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1. BBEAEHUE

B paGore [1] anst kaxa0ro nedersoro n > 665 Gbuta MOCTPOEHA HOBasi OlNEpalius
YMHOMKEHUs TPYIIN, Ha3BAHHAS NEPUOOUECKUM NPOU3SEdeHUEM OAGHHO20 NEPUoda n
wna n-nepuodureckum npoussedenuenm (e, takxe [2]). DT onepanum yMHOKEHHS
0BnasarT MEHOTUMY CBORCTBAMY KIACCHYECKIX ONepannii CBoBOAHOrO U PsAMOro 1po-
W3BENEHUH I'PYIIL, B TOM YHCIE W CBORCTBAMH TOYHOCTH, ACCONUATUBHOCTH W HACTIE -
CTBEHHOCTH 110 noarpynnas. Iocnennee coficTBO 03Havaer, 9To Anst MOOLIX T1O-
rpynn H; compoxureneii G; n-nepuoauyeckoro npon3BeieHus H?e ; G cemeficTpa
rpynn {G; bier Bnoxenus H; — G npOROAXKAIOTCA [0 BIOKEHHAS N-IEPUOARIECKOIO
npoussenenns | [;-; H; cemeiicrsa rpynn {H;}ic; B n-nepuoamyeckoe npon3eeIeHue
[Tiz; Gi, r.e. noarpynnet comuoxureneii nopoxaakoT B [ [ ; G; CBOE n-neproanueckoe
[IPOU3BEIEHNE.

Tlocrpoennbie onepanyuy NePUOANIECKOr0 TPOU3BEAEHNAS I'PYII peraT npobnemy A.
Y. Manbiiesa 0 CyImecTBOBAHKUK B KJIACCEe BCEX I'DYIN aCCONUATHBHON, TOYHOH U Ha-
CHEJCTBEHHOR 110 TIOATPYNIaM ONepalui, OTIHYHOR KaK 0T NPsSMOrO NPOU3BEeeHs,
rak u csobonuoro nponssenenus (cM. raxxke [3], [4]).

B nacrostimel pabore Mbl UCCHEAYEM I'DYIIILI BHEITHEX aBTOMOPMUIMOB N-TIEPHO N~

YeCKUX TPOM3BEeHNH HEKOTOPBIX KIACCHYeCKUX I'DYII.
3



B. C. ATABEKAH, A. JI. TEBOPI'ddH

Ounpegenenne 1.1. ITyems G — npoussoavnas zpynna, p € Aut(G) — asmomop-
dusm zpynnoe G u H - nodepynna zpynne G. Aemomopdusm ¢ nasosem H-cma-
buavnvim asmomopdusmom, ecau o(H) = H. ITpu smom H nasweaemca p-donyc-

mumoti nodepynnot.

Pacemorpus npoussonbnoe cemeictso J# noarpynn rpynnst G. Beesosmoxubie
H-crabunbabie apromopdusmet nipu H € £ cocrapnaor nogrpynny rpyunst Aut(G).

Ona naswiBaeTca crabunusaTopoM cemelictsa £ u obo3navaeTes
Aut o (G) = {p € Aut(G)|p(H) = H nna seex H € 5.

Ecmm vy — BayTpenHbiii aBroMopgu3M, NOPOXKIEHHBIA 3neMentoM g € G, T.e. jjst

no6oro z € G mMeer mecto vy(z) = g !

xg, 10 vg(H) = H nna xaxpnofi HOpManbHoi
noarpynnet H <1 G.
Hycre A = A(G) — MHOKECTBO BCEX HOPMANBHBIX HOArpyHI rpynnst G u A4 C

A, Jlerko 3aMernTh, 9TO TOIAA BLIIOIHEHBI CHEIYIONINE BIOKEHHA
Inn(G) 4 Aut v (Q) < Aut_»(G) < Aut(@),

rae Inn(G) — rpynna Beex BHYTpeHHEX aBTOMOpGU3IMOB rpynnnt G.

Kaxaptit apromopdusm uz Aut_y (G) npussiTo HA3LIBATE HOPMAJIBLHBIM aBTOMOD-
duzmom. B uacrHOCTH, 11060 BHYTPEHHUE aBTOMODDU3IM SBIACTCA HOPMANBHBIM
aproMopduzmom. CornacHo OnpeAenennio, IpH JaHHOM HOPMAJbHOM aBToMOpdu3Me
¢ € Aut(G) nwbasi HOpManbHas noArpynna rpynust G g-gonycrama u HaoGOpPOT.
Scuo, uro ecnu N ecth @-aonycruMas HOpMaibHas HOArpynna rpyunsi G, 10 aBro-
MOP(U3IMOM @ MHAYIMPYETCa HEKOTOPBIil aBroMopdusm dakTop rpynmer &/ -

A TIoGouxnui B [5] u A. Jhio B 6] nokaszanu, 910 Kaxk bl HOPMANLALIA ABTOMOD-
buzm HenEKIEIECKOR abCcoMIOTHO CBOBOAHON rpyHnbl I SABNACTCA BHYTPEHHEM, T.€.
umeer mecto papencrso Inn(F) = Aut_y (F). CoorBercTByIOIEe PABEHCTBO OBLIO 10~
Ka3aHO B DA3HbIE TOJBL [Jisl PA3JIMYHBIX HHTEPECHBIX Kaaccos rpynn (em. |7] — [14]).
B wacrrocru, A. Munacas n JI. Ocun B [14] nokasanu, uro ecnu G — Henukingeckas
OTHOCHTEIBHO ruTiepGondeckas rpynia 6e3 HeTPUBUATIBHBIX KOHEYHBIX HOPMAJbHBIX
nonrpynn, 1o Inn(G) = Aut_y (G).

M. B. Hemanum B [15], yeunusas pesynsrarst pabor [5] u [6], nokaszan, 410 kax-
JibIl HOpMaNbHBIHR aBTOMOpPdE3M CBOGOJHOTO NPOU3BEAEHNSI HETPHUBHANBHBIX DY

— BHYTpEeHHHH.



O BHEIIHMX HOPMAJIEHBIX ABTOMOP®HN3MAX

Mbi nokakeMm, 4to pe3ynbrar paborsi [15] HeBO3MOXKHO pacnpocTpaHuTh Ha N-
nepuoMyuecKre npoussenennsd. Todnee, Mbl JOKayKeM, UTO Jid Ji000ro HeYeTHOro
n 2> 665 cymecryior takue rpynnet G u G, n-nepuogudeckoe Ipou3BeIeHne KOTo-
pbix 0bsafaeT BHEINHUM HOPMAIBHBIM aBTOMOD(MDUIMOM.

B cayuae aByx muoxurene jis 0o003HAYEHU N-TEPUOIMYECKOrO IPOU3BEIEHN

Oyaem ynorpebnsrh 3anuck Gy ¥ Go.

2. BHENIHUE HOPMAJIBHBIE ABTOMOP®U3MbI

Teopema 2.1. ITyemv G npoussoavhas zpynna 6es unsoaoyud, obaadarouiasn as-

momoppusmom nopadra 2. Tozda ecau 0as HeKOMOPO2O HenemHOzo wucaa n > 665
. .

zpynna G cosnadaem co ceoell nodepynnoti G™, mo n-nepuodureckoe npoussedenue

n
G * G obaadaem SHEWHUM HOPMAABHBM GEMOMOPPUIMOM.

Aokazameavemso. Tlycrs apromopduzmom ¢ rpynnst G uMeer nopsaoK 2. 910 03Ha-
qaer, 4TO 15 1000r0 dnementa r € G BpinonHeno pasenctso ¥ (z) = x. Ilo yeaosuio
TEOPEMBI, CYIIECTRYET HeueTHOe Yuesio n > 665 Takoe, 9TO BBIIOTHAETCS PABEHCTBO
G = G", rae G" ectb NOAIPYNNA, NOPOXKAEHHAA BCEMU N-MH CTeNeHsMEU rpynns G.

Paccmorpum nepecekaioiyecs no equHUYHON NoArpynne gse n3oMopdHbe KONnA
G1 u Go rpynnet G n wepes ¢ : G1 — Gy n ¢¥9 : Gy — G5 0603HaYUM COOTBET-
CTRYIONME aBTMODGUIMBL OPsiAKa 2 371uxX rpyni. [ocTponM n-nepuoguveckoe npo-
nzsenenne G ¥ Gy, TTocKONBKY n-NepHONHYECKOe TPOU3BEIEHNE B KIACCe BCEX IPYy
SABJAAETC TOYHOM onepanueii, To aproMopdusmel ¢¥; 1 Gy — Gy, 4 = 1,2, mynrunng-
KaTuBHBIM 00pa30oM paciupawTes 10 aproMmopdusma ¥ @ Gy ¥ Gy — Gy ;LGQ I'PYIIThL
Gy ¥ G». Hokazxewm, yro rpynna G ¥ G4 gaBngeTCs NPoCcTOl rpynnoi (HanoOMHEM, 970
HETPUBHAJLHAS I'PYNIa HA3BIBAETCH NPOCTOH, €CJIM OHA MMEET B TOYHOCTH JIBE HOD-
MaJbHBIE DOATPYNIb ). s 370ro BOCHonb3yeMesd CAeAYIONIAM KPATEPHEM IIPOCTOTHI,

JoKasanubiM B paborax [16] u [2].

Jlemma 2.1. (cm. [2], Kpurepuit npocrorst.) [Tyems dano npouseosvnoe “ucao n >

665 u cemeticmeo nempusuaasusx zpynn {G,licr, 2de aubo 1| > 2, aubo |G;| > 2
. "

npu nexomopom i. Jas mozo, umoGu. n-nepuodunecroe npoussedenue [ [, ; Gi nepu-

oda n 6va0 npocmot zpynnol, Heobrodumo u docmamonwHo, wmobv. Kaxcdas zpynna

G; cosnadaaa co ceoell nodzpynnoll, NoPoHcOeHHOT 6Cemu N-MU CMENEHAMU.

lo ycnoBuio Teopembr uMmeroT Mecto pasencrsa Gy = G, roe G ects NoArpynna,

NOPOXKIEHHAs BCEeMHU n-Mu crenensimu rpynnet Gy, + = 1, 2. Kpome roro, tak kak Gy
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obnagaer aproMopdusMom nopsaaka 2, 1o |G| > 2. Tostomy, cornacuo nemme 2.1,
rpynna Gq ¥ Gy sABasiercs TPOCTONR IPyHIo.

OueBnHO, KaKIbill aBTOMOPMHU3M NPOCTOH IPYNIIbL ABIAETCA HOPMATILHBIM ABTO-
mopdusmom. Hokaxenm, aro W sisisiercs BHENTHEM aBTOMODMDUIMOM, T.6. HE SBIIeTCs
BHYTPEHHUM aBTOMODPMUIMOM.

JokazwiBas 0T HPOTHBHOTO, npeanonoxuM, yro W — payrpennuii aproMmopdusm.
D70 O3HAYAET, YTO HEKOTOPBIH BHYTpeHHRH aBToMOpdusM v, copnagaer ¢ V. Taxum
obpasom, aj1s 06oro x € Gy * Go umeer mecro pasencrso W (z) = vy(z) = g tzg.
Ecnn z € G, 1o ¥(2) = o;(z), nockonsky asromopdusm V¥ apigerca nposoiKenuem
apromMopdusmos ¥;, i = 1,2. Tem cambiv, umeem vg(x) = o;(x) nis moboro snemen-
ta z € Gy, 1 = 1,2. Tlo ycioBuw teopembl apTOMOPMU3MEL ¥0; BMEIOT HOPIIOK 2, T.€.

¢ = la,, i = 1,2. Bnaunr, g moboro « € G; mveem v5(z) = g2

zg? =1g,(z) = 2.
OTciona BBITEKAET, YTO 3IeMenT g° € G %Gy NPUHAJNEKAT HEHTPATN3ATODY KakK-
no#t u3 rpynn Gy, i = 1, 2. VI3 9T0r0 HeNOCpeCTBEHHO CIIeAYeT, YTO ¢° NPHHAIJIEKAT
LEHTPANN3aTOPY BCell IPYNIIIBL GlﬁGg, HOCKOJIBKY TNEPHOIHYECKOe TIPOU3BEJEHNE
nopoxaerca ceouMn Muoxkurensmu. Crenosarensuo, apromopdusm ¥V roxe umeer
OPSAJIOK 2.

Hanee nam nonanobures crenyionee yrsepxKaenne, nokasannoe s pabore [16].

JIemma 2.2. (cm. {16}, reopema 7) ITyems F ecmo nepuoduneckoe npouseedenue
cemeticmea epynn {G;}icr. Ecau mneedurnunmmts saemenm z epynnwe F conpasicen
HEKOMOopoMY saemenmy y odnotl us nodepynn G; epynnm F, mo ecawuti nepecmano-
soumnbili ¢ T saemenm pynnos F npunadaescum moti sice conpascennoti G; nodepynne

HG;H™! xomopot npunadaescum x.

Ecan peanoyIioNUTEL, YTO 3JIeMeNT X IPUHaJJeKNT MHIOXKNUTeIILIO G1 npownsnele-

29592 = x, COIVIACHO YTBEDKJEHHUIO JEMMBI 2.2, no-

n
vust G * G, TO U3 paBeHcTBa g
Jy4aeM, 9TO SAeMEHT g° NPHHAIIEKAT TOMY JKe MHOKUTENbIo (1. AHATOrHYHBIM
obpazom yGeauMcsa, 9To 3IeMenT ¢° TakiKe IPHHALIeKuT Muo)uTeno Gy, Tlockons-
n
Ky €JHHCTBEHHBIM 00InM 3sementoM noarpyna Gy u Ga rpynnst G * Go apnsercsa
eAMHEYHBI 31eMenT, T0 g° = 1. Takum 00pas’oM, JIEMEHT g ABAATCA WHBOMIONTEH.
TlosTromy 3neMeHT ¢ He CONpSAXKEH HUKAKOMY 3jaeMenty noarpynn G, 1 = 1,2, no-
CKOJIBKY 9JIEMEHT I'DYIIIbI, COUPSAZKEHHBI WHBOIIONNH, CAM ABJISETCA HHBOJIONUEH, B

TO BpeMsl Kak, COITIACHO YCJIOBHIO TeopeMbi, B rpynnax Gy, 1 = 1,2 ne conepxarcs
6
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waponionuy. 1o Toll e npuyrHe 97IeMEHT ¢ He PaBeH NPOU3BEIEHUIO NBYX HWHBOJIO-
nuii.

Teneps BOCHONB3YEMCS CIEIYIONIMM CBOHCTBOM [TEPUOAMYECKUX IPOU3BEIEHNH I'DYTII.

"
Jlemma 2.3. (cm. [2, Teopema 2|) Ecau saemenm x epynnw. [[;; Gi ne conpasicen
6 zpynne H?e ; G nuraxomy saemenmy nodepynn G; u ne pasen 6 F npoussedenuro

deyr uneoatoyuti, mo 6 [ [, ; Gi evnoaneno coommowenue ™ = 1
y 74 7 cT k3 = 1.

B cuny nemwmbr 2.3 B rpyrine H?E 7 G Bemosnneno coornomtenne g = 1. Conocran-
7A8 HOCTIeIHee PABEHCTBO C PABEHCTBOM g° = 1, momy4aeM, 910 g = 1, HOCKOMLKY 7 —
HeYeTHOE Yucno. Yenosue g = 1 oznagaer, yro aproMopdusm V¥ — rpuBHanbHbil, 9TO
NPOTHBOPEYHT JOKA3AHHOMY BBIIIe yTBEpKAeHuio, yro ¥ apnserca aproMopdusMom
nopsaaka 2. [onyuennoe nporusopedne nokasbisaet, 9ro ¥ — puemnnil apromopdusm.

Teopema nokazana. |

Crietyer OYEpKHYTh, YTO COITIACHO OCHOBHOMY pesyiibrary paborst [17] (cm. rakxe
{18}, [19]), paa moboro mewérroro wucna n > 1003 KaxK bt HOPMAJIBHBIE aBTOMOD-
dusm cBobonHol nepuoanveckoi rpynnst B(m,n) pamra m > 1 (konedHoro win

BECKOHEYHOI0) ABASCTCA BHYTPEHHUM aBroMOpQU3MOM, T.€.
Inn(B(m,n)) = Aut_y (B(m,n)).

o onpenenennio, cobonnas nepuoguyeckas (niam cpobonnas GepHcalinosa) rpynna

B(m,n) nepuosa n 1 panra m AMeeT CISAYIONIEE 3aaHue

B(m,n) = {a1,a9, ..., am | X" = 1),
roe X npoGeraer MuOMKecTBO Beex cioB B andasure {ai ' a;l, ... a5'}. Cornac-
HO Teopeme 5 paborwt {16}, ecnu Bce G; cyTh CBOGOIHBIE NEPHOAWIECKHE TDYIIbI
noKasaTens n, TO N-NEPUOAMYECKOe Npom3Beaenue | [i-; G; TakxKe ecrb ¢BOGOAHAS
NEpUOAIYEcKas IPYIIa NOKa3aressl 1, PAHI KOTOPOH PaBeH CyMMe DaHroB COMHO-
wurenelt G;. Takum 06pasoM, B TEPMHHAX N-TEPUOAMYECKUX NPOUIBENEHUN yKa-
3anHbI pesynbrar pabors [17] MOXKHO 1epedOPMyNUPOBATE CHEAYIONM 06pa3oM:
das amobozo nenémuozo wucaa n > 1003 gaocdwdl HopmaavHbL asmomopdusm n-
nepuodureckozo npoussedenus B(mq, n) ¥ B(mag, n) ceobodusx nepuoduneckus zpynn
B(my,n) u B(mag,n) panzos mi, mo > 1 aeasemcs sHYmMpennum asmomopPhusmon.

B crsa3u ¢ 3rum OTMETHM, YTO U3 TeOpeMbl 2.1 BrITEKAET
7
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Caencrue 2.1. Jas awbozo newémmozo wucaa n > 665 u das awobozo 63aumHo
n
NPOCTNOZO € T HENETMHOZ0 ucAa k n-nepuoduneckoe npoussedenue B(m, k) * B(m, k)

0baadaem HOPMAALHHLM ABMOMOPHUIMOM, KOTNOPBIL He ABAAECTNCA BHYMPEHHUM.

Aoxasameavemeo. PaceMoTpuM n-IepuOAMYEcKoe npoussenenue B(m, k);LB(vm k),
rae k m n — nederHwie ymucna, n > 665 u (k,n) = 1. Tak kax nmepuon k rpynmbt
B(m, k) — megernoe uncno, 10 B B(m, k) ne conepxarca nasomonun. VI3 ycropus
B3aUMHON IpocTaThi Yucen k u n Buirekaer, yro B(m, k) = B(m, k). Ykaxem aBro-
mopdusm nopsaka 2 rpynnst B(m, k). TakoBbiM gaBasercs, HaIpEMep, aBTOMOPDUIM
a: B(m, k) — B(m,k), sapanabii na cBOGOAHBIX NOPOXKIAIONINX A1, ..., Gy TPYIIILL
B(m, k) dopmynamn Ya;( a(a;) = a; '). Takum o6pazom, Bce ycnosms Teopemst 2.1
BLIIONHEHB! |, HO3TOMY, rpynna B(m, k) ¥B (m, k) 0bnanaer HOPMAILHBIM BHEIIHAM

aBTOMOPDUIMOM. |

Ha camom nese, HETPYIHO 3aMeTHTh, YTO PACCYKIEHUS, IPOBE/IEHHBIE TIPH JIOKa-

3aTeNbCTBE TeOpeMbl 2.1, NO3BONAIOT NONYYUTE caenyiontuii 6onee obmmii pe3yabrar.

Caencteue 2.2. ITyemo G1 u G1 — npoussoavHbie zpynns, obaadarowue asmomop-
dusmamu nopadka k > 1 u nopador kaxcdozo saemenma zpynn G1, Go 63aumHo
npoem kax ¢ k, max u ¢ n, 2de n > 665 nexomopoe menemmuoe wucao. Tozda ecau
G; = G7, i = 1,2, mo n-nepuoduneckoe npoussederue Gy % Gy obaadaem erewmum

HOPMAALHBIM AEMOMOPHUIMOM.

Alokazameavemeo. TToBTOpHB HAYAN0O HOKA3ATENBCTBA TEOPEMBI 2.1, IOCTPOUM ABTO-
mopduzm U Gy QGQ — Glng KakK Npoaoikenune apromopdusmos ¢¥;  G; — Gy
nopsiaka k rpynn Gy, + = 1,2, Tak Kax nopsagu Beex sneMenToB rpynn G; B3auMHO
NPOCTHE ¢ 1, TO UMeeT MecTo pasencreo G = G™. Tlpeanonoxus, 4o aproMopdusm
U sipiisiercsl BHYTPEHHUM, KaK B B TeopemMe 2.1, HalaeM 31eMenT g YAOBAETBOPAIONIAN
cootnomennsym g = 1 u ¥(z) = grg~!' nna seex © € (. DaeMentT g He conpsiKen
HUKaKOMY 3jeMenty noarpynn Gy, ¢ = 1,2, nHOCKONBKY NHOPAAKH 3JEMEHTOB TPy
Gy, 1 = 1,2, B3auMHO NIPOCTHI ¢ k COMMIACHO YCJIOBHUIO TEOPEMBI. DIIEMEHT § TAKIKE HE
PaBHSETCA TPOU3BEIEHNIO ABYX WHBOJIONMN, NOCKOABKY BCE IPOU3BEIEHUs IBYX HH-
pononui rpynnst Gy ¥ Gl (ecnu takme CyNIECTBYIOT) HMEIOT GECKOHEIHBIR NOPAIOK.
BuayuT, B cuy neMMbl 2.3, umeer Mecto cootromenue ¢ = 1. Tak kak (k,n) = 1, 1o

JIJIS HEKOTOPBIX NENbIX YHCe] ¢ | U UMeeT MecTo paBencTeo ku+nv = 1. Torna umeem
8



O BHEIIHMX HOPMAJIEHBIX ABTOMOP®HN3MAX

ku+nv

g=g =1, u, rem cambiM, ¥ — TpuBHANBHBIH aBTOMODPOU3M. DTO IPOTHBOPEUUT

ToMy, 4To apromopduszm ¥V umeer nopanok k > 1. O

CaencrBue 2.3. [as arobozo Henémuozo wucaa n > 665 u das aobux 830uMH0 Npo-
n
CBLT ¢ T2 Heuemusl wuces ki, ko n-nepuoduneckoe npouseedernue B(my, ki)*B(ma, ko)

0baadaem HOPMAALHHLM ABMOMOPHUIMOM, KOTNOPBIL He ABAAECTNCA BHYMPEHHUM.

