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Abstract. Let ¥ be a wavelet associated with a scaling function ¢, and let ¢ be the
Hilbert transform of ¥. Under some natural conditions on the smoothness and decay of
¢, we show that the orthogonal projections onto the spaces generated by 4 are bounded

in the uniform norm.
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1. INTRODUCTION

A wavelet on R is a function ¢ € L?*(R) such that the system ¥ = {¢; (") =
21/24p(27 - —k) : j,k € Z} is an orthonormal basis in L?(R). Tt is well known that
under some mild conditions on decay of v, the system V¥ is an unconditional basis in
LP(R),1 < p < o0, see e.g. P. Wojtaszczyk [10]. More precisely, P. Wojtaszczyk proves
unconditionality of ¥ in LP(R), 1 < p < oo under the condition that [(x)| < M (|x]),
with M bounded, nonincreasing on [0, 00), and [;~ M (x)In(1+x) dz < co. Moreover,
the decay of the form In(2 + |z|) ¢ (x) € L*(R) implies also a convolution type bound
on the Dirichlet kernel of the orthogonal projection onto Vy = spaan(R){ipj’k 1 g <
0,k € Z} and uniform boundedness of the corresponding Lebesgue functions, see S.
Kelly, M. Kon, L. Raphael [7], [8]. This means that the orthogonal projection operator
can be extended to L'(R) and C(R), the latter meaning the space of continuous and

bounded functions on R.

Part of this work was done while G. G. Gevorkyan was visiting Institute of Mathematics of the
Polish Academy of Sciences in Sopot in October 2009.
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In the current note, we are interested in Hilbert transform of a wavelet. By Hilbert
transform we mean the operator defined as

Hf(z)= p.v% /R f(%_s)ds = %eh_rfé . f(%_s)ds.
Hilbert transform is an isometry on L?(R) and an isomorphism of LP(R), 1 < p < oo.
Moreover, (H);,r = H(; ). Therefore, a Hilbert transform of a wavelet is again a
wavelet, and several good properties — like basis and unconditional basis property on
LP(R), 1 < p < oo, are preserved.
Here, we are interested in the question of the boundedness in the uniform norm on R
of the orthogonal projection associated to the Hilbert transform of a wavelet. That
is, in the uniform boundedness of the Lebesgue functions associated to the Hilbert
transform of a wavelet, provided that the initial wavelet satisfies certain regularity
and decay conditions.
The question is motivated by S. V. Bochkarev’s papers [1], [2] (see also [3]). In 1974,
S. V. Bochkarev [1] constructed a basis in disk algebra. His construction was based on
the use of the Franklin system. Later, in paper [2], he showed that the trigonometric
conjugate to the periodic Franklin system is a basis in the space of periodic continuous
functions. A part of the proof was the boundedness of the Lebesgue functions for the
conjugate of the Franklin system. For that, Bochkarev proved pointwise estimates of
the Dirichlet kernel for the conjugate system.
S. V. Bochkarev was using the classical Franklin system, i.e. a complete orthonormal
system consisting of piecewise linear functions with dyadic knots. In a series of papers,
we have studied properties of general Franklin systems, i.e. orthonormal complete
systems consisting of piecewise linear functions with arbitrary knots. In particular,
we have studied the following question: under what conditions on the sequence of
knots, the trigonometric conjugate of the corresponding general Franklin system is
a basis in the space of continuous functions, see [6]. This contains a question on the
uniform boundedness of the Lebesgue functions of the conjugate system. We have been
able to get it without getting precise pointwise estimates of the Dirichlet kernel of the
conjugate system. Now, we apply the same method to get the uniform boundedness
of Lebesgue functions for the Dirichlet kernel of orthogonal projection onto the space
generated by the Hilbert transform of the wavelet.
When the results of this paper have been already obtained, we have found the paper

K. N. Chaudhury, M. Unser [4]. In that paper the authors study the relation between
4
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the decay, regularity and moment conditions for a wavelet ¥ and H1. Combination
of their results with [8] implies the convolution bound on the Dirichlet kernel of
orthogonal projection of the transformed system and uniform boundedness of the
corresponding Lebesgue functions. However, our conditions on decay and regularity

of the starting wavelet are weaker than conditions needed in [4].

2. THE FORMULATION OF THE MAIN RESULT

We use the standard wavelet terminology. By a wavelet we mean a function ¢ €
L%(R) such that the system W = {1, (-) = 29/%)(27-—k) : j,k € Z} is an orthonormal
basis in L?(R). We assume that the wavelet ¢ is associated with a scaling function

. We denote
Vo = spanps gy {¥jk 1 J <0,k € Z} = spanpz gy {p(- — k) 1 k € Z}.

We assume that ¢ and v satisfy the following decay and regularity conditions: there
exist a constant C' > 0 and positive exponents «, 7, > 0 such that

C c

(2.1) lp()] < A+ e ()] < @+ [zt

and for |h| <1

C|h|* C|h|*
(2.2) lo(x) —p(z+h)| < Wv [Y(x) — Y(z + h)| < W
Moreover
(2.3) /Rgo(x) dr=1 and /R’l/)(l‘) dx = 0.

The Dirichlet kernel of the orthogonal projection onto Vj is given by

Po(z,y) =Y pla—k)ely—k) = Y tjr(@)ry)

kez j<0,keZ

We consider also the orthogonal projection onto the space

Vo,m = spanpz(g) ({%,k <0, ke Z}U{1 k< m})

The Dirichlet kernel of this projection is given by

Pom(x,y) = Polx,y) + Y ¥1k(@) rp(y).

k<m
It follows by (2.1) - (2.3) that for K = Py or K = Py, there is
C
2.4 Ky)|< ——
(2.4 K@)l < s

5
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Clh[*

(2.5) \K(m+h,y)—K(w—h,y)ISW7

|h| < 1.

Clh|*|s|*
At ey
where Ay, (K (z,y) = K(x+h,y+s)—K(z+h,y—s)—K(xz—h,y+s)+K(z—h,y—s),

(2.6) |Aps| < Al ls| <1

(2.7) K(r.y) = K(y, ), /R K(z,y)dy = 1.

We denote ¢ = Hp and 1/; = Hv. Then 1/; is associated with the scaling function @,
and the Dirichlet kernel of the orthogonal projection onto Vo is given by
Po(x,y) =) @la—k)@ly—k) = D djnl@) biuy)-
kez j<0,k€Z
The Dirichlet kernel of the projection onto Vo,m is given by
POJn,(l', y) = PO(I7 y) + Z ’J}Lk(I) ’J)lk(y)
k<m

However, the decay of ¢ is worse that the decay of ¢ — it can be checked that
lim| 4| o0 [2@(2)| > 0. Therefore, the standard argument showing that (2.1) implies

(2.4) cannot be applied. Nevertheless, we are able to show the following statement.

Theorem 2.1. Let @, ¢ satisfy (2.1) — (2.3). Then there is a constant M > 0 such
that

/ Py ()| dx < M, / | Poom (0, dy < M.
R R

Remark. K. N. Chaudhury, M. Unser [4] considered a wavelet ¥ on R satisfying the

following conditions: 1) is differentiable, it has n vanishing moments (i.e. [ 2*(z) dz =
0 for k = 0,...,n — 1) and satisfies ||¢
llgll1.00 = llgll1 + 1|9’ lcc- Under these assumptions, there is Hi(z) < % and

Loos [[2" 1 ()10, " ll1 < 00, where

Hv has n vanishing moments. Then, an application of [8] implies

| Po(a, )l | Pom (2, 9)| < S|l —yl),

where S € L'(R). Note that the proof in [8] uses the completeness of the system
U = {¢;k,j, k € Z} in L?>(R). In the proof of Theorem 2.1, we assume less on decay
and smoothness of ¢ than is needed in [4]. Moreover, the proof does not use the
completeness of the wavelet system under consideration in L?(R). Instead of this, it

is based on regularity and decay properties of the kernels Py, P .
6
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The main idea of the proof. Let K be any kernel satisfying (2.4) — (2.6). Then

for each z,y there is

(2.8) / / |Ay, o K (z,y)|—— dudv < 0.
0 0 uv
It follows that for Py, Py there is
~ [ 11
Biew) = [ [ AwR)y; duds,
- o0 o0 1 1
Bone) = [ [ BusPon(en)yy dude
0 0 : ’ uv

Therefore, Theorem 2.1 is an immediate consequence of the following assertion.
Theorem 2.2. Let K be a kernel satisfying (2.4) — (2.7). Let
- o0 o0 1 1
K(x,y) :/ / Ay K(z,y)——dudv.
0 0 uv
Then there is a constant M = M(C, 4, «,n) such that for each © € R
/R K (2, y)|dy < M.

Proof. The proof follows the basic idea of Bochkarev, with the modifications as in
[6]. By (2.8), the function K is well defined.

Let
b i Jul <1 0, if |ul<1,
Ai(u) = Az (u) =
0, it Jul > 1, Lo uf>1.
Denote
~ 0 1
Viwy) = K)= [ (e —y+o) = Asle —y— o)) do
0
& 1
Vawy) = [ (ale—y+o) = Asle—y—0)); do
0

First we treat the term Va(z,y). Observe that Va(z,y) = A(x — y), where

A(s) = /OOO(AQ(S—i—v) —Ao(s— v))%dv.

We show that

/ |A(s)]ds < 0.
R
7
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The function A is even, so it is enough to consider s > 0. First, let 0 < s < 1. Then
/1+S dv /°° 1 1\ dv
+ — R
1—s (s+v)v st1\s+v s—v) w
1+s %]
1/1 1 d

R TC Py

1—s S\v s+ s+1 VT — S

1 s+1 . 2/°° du

—_— n— —_—
s (I1-9)(2s+1) 1 u?+2us
This means that for 0 < s <1

A(s)

1 1
0<A(s) <2+ =1 .
< As) < Jr5 nl—s

As lin%% In(+;) =1 and fol In Ldz < oo, it follows that fol A(s)ds < oc.
S—r
Next, let s > 1. Then we write A(s) = A1(s) + Aa(s) + As(s), where

/Sl 1 1 @
o st+v s—wv) v’

s+1 dv
a0 = [ et

/°° 1 1 dv
se1 \s+v s—v/) v’

By a change of variables (v = sz) we find

A1 (S)

As(s)

s—1 1-1
dv -2 s dx
1(s) /0 2 —v? s Jo 1—2a2
Similarly, by two consecutive changes of variables (first v = sy, then y = %) we get
© g —2 [>® 4 2 [l=w1 g
A3(5)=—2/ = yzzf/ s
s11 8% —V S 1+%1—y s Jo 1—2
Thus
2 [lwh da s+1/1 1 2
A A =- <2 - — = —
1(8) + 4s(s) 5/1,; 1—-2)(1+4+2) = s <s s+1) 52’

and consequently
/ (A1(s) + As(s))ds < 0.
1

It remains to estimate As(s). We have
1 thde 1
0 < As(s) < B /571 %) = ;(ln(s +1) —1Ins).
Since lim,_,o0 s(In(s + 1) — Ins) = 1, it follows that [~ As(s)ds < co. Consequently,
J° A(s)ds < oo, and finally [; A(s)ds < oo.
8
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Now, we turn to the part corresponding to Vi (z, y). Observe that Vi (z,y) = . (y),

where

/ K(x —u,y) K(m+u’y)du—A2(;c—y).

We show that ®, € ReH'(R), with ||®, ||REH1(R) < C, with C independent of x € R.
Since || P4 || gerrt(r) ~ | Pa |1+ ||®2]|1, this implies fR [Vi(z,y)|dy = fR 1@, (y)|dy < C.
To get ||Py||gerrr(r) < C, we show that

1 max(1,1In|z — y|)
(2.9) [@2(y)] < C'max ((1 Tl —y) " (14 |z —y)He )
and
(2.10) /R<I>$(y)dy = 0.

To complete the proof, we recall the notion of H'-molecule.! Let s > 1; a function
m : R — Ris called an s-molecule centered at zg € R and width d if ( [ [m(z)]*(1+
@)Salx)l/2 <d~'? and [, m(z)dz = 0. It is known that there is a constant C(s),
depending only on s, such that for every m — an s-molecule with center x¢ and width
d, there is ||m|| gerr(r) < C(s); for details see e.g. Chapter 5.5 of [9].

Note that (2.9)-(2.10) imply that for each 1 < s < 1+ 2min(n, ), there is a constant
a(s), independent of z € R, such that for each x, the function a(s)®, is an s-molecule
centered at x and with width d = 1. This implies the required bound for ||®; || ger1 (r)-
It remains to prove (2.9) and (2.10). Now we decompose ®,(y) = Bi1(y) + Ba(y),

where

Biy) = /OOO<K<x—u,y>—K<x+u,y>>A1<u>du

Bay) = [ Klo =) Aa(w)du— Aolir ).
R
First we treat the term B;. Observe that, by the assumption (2.5) on K we get

B < [ K =) - K )

IN

< / Cgu du _ CQ 1
T o Az =y u o a (T4 |z -yl
In particular, this implies that we can combine Fubini’s theorem and assumption (2.7)

on K to get

[ mwar= [ ([ (5w - K+ wnpar) 2 <o

IThe notion of a molecule was introduced by R.R Coifman and G. Weiss [5], and it was widely
used since then. Here we follow Chapter 5.5 of Y. Meyer [9].

9
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To treat the term Ba(y), note that a change of variables (z —y-+t = u) and assumption
(2.7) give

Baly) = [ Ky ta)(alo—y+0) ~ Ao —3)) dr.

Since |A2(+)| < 1, it follows by assumption (2.4) that there is a constant C = C(C1, 9)
such that |Ba(y)| <2 [ |[K(y —t,y)|dt < C; we use this estimate for |z —y| < 2.

For |z — y| > 2, we write

By(y) = Ba1(y) + Ba2(y) + Ba3(y) + B2.a(y),

with

Baaw) = | K(y— ty)(Aole —y +8) — Asla — ) ),
t:|z—y+t|<1

Baaly) = K(y—ty)(Ase =y +) = Aolw — y) ) dt,
tilz—y+t|>1,|t|>2]|z—y|

Bastw) = | K(y— ) (sl —y+ 1) — Aol — ) ),
la—y-+)> 1, < 252l

Baatw) = | K(y— ) (Aafe —y+1) — Aol — 1) )t
tilo—y+t|>1, 552 <]t <2la—y)|

If |t —y+1t <1then Ag(x —y+1t) =0.
Moreover, since |z — y| > 2 and ’|t| — |z — y|‘ < |z —y—t] <1, it follows by (2.4)

C/
that |K(y —t,y)| < (1+€|1)1+5 < 7=y Consequently, we get
K(y —t, cy
‘3271(3/)‘ S/ | (y y)|dt < 11+5-
\t|f\mfy|‘§l |z -y |z —y|

If |l —y+t| > 1, then Ag(x —y+1t) — Ax(z—y) = ﬁ~m_;yt_~_t.F0r [t| > 2|z —y| we

have [t +z — y| > %, so applying (2.4) we get
1 1t
Ky —t,y)l— —
|$—y| [t]>2|z—y| |(E—y+t|
|2 =yl Ji>21a—y) (L + DT 7 |z — gyt

|Ba2(y)] < dt

If ¢ < ‘;CQ;Z” then |z —y +t| > @ which gives

2

Bl £ poyp [ K=t
s

2 / Cult| o
|2 —yl? Jpyclosu (L+ )0 7 Jz —y|t+o
10
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Finally
Bosly)| < 1 Ky —t.y)l- 1t
’ |2 = Y| Jlo—yrt|>1, 258 < ey <oje—y| [T — Y+
< 1 Cuft| dt
T e =yl Sjem g1, sl < <ofa—y) (L [E)ITO |2 =y +
< Cq / dt <C’iln|z—y\'
I T I PP P e T o B R Tl e

Summarizing, we get

max(1,In|z —y]|)

(1+ |z —y)r+o

It remains to check [, Ba(y)dy = 0. The preceding calculations show in fact that

//IK(y—t,y)HAz(w—yH)—Az(m—y)\dtdy<oo.
RJR

|Ba2(y)| < C

Put
w) = [ Kot (Malo —y+0) — Ao =) dy.
Note that [}, [w(t)|dt < oo and
| mawin= [ [ K=t)(8ae—y+0 - s —n) s = [ wiar

We show that w is odd — this will imply |, r B2(y)dy = 0. Applying change of variables
(z =y —t) and symmetry of the kernel K we get

w) = [ K= t)(daa =y 1)~ fate—)dy
= /RK(Z,Z—i—t)(Ag(x—z)—Ag(x—z—t))dz
= —/K(z—i—t,z)(Ag(x—z—t)—Ag(x—z)>dz:—w(—t).
R
Theorem is proved. O
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1. INTRODUCTION

Universality is a generic phenomenon of chaotic behavior of approximation ([11],
[10], [3]). Roughly speaking a universal series is a series of functions so extremely
divergent that subsequences of its partial sums approximate lots of functions. A basic
example is that of universal Taylor series. In this case the approximation is done by
polynomials, the partial sums of the universal power series. For every compact set K
disjoint from the open unit disc with connected complement , and every polynomial
h, a subsequence of the partial sums of the universal Taylor series converges uniformly
on K to h with respect to the Euclidean metric in C ([15], see also [13], [5], [3]).

Uniform approximation with respect to the chordal metric x on each compact
subset of a domain goes back at least to Caratheodory. Approximation uniform with
respect to the chordal metric x on one compact set was considered more recently [4],
[9], [14], [16] — [19], [1]. If we replace the uniform convergence towards h with respect
to the Euclidean metric with that with respect to x, then the class of universal Taylor
series does not change. The reason is that when we have

sup x (Sx, (2),h(2)) = 0
zeK

13



V. NESTORIDIS
for the subsequence Sy, of partial sums, then we automatically have

sup |Sy, (2) — h(2)] = 0,
z€EK

because h(K) is a compact subset of C and the Euclidean metric is uniformly equivalent
to x when we restrict our attention to a compact subset of C. Thus, the use of the
chordal distance does not change the notion of universal Taylor series ([19]). However,
if the approximation is by rational functions and not polynomials, then the use of
the chordal metric x on C U {oco} instead of the Euclidean one on C does change
the notion of universality. This is the case of universal Padé approximants ([6] -
[8]). Firstly instead of approximating polynomials we can approximate all rational
functions. Secondly the same subsequence of Padé approximants can approximate
inside the domain of definition a meromorphic function; thus we can consider universal
meromorphic functions instead of holomorphic. Finally with the use of Padé approxi-
mants we can approximate on arbitrary compact sets K and not only on those with
connected complement.

In the present article we present two theorems, one in the meromorphic case and

one in the holomorphic case, showing that the use of the chordal metric x is natural
in the case of Padé approximants even in the holomorphic case. We show that in the
open unit disc, as well as in a half-plane the class of holomorphic functions with a
specific family of universal Padé approximants (approaching all rational functions) is
different than the class of universal Taylor series.
Extensions to the case of smooth holomorphic functions of the class A% () where
every order’s derivative is continuously extendable to €, as well as to the case of
formal power series with zero radius of convergence are possible, but are not included
in the present paper.

After this paper was written, Christos Papadimitropoulos brought to my attention
reference [14]. In [14] there are no Padé approximants, but there is approximation on
arbitrary compact sets of meromorphic or holomorphic functions by rational functions
uniformly with respect to the chordal metric. It is shown that every meromorphic
function on a domain G can be written as a series of rational functions whose partial
sums have universality properties in G°. Thus, the universal approximation is carried
out by rational functions. The difference with our results is that in our case the

rational functions are Padé approximants of one function.
14
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2. PRELIMINARIES

Let © C C be open; then the space H(£2) of holomorphic functions on Q2 endowed
with the topology of uniform convergence on compacta is a complete metrizable
space, in fact a Fréchet space. The uniform convergence above is with respect to the
Euclidean metric in C = R2. If we consider the one-point compactification C U {00}

of C, then a well known metric is the chordal metric x :

_ la — B

for «a, 8 € C,

and
1

X (e, 00) :7T|a|2

If we consider any other metric on C U {oo} giving the same topology, then it is

for a € C, and x(co,00)=0.

uniformly equivalent to x because C U {oo} is compact. Therefore we restrict our

attention to the metric x, but most of our results are valid more generally. Since
X(avﬁ) S ‘04_6| )

it follows that uniform convergence with respect to the Euclidean metric in C implies
uniform convergence with respect to x. On the other hand, on a compact subset of
C, the Euclidean metric and the metric x are uniformly equivalent. Therefore, if the
complex functions f, are uniformly bounded on a set E and converge to f uniformly

with respect to y, it follows that

sup [fn(2) = f(2)| =0 , as n— +o0 .
zeFE

Even, if

sup X (fn(2), f(2)) = 0 as n — 400,
zeFE

and f(E) is bounded in C, then sup,cz |fn(2) — f(2)| = 0, as n — oo.
Let © C C be an open set. We consider the set

Z) ={f: Q= CU{o0}},

endowed with the topology of uniform convergence with respect to x on each compact
subset of Q. Then Z() is a complete metric space. We denote by M(2) the closure
in Z(Q) of the set of rational functions. Obviously M(£2) is a complete metric space
because it is closed in Z(€2). The set of rational functions is dense in M(Q2). We have

the following description of M(2) (see also [4], [14]).
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Proposition 2.1. A function f : Q@ — CU {oco} belongs to M(Q), if and only if,
it is continuous on 0 and the following holds: For every component V of Q either

/v =00 or fyy is meromorphic in V.

Proof. One direction is well known. We only prove that if f : Q@ — CU {oo} is
continuous and in each component of 2 it is either meromorphic or constant equal to
00, then f can be approximated by a rational function uniformly with respect to x
on each compact set K C Q. We may assume that each component of (CU {oo})\K
contains one component of (CU {co0})\ ([20]; Th.13.3). The set K is contained in a

finite union of components
Vl,...,VN of Q.

