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Abstract. Let K be a compact set in the complex plane, such that its complement in the Riemann
sphere, (CU {oo}) \ K, is connected. Also, let U C C be an open set which contains K. Then there
exists a simply connected open set V' C C such that K C V C U. We show that if K is replaced by
a closed set F' C C, then the preceding result is equivalent to the fact that F' is an Arakelian set in
C. This holds in more general case when C is replaced by any simply connected open set 2 C C. In
the case of an arbitrary open set 2 C C, the above extends to the one point compactification of (2.
Furthermore, if we do not require (C U {oco}) \ K to be connected, we can demand that each com-
ponent of (CU {oco}) \ V intersects a prescribed set A containing one point in each component of
(CU{oo}) \ K. Using the previous result, we prove that again if we replace K by a closed set F,
the latter is equivalent to the fact that F' is a set of uniform meromorphic approximation with
poles lying entirely in A.
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1. INTRODUCTION

When one starts doing approximations in complex analysis, he quickly realizes that
topological lemmas play a key role to his work. This may seem strange to someone not
familiar with the subject, but actually it is quite natural. A simple explanation is that
the main tools for this kind of research, such as Runge’s theorem [22] and Mergelyan’s
theorem [17], contain themselves topological conditions. Our work in the present
paper rotates around the following standard topological lemma (see Proposition 3.10.6
in [18]).

Lemma 1.1. Let K C C be a compact set with (CU {oco}) N K connected. If U is

an open set in C containing K, then there exists a simply connected open set V such

that K CV CU.
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We note that throughout this article, when we say that an open subset of C is
simply connected, it may not necessarily be path connected (as it is often the case).
An equivalent statement is that the complement of this open set in the Riemann
sphere, C U {co}, is connected. The above lemma has given several applications.
For instance, in [4] and [16] it was used by the authors to obtain certain universal
approximations. More recently, we used it in [8] to show the density of polynomials
in a subspace of A% (£2), the space of holomorphic functions in a (simply connected)
open set 2 C C, smooth on the boundary. When I first encountered this lemma,
I was interested in knowing if its conclusion still holds when the compact set K is
replaced by a closed subset F of C. Eventually, I realized that the answer, in general,

is negative and a counterexample is the following:

F=U [0 5 <o u (3 5
n=1 =1 1=1

This set F relates to the well-known Arakelian Approximation Theorem [1].

n+1

> gl x ()] u () x 0.0))

Theorem 1.1. Let F' be a closed set in the complex plane C. Then every function
f:F — C continuous on F and holomorphic in F° (f € A(F)) can be uniformly
approximated on F by entire functions, g € H(C), if and only if the following hold:
(i) (CU{oo}) \ F is connected and
(#1) (CU{oo}) \ F is locally connected at co.

Yet, in [19] one finds another proof of Theorem 1.1, based on Mergelyan’s theorem,
where conditions (i) and (i7) are replaced by the following equivalent condition:

(#41) C ~\ F has no bounded components and for every closed disk D in C, the
union of all bounded components of C \ (F'U D) is a bounded set. Such a closed
set, as in Theorem 1.1, is called an Arakelian set in C. It is easy to see that in our
counterexample F' does not satisfy condition (i¢). This is in accordance with [14],
where it was shown that Lemma 1.1 is valid for every Arakelian set in C. In the
present article we start by proving that the converse is also true. More precisely, the

following theorem holds.

Theorem 1.2. Let F be a closed subset of C. Then the following are equivalent:
(1) for every open set U C C, which contains F, there exists a simply connected

open set V' such that F CV C U;
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(2) F is an Arakelian set in C.
More generally, Arakelian sets may be defined for an arbitrary open set {2 C C.

The question is for a relatively closed set F' in {2, whether every function f € A(F)
can be uniformly approximated on F' by holomorphic functions g € H({2). This was
completely settled by Arakelian in [2], where he extended his Theorem 1.1. In this
version one considers the one point compactification of 2, 2 U {a}. The relatively
closed set F' C (2, for which the approximation is possible, is called an Arakelian set
in {2 and again a purely topological description can be provided.

We extend Theorem 1.2 in this case by replacing the complex plane with a simply
connected open set 2 C C. This means that the open set V' is still simply connected;
that is (C U {o0}) \ V is connected. Also, we can further extend Theorem 1.2 in
the general case for any open set {2 C C. In this case V is not necessarily simply
connected, but its complement (£2U {a}) \ V in the one point compactification of {2
has to be connected.

Next, we give two applications of our results. One of these is a simple proof of the
fact that if {2 is a simply connected open subset of C, then the union of a locally
finite family of pairwise disjoint Arakelian sets in {2 is also an Arakelian set in 2. We
notice that when (2 is not simply connected the latter fails.

N. Tsirivas in his master thesis [25] used a variation of Lemma 1.1, without the
assumption that (C U {oo}) \ K is connected (see Lemma 2.2 in [6]). In this case
one considers a set A which contains one point in each component of (CU {o0}) N K
and requires that every component of (CU {oco}) \ V intersects A. We consider the
same problem, as before, by replacing the compact set K with a closed set F' and
we manage to fully characterize the closed sets that satisfy the previous conclusion.
Indeed, we realize that they are exactly these for which every function f € H(F),
holomorphic in some neighborhood of F', can be uniformly approximated on F by
meromorphic functions whose poles lie in A. Finally, we investigate the latter type
of approximation for the larger space A(F') and give a characterization relating to
the preceding result. We note that this kind of approximation is different and more
restrictive than, namely, uniform meromorphic approximation (see Roth’s theorem
[20]). The former approximation problem (in a much more general context though)
was solved by Scheinberg in [24], where a topological description of such closed sets

is given.
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We remark that the above approximation problems have also been studied in the
case of open Riemann surfaces. For example, in [10], [23], [24] the authors obtained
their results for arbitrary open Riemann surfaces 2 and closed subsets F' of essentially
finite genus. We believe that our results can be extended in this case, but this is up
to investigation. In the present article we will only consider planar open sets 2 C C
as domains of definition. P. M. Gauthier suggested that some alternative proofs could
relate to Runge pairs and harmonic approximation (see [3], [11], [12]). A preliminary

version of this article can be found in [7].

2. THE MAIN RESULT AND APPLICATIONS

In [2] N. U. Arakelian proved the following theorem.

Theorem 2.1. Let 2 C C be an open set and F be a relatively closed subset of (2.
Then every function f € A(F) can be uniformly approzimated on F by functions
g € H(§2) holomorphic in 2, if and only if the following hold:

(i) (2U{a}) \ F is connected and

(i) (20U {a}) N F is locally connected at o, where 2 U {a} is the one point
compactification of 2.

Such a set F is also called an Arakelian set in 2.

It is easy to see that condition (ii) is equivalent to the seemingly stronger one:
"(2U{a}) \ F is locally connected". From now on, we shall say that B is a "hole of
F'"in 2, iff B is a component of {2\ F which is contained in some compact subset of
£2. Note that (22U {a}) \ F is connected, iff F' has no holes in 2.

Proposition 2.1. A closed set F' in {2, without holes, is an Arakelian set in §2, if
and only if for every compact set K C 2, the union of all holes of F U K in (2 is

contained in a compact subset of §2.

For the case 2 = C see also [19]. We include a proof of the general case, for the

sake of completeness.

Proof. (=) Suppose that there is a compact set K C §2, such that the union of all
holes in {2 of F'U K is not contained in any compact subset of 2. The complement

(2U{a}) \ K is a neighborhood of « in 2U{a}. Hence, there exists a neighborhood
6
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W c (RU{a}) K of ain 2U {a}, such that W N [(2U{a}) \ F] is connected.
Since (2U{a}) W is contained in a compact subset of {2, there is a hole B of FUK
in {2, such that BNW # (). Observe that B C F U K. Since W N [(2U {a}) \ F]
and F'U K are disjoint, it follows that W N [(2U{a}) N F] C BU [(R2U{a}) \ B],
which is a contradiction.

(<) Let U C 2 U{a} be an open neighborhood of a in 2 U {a}. The set K =
(RU{a}) N U C £ is compact. Therefore, the union of all holes in 2 of F U K is
contained in a compact subset of 2. Let Bj, By ... be those holes. Also, let W =
(RPU{a}) N (KUB1UByU---). Obviously, W is a neighborhood of o and W C U.
We notice that W N [(£2U {a}) \ F| is the union of {a} and all the components of
2~ (F U K), which are either unbounded or have zero distance from the boundary

of £2. Thus, W N [(22U {a}) \ F] is connected and the proof is complete. O

Remark 2.1. In order to determine whether a relatively closed set F', without holes,
is an Arakelian set in (2, it suffices to check the condition of Proposition 2.1 only for

an exhausting sequence, (K, )nen, of compact subsets of 2. Such a sequence can be
o0
chosen so that K, C K2, n €N, U K9 = Q and every component of (CU{oo}) ~

K, contains a component of (C U f:ol}) N 82, for all n € N (see [21], p. 267). The
latter is equivalent to the fact that K,, n € N, has no holes in 2.

Also, assuming that a closed set F, without holes, is not an Arakelian set in {2,
by Proposition 2.1 there exists a compact set K such that the union of all holes of
F U K is not contained in any compact subset of 2. If we consider a larger compact
set K C K C (2, then the same holds for the union of all holes of F'U K in 0. Thus,
we can consider K to be a finite union of squares in a grid, whose sides are parallel

to the coordinate axes and of the same length § > 0.

Proposition 2.2. If F is an Arakelian set in {2, then for every open set U C {2,
which contains F, there exists an open set V. C (2 such that F C V C U and
(2U{a}) NV is connected.

Proof. Let F be an Arakelian set in {2 and U C {2 be an open set such that F C U.

For every z € {2 \ U, we define d, = min{diSt(;’F), diSt(méC\m,l} > 0. Also, let

(Ky)nen be an exhausting sequence of compact subsets of {2, as in Remark 2.1.
7
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e Observe that the cover {D(z,d,) | € 2\ U} of the relatively closed set
2\U, has alocally finite subcover in 2, which we denote by { D(z;, dgg)}ji1
Indeed, it suffices to choose a finite cover of disks D(x,d,), z € 2\ U, for
each of the compact sets (K, ~ K2_;)N (2~ U),neN, Ko = 0.

This implies that every compact subset of {2 intersects a finite number of disks

o
from {D(z;, dh)}ji1 Observe that U D(z;,d,,) C 12 is relatively closed and the set
i=1

{z;]|i=1,2,...} has no accumulation points in 2. Hence, Uy = 2~ ( U D(z;, drl))
i=1
isopen and F C U; C U.

e We say that a point x € (2 is joined with « by a curve I' in E C 2, if
I': [0,4+00) — E is continuous and I'(0) = z, , ligl I'(t) = a. The image
—+00

of such a curve, I'([0, +00)), is closed in £2.

Each x; can be joined with « by a curve I in 2\ F, i =1,2,..., such that for
every n € N only finitely many curves intersect the compact set K,,. Indeed, for every
n € N, by Proposition 2.1 there are finitely many x;’s contained in the union of K,
and all the holes of FFU K, in {2. The points that we have not already joined with
« (induction hypothesis), are contained in components of 2~ (F U K,_1), which are
either unbounded or have zero distance from the boundary of (2. Let x; be such a

point and E be the component of 2 \ (F U K, _1) which contains it.

e For each s > n, by Proposition 2.1, F contains a component E; of 2\ (FU
K,), which is either unbounded or has zero distance from 9f2. Further, we
can assume that Fs,_1 D FE,, s > n, where F,,_1 = F. Let z;, € Fs and
let I';s be a curve in E;_1, which joins x;s_1 with x;5 , s > n, Tjn_1 = ;
(such a curve exists, since Fs_1 is open and connected). The desired curve,

I;, consists of all I},, s > n.
Thus, the family of the curves I; is locally finite in {2 and in particular the union

o0 (o]
U I; is relatively closed. We can easily see now that the open set V = U; \ (U I;)
i=1 i=1
has all the desired properties. Since the curves I'; do not intersect F', we have F' C

V cU; C U and of course (R2U{a})\V = U (D(z;,dy,) UT;) U{a} is connected,
i=1
which completes the proof. O
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Remark 2.2. The method of proof of Proposition 2.2 implies that V' can be chosen
so that the collection of components of 2V is locally finite in (2.

We note that the previous proposition, in the case 2 = C, is known (see [14]).

Proposition 2.3. If F is a closed subset of 2 such that for every open set U C {2,
which contains F, there exists an open set V C 2 with F CV C U and (2U{a})\V

connected, then F is an Arakelian set in {2.

Proof. First, we notice that F' has no holes in 2. Indeed, if B is a hole of F' in {2 and
x € B, then the open set U = 2 ~\ {z} contains F'. Hence, there exists an open set
V C 2 such that FF C V C U and (2U {a}) \ V is connected. Evidently, we have
(RU{a}) N F D (R2U{a}) \ V. Therefore, the latter is contained in the component
of (2U{a}) \ F that contains a. However, z € [(2U{a}) \ V] N B # 0, which is a
contradiction, because B is a component of (£2U {a}) \ F not containing a.

Suppose now that F' is not an Arakelian set in {2. By Proposition 2.1 there exists
a compact set K C {2, such that « is an accumulation point of the union of all holes
of FUK in {2. Moreover, Remark 2.1 enables us to assume that K is a finite union of
closed squares in a grid, whose sides are parallel to the coordinate axes and of some
length § > 0.

Let By, Bs,... be a sequence of holes of F'U K in {2 and let x,, € B,,, n € N be
such that ¢, — «, asn — +oo. The open set U = 2 \ {z1,22,...} contains F'.
Thus, there exists an open set V with FF C V C U and (£2U {a}) \ V connected.
Observe that (2 U {a}) \ V intersects B,, and (2 U {a}) \ B,, for all n € N. This
implies that there exists v, € (2 V)N IB, NIK, n € N. Since 9K is compact,
(yn)nen has a limit point y € IK. Also, y € 2\ V, because 2 \ V is closed in 2
and y € 2. We claim that y € F C V, which is obviously a contradiction. Indeed, if
y & F, then there exists € > 0 such that the disk D(y,e) C 2 does not intersect F.
In addition, we can choose € > 0 small enough, depending on the place of y in the
grid, so that D(y,e) ~ K has at most two components. This is a contradiction, since
D(y,e) ~ K C 2~ (FUK) intersects infinitely many holes of F'U K in (2. The proof
is complete. ]

According to Propositions 2.2 and 2.3, we have the following characterization of

Arakelian sets.
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Theorem 2.2. Let £2 C C be an open set and 2U{«a} be its one point compactification.
If F is a closed set in {2, then the following are equivalent:

(1) for every open set U C §2, which contains F, there exists an open set V C 2
such that F C'V C U and (2U{a}) \V is connected;

(2) F is an Arakelian set in (2.

Our achievement so far was, in fact, to show the equivalence of two topological
descriptions regarding relatively closed sets in open subsets of C. In other words,

Theorem 2.2 takes the following equivalent form for planar open sets f2.

Theorem 2.3. Let 2 be an open set in C and F be a relatively closed subset of {2.
Then the following are equivalent:

(1) for every open set U C 2 with F C U there exists an open set V. C 2 such
that F CV C U and (2U{a}) \V is connected;

(2) (2U{a}) \V is connected and locally connected.

The advantage of this formulation, as P. M. Gauthier suggested, is that it can be
examined if it is true for arbitrary open Riemann surfaces {2, where the analogue of

Theorem 2.1 does not hold in full generality (see [13], [23]).

Lemma 2.1. Let 2 C C be a simply connected open set. A set G C {2 has connected
complement in 2 U {a} if and only if its complement in the Riemann sphere, (C U

{o0}) N\ G, is connected.

Proof. (=) Let G C 2 with (2U {a}) \ G connected. Assume that (CU{oo}) \ G is
not connected. Thus, there are two open sets Uy, Uz in CU {oo}, such that U; N [((CU
{oo})NG] #0,i=1,2, (CU{oc}) NG C U1 UU; and U1 NU>N[(CU{o0}) \G] = 0.
Since (C U {oo}) \ £2 is connected and it is contained in (C U {oc0}) \ G, it follows
that (CU {oo}) \ {2 is contained in exactly one of the sets Uy, Uy. Without loss of
generality, we assume that (C U {oo}) ~\ £2 C U;. Observe that (CU {oco}) N\ Uy is
a compact subset of £2. This implies that V; = [U; N (2 \ G)] U {a} and the set
Vo=UsN(2NG) C (CU{oc})\U; C 2 are two nonempty disjoint relatively open
sets in (£2U {a}) \ G. Furthermore, it is immediate that (2 U {a}) G =V, UV,

and hence we have a contradiction.
10
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(<) Let G C 2 with (CU{o0}) \ G connected. We define the map ¢ : CU{cc} —

NuU{a}: 0
‘b(x):{ 2 z;g

Obviously, ¢ is continuous and so ¢((CU {oo}) \ G) = (22U {a}) \ G is connected.
The proof is complete. O

Combining Theorem 2.2 and Lemma 2.1, we obtain the following theorem.

Theorem 2.4. Let {2 C C be a simply connected open set and let F C {2 be a
relatively closed set. Then the following are equivalent:

(1) for every open set U C 2, which contains F, there exists a simply connected
open set V. C §2 such that F CV C U;

(2) F is an Arakelian set in (2.

The next corollary is an immediate application of Theorem 2.4.

