T\M be its
(1,1)-tensor bundle equipped with the metric CGg. Let S be the scalar curvature ofg,
and CGS be the scalar curvature of CGg. Then the following equation holds:

°°s =5 + "ry oo F>S 4+ <T - +
~9abshkeligvr(tR)alhv(tr)bjkl - AV *<T(34*(A4 0N + -T,

where {tR)alhv = Rtlhvta) (Ri)rlh = Rrlh*®e an® »# = Rcpr'Rh"e”

Let (M, g) be a Riemannian manifold of dimension n > 2 and constant curvature k:

(4-14)

Then 5 = n(n - 1)k and we have the following theorem.
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Theorem 4.4. Let LU,n) be a Riemannian manifold of dimension n > 2 and
constant curvature K. Then the scalar curvature CGS of (T}M, CGg) is given by

ces = (D[ - ~j)((i+ A) + ( UEwW W 1+nb
(4.15) +rF3) - - allil|2K)] + alc2((tr2 - trt2).
Proof. Direct calculations yield:
G =S+ (- q@+bK ! - F)
+ (a - -77-r)((1 n2)R2+rF3) - jgabghkg,jger.ihvg(%jl_ér(t))F? 4

(4.16) ~gai9ljonkoruRribf RvjNe B+ -9 re9b RcPhR heNo
Next, it follows from (4.14) that
(4.17) gedgtjghk9rvRrihRvik& d=r ° Yy Yy = 2«all*lg(" - 1),
(4.18) gre9ReprhRhJtA = 2«Y D P- ).
>Prom formulas (4.16) - (4.18) and the equality S = n(n - 1)K, we obtain
« =np-1).+(1- - > )
+(T " A" (1" "2+ rFs)" a*a*’3(n- v +B*Al0« [ a

Finally, using the equaUty %®6—tjjif = (trt)2 —trt2, from the last equation we infer
the relation (4.15), and the result follows. It is known that for a local frame a sectional

curvature on (T}M, cog) is given by

(4 19) KIAY = W cong) °°9{V,V) {cag(U, K))“1
where [1 = (U, V) denotes the plane spanned by (£, V).

Let {-Xi}JLi be a local orthonormal frame, ||17|* = G(A', JT’) = 1,and (7( *,A?) =
Ofort jandAl6 (& ), t=n+1,...,n2 Then from the definition of CGg, it is
easy to see that {HXx, HXn,VAX.....vAn’} is a local frame on T}M. In view
of (4.2) - (4.13) and (4.19), we obtain

caK(VA,VB) = ~i(N1 bi! 5% C I
+F2(gljgtigimghn - gmigTaeigu) + F3{g~gJt-g ~g ~t*" B fA
CeK(HX,VB)- {gM ~g~ r'R"tX p

+9hvokr(gloRmeraRtp; ty b + gtaRmep RAftffi)

42°) +9vegkbgriRtemvR hgjeteo} x mBtX B "
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caK(HX,HY) = {Rmtjk + (<7"101K;Aynp3«b™™+g v K "R jAtA
(4.22) + gae”Rm”RujTiX +9a,9nbRmkp R{h*td) I} XmY IX 1Y K,

where A = v(a + bG*{t,A))v(a+ b&faB)) - vG(t,A)vG(t,B), b = v(a +
b(P(t,B)), CGK(HX,HY), CGK(HX,vB) denote the sectional curvature of the
plane spanned by (HX,HY), (HX,VA) and (vA, VB) on (T}M,cag). Hence we

can state the following result.
Theorem 4.5. Let (M,g) be a Riemannian manifold and T}M be its (1,1)-tenaor

bundle with metric CGg. Suppose that (T"M, CGg) is a Riemannian manifold of
constant sectional curvature CGK = n. Then the sectional curvature of (M,g) is
equal to k. Moreover, (Af,g) cannot have a non-zero constant sectional curvature.

Proof. Let (T"M, CGg) be a Riemannian manifold of constant sectional curvature
GGK = k. Then we have K(HX,HY) = k. Writing (4.21) at (x*, 0), we obtain

K = coK{HX, HY) = = K{X, ),

where K(X, Y) is the sectional curvature of (M,g). This implies that (M,g) has a
constant sectional curvature equal to k. Abo, from the equation (4.20) written at
(z°,0), we infer k = CGK{HX,VB) = 0.

5. Para-KAhler Structures on (T/M, CGg)

An almost product structure F on a differentiable manifold M isa (1, I)-tensor field
F on M such that F2= 1. The pair (M, F) is called an almost product manifold. An
almost paracomplex manifold (or almost B-manifold) is an almost product manifold
(M,F) such that the two eigenbundles T+M and T~M associated with the two
eigenvalues +1 and -1 of F, respectively, have the same rank.. An almost paracomplex
structure on a 2n-dimensional manifold M may alternatively be defined as a G-
structure on M with structural group GL(n, R) x GL(n, R). A paracomplex manifold
(or B manifbld) is an almost paracomplex manifold (M, F) such that the G-structure
defined by the tensor field F is integrable ( see [15]). If an almost paracomplex
manifold (Af, F) admits a Riemannian metric g such that

g{FX, FY) = g(X,¥), WXY e 9j(M),

then (Af,g, F) is called an almost para-Nordenian manifold. It is well known that,
an almost para-Nordenian manifold is a para-Kahler manifold if and only if VF = 0,
where V is the Levi-Civita connection of g (see [20]). Let now E 6 9j(Af) be a
nowhere zero vector field on Af. For any X 6 9$(Af) and E = go E € Stf(M), we
define the vertical lift V{X ® E) of X with respect to E. The map X V(X ®E)
is a monomorphism of Q$(Af) -¥ ~(I'/M). Hence an n-dimensional C°° vertical
distribution Ve is defined on TfM. Let Vx be the distribution on T}M which is
orthogonal to H and Ve . Then H, Ve and Vx are mutually orthogonal distributions
with respect to the metric CGg. We define a tensor field F of type (1,1) on T\M by
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' F{HX) = av{X®E) + 0g{X,E)v (E®E),

F(V(X ®E)) = 59X + pg(X, E)HE,

F(VA) = VA,
forany X £ and A e where a,0,6,p are functions on T}M to be
determined. The condition F* —I leads to the equations
(5.2) alJ=1, ap+05+0p\E\W\* = 0.

Thus we have the following result.

Proposition 6.1. Let (M, g) beaRiemannian manifold and T}M beits (1,1)- tensor
bundle. Then (TIM, F) is an almost paracomplex manifold if and only if (5.1) holds.

The condition cag(F(X),F(Y)) = cag(X,Y) forall*, Y e &(T}M) implies
(5.2) aa2|d|Rk=1 tR2=0|£7||2, 26p+p2\\EN2 =0, 2Q0+/?22||S|)2= 0.

The solution of the system of equations (5.1) and (5.2) is
1 0 —2

(53) Q=piln”
Thus we have the following result.

Theorem 5.1. Let (M,g) be a Riemannian manifold and T}M be its (1, I)-tensor
bundle equipped with metric CGg. Then the triple (TfM, CGg, F) is an almost para-
Nordenian manifold if and only if (5.3) holds.

Now, we obtain the covariant derivative of F as follows:
(coV«x F)(*Y)
= av(Y ®[goV*d]) - -NAC.Y)+ PV(E®E)g(Y, VXE)

+T H{abiR(tb' +30iVDb 1°R(-, X)(Y ®E))j)
+/3g[Y, E)[v(VxE ®E + E ®g 0 VX-E)
(6.4) + |2 (gbiR(th, (E ®S)i)X +gating 1° 1(.,X){E ®E) )],
(coVhxF)(vS)
= |" (ghiR(tb,B,)X +abliib 1° *)&)))
~ Y V(I9biR(b,Bi)X + ° OG- *)**)N] @A)

« _g {9 biR{th, Bj)X + fci(f(I 10 4(,*)#)), 7) V(A ®E),
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(ccVwxF)v(Y®E)
= -V(Y® (50 /IXE)) + i(7 - 7)[*BA Y) + pg(Y, E)R(X, £)]

~  V(abjR(th, (Y ®E)j)X +gai{ta(g 1o R(, X){Y®E))) ®L

N9 {? bjR{th, (Y ®E),)* +gadtra 1° A-*)(Y®V)),e)Vv(E®L)
+pa AS(Y, V*S) + p5(Y, A)H(V x4),
(covVv™)(vB) =0,

iCa’vIX9S)F)V(Y »E)

= -MG(X ®E, Y ®E)vt+ ~(Y,£)n (gbR(th, V(X ®5),)5
w<Ta(a(fl 1° A, AV(X®V'))) +y H(5bf(*h v (X ®E)t)Y
(5.5) +ffat(t°(ff- 101 (.,Y )" (111)])),
(CCVv(xef)F)("y)
=~ Y{3b*(*b/IX®E)NIY +gating 10R{.,Y){X"E) ))]®s)

- — a(abilldis, (X ® £),)y + ffat"0" -1048(, Y )(X® V)),s) ® E)

+aMO (X®E,Y®E)\

(CGVV(XOI)F)(I'5)
(5.6) = LG(B, t)v (X ®E) - LG{B, 1) (61X + pg{X,£)Hs ).

Hence we have the following theorem.

Theorem 5.2. Let (M,p) be a Riemannian manifold, T\M be its tensor bundle with
the Riemannian metric CGg and the almost paracomplex structure F. Then the triple

(TiM, CGg, F) is a para-Kohler-Norden manifold if and only if a = constant, b= 0,
R=0andVJE= 0.

Proof. Obviously, if a = constant, b= 0, R = 0 and S7E = 0, then caVF = 0,
that is, (TjM, cg<,F) is a para-Kahler-Norden manifold. Conversely, let CGVF = Q.

Then by (5.6) we get L = 0, implying that o = constant. Moreover, from (5.5) we

have M = 0, implying 6= 0. Finally, (5.4) givesus 4 = 0and VE = 0.

As an immediate consequence of Theorem 7, we can state the following result for

Sasaki metric sg.
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Corollary 5.1. Let (M,g) be a Riemannian manifold, T}M be its tensor bundle ivith
the Sasaki metric sg and the paracomplex structure F . Then the triple (T}M,sg, F)
is a para-Kahler-Norden manifold if and only ifR = 0 and VE = 0.
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a-Touek.

1. BeepgeHue

Mpesnonaraem M3BeCTHbIMW OCHOBHbIE NOMOXEHUA TEOPUUN pacnpeseneHunii 3Have-
HUIA MePOMOPHBIX (hYHKLMIA, TeOpUM NOBEPXHOCTel HanoxeHus J1.Anbgopca, Nonb-
3yemMcsl CTaH4apTHbIMW 0603HayYeHuaMmn (cm. [1]).

B Teopuu pacnpefeneHuns 3HauyeHuii MepoMOP(HbIX (YHKUWUIA B KayecTse Mepsbl
611M30CT MepoMOpgHOi yHKLUMK W(z) K 3afaHHOMY 3Ha4yeHuto a 6 C paccmaTpu-
BaeTCs 00bI4HO HEBAHAMHHOBCKAA QPYHKUMA NpnubamxeHus (cm.[1])

2ir
m(r,0) = — \] In+ |w(re’v) —a| 1dip.
0

C KOHLa WecTnaecaTbIX rofos ABajLaToro CToNeTns akTUBHO 13yyaeTca 6onee TOH-
Kas xapakTepucTuka 6nm3ocTy w(z) K a, BenuumHa (cm. [2]-[7])

L{r, a) = max L+ |w(mr) —a| 1.
M=r

YCTaHOB/IEHbI MHOFOUMC/IEHHbIE aHaNOrMM B NoBeAeHUN (yHKumid L(r,a) n Tm(r, a),

cocTaBnsitoLLMe NpeameT Teopun pocTa B. MeTtpeHnko (cm.[2]). B Teopun pacnpepge-

NEHWI 3HaYeHWt MepoMOPMHbIX PYHKLMIA NOMyYeHUe OKOHYaTe/IbHbIX Pe3ynbTaToB

3a4acTyH YNupaeTcs B OLEHKMN Norapu)mmyeckmx npomsBogHbIX yHKLMA w(z), Ko-

TOpble paccMaTpMBa/IMCb KaK BCMOMOraTefibHble, TexHU4Yeckue cpegctea (cm. [1], [2]
71



B. I METPOCAH

M [8j-[10]). Mexay Tem B paboTax [L1] v [12] 6bLI0 yCTaHOBNEHO, YTO BENYMUHBI

Pk(ra)=r J [In(k)(to(z) - 0)] d , ke N, (z=reiv)
(1)
roe Ni(r,a) = A(rB,«») = {* : 1L = r,|t»(a)-e| < 1}, obHapyxuBato!- CBOIA-
CTBO, aHa/IOrMYHOE CBONCTBAM (hyHKUMIA T(r,a), T.e. 4NS HUX BbIMOSHAETCA aHa-
Nnor BTOPOIi OCHOBHOV Teopembl P.HeBaH/ANHHbI, U COOTBETCTBEHHO, aHaN0r COOTHO-
LeHns fedekToB. [okasaHo, YTO A5 MepoMopdHOin B C GyHKLUN W(Z) KOHEYHO-
ro HWKHero nopsaka J1 MHOXeCTBO 3HayeHMiA a, B KoTopbix Dk(a) = Dk(a,w) =
Jim (Pk(r,a)/T(r)) > 0, He 6oniee YeM CYETHO, U MeeT MeCTO HEPaBEHCTBO

r—»00

(1.2)
©

roe T(r)- HeBaHNIMHHOBCKas xapakTepuctuka, K (k, A) - MOCTOSHHas 3aBUCSALLas 0T K
n A 19 BennumnH Pfc(r, a) ycTaHaBMBatOTCA aHanor U3BeCTHOMO TOXecTsa Kapra-
Ha, 3KBMBA/IEHTHOrO CMefytoLLeMy COOTHOLWEHMIO (cm. [13]-[15])

2ir
(1.2) J PK(r, eie)do = o[ ()], -> o0.

0
Tem cambIM, YKa3aHHble MHTErpaabl CTAHOBATCA 0OBEKTOM CaMOCTOSATENBHOMO U3Y-
YyeHus. Ha akTyanbHOCTb M3Y4YeHUs TakKMxX 0OBLEKTOB yKa3blBaeT, KPOMe BCEro, crie-
JytoLee NpocToe NpeasioxkeHue: ecnn MepoMopgHas B C (yHKUMA w(z) MMeeT Mo
KpaiHein mepe ABa MCKNOYNTE/bHBIX B CMbic/ie B. TeTpeHKo 3HauyeHus, TO ecTb Cy-
LLECTBYIOT 3HaYeHMs 0i U [AHA KoTopbIx /9(ai) > 0, £( ) > o0, rge

3(a) = P(a,w) = rytTo( (r,a)/T(r)),

TO Ans Nobbix a 6 C 1 r cnpaBea/MBbl HepaBeHCTBA
(1.3) T(r,0) ?L(r,d) P(r,a) +0(1),r -too, raeP(r,a) = Pr(r, a).

Tak uTo, ecnn E\- MHOXeCTBO AePeKTHbIX B CMbIcie P. HeBaHNMHHbI 3HaYeHWiA, 23 -
MHOXECTBO UCKNOUNTE/IbHBIX 3HAYeHW B cMbicne B. MeTpeHko, E3- MHOXeCTBO “Uc-
KNKOUYNTENbHBIX” 3HAYeHWI 0, Ana KoTopbix D(a) = Di(a) > 0, TO M3 HepaBeHCTBA
(1.3) cnepyeT, 4TO UMetOT MecTo BKAouveHust E\ C Ex ¢ ES$, ecnm unicno anemeH-
ToB E\ 60bLue eauHuLbl. M3 cooTHowweHWiA (1.2) n (1.3) cnegyeT COOTHOLLEHME TMNa
ToXaecTBa KapTaHa B TeOpyM pocTa MEPOMOPMHbIX PYHKLMWIA:

25K

J L(r,eie)de = o[T(r)],r Kx>.

0
OTMeTUM, YTO 3TOT pe3ynbTaT OTCYTCTBOBA/ B 3TON TEOPUM.
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OUEHKW MEP NCKMTIOYNTENBHOCTW ..

B pa6oTe [16] paccmaTpuBaeTCcs BOMPOC: YTO MOXHO CKasaTb O Mepax WCK/uu-
TeNbHOCTM D(a) NCKNOUUTENbHBIX 3HAYEHWI 0, KPOME TOT0, YTO [JOIKHO BbIMONHATL-

cs (1.1): nony4yeHbl HepaBeHCTBa TMMa z(E )|"(a)/ In , BHA Mep UCK/UYUTENBHO-
0
cTv B (a). B faHHOi paboTe ycTaHaBNMBAKOTCS Cefytolime pesynbTaThbl:

Teopema 1.1. MycTb ui(z) mepomopHas B C (PYHKLMUA KOHEYHOrO HUMKHEro no-
psgka A; a,, e C,m = 1,2,..., ,( / aj npui j. Torpa cywecTByeT Takas
nocTosHHas K(A) < o0, 3aBucAwas oT A 4YTO A1 HEKOTOPOW HeorpaHU4eHHo
nocnefoBaTeNbHOCTY 3HAUYEHUI T BbINO/HAETCS HEPABEHCTBO

a.") i ldranl

roe T[r)- HeBaHAMHHOBCKAaA xapakTepucTuka, |4(r, av)|- yrnosas mepa MHO>KeCTBa
A(r,av), e € (0,1) - MKCMPOBAHHOE YMCNO.

Teopema 1.2. MNpu ycnosuax Teopembl. 1.1 BbINOAHAETCA CnefytoLlee COOTHOLIEHNe

(15) J2D i+'(av) K (X),
n=1

roe K(X)- nocTosHHaa 3asucswas oT A ei = 1/(6 - 4e).

Cnepcteue 1.1. Mpu ycnosusx Teopembl 1.1 MMeeT MECTO HepaBeHCTBO

(1.6) £*i+»(a,K*(A),
=1

rge <6@ = Um (7 (r,a)/T(r))-gecekT 3HaveHus a, £ = 1/(15 —9e).
Cnepcteue 1.2. TNpu ycnosuax Teopembl 1.1 BbINOMHAETCA

(%))

i/=1
2.BCI'IOMOFaTe}'IbeIE pe3ynbTaThbl
Myctb 0 < ai < < a3 < 1- gmkcupoBaHHble yncna. O6o3HaUUM

Ea(R) =E*\(J1) = {r:aiR <r<a2R}; (r,a) = A4(r,0) A(r,0w",

O2(r,a) = A(r,a)\4(r,0,w"), /(r,p)=r J 1 Idtp, be C, z =reifi.
N(r0) 1 1

Nemma 2.1. MycTb w(z)- mepomoptHas B C dyHkumsa; a, 6 C Takue, 4TO

la — | > 2. Torga BbINOAHAETCS CNedytolee COOTHOLLEHNE

(2.1) [ --{rh% =o[A(R)\R, R-tocC,
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B. . METPOCSH
roe A(r)- chepuyeckas xapakTepucTuka Anbgopea, |A(r, a,,)|- yrnosas mepa MHo-
>kecTsa A(r,a,), £6 (0,1)- dmkcrposaHHOe Ymucno.

[lokasaTenscTeo. lMockombky- npu e A(r,a), K*) - H > 1, T0 umeem

Irb) r J \w\z)\dtp.

4(r.a)
Vcnonb3ys HepaBeHCTBO Menbgepa npnp = 2—£, g = (2 —e) /(1 —€), nonyunm
\ &
I(r,By<r [ [ Ww{z2 'dip |4 (r,o0)|".
YM'a)
Ortctoaa, yunTbiBas CneflytoLlee HepaBeHCTBO
/

(22) (j>) Cv>° 0<P<1’
nyuto \Ww'(z)1> 1npuz e fa(r,a) nmeem

\ 37
(2.3) ATY -, [ W/(2)\2 ’dtp) +T [ \/(2)\2dtp

MpumeHas HepaBeHCTBO Menbaepa npu p = 2/(2 —e), q= 2/e, 414 NepPBOro UHTe-
rpana B MpaBoii 4acTu MoAy4aem

@4  rf J u@peds  <AT()f J tU(*)adp]
VNCra) / \Mr,0) /
Tak kak npu z 6 A(r,a), | ()| < 1+ |a|, To u3 HepaBeHCTB (2.3) u (2.4) nveem

I(r,b) ( r \wi\zy2 n\ A
|A(r.e)|fes " Earl /[ (i+WN*)I2)2
rie K (e, a) - nocTosHHas 3aBucALLasn oT £ n a. OTcrofa MCNosb3ys HepaBeHCTBO [efb-
fepanpup=2—e, 9= (2—)/(L - €) NOAYy4YUM

y I(r’b)d—rpr = o [A(2]R, 4 —o0.
B,() MA(ra)l

Nemma 2.1 gokasaHa.