If in someone of these components f is constant equal to oo, then in this component
it can be approximated by a constant function equal to a complex number. Thus we
may assume that f is meromorphic in V3 U---U Vy . On the compact set K there
is only a finite number of poles. Let p be the sum of the principal parts of f on
each one of these poles. Then f — p is holomorphic in a neighborhood of K and by
Runge’s theorem it can be approximated by a rational function ¢. The approximation
is uniform on K with respect to the Euclidean metric. It follows that the rational

function p + q approximates f uniformly on K with respect to the metric x. O

Proposition 2.2. Let K C C be a compact set and q = % a rational function, where
the polynomials A and B do not have any common zero in C. Then there is a sequence
q; = g—j, where the polynomials A; and Bj have coefficients in Q +iQ and do not
have any common zeros in C for each j, such that

fg}gx(qj(Z),q(Z)) =0, as j— +oo.
It follows that the sequence of all rational functions

A (z)

fm(z):Bm(Z) , m=1,2,...

where the polynomials A,,, B, have coefficients in Q + iQ and do not have any

common zero in C for each m, is dense in M(Q) for every open set Q C C.

The above proposition is well known; we include a proof for the sake of completeness;

see also [14].
16
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Proof. Let L C C be a compact set such that L° contains K and all zeros of B.
Then, there exists 6 > 0 such that
[A()[* + |B(2)|* >

for all z € L. We keep deg A = deg A; and deg B = deg B; for all j = 1,2,... and
the coeflicients of A; , B; are chosen from Q +¢Q and approximate the corresponding

coeflicients of A and B. Thus, there exists jo such that

4520 + By > 3
for all j > jo and z € L. We have
(40 A0y [A()B,(2) ~ 44(2)B(2)
2By VIBEE+ AGEVB R + 4,
< Y2145, - A,()B(2)

for all z € L, j > jo. It follows easily that

sulgx(qJ'(Z),q(Z)) =0, as j— +oo.

FAS
By Rouché’s theorem all the zeros of B; , j > j1 > jo are in L. Since

1)
14, () +[B;(2)* > 5 >0
for all z € L, it follows that A; and B; do not have any common zero in C, for all
J =g O
Let ¢ € C be fixed and

[ = Zan(z Q"
n=0

be a formal power series (a, = an(f,()). Often this power series is the Taylor
development of a holomorphic function f in a neighborhood of (. Let p and ¢ be
two non negative integers. The Padé approximant [f;p/q] ¢ (2) is defined to be a

rational function ¢ regular at { whose Taylor development with center (,

9(z) = bulz = O,

n=0
satisfies b, = a,, for all 0 < n < p+ ¢ and ¢(z) = A(z)/B(z), where the polynomials
A and B satisfy
degA<p, degB<q and B({)#0.
17
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It is not always true that such a rational function ¢ exists. And if it exists it is not

always unique. For ¢ = 0, we always have such a unique ¢ which is

[fip/dle (2) =) an(z = Q)" .
n=0

For g > 1 the necessary and sufficient condition for existence and uniqueness is that

the following g x ¢ Hankel determinant is non-zero ([2])

p—g+1 Qdp—g+2 - - dp

Gp—gq+2 Odp—g+3 = Op+l

) ) .o £0,
ap ap+1 T Optg-t

where a; = 0 for ¢ < 0. If this is satisfied we write f € D, 4(¢). For f € D, 4({) the

Padé approximant

A
il () = o)
is given by the following Jacobi formula
(2= Q1Sp—g(£,0)(2) (2= QT Spgr(£:O(2) - - Sp(£:0(2)
Ap—q+1 Gp—q+2 o Gp
A(f,0(2) = : S
ap Gp+1 T Gpig
(=00 - -
Op—g+1  Op—g+2 T OGpta
B(f,0(=) = | - : SR :
ap Gp+1 T Opig

with (see [2])

k v .
R

If A(f,¢)(z) and B(f,()(z) are given by the previous Jacobi formula and they do not

have a common zero in a set K we write f € E, , -(K). Equivalently
[A(£, Q)P +IB(f.O)* #0

for all z € K. For K compact this is equivalent to the existence of a § > 0 such that
[A(£, Q) ()P +[B(£.O)(2)]* > 8

for all z € K. We will also use the following ([2] Th. 1.4.4 page 30).
18
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Proposition 2.3. Let ¢(z) = 222 be a rational function, where the polynomials A

and B do not have any common zero in C. Let deg A(z) = k and deg B(z) = A. Then
for every ¢ € C such that B(() # 0 we have the following:

o€ DpaQ),
b€ Dyal() forall p>k
¢ € Dpy(C) forall ¢g> .
In all these cases ¢ coincides with its corresponding Padé approzimant, that is,

65/, (2) = 6(2) and [65p/M () = 6(2) for all p > k and [¢;k/q], (=) = 6(2) for
q> A

3. THE MEROMORPHIC CASE

In this section we prove the following statement.

Theorem 3.1. Let F C N x N be a set containing a sequence (pn,qn) € F with
Dn — +00 and ¢, — +oo. Let Q C C be an open set and ¢ € Q be fizred. Then there
exists f € M(Q), with f(¢) # oo, such that the following hold:
For every compact sets K C C\Q and L C Q and every rational function h there exists
a sequence (Pn,qn) € F, n=1,2,... such that f € Dy, 4.((), f € Ep, q..c(KUL)
and

[fipn/anl: (2) = h(z) as n — +oo,

uniformly on K with respect to the metric x, and

[fipn/tnlc (2) = f(z) as n— +o0,

uniformly on L with respect to x.

The set of such functions f € M(Q) is dense and Gs in M(2).

Proof. We fix two compact sets K and L; then the class of functions f € M(Q2), f({) #
00, satisfying the conclusion of Theorem 3.1 can be described as follows:

XQ.¢LK)= () | [GO.L{pqs)NFQ K pq.j.9)]
Js=1(p,q)€F

where

G(QvL7Cap7 q; 3) = {f € M(Q)a f(C) 7& OO,f € DP,Q(C)? f € EI),(]»C(L) with

sup x (1f5p/dle (2), £(2)) < 1} ’

19
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F(QaKvCapv(ijs) = {f € M(Q)uf(g) 7& OO;f € ®P7¢I(C)7f € EPJLC(K) with

1
sup x ([f;p/qlg (2); fj(Z)) < } )
zeK S
and f; is an enumeration of all rational functions with coefficients of the numerator

and denominator in Q 4+ Q. In order to see that
G, L,(,p,q,s) and F(Q,K,(,p,q,j,s) areopenin M(Q) ,

the essential point is that, if f belongs to each one of these sets and g € M() is close
to f in chordal distance in a small closed disc with center ¢, then, since f({) # oo, they
are close in Fuclidean metric. Cauchy estimates allow us to control any finite set of
Taylor coefficients of g with center (; they are close to the corresponding coefficients of
f.Since f € D, 4(¢) and the Hankel determinant defining D,, ,(¢) varies continuously
with respect to the Taylor coefficients, it follows that g € D, 4(¢). Let

[fip/dl: (2) =
and

0/l (5) = 50
where the polynomials A(f), B(f), A(g), B(g) are given by the Jacobi formula. Since
f € Epqc(L), it follows that

min (JA(£)() + [BUR)) > 0.

By continuity we get that

min (|A( )(2)2 + |B(g)(z)|2) >0

z€L
and g € Ep 4.¢(L). We also have

(172l (.l AUNEBO)E) — AR BU)E)

9) - VIBOGEE + AN )P IB@EE +1A@)E)

We have seen that the denominator is uniformly far away from zero, because f, g €

E, 4.¢c(L). The numerator can easily be controlled; thus,

x (If:p/dlc (2),lg:p/dlc (2))
is small provided that g is close to f in chordal distance on some disc with center ¢
and

feGQ,L,(p,q.s) .
20
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It follows that g € G(Q,L,(,p,q,s) and the set G(2, L,{,p,q,s) is open in M(Q).
A similar argument shows that F(Q, K,(,p,q,7,s) is open. The above show that
X(Q,¢, L, K) is Gy in M(Q).

To prove that X (€, , L, K) is dense in M(£2) we use Baire’s Category theorem. It
suffices to show that the set

T= |J [GQL¢pgs)NF(QK,(p.q.js)]
(p.9)EF

is dense in M(2).
Rational functions are dense in M(2) (Proposition 2.2) and every rational function ¢
can be approximated uniformly in each compact set with respect to the chordal metric
X by its translations ¢,(z) = ¢(z — a). Thus, the rational functions ¢ with ¢(¢) # oo
are dense in M(Q). Hence, it suffices to prove that T' meets every neighborhood of
every rational function ¢ with ¢({) # oco.
Let ¢ be such a function, L’ C Q a compact subset of Q and ¢ > 0. Without loss of
generality we may assume that ¢ € (L')°. We are looking for a function g € M(Q)
and a pair (p,q) € F such that the following hold:

g(C) 7& 0, g € Dp,q(C) ) 9 € EI)#LC(LUK) 9

sup x (9(2),9(2)) < e,

zeL’
1
Sup x ([g;p/q]g (Z),g(Z)) <, aud
1
SUp X ([g,p/Q]g (Z)7fj(z)) <3

The compact sets L', K are disjoint. We consider the function

| #(2), it zel

w(z) = { 1 (=), it ze K.
On L' U K there is a finite number of poles. Let u denote the sum of the principal
parts of w on these poles. Then w — p is holomorphic in a neighborhood of L' U K. Tt

can be approximated by a quotient of two polynomials
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where the zeros of B are outside L' U K and ﬁ, B do not have any common zeros.
The approximation is uniform on L’ U K with respect to the Euclidean metric. Then
A(z) A(z)
—— + pu(z) =
B(z) B(z)

approximates w uniformly on L' U K with respect to x. We can also have that the

polynomials A and B do not have any common zeros.
Our assumption on F' allows us to find (p, q) € F such that p > max (deg A, deg B)

and q > deg B. We set 7 = p — deg B. We consider the function
A A ™B
(), gor  AG)+d7BG)
B(z) B(z)
For every value of d € C the polynomials B(z) and A(z) + dz" B(z) do not have any

common zero in C, because A(z) and B(z) do not. If the parameter d is close to zero,

28 +dz" and w(z) are close on L’ U K with respect to x. In particular

then
they are close on L’ with respect to .

Since, for d # 0, deg B < ¢ and deg A(z) + dz" B(z) = p, it follows ([2]) that

A(z)

B(z)

{28 + dZT;p/Q} . (2) =

+dz" € Dpq(¢) and

A(z)
B(z)

Thus,

AQ) T AR
22‘2*([3@)” ol ) g+ ) i

and
A(z) } (A(Z) )
su — +dz"; z), fi(z) | = su — +dz",w(z
s x ([B(Z) pla) (1.5 ) = supx () + 7w
is small. Since the polynomials A(z) + dz" B(z) and B(z) do not have any common
zeros, we have
. T 2 2 .
_min (|A(z)—|—dz B(2)|* + |B(2)| ) >0;

One can also easily see that these polynomials are the polynomials given by the Jacobi

formula for

A(z)
+dzT;p/tJ] (2) -
[B(Z) ¢
The function gz; + dz7 is a rational function and belongs to M(£2). We set
_ Al s
g(z) = B(2) +dz

22
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and the proof of the fact that X (Q,(, L, K) is dense and G is complete.
Let (Ly). n € N. be an exhausting family of compact sets of Q and

K,=C\QY)n{zeC:|z2|<m}, meN.

Then, by Baire’s theorem, we get that

N X©.C Lo Ko

m,n=1

is G5 and dense in M(Q2). This proves Theorem 3.1 .

Remark 3.2. Using Baire’s theorem we see that in Theorem 3.1 it is equivalent to
say the following: For every compact set K C C\Q and every rational function h

there exists a sequence (pn,qn) € F, n=1,2,... with the following properties

f € Dl)nq‘hl (C) ) f € E, mqu(K) )

[fipn/anlc (2) = M(z), as n— 400,

uniformly on K with respect to x, and for every compact set L C ) there exists

n(L) € N such that
fe Epmqn,C(L)
for all n > n(L) and

[fipn/tnlc (2) = f(z), as n— 400,

uniformly on L with respect to x. Further, since every rational function is defined on
C U {0}, the sequence (pn,qn), n =1,2,... may be independent of the compact set
K and can depend only on the rational function h. However, if we fix the compact
set K we may also approximate any uniform limit of rational functions on K; such a
limit may be non extendable and the indices (p,, ¢,) € F realizing the approximation

are not good for all other compact sets.

Remark 3.3. A corollary of Theorem 3.1 is that in any domain 2 C C, generically all
meromorphic functions f can be approximated uniformly on compacta with respect
to the metric x by their Padé approximants [f;p/ql. (2) , (p.¢) € F, provided that
F contains a sequence (pp,qn) € F, n=1,2,...such that p,, = +oco0 and ¢, — +oo.
In particular this holds when F is any infinite subset of {(n,n) : n € N}.
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Remark 3.4. It can be easily seen that any function f given by Theorem 3.1 is
not a rational function. Further let p be a o-finite Borel measure on C\2. Since the
sequences [f; pn/qn] ¢y n= 1,2, ... uniformly approximate any continuous function
h: K — C on any compact set K C C\Q with K° = () and K¢ connected, combining
with the result of [12] we obtain the following:

For every p-measurable function h : C\Q) — C there exists a sequence (pn,qn) €
F,n=1,2,... with f € D, , (¢) and

[fipn/an]e (2) = h(z) as n— +oo,

u- almost everywhere.

4. THE HOLOMORPHIC CASE

In this section we start with the following assertion.

Theorem 4.1. Let F be a subset of N x N containing a sequence (pn,qn) € F, n =
1,2,... with p,, — +oo and ¢, — +oco. Let Q C C be an open set and L and L'
two compact subsets of Q. Let K C C\Q be another compact set. Then there exists a
holomorphic function f € H(Q) such that for every rational function h there exists a

sequence (Pn,qn) € Fy, n=1,2,... such that the following hold:

€Dy, q.(Q) and fEE, 4 (L'UK) forevery neN and (€L,

sup X ([f;pn/qn]c (2), h(z)) —0, as n— 400
(eL,zeK

and

sup [f;pn/Qn]C (2) —f(z)' —0, as n— +oo.

CeL,zeL!
The set of such functions f € H(Q) is dense and Gs in H(Q)).

Proof. Let f;, j = 1,2,... be an enumeration of all rational functions where the
coefficients of the numerator and the denominator are in Q 4+iQ. The set of functions

f € H(Q) satisfying Theorem 4.1 can be described as follows:
o0
YU, LK)= () | QL Lpqgs)NF(QKLp.qjs)
J,s=1(p,q)€F
where

G L', L,p,q,s)={f€H): f€D,4(C) and feE, (L") foral (€L,
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and sup
CEL, 2L

[fip/dl¢ (2) = f(2)

and

F(Q,K,L,p,q,j,s)={feH(Q): feDpy) and f € E,,(K) forall (€L,

and  sup X([f§p/Q]g(Z)7fj(2)) < 1} :

CEL, zeK S
We show that the sets G(Q, L', L,p,q,s) and F(Q, K, L,p,q,j,s) are open in H(Q);
this will imply that Y(Q, L, L, K) is G5 in H(Q).
Let f € G(Q,L',L,p,q,s). Let LCQbea compact set such that LU L' C (E)o;
thus, there exists » > 0 such that for every ¢ € L we have

{zeC:|lz=(¢| <r}c (L)
We consider a > 0 small and a function g € H() satisfying

sup[f(2) —g(2)| <.

z€L
We will see that if « is small enough, then g € G(Q, L', L, p, q, s).

By Cauchy estimates we can uniformly control any finite set of Taylor coefficients
of g with center ¢ € L, to be close to the corresponding coefficients of f.

The Hankel determinants determining D,, ,(¢) for f depend continuously on ¢ € L;
thus, their absolute values are greater than § > 0. If we choose o > 0 small enough,
then the absolute values of the Hankel determinants determining D, 4(¢) for g will be
greater than & for all ¢ € L. Therefore g € D,, 4(¢) for all ¢ € L. We now consider
the Padé approximants of f and g

(4.1 o/l () = 59
(4.2) lg:p/dl, ( Agg’ g((zi

The polynomials A(f,{)(z) and B(f,()(z) are given by the Jacobi formula and
therefore their coefficients vary continuously with ¢ € L. Since f € E, 4¢(L') for
all ¢ € L, there exists 6’ > 0 such that

(4.3) JA(f. Q)2+ IB(f,Q)(2)° > &

forall ( € L and z € L'. If & > 0 is small enough, then

(9, (=) + B(g. Q) (2)* > %
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for all ( € L and z € L. Thus,

gEEyq¢(L') forall (eL.

We set

1
(4.4) vy=—-— sup |[fip/d(z) - f(2)
S (¢eL,zeL’
We notice that v > 0. If a > 0 is sufficiently small, we have that

(4.5) sup |f(2) —g9(z)| <

o2

Since [f;p/d]. (2) takes complex values for ¢ € L,z € L', it is uniformly bounded by
a constant, say M < +oo. It follows by (4.1) and (4.3) that

<M1
B(£.0)()P |

forall ( € L, z € L'. Hence B(f,()(z) is uniformly away from 0. Thus, there exists
5" > 0 so that

(4.6) 3" < |B(f,¢)(2)| forall (€L, zeL’.
By continuity, if o > 0 is small, we have

6//
(4.7) 5 < |B(g,¢)(2)] forall CeL, ze L.

Equations (4.1), (4.2), (4.6) and (4.7) give us that

(48) swp |lgsp/ale (=)~ [fip/dl ()] <
¢eL,zeL’

N2

provided that a > 0 is sufficiently small.

By (4.4), (4.5) and (4.8), together with triangular inequality, it follows that

1

sup |[g:p/al (2) = 9(2)| < 5 -

CEL,zeL!
This shows that the set G(Q2, L', L, p, q, s) is open in H(Q).
Next we prove that the set F(Q, K, L,p,q,J,s) is open in H(2). Let

f G F(Q7K’L7pﬂq7j?s>

and L C Q be a compact set such that L C (Z)" We consider o > 0 small and a
function g € H(Q) satisfying
sup £(2) — g(2)| < a
z€L
We will see that if « is small enough, then g € F(Q, K, L, p, q, j, 5).
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By Cauchy estimates we can uniformly control any finite set of Taylor coefficients
of g with center ¢ € L, to be close to the corresponding coefficients of f. The proofs
that

g€Dy () and g€ E, (K)

for all ¢ € L are similar to the previous ones and are omitted. It remains to control

sup x (losp/dle (2). [fsp/al; () -

CEL,zeK

Keeping the same notation as in equations (4.1) and (4.2), we get

X <[9;p/q]< (2), [f3p/d); (z)) =

[Ag, Q) (2)B(f, 0)(z) — A(f,0)(2)B(g, ) (2)]
VIB. OGP +A(g, Q)P IBUL OGP + A O]
Furthermore, by the same argument as in the case of G(Q, L', L, p, q, s), we have that

A Q)+ IBUL OG> 6

(4.9)

and
A0, Q) + B, O > 5
for all ( € L and z € K. Hence the quantity in (4.9) is less than

g [A(g, O)(2) B(f,€)(2) = A/, () (2) B(g, ) ()]

and the result easily follows. Thus, the set F(Q2, K, L, p, q, j, ) is open.
It remains to prove that the set
U G L, L,p,q,s)NF(QK,L,p,q,j3)]
(p@)eF
is dense in H(Q).
Let L” C Q be a compact set, ¢ € H(Q2) and € > 0. We are looking for a g € H(Q)
and (p, q) € F such that

9g€D,q(¢) and g€ E, (L' UK) forall (€L,

sup [g(z) — ¢(2)| <€,
z€L"

sup

< 1
CEL,zeL! S

lgip/ale (2) — 9(2)

and
1
su ; ,i2) ) < =
C6L721>€K>(([§/ p/dle s i )) .
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Without loss of generality we assume that L U L' C (L”)° and every component of
(CU{oo})\L" contains a component of (CU {oco})\Q.

We consider the function

| fi(), if zeK
w(z) = { b(2), if zelL”

The set of poles of f; on K is finite; let 1+ denote the sum of the principal parts of f;
on these poles. Then the function w — u is holomorphic on a neighborhood of L"” U K
and can be approximated by a rational function A(z)/B(z) uniformly on L"” UK with
respect to the Euclidean distance. Polynomials A(z) and B(z) have no common zero
in C and B(z) does not vanish on L” U K. The function

Az) _A(2)

B(z) B()

approximates the function f; uniformly on K with respect to the metric x and the

pu(z) +

function ¢ uniformly on L” with respect to the Euclidean metric. We notice that A(z)
and B(z) are polynomials without common zero in C and B(z) # 0 on L”.

Our assumption on F' allows us to find (p, q) € F such that
p > max (deg A,deg B) and ¢ > degB .

We set 7 = p — deg B and we consider the function

A(z) ; _ A(z) +d2"B(z)
B T ST B

For every value of d € C, polynomials B(z) and A(z) + dz"B(z) do not have any

common zero in C because A(z) and B(z) do not. If the parameter d is close to zero,

then
A(z)
B(z)

are uniformly close on K with respect to x and on L” with respect to the Euclidean

+dz" and w(z)

metric. Since deg B < ¢, and for d # 0
deg (A(z) +dz"B(z)) =p,

it follows ([2]) that

AR .
B(2) +dz" € Dp7q(C) ,
and
AQ) o1 AR
{B@) o ’p/qL( =B T
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for all ¢ € C such that B(¢) # 0; in particular this holds for all ¢ € L. Thus

AR LT
cei?iKX<{B(f’v')+dz ap/CIL( )s fi( ))

is small. Moreover

AR LT A
5+ ’p/qL” B 7705

sup
¢eL,zeL’

We also have that
A(2)
B(2)

sup
zeL"

+d27 — ¢(2)

is small.

Since the polynomials A(z) + dz” and B(z) have no common zero, we have that

. T 2 2 5
min (|A() +d=7 B +1B()P) >0

one can also easily see that these polynomials are the ones given by the Jacobi formula

for

Alz) o - }

RSNy g

5 el
for any ¢ € C with B(¢) # 0.

