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Как известно, разложения по собственным функциям регулярных краевых 

задач для обыкновенных дифференциальных уравнений с гладкими коэффици­

ентами на конечном отрезке равномерно сходятся, если разлагаемая функция 

принадлежит области определения соответствующего оператора. В противном 

же случае может наблюдаться явление, аналогичное явлению Гиббса для клас­

сических рядов Фурье. Подобные явления, в частных случаях, были изучены в 

ряде работ (см. Л.Мшпо [1, 2], Л.Брандолини и Л. Колзани [3] а также [4, 5, 6]).

В настоящей работе выявлено явление Гиббса для компонент вектор-функции 

краевой задачи для системы Дирака

1. В в е д е н и е

(1.1)

(1.2) j/2(- l)co sQ  +  i/i( -l)s in Q  =  О,

1/շ(1 ) cos/? +  Уі(1) sin ft =  0.
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где р и г  действительные на отрезке [—1» 1] функции.

Исходя из физических соображений, Р. Шмитковскп показал (см. [7, 8]), что 

разложения по собственным функциям системы Дирака не сходится к разлагае­

мой функции в концах интервала, даже если каждая компонента этой функции 

из класса С°°[—1,1], но не удовлетворяет краевым условиям.

Следуя [9] (см. стр. 71), приведем некоторые, необходимые нам, известные 

факты и формулы, связанные с задачей (І.І)-(І.З). Обозначим через {А„}^!_ООІ 

{и„ =  (t>n1i , t |n,2)'r } ^ l_00 множество собственных значений и нормированных соб­

ственных вектор-функций этой задачи. Не умаляя общности можем предполо­

жить, что число А =  0 не является собственным значением. Для краткости ряды 

по собственным функциям {ѵп} будем также называть рядами Фурье, а соответ­

ствующие коэффициенты - коэффициентами Фурье.

Для вектор функции f{x) =  (/і(аг),/2(х))т 6 £շ[-1,1] =  £з[-1 ,1] х £a[~M ]

Известно [9] (см. стр. 82), что собственные вектор-функции задачи Дирака об­

разуют полную ортогональную систему в гильбертовом пространстве Լ շ[ -1 ,1], 

т.е. Տքք(ք) сходится к /  по норме Լ \

Имеют место следующие асимптотические формулы (см. [9] стр. 75, где при

выводе формул (1.7),(1.8) была допущена опечатка. Здесь приведена уточненная
4

введем обозначения,

(1.4)
n=—N

1
(1.5) = J v%(x)f{x)dx,

-1
R n ( /)  =  /(* ) ֊  SN(f).



формула):
а

(1.6) А„ =  ո ------- Ւ О ( ո ՜ 1) , ո ֊4 оо,
7Г

(1.7) Vn.i(z) =  cos(£„ -  q) +  О (ո * ), ո -ю о ,

(1.8) Ѵп,2Іх) =  sin(£n ֊  a) + օ  (n х) , ո  -чоо,

где

(1.9)

X

Հո =  f(z, ձո) =  K (x  + 1) - \ J  (P(r ) +  r(r))dr.
- l

Основным результатом настоящей работы является

Теорема . Пусть р ,г  6 C^f—1,1], /  6 Շշ [—1,1] и функция ք не удовлетво­

ряет краевым условиям, тогда, если B( f ,  —1, а) փ 0 в точке -1 имеют место 

соотношения

Зам ечание 1.1. Так как все собственные функции удовлетворяют граничным 

условиям то если рассмотреть предел усеченного ряда то и он должен удовле­

творять этим условиям (если сходимость равномерная). В  случае когда раз­

лагаемая функция не удовлетворяет граничным условиям, т.е. B( f ,  —1, а) փ О 

или B( f ,  1 , /3) փ 0, то имеет место аналог явления Гиббса в терминах наруше­

ния граничных условий.

а если B( f ,  1, Р) փ 0 то

где

ՏԱ,  X, 7 ) =  / і  (z) sin 7  +  /2 (х) cos 7 .



З а м е ч а н и е  1 .2 . Е с л и  рассмотреть разложения (1.4) покомпонентно, то легко 

моокно выяснить (следует из доказательства теоремы), что если Q 0 или 

а  =  тг/2 то одна коліпонента ряда SN(f) сходиться равначерно а д.гя другой 

имеет место явления Гиббса в точке -1  (см. §3). Вышесказанное имеет место 

также в точке 1 если /9 =  0 или /9 — 7г/2.

Замечание 1.3. Величина |  / 0՞  ^ ր -dt »  1.1-7898 это константа классического 

явления Гиббса для рядов Фурье.

Замечание 1.4. Д ля преодоления этого явления в работе [10] был предложен 

метод ускорения сходимости разложений по собственным вектор-функциям 

задачи (І.І)-(І.З), аналогичный методу Крылова-Экгофа ускорения сходимости 

классического ряда Фурье (см [11, 12])

2. Д о к а з а т е л ь с т в о  т е о р е м ы

Обозначим

/*(*) =  B L kf(x) ,  k ^ Q ,

где L° -тождественный оператор.

Л емм а 2.1 . Пусть р ,г  6 С?֊1[ - 1 , 1], р(9֊ і) )Г(в֊і) е  Л С [-1, 1], /  6 CJ[-1,1] и 

6 Ճ07շ[-1,1], причем q >  1. Тогда для коэффициентов Сп, определенных в

(1.4), имеет место представление Сп = Рп +  Fn, где

(2.1) р» -  Հ (1 )  ֊  Հ ( ֊ ւ )  £  К ' - ' М - Ц .
k=0 k=Q

1

Fn =  ՃՀ4՜ 11  vZ(x)L<+l(f(x))dx.
-1



Доказательство. Имеем

1 1

Cn =  I  v l (x) f (x)dx  =  A՜1 J (/ւ(* )(Հ ,2(տ) -p ( z K ,i( x ) )
֊ 1  - 1

/а (з О « і(* )  +  r(x)vni2(x)))dx.

Интегрируя последнее равенство но частям, ііолучим:

Сп =  А՜ 1 (/ւ (* )ս ո,շ(*) -  / а ( * К д ( * ) ) | І !
1

+  A n 1 J ѴП,ւ ( ® ) ( / շ ( ® )  -  p(x)fi(x)) + Vn<2{x)(-f[(x) -  r(x)f2(x))dx 
-1

1

=  K?'%(x ) M * ) \ _ l + K l J vl{x)L{f{x))dx
-1

Повторяя интегрирование по частям q раз, получим требуемое. □

Рассмотрим теперь функцию

( 2 . 2 )  * М = ( ֊ * Ѵ і ) '

которая пе удовлетворяет краевым условиям в точке х  =  0 при а  փ Рассмот­

рим ее разложение по системе {и„(х)}:

N

(2.3) Sn (k) =  ^ 2  с„(к)ѵп ,
n = - N

1
где cn(/c) =  /  ѵ%(х)к[з:)dx.

-1

Л ем м а 2.2. Если р, г € Cl [—1,1], то коэффициенты разложения функции (2.2) 

имеют следующую асимптотику

Сп(к) =  V^A^1 (cos а  -  sin а) +  а„,

где |q„| <  +оо.



Д оказат ельст во. Используя лемму 2.1 для функции (2.2) получим:

1

с  =  v tW tfR o W  ֊  vZ i-V K 'b o i- l)  + К 1 jv Z {x )L l (K{x))dx =
-1

1

( շ )  (֊ 1 ^ 1й°(֊1 ) +  ^ 1 /  to* -1 (*(*))<** =

1

\/2А^1(сова — sina) +  О + К 1

Учитывая тот факт что L1(«(i)) е i/j[—1,1], получим желаемый результат. □

Покажем теперь, что если р ,г 6 С1!֊ ! , 1] и функция к определена в (2.2), 

тогда, если а  փ J ,  для функции к  имеет место явление Гиббса. Рассмотрим 

ошибку при приближении функции (2.2) урезанным рядом

Длг(л) =  к(х) -  Sn (k) =  Cnvn(x )=  ^  •
||»||>JV |» |£ n  ^ я , 2(х)У

Используя лемму 2.2 и асимптотику собственных функций к, получим

(2.4) J 2  Спѵп։і(х) =  (cos a - s i n  а) ^  — ֊ + а „ )  =
|п|>Л7 |n|>W \  *»  /

է \ Ѵ 1 f  c o s ( in ( x  + 1) +  <р(х)) \
(cos а  — sin а) £  ՛ ՛  /о + ° Ա ,

\n\>N '  ™ / 2  /

где
X

<р(х) = - а  -  - ( і  + 1) -  і  J (р(т) +  r(r))d r. 
-1

Из (2.4) следует, что

S*(«) =  к(х) ֊  У  0080 ~  8Іпа ( W f  n(s -f 1) +  у(»)П  
ІпЫѵ 7171/2 Vein ( f  п(я: -Ւ І) -Ь ѵ(а?))У|п|>Дг

К, ,  _  2(соаа — sing) Հ - sin (^փտ))Հ ^  sin ( fn (z  +  1))
тг c o s ^ i ) )  n +  °(1)-



|п|>УѴ
ряда Фурье для функции ^ — %х, т.е.

Разделим интервал (—1,1] на две части (—1,£], (£, 1] так, что бы на интервале 

(—1 ,£] выполнялась оценка \<р(х) — ¥>(—1)| < е, а на интервале (£, 1] - оценка 

|д(х) — Sn (k)\ < е, для достаточно больших N.  Тогда

(2.6) 1іпі8ир|5(5^(«),х,а)| =  |В ( я , - 1 ,а ) | -

которая имеет сингулярность в точке 1 .

Если р,г  6 С 1[— 1,1] и функция д определена в (2.7), тогда при Բ ф \  имеет 

место явление Гиббса, а именно

Отсюда получен следующий общий результат

Предположим а, թ փ \ , аналогичным образом, можно доказать в случае когда

а  или թ равны

Рассмотрим функцию д(х) =  /(х ) — հ л(х) — H q[x), где

/а(—1)cosq +  / i ( —l)sino: ^  /a (l)co 8a  +  / i ( l ) s in a
« շ ( - 1) cos а  +  «г ( - 1) sin a  ’ £շ(1) cos a  +  qi (1) sin a '

Функция g(x) будет удовлетворять краевым условиям и имеет непрерывную 

первую производную, следовательно ряд 5дг(/(х) — кк(х)  — Нд(х)) сходится рав­

номерно, что и доказывает утверждение теоремы. □

N~+oo*-♦-1

Из формул (2.6) и (2.5) получим желаемый результат. 

Аналогичный результат можно получить для функции

(2.7)



3. Ч и с л ен н ы е  и л л ю с тра ц и и

Проиллюстрируем сказанное на примере функции к. Заметим также, что если 

а  =  0, то одна компонента в разложении (2.3) сходится равномерно, а ДР> гая 

ведет к явлению Гпббса. Для иллюстрации этого явления рассмотрим систему 

с нулевым потенциалом, и пусть а = 0, & — — հ - Для э т о й  задачи легко можно 

вычислить собственные значения и собственные функции, а именно

Ап =  ^  +  £ ,  ո  =  0 ,± 1 , ± 2 ......

а нормированные собственные вектор функции имеют вид

РИС. 1. Ошибка приближения второй компоненты функции к(х) конечной 
суммой ряда Фурье в окрестности точки х = —I с использованием 5, 10, 20 
коэффициентов Фурье

Благодарность. Автор выражает благодарность фондам Кнут и Алис Волен- 

берг и Горан Густафсон за предоставленную возможность посещать Королевский 

Технический Университет.

A bstract. The paper considers expansions by eigenfunctions of the boundary problem

for Dirac system. The Gibbs phenomenon for such expansions is revealed. ՛
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РИС. 2. Ошибка приближения первой компоненты функции к(х) конеч­
ной суммой ряда Фурье в окрестности точки х  = —1, при N  =  5, 10, 20 
коэффициентов Фурье (равномерная ошибка уменьшается с ростом N).
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А н н о т а ц и я .  В работе с помощью формул второго порядка, а именно ѴЗ(Ѵ)— 
тождеств, характеризуются некоторые классы обратимых алгебр линейных 
над абелевой группой, имеющие ограничения на используемые автоморфиз­
мы соответствующей группы.
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К лю чевы е слова: квазигруппа; обратимая алгебра; линейная алгебра; обрати­
мая Т-алгебра; формула второго порядка; сверхтождество.

1. В в е д е н и е

При рассмотрении вопросов, связанных с многообразиями, квазигруппы пред­

ставляют как алгебры с тремя операциями [1], добавляя к основной операции 

еще две дополнительные операции. Если основная операция является умноже­

нием (•), то остальные две операции называют правым и левым делением. Если 

операция квазигруппы обозначена через А, то правая и левая обратные операции 

обозначаются соответственно через А ՜1 и ~1А.

Квазигруппа (Q; •) называется изотопной квазигруппе (Q; о), если существу­

ет такая тройка подстановок Т  =  (а ,/9,7 ) на множестве Q, что выполняется 

соотношение 7(1  оу) = ах ■ fiy. В классе квазигрупп, изотопных группам, пред­

ставляют интерес линейные квазигруппы введенные В. Д. Белоусовым [2] в связи 

с исследованием уравновешенных тождеств в квазигруппах. Квазигруппа (Q; ՛) 

называется линейной над группой (Q; +), если она имеет вид

(1 .1) і - у  =  ірх + с + іру,

где ір,ір € A u t(Q \+ ),c-  фиксированный элемент из Q.
13



Важный класс линейных квазигрупп составляют Т-квазпгруппы. Согласно 

[3] Т-квазпгруппа- это квазигруппа с соотношением (1-1), где (Q', + )— абелева 

группа. Г. Б. Белявской и А. X. Табаровым доказано, что (примитивные) Т- 

квазигруппы составляют многообразие [4,5].
Бинарная алгебра [Q-, Е) называется обратимой алгеброй, если каждая ее опе­

рация А  6 Е является квазигруппой (обратимой). В работе [6], по аналогші с 

линейными квазигруппами введено понятие линейной обратимой алгебры и об­

ратимой Т-алгебры, а также дана их характеризация с помощью формул второго 

порядка.
Разными авторами изучались подклассы линейных квазигрупп с ограничени­

ями на изотопные им группы и на используемые автоморфизмы и антиавтомор­

физмы. Например, Т-квазигруппы, медиальные, парамедиальные квазигруппы 

и т.д. рассматривались многими авторами(см. [7-13]).

В настоящей работе с помощью формул второго порядка, а именно ѴЗ(Ѵ)— 

тождеств, характеризуются некоторые классы обратимых Т-алгебр имеющие 

ограничения на используемые автоморфизмы соответствующей группы. Полу­

ченные результаты являются обобщением результатов статьи [13] для некоторых 

классов обратимых Т-алгебр и при их доказательстве используются некоторые 

методы данной работы.

2. Х а р а к т е р и з а ц и я  Г - а л г е в р

Напомним [1], что квазиавтоморфизм (антиквазиавтоморфизм) квазигруппы 

(Q] ■) это главная компонента 7  автотопии (антиавтотопии) Т  =  (а, /3,7 )՛ квази­

группы (Q\ •), т.е. 7(2 -у) = ах ■ 0у  (7(1 у) = ау ■ fix). Согласно лемме 2.5 [1], 

любой квазиавтоморфизм группы (Q; +) имеет вид

(2-1) 7* =  R bJox =  L.TqX,

где 7о, 7о~ автоморфизмы группы (Q; +), R$x  =  х+ в, L ,х  =  з+ х. Как отмечено 

в [2], утверждение, аналогичное лемме 2.5 [1], справедливо и для антиквазиав­

томорфизма 7 . В этом случае 7о и 7д из (2.1) являются антиавтоморфизмами 
группы (Q-, +).



Хорошо известно [1], что с каждой квазигруппой А  связаны следующие пять 

квазигрупп:

А ֊ \  ֊ 1А, - \ А ֊ і ) ,  ( -М ) ֊ 1 А", 

где А*(х, у) =  А{у,х). Других обратных операций для А  не существует. Таким 

образом, с каждой обратимой алгеброй (Q : Е) связаны следующие пять обрати­

мых алгебр:

( О іЕ ՜1), (Q ;֊1£), (Q ;- 1(Е -Ж)), (О; (֊ 1E)֊1), (Q; Е*),

тде Е ՜1 =  {А ֊ 1\А 6 Е}, ֊»Е =  {"М|у1 е  Е}, ֊ 1(Е֊1) =  { ՜ ^ ճ ՜1) ^  € Е},

(- 1Е)-1  =  {(֊ 1Л)֊1 |Л € Е}, Е* =  {А '\А  6 Е}. Каждая из этих алгебр называет­

ся парастрофом исходной алгебры.

Для А е Е и о б С  обозначим через L a ,а (Да,о) левую (правую) трансляцию 

алгебры (Q; Е), т.е. отображение L a .а '■ х  —► А(а,х) (Кл.а '• х  -> ճ (ւ,օ )).

О пределение 2.1. [6]. Обратимая алгебра (Q; Е) называется Т-алгеброй, если 

каждая ее операция А  6 Е изотопна одной и той же абелевой группе (Q; +), 

причем изотопия имеет вид

(2.2) А(х, у) = ірАх + СА +  ірлУ,

где ipA, ip a — автоморфизмы, группы (Q; +), с а — фиксированный элемент Q.