B zaknmoyenue orMeTuM NpecTaBisiommi HHETEPEC Cleayonmii BOIpoc:
Bepuo nm, 9T0 KaxKabill HOPMAIBLHBIN aBTOMOP(U3M N-TEPHOJNIECKOrO TPON3BEIe-

HUS HETPUBHAJNBHBIX DY HEPHOJA 7 ABJIAETCS BHYTPEHHUM?

Abstract. The paper proves that, as opposed to free product of groups, for any odd
n 2> 665 there are some groups G1 and Gy with n-periodic product G ¥ Gl possessing

a normal outer automorphism.
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AnHOTAIHA. JI0Ka3BIBAETCA,ITO MHOTOWIEH (cuMBON AudrdepeHIMATBHOTO One-
paropa), MHOTOrpanHuk HpHOTOHA KOTOPOTO ABIAETCS HPAMOYTONBLHBIM HADPAT-
JIeJIENMIIE0M C BEPUIMHON B HaYasde KOODAMHAT, OYAET MOYTH THIOJLIMITHYIE-
CKUM TOTJA ¥ TOJBKO TOTJA, KOTJa OH peryisipeH. llomydeHsl Takxke ajarebpa-
MYECKME YCJIOBUS MOYTH THHOIIMOTHIHOCTH JUISl HEPIYJISPHBIX MHOTOYJIEHOB,
BO3PACTAIOIMHUX Ha OeckoHeuHOCTH. 151 MHOTOUJIEHOB ABYX IIEPEMEHHBIX MOJY-
“eHHBIE PE3YILTATH OKOHIATEILHBI.

MSC2010 number: 12E10.

KarodyeBple citoBa: nodTy IUIOIJIIMITHYECKHH MHOIOYJIEH; PEryJispHbBI MHOIO-
YJIEH; THHOSNIMNTHYCCK ] onepaTop (MHEOrOYNeH); Muororpannuk Heiorona.

1. BBEAEHUE. [TOCTAHOBKA 3AJAYM

ycrs R n— mepHOe eBKAKWA0BO npoctpanctso, & = (£1,...,&,) € R™, Np-—
MHOMKECTBO — MEPHBIX MYJLTHUHIEKCOB, T.€. MHOXKECTBO TO4eK @ = (a1, ..., qp) €
LEeNBIME HEOTPUIATENbHbIME KoMIoHeTaMu. Jiua € € R® n o € N ponoxum & =
P gan, DO = DYt D3, wae Dy = 008 (5= 1,..n), | = VE T 1 €.
Hns nunefinoro anddepennuanbHOro oneparopa ¢ noCToaHLIMEY Koah dunpenta-
mu P(D) =>"v,D% rae cyMma pacnpocTpagercs [0 KOHEYHOMY Habopy MynbrH-
ungekcos (P) = {a;a € NF, v, #£ 0}, guepes P(€) = > v,£” oboznaunM Xapakrepn-

CTHYECKHH MHOrOYIeH (NOJMHBIH CAMBOJ), OTBEYAIOIIAHA 3TOMY OIEepaTopy.

Ounpegenenne 1.1. Bydem zosopums, wmo muozousen P(E) mowmnee muozouaena

Q&) (sanucy Q < P ), ecau ¢ nexomopoti nocmoamnnot C > 0

QUOI < CIIPEI+1] V€ e R™

Ounpegenenne 1.2. Onepamop P(D) (muozouaen P(£)) naswmeaemcs nowmu 2uno-

saaunmureckum, ecau DY P < P das mobozo v € Nj.
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I. I. KABAPAH

Tongarue nowmu 2unosasunmuseckoeo oneparopa (MHOMOWIEHA) ABAAeTCH 0606-
menuem seenennoro JI. Xepmannepou B [1] nonsitust 2unosasunmuneckozo oneparopa
(Muorounena). HanoMuuM, 970 MEHOMLIRNTAYECKHAE MHOTOYICHB! XAPaK TePU3yoTcs

rem (cm. [5], Teopema 11.1.3 ), uro pnst moboro 0 # v € N
DYP(&)/P(€) =0 mpm  [§] — oo,

a THOOSINHNTHYECKHE ONepaTophl TeM, Y4TO BCe DellleHHA B3 K1acca pachpeieneHni
arddepennuanbEbX YPaBHEeRRH, OTBEYAIONINX STHM ONeparopaM ABJIAITCA DecKo-
reuno muddepennupyembivi pyurmusivu (e, [2] — [4]).

W3 srux onpesenennii creiyer, 9T0 THTNIOSIIRITHYECKANR MEOTOUNEH ARIACTCA TI0-
gt runodaamnraueckuM. OBpaTHOE HE BEPHO, B YEM MOXKHO YOSIUTCA HENOCpei-
CTBeHHO! NMpoBepko#i Ha mpumepe muorounena P(&) = &7 + &5 + £3¢3 (cm. taxske
mmxe, Jlemmy 2.1), KOTOPOMY COOTBETCTBYET OLEPATOp
o2 82 o
2 02 | artoLs

Ty ) T10%,

Tocne nossnenus: padors [1] JI. Xepmanaepa u ocobenno nocne myGnuKkanay MOHO-

P(D) = —

rpadun [6] u crareu {7] Toro ke apropa, HaYanochk 6ypHOE DA3BUTHE TEOPHH I'ANO3JI-
JUNTHYECKHX YpapHenuid. B 4acTHOCTH, pasHbiMi aBTOPaMy ObLIM HalJeHbI Pasind-
Hbte anrebpanveckue yCaoBus MMIOUIRITHYHOCTH (CM., Hanpumep, [8] - {11] ). Du
U MHOI'ME HEOTMEYeHHbIe paboThl OTHOCHINCEH K HEBBIPOXKICHHBIM (peryaapubiM) (cM.
Onpenenenne 1.4 HuxKe) MHEOrOY/ICHAM, OIU3KHAM 110 CBOEMY XapakTepy K 3JLIAINTH-
YEeCKHM.
Janee Gpuim nONKyYeHbl anrefpandeckue yCIOBUA THIOSIAITAYHOCTY TAKKe | JJisd
BLIPOKICHHBIX (HEPEryJApHBIX) MHOIOYICHOB, CHIBHO OTARYAIOIIAXCH OT 3JIANTH-
geckux (cM., nanpumep, [12] - [15] ).
HecmoTps Ha TO, 9T0 KAACC THHOSAIMIITHYCCKAX ONEPATOPOB CONEPKAT MHOMKECTBO
SIIANTHYIECKHX ONEePaTOPOB | BLIXOAUT JAAJIEKO 38 er0 IPeEsbl, €CTECTBeHHBIM 00pa-
30M BCT&J1 BOIPOC ONncannd Takux nud pepennuanbubix ypaBHennii, Kotopbie Oypyn
HErUNO3IRITHYECKIME, HMEOT “10ocTaroynoe Konuvyecrso’ Geckoneuno auddepen-
nupyembix pemntennii. Ha 970M nyTr Obuin BBEACHBI HOHATHA YaCTHIHO TUIIOIJLINI-
TUYECKOro oneparopa (cuM., nanpumep, {16} - [19]), miofanbuo runosmnTuyeckoro
oneparopa (cM., Hanpumep, [20]) © HOUTH MHIOIAIITHYECKOIO ONepaTopa (CM., Ha-
npumep, |21} —[23]).

TIpuBenem ere HeCKONBKO onpenenennit u obo3navenuii.
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O MOYTH I'HIIO3UIHNTHYECKHAX MHOTOW/IEHAX...
Hycrs A € R™. Muorounen R(E) = R(&4, .. ., &, ) naseiBaerca A— onHOPOAHLIM (06006~
HIEHHO - OJHOPOAHBIM) A— nopsaka d, ecan pis moboro t > 0

Rt ) = R(tMEy, ..., t7¢,) =t R(€) Ve R™,
WIW, 4TO TO ¥Ke caMoe, eciiu MHorousnen R npencrasnsiercs b Buje

R(f) = Z N e

A, a)=d

Hns A— opnoponuoro muorowiena R 06o3nagumM
(1.1) R ={¢€ R"&& & #0} u XN(\R)={ne R R(n) =0}.

Hycrs n € X(R) = X(A, R), nonoxum

(1.2) R(n, R) = {v € Ni, D" R(n) # 0},
(1.3) Aln, R) = Ver&?m (A v),

npu roMm Oynem cautarh, uto A(n, R) =0, ecin n € R\N(R).
s nabopa mynabrauagexcos N = {al - o}, nanvenpumii BRINYKIBH MHOrO-
rpanauk R(N) 8 B™ 0, comepsxamuii Bece mynprumpgexcst of € X (5 = 1,--- | N)
HAa3LIBAETCs MHOTOrpannukoM Heiorona nabopa N (cM. [8] wmm [27]).
Muororparsnuk R ¢ BepmmaaMu w3 N Ha3piBaeTCs NONHEBIM, ecal R HMeer BepIuny
B Ha4a/1e KOODAUHAT ¥ AONONHUTENLHYIO BEPIIUHY Ha KaykA0H OCH KOODIUHAT.
Tlycre R— nonnsiii mupororpansuk. Muoxecrso I' C R naspiBaercsa Ipadbl) MHOIO-
rpannuka R, ecam cymecrsyer BekTop A = (Aq, -, A,) u gncno d > 0 rakue, 910
(Na) =dpnaseex a € T'm (A a) < dnpu 8 € R\T. B srom ciyuae BeKTOD
A Ha3BIBaETCA BHEmHeH HopManbio (R— nopManeio) rpann I'. Muoxkecrso (enunuy-
HBIX) BHEIIHEX HOpMajied rpanu I obosmaunm yepes A(T). I'pann pasmepnoctu k
Muororpananka R obosnadnm gepes R (1 =1, - - 7M,;, k=0,1,---,n—1).
T'pann ?Rf (1<i<M ,;, 0 < k <n—1) muororpannuka R nassiBaercs INIAaBHOM, e/
cpenp R— HOpMaselt 3Tol Ipany CYIIECTBYET HOPMaJih, KOTOPas HMEET XOTs Obl OHY
NONOKUTENBHYIO Koopauuary. Ecin cpenn R— Hopmanein RE cymecrsyer BexTop ¢
HEOTPHIATEILHBIME (TIONIOKHTEIBHBIMA) KOODJAMHATAMH, TO TDaHb RY HasbiBaercs
npaBuAbHON (BIOJIHE IPaBUIABLHOM]).

Muororpassauk R HazbiBaercsi MPaBUIBHBIM (BIIOJIHE MPAaBUILHBIM ), ecyiid R—
noaHbIH 1 Bee (n — 1)— MepHbBIe HeKOODAUHATHLIE I'pand N NpaBUALHBL (BIOJHE Npa-

BUJIBHBL).
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I. I. KABAPAH

Mpuororpannuk R = R(P) nocrpoennbiii na nabope Myabruunaekcos (P) oneparo-

pa P(D) (muorounena P(£)) nasopeM wmHororpanamkoM HeroToHa win xapak-
TePUCTUIECKUM MHOTorpanaukoM oneparopa P (D) (muorounena P(€)).
Jlerko BuseTh (CM. HEXKe, NOKa3aTENbCTBO NEpBOH uactu Jlemmbr 2.1), 9ro MHOTO-
rpasark HBEIOTOHA THIOSIIITHITHYECKOTO MEOTOUJIEHA SABISETCS BIIOJHE PABUILHBIM,
a MHOroOrpaHHEK HBIOTOHA MOYTH MENOSIHITHYECKOIO MHOTOYNEHA - HPABUIBHBIM
(em. [28], JTemma 1.1).

Kaxnoti rmasnoii rpann RE (i = 1, , My, k= 0,1,--- ,n — 1) MEOrorpanuuka

R(P) conocraBuM HOAMHOIOUYJICH
i, k o 1e%
PorE) = D val
acRk
muorouanena P(€). B [8] noxasano, uro muorounen P F(¢), orpevarommii rpann RF
muororpannnka Heiortona R = R(P) apngerca A— onHOpoaHbiM g A06oro A €
A(RF), re. cymecrsyer wucno d = d; > 0 Taxoe, 910
i,k o E 1e%
P (5) - ’7045 2
Ae)=d

npu toM d > 0, ecim rpanb R rnasnas.

Onpeaenenne 1.3. (cm.[8]) Tpano RE (1 < i < My, 0 < k < n—1) mnozozparmura
R = R(P) nasmsaemeca pezyaapnoti (nesviposcdennoti), ecau PHF(E) # 0 npu € €
R™°. Ecau PY*(n°) = 0 dan nexomopot mowxu n° € R™°, mo epare RF nazoeém

HepezyaapHot (ewupostcdennod).

Tycts R mexoropas rnasmas rpanb mMuHororpansuka Heoiotona R = R(P). Oue-
BHIHO, 9TO A71s M06oro Hemyznesoro sextopa A € A(RF) cymectsyer marypanbnoe
aucio M = M(XRF) u meorpunarensubie uucna d; = d(A,RF) (j = 0,1, | M)
TaKue, 9T0 MHOrOUNeH P MOYKHO NPEICTaBuTh B BUAE CYyMMBI OTIUYHBIX OT HYNsS A—
OZTHOPOJHBIX MHOT'OYJIEHOB

M M M
(1.4) PE =D P& =D Py =D D> &,
J=0

§=0 3=0 (A, a)=d;

rae do > dy > >dy > 0m Py, (&) = PH*(¢) ana moboro A € A(RF).

Ecnu rnasnas rpans RE meperynspna, to cormacuo obosnadenuam (1.1) - (1.3) cpa-
sKeM ¢ 0BOBIIERHO - OAHOPOAHBIM MHOTOuenoM PHF(€) (¢ rpanpio RE) m BexTOpoM
A € ARF) muomectsa X(X\, P;), N(n, A\, P;) u aucna A(g, N, P;) (j = 0,1,---, M)
14



O IIOYTH I'HITIORJJIMINTHUYECKNX MHOI'OYJIEHAX. ..

Jgist mpousBosibHOR roukm 7 € L(A Pj). Hna mynprunnnekca v € N, Mooxkecrsa
YN DVF;), X(n, A\, DV P;) u aucna A(n, A, DY P;) onpenessiiorcs aHaiorauso, eciu
uMerb B BHAY, 9T0 (cM. npeacrapienue (1.4)) muorounen DY P upencrasnderca B

BHIE

M
(1.5) D'PE) = > qawt® = D'P4(6).
j=0

ac(DvP)
B. II. Muxaiinosbiv B [8] nokazano, uro ans mw06oro peryiasproro muorounena P c
noanbiM MuororpannukoM Heiorona R(P) cymecrsyer nocrosnnaa C = C(P) > 0
TaKasd, 910
(1.6) Y e sClPEI+1] vee B
ac R(FP)

Bousee Toro, cnpapeniuBo B OIpPeIeeHHOM CMbICiie 0OpaTHOE yTBEePIKIEHUE:

Jlemma 1.1. Ecau muozouaen P ¢ noansm mmozozpannurom Hoomona R(P) ydo-

saemeopaem coomuowenuto (1.6), mo P pezyaapen.

Joxazameavcmeo. Tlycts nekoTopas rnasaas rpanb RF muororpannmka R(P) nepe-
rynspaa. Jokaxkem, yro muorodnen P me yuposnersopser coorsomenuio (1.6) mn
ana xaxo#i nocroaunoii C. Iycts A € ARE), n € B(PHF), (\,a) = dy ypasne-
nue (n—1)—mepuoii onopro# k R P) runepnaocKocTy, NpoxoiAnel Yepes rpanb RE

bl K3
u PY* — nommuorounen P, orsedaromuii sroit rpasn. Torna Po*(n) = 0 u ana seex

s=1,2,... nmeem u3 (1.4)

M
P(&*) = P(s™n) = P(s™n) + Y Pi(s™n) =

j=1
M M

= sTPY )+ Y 5B () =Y s Pi(n),
j=1 J=1

npuuem [(€5)%] = sdo|nPt ... n2n|. Tak xak ana touex n € N(PHE) pft...pon £ 0
ud; <dgpnaseex j =1,... M, 10 u3 31X ABYX COOTHOLIEHHH NOJYYaeM, 4TO IIPH

s — 00 |P(€%)] = o(s%), B T0 Bpems Kak
(€)2/s® = g™ --mp | > 0 (s =1,2,..).
Dro nokaseisaer, uyro (1.6) ne Moxer uMmers mecra. Jlemma 1.1 nokasana. O

Wexona uz reopemur B. T1. Muxaiinosa u nemmst 1.1 panee muorounen P nasosem

PEryIsApHBIM, €CHE /1A HEro Cupasesiuso cootnomenune (1.6).
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I. I. KABAPAH
2. PETYJIAPHBIE TIOYTH THUMOJIUNTUYECKUE MHOTOYJIEHBI

Cﬂe,ayromee npeanoxenne no3pojsder naM jgajiee pacCMaTpuBaTh TONLKO MHOTI'OYJICHEBL

C IpaBUJILHLIMHA MHOTI'OI'DalHuKaMu Hrerorona.

Jdemma 2.1. ITyems R = R(P) noanwds (n— mepunii) mmozozpanmnur Hvromona
pezyaspnozo muozouaena P(§) = P(&1, -+, &, ). Toeda muozouaen P(€)
1) zunosanunmuuen mozda u moavko mozda, xKozda R— enoane npasuAbHsill

2) noumu 2unosssunMUMer Mozda u Moavko mozda, xKozda R— npacusvhbid.

AHoxasameavemeo. 1). Ilyers P— perynapubiit mporounen, a & = R(P) snonne npa-
BUILHBIA MHOrOrpanuuk. Jdokaxes, aro P runosnnunrtuyen. s 9roro nocrarouno

nokaszars (em. [5], Teopema 11.1.1), uro agst moboro 0 # v € N npu [§] — oo
(2.1) [1DYP(EI/1P(E)] — 0.

Tax Kax MHONOrpaHHUK R BIOJHE HPABUNLHBIA, TO U3 IPOCTHIX TEOMETPHUYECKIX CO-
obpazkenunit cnepyer, gro ang mioboro 0 # v € N rouku a € (DYP) apnsorces
HErNnaBHLIME TOYKaMH MHOTOrpannuka R. B pabore [8] nokaszana, uro ansa moGof
wernasHod rouku § € R upn || — oo
(2:2) €71/ > 1€ —o.

aER
Tosromy anst gokazarenbersa (2.1), HOCTATOYHO BOCIIONB3OBATHCS COOTHONICHASMY
(1.6), (2.2) u daxroMm, 4T perynspHbIi MHOrOwIeH 6eCKOHEYHO BO3pacTaeT npu €| —
00,
Hokaxem, aro MHOrOYNes P, MHOrOIpaHHUK KOTOPOTO HE sIBJISIETCs BIOJHE IPAaBUIIb-
HBIM, HE MOMKeT ObITh IMHOAIIHIITHYECKAM (HE3ABUCHMO OT €ro PerylspHOCTH). 3a-
METHM, 9TO eCJIH MHOIOTPAHHEK J He sIBJsIercs BIOJIHE NPABUIBHBIM, TO 3TO FeOMeT-
PUYECKH O3HAYALT:

a) npoeknus Kako# - Huby b riaBHo BepinEbl R Ha Kakyio - Hubyss KOOpAWHAT-
HYIO THHEPIUIOCKOCTh BhIXOMUT 3a npenenst R (ecom R HenpasuibHbIl MHOrOrpaH-
HUK),

6) ecam R npaBunbHB, TO NpoeKIMs Kakoi - Hubyxab raaprol BepumEbL R coBIa-
J2eT ¢ Kakol - Hubyas riasuo#l Bepumnoi .

B cayuae a) nyctb € = (ey, .. ., €,) Taxas Bepumna R, 4o ee npoekuua ¢ = (0, .. .,
0,e41,...,6€n) HA KOODAMHATHYIO THNIEPIIOCKOCTh 0y = -+ = o, = 0 (b < n —1)
16



O IIOYTH I'HITIORJJIMINTHUYECKNX MHOI'OYJIEHAX. ..

BhixoauT 3a npeaenn K. TIposenem (n — 1)—MepHYIO IHIEPIIOCKOCTE, TPOXOAAIILYIO
4epes TOUKY € TaK, 9TOOBI OHA HE NPOXOLHJIA Yepe3 HAYAN0 KOODAMHAT U He MMENa
obuieit roukn ¢ R. Mycrs (A, a) = d ypasaenne 370 MIIEPILIOCKOCTH, TIPA 3TOM A—
BHEIIHAA oTHOCHTENbHO R HOpMans 1ol runeprockocru. Torna d > 0, (A, e/) =d,
(A, a) < d nns Beex o € R.

O6osnauum v = (eq,..., e, 0,...,0). TIpeacrasnasa no BeKTOpy A MHOrOWIeHbB! P
u DVP = DT --- D*P coorsercreenno B Buge (1.4) u (1.5) u paccmarpusas mx
Ha nocaegosarensoctTd £ = s (s = 1,2,...), rae To4Ka 7 BLIGPAHa Tak, YTOOLI

DV P(n) # 0, nony<aum, 4T0 OpH § — 00
(2.3) DYP(&) = D"P(n)s?; P(€%) = o(s?),

T.e. MHOTOUJIeH P He runoenianTuyeH.

B cayuae 6), upeanonaras, 9to € ecThb TnaBHAs pepimna R (1.e. MHOrorpapnuk R
NpaBUALHBIE, HO HE BIOJAHE IPaBUIbLHLIR), TO NpPOBOAA Yepes ¢ (n — 1)—mepnyio
ONOPHYIO K N MHOEpIIOCKOCTh, He TPOXOJSINYIO Yepe3 HAYAI0 KOODAWHAT U HE UMe-
IONYI0 Apyrux obimmx rodek ¢ R, Kpome € m HOBTOPSsS PACCyKIEHUS, IPOBOIUMBIE

BBIIIE, TOJYIUM, 9TO ¢ HEKOTOPbIME noctoguabiMu C1 > 0,C5 > 0
|DVP(£%)| > Cys?,  |P(€%)] < Cys? (s =1,2,...).

D70 nOoKa3biBaer, 9ro P He runosiiunTHYen.

Bropo#t nyHKT JOKa3biBaercs 6yKBaJIbHBIM HOBTODEHHEM HOKa3aTeNhCTBa IEPROH Ya-
CTH HEPBOrO NMyHKTa, KOIa OHEHKH COOTBETCTBYIONMX MHOTOUJIEHOB MIPUBOAAT K CO-
orsomenusM (2.3) u3z Koropeix caexnyer, uro |DYP(E%)|/|P(£°)] — oo npu €% — oc.

