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Py6en BukropoBuny AmMGapIiiymsiH

Hacrosinmutt Beimyck nocesimen 70-yeruio akagemuka PyGena BukrToposwda Am-
Hapiymsna. Pyben BukropoBuu pomnuica B 1941 rony B Emnabyre (Poccus) B cembe
M3BECTHOTO apMIHCKOTO yueHoro Bukropa Amazacnosuaa Ambapiymsana. B 1962 ro-
ny okoHuns MOCKOBCKMII TOCYIAPCTBEHHBIN YHUBEPCUTET uM. JIOMOHOCOBA U € TEX
MOp 3aHUMaJl Pa3iWdHble JOKHOCTH B MHCcTHTyTe Maremaruku Axamevun Hayk
Apwmvennn. Kak maremaruk P. B. Ambapiymsan cocrostics 8 EpeBane u HuUKorza, He 11o-
KH/IAJ 3TOT TOPOJ JJjis IIPOBEMEHNUs JOJITOCPOYHBIX MATEMATUIECKUX HCCJIEIOBAHMUIA;
€IMHCTBEHHBIM WCKJIIOUEHWEM OBLIO €ro MOJIYTOI0BOe mpedbiBanue B TeMIemnhCcKoM
yuusepcurere (CHIA, 1992 r.). B 1986 roay P.B. AmbGapiymsn 6bu1 usbpan neficTsu-

resibHbIM wieHoM Axanemuu Hayk Apmsuckoii CCP (ubine HAH PA). B 1992-2009
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rr. OB TJIABHBIM PEIAKTOPOM KypHaia “‘UMspecrust Hamuonannuoit Axamemun Ha-
yK , cepus Maremaruka’ u ero aunriuiickoro mepesoma “Journal of Contemporary
Mathematical Analysis”. B 1982 rony marpaxkaen npemueit Posno Iasumncona.

PyGen AMOapuyMsiH siBJI€TCs IPU3HAHHBIM CIIELMAJIMCTOM B 00JIACTH MHTEIPAJIb-
HOU M CTOXaCTUYECKOU IMeOMETPHH, a TaKyKe B TEOPHU CIYYalHBIX TOYEUHBIX IIPOIEC-
coB. Cosmannas P.B. AmOaprymsiHoM BeTBh MaTemaTuku - Kombunaropuas WMure-
rpasbHas Leomerpus (KIT), 6b11a nenTpanbHoli Temoli ero uccienoBanuii. Meropus
nybmmkarmii o KUT waumuaercst ¢ mukmaa pabor P.B. Ambapiywmsina, B KOTOPBIX
HCITIOJIB30BAJICS METO/I MHBAPUAHTHOTO BjOKeHusi. Cpenu HUX OTMETHM CJIeIYIOIIe
crateu: “Probability Distribution in the Geometry of clusters”, Studia. Sci. Math.
Hungar. 6 (1971), 235-241 u “The Solution of the Buffon- Sylvester problem in R3”,
Z. Wahrsch. verw. Geb., 27 (1973), 53-74. IlepBasi KOMOUHATOPHASI UHTEPIPETALASI
paccMaTpuBaeMbIX 3a/a4 cogepkurcs B pabore P. B. Ambapriymsana “Combinatorial
Solution of the Buffon- Sylvester problem”, Z. Wahrsch. verw. Geb. 29(1974), 25-31.

OcuoBubIME TOHATHSAME Teopun PybGera Ambapiiymsana - sBISIOTCS MHOMKECTBA,
Broddona B mpocTpaHcTBaX THMEPIIOCKOCTEH, KOIBIIA, TOPOK IEHHBIE MHOXKECTBAMU
Broddona 1 komMOuHATOPHBIE BATIOAIINH, OIIPEIeIeHHBIE HA MHOMKECTBE 3TUX KoJjer. B
caydae, KOTJa PacCMATPUBAEMOE MPOCTPAHCTBO ABJISIETCSA €BKJIMIOBON TIJIOCKOCTHIO,
TUTIEPILIOCKOCTH TIPEACTABISIOT CO00i OOBITHBIE TpsAMbIe, a MHOXecTBa biodgdona
- “MHOXKecTBa W, BO3HUKAIOIIME B M3BeCcTHOH 3amade Bioddona o6 urme (1776).
B stux TepMuHax Kaxkmas pasyMHas KOMOWHATODHAS BAJIOAINS OMPEENsSeT Helmpe-
PBIBHYIO (DYHKIIMIO, 3aBUCAINYIO OT ILIOCKKX “uri’, u Haobopor. P. B. AMmGapuymsan
B pabore "A Note on Pseudo-metrics in the Plane”, Z. Wahrsch. Verw. Geb. 37
(1976), 145-155 ykasaj Ha XapaKTEPUCTUYIECKOE CBOHCTBO TE€X HEMPEPBIBHBIX MET-
PHUK, JJis KOTOPBIX OOBIMHBIE TPAMbBIE OKA3BIBAIOTCH KPATUYANIINMY Iy TAME: €CJTU WX
paccMarpuBaTh KakK (DYHKIUU WDV, TO KOMOMHATOPHBIE BAJIOAINH OKA3BIBAIOTCS Me-
pamu. Umenno wa stom mytu, KT mo3Bosmia momyuuTh pelreHne 4eTBePTOH Ipo-
onemer ['manbepra, chopmymmposannoii B 1900 romxy, o6 omucaHuy KJacca METPUK,
JIJIST KOTOPBIX TeOJE3NIECKUMHU SIBISIOTCS OOBIYHBIE €BKJIAIOBBI MPsSMble. AHATUTHYIE-
CKH€ aCIeKThlI DTOr0 pelreHnsa derBepToil mpobiaemsbr ['nnbpbepra 6butu m3ytuens: P.B.
Awmbapuymsaom n B.K. Orausuom B pabore “Parametric versions of Hilbert’s fourth
problem, "Israel Journal of Mathematics, vol. 103 (1998), no. 1, 41 - 65.



[epsast monorpadus P.B. Ambapuymsua "Combinatorial Integral Geometry with
Applications to Mathematical Stereology”, omybaukoBaHHast u3gaTeanLCTBOM John
Wiley B 1982 roay, npencrasisia coboit OCHOBOIOIATAIONINN TPY/I, B KOTOPOM ObLIN
3aJI0’KeHbl HadaJja HOBOHM Teopuu. Emie m0 myOsumkamnuum 3TOH MOHOrpaduu B CBO-
ux 3amerkax o KUT A. Bagniu us KemOGpumxkckoro yausepcurera (B Bulletin of
London Math. Soc.) n ®@. IIudke u3 Tepmanun (B Monatshefte fiir Mathematik)
[IOJIHOCTBIO Ipu3HaBa/au npuopurer P.B. AmbapuyMmsHa B CO3IaHMH ITOH TEOPUMU.
Crnemyer OTMETHTH Tak¥Ke, CIeAyIolee BhicKaswiBanune A. Bagnaw Bo BeTymieHun K
BBINIEyKA3aHHON Mouorpaduu: “Mbl 1oKHBL TobIarogapuTs AMbapilyMsina 3a To,
9TO OH OTKPBLI MyTh K O0OOIIEHUI0 MHTErPAJBHON Fr€OMETPUU U YKA3aJI €€ OCHOBHbBIE
MPUHIIUITBI, KOTOPBIMH PYKOBOICTBYIOTCH BCE HCCIEI0BATENN .

Crenyer oTMETUTH BBICOKYO UCCIEI0BATEIBCKY 0 AKTUBHOCT TTPEICTABUTEEH ap-
maHCcKoi mkoabl KAT He ToMbKO B paMKax CTpaHbl (MX MyOIUKAIMN, BKIIOYAIONIIE
MHOXKecTBO pabor P.B. AmbapiymMmsaHa, 3al0JHIIA OKOJIO IECATKA CIHElMAIbHBIX U3-
nanuit Vzsectuii HAH Apmennu B 1992-2009 rr.) HO M B paMKax MeXKIyHapPOIHOMN
koonepanuu. Cepanckuii (ApMenus) MexIyHapomHblii cumnosuym 1976 roga “ 200
ser 3amaun broddona 06 urse”’ chirpan BaXKHYI POJib B ONPEIeJIeHUN MyTeil pas-
BUTHS WHTErPaJbHON M croxacTuaeckoil reomerpuii. CeBaHCKUHN myX MeXIyHAPO.I-
HOI mHTerpauuu npucyrcrsyer kak B Jonosnenun A. Baganum x monorpaduu P.B.
AwmbapiyMmsina, Tak u B crenayoonmx cbopuukax: “KoMOUHATOPHBIE TIPUHITUIIBI B CTO-
xacrudeckoil reomerpun’ (u3parenberso Axkagemun nayk Apm.CCP, Epesan, 1980),
“Stochastic Geometry, Geometric Statistics, Stereology” (nonm pemakumeit P.B. Am-
Hapuymsna u B. Baiisg) Teubner-texte zur Mathematic, Tpybt 06epBosibdhaxckoro
cumnosuyma, T. 65 (1984), “Stochastic and Integral Geometry”, (noz pemaximeii P.B.
AwmbGapuymsana) Acta Applicandae Mathematicae, 1. 9 (1987), nos. 1-2.

Yepes BoceMb JIeT TOCIIE TyOIUKAIIIH TIEPBOit MOHOTPaUH, MOABUIACH BTOPAA MO-
norpadus P.B. Ambapiymsna “Factorization Calculus and Geometric Probability”,
Cambridge University Press, B cepun /Ixunana-Kapao-Porsr sunuksonenuu marema-
tukn u ee mpuiaoxkennit 1990. 2K.-K.-Pora , cozgarens Teopun Bamoanmit, ObLT 3HA-
koM ¢ paboramu P.B. Ambaprymsana, mo kpaiiaeit mepe, ¢ 1980 roma. Crarsa P.B.
AwmbGaprymsanaa "A Synopsis of Combinatorial Integral Geometry” 6br1a omy6anKo-
Bana B kypHajse A.-K.Porer “Advances in Mathematics”, . 37 (1980), u. 1, 1-15
(comepxkana KUT uccnenoBanus reoie3anveckux JUHUA HA OBIMIUX MHOrOOOPa3HsIX).
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Cnaser Bropoii monorpacduu P.B. Ambapuymsiaa, comeprKaliue HOBBIH MaTepuas 1o
KUT, 6putn BRIIOYeHBI B HeMenkuii mepesos, R. V.Ambartzumian, D. Stoyan and
Mecke, “Geometrische Wahrscheinlichkeiten und Stochastische Geometrie”, u3narennb-
crBo Akademie Verlag, Berlin, 1993.

Ee B 1974 romy, 6yay<uu NpUTIANEHHBIM JOKIATIUKOM HA MATEMATHIECKOM KOH-
rpecce B Bankysepe, P.B. Ambapiymsan B coem BoicTymiennu "The solution to the
Buffon-Sylvester Problem and Stereology” (Proceedings of the International Congress
of Mathematicians, v. 2, 137-143) yka3aJs Ha BO3MOXKHbIe TpuMeHeHus Meroos KT
B 00sacTH TPUKIIAIHON cTepeosoruu. /lanee Obuin onybsmkoBansr nee paborsr P.B.
Awmbapuymsna B Z. Wahrsch. verw. Geb. (1976 - o Merpukax, nepsas ero pabora 1o
qeTBepToil mpobsieme I'mabbepra, n 1978 - 0 TOMONOTMYECKUX WHBAPUAHTAX, HEPBAsd
- TI0 HEEBKJINIOBOI TeMe).

[TepsoIit pesyabrar Mo MareMaTudeckoit romorpadguu 6bu1 noayden P.B. Ambap-
nyMsaHOM B pabore "AHanuTuyeckue acieKTbl KOMOMHATOPHON MHTErpajbHON reo-
merpun”’, Uspecrus HAH Apwmenun, 1. 34 (1999), u. 6, 2-46. 3nech 6bL10 ycTaHOB-
JIEHO BeCchMa TTOJIe3HOE JJIST MCCJIeIOBAHMI B 00JIaCTH MaTeMaTuydeckoi Tomorpadnn
COOTHOMIeHU (110 TEPMUHOJOIMU ABTOPA " IE3BUHTErPUPOBAHHBIM KJIACCUYECKUM U30-
HEePUMETPUYECKUM HEPABEHCTBOM" ) sBisioNieecsd 0600IIeHrEM KIACCUYECKOTO U30MIe-
PHUMETPHYECKOro HepapeHcTBa. Takum 00pa3oM, BeiCKasbiBanue Pasda Asexcanie-
pa: "KoMbuHaTOpHAS MHTErPAJIbHAS T€OMETPHUST SBJISETCS 3HATATEIHbHBIM BKIAIOM B
ocHOBBL HHTerpasbHoi reomerpuu’ (Bulletin (New Series) Amepukanckoro Marema-
rudeckoro Obmecrsa , . 10 (1984), u. 2 noayuaer eme oguo noarsepxkaenue. Cra-
Thsa P.B. AMbapuymsina "arerpupoBanne KOMOMHATOPHBIX PA3JIO2KEHUAN JJ1s1 J€IbTar
mep”, Ussectuss HAH Apmenun, 1. 40 (2005), 1. 4, 5-22, COAEPKUT CJACACTBUA €3~
HHTErPUPOBAHHOTO M30MEPUMETPUIECKOTO HEPABEHCTBA B TPEXMEDPHOM CJIyYae.

3ajaua BOCCTAHOBJIEHU ILIOCKOH BBIYKJION o6iacTu Ha ocHoe X-styueil (npobiie-
ma Xammepa g X-syueit) Oblia nocrasiaeda B 1961 roay na cumiiosuyme o Bolyk-
moctn Amepurarckoro Maremarudaeckoro O6IecTBa: CKOTBLKO CHUMKOB X-JTydeit mist
BBIMTYKJIOTO TeJIa HYKHO CJIETATH JIJIsT TOTO, 9TOOBI IMETh BO3MOKHOCTD MOJIYIUTh €ro
rounoe Boccranonienne? 34 roga cruycrs Puaapa Tapnuep B cBoelt dyHmaMeHTaIBHOR
kuure “Geometric tomography” mucas, aro X-Iydn B 9eThIpeX Pa3HbIX HATTPABICHUAX

cTIpaBsATCs ¢ 370l 3amaqet. P.B. AmbGapiiymsia B crarse "Parallel X-ray Tomography



of Convex Domains as a Search Problem in Two Dimensions”, nybaukyemoii B HacTosi-
IIIEeM HOMEpE YKYPHAJIA, TTOKA3a/, YTO B OOBITHOM ACHMITOTHYECKOM CMBIC/E, X-JIyIu
TOJILKO B TPEX PA3HBIX HANPABIEHUSIX MOTYT OBITH JOCTATOYHBI [IJIs BOCCTAHOBJIEHUS
HEHTPAIIbHO-CUMMETPUYHBIX BbIIYKJIBIX 00JIaCcTeld.

Anamuruaeckuii anmapar pa3aokeHUi KOMOUHATOPHON HHTErpaIbHONR reOMeTpHI
MTOPOXKIAET Pl PE3YABTATOB O CIIYUANHBIX MPOMECCaX, HADIIOMAEMbIX HA JTUHEITHBIX
CEKYIINX B IJIOCKUX MOJEJSX CTOXacTudeckoii reomerpun. P.B. AMbGapuymsitom GbL10
MOKA3aHO, YTO B HEKOTOPHIX ILTOCKUX CTOXACTUIECKUX MOMEIIIX CBOUCTBO HHBAPUAHT-
HOCTH OTHOCHUTEJIbHO TIPYTIBI eBKJIVIOBLIX JIBUMKEHUN YiKe MOIpa3yMeBaeT KOHKPEeT-
HBbIE THIBI BEPOSITHOCTHBIX PACIPEICICHNUN Ha JIMHEWHBIX CEKYIIUX. TUIHIHBIM pe-
3YJIBTATOM TaKOro poza ([0JyYeHue SKCIOHEHMAIBHOIO PACIIPE/ICJIEHUST) COIEPIKUT-
ca B pabore P.B. Ambaprymsna "Crayualinble packpacku IMIOCKOCTH B COOPHUKE
“KoMGUHATODHBIE IPUHIUIILI B CTOXACTUYECKOH reoMerpun” (M31aTebCTBO AKaje-
vuu Hayk Apm.CCP, Epesan, 1980). 9ror pe3ysabTaT NPUBOIUTCH B CHEIUATBHOM ria-
Be monorpadmuu "Combinatorial Integral Geometry with Applications to Mathematical
Stereology". JasnHeiinmie aHaIOTHYIHbBIE PE3YABTATHI O CTOXACTUIECKUX T€OMETPUIe-
CKUX MOJIEJIIX MOXKHO Haiitu B moHorpaduu “Factorization Calculus and Geometric
probability”. Crarea P.B. AmGapiymana "UnBapuantroe Baokenue B CroxacTude-
ckoii reomerpun”; zsectus HAH Apmenun, . 33 (1998), 1. 4, paccMarpuBaer aHasio-
FUYHYIO 3389y JIJIsT TPAHCISIIMOHHO-UHBAPUAHTHBIX CIYUYARHbBIX TPOIECCOB MPSAMBIX.

[Tepsoit paboroii P.B. Ambapiymsiaa, HCHOMBIYIOMEH METO WHBAPUAHTHOTO BJIO-
KeHus, 6pu1a pabora "MeTon HHBAPHAHTHOIO BJIOXKEHHUSI B TEOPUHU CJIyYalHBIX [IPsi-
mbix” (Uzsecrus AH Apm.CCP. Maremaruka, 1970). Tor ke MeTos mHBapUaHTHO-
ro BhoXKeHus ucnojb3yercs P.B. Ambapiymsinom B pabore "Convex Polygons and
Random Tegssellations"c6opuuk crareit "Stochastic Geometry”, mox pemgaknueit E. F.
Harding u D. G. Kendall, John Wiley, 1974. Toka3aTenbCTBO OCHOBHON TEOPEMBI pa-
6orbr P. B. Am6apiymsana “The solution of the Buffon- Sylvester Problem in R3”, Z.
Wahrsch. verw. Geb., 27 (1974), 53-74, Takyke OnMpasoch HA METOJ WHBAPUAHTHO-
ro sioxkenusi. Monorpadusg P.B. Ambaprymsana "Combinatorial Integral Geometry
with Applications to Mathematical Stereology onybaukoBamtas nzmaresbcTBoM John

Wiley B 1982, comep»KuT HECKOJIBKO PA3JIMIHBIX JOKA3ATEIBCTB ITON TEOPEMBI, HO



epBast IIaBa BCE eIle YKA3bIBAeT Ha MEeTOJ[ MHBAPUAHTHOTO BJIOMKEHUsI, KAK Ha eCcTe-
CTBEHHBIM aHAJUTHYECKHH IOIX0, KOTOPBIH MpUBe K perieHuio 3asadn biodgpdona-
CunbBecrpa.

OpHolt u3 obnacreil KOMOMHATOPHONM MHTErpabHON reomerpur B koropyio P.B.
AMOBapIyMsiH BHEC CEPLE3HBIN BKJIAJ, ABJSETCS TEOPUs CAyJIafHBIX TOUYEIHBIX MPO-
meccos. B aroit obsmacru P. B. AmOaprymsia ObLI OJHUM W3 BEAYIIUX AMOJOTETOB
reopun pacnpenenenua [lambma. Hanpumep, uzsecrasiit cbopuuk crareii "Stochastic
Point Processes: Statistical Analysis, Theory and Applications”, Peter A. W. Lewis,
penakrop, Wiley-Interscience, (1972), conepxkan pabory P.B. Ambapuymsana "Palm
distributions and superpositions of independent point processes in R™". IraBubIM
BkiagoM P.B. AMbapuyMsiHa B TEOPUIO TOYEUYHBIX IIPOLECCOB, HECOMHEHHO, SBJISIETCS
TeopeMa, comepxkaiasicst B pabore P.B. Ambapuywmsua u I'. C. Cykuacsiua “Inclusion-
exclusion and point processes”, Acta Appl. Math., 8. 22 (1991), 15 — 31.

[MpoGaema CynecTBOBAHUSA TOUEUHBIX MPOIECCOB € 3ATAHHBIME KOPPEJISIHOHHbI-
vu yrrmmavu (mnotHoctamu) f (1, ..., Ty ), B TOM YUCIE U B CIydae GECKOHETHBIX
CUCTeM, SIBJISIETCS OCHOBHON TeMOl BCe BO3DACTAIONIETO YUCHA PabOT 10 TaK Ha3bl-
BaeMoil "3amave peanu3yeMocTu’ cratucTudeckoil ¢husukm. [leppas memoHCTparms
"peanusyemoctu" (nga cucrem f(x1, ..., T, ), KOTOPBIE COOTBETCTBYIOT MOIEIH IAPHO-
0 B3aUMOJIEACTBUS C LIOJIOKUTEIbHBIM IOTEHIUAIOM) OblIa 1OJIyYeHa B TOI 2Ke cTa-
tbe P.B. Ambaprymsua u . C. Cykunacsina. 9To JBOHHOE TOCTUKEHVE B MTOJTHON Mepe
npusnaercs, Hanpumep, 1. Kuna, J. L. Lebowitz u E.R Speer, B patore "Realizability
of Point Processes"J. Stat. Phys. 129 (2007),, 417-439. Muoromepubiii BapuanT GbLl
npemyioxern P.B. Ambaprymanom B pabore "On Condensible Point Processes” omy6-
sukoBanHol B cbopuuke crareit New Trends Prob. Statist., 7. 1 (1991), 655-667.

Penxosnerust xKypHaJjia no3apasjiser akajgemrka Pybena Bukroposuaa Ambapiry-

MdAHa C 100nIeeM.

Penkonneruna zKypuana
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SEVAN METHODOLOGIES REVISITED: RANDOM LINE
PROCESSES

R. V. AMBARTZUMIAN

Institute of Mathematics National Academy of Sciences, Armenia
E-mail: rouben@instmath.sci.am

Abstract. The paper studies random line processes that are translation invariant in
probability distribution, and whose first and second order moment measures possess
continuous densities. The purpose is to review the analytical apparatus based on the
concept of horizontal or vertical windows and corresponding Palm-type probability
distributions that are now proved below to exist. That apparatus enables to study the
relation between the quantities pg (I, a) and (I, @), where py (I, &) = probability to
have k hits by the lines from Z on a "test segment"of length [ and direction «, while
7k (l, @) = conditional probability of the same event, the condition being that the test
segment lies on one of the lines from Z. Palm equations for horizontal windows have
been known since long, but for vertical windows they were first put down in the last
chapter of the book [4], under stronger condition of Euclidean motions invariance of
Z. The paper considers two different models that imply Poissonity of the probabilities
pi(l, @). Translation invariant line processes can be viewed as stationary states of
random dynamical arrays of countably many particles each moving with constant
speed along the test line, and these models are of special interest in that context.
In a model-free setting, the paper presents a formula for calculation of the conditional
intensity A(a) = 171Y", kmi(l,«). That formula includes quantities depending on the
distribution of the typical vertex shape. “Sevan metodologies” have been the topic of
authors plenary report at the Rasht (Iran) meeting in 2011. This usage is motivated
in a special historical section below; another section is devoted to detailed description
of Sevan methodologies themselves.

MSC2010 numbers: 60D05; 60G55; 52A22

Keywords: Combinatorial integral geometry; stochastic geometry; random line
process; Palm-type distribution.

1. SOME HISTORY

The collection of papers “Stochastic Geometry” [1] edited by E.F. Harding and D.G.
Kendall inaugurated in 1974 a new direction in the theory of random point processes:

random processes of geometrical elements (lines in the plane, or in space, planes in

IThis research was partially supported by the State Committee of Sciences of the Republic of
Armenia, Grant 11-1a359.



R. V. AMBARTZUMIAN

three dimensions etc.) that can be represented as points in appropriate manifolds.
Earlier an effort to coordinate and promote that research took place at Oberwolfach
meeting on Integral Geometry and Geometric Probability held in June 1969, with
organizers D.G.Kendall and Klaus Krickeberg. Remarkably, that Symposium started
a rare instance of East - West mathematical cooperation when the materials of
the symposium were published in Soviet Armenia in 1970, in a special issue of the
Armenian Academy mathematical Izvestiya [5]. In 1976, Buffon Needle Bicentenary
International Conference was held at Sevan, Armenia [2] jointly sponsored by Royal
Society, French and Armenian Academies. The Second Sevan Symposium on Stochastic
and Integral Geometry [10], [12] was held in 1985. To commemorate that development,
the methodologies presented by the author at the Sevan meetings of 1976 and 1985

we now call "Sevan"

D.G. Kendall who visited the first Sevan Conference, was at that time the President of
the London Mathematical Society. In his "Introduction to Stochastic Geometry"in [1]
he wrote that "the whole existing literature concerned with stochastic geometry"could
be found within the pages of the collection [1]. A prominent place in [1] belongs to the
paper by a young Cambridge mathematician Rollo Davidson entitled "Construction
of Line-Processes: Second order Properties". That paper by Rollo Davidson was
originally published in Soviet Armenia [5]. Quite tragically, Rollo Davidson died (on
29 July 1970 in a mountain-climbing accident) about a month before he could realize
a planned visit to Armenian Academy (Yerevan) sponsored by the Royal Society [6].

The collection [1] was a tribute to his memory.

The topic of random line processes dominated the collection [1]. In Kendall’s words,
there is a sense in which "Stochastic geometry takes its origin in Crofton’s famous
article in the IXth edition of the Encyclopedia Britannice"that contained a study
of Euclidean motion invariant Poisson line process. Rollo Davison’s work was "an
attempt to eschew Crofton’s approach": in fact that pioneering work launched a
series of studies of general random line processes, like [7]-[10],[12] and Chapter 9 of
[4]. The collection [1] contained also several papers devoted to the concept of Palm

distribution, an important tool in the present study.
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SEVAN METHODOLOGIES REVISITED: RANDOM LINE PROCESSES
2. SEVAN METHODOLOGIES.
We concentrate on three items that are applied in the present paper.

Combinatorial Integral Geometry We use the notation: IR?> = the Euclidean
plane, G = the space of Euclidean lines in IR? with usual Moebius band topology,
see [3]. Euclidean motion invariant locally-finite measure dg in the space G (see (3.1)

below) is uniquely defined by the condition

/ dg = 2|P, Pal,
[Py Ps]

where [P}, P,] = the set of lines that separate two endpoints of a "needle" P, P, € R?,
|P;, Pj| is the Euclidean distance between P; and P;. In 1890 J.J.Sylvester considered
the following problem. Let in the plane, n "needles"vq,...,1,, be fixed in general

position. The value of that measure on the sets

n n

A = m[yi] or A= U[l/l]

i=1 i=1
in each case was known to have the representation
21) [ dg = Y us(a) PP
A i<j
with some integer coefficients u;;(A). J.J. Sylvester asked for an algorithm of calculation
of the integers u;;(A) for each set. Only in 1973 a solution was given in [11], known

as the solution of Buffon—Sylvester problem [11], [3]. It is as follows.
Assume we have a finite collection of points
{PL} = {Pla 7PN} C B2'

We introduce an equivalence relation: two lines g1, go € G which do not belong to
any [P;] (where [P] = the bundle of lines through P) we call equivalent if they induce
the same separation of the set {P;} into two subsets.

An equivalence class T (a maximal set of equivalent lines) is always a connected set
in the topology of G, but its closure will not be compact if for each line g € T the
total {P;} lies in one of the two half-planes separated by g. All other equivalence
classes have compact closures: these we call atoms. We denote

r{P;} = the minimal ring r{P;} of subsets of G which contains all atoms,
11
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[P;, Pj] = {g € G : g separates P; from P;}, (the so called Buffon sets),

gi; = the line through P; and P;.
An element A € r{P;} necessarily has the form A = Ja;, where a; are some of the
atoms of r{P;}.
If g;; contains no points from {P;} except P; and P;, and the number of points in
{P;} exceeds 2, then there exist exactly four different equivalence classes T for which
we have g;; € Y. We denote them as Y;;(++), Tij(——), Ti;(+—) and T;;(— +).
We make a convention that

every line g € T;;(4++) or g € T;;(— —) leaves P; and P; in one half-plane,

every line g € T;;(+—) or g € T;;(— +) leaves P; and P; in different half-planes.
Given A € r{P;}, the values of the indicator function

1, ifgeA,
I =
al9) {0, otherwise

on the lines from the above four sets we denote correspondingly as
Ia(i",57) = Ia(g) for g € Tyj(+—), Ia(i™,j") = Ia(g) for g € Ty(—+),

IA(iT,j%) = Ia(g) for g € Tis(++), Ia(i™,j7) = Ia(g) for g € Tii(——).

The following result was proved in [3] in several different ways. Actually (2.1) is valid
for any A € r{P;}. Under the condition that no line g;; contains any points from {P;}
other than P; and P;, the algorithm of calculation of the coefficients u;;(A) reduces

to the four indicator rule:
u’L](A) = IA(i+7j_) + IA(i_7j+) - IA(i+aj+) - IA(i_mj_)'

If the number of points in {P;} equals 2, i.e. {P;} = {P1, P>} then r{P;} contains
only one element A for which the above remains valid since formally Ia(it,j1) =

Ia(i7,j7) =0 and we get ui2(A) = 2.

For the case where g;; contains points from {P;} other from P; and P; (2.1) remains

valid for every A € r{P;}, while the algorithm requires modification.

The class (+); A 2-set P;, P; belongs to the class (+) if the interior of the linear

segment P;, P; does not contain any points from {P;}. For every P;, P; € (+), the
12
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equivalence classes T;;(+—) and Y;;(—+) are uniquely defined (necessarily both are

atoms).

The class (-): A 2-set P;, P; belongs to the class (-) if the interior of the complement
(within g;;) of the linear segment P;, P; does not contain points from {P;}. For
P;, P; € (-), the equivalence classes Y;;(++) and T;;(——) are also uniquely defined

(one of the two can fail to be an atom).
We write

uj (A) = Ia(it,j7) + Ia(i,j7), well defined for P;, P; from the class (+),

ij
ui;(A) = Ia(iT,57) + Ia(i",j7), well defined for P;, P; from the class (—),
General algorithm. For any finite set of points {P;} C IR? with number of points
greater then 2, and every A € r{P;}

(2.2) / In(g)dg = 3w, (A) PP, — S ulh(A) PP,
(+) (=)

The book [3] contains numerous corollaries and generalizations of (2.2), while Chapter
10 of [4] contains the first case of calculation based on the coefficients u};(A) and
Translational analysis of realizations. Let Z be a realization of a random line
processes in R?,
T, = the group of parallel translations of R?,
P = probability distribution of Z assumed to be invariant with respect to Ts |
dt = Haar measure on the group Ty (corresponds to Lebesgue measure in R?),
tZ = translation of Z by t € Ts.
The method is based on the study of integrals

/b f(t2)dt,

where b corresponds to some disc in R2, while f(Z) is some function defined in the
space of realizations Z. In the cases of interest f(Z) = f.(Z) also depends on some
small parameter €, and it is possible to find the limit
(2.3) lim [ f.(tZ)dt = z(Z).
e=0 Jy
13
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By the invariance assumption concerning P we have the identity

/fs(tZ) P — / [-(2)dP.

In case there exists a function y(Z) with finite integral (expectation) with respect to

P such that uniformly in €

(2.4) /b f.(t2)dt < y(2),

then by Lebesgue bounded convergence theorem and Fubini theorem, integration in

dP would imply
i [ .(2)a = |[bl|* [ 2(2)dP, (2.5)
E—>

where ||b|| stands for the value of dt-measure (area) of b. In the lemmas of Section 4

we take ||b|| = 1.

The simplest illustration of above general idea can be found in [4], pages 137, 193,

where the method leads to the well known in the theory of translation invariant

random point processes concept of “Palm Distribution”. (Even earlier case is [14],

where one of the sections is entitled “The move-and-average method”.) The same

method for line processes Z that are distribution invariant with respect to the Euclidean
group was used in [4], Chapter 10. This led to the concept of "Palm Distribution"for

the corresponding class of line processes. In Section 4 below we apply that methodology
to line processes and the group Ts, and so demonstrate the existence of "Palm-

type"probabilities 11, and II,, (v stands for "vertical"windows). The same approach

with minimal changes applies to "Palm-type"probabilities 1I;, and I, (h stands for

"horizontal"windows).

Factorization of invariant measures. A considerable part of the book [4] is
devoted to measures in the products of the spaces of geometrical elements that are
invariant with respect to groups acting in the carrier spaces. Normally such measures
split into two factors, one of the two being the Haar measure on the group. The
problem then is to find the other measure factor. This is the "factorization"in the
book’s title. In [4] Te-invariant measures in the space G of lines and in the space

G x G are treated on the basis of that factorization principle. In the present paper
14
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such measures come in as the first M; and the second Ms moment measures of Ts-

invariant line processes. We will base on the following.

If a locally-finite Ts-invariant measure M; possesses a density, then it necessarily has

the form
p1(¢) dg

where ¢ is the direction of g € G, dg is the Euclidean motions invariant measure on

G and p(¢) is a summable function defined on
(0,7) = the space of planar directions.

If we assume that the measure M» beyond the "diagonal"g; = g2 possess a density,

then necessarily it has the form

p2(¢1, ¢2) dg1 dgz,

where pa2(¢1,P2) is some summable function defined on the product space (0,7) x

(0, 7). We will use the Jacobian result (see [4], p. 37)

(2.5) p2(91, ¢2) dg1 dga = sinT pa(¢1, ¢2) dgr deo dQ,

where @) is the point where the lines g; and g5 intersect, d@ is the planar Lebesgue,

d¢; are usual angular measures in the space of directions (0, ).

3. RANDOM LINE PROCESSES

The purpose of the present section is to presents necessary basic concepts from the
line processes theory together with much of the notation used in the paper.

The space of sensed lines in the plane R? can be represented by a cylindrical surface
[0,27) X (—o0, +00),

where [0, 27) stands for the circle of unit radius. Each sensed line then receives natural
coordinates (¢, p), where ¢ = direction of the line, p = the signed distance of the line
from the origin on the plane. A non-sensed line we denote by g. The space G of (non-
sensed) lines in the plane, g € G, is obtained from the above cylinder by identifying
pairs of lines that coincide except for directions. In this way G receives topology of

the Mobius Band.
15
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A random collection Z of lines in the plane is called a random line process in case Z
corresponds to some random point process in G. (Sometimes, as appropriate, below
we use Z to denote a fixed realization of a random line process.) Let Z be a random line
process such that Z with probability 1 has no lines parallel to go = a "test line"on the
plane. Then Z possesses random marked point process {x;,¥;} representation, where
each x; € gg is the point where a line from Z intersects gg, and v; is the corresponding
intersection angle. Conversely, a marked point processes {x;,1);} generates via given

go a random line processes Z,, due to the map

{wi, i} = {gi} = Zy,

where g; is the line that hits z; € go under angle ;.

In case {z;,¥;} is invariant in distribution with respect to go-preserving translations of
the plane, the corresponding Z,, in general is not translation invariant. Let {x;, ;}q
be the marked point process induced by Z,, on the line gq parallel to and distance
d from gg. The problem of existence of limiting distribution for {z;,¥;}q as d = oo
attracted much attention some decades ago in the case where on go the sequences
{z;} and {¢;} are assumed independent and {¢;} is a sequence of independent angles,
see [15], [16].

The probability distribution of Z we denote as P: it is a probability measure that
lives in the space of realizations of line processes, or, more properly, on the sigma-
algebra V defined to be the image of the sigma-algebra well known in the theory of
random point processes. Elements of V are called events. A classical example due
to Crofton is the Poisson line process governed by the standard Euclidean motion

invariant measure
(3.1) dg = sin dy dl,

where

[ = the usual one dimensional coordinate of the point g N~y on some reference line
s

1) = the angle between the reference line and g.

By definition, it corresponds to the Poisson point process on G governed by dg.
16
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vy v

hy

Puc. 1. Two pairs of “windows” at the endpoints of

We recall that a Poisson point process on G governed by a measure m that lives on
G puts k points in a Borel set B C G with probability

k
B i

while the numbers k for disjoint sets B are independent.
Poisson line processes governed by measures of the form p(¢) dg, where p1(¢) is some

density defined on [0, 7) are all Ty - invariant in distribution.

Basic Events. Let a be some direction in the plane to be called "horizontal v be

a "test"line segment in the plane of length [ and planar direction «. So « lies on a

horizontal "test"line, see Fig.1, v; and vy = vertical windows, both of length ¢, and
h1 and hy = horizontal windows, both of length . We write
Z) = the segment u C R? is hit by exactly k lines from Z

(we say that g € G hits u if g separates the endpoints of u). Given several test

segments uj, ugz,... U, and nonnegative integers ki1, ka,..., kmy we consider the events

U U2 Um
n n...N .
(i2) o (2o i)
The events of the above type are said to belong to the class Vj if the endpoints of
~ are not among the endpoints of the segments wuy, ug, ..., . (The class Vy serves

measure continuation purposes in the Lemmas 1.2 below.) We write (Zl Z2> for the
1 k2

intersection of (zl) and (ZQ) For the probabilities of such events we use notation
1 2

. Ul U2
like P (lﬁ ky )

For a line segment, u we define the event <11;> C <11)) as

(1Uu) = {Z : the unique line from Z that hits v hits the segment u}.

17
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Puc. 2

Assume a probability measure I is concentrated on realizations Z that with probability
IT = 1 possess a line go that contains one of the endpoints of . Then II(©) will stand
for the II-probability of the ewent, that the random direction of go belongs to O,
where O is some arc of planar directions. In case with probability II = 1 there are
two lines in Z through each endpoint of v, we will use the notation II[©; N O3] for
the probability of the corresponding intersection event.

In the definition of Acute-Obtuse factorization model given in Section 6 we choose
0; = A; or ©; = 0;, the arcs Ay, O1, A, Oz are shown on Fig.2 (A stands for Acute
and O for Obtuse). In the proof of Lemma 5.1 we will use the event relations valid

for each endpoint of v, i.e. for i = 1,2:

. D A aé ) . Yoov (Y )
(3:2) 213%)3(1@ 17)<1<:—1)”A“ ah—%a<k: 1di><k)mo“

where d; is the hypotenuse spanning v and v;, while 0 stands for the boundary of a

set.

Densities of Moment Measures. The present paper considers line processes that
are invariant in distribution with respect to the group T5. Within that class we specify
the subclasses

D1 = line processes with first moment measure possessing a continuous density
p1(¢)dg, where ¢ is the direction of the line g,
D2 = line processes with second moment measure possessing a continuous density

p2(b1, P2) dg1 dga, where ¢1, ¢ are the directions of the lines g1, go.
18
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The assumption Z € D1 implies

Ma) = [y Y kP (Z) < o0

and hence as the length || tends to zero

P(7) =A@ hl+ ol and P (7) = olal) for k> 1
i.e. the set of hits on any test line is orderly in the usual random point process sense.

From (3.1)

A@) = [ @) sin(a,0)ds, Aw) = [ pa(6)]cos(a, )] o
where v stands for the vertical (perpendicular to &) direction,
(o, ¢) = ¢ = the angle between directions « and ¢,
d¢ = the usual rotation invariant measure in the space of planar directions.

It will become clear (Lemma 4.2) that for the events

o v U2 _ hl h2
Vg—(l 1>ﬁ(2), and H—<1 1)

where (2) is an event defined as
(2) = {Z : the windows vy, vo are hit by two different lines from Z},

the assumption Z € D2 implies
P(Va) = Spu(a)e® + o(e?) and P(H) = Spn(a)e? + o(e?),

where

Shn () :/0. /0. p2(¢1, ¢2) sin(a, 1) sin(a, ¢2) dpy dos,

(3.3) Spp(a) = /07r /07r p2(b1, P2) | cos(a, 1) cos(a, d2) | dpy ds.

As for the event
. v V2
v- (7 %0

where (1) = {Z : the windows v1, vy are hit by the same line from Z}, the relation

2

(3.4) P(V) = pi(a) T + ofe?)

does not seem to be automatically valid, hence the definition: a line process Z € D;

is called orderly if it satisfies (3.4). We note that due to

62
/ dg = — + o(£?)
[v1]N[v2] !

19
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the right-hand side of (3.4) is the asymptotical expression of the value of the first

moment measure of Z € D1 on the set [v1] N [va] = lines that hit both v; and vs.

The Vertex Process. Let {Q;} be the set of vertices of Z € D2: each vertex Q; is
a point where some two lines from Z intersect. We postulate that with probability
P =1 no triads of lines from Z meet at a point. (In a broader framework of random
segment processes related questions were considered in [13] and [14].) To each vertex
Q; correspond the marks (dependence on i is suppressed):

(¢1, p2) = the directions of the two lines g1, go € Z that meet at Q; and

T = the angle between the directions ¢; and ¢2,
(41, d2) is the translational and 7 is the Euclidean "shape"of Q;.

By (2.6) {Q:} happens to be a point process of finite intensity Ag:
Ag = //SiHTP2(¢1,¢2)d¢1 dos.
According to [4], the probability density defined on the product (0,7) x (0,7) as
1 .
(3.5) Yo sinT pa(d1, ¢2) dd1 doo

describes the translational random shape of a typical vertezin {Q;}. The corresponding

expectation we denote as Eq. It follows that

Ep— < 0.
Qsinr

The results of Section 7 below (now published for the first time) permit to express

the "conditional"intensity
Aa) = kmi(l,a)

via the intensities A(a)) = Y kpi(l, ), Ag and some averages Eq of certain parameters
depending on random shape of a typical vertex in {Q;}. We will often use the well-

known Wilhelm Blaschke relation (rediscovered in [4])

(3.6) 2p1(a) = AMa) + N'(«).
20
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4. PALM TYPE PROBABILITIES

In Lemma 4.1 we can choose v, A, O to be either v1, A1, 01 or vg, As, O2 as on Figs.

1,2. We note that

v

P G’) = Av)e + O(), P (k) = o(e) fork=2,3,..
are well known facts of the theory of stationary point processes on a line (A(v) is the

intensity of the intersections point process on lines of vertical direction).

Lemma 4.1. For every line process Z € D1 and every event C' € Vq there exists a

limit
(4.1) I1,(C) = lim IM

e—0 v
(1)
that defines, by means of probability continuation, a probability measure 11, on V.

This 11, is concentrated on realizations Z thatl possess a line through an end-point of

v. In particular, the probabilities 11, [(Z) N A] and 11, KZ) N O] are well defined.

Proof. We apply the notation of the Translational analysis subsection of Section 3.
Let b C Ts correspond to the disc b C R? i.e. b = {tO,t € B}, O is the origin. We
put

1

(product of two indicator functions). For realizations Z from the set that has probability

f(2) = 51](1)) (Z2)1c(Z)

P =1 we easily establish

(4.2) z(Z) = Z | cos(xi, )] ) vIc(tuZ) du,

where
t. = shift that takes the point u € R? to the common endpoint of v and 7,
xi = the chord bNg;, g; € Z,
(xi,7y) = the angle between x; and 7,
du = the length measure on the chord x;. Clearly

/ (t2)dt < cy(2),
tOeb
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where ¢ = diameter of b, while y(Z) = the number of lines from Z that hit b. If Z is
random Z € D1 with probability distribution P, then

[uz)ap - /[b] pr(6) dg < oo,

where [b] C G is the set of lines that hit b. This proves the existence of

lim e~ P {0 N <“)] .
e—0 1

In particular, replacing C' by the total space of realizations we get the existence of

T -1 v
Av) = 811_%5 P <1> .
The two limits together yield (4.1). From (4.2) follows the probability continuation

formula valid at least for every C € V:
(4.3) (€)= [ P Y eostin)| [ Ie(tu2)du.
Xi Xi

Lemma 4.1 is proved. O
In the next Lemma 4.2 the event Vs is as defined in Section 3 and we again apply

Translational analysis as in Section 2. The quantities Sy, and S,, are given by (3.3).

Lemma 4.2. For every line process Z € D2
(4.4) P(Va) = Syu(a)e? + o(e?).

For every C € V there exists the limit

s P(CQVQ)
I, (C) = ;I—%W

that extends to a probability measure 11, on V. This 11, is concentrated on realizations

Z that possess lines through each end-point of . In particular, the probabilities like
1L, KZ) NAN 02} are well defined.

Proof. Let g%i), géi) be two lines from Z that meet at a vertex @Q);, and 7; be the angle

between the two. By elementary calculations, the dt-measure of the set {t € Ts :

tvy hits gii) and tvy hits géi)} equals

| cos(gi”, )] cos(g”, ] >
sin 7; '
22
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Now using the notation of the Translational analysis subsection of Section 3 we put
f(Z) = e 2, (Z) 1c(2).

With probability 1 the limiting function z(Z) exists; we write down, its explicit
expression under a simplifying assumption about realization Z. Let {t;} € b be
determined by the condition that for each ¢; the set t;Z contains both endpoints of
~. If we assume, that Z has the property that for no pairs (i,m) the points ¢;Q,
coincide with endpoints of -, then (4.5) implies

| 005(9@7 ))l | COS(QS)a ’7)|
( 6) .T( ) = si . C( )

It is easy to find an explicit expression for z(Z) in case of general Z. We do not put
it down because the present proof needs only existence of the limit that defines z(7).

What the proof needs is the inequality

(2 < Y = y(2)
t;O€b ¢

valid for every realization Z; it directly follows from (4.5). By(3.5), the function y(z)

is summable, hence

As a by-product we get (4.4), and the proof ends in the same way as in Lemma 4.1.

O

Further Remarks. First we briefly present the results for the case of horizontal
windows (see Fig.1) that can be easily proved by the Translational analysis method
of Section 2 above.

There is a counterpart of Lemma 4.1 that states the existence of the limit

e—0 h
> (1)
for every line process Z € D1 and every C € Vg, where h is one of the two horizontal
windows hi, he. The analog of (4.3) happens to be

(4.8) I1,(C) = / dP ) " sin(xi,7) / Io(t,Z) du.

i
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From (4.3) and (4.8) we conclude that
(4.9) IL,(C) = Av)] " Ep | cot ¥| Ic(Z),

where Ej, stands for the expectation with respect to measure I1;,, while I¢(Z) is the
usual indicator function of the event C' € V, and 1 is the direction of the line through
the endpoint of v that exists with II;-probability 1.

The counterpart of Lemma 4.2 states that for Z € D2

P(H) = Spn(a)e? + o(e?),

where H = (hll hf), and the existence of the limit
.. P(CNnH)
pn(C) = lim P

The analogs of (4.3) and (4.8) for I, (C) and II,,(C) we write down under an
additional assumption that (4.6) holds with probability one.

Given a test interval v, let a line process Z € D2 satisfy (4.6) with probability 1.

Then o o
Hhh(c) — /dP Z Sln(gl 7/7) SIH(QQ 7’7)‘ ]C(t1Z),

sin 7;
t;€b

o (1) (0
H@y(c) — /dP Z |COb(gl v,‘}/)HCOS(gZ ’,‘Y)|Ic(t1Z),

sin 7;

t;€Eb
implying

(4.10) Iy (C) = [Syu(a)] " Eppl cot 11| cot o] Ic(Z),

where Sy, is given by (3.8), By, stands for the expectation with respect to py, and
1, Yo are the directions of the two lines through the two endpoints of v that exist
with 1y, -probability 1.

5. “PALM EQUATIONS” FOR VERTICAL AND HORIZONTAL WINDOWS
For the probability distribution P of a translation invariant Z, we reasonably write

mia) =P (7).

where [ is the length and « is the (horizontal) direction of . The Lemmas 3,4 refer

to the following differential operators acting on py (I, &).
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Puc. 3

Let the segments v, o, d; and dy be as on Fig. 3. After appropriate choice of positive

rotation in the space of planar directions o we have

o [p () - ()] - e

By formal Taylor expansion we find (§ = the angle between v and dy is el=! + o(¢))

i -2 dy Y o ds
1 € [P<k>_P(k —P () +P (5
o PRV a4 6) = () + (VP T 70 - )

e—0 €2

0pe(le) 5 9pi(l Q)
_ 1 2
= et e

(5.1)

Generally speaking, both identities are valid under certain smoothness conditions
imposed on the function pi (I, a). However the first identity always holds for Z € D1,
while the condition Z € D2 does not guarantee (5.1). So for Z € D2 we speak about
additional smoothness condition (5.1).

In Lemma 5.3 that follows we can choose d, v, A, O to be either dq, v, A1, O1 or

da, vg, As,O4 as on Figs. 2, 3.

Lemma 5.1. If Z € D1, then the first order vertical window Palm equation is valid:

)y )
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Proof. We represent (’y) as a union of mutually exclusive events

()= 3)

By (3.2), when |v] = 0

and therefore

P(1)=P(i o) (i 1) reen
P(i)=P(i o) +P (i 1) reten

Because v, d and v are sides of a triangle, a set equality

v vy _ (d v
E 0) \k O
follows. By subtraction

(5.3) P (Z) - P (Z) - P (Z 1’) - P (Z 11’) +o([v]).

By (3.2) we have
vy _pf( 7 v v v\ _
P(k 1)_P(k—1 1q/>+P<k 1d>_

= pm[(,7,) na] + @i [(7) ao] + o,

and similarly

p(L )= ( ) n) e p (L) e -

= A(v) o1, {(Z) OO} + A) |v| 10, Kk ! 1) ﬂA} + of|v)).

It remains to substitute this into (5.3), divide the result by |v| and calculate the

Similarly

limits. This proves Lemma 5.3. O
In the next lemma we use conditioning by the event V3 defined in Section 3. Intuitively,
7k (I, @) is the conditional probability of 7 , conditional upon the event "+ belongs

to a line from Z". We say that a line process Z € D2 is orderly if it satisfies (3.4).
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Lemma 5.2. If Z € D2 is orderly and the smoothness condition (5.1) is satisfied,

P|(2)om]

then the limits

l = i
el = i, 57
exist for k =0,1,2, ... and satisfy the second order vertical window Palm equation
(5.4)
Ipi (1, « _10%pi(l, o
Opell2) |1 TPLO) g (@) ks (1,0) = (L )]+ () [k — 20 + s

where m_1(1,a) = 0, while for k=0,1,2,...

yr = 1L, l:(Z) ﬂAlﬂOg} + 1L, |:<Z> ﬂOlﬁA2:| —

~10,, KZ) N A ﬁAz} ~ 1, KZ) no; mog] :

with Y-1=Y-2= 0.

Proof. On the set [v1] N [vz]= lines that hit both v; and ve we define

X = x(g) = the segment cut from g € G by v; and va,

)]g = the lines g € [v1] N [ve] for which x(g) is hit by & lines from realization Z,
1 X ’ (Z,g) = a usual indictor function defined in the (Z, g)-space, g € [v1] N [va].
2
The function
1(Z,9) = I[Ul]ﬂ[vz](g)l<x> (Z.9)
k

we integrate first with respect to dg and then with respect to probability distribution
P of Z. By interchange of the integration order

/dP /Ik(Z,g) dg = / P <’]§> dg.
. J [v1]N[v2]

Both v; being vertical, as ¢ tends to 0 we have xy = [+ O(g?). Therefore (see around

(3-4))

(5.5) /[ul]m[m] P (’é) dg = P (Z) ? + o(e).

X

On the other hand, the set [v1] N [va] N <k

> C G belongs to the ring 7{P;}, where

we take
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{P;} = {q;} U{p:} with {¢q;} = the four endpoints of v; and vy and {p;} = points
where the lines from Z hit vy, v2, 71 or o2. Therefore the integral [ I;(Z, g) dg can

be decomposed according to (2.2). So we need the combinatorial coefficients u;; and

ug; for the set [v1] N [ve] N <)]§> . As explained in Section 2 above, these coefficients

*

have purely combinatorial nature; they have been put down in [4], pages 262-267 in

the section "Averaging a combinatorial decomposition"of Chapter 10.

For instance for the 2-sets {P;, P;} that belong to the closure of v (or o) we have
u;; = 0if at least one point from {P;, P;} belongs to the interior of v (or o) and
uiy = —1I 5 (Z,~) if {P;, P;} are the two endpoints of v (the same for o).

k
Also, for the 2-sets {P;, P;} that belong to the closure of dy (or d2) we have

/
ij

(0 0 if at least one point from {P;, P;} belongs to the interior of dy (or d2) and

dq
k

ug; =1 ) (Z,dv) if {P;, P;} are the two endpoints of dq (the same for ds).
Thus the joint contribution of the mentioned 2-sets after averaging (i.e. after integration

with respect to P) happens to be, compare with (5.1)
VI2+e2P (‘2) + V2P Gj) —IP (Z) P (Z) =

dpi (1 20k (1
[llpk(l,a) + pkc(l/ @) + l*18 p{;o(é?’ a)} e2 + o(e?)

Due to (5.5), after dividing by 2 and calculating the limit we get the left-hand side

of the equation (5.4). The sum of the remaining members is responsible for the right-
hand side of (5.4). A detailed derivation contained in [4], pages 262-267 leads to (5.5).
We note that the Euclidean motions invariance of P assumed in [4] automatically

guarantees "orderly"behavior of P in the sense of (3.4) and yields

pr(l, @)
oo

The proof is complete. O

= 0.

We remark that an alternative proof of Lemma 5.2 can be found in complete detail

in [9]. Tt uses representations of the events (C]il), (]Z), (Z) and <C§€2> as unions

U1 U2

of the events of the type ko ki

and an analysis in the style of the proof of

Lemma 5.1.
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~

The similar results for k:) in case instead of vertical windows we use horizontal h;

and ho are as follows. If Z € D1, then
dpr(lo) o 4 YUR 7\| _ gl gl
—a Cme P ) P ) =A@ I Dy ) )]
(5.6)
If Z € D2, then with hy and hy as on Fig. 1

Ppe(l,a) . Y Uhy Uhs YU U hg ~
P =m0 e (050) -2 (09) <2 (7)) -

(5.6) Spn(c) {Hhh (k 7 2) — 210, (k 7 1) + (Z)] .

By summation, (5.4) implies 2 p1 (o) = A+ A”; hence (5.4) can be called a decomposition
of W.Blaschke’s relation (3.6).

6. FACTORIZATION MODELS

The product events (Z) N As and (Z) N A1 N As that appear in Lemmas 3.4
suggest the question: what happens in the simplest case, where on these events the

probabilities II,, and II,, factorize?

Definition 6.1. We say that Z € D2 satisfying conditions of Lemma 5.2 belongs
to Acute-Obtuse Independence class (or is an AOI model) on (any) test line go of

()nor] () 0w

> va (Al) va <A2)a

direction « if for every segment v C go

I, KZ) mAQ} =TI, (Z) ,(A), T,

T, (Z) NA;NAy| = I,

o)
S

N
o T

H’U’U |:(’]Z> N Ol n 02 - H’U’U

> 2

) M (O1) Ty (O3),

1 (Z) NAINOz| = Il ) Iy (A1)l (Os),

Vs A R
=2 o

va (z) N Ol OAQ = va ) va(Ol)va(A2)-

All Poisson Z € D2 and their mixtures are in fact AOI models. Given stationary
marked point process {z;,1;} on a test line go (see Section 3), to each x; we apply
the transformation ¥; — m — 1¥; or keep 1; intact, according to independent tosses of

a coin. In case the limit of {x;,1);}4, as d — 0o happens to be a line process Z € Da,
29



R. V. AMBARTZUMIAN

then the letter will necessarily be an AOT model. Unsolved problem: can this approach
produce AOI models beyond the class of Poisson mixtures, see [15]7

A model Z €AOI is Symmetrical if always

10, (A) =

N~ N

va(Al) = H’U’U(A2> ) va(Ol) = HUU(OQ) =5

In the Symmetrical AOT case (5.2) writes

apk(la Oé)
1 AN At ()
(6.1 ha) _,
while (5.4) reduces to
Opi (1, a 0%l
62 20D TGy 0) reate) - ).
It turns out that if additionally, the model Z is directionally stable at «, i.e. if
?pi(l, )
(63) W =0 for k =, 1,2, ceny
then the probabilities pi (I, o) and 7 (I, o) satisfy the equations system
Opi (1, a
Ol0) 9 pu() frioa(t ) — mall, o).
The additional condition
?pr(1,
64)  pe(l,a) = m(l,) and % =0, k=0,1,2,.., [€(0,00)

then implies Poissonity of the probabilities pg (I, o) (with parameter A(«)l, see (3.6)).
Another model that implies Poissonity of the probabilities py (I, &) was considered in
[9]; it is defined by the factorization assumptions F1,F2 and F3 as below based on

above formulae for horizontal windows.

By a remarkable interplay of signs, (4.9) and (5.2) yield

(6.5) I, ((Z) N A) 10, (@) N 0) - )\(1”)Ehl<2) cot 1,

where I stands for the indicator function of the corresponding event (dependence on
Z suppressed). By (4.10) and a similar signs interplay, for the quantities yj in Lemma

4 we get,

(6:6) = Sl Bint (] ) ot cot v
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k

E,l (Z) cottp = 1Ty, (Z) Ej, cot ).

Assumption F1: cot ¢ and I¢ as in (4.9), for C = (7> are I -uncorrelated, i.e.

We have
Ej cot ¢ = (\(@)) ™! /COS Dfilo)dy = (M) "'\ (@)
with ) («) denoting the first derivative in «. By (5.6)

ol () (] =5

so F1 implies the differential equation

apk(l,Oé) apk‘(lva)
O ol

By standard method of characteristics, its general solution has the form

=t (M) "'V (a)

(67) pk(lva) = Qk()‘(a)l)v

where gx(+) is some function of one argument.

Assumption F2: the random variables cot ¢y cot o and I (Z) as in (4.10) are IIj-

uncorrelated, i.e.

Enl (Z) cot )y cot thg = Iy (Z) Epp cot iy cot 1s.

Due to (5.7) and (4.10), this brings (5.4) to the form

Opk (1, @) +82pk(l, «) ?pr(l, )
ol oo ol

By a direct substitution of (6.7) and (3.6) we get, that under F1 and F2

l = 2p1(a) [mp_1(l, @)= (1, )] + 12 Ejp, cot 1 cot 1hs.

(6.8) (A+X") g +1[(N)* =A% Epp cot by cot o] gl = (A+A") [me_1(l,a) =i (1, )]
Assumption F3:
Epp, cot ¢y cot by = Ep, cot 11 Ej cot 2 = [N (a)*[A ()] 2.
Under F3 the equation (6.8) transforms to
(6.9) @, = 1l @) = mi (1, ).

This infinite system of equations is easily solved if we assume (6.4)(which in [9] was
called sufficient mizing condition). Under (6.4), the solution of (6.9) satisfying natural

initial conditions ¢o(0) = 1 and ¢x(0) = 0 for k£ > 0 yields Poisson probabilities with
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unit parameter g (t) = %k, e~t. We summarize: if the three factorization properties F1,
F2 and F3 are valid for any direction o and length t, then the property of sufficient
mizing (6.4) implies that py(t,a) are Poisson probabilities with parameter A(a)t.

7. A MODEL-FREE RESULT

We start with definition of the quantities C'(a) and S(a) posing in the theorem that
follows. We put

C(Oé) = II,, [Al n 02] + 1L, [01 n AQ} — 1L, [Al n A2] — 1L, [01 N 02] s

and express C(a) as a double integral over (0,7) x (0,7). We identify the direction
¢1 with the angle ¥; and direction ¢ with the angle 15, assuming that the angle
11 is measured from « (= direction of v) in the clockwise direction while the angle
1o 18 measured from « in the anticlockwise direction. Under this convention for both

i=1,2 we get (see Fig. 2)
e} =(0.3) and {4 €0} =(5.m).
This yields

Cla) = / / p2(¢1, d2) cospy cos e dpy deps.
o Jo
As for S(a), we put S(a) = Spn(a), see (3.3), i.e.

S(a) = / / p2(¢1,¢2) Sin’(/Jl Sinwg dgbl d(bg
0o Jo
If we additionally assume rotation invariance, then S = S(«), C = C(a), p1 = p1(«),
A = A(a) are constants and by (3.6) 2p; = A, where A is the intensity of hits on

test lines of any direction. By 7 we denote the angle between the directions ¢; and

b2

Theorem 7.1. For every orderly-(3.4) line process Z € D2 that satisfies the smoothness

condition (5.1) we have
925 (a)
0a?

If Z € D2 happens to be rotation invariant then S(a) = S and C(a) = C are

(7.1) 4p1(a)A(a) = 2S5(a) + - 2C(a).

constants:

(7.2) S = / p2(T) (m —7) cosTdr + / pa2(T) sinTdr,
0 0
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(7.3) C = / p2(7) (m — 1) cosTdr — / p2(7) sinTdr,
0 0
and the product of the constant values A = A(a) and X\ = A(«) equals

2
. A= — o
(7.4) A w)\Q

Proof. For every line process Z € D2 the second moment

Zkak(l,a)

can be found by integration in the space G x G:

(75) > Kpell,a) = /[]/[] p2(¢1, d2) dgrdge + Na)l= S(a)l® + Ma)l,

where [7] = {g € G : g hits v} while A(«)! is the contribution of the diagonal set
{91 = g2}. We have the identities

ZkQ[ﬁk_l(l,oz)— Z k1, @) +Z7rkloz = 2A(a)l + 1,
k=0 =1 k=0
and
Zk Yk — 2Yk—1 + Yp—2| = 2 Z =
k=0
1L, [Al ﬂAg}—‘rva [01 ﬂOQ] — 1L, [AlﬂO} [Ol QAQ]:

= 2(Sy) ' C(w),

From (7.5) we get

Ma 025 («a 19% Ma
25(04)—1— (l)-‘r 5652)—1—7 aa(z):

224 9 A (@)1 4 1] + 2C(a).
Because of the identity (3.6) the above is equivalent to (7.1).
The Case of Rotation Invariant Z. In that case (7.1) reduces to
(7.6) S=AA+C.

For rotation-invariant Z the calculation of S and C can be reduced to one-dimensional

integration, for in that case
p2(¢17¢2) = pQ(T)ﬂ
where 7 > 0 is the angle between directions ¢1 and ¢o. The calculation for S runs as

follows.
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We consider two cases ¥ = 1 + 7 or ¥y = 1 — T, SO
S =5 + 9,

where

™ T—1
Si= [ sinvdy [ sin(w ) palr)dr = Su + S,
0 0

™ P
Sy :/ sinwdw/ sin(yp — 7) po(7)dT = Sa1 — Soa,
0 0

where in turn

™ T—1) T T—T
S = / sin2¢d¢/ cosT po(T)dr = / cos 7 pa(7) dr/ sin? ¢ dip,
0 0 0 0
T =1 ™ T—T
S1o = / sin ¢ coswdw/ sinT po(7)dr = / sin 7 po(7) dT/ sin) cos di,
0 0 0 0

T (] T ™
So1 = / sin2wdw/ cosT po(T)dr = / cos 7 pa(T) dT/ sin? ¢ dp,
0 0 0

T

T P T T
Soo = / sin cos v dip / sint po(7)dr = / sin 7 po(7) dr / sint cos di.
0 0 0 T

The interior integrals are easily calculated, so we get

us _ : 2
Sy = Sy = / pa(7) cosT {W T sin T] .
o 2 4

S = / p2(7) sin® 7 dr,
0

1

Sop = — 7/ p2(7) sin® 7 dr.
2 Jo

Since S = S11 + S12 + So1 — Sao, we get

S = / p2(T) cosT |:7T—T +
0

which is equivalent to (7.2).

[N

sin 27

} dr + / pa(T) sin® 7 dr,
0

Similarly, the term C' writes as

C =0 + Oy,
where .
C, = / COS?WW/ cos(v + 7) po(T) dT = C11 — Cha,
0 0
™ P
Cy = / coswdw/ cos(tp — 1) po(7)dr = Co1 + Caa.
0 0
We have

T T—1 T T—T
Ch :/ cos2¢d¢/ cos T po(T) dT :/ cos 7 pa(7) dT/ cos? 1 dp,
0 0 0 0
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i T T T—T
Ci2 = / sin ¥ coswdw/ sinT po(7)dr = / sin 7 pa(T )dT/ sin) cos v dip,
0

Ca 7/ coS ¢d¢/ cos T po(T / cos T pa(T dT/ cos? 1) dp,
JO T
Coy = / sin 1) cosz/;dz/;/ sin T po(T / sinT po(T dT/ sin cos vy di.
0 T
We find
U _ - 2
Cy1 = Cy = / po(7) cosT [71' T  sin 7-} ir,
0 2 4
1 [ .
Cip = = / pa(7) sin® 7 dr,
2 Jo

1 T
Cyg = — = / p2(T) sin® 7 dr,
2 Jo

and since C' = C11; — Ci2 + Co1 + Cso, finally
s L 2 s
C = / p2(7) cosT |:7T—T - me T] dr — / pa(7) sin® 7 dr,
0 0

which is equivalent to (7.3).

The last assertion of the theorem 7.1 follows from
T 2
(7.7) AM =85 -C = 2/ p2(T) sinTdr = — Ag,
0 s

where Ag is the intensity of the vertex process {@;}. The proof of the theorem 7.1 is
complete.

Let us consider the random vertex process {Q;} we discussed in Section 3. We define
a vertex shape as an ordered pair (¢1, ¢2) of planar directions to the two lines from
Z that meet at a vertex Q;. Given some direction «, with the typical vertex in {Q;}
we associate two random variables

s(a) = sin(a, ¢1) sin(a, 92) and c(a) = cos(av, ¢1) COS(Q,%)a

sin T sinT
where the angles we measure in a way to have (a, ¢1) = ¢1 and (a, ¢2) = 1, see

above, while 7 is the angle between directions ¢; and ¢3. The following Corollary

follows directly from (3.6) and the Theorem 7.1 just proved.

Corollary 7.1. The conditional intensity A(«) depends on the translational shape of
the typical vertex in {Q;}. In fact for every line process Z € D2 that satisfies the

conditions of the above theorem

AQ 92
m Eq s(a) + WEQ s(a) — Egc(a)
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PARALLEL X-RAY TOMOGRAPHY OF CONVEX DOMAINS AS
A SEARCH PROBLEM IN TWO DIMENSIONS

R. V. AMBARTZUMIAN
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Abstract. In 1961, at A.M.S. Symposium on Convexity, P.C. Hammer proposed
the following problem: how many X-ray pictures of a convex planar domain D must
be taken to permit its exact reconstruction? Richard Gardner writes in his funda-
mental 2006 book [4] that X-rays in four different directions would do the job. The
present paper points at the possibility that in certain asymptotical sense X-rays in
only three different directions can be enough for approximate reconstruction of
centrally symmetric convex domains. The accuracy of reconstruction would tend
to become perfect in the limit, as the directions of the three X-rays change, all three
converging to some given direction. The analysis leading to that conclusion is based
on two lemmas of Section 1 and Pleijel type identity for parallel X -rays derived in
Sections 2 and 3. These tools together supply a system of two differential equations
with respect to two unknown functions that describe the two branches of the domain
boundary D. The system is easily resolved. The solution intended to provide a complete
tomography reconstruction of D, happens however to depend on a two dimensional
parameter, whose "real value'"remains unknown. So tomography reconstruction of D
becomes possible if a satisfactory approximation to that unknown “real value” can be
found. In the last section a test procedure for the individual candidates for “appro-
ximate real value” of the parameter is described. A uniqueness theorem concerning

tomography of circular discs is proved.

MSC2010 numbers: 52A22; 53C65; 60D05;

Keywords: X-ray; tomography; convex planar domain; reconstruction.

1. TWO LEMMAS

In the present paper, D denotes the class of bounded convex domains D with
continuously differentiable boundary 0D that possesses no linear segments. The space
C of planar directions we identify with (0,27) converted to a circle, and let o € €
be a reference direction. In € we consider the usual angular coordinate € € (0, 2m)
assuming that € is measured clockwise from direction a (¢ = 0 coincides with direction
).
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Let X. be the axis of direction € that contains the origin O in the plane. For each
direction € € € we consider the right system of Cartesian coordinates (z.,y.) with
z-axis coinciding with X.. We will use both notation: X, = Xj.
By [D], we denote the space of chords of D € D that are perpendicular to the
direction a. The point v € X, where the linear continuation of the chord x € [D],
hits X, we call the base of x € [D],. We denote

Xu = the chord from [D,] whose base is u € X,, |x.| = the length of x,,

Pa = (open) perpendicular projection of D on X, (the range of ).

Xm = the longest chord in [D,],

upr = the base of xar, unyr € Xa,

L = the left part of p, separated by uys,

R = the right part of p, separated by wup;.

Lemma 1.1. For any D € D and any choice of ., the longest chord x s is unique in
[D]a, while the length function |x.| is strictly monotone increasing on L and strictly

monotone decreasing on R.

A satisfactory proof of Lemma 1.1 can be obtained easily by considering the graphs
of the continuous functions ¢1(u) and ¢2(u) each defined in the interior of py:

t;(u) = tan of the angle between o and the lines tangent to the boundary 0D at
the upper (i = 2) or lower (i = 1) endpoints of x(u). The two graphs can have only
one intersection point, whose projection on X, happens to be uy,.
Without loss of generality, we assume that the convex domain D lies totally in the
half-plane y, > 0, i.e. in the left half-plane bounded by X,. Thus we can speak about
upper and lower endpoint of x,, for every u € p,. Elevation of a chord x € [D], is
defined to be the y,-value of the lower endpoint of x.
By Lemma 1.1, the following two "elevation functions"are well defined on the interval
(0, M):

UL (l) = elevation of the chord x, that satisfies |x,| =1 and u € L,

Ugr(l) = the same for u € R.

Lemma 1.2. For every D € D the identity

d [
Ur(l) = Ug(l) = @ J, po(T) dT
is valid for every I € (0, M), where po(7) is the distance between two chords from
[Dy] of common length 7.
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The remaining part of the section contains a proof of Lemma 1.2.
Let f(T') be a sufficiently smooth function defined for T > 0 which vanishes identically

in some neighborhood of T' = 0. We consider the integral
(1) 10 = [ S = [ ) de
e DPe

where

pe = the perpendicular projection of D on X,

dx. = the Lebesgue measure on X, (equivalently, on [D].)),

T(xe) := |x| = the length of the chord x € [D]. whose base is z. € X..
The purpose is to calculate the first derivative of J(g) at ¢ = 0.
For given ¢ let us consider the map that sends X, into Xo:

re > u, u€ X, with Jacobian d—i; = COSE,

where u denotes the point where the line perpendicular to € and containing x. hits
Xo. To change the integration variable in (1.1) from z. to u we write

T.(u) = the length of the chord x € [D]. whose base z. € X, maps into u € Xy,
in particular

To(u) = the length of the chord [D]y whose base is u € X, [D]p = [D]a.
For every € from sufficiently small neighborhood of direction 0 the assumption as

regards f(u) allows to replace p. in (1.1) by py C X, therefore for ¢ — 0
(1.2) J(e) = coss/ f(Te(u))du = / F(Te(uw)) du + o(e?)
Po Po
(for simplicity we write du instead of dzo). In (1.2) the integration domain does not
depend on €, so the derivative of J(¢) at ¢ = 0 happens to be

oy 9= [ HDD,

Let g-(u) be the axis perpendicular to direction e that contains u € pg. In the
Cartesian system that correspond to € = 0, the coordinates of the two (i = 1,2)

points where g.(u) meets 0D let be
ro; = Toi(g, 1),  Yoi = Yoile,u), and
r; = r;(u,e) = the distance from u to (zoi, yoi), r2 > 1 > 0.

By T-(u) = ro(u,e) — r1(u,&) we have
dTg(u) - d(?“Q —7“1) - 67'2 dl‘og 67”1 dl‘l

de de " dxgy de dxgr de
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We note that fore =0 and i = 1,2
Ori(u,0)  0Y;(u) dxo; (0, u)
dro  du de

= Yi(u),
where by definition
Yi(u) = r1(u,0) and Ya(u) = r2(u,0).

It is important, that the graphs of the functions Yj (u) and Y3 (u), both defined on pg
and satisfying Y7 (u) < Y2(u), represent the two branches of 0D that project on py.
Now (1.3) takes the form

(1.4 L0 = [P @)W du,
where oy .
W) = vau) T2y ) T

A standard § - formalism permits to calculate the integral in (1.4) if for some 7 > 0

we choose
(1.5) f(z) = h-(2) where h,(2) = 0for z <7, and h,;(z) = 0 otherwise,
in which case hl(z) = d,(z). For that choice

J(e) = pa(7) = the distance between x; and xa2,

where x; and x2 are the two parallel chords of D, both of length 7 and perpendicular

to direction €. We have

(1.6) Spalr) = [ :(Ty(w) W) du
Therefore
/ 3 (To(w)) W(u)du = /L5T(T0(U))W(U)du+/RCST(TO(U))W(U)dU =
M dur(T) 0 dup(T)
A (T W) S ar + [ oy W) i ar,

where for T'> 0
ur(T) = the point from L for which Ty(ur(T)) = T,
ur(T) = the point from R for which To(ug(T)) = T.

Thus

(L7) t/MMWWMMzWWM)

Po

From (1.4) we find

in(UL(T)> duL(T) _ dUiL(T>
du dr dr ’
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dYi(ugr(r)) dup(r) _ dUir(7)
du dr dr ’

where ¢ = 1,2 while
(18) UiL(T) = K(UL(T)) and UZ'R(T) = }/Z(UR(T))

Taken together with (1.6) this implies

d%pa(T) = |:U2L(T) dUZLT(T) — Uip(7) CZU;LT(T)} _
(19) [ antr) 2280 ) 2220)),

We integrate (1.9) in d7 from 0 to some T > 0. Using formulae like

T Uzr(T)

dUsp (T 1

/ Uar(7) 73( )dT = / ydy = §U22L(T)a
0 T 0

we get
T a
2 [ Zoulryar = UR(T) = UR(T) = URn(T) + Ue().
On the other hand
Uar,(T) = Uin(T) + T, Usr(T) = Uhr(T) + T,
yielding
T d
2/ Igpa(T) dr = [U(T) + T)]* = Ui (T) = [Uir(T) + T)? + Uig(T) =
0
LT T — Wi p(T)T = 2T [U1n(T) — Ura(T)),
or finally
(1.10) Ui(T) - U (T)—l/Td (7)d
. L w(M) =7 | JPa(T)dr.

which coincides with the assertion of the Lemma 1.2.

2. TOTALLY DISINTEGRATED PLEIJEL IDENTITY

We will be considering subsets of the space

G = the space of lines in the plane, the lines g € G carry no orientation. We prefer
to use the "translational" (¢, t) parametrization of lines g € G:

¢ — direction of g, ¢ € (0,7) converted to a circle and

t = signed distance of the line ¢g from the origin ( ¢ € (—00,00) can be identified

with a translation of g in the direction perpendicular to ¢ ). In G there exists unique
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(up to a constant factor) measure dg invariant with respect to the Euclidean motions.

In the (¢, t) parametrization
(2.1) dg = dodt,

where d¢ is the uniform measure in the space of planar directions (identified as usual
with the Lebesgue measure on the interval (0,7)), dt is the Lebesgue measure on
(—00, 00).

Let D be a strictly convez bounded domain in the plane IR? with piecewise-smooth
boundary dD. From now on

[D] = the space of linear chords of D, [D] C G,

g € [D] = a linear chord of D,

dg = restriction of the measure (2.1) to [D].

X = length of the chord g: x = x(g9) = |g|) (notation preferred in [1] and [2]).
Clearly the linear chords g € [D] inherit the (¢,t) parametrization from lines in G.
We also denote

[D]* = the space of oriented linear chords of D,

v = an element of [D]x, we can speak about the start endpoint of v on 9D,

[v], [9] = the set of chords that hit v or g (so [v],[g] C [D]),

[v]*, [g]* = the set of oriented chords that hit v or g (i.e. [V]*, [g]* C [D]*).

The identity (2.2) below essentially presents the combinatorial solution of the Buffon—
Sylvester problem for n needles (see [1] and [2], pages 107-109).
We set

V1, ...,Vn = a sequence of elements of [D]*, we assume that n > 1,
I,,(v) = 1if v is hit by m chords from the collection v, ..., v, otherwise I,,,(v) = 0

(we say that v hits a chord ¢ if v contains exactly one point {rom the interior of g).
n
A=\l c D]
1

and choose some chord go € [D]. In the space [D] we consider the delta—measure dg
concentrated on gg. Assuming that no three endpoints of the chords vy, ..., v, lie on

a line and that gy avoids all these endpoints, the “four indicator formula” yields
(2.2) 200(A) = 2> Lno1(v) So([vi)) + D Tn2(di) So([di]) — D Tn—a(si) do([si]).
i=1

Here each d; or s; is a segment joining a pair of endpoints of two different chords, say
v, and v; from the collection v, ..., v,. By definition

d; if v and v; lie in different half-planes with respect to continuation of d;,
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s; if v and v lie in one half-plane with respect to continuation of s;.

On the space ([D]*)™ of sequences vy, ..., ,, we consider the product measure
duvy...dvy,

where each measure dv; (a measure on [D]x) locally coincides with dg (a measure on
[D)).
We integrate (2.2) over ([D]x)™ with respect to that product measure. First

n

(2.3) 2/..‘/50(,4) dvy...dv, = 2]‘[/[90]* dv; = 2 (4x0)",

where xo = |go| is the length of the chord go. Using symmetry we find

2/.../21}1(Vi)50([yi])dul...dyn = 2n/[g0}* dul/.../In,l(ul)dyg...dun =

(2.4) :4n/[ ](4x)”_1dg.

In the next integral calculation we use the expression of dv in the coordinates
[ = the start endpoint of v, [ € D,
1 = the angle between v and the line tangent to 0D at [, that is

dg = siny dy dl,

where dl is the length measure on 0D. We find (a similar calculation is contained in

[1] as well as in [2], page 155)
/ (S Laca() bo([d]) — 3 Lca(s) ol(s)] .y =

_ Sn(n—1) UL /L+/L /L} (4x)""2 cos By cos By dly dly =

(2.5) = —4n(n—1) /[ ](4)()"_1 cot 31 cot By dy,
g0

where in the second line

X = the length of linear chord between l; and ls (the chord Iy, 15),

L1, Ly = the parts of 9D separated by the endpoints of go,

dl; = length measures on L;, i = 1,2,

b1, B2 = the angles between the chord [y, 1 and 0D at its endpoints /; and I3, both
taken to lie within 0D, in the same half-plane with respect to (continuation of) Iy, ls.

In the third line of (2.5) we used the Jacobian relation (see [2], page 50)

g = Smbusmbz 0
X
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Putting together (2.3), (2.4) and (2.5), after deleting the common factor 4™ we obtain
what we now call the totally disintegrated Pleijel identity

1
(2.6) X0 = n / X"tdg — =n(n—-1) / X" cot By cot B dyg.
2 Jigol 2 [90]

This identity was used for derivation of “disintegrated iso-perimetric inequality” in
[3], in the context of point X-ray theory; as for parallel X-rays, they require one more

integration.

3. INTEGRATION OVER A BUNDLE OF PARALLEL CHORDS

Given a planar direction « € (0, ), we consider the following subset of [D]:

[D], = the family of parallel chords of D that have direction perpendicular to a.
The chords from [D], are parameterized solely by the translational parameter ¢
already mentioned above. For simplicity we suppress the explicit mentioning of «
in the notation:

dt = one dimensional Lebesgue measure on [D],,

g+ = the chord from [D], that corresponds to ¢,

= the length of ¢;.
We put down (2.6) for a chord g; € [D]u:

n

1
B x)"=3 / X""tdg — =n(n—1) / X"~ " cot By cot Bz dg.
2 [9¢] 2 [9¢]

This being an identity valid for every ¢, we integrate it by the measure dt. First we

mention that for any g € [D] integration of the indicator function Ijg,1(g) yields
/ Iiy,1(g) dt = x sinag,
[Dla

where o/za is the angle between the direction « and the direction ¢ of the chord g,

while x = |g|. Hence by an interchange of integration order, for any function f(g)
defined on [D] we get
[, ] sods= [ swdo [ ma = [ s smasds
[D]a [g¢] la [D]
Therefore integrating (3.1) yields
(3.2)
— -1 —~
(xe)"dt = n / X" sina¢ dg — n(nf) / X" cot 81 cot B sinag dg.
Dl 2 Jip) 2 Jio
By (1.1) the identity (3.2) can be written as
n [T . —~ n
(3.3) [t =75 [ smavdo [ -
[Dla 0 [Dlg
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n(n —1)

- / sin@ﬁ do / (xt)™ cot By cot B dt.
2 Jo D]

Clearly the relation (3.3) has a specific form
Z(a) = / 2(¢) sinag do,
0

where Z(a) and z(¢$) are some functions defined on (0, 7). From the last equation

z(¢) can be found in terms of Z(a) (see [2], pages 30-31): in operator notation,

2(¢) = A{Z(a)},

the operator A being
Atz = 3 [260) + 520,
2 d¢?
with the second derivative of Z(«a)) defined on the basis of the (0,7) model of the
space of planar directions. In the case (3.3) we have

Z(a) = /[D] (xe)" dt

a

n n n(n —1) n
0 =5 [ owra =T

If the boundary 0D is sufficiently smooth, then the operator A is well defined: a

and

sufficient condition is that the tangent direction should change continuously along

0D, and this property we will assume below. So we get

d2
(xe)" dt + 7/ (x¢)"dt =
/[D]dp d¢? Jipy,

n /{;DM (xe)"dt — n(n—1) / (xe)" cot B cot By dt.

[Dlg
Thus for every integer n > 1 and every direction « (to replace ¢) we come to what

we call the Pleijel type identity for parallel X -rays

1 d?
x¢)" dt — 7—/ X)) dt = n/ x¢)" cot By cot Bs dt.
/[D]a (xe) n—1 da? [D]a () D] Oxe) ! 2

For sufficiently broad class of functions f(z) it implies
2

d
(34) / f(Xt) dt — ﬁ / F(Xt) dt = / fl(Xt) Xt cot 51 cot 52 dt,
[Dla a” JIDla [Dla

where

F(z) = :U/O J:EZ) du.
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The identity (3.4) remains valid for certain "generalized functions"as well. First we
choose the function f(u) in (3.4) to be

(3.5) fu) = hp(u),
where for some T' > 0

hr(u) =0 if w<T, and hr(u) =1 if u>T.
Then by standard formalism

f'(u) = 07(u) = the usual delta-function concentrated on T

and
* hy(u) du ¥ du

F(z) = x/ﬂ 2 IhT(I)/T pex

ie.
Fla) = = ;ThT(a:).
Hence in case of (3.5) the identity (3.4) takes the form
(3.6)
1 d?
/ hr(x:)dt — T W/ (x¢t = T)hp(xe) dt = / o1 (x¢t) x¢ cot By cot Bs dt.
[D]a a” JIDla [Dla

We consider the functions
pa(T) = the distance between the two parallel chords from [D],, both of length T,
H,(T) = the area of the part of D between the two parallel chords of length T as

above minus the rectangular area T p, (T'). We call H, (T) the “area function”. Clearly

/ hr(xt)dt = po(T) and (x¢t — T)hr(xs)dt = Hy(T),
[Dla [D]a

s0 (3.6) rewrites as

(3.7) pa(T)

1 d?
— TEHQ(T) = /[D]a or(xt) Xt cot By cot B2 dt.

With this Pleijel-type identity we work in the next section.

4. THE DIFFERENTIAL EQUATIONS

After writing the right-hand side of (3.7) as

/ 52(Ix]) [x| cot By cot Badt + / 52(1x]) x| cot By cot B dt,
L R
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where L and R are as in Lemma 1 above, in each of the two integrals we make an
integration variable change, choosing the chord length |x| to replace t. So by the usual
d -formalism (compare with (1.7))

/[ 52(1x1) x| cot By cot By du —

e

L) duL(T) (R) duR(T)
dT 2 ar

where ur,(T) and ugr(T) are as in Section 1, while the angles ﬁfL),ﬂgR), i=1,2,

(4.1) T cot ﬁ%L) cot /)’é — T cot ﬁ%R) cot 8

correspond to the (unique) chord of length T based in L or R correspondingly.
Preparing the definition below, we make a convention that the vertices of the angles
BEL) and Bi(R), i = 1,2, lie on the graph of the corresponding function Y;(u). While
Y1 (u) and Ya(u) are the two branches of D defined in Section 1, we use the standard
writing

dY;(ur(T))

du

Another additional convention is that both ﬁg) and ﬁéR) lie to the left of the

Yi(u))

dy; .
= the value of Tu at the point u = ur(T)

corresponding chord of length T'.

Definition 4.1. Fori = 1,2 we define the functions s;(u) by the relations
dY;(ur(T)) dY;i(ur(T))

(B — s (ur(T
T and cot f3; si(ur(T)) du

cot 17 = s;(ur (T))
and put
o(u) = s1(u) sa(u).
The standard geometrical interpretation of a derivative implies

o(u) attains only values +1 or —1.

From the definition of the class D we conclude that for values of u sufficiently close

to the ends of the corresponding p, necessarily
o(u) = —1.

The jumps of o(u) occur exactly at two points u; and us uniquely determined by the

equations
du
(this corresponds to the idea of exactly two lines of direction « tangent to D € D).

=0, i=12

So the following lemma is valid.
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Lemma 4.1. For any D € D and any direction «, the function o(u) attains the
value +1 within the interval (uy,us) C po and the value —1 in the interior of the

remaining part of pq .
Writing as appropriate
urp, = ur(T) and wugr = ur(T),

as well as for every T € (0, M)

v, = 7dY1(uL) and VUpr = le(uR),
du du
we put (4.1) as
1 d?
pa(T) - TEHQ(T) -
dYs(ur) dur(T) dYs(ugr) dug(T)
Tv — TV .
o) T =4 = g — o TR = = =
We also have additional equations valid for every T' € (0, M):
dYg(uL) - dT()(uL) deg(uR) - dTo(uR)
@42 g Tt g wd e = e
that follow from Y3(u) = Y7(u) + Tp(u). This reduces the previous equation to
1 d2 duL(T) 2 dTo(uL)
43) pal) = e Ha(0) = otun) 7 ) o g, BT
d’LLR(T) 2 d’LLR(T) dTo(’uR)
olur) T —0r— |V —gp— + Ve —y,

Our purpose is to find U, and ¥ . This will be possible if to (4.3) we add an additional
equation for ¥y, and ¥g. We turn to the equation (1.10) and differentiate:

1 (T a
?/o dEpa(T)dT‘|.

Since U1.(T) = Yi(uy) identically (compare with (1.8)), we find
dUyp(T)  dYi(ur) dur, v dur,
ar  du AT " dT
This relation remains valid if we replace L by R. Thus the additional equation happens

to be

(4.4) diTUlL(T) = diTUlR(THQ(T) with Q(T) = diT

duL duR duR
4. VU, — = U¥p—— T Uy, = ¥p—— T
(4.5) Lp rR—m + Q) or ¥ RduLJrQ()

Substitution of (4.5) into (4.3) yields the following lemma.
48

ar
duL'



PARALLEL X-RAY TOMOGRAPHY OF CONVEX DOMAINS ...

Lemma 4.2. Given D € D, for T € (0, M) the function

dY;
1(ur) — U,
du
satisfies the quadratic equation
(4.6) AV% + BUg + C =0,

with coefficients

o duR 2 duL(T) duR(T)
A= O'(UL)T |:duL:| T — O'(UR)T dT 5
d
B = o(uy) T2 [2Q(T) + 1] — o(ur) T,
dur,
dr 1 d?
_ 2 = _ _
C = o(ur) TQ(T) das {pa(T) Tda2Ha(T) ,
where p
u
ur, = ur(T), ur = ur(T), ﬁ
have been defined as functions of T. After Uy is found from (4.6), we can find
le(UL) . dup drT
du = ¥nr dug, +Q(T) duy’
where
d |1 [Td
QT) = aT T/o dgpa(T)dT]-

5. THE PROBLEM OF TOMOGRAPHIC RECONSTRUCTION OF D

In mathematical tomography [4] the function T, (u) = Tp(u) is called an X-ray of D
perpendicular to the direction . The quantities that can be calculated on the basis
of a given X-ray T, (u) for some single direction « can be called single ray. Thus the
functions

(5.1)

wp(T), u(T), dur(T) dup(T) dur dT(ur) dT(ug)

ar ’ dl °  dup’ du du '
that appear in the expressions for A, B,C in Lemma 4 are single ray. On the other

pa(T), Hu(T)

hand, the functions
2

da?

found in the same expressions are not single ray. From the presence of the directional

(5.2) Q(T) and H.(T)

derivative in the expression for Q(T), we conclude that two X-rays Ty (u) in directions
close to a would be enough for approximate evaluation of that quantity. That evaluation

would tend to become exact in the limit, as the directions of the two X-rays change,
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both converging to direction «. By the presence of the second directional derivative,
evaluation of the second quantity in (5.2) would require knowledge of Ty (u) for three
values ¢ close enough to . This evaluation too is of the asymptotically exact nature,
similar to the mentioned property of the evaluation of Q(7T'). These remarks suggest
an approach to tomographic reconstruction of D € D postulating that the quantities
in (5.1) and (5.2) are "known". However, beyond (5.1)—(5.2) there are discontinuous

quantities
(5.3) vi(T) = o(ur) and vi(T) = o(ug)

on which A, B,C depend. There is another discontinuous function S(T) that also
attain only values +1 and —1: it appears in the expression for ¥ found from (2.8)
as

_ —B+5(T)VB? — 4AC

(54) \IJR(AaBan‘S(T)) 24

What about them?
By Lemma 4.1, both v (T) and vg(T) can have exactly 1 jump in the interval (0, M)
(for smaller values of T both equal —1). As for S(7T'), this function may have jumps
only at values of T', for which the square root in (5.4) vanishes. This essentially reduces
the problem to finding the jump locations for vz (T') and vr(T).
The class of functions v(T') defined on the interval (0, M) that attain only values
—1 (for smaller values of T') and 1 and possess exactly one points of discontinuity
we identify with the interval (0, M). The space of pairs [v1(T),v2(T)] we identify
with the square (0, M) x (0,M). Lemma 4.2 offers an algorithm of search within
(0, M) x (0, M), that would permit to find, basing on the quantities (5.1)—(5.2) the
pair [vL(T),vg(T)] that approximates

(), pr(T)] = the element from (0, M) x (0,M) that really corresponds to
D € D under study.
Given a pair [vr(T),vr(T)], we choose an S(T') according to the above remark and
calculate Ug(A, B,C,S(T)) as in (5.4). By Lemma 4.2, and (4.2) we obtain both

functions
dYi(u) dYs(u)
7 and du
and with them the two functions Y7 (u) and Ya(u) (each determined up to a shift

perpendicular to direction «). In this way we obtain a map

(5.5) wi(T),vr(T)] = [Yi(u), Ya(u)].
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It is clear, that if [v(T),vr(T)] = [wr(T), ur(T)], then Y;(u) would become the
lower and Y3(u) the upper branch of 9D.
The map (5.5) can be used in a search for a satisfactory approximation for oo (u), So(T').
Here some continuous functional F defined in the space of pairs [Y7(u), Ya(u)] can
help:

F[Y1(u), Ya(u)] should play the role of distance from the pair [Y7(u), Ya(u)] to
the set D,

FYi(u), Yo(u)] = 0if Y7 and Ys are the upper and lower branches of boundary
of some D € D.
The search for [vr(T),vr(T)] approximating [ur,(T), ur(T)] based on some concrete
F can be as follows. It is necessary to choose some (sufficiently small) ¢ > 0 and
have a source of test candidate pairs [v1(T'), vr(T)]. The candidates can be supplied
say, by Monte Carlo method as random points in (0, M) x (0, M), or come from
some lattice in that square. Given a candidate pair, Y;(u) and Y3(u) are calculated
on the basis of (3.1)-(3.2); if F[Y1(u), Ya(u)] > &, then [vL(T),vr(T)] is rejected,
otherwise it is accepted as an approximation for [ur(T), ug(T)]. The convex hull
of the figure obtained by appropriately shifted graphs of Y;(u) and Ya(u) is then
accepted as an (approximate) reconstruction of D. This would yield asymptotically
exact reconstruction of D € D by means of three parallel X-rays.
Now we give an example where complete tomographic reconstruction of a D € D can
be done without described search procedure.

Let for some direction «, some r > 0 and every u € (—r,r)
(5.6) To(u) = 2y/r? — u?,

and the directional derivatives at « let be identical zero, i.e. for every T € (0, 2r)
d2
5.7 T) =0 d —H.T) =0
(5.7) Q) =0 and 5 H,(T)
Of course, in case of D = a circular disc D of radius r with abscissa of the center at
u = 0 we have those values, but is the contrary assertion valid?

Without difficulty we get
Ui (T) = Uyr(T), which is the same as Yy (ur) = Yi(ugr),

duR - _1 duL(T) - T dUR(T) _ T
du, dr  2p(T) dar 2p(T)’
so the functions in Lemma 3 are found to be
T2

A= [o(ur) + o(ur)], B = -T|o(ur) + o(ur)], C = —p(T),
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implying
B? — 4AC = 2T?*[1 + o(ur) o(ug) + o(ur) + o(ur)] = 2T?c,

where ¢ can attain only values 0 or 4. To keep Vr(A, B,C, S(T)) continuous and by

Lemma 3, we necessarily have to assume that ¢ = 0. Hence

—B T U

Integrating this ¥ we get familiar expressions for Y7 and Y, that correspond to a

circular disc of radius r. We conclude that the following uniqueness result holds:

Theorem 5.1. Let for some D € D the X -ray for some direction « be given by (5.6).

If for the same « holds (5.7), then necessarily D is a circular disc of radius r.
To end the paper, we point at a corollary, probably of interest in convexity theory.

Corollary 5.1. For every D € D the discriminant B®> — 4 AC is continuous and
nonnegative; at the discontinuity points of So(T) necessarily B> — 4 AC = 0.
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Aunortauns. [1PUBOAUTCS 0GLUMIA CNOCOG MOCTPOEHUS MHOTOMEPHbLIX MapTUH-
ranos. MonyyeHHble pe3ynbTaTbl NO3BOMAIT PACLUMPUTL 061aCTb MPUNOKEHUS
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KnioueBble cnoBa: MapTuHrasbl, FMG6COBCKME CyyaiiHble Mofs, paHAoMM3aLVS,
rnpeaenbHble TEOPEMbI.

1. BeepgeHue

MapTUHra/bHbIA METOA SIBSIETCA O4HUM U3 CaMbIX BOCTPe60BaHHbIX B TeOpUK CIy-
YaliHbIX MPOLLECCOB, 0COBEHHO B BOMPOCAX CXOAUMOCTM NOC/1e40BaTeIbHOCTEN Cyyaii-
HbIX BE/IMYMH 1 B Npefe/bHbIX TeopeMax A5 CYMM CNy4aiHbIX cnaraeMbix (CM., Ha-
npunep, [1] - [4]). B To e Bpemsi, AaHHbIA METOA, NPEKPACHO 3apeKOoMeHA0BaBLUNI
cebs B 0JHOMEPHbIX 3afayax, B MPUMEHEHUN K MHOTOMEPHBLIM crcTeMaM (cry4aliHble
noss) NoKa eLle He CTOMb NPOAYKTUBEH.

CTtaHaapTHOe 06bSICHEHNE COCTOUT B TOM, YTO 06bIYHOE OnpeaesieHne MapTyHrana
CYLLIECTBEHHEMLLMM 06pa30M OMMpaeTCsl Ha CBOMCTBO aGCO/MHOTHOM YMOPSA0HEHHOCTY
NpsiMOiA, TOrA4a Kak MPOCTPaHCTBEHHbIE CTPYKTYpPbl 3TVM CBOMCTBOM He 06/1afatoT.
Mo aToli NpuyKnHe, HanpyYMep, OAWH 13 OCHOBHbIX CNIOCOO0B MOCTPOEHNS OAHOMEPHbIX
MapTVHTa/10B KaK CyMMbI C/TydaliHbIX BEMMYMH, LIEHTPMPOBaHHbIX YCOBHbLIMM MaTe-
MaTWNYECKMW OXXMAAHUSIMU, B NMPUMEHEHWUN K CMyYaiHbIM MOJISIM MPUBOAUT K BECbMa

NCKYCCTBEHHbIM KOHCTPYKLIMAM, MOJS1E3HOCTb KOTOPbIX HE COBCEM O4YeBMAHA.
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OTcloga Acno, YTo A1 UCNOAb30BaHUS MapTUNIa/ibIlOro MeTo4a B MNOroMepriom
clyyae NPUHUMNMANBHO BaXXHO UMETb Takoe OrfpefenieHVe MapTuUHrana, B paMkax
KOTOPOro BO3MOXHO MOCTPOEHME AOCTATOMHO MHTEPECHbIX KIAcCOB ClyYaiHbIX 06b-
eKTOB, 06N1a4aroLLMX MapTUHIa/IbHbIM CBOVCTBOM.

B pa6oTtax [5, 6] NpuBeaeHbl BeCbMa LUMPOKME KACChl CAIyYaiHbIX NONeN, y KOTo-
PbIX CyMMbI KOMMOHEHT MO BO3pacTatoLyM MHOXECTBaM 06pa3ytoT MapTuHran (map-
TUHran-pasHOCTHbIe CnydaiHble Mons). OAHUM U3 TaKMX KIaccoB SIBMSIETCA Kacce
CyYaiHbIX Mosneii ¢ CUMMETPUYHBIM (ha30BbIM MPOCTPAHCTBOM M YETHbIMU M/I0T-
HOCTAMMW. BaXXHbIM SIBMISIETCA TO, YTO faHHbI KpUTepuii MapTUHIa/lbHOCTU BrIOMHE
NPWIOKMM K TMB6COBCKUM CyYaHbIM NOSISIM: rMO66COBCKME CyYaiiHble Mons ¢ CUM-
METPUYHBIM MPOCTPAHCTBOM CMMHOB M YeTHLIM NOTEHLMANIOM ABASKOTCA MapTUHIasl-
pasHOCTAMMU.

B nocnegHee Bpems BOMPOCbI, OTHOCALLMECH K NpefenbHbIM Teopemam AN1si MHO-
rOMepHbIX MapTWUHrasioB, NPUB/EKAIOT Bce 60MbLUee BHUMaHWe (CM., Hanpumep, [5]
- [13]). OT™MeTMM, YTO AN OAHOPOAHBLIX MAaPTUHIa/-Pa3HOCTHbBIX CAyYalHbIX Mosel
LieHTpanbHas MpegenbHas Teopema (LIMT) BepHa Npy MUHUMAaSIbHBIX YCIOBUSX: CY-
LLIECTBOBaHWE BTOPOr0 MOMEHTa M 3proguyHocTb (cm. [7]). Mpu Tex ke ycnoBusix
BepHa 1 (hyHKLUMOHaNbHasA npegenbHaa Teopema (cm. [8]). UTo kacaetcsa LIMAT agns
rM66COBCKUX CyYaHbIX Nofel, To, MOCKONbKY B 06/1aCTV e4MHCTBEHHOCTM 3TW NONs
3proAnyHbI, TO B 3TOM 0611acTV ANst MapTUHTa/1-Pa3HOCTHBIX FTMB6COBCKMX CrTyHaHbIX
nosiein acCMATOTUYECKAs HOPMalbHOCTb MMEET MecTo. IbkuM 06pa3om, NpUMeHeHVe
MapTUHIra/IbHOro MeToAa NO3BOJISIET C HOBOV TOUKM 3PeHUst paccMaTpuBaThb BOMPOCh,
CBsi3aHHble o chepoii npunoxeHns LIMT K rm66COBCKUM CriyYaiHbIM MOMSM.

B HacTosLLeli paboTe NOCPeACTBOM MeToAa paHAoMM3aLMn CyLLECTBEHHO 0600LLa-
eTCA KpUTEPUIA MapTUHIa/IbHOCTU, NPEA/IOKEHHbIN B paboTe [5], YTO NO3BONSET 3Ha-
YNTENbHO PacLUMPUTL 06/1aCTb CrpPaBeAIMBOCTY NpeaenbHbIX Teopem (LT, dyHKUn-

OHas/IbHas 1 NoKasibHas npeje/bHble TeOpeMbl) A5 TM66COBCKMX CyYaiHbIX MOMeN.

2. MPEABAPNTEJIbHbLIE CBEAEHUA

Cnyuyaiinble nons. Myctb Zd, d > 1 — uenouncneHHas pewetka m X C K1 —

KOHeYHoe MHoxecTBo, \X\ < o0o0.



CnyuaiiHbIM nosieM, 3agaHHbIM Ha Zd, ¢ ha30BbIM NPOCTPAHCTBOM X, Oyaem Ha-
3bIBaTb COBOKYMHOCTb ) = ( , e Zd) cnyyaiHbIX BeNMUYMH, KaxKaasa U3 KOTOpbIX
NPUHMMAET 3HayeHe B X.

Ona S C bn o6o3Haumm yepe3 Xs = {(xt,i 6 S)} MHOXXECTBO KOHMIrypaumii Ha
S. Ana S = 0 npegnonaraetcs, 4to Xa = {0}. Ana mobbix S,T C Zd, Takux,
yto S T = 0 n NMObbIX KOHPUIypauun X 6 Xs ny € 0603Ha4YMM 4epes Xy
KOHKaTeHaLuo X 1Y, T.e. TaKyl0 KOH(urypaumio Ha 5 T, KoTopas coBnafaet ¢ X
Ha ucyHal.Ana CTI,xe Xr,o0603Hau/M Yepe3 XS CyXXeHWe KOHUrypaumm
XHa 5.

MycTb 3 Z —cT-anrebpa, NOpoXKAeHHAA LNINHAPUYECKMU NOAMHOXecTBaMmM X b*. Pac-
npegeneHvemM ciyyariHoro nons (ft) HasbiBaeTCs BEPOATHOCTHas Mepa P Ha (X r*,
Takasl, 4To

Pr{(&,*er*) e} = P(B), Ben.
Ona Bcex C Zd o6o3Haumm uvepes W () = {V C5, |V| < 00) MHOXeCTBO BCeX
KOHeYHbIX nogmHoxecTB S. Mpn S = Zd 6ygeM mcnonb3oBaTb 60/1ee NPOcToe 060-
3HayeHne W. B cooTBeTCTBUM C Teopemoli KonimoropoBsa, 3agaHve pacnpegeneHns P
Cy4aiiHOro Nos 3KBUBAIEHTHO 3aaHMI0 corlacoBaHHol cuctembl {iV, V 6 W} Ko-
HEeUYHOMEpPHbIX pacnpesenieHnii cyyYaHoro rnons, T.e. TaKOM CUCTEMbI, YTO ANS BCEX
ICV, I,V 6W

Pv{xm) = P {x), xeX1l,
uexw
rge

Pv (zi,....,X|v]) = Pr{fti = Xi,...,£ty| =X|V|[}.
CnyyaiiHoe none (Et) Ha3bIBaeTCA NOOXUTENBHBIM, ec/iv Ans noboro V e W pac-
npeaeneHvie BepossTHocTeld Py (x) > 0 ansi Bcex X 6 X v, 1 Ha3bIBAaeTCS OAHOPOAHbIM,
ecm ans Bcex V. .g W un a € Zd BbINOMHAETCA paBeHCTBO

P{b =xt,teV) =Pitt+* =xt,teV), xt6X, teV.

OpHopopgHoe cnyyaiiHoe none (ft) HasbIBaeTCA 3progMyecKnm, ecniv ans scex 1°NJ16 W

MMEET MeCTO COOTHOLLEHNE

lim ™"Ty P ({ft = ®t.teV}In{6+fc = «.,eeA}) =
mee 1M



=?fe =i.,ter)PK <=ul,eeA)l

rge In- Ky6 co cTopoHoii n, axt,u, € X, €V, ae Jl.
Lna cnydaiiHoro nons (ft) v moboro V 6 W YCNOBHON BepOSATHOCTLIO QY (X),
X6 XV € rpaHuyHbIMM ycrnoBusamn £ € X zi’V HasblBaeTCs CrieaytoLLmii npeaen
P$uv | xttCVf —x,,3ev)

(2.1) x)=1iT
pv {f. =

KOTOpbI CyLLIECTBYET NoYTu Betogy- Cnegys JobpyLumHy (cMm. [14,15]), COBOKYNHOCTb
Q= jgy,® e Xzd\v,V € w j 6yaeM HasbiBaTb YC/IOBHbIM pacrpeaesieHeM cryyaii-
Horo nonsa (ft). Mogcuctemy = {??£fe e Zd| ycnoBHOro pacnpege-
neHust Q cnyyaiiHoro nons GyeM HasbIBaTb €ro 0HOTOUEYHbIM YC/I0BHLIM pacnpee-
neHveM (cMm. [16]). MN3BecTHO (cM. [17]), UTO cny4aiiHble NOAS C KOHEYHbIM (ha30BbIM
NPOCTPaHCTBOM UMEIOT MO KpaiiHeli Mepe OfiHY BEPCUIO YC/IOBHOMO pacrpeseneHns Q,
AN Kotoporo npegensi (2.1) cywecTBytoT ans Beex £ 6 Xz*\v, V e W. Janee nog
YCMOBHbIM pacrnpefesieHneM CyyaiiHoro nonst Mbl 6yeM MOHUMAaTb UMEHHO TaKyto
COBOKYMHOCTb npefenos (2.1).

MycTtb (ft) — cnyyaiiHoe none n Sy = tia(\)/ £ti V e W. lMNycTb gns gaHHOro nosns

li DSV a, 0 < a < 00, rge Vh — d-mepHbIin Ky6 co cTopoHoin , = 1.2...

n—g)]o_ fl ~
CkaxkeM, 4TO Ana cnydaiiHoro nons (ft) cnpasegnunea LIMT, ecnn

»wxe  V

limP (-—y- *fSv- <gd = -i= e~vi/2u, x e Rl

( \/yDSv~ ? i
Mpegnonoxum, Yto Sy MPUHMMAET LIeNIOYMCTIEHHbIe 3HaUeHWs, 1 NycTb j € Z. Cka-
Xem, uTo Ansa cnyyanHoro nons (ft) cnpasegnvea JlokanbHas MpefenbHas Teopema
(TNT), ecrn

stijp npun  —¥00.

MapTUHran-pasHoCcTHble clyyaiiHble nons. CnyvaiiHoe none (ft) HasbiBaeTcst

MapTUHIa/1-PasHOCTHBIM CNyYaiiHbIM nonem (cMm. [5]), ecnm ans Beex 6 b

M |ft] < oo n M (ft/fe,B6 Zd\ { }) = 0 (n.H.).
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3pecb M (ft/?*,a € Zd\ {*}) —ycnoBHOe MaTeMaTUYECKOe OXXMAaHNe  OTMOCUTENb-
HO CT-anrebpbl, NMOPOXAEHHOW C/lyYaHbIMW BennunHamu £,, s 6 Zd\{t}, € Zd.
MapTuHran-pasHocTHbIe crlyvaliHble NOAS UHTEPECHbI TeM, YTO CYyMMbIl UX KOMMO-
HeHT Sv 06pa3yoT MapTUHran 0THOCUTENbHO /060 BO3pacTaroLLEe MocesoBaTe lb-
HOCTW KOHEYHbIX MHOXECTB pelueTkn Zd, a LIMT ana Takmx nonei nveeT MecTo npu

MUHUMaJIbHBIX ycrioBusix ([7J).

Teopema 2.1. MycTb (&) — OAHOPOAHOE 3ProAMuecKoe MapTWHran-pasHoCTHOe

cnyyaitHoe none, Takoe, YTo M£Ejj > 0. Torga anst 3Toro nonsa cnpasegimea LIMT.

Fnb6CcoBCKME cnyyaliHble Nons. B ocHoBe onpefeneHns rMbBCoBCKUX Crlyyait-

HbIX HOMEN 06bIYHO NEXUT NOHATUE NoTeHuMana. COBOKYMHOCTb (PYHKLMIA
d= {dv(x),xexv,Ve 1y},
YO0B/IETBOPSIOLLIMX YC/IOBMIO

sup | ()] < oo,
jew-.j~axexJ
Ha3bIBaeTCa MOTeHUMaIoM B3ammogelicTBua. Ana kaxgoro V. € W un x 6 Xr<i\v
onpeaesiM NOTEHUUa/IbHYHO 3HEPT IO
Us(x)= Y1 Djujixjxj).
jev-.j~a Jew(zd\v)

PaccMOTPUM COBOKYMHOCTL KOHEYHOMEPHbIX PacrpeaeneHmnii BeposiTHOCTel cregy-

toLLEero Buaa
0?/ - exP{-[/v xeXv xe Xr*v Ve W
N £ e>{<p[{- ('u')%r)}’ 6 6 ’

KoTopas HasblBaeTCs rM66COBCKON cneuudmKkaumen (cm. [14, 16]).

CornacHo do6pywimnHy ([15]), rmb66CoBCKUM ClyYaiiHbIM MoeM, OTBEYAIOLMM Mo-
TeHumany @, Ha3bIBaeTCs C/lyyaliHoe Mose, MMEHOLLIEe BEPCUO YC/IOBHOMO pacrpesere-
HMS, MOYTU BCIOAY COBMajatoLLy0 C rmb6COBCKON creummKalmeld, NOCTPOEHHOM Mo
3TOMY MOTeHUMany.

MpuBeaem ycroBMS Ha MOTEHLMA, NPU KOTOPbIX COOTBETCTBYHOLLEE MMBGCOBCKOE

cny4aliHoe nose SABNSIETCA MapTUHIa/1-pasHOCTHbIM (M. [5]).
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Teopema 2.2. lMycTb (ft) — rmb6CoBCKOE CyvaliHOe Moe C CUMMETPUYHBIM OT-

HOCUTeNbHO HyNs (DAa30BbIM MPOCTPAHCTBOM X, OTBevatoLee noTeHuuany ®. Ecim

d—4eTHbIN NOTeHuWan, T.e.
Pv (fitXut e V) = v (* ,*6 V), Vew,
ansiBeex 9t € {1, —1}, Torga rnb6coBckoe cyyaiiHoe none (&) siBNseTCcsa MapTUHran-

PasHOCTHbIM.

MpesenbHbIe TEOPEMbI 47151 TMGBCOBCKUX CyYaliHbIX MOJEN UTPatoT BaXKHEMLLYIO Posib
B CTaTUCTUYECKOW (IM3MKe, 1 3TON NpobiemMaTnke MOCBSILLEHO 6OMbLLOE KOMMYECTBO
paboT (cm., Hanpumep, ([18]-[22]). CnepyeT 0TMETUTb, UTO NpW AoKasaTenscTae LIMT
4151 TM6GCOBCKIX CTy4aiiHbIX MOMei, MOMMMO TPeboBaHKS MasloCTU HOPMbI MOTEHLMA-
Na, KaK Nnpasunsio, HaKIafbIBaloTCS OMpefeneHHbIe YC0BUSA U HA CKOPOCTb YObIBaHMUS
Koppenauuyi. OfHaKko B TOM Cy4ae, Korga rmb6CcoBCKOoe CyyaiiHoe nosie sIBAsieTcs
MapTUHra-pasHOCTHbIM, B 3TOM HET HeobXoAMMOCTU — ANs cnpasegmsocT LIMT
[0CTaTO4YHO, UTOObI AaHHOE Nosie 061a4a0 3pProguyecKumM CBOMCTBOM. MpuBedem co-

OTBETCTBYHOLLIEE YTBePXKAeHWE, ABNAOLLIEeC CNeAcTBMeM Teopem 2.1 1 2.2.

Cnegcteue 2.1. MNycTb ® —yeTHbI NOTEHUMAN, Takoi, YT0 COOTBETCTBYHLLEe
rmé6coBckoe cryyaiHoe none (&) ABNAeTCA OAHOPOAHBIM, 3proguyeckum n Mf* > Q.

Torga pna pjaHHoro nons cnpasegivsa LMT.

B paboTe [20] Ana rmb6COBCKMX CyYaiiHbIX Manei, COOTBETCTBYHOLLMX NOTEHLMA-
laM C KOHEUHbIM paamycom AecTBMSA, NokasaHo, uTo JIMT cneayeT m3 LIMT. Takum

06pa3oM, MMeeT MeCTO W CredytoLmni (haKT.

CneactBue 2.2. MNycTb ® —ueTHbIV NOTEHUMAN ¢ KOHEYHbIM PaAnycoMm aeicTBuYS,
Takoii, 4TO COOTBETCTBYIOLLEE NMB6COBCKOE CnydaitHoe none () ABNSETCS OfHO-

pPOAHBLIM, 3PrOAVNYECKUM U > 0. Torga gna gaHHoro nonsa cnpasegnuea JIMT.

B pganbHeliLeM Hamm Takxke GyeT UCMo/b30BaThCs BBEAeHHOe B paboTe [16] onpe-
JeneHvie TM66COBCKOrO CyyaiiHoro Mosisi, He MCMosb3yHoLLee MOHATUE MoTeHUpana:
cnyuaiiHoe none (&) ¢ pacnpeaeneHneM P HasbIBaeTCst FTMBGCOBCKMM, EC/IM OHO MOJ10-

XXUTENIbHO U 151 K&XA0ro X € X CYLUECTBYET CTPOro MOMOXKUTE bHbIN paBHOMEPHbIT
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NPUHUWM PAHOOMUIALINM B MOCTPOEHNN MHOITOMEPHbIX MAPTUHIAIOB

nox € npegen

4t vrv\{t} Py (iv)

CoBOKYMNHOCTb = jgf,x 6 6 Zd| Ha3bIBaeTCA 04HOTOYEHHOM KaHOHU-
YeCKOW crieummnKaLme.
CnegytoLasn TeopemMa penpeseHTaumm NoKasbIBaeT 3KBUBa/IEHTHOCTb MNPYBELEHHbIX

onpegeneHnin rmbbcoBcKoro cyyaHoro Homs.

Teopema 2.3. Ecim P —ru66COBCKOE CydaiiHoe nose, TO OfHOTOYeUHas KaHOHU-
yeckasl creuuuKaums gonyckaeT rMOGCOBCKOE MpeAcTaB/ieHVe C MOMOLLBIO PaBHO-
MEPHO CXOAsLLerocs noTeHumana. O6paTHO, ecn ciydaliHoe nosne MMeeT BEpCUIo
YCMIOBHOMO pacrnpeaeneHuns, KoTopoe AonyckaeT rMGGCOBCKOE MpeAcTasieHue ¢ pas-

HOMEPHO CXOAALLMMCS NOTeHUManom, To none P — rnb6coBckoe.

3. PAHAOMU3ALINA CNYYAWHBIX MOMEN

PaHpgomunzaumsa. lMNyctb X, Y ¢ R1— KoHeuHble MHOXecTBa U V e V. TycTb
ipv : Yv — XV — HeKOTOpoe CHOPbEKTUBHOE 0TOBpaxkeHue 1 ipyl(r) — npoobpas
x € XV npu oTobpaxkeHU ipy.

O60o3Haumm 4vepe3 Ry = {Ry'X\x e Xv}  COBOKYMHOCTb pacnpeaeneHunii Bepo-

ATHOCTel Ha Y v, TaKMX, YTO 418 KaX[oro x 6 X v

RvV'X(Y) >0. Y6 WI1(x) " RV X¥=0. YI VWi(X)m

Takyto COBOKYMHOCTb Ry pacnpefeneHnii BeposiTHOCTel byfeM HasbiBaTb paHAOMU-
3aumeit Ha Y V. B ganbHedwem gna Ry n Ry'X Takxe 6yayT ucnonb3oBaTbes 060-
3HayeHNa Ry 1 Ry COOTBETCTBEHHO.

MycTb Py — HEKOTOpOe pacnpeaeneHmne BeposTHOCTel Ha Y v . HeTpyaHo npose-

PUTb, UTO (hYHKLWUS

(3.1) IV (*= £ AT (»), 16 XV,
VeVI(*)



ABNSAETCS pacripeaesieHneM BeposTHOCTel Ha X v. PaccMoTpuM o6paTHyto 3agady —
HaxXoyeHVe TaKoro pacnpefeneHns BeposiTHocTel Pv Ha Y v, KOTopoe npu 3afaH-
HbIX pacnpefeneHnn BeposTHocTel Pv Ha XV 1 0ToBpakeHWW ipy yAOBMeTBOPSieT

COOTHOLLEHMIO (3.1). VMeeT MecTo criefytoLas fnemMma.

Jlemma 3.1. MycTb Pv —HeKOTOPOE pacnpefenieHne BeposiTHOCTeN Ha X v U Ry
—HeKoToOopasa paHaomu3auma Ha Y v. Toraa qyHKuma
(3.2) Pr ) = _E Rv (y)Pv N, Y6 VYv,
lexv

ABNAET CA pacrpesesieHnem BepossTHOCTe Ha Y v, YA0B/IE TBOPSIOLLMM MPU KadK40M
Xe Xv cooTHoweHno (3.1).

O6paTHO, ecnm HekoTopas yHKuua PV (y), y 6 YV npu ka>kaom X e X v ygo-
BNeTBOPSeT COOTHOLWeHWO (3.1), Torda cywecTsyeT paHgommsauma Ry Ha Yv,

Takas, uTo
PyrM= Y. Av(»)*vm, y 6yv>
zZexv
npuyem
- ASIVAN AN N ’ *
Rb W v () / v VWI().

0, y wyx(i).

JokazaTenbcTBO. Jlerko ybeantbcs, 4To hyHKUms Py (y), y e Y v, onpegensiemas
COOTHOLLEHVEM (3.2), eCTb pacnpeaeneHne BeposiTHocTeld. MokaxkeM, uTto Py (y) yao-

BNeTBOPSET (3.1). AelicTBUTENBHO, ANA KaXKA0ro X e X V' 1MMeeM

E A'(ly)= £ E R'v(y)Pv(z)= E JVM E [OWNv)=
yetvy*) *exv Xexv vevv'i*)

=iV(s) E U(y) =Pv(x).
y6<RA(s)

MycTb Tenepb Py (y), y 6 YV — HekoTopasi PyHKLUMSI, YAOBETBOPSIOLLAS COOT-

HoLueHmto (3.1). Torga ansa X 6 X v MOXKeM HanucaTb

vevyl®)



MPNHUMM PAHOOMWU3ALKMN B MOCTPOEH MHOIOMEPHbIX MAPTUHIA/IOB

fAanee, nonoxum LW, (y) = Py (y) ( £ Py(y)) npuy 6 Yyl(x) n L, (y) = O
\WEVv>y11X) )
npuy wyl(X). Torga

Pv(y) =Pv (*)Rx (y) = Pr*)Wr(y), yb6Yv.

*exv

Jlemma 3.1 gokasaHa. O

B panbHeiilieM 6yaeM 1cnonb3oBaTh 0TOGPaKeHUe <ps WY s —»X s creuyaibHOro
BUfA, KOTOPOE MNPy 33[jaHHOM OTOGPaKEHUN P : Y —»X onpeaensieTcsl CreayoLym

o6pasom:
#5(y)=< (i, 6 )= (<), 65),
y=(ytte )eY5,5c Zd

VIMeeT MecTo criefytoLLiee CBOMCTBO paHA0MU3aLMIA.

JNlemma 3.2. MycTb gna Bcex 6 V 3agaHa paHgommsaumns Rt = {LL,x 6 JZ1} Ha

M NycThb
33) v) = I_I q?7" (%)
tev

Y= (yti*€Y)E€ Yv,a= (ajtt€yY) € Torpa coBo?cynkocTb Ay = {J1yi* €

SIBNISIETCS paHAOMU3aLmMein Ha Y v .

[JokasaTenscTso. [JelicTBUTENbHO, A5 BCeX X € X v umeem LU (y) > 0,y 6 Yv u

E E M *? (».)= E <m(»,)- E
UEWV irer v.,v,6Y
[Janee, nockonbky ansa Bcex xt e X un f e Zd, (yt) > Onpuyt 6 ™ 1(xt) n
N?*(jle) = Onpnyt ip 1(@t), tognaecexxs X v, A LWI1(Vt) > 0npuy £ ipZl(X)
iev

n tIETIV > ™ =0npn Y1l vv1(n)- O

PaHpommsaumio Rt = {i?f,a £ X} Ha YW, i € Zd 6ygem Ha3blBaTb paBHOMEPHOM,

ecnn ans Beex X € X

(34)
0, yE<p-i {x).
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CoBokywutocTb R = {Rute Zd} paHgomusauuin JT* na Y<>6yaem HasblBaTb 04-

HOPOAHOW, ecnn ansa Becex € Zd
a?2(v) = g*(v). Xe x,y e Y.