Теорема 2.1 . Д ля  обратимой алгебры (Q ; Е) следующие условия эквивалентны:

1) (<Չ; Е)— обратимая Т-алгебра, причем для всех X , Y  6 Е, 

ч>хФѵч>ух =
2) Д ля  всех X ,Y  6 Е, в алгебре (Q\ EU _1Е), выполняется следующая фор­

мула второго порядка:

(2.3) X (Y (x , ֊ ՝Y { y , и)), z) = X (Y (x , ֊ l Y{u ,«)), ~xY {Y {z ,у), u)).

Доказательство. 1) =փ- 2). Пусть (Q; Е ) -  обратимая Т-алгебра с условием <рхф уф у1 =  

V’xV’y 1̂  Для всех X ,Y  6 Е. Прежде всего заметим, что из (2.2) следует, что

Х ~ 1{х, у) = - г р ^ ѵ х х  ֊

~lX {x ,y) = <fxlx  -  v ^ c x  -  ірх^хУ -
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Тогда, Х (У (х, ~1Y {y,v)),z) =

= <PX<PYX +  фхсу +  <рхФу{фу1У — <PylcY — ՝Ру1'Фуѵ)  +  сх  +  V x z —

= <fixVYx + VXCY + фх'Фуфу'У -  'Рх ФуѴу1̂  ՜  'PX'Py 'Py 1 Фуu + °x  + ^х г’ 
X W x , ՜1 Y(u, u )) , ՜1 Y(X(z, y),u)) = VxY-ix,՜1 Y(u, u))+cx  + t f r  (Y  (z, y), u) = 

= ipx (<pyx + CY+ фу(іру1и -  4>у<* -  Ѵ г1 * и)) +  c* + Фх{ѵу{ѵг* + <*+
■фу у) — іру^су — іРу^фуѵ) =  ‘Px'Pyx +  Ѵхсу ~  ‘РхФу'Ру1̂  ~  ¥>х ^ ¥ Ѵ 1Ѵ'Уи+ 

+сх + i>xz + Фх<Ру1̂ УУ- 
Следовательно, формула (2.3) выполняется в алгебре (Q; EU 1Е).

2) ^  1). Пусть в обратимой алгебре (Q; EU _1Е) вьшолняется формула (2.3). 

Фиксируем в (2.3) элемент и и операции X  = A, Y  =  В, где А, В  £ Е, тогда 

получим:

A i(A 2(x ,y),z)  =  Лз(г, >U(l/,z)),

гдеЛ і(і,у) =  А{х,у), А2(х,у) = В{х , _1В(у,и)), А 3(х,у) = А(В(х, “ ^(и .и )),} /), 

А* (г, у) =  ֊ 1В(В(ѵ,х),іі).
Из последнего равенства, по теореме Белоусова о четырех квазигруппах, свя­

занных ассоциативным законом [2], каждая операция Д ( і  =  1 , 2,3,4) изотопна 

одной и той же группе. Следовательно, операции А п  В  изотопны одной и той же 

группе и поскольку эти операции произвольны, то любая операция из £  изотопна 

одной и той же группе (Q; *).

Для каждого X  € Е определим операции:

(2.4) х р /  =  X { R x \x ,  L x \ y ),

где а и ծ некоторые элементы из Q. Эти операции- лупы с единичным элементом 

Ох =  Х(Ь, а) [1 .теорема 1.3], и они изотопны группе (Q; *), поэтому согласно 

теореме Алберта [1 , теорема 1.4], операции -|— являются группами для всех 
X  е Е .

Перейдем в (2.3) к операциям +  :

R x ,a {R Y,aX +  L ^ Y ( y , u ) )  +  L Xtbz  =

= Rx,a{R-Y,aX + Ly^Y(u,u)) + Lx ,b(~1Y(R y)az  +  Ly.bV, u))i
* л  X
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Rx,a(x + L y \Y  (Y  (y,u),u)) + Z =

= Rx, a(x + Ly\Y{u,u)) + Lx^Ry]u{Ry^Lx\ z + I'Y.bRy.u v).
Взяв в последнем равенстве z =  Ох и фиксируя элемент и, получаем

Rx,a(x  + Ly,bV) = Rx,a{X + Ly*bY (u , «)) +  Lx.bRy^RY.aO + Ly,bRy,uV),

ван

(2-5) Rx.a (x + у) =  ax ,у х  + 0x,YV,

где ax ,у  н fix,у  подстановки множества Q. Так как операции X  и Y  произволь­

ны, мы можем в (2.5) взять X  = Y, получим:

(2-6) Rx,a(x +  у) = QX,XX + Рх,хѴ-

Из (2.5) и (2.6) имеем:

х  + ѵ = Rx,a(ctx]yX + Px]yV)> 

x  + v = RxA<*x)xx  +  0x*xv)’ 

aX,Xx  +  Px,XV = <*хух  +  Px)yV' 

таким образом получаем

(2-7) X + у =  7x .y x  + 6х ,уу,

где тx,Y  =  «х^уОх.х и бх.у  =  &х]уРх,х подстановки множества Q. Следова­
тельно, из (2.5) и (2.6) имеем

Rx,a(x + У) =  1 х,у<*х,ух + 6x,yPx,yV,

т.е. Rx,a~  квазиавтоморфизм группы (Q; +). Поскольку операции X ,Y — произ­

вольны, то для любой операции X  6 Е, Rx,a будет квазиавтоморфизмом каждой 

из групп (<Э;+), где У 6 Е.

Зафиксируем операцию +  для некоторого В  € Е и в дальнейшем будем обо- 
в

значать ее через +. Согласно (2.4), для операций А  е  Е, имеем:

А (х,у)  =  R A,ax  + Ьл.ьУ- 

Из последнего равенства, согласно (2.7), получим:



где Ѳ  ̂в  =  7a.bRa .0 П Վ '8  =  Sa.bLa.i, подстаповкн множества Q.
Покажем, что Ѳ*,в -  квазпавтоморфпзм группы {Q\ +). Для этого, представим 

формулу (2.3) в следующем виде:

(2.9) А(В(х, у), z) =  Л(В(хГх В{и, и ) ) , ՜1 B(B(z, Я(у, и)), и)).

Зафиксируем в (2.9) переменные z =  с, и = d и перепишем его с использова­

нием операции + :

0?'b (Rb ,oX +  Ьв,ьѵ) + Ѳ*’в с =  0 £ в В {хГ 1 B{d, d)) +  Ѳ$'в  B(y, d)),d),

ѳА'в {х + у) = Ѳ*'в В(х, - 'B f r d V  + e f '3 ~l B{B[c, B(Lg*by, d)),d) — Ѳ^'в с.

Из последнего равенства получаем:

Ѳ?'в (х + у)=  ал.вх + цл.вУ,

где ծ а,в  и ца,в  подстановки множества Q, следовательно Ѳ^'°— квазиавтомор­

физм группы (Q; +).

Докажем теперь, что Ѳ^'в — антиквазиавтоморфизм группы (Q; +). Для этого, 

вновь перепишем формулу (2.9) в терминах операции +, получим:

&?'В(Яв.аХ + Ьв.ьу) +  e£'Bz = Ѳ?'в В(х, - ^ ( и , «)) +  Ѳ$'в  ~1B (B(z, В (у, и)), и),

Ѳ?'В(Пв,*х + Ьв.ьѵ) + z = e t'B(RB,ax + L-B\B {u, u )) + 0Հ'13Ռց]ս(Ռ£),Հ6Հ'1)) -կ +

LB,bRB,uy)-

В последнем равенстве возьмем и =  а и выберем х таким образом, чтобы e f 'B(Rg:ax+ 
LglbB{a, а)) =  0, тогда получим:

аА,вУ + г = e^'BRg)a{ R B A ^ 'B)~l z + L B,bRB,ay ),

где а л ,в -  подстановка множества Q, поэтому e£'BRgla— антиквазиавтомор­

физм группы (Q; +) и следовательно Ѳ2 ՝в  будет антиквазиавтоморфизмом, по­

скольку Re,a-  квазиавтоморфизм. Ткким образом имеем:

Ѳі'Вх = <рАх + к а ,

Ѳ£'в х =  է а +  грАх,
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где <р а — автоморфизм, а фА— антиавтоморфизм грушіы (Q\ +) и к a , է а  6 Q- 
Поэтому из (2.8) получаем

(2.10) А(Х, у) =  VAX + СА + Фа Ѵі

где с а  =  к л +tA■ Поскольку операция А  произвольна, получаем, что все операции 

из Е могут быть представлены в виде (2.10) с помощью операции +. Перепишем 

формулу (2.9) в терминах операции +  с использованием равенства (2.10):

А{В(х, у), г) =  ч>а Ч>в х  +  <рлсв +  <Ра Фв У + са  + Фа 2>

А{В{х, ~1В (и , «)), ~1В{В(г,В(у,ѵ.)),и)) = ч>А<рвх + Ч>АСв-Ч>А'і>вЧ>вІСВ -

-Ѵ А Ф вѴ в^вѴ  + Ч>АФвЧ>~ви + С А - ФлЧ>~всв  ֊  1>лЧ>~вФви + Фа <Рв 1Фв Ч}в У+ 

+Фа 'Рв 1Фв св  +  ФАѴ~вФвФви + Фа Ч>в 1св  +  Флг ,

таким образом

Ч>а Фв У +  СА = -'Ра Фв 'Рв 1св  -  Ч>А.ФвЧ>~вФвѴ +  Ч>АФвЧ>’в и + С А - Фа Ѵв ісв -

-Ф а Ч>Ъ1Фв * +  ФаЧ>Ъ՝Фв Ч>в У + ФАЧ>в1Фвсв  +  ФАЧ>в1ФвФви + Фа <Рв Хсв - 

Возьмем в последнем равенстве и =  0, получим:

(2.11) <Ра Фв У + са = ֊ Р аФв Ѵв 1̂  + С А - Фа Ч>в 1св +  Фа іР'в Фв 'Рв У+

+Фа Ѵв 1Фв Св +Фа ՝Рв 1св - 

Положим в (2.11) у  =  0, получим

(2.12) сА = -<Ра Фв ՝Р'в св  + с а -  Фа 'Рв Ов  +  Фа Ч ^Ф в ^в  +  Фа 'Рв 1(:в - 

Подставляя (2.12) в (2.11) получаем:

Ч>лФвУ -  Ч>лФвЧ>~всв  + С А - Фа Ѵв Св =

=  ֊Ф а Фв Ѵв  св  + C A - Фа Ѵв ^ в  + Фа 'Рв ^Фв 'РВУ- 

Пусть, -ч>лФвЧ>всв  + С А - Фа 'Рв ^ в  =  Р, тогда

'Ра Фв У + Р = Р + Фа Ѵв Ч в Ѵв У,

или

(2ЛЗ) Лр <рлФвУ = ЬрФа Ѵв^Фв Ѵв у ,
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где RpX = х  + р, LpX = р  + х. Из (2.13) имеем

Lp'RpV = ^ л Ѵ Ъ ^ в Ѵ в ^ в  Ч>л1Ѵ՝ 

поэтому L ^ R p — антиавтоморфизм группы (Q\ +). Следовательно, 

і - % { . х + у )  =  ь ; % у + ь ; %  X,

или
- р  +  Х +  у  +  р  =  - р  +  У  +  р - р  +  Х +  р, 

поэтому X + у  = у  + X, т.е. группа (Q; + )— абелева группа. Поэтому Ѵ'д =  Фа 6 

Aut{Q) +) я Lx = Rx для всех х  6 Q. Из (2.13) получаем:

ѴлФвѴв1 = ФлѴв^Фв-

□
Следующие утверждения доказываются аналогично.

Предложение 2.1. Д ля обратимой алгебры (Q; Е) следующие условия эквива­

лентны:

1) (Q; Е)— обратимая Т-алгебра, причем для всех X , У  6 Е имеем

ѴхФѵѴх1 =  V’xV’x V x ;
&) Д ля всех X ,Y  е  Е е  обратимой алгебре (Q\ EU ֊ 1Е) выполняется следую­

щая формула второго порядка:

X (Y (x , ֊ 1X (y ,u )) ,z) = X (Y (x , ֊ ' Х М ) ,  - xX (X {z ,y ),u )).

Предложение 2.2. Д ля обратимой алгебры (Q; Е) следующие условия эквива­
лентны:

1) {Q; Е) обратимая Т-алгебра, причем для всех X , Y  € Е имеем 

Ч>хФѵЧ>х =  V’xVV1̂ ;
8) Д ля всех X , Y  6 Е в обратимой алгебре (Q\ EU - 1Е) выполняется следую­

щая формула второго порядка:

X {Y(x, - 1X (y ,u )),z) = X (Y (x , - 'X f r u ) ) ,  ֊ l Y (Y (z ,y ),u )).

Предложение 2.3. Д ля обратимой алгебры (Q; Е) следующие условия эквива­
лентны:



1) (Q; Е) обратимая Т-алгебра, причем для всех X , У 6 Е, ч>хФх1<Рх =  ФхЧ^уФх1

2) Д ля  всех X , Y  6 Е ѳ обратимой алгебре ((J; Е U Е ՜1) выполняется следую­

щая формула второго порядка:

X { x ,Y { X - \u ,y ) ,z ) )  =  X { X - \ u ,X { V,x ) ) ,Y { X - \u ,  «),*))■

П редлож ение 2.4. Д ля обратимой алгебры (Q; Е) следующие условия эквива­

лентны:

1) (Q\ Е) обратимая Т-алгебра, причем для всех X , Y  G Е имеем 

Фх'РгФх1 =  <рх^<ру\
2) Д ля  всех X , Y  С Е в обратимой алгебре (Q; Е U Е ՜1) выполняется следую­

щая формула второго порядка:

Х (х , Y ( X ~ \u ,  у), z)) =  У (у, х)), Y {X ~ l (u, «), г)).

П редлож ение 2.5. Д ля  обратимой алгебры (Q; Е) следующие условия эквива­

лентны:

1) (Q; Е) обратимая Т-алгебра, причем для всех X , Y  € Е имеем

Фх'руФу1 =  v’xV 'yV y;
Д ля всех X, У € Е в обратимой алгебре (Q\ Е U Е ՜1) выполняется следую­

щая формула второго порядка:

Х (х , У (У՜ 1 (и, у), z)) =  X (Y ~ \u ,  У(у, *)), Y { Y ~ \u ,  и), г)).

Приведем примеры обратимых Т-алтебр с ограничениями на автоморфизмы 

соответствующей группы для каждого случая (Теорема 2.1 и Предложения 2.2- 

2.6). Рассмотрим четверную группу Клейна К 4 = {0,1,2,3}. Как известно, ее 

группа автоморфизмов изоморфна группе S3. Обозначим автоморфизмы груп­

пы К 4(-): ір! = е, <р2 =  (12), ірз = (23), ipt  = (13), <ք6 = (132), щ  = (123). 

Пусть A ij(x ,y )  =  <fiX ■ <pjy, i , j  =  1,2,..., 6. Тогда, Т-алгебры (ЛГ4; {>U,3, >13ւշ}) 

и (^ { Л ід .Л в .б .Л а^ } ) - удовлетворяют теореме 2.1; (ЯСіК-Аз^.-Аз^}) - предло­

жению 2.2; {ճշ,4, Аз,з}) - предложению 2.3; {Кц  {ճշ,3, ճշ,4}) - предложению

2.4; (# 4; {ճշւՅ,ճՀ|4}) - предложению 2.5; {>1з,4, -Аа.з}) - предложению 2.6.
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3. Т-АЛГЕБРЫ И СВЕРХТОЖДЕСТВА

В данном параграфе приведем другие условия на автоморфизмы, приводящие 

к некоторым классам обратимых Т-алгебр, связанных с известными сверхтож- 

деств&мп:

(3.1) Х (х , Y(y, *)) =  Х(Х (у, X ),у),

(3.2) X (x ,Y (y ,x )) = Y (X (y ,x ) ,y ),

(3.3) X (Y (x ,y ) ,Y (y ,x ) )= y ,

(3.4) АГ(і,У(і1у))= Х (У (х ,у),і/),

(3.5) X (x ,Y (x ,y ) )= Y (X (x ,y ) ,y ) ,

(3.6) X (Y (x ,y ) ,Y (y ,x ))  = x .

Первые три сверхтождества называются сверхтождествами Стейна, другие 

три- сверхтождествами Шредера. Отметим, что в работе [14] В. Д. Белоусовым 

подробно исследованы квазигруппы с соответствующими тождествами Стейна и 

Шредера. Следующие две леммы очевидны.

Л емм а 3.1. Если в обратимой алгебре (Q; Е) выполняется одно из сверхтож­

деств (3.1) (3.5), то алгебра {Q\ Е)— идемпотентна.

Л емм а 3.2. Пусть (Q; Е) идемпотентная обратимая Т-алгебра. Тогда, для 

любого X  6 Е, сх  =  0 и <рх + Фх =  £> где е— тождественная подстановка 
множества Q.

Предложение 3.1. Д ля обратимой Т-алгебры (Q; Е) следующие условия экви­
валентны:

1) Обрати/лая алгебра (Q; Е) имеет вид

Х {х,у) = ірх х  + фхУ, 

где <рх + фхфу =  <Рх Фу , 4>x 4>y  +  Фх =  Фхфу для всех X ,Y  6 Е;

2) В обратимой алгебре (Q; Е) выполняется сверхтождество Стейна (3.1).
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Доказательство. 2) =>■ 1). Пусть в обратимой Т-алгебре верно сверхтождество

(3.1). Тогда, согласно лемме 3.1, (Q\ Е) идемпотентная, а из леммы 3.2 следует, 

что сх = 0 для всех X  6 Е. Учитывая это, переходим в сверхтождестве (3.1) к 

операции +, получим:

X (x ,Y (y ,x )) = ifixx + ipx(<fiYV + i>Yx) = <Pxx + ipx<PY У + фхфух,

X (Y (y ,x ) ,y )  =  <рх(<руу + фух) + ipxy = ѴХѴУУ + ѴхФух + rpxv,

ИЛН

(3.7) <рхх +  rpx<PYV + Фх Фух  =  ч>х<РУУ + Ѵ х ^ у х  +  фх у.