Jlemma 2.1 nokazana. O

Teopema 2.1. ITycms R = R(P) - npasuavsnsits muozozpannur Hotomona mmozonae-
na P. Ilyemyv 6ce enoane npasusvue epanu R pezyaspuv.. Muozouaen P asasemca
NOUMY 2ZUNOIAAUNIMURECKUM MOo20a U MoAbKo mozda, kozda P pezyaspen, m.e. xozda

ace zaasuvie zparu N pezysaprol.

Loxazameavemeo. JlokazkeMm, 9T0 B YCIOBHSX TEOPEMBI NOYTH I'MIIOIIIUITHIECKAN
MHOI'OYJIEH HE MOYKET UMETh I'VIABHBIX HEPeryJasapPHBIX I'paneil.

Tax Kak BCe HyJIBMEDHBIE I'DAHU PETYAAPHBL, TO HAYHEM JOKA3aTeIbCTBO C OJIHOMED-
ueix rpapei. Iycrs I onnomepnas rmapnad (He BIOJHE PaBUibHAA) HEperyidpHas

rpasb K. Jokaxewm, uro P He N0YTH MUNOITHNTHYEH.
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Hycrs A € A(T) u (A, a) = dy ypasuenuune (n — 1)-mepnoit onopuoit k R runep-
nnockocTy, copepxameir I' u ne conepxkameit toyek u3 N\ I'. Tak kak ' ne Bnonne
NpaBUibHAas I'Patb, TO A BMeeT XOTs Obl OIHY HEeNONOKUTENbHYIO Koopaunary. [lycrs,
Jis onpenenennoct, Ap < 0.

Honoxum my = max{ay,a € T'}, Iy = {a € T, a1 = my} u nokaxem, aro [y co-
CTOMT U3 €HUHCTBEHHOH TOYKH M, CHENOBATENLHO, ABIACTCA HYAbLMEPHON NONIPatbIo

', T.e. Bepmmnuo#t ®. B camowm nene, ecau I’ conepsxur ase pasnsie Toukn o' u o Ta-

KHe, 9TO o = af = My, TO TaK KaK OJHOMEpPHASA I'PAHb ONPEIeIAeTCE CBOMMHA IBYMsI
TOYKAMHE, 9TO 3HAUMT, YTO p = M1 A7s Beex Touek o € . Torna I' nepnennexkynapua
ocu Oag, .. A1 > 0, 9TO NPOTUBOPEYUT HAIEMY HPEANONIOXKEHHIO.

Taxum obpazom [y coBnasaer ¢ Kakoi - TO IMaBHON BepImMHON € = (M1, e9,...¢€y)
MHOrOrpasuuka K.

Ipencrasum 10 BeKTOpY A Muorownenst Pom DY'P no dopuynam (1.4), (1.5)
B pPAacCMOTPUM MOBEJEHHE 3THX MHOIOYJIEHOB HA MOCIeI0BATENbHOCTH & = s =

(sMny, ..., 8™n,) (s =1,2,...), e n € N(I'). Nmeem

M M
(2.4) P(&°) = Py ()s™ + Y Py, (n)s% = Py (n)sh,
j=1 j=1

M
DMPE) =DMe(€)+ Y (@) + ) Py(€) =
i=1

ael’, ag<my

M
= Ye(mal)ns? i s LN DT Py () 5%
j=1
Tak kax Ay < 0, 0 dg — Aymqy > dy — Aymq > 0. Tlosromy U3 3THX COOTHOIIEHUH

HOJIYy4aeM IIpH s — 00
[P(E)] = o(s™), |DTP(E)] = ve(mal)ng? - - i [~ (14 0(1)).

Tax xax n € R™% 10 75> - 1% # 0 ¥ 9TH COOTHOIIEHHUA TOKA3BIBAIOT, 9TO MHOTOUIEH
P ne apasiercs no9TH MUNO3IANTITHYECKHAM .

Hycrs teneps I' — apymepnas riasHas (He BHOJIHE NPABUALHASA) HEPEryIAPHAL
rpans B, A € A(T") u nycrs, nanpumep, A1 < 0. Beenem obosnauenua my u 'y Kak
BBIIIE ¥ OKAYKEM, YTO B 3TOM caydae nubo 'y cocront uz 0nHO#H TOYKH, T.6. SABIAETCH
pepuanoi K, nubo cocrapisier OJHOMEDHYIO NOAIPaHb Ipany .

Tlokaxkem, uro ecnu ['g comepzxur Oonee onHOM TOYKHM, TO BCE OHM JieKaT Ha OJI-

Hofi npaAMoi. B npoTmBHOM ciydae cymecTsyoT Tpu ToukH o', o’ u o u3 I, me
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JexKaniue Ha onHOH NpaAMol Takue, 4To a{ =my (j = 1,2,3). Tak kak Tpu Takue
TOYKH OJHO3HAYHO ONPEEeNsioT JBYMEpPHYIO 'panb [, 10 3T0 3HAYHT, YTO IJIOCKOCTD,
npoxonsmasn yepes ' nepnenukynapua ocu Oy u, ciegoBarensuo, Ay > 0.

Tak kak, 04eBWIHO, BCE NOATDAHM IVIABHON I'DAHU SABJIAIOTCH TIaBHbIMH, TO 1
mmb0 HynbMEpHAad [VIaBHAS [PAaHb, T.e. BepUInHA, b0 OJHOMEpHA IViaBHAsd Ppanb R
u, B oboux cayyasx, noapMuorounes Py , orsegaromuit rpanu I u Bexropy A, nmeer

B,

_ (03 QM (o)}

. 0 - « a4 — 51 1M a4 bl

(2.5) Pa(8) Yol + Yo g€, En )t Yo
ael,op=m1 acl o <m acl o <m

o - - 0 R0

pH 3TOM B HysAbMepHOM ciay4dae ¢(ma,...,7mm) #£ 0 ana n € [0 OIpeesIeHnIo
pepumnnt. BEena Ty — onHOMEpHas BHOJIHE IpaBUibHasd Ipadb, 7O g1, ..., 10,) # 0
[0 NpeAnono)enuio reopembl. Ecau 'y — onnoMepnas riaBHas, HO HE BIOJIHE NDa-
BUJIBHAA I'Pabb, TO (12, ..., Mn) 7 0 N0 y2Ke JOKa3aHHON YacTH TeOpeMEbL.
Paccvarpusaa muorounenst P u D] P ma nocnenopatenbnoct & = s*n (s =
1,2,...) ¢ mekoropoii Toukoii 7 € X(T[), ana Muorounena P nojsyuuM npencraBie-

aue (2.4), a nua muorounena D' P cornacuo (2.5), npeacrapnenue

M
(2.6) DYP(E") = (ma)q(p, - ma)s® 2T 4y~ DM Py ()™~
j=1
Tak kax CZ(7727 . 777n) #£ 0, 10, paccyKas Kak BbIILE, U3 (2.4[)7 (2.6) HONYYHM, 9TO

MHOro4JieH P He ABIsdeTcd NOYTH MHIOIIINITHYECKHAM.

Ecan n > 4, 10 nponoszxas aHajOrMYHbE PDACCYKIEHUS IJis TPEXMEDHBIX ¥ T.J1.
(n —1)-Mepubix rpanei, nonaysuM, 9ro muoroanen P perynapen. TIpu sTom ormernM,
Y4TO, HallPUMeED, JJisl TpPeXMepHbIX Ipaneil MrOXKecTBO I'g MOXKeT ObITh HYIBMEDPHOH,
OIIHOMEDPHOR WM JIBYMEpPHOR rpanbi .

Tlouwry runovNIUITHYHOCTD PErYIAAPHOIO MHOIOYJIEHA C IPABUIIBHBIM MHOI'OIDAH-

sukoMm Herorona cnenyer u3 Jlemmer 2.1. Teopema 2.1 nokazana. |

Caencreue 2.1. Ilpu n = 2 das nowmu 2unostisuninuteckozo MHOZOMAEHA HEPERY-
AAPHBMU MOZYT. GOIND MOABKO STLOAHE TIPABUABHBLE ZPAHU €20 MHozozpanHuka Howo-

MOHA.

O,ELHI/IM 13 OCHOBHLIX DE3YyILTATOBR HaCTOﬂmeﬁ CTaThby ABJIACTCHA
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Caencrue 2.2. Mnozouaen P(E) = P(&q, ..., &,), muozozpannux Horwomona xomo-
7 ? 7
D020 N— MEPHBLL NPAMOYZOALHBT NAPAAACACIUNEO ¢ SEPULHOT 6 HANANAE KOOPIUHAM,

AGAALTNCA NOUMY 2UNOIAAUNINULECKUM MO20G U MOALKO moeda, Ko2da oM PeE2YAAPEH.

Tleproe cnencrsue OYeBHMHO, NOTOMY, 9TO HOJIDAHIAMU OJHOMEDHOH I'DAHU SABJIA-
I0TCA TONBKO HyJIbMEPHBIE I'DaHK. BTOpPOE CleiCTBHE NONYYaeTcs U3 reoMeTpudecKy
oueBuHOr0 haKTa, YTO BUOOJHE NPABUILHLIME I'DAHIMH JIJif NPAMOYTOJIBLHOTO Ma-

panneenune/ia Takxe ABJIAIOTCA TOJLKO HyJbLMepHbLie I'pann.

Caeacrsue 2.3. Ecau T nexomopas |—mepnas (0 < | < n — 1) npasuavnas, o
HE BTOAHE NPAGUALHANL 2DAHD TPABUABHOZ0 MHOZ0ZPAHHUKA R NOWMU 2UN0IANUNINAU-
weckozo muozouaena P, ece k— mepuvie zaasnvie nodepany KOmMopold pezysaprsl npu

k <1, mo epans ' pezyaspna.

3. HEPEI'VJIAPHBIE MTOYTHA THHOIJTUNTUYECKAE MHOTOYIEHBI

BO3PACTAIOIIME HA BECKOHEYHOCTH

B stom naparpade pist OJHOIO KJacCa MHOMOYJIEHOB C BEIIeCTBEHHBIMEU KO3hdu-
UUEHTAME MBI TIONYYHM YCIOBRSA [IPH KOTOPLIX HEPEryAADPHBIA MHOTOYNEH ABJIAETCH
NOYTH ETIOSANUNTAYeCcKAM. [Iig Onucanus Kiacca n3y9aeMbiX MHOIOY/ICHOB BBEIEM
Pl JOTIONTHUTENBHBIX 0003Ha9eHnil 1 MOHATHH.

Yepes [, obosuasum Muoxectso Muorounenos P(E) = P(&,...,&,) Takux, 410
|P(&)| — oo npu |§] — co. B [25] nalinenst HeoOXOAMMbBIE W JOCTATOYHBIE YCIIOBHS
NPH KOTOPBIX MHOTOYJICH JABYX NEDEMEHHBIX TpUHaIeKuT Io.

OueBunno, n060H peryiApHbI Wil METOSLINNTHISCKUN MHOTOUYICH 7 NEPEeMEeHHbIX
npuaagnexar l,. OoHako CylmecTByloT NOYTH THIOIRITHYECKHE MHOTOYJICHBL 1
HepeMeHHbIX, He npunannexarme I, . Takue MHOrOUIeHB HaMu U3yveHsl B [28], [29].
31ech MBI paccMaTPHBaSM HEPErylddpHble MHOrOYseHsl u3 I, npu 31oM cocpeno-
TOYMMCA Ha CHydae, KOrja NpaBuibbii Muororpannuk Heiorona | = R(P) muo-
rousiena P mMeer eIMHCTBEHHYIO, NPUTOM BHONHE NpaBuiabiyio (n — 1)- Mepnylo,
HEPEryIApHYIO IPaib, a BCe OCTalbHbie Inasabie rpand R perynapabt. OrMeruM, 910
paccMOTpenne TONbKo (7 — 1)— MepHO# HeperyaapHOl I'pDalu MOTHBEADYETCH TeM,
YTO il ABYMEPHBIX MHOTOYJICHOB 9T0 €AWHCTBEHHO BO3MOXKHLINA ClIydail, a paccMoT-
peHHe TOJNLKO BIIOJHE NpaBUibHON rpanu MoTusuposano Teopemoi 2.1 (cm. Takke

Crneacreue 2.1).
20



O IIOYTH I'HITIORJJIMINTHUYECKNX MHOI'OYJIEHAX. ..

Eciu P € 1, o, oueBnano, 3a cyer n06apienus KOHCTaHTh K P u yMHOMXeHUs Ha
KOHCTaHTY, MOKHO 106uThCa Toro, 9o P(£) > 0 naa moboro £ € R™. TlostoMy nanee
GyaeM camtarh, uro ecnu P € I, 1o P(§) > 0 V¢ € R™. Cnenyioliee yrBEpK ACHEES

G0 nokaszano B [28].

Jdemma 3.1. ITyemo R = R(P) — noanmd muozozpannur Horomona mmuozonaena
Pel, uRt (i=1,...,Mg,k=0,1,...,n — 1) - 2aaenvie zpanu R.

a) Tozda PF(£) > 0 daa arwbozo E € R™ (i =1,... My, k=0,1,...,n—1);

b) yemov napa (i k), (1 < i < My, 0 < k < n—1), eexkmop A € A(RF) u
mouxa n € N(PYF) durcuposanu, npu smom (cm. npedemasaenuve (1.4)) Pi(n) =0
(3=0,1,...,1=1), B(n) £0 (1 <1< M,l=1(n)). Toeda P,(n) > 0.

Mycrs RY — mexoropas meperynapnasa rpans R(P), A € A(RF), n € X(P"*) u wucno
I = l(n) onpenensiercs kak B nynkre b) nemmet 3.1. Cornacuo oboszunavenusm (1.1)
- (1.3) sBemem mpoxkecrsa N(n, A, P;) n aucna A(n, A\, P;) ( =0,1,...,1—-1). B

nobapnenne k Jlemme 3.1 nokazxkeMm Crenyroliee MpeisioKenue.

Jdemma 3.2. ITycmo RF — newomopas zaaenas mepezyrapHas 2pant NpaeuUALHOZO
muozozparmura Horomona nowmu zunosisunmureckozo mmozousena P, a A € A(RF)

un € N(PY) — npoussosvmvie mowru. Tozda

(3.1) di(A) = A, N, Py) <dy (1=0,1,...,0—1).

Aoxasameavemeo. JTonycTuM IPOTEBHOE, 9TO AMd HEKOTOPBIX snadennii 7 (0 < j <
[ — 1) mepapencrro (3.1) napyuaercd, Upy 9TOM Yepes jo 0003HAYAM HauMEHbIIee n3

Takux j. Vtak, nonyyaem
(32) dj()\) - A(Th )\7 Pj) S dl(j - 07 17 cee 7j0 - 1)7 djo()‘) - A(Th )\7Pjo) > dl'

Mycrs mynsruanaeke 3 € NJ sbibpan tak, uro DP P (n) # 01 (X, B) = A(n, A, Pj,).
Paccmorpum 3nauenns muorounenos P u DPP ma nocnenosarensuoctn &8 = s'p
(s=1,2,...).

Taxk kak d;(A) > d;(A) (j =0,1,...,750 — 1), To u3 (3.2) caenyer, uro A(n, A, P;,) <
Al A Py) (5= 0,1,...,50 = 1). Torma Py(n) = DPPy(n) =0 (j = 0,1,...,50 — 1),

DPP; (n) # 0 m, cornacuo npeacrarnennam (1.4), (1.5) u neparencrsy (3.2) mmeem

P(¢%) = Pi(n)s™ 4+ o(s™) mnpum s — oo.
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Jnsa muorounena DPP u nns Beex s € N nMeem
M
DPP(£) = deo(/\)fA(n«\Pjo)Dﬂpjo (n) + Z sdj(/\)fA(n«\Pjo)Dﬂpj(n).
j=jot+1

Tak xak d;(A) < d;,(N) (7 =jo+1,..., M), vo nonyvaem

|DPP(&%)| = |DPP;, .. ()]s M =20AFR) (1 4 6(1)) npn s — 0.

2pt0

Tak kax DPPj,(n) # 0, 3tu coorHOMERns BMecTe ¢ (3.2) TPOTHBEOPEYAT NOYTH THIIO-

smnTHanocT Muorouneda P. JlemMma 3.2 nokasana. O

0B60061menno - OHOPOARLLHE MEOrOUNeH R(£) HA30BEM MHOTOYIEHOM C H30JUPOBAHHDBI-
MU XapaKTepUCTHKAME, eCIN i Kak ol Toukn 1 € 2(R) CymecTsyorT OKpecTHOCTh
U(n), rnagkue o6obmenno - ongoponasie dyukuun ¢(&) = ¢(&,n), (&) = r(&n) u
HaTypaibHoe gucno m = m(n) rakue, uro q(n) =0, r(n) £ 0, gradq(n) £0 u

R(&) = [a(™ r(§), £€Um).

3amevanue 3.1. Hz aemmor 2.1 pabomm [12] caedyem, wmo npu n = 2 mobot 0606-
WEHHO - 00HOPodHbLT MHozouaen R(E1,£2) ABAREMCA MHOZOMACHOM € USOAUPOCAHHDL-
Mmu caparmepucmuramy. IIpu smom, ecau Ry u Ry dea obobuienno - o0Hopodnvix
MHOZOUACHG O6yT nepemennsir maxux, wmo Ri(n) = Ra(n) = 0 daa mexomopot

mouwrku n € R u
Ri(&) = [@(&)]™ (&), §e€Uiln), i=1,2

uz npedemasaenun, mo q1(§) = ¢(&), Ui(n) = Us(n) w Djqi(n) #0 j =1,2.

Huxe (B Teopeme 3.1) OGymem cumrarh, 9to eciam I — (n — 1)-Meprasg, Bnoane npa-
BUJILHASA HEpErynapHas rpaHs Muororpannuka R(P) mporounena P, p — BHEImHAA
HopMasb vt1oil rpann u 7 € YX(I'), 1o (cm. (1.4)) p-ommoponubie MuOrO4NeHBI P
(j =0,1,...,0 — 1, | = I(n)) uMeoT U30NUPOBAHHBIE XapaKTepucTuku u (cM. 3a-

mevanue 3.1)
(3.3) By(€

rae q(n) = 0, r;(n
.o 2 pim, 10 Dypg(n) # 0. Torna umeer mecto

~—

#0(j=0,1,...,] — 1) u, eciu npeAnONararh, 9T0 fi1 > fin >

s

Teopema 3.1. ITycmo ace zaasHbie 2pany NpPasusbHo20 MHozozparrura Horwomona

R = R(P) mnozouaena P € 1, pezyaapmun, xpome 0dnot (n — 1)—mepnoti enoane
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npasusvhol epanu I' = %22717 KOMOPAs HEPELYAAPHA, NPUMOM MHO20%AeNb Py, § =
0,1,...,0 — 1,1 = l(n) ydosaemsoparom ycaosuam (3.3). Tozda mnozonaen P noumu

PUNOIANUTINUNEN, TO20a U MoAbKo moeda, kozda das ecex n € L(T)
(3.4) dy = An P < diln) (= 0,10~ 1).

Aoxasameavemeo. Hebxonamocrs yenosuit (3.4) seirekaer n3 nemmbl 3.2. JTokaxkem
JIOCTATOYHOCTD 9TUX YCJIOBHIA.

Mei npumensiem meron nokasarensersa B. I Muxafinosa [8], npumenennsiit nist pe-
IYASPHBIX MHOTOYJIEHOB, MOAMMUIMPOBAHHLIN U IPUCTIOCOOJIEHHBIA K HEperyIsapHbiM
muoroasienam (cm., nanpuamep [12], Teopema 2, nan [28] Teopema 2.1).

0

Jonycrum o6parnoe, CylmecTByeT MyAbTHRHACKC V7 U NOCAeAoBaTensHocTs {£°) Ta-

Kue, 9410 €| — oo npu s — 00 u |D"0P(£S)|/|P(£S)| — o0. Ilpu 310M Aocraroy-
HO cumtarh (cMm. [28], Teopema 1.1 ), uro [V°] =

' =(1,0,...,0) n

1. Tycres, nns onpeneneHHoCcTH,

(3.5) |D1P(E°)|/1P(€°)] — o0 mpu s — oc.
He ymansis oBIHOCTH MOXKHO cyurarh, yro & > 0 (i = 1,...,n;8 = 1,2,...).
Tlonoxum
(3.6) = exp i(lnﬁﬂz A = Ing; s=1,2
. pS j:1 j ? 7 lnps7 ? AR

. AL

Torma &5 = p2 (& =ps*;i=1,...,n) m |X¥| =1 (s = 1,2,...). Tak xak u3
HOCHEN0BATENBHOCTH {A°} MOMKHO BBIIENUTH CXONAILYIOCS HOATIOCHEN0BATENBHOCTD,
70 Ge3 norepu OOIIHOCTH MOXKHO CYUTATEL, 4TO A° — A npu s — 00, rae |A| = 1.

W3 BhinykJa0CTH MHOrorpannuka J cieayer, 9To A dABIAETCS HOPMANBIO K OFHON U

1,1

. k
TONBLKO OiHof rpanm R, muororpannuka R. OGosnauum A 4wepes e um Boibepem

1,2 eln LLel2

N—MEPHBIE BEKTOPBI €777, . . ., ,el™) cocraBnana

J 1 mockoneky A° — eb!

TaK, 9To0BI cucTeMa (e

opronopMupoBannbiil 6azuc B R™. Torna A° = Ejzlnjjel

npm s — 00, 10 k{1 — 1, K] ; =o(1), j =2,...,n.

el el? . el™) ynopnersopaer ycaosuio

Ecnn pna nocrarouno Gonpimux s 6asuc (
YT oK1 jel’j = 0, to obo3Ha4unM ero depes e', ..., e”. B npoTHBHOM Ciydae MOMKHO

NPEANONIOKETE, 9TO Egzznijelvj #£0, nna seex s € N u uro

(3.7) [Eg}zzﬁijel’j]/|E?:2Hij61’j| — 2% 1?2 =1 npu s— oo.
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BoiGepem n—MepHBIe BeKTOPBL €2, ..., €2 Tak, 4robb cucrema (€22, €23 .. em)

COCTaB/IAa, OPTOHOPMUPOBaHHLIA Gasuc B (n — 1)— MEPHOM NPOCTPAHCTBE, MOPOK-

L2 ehny

nennoM Gasucom (eb . Torpa npu n > 3

n
1,1 2,2 2,
A =K e RS e+ E Ky g7 (s =1,2,...),

j=3
S S J— S S — 5 N
npm sToM K1 — 1, K3 5 = o(K] 1), K3 ; = 0(K3 ), ( =3,...,n) npu s — oo.
[IposomnsKas STOT NpoNece, NOIYyYHM OPTOHOPMHEpPOBAaHHBI Gasuc (el ..., ") Takoi,
4o A° = E?lei;ej (s=1,2,...), npu atom K] — 1, k5 = o(k;_y), (j =2,...,n) npu

s — OQ.

Ouesnano, cymecrTsyior HaTypasibhble ducia m < n u sy Takue, 9T0 A7 # 0
G=1-,m), \3=0 (j=m+1,....n; 5= 50,5 + 1,...). 3a cuer seiGopa
HOANOCHENOBATENLHOCTH MOXKHO CUHTATh, 9T0 so = 1w A >0 (j=1,...,m) nas
Beex s € N. CpsizkeMm Tenepb NOCTpoOeHHbidl 6azuc ¢ MuOrorpanaukoM R. Boibepem

k1

rpann R}, ..

.7%2*: CRENYIOMEM 00pa30oM: IyCTh I'PaHb %Zf JIEXXUT B onopuo#t x R
IHIEPIOCKOCTH ¢ HOpMadbio €/, ( = 1,...,m), npu 3TOM rpanb %Z?', (j=2,...,m)
au6o coBHanaer ¢ %ZZI, 6o spngerca ee noxrpanso. Torma ki > ke > ... > ky n
(cm. oboznavenus (3.6))

3 kied
(3.8) ¢ =’ (s=1,2,...),

IPH 3TOM ps — OO IPH § — 00 | And Hekoroporo r (1 <r < m)

K3 : Kria
(39) psj—>oo(j:17...7r)7 p5+ _>b217 (8:1727"')'
— — 5 _ _
Hns r = m =n nonoxum k5, =0 (s =1,2,...).
CpapuuM nopesenne muorounenos P u D1 P na nocnenosarensuoctu {£°} npu s — oo,
W3 e/— onmopopuocTn nojmuorounena P4 pmeem npm s — 00, ¢ HEKOTOPBIM
ki g
MyJNLTHUHJEKCOM (v, IPUHAJIEKAIMM BCeM rpansaM R (j=1,...,m)
(o, %) [ iy Kk 22 H;Ej —£1K]
P(E) =ps 7 P (ps" ) olps )] =

ntl

Zﬁs.ej
o, kiel +r5e? i =5 7 oS
— pu Lo MR piaka (, ZT Y o, TR
r ) n+1 )
(el S e y
(3.10) =c=p T PRI ) op )
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TJIE €1, . .., &y — NONOKUTEIbHBIE YACH, a €1 — NPON3BONBHDI eMHUYHBIN BEKTOD,
eciu 7 = M = n, NP 3TOM 3 onpejenenus ducen {x3} caenyer (cm. (3.8), (3.9)),

qTO

n+1 .
kel
j=r+1 ertl _ 1,0
Ps —b =ne R opu s— o0.

Ecnu (o, e') = 0, 1o rpann %fll NpOXOAMT Yepe3 Hadano koopawnar N§ u, cneno-
BaTENBHO, HErNapHad., DToT chaydail (He CBA3AHHBIA ¢ PEryIAPHOCTBIO MHOTOYICHA
P) paccmarpuBaercsa Kak COOTBETCTBYIOIIEH cnydail B nokasarenncrse Teopembr 2
paborst [12]. TIopropsiTh ero 3xeck He Gyem.

Mycrs (o, e') > 0, Toraa (o, E;Zlnﬁej) > 0 pna Bcex pocrarodso Gonpumx s. Ecim

Pirkr(n) #£0, to u3 (3.10) umeem mpu s — 00
kS (e! o i
(3.10) |P(E)] = p" 1P E ()] (14 0(1)).

Ecnu e} < 0, T0 U3 IpOCTBIX TeOMETPHYECKHX COOOparKennii CaeayeT, 9To rpaHb %fll
W, CJIEJOBATENBHO, BCE ee NOJATPAHK [TPABIIIBHOIO MHOTOIpanHuKa R j1exkar Ha runep-
nnockocty o = 0, T.e. mporousen P (¢€) me sapucur or &;. Torna Dy P (€) =0
nas seex £ € R™ w, B wactnocru, DiPrF(n) = 0. Paccyxas Kak u npu J0Ka3a-

rennerse Gopmynst (3.107) nmeem
1Dy P(ES)] < Gy p il ol (g g,

rae C1 > 0 n & > 0 cyTs nocroaunsie. Ecin el > 0, 1o paccyxaas Tak e, NOIY9IHM

¢ HEKOTOpO# nocrosinuoi Cy > 0
s 55(5170‘)*5%
|D1P(E°)] < Cy ps (s=12,...).
Tocnenpue Tpu COOTHOIIEHUS BMeCTe IpoTuBopedar (3.5).
Iycrs Teneps PFr(n) = 0. Toraa rpann %f: coBnaaaer ¢ (n — 1)—mepHoit mepery-
naproi rpanpio I, mpu stom r =m =1, k, =k =n—1, e' = pu, ne N(I). o

BekTOpy 1 = €' u Touke 1 € L(I') npencrasum muorodnenst P u D1 P B Buge (oM.

dopuynet (1.4), (1.5))

(3.11) P(&) =Y P& + PO +Q(0),
j=0
-1
(3.12) DiP(€) =Y DiP(&) + DiPi(&) + D1Q(8),
j=0
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rae vomep ! = [(n) ass rouku 7 oupenensercs kak B nyukre b) Jlemmst 3.1, P ecrp

el onHoponubiil Muorowies uopsanka d; (7 =0,1,...,0),do>dy > ... > di—1 > d;.
Cuavana gokamxem, 4ro gag Kaxjgoro j = 0,1,. .., [ cymecrsyer nocrogunaa C; > 0
TaKad, 910
(3.13) |D1P;(€°)] < G| P5(€0) + [Pl (s=1,2,...).
Tpeacrasum no rouke 1 € (I') muorounenst P; (j = 0,1,...,1 — 1) B Buge (3.3),
NpeJBapUTeIbHO HoJarast

n+1 i

2 rje! .1

=7 =0 (s=1,2,00).

Wmeem and Beex noctatouno Gonbux s, and koropex 7° € U(n)
Pi(€) = ps" Py = 0" L)y (") (G =01, 1= 1),
Pi(€) = ps" 1" P().
Hns muorounenos D1P; (7 =0,1,...,1) coorsercrsenno
DiPy(E7) = ps™ T iy lg(r)™5 = Dag (") + la(n )™ D ()},
DiPU(E) = p" T DR (),

rae kK] — 1 npu s — oo.
Tax xax n° — 1, q(n°) — q(n) = 0 mpn s — oo m r;(n) # 0, Pi(n) # 0, 10 n3
[OCTIEHBIX YeThIPEX [IPECTaBIeHU NMeeM C ONIOKUTENbHLIMEA HOCTOAHHBIMYU a1, 49

n C TeMH Ke S

(3.14) P (€] 2 a1 ps" g™ (G =0,1,..,0 = 1),

(3.15) (€] = a1 ps" i,

(816)  |DiPy(E)] < ax p T gy )T (G =01, 0 1),

(3.17) D1 PA(€%)] < ag ps™1 O H),

Ecmm my, = 1 ana mekoroporo jo @ 0 < jo < 1 — 1, To BCnescTBHE TOIO, YTO IO

npeznnonoxkennto reopemst Dy, q(n) # 0 nonygaem, aro A(n, Pj,) = p,,. Torna ycnosne
(3.4) Teopempt yist Muorounena Pj, npumer sug dj, — pn < di u Tak xax dj, — p1 <
dj, — pin, 1O Hepasencrso (3.13) nus muorownena Pj, cnenyer u3 nepasencts (3.15)
u (3.17).
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Mosromy nanee Gynem cumrarb, yro my; > 1 (j =0,1,...,1 — 1). Paccyxnas kak
¥ BB, B 9TOM Crydae nouayaus, 4ro A(n, Pj) = mjpn, < mjp; uus yeaosuii (3.4)
caenyer, 9to dj — mypg < dj — mjp, <dp (7 =0,1,...,01—1).
pumensia Jlemmy 1.3 paborst [28] nost 2 = pgidj7 ys = |q(n°)], a=kj(dj — 1), b=
m;—1, c=rkidj, d=my, e=rid (j=0,1,...,0—1;s=1,2,...) u3 coornomenni
(3 .14) - (3. 16) nonyuaem uepasencrso (3.13). Cnenyer Tonbko orMerut, 9ro «, > 1
u ys € [0,1] nna nocraTouno GOABIIEX S, YTO NOIBONACT NPHUMEHHTH YHOMAHYTYIO
MMy i TAKuX {Zs, Ys }.

W3 onpenenenuns MuOrounena () cienyer, 9To Ipu § — 00

(3.18) QUEN =0 (ps" ™), ID1QIET) = o (p, 1)),
Tak xax P;(£°) >0, (j =0,1,...,1) pnsa pocraroyno GOJNLIMX $, TO COOTHOLIEHNS
(3.13) — (3.18) Bmecre nporusopedar (3.5). Teopema 3.1 nokasana. O

Hanee Mbl DOAyYUM KPHTEPHH [OYTH IUNONIMITHYHOCTH Ajid MHOrounenop P €
1, 6e3 orpanmuenuii (3.3) 06 W30NUPOBAHHBIX XAPAKTEPHCTHKAX COOTBETCTBYIOUIHX
00ODIERHO - OMHOPOJHLIX MHOIOYJIEHOB B 00 ux HeorpunarensuocTy. I1pu srom or-
METHM, YTO YCIOBUE HEOTPHIATENBHOCTH HOAXOAAINNK MHOIOYJIEHOB ABJISETC s CyIIe-
CTBEHHBIM JJ1A NOYTH MMIO3JINITHYHOCTH HEPErYAAPHBIX MHOPOYIEHOB, YTO CleAyer
W3 CHEAYIOIErO PUMEDA.

IIpumep 3.1. Ilyctrb n =21
PO =6 -6 (G -G +&+ 1

Bnecs R(P*)— BnosHe IPABHIBHEI TPEYTONBHUK C €JUHCTBEHHOH BIOIHE IPABHIb-
noii ognomepHo# croponoit R = {(6,0) — (0,6)}, koropas HeperyiapHa, IPH ITOM
(em. npeacrasnenne (1.4)) A(RD) = (1/v2,1/v2), PF(€) = (& — &)°, P =
(& — &), P (&) = &, %(Py) = N(PD) = {(1/V2,1/V2),(-1/V2,-1/V2)},
s =6,di =4,dy =2,1=2.

Ouesnnno, ycnosua (3.3), (3.4) Teopembr 3.1 nnsa muorounena Pt semonnsorca n
P pourn runosnnuntayen. Yeaopre (3.4) Ana MHorounena P TakyKe BLIIONEASTCH,
B TO BpeMsl, KaK HApYIIAeTca 9acth yciopus (3.3) o meorpunarensrocth. Iokamen,

9710 MHOTOUNEeH P~ He ABIMercsd NOYTH MHNOMLINNTHYecKuM, Gonee Toro P~ ¢ Iy,
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Hycrs & = s+ 1,85 = s, 1orma P~(&%) =2, (s = 1,2,...), re. P~ ¢ I»- Tak kak
DIP=(&5) =24+ 252, P (&) =2, (s=1,2,---) u|¢’| — o0 mpu s — 00, TO
MHOTO4YNCH P~ HE ABNAETCA HOYTH THOOSLIANTHYCCKEAM.

Crenyiolee npeanoKenne 1aeT KpHTeprii TOYTH TRIOSLIRITHYHOCTH B OTMEYeH-

HoM cay4ae.

Teopema 3.2. ITycmov 6ce 24a6HbE 2PAHY, NPABUALHOZO MHozopannurae Hoomona
R = R(P) muozouaena P € I, peeyaapno, 3a uckmonenuem odnoti (n - 1) - meprod
eparnu T, 1 — enewnan nopmass I u muozovaen P npedemasaen 6 sude (1.4). ITycmo
das mouxu 1 € () wucao I = U(n) onpedeasemesn xax 6 nynxme b) Jlemmw 3.1.
IIpednoavorcum, wmo DOP; < Py (j=1,...,1 = 1) daa waorcdotd mowwu n € X(T') u
dan scex o € Nj.

Tozda P nouwmu zunosasunmuter mozda u moavko mozda, kozda das ecex 1 €

Y(T) ewnoanaromes yeaosus (3.4).

Horasameavemeo. Tonyckas ofparHoe @ NOBTOPsis PACCYKAEHUs, MPOBOJUMbIE B
nokasarenscTse Teopembr 3.1, nonydnm npormsopeune, xorga P (n) # 0. Ecan
Pirkr(n) =0, To rpann %f: COBNAJACT ¢ HEPEryIApHO Irpanbio 1.

Mpeacrasum P u Dy P coorsercrrenno B suze (3.11), (3.12) u pacemorpum apa BO3-
MOYKHBIX CHy9as, KOTa HOCHeA0BaTenbnocts { Po(€°)} orpanuyena u ne orpannvena.
Iycrs {Po(€°)} orpanndena. Torna no ycnosuro teopemst {P;(£°)} rakxke orpanuye-
Ha maaseex = 1,...,l—1. Tak kax Pi(n°) — Pi(n) # 0 npu s — 00, TO ¢ HEKOTOPO#H

NOCTOAHHON asg > 0 uMeem
5q 5q
[P = ps P ()| = as ps T (s =1,2,..).

Jna muorounenos Q u D1Q) u B 310M Chyvae cupasesinbel coorromenud (3.18). Ecin
emé umers B BuAy, 9to P € I, .e. (em. Jlemmy 3.1) , uro Po(€%) > 0, P(¢%) > 0,
TO ¢ HEKOTOPO# nocrosguuoil ay > 0 umeem

s K1dg
|P(£ )|Za4p51 (8:1727"')'
tlo ycnosusam reopemet 1Py < Fy j = 1,---,1 —1, nosromy, paccyxaas aHamio-
MUYHO, TONYYUM € HEKOTOPO# nocrosauuoil as > 0

1D P(E°)] < ag ps™ % (s =1,2,...).

Dru ABa COOTHOIIEHUs BMeCTe poTuBopeyar (3.5).
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Ecau {Py(£°)} ne orpanuyena, 1o, 3a c4eT BLIGOPa NOANOCIENOBATEILHOCTH MOMKHO
caurarh, 9ro Po(£¥) — oo mpm s — oo. Taxk kak P; < Py, DiP; < Py (j =
1,---,1—1), 7o u3 Jlemmsr 1 paGorst [26] cienyer, uro B sToM caydae [ [P;(€°)| +
|D1Pj(5s)| 1/Po(§°) — oo npu s — 0.

AH&HOPH‘«IHI;IG paCCy}K,ﬂ;eHI/Iﬂ B 3TOM C.qua;e HpI/IBO,H‘?[T K COOTHOIIEHUAM
’d Jd,
|P(E3)] = as[Po(€%) + ps ™, |D1P(E%)] < ar[Po(€%) + ps™ ™)

AJisd BCeX 8 — 17 27 c 0 C TONMOKHUTCILHBIMHY ITOCTOAHHBIMHA dg B Ay, YTO IIPDOTUBODEYNT

(3.5). Teopema 3.2 nokasana. O

Abstract. It is proved that a polynomial (the symbol of a differential operator), the
Newton polygon of which is a rectangular parallelepiped with a vertex at the origin,
is almost hypoelliptic if and only if it is regular. Also some algebraic conditions of
almost hypoellipticity are obtained for nonregular polynomials increasing at infinity.

The results are unimprovable for polynomials of two variables.
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AnHOTANHMA. B crarbe XapakTepu3yercs KJIACC HOAYIPYII B KOTOPBIX CYIIe-
CTBEHHO BBINOJIHAETCS CBEPXTOXKECTBO JeBO# aucTpubyTusHOCTH. [J0Ka3BIBAET-
€5, ITO KJACC BCEX MONYTPYII B KOTOPBLIX CYLIECTBEHHO BBLINOJIHSETCS CBEPX-
TOXAECTBO JEBOH AMCTPUOYTUBHOCTH SIBISETCH OObEJUHEHMEM TPEX KOHEYHO-
6a3upyeMbix MHOr006pazuil MOAYTPYII, IPUYEM, SIBHO BLIIMCHIBAIOTCS Ga3uCHbBIE
TOXKAECTBa BCeX MHOrooGpazuii.

MSC2010 number: 20M07, 08A05, 08A40, 03C05, 03C85.

Karogenpie cioBa: nosyrpynna; CBEPXTOXKIeCTBO JUCTPUOYTUBHOCTH; CyUIECTBEHHA
BBIIOJHAEMOCTE; MHOIOOOpAa3ue oIy TPyIil.

1. BBEAEHUE

Hanomuanm, 9ro ceepxroxaectso [1] — dbopmyna Broporo nopsaka Buja:

(11) VX17...7XmVZE17...7ZEn (w1:w2)7
e wy, wy — ¢I0Ba (Tepmbt) B andapure QyHKIHOHATLHBIX IepeMeHHbX X1, ..., X, n
NPEIMETHBIX NIEPEMEHHBIX T1, . . ., Tn. OJHAKO CBEPXTOXAECTBO 00BIYHO nuuIercs 6e3

KBAHTODHON NPHUCTABKH: W1 = wy. ByIeM roBOpUTH, YTO CBEPXTOKIECTBO Wi = W) Bbi-
noangerca B anrebpe (), X)), ecan 370 paBeHCTBO CIIPABEJIMBO KOTa Kakaad QyHK-
nuoOHANbHAS nepeMenHasn X; 3amensiercsa nwboil onepanmei TOR XKe apHOCTH U3 X
(npeanonaraeTca BO3MOXKHOCTE TAKOR 3aMEHBI), 8 KaK/asd NPeAMeTHASA NepeMeHHast
Z; 3aMeHsIercs J00BIM TEeMEHTOM u3 ().

Muoroobpazue V yaoBnersopser JaHHOMY CBEPXTOXK AECTRY, 8CIH KaxK1as anrebpa
9TOro MHOr00OPa3Hs YAOBIETBOPAET 9TOMY CBEDXTOXIECTBY. B 3TOM Ciydae JanHoe
CBEPXTOXKIECTBO HAZBIBAETCHA CBEPXTOKIECTBOM MHOroobpazus V.

Caepxroxaecrso (1.1) naseiBaerca HETPUBHAIBHLIM, €CIM M > 1, U — TPUBHAIL-
HbiM, eciid m = 1. Yucno m vazbBaercd QyHKIHOHAILHBIM DAHIOM CBEPXTOK IECTBA

(1.1). Bunapnyio anrebpy (Q,Y.) rasosem HerpuBHanbuoi, ecan |Y| > 1.
31



0. M. MOBCHCHH, T. A. AKOIIAH

Ussecrna (cm. [1] — [4]) knaccudukanyus HeTPUBHANLHBIX CBEPXTOXKIECTH ACCOIN-
ATUBHOCTH U AUCTPUOYTHBHOCTH B HETPUBHAJILHBIX ¢-airebpax u e-anrebpax.
Mycrs Q) — nonyrpynna. Crenyiomasn QyHKUNs HA3LBACTCA OUHAPHBIM [IOJIUHO-

MOM (MHOTOYIEHOM, TEpMOM) TOAyrpynns Q(-):
fle,y) = 271252 oz,

rnen €N, eq,89,...,60 €N, 21,20, ...,2, €{x,y} 1 2 # 211 1.
AHAJIOIHYIHO ONPEIENIOTcA TEPHAPHBIE W N-apHbLIE HONUHOMBL (MHOTOYNEHBI, Tep-

Mbl) noayrpynnbt Q(-). COBOKYNHOCTE BCeX BHHAPHBIX HOJARHOMOB HOAyrpynns Q(+)

2

oboznaduM vepes Q.

Bysaem roBopuTh, 9T0 B rioayrpynre Q(-) NOIMHOMAEANBHO BLINOJHAETCS CBEPXTOXK-
nectro (1.1), ecnn B Gunapnof anredpe | Q, Q2 ;) BBIIOIHAETCA ITO CBEPXTOXKIECTBO
el ) % pol P it .

B paBore [5] nokaspiBaercs, 9T0 KIaCC BCEX HONYIPYIIL, B KOTOPBIX HOJXHOMUATBHO

BBINOJIHACTCA TPUBHAJILHOE CBEPXTOXKIECTBO aCCOUATHBHOCTH
(1.2) X, Xy, 2)) = X(X(2,9),2),

obpasyer KOHeIHO-GasupyeMoe MEOroobpasue (puyeM yKasbhiBaeTcs Dasuc conepxa-
muit okono 1000 roxzecrs). Takue noOnyrpynnbl HasbIBAIOTCH CBEPXACCONAATHBHbI-
mu. B pabore {6] (cm. rakwxke [T]) yxasbisaercsa 6a3uc ToxICTB 9T0I0 MHOrOOOpasus
conepKaliuii 5 TOXIeCTB.

B pabore [8] nokaspiBaercs, 4To KIACC BCEX HOJYIPYIH, B KOTOPBIX [OIMHOMMU-
AJILHO BBITIOIHAETCA TPHBHAJILHOE CBEPXTOXKICCTBO Npapoil (uwnu nesoi) aucrpuly-
TuBHOCTH, 00pasyer KoHeyHo-OaszupyemMoe MHOr0OOOpa3ue NONYIPYIN, ONpeenseMbli
TpeMs TOXKAECTBAME: T° = T°, Ty2 = xyT2, Tyz = x2yz. Takue NONyrpyNNbl HA3LIBA-
HOTCs CBEPXAUCTPUOY TUBHBIMEI. A Kace BCEX TONYIPYIIL, B KOTOPBIX NONUHOMHBAIEHO
BLIIONHACTCA HETPHBHAILHOE CBEPXTOXKAECTBO NPaBol (uim esolt) aucrpuby tuBHO-
cru, obpasyer Koneyno-bazupyeMoe MEHOroodpaszue NoJiyrpynl, OlpeiesseMbix TpeMs
TOXKAECTBAME: T2 = T,TYz = TYT2,TYz = T2yz. VI3 9TOro Onucanns, B 4aCTHOCTH,
cnenyer, 9ro mobast CBepXIucTpUbYTHBHAS NONYIPYIIIa ABJISETCH CBEPXAaCCOIMATHER-
HOH.

Yepes QZPO[ 0003HAYNM MHOKECTBO BCEX OGMHAPHLIX NOAMHOMOB f(2,y) NOXyTrpynnb
Q(+), KaxKIad u3 KOTOPBIX CYUIECTBEHHO 3aBHCHT OT 0DOMX apryMeHToB z, y (M.
onpenenenusa 2.1 u 2.2 nuxe).

ByneM roBopuTth, 4T0 B noayrpynne Q(-) cyIIeCTBEHHO BBITOJHACTCH CBEPXTOXKIE-

2

Epol) BBIOJTHACTCA 3TO CBEpXTOXIecTno. B pabote
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[9] nokasbiBaercs, YTO KIACC BCEX HONYIDYIN, B KOTOPBIX CYIIECTBEHHO BBITIONHS-
eTCa TpUBHANbLHOE CBepxTOXKIecTBO (1.2), 0bpasyer MHOTOOOpasue, OnpenenseMbiii
yerbpeMst Toxnecrsamu (e, raxxe [10, 11]).
B pabore [12] nokasbipaercs, 4T0 B OTARYNE OT TPUBHANLHOTO CBEPXTOKAECTBA ACCO-
[IHATHBHOCH,, KJIACC BCEX NOJIYIPYIIH B KOTOPBIX CYIECTBEHHO BBITOJIHACTCS HETPUBH-
AJTBbHOE CBEPXTOXKAECTBO ACCOIMATHBHOCTH — KOHEYHOE 0O beJMHeHe KOHeYHO-0a3upyeMbiX
MHOroobpasuii noayrpyni. IIpuyaem, ABHO BBINUCHIBAIOTCA OA3UCHDBIE TOXKIECTBA BCEX
MHOroobpasuii.

Opnpako XxapakTepu3anus HOAYIPYIL, B KOTOPBIX CYIIECTBEHHO BBITOIHAETCA CRBEPX-
TOXKAECTBO JUCTPUOYTHBHOCTH, OCTOBAJIOCH OTKPBITOMN.

B nmacrogameii pabore onuchiBaIOTCH NONYIPYNNbI, B KOTOPBIX CYINECTBEHHO Bbi-
TIOJIHSETCH OIHO U3 CAEAYIONIMX CBEPXTOXKECTB JIeBOH JUCTPUbY THRHOCTH (DYHKITHO-
HAJILHOTO panra 1 unn 2, a TakiKe OJIHO M3 CBEPXTOMKAECTB JIeRBOH nucTpuby THBHOCTH

dysknuonanbuoro panra 3, 4 wam 5:

(1.3) Xz, X (y,2)) = X (X (,9), X (2,2)),
(1.4) Xz, X (y,2)) = X (X (,9), Y (2,2)),
(1.5) Xz, X (y,2)) = X (Y (z,9), X (2,2)),
(1.6) Xz, X (y,2)) = X (Y (2,9),Y (,2)),
(1.7) Xz, X (y,2)) =Y (X (z,4), X (2,2)),
(1.8) Xz, X (y,2)) =Y (X (2,9),Y (,2)),
(1.9) X, X (y,2)) =Y (Y (2,9), X (,2)),
(1.10) X, X (y,2)) =Y (Y (2,9),Y (z,2)),
(1.11) X(@,Y (y,2)) = X (X (z,9), X (2,2)),
(1.12) X(@,Y (y,2)) = X (X (z,9),Y (,2)),
(1.13) X(@,Y (y,2)) = X (Y (2,9), X (,2)),
(1.14) X(@,Y (y,2)) = X (Y (2,9),Y (2,2)),
(1.15) X(@,Y (y,2) =Y (X (2,9), X (2, 2)),
(1.16) X(@,Y (y,2)) =Y (X (2,9),Y (z,2)),
(1.17) X(@,Y (y,2)) =Y (Y (2,9), X (2,2)),
(1.18) X(x,Y (y,2)) =Y (Y (z,y9),Y (z,2)).
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2. CBEPXTOXJECTBA (1.3) u (1.15)

Ounpegenenne 2.1. Bydem zo6opums, wmo bunapnsidi muozouaen F(x,y) 6 noay-
zpynne Q(-) cywecmeenno 3a6ucum om npedmMemnot nepemennod T, ecau CyuLecmaey-

0m maxue T1,29,y € Q, wmo F(z1,y) # Flxa,y).

Touno Tak xe onpeaendercd cymecrsentnad 3aBUCUMOCTDL 6HHapHOFO MHOI'O4JIE€Ha

F(z,y) or npenMerHoli nepeMentoi y.

Ounpegenenne 2.2. Hasosem Gunaprwnd muozouaen F(x,y) cyweemsennmm, ecau

IMmom MHO20UAEH CYWECTNBEHHO 3a6UCUM. O npedmemnu:c NePpeMeHHbBLT T U Y.

Onpenenenne 2.3. Jlsa c6eprmoncoecmen Ha306eM IKEUSAACHMBMY, ECAU 6 MO~
6ot noayepynne Q(-), smu ceeprmoncdecmsa Aubo 0OHOBPEMEHHO CYUWLCTNEEHHO Gbi-

NOAHAIOTN.CA, AUB0 HY 00HO U3 HUT CYWECTNBEHHO HE 6BLTIOAHAETNCA.

ByneM roBopuTh, 9T0 CBepXTOKAeCTBO (ho) BhITEKaeT u3 ceepxToxkiectsa (hy) (u
obosuaunm (h1) — (hy)), ecin BO BCEX NONYIPYNNAX, [ CYIIECTBEHHO BBITOJHACTCHA
CBEPXTOXKAECTBO (h1) CYNIECTBEHHO BLINONHACTCA Tak ¥Ke W CBEepXTORAecTBO (h9).

Tlo onpeenennio, Beipakenne =¥ GyleM CIHTATH MYCTBIM.

Pacemorpum creayioliee MHOKECTBO TOXKIECTB:

(2.1) { TYz = xyng
TYz = TRYZ;

Jlemma 2.1. B noayzpynne Q(-) ¢ moorcdecmeamu (2.1), m060t cywecmeensils mHo-
eovaen X (T,y) pasen o0HOMY U3 MHOZOUAEHOE MHONCECTNGA

P = {zy, yz, 2%y, y2?, zyz, yzy}.

Hoxkazareabcrbo. JI060i cymecrsensiii Mmuorodnen X (x,y) MOXKeT OLITh IIPeCTaB-
JIEH B OJIHOM U3 CJIEAYIOIIUX BUJIOB:

X(x7y) _ xalyﬂl 702 yﬂ2  gOn yﬂn7

X (:E7 y) — yﬂl 71 yﬁ2xa2. ) .yﬂnxan7

X (:E7 y) _ xalyﬂlxa2yﬂ2 o xanyﬂnxan+17

X (w,y) =yPamyPate yfratnyfr,
rae n, oy, 3 € N ai=1,2 ... n. Jokaxem creayonyw bopMyny:

(2.2) Ya,b,c,de N, Fe,feN (2%’z%? = a°yf).
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Tak Kak

ZanbZEcyd 70 1( (beEc 1) yd):ZE ( (beEc 1) yd):

7xaybxc 1yd B :Zanby 7xayb+d

TO 3aKAI0YaeM, 9TO 3Hadenud ¢ = a u [ = b+ d ynosnersopsior (2.2). Uz (2.2)
ACHO, 9T0 M060# CYIecTBeRubii Muorowien X (z,y) MOXKHO HPEACTABUTE B ONHOM

U3 CHeNyIOINX BHIOB:
X (z,y) = 2%, X(z,y)=y"z’ X(z,y)=2%"2", X (z,y)=y"2"",

rae a, b, c € N. Jlokaxem Takxe, 910

(2.3) Va,beN, JeeN (29 =z%).

Ecnub=1, o ¢ = a. Ecim b > 2, 10 nmeem:

b2 b2 _

= (z"yy)y

= (z%x%) o =22t = = 2%

Zanb _ (:anz) y
= (ayay)y"
CrenoBarenbro:

Va,b,ce N, 3d, e e N (xaybxc = 2%z =z yx)
Va,b,ce N, 3d, e e N (yaxbyc*y 2y =y xy)
Taxum 00paszom, mobol cymiecTsenntii Maorounen X (z,y) MOXKHO UDPEACTABAATL B
OHOM W3 CJIEIYIOIINUX BHIOB
X(z,y) =2y, X(z.y)=y'z, X(zy) =2y,
rne a € N. Nmeem
3, _ _ _ .2 2, _
oY =TTxY = TXY =TY U T YT = TTYT = TYL.
CrenoBaresbHo, ecin a = 2, 10 xlyx — 2% *z’yx — 2% layr — 2% lyx = ... = xyx.
Taxum obpasom, y*zy = yry, a € N. Orcona, npu a > 3, umeem
re. 2% = 2%y , ecnm a > 2. Amamormuno, vz = v’z = yyr = yryr = yr,
ecnu a 2 2. Cnefoparenbro, m060f cymecrsennbit Muorousnen X (x,y) moxker ObiTh
NpeICTABIeH B OJHOM W3 CJAEAYIONIUX BHIOB:
2
X(zy)=zy, X(z,y) =2y,
2
X (z,9) =yz, X(z,y)=yz",
X (z,y) = zyz, X (z,y) = yzy.
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Jlemma pgokazana. O

Onpegenenne 2.4. Bydem 2080pumb, 4o NEPEMENHAR T, Y UAU Z Y ACBYEM, 8
mepraprom muozouaene X (x,y, z) noayepynns Q(-), ecau 6 3Mom MHOZOUACHE OHA

yracmeyem. ¢ Henyﬂ,eeoﬂ CTMENEHDBIO.

Hanpuwmep, ecn Y (2,vy), Z(2,y), U (z,y) cyTb CylecTBEHHBIE MHOTOYIEHBL [10-

ayrpynnet Q (), TO HEPEeMEHHBIE T, Y, 2 YI4CTBYIOT B CHCAYIONMX MHOTOYICHAX:
X (z,y,2) = Y(z, Z(y, 2)),
X (2,y,2) =Y (Z (2,y),U(z,2)).

PaccMOTpEM CHEAYIONEE MHOKECTBO TOXKICCTH:
TYz = T2Y,
(2.4) TYz = Yz,
ryz = x’yz.
Jlemma 2.2. B noayepynne Q(-) ¢ moocdecmeamu (2.4), 410607 mepHapHbill MHO20-
waern X (z,y, 2), 8 KOMOPOM YHACTNGYIOM 6CE NEPEMEHHDBIE T, Y, 2, PABEH MHOZOUAEH]

TYZ U, CACO0BAMENLHO, ONPedeanemes eQUHCMEEHHMM 00DA30M.

HHokazareabcTBo. B nonyrpynne (), KOTOPEBIH yIOBIETBOPACT CHCTEME TOKICCTE
(2.4), moboit muorounen X (z,y, 2), B KOTOPOM y9aCTBYIOT IEPEMEHHBIE T, Y, 2, MOKHO

NPEJICTABUTDL B CJEYIONIEM BHJIE
X (x,y,2) = 2"2°, r1me a,b,ceN.
Ecan a > 2, to 2%2¢ = 2272 (xzybzc) e (xybzc) = 22 Myl = . = xyb2l,

re. 2%y?2° = xyP2°. Cnenosarennno, zy?2° = zyz°® = zyz. Jlemma n0Ka3ana. O

Teopema 2.1. ITyems i@ = 3 wau i = 15. B noayepynne Q() cywecmeenno 6bi-
noansemes ceeprmoscdecmso (1.4) mozda u moavko mozda, xozda 3ma nosyzpynna

ydosaemeopaem (2.1) uau 00HoMY U3 CACOYIOWUT MONCIECME:
(2.5) ry =z, xy =1y’

Hoxkazareabcrbo. [JokaxeMm TeopeMy TONBKO g cBepxToxaectsa (1.3), T.e. Ko-
raa ¢ = 3. AHanoruYHO JOKa3biBaeTCd TeopeMa nyd csepxroxaectsa (1.15). Hoka-
KeM HeobxoauMocTh. PacemorpuM cay4all, Koraa MHOIOYJIEH Ty Hecynecrsennbiii. B
3TOM Cay4ae Ty = =° WK Ty = y° W BRINOJHAETCH oo U3 Toxaects (2.5). Iycrs
MHOroO4JieH zy cymecrsennbii. Torma u MEOrOYNEH yz OyIeT CyNeCTBEHHbIM.
Mpunuvasz B (1.3) X (z,y) = 2y, 6yaem uMers 2yz = 2yx2.
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Mpunuvaz B (1.3) X (z,y) = yz, 6yaem uMersh 2yx = 22y, T.e. Yz = r2yz. Heob-
XOOUMOCTE [JOKa3aHa.

JlokazkeM JOCTATOIHOCTD.

A) Ecin BBINOJIHEHO OQHO U3 TOXKAECTB (2.5), TO He CYIIECTBYIOT CYIIECTBEHHBIX MHO-
IOYJICHOB.

B) Hycrs B nonyrpynne Q(-) semonnsercs cucrema roxaecrs (2.1). Cornacuo nem-
me 2.1 moboit cymecTsennbii Muorounen X (z,y) NPUHAIICKAT CICAYIONIEMY MHO-

FKECTBY:
P o 2 2
= {zy, yz, 27y, yz*, zyz, yry}.
PaCCMOTpI/IM T CJ’Iy‘iaI/l B OTACJIBHOCTH!

(1) TIpr X (z,y) = zy umeem: zyz = zyx2.

(2) TIpu X (z,y) = yz umeem: zyz = zzyz.

(3) Tpu X (z,y) = 2’y nony4nm crpaseniuBoe TOxKIeCTBO: oy 2 — v yx’ya’z,

T.K.

2?yrlyr’z = 2?y(2Pyr?z) = 2Pyrlyz = 22’z

(4) Tpu X (z,y) = yx® nonydaem Toxaecrso: 2y’r’ = zo’yx’yr?, r.x.
zxlyxlyr? = za?(yrlyx?) = 22’y’e? = 2ya?.

(5) Tpr X (z,y) = xyx nonydaeM TOKIAECTBO: TYZYL = TYTTZTLYL, T.K.
ryzrzrryr = zy(x’zn’y)r = ryx’ryr = (vyz)zyr = yrryr = TyzyT.

(6) TIpu X (z,y) = yry nonyuaeM TOKIECTBO: 2Y2T2YZ = ZTZYTYZTZ, T.K.
PYZTZYZ = ZYTIYZ = 2YTZ,

ZTRYTYZLTZ = ZTYLYTZ = ZTXTYLZ = ZTYLZ = ZYTZ.

3. CBEPXTOXKAECTBA (1.4)-(1.14), (1.16)-(1.18)

Teopema 3.1. ITycms i =4,...,14,16,17,18. B noayzpynne Q(-) cywecmeenno 6bi-
noansemes ceeprmoscdecmso (1.4) mozda u moavko mozda, xozda 3ma nosyzpynna

ydosaemeopaem (2.4) uau odnomy us moocdecms (2.5).

Hokazareabcrbo. BylneM 10KasbiBaTh TeOpeMy Aasd cBepxToxaecTsa (1.4), r.e. Ko-
raa @ = 4. AHanornyHo paccMaTpuBaOTC U OCTANBHBIE CIYYan.
Joxkaxem neobxomumocts. Paccmorpum cryyali, Korjga MHOIOYJEH TY HECyIe-

2 nin ry — y2 1 BBRINIOJIHACTCA OJHO U3 TOXKIECTB

creennbii. B srom caydyae zy = x
(2.5). TIycrs MuOTOUIEH 2y cymecrsennbii. Torna u Muorounen yx Gyaer CylecTBen-

HBIM.
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Mpunuvag B (1.4) X (z,y) = 2y n Y (z,y) = xy, Oyaem umerh ryz = zyzz. [punna-
mada B (1.4) X (z,y) =yxu Y (z,y) = yz, Gyaem uMeTh 2y = 2TYT, T.€. TYZ = T2YZ2.
Mpunuvaa B (1.4) X (z,y) = zy n Y (z,y) = yz, Oyaem uMers zyz = Tyzz =
zyzyr = xzyr = zzy. Hpuaamaz B (1.4) X (z,y) =yz u Y (z,y) = zy, Gynem umerh
2yz = T2YT, T.8. TYZ = 22y2 = 2yxz = yrz. Chenoparenvuo, ryz = x(yrz) =
rryz — 2yz. HeobxonumMocTs noKazaHa.

JlokazkeM JOCTATOIHOCTD.

A) Ecnm oppo m3 toxzgects (2.5) mMeer MecTo, TO He CYIIECTBYET CYINECTBEHHBLIX
MHOTOUYTICHOR.

B) Honycram, uro B nogyrpynne Q(-) BoimonHsiercst cucrema Toxzaects (2.4). Co-
rnacuo Jlemme 2.2, moboii reprnapnbiii Mporounen X (z,y, 2) B KOTOPOM NPEHEAMAIOT

ydacTHe [epeMeHHble T, ¥ U 2 paBed MHoro4dneny xyz. CieloBareibHo,
X(z, X(y,2)) = zyz = X (X(2,9),Y (z,2)).

Teopema nokazana. |

4. CBEPXTOYK/JIECTBA JUCTPUBYTUBHOCTU OYHKIIMOHATBHOTO PAHTA
3, 4 WK 5 B HOJIYTPYIIIAX

Mpuorounens! (a Tak ke u GYHKIUOHANBHBIE IEpeMennbie) Oynem 0003HauaTh OYKBa-
va X, Y, Z, ... .

Teopema 4.1. [Tycmo dano ceeprmoscdecmso aesoll ducmpubymusHocmy, PyHKYU-
oHaALHOL panz Komopozo Goavwe 2. B noayepynne Q() cywecmeenno esnosnaemcs
IMO CBEPTMONCOCCNEO MO20a U MOALKe Tozda, Koeda noayzpynna Q(-) ydosaemeo-

paem (2.4) wau odnomy us moocdecme (2.5).

dokazarenbcrBo. Heobxonnmocts. PacemarpuBaeMoe CBEPXTOXKIECTBO UMEET Clie-
Ayommi Bua:
X(:E7 Xy (y7 Z)) - XZ(XS(:E7 y)? X4(ZE7 Z))7

rae X1, Xo, X3, Xy € {X,Y,Z,...}. TIockonbKy panr paccMarpuBaeMoOro CBEPXTOXK-
JIECTBA HE MeHbIe 3, TO B HEM y4aCcTBYIOT 1O Kpaiineli Mepe 3 pa3sHbIX MHOIOYJIEHA:
X, Y, Z.

Ecnu B 970M CBEPXTOXKAECTBE UMEETCs TOYHO OJAWH MHOIOYJEH Y, TO TOrna B3sb
OCTANBHBIE MHOIOUIEHBE DABHBIME MHOIOYIEHY X, HOJIYYUM OJHO U3 CBEPXTOMKIECTE

(1.4)-(1.14),(1.16)-(1.18). Ecau e B 3T0M CBEPXTOKAECTBE UMEIOTCA 2 uin GOsbIIe
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MHOTOYJIEHOB Y, TO TOTA, B35AB OCTANBHBIE MHOTOUYICHBE (38 HCKAIOYEHHEM MHOTOUJIe-
Ha X ) paBHBIME MHOTOYICHY Y | ONATE NOIYIHM OHO B3 ceepxToxaects (1.4)-(1.14),
(1.16)-(1.18). HeoBxomuMoCTh 0Ka3aHA.

JoKkasarenserBo AOCTATOYHOCTH AHAIOTAYHO NOKAZATENBCTBY AOCTATOYHOCTH NPEAbI-

ayueit reopembl. Teopema nokazana. |

Caencreue 4.1. Jhoboe caeprmoncdecmao aecoti SucmpubymueHOCINU IKEUBAAEHT-
Ho ceeprmoncdecmey (1.3) panza 1 uau ceeprmoocdecrney (1.4) panza 2, npurem
(1.4)—(1.3).

B zaknoyenne OTMETHUM, YTO anaJiOI'uYvHbie De3yNLTaThl ClIDaBeIJINBLL B JIJIA CBepX-

TOXKJECTB IPaBoil AUCTpuby THBHOCTH.

Abstract. The paper gives a description of the class of semigroups in which the
hyperidentity of left distributivity is essentially valid. It is proved that the class of all
semigroups, in which this hypeidentity is essentially valid, is a union of three finitely
based semigroup varieties, and the basic identities of all varieties are given in explicit

forms.
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OB ABCOJIIOTHOM PACXOJANMOCTU PSII0OB ®YPBE-XAAPA
XAPAKTEPUCTUYECKUX ®YHKIIUA

K. P. MYPAIAH

Epesanckuit rocyrapcTBeHHbIH YHHBEPCHTET
E-mail:  karenmuradyan1988@mail.ru

AnnpoTanus. B pabore paccMaTpUBAIOTCS HEKOTOPBIE BOIPOCH a6COMOTHOM pac-
XOMMMOCTH MOYTH BCIOAY psigoB Pypwe mo cucreme Xaapa. CTpoUTes H3MepuMoe
muoxkectso B C [0, 1], Takoe, uto psg Pypbe-Xaapa ero xapaKTepUCTHYeCKOH
dbyuxuE a6COMOTHO PACKOJUTCS MOYTH BCIOAY.

MSC2010 number: 42A20.

KuatoueBblie ciaoBa: psnbt Oypbe-Xaapa; abCONIOTHAS CXOAUMOCTD.

Xoporo u3BecTHo, 9ro pagpl @ypbe-Xaapa QyHKOUE M3 KIACCa CyMMUDYEMbIX
no JleGery dymknuii L'(0,1) cxonarca noutn scogy. Mporne paboTst NOCBAIMIEHbE
BorpocaM 6e3ycnoBHOR cxoauMOCcTH ouTH Beiony psnos ®ypbe-Xaapa. [osopsar, uro

o]
dyrrumOBANbHbI pag Y, frn(x) 6e3yCHOBHO CXOOUTCA NOYTH BCIOLY Ha MHOMKECTBE
FE, ecnn upu moboii negez{raHOBKe €ro 4JIEHOB 3TOT psig cxonmres n.B. Ha K. E. M.
Huxuman un L JI Vabanos B [2] (em. rakke [1], crp.104) yerasosmium, 910 s

6e3yCoBHON CXOIMMOCTH JIOO0T0 psilia 10 cucTreMe Xaapa

Z anXn (:E)
n=1

Ha HekorTopoMm Muoxkecrse F C [0,1] meobxopumo n m0CTaToqHO, 9TO0BI 3TOT Pl
abconTHO cxommiics 1.B. Ha MHOx)ecrBe F. IMosromy muOrme BONpOCH! Ge3yCioB-
HOf CXONMMOCTH PAJIOB Xaapa CBOAATCH K Bonpocam ux abconornoft cxonumoctu. B
pabote [3] IL. JI. Yabanos npusesn npumep dbynrknun u3 knacca L2(0,1), pan @ypoe-
Xaapa KoTopol pacxoauted 11.8. Ha (0, 1) nocie HEKOTOPOH NepeCTaHOBKH €ro YJIeHOB.
Hanee, A. M. Onesckui#t [4], [5] pacnpocrpanun 31oT pesynbrar Azs OONIMX NONHBIX
OPTOHOPMUPOBAHHBIX CHCTEM, IPH 9TOM YCTAHOBUB, 9TO 9TY HCKIIOUUTENbHYIO (DyHK-
IO MOKHO 6parh HenpepbiBHO#. B nacrosmeit pabore Mbl pACCMaTPHUBAEM BOIPOC
GeaycnoBuoft wnu abconoTnoft pacxonumoctu psanos @ypre-Xaapa sl XxapakTepu-

crugeckux pyHKIui.
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Hanomuum onpenenenne cucrembt Xaapa {xn(z), n = 1,2,...} (cm. [1] wacrs 3.1).

ZI;BOI/I“IHI)IMI/I noreppajlaMi Ha3obBeM MHTepBaJbl BUIa
L fi—1 i , B}
A’n:Ak: 7727 5 2:1727...727 If:0717...7

rae n = 2F 4. Tleppas dynxuus Xaapa onpegensgerca x1(x) = 1. Ilpu n > 2 nmeem

262 npm xEAif;ll?

Xn(z) =4 —2¥? mpn oz e AY,
0 mpn x¢ A,

a B TOYKax paspbiBa QYHKIAA Xrn(2) ONpenenderca paBeHCTBaMu

X0 (#) = 5 0enleH) + xale=)), @€ (0,1)

Xn(0) = Xn(04),  xn(1) = xn(1-).

Yepes a, (f) obosnaunm kosddunuent Oypue-Xaapa bysxnan f € L1(0, 1), Te.

1
anlf) = /O ()t

O6osnauum gepes Ip(z) xapakrepudeckyo Gyuknuio Muoxecrsa F C [0,1]. B na-

crosiieit pabore OKA3bIBAIOTCS CIEAYIONINE TeOPEMBbI.

Teopema 1. [las awbozo € > 0 cyweemeyem mmoocecmeo G C [0,1], ¢ |G| < &,

maxoe, 1mo

> lar(@a)xe(x)| = oo n.6. na [0,1].
k=1

Teopema 2. [Jaa mobozo £ > 0 cywecmeyem omxpwmoe muosicecrneo £ C [0,1], ¢
|E| < e, maxoe, wmo

>0

> lar(@p)xe(e)] = oo n.6. na [0,1]\ E.
k=1
OrMernm, 9TO B TeopeMme 2 Henb3d NONYYHTh PacxoauMocTh 1.8, Ha [0, 1] Tak kak
nu3 orkpeiroctn B cnenyer 6e3ycnoBras cxonuMocTh B n0boi touke © € F.
B nanereiimenm, muoxkecrso F C (0, 1) HasoBem NPOCTBIM, €CHE OHO CTh O0beANHEHRE
KOHEYHOT'O YKCIia JBONYHBIX HHTEPBAJIOB, & N — MHOXKECTBO BCEX HATYDAJIBHBIX YHCEl.

JokazaTenscrsa TeopeM OCHOBaHBI Ha CIENYIOIIEM YTBEDKIEHUN.
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Jemma 1. ITyems 0 < ¢ < 1, m € N, a F ecmv npocmoe muoscecmso. Tozda

cywecmayom npocmoe muoscecmeo F, u wueao n € N marue, wmo

EnF=9, |E|<es,

o e 0 UNF =Y lap ) (a)] < 2} <2

p=m

Ip(e) =) ap(lp)xy(@).
p=1

Aokazameavemeo. Kak yxke orMevanock Bwile, cyimecrsyer ¢dysknus f € L% ra-

Kasl, 94TO
(1) D lap(f)xp()] =00 e, .
p=1

TIpu 910M, 09EBHAHO, MOKHO npeanoaarars, 970 || flle < 1 u f(x) > 0.

O6o3naunM
9(x) = f(@)(pye ().
W3 onpenenenust cucrembt Xaapa Clenyer, 4ro
an(g) = an(f) npu A, C I

Orcrona u uz (1) sicao, uro
(2) Z lap(g)xp(z)| = oo n.B. HA I
p=1

W3 cTpyKTyphl MHOXKECTBa F MOXKHO 3aKAIOUHTH, 910 F aBiserca obbeanHeRneM
KOHEYHOTO YHUCAS JBOMYHBIX OTKPBITHIX WHTEPBANOB JUHBL ¥ = 277 W npm 310M
MOKHO NIPeJNoNarath, 9to ¢ > m. Janee ucnonssya (2) MoxeM naiita ucno n = 2F
(k € N), Takoe, 910

n

3) o € 0N F 5 Y laylop ()] < 5 < e

p=v

Hna nannoro mutepsana A = (a,b) paccmorpam QYHKIHIO
QDA(:E) - H(a,c)(x)7

e

b
c=a +£/ g(z)dzx.
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Wmed B Buay, 9ro 0 < g(z) < 1, nonyaum

(4) c€(a,b), c—a<elb—a),
b b

(5) [ eatade = [ gy

Ob6o3na9nM

(©) i@)= Y eap, (@)

OueBuno
(7) g(z) =Ip(z) u |[E] <e[F| <&,

rae ' C F° ectb HEKOTOPOE MHOXKECTBO sIBJAIONIEECH OObeMHEHHEM KOHEYHOIO YHC-
na unrepsanos. Tax xak dysxuun Xaapa xp(z), p=1,2,...,n= 2F nocrostnubt Ha

unrepsanax Ay, 1o, ¢ yaerom (5) u (6), momy«mm

G’P(g):ap(HE):Eap(g)7 p:I/7I/+17...7TL.
Orcropa cneayer, 9To

n

D lap@e)xp(@) =< ) lap(g)xy ()]

p=v

Kombunupys nocaennee ¢ (3), A6rko NOAYIUTh

n
(8) [z € 0,1\ F: ) lap(le)xp(e)] < é}l <e.
p=v
Nnmeem, uro F ecth Koneynoe 00'beuHeRRe HEKOTOPBIX HHTEpBanoB. Y3 coobparkennii
HENPEPLIBHOCTH JIETKO YCMOTPETh, YTO MOXKHO H3MEHUTH MHOXKeCTBO I Tak, urobel
KOHIIBI er0 COCTABJISIIONIAKX WHTEPBAJIOB CTAIH JBOWYHO DANUOHAILHBIMEA W COXPAHN-
mack HepasercTsa (7) u (8). MoxHO npejnosararh TaKOBBIM SBISETCS MHOKECTBO F
U yaursiBasd 910 , umeeM, 910 Ig(z) = Sy(Ig, ) npu nekoropom ¢ € N. Bes orpann-

qeHus O6U1HOCTH MOXKEM CYHUTAThL, 9YTO N — ¢, T.€e. HMeeM

QOuepnno, 90 F ya0BAETBODSET YCIOBUIM JIEMMBIL. |
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Hoxazameavemeo meopems, 1. Vcnionb3ysa nemmy npu F = &, vafizem npocroe MHO-

xkecerso Fy n uncno ny € N rakue, uro

£
|E1| < 57

HOE 3 aills, )xi(x)| < ;}
i1

VuaureiBast, yro F1 cOCTONT W3 JBOWYHBLIX HWHTEPBAJIOB, UMEEM, 4TO

<E
5

]IEI (ZE) - Snl (HEM:E)'

O6osnauum G = Fy. O4eBuano, 4r0 CymECTBYeT NONOKUTENLHOE YUCHO £1 < £/2

TaKoe, 4YTO JJisd J1000I0 MHOXKECTBA A C ycaoBueM
|G1 A A| < g1,
nmMeem
ni
2 €
Ha > laila)xi(@)] < =} < 5.
‘ € 2
i=1
Eme pas npuMenus jemMy, Hafizem npoctoe Fo u 9ucio ng > ny Takue, 9ro

£
9) B <
no

(10) o Y laullm @) < 2} < 2,
i=ni+1 1

]IE2 (:E) - Sn2 (HE27x)'

Ob6osnaunm Go = G| A Ey. Ecan n > nq, 70 BLINONHSETCS OJHO U3 COOTHOIISHUHA

A, CGyum A, NGy = @. Ecan A,, C Gq, T0 nMeeM

an(ls,) = / (L, () — Iy () ()

n

- / (Lo (&) (@) s — / (L, (2))xn (&) e —

n n

= _/ (g, (#))xn(z)dz = —ay,(Ig,).

n

Ecim xxe A, NG = @, 70 094eBUIHO, YTO

Ay (HG2 ) = Qp (]IE2 ) .

Orciona nmeem |an(Lg,)| = |an(Ip,)], npu n1 < n < ng, B CIEIOBATENBHO UMEET

mecto (10), ecnm s3amenuts MHOKeCTBO Fo ma Go. O4eBuAHO, 4TO CYIIECTBYET £,
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0 < g9 < £1/2, Takoe, 9ro mnga awboro muoxkecrsa A, aus koroporo |Ga A A| < eo,

HMEEM:
no

o > fallatal < 2H < 2

i=ni1+1
HpO,ELOJ”I}KHB ITOT NPOoNece IO MHAYKIIUKA, MBI ITOJIYYUM IIPDOCTBIC MHOXKECTBa Ek, Gk,

k=1,2,..., gucna n, € Nu g, > 0 ragne, 9to
(11) Gy =Gr_1 A Ey,
Ep_
(12) er < g
e
(13) |Eel < =5+, k=12,

W NIpH 9TOM JJid J06oro MHOKecTBa A, ynosnersopsomee yeaosuio |Gy A A| < ey,

nMeer MecTo HepaBencrTBo
ng

H{z Z lai(Ta)x:(z)] < %H < Ek2—1.

i=ng_1+1

Ob6o3na4uM

-

G;.

o
k=14

[\

k
Us (11) nerko cnepyer, 910

GAGLC D E;.

i=k-+1
Orciona umeem
GaGil< Y Bl< Y, — <en
i=k+1 i=k+1

Hanee, oboznagum

Nk

A=fo: Y Jalon@l<——h A= Juo

i=ngp_1+1 k=1i>k

C yaerom (13), nmeem
€

2k
u cneposarensno |[A| = 1. C apyroil cropoHbl ©3 OUpeenenus MHOXKeCTBa A dACHO,

Ep_
Ak <$<
2

910
Z la;(Ig)x:(z)] =00, x€ A
i=1

W3 mepasencts |G A G| < ey, |G1| < § u ey < § canenyer, gro |G| < &, u Teopema
JOKa3aHa. [l
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Hoxazameavemeo meopemo, 2. Vicnionb3ys nemmy npu F = &, vafizem npocroe MHO-

sxectso Iy m uucno ny € N rakue, gro |Fy| < § ,

{x 3 Z |ai(Ls, )xa(2)| < g}
i=1

Euwe pas npumenus nemmy, npu F' = Fy naiinem npocroe By u yucno ny > ny rakue,

£
< 57 ]IEl (:E) = Snl (HE17$)~

qTO

n2

€ 4
EanE =2, |Bl<g e X:H Jai (L, )i ()] < 3] <
1="1

£

4

Moxem B3arh Iy Takoe, 4ro
ni 1
Z|CL1(HE2)X1(ZE)| < 57 HE2(:E):S”2(HE27$)'
i=1

HpO,ELO.H}KI/IB ITOT IPOoUECC IO MHAYKIINN, MBI ITOJYYUM IIDOCTRIC MHOXKeCTBa Ek, k=

1,2,..., aucna n; € N rakue, aro

k—1 -
(14) Een (U B = 2,18 < o,

i=1

k—1 ni 2k E
(15) Hze DN E): Y Jalleg)x(@)] < =5
i=1 i=ng_1+1
NE—1 1
(16) Z la; (Le, )xi ()| < Sh1
i=1
O6o3naanm
E=|]JE:.
i=1

Us (14) nerko cnepyer, 910

Bl =S |Bi] < =.

i=1
Hanee, oboznagum
k—1 ni 2k
Ap={ze 0,1\ (JE): D> lalg)x(z)| < —
i=1 i=np_1+1
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Bosemen z & Ay torna ¢ yuerom (15),(16) u (17), nonyunm

Nl Nk
> lallpha@) = Y lalye, g,)xi(@)] >
T=Np_1 i=Np—1
Nk 0 Nk 2k
> Y ae )@ - Y. D lale)xl@)] = — -1
i=np_1 qg=k+1li=nr_1
Uz (15) cneayer, aro
€
|A| < o
Vanreisag, 910 limg_,oo [Ag| = 0, Teopema nokasana. O

B sakniouenue apTop Bhipaxkaer Onarogapuocthk I. A. Kaparyngany, nog pykoBoj-

CTBOM KOTOPDOI'O BLINIOJHEH HaCTOAIaA pa,60Ta,.

Abstract. The paper studies some questions related to almost everywhere, absolute
divergence of the series in Haar system. It is constructed a measurable set £ C [0, 1]
such that the Fourier-Haar series of the characteristic function of the set F absolutely

diverges almost everywhere.
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THE PAPANGELOU PROCESS. A CONCEPT FOR GIBBS, FERMI
AND BOSE PROCESSES

B. NEHRING, H. ZESSIN

Institut fiir Mathematik der Universitdt Potsdam, Potsdam
Fakultét fiir Mathematik der Universitdt Bielefeld, Bielefeld
E-mails: bnehring@uni-potsdam.de, zessin@math.uni-bielefeld.de

Abstract. This note is a revised and enlarged version of the german article [16] in a slightly

different framework. We here correct a serious mistake in the first version and generalize the
class of Polya sum processes considered there. (A corrected version of the same results can be
found already in the thesis of Mathias Rafler [12].) Moreover, the class of Polya difference pro-
cesses is constructed here for the first time. In analogy to classical statistical mechanics we pro-
pose a theory of interacting Bosons and Fermions. We consider Papangelou processes. These are
point processes specified by some kernel which represents the conditional intensity of the process.
The main result is a general construction of a large class of such processes which contains Cox,
Gibbs processes of classical statistical mechanics, but also interacting Bose and Fermi processes.

MSC2010 number: 60G55; 60G57; 60D05
Keywords: Papangelou process; Polya sum; Polya difference process.

1. INTRODUCTION AND GENERALITIES

The analysis of the ideal quantum mechanical gases of Maxwell-Boltzmann, Bose-
Einstein and Fermi-Dirac in [1] shows that the corresponding point processes are
qualitatively different; the associated random fields have different distributions.

Nevertheless they are ideal gases in the sense that they are of first order and have
independent increments. Thus it is natural for the construction of the corresponding
interacting particle systems to take as a starting point the corresponding ideal, i.e.
non-interacting processes. For the Gibbsian theory of classical statistical mechanics
this is the Poisson process. We propose here to construct interacting Bosons by means
of the ideal Bose process and interacting Fermions by means of the ideal Fermi process.
This is not done in the spirit of the DLR-approach but in the spirit of the equivalent
theory of integration by parts formulas (cf. {7]) which represent an abstract version
of the classical approach by Kirkwood-Salzburg equations. And this means that the

starting point of the whole theory is the appropriate Boltzmann kernel determined by
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the underlying interaction potential together with the appropriate ideal gas; and these
kernels differ for the Maxwell-Boltzmann, Bose-Einstein and Fermi-Dirac processes.
In the language of modern point process theory the Boltzmann kernels represent
conditional intensities of the corresponding point processes, which are called Polya
sum in case of the ideal Bose process resp. Polya difference processes for the ideal
Fermi process and which have to be modified in case of interacions by an appropriate
Boltzmann factor.

Thus the main task is first to identify these conditional intensities for the three ideal
gas processes. And this has been done in [1]. We take them here as a starting point to
build up the first steps of a unifying general theory which can explain the appearance
of all three quantum mechanical gases. Conceptually this theory exists since a long
time and is the theory of Papangelou processes (cf. [3, 6, 7, 9, 13, 15]). The historical
point of departure of this theory has been described in {10, 16].

The main result is a construction theorem which was missing until now. As examples
we present the ideal Bose process, i.e. the Polya sum process, and the ideal Fermi
process, i.e. the Polya difference process, and then indicate how one can add an
interaction between the particles. All this is done in analogy to the Gibbsian theory
which can be considered as a theory for quantum particles obeying Maxwell-Boltzmann
statistics.

Before starting our approach we indicate shortly how one can use the construction
theory of the DLR-approach for the construction of Papangelou processes. This
can be done by combining the important work of Rauchenschwandtner [13] with
the fundamental work of Preston [11]: Given a kernel = one can define a socalled
specification V, such that the associated collection (V) of all abstract Gibbs states
specified by V, coincides with the collection of all Papangelou processes with kernel
w. This result can be found in [13]. Therefore, if we start with a kernel = such that
the assumptions of Preston’s general existence theorem §(V,) #£ 0 are satisfied then
we are done. Our approach here is more direct but also weaker in the sense that we
construct for a given 7 a Papangelou process for some locally modified kernel 7 which
in general does not coinside with .

We shall work in the following general setting. X denotes a Polish state space, B(X)
resp. Bop(X) its Borel resp. bounded Borel sets. M(X) is the vaguely Polish space

of locally finite measures on X (i.e. of Radon measures on X). M (X) denotes the
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subspace of all Radon point measures on X, and My (X), B € Bo(X), the collection
of all point measures with support in B. M4(X) is the space of all finite point
measures. We need also the space M (X) of all simple Radon point measures on
X, i.e. of all locally finite subsets of X. All these spaces are given the Borel o-
fields generated by the vague topology in M(X), and are denoted by -, J; and
Fy. For some underlying measurable space S we denote by £, (S) the collection
of all non-negative, measurable real functions defined on S. We consider random
measures in X, i.e. random elements ¢ in or, their laws P on M(X), for which we
write P € PM(X). If such a P is concentrated on the measurable subset M- (X)
then P is called a point process in X. The Campbell measure of a point process P is
defined by Cp(h) = [ [ h(z, p)p(dz)P(dp), h € F. (X x M- (X)), whereas the reduced
Campbell measure of P is given by Cp(h) = [ [ h(z, p—6,)p(dz)P(dp), h € F. (We
shall use freely these and related concepts of the theory of random measures and
point processes and refer to the standard monographies [3] and [6] for details.)

The point of departure is a kernel 7 (o, n; dz) from (M x M-, F& F) to the set of all
Radon measures on X. (Here and in the sequel we shall skip X if possible.) We are
interested in point processes P in X for which the kernel 7 is a conditional intensity.

This means that P is a solution of the following equation

Cp(h) = //h(x7u+ 8 )7 (, dz)P(dp), h € Fo (X x M- (X)).

We then call P a Papangelou process for 7. For such a Papangelou process the kernel
7 is a.s. uniquely determined; moreover, P is a Papangelou process for some kernel 7
iff the measure Cp(B x (.)) is dominated by P for any B € By(X). (All this can be
found in [5, 7, 9].) In the scholion at the end we develop the notion of a Papangelou
process in more detail in a discrete setting to relieve the understanding of the following
abstract developements.

Given a kernel 7 we define for every m € N, p € M and nn € M the following kernels

on X
7 (o, day . dwy,) = (0, day ) (0, 48y s dva) o (0G0, A, dary)
For m = 0 we denote by 7(”(g,7;.) the kernel on X° = {#} which gives mass 1 to

{0}
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2. THE FINITE PAPANGELOU PROCESS

Finite Papangelou processes can be constructed if the kernel 7 satisfies the following
integrability condition: For any given (o,7n) the following series is convergent.
(2.1) E(e,n) =Y %W(m)(@n;X"‘)
m>0
Under this condition the finite Papangelou process with kernel 7 is well defined for a
given ¢ € Iy (My) by
1

1 m
=0, moo ¢ m

We add another condition on the kernel m which plays a fundamental role in the whole

theory. We require that 7 satisfies the following cocycle condition: For all o, n,z,y

w(o,m; dx)m(e,n + 625 dy) = m(o,n; dy)m(o,n + dy; dz)

This condition implies the symmetry of the kernels 7(") (o, 7;.). The next result plays

the role of a main lemma. A proof can be found in [16].

Lemma 2.1. If 7 is an integrable kernel satisfying the cocycle condition then every

P#Q’n) is a solution P € TM} of the following integration by parts formula.
Coth) = [ [ bt d2)mlon s de)Pldu) b€ FL(X X,
Here Cp denotes the Campbell measure of P.

3. THE GENERAL PAPANGELOU PROCESS

Here we give a construction of a large class of infinitely extended Papangelou
processes, thereby correcting a mistake in [16}. The following comment is in order
here: In theorem 1 of {16] the statement is that £ is a Papangelou process for m. This
is false. The correct statement can be found in theorem 3 of the present paper: { is a
Papagelou process for @ = p,m. Thus the factor p, was missing in theorem 1 of [16].
We start with a kernel 7(p,7;.) from M x M to the set M of Radon measures on
X. We now require that there exists a locally finite partition A = (X,,)n>0 of X.
This means that every bounded Borel set has a non-empty intersection with only
finitely many elements of the partition. In addition every X,, has to be a bounded
Polish subspace of X. Recall that every Polish subspace of X is a §s5—set and thereby
Borelian.
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We need the following notations. nx~ is the restriction of 77 to X™ = XU --- U X,;
and 7y its restriction to Xj. We then say that 7 is locally integrable (with respect to
any A) if for all g, n, n the following series converge:
- 1
Znlen) = D —m ™ o nxn-1; X7,
m>0

By our considerations above the following finite process in X, is then well defined for
all o,n. If p € . (M}(X,))

1 1
0 Coy § ’ (m) -
HXn(nv 4)0) - En(Q7 77) = m! / o LP((S:M + + 5zm)7r (97 77X"*17dx1 cee dxm)

Note that the kernel Hé’(n depends only on the o-field 3%, , of events happening in
X"~!. This will be important in the sequel.

The aim now is to construct by means of these kernels and suitable initial and
boundary conditions an infinitely extended Papangelou process which has a modification
of 7 as its kernel. For this purpose we use the theorem of Ionescu Tulcea which enables
us to construct processes by means of an initial condition and conditional distributions
(see [2] e.g.).

Given o € M(X) and (o, ..., Mm—1) € My, X --- x My, consider the Markovian

kernels
Qﬁz(n(% s Im—1; dnm) - Hggm (770 +--+ Nm—1; dnm)

from My, x -+ x My to M (X,,). Given also a random measure Py € PM
then by the theorem of Ionescu Tulcea there exist random elements ¢ in M(X) and
random elements &, in M (X,,),n > 0, with the property that the corresponding

finite-dimensional distributions are given by

L(C7 507 ceey gn) - PO(dQ)Hg(O (07 dUO)Qi)(T](L d771) cee QEL(T](% sy in—1, d?”]n)

We are now in the position to construct the following random element in M (X).
n>0

Note that ¢ is locally finite because the underlying partition has this property. The

distribution Py of £ is the point process in X we are interested in. (We do not indicate

the initial condition Py.) We shall show now that Py is a Papangelou process specified

by a modification of the kernel 7. For later use we remark that P, has the following
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disintegration with respect to (.

Py :/ P2 Py(do).
M

We observe also that this implies for the Campbell measure of P, the disintegration

Cp, :/ Cpe Po(do).
M

We now formulate the conditions for the existence of infinitely extended Papangelou
processes.

We assume that 7 is a kernel from M(X ) x M (X) to M(X) which is locally integrable
with respect to any partition. Moreover, we assume that 7 is dominoeted with o
symmetric density, i.e. on the complement of any {y} each n(o,n + d,;dz) has a

symmetric density fr with respect to 7(p, 7; do) whith does not depend on p, 7. Thus

Lyyye(@)m(o,n + Oy; dz) = e () fr (@, y) (0, m; d)),

with fr being symmetric. We remark that this condition implies the cocycle condition
for m and thus is a bit stronger.

Finally we need the following finite-range property. There exists a positive constant
R > 0 such that

1p(a)m(o,n;dx) = 15(z)7 (0, nopp + nce; dx) for any B,C € By, B C C.

Here 0rB = {z € X|d(z,B) < R}, where d denotes some fixed metric compatible
with the Polish topology in X. Note that for configurations n with compact support
one has for any B € By

1g(z)w(o,n;dx) = 1g(z)7(0,n0gp; dx) for any B,C € Bo.

Theorem 3.1. If w is a kernel from M(X) x M (X) to M(X) which is locally
integrable, dominated and of finite range, then any P2, 0 € M, is a Papangelou process

with kernel

(3.1) 7o, n; dx) = po(z,n) - w(o,n; dx),
where
Z;(on
3.2 (z,7) = J
(3.2) ) U~g 9777+5)

The kernel 7@ is a random Radon measure.
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Proof. We consider the point process £ constructed by means of Py = §, and start

to compute its Campbell measure C¢. For a given h € I

Z/ (z,€) & (da)d

n>0
(Here P denotes the underlying probability which should not be confused with the
law of £.) We follow the arguments of Mecke [8] and assume first that h has the
form h = g ® ¢, where g € F (X) is identically 0 outside some X;,0 < k < n, and

@ € F1 (M) is a random variable which is measurable with respect to Fy... In this

case
/§k w(Exn)d
and thus
Ce(h) = /H%O (0,dno) ... TIS, (xr—1, dnw) mi(g) - PE(nxr—1 + me),
where

wg(?mk):/ﬂ%k+1 (nxrs A1) - TP xetmep1 -1, dgn) e(nxe k14 +00).

Applying here the main lemma 2.1 to the inner integral of C¢(h) and using the cocycle

property one obtains

/chk(nkadm) i (g) - Ye(nxr—1 + k) =

/Hick (nxe—1,dn,) / ey, de) g(x) - oy nxn-1 + 1k + 5).

X
On the other hand, using again that the kernel 7 is dominated with a symmetric
density fr, we obtain for k <!l <n -1z € X,

HlﬂLl(Qﬂ//) o
S o 1oy @l dii1).
Eip(on+ 0, )f (@, mr )%, (nxts dmig)

Here fﬂ' (x7 77l+1) - Hygsuppnl+l f‘ﬂ'(x7 y)nl+1(y)‘
Thus we have

%, (0xt + basdmin) =

(o, mxk +6z) = /H§(k+1(77xk7d77k+1) TS (xe F 1+ 1, dng)
B ‘—‘l+1 97
—_— T T + + + n+(5z )
H = QWJF(S H Fr(@sme1}p(nxr + i1 7 )

1=k
and consequently, using again that the kernel is dominated with a symmetric density,

_ Er1(0,€ .
//th(x7§+5 HE Q7£+5) (0, Exn; dx)dP.
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Changing slightly the parameter [ and observing that =; depends only on that part

of ¢ which lies in the "past’ X'~!, whereas J, lies in the *future’ X}, one has

n

'—‘l(97£) .
//Xk (@,6+ 0 H_I(Q@:Jr(;) 7(¢, Exn;dx)dP,

where in this equation {x~ can be replaced by £ because of the special choice of ¢
and the finite range property of .
The finite range property is needed again and will enable us to replace the finite by

the infinite product. Consider the terms of the infinite product

ﬁ El (97 5)

1—0 :‘l(97 5 + (51)
Here the assumption of finite range implies that only finitely many terms of the
product can be different from 1. This shows the first part of the theorem for the

special class of variables h. Standard arguments then complete the proof of this part.

That 7 is a random Radon measure is obvious. O

Some consequences of the theorem. As a first consequence we obtain for the
distribution of & with a general initial condition Py that Pr = [ . P2 Py(do) is a

solution of the equation

(h) - / / / (2,1 + 8.) 70, n; dz) P2(dn) Po(do),

where h € F (X x M (

Furthermore, the above theorem gives a construction of a very large class of Papangelou
processes. We first discuss the special case where the infinite product appearing in
7 is identically 1: If the normalizing constants Z;(p, &) do not change if £ is locally
modified (i.e. if they are tail-measurable) then the infinite product is 1. A sufficient
condition for this to hold is for instance the tail-measurability of 7.

Consider the following additional condition on the kernel 7: For a given p the kernel

7 has zero range in the strict sense if
112esBm7r(m)(Q7 (.);dy), B € By, m > 1, are measurable with respect to F5.

In this case 7 is dominated with density f = 1, and has range B = 0. Moreover,
the normalizing constants E, depend only on ¢ but not on n. As a consequence,
if m satisfies this condition and is locally integrable then £ is a Papangelou process

for the kernel n. Moreover, by construction, £ has independent increments, and the
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distribution of the field variables £g, B € By, is given by

1
Pe(¢g = k) = — k) (o, B
‘n'(gB ) EB(Q) ]f'ﬂ- (97 )7

where we skipped 7 because there is no dependence on it. This raises the question for

which class of kernels 7 with strictly positive range the above construction leads to
Papangelou processes with kernel «, so that p, = 1.
Consider now a kernel m which satisfies the assumptions of the theorem and does not

depend on p for simplicity. We are interested in the kernel
v, dz) = Vi, n) - 7(n,dz),n € M (X).

We shall make several assumptions on V which will assure the existence of Papangelou
processes Py for the modified kernel . This will be our model for interacting Bosons.
V(z,7n) is to be understood as a Boltzmann factor exp(—FE(z,n)), where E(x,n)
denotes the energy of a particle in z, given the configuration n. (Usually £ is defined
by means of some potential.) The first assumption on V is that v(n,.) is always a

Radon measure. Moreover we need a symmetry condition:
(3.3) Viz,n) - V(y,n+ ) =V(y,n) Vi(z,n+0y) for any x,y, .

The next is a finite-range property:

Denoting B, (z) the ball centered in z with radius r, this means
(3.4) V(z,n) =V(z,np,.(2)), z € X, for some r > 0.

The following condition will guaranty that the Boltzmann kernel ~ is dominated by
some symmetric density: There exists a symmetric function U € F.(X x X) such
that

(35) V(ZEJ”] + (59) - V(,’,Eﬂ”]) : U(£E7 y)7 fOf all Z,Y,1].

In applications U is given by the exponential of the negative of a pairpotential.
Finally we are looking for a sufficient condition on V which implies local integrability
of v. We assume that there exists for any configuration 1 some constant 0 < C(n)

such that for any m > 1 and any z1,...,z,, € X

(36) V(xh 77)V(£E27 n+ 511) e V(:EW“ n+ 511 +ee 51771,71) <
In this case
m m m 1 m m
’7( )(UX"*UXn ) < 0(77) %’N( )(UX"*UXn )7
57



B. NEHRING, H. ZESSIN

and thus local integrability of 7 implies the one of v. We remark that the stability
condition (3.6) is a version of superstability.

Given such a pair (7, V) there exists a Papangelou process for the modified kernel 7.
We now comment the case of simple Papangelou processes. If 7 is simple in the sense

that 7 is a kernel from M (X) to X satisfying the condition
w(n, suppn) = 0 for any n € M,

then a Papangelou process for the kernel = is simple too. (See [7] e.g..) Tt follows
that a Papangelou process for the above kernel 4 then is simple too. Thus we have a
method which allows to construct a large class of simple Papangelou processes.

The above theorem induces several other problems and questions. Under which condi-
tions on 7 the associated Papangelou process is of first order or uniquely determined?
Under which additional condition on 7 the above construction leads to some Papangelou
process for m and not for 77 These questions can been seen also as follows: We
explained already in the introduction that the collection of Papangelou processes for
a given kernel 7 coincides with the collection of abstract Gibbs states (in the sense
of Preston [11]) for the local specification V, induced by 7 in a natural way. And
for this collection some of these questions have been analyzed in [11]. As has been
remarked already here one can find also a general construction method for Gibbs
states specified by V. and thereby for Papangelou processes with kernel 7.

The above construction shows that Papangelou processes are processes in spacetime
which have an infinitely long memory. The underlying symmetry given by the cocycle
condition is much stronger then reversibility in time. Thus there is a new underlying

spacetime structure here which has to be developped further.

4. EXAMPLES

We discuss some applications of the theorem. We don’t repeat here the example of
Gibbs processes for classical interacting systems which can be found in [16]. Instead
we discuss the analog constructions of interacting Bosons and Fermions which seem to
be new. In particular the Polya difference process or ideal Fermi process is considered

here for the first time.

Cox processes. We include this well known class of processes to make explicit the
appearance of the parameter p in the above setting. Cox processes P are of the form
P = [\, P«W(dk), where W is a random measure in X, i.e. a probability on M.
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It is well known (see [15]) that any Cox process is a Papangelou process for a
kernel having the structure w(u, de) = P*(dp) o(dz). Here (P*),e . is a Markovian
kernel from M- to M, i.e. a measurable family of random measures on X indexed
by configurations p. Thus 7(u,.) is given by the intensity measure of P* which we
assume to be always Radonian. A deep result of Wakolbinger {15] is that the following
converse is true: If P is a Papangelou process whose kernel is tail-field measurable
then P can be represented as a Cox process. Thus we see that a tail-field measurable
Papangelou kernel 7 can always be represented as n(u,.) = P*(dp)o(.) with a tail-
field measurable family of random measures P*, v € M.

In this case the above theorem yields a construction of Cox processes which in fact
is well known. To be more precise: Consider the kernel 7(p, n;.), which is tail-field
measurable with respect to 7, together with a random measure Py(do). Then the
normalizing constants =, (o) do not depend on 7, and it is obvious that the conditions
of the theorem are satisfied, so that, for a given g, P¢ is a Papangelou process
with kernel 7(p,0) and therefore by Mecke’s characterization a Poisson process with
intensity measure 7(,0). As a consequence Pr = [ Pr(, 0y Po(do) is a Cox process

with random intensity measure 7(p,0).

Polya sum processes and the ideal Bose process. Here we consider Polya sum
processes, which had been introduced in [16]. For the convenience of the reader we
repeat here their construction and some of their properties. They describe the ideal
Bose process of quantum mechanics (cf. [1}).

Let 0 < z < 1 and o be some fixed Radon measure on X. Consider the kernel
wi(o,m;.) = z(o +n). (For simplicity we skip o in the sequel.) In this case local
integrability holds true with a normalizing constant independent of #:

=1(0) = exp(e(X)K(2) = T

where £(2) =35 ZJ—J Here we used the fact that

1

Z %Q(Xn)[m]zm = exp(o( Xy, )k(2)) = m

m>0
with al™ = a(a +1)---(a + m — 1). It is evident that the other assumptions of
the theorem are also satisfied. In particular 71 has range 0 in the strict sense. The

corresponding Papangelou process P, = P2 was called in [16] the Polya sum process
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specified by (z, o). But from the point of view of quantum mechanics this is the ideal
Bose process specified by (2, o).

Using that Py is a Papangelou process for 7 we show directly that this process has
independent increments, we deduce the distribution of the field variables {p, show
that Py is of first order (i.e. all {5 are integrable) and finally that P, is uniquely
determined by the kernel 7.

Let B € By and & > 1 and consider a non-negative measurable function ¢ on the
space of configurations which depends only on what happens outside B. Thus ¢ is
measurable with respect to Fy.. Then using its character as a Papangelou process

we obtain the recursion

Lp(2)Lep =k} (mp(n)n(dz) Py (dn)

Pr(ligp=iy - 9)

Ip(@)(ep=r—1y(mp(n)(o + n)(dz) P, (dn)

[o(B) + (k = )] Py (Igep=k—1} - #)-

Iterating this process until B is void of particles yields
k
z
Py(lep=ry - ¢) = HQ(B)““]PNH&B:O} -p).

\ \
— —

EdIRS ISl IR Sl W

Choosing now for ¢ the indicator of the event {{p, = k2,...,{n, = kn}, where k; > 1
and By = B, By, ..., B, € By are pairwise disjoint, and iterating the above procedure
we obtain that for ky,..., k, >0

z .
Po(&p, = ki, €p, = kn) = [[ 17eB)™ - Po(gp, =0, €5, =0).
j=1"7
This equation determines P, (5 B, =0,...,¢p, = O) as a product of terms which

depend only on a single k;. Thus P, has independent increments.

The distribution of g, B € By, amounts to

[K]
P{ép =k} = exp(—o(B)r(z)) - 2" - %7 k>0.

If o(B) is an integer this is a negative binomial distribution. From this we obtain that

P is of first order and

z

Pilés) = 7—

The above considerations used only the partial integration formula, for which Py is a

. Q(B)7B € Byg.

solution. Thus the finite-dimensional distributions of the random field ({g)pecs, and

thereby P, is completely determined by 7.
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We finally add an important observation of Mathias Rafler that P, is infinitely
divisible. (See {12}, Prop. 6.7 .) We thus see that the Polya sum process resp. the
ideal Bose process Py for (2, 0) has analog properties as the Poisson process and thus

has the character of an ideal gas.

The interacting Bose process. Here we propose a theory of interacting Bosons
in analogy to the Gibbsian theory of classical interacting particles. The idea is to
replace the Poisson process by the Polya sum process and to build by means of a
given potential the interacting system as in the classical case . To be more precise,
we replace the (conditional) intensity o of the Poisson process by the conditional
intensities of the Polya processes.

Let V(z,n) be a non-negative, measurable function on X x M (X) satisfying the
conditions (3.3) — (3.6); furthermore, let 0 < z < 1 and ¢ € M(X). Denote by
71 (n,.) = z(p+ n) the Polya sum kernel for (z, ¢) from above. We then consider the

kernel
’7(777 Cl:l?) - V(ZE7 77) : 7T+(777 d$)7 ne M(X)

As a consequence of the considerations above we know the existence of a Papangelou
process for the modified kernel 4 = p, -V -7y and call it the Bosonic state for (o, V).
In the case where V (and thereby C) does not depend on 7, say V(z,n) = f(z), we
obtain a Papangelou process for v(n,.) = f - 2(o + n). (Thus the infinite product is
trivial here; f is playing the role of the exponential of a self-potential.) This state
differs from the above Polya sum process in that the constant z may depend on the
position z. We call this process also the ideal Bose process for (f,z,0). It has the
same properties as the former Polya sum process. A quantum mechanical derivation

of this model can be found in {1}.

The Polya difference process and the ideal Fermi process. Here we study the
Papangelou process which describes Fermions and which we call the Polya difference
process or ideal Fermi process. This notion has been foreshadowed already in [1].

For simplicity we assume first that the underlying space X is countably infinite or
even finite. The measure p is the counting measure on X. Thus p = 1. Again0 < z < 1

is a given parameter. We then consider the Polya difference kernel for z defined by

7 (n,.)=z-(e—n)ne€M(X).
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Note that this kernel is a kernel from M (X), the collection of simple point measures,
to X, and thus well-defined as a Radon measure in the second variable. Moreover,
7_(n, suppn) = 0, and thus a Papangelou process for 7 is simple. Again local integra-
bility holds true with a normalizing constant
=) = 3 o(Xa)w " = (11 2)",
m>0

which again does not depend on 7. Note that here appears now the symbol aj,) =
ala—1)---(a—m+1),a eR.

Again we are in the situation of the theorem. We call the corresponding Papangelou
process P = P, the Polya difference process for z. From the point of view of
quantum mechanics it is the ideal Fermi process for z. (For a quantum mechanical
explication we refer again to {1].) By construction this process is simple, i.e. respects
the Pauli exclusion property, and has independent increments. Exactly as above, by
using only its character as a Papangelou process for 7_, the field variables €5, B € By,

have the following distribution:

B

where Z_(B) denotes the normalizing constant. In case that o(B) is an integer this
is a binomial distribution.
From this we obtain that P_ is of first order and

z
142

Again P_ is completely determined by w_. Therefore also P_ has the character of

P_(¢p) = o(B), B € Bo.

an ideal gas. We indicate shortly how one can define difference kernels on abstract
spaces X and how to develop the corresponding interacting theory.

Let X denote a Polish space and fix some Radon measure g on it. Consider a (random)
element ¢ in M (X), i.e. a point process in X. Given some Radon measure ¢ and a

parameter z > 0 consider the following kernel called again Polya difference kernel

T (Cm ) =20+ (C=n) Ivc0o(),

where M (¢) = {n € M- (X)|n < (}. Here n < ¢ means that 7 is a subconfiguration
of ¢ and therefore the difference ¢ — 1 a well defined Radon point measure. The
corresponding Papangelou process, called again Polya difference process, exists and

is uniquely determined by n_ and the distribution of {. For a deterministic { it has
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independent increments and is of first order. This model seems to be interesting not
only for quantum mechanical applications.

We finally remark that in the case of simple Papangelou processes the structure of
the discrete part of the Papangelou kernel m has been analysed already in complete
generality by Kallenberg [4] in Theorem 3.1 . This discrete part 7, has the following

structure:

(4.1) Ta(p,dz) = Vo(z, p) - (1 — p)(dz),z € X, p € M (X), where

Volz,p) = 11(71(521) and 7 is intuitively given by 7(z,.) = P(& = 1[¢43<)(.). (For
more details we refer to the following scholion.)

The atomic part of the kernel for an ideal Fermi gas has the form where V,, does
not depend on p; and in this case the corresponding process (£, ), has independent
increments. Important examples are given by V, = ¢ with g a probability on X which
is not a Dirac measure; or V, = t@g. A very special modification of the second case
which takes into account also interactions with respect to the particles in p then leads

to so called determinantal processes. For details we refer to Shirai/Takahashi {14].

Scholion: The probabilistic structure of Papangelou kernels. For the conve-
nience of the reader we add a rigorous derivation of the probabilistic structure of a
Papangelou kernel in the discrete setting. The general theory can be found in |3, 4, 9].
The situation now is elementary: X is finite and w(u, z),z € X, u € M| is a kernel.
We consider Papangelou processes P for 7, i.e. point processes P in X solving the

equations

Cp(h) = Zzh(x7ﬂ+ )7 (p, ) P(p), b € ke,

and ask for the meaning of this condition in terms of the corresponding random field

(&z)zex - Recall that the Campbell measure Cp is concentrated on C = {(z, p)|p(x) >

1.

The above equation is equivalent to
(4.2) wz)P(p) = 7y — bg, )P — ;) for any z, p, p(x) > 1, de.pp € M.
This is equivalent to saying

(4.3) (b4 0:) (@) P(p+ 80) = 7, ) Pp), € X, pp € M.
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Note that (i, z) > 0 iff (P(u+ ) > 0 <= P(u) > 0). We observe that in the case

of simple point processes P condition (4.2) is equivalent to saying
(1.4) (1= 1)@ P+ 62) = 7, 2)P(), 2 € X, € M

In this case 7 can always be chosen as a kernel 7 : X x M — R, satisfying
w(w, x) = 0 if p(x) > 1. Thus 7y, .) is supported by the complement of the support

of w. (4.2) means that 7 is a local specification of the point process P in the sense that

Py d,)
P(p)
Note that one can choose always a version V for the quotient on the right hand side

w(p, z) = (14 p)(x) - for all « P — a.s.[u].

which is defined everywhere. Thus the kernel 7 has the following structure:
(4.5) m(px) = (14 p)(z) - Vie,p)z e X, pe M-,

where V: X x M — R,

Interpretation of w in terms of the random field £,z € X : Condition (4.2) can be

expressed as follows: For all z and all p
(14 w)(@)P (& = 14 p(@), Eraye = pgaye) = 7w, ) - P& = p(@), Eraye = pigaye)
In the case of simple point processes P this condition reduces to: For all z, p
(1= ) (@)P(Ee = 1,&aye = pigare) = 7(p, ) - P(&e = 0,&(aye = fifare);
or equivalently for all z, pn with P((zye = figzye) >0
(1 — w)(@)P (& = Ué(aye = pigaye) = 7(ps x) - P& = 0l€qaye = pigaye)-

Setting ¢, = P (gz = 1|£{z}c) this means that the process P satisfies the condition

(E) (qgﬁ>O:>1—qgﬁ>O)P—a.s.79£€X7
and thereby P(&gz3¢ = (.)) > 0, and that 7 is given by
(1)
4.6 w(p,z) = (1 —p)(z) ———F—,2€ X, P—a.s.|ul
(4.6) (wx) = (1 = p) () T 0l (1]

Thus in the simple case we have: P is a Papangelou process for 7 iff condition (X3)
is true; and in this case 7 satisfies (4.6). This is a well known representation of
the Papangelou kernel by Kallenberg {4}, theorem 3.1., for simple processes in this
elementary context. Note that for the right hand side of (4.6) one can choose always a
version V' (, ) which depends only on jigye if 2 is given. Thus for simple Papangelou
processes P the kernel 7 has the following structure

(4.7) () = (1 —p)(@) - Vie,p),z € X, pe M,
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where V : X x M — R, is exwvisible, i.e. is measurable with respect to the o—field
Z in X x M generated by all sets of the form {z} x N, where 2 € X and N € [a}e
To summarize we have the following situation: If P is a Papangelou process for a

given kernel 7 : X x M — R, then 7 can be represented as
(4.8) m(px) = (14 p) (@) - Vie,p),z € X, pe M-,

where V: X x M — R,
Let P be a simple Papangelou process for a given kernel 7 : X x M — R, . Then 7

can be represented as
(4.9) m(psx) = (1= p) (@) - Ve, p),z € X, pe M,

where V is exvisible. We observe here that this implies that (., ) is the conditional

intensity of £ in the sense that for any x
w(,z) = P(£z|£{z}c) Pa.s..

We use this terminology also in the non-simple case though this interpretation is no

longer valid.

Thus we now know the general structure of a Papangelou kernel in the discrete case

which remains true in the general case (cf. [4]).

If the random point field (£;). is independent (or has independent increments) then

V can be chosen in such a way that it depends only on z; if the field is even identically

distributed then V is a constant. In these cases one can speak of an ideal gas.
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O BPAIIIEHUU OBPA3A OKPYXXHOCTHU TP OTOBPAKEHUN
MEPOMOP®HON ®VHKITUENI

B. I TIETPOCAH

Epesanckuit I'ocynapcrsensniii ¥Yuusepcurer
E-mail: math@ysu.am

AnHOoTAIMs. B paboTe m3y4aloTcsa BpameHus o0pas3a OKPYXKHOCTH |z| = 7 npu
oTobparkennu dyaximamu w(z) —p(z), rme w(z) — mepomopduas B C byukuus,
p(z) — mommuOM. B TepMUHAX OTMEYEHHBIX BPAIIEHUH YCTAHABIMBAIOTCA HEKOTO-
pBle AHAJOIM BTOPOHM OCHOBHOM TeopeMmbl P. HeBanmuuHBI.

MSC2010 number: 30D30, 30D35, 30C15.

KatoueBble caoBa: Teopus Hepannuaubr; cBORCTBO BJIU30CTH G-TOYEK.

1. BBEAEHUE

TIpeanonaraeM E3BECTHLIME OCHOBHBIE TIOJIOKEHUS TEOPUH PACHDEJCNeHNd 3HaveHuf
MepoMopdHLIX DYHKUWHE, TeOpun nopepxuocTel nanoxennd JI. Anbdopca n nonssy-
eMesl CTasjapTHeIMu 0bo3HaveHnsaME u3 [1].

Vi3 nepsoit ocropnol Teopembl P. HeBaHIMHHLI BLITEKALT CASHYIOUIHE Ka4eCTBEHHOS
cnencreue: ecnu Mepomopduada B 2| < R < oo dynkuua w(z) (¢ meorpanuuennoi
XapaKTepUCTHKOR) OTHOCHTENBHO PEAKO IpHHEMaer B kpyre |z| < r < R smaucnme
a, TO Ha OKPYXKHOCTH |2| = 7 HaligyTca y4acrku, Ha KOTOpbix |w(z) — a| “mano’.
Wrage nekoTopbie yuacTku rpanunst OF, obnacru F, = {w(z) : |2| <r} (F,— gacth
pumanosofi nosepxuoct Gynknun w ! (z), na KoTopyio orobpaxaerca Kpyr |z| < 7
npu orobparxenun dbyaruuel w(z)) “6ausko” pacnonoKenst OT d.

Paccmorpum dacth rpanunut OF,., nexamyio man kpyrom |w —a|l < 1 npu a # 00
u Han |w| > 1, npu @ = 00. DTO MHOKECTBO ABAACTCA OOLEIUHEHUEM HEKOTOPOH
COBOKYITHOCTH YT Yo

B pabore [2] nokazano caenyroniee yreepK ieHue.

Teopema A. ITycmv w(z) mepomopdran 6 |z| < R < oo dymruyua, a, € C, v =

1,2,...,q, a; # aj npu it # j. Tozda dan abozo v < R umeem mecmo nepasencmso

(1.1) Z / ‘—arg w(z) —ay)

dp+ h- L(z),

27
dwé/‘%arg %w(Z)
0
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2de z = re'?, a L(z) — cepuneckan Taparmepucmura Aavdopea,
Alr,a) = Alr,a,w) ={z 1 |z| =7, |w(z) —a| <1}, |b] < hi(aq,...,aq) < 00.

Hepasencrso (1.1) nokassiBaeT, 94To BpallleHud OyT Yo, , ¥ = 1,2, ..., ¢ BOKpPYI' TOY-
KH @, ONEHHBAeTCs Yepes BapHAIUIo YIia MexKJy KacaTenbHOH K Kpuboh w(re'?) u
JEHCTBATENLHONR 0ChIo (r— DUKCHPOBAHO).

Teopema A umeer onpenenennoe mMeroauveckoe suadenune. OHO COCTOUT B TOM, 9TO
B Hell Kak Obl KOHUEHTPHUDPYeTCsd ‘reoMerpusi’ [I0Ka3aTelbCTBA COOTHOINEHHH THIIA
BTOpO# ocHOBHOH Teopembr P. Hepannuuubt.

B nokazarenbcrse BTOpoil ocHOBHOH Teopembt P. HeBannunubt w1 MHOIHX JPYIHX OC-

HOBHBIX PE3YJIbTATOR TEOPHUM PACIPEIEIEHNs BAXKHYIO POJIb HI'DAET CJeAYIOIIee Hepa-

BEHCTBO,
1 w’
(1.2) Zm(nal,)gm T + 0 |m ]
v=1
DT0 HEPABEHCTBO NMO3BOAAET OUEHKY Osnzoctn w(2) K 3naveHusaM a,, v = 1,2,...,q

CBOAUTH K omenke Gamzoctn w'(z) k nmymo. Beawauna m (r, X;) Bemonnaer kax Gut
“cobuparenbuylo” poib, HOCKONBKY B NeBoll uactu nepasencrsa (1.2) ¢ npou3BoOILHO.
Hepasencrso (1.1) no cymecrsy asnsercs agaiorom nepasenctsa (1.2). B stom cny-
gae BMECTO pemaud m(r, a), H3Y9aloTCs] BeIUYUELL PABHBE YUCHY 0OOPOTOB AYT Y,

BOKDYI' TOYKH d, & BeJIMYHNHa

dyp

27
Ey LI
27 Op gawwz
0

L) b nepasencree (1.2).

2w’

BLITIONHACT TY XKe POJL, YTO U BeJInYHHa m (7”

B nacrosmeii paboTe BMECTO YHCN {a, | PACCMATPHBAIOTCA [IOJRHOMBL:
n
Z () _k
PV(Z):PI/JL(Z): ap "z, v=12,...,q
k=0

e at? + a¥ ), npu ¢ # j. CoorBercTBennO BMecTO MHOXKecTBa A(r, a,) paccMarpu-
satorcsa muoxkecrsa A(r, P,) = A(r,w — P,,0).

B nmxecnenyiomeit teopeme 1.1 Mbt BCnonbayeM 0G03HAYEHAES
E,(R)={r:a’R <r < aR},
rae a € (0,1) npeanonaraem GUKCHPOBAHHLIM.

Teopema 1.1. ITyems w(z) — mepomopdran ¢ C dynryus, 5 € (0,1),q9 > 2 - durcu-
posarnbie wucaa. Tozda das wascdozo R > Ry cyuwecmeyem maxoe nodmuosxcecmaeo
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E,(q, R) muoaceermsa Eo(R), wmo mes E,(q, R) > 3-mes E,(R) unpur € E,(q, R)

GHLTIOAHAEINCA HEPAGEHCINGO

q
(1.3) /
; A(r,Py)

—arg (w(z) — Pl,(z))‘ dip

0

dp
27 a

< — arg —w\™ (2

/o dp 7 Op (=)

2de T(r) — nesanaunnosckas rapaxmepucmura ¢ = const > 1.

9 do + o[T(cr,w)], 2z =re™®,

Caeacrsue 1.1. Ecauw(z) umeem xonerwnsid nuschutl nopadox A, me cywecmeyem

NOCACOOBAMEALYHOCTb T = Tp — OO mawoe, HMmo

q
(1.4) /
; A(r,P,)

e (=) —P,,<z>>\ dg

27
</
0

B pabore [3] BBenena penuanna v(r, a) = v(r, a,w), KOTopas XapakTepu3yer y4acTKu

do+o[T(r)], z=re¥.

0
i L)
arg —w'\™ (2
O %) (2)

{Ya} rpanunet OF, . O6o3naunm yepes 27y, NPUpAINEHNE HA Yo Benaunbt arg(w(z)—
a)~!, npu a # oo u BenmunHL arg w(z) npu a = oo. Iomoxum
v(r,a) = v(r,a,w) = Z 2298
Ya
riae [z] — nenas 9actb YHCHA T.
Benuuuna v(r, a) onpeaensiercs cTpyKTypoil rpanunbl OF, B OKPECTHOCTH TOYKH
W CaMa XapaKTepu3yer 3Ty CTPYKTYDY, NOKashiBas CyMMapHOe KONHYECTEO NeI09nc-

nieHHbIX 060POTOB YT {v,} BOKpYr touku a. B pabore [2] BBOpsaTCH cnepyronme

BeJINMYHHBL
1 B *
V= o [ (—arg<w<z> - a>1) e,
27 A(r,a) 84)0
1 0 n
= o [ (—arg<w<z> - a>1) de,
27 A(r,a) 84)0
roe 7 = max{z,0}, 27 = min{z,0} u paccuarpEBaerca CleIYIOMIHAE BOIPOC: BO3-

MOYKHO J1H, 9T0DObI A7 MIHPOKOTro Habopa 3aa4ennit a u r penuwanna v (r, a)—v = (r, a)
(cyMMapHOe KOIHYecTBO 060POTOB YT Y, BOKPYT TOYKH ¢ 0e3 y4era 3HaKoB 060po-
TOB) CYNIECTBEHHO TNipepocxonuna Benwuuny v(r,a)? Ecna 661 910 OBLIO Tak, TO 9T0
yKasbiBasio Obl Ha “Xa0THYHOCTE IeoMerprYeckol crpykrypit OF,. W naobopor, eciu
A1 MIEPOKOro Habopa 3padennfi ¢ u  penuunsbt v(r,a) u v (r,a) — v~ (r, a) npe-
MEPHO PaBHBI, TO 3TO B H3BECTHON CTENEHH YKA3LIBAET HA PAIMOHAILHOCTL CTPOCHUS
OF,., w60 xonuuectso 060poToB (663 y4era 3HaKa), IPEMEPHOE paBnoe V(r, a), B CALy
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reopembt 1 paboret |3] Gyaer onpenensars pasnocts A(r) — n(r,a), r.e. nedexrHocTsb
3HAYCHUA a.

B none3y Takoil panuoHaNbHOCTH, TOBOPHT CJEAYIONUH DPE3yiabTatT:

Teopema B. (em.[2]). ITyems w(z) — mepomopprasn 6 C dynkyua. Toeda das ecex

a, UCKANOHUAA 6vmb MOHCET, HE Boaee vem CHeMmHOE MHONCECTNBO 3HaMeHU a, 6bl-

NOAHAEMCA
vt (r,a) — v (r,a)

. li ! L~ =0
= AT A |
omeroda 0as mex Hce 3HANeHUT a UMeeM:

v, a)]

. lim ——%* =0.

(1.6) M

B coornomenusx (1.5) u (1.6) copep:Kurcst oTBer Ha NOCTABIEHHBIR BOIPOC, TOCKOIb-
Ky B3 HUX CHEAYET, 970 HMEET MeCTO ODIIHOCTE B PACTPEACACHUAX BeAUIun v(r, a) u

vT(r,a) — v~ (r,a). B Bactoameii paboTe JOKa3bIBACTCA CJIeAYIONIAd TeopeMa:

Teopema 1.2. ITycmos w(z) — mepomopdnas 6 C dynwyua; 5 € (0,1),9 > 2 -
durcuposannvie wucaa. Tozda das kaocdozo R > Ry cywecmsyem makoe nodmuo-
arceemeo E4(q, R) C EL(R), wmo mesE,(q, R) > 8- mesEL(R), unpur € E,(q, R)

GHLTIOAHAEINCA HEPAGEHCINGO
q

(1.7) Z [V (r, Pr) —v (1, Po)] < K(o, B,m) - T(er,w),
k=1

ede v (r, Py) = vT(r,w— Pe,0), v (r, ) = v (r,w — P,0), K(o, 8,n) — nocmo-
AHHAA, 3A6UCAUAR O &, B u n.
Caeacrsue 1.2, Ecauw(z) umeem xonerwnsid nuschutl nopadox A, me cywecmeyem

NOCACO0BAMEABHOCTND T = Ty, — 00 TAKGA, 4IN0 EHTLOAHACTCA HEPAGEHCTNEO
q
(1.8) S P = v (PO < KA n) - T(r,w),
k=1
20e K(\,n) — nocmoannas, 3a6UcCAwan om A u n.

2. BCTIOMOTATEJIBHBIE PE3VJILTATHI

Ob6o3naanum gepes
wyi(2) = w®(2) = PO (2) + b,
A* (7"7 bgy)) =A (7"7 bgy)7 wm) ,
Alra) = Alr a,w) = {z ¢ |2 =7, Jw(z) —al 1},
A7 (7"7 bgy)) =/ (7"7 bgy)7wy7i) ,
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) ()

e B = ila w i = max B\ | + 1,1 =0,1,2,...,n, v =1,2,...,q.

Cragana noKazxKeM CHeAyIonyio JeMMy.

Jlemma 2.1. ITycms w(z) — mepomopdnan ¢ C dynxyun. Tozda umeem mecmo nepa-

BEHCINEO
q P! 27 P! (n)
(2.1 / —arg (w(z) — P, (2))|dp < / — arg —w\"™(2)| dp
; AP | 0% ( ) o |0p " dp
q n—1 (i+2)( ) _ plit2)
w z A
+ K, r/ - dy
22 o JwliD(z) - P
q n
+ Ko Z Z L (7"7 w® — PV(” + i!agy))7 z = re',
v=114=0

Pt
dopca, p € (0,1) — durcuposannoe wucao, Ki, Ko — nocmoanmsie.

2de AV = A (7"7 bgy)) \AY (7"7 bg:)l) , L(2) - cpepunecran zapaxmepucmura JI. Aav-

Horasamesvemeso. B pabore [2] ycTaHOBIEHO ClEAYIONIEE HEPABEHCTBO

15}

(2.2) / —arg(w(z) —a)|dp < /
A(ra) 19 Ap(r,a)

Wcnone3ys 9170 HEPABEHCTBO NOIYYHM

'
/ * (r,bgy))

—ar i (z)
9 gawwz

dp + O (L(r,w)).

LTS

d
Op ¥

< /
* @)
Ax(r,b;")

Orcrona HETPYIHO BRAETH, 9TO

(2.3) / )

<

)

- /A/’; (r,bgy))\A* (T7b§:»)l) ‘ %
9 , )

N )

0 )
=] - v — bz
(r) +/A*(T7b§i)l) ‘&p arg (w i+1(2) +1)

71
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2 g (nte) 1)

d
Op ¥

arg (wl,JH(z) - bgi)l) dy

de+ O (L(r,wy4))

de + O (L(r,w, ;) .
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OnenunM nepsbiii MHTErpas B npaBofi wactu Hepasencrsa (2.3). OGosnauum gepes
AVF = A} (73 bg”)) \ A* (7”7 bgi)l), OTCIONA TIONY9uM

ey a0 [ |5

% arg (wl,JH(z) — bg:)l)

d wyiy1(2) — 551)1
—arg | ——————*
i | O wyi41(2)

dp=1(r)+ L(r)+ Is(r).

dyp

dyp

_Lp arg wy, ;41(2)

A

Tlockonbky npu 2z € A;"i, 1< ‘wmﬂ(z) — bg:)l‘ <1, 10 mMeeM

vy
Pl

wf/,¢+1(2)

wyip1(z) = b,

(2.5) Li(r) < T/A"’i

WSM/WWMWW
»

1

w! . (2
< Kr/ Mdgp < KL(r,wy;11).
Ayt 14wy ia(2)]

Tnst onenupanns nuTerpana I, (1) HeTpyano Bujers, 4to npu z € A” uveen |w, ;1 1(2)| >
2 Py s P 0,1 v,it1

@) 7 ,
lu ‘wmﬂ(z) —b;| > 1. YuurpBag 5TH HEPABHCTBA, NOIY9UM

v, - b(y) v,i - b(y) o
i arg Wy, +1(Z) i+1 — gln Wy, +1(Z) i+1 < Kr |w V,z+1(2)| -
I Wy i11(%) or Wy 11(%) 14 |wyi11(2)]
CrnenoBarenbuo
(2.6) Iy(r) < KL(r,wyi11).

Ouenum wurerpan I5(r).

9 w'yiv1(2)
Ig?”:/ Soargw, ;41(2 dapgr/ ————\|dy
(r) Ay dp +1(2) N Wy i+1(2)
u
’ r ,
‘w vi+1(2) <K w V,Hl(z)(y) . ze A%'
wyit1(2) wyiv1(2) = by 7
CrenoBarenbHo,
w'yiv1(2)
(2.7) I3(r) < Kr/ ' —(V) dp.
AP Jwy i1 (2) — by
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Vuaursisas sepasencrsa (2.3) — (2.7), nonyanm

9 ) 9 | o
/A*(r,b§”>) 9 e (wu,l(z) —b; )‘dw < /*(nbiﬂ) ‘&p arg (wwﬂ( ) — bl+1)

+K17”/ ]
A

el

4

w'yivi(z)
Wy (2) = by
Tlocnenoparensuo npuMenss 310 uepapenctso npu ¢ = 0,1,2, ..., n — 1 u yuynrbiBas,
410 Wy 0(2) — b(()y) =w(z) — P,(z), A* ( b(y)) A (r, P,) nveem

/A(T,P

do+ Ko L(r,w, ;) + KsL(r,wy 541).

(w ()—Pu<z>>\dsos Lo [ e (st = 187)

(r,bﬁly)) ‘ 84)0

A
l/’L 1( ) -
+K12 foos |7 | e 3 B
wuz+l — Yl i=0

Orciona npuMeHssi HepaBEeHCTBO (2.2) JIJ1s1 TIEPBOIO MHTErpasia IPaBoil 4acTu dTOro

HEPABEHCTBA W Y9HTBIBALA, 9TO W, ,(2) = wl(z), A* (7"7 bg{')) = A (7"7 bg{')?w(")),

v=12...,q, nonyaum
(28)/ 0 (()P())d</ ‘ 9 ()| d
. —arg|w(z) — P,(2))|dp < — arg —w\"™(2)| dp
A(r,P,) 8410 A (r bﬁ{’) w(") 8410
w'y, l+1( ) -
+K1Z /m ” 0 d<p+ZL(r7wV7l).
uz+1 i+1 i=0
. b _pld)
Tlonoras p = min {rr;éln 7 1}, OYEBHIHO NOJYIaeM
i#j
A, (62,0 ™) A, (77, 0™) =@, i j.
Vanrteisag 9710 u cymmupya no v (v = 1,2, ..., q) nepapencrso (2.8), NOAy9UM yTBED-
xKienue nemMMmbl 2.1. [l

Jemma 2.2. ITycms w(z) — mepomopdrasn ¢ C-dynryua. Toeda umeem mecmo nepa-

seHcmeo (2 = re'?)

T " ip
oo [ [
0JA(r,w,w’)

)\ rdrdy < K(c) {RTl/Q(ch) n T(cRﬂu)} . B> Ro,
w! (ret?)
2de A(r,w,w') = A(r,0,w) \ A(r,0,w’), ¢ = const > 1.

AHoxasameavemeo. Tak xkak npu z € Alr,w,w'), |w(z)| < 1u |[w'(z)] > 1, To neTpyn-

HO BHJAETEL, 49TO

g

//(Z)

|w”(2)] ()] (2]
/(Z) < + 2

Tl T ()P L ez
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Orciona ucnonb3ys HepasencTBo Komu-ByHAKOBCKOro, Noiryyum

/71' / ’LU//(Z)
0 JA(rw,w’)

w'(2)

YunrhiBasg OYeBHIHOE COOTHOIIIEHHE

rdrdp < K AY2(R,w') {R +AV(R, w)}.

T(er,w)
. A RN s 1
(2.10) (r,w) < e <> L
nuMeem
T 'LU//(Z) 1
——Z rdrde < KTY? (¢R,w') { R+ T"? (¢R,w) } .
A L frarae < e eran (chw)}

Hcnonb3ys Teneps u3BecTHOE HepasencTso (cM. [4], reopema 2.3, Tu. IIT)
(2.11) T(r,w™) < (L4 1)T(r,w) + Q(r, w),

rae Qr,w) = o[T'(r,w )] 71> T, T — 00, HOJYYUM

T =

Jlemma pgokazana. O

rdrdp < K {Tl/z(cR w)R + T(cR, w)}7 R > Ro.

3. JIOKABATETIBCTBO PE3YIBTATOB

Aoxasameavemeo meopems 1.1. Unrerpupya no r nepasencso (2.1) nemmsbt 2.1 no-

JIYYUM

o [ IS

(w(z )—Pu<z>>\dso

) |0
27
15}
- w™)
/0 84)0 arg —— D (2) d@] dr
- rar
vl im0 Y Ba(R) JAVE (i+1)(2)_PlEz+1) ¥

ZZ/ " (nw(i)—PlEi)Jri!agy)) dr.
1o JEa(R

Hcnonssya nemuMy 2.2, nepapenctso (2.11) u

¥
(3.2) (ch> chZ7 0<y<l, ¢ >0,

v

nMeeM

Eo(R)JAYE

w(1+2 Z P(l+2)

(i+1)( G | Tdrdy < K {T1/2(0R7 w)R +T(cR, w)} :
wlt(2) — Py ¢
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Wcnoneaysa nepapenctso Konm-bByHAKOBCKOro, MoayYum
/ L (7"7 w® — P,E” + i!aiy)) dr < KRAY? (aR7 w® — Py) + i!aiy)) )
Eao(R)
Orcrona yaursisast vepapencrsa (2.10), (2.11) u (3.2) nmeem
(3.4) / L (nw(i) IO i!a§”>) dr < KRTY?(cR,w), R> Ro.
Eo(R)

W3 mepasencrea (3.1), (3.3), (3.4) noayuum

(35) /EQ(R) [zq: /A(T,P,,)

v=1

% arg (w(z) — Pl,(z))‘ de

/271'
0

<K {RW(CR w) +T(cR7w)} , