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AnnoTauua. B cTaTbe YCTaHOBNEHbI HEMPEPLIBHbIE aNaXKEHHS B MPOCTPaHCTBaX
rapMOHUYECKUX (YHKLMIA CO CMeLIaHHO HopMoii B Luape M3 Rn. 3Tum 0606-
LLieHbl HEKOTOpbIe BNOXEeHUs Xapanu-/INTTNBYAA A1S aHaJIOTUYHbIX NPOCTPAHCTB
rofoMopdHbIX PYHKLUIA B 8AMHUYHOM Kpyre. BbiSiBNeHbl pa3nnuns B UHAEKcaX
MeXAy NPOCTPaHCTBAMU FrapMOHUYECKMX M FONOMOPdHBIX YHKLWIA. B KauecTse
CNIeACTBUS MOMYYEH aHaNnor N3BECTHOrO HepaBeHCTBa Peiiepa-Pucca. YcTaHoBne-
Hbl TaKXXe BIOXEHUs B CreuuansHoM ciydae cuctem Pucca.

MSC2010 number: 31B05.

KntoueBble CnoBa: rapMoHMYecKas PYHKUMS; euHWYHbIA Wwap B R”; npocTpaH-
CTBO CO CMeLLaHHOV HOPMOIA; MPOCTPaHCTBO Xapan; BNOXeHUs; HepaBeHCTBO Pellepa-
Pucca; cuctema Pucca.

1. Beepenune

Myctb B = Bn (N> 2) —OTKPbITbIA efUHWNYHbIA Wwap B R”, S = 4B — ero rpaHu-
ua, efMHMYHas cepa. VIHTerpanbHble cpegHue NopsiAKa p rapMOHUYECKOW (yHKLNUN

u(x) = u(rC) Ha ctpepe |i| = r o603HaueHbl, Kak 06bI4HO, Yepes
Mp(u;r) = O<r<i,o<pc<oo

rae da - (- —)-mMepHas noBepxHocTHas neberosa Mepa Ha , HOPMUPOBAHHAA YCno-
BueM a(5) = 1. MHOXeCTBO BCEX FAPMOHUYECKUX (YHKUWI B Liape B 0603HauMm

yepe3 h{B). Knacc rapmoHunyecknx gpyHkunii n € h(B), 4ns KoTopbIX

IMIh* = 8UP Mp(u\r) < +00,
O<r<1

eCTb 06bIYHOE NpocTpaHCcTBO Xapga b?{B) B egnHn4HOM Lwiape B.
Onpegenum npocTtpaHcTBo f1(p,j,a)(0 < p,j < oo,a £ K) co cmewlaHHO Hop-

MOV KaK MpPOCTPaHCTBO rapMOHMYECKMX PYHKLMA 1 ¢ h(B), 418 KOTOPbIX KOHEYHA
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KBasunopma

, 0 < (<00,

sup @ -r)aMp(m\r),

O<r<1
Ecnm (1- r)°Mp(wr) = o(l) npur -> 1, TO rOBOPAT, YTO rapMOHMYecKas GynKyms
u(z) npuHagnexuT manomy npocTtpaHcTy ho(p,00,a). Mpu p = q < 00 NpPOCTPaH-
ctBa JI(p, g,a) coBnafatoT C BECOBbIMM Knaccamu beprmaHa, a npu = 00 UX 06bIYHO
Ha3blBaOT BECOBLIMY MPOCTPAHCTBaMU Xapau.

MHoro paboT nocBsLeHo npocTpaHcTBaM /i(p, ,a) CO CMeLUaHHON HOPMOIA UK nx
MOANPOCTPaHCTBaM, COCTOALMM U3 FONOMOP(HBIX, LLUNOPUrapMOHUYECKUX UK Fap-
MOHMYECKMNX (YHKLMIA B Kpyre, wape u3 C” unn R”.

MpocTpaHCTBa CO CMELLaHHOW HOPMOIM ANS FONOMOPGHBLIX B €4VHUYHOM Kpyre
(DyHKUWIA 6binn BBedeHbl Xapau n Jluttneygom B [1], [2]. BnoxeHus ¢ pasHbiMu
MHAEKCaMU 1 CBA3U C 00blYHbIMK Knaccamu Xapau A p(Ar) 6b1im nepBbiMU pesynb-
TaTaMu, AN8 3TUX KNaccoB. YacTb 3TUX pe3ynbTaToB M3N0XeHa B MOHorpagpuu [3].
dnetT [4], [5] 3HaUNTENLHO 0606LWMA U YCUANA MHOTME OPUTMHANbHbIE Pe3ybTaThbl
Xapgn v InTTnByAa 1 yNpocTuA ux foKasaTenbcTBa. B fanbHeiiwem 6biav nonyde-
Hbl MHOFOMepHble 0606LeHNs pe3ynbTaTtoB Xapau, Jinttnsyaa, ®netta B 061actax
n3 C" nKsa. MpoctpaHctea h(p,p, a), h(p, g, a) B eaANHMYHOM Liape u3 Rn nsyyanuco
B paboTax [6-11], cM. Takxe cogepxalinecs Tam ccbliku. MpocTtpaHcTsa h(p, g, a),
COCTOSILLME U3 -TAPMOHMYECKMX YHKLWIA B nonmaucke n3 C", usyvanmch B CTaTbsiX
[12], [13]. W3BecTHO, uTo Mpn 0 < p < 1 knaccbl Xapan hp(Bn) umeroT CNoXxHyt
CTPYKTYPY M CUMIbHO OTAMYatoTCs OoT KnaccoB Xapau hp(Bn) cp > 1, cm. [14]. Mo-
[l06HOe HabntogaeTcs U B cnyyae npoctpaHcTB h(p,qg,a). Ecom 1 < p,q < 00, TO
h(p, g, a) ABNAOTCA 6aHaXOBbIMM NPOCTPAHCTBaMM C HOPMOIA | *||p.9a-Ecnm 0<p <1
mbo o < q< 1,70 JI(p, g, a) —MNOMHbIE METPUYECKME MPOCTPAHCTBA C MHBAPWMAHTHOWA
meTpuKoi d(u,v) = ||lu —V||E”°ip™™ u KBasMHopMOW || m||Pi?ia.

B HacTosLlen cTaTbe YCTaHaB/IMBAKOTCA HENpepbIBHblE BAOXEHUS Tuna Xapau-
NnttnByAa Ana npoctpaHcTs JI(p, g, a) B wape u3 R”. OCHOBHbIM pe3ynbTaToM pa-
60Tbl ABNAETCA CefyoLLas TeopeMa.



Teopema 1.1. Anda nobbix a,p s R, 0 < p,q < oCc cnegytouine BNOXKEHUS Henpe-

PbIBHbI:

(i) h(p,q,a) C h(p,q,P),

(i) h(p.q,a)ch(po.q,a), 0<Po<p< o0,
(iii) h(p,q,a) C h(p,q0,a), 0<(g<Q < oo,

(iv) h(p.g,a)ch(po,q,/3), P>aH--r1-§-1-----'1£1-, p<p<m,
(v) h(p,q,a)ch(oo,q0,P), .

(vi) h(p.q.a) C h(p,qo,P), P>a, o< go< 00,

(ix)  hp C h(po,q,P), 5 -

(xX) Ecmm u€(p,ga),0<g<oo, TO WU ENOP,O00,a).

2. NpepsapuTenbHble NeMMbl

Lnsa pokasatensctsa Teopembl 1.1 Ham NoTpebyeTcs HECKO/BLKO SIEMM.

Cumaonel C(a, P, ...), Ca u T.n. Bctogy 6yayT 0603Ha4YaTh NONOXKUTE/bHbIE MOCTO-
SHHble, BO3MOXHO pa3/inyHble B pa3HbIX MeCTax 1 3aBUCALLME TOMIbKO OT YKa3aHHbIX
nHaekcos a,P ....... Cumon A « B gna A, B > 0 03HauaeT, YTO CYLLECTBYIOT M0JIO-
XKUTE/bHbIE NMOCTOSHHbIE Ci U, HE3aBMCKMbIE OT YYacCTBYHOLMUX PYHKLUA 1 nepe-
MEeHHbIX, Takue, 4To c\A < B < c"A. ina noborop, 1< p < 0o, yepe3 pf = p/(p—l)

0603HauYMM CONPSHKEHHbIN MHAEKC (nonaras Takxe 1/00 = o U 170 = +00).

Nemma 2.1. O603Ha4YMM LIap C LEHTPOM B TOUKE X = e B 1 paguycom "

yepes

(2.1)

Torga

1—x| < |E—px\ < 3(1 —x|) and Bcex y= & BX.
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JokaszaTenbcTBO. JIeBOe HepaBeHCTBO O4EBUAHO. 3a(iMKCUPYeM NPOU3BObHYHO TOY-
Ky X = 6 B. Echm 0 < r < [, TO UICKOMOE HEpaBeHCTBO OYEBUAHO, TaK Kak
E—px\ < 2un 1— > § Tonoxum < 1 < 1. 3ameTuM, YTO Hayano KOOPAMHAT

JIeXXUT BHe Wwapa Bx, n

i(1-r) <1-ly] < |(1-r), =1-r, 0<p'<M<p", v=pfesx,
rae
(2) p=r_10 =3 el f 10T

Uepe3 ©€ (0,7r/2) 0603HauMM yron mexay sektopamum Cu . JIerko BUAETb, UTO

cos-e>y—, sin _e<s_|n_z_e, BTO = ——. =
2 2 2 2 2r
Tbrpa
. Q
|E —px\2= 1+ pr —2/a1-c08© = (1 —pr)2+ 4prsinz - _<
<@a-A)>+ (— ) =(i-— rf+£(i-o0"-

=(1-nr2(1+3r2)a+ (1-NH2<™(1-nr2<91- r)2

Nemma 2.2. Kaxkaasa ¢pyHkumsa n e hp(B) ¢ 0 < p < 00 JonycKaeT OLEHKY
l«(e) < C(p.m)Imlmcz - [X])-(n-1)/p,  xeB,
Unn e TepmMuHax BnodkeHus Ne C - oo, 0o, .
JokaszaTenscTBo. [na YUKCUPOBaHHOW TOUKM X e B u wapa Bx, cm. (2.1), 3anu-

Lwem HepaBeHcTBO PedihepmaHa-CTeitHa [15] (0 < p < 00), Mcnonb3ys 0603HaYeHUs

(2-2),

K*)|p < - )n J\BnK INK dy < o) \;<|y|<p» \u{y)\vpn~Ildpdo(g) <

Ecmo<r<|, T0

lu(s)lp < [ MIJ(u;p)dp <C(p, ) sup Af(ti;p) < C(p,n)[ul|",
li-r) Jo o<p<as3

YTO O4YeBMAHO B/IEYET NCKOMOE HEPABEHCTBO.
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Ecnm e s < T < 1, T0 MOCKOMbKY |(1 —) < 1 —p < | (1 —F), MOXEM OLEHUTb

Nemma 2.3. Ecnuu € h?{B) nO<p<po<oo, TO

[okasaTenscTBo. 3aMeTuM, 4YTO Npu po = 00 IEMMa CBOAUTCA K JTemme 2.2. MoaTo-

My nonoxum 0 < p < po < oo. Torga no Slemme 2.2
ME(n;r)= J[S < ME-*{wp)L {u\p) <
< C(p)po>n)[||ullftp(I-r) (,, 1)/I,]FO PAfI(u;p) <

< C(p,po,n)||«||«(I -

Nlemma 2.4. CnpaBef/MBbl CNeaytoLMe MHTerpaibHble OLEHKM:

1-T
B0 BCex OUEHKax HeABHO y4yacTBYHLLMe NOCTOAHHbIE 3aBUCAT NULWb 0T a, .

[okasaTenbCTBa OLLEHOK MOXHO HainTu B [7], [9], [16].

Cnepfytolas neMmMa nokasbiBaeT, UTO NOBeJEHUE FrapMOHUYECKO! YHKLUKN N(X) B
OKpeCTHOCTU Havana KoOpAUHAT B CYLLHOCTM He BAUSIET HA 3HAYeHUe ee KBa3MHOPMbI

IMIp.s < C TOYHOCTLIO 40 3KBMBANIEHTHOCTH.
7



Nemma 2.5. Anda nobbix 0 < p,g < co,a e R n Bcex n s h(B) cnpaseamsbl

HepaBeEHCTBa

\ 19
IMIm.a < C(p,q,a,n) rre rydd , ecmm 0<qg<oo,

IMIP.ooa < C(p,a,n) sup (1-r)“Mp(u;r), ecam q= co.

1/2<r<1

JokasaTenscTBO. [OCTaTOYHO [0Ka3aTb YCEYEHHbIE HEPaBEHCTBA
[ (-r)a, :M’(u;r)dr < C(p,9,Q:,n) / n(/l-r)°, 1M|(u;r)dr, npum o < g< 00,
io

sup (1 —)QAfp(u;r) < C(p,a,n) '/sup (1—r)aMv[u\r), npu q= oo.
1/a<r<i

o<r<i/3
Ecim 1 < p < 00, TO (YyHKUUA |u|p Cy6rapMOHWYHA, a WMHTerpaibHble CpeaHue
Mp(v\r) MOHOTOHHO BoO3pacTatoTno r (Npn 1< p < 00). lMo3TomMy B 3TOM Chly-
Yyae fOKa3aTeNbCTBO 3NeMeHTapHo.Monoxum 0 < p <1 mpaccMoTpuMTenepb  Tpwu
cnyyas.

Cnyualt 0 < p <\,q = 00. Bo3bMeM MPOM3BO/ILHYIO TOUKY X, |X| = 3/4, n wap
Bi/s(x) cueHTpOM B TouKe X U paguycom 1/8. Mo HepaBeHCTBY DeddepmaHa-CTeilHa

(15]

I (a01p < / Wv)lp<y< C(p,n) [ lu(v)|pdy <
Jbu,{x) Jb/8<|v|<7/8

/m7/8

< C(p,n) /' JWJ(ti;p)dp < C(p,n) sup LW [u\p)<
Je/s 5/8<p<7/8

< C(p,a,n) sup (- p™"M *(«;p), x| = 3/4.
1/2<P<1

OTcroga, UCnonb3ys NPUHLUMN MakCUMyMa 418 CyBrapMOHUYECKOA PyHKLUMN |u|,

sup - p)QAfp(u;p) < sup  Mp(u;p)< sup |u(x)| =
0<p<l/2 0<p<3/4 |x|<3/4

= o K®) < C(p,a,n) L Sup - p)aMp(u; p).

Cnyuvalt 0<p<I|,0<p<g<o0o0. Bocnonbayemcs y>xe AOKa3aHHbIM HepaBeH-

CTBOM

f7/8
(2.3) ti(i)lp <C7(p,n) /' AfE(u;p)dp,  |z| = 3/4.
V5/8



3atem npuMeHMM HepaBeHCTBO [enbfepa ¢ nHgekcamu £ n ,

12718 ( ,7/8 \ p/u
[u(z)lp < C(p,n) M*{m\p)dp <C(p,q, ) (J  M]|(u; p)dp)

CnepoBaTenbHo, ANA N060IA ToUKK X, |X| = 3/4, nonydaem

718 718
[«(*)|a < C(p,q.n) J/5/8 M*(u-,p)dp<C(p,q,a,n) Jg_)/18-|0)aw Mg (u\p)dp<

< Cfog.a.n)J{ - p)ag- IM*{u\p)dp.
i/
OTctofa, MCnonb3yst NPUHLMN MakCMMyMa A5 Cy6rapmMoHMYeckoi yHKuun |«|,

Ma1 - pe4 Mf(uip)dp < £7(,a) sup M (uip) < C(g,a) sup |«(*)[* <
Yo 0<r<1/2 |*|<1/2

<C{g,a) sup [tx(1es = C(g,a) TOC [U(X)|« <
z|<3/4 1*1=3/4

(2.4) < C{p,q,a,n) }I/Z(l - p)°?-1Af«(u; p) dp,

uTO U TPeGOoBanoCh A0Ka3aTb.

Cnyuaii 0 < g <p < 1. BHOBb BOCMNO/b3yeMcs HepaBeHCTBOM (2.3), HO C 3aMeHOM

pHa qa
, 718

lu(y1e < C(a, ) /  Mo(u;p)dp, | = 3/4.
Jb/B

MpYMeHUM HepaBeHCTBO [enbfepa ¢ MHAeKcamu | n j ,

1718 718 1, \ ?/p
lii(*)l« < C{a, ) / [ Ju(pOj««i*(0dp < C(e, )/ /" |u(pOlpda(o dp =
J6/8 JS J6/8 /
718 1
= Cfan) /  M’(up)dp<C(q,a, )  (1- p)ag 1Af«(u;p) dp.
Js/a N/

OcTaBLIasiCs YacTb [0Ka3aTeIbCTBa BbINOMHSAETCS KakK B (2.4). O

3. NOKASATE/IbCTBO TEOPEMbI 1.1

Beugy Jlemmbl 2.5 Bce HepaBeHCTBa C HOpPMamy M KBasMHOPMaMM A0OCTAaTOYHO f0-
Ka3aTb BHe HEKOTOPOI OKPECTHOCTY Havana KoOpAWHaT.
[okasatenbcTBa BNoXeHui (i) u (ii) oueBmAHbl. BnoxeHue (ii) oueBnaHo BBMAY MO-

HOTOHHOrO BO3pacTaHus cpegHnx Mp(u; ) no p.
9



(iii) Joka3aTenbCTBO BNOXEHMUA HAYHEM CO C/lyYas so = T.e. I(p,q,a) C J(p, 00, a).
3ameTum, 4To Npn 1 < p < 00 UHTerpanbnble cpegHne Mp(u; r) Bo3pacTaroT Mo T.