Пусть і  =  0, тогда

IpXVYV =  <Px <Py V +  ipxV, <fix<fiY +Ф х = TpX<fiY- 

Положим в (3.7) у =  0 :

tpx x  +  Т рхф ух  =  Iр х ф у х ,  (fix +  Ір х ф у  =  tfiXlpY- 

Импликация 1) => 2) легко проверяется. □

П редлож ение 3.2. Д ля обратимой Т-алгебры (Q; Е) следующие условия экви­

валентны:

1) Обратимая алгебра (Q; Е) имеет вид

Х(х ,у)  =  ч>хх + ірху,

где ifix + Фх Фу =  ffiY^x, Фу +  <fiY<px =  V>x<fiY для всех X , Y  6 Е;

2) В обратимой алгебре (Q; Е) выполняется сверхтождество Стейна (S.2).

Доказательство. Аналогично предложению 2.3. □

П редлож ение 3.3. Д ля  обратимой Т-алгебры (Q; Е) следующие условия экви­

валентны:

1) Обратимая алгебра (Q; Е) имеет вид

X  (х, у) = tfixx + ф ху + сх,
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где <рх су +  Фхсу + сх =0,  фхФу + ФхфУ =  е. ФхФу =  Л>хФѵ (J x  =  - * )  <?ля 

всех X, У € Е;
В) В обратимой алгебре (Q;E) выполняется сверхтождество Стейна (3.3).

Доказательство. 2) =>• 1). Пусть (Q; Е) обратимая Т-алгебра со сверхтожде­

ством Стейна (3.3). Следовательно,

X(Y(x,  у), Y  {у, х)) =  Iрх(ф ух + фуу + су) + Фх ІФуУ + Фух  +  су) +  сх  =

= фхфУХ +  Фх ФуѴ +  ФХ&У +  ФхфУѴ +  ФхФуХ +  ФхСу +Сх = У- 

Положим в последнем равенстве х  =  у  =  0. ТЪгда

фхсу +  ф х^у + сх  =  0.

Поэтому ірхфух +  ф хФуУ +  Фхфу У +  фхфух — у. Положим в последнем равен­

стве у = 0:

фхфух + фхфух =  0, фхфу =  Щ х Фу -

Тогда ірхфуу +  Фх ФуУ -  У» т.е. ірхфу + Фхфу = £•
Импликация 1) => 2). легко проверяется. □

Доказательство следующих предложений аналогичны доказательствам преды­

дущих.

Предложение 3.4. Д ля обратимой Т-алгебры (Q; Е) следующие условия экви­

валентны:

1) Обратимая алгебра (Q\ Е) имеет вид

Х(х ,у)  = ірх х  + фхѴ,

где фхфу =  фхфу + Фх, фх +  Фхфу =  фхфу для всех X ,Y  6 Е, о (Q ;+ )-  
группа экспоненты два;

В) В обратимой алгебре (Q; Е) выполняется сверхтождество Шредера (Տ.Հ).

Предложение 3.5. Д ля обратимой Т-алгебры (Q\ Е) следующие условия экви- 
'  валентны;

I)  Обратимая алгебра (Q; Е) имеет вид
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Х (х,у) =  <рх х  +  фх у,

где фхфу =  <Ру Фх  + фу, Ѵу Ѵх  =  Фхфу + <Рх для всех X ,Y  е Е ,  а (<3;+)~ 
группа экспоненты два;

2) В обратимой алгебре (Q; Е) выполняется сверхтождество Шредера (3.5).

П редлож ение 3.6. Д ля  обратимой Т-алгебры (Q\ Е) следующие условия экви­

валентны:

1) Обратимая алгебра (Q\ Е) имеет вид

Х{х,у) = <рх х  +  фхУ +  сх ,

где ірхсу +  Фхсу + сх  =  0, <рхфу =  ЗфхЧ*у (Jx  =  —х), <рх<ру + Фх Фу =  е для 
всех X , У € Е;

2) В обратимой алгебре (Q; Е) выполняется сверхтождество Шредера (3.6).

A bstract. In this paper using the second order formula, namely the V3(V)— identities, 

we characterize some subclasses of the invertible algebras that are Unear over an 

Abelian group and have restrictions on the use of the automorphisms of the corresponding 

group.
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A b stra ct. For a compact and convex window, Mecke described a process of tessellations 
which arise from cell divisions in discrete time. At each time step, one of the existing cells 
is selected according to an equally-likely law. Independently, a line is thrown onto the win­
dow. If the line hits the selected cell the cell is divided. If the line does not hit the selected 
cell nothing happens in that time step. With a geometric distribution whose parameter de­
pends on the time, Mecke transformed his construction into a continuous-time model. He 
put forward two conjectures In which he assumed this continuous-time model to have cer­

tain properties with respect to their Iteration. These conjectures lead to a third conjecture 
which states the equivalence of the construction of STIT tessellations and Macke’s construc­
tion under some homogeneity conditions. In the present paper, all three conjectures are pro­

ven. A key tool to do that is a property of a continuous-time version of the equally-likely 
model classified by Cowan.

M SC2010 num bers: 60D05.
Keywords: Random tessellation; stability by iterations; equally-likely model; Mecke’s 
conjecture.

1. I n t r o d u c t io n

The topic of this article are random tessellation processes in the plane. In general, 

random tessellations are constructed by lines or line segments that are thrown onto 

the plane under a certain probability law. In our context, line segments are always 

intersections of lines and a so called cell within a compact and convex window. Both 

the throwing of the lines and the selection of the cell to be divided are governed by 

specific probability laws. The timing of the cell division may depend on the selection 

rule for the cell to be divided.

In [4], Mecke developed a new process in discrete time in a convex and compact 

window W: At the first time step, a line is thrown onto the window according to a 

law Q dividing the window in two cells almost surely. At the second time step, one
27
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of the cells is selected for division according to an equally-likely law. Independently, 
a line is thrown onto the window. Մ the line intersects the selected cell, that cell is 
divided into another two cells. If, however, the line does not intersect the selected 
cell, although no new cell is created, another so-called quasi-cell arises. In any case, 
the number of quasi-cells (real cells plus empty quasi-cells) is always the number of 

time steps passed plus one.
At еягЪ time step one of the quasi-cells (which if they are empty cannot actually 
be divided) is selected with a probability equal to any other cell. If the line thrown 
independently hits a real cell, that cell is divided into two real cells. If a real cell is 

selected but the line does not hit it, the real cell remains; one new empty quasi-cell 
is added. If an empty quasi-cell is selected, there automatically arise two new empty 

quasi-cells.
Mecke proposed a way to transfer this process from discrete to continuous time 
by assigning to an arbitrary time t  a geometrically-distributed random number of 

steps (dependent on t) in the discrete process. After formulating two conjectures, he 

examined the special case of a homogeneous line measure to be used for the (potential) 

cell division for which he stated another conjecture that his model in continuous time 

has the same distribution as the STIT tessellation process introduced and examined 
by Mecke, Nagel and Weifi in e.g. [5]—[7].

While his last conjecture, Conjecture 3 regarding the homogeneous case, was proven 

in [2J in rather lenghty terms, a by-product of that paper was a way to actually 

understand Mecke’s construction as a process in continuous time. By this new access 
however, which is related to the equally-likely model Cowan examined in [3], the 
proofs of Mecke’s remaining conjectures could be undertaken.

In this paper, after a short introduction into Mecke’s construction (section 2), the 

distribution of the lifetime beyond an arbitrary point in time of a  convex set within 

a cell of a fixed tessellation in Mecke’s continuous-time model is calculated (section 
3). This allows the proofs in section 4.



2. T he Mecke process

Throughout this paper, we will consider, in the Euclidian plane, a compact and 

convex polygon W  С R2 with non-empty interior. Let рС,Я] be the measurable space 

of all lines in R 2 where the ст-algebra is induced by the Borel ст-algebra on a parameter 

space of ЭС. For a set A  С  R2 we define

[А] = { д е Х : д П А ? І > } .

Let Q be a non-zero locally finite measure on [IK. ij] which is not concentrated on one 

direction but which is bundle-free, i.e. there is no point x  6 R2 such that Q([{x}]) = 

Q({g £ IK : 5 Ո {x} փ 0}) >  0. Let additionally Q([W]) > 0 hold.

2.1. M ecke’s process in d iscrete tim e. Let there be fines 7 =  1,2,..., that are

1.1.d. according to the law Q([W])֊ 1Q(- Ո [TV]). Further let us use, independently of

7 independent a j , j  = 1 , 2,... where otj is uniformly distributed on the set { 1 ..... j }.

If a line դյ  does not contain the origin о then 7 + shall be the open halfplane bounded 

by 7 j which contains the origin. Correspondingly, 7J  is the open halfplane bounded 

by 7 j which does not contain the origin. As the distribution of 77 is bundle-free, we 

can neglect the possibility of 7 3- going through the origin as the probability of this is 

zero.

Let be Сод =  W, 6 1 ,1  = W  Ո and Ժւ,շ =  W  Ո 7 f . For n  =  2,3,... we define

С „ -и  if j  6 { l,.; .,n } ,; ^o t„

C n j  =  C n- i . e .  Ո 7 -  i l  j  =  &ո

. С„_і>аі1 П 7 + i f j  =  n + l

These entities Cnj  are called quasi-cells. Some of these quasi-cells are empty. Those 

quasi-cells that are not empty will be called cells.

From this, we can deduce a random process: After each decision tim e ո, n  =  

1,2,..., we consider the tessellation T„ consisting of the quasi-cells Ժո,ւ,..., Ժո,ո+ւ. 

This decision time is called the n-th decision time accordingly. If, at that decision 

time, the number of cells (i.e. non-empty quasi-cells) actually changes, that decision 

time is called a ju m p  tim e. Obviously, the fc-th jump time is that decision time at

which the number of cells reaches к + 1. Let us denote the random closed set of the
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closure of the union of cell boundaries that are not part of the window’s boundary at 

a step n for the tessellation T„ as
n+1

у Г і п , # ) ~ і ) а & ы \ а ѵ г .

Then (yj*(n, W) : n 6  N) is called the Mecke process in discrete time. Here, N =  

{0, 1 , 2,...} is the set of the natural numbers.

2.2. T he Mecke m odel in continuous tim e. In [4, Section 4], Mecke introduces a 
mixed line-generated tessellation model such that the tessellation T4 at the continuous 

time t  6 [0, oo) corresponds to the tessellation 7v[t) the discrete random time v(t) 

where for the distribution of i/(t)

P („(t) =  k) =  e~l (1 ֊  в ՜4)* , к =  0,1,...

holds. Mecke used Q([W]) =  1 for his considerations. Fbr general Q, i.e. where 

<Չ([է*4) =  1 is not necessarily true any more, the distribution is

(2.1) P(«/(i) =  k) =  e-Sd” '» 4 ( l  ֊  , Jfc =  0,1,...

This is the geometric distribution with parameter the model (which yields a

random tessellation for any fixed time t but cannot yet be described as a process) thus 
has the characteristics Q and tQ([W]). (In Mecke’s paper, these characteristics were 

Q and t due to Q([W]) =  1 . Here, to have a connection between the characteristic and 

the exponential function’s exponent, the characteristic is called tQ([W]).) A possible 

interpretation is that the decision times are no longer at equidistant discrete times 

n  =  1,2,... Instead, the law describes how many decisions take place until the time 

t. The v{t) are assumed independent of all other random variables that are used in 
the construction of the Mecke process.

2.3. T he sum  of exponentially-distributed random  variables. While there 

are more general results for the distribution of a sum of exponentially-distributed 
random variables with unequal parameters (e.g. see [lj), for the special case needed 
here the following calculations allow a quick understanding. If a random variable X  
is exponentially distributed with parameter A, we will write X  ~  £(A).
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Lem m a 2.1. Let n  6  N \  {0} be fixed. Let further Sn =  Tj be the sum of

independent exponentially distributed random variables T \, with Tj ~  Z(jR) for

j  = 1,2.....n and a fixed R  > 0. Then

P (Sn < t ) =  f  nRe~nxR{exR -  l)” ՜ 1̂  =  е- п‘л (е‘л -  1)" =  (1 -  e~iR)n.
Jo

Proof. The proof is by induction. For n =  1, obviously

Let the lenuna be true for n. Then, because of S„+i =  Sn +  Т՛п+ւ with T„+i ~  

£ ((n +  1)Л) and the independence of S„ and Tn+i, for the density of S„+i

/ s . « W  / s n+T„+1(^)

=  fo f s n ( u ) / t„+1 {x -  u)du

=  /*  пДе~пиЛ(еиЛ -  l ) n_1(n + 1  )Re-^n+1^ x~ ^ Rdu 

= (n +  1)Де-(п+1)*й /*  nReuR(euR -  l )n~l du 

=  (n +  1)Д е-("+1>іЛ [(еиЛ -  1)ո)Տ=օ 

=  (ո +  1)Д е-("+1>іЛ(е*л  -  1)"

holds. Integration yields the second equation, straightforward calculation the third

Lem m a 2.2. Let Nt =  max{n : £ " =լ Tj < t) denote the number of Tj ~  £{jR), 

j  = 1,2,..., which have consecutively expired until the time t. Then for к =  0,1,2,...

holds which is true according to the condition T\ r̂J £(Д).

equation in the lemma. □

(2.2) P{Nt = k) = e~tR (l ֊  e~tR)k .
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Proof. From the distribution of the S*,fc =  1,2, one gets 
Р(Л« = k)

=  P(5* < t  <  Sk+i)

=  P (S k <  t) -  P(S*+i <  t)

=  (l — e~tR) k — (l ~

=  (l — e~tR)k ( l  — (1 — e~tR))

= e - t R { l - e ֊ tR)k

For Nt =  0, the result follows from Lemma 2.1 immediately. □

2.4. The Mecke process in continuous tim e. Comparing the equations (2.1) 

and (2.2), we see that with Nt =  i/(t) and R  =  Q([W]) both yield the same result. 

Therefore, the Tj from Lemma 2.2 with Tj ~  £(?'Q([W])) can be interpreted as the 
(continuous-time) waiting times for the quasi-state of the tessellation to change from 

a quasi-state with j  quasi-cells to a quasi-state with j  + 1  quasi-cells.

Definition 2.1. Let us have a window W  С R2. Let (ydw (n, W ) : n  e  N) be the 

Mecke process in discrete time as described in section 2.1. Let (Nt : t  > 0) be the 

process of the number of expired random variables Tj ~  £(j'Q([W՜])) as in Lemma

2.2. Then for every t  e  [0, oo) we define

YcM(t ,W) = YdM(Nt ,W)

and the Mecke process in continuous time as (Y ^^ t, W) : t >  0).

3. T h e  w a it in g  t im e  u n t il  a  c o n v e x  s e t  is  h it  in  t h e  M e c k e  p r o c e s s  in

CONTINUOUS TIME

We now give a formula for the waiting time of a convex set within a cell in the 
Mecke process in continuous time to be hit by a line.

Let us have a fixed time s. We work on the condition that, at this time, the tessellation 
has n  quasi-cells, thus Ta =  Tn_i. Fbr the waiting time T jf  in this state, ~
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£(nQ([W])) holds. In this fixed tessellation with n  quasi-cells, let us have к (’real’) 
cells.

Let these cells be called C i,..., CK. Let Sj С Cj с  W ,j  =  1, ...,/t, be a convex set 

within a cell Cj, created Let these cells be called C \ , C K. For each j  = 1 ,..., к, we 

define

Sj = Cj П К

with К  being a fixed convex set. Thus, Sj is a convex set within the cell Cj, created 

determinietically from Cj. It is possible for some (or all) of the Sj  to be equal to Cj. 

We will only examine non-empty Sj.

Let us denote by X s} the waiting time for such a set Sj to be hit by a line for the 

first time after the time s. It may be possible that the cell Cj is hit by a line but the 

set Sj  is not. In this case, the waiting time for Sj  to be hit shall not begin anew but 

rather be extended until it is actually hit. The waiting time until the set Sj  is hit is 

the waiting time T f f  if and only if the cell Cj that contains Sj  is selected for division 

in this step (i.e. an =  j  in Mecke’s construction) and the set Sj С Cj is hit by the 

line. The probability for this to happen is

P0 ՜ =  On, Տյ Ո7ո Փ 01 Sj  С Cj 6  T„_x) =  ֊ § H § jy -

If the set is not hit (which happens with probability 1 — n waiting time

for the set to be hit is the sum of the waiting times if and only if the

waiting times and T„ +1 have passed and the set is hit in the (n +  l)-th  division 
step the probability of which is

P (j = On+u Sj Ո 7 „+i Փ 01 Sj С С, e  Tn) =

and so on. The waiting times are independent of each other.