O603Haumnm yepes n(r,a) v n(r,b) KoAn4YecTBa a - TOYEK U - TOYEK PYHKLMK
To(r) B Kpyre |r| <, a yepe3 n(r, a, b) - KONMYECTBO Tex a - To4eK r*(0) 6 £*(r) ¢
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OUEHKW MEP MCKNKOYUNTENBHOCTN

N .
qﬁ E{(r), ons Kaxpoin u3 KoTopbix HaigeTcs b- Touka r*( ) us obnactu EK(r) c

<=1 » »
{rl<r}, k=1,2,d(r) (E*(r) n ®(r) onpegeneHbl B [17]).
B pa6oTte [18] foka3aHa cnegytollas nemma:

Nemma 2.2. MycTb w(z)- mepomoptpHas B C pyHkuma; anbue C, v=1,2,..., ,
Takve yTo W, aj,b  bjnpui j. Echm 1< ¢ = const < 00, TO

(2.5) IWr>a») + n(r>") - 2n(r>a’™>MI1 ~ Tor3”TI(cr), r<£E,r>r\

roe Jdint <ex, Kg- abconioTHast nocTOsAHHaAL.
E

Nemma 2.3. MycTb w(z) - mepomopthHas B C dyHKums; a,b 6 C, Takue 4ToO
[o- B > 2. Torga npu R> Ro BbINOMHAETCA crefytollee HepaseHCTBO (R1= a3{)

N P(r)dr_  Ki a) + w R+ n2| (n(a/)a) + n(ir/] 6)
J igho)in
(2.6) - 2n(N/,0,b))}R + K3 { ~(R)L(R") + o[j4(t)]} R InR,

rge L[r),A(r) - cihepuyeckne xapakTepucTukn Anbgopca.

LokaszaTenscTso. MHAeKCOM I b6yfem OTMeyaTb Te a-TOUKM Zi(a) u - Toukn r<(s),
KOTOpble (hurypupytoT B onpegeneHun n(R?,a, ); ocTasbHble a-TOUYKKN ( - TOUKKN) U3
Kpyra \z2\ < R' 6ygem oTmeuvatb uHgekcom I(j) - z[(a)(zj(b)). Mpn pokasaTenbcTse
3TON NeMMbl UCMOMb3YeM HepaBeHCTBO [efbaepa Npup = 2 —e,

g= (2—)/(1 —e). Nicnonb3ys hopmyny HeBaHAUHHBLI MOMYYUM

Oriy<r / w(R'eie) - a a<in 1

mAed) - b |0e" - 2\2] o

A(r.a)
n(4',b)-n(',0,b)

nCFr.aII;L L
Xt/ *()-r1 Zi@-z """ [N e

A(r.a) I=1 A(F,0)
n{K,a)— (R ,ab) n{#,ab .
{K.a—n(R ab) { ) Zi(a) Zi(h)
+ £ r &S Y, 1 [ ;
c ,(a) N2 - zi(d)z A2 - z<(6)z
B A(r.a) A(r.a)
*B panbHeiiwem o6o3Haunm uepes Ki, i = 0,1,2,... NOCTOSAHHbIE, He 0653aTeNIbHO OAVHAKOBbIe,

[aXe Ha MPOTSHKEHUN OfHOM LIeNoYKN HEepaBEeHCTB.
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B. I METPOCAH

n(«\a)-n(tf.a,6)

u/(z) ey
27) +r / @ - b dip = 1i(r) /8(r)
4(r.0)
Vicnonb3ysa HepaBeHCTBO [enbjepa HeTPYAHO BUAETb, YTO
8) [ _ i L +
1 e Ky IACa)F=
O6o3Haumm Yepes p< = («) - *i(b)|, *= 1,2, ¢+ ,n(A', 0, b) n NpuMeHss Hepa-

BEHCTBO IeNbaepa A5 CNefytoLero MHTerpana, nony4umnm

s2r)-r | \b)_F 4(8)_

A(r.0)

IM/ iI_':iw ni*-*wWi
(r2)

OTclofa BbiTEKaeT

@
(2.9)
Ba(/) |A(r.a)|5

= rdrdip
117 = W R
2 () JT-) \z-*{a'ff=i\z Z|ib)]\2 t

OueHnMm 3TOT mHTerpan. Ana atoro o6o3Haumm Za(r) = {z:|z—a| ~ r},
Z7*n=A{ :|z- | <r}, W r) =Dh(r)\{Da(r/2)uDb(r/2)}. Ncnonb3ys Hepa-
BEHCTBO (1.2) MMeem

roe

) * If -

\ *
rdrdip
y [B—% () rejz-*(b)|2-* — I(-R) H-—-

Tak kak npun z € 0,l0)(pi/2), |z- Zjb) ~ p*/2, To nonyuum, uTo /<g(d) <
ax

oAlft "™ ¢ TouHo Tak xe /<,3([) » W& 3' «YuuTbiBas, uto Korgar 6 ~(, )(n)
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OLEHKN MEP UCK/TKOYNTE/IBHOCTA ...

nim korga r 6 A*(“)AN\A*{a)(n)» 10 \z- r*(a)| > p{/2, |z - r<(b)| > Pi/2; n nc-
X0AA U3 reOMeTPUYECKUX COOBPaXKeHWiA, HETPYAHO BUAeTb, uto /,,3(A) » 732*
N AP{ {InJ1 - InPi} . OKOHuYaTeNbLHO 13 3TUX HEPABEHCTB UMeeM J1;(J1) <

_a-ac

Kp{ 3" {InN1- Inpi}, i= 1,2...n(R",a,b). OTctoga n n3 HepaseHcTBa (2.9) nony-
Yyum
- - "(a'.B.4

b(BA |4 (r,«)I™ e
B pa6ote [17] gns p, ycTaHaBNMBaeTCA CneaytoLlas oLeHKa
(2.11) Pi <d(Ei(R!)) <KRvVv8(R"A-Hr"),i=1,2,...,n(Nl/.a, ),

rae d(x)- gmameTp MHOXecTBa X; ip(r)- NMpomn3BoibHass MOHOTOHHAsA (YYHKLUA, CTpe-
MsLLasca K +00 npu r —»+00. 3 HepaBeHCTB (2.10) n (2.11) nmeem
(2.12) [ KRInR[<p{R")]&[A(R")]-"in(R',a,b).

ela) 1)1~

B pa6ote [17] gna ®(r) nonyyeHo crnepytoLlee HepaBeHCTBO
o4 N AR+ +\V (N,

MockonbKy <p[r)- Npon3BonbHas QYHKLUWSA, To, Bblbupas ip24(r) < J1(r), u yuuTbiBas,
yto n(R',a,b) < ®(/1"), n3 HepaBeHCcTBa (2.12) nonyyaem

(2.13) [ 1" -- Kb *@EFH) + [ (M AL
Ea(qd) Ig (r-a) I »

Mcnonb3ys HepaBeHCTBO efbAepa 1 UCXOAs 13 FeOMETPUYECKNX COOBPKEHUIA, HETPY/-
HO BW[ETb, YTO

(2.14) [ /3(r)*_, <K3{n(4',b- n(1, a b}Aa,
£,(5)
(2.15) 5 A K<{n(4'a) - n(4' a6} 4O
o 14(r. all5mp

OueHUM UHTerpan /5. 4ns 3T0ro 0603Ha4YMM Yepes

i = *i(a) Zj(b) -
=1 o e ne i @ = L2-nR2ab)
A(r.a)
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B. I METPOCAH

MprmeHss HepaBeHCTBO [enbAepa nerko Bugetsb, uto I5(r)  KbPIR 2r |4(r, a)[*=r.
Vcnonb3ys HepaBeHCTBO (2.11) noayyum
[ Kebp*{A)A* (N)n(N" a.b).
Jx) |A(rra)in
OTcroda, Kak 1 npu BblBofe HepaBeHCTBa (2.13) umeem

(216) / +»Ne *')]} A-
A Bs) |* M Ibl 1

HeTpyaHo BUAeTh, UTo

(2.17) [ /a(lN)— <*BW #, ) - n(1,a )},
(2.18) f 17" d[— «k7{n(R'ta) - n(#,a, )} /.

YuuntbiBaa nemmy 1.1 nHepaBeHcTBa (2.7), (2.8) n (2.13)-(2.18), nonyumm
r pP{r,o_ ~~» N+ To(oyMb)} At
\]m [A (r a)l"
+IF2{n(A\a) + n(J1',b) - 2n(J1',a, }/1+ K3{ * (/1)b(1") + o[A(UT)]} N 1n/l.
Jlemma 2.3 floKa3aHa. O

3. AOKaSaTe]‘IbCTBO OCHOBHbBIX pe3y/nbTaToB

JokasaTenscTso Teopembl 1.1 MycTb aub,, 6 C, |a,—b\>2, n=1,2, n
3anucaB 4ns Kaxgoro a,, HepaBeHCTBO (2.6) 1eMMbl 2.3 ¥ NPOCYMMUPOBaAB, MEEM

/ (E !Af (r|°"U }dr< ]'lE M*'«n+TM(AI.6")i+
mbc(5) 14 (r-a-)1 *°

+KtR"2 (- (#,a,,) + n(Rf, bu) - 2n(/T' a,,, 6,)] +

(3.1 +K3 (RYL(R") + o[A(U]} N In .
Mo BTOpOI1 OCHOBHO TeopeMe P.HeBaHANHHbI (C Y4ETOM SIEMMbl O 10rapuhMmnYecKoit
npounssogHoi) npu J1 > Jlo, uMeem
(3-2 X)W -#,8v) + M1~ SFSJ'I').
/=1 o
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OLUEHKW MEP NCKMIOYUTENBHOCTA .

' Monoxxum Tenepb ay, = 1/(A+2), = 10A+1). N3 oueHkm L(r) < [X(n12f3, 1 E
(cm. [1], M.326) BbiTeKaeT, uto Npu R > R[ B Kaxxgom mHTepsane ( R,
HaligeTca Takas Touyka R' = a3(R)R = a3 mR, gna kotopoint L(R") = L(asR)
[>1(a3A)]* (3pecb Mbl yunm, 4to E MMeeT KOHeUYHyo norapugmuyeckyto mepy). OT-
Cloga yumnTbiBas odueBmaHoe HepaBeHCTBO A(r) «  T{f3r)/In/?, (0 > 1), nmeem

-1 3
T(R)

Lanee nonoxum ¢ = (A+ 2)/(A + 1) n ucnonb3ys neMmy 2.2, Noay4um
(3.9 J2 [n(#,a,) +n(R\ bv) - 2n{R\a,,6,)] < K(X)T(cR).

n=1
W3 HepaBeHcTB (3.1)-(3.4) cneayert, 4To

I { £ ) » < K{XmcR)R.
Ea(sl) AF>° )l )

Vicnonb3ys Teopemy 0 CpefHeEM 3Hayeilln, B HEKOTOpPOW Touke A* 6 Ea(R), nonyunm
(3.5 £ « K(X)T(cR), R>Ro-

Bblbepem MHOXecTBO Rn Rn(ai,c) 3HayeHWii R, 3aBUCALLMX TONLKO OT ai U1 ¢, 4ns
KOTOPbIX BbINO/HAETCA HEPABEHCTBO

(3.6) T(cRn) =T (£ - aiRn'j ( j*+ T(aiRn).

B03MOXXHOCTb Takoro Bbi6opa o6ecneumnsaetcs nemmoii 1.3.1 n3 paboTsl [2]. AcHO 4TO
ANA TakKnx Rn CyLecTBYOT MHOXECTBa = [~ (ai,c) 3HayeHuit R*, 4TO BbIMOJHSA-
eTcst HepaBeHCTBO (3.5). V3 HepaBeHCTB (3.5) n (3.6) nonyumm

i=1 |A(41)OI/)|
Teopema 1.1 foka3aHa.
JokasaTenscTBo Teopembl 1.2 MycTb K > 1 - uKCMpoOBaHHOE YMCNO0. YUnTbIBaS,
yto npu r 6 A(r,a, w)\A(r,Ka, Kiv), 1/K < |w(z) - o] < 1, umeem

(3.7) P(r,a,w) = P[r,Ka,Kw) + O[L[2)), r-4o00.

M3 HepaBeHcTB (3.3) 1 (3.6) cnegyeT, UTO CyLLeCTBYET NOC/NEA0BaTENbHOCTb I =
= rn—»00, N -¥ 00, Takoe, 4To L(r) = o[T(r)]. OTctoga, NCNoNb3ys COOTHOLLEHME
(3.7) nonyunm P(r, a,w) = P(r, Ka, Kw) + (I'(r)], r -» 00, cnefoBaTte/ibHO

(3.8) D(a,w) = D{Ka,Kw).
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Mpeanonoxum Tenepb, 4To {a,} SBASAETCA KOHEYHbIM MHOXECTBOM KOMM/EKCHbIX
yucen, yA0BNETBOPSIOLLMX YCIOBUHO

(3.9) lasa—aj\ > 2, a <t<j < )

Ecnu a,, pa3nuyHbl 1 He y0BNETBOPAIOT yCoBUto (3.9), TO Npu A0CTaTOYHO 60/IbLLION
noctosiHHo K > OK \cy- a> > 2 (*p j)- CnepgoBaTenbHO U3 coOTHOLLeHMS (3.8)
CNeayeT, 4To TeopeMy LOCTaTOYMHO AOKasaTb npu ycnosuu (3.9). MycTb Tenepb p =
(3- 2e)/(2-¢),9= @3 2f)/(1-e)mnl= (1- e)/(2- ). AcHo, uto /*q/p = L
MpumeHas HepaBeHCTBO I'babaepa, nonyunm

=1 |A(r,0v)ke LS|4 (r,M 1) \*=i /
W3 ycnosus (3.9) cneayet, uto A(r,0,) [A(r,0") = @ npui j, cneposarenbHo

|A(r,ai,) I < 2n. YunTtbiBas aTo 1 TeopeMy 1.1, noayymm, 4To 418 HEKOTOPO Mno-
*/=1 A
CNefoBaTeNnbHOCTUE = T,, -> 00,  -> 00 BbINONHAETCA HepaBeHCTBO J2 P* (r,a,,) N A(A);
i=1

OTclofja cneayer, Uto n

£a*(0,) < AA).
i=1
Teopema 1.2 foKa3aHa.
[okasaTenscTso cneacTsua 1.1. HeTpyHO BMAETb, 4To

(3-10) pffitaji * P{rav)+° (1)’ T * °0

Monoxwum Tenepb p = (5- 3e)/(2-e), a=(5-3e)/(3- 2e) n7 = (3- 2e)/(2- e).
Torpga sicHo, uto ay/p = 1. Vicnonb3ys HepaBeHCTBO I"enbjepa nonyunm

Orctoga, yumteisaa (3.10) n uto £ |A(r,a,,)| < 2, noay4um
=1

X >i(r,a,) (% Yy =
£ MA(na,)r Vv Aa (0 [N
Mcnonb3ysa Teopemy 1.1 MOAYYUM
M
A»'(r,a,) ™~ ijr(A)ri(r), r = rn-¥ oo,
x/=1
z
cnefoBaTenbHO *(a,) -“(A). CneacTsue 1.1 foKa3aHo. [loKa3aTeNbCTBO Cea-

CTBMA 1.2 04eBUAHO, Tak Kak 0(a) D(a).
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OUEHKW MEP NCKNMIOYNTENBHOCTWN .

ABTOp BblpaXkaeT 6narogapHocTb I. A. BapcersiHy 3a LieHHble 06CYXAeHUs Pesy/b-
TaToB.

Abstract. In this paper certain estimates of type ES* for the measures of exceptions
of the exceptional values associated with logarithmic derivatives of meromorphic
functions are obtained.
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Annortauus. PaccMaTpuBaeTcs 3afauya NpUGIKEHUs (YHKLUM MOCPESCTBOM
KOHEUHOTO umcna ee KoahuuueHToB ®ypbe. YCKOpeHWe CXOAMMOCTU ypesaH-
HOro psiga ®ypbe AOCTUraeTCs NOCNefoBaTeNbHbIM NPUMEHEHUEM MOIMHOMWANb-
HOi 11 paLMOHabHOM KOppeKLUii OlMGKN. PaliMoHanbHble KOPPEKLMM BKIOYAIOT
HEM3BECTHbIE MapaMeTpbl, OMpefeneHne KOTOPbIX ABNAETCA K/O4eBOi npobie-
Moii. PaccMaTpuBaeTcsi Mofxof CBf3aHHbI C KOpHAMM MONMHOMOB Jlareppa u
U3y4aeTcsl CXOAMMOCTb TaKUX annpoKCUMALUA.

MSC2010 number: 41A20, 65T40, 41A21, 41A25, 65B99.

KntoueBble cnoBa: pag ®ypbe; yCKOpeHue CXoaumMocTy; annpokcuMauus Kpbinosa-
JlaHuoLWwa; paunoHanbHas annpoKcUMauus; NosMHOMBI JSlareppa.

1. Beenenue

PaccmatpuBaeTca npobneMa annpokcumMaumn yHKUUM NOCPeiCcTBOM KOHEYHOro
yncna ee KoahuymeHToB Pypbe

A =\j J{x)e~imadx, |n|] < N.

ECTeCTBEHHbIM SIBNISIETCS annpoKcMMaLUys NocpeacTBOM Ype3aHHOro psaga dypbe

N
Sn{/,x)= £
n=-N

Pa3nnuHble MeToAbl YCKOpeHus cxogumocT  /( , X) 6blan NpeanoXxeHbl B nuTepa-
Type B NocnefHue Heckonbko aecstunetuid (cm. [1], [5], [6] v ccbinkm B HMX). Mogxoa,
B KOTOPOM YYaCTBYHOT MOAVHOMbI MPeACTaBNAOWME pas3pbiBbl (CKAUKM) QYHKLMU U
ee NpousBogHbIX, 6bin npeanoxeH KpoinosbiM B 1906 rogy [10], n no3gHee, 6ornee
thopmanbHo, SaHuowwem [11] (cm Takke [3], [9], [13], [17] v [19]). Mbl Ha3biBaeM 3TOT
noaxog, Kak annpokcumaumna Kpbinosa-SlaHyowa (KJ/1-).
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B 3Toli cTaTbe Mbl paccMOTpuUM KJT-annpokcumauuio ¢ 4ONOAHUTENbHBIM YCKOpe-
HMeM CXOAMMOCTM NOCPeACTBOM paLMoHanbHbIX (B TepMUHax elllX) Koppekumsax owneé-
KW, cornacHo mgee annpokcumauuin dypoe-Mage ([2]). B obwem Buge, npegcrasne-
Hue dypbe-Mage 66110 NpeanoxeHo B [7]. Knacc nogo6HbIX NpubAMKeHUiA BBEEHI
M n3ydeHbl Takxe B [8].

PauunoHanbHble UCNpaBNeHUs OLLIMOKU COLepXXaT HeU3BECTHbIe MapaMeTpbl U pas-
NNYHbIe NOAX0Abl M3BECTHbI ANA UX onpefenenus (cMm [12], [14], v [15]). Mbl paccmoT-
PUM MOAX0[, CBA3aHHbIA C KOPHAMM MOAMHOMOB Jlareppa v NpeAcTaBiM NOAPO6HbIi
aHann3 CBOMCTB CXOAMMOCTU TakKmnX anmnpoKCUMaLMiA.

2. Annpokcumayusa Kpeinosa-J/lanyowa

Myctb / € C4[—1,1]. Yepes *(/) 0603Ha4MM TOUHbIE 3HAYEHUS CKaYKOB PYHKLUN

1 ee NPOM3BOAHbIX Ha oTpeske [—1,1]

Ak(/) =1» (1)-/1{4(-1), *=0.... .
Mbl OrpaHuyMMcs pacCMOTPeHWeM (DYHKLUIA, rnagkux Ha [—1,1]. Mbl npeanonaraem,
YTO TOYHbIE 3HAYEHNS CKAYKOB U3BECTHBI.

O603Haunm yepe3 AC[—L,1] MHOXeCTBO abCOMOTHO HENPepbIBHLIX (YHKLUIA Ha
[-1,1]. Nycte /| € AC[—L1,1] gna HekoToporo q > 1. Crepytollee pasnoxeHue
KoahrumneHToB Pypbe MMEeeT BaXXHOe 3HaueHue 4ns peanusauuu noaxona Kpblnosa-
NaHuowa

(2.1) fn= — E «* 0,
2 .-0

YTO NPMBOAUT K NpeacTaBNEHUIO (byHKLI,I/IVI, N3BECTHOE KaK npefjcTtasneHue SlaHuyoLa

(1)

9-1
f(x) =Y ,A k(f)Bk{x) + F{x).
k=0
3pechb, Bic - 2-nepunognyeckme NoMHOMBI BepHynu

Bo(x) = Bk{x) = J Bk-\(x)dx}\] Bk{x)dx = 0, x € [-1,1]

¢ KoaghdmuymneHtammn dypbe
+

Bion = 2(t7m)*+i” A 0, SfcO= 0-

n F - 2-nepuofuyeckaH v rnagkas gyHkums Ha npumoid (F € C, 1(R)) ¢ Koadgm-
uneHtamu ®Pypbe

Fn=1n- qY;%Mf)Bkrr
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Annpokcumauyus F NocpeAcTBOM OoTpeska psja ®ypbe NpUBOAMT K annpoKcumauuu
Kpbinosa-SlaHyowwa (KJ1)

SnM>x)= W Fneixuc+Y ,M f)Bk(x)
k=0

=-N
C OLM6KoNA
RnM>x)- /(*) -
Cnepgytolias TeoOpema OMNMCbIBaeT aCbiNTOTUKY (/, X) B uHTepBane (—1,1).