Joka3atenbcTBo BnoxeHus Ji(p, g,a) C J1(p, 00,a) B 3TOM C/yyae 3neMeHTapHO:

IHI?.9i<<>Jf| 1- ryau~1ImNe r)dr * C(“.9)M Ne p)(l pr, o< p< L
p

Monoxum 0 < p < 1. locTaTO4YHO [JOKa3aTb HEPABEHCTBO

sup (L —r)aMp(u\r) < C(p, g, &, n)||u||PI7Q.
1/3<r<1

3adukcmpyem ToUKy X, 5 < |[X| < 1. Kak v B floKa3aTe/nbCTBe JIeMMbl 2.2 HEpaBeH-
cTB0 ®eddepm&Ha-CreliHa [15] onsa wapa Bx (2.1), a Takxke Jlemma 2.1 npusoast
K

(3-1) K *N\v 7 T(l_r ;&5 IJ E,,i\"y)\pdy<c{p,n) {/

VIHTerpmpoBaHme 1 oueHKa JSlemmbl 2.4 ¢ ToXgecTBom |E —prE| = |C—prE| BnekyT

<m<p" I?

K M < CO.,,,) w r dy <
) C(p>ﬂ)!'p'<lvl<p" Pr A /N p) dp-
Cnyuali p << 00. [No HepaBeHCTBY "enbjepa ¢ UHAEKCAMU * 1 = ~ pld

(I-r)dwJ(u;r) < C(p, ) W (m\p)dp <C(p, ) *jif MUuwp)dpY  (p"-p/)Ll_p/T-
OTcroga

"N osi (FAIB (3 "?2<< *) m 5<r<tl

MockonbKy s(1 —) < 1- p< §( - ), T0

(13 M**I)
4TO U TPeGOBaNOCh NOKasaTh.
Cnyuyait g <p < 1. 3anuwem HepaBeHcTBO (3.1) ¢ g BMecTo p,

l«(x)[9<C{q,n)f
V<M<p" K /»T

3ameHuM X Ha Qx, rae Q - NpoM3BONLHOE OPTOrOHaNbHOE JIMHENHOE NPeobpasoBaHie

Q :R” —>R", T.e. \Qx\ = |x| Ans BCeX X ¢ R”. BCMOMHWUM, 4TO NMOBEPXHOCTHaA

10



Mepa a uneapuantna npu BpalleHnsax, 4to 3HaunT er(Q(G)) = cr(G) Ana Kaxgoro
6openeBckoro MHoxecTBa G C S M KaXAoro opToroHanbHOro npeobpasosaHus Q.
Monyuaem

“<«*>|s L }
Mpou3Bens B nHTerpasne sameHy m» Q£, nofyymm

\u(Qx)\*<C(q,n)E m ~ P 1)

MpUMeHss HepaBeHCTBO MUHKOBCKOTO C MHAEKCOM | > 11 TOX/AECTBO C MHTErpanom

HO OpPTOroHaNbLHOW rpynne
Vi/p

Z€ B,
Haxo4uM, UCMONb3ys TaKXXe OLEeHKN JlemMmbl 2.4,
M'bl 1) < C(9in)J P iQ(u;p)jf dp <
2(? ' ' : i
< <?(2,4) pri Mi_up’; dp < 1 _9r" JF];, M«(u,p)dpr igr< 1

Mockonbky |[(1 —) < 1—p < §(1 —), TO Kak 1 B NpefblgyLLieM cnyyae rnosyyaem

B21 n*Mpu;r)<C(j @-p~M ~u;p)dptr < <7|«|
Bnoxexune M(p, ,a) C J(p,00,a) NONHOCTLIO f0Ka3aHO. Tenepb 06WMIA cnyyai 0 <
g < g0 < 00 C KOHEYHbIM (0 CBOAWTCA K fOKa3aHHOMY NPOCTOM OLEHKOI:

Ibll&0.» s y«lISS?.INS*. < CIMICTM IJ,*» = CN & 1s

(iv) BHauane gokaxkem cfy4ali po = 00, T.e. BnoxeHue h(p,q,a) C h o0, q,a + ]

B cnyyae 0 < p < g < 00, KaK 1 B Jlemme 2.2 n (LL) umeem HepaBeHCTBO

Mo HepaBeHCTBY Menbaepa ¢ uHgekcamun gq/p n (a/p)'

H \ gp



MpOUHTErPUPYEM C BECOM 1 3aTeM NMPUMEHUM TeopeMy PY6UHW

00,32+ (1-1)/p o (I-r) (o+V>« 1MgO(u;r)dr <

B cnyuyae 0 < p < g —00 0Ka3aTe/IbCTBO OMYCKAaeM, MOCKO/IbKY OHO MPOLLE U CXOXKe
C Tem, 470 B Jlemme 2.2.
B cnyyae 0 < g < p < 00 A0Ka3aTe/IbCTBO aHanornyHo. BnoxeHne h(p,q,a) C

h (0o,q,a+ § [0KasaHo. TaK, UCKOMOe BIOXEHWe

[,0Ka3aHo B KpaliHeM C/yyae po = 00, a AN1f1 p0 = p — 04eBUAHO. COrnacHo BepCUn NH-
TepronsLMoHHON Teopembl Pucca-Topuga 415 KBa3WHOPMMUPOBALLLLX MPOCTPaHCTB
(cm. [17], [18], [19]), oTctoga monyyvaem crpaBegMBOCTb MCKOMOFO BNOXEHWUA ANA
BCEX 0 < P < PO < 00.

(v) Bnoxenue h(p,q,a) C h{oo,qa,ff), > a+ 0 < o < 00, BbITEKaeT u3
BnoxeHus J1(p, g, a) C J1(00,00,a + 2”p) W OLEHKM

Kenr<C(p,qg,a, )- , x=TEs B.
a—f) ~

[OeictButensHo, npm 0 < g0 < 0o no Jlemme 2.4 6yaem UMeTb

(vi) BnoxeHue (vi) foCTaTOYHO f0Ka3aTb A5 Hanbonee NMipokoro knacca (>, 00, a),
T.e. JOKAXEM

/i(p,00,a) C h(p,qo,/3), >a, 0< q0<oo,
12



HETMPEPbLIBHBIE BTOXEHWA B TAPMOHUWYECKWNX MPOCTPAHCTBAX ..
Monoxum 0 < go < 00, BOCMONb3yeMCsl BNOXeHNEM (iii) n Jlemmoii 2.4,
:]f <
< Clbll&cat * Ofee.Aed.BjlliilK»,..

(vii) BnoxeHue (vii) gokasaHo B Jlemme 2.3.
(viii) B cuny BnoxeHus (L) BnoxeHue (viii) goctaTouHo gokasatb 414 q= p (T.e.

LANna Hambosnee y3KOro Knacca), MMeHHO
(3.3) hPCh(po,P, "m — ), l<p<po<oo.

Kpome TOro, cnyvaidi po = 00 BbITEKAET M3 OCTaNbHbLIX CTyYaeB C KOHEYHbIM PO < 00,
MOCKO/bKY B cuy BnoxeHus (iv)
) L. 1 -1 f / n—i)\
5‘PO|P| e — Jch(oo,p, J.
Takum 06pa3oM, ocTaeTcs foKas3aTb BOXKeHWe (3.3) AN5 KOHeuYHbIX 1 < p < po < 0o.
Bocnonb3yemca metogom u3 [5]. Beegem onepatop [T 1 mepy u,

Ttt(r) := o - r)-(n-1)/«,Mpo(u;r), du{r) := ( - v - r)n~2dr.

Mockonbky T(i<i +bir)(r) < T(uj)(r) + T(uj)(r), To T — cybnuHeiHbIN onepaTop.
CornacHo Jlemme 2.3 HaligeTcs NoNoXuTeNbHas NnocTosiHHas Co = Co(p,po,Ti) Takas,

uTo

F«(r) = ¢ - rj (n_1)lpoAfPon;r) < Cox - rC*"*M ™, 0<Tr<iu.
OTctofia A5 NH06Oro HUKCUPOBAHHOTO 3 > ONoMyunm

{O<r <L, Tu(r) >3y C{O<r< 1, COL-"r"-~"UBlUM >«}=
=lo <r<Zx1- (cOa1jmn)P( “*<rjc (1),
roe 1= tax{o;:- (Cpa~1||u]|/lp)P*n FAcHo, uTo Npu manbix B >0 nmeem
A= 0,a npu BCEX JOCTATOYHO 60MbWKX 3 > 0 Nonyyaem
{0<r <1 Tu(r) >a}) <il(A1)= Cjs_p|lull£..

3T0 03HavaeT, 4To PYHKUMA Tu(r) NpuHaanexuT cnabomy NpocTpaHCTBY

T.e. T — onepatop cna6oro Tuna (p,p) Aiw Bcex 1 < p < 00. M0 UHTEPNONALMOHHO
13



Teopeme MapumHkeBnya (cm., Hanpumep, [18], [19]) T — onepatop cuAbHOrO TMna

(p,p) 4N Bcex 1 < p < 00,
OMbaPUYbm =("-i)]jf -1)->* =
:( 1) \ - («0*.: (”_

YTO 3aBepLUaeT 40Ka3aTenbCTBO BAOXeHMA (viii). B kauecTBe AOMNOMHEHNS OTMETUM,

4TO B NpeAesibHOM Cy4vae p = 1 BAoXKeHue (Viii)
1 C N(poi 1 (n —1)(1 —1/po)), 1< Po < 00,

NOXHO. COOTBETCTBYIOLLMM KOHTPIPUMEPOM CAYXMUT A4p0 NyaccoHa.
(ix) BnoxeHune (ix) ecTb KOM6MHauus BnoxeHuin (vi) n (iv). AeincTeutensHo, ans
no6boro a > o MMeem
Ch(p,g,a) Ch(po,gat+-—-- -— .
/pCh(p.g.a) {p q 5 R )
(X) YTBepxaeHue (X) HeMeANEHHO NOy4YaeTCs U3 HepaBeHCTBA (3.2), eCnn YCTPEMUTb
r-* 1.

Teopema 1.1 nonHOCTLIO fOKa3ana.

4. Mpunoxenus Teopemb 1.1

PaccMoTpuM rapmoHunyeckue sektopbl U = («i,..., ,,) B wape B, rage u/lx) ~
h(B) saBnawTCS rpagmeHTaMn HEKOTOPOI rapMOHNYECKO (YHKLMN.

0O603Haumm yepes K(B) MHOXeCTBO cucTeM Pucca B Lwape B, T.e. Knacc rapMoHK-
yeckunx BekTopoB U = («1,..., ) B B, A19 K&XA0ro U3 KOTOPbIX HaNgeTCsA HEKOTO-
pas yHkuusa h(x) ¢ J1(B) Takas, yto U = VJ1B B.

Knaccbl Xapau, coctoswme M3 BeKTop-pyHKUniA U ¢ H(B), 0603Ha4nm uepes
Ne (B). Ecnu e ana Bektop-gyHkumMn U e LU, B) koHeuHa CMellaHHas "Hopma"
1M Ipe << +°°> T0 Byfem nucatb U £ 9t(p,g,a).

Onpegenvm Knacc S? = ~(B) cybrapmMoHMYecKMx PyHKUMA w(x) B wwape B,
Y[,0BNIETBOPAIOLLMX YCIOBUIO Xapam

\ 1/p
IHIs, = sup SJ/S [ro(rC)pNT(C)) < + 00, 0<p < oo

O<r<1



Kak nokasan KoHTpnpumep agpa MyaccoHa, BnoxeHue (viii) Teopembl 1.1 414 rap-
MOHMWYECKNX (DYHKUWIA Henb3s pacnpocTpaHuTb Ha p = 1. Mexay TeM, BNOXeHWe
(viii) Teopemb! 1.1 cnpaBea/imBo npu Bcex 0 < p < 00 4718 rOOMOPMHbLIX (YHKUWI B
efMHNYHOM Kpyre, cMm. [1], [3, Teop.5.11], TakXkKe Kak U Ans rofioMoOpMHbLIX (YHKLNI
B nonugmucke u3 Cn, cm. [13].

BBefeHHble Bbille cuctembl Pucca U € "C(H) B R" B HEKOTOPOI cTeneHn 3ame-
WaKT ronomopgHble GyHKUMM Ha R2. Ans cuctem Pucca fokasaHHble B Teopeme
1.1 B/IOXKEHUS B HEKOTOPbIX Cly4vasax MMeloT 6osee LWMPOKMe 061acT AONYCTUMbIX

3HAYeHWA NapaMeTpoB.

Cnepcteue 4.1. Mpwn <P<P0<00,p<(Q<00 WMEeT MeCTO HenpepbiBHOe
BNOXKEHNE

~NC D |\fpo .Pq, Po))'
[okazaTenbcTBo. Cnyyait p > 1 BbITEKAET U3 TaKOr0 Xe BNoXeHus (viii) gnsa ckat
NAPHO3HAYHbIX FapMOHUYECKUX (PYHKLMA. MonoxXmm <p=4g< 11 nycb
U=(ui,,«) £ 'VP[B). Obo3Hauum A= A,, := . Tbraa cornacHo pesynbtaty
CreiiHa n Belica ([18], [19]) W = [I7|/In = \U\PsiBnstoTCS Cy6rapMoHUYecKnmm

hyHKumsmu. OTcroga

K /Ne -1)=mMNe>r)p <a(~io=MR T) Po> A
Mockonbky W - cybrapMmoHunyeckas pyHKUMs knacca Xapaun S"*, 1o W umeet rap-

MOHWYECKYI0 MaXopaHTy v(X) € ?/ B B C 9KBUBaJIEHTHbIMW HOpMamMu Xapau (cm.

W):
w{x) <v(x), Xe B, IMfcp* < \\W\gp/x.

Otctoga, o6o3Havasa pi = f>1, poi = ~> 1, ucnonb3ys yxe A0Ka3aHHbIN Ciyyai,
BbIBOAVM
M IAn-un-e-u/,. - =

(- NDPIn-1)@/pi-1/poi) i i(W;r)dr =

1)/p-(n-1)/po — HJ4peitPi«(n—¥)/p-(n—1)/P0 —
<INI& < CLU& = c\urxr.
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O

Cuctembl Prcca MOXHO 0606WMTb cneayrowmm obpasom. [ ns HEKOTOPOR focTa-
TOYHO rnagkoi PyHKUMM v{x) ee rpagneHT V Tv nopsgka T ¢ N onpegenserca kak
BEKTOP-(PYHKLMS, KOMIMOHEHTbI KOTOPOU YacTHbIe MPOM3BOAHbIE £IV, Y = (71,...,7,),
nopsigka k 1= T B HEKOTOpOM hrKcupoBaHHOM nopsgke. O6o3Hauum vepes JiT(B),
T s N, Knacc rapmoHuyeckmx sekTopos U = (Wi,... ,ru,) B wape B, a8 Kaxzgoro
13 KOTOPbIX HaingeTca HekoTopas PyHkums h(x) e h(B) Takas, uto U — VT /1B B.
MpocTpaHcTBa Xapam 1 CO CMeLLaHHOW HOPMOIA, cocToswme n3 gpyHkumnin U s OIT(B),

6ynem 0603HavaTb Yepes n 'Km(p,g,a), COOTBETCTBEHHO.

CneactBue 4.2. MpuT 6 N, T"~l2 <p<po<o00, p<g<00 KMeeT MeCTO
HEMNpepbIBHOE BNO>KeEHUe

\ P Po )
Jloka3aTenscTBO, BbIBOAMTCA BMOJIHE aHANOMMYHbLIM 06pasoM Kak B Cnefcteum 4.1.
Hy>XHO nuwb BmecTo An onpegenntb J1= Amn := TJ~L2 1 BOCN0/b30BaThCS Cyb-
rapMoHUYHOCTbIO yHKUuuK |[/|A U e IKT(B), cornacHo pesynbtaty KanbaepoHa u
3urmyHga [20]. O

BnoxeHue (viii) B 4aCTHOM Cnyvae po = 00, 1< p = ( < 00 NPMBOAUT K YCW/EH-

HOMY BapuaHTy W3BECTHOIO HepaBeHcTBa deiepa-Pucca.

Cnepgcteue 4.3. Ecan 1< p < 00, To ansa Bcex u(x) s h(B)

4.1) J/ 1—T)n zgtép|w(rC)|,’dr < C(p, T0)|IrX|| A,
0
Unn B TepMmuHax snodXkeHus h? C h ~oo,p, j-

Knaccnueckoe HepaBeHCTBO Peiiepa-Pucca MOXHO HaliTu, Hanpumep, B MOHOrpa-
thun [3], a ero HekoTopble OTAUYHbIE OT (4.1) Bepcum B wape B —B cTatbax [21],
[22], ], [9]. Kpome Toro, pesynbTtat Cneactaus 4.3 oTBevaeT Ha Bonpoc CTeBuya [9,
¢.209].

XoTs B npefensHOM cnydae p = 1 Cnefcteue 4.3 0XHO BBUAY npumMepa sapa

lMyaccoHa, TeM He MeHee, KakK cnegyeT n3 Cneacteuii 4.1 n 4.2, ans cuctem Pucca u
16



Gonee cneunanbHbIX rapMOHUYECKNX BEKTOPOB HEPaBEHCTBO (4.1) okasblBaeTcs Bep-

HbIM N AN19 HEKOTOPbIX P < 1.

CnepctBue 4.4. Ecnn <p<o00, To and Bcex s K(2?)
(4-2) jfV -r)»-asup|V(rC)|pdr < C(p,n}pLib,,
unu B TepMuHax BnodkeHus Ne C IK (oo,p,

Cnepcteue 4.6. EcimT s N, <p<o00, 70 gnaeceda s 3iT(B) cnpasesa-

NNBO HEPABEHCTBO (4-2) M COOTBETCTBYHOLEe BIOXKEHME C IKrT (oo0,p, .