In general, one gets

P ( * s ,  < ^ с « ^ е т „_ 1 =  т*)

Let us first calculate what one gets for P <  t j  or the density of this
respectively:



Lemma 3.1. The following equation holds:

р ( е г " і ‘)  -

<3-2'  w h y .  Հ  ( ' в , №  -  ‘Г ” ' - kQi[w]" d I -

Proof. We use the abbreviation 5* =  T ^ . It is sufficient to show that for 

the density / 5* (x) of the probability distribution

(3 3) / « ( • )  -

holds.
The proof is by induction over k.
For the base case к = n, because of T** ~  £(nQ([W])) the equation fs% (x) = 
nQ{[W])e-nQ(W)* should hold, Indeed,

/ s " (l) =  (п ^ ( п - 1 )!С([ТѴ]) ( eQm)X  "  O " " "  e~nQm)X =
Let now equation (3.3) be true for any k. Then for A: +  1, due to the convolution 

formula (the waiting times are independent of each other)

/տ*+>(տ)

_  г* l fci
-  Jo (k-n)l (n-l)l

xQ([W]) (e«(W >“ _  ւ ) * ՜ո e-fcQ([w])u(A. +  i) (5 ( [^ ] ) e - ( fc+1)«(llvl)(* -“)du

Xe *̂0([M1)tte-(fc+l)Q([VV])*+fc0('[lV])u+£3([lV])Udu 

=  I J ^ { ^ e ~ (*+1)0 ([M1 )s(< 3(T O 2 / ;  (e«0"']>“ -  l ) * ՜” eO(W)“du

=  in -1iii^ (fc+1)Q([W1)ag ^ 1y«?(rH1 ) ) 3

x £ ( *  + 1 -  n )Q (H )  (eO(W)« -  l ) fc- n eO(W)»du

=  -  l ) fc+1- " ] U=I
L J u=0

=  Ы - п ) \  K i l e - t ^ W ^ q H W ] )  (ee (W ), _  ! ) ^ - «
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PROOFS OF THE CONJECTURES BY MECKE .. 

holds what is exactly what equation (3.3) yields for к + 1. □

T heorem  3.1. Let a time s be fixed. At this time 8, let us have a tessellation T* 
with an arbitrary number of cells. Let a convex set Sj be contained in the cell Cj 

(Sj С  Cj С W ). For the waiting time X sj for this convex set Sj to be hit from the 
time s on,

(3.4) P (XSj < t\Sj С  Cj 6 T*) =  1 -

holds. I , I
4  * •

Proof. Let us first keep .the number n  of quasi-cells fixed. For equation (3.1) we 
get (at some point we will abbreviate A  =  1 — e֊£J^'vDl )

P (Xsj  fs C C j  €  Tn_ i =  T*)

=  E £ ,„  յր հ *  і ^ в ( М )  /„՛ - 1) ‘ - “ . - “ W D . *

X } ( < ֊ » ) ]

-  « Й І І ц І з і , * !  £  (еОЧ»՛»- -  1)*-”

* < * s * [ n e  ( < ֊ « ) ]

=  « М  Si  £ £ * ,  i  («0<l“' 11- ֊  i ) ‘
V” OijwU)

- T Z о A (1 -  в ֊» !» ՛» -)*  Г (n  +  к -  Щ )  dx

-  /о'е-"Ч11“'11'ЕГ,0 4̂ ‘ jr»"4*՜™*՛S՜1*՜***

O(IS.l)

" r ( - a w ;

w  g([s,D  Ր

[  e —” 0([W])* ք g -u (  1 -  A) Աո -  - 1  d u d x
J  0 Jo



к n—1

е ж е  b e e h l e r

<3([SjD [  e~vvn~ ~ l dvdx

~ T ( " ֊ M ) J° J°

# Q(t5*l> /‘te-nQ(tw])*(i_A)§^"nr  (п ֊§тШ )< Ь
՜ Վ ո ֊ ա ) յ ՝  Հ m

=  <3 ([-Sjl) [  e_1<3([sj,)da: =  l - e ֊ “j(ts>1).
Jo

Equation (a) follows from the substitution v — u (l — A).
Let us now have a time a. The probability that there are exactly n  quasi-cells in the 

tessellation T* (or that 7 '  =  T„_i) is just

n r  =  Tn-l) -  ( l  ֊

Thus, we get
P  (.x 3j <  t \S ,  С  C j e  Т») =  F p "  =  5 V .-0  ( !  -  e - f ® » » )

= ЕГ=і e-ea"W (1 -  e-^W )*)" ՜1 (1 -  e-*<3((̂ ]))

=  (1 _  c֊« 3 (ftl))  շ *  j e-OCW )4 (1 -  ( .-« « " 'I )* ) " ՜1

=  і . е - і д а з д .

Thus the theorem is proven. □
It is worth to mention that (as shown by the last equation) the result does not depend 

on the number of quasi-cells n  at the time a. For translation-invariant Q, this result 

is the same result one has for the STTT process. Obviously, the lifetime of a cell C j  

(which is a convex set contained within a fixed cell, namely C j)  can be described in

this manner as well.

4. P r o o f s  o f  M e c k e ’s  C o n j e c t u r e s

4.1. C onjecture 1 . Lemma 2.2 makes clear the relation between those properties 

Mecke calls ’characteristics’ and the waiting time in a state with n  quasi-cells. Let us 

have a tessellation in a window W  with characteristics and t; then we get
ik

P (tf t =  * ) = e-* ( l ֊ e “ f)

Theorem  4.1. (Mecke 's Conjecture 1) Let Ту/ be a mixed line-generated tessellation 
in W  with characteristics Q and tQ{\W\), and let W  be a window with W  C.W  and
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Q([Wr]) > 0. Then the cutout o /7w  in W  can be interpreted as a mixed line-generated 
tessellation in W  with characteristics

0  =  Ո M )  and І = tQ([fr)).

Proof. We will first examine the tessellation 7 w  in W  with characteristics Q and 
<Q([W]). For the probability that until a time t  the convex subset W  с  W  was hit, 

according to equation (3.4)

Р(Хц,  < t) =  1 -  e ՜0 ^ * .

Մ we condition on W  being hit the hitting line has distribution ^Q (-fl[W ]) =  ф. 

Let us now examine the tessellation 7^,  in W  with characteristics Q =  — Q(- Ո 

[W]) and t  =  tQ([$]). The distribution of the number of decisions £>(t) until time t 

is
P(P(«) = k) = e ֊{ ( l  -  e֊*)* =  ( l  ֊  .

From this, we can deduce the lifetime of the first cell W  to be

P ( X *  <  t) =  1 -

Thus, the distribution of the lifetimes of TV is the same in 7w  and 7$,; additionally, 

the distribution of the segment dividing W  is identical as well.

Let us now have 7w  C\W = 7$, at an arbitrary time. Then, in Tw there exist 

the cells Cells{7w) =  {Ci ' , . . . ,C^r} and accordingly in 7$, the cells C ells(7^) =  

Ո W , ..., C™ Ո W } \  {0}. Note that some of the intersections C™ Ո W  can be 

empty; therefore the empty set is taken out of the set in order to have only ’real’ cells 

with non-empty interior in Cells(7^ ) .

We now examine a cell С  e  Cells{7w) with С Ո W  փ 0. This cell has, as calculated 

above, the lifetime X c  ~  £(Q([C])). If we take a look at this сеД’в intersection with 

the subwindow W  we have a waiting time X Cn^  ~  £(Q([CnIV])) for this convex set 

to be hit. For the distribution of the dividing line we have, due to the conditioning 

on the division of the set, ^ i^ Q ([C 7  Ո W])q([c1nrtf])<3([- n C n W ] )  = Q(-n [C]).

In the tessellation 7$,, we have a cell С =  С Ո W  with a lifetime ճ չ ,  ~  £(Q([C])) =  

£(Q(.[C ո  W]))- For the distribution of the line dividing С  we have Q(- Ո [Շ]).

So, the. waiting time for the set С  Ո W  in Tyy to be hit and the lifetime of the 

cell С  Ո W  in 7փ  respectively are identically distributed. Because of Q(- Ո [C]) =
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Q(-0 [CnW]) =  Q(-n[C]) the distributions of the dividing lines are identical as well. 

Under the condition of the equality Ո W  = 7 *  the distributions of the time of 
the next segment falling in W  are identical in both considered windows as are the 
distributions of that next segment. As we always start in the same configuration of 
an empty subset W  С W  and window W  respectively, the theorem is proven. □

4.2. C onjecture 2. Let us first define the iteration and its symbol ffl.

Definition 4.1. fl4, Subsection 4.3, Remark],) Let 7* be a mixed line-generated 

tessellation with distribution law P l and 7e such a tessellation with law P ’ . Let 

further Уі.Уа,... be a sequence of U.d. copies of 7* which are independent o fT1. Let

{Zu ..., ZK} be the set of cells of 7 1 and be the set of cells of for n  =  1,2.....

Then the set of cells

u
n=l

is a new tessellation and its distribution law is denoted by P l ffl P*.

With this definition and Theorem 4.1, Mecke’e Conjecture 2 can be proven in quite 

a straightforward manner:
J

Theorem  4.2. (Mecke's Conjecture 2) The class of all mixed line-generated tessellations 

(related to Q) as a whole is stable under iteration in the following sense: Every 

operation of iteration maps the mentioned class into itself, i.e. an iterated mixed 

line-generated tessellation is again a mixed line-generated tessellation. I f  the mixed 

line-generated tessellation 7 t is iterated according to the law P® of 7 B, then the law 
P t Ш P* of the outcome fulfils

P ‘ E P ‘ = P ‘+J.

Proof. Let 7* be a tessellation with the cells Cells(7*) =  {Zl t ..., ZK}. Then each 

of those cells Zj has a lifetime X z } ~  £(Q([Zj])) which is (under the condition of 

the existence of these cells) independent of the other lifetimes which because of the 

memorylessnese of the exponential distribution does non depend on the time the cell 

was created before the tune t. After the lifetime has expired (provided it is smaller 
than a), a segment of a line with distribution Ո [Zj]) falls into the cell.

Afterwards, the process goes on with its cells and their exponentially-distributed
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lifetimes until time s. Thus, one gets the resulting tessellation 7t+‘ .

According to Theorem 4.1, one can interpret the cutout TWDZj of Tw with characteristics 

Q and sQ([W]) as a process 7zj with characteristics Q =  Q([g ])Չ(* Ո [Zj]) and 
s =  sQ([Zj]). If one considers a cell Zj now, its lifetime is £(Q([Zj]))-distributed as 

verified in the proof of Theorem 4.1; after this lifetime’s expiry, a segment falls with 

the corresponding line having a distribution Q =  Ո [Zj]).

This cutout process runs independently in all cells Z j , j  =  1 ,...,«, with the same 

lifetime and segment distribution as in the process T*+*. Thus, because the processes 

are identically distributed,

p t ffl p* = p t+a

holds as claimed in Mecke’s Conjecture 2. □

5. C o n c l u s io n  

From Theorem 4.1 and Theorem 4.2 we can deduce

T heorem  6.1. (Mecke’s Conjecture S) Let A. be a non-zero loadly-finite translation- 

invariant measure not concentrated on one direction and W  a window with 0 < 

A([W]) < oo. Then, the ST IT  construction and the Mecke construction with Q =  A 

are equivalent in the sense that they yield identically-distributed tessellations within 

the window W.

Proof. The equivalence of the STIT and the Mecke construction follows from 

Theorem 4.2 for the given translation-invariant measure Л as the property Pl ffl P’ = 

P t+a is the defining property of the STIT tessellation, namely to be stable with 

respect to iteration, and from the fact that the STIT tessellation is unique in this 

property, as per [6, Corollary 2]. □
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1. Introduction 

We consider the system of Laguerre functions defined by

L%{v) = е"* 4 в)(і/),у 6 R+ = (O.oo), к 6 N,

where (y) =  (ya+ke~v)W /(k\ yae v) is the usual Laguerre polynomial of degree 

к. For q  > — 1 this system forms an orthonormal basis in L2(R+) when we choose 

the normalizing constants

cfc,a =  у/Г(к + 1)/Т(а + к + 1), к 6 N.

This produces a formal expansion /  =  YlkLo < f>^k > which is convergent in 
norm at least for f  6 L2(R+).

The main object in the theory of Laguerre function expansions is the set of 

transplantation operators, defined for a, f) > — 1 and /  € L2(R+) by

^ / = ք ; < / , ւ յ > ւ ք .  
k=0

The research was supported by the NNSF (11271024) of China.
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The IP boundedness of such operators was first established by Kanjin [7]. Recently, 

G. Garrigds et al. [5] extended the Kanjin’s result to the power weighted spaces (see 

also [16]).
The purpose of this paper is to establish a generalized weighted transplantation 

thpnrpm for Laguerre function expansions, which extends the corresponding result by 

G. Garrigds et al. [5]. The main result of the paper is the following theorem.

Theorem  1.1. Let - 1  < a < թ and 1 < p < oo. Then the operators Т£ and T$ 
admit bounded extensions to the weighted space Մ (ս) whenever w{x) =  (1 +  i ) n ' i p<5 

with — § — — p +  § ont  ̂7 ^

We remark that in the special case 7  =  0, Theorem 1.1 has been proved by G. 

Garrigds et al. (see [5], Theorem 1.4). So, our result extends essentially the main 

result of [5]. Also, the proof of Theorem 1.1 is curried out by using arguments similar 

to one used in [5].

To prove Theorem 1.1, we need to establish new weighted multiplier theorems 

for Hermite function expansions in Rd and Laguerre function expansions in R+. 
respectively. Recall that the Hermite functions in Rd are defined by

d
%(*) =  dk.de-l*!3/ 2П Я * (a*), к  =  (*!,••• ,kn),ki 6 N, 

i=l

where Я*(£) =  ( - l ) fcet , .DW(e~<,) is the usual Hermite polynomial in R and N = 

{0,1,2, • • •}. Normalizing by dv,d =  П І:і(2А“^ !\А )~ 1/2і the system {ттк}к becomes 
an orthonormal basis in L2(Rd) and a complete system of eigenvectors for the Hermite 
operator - Д  +  |®|3.

Theorem  1.2. Let 1 < p < oo and m  6 i°°(Nd) be such that

(1.1) |A°m(k)| < Ca (l +  |k |) -H , к  e  Nrf, V a  e  Nd,

where A a is a difference operator. Consider the operator Tmf  =  £ k m(k) < / ,  Tfr > 

»йс, defined at least for f  6 L2(Rd). Then Tm admits a bounded extension to the 

weighted space IS(u) whenever w(z) =  (1 +  |®|)7/i(*) with ц  6 Av{Rd) and 7  6 R, 
where ц  6 Ap(Rd) stands for the Muckenhoupt class.
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We remark that in the special case 7  =  0, Theorem 1.2 has been proved in [5] 

under weaker conditions (see [5], Theorem l.G ). But, our Theorem 1.2 cannot be 

deduced from the conditions imposed in [5].

Theorem  1.3. Let a  > —1, 1 < p < oo and m  e C°°[0, oo) be such that

(1.2) |£>'m(OI < C?,(l +  Հ ) ՜1, Հ > 0, 1 6 N.

Consider the operator Tmf  =  J2k>0 m(k) < },L% > Լ՛է, defined at least for f  € 
L2(R+). Then Tm admits a bounded extension to the weighted space I?{ui) whenever 

u(x) =  (1 +  x)inxv6 with —f  — յ < ծ < 1 - j  +  §  and 7  e  R.

We remark that in the special case 7  =  0, Theorem 1.3 has been proved in [5], 

Theorem 1.8.

The paper is organized as follows. In Section 2 we prove Theorem 1.2 by using a 

new class of weights Ap(<p). In Section 3 we establish Theorem 1.3. The main result 

of the paper - Theorem 1.1 is proved in Section 4. Finally, Section 5 is devoted to the 

applications of Theorems 1.1-1.3 to the boundedness property of the Littlewood-Paley 

5-functions associated with the Laguerre expansions.

2. Multipliers for Hermite expansions

In this section we prove Theorem 1.2. First we introduce some notation and

properties of the new weight function class Ap{ip).

Throughout the paper, Q(x, t) denotes a cube centered at x  and of the side length

t. Given a cube Q = Q (x,t) and a number A > 0, we will write AQ for the A-dilate

cube, which is the cube with the same center x  and with side length At. Given a

Lebesgue measurable set E  and a weight w, |E | will denote the Lebesgue measure

of E  and w(E) =  f E udx. The symbol ||/[|х,р(ы) denotes ( fRd \f(y)\pu{y)dy)1/v for

0 < p < 00, and ||/||х,і.~(ы) denotes supA֊ 1w({a: € Rd : | / ( i ) |  > A}). The letter С
A>0

denotes constants that are independent of the main parameters involved, but whose 

value may vary from line to line. For a measurable set E, by x e  we denote the 

characteristic function of E. By A ~  В  we mean that there exists a constant С > 1 

such that 1/C  < А /В  < C.

In this section, we let ip(t) =  (1 +  t)Bo for 0̂ > 0 and t > 0.
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A weight always a positive function which is locally integrable. We say that

a weight ш belongs to the class Ap{ip) for 1 < p  < oo, if there is a constant С  such 

that for all cubes Q =  Q(x, r) with center x  and side length г

Ы г а / , " Н  ( w m l " ՜ * ® * ) ’
Also, we say that a nonnegative function и  belongs to the class А -լկք) (or satisfies 

the Ai(<p) condition), if there exists a constant С  such that for all cubes Q

Mv {w){x) < Сш(х), a.e. x  6 Rd.

where

Since v’(IOI) > 1. we have Ap(Rd) с  Ap{tp) for 1 <  p < oo, where Ap(Rd) denotes 
the class of classical Muckenhoupt weights (see [4]). It is well known that if w 6 

=  Up>i ^{x)dx is a doubling measure, that is, there exist a
constant С > 0 such that for any cube Q

w(2Q) < Cw{Q).

Now we list some properties of weights ш e Aoo(<p) = Up^i ^(vO i я іт і1я.г to that of 
classical Muckenhoupt weights.