Corollary 2.1. Let 2 C C be a simply connected open set. If {Fn}:o:1 s a locally
oo

finite family of pairwise disjoint Arakelian sets in {2, then the union U F,, is also
n=1
an Arakelian set in (2.

o0

Proof. Let U C §2 be an open set, which contains the union U F,,. Since {Fn}zozl is
n=1

a locally finite family of pairwise disjoint closed sets in {2, there exist pairwise disjoint

open sets G,, C 2, n=1,2,..., such that F,, C G, for all n. By Theorem 2.4 there
are simply connected open sets V,, with F,, C V,, C G,,NU for every n € N. Obviously,
it holds U F, C U Vo, CU and V,,, n = 1,2,..., are also pairwise disjoint. The

n=1 n=1
9] &S]

latter implies that every component of U V,, is simply connected and thus U Vi

n=1 n=1
is a simply connected open set. According to Theorem 2.4, the relatively closed set

oo
U F,, is an Arakelian set in {2, which completes the proof. O
n=1

An alternative proof of the previous result in the case {2 = C, using Proposition

2.1, could be derived from [5]. In the same article, the authors use their proposition in
order to solve a problem of uniform entire approximation. It is worth mentioning that
if the conclusion of the preceding corollary is true for some family (not necessarily

countable) of pairwise disjoint (connected) Arakelian sets, then there is a method (see
11
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[15]) to join them all, retaining the key properties of an Arakelian set. The following

example shows that Corollary 2.1 does not hold when (2 is not simply connected.

Example 2.1. Let 2 = C~ {0}, Fy = C(0,71) and F; = C(0,r2), where 0 <
r1 < r9. Observe that Fy, Fy are two disjoint compact subsets of {2 with connected
complements in the one point compactification of £2. Hence, both sets are Arakelian
in 2. Nevertheless, the union FyUFy is not an Arakelian set in 2, since (2U{a})~

(F} U Fy) is not connected.

The next example shows that even if 2 C C is a simply connected open set, it is
not true that the infinite denumerable union of pairwise disjoint Arakelian sets in {2

is also an Arakelian set in (2.

1 1 1
Example 2.2. Let 2 = C and let Fy = {2} x [0, +00), F,, = ({ZZ:; 5 g ; E} X
n—1 1 1 n—1 1
[O,H])U([ZZ; 2 gn iz_; E]x{n}), n > 1. It is easy to see that each F,,, n =0,1,...,

e}

is an Arakelian set in C. However, F = U F,, is not an Arakelian set in C, because

n=0
despite the fact that F is closed and (CU {oo}) \ F is connected, the union of all

holes of F'UD(0,7) in C, r > 2, is unbounded.
Finally, we present another application of our characterization.

Corollary 2.2. Let 2 C C be a simply connected open set and F' C {2 be an Arakelian
set in §2. Also, let f € A(F) be such that f(z) # 0 for all z € F. Then there exists a
function g € A(F) such that f = e9.

Proof. According to Tietze’s extension theorem, there exists a continuous extension
of f on {2, which we denote by fv: 2 — C. Our assumption yields that the open set
U = 2~ f~1({0}) contains F. Thus, by Theorem 2.4 there is a simply connected
open set V with F C V C U. If we consider the covering map exp : C — C \ {0},
then the latter implies that f’v : V' — C {0} can be lifted to a continuous function
tg : V. — C, such that ],;|V = e'8. The function g = tg|F is obviously continuous on F
and f = e9. Since f|FO is holomorphic, g is also holomorphic in F°. Thus, g € A(F)
and the proof is complete. O

We note that for 2 = C, Corollary 2.2 is known (see [14] for an application).
12
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3. AN EXTENSION OF THE MAIN RESULT

As we stated in Lemma 1.1, (C U {oco}) . K must be connected in order for V to be
simply connected. However, if we do not require (C U {oo}) \ K being disconnected
(e.g., when we do approximations with rational functions), then we can obtain the

following variation of Lemma 1.1 (see [6], [25]).

Lemma 3.1. Let K C C be a compact set and A C CU{oo} be a set containing one
point from each component of (CU {oco}) \ K. Then for every open set U C C with
K C U, there exists an open set V. C C such that K C V C U, every component of
(CU{o}) NV intersects A and C 'V has finitely many components.

Remark 3.1. If (CU {o0}) \ K is connected and A = {oo}, then Lemma 3.1 is

actually Lemma 1.1.

In Section 2 we investigated the relation of Lemma 1.1 with Arakelian’s theorem [1],
[2], i.e., uniform holomorphic approximation on closed sets. Our efforts in obtaining
similar results for Lemma 3.1 indicated that in this case the corresponding extension
is closely related to uniform approximation on closed sets by meromorphic functions
having prescribed poles. This kind of approximation has been studied in the past and
in a very general setting also (see the work due to S. Scheinberg [24]).

Let M (£2) denote the set of meromorphic functions in {2, H(F') the set of holomorphic
functions in a (varying) neighborhood of F' and R(G) the uniform limits, on G, of

rational functions (without poles in G).

Theorem 3.1. Let 2 C C be an arbitrary open set and F be a relatively closed
subset of §2. Also, let By, Ba,... be the holes of F in {2 and let A C 2 U {a} be a
set containing one point in each component of (2U{a}) \ F. Then the following are

equivalent:

(1) For every f € H(F) and € > 0 there exists g € M(£2), all of whose poles lie
in AN 2, such that ||g — fllF <e.

(2) For every compact set K C §2 the union of the holes of F' U K in §2, which
do not intersect A, is contained in a compact subset of 2.

(3) For every open set U C £2, which contains F, there exists an open set V C {2
such that F C 'V C U, every component of (£2U{a}) \V intersects A and

the collection of all components of 2V 1is locally finite in §2.
13
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Proof. The proof of 1. < 2. is given in [24], Theorem 1. So we prove 2. < 3. First
we show 2. = 3.Let U C {2 be an open set with F C U and let A = {b1,bo,...}U{C},
where b, € B,,, n € N and ¢ belongs to the component of (2U{a}) \ F containing c.

According to our assumption and Proposition 2.1, F=FU ( U B,,) is an Arakelian
n=1

set in {2, because for any compact set K C {2 there is at most one hole of FUK

in {2, which intersects A and each hole of F UK is also a hole of FUK. Hence, by

Theorem 2.2 there exists an open set V C 2 such that FCV CcUU (U B,,) and
n=1

(R2U{a}) \ V is connected.

Under the notation used in the proof of Proposition 2.2, we may assume that

N\U = U D(z;,dy,), where {D(x;,d,,) | i = 1,2,...} is a locally finite family of
i=1

closed disks in £2. Let ki, ko, .. . be the indices for which A,, = {x1,zs,...} N By, # 0,
n € N. Also, let {K,, }men be an exhausting sequence of compact subsets of 2 and
let H,,, m € N, be the union of the holes of F'U K,, in {2 which do not intersect A.
We can join inductively the x;’s contained in each By, with by, by curves I, C By, ,

n € N, such that every K,, intersects at most finitely many of all these curves.

e For m € N, our assumption and the fact that the set {x1,x2,...} has no
accumulation points in {2, imply that there are finitely many x;’s contained
in K,,, UH,,. If such a point z; is also contained in some Bj,, and we have not
already joined it with by, (induction hypothesis), then it must be contained in
ahole B C By, of FUK,,_1 in 2, Ky = (), which contains by, € A. Whenever
the case, we join x; with by, by a curve I;,, C B C (2~ K,,—1)N By, .

Thus, the family of the curves I}, is locally finite in {2 and more particularly the

union U U I, is closed in 2. Lastly, ¢ can be joined with a by a curve I" in
n r;€EA,
Q~FcC0~ F, since F' is an Arakelian set in {2 (see the proof of Proposition 2.2).

We define V to satisfy
(Ru{eh~V=[uiah)~VIurulJ[ U (D@ ds,)U L)l
n  x;€A,
It is evident that V is open, FF C V C U and every component of (2 U {a}) \V
intersects A. Finally, by Remark 2.2 (applied to ‘7) and the construction of the

curves [j,, x; € A,, n € N, it follows that the collection of all components of
14
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o~vV=@~V)urulJ[ | (D@ dz)UI)] is locally finite in £, yielding
n  x;€EA,
the implication 2. = 3.

To prove 3. = 2., let F = FU (U By), A ={b1,ba,...} U{C} be as above and
n=1

let U C 2 be an open set with F C F C U. It follows that there exists an open set
V C 2, such that F CV C U and every component of (2U {a}) ~ V intersects A.

Further, we have FcVvu U B,) C U. Observe that V=Vu U B,) is open

n=1 n=1

and (22U {a}) \ V is the component of (2U{a}) \ V which intersects 4 at ¢. Thus,
(22U {a}) \ V is connected and by Theorem 2.2 F is an Arakelian set in 2.

Suppose that there is a compact set K C {2 such that the union of the holes of FUK
in {2, which do not intersect A, is not contained in any compact subset of (2. Since
F is an Arakelian set in 2, Proposition 2.1 implies that there are infinitely many of
these holes, which accumulate on « and are contained in corresponding holes of F' in
2. Let C), C By, , n € N, be a sequence of such holes and z,, € C), with z,, — «, as
n — +oo. We consider the open set U = 2\ {z1,x9, ...}, which obviously contains
F. Based on our assumption, there exists an open set V' C (2 such that F C V C U,
each component of (2U{a}) \V intersects A and the collection of all components of
2\ V is locally finite in 2. Note that each component of (2U{«a})\V is contained
in some component of (£2U {a}) \ F.

Since x, € 2\ U C 2V, n €N, the previous fact yields that the component
of (2U{a}) \V which contains z,, is contained in By, and consequently intersects
A at by, . However, the holes C,, (of F U K), n € N, do not intersect A. Therefore,
either by, € 0C,, or the latter component intersects the interior and exterior of C,.
Whatever the case, there exist y, € (2~ V)N 9C, NIK for all n € N. Also, it is
clear that the terms of the sequence (y,)nen are contained in distinct components
of (2U{a}) V. Thus, K intersects infinitely many components of 2\ V and we

obtain a contradiction. The proof is complete. O

Remark 3.2. [t is sufficient to require condition 2. only for an erhausting sequence

{Km}men of compact subsets of (2, as in Remark 2.1.

With our previous result, we managed to give a precise connection of Lemma 3.1

with complex approximation. However, we notice that there is an essential difference
15
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between Theorem 3.1 and Theorems 2.1, 2.2. That is because in Theorem 3.1 we
considered a smaller class of approximable functions, namely, H(F) instead of A(F).
Now we would like to characterize the closed sets F' (in {2 C C) for which every
element in A(F) admits the corresponding approximation.

Observe that in this case both topological conditions 2. and 3. of Theorem 3.1 fail
to imply the stronger approximation we seek. The reason behind this issue is that
the analogue of Mergelyan’s theorem [17] for rational approximation does not hold
in general. Indeed, there is an interesting "Swiss cheese"example, where for certain
compact sets K C 2 we have R(K) # A(K) (see A. Roth’s construction [9], p. 110).
Thus, we need to impose an additional assumption, which will ensure that F' has no

such problematic compact subsets.

Theorem 3.2. Let 2, F, {B,}52, and A be as in Theorem 3.1. Then the following

are equivalent:

(1) Ewery function f € A(F) can be uniformly approzimated on F by meromorphic
functions g € M(£2), all of whose poles lie in AN §2;
(2) (a) A(FND)=R(FND), for each disk D such that D C 2 and
(b) for every compact set K C {2 the union of the holes of FU K in {2,
which do not intersect A, is contained in a compact subset of §2;
(3) (a) A(FND)= R(FND), for each disk D such that D C 2,
(b) for every open set U C {2, which contains F, there exists an open set
V C 2 such that F C V C U, every component of (22U {a}) NV
intersects A and the collection of all components of 2 NV is locally

finite in £2.

Proof. The proof of (1) <« (2) follows from Theorem 1 in [24], if we take into
consideration Theorem 2 from [9] (p. 136). As for (2) < (3), by Theorem 3.1, we
have (2) (b) < (3) (b). O

Remark 3.3. If F' has no holes in {2, that is, (22U {a}) \ F is connected, then one
can easily see that condition 2. (a) is satisfied thanks to Mergelyan’s theorem (see [9],
p. 135). In this case, for A = {a}, we notice that Theorem 3.2 is in fact a combination

of Theorem 2.1, Proposition 2.1, Theorem 2.2 and Remark 2.2.
16
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Abstract. The paper deals with the problem of estimation of deviations of functions of
several variables from linear means of their multiple trigonometric Fourier series. An approach

of reducing this problem to the corresponding problem for functions of single variable is developed.
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1. INTRODUCTION

Let R® (s > 1) be the s-dimensional Euclidean space and let N* be the set of lattice
points in R*. By « = (z1,...,2s), ¥ = (y1,...,ys) we denote the points of the space
R® and by m = (my,...,ms), n = (n1,...,ns) the points of the set N°. For any
i=1,...,5s we set 1 = {1,...,i}. If B is an arbitrary subset of the set 5, then by
xp we denote the point (x},...,z,), where } = x; when ¢ € B and z; = 0 when

i € 3\B = B'. By | B| denote the number of elements of the set B.If B = {i1,... |},

then
mg my m|B|
D= D DL Cwpe Vi
vp=npg l/ilznl Vi|B|:n‘B‘

We will also use the following notation: by II; we denote the set of all nonempty
subsets of the set 5; e = (1,...,1); m*n=(m;xni,...,msEtns); m > n denotes
m; >n;, 1 €5; m — oo denotes m; — 00,1 €S; ditg = H dt; and dt = ﬁ dt;.

Let X* be either the Lebesgue space L,(T?), T € [—Tr,lfr]fj 1<p<oo, ozr:tlhe space

of continuous functions C(7%). If f € X*, by || f|/x- we denote the norm of f in the
19
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space X°. Besides, for any B € Il we set

1

(2m) 17! / If(t)lpdt3>p, XIBl = L(TIBl), 1< p< oo,
TIB|

£l x181 =
|B|l — |B|
mac | (1) X181 = o(rin),
jeB
It is clear that
(1.1) £z || s = 1l xs -

For f € X° we set
Apgy fl) = flz+ hiy) = flo),
and define Ay, f(z) to be the repeated applications of the operation h; when j runs

over the set B C 5. By the expression

(1.2) P [Ang f(2)llxs =wp(f,0B)x:, 6820,
hj|<d;
jEB

we define the modulus of continuity of a function f € X* with respect to those
variables whose indices belong to the set B C 5.
Let T,(,{J)(x) € X* be a trigonometric polynomial of degree m; (m; > 0) with

respect to the variable z; and coefficients depending on the remaining variables x;,

i € {j}. For m; < 0 we assume that Tfyf)(x) = 0. The following sum

(1.3) To(z) = 379 ()
j€s
is called the trigonometric quasi-polynomial of degree m (see [1]). Denote by P, the

set of trigonometric quasi-polynomials of degree < n, that is,
P, ={Tn(z): m<n}.
The quantity

(1.4) Ho(f)xe = o | f =Tl

introduced by M. K. Potapov [2], is called the best “angular” approximation of a
function f (see [2]), or the best approximation of f by the quasi-polynomials of
degree < n (see [1]). In what follows we will use the last term. M. K. Potapov [2] and

Yu. A. Brudnyi [1] have found relationships between the best approximation H, (f) xs
20
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and the modulus of continuity w(f,n~1!). Specifically, they proved direct and inverse
theorems for the approximation of a function f € X* by trigonometric polynomials.
Let the multiplicative matrix A = ( H )\(J) ) = (An,k) be given. The matrices
A= (N (4) ) j=1,...,s, are called C(;nstltuent matrices of the matrix A. Let the
elements of A be such that for any p € X' and f € X* we have the following relations:
oo
Ly, (p,z;) = Z Orm, exp(imjxj))\fi)’lmjl

mj=—00

(1.5) = 7/ (z; + ;) exp(imjtj))\gj)7|mj|dtj, je{l,...,N},

mj;=—00

Ln(fax): Z meeXp ijx] nj),\m]\

(1.6) H( Z exp(imjtj))\gl | )dt
(1.7) / Z exp(1myt; ;)m‘m dty =1, je {1,...,N}.

2. THE MAIN RESULT

Theorem 2.1. Let for any j €3 and ¢ € X! the inequalities
> .
(2.1) lp = L, (@)lxs < 200, Y Eny0)xr-ad),
;=0

hold, where (an; x;), j €35, are nonnegative matrices. Then for any f € X*

(2.2) 1f = LalDllxe < on 30 3 gy () [[ 0,

Bells kp=0 JEB

Proof. First, using the method of induction, we show that for any natural s
(2.3) flz+1) = > A f(
Bell,
Indeed, for s = 1 the equality (2.3) is trivial. Assuming that (2.3) is valid for any
s = d, it is easy to check that for any x,t € R4+!