Hanbonee npvmMevaTensHOl pasHuLein Mexay npoctpaHcTBamu Ji(p,g,a) B R" n
TaKMMM K& NPOCTPaHCTBaMM FO/IOMOPMHbLIX (YHKLUUIA B eJUHUYHOM Kpyre fBAsieT-
€Sl TOT (haKT, YTO NpW HekoTopbiXx @ < Qo < p < 1 rapMOHMYECKMe NPOCTpaHCTBa
N(p, q,a) HETpUBMANbHSI, T.€. COAEPXAT HEHYNEBbIE (DYHKLMU. DTO fBJEHME 0OCYX-
fanoco B [14], [13].

Hawwuei cnepytoulein 3agayeii 6yaeT HaxoXAeHNe TOYHbIX YCNOBUIA Ha MHAEKCHI, NpK
KOTOpbIX MpocTpaHcTBa J1(p, g, a) TpMBMANbHbI. 3aMeTUM, YTO XOPOLUMM MPUMEPOM
HeTpMBManbHOM PyHKLMK npocTpaHcTBa JI(p, g, &) Npm nogxoAsawmxa < o,o < p < 1
aBnaetca aapo lyaccoHa P(x) = P(x,£) = x e B, & 5. B cnegywouen

NeMMe HaiifieHbl TOUHbIE YCIOBUS MPUHAAEXHOCTU agpa MyaccoHa npocTpaHcTBam

h(p.q.a).

Nemma 4.1. Mpn 0 <p <00, 0< g<o00,abK cnpaseanusbl cnegyowine yTBep-

XKAeHnA:

(@ Ecm O0<p<~rh To P(x)€(pga) => a>-1;
P(x) s Ni(p,00,a) <= a>-—
P[x) e ho(p,00,a) <=> a> —
(b) Ecam Mmrc: <P<o00, To P(x) £h(p,g,a) <m a>( - 1)(1- 1/p);
a> (n-1)(1-1/p);



P(i) e » 00,a) <=> a > (n- 1)(1- 1/p);
(c) Ecm p= ntro P(x) s h(p,q,a) <=> a> —;
P(x) ¢ /l(p,00,a) <& a> —;
P(x) € ),00,a) <=> a>—.
[okasaTenbcTBo, cnegyet u3 Jiemmbl 2.4 1 TOUHbIX OLEHOK aapa lMyaccoHa

—1
11—, npu o <p<

(1 —T) Up\ npu ' <p < oo, Oo<r<1

O

B cnepytolleil Teopeme BbisiBIEHbI TOUYHbIE YC0BUA TPUBUaNbHOCTU NMPOCTPAHCTB
N(p, g,a), T.e. KOr4a OHW COCTOAT TONbKO U3 HYNEBOW (DYHKLMK.
Teopema 4.1. IMel0T MecTO CneaytoLive yTBep>KAeHNs:

. Ecrml<p<o00,0< < 00, TO h(p,q,a) = {0} > a <0

e Ecml<pc<oo TO h(p,00,a) = {0} < a <0

. Ecm 1< p < 00, TO No(p,00,a) = {0} a<g;

. Ech0<p<-? 0<qg<oo 1o h(p,g,a)={0} <= a <-4

e Bowm O0<p<-- 70 h(p, 0o,a) = {0} a<-1;

« Ecm 0<p< -—-I;---l, To No(p,00,3) = {0} a< -1;

Ecm —1 < p<10< < 00, TO h(p,q,a) = {0} <=> a < (n—1)(1

Ecnn n:ll <p<lToO N(p,00,a) = {0} <<> a < (n- 1)(1- 1/p);

Ecnu :1-< p<l, TO ho(p,00,a) = {0} <=> a < (n- 1)(1- 1/p);
y— TO N(p,00,a) = {0} <>m a < —.

JokasaTenscTeo. Mpu: < p < 00 pe3ynbTaT cnefyer U3 MOHOTOHHOCTW UHTerpasib-
HbIX cpefHUX Mp(n; r) no r. YTBepXxaeHus Ansa kKnaccos Jlo(p, 00, a) AOKa3aHbl B Tfeo-

peme 2.11 u3 [14]. B ocTanbHbIX cny4vasax 0 < p < 1, BOCMO/b30BaBLUNCH BAIOXKEHNSAMMN
18



(iii), (vi), (x) Teopembl 1 h(j>,q,a) C ), 0C, a), AOKa3aTeNbCTBO CBOAMM K [14] un
Nemme 4.1 O

OCHOBHbIe pe3y/ibTaTbl HACTOSILLEN CTaTbW [OKNAAbIBA/IMCE HA MEXAYHapOAHOW
KoHepeHymmn Harmonic Analysis and Approximations, V, 2011, Ifcaghkadzor, Armenia,

MOCBSALLEHOW 75-neTuio akagemuka H. Y. ApakensHa.

Abstract. In this paper continuous embeddings in harmonic mixed norm spaces on
the unit ball in Rn are established, generalizing some Hardy-Littlewood embeddings
for similar spaces of holomorphic functions in the unit disc. Differences in indices
between the spaces of harmonic and holomorphic spaces are revealed. As a consequence
an analogue of classical Fejsr-Riesz inequality is obtained. Embeddings in the special

case of Riesz systems are also established.
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Abstract. The convergence of multiple Walsh-Fourier series of functions of bounded

generalized variation is investigated. The sufficient and necessary conditions on the
sequence A = {\, } are found for the convergence of multiple Walsh-Fourier series of
functions of bounded partial A-variation.
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1. CLASSES OF FUNCTIONS OF BOUNDED (GENERALIZED VARIATION

In 1881 Jordan [13] introduced the class of functions of bounded variation and
applied it to the theory of Fourier series. Hereafter this notion was generalized by
many authors (quadratic variation, ®-variation, A-variation ets., see [13, 22, 21, 14]).
In two dimensional case the class BV of functions of bounded variation was introduced
by Hardy [12].

Let I :=[0,1) and

JF = (a*, ") C 1, k=1,2,...d.

Consider a measurable function f (z) defined on R? and 1-periodic with respect to

each variable. For d = 1 we set
fF(IY) =1 (b") = fla').

If for a function of d—1 variables the expression f (J1 X oo X J’i_l) is already defined,

then for a function of d variables the mized difference is defined as follows:
FI ) I = (T ) JENRY) = f (T x e x JT e

Let E = {J} be a collection of nonoverlapping intervals from I ordered in arbitrary

way and let 2 be the set of all such collections E.
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For sequences of positive numbers A7 = {\,}22,, j = 1,2,...,d, the (A',... A%)-
variation of f with respect to the index sel
D:={1,2,..,d}

is defined as follows:

1
V/g,...,Ad(f) = sup Z }f( 1

{J2},2.€Q i1,..50a

For an index set a = {4j1,...,jp} C D and any z = (21,...,24) € R? we set & := D\«

and denote by z, the vector of RP consisting of components z;,j € a, i.e.

To = (x_m...,xjp) € RP.

By Vi, . a (f,za) and f (Jilj1 X e X Jf;_p,a:a) we denote respectively the (AJ, ..., AJr)-
variation and the mixed difference of f as a function of variables z;,, ..., zj, over the p-

dimensional cube I? with fixed values za of other variables. The (A7, ..., A7) —variation
of [ with respect to index set « is defined as follows:
ijl....,AJ‘P (f) = sup V/€1'17.‘_,A.7'p (fal'&)v
' rgyeld—p

where I? := [0, 1)P.

Definition 1.1. We say that the function f has Bounded total (Al7 ...,Ad) -variation
on 1% and write

f€BVyi pa =BV za(T%,

yeeey

aCD

Definition 1.2. We say that the function f is continuous in (A',...,A?)-variation
on I and write
f€CVar__ pa=CVyr  pa(T?,
if
: @
nh—{go VAjl,-

for any o C D, a:={j1,...,jp}, where AJr := {)\gk}

e (=0 E=120

Definition 1.3. We say that the function f has Bounded Partial (Al, e Ad)—variation
and write
f € PBVj1, pa:=PBVyi  pa(TY),
22
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if
d
PV aa(f) = VP (f) < o0
i=1
In the case Al = --- = A% = A we denote
BVA = BVAI,...,Ada CVA = CVA17_“7Ad,
and

PBVp := PBVj1,  pa.
A, =1(rif0<ec< A, <C <oo, n=12,...) the classes BV, and PBV,
coincide with the Hardy class BV and PBV respectively. Hence it is reasonable
to assume that A\, — oo, and since the intervals in the collection £ = {J;} are
ordered arbitrarily, we suppose, without loss of generality, that the sequence {\,} is

increasing. Thus,

n—oo
When A, =n for all n = 1,2... we say Harmonic Variation instead of A-variation
and write H instead of A (BVy, PBVy, CVy, ets).

Remark 1.1. The notion of A-variation was introduced by Waterman [21] in one
dimensional case, by Sahakian [19] in two dimensional case and by Sablin [18] in
the case of higher dimensions. The notion of bounded partial variation (class PBV')
was introduced by Goginava in [7]. These classes of functions of generalized bounded
variation play an important role in the theory Fourier series.

Observe, that the number of variations in Definition 1.1 of total variation is 2% —1,

while the number of variations in Definition 1.8 of partial variation is only d.

The statements of the following theorem are known.
Theorem A. 1) (Dragoshanski [5]) If d = 2, then BVy = CVjy.
2) (Bakhvalov [1]) For any d > 2,

CVy = JBWr,
T

where the union is taken over all sequences I' = {7, }°2; with v, = o(n) as n — oc.

The main result of this section is the following theorem.

Theorem 1.1. Let A = {\,}02, and d > 2. If

An 2 A log?2n
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then there exists a sequence I' = {7, }°2; with
(1.3) T =o0(n) as n— oo,
such that PBV, C BVr.

Proof of Theorem 1.1. Choosing the sequence {A, }22; such that

AnAp > An log@™2nAd

14 ApToo, =10, e R— :
(1.4) T oo - + nz:; — < 00
we set

(1.5) ’yn:Aﬂn, n=12,...

We prove that there is a constant C' > 0 such that
‘f(Jil1 X e X Jf;,ma)
(1.6) > < C- PVA(f),

il 9 ;ip 77{1 rYZp

for any f € PBVj,, {J]} 1 €Qj=12,....d and a:= {i1,...i,} CD.
To prove (1.6) observe, that

‘f (Jil1 X - X Jf;,xa)
(1.7) Z S
e

IS o <%

Yiy "Ylp

0 ig(1) S Sio(p)

where the sum is taken over all rearrangements o = {o(k)},_; of the set {1,2,...

Denoting M = PV, (f) and using (1.5), (1.4) and (1.2) we obtain:

5 lf(.]}lx--~><Jf;,x&)

i1§i2§~--§ip ,V’Ll ’YZP

J} ><-~-><Jf’,ma)
P

_ § : ALl Alp 1 2 : ‘f( 2t /\z,,ALp
810 Ty A )
i1 <ig<<ip_1 L P >i K p
AP\ 1
ip—17"tp—1
<M Y e
i1<ip<<ip_1 p— p
ip—1 ip_2 i2
Sy B 7 LS Ly
Tp— bpy_s )
ip_1=1 iy ip_a=1 P72 =1 P73 11
= () < AP, log? 2
i1 Mp—1 og" " n
< M E —t g - gC’-ME S <.
2 1 n
ip_1=1 p—l i1 n=1

24
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Similarly we can prove that all other summands in the right hind side of (1.7) are

finite. Theorem 1.1 is proved. O

2. WALSH FUNCTIONS

We denote the set of all non-negative integers by N, the set of all integers by Z
and the set of dyadic rational numbers in the unit interval I := [0,1) by Q. Each

element of Q has the form % for some p,n € N, 0 <p < 2",
By a dyadic interval in I we mean an interval I := [I27V (1 +1)27") for some

€N, 0<1<2N. Given N € N and = € I, we denote by Iy () the dyadic interval
of length 2= that contains x. We denote Iy := [0,27).
Let 7¢ () be the function defined on the real line by

[ 1, ifze(0,1/2) B
ro (z) = { 1 ifzell/21) ro(z+1)=r(x), z € R.
The Rademacher system is defined by

ro () =19 (2"2), x€l, n=0,1,....

Let wp, wy, ... represent the Walsh functions, i.e. wo () =1 and if n =2"1+..-+

2™ is a positive integer with n; > ng > --- > ng then
Wy (T) =Ty (T) 10, (T), zel
The Walsh-Dirichlet kernel is defined by
n—1
D, (z) = Z wy, () .
k=0
Recall that (see [20, 11]):
(2.1) Dy, () = wy (t) > 8;was (t) Doy (1),
j=0

where n = 3722 6,27, §; =0 or 1.

[ 2mifzelo,27m),
(2:2) Dy (2) _{ 0, ifze 27, 1)
1
(2.3 D ()] < min (n m) Cze(),
1 —2A-1
(2.4) | Dy ()] > o’ 2 <z <1,
X
where
(2.5) ma = 22472 4 9244 o4 92 4 90
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Given z € I, the expansion
(oo}

(2.6) w= z2 k),
k=0

where z; = 0 or 1, is called the dyadic expansion of z. If € I\Q, then (2.6) is
uniquely determined. For the dyadic expansion of x € Q we choose the one with

ede el
The dyadic sum of x,y € I in terms of the dyadic expansion of = and y is defined
by
rty= Z |2k — g 27 FFD,
k=0
We consider the multiple Walsh system

Wy, (1) X -+ X Wy, (24), n, €N, =12 ..,d
on the d-dimensional unit cube 1% = [0,1) x --- x [0,1).
If feL'(I?), then
f (n1,...,n /f Tlyeny Td) Wpy (T1) - Why, (Tg) dxy -+ - dag

is the (nq, ..., nq)-th Walsh-Fourier coefficient of f.
The rectangular partial sums of d-dimensional Fourier series with respect to the

Walsh system are defined by

Srgsemaf (X150 @ Z Z f (N1, .oy g) Wpy (1) + - Wpy, (T4) -

Denoting
hiy = (0,...,0, ;,0,...,0) € RY
and
O (f,z,hy) = f (z+hy) — f(z), 2R
the symbols © (f,#,h{q,.....a,}) will stand for the expression which can be obtained
by consecutive applying of © to the arguments with indices {a1, ..., ap}.
We denote by C (I?) the space of continuous, 1-periodic with respect to each
variable functions defined on R? with the norm
1fllc = sup |f (2)].
zeld
For f e C (Id) the expressions
War,..oap (Oars s 0ars o o= sup H@ (f7 hiag,..., ap})Hc
|Pa; | <0ays i=1,...p
26
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are called moduli of continuity of function f.

3. CONVERGENCE OF d-DIMENSIONAL WALSH-FOURIER SERIES

In this paper we consider convergence of only rectangular partial sums (convergence
in the sense of Pringsheim) of d-dimensional Walsh-Fourier series.

We say that f (x1,...,xq) is continuous at (x1,...,xq) if

(3.1) lim flxr+he,eyzg+ ha) = f (21,0, 24) -

i
hi—0+, i=1,...,d

The well known Dirichlet-Jordan theorem (see [23]) states that the Fourier series
of a function f(z), x € T of bounded variation converges at every point = to the
value [f (x +0)+ f (z — 0)] /2.

Hardy [12] generalized the Dirichlet-Jordan theorem to the double Fourier series.
He proved that if function f(z,y) has bounded variation in the sense of Hardy (f €
BV), then S [f] converges at any point (z,y) to the value > f (z £ 0,y £ 0).

Convergence of d-dimensional trigonometric Fourier series of functions of bounded
A-variation was investigated in details by Sahakian [19], Dyachenko [2, 3, 4], Bakhvalov
[1], Sablin [18], Goginava, Sahakian [10].

For the d-dimensional Walsh-Fourier series the convergence of partial sums of
functions Harmonic bounded fluctuation and other bounded generalized variation
were studied by Moricz [15, 16], Onnewer, Waterman [17], Goginava [8, 9].

For two-dimensional functions of bounded Harmonic variation Sargsyan [24] has
proved the following

Theorem S. [Sargsyan [24]] If f € BVy(I?), then the 2-dimensional Walsh-
Fourier series of f converges to f(w1,z2) at any point (v1,72) € I?, where f is
continuous.

Now we formulate the main results of this paper.

Theorem 3.1. Let f € CVy(I?), d > 2. Then the d-dimensional Walsh-Fourier

series of f converges to f (x) at any point x € I, where the function f is continuous.
The next theorem shows that Theorem S is not true for d > 2.

Theorem 3.2. Let d > 2. Then there exists a continuous function f € BVg(I%)
such that the d-dimensional Walsh-Fourier cubic partial sums of f diverge at some
point.
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Note that similar results for the trigonometric system were proved by Bakhvalov

[1].
In the next theorem we consider the behavior of the multidimensional Walsh-

Fourier series of functions of bounded partial A-variation.

Theorem 3.3. Let A = {\,}>2, and d > 2.
a) If

2\, log?™%n
n=1

then the d-dimensional Walsh-Fourier series of a function f € PBV(I?) converges

to f (x) at any point x € I, where f is continuous.

b) If

2 o)

for some § > 1, and

=\ logdﬂn
n=1

then there exists a continuous function f € PBV(I?) such that the d-dimensional

cubic partial sums of its Walsh-Fourier series diverge at some point.
Theorem 3.3 implies

Corollary 3.1. a) If A = {\,},2_, with

n
ARZW7 71:2,3,..., d22,

for some € > 0, then the d-dimensional Walsh-Fourier series of a funclion f €

PBV(I?) converges to f(x) at any point x, where f is continuous.

b) IFA = {\,}°, with

then there exists a continuous function f € PBV,(I?) such that the d-dimensional
cubic partial sums of its Walsh-Fourier series diverge at some point.
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4. PROOFS OF MAIN RESULTS

Proof of Theorem 8.1. Let n; := 2Nt +nl, 0<nl <2V i=1,2 ..,d. Since
D2N13+n/‘ = D2N73 + wyn; Dn;
we can write

(41) S"17___7"df($1,...,xd) —f(acl,...,a:d)

d
= / [f (1 + 51,y xa +5q) — f (21,0, 24)] H Dy, (sj)dsy---dsq

Id Jj=1
= Z /[f (1 + 81,y xa+ 8a) — f (21,0, 24)]
aCDId
< [ Dene (s0) [Jwom (s1) Doy (s1)dsy - -dsa =: Y Aa.
reéD\« lea aCD

If o = @, then from (2.2) we have
(4.2) Ay =0(1), as min{ng,...,ng} — 0.