Lem m a 2.1. For any cube Q с  Rd the following assertions hold:

(i) I f  1 <Pi <Рз < oo, thenA^^ip) с

(ii) ш € Ap(^) if  and only if  ա ՜ք ^  where V ? +  1/p ՜ =  1 .
(iii) I f u i, սշ 6 Ai(ip), p > 1, then e  Ap{<p).

(iv) I f u e A p  for 1 <  p < oo, then

Լ \ f W v  հ օ Ա ո Լ  v m » ) ' * .

In particular, i f  f  = x e  for any measurable set E  С Q, then 

\E\
vdQDIQI ֊  \w (Q jJ  '

R em ark 2.1 . It follows from the definition of Ap(ip) and Lemma 2.1 (iii), that if  

и  6 Ap(<f>), then u(x)dx generally is not a doubling measure. Indeed, letO <  7  < fo /d ,
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it is easy to check thatu(x) =  (l +  |x|)~(d+7) g  ճ<»(Rrf) andu(x)dx is not a doubling 
measure, but ш{х) =  (1 +  | ւ | ) ՜( <ք+'1') 6 Ai{(p).

It is easy to see that the set of all Schwartz functions, denoted by S, is dense in 

Մ  Լա) for w 6 ճօօ(ւ^) and 1 <  p < oo. Hence, we always can assume that /  € S if 

/  € ^ (w )  for 1 <  p < oo.

Lem m a 2.2. Let 1 < pi < oo and и  e  Am (<p). Then for pi < p < oo the inequality 

holds:

[  \Mu>f(x)\pw(x)dx < C p f  \f(x)\pw(x)dx.
Jr* Jr*

Further, let 1 < p < oo, then и  e  Ap(<p) if and only if

ш({х e  Rd : M ^f{x) > A}) < ^  [  \f(x)\pu>(x)dx, A > 0.Ap J^d

The dyadic sharp maximal operator М*,,л /( г )  is defined by

M ^ f { x )  := sup f  \f{x) -  f Q\d x+  sup 1 [  \f\d x
*eg,r<i ІУІ Jq(x0,t) xeQ,r>i V>CIQI)IVI Jq(x0,t)

-  BX ? [1с Ш  I  \ f ( v ) ~ c \dv  +  sup ~? io m o i I I/I***.*eg,r<i c  |v | Jq(x0,t) x60,r>i ѴЧІѴШѴІ Jq{x0,t)
where Q denotes a dyadic cube and I q — Iq  f{x)dx. Similarly, we define the sharp 

maximal operator M ^f(x') for an arbitrary cube with sides parallel to the coordinate 
axes.

Lem m a 2.3. Let 1 < p < oo, w 6 -АооСѵ5) and f  E ^ (w ) , then

II < / b ( U) < С | К Д/ | |£ , (Ы).

Here M £ f(x )  denotes the dyadic maximal operator. Lemmas 2.2 and 2.3 follow 

from [19].

Note that |/(x )| <  M fif(x )  a.e. x  € Rd and М£,л /(х )  < Af£/(x) for x  6 Rd. By 

Lemma 2.3, we have

P roposition  2.1. Let 1 < p < oo, w 6 Аоо(уз) and f  € then

II/IIlpm < \\М ?Д ь> ы  <  С ||М ‘ / | | ^ (ы).

In order to prove Theorem 1.1, we need to introduce some vector-valued spaces. Let 

X  be a Hilbert space with norm |- |x , and let | |/ | |լ*  (ы) denote (/R<, |/(y)lxw(y)dy)1/p 
for 0 <  p <  oo.



Consider the Bochner integral operator T , defined by

T f{x )  =  [  K {x,y)f{y)dy,
Ун-1

where the X-valued kernel К  satisfies the foUowing conditions (for N  > nfc, + 1):

(0 \k (x,z)\x  < cN\x -  * r d(i + \ x -  * |)լ",
(ii) \K (x ,z ) -K (x 0,z)\x  < CN {l + lx S ~ )^ _ Ad+֊l , if 2|*-*ol < \x -z \. 

The next result can be deduced from Lemmas 2.2 and 2.3, and Proposition 2.1.

P roposition  2.2. I f  the Bochner operator T  is bounded from Lp(Rd) into L^(R d), 

then for any r > 1,
M l{\T f\x){x) < CMv,rf{x), 

where Mv,Tf[x )  =  [М¥,( |/ |г)(і)]1/г, and, as a consequence, the inequality

I|T /||z*m  < C ||/ ||j» M  

holds fo r l< p i< p < o o  and ш 6 APl(<p).

For the proofs of the above stated results we refer to [19].

Now we proceed to prove Theorem 1.2. We define the Hermite ^-function and 
^•-function, respectively, by the following formulas:

« (/)(* ) = И і г .д * ) ! 2^
0 s

i/a
, 1  =  1, 2,-

Ш І * )  = I / ° ° |a‘JRd Jo

where T, =  е-* (-л +М2) denotes the Hermite heat semigroup. 

Denoting by T,(y, z) the kernel of T„ we can write

1/2

, A > 1,

м . т . т f{z)dz.

For convenience, we change the variable e =  t3 in the definition of g and g*, and 

denote by Qt(y,z) the new(normalized) kernels tM[ ^ 5 ^ ] | , = t= for Z > 1. It is easy 

to check that these kernels are symmetric and satisfy the inequalities (see [20], pp. 
98-99):

(a) IQt(v,*)| < Ci~de~fr|*-v|S1 0 < t < 1 ,
(b) |Qt(v,*)| < C2- dte -bl*-i'la, t  > 1 ,
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(c) \Qtb) + h, z) -  <3t(y, г )I +  |<3t(y, z  + h) — Qt(y, z )| < C7it~d~1e~*‘|x~w|a, for 
0 < t < 1, V|/i| < t,

(d) |Qt(y +  h, z ) -  Qt (y, z )I +  \Qt (y, z + h ) -  Qt(y, z)\ < СЛ2֊ л е ֊ ьІ*-ѵІг, for t > 
1, V|/i| < t, where C, a and b are positive constants, independent of x, y, t.

To prove Theorem 1.2 it is convenient to look at the functions g and g ' as vector­

valued singular integrals. Let A  denote the Hilbert space L2(R+ ,d i/t), and В  denote 

the Hilbert space L2(R+ x Rd,d tdy /tn+1).

Consider the operator Gi : L2(Rd) ->■ L \  (Rd) defined by

G \f{x) = f  K i(x ,z )f(z )d z ,
J

where K \(x ,z )  is the ճ -valued kernel: K \(x ,z )  := {Q t(x ,z)}t , and the operator 

G2 : L2(Rd) -► L |(R d) defined by

G2f{x) = [  Кч{х, z)f(z)dz,
J R«

where K 2(x,z) is the B -valued kernel:

K 2(x,z) := j ( 1 +  ^  t

Observe that \G\J{x)\a  =  gi(x) and |<?շ/(ւ)|տ =  gj(x). Therefore, the boundedness 

of ցլ and ցՀ in Լբ(ա) are equivalent to the boundedness of G\ from Ьр{ш) into LpA{u) 

and G2 from Լ ՛’Լա) into LPB (ա), respectively. Moreover, boundedness holds for the 

Muckenhoupt weights for 1 < p < oo (see [5]). Hence, in order to apply Proposition

2.2, we need to establish the following lemmas.

Lem m a 2.4. There exist positive constants c\ and շշ such that

(i) \Ki(x, y)\A <  сі|гс -  y \-de -°^x- ^ \

(ii) \K \{x,y) - К і {хо, у)\а  <  ci ^d + ie~ ^ X~V̂ ’ V  2 |* -  *o| < I* -  ѴІ-

Proof. We use the above stated inequalities (a)-(d), and fist prove the assertion 

(i). Note that



Using the inequality (a), for I \  we have

/1

Գ=CL
< C e ֊‘ ^ J o { t+ { x _ yl)2d+1dt

| i  -  y|M

Now using the inequality (b), for 1շ we obtain

h  < С  / ° ° e֊ te_als֊v^ — < C7e-6|*-«'l2 < C T—
՜  Л  < І* -ѵ Ім

lb  prove the assertion (ii), first note that 

\K\[x,y) - J f i ( z 0 , y ) | i

՜ Լ

= /  ՜  Չէ(®օ, V)|2y  + £  \Qt(x,y) -  Qt(x0,y)\2յ
■̂= Լ +  1հ-

If I® -  УІ > li then by the inequality (c), for I3 we have

h  < С  Լ

\x ֊ xq\2 —iEadl 
|x — y|3(*fi)

I f J * - y |<  1, an application of the inequality (c) yields

H*-vl / l* _ « ,I N a
/3 s o ^ ^ b z a l ) ^ - ^ !  

+ c / ‘
j\x-y\ \  t )  t



< C , 11 - g j ’ Ր «
\x -  y|2(d+2) J0 t

| i - x 0|2 Г1 2d<
+ C 1̂ P  W  1 t

I1 -До|а
a ;_ j,|2(<i+a)‘ Г " М  \x  _  j,|2(d+2) 70

+ c | £ z i j g e- . ^  /  r u t
\ X ֊ y \ U  J \x—y\

< c . I 1-՜10!3 e - * ^ .| i  -  y|2(<*+i)
To estimate / 4, we apply the inequahty (d) to obtain

I. s c  £ ° \ , -  и |1«-‘е -* |-» |\а  < с

This completes the proof of Lemma 2.4.

Lem m a 2.5. Let Ճ > 4, N \ =  d ( j  — 1) and N2 =  d(% — 1) — 1, then there exist 

positive constants С7дг,, Cn3 such that

(i) \К з(х,г)\в  < CM |a: ֊  z \֊d(l +  | * -  * |) ֊ *

(ii) \K i{x,z) -  K 2{x,Zq)\b < С »  ^  +  |я  _  30^ 1̂  _  z \d+l» 2lz ՜  *°l Հ
| s - * | .

The proof is similar to that of Lemma 2.4, and hence, is omitted.

T heorem  2.1. Let 1 < p\ < p < 00 and ш 6 Ap, (<p). Then, for I > 1 there is a

constant С > 0 so that

llst(/)l|j>M  < C||/lliP(«).

Obviously, Theorem 2.1 is a consequence of Lemma 2.4 and Proposition 2.2.

As an immediate consequence of Theorem 2.1 we can state the following result.

Corollary 2.1 . Let 1 <  pi < p < 00 and ui € APl{<p). Then for I > 1 there is a 
constant С > 0 so that

С -Ч І /І І^ И  < |M /)||j>(w ) < C\\f\\Lp(U).

T heorem  2.2. Let 1 < pi < p < 00 and ш 6 Ap, (<p). Then for each A > 2(fio +  4) 

there is a constant С > 0  so that

т т ь > ы  < с \ \ п ^ ы).
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Proof. Adapting the arguments used in [15], pp. 43-44, and using a duality argument 

and Lemma 2.5 and Proposition 2.1, we obtain the desired result.
As a consequence of Theorem 2.2, we have the following result.

Corollary 2.2. Let 1 < p < oo and ա(x) =  (I +  |x|)'T with І7І <  A). Then there exists 

a constant С > 0 such that for each A > 2(A) +  4)

ІІРл/IU 'H  -  ^ І І / І Ь н -

Proof. Note that ы(х) =  (1 +  |x|)7 € Ai(ip) if - 0 O < 7  <  f t-  Applying Theorem

2.2, we get

||0a /||z * H  ^  С||/ІІ£*М-

This implies

\ \ց Ս Խ ^ < օ \ \ք \ \ԼՀա).

Thus, Corollary 2.2 is proved.

Theorem  2.3. Let uj(x) =  (1 +  |і |) 7/і(х) with fi 6 Ap(Rd) (Muckenhoupt class) and 

7  e  R. Then there exists a positive constant Ao depending on 7  and ր. such that for 

each A > Ao

ІІйІІі^и +  IIsaIU-h ^  c \\f\\Lp(U).

Proof. Using the results from [5], we obtain

IMIz^oo + іі5аіі£*оо -
where \i 6 Ap(Rd). By the properties of the Muckenhoupt class Ap(Rd) (see [4]), 
there exists e > 0 such that

(21) ІІ5і|Іх̂ (м1+‘)) + іі5аіЬ»(м,+')) ^  с Шь*№+՝)У

On the other hand, for wi(x) =  (1 +  |x|)7(1+e>/' and Ao =  2(І7 І +  4)(1 +  e)/e, by 
Corollaries 2.1 and 2.2, we have

(2-2) ՜  ІЫІьяо*) +  11տ511ււ>(ա,) < с ц / Ц ^ ) .

Putting together (2.1) and (2.2), we obtain the desired result.

Tb prove Theorem 1 .2, we also need the following result proved in [5].
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P roposition  2.3. Let A > 2 and Tm be as in Theorem 1.2. Then for all I > d \ /2 + l  
we have

9iiTmf){x) < C gl(f)(x), a.e. x  e  Rd.

Proof of Theorem 1.2. Combining Corollary 2.1, Theorem 2.3 and Proposition 2.3 
we have, for /  G Cc(Rd)

Ц т * / ь м  < 0 Ы Т ш П \\^ и )  < с\Ш\\ь*{ш) < с ц / Ь м

provided that w, I and A satisfy the conditions of Theorem 2.3 and Proposition 2.3. 
The proof is complete.

Using the same transference principle as in Corollary 3.4 from [6], we obtain a 

counterpart of Theorem 1.2 for Laguerre expansions when a  =  ^ — 1.

The next two lemmas were stated in [5].

Lem m a 2.6. Let a  =  where n 6 N+. Then for some constants a* € R, к =  

1,2  • • •, the following equalities hold;

■kfc(|z|2) =  X ) “ кЧакММ* V z e R d, fc =  i , 2 ---.
|k|=*

We shall օեօ need the following elementary fact.

Lem m a 2.7. For every f  e  L^O, oo) we have

[  / ( N 2)M ~id~2)dz =  Cd [  f(t)d t.
J r<< Jo

Corollary 2.3. The assertion of Theorem 1.3 remains valid when a  — and n  is

a positive integer.

Proof. Let m(£) be as in Theorem 1.3. The function M (f) =  m ((fi H----- Ւ fd)/2)

restricted to the lattice Nd defines a multiplier (Af(k)} which satisfies the conditions 

(1.2).
By Lemma 2.6 we have

(rm/ ) ( N 2) =  E E m (k) < f ’L %> < **i*w \z\a> * 6 Rd. 
fc=0 |k|=fc

Let w(|z|) =  (1 +  |z|)7 |z|pi for 7  6 R and - f  — £ < i  < 1 — £ +  §• Observing that

we can use Lemmas 2.4 and 2.5 to apply Theorem 1.1
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to obtain

Р -Я Ь м  - jf lf f - f lW M * ) "

- Վ Jr*

M(2k) < f ’Li >  <*kV2k(z)
k=0 |k|=*

E E  < / ,  Ьк > <*k»72k(2) 
fc=0 |k|=fc

< C'll/lli'Cb»)!
Thus, Corollary 2.3 is proved.

|2|o„-(d-2)w(|z |2)dz 

|z |(d-2)(5- l ) w(|z |2)dz

3. Multipliers for Laguerre expansions

In this section we prove Theorem 1.3. The strategy is to deduce the result from 

the special <•»«» discussed in Corollary 2.3, by using interpolation of the following 

analytic family of operators
OO

Tm f  =  E m* <  f '  > wbere Z e  С > _ 1 -
fc=0

We first recall the definition of Kanjin’s operators T “+<e and prove their boundedness 

for the range of I&i7(R+).
In this section we will use the following notation from [5, 7]. We denote М{Ѳ) := 

(1 +  |6|)wecl®l for suitably large constants N  and c. The constants appearing in the 

section such as С, сот N  may depend on a, p, 6 and 7 , but are independent of Ѳ € R. 
Finally, it is also convenient to denote the admissible range of indices by

(3.1)

* = { Q ,  M , 7J  6 (0 ,1 ) X (—1 , 00) x R x R :  - ֊  -  ֊  <  S <  1 -  ± .

We first state the boundedness of T °+w in L*,7 (R+) for special values of a.

Observe that (see [7], p. 539), the Laguerre polynomials can be extended to complex 
parameters z 6 С with Rez > —1 by the formula

£ M M  _  n i % x+ke ՜''}  y *  T(k + z + l )  {֊уУ
k W  k\y*e-v Г(к - j  + l ) r ( j  + z  + l)  j l  ՛ V> U’

and likewise for the corresponding Laguerre functions we have
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Moreover, the following lemma is true, which was proved in [7].

Lem m a 3.1. Let a  > —1 and f  € C7“ (0, oo). Then for each N  > 1 there exist a 

constant С > 0 and a number ко e N such that for all к > ко and Ѳ e  R

(3.2) I < / ,  L%+ie > I < C( 1 +  |5|)4W+ae f  ®l(l +  k)~N.

Using this lemma one can define the complex transplantation operators 
oo

T * f = J 2 <  f ,  L։k >  L%, Rez > ֊1 , a  > -1 ,
*=o

at least for functions /  6 Cq°(R+).

For every a  > — 1 and Ѳ 6 R we define a multiplier by

(3.3)

Observe that A is an analytic function of Հ when Re£ > - 1  -  a. The following result 

has been proved in [5].

L em m a 3.2. Let a  > —1. Then the function A(£) defined by (3.3) belongs to 

C°°(0, oo) and satisfies

sup (1 +  K|)'|£>'A(0| < Ci(l +  И )', V Ѳ 6 R, I =  0 ,1 ,2, • • • ,
€e[0,oo)

where the constants Ci are independent of Ѳ.