Teopema 2.1 ([13]). MNycTb / («+1) 6 ACI-\, 1] ans HekoToporo q > 0. Torga
MMeeT MeCTO OueHka ans x| < 1

« [, *> - - »e

3. Annpokcumaunmsa paymoHanbHbBIMUN PYHKUUAMU

JononHutensHoe yckopeHue cxogumoctu Ans KJ/l-annpokcumaumy MOXeT ObiTb
[JOCTUTHYTO NYyTEM NPUMEHEHWS paLMOHanbHbIX YHKUNIA (B TepMuHax eXTX) Kak uc-
MpaBfieHUe OLUMOKM. PacCMOTPUM KOHEUHYH MOCeA0BaTeNbHOCTb KOMMIEKCHbIX Ui~
cen ©= {0k}f*|=i, P > 1- O6o3Haunm F = {Fn}. fanee, yepe3s A*(60,P) 0603Ha4Mm
0606LLEHHbIE KOHEYHbIE Pa3HOCTK

L°(s,F) =Fn, 0*(AF) = AR 1(6F) + F), k> 1,
rae ()=1lecm > 0wm ()= —dem < 0. Yepe3 Ajj(F) o6o3Haumm
Knaccuyeckmne pasHocTu, cootesetcTeytowme [%(9,F) ansa Boibopa 0 = 1. Mimeem

X)+ rn(F'x»>
roe

= £ Fneinnx, RJf(F,x) = £ Fne<nt.
n=W+1 n=—e0
MpeobpasoBaHne Abens NpMBOAMT K NPEACTaBNEHNIO
eiiTx.
n=N+1
lMoBTOpeHMe ero 4o p pas, NPMBOAMT K CeAytowemMy pasfioKeHnto

RMF,x) = -eMW+i)* y SU— “

rfie Nepeoe cnaraeMoe paccMaTprBaeM KakK KOpPPeKL Mo OLWNOKK, a BTOpPOe craraemoe

ecTb (hakTMueckas ownbka. Takoe e pasnoxeHue gna Rff(F, x) npueoanT K cnegy-

IOLLEMY paLMOHAIbHO-TPUIOHOMETPUYECKO-NONMHOMUabHOMY (PTTT) npubanmkeHunto
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<j-l N
SNAM ,x) = 'E/AK(f)Bk{x)+ £ Fne'™*
(3.1) fc=0 . n=-N o
e _eik(IM+ry &&bl 116" ) _e-in(.ff+)xy
M«si(l + © .en) ti M*=1(1+ O-.* **)

C OLLNBKOIA
nn-,,,p(/, x) = f(x) - SN4p(f, x) = R%4p(f,x) + RIfgp(f,x),

rae

Annpokcumauus (3.1) HeonpedeneHa, NokKa napaMmeTpbl &K HEM3BECTHbI. Pa3fnyHble
MefOTbl U3BECTHBI 4N1A UX onpegenenns (col. [12], [14]-[16]). 3geck, Mbl cOCpesoToUNM
Hallle BHMMaHWe Ha noaxoge, onucaHHbIi B [12], [15] n [16], rae

(3.3) Bk=0-k=1-", k=1,...,p.

Uepes 7*(T) 0603Ha4NM KOIPPULMEHTHI MONMHOMA

(3.4) M (1 + AN ) = £ 7*(-'-)**_
k=1 K—0

Cnegytouian TeopemMa onucbiBaeT nosegexue i2ariop (/, x), korga ©Bbi6paH Kak B (3.3).

Teopema 3.1. [16] MycTb /fa+p+i) g AC[—L1,1] ana HekoTOopbix > 0 mp > 1L
MycTb
&X=6-k=1- K=1,...,p.

Torga, MMeeT MecTO cnefylowias oueHka gns x| < 1

« « ) = )] - K+n
+ 0(7V-«-p-1), N -* oo.

3ameTum, 4To B Teopeme 3.1 mapameTpbl TK BCE €Lle He onpefenieHbl. JTO faeT
cB06OAY 4151 AOCTVXXEHUS [ONOMHUTENbHBIX Lieneil.

B faHHOI paboTe paccmMaTprBaeTCs Noaxos, npyM KOTOPOM napameTpbl K ABAAOTCA
KOopHsimu nonuHomoB Jlareppa L|(x) ([4]). Cnegyowuii pasgen nsy4vaet TeopeTmye-
CKYH OCHOBY Takux PTI-ailupoKcuMaLnii.
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A. NMOrocqaH

4 PTM-AMNMPOKCUMALUWNN ¢ kopHamu nonnHomos flareppa

MycTb TK kKopnn nonnHoma Slareppa Lj,(x):
=0, fc=1,..., p.

XO0pOLLIO N3BECTHO, YTO KOPHW pasNnyHbl U MONOXKUTENbHbI. [MonnHoMbl Slareppa nve-
0T N3BECTHOE npeacTaBneHne

LINe = -k)Ua + Jelt**
Ona Hanwx ueneii ycnosue L’ (r4) = 0 nepenuiem B BUAe

f

I I oo CE2 R

CpasHeHue ¢ (3.4) nokasbiBaeT, 4TO

@ "M-COB&3r

OLEeHUM TOYEYHYHO CXOAMMOCTb TakmMx PTT-annpokcumMaunii BHyTpu oTpeska [—1,1].
MepBbIil pe3ynbTaTt ABASETCA HENOCPeACTBEHHbIM CneacTaueM Teopembl 3.1.

Teopema 4.1.MycTb / ((+p+l) 6 AC[-\, 1] ana HekoTopbix q> Oup > LMycTb
Q,=6k=1- A—1,....p,

rge Tk KOpHu nonauHoma Jlareppa: b%(tk) = 0, k = 1,...,p. Torga,

4.2) Rn,gAf,x)=°(N 91, N -wo, Wx\< 1

JokasaTenscTso. Baugy (4.1), mbl Bugum, uto £* _ (-1)*(p~k + q)k*(T) = 0n

oueHka (4.2) cnegyet n3 Tbopemsbl 3.1. O
B cnepytoulein Teopeme NonyueHbl 60/1ee TOUHbIE OLEHKM AN 6onee rnagkux QyHk-

umiA. CHavana JOKaXXeM HeKOTOopble CBONCTBA 0606LLEHHbIX KOHEYHbIX PasHOCTEN.

Nemma 4.1.MycTb /(B+P+r+l) e AC[—L1,1] gna HekoTOpbIX g,r >0, p > 1, 7
&x=06«k=I * = L.

Torga, UMeeT MecTO Credytollas oueHka, npu 7V -+oou|n|>JV +I

bl UBIV ,*» - n E(*9»(»))
4.3) 4 %= = —
+p oK+ gy At - jf) ., »,0(J1F-p)
V p-fc + 3 (Ar)* * M+P *W + n,+r+2 >

rae
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[okasaTenscTBo. JIerko NpoBepuThb, YTO
P \fc7*(T)
AnO>F) =
fc=o
rje KnacCcuyeckne KOHeYHble pasHOCTU UMEIOT CrefytoLlee npeacTas/ieHue

O™ =£(*V»-.,n(»N-
j=0

lMpuvHMMasa BO BHUMaHWe, 4To
AU(BTK(E)) = A"-*-(£)

MoyYwm
(4.4) A“(AS(e,F)) = f:(-1)f» E  (W+p fo) 7 -.s,(n)(+).
fc0 =0 \ ] /
Beuagy (2.1), npn  —»00 Umeem
_(-1)w AM
r» “»(n)(few) - (itr(n - (x(fc + j))))*+1
Tenepb, 13 (4.4), noayunm
k=0 =0\
o(Jr-P)
"r+2

(43) " (1?“ TV o ”ZIT* *+ B “),+Ph 1 -A

_HIA _y-7*MPy~r+l 1lyyxp« +  A*+a-J1/)

2(ijm), +i N* AL I oB ) (<*)*- o

o(l1Vp)
Mo+r+2 "

YunTtbiBas, 4to a*|g(w) = 0 gns 8 <w +p —K, U U3BECTHOE TOXAECTBO (CM. [18])

(4-6) D -1)*~r)r0 l=°...P I

B npasoii yactu (4.5) paccMOTpuMM TOMbKO S > tii+ p -t KU, COOTBETCTBEHHO,
Iy + p —K, U Nocne HeCMoXHbIX NpeobpasoBaHnii NoNyUYnM Tpebyemyto OLLEHKY.
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A. NOrocsH

Nemma 4.2. MycTb / ~ p+r+l) 6 AC[-1,1] “nn HekoTopbIX q,r > QO p > 1, u

&=6k=1 k=1,...,p,
rge n  KopHu nonuHoma flareppa: «( ) =0, k=1,...,p. Torga, npu N -~ oc
(-1)™ 1 - . ,
47 O+nr(g n(™.-P%)) = 2(<7dN)H+UTp V*£ *+ -/

+0(N-«-p-r-2), w<p
KOorja w up MMelT OAMHAKOBYH YeTHOCTb, U
(—1)*+1 v 1 a
(4.8) " 6 ")) = 2(xi*N)<+'NPW* £
+o(N-grp-r-2),w"P'+ 1
Korgjaw up MMelT NPOTMBOMONO>XKHYK YeTHOCTD, Iae

Po1 » * %) “ 5Z7fc(r)™ p™ n p?) «fc,;+p-*(w)
A -

u a*,, onpegeneHol B flemme .1

LokasaTenscTBo. MNMonoxus = £IV B (4.3), nonyunm

Obmpga. f *e >+

Kak y>e ynoMmHanoch Bbllle, KOrga r* KopHu nonnHoma Jlareppa L®(x), To Ko-
athdhmymenTbl 7*(T) nmetoT ABHy0 dopmy (cm. (4.1)) n, cnegosatensHo, OPg(w,8,t)
MOXET ObITb NepenncaHo B BUAE

B wet)- b+sy y (P\ jt+p-k +0)1

N ]~ (tt 3N2-UJ («+p- fOl(p fc+ «)!
(4-9) (2’—:5: |-2 ]

X:E:0<-O\(T3W/a -*

[na nokasatensctea (4.7) n (4.8) LOCTaTOYHO NOKa3aTb, YTO

(4.10) Ppgv=>8>t)=0, t<m+*~1,
MpumeHss opmyny 6MHoMa HbtoTOHa, Mbl nepenuwem (4.9) B opme
B a) N+ y fP\ (*+ 9+p-fc)! "{3+p-k\...
W (T+P-*)I(P-*+ )1 2 | u >

\M&k I L4

X -0y ST N-A et »-F ok
Bo W' \VTT Y
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YuuTbiBas, YTO MOCNEAHAS CyMMa paBHa HyMto Npu 3 +p —k U < W +p —K, Mbl
nonyuum

Ao ©

(t+1_t_p k)\ @ +p-k)\ At a+w
p 1( N W-Pp —k +a)l P-
rae S(n,k) uncna CtupnuHra sroporo poga ([18]).

Uucna CTupanHra BTOPOro poga umetot npeactasneHue ([18])

K+ w),

4.11) . S(*+a,*0= ]C(*+“W ). ano0
]=0
rae cj(a) npucoefmHeHHble Yncna CTUpAUHra BTOPOro poga. Toraa
S(p-k+a+w,p-k +w) =72 P *+™ + 3) eitfa)
WNpona uncen Pp,g{w, 5, ) nonyunm
A -
-<-«NET"t Jmbgrg

(+a+p-k)! W+p-k)

> @+p-k)\ W+p-k-j)\m
370 foKa3sbiBaeT oueHKy (4.10) BBuay ToxaecTsa (4.6). O
Teopema 4.2. MycTb p yeTHoe u /(9+P+S+1) g AC[—L,1] ans HekoTopbIx q > 0
np>1MNyctb&=6k =1— k=1,...,p, rae rk kopuu nonmHoma Jlareppa:
b%(ti = 0, k=1,...,p. Torganpn| | <1
R (frv A ( (" sia®x(2N-p+1) q) / p pu
- AONrp+it+in9+p+f+i cosP+ 1 P p 1V’ 'Y

+ o(JIr-?-p-5 1), N -too,
rge OPq onpegeneHsl B Jlemme 2.

[okasaTenscTBo. MNpuMeHeHne npeobpasoBaHus Abena K J1 9p(/,i) (cm. (3.2)
NPUBOAUT K Pa3NOXEeHUH0
e (N +i)x A0y (AP(g,F))

> M*=i(! +Oxketilrx) 1+ einx
, et W D x N TANAP(e,F))
L =i(1 + Otket<**) 1+ ex<™)“+1
+ (.
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A. TIOrocaH

CornacHo flemme 4.1, O 1'+2(4£(0, F)) = N -* oc, |n| > N + 1n. cnego-
BaTeNbHO, NOCneAHUlA YneH B npaBoii yactn (4.13) umeeT nopsigok o(ATr*-*HH).
OueHku (4.7) H (4.8) JTemmbl 4.2 NOKa3bIBakOT, YTO BTOpOe cnaraemoe B (4.13) nmeeT
nopsgok 0(JIr-«-p-* 2). Moatomy

-iir(QV+I)* .
(414 o~ U ) — o)+ *-). .V-»co.

OueHKa (4.7) NpuBOAUT K PasnoXeHUto
O+ar(AE(MN)) = 2(2iTiV)9+INe ~ () (itr)*-' + 4P52

Miy> ( DMy Ar  _ (f)Pp4(°’a’ I Qfjy-a-p-f-a\

(G T 2(HTrV)O+HIAVPH A (+>ﬂ)r)f- ( )-
dopmyna (4.12) nokasbiBaeT, YTO COrnacHo ToxaecTay (4.6) umeem, uto Ppn (0,3,\) =
Ogna 3=0,..., 8§ —1u, cnegoBaTe/bHO, B MpaBoit YacTu ypasnenus (4.15), TonbkKo
ufeHbl 3 = § HeHyneBble, YTO HaKOHeL, NPUBOAUT K OLEHKe

Nbl «».*)> - (“mim «-*

MoacTtasue 3To B (4.14), nonyunm
BE<H(JIT+1)* LN /B n\

RN,g,p(f X) =JT (/) ~ + ex>Np+1 2(;ttT)?2+1  +a+i+IP¥4 (> 21 )+°(~ " 7 5

4TO MPUBOAUT K CrefytoLemMy NpeacTaBNeHNI0 OLLMOKM
(-1)N / v r e<ir(Ir+i* T
Rn«M>x) = Aa(/1"+ INP+g+t +1A>4 (0. . ) Ade [(i + e,VX)p+4,+i] +0[N~4~p~%~

OTO 3aBepLUaET [0Ka3aTebCTBo. O

TOUHO TaKXe MOXHO l0Ka3aTb CriedytoLlee YTBEpXKAeHN e,

Teopema 4.3. TlycTb p HedeTHoe U [(stpt+ D +i) e AC[-1,1] Ana HEKOTOPbIX
A>0up > 1 Myctb &=9-b = 1— K= 1... p, rae TK KOpHW monuHoma
Nareppa: Z$(+*) = Q k=1,...,p. Torga, npu |z| < 1

00

M _ irn (-i)Wsin5(*(2*-p +i) - '?) }'|p+ip + N
2p+icosp+i m - ° — . — J
f ( D~008f(»(2Y~P +x) @), [/ p 1 p+ i\
N A% 2P+1C08P+1 7 ~2~)
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N P+1P+A
27 +2C08P+2 BYL— — )

n PAY onpegeneHbl B Slemme

Abstract. The paper considers a problem of approximation of functions by means of
their finite number of Fourier coefficients. Convergence acceleration of approximations

by the truncated Fourier series is achieved by application of polynomial and rational
correction functions. Rational corrections include unknown parameters whose determination
is a crucial problem. We consider an approach connected with the roots of the
Laguerre polynomials and study the rates of convergence of such approximations.
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1. Besegenue

B AaHHOM cTaTbe paccMaTpuBalOTCSA BOMPOCHI aCUMMATOTUYECKOr0 MOBEAEHUA Tak
Ha3blBaeMbIX “PEKOPAOB C MOATBEPXKAEHUEM". DTN BEIMUMHBI OblIN BBeAEHbI B 60-
Nee paHHeil pa6oTe aBTopa [1], rae 6blAM MoMyYeHbl NMPeLCTaBAEHUS A5 Cy4aeB
3KCMOHEHLMaNbLHOro U PpaBHOMEPHOrO pacnpejeneHunii. B aToM BBeeHUM KpaTKo npo-
LUMTMPYEM pe3ynbTaThbl, KOTOpble 6yAeM NCNONb30BaTh B OCHOBHOM YacTW CTaTby.

Vfes pekopaoB ¢ NOATBEPXAEHMEM 3aK/H04aeTCs B TOM, YTO AN HEKOTOPOro K 0
MOSIB/IEHNM HOBOTO PEKOPAa Mbl 06bABASIEM NULLL NOC/E TOT0, KaK NOABATCS K Hab/Ho-
[eHuiA, NPeBOCXOAALLMX Mpeablayliee peKopAHOe 3HaueHne. ®akTUYeCcKn UCKoYaeT-
€Sl BOSMOXHOCTb MPUHATUS 33 PEKOpJ Cly4aiiHO NosiBMBLLErocs BbiGpoca. Pekopapbl
C NOATBEPXAEHNEM Mbl ByfeM paccMaTpuBaThb A1 MPOU3BOSILHOMO (DMKCUPOBAHHOMO
K=1,2,.... Mpy K = 1 OHX COBMAAAIOT C OObIYHBLIMW PEKOPAHLIMU BEMUMHAMU (CM.
[2]) v dhakTnueckn asnsroTca nx 0606LieHeM. Bonee Toro, pekopabl ¢ NoATBEpPXde-
HVMEM B HEKOTOPOM CMbIC/IE HANMOMMHAIOT K-€ pekopabl (cm. [3]).

PaccMOTpUM MOC/Nef0BaTeNbHOCTL HE3aBUCUMbIX CMlyYaliHbIX BEAUYUH ...
MMeIoLLMX 0OLLYIO HEeMpepbIBHYO PYHKUMIO pacnpefeneHuns F(x). BosbmeMm cnyyaii-
Hbli1 BeKTOP (X X, X1,..., X K) 1 yNnopsg04/M ero KOMNOHEHTbI B MOPSAAKe BO3pacTaHUs:
(X1k X itk>...,Xktk). MepBbIM peKOpAHbIM MOMEHTOM C MOATBEPXKAEHUEM CUMTAEM
(*)(1) = K, a COOTBETCTBYHOLLIEN PEKOPAHOI BENNYMHON X K K. BMecTe ¢ aTumu Benu-
HI/IHQMVI 6yaem paccMaTpmBaTb Takxe Nepsblil PeKOPAHbIV BEKTOP gxfj I,x [«'H,), ...... 1

coBNajatoLLmnii ¢ BeKTOpoM (Xi K, X3 K, ...,XKK). [lanee HY>KHO Nofy4uTb K
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CyYaiiHbIX BeNUYMM, MpeBbILAoWMX XK K, YNOPAA0UMB KOTOPbIE, NOAY4YMM BTOPOIA
PeEKOPAHbI BeKTop. O603HauMM ero (X"iy X A, X 7).

OnpegpeneHne 1.1. PekopgHble MOMEHTbI C NOATBePXKAeHneM “( ), COOTBET-
CTBYIOLME UM PEKOPAHbIE BENUMHbBI C MOATBEPXKAEHNEM X L bl PEKOPA)LLC BEKTO-

pa (X k(i) >"k(2> noc™p°eHHble MO nocnegoBaTenbHOCTM ..., Ofpe-
[ensiTcs cnedyowmum o6pasom:

Nl) = K,
XK1 =*M.

EW(@N)=min{j :* -*+ >
XK'K) = max{" i 2i—-Xi(*)(n)} = X LiK)(,,) L(K)(n),n = 2,3,
(wrfe(l)i ~eQ)i  mXfe(fo)) = (~ Ne )(8)-fo+lb<r>(n)» see>-AL(M(N),1.<*)(n))ira= 1«2)....

MmeeT MecTo cneaytollas Teopema (cm. [1]), Aatollas npeacTaBneHve 4as pekopaa
C NOATBEPX/AEHUEM 13 IKCMOHEHLMAIbHOIO pacnpeaeneHus.