If « = D, then we can write

2N1_1 2Na 1

Ap = Z Z / f (14 51,y a4+ sq) — f(z1,...,2q)]
n=0 ta=0 I ><...><Iid
N Ny

d
x szNz (81) Dy (1) dsy - dsq
=1

oNi—1 oGNg-1 4 ;
T
ST Y T ()
i1=0 ig=0 r=1

X / [f (1 + 51,y xa + 84) — f (1,0, 24)]

Il x..xJld
N1y Ng

d
X HU/QNL (s1)dsy - --dsq.
=1
29
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Since
/ [f(xl+sla~~~;$d‘i’5d)*f(l’l,...,l'd)}
I;Glx-»-xlﬁd
d
X szNz (s1)dsy -+~ dsqg.
=1
d
= / / AN1+1f(£L'1—i—sl,...,l‘d-i-sd)szNl (Sl)dsl"'de
INL, 13, < T, =2
= / ANd+1 (ANd,1+1 . AN1+1
112\]i11+1><,,,><112\7i;+1
f @481, 2q+84), ) dst e dsa,
where
N . —_—
A f(x17"'7xd)j L= f(ﬂ?h...,aj‘d)

i o—N
—f (5617...71‘j_1,$j+2 ,13j+1,...,$d).

From (2.3) we have

d 2N1_1 2Na—1 4 1
N,.
RS | CEO S oS o | =
r=1 1N1+1><“'><1Nd+1 i1=0 iqg=0 r=1
% |ANd+1 ( . 'AN1+1
f($1+51+2]\1;17---71'd+5d+2]$d)1"’>d dsy -+ dsq
Set
7 (N1, oy Ng) = [min{N1 — 9, Ng—2,(8 (Nl,...,Nd))_lH ,
where

Q(Nla“'aNd)

= sup If (1 + 51,y xg + 54) — f(z1, .00y Ta)] -
0<s;<N;27Ni, i=1,....d
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Then we can write

d 7(N1,...,Nq) d
|Ap| < ol
bl = ¢ 1 —|—1
— T
r=1 Ing41x-XIng 41 1,..,0q=0 r=1
X |AN{1+1 (. . AN1+1
. .1 . . ig
f($1+31+2N17~--733d+5d+2Nd) ) dsy---dsq
1 d
d d 2Mi_1 2Mi-1g
ERIIED S D SRS
r=1 =1 ,, i i1=0 i1_1=0
I]\,11_¢_1><~~-><I]\,:+1
2N 2Mi411 2Na_1 4
43 > > 21
(4.3) ZT+1
1;=7(N1,...,Ng) %+1=0 ig=0 r=1

% |ANd+l ('.'AN1+1
f(x14-81—i—; xd+5d+2N) )
1 d

1
Ny, ... log" ey
cf (N, ..., Ng) log (Q(Nl,...,Nd)>
d

e VR i e N i b i) (F) = 0 (1),
=1

dsy---dsq

IN

as min (nqg, ..., ng) — o0.

IfaCD, a#9, a# D, then we can prove similarly, that
(4.4) Ay =0(1) as min (ny,...,ng) = 0.

Combining (4.1)-(4.4) we complete the proof of Theorem 3.1. O

Proof of Theorem 3.2. Let { Ay, : k > 1} be an increasing sequence of positive integers,

satisfying
(4.5) A > 241,
Ap22d4—1 ]
(4.6) T oA < 72
Al 1
4. — < .
(4.7) A
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b

9

Set
2 (224 — j), if x € [j2724 (25 + 1) 27247 1)
—2(2%g —j—1), ifwe[(2j+1)272 (j+1)2724%)
Pk ((E) = ,] — 17 27 . 22Ak—2Ak71 -1
0, otherwise
2 (2% —1),  ifxe[2724 32724
Yr (z) = =2 (2242 —2), ifae[3.272471 2724
0, otherwise
Let
gk () == ¢ (x) sgn (DmAk (J;)) , g (x+1D) =g (x), 1=0,£1,+2,...
hy, (z) = ¥, (x) sgn (DmAk (x)) . hp(z ) =he(z), 1=0,+1,%2,...
Consider the function f defined by
(4.8) f@1,omza) =Y fr(@r,nza),  £(0,..,0) =0,
k=1
where

d
gk (z1)
Fr (21, 0y 2q) = I jl:[zhk (z) -
First, we prove that f € BVy. We consider several cases:

a) If a :={a1,...,ap} C D\{1} then by the construction of f we can write

hi (100, .. 107 ‘
(4.9) V,i,“(f)SAi Z ‘k(.“’l ,“‘”> < ¢ < oo, E=1,2,...

ko Goy
b) If o :={1,9,...,p} C D and p < d — 1, then we have
1 o2 LI
(410)  VH(f) < Ai_ | > | o Ef“” ‘hk (212"'2&[“)‘ k=1,2,...
i1siag e iag »
On the other hand,
Il
(4.11) zl: W < cAy,
and
o (122,157 )|
(4.12) 2Zu . < ¢ < oo
From (4.10) — (4.12) we obtain
(4.13) Vi (f) <c¢ < 0.
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¢) Let & = D. Then by the construction of f we get

> 1 2 d
(4.14) VE(f) < CZA% |gk(Ii1)‘|hk(Iiga....,Iid)’
k=1

. . 17 ig st ld
11,225+,

924K —2A5_1

=1 1 1
C;Ikkd—l Z i

i1=1

IA

IN

— 1
CZF<OO7 d>2
k=1

Combining (4.9), (4.13) and (4.14) we conclude that f € BVjy.

Now, we prove that the d-dimensional cubic partial sums of Walsh-Fourier series

of f diverge at the point (0,...,0). By (4.8) we can write

(4.15) Srray soirin, £ (0500 0) = S, Jio (0, ..,0)
k—1 oo
+3 Sy, fi (0,00 + D Sy s, fi (0,...,0)
i=1 i=k-+1
=Ji+Jo+ Js3.
Since
CAZ

Sy Ji (0,0, 0)] < | fll Qogma,)* < <25,

by (4.5) and (4.7) for J3 we obtain

oo d
(4.16) Js < cAl Z L < cAl =o0(l) as k— o0
S AT Akn

It is well-known [6] that

HSmAk7"'7mAk fl - fz
1 1

. f. p
S c Z wal,...,ap (22Aka"'722Ak7f7,)CAk-

{a1,.;ap}CD

C

On the other hand,

1 1 224i \ P
Way,...,0p <22Ak’ L) 2214k7fz>c <c (2214k) .

Consequently, taking into account (4.6) and the equality f; (0, ...,0) = 0, we obtain

k—1
(417) J2 S Z’SmAk,...,mAkfi (0770)’
=1
CAk k—1 2dd, CAkQQdAk71
= 22Ak22 SW:O(D’ as k= oo
=1
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Finally, by (2.4) we have

(4.18) ‘SmAw...,mAkfk (0,---,0)‘

d
1
=4 /fk (1, ..., 24 H ma, (T7)dz1---dzg
7d

j=1

= A— /gk (-Tl)DmAk (.Z‘l)dl‘l
k
I
d

X /Hhk(xj)DmAk (xj)dxy---dxqg

-1 J=2

= A—k/gok (1‘1) ‘DmAk (1‘1)‘ dl‘l

7
xjf[zl/lfik (x5) ‘DmAk (fj)‘dxj

g2Ap—24, 4 (j+1)27 %4k
= — / Pk (.Z‘l)’DmAk (.Il)’d.l'l

joo—24y

<.
I
o

9—2Ap+1

X ﬁ / Yr () ‘DmAk (%)‘ dz;

J=2 5 %4,

924k =24k _1_ 1 (G+1)27 %% 2724+t

Y

Jj=0 j.2—2Ak Jj=2 9—24y

92AR =245 _1 _ +1)27

1 Z 2A /
.’131 d.’l?l
164, =

j-2—24y

Y

9—2Ap+1

x (2248 H / Vi (2;) dx

2 524y

92Ap—2A5_1 _

= 16Ak jgo ] +1 92A5+1 922A,+1

Combining (4.15)-(4.18) completes the proof of Theorem 3.2.
34

1 x d xj
16 A% Z / (pk$(1 1)dx1 H / ¢kx(3 )dx

9245, 9(245—1)(d—1) 1 d—1
< ) >c>0.
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Proof of Theorem 3.3. Part a) immediately follows from Theorem 1.1, Theorem 3.1
and Theorem A.

To prove part b) we denote

A . Z.1 i1+1 id Z.d+1
i = [ qan TEn ) X e )

WZ:{(il,...,id)Iid<is<id+mid, 1<s<d, 1§id§N5}7

- —1
_ =1 .
Ns = [4(1\1 1)/(6+1)} 7 t = (; /\i> 7 5j = [J1+5] ,

where [z] is the integer part of z.
It is not hard to see, that for any sequence A = {\,} satisfying (1.1) the class
C(I?) N PBV)(I%) is a Banach space with the norm

IflpBvs == [fllc + PVA(S)-

For N € N consider the following function

d
In(z1,...,2q) = Z tiglai, . (ml,...,xd)HgN (25)sgn (D y (z5))
(61,0 ia) EW s=1
where 14 (21,...,24) is the characteristic function of the set A C T?, mg is defined
by (2.5) and
Lif 2= (25 +1)2-CN+) j =12 . 22V 1
Env (@) =4 0, if 2€[0,272N), 2 =75-272N j=1,2..,22N ,
linear and continuous on [j2-CN*+D (54 1)2-CN+D] =23 22N

En (z+1) =¢n (2), l=+1,42, ...

First we show that the norms ||fx| psv, are uniformly bounded.
Let (i1,...,%k—1,%k+1,---,%q) be fixed, where k = 1,...,d — 1. Then it is easy to
show that

ig+mi,

1 Mig 1
Vi (fn) <Oty > gc.tid<zx>gc<oo,

. X 1 —1 ; Tk
ig=iq+1 kT ip=1""k

If (i1,...,44—1) is fixed, the condition (i1,...,iq) € W implies

max {ig(is): 1 <s<d—-1} <ig<min{is:1<s<d-1},
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where

14 (’LS) := min {id Tl + m;, > is}.

Consequently, by the definition of the function fy we obtain that for any s =1, ...

{d} (fn) < C 2 tlid

i) 41 Niaiatis)

ig 1
CotiuGy D 3

IN

id:id(i ) +1 )\id_id(i.e)
is—id(is) Mg (is) 1
= ity 3 oSOt Y g =C<.
ig=1 ig=1 ~'d
Hence fy € PBV, and
(4.19) lfnllpvy, <C, N=1,2,....
Observe, that by (3.3) we have
1 i 1 i1l i jlog]
[ — = —-.—< C’—l j < C——=
t i VRS W Y
=1 1=1 J
Hence
) Aj
tjlogj > c7.
Consequently,
(4.20) Srn e ma N (0, ,0)
d
= [ an @1, xa) [] Doy () dvy -+ dag
Id s=1
d
- Y / T 1N () Doy ()] s - dira
(i1, ,id)EW Ail,m,id s=1
dry---dzrg 1
> t; _— > tiy- -
= Z ! / oy Z Yy ia
(21, yig) EW Ail,---,id (i1, ,84)EW
ta+miy ta+mi,
= CZ D D S
1q=1 i1=1q td—1= td
iq +my AL log i
> zd 1 d 14 > 5 id d 1 d—2 .
e ()
ig=1 1g=1
A logd n
> c(é)z1 = o0,

,d—1
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as N — oo, according to (3.4).
Applying the Banach-Steinhaus theorem, from (4.19) and (4.20) we obtain that

there exists a continuous function f € PBV,(I%) such that

(1]
2]
(3]
[4]
(5]
[6]

[20

[21]
[22]

[23]

SRIPLSN,W,NJC(O, o, 0)| = o0,
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1. BBEAEHUWE

[Ns hyHKUMOHANBLHOTO psja
11 £/»(*), *elo,i],
=1

MHOecTBO E C [0,1] Ha3bIBaeTCS MHOXECTBOM TOYEK PacxoaMMOoCTK, eCiv aTOT psj
pacxogmTcs npyu X 6 E n cxogutesa korga x e [0,1] \ E. Ecnn e pacxogumocTb B
TouKax E HeorpaHu4eHa, TO CKaxkeM, YTO E ABNSeTCS MHOXECTBOM TOYEK HEOr paHu-
YeHHOM pacxogumocTum psga (1.1). XopoLwlo M3BecTHa Knaccuyeckas TeopeMa XaHa-
CepnivHckoro (cm. [7], [1]): ans Toro utobbl E C [0,1] cTasi0 MHOXKECTBOM TOYEK
pacxoaumocTy (HeorpaHUYeHHOW pacxogMMocTy) HekoToporo psga (1.1), ¢ Henpe-
pbIBHbIMX YneHammn /n(X), HeO6XOAMMO M [OCTATOYHO, YTOObLI OHO MMeno Tun Gga
(Gf). XapakTepu3aLmm MHOXECTB TOYEK PacXoguMOCTM PSAOB MO pasHbIM OPTOHOP-
MMpPOBaHHbIM CUCTEMaM MOCBALLEHO MHOIO paboT. Mpu 3TOM paccMaTpmBaroTCA Kak
pagbl dypbe Tak 1 06Lwye psgbl. MHOXECTBA TOUEK HEOrPaHWUYEHHOM PacXoAMMOCTH
TPUTOHOMETPMYECKUX PSIAOB onucaHbl Liennepom B pa6oTe [9], B KOTOPOI JOKa3bIBa-
eTcsl, 4715 TOr0 YTO6bl MHOXECTBO 6b1/10 MHOXKECTBOM HEOr PAHUYEHHO PacXoaMMOCTU

He06X0AMMO M AOCTATOYHO, YTOObI OHO ObII0 MHOXECTBOM TuMa Gg * AHaNOrMYHYIO
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TeopeMy AN1S pALOB MO cucTeMe Xaapa foKasbiBaeTcs M. A. JlyHuHol B paboTe [6].
Eto fokaszaHo, YTO BO MepPBbIX MHOXECTBO TOUeK HeorpaHUYeHHOM pacxoaumMoCcTy Jito-
6oro paga Pypbe-Xaapa ABISAETCA MHOXECTBOM Tuna G& v HaobopoT, /1t060e MHO-
XeCTBO Tuna GS MOXET CTaTb MHOXECTBOM TOUYEK HEOrpaHUYeHHOM PacxoAMmoCTy
pspa ®ypbe-Xaapa HeKOTOpol PyHKLUMU. MHOXEeCTBa TOUEK 0ObIHHON PacXoAMMoCTH
psgoB dypbe No cucteMa Xaapa 1 PpaHKIMHA MONHOCTLIO oxapakTepusoBaHa I A.
KaparynsHom B pa6oTax [2] v [4]. Mpwv 3ToM 0TMeTUM, 4TO B paboTax [3] v [4] ycTaHoB-
NeHbl 06LLMe TeopeMbl, JatoLye MOMHble XapaKTepUCTUKM MHOXECTB PacXoAMMOCTH
nocnefoBaTe/lbHOCTEN ONepaTopoB CO CBOMCTBOM Nokanm3auun. B HacToswel pabo-
Te paccmMaTpuBaeTCs BOMPOC O XapaKTepm3aLmMn MHOXECTBO TOYeK HeorpaHVYeHHOM
pacxoavMMOoCTy 0BLLMX PSLOB M0 OPTOHOPMMPOBaHHbLIM 6a3ucam CO CBOMCTBOM JIOKa-
nmzaumn.

MycTb

(1-2) LU *)}id i

€CTb OPTOHOPMa/bHbIN 6a3nc B C[0,1]. Yepe3 Sn(x, /) 0603HA4MM YaCTUUHbIe CyM-
Mbl psaga Pypee hyHkumm f(x) € LI1[0,1] no cucteme (1.2). Yepes M[0,1] o6o3Haumm
NPOCTPaHCTBO OrpaHnYeHHbIX PYHKUWIA. PaccmaTpuBatoTcsl OpTOHOPMUPOBaHHbIE CU-
ctembl (1.2), KOTOpble 06n1a4at0T CBOMCTBOM SIOKaM3aUu, T.e. AN 060A KyCcoUHO-
NHEVHOM 1 HenpepbIBHOW yHKumKn / e M [0,1] Ha (a,/9), uveem

(1.3) IJli—g?DS"(X'f) =/(x),x € (a,0),

MpUYeM CXOAMMOCTb paBHOMEPHA B /IFOGOM 3aMKHYTOM MHOXeCTBe MHTepBana (a, P).
MHOXeCTBO A Ha30BeM MHOXeCTBOM Tuna Gs, eciu

A= Gk,
k=1
rae Gk cyTb OTKpbITble MHOXeCTBa. [Mpy 3TOM 04EBUAHO MOXHO Mpegnonararb, YTo
Gk 2 Gk+1 gns Bcex K 6 N.

2.0CHOBHOW PE3Y/NIbTAT

Teopema 2.1. Ecnun opTOHOPMMPOBaHUEM CUCTeEMA HenpepbIBHbIX PyHKUMIA {,,(T)

X £ [0,1], obnagaeT CBOMCTBOM foKanM3auum, TO 4na noboro MHo>KecTBa E Tuna
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Gs cyuwlecTByeT psf

(2.1)

KOTOpbIii HeOrpaHUUYeHHO PacXoAMTCs B l06OI Touke X 6 E 1 cxoguTes npux &E.