We prove Theorem 1.2 under the following assumption on the indices (^ ,a , <5,7 ). 

A ssum ption  (A). The point (£, a, 5,7 ) is so that the multiplier operator T \ f  =
OO

£ A ( A ) < / ,L £ > b * .w i th A  =  A0,e as in (3.3), is bounded on Lf 7(R+) and satisfies 
k= 0

IITa/IU;,, < C7(l +  И А ^ І Ц / І І ^ ,  V Ѳ 6 R, 

for some constants C ,c ,N  > 0, where

R em ark  3.1. It follows from Corollary 2.3 and Lemma 3.2 that the Assumption 

(A) is fulfilled for parameters from the set A  (see (3.1)) of the form  (֊ , 6,7 ),

whenever n  € Z+. Moreover, the Assumption (A) also holds for (5 , a, 0,0) and for
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all a  > - 1 , and, by the duality, it holds for a fixed (խ ռ, 6, -у) if and only if  it is true 

for ( y , a , - 6 , - 7 ).

In order to prove Theorem 1.3, we also need the following complex interpolation 

result.

Lem m a 3.3. Let P0 =  (—,oo,<5o,7o) and Pi =  (^-, c*i, <5i, 71) be two fixed points 
from A  for which the assertion of Theorem 1.2 holds. Then the assertion of the 

theorem must also hold at the points P = { ± ,a ,6 ,7 ) of the form

(3.4) P  =  (1 ֊  t)Pb +  tP i , t 6 (0, 1).

Proof. As in Lemma 3.20 from [5], we define

a(z) =  (1 -  z)a0 + zati, 6{z) =  (1 -  z)S0 + zSu  and 7 (z) =  (1 -  z )70 +  271,

for complex z*= а + іѲ and 0 <  в <  1. Recall that M(0) =  (1 +  |0|)NecW for suitably 

large constants N  and c. By Lemma 3.1, the operator

T ^ iTf  = f> (fc )  < f,LViT > 4 +iT =  (TZ+iTYT^TZ֊iTf  
k=0

is well defined and bounded at least when /  € La(R+). We define an analytic family 
of operators by letting

S ,F (y ) =  V*W(1 +  ѵ )* )Г “< ')(Р (г)і-{М (1 +  x)-iW )(y )

at least for F  € L2(0,00).

Now we are going to show that {S*} satisfies the conditions of Stein’s interpolation 
theorem (see [2]). To this end, observe first that, given any two subsets E\, 
compactly contained in (0,oo), the function

z>->t>(z) =< S։ (XEh),XB, >

is well defined whenever 0 < Rez < 1, and satisfies
(3.5)

|»W I < l |i£ (' V iW (i +  x )֊7WXBl)||2||(y-'!W (l +  у) ֊ 7« ХЕ2)||2
< C£3||(7 ^ ;))+t<Ql- ao)e)*T“WmraW ֊i(“i - “o)e(a:֊*(*)(l +  i ) - 7WXBl)||2
< CBjM (0 ) ||(x -^ )( l  +  2:)-'rW XBi)||2 
< С ЕіСь,М(Ѳ),

by the L 2 boundedness of ТЦг+1т, V a >  —1.
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Next, we show that the function Փ is holoinorpliic in a neighborhood of the strip 

S  := {0 < Rez < 1}. Indeed, since ||7m ^|| і м у  is uniformly bounded in the compact 

sets of S , similar to (3.4), it is enough to show the holomorphy of z  •-+< SXF, G > 

for all F, G e  C£°(0, oo). Denoting f(x )  =  x~4W (l +  x)7^ F (x ) ,  g(y) = y~s<-z\ l  + 

y)~/WG(y) and a(z) =  a  +  tr , we can write

< SXF, G > - <  Tm z)( f) ,g  > = <  T^ T r iT{ f ) ^ +iT{g) >

= Y , m k < J ՝Lk~iT > < g ՝L ak+iT>

= ] T m fc < * " ,(e)(l +  *)‘rWF ,L jw  > <  y - s w { l + y y w F ,L ^w  > . 
к

Since the series converges uniformly when z belongs to a compact set of §, it is easy 

to show the holomorphy of the map

г е 5 и < х ±4(*>(1 +  զ {։) >= Г х±4(‘ >(1 +  x)±^ F ^ x ) L ^ ։\x )d x ,
Jo

for all F  6 C” (0, oo).

Combining this with (3.4) we conclude that Ф is holomorphic in the strip {0 < 

R ez  < l}, continuous in the closure and has admissible growth for complex interpolation. 

To verify the conditions of Stein’s interpolation theorem (see [2]), we only need to 

show the boundedness of the operator Sx at the limiting bands

So, : LP0{R+) -► Մ°№+) and S1+ie : L (R+) ->■ Մ ' (R+).

When Rez = 0 we use the assumption that Theorem 1.2 (and hence Assumption (A)) 

holds for the point po- Then, both T£° and bounded in L ^  7o and

in L \  _7Ql which implies

І І $ Л  =  I + x)7<«>F)||i£ t10

=  m w i i f i u .
When Re z  = 1, we have a similar result. Thus, by Stein’s theorem 5 , must be 

bounded in I^*(R+) for ֊հ =  +  ֊ հ and all a 6 (0,1). Letting s =  t and using

(3.4), we have p t= p , a(t) =  a  and 5(t) = 5.

Moreover, such boundedness translates into

І Г О І І ь ;  =  | |y 4 ( t ) ( i + v ) 7 ( 0 2 S ( 0 ( i 4 ( t ) ( i  +  * ) 7 ( t ) / ( a : ) * - 4 { t)( i + ® ) " 7 ( t ) ) l l i >
=  ||5,(х4(‘)(1 +  х ) ^ ) / ( х ) ) | |^
< М ||х 4̂ (1  +  х)7^ /(х ) | |ір  =  M ||/ |U jt ,
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showing that the assertion of Theorem 1.2 holds for the point P  =  7 ). This

completes the proof of Lemma 3.3.
P ro o f  o f  Theorem 1.3. We need to show that the operator is bounded in 7 

for every fixed P = 6 When a  > 0, о  =  a n := and n is
an integer so that a„_i < a  < a„, then we easily find two points from A  of the 

form P0 =  (pittn—l,^0i7o)i Pi =  (p ia n t^ii7i) and some t  € (0,1) to satisfy p  =  
(1 -  t)Po 4- tP\. When - 1  <  a  < 0, one can choose a number ao close enough to -1 , 

and interpolate between the points P0 =  ( 5 , ao, 0,0), Pi =  (£, 0, <5i, 71). By Corollary
2.3, the assertion of Theorem 1.3 holds for points Po and Pi, and therefore, by Lemma

3.3, it must also hold for the point P . Theorem 1.3 is proved.

4. P roof of T heorem 1.1 

In order to prove Theorem 1.1, we need the following result.

Theorem  4.1. Let a  > -1 ,  7  6 R and Ѳ € R. Then the operator Т£+Ів can be 

boundedly extended to L$7(R+) for all 1 < p  < 00 and —§ — J < £ < 1  — j  +  f .  

Moreover, there exist constants C,c > 0 and a number N  € N (depending only on 
a, p, 6,7 )  such that

(4.1) I I Z ^ / I I l ; . ,  < C( 1 +  № NeM \\f\\L,n , V Ѳ 6 R.

The proof of the theorem follows the scheme proposed by Garrigds et al. in [5] and 
Kanjin in [7]. Obviously, under Assumption (A), it is enough to show (4.1) for the 
operator

fa+ie* y ՝  (  r(fc 4- a  +  1) \ 1/a +i$
“  “  \ Г ( Л  + а + 1  + іѲ)) < f ,L k  >Lk

instead of Tg+i$.

Following [5] and [7], we can define for e > 0 the operators

Go «(/) =  Y '  ( ---- +  Q +  1) \  /2 , լօ+է+ів > լօւ
y r ( H a + l  +  e +  t f ) j  < / , L * > L *

so that T£+ief(x )  = hm Ge,ef(x )  for aU x  > 0, at least /  € C7*(0,oo) by Lemma 

3.1. Moreover, the following remarkable formula holds (see [7]):

֊  т щ  C m ' ՜ *  (• ֊  ք )՜՜1+“  ( f ) ’  ‘^ 7 -
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Adapting the arguments used in [5], pp. 260-263, we can obtain the following result.

P roposition  4.1. Let a  > —1, 7  6 R and let p,S be such that 5 > — |  ^ . Then,

there exist constants С, с > 0 and a number N  € N (depending only on a,p, 6,՞ք) such 
that

\\GeAui„ Հ w  + \e\)N*cW (\\ПФЧц„ + ІІ/(*)*"*ІІц,).
for all Ѳ 6 R and all 0 < e < 1.

Proof o f Theorem 4.1. By Lemma 3.2 all the multipliers A =  Aa,e in (3.3) satisfy the 

conditions of Theorem 1.3. Hence, Assumption (A) is satisfied for all e  A,

and we can infer Theorem 4.1 immediately from Proposition 4.1 and Fatou’s lemma. 

Indeed, using these facts, for /  6 C“ (0,00) and with some constant С  (independent 

of e) we obtain

I I ^ / I I l ; ,  = \\Txf s +ief\\L^
< c M m f s +ie' f h ’ n
<СМ(Ѳ) lim ||G9,e/ |L j 7

< СМ(Ѳ) lim (\\f(x)x*  +  \ \ f ( x ) x - i \ \ ^

< с м т п ь ^
The proof is complete.

We also need the following lemma proved in [5].

Lem m a 4.1. Let a  > - 1  and z = cr + ir  with a  > -1 .  Then the operator T* is 

bounded in L2{R+).

Proof o f Theorem 1.1. We fix /3 > Qo > -1  so that ֊ Գ  -  £ < 6 < 1 -  j; + Գ- 

Hence, we need only to show that t £0 and T£° are bounded operators in L £ 7(R+). 

We let P  := ( i ,  a , 5,7 ), which clearly belongs to A. It is easy to see that there exist 

two other points in A  of the form Pq = (j^,ao,<5o>7o) and P\ =  (j.aj.O .O ), and 

some t  € (0,1) such that P  =  (1 — t)Po +  tP\. This can be done explicitly if a i  is 

chosen sufficiently large, by taking J0 =  <5/(1 — t) and է =  ■ As in Section 3, we

use the notation a(z) =  (1 -  z)q0 +  S(z) =  (1 -  z)S0 and 7 (z) =  (1 — 2)70 for 

z e c.
By Lemma 4.1, we can define the analytic family of operators

Sx =  у а (ж )(1  +  у Г М Т?М(Р(х)х-аМ(1 + i ) - 7 W ) ( y ) ,  0 < R e z < l ,
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at least for F  e  £ “ (0, oo). Then, arguing as in Section 3, we conclude that S- satisfies 

the conditions of Stein’s theorem, where the boundedness of the operators

Sie : Մ՞ՀԳկ) -*• U* (R+) and Si+ie '■ ■LP0(R+) -> L7’0 (R+)

follows from Theorem 4.1 and Lemma 4.1, respectively. Thus, St must be bounded 

in Մ ' = L f, which translates into

WTSofWa 4 l & ( * (1~ t № ( l + * ) ( 1 _ th B / ( * ) ) l l i >

”  <  j f и*( м л (і +  *)(1~էհօ/(տ)11ւ*

This proves the required i f  boundedness for the operators TgQ for any թ > ao > - 1. 

The boundedness of T%° follows by duality. Indeed, if (£,ao,S,-y) e  A , then an 

elementary algebraic manipulation shows that (jjr.ao,—<J,—r) £ A  as well, where

i  =  1 -  A. Then, for all /  e C7“ (0, oo) we have

| | 7 ? ° / I U l  =  s u p  f  T^°f{x)xi (l + x)'lg{x)dx
P n llell,-=i Jo

=   ̂sup^ Լ  f {y )T g j(x s(l + x)'rg)dx

< 11̂ ( 1 + у )7/(ѵ)ііь» ||s8up_i 1 1 ^ (ւձ(1 + ւ ) 75 ) ) | | լ լ1 7  

^\\f\\LSyM  8UP 1|з4(1+а07у)11£^

=  M \ \ f h ’_i։_y-

Theorem 1.1 is proved.

5. Applications

In this section, We study the Littlewood-Paley (/-functions for the Laguerre semigroup. 

Consider the heat diffusion semigroup e~tL associated with the Laguerre operator 

L  =  l№ .  Similar to the classical case, treated in [16], ^-functions of order 1 = 1 , 2, — 
can be defined by

I’ * } ' ՞

The main purpose of էհե section is to extend Theorem 5.4 from [5] to our case. More 
precisely, we are going to prove the following result.
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T heorem  5.1. Let a  > —1, 7  € R, 1 < p < oo, and 6 be such that —l/p  — a/2  <

S < 1 — l /p  +  a /2 . Then for every I =  1,2, • • • , there is a positive constant С such 
that

խ կ „  < \\9ia)f h ^  < Գ ք կ ո , f  6 C“ (0,00).

Proof. The proof is similar to that of Theorem 5.4 from [5]. So, we only give a sketch 

of the proof. Since the first inequality follows from the usual polarization argument, 

we need only to prove the second inequality. We first consider the case 1 =  1. For 

simplicity we write g(f )  = g[a\ f ) ,  and drop the superscript (a) when reference to 

such index is clear. Recall that the kernel ht (x ,y) of e~tL is given explicitly by

**(».*) =  S e~t(fc+^ ) i fc(v)£*(*) =  f z 7 ea:p { “ ^ f r 7 ( w  +  z) } / “ ( Հ 7 1 \  )  *

where г =  e֊ t , Ia = i~aJa(is), and Ja is the usual Bessel function of order a  (see 

[10]).

We first claim that the assertion of the theorem is true when a  = s^ .  Indeed, 

denoting Ф(х) =  | i | 2, it is easy to see that for x  € Rd (see [10]):

=  « - “ - " ' ' " ( { q l ) .

Hence <?(/)(|ւ|2) =  4 ց ւ ( -^ ) |ւ |“ , where g\ was defined in Section 2. Following the 

same lines as in the proof of Corollary 2.1, the claim can be obtained from Proposition 

2.1.
To prove the assertion for any index a > -1 ,  we split the operator into two parts 

as follows:
1/2

where to is a sufficiently large number to be chosen later. In the remaining part of 

the proof, we will need the following result, proved in [5]: there exist a small number 

ro 6 (0, го) and a constant С  =  C(a, ro) > 0 such that

d(5.1) sup
0<r<ro

< C r ^ y ^ ' z ^ e - b + ' V 8, V y, 2 > 0.
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We begin with the operator ցՀք), and choose to such that «“** =  r0. By (5.1) we 

have

9’ (ք)ե)

Hence,

and both integrals are finite since — 1/p — a/2  < S < 1 — l /p  +  a /2  and 7  € R.

Now we turn to the operator </*, which we need to write as a linear vector­

valued operator in order to use transplantation. Let H  denote the Hilbert space 

L2((0, 00), ^ )- Consider the mapping G : L2{R+) ֊¥ L2(R+; H) defined by

G(f) = G(a)( /)  = , /  e L2(R+)՛.

Since g(f )  =  |G (/) |h , the L j7 boundedness of g is equivalent to the boundedness of 

G from into Lgn (R+\ H). Likewise we define

G .(f)  = Gia) =  { ^ ( e “ ti(a)/)X(o,to](*)}t>o.

Finally, wc denote by Tp the vector-valued extension of the transplantation operator 

to L2(R+; ff), defined as follows

3?({/*}t>o) =  {!?(/*)}*>0, {/*}*>о e  L2(R+;tf).

By Krivine’s theorem (see, e.g., [8]), the vector-valued operator is bounded in 

^ >7(Н+;Я) Մ and only if is bounded in Լ £ 7(Բ+). Denote by M  the vector- 

valued extension of the multiplier operator M f  =  m{k) < ք ,Վ  > i f ,  where 

m (e) =  ■ It is easy to see that this multiplier satisfies the conditions of Theorem
1.Յ..

\f(z)\dz

a 1' 2 
tdt \ \f{z)\dz

<(f(№
Վ[№

U
2 Л V-

I (»•*)] г1пг(іг|  ІЛ*)И»

< C  [  у°1*га' 2е -Ь +я)/а\f(z)\dz. 

sc[l
x [ /  +  z)~Tp'dz



Given a  > — 1 , we choose /3 = % — 1, for some positive integer n  such that P > a. 
It is known that (see [5], p. 272):

G i a )  =  7 ? о  Np-a o M o  о  T%,

where

=  { ^ ^ ( Օ ,է օ ] ( < ) / է } է>0, { Л Ь о  e  Ь 2( К + ; Я ) .

Applying Theorems 1.1 and 1.3, we can obtain the boundedness of these operators in 

L J7 or jLJ7(R-(.; H) when — j  — f < < 5 < l  — £ +  § and 7  € R. Thus, Theorem 6.1 is 
proved for I = 1 .

Now we proceed to prove the L j7֊boundedness of gi when I > 2. Observe first 
that by the previous result we know the boundedness of G : L j7 -> L j7 (R+; Я), 

which by Krivine’e theorem implies the boundedness of the vector-valued extension 
G : L ^ ( H )  -+ L>Srr(H  ж H) given by

{/.}.*> -> {Gfs}s>0 = } •

Thus, we obtain the boundedness for the composition operator Շ о G : LpSn{H) 

jL£7( #  X H). Note that \Go Gf \ j j xH =  gPa(/)2 (see [5], p. 273). Combining all the 

above facts we obtain the desired estimate ||<7շ(/)||«,.* < C ||/ ||f l7. Similar arguments 

and induction yield the same conclusion for gi for all I > 1. This completes the proof 

Theorem 5.1.

A cknowledgem ent. The author would like to thank the referees for some very 

valuable suggestions.
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Abstract. In this paper, we study the problem of existence of positive solution to the fol­
lowing boundary value problem: D°+u"(t) — g(t)f(u(t)) — 0, t e  (0,1), ti"(0) =  u "( l)  =  0, 
qu(0) — bu'(0) =  cu(l) +  du '(l) =  Ьіи(£<). where jD"+ is the Riem-

ann-Liouville fractional derivative of order 1 < tr < 2 and /  is a lower eemi-contlnuoua fun­
ction. Using Krasnoselskii’s fixed point theorems in a cons, the existence of one positive 

solution and multiple positive solutions for nonlinear singular boundary value problems is 
established.

M SC 2010 num bers: 34A08; 35B09; 47H10
K eywords: Cone; Multi point boundary value problem; Fixed point theorem; Riemann- 
Liouville fractional derivative.

1. Introduction

The purpose of this paper is to study the problem of existence of positive solutions 
for the following m-point boundary value problem for fractional differential equation

'£>*+«"(*)֊ g(t)f(u (t))  =  o, t e  (o ,l) ,
( I D  lu "(0 ) =  u"(l) =  0,

а« (о )֊б и '(о )  =  Е ^ 2 м (& ) ,
.cu(i) + du'(i) = E£72M6).

where is the Riemann-Liouville fractional derivative of order 1 < а < 2 ,  m > 2  
(m e  N), a ,b ,c ,d  >  0, p =  ac +  bc +  ad >  0, & € (0,1), a*, 6* € (0 ,+oo) (t =
1 ,2 , . . . ,  m - 2), g e  C ((0, 1); [0, +oo)) and 0 < fg g(r)dr <  oo, and /  is a nonnegative, 
lower semi-continuous function defined on [0, +oo).

Fractional differential equations have been of great interest recently. This is because 
of both the intensive development of the theory of fractional calculus itself and

N. N. thanks Razi University for support.

mailto:nyamoradi@razi.ac.ir


the applications of such constructions in various scientific fields, such as physics, 
mechanics, chemistry, engineering, etc. For details we refer to [5, 8, 9] and references 

therein.
The solution of differential equations of fractional order is much involved. Some 

analytical methods have been developed, such as the popular Laplace transform 
method [21, 22], the Fourier transform method [16], the iteration method [23], and 
Green function method [15, 24]. Numerical schemes for solving fractional differential 
equations also were introduced (see, e.g. [3, 4, 18]). A great deal of effort has been 
expended over the last years in attempting to find robust and stable numerical as 
well as analytical methods for solving fractional differential equations of physical 
interest. The Adomian decomposition method [20], homotopy perturbation method 
[19], homotopy analysis method [2], differential transformation method [17] and varia­
tional method [6] are relatively new approaches to provide analytical approximate 
solutions to linear and nonlinear fractional differential equations.

The problem of existence of solutions of initial value problems for fractional order 
differential equations have been studied in the literature (see [1, 11, 21, 23, 27] and 
the references therein).

In [13], Liu and Jia have investigated existence of multiple solutions for the problem:

+(P(*)«'W) +  ?(*)/(*. «(0) = 0 .  * >  0, 0 <  a <  1,
< p(0)ti'(0) =  0, 

limt_»oo u{t) =  քը°° g(t)u(t)dt,

where °D%+ stands for the standard Caputo’s derivative of order a. Some existence 
results for the problem (1.1) with a  =  2 were obtained by Yanga et al. [25] and Zhao 
et al. [28].

In [12], Liu has considered existence of positive solutions for the following generalized 
Sturm-Liouville four-point boundary value problem:

'«"(*) +  g(t)f(u(t))  =  0, 1 6  (0,1),
՛ au(0) -  ծս'(0) =  a iu (fi) , 

cu(l) +  du'(l) =  &iu(fc),

by using the fixed points of strict-set-contractions.
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In [26], Zhou and Chua have studied the following fractional differential equation 
with multi-point boundary conditions

( 'D 'M t)  =  f { t ,  u(t), (Ku)(t), (Hn)(t)), t  6  (0 ,1),
S au(0) -  ծս'(0) =
(cu (l) +  du'(l) =  ժշվՀշ),

where D%+ is the Caputo’s fractional derivative of order 1 <  a  <  2. By using 
the contraction mapping principle and the Krasnoselskii’s fixed point theorem, the 
existence of solutions was established.

In this paper, motivated by the above-mentioned works, and using Krasnoselskii’s 
fixed point theorems in a cone, we show that the problem (1.1) has positive solutions.

The remainder of the paper is organized as follows. In Section 2 we state some 
preliminary facts needed in the proofe of the main results. We also state a version of 
the Krasnoselakii’s fixed point theorem. In Section 3, we state the main results of the 
paper, that establish existence of at least one or multiple positive solutions for the 
problem (1.1). Finally, in Section 4 we discuss an example that illustrates the main 
results of the paper.

2. P reliminaries

In this section, we present some notations and preliminary lemmas that will be 
used in the proofe of the main results.

We work in the space C ([0,1]) with the norm |խ|| =  maxo<t<i |u(t)|. We make the 
following assumptions:

(HI) /  e  C([0, + 00); [0, +oo));
(HI*) /  is a nonnegative, lower semi-continuous function defined on [0, +oo), i.e., 

there exist I  С [0,+oo) such that for all xn € / ,  xn -4 xq as n —* oo, one has 
f (x o) <  limn , ֊ ֊ f(x -). Moreover, /  has only a finite number of discontinuity points 
in each compact subinterval of [0, +oo).

(H2) g e  C((0, l);[0 ,+oo)) and 0 < g(r)dr < +oo. Moreover, g(t) does not 
vanish identically on any subinterval of [0, 1];

(H3) a ,b ,c ,d  >  0, p =  ac +  bc +  ad >  0, & e  (0,1), ai t bi € (0,+oo) (i =

1 ,2 , . . . ,  m  -  2), p -  Е5І72 >  0, p -  E f e i2 ЬЖ£<) >  0 and Д < 0, where

Д = -  l 2 p -  E < l i2 “tV’Cf.)
р - Т ^ Ь іШ  - S i W f i )
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and for t  £ [0, 1]

(շ ip(t) =  b +  at and tp(t) =  c +  d - r t

are linearly independent solutions of the equation x"(t) =  0, t £ [0,1]. Observe that 
Փ is non-decreasing on [0, 1] while <p is non-increasing on [0, 1].

Definition 2.1. Let X  be a real Banach space. A non-empty closed set P  С X  is 
called a cone of X  if  it satisfies the following conditions:

(1) X £ P, Ц >  0 implies fix € P,
(&) г  6 P , - x e P  implies x =  0.

D efinition 2.2. The Riemann-Liouville fractional integral operator of order a  > 0 

of a function f  £ L1(K+) is defined as

where Г(՛) is the Euler gamma function.

D efinition 2.3. The Riemann-Liouville fractional derivative of order a  (n — 1 <  

a  <  ո, n £ Nj is defined as

where the function f { t)  has absolutely continuous derivatives up to order (n -  1). 

Lemma 2.1. ([7\). The equality D%+I%+f( t)  =  f ( t) ,  7  >  0 holds for f  £ L^O, 1). 

Lemma 2.2. (\7\). Let a  >  0. Then the differential equation

has a unique solution u{t) =  c ii0 ՜ 1 +  շ3է“՜ 2 +  • • • +  a  £  R, i =  1 , . . . ,  n, and
n — 1 <  a  <  n.

Lemma 2.3. ([7]). Let a  >  0. Then the following equality holds for и £ Z,1(0 ,1), 
L& u £ 2̂ 0, 1),•

Io+Do+u{t) = u(t) +  d t 01՜ 1 +  c3t ° ՜ 2 + ■■■ + Cnta~n,

where Cj €  R, < =  1, . . .  ,n , and n  -  1 <  a  <  n.
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Now we present the Green function for a boundary value problem involving fractional 
differential equation.

Observe first that for y(t) =  u"(t) the problem

ք ր ^ ս " ( է ) - ց ( է ) / ( ս ( է ) )  =  0, t 6 (0 ,1 ) ,
\u " (0) =  u"(l) =  0,

becomes into the problem

“ «(*)/(«(*)) =  0, t  e  (0,1),
( j  \y (o )  =  y (l) =  0,

Lem m a 2.4. If (HI) and (H2) are satisfied, then the boundary value problem (2.2) 
has a unique solution given by

(2.3) y(<) =  -  /  H {t, e)s(s)/(u(s))ds,
Jo

where

ք ք ֊ Ղ ւ - ա Հ - 1- ^ ֊ , ) - 1 0 < a < i < l
(շ -4) я ( * . . ) -  ’

I- . 0 <  t  <  a <  1.

Proof. According to Lemma 2.3 we can write

y(t) = 1Հ+ (g ( t) f(u ( t) ) j  -  c \ta~l -  a f ՜ 2 

=  r fc j  /а(* -  s)t'~ 1g(s)f(u(s))ds -  d t ° ՜ 1 ֊  C3 ta՜ 2.

Since a  — 2 <  0, in view of the boundary condition y(0) =  0, we must set շշ =  0 
if a  =  2, and if a  < 2 then in order to have cjt՞ ՜ 2 well defined we must choose 
շշ =  0. Also, using the boundary condition j/(l) =  0 we must set ci =  f g ( l  — 
s),r- 1g(s)f(u(s))ds.

Thus, the unique solution of problem (2.2) is given by

t/(*) =  щ  Լ ( է ֊  3)a- 1g{s) f (u{8))ds -  —  Լ  ( i -  a)a -1 p(a)/(u(a))de

[* ta -1 ( l  — a)®1- 1 — (t — a)ff֊1 , w / , f l  Г -41 ֊  a ) ՞ ՜1 ,  w , , Տճյ
- - J r  ------ճ------------------------ ձ---- 5(s)/(u (a ))c ie ֊y  ------- -------------g(s)f(u{s))ds

=  - /  Я (і,а )5 (з)/(и(а))гіа.
Jo
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Lemma 2.5. If (H3) holds, then for у e  C[0,1] the boundary value problem

V ( t )  =  y(*)» < 6 (0,i ) ,
(2.5) ' au(0) -  bu'(0) =  *«(& ),

cu(l) +  du'(l) =  E S I 2 M f t ) .

has a unique solution given by

tt(t) =֊[J G{t,s)y{s)ds +  А(у(а))ф(і) +  S(j/(a))ip(t)],(2.6) « м — Ц  <

where
/

(2.7) 0 ( * . - ) - ֊ {

(2.8) 4 v M )  =  £

(2.9) * ( » « )  =  \

E £ 7 2 *  f {  G &> - M O *  p  ֊  E £ i 2 < w (6 )
E ^ T 2 bi fo G ((i։ s)y(s)ds -  £<=72 M f c )

- Е Е * ч « 6 ) E E 2 в і/^ G t e ,• )» ( • )*
/ > ֊ 5 X i 3W (& ) H Z f b i f i  G (b ,a )V(s)de

Proof. The proof is similar to that of Lemma 5.5.1 in [14], and it is omitted. □  
We assume that Ѳ 6 (0, §), and for convenience, we set

r = » M A > . £ b

Aj =  m in{^m n_e p(i), ^ ո ա լ ^ է ) ,  1}, A3 =  m ax{l, ||<p||, ||^||>.

Lemma 2.6. Let p, Д  /  0 and Ѳ G (0 ,5), then the following inequalities hold:

(2.10) 0 <  G(t, s) <  G(a, a), for t , s  Շ [0,1], 

and

(2.11) G(t, a) >  AiG?(a, a), for t 6 [б, 1 -  and а 6 [0,1].

Proof. The inequality (2.10) is obvious. So, we have to verify only the inequality
(2.11). To this end, observe that for t  6 [0,1 — Ѳ] and a 6  [0,1] we have

G (t,s) =  ( Щ ,  0 <  8 < t  < 1  — Ѳ,
G(*.s) 0 < t < 8 <  1,

> (Sf



POSITIVE SOLUTIONS FOR MULTI-POINT BOUNDARY VALUE PROBLEMS ... 

P roposition  2.1. For t ,s  g [0,1] we have

о < Я (* ,в )< Я (* ,в )<

P roposition  2.2. Let Ѳ 6 (0, կ), then there exists a positive function g 6 C(0,1) 
such that

e m m e H (t, s) >  е(а)Я(а, a), a 6 (0 ,1).

Proof. For Ѳ 6 (0 ,5 ) we define

gi(t,a )  =  $ff֊1( l — a)""՜1 — (t — a ) ՞ ՜1, 0 < a < t < l ,

g i(t,a ) =  0 <  £ <  a <  1.

Then we have

- 9i(t,a) = ( a - l ) ( ^ ֊ 2(l -  a) ՞ ֊ 1 -  (t -  a ) ՞֊2)

implying that ffi(-,a) is non-increasing for all a € (0,1]. Also, taking into account 
that ցշ(-, a) is non-decreasing for all s 6 (0, 1), we can write

s e ( 0A
в т т вЯ (М ) =  т іп { ^ ^ ^ , е ^ } ,  a 6 [в, 1 - 6»],

в €  [1 — в, 1).

а 6 խ ,1).

a 6 (0, м),

"  8 £ ІМ.1).
where 0 < / х < 1  — 0 is a solution of the equation

(1 -  ֊  А* ) ՞ ՜1 - ( 1 - 0 -  м Г "1 =  ва_1(1 -  м Г ՜1-

It follows from the monotonicity of <71 and ցշ that

max Я (і, a) =  Я(а, a) =  ----- --------------, a 6  (0,1).

Therefore, setting

і і ы с ^ ^ ы с . ,  , e

1 (1) . e l M ) ,



Remark 2.1. It follows ի ա  Lemmas 2.Հ and 2.5 that Հ է) is a solution of the 

problem (1 .1 )  if and only if

(2.12) Հ է)  =  f  G{t, s)W (s)ds +  A (W (s ) )№  +  B (W {a )M t), 

where W (s) =  f t  H {s,T )g{j)f{u{j))dT .

Lemma 2.7. Let (HI), (H2) and (HS) be fulfilled. Then the solution и of the problem 

(1 .1 )  satisfies the following conditions:

(i) Հ է) >  0 for t  €  [0, 1],
(U) m ine<t<i-euW  ^  Г||и||.

Proof, (i) By Lemma 2.6, Proposition 2.1, formulas (2.3) and (2.6)-(2.9), we have 

G(t, s) >  0, ^ ( « ) > 0 ,  A (W (a))> 0 , B (W (s))> 0 ,

implying that Հ է)  >  0 for t  6 [0,1].
(ii) By Lemma 2.6 and formula (2.12) for t 6 [Ѳ, 1 — Ѳ] we have

Հ է)  =  f 1 G (t,s)W (s)ds +  A (W {8) W t)  +  B (W {a))<p{t)
Jo

> A i [  G{3 ,s)W {s)ds +  A(W (s))ip{t) +  B (W (s))v(t)
Jo

>  b  Լ  G (s,s)W (e)da +  ֊ ^ -A 3[A (W (a))+B(W (e))]

>  Г [ J  G(a, s)W{a)d8 +  A3[X(W(e)) +  В(Ж(«))]]

>  m i

This imphes mina<i<i_e Հ է) >  Г||іх||. Lemma 2.7 is proved.
Next, for Ѳ e  (0 ,5) we choose a cone К  =  Ко in С х([0,1]) by setting

К  =  K e =  {u € G[0,1] I Հ է) >  0 ,в<шп_ցՀ է) >  Г||и||},

and define an operator T  by

(2.13) (Т и т  =  Г  G(t, s)W(e)da +  A (W (s)W t) +  В (1У(а)М *),
Jo

where W(s) =  Լ 1 H(a,T)g(T)f(u(r))dT.

It is clear that the existence of a positive solution for the system (1.1) is equivalent 
to the existence of nontrivial fixed point of T  in K .

Lem m a 2.8. Suppose that the conditions (HI) and (A l) hold, then T (K ) С К  and 
T  : К  ֊¥ К  is completely continuous.



Proof. By (2.13), for any и 6 К  we have (Tu)(t) >  0, and for t e  [0,1] we can 
write

(Tu)(«) =  f  G(t, a)W(a)da +  A(W{a))yp(t) +  B(W(a))ip(t)
Jo

< [  G(s,s)W(s)da +  A3[>l(^(s)) +  B (^(s))].
Jo

Thus,

||Ги|| <  [  G (s ,s )^ (s)d s  +  A3[A(W(s)) +  B(W(a))]. 
Jo/о

On the other hand for t  € [0,1 — Ѳ] we have

(Tu)(t) =  Г  G(t, a)W(a)da +  A(W (s))ip(t) +  B(W (s))ip(t)
Jo

> Лі [  G(a, a)W(a)da + A(W(a))r/>(t) +  B(W(a))y>(t)
Jo

>  Ax [  G{a, a)W{a)ds +  ^  • A3[A(W(a)) +  B(W(e))]
Jo Лз

>  Г [ У  G(a,a)W (a)d« +  A3[i4(W '(e))+B(W '(a))]]

> гцгіц.

This implies T K  С К . Using standard arguments and Arzela-Ascoli theorem it 
can be easily verified that T  : К  К  is completely continuous, so we omit the 
details. Thus, Lemma 2.8 is proved.