(24) Z AtB At{d+1}( Z Ath ) Z AtB +At{d+1}f( )

BEM 44 Bell, Belly
21
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In view of the assumption we have
> A fz) = flo+tg) — f(a).
Belly

From this and (2.4) we get

> A f@) = fa+t) = fle+tg) — f@+taey) + f@)

BGHd+1

+ flz+tg) — f(@) + flx +tary) — f(@) = f(z + 1) — f(z),
yielding (2.3) for any natural s.
Further, it follows from (1.6), (1.7) and (2.3) that

S o0

Lot~ @) =0 [ G-t [ X ewtmund,, )

T j=1 “mj=—o0

= (QW)*S/TS Ath(x)H< 3 exp(imjtj)Afjj{mj)dt > I(B.f.A2).
Bell, j=1 “mj=—oc0 Bell,
Therefore we have
(2.5) If = La(Hllxs < D (B, £ A, 2)||x- -
Bellg

We now proceed to estimate the norm ||I(B, f, A, x)| x=. Note first that A, f(z)

does not depend on ¢p:. Consequently, in view of (1.7), we get

oo

Z exp(imjtj)/\ii),mjl)dt

20) 1580 =0 [ s (
j=1

oo

= (2m)" 1Bl A, f(2) H ( Z exp(imjtj))\gi),lmj|>dtB.

B
TI5| jEB m;=—00

Assuming that for any B € I the inequality

(2.7) (B, [, Ap, )| xim < seay 3 1 = Thp—ep i [ 0,
kp=0 jEB

is proved, where T}, ., is any trigonometric quasi-polynomial of degree kg — ep

and Ap = ( 11 )\5;7,),6,), in view of (1.1), we obtain
]EB 7™

II(B. £ Ap.x)|xe < ey O 1 = Thp—epllxe [[ 0¥,
k=0 jEB

From the latter inequality and (2.5), by virtue of arbitrariness of Ty, ., (z) the

assertion of the theorem follows.
22
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To complete the proof, it remains to prove the inequality (2.7) for any B € II;.
We apply induction on the number of elements in the set B. Consider first the case
where |B| = 1, that is, B consists of one element.

By (2.1), for any trigonometric polynomial T ,g )(ac) of degree k; with respect to
the variable z; with coefficients depending on the remaining variables z;, i € {j}’,

we have

1 = Lo, (Dl < en, 1 =T x50, i, -
k;=0

Let B = {j}. It follows from (1.5), (1.7) and (2.6) that

L'fl/j(f?x) - f(ﬂ?) = I({j},f,A{j},],‘)

The last two relations imply (2.7) in the case where B € Il consists of one element.
Assume now that (2.7) is true for those B € II; for which |B| = d, and prove it
when |B|=d+ 1.
Let By = {j1,...,ja} and B2 = {j1,...,Ja+1}. Using (2.6) it is easy to show that

(28) I(B27 fv Aa $) = I({jd+1}a I(Bla f, ABl)’ A{d+1}7 LE),
(29) I(Bla fl + f27ABlvx) = I(BlvflaAvx) + I(Bl7f27Avx)'
Besides, if T,g::l) is any trigonometric polynomial of degree kj;,,, with respect

to the variable x;,,, with coefficients depending on the remaining variables, then

I1(B, T,Ejjill), A, z) will be a trigonometric polynomial of degree kj,., with respect to

the variable z;,, , .
Therefore, by the validity of inequality (2.7) when B counsists of one element,for

B ={ji+1} we have

(2'10) HI(BQ’ f7 ABzvx)Hx\{jdH}

< sp

Z HI(B1,f7 Ap,,x) — I(Bl’Tigfjﬁ)7Aan)H a(jd+1)k

Jd+1 Xde+1” MNjgi1>
0

Jar1
Kjgir=

23
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Assuming (2.7) when By = {ji1,...,74}, in view of (2.9), we have

(2.11) HI(Bl,f, Ap,,z) — I(Bl,T,i?'dH),ABUx)HX‘BH

< (Ja+1) (J)
¥Ap, Z H‘f T1d+1 TkBl_eB’1 x1B1] 1_’! nj,k; 0

k‘Bl—O NISE=31

where Ty, —.,, is any trigonometric quasi-polynomial of degree kg, — ep;. Observe
1
that (see (1.3)) for any preassigned Tj,, —,, (trigonometric quasi-polynomial of
2

degree kp, — ep;) one can choose T,y‘”ﬂ and Ty, to satisfy
d+1

—€pg/
By

*€B§< ) T(Jd+1)< ) + TkBlfeBg (3;‘)

Jd+1

Now, taking X !Z1l- norm of both sides of (2.10) and using (1.1) and (2.11), we get

0o
11(Bz, f, Ay, )| x 1821 < XA, Z ”f_TkBQ*eBIZHX'B?‘ H aizjj),kj7
k32:0 JEDB>

where Ty, _.,, is any trigonometric quasi-polynomial of degree kg, — ep;.
2
This proves (2.7) when |B| = d + 1, and hence for any B € II,. The proof of
Theorem 1.1 is completed. g

Corollary 2.1. Let the conditions of Theorem 2.1 and

(2.12) Z s gy < 70,5 JE,

k;=0

be fulfilled. Then

(2.13) 1f = LalDllxe <0 30 30 B (el

JE5 k;=0

Proof. According to the definitions of the best approximation by quasi-polynomials

(1.4) and partial best approximation by trigonometric polynomials we have
(2.14) Hypy ey (Hxe = BV (f)xe, i€5.

Let us take any B € II; and let ¢ € B. Using the monotonicity of H,(f)xs, and
(2.12), (2.14), we obtain

(2.15) S Hipe (N [T 09 < Y B (H)xe T[] 08,
kp=0 jEB k=0 JjEB
< A Z E{ } k1 .

ki=0
24
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This and (2.2) imply the assertion of Corollary 2.1. O
Assume that we have a sequence {ej},>_. decreasing with respect to each index

k;, j €5 and satisfying the condition
lim ¢, =0, j€S5.
kj—o0

Consider the following classes of functions
XU ={oipe X!, B 0)x Senyyepy ) JES
Xo(e)={f:fe€X® Hp(f)x: <ex}.
Now we are going to show that under the condition (2.12) the result of Theorem

2.1 is final in the following sense.

Assume that for any j € 5

(2.16) sup [l = Ln, ()l x1 = 5a, Z Ckiy ey @ (J)
pEX1(eW@) k;=0
Then
(2.17) sup | f = La(F)llxe =300 D0 D ehnep (F) [ 0y, -
feX=(e) Bell k=0 jEB

In fact, there exists ¢ € 5 such that
@)
(2.18) HAi Z Sy ey nL, ~ 511 Z%A Z Ckiiy =y nyh; -
ki=0 Jj€s kj=

It follows from (2.16) that there exists a function 1 € X' (¢(¥)) such that

(2.19) 1 = L, (0)llx1 > 520, Y Ehgiy—e gy @ g -
k;=0

Let us take any B € Il and let j € B. Then using the monotonicity of e, and
(2.12), we obtain

a9
§ 5kB —ep/ H Ong,zq < xp § :Ek{J} ey n]’kj ’

deB

This inequality ylelds

(220) Z Z Ekp—eps H and7$d = %AZ Z Ekijy— €LY nJ)7 k;

Bells kp=0 deB JES kj=0
Assume now f(z) = ¢(x;). Then, in view of (1.7), we have

L’ﬂ(f7 CL‘) = L’m (djﬂ mi)'
25



L. GOGOLADZE

Therefore

1f = Lo (F)llxs = Nl = L, () 1 x+ -
This and (2.18)—(2.20) imply (2.17).

Consider now the approximative properties of rectangular Fourier sums. This
special case of Theorem 2.1 needs special attention, since in the one-dimensional
case the properties of partial sums of Fourier series are studied in more detail than
other linear means.

Let f € L(T?) and let S, (f,z) be the partial sums of Fourier series of function
f. Below Y® stands for one of the spaces C(T®) or L(T*®). Observe that for spaces
L,(T?), 1 < p < oo the results considered below are less significant.

In the one-dimensional case K. I. Oskolkov in [3] and [4] proved that

n+1/
1 = Su(Dlls <%Z el

From this and Theorem 2.1 we obtain the following result.

Theorem 2.2. Let f € Y*. Then

(2.21) 1 = Su(Dllve <60 S0 Honaysen (D= [ —

vi+1°
BeTl, vp=0 jeB J +

According to (2.14), in the special case of s = 2, Y2 = C(T?), the inequality (2.21)

becomes
(2.22) |If = Snyn, (N < S Huy oot (o)
. nins c(T2) %<Vlz:0 g:o CESES))
{1} 1 2 2} 1
+,/1220En1+1/1 T2) * T +V22220Eng+1/2(f)0(T2)' T

Next, in view of D. Jackson’s theorem (see (1.2)) we have

i 1 1
EQ,, (Nowsy < swi (f, ) < rwy; (f, ) . i=1,2.
it (%) @ n; +v; C(T?) (i n; + 1 C(T2)

Finally, according to Potapov - Brudnyi theorem (see [1], [2]), we have

1 1
Hn vi,no+v S S 1 e 1 )
vrvnates (floe) < swp 2 (f ny+1 no+ 1> (T2)
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Putting together the last two inequalities and (2.22) we obtain

(2.23) (IS = Snina (Nllo2)
1

1
< In 2 1 2
_%{w{l}(f’ n1+1>C(T2) et )+w{2}(f’ n2+1>c(T2) nne+2)
1 1
1 2)1 2)1.
+w{12}<f7n 1 n2+1)C(T2) n(ny + 2) In(ng + )}

This unimprovable inequality was obtained by L. V. Zhizhiashvili [5, p. 178|. This

inequality, on account of

w , S 21min | wW y , W ; ,
{1,2} ny + w1 Ny + o 1 o {1} ny + 1 o) {2} no + 1 o

yields the following corollary of Theorem 2.2:

(224) [If = Snyma (Dlle(@)

1
< 1 2 1 2
= [w{l} (f’ ny + 1>C(T2) B2t (f’ ng + 1)C(T2) e 2)

1 1
: : , —— 1 2)In(ny +2) | .
i (w{l](f i+ 1)C(T2) @ <f n2 + 1)c<T2)> n 2tz +2)

Let now wy (t) and wa(t) be given moduli of continuity, and let

1 1
H _ . ECTQ , i < . 5 :172 .
w1,w2 {f f ( ) w{]}<f n; +1> C(T2) _wj<nj+1)C(T2) ’ }

From the asymptotic equality, obtained by A. I. Stepanetz (see [6, p. 195]) for the

quantity

sup ||f_Sn17"2(f)HC(T2)a
fEle,wz

we get the unimprovability of the estimate (2.24) in the class of functions Hy, w,-
This estimate, however, becomes crude for those functions of the class H,,, ., whose
best approximations by quasi-polynomials decrease rapidly. For instance, if

. cos k121 e €08 koo
flar,@2) = Z 9k1 Z k2 7

k1=0 ko=0

it can be easily shown that the estimates (2.23) and (2.24) in this case become more

crude than estimate (2.22).
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AnHoTALMs. B pabore mcciietoBanbl moanHOMHRAIbHBIE Beiiecku Ctpombepra.
JokazaHna TeopemMa € JMHCTBEHHOCTH JJIsi PSAJIOB 110 3Toi cucreMme. st dyHKImnm
IMesn sToit cucremsl nostydena ciaabas ouenka Tuna (1,1). Ilpusesensr HekoTo-
pbl€ KOHTPIIPUMEDHDI.

MSC2010 number: 42C10.

KuroueBbie ciioBa: Beiteck Ctpombepra; TeopeMa eJIMHCTBEHHOCTH; MaXKOpaHTa
qacTHBIX cyMM; dyHknus [Tesron.

1. BBEEHUE

B macrosmeit pabore nccienoBanbl MOJMHOMAAILHBIE Beriecku CTpombepra cre-
nenu m > 0, u3ydeHne KOTOPbIX Ha4aa0ch ¢ paborsel [1]. Hanomuum onpeesenue sro-
ro BCILIECKa: mycTh Ag = Z4 U %Z, nA; =AU {%} O6oznaunM yepes S;", 1 =0,1
npocrpancTso GyHKImi 13 Lo (R) N C™(R), KoTOpble Ha KaxK/J0M UHTEpBaje pa3due-
HEs A; SIBIISIIOTCsT HomHOMaMu crerrenn m+-1. fAcuo, aro S§* C ST* 1 KOpa3MepHOCTH
Sg* B ST* pasna exunuie. IlosToMy cylecTByeT eIMHCTBEHHAsI, C TOTHOCTBIO 3HAKA,
dynxims T € ST Takast, uro 7 LSY" u ||7]|2 = 1. B pa6ore [1], Hapsy ¢ npyrumu pe-
3y/IbTATaMHU, IIOJIYyIEeHO, ITO cucTeMa QyHkumit fip(x) = 21121 (2x—k),j €L, ke
SIBJISIETCS TI0JIHOI OpTOHOpMUpOBaHHOI cucreMoil B Lo(R), T.e. T upencrasisier u3
cebsI BCILJIECK.

OTa cucreMa MMeeT MOXOXKUe CBoiicTBa ¢ cucremoii PpankjinHa. B yacrHOCTH, B

pabore [1] nosydyeHa KCIOHEHIMAIbHASL OLEHKA JIJIsT T:

I7(z)] < Corl®l, 0 <7 < 1.
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Anajoruunble oneHKH i GyHKIN cucreMbl OpaHK/IMHA U3BECTHBI KAK SKCIIOHEH-
uasbHbIe oneHkn GyHKmin PpankinHa, qokaszanse 3. JuceasckuM [3]. B mocsery-
FOIIEM M3JI0ZKEHUHU MbI yKayKeM ellle Ha HECKOJIBKO CXOJICTB MEXK Iy STUMU CHCTEMAMH.
OgHAaKO OKa3BbIBAETCSI, HEKOTOPBIE CBOMCTBA, KOTOPLIE BEPHBI I cucTeMbl OpaHKin-
Ha, U JayKe IS JUHEHHBIX INepHOAuYecKuX BCIieckoB CrTpombepra, He BEpPHBI JIJId
nosimHOMUAIBHON cucremMbl CTpoMmbepra (COOTBETCTBYIONIE IPUMEPHI IIPUBEJIEHBI B
paszesie 5 HacTogeil paboThl).

Paccvorpum psa
(1.1) Zajkfjk(t)-
3ok

YenoBmmcst 0603Ha4aTE K03 dUIMeHTs! Yepes ajx ( f), ecan 310 psag Pypue-Crpombepra

HekoTopoit dyrkimn f € Ly, 1 <p < 0o, T.e.

a= [ Fufo.
R
Yacrable cymmbl psza (1.1) oupemenum cieryomum obpa3oM:
(1.2) Sic(t)=" Y apfir(t),
(4,k)<(J,K)
rae (j,k) < (J,K) osuagaer j < J, k € Z wm j = J, k < K. B ganbueiitiem mop
CXOIMMOCTBIO psifia (1.2) OyjeM npejosaraTs 9ToO JJIsl KAyKJIOr0 [EJIOr0 § sl

> i fin(e)

keZ
7 JIJ18 KaXKJI0TO 1IeJI0TO jo P,

> D anfin(@)
J<Jjo kEZ
cxongaTcs. B pasgene 2 (eM. cBoiicTBO 2.3) IOKa3BIBAETCH, YTO €Cll aj; = a;k(f), f €
L,, 1 <p< oo, 10 pag (1.2) abcomorHo cxogurcs Ha R.
MazkopanTty gacrubix cymm u dbyukimo Ilem paga (1.1) obo3umadum coorser-

CTBEHHO Yepes3

S*(t):SHIgISJK(t)I n P(t)= Y al i)
3.k

Eciu xke peus uger o psge @Pypoe-Crpombepra mHekoropoit dyukiuu f, To Gymem

nucatb S*f(t) u Pf(t).
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W3BectHO, uro jitst Kitaccndeckoit cucrembl Opankimaa (eM. [2]) u maxke st obmeit
cucrembl OPAHKINHA ¢ KBASUANAJANIECKIM U CHIBHO PEry/IsipHLIM pasbuenueM (CM.
[4]) oneparop Ilesnmu umeer ciabbrii Tun (1.1). B Hacrosimeil pabore mokasbiBaer-
Csl, 9TO U B CJIy9ae IOJMHOMHAIBHOrO Bemwiecka CTpoMGepra 9TOT OmepaTrop mMeeT
corabbrit Tui (1.1) (eM. reopemy 4.2).

Hcnonb3yst MeTonst pabor [4]-[7], Moxkuo nokasars, uro us ciaaboro tuma (1.1) ome-

paropa et cremyer, aro mia f € Ly (R) cupasemiuso

u{teR:Pf(t)>>\}:o</l\).

Hanomunwm, aro dyuknms g nHazbiBaercs A-unrerpupyemoii Ha R, ecin ona y10B1eTBOp-

sI€T YCJIOBUIO
1
ule € R: o] > A} = o).
U €CJIN CyIEeCTByeT

g(t), lg®)] <A,
0, lg(t)] > A.

A— 00 R

lim [ [g(t)]xdt, rae [g(t)]\ = {
IIpu sToM TrmIITy T

i | lo(0hdt = (4) [ glo)ar

A—00 R R

B pasnene 4 goxkasbiBaeTCs ClIeIyIONasi TeopeMa.:

Teopema 1.1. ITycmo Sjk(t) n.e. cxodumes x Ppynxuyuu f(t) u
lim Au{t e R: S*(¢t) > A} =0.
A—00

Tozda das ecex j, k € 7 svinoansiomcs

aj = (4) / FO S (0)dt.

Amnanornanas TeopeMa 1T KJIACCHIeCKOil cucteMbl OpaHKIIMHA TOKA3aHa B pabO-
Te [8]. Teopema BepHa u s o0meit cucrembl OPaHKIMHA B CJIydae CHIBHO PEryJisip-
HOTO U KBasWuaJndeckoro pasbuenns (cm. [9]).