00

Tak Kak 4fieHbl psga (2.1) cyTb HempepbiBHblE (YYHKLMM, TO COF/lacHO Teopeme
XaHa-CeprnyHCKOro MHOXeCTBO €ro HeorpaHUYeHHO pacxogumMocTy umeeT Tun Gs.
OTcloga, ¢ y4eToM pesynibTaTa TeopeMbl 2.1 Mbl MOAYYnM

Cnegcteue 2.1. MycTb { (®)} ecTb OPpTOHOPMMPOBAHHAs cMcTema Henpe-
PbIBHbIX (OYHKLIMIA CO CBOMCTBOM NIOKaM3aummn. 4ns Toro, 4Tobbl MHOXKeCTBO E C
[0,1] 6bINO0 MHO>KECTBOM HEOrpaHNUYeHHOI PacXoAMMOCTU HeKoToporo psaga (£.1),
HE0BXOAMMO M AOCTATOYHO, YT06bl OHO ObIIO0 MHOXKECTBOM Tuna Gs-

3ameyaHue 2.1. MpUMepoOM CUCTEeMbI, YA0BNETBOPSIOLLEN BbILLEYNOMSHY ThbIM CBOM-
cTBaM siBNIsieTCs oblas cucTema PpaHKIMHA. TakMm 06pasoM, cneacTsuem 2.1
MOMHOCTbI0 XapaK TepU3yTCs MHOXKECTBa HeorpaHUYeHHO pacXxoAMMoc T Anst 06-
WUX cUcTeM PpaHKINHa.

Bocnonb3yemcsi cuctemoli Pagemaxepa

r,,(x) —sign [ain(2n7rx)] x 6 [0,1]

1 00603HAYNM

rge | = [a, ] B cuny Teopembl ®eitepa (cm. [8], cTp. 77 ), nMeeM

NS No6oi HenpepbIBHOM yHKUMK /.

PyHKUNA
(2.4) <) = sup sup sup [5n(r./(i){t:|t-x|>ur(*)I> 0< < 1,

6bl1a onpeaeneHa B paboTe KaparynsiHa [4] n nrpaeT BaKHY posib B Bonpocax Xa-
paKTepu3aLMn MHOXECTB TOUEK pacxoauMocTu. B [4] ycTaHaBnMBaeTcs, UTo

q(it) <oo, tie (0,1],
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n ana nbon gyHKumn / 6 LNO, 1], ¢ ampp/ ¢ A NMeeT MecTo HepaBeHCTBO
(2.6) [S,,(X,))] < ~M(di8t(x,A))|[/||b ,n= 1,2....dist(x.A) > 0.
Nemma 2.1. MycTb J = (0, ) c [0,1], Torga gns noboroe > 0 nd > 0 cywecTsy-

eT uucno 5> 0 Takoe, 4TO 414 noboro nHTepsana | —J[c,e] C J, cdist (I~ > d
n no6oii dyHkumm / 6 b°°[0,1], csupp/ ¢ | n ||/[J]oo < 1, nMeeT MecTO

(2.6) [<5k(i,/)| <e, npuX6 J°unBcexkE€N,
KaK Tonbko |7| < S.

[JokasaTenscTBo. M3 (2.4) nerko BngeTb, 4To )(X) MOHOTOHHO y6bIBatoLLas hyHK-
uma. Torga, ¢ y4etom (2.5) 1 ycnosus diet (Jc,1) > d, nonyunm

[Sn(z, /)| < <>@st Ok <4l < *(<0|l/| . < O(d)|/|, npn x € Jc.
CnegoBaTenbHo, Npu |/| < S= nony4um (2.6) n nemma 2.1 fokasaHa O

N3 nemmbl 2 paboTbl [4] cnegyet

Nemma 2.2. Myctb 3 = (0, ) C [0,1], | = [c,d\ C J. Torga gnsa noboro e > 0
cywecTsyeT uncno n = n(e) 6 N Takoe, 4TO Ans no6on pyHkumm / 6  °°[0,1], ¢
supp/ C1 u ll/po < 1, nmeem

2.7 [Sfc@:;, /)| <£ npux6Jcuk>n.

Jlemma 2.3. MycTb J C [0,1]-0TKpbIThIA MHTepBas, a/ = [a,H C J. Torga ans
MobbIx yncenp 6 N ne > 0, cywecTByeT nosmHoM no cucteme (1.2)

(2-8) aKk-tKix),
K=p
Takon, YTo
n
(2.9) P@%&KV:F] akTk(x)\ <e, npuxe J°,
n

(2.10) max_|V) a*0*(rc)| > 1, npux e I.

P<n<A r-~

r
JokasaTenscTBo. CornacHo siemme 2.2, CyLLIeCTBYET HaTypasibHOE YMC/IO M0 TaKoe,
yTO ANsA Nobol hyHKumn / 6 £°°[0,1] , c ycnoBusimu ||/|joo <1wm supp/ C I, nmeet

MECTO HepPaBEeHCTBO
-
(2.11) [Sr@@, /)| =] (Ml HV>*)| < npy x 6 Je, n r > no-
fc=i



O MHOXECTBAX TOYEK HEOFPAHWYEHHOWM PACXOAMMOCTU PALOB ...

OTcloga cnefyeT, uTo

(2.12) I (M PTW(X)\ < npux € Je, ur > T,

K=i
rge f?p(x) ectb hyHKUMK, onpegeneHHble B (2.2) n r = wax{p,no}. CornacHo (2.3),
MOXHO 3aMKcMpoBaTh umcsio me N, Takoe, UTo
(2.13) KV*#/*)1 < i gna A= 1,2 T.

PYHKLMNA NMeeT KOHeyHoe ymcno Toyek paspbisa. MNyctb A = {{i,&...,.E«} MHO-
XECTBO 3TUX TOYeK. 15 Mo60o Toukn € A paccCMOTPUM CredytoLLyto PYHKLUMIO

{ , Npm =,
Q npwn £(E-5,£+ D),

JIMHelHa 1 HenpepbiBHa, Ha [E—6,£] n [£, + (§,
rge (G < \1\/2a). Tkk Kak (2.14) HenpepbiBHas QyHKUMSA, To ero psg dypbe no
cucteme (1.2) OyaeT cxoauTcs K Hemy paBHomepHo Ha [0,1]. CornacHo nemme 2.1,
npu 4OCTaTOYHO MasioM 61 ANsA060MA ToUKU £ e A YMeeT MecTo
(2.15) Ne.(*, 1c PU*T { - +8).»6N-
Mpn maniom $obecnevnBaeTca Takxke ycrioBre

(2.16) [(~*iT49)| < npukKk< T
MycTb
{ 1  ecnm Jimsup5j(Erin7*) > 0,
—1, ecmm limsup5j(£r,/97*) < 0.
00
Onpegenm yHKUMIO
F(X) =(1?2{*)+ 12'TrT JIr{*)-
r=1
N3 (2.14) v (2.17) nerko cnegyet, 4To
(2.18) lim8up|Sn(Er,*”)| > i r=12,...,a
n—oo A
OTciofa, ¢ y4eTOM HemnpepbIBHOCTM (PyHKUMK S,, (X, F), HaligeTcsa umcno 5 > 0, Takoe,

YTO BbIMOJSHSIKOTCS HEPaBEHCTBA
(2.19) Nx.-P)!'> pgnail € -6, + )P

NS HEKOTOpPbIX HaTypanbHbIX uncen WK = VK{Ek)- danee nmeem

(2.20) [FOOI > \OT(X)\ - |~ 7rTJIO(X)] > M gna x £1\VA,
r=1



a 13 CBOIiCTBA NOKanM3aLmn cneayeT, uTo S,,(X, F) cxoguTcs paBHOMEPHO HA MHOMe-
cTBe

n uU& -*>&+*>e
OTctoga, ¢ yy4eToMm (2.20), MOXKHO HaliTh YMC/Io 1, TaKoe, YTo

(2.21) \Su(x,F)\ > , xe/\lj(fk-5Tfgefc+ 50).
N3 (2.16) n (2.13) cneapyet

(2.22) (V5P < [(AA0)]+  [(V*TWI| < npuK <T.

r=1

Onpegenum

N nycTb
aK= 4} HX)i>>k(x)dx, k=p,p+1,...,q
0

N3 (2.19) n (2.22) pna x e (E*- <5" + 6) nonyyaem

K
> 4|5,k(i,F)| 4|Sp(x,F)|>1-4pt->1-E
i=p 4r - 31
aHanorMyHbIM 06pasom mn3 (2.21) n (2.19) cnepyet

1=p

npy X6 1\ U(fk - 6, + £)»a n3 (2.12) n (2.15)

<45n(e A )i+ 4N |5 n(x,TAN < B+ <@
i=p r=1
npuxeJ°Bp<n<gq. CnegoBatesibHO Npu e < § noayumm (2.9) u (2.10). Lemma
2.3 fjoKa3aHa. O

MycTb G OTKPbITOE MHOXECTBO. CKaXKeM, YTO CUCTEMA 3aMKHYTbIX ABOUYHbIX UH-
TepBasioB {wfc}*.x aBnseTca pasdreHnem gnsa G, ecnn (bK)° M(wi)° = 0 [/ nobbix
#®j 6 N, UfcLi uk —G, n

lim diet (br*, Gc) = 0.
K-100
O603HauMM Yepes  00beAMHEHME  C ero ABYMS COCEAHVMMW MHTepBanaMu. J1erko

3aMeTUTb, YTO Nt06oe OTKPbITOE MHOXXECTBO o6na,qaeT TaKM pa36I/IEHVIE‘M.
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o] MHO>ECTBAX TOYEK HEOIPAHWYEHHON PACXOANMOCTW PALOB ...
JokaszaTenscTBo Teopembl 2.1. TycTb A ecTb MHOXeCTBO Tuna Gg. imeem
A= Gk,
=1
rae G/t-oTKpbITble MHOXeCTBa U Gk 2 Gjt+i, k = 1,2,  Kaxaoe 13 MHoxecTB Gk

061aaeT HeKOTOPbIM pasbueHVeM Ha ABOMYHbIE MHTepBasbl. ycTb eCcTb
HekoTopasi HyMepauma BCeX 3TUX WHTepPBasioB. JIerko 3aMeTUTb, YTO MMEET MECTO

COOTHOLLIEHNWE
(2.23) XxEA O X6 whbOna 6eckoHeuHoro uncna k € N,
(2.24) <> T € wj gna 6eckoHeuHoro uncna AGN,

C KaXbIM WHTepBa/ioM W* 6y,CI|GM CBA3bIBATb HeKOTOprVI MHOIrQ4s1eH Mo cucrteme

@2

MNnK

(2.25)
C yCnoBnaAMHn
(2.26) max X) «4HiM*)

-5 0T <=nkli+l
(2.27) max Oiblx) > A Xe

G T imnke I+
rae 1=no < < < ... <rfc < .. ecTb HEKOTOpas nocnenoBaTe/ibHOCTb

HoMepoB. Cpaenaem 3T0 MO MHAYKUuW. MpvMeHyB nemmy 3, npu J —wj, / = wi,
p = 1,e = 1, nony4ymum noanHom (2.25), ¢ ycnosusamu (2.26) n (2.27) B cnydae k= 1.
[anee npeanonoxum, 4to ycnosus (2.26) 1 (2.27) BbINONHAIOTCSA 4715 HEKOTOPbIX

nonvHomMoB (2.25) npu Kk = 1,2,..., t. O603HaUMM

M{+1 = *gtg)](-] . + (t+ 1).

BHOBb NpumeHuB nemmy 3, ¢ J =  *1, 1= WtH, = ruy, e = 1/(M*+i2*), nonyunm
nonvHom Buga (2.25), yaoBneTBopstowmia ycnosusam (2.26) 1 (2.27) npu K = i + 1,
WTak, 3aBepLuas MHAYKLUMIO, B KOHLE KOHLOB Mbl MO/Ty4UM HEKOTOPbIN psag
(2.28) )

i=1
yA0BneTBOPSAOLWMIA ycnoBusam (2.26) n (2.27). MycTb X € A. Tbraa, cornacHo (2.23),

CYLLECTBYET 6CKOHEUHasi MOC/e0BaTe/lbHOCTL UHTEPBAIOB Uik, COAEPXKALLMX TOUKY
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X. 3TO 3HAUMT, YTO B TOUKE X A1 GECKOHEYHOro UMC/a 3HaUYeHUA K BbIMOHAETCS
(2.27). OTClofia cneflyeT pacxodMMoCTb psifa (2.28) B Touke X. Ecim ke X A, To
CYLLECTBYHOT JILLIb KOHEYHOE YMC/0 UHTEPBASIOB Wj, COAgPXKALLIME X. DTO 3HAUUT, YTO
(2.26) MOXET He BbIMOMHATLCS TOMbKO /11 KOHEYHOrO YmMcia MHAEKCOB K, OTKyAa
rnonyyaem, 4To psig (2.28) cxoguTcs. Teopema 2.1 fjoKasaHa. O

3. BTOPAA TEOPEMA

CnegytoLLasi TeopemMa YacTUYHO MOKa3bIBaET, YTO YC/I0BYME NTOKaNU3aLMM, Hanarae-
Moe Ha cucTeMy (1.2), UrpaeT BaXKHYH Posib.

Teopema 3.1. CyuwecTByeT OpTOHOPMMPOBaHWIA* 1 3amkHyTas B C[0,1] cucrema
HenpepbIBHbIX yHKUMA {/,,(8)} 1 HenycToe MHOXKecTBO E ¢ [0,1] Tuna Gs,
KOTOpoe He SIBNSAeTCA MHO>KECTBOM HEOrpaHUYeHHON pacxoaMMocTu Ans n6oro

pAga
[e]e]

7(*)0c),
roe fFiN-fN 6uekTVBHOE 0TOOpPa>KeHMe.
[JokasaTenscTso. O4eBUAHO, HYTO AOCTATOHHO NOCTPOUTL OPTOrOHasIbHYHO (Heobsi3a-
Te/IlbHO HOPMMPOBAaHHYHO) CUCTEMY C TeMu XXe ycnoBusimn. Myctb {N(x)}™N* Knac-
cnyeckas cuctema dpaHkavMHa. CorfacHo 3KCMOHeHUMabHbIM OLeHKaM (yHKLUIA

dpaHKMHa (CM [5], TeopeMa 6.8), CyLLECTBYHOT TOUKM Xd, / e [0,1], Xq Yo M
HEeKOTOPY!O NOC/ef0BaTeNbHOCTb {N*} HaTypasibHbIX UMcen Takue, YTo

. NP S _
K|_Iglo |Fnjt(j/0)| = oo, lim | ”K(Xo)lfc_—u%

Vcnonb3ys 3T0, MOXHO HaiTu uncna {a*}, ya0BIeTBOPSIOLLIME YCOBUSIM

3.1 kIi@o|arfd:fo(yo)| = 00 U |a,P,,(a:0)| < 1. OAns Bcex € N.

[ns KpatkocTn o6o3Haumm otnFn(x) = p(x), gna = 1,2.... MycTb {7*}£1XHeKo-
Topas NocnefoBaTe/IbHOCTb MOIOXKUTESbHBLIX YACEN C YC/I0BUEM

<
& s 00.

M3 ycnosum (3.1) oueBuaHo, Uto cuctemy {tpkjkLi MOXHO nepecTaBnTb TakiM 0bpa-

30M, 4T06 BHOBb Noy4veHHas cucteMa {$b}|b=i yaoBIeTBOPSIA YCI0BUAM

(3.3) Mn-/1vo) + Vak(r/lo)l > 72fc-i n IV'w-i(vo) Vafc(w)l > 72fc.
46



O MHOXECTBAX TOYEK HEOTPAHWYEHHOW PACXOAMMOCTN PALOB ...
rge k= 1,2.... Torga cuctemy {"*(x)}£1r onpegenum
Pk = V4t-i(z) + m fc(z). <hk = -1>2k-i(X) + VA*(X),

Ans Bcex K. MonyyeHHast Takmum obpa3om cuctema {$fc(*)}gS-! 6yaeT opToroHanbHo
1 3amkHyTol B C[0,1], n cornacHo (3.3)

(3.4) Ndc(Mo)l > "Ik, gna Kk € N,
aBcuy (3.1)
(3.5) [Ofc(zo)l <1 + 1= 2, ana K 6 N.

JoKaxeMm, 4To noslyvyeHHas cucTeMa yAOBIETBOPSET YC0BUSIM TEOPEMbI.
MycTb Tenepb {a*}£1x HekoTOpas mnocnefoBaTenbHOCTL U {«N(fc)}] HekoTopas
nepectaHoBKa cuctembl {~*(z)}fclj. Mpegnonoxum, 4To psg

0o

(3.6) akde{K)
b=1

CXOAMUTCS B TOUKe yo- Toraa, npy 60MbLumx K
[afcOa(fc)(»0)| < 1,

a c yyetom (3.4)

1
1< Noffgofvdf) < 7a09
OTcroga, cornacHo (3.2) 1 (3.5)

00 00

[°*Ak*)(*0)l < 1C Z— < °°

k=1 c=l

CnepoBaTteflbHO 13 CXOAUMOCTU psiga (3.6) B TOUKe Yo C/efyeT ero CXOAUMOCTb B
TOUKe X0, c/iegoBaTesibHO MHOXecTBO E = [0,1]/{yo} yaoBneTBOpSET YC/I0BMSAM TEO-

peEMb!. O

B 3akntoueHUn Bblpaxato 6r1arodapHocTb . A. KaparynsiHy, noj pyKoBOACTBOM

KOTOPOrO0 BbIMO/IHEHA HACTOALLAsA patoTa.