If B(z) # 0 for all z € €2, then we can set
A
g(z) = BEZ +dz" € HQ)

and we are done; however, in general the polynomial B(z) may have zeros in Q\L".
Since every component of (CU {oco})\L” contains a component of (CU {co})\Q,
every zero of B(z) in Q\L” lies in the same component of (CU {oo})\L"” with a
point in (C U {oo}) \Q2. Therefore we may approximate
A(z)
B(z)

by a function g € H(Q). The approximation is uniform on L” with respect to the

+dz"

Euclidean distance. Since L C (L")?, there exists r > 0 so that
{zeC:|z—¢| <r}c (L")’ forall (L.

Now Cauchy estimates allow us to show that a finite number of Taylor coefficients of

g with center ¢ € L are uniformly close to the corresponding coefficients of
A(z)

B(z)
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It is now easy to see that g satisfies all requirements; the only difference of g from
A(z)
B(z)
is that it is not true that [g;p/q], (2) = g(2), but

+dz"

sup |lgsp/alc (2) = 9(2)| <

¢eL,zeL’'
| AG) AG)
o N/l () - |5+ de ,p/qL@) +sup | 24 a7~ g(a)]

where the last two terms are small because p, ¢ are already fixed and thus we know
which set of Taylor coefficients we should control. Baire’s theorem completes the
proof. O

If we set K =0 and L'’ = L = L, to vary in an exhausting sequence of compact
subsets of ) and we apply Baire’s theorem once more, then we obtain a result of
[8] assuring that generically every holomorphic function f on an open set 2 can be

approximated by its Padé approximants

[fipn/tnle (2) , (Pn,an) € F

provided that F' C N x N contains a sequence (pn,qn) € F, n = 1,2,... such that
Dn — +o00 and ¢, — +oo.

If we set L = {(} to be a singleton,
K=K,=C\Q)n{zeC:|z| <m} ,

and L' = L] to vary in an exhausting sequence of compact sets of 2, then applying

Baire’s theorem we obtain the following statement.

Theorem 4.2. Let F be a subset of N x N containing a sequence (pn,qn) € F, n =
1,2,... with p, — +o0o and ¢, — +oo. Let Q C C be an open set and € Q be
fized. Then there exists a holomorphic function f € H(Q) such that for every rational
function h and compact set K C C\Q, there exists a sequence (pn,qn) € F, n =
1,2,... such that the following hold:

fe€Dy, q.(C) forall neN,
sup x ([f;pn/QVL]C (2)7 h(2)> —0 as n— 400,
zeEK
and for every compact set L' C Q there exists n(L") € N such that

fE€E, ¢.c(KULY forall n>n(L")
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and

Sglr,)' [f;pn/Qn]C (Z) - f(Z) —0 as n— 400 .

The set of such functions f € H(Q) is dense and G5 in H(Q).

If we set L = L' = L,, to be an exhausting sequence of compact subsets of Q and
K:K7YL:(C\Q)O{Z€C|Z| Sm} ,

and we apply Baire’s theorem once more we obtain the following.

Theorem 4.3. Let F be a subset of N x N containing a sequence (pn,qn) € F, n =
1,2,... with p,, — +oo and ¢, — +oo. Let Q C C be an open set. Then there exists a
holomorphic function f € H(Q) satisfying the following. For every compact set K C
C\Q and every rational function h there exists a sequence (pn,qn) € F, n=1,2,...
such that the following hold: For every compact set L C Q) there exists n(L) € N such
that

f €Dy, 4. () forall neN and (€L,

fe€E, ¢q.c(KUL) forall n>n(L) and (€L

and

sup  x ([f§Pn/Qn]< (Z)JL(Z)) —0 as n— +oo,
CeL,zeK

and

sup ‘[f;pn/qn]C (z)—f(z)’ —0 as n— +oo .
CeL,zeL

The set of such functions f € H(QY) is dense and Gs in H(Q).

Remark 4.4. Similarly to Theorem 3.1 we see that any function f given by Theorem
4.3 cannot be rational and its Padé approximants approximate almost, everywhere any

measurable complex function with respect to any o-finite Borel measure g on C\Q.

5. COMPARISON OF TWO NOTIONS OF UNIVERSALITY

In this section we show that the notion of universality presented in this paper is
a new one. More precisely we compare it with the notion of universality in [6] where
we have approximation by Padé approximants of functions taking only finite complex
values. It is easy to see that the notion of universality given by Theorem 4.1 implies
that of [6]. Our aim is to construct a universal function f in the sense of [6] which

does not satisfy the requirements of Theorem 4.1.
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It suffices that for a compact set K disjoint from 2, containing a disc
Db,r)y={z€C:|lz=b|<r}, r>0,

the Padé approximants [f;p/q]c , (p,q) € F, do not have any pole in D(b,r). Then

they cannot approximate the rational function

on K.

z—b

Let 2 C C be a simply connected domain containing ¢ = 0 and K C C a compact
set disjoint from 2, having connected complement. We assume that D(b,r) C K. Let
fi» 7 = 1,2,... be an enumeration of all polynomials with coeflicients in Q + Q.
Let L;, j =1,2,... be an exhausting family of compact sets of Q. Without loss of
generality we may assume that L§ is connected.

Suppose that we have constructed an initial part P of a power series with center
0. We continue inductively. Let A\; > 2deg P. Using Runge’s theorem we find a
polynomial @; such that

A
sup 2V Q;(2)| < =
ZeLj\ il < 5

and

sup |P +z’\fQj(z) — fj(z)| < =
zeK

We continue in this way taking
)‘j+1 > 2deg (P(Z) + Z)\J Q](Z)) .
We set -
= Z 2MQ;(2)
§=0
where Ao = 0 and Q¢ = 0. Then f € H(2) and its Taylor series with center ¢ = 0 is

a universal Taylor series on K. If
N
n=mn(N)=deg Z 2 Q;(z ,
7=0
then f € Dy, ,(0) and

[f5m/nl, ( Zz 1Q4(

is a polynomial; We set F' = {(n(N),n(N)) : N =0,1,2,...}. Then [f;p/q], (2), being

a polynomial for every (p,q) € F, cannot uniformly approximate the function

on K

z—0b
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with respect to the chordal metric x. Therefore f is not universal in the sense of
Theorem 4.1 while it is in the sense of [6].
We can extend the previous construction replacing the compact set K by a sequence

of compact sets
Kp,m=1,2,... (K, NQ =0, K, connected)

absorbing all compact sets K C C, K NQ =, K¢ connected (|3], [15]). Thus, f is
a universal Taylor series in €2, it is a universal function in the sense of [6] but not in
the sense of Theorem 4.1, provided that Q¢ has non-empty interior.

Similar results, but with more complicated justifications can be obtained in the
case where

Q=D={z€C:|z|<1}, (=0,
K={zeC:a<|z|<p}, 1<a<f<+o0,

or for a sequence K,, C C of compact sets disjoint with D of arbitrary connectivity,
provided that there exists a disc D(b,r) contained in some K,,, and such that for

each m every component of (C U {oo}) \ K, contains a point not belonging to D(b, 7).
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Annotauns. [1pUMeHEHNEM MapTUHTaAbHbIX CBOMCTB NOCNEA0BATENbHOCTEI Ky-
GMYeCKUX YaCTUUYHbIX CYMM PAJ0B MO KpaTHOM cucTeme Xaapa, yCTaHaBAWBaOT-
CA MPWU3HAKU WHTErpupyemocTu KpaTHbIX TPUFOHOMETPUYECKUX PAAOB. YacTb
3TUX TeopeM SABNAETCA YCWUNEHWEM W PacrnpoCTpaHeHMEM Ha KpaTHble TpUro-
HOMeTpUYecKne pafbl KNacCU4ecKnx Teopem 06 MHTerpupyemMocTyt ofHOMEPHbIX
TPUTOHOMETPUYECKUX PAAOB, A0Ka3aTeNbCTBA KOTOPLIX GblAN MOAYYeHbl npume-
HeHVeM NpuHUMnNa Bbibopa Xennu.

MSC2010 number: 42A16.
KntoueBble cnosa: TpUroHOMeTPUYECKNIA psif; cucTeMa Xaapa; MapTUHran.

1. Beegenue

Bcrogy HWxe Rm - m-mepHoe npocTpaHcTBo, = ( ,...,nm) 6 Rm, BekTopbI
C LeNoYMCNeHHbIMU KoopauHatamu, X = (Xi,...,.xm)\ = (ti,...,tm) anemeHTbl 13
-Rml jU = v = (ili,...,i/m) BekTOpbI C = = 12,...; -
X = nj 'xj’ INI = (E7=17)1/2, |-El—mepa JSlebera n3amMeprmMoro MHOXecTBa
E ¢ Rm- = [(pj —1)/2k,Pj/2k), Pj- uenble uncna. bygem obosHauaTb

Ok=N Nb. P=(Pl.-.Pm)
I=1
LE(i) cour ky6a A* HaBekTop = ( ,...,tm). Ecnn [i = M>=i A»>rfle A# = [aj>aj)
n F(x) onpegeneHa Ha BeplunHax [, 0603HaumMm yepe3 AF CMelLaHHY pasHOCTb
PyHKumm F(x) oTHocuTenbHo [, T.e. AF = Am(Am-i.-[AiF (x)), rae
(1.1) Ajg(x) = g(xu ...,a},....xm) - a(xt,...,a$,...,.xT).

N3BecTHO, YTO

(1.2) AF = Y, (-1)I+- +<TA (.4 3,- .7 ) -


mailto:sart@ysu.am

Ecnn F(x + t) onpegeneHa gna BCeX X, ABAAOWMXCA BeplwimHamu [, 0603Ha4nM
yepes AF(x + 1) = A(t)F cmelaHHy0 pasHOCTb PyHKUMM F{x + 1) N0 nepemeHHOW

X oTHOCUTeNbHO .

2. BcnomoraTtenbHble yTBepxX ageHus

HanomHum onpeaeneHne CUCTeMbl Xaapa
X0 1, £ x(0={ 1 e e

npuj = 2fc1+a, 1< a < 2fc 1 rnosaraem

y/2k~1\ ecnm 6 L1é1)
Xj0=- -~2fcl; emm E£€(Ni, )
0, ecnm £ g [f5r> 5iliT]

B ocTasibHbIX To4uKax paspbiBa nonaraetcs Xj(() paBHoW cpegHeMY apUMeTUYECKO-
MY OJHOCTOPOHHMX MpPeaenoB 3Tol PYHKUNN.
KpaTtHasa cuctema Xaapa X/i(x), x = (Xi,...,xT), 4 = (4i,...,iiT), w = 1,2,...

onpefensieTcs paBeHCTBOM XJ1X) = Xmfci) mXW(® ) moese o 00-

OnpepenerHve 2.1. ®yHKumMA F(X) onpefeneHHas BO BCEX TOYKax (pi/2fcl, P2/2fcj,
w» PT/2*m)» kj = 1,2,...,pj - Uenble Ha3blBaeTCHA JIOKaNbHO abCOMOTHO Henpe-
pbIBHOW No BuTanu Ha ABOMYHONM ceTwW, ecnm na b0l orpaHWYeHHOW o6nacTu
Q C Rm, n mob6oro e > 0 cywecTByeT 6 > 0 Takoe, 4To ecim I* C Q, 1 <
j < N, KOHeYHoe 4uCno MOMapHO HerepeceKalLMXCA CErMeHTOB C BepLiMHaMu 13

{(pi/fr™.p3/r** . .PT/2fam} «EI LIl < To E |A«™ < e-

3ameTuM, UTO B CUNY afANTUBHOCTY (hyHKUMKM cermeHTa AF, dyHKkumsa F(x) bygeT
NOKasibHO abCcosIOTHO HenpepbIBHOM No BuTanwu, ecnn TpeboBaTb, YTO B OMNpeseneHnm
2.1Bce AinmeroT Bua A4 = O£(,), k= 1,2,..., p[i) = (pi(i).... Pm(«)),Pm(i) uenbie
uncna.

OnpegeneHune 2.2. ®yHKuusa F(x) onpegeneHHas noyTwu BClogy Ha Rm HasbiBaeT-
CS1 NIOKa/IbHO MOYTK BClOAY abCOMOTHO HenpepbiBHOW Mo BuTanu, ecnn gns noboi
KOHe4yHol o6nacTn Q C Rm cywecTBYyeT MHOXKecTBO G C Q, |G| = |Q| Takoe,
4yTO Ans noboro e > 0 cywecTByeT S> 0, yA0BNETBOPSIOLLEE YC/IOBUIO:

ecm O{, 1 < r < M, KOHEYHOe YMUC/IO MOMapHO HernepeceKatoLnxXcsa CerMmeHTOB,
BEPLUMHbI KOTOPLIX NpUHaAne>kaT MHoXKecTBY G U £ |[i| < S To £ |[J«N < fm
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Teopema 2.1. MycTb F(z) noyTu Be3ge KoOHeyHas uaMepumas (yHKLMSA, onpefe-
NeHHas noyTw Bclody Ha Huy n ans ka>kgovi Toukn £ E, rge E n3mepmmMoe MHo>Ke-
CTBO MOMOXKNTENbHON Mepbl, (hyHKUMA F[x + 1), Kak yHKLMSA 0T X, NOKanbHO ab-
COMTHO HenpepbiBHa No BuTanu Ha ggonyHoi ceTu {(pi/2ki,p2/2k7..... PT/9*6")}-
Torga F(x) nokanbHO NoyTu BCogy abconMoTHO HenpepbiBHA MO0 BuTanw.

[oka3aTensCcTBO. YC/0BUE TEOPEMbI IKBUBASIEHTHO TOMY, YTO F(X) noKanbHO abco-
NIOTHO HenpepblBHa Mo Butanu Ha cetu {i+ (p i/2fcl,p2/ 2fa —pT / 2*™)} pna Kaxgo-
ro € E. MNMyctb G MHOXECTBO TOYEK anMnpOKCUMAaTUBHOW HeMpepbIBHOCTU DYHKLUUN
F(x). N3BecTHO, uTo (cM. [1],cTp. 199) |iZM\G | = 0. N3 namepumocTu hyHKUUKN F(X)
W U3 YCNOBUS TEOPEMbI CriefyeT, YTo ANs 6ol orpaHuyeHHon o6nactn Q ¢ Rm cy-
LecTBYeT MHOXecTBO E* ¢ E, Takoe, uto \E'\ > 0 1 gHa kaxgoro e E' dyHKuuA
F(x + 1) abcontoTHO HernpepbiBHa Mo BuTanu Ha Q OTHOCMTENBHO ABONYHOM CETW.

Myctb £ > 0. Jna HaTypa/ibHOro p 0603Ha4MM 4vepe3 Ep MHOXECTBO Tex ToueK

6 E' ANA KOTOPbIX BbINOMHEHO YC/0BME:
Ecnn Ai,..., [l,, KOHEYHOe 4ncno cermeHToBs [; AO7r j, BEpLUMHbI KOTOPbIX

MMET ABOUYHO palyoHasbHble KOOPAMHATLI, [ic Q u

|Ail < 1/p. 10 52 I0-PO®+ *)I < \-
Tak kak \E"\ > 0 n E' = uflrEp, Ep ¢ Ep+i,Vp, TO 4NA HEKOTOPOro po MMeem
\EVa > 0. O6o3HaumB Epa = Eq u 1/po = 66yaeM UMETb:
[na Kaxaoro KoOHeYHoro cemeiictea cermeHtoB A*, Ai  Ai<= 0r i',Ai CQ,
BEPLUMHbI KOTOPbIX MMEIT ABOMYHO paLvoHabHble KOOPAUHATbI, ecin

(2.1) £>|<* 710 MN|AN(X +T1) <1 pnascexte Eo, |Ew| > o.

Be3 orpaHn4eHmst 06LLHOCTM MOXHO CUMTaTh, UTO HaYano KoopauHaT SBASETCS TOY-
Koli mnoTHocTh ans Eo- MycTe /i,/ ,...,INn nonapHo HenepeceKaroLMecs CErMeHTbI,

BEPLUMHbI KOTOPbIX MPUHaAnexaT MHOXecTBy G Q
n

2.2)

»=]
O603HauMM yepes V<, 1 < v < 2T, BepLUNHbI cerMeHTa 7,-r = 1,2, PaccmoTpum

Ky6 An= [0,1)T 1 3aMeTuM, 4TO

PaccmoTpum Ky6bl Bi,, ¢ LeHTpamu N INHAMW CTOPOH paBHbIMU 2tj. O603HaYNM
6i,, = Bit, . Ecnu T] goctatoyHo mano, To Ana Kaxgoro r, 6&,1 < v < 2m, no-
napHO He nepecekatoTcsA. Tak Kak ToOUKU Viv ABASAIOTCA TOYKaMU annpoKCUMaTUBHOM



HenpepbIBHOCTM (PYHKLUM F(x), TO A1 HEKOTOPbIX MHOXECTB QiU A1 KOTOPbIX Viv

ABNAKOTCA TOYKaMU MJIOTHOCTU, NMEEM

10=— | = i = i
(2.4) 7|/7|£)IJ;O.A) i=1, & iul,"Q-*VivF(X) F(Viv).

MosTtomy gnsa n6oro £ > 0, ecnun 77 LOCTATOMHO Masl0, BbIMOJHAETCS
\F{Viv) - F(@s)! <e Vr€ Qiv &v.
PaccmoTpum cermenTbl [I» C € BepwmMHamu v, KOOpPANHATbLI KOTOPbIX ABONYHO
paunoHasibHble Yucna. O6o3Ha4UM
(2.5) Oi,, = 0,,+Wiv,l<V<2T,i=12,.., .

YuutbiBasa (1.8) - (1.10), nerko BugeTb, UTo AnA nwboro e > 0 cywiecTByeTr) > 0 un
MHoxecTBa E{,, C [1;,, TaKu1e, YTO BbINOMHAKOTCA YCNOBUSA

(2'6) |ﬂ|l-'”_|ﬂ|,|>|,ﬂ| Hl_l = ’
2.7 Ai,, Cli,l<n< 2
()

(2.9) IF(V,)- N )| <~

3ameTum, UYTO no onpegeneHunto Aiv, nmeem ana scex € A, Eo,

t+ wi,, c AiU i=1,2, 1<v<2m.
O6osHaumm <, = {i:te [, Eo, + vuu€ £<,}. OueBUAHO, MMEEM
(2-10) = |(Bd A, + 14V £],|.

Takxxe meem

(Ao aufplni,, n(EoMAOuNA V) <MN(Eb N A W\NE| =
iu

= ~171) = Y1(13»  An+ W\ —\(Eo [Au+ Wi,) Ein\) =

iv iv
(2.M) =~ IEb 4, + Wb)\(Eo A, + wiu) MEM.
Ho N

EqHAvV+ Wu= (Eq Av+wiu) EIVU((EOMNA, + wiv) (A4, \ Eiv).
CnepoBaTesibHO

(212) (Euyn g, + wiu)\ (EOMN A, + wiu) Eiv= (EOM A4, + wiu) (44,\ Eiu).
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Moatomy cornacHo (2.7)
(Ao 4 4 WiVM\(Eo Au+ W) E{u\ < |4ii \ Ein| =

1 T 1
= |O<,| - \Ew\ = VT - \EiM\<v T-V T-a - =
M3 (2.5) n (2.11) cnegyet

=vT .
I'I2T+l) nam+i ~ 2 n2T

1 T

2.13 L)\ A
2.13) (RonA.) <f£ 5 mm< 2

NTak, nonyyaem
(Bo Av)\ 4. =\Eo [Au| .
CnefoBaTtefibHO, COrsiacHo (2.6) nmeem
>|ﬂon,q,,|-v2> V2 -V, =o,

OTKyfla CnefyeT cyllecTBoBaHue Takoro € 0 [, 4TO + WV 6 Eiv, gna JI0OObIX
iv. Moatomy cermeHTbl + Ai = [Of c BepwuHamn + Wiv, cornacHo (2.6) - (2.9)

6ynyT 06nagaTb CBOWCTBOM
(2.14) +AiClIn \F(Viv)-F (t +wiu)! < .

Takkak - C , 1<t<n, o 4{ A-=0,i | ucornacHo (2.2)

X>N<E>] <6,

1=1 1=1
Moatomy cornacHo (1.7) nveem
(2.15) £10 " (* + «)|<§.
OTcioga n uus (2-14) cnepyet, 4To

NTiF(a: + )] < e.

1=1

Teopema 2.1 gokasaHa.

Teopema 2.2. MycTb F(X) nNouTwn Besge KOHeyHas naMepumas QyHKUMA Ha Rm,
KOTOpas NoKanbHO NoYTKW BClOy abCoMoTHO HenpepbiBHa no BuTanu. Torga ansa
noboro A > 0 cywecTBYT To4ykao = (0 i, am), ky6 Ta—IM"=ilaj>aj + A]i ae
GnTa, |GnTa|= |Tal, n dpyHKuuna cermeHTa F([) onpegeneHHas ansa scex [ C Ta
Takue, 4To

1) F(A) = AF, ecnv BepwnHbl A npuHaane>xaT MHOXKecTBY GnTa

2) F{) abconoTHO HenpepbiBHAa N afaNT MBHA.
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[loka3aTenbcTBO. NS ICHOCTU U3MIOXKEHUSI TEOPEMY [OKaXeM npu T = 2. MycTb
F(x,y) YAOBNeTBOPSIET YC/OBMSIM TeopeMbl. JIerko BUAeTb, UTO st noGoro A > O

CYLLECTBYHOT TO4Ka 0 = ( , ) W MHOXecTBa Ei,E2i E\ C {(x, ), oi < x <
ai + A}, E2 C {(ox,y), <y < + A} Takme, uto ( , ) € G Ta, Ta =
[oi,oi+ Alx[ , +A,]| |=] |=A nemx €EItTo |{( ,/)y, <Y<

02+AInG| = Ajecimy e £ ,T0 {(®,y),cu<x< 0i+A}nG| = A. Be3 orpaHnyeHuns
06LLHOCTN MOXHO CUMTaTh, YTO TOMKA 0 = (0i, ) ABNSETCA HAYa/IOM KOOPAMHAT, T.e.
oi =0, = 0. O6o3HauMM T = [0< x < A] X[0 <y < A]. meem \T G| = A2,
Ei C {(x,0), 0 < X< A}, E2C {(0,y), 0 <y < A}, [EA = \E2\ = A, anAa Bcex
X6 En {(®,y),0<y <AInG| = A, gnascexy e E2, {(®,y),0 < x < A}InG| = A.
Ona x € Ei ny 6 E2 0603Ha4mm yepe3 Ex n Ey (COOTBETCTBEHHO) OPTOrOHa/IbHble
npoekunn MHoXecTB {(sr,y), 0 <y < A}C\G, {(x,y),0< x < A}nG cO0TBETCTBEHHO
Ha {(0,y),0 <y < A} nHa {(1,0),0 < x < A}. OyeBungHo

(2.16) \EX\= A VX€ Ei, \EX\= A Vye E2.