VesroBuMest 0003HAYATD TOCTOSHHbBIE, 3ABUCSIINE JIUINB OT mopsaka m, yepe3 C1, Co, ... .
Ecan nocrosdHHas 3aBIHCAT OT HEKOTOPOT'O IIapaMeTpa, OyZeM OTMeIaThb 9TO B HHIEKCE.

Homnosmnenne naTepasia I C R ycioBumcst obo3nadars depes €.
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2. HEKOTOPHIE CBOVMCTBA U U3BECTHBIE ®AKTHI 1JIsI CUCTEMBI CTPOMBEPTA

BameTuM, U4TO U3 IKCIHOHEHIUAILHOI OleHKN (DYHKIMK T CJIe/lyeT, 9YTO T OrpaHu-
yeHHast DYHKIWsL, T.e. MOXKHO 0003HAYNTD MaXycr |7 ()| uepes C... VI3 Toil 2Ke O1eHKH
uMeeM, UTO

|fin(z)] < Co2i/2p 7ok 3 e R,

Wccmemyem npyrue cBONCTBA 9TON CHCTEMBI.

CsoiictBo 2.1. [1] B cayuae m = 0 (aunetinozo ecnaecka Cmpombepea) umeem

r()(V3-2)11=1,23,..,
() =7(0)(—V3-2)%,1=0,-1/2,—1, ...,

3

—~
~

~
Il

2de 7(0) u 7(1) omauuns om HyAA.
CaoiictBo 2.2. B cayuwae m =1 cywecmsyem k € Z maxas, wmo 7(k) # 0.

Joxasamesvemeso. Ilpenmonoxxum nporusroe: 7(k) = 0, k = 0,1,2,.... IIycrs {N; :
| € Ay} 6asmuc mpoctpanctsa Si, cocrosmmit m3 B-craitaos. Touxku pasouenms Aj
obozHauuM Uepes t;, ¢ € 7Z B mopsjake Bozpactanusa ¢ tg = 0. Ham monamobsiTcs
cJlelyIoIe U3BeCTHbIe cBoficTBa B-ciuaiinos (cM. [10]):

N1. suppNy, = (t;, tits),

N2. N, () >0, x € (ti, tiys),

N3. N;, obpasyior genenue exuuumpl, u nosromy Ny, () + Ny, ,(t:) =1,

N4. Ny, (x4 t;) = Ny, (@ 4 tig1), econ [i] > 2.

N5. N, (v +t;) = Ny, (tiys — ), ecim ¢ # 0, 1.
Samerum, uro u3 ceoiictB N3, N4 u N5 cienyer

N6. Ny, (tiv1) = Ny, (tige) = 3 ecm i # 0, 1.
Us 7 € S} nmeem

(2.1) 7(z) = Z aiNi(x), a; € R.
le Ay

Wrak, ¢ yuerom npesrnosnoxenus u csoiicrsa N6, misa k > 3, moaydnm

1 1
0= T(/C) = Z alNl(k) = aklekfl(/f) + ak,QNk,Q(k) = —Qk—_1 + =Qk_2.

2 2
leA;
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Orkynma cieayer, 9to ay = —ak+1, k > 1. YuursiBas, aro ap — 0, korjga k — +00
(em. [11], nokazarenbeTBO TeMMBL 2.2), momyunm ai = 0, k > 1.

IMonoxkum B (2.1) 3HaueHns © = 2 u © = 1 TOIyIUM

0=7(2)=a1N1(2) +a

1
2

0= 7'(1) =a N%(l) + aoNo(l) = aoNo(l).

1
2
YunreiBag N2 nomyamum a9 = ap = 0.

Honoxus B (2.1) z = 0 u yaursBag N6, noxydaum

1 1
0=7(0)=a_1N_1(0) +a_1N_1(0) = 20-1 + 50-1,

Te. a_1 = —a_1. dcro, 9ro u3 (2.1) u u3z a, =0, i > 0, umeem

-3
T(z) =0,z > 1,
7(x) :af%]\/;%(x)7 T € [%, 1] n
(@) =a_yN_y(2) + a1 Ny (z), z € 0, 3].
IIycro ﬁo(x) B-cuunaiin ¢ ysnamn {0,1,2,3}. Torga No(x) _ %xQ’ z € [0,1]. Tax xax

715t u No(z) € SL, 1o

~ 1
(2.2) O:Q/RT(x)NO(x)dx:/O 227 (z)dx

—~
8
~
U
8
+
\H
|
W=
—
8
U
8

3
:/ xz(a_lN_l(:c)Jra_%N_; 1:2(1_%N ,
0

-

1 1
:/ an_lN_l(a:)dx—F/ an_;N_%(a:)dx.
0 0

YauTeiBasd, 9TO 4_1 = —a_1 U

1
2

ITosTomy a_1, a BMecTe ¢ HUM U a_ 1 PaBHBI HYJIIO.
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Urak, nosnyuannu a;, = 0, ¢ > —2, orkyga u u3 (2.1) caenyer, uro 7(z) =0, > 0.
A 3T0 HEBO3MOYKHO, N60 B TAKOM CJTydae T IpHHaIesKama 661 S§, HO MO TIOCTPOEHHIO

715§, Cneposarenbio Harre Tipeosozkenne HesepHo. CBOMCTBO j10Ka3aHo. O

CsoiictBo 2.3. Fcau f € L,(R), 1 < p < 00, mo das 1106020 yerozo jo cyujecmsyem

nocmoannas Cj,p, 36a6UCAUAA MOADKO OM jo U P, MAKAA, YMO

Z Z laje (O fik@)] < Ciopll flp-

J<jo kEZ

Loxazameavemeo. Husi p =1 u3

ik (N < fillooll fllr < Cr272 £,
TIOJIYy YAM
laji(F)|I i (@)] < C127 || fllyr? == H,

IIycts Temeps p > 1, ]l? + % = 1. Torma

Il = [ 1fn(olndr < o2 [ 2le-si2lay

R

:COQJQ/ /T‘tldt < CQ 2] (q/2— 1)
2q Jr

IIosromy, nisg p > 1 umeem

i (DI @)] < N Fk gl Fllp ] £ ()]
< O |11, 20 /2 /D32y 2kl — gy || 27y e

Urak, ana p > 1 nomyuniu

lajk ()] fix(@)] < CupllF1]p27/Pr!2 241,

13 KOTOPOTO CJIEYET, ITO

Z Z laje (O fir(@)] < Capll fllp Z 93 /P Zr|2ﬂ'x—k~|

J<jo kEZ i<jo keZ
<200, fllp D 27D rF < Csliflly D 277 = Cop 2P| -
Ji<jo k>0 Ji<jo
CBolicTBO HOKa3aHO. O
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3ameuanmne 2.1. B pasdene 5 das m = 0 u m = 1 npuseden npumep Pynxyuu
uz npocmparcmea Lo (R), das komopot ymeeporcdenue ceoticmea 2.3 ne eepro (cm.

npumep 1).

_ (4 itl '
Panrom asomvnoro nurepnasia I = (g, Q—J) HazoBeM 4ncyo j. ObozHaunm 1uepe3
k=1 k
27 921

{j, k} unTepsam ( ) IIpuBenem erie JiBe JIeMMBI, KOTOpbIe HaM TTOHAIOOATCS

opn J0Ka3aTeJIbCTBE OCHOBHBIX TE€OPEM.

Jemma 2.1. [11] Hyemo I = [, 2] a,8,j0 €Z u

240 20
Firx)= > apfil@).
k:{j,k}CI
Tozda cyuwecmsyem nocmosnnas Cy, > 0 maxas, wmo das j > jo
IFj1(2)] < Copr® @D max  |Fj(t)], 2 >max],

B Btm+2
te[ﬂo’ 270 ]

|Ejr(z)] < Cmrgjd(x’” max |F;r(t)] @ <minl,

—_m—2 e
te|oe—m=2 _o
€ 270 7 270

ede d(z,I) = inf{|lz —y|, y € I}.
JIemma 2.2. [12] /Jlaa npoussosvnozon € N u 0 < § < 1 cywecmayem nocmoannas
Cp,s makaa, wmo das 06020 nosurnoma P(x) cmenenu n u nodmmosicecmea A C

[a,b] ¢ yeaosuem u(A) > 6(b — a), cnpasedauso

max |P(z)| < Cy s sup |P(z)].
z€la,b] TEA

3. OCHOBHBIE JIEMMBI

Iycrs M f(x) ecrb makcuManbHas dbyukims Xapau-Jlutiasyaa:

Mf(z) = sup ﬁ / F@)ldt,

I:xzel

M3BecTHO, 9TO OHA YOOBIETBOPSAET CIELYIOMIEMY HEPABEHCTBY

(3.1) u{x:Mf<x>>y}s§uf||1, y>0, fel

O603Ha91M

1
3.2 Eyx={teR: S*(t) >}, By=<teR: M t) > ——< .
(32)  Bi= 0>, B-{ X0 > gt}
Hcuo, uro Ey, D E\,, By, D Bi,, upu A\ < Ag, a takxke u(Ey \ By) =0, u(By) <
15(m + 2)p(Ey). o ycaosuto teopembr 1.1 umeem Ap(Ey) — 0, A — 0o, mosromy
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HaunHasg ¢ HekoToporo Mecta ((Ey), a ciaenoarensro u p(B)), Koneunsl. B mocie-

JyroreM OyieM CIMTaTh A HACTOJBKO GosbimmM, 9To (1 B)) < 0o.

JIemma 3.1. Cywecmsyem nocmosannas Cr makas, wmo das 406020 psda (1.1) u

A > 0 umeem mecmo

/sup Z a;rfie(t)| dt < CrAp(Ey).

EARC N FERSETAS
A {i,k}CBy

JIemma 3.2. Cywecmeyem nocmosnnas Cg makas, wmo dan 6020 pada (1.1) u

A > 0 umeem mecmo

/Sup > ajfin(t)] < Cshu(Ey).
5 PR G0
A {3,k}YZ B

JIemma 3.3. Psad
> apfin()

{4,k}YZ B
asasemcs padom Pypve nexomopot dynxuyuu f € L1(R) P Lo (R).

MuoxkecTBO B)\ C TOYHOCTBIO 1O MHO2KECTBa MePbI HYJIb MOXKHO IIPDE€JICTaBUTL B BU-

)

Jie 00'beIMHEHNSI UHTEPBAJIOB B(S/\ He MMEOIUX OOIUX KOHIIOB. 3aUKCUPYeM HEKO-
TOPBIIA Bé/\). Iycrs {jg, kq} camblit 6OMBIIOH TBOUIHBIH HHTEPBAJ BXOLIIINN B Btg/\).
fcuo, uro Torma

2770 < |IBMV| <4270

Mg j > j, oboznaunm 4gepes ng ) WHTEPBAJI BUJA [g—;, %] HanOOJIbINEN JJIMHBI, CO-

. A .
JeprKaIuiicsa B Bé ), Samernm, aro s ¢ = 1,2, ..., m + 2 UMET MecTo

ey —i Ry —i4+1] 1
oy +i—1 ky+i] 1

JeficTBUTEILHO, €t OBl He BBIIOJIHSIIOCH (3.3), TO X0Ts1 ObI jiuist ofiHOrO ¢ = 1,2, ..., m+

2 6BLIO OBI CIIPABEJIMBO CJIEIYOIIEE:
ki—1 ki—1+1
27 27
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CJIe10BaTe/IbHO,

k17m72 k
_ E
H 21 2% =3

C B, 9TO HEBO3MOKHO TIO OIIPEIeICHUIO MHTEPBAJIA

k1—m—2 }
27 DY

a 9TO 3HATHT, UTO |
ng ), CuaenroBaresibro, (3.3) BeimosHsiercs Jyist Beex ¢ = 1,2, ..., m + 2. Hepasencrso
(3.4) nokasbIBaeTCsl AHAJOTUIHO.

O603na91M

S =S apfint).
k:k<l
Gkycrf)

dcno, aro |S;j (t)] < 2A, t € Ef, yanrbiBag Takxke (3.3), (3.4) u gemwmsr 2.1, 2.2,

MOJLy YUM
ST D)) < Conr? 91Nt g 19,
O6o3HaunM
0, t € {jg: kel
i | S w0 eI
3 malsP ve B
HAcuo, uro

>\) (J) < 2’dt1(’)) _
(3.5) / t)dt = Z/ max |S.7} (t)|dt < Clo/\Z/m dt

2C10\ Z / r¥tdt < CpA Z 279 < C1pA2790 < CraAIBYY|.

J=Jaq
OueBuHO, 9TO
(3.6) sup| Y ajfie(t) <Z<1><A , t¢ B,.
JK {j,k}CBjy
(k)< (I, K)

U3 mocnemanx nByx HepaseHcTs u p(By) < 15(m + 2)u(EY ), momyaaem

/ sup Z ajkfjk(t) dt < 012/\2 |Bl§>\)|
B
q

S K ke,
(G R) S (I, K)

= Clg)\/i(B)\) < 15012(m + 2)>\M(E)\),

u jJemMa 3.1 JIoKa3aHa.
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JokaxkeMm, 9To cymiecTByer roctosinaas (3 Takasi, 9TO

LA

(3.7) lajifie(t)] < Cishe® 17251 {5 kY ¢ By

Amnanorndno pokasaresnbcrsBy coorHomenuil (3.3), (3.4) moxkno ybeaurcs, 94TO U3

{j,k} ¢ By crenyer

[\

1
(3.8) |{j,k+z’}ﬂE§|Z§~§, i=-m—1,-m, .. m+1.

Tak kax |a; fx(t)] < 2)\ ma E, a f;;(z) nomuuoMm crenenu m+ 1 xors 651 Ha KaxK 01
nostosune {j, k+i}, mig Bcex i = —m—1, —m, ..., m—+1, u3 gemmnr 2.2 u (3.8) Gynem

HMETD, 9TO
lajifin(z)] < Cra, x € {4,k +1i}.

Ocranocs 3aMeruts, 910 (3.7) ciaemyer us jgeMMsl 2.1.

0603Ha4nM 4yepe3 J\ MHOKECTBO MAKCUMAJbHBIX JBOMYHBIX HHTEPBAJIOB BXOISIIUX B
B, te. I € Jy ecau I-gBowunsriit narepsat, I C B) n KaxKXIblil TBOMIHBIN HHTEPBAJ
I’ > I ue conepxkurca B By: I’ ¢ B). $IcHO, 9TO ¢ TOYHOCTBIO JI0 MHOXKECTBA MEPBI

HYJIb CIIpaBEJIJINBO IIPEJICTaBJICHUE

By = UI.

Ie€Ty

Pacemorpum mekotopsiit I € Jy. Ilycrs panr I pasen j; u I’ nBOWYHBIN HHTEPBAJ
paura j; — 1, koropsrii comepzkut I. 13 onpenenenus J, cinemyer, uro I’ & J,. Cie-
JIOBATEJILHO

1 1
— H)dt < ———
77, X0 <

OTKY/1a IIOJIyYUM

INE _2_1
Il  — 3m+2’

(3.9) I €7,

ITycre t € I. Torna, yaureiBas (3.7) GymeM nmeTsb

S afal <A Y)Y sl < ogen Y e,
i1, {3,k}Z Bx J2ir k:{j,k}Z Bx Jj2ir
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WNarerpupyst mo I nosryanm

(3.10) / S lanfadldt < Cion S / PRI gy
I I

J>gr1,{4,k}Z B J>ir
= 2016)\ Z / 7’2jtdt S Cl7>\ Z 2_j S Clg>\|I|
3> 70 3>i1
Ob6o3HaunM
Z \ajkfjk(tﬂ; tEIEJ)\,
r1(t) =< ks,
0, t & B).
U3 (3.10) nmeem
(3.11) / Oy (t)dt < Cish Y |I| = Crshu(By).
R =R

feno, uro myisa 060i napel nesbix auces (jo, ko) crpaBenIuBo

(3.12) N aji fir(t)| < ) appfin®)|+] D ajkfin(t)|-
(k)< (0 ,ko) (4,k)<(Jo ko) (3, k)< (o, ko)
{,k}Z By {3, k}YC By

ITycrs t ¢ By. Torna u3 (3.12) u (3.6) mosxyunm

(3.13) Z ai k)| <A+ Z @f;‘)(t), st LB t & Bjy.
(1,k)<(G0,k0) q
(k) Z By

Iycrs t € I € Iy u panr I pasen j;. Eciu jo < jy, To Bropas cymma B (3.12) saisiercs
nosmHOMOM crenenn m + 1 Ha I, u mosromy, u3 (3.9) u jieMMbl 2.2 MOAYINM, 9TO OHA
o mMomyso He npesocxomut Cig\, & BTOpoe cjaraeMoe He IPEBOCXOIUT » a @Ef‘)(t).