Abstract. In this paper we establish a number of theorems providing complete charac-
terizations of divergence sets of general series in orthogonal bases with a localization

property.
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1. Beegenune

Myctb pyHkuma / 6 £(7™), 1= [-Tr, M, W\ = [/(u)|du < oo.
Onpenennm ee pag dypse

(1.1) I(z)~ f(k)eikx> kx = kIxi + ... + kmxm,
*6Zm

C KoahuumeHTamn dypbe

rae Zm - Uenouvmc/ieHHas pewletka B A *. B oT/iMume 0T OFHOMEPHOO, B KpaTHOM
CMyYae HET KaHOHMYECKOro crocoba 3afaHnsi YacTuyHol cyMmbl psga (1.1). Myctb
V - 3aMKHyTasl orpaHuyeHHast obnactb B Rm, cogepkawas Havano koopauHat O
BHYTPW Cebs.
Monaraemogna > O
Snvf(x)= Y, fW e ikx

kenv zm
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roenV = {i6 Rm:x/n e V }- romoteT V. Cymmy psiga (1.1) ectecTBeHHO onpefe-
JNTb KaK NPege/, ec/v OH CyLLIECTBYET, MPM  —»0O0 HaCTUUHBIX CyMM Sny f- 3ameTum,
yTo
Snvf= (2*ITf *DnV
- cBepTKa thyHKUMM / 1 siapa Jupnxne nopsigka
Dnv [x) = 52  e~ikx,

fcenvnz”
COOTBETCTBYHOLLIENO MHOXECTBY V.

B panbHenwem V - 3aMKHyTbI OFpaHWYeHHbIA Momnagp B A'™, 3Be34HbIA OTHO-
CUTENbHO Hadana koopgnHaT O, O € int V, 1 Takoii, YT0 NPOJO/PKEHNE SIHO6OM
€ro rpaHu He nNpoxoamT yepe3 O. MHOXECTBO MOMM3APOB € YKa3aHHbIMU CBOMCTBAMM
0603HaumM yepe3 W. [JocTaTouHbIe YCrI0BUS PEry/IAPHOCTY SIMHEVHBIX METOAO0B CyM-
MuposaHus B C (TT) no nonusgpam mHoxectsa W rzydeHbl B [1], npyyeM nokasaHo,
YTO BCe YC/0BYSA B onpegesieHn W SBAsOTCA HeoGXoaUMbIMM.

B paHHOI cTaTbe vccrefyeTcs NoBefeHUe PasNyHbIX BapUaHTOB CWIbHbIX MOSn-
34pa/ibHbIX CPefHMX PARoB Pypbe HeMPePbIBHbIX HA M-MePHOM Tope yHKUwIA. Mpu-
BefieHbl Hey/TyuLLiaeMble HepaBeHCTBA TuMa HepaBeHCTBa CuaoHa A1 saep Avpuxie
Dnv- [laeTca NpyMeHeHVie NosyveHHbIX pesy/ibTaToB K BOMPOCaM UHTErPYpOBaHNSA U

CXOAMMOCTU LLIFKpaTHbIX TPMIOHOMETPUHECKIMX PSIOB.

2. CunbHasa cymmunpyemocTb

Mycte Wb - NogMHOXKeCTBO MHOXKecTBa W, Orpesie/ieHHoe CriefytoLLyimM 06pasoMm.
Habop gelictBuTenbHbIX Yncena = (-, ..., aT) ‘f1oxo” npubnwkaem (pauyoHasib-

HbIMM YMCNaMK), CIN HEPABEHCTBO
(2.1) LaiAi + ...+ amfcmll <a ™ 1, a= max|fcj|,

NMEET He 60/1ee KOHEYHOO YMC/Ia PELLIEHNI B LEMbIX Ymnciax Ki, KT (38ecb X[
- paccTosiHMe OT X [0 GAVDKaLLIEro Lenoro).
Monuagp V nNpuHagIexmuT MHOXeCTBY \Vb, ecii KOAPMUUWEHTBI B YpaBHEHNAX
TMMNEePr/IOCKOCTEN
~ouXi-1 =0,
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€ro ornpeaensitoLLImMX, 06pasyroT Habopb! “T1I0X0” MNPUBIKAEMbIX YmCen. 3aMeTUM, YTO
MHOXECTBO HabopoB @, /1 KOTOPbIX HepaBeHCTBO (2.1) MMeeT 6eCKOHEYHO MHOro
PELLIEHWIA B LIEMbIX YMCax, ECTb MHOXECTBO HyrieBolA Mepbl Jlebera B Rm ([2], c. 36),
T.€. NMOYTY BCe HAbopbI @ “TI/I0X0™” NPUBIKAEMBI.

Monmagpbl 13 MHOXecTBa Wh 06/1afjatoT C/igyHOLLAM CBOVICTBOM.

Jlemma 2.1. ([6]) Ans no6oro nommagpa V 6 Wh cywecTByeT nocTosHHasA d =

d (V) > 0 Takas, 4TO MHO>KeCcTBa
(n+ dn~m 1) V\nV, 6 N,

He cofep>kaT Touek peweTkn Z171

Wa - nogMHOXecTBO Nonmaapos 13 Wh, 151 KOTopbIx @ —Habopbl anrebpanyeckmx
ymcern.

B ogHOKpaTHOM C/lyyae 0Tpe3Ka KnacCcuuecKUM ABMAETCA pesynbTar Xapauy - JIuTT-
neyfa [3] o p-cwibHOM CyMMUpOBaHUK psiga Pypbe HenpepbIBHOM NeproauYecKoi ¢
nepuogom 2T oyHKUMK: npu to6om p > 0 paBHOMEPHO MO i6 T

IFTT_)SO)I/(*) SIf *1”“»0 nmpu  -K».

Moym =2 3, ... ,uj‘m NPAMOYTO/IbHBIX YaCTUYHBIX cyMM Pypbe (Y - napan-
Nenenunes, CUMMETPUYHBIA OTHOCUTENbHO O, € rpaHsaMMW, Napasvie/lbHbIMA Koopau-
HaTHbIM TUNEPr/IOCKOCTAM, M BEPLUMHAMU B TOUKAX PELUETKA ZMm ) aHa/IorMyHbI
pesynbTat nosyuun J1.4. Moronagae ([4]-ky6bl, (5]).

Mpum= 1, 2, ... gna yactmyHbIx cymm Snvf, V 6 Wh, cnpaBegnve cregytoLmia

pesy/nbTar.

Teopema 2.1. ([6]) MycTb nonmagp V € Wh, / 6 Loo (T™"), p > 0. Torga

(2.2) (n+1)-1£ wsav(/, or <c’(p+1lr>\ W\,
4=0
rge seiMynHa c > 0 3aBUCMT /I1LLb OT PasMEPHOCTN T W Nonmagapa V.

Mpv AoKa3aTeNIbCTBE TEOPEMbI 2.1 CYLLIECTBEHHO MCMO/b3YETCS CrIEAYHOLLIA pesy/ib-

Tat A. H. MogkopbitoBa [1]. MycTe V - nonvagp, 38e3aHbIM OTHOCUTENBHO Havana
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KOOPAVHAT, SBMSIOLLIEr0oCcs ero BHYTPEHHEN TOUKOA. Onpege/inM MacLLTabHyro (yHK-

LMo MHOXKecTBa V
PIY) = Pv{y) =inf{p>Olye pV).

Myctb yHkuma A6 C ([0, +00)), A@) = 1, A() = Onpn > 1. INoctpoum
NHeliHble cpefHue

) O
O6ozHaumm  (r) = f* e~irtd\ (t).

Teopema A. ([1]) MycTb V —nomvagap, 38e34HbIA OTHOCUTE/LHO HaYana Koop-
OVHAT, KOTOpOoe SIBNSETCA ero BHy TPEHHEN TOHKOW, 1 (hyHKUMS A HenpepbiBHa Ha
[0, +00), AQ) =1, A® =0V > 1. Torga:

1. Ecnu npogomkeHne X0 T 6bl 04HOM rpaHn nommagpa V npoxoguT Yepes Hauasno
KoopanHaT, To sup |[anAY = oo, u, cnefoBaTenbHO, HangeTca yHkuma / £ C (TT),
Takas uTo rIIir'yo|0r|’\(/,0)| = 00.

2. Ecnn npogomkeHns Beex rpaHeit nonmagpa Vo He NpoxogsT Yepes Hauano Koop-

OVMHaT, TO N3 CXOANMOCTU UHTErpaUia

BblITEKaeT OrpaHNYeHHOCTb [|aiAY B coBokynHocTY, T.e. Bup LIaLl < c(m, V)Fm(A),
N CnefoBaTe/NbHO, )—» npu —00 gna moboii e C (TT).
MycTb Q - MHOXeCTBO (PyHKLWMIA < ONpeAeneHHbIX Ha nonyocy [0, 00), HeybbiBa-
FOLLWIX W HerpepbIBHbIX B Hyne, P(0) = 0. Ana/ 6 C(T™) uV e\Vb nonaraem
(L,¥eVv,Xy=(+1)1£ (/) Slvf (@)).
1=0

Jlerko nokaszatb (CM., Hanpuwep, [7]), uto ecntp, M6 Q U

F— 12 ¢ g,

U-fOO ip (n)

TO U3 paBeHCTBa



BbIMO/THAEMOrO B MEKOTOPOI TOUKe X0 € T T w1 paBHOMEPHO NMa MHOXXeCTBe E C T,
BbITEKAET CrpaBe/IMBOCTb aHa/IOMMUYHOIO PaBeHCTBa A1 PYHKUUK 1 COOTBETCTBEH-
HO B TOYKE X0 WM paBHOMEPHO Ha E.

MonT = 1,V = [41], ¥ = eet —1, a > 0, paBeHcTBO (2.3) [0Ka3aHO
KapnemaHom [8] paBHoMepHO Ha T. ToTuk [9] nokasas, 4To A1 TOro, ytobbl (2.3)
BbINOHSI0CH ANnst moboii / e C (M), HeOBXOAMMO M JOCTAaTOYHO, YTOBbI CyLLECTBOBA-

Nla KoHcTaHTa A > 0, Takasi, uTo

ip(t) < eAi, € (0, 00).

Teopema 2.2. ([6], [10]) MycTb nonmsgp V € Wb
(1) Ecnm 96 Q Takosa, 4TO
MI—Iego ip(M)n Y™< oo,
TOo gna noboin 6 C (7% paBHOMEPHO MO X CNpaBeAMBO PaBEHCTBO
nljgo (/, exp(<l0- 1, V, x)=0.
(2) Ecnn >ke
I_go M) u~l/m oo,
TO cywecTByeT (oyHKUms F 6 C (T™*), ana KoOTopoi
Ijgg0 (F, exp (9 —1, V, 0) = oo.

[ns napannenenvnenos, CUMMETPUYHBIX OTHOCUTENBLHO O, € rpaHaMK, napasiiesb-
HbIMX KOOPAVHATHBLIM TMMNEPI/IOCKOCTSAM, U BEPLUMHAMM B TOYKaX C LEMbIMU KOOp-
AnHaTamn, Teopema 2.2 fokasaHa JI. [1. loronagze [5]. Ans V 6 Wa Teopema 2.2
nosy4yeHa B [11].

3ameTumM, UTO yTBEPXKAeHMe (2) TeopeMbl 2.2 cnpasedneo 4715 o6oro nonvsapa
V, O€intV, ucnegyet 13 TOYHOM MO MOPSAKY OLEHKN KOHCTaHT Jlebera

cilnmn < ||5,,v|]| = sup |5,y (/)]lc(rm) =

(2.49) = Bup ISnv (/, 0)] < @Inmn,
lI<i

rpe d=ci(V,m) > 0,i= 1, 2 ([12], oueHka cBepxy, [13] - cHU3Y).
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Myctb Env (/) = inf I/ —TUog*.) - HamnyuLwee NpnbnvkeHne yHKummn / Tpu-
FOHOMETPUYECKVMI MOSIMHOMaMK co criekTpom B NV (T (x)= £)feeny c*efcy)-

Teopema 2.3. Ang nwoobbix / € C (T™), VeWb,p>0un>no>0 cnpasegso
HepaBeHCTBO
(2.5) Ei/(x) 5M(/X)|p<™(p+ilp £ Efv(/),
I=no 1=[n0/2]
rpec=c(m, V) > 0.

Mpyum = 1,V = [-1,1] 370 pesynbTar Anekcmda n Kparimka [14]. Ana V E Wa
HepaBeHCTBO (2.5) foKasaHo B [11]. 3aMeTUM Takke, UTO B OCHOBELOKa3aTe/IbcTBa
Teopem 2.2, 2.3 NeXUT oueHKa (2.2) Teopembl 2.1.

W13 Teopembl 2.2 cnegyeT, 4To ansa nobbixa>0un/ e C(T )

— expfal/(k) —Sivf( )I'*) —1—-»0 npu nyoo

1=0
pasHomepHO Ha T *.

Jlemma 2.2. ([6J, [10]) MycTb nonmagp V 6 \Vb- CyllecTBYOT NOCTOAHHbIE A > 0
nc> 0 Takve, 4TO

in
sup - V exp (A ISivf (0)|J/m) <c, neN.
I/Igln" p\(/ (O)t/m)

[na ganbHelilero Ham NOTPedYOTCA HEKOTOpbIe onpeseneHns. HenpepbiBHas Bbk
nyknas yHKuna &, 3agaHHas Ha R, HasbiBaeTcss TVAYHKLUMER, ECNIN OHA YeTHA U

YOOBJIETBOPAET YC/10BUAM

BwIM =0, 1I»IM =00.

u-fo U-+00 u

Kaxkpas TVhyHKUMA AonycKaeT npeacTas/neHve [16]
fold
d(n) = jo

roep () - nonoxuTenbHas Npu > 0, HenpepbIBHas cnpaBa npy > 0, HeyBbIBaKOLLAS

(hYHKUMSA 1 Takasi, YTo

p(© =0 po)=limp (= oo.



Myctb q(B) npasas obpaTHas Kp () yHKUMS,
rbl
dm) =/ q(s)da
Jo
dyHKuMM D1 D HazbIBAKOTCA AOMOTHUTENLHBIMM APYT K APYTY yHKLUMAMN.

, - NpocTpaHcTBO Oprinya (cM., HanpuMep [15]) hyHKUMIA, 3aaHHBIX Ha OTPE3Ke

[Q 1], onpegeneHHoe TV-gyHKLyel P, ¢ HOpMOI
1
| | =suply tivdx
rfie cynpemMyM 6epeTcsi No BCeM (hyHKUWMSIM V, YAOB/ETBOPSIIOLLMM ycnoBuio @ (v) dx <

1.
Ona dyHkumm / € Loo (TT) v nonuwagpa V 6 Wb onpegenvm criefyroLme BeSMUMHbI

(2-6) Inf(x)= Y SV (HX)XGD 1 1

rfe XB - XapaKTepucTyeckas (hyHKLUUS MHOKecTBa B.

Teopema 2.4. MycTb nonmagp V 6 Wh, a > 0. Torga gns mo6oii N -chyHKLmm
&, ypoBneTBOpsitOLLEN HepaBeHCTBY d(1) < cealll/T npu [OCTaTOYHO 6OMBLUIMX

3Ha4yeHnax aprymeHTa u c > 0,

sup \Inf (QAllp= sup \Inf (0)[|b < c(a) < oo.
Vi<i <

JaHHana Teopema cnegyet v3 fieMMbl 2.2, OLEHKM
1

o} 1
0
W 3KBMBASIEHTHOCTY, MpY pa3/inyHbIX @ > 0, HOpM B NpocTpaHcTBax L®, rae ®(n) =

gqu|Mle/l " >

3. CunbHasa cymMmmMmupyemocTb C nponyckKamm

Mycte {n3} - Bo3pacTaroLLLan NoCcefoBaTe/IbHOCTb HaTypasibHbIX yncen. Creays
[16], 6ymem rosoputb, uto {N;} ep —SF(V), 0 < p < 00, ecm Ansa 6o
/ € Loo (T T) YaCTnuHble cymmbl S,,v (/) YLOBNETBOPSIOT HEPABEHCTBY

AE P5"iV(/,0)|p<O\ \\ , N=1,2,...
i=1



rge ¢ > 0 - MocTosiHHasA, He 3aBucAwan ot / n N.

M3 Teopembl 2.1 cnegyeT (cMm.(2.2)), uto ecnv nomagp V € Wb, To nocnegosa-
TenbHOCTL { } 6 p—SF (V).

Myctb T = 1. Ecm V - oTpesok [-1, 1], gns Toro ytobbl {n"} ep —SF(V)

Heobxoammo, a ecrim {  } - Bbinykna (N - Wy |}, TO 1 JOCTATOYHO, YTOObI
log , < cjminw2 c>0.

Mpu p = 1 HeO6XOAMMOCTb 3TOr0 ycnoBus fokasan Canem [17], LOCTATOYHOCTb -
HesaBMcuMo KapriecoH [18] u H. A. 3aropogHuii n P. M. Tpury6 [19], a Takoke J1oHr
[16]. Mpn 1 < p < 00 3TO pe3ynbTar JloHra [16].

Teopema 3.1. ([BO Wa], [6j). MycTb nomsgp V 6 Wh, 0 < p < oo, {1} -

BbIMyK/1aa Moc/efoBaTelbHOCTb HATYPasibHbIX UMCES, YA0BNETBOPAOLLAS YCI0BUHD
(3.1) logrty < cjmin(5”’5"), 00O.
Torga {nj} 6p-SF (V).

Ecnn V - eguHnuHbIN Ky6 B A’ Teopema 3.1 npuw p = 1 npvBedeHa B [21].
3ameTum, 4To ycnosme (3.1) npy p > 1 0gHOBPEMEHHO SBMSIETCA U HEOOXOAUMBIM,
npup > 2 cnegyet u3 (2.4), npnyem, Kak v npy T = 1, {n -} He 06513aTe/IbHO BbF

nyKnas rnocsieaoBate/ibHOCTb.

Cnegcteue 3.1. TycTb BbINOMHEHbI ycoBMs Teopembl .1 Torga ans no6oi / 6
c@d

32)

Bonee Toro, MMeeT MeCTo CriefytoLLEee HePaBeHCTBO, MO3BOJIAIOLLIEE OLEHMBATL CKO-

POCTb CTPEMJIEHMS K HY/HO BeNM4YUHbI (3.2).