B foKa3aTe/ibCTBe TeOpeMbl MUCMONbL3YIOTCA C/EAYIOLLMe OnpesesieHne N fneMma.

OnpepeneHune 2.3. lMapa npamoyronbHukos "¢ N n A" C I Ha3biBaeTCA npa-
BW/IbHOW Napoi, ecin NX BepLUMHbI NPUHAANe>KaT MHOXKECTBY G 1 ecnn cofep>ka-
LMe 3T W BepLUNHbI TOPU3OH T asIbHbIE U BepTUKa/bHble 0TPE3KN 4/INHbI A Mnepeceka-
0T CA B TOYKax, NpuHagie>kawmx mHo>kecTsy G IMT.

MocnepgoBaTenbHOCTL NpsAmoyronbHukos {Ai}, Ai C T, Ha3biBaeTCSA NpaBubHOM
nocnefoBaTe/lbHOCTbIO, ecny Bee Napbl A< u A ABNA0TCA ‘NpaBu/ibHbIMK™ napamu.

Nlemma 2.1. MycTb Ao = [ar’,a® x I/ ], 00 C T un npamoyrofbHukn O* =
[a;i,a$] x [ri,3],4r C T,1 < i < n, Takue, 4To Bce mapbl Ai,[) asnawTca

npaBubHbIMK. Torga ana no6oro e > 0 CcyllecTByeT MPSMOYTONbHUK On+i =

Wi —yr+1| < £, W\ —>2+1| < £ n Bce napbl AitAn+i, 1 < i < n, AN TCA npa-
BU/IbHBIMMU.

JokasaTenscTso. PaccmMoTpum MHOXecTBa

M3 (2.15) cnepyet

(2.17) [Fil = A, \R2\=A.
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M3 onpefeneHna MHoxectBa F2 cnegyeT, uto agna Bcex i 6 £ oTpesku {(r,y),0 <
y < A) nepecekatoTtca ¢ oTpeskamm {(x,y[),0 < x < A} n {(x,y£),0 < x < A)
B TOYKax NnpuHagnexatnx mHoxkectsy G MNT. MMoaTomy B CU/ly BTOPOro paBeHCTBa
(2.16) cywlecTBYIOT X"+1 6 , XE+1 6 , Takue, 4To

[r"+1 -x?| <e, |xE+1-Xx§|<e

n, npu atom, oTpeskn {(x"+1,y),0 <y < A}, {(2 +1,/),0 <y < A} nepecekaroTcs
co Bcemu otpeskamu {(rc,I/),0 < x < A}, {(X,y$),0 < X < A}, 1 <1< N B TOYKax
npuHagnexxawnx MHoxkectsy G MNT. Kpome ToOro,

{(x?+1,y),0<y < A} G|=A, [|{(s?+1,y),0<y<A] G\=A.

OpToroHasbHble Npoekunn Exn+i, Exn+i aTux mHoxecTB Ha {(0,y), 0 < y < A} Toxe
NMeloT Mepbl
1= 1, \Exn» 1= A.

[MoaTomy B cuy NepBoro paseHcTBa (2.16) nmeem
(2.18) KBl N+ ) i*i| = A,

Ona Bcex y 6 (Exn+i  Exn+i) Fi oTpeskn {(x,y),0 < x < A} nepecekarTcs ¢
otpeskamn {(x™y),0 <y < A}, {( ,/),0 <y < } 1<i<n,uncoTpeskamm
{(x"+1,y),0 <y < A}, {(xj+1,¥),0 < y < A} B TOoUKax NpuHagnexawmux MHoxe-
ctBy G T. TorgaB cuny (2.17) cywecTByOT y”+1,y£+1 Takue, 4To |y”+1 ~Yi\ < g,
[Yar1 -y °1 < e n oTpeskn {(x,y"+1),0 < x < }, {(x,y2+1),0 < x < A} nepece-
KatoTcst co Bcemy otpeskamu {(x\,y),0 <y < } {(xj,y),0 <y < }, 1< *<
n+ 1, B To4Kax npuHagnexatimx MHoxecTsy GflT. Takum 06pa3om NpaMOyrosibHUK
On+i = K +1,xJ+1] X [y"+1,y2+1], yaoBneTBopseT Tpe60BaHNAM SIeMMBbI. O

[Joka3aTenbcTBOo Teopembl 2.2. 3aMeTUM, UYTO €CnNu MPAMOYrosibHUKU A" n A"
COCTaBNANT MPaBU/IbHYIO Napy, TO BEPLUNHBI K&XKA0r0 N3 MUHUMANbHOMO Yncia Tpe-
Yro/ibHNKOB, 06befjuHeHe KOTOPbIX COBMafaeT ¢ CUMMETPUYECKON pasHocTbio (4" \
A™) U 4"\ 4" npuHaanexart MHoXecTBy G T. PaccTosiHMEM MPAMOYTO/IbHUKOB

A' 1 A" cunTaem BeIMUNHY

pPLA%A") = [(A/NA M (4 \A)I-
PacctosiHme p2 (A'F,A™F) cmelwaHHbIX pasHocTenn A'F, A™F onpegensieTca cneay-
owmm obpasom: ecrim (4°\ A")U (4" \ 4') = nAR, roe Aj KOHeYHOe Ynco nonap-
HO HerepeceKatoLmecss NPSAMOYro/ibHUKN C BepLUMHAMKU, NPUHALNEXALLUMN MHOXe-
cTBy GnT, nonaraem p2(A'F, A"F) = E AjF|. MNMocnegosaTe/lbHbIM NMPUMEHEHVEM
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NeMMbI 2.1 NOAy4YMM, 4TO AN Mo6oi nocnegoBaTenbHOCTM en \ 0 W Ana nwob6oro
npsmoyronbHuka [ C T, O = [$i,x2] x [yi, y2] cywecTByeT npaBuibHas nocnego-
BaTe/NIbHOCTb NpsAMoyronbHukoB i C T, Ai = [x*,x2] X [s/i,y2], *= 1|2c-> Takas,
4TOo

Jim piCa, i) = o.
OTctofa cnegyet, uto p\(O»i A7) 0 MPU*I ~ °°i Te- nocnegosatensHocTb {4}

(byHAaMeHTa/lbHa B MeTpUKe pi.
M3 abcontoTHOM HenpepbIiBHOCTU yHKUuKM F(X, y) Ha MHOoxecTBe G T, cnegyeTt

P2 (AiF, AjF) -» 0, npu i,J -400

n cyuwlectBoBaHme npegena liwi_too A{F = F(A). 3ToT npefen eanHCTBEHHbIN. [eii-
cTBuTensHo, ecnu {A4}} n {4?} npaBunbHble nocnegoBatensHocTn 1 pi(4}, 4) -> Q
pi(A4?, 4) — 0, To nocnegoBaTe/bHbIM MPUMEHEHNEM NleMMbl 2.1 Haifem npaBW/ib-
HYI0 nocnegoBatenibHOCTb [1?, Takyto,uTopi(Ad-,[) -m0,uBcenapsl A}, 4?, 4?,47?
ABNATCA npaBunbHbiMK. Torga Pi(4i, 4*) —0, pi(42?, 4?) -> 0. N3 abconoTHoi

HenpepbiBHOCTU F(X,Yy) Ha G T, cnegyet
i ? = |i ? ? =
il_lp)wo p2{AlF,A?F) i_llory p2(A?F,A?F) = 0.
CnegoBatefibHO, Nnosy4vaem
lim AjF = lim A?F = lim A?F
1—t00 t—00 *~400

n gna noboro A ¢ T BennuumHa F(A) onpegensieTca efUHCTBEHHbIM o6pasom. Ecnin
BePMLUHbI NPsAMOYrofibHUKa [ npuHagnexat mHoxectBy GfIT, To F(A) = AF, n6o B
KayecTBe nocnefoatenibHOCTU {fli} moxwo ssavs NOCNefoBaTensHocTb i = A, Vi
M3 onpegeneHnsa yHKLUMK cermeHTa F(A) HemMeasleHHO cnefyeT, YTo OHa abCoNtoTHO

HenpepbIBHa. MpoBepUM aadNTUBHOCTb 3TOl (PyHKLMK. MycTb
Mn

A=Y 0i, [AiNAi=0i"j.

i=l
Ana ¢ > 0, npumeHas nemmy 2.1, BbibepeM npamoyronsHmkn A C Ai, 1 < r<
Takwue, 4To Bce napbl AN [A'- npaBu/bHbIE U

(2.19) MALAY <, p2("(A).A<A <

3aTem BblbepeM NpsAMOYronbHUK ' ¢ BepwnHamy u3 G T, Takoi, 4To

(2-20) A<ch',  p(1?2(4), 4'") <e
1



W, Npu aTom, Bce napbl [,7, A't npaBubHLL. Torga nmeem

(2.21) p2(A'F EA<F)<E.
1=1

N3 (2.18) - (2.20) cnepyet

pa(£(A).££(A1))<3B. .
t=I

NTak

p2(1?7(A), X5 F(A*)) =0, n F(A) = £ 7~(A).

Teopema 2.2 fokaszaHa gns m = 2. AHa/IOrMYHbLIMWU, HO TeXHUYECKN 60s1ee CMOXHBbI-
MU paccyXfeHnAMN, MOXXHO YCTaHOBUTbL CNPaBea/IMBOCTb YTBEPXAEHNA TEOPeMbl B
obLLemM cryyae. ]

3ameyaHune 2.1. O603Ha4YMM
T T

a*=MN"r"*px=21 Xn)eN ™ "+A]l=T>a= (1> °m>)e G-
j=1 =1

Jlerko nNpoBepnTb, YTO /19 NOYTM BCEX X BCE BEPLUMHbI NPAMOYrofibHUKa AX ByayT
npuHagneXkaTb MHOXecTBY ZTIG. Mpu T = 23T0 cnegyeT U3 TOro, YTO COrNacHoO
Bbl6opy MHO>KeCcTB E\ n E2, |i?i| = A,| |= A,

(2.22) {(a,y),ai < X<ai+A}nG|=A un |{(,/), <y<a2+A) G\=A
ona scexy e E2 n Bcex x e E\ COOTBETCTBEHHO.
O6o3Hauum Fi —{(x,y), x 6 E\ , <y < a2+ A} G. Vmeem |Fi| = A2,

cnefoBaTenibHO, AN NoyuTu Bcexy E2 nmeem [{(ar,y),ai < x < ai + A} NG\ = A.
CnegoBaTtefibHO, A8 HeKOTOporo mHoxectea E2 C E?, \E2\ = A BbInonHsaeTca

(2.23) K@Y)> y &E” ,a\ < x < a\ + A} Fi\ = A?.

Ecnm (x,y) e {(x,y), ai <x < ai+A} Fi, 10 (x0)6 Ei n (0,y) € E2. Cnegosar
TeNbHO, AN NOYTW BCeX (X,y) BCe BeprilHblI NPAMOYronbHUKa [aj,x] x  ,y] éyayT
npuHagnexatb MHoxecTBy G. HanomHum, uto (ai, ) € G. Takum ob6bpasom, AN
noyTu Beex (X,y) nmeem F(Axy) = AxyF, aj < x < oi + A, <y< +A

MTak B 06LeM criyyae Meem

F(AX) = Ar-P1 ansa noutwn Bcex



Teopema 2.3. MycTb F(X) NoyTW Be3de KOHeUYHasA u3mepumas QPyHKUNSA onpeseneH-
Had HaRm, Takad, uTo ana kaxkgoro £ EO, rge EO HekoTOpoe N3MepUMoe MHO>Ke-
CTBO MOJIOXKUTENbHOI Mepbl, yHKUMA F(X+1), Kak yHKUNS 0T X OKa/JbHO abco-
NIOTHO HenpepbiBHa No BuTanu Ha asonyHoi ceTu {(pi-2~fd P22 ~fc,i m>Pm2~fan)}-
MycTb ganee G MHOXKECTBO TOYeK annpoKCMMaTVBHON HEMpPepbIBHOCT U (DYHKLMN
F(x). Torga gnsa no6oro HaTypanbHoro N cywecTByloT Toukaa= (0 i,0T) e G
n pyHKuma cermeHTa F{A) onpegeneHHasn ans scex [ C Ta —I(aii ai + ~0> TTakve,
4yTo

1) F(A), aganTuBHa M abCoMOTHO HenpepbiBHA

2) F(A)=AF, ecnuBepwuHbl [ npuHagne>kaT mHoXKecTBy GC\Ta

3) IE(AX) = P(l... T tp(ui, ,um)dui...dum gng scex X = (XKi...xT)eT a,
Jai Jam

rge ip(ui,u2,...,um) uHTerpupyemas Ha Ta (PyHKUUS.

[JokasaTenbcTBO. Mo Teopeme 2.1 thyHKUMs F(x) 6ygeT abCcoNOTHO HeMpepbIBHOM
no Butanu Ha MHoXecTBe G Ta, a Mo TeopeMe 2.2 CyLLeCTBYeT DYHKLMUA CerMeHTa
F, ynosneTtsopstowas ycnosusam 1) n 2). JJlokaem BbINOSIHEHUe ycnosus 3).

[na npoctoTbl 0603HaYeHnit bygem cumTaTb, 4TOo 0 = (ai,...,aT) coBMajaeT C Ha-
Yasiom KoopamHat. [na faHHOro HaTypasibHoro K Ky6 [0,N)m npeacTaBnsieTcs Kak
06benHeHVEe NoONapHo HenepeceKatowmxes Ky6oB Ab(i/), 1< v < N «2*™

[O,N)m = OxkW, |g*@/)| = i/2*m.
n=1

Onpefenum s K KYCOUYHO NMocTosiHHY Ha [0, N)m dyHKLmio

(2-24) h*(a) = l1epf*m.

N3 aggntmBHocTn (pyHkuum F(A) n un3 (1.50) cnesyeT, 4TO nocsefoBaTeNIbHOCTb
{$fc(a:)}j"Lj ABNseTCA MapTUHIa/IbHOI NOC/ef0BaTEIbHOCTbIO, & U3 abCONOTHOI Herpe-
pbiBHOCTU F(A) cnegyeT, uto {®*;(a;)}£1r ABNseTCA paBHOCTENEHHO abCoNOTHO Herpe-
PbIBHO MHTErPUPYEMOI MapTUHIa/IbHOM MOC/NeA0BaTe/IbHOCTLIO. MoaTomy [2] cyLie-
CTBYET MHTerpupyemas Ha [0,iV)m yHkuuna <p(xi....... xm), Takaa yto {P*:(a)}r"=1
cXoauTces K ip(x) nouTtwn Berogy n B MeTpuke L\ Ha [0, N)m. NTak

N N
(2-25) Ainn J -] \PK(X) —<p(x)\dx = 0.
0 0



Ecom T = (Xi,....xT) = (px/2fcl,...pT/2KT) TouKa C ABOMYHO paLMOHa/IbHbIMMW
KoopAvHaTaMu, TO U3 MapTUHIa/IbHOr0 CBOCTBA nocnegoBaTenbHOCTU {PK(r)};*1r n
n3 (1.51) cnepyet, uto gna HekoTtoporo foo, ecnu k > foo, TO

Xi X
F(.AX) = \] J ¥>( .. e,um)duleeedun.
0 0

B cuny abcontoTHoM HenpepbiBHOCTU F(A) nmeem
P2(F(AX),F(Ay)) ->o0npu Xx—y\ =" \xj - Y\ -mQ

a B CUJTy MHTErpupyemMocTt ip(ni>... uT) nmeem

*1 X,5=> Vi YT
/”’/¥>(u1 ........ Um)dui semdUm - J-J P(uli- *=.Um)dul mmdlim O
0 0 0 0

npu |z — /| — 0. CnefoBaTeNbHO paBeHCTBO (2.23) BbIMOMHAETCA TaKXe A4/ BCeX
Xe [0,1)N, Tak Kak BOMYHO paunoHasibHble TOUKN BCOAy MA0THbI Ha [O,N)m. O

3. MpusHakn MHTErpuUpPYEMOCTU KpPaTHbIX TPUFOHOMETPUUECKUX PALOB

MpnBegem HeKoTOpbIE 0603Ha4YeHNA U BCNOMOraTe/ibHble pesynbTatbl. Paccmatpu-
BalOTCA KpaTHbIE TOUTOHOMETPUYECKME PALbI

(3-1) 5 > g

roen = (Mt,...,NT) j-uenble, x = (Xi,...,xm),t = (ii....... tm) anemeHTbI

nx = °n = c-n- lNpeanonaraeTcs, 4YTO BbINOMHEHO O4HO U3 C/eAyHoLLMX
YC/I0BUA

ecn] < M npwu nobom n

nnm
4) \Ol\< M npu nwobom n

U 1151 HEKOTOPbIX (MKCMPOBaHHbIX MHAEKCOB jU, jv < T, 1< v < U, < T BbINOS-

HSeTCA PaBeHCTBO
M ™roclt,...,n*,-1,Ty(L..,NT =0

ANnA BceX (OUKCUPOBAHHbIX rij, j  jV.
dopmMasibHbIM MHTerpupoBaHnem psga (3.1), nonyyaem
T r,.p2w(B)« ., _ _2Trinx
(3.,

J=1 B eB nB) .vB 1 A or -
i=1



roe B C (1,2, ...m} HenycTble NogMHOXeCTBa, B {1,2,...,m} n n(B) BekTOp
C LENoYNCNEeHHbIMY KoopAnHaTamu, 418 KOTOpOro =0npnj € B nn3 0]
npy j & B. CuuTaetcs, 4To B cymMMe 53 Bce KoopauHaTtbl BekTopa = ( ...NOT)
OT/INYHbLI OT HyNa. U3 ycnosus |a,,| < M npunobomn = 1 , 2 , crnefyeT, 4To cymMma
F[x) onpepseneHa noyty Bcogy Ha Rm, Tak Kak pAaf (2.2) cXonuTca B METPUKE  Ha
no6om KoHevHOM Kybe. CnefoBaTenibHO 3HaveHnsA F(X+t), onpegeneHsbl AN BCeX X =
{il...... XT} KoopAuHaTbl KOTOPbIX fIBOMYHO paumnoHasibHble Yncna, 04HOBPEMEHHO
O4N5 BCeX , MPUHagnexKallnx HeKOTopoMy MHOXecTBY E, rae =0

[nsa orpaHnyeHHon o6nactn Q n3 Rm, cofepxkalleli 04HOBPEMEHHO N Y —F1, MOIOXNM

Sq(x) = Y, cne2lrin*.
neQ
Cdepryeckme 4yacTuyHble CyMMbl psaga (3.1) onpefensAlTcs paseHCcTBamm

5a(i)= £ cne2-, |[H2=" K |2
Ni<a
Ecnn V= (r/i,..., vT) rge Vj HaTypa/bHble, TO BblpaXeHue

Su(x) = X bl Mnx,
\n\<v

rge| | < VosHayaet |nj| < v,, 1 <j < T, Ha3bIBAOTCA MPAMOYTr0/IbHbIMU YaCTHbIMU
cymmamu psaga (3.1). Korga v —(N,...,N), o6o3Hauaem yepes
Sn(x) = X
Inj<A=(7V ....N)

Kybu4yeckme YacTUUHble cyMMbl psga (3.1).
N3 (3.2) cnepytot

F(x+1) = c+codJfo +tj) + ﬂ@g-ﬂj) () BRirin(B)x 2nin(B)t
K . K

j=1 B jEB +
INX -27rint
+ X "m ~-—--e ... e*
"N 2Kirij
3=1
ARF{x + t)= co2~km+ 2 ‘|B] "~ M\ (1} I_IA%JW
B neg) A muUj Ne
3.3) Cne2lrint Y_[A xgn

n 2 * =1
=1



rage

3.4) = ny, e27rin*x>= e2xiniPi2~k _ e2irmj(pj—1)2

Nmeem

| HkeH**—+E -™M E T T [T

., _2irmt
(3.5) + E
N<IV m

B paseHcTBax (3.3) - (3.5), |5| 03Hau4aeT 4nNCI0 3NeMEHTOB MHOXecTBa B. 3ameTum
Takxke, 4YTO AN NOYTU BCeX , BennumHa A*F(x+t) aBnseTcs agauTUBHON yHKUMeN
CerMeHTa, onpeaeneHHon Ha cermeHTax AE, = 1,2,...; p = (pi »mPm), Pj—tienble.
Nmeem ana dukenposaHHoro K [0, I)m= U *, 1< pj < 2*.

p
PaccMaTp1BarOTCS KyCOUHO MOCTOSIHHbIE (PYHKLMM

mpk[x,i) = O ™ (i +1i), ip[N\x,t) = J SN{x+ t)dx, x e/

(3.6) * )= xUEACGK ) OAOM) = 2-fom (a:,t), as AF.