Teopema 1.1. MycTb zffky ... - o6o3HavalOT pekopabl C NOATBEP>KAEHUEM,
NOCTPOEHHbIE MO MOCNefoBaTEeNbHOCTMW Z\, Zi,... - He3aBUCUMbIX CAyYalHbIX BEM-
UMH, C obuleii dyHKumeii pacnpegenedns H(x) = max{0,1- e x}, a (2$%$),2 2)
v ["), = 1,2,.. —Cc00TBeTCTBYIOWME Ui PEKOPAHbIE BEKTOPbLI. Torga, Ans
no6oro N = 1,2,... UMEOT MECTO COOTHOLIEHUA:

(4 >49%). )= (1 £ Xeri+ E ~fra+ -+ E *>
\ i=0 <=0 =1
Nl n—i1 -1 -1 4
(111) z £ ~feHl+ TTT £ 7242+ - + E *&- £ +- +E )1
1=0 i=0 i=1 i=0 i=1 /

4@)=zs)..zH) =z kK)+Z(n-1,k-1) +..+Z{n- 1,1),Z(n, k)+
+Z(n,k—1)+ ..+ Z(n —1,1),..., Z(n, k) + Z(n, k —1) + ... + Z(n, 1)),
roe r?ir/ ... - NocnefoBaTeNbHOCTb HE3ABUCUMbIX CNyYalHbIX BEAUUYUH, UMEIOLLNX
CTaH4apTHOe 3KCMOHeHUWansHoe pacnpegenenve, a Z(n,k), n = 1,2,... k-e pekopga-
Hble BENMYMHBI, NOCTPOEHHbIE NO TOI >Ke nocnegoBaTensHocTu Z\, Zi,-—-

OTMeTUM, 4TO YNOMsHYTbIe B Teopeme 1.1 k-e peKopAHble BeIMYMNHbI ONpPeLenstoT-
cs (cm. [3]), BMecTe € K-M1 pekopaHbiMu MomeHTamu L{n,k), cnegytowimm ob6pa3om:
L(l, K) = k, ( +L,K=min{j>L(n,K):Zj>Zj-kj-1}, n>1,
Z(n,k) = 21L(n,fc)-fc+,L(nfc). n > 1.

[anee, n3BeCTHO, YTO BepPOSITHOCTHOE NpeobpasoBaHue Y = F(X), cnyuvaiiHoii Be-
NNYUHBI X, He MEHSET YNopsAAoYeHHOCTU. VHbIMKU cnoBamu 4ns nobbiX K <n, uMeet
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mecto Ykn = F(Xk,n)- XOpoLlo 13BECTHO, YTO AN M0G0 HEeNpepbIBHON PYHKLNM
pacnpeaenenns F (i) cnyyariHasa BenuunHa Y = F(X) ABnsieTcA paBHOMEPHO pacrnpe-
[neneHHoli Ha [0,1]. To npeobpa3oBaHMe TaKXe Ha3blBaOT MpeobpasoBaHMeM Cmup-
HoBa (cM. [4]).

Cnepytowve fBa 13BECTHbIX npeacTaBneHuns (cMm. [5] u [6]), Ha KoTopble Mbl Byaem
CCbIaTbCA B AanbHeliLleM, AenatT 3KCNOHeHLUMabHble peKopabl MOLLHbLIM WUHCTPY-

MEHTOM uccnegoBaHnA pekopaos.

Mpegnoxenne 1.1. MycTb Z\MN < 2, 5 5 Zn<n, n 1|2>—  3KCMOHEH-
uuanbHble MOPSAKOBblE CTATUCTUKN, NOCTPOEHHbIE NO NOCNef0BaTENbHOCTY Hesa-
BUCWUMBbIX CAyYaiiHbIX BEAMYUH ZU Z2, ... C 06Liell hyHKumell pacnpepenequs H(x) =
max(0,1- e *) . Torga ana aboro n = 1,2,... cnpaBejMBO COOTHOLLEHNE:

(Zi,;n,Z3n,..Znny= (~, + Zj,.. + ZTi+- +*e)

rogevi, .. —He3aBWCHUMble OfMHAKOBO pacrnpefeneHHble cnyyaiHble BeNNYNHbI C TOi
>Xe (hyHKuwmelt pacnpegenenns H(x).

Mpegnoxenune 1.2. MycTb Jf(I) < X(2) < ..., —peKopaHble BENNUYUHbLI\ COOT-
BeTCTBYHOLLME HeNpepbIBHON pyHKUuKM pacnpegenenus F{x), a Z{1) < Z(2) <... —
3KCNOHeHUMabHble PEKOPAHbIE BENNYMHLI, COOTBETCTBYHOLWME CTaHAapTHOMY 3KC-
NoHeHUMansHOMYy pacnpegeneHunto. Torga Ans npowssonbHoro n= 1,2,... UMeeT Me-
CTO PaBeHCTBO N0 pacnpeseneHunto

(X(1), X(2),..., X (M) =(B A 1)), R{Z{2))...., R(Z(n))),
rae R(x) = G(1—e~x), u G{x) —obpaTHasa K yHKUMKN pacnpeaeneHns F(x).

Bonpoc acMMNTOTUYECKOro MoBefeHUs Hanbonbliero 3HavyeHus X I B BblIbopKe
obvema U3 pacnpegeneHus F(x) uccnefoBaH A0BOMbHO MOAPOGHO MHOMVMYU aBTO-
pamu (cm. Hanpumep [7]- [9]). OfgHako, 34eck Mbl NpUBeAEM pe3y/bTaT, Kacatowuiica
Knacca Bcex npefesbHbIX pacnpegeneHuin gna X,, N OTMeTUM, 4To cnyvaiiHas Benu-
ynHa X,, ,, U3 NPOM3BONLHOIO pacrpejeneHuns, faxe nocne CoOTBETCTBYHOLEl Hop-
MVPOBKU, BOOGLLE roBops, He Bcerfja byaet 06n1aaath npefeNibHbIM pacrnpeseneHeM.
OgHako, ecniv F(X) TakoBO, YTO Takoe NpefenbHOe pacnpefefieHne CyLecTByeT, TO
OHO [I0/DKHO OTHOCUTLCA K OfHOMY U3 TpeX TWUMOB:

1 a, / >ecmma<o, a>Q

1.ni(a) =  exp(—2 “), ecrm >Q

2. 1Ma0 = | exP[~(—®)" N>0.
1 e n$/| X L%

3. N13(1) = exp(—exp(-1)), -00 < X < 00.
CkaszaHHOe MOXKHO C(hopMynMpoBaTh B BMAe cnegytolleli Teopemsl (cMm. [9]).

WmetoTcsa BBUAY 0OblUHbIE PEKOPAHbIE BENUYUHBI, (CM. [2]).
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Teopema 1.2. Knacc npegenbHbix pacnpegenenunii gns Fn(anx + bn), rae On >0 u
bn 6 R — cooTBeTCTBYOWWMAI 06pa3OM BblbpaHHbIE NOCTOSIHHbIE, COAEPXKUT TO/Nb-
KO 3aKOHbl TUnos J1*(x), Kk = 1,2,3.

AHanor 3Toro NpeaensHOro pacnpefeneHns, NofyYeHHbIn ANS PeKOPAHbIX Benu-
YMH, MOXHO HaiiTK B paboTax [2] u [10].

Teopema 1.3. MycTb X (1) < X(2),... peKOpAHble BENUUYNHbI U3 HEMPEPbLIBHOTO pac-
npegenenus F(x). Ansg Toro, 4T0o6bl NP HEKOTOPOM Bbl6OPe KOHCTaHT A(n) 1 B(n)
CyLeCTBOBaNa HEBLIPO>XKAEHHAA MpefenbHas PYHKLUMA pacnpegeneHns

G(x) = Jip P {X(n) —£(n) < xA(n)},

HeobXoAMMO 1 AOCTAaTO4YHO, YTOObI CcylllecTBOBaNa npegensHas yHKUMS

A T(XA(M) + B(Mm)) -1

+ y/n
uMerolas He MeHee AByX Touek pocTa, rge T(x) = —in(l —F(x)). MNpn sTom
npesfensHble yHKUMM G(X) U A(X) CBsi3aHbl COOTHOWweHneM G(x) = P(a(x)), rae
®(x) — hyHKUMS pacnpefeneHns cTaH4apTHOr0 HOPMaabHOMO 3aKoHa.

Teopema 1.4. lMpegensHas PyHKLNA 4(X) MOXKeT NpUHaLNEXKaTb TONbKO OAHOMY
13 cneaytoLinx Tpex TUNoB:
9i{x)=x,
2. gi(x) =7In(x), ecrmx >0, 7 >0u” ()= -00, ecmx <O0.
3.83(x) = —71In(-x), 7 >0, ecnu x < 0, u a3(x) = 0o, ecnm x > 0.

2. NMpepenbHble COOTHOWEHUA ANA PEKOPAOB C NOATBEpPXAEeHUEM

Myctb Z["ly 3KkcnoHeHLManbHble peKopabl C NOATBEPXAEHUEM, MOCTPOENTble 415
HEKOTOpOro (YMKCMpOBaHHOIo K = 1,2,... Mo nocnefoBaTenbHocTM Z\, ... He3aBw-
CUMbIX C/TyYaiHbIX BENMUMH C 06LLel yHKumMeit pacnpegenenmns A(x) = max {0,1 —e *},
-00 < x < 00.

Vicnonb3ys npuBefeHHYHO Bbllle Teopemy 1.1, nonyuymm npeaensHoe pacnpejgene-
HWe ansa npyu Hagnexatiem Bbl6ope HOPMUPYHOLWUX U LLEHTPUPYHOLMX NOCTO-
AHHbIX. V3 BblpaxkeHus (1.1) umeeMm:

Zk(h =T 1_oViK+i + 44— [1 , %+ '+ J2vik,

1=0 1=1
Janee, CyMMyB MpPaBoii yacTy NpUBOAUM K BUAY:
b I-Il Vi ) \2 ) i) i) ) |(-F1 i) VK+2
Z (* - + T— T+ "e+n»7* + +-7— +
(21) W Kk k-1 K K-1
S + e F ey * F eee k )’+\f£ri—1l+j__.+v(n—l)x+2 "+ - -4VnK-
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O6osHaumm £r = M k—+ "L - £ + *" + Vik- O4eBUAHO, YTO C/y4ailHble Be-
AnYMHbl ,  _ £n ByAyT He3aBUCUMbIMU U OAMHAKOBO pacnpefesneHHbIMK. bonee
TOro, COrNacHO NPeasioXKeHnto 1.1, OHU UMEIOT TO Xe pacnpefeneHue, YTo Y Makcu-
MaJibHble NopagKoBble cTaTucTukn Zfcdi 10 ectb F((x) = P {£i < x} = Hk{x).

Mepenucas paBeHCTBO (2.1), Monyyaem npescTaBieHne A8 3KCNOHEHUMaIbHOro
pekopfa ¢ NoATBEPXAEHNEM =  +& + eee+ £ - HaliieM BblpaXeHue ana BTO-
poro momeHTa Etf. CnepBa pacCMOTpPMM MaTeMaTUYeCKOe OXWAaHWe U AUCNEPCUID

-. Nmeem

-0 t=11=0»=1
0TCro4a, Anda BTOPOro MOMEHTaA nosiy4aem

Eg=Wi+(Eb)2=E ? + fc 7) -

MockonMbKY K (hMKCMPOBaHoO, crefosaTenbHo Etf < 0o, n TakuMm o6pasom, K
MOXEM MPUMEHUTb LeHTPaNbHYO NpefenbHyo Teopemy AN HE3aBUCUMbIX OAMHAKO-
BO pacrpefieNeHHbIX CyYaitHbiX BeMUMH. CHopMynmMpyem nonyyeHHblin pe3ynbTaT B

BU/E TEOPEMbI.

Teopema 2.1. MycTb ANA HEKOTOPOro (PUKCMpoBaHHOro K= 1,2,...; — 060-
3HavaeT peKops C NOATBEPIKAEHNEM, NOCTPOEHHbIN N0 NocneAoBaTeNbHOCTK Z\,
He3aBMCHMbIX CyyaiiHbiX BEANYWH, C 06LWein yHKUmMei pacnpegeneHms H(x) =

max {0,1 —e~x}. Torga, umeeT MecTO

JZHO N (4 ke

2.2) lim P <X = o).

\jn (2 + + eeet ¥
roe d(x) —yHKLMSA pacnpefeneHns cTaHgapTHOr0O HOPManbHOTO 3aKoHa.

[anee paccmoTpyM Hanbonee o6LWMIA cnyyaii pekopAoB C NOATBEPXAEHUEM W3
NPOW3BONLHOIO pacnpefeneHns. PacCMOTPMM PEKOPS, C MOATBEPXKAEHNEM -X*"*), no-
CTPOEHHbIi N0 NOocNefoBaTeNlbHOCTM \, ... HE3aBUCUMbIX C/yYaliHbIX BEIMYUH C
06LLelt hyHKUMeR pacnipegenenms F(x). V13 onpegeneHns pekopfoB ¢ NOATBEPXAe-
HveM crefyeT, uTo XUy = -MKCXn)> rge ....N rocnegoBatefibHble MaKcy-
MYMbl MOCTPOEHHbIE MO UCXOAHON BbIGOPKE. ITO 3HAYWT, YTO MOCNEA0BaTENLHOCTb
-k(k) > 1w cofepxmTca B Mi, M3, ... B KauecTBe nognocnegosaresibHocTh. Cne-
[0BaTe/lbHO MHOXECTBO NpefefibHbIX 32aKOHOB AN18 CyYaliHbIX BEUYMH

(x™-b (LW (n)\
~oalktw(n)) )
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COBMajaeT C MHOXECTBOM MpefeNibHbIX 3aKOHOB 151 BE/TUUMH
(Mn-B(n)\
\ ) )’
KOTOpOe, KakK M3BecTHO (cM. TeopeMy 1.2), BK/tOYaeT B cebs TONbKO TpWU BuAa pac-
npegeneHnii 1*(s), k = 1,2,3.
B yacTHOCTW, AN8 MaKCUMasbHbIX NOPSAKOBLIX CTAaTUCTUK M3 CTaHAAPTHOMO 3KC-
MOHEHLMANBHOTO pacnpejenieHus, Npu  — »o0, UMeET MecTo

P {Z,,,n Inn < x} —»A3(X) = exp(- exp(-x)),

CnefoBaTebHO, COrNAcHO CKa3aHHOMY Bbile, K TOMY XK€ caMOMy MpejesibHOMY pac-
npegeneHuio J13(x) 6yeT CTpeMUTLCA pacnpefeneHne BennumnHbl (r i« -InZ W ( )).

C fpyroii CTOpOHbI, cornacHo Teopeme 1.3 npu LOMKHOM BbIGOPE LEHTPUPYIOLLKX
N HOPMUPYIOLMX NOCTOAHHbLIX B(n) n 4( ),

().
() X) X

3T0 3HAUUT, YTO NpefesibHble pacrpeaeneHnst PEKOPAOB C MOATBEPXKAEHUEM NPU Cy-
YainHoW 1 HecnyYaiiHOl HOPMMPOBKe He 0653aHbl COBMAaAaATh.

B cBS3K C 3TUM PacCMOTPUM BOMPOC HAXOXAEHWUS BCEX BO3MOXHbIX MpefenbHbIX
pacnpefeneHnii cnyyaHbIX BEMMYNH2

A(n)

npu Hagnexatem Bblibope LeHTpupytowmx (b(n)) n Hopmupyowmx ( () KOHCTaHT.
M3 npeobpasoBaHuns CMUPHOBa 1 MpeasioxXeHus 1.2 cnegyeT paBeHCTBO NO pacrnpe-
LeneHnto

c00.*$>)=(A(29)).8(*®)) .. ¥ (*$>)).

roe A(x) = G(1 - e 1), G(x) — obpaTHas QyHKuun pacnpegenenmsa F(x). Yepes
T(x) 0603HauMm 06paTHy0 yHKLMK R(X). OueBmaHo, uTo T{x) =.—1n(l - F(x)).
PaccmoTpum

1 A =p ) < A{n)x+ B(n)j =
(2.3)
=p{z3$)<T(A(n)x+ B(n)}

2Mpm ycnoBuu, 4To NpeaenbHOe pacnpedeneHire CyLLecTByeT, Tak Kak BooGLue roBopsi, B 3aBUCH-
MOCTU OT UCXOAHOTO pacnpegeneHus F(x), Npesen MOXeT He CYLLecTBOBaTb.
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(2.3) 3KBMBaNEHTHO PaBEHCTBY
r B4 Yo, f - nak  2"(A(mx + B(n)) na*}
M p{ - <i|=p{ - 484 ~ < X /e

* *

—1 —
rpea* = £ 1", k= ,Jg fldbjr- Takum o6pasom, Mbl AOKa3anu aHanor Teope-
-0 i=
Mbl 1.3 ANA pekopaoB ¢ nogTeepxkaeHuem. M3 (2.2) n (2.4) BbiTeKaeT CrefyroLmii
pesysbTar.

Teopema 2.2. .[4na Toro, YT06bl NP HEKOTOPOM Bbl6Ope KOHCTaHT A(n) n B(n),
npu N —>0C CylecTBOBaNa HeBbIPOXKAEHHAsA npefenbHas (YHKLMA pacnpefeneHns

(2.9) Q@) =1lim P](—)—(E—l------—Bj-(-H-2 <X L}

HeoGXo4MMO 1 [OCTATO4YHO, YTO06bI CylllecTBOBaNA NPeAenbHas PyHKUMS
. T(A(n)x + B(n)) —na*

(26) »«) - BT (A(m) (m) 5.

MMeloLLAas He MeHee ABYX Todek pocTa. [pu aTom npegensl (2.5) u (2.6) ceasaHsbl

COOTHOLLIEHVEM

< ()= ®aK).

OkKasblBaeTcs, UMEHTCS NNLb TPU (C TOYHOCTbIO A0 NNHENHBIX NPeo6pa3oBaHuil)
BO3MOXHOCTV Npu BbI6ope PyHKLMM 5(1).

Teopema 2.3. MpegenbHas PyHKUMA 4(X) MMeeT OAWH U3 CrefyloLmMX TPpex BULOB:

1 pi(x) = -00, ecimx <0 mpi(r) = " p aing, a > 0, ecim x > 0.

€ 9i(x) —- I * ala(-i), ecamx <0 u g?(x) = 0o, ecm x > 0.

3-93(x) = 00 < x <00, Ifge aK = b =
JokasaTenbcTBo. B cuny MOHOTOHHOCTM (hyHKUMM p(i), AOCTATOUHO paccMmatpu-
BaTb TO/IbKO T€ 3HAYEHUA X, TAe 3Ta YHKUNA KOHeYHa. [na Takux X, npy  — Yoo
nmeem T(xA(n) + B(n)) ~ n. Torga

LiuTb(xA(n) +B{n)) + y/wa _ 1+ yfik
L y/bK
[anee, NOCKONbLKY
T(xA(n) + B(n)) - nak _ Tb(xA(n) + B(n)) - y/nal],
Vibk "Iribk
X(ti m)+5(n)) ),
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MPEAE/bHLIE COOTHOLWEHNA AN1A PEKOPAOB C MOATBEPXAEHVNEM

nosyyaem, 4To
LU T{XA[)+LLn))-na,.
lim (T*(xA(n) + B(n)) - y/nai) =---—- - =
2.7) \2
_ 9{x)VUK
1+ %5
PaccMoTpuM (DYHKUMIO
F(x) = 1- exp(-F'*(x)) = 1- exp(——n(l - F(x)))*).
HeTpygHo y6eautbes, uTo F(X) Takxke ABnseTcs QyHKUUel pacnpegeneHns. Miveem
1- F(xA(n) + B(n)) = exp(-T& (xA(n) + B(n))),
oTcroaa
(2.8) r* (xA(n) + B(n)) = 1n(l - F(xA(n) + B{n))).
MopacTtaBnss BbhaxkeHme (2.8) B (2.7), nonyyaem paBeHCTBO
ton ( In(—F(xA(n) + 5(n)) + 1) - Jnai) = f~ =,
KOTOpOEe MOXHO nepenucatb B BUAe
(2.9 tonexp(yna*) (i - F(xA(n) + £( ))) = li(x),

rae

Bo3bMeM, He yManss 06LLHOCTH, NOANOCNe0BaTeNbHOCTL M = n(m) = , m-> 00,
rae yepes [x] o603HaveHa Lenas YacTb Ymcna X U 0603HaumB

nm=a M em=ac )

nepenuwem (2.9), B 6onee ygo6Hoi topme

(2.10) _nt'o_n T (1- F(xA(m)+ B(m))) = h(x).

*

O6o3Haumm h(x) = exp(-J1(x)). (2.10) aKBMBANEHTHO paBeHCTBY
Him [1- (1- F(xA(m) + B (1)))]W= N(x),

cnefoBaTesnbHO

(2.12) ,,H400 + S(m)))d = h(x).

Kak y>xe oTmevanocb, hyHkumsa F(X) sBnsetca yHKunein pacnpepeneHuns. MNyctb
Yi,Y2i... - HezaBuCUMbIE CyyYaiiHbIe BEMUUMHBI C 06LIEN PYHKLWeR pacnpeaeneHns
F(x) = 1- exp(——n1 - F(x)))b),
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N NyCTb, A5 HEKOTOPOro (WMKCUpoBaHHoro r = 1,2,..., Mr= max{¥i,1 ,..., ¥}.
B atom cnyyae (2.11) o3HavaeT, 4TO Npm T — »O0

(2.12) P{MTi(T)(T)<;I'} ~ N()*

HanomHum, uTo A(*) = exp . CnefoBaresnibHO

s(>=mr(ep (0§ ))

Ortctoga, ans gpyHkumn o{x) nonyyaem BbipaxKeHue

M3 BbipaxxeHus (2.12) 1 TeopeMsl 1.2 cnefyeT, UTo yHKLMSA h(X) MOXET 6bITb TONIbKO
Tpex TMnoB J1i, Jla u J13, COOTBETCTBEHHO, 1 A(X) MOXET NpuHaa exaTb TO/IbKO TPEM
TMNam gi, W 3, NepeyncneHHbIM B TEOpEME. |

M3 Teopem 2.2 1 2.3 BbITEKAET OYEBMAHOE CEeACTBYE.