Teopema 3.2. B ycnosusix Teopembl 3.1 gns ntodoii / € C (TT) cnpasegmeo Hepa-
BEHCTBO

N

J2\f(x) Snjv(f,x)\p<cJI2Kjv(f), N=12 ..,

=1
ropec=c(p, T, V) > 0.



4. HepasencTtea Tuna Cugona. [l BoicTBEHHOCTH

B ogHomepHoM cnyyae (T = 1, V = [1,1]) CngoH [22] mokasan crefyroLee

HEpPaBeHCTBO

n+l Jt 5=0 dX<CoQ}a<thaW’

raeDj (x) = " :?* - agpo Oupuxne nopagkan, ac > 0 - abcomtoTHas KoHCTaH-
Ta.

B pa6ote dpugm n LLivnna [23] yctaHoBeHa JBOMNCTBEHHOCTb MEXAY CWIbHBLIMA
CPeAHVMW OHOKPATHBIX PAA0B Pypbe U HepaBeHCTBAMM TuMa HepasBeHCTB CuaoHa
415 0fHOMEePHbIX Afep Avipuxne.

MpviBeaem HeynyyLaemoe (B LLKase NPocTpaHcTB Opnnya) HepaBeHCTBO TUMa Hepar
BeHCTBa CuaoHa ana agep Avpuxne D,,v, NOPoXAeHHbIX nonunagpamun Knacca Wh.

Bygem 1cnonb30BaTh BeefeHHbIe B [24] cTyneHuaTble pyHKkuun Inf (X) (cMm. (2.6))

rob ..., 0,)= «WtO'I)""1In-1)e
=1
Teopema 4.1. MycTb nommagp V e Wb, On - nocnefoBaTelbHOCTh AeACTBUTENb-

HbIX ymncen. Ecnm N- dyHKuma @ yaoBneTBOPSET YCMOBUO
(4.1) ®(u) > culnmu,

npy HekoTopbIX C> O Mn>umo> 0, TO

4-2) thTMlitihDjvix)

rae nocTosiHHasA ci > 0 3aBMcUT v 0T V 1 .

3ameyaHune 4.1. Teopema .1 OKOHYaTefbHA B CreayroLeM CMbic/e. HepaBeHCTBO
(4.2) nepecTaeT ObITb BepHbIM A1 Mo6oro Habopa {an}, ecim BmecTo P, yaoBne-
TBopstoLLeit ycnosuto ( .1), B3ATb N-hyHkumio di, Takyto, 4To

im @i -

lim {j IL)J 0.

+ uln

JTOT (haKT criefyeT M3 JBOMCTBEHHOCTU MEX Y HOPMaMM CUITbHbIX CPEAHMX paga

®dypbe 1 HepaBeHCTBaMU TUMNa HepaBeHCTBa CrgoHa 1 TOYHOCTY TEOPeMbI 2.2.
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CnepctBue 4.1, MycTb nommagp V e Wh, {0} - nocnegoBaTenbHOCTb feiiCTBU-
TenbHbIX yucen. Torga

1% “ ° IV (*> «BEN [i+ (bs+,-1721,m )

[JaHHoe HepaBeHCTBO NMpn T = 1, V = [, 1] gokasaHo Apyrum MeTogom dpuiim

125].

CnepactBue 4.2. MycTb nommagp V 6 Wb, p > 1. inda noboro Habopa {a,,} aeit-

CTBUTEJIbHLIX YACEN NMEET MECTO HEPaBeEHCTBO
lip
(4.3) AL 1M2aDjV(X) dx<c[i  \aj\p

Mpy T = 13T0 HepaBeHCTBO, MO CyLLIECTBY COoAepKaLLieecs B paboTe I, A. dommHa
[26], pokasaHo Takoke boluyem 1 CtaHoeBUYeM [27].

B npegensHOM criyyae p = 00 MMeeM aHas1or HepaseHcTBa CuaoHa

@4 <o | )

Teopema 4.2. ([10]) MycTb 1< p < 2, vn - Bo3pacTaroLLasA NocnesoBaTelbHOCTh
[encTBATENbHBIX Yncen. s Toro 4yTobbl 415 ntoboro Habopa {a,,} “Meno MecTo

HEpaBeHC TBO

(4.6)

(

HEO6XO,CI,I/IMO, a ecnim vin BbiNykKna, TO U AOCTAaTO4HO, YyT00bI
Invn < cin”r.
5. MuTerpnupyemocTb M CXOAMMOCTb B CpegHeM KpaTHbIX
TPUTOHOMETPUYECKMX PAOOB

MycTb A, - NocnesoBaTeNlbHOCTb AeCTBUTENBHBIX Yncen, J1,-> 0npu  -> 0o. Ha

mM-MEPHOM TOpE TT paccMoTpum TpI/IFOHOMETpI/ILIECKI/II\/’I pAag

(5.1) Ao+ X > Y,
=1 keiv\(i-i)v



rge nonvsgp V e Wo- KoshdmupeHTbl JaHHOro psfa MocTOSHHBLI Ma MHOXECTBax
IV\(1-1)V (1=1, 2, ...).
Myctb

Snv(z) = \o + J2x, eikx-
1=l Kkeiv\(i-i)v
YyacTuyHaa cymma psga (5.1). Pag (5.1) cxogutea B npoctpaHcTse L {T), ecm cy-

LwiectByeT thyHkumsa / £ L (TT) Takas, uto
(5.2) lim J_[ \SnV{x) - f(x)\dx = 0.
MprBegeM HEKOTOPbIe M3BECTHbIE PesynbTaTbl 06 MHTErPUPYEMOCTU U CXOAMMOCTU

OAHOKpPATHbIX TPUroOHOMETpUYecKux psgos (m = 1, V = [, 1]). B atom cnyyas

psg (5.1) ecTb KOCUHYC-PAL,

(5.3) Q-I + MAjeoste.

B panbHelilem nonaraem JA,, = An—AHi (= 1, 2, ...).
Teopema PomuHa. [26] Ecim cyllecTByeT [eACTBUTENbHOE -uiciop > 1 Ta-

Koe, UTO KoadhpmuyeHThI psga (5.3) yA0BNETBOPAOT YCNOBUIO

00 \
101> A |/ <00,
I=n /

Topag (5.3) cxoanTcs NOYTW BCloAy K HekoTopoid doyHkumm € (T), ecTb ee psg

dypbe, Npuyem cooTHoLLeHWe (5.2) BbINOMHAETCA TOrda 1 TOMbKO Torga, Korja
lim Anlnn= 0.
n—*o0o0

MpeaenbHbIM cyyaem (p = 00) TeopeMbl DOMMHA eCTb [OKazaHHas paHee Teopema
CupoHa-TensikoBekoro [28]. Ycnoue (5.4) B Held 3aMeHeH0 60s1ee YKECTKUM YC/IOBUEM:

CYLLIECTBYIOT Takwe uuncna Ak, uto
(ee)

(5.5) >1*4.0, J2 Ak<o00, |OAK <Ak pnsaBcex K
0

dpygmn [25] o06o6Lmn Teopemy PoMmHa, 3ameHVB ycnosue (5.4) 6onee cnabbiM, HO

MeHee “TPo3PaUyIM Y{C/I0BMEM

1+L + T V < 00.
igaii

E . E
1=0j=2"+
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CregytoLLast Teopema 0 cxoaumocTun B MeTprke L psiga (5.1) no nonmagpam Kracca

Wb B uacTHOM c/yuae oTpe3Ka [-1,1] COAepXKMT BCe NPMBEAEHHbIE BbILLIE Pe3y/IbTaTbl.

Teopema 5.1. TMycTb nonmagp V € Wb, a N -(pyHKUMss ® TakoBa, YTO NPy HeKo-
TOopbIX C, 0> O
d(u) > culnmn  npu u>uno-

Ecnu koathdmuwmeHTbl psga (5.1) yaoBneTBOPAOT YC/I0BUKO

(5.6) M (OA2+1....... JA2I40H* < oo,

1=0
To pag (5.1) ecTb pag Pypse HekoTOpoi yHkumm / GL (T™*), a paseHcTBO (5.2)

BbIMOMHAETCA TOrf4a U TO/MbKO TOrfa, Korga
(5.7) lim A,logm = 0.

Cnegcteue 5.1. ([6], [10]) MycTb nonmagp V 6 Wb. Ecin KoathpmumeHThI psga
(5.1) ynoBNeTBOPSHOT YC/IOBUIO

00 2,+1

o < oo,
Goojmvt AT 1+ (logr 2 T £9=24i 1AA]I)

TO Crnpasef/MBbl YTBEP>XKAEHNA TEOPEMBbI 5.1

Cnenctaue 5.1 eCTb M-KpaTHbIA aHasor Teopembl Dpugnn [25]. CreayeT v3 Teope-
Mbl 5.1, ecnin B kadecTBe N-(hyHKUMM P B3ATb MPeSe/ibHO BO3MOXHYIO, SKBUBA/IEHT-
Hyt0 ulnmu npm 4OCTaTO4HO BOMBLLINX 1, Y BOCMOMNL30BATHLCA HEPABEHCTBOM (4.2) npu

= JA.

Bbi6upas JI-yHkupo d(n) = p > 1, nonyyum aHanor TeopeMbl PoMUHA.

Cnepcteue 5.2. Ecim npy HekoTopom p > 1 koadpdpuupmeH Tl psga (5.1) yaosne-

TBOPSAIOT YC/OBUIO

oo / 2+1 \ 1/P
(5.8) £ 2pi) £ |OA/ <00,
170\ i=2%+1 /

TO MMEKDT MECTO YTBEPXKAEHNA TEOPEMbI 5.1

B [26] nokasaHo, uTto ycnosus (5.4) 1 (5.8) npy p > 1 skBUBa/IEHTHBI. B npeaensHoM

C/lydae p = 00 MoJTyYaeM T-KpaTHbI aHasior TeopeMbl CrgoHa- TensikoBcKoro [28].
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Cnefcteue 5.3. Ecnu KoatpduuwmeHThI psga (5.1) yaoBNeTBOPSAOT YCIOBUKO

[ele]

(5.9 Y221 max ﬁéﬁé@"-a

TO MMEKT MECTO YTBEP>KIEHNSI TeopeMbl 5.1.

Ycnosua (5.9) n (5.5) aKB/BaEHTHbI.

Mycte Wr C Wb - NOAMHOXeCTBO M0M3AP0B C BePLLMHAMM B TOUKaX, KOOPAVHATbI
KOTOPbIX eCTb paUVoHasibHble uvcsa. CrieflytoLLiee YTBepXXaeHVE AnA nonmagpos V 6
Wr pokasaHo B [29] (cMm. Taroke [30]).

Teopema 5.2. MycTb nonmagp V e WT, a koaddmumeHTsl paga (5.1) yaosneTso-
paT ycnosuam Teopembl 5.1. Torga psag (5.1) cxoguTcesd nouTw Berogy Ha T™ K
hyHKummn / 6 L (")), asnseTcs ee psagoM dypbe, Npyv 3TOM CXOAMMOCTb B MeT-

pvke L MMeeT MecTO Torja 1 To/bKo Torga, Korga BbinosiHeHo ycnoswve (5.7).

Cxogmmoctb psaga (5.1) noutv Bcrogy K (hyHKUMM /, HaigeHHo B Teopeme 5.1,

CNepyeT N3 paBeHCTBa

2
Snv(x) = N2 JAIDiv{x) + AXnDnv(x)
1=0

n Toro (hakta ([31], nemma 2), uto ans nonmsgpa V 6 Wr nocnenoBate/ibHOCTb
Dnv (x) orpaHunyeHa noyTy Berogy Ha I T.
MycTb v - BO3pacTaroLLasA Nocnef0BaTeIbHOCTb HATYpasibHbIX umcen, A, - cXoas-

LLAsACA K Hy/k0 MOC/IeA0BaTeNbHOCTb AeCTBUTENbHBIX Ymcen, V e Wh. Paccmotpym

psag (X e TT)
00

(5.10) A+ £a, £ eikX.
n=1 KEVIV\vn. XV

Ecnn vn pacTeT goctatouHo 6bIcTpo, pss (5.10) ecTb psg ¢ peako MEeHSHOLWLMMUCA
KoahpuumeHtamu. Mpu T = 1, V = [, 1] ycnoBus UHTErpupyemMocT 1 CX04u-
MOCTM B MeTpuke L psaga

(.11) Y + 02 003KX

n=1 Vn-l1<k<vn

61



m3yyanuck B [32], [33] an1s nocrenoBaTeslbHOCTEN if,,, TaKyHapHbIX Mo Agamapy:

6.12 =1,2,...
(6.12) i

B [32] pokasaHo, uTo pag (5.11), npu BbINoAHeHWN yerioBus (5.12) ABNSETCA psSAoM

®ypbe B TOM 1 TO/IbKO TOM C/lyyae, Korga

0o ( oo Yl/a
£E(OA))21 | o g <oo°
=1 lt=n J n

Ecrm pag (5.11) ectb psig Pypbe, TO 419 €ro CX0AMMOCTU B METPUKE L HeobXxoanmo

W focTaTo4vHo ycriosue [33]
Anlogz/,, -¥ 0 npwu 00.

[0 HeKOTOPOro Kracca Moc/iefoBaTelbHOCTe i/,,, PacTyLUUX MesieHHee, Npyu T =

1, 2, ... CpaBey/ B CregyroLii pesynbTar.

Teopema 6.3. TMycTb nonmagp V 6 Wb, p > 1 v BbiNyknas NocnefoBaTelbHOCTb

vni (i/,,+i —vn ) yA0BNeTBOPSET YC/OBUIO
logvn <

Ecnn koadhdmumeHThI psaga (5.10) cTpeMATCS K HY0 1 YA0BNETBOPSHOT YCOBUHO
(5.8), TO AaHHbIN psig ecTb psg Pypbe HEKOTOPORA yHkuym 6 (D) n cxopnTes

K/ BMeTpUKe Torga v TOMbKO Torfa, Korga

A, log™*ifi =0 npn n—o00.

Abstract. The paper is a survey of the known results related with Fourier series
strong polyhedral means of functions continuous on the m-dimensional torus, Sidon
type inequalities for Dirichlet kernels in polyhedrons, and integrability and convergence

of multiple trigonometric series.
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1. INTRODUCTION

Frames were first introduced by Duffin and Schaeffer [7] in the context of non-
harmonic Fourier series. Outside signal processing, frames did not seem to generate
much interest until the seminal work by Daubechies, Grossmann, and Meyer [6]. They
showed that Duffin and Schaeffer’s definition is an abstraction of a concept given by
Gabor [11] in 1946 for doing signal analysis. The frames introduced by Gabor now are
called Gabor frames and have been widely used in communication theory, quantum
mechanics and many other fields. For more about Gabor frames and their applications
to signal and image processing, we refer to the monographs [9, 10,13].

Gabor systems {]V[manag(a:)}m_’nGZ are generated by modulations and translations
of a single function g(x) € L?(R) and hence, can be viewed as the set of time-frequency
shifts of g(x) along the lattice aZ xbZ in R2. Gabor systems that form frames for L?(R)
have a wide variety of applications. An important problem in practice is therefore to
determine conditions for Gabor systems to be frames.

Many results in this area, including necessary conditions and sufficient conditions,
have been established during the last two decades. For example, in 1990, Daubechies
[5] proved the first result on the necessary and sufficient conditions for the Gabor
system {MppTnag(%)},, nez to be a frame for L?(R), Chui and Shi improved the
result of Daubechies in [4], Casazza and Christenson [1, 2] established a stronger

version of Daubechies sufficient condition for wavelet frames. Recently, Shi and Chen
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[17] have established a set of necessary conditions for Gabor frames and showed that
these conditions are also sufficient for tight frames. Li et al. [14] gave two sufficient
conditions for Gabor frames in L?(R) in terms of Fourier transform and showed the
conditions are better than those of Daubechies [5].

Although there are many results for Gabor frame on the real-line R, the counterparts
on positive half-line R™ are not yet reported. So this paper is concerned with Gabor
frame on positive half-line R™. Concerning the construction of wavelets on a half-line,
Farkov [8] has given the general construction of all compactly supported orthogonal
p-wavelets in L?(R*) and proved necessary and sufficient conditions for scaling filters
with p” many terms (p,n > 2) to generate a p-MRA analysis in L?(R").

Recently, Shah and Debnath [16], have constructed dyadic wavelet {rames on
the positive half-line RT using the Walsh-Fourier transform and have established

a necessary condition and a sufficient condition for the system
{%k(x) =212y(2izok): jE€L ke Z+}

to be a frame for L2(R"). The objective of this paper is to prove the existence of the
Gabor system {M,,pThag(x)} ; that forms a frame for L?(R™"). We also establish a
necessary condition and two sufficient conditions for the system {M,,,Trag(z)}
to be a frame for L2(RT).

The paper is structured as follows. In Section 1, we introduce some notations and

m,nec

m,ne’

preliminaries related to the operations on positive half-line RT, and some lemmas to
be used throughout the paper. In Section 2, we prove the existence of the system
{MTnag(x)},, pey that forms a frame for L?(R*). In Section 3 we establish one
necessary condition and two sufficient conditions for Gabor frame on the positive
half-line R™.

As usual, let R" = [0,+00), Z' = {0,1,2,...} and N = Z* — {0}. Denote by [z]
the integer part of z. Let a be a fixed natural number greater than 1. For x € R

and any positive integer j, we set
(1.1) z; = [a’z](moda), z_;=[a"""z](moda).