As it was mentioned above, our approach to the existence of positive solutions 
for boundary value problems for fractional differential equations is based on the 
Krasnoselskii’s fixed point theorems in a cone. For completeness of the presentation 
here we state the following Guo-Krasnoselskii fixed point theorem in a cone (see [10]).

T heorem  2.1. Let E  be a Banach space and К  Q E  be a cone in E. Assume that Hi 
and Զշ are open subsets of E  such that 0 e  fij and fii С Ոշ. Let T  : К  Ո (^ շ\^ ւ)
К  be a completely continuous operator. Then under each of the following conditions 
the operator T  has a fixed point in К  Ո (Ո շ\Ո \):

(A) ||Tu|| <  ||u||, Vu 6 К П д П і and ||Tu|| >  ||u||, Vu 6 К  П Ш 2;

(В) ||Tu|| >  ЦиЦ, Vu € К  Ո 9Пі and ||Tu|| <  |խ||, Vu € К  Ո ՅՈշ.
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3. M ain results
՛»«_

We define Ու =  {u 6 К  : ||u|| <  1} and 0Ո, =  {u e  К  : ||u|| =  I}, where
I >  0. Observe that if и e  дПі for t  6 [Ѳ, 1 -  Ѳ], then we have Г/ <  u <  I. Also, for
convenience, we introduce the following notation:

/ ,  =  i n f { ^ |u e [ n , Z ] } ,  / '  = s u p { ^ p | u e  [0,i]} ,

/„ =  liminf /«  =  lim su p ^ ^ ;  (շ := 0+ or + oo),
* u-*e и -u-*e «
t) =  min g{s),

ՏՀտՀ1-9 ճ

;  -  щ Ф <" ч [ ( Г 0(*’*>л) Ц ' а‘г)* ) +л^ +л>®]՛

Ь - +Ліі+Лі4
In the theorems that follow, we always assume that the assumption (Hi) is fulfilled.

Theorem  3.1. Suppose that then exist constants r, R  >  0 with r  <  TR for r  <  R, 
such that the following two conditions are satisfied:

(Щ ) Г  <  ",
(H5) f R >  M.

Then the problem (1.1) has at least one positive solution u €  K , such that

0 <  r  <  H I  <  R.

Proof. Case 1. We prove the result assuming that (HI) is satisfied. Also, without 
loss of generality, we can assume that г <  ГД for г <  Я.

By (H4), Proposition 2.1, and formulas (2.8) and (2.9), for и 6  fir we have

A (W ) < (r f a ) (* )(g' 1)h,r Y Z -x < H tiG (b ,8)(S l g(T)dT)ds p ֊ Y Z ?  ЫѴ&)
Л Y Z ~ i 3 b i j S G ( b , s ) ( £ g ( T ) d T ) d s  - Y Z i b M b )

(31> “ в д Ф " " 1’- ’*

and

B (W ) <  -------f L  -  YZLi <4 In G (&>s)(fn g(r)dr)ds
Д P ~T *Li G(£i,s)(f0 g(r)dr)d8

• (Ղ ԴՀ - f  1 -Й



Therefore, by (H4), Lemma 2.6, and formulas (2.13) -  (3.2), for t  € [0,1] and u 6 fir 
we can write

(Tu)(t) =  f 1 G(t, 8)W (8)d8 +  A(W(s))rp{t) +  B (W (e )M t)
Jo

-  9{r)dr)

+ r ^ ) ( i )<a_1)wrIv,w +  в д ф (а~1>мг5*Ю

-  ГJ a ) t y a~1 )w r[ ( j 0 G â՝ s)ds) { J o 9 (r )d r j + Л 3І  +  Л3в]

=  r =  u II.

This implies that ||Tu|| < ||u|| for u 6 fir.
On the other hand, by (H5), Proposition 2.2 and formulas (2.8), (2.9) and (2.13), 

for u 6 Пя we have

A(w) > Ш ѳЧа- ' )МК TZ~12 ы G«i. Щ 1՜ 9 9(T)dr)ds p֊E r.i5w te)
A E™T2b j ; - e G te ,S)(/;-% (r)d r)d S - i z i 2 M 6 ) 

(3'3) =  ( f ^ ) ) e І6,2(а֊1)(,"1)м іг^- 

and

m  >  Ш ^ -^ M R  - £ £ “авцКй) *  / У  ° ( ձ '  Щ 1՜*  g № ) d °
А Р - І £ ? Ш і )  Е Е ?  bi fo 0(Հս 8)(ք }-°  g(r)dr)ds

(3 -4) =

Therefore, by (H5), Lemma 2.6 and formulas (2.13), (3.3) and (3.4), for t  6 [0,1] and 
и € Пд we have

(Tu)(t) =  I ՝  G{t, s)W (a)d8 +  A{W(a))i>(t) +  B(W(s))<p{t) 
Jo

>  М я [ ^ у ( 1  -  ѲЩѲ) (  Լ  g(r)dr) +  A2A  +  Л2І3]

= R = INI-
This implies that ||Tu|| >  ||u|| for и 6 Пд.

Therefore, by Theorem 2.1, it follows that T  has a fixed point и in К  Ո (Пд \  Пг).
This means that the problem (1.1) has at least one positive solution u E  К  satisfying 
0 <  r <  ||u|| <  R.

Case 2. When (HI*) holds, by applying the linear approaching method on the 
domain of discontinuous points of /  we can construct a sequence satisfying
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the following two conditions

(i) f j  6 C[0, oo) and 0 < f j  <  fj+ i on [0> °°)i
(ii) lim^-foo f j  = f > 3  =  I» 2 ....... “  Pointwisely convergent on [0,oo).
According to the Case 1, for f  =  f j  the problem (1.1) has a positive solution uj(t)

given by

Uj(t) =  jf*  G(t, 8) ( Լ  Я(а, т)а (г)/, («л (г))^г) ds

+ Д

¥>(*)

ЕГ=12 fa G(6 > 3)(/q я (а>̂ (г ) / і (« і(т ) )* - )Л , p -  <Կ¥>(ծ)
E ” T2 bi £  G f t ,  8) ( j J  Я (а, т)9 ( г ) М ^ Ш ^ 8  -  Z Z i  M b )

I Z ? *  Jq <?(ft,«)(jJ Я (в іт )в (г)/,(в ,(т ))Л г)Л  
Р ֊  ЕГ=Т2 М ( 6 )  ЕГ=Т2 Ьі /о < % , *)(J? Я (а, т )* (т )/, (іі,(т ))* -)Л

=  J  Ծ{է,8) ( Լ  H (8,T)g(T)fj(uj(T))dT^ds +  rl>{t)Aj  +  tp(t)Dj,

for all t € [0,1] and г <  ||uj|| <R,  where r and R  are independent of j .
By uniform continuity of G(t, a) on [0,1) x [0,1], and <p(t), ip(t) on [0, lj, for any 

small enough e >  0 there exists S > 0 such that for կ ,է շ  e  [0,1] and |ii — կ \ <  S, 

one has |G(ti, a) -  G(t2, a)| <  e, |v>(*i) -  4>{էշ)\ <  e and |V>(ii) — Փ{Կ)\ <  e- Thus, for 
*1ւ էշ 6 [0, 1] and |ti -  էշ\ < 6 we can write

М * і)-« і(* а )І  < Լ  |G ( t i ,s ) -G ( t2,a)| • ( Լ  Н(а,т)д(т)Ъ(щ(т))йт)<І8 

+Aj\il>(ti) -  V»(i2)I +  Bj\tp{t{) -  <p(t2)|

s  »m * )  • •+ ■ * » •« + * (•« •

Thus, { it j j j l i  are equicontinuous on [0,1], and hence by Arzela-Ascoli theorem 
there exists a convergent subsequence of { u ^ } ^ . For convenience, we denote this 
convergent subsequence by { u j } ^ ,  and without loss of generality, we assume that 
lhnj-юо Vj(t) =  u(t), Vt с  [0,1], and r < ||u|| < R. By Fatou’s Lemma and Lebesgue
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dominated convergence theorem we have 

ton uj(i) > f  G (t,a)f [  Н(з,т)д(т) lim fj(u } (r))d r)ds
I - + 0 0  J q  \ J  q  j ֊ ¥ 0 0  /J-¥00

д
. v (t)  

^  A

E,=12 /« G(Cu s ) ( f l  H(a, т)д(т) lim^TO f ^ r ^ d a  p -  £ £ 73 M?<)
E ^ i 2 bi Jo G(du a ) ( £  H (s,r)g (r)  l i m ^  fj(u j(r))d r)ds -  Z Z ՜ 2 M f c )

-  H Z ՜!2 <чШі) E i l l 2 Oi In G fo , s)(/q H(s, r)p(r) Iimj-юо / >(uJ(r))dr)ds 
P -  £ £ i 2 M 6 ) E ilT 2 bi f0 G(ti, a)(f0 H (s, т)д(т) l im ^ »  /,(uj(r))dr)ds

implying

(3.5) Վէ) >  I ՛  G {t, e) W(*)de +  A (W (* M t) +  B(W (e))V(i), 
Jo

where W (s) =  f j  Н (8,т)д(т)/(и(т))Лт.

On the other hand, by the conditions (i) and (ii) we have

Ա յ(է)< Լ  Շ {է ,տ )(Լ  H (a,т)д(т)/{и](т)№т)ds

■ W
A

M t )
A

ЕГ=Т2^ /п  <7(&.«)(/q H ( .,r ) fl(r)/(e ,(r))d r)d e p -  Щ 2< М б )  
E " T 2 Ь< Jo <?(fi. *)(/?  Я(*. т )* (г ) /(« ,(г ) )* )Л  ֊  E S I  М б )

-  Е,"Т2 <нФ(£і) E f c i2 «н /q1 G (ti, s)(/n Я(«, T)p(r)/j(ti(T))dr)de 
P ֊  E i= 72 M f O  E ,t 7 2b.- £  G ((i, 3 )(lJ Я (з ,T)g{r)fj(u (r))dr)ds

By the lower semi-continuity of / ,  we can pass to the lim it, in the above inequality as 
j  —* oo to obtain

վ է ) <  Լ  G(t, 3) { Լ  H(s,T)g(T)f(u(T))dr)ds

. v>(*)
A

, ?(*) 
A

Therefore

E ^ 2 Oi /q G(6 , Ж 1 H{a, т)д(т)/(«(т))<іт)ів p -  M 6 )
E f c i 2 bi f 0 G ((i ։ a)(f0 H(s,T)g(T)f(v(T))dT)d3 -  M 6 )

֊  E™ 72 * * « * )  ES.T2 в* /п 0 ( 6 ,  a)(jJ Я(а, r)e(r)/(u(r))dr)de
P ֊  ІТ = ՜2 M & )  T ™ ?  bi fo G(&, a ) ( f j  H[a, r)g(r)f(u(T))dr)ds

(3.6) Վէ) < f 1 G(t, a)W(a)da +  A {W (3))rP(t) +  B(W(a))<p(t), 
Jo

where W(s)  =  J"j Я (8,т)$(т)/(и(т))«іт. 
Finally, by (3.5) and (3.6) we obtain

Վէ) =  Г  G{t,  a)W (s)ds +  A(W(a))rl>{t) +  B(W(a))<p{t), 
Jo



where H^(s) =  քը Н [8,т)д{т)/{и{т))(іт.
Therefore Հէ) is a positive solution of the problem (1.1). This completes the proof

of Theorem 3.1.
Similarly, we can prove the following theorem.

Theorem  3.2. Assume that there exist constants r, R  >  0 with r  < TR for r <  R, 
such that the following two conditions are satisfied:

(щ * ) F  <ш ,
(HS*) fp. >  M .

Then the problem (1.1) has at least one positive solution и €  К  such that

0 <  r <  ||u|| <  R.

Theorem  3.3. Assume that one of the following two conditions is satisfied:

(H6)  f °  <  и , /oo > f ,
(H7) f 0 > f ,  / " < «

Then the problem (1.1) has at least one positive solution.

Proof. It is enough to prove the assertion of the theorem for nonnegative and continuous 
on [0, oo) functions. Then using the arguments of the proof of Theorem 3.1 we can 
extend the result to the case of nonnegative and lower semi-continuous on [0, oo) 
functions.

We show that (H6) implies (H4) and (H5). Suppose that (H6) holds, then there 
exist r and R  with 0 <  г <  7 R, such that

—  < w , 0 <  u <  r and —  > ^ ,  u >  ГД.u u Г ~
Hence

/(« )  <  աս <  wr, 0 <  и <  r

and

/(« )  >  — u >  y v r  -

implying (H4) and (H5). Therefore, by Theorem 3.1 the problem (1.1) has at least 
one positive solution.

Now suppose that (H7) holds, then there exist 0 <  г <  R  with M r <  u R  such 
that



and

(3.8) ^ < w ,  u > R .
и

By (3.7), it follows that

/(u )  >  ^ -u  >  ^ Г г  =  M r, Tr < u < r .

So, the condition (H5) holds for г > 0. As for (H4), we consider two cases.
(i) If f {u)  is bounded, then there exists a constant D >  0 such that / ( u) <  D  for 

0 <  и <  oo. By (3.8) there exists a constant Л > R  with M r  <  u R  < Aw satisfying 
Л > тах{Д , —}, such that f{u) <  D <  Xu for 0 <  и < Л, implying (H4).

(ii) If /(u )  is unbounded, then there exist \ i >  R  with M r < uR  <  Aiw such that 
/ (u )  <  /(Л і) for 0 <  u <  Ai. This yields /(u ) <  / ( Ai) <  Ajw for 0 <  и <  Ai. Thus, 
condition (H4) holds for Ai.

Therefore, by Theorem 3.1, the problem (1.1) has at least one positive solution. 
Theorem 3.3 is proved.

R em ark 3.1. It is easy to see that the assertion of Theorem 3.3 remains valid under 
each of the following conditions: either f °  =  0 and /«> =  +oo or fo =  +oo and 
f°°  =  0 .

Now we are going to give some conclusions about the existence of multiple positive 
solutions. In the theorems that follow we assume that the assumptions (HI*), (H2) 
and (H3) are fulfilled.

T heorem  3.4. Assume that one of the following conditions is satisfied:

(H8)  Г < ш ,

(H9) ք0 > Գ  and /„о > գ .
Then the problem (1.1) has at least two positive solutions satisfying

0 < ||t*i|| < r  < ||սշ|լ֊

Proof. By the proof of Theorem 3.3, we can take 0 < rj < r <  Гг շ such that 
f (u)  >  г \ М  for I> i <  u <  ri and f{u)  >  r^M for 1>շ < и <  r?. Therefore, by 
Theorems 3.2 and 3.3, it follows that problem (1.1) has at least two positive solutions 

satisfying 0 <  |խւ|| <  г <  ||սշ||. □
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Theorem  3.5. Assume that one of the following conditions is satisfied:

(НЮ) /я  > M ,
(HU) f °  < u  and f°° <  w.

Then the problem (1.1) has at least two positive solutions satisfying

0 <  ||ui|| <  R <  ||«a||-

Theorem  3.6. Assume that (H6)  (or (HI)) holds, and there exist constants rb r2 >  0 
with r \M  <  r3u (or n  < I>2J such that (H8)  holds for r =  r2 ( or r  =  n )  and (H10) 
holds for R  =  ri (or R =  r2). Then the problem (1.1) has at least three positive 

solutions satisfying

0 <  ||ui|| <  n  <  |M |  <  r2 <  ||us ||.

Theorem  3.7. Let n =  2k +  1, к €  N. Assume (H6)  (or (HI)) holds. If there exist 
constants гі ,Г2 , . . .  ,r n- i  >  0 with гц  <  Ггм+і, for 1 <  i <  fc- 1  and <  r2jw
for 1 <  i  <  к (or with r2<_ 1 <  Гг2<, for 1 < i < k  and гц М  <  г2<+іш for 1 <  i  <  
k — 1) such that (H10) (or (H8) )  holds for г ц - і ,  l < i < k  and (H8)  (or (H10)) holds 
for T2i, 1 < i < k .  Then the problem (1.1) has at least n positive solutions 

satisfying

0 <  ||ui|| < r i  <  ||t*a|| < r 2 <  ••• <  ||u „ -i|| < r „ _ i <  ||u„||.

The proofs of Theorems 3.5 - 3.7 are similar to that of Theorem 3.4, and so are 
omitted.

4. An Example.

In this section we discuss an example that illustrates the main results of the paper. 
Exam ple. Consider the following singular boundary value problem

f£ * +(u"W) - է - կ խ { է ) )  =  0, 1 6  (0, 1),
(41) I u"(0) =  u "(l)  =  0,

U o ) - U'(0) =  it,(A),

where
*5՜»  0 < tx <  10,

/(**) =  < (n +  l ) e - “ , n  <  и <  n  + 1, n =  1 0 ,1 1 ,...,2 0 ,
e՝^5, и >  21.
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We note that

a =  b =  c =  d =  1, p =  3, m  =  3, £i =  ^ ,

<*i =  h  =  /о =  + 00, /„о =  4-00, Д  =  -

Let 0 = 5, then we have

\ , <?(*)=* *.

3

131’ Л/ 944(3 -2\/2)т?2 ’
where 77 =  m in j< ,< | Я(а, a).

By calculating, we can let ц  =  So, / TC >  գ  and f 0 >  Choosing r =  10,

showing that (H8) and (H9) are fulfilled. It is easy to see that (HI*), (H2) and (H3) 
are satisfied as well. So, we can apply Theorem 3.4 to conclude that the problem (4.1) 
has at least two positive solutions 1 4 , սշ e  К  satisfying 0 < ||« i|| <  4 <  ||սշ||. 
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