Cneacteune 2.1. MHOXKeCTBO BCeX NpefenbHbIX HEBbIPOXKAEHHbIX (PYHKLWA pac-
npesfeneHus ans LeHTPUPOBaHHbIX U HOPMUPOBAHHBLIX PEKOPAOB C NOATBEPXKAEHNEM

coCTONT (C TOYHOCTHIO [I0 NMHENHbIX NpeobpasoBaHuil) M3 YHKUWIA Buaa
d(a(x)), rae a(x) onpeaeneHsl B Teopeme 2.3.

Abstract. The asymptotic behavior of records with confirmation is considered and
the corresponding limiting distributions are obtained.
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oLeHKa MapKoBCKOro Tuna.

1. MocTaHOBKaA 3ajaymMm M annapaT ee peweHnn

PaccmoTpuM KBasunonnHom uns cuctemol MioHTLA

(1.2) P,.(X) = 00+ aix” 4o anxX1',

rae
01 w 1

(1.2) 0=70<71<72 < N — =400, Y Il-2 +0°
=i iI=1 Y

N. Weapuem [1] nonyyeHa HeynyyLlaemas oueHKa Ans KoapQuLMeHTOB KBa3UMoNu-
HomoB (1.1) npu ycnosum

(1-3) LiPnlisiog) < Mn.
VM >Xe nonyyeHbl MeHee TOUYHbIe OLEHKM NPU YCNOBUM
II-PNIIMOg) < Mn, 1< p < -boo.
Lnda 3agaHHoOi yHKUMK tp(x), X > 0 onpeaenvM ee Tak Ha3biBaeMble 0600LLEHHbIE
npousBogHble (cMm. [3], cTp. 4)

(1.4) ¥2fl(2) = <p(x), <pM(x) = <p'(x),..., Fk+L(x) =

DI>(x) =uNe (i) 1A% * *=0,1,2,..., 7-1=-1
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M3 (1.1) n (1.4) cnegyeT, 4To KO3 uLMeHTbl ak, K = 0,1,.. .1, ONpesensatoTCs Tak:

*-

(1.5) o*= Prk>(0+)/M ("Ne -~). *=0,1.2,...
peO
(3pecb 1 B fanbHelLeEM Mbl cunTaem, yTto M A | := e 3HaumT, JI. WBapuem B

[1] hakTnueckn BbiNK OLEHeHbI CBEpXY BennuuHbl |P<fc>(0+)|, k= 0,1,... n. Bos-
HMKaeT eCTECTBEHHBIA BOMPOC: OLEeHNTb cBepxy |P <fc>(x)| B ntoboit Touke x 6 [0,1].
[ns peweHus aToii 3agaum Metog LLiBapua He npumeHnM. OCHOBHBIM arnapaTom
WY TTANMMSTIA pacCMaTpUBaEMOro BOMpoca CNYXUT BBeAeHHas B [4] cnctema cnefy-
IOLLMX KBa3UMOAMHOMOB MO cucTeMe MIOHTLA, ABAAOLLAsACS 0006LLIEHUEM CUCTEMbI

NO/IMHOMOB JlexaHpa:

(r6) &
c =0

rae KOHTyp C- 34eCb U B aHaNOrMUHbIX Cy4asnx B fafibHelilleM 0XBaTbiBaeT OKPeCT-
HOCTV NOIOCOB MOAbIHTErpanbHon yHKUnK (cm. [4], cTp. 8). B paboTe [4] gokasaHo,
yTo cuctema yHkuumii {Xn(*)} optoHopmansHa Ha 2[0,1].

KsasunonuHom (1.1) efUHCTBEHHbIM 06pa3oM NpeacTaBnseTcs B BUAE CYyMMbl

« M . * oLk g >

@7 Pn(x) = 2 CkXk(x), rpe Ck= rPn(t)xk(t)dt, kK=0,1,...n,
K=0 0

n cornacHo (1.4),
1.8) .PM(z)=f>*L ‘]@0. P?2>W ="'£ ¢ kx ? >(x), 0O<B<n.
YuuTbiBas, 4Tto npu ycnosum (1.3)
= Wnlba0,1) ~ -Mn,
n npumeHnB K (1.8) HepaBeHCTBO ByHsikoBCKOro-LlBapua, nonyymm
19 wfrwis (ec ?)

L nsa oueHku ceepxy |P<,:>(x)| cHayana 3ametum, 4to npu x e [0,1],



OLIEHKA MPON3BOAHbLIX KBA3UMO/INHOMOB ..

K

XEA>(X). = X +1 . x 1dz
XK &)2)~ Xy 2ni J * r- L
b ey T

npu atom, X*>(0) = 1ini)Xk*>(2)- CornacHo paBeHCTBY P. JlarpaHxa, Umeem

K-1
me- )x 79 _
(1 = [An.(rri)- 4 o,,(r,ri)]_
me+7,)(i+7,) * 2zl
roe
/ /
M (*~ 7iH(zi —7i») «-1
An«(r,ri) = N e . Jo(rxi) = LU (* 7R 7)-
N @+ 72)(2i+7v) )
/=]
CnepoBaTesbHo,
OG> LR f IMM—"tha
k~* CCi
= h i 1 1+ S7 -k Kkk
roe

n@—7«~ )
««,.(*) = —
z T«+ T*
5@ Ter )
B KOHTYpHbIX uHTerpanax B (1.10) 3aMeHsAs z HAa —Z U zi Ha —Z\, nonyvaem
* U *) -

*q N *
, {Mrzlér +Yu+ms) - I,Lllo(|+7 +7%)

(}'ﬂi 2niJ

>nil A dz\dz,
IC M(r- 7W+7» Nlc’ TI(*1-7*+7a) 1+ 2n+2+ 21
u=a * i/

rae KoHTypbl C,'(@{' OXBAaTbIBAlOT OKPECTHOCTM TOUuek —VY, «=aa+ 1,...,

2. Ouenka ceBepxy ana |Xn,B(X)| M ocHoBHaA Teopema

CornacHo (1.9) n (1.10) Ham Heo6xoauMO oLeHUTL cBepXy |3C,|4(z)|. Mbl paccMoT-

pum gBa cnydas: x € [0,e-2]n X € [e~2, 1]. HauHem ¢ pacCMOTpeHMsA BTOPOro ciyyas.
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Nemma 2.1. Mpuxs [c 2, 1], cnpaBeamMBO HepaBeHCTBO

2.1 > +17,)

[okasaTenbCTBO. 3aMeTUM, 4YTO (yHKUMA /(X) —:cl+2r-"-n»(-r) HeoTpuLaTenbHa
B MOHOTOHHO BO3pacTaeT Ha uHTepsane [0, 1], Tak Kak

22) (-4l ) =*T AO te(Oill

MoaTomy ®1+a7,3CN>z) < *,.(1). npn X6 [e 2,1], n .

(2.3) 3N (*)<ea@2r+1)-Kji#(l).
Ans ouenkn  #(1) B nepsom npepcTaneHnn 3CM(x) B (1.10) caenas 3ameHy
nepeMeHHbIX Z —z —5 u zi = Zj —5, nony«mm, 4To
, LA NT72) , T n(*i+7;) -

[T p—— L. -d2\dz

(2.4) *».(*> - S ,
2 pe=1Yy  zmv< n(zi—v) ~z*1

rpe 71 = 7%+ 5-
B kauectBe kKOHTYpoB C 1 C' COOTBETCTBEHHO BO3bMeM [z| = [ v |zj| = 2R, rge

A=06X>;>37,.
Torpa,

n*+7;) N+73)
n-0 |Eo < (@D*n — +7*
w*-Tr) o ome oy - AT

CnepoBaTenbHO, corfacHo (2.3) u (2.4) 6yaeMm UMeTb, 4TO
3C®,.(1) < cl+2ne2 * +1)A2+M N, (4),

roe
4 no(g+71)(24+7;)

_ N op2+307;,+7;2 An. en’r; A
11 ga_3aT*+7'a U [a—3A7"+ 4%2)

< exp
(6£ 20 347;) <exp (4 £ %) =e-



OUEHKA MPON3BOAHbLIX KBA3NTTO/IMHOMOB

CnepoBatenbHo,
2i+1

(1) N ceN2B+lexp (227, + 1)) <c, M (7,+ )

M=»

Nemma 2.1 gokasaHa.
OueHum ceepxy 0dT3(x) npu x 6 [0,e a].
Nemma 2.2. Onqa x € [0,e~2] cnpaBeAnvBO HepaBeHCTBO
[3Cn,.(*)] < c,Rn mMTT,(/1n),
raoe
(2.5) Mn,s(Rn)= _ max. y*exp ws+2) e, Y2l

a Rn onpeaensieTcs U3 COOTHOLLIEHWIA:

(2.6) Ai+a>7n, Rn>Y, E 71+7 =1 av="' —7,.

JokasaTenscTsBo. M3 (1.11) umeem

@ Mand- ] AF—

roe

M(*+ 7«+7,))
(2.7)
M C+ 7 —7v)

Tak kKak X*  (x) = 0(1) npu a -» 0, 3HauuT
A*3CR,,(x)< X ([xI>(x)]2= 0(1)
f=

W CneaoBaTesbHO,
(2.8) x27,+132ig(i) = o(1), npu i->0.
WHTerpupys Tenepb (2.2) Ha (0,1), x € (0,1), 6byaem umeTb

= jt* L (27/<3: W A <<

-< §& (w J
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oTKyfa,

FUM*SE K TT» 7 hJ

CnepoBaTensHo, npu x 6 [0,1]

29 X,.M hjse+rw 0O, .
roe
(2.10) i>p=7"+7.» 0,=7v-7, v=5+1l,«+ 2,...

Takum o6pazom, npu z e [0,e 2], Borpoc oueHkn 3,,(X) CBOAUTCA K OLEHKE NpaBoi
YyacTu HepaBeHCTBa (2.9). [ ns aToro Boibepem KOHTYP C (OH 0XBaTbIBaeT OKPECTHOCTK

Touek 0,-0,+1i,..., -On) cnegyowym o6pa3om:
C = Ci(Rn) (J c2(an) (J Ucs(ic)u
rpe0<r< ,umcno Rnm, onpegeneHo B (17), = c/™+a>a,, u
Ci(Jin) = [-iln.-irin~r.in,], r=1-e4 ,
Ca(Jin) = C(|z|] = Rn, <argz <-w'),
(2.11) cron) = C(jz] = Rn, <<argr < ,
C3(if) = C(r= ,  -ipo <ip< <p),
C4(r) = CHMNzl=r1, | <argz<”
2-"ncos = O* T.e. cos¥0=" - =2

MycTb ¥ (C) - 3HayeHne moayns B (2.9). HauHem ¢ oueHkn Y (Ci). 3ameTum, 4To

<b.
(2.12) Y(Ci) < [ opk+ () * r+i |dz|,

r v=1
ofe
2.13) 2t |

Z —ab
v=a+l

Nmeem

* TT /V +6l* A (.



OLEEHKA TPON3BOAHbLIX KBA3UMOJ/JIMHOMOB ...

Lna npofomkeHUs OUeHKM pa3obbem NpoMexyTok (r, An] Ha aBe uvactu (r,7,) u
(7« On] < O4na BTOPOro npomexyTka npu y = Rez 6 [7*, 4n] nmeem

»+l+z »Fi) Yy b.tw
2

BnAz) = 4 I+ bv\
in=1
a 115 NepBoro NpPoMexyTKa

CnepoBaTefibHO,
Aan T» An
(2.14) Y(Ciy<- | A,..(x)*= f B,...(»)* + —J BnASM* <
7*

<c?Mn,,(N,)Nn+ ~"Nnexp[(7,+ ) £

FERE kel

Tak Kak B uHTerpane no (r,7,) MHoxmTenb |1nr| = [In(1 - e_1*)| < cRn.
3ameTuM Tenepb, YTO COMTaCHO BTOPOMY YCn0BuMio 13 (1.2) Mbl MOXeM B (2.5)

3dMEHUTb Ha , B pe3ynibTate 4ero noayymm:
bP+7»_y Tu+7u . " -ol) <
iI=«+l P+al  uvETH Y2+~ iNe+ aWv2+ "

6 +DE Hnrr+E 3r2E=-+E 2hrr

CrenaB TaKylo Xe 3aMeHy B Moc/efHeM cnaraemMom B (2.14), ¢ yuetom (2.5), nonyuum,
yto Y(Ci) <R,, ®M(n, a,Rn), rge

(2.15) M(n,8,Rn) = maxiMn,(Rn), exp (27*+ 1) ~2 — \,
I L *=+1b]J
Mepeiigem K oueHke Y (Cr). Vimeem
AN X OTT R+ bul TT RnCostp + iRnamtfi + bv |
M- |1+1 1 i/:na+l Rn cosi/j + iRn sinip - av
2Rnbv cos<p\

=A (1+M ) '4 L?4K +D il

, (n  2Rna,, cos

\% ~Aar+ «r

Xexp <
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rae
R I+ »K<KS> e
Moatomy ans no6oro 6 > 0, Npu AOCTaTOYHO 60/LLUOM N UMEEM
il=n+l k=1 MIoH  fcel «'la+y
" 1 . 2R ya@sp

~0- N = ?
<~0-+6)E, (1+9 E, &+

CnepoBaTensHO, NpW AOCTaTOYHO 6OMbLUOM

(2.16) Afg,(z) < exp
r RrJ>v cos 4> 2Rn<|Vcos_- I m
! < (hex i
Xexp 5 E 18Tl + (1+9 08+ JJ p + jjflncosv?

Ki/=» 1
rae c, 3aBUCUT TO/LKO OT 3. Bo3Bpallasce K oueHke Y(Ca) 6ynem UMeTb

P '

(2.17) Y(Ca)<c, M " +7" 7,1 / e<l+* >/ oo*Y:cn» o |An«?,
*:1
Tak kak X 6 (0,e 2) ,T0 14" “*v < e~2[1' cO*V 1 NoOCne 3aMeHbl <p= - \& NONYYUM

Y(<?2) < c.K+1JF e-*"<bp <cB~.
0

AHanornyHo ouexusatotea Y(C[) n Y(CH) .
OueHum Tenepb Y(C3). 3ameTM, 4T0 Npu z 6 C3 1 Npu AOCTaTOUHO 6OMbLLIOM
z+ * 1 2 +b = 11 N1 | K-av
aerp 2% 8 3 218 +a- uiil Vo 2K +al

SeXP (7x+7) E A =exP[(T«+7*)7] o,

Tak Kak npu 7,,+i - 7,,> wuyn <cn uveem, uto = 0{1 ) mnostomy = o(J1")
npu -> 00. CrnegosaresibHo,

.,-IV(*)“ N z+ 6, Z + bbl n AL Z+ I,
==+ £ AV zra, L v . =1 £

OueHUM BeIMUnHy

I—I zZ+a,

k=«t1 L
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Mpu z € C3, T.e. z = 2Rneiipcos<, 6yaeM UMeTb

4' I z4a" 0082~ + 44" a*com2y + g2" * A 1 +o1*
Vi n@xdy - cos2Mi+aly J |l x -]
rae
AFtnaucos2<a  ,, o !
ai/ = 4[0)2cos2y?+ a2’ 0<*<**e 2/InCOB" = JIn.
3HauuTt s -
X, (*) = eprI E M1l +a,)-In(l+ a,,)]J <
50 (N S )
u=a+l il=e+l*=1 [ Ji/=»+ .
Ho

494: a,, CoS2ip 41a,, cos2 u1 a,,
y= 155,26652'(5?'_&11 Iﬁ‘éjcos’zw =~ 0 Pt -Yex.
CnepoBaTenbHo, 404 nboro S > 0 npy JOCTaTOYHO 60/LLIOM N 6yAeM UMeTb, UTO

M\ v *—fOm) s,

* ] y=rk!
< exp (I+<5i) 5Z p2”n224" cos2y| <exp(2/°cos2<)

YuuTbiBas, LITO z*| < e 2[e*= e 221" coa2v;i byaem MMeTb

+bvW\— -\A n<a(z)\\xzdz\ < g\ @' W

OTKYZa nocre 3aMeHbl ip = » —hnonyyaem

f
Y(C3)<c(3) 3 e R"*n2v(2Rnshup)*dip < cHA,atli e ea p3ip dip,
o] (o]

roe B8 = z . O603HauYMB RN42 = Ip, MOMyYMM, YTO MPU AOCTATOYHO 6OMBLLIOM M,
Y(C3) < c.(KY +j = ()N = ()

OUEHUM HaKOoHeL, Y (Ci).

viea= N | /J:ll |£I| "

/=1
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Z— /= o= [

rae
A z+00 TT EA b

-/ .
- * * "\ A _ A |
B = [*H o x )N O Tt
Cr=c(\z\ =r, |<argz<]|rr), Ct=C(*|=r, <arg*<lJ).
Mveemr = 1- e ~, (0O<r <7.+1 7«),nosatomy

Y(C4<c, [Jg*+| l|J+I'I(|’1+r): n (:_"--r) <

Tak Kak av = —7*, HP gocTato4yHO Manom r > 0 MOXKem HaiTu ¢B > 0 TaK, 4TO
/ i\l A 1
Y(Ct) <cC.exp (7' 4+7'-YEA+2r £ A
(T } Ne ilFat+l '

Ho mMbl umeemr = 1—e 1 |, noatomy

Y(Ci) <c,exp <%+.»)7‘)l££

O6begnHuB oueHkn Y{C\), Y{Ci), Y[Cz), Y{C") ,npu x e [0,e 2] nonyunm
(2.18)
A»mM nM , O-+\ ( )", exp
vx e xg])

rae MIMe(AAn) onpegenexo B (2.5). Ham cnefyeT onpegennTb - Kakue BEMUYUHbI Onpe-
fensT wax B (2.18).

Jlerko 3ameTuTh, uto J1,,MMii(4r) > c,AE+1, kpome Toro, ()1 = cA l+a)r <
cif"+1. 3ameTuM Takxe, 4To Mn,e(Rn) maxopupyeTt He TONbKO HO TaKXe n

exp
(7 +78)872+V
noatomy |37 ()] < c3Rn mMn<aRn)- Jlemma 2.2 foKa3aHa. |

M3 Jlemm 2.1 n 2.2 BbITEKAET criegytollas TeopemMa.

Teopema 2.1. Ecnu nocnegoBaTensHocTb {*/*} ygosneTBopseT ycnosusam (1.2),
Torga

|4,,,4@)] <csM (n,s,Rn,x), x €[0,1], B=1,2,...,n- 1
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raoe
Rn =M n,8(Rn), X€ [0c 2],

M (n,s,R,,,x) = +i
VE w + 7] *6 [e 2,1,

Tenepb Mbl MOXeM CHOPMY/MPOBaTb OCHOBHOW pe3y/ibTaT HAcTOsLLEel paboThl.

Teopema 2.2. MNMycTb kBasunonnHom P,, onpegened B (1.1), (1.2), u [|Pn|lz>(0,i) <
Mn. Torga

(2.19) \Pne>(x)1 < caMn-M(n,s,Rn,x), xe [0,1], 3=1,2,...,n- 1L

UTo6bl CyauUTb O CTEMEHU TOYHOCTU OLEHKM (2.21) 3aMeTUM, UYTO 4Nsi KBA3UMOIU-
Homa Xn (x) nmeem

I*<>©),, ~ + 5 n ( +7i).
~n =41 *>i=0

1.-1.) \ 1. )
3HaumT, eciv B Mn,t(Rn) mMakcumym nonyduTes npu 0 < y < ¢ < 00, Torga

RnMn,e(Rn) —Rn O exp £/\ I

Mo3TomMy B 3TOM cflydae ANS MaibiX X OLEHKAa MOXET 0Ka3aTbCsl XY>X& BO3MOXHO
0XMAAeMoro Ha nopsagok An\V/7n> rae uicno Rn, Hanpumep, npu =i/, v=1,2,...,
umMeeT nopsgok 0(n) , mpuyem nosy4vaemas NMOTPeLlHOCTb He 3aBUCUT OT 3, €c/u
0<3<30« n .Cnegyer ewe y4yecTb, YTO KBa3MNONMHOM X M(X) CKOpee BCEro He
ABNAETCSA 3KCTPEMabHbIM, NOPAA0K MOrPeLIHOCT MOXET 6biTb 1 0(R,,Ay") . Ans
6onbwnx x e [0,1] nonyyeHHbI 34ecb pe3ynbTaT B C/y4vae 06bIYHbIX MOAMHOMOB,
nMeeT nopsgok  (“+1), a MeXay Tem TOYHbIA NopafoK ecTb n2,+1.

Abstract. L. Schwartz has obtained estimates for coefficients of quasipolynomials
from Muntz system. In this paper we obtain exact estimates for generalized derivatives
of such quasipolynomials on the interval [0,1].
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Abstract. In this paper we consider a Kirchhoff type viscoelastic problem, and prove

uniform stability of the system. We do not rely on the diasipatlvity of the system or the
boundedness of the energy as in the previous treatments. There appears a quadratic term
which we cannot estimate by the initial energy as our system is not clearly dissipative In

advance.
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1. Introduction

In this paper we consider the following wave equation with a viscoelastic damping

term:

utt = (I + a(t) [|[Vullj) Av - /o - S)Au[s)ds + f(t, x), in fi x R+
(1.1) u=0, onI XR+
u(x, 0) = tto(i), (,0)=ui(g), m ,

where I is a bounded domain in R" with smooth boundary I = 9IM; the functions
uo(x) and ui(x) are given initial data; the (nonnegative) relaxation function h(t), the
(non-negative) function o(t) and /(£, x) will be specified later, and ||-||2 stands for the
L2-norm.

The equation in (1.1) describes the motion of a viscoelastic body according to the
Kirchhoff model (see [8,18]). The integral term in (1.1) represents the memory term
or the dependence on the history and the kernel involved is the relaxation function.

Kirchhoff type problems (with different dissipations) and viscoelastic problems
have been investigated independently by several authors during the last decades (see,
e.g., [2-19]). A number of results on well-posednesa and asymptotic behavior of the
solutions have been established. Among them only few papers deal with problems of
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the type (1.1). It should be noticed that the study of the problem of interest leads to
some considerable new complications.

In the above cited papers were extensively used the boundedness of energy to
estimate the quantities of interest. In our case, due to the presence of the forcing
term f(t,x) in the Kirchhoff problem, the derivative of the energy is not necessarily
negative, and hence we cannot use the boundedness of the energy to estimate some
terms like the one involving the coefficient of diffusion a(t) ||V ul|j Au. Moreover, even
without this forcing term, since the relaxation function h(t) generally is not non-
increasing (see (17)), again we cannot use the boundedness of the energy to estimate
the corresponding terms. In this paper we resolve this problem with the help of an
inequality due to Airapetyan et al. [1]. Note that the well-posedness of the problem
can be proved using the Faedo Galerkin method (see, [1,8,18]).

Theorem. Let (uo,w) 6 H2(2) Hq(Sl) x L2(SI) and h(t) be a nonnegative
summable kernel. Then there exists a unique solution n of the problem (1.1) satisfying
u6 C ([0, T;#2( ) W W and

ut& C ([0, T];L2(n)) ([0, 71;~( )

for some T > 0.

The paper is organized as follows: in Section 2 we prepare some material needed to
prove the main results of the paper (equivalence of the classical and modified energy
functionals and some lemmas). Section 3 is devoted to the statement and proof of our
decay result. In Section 4 we present some simple examples illustrating our findings.

2. Preliminaries

In this section we introduce different functionals we will work with, prove the
equivalence of the classical and modified energy functionals, and state a useful identity
and a lemma which constitutes the key tool in our contribution. We define the
(classical) energy by

m o=\ ([ +lvull@ + 7~ [V«|S, t>0
where ||.[|3 denotes the norm in L2(fi). It follows from the equation ()i that if a(t)

is a differentiable function, then

*E'(i)) = [ Vtit [ h(t- s)Vu(s)dsdx + [[Vullo + [ utf(t,x)dx,t>0.
Jn Jo Jn

4

Observe that
2 f Vut / h(t—s)Vu(s)dsdx = f (/i'DVu)<ii - h(t) ||[Vu|3 —
n Jo Jn
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- (W vV u)rii- Q f ft(e)da) |[Vul|“],

where
(wwv)(i) = Jf h {t- 8) |v(t) - v(a)|2ds, t > 0.
o
Therefore, modifying E{t) to
m = |iiutiia+ (i- jf *<®)*) nv«lfi+ [[Vull” +

we obtain, fort > 0
E s et ees e+ Y Ll s fautf(t, x)dx
- 5fn(h'OVu)dz- [V ullj + uvulz+ 6 || + |l/]] , $> O.

These steps will be justified later. Clearly £'(t) is not necessarily negative at this stage,
and this already eliminates several possible methods and techniques. We assume that

the kernel is such that
r+00

(2.2) 1-J h(s)ds =: 1- k> 0.
Next, we define the standard functionate: ®i(i) = fn titudx,

»a(t) = - [ W[ h(t-a) (u(t) - u(@)) dadx.
JnJo
The next functional was introduced in [17]:
Pa(i)= [ | Hy(t s)\Vu{s)\2dsdx,
Jn Jo
where
(2.3) #T7(%) :=7(<)-1 *(s)7 (s)de,

and 7 (t) will be determined later (see (H3) below). The modified energy we will work

with is given by
(24) EC)=£()+E£"~ ()

for some A*> 0,i = 1,2,3, to be determined.
The next result states that L(t) and £(i) + 3( ) are equivalent.

Proposition 2.1. There exist constants pi > 0, i = 1,2, such that
Piim + *3())] < Lit)<p*T + 3()]

for allt>0 and small enough A* t = 1,2.
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Proof. By Poincar6 inequality we have
() = (< VM3 + MV ou|*i
where Cp is the Poincaré constant, and also
O<vifr+ 2 7)1

where we have used the inequalities

o -3 M- «*)ds
N VKi~s)Mh(t—s) () - u@)ds
(Soh(t- s)ds)' (Soh( - s)(u- u(e))2ds)" e
The last two estimates imply
W <WU1+Mm+b)IMA+ (x-S0 Ne +7~ ) livulls
+i (1+ A2CP«) Sn(hDVu)dx + JBP3W.
On the other hand we have
TL@> L k- bl L KDY fn(hOVu)dx
+[1- *- AJCp] |[Vul|2 + 2A3d3(i).
Therefore, pi[£(i) + D3(E)] < L(t) < / [EE) + P3(4)] for some constants pi > O,
t = 1,2, and small enough A% i = 1,2, such that Ai < min{l, (1- k)/Cp} and
A2 < min 1- A'i|. Proposition 2.1 is proved.
We will need the following identity: for continuous functions h and v defined on
(0,00) and t > 0
(26) t
) M- s)yfs)ds =\ K*)<bj Va() +\J Q  ~ s)v2{s)ds - I(LLIV)(i).
The proof is straightforward.
The following lemma, which was proved in [1], plays a key role in the proofs of our
results.

Lemma 2.1. Letx(£), a(E), P(t) € C[0,00). If there exists a positive function g(£) €
({0, 00) such that

0< *)< (xc>-£%), m < (*«)-£9%),
then a nonnegative solution v(t) of the following inequality
vi(t) < -x(tv(t) + aBw) + ()
such that u(0)v{0) < 1, satisfies the inequality v(t) < Y.
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3. Asymptotic behavior

In this section we state and prove the main result of this paper. We first introduce

some notation (see [11]). Let h and Kk be as in (1.1) and (2.2), respectively. We set
izK aud for a measurable set A C R+, we define the probability measure h by

).

(3.1) h{A):=~J"h(s)ds.

The flatness set and the flatness rate of h are defined by

(3.2) Qh:={s6 R+ :/»(s)>0andV(e) = 0}
and

(3.3) An = ~NQh),

respectively. Also, we define
Oht:={s€R+:0<s<t h{t- s)>0andh'(t- s) = 0},

and let i. > 0 be a number such that /&"h(a)ds = /1, > 0.
We impose the following assumptions on the kernel h(t).
(H1) h(t) >0forallt>0and0 < k= /G°°h(s)ds < 1
(H2) h(t) is an absolutely continuous function such that h'(t) < 0 for almost all
t> 0.
(H3) There exists a non-decreasing function () > 0 such that ) := / )
is a decreasing function and /06r0° ( ) { )( < +oo0.
(H4) The function a(i) is a continuously differentiable, and / € L2(fi) is a continuous
function in t.
Remark 3.1. Note that the assumption (H 3) is satisfied for a broad class of functions
including polynomials and exponential functions. Moreover, we are considering kernels
satisfying (H2) and (H3) just for simplicity. Our approach can be applied for other
more general kernels as well. In particular, for occasionally increasing kernels (see

[17).
Theorem 3.1. Let the hypotheses (H1)-(Ll, ) be satisfied, and let A7(0) <

and Xh. < 1/4, where Hy(t) and are as in (2.3) and (3.3), respectively. If there
exists a positive function fi(t) 6 C1[0, 00) such that

la ™ w (A® ~ )
where 0+ (t) := sup{0,a’(t)} and B is given in (3.20) below, then E{t) < ) for
i > 0 in the cases:
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(@) lit(oor](t) = ff 0 and A(t) — A = pjlmax{C2,A3"} ( is asin (3.19)
and A3 will be chosen), or

(b) limt_»oov{t) = 0 and A(t) = Arj(t) = pjlTax{1,A3}, t > 0 for some positive
constant C provided that /i(0)L(0) < 1L

Remark 3.2. The conditions imposed on and 0) may be relaxed with a trade-
off on 7. Moreover, the existence of such a function is illustrated by some examples
given in Section 4.

Proofof Theorem 3.1. A differentiation of () with respect to t along trajectories
of (1.1) gives

Di(i) = W1 |Vti|*+ / Vu I’ h{t- s)Vu(s)dsdx - a(t) ||Vu||*+J ufdx
Jn Jo n

and, by the identity (2.5), we obtain
(3.4)
e (L Bt T e s It 7 Wds - | In(hBVu)dx
-af{t) Uvuus + dxcp v + £ WA, = > 0.

For () we have

*= SoHt- s) (u(t) - ufs)) dsdx
- Inu‘[/0 "( - s)( (0O u(s))ds+ utd“h(s)ds] dx
or
M3(*) =-/n [(1- 0*W™*) n“+SoH* S)(A«(@i) [A«M)ds
+a(i) [[Vullj Au+ /(t,2)]/0h{t- s)( )- 1 ))dsdx- (/,*/i(s)c/a) IHI2

- Inu*So n'(*- 3) ("W ~ u(e))dsda:-

Therefore

(3.5)

( = (x- Sohw s) SnVuSow - s)(Vuw - VuW)dsdx
+«(*) HVIXIl fn Vu /1, h(t - s) (Vu(t) - Vu(s)) dsdx

- sn /() sow - § («*)- UM)ydsdx - (So (*Ne) Tkl
+snllow -*) (VUW- Vu(s))ds] & - sn Soh'¢x- ) (“(Y)- u(s))
Now Te estimate the terms on the right-hand side of expression (3.5). We start with
the second term, for which clearly we have

e(t) MullaSn v «-SoW - 8) (VUW - Vu(*))

< |IV<||5 [HVEXIIE + (,,* h(s)ds) /n(Anv«)d*]
)8 |1 1]y (Soh(s)ds) fn(hDVu)dx
£& £°(%)+ = ir” £ 2W-
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Next, for the third term on the right-hand side of (3.5) we have

sn/(**)so *- s) (UW
37) < , (3% h(s)ds) /m(WIVu)<*r+ £ ||/||*, S2> 0.

Regarding the first term on the right-hand side of (3.5), for any measurable sets A
and Qsuch that A =R +\Q, we have

SoVu/o a) (Vu(f) - Vu(e)) dsdx
=JnVu , * a)(VuW - VuM)dsdx
(o o\ + fnVufot h(t- 8) (V«(i) - Vu(e)) dsdx
1 < Sn Vu fAi - s) (Vu(t) - Vu(s)) dsdx
+6So,W MKW \l SnV»Sq, - s)Vu(s)dsdx,
where we have adopted the notation: :=b [0,t]. It is easy to see that for 8 > 0
SnVuSa, - 8)(Vuw - VuM)
39 < *3||V«||*+ £ [/n/n, O(*- s) [Vix(t) - Vu(s)|2dsdx,
SnVuSo, - s)Vu(a)dsdx
(310 < (So,W + So,W  *)Bv«(»)*,
The inequalities (3.9) and (3.10) together with (3.8) imply
(3.11)
SnVti/0h(t- s) (Vu(t) - Vu(a)) dsdx
< (*3+ f So, °)d*) Ivxili* + £ /nfAth{t- a)|Vu(i) - Vu(e)|2dsdx

+5 3) UVuWllan

where h is defined by formula (3.1).
Thus, it remains to estimate the last two terms on the right-hand side of (3.5). Fbr
the next to the last term we have

Jn |/o ) (V«(t) - V«(9)) d*|2dx
(3-12) < (1 + 7t)KSn Sa, —8) 17«( ) - Vu(s)|2dsdx
+(1 + St) (fQh(t- a)dsj InJIQh(t- a)|[Vu(i) - Vu(s)|2dsdx, S > 0.

Finally, the last term on the right-hand side of (3.5) is estimated for any % > 0 a3
follows
Snu*Soh'(t- s)( ) - “(»)dsdx
(313) < 6 I+ (Siifrwi*) /m@n|ovujdz
< * llutlla % h(0) fn(h'OVu)dz.
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Taking into account (3.6)-(3.13), from (3.5), we obtain

< (1- h) [*3+ §fQh(t- 3)de] [Vul2+ (36 h.) Wi\l
+S3CP (/0 h(s)ds) fn(hDVu)dx +  /lI2+ ~ £ 2(%)

(3.14) +* i1+ + Jr] In/a, h(t- 3) IVtiW - Vu(s)|2dadx
+H 1-b*1hgthd-ag) iy (HIiZ d*
i£n(®)InSa,n'(*- 3 Nu® - Vu(s)l2
+(1+5) (fQh(t- s)ds) fnfoth(t- s) Mu(i) - Vu(s)|2dadx.

Further, a differentiation of 3(t) yields
(3.15)
B3()=4a70) ||Vujl2+ f* LW, (i 3)[[Vu(e)||2ds
= tf7(0) |[Vulj2- ;0™ a 7( s)|Vu(s)l|2ds - ti h(t- s) ||[Vu(S)||2ds
< tf7(0) |[Vullj v() A7(- s)|[Vvu@)|l2ds f° - s) |[VuOO]||2ds,
where we have used the fact that rj(t) := ( )/ () is a non-increasing function.
Taking into account the estimates (2.1), (3.4), (3.14) and (3.15), we can write

L'(t) < fn(h'OVu)dx - 0) f,, fAth'(t s) IVu(t) - Vu(s)|2dsdx
+ Aia(t)l [|[Vul]l]j + [S+ Ai + No  h.)X2]||ut]||2

+3 [r+ + &) WA»+ Tr=~TRE2(*Y)  *3U(*)s(*)

+ JAIGICp + A2 (1 —/1) &g+ | JQ h(t —e)dsj + A3A7(0) —Ai(l —?Dj
Xuvumll*+ (- + - A3)/0 ( - )I|IVwn()l2ds

+A2* [S2CP+ 1+ ~ + £] /nfAt - s) [Vu(t) - Vu(s)|2dsdx

(3.16)

+ A »+ (1+ MA2fQh(t—s)ds —
X nfQx 3) [Vu(t) - Vu(s)|2dsdx.

Consider the following seta (see [11])
An:= {s €R+ :nh'(s) + h(s) <0}, n€ N,
«  observe that

U~, = R+\{QaU "},

where IN, is the null set where h is not defined and is as in (3.2).
Furthermore, denoting Q,, = R+\An, and taking into account that Qn+i C Qn for
allnand f)nQ,, = Q,U we obtain litn_too J1(0,,) = J1(On). Define the sets

Ant ={s 6 R+ :0< <t nh\t—a)+ h(t—s) <0}, n€ N.
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In (3.16), we take A := Ant, Q® Qtand Al = (1. -e) A2for some small enough

e > 0, to obtain
(3.17)

U <i[i-AA0)L ¥ 91 - VUMI2edx

+A3A7(0) - (1. - e)Aj(l- )} LMUB+ [5+(S e) Ad |blla

+ _A3) £ JNI(i- B)||Vu(a)l2da
+ [lak  + p+ + £e) - Inlg,,, J(<- B) |Vu(t) - Vu(e)|2dsdx
+A3 [s2Cpk + (1L + St) fanth(t- a)ds -
Xfnl/a., - 5) [V«(t)  Vu(e)|2dsdx.
Noticing that [Vullj < ™M~ja£2Wi wo chose (55 = e/2, A3 = N and Aj
satisfying Aa < and

ArT+~ +in~ +In~-JU -C i, Ch>0,

to get

(3.18)
) <-AMt) IMt]|i+ *[* + + fc] Mla+ ™ (? [, 1a(0£29

—A3NE)D3(<) + AajriCp (1* —e)+ (1 —N) + §/~nl N4 —s)da]
+NEIATO) (- e) (1- )} [[Ve|la+ [S- fAa] M ?
+Aa MaCp/i+ (1+ )/gn|h(t —s)ds —h%-gj

x fn feu, - ) IVuW - VuWIl2dsdx - CifnfAnth(t- B)|Vu(t) - Vu(e)|2dsdx.
For small enough e and  and large enough values of n and , we have h(Qh) < 1/4
and

1+ mKnaom ~ 1 <0,
implying
withp —j |l ] *Note that p < 1/ 2. For the remaining 1—p we require
that

irnd 70)<(1-p)(Jy-£(1-1).
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This relation is satisfied for ff7(0) < and sufficiently large ». Therefore, for
small enough Si, i = 1,2,3 and 6 we obtain

(3.19)

L'(t) < -C 2L P ] T2 hnt(ipali),

for t > t, and some positive constant
(@ If limttoo T|(t) = fj 0, then Tj{t) > fj, and by Proposition 2.1 there exist
C3 > 0 such that

(320) E£(<><-0O 40 +L + Y+ (i +f  +]) IHI

Applying Lemma 3.1 with

Ul n _a\_ a+(*) + 4Aja(t) 1/1 . «A2 , A2" ,,
X({t) C3,aft) —% {1_K3 .«*)y=4U + 77 + rry 112
we infer that E{t) < C/fj.(t), t > 0 for some positive constant C.
(b) Iflim”~oo0 T)() = O, thereexistt>t, suchthat () < for allt > t. Therefore

(321) m <-c.m m + + (j+£+£) ml
for some > 0. Taking x(t) = ) we conclude that
E(t) < C/n{t), t > 0.

This completes the proof of Theorem 3.1.

4. Examples

First, as it was mentioned above (see Remark 3.1), polynomials and exponential
functions satisfy the assumption (H3). Indeed, for 7(I) = (1 + t)a, a > 0, we have
7Y = 7/(t)/7(t) = a(l + f) 1, and for 7 (t) = eat, a > 0, we find 4[t) = 7/(0/7(<) =
a.

Next, we give two examples that illustrate both possible cases in Theorem 3.1.
Example 4.1. Let a ) = aaevi for some positive constants <to and v, which may
result when a(i) = aeui) and P(t) = Poe~ul for some positive constant 0o- This
situation can occur, for instance, if the function f(t,x) is of the form g(x)e~%21 Then
fi(t) = /Meui with no satisfying <0 < ~) andfa < 3~ (xo0-"). where xo = C3
(see formula (3.20)). This is possible when v < xo and 4<roA) < (xo0 —Vv)7-
Example 4.2. Assume that \ ) —q(1+ 1) 1 (see (3.21)). This can occur if 7 (£)
is of the form (1 + t)*), a(t) < cto(l + t)U and fi(t) = /90(i + t)"'2. For instance,
this is the case when the functions a(t) and f(t, x) are of the form a(l + t)"1 and
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N(x)(1 + 1)”*/2, respectively, with v\ + *1 < —2, Q > 2(*1 + 1) and 16<toA> < Q2.
Then, there exists a constant C such that //(E) C(14f) withun ~+ L
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1. Introduction

Throughout the paper the following notation will be used. The letters N, Z and
R denote the sets of all natural, integer and real numbers, respectively; k will stand
for a positive integer. For any a, b € Z we define Z(a) = {a,a-f1 -}, Z(a,b) =
{a,a+1, e+, b} when a < 6. By [] we denote the forward difference operator defined

by &Un = Un+i - - Also, the symbol * will denote the transpose of a vector.
The second order forward-backward differential-difference equation
(1.1) cV'(t) = V'(u(t+ 1) tit)- V'(u(t)- u@i- 1), t6R

has been studied extensively by many scholars. For example, Smets and Willem [26]
have established the existence of solitary waves of (1.1).

1This project is supported by the Specialized Research Fund for the Doctoral Program of
Higher Eduction of China (Grant No. 20114410110002), the National Natural Science Fbundatlon
of China (Grant No. 11171078), the Natural Science Fbundatlon of Guangdong Province (Grant No.
S2013010014460), the Science and Research Program of Hunan Provincial Science and Technology
Department (Grant No. 2012FJ4109) and the Scientific Research Fund of Hunan Provincial
Education Department (Grant No. 12C0170, 13C487).
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A generalization of (1.1) is the following equation
(1_2) Su(t) = f(t, u(t+1),u™iu(t~ D), t £ R>

where S stands for the Stunn-Liouville differential expression and / € C(R4,R).
The present paper considers the second order difference equation

(1-3) LUn —/ (1i,Un tx tinlun-1) |

with boundary value conditions
(1.4 Ua + Cttietl = A, Itfi+2 + Pub+1 = B,

where L is the Jacobi operator defined by Lun=0On + +a,,_iun_i-fb,,u,, an and
bn are real-valued for eachn 6 Z, / 6 C(R4,R), and a, 0, A and B are constants.