AccounnpoBaHHble cnydaiiHble nons. Cnpaeevea CrefytoLLasi Teopema.

Teopema 3.1. INycTb 3agaHo cnydanHoe none (&) ¢ hasoBbIM NPOCTPAHCTBOM X,
MHO>KeCTBO Y, OTobpadkeHne P : Y X 1 COBOKYMHOCTb paHfoMusaumii R =
{Rt,t € Zd}. Torga cywiecTByeT cnyyaliHoe none (tjt) ¢ hasoBbIM NPOCTPAHCTBOM

Y, Takoe, 4TO Ana Bcex V € W
p( =xt,teV) =P (ip(r}t) = xt,t 6 V), xte X,t e v
KoHeuHOMepHble pacrnpefeneHns BeposiTHOCTEN cnyyaiHoro nonsa (L) MMeT BUA

P(rH = vt,teV) = I[ AFbl (vt)-P(b = <Avt),teV), yte,
tev

WK, YTO 3KBUBANIEHTHO,
P(vt = vt,te V)= M a? " (y«)--P(5* =" ,ie V), ytev 1(xt),
tev
Xt X, €V.

[JokasaTenscTBo. MycTb {Py, V' 6 W} —COBOKYNHOCTb KOHEYHOMEPHbIX pacnpese-

NeHwiA cnyyariHoro nonst (). Ansa Bcex V e W 0603Haumm

*MNy)= IK"(*>-

)= LK (
Y= (vt,teV)e Yv, X= (it,t 6 V) € Xv. B cootBeTcTBUM C NleMMoii 3.2, COBO-
KynHocTb Rv = {Ry,x 6 X v} sIBNSeTCA MHOXXECTBOM paHAommzaumii Ha Y v. Ans
Kaxgoro V £ W onpegennm pyHKLMIO
PvXv)= £ AOWNIIW *), yertv,

*6XV

KoTopasi, B cuiy fieMMbl 3.1, ABNSETCA pacnpefeneHem BeposTHOCTen Ha Y v . IMokat

YKEM, UTO COBOKYMHOCTb KOHEYHOMEPHbIX pacnpefeneHnii BeposTHocTel | Py, V 6 Wi
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cornacoBaHa no Konmoroposy. C yueTom corfiacoBaHHocT {Pv, V e W}, MoXeMm Ha-

nmcaTtb

Pv (yw) = RV" (M) Pv (in) =

n eyv\ vveyy\> xex' vexv\

E E Pv(m E I'IU_I,(\/t) =

xex' nexwv\' wey ! tev\l

E Liy) Ex\lfvv(xu) Em6yLI#,\/iH = EXeI;I(_,[l(v)Pi(x): Pl (y).

Xex
CnepioBatesnibHO, B cU/ly  TeopeMbl Ko/MOroposa,CyLLeCTBYeT c/ydyaliHoe none (),
ans kotoporo jfV,V 6 W1 sBNsieTcA COBOKYMHOCTHIO KOHEUHOMEPHBIX pacrpefe-
NEeHNIA BePOATHOCTEN, NpuyeM 415 BCeX X € X v
P(Vt = Vi,teV)=Pv(y)= £ Ryy)Pv(x)= £ R¥ (v)P(ti=Xt,t€V),

Xexv Xexv

yeYv.Torgagnay 6 dyl(x)

p(*=vtiteV)=RI(y)P( =Xt.teV)=11 a? (Mep (6 =St,t6 V)
tev

[Janee, B cuny Jlemmbl 3.1, Anda scex V e W MOXeM HanvcaTb

P(Et=*t,ie V)= £ p(rt=ytt6V), iexV.

C fopyroii CTOpOHBI, 4151 Nto6oro r e 1MeeM
£ Pwt=vtt€V)=P (b eipl(xt),t 6V)=P{ip(rk)=xt,t 6V).
vevvy*)

CrieoBaTe/ibHO, 4171 BCEX X 6
P(& = xt,t 6 ¥) =P(<pbl = xt,t 6 V).

Teopema 3.1 fokasaHa. O

CnyvaiiHoe none (rjt) Ha30BeM accoLUMMPOBaHHbIM CO C/yYaiHbIM nosem (&) (no-
CpeaCcTBOM OTOBPaXXeHUs1 P Y COBOKYMHOCTW paHAoMu3aumin R).
B panbHeiLemM Ham NoHagobuTcs (opmyna CBA3M YCMOBHbIX O4HOTOYEUHbIX pac-

npeaeneHnii 3a]aHHoOro 1 acCoLMMPOBAHHOIO C HUAM C/ly4daliHbIX Mosei.
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Teopema 3.2. MycTb = [qf,x 6 Xz*W ,t 6 Zd] - 0fHOTO4YEYHOE YCNOBHOE

epacnpeseneHmre cnyyariHoro nons (ft), un = KIAYE Y2 £ Zdj —opgHoTO-
YeYHOe YC/I0BHOE pacnpefesneHue ciyyaitHoro nons (rjt), accouyMMpoBaHHOMO € Mosem

(ft) nocpeacTBOM 0TO6Pa>KeHUs tp M COBOKYMHOCTM paHAoMusaumii R. Torga

(3.5) QM =ArMVv)«?@M).  VEY,

JokasaTenscTBo. Mcnonb3ya Teopemy 3.1, A Bcex y € Y MOXeM HanvcaTb

. JVu{t)fa=I/;*?. =1/«.3e
ot ~ vrz*\{t} Pv 5= Y*se V)

. Ar¢) (v) mn (y.) sPvum (& =vXy),b = e K)
- VlﬂD _____________ MR? w wPv(f.=r.,aeV)

«ev

=ar® ) <92 (=) |
npuy 6 ¥>zd{t} Q)>r 6 6 Zd. O

OfHOPOAHOCTb M 3PTOANYHOCTb accCOLMMPOBAHHOMO cayYaiiHoro nons. Mpu-
BefieM YC/I0BYSI, MPY KOTOPbIX aCCOLMMPOBaHHOE CydaiiHoe nosne 6yheT 0fHOPOAHBIM

3pProgmnyecKnm nosem.

Teopema 3.3. MycTb (ft) — ogHopogHoe aproguyeckoe cryyaiiHoe mone n (T —
cnyyaiiHoe none, accoummposaHHoe ¢ (ft) mocpescTBOM 0AHOPOAHONM COBOKYMHOCTM
paHgomuzaumii R. Torga accoummpoBaHHOE cryyaiiHoe none (rjt) siBnsieTCA ofHOpPOA-

HbIM 3prognyecknm cnyqaﬁanvl nonem.

[JokasaTenscTBo. MNMokadkeM, UTo (ijt) ABNSETCA OAHOPOAHLIM Cry4YaiiHbIM MOJEM.
Vicnonb3ys pesynbTaTbl TeopeMbl 3.1 1 04HOPOAHOCTL COBOKYMHOCTU paHAoMU3aLuii

R, ana Bcex V ¢ Zdu a 6 Zd moxeM HanmcaTb



roext 6 X, £t €Y, 6 V. [danee, c y4eTOM 3proguyHocTu cnydaiiHoro nons (ft),
ana scex V,Ae\V unmeem

E P%=It*EV} {k=w, s €)=

X %> )P ({ft="2bl *6V} {f=p(to)se/=
= tle'lvnv'bl (y)P(ft = V(yt),*6 V)«er}1 A4*"0 (».)P(f. = \)(n/,),ae N) =
=P(Vt=Vt,t 6 V)P(1), =wBae ),

rge In- Kyb6 co ctopoHolnmnyt, 6Y, €V,s6 /1 |

AccounnpoBaHHble MAPTUHIan-pasHOCTHbIE Cﬂy‘—lal7|HbIe nons. MNpueegem ycno-

BUS, MPW KOTOPbIX acCOLMMPOBaHHOE CyyaliHoe none GyAeT MapTUHIasl-pasHOCTHBIM.

Teopema 3.4. MycTb (ft) —cnyyaliHoe none ¢ ha3oBbIM NPOCTPAHCTBOM X, (rjt)
— cnyyaiiHoe none ¢ (hasoBbIM MPOCTPAHCTBOM Y, accouumpoBaHHoe ¢ nonem (ft)
nocpeacTBOM O0TOOpad>KeHWs Y> U COBOKYMHOCTM paHAoMum3aumii R. Ecnm ansa Bcex

xeX.uteZ*
(3.6) £ ylW(v)=Q
Torga cnydyainHoe none (¥t) ABNSeTCA MapTUHIan-pasHOCT HbIM CyYaliHbIM MOJEM.

[JokasaTenscTBo. Myctb QN 6 £6 Zdj — ogHOTOYe4YHOE YCnoB-
Hoe pacnpefeneHne cnydaiHoro nons (ft). MockonbKy cnydaliHoe nose (T acco-
LIMMPOBaHO CO Cy4aiHbIM nonem (ft), To, B cuny Teopembl 3.2, ero OfHOTOYEUHbIE

YC/NTIOBHbIE BEPOATHOCTU NMEKOT BUL

Q (y) = W (v)9? (*). ye 1{x),xeX,
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B. C. HAXANETAH, /1. A. XAYATPAH

yE<P~\{}(®>re X«W, *e zd. BbluiciMm ycnoBHoe MaTeMaTNUECKOe 0XMaa-

Hve cnydaiiHoro nons (7). Vimeem

M {THv.=y. «ezd\ {*) = E (y) =

ond Bcexy 6 < }(x),Se X**W>, € Zd. CnegosaTenbHo,
WTYT),86 ZA\{t}) = 0.
Teopema 3.4 foKaszaHa. O

B c/lyyae COBOKYMHOCTU paBHOMEPHbIX paHAoMM3aLImniA, ycrioBue (3.6) ynpoLLaeTcs.

Cnegcteue 3.1. MycTb (ft) — cnyyaliHoe none ¢ ha3oBbIM MPOCTPAHCTBOM X,

— cnyyaliHoe none ¢ (pasoBbIM MPOCTPAHCTBOM Y, acCoLMMPOBAHHOE C MOMEM
(ft) mocpeacTBOM OTO6PA>KEHUS iP U COBOKYMHOCTU R paBHOMEPHbIX paHAOMMU3aLMIA.
Ecnu oTobpadkeHne 1 MHOXKECTBO Y TakoBbl, YTO
3.7 N2 y=0, LA BCex X 6 X,

VE¥>-, (x)
Torga cnyyainHoe nane (i/t) SBNSieTCA MapTUHran-pasHOCTHbLIM ClydaiHbIM MOeM.

OTMETMM, UTO COBOKYMHOCTb paBHOMEPHbIX PaHAOMU3aLWIA, onpeaensiemMbIx Mo (3.4),
Y/OB/IETBOPSIET YC/IOBMSIM TeopeMbl 3.3. TakyM 06pasoMm, A4/ acCoLMMPOBaHHbIX Cry-

YalHbIX M0Mel MOXHO chopMyIMpoBaTh crefytoLlee cneacteme ns LT,

Cnegcteue 3.2. TMycTb (ft) — ogHopogHOe 3proamyeckoe ciayyaiHoe none ¢ haso-
BbIM npocTpaHcTBoM X, {nNt) — cnyyaiiHoe none ¢ ba3oBbIM MPOCTpPaHCTBOM Y,
accoummposaHHoe ¢ (ft) nocpeacTBOM 0TO06pa>keHMs ip U COBOKYNHOCTW R paBHO-
MepHbIX paHAOMU3aUmMiA. Ecnim oTobpadkeHVe Y¥> 1 MHOXKeCTBO Y YAO0BeTBOPSAIOT

ycnosuto (3.7), Torga gnsa (©) cnpasegnmea LIMT.

AcCOUMNPOBaHHble TMBEOGCOBCKUE MapTUHIan-pasHOCTHbIe Cry4yaliHble Mo-
N8, MNpUMeHUM NoNyYeHHble PesybTaTbl K TMOGCOBCKUM cy4aliHbIM nonsm. Mpexae
BCEro MoKadkeM, YTO C/lydaiiHoe Mose, acCoLMMPOBAHHOE C FTMBGCOBCKMM CyYaliHbIM

nosiem, Takxe ABNSETCS rmb66COBCKUM.



Teopema 3.6. MycTb (ft) —rnb6CcoBCKOE CAyYaitHoe naste. Torga accoummpoBaHHOe

C HUM cny4aliHoe none (rt) Tak>ke ABNSAeTCS rMOOCOBCKUM C/lyYaliHbIM NOEM.

[JokasaTenscTBO. ycTb P — pacnpegeneHne cnydanHoro nons (ft), KOMNOHEHTbI
KOTOPOro NpMHMMAlOT 3HaYeHUs1 B MHOXecTBe X. Torga, Mo onpeaeneHno rmooeoB-

CKoro cnyqa|7|Horo nons, ero KaHOHM4YeCKMe OAHOTOYEYHbIE YC/10BHbIE BEPOATHOCTU

NMeoT BUf

3.8 i

68) vl pv (xv)

npuuem gf (x) > 0, x € X n cxogumocTb B (3.8) paBHOMepPHa Mo X, X € T.e.

Ansa noboro e > 0 CcyLlecTBYeT JOCTAaTO4HO 60nbLuoe Vo e W, Takoe, 4To
Bex=\(") Pr(iv) <
Ans Bcex V, Takux, yto VoC V.

IMycTb KOMMNOHEHTBI CriyyaiHoro nons (nt), accoummpoaHHoro ¢ (ft) nocpeacTeom
COBOKYMHOCTY paHgomm3aumii R = {Rt, 6 Zd}, npuHMMaOT 3HaYeHNSI B MHOXECTBE
Y. MNokaxkem, 4To (T TakXXe SIBASETCA MMOBOCOBCKUM CNy4YaiHbIM MosieM. MOHATHO,
yT0 ecnm none (ft) — NONOXKUTENbHO, TOr4a U accoLMUPOBaHHOE C HUM ClyYaiHoe

none (rfjt) Takke 6yAeT NOMOXKUTENbHBLIM. [lasniee NOKaxeM, UTO Npeaenbl

ot(y)= vt%’g\{t} Pv (yv) yev.te zd

CXOfATCHA paBHOMEPHO No Yy, y € Y2<\M. Bocnonb3oBasLUMCh TeopeMoli 3.1 1 cooT-

HoLLeHueM (3.5), MOXKeM 3anucaTb
Aw*} (vwv)
sup B
aeyeno & Pv(yv)

aybl (y) A v) Py{3{t} (@a v)

= sup Sup - Ar@) ) +9? (%) R A v) (W) Pv (xv)

= *t)u ° - N
2 (»)e wup rfwW PV>(/XV) <f,

roe X=tf(y), y6 ¥Yn 6 2Zd



MpuBeaeM YC/OBMSI Ha MOTEHLMAS, MPU KOTOPbIX M'MGGCOBCKOE CrydaiiHoe Morie,

oTBeYaroLLee 3TOMY noTeHUMany, 6y,qu MapTUHIas1-pa3HOCTHbLIM.

Teopema 3.6. MycTb rné6CoBCKOe cnyyaiiHoe none (L) ¢ ¢ha3oBbIM NPOCTPAHC TBOM
Y 3agaeTcs noTeHymanom &. MycTb cywecTByeT pasbueHve I MHo>KecTBa Y
(Y=UYYi Yj=0,t j), TaKoe, 4yTO

k=1
(3.9) = k=T"n.

voY*
Ecnn noTeHunan (D NPUHUMAET MOCTOAHHbIE 3HAYEHUA Ha 3NIEMEHT ax pa36|/|eH|/m

M, T.e. gna scex VE€ W
(3.10) ®vu{t} (MW) = (yv), W6 Yk,t € Zd,k = ITn,

Torga rméGCcoBCKoe CnydaliHoe Nnofe ) SIBASIETCA MapTUHIan-pasHoC THBIM Cyyaii-

HbIM MOMIEM.

[JokasaTenscTB0. HeTpyaHO MPOBEpUTL, YTO MPU AaHHbIX YCMI0BUSIX MOTEHLMa/IbHas
3HEPrns MPUYHUMaET MOCTOSIHHbIE 3HAYEHWS Ha 3neMeHTax pasbvieHus I, [eiAcTeu-
TeNbHO, NycTb /e Y* Torga
V)= MUt} (viw) ax(yv) = WPk,
VEWZAED vew{z*\{t})
anaBeex k= 17n,y 6 Y2~*}, t 6 Zd. Janee, Ansa Bcex y 6 Y* MoXKeM Hanucatb

«®Ne 1 = «pK™*} ” )

nv) E ~ o W E exp{[/*(*)} **
*€Y *€Y

Torpa pna Beex j/ 6 Y17~*} t e Zd

M(rh/r,. =v,,sezd{t})= Z y<*x(M=E E va?(y)= E »=o0
vey fc=iy6y» fe=i ycy»

CnepoBatesibHo,
M(rH/ri,,3 ez d\{t}) = Q

Teopema 3.6 foKasaHa. O

HeTpyaHO NpoBepUTb, YTO FMBGCOBCKUE CydaiiHble NoMsi ¢ CUMMETPUYHBLIM OTHO-
CUTENbHO HyASt (ha30BbIM MPOCTPAHCTBOM M YETHbIM MOTEHLMAIOM Y0B/ETBOPSIOT

ycrnoBusM Teopembl 3.6.



Tenepb MOXHO CHOPMY/IMPOBaTh C/EACTBMS M3 TeopeMbl 2.1 Ansi TMOGGCOBCKMX

MapTUHIa/-pa3HOCTHbIX MOsel Npu 6oMee 06LLMX YCIOBUSIX Ha MOTEHLMaN.

CneactBue 3.3. MycTb ( ) — OAHOPOAHOE 3progmyeckoe rmb6O6COBCKOE CiyyaliHoe
nose ¢ hasoBbIM NPOCTPAHCTBOM Y, OTBevarLlee noTeHynany ®, npmyuem Mijg > 0.
Ecnu cywecTByeT pasbueHve N mHo>KecTBa Y, YA0BNeTBOPSOLLEE YCoBuio (3.9),
a noTeHuman ® ygosneTBopsieT ycnosuio (3.10), Torga A8 AaHHOMO nons cnpaseg-
nnea LMT.

Cneacteue 3.4. MycTb fo) — ogHOpoAHOe 3prognyeckoe rmMb6COBCKOe CrydaiiHoe
none ¢ hasoBbIM NPOCTPAHCTBOM Y, OTBevarllee noTeHUnany ® ¢ KOHeYHbIM pa-
AVNyCOM aeicTBuA Takoe, YTo Mrfo > 0. Ecnm cywiecTByeT pasdueHue M MHOXKe-
cTBa Y, ygosneTBopstollee ycnosuio (3.9), a noTeHuman @ yaoBneTBoOpsieT Yco-

Buto (3.10), Toraa ansa gaHHoro nons cnpasegnmea JIMT.

Abstract. A general approach to the construction of multidimensional martingales is
developed. The obtained results allow considerably extend the range of applicability
of the martingale method to the theory of random fields, especially to the theory of

limiting distributions of Gibbs random fields.
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ANNTEBEPANYECKUNA NOAXO[M K BOMPOCY OMUCAHUSA
CNEUNDUKALNA OAHOTOUYEYUYHbLIMW MOACUCTEMAMU
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AnnoTauusa. B pabote [5] 66111 nonyyeHbl HEO6XOAWMbIE U 4OCTATOUHbIE YC/0-
BUA (YCNOBMSA COrNAcoBaHHOCTM), NPW KOTOPbIX CUCTEMA OHOTOYEYHbIX pacnpe-
neneHunii BeposiTHOCTEN, MHAEKCUPOBAHHbLIX GECKOHEUYHBLIMU TPAHUYHBIMU YCOo-
BUAMMW, ABNAETCSA NOACUCTEMOW HEKOTOPOI cneyndukaummn. B HacTosAwen 3ameT-
Ke fiaHa anrebpanmyeckas UHTepnpeTaLums yKasaHHbIX YCN0BWA COrNacoBaHHOCTYH
Kpome TOro, npuBoaMTCA UX (hU3nmyeckas MHTepnpeTauus, npeanoxeHHas [a-
wuHom C. n HaxanetaHom B.C.

MSC2010 number: 60G60

Kntouesble cnoBa: Cneyndukalms, 04HOTOUEUHbIE YCOBHbIE PacnpeaeneHns, ycno-
BUS COMNTAaCOBAHHOCTM, anreGpanyeckas MHTepnpeTaLms.