Ecmu xe jo > jr, To mis t € I nmeem

> aefie®)] <D apmfi®|+| D apfirt)|+ ) ajk fik(t)]
(4,k)<(4o,k0) J<ir i<ir (4,k)<(3o,k0)
{i,k}Z By kEL {j,k}C By i>ir. {i.k}Z By

3,&er I/ICHO.HB3yﬂ BBIIIIECKa3aHHOE I/IMeeM7 q9To HepBOe cJIaraemMoe He HpeBOCXO,ZLI/IT

C19\, BTOpOE MeHbIIIe Zq @é)‘)(t). Tperbe cinaraemoe menbiue @y 1 (t). Mrax, mis .5.

t € B) mosyunM

(4,k)< (30 k0)
{i,k}ZBx

(3.14) Z ajkfjk(t) < Cig) + ‘I)A,l(t) + Z ‘I)SZA) (t),
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orkyza, yaurbiBag (3.5) u (3.11), nomayaum

/ sup > apfir(t)|dt < CaMu(By),
B

x (Jo:ko) | (5,1 <o ko)
{4,k}Z By

U 9TUM JI0KA3aTeJIbCTBO JIEMMbI 3.2 3aBepIIEHO.
Ilepes Tem Kak mepeiTn K JIOKA3aTENbCTBY JEMMBbI 3.3, YOEIUMCsI, ITO UMEET MECTO

cIIeyIoIIee YTBEPIKICHIE.

JIemma 3.4. Ecau S*(t) € L1(R) P Loo(R), mo cywecmsyem dyrryua f €
Li1(R) @ Loo(R) maxan, wmo ajr = [, f(t)fx(t)dt.

Jokasamesvemeo. Nmeem S*(t) < C + ¢(t), t € R, ¢ € L1(R). Obo3nadnm

Fr(z) = > ajo firw (@),

(—m,o)g(j',k)’)<(m,0)

x
om(x) = / F,.(t)dt.
0
Nmeem |Fip(t)] < 2(C + ¢(t)), t € R, ¢ € L1(R). Bamerum, 910 HA KaXKJOM KOHEU-
HOM mHTepBaJse [a, b] byHKIMA ¢, OrDAHMYEHA W MMEET OTPAHMICHHYIO BAPUAIIHIO,

puydem

b
Sup [m(2)] < 20(b - a) +2 / ()],

z€la,b]

b b
V em(z) < 2C(b—a)+2/ |p(t)|dt.

B cuity Teopembl Xeiniu CyIiecTBYeT IO/IIOC/IE0BATEIBHOCTD Oy, , KOTOPAST CXOIUTCS
Ha [a, b] K HeKOoTOpO#T QyHKIWMN orpaHndeHHoil Bapuaun. MTak, pacCMOTPUM HHTED-
BaJt [—1, 1]. VI3 BblilecKa3aHHBIX PACCYKIEHUIT CJIEAYeT, YTO CYIIECTBYeT HOAIOCIIe-

1
JOBaTeJIbHOCTD gognl) LOCJIEIOBATEILHOCTH (P, KOTOpas cxonurcs Ha [—1, 1]. Tenepn

(1)

PACCMOTPHM TOCJIEIOBATENHLHOCTD (O, HA MHTEpBaJse [—2, 2]. AHAJIOTMYHO, UCIOJIb-

2
3ysl TeopeMy XeJIJIU IOJIYyYrM, UTO CyHIeCTBYeT IOAIIOC/IE0BATEIbHOCTD <p,(n?, KOTO-

pag cxomurcs Ha [—2, 2|, upudem 3amerum, 4ro Ha [—1, 1] npenenbhas dbyHkims

a

COBIIQJIAET C IIPE/IeIOM cpmg. IIpomoizkas 9TOT mpoIece, Ha ¢-OM IIAry HOJIyYUM II0-
(2)

CJIEIOBATENILHOCTD Oy, KOTOpasl CXOAUTCs Ha [—i, i]. PaccMoTpuM nnaroHasbHYyO
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®

MTOCJIEIOBATEIBHOCTD Dy, . DTA TTOCJIE0BATEIHHOCTD 110 TOCTPOEHUIO OYIET CXOIUTCS

Ha R. Uccnenyem npenensryto dyukimo ¢(z). Acho, 9ro

y

[P @) — oWl <2l —yl+2 [ loloat,
[O3TOMY

y
[o(e) — el < 20k —y| +2 [ foto)l.

CuaentoBaresibho, ¢(x) upezacraBisier coboii abCOIIOTHO HENPEPBIBHYIO (QYHKIMIO HA
R, npuyem
(3.15) |’ ()| < 2C + 2|¢(z)|, ans moutu Beex x € R.
O6ozraunm f(x) = ¢'(x). U3 (3.15) cranosurcs sicio, uto f € L1 (R) P Lo (R).
JIoKaskeM, 9TO UMEET MECTO PABEHCTBO
(3.16) /f]k x)dr = hm /f k(2)dplL ( ).

JleiicTBuTe IHHO, BO3bMEM IIPOU3BOJILHBIN € > 0 u mycTth A > (0 HEKOTOpOe JIeliCTBU-

TesibHOE uncio. Vcnomnb3ys (3.15) mosmydnm

T

</ @)l (@) da
A

< /A F50(0)|2C + 20())dz < 2C / F(@)lda + 2C" /A 16(x)]d.

YunrsiBast, 910 fik, ¢ € L1(R), MoxkHO BBIGpaTh 4nci0 A HACTOIBKO GOJIBIIAM, YTO-

OBl 00e ciiaraeMble ObLIM MEHbIIE €. AHAJIOTMYHbIe OICHKHU BEPHBI 1 JIJId UHTETI'PaJIOB

—A —A
[ m@a@, [ e, [ el o)
— 00 — 00
C apyroii cTOPOHBI /I JII000ro KoHedHoro A 1mo TeopeMe Xesau nMeeM
/ fin(z)dp(z hm / fin(z dcp(l) (),
CJIEJIOBATENIHHO

x)de(x) — hm/f;C dgp(l) (x)

< 8e.

OTKy/1a, UCHIOJIB3Ys IPOU3BOJIBHOCTD €, IIOJYydnuM paBeHCTBO (3.16).

Ocraercs 10Ka3aTh, 9TO

(3.17) i [ fn()dol) (@) = a

=00 R
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Tak kak
1> aj i (@) <28%(x) n S*(x)firlx) € Li(R),
o k'€Z
) s Fora () d — L ) () da
/Rf]k(x)za]kf]k(x) T Za]k/ﬂgf]k(x)f]k}(‘r) T

K€z =
Amnanornaso nosyunMm, 9To ipu m > |j|

/Rfjk(x)Fm(fﬂ)dx = Z ajrgs /Rfjk(x)fj’k/(w)dx = ajg,

(=m,0)<(57,k")<(m,0)

oTKya u caexyer paseHcrso (3.17). Jlemma 3.4 jokasaHa. O

Jlemma 3.3 caemyer u3 emmbl 3.4 yantbiBas onenku (3.13), (3.14) u uaTerpupyeMocTh

byuxrmit ®y 1 (f) u <I>§f)(t) Ha R (cm. (3.5) u (3.11)).
4. JIOKABATEJIbCTBO TEOPEM

Mpbr noKakeM CJIeAYIONIYyI0 TeopeMy, OTKYJa HEITOCPEJICTBEHHO CJIEJIYET CIpPaBel-

JIMBOCTDH TeopeMbl 1.1.

Teopema 4.1. ITycmov Sjk(t) n.e. crodumcsa x dynkyuu f(t) u dan nexomopot

n0cAedo8amenvhocmu \; T 00 8bINOAHAENCA PABEHCMEO
lim )\Z‘/J,{t eR: S*(t) > )\1} =0.
71— 00

Tozda das scex j, k € 7 umeem

a;r = lim [ [f(t)fir(t)]a,dt,

1— 00 R

2de N; = 29720 - \;.

Hoxasamesvemeso. Ilycrs Ey, n By, MHO)KecTBa onpe/ieennbe B (3.2). Oukcupyem
HeKoTOpbIit {jo, ko }. VImeem
LU fora®lndt = [ 1O O+ [ O Lo i
g X

ITepBoe ciaraeMoe O MOJYJ/IIO HE IIPEBOCXOUT
Asp(By,) = 270720, - \iju(By,) = 0, xorma i — oo,

a BTOPOE cJjiaraemMoe paBHO

f(t)fjo ko (t)dt

BS.
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Tak Kak |f(t)] < A;, xorma t € B u
jo /2
| Fioko ()] < C-27072 t € R.

O603HaUMM Yepes3 I,(,J ) cocrapasonue maTepBas R \22, I(EJ ) (eM. pazzen 3). 3ame-
THM, 9TO JIJIsl KAXKJIOT0 j € Z 9nCJI0 MHTEPBAJIOB ng ), a 3HAYUAT U IUCIIO I,(,J ) komewHo
(rak Kak p(B),) KOHEUHO), CIIeJ0BATEJILHO, MOYKHO CYUTATh, YTO ITU UHTEPBAJIBI PO~
HyMePOBaHbI B TI0OpsijiKe Bo3pacTanus. Ilycrs

SP@) = Y apfi@) w SP@) = D auful).

{j.kycrd? {j.kycIy)

S |svm] <o e Lm),

CIJIeJIOBATENBHO P Y5 > -, |S(gj )(t)| HOYTH BCIOLy cxoaurcs. OueBUaHO, U4TO

fcuo, uro

JU@ s @ = [ fu @+ on)

i
_ / oo ® [ X890 + 3389 (1) | at +o(1).
B3, Jj q j P
Orciozia, ¢ yaerom JjieMMbl 3.1, moJryaum
LU Ot = [ Fiua )3 308900t + o).
A j P

Orkyna, mpuMeHsist JeMMy 3.2 U YUUTHIBAA OTPAHHICHHOCTL DYHKIME fjik, (), mO-

JIyIUM
/R ) Fioko (8)] .t = / Frogo (1) Z > 59 (1)dt + o1).

ScHo, uTo JyIst KarXK0T0 JBOMYIHOrO nHTEepBasa {j, k} HaAUMHAS ¢ HEKOTOPOTO 4 UMeeT

Mmecto {j,k} ¢ By,, ciie0BaTesIbHO, IPUMEHSISI JIeMMy 3.3, TTOJLY IUM

lim [f(t)fjoko (t)]Az‘dt = lllglo /]R fjoko (t) Z Z §§Jj)(t)dt = Qjoko-

1—>00
R J p

Teopema mokazana. O

Teopema 4.2. Cywecmeyem nocmosnnas Co1 makas, wmo das mobozo g € Li(R)
uy > 0 umeem mecmo
Co1
p{t €R: Pg(t) >y} < Tllgllr
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Joxazameavcmeo. 3amerum, uro ecau g = ¢ + ¢”, 1o Pg(t) < Pg'(t) + Pg"(t).

TIosTomy

p{t eR: Py(t) >y} < u{t: Py'(t) > %} +u{t: Py (t) > %}

Orcroma cieyer, uTo 6e3 OrpaHudeHns OOIMIHOCTH MOXKeM cuurtarh g(t) > 0.

O6oznaunm G, = {r € R: Mg(z) > y}. 3 (3.1) umeem

5
(4.1) Gyl = 2 Nl

ITycrs J,, MHOXKeCTBO MaKCHMAJbHBIX JIBOMYHBIX MHTEPBAJIOB BXonammx B Gy, T.e.
BOMYHBIN WHTEpBaJ [ IPUHAJIEKUT Jin u JIsST KaKJ0T
0 epBas [ aJIIe Jyecm I C Gy u I’ Gy XK JI0T0
! —
nsouunoro unrepsadia I’ O 1. fcno, uro Gy = Ulejy 1.
Pacemorpum I € J,,. Ilycrs panr I paseH jr, a I’ nBondHblil nHTEpBaJ panra j; — 1

conepxkamuit I. ITockomeky I’ ¢ G, TO

1
(4.2) = [ gt)dt <y.
1| Jr
fcuo, uro |I'| = 2|I|. YaursiBas HEOTPUIATENLHOCTD QYHKIUE ¢(t), IOy IUM

1/ 1
s [ g)dt < — [ g(t)dt.
o J, 4O =< g7 00

Orcrona, yuuTeiBas onpenenenue J, u HepasencTso (4.2), mosy<aum

(4.3) ﬁ/g(t)dt <2, Ie€l,.
1

Oupenenum dysknuio g1 (t) ciaemyomum obpas3om:

_ g9(t), t & Gy,
gl(t){LI(t), telyejy.

rue Ly(t), t € I, upoexius dyukiuu g(t),t € I, Ha IPOCTPAHCTBO OJIMHOMOB CTEIICHI
m + 1 na I. I[TockosibKy HOpMa Takoro mpoektopa B Li orpanmdena auciom C,,, TO
ILilloyy < Cm - llglln,(r)- Orcroma n uz (4.3) mmeem, uro ||Lr||z, () < 2Cny/1|.
ITosromy, B cuity HepaBeHcTBa Hebblmnesa, OyiaeM nMerhb

1
4Cny

1
pft € L2 [Li(t)] > 4Cmy} < IL1llzyr) < S HI-

OTKy/1a, UCIIOJb3Ys JieMMy 2.2 1 yauTbiBast, 9ro MyHKIws L (1) aBiisercs HoIMHOMOM

Ha I, nosmyunm |L(t)| < Caoy, t € I. Crenosarensro |g1(x)| < Caoy, korga x € Gy,
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C npyroit cropomnst B Toukax JleGera muoxectsa Gy = {r € R: M(g,z) < y} nmeer

mecto |g1(z)| < y. Utax
(4.4) lg1(2)] < C23y  mw.B. Ha R.

Bamernm, uro u3 (4.4) u (4.1) caeayer

[atar= [ gwars [ <y [ awa+cuiic, < Cuylglh
s R

Y

TTosromy

e R: Pr() >y} =| {1 € R+ (Paa()? > 07} < 1208 < 0y, el

Ham ocraercst okazaTh, 9To cyriecTByer moctosiiHasi Cos Takasi, 9TO Jjist DOYHKIAN

g2 = g — g1 UMEEeT MECTO
025
Y a2 ) | >y — gl

O6oznaunM vyepe3 | KOHIEHTPUYECKUN WHTEPBAJ C WHTEPBAJOM [, KOTODBIN MMeeT

nuny 3|I| u nycrsb éy = Ulejy I. Us (4.1) mosyuum
~ 15
Gyl < —lgll1-
o= gl

IIosToMmy, nOCTATOYHO JTOKA3aTh, YTO

[N

~ C
(4.5) plt g Gy | Y a(e) A0 | >y sfngnl.

Ob6oznaunM g;r = g2 - X1, I € J,; ¥ AOMYCTUM, YTO BBITIOJIHSIETCS
(4.6) / S Jage(on) £ (ldt < Casllgrl-
© gk

Yéemumcs, uro u3z (4.6) caemyer (4.5). HeitcrBuresibHo, yaurbiBag, 9o supp g; C I,

3 (4.3) u (4.4) moxyunm

gl = / lga(t)ldt < / lg(0)]dt + / lu(8)]dt < Caryl].
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Orcrona u u3 HepaBeHCTBa |4k (g2)| < Zleﬂy la;r(gr)| crenyer, aro (cm. (4.1))

47) /G el lde <Y

v gk Ied,

[ 3 lasetanligolar
e

< Cosy Z 1| = Casy|Gy| < Caollgll1-
Ies,

Nl

Y4auThiBasi, 9TO (Zj’k a?k(gg)ffk(t» < >k laie(g2)l| fik ()], w3 (4.7) momyaum

1
2

pltg Gy Za?k(fh)fgzk(t) >y
ik

~ C
SuQtEGy: Y la(ga)llfin()] >y p < %HQHL
.k

Urak, 3aiimemcs JokasareabcrBoM (4.6). @ukcupyem nekoropsiii I € J, u uccie-
jayem pyukuto gr. Ilycrs panr I pasen jr. VI3 onpesenennst yHKIMY ¢ TMEEM, ITO

JLJIsL IIPOU3BOJILHOrO 1tosimHoMa p(t) crenenu m + 1 cupaseinBo

/I gr(t)p(t)dt = 0.

IMosromy, yunTsiBasi, uro dbyHKIms fj5(2) Ha IBOMTHBIX MHTEPBAJIaX PaHra OOMIb-
Ile 9eM j €CTh IOJIMHOM cTeneHu m + 1, BBIBOJUM, YTO ajk(gl) =0, ecsim j < jg.
CueoBaresbho, B cymme (4.6) y9acTByIoT TOJIBKO ciaaraembie ¢ j > jr. Oboznaaum
Ny ={Gok) s 3> dn, Lok} C T,
N ={(j.k): j > jr, {5k} CR\T},
N3 ={(,k): j > jr, {j,k} c T\ I}.
fcno, uro mocrarouno mpokazarh (4.6) ¢ cymmamu 1o Ny, No u N3 pasiesbHo.
Pacemorpum (4.6) ¢ cymmoii o Ni. Ilyers j > j;. Obosmauum uepes J;, i =
1,2, ...,29791 cocraBisiioNe MHTEPBAJIBI PAHTa j MHTEpBaJa I, & COOTBETCTBYIONIHE

WHTETrpaJjIbl Yyepe3 O'Z(j ).

agj):/ lgr(B)|dt, i=1,2,..,27791
Ji
Nmeem
laj(gr)| < Z/ 91 (t) fix(t)]dt < Qj/2020§j)7"2jd(]“£ ;
i I i
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[ \fin(t)]dt < Cr¥ 127312,
IC
U3 nocieHUX JBYX HEPABEHCTB CJIELyeT
> laelon) [ (0l < Coor® 1 S0l 3D g0
E: (j,k)EN; I i k: (j,k)EN,
< Cqrr® Zaz(j) = Car® " galhr-
i
CyMMupyst TIocjIeiHee 10 j > j; MOy IuM
> [ lan(anllfn®ld: < Canlorl
(Gk)EN 7T
Iepeiiem k onenke cymmbr 1o No. Iyets Ny = {(j, k) € Ny : {j,k} nesee I}, Nj* =
{(4, k) € Ny : {j,k} npasee I}. Tak KaK 5TH CyMMBI OIEHUBAIOTCS AHAJOTUTHO, MBI

OrpaHuIMMCsl uccieoBanneM cyMmbl 10 Ny . Ilyers j > jr. Jost (5, k) € Ny nmeem

o =il 49l (T k. s

laje(gr)] < Co29/r® AT g ||y w /~ |fik()]dt < Co277/2.
Ir:
CiiejtoBaTEILHO UMEET MECTO
i s o
> Iajk(gz)\/~ [fin(@)lde < Cagr™ Mlgrle D0 ¥ < G i

ki (j,k)ENg I ki (k) €N
CyMMupyst mocjieiHee 1o j > jr mory<aum

> [ lantonlifudt < ol

Gheng o

Wrak, ocranock oleHUTb CyMMYy 110 N3. DTy CyMMy TOKe Pa300beM Ha JBE YacTU —
Ny m NS+ cocrosiye u3 Tex {j, k}, KoTopble cooTBeTCTBEHHO JieBee U npasee I. DTu

CYMMBI OILEHHBAIOTCS aHAJOIHMYHO, II09TOMY PACCMOTPHM TOJBKO cymMmy 1o Ni . B

3TOM Cﬂy‘{ae nMeemM
laji(gr)| < Co2/2r? W30 gy m / |f(B)]dt < Co2=3/2p% 40555,
IL‘

Orciofa, mosyanm

Jd(1, %) rd(T°, &
S Janlon) ﬂ|fjk<t>|dtscge||gz|\1 D e A
IC

REMENS k: (j,k)ENG
= Casllgrlir®™" D0 1= Cigllgrlh2
k:(j,k)ENS
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CyMMupyst TocjieiHee 1o j > j; MOIyIuM

> [ lantonlin®ld: < Calaaly

(4,k)ENS

YTO 3aBeplIiaeT J0Ka3aTeJIbCTBO TE€OPEMHbI. O

5. IITPUMEPHI

IIpumep 1. Ecau nopadox ecnaecka Cmpombepea m = 0 uaum = 1, mo cywecmey-
em ozpanunennas Gyrkyua f maxas, 4mo
1. pynryusn Iearu Pf(x) = 0o das ecex x € R,

2. 0as npou3soavro20 jo € 7

Z Z lajr(f)fir(z)| = o0, x € R.

J<jo kEZ
Zloxasameavcmeo. N3 cBoiicts 2.1 u 2.2 cnemyer, uto B ciaydagx m = 0w m = 1
cymecrByer kg € Z takoe, uro T7(—ko) # 0. Be3 orpanuueHnsi oBIHOCTH MOMKEM

cuurarh, 4yro T(—ko) > 0. Torma miug mekoroporo 0 < § < 1 BbIIOJIHSIETCST

—ko+06
/ 7(z)dx = 2¢; > 0.
—ko+3/2

IIpeamonoxumM, ITO UMEEM TMOCIETOBATEIHLHOCTD TEJIBIX IHCET j1, j2, ... CTPEMSIIIAa~

sicst K —oo. IlocTpouM TOYKHU T1, Tg, ... CICAYIONIAM 0OPa30M:
Toj_1 :5/2~27jl nu xo=906-277 1=1,2,...

Ecan qucno kg < 0, To sicHO, 9TO B34B ji4+1 < ji — 1 moay4anm xo; < Toj41,

Il =1,2,..., npudaeM B 3ToM ciaydae x; T co. Oupemennm HyHKIUIO f CIIELYIONIM
obpazom:
0, z < xq,
f(l') = ]-7 HANS (1'2171,352[), I = ]-727 (XX}
07 HAS [lea$2l+1]7 I = 1727

y6e,HI/IMC$I, 9TO MOZKHO BbI6paTb qucjia jl TakK, ‘{TO6BI BBIIIOJIHAJIOCH
(5.1) Wiy (f) > ¢, 27902 1 =1,2, ...
W3 onpenenenns To9eK x; ClaemyeT

Z21 )
[ Bt =2e20% 1= 1,10
x

201—1
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HeitcTBUTEIHHO
T2 ) o ) ) —ko+6 .
/ Fivko (@)dx = 2]z/2/ 7(2" x—ko)dx = 2*]1/2/ 7(z)dz = 2¢,2791/2
Tor—1 Top—1 —ko+6/2
IlycTs j; npomsBOJIbHOE OTPUIATEIBLHOE IIejioe JHucjio. Beibepem jo < j; — 1 Tak,
4TOOBI
o0
(52) | @l <en
$.2i1-3d2
0 1
(5.3) 07_52]2 i §Cr

U3 (5.2) cremyer, 9To

/)f ) oo (2)d

<231/2[s |T(27 2z — ko) |da
2—Jj2

oo oo
= 2*]1/2/ |7 (z)|dz < wl/?/ |7(z)|dz < ¢, 2791/2,
$.271—d2 — 3.951-J2
Torya u3 onpenenenust f, (5.2) 1 U3 MOCIEIHEN ONEHKH TTOILYIUM

1) o0 .
Gko = / Fioro(@)da + / F(@) fiun (0)da > cr2-9172.
T T3

BoibepeM js < jo — 1 Tax, 9TOOBI

OO 1
(5.4) / |7(x)|dz < —c¢r,
g‘gjz—m 2
0 i 1
—9J37J2 —
(5.5) C’T22 < 3Cr-

3 (5.4) caenyer, uTo

/ F() fian ()

a u3 (5.3) caemyer, 910

o . 2].2I27k0
/ Fiato (2)de| < 279272 / ()| de
@1

J2x1—ko
Torga u3 oupenesenns f, (5.2) 1 U3 HOCJHEIHUX OLEHOK IOJIYIUM

Ajrko = / f]zko d(I} + / f]zko

+/ F(@) fion (x)dz > ¢,2792/2,
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IIpomosrkas sToT mporece Ha [-om mary Beidbepem jj4+1 < j; — 1 Tak, 9T00bBI

> 1
(5.6) / () |dz < ~c.,
%,2j1—7j+1 l
(5.7) c, gii=i < Cr.
"9 I+17

U3 (5.6) cremyer, 4To

/ f(@) fjuwo (2)d| < 2_”/2/ |7 (2)|dz < ¢, 2790/2,
Talt1 $.201m 0+ l

au3 (5.7) (3amensist [ + 1 Ha l) caemyer, uto ms kaxaoro ¢ = 1,2, ...,1 — 1 BBIIOTHS-
0TCsL

T2 ) 2t wzi—ko ) 6 .. 1 .
Fiko ()dzx| < 2—9t/2 7(z)|dx < 2_J’/2C772”_Ji < 767—2_]1/2.
Jiko 2 l

2i—1 27 x2;—1—ko

Torya u3 onpenenenust f, (5.2) 1 U3 MOCTEIHUX OIEHOK MOy UM

-1 Z2i
Ajiko = Z/ szko(x)dx+/
i=1 v T2i—1 z

CnenoBaresbho (5.1) BeIHONHSETCS.

2

| ko @)l + /OO (@) fiuno (2)da > 2772,

201—1 2141

Wrax, mosyanan, 910

@ik (F) fiiko (2)] = 77 (22 — ko).

Ecmu xe kg > 0, To MOXKeM TIOJIyIUTh X; | —0O U BCE PACCYKJIECHUS JIETKO ITPOBECTU
AHAJIOIMYHO U B 9TOM CJIydae.

Bamernwm, 4To jj1st mo6oro dbukcupoBanHoro x € R mpu | — oo mmeem T(271x — ko) —
T(—ko) # 0. CiiegroBarensto |aj,k, (f) [k, (2)] 7 0, 1 = 00, OTKy1a HEOCPEICTBEHHO

CIIEZYIOT 00a YTBEPXKIECHUA. |

3ameuanune 5.1. BGMEW’LUM, Ymo JdoKa3amenbCmeo MOHCHO npoesecmu aHaA02U -
HO U 6 caywae m > 1 ecau moavko U36€CMHO, Mo coomeemcmeymw,uﬁ ecnaeck

Cmpombepea omauuern om HYyAs 8 HeKOMOPol Uesol moyxe.

B pabote [13] moKa3aHO, 9TO B Ciiydae MEepHoMIecKOro JUHeRHOro Bemstecka CTpoM-
Gepra cxoIuMOCTb I1.B. pyHKINK llesin u camMoro psifa Ha MHOYXKECTBE MOJIOYKUTEIb-
HOIT Mepbl 9KBUBaJIeHTHB! (Teopema 4.4). OKasblBaeTCs B He IEPHOJUYECKOM CJIydae

9TO HE BEPHO, & UMEHHO UMEET MECTO CJIe/IYIOIIee YTBEPKICHUE.
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ITpumep 2. ITycmo nopadox scnaecka Cmpombepea m = 0. Tozda cywecmeyem pad

> ajefik(x), Komopwui nowmu ectody pacxodumca, 1o Y a?kszk (z) cxodumes.
Jik Jik

Jloxaszameavcmeo. PaccmMoTpum ciieayromnuit psiy,
= 1
(5.8) ; akak(x), rjie akak(O) = E
Wcnonwsys ceoiicTso 2.1 nosryunm
for(D) = 7(l = k) = 7(0)(=v3 = 2)*"") = fu (0)(—V3 - 2)*,
ecm | —k=0,-1/2,—1,.... Qukcupys | € Ay, nomyuaem
for() = for(0)(=vV3 —2)% k> 1.

CaenoBarenbno, aisa Taknx | < 0 mmeem

> arfor(l) = (=V3=2)*> " ar for(0),
k=1 k=1

anal >0
Y anfor) = (=V3-2)" Y apfor(0).
k=l+1 k=Il+1

Urak, umeem urto paz (5.8) pacxomurca B Toukax Aj. YaurbiBag emie, 910 QyHKIAN
for(z) muuelinbl HA KaxKOM uHTEpBaJse pasbuenus Ap, noswyuum, aro psz (5.8) pac-
xoauTest Kpome Hysteit dynkuuii for (), qucio koropeix cuerno. CiieloBaTeIbHO P
(5.8) pacxomurcs 1n.B. Ha R.

AHAJIOTHYHBIME PACCY 7K ICHUAMH IOy UM, 9TO DA poy a3 f3 (%) cxomures na Aj,

cjejioBarebHo u Ha R. O

Abstract. The paper is devoted to the Stromberg’s polynomial wavelets of degree
m > 0. A uniqueness theorem is proved for series by this system. For Pally function
of this system a weak estimate of type (1,1) is obtained. Counterexamples are also

discussed.

CIIMCOK JIMTEPATYPBI

[1] J.-O. Stromberg, “A modified Franklin system and heigher-order spline systems on R"™ as
unconditional bases for hardy spaces”, Conference on harmonic analysis in honor of Antoni
Zygmund, Wadsworth Math., Wadsworth, Belmont, CA, 475 — 494 (1983).

[2] C. B. Boukapes, “CymecrBoBanne 6a3ucoB B NIPOCTPAHCTBE MYHKIUI, AaHAJIUTHIECKAX B KpPyre
u HeKOTOpble cBoiicTBa cucreMmbl Ppanknmua’, Marem. ¢6., 95 (1), 3 — 18 (1974).

o1



(3]
(4]
(5]
(6]
(7]
(8]
(9]

K. A. KEP4H, A. C. MAPTUPOCAH

Z. Ciesielski, “Properties of the orthonormal Franklin system II”, Studia Math., 27, 289 — 323
(1966).

I". TeBopksau, A. Maprupocsn, “MazkopanTa u dyuknus [lesamu pagos o obmeli cucreme Ppan-
kiauna’, Tpyaer MUIPAH (B neuarn).

I". TeBopkan, A. A. Caakan, “Unconditional basis properties of general Franklin series”, I3s.
HAH Apwmennn, cep. Maremaruka, 35, no. 4, 2 — 22 (2000).

G. G. Gevorkyan, A. Kamont, “On general Franklin systems”, Dissert. Mathematicae (Rozprawy
Matematyczne), 374, 1 — 59 (1998).

G.G. Gevorkyan, A. Kamont, “Unconditionality of general Franklin system in L,[0;1], 1 < p < 17,
Studia Math., 164, 161 — 204 (2004).

Tesopksau I. ., “MazkopanTa 1 €IMHCTBEHHOCTb pAA0B 110 cucreMe Ppanknauna’, Mar. 3amerku,
59 (4), 521 — 545 (1996).

M. P. Poghosyan, “Uniqueness of series by general Franklin systems”, Izv. NAN Armenii, 35 (4)
(2000).

[10] R. A. DeVore, G. G. Lorentz, Constructive Approximation, Springer, Berlin (1993).
[11] Z. Ciesielski, G. Gevorkyan, “Franklin spline othogonal system in L, (R) with 0 < p < 17, Acta

Sci. Math.(Szeged), 66, 211 — 226 (2000).

[12] T. I". T'eBopksH, “HekoTopble TeOpeMBI O GE3YCIOBHOM CXOIUMOCTH U MakKopaHTe psajgoB Ppan-

KJIMHA U UX OpUMeHeHue B npocrparcrse ReH,”, Tpynsr MIIAH, 193 (1989).

[13] T. T. T'eBopksH, “Teopembl 0 Moxudunuposantoit cucreme PpankiauHa nocrpoerHoi Crpom-

6eprom. 1I”, ss. HAH Apwmenuwn, 26 (1), 31 — 51 (1991).

IToctynuna 4 mapra 2012

52



Uszsecrust HAH Apmennu. Maremaruka, Tom 47, u. 6, 2012, crp. 53 - 70.

O CXOAMMOCTHU B L'[0,1] 2 KAJTHOT'O AJITOPUTMA IIO
OBIIIE1I CUCTEME XAAPA

A. X. KOBEJIAH

EpeBanckuit rocy1apCTBEHHbBIH YHUBEPCUTET
E-mail: a_kobelyanQysu.am

AnHOTALMS. B craThe mokasaHo, 4To AJis 0G0 IOJIHOM IOJCUCTEMBI X§ =
{Xny, }52 06meit cucTemsr Xaapa u [/1s1 Kazka0ro € > 0 CyImecTByeT u3amMepumoe
muokectBo E. C [0, 1], c mepoii |Ec| > 1 — &, Takoe, 4ro /s Besakol byHKIMU
f € LY(0,1) moxno waittu bynxrmmio g € L1(0,1) cosmamaomyio ¢ f wa Ee,
TAKyIO UTO KaJIHBII aJIFODUTM HCIIPABJIEHHON (DYHKIMU g MO 3TOH IOJCUCTEME
cxomurea o L1(0, 1) nopwme.

MSC2010 number: 42C10,42C20.

KrodeBbie cjoBa: obmas cucTeMa Xaapa; sKaIHbI aJTOPHTM; CXOAUMOCTE B L1,

1. BBEJIEHUE

B macrosameit pabore paccmarpupaercss cxommMocTh B L' ykammoro amropmrma
(rpuiu asropurMma) MHTErpupyemoii dpyHkuumii mo obieil cucreme Xaapa, mnocse uc-
npasyienust (bYHKIME HA MHOXKeCTBe MaJioil Mepbl. DyHIaMeHTAIbHBIE TeOPEMbI 00
uctpasieHny GYHKIUME HA MHOXKECTBEe MaJioif Mepbl Obum mosrydens! B 1912r. H. H.
Jlysunbmv u B 1939r. J1. E. MenbmosbiM (eMm. [1], [2]).

B 1991r. I'puropsinom 6pLia moJrydena cieyoias teopema (cm.[3]):

Teopema 1.1. (Ycuaennoe L' -ceoticmeo) /Jaa mobozo € > 0 cywecmeyem us-
mepumoe muootcecmeo E ¢ mepoti |E| > 1 — & maxoe, wmo das xaoicdoti dynryuu
f(z) € L0, 27] mosrcno natimu dynwyuro g(z) € L0, 27], cosnadarowyro ¢ f(x) na
E u maxyro, umo ee pad Qypve no mpuzoromempuyeckol cucmeme crodumcesa x ned

no L0, 2] nopme.

Hanomuum OolrpeJieJieHrne »KaJJHOTO aJIroOpuTMa.

53



A. X. KOBEJIAH

Iycrs ¢ = {9 }72, — HOpMEpOBaHHEL 6a3uc B 6anaxoBoM mpocTpaHcTse X, ||U,||x =

1. s kaxkaoro aementa f € X OyjaeM nuMeTh pa3jioKeHue
o0
f = Z Ck(fa 7/})5 11[}/?
k=1

IIyct 8§ C N ecrs HEKOTOpPOE GECKOHEUHOE TTOAMHOXKECTBO HATYPAaJbHBIX uunces. [lo-
aoxnM s = {Pr}res. Hycts 0 = {o(k)}}2, — HEKOTOpas ImepecTaHOBKA THCEJ

MHOYKECTBa 8, JIJIsi KOTOPOIl MMeeT MEeCTO

(L1) ot ()] = leagen (f)] ans Beex n > 1.

MHOXKeCTBO BCeX TAKMX [epPecTaHOBOK 0bo3HaunM uepe3 D(f, ¢ ). Korna B (1.1) nume-
IOT MECTO CTporue HepaseHcTsa, To D(f,1)g) conepKuT TOJLKO OIUH SJIEMEHT.

Jns xaxgoro snementa f € X u juist mo6oit nepecranosku o = {o(k)} € D(f,vs)
OIEJIENTUM TIOCJIEIOBATEIEHOCTE HENMHEHHBIX omepaTtopos { G, (f,¥s, o)}, ciue-

JIYIOIUM 00Pa3oM:
G (f) = Gm(fis) = Gm(f,05,0) =D Coi)(H)Yoir)-
k=1

IIpu 8 = N meroy upubimxkenus sementa f € X nocienoBaresbHocTbio G, (f, 1)
HA3bIBAECTCS KAJHBIM AJIFOPUTMOM 110 cucreMe 1) (IIOJPOOHO O YKAHOM aJIrOPUTMe
cM. 0630pHyI0 cratbio Temusikoba [5]). ToBopsT, 4TO K& HBIHA aJrOPUTM 3j1eMeHTa f

1o cucreme ¥ cxopurest B X, ecau ayist Beex o € D(f, 1)) umeer mecro

lim ||Gm(f7w70) - f||X =0.

m=oo
CXOMMOCTD KA THOTO AJTOPUTMa B GAHAXOBBIX IIPOCTPAHCTBAX U3ydaanch JleBopom
[4], Temmskosbim [5], Konarunsm [6], Boitrammukom [7],[10] u xpyrumu aBropamu (cM.
[11}14)).
B nasnbreitmem gepes x g OyzeMm 0003HATATH XapPAKTEPUCTUIECKYIO (DYHKITIIO MHOYKE-
crBa E, uepes |E| — Jleberoy mepy muoxkectsa F, gepes ||f|| — L' mopmy dbynkimm
F o lfle = Ly L) .

Ipexe, yem mepeiitu K GOPMYJIUPOBKE OCHOBHBIX PE3YJILTATOB HACTOSINEH pa-
6OTHI, HATIOMHIM OIIpeesIenie obmelt cucTeMbl Xaapa, Hopymuposanmoit B LY. s
Havasa moJaoKuM tg = 0, ¢t = 1, Agl) = A1 = (0,1), x1(z) = x(0,1)- Hanee, BoiGepem

nr00yto Touky to € (0,1)\ {to,t1}, momoxus AEQ) = (0,12), AgQ) = (ta,1), Ay = (0,1),
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AT = (0,t9), Ay = (t,1). Onpemermmm Y2 () caemyonmm 06pasoM:

1 +

B ErsE upu z € A7,
xa(@) = —L npu x € A
2|A;|7 p 2

Ilycrs Touku tg,t1, ..., t, y?Ke BbIOpaHbI, 0003HAYNM YEpe3 Agn), Aé"), e A%n) HUHTEp-

BaJIBI, TIOJTyY€HHbIe OT pa3jelienns orpeska [0,1] Toukamu {t;}}_,. Bosbmem sobyro
TOUKY tny1 U3 (0,1) \ {to,t1,...tn}, TOrHA %41 OyJeT IpHHA/JIEKATH HEKOTOPOMY

A,(C") = (a,b). Honoxum A,+1 = (a,b), A;’;_H = (a,tny1), Ay = (tny1,0) 1

npu x € A:L'+1,

-1
21A7 17
71 —
Xn+1(T) = = npu x € A
( ) 2|An+1| ) n+1>
0, B OCTAJbHBIX TOYKAX.

Bri6op cucremer Touek T = {t}7° , IpoM3BOJIEH, MBI JIHIIL HOTpedyeM, ITOOLI 9Ta

n
cucrema Gblia wioTHa B [0,1], TO ecTb 4TOBBI JyIsi MHOXKECTB A]i ) 1veso MecTo cite-

JIyIoIree:

, () _
(1.2) Jm | max A7) =0,

SHaveHust GyHKIMIA B TOYKAX PA3phIBa JJIsi HAC HECYIECTBEHHBI U Mbl UX HE IIPUBO-
muM. Cucrema dyukmuit H = Hy = {x,}72,; Ha3pBaercs obmieil cucremoit Xaapa
nopmuposannoit 8 L1(0,1).

Ormernm, uro korma T = {0, 1, %, %, %, %, %, g, %, ...}, TO OIpeJIeJIeHHAsl CHCTEMa COB-
najiaeT ¢ Kiaccudeckoi cucremoii Xaapa. Koabdunuentsr @ypre-Xaapa ¢, (f, He)

OIIPEJICIIAIOTCS CIIe Ly IoIeil (opMyJIoit:

1
el f, H) = |Xn@/An f®xn(t)dt  n=1,2,..

O6oznaunm spec{f} = {k € N, ¢, # 0}.

OrmernM, aTo 0bmas cucrema Xaapa siBisieTcst 6asucoM Bo Bcex Ly(0,1), 1 < p <
00 u GesycnosubM Gasucom B L,(0,1),1 < p < oo (910 ciemyer uz pabor . JI.
Bypxkxoazepa [15], [16]).

Bormpocy cxomnmocTn KaIHOTO aJIropuTMa 10 KJIACCHIECKOH cucTeMe Xaapa u o0Imeit
cucreme Xaapa HOCBSIEHO MHOTO pabor (cM. Hanp. [17]-[24] ) A B paGore [7]| nokazana

cJieJytonas TeopeMa.:
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Teopema 1.2. (Botmawux) Hycmo ¢ = {¢y}2, — nopmuposannwl 6asuc 6 bana-
xosom npocmparcmee X . Jan mozo, wmobvl scadnoili asrzopumm croduncs 6 X oas
ecex anemenmos u3 X, neobxrodumo u docmamouro, wmobv, cywecmeosaro C' > 0
maxoe, ¥mo 0 Kaxcdozo sremernma f € X u das amobvix o € D um € N svinoansa-

N0CH OBl HEPABEHCMBO

Ormerum, uro B padore [8] T. Tao ycranoBus, 4ro CymIeCTBYyeT UHTEIPUPyeMast
GYHKINS I KOTOPO# 2KAIHBIN aJTOPUTM IO KJIACCHIECKOH crucTeMe Xaapa II.B. pac-
xoaurest, a B pabore [9] . Tepopksinom n A. CremnaHsiH 3TOT pe3yabTar Obl1 06061eH
Jutst 1006010 0-peryssipHoro BefBJIET PA3JIOKEHUS.

B pa6ore dunsopra, Kyriaposoii u Boitramuka [10] nokazano, 4To cyiiecTByeT ut-
Terpupyemasi QyHKIWs [JIsi KOTOPO#l YKaJHBII aJITOPUTM TI0 KJIACCHIECKOH crcTeMe
Xaapa pacxomures B L(0,1).

B manmoit craTbe GyZyT PACCMOTPEHBI T€ HOACHCTEMBI X8 = {Xn tnes = {Xni Frey

obrrelt cucTeMbl Xaapa i KOTOPBIX BEPHO CJIEIYIONIee

(1.3) A U awl=1.

m=1k=m

B nacrosimieit paboTe 10Ka3bIBAETCS CJIEIYIONIAsl TeOpeMa:
Teopema 1.3. ITycms xs = {Xn, 72, — 106aa nodcucmema obuyet cucmemos Xaapa
ydosaemeoparowan ycaosuro (1.3). Tozda das awbozo € > 0, cywecmesyem uamepu-
moe mnoocecmso E. C [0,1], ¢ mepot |E:| > 1—e, makoe, wmo das m060h Gyrryun
f € LY0,1) moorcro natimu dynwxuyuro g € L(0,1) cosnadarowyro ¢ f na E., maxyo,
wmo

(1) [1Gm (g, xs)Il < 4llgll < 12][f]];

(2) D(g,xs) codeporcum moavko odun saemernm {o(k)}, xomopwi asasemes

nepecmanoskoli 8cex vucea S;
(3) lim |Gy (g, xs) — gll = 0.
m—r o0

Bameuanne 1.1. Ommemum, wmo u3 meopemv, Botimawukxa u nynwkma 1 meopemot
1.8 ne caedyem ymeeporcdenue nynxma 3 Teopemuv, 1.3, max xax 6 meopeme Botima-

wuKka Mpebyemcs 6oinoAHENUe HEPABERCNEa Oas Kastcdozo aremenma f € L(0,1).
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Bameuanue 1.2. Teopema 1.8 das nodcucmem waaccuueckol cucmemv, Xaapa, 6
KOMOPBLE BTOOAM Ueavie epynnos, Ovwra dokasana I'puzopsnom u Lozamnom 6 pabome

[20].
B pa6ore Hasacapusna u Crenansin [21] nokazama ciemyiolnas TeopeMa

Teopema 1.4. Ecau dasn pada y -y anXn()
anXn(x) = 0 u Zaixfl(x) =00 daane xe€(0,1)
n=1

mo das 106020 € > 0 cywecmsyem usmepumoe muoocecmeo E C [0,1],|E| > 1—¢

maxoe, wmo das moboti dynxuuu f € LY(0,1) cywecmeyrom g € LY(0,1) u wucaa
o0

0n, = 0 uau 1 maxue, wmo g(x) = f(z), x € E, u pad > dpanXn(z) crodumecsa %
n=1

dynxuuu g no nopme L1(0,1).

B sroit crarbe moKa3bIBaeTCA TaK¥Ke, ITO IO JII00OMH moacucTeMe OOIeil CHCTeMBbI
Xaapa, ynosieTBopsitomnieit yciaosuio (1.3) MOXKHO HOCTPOUTH psJl, KOTOPBIL yHUBEpCa-
JIEH B LI(EE) OTHOCHUTEJIBHO TOJPSIOB, Tie F.-nm3mMepnmoe MHOXKeCTEBO ¢ |E.| > 1 —e.

A mMenHO, BEPHO CJIEIYIOIIEe YTBEPKICHNE

Teopema 1.5. Jlaa w060t nodcucmemvs Xs = {Xn, tooy = {@r}r2, 06wed cucme-
Mot Xaapa, ydosaemeoparowets yeaosuio (1.8) u das mobozo € > 0, cywecmeyrom

usmepumoe muoocecmso E. C [0,1] ¢ mepot |E-| > 1 — ¢ u pad suda
o0
Zbk@m ¢ by 0 mpu k— oo,
k=1

makue, wmo das xaxcdoti f € LY(E.) cywecmeyrom wucaa {615, (0 = 1 uau 0)

05 KOMOPHLT PAd

Z Orbr ok
k=1

cxodumes % f no nopme L' (E.).

2. JTOKA3ATEJILCTBO OCHOBHLIX JIEMM

B nanbHeiimem GygeM cauTaTh, 9T0 X8 = {Xn, Joey = {Pk}ho, - HEKOTODasI HOJ-

cucreMa obIeit cucrembl Xaapa, yAoBJIeTBopsionei yciaosuo (1.3).
57



A. X. KOBEJIAH

Jlemma 2.1. Jlasa aobwx wucea Ng € N, § > 0 u neompuyamesvbnozo noauroma
g(x) no obwet cucmeme Xaapa, cywecmeyem nosunom Q(x) = Z?;NO arpi(z) no
nodcucmeme xs = {r e, u muooicecmeo E maxue, wmo

1) lak| < 6, daa mobozo k € spec{Q};

2) |E| > ‘Gl ECG, 20 G={ze€(0,1),g(x) > 0};
3) Qr) = g(sc) ecrur € F

0 ecauz ¢ G
4) ecau daa nexomopwz n € [No, N|, o € (0,1) u nepecmanosku A(k) wucea

(
(
( , Q) < —g(z) ecau x € G\E,

(
Ny, N svinoanaemcs Zk:NO ax(k)Pak) (To) >0, moxg € E, u

D k=g AR PAR) (T0) = g(20).

R
Jokasameavemeo. Iycrs g(x) = re1 Lrxa, ,tne L. >0, a A\;, — HEIlepPeCEKAIOIIN-
R
ecsi MHOXKECTBa, U3 {A,(cn)}. Cuenosarensuo, G = (J,_; A;,. Bosbmem HarypasbHble

qucna N, Ny, (N > Ny > Ny) Hacroibko 6onsmmmu (cm.(1.2),(1.3)), aro

)
i A
2max1§r§R{|Lr|}’1I§r71"1£R{| br

N
U an

k=N,

2.1)  [A™M)] < min{

'aNl;

>1- 16

Yepes {A,,, 1| oboznaunm Herepecekatomuecs: MHOKecTBa u3 { Ay, }V_ Ny » AWIs KO-

TOPBIX

al

(2.2) >1-—

M
U &,
k=1

Oupenenum noymuoMm @Q(x) caemyionmmM o6pa3oM:

(2'3) Q(.I) = Z an‘pn(x)

k=No
rue
(2.4)
. 2(—1)snIATIHIAT) A> | L ecmmn € {my,k=1,...M}u A, C G,
" 0, B IPOTUBHOM CJIyUae.
Buech uepes A, oboznadeno To uz Muoxkects u3 A A~ ups Jleberosa Mepa 6osbIie.
IIycrn
M
(2.5) E=J@;, na).
k=1
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U3 onpenenennst {a,} u (2.1) BbITEKaeT, ITO

(1)

(N1)
< <o.
Norgg}éN{‘an‘} - 21r§nra§XR{‘LT|} lé%%}li\h{mk y=<o

(2) ecim xg mpuHamexur E, Torma Ty NpUHAIIEKUT HEKOTOPOMY MHOXKECTBY

>
A7 W cIeloBaTeNbHo,

N

(2.6) Q(z0) = > arpr(x0) = am, Pm, (z0) = Ly
k=No

(3) ecam zp npunagiexur G\ E, Torna Ty IPUHAJIEXKUT HEKOTOPOMY MHOXKECTBY

A, \ A}, 1, CIeI0BaTeIbHO,

sgn(|AZ, |~ |AL A7
(27) Q(mo) = (_1)9 (lAmr‘ |Amr‘)er S _LT.
(4) €CJIM T HE IIPUHAIJICZKUT MHOXKECTBY G, TO

Cornacro (2.2), (2.4)-(2.8) umeem, uro

E={r: Q@)=g()nlEl> Gl
Teneps nokaxkeMm yrsepzkenue 4) jgemmbl 2.1. Tak Kak B [OJIMHOME yUIaCTBYIOT Py,
JUIsl KOTOPBIX A, He HepecekarTcs, To Jyisi aoboro Ny < n < Ny, u moboi \(k)
nepecranoBku uuces No, N, Y p_ No @A(k)XA(k) (T0) B HEKOTODO#t TOKe Tg OO paBen
0, siubo paBen HeKOTOpOMY ak k(o). CiemoBarenbHO, ecin

Z ax(k)Pagk) (20) >0, To 29 € E'm Z ax(k)Pak) (Zo) = g(zo).
k=No k=Ny

Jlemma 2.1 jmokazaHa. O

Jlemma 2.2. Jlaa moboir wuces Ng € N, 67 > 0, 0 < e < 1, L # 0 u wmobozo
MHOoCECMBa A U3 MHOodCECTNG {A,({")} CYWLLCBYEM NOAUHOM N0 Nodcucmeme Xs =
{pr}s2, obwets cucmemov, Xaapa: Q(x) = ZkN:NO arpr(z), muoocecmeo E C A u
o (k) nepecmanosra nenyresor wuces {ag}p_y, marue, wmo
(1) 61 > |ag(ng)| = lovo+1)| > - > |aom)| >0,
(2) Bl > (1 -¢)Al,
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L, ecrux e E
3 — bl b
() Q) 0, ecau x ¢ A,
4) |LI[Al < 1@l < 2|LJ|A],

(5) ymax Iy, ao ool < 21L|AL

Zoxazameavcmeo. Bes orpannyenust obIIHOCTH MOXKeM cuutarh, 9o L > 0. s
g1(x) = Lxa, No, 01 upumenum jemmy 2.1. Torma cymecrByior momuaoMm (Qq(z) =

lel 1 _ o)
> k=N, WPk (7) 0 moncucteme xs = {@k }p2, m MHoxkectso Ey C A Taxue, 9T0

(2.9) lar| < 61,Vk € spec{Q:(x)};
A
(2.10) |Eq| > %;

L ecmn x € Fn,

x) < —L, ecmnzée A\FEy,
0 ecm © ¢ A, Qile) < \Er

(2.11) Qui(x) = {

ecsn jyist HeKOTOpbIX 1 € [No, N1—1], 29 € (0,1) u asa wexoropoit A!(k) nepecranosku 4ncesn
Ny, N1 — 1 BoInosHsercst ZZ:NO ail(k)gp)g(k)(x) >0, 0 xg € F1 u ZZ:NO ail(k)gap(k) (zo) =
g1(zo).-

U3z (2.11) u u3 Toro, uro Q1 () mosuHOM, HOSYYaEM
R
g2() = Lxa = Qi(z) = g1(2) = Qu(x) = Y Lixa,,,
r=1

g2(x) =0 ecom x ¢ A\ Fy, g2(x) > 2L ecnm x € A\ Ej.

IMpumennm emmy 2.1 quist go(z), Ni, d2 = min {07, mina}c#o{\a}c\}} U HOBTOPHM BCe,
9TO OBLIO CAETAHO st PYHKITUA ¢ .
TakumM 006pa3oM, [0 OUYepe iy IPUMeHsist JjeMMy 2.1, noyauM Jist Beex
N,—1
1 <v <wg = [logyz¢] + 1 mmoxecrsa E, u nommomsr Q,(z) = > "\ appr(z)

IO TIOACUCTEME Xs = { Pk}, TaKme, ITo

(2.12) lap| < 0,,k € spec{Q,(x)}, rue §, = min {,_;, min {|a2_1|}};
a;71¢0
v—1
(213) | > 12 i Bl
v Ry41
gor1 (@) = Lxa = Y Qul#) = gu(2) = Qu@) = Y L x40,
k=1 r=1
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(2.14)  goy1(2) =0 ecmz ¢ A\ | J Ex, goi1(2) > 2L ecmz € A\ | By,
k=1 k=1

ecJi Jyist HeKOTopbix n € [Ny,_1, N, — 1], 29 € (0,1) u 151 HeKOTOPOii IIepecTaHOBKU
A’ (k) amcen N, 1, N, — 1 BbImoHsercs cefyomee: y 'y a%u (P (k) (@) > 0,
T0 79 € B, 1 ZZ:Nwl axv(k)go)\u(k)(xo) = g,(x0). Tenepb onpeeanM moauHOM () 1

MHOXKecTBO F/, moJrarast

(2.15) E=JE,;
v=1
0 0 N,—1 N
(2.16) Qz) = ZQ,,(x) = aypr(z) = Z arpr(T).
v=1 v=1k=N,_1 k=Np

Ouesumno, uro |ag| < 01.

Corsacuo (2.13) umeem |A '\ Uzo:l Eil <

3)(12,0 |A| < €|A| n, caenosarensHo,

[E] > (1—¢)|A.
U3 (2.14) BbITEKAET, 9TO

L E
Qz) = , eomrcl, Q(z) < —L, ecm x € A\ E.
0, ecmax¢ A,

Tak Kak fol Q(t)dt =0, To [ |Q(t)|dt = [_|Q(t)|dt, (rme [, |Q(t)|dt — unrerpan o
MHOXKeCTBaM, Tie (Q(Z) COOTBEeTCTBEHHO MoJIoKuTeIeH, orputiaresiet). CienoBaresb-

HO, IMeeM

1
pal< [Cawia = [ ewiars [ jewiar=2 [ @i <21ia)
Ocrajsioch npoBepuTh BbIOJAHEHKE yejaoBus 5). HYiensl nosmuoma Q(z) mepecraBum

TaK, 9TOOBI
lag(noy| > |ag(nog1)] > oo > |ag(wy| > 0.
C yuerom, (2.12), (2.14) u (2.16) nomyunm

i oo (i) = 4 G eI Lk, By (@) =0,
o (k) ¥ok) L, ecmm Y p_n a%. (P (k) (@) > 0,

k=No
n n
Z Ao (k) Po(k)(T) <0, ecim Z a%e (i Par (k) () < 0.
k=N k=N, _1
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CurieoBaTesIbHO, CymMMa Y |y No Qo (k) Po (k) () mmbO oTpumatemsna, moo pasna L. 13

9TOTO Cpa3y BHITEKAIOT yeioBust 5). Jlemma 2.2 mokazana. O

JIemma 2.3. Jlas mobwx wucea Ny € N, § > 0, € > 0 u noaurnoma f(z) no o6-
weti cucmeme Xaapa cywecmeyiom dynxyus g(z) € LY(0,1), noasunom Q(x) =
Z,ICV:NO brpr(x) no nodcucmeme xs = {@r}ie,, mmoocecmeo E C (0,1) u nepe-

cmanosxa o(k) wucea No, N maxue, wmo

1 0<|bk1|<5 U|bk1|#‘bk2|, 6&/LU]€1,]€2€N0,N,]€1#]€2;

(1)

2) |E[> (1 —-¢);

(3) g(x) = f(z) dan ecex x € E;
@) (171 < Mgl < 2[171);
(5) [lg = QIl < 6

(6) 1bo(no)l > [bo(no+1)| > [bo(ng+2)| > - > [bo(ay] > 0;
(7

7) maxn,<n<n || 25—y, bo(t)Po |l < 3IIfII-

R
Hoxasameavcmeo. Ilyers f(x) = Y7 Lixa,, tae Ly # 0w A ,r = 1,2, R -
Here AlM
peceKkaloIecs MHOYKeCTBa U3 MHOXKecTs {A, "} .
ITocnenosarenbro npuMenss Jlemmy 2.2, MOXKHO oIpejiesnTh MHOXKecTBa F,. C
— N,—1 T — o0
Ay, nonuaOoM Q- () = Zk:TN,.,l ayek(x) mo nogcucreme xs = {py}72 ; Takue ITO

(2.17)

s
lap| < 0, THE 6Fp = {

S mpu r=1
mln{2, miny, ,<n<n, ,{lai"t a7t #£0}} wpur>1,

Jutst moboro k € spec{Q1(x)}.

(2.18) |Er| > (1= e)|A;

L,, ectm x € E,,
2.19 H(z) = :
(2:19) (@) {0, ecin © ¢ A,
(2.20) [Le|[Ar | < [1Qrl] < 2[Lr || A |-

r N,
ITycrs 0, (k) — Takas mepecTaHOBKa HEHYJIEBBIX |nces {aj, }, " N,_,» 9TO

\a;r(k)| > |a;‘(k+1)| st Beex N,_1 < k < N, — 1. Torma BepHO cieayrormee

n

2.21 . <AL AL
(2.21) NT_Ifl<a§<Nr”k%: ag, ()Xo (0| < 2|Ly || Ay, |
=Np—1
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Ob6oznatnm F = Ule E . u

R R N,—1 N
(2.22) g(z) = ZQr(w) = Z Z appr(T) = Z arpr(T)
r=1 r=1k=N,_; k=No

rme N = Ng — 1.

Yunrsas (2.18)-(2.20), nosydaeM, 910 IMyHKTHI 2—4 jeMMBbI 2.3 y2Ke BBIIOJHEHBI.

Bozbmem
0<a<mind 3 fll 5 win (o]~ o) i
kil — k Y TN (Y
3 la k]‘#' kz ' ’ ||chV:N0 Sagigf)n
2maxn, <n<n || Do, T5e |l
7 JJI Her'O PACCMOTPUM CJAEIYIOMNI TOJTUHOM
Q
(2.24) Q(z) = Y brpr(z), tae by =a;+ o5 k€ [No, N,

k=Ng
YaursBas (2.17) n (2.22)-(2.24), noxyunm

0 < |bg,| # |bk,| < 0 nna Beex kq, ko € [No, N, k1 # ko.

lg— Q| = ||Z“”‘ﬂ | < 6.

k=Ng

ITycrs o(k) rakast mepecranoska aucest Ny, N, 14To
bo(No)| > ba(No+1)| > [Po(ngtr2)| > > [bo(n)| > 0.
3 (2.23),(2.24) BBITEKAET, YTO

> 0.

lao(No)| > |ao(Ng+1)| = |0 (Ngt2)| = oo >
31ech HEpaBEeHCTBO HAIMCAHO M0 HEKOTOPOro IN*, IOCKOJBLKY HEKOTODBIC G MOTYT
paBHATHCA (.
YunrsiBas BeIIecKazanHoe u (2.17), (2.20), (2.21), (2.23), (2.24), nomyuaem, 9To s

moboro Ny < n < N cymectByer 1o Takoe, 4To Nyp_1 <n < Ny, u

/ Z bo (k) Po (k) (T dx—/ Z Uo(k)Po(k) ()| dr+
k=N, k=Nj
dw < 3| f]].
k=N,
Jlemma 2.3 mokasaHa. O
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3. JIOKA3BATEJIbCTBA TEOPEM

HoxkaszaresnbcrBo TeopeMs! 1.1. Ilycrs sananer 0 < e < 1u {pr} = xs (em.(1.3)).

O6o3HaunM depes

(3.1) {fatnza

TOCJIeIOBATETHHOCTD TTOJTMHOMOB TI0 001IIel cucTeMe Xaapa ¢ PaIoHaIbHBIMI KO-
durmeHTaMu 1 I0CIe0BaTe/IbHO mpuMeruM Jlemmy 2.3. Torma mosryyum mocienoBa-
resnibHOCTH DyHKIWM {g,, }, MHOKecTBa E,,, IOJINHOMBI
N, —1
(3:2) Qn(z) = E brpr(z), No=1,
k=Npn_1

u nepecranoBku {o,(k)} uncen N,_1, N, — 1 takue, aro

(3.3) Bl > (1— 277
(3.4) G, (2) = fu(z) na Beex x € E,;
(3.5) [l < [gnll < 2[[fall;
(3.6) 19, = Qull < 6 = min{ 47TV min {|be[} };
k<Np_-1
(37) 0< |bk1| < 5n, bi |bk1| 75 |bk2| ecint ki, ko € Np_1, Ny — 1, Ky 75 ko;
(3-8) 6o (N 1) > Vo, (N1 41) | > [boy (v, 42)| > oo > oo, (v, —1)] > 0
(3.9) | D> bontyPonill < 3l fall.
L — n k=N, 1
ITosroxxum

DL

(3.10) E = E,, (u3 (3.3) cmenyer, uro |E| > 1—¢).

n=1

Hycrs f € L'(0,1) n € = min{5, [, |f(2)|dz}. Herpyamo sugers, uro us mocse-
JoBarenbHOCTH (3.1) MOXKHO BLIOPATH MONIOCIEOBATEILHOCTD { fr, }72 | TaKyIO, ITO
Op, <Z-4712

(3.11) lim

1
dx =0
N—oo Jg

N
Y fanlz) = f(x)
k=1
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1
(3.12) / |frp ()| dz < E-4740F2) > 9,
0
OueBuHO, 9TO
€
(313) 1 = Funll < 5.

Tlonoxkum v1 = nq, g1 = Jn, 7

Npy-1-1 Np,—1 Npy—1— 1 Npy—
_ oy
k=1 k=Nny 1 k=1 k=1
riue
(3.14) 0<a; < min{ min |by|, & 4712, W’“'}
Nn171§k<an 2

ITycrs {wi(k)} — Takas mepecranoska uncen 1, N,,, — 1, aro

|aw1(1)| > |aw1(2)| > > |awl(N"1_1)| > 0.

Torna

(3.15) max /|Zaw1(k)§0w1 z)| < 3.5 fn, |-

1<m< Ny,

Yunreas (3.11) u (3.14), 6yxem nmersb
an 1= 1

||Q1_gl||g||gn1_@n1||+al Z

<E 4710,

IIpeamonozKuM, 9TO y2Ke onpeiesenst qucia vy < vy < ... < Vg1, bynxnun g,(zx), f, ()

1 IIOJIMHOMBI

N, -1
Qp(®) = Y apr(x), 1<p<yq,
k=N, _,
VIOBJETBOPSIONINE YCIOBUIM
(3.16) 9p(x) = fu,(x), x€E,, 1<p<yg,

1
/|%umef44a l<p<a,
0

(3.17) 0 < |ag| < <Jrr\}1n {latl}, l<p<gq, N,,_,<k<N,,

1| P
(3.18) / Z(Qk T dx <7475+ 1<p<q.
0 Jg=1

— 9x(2))
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Ecmu w,(k) — Takas nepecranoska uncen N, , N, — 1, aro

p—17

‘awp(NVp71)| > ‘awp(N 1—0—1)‘ > > |awp(NVp_1)| > 0, To

Vp—

m

1
= 44
N, Emen, / Y G mPem (@] <E4AT 1<p<q.
p—1—= p JO k=N,

p—1

Bospmewm dynknmio f, () n3 nociegosarenbaocty (3.1) Takyro, 9T0 Vg > Vg1, 0y, <

g 4*5(q+2)7

q—1
(3.19) H fo,(x) = (fnq — > (Qx(@) - gk(fﬂ))) <478,
k=1
u (em. (3.7))
. i L < L
(3.20) el < in {lal), Noyr <<,
3 (3.12),(3.18) u BBIIIECKA3AHHOIO CJIEAYET, UTO
1
(3.21) / o (@)]dz < = 444D,
0
O6o3naumnm
Nyy-1-1 N,,—1
— !
(3.22) Q=0Q,+ Y. 2*,3%(33) = > ape()
k=No,_, k=No,_,
rae
(3.23) ()<Zaq<<1nh1{ min  |bgl, 545@+3>}.
Nyy—1<k<N,,
ook
(3.24) 94(@) = fn, (@) = (f0,(x) =7, (2))-
OdeBnIHO, YTO
(3.25) 9q(x) = fn,(x), rek,,.
s (3.7), (3.17), (3.20) u (3.23) BBITEKAET, UTO
. i < .
(3.26) 0 < |ax| < ,in {la+|}, Ny, ., <k <N,

a1
Yunrssas (3.5), (3.18), (3.19), (3.21) u (3.24), noxyunm, uro

qg—1

fuq - (fnq - Z(Qk - gk))

k=1

1
(3.27) | tetar < .

+1[g,, Il <47

S (@ - a0)
k=1
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B cuay (3.6), (3.19), (3.22) — (3.24) 6yzem umernb

q -

(3.28) > (Qk —gn) Z Q= Gk) = fny + fr, + Qg — Gy || <E 42D,
k=1 k=1

Iycrs {wy(k)} — Takas nepecranoska wucen N, , N, — 1, aro

(3.29) |awq(Nu(q71))| > ‘awq(NV<q71)+1)| > > |awq(NVq,1)| > 0.

Torna  [bu, v, )| > Bu,vu, +D] > o > by Vo, +N0y =Ny 1) | > 0,

Canenoparesnbro u3 (3.8), (3.9), (3.22) u (3.23) nomyuaem

Nug_ f%’%zv i Z Gusg (k) P ) || < N, ,IlnﬁarﬁNu ] Z Busy () Puog () |1+
k:N”qfl ¢ ¢ k:N”qfl
N —|—Oé < v, + g - < € - .
(3.30) 0 < 3[|fv, |l 4—5(a+3) 4—4q

$IcHO, YTO IO MHLYKITUHI OIIPEIEIISIFOTCS TOCIeI0BATebHOCTH DyHKIMA { gq}gil,

quc-
na {v,}9, m nommmomsr {Q,(7)}52; ynosrersopsiomue yeaopusm (3.25)-(3.30) mms

Beex ¢ > 2. Oupenesum dyukuuio g(x) u pag Q(x) caenyronmm o6pasoM:

(3.31) g(@) = gq(2)
q=1

(3.32) Qz) = ZQq Z Z arpr(T Z akpk (T

q=1k= Nq_1

Orcrofa u u3 ycnosuii (3.5), (3.11), (3.15), (3.25) u (3.27) BbITEKaeT:

geL'(0,1),  g(x) = f(z), npunx € E,

(3.33) gl < 1[G, 1+ D Ngrll < 20 full + 8 47 < 20| f| +& < 3]|£]];
k=2

_ = - — o1 5 £l

(3.34) Mgl =[G, | = D Ngull = 1 fui || =2 474 2 || f]| - 2 P>
k=2

HyCTb 0'(]{/’) — TaKag IIepeCTaHOBKa HAaTYypPaJbHbIX 9UCEJI, 9TO

|ag(1)| > |a0(2)| > > |ag(k)| > ..,

Yaursisas (3.26) u (3.29) mosyunm, uro o(k) ompeneiisiercs OJXHO3HAUHO.
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B cmy (3.27)-(3.32) auyist mo6oro m cymecrsyer ¢ (N,

Vg—1

<m < N,,) Taxoe, 9To

1]q—1 1 m
Gnla) =gl < | S (@uw) =) dot [ 00| dot
k=1 k=N,

1 oo
+/ |ng(x)|dx<§473q.
(O

W3 Boleckazansoro, (3.5),(3.13),(3.33) u (3.34) caenyer, uro

1Gm (@Il < 3117, || +7 4737 < 4|f]| < 4llgll < 12[|£]],

ALmOO [|Gm(g9) —gll = 0.
Teopema 1.1 mokaszana. O

HoxkaszatesnbcTBo Teopemsbr 1.2. Onpenennm uucna {by}7° | u MuoxkectBo E cie-

JYIOIITIM 00pa3oM

S bipn(a) = S Qyla) = 3
k=1

qg=1 q=1k=N4_1

Ng—1

b\ or (),

o0
E= Ol E,

rne {Q,(x)};2, u E, oupenenens B joxasarescrse reopembl 1.1 (e (3.2), (3.3),
(3.10)).

Hcnonb3yst paccyzKIeHus IIpH ToKa3aTeaberBe Teopemsl 1, s mo6oit bynkmmm f €
L(0,1) MOXKHO BBIGPATDH MOC/IEJOBATELHOCTD HATYPAIBHBIX THCET { U }72 | TaKylo,

T -

Jim /170 =320l =o.
Torga s mosydennoro psja {Q,, ()} cymecrsyior ncna {05 }72, (6 = 1 mm 0)
TaKue, 9To

D> Q. () = dkbrpr(a).
= k=1

k=1
Teopema 1.2 mokaszana. O

Aprop BhIpaxkaer 6uiarogapHocts podeccopy M. I'. ['puropsiay 3a pyKOBOICTBO

paboTOit.
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Abstract. We prove that for any subsystem xs = {xn, }72, of general Haar system
with | 1 U An,| = 1, where A, = {z € [0,1], xn(z) # 0} and for each € > 0

m=1k=m

there exists a measurable set E. C [0,1], with measure |E.| > 1 — ¢, such that

for every integrable function f € L'(0,1) one can find a function g € L'(0,1),which

coincides with f in E., such that Greedy algorithm for modified function with respect

to subsystem of general Haar system converges in L(0,1) norm.
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