Observe that the equation (1.3) can be considered as a discrete analogue of (1.2),
and the operator L leads to a symmetric matrix representation. Also, notice that the
boundary value conditions in equation (1.4) include the following special cases: the
Dirichlet boundary value conditions, the mixed boundary value conditions and the
Neumann boundary value conditions:

1.5 «0 = A, ub+2 = B\
(1.6) «0 = A, Oub+i = B
@ Om0 = A, b+ = B\ and
(1.8) Oiia= A, Ouy-l = B.

It is worthwhile to observe that the Jacobi operators appear in a variety of applications
(see, e.g., [27], and references therein). They can be viewed as the discrete analogues of
the Sturm-Liouville operators and their investigation has many similarities with that
of Sturm-Liouville theory. It should be noted that there are a number of books devoted
to the Sturm-Liouville operators, whereas there are only few on Jacobi operators.
Moreover, there is a small number of researches available that cover some basic topics,
such us positive solutions, periodic operators, boundary value problems, etc., which
typically can be found in the books on Sturm-Liouville operators (see, e.g., [17]).
Without loss of generality, we can assume that a —0 and b = k- 1for some positive
number k. Then the boundary value problem (BVP) (1.3) with (1.4) becomes

1.9 Lun = /(«>Un+1,Un, Un-1), 6 Z(l,fc)
with boundary value conditions

(1.10) uo + orui = A, UfcH + /3vic = B.
124



BOUNDARY VALUE PROBLEMS OF SECOND ORDER .

The theory of nonlinear difference equations has been widely used to study discrete
models appearing in many fields, such as computer science, economics, neural network,
ecology, cybernetics, etc. Since the last decade, there has been much literature on
qualitative properties of difference equations, those studies cover many of the branches
of difference equations (see, e.g., [1, 8, 9,14-16, 18, 20, 22, 24, 25], and references
therein).

In recent years, the boundary value problems for differential equations was studied
extensively. By using various methods and techniques, such as the Schauder fixed
point theorem, the cone theoretic fixed point theorem, the method of upper and
lower solutions, coincidence degree theory, a series of results of nontrivial solutions
for differential equations have been obtained in the literature (see, e.g., [2-6, 13, 28].
Notice that the critical point theory is also an important tool to deal with problems on
differential equations (see [19, 23, 31]). Because of applications of difference equations
in many areas (see [1, 8, 15, 16, 20, 25]), recently, some authors have gradually
paid attention to applying critical point theory to deal with periodic and homoclinic
solutions of discrete systems (see [7, 10-12, 29, 30, 32, 33]).

hi particular, using the critical point theory, Chen and Eang [7] have obtained a
sufficient condition for the existence of periodic and subharmonic solutions of the
following second-order p-Laplacian difference equation

O@pp(Au(n - 1))+ /(n,u(n+ 1),t ),u(n- 1)=0,n62Z

We also refer the reader to [29, 30] for the discrete boundary value problems. Notice
that, however, all these topics do not concern with the Jacobi operators.

As far as we know results obtained in the literature for the (BVP) (1.9) with
(1.10) are very scarce. Since the function / in (1.9) depends on un+i and un-i, the
traditional methods of establishing the functional, developed in [10-12, 29, 30, 32,
33], are inapplicable to our case. The present paper aims to fill this gap.

In this paper, motivated by the above arguments and results, we use the critical
point theory and obtain sufficient conditions for the existence and multiplicity of the
solutions of the BVP (1.9) with (1.10). The main idea is to transfer the question
of existence of the solutions of the BVP (1.9) with (1.10) into that of the critical
points of some functional. We also demonstrate the power of the critical point theory
in the study of the existence of multiple solutions for boundary value problems for
difference equations. For the basic concepts and results on variational methods, we
refer the reader to [19,21,23,31].

Throughout the paper we suppose that B = 0 and an < 0 forn 6 Z(l, k). The
main results of the paper are the following theorems.
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Theorem 1.1. Assume that the following conditions are satisfied:
(Li) bi- aao+ai>o, bk- oak+ ak-i >0, b{+o-+ < >0,2<i<k- 1
(Fi) there exists afunctional F(n, ®6 ~ (Z x R2,R) with F{0, ¢) = 0 such that
dF(n-lLva¢tg) + dFiwijt) = /(n>WiV2jW3)t Ve z(Itife)?

av- o2
(F3) there exist constantscj > 0,c, >0and 1< n < 2 such thatfor anyn e Z{1,k),

(1.12) F(n,vi,v2) <Ci ("Jvj +vjJ +C2
Then the B VP (1.9) with (1.10) possesses at least one solution.

Corollary 1.1. Assume that the conditions (Fi) and (Li) are satisfied. And,

(F3) there exists a constant Mo > 0 such that for all (n,vi,v2) 6 Z(l,k) x R7
8 F(n,v.uvi) < Maq, AP (n,vi,v3)

dvi av3
Then the BVP (1.9) with (1.10) possesses at least one solution.

<MO.

Remark 1.1. Assumption (F3) implies that there exists a constant Mi > 0 such that

(F3) |[F(n,ui,V2)| < Mi + MO(lvi|+ | ), V(, ., )€ z{l,k)x A2
Theorem 1.2. Assume that the conditions (Fi) and (F3) are satisfied. And, also
( ) =0, 6i-aao+ai =0, =0, <+ <+ _ =0,2<i<k—l;

(F4) F(n,v ,« ) ++00 forn 6 Z{l,k) as y/vf+v$-+ +00.
Then the BVP (1.9) with (1.10) possesses at least one solution.
Theorem 1.3. Assume that the condition (Fi) is satisfied. And, also

(F5) there exists a constant \ > 2 such that for any n € Z(l, k),
(1.12) o< ., )< n)y + >4,
Then the BVP (1.9) with (1.10) possesses at least one solution.

Remark 1.2. The condition (1.12) implies that there exist constants G > 0 and
G > 0 such that

(1.13) F(n,v, )>c3 -c4, VnezZ(l,k).

The next two theorems contain sufficient conditions ensuring at least two nontrivial
solutions for BVP (1.9) with boundary value conditions (1.10).
Theorem 1.4. Assume that A - 0, and the conditions (Li), (Fi) and (F6) are
satisfied. And, also
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(Fe) there exists a functional F(n, ) 6 ClI(Zx R2,R) such that
=0, r=\jv\ +vl, Vn€ Z(l, k).

Then the BVP (1.9) with (1.10) possesses at least two nontrivial solutions.
Theorem 1.5. Assume that the conditions () and (F-) are satisfied. And, also
(F7) there exist constants > 0, r26 (o, Amin) such that

F(nt> ,« ) < T2 (wj+vf), forn € Z{l,k) and w? + V] < 62;
(F8) there exist constantsp > 0,7 >0, a2 6 (~ | ,+00) such that
F(n,vi,v?) > (uj+w9- 7,forn€ Z(l,k) andvf+ > p2
where Amin and Amex are defined in formula (2. ).

Then the BVP (1.9) with (1.10) possesses at least two nontrivial solutions.
Remark 1.3. It follows from (Fe) that there exists a constantyY > 0 such that

(Fg) F(n,vi,v2)> (vf+wWg -7 V(nvi,u2) 6 Z(l,K) x R2.

2. Variational structure and some lemmas

For a given r > 1, define the norm Ll ||r on Rftas follows: for allu 6 Rt

Nlr= (x > I) -

Since ||ul|r and ||u||2 are equivalent, there exist constants ki, ki such that >
ki > 0, and

(2.1) bl bl [3<IMr<bl bl la, V«6R*
Clearly, |lulj = | || - When k > 2, for the BVP (1.9) with (1.10), consider the
functional J on R ftdefined as follows:
1 k .
(2.2) J(u) = - (Fu,u) + (t?,u) - "F~r.un+biir,),
n=I
Vu = (ui, «2,e¢s Uty 6 R, Uo+ = u*+i + OUk = B, where
1 bi — aao 01 0 . 0 0 \ ( ogA ~
ai . 0 0 0
P = S Vo=
0 0 0 + m bk-1 ajt-i 0
0 0 0 e« ajt-i bk - fio-k / VvV akB ¥y
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Clearly, J £ C1(RTtR), and for any u = {un}nez(i,fc) 6 R fc by using the equalities
ti0+ atii = A and ttjt+i + fak = B, one can easily compute the partial derivative:

= LUn —/(ni**n+i=n=d1 n ~ z(l, -
oun (ni**n+li *ni ) i,

Threfbre, nis a critical point of J on R* ifand only if {uT,}nlo —(¥0>**i, 2, ese K **fcH)
is a solution of the BVP (1.9) with (1.10), where u0 = A - aui and uk+1 =B  Quk.
Thus, the existence of solutions of the BVP (1.9) with (1.10) isreduced to that of the
critical points of J on R*. That is, the functional J is just the variational framework

of the BVP (1.9) with (1.10).

Remark 2.1. The case k = 1 is trivial. For the case k = 2, P has a different form,

namely,

—geclq 01
ai 6 —fiaz

However, in this case, it is easy to complete the proofs of Theorems 1.1 - 1.5.

Remark 2.2. Itfollowsfrom () that Oisan eigenvalue ofP and = 7 (1,1, ¢, 1)* ¢
Ek is an eigenvector of P corresponding to 0. Let Ai, Aa ¢+, A*_ i be the other
eigenvalues of P. Applying matrix theory, we infer that Xj > 0for allj 6 Z(l, k- 1).

Define
(2.4) Amin=min{A%Nje Z(l,k- 1)} >0, = max{Aj|76 Z(l, A- 1)} > 0.

Denote W = {( , ," *)*6Rff™i=c c6R, n6 Z1,A)} and let V be the
direct orthogonal complement of Rtto W, i.e, R* =V ®W.

Let E be a real Banach space and let J € Cr(E, R), that is, J is a continuously
Fréchet-differentiable functional defined on E. We say that the functional J satisfis
the Palais-Smale (PS) condition (see [12]), if any sequence {u”} ¢ E for which
{J (u«) }isbounded and J' (uM) —»0 as K —»00 possesses a convergent subsequence
in E. Let Bp denote the open ball in E about O of radius p and let dBp denote its
boundary.

Lemma 2.1.(Saddle Point Theorem, [23]). Let E be a real Banach space, E =
Ei © E?, where E\ {0} and is finite dimensional. Suppose that J 6 C1(E,R)
satisfies the (PS) condition and also
(J1) there exist constants /x, p > 0 such that /|eB,ne, < /4 (“a) */lere exists e 6
Bp Ei and a constant bl > 1 such that J|e+Sa > w.

Then J possesses a critical value ¢ > w given by
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where
r={16 CBpnE\,E) I/ilgB,nB, = <%}
and id denotes the identity operator.
Lemma 2.2. (Mountain Pass Lemma, [231). Let E be a real Banach space and let
J e CI(E, R) satisfy the (PS) condition. 1f J(0) = 0 and
LU there exist constants p, a > 0 such that J\gb, > a, and
(Jt) there exists e 6 E\B P such that J(e) < 0.
Then J possesses a critical value c> a given by

(2.5) c= i@fr 4rg[%§) J(9(s)),
where
(2.6) I = {g 6 C([0,1], £2)Iff(0) = 0, ®&(1) = e}.

Lemma 2.3. (Linking Theorem, [23]). Let E be a real Banach space, E = Ei ©
where Ei isfinite dimensional. Suppose thatJ € C*(E, R) satisfies the (PS) condition
and also

(Jb) there exist constants a > 0 and p > 0 such that J\oB,,nE2 > a;

(Je) there exists an e 6 dBi Ej and a constant Ro> p such that J\eQ < 0, where
Q= (Yo Ei)®{re|0 <r < Oo}.

Then J possesses a critical value ¢ > a given by

°= i g 0

where ' = {/i € C(Q,E) \h\eq = id} and id denotes the identity operator.
Lemma 2.4. Assume that the conditions ( ), (Pi), (Fs) and ( ) are satisfied.
Then the functional J satisfies the (PS) condition.
Proof. Let«tO g Rftand I 6 Z(l) be suchthat {J (u”)} isbounded and J' (u”) —
0 as | -¥ oo. Then there exists a positive constant M2 such that |J {u”)\ < M2.

Let «M = 6 V + W. Pbr I large enough, since

Alull < { 3" (u«) ,u) = (F’U(i),u)+In re o+ -r )

in view of (Fi) and (F3), we can write
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On the other hand, we have (A ® ,#) = (J*»®,»®) > Amin| (0||2mTherefore
Auwb | (,]|2< @2MOv™ + 1) | ®||. implying that {u<‘>} is bounded.
Next, we show that {u/(,)} is bounded. Since

N>-Jn =4 (p7y>)+HH> &P m

=  /Pu@u)+22 [F( .« .1, °)-F(n , , °)]+ £ F (ntCn+ ,to®),
7= Sl
we get

E*¥e(«,«&>,"8")

n=1

<ml+i (a,<v>)+E£|f(, 1, >)-Ff(«,«a,,,»)]|
n=1

< Mj+ MAuax ||«® 1L
K t« >) . +1 + FIUn+1.WnO + O« °)
"n+l 1

n=1

<Ma+lA™p)||2+tv/I4AA:-4™ + "Moo ||v«]],

where e 6 (0,1). It iseasy to seethat j £ F j is bounded.

It follows from (F4) that {w»W} is bounded. If otherwise, we assume that |[to®| ->
+00 as | -+ o0o. Since there existz™ 6 Rfc/ € N, suchthat wM = (*1O, zP), ¢+ ,*No)* e
Ek, then

|[«®|| = "E [BAPIN |*®f) = Vfc|z(Q->+00 as | -¥ 00
Since
i 0, Wi} 1R R AR AL )
then F 1= -+ +00 as i —xg0.
. Pt
This contradicts the fact that | X} FAn,u»”.j,«4,) | is bounded. Lemma 2.4 is
proved. L

Lemma 2.5. Assume that the conditions (Li), (Ft), (Fe) and (Fe) are satisfied.
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Then the functional J satisfies the (PS) condition.

Proof. It follows from (Li) that P is positive definite. We denote by Ai, A2,sees , A*
its eigenvalues, and define

2.7 Amin = min{Aj|j € Z(l,fc)} > 0, Amax = max{Xj\j 6 Z(l,fc)} > 0.

Letuw 6 Rftand 1 6 Z(l) be such that {J (u”)} is bounded and J' (u®) —0
as / —»00. Then there exists a positive constant M3 such that —Ms < J (tx?) <
Ms, V/ € N. By (1.13), we have

-M. < (<«) =0 (ft,w,«ra) _ (o> ,,,,<?)
n=I
A 2Amax + GAA
n=1
< [lu()| -Csfcfljju()] + Qi
This implies

c3*T [j«()|| 1- ~AnBX||««| < Af3+ dfc.

Since ai > 2, there exists a constant M4 > 0 such that
[[ti«||<M 4l V/e N.

Therefore, {u”} is bounded on Rfc As a consequence, {«”"} possesses aconvergent
subsequence in R ft Thus the (PS) condition is satisfied. Lemma 2.5 is proved. O

Lemma 2.6. Assume that the conditions ( ), (F\), (F7) and (Fe) are satisfied.
Then the functional J satisfies the (PS) condition.

Proof. LetuWw 6 Rfg 16 Z(l) be such that {J (u”)} is bounded and J* (u”)—»0
. as / —¥00. Then there exists a positive constant Ms such that |j (u”)| <M&By
(Fg), for any € Ek and 16 Z(l) we have

it <) («<m>) - 0 (pry«WH-& (, 1, °)
n=1

< QAmMax-® )| (4] +w<w-
Therefore,
- 5XI/I)K) LUnALNAT6 + N1Y-
131
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Since > 5> «, it is easy to see that {uw } is a bounded sequence in Ek. As a
consequence, {u(,)} possesses a convergent subsequence in Ek, and the result follows.

Lemma 2.6 is proved. O

3. Proofs of the main results
In this section, we prove our main results by using the critical point method.

Proof of Theorem 1.1. It follows from (Li) that the matrix P is positive definite.
Let Ai,A2,-- ,A* be the eigenvalues of P. Applying matrix theory, we have Xj >
0,j =1,2, s, Without loss of generality, we may assume that

0< Al < Aj < eom< A~

Then for any u = (ui, ,e**e,uk)* 6 R we have

JW) > rAifuliz- | el fl-ei]T o (r 2+ + ) -

n«l =

> \W* - IMIeN1 ClE£ [(1+ W)e| ||+ UnlllC cafc
=1

> N1 HUI2- IMI*IN - CL*(2+ I0ITIMT - cafe-»+00 as |u|| -»+ 00,
which by (Fa) implies that J is bounded from below. From this, we conclude that
a (PS) sequence must be bounded in R*. This means that J(u) is coercive. By the
continuity of J(u), there exists 1 6 Ek such that J(U) = co- Clearly, 6 is a critical
point of J. This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. Observe first that by Lemma 2.4, J satisfies the (PS)
condition. Next, we verify the conditions (Jj) and ). Fbrany v e V, by (FE) we
have

1 fc
~J(y) = (Pvv)+$>(nlW )
n=1

1 ft
A —gAmInIMI2 + KMi + Mo~ (jun+I| + |un|)
n=1
< —3ATINUMLR+ kKMi + y/4k —4/9 + "2Mo||v|| ¥ —e0 as ||t/|| —»tex,
implying that the condition (Ji) is satisfied.
Next, forany w € W, w = ( , ,e*s,wk)* there exists r 6 R such that
wn = 2 for all n € Z(l,fc). By ( ), there exists a constant o > 0 such that
132
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F{k, —fiz,z) > 0 and F(ji,z,z) > 0 forn € Z(1,k - 1) and \2\ > Ro/y/i. Let
Me = min {~(n, z,2), F(fc, ~f)z, 2)} and M- = min{0, Me}. Then

F{k, -0z, z) > M7, F(n,z,2) > M7, V(n,z,z) e Z(l, k- 1) x R2.

So, we have
K k-1
-J(w) =2 F(n, wn+i,wn) = F(n,z, z) -fF(fc,-0z, z) > fcM7, Viu € IV.
n=1 T=1
It can easily be seen that the functional —J satisfies all the assumptions of Lemma
2.1, and the result follows. Theorem 1.2 is proved. O

Proof of Theorem 1.3. Since the matrix P (see (2.3)) is symmetric, its eigenvalues
(denoted by Aj,,Aa, *++ , A*) are real, and without loss of generality, we may assume
that Ai < Aj < ese< A* Therefore, forany u = ( ,« , eem tifc)* 6 R ft, we have

J(Uy < 2A9 U2+ N|.M C3X: \/ + + 2 +0K
n=I
A AfelMI2+ INTL IMI - e3*T1IMIL+ G » -00 as ||u]| -)* +00.
Due to the continuity of J(u), the above inequality implies that there exist upper
bounds of values of functional J. Classical calculus shows that J attains its maximal
value at some point, which is just the critical point of J. Theorem 1.3 is proved. O

Proof of Theorem 1.4. First observe that by (Fe), for any e = + )”min, where
Amin is defined in (2.7), there exists p > 0, such that

|[F(n,ui,va)| < A Amin (u? + t£) \Vn € Z(1,fc),

for y/v'l + V2 < y/2p.
Next, forany u = ( , ,ess ,UK* € R* and ||u|| < p, we have |u,| <p, n 6
Z(l, A), and for k > 2 we can write

J(u) > Aminjlull2—4 ) min/ / (Un+1 + un)

> 1| |I2- -Aminllull2= 1AT In||n||2.

Taking a = jJAminp2 > 0, we get J(u) > a > 0, Vu 6 g BP. Observe also that there
exist constants a > 0 and p > 0 such that J\dB,, > o. This implies that J satisfies
the condition (J3) of the Mountain Pass Lemma.

Clearly we have J(O) = 0, and in order to exploit the Mountain Pass Lemma in
critical point theory, we need to verify that the other conditions of the Mountain Pass

133



MA LIU, YUANBIAO ZHANG, HAIPING SHI. XIAOQING DENG

Lemma are also satisfied. By Lemma 2.5, J satisfies the (PS) condition. So it remains
to verify the condition («/ )-

Prom the proofofthe (PS) condition it follows that J{u) < £"max IMI9 ¢c3*I" ||« r+
c"k. Since ai > 2, we can choose u large enough to satisfy J(u) < 0. By the Mountain
Pass Lemma, J possesses a critical value ¢ > a > 0, where ¢ = infhér sup,6[o,i] J(h(e))
and ' = {A£ ~([0,1],RT) | A(Q) —0, A(l) W}

Let tx £ R* be a critical point associated to the critical value ¢ of J, that is,
J(ti) = c. Using the arguments of the proof of (PS) condition, we infer that there
exists 1 £ R* such that J(ti) = Q& = maXjgjo,!] J(h(s)).

Clearly, i / 0. If i & «, then the conclusion of Theorem 1.4 holds. Otherwise,
=1t and ¢c = J(u) = cm, = maxa6[0li]J(h(a)). This implies supugR), J(u) =
infher 8up4efo,i) Therefore, = maxee[0il) J(h(a)) for any h 6 T.

By the continuity of J(/i(s)) with respect to a, J(0) = 0 and J(t<) < 0 imply that
there exists sO € (0,1) such that J(h(ao)) = Om. Choose Ai, JR e I such that
{Ai(B) 1a€ (0,1)} {Ai(s) |a6 (0,1)} is empty, then there exists si, a e (0,1)
such that J (Ai (si)) = J( ( )) = Crax- Thus, we get two different critical points
of J on R* denoted by ul= Ai(si), u2= (). The above arguments imply that
the BVP (1.9) with (1.10) possesses at least two nontrivial solutions. Theorem 1.4 is

proved. O

Proof of Theorem 1.6. By Lemma 2.6, J is bounded from above on Ek- We define
co = BbupueBli J(u). The arguments of the proofof Lemma 2.6 imply liTumuy »+00 J(u) =
00. This means that —J(u) is coercive. By the continuity of J(u), there exists i1 e Ek
such that J(ti) = co- Clearly, 4 is a critical point of J.
Next, we claim that cq > 0. Indeed, by (F7), for any t*£ V, ||u|| < p, we have

> hh (et )

Taking a = [|[Amia (£2+ 2) ]p2, we have J(u) > a, Vue V dB,, Therefore,
we have proved that there exist constants o > 0 and p > 0 such that J\aefr\v > o.
This implies that J satisfies the condition (J5) of the Linking Theorem.

Noting that Pu = 0 for all u e W, we have
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Thus, the critical point it of J corresponding to the critical value co is a nontrivial
solution of the BVP (1.9) with (1.10).

It follows from Lemma 2.6 that J satisfies the (PS) condition on Ek. Now we are
going to verify the condition (Je).

We take e € dB\ V, and forany z € W and r € R we set u = re + z. Then we
have

1 k
Ju)= (P(re+2),re+2z)- "~ F(n,rentl+ *n+i,re, + z,)
7= 1

\ (p(re), re) - ~2 {cr2 [(ren+i + Zn+1)2+ (re, + z,,)2] - V}

n=1

1 N
Amnxr2- < M (ren+ zn)2 + ky'
n=I

A

= - jr2- <t 2+ ky < | 12+ ky .

Thus, there exists a positive constant R2 > 6 such that for any u 6 dQ, J(n) <0,
where Q = [Bra W) 0 {?-€0 < r < Ri}. By the Linking Theorem, J possesses a
critical value ¢ > p > 0, where ¢ = inf/,gr supu6QJ(h(u)) and I' = {h € C(Q,EK) |
/ilaQ = id}.

Let n € Ek be a critical point associated to the critical value ¢ of J, that is,
J(v) = c. Ifi i, then the conclusion of Theorem 1.5 holds. Otherwise, 1 = 0.
Then co = J(in) = J(il) = c, that is, sup J(u) = inf suB J(h(u)). Choosing h = id,

neB* her 6
we have sup J(u) = co- Since the choice of e 6 9Bi  V is arbitrary, we can take

ue
—e e gb1l V. Similarly, there exists a positive number Rz > a, such that for any

n6 dQi we have J(u) < 0, where Q\ = (Baz W) © {-re|0 <r < [3}.
Again applying Lemma 2.3, we conclude that J possesses a critical valued > p > 0,
where = inf/,eri supu6Ql J(/i(u)), and 'x= {h 6 C(Qi,Ek) \ = td}.

Ifd co, then the proofis finished. If d = co, then sup J(u) = cqg Due to the
«e0i

inequalities J\gg < 0 and Jleq, < 0, J attains its maximum at some points in the

interiors of the sets Q and Q\. However, Q Qi CW and J(u) <O forany u€ff.
Therefore, there exists a point u € Ek such that u' ¥ and J(u') = = co- This

completes the proof of Theorem 1.5. O
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4. Examples
In this section we give two examples that illustrate our results obtained in Theorems

14 and 15.
Example 4.1. For n € Z(1,k) consider the BVP:

(4-1)
—ttyi+l - “n-1 + 3u,, = (TiUn [v>(n) (  +1+ )A + V>(n- 1) (u*+ U2_a)™ ]

with boundary value conditions
4.2 uo + ctul= 0, Uk+l + Pvk = 0,

where ai > 2,a > -2 and > -2, <i(sf{a e R) is continuously differentiable and
tp(n) > 0 with (A0) = 0. It is easy to check that all the conditions of Theorem 1.4
are satisfied, and hence the BVP (4.1) with (4.2) possesses at least two nontrivial

solutions.

Example 4.2. Forn € Z(l, k) consider the BVP:

(4.3)
-6un+i- 6un_ + 12u, = . [n2( +1+ )* 1+ («-12( + - )* X

with boundary value conditions
(4.4) «0 + atii = 0, Uit+i + fiuk = 0,

where /x > 2, a = fi = —. It is easy to verify that all conditions of Theorem 1.5
are satisfied, and hence the BVP (4.3) with (4.4) possesses at least two nontrivial

solutions.

REFERENCES

[1] R.P. Agarwal, Difference Equations and Inequalities: Theory, Methods anri Applications. Marcel
Dekker, New York (1992).

[2] C. D. Ahlbrandt, “Dominant and .recessive solutions of symmetric three term recurrences J.
Differential Equations, 107(2), 233-268 (1994).

[3] V. Anuradha, C. Maya, R. Shivaji, “Positive solutions for a class of nonlinear boundary value
problems with Neumann-Robin boundary conditionsJ. Math. Anal. Appl., 238(1), 94-124
(1999).

[4 D. Arccrya, “Positive solutions for semilinear Dirichlet problems in an annulusJ. Differential
Equations, 94(2), 217-227 (1991).

[B] M. Cecchi, M. Marini, G. Villari, “On the monotonicity property for a certain class of second
order differential equations J. Differential Equations, 82(1), 16-27 (1989).

[6] S.Zz. Chen, “Disconjugacy, dlsfbcality, and oscillation of second order difference equationsJ.
Differential Equations, 107(2), 383-394 (1994).

[7] P. Chen, H. Fang, “Existence of periodic and subharmonic solutions for second-order p-Laplacian
difference equations Adv. Difference Equ., 2007, 1-9 (2007).

[8] S. Elaydi, An Introduction to Difference Equation. Springer, New York (1996).

136



BOUNDARY VALUE PROBLEMS OF SECOND ORDER .

[91 P. Eloe, “A boundary value problem for a system of difference equations Nonlinear Anal., 7(8),

813-820 (1983).

[10] Z.M. Guo, J.S. Yu, “Applications of critical point theory to difference equations Fields Inst.
Commun., 42, 187-200 (2004).

[11] .M. Guo, J.S. Yu, “Existence of periodic and subharmonic solutions for second-order
superlinear difference equations Sd. China Math, 48(4),506-516 (2003).

[12] Z.M. Guo, J.S. Yu, “The existence of periodic and subharmonic solutions of subquadratic second
order difference equations J. London Math. Soc., 68(2), 419-430 (2003).

[13] J.K. Hale, J. Mawhin, “Coincidence degree and periodic solutions of neutral equationsJ.
Differential Equations, 16(2), 295-307 (1974).

[14] J. Henderson, H.B. Thompson, “Existence of multiple solutions for second-order discrete
boundary value problems Comput. Math. Appl., 43(10-11), 1239-1248 (2002).

[16] W.G. Kelly, A. C. Peterson, Difference Equations: An Introduction with Applications. Academic
Press, New York (1991).

[16] V. L. Kocic, G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher Order with
Applications. Kluwer Academic Publishers, Dordrecht (1993).

[17] V.A. Marchenko, Sturm-Liouville operators and applications. Blrkh&user, Basel (1986).

[18] H. Matsunaga, T. Hara, S. Sakata, "Global attractivity for a nonlinear difference equation with
variable delay Computers Math. Appl., 41(6-6), 643-651 (2001).

[19] J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian Systems. Springer, New York
(1989).

[20] R.E. Mickens, Difference Equations: Theory and Application. Van Nostrand Reinhold, New
York (1990).

[21] A. Pankov A, N. Zakharchenko, “On some discrete variational problems Acta Appl. Math.,
06(1-3), 296-303 (2001).

[22] A. Peterson, “Boundary value problems for an nth order linear difference equations SIAM J.
Math. Anal., 16(1), 124-132 (1984).

[23] P.H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential
Equations. Amer. Math. Soc., Providence RI, New York (1986).

[24] Y. Rodrigues, “On nonlinear discrete boundary value problemsJ. Math. Anal. Appl., 114(2),
398-408 (1986).

[26] A.N. Sharkovsky, Y.L. Malstrenko, E.Y. Romanenko, Difference Equations and Their
Applications. Kluwer Academic Publishers, Dordrecht (1993).

[26] D. Smets, M. Willem, “Solitary waves with prescribed speed on infinite lattices J. Fund. Anal.,
149(1), 266-276 (1997).

[27] G. Teschl, Jacobi operators and completely integrable nonlinear lattices. Amer. Math. Soc.,
Providence RI, New York (2000).

[28] H. Wang, “On the existence of positive solutions for semilinear elliptic equations in annulus J.
Differential Equations, 109(1), 1-7 (1994).

[29] J.S. Yu, ZM. Guo, “Boundary value problems of discrete generalized Emden-Fbwler
equation Sd. China Math, 49(10), 1303-1314 (2006).

[30] J.S. Yu, Z.M. Guo, “On boundary value problems for a discrete generalized Emden-Fbwler
equation J. Differential Equations, 231(1), 18-31 (2006).

[31] W.M. Zou, M. Schechter, Critical Point Theory and Its Applications. Springer, New York (2006).

[32] Z. Zhou, J.S. Yu, Y.M. Chen, “Periodic solutions of a 2nth-order nonlinear difference
equation Sd. China Math, 63(1), 41-50 (2010).

[33] Z. Zhou, J.S. Yu, Y.M. Chen, “Homoclinic solutions in periodic difference equations with
saturable nonlinearity Sd. China Math, 64(1), 83-93 (2011).

MocTynuna 8 asrycra 2012

137



COOEPXAHWME TOMA 48

W3BECTUA HALUUOHANBHOW AKALEMUN HAYK APMEHUN
cepua MartemaTtunka

Sevan methodologies revisited: Random line processes
R. V. AMDAartzumian ... sae e
Parallel X-ray tomography of convex domains as a search
problem in two dimensions
R. V. AmMbBartzZUmian .. sessesseeseeseessenes
Some properties of certain classes of p—valent
functions defined by the Hadamard product
M. K. Aouf, T. M. SE0UAY e

HekoTopble 3aa4M 0 KOMMYTaTUBHOCTU
WUHTEPNONSALMNOHHbIX PYHKTOPOB
A. [, BarAacCapAH et
Meromorphic Functions With Deficiencies Generating
Unique Range Sets
Abhijit Banerjee and Sujoy Majumder.....iivveenenn.
O sBneHun M'mb6Cca oNa pasnoXXeHnii N0 CO6CTBEHHbIM
YHKLUAM KpaeBoii 3afaun ana cuctemsl Jupaka
P [ B apXYMAPAH e

BoccTaHoBNeHNE TpeyronbHWKOB MO KoBapuorpamme
A. Tacnapsan, B. K. OraHsaH s

O psApgax no obuieli cncteme ®paHknnHa

| P =Y =X o X o < T [P SRR
Extended mean field games

D. A. Gomes, V. K. V0osKanyan ...,
06 obpaTuMbIX anrebpax NMHelHbIX Haf abeneBoi rpynno

C. C. [ ABUAOB oottt bt
O noTteHumanax FpyMHa ¢ OrpaHNYEHHbIMU KBafpaTUUYHbIMHU

WHTErpanbHbIMU CpeaHNMU
A. OxpBawsaH, . [lMas, s

Proofe of the conjectures by Mecke for mixed
line-generated tessellations
Eike Bieh B er et
OUeHKM ANS TapMOHWNYECKN COMPSXKEHHOM
YHKLWUM 1 ans cucTembl Puca
M. A. BEBKAPAH ittt ettt
Onepatopbl Tennuua n FaHKens Ha BeCOBbIX MPOCTpPaHCTBax Tuna
BeprmaHa-[xp6alisHa rapMOHUYECKMX B eAUHUYHOM LLape
M. AL BAKAPAH ettt s
O rnafKnx peweHnax 0fHOr0 Kaacca NoUTH rBLO3IIMNTUHECKUX
YypaBHeEHU
I I (= - -« - T TSRS

OKBUBANEHTHOCTb MapTUHIanoBs u
HEKOTOPbIE CMEXHbIE BOMPOCHI

I N = =X V22 B 1 TR



COOEPXAHVE TOMA 48

O/[lHO 3aMeyaHne 0 KOMMYTaTUBHOCTU o6pasa J1-3HauHOi
aHaNMTUYECKON PYHKLMUK
M. N. Kapaxansan, . A. KamManaH. ...,

On Mockenhoupt’s conjecture in the Hardy-Littlewood
majorant problem
S. Krenedits
A weighted transplantation theorem for Laguerre
function expansions
[T o T = o e SRS
Anre6pbl CO CBEPXTOXAECTBaMM MHOroo6pasus anre6p Le MopraHa
HO. M. MOBCUCSAH, B. A. ACHaHAH coooeeeecececeeeeee e

MofgnpsMO HepasnoXuMble anre6Gpbl CO CBEPXTOXAECTBAMMU
MHOroo6pasus anrebp e MopraHa
0. M. MoBcucsaH, B. A. AcnaHsH

rlpVIHLI'I/II'I paHoomMusaumn B NOCTPOEHUN MHOTOMEPHbLIX MapTunranos
B. C. HaxaneTaH, JT. A. XaUaTpAH .
Aﬂr96pa|/1LIECK|/|V| noaxopn K BOI'IpOCy onncaHna CI'leLlI/I(*)VlKaU'MI/I
OAHOTOYEeYHbIMN NOoACNCTEMAM
B. C. HaxaneTﬂH, [, T.OPOMEAH oo

Positive solutions for multi-point boundary value problems
for nonlinear fractional differential equations
Nemat Nyamoradi e seesse e
Cheeger-Gromoll type metrics on the (l,1)-tensor bundles
E. Peyghan, A. Tayebi and L.Nourmohammadifar..........
HeKoTopble OLEHKN Mep UCKNOUYNTENbHOCTU UCKAOUYNTENbHbIX
3Ha4YeHMUi accouMUPOBAHHbLIX C 1OrapuMUUYECKUMNY
NPON3BOAHLIMU MEPOMOPGHbLIX PYHKL NI
D TTETPOCAH e
O cX0ANMOCTN payMoHanbHO-TPUTOHOMETPUYECKO-
MONMHOMMANbHbIX annpoKcUMaLmnii peann3oBaHHbIX MO KOPHAM
nonvHomoB flareppa
AL TTOTOCAH e e

On an effective solution of the Riemann )
problem for third order improperly elliptic equations

S. M. Ali RAGISIAN it e
MpefenbHble COOTHOLWEHNSA AN PEKOPAOB C NOATBEPXAEHUEM
B. K. CAraTeTAH ettt st st enen
OueHKa NpOM3BOAHbLIX KBa3WMOAMHOMOB U3cucTeMbl MIOHTLA
A. K. TacnaksaHn
On a non-dissipative Kirchhoff viscoelastic problem
N. Tatar....
O6 n3omMeTpuyecknx npeactaBneHuax nonyrpynnel Z+\{1}
B. AL T MO AH ettt
OpnonapameTpuyeckoe CEMeNCTBO MOMOXMUTENbHbLIX PeLleHnin
LNA OLHOrO Kfacca HeNMHeNHbIX 6eCKOHEYHbIX anrebpanyeckux
cucTeM ¢ MaTpuuamu tuna Tennuua-raHkens
X. A. XauatpaH, M. ®PBpodaH

Boundary value problems of second order nonlinear difference
equations with Jacobi operators
Xia Liu, Yuanbiao Zhang, Haiping Shi, Xiaoqging Deng .

139



IZVESTIYA NAN ARMENH: MATEMATIKA
Vol. 48, No. 6, 2013

Contents

M. K. Aouf and T. M. Seoudy, Some properties of certain

classes of p—valent functions defined by the Hadamard product................... 3
Abhijit Banerjee and Sujoy Majumder, Meromorphic functions

with deficiencies generating unique range SetS......ccveivveinieiesieienienseseeenns 15
A. Jerbashian, E. Diaz. On Green potentials with

bounded square integral means in the unit diSC......ccceevevviiiiiiiniiesennnn, 27
G. G. Kazaryan, On smooth solutions of a class of almost

NYPOEIlIPtiC EQUALTIONS.....ceiiiicet e 35
Yu. M. Movsiyan, V. A. Aslanyan, Subdirectly irreducible

algebras with hyperidentities of the variety of De Morgan algebras............ 52

E. Peyghan, A. Tayebi and L. Nourmohammadifar,
Cheeger-Gromoll type metrics on the (I,1)-tensor bundles..........ccccoeeneene 59

V. G. Petrosyan, Estimates for the measures of exceptions
of the exceptional values associated with logarithmic derivatives
of meromorphic fUNCLIONS. ..o 71

A. Poghosyan, On a convergence of the Rational-Trigonometric-
Polynomial approximations realized by the roots of the Laguerre

POIYNOMIAIS. ..ttt ae e 82
V. K. Saghatelyan, Limit relations for records with confirmation.............. 92
A. K. Taslakyan, Estimates for generalized derivatives of

quasipolynomials from MUNtzZ SYSTEM .....ccccovieiiieniiiiniiesiiee e 101
N. Tatar, On a non-dissipative Kirchhoff viscoelastic problem.................... 112

Xia Liu, Yuanbiao Zhang, Haiping Shi, Xiaoging Deng,
Boundary value problems of second order nonlinear difference
equations with Jacobi OPErators ......ccceveiieiiiinnieseere e 123

Author Index to Volume 48, numbers 1- 6, 2013.......ccccooveevivriierennne 138 — 139



/7YX

WHpeke 77735

MN3BECTUNA HAH APMEHNW: MATEMATUKA
ToM 48, Homep 6, 2013

CopepxaHue

M. K. Aouf and T. M. Seoudy, Some properties of certain

classes of p—valent functions defined by the Hadamard product................... 3
Abhijit Banerjee and Sujoy Majumder, Meromorphic functions

with deficiencies generating unique range SetS......cccvvviveniienniiriienenesens 15
A. Oxp6awsan, 3. Anas, O noTeHumnanax MFpuHa c

OrpaHUYeHHbIMY KBaApaTUYHbIMU UHTErPASIbHBIMUA CPELHUMMU. ....c.veveeenenee 27
I . Kasapsan, O rNagkux pelleHnsix 0AHOro Kiacca noytu

TUNO3/UTUNTUYECKUX YPABHEHUM ...t 35
HO. M. MoBcucsaH, B. A. Acnawnsan, IN0ognNpsaMo HepasoXunmble

anrebpbl Co CBEPXTOXAeCTBaMU MHOroobpasus anrebp e MopraHa.......... 52

E. Peyghan, A. Tayebi and . Nourmohammadifar,
Cheeger-Gromoll type metrics on the (l.1)-tensor bundles..........ccceevernnene 59

B. . Metpocsan, HEKOTOPLIE OLEHKN Mep UCKOUYUTENBHOCTU
NCKNIOYNTENbHbIX 3HAYEHU acCOLMMPOBaHHBIX C IOrapupMUyYecKumMm
MPOU3BOAHBIMU MEPOMOPMHBIX BMYHKLMM.c..veviverieercreisesicee e 71

A. MorocsH, O cX0AMMOCTY PaLMOHaIbHO-TPUTOHOMETPUYECKO-
MONMHOMUANBHBIX annPOKCUMALMIA Peann3oBaHHbIX MO KOPHAM

MOSIMHOMOB JTATEPPA -« veveeiiieiiiiietesiisieste st ettt e et ese e et et ne et et enee b neenes 82
B. K. CaraTenan, lNpegenbHble COOTHOLWEHNA N9 PEKOPLOB

C MOATBEPMKAECHUEM ....veeriniiiieieneiieesieeeseestestestesbestesbesbesbesbesbesbesnesbessesnessean . 92
A. K. Tacnaksan, OUeHKa NPOU3BOAHbLIX KBa3NUMNOJMHOMOB U3

CUCTEMDBI IMHOHTLLA ¢ttt ettt sttt et sb e see b s ab e be e sreenneenne e 101

N. Tatar, On a non-dissipative Kirchhoff viscoelastic problem

Xia Liu, Yuanbiao Zhang, Haiping Shi, X iaoqging _Deng,
Boundary value problems of second order nonlinear difference
equations with Jacobi OPErators ........ccceeiieiiiineie e 123

CopepxaHuie ToMa 48, HOMepa 1-6, 2013 ....cccoociiiiiniiere e e 138-139



	file_0
	file_0 (1)
	file_0 (2)
	file_0 (3)
	file_0 (4)
	file_0 (5)
	file_0 (6)
	file_0 (7)
	file_0 (8)
	file_0 (9)
	file_0 (10)
	file_0 (11)
	file_0 (12)
	file_0 (13)
	file_0 (14)

