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CALl

HOW” 1 “KOMNJIEKCHOW™ MHTEPMONALMMN.

1. Beepgenue

MycTb F - HeKOTOPbIA MHTEPNONAUMOHHBIA GyHKTOp (cM. [1, 2]), a { , Ao, Ai}
- MHTEPNoNsALMOHHas Tpolika. MeTpe B [3] paccMoTpen BOMpOC: KOrga CnpaBeAnvBo
paBeHCTBO

(1.1) F(A,AonAi) = F(A,A0)NF(A,Ai)?

PaccmatpumBas B kauecTBe hyHKTOpa F hyHKTOpP "BeLLeCTBEHHOI " MHTepnonsumu,
MeTpe yKasan [OCTaTOYHbIE YC/IOBUSA A/ BbINO/HEHNS paBEHCTBA

1.2) (A Ao Ai)ei9= (A A0)B9 (A A en

B TEPMUHAX "KBa3W/IMHEapu3yeMOoCTU 'COOTBETCTBYIOLLMX MHTEPMONALMOHHBLIX Nap.

3ameuasn, uTo B paBeHcTBe (1.1) KpoMe (hyHKTOpPa F NpucyTCTBYET eLle U (hyHKTOoP
rnepeceyeHmns, MOXHO MOCTaBUTb 3afady, 3aMeHss PYHKTOp nepeceveHns Ha PyHKTop
CYMMbI M pPaCCMOTPETbL BOMPOC CMPaBej/IMBOCTU PaBEHCTBa:

(1.3) (A, Ao + Ai)B,B= (A, A))B,, + (A Ai)B,,.

MoXHO 0606LWMTb NOCTAHOBKY 3agauu MeTpe, 3ameHss B paBeHcTBe (1.1) yHKTOP
MepPeceyeHns Ha HeKOTOPbIV MHTEPMONAUMOHHLIA PYHKTOP G 1 pacCMOTPeTb BOMPOC
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CrpaBefiIMBOCTY paBeHCTBA
@4) F(A, G(Ao, Ai)) = G{F(A, A0), F(A, Ai)).
Wcnonbayii B (1.4) B kadecTBe PYHKTOPOB F M G PYHKTOPbLI CYMMbI 1 NepeceveHns

npmuxogmnm K cneayroLiemMmy Bonpocy: Korga cnpaBegimBbl paBeHCTBa

(1.5) AT (Ao+Ai) = (AMAo) + (AMAI),

(1.6) A+ (A0 Ai)= (A4Ag) (A+ Ai)?

OkasblBaeTCs, YTO CYLLECTBYeT CBA3b MeXay paseHcTBamu (1.2), (1-3) u (1-5), (1.6).
HanoMHUM HEKOTOpPbIe OCHOBHbIE MOHATUSA TEOPUW UHTEPMONALMN. Y CNOBUMCS TPOWA-

Ky 6aHaxoBbIx npocTpaHcTB {A, Ao, Ai} (Kak 1 napy) HasblBaTb UHTEPNOAALNOHHON

TPOIKOW (MHTEPNONALMOHHON Napoii), ec/i OHU NMHEHO U HEeMpepbIBHO BNOXEHbI B

HEKOTOPOE NIMHENHOe TONONOMMYECKOe MPOCTPAHCTBO T .
[anee, 6yaem nonaratb, YTO paccmMaTpmBaeMble TPOVKK (Mapbl) SBAAOTCA UHTep-

NONALMNOHHBIMU.
OnpegeneHne 1.1. Ana napbl {Ao, Ai} onpegenvm nepeceyeHne n cymmy:
A Ao Ay={a€T,; |lalla = max(]lajlUo. IHUJ < °°>.
E=Ao+Ai={a€rl;o0=ao+ oi, a0 S Ao, 0i 6 Aj}.
Hopwma B E BBOAMTCA ChedyroWwnm 06pasoMm:

IM= = (|b||A0+ IIa|IU|)°

OnpegeneHune 1.2. MpocTpaHCTBO A NPOME>XKYTOUYHO OTHOCUTenbHO napu {Ao, A\],
ecnu nmMerT MecTo Bnoxkenna 1 CA CE.

OnpepeneHne 1.3. MycTb 0< ©< 1. bygem rosopuTb, YTO 6aHax0BO NPOCTpaH-
CTBO A npuHagne>kuT knaccy B(6, Ao, A*), ecim

a-n (Ao, Ai)s,i C A C (Ao, Ai)B,00-
bygem nonaraTb, 4TO Aj 6 B(j, Ao,Ai),j = 0,1.

OnpepeneHne 1.4. a) baHaxoBo NpocTpPaHCTBO A obnagaeT (A)- CBOCTBOM OTHOCHK-
TenbHo napbl {Ao, Ai}, ecin nmeloT mecTo paseHcTBa (1.5), (1.6).
6) MpocTpaHcTBO A o6nagaeT ceoiicTBoM (P) oTHocuTensHo napbl (A0, Ai},

ecnm umeloT mecTo (1.2), (1.8) ana Bcex Ou g, npuuem 0 <BO< 1, I<g<oo0.
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Mpu aTom paseHcTBa (1.5), (1.6) 6yAem Ha3biBaTb paBeHCTBaMU Tuna MeTpe,
apaseHcTBa (1.2), (1.3) bygem Has3blBaTb paBeHCTBaMu MeTpe.

ViccneposaHuto 3afaum MeTpe (paBeHCTBO (1.2)) NOCBALWEHbI paboTbl MHOTUX aB-
TOPOB, B YaCTHOCTW OTMeTUM paboThbl [3 -7]. Halu nogxop 3akntoyaeTca B TOM, YTO
Mbl UKCUPYEM NPOU3BObHYIO MHTEPNONALMOHHYI0 napy {Ao, Ai}, 3aTem cTapaemcst
onucaTb npocTpaHcTea A, obnagatowme (P) - CBOINCTBOM OTHOCUTE/IbHO 3TOW Mapbl.

2. O PABEHCTBAX TUMA MNETPE

Teopema 2.1. Ecnu ogHo 13 npocTpaHCTB TPoitkn {A, Ao, Ai} BNOXKEHO B Apyroe,
To paBeHcTBa (1.5), (1.6) MMeT MecTO Ans 3TOoi TPOIiKN.

J[lokazaTenbcTBO. HeTpyaHO 3aMeTUTb, YTO HEe3aBUCUMO OT YC/I0BUIA TeOPeMsbI, ANs
No6oii MHTEPMONALMOHHOWM TPOMKU UMEIOT MECTO BNOXEHMS

(2.1) A (Ao+ Ai)a (ANAo)+ (A Ai),

(2.2) A+ (Ao Ai)c (A+ Ao) (A+ Ai).

Ob6paTHble BOXEHUS K BAOXeHUAM (2.1), (2.2) nerko npoBepatoTCS, €C/in UMeeT Me-
CTO 0fHO M3 BNOXeHW Ao C Ai, Ai C Ao- Kpome Toro, BnoxxeHue, obpaTtHoe K (2.1)
o4eBuaHO npu A ¢ Ao unn A C Ai, a BnoxeHune, obpatHoe K (2.2) 04eBUAHO Mpw
Ao C Anm Ai C A

Myctb Ao C A. Torga BnoxeHue, o6patHoe K (2.1) umeet Bug

(2.3 A (Ao+ Ai)CAo+ (A Aj).
Mycthba€ A (Ao+ Ai) .Torgaa 6 A,a=a*+ 0", 36 Ao, ax 6 A\ . Nveem
n 1 <|ajjn+ KHA <c(llajln+]] | )<

ToecTb ai 6 A. Torga a[ 6 A A\. Takum 06pa3om, 31eEMEHT a NpeacTaBaseTcs B
Buge a = Qg+ a*, rge g€ Ao, e A Ai, ncnegosatensHo a 6 Ao + (A Ai).
TeopeTMKO-MHOXECTBEHHOE BNOXeHMe (2.3) foka3zaHo. [l0KaXeM HeNpepbIBHOCTL 3TO-
ro snoxeHus. Ana Ao C A nveem

IMIAo-knnAi) = ,iofu (IMIAo + IMIIM.) < IK 1k + ifeiu + IKIUX =

18R
= IK Ik + lie 1 + Wa[\Al < IKIUo + lallx + IKIIA + 11 1 |, <

<c(|~1k + K Tk + [jalu).
5



B35B HWKHIOK rpaHb MO BCEM Pas3/iOXXeHWsAM 3neMeHTa a, 0 —o + ai>°0 A

A\ npuxogmm K (2-3). PaBeHcTBO (1-5) gokazaHo npu Ao C A(unm Ai C A ). AHano-
rMYHO A0Ka3blBaeM B/IOXKeHMe, obpaTHoe K (2-2) TPUA C Ao (unm A C Ai). O
Teopema 2.2. a) Eciu gna Tpoikn {A,A0,Ai} BbINONHAETCA OAHO M3 PaBEHCTB

(1.5),(1.6), TO BbINOAHAETCA U LpYroe.
6) Ecnu ansa Tpoiikn {A,Aq,Ai} BbinonHaoTCs paseHcTea (1.5), (1.6), To aHa-

NOTY 3T UX PaBEHCTB BLIMOMHAOTCA A5 11060 APyroil ouepegHOCTY NPOCTPaHCTB
Tpoiikn (Hanpumep ans {Ai,A,Ao})-
[LokasaTenscTBo. Mockonbky Ai C Ao +.Ai , To K Tpolike {Ao + Ai, A, A\} npu-
MeHuMa Teopema 2.1. Vimeem
(2.4 (Ao+ ) (A+Ax)=[( +Arn Al+[(Ao+Ax) Ai]=
= [(Ao+ Ai) A]+

MycTb ans Tpoiiku {A,A0,Ai} BbinonHsetca (1.6). Torga us (2.4) nonyyaem

(Ao+ Ai) (A+Ai)= (Ao A+ (Ai A+ Ai=Ai+ (Ao A).

T.e. ans Tpoiikn {Ai, A, Ao} BbinosnHseTcs (1.6). Takum 06pa3oM, ecim ans TPOKM
{A Ao, Ai} BbinonHsetcs (1.5), To gns Tpoiiku {Ai, A, Ao} BbinonHsaetcs (1.6). 370
06CTOATENBCTBO KPATKO 3anuilem Tak

(2-5) {A, Ao, Ai}(8) = {Ai, A, Ac}®)

AHanorunyHo, nockonbky A Ao C Ao , To npumeHss Teopemy 2.1 K Tpoiike {A
A0.A0, Ai}, nonyyaem

(A Ao)+ (A A =[A Ao+ Ao [(A Ao+ Ail=Ao0 [(A Ao+ Ail].
Ha ocHoBaHuu (2.5), npumenss (1.6) k Tpoiike {Ai, A, Ao}, nonydyaem
(A Ao)+ (Ao A\)= Ao (A+Ai) Ao+ Ai)=Ao (A+ Aj).
Te.
(2-6) {Ai,A, Ac}(B) == {A0.Ai, A}(5).
Takum 06pa3om, Mbl foKa3ann Lenoyky cnegcrenin (cm. (2.5), (2.6))
{AlA0> Ai}(5) = {Ai,A,A0E) = {A0l Ai, A}6) = {A, Ao, Ai}(B)

AHaI0TMYHO MOXHO foKaszaTb, 4To {A,A0,Ai}({B) = {A, Ao, Ai}(B). YTBepXaeHMe
a) fOKas3aHO. YTBepxaeHue 6) cnefyeT v3 yTBepXgeHua a) v mwywuuwn ( 5)
(2-6). O



Teopema 2.3. MlycTtb 0<0<1,1< < = (Ao,A\)g Y Torga ana Tpoiiku
{A,A0,Ai} BbinonHAwTCS paseHcTBa (1.5), (1.6), T.e. (yunTbIiBas CBOINCTBO NPO-
me>kyTouHocTn [ CA C

-7 @GAe,q=[Ag+ ( ,ADei9] [ +( ,-ACs?]i
(2.8) (Ao,Ai)etd= [Ag ( ,i4i)B1+ [ (1>, Ai)ei?].

LokasaTenbcTBo. M3 cnegeteus 3.6.2 n3 [1] ans K - gyHKumMoHana MNeTtpe nMeem

a
(2.9) K(t,a,Ao, A) ~
1*
tt+i
(2 10) K[t, a; A, Ai) J  8-B0K”™a-,A0,AX

(c coOTBETCTBYIOLMMU BUAOU3MEHEHUAMMW NpU = 00). CKnagbiBas COOTHOLLEHMS
(2.9), (2.10), npu 4= 1, nonyvaem

IHI(A+A0)N(A+AD)~110 IA+A0 + IMU+Ti ~ K{\,a\Ab,A)+

+K(l,a;AuUA)~ J3-~7.ar0.A x) = OA
.0
PaBeHCTBO (2.7) foKa3aHO. PaBeHCTBO (2.8) criefyeT U3 Teopembl 2.2. O

[N panbHeiWwmnx paccMoTpeHUid None3Holt okasblBaeTcs crefytoLlas nemMma.
Nemma 2.1. Myctb { , , ¥} - UHTepnonsuuoHHasa Tpoiika. Torga
a{ ( + ) ., 6O {. . X600,
6) {A+ ( 0 i4i), ,-AiK6,6)*™ M, 0. H6),(8)-

[okasaTenscTBO. B cuny Teopembl 2.2 a) ANA [0Ka3aTe/NbCTBA YTBEPXKAEHMSA a)
nemmbl 2.1 goctatouHo yéegutees, uto { (. + ), , ¥~ {, , }O.
MycTb umeet MecTo { ( + ), , 3}~ Torpa

( + )= ( + 1npC + )= 0+ ) o+



Ognoctoponaa umnnnkaumsa {AN (Ao + Ai),j4o,j4i}(6 = {A,A0,Ai}") pokaszana.

Vmeem panee, n3 {A,Ao, Ai}(8) :
NMN(Ao+ Ai)lT(Ao+ Al) = AM(Ao+ Ai) = AlMAo+ An Ai =

NN (Ao+ i4i)NN) + AM(Ao+ M)A
YTBepXAeHWe a) AoKa3aHo. YTBepXeHe 6) 40Ka3bIBAeTCs aHanornuHo.
3. (P)-CBOMCTBO MEPBOHAUA/bHbLIX MPOCTPAHCTB

B 3Tom naparpade Mbl yCTaHOBMM, 4YTO LpocTpaHcTBa Ao, Ai, Ao + Ai,Ao A\,
06nagatoT cBoincTBoM (P) OTHOCMTENIbHO UHTepPNONALMOHHON napbl { , Ai}.

Teopema 3.1. lMpocTpaHcTBa Ao, A\ o6bnagaloT cBoiicTBOM (P) OTHOCUTENLHO
napbl {Ao,A{\,T.e. (O<0<1 1< <o00, =0,1)

(3.1) (Aj,A0 Ai)en = (Aj,Ai-j)e.q Aj,
(3.2) (Aj, Ao + Aide,q= (Aj,Ai-j)e+ Aj.

JokasaTenscTso. CnpaBefnnBoCcTb paBeHCTB (3.1) AokasaHa B [6]. Jokaxem par
BeHCTBa (3.2). MycTb j = 1 (ACHO, YTO MOXHO OrpaHMUUTLCA 3TUM ciydaem). Ha

OCHOBaHuK cneactems 3.6.2 n3 [1] uveem

1
(3.3) Lo|(A0,AL,,,+/Ti = (A). Ai)e,a, Ai)  J 3-B'K'(a,*\A0,A<)N
Mpumenss B (3.3) Teopemy 2 13 [8], nonyyaem: °
*J _ra

Ts-OoK"aiE.A r) >J 8~8*K'(a,a-,b,A{)"

Lo

ri

J s-O0K"s"A0AX) li@li(A0,A)(f
Te. .

(Si Ai)o,q C (Ao, A\)Bn + Ai.

MockoNbKY 06paTHOE B/IOXKEHWE QYEBUAHO, TO PABEHCTBO (3.2) BLIMOHAETCS. |

Teopema 3.2. MycTb {A),J1i} - HTepnonaunoHHas napa. MpocTpaHcTBa E v [
o6nagatoT ceoiicTBoM (P) oTHocuTensHo napel {Ao,Ai} .
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JokasaTenscTBo. [oKaxeM, 4To paBeHCTBO (1.3) nmeeT MecTo npu A = [. Vimeem

(Ao, 0)B,74- (J1i, A)silU= [Aqg (A0,Ai)eU+ Ai (Ao, Ai)i_e,] =
= (Ao [(Ao,Ai)e,g+ Aol [(Ao,Al)e,q+ Ai]) 4-
(3.4) 4 (Ai  [(Ao,Ai)i_et, + Aol [(Ao, Ai)i_e,9+ Ai]) =
(Ao [(Ao,A\)Bn 4 Ai]) + (Ai  [(Ao, Ai)i_e,, 4 Ao]).

MepBoe paBeHCTBO B (3.4) HanucaHo Ha ocHoBaHWK (3.1) u Teopembl 3.4.1 u3 [1]. BTo-
poe paBeHCTBO BbITeKaeT U3 (2.7). TpeTbe paBeHCTBO 04EBUAHO. [pUMeHUM Teopemy
2.1 K Tpolike

{Ao [(Ao, Ai)e,e+ Ai],Ai,(Ao, Ai)i_e,, 4 Ao}.
Torpga npumeHss paBeHcTBO (1.6) K 3aTol Tpolike, U3 (3.4) nonyyaem

(Ao, De,g + (Ai, 4)B9= (Ao [(Ao,Ai)B,, + Ai] + Ai)

(3.5) (Ao [(Ao, Ai)e,e 4 Ai] 4 [(Ao, Ai)i_8i94 Ao)) =
(Ao [(Ao, Ai)e,g+ Ail 4 Ai) [(Ao,Ai)i_e 9+ Ao].
MpumeHum Teopemy 2.1 K Tpoiike {Ao, (Ao, Ai)s®+ Ai, Ai}. Torga u3 (3.5) nmeem
(Ao, D)BI?+ (Ai, A)$9 = [(Ao, Ai)e,g4 Ail [(Ao,Ai)i_e,ed Ao].
MpumeHsaa Teopemy 3.1 n Teopemy 3.4.1 n3 [1], nonyyaem
(Ao, A)$,q4 (Ai,Aeg = (EiAi)BB (£, A0)89 3 (E, A)BB.

MockonbKy 06paTHOe BAOXEHWE 0YEBMAHO, TO Mbl NPMX0AUM K paBeHcTBY (1.3) npu
A = [. PaBeHcTBO (1.2) npn A = I! goka3zaHo B [6]. 3ameTum, 4TO

(E,A0)Bi, + (£, Ai)Bi, = Ao+ (Ai,Ao)e,e + Ai 4 (Ao, Ai)®, = = (E,E)e>?,

T.e. umeeT mecto (1.3) npu A = E.
AHaNoOrn4yHo nosiyyaem

(A.Ao0)g, + (O,Ai)n = Ao (Ai,Ao)s,, Ai (Ao Ai)su= /1= (4,40)s,,

T.e. (1.2) nmeet mecto npu A = [I. O



4. O CBOWCTBAX TPOEK, YAOBJIETBOPHIOLLX PABEHCTBAM TWUMA METPE

B HacTosiLLeM naparpage Mbl KCCnesyem CBOCTBA TPOEK, YAOBNETBOPSAOLUX par
BeHcTBam (1.5), (1.6). B yacTHOCTV OKa3biBaeTCH, YTO BbIMO/NHEHWE 3TUX PaBEHCTB
3aMKHYTO OTHOCMTE/IbHO PYHKTOPOB CyMMbI, NMepeceyeHns U hyHKTOpa BeELLECTBEH-
HOI" MHTepnonsALMM (BO BCAKOM C/lydae A5 MPOMEXYTOUHbIX MPOCTPAHCTB).
Teopema 4.1. MycTb npocTpaHcTBa A U B obnagatoT cBoiicTBam (A) OTHOCHU-

TenbHo napu {Ao,Ai}. Torga
a) M3 B D [ cnegyeT, uTo A B To>Ke 06nagaeT cBo/icTBOM (A) OTHOCKH-

TenbHo napbl {Ao, Ai}.
6) N3 A C T. cnegyeT, uTo A+ B To>ke 06nagaeT cBoiicTBOM (A) OTHOCK-

TenbHo napbl {Ag, Ai).
Takum 06pa3om, eciu OfHO M3 MPOCTPaAHCTB A UM B NpOMEXYTOUYHO OTHOCUTEIbHO

napbl {Ao,Ai}, To npoctpaHcTBaA B n A+ B o6nagatoTt ceoiticteom (A).

JokasaTenbcTBo. lycTb CHavana UMerT MecTo ob6a Bnoxenns B 3 [, A C E.
Torga u3 (1.5) n (1.6), NPUMEHEHHbIX COOTBETCTBEHHO K Tpoiikam {A,A0,Aj} un

{£,A0,Ai}, nmveem
4.1 AnS = [AnAo+ AnAi]n(S + Ao)n(B + Ai).

Mockonbky ANAO0C5 + Ao, Tok Tpoiike {A AO0,AnAi,B + A0) npumeHuma
Teopema 2.1. Kak u npu fokasaTefibCTBe TeopeMbl 2.2 3TO 06CTOATENLCTBO KPaTKO

3anuwem Tak: {,, }(5),(8)- Targa n3 (4.1) nmeem

4.2 Arid = [AnAo+AnAIMN(A + Ao)]N(4A + Ai).

Mockonbky AnAil(B+Ao) CB+ A , To Ha OCHOBaHWM TeOpeMbl 2.1, MPUMEHEHHOA
K Tpoiike {A Ao, A Ax {B+ Ao),B + Ai}. u3 (4.2) nonyvaem

4.3) AT B = AMAOM(B + Ai)+AMA!IM (5 + Ao).

Mcnonb3ys (A) - CBOCTBO NnpocTpaHcTBa B oTHocuTensHO napbl {Ao, Ax} , n3 (4.3)
1 Teopembl 2.2 nonyyaem (B 3 A):

ATBM"ATNMM Ao+ AolMAii+AriiB nAi +AolAi] =
= (AnB)nAo + (AnB)nAi,
T.e. {A B, Ao, Ai}(6). Paccyxpaas aHanornyHo, ans A + B nonydvaem

A+B=A A0O+A Ai+(B+Ao) (B+Ai)=A A0+[A Ar+ B +AQ
10



[A Ai+B+Nil=A Ao+[A Ai+B+ Ao [B+ A*]=A Ao+
+[(A+ Ao)(Jli+ Ao)+ B] [B+AX)=AnAo+[A+Ao+B] [B+AX]=
=[A Ao+A+Ao+B] [A Ao+ B+Ai=
= (A+B +A0) {(A+Ai) (Ao+AX+LlU,= (A+B +A0) (A+B + Aj).
T.e.{A + B, Ao, Ai}(B). Taknm 06pa3om, yTBepXAeHNE TEOpPEMbl MMEET MECTO Mpu

OAHOBPEMEHHOM BbINO/IHEHWUU BAOXKEHWA B 3 [, Ac £.
[okaxem yTBepXaeHue a) Teopembl. Ha ocHoBaHUM neMMmbl 2.1 Meem
{A B (A0+ Ai), A0 Ai}(5) B ={A B, Ao, Ai}(6)i(B).

Mockonsky B C A, A (Ao + A\) C £ To U3 NpeablAyLLNX PACCMOTPEHNA N NEMMbI
2.1 NPUXOANM K YTBEPXAEHUIO a).
YTBepxaeHue 6) f0Ka3blBaeTCH aHaN0rMyHo. |

CnepytoLas Teopema NoKasbIBaeT, HTO MHOXECTBO MPOMEXYTOUHbIX MPOCTPAHCTB,
yaoBneTeopsowmx pageHcteam (1.5), (1.6), 3aMKHYTO OTHOCMTENIbHO PYHKTOpPa “Be-

LLeCTBEHHOWN ™ nHTEepnonaynin.

Teopema 4.2. NMyctb O<0<1,1<a<o00, Ao Ai CA 22 C Ao+ Ai Eciu
npocTpaHcTBa A 1 B ob6nagaioT ceoiicTBoM (A) oTHocuTenbHo nmapbl {Ao, Ad},
To (A, B)B,Y Tak>Ke 0b6nagaeT CBONCTBOM (A) OTHOCUMTENLHO 3TOW Napbl.

[lokaszaTenbCcTBO Teopembl OyAeT npusefeHo B §7. O603HaYMM npaBble YacTu pa-
BeHcTB (1.5), (1.6) uepes

A»= (A Ao)+ (A Ai), A*—(A+ Ao) (A+ A\)).

L na npomexyTouyHoro oTHocuTenbHo napbl {Ao, Ai} npocTpaHcTBa A cBOIACTBO (A)
03Ha4aeT, yTo A = A, = A*,

Teopema 4.3. lNycTb 1< < 00. Torga
(4.49) (A.,A)1i9 = AT (A*,A0i,,.
(4-5) (A'1A)iiB = A+ (A*,Ad)i ,,.
[okasaTenscTBo. Vmeem
(A.,A) = (A Ao+ A AijA)ieB= (A (A Ao+ An,A)r, =
(46) = AMN(AMAO0 + Ab A)ii? = AT(A + AL AM(AMAO-1-Ai,A))ii, =

= An(A + Ai,AnAo+AnAi)j¥= An(A + Aa,A.)j>
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BTopoe 1 nAToe paBeHCTBa B (4.6) HanucaHbl Ha OCHOBaHUW TEOPeMbI 2.1, NPUMEHEH-
Holi K Tpoiike {A, Al Ac, Ai}, TpeTbe paBeHCTBO HanMcaHO Ha OCHOBaHWUM TEOPEMbI
3.1, yeTBepPTOE PaBEHCTBO HAMMCAHO Ha OCHOBAaHWU CMEeACTBMSI U3 TeopeMbl 3 13 [6].

AHanornyHo (4.6) nonyyaem

4.7 (A A= AM(A +A0,A.)i 5.

M3 (4.6), (4.7) nmeem
(A,A) =A (A+A0A) (A + Ai, A*)\4D

(4.8) AN ((A+Ad) A+ AI)AY =A (A ADN.
Mockonbky o4eBuaHo A» C A C A* |, To 0bpaTHOe BIOXKeHME K (4.8) TOXe BbINOHSA-
eTCA, ¥ Mbl NPUX0AMM K (4.4). AHanornyHo fokasbiaem (4.5):

(A*, A)Jt, = (A+ Ao) (A+ Ai)A = (A+Ai (A+ Ao)A)IN =

= A+ (AiM(A+ A0)A)liT = A+ (A+ Ail(A + Ao),AMAD)II, =

= A+ (A+ Ao) (A+ Ai),A Ai) ?=A+ (A*A A\

AHanornyHo nonyvaem (A«, A)*, = A+ (A*, A Ao) ? Torga

(A, Mj,, = A+ (A5A Ao)*,+ ( *,A Ai), CA+ (A% A))ii?.

MocKoNbKY 06paTHOE BNOXKEHWE 0YEBUAHO, TO Mbl NPUXOAUM K (4.5). O

5. lClOCTaTO‘-IHI:Ie ycnosua Ansa BbIMNO/IHEHUNA paBeHCTB I_IeTpe

B §2 Mbl foka3zanu (P) - CBOWCTBO 415 NepBOHaYabHbIX MPOCTpaHcTB Ao, Ai, E, [
OTHOCWTE/IbHO MHTEepPNONALMOHHONM Napbl {Ao, Ai} . MpofoMXNM nccnefoBaHme HTep-
NONALMOHHON Npo6nembl MeTpe U yKaXem JOCTaTOYHbIE YC/IOBUSA 415 BbINOAHEHNS
paBeHcTB (1.2), (1.3).

Teopema 6.1. NMycTb 0 < )< 1.Ecm A € Ao, Ai), mo npocTpaHcTBO A
obnagaeT ceoiicTBOM (P) oTHOCMTENbHO napbl {Ao, Ai} .

[JokaszaTenbcTso. Mmeem (0<B< 1, 1<g<00)

®1 A)edD (A, OBa= (A Ac+A Ai,[4)B93

3 (A Ao Den+ (A Ai L)BuM.
Mockonbky A e B(r), Ao, Ai) , To u3 Teopembl 3.1 umeem

(A0, [1)41l= AoM(Ao,Ai)4i ¢ AoMA, (Ao, [)w0= Aol(Ao, Ai),i00 AOIMA,
12



M.

(5-2) Aa A€ HT);Ac, L)
AHaNorMyHo nony4vaem

(5.3) Ai A€ B4 A4, Ai).

CooTHoweHms (5.2), (5.3) n Bkntodennsa [, € 2(1; A0, 4), A € B(0;4,Ai) nokasbl-
BalOT, YTO MOXHO NPUMEHUTb Teopemy peuTepaummn (cM. Teopemy 3.5.3 n3 [1]). Torga
n3 (5.1) umeem

(5A) (A, A)B,u 3 (Ao, Afj(i— + (4, Ai),(i_p)i?.

MpumeHsaa K npaBoii yactu (5.4) Teopemy 3.1, nonyyaem

(5.5) (A,A)ga [Ao (Ao, + [Ai (A0,Ai)u(i_)ig] .
Mockonbky (cMm. Teopemy 3.4.1 u3 [1])

(5.6) (Ao, 4)u(i B)+B,, C (Ao, A),,(i_B)i9 = AolM(Ao, Aini-B),, ¢ (Ao, Ai)u(i_s)/,

To K Tpoiike {AoM(Ao,Ai)u(l_B)+Bi,,Ail(Ao,Ai)u(l B)i,} MOXHO NMPUMEHWTb TEO-
pemy 2.1. Tbraa us (5.5), (5.6) nmeem

(A D)B4 3 ([Ao (Ao, ADH(L B}+B)7] + Ai)
([Ao (Ao, Airjx-gj+e”] + (Ao, AD)TIL e)\y =
(5.7) = (Ao (A0.ADMMAT +AD) (Ao AiQ), N .7,
3 ([Ao (Ao, Airj-ej+e, ] + [Ai (A0, Ai)u(i_9)+8i,])

M(Ao, Ai)u(a_p)iB = (Ao, Ax)u(i_g)+si,I (Ao, Ai)u(i_B)io.

MocnefHee paBeHCTBO B (5.7) HanMcaHO Ha OCHOBaHUM Teopembl 2.3 (cM. (2.8)). Te-
nepb, MCNOMb3ys TeopeMy peuTepaummn 3.5.3 u3 [1], nonyyaem

(A, A)gifiD (A Ao)e,, (A Ai)*,,.

MockonbKy 06paTHOE BIOXKEHME OYEBUAHO, TO Mbl Npuxoamm K (1.2). PaBeHcTBO (1.3)
[0Ka3blBaeTCa aHa0rnyHo. |

HenocpeacTBeHHbIM CNefCTBMEM l0Ka3aHHOM TeopeMbl ABSETCA TO, YTO NPOCTPaH-
ctBa (Ao, Ai),,iMn [Ao, Ailr, o6nagatoT (P) - cBoiicTBOM OTHOCUTeNbHO napbl {Ao, Ai}
(cm. Teopemsbl 3.4.1 1 4.7.1 n3 [1]) ana sBcex uHgekcos 7,r :0< <1, 1<r1 < 00.
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Teopema 6.2. MycTb O nnoTHO BAj (j =0,1) n0< 1)< 1l Ecam A - nHTepno-
NALMOHHOE NPOCTPaHCTBO Tuna T (cM. Teopemy 2. .1 u3 [1]) 0 THOCMTENLHO Napu
{Ao, Ai}, To A obnagaeT ceoiicTBoM (P) OTHOCUTENLHO 3TOI napu.

LokasaTenscTBo. HaocHoBaHuM Teopembl 3.9.1 n3 [1] 3akntovaem, 4To A &H(T), Ao, A\).
Tenepb yTBEPXAEHME TEOPEMbI ClefyeT U3 Teopemsl 6.1. M
Teopema 5.3. MycTtb 0<a,B3T] <1, 1< <% —°°- MMono>Kum
Bo = (Ao, Ai)a,Bo ( [Aci Ai]a)i-Bi = (AoiAlO,gj ( v [Aci
EciM A - HTepnonsuMoHHOe NPOCTPAHCTBO TUNar) oTHocuTensHo napu {Bo, Bi},
TO A obnagaeT cBoiicTBoM (P) oTHocuTenbHo napu {Ao, Ai}.
[LokasaTenscTBo. M3 Teopembl 3.5.3 13 [1] umeem (1 <1 < 00) :
(5.8) (Soi-Shfj,r = (Aoi Ai)a(i_u)+Pv,r.
Teopema 3.4.2 3 [1] (Teopema 4.2.2 418 MeToAa "KOMMIEKCHOM "MHTEPMNONALNN) YTBEPXK-

paet, uto Ao Ai nnotHo B Bj (j = 0,1). Torgas Bj (j = 0,1). nnoTHO u npo-
cTpaHcTBO Bo  Bi . T3nepb un3 Teopembl 3.9.1 13 [1] nonyyaem

(5.9 (Bo,Bi)gti cAc (Bo.SiW
Yuutbieas (5.8), BnoxeHus (5.9) MOXHO nepenucaTb B BUAe
(Ao, j4i)q(i—H)*+Sjji C A C (Ao, Ai)a(x—)+0gw>

T.e. A € B(a(l T)+HpT}, Ao, Ai). YTBepXeHNe TeopeMbl cnefyeT u3 Teopemsl 5.1. O

6. OB YTOYHEHMN OAHOIO KJIACCNYECKOIO YTBEPXAEHWA

XopoLwo n3BecTHO (CcM. yTBepxzieHue €) Teopembl 1.3.3 n3 [2], yTBepxaeHue 4)
Teopembl 3.4.1 n3 [1] gna "BewecTBEHHOro"MeToAa n yTBepX4eHMe ) Teopembl 1.9.3
n3 [2]. yTBepxzaeHve B) TeopeMbl 4.2.1 u3 [1] 4ns "KOMNAEKCHOro"MeToga), YTo ecnu
Ai C Ao, 10

(8-1) (A0,A1)Bi?c (A 0,AD)li,

rpe 0< < ©<1, 1<q,r<oo.
OkasblBaeTcs, UTO CrpaBef/MBbl U 06paTHble yTBepXAeHUs. Kpome Toro, BTopble
HWXHWE MHAEKCHI B (6.1) MOryT He coBnagath:

(6-2) (Ao,Aifli, C (Ao,Ai)ur.
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Teopema 6.1. TycTb 0< <0< 1, 1<&r < 3c. 4nd BbINOJHEHNS Ka>KLOro U3
BNO>KeHuiA (6.1), (6.2) HeobXxoAMMO 1 AOCTATOYHO, YTO6Ll A\ C Aqg.

YTBepKAeHune 0CTaeTca BepHbIM npy ©= 1, ecnnt 3ameHnTs (Ao, Ax)aHY(mmm [ , 1)
Ha ; unpu ™= 0,ecnn 3amMmeHunTs ( , ), wm [ , 1?)Ha

[okasaTenscTBO. [loKaxem yTBepxaeHWe Ans "BellecTBeHHOro" metoa. MycTb cHar

yana 0 < 7 < 0 < 1, g = r. YuyntbiBasa yTBepxaeHue a) Teopembl 3.4.1 u3 [

[OCTaTOYHO A0Ka3aTb, YTO U3 BAOXEHUA (6.2) cnefyeT BAOXeHWe c -
Mcnonb3ys Teopemy 3.1 u Bnoxexue (6.2), meem

(6.3) (4, A\)gtg = ( 0,Ai)eqC (0, )& =(O,A)NA
[Janee, ns yteepxaeHus a) teopembl 3.4.1 n3[1]( 1-0 <1- 7w A c ), nMeem
®4) " ) 9= ( ,[)i09s ( ,A)i U= (4~i)4in

BnoxeHus (6.3), (6.4) gatoT (4 "i)B,=( , )42 <O
Tenepb 13 ynpaxHeHnus 21 §3.16 us [1] cnegyetr ,uyto 4 = A ,Te. C -

MycTb Tenepb ©= 1 uam 1j = 0. OrpaHuummcsa cnydaem 0 = 1. Torga BNOXeHMWe
(6.2) npuHMMaeT BUA

(6.5) 1 (0, D~

BnoxeHune (6.5) cnegyet m3 BnoxeHuns A\ C - B cnpaBegnnBocTn 06paTHOro
YTBEPXAEHNSA MOXHO Yb6eauThes npumeHss Teopemy peuTepauun 3.5.2 n3 [1]. Mo-
nyvyaem

( , ) c( ,C, ) I)I)«( )M, 0< o<1, 1<p< oo

Tenepb BNOXeHue C CneflyeT 13 BbllLe J0Ka3aHHOro. Takum 06pa3om yTBepX-
[JeHue TeopeMbl NS "BelLeCTBEHHOro"MeToda 4oKa3aHo npu q = T.

Myctb Teneps 0 < ;< 0 < 1, 1 < 5,1 < 00. MNpeanonoXxmm, 4To UMeeT MeCTo
BrOXeHWe (6.2). Torga aHanorMyHo ToMy, Kak 3TO [Aenanocb Bbille, Ha OCHOBaHWM
TeopeMmbl peuTepauun (0 < a <1, 1 <p < 00) VMeeM

(.) .=C.C.,)0) cC.C ., )M >N

Tenepb M3 Bbllle [OKA3aHHOTO CMefyeT, uTo c -
MycTb, HakoHey, ¢ .3 Teopembl penTepalum nveem

(6.6) . )40 )09 (. )M
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rae p = (1- aTi+ 6a . MockonbKy /3< 6, TO U3 BNOXEHUS C A0 (cm. Teopemy
3.4.1 u3 [1]) cnegyert, 4To

6.7) ( , ) PPC(AoAi)pw

Ecnm nonoxunts Bo = (Ao,Ai)br , B\ ~ (Aa,A\)en-T10 13 (6.6), (6.7) nmeem

B\ C (Bo,Bi)aq . Torga 13 gokasaHHOro Bbille (cnydyain ©= 1, = a ) cnegyer,

yto Bi C Bo , T.e. BnoxeHue (6.2) nmeeT MecTO.

YTBepXeHve TeopeMbl A0Ka3aHo A48 MeTofa "BeLeCTBEeHHON " MHTepnonaymn.
[okaxem yTBepxaeHue ana "KomnnaekcHoro"metoga. Myctb 0 < rj < ©< 1

YuunTbiBas yTBepxaeHue B) Teopemsl 4.2.1 u3 [1] focTaTO4HO A0Ka3aThb, YTO U3 BO-

XeHus (6.1) cnegyet BnoxeHne A\ C Ao . Bocnonbayemcs Teopemoii 1.10.3/2 us [2].

Torpga, ucnonbsya (6.1), nonyyaem
( 0,Ai)(x_0)s+ai? = ([N1o,Xi]s /11)a9 C ([ ,Ai\v,A\)au=
=( @G _a)haa 0<O<1
Kak 6bl10 40Ka3aHO Bbille, U3 MOAYYEHHOrO BAOXEHUS UHTEPMOAALMOHHBIX MpOo-
CTpaHCTB "BeLUECTBEHHOr0" MeToda cnefyet, uto A\ C Aq. O

7. O cBA3un pasencTe lMeTpe n paseHcts Tuna MeTpe

B atom naparpace Mbl uccnegyem BONpoc cripaBeaMBocTy paBeHcTB (1.2), (1.3)
ans tpoiikm { , , '}, rae nNpocTpaHCTBO A ABNSETCSH MPOMEXYTOYHbIM OTHOCHU-
TenbHo Napbl { , Ai}. OkasbiBaeTcs, YTO B 3TOM C/y4ae, 415 BbINOMHEHWS PABEHCTB
(1.2), (1.3) focTaTO4HO BbLIMNOAHEHUS 0AHOrO U3 paBeHCTB (1.5), (1.6) (BTOpOe paBeH-
CTBO TOr/a BbIMOJHAETCS aBTOMaTUYeckn). HauHeM paccMOTpeHUs ¢ AoKa3aTeNbCTBa
thopMyn ANA CYMMbI U NepeceveHns MHTEPNONSALUOHHBIX NMPOCTPaHCTB.

Teopema 7.1. MycTtb 0< 1, <0< 1, 1<g,r <o00. Torga cnpaseavsbl paBeH-
cTBa:

a) {Ao,Ai)BiY (Ao,Ai)jir= (Xo,2)"r (E,Ai)$.q,

6) (AgAig ( ,ADMT=( ,0)®, + (4, Aiur,

B) ( ,ADBM4( ,AD)r,r=( ,4),r+ (4,A\)sn,

rN ( ,Aisa+ (Ao,A)"g= (Aqg,£)e,? ( ,AV T

[okasaTensCcTBO. [loKaxem yTBepXaeHue a). meem

(ido,Aide,g ( ,AD)Br=( ,S)ej (£,AVetg ( ,E)HUIr (E,Ain,r=
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= (E,Ao)i_B,, (E,Ai)Ba (E, No)i_ur (E,Ai)dr=
—(E, Ai)g4 (E, Ao)i-UT= (Ao E)Ur (E,Ai)giH
MepBOe paBeHCTBO HanMcaHO Ha OCHOBaHWW TeopeMbl 2.3 (cM. (2.7)) v TeopeMbl 3.1,
BTOpOE M YeTBEPTOe PaBEHCTBA Ha OCHOBaHWU YTBepXAeHus a) Teopemsl 3.4.1 n3 [1],
B TPETbEM PaBEHCTBE MCMO/b30BaHa TeopeMa 6.1.
AHanornyHo LoKasblBaeM yTBepX/eHue B) TeopeMbl. Ha ocHOBaHWUM Teopembl 2.3
(cm. (2.8)), yTBepxaeHus a) Teopemsl 3.4.1 u3 [1] n Teopembl 6.1 UMeeM

[AotAi)gtg+ (Ao, ADYIr = (Ao, 4)B5+ (4,ADe,q+ (Ao, A)ij,r
+(4,-"M)iTr = (Ao, 4)s,, + (Ai, 4)!_B|9+ (Ao, O)4p+ (Ai, 4)i-4lr=
= (Ao, A)4r+ (Ai, 4)i_s,a= (Ao, 4)Mr+ (4, Ai)elo.
Jokaxem yTBepxaeHue 6). Ha ocHoBaHuM Teopembl 2.3 1 (3.1) uMeem
(Ao, Ai)BI9 (Ao, Ai)Yr= [(Ao, O)B,&+ (4, AD)BiB] [(Ao, A)u,r + (4, Ai),;.
MockonbKy, cornacHo Teopeme 6.1 (? < 0)(Ao,[)eis C (Ao,4)4l, To Ha ocHosar
HUK Teopembl 2.1 y6exgaemcs, uto ana tpoikn {(Ao, 4)s,,, (4, A{)aiy (Ao, 4)Yr +
(4, A)Yr} mmeet mecto gopmyna (1.5). Targa
(Ao,A\)g 4 (Ao, AUl = [(Ao, Q)e,? + (4, Aieg] (Ao, 4)4r+
+ [(Ao, M)e,? + (4, Ai)eigln(d, Ai)4lr = (Ao, ), M(Ao, 4)Ur+(4, Ai)s,,M(Ao, A)u,r+
(7.1) +(Ao, )B9 (4, Ai)dr+ (4,Ai)eld (4, Ai)ur = (Ao, 4)6,9
+(4,Aie,qg (Ao, Q)ur+ (Ao, M®, (4, AN, ir+ (4, Ai)ur.

MepBoe 1 BTOpoe paBeHcTBa B (7.1) HanucaHbl Ha ocHoBaHuK hopmynbl (1.5) (cwm.
Teopemy 2.1 v TeopeMmy 6.1), B TPeTbeM PaBeHCTBE UCMO/Nb30BaHa TeopemMa 6.1.
Bocnonb3oBaBLnch paBeHcTBamu (3.1), y6exxaaemcs, 4TO BTOPOE U TPETLE ClaraeMble
B (7.1) cosnagatoT ¢ [, . Tenepb yTBEpxaeHue 6) cneayet u3 (7.1).
HakoHeLl, yTBepXieHue T) eCTb CNeACTBME LEMOYKy
(A0,Ai)B,, + (Ao, Ai)Ur= [(E,Ai)B( (A0,E)el]+
+ [(E,AD)YT (Ao, E)YI = ([(E, Ai)ei9 (Ao, E)e 9]+ (E, Ai)ur)
([(E, Ai)g>g (Ao, E)e,e]+ (Ao, E)UI) =
= [(E, Ai)BiB+ (E, Ai)YI [(Ao,E)el?+ (E, Ai)4r]
[(E, Ai)exg+ (Ao, E), ill [(Ao,E)e,e+ (Ao, E)ur]=

= (E,Ai)eld (Ao, E)Ul.
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MepBO€e paBEHCTBO HaMMCaHO Ha OCHOBaHUW hopMy bl (2.7) 1 Teopembl 3.1 (hopmyna
(3.2)). BTopoe n TpeTbe paBeHCTBa HamucaHbl Ha OCHOBaHUK opmynbl (1.6) ¢ yue-

ToM TeopeM 2.1 1 6.1. MocnegHee paBeHCTBO HamMMCaHO Ha OCHOBaHWK TeopeMbl 6.1 1

paseHCTB (3.2) (cM. Teopemy 3.1). n

[lokasaHHas Teopema No3BONSET yCTAaHOBUTbL CBA3b Mexay (A) v (P) cBoicTBaMu.
Teopema 7.2. TlycTb A - NpoOMeEXKYTOYHOE NPOCTPAHCTBO OTHOCUTENbHO Na-
pbl {Ao,Ai}. Ecam ans Tpoiikn {A,A0,Ai} BbINONHSETCA Kakoe-1Mbo U3 paBeHCTB
(1.5), (1.6), TO gns aTOW TPOINKK BbINONHATCA 0ba paseHcTBa (1.2), (1.3) ans
Bcex ©,4: 0<B <1, 1<qg<o00 (T.e. u3 ceoiicTea (A) cnegyeT csoiicTso (P);.
[JokaszaTenbcTBo. 15 NPOM3BO/ILHOIO NPOCTPAHCTBA A MMeEM

(0B 3 (A, 0)9=( Ao+A Anfl)s, 3 (A 0[4)B>H

(7.2 +( An )% =( Ao, O)B.,+ (4,A idi)i_s,,.
Ecnn nonoxunts Bo = (A )>> Bi = (A ), TO

(7.3) BOMB1=AMAOMAL1= 1,

(7.4) B, +B1=AnAo +AnAl=An(Ao +Ai) = A.

B nepsom paseHcTBe B (7.3) ucrnons3osanu snoxexdne A 3 /1. B paseHcTse (7.4) uc-
nonb3oBanu Bnoxenve A 3 I un (A)- cBoiicTBO. Tenepb U3 (7.2), NCNonb3ys yTBep-
XAeHWs a)-r) Teopembl 7.1, n paBeHcTB (7.3), (7.4), Honyyaem

(A, )«,? 3 (BO, )87+ (A, Bi)i_®? = (Bo, Bo+ Bi)i_etn

(7.5 (? +Bi,Bi)e,q=(Bo,A)i e,qn(A,Bi)e,q= ( ,B0)e,, (J1,Bx)e,q=
= (A,A Aoeq (, Aide,g=A ( ,Ao)e,g (A,A\)Bn.

Ha nocnegHem Lware Lenoyky mcnosnb3osanu paseHcTsa (3.1). N3 paseHcTBa (2.2)
nMeem

(7.6) A=A+ {Ao )=( Ao) ( A{) DA Aden (A A{eq
Tenepb cooTHoweHua (7.5), (7.6) patoT: (A, 4)Bi, 3 {A, AMeq (A, Ai)gtd INockonb-

Ky 06paTHOe B/I0XXeHWe 04eBUAHO, Mbl NPUX0AUM K (1.2). Jokaxem paBeHCTBO (1.3).
Viveem

(A,BE)fli, = ( +A0) ( + AO,E)B?Cc (A+A0,E)B, ( +AIE)9?=

= (A+ Ao,E)BiB (E,X + /1i)i_Bi9= (A+ A0,A)i-g4+ {AA+ A{)Bn =
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=A+( ,AxsB,+ {A A)Bx= ( ,A0)an 4- (AAi)an.
MepBble ABa LWara o4eBUAHbL. TpeTbe PaBEHCTBO HANMcaHO Ha OCHOBaHWM YTBepXae-
Hus a) Teopembl 3.4.1 13 [1]. YeTBepTOe paBeHCTBO HanMcaHoO Ha OCHOBABLLWM TEOPEMbI
7.1 n paBeHcTBa (1.6). MsATOE paBEHCTBO HanMCaHO Ha OCHOBaHMWU PaBeHCTB (3.2).
MocnefHee paBeHCTBO eCTb cneacTaue Lenovkn (cm. (1.5))

A=A (Ao+Ai)=A Ac+A AiC (A ABI+ (A AL A
Takum obpasom, (A, E)ei? C (A, Ag)$4+ (A, Ai)i?. MNMockonbKy 06paTHOE BNOXEHNE
0YEBMAHO, TO Mbl Npuxoaum K (1.3). O

Teopembl 2.1 1 7.2 NPUBOAAT K CNefytowemy YTBepXaeHuo.

Teopema 7.3. Ecim npocTpaHCTBO A Takoe, YTO MMEET MeCTO Kakoe-inbo wu3
CNeAyoLWnX -4eThbIpex ABYCTOPOHHUX BNOXKEHUI

OcAcAo, JACAC-Ai, AoCAcE, AocC Cf¢E,

TO NpocTpaHcTBO A 06nagaeT ceoiicTBOM (P) oTHocuTensHo napbl {Ao, Ai}.

JokazaTeNnbCTBO. $ICHO, YTO NPU BbIMOIHEHWN OBOr0 U3 YETbIPEX BAOXKEHUIA, NPo-
CTPaHCTBO A MPOMEXYTOYHO OTHOcUTeNbHO napbl {Ao, Ai}. danee, BnoxeHns A C
Aj nam Aj CA (J = 0,1)) obecneunBatoT BbiNosiHeHne paBeHCTB (1.5), (1.6) (cm.
Teopemy 2.1). Tenepb YTBePXAeHVE TEOPEMbI ClefyeT U3 TeopemMbl 7.2. d

B 3aknoueHun naparpada gokaxem Teopemy 4.2, chopMynmpoBaHHyto B 84.
JlokB3aTaen-cTBO TeopeMbl 4.2. Ha ocHoBaHuu (2.7), (3.2) nmeem

(7.7) (A,B)es= (AJA+B)st (A+ B,B)a,s.

CornacHo Teopeme 4.1 [0CTaTOYHO foKa3aTb, 4TO npocTpaHcTBa (J1,A + B)aA un
(A + B, B)a s obnagatoT ceoiicTBoM (A) oTHocuTenbHO napsl {Ao, Ai} . MNposepum
CHavana, 4YTo nmpocTpaHcTBO A + B 06nafaeT cBONCTBOM (A) OTHOCWTENbHO Mapbl
{B + Ao,B + Ai}. N3 Teopembl 2.1 nmeem

(A+5)MN(B+A0)-1-(A.+5)M(5+A.i) = B+ AolM(A+B)+B + Aill(A+jB) = A+

MocnefHee paBeHCTBO HAMMCaHO Ha OCHOBaHWUM YTBEPXAeHUs 6) TeopeMbl 4.1. Takum
o6pasom, npocTpaHCTBO A + B 06nagaeT cBolicTBOM (A) OTHOCMTENbHO napbl {B +
Ao, B + Ai} 1 cnegoBaTenbHO (CBONCTBO NPOMEXYTOUYHOCTN) MO TeopeMe 7.2 U CBOIA-
ctBom (P) Toxe. Tbraa, ncnonb3ys (A)- CBOWCTBO NPOCTpaHCTBa B, nmeem

(A+B,B)an = (A+B,(B+ Ao (B+ A0)B, =
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(7.8) =( +B,B+ )*, ( +B,B+Ai)edd

3[( +B,Beu+ (A+B,A)®,] [A+B,B)agu+{A+B, )*.]
CornacHo (2.7)

(A+B,A)$.qg=[A)+ (A+B,Aj)eg [A+B+(A+B, **] j=01.
Torga us (7.7) n TeopemMbl 2.1 nony4vaem
(A+B,BBu=[(J1+B,B)B,, +[ + (J1+ 4.A))s,]JMN
MN[A+B + (A + B, A0, J]N
MA+B,BeY+[ + (A+B, )] [A+B+A+B, )=

(7.9 = [(A+B,B)eu+ Ao+ (A+B, )] [A+B+(A+B, )]
[( +B,Beu+Ai+{A+B, )*,] [A+B+( +B, )*,]a
3[(A+B,Beu+ ] [( +B,B)*,+ ] ( +B).
Mpumenss B (7.9) yTeepXaeHune 6) Teopembl 4.1, nonyyaem:
( +B,Beud[( +B,B)ei,+ ] [( +B,B)eg+ AN
[ +8+ ] [ +8+ ]=
=[( +B.Bea+ 1 [( +B. ) .+ 1

MockonbKy 06paTHOE BOXeHWe 04eBUAHO, TO NpocTpaHcTBo ( + B, B)an ob6bnapaet
cBoiicTBOM (A) oTHocuTenbHo napbl { ,  }.

AHaNorMyHo AoKasbiBaeM, YTo NpocTpaHcTBo (A,A+B)a Y obnagaet cBoiicTBOM (A)
oTHocuTenbHo nmapbl { ,  }. Targa u3 (7.7) u Teopembl 4.1 a) nosiyyaem, 4To Npo-
cTpaHcTBO (A,B)an obnagaet cBoiicTBOM (A) oTHocuTenbHo napbl { ,  }. Teope-
ma 4.2 foKa3aHa.

8. O APYIMX PABEHCTBAX TWMA METPE

Monoxwum B (1.4) B KayecTBe (hyHKTOPOB F 1 G hyHKTOPLI NepeceveHmns n "BeLLecT-
BEHHOI" MHTEPMONALMM COOTBETCTBEHHO. Torga n3 (1.4) Mbl NPUXOAMM K CriegytoLLe-
My BOMPOCY: KOrfja crpasefMBO PaBeHCTBO

(CHY) C . ) .=« )*.?

OTMeTVM, 4TO BOMPOC CrpaBef/IMBOCTU paBeHCTBa (8.1) MHTepecoBas MHOTMX aB-
TopoB. OTMeTuM paboTbl [9 - 13]. Monarasd B (1.4) B KayecTBe (hyHKTOpPOB F 1 G
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(YHKTOPbI CyMMbI 1 "BeLeCTBEHHOI" MHTEPNOALMM COOTBETCTBEHHO, Mbl NPUXOAUM
K BOMPOCY CMpaBe/IMBOCTY paBeHCTBa

(8.2) A+ (Ao,M)e,g = (A+ Ao, A + Ai)$ Y
B HacTosiwem naparpadge Mbl AOKaXKeM, 4To paBeHcTBa (8.1), (8.2) Boo6LLE roBops

He BbINoMHAOTCA. CnpaBefvBa cieaytollas Teopema.

Teopema 8.1. NMyctb 0< Qrf< 1 1 < q,r <00, A= (AoAi),ll. Eciun
BbINOMHEHO Kakoe-nn6o me paseHcTB (8.1), (8.2), To Ao = Ai.
JokasaTenscTeo. Vmeem
(A Ao,A Al)gtd= ((Ao, )N, (A, Ai)ijr)g4=
((Ao, M)uw,ri (Ao, A)?)r + (A AT)INBB  ((Ao, A)n,r + (4, Ai)Hr, (4, AX)Ur)si9 =
= (Ao, Amr>A)Bl9 (A, (O, Ai)4IN9? =
= (Ao (Ao, ADUILA)LY (A A\ (Ao, AIJN)MN =
(8.3) = (Ao A/Aeuy (A/A AiBi, = A (Ao, A)eg (A AXe, =
(Ao, ADNE (Ao, (Ao, Ai) )an  ((Ao, AUl AI))el?=
= (Ao, A)YIr (Ao, A)sT,1 (Ao, AiNi-ej+e,,.

MepBoe paBeHCTBO HanucaHo Ha 0CHoBaHuY (3.1), BTOPOe paBeHCTBO HAMMCaHo Ha
OCHOBaHuM (2.7) 1 (3.2), TPeTbe PaBEHCTBO HaMMcaHO Ha OcHOBaHMK (2.8) 1 (3.1), B
4eTBEPTOM paBeHCTBe ONATb WUCMOMb3oBan (3.1), B NATOM W CEAbMOM PaBEHCTBAX
MofCTaB/eHO 3HaUYeHNe NpocTpaHcTBa A. LLIecToe paBeHCTBO HAMMCaHO Ha OCHOBaHUK

(3.1). MocnepHee paBeHCTBO HaNMCaHO Ha OCHOBaHUK TeopeMmsbl 3.5.3 13 [1].
Mockonbky &) <TM}<T)\—6) + O, TO 13 3TOI Xe Teopembl CNeayeT, UTo

(8-4) (Ao,AV)Bvn (Ao, Ai)u(!_s)+i, C (Ao, Ai)ul

Torpa mn3 (8.3), (8.4) nmeem

(8.5) (A Ao, A Ai)e,u= (Ao, Ai)Bva (Ao, Ai)u(i_9+9i,.

W3 yTBepxaeHuUs a) TeopeMbl 7.1 uMeem

(8.6) (Ao, Ai)Bbu (A0, Ai)u(!_B)+8i? = (Ao,E)ev,a  ( >i)u(i-B)+B,B,
(8.7) (Ao, Ai)sj9 (Ao, A)Yr= (Ao, 2min(flT)po  (E, Ai)max(gid)ipl,
rae po=q, pi=r, ecm tj>O M po=r, pi = g, ecm < 8 0O603HaUUM

E= (Ao, £)BuB> F = (S, Ai)4(i_jj+ei?, G = (Ao, Bmineg)j>0> H = (, AQ), AN,
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Torpga u3 Teopembl 6.1 (cm. (6.2)) nonyvaem

(8.8) BCG, FCH.

Mcnonb3oBann, 4yto tj(1 —6) + ©> 1ax(6,rj)) n &< min(0,jj) .
MycTb nmeeT MecTo paBeHCcTBO (8.1). Tbraa us (8.1), (8.5), (8.6), (8.7) umeem

E F=( ,Aievg 1),ADu(i_B)+sBI?= ( , Aleqg=A ( , ) /4=
(8.9 = (Ao, AVYrir ( ,Ade,g= ( ,BEmIn(M)>Po* ("> Ai)w»x(BI)Di —CIM 4.

C Apyroii CTOPOHbI
E+F—( ,Bffijg (£, ) (_9+8,

=  + (Ao,Ai)evn + Ai + (Ao, Ai)Ni-B)+Bn = +
G+4d=( ,E)ThEPh ANTBX(T),9),imi
= +( AN I M+ +( , ) »™OH» = +

T8
(8.10) E+F=G+H.
Takum obpasom, u3 (8.8)- (8.10) nonyyaem

"EnF = GHH,

<E+F=G+H,

EcG, FcH.

Y6enumcsi, 4TO M3 NOMYYEHHbIX COOTHOLLUEHWIA CeayeT, UTo
(8.11) E=G F=H.

M3 (8.8) umeem E+F C G+F. Torgams (8.10) nonyyaem G+H = E+F C G+F.
Tanepp HcG +HcG +F .TMNockombky FCG+F, Hc G+ F, 10

(8.12) F+HCG +F.

[anee, nockonbky F C A , 10 K Tpoitke {F, G, 4} npumeHuma Teopema 2.1. Torga

13 paBeHcTBa (1.6), MPUMEHEHHOrO K 3TOl Tpolike, nonyyaem (cm. (8.9), (8.12))
F=F+Er\F=F+GnH =(F+G)n(F+H)=F+H,

To ectb A ¢ F . [MonyyeHHoe BNOXeHMe BMecTe ¢ (8.8) gaeT A = F . AHa/lOTM4YHO

ybexgaemcs, yto E = G . PaBeHcTBa (8.11) AOKasaHbl. [Nepenuwem nonyyeHHble

paBeHcTBa (8.11) B BUAE

( JE)*77=( ,Eminler)po> &< Tw(®,M),
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(E, Ni)u(2_s)+si, = (E, , TIA- 6+ 6> max(0, 7).
Mony4yeHHble paBeHcTBa (CM. [1]) nokasbiBatoT, UTo Ao = E = A\. AHanornyHo fo-
KasblBaeM YTBEPXJeHWe B NPeSnofioXeHUn cnpaBefnnBocTy (8.2). D

Takum 06pasom, ecnu Ai , To paBeHcTBa (8.1), (8.2) He UMetOT MecTa W, cre-
[0BaTe/IbHO, B 3TOM C/y4Yae He MMeeT MecTa paBeHcTBO (1.4). OfHaKO OKa3biBaeTcs,
YTO B 9TOM CJlyYae CrpaBeasIMBO APYroe COOTHOLLIEHWe Mexay (hyHKTopamu F n G

(8.13) G(F(A,A0),F(A,AL) = F(G(A0,A),G(A,AD)).

Ecnn G - (hyHKTOP "BelyecTBeHHON "MHTepnonauun, F - GyHKTOp nepeceyeHus, TO
(8.13) npuHunmaet BUA

(8.14) ( . ADBn=( ,AB1 (1, ) ..

Ecnn xxe F - )yHKTOP CyMMbl, TO
(8.15) (+  + 04 =( ,Agq+(  Aien.
[Jokaxem paBeHcTBa B 60/ee 06LLei cuTyaumn. OKasblBaeTCs, YTO U 3[4eCb BXKHYHO

ponb murpaet (A) - CBOIWCTBO.

Teopema 8.2. MycTb A - NPOMEXXYTOYHOE MPOCTPAHCTBO OTHOCUTE/NBLHO Ma-
pol { , }. Ecau pgna Tpoiikn { , , } BbINOMHAETCA Kakoe-nMbo W3 paBeHCTB
(1.5), (1.6), TO anA 3TOI TPOIiKM BbINOAHATCA 06a paBeHcTBa (8.14), (8.15) ans
Bcex 9,0: O<O <1, 1< <

[okasaTenscTBo. Vmeem

( o ABA= ( , + )9,
(8.16) ( 0+ ; )9, = ( v )
(. Abeg= ( . Aea (,Aleg

MepBoe PaBEHCTBO HAMWCaHO Ha OCHOBaHWUU (2.7), (3.2), BTOPOe PaBEHCTBO Hamuca-
HO Ha OCHoBaHWM paBeHcTBa (1.5) 1 CBOWCTBA NMPOMEXYTOUYHOCTM NPOCTPAHCTBA
oTHocuTenbHo mapbl { , } , TPeTbe PaBEHCTBO HamMcaHo Ha ocHoBaHuUK (3.1).

[anee, u3 cBOCTBa MPOMEXYTOUHOCTM MPOCTPAHCTBA A OTHOCWTE/bHO Napbl {
n paBeHcTBa (1.6), MMeem

(8.17) A=A+ (Ao =(+ ) (+ )3(0ABa (, )97

Tenepb coOTHOLWeEHMSA (8.16), (8.17) NnpnBOAST Hac K paBeHCTBY (8.14).
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PaBeHCTBO (8.15) [0OKa3bIBAeTCS aHAIONMYHO:

(A+ Ao, A +Ai)Bu= (A+A0,(A+ac0 ( +"))**+

(8.18) +((A+A0) (A+ ), A+ A = (A+ Ao A)g,g+
+(A,A + Ai)B,u= A + (Ao, A)sn + (A, A{)en
Mockonbky A=A (Ao+ Ai) = (A Ao)+ (A Ai) C (Ao, Ae,g+ (A ADaY
TO 13 (8.18) nonyyaem (8.15). Teopema fOKa3aHa. n

Abstract. The paper considers some interpolation problems of type of Peetre in-
tersection problem on commutation of interpolation functors. The general statement
of the problem is to find sufficient conditions for the equality F(A,G(Aq,Ai)) =
G(F(A,A0), F(A, Ai)), where F and G are the interpolation functors.
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BOCCTAHOBJ/NTEHNE TPEYTO/IbHNKOB MO
KOBAPMOTPAMME
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AnuoTauus. B cTaTbe paccmoTpeHa 3ajjaya BOCCTaHOBNEHWUA TPeyrosibHUKOB
no pacnpefeneHunto ANWHbI XOpAbl B HanpasBneHun. Mbl nonyuyunu cnegyrome
pesynbTaTtbl: 1. S1BHble BbipaXXeHNs ANA XOBapuMorpamMMbl W 3aBucALleil oT opu-
eHTauMn (YyHKLUU pacnpefeneHns ANvHbI XOpAbl N8 N060ro TpeyronbHuKa;
2. BblpaxeHne yHKLUU pacnpefeneHns AAVHbI XOpAbl ANS TpeyronbHuka; 3.
MakcumanbHas xopfa TpeyronbHuka HenpepbiBHa Ha S1 (S1 npocTpaHCTBO BCeX
HanpasneHnit nnockoctu); 4. Ecnu 3aBucAllas oT opueHTauuUm GyHKLMA pac-
npejeneHnsa ANuHbl XOpAbl 3afjaHa Ha BCo4y MAOTHOM NOAMHOXecTse U3 S 1, To
TPeyrofibHUK BOCCTaHaBMMBAETCA, C TOYHOCTLIO A0 NapannesibHbiX NMepeHocos n
oTpaxeHuin; 5. Ecnn A - KOHeYHOe NOAMHOXECTBO HanpaBneHuin us S'1, To Bce-
rfa MOXHO MOCTPOUTbL [iBa Pas/IMYHbIX TPeyrosbHUKa, ANA KOTOPbIX 3HAYEHUA
3aBUCALLMX OT OpueHTauun yHKUWUIA pacnpefeneHuns AANHbI XOpAbl COBNajatT
ans Bcex n e A.

MSC2010 number: 6QD05; 52A22; 53C65

KntoueBble cnoBa: OrpaHuyeHHas BbiMyKnas 06/1acTb; KOBapMorpamma; pacrnpese-
NeHWe ANVHbI XOpabl; pacrnpeeneHne aNnHbI Xopasl B HanpaBneHuu.

Beepenue

XapakTepusyeT N1 OYyHKUUSA pacnpeseneHns AAvHbl XOPAbl BbIMYKN0e MHOXECTBO
Ha NAoCcTKOCTU? STOT Bonpoc 6bia1 noctasneH B. baswke B [1]. Mennoy n Knapk B
[2] mocTpomnu napy HEKOHTPYSHTHbIX BbIMYK/bIX 12-T YroNbHUKOB C OHON 1 TOM
Xe QyHKUMen pacrnpegeneHns AnnHbl xopgsl. OAHUM M3 BO3MOXHbIX HarpaBieHui
nccnesoBaHns aTol NPobIeMbl SBASETCA PACCMOTPEHNE NOAKNACCOB BbIMYK/bIX MHO-
XecTB, AN5 KOTOPbIX PYHKLMSA pacnpefeneHns 4uHbl XOpAbl eAUHCTBEHHbIM 06pa-
30M BOCCTaHaB/IMBAET BbIMYK/I0€ MHOXECTBO M3 3TUX nogknaccos, (cm. (3], [4]).

B (5) . MaTepoH cthopMynmpoBan rmnoTesy, YTo KoBapmorpaMmma BbIMyKIOro Te-
na D onpegenset D B Knacce BCEX BbIMYK/bIX Te/, C TOYHOCTbIO 40 NapanfiefibHbIX

1Pa6oTa BbINOMHEHA NPU YACTUYHOW MOAJEPXKKE rocyapCTBEHHOro KoMuUTeTa Mo Hayke Pecny6-
nmkn Apmenus, Fpant 11-1A-125
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MepeHoCcoB 1 0TpaXXeHWi [5). B. Harenb B [6] foka3an, YTo NAOCKMWIA BbIMYK/bIA MHOIO-
YroNbHWK BOCCTAHABNMBAETCS B K/1acce BCEX MAOCKUX BbIMYK/bIX MHOFOYrolbHWKOB
Mo KoBapuorpamme (C TOYHOCTHIO [0 NapansiefibHbiX NEPeHOCOB U OTpaXKeHwuid). B
[7] bokasaHo, 4TO KaXas nnockas BbiMyknas 06nacTb onpefenseTcs B Kiacce BCeX
NAOCKNX BbINYK/bIX 06/1acTell N0 KoBapuorpamMmMe, ¢ TOYHOCTbIO A0 MapanfienbHbIX
MEpPEeHOCOB 1 OTPAXKEHMWIA.

B HacTosLen paboTe NoNyYeHbl CNeaytoLye pesynbTaTbl:

1. BblpaKeHMs1 KOBapyvOrpaMMbl M 3aBUCALLEHA OT HanpaBneHns QyHKUMU pac-
npegeneHns AJiMHbl Xopabl 418 N060ro TPeyronbHUKa.

2. BblpaxeHune (DyHKUMM pacnpefenieHns OAWHbI XOpabl A8 MPOU3BOSbHOIO
TPeyronbHuKa.

3. [lokasaHo, 4TO [A/IMHa MakCUManbHOW XOpAbl TPeyrofbHUKa HenpepbiBHa MO
n £ 51 (S1efnMHNYHAS OKPYXHOCTb C LLEHTPOM B Hauvane KOOpAMHAT).

4. benn yHKUWA pacnpefeneHns AAWHbI XOpAbl B HanpasfieHWW U Ans Tpe-
YrofibHUKa 3afiaHa Ha BClofy NI0THOM MOAMHOXeCTBe U3 S 1, TO MOXHO BOC-
CTaHOBWTb TPEYro/bHUK, C TOYHOCTbIO A0 NapannefibHbIX NepeHocoB 1 oTpa-
YKEHWIA.

5. . Ecnn A - KOHEYHOe MOAMHOXECTBO HanpaBneHuin n3 51, To BCcerja MoXHo
MOCTPOUTL ABa Pas/IMYHbIX TPEYro/bHWKa, 415 KOTOPbIX 3HaYeHUs 3aBuUCS-
LWeli OT opueHTauuM (yHKLUM pacnpeseneHns 4/IMHbl XOpAbl COBNaAatoT As
Kaxaoro n 6 A

1. Kosapuorpamma ans TpeyronbHuka

Myctb Rn - -mepHOe eBKNNAOBO npocTpaHcTeo, D C A" - orpaHWYeHHas BbIMykK-
nas 061actb C BHYTPEHHUMM TouKamu, 5”7 1- (N —1)-mepHaa eguHUYHas cepa ¢
LLEHTPOM B Hauvane KoopAauHart, a Y,,(-) - - mepHas mepa Jleberas J17.
Onpegenenune 1.1. ([%)). dyHkumna C(D, ) : A" -> [0,00) paBHas
(1-1) C{D,h) =Vn(Dn(D-h)), h 6 Rn,

HasblBaeTCSA KoBapuorpamMmmoi MHoXkecTBa D.
Kosapuorpamma C(D,h) nHBapmnaHTHa OTHOCMTE/NILHO NapanienbHbIX MePeHOCoB

1 oTpaxkeHuin. XX. MatepoH (cMm. [5], (8]) mokasan, ytoanai >0unue S'™1
@) dC(D,tu) = _yn_i({y e ux .Vi(E> +y)> D



roe Iv +y ecTb npsamas, napannenbHas HanpaBAeHUIO U U NPOXOAALLAsA Yepe3 TOUKY
y, Npuyem uepes it* 0603HauaeTCcsa OpPTOroHanbHOE AOMOSHeHUe K U. MpaBas YacTb
(1.2) ecTb hyKLMA X-Ny4yeit MHOXecTBa D B HanpasneHWU napannensHom n (cm [9))
M ABNSieTCA pacnpefeneHne ANUHbI XOpAbl MHOXECTBA D B HampaBneHum K.
O603Haumm 4epes b(D, ) wmpuHy obnactn D B HanpaeneHun u. CnydaiiHas nps-
Masi, mapasiesibHas HanpasAeHUI0 N 1 nepecekarollas D MMeeT TOUKY nepeceveHns
C NPAIMOIA, NapanfieflbHOM HanpaBNEHUIO U* 1 MPOXOAALLENA Yepe3 Haualo KOOpAuHaT.
TouKa nepeceveHns paBHOMepHO pacnpegeneHa B nHtepsasne [0, b(JD,n)]. O603HaUNM
F(D,u, ) 3aBucALLyt0 OT OpMeHTaLMM PYHKLMIO pacnpefeneHns AuHbl XOpAbl MHO-
xectBa D B HanpaBneHun n 6 1.

Cgoiicteo 1.1. 3aBucAwas 0T opueHTaLun OyHKLMA pacnpefeneHust AnuHbl Xopabl
MHO>KecTBa D B HanpaBneHun n 6 1 onpepenseTcsa no opmyne

(1.3) F(A wn )= 1-bCrVpgwh L) *- °

CBs13b MeX/y KOBapMorpaMmmoii 1 3aBUCSILLLE OT OpueHTaLMK QYHKLMM pacnpese-
NeHNs ANVHBI XOp/bl BepBble 06HapYXun XX . MaTepoH B [5].

Nemma 1.1. MycTtbn € 1 >0Takoe, 4T0o DA(D-tu) cogep>XnT BHYTpPEHHME
Touku. Torga C(D,tu) audpdepeHumpyema not u

(1.4) = (1 F(D,u, ))*b{D,n).

B Touke = 0 cyuwecTByeT NpaBOCTOPOHHAA NPON3BOLHASA NEBOI YaCTK, U paBecT-
Bo (1. ) ocTaeTca B cune.

OueBugHo, 4TO

(L9) bDu) = - 4@
t=0

O603HaunM Yepe3 G NPOCTPAHCTBO BCEX MPSMbIX § B €BKAWAOBOW NAOCKOCTU A2, 1
nycTb {<p,p) - NONSAPHbIE KOOPAMHATHI OCHOBaHMS MepneHANKYSapa, OMyLLEHHOro Ha
NpAMYH0 g U3 Havana koopguHart O.
O603Ha4Mm 4epes L(-) IOKaSIbHO-KOHEYHYO Mepy B MpocTpaHcTBe G, MHBapuaHT-
HYI0 OTHOCWUTENIbHO FPYMnbl BCEX €BKNNAOBBIX ABUXeHWI (napanfienbHbIX NepeHocoB
1 BpaLLleHniA). 3BECTHO, YTO 3N1EMEHT 3TOIN Mepbl C TOUHOCTbLIO A0 NMOCTOSIHHOTO MHO-
xutena umeet sug ([1])

I*(dg) = dg = dpditp,



rae dp - ogHomepHas Mepa nebera, a dtp- paBHOMepHas Mepa Ha S .
[ns orpaHnyeHHoii BbiNyknoii o6nact D, 0603HAYMM MHOXECTBO NPsSIMbIX, Mepece-

Kawowmx D yepes
[O] = {geG, }
Wmeem (cm [1]) /i([E>]) = \dD\, rge dD - rpaHuua obnactn D, a \dD\ o6o3Ha4aeT

anvny 6D.
CnyuaiiHaa npsmas B [D] ecTb npsamas ¢ pacnpeeneHremM NponopLyoHaibHbIM CyKe-

HUO Mepbl  Ha [D\. ®yHKuns

My _ndgelDplanDi<)
Ha3bIBAeTCA PYHKLUMel pacnpegeneHuns AnnHbl Xopabl 06nactu D.

2. KOBAPMOTPAMMA TPEYTOJ/IbHUKA N ®YHKUNA PACMPEAENEHUNA ONUNHBI
XOPAbl TPEYTO/IbHUKA B HAMPABJEHWUA Ti

Mycts ABC - TpeyronbHuk. O6o3Hauum \AB\ = a, ZCAB = a, =/
nnowagb AABC yepes 5, a gvHy nepumeTtpa vepes dD. MycTb AB nexuT Ha nyde
C HyNeBbIM HanpaBfeHNEeM, a Hanpas/eHNe NPOTUB YacOBOW CTpeNikn BepeTcs B Kaye-
CTBE MONOXUTENbHOro. MycTb tmlIx(u) Xxopaa MakCMMansHOW ANVHBLI B HanpasfieHUn

ne Sl Vveem

(2.1) C(AABC tu) = fSil m *€ [0,imax(u)]
0, > imax(it)
0, i <0,
(2.2) F(AABC,ut) = | E gry  t€ [Otmax))
t > tmax(u),
rae
eln(u0)> ) 6 [0.a],
In@@Pdne WE [a /9]
2.3) *(@) = - el u€ [rr-~1r],
« ( Jr/g)> u6 [7r7r+ ar],
eiiﬁ%ifgfifn'u, uGr+a,2m- /g,
R u6 far |, 2m
W3 (2.3) nerko 3ameTuThb, YTO HernpepbiBHA Ha CnefoBartenbHO, ecnm

nveem BennUMHbl <nkx(M) AABC Ha Bctogy NAOTHOM MHOXeCTBe B 51, TO MOXHO
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eAMHCTBEHHbIM 06pa3oM BOCCTaHOBUTL £Tix (M) ans noboro n 6 S1. Kpome TOro, u3
(2.1) n (2.2) BbITEKAET:

Cneacteue 2.1. Ecnu diyHKUMA pacnpefeneHus ANrHbI XOpabl B HAnpaBneHun u niu
KoBapuorpaMma TpeyrofbHUKa 3afaHbl Ha BCHOAY MNOTHOM MOAMHO>KEecTBe U3 S1,
TO MO>XHO BOCCTAHOBNTb TPEYrofbHWK, C TOYHOCTbIO A0 NapanienbHbIX NepeHOCoB
N 0T pa>KeHuid.

Mpumep 2.1. Myctb 6 N n«i, ,..,n*6 1 He Hapylas 06LWHOCTA, Mbl MOXEM
npeanonoXnTb, 4to 0 = ug < n\ < <. < < n. Nyctb O - Hayano nonsp-
HOI CUCTEMbI KOOPAMHAT, @ SIyd C Hy/NeBbIM HanpaB/ieHNeM NIEXUT Ha NOASPHON OCK.
Boibepem , > 0 Tak, 4T06bl NpsMan |, npoxogswias yepes Toukm ( , ) = n
( ,it) = A3, coCTaBnsAn C Hy/NeBbIM HarnpaBaeHneM yron 6onbie  (0603Ha4YMM 3TOT
yron yepes X, NycTb 7r/2 < x < k). O603HauMM Yepe3 MpAMYIO, NPOXOAALLYIO Yepes
O v napannensHyto W, (i = 0unmt > 3). Takxke Ana r o603Haqmm vepes Ai = (t<, )
TOUKy nepeceueHnst | u . MOCKOMbKY 1,, < X < T, TO MOXHO BbIGpaTh HanpaBneHNs!
n,+im + Takme 4yto X >un+2 > u,+l>unwu ,+ > +1 > n/2. PaccMoTpum
AA0OAnN+i n AAoOAn+ . IMOCKOMbKY UX TyMble YIbl Pa3nnyYHbl, OHU HEKOHIpY-
eHTHbI (cM. Puc. 1). TakKe OTMETUM, YTO U3 KOHCTPYKLUMMW TPEYroNbHUKOB CMeayer,
YTO 3HaYeHUa T »X(K) 4N1A TPeyrofbHUKOB + n AoOAn+2 ans *= 1,2, ...,n
coBnagatoT. CrnefoBaTesnbHO,

~NAM0OAN+iUILF) = F(&AoOAn+2,mt), i= 1,2,...,

CnepctBue 2.2. Ecam A - KOHeYHOe NOAMHOXKECTBO HanpaeneHwit n3 1, To Bce-
rga MoXKHO NOCTPOUTD ABa PasNUHbIX TPEYrofbHUKA, ANf KOTOPbIX 3HAYeHUs 3a-
BUCALLMX OT OpUeHTauun (PyHKUWIA pacnpedeneHns AAWHbl XOpAbl COBMAfalT Ans

Ka>Kaoro u e

B [10] cchopmynupoBaHa crefytowias npobiema: CyLLeCTBYET /I MHOXECTBO KO-
HeuyHbIX HanpaeneHnii A = { , ..., Um}, Takoe, 4TO COOTBETCTBYIOLMIA HABOP 3Ha-
yeHuin F(ui,t),F(u2,t),....,F(um,t) 3aBuCALLMX OT opueHTaLuMn DYHKLWIA pacnpeje-
NEeHUs AIVHBI XOPAbl OAHO3HAYHO OMpPEeAenstoT OrpaHWYeHHYH BbIMYKAY 06/1acTb.
HaliTu MMHUManbHoOe T, KOTOPOe YA0B/ETBOPSET 3TOMY yciosuio. Mpumep 2.1 gaeT

0TpULATeNbHbIA OTBET Ha 3Ty Npo6/emy.



PUC. 1

3.4 okasatensctea (2.1)-(2.3)

Bbluncnum KoBapuorpammy TpeyronsHuka ABC ans HanpasneHuii n € [0, a]. Ec-
NN UHTEPNPETUPOBATL TOUKW TpeyronbHuka ABC BekTopamu , TO B pesynbTare
nonyynm AAtuBtuCtu- Mycte AABC  AAbIBbiCbl COfepXUT BHYTPEHHNE TOUKMN.
Mockonbky BC\\BbICbI, To TpeyronbHnk AABC  AAtuBtuCtu nogo6eH AABC. A
ABNSIETCA OAHOM M3 BEPLUMH 3TOr0 TPeyrofbHUKa, a 0CTa/bHble BEPLUMHbI Ha CTOPO-
Hax AB 1 AC 0603Ha4uM COOTBETCTBEHHO D 1 E. PaccMOTpUM npsMble, NPOXOAs-
Wwue vepes Toukn D 1 E 1 napannencHble HanpaeneHuo U. lNMepeceveHne 3Tux nps-
MbIX CO CTOpOHOI B C 0603HauuM, COOTBETCTBEHHO, Oul U £*1. JIerko 3aMeTuThb, 4TO

DDtu = EEtu = . 3HayeHve KoBapuorpamMmmMbl B TO4Ke  paBHO nsowaan JADE:
(3.1) C{AABC, )= Saade = k*S,
rae K = (cm. Puc. 2).

Jlerko 3ameTuTb, yT0 AD = AB —DB = a —DB. MoxHo Haiitu DB n3 ADBDtu-
ZBDDtu=wu, ZABC = /3, ZBDtuD = —/?+ u). B ADBD iu no Teopeme CMHycoB
nosyyaem

(3.2 ae=.w(.+4 +

p sinp
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Puc. 2

MogctaBnss (3.2) B (3.1) gna kaxgoro u 6 [0,a], nonyyaem
(3.3) C(AABC, )= (?8afl-t8in(t* + fl)aBina

2sinfsin(a + ?)
Bbluncnmm KoBapuorpammy TpeyronbHuka ABC gnsa HanpaBneHuii n G [a, 1 —O\.
Nerko 3ameTuTb, 4T0 C(D, ) = C(D, W+ K))- Ecoumn e [a, - 0], Tom+u e
[r+ a, 21T P]. HanpasneHune T+ n 06pasyeT yron ¢ nydom CA, KOTOpPbI 0603HaUNM
yepe3 ul Mockonbky T+ M = >+ a +un\ Tonl6 [0, T—a —P). ITOT cnyyain Gbin
(hakTnyeckn paccmoTpeH, 3gece AB, LCAB n JIBC 3ameHsiem Ha CA, ABCA u
ZCAB cooTBeTCTBEHHO. [MOCKONbKY W' = a —1 4na n 6 [a,Tr —p\, TO Nnonyyaem
(3.4) C(AABCM) - 2sinasin/9aw(a + p)+
Buiuncnum KOBApMOrpammy TpeyronbHuka ABC gns HanpaBneHui o £ [T — /2,11].
O6o03HauMM Yepe3 1" yroa, o6pasoBaHHbI nydyom BA u HanpasneHvem wu. IMycTb
n = s —un". CnegosatenbHo n" € [0,0]. 3TOT cnyyain y>xe 6bi1 paccCMOTpeH. 3aechb
AB, Z.CAB n ZABC 3ameHeHbl Ha AB, JIBC n ZCAB cooTseTcTBeHHO. Criefio-
BaTe/lbHO, A4Na n 6 [T—/?, T (Tak Kak n" = T—#) nonyyaem

(3.6)
[nsa HanpasneHwii n 6 [, 24] paccMoTpyM CregytoLime TpK cnyyas
ne fmm+al, n€[r+a,2r—P] n n6 [2r- P, 2m].

Mockonbky C(AABC, + )) = C(AABC, ), 4N9 KaXJ0ro n3 aTux Tpex clyyaes
Mbl MOXXEM HailTN KoBapuoipammy, 3ameHsas B hopmynax (3.3) —(3.5) u Hau —TT.
Kl



Ecnm JABC AADbIBbICbHI He nmeeT BHyTpeHHUX Touvek, To C(AABC, ) = 0.

MoCKoNMbKY KOBapMorpamma - HenpepbiBHas QyHKUMWS, TO

= min{t: C{AABC, )= 0}.

JokaxeM, 4To *ue*(«) = anaune [0a). Ecom = ncnonb3ys (2.5)
Nerko pokasatb, 4To C(AABC, ) = 0 HesaBucuMmo OT TOro, umeet im AABC

AAfuBtuCtu BHYTpeHHUWEe TOUYKU MU HeT. MOCKONbKY

*m«(u) = nun{t: C(AABC, ) =0},

TO tmk(u) < C apyroii ctopoHbl, W (u) > TaK KakK B NPOTUBHOM
cnyyae
MwC(AABC, ) C(AABC, tmax(u)u) = 0,

yrto MPOTMBOPEYNT HEMPEPBLIBHOCTU KOBapunorpammebl.

Mockonbky tmax(u) < .Infc+jg)' U tm»x(u) > ( +9$)’ 10 *w«x(«) = , “( +4) » AHa/10-
rMYyHbIM 06pa3om nonyvyaem (2.3).

Takum 06pa3om, nonyyvaem

(3.6)

’ | «l /i))3al

et :i(:(-;i-li-)g) ane «€[0,a], t€[0

(a«Ina»Inj3—tainit «1 ( 9))2

(ailnzasfegi«%o «)I; (e-_+03 ’

—a)) ein
. - M . N

C(tu) = < 2sinc te[o.s"y]

g g ), te fo

(a»Ina«In/?+t«Inii sin(a+g))a m 6 [$I+ a, 2?r—ff\, tefr-£1fc g £ U]

~ 2«Inaeln0 »1n(a+(9) >
(aain a+<elnfu—o)) eln0 ue { 2n-0M ,

2«Inaain(a+/9) >
(3.6) npeacTaBnseT SIBHOE BblpaXKEHWE KOBapMOrpaMmmMbl 415 TPeyronbHUKa. 34ech u
Hmwke C{AABC, ) = C( n).

OnhdepeHympys (3.6) nonyyaem

(3.7
(atInff— — alln+" LWa .
inOain(a+$ «e[0,a], *€[0 ;"]
(a«lnagtn 0—talnmInfa+ff)) «Inti
(a«lna—t Ir;‘i&ao )nzg?nfu—o)alno g
a« « -o"
dC(tu) alnaaln(a+£) ue [rr-4rr], te [0, ]
9 »In0+tdn(u+0j) «Law;,+0) «dna B[TT7r + a, 46
»Ina»In?+t«inmlu(a+j9))«In
(@ o G s et @ 29 - fI, L€ O,
(o«Ina+trin(u—a)) alnfu—a) «In0 Me[ZI‘I-O,ZK], te [ 0,--sA } .

«Inaaln(a+0) >



CornacHo (1.6) u (3.7), nonyvaem

‘asin a ain(ri-n3)
iin(Q+") > ue [0,a]

asintx, u £ [a,Tr-0]
aain*/9|31n(u—a) ue[n~0 ir]
(3.8) b{AABC,1) = as\rﬁ(é)sﬁﬁllm-ff) '
iin(a+ss) i WE M+ a]
-asinu, tie [r4-a, 2w- 0\
»| | . .
NG, ti6 [2ir P,am
M3 (3.7) n (3.8) nonyyaem
(3.9
. g+
niria fin 1

a
+ sin(n- a)

F(AABC,m, )= < @ ue [*-/2,*], t6 [0)3" ]

neKrtr + aj,

“b-¢ W *int*. uSkK+a2r-P),teTol-1b ~ n |
«e[2T1r-/?,271], * 6 [0 ,-~ "~ ].

Mogctasnasa (2.3) B (3.6) n (3.9) nonyyaem (2.1) n (2.2).

4. PacnpepgeneHve ANVHb XOopAbl A4NA TpeyronbHUkKa

MycTtb AB - makcumanbHas ctopoHa AABC, a ACAB - MuHuManbHbIi yron AABC.
CornacHo o603HaveHusam, BC =g ~y, CA = ABCA=1- (a+P).
Mockonbky AB MakcumanbHas ctopoHa, To ABCA MakcuManbHbliA yron. OTcrofa

a<P<m—(a+ P).
Janee AABC + ABCA = m—a n AABC < ABCA. CnefosatefibHO

(4.1)

TakXXe MOXHO [10Ka3aTb, YTO /18 N0GOr0 TPEYrofibHUKa BbINOMHSAETCS Clefytollee

HepaBeHCTBO
4.2) sina < sin@ < sin(a + /?).

Tak Kak sin - Bo3pacTatowias QyHKuua Ha uHtepsane [0,7r/2], To nonyyaeM HepaseH-
CTBO (4.2) A4Ns TYNOYronbHOro TpeyronbHuka (a + P < 1r/2).

[ns OoCTPOyronbHOro TpeyronbHuka (a + p > 7r/2) ncnonb3yem HepPaBeHCTBO a <
P<mw- (a+P)

4.3) P < 7rl2—a/2 4-*2P<Tr—ai->a+p<n —p.
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Tak Kak sin - y6biBaroLlas GyHKUMS Ha MHTepBane [7r/2,ir], nony4yaem HepaBeHCTBO

4.2).
UTo6bl MOMYYUTb SBHOE BbIpaXKeHWe (YHKUUW pacrnpefeneHns AAvHbI Xopabl Ans

TpeyronbHnka AB C, BblMUCIUM
(4.9 IXt) :=li{p e [OABC], |5 AABC\ < }), €R

nuTerpupys b(AABC,u) x F{AABC,u,t) Ha uHTepsane [0,m]. N3 (3.8) n (3.9) BbI-
TeKaeT
F(AABC, , ) ®{AABC, 1) =

+m I «l r n - n flar

(4-5) : o v
e6br.ir+ai.iep.-*" b ]

U «6 +a,2-4, 6[0.-.g .iL I
2. »6pr-A2irlli€lp,-a5f!S-5]

3HayeHna F(AABC, u, t)-b(AABC, n) paeHbl b(AABC, 1), npn > fmelt(u) 1 paBHbI
O korga < 0.

Bolucnum Tiniwax”) n maxtm,c(v) gns HanpaeneHuidi n € [0,a], n 6 [a,>k—0]
«€ [1r-0,7r].

BHauane paccMOTPUM TYMOYrofibHblA TpeyronbHuK. Mockonbky a + 0 < 7r/2, T0
0 <0 <a+0 < 7r/2, n Tak Kak sin - Bo3pacTarollas (yHKLMSA Ha UHTepBane
[0.71/2], TO

(4.6) _min_famx(u) = . max_tmax(u) = a.
i*€[o,0r] BT(a + 0) n6[0,a]

Ecnu V.6 [a, - £], TO 71/2 6 [a, s+- 0] (Tak Kak a,0 < 7r/2), c Apyroi CTOpOHbI, 13
(4.2) nonyvaem sina < Bi*3. CnegoBatesbHo,

i o\ n / _ asinfl _asinfi
('1,9) ne o,rlnr-ﬂlu"'ax - smlf(]a+_65 <<6t|'|§</9]<ﬂ0(«) sm(a+d-)

Ecrmu 6 [r—0,7], Ton —a e [s —0 —a, n —a]. Mockonbky a + 0 < 7r/2, To sin
ybblBaeT Ha nHTepBane [1 —3—a, ir—a], cnefoBaTenlbHO

(4.8) V|6[T|]<1P3,*1*UJ«(U') - §H(§HO 6 " uehP imax(u) = a



PaccMOTpMM OCTPOYrO/bHbIA TpeyronbHuK. Ecnn n e [0,a], Tou + P 6 \P,a + PJ.
Tak kKak a + p > Tr/2, P < 1r/2, T0 Tr/2 g \I3 a + p\, cnegoBaTenibHO

i = i ™ =
4.9 «gfcl;,]a] tm>x(u) = asinP Mgt%x,a]""'v )= a
Ecnm n G [a,tr —p\, TO Tr/2 e [a,m —/9], ¢ Apyroi CTOpPOHbI, 13 (4.2) nonyyaem
sina < sin/9. OTKyga cnegyet, 4To

. r\ asinasinfl oBinm
(410) n =

Ecwmn g [r P,m,Toun—a £ [r—8—a, T—a], MTak Kaka + /?> Tr/2n a < Tr/2,
cnepoBatenbHo Tr/2 6 [T —P —a, 71 —a]. C Apyroi cTtopoHbl u3 (4.2) nonyyaem
etna < gin(a + P). MNoaTtomy nmeem

(4.11) u6ﬁri-6,ir]tmex(u) = asina wu u€[|nr1- ﬁr] tmtx(u) = a.

3ameTum, 4TO Ans N6oro TpeyronbHMKa BbIMOHAETCA cnefyroulee HepaBeHCTBO

asinasin/3 asina asin/?
sin(a+p) ~sin(a+P) ~ sin(a4- ) ~°

(4.12) cnepyet u3 (4.2) n |sinx| < 1.

4.1. Cnyuvali TYNnOoyronbHOro TpeyronbHuka. ronyyaem sBHoOe BblpaxeHue (4.4)
n3 (45) - (48)mn (4.12) poa0< <

/ )= T b(AABC,u) XF{AABC,u,t)du= I “inaBin®u+" uy+

Jo Jo 8mp 8lfa 4-P)
~0 tsin(a4-P)sinzu™ » tsin/3sin2(u-a)”™ _ 3t+ irtsin(a+;9+
Ja sina sin/9 Jw-p sinasin(a + P) 2 2 sina sin”

(4.13)

2sina  psin(a+P) a +A) + P@@p2P- 8 2(a+ N)) -
Jlerko nposepuTb, 4TO

a <"£ < arcs'maSina sin0 < m s a_si_n%a sin0 <tz asina

sin@rP) S 2 A ST sina + 19)

CnepoaTenibHO, MHOXecTBO {u : ,f urin(a+") — “»T~  COBMajaeT C MHOXe-

CTBOM Han paBﬂeHI/IVI

4.14 arcsm o s7in7a sin/?r T- arcsi.2 Sin&srin/31
9 ism(a4._,gT)’ ‘tsm(a+ P)\



ing sinfl
Mbl nonyyaem fiBHOE BbipaxeHue (4.4) u3 (4.5) —(4.8), (4.12) n (4.14) gna a,sm y

t<_Z*(&|(a+’
> . [° sBinasBin2(n +/3)
=/ b(AABC,u) XF(AABC,n,t)d« =] sinOsin(ct+

J0
r sinPain2(n —a) dti + “eq a8inudu+
Jir-p  8inQ8in(Q + ") Nrbln
tsin(fa+ p)sin2udu | T * t8in(a + j9)8in2« iu _
+ya sinasin”® U JI-LC8IM V.uiV+f- sinasin/?
tsin(a + 0) . azinasw/ a?sin2asin2£ , 3t ,
a(ain2a - ain2(a + ft)) + P(8in2P - sin2(a + P)) f
+ 2sinasin/?8in(a + 1)

Jlerko 3ameTuTb, 4YTO arcain (*°a* 6 [a,P) gnar +p < *~ .i“{at% mCnego-
BaTenbHO, MHOXecTBO {u : ° %£°a+%f < } [a,m P] coBnagaeT ¢ MHOXECTBOM

, ._asinasinfl

4.1 arcain nPJ.
(4.16) c 18w(a+p)’ ]
Jlerko npoBepwuTb, 4TO arcsin 5 6 [arcein Blna*~ 0+ ,a + /3) ans < <
,in(a+/Sj- CnepgoBaTelbHO, MHOXECTBO HanpasneHuii {u : tI° <O kK ~/5H
COBMAfaeT C MHOXECTBOM

asina"

4.17) T—P, T+ a —arcsin -

MbI nonyyaem sBHOe BblpaxeHue (4.4) ns (4.5) - (4.8), (4.12), (4.16) v (4.17) pna
asina N a a Hin/9

in(o+N < 4b L+ s

p(t) = JF b(AABC,un) x F(AABC,n,4)du =
0

_ lsin(ar + /J) . asinasinfl tsinfl arCSinosina
~ Zsinasinf3 beT(a+P)  2sinasin(a + ft) t
fA 1n\ . aeinft 02Bin2a
(418) 2 (»+ BV * +
+a | a2sin2a8in2” aBina | at/sin2a-sin2ft- sin2(a + ft)

2y i2sin2(a +P) sin(a-I-ft) 2 8inarsinftsin(a-|-ft) J



Bonee Toro, Tak Kak arcsin e [8B + /8) nas < < a, TO MHOXECTBO

HanpaBneHuii (1 : ) <1[0,a] coBnagaeT ¢ MHOXeCTBOM

(4.19) arcsm 231 _ j3,a

[Oanee, arcsin “8“° € [a, arcsin — ) ans < < a. CrepgosatenbHo,
MHOXeCTBO {1 : < 4} [r—£, 7] coBnagaet ¢ MHOXECTBOM

(4.20) n.—, T+ a —arcsm asilna

Mbl umeem F(AABC, n, )®b(AABC, n) = B(AABC, n) us (4.7) ana < <a

N Ans HanpaeneHwuii n e [a, s —/3).
MbI nonyyaem aneMeHTapHoe BbipaxeHue (4.4) us (4.6) - (4.8), (4.12), (4.19) n (4.20)

OO* In (t& <*<o

#® = I b{AABC,n) xF(AABC,u, )du= -m, &Sina . arcsin® 1+
Jo 2sin t

sm(a+ P)
tsin/3 . asina asina / a2sin2fl
2sinasin(a+ )™ (Bl * + 2sin(a+0) y2

__asin™_ [ a2sin2a t a(sinot+ 8in/?)  t(/3sin2a + a sin3/3)
2sin(a+ /9) y i2 2 Bin(a + /?) 2sinaein”™8in(a+ ")
Takum 06pa3om, Mbl NoNyYaeM SABHOe BbIpaKeHWe (YHKUUW pacnpeseneHuns [ nvHbl
X0opAbl 4N TYNOYroAbHOMO TpeyronbHuKa us (4.13), (4.15), (4.18) n (4.21).
J1erko 3aMeTuTb, YTO AN (N nfatfl m
L nsa BbluncneHns QyHKUUM pacnpefeneHns LAUHbI XOpabl AN OCTPOYroAbHOIO Tpe-
YrofibH1Ka, pacCMOTPUM CregytoLime fBa ciy4as
1 —a8MP (MUHMMaNbHas CTOPOHA OCTPOYrONLHOIO TPEYrofibHUKa He
npeBsbllaeT MaKCUMabHYH BbICOTY)
2. aBTP < rin(£i)' (MakcuManbHas BbiCOTa OCTPOYrOMbHOrO TPEYronbHMKA He
npeBbILIaeT MUHUMASIbHYHO CTOPOHY).

4.2. Cnyyvali 0OCTPOYronbLHOro TpeyronbHuKa Tuna 1. J1erko 3amMeTuThb, YTo fiB-

Hoe BblpaxkeHue (4.4) ana 0 < < coBnagaeTt ¢ (4.13), 4To BbITEKAET U3
(4.5), (4.9) - (4.12).
Jlerko 3aMeTuTb, YTO fBHOE BbipaxkeHue (4.4) ans < * < asina ecTb

(4.15), koTopoe BbiTeKaeT u3 (4.5), (4.9) - (4.12) n (4.14).
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Tak Kak sina < < TO arcsin € [0,arcsmpg ~y ), Cnegosa-
Te/IbHO, MHOXeCTBO {1 : <O [a,mw- O} coBnagaet c
asinasinB . osinasin0.
(4-22) n tsinfc + f1’* MC8mt8in(a + 0j]
Tak kak a+0 > Tr/2, T0 arcsin 6 [Tr-a-0, Tr/2). a + arcsin > 71r-0 gns
asina < < .igffigy-Takkakarcain™p >7Tr-a-/9 > a 1o Tr+a-arcsin <

a- Cﬂe,ﬂ,OBaTeﬂbHO, MHO>XeCTBO

coBnagaet C MHOXXeCTBOM Hal'lpaBﬂBHVIIZ

ina]

asina
(4.23) lar+ arcsin —-— r+ a - arcsm ——

Mbl nonyyaem siBHOe BblpaxxeHue (4.4) us (4.5), (4.9) - (4.12), (4.22) n (4.23) gns

°sin« < *<

( ( | in nu in0
fi) = J bABC> u)F(@ABCtU, i du =" 7>ﬂn’\~arc8m_(_’HTLzs+ln -

tsinfi i a25|n2a5|n20 aBwo | a2sin2a

sma—sm&a +6l)\lar sm— \A£S|n2(?z$m3® 4 sm(a +0)y V- 2

ra ,a(812a-8w 2(a+ 0))-(-/9(BT20 -8 T 2(a + O))" Trtsin”
A 9sinasdifffBsin(a + 0) ™ 2sinasin(a+ /?)
Tak Kak arcsin 6 le« 1 $uw,0) A« agff+[ < 4~ aB* A TO MHOXe-
CTBO HanpasneHuii {u : < *}T[a,Tr - 0) coBnagaet c

, asmasinfi -1

4.25 =
(4.25) M " ien(amu '’ -

Tak Kak a + 0 > TT/2, TO arcsin °-* & 6 Jarcsin |{8", m-a —0”. CnegoBaTenbHO,

MHOXXeCTBO HarnpaB/eHWiA
osina _ ,
virine—a) —} I M

coBnagaeT ¢ MHOXXeCTBOM

(4.26) [fTr—O0, T+ a —arcsin—3* Qj

Jerko 3ameTuTb, YTO SIBHOE BblpaXeHue (4.4) onsa cnyvas < < asin0 ectb

(4.20), koTope cnegyet u3 (4.5), (4.9) - (4.12), (4.25) n (4.26).
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[Lanee, umeem arcsin » G[r a- I?71r/2) gna asin/ < < Takum
06pa3om, MHOXXEeCTBO HarnpaBneHui
asmoO , r
{7 :inn5r6 ) £,}ni0" i
COBNafaeT C MHOXECTBOM

(4.27) larc8In~"-0,*-0-arc8uw —
“ csin £ [a,arcsin pas oginf < < n < azing.
CnepoBaTe/lbHO, MHOXECTBO HanpasieHuii {u : < } [«,Tr 0] coBnagaet
C MHOXeCTBOM
(4.28) Faremn asinasini?_ .

tsin(a + 0) “
TaK KaK arcsin @aaSp e [arcsin ,arcsin ans aeTp < < .ffi+V

CnefoBaTelbHO, MHOXXECTBO HanpaBfeHWiA
r asinar ~ ,
{u:r (U a) *>nLra A
cOoBMafjaeT C MHOXECTBOM

(4.29) [# —0,74-a —arcsin asina.

\%

Mbl nonyyaem fiBHOe BbipaxkeHue (4.4) us (4.5), (4.9) (4.12), (4.27) - (4.29) ans

aBwo0 < *<

n(t) = J[ b(AABC,n) XF{AABC,u,t)du =
0

_ t8m(a + /9) . asinasinfi tsinfl . asina
= —: —arcsm . . - -IT- + arcsm
2smQ8mp iem(a+ ~)  "2sina8in(a + £) t
tsina ,_asinfl asina | a25in56+
“SinyGsin(a ¥ 5) XM T @t T
. 0 a2sin2asin2/? osmO0 I a2sin2a asma
. + *+ §~7—, ev+
(4'30) +2~ - m . 4 g *iuy N a ol — w(a+ 0)
at/sin a —sin B—sin (a + /?)\ 7rtsina
2 \ sinccsinP8In(al 0) )  2sin;38in(a + /J)'
Tak Kak arcsin e [Btt—a + 0) ans <t < a, TO MHOXeCTBO Hanpas-

nexunii {u: < } [0,a] coBnagaet ¢ MHOXECTBOM



[Janee nveem arcsin® e [a.arcsin ,lno™ ° -+~) gna .bffjjfry < < a. Cneposas

TeNlbHO, MHOXECTBO HanpaeneHuid { : <} 0, 1] coBnagaeT ¢ MHOXe-
CTBOM

. asina
(4.32) A- ,K+a- arcBll —-—

Mbl nonyyaem siBHOe BblpaxeHue (4.4) u3 (4.5), (4.9) - (4.12), (4.31) n (4.32) ons
< <a, yTo coBnagaet ¢ (4.21).

Mbl Nony4aeM SIBHOE BblpaXeHne PYHKLMKN pacrnpefencHns AnHbl XOpAbl ANa Tpe-

yronbHuka Tuna 1 n3 (4.13), (4.15), (4.18), (4.21), (4.24) n (4.30).

4.3. Cnyvall 0CTPOYro/sbHOro TpeyrosbHMWKa TUNa 2. AHalOrMYHbIMUA BbIYUC-
NEHNAMU MONyYaem ABHOe BblpaXeHWe QYHKLMKN pacnpefeneHuns AMHbl Xopabl 4Nns
cnyyast TPeyronbHMKa Tuna 2.

MpaBusbHBIM TPEYTrONbHUK - TPEYroNbHMK TuNa 2. MNogcTaBnssa = = rr/3 B Bbipa-
XKeHVU YHKLMUMW pacnpegeneHns ANnHbI XOPAbl 415 TPEYronbHMKa TUNa 2, nosiyyaem
pe3ynbTat 3ynaHke 419 SBHOMO BblpaXXeHUA PYHKL MU pacnpeseneHns 4nHbl Xopapl
AN NPaBUIbHOTO TpeyrosbHuKa [11].

0, <o
_ (38T3+iH 0< <
A ¥<*<0
1, > a.
O603HauUMM ai = a, a2 = a3 = hi = h2 = al8inQ,

JB = aisin® (hi, *= 1,2,3 BbICOTbl TPEYIO/IbHNKA).
Lna TynoyronsHoro TpeyronsbHuka F(t) =

W} + TF$B + & D + 0~< <

Narc8nM+ | AvICTA+56M+ 4 + 5 ~r5 -~ N hl<t<a3

A Bxcsia + A "“kY¥ +afevl £ + aliy/l  $+

+WB+ vb+ - il iy - 03< <
arcsin - +”" jsarcsin™ + 38fc\/l - # + 8§71 - $+

+5~ 4+~ -5 N~ b5 - A 0,< <0

-1 i>0i
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Lnsa ocTpoyronbHOro TpeyrosnbHuka Tuna 1 F(t) =

+ aKl'& + BK$5 + v $B 0< </

N arcsin ™ + ° arcsin -

+&\A - + 58P + + £&-34rr-a hi<t<a3
arcsin arcsin =+ jjjW I - +

+ M\/1-& +T +b+illB-$$5-U & B, a3<t<h3
arcain”® + arcsin - + - arcsin

-'-ishb'J1- T*+ 3 BY/ 1 1*+ lifos/1 T?+ 3E+

+27b £ & 20b> h3<t<at
arcsin arcsin /- o+
+ Xfe\A 1+ 25C + 2$Ta - - * &> < <0
e t>ai

AHaNorMyHo, NS 0OCTPOYroNbHOIO TPEYro/bHNKa Tna 2 uveem F(t) =

‘0, t< O
L5 + 2Ki&b+ a0 g + 20 - (arE> O<t</ii
ftffearcsini*- + #fe\/l-b- + alb + + sfffe ~~  no*. < <
T$6 arcsin ~ +arcsin + % \jl ~ +-gb*1l &+
+L5 + + 205 - < < 3
T$B arcsinfr + j~arcain” + T-fearcsin® +
+ 1= A+ #fC\A + B+ + 2775
5K7& - 5 5 h3<t<a3
arcsin  + arcsin™ + ~ arcsin”® +

+1d\/1 ~ +28W1 T*4 ZXo\Jl~" +r1r®+

+fffc+ 2 b 2075 3775 - 5E?ib a3<t<a3l
3"P arcsin+arcsin” + ff+

+"N\V AN+ B5Y+all?a 20 » < <
1, t>ai

Abstract. The paper considers the problem of recognition of triangles by orientation-
dependent chord length distribution. We obtain following results: 1. The explicit form

of the covariogram and orientation-dependent chord length distribution function for
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a triangle; 2. the explicit form for the chord length distribution function. 3. The
length of the TaviTtai chord of a triangle is continuous function on direction n 6 S1
(S1is the space of all directions in the plane); 4. If we have orientation-dependent
chord length distribution function for an everywhere dense set of S1, then we can
uniquely recognize the triangle with respect to reflections and translations; 5. Fbr
any finite subset A ¢ S1, there are two non-congruent triangles with the same values
of orientation-dependent chord length distribution functions on A.
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ON MOCKENHOUPT’S CONJECTURE IN THE
HARDY-LITTLEWOOD MAJORANT PROBLEM
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Kozma Lajos Technical College, 40 Dedk str. Budapest, Hungary H-1041
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Abstract. The Hardy-Littlewood majorant problem has a positive answer
only for even integer exponents p, while there are counterexamples for all p ¢ 2N.
Montgomery conjectured that even among the idempotent polynomials there must
exist counterexamples, i.e. there exist a finite set of characters and some =+ signs
with which the signed character sum has larger pt® norm than the idempotent obtained
with all the signs chosen + in the character sum. That conjecture was proved recently
by Mockenhaupt and Schlag. However, Mockenhaupt conjectured that even the classical
1+ e2mit 4 2mi(k+2)Z three-term character sums, used for p = 3 and k = 1 already by
Hardy and Littlewood, should work in this respect. That remained unproved, as the
construction of Mockenhaupt and Schlag works with four-term idempotents. In our
previous work we proved this conjecture for £ =0, 1,2, i.e. in the range 0 < p < 6,

p ¢ 2N, Continuing this work here we demonstrate that even the k = 3,4 cases hold
true. Several refinement in the technical features of our approach include improved
fourth order quadrature formulae, finite estimation of G'2/G (with G being the
absolute value square function of an idempotent), valid even at a zero of G, and
detailed error estimates of approximations of various derivatives in subintervals, chosen

to have accelerated convergence due to smaller radius of the Taylor approximation.

MSC2010 numbers: 42A05.

Keywords: idempotent exponential polynomials; Hardy-Littlewood majorant problem;
Montgomery conjecture; Mockenhaupt conjecture; concave functions; Taylor polynomials;
quadrature formulae.

1. INTRODUCTION

We denote, as usual, T = R/Z the one dimensional torus or circle group. Following
Hardy and Litlewood |7], f is said to be a majorant to g if [g| < f Obviously, then
f is necessarily a positive definite function. The (upper) majorization property (with
constant 1) is the statement that whenever f € LP(T) is a majorant of g € LP(T),

Supported in part by the Hungarian National Foundation for Scientific Research, Project #’s
K-81658 and K-100461.
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then ||g|l, < ||f|lp- Hardy and Littlewood proved it for all p € 2N — this being an
easy consequence of the Parseval identity. On the other hand already Hardy and
Littlewood observed that this fails for p = 3. Indeed, they took f =1+ e + e3 and
g = 1—ej +e3 (where here and the sequel we denote ex(z) := e(kz) and e(t) := €™,
as usual) and calculated that || f||s < ||gll3-

The failure of the majorization property for p ¢ 2N was shown by Boas [3]. Boas’
construction exploits complex Taylor series expansion around zero: for 2k < p < 2k+2
the counterexample is provided by the polynomials f,g := 1 + re; + r¥*2¢; 5, with
r sufficiently small to make the effect of the first terms dominant over later, larger
powers of 7.

Utilizing Riesz products — an idea suggested to him by Y. Katznelson — Bachelis
proved [2] the failure of the majorization property for any p ¢ 2N even with arbitrarily
large constants. That is, not even ||g||, < Cpl|fl|, holds with some fixed constant
C=0Cp.

Montgomery conjectured that the majorant property for p ¢ 2N fails also if we
restrict to idempotent majorants, see [11, p. 144]. (A suitable integrable function is
idempotent if its convolution square is itself: that is, if its Fourier coefficients are

either 0 or 1.) This has been recently proved by Mockenhaupt and Schlag in [10].

Theorem 1.1 (Mockenhaupt & Schlag). Let p > 2 and p ¢ 2N, and let k > p/2

be arbitrary. Then for the trigonometric polynomials
g=(0+er)(1—epr1) and f=(1+ex)(l+eps1)

we have ||gll, > || fllp-

Oddly enough, the quite nice, constructive example is given with a four-term
idempotent polynomial, although trinomials may seem simpler objects to study.
Indeed, there is a considerable knowledge, even if usually for the maximum norm,
on the space of trinomials, see e.g. [6, 12, 13]. Note that three-term examples are
the simplest we can ask for, as two-term polynomials can never exhibit failure of the
majorization property. In the construction of Mockenhaupt and Schlag, however, the

key role is played by the fact that the given 4-term idempotent is the product of
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two two-term idempotents, the p*® power integral of which then can be expressed by
the usual trigonometric and hyperbolic functions. So even if four terms is a bit more
complicated, but the product form gives way to a manageable calculation.
Nevertheless, one may feel that Boas’ idea, i.e. the idea of cancelation in the (k+1)%¢
Fourier coefficients works even if r is not that small — perhaps even if » = 1. The
difficulty here is that the binomial series expansion diverges, and we have no explicit
way to control the interplay of the various terms occurring with the & signed versions
of our polynomials. But at least there is one instance, the case of p = 3, when all
this is explicitly known: already Hardy and Littlewood [7] observed that failure of the
majorant property for p = 3 is exhibited already by the pair of idempotents 1+ e +
es. In fact, this idempotent example led Montgomery to express (in a vague form,
however, see [11], p. 144) his conjecture on existence of idempotent counterexamples.
There has been a number of attempts on the Montgomery problem. In particular,
led by the examples of Hardy-Littlewood and Boas, Mockenhaupt [9] expressed his
view that 1+ e & eg12, where 2k < p < 2k + 2, should provide a counterexample in
the Hardy-Littlewood majorant problem, (at least for £ = 1,2). So we are to discuss

the following reasonably documented conjecture.

Conjecture 1.1. Let 2k < p < 2k 4 2, where k € N arbitrary. Then the three-term

idempotent polynomial P, = 1+e1+ejy2 has smaller p-norm than Qr = 14+e1 —eg42.

We have proved this for £ =0,1,2 in [8].

One motivation for us was the recent paper of Bonami and Révész [4], who used
suitable idempotent polynomials as the base of their construction, via Riesz kernels,
of highly concentrated ones in LP(T) for any p > 0. These key idempotents of Bonami
and Révész had special properties, related closely to the Hardy-Littlewood majorant
problem. For details we refer to [4]. For the history and relevance of this closely
related problem of idempotent polynomial concentration in L? see [4, 5], the detailed
introduction of [8], the survey paper [1], and the references therein.

As already hinted by Mockenhaupt’s thesis [9], proving that 1 + e; &+ ex12 would
be a counterexamle in the Hardy-Littlewood majorant problem may require some

numerical analysis as well. However, we designed a way to accomplish this differently
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than suggested by Mockenhaupt, for we don’t know how to get it done along the lines
hinted by him. Instead, in [8] we used function calculus and support our analysis by
numerical integration and error estimates where necessary.

These methods are getting computationally more and more involved when k is
getting larger. Striving for a worst-case error bound in the usual Riemann numerical
integration formula forces us to consider larger and larger step numbers (smaller
and smaller step sizes) in the division of the interval [0,1/2], where a numerical
integration is to be executed. Therefore, for k getting larger, we can as well expect
the step numbers increase to a numerically extraneous amount, where calculations
loose liability in view of the possibly accumulating small errors of the computation of
the operations and regular function values — powers, logarithms and trigonometrical
or exponential functions — involved. Any reader would readily accept a proof, which
with a certain precise error estimate refers to a numerical integration formula on say
a few hundred nodes, but perhaps no reader would be fully convinced reading that a
numerical tabulation and integration on several tens of thousands of function values
led to the numerical result. Correspondingly, in this paper we settle with the goal of
keeping any numerical integration, i.e quadrature, under the step number (or number
of nodes, division number) N = 500, that is step size h = 0.001.

Calculation of trigonometrical and exponential functions, as well as powers and
logarithms, when within the numerical stability range of these functions (that is,
when the variables of taking negative powers or logarithms is well separated from zero)
are done by mathematical function subroutines of usual Microsoft excel spreadsheet,
which computes the mathematical functions with 15 significant digits of precision.
Although we do not detail the estimates of the computational error of applying
spreadsheets and functions from Microsoft Excel tables, it is clear that under this
step number size our calculations are reliable well within the error bounds. For a
more detailed error analysis of that sort, which similarly applies here, too, see our
previous work [8], in particular footnote 3 on page 141 and the discussion around

formula (22).
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In view of the above considerations, instead of pushing forward exactly the same
numerical analysis as done in [§] for k£ = 1,2 also for higher values of k, (which could
have been done at least for some k, though), here we renew the approach and invoke
a number of new features of the numerical analysis. These "tricks"will enable us to
keep N below 500, and thus keep the invoked numerical calculations of quadratures
reliable.

First, instead of the classical and simplest numerical integration by using "brute
force"Riemann sums, we apply a more involved quadrature formula (2.11), derived
from Taylor approximation, which in turn allows us to keep the step number under
good control. Here instead of the most famous Simpson rule, which uses only function
values, we prefer a somewhat more involved quadrature, calculating the approximate
value of the integral by means of using also the values of the second derivative of the
integrand. The gain is considerable even if not in order, but in the constant of the
error formula.

Second, as already suggested in the conclusion of [8], we apply Taylor series
expansion at more points than just at the midpoint to := k 4+ 1/2 of the t-interval
(k,k + 1). This reduces the size of powers of (¢t — tg), from powers of 1/2 to powers
of smaller radii. The Taylor polynomial of degree 7, considered in [8], had error size
278 due to the contribution of |£ — #o|® in the Lagrange remainder term, while here
for k = 4 the division of the t-interval to (4,4.5) and (4.5,5) results in O(4™") in the

respective error contribution.

2. NOTATIONS AND A FEW GENERAL FORMULAS FOR THE NUMERICAL ANALYSIS

Let k € N be fixed. (Actually we will work with & = 3 or k£ = 4 only.) To set the
framework, here we briefly sketch the general scheme of our argument, and exhibit a
number of general formulae for later use in the analysis.

In the sequel we write Fi(z) = 1 + e(z) & e((k + 2)z) and consider the p" power

integrals fi(p) := fol |Fy(2)|Pdx as well as their difference

Ap) = f—(p) — f1+(p) = / F_(x)[P dz — / IF, (z) Pd.

Our goal is to prove Conjecture 1.1, that is A(p) > 0 for all p € (2k, 2k + 2).
47



SANDOR KRENEDITS

Let us introduce a few further notations. We will write ¢t = p/2 € [k, k+ 1] and put

1/2

@) Gel)= PP, gs()=gfa0 = [ i@

(2.2) d(t) := 5A(2t) =g_(t)—gs+(t) = /0 [G" (z) — G (2)] d.
So we are to prove that d(t) > 0 for k < t < k + 1. First we derive that at the

endpoints d vanishes; and, for later use, we also compute some higher order integrals

of Gi.

Lemma 2.1. Let pe N with 1 < p < k+ 1. Then we have
2

p(k+2)
(2.3) GL=IFP=| > ar(v)e,
v=0

with
(2.4 es) =0 (2) (73"
where p = {14::—2} and A = v — pu(k + 2) is the reduced residue of v mod k + 2.
Therefore,

1/2 1 p-(k+2) )
(25) [ ispar=g 3 e

In particular, f01/2 |GL|Pdx = f01/2 |G_|Pdx for all 0 < p < k+ 1 and thus d(k) =
d(k+1) =0.

Remark 2.1. By similar calculations one can compute ay(v) even for higher values

of p as well. E.g. in the range k + 2 < p < 2k + 3 we have

=0 { ()2 (2 (Wit}

That we will not use, however.

Proof. In the trinomial development of (14 e +ex12)? the general term coming from
choosing o times *+ejyo and 7 times e; (and then necessarily p — o — 7 times the
constant term 1) has the form (£1)?(?)(”77). This to contribute to a4+ () we must
have v = o(k 4+ 2) 4+ 7, a condition which forces v =7 mod k + 2. Now if p < k+1,

we also have 0 < 7 < k 4+ 1, so the number 7 of choosing e;s is exactly A, the
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mod k + 2 reduced residue of v, and consequently o = (v — \)/(k + 2) = p. That
results in formula (2.4) for ax(v), while (2.5) follows by Parseval’s formula. Whence
the assertion is proved.

To start the analysis of G(z) := G4 (x), let us compute its z-derivatives. We find
Gi(x) =34 2{cos(2mz) £ cos((2k + 2)mzx) £ cos((2k + 4)7x)},
(2.6) Gy (z) = —Arsin(2rz) T (4k 4 4)msin((2k + 2)7z)
F (4k + 8)wsin((2k + 4)7x)),
Gy () = =872 cos(2mz) T 8(k + 1)%72 cos((2k + 2)mx)
F 8(k + 2)*7? cos((2k + 4)mx)},
and in general
GE (@) = (—aym gt
{sin(2rz) £ (k + 1)>" sin((2k + 2)7x) £ (k + 2)*" 1 sin((2k + 4)7z) }
GE™ (z) = 2(—4)" 7™
-{cos(2mz) £ (k4 1) cos((2k + 2)mz) £ (k + 2)*" cos((2k + 4)7z) } .
Consequently we have
27) (Gl <9 =My,
16 oo < 27 1A {14 (4 1) o (k 4+ 2)™} = My (k) = My,
for m = 1,2,.... We encounter a new phenomenon, compared to [8], when k = 3,
since here G4 () does not have a positive lower bound: we in fact have G4 (1/3) = 0.
(Let us note in passing that for G_ we have miny G_ ~ 0.282... > 1/4 — but we do
not use this in the following.)

For higher z-derivatives of the composite functions G log’ G, needed in our
analysis, vanishing of G causes concerns for occurring negative powers of G after
differentiation, while the appearance of log” G, invoke concerns of blowing up calculations
and estimates in view of "log 0 = co". The first problem we resolve by a comparison of
G to G’f , always present in the numerator, while the second difficulty will be taken

care of by using only continuous functions v® log® v, with @ > 0, >0, of v = G (x).

Although all this can be avoided, when G_ is strictly bounded away from zero, for a
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possibly better estimation we still calculate the same comparative estimates even for
G_. (Similarly, the idea of comparison of G2 and G4 could be used for higher k as
well, whether or not the functions G4 vanish.)

So we want to compare G’ and /G = |F|, more precisely G'> and G. Note that
G' =2|F|-|F|' = 2VG - (\/@)l Another heuristical reasoning to justify the search
for a bound of G'?/G, is that G > 0, hence whenever G = 0 we necessarily have
G’ = 0, and the multiplicity m of any zero of G being an integer (as G is an entire
function), we conclude m > 2: so G’ has a zero of order 2(m — 1) > m.

So we start the search for a bound on G’Z/G.. To this end we write u = cos v with

v = 27z and calculate
G2 (x) = (4m)2(sinv + (k + 1) sin(k 4+ 1)v + (k + 2) sin(k + 2)v)?

(2.8) = 167%(1 — u?) [1 £ (k + D)Ug(w) £ (k 4 2)Ups1 (w)]?,

sin((n.% + 1)v)

where Uy, (u) :=
the second kind.

(v := arccosu) is the m-th Chebyshev polynomial of

We are to compare this and
Gi(x) =34 2cosv+2cos(k+ 1)v £ 2cos(k+2)v =3+ 2u+ 2T41(u) £ 2Tk42(u),

where here T, (u) = cos(mwv) (v := arccosu) is the mth Chebyshev polynomial of the
first kind.
In all, G'?/G is always an entire function of =, and substituting u = cos v = cos 27z

we have the formula
G?(z)  167%(1 —u?) [1 % (k + 1)Uk (u) £ (k + 2)Upr1 (w)]?

(2.9)

In the paper [8] we used Riemann sums and the standard Riemann sums approximation
formula ‘f01/2 ®(a)do — 5k 2[:1 o (n;]lv/2) ‘ < ”g;ll\‘;’; , when numerically integrating

functions of the form ® := H := G'log’ G along the x values.

A new feature of the present approach is that for better approximation we now
improve the numerical integration method by means of invoking a quadrature formula.
This was not feasible for small ¢, as higher derivatives of the composite function H

th

lead to G in the denominator: the m"™ derivative in general results in the occurrence

of G*=™, and negative powers of G bear the risk of blowing up all of our estimates.
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This can be remedied a little by comparison of G’ to G, a lucky possibility explained
above. This was already utilized in [8] to control 2°¢ derivatives of H, and we’ll make
use of it here, too for k = 3, when for some integrals (some occurring H functions)
t can be as small as t = 3, while we need to control 4" derivatives of H in view of
error terms of the quadrature formula we use. With this additional consideration the
4*0 derivatives of H can always be controlled for k > 3. (For k = 0,1, 2, settled in [8],
this could not have been possible.)

For remaining self-contained, we deduce here the otherwise well-known quadrature
formula what we want to apply. This starts with the 3¢ order Taylor polynomial
approximation (with the so-called Lagrange error term), valid for 4 times continuously

differentiable functions :

¢ (x0)
6 ~(x

QOH(‘TO) _1,0)3_'_%01‘/(51,%0)(%_%0)4'

_ 2
(l’ l’()) + o

p(z) = p(w0)+¢' (xo) (x—20)+

Integrating over a symmetric interval [zo — ¢, o + ¢] leads to

zo+q Y q3 To+q (pIV(fa: . ) A
/ p(x)de — {w(xo)2q +¢ (:co)} = / om0/ (5 — o) da
- 3 eoq 24

t

zo+q _ 4
<  max |cplv(x)\/ Mdi < max o' (2)] L.
[xo—q,z0+q] To—q 24 [zo—q,z0+q] 60

Applying the same formula for N intervals of the form [z, — h/2,z, + h/2], where
h=(b—-a)/N and z, = (n—1/2)h+a with n=1,..., N, we obtain
(2.10)
b N 3 5 N 5
h h Nh
_ n h /! n)— < 0 v < 0 v -
[ o= et ria )24}‘ < max V@< e

n=1 |z—2n ‘S%

This leads to the following quadrature formula.!

Lemma 2.2. Let ¢ be a four times continuously differentiable function on [0,1/2].
Then we have

(2.11)

1/2 al 2n—1\ 1 2n—1\ 1 V]|
do — e IV (e < ¥ lloo

/0 ple)d ;{‘P( AN )2N+¢ ( AN >192N3} = 60 210 N4

INote the noticeably better error estimate, not in order but in constant, than one would obtain
by more customary Simpson type rules. This is due to the use of second derivatives, which in our
case will still be calculable, explicit formulae.
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Let us start analyzing the functions
(2.12) H(x) = Hyj+(z) = G (x)log? Gi(x), 2€[0,1/2], te€[kk+1],j€N.

To find the maximum norm of H; ; 1, we in fact look for the maximum of an expression
of the form v'|logv|?, where v = G(z) ranges from zero (or, if G # 0, from some
positive lower bound) up to |G|l < 9. For that, a direct calculus provides the

following.

Lemma 2.3. For any s >0 and m € N the function
a(v) = asm(v) = v*[logv|™

behaves on [0,00) the following way. It is nonnegative, continuous, continuously
differentiable, (apart from possibly 0 in case s < 1), has precisely two zeroes al 0 and

1, and it has one single critical point vy = exp(—m/s). Consequently, it has exactly

m

. . . . . m
one local maximum point at vo where its local maximum is (5) , furthermore, the

function increases in [0,vg] and also on [1,00), and decreases on [vy, 1]. Therefore for

any finite interval [a,b] C [0, 00) we have

a(b), if a<b<wy,
a(vg), if a<wvy<b<l,
(2.13) max a(v) = max{a(vy), a(b)}, zf a<wg, 1<,
[a,b] ala), if vo<a<b<l,
max{a(a), a(b)}, if vo<a<l<hb,
a(b), if 1<a<b.
In particular for [a,b] = [0,9] we always have
(2.14)
m m\™m 1 > L7
ol = maxa(v) :max{(@) 79“"10gmg} = (&) . Z.f m/s o
’ [0,9] es 9%1log™ 9 if m/s < Zo

where oo ~ 0.126... is the unique root of the equation 097 = 1/(elog9).

For the application of the above quadrature (2.11) we calculate (c.f. also [8])
(2.15) H"(x) = H{; + (v) = G"(2)G" " (2) log’ ~' G() {tlog G() + j}

+G"(2)G"2(2)log’ 2 G(z) {t(t — 1) log® G(z) + j(2t — 1) log G(z) +j(j — 1)} .
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However, the error estimation in the above explained quadrature approach forces us
to consider even fourth z-derivatives of H = H; ; +. In order to calculate

4
(2.16) HYV = Z (;) (GH) ™ (log? G) =™,

m=0

we start with computing
(Gt)/ — th—lG/
(Gt)//

(2.17) (GH)"

t(t _ 1)Gt72G/2 + thflG//

tt—1)(t —2)G3G"R 4+ 3t(t — )G 2G' G + tGH1 G
(GHTY = tt—1)(t—2)(t —3)G G +6t(t — 1)(t — 2)G3G2G"

+ 3t(t _ 1)Gt—2G//2 —|—4t(t _ 1)Gt—2G/G/// + th_lle

and denoting L = log G also

) Ty ey
VAY — J
(L7) —a
. 12 ) ) G// ]
(L7)" = @j[(j -0 -7+ 6JLJ_1
13
(2.18) ()" = Sl = )G~ DL~ 30~ )2 4 207

rall 1"

. . G )
—35[(j - VL2 - L7 4 —5 7!
tm 3l - 1) |+,

14
()Y = S G- D0~ 20 -3~ 6~ )~ 2L+

12 Y1

PG =)L =617+ T [ G -2

Falll

G2

=3(j— 1)L +207 7 + 4G -2 -L '+

GIV - 112
+T] L'+ o2

3j[G-nL/2 -1,
53



SANDOR KRENEDITS

Inserting (2.17) and (2.18) into (2.16) we arrive at the desired general formula for
Htlyi as follows

HY =646 - 1) = 2)( = 3)L 4+ [4t = 6] - 1)(j — )L

+ 667 — 18t + 11]5(j — 1) L7 ™2 + [2¢3 — 9% + 11 — 3|25 L7~ + t(t — 1) (¢t — 2)(t — 3)Lj}

+6- Gf*3G’2G”{j(j —D( -2 L7243t —1)j(j — D)LI™2 + [3t* — 6t + 2)|; L7 ¢
(2.19)
St — 1)t — 2)Lj} +4- Gt—2G’G’”{j(j ST (2t — 1)Lt (t — 1)Lj}

+ GG (LI L) 43 Gt_QG”Q{j(j C)LIT? 4 (2t — 1)L 4 t(t — 1)LJ’}.
At all occurrences we will need an estimate for |[H!V || in order to apply it in
the numerical quadrature formula. Therefore, we now start estimating the above
expression. For a shorter notation we write v := G(z) € [0,9] and ¢ := |L| = |logv|.
As a first step we thus find for j = 1,2,3,...,t > 3 the estimates

HY (@) <o MGG =16 = 2)G - 3+ 4t - 6 - 1) - 2¢

+ [6t% — 18t 4+ 11]5(5 — )72 + [26° — 9% 4+ 11t — 3]2507 1 - t(t — 1)(t — 2)(¢ — 3)67}
+6- vt_?’MfMg{j(j 1) — 2673 £ 3(t— 1)j(j — )P + [3t2 — 6t + 2]
(2.20)

FH(t—1)(t - 2)63} + ot M, (P 4 1)

ot H(3ME + 4M1M3){j(j 1) (2t — 1) 4t (t - 1)%}.

Furthermore, to be used typically for smaller values of v = G(x), that is to say
only for 0 < v < 3, we can derive a different estimation whenever some constant

M* := M*(k) is known satisfying ||G’?/G|lsc < M*. Namely, we then have

[H" (z)] < vt—QM*Q{j(j — 1D —2)(G =)+ A6l - D - 2)¢

F 612 — 18t + 11]j(j — 1)@ 2 + 23 — 942 4 11t — 3)2j6 =1 4 ¢(t — 1)(t — 2)(t — 3)£j}
+6- vt_QM*Mg{j(j 1) — 2673 £ 3(t—1)j(j — )P + [32 — 6t + 2)]j6

FH(t—1)(t - 2)@} +4- vt_1'5\/M*M3{j(j —1)E (2t — 1) 4t (t - 1)£J’}

(2.21)

FT M GO 1) 43 vt_QMQQ{j(j C)E2 (2~ 1) it — 1)57}.
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Furthermore, estimating by means of A := max(¢, 1) and using #~1, 772 ¢773 (i1 <

A/ and also 2,/v < 1+ v we are led to
[HY (2)] < 072N (M*Q{j@ ~ 1) =2)G—3)+ {4t =6 -1 - 2)

662 — 18t + 11]5(j — 1) + [23 — 92 + 11t — 325 + t(t — 1)(t — 2)(t — 3)}

+6~M*M2{j(j 1) —2)+3(t—1)j(j — 1) + [32 — 6t + 2)]j + t(t — 1)(t — 2)}

+2\/WM3{j(j 1)+ (2t —1)j +t(t — 1)} +3M22{j(j 1)+ (26— 1)+t — 1)})
(2.22)

+ ot (2 : \/WMg{j(j 1)+ (2t —1)j +t(t — 1)} + My {j+t}>.

3. THE PROOF OF THE k = 3 CASE OF CONJECTURE 1.1

When k = 3, let us start with a few concrete numerical estimates of the functions
GY™ and H™ . For k = 3 we need Us(u) = 4u(2u? — 1), Us(u) = 16u* — 12u% + 1
and Ty(u) = 8ut — 8u? + 1, T5(u) = 16u® — 20u® + 5u. Writing these in (2.9) yields
for G4

G’f( - 1672(1 — u2) [80u? + 32u® — 60u2 — 16u + 6]
G T T 3205 1 160t — 4008 — 160 + 120+ 5
1672 (1 — u?)[40u® — 4u? — 28u + 6]
B 8ud — 4u? — 8u +5 ’

canceling the common factors of (2u + 1)2. Note that the denominator is now non-

1+v13
—5  ~
0.76759.... Thus the above rational function can be maximized numerically on the

(3.1)

vanishing in the interval [—1, 1], as its minimum is ~ 0.12, attained at

range u € [—1,1] of v = cos(27x), the maximum being ~ 3699, so
(3.2) G’ (z) < 3700G4 ().
Although G_ does not vanish, for a possibly better estimation for small values of

G_(x), we still work out a bound on G"?/G_. Again with u = cosv and v = 27x we

get from (2.9)

(3.3)

G 1672(1 — u?) [80u? + 32u® — 60u2 — 16u + 4]

“=(x) = ~ 3865 < 3900.
P G ) T 5505 16ut § 40w § 1602 Su 1 =
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Note that now the denominator does not vanish and there is no singularity to make
the numerical maximization difficult. Summing up, we find

(3.4) G

< M*(3) := 3900.

The next step is, as in [8], to see that d)(3) > 0 for the first few values of j = 1, 2.

Lemma 3.1. We have d'(3) > 0.

Remark 3.1. A preliminary numerical calculation yields the approzimate value d'(3) ~
0.01401... We don’t need the concrete value, but this information suggests us the proper

choice of the targeted error bound of 6 = 0.007 below.

Proof. From (2.2) we clearly have

A , 4 1/2 4 1/2 '
d9)(t) = g(_j)(t) - gf)(t) = / G"' (z)log’ G_(z)dw — / G, (z)log’ G4 (x)dx
0 0
1/2 1/2
(3.5) = Hy , _(x)dz — Hy j4(x)de.
0 0

Now we calculate the value — that is, these two integrals — numerically for t = k = 3
and j = 1. Both integrals should be computed within the error bound § := 0.007.
Invoking Lemma 2.2 we are left with the estimation of | H3Y . ||sc. The general formula

of (2.19) now specializes to

14

(3.6) HTV = 6% + G?G" (66 + 36L) + GG'G"' (20 + 24L)

+GG"*(15 + 18L) + G*G'V (1 + 3L).

We now estimate |H!V ()| distinguishing two cases, the first being when v := G(z) >

3. Inserting the estimates of ||G(™) || from (2.7) for m = 0,1, 2, 3,4, we get from (3.6)

(407)%
v

|H™V ()] < 6 + (407)2(8 - w2 - 42)(66 + 36log v)
+ v(407) (1673 - 186)(20 + 24 log v)
+ v(87%42)%(15 + 18log v) + v*(327*882)(1 + 3log v)

(3.7) = {15,360, 000/v + 35,481,600 + 19,353,600 log v + 4,074, 240v
+ 4,889, 088v log v 4 28,224v% + 84, 67207 log v},
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which is clearly an increasing function of v = G(z) for v > 2, e.g. Therefore substituting

the maximal possible value v = 9 we obtain in this case
(3.8) |HT ()| < 22,444, 818,695 < 2.3 - 10'°.

For smaller values of v = G(x) we estimate (3.6) the same way as it is done in general
in (2.21), with M,, in (2.7) and M* in (3.4) (or, we substitute t =k =3 and j =1

in (2.21) and use the numerical values of M, and M* as said). This yields
|HTV ()] < 1.2:10%+(6.7v log v+1.20%/241.40%/2 log v)- 108+ (2.80%+8.3v% log v)-10°.

(Also, we could have substituted t = k = 3 and j = 1 in (2.22) and apply (2.7) and
(3.4) in that.) The function on the right hand side takes its maximum on [0, 3] at
v = 3, thus

|H™Y (z)] < 7.014-10° < 8- 10°
is obtained in this second case. In all, we find ||[H?V (z)|| < 2.3 - 10'°, hence in the

numerical quadrature formula (2.11) the error is estimated by

2.3-101°
60 - 210 v4°

To bring this down below & = 0.007, we need to chose the step number N as large as

2.3-10% ./ 2.3-1010
230 5 de. N>Ny= i/ ~s6
60-200N1 =0 M€ = N0 V60210 0.007

Calculating the quadrature formula with N = 100, we obtain the approximate value

0.014012641...., whence d'(3) > 0.014012641... — 2 - 0.007 > 0.

to have

Lemma 3.2. We have d”(3) > 0.
Remark 3.2. Preliminary numerical calculation yields d’(3) ~ 0.087602... .

Proof. From (3.5) now we calculate the value — that is, these two integrals — numerically
for ¢t = k = 3 and j = 2. Both integrals should be computed within the error bound
§ := 0.04. As before, invoking Lemma 2.2 we are left with the estimation of [|H3Y | [l

The general formula of (2.19) now specializes to

H'Y = G?G"(36L* + 132L + 72) + GG"*(18L? + 30L + 6)
14
(3.9) + GG'G" (24L% + 40L + 8) + G*GTV(3L2 + 2L) + %(12L +22).
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Similarly as before, in the estimation of |H!" (x)| we distinguish two cases. Namely,
we separate cases according to v := G(z) > e or 0 < v < e. For the case when
e<wv <9 ie 1 <L <log9, application of (2.7) after substituting ¢ = k = 3 and

Jj =21in (2.20) (in other words, using (2.7) in estimating (3.9)) yields
|H'V ()| < (407)?3367%(36L2 + 132L + 72) + G(3367%)2(18L* + 30L + 6)

+ G40m29767° - (24L* 4 40L + 8) + G*28,2247*(3L* + 2L)
(40m)*
G

(12L + 22) < 7*{288,064,517.... 4 43,137, 255...v
123,818, 739
ey

v
which is, by easy calculus, an increasing function of v = G(z) for v > 2, e.g. Therefore

(3.10) +

+ 344, 030...v2

substituting the maximal possible value v =9 yields in this case
(3.11) |H™Y (2)] < 7-10'°.
For smaller values of G(x) when 0 < v := G(z) < e, in (2.22) we substitute
t =k =3and j =2 and then use (2.7) for m > 2 and also (3.4), leading to
|H!Y (z)] < vA? <34M*2 + 240M* My + 363/ M*M; + 54M22)
+ 0202 (36VM* M; + 50y )
(3.12) <e (34 39002 + 240 - 3900 - 3367 + 36v/3900 - 304073 + 54 - 33627r4)
+e? (36\/:% -30407 + 5 - 28, 2247r4) ~ 13,700, 830,408 < 2- 100,

applying also that on [0,e] vA% < e and v2A? < €2
Summing up,
IHY || <710,
hence in the numerical quadrature formula (2.11) the error is estimated by
71010
60 - 210 V4"
We need to chose the step number N large enough to bring this error below § = 0.04,

./ 7-1010

Calculating the quadrature formula with N = 100, i.e. step size h = 0.005, we obtain

i.e. to have

the numerical approximate value 0.08760174..., so d”(3) > 0.08760174...—2-0.04 > 0.
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Our next aim will be to show that d”’ is concave in [3,4], i.e. that d’¥ < 0. That
will be the content of Lemma 3.4. To arrive at it, our approach will be a computation
of some approximating polynomial, which is, apart from a possible slight and well
controlled error, a Taylor polynomial of d'V'.

Numerical tabulation of values gives that d'V is decreasing from d’V (3) ~ —0.068447...

to even more negative values as ¢ increases from 3 to 4. Thus our goal is to set n € N

and 0; >0, ( =0,...,n+ 1) suitably so that in the Taylor expansion

d"v(t) = Zn) a1 (t - 7)j + R, (d" 1),

] 2
g (T
1 ra@0 = oy (- 5)

the standard error estimate

Ry (", 1)] < [Hents +llzio,1/2 + [ Hemas —llLtion/z) oy
" T (n+1)!
(3.14) < 31 He v+ lloo + 5l Heints,—llo
' - (n+ 1)12nH1
< maxs<¢<4 ||H§,n+5,+Hoo + maxs<g<4 HHE,TL+5,*||OO
B (n+1)12n+2

dIV

provides the appropriately small error || R, (d"",)|loco < 0n+1, while with appropriate

approximation d; of dU+4(7/2),

d(j+4>(%)—dj (t 7>j

4! 2

(3.15) oTH

Naturally, we wish to chose n and the partial errors ¢; so that Z;L:(} d; < 0 :=0.068,
say, so that d'V(t) < P,(t) + & with

(3.16) P,(t) == Zai <t - ;)J .

=0 7'

Here the approximate values d; will be obtained by numerical integration, using
the quadrature formula (2.11) in approximating d’**(7/2), which has the integral
representation (3.5) with j = 0,...,n. To be precise, we apply the error formula
of (2.11) with N; € N steps, where N; are set in function of a prescribed error of

approximation 7;, which in turn will be set in function of the choice of d;.
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So now we carry out this programme. First, as G () € [0,9], |G (z) log™ G (z)] <
max{g o] [v° log™ v| = % > Which we consider with § € [3,4] and m =n +5 > 4. By
Lemma 2.3 we derive for all n < 18 that
(3.17)

| He nis+(2)]oo < 91og" ™9 = 6561 -2 log" ™3  (3<¢<4,1<n<18).

In view of (3.14) this yields

104,976 10g™ ™ 3

(4) <

< 0.011 =: 613

for n = 10.

Now we must set do, . .., d10, too. So let now d; = 0.005 for each j = 0,...,10. The
goal is that the termwise error (3.15) would not exceed §;, which will be guaranteed
by N; step quadrature approximation of the two integrals defining av +4)(7/ 2) with
prescribed error 7; each. Therefore, we set 7; := §;27;1/2, and note that in order to

have (3.15) it suffices that

(3.18) Noo o i Hihgpaglloe o 1H7h sl
‘ T 60 -210m; |/ 60 210512i-15;
according to Lemma 2.2. So at this point we estimate HH7I>/2 jratllos forj=0,...,10

to find appropriate values of N¥.

Lemma 3.3. For j = 0,...,10 we have the numerical estimates of Table 1 for
the values of ||H7I/V2’j+4iHoo. Setting 6; = 0.005 for j = 0,...,10 the approzimate
quadrature of order 500 =: N =: N; > N7 with the listed values of N yield the
approximate values Ej as listed in Table 1, admitting the error estimates (3.15) for j =
0,...,10. Purthermore, || R1o(d"V ,t)||c < 0.011 =: 611 and thus with the approzimate
Taylor polynomial Pio(t) defined in (3.16) the approzimation |d'V (t) — Pio(t)| < § ==
0.068 holds uniformly for t € [3,4].

Proof. We start with the numerical upper estimation of H7I/V2Ji(x) for 3 < z < 4,
where now in view of the shift of indices we need the estimation for 4 < j < 14. All
what follows is not sensitive to j < 14, but it is convenient that j > 4, as otherwise in
some derivatives the powers of L(z) = log G(x) would diminish, changing the formula

slightly.
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TABLE 1. Estimates for values of |\H7I/V2’j+47i||oo, corresponding

values of N¥ with d; := 0.005, and values of dj with N := N; := 500
for 7=0,...,10.

j | estimate for ||H7I/‘g’j+4’:|:||oo Ny d;

0 3.3-1012 383 | -8.097236891
1 9.1-1012 415 | -87.59530251
2 2.5-1013 378 | -141.3912224
3 6.8 - 1013 310 | -468.2134571
4 1.9-10% 239 | -1423.831595
5 4810 169 | -4074.963995
6 2.8-101 142 | -11,148.7318
7 2.6 -1016 128 | -29,465.89339
8 2.7-10%7 115 | -75,792.43387
9 2.9-10% 101 | -190,751.6522
10 3.4-10% 88 | -471,694.7/82

In the general formula (2.19) now we substitute ¢ = 7/2 and apply the estimates
(2.7) of My, M3 and My, which yields

Y, ()] < %{uu NG -2 3) +12i( — D) - 2) +43§( — 1)
+ 444]¢7 74 Bj(j -1 -2+ %’(J‘ —1)+ %’ + 6.5625} 0}

+ 3316.18...\/50’2{ (G —1)(j —2) +105(j — 1) + 17.755] #7=3
7.5 55.75 ,
= 1) + = +13.125| ¢
+|:12j(] )+ 413 5}£}
+ 377036.32... - G1'5|G’|{[j(j — 1) +64]6972 + [L5j + 8.75]€j}
+2749274.19... - G*5 {j/ 1 + 35 47}

+32091290.22... - G1'5{[j(j — 1) + 65092 + [1.55 + 8.75]€j}

As a general rule, we further insert the direct norm estimate |G| < M; for
x-values with v := G(x) > e, say; then ¢ = L(x) = log G(x) € [1,log9] and a direct
maximum estimate, i.e. estimating ¢ by log9, will also be written in. With these
estimates applied, the resulting estimation will be a formula in function of v € [e, 9],
and the estimation ends by finding the maximum of this expression in [e, 9]. Generally
this will be easy as the formula happens to be an increasing function of v and thus

the maximum is attained at the value v = 9.
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However, for small values of v := G(z) — i.e. when 0 < v < e — we will invoke
combined estimates of G'2/G instead, thus reducing the occurring factors of G in
the denominator. This will be useful in particular when G happens to vanish (as it
may, at least in principle, and as it indeed does so for G (x) in case k = 3). Again,
this estimation results in a formula entirely depending only on the value of v, but
the formula will be a sum of terms of the form v?|logv|® with a,b > 0 and a > 0
whenever b > 0. So even if ¢ := |logv| can become co where v = 0, the occurring
combined terms, thanks to the elimination of the negative powers of v = G(z), will
be continuous and have an explicit maximum value in the interval [0, e]. Finding the
maximum of each terms — again usually at the right endpoint where v = e— will
provide the final estimation in this second case of small values of v = G(z).

When v = G(z) > e, substitution of ¢ = 7/2 in (2.20) while using the estimates
(2.7) of [|GU™ || and £ < log9 < 2.2 yields the estimate

y A
v ol A .
|H7 /g, 5,4 (2)] < 2.2 {f +B @},

where

=9-10° [j* — 2% + 1055% + 134; + 154]

A=A,
B:=B;:=28-107*+3.9-10%% + 5.7-10%j + 1.2 - 10'°.

This last function is a strictly convex function of u := /v = m — so it must have
a unique minimum and two monotonic parts before and after the minimum point.
Easy calculus yields that the minimum is located at vy := %. Now vg is less than
e, when j < 14, hence then the function is increasing on [e,9] and it achieves its
maximum at v = 9. When j = 14, the minimum falls inside [e, 9], and the maximum
is the maximum of the values at e and 9, but the latter being much larger, we again
find that our estimate is maximized taking v = 9. Finally, substitution of v = 9 yields
(3.19)

|HTY, ;o (2)] <227 {3-10%* +7.8-107j° + 1.5-10%* + 1.8 - 10" + 3.7 10"} .

When G(z) < e, we substitute ¥ = 3 and ¢ = 7/2 in (2.22), and apart from the
values of My, M3 and M, we also use the last estimate of (3.4). Further, we write in

v?/2N < e-v3/2A7 and, by means of Lemma 2.3, maxjg ] v3/2AJ = max (63/2, (g—i)])
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which then yields
(3.20)
|H1)5 (@) < {1.6-1075* +1.1-10%% + 5.6 - 10%* + 1.6 - 10%j + 1.9 - 10° } .
>From here we take the maximum of (3.19) and the above (3.20) for all j =
6,...,14, which means using (3.19) up to j = 9 and then (3.20) for j = 10,...,14,
leading to the upper estimates of |[H]), ; , [l as listed in Table 1.

Finally, we collect also the resulting numerical estimates of N — as given by the
formulae (3.18) — in Table 1 and furthermore list the accordingly computed values of
dij, too, applying the numerical quadrature formula (2.11) with step size h = 0.001,
ie. N = N; = 500 steps. O

Lemma 3.4. We have d'V (t) < 0 for all 3 <t < 4.

Proof. We approximate d’V (t) by the polynomial Pyo(t) constructed in (3.16) as the
approximate value of the order 10 Taylor polynomial of d/"" around tq := 7/2. As the
error is at most 0, it suffices to show that p(t) := Pio(t) + 0 < 0 in [3,4].

Now Pio(3) = —0.068458667... so P1o(3) +d < 0. Moreover, p'(t) = P[y(t) =
Zjlil ﬁ(t— 7/2)7~% and p/(3) = —4.00969183 < 0. From the explicit formula of
p(t) we consecutively compute also p”/ (3) = —23.12291565 < 0, p’’(3) = —93.80789264
< 0and p®(3) = —324.0046433, p® (3) = —978.7532737..., p(®) (3) = —3144.062078...,
p(M(3) = —5587.909055..., all < 0. Thus p¥¥)(3) < 0 for j =0,...,7.

Therefore in order to conclude p(t) < 0 for 3 < ¢ < 4 it suffices to show that
p®(t) = dg + do(t — 7/2) + (d10/2)(t — 7/2)? stays negative in the interval [3,4].
However, the leading coefficient of p(® is negative, while it is easy to see that the
discriminant A := 83 — 2dgdyg of p® is negative, too: A ~ —3.511 - 10'°. Therefore,
the whole parabola of the graph of p(® lies below the z-axis i.e. p®(t) < 0 (Vt € R).
It follows that also p(t) < 0 for all ¢ > 3. O

Proof of the k = 3 case of Conjecture 1.1.

Since d(3) = d(4) = 0, and d'(3) > 0, d takes some positive values close to 3;
so in view of Lagrange’s (Rolle’s) theorem, d’ takes some negative values as well.
Therefore, d’ decreases from a positive value at 3 to some negative value somewhere

later; it follows that d” takes some negative values in (3,4). Also, d” is concave and
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d’(3) > 0 implies that d” changes from positive values towards negative ones; by
concavity, there is a unique zero point 7 of d” in (3,4), where d” has a definite sign
change from positive to negative.

It follows that d’, starting with the positive value at 3, first increases, achieves a
maximal positive value at 7, and then it decreases, reaches zero and then eventually
negative values, as seen above. That is, when it becomes zero at some point o, it
already has a negative derivative, and it keeps decreasing from that point on. So d’
is positive until o, when it has a strict sign change and becomes negative until 4.
Therefore, d increases until o and then decreases till 4; so d forms a cap shape and it
is minimal at the endpoints 3 and 4, where it vanishes. It follows that d > 0 in (3,4).

This concludes the proof of the k = 3 case of Conjecture 1.1.

4. THE CASE k =4 oF CONJECTURE 1.1

First of all let us record that in case k = 4 in (2.9) we are to deal with G4 (z) =
3+ 2u £ 2[T5(u) + Ts(u)) (u = cos 27x) so putting in T5(u) = 16u® — 20u? + 5u
and Tg(u) = 32u® — 48u* + 17u? a numerical calculation of the occurring polynomials
give
(4.1) mTin G4 ~ 0.0946... and n%in G_ ~ 0.02776...

Therefore in case k = 4 we can estimate ¢ := |L| = |log G(x)| < |log(0.027)| < 3.7
for both signs of G4.
Lemma 4.1. We have d'(4) > 0.

Remark 4.1. By numerical calculation, d'(4) ~ 0.0062067....

Proof. From (2.19) with ¢t =4,j =1
(4.2) H'V = G"(50 + 24L) + 6GG>G" (26 + 24L) + 4G*G'G"' (7 + 12L)+
+ GGV (1 4+ 4L) + 3G*G"*(7 + 12L).

From this, ¢ < 3.7 and the estimates (2.7) we get by plain substitution as before

|H™ |0 < 1.6 - 102,
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To bring the resulting error estimate down below & = 0.003, we need to chose the

step number N as large as to have

1.6 - 1012 4 1.6-1012
SO 5 e N>Npi= gl o306
60 210N he = o 60 - 219 0.003

Calculating the quadrature formula with N = 500, we obtain the approximate value

0.0062067..., whence d’'(4) > 0.0062067... — 2 - 0.003 > 0. O
Lemma 4.2. We have d”(4) > 0.
Remark 4.2. By numerical calculation, d’(4) ~ 0.0541341....

Proof. From (2.19) with ¢ = 4,j = 2 and inserting the values of M,,s given by (2.7)
together with ¢ < 3.7 we get |[H!V ||, < 7-10'2,
Thus to bring the error below § = 0.027, we need to chose the step number N

large enough to have

7.1012 4 7-1012
— < N >Ny =4 ———— =~ 255....
602081 = e = 60210 - 0.027 ~ 2%
Calculating the quadrature formula with N = 500, we obtain the approximate value
0.05413417..., whence d”(4) > 0.05413417... — 2 - 0.0027 > 0. O

Lemma 4.3. We have d"'(4) > 0.
Remark 4.3. By numerical calculation, d"'(4) =~ 0.2255707....

Proof. From (2.19) with ¢ = 4,j = 3 and calculating with the same values of M,

from (2.7) as above — together with ¢ < 3.7 in view of (4.1) we arrive at
H™Y = G"™(60 + 210L 4 15012 + 24L3) + 6GG>G" (6 4 54L + T8L? + 24L°)
+4G*G'G" (6L + 21 L% + 12L3%) + G3G!V (3L% + 4L3)+
+3G2G"*(6L + 21L* + 12L?),
|H| < 5.4-10"3.

To bring this down below § = 0.112, we need to chose the step number N large

enough to have

5.3 101 . 53 108
23 W0 s e N> Nyi= i =007 9gs..
602104 < Le = Vo 60-210.0.112
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Calculating the quadrature formula with N = 500, we obtain the approximate value
0.22557089..., whence d"’(4) > 0.22557089... —2-0.112 > 0.

So we arrive at the analysis of d”. Numerical tabulation of values give that d" is
decreasing from d¥ (4) ~ —2,217868... to even more negative values as ¢ increases from
4 to 5. So we now set forth proving that d¥ < 0 in [4,5]. To arrive at it, our approach
will be a computation of some approximating polynomial p(t), which is, within a
small and well controlled error, will be a Taylor polynomial of d" (¢). However, as
we intend to keep the step number N of the numerical integration under 500, we
take the liberty of approximating d* by different polynomials (using different Taylor
expansions) on various subintervals of [4,5]. More precisely, we divide the interval
[4,5] into 2 parts, and construct approximating Taylor polynomials around 4.25 and
4.75.

So now setting tg = 4.25 or ty = 4.75, the Taylor approximation will have the form

" dU+5) (¢ .
dv(t) = Z ‘]|(0) (t - tO)j + Rn(dvvtOvt)a
j=0 ’
d*6) (¢
(43) Rnldt0,1) = <n+1()') (¢ =)™

Therefore instead of (3.14) we can use

| He nt6,4+112110,1/2) + [ Hent6,—[121]0,1/2) g (n+1)
(n+ 1!
%||H57n+6,+”oo + %HH&TH-G,—HOO
= (n+1)1227+2
< maxje—s|<1/a [ Henro+lloo + maxje—o <174 [|He o, [loo
- (n + 1)122n+3 '

|Rn(dvvt07t)| S

(4.4)

So once again we need to maximize (2.12), that is functions of the type v¢|logv|™, on
[0,9] (or, more precisely, on the subinterval R(G) =~ [0.02776...,9], where the values
are actually attained by v := G(z)). So now similarly to (3.17), we get {rom (2.14) of
Lemma 2.3 that for any m < 31 and [ —to| < 1/4

| He m,+||oc = max { (em§> ,9% log™ 9} = 9%log™ 9 < 9o/ 4]og™ 9,
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In all, for n < 25

(4.5)
= @)l < 94510g" 09 = 19,68327 10 10g" 03 if t( = 4.25,
max n T)lloo S -
le—toj<i/a STHOE 95 log" 09 = 59,049 276 106" 03 if t, — 4.75.

In case tg = 4.25 now we chose n = 7. Then for this case the Lagrange remainder term
. v 314,928 log" % 3
(4.4) of the Taylor formula (4.3) can be estimated as | R, (d",t)| < TS T
n(n !
0.21 =: 68.
As before, the Taylor coefficients d;5(tp) cannot be obtained exactly, but only

with some error, due to the necessity of some kind of numerical integration in the

computation of the formula (3.5). Hence we must set the partial errors do, . .., d7 with
Zf‘:o §; < &:=2.21, say, so that dV (t) < P,(t) + d for
(4.6) Z —(t — 4.25)

=07

The analogous criteria to (3.15) now has the form:

dl+5)(4.25) — d; |d<ﬂ+5> (4.25)
4! 224 5!

That the termwise error (4.7) would not exceed ¢; will be guaranteed by N; step

(4.7) H (t —4.25) ”’<5 j=0,1,...,n.

o

quadrature approximation of the two integrals in (3.5) defining dV*)(4.25) with
prescribed error 7); each. Therefore, we set n; := §,;2%/j!/2, and note that in order to

have (4.7)

(s ¢ ik jinslo _ of WAL s

- 210, 60 - 210122j-15;
suffices by the integral formula (2.11) and Lemma 2.2. That is, we must estimate
| H{%5 j15.+lloc for 5 =0,...,7 and thus find appropriate values of N7.
Lemma 4.4. For j = 0,...,7 we have the numerical estimates of Table 2 for
the values of ||HiYs ;15 +lleo- Setting 6; as seen in the table for j = 0,...,7, the

approzimate quadrature of order 500 := N; > N* with the listed values of N} yield
the approrimate values aj as listed in Table 2, admitling the error estimates (4.7) for
j=0,...,7. Furthermore, |Rs(d",t)||oc < 0.21 =: 8 and thus with the approzimate
Taylor polynomial P;(t) defined in (4.6) the approximation |d¥ (t)— Pr(t)| < § := 2.21
holds uniformly for t € [4,4.5].
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TABLE 2. Estimates for values of [|HfY%5 ;15 1o, chosen values of
d; and resulting N7, and d; with N; :== N :=500 for j =0,...,7.

j | estimate for [|H{Y ;ivsillo | 0 | NI d;

0 1.23-10'° 0.65| 499 | -11.99030682
1 5.32-10% 0.73 | 494 | -64.72801527
2 2.29 1016 0.4 | 492 | -273.5687453
3 9.80 - 1016 0.15 | 486 | -1000.494741
4 4.18 - 107 0.04 | 486 | -3319.462864
5 1.77-10'8 0.01 | 466 | -10,266.25853
6 7.47-10'8 0.01| 802 | -80,113.02268
7 3.14 - 10" 0.01 | 188 | -84,761.00164

Proof. We start with the numerical upper estimation of Hi.‘Q/S,j,:t(I) for 4 < <4.5.
In the general formula (2.20) now we consider the case ¢t = 4.25 and use the estimates

(2.7) of My, My, M3 and My, together with ¢ < 3.7 — c.f. (4.1) to compute
|Hi‘2/5,j,i(x)| <
< 3.7j{4.78 10654 +3.72- 10852 + 1.09 - 10'°52 + 1.44 - 10*15 + 7.29 - 1011}.

Finally, we collect the resulting numerical estimates of |[H'Y|| in Table 2 and list
the corresponding values of N7 and dij', too, as given by the formulae (4.8) and the
numerical quadrature formula (2.11) with step size h = 0.001, i.e. N = N; = 500
steps.

Lemma 4.5. We have d¥ (t) < 0 for all 4 <t < 4.5.

Proof. We approximate d" (t) by the polynomial P;(t) constructed in (4.6) as the
approximate value of the order 7 Taylor polynomial of d¥ around t( := 4.25. As the
error is at most 4, it suffices to show that p(t) := P;(t) + § < 0 in [4,4.5]. Now
P;(4) = —2.2178666857... so P7(4) + 6 < 0. Moreover,

7 a )

p(t) = Pp(t) = Z (j jl)! (t —4.25)7"

j=1
and p'(4) = —20.41147631... < 0. From the explicit formula of p(¢) we consecutively
compute also p”(4) = —104.6546745... < 0, p'’(4) = —426.8260106... < 0, p'¥(4) =
—1473.198415... < 0, p®)(4) = —5386.784165... < 0 and p® (4) = —8922.772271... <

0. Finally, we arrive at p{7)(t) = d7=-84,761.00164... . We have already checked that
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p9)(4) < 0for j =0...6, so in order to conclude p(t) < 0 for 4 < t < 4.5 it suffices to

show p(")(t) < 0 in the given interval. However, p(”) is constant dr, hence p(¥)(t) < 0

for all t € R. It follows that p(t) < 0 for all ¢t > 4. O
In case of tg = 4.75 we have for all £ € [4.5, 5]

m m
(4.9) max { <€m§) , 9% log™ 9} < max { (%) ,952™ Jog™ 3} =9%log™9
for m < 37. In all, |He ny6.4(2)]|oo < 59,04927+610g" 03 for all 4.5 < £ < 5 and

4 <n < 31. In view of (4.4) this yields
944,784 1og" "% 3

L(dY )] < d=:6
(@7 ) < oG <91 =20
for n = 6.
Next we set Jp, ..., 6. Now the criteria (3.15) is modified as
dU5)(4.75) — d; dU+5)(4.75) — d;
(4.10) H ( S )~ I (t —4.75) :| (2,,) ”<5j,j:0,1,...7n
J: . 223 41

Since the numerical calculation gives that d¥ (4.5) ~ —39.96194643..., now we wish to
chose the partial errors d; so that Z"H §; < 6:=39.9, say, so that dV (t) < P,(t)+§
with

(4.11) zn:

The goal is that the termwise error (4.10) would not exceed §;, which will be guaranteed

‘3\

t—475

by N; step quadrature approximation of the two integrals defining dU+5)(4.75) with
prescribed error 7); each. Therefore, we set n; := §,;2%/j!/2, and note that in order to

have (4.10)

(4.12) N > N JIHYS s, ¢||oo L HEY s s oo
’ 60 - 2109, 60 - 21045122715,
suffices by the integral formula (2.11) and Lemma 2.2. That is, we must estimate
|H{Y%s ji5.4lloo for j =0,...,7 and thus find appropriate values of N7.
Lemma 4.6. For j = 0,...,6 we have the numerical estimates of Table 3 for the
values o co- vetting 0; as can be seen in the table for j = 0,...,06, the
lues of | H{Ys ; + |- Setting 4 b in the table for j = 0 6, th

approzimate quadrature of order 500 := N; > N¥ with the listed values of N} yield
the approximate values Ej as listed in Table 3, admitting the error estimates (4.10) for

j=0,...,6. Furthermore, ||[R7(d",t)|lcc < 9.1 =: 07 and thus with the approzimate
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Taylor polynomial Ps(t) defined in (4.11) the approzimation |d¥ (t) — Ps(t)| < 0 =
39.9 holds uniformly for t € [4.5,5].

TABLE 3. Estimates for values of ||H{Y5 ;5 ¢ [lo, set values of 4,

and the resulting N7, and the values of d; with N := N; := 500

J,
steps for 7 =0,...,6.

j | estimate for ||Hi_‘;5_’j+57i||oc 8 | N¥ d;

0 4.98- 101 8 | 878 | -111.5230149
1 2.13-10'6 9| 873 | -482.5730847
2 9.07 - 1016 71 339 | -1509.259877
38 3.85 - 107 3| 323 | -4867.920658
4 1.63-10'8 11305 -14,785.12009
5 6.83-10'8 1] 207 | -42,842.09045
6 2.86 - 10%° 1134 |-119,563.5221

Proof. We start with the numerical upper estimation of Hi.‘;s,j,:t(x) for 4.5 <z < 5.
In (2.20) now we insert t = 4.75, use again the estimates (2.7) of M; — M, and ¢ < 3.7

and arrive at
|H4{¥5ji(ﬂ')‘ <
< 3.7‘7’{1.44 10744 4+ 1.23-10%° +3.93- 101952 + 5.7 1011 4 3.18 - 1012}.

Finally, we collect the resulting numerical estimates of || H!V|| in Table 3 and list the
corresponding values of N} and dj, too, as given by formulae (4.12) and the numerical

quadrature formula (2.11) with step size h = 0.001, i.e. N = N; = 500 steps.
Lemma 4.7. We have d¥ (t) < 0 for all 4.5 <t <5.

Proof. We approximate d¥ () by the polynomial Ps(t) constructed in (4.11) as the
approximate value of the order 6 Taylor polynomial of d" around tq := 4.75. As
the error is at most § = 39.9, it suffices to show that p(t) := FPs(t) + § < 0 in
[4.5,5]. Now Ps(4.5) = —39.9655627058... so P5(4.5) + 6 < 0. Moreover, p'(t) =

d; .
Pl(t) = Z?:l G —Jl)!(t — 4.75)71 and p/(4.5) = —174.8777051... < 0. From the

explicit formula of p(t) we consecutively compute also p”(4.5) = —662.2069802... < 0,
p"(4.5) = —2199.092624... < 0, pY(4.5) = —7810.957541...2 < 0 and p® (4.5) =

—12,951.20993... < 0. Finally, we arrive at p(®(t) = dg=-119,563.5221... We have
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already checked that p)(4.5) < 0 for j = 0...5, so in order to conclude p(t) < 0
for 4.5 < t < 5 it suffices to show p(® () < 0 in the given interval. However, p(® is
constant, so p{®(t) < 0 for all ¢ € R. Tt follows that also p(t) < 0 for all ¢ > 4.5.

5. CONCLUSION

With the help of the sharper quadrature formula (2.11) further numerical analysis
is possible for higher values of k. In principle we can divide the interval (k,k + 1) to
smaller and smaller intervals to get improved error estimations of Taylor expansions
to compensate the larger and larger error bounds resulting from e.g. (2.7) and the
increase of t. We have a strong feeling that this way we could work further to higher
values of k. However, even that possibility does not mean that we would have a clear
theoretical reason, a firm grasp of the underlying law, rooted in the nature of the
question, for what the result should hold for all k.
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