N3 (3.3), (3.4) n n3 orpaHNUYeHHOCTM Ko3ahpuumneHToB Q1 cnefyeT, 4To Ans nw6bo-
ro m-mepHoro ky6a T, || = 1 1 ana no6oro MKcMpoBaHHOro £ BbINOMHALOTCA

paBeHCTBa
gHin, J |®PIN\x,t) - $k(x,t)\2dt = o, Jin™J \~k(x,t) - ~[N\x,t)\2dt = o.
r T
OnpegeneHune 3.1. bygem roeopuTb, 4TO psg 2 a”(i)xm(X) No KpaTHOW cucTeme
M
Xaapa, COOTBETCTBYET TPUrOHOMeTpUYeckomy pagy (2.1), ecnm B meTpuke Li(T)

BbINMO/THAET CA yCcnoBue

all{t) = Jim ¥ Sn (x + t)xii(x)dx.

CyuiecTBoBaHWe Npejena HeMeA1eHHO CefyeT 13 orpaHUUYeHHOCTU KO3 UL MeH-
ToB Q1 (cm. [3]).
Cnegytowas nemma gokasaHa B pa6ote [3].
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Nemma 3.1. CyuwecTByeT MHOXecTBO EqC T, [i50| = |T| = 1 Takoe, 4TO
3.7) £ afoxA*) = dk{x,t), Vte Eo, Vik6 OAf C [0,1)T.
li<2*
OTMeTUM, YTO YTBEPXKAEHWE NNeMMbl HEMELIeHHO CnefyeT U3 paBeHCTBa

X) = dTpT/ Sn(z + ¥<= ®e Afc,

<2 1 fcl m

roe

=J SN(x + t)xMs)dx,
nepexofom K npegeny npu N —t co B METPUKe , UMEHHO

X] MOxmMO®) - N o0$fN)(@a’f) = dk(r>9> Vie 4>

A<2*
oTKyga cnegyet (3.7).
3ameyaHune 3.1. Tak Kak B hopMynupoBke feMmbl 3.1, T-Npou3BONbHbIN Ky6, rae
[T| = 1, TO MOXXHO CUMTaTb, YTO KOIPPUUMEHTbI aMt) ornpegeneHbl 418 NoYTU
Bcex € Rm 1 4yTo0 paBeHCTBO (3.7) BbINONHEHO 415 NOYTU BCeX 6 Rm.

Nemma 3.2. MycTb T, |T| = 1 Npon3BObHLIA Ky6 1 ANA HEKOTOPOro MHOXKECTBa
E CT, |E|] = |T| sbinonHeHo ycnosue: ecnin 6 E, To pag JCam(*)Xm(r > cooT-
M

BeTCTBYyOWMI pagy (3.1) asnseTca pagom dypbe HEKOTOPOA UHTErpUpyeMoin Ha
Tg= [0,1)T dyHKumm ft(x). Torga dyHkuma F[X), onpepeneHHas paseHCTBOM (3.2)
NOKa/lbHO MOYTMK BClofy abconoTHO HenpepblBHa No BuTranw.

[okaszaTenscTso. M3 (3.7) 1 13 ycnosus nemMmbl cregyeT, 4To Ana Kaxgoro € £

nveem
an(i)Xn(x) = $k{x,t) = — [ ft(u)du, x € AE, AE C [0,1T", k= 1,2.......
M<2* 1 fclAj
Tak Kak
$k(x,t) = n ARF(x + 1) = \] ft(u)du,
K

TO (yHKUMA F{x + 1), KaKk (PyHKLUMS OT X abCoNOTHO HenpepbiBHa NO Butanu Ha
MHOXeCTBe cermeHToB {1£}.

B cuny npon3BonibHOCTYM MHOXeCTBa T, U3 Teopembl 2.1 cregyeT, UTo PyHKUmMA F(X)
OyfeT abconoTHO HenpepbIBHOM Ha MHOXecTBe G Q, rae G-MHOXeCTBO TOYeK an-
NMPOKCMMATUBHOWN HeMpepbIBHOCTM QyHKUMKN F(X) 1 Q C Rm nio6as orpaHnuennHas
obnactb. Tak Kak |ii\G| = 0, To neMmma gokasaHa. O



3ameuaHune 3.2. Tak Kak QyHKUMa K(X, ) nepuognyHa OTHOCUTENLHO i, JIerKo
BUAETb, YTO YTBEPXKAEHNE NIeMMbl BEPHO Tak>Ke Mpu NpesnonoXKeHnu, 4To psag
1 2 ana noyTm Bcex € [0,1)m sBnseTcs pagom dypbe HEKOTOPOA MH-
Terpupyemoit Ha [o,1)T dyHKymm ft(x).

Teopema 3.1. Ana Toro, 4To6bl psag (3.1) ¢ orpaHWYeHHbIMU KO3 ULMeHTamMu
6bin pagom ®Pypbe MHTerpupyemoii Ha [0,1)T neproanyeckoin pyHKUUM ip(X) Heobxo-
AMMO U JOCTaTO4YHO, YT0o6bl cymma F(x) paga (3.2) 6bina NnoyTwW BClogy NoKanbHa
abCconMTHO HenpepbIBHOM Mo BuTanu.

JocTtaTouyHOCTb. B cuny Teopembl 2.3 cyLecTBylOT Touka a = (ai,... ,Om), uHTe-
T
rpupyemas Ha Ta= [ [ai»ai + 2) ®yHKLMA <p(K) U abCONOTHO HenpepbiBHAA afuu-

3=1
m

TUBHaA (PYHKLUA CerMeHTa IE(A), AC [o-, a3+ 2], Takue, uto F{A) = AF{x),
3=1
eCcnun BCce BepluHbl [ npuHagnexatr G Ta, |[-Rm\G| = 0 u gna moboro x € [0,2)T

*1 Se
a®) = o, umdu.am=Jd  J u t umul... dum
a. 0 0
PaccmMoTpyM KyCOYHO MocTosiHHbIe Ha [0, ) m yHKLuun
Ok(x>v = N w7 xe/IPK” U AS= [°>ir,

rae AR nomnapHo He nepecekaroTcs. Vimeem

F(AI(1))
g w1
4 ()
Jlerko BUAeTb, 4TO AN noytu Bcex 6 [0,1)"*, BepwunHbl Ky6oB Ak(t) byayT npu-
HafnexaTrb MHOXecTBY G [0,2]T . MoaTtomy ecnun F = 3IEIJ1 27M*10 noyTu

Bcex 6 [o,1)T

F(AI»(1)  BEF(x+1) 1 [

1*SI IAfl ogl J .
*5r 4%

CnepoBatenibHO Ang no4tu Bcex e [Q1)"1

52 ar)x/1x)= @*(M)=Ne * > =W \ J + *=1.2.-7



3T0 03Ha4aeT, 4YTO COOTBETCTBYIOLWMIA psAgy (3.1) psag x a™(0Xm (8 15 NoYTK BCex
€ [Q 1) 1 9BnseTca pagom Pypbe pyHKUMKM ip(x + 1). B cuny Teopembl 1.1 paboThl

[3], pag (3.1) 6ygeT psgom Pypbe QyHKLUUU <P(X).

Heob6xogumocTb. Ecnu pag (3.1) aBnsetca psagom dypbe yHKUMM ip(X) To cornac-

HO fleMMbl 1.3 paboTbl [3] AN noyutn Bcex € [0,1)T UMEET MeCTO paBeHCTBO

OE-P@: + 1) = J WX+ t)dx, x 6 AP.
K
Taknm obpasom, Ana noyutn Beex t G [0,1)T pyHKumna F{x+t) abcontoTHO HenpepbIB-
Ha no BuTtanu Ha gBonyHol ceTn cermeHToB {f1£}. CnepoBaTenbHO Mo Teopeme 2.1
(cm. Takoke 3ameyaHme 3.2) hyHKUuA F(x) ByaeT nokasbHO NoYTU BClogy abcontoTHO
HenpepbIBHOM No Butanu. a
Cnepylowian TeopemMa, sKBMBaneHTHa Teopeme 3.1.

Teopema 3.2. Anda Toro, 4Tob6bl pag (3.1) ¢ orpaHNYeHHbIMU KO3 hULMEHTaMun
6bin psgom Pypbe nHTerpmpyemoii Ha [Q 1) 1 yHKLUKM, HEOBXOAMMO M JOCTaTOUHO,
YTO06bl COOTBETCTBYOWNI eMy psag~2au(b)xu(x) obnagan cneayroLw,MM CBOWCTBOM:
Onsa kakpgoro € E rge E C [0,1)T HeKOTOpoe MHO>XECTBO MOJHOW Mepbl |E| =
[[0,2)"*, aTOoT psag asnsanca psagom ®Pypbe HEKOTOPON MHTeErpupyemoid Ha [0,1)T
yHKumn ft{n).

JokaszaTenscTBo. HeobxoanmocTb cnefyeT n3 nemmbl 1.3 pa6oTbl [3], cornacHo
KoTopoi ecnn pag (3.1) aBnsetca psgom dypbe dyHKUmMm f(X) To gna noyTn BCex

A\F (X + 1) = J f[x + t)dx,
K
W cnefoBaTesibHO, UMeEM
aM x 1 x) = 1mpl’ [ /(« + X 6 AF.
m<2* 1

JT0 03HauaeT, yYTo A4 noutn Becex e [0,1)T pag £ a m(*)xg(E) asnsetcs pagom
dypbe MHTErpUpyemMoii (hyHKLUMN. 8
JoctaTtouHocTb. MycTb gna kaxgoro e E, E C [0,1)T, |£] = |[0,1)T| psag
£ ¥ (i)Xm(aD aBnsetca psgom Pypbe HEKOTOPOW MHTerpmpyemoii Ha [0,1),n yHK-



Tak Kak

Y, = *% ,+ & Xe AE n AKF(x + t)= [ ft(u)du

n<2 1 fd ap
To F(x + ) gna kaxgoro f G E aABnseTcs abCcontoTHO HenpepbIBHOM (YHKLMeR no
Butanu Ha fBonyHol ceTn uHTepBasioB {1£}. Torga B cuny Teopembl 2.1 (CM. Takxe
3ameyaHme 3.2), F(x) 6yaeT noKasibHO MOYTK BClOLY abcoNOTHO HEMPepbIBHON QyHK-
uvein. lns 3aBepLUeHNs fOKa3aTe/IbcTBa3aMeTUM, UTo rno Teopeme 3.1 pag (3.1) 6yget
pagom dypbe. O

Teopema 3.2 IBASETCHA YCUIEHVNEM ClefyHOLLEN TEOPEMBbI.

Teopema 3.3 (3). Ana Toro, 4TO06LI pAg £ ¢c ne2r’™ , |c,| < M 6bin pagom ®y-
pbe uHTerpupyemoii Ha [Q 1) 1 dyHKumMM /(X) Heo6X0AUMO M [OCTAaTO4YHO, YTObbI
cooTBeTCTBYOLWMNA emy psag £ a Mm(4)xa(@0 ona nouTwm Bcex € [o,1)”* 6bin pAgom

dypbe yHKUMK /(X + 1).

B poka3saTenbcTBax Cnegylowmx TEOPeM WCMONb3YHTCA HEKOTOPbIE pe3ynbTaTbl
paboTbl [3]. 414 MONHOTbI N3/T0XKEHUSA NPUBOAUM HEKOTOPble 0603HaYeHNS N (hOpMY-
JIMPOBKN HY)XHbIX HaMm pe3ynbTatoB 13 [3].

[na nocnegoBatenbHocTn 06nacTeii Qi C Qz C *wQu C me , UQu = Rm, 0603Hau4MM
yepes ® N (x,t), kK= 1,2,...; € [0,1)™ KyCO4HO NOCTOSAHHbIE PYHKLUN

(M) = Iy | SQ,(u+ t)du, X6 A,

rae (J 4* = [0) )T un ky6bl 4* nonapHO He nepecekaroTcs,
p
3amMeTMM 4TO ANA PUKCUPOBAHHOIO K MMEET MEeCTO PaBeHCTBO

lim [ |®*(x, )- ®? (x,i)[2d1= 0,

v-t00 J
TT

rge ®(x, ) yHKUMA onpefeneHHas paBeHCTBOM (3.6).

(3.8)

Kaxpon Touke X 6 [0,1)T COOTBETCTBYET OrpaHUYEHHOE YUCI0 NOC/e0BaTeIbHOCTEN
B/IOXKEHHbIX Ky60B3 [ N O eee3d NE£N 3 ... Takmx uTo X 6 AN VI, rge AN
3aMblKaHue Kyba [f.

3ameTum, uTo 13 (3.8) cnepyeT cyllecTBoBaHWe nocnegosatensHocT QU C C
eeeC Q,,k C mmmna KOTOpOI

n™ - Ae M —



ana Bcex x 6 [0, 1)m, n gna Kaxporo npuHagnexawero HeKOTOPpOMY MHOXECTBY

Eo € [0,1)T, |£0]= I[0,1)T | = \TT\ Mpn 3ToM 3HauyeHnaMn QyHkumnin ®k{x,t) nau
(rr, ) B TOUKe X CUMTAKOTCA 3HAYEHMA 3TUX PYHKUMUIA Ha Kybax

Cnefytolee onpefeneHve npueegeHo B pabote [3].

OnpegeneHune 3.2. bygem rosopnTb, 4TO pag Y nanXv(x) no KpaTKol cucTeme
Xaapa o6bnagaeT cBONCTBOM A\ OTHOCUTENbLHO NepeMeHHOl Xj ecau
A\)  cywecTByeT nocnegosatensHocTb k(q) +00 npu q +oc, Takas, 4YToO
ecm 2K(Q) < (4) < 2k (a)+1 gna scex g—L1,2,..., TO
~1_Q
¢>00 max\X»H4)(xj{g))\

Ans nobbix uKcUpoBaHHbIX MHAekcos L, i j(q)-

Teopema 3.4 (3). MycTb jv,1 < v < vq,vq < T, (PMKCUMPOBAHHbIE MHAEKCHI W
psag "2auXJ/1x) yaoBneTBOPAeT YCNOBUIO ) OTHOCUTENbHO Ka>KAON NepeMeHHOi
xjv. MycTb, fanee HekoTopas nocnefosaTensHocTb AN (X)A L 00 NpPSAMOYronb-
HbIX YaCTUYHbIX CYMM 3TOro psaga cXoanTcsa no mepe Ha [0,1)T K MHTerpupyemoii
Ha [0,1)T dyHKummn f(x) u

SUP Ur(«)(*)I < +00

i(4)

415 BCEX X, KpOMe 6blTb MO>KeT, TOYeK NpuHagnexkawmx 06beuHEHN0 CHeTHOIo
yucna runepnnockocTeil, OPTOroHaNbHbIX K KOOPAMHATHLIM ocam Xju,1 < v < ug.
Torga aTOT pag asnseTcs pagom dypbe PyHkymm f(x).

Teopema 3.5 (3). Ecnm TpuroHomeTpuueckuii pag (3.1) ynosneTBopseT YC0BUIO

) ANA HEKOTOpPOi nmepeMeHHO Xj, To cooTBeTCcTByWMiA emy pag Y lan(t)x»(x)
48 Ka>XKAOro  npuHagne>kalero HekoTopoMmy mMHo>kecTsy Eu C [0,1)T ,|f0| =
[[0,1)T |, o6bnagaeT cBoiicTBOM A\) Ans TON >Ke NepemMeHHoNn Xj.

OueBnAHO, OTCHOfa Cnefyer:

Ecnn TpuroHomeTpudeckunin pag (3.1) o6nagaet CBOMCTBOM ) ANA MePeMEHHbIX
Xjv,1 < V < u0, To cooTBeTCTBYOWMNIA emy pag 53am(<)XM(K) o6nagaeT CBOWCTBOM

) OTHOCUTENBLHO TeX e nepemeHHbIX Xjv ana noytu scex € [0, [)m.

W3 npusefeHHbIX Teopem 2.1 n 3.4 paboTbl [3] HeMeAneHHO crefyeT yTBepXaeHue.

Teopema 3.6. MNycTb TpuroHomeTpuyeckuin psag (3.1) obnagaeT cBONCTBOM )
4Nns nepeMeHHbIX Xjv,\ < v < Vv I < T U HekoToOpas nocnejoBaTenbHOCTb ar(i)Xu{x)
riekq +oc npuqg 00, YaCTUYHbIX CYMM COOTBeTCTBYyKUWero emy paga”™ aMi)xMg)
ana noyTwu Bcex € [0,1)”1o06nagaeT cBoiicTBaMu
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a) an(t)Xn(x) cxogMTcsA No Mepe MpU g  CO K HEKOTOPOI MHTerpupye-
MO Ha [0,1)™ dyHkymm ft(x)
b) sup? I£ p<2* al/i(4)X/i(*)I < 00 Ana BCcex X He npuHagne>kalmx o6beguHeHUo
Ei cueTHOro umcna runepnaockocTeld, OPTOroHaNbHbIX 0CAM Xj,,, 1 < v < .
Torpga pag ~  am(0xAx) asnseTca pagom Pypbe dyHkumm ft(x) ana ka>kgoro
6 Eo, rge EO C [0,1)T, |Eb| = |[0,1)T |.

B fokasaTenbCcTBax Moc/eayowmx Teopem nosb3yemea Teopemamu 3.2, 3.3 1 Map-
TUHr&/1bHbIMbI CBOMCTBaMMN KYOMUYECKNX YaCTUYHbIX CYMM PS40B N0 KPaTHOWM cucteme

Xaapa.

Teopema 3.7. MycTb TpuUroHoMeTpuyecknii psag (3.1) obnagaeT cBOMCTBOM )
it HeKOTOpas nocnefoBaTeNbHOCTL Sqv(x), rge Qi ¢ ... C Qv C,UQ,, = Rm, aToro
pafa MeeT MHTErpupyemyro HU>KHIOI Ma>KopaHTy, T.e.

(3.9) Squ{x)> "{x), Vx,v,

roe b{x) nHTerpupyemas Ha [0,1)T nepuopnyeckas yHkuua. MNycTb, fanee, HeKo-
Topas nocnefoBaTe/bHOCTb an()xu(x), kq| +oo npn q +00, YaCTHbIX
cyMmm~MNanXuix) coorseTcTByloWwmMx pagy (3.1) yaoBneTBopseT HepaBeHCTBY

(3.10) supl 52 <V*(*)Xm(*)I < oo
4 1<

Ona noyTu BCeX 6 [0,1)T M 4N1A BCeX X, He MpuHagne>kawux obbeguHeHuo Et
CYETHOr0 Yncna rmnepnaocKoCcTen, OPTOroHanbHbIX K KOOPAUHATHBLIM OCAM X jy, 1 <
V< vo< T. Torgapag (3.1) asnseTca pagoMm Pypbe.

JokasaTenb,cTBO. PaccmMoTpum nocnefoBaTe/IbHOCTM KYCOYHO NOCTOSAHHBIX Ha [0,1)T
DyHKU M
Bk(x,t) = -Lr | <p{u+ 1) du, X€ 4f
I°nl &h

G2 (x>)= W I Sq,( +1)du, Xe O£, V= 1,2,....
N3 (2.28) cnegyeT, uTo ANa (PUKCUPOBAHHOIO K UMeeM, YTO npu Nobbix X z t
(3.11) Bk{x,t) <®d"{x, ), v=1,2.....

N3 (3.8) cnepyeT, uTo AN HekoTopol nocnepoBatensHocTn Q,,(i),v(l) -» oo npu
| =00 BbINO/HSETCA



ona Bcex X, M Ana kaxgoro £ Eq rge Eo C TT HeKOTOpoe MMOXeCTBO MOSHOM

Mepbl.
Ecrmy.. psig ®ypbe No KpaTHol cucTeme Xaapa hyHKummn <fl(x+t) v psag

auf1)Xu(x) cooTBeTcTBYOWMIA pAgy (3.1) pag no KpaTHON cucTeme Xaapa, TO U3
(3.10) u (3.11) cnefyeT, 4YTO ANA NOYTU BCEX 6 TT UMeeM

(CNK)) Y, B (*bIX) < Y, ev*pa(P>
VE2» U,<2k
Ansa Bcex K ux. O603Ha4MM
Dk(x,t) = a,,(*)xa(*) X1 *le(*)*e(*) = £ bl *) - M*))Xg0*0-
li<2tc fi<2* Mt
Nmeem Dk(x, ) > 0pansanodtu Beex i. Tak Kak ans noutm Beex t, Dk(x, ),k = 1,2,...,

SIBNSAETCS PerynsipHoli MapTusirasibHoli nocnesoBaTeNibHocTblo, TO [4] nnwn [5] cTp. 24

[ONA MOYTU BCEX CYLLECTBYET npejen
(3.14) lim dk{x,t) = i>t(x) gna noytn Bcex x 6 TT,
K—60

rge ipt(x) nouTu Besge KoHeyHaa Ha X € TT , nsmepmumas GyHKUUA.
Tak Kak Dk(x, ) > 0 4nsa noutu Bcex X, nu gna Bcex 6 EO,rge EOC T, HBol —\TT\
W, C 4PYroi CTOPOHbI,

/' Dk{x,t) dx <M, A=1,.2,..,

JTm
TO No TeopeMe Paty i>t{x) UHTerpupyemaHa TT Ana noutn Bcexi. Hopag e  b”)Xm(2)
ANA NoYTU BCex <6 TT, CXOAMTCH K UHTErpupyemon yHkumm t(x + 1) ana noyutu
BCEX X, No3aTomy pag £  am(4)xy(x) gna nodTn Bcex OyAeT CXOAMTCA K HEKOTOPOM
NHTErpmpyemon gyHkumun /t(a:) gna noutm Beex i6 T 1.
Tak KaK Mo ycnosuto Teopembl psg (3.1) o6nafaeT CBONCTBOM ) OTHOCMTENIbHO
nepemeHHbIx aJ¥/, To 13 chopmMyMPOBaHHOW Bbille TEOPEMbI 2.1 paboThl [3] cnepyerT,
uTo pag ]C “MAXMORB) ANnA Kaxaoro gpukcuposaHHoro e EO,EO0C T, |-B0| = [Tm|,
6yneT 06nagaTb CBOMCTBOM Ai) AN1A TeX XKe NepeMeHHbIX Xju.

N3 ycnoBusa (3.9) n 13 Teopembl 3.3 cnegyeT, uto pag £)a,i(i)xm(x) aBnsetca

psagom dypbe pyHkumiA ft(x), gna noutn Bcex t G TT. OTcrofa, COrnacHo Teopeme
3.2, pag (3.1) aBnsetca psagom dypeoe. O

CriepytolLiee yTBepXAeHMNeE criefyeT 13 Teopembl 3.7.

Teopema 3.8. MNycTb TpuroHomeTpudecknii pag ( .1) ynoBneTBopseT YCNOBUKO
) 1 ANs HEKOTOpPOI nocnegoeaTensHocTH Sq,,(x), Qi C ... C Q,,...,UQU= Rm ero
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YaCTUYHBIX CYMM BbIMO/HAETCA
<p(x) < Sa,,(x),
rae UHTerpupyemas Ha TT nepuognueckas QyHkuus. MNycTb, ganee a8 novTw
BCEX BbIMONHAETCS YCNOBYE:
AN BCEX X He MpuHagnexkauimx o6beamHeHnio Et cHeTHOro ymcia rmnepnaocko-
CTeil, OpTOroHaNbHbIX K 0CSIM Xju MMeeT MecTO HepaBeHCTBO

sup < 00
K

roe 4?2(0) 3 4*2) 3 ... 2 A]'W D .. BNO>KeHHble Ky6bl a6  A?™M 1

«*~(x+1i) = m N2 (+ )« >3
|n|<2*“mfc

Kyb6uuyeckmne yacTuUHble cymmbl paga (3.1). Torgapsag (3.1) asnaeTca pagom dypebe.

[okasaTenscTBO. B cuiy orpaHudeHHocTM KoathduumeHToB OT NIEFrKO MOCUUTATb,
4YTO UMEeT MeCTO oLueHKa (cMm. [3J)
/ ° “Tmar/ Sa—N«+Hdu dt<C2-nk-enk e>0
Infel IA* J/ A<t
M3 (3.12), Tak Kak
X>p(*bl°0= AN p +1t), xztfk
fx<2ott n
cnepyeT (cm. [3], cTp. 95, HepaBeHCTBO (3.27)),

(3.15) [ 1X M*XMOY + RN < cp oK
OTcloga cnefyet, 4To 41 NMo4YTU Beex , U ansa Becex a = HfcLi 4?*~ Bno'
YXEHHble UHTepBasibl, UMeeM (cM. [3], paBeHCTBO (3.28))

K”m*an ar)x Ax)- Tpr/ (U+1du =0,a>3

T peek I fd WA

3TO O3HauaeT, uTo ecnm supt ATT ~  Shamk(M + A < M, TO BbINOMHsETCA

Takxe ycnosue (3.9) Teopembl 3.4. O

AHanornyHole Teopeme 3.8 YTBEpPXAeHUA BePHbl TaKXe eCnn KyOu4YecKme CymMMbl
S2cnk 3aMeHUTb chepuyeCKUMU UK APYTMMIN YaCTUYHBIMU CyMMaMn < (X) € COoOT-

BETCTBYIOLLMMM OLiEHKaMu Bo3pacTaHve AMameTpoB o6nacTeid Qk-
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4. HekoTopble 0606W,eHUA U YCUNEHUS M3BECTHbLIX NPU3HAKOB

WHTErPUPYEMOCTU TPUTOHOMETPUYECKMX PAOOB

M3BecTHbI (cM. [6], cTp. 232, Teopema 5.2 1 [7], cTp. 471, Teopema 3.18) cnegytoLine
TeopeMbl:

Teopema 4.1. ns Toro, 4T06bl TPUrOHOMET PUYECKUIA psAL

ao

(4.1) y + ,»COSVX + bsin vx)
i=l
6bin pagom Pypbe HEOO6X0AMMO M JOCTATOYHO, YTO06bl PYyHKLUN

Fn{x) = [ tr,(t)dt( =1.2,..)
Jo
6b111 paBHOMEPHO abCoNMTHO HenpepbIBHLI Ha [o, 2ir], rae an(t),(c,1) cpegHue psga
(4.1).
Teopema 4.2. ns TOro, 4Tobbl KpATHbIA TPUrOHOME TPUYECKINIA psAL

(4.2) 52c*aMIX n = (" b mme>"*>)x = ix|’- xm), nx = 52njxj
6bin pagom Pypbe-CTUNTBECA HEOOXOAMMO U JOCTATOYHA, YTO6bI
[tr,,(@)]dx < MV,

JQo
roe Qo = [-#,1)T ,0y,(3)) KpaTHble (c,1) cpeaHve psga (4-2).
B gokasaTenbCTBax 3TUX TEOPeM MCMOMb30BaH MPUHUMN Bbl6opa Xennau, B 0fHO-
MEPHOM W COOTBETCTBEHHO, B MHOFOMEPHOM ciyyasx. V3 (opMynmpoBKK TeopeMbl
Il nerko cnegyet, 4TO paBHOMEPHO abCcoMOTHasA HenpepbIBHOCTL PYHKUMIA Fn(x) =
Jo'1—T " °n(*ii —xm)dxi...dxm gocTaTo4HO Ans TOro, 4Tobbl KpaTHbIA pag (4.2)
6611 pAgom ®ypbe. OTMETVM, O4HAKO, YTO A0Kas3aTe/IbCTBO TeopeMbl 4.2 NprBefeH-
Hoe B [7] He MOSIHOe, TaK KaK YeTKO He ChOpMyNMpPOBaH MpuHUMN Bblbopa Xennu B
MHOrOMEPHOM C/lyyae W, KPOMe TOro, M3/10KeHWe MPUMEHEHUS 3TOF0 MPUHLMMA He
nosiHoe.
MprMeHeHVe MapTUMHraibHbIX CBOMCTB MOC/eA0BaTe/IbHOCTEN KYOMUYECKMX YacTuy-
HbIX CYMM PSi40B M0 KPaTHOW crcTeme Xaapa Mo3BonseT, Npy NpesnonioxXeHun orpa-
HUYEHHOCTY KO3h(PULIMEHTOB, PacnpocTpaHNTb TeopeMy 4.1 Ha MHOrOMepPHbIl CiyYaii
B HECKOJIbKO YCWEHHOM (hOPMY/IMPOBKE.

Teopema 4.3. TlycTb
=\WI I)mE a(*)a,(«)=E
" v<N In|<i/
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nocnefoBaTeNbHOCTb Kybuueckunx (c,1) cpegHux paga (3.1), rge |cn| < M. Ana To-
ro, 4yTobsl pag (3.1) 6bu1 pagom Pypbe He0OXOAMMO U AOCTATOYHO, YTOOLI ANA
HeKoToOpbIX nocnegoBaTensHocTeld Nk +00, Nk 4 0,e* 4 0,54 0 1 HekoTOpoiA
nocnefoBaTeNlbHOCTW MHOXKECTB EK BbINOMHANUCH YCOBUA

(4.3) 1)  EKCTT,|E* > \TT\-r}k, ~>0,Y :~A<oc

it) Ecnn ARU), KOHeYHOe 4MCno NoNapHo He nepecekaroLimecs Kybbl paHra K v

£,]0 |*>\<6k,nto

| C\NK(x + t)dx < ek, Vte EK.

B fokasaTenbCcTBe TeOpeMbl 4.3 UCMOMNb3YeTCA CNeAyIoLLee yTBepXaeHue.

Nemma 4.1. Ecnn KosthduumeHTbl paga (3.1) orpaHuyeHsl, To Ans Bcex O£
2

(4.4) lim J Van(u +t)ydu- A?~M(x+1 dt=0
A

A'-too JTm
n ecnu pag (3.1) asnseTca pagom dypee yHkumm f(x), T
(4.5) AKF(x +t)= [/ f(u+ t)dt gna nouTwn BCcex U ana scex A7?.
J*i
JTa nemma (hakTU4eckn gokasaHa B pabote [3]. 418 NOAHOTbI U3NOXEHWA NpUBe-

OEM ON0Ka3aTesibCTBO.

JokasaTenbcTBo. WM3BecTHO [7], uTo a,,(x+t) cxoasarca B meTpuke Li(Tm) k f(x+t)
ecnn pag (3.1) asnsetca pAagom dypbe 3ToW dyHKUuKW. CrefoBaTeslbHO, 4715 BCeEX
6 TT 1 ana Bcex A», bygem uMeTb
(4.6) Lim / arj(x+ t)ydx = / f{x + t)dx.
h-+°°JaZ Jal
B paBeHcTBe

adp + )< - — £ S, (x+ <)*

npasas YacTb npegcTaBnsAet (c,1) cpefHWe NPSAMOYTroNbHbIX YaCTUYHbBIX CyMM psaja
(2.8) cyma KOTOpOro B MeTpuKe Ha {i;t 6 TT} paBHa AKF(x + 1).

Tak Kak BCe NPSAMOYro/ibHble YaCTU4YHble CYMMbl 3TOT0 psAfa B METPUKe pasHo-
MEPHO OrpaHNyeHHbIe, TO, KaK /IerKo BUAETL (CM. [8]), BbINOMHAETCA paBeHCTBO

4.7 lim / [ < +t)dx - ApF(x + 1) dt= o.
@7 NadT Jap <MY BEG )



N3 (4.5) n (4.6) cnepyeT, uto ecnun pag (3.1) aBnsetca pagom dypbe, TO ANA NOUTU

BCEX BbIMNOHAETCA pPaBeHCTBO (4.4). O

Joka3zatenbctBo Teopembl 4.3. Heob6xognmocTb. MycTh (3.1) ABNsSeTCA psgoM
dypbe GpyHKumU f(X). N3 paBeHcTB (4.3) 1 (4.5) cnegyeT, 4To ana No6bIX Nocneno-

BaTenbHocTel a* 40 7/t 4 0 Takux, UTo
o

akK2TK4 0,K-¥ 00, 7><00
K=1

MOXXHO BblbpaTb nocnegoBatenibHoCcTb Nk °° 1 MHOoXecTBa EK Takme, uto Ek C
TT,\EK\ > \TT\-rik 2 BbINOMHEHbI YC/10BUA

(4.8) / (x+ tydx —/  f(x + t)dx < ak2™

onsa Bcex Ky6oB [£ paHra Kk n gns Bcex 6 Ek. OueBuaHO, 4TO ecriv 5k 4 0 u L * ™\
KOHEYHOe YnC/10 NonapHoO He repecekarolmecs Kyba paHra K, rae

(4'9) n n»n < &K1
To AnA HekoTopbIx k 40 6yaem nveTb

(4.10) / (s + t)dX < A

ana Bcex 6 EK m gna Bcex MHoxecTs LL,-AE£N yaoBneTBopstoLmx yciosuto (4.8).
N3 HepaBeHCTB (4.7) 1 (4.9) cnegyet

/ aNh{x + t)dx <ak2mk + f(x + < akK2TK + pK
KTM

ansa Bcex 6 Ek- Obo3Hayas EK = ak2TK + pK nmeem £*4-0 lMocnefoBaTenlbHOCTU
£fc, 6K, rik, Nk, 1 EK ya0BNeTBOPSAIOT YC/10BUAM Teopembl 4.3. Heo6xoAuMOCTb foKasa-
Ha.

JocTaTtoyHOCTb. lNycTb BbINOHEHbI YCNOBUA Teopembl 4.3. Torga M3 paBeHCTBa
(4.3) cnegmyeT cyuiecTBoBaHMWe nognocnegoBatensHocTed {£*()} C {£*}, (S;)} ¢
mNc)i 1)} C {tgjfc}, {ommm0(z + i)} C {o™Mdx + t)} 1 MHOXecTB c Tm
TaKMX, 4YTO BbINOHAOTCS YC/0BUSA

138al > |M»1 LWI), £ + Ml < eeq,
i
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ansa Beex e E'W) v gna nobbix KOHEYHOro 4Yucra MornapHO He MepeceKatoLmxcst
Ky60B paHra K(1), 4na KoTopbIX

521 $01 ~*(0e
|

O6o3Haunm A1) = EK(t)f]Ek. meem AK{D) ¢ TT, |AMO| > |Ik(@)| - (K1) + TK).
CnefoBaTenibHO, ecnv

.- U _Apo. C. Bl=..

Torpa ansa nwoboro € E cywectByeT (), Takoe, 4To A5 Bcex | > lo(t) nmeem

ocC

EIASA(*-M)|<e* (0,
i

ecnv ~ KOHEYHOe 4YMCNo MonapHoO He nepecekawowmxcs Kyb6os paHra A(/) n
EIAgK™o-
Jlerko BMfETb, YTO M3 MNOC/EAHNX ABYX HEPaBEHCTB CNefyeT /IoKa/IbHaa abcontoTHas
HenpepbIBHOCTb N0 Butann dyHkuum F[x + 1) Ha gBomuYHOli ceTn ky6oB {A£} anA
noutu Bcex e TT. Torga no Teopeme 2.1 pyHKuma F(x) OyfeT /OKanbHO MoyTu
BClOAy abCcoMOTHO HenpepbIBHOW No BuTtanu u no teopeme 3.1 pag (3.1) 6yaet psgom
dypebe. O
YTBepXeHWe Teopembl BEPHO /15 BCEX MHOFOMEPHbIX MeTO40B CYMMUPOBaHNS, 06-
najarLmnx Tem CBOMCTBOM, YTO €C/IM BCe NMPAMOYTO/ibHbIE YaCTUYHbIE CYMMbI CXOASI-
weroca no MpuHrcreiMy TPMroHOMETPUYECKOTO psfia PAaBHOMEPHO OrpaHuyeHbl, TO
OH CyMMUpyeTCa 3TUM MEeTOAOM K TOW >Xe CyMMe. B 4acTHOCTM BepHO crefytoLlee

YTBEPX/eHMe.

Teopema 4.4. Ansa Toro, 4yTobbl pag (3.1) ¢ orpaHMYeHHbIMM KO3h(MLMEHTaMK
6bin psagom dypbe, HEOOXO0AMMO M JOCTATOYHO, YTOObl HeKOTOpas MocnefoBaTenb-
HocTb {Sq”x)} ero yacTuuHbix cymm, rge Q\ C Qz C ...,UQfc = Rm> obnagana
cnegylowmm ceoiicTeoM: CyuwiecTByT nocnegosaTensHocTu ek J Q6k 40,Tk 4 0
*/f MHOXKecTBa EK C TT Takue, 4TO

[Efd > [Tm|- k, 527<

.. SQKk(* + t)dx < c* te Ek,
,*10)

ecnm KOHEYHOE 4YMCN0 nomnmapHO HenepeceKawwmnxeca Ky603 paHra K n



3T0 yTBePXKAeHVe [J0Ka3bIBaeTCs O0C/I0BHbLIM NMOBTOPEHNEM PACCYXAEHWUI foKasar

TeNbCTBa TeopeMsbl 4.3, ¢ NMpYMeHeHNeM NleMMbl 4.1 1 paBeHCTBa
2

Abstract. Applying some martingale properties of the sequences of cubic partial
sums of series in the Haar multiple system, some integrability criterions for multiple
trigonometric series are established. Some of the proved theorems improve and extend
to the multiple trigonometric series the classical theorems on integrability of the one-
dimensional trigonometric series, the proofs of which are based on Helly’s principal

of choice.
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Aunotauns. B rnnb6epToBOM NPOCTPaHCTBE OLEHMBAETCA PaccTosHMe OT e-
ONTUMaNbHON TOUYKM A0 TOHKW MUHMMYMA ANA BbINYKNON 3aMKHYTON (PYHKLNW,
cybandhepeHynan KoTopoit ABNAETCH CUNbHO MOHOTOHHbLIM OnNepaTopom B 06na-
CTn cBoero onpegeneHns. OLeHMBaeTCs Takxe xayefOpdpoOBO PacCTOfHUE MeXAY
c- ONTUMaNbHLIMU TOYKaMU PYHKLUKUA TUXOHOBA a HEKOPPEKTHbIX 3afjavyax Ma-
TeMaTM4ecKoro NporpaMmmMmpoBaHus.

MSC2010 number: 49-XX

Kntouesble cnoBa: CunbHas MOHOTOHHOCTL; Cy6autdepeHLmMan; MHOro3HauHoe 0To6-
paxeHue.

1. BeepgeHnune

HepefKo, Npy pacCMOTPEHMM NPAKTUYECKUX 3aday, MaTeMaTUYECKUMMN MOAENAMU
KOTOPbIX ABASOTCA 3aa4y MaTeMaTUYECKOro NPorpaMMmMpoBaHuns, NCXO4Hast MHGOpP-
Mauus HOCUT NPUBAVKEHHBIN XapakTep. B Taknx cayvasx CyLeCTBEHHO CrefytoLuee:
3aBUCAT NN HEMpPepbIBHO ONTUMabHbIE PELLEHUS 3TUX 3afay OT UCXOAHbIX AaHHbIX,
MHaue, 6y4yT N NCKOMbIE PELLEHNS YCTONYMBLIMU MO OTHOLLEHMIO K BO3MYLLEHUAM OT
BXO/[HbIX AaHHbIX. KpoMe 3TOro Ha NpakTWKe NPV YMC/EHHOM peLleHnMn 3TUX 3aday
ONTUMa/IbHbIE PELLEHNS ONPEAeNsSoTCA C HEKOTOPOIi TOYHOCTbLIO. [103TOMY eCTeCTBEH-
HO 6bI10 Gbl paccMaTpuBaTh BOMPOC YCTOWYMBOCTY HE CAMOr0 ONTUMasIbHOrO peLle-
HWA, a paccMaTpmBaTb 3TOT BONPOC A4/19 TaK Ha3blBaeMbIX €- ONTUMaNbHbIX PELLIEHNIA.

B panbHelileM HaM NOHaA06ATCS HEKOTOPbIE NOHATUSA U ONPeAeneHus U3 BbiNyK-
NOr0 W HenuHeliHoro aHanmsa (cm. [2]). MycTb X —runb6epToBO NPOCTPaHCTBO.

Mycte Mi, M2 C X. Yucno

A(Mi,Al2) :fmax{z%l'gﬁ *aig,&fj I® — ||, sup *iiGrKﬁ Lii —£ |[}
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Ha3blBaeTCs XayeaopdoBbIM PacCTosiHAEM MeXAy MHoxectBamu M\ u JV . MHoro-
3Ha4YHbIM 0TO6paXkeHnemM F n3 X B X Ha3sblBaeTCsA 0TOOpakeHMe, KOTOpPOe COnocTaB-
naet kaxgomy x € X MHoxectBo F(x) C X, HasbiBaemoe 06pa3oM TOUKM X MpK
oTo6paxkeHun F. bygem 0603Ha4aTb 3TO Tak: F : X -> 2x.

'pahMkOM MHOFO3Ha4YHOro 0TO6paXeHUs F : X -+ 2X Ha3blBaeTCA MHOXECTBO

graf(F) ~ {{x)y) 6 X x X/ 'y 6 F{x)}.

B panbHeliwem Bc(x)— 3aMKHYTbIA Wwap paguyca e ¢ LeHTpOM B Touke r; (X,y) -
CKansipHoe Npov3BefeHNe BEKTOPOB XHY .

MHoro3HauyHoe oTobpaxeHue F : X 2X Ha3blBaeTCs HenpepbIBHbIM B TOUYKE XO €
X, ecnun gna noboro e > 0 cyuwiectsyeT 8 > 0 Takoe, 4TO

H(F(x),F(x0)) < e pana noboro x 6 Bs(xq).

ByaeM rosopuTb, YTO MHOro3Ha4yHoe oTo6paxeHue F : X -> 2x yf0BNeTBOPSET YCNo-
BUIO Jlunwimnua Ha MHoxecTBe M C X ¢ MOCTOsHHOIA L > 0, ecnn
AP ) M) N UNYFE—ralli > £ M.
MHoro3Ha4yHoe oTobpaxeHne F : X —>2X Ha3blBaeTCs CUbHO MOHOTOHHbLIM OMepa-
TOPOM C KOHCTaHTOi 0 > 0, ecnm cywecTByeT umcino > 0 Takoe, 4YTO
Vi(x,p) € graf(F), (v, e graf(F) (j>-q,x-y)> tflx - y|[2.

MycTb M - BbINYKNOE 3aMKHYTOe MOAMHOXECTBO rMnb6epToBa MpocTpaHcTBa X, a
| —BbiNyknas (YyHKUUs, onpefeneHHas Ha M. PaccMoTpuUM 3afavyy MUHUMK3ALUN
3TOi (hyHKUMM Ha MHOXecTBe M, T.e. 3afauy

1.2) /(x) -yinf, X6 M.

B HeKOTOpbIX NPOCTBIX CyYasx yAaeTcs TOYHO pewuTsb 3agady (1.1). OagHako, ecnm
M 3afaeTcs ¢ NOMOLLbH GOlee UK MEHEE COXHOM CUCTEMbI PABEHCTB U HEPABEHCTB,
TO 9Ta 3alaya PeLlaeTcs ¢ HEKOTOPOii TOUHOCTLIO.

OnpepeneHne 1.1. [5]. MycTbe > 0. Toukaxe 6 M HasblBaeTCs € - ONTUMANLHON
TOUYKOW, ecnu

* *
[(**)< xeM/(X)+e'
Onpepgenenne 1.2. [5]. MHO>KeCcTBO

8f{x0) = {m6 X :/(x)- f{x0) > (v,x —x0) ans nodorox € M}
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HasbiBaeTCA cybaudepeHuranom yHkumm /(x) B Touke xo € M. Ecnn df{xo) O,
To / HasblBaeTCA cybamdhepeHLMpyemMoii B TOUKe XO0-

Booblue rosops cy6angtepeHLmnan BbINyKo QyHKUNK / CyLLeCTBYET He BO BCEX
TOYKax MHOXecTBa M. MHOXeCTBO BCex ToUeK cybauddepeHLnpyeMocTy PYHKLNM
/ 0603HauMM yepes M.

Bo BTOpOM naparpade yTOYHAETCH MECTO PaCcnONOXEHNA MHOXECTBA e- ONTUMasb-
HbIX peLLeHunit, Koraa cybanddepeHumnan GyHKLMN [ SBNAETCA CUAbHO MOHOTOHHBLIM
onepaTopoM B CBOeli 061acTK OMpeaeeHns ¢ HEKOTOPO KOHCTaHTol "4 JlokasaHo,
UTO MHOXECTBO €- OMTUMa/bHbIX PELUEHUA HAXOAWUTCA BHYTPU Liapa C paguycom
4y/2e/n c LEHTPOM B OMTUMANbLHOW TOUKE X*.

YcnoBue cUNbHOW MOHOTOHHOCTY cy6anthepeHLmana CBA3aHO C YCNOBUEM CUJb-
HOW BbINYKNOCTU PYHKLUN. HanoOMHUM onpejeneHrne CUibHO BbIMYKIOA (YHKLUN.

Onpepgenenune 1.3. [1]. dyHKuusa /, onpegeneHHas Ha BbINyKNOM MHO>KecTBe M ¢ X,
Ha3blBaeTCA CUNBLHO BbINYKION HA M € KOHCTaHTon T > 0, ecin

1.2) IN®! + (1 AX2) < A/(xi) + (L- A)/(xa) - TA(1 - A)|xx x2||2
npu Bcex xi, x3 6M, A6 [0,1].

3aMeTuM, UYTO ecim X*—TouykKa MUHUMYMa OYHKLMKU / Ha M, TO CM/bHAas BbIMyK-
NOCTb C KOHCTaHTOM T TPMBMaNbHO NPUBOAMT K oueHke /(X) —/(X*) > T||x —x*||2
4ns Bcex x e M, UTo B CBOK 04epedb HEMEJIEHHO aeT OLEHKY

(1.3) [[xe —X*K< \/e/T pns xe —ONTUManbHOI TOUKMU.

Ecnn ¢yHKUMSA / CUABHO BbiMyKNa Ha BbIMYKNOM MHOXecTBe M C KOHCTaHTON
W, To ee cybauddepHumnan SBNSeTCS CUILHO MOHOTOHHbLIM ONEPaTOPOM C KOHCTaH-
Toli 27 B cBoel o6nactn onpegeneHns (cm.[5], cneacteue 2 neMmbl 9.4 ). KoHeuHo
3aecb npegnonaraetcst, yto M ¢ 0. O6paTHbIin hakT gokasaH B [2]( nemma 1.19.3)
npw 4ONOSTHUTENLHOM NPEANONOXeHNN CybandhepeHLMpyemMmocTy PyHKUnKM / BO BCel
obnactn M, T.e. npu npegnonoxeHun M = M.

Ecnu npocTpaHCTBO X KOHEYHOMEPHO, TO BbiMyKnasa QyHKumns / cyoanddepeH-
LMpyema BO BCEX OTHOCUTENIbHO BHYTPEHHUX TOUKaX MHOXecTBa M, T.e. Ha MHOXe-
ctBe T M (cm.[1], Teopema 4.1). B 6eckoHe4YHOMepPHOM cnydae, ecnv / —BbINyKnas
3aMKHyTas yHKumsa u int M 0, Toint M C M. B obwem cnyyae, 3 gyHga-
MeHTaNlbHOro pe3ynbTaTa npuHagnexatiero bpeHctega n Pokadennapa cnesyet, Uto
MHOXecTBo M BcroZly Ni0THO B M.



Teopema 1.1. [4]. MycTb f- BbiNyknas 3aMkHyTas (NOnyHenpepbiBHAasA CHU3Y)
(byHKUMA, onpegeneHHas Ha BbINYKNOM 3aMKHY TOM MHO>KecTBe M C X. Torga ans
nw6oii TOUYKM X GM cyulecTByeT Takas nocnefosaTenbHoCTh XK € M, yTo

@) XK -» X,
(2 Hxk) -» T
(3) df{xk) Opns Bcex K > 1.
CnepctBue 1.1. a) Ecnmint M / 0. To nocnegoBaTensHOCTb {X*}, yA0BNETBO-
psowasn ycnosnsam 1-3 Teopembl 1.1 MOXKHO BblbpaTb K3 int M.
b) Ecnn X — KOHeYHOMepHO, TO nocnegosaTeNnbHocTb {XK}, Y4OBNeTBOPAOLas
ycnosusam 1-3 Teopembl 1.1 MOXKHO Bbl6paTb U3 ri M.

L okaxem nepeoe yTBepXKAeHUe. BTopoe f0Ka3biBaeTCs aHaN0rMYHo. [eficTBUTE Nb-
HO B Xofe foka3aTenbcTsa TeopeMbl 1.1 B [4] nokasaHo, YTO Ans OO0 TOUKM X
CYLLLECTBYET MoCneA0BaTe/IbHOCTb {X*}, y0BNETBOPAIOLLAA YCNOBUSAM:

(1.4)  cywectByeT p € X Takol, 4to /(X*) < /(X)—< p,Xx —X* > Ana BCeX K,

(1.6) [x*- r||2< 1/k, k> 1,

of{xk) 0 pns Bcex k.

M3 cooTHoweHwuid (1.4), (1.6) cnepyeT, uTo Ans no6oro e > 0 cyllecTBYeT TaKoW
Homep K, 41O

(1.6) f(xk) <f(x) + enpn k> K.

OTctoda, 4N KKAOr0 K CyLLecTByeT Takasi Touka y* 6 int M, uto

(1-7) /(»fc) < f{x)+e.

[elicTBUTENbHO, NOCKO/bKY / MOMYHENpepbIBHA CHW3Y Ha BbIMYK/IOM MHOXECTBE M,
TO OHa HenpepbiBHa Ha int M. 3HauuT,

(1.8) intepi )={(x,a)/ x€intM, /(x) < a}.

M3 (1.6) cnepyeT, 4To OTKpbITOEe nonynpocTpaHcTBo {(X,y.)/ x 6 X, y < /(x) +e}
nepecekaeTca ¢ BbINyKAbIM MHOxecTBoM epi (/) = {(x,a)/ x 6M, /(x) < a}.
3HaymMT, 3TO MNOMYNPOCTPAHCTBO AO/MHKHO MMETb nepeceveHne u ¢ int epi (/).Cnego-
BaTesbHO, U3 (1.8) cneayeT, 4TO CyLLeCTBYeT Touka yK € int M, yfoBneTBopsatoLLas
HepaBeHCTBY (1.7). Tenepb Bblibepem uncno Xk us nHtepsana (0,1) Takum obpasom,

y1o [afexfe + (L - ARIK - X K| < 1/K. Monoxum zk = A*xk+ (1 - AK)Yk- OueBngHo,
uTo



Q) /C*) = /(A*a* + (L- AKYK) < A/(ifc) + (A - AK)F(VK) < F(X) + E,

(2) \zk -x\\ <2jk,

(3) Zk 6 int M.
13 BTOpPOro HepaBeHCTBA HEMeA/IeHHO creflyeT, UTo zk~*X npu K —»00. M0OCKONbKY
Ha MHOXecTBe int M dyHkuna / cybauddepHumpyema n z* e int M, 10 <9/(z*) / 0.
13 nepBOro HepaBeHCTBa, yCTpeMass K 00, nonyvyaem Km supf(zk) < f(x) + c.
MockonbKy e > 0—npousBosbLHO, TO
1.9 lim sup/(zf) < /(r).

C apyroii CTOpPOHbI, MOCKO/bKY / NOAYHenpepbiBHa CHWU3Y, UMeeM

(1.10) lim inf/(zfc) > /(x).
M3 (1.9), (1.10) HemeaneHHo cnegyeT, uTto f[zk) —»f(x).
MpegnoxeHune 1.1. MycTb / —BbINyKNaa 3aMKHyTasa yHKUUsA, onpejeneHHas Ha
BbINYKAOM 3aMKHYTOM nogMHoXkectse M C X cintM 0. Torga ecim Ha MHO-

>KecTBse int M cybauddeperuman d f aBnseTca CMAbHO MOHOTOHHbLIM OMepaTopPOM
C KOHCTaHTON 9> 0, To f CUMbHO BbINYKNa C KOHCTAHTON T9/2 Ha M.

JokasaTenscTBo. Tak Kak int M —BbINyK/10e MHOXECTBO Ha KOTOpOM cybdmndide-
peHuuan d f aBnseTca CUAbHO MOHOTOHHLIM OMEPaToOpPOM C KOHCTaHTol i9 > 0, To Mo
nemme 1.19.2 [2] dyHKUMS / cunbHO BbiNyKMa Ha int M ¢ KOHCTaHTOW mB/2. TlycTb
Tenepb XX, MPOU3BOJIbHbIe TOYKM U3 M. o cneacTeuio 1.1m3 Teopembl 1.1 cyule-
CTBYIOT Takme nocnegosatenbHocTn n {a*}, {y*} n3 int M, uto

(1-112) XK X, [(a*) -»f{xi),

(112) Yk >mVo, f(Vk) »f(x ).

[ns Toyek ifc n y* umeet mecTto HepaBeHCTBO (1.2), T.e Ana scex A6 [0,1] umeem
f(Xxk + 1 Abl <Af(xk)+ 1 A)(y*) "~Al- Allst- y*|2.

Mepexoas 34ecb K npefeny nNpum K —200C y4eTOM COOTHOLeHMA (1.11), (1.12), nony-
ymm

(Al + (- A)r2) < liminf /(Ax*+ (1- Ay*) <

<NI*0+ @ A)bl AL AKi- z2|l2 VA6 [0,1].
O



AHaN0rMYHO B KOHEYHOMEPHOM C/ly4ae MOXHO YCTaHOBUTb, Y4TO ecm df cunbHO
MOHOTOHeH Ha ri M, To / cuibHO BbINyKna Ha M.

Pe3tomMnpys CkasaHHOe, B 06LLEM C/lydae MOXHO NOCTaBUTb CrefyHOLLYIO 3afaydy.
3afgayva. MycTb / —BbINyKnas 3aMKHyTas QyHKUUs, onpeAeneHHast Ha BbINYKIOM
3aMKHYTOM nofMHOXKecTBe M ruab6epToBa npocTpaHcTBa X. MycThb ganee cy6-
ancbdpepeHuman d f aBasieTCA CUNbHO MOHOTOHHBIM OMEPaTOPOM B CBOell 061acTy
onpegeneHusa M. CnegyeT N U3 3TWUX NPeSMNONOMKeHNIA YCNOBME CUbHOI BbINYKNO-
CTU oyHKUMM } 9

Ha moii B3rnsg Ha AaHHbIi MOMEHT HET OTBETa Ha 3TOT Bomnpoc. OfHaKo 3TO He

MeLLaeT Ham NoNYYUTb OLEHKY (aHanornyHo oueHku (1.3) B Cny4ae CUIbHO BbIMyK/IOM
(hYHKLMKN) A15 NOrpewwHoOCTU e-ONTUManbHOro pelleHmna 3agayuun (1.1) npu cunbHom
MOHOTOHHOCTW cybaudgepebuymnana df.
B TpeTbem maparpade BBeEHO MOHATME €- HOPMAbHOMO PELLIEHNs U A0Ka3aHOo, YTO
Hax0XAeHWe 3TUX peLLleHni A B HEKOPPEKTHbIX 3aJa4yax MaTeMaTnyeckoro nporpaMmu-
poBaHusA ABNSETCA YCTONYMBOW 3adayeii. ThuHoe onpefenieHne YCTORYMBOCTM Napa-
MeTpPU30BaHHbIX 3ajay ONTMMM3aLMM MPUBELEHO B 3TOM maparpadge.

2. e- TOYKM MUHVMYMA BbIMYKION 3AMKHYTOMN ®YHKUNW ¢ cunbHo
MOHOTOHHbLIM CYBAN®PEPEHLIMAIOM

Teopema 2.1. MycTb / —BbiNyKnas 3amMKHyTas (QYHKUWS Ha BbINYKIOM 3aMKHY-
TOM MHO>XecTBe M runbbepToBa NpPocTpaHCTBa X, Takas, yTo mf*eM/(q) >
—00. MycTb cybauddepeHuman df(x) Kak MHOrosHavyHoe 0TO6pa>keHue siBnAeTCS
CUNbHO MOHOTOHHbLIM OMEPaTOPOM C KOHCTAHTOR A > 0 B 06nacTW CBOEro onpefe-
neHma M C M. Torga CywecTBYeT eAUHCTBEHHaA TOoYKa X* MUHUMYMa (DYHKLUK
f Ha M 1 UMeeT MecTO HepaBeHCTBO:

(2.1) Ans Bcex xc 6 Mc,
roe Me— MHO>XecTBO E-oNTuManbHbIX TOYEK.

[loka3aTensCcTBOo. IMycThb Xe ecTb e- ONTUMabHAsA TOUKA W A/18 NONOXKUTENbHBIX e, A
PaccMOTPUM 3afavy MUHUMU3ALMN:



M3BecTHO (cMm. [4], Teopema 9), 4TO 3Ta 3agayva UMeeT peLLeHue Ye, rae / cybandde-
peHumMpyemMa U UMeeT MEeCTO BK/IHOUEHUE

(2-2) y(*e-ye)6 0/(ye).
Nmeem

/0e)+ J L - * |2~ /(Ye) + MIYe~ xews pansiBeex | 6 M

Monarasa 3gecb X = Xe, NOAyYUM
(2-3) [(Xe)>/bl + -|lye-1¢|2.
3HauuT, f{x ) > /(ye)- OTctoga ye 6 Me. N3 (2.3) cneayet, 4to
FIe- ®el2< [(*«) - I(y*) < JRf/Tr) +£ - 22 1(x) <e.

3HaumT, llyc —ac|| < AA. Tenepb ecnu Apyras £-0nTMManbHas ToYkKa, TO Cylle-

CTBYET TOYKa ye Takas, 4YTo
(2-4) yOre-MN) 65/(i1).

MockonbKy No NpesnonoXeHuto cybanddepeHLmnan BoINyKon GyHKLmn / asnsetcs
CUNbHO MOHOTOHHbLIM OMepaTopoM C KOHCTaHTOM G > 0, TO M3 COOTHOLUEHUI (2.2) 1

(2.4) cnepyet
( (i YY) y(*e y,)yc-Y )> - A)2-
OTcroga nonyynm
j(xe Xe+y yeye ye)> TN —Yea

CnepoBaTefibHO,

Takum 06pasom,
[|xe-r*|| < lre-#ll + 1Aa-y*I+
+ |IYe Zell < 2v/A + 1IYe Ye]l < 2%/N + *el|-

OTcrofla OKOHYaTeNbHO MOoNy4Yum

Tenepb BbiGepem napameTp A TakuM 00pa3oM, UTO6bl MpaBas 4YacTb HepaBeHCTBa
MPUHUMANA HaUMEHbLLIee 3HaUeHne . MoNoXKUM



HeTpyaHo 3aMeTUTb, YT

Takmm 06pas3om, Nokaszano, 4To
@5) diam(Me) < 4

MTak, MHOXeCTBO Mc OrpaHuyeHo, BbIMYK0 U 3aMKHYTO, U MO3TOMY OHO €1abo KOM-
nakTHO B X. C Apyroi CTOpOHbl, NOCKObKY / —MOyHeNpepbiBHAas CHWU3Y BbiMyKas
(hYHKLMA, TO OHa cnabo nonyHenpepbiBHA CHU3Y Ha BbIMYKIOM MHOXecTBe M (cM.[6],
Teopema 6). CnegoBaTenbHO, / Ha Me gocTUraeT CBOEr0 MUHMMAbHOMO 3HAYEHMS B
HEKOTOPOW TouKe X* 6 Me. ACHO, 4TO X*- TouKa MMHUMYMa hyHKUMK / Ha M. U3
(2.6) cnepyet Tpebyemoe HepaBeHCTBO (2.1). O

3. O6 e- HOpMaNbHbIX peWIEeHNSAX B HEKOPPEKTHbLIX 3ajgauvyax

MATEMATUNYECKOIO MNMPOrPAMMUMPOBAHNA

OcTaHoBMMCS eLle Ha OAHOM acriekTe 3agay MuHuMmsauun (1.1). Monoxum

3.1

1 0603HaYMM Yepe3 A MHOXECTBO pelleHmid 3agaum (1.1), Te. A={x6 M : —
f(x)}. Mpegnonoxum, 4to / —BbINyKAas 3aMKHyTas QYHKUWUA, OnpejeneHHas Ha
BbIMYK/IOM 3aMKHYTOM U OrFpaHW4eHHOM MHOXecTBe M. Torja MHOXecTBO A Heny-
cTo. B Tex cnyyasix, Korja MHOXecTBO A COCTOWUT 6ofiee YeM U3 OAHON TOUKM, MOX-
HO MOCTaBMTb 3afayy 06 OTbICKaHUW Hawyulleid B HEKOTOPOM CMbIC/e TOUKM 3TOFO
MHOXecTBa. Hanprvmep, MOXHO NOCTaBUTb 3adady OnpefeneHns Touku x* 6 A, 6am-
Xaiiweli K HEKOTOPOi (MKCcMpoBaHHOM ToUKe X0 6 X.

OTMeTUM, YTO TaKoW BOMPOC pacCMaTpPMBAEeTCs HarmpuMep B 3ajadvax OnepaTMBHOIO
NNaHUPOBaHWS, rae X* ABAAETCA ONTUMaIbHbIM MIAaHOM, 3/IEMEHT X0 XapakTepusy-
eT N/aH NpepLLecTBYIOLLEro Neproa, CyLeCTBEHHOE OTK/IOHEHNE OT KOTOPOro MOXeT
6bITb CBA3aHO C OPraHU3aLMOHHbLIMU U TEXHONOTMYECKUMY NepecTpoiKaMm 1, cnego-
BaTe/IbHO, COMPSXKEHO C LOMONHUTENbHLIMY 3aTpaTamu.

OnpepeneHune 3.1. [6]. MycTb X0 6 X —HeKoTOpas PUKCMpoBaHHas TOHKA. TOYKY
X* 6 A Ha3oBeM HOpMabHbIM peLleHnemM 3agaun muHumuzaunm (1.1) , ecnn



CnefyeT NoAYepKHYTb, YTO 3ajadva OnpeAeneHus HOPManbHOrO peLleHns BecbMa
OCNOXHAETCSH TeM, YTO MHOXECTBO A 3aflaHO HesBHO, M OHO -HMMM. B PefKuX Cy-
yasx MOXeT 6bITb TOUHO OnMcaHo. OfHUM M3 3PMEKTUBHLIX CPEACTB ONpefeneHus
HOPMasIbHOr0 peLLeHNs ABASAETCA MeTof perynspusaunm, paspabotaHHsiii A. H. Tu-
XOHOBbIM [6]. [N NoNoXuTensHoro a > 0 NMofoxmm

T(a,x,y) =M/(y) +a||x - y||2, raey € M, x e X.

dyHKUMs T(a,x,y) HasbiBaeTca (hyHKUMeihn TuxoHoBa. M3 06LIelt Teopembl CXoau-
MOCTK, loKa3aHHOW B [0] (Teopema 2), cnefyeT, 4To ecam nocnegoBaTensHocTh {e*},
{xk}, {«*} TaKkoBbI, UTO €K-» 0, XK-»i0, ak = y/iK, To nocnegoBarensHoCTb {tx*},
onpegensiemast U3 ycnoBuii

ylgﬂ‘/lr(a*,x*,y) < T(akK,XK,1K) <y|enN}‘T(aK,XK,y) + eK

CXOAMTCA K HOPMabHOMY peLleHuto. JeiicTButensHo, ctabunusatopsl M, 2% (k =
1,2,...) B TeopeMe 2 [s] BbibepeM creaytoLLmmM 06pa3om:

= Iko y||2, MKk(y) & ||x* - yj2 ans noboro A> 1.

MocKonbKy Moc/efoBaTeNlbHOCTb {X*} 1 MHOXECTBO M OrpaHuyeHbl, TO CyLLecTBYeT
Takas konctaHTa C > 0, 4TO 4715 K&XAOr0 K MMEEeT MEeCTO HepaBeHCTBO :

- KNl < C\\xk - xO0||, yem.

Monoxum 7* =f C||x* —xo||. 3ameTm Tenepb, YTO perynupytolime napameTpbl
«K, 70, €K COrflacoBaHbl MeXay c060l1 B CNeAytoLLEM CMbICTE:

(3.2) 7*+ Ek/ak->0 npn K- o0o0.

Ycnosue (3.2) ( ycnoBue COrnacoBaHHOrO M3MEHeHUs napameTpoB) U obecrneynBaeT
CXOAMMOCTb MOCNeA0BaTENbHOCTY MK K HOPMalIbHOMY peLleHunto 3agaun (1.1).
Myctb Ve(x) & TwveMT(y/é,X,y).

OnpepeneHue 3.2. MHO>XeCcTBO
a?(x) =r[{y € M/ /(y) + v Ux - y|i2 < Vc[x) 4-¢e}
Ha3blBae TCA MHO>KECTBOM e- HOpManbHbIX pelleHunii 3agaum MmuHummsaunm (1.1).
Mokaxkem Tenepb, YTO 3afaya onpefefieHUs e-HOPManbHOro peLleHns ABNSeTCA
yCcTonuMBON 3agaveii. Cnegys pabote [3), HAMOMHUM TOYHOE OMpefeneHne yCcTonun-

BOCTM NapaMeTp130BaHHbIX 3afa4 onTuMu3aumm. Myctb Y —6aHaxoBo NPOCTPaHCTBO,
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BELLECTBEHHAs HeNpepblBHasA (yHKLUUA Ha X X Y, Takas, uTo
/(X) = i(x,0) gna scex x € M.
Kaxgomy y 6 Y conoctaBuM B COOTBETCTBME BO3MYLLEHHYIO 3afauy
33) V(y)=imfr(x.y).

O603HauMM Yepes a* MHOro3HayHoe OTOBGpaXKeHWe, COMOCTaBMAIOLLEee napameTpy y
MHOXeCTBO

a?(v) = {xB8 M/ V(y) =*(*»)}.
Mpuy = 0 nonyy4nmM ucxogHyto 3agavy (3.1), T.e. a*(0) = A. Ha npakTtuke, npu uK-
CYPOBaHHOM NapameTpe Y, Mbl UMeeM [ef10 C e- ONTUMaNbHbIMK TOUYKaMu (yHKLUN
m) [03TOMY eCTeCTBEHHO Oblf0 6bl PACCMOTPETH M U3YUUTb HEMPEPLIBHOCTbL MHOIO-
3Ha4YHOro 0TO6paXKeHUs

“Bbl =fIx 6 M/ (x,y) < V(y) +e}-

MHOXECTBO £- ONTUMa/IbHbIX TOUYEK (DYHKLMM  NPU (UKCUPOBAHHOM X.

OnpepeneHne 3.3. 3agaya ( . ) HasblBaeTCH ip-yCTONYMBOIA NO PELLUEHNIO, €C/n
Ans no6oro e > 0 MHOrosHayHoe oTobpaxkeHue of (y) HenpepbiBHO B Touke 0 6 Y.

Teopema 3.1. MHorosHa4yHoe 0To6pa>keHue a% yAoBNe TBOPSAET yCNoBMIO Jluniumya
B OKPECTHOCTMU TOUYKM Xq: CyLecTBYIOT Takue umcnaLl >0u6 >0, uyto
H(a%(xi),a%(xz2)) < ~=11*1 - x2||, *i, x2e Bs(x0).

LokaszaTenscTBo. M3BecTHO (cM.[4], npegnoxeHune 4.3.12), uto dyHKuma V' [x) gnd-
thepeHLMpyema no X u

W *(x) = 2y/E(Xx - Xe), rae Xr-Touka MUHUMyMa QyHKLun T(-/é, X, ¢) Ha M.
Tak Kak MHOXecTBO M orpaHu4eHo, TO cyluecTByeT uncno C\ > 0 Takoe, 4YTo
(3.4) W eX)|| < 27(||x]] + |Ixel]) < 2y/ICb ecnm  x 6 ~(x0).

MycTtb De(x) 6 M —HekoTopas Touka MUHUMYMa yHKLMK T{s/i, X, *) Ha MHOXeCTBe
M npv uKcpoBaHHOM MapameTpe X, T.e.

Ye(x) =/p e(x)) + vx 13e(x)]3.
Monoxum

O ,y) & f{y) + VE\Wx- y||2- V'(X) - e
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3ameTum, 4To ecim <p(x,y) < 0, To 'y e aj(x). Janee, yHKUMA ip BbINyKna Mno y
i) PUKCMPOBAHHOM X W Y4WTbiBas HepaBeHCTBO (3.4) Nerko yCTaHOBWUTb, YTO OHa
YL0BNETBOPSAET YCNOBUIO JIMNLIMLA:

(3.5) \u=i?iy) - we,y)\ <4V eClja:i-i2l|, ye M.

MycTb Xi,Xx2 6 B\(x0) nyi € a*xi), 1.e. y>(xi,yi) < 0. Torga npn A6 [0,1], yuu-
TbiBafA BbINYK/OCTb (DYHKUMM MO Y U HepaBeHCTBO (3.5), nonyyaem

B, (1- Ayi + Ae(x2)) < (1- A)p(x2,yi) + Ay>(X2, £e(x2)) =
=1 AWVxiyi)+ (1- A)vs(x2,yi) - pO&i.Yi)]) + Ar2(2,£>e(x2)) <
< 4\/eC'i[|xx - x 2| + Ap(x2, £8(X2)).

[Monoxum

<3B)

Ecnn Tenepb Hopma ||Xj —X2|| focTaTtovyHO Mana, To A onpefensemoe hopmynoi
(3.6), nexxuT Ha npomexxyTke [0,1]. MoaToMy 13 NpefblAyLLEro HEPaBEHCTBA BbITEKAET
HepaBeHCTBO <p(X2, (1 —A)yi + AAr(x2)) < 0. CnegoBaTenbHo, N0O0M TOuKe yi €
aj(Xi) MOXHO conoCTaBUTb TOUKY Y26  (X2) no cnepytoLueid popmyne:

(3 ) n - W - 1,11 - il "< apgmwu) -
Mockonbky —pfe,£>i(X2)) = e 1 MHOXecTBO M orpaHuyeHo, To 13 (3.7) cnepyer,
cyllecTByeT Takoe uucno C2 > 0, uto

(3.8) ¥ Yall <~ C 2IXI-x2| <L x:-x2|.

WTak, ecnm pasHocTb ||Xi —X2|| AOCTaTOYHO Mana, To KaXpAol Touke yi € o0”(x\)
MOXHO NOCTaBUTb B COOTBETCTBME TOUKY Y2 e aj(X2), TaK, 4To BGyfieT BbIMOIHEHO
HepaBeHCTBO (3.8). EC/iM yyYecTb NOMHYKO paBHOMPaBHOCTL Xi W X2, TO hopmyna (3.8)
MoKasbIBaeT, YTO XayCcA0P(hOBO PaccTosHME MeXAY MHOXecTBaMu a j (L) n a.J(X2) He
npesocxoguT ~-LL xi —x2||. Takmm obpa3om HargeTca Takoe ymcno S > 0, uTo

H(c%{xi),aT{x2)) < \715||Xi -xall, xi, x26 Bs(x0),
rpe = 4C2.

Abstract. The paper gives an estimate for the Hilbert space distance from a e-optimal

point to the minimum point of a convex, closed function, the subdifferential of which

is a strongly monotone operator in its definition domain. Also, the Hausdorff distance
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between the e-optimal points of the Tikhonov functions in the non-correct problems
of mathematical programming is estimated.

CnNCOK NNTEPATYPSI

[1] A. T. Cyxapes, A. B. Tumoxos, B. B. ®egepos, Kypc MeTogos Ontumumsaunm, Mocksa, Hayka
(1986).

[2] E. C. MonosuHiow, M. B. Banawos, 3neMeHTbl Bbinyknoro n CunbHo Bbeinyknoro AHanusa,
Mocksa, ®usmatnnt (2004).

[38] A. P. XayatpsH, O MHOro3HauHbIX OTOBPaXEHNAX W €- ONTUMaNbHbIX PeLleHnax napameTpu-
30BaHHbIX 3afjadax onTuMM3auum . [uccepTayms Ha COMCKaHWe YUYeHOW CTeneHWu KaHaupata
(hM3NKO-MaTeMaTMyeCcKnx Hayk, EpesaH (2006).

[4] N. 3knaHa, X . M. ObeH, MpuKnagHoin HenUHelHbIR aHanu3, Mockea, Mup (1988).

[B B. ®. flembsaHos, J1. B. Bacunbes, H3guddepeHumpyemas OnTtumusaums, Mocksa, Hayka
(1981).

[6] ®. M. Bacunbes, MeTofbl PeweHns IkcTpemanbHbix 3agay, Mocksa, Hayka (1981).

Moctynuna 20 gekabps 2010
MepepaboTaHHaa Bepcus noctynuna 29 anpens 2011



Hspecrna HAH Apmennn. Maremarnka, Tom 47, B 4, 2012, crp. 73-80."

THE RIEMANN-HILBERT BOUNDARY VALUE PROBLEM FOR
MATRICES ON NON-SMOOTH ARC

B. A. KATS, S. R. MIRONOVA AND A. YU. POGODINA

Kazan Federal University, Russia
Kazan State Technical University, Russia
Saratov State Technical University, Russia

E-mail: srmironova@yandez.ru

Abstract. We consider the Riemann—Hilbert boundary value problem for holomorphic matrices
(the Fokas—Its—Kitaev version) on certain class of non-smooth arcs. The main result is sufficient
condition for its solvability.

MSC2010 number: 30E25.
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1. INTRODUCTION

Let T" be a Jordan arc in complex plane C. We consider boundary value problem

on evaluation of holomorphic in C\ T' matrix

Vir(2) Viol2)
Y(2) = (Yi(z) Yii(z))

such that
(1.1) YT(t) =Y (#)G(t),t €T\ {ai, a2},

where YT (t) and Y~ (¢) stand for boundary values of matrix Y at a point ¢t € "\
{a1, a2} from the left and from the right correspondingly, a; and as are starting and

end points of T', and G(¢) is defined on I triangular matrix

G(t) = <(1) w@) .

In addition, the matrix Y must satisfy certain restrictions

(12) Y(Z):O(‘z_aj|_’y)7'7:’7(y) <lLz—=a;j=12,

!The research is partially supported by Russian Foundation for Basic Researches, grants no.
12-01-00636 and 12-01-97015-r _povolzhie _a.
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on its growth near points a1, az, and condition

(1.3) Y(2) = (I +0(:"1) (ZO On> 2 = 00,

where [ stands for unit matrix and n is fixed positive integer.

This version of the matrix Riemann—Hilbert boundary value problem was studied
first by A.Fokas, A.Its and A.Kitaev [1]. It has numerous applications in theory
of orthogonal polynomials, theory of rational approximations and other branches of
analysis (see, for instance, [2], [3]). But all known results on this problem concern
the cases of very smooth arc I'. In the present paper we solve it on certain class of
non-smooth arcs.

In the next two sections we prove auxiliary results concerning the jump problem.
Then in the last section we establish a sufficient condition for solvability of the

problem (1.1) on non-smooth arcs.

2. THE JUMP PROBLEM ON COUNTABLE SET OF DISJOINT CLOSED CURVES

Let D be finite measurable domain of the complex plane with boundary T'.

dzdy i
(dist(z,T)) FEITW,

is called a-size of the domain D.

Definition 2.1. The value

Obviously, Sy(D) is area of D.

Lemma 2.1. If boundary I' of domain D is rectifiable Jordan curve, then for 0 <
a < 1 the a—size of D is finite, and S, (D) < CA(D)w!=%(T"), where \(T') is length
of T, w(l') is diameter of the most disk lying inside D, and the constant C' depends

only on «.
Proof. We consider the Whitney decomposition W (D) of domain D (see, for
instance, [4]). It consists of mutually disjoint dyadic squares @@ C D such that
diam@ < dist(Q,T) < 4diam@).

We denote by m,, the number of squares from W (D) with side 27". Then

dxdy _n(2_a)
Sa(D) // dzsfzf) =C Z 2 m

QEW(D) 2 "<w(D)
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Clearly, m,, < A(D)2". Let ng be the least n satisfying inequality 27" < w(D). Then

Sa(D) < CA(D) Y (27" < CA(D)27™ %) < CA(D)w' (D),
n=nogo
where C stands for various constants depending only on a. O

We consider contours I' = U]oil I'; consisting of mutually disjoint rectifiable Jordan
closed curves I'j,j = 1,2, 3, ..., which are boundaries of finite domains D;: I'; = 0D,
D;N Dy, =0 for j # k. Let L(I') be the set of limit points of the contour T, i.e.,

L) ={a€eC:a= lim zj,z €I}
J—00

Thus D~ :=C\ U2, D;.

j=1

Definition 2.2. The class § consists of all contours I' = U;il I'; such that their

limit sets L(T') contain only finite number of points, and all these points are finite.
For I' € § we introduce a—size by equality
Sa(T) =Y Sa(Dy).
j=1
As we have shown,
(2.1) Sa(I) < C S AD)w' (D).
j=1

Below we denote H,(A) the set of all functions satisfying the Holder condition

with exponent v on a set A C C. This condition consists of the finiteness of value

l9(t') — g(")]|

(2:2) hu (g, A) == sup{ P

e At £t} < .
Definition 2.3. The class 9, (T) consists of functions f(t) defined on T € § such
that f; := flr, € H,(I'j) for j =1,2,..., and

hy(f,T) :=sup{h,(f;,T;) : 5 =1,2,... }, | fllew) :=sup{[f(t)| : t € '}

are finite.

Theorem 2.1. LetT' € 3F, f € H,(T) and v > % If S1_,(T") < oo then the series

23) -3 [ o

converges in C\ T to holomorphic function ®(z). This function vanishes at co, and
at any point t € T'j,j = 1,2,... it has limit values T (t) := limp, 5. P(2) and
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O (t) :=limp-5,_,; D(z) related by equality
(2.4) OT(t) — D~ (t) = f(t),t € T.

In addition, if Sy1-,)(I') < oo for some p > 2, then ® is bounded in the whole

complex plane.

Proof. We consider the Whitney continuation f}* of function f; from the curve I';
into the whole complex plane (see [4]). Let ¢(z) = Z;il X (2) f(2), where x;(z) is
characteristic function of the set D;. According well known properties of the Whitney
extension, ¢ is differentiable in C\ T and |V(z)| < h,(f,T)dist”"'(z,T). Hence,
|[Vo|P is integrable in C if p(1 — v)—size of T is finite. We apply to each term of the
series (2.3) the Borel-Pompeju formula (see [5]). We obtain

- fdt 06 dedn .
% r, t— 2 - ] // aZC_Z7<*§+“77

and

(2.5) D(z2) = ¢(2) + %//D g??g_dz.

If S;_,(I') < oo, then g—% is integrable, i.e., the series converges to holomorphic in

C\T function. The existence of boundary values ®*(¢) and relation (2.4) follow from
Dynkin—Salimov theorem of continuity of the Cauchy type integral over rectifiable
curve for v > £ (see [6], [7]). The equality ®(co0) = 0 is obvious. Finally, if Sp1_,(I') <
oo for p > 2, then % is integrable with power p > 2, and the last term of (2.5) is
continuous in the whole complex plane (see [5]). Thus, under this restriction the
function ® is bounded. O
This theorem gives a sufficient condition for solvability of jump boundary value
problem (2.4) on countable set of closed rectifiable curves. Another sufficient conditions
for its solvability can be found in [8] (see also bibliography in this book) and [9].
The inequality (2.1) immediately implies

Corollary 2.1. LetT' € F, f € 9,(T) and v > % If the series

[e.9]

(2.6) > MD)W’

converges for B = v, then the jump problem (2.4) is solvable, and if this series

converges for some < 2v — 1, then the jump problem (2.4) has a bounded solution.

For v = 1 the sizes 51, (I') = Sp(1-,)(I') = So(I') are equal to the sum of areas of

domains Dj;, and, consequently, are finite.
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We come to the following corollary.

Corollary 2.2. IfT € § and f € H1(T'), then the series (2.3) converges to a bounded
solution of the jump problem (2.4).

If all curves I'; are piecewise smooth, then the Cauchy type integral over this curve

has continuous boundary values for any positive exponent v (see [10], [11]).

Corollary 2.3. Let I' € § consist of piecewise-smooth curves I';,5 = 1,2,..., and
f€95,(T). Then Theorem 2.1 keeps validity for any positive exponent v.

3. NON-SMOOTHS ARCS WITH SMOOTH SKELETON

Let us consider the following example. We put Y (z) = zsinZ for 0 < = < 1,
Y0)=0,T={z=z+4+iy:0<2z<1,y=Y(x)} The arc " begins at the point
0 and ends at the point 1; it loses smoothness at its starting and has infinite length.
Let I be segment [0, 1] with the same beginning and end points. We can represent
the union I'U I in the form I'U I = U72,T';, where I'; = D; and

Di={z=a+iy: (j+ 1) <z<jt0<(-1)y< (—l)jmsing},

j=1,2,3,.... The even curves I'y; are situated in upper half of the plane, and their
intrinsic orientation is opposite to orientation of I'. The odd curves I'y;_; are situated

in lower half of the plane and directed along I'. Obviously,

SRS e

Jj=1
and both contours I'pgq := {I'1,I's,5,... } and Tepen, := {2, T4, T, ... } belong to

the class §. Let us give general description of this phenomenon.

Definition 3.1. Let I' be a Jordan arc beginning at point a1 and ending at point
ay. We say that arc v with the same starting and end points is its skeleton if [Ay =
[TUl ™, where T (correspondingly, T~ ) is a contour of class § consisting of mutually
disjoint closed curves oriented positively (correspondingly, negatively) with respect to
their interior domains, and L(TF) C {ay,as}. We denote by & the class of all arcs

with smooth skeletons.

We introduce a—size of arc I' € & by equality S, (I') = So(I'")+Sa (I ™). Generally
speaking, an arc I' € & has infinite length.
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We consider the jump problem on arc I, i.e., the problem on evaluation of holomorphic

function ®(z) in C\ I such that ®(cc) = 0, and
(3.1) T(t) — @ (t) = f(t), teT\{ar, a2},

(3.2) Q(2) =0(|z—a;|77), z—=a;, j=1,2, v=~(®)€[0,1).

Here ®*(¢) and @~ (t) stand for limit values of desired function ® on I from the left
and from the right correspondingly.

Let I' € G, « is its smooth skeleton, f € H,(I'). As above, we denote by f* the
Whitney extension of f from I' onto the whole complex plane. Obviously, f*|ruy €
H,(T'U~). Then

1 fdt L/ fewd 1 feydt 1 fot)dt
¥

o2mi Jp t—z  2mi 2

t—=z 21 Jpy t—2z 27 Jp- t—z

The first term in the right-hand side is the Cauchy type integral over smooth arc
v with density from the Hoélder class H,(y). It has jump f*“ on v \ {a1,a2} and
logarithmic singularities at the points a1 (see [10], [11]). The second and third
terms are series of the Cauchy type integrals over sets of closed curves of the class §.
If Sp1—1)(I') < oo for some p > 2, then both series converge to bounded functions
with jump f* on these curves by virtue of Theorem 2.1. Thus, we proved the following

assertion.
Theorem 3.1. LetI' € &, f € H,(I'), v > 1 and Sp1—,)(I') < 0o for some p > 2.
Then the Cauchy type integral in the right-hand side of equality

(3.3) B(2) = % i J; (f)it

converges, and the function ©(z) is solution of the jump problem (8.1) satisfying
condition (8.2).

Analogs of Corollaries 2.1, 2.2, 2.3 are valid, too. We cite an analog of Corollary 2.2.

Corollary 3.1. Let T' € & and f € Hy(T'). Then the Cauchy type integral in the
right-hand side of equality (3.3) converges and gives a solution of the jump problem
(3.1) satisfying condition (3.2).

4. THE RIEMANN-HILBERT BOUNDARY PROBLEM FOR MATRICES

Now we solve the problem (1.1) in the class of holomorphic matrices satisfying
conditions (1.2) and (1.3). We assume that the arc I' has smooth skeleton, i.e., belongs
78
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to the class G. The entries of desired matrix Y satisfy the following relations:
(4.1) Yii(t) =Y (), t €T\ {a1,a2}, Yii(z) = 2" +0(z""1),
Yih(t) = Yia () + Y (Qw(t), t € T\ {ar, a2}, Yia(2) = O(z7"7),
Y5i(t) = Y5 (1),t € T\ {ar, a2}, Yai(2) = O(z" ),
Yob(t) = Yop (8) + Yor (Hw(t),t € T\ {ar, a0}, Yao(2) = 27"+ O(z7"71),
where the second equalities concern behavior of desired functions near infinity, and
(4.2) Yim(2) =0(z—a;|7"),y=9Y) <1,z —>a;, jkm=12

The equalities (4.1) and (4.2) imply that Y7; is polynomial of degree n with highest

term 2", i.e.,
(4.3) Yi1(2) = mp(z) = 2" + 2" N ep12 + o
Analogously, Ys; is polynomial
(4.4) Yo1(2) = n_1(2) = 602" L+ 612" 2 -+ oz 4 En1.
The functions Y12 and Yoy are solutions of the jump problems

Yib(t) = Yip () = ma(Dw(t), t € T\ {ar, as),

Yah(t) = Yor () = -1 (thw(t),t € T\ {as, az},
in the class (4.2). Under assumptions of Theorem 2 these problems have unique

solutions

Yia(2) 1/F7T"(t)w<t)dt y22(z)_1/r7~7"—1(t)w(t)‘#_

~ 2mi t—z T 2mi t—z
But Yi2(2) = O(z7"7 1Y), Yaa(2) = 27" + O(27"71) for 2 — oo. The convergence of

the Cauchy type integrals allows us to rewrite these conditions in the form (see [2])

(4.5) /wn(t)w(t)tjdt =0,0<j<n-—1,
I8

(4.6) / T (Owt)tdt =0,0<j <n—2, / T (Dwt) "L dt = —2mi.
T T

Thus, we come to the following result.

Theorem 4.1. LetI' € &, w € H,(T'), v > 3 and Sp1-,,)(I') < 0o for some p > 2.
Then the matriz Riemann—Hilbert boundary value problem (1.1) has a unique solution
satisfying conditions (1.2) and (1.3) if and only if there exist polynomials (4.3) and
(4.4) satisfying conditions (4.5) and (4.6) correspondingly.
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Now we describe a simple case where that polynomials exist. Assume that one of
skeletons «y of the arc I' is a segment of real axis (we can say that it has right skeleton),
and function w(t) is restriction on I' of a function w(z) which is holomorphic in a
simply connected domain containing I' U v and positive on the segment . Then

w € Hy(T"). The conditions (4.5) and (4.6) are equivalent to equalities

/ﬂn(t)w(t)tj dt=0, 0<j<n-1,
"

/frn,l(t) wt)tdt =0, 0<j<n—2, /frn,l(t)w(t) t"ldt = —2mi,

¥ ¥

ie. my(2) = Po(z) and 7,—1(2) = bP,_1(2), where P,, and P,,_; are monic orthogonal
polynomials on the segment I with weight w|y of degrees n and n—1 correspondingly,

and b is certain constant.

Corollary 4.1. Let I' € G have straight skeleton 7y, and let w(t) be restriction on
T of a function w(z) which is holomorphic in a simply connected domain containing
I' Uy and positive on the segment y. Then the matriz Riemann—Hilbert boundary

value problem (1.1) has a unique solution satisfying conditions (1.2) and (1.3).
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