1. BBEAEHUWE

MoHsATUE cneumduKaLmum (COrnacoBaHHas cuctemMa KOHEUHOMEPHbIX pacnpeaeneHunii
C 6ECKOHEYHbIMM TPaHWYHBLIMU YC/TOBUSIMU) UTPaeT OCHOBOMOMAratLLyo posb B BOM-
pocax onucaHms cny4aiHbix nonei (cm., Hanpumep, [1] - [3]). B pab6oTax [1, 2] 6bina
noctaeneHa 3agava (npobnema LobpyniuHa) OTbICKaHWA HEOOXOAMMbBIX M [OCTaTOM-
HbIX YCN0BUIA (YCNOBMA COrNacoBaHHOCTW), NPU KOTOPbIX CUCTEMA OLHOTOUEUHbIX Be-
POSITHOCTHbIX pacnpeaeneHnii, MHAEKCPOBaHHbIX GECKOHEYHbLIMY FPaHUYHBIMU YC0-
BUAMU, ABNAETCA NOACUCTEMOW HEKOTOPO cneuudukauum.

[aHHasa 3afayva 6bina peweHa B paboTax [4, 5], rae, B 4aCTHOCTK, 6bIN0 NOKa3aHo,
4TO HalJieHHble YCNOBUA A0MNYCKAOT 3/IEMEHTApPHYH0 BEPOSTHOCTHYHO MHTEPMPETaLI0.

B HacTosLLeli 3aMeTKe pacKpbiBaeTcs anrebpanyeckuii CMbIiCa 3TUX ycnoBuid. Mokar

3bIBAE€TCA, YTO paCcCMaTpuBaemas npo6ne|v|a Mo CBOEN CYyTh ABNAETCA anre6pa|/|quK0|7|
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1 CBOAWTCS K BONPOCY CYLLECTBOBaHMWS PeLLeHMs HEKOTOPOI 6eCKOHEYHOI CUCTEMbI 1n-
HelHbIX anrebpanyeckmnx ypaBHeHW. Y CnoBms e cornacoBaHHOCTH 06eCLEHNBALOT ee
paspeLmmocTb.

Moka3sbiBaeTCsA TakXke, YTO yKasaHHas npobnema sKBMBaNeHTHa 3ajadve Mpoaos-
XXEHVS HeKOTOpOoro PyHKLUMOHana, onpeaeneHHOro Ha napax KoHgurypauuii, otam-
YatoLLMXCS TOMTbKO B OfHOM TOUKE, Ha BCe NPOCTPAHCTBO Map KOH(Mrypauuii.

2. NMPEOBAPUTENbHBLIE CBEAEHUA

MycTtb Zd, d > 1 —uenouucneHHas pewetka, W = {V C Zd, |V| < 00} —MHOxe-
CTBO BCEX KOHEYHbIX MOAMHOXECTB Zd 1 X — HEKOTOPOE KOHEYHOE MHOXECTBO.

Ona S C Zd 0603HaunM yepe3 X S COBOKYMHOCTb BCEX KOH(Mrypauuii Ha 5. Mpu
5=0 nonoxum X 0 = {0}, rae 0 —nycTas KoHurypaumus. Ana 5, T ¢ Zd, Takmx,
yto 5 C T v noboin KoHpurypaumm X = (xX*,i 6 T) Ha T yepe3 XS 0603HaUNM Cyxe-
HVMEe KOHGMrypaumm x Ha 5, onpegensiemoe cnegytowmm obpasom xs = (it,t € 5).
Ona 5, T C Zd, Takux, 4to 5 T = 0 ¥ Mo6bIx KOHQUrypauuii x 6 5muy e X7
0603HaUMM Yepe3 Xy KOHKaTeHauWto X W Yy, T.e. TaKylo KOH(purypauuo Hab UT,
KOTOpas coBnajaeTcx HaS mcy HaT.

Myctb Q = , Xe X1*\v,V ew } - HekoTtopasa cneuugukaums, T.e. COBOKYM-
HOCTb MOMIOXUTENTbHBIX KOHEYHOMEPHBIX pacrpefenieHnii BeposTHOCTel ¢ GECKOHeY-
HBIMY TPaHNYHBIMM YCTIOBUAMM X 6 X r*\v’ coriacoBaHHas o [lo6pymniuHy, a MeHHo,

anaseex I, VeW, IcV,
Av {xy) = (Av)vv (*) Aix (y), Y6 X1,

rae (qv)v\j ectb cyXeHue pacnpegeneHns gy Ha V'\l, a UMeHHO
M“v)vii (*) = X) Bv (**%). r 6 X WA
KEX>

VimeeT MecTo cregytoulee yTeepxxaeHune (cm. [5J)

Teopema 2.1. TlycTb = |gf,x e Xx e Zdj — COBOKYMHOCTb OAHO-
TOYeYHbIX MONOXKMUTENbHbIX pacnpefeneHnii BEpOATHOCTEN ¢ 6ECKOHEUHbIMU rpa-
HWYHbIMW yCnoBUAMU. [N TOro, YTobbl COBOKYNMHOCTb QW 6blna NoacucTeMoii
HEKOTOpOIi cneuudnkalmm, HeobXoAMMO N JOCTATOYHO, YTOObI BbINOMHANUCH Cre-

JyloLMe YCNOBUSA COMNACOBAHHOCTU: AnA Mobbix t,a e Zd, x,u 6 A4 y,v € X* n
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56 Xr*v
(2.1) «»(x) () »mmef (V)= -(y) *(X)B™»(V)q? («).

3. ANITEEPAUYECKAA MHTEPMNPETALWA YC/OBUW
COrnACOBAHHOCTMHU

Myctb Q = |gn,r € Xz*\KtA e w j —HeKoTopas cneymdmkauyms. Mycts J1 € W,
e Aux e Xr ™.Tllockonbky N8 Q ycnoBus cornacoBaHHOCTU Jo6pyLUMHA UMET
MeCTO, MOXKEM Hanucartb

(3.1) (<) = “(*)En(»)r
Xex
rpeXEX,m £ . OTctofa BugHo, 4To npobnemy Jo6pyLunHa MOXHO NHTepnpe-

TMPOBaTb KaK BOMPOC pa3peLlumMocTy CUCTEMbI YpaBHeHWiA (3.1), rae  “ (X) —3agaH-
Hble Be/IMYMHbI, a gj (zu), Z € X —Hen3BeCTHbIE.

Ha npocTtom npumepe Nokaxem, KakK yc/noBusa corfacoBaHHocTh (2.1) obecneunsa-
0T paspewwnmocTb cucTembl ypaBHeHuid (3.1). Mycte 1 = {, } X = {0,1}. Ansa
aToro cny4asa cmuctema (3.1) 3anuweTca cnegyrowmm obpasom

()= () &, 93 v)
Ao} (Y= *(v) £ 9M>("«)
MocKo/bKYy FpaHUYHbIe ycnoBus X 6 Xr (hMKCMpOBaHbl, Mbl He 6yaem SBHO

0TMeYaTh 3aBUCMMOCTb OT HUX pacrnpefieneHuii BeposTHOCTEN, U MPUMeEM ClefytoLLyto

cucTeMy 0603HaYeHU

, (3.V) = &v> QtV(*) = °xv. 4sx (y) = by*. X,y X.

B 3TUX 0603HaueHusx cuctema (3.1) GyAeT aKBUBANEHTHA CieAytoLleli cucTeMe ypas-

HEHWIA
000 10 aoi " boo boi "
= —=r---«10, = e 00 = T—=. *«Oi. 0 =T _.-°
« O|0 « « OH » «l OIO « « Oll « »

npuatoM0< axy <1, 0< bx<1x,y6Xnu
000 + 010 = 1, aoi + oy = 1, boo + bio = 1» &i+ by = 1

[ ns Toro, 4ToGbl aHHas 0AHOPOAHAA CUCTEMA MMENA HEHYNIEBOE PeLLEHNe, ee fieTep-
MWUHaHT

D = aoobtoouboi —booOuwbLOro
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AO/MKEH PaBHATbLCA HY/O, a 3TO Tp66OBaHI/Ie IKBMBA/IEHTHO BbIMO/IHEHUKO YC/10BUA

COrnacoBaHHocTm (2.1).
B 06uieM cnyyae, pelleHWe AaHHON 3ajayn CBOAMTCS K BOMPOCY MPOLO/HKEHUS

HEKOTOPOro PYHKLMOHaNa, ONPeAeneHHOro Ha napax KoOHPUrypawuia, oTaMYatoLwmnxcs
TO/IbKO B OfHOW TOUKe, Ha BCE NPOCTPAHCTBO Nap KOH(UIrypaLuuii.
MycTb J1 £ W. PaccmoTpum crnegytollee yHKLUNOHaNbHOE ypaBHEHME

32 a(x) = A(x,y)a(y),

rge a (x), x 6 X —uckomas yHkums, a A (X,Y), X,y € X K —un3BecTHas hyHKLNS,
onpejeneHHas Ha ynopsaoyeHHbIX napax KOH(UrypaLuii.
[ns TOro, uto6bl ypaBHEHNE (3.2) MMeNo Obl peLleHne, HeobXxoamMMOo, YTo6bl (DY HK-

ums A (X, y) y4oBneTsopsna cnefyowmm o4eBUAHbIM COOTHOLEHNAM
(3.3 A(x,x) =1, Ay =AKXEA(zY).

atn YCNoBUA ABNAKOTCA TaKXXe AOCTaTOYHbIMM ANA CyLWEeCcTBOBaHUA pelleHna ypaB-

HeHusa (3.2).
OTmeTuMm, 4To 13 (3.3) cnegyer, 4To A5 NHO6bIX ABYX NOCNef0BaTENbHOCTEN KOH(N-
rypauuwi zi,z2,...,zn vn zj,7 ,...,Zm BbINOMHAETCA PaBEHCTBO

(3.4) A(r,zi)A(rb z2) »... BA (Zn,y) = A (X, z\) A(r'i,z'2) m... A (r'T,y).
YTBepxaeHue 3.1. MycTb ycnosus (3.3) UMeT MecTO. Torga ans no6oro zq 6
X K ¥ nocTosHHONW C (ro) dyHKLuMA

a(x) = A(x,z0)C(zo)

ABNAETCA PELLEHNeM ypaBHeHus (3.2).
Ecan doyHKuMa a (X) sBnseTCA pelleHmem ypasHeHns (3.2), Torga a (X) ¢ Heobxo-

OVMOCTbIO UMeeT CrefytoLunii Bup,
a(r) = A (x,zo)a(*o),
roe zq —Nnobas KoHurypauma us X,
Mo NpuynHe NPOCTOTbI, OKA3aTeNbCTBO 3TOr0 YTBEPXKAEHUS OMYyCKaeTcs.

Myctb M = X AXX A—nN0AMHOXECTBO Nap KOH(MIypaunuini Ha X, oTAnYatoLnx-

sl TONIbKO B OfHOV Touke. MycTb 3afiaHHas Ha M (yHKLMA A* (X,Y) YAOBNeTBOpseT
74



ycnosuam (3.3). MpuseaemM ycnosusa, Npu KOTopbiX PyHKLMa A" (X,y) MOXeT 6bITb
MpPoAo/IKEeHa Ha BCe MpocTpaHCTBo X A X X A,
Beegem onepatop K“ : X A — X A, KOTOpbI/ Npy AeCTBAM Ha KOHMIypaumto

X 6 X A npucBanBaeT ee KOMMOHEHTE B TOUKE 3HauyeHue u, n £ X, &Zd.

Teopema 3.1. TlycTb (yHKUMA *(X,y) YAOBNeTBOPAET CheayloluM YyCnoBusm
COrnacoBaHHOCTW: Aans nobbix , 6 Zd nu,v € X
(3.5)

*(x, K?x) A" (K?x, K?K?x) = A* (x, IT,x) A* (IC x,K?K\x), x € XA.

Torga oyHKumMs A* (X, y) umeeT npogomkeHne A (X,y) Ha Bce npocTpaHcTBO X A X X A,
Takoe, YTo ans A (X,y) BbInoaHALTCA ycnosus (3.3).

LokasaTenscTBo. MycTb X,y € X A—HeKOoTopble KOH(MIypauuu, oTanyatowmecs B
( < |N]) Toukax, unyctb , ,...,fn—unx HekoTOpaa Hymepauus. MycTb W, = yt,,
»=1,2,..., 0. MNonoxum

N(x,y) = * (x,K%x) A*(i"’x .iMN'x) mLeJT*(*£...%7;x,V) .
MokaxkeM, 4To PyHKLMS A (X,y) KOPPEKTHO ONpeeneHa, T.e. ee 3HaUeHNs He 3aBUCAT
0T HyMepaLuy TOYeK, B KOTOPbIX OT/MYAKTCA KOH(Urypaumm x u y. [1ocTaTovyHo

nokasartb, YTO

A* (X, K%Xx) *(KEX,KWKEX) e...eJT*("...i"X.y) =
(3.6)
= A% (X, A“»x) * (X, A?**21%) o o A* {KXr...K?X,Yy).

CnpaBeAnMBOCTb Xe COOTHOLIeHUS (3.6) cneayeT U3 TOro, YTo onepaTopbl XJJ*, AZa,
KOMMYTUPYIOT, a Nepexos OT NepectaHoBKM , ..., K MepectaHoBke 1,2,
...,M1 OCYLLECTBNSIETCA NOCPECTBOM OMpPefe/IeHHOr0 KOMMYecTBa TpaHCMo3nuLUuiA, npu
aTom, 6narogaps ycnosuto (3.5), 3HaueHne pyHkumMm A (X,y) He usmeHsetca. OcTa-
eTCs 3aMeTUTb, UTO U3 (3.4) HEMOCPEACTBEHHO CNeayeT BbIMOMHUMOCTL YCOBMiA (3.3)

ana gyHkymm A (X, Y). O

lMokaxeMm, 4yTo Teopema 2.1 ABNAETCA NPAMbIM CnefcTBMeM Teopemb! 3.1. TlycTb
QW = {gf.xex W .te zd} COBOKYMHOCTb OAHOTOYEYHbIX pacnpenefieHui
BEPOATHOCTEN, YA0BNETBOPSAOLLMX YCnoBuaAM Teopembl 1.1. na 6 J1n X 6 Xr*\A'

onpeaenum

a(x,)=un il
Xiv) ef-M”
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rge x = xtz, y = vtz, xt,yt 6 z € ®ywicupa A* (X,y) 04eBUAHBIM
06pasom y[o0BNeTBOPSET YCNoBUAM TeopeMbl 3.1, cnefoBaTe/slbHO, OHA MOXET 6bITb

npogoskeHa Ha Bce X A X X, npuyem

anm- ... '(m,)?""* 1. T(»,)0 0K, e, *(».)'
a peLeHne ypaBHeHus

a(x) = A(x,jha(/), X,yeX/,

Y0BNETBOpPSIOLLEe TPeGOBaHMIO

X)a()=1
®eX/1
€ANHCTBEHHO N UMEET BU[,
I\ N (9y) yn
~ E a (*»)
()= E 2 ()
KOTOPbIA COBMaAaeT ¢ )opMynoil BOCCTAHOBNEHMSA cneunguKalmm, noayyeHHoR B pa-

6oTe [5).
3ameTuM, 4TO MMeeTCs TakXe U (u3nyeckass MHTEpNpeTaLmMs YCIoBMIA cornaco-

BaHHOCTK (2.1), npeanoxeHHaa OawsaHom C. n HaxanetsHom b.C.

4. ®U3NYECKAA MHTEPMPETALNA YC/IOBUN
COIrnACOBAHHOCTMU

MMycTb COBOKYNHOCTb (hYHKLMIA
4= (x.ii) :x,me X,x 6 X dW ,t e Zdj
TakKoBa, YTO €e 3/1eMeHTbI CBA3aHbl COOTHOLLEHWEM
(4.1)Af (x,u) = Af(x,2) + Af (z,n).

MoHsTHO, uTo Af (X,X) = 0. BennuuHy Af (X, 1) MOXHO TPaKTOBaTb KaK 3HEPruto
(Npw rpaHnYHbIX ycnosuax X 6 ATXLL), Heobxogumyto ans nepexofa YacTuubl, Ha-
X0ALLeNCs B TOUKE , M3 COCTOSIHMSA X B COCTOsHME U. Torga cooTHoleHue (4.1) 6yget
npeacTaBnaTb co60l ypaBHeHMe GanaHca.

O603Haunm yepe3 A*ti,} ((x,u);(y,v)) aHepruo (Npu rpaHUYHbIX YCNOBUAX X 6
X1 i*1), Heo6X0AMMYIO ANS nepexofa YacTulbl, HaxoAsllencs B TOUKe , U3 CO-

CTOAAHMA X B COCTOAHWE u, N YacCTWUlbl, HaXO,CI.HLLl'eVICFI B TOYKE , N3 COCTOAHNA Y B
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ATEBPAVNYECKUIA MOAXO[ K BOMPOCY OMUCAHUS ...
cocTosinue v. MonNsATHO, YTO AOMXKMO 6bITh

AP ((>n); (Y«)) = g 2v(xn) + 02 (1, V)

N {w} (0*«); (y.v)) = Afx(y,v) + Af" (x,u).
TakuM 06pa3oM, 3/1EMEHTbI COBOKYMHOCT A [O/MKHbI 6bITb CBA3aHbI CMEAYOLUM
COOTHOLLEHMEM

4.2) NAv(x:«) + 0*“ (y,,) = Af* (y,v) + A?v (X, n)

ana nwo6eix ,8e ZdUX,un,y,VE€ X.

CoBOKYNHOCTb [1, YA0BMETBOPSIOLLYHO COOTHOWeEHUAM (4.1) u (4.2) 6yaem Hasbl-
BaTb 3HePreTUYeCcKUM nosieM Ha pelleTke Zd.

Myctb Ut (X) —nNoTeHLManbHas 3HepPrua YacTuLbl, HaxoAsLlelica B TOUKe B CO-

CTOSIHAM X NPU TPAHUYHbIX YCNOBUAX x € flcHo, uTo
Af (x,n) = 0*(x)-N?(n).
W3 ycnosus (4.2) cnefyeT cnpaBef/IMBOCTb CNELYHOLLEro COOTHOLIEHMS
43) Up(x) Up@m+Up () Up((\)=Up((X)-Up )+Up(y)- EfF(q
Ana nobeix , 6 Zrfun Xtt,y,V6 A.

CornacHo MPUHLMNY MakCUMyMa SHTPOMUK, TMG6COBCKOE pacrnpeaeneHne, oTeeqa-

IOLLiee SHEpPreTMYECKOMY Nonw  OyAeT UMeTb BUA,
jtru_  exp{-Af(x,a)} _ exp{-U? X}
) E exp{-Af(r,a)} - E exp{-Uf (™}
*ex *ex

W3 ycnoBus (4.3) HenmocpeACTBEHHO CneayeT, YTO 31eMEHTbI COBOKYMHOCTM
{ogf X),x 6 N\x € Xz*W ,t € Zd}

YAOBNETBOPAIOT YC/IOBUAM COrnacoBaHHOCTH (2.1).

CewmelictBo hyHkuunii U = {Uf,t 6 Zd}, yaoBneTBopstoLLmx ycnosuio (4.3), nme-
eT ()yHAameHTa/bHOE 3Ha4YeHWe Mpu MOCTPOEHUW FMBBCOBCKON Teopum, MOCKOMbKY
NpeAnonoXeHns, onpeaensitoLLMe pa3inyHble Knaccbl rm66COBCKMX CyYaliHbIX Nofei
(Hanpumep, KBa3WNOKa/bHOCTb, TPAHCNSLMOHHAA NHBAPUAHTHOCTb, OFPaHNYeHHOCTb
paguyca B3auMOAEACTBMA M T.4.), MOTYT 6bITb CHOPMYNMPOBaHbI UCKNHOYNTENBHO B

TEPMUHAX CBOMCTB (hyHKUmMm U* t 6 Zd.



Abstract. In the paper [5] necessary and sufficient conditions (consistency conditions)
under which the system of one-point probability distributions indexed by infinite
boundary conditions is a subsystem of some specification were found. In this note we
give an algebraic interpretation of the above consistency conditions, as well as present
their physical interpretation introduced by Dachian and Nahapetian.
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