We consider on R the addition defined as follows:

vdy =) Ga T+ Ga

7<0 3>0
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with {; = z; + y;(mod a) (j € Z\ {0}), where (; € {0,1,2,...,a — 1} and z;, y; are
calculated by (1.1). Note that z = z © y if z® y = z, where © denotes subtraction
modulo a in R".
For z € [0,1), let ro(x) be given by
1, if z€0,1/a
ro(@) = {ef;, itz e [[fal/, ()e+ Da1), £=1,2,a—1,

where e, = exp(27i/a). The extension of the function r¢ to R is given by the equality
ro(x+1) = ro(z), x € R". Then, the generalized Walsh functions {wpn(z) :meZ"}
are defined by

k
wo(z) =1 H 7«0 ('

where m = Z?:o pial , pi € {0,1,2,...,a— 1}, pg #0.
For z,y € ]R+, let

Ml
(1.2) X(z,y) =exp | — > (zy—i+a_jy) |
j=1
where z;, y; are given by (1.1). Note that x(z,m/a" ") = x(z/a" ", m) = wy,(x/a" )
for all x € [0,a™ 1), m € Z .M xy teR and z @y is a-adic irrational, then

(1.3) X @y, &) = x(x, &) x(y,8)-

It was shown by Golubov et al. [12] that both the systems {x(c,.)}o_, and {x(., @) }o_,
are orthonormal bases in L?[0,1].

By a-adic interval I C RT of range n, we mean interval of the form
I=1If=[ka™ (k+1)a™™), keZt.

The a-adic topology is generated by the collection of a-adic intervals and each a-
adic interval is both open and closed under the a-adic topology (see [15]). Therefore,
for each 0 < j,k < a”, the Walsh function w;(z) is piecewise constant and hence
continuous. Thus w;(x) =1 for x € I2.

Let £,(R™) be the space of a-adic entire functions of order n, that is, the set of
all functions which are constant on all a-adic intervals of range n. Thus, for every
f € &,(RT), we have

(1.4) = > fla"k)xp(x), z € RT.
kezZt
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Clearly each Walsh function of order a®~! belong to &, (R™). The set &(R™) of a-adic
entire functions on RT is the union of all the spaces &, (R™). It is clear that &(R™T)
is dense in LP(R*),1 < p < oo and each function in E(R™T) is of compact support.

Thus, we will consider the following set of functions:
(1.5) EORY) = {f € ER") :supp f CRT\ {0}}.

Definition 1.1. A function f defined on R is said to be with period a if f(z®ka) =
f(z) for all z € RT and k € ZT.

Definition 1.2. Let H be a separable Hilbert space. A sequence {f},—, in H is
called a frame for H if there exist constants A and B with 0 < A < B < oo such that

(1.6) AFIZ < ST S|P < BIIFII? for all f € H.

k=1
The largest constant A and the smallest constant B satisying (1.6) are called the
upper and the lower frame bound respectively. The sequence {fi},—, is called a tight
frame for H if the upper frame bound A and the lower frame bound B coincide.

The sequence {fi},-, is called a Bessel sequence in H if only the right-hand side
inequality in (1.6) holds and is called Riesz basis for H if there exists a linear, bounded
bijective operator T : H — H such that {fy},—; = {Tex}re,, where {e;}re, is an
orthonormal basis for H. For the fundamentals of frame theory and its applications
we refer to [3, 13].

Let {fi}z—; be a frame in H. The operator S : H — H is called a frame operator
associated with the frame {fr};—, if Sf = Yoo (f, fi)fe. It is well known (see
[3]) that S is linearly bounded, invertible, self-adjoint and positive, and the system
{S*Ifk}?:l is also a frame in H with bounds B~', A~!, which is called the canonical

dual of the frame {f;};—,. Moreover, this provides the reconstruction formula

oo oo

(1.7) F=88T1 = (f 87 ) e =Y U ) ST i

k=1 k=1
where both series converge unconditionally for all f € H. Thus, a frame {f;},—,
allows every f € H to be written as a series expansion of the frame elements, which
is similar to the property of basis; the main difference is that the frame coefficients
(f,S71fx) in (1.7) can, generally, be replaced by other coefficients. Further, it should
be noted that {S‘l/ka}iil is a tight frame with bound 1 and hence

(1.8) F=Y 872 f) ST 2 e
k=1
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In order to prove theorems to be presented in next section, we need the following
lemmas whose proofs can be found in [3].

Lemma 1.3. Let {f},-, be a frame for a Hilbert space H. Then {fi};, is a Riesz
basis for H if and only if { fi},-; is complete in H, and there exist constants A, B > 0

such that for every finite scalar sequence {cx},

2
AZ|Ck|2§ chfk SBZM\Q-
% k %

Lemma 1.4. Let {f},-, be a Bessel sequence with bound B for a Hilbert space H.
Then

G) [Ifl?<B, k=1,2,..

(i) (fj, fx) =0, j # k, whenever || fx||* = B, for some k.
Lemma 1.5. Suppose that H is a Hilbert space. Let T : H — H be a bounded

operator, and assume that (T'z,z) = 0, for all z € H. If H is a complex Hilbert space,
then T = 0; if H is a real Hilbert space and T is self-adjoint, then 7' = 0.

2. EXISTENCE OF A GABOR FRAME IN L?(R™)

Let p and ¢ be two given positive real numbers. For any fixed function g € L?(R™),

the family of functions of the form
(2.1) { Mg Topg(2) = wig(z)g(xz ©np), m,neZ,xzeRT}

is called a Gabor frame for L?(R™) if there exist constants A and B, 0 < A < B < oo
such that

(22)  AIFIP< D] Y F MingTapg)* < B fI?, for all f € L*(RY),
meZt neZ+t
where My, f(z) = wWmef(z) and T, f(z) = f(z © np) are the modulation and
translation operators defined on L?(R™), respectively.
We first show that the operator S associated with the Gabor frame {M"L‘IT’lpg}m,neZ+
is commutative, i.e.,

(2.3) S Mg Trp = Mg ToipS.

Indeed, since M,T, f(x) = wqy(z) f(z © p) and T, M, f(z) = we(x) M T, f(x), we have

SMqunpf = Z Z <Mqunpfa quTZpg>quTZpg
kEZT LeZt

= Z Z <f7w(k—m)pqnM(k—m)qu(K—n)pg>quTEpg
kEZT LeLt
69



F. A. SHAH

- Z Z wkpqn<fa quTfpg>M(k+m)qT(€+n)pg
keZt LeZ+

= Z Z <f7 quTépg>Mqunp]\/[qu€pg = MqunpSf
kEZT LeZ+t
This commutative property of S implies that S~! commutes with the operator M, Tpyp-

Consequently, S—1/2

also commutes with M,;,,T,, and as a consequence, we have the
following theorem.
Theorem 2.1. Let {M,,,Tpg} be a Gabor frame for L?(R*). Then, Gabor

structure of the canonical dual is given by {M"LQT”PS_lg}m,nez+7 where g € L? (RT)

m,neZt

and p, ¢ € RT\ {0}. Moreover, the canonical tight frame associated with {M,,,Typ9}
is {MingTopS™ 29}, cnr-

First we prove two lemmas, which will be used in the proofs of the main results.
Lemma 2.2. Let f,g € L2(R"),p,q¢ € RT\ {0} and k € Z* be given. Then the series

(2.4) S feonp)swomee k), «eR'
nezZt

m,nezZt

converges absolutely for almost all z € RT. Furthermore, for any m € Z*, we have

(2.5) (fs MpmqThpg) = /p G (2)wmq(x)dz,
0
where
(2.6) Gul@)= ) fle©q  k)gle Snp & ¢ 1k).
keZ+

Proof. Since f,T,-1,9(z) € L*(RT), we have f.T,-1,9(z) € L*(RT). Thus

[ S e o omor i = [ 15@oq Rl < .

+
nezZ+t R

and hence

Z |f(zenp)g(z ©np© ¢~ k)| < oo, for almost all z € [0,p).
neZ+t

Since the series in (2.4) converges a.e. on [0, p), therefore, it converges absolutely a.e.
on x € RT and by the Definition 1.1, it defines a function with period p. Further, we

have

(fs MgThpg) = - f(z)g(x © np). wyq(z)dz

¢t g1
=3 [ swor Wi o g R e = [ G e
ezt 70 0
This completes the proof.
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To prove the existence of the system (2.1) that forms a Gabor frame in L?(R™),

we set
(2.7) D(x) =Y lg(zenp)f’, zeRY,
nezZ+
(2.8) Ei(x) = Z glzonp)glronpoqlk), xR kecZ .

neZ+t
Note that D(x) and Ej(z) are bounded functions with period p and D(z) = Ey(x).
Lemma 2.3. Let f be in E°(RT) and g be in L?(RT) with p,q € RT\ {0}. Then

(2.9) SN U Mg Tpg)? =1 / z)dz + R,(f),
meZt neZt
where
(2.10) Ry( |Z/ f(@)f(x e q k) Ey(x)dr.
keN

Proof. Since f € E°(R1), the function f(x © ¢ 'k) can be non-zero only for finitely
many values of k. The number of values of k, for which f(z © ¢~ 'k) # 0 is uniformly
bounded. Consequently, each G,,(z) defined by (2.6) is bounded, and hence G,, €
LY0,q 1) N L?][0,¢71). By Lemma 1.2, for all m,n € Z*, we have

(2.11) (fs MpqThpg) = /Oq G (2)wmg(x)dz.

Applying Parseval’s theorem and using the fact that {ql/gwmq(x)} forms an

= / z)|2dx.
~ldl

meZ+t
orthonormal basis for L? [O, q~ 1), we obtain

/ G L) Wi (T)d
mezZt

By virtue of (2.11) and (2.12), we get

Yo > K MaTa)P = D> Y

(2.12)

2

/ G (@)@

mELT neZt meLt neLt
Tl LY [ G w=t 3 [1 Gale) G
neLt nezt
\q| Z/ Z fzeqk)g(z ©np© ¢ k)Gy(z)da
neZ+t kez+
Ial Z/ f(@)g(x & np)G,(z)da
nezt
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ILZ/ glzenp) Y flxeq 'kgleonpo ¢ Tk)de
I<V/an

keZ+

= — 1132 T n, 21’
|q/+|f( Y Tt & mp)d

nezt

lz/ F@f@oq k) Y gwonp)g@ompoq k)

keN nezZ+t

:|i 1/ (2)[2D dx+—z F@)f(z © q k) E(x)dz.
ql Jr+ keN

This completes the proof.
Theorem 2.4 (Eristence). Let g € L?(RT) and p,q € RT\ {0} be given. Then the
following holds:
(). If |pg| > 1, then {MygTnpg}t,, ,ez+ is not a frame for L2(RT).
(il). I {MyngTnpg}t,, pez+ is a frame, then |pg| = 1 if and only if {MyqTnpg}
is a Riesz basis.
Proof. Suppose that {M,;Trp9}
{ Mg TapS™%g}
{Mvrqufbpg}m,%W' Then, by Lemma 2.3, we have

[ @ = 33 1 Mg Tops™ )

meZt neZ+t

=1 [ @R X 1570w o)

nezZt

m,neZt

is a Gabor frame for L?(R") and let

be the canonical tight frame associated with

m,neZt

m,neZt

Thus, this gives that ), |S=12g(xSnp)|? = |q|, a.e. on 2 € RT and consequently,
we have
P
291 = [ 15 gPde= [ 3 157 2g(e & mp) e = .
R O nezt

Now, to prove (i), it is sufficient to prove that [pg| < 1 for given frame { Mg Thpg},, ez -
Since {MqunpS_l/Qg} nez+ 1s a tight frame with bound 1, therefore, it follows by
Lemma 1.4 that ||S™ 1/29”2 |pg] <1, and the result follows.

To prove (ii), we first assume that {M,,Thpg} is a Riesz basis. Then by

m,nezt
Lemma 2.3, { M., T,,,S~ /%9 } nez+ 18 also a Riesz basis with bounds A = B = 1.
This implies that ||S~1/2g||? = |pq| =1

Now, assume that |pg| = 1, which implies that ||S™/2g||? = || MynqTnpS~/2%g||? =

. .. — 2

1, for all m,n € ZF. Using Lemma 1.4(ii), we conclude that {M,,,T;,,S ™" g}wmneZJr
is an orthonormal basis for L?(R*) and hence, by Definition 1.2, it follows that
{MmqTopg},, nez+ is a Riesz basis. This completes the proof.
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3. NECESSARY CONDITION AND SUFFICIENT CONDITIONS

In this section, we first establish a necessary condition for the system (2.1), i.e
{ Mg Trpg},, pez+ to be a frame in L2(RY).
Theorem 3.1. Suppose that {M,,T,pg}
bounds A and B, then

mnez+ 18 a Gabor frame for L*(R™) with

(3.1) lg/A < D(z) < |q|B, a.e.onz¢€RT,

where D(x) is defined by (2.7).

Proof. We use the contradiction method. Assume that the second inequality in (3.1)
is not true. Then, there exists a measurable set Q C RT with meas(Q) > 0 such that
D(x) > |q|B on Q. Suppose that 2 is contained in [0, ¢~!) with diameter of |¢|~! and
let Qo = {x € Q: D(z) > 1+ |g|B}. Further, for each k € N, we define the sets Q0 as

1 1
= . — < - .
Q% {xEQ 1+k+|q|B_D(ZE)<k+|Q|B}

Clearly, {Q% },cy forms a sequence of mutually disjoint measurable sets such that Q =
Uken Q- Therefore, there exist atleast one set say €, with property that meas(£2,) >
0, £ € N. Let f = xq, be the characteristic function on €2,. Then, clearly each f.T,,g
has a compact support in 2. Since €, is contained in an interval of length |g|~! and

{¢"2wmq(2)},, s constitutes an orthonormal basis for L?[0,¢™"), we have

> s MugTipg) = 3 [ Toapgs Ming)I? ||/ 2)2lg(x © np)2da.
meZ+t meZ+t q
Thus
Z Z ( f»Mqunpg | Z / x)||g(z © np)|*dz
meZt neZt nez*

U(ND@MxZ<B+ Ta

1
\ql lq| (€ + 1))

Consequently, B can not be an upper frame bound for {M,,,,T,pg} A similar

mneLt"

arguments can be used to show that if the first inequality in (4.1) is {/iolated, then A

cannot be a lower frame bound for {M;,qTpg},, ,cz+- The proof is completed.
Now, we are going to derive two sufficient conditions of a Gabor frame for L*(R™).

The first sufficient condition is given in the next theorem.

Theorem 3.2. Let f be in E°(R*) and g be in L?(R*) with p,q € R*\ {0}. Suppose

that there are constants A, B > 0 such that

(3.2) A<D(z)<B, aeonzeR"
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and

(33) > 1Bkl < A

keN
Then {M,gTnpg},, nez+ 18 @ Gabor frame for L?(RY).
Proof. By Lemma 2.3, we have

||Z/f Vf(x© q k) Ey(z)dx

keN

< e e )'dz}w [ veormpmmie)”

keN

< [ @ @sa b Bl s

keN

) 1/2 1/2
- )2 Ei( dx “1E)|2 E, d
gq|{/ o |3 1B } {/le(:v@q ” |2 ) x}

. 1/2 1/2
< — )|? Ei( d )2 Ey( LV d
_|q|{/ 2)| ];Nm )| x} {/ 2)| k%ux@q |] x}

D |Bi(x

keN

}1/2

D |Eix

i }m{/ g

(3.4) _MZ / (o) do < 1o ZnEkn 112

keN keN
It follows from (2.9) and (3.4) that

Yo D W Mg Topg)l® < WHJ”II2 {IIDlloo + > 1l }

meZt neZ+t keN

and
7 |||f|2{|D|oo > 1Bk }S S W Mg Tapg) .
keN meZt neZ+t

Taking into account (3.2) and (3.3), we get

|||f||2{A ZHEk” }S Z Z |<faMqunp9>|2

keN meZt neZt

< e {B+ D 1Bl }

keN
Hence { M Thpgt,, nez+ 18 a Gabor frame for L2(RT).
Now we establish the second sufficient condition for Gabor frame for L?(R™).
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Theorem 3.3. Let g € L?(R™) be such that

1
3.5 A — inf < D(x)— Fi(x >0
(35) )= |q|le[07p){ @)= 31 >}
and
(3.6) By = — sup Z |Ex(x)] < 4o0.

|Q‘ z€[0,p) Lez+
Then {MngTnpg},, nez+ is @ Gabor frame for L?*(R™) with bounds 4, and B,.
Proof. Using (2.8), we have

Z|qu*1kEk |—Z\T,q 1p Z (xenp)g(zonpsq k)
keN keN neLt
= Z 1T g1k Z Tpg(®) Thprg—119(x | = Z | Z Top—q-129(7) Trpg ()]
keN nezt keEN nezt
= Z | Z Tnp+q*1kg npg | - Z | Z Tnp+q 1kg npg | - Z ‘Ek
keN nez+ keN neZ+ kEN

We now estimate the term Ry(f) given by (2.10), using Cauchy-Schwartz’s inequality

Z/f flxoq k) Ex( Z/f Tg-11.f (x) Ex(z)da

keN keN
<> / Ty f (@) [ B (o) da
<[ rerime >|dx}1/2 {L |Tq-1kf<x>|2|Ek<x>|dx}1/2

keN

{Z/ o) 2w >|dx} {Z/ Ty @)1l W}m
={/ DY |Belx) |da:}1/2{/ Ty d @) Y 1Bu(a) |dw}1/2

keN keN

(3.7) / )|*dz Y |By(a

keN
Combining (3.7) and (2.9), we get

(38) |f<x>|2{D<x>—ZEk<x>|}dxs S 3 [ Moy Topg)

lal Jr+ kEN meZ+ nel+
and

39 Zif,Mqunpg>|2<|q| If(w)l2{D(z)+ZEk(z)l}dx

meZt nezZt keN
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Taking infimum in (3.8) and supremum in (3.9), respectively, we obtain

AlFIE < D0 D K MingTupg)” < Byl f13,

meZt nezZt

which holds for all f € €°(RT), where A, and B, are given by (3.5) and (3.6),

respectively. This completes the proof of the theorem.

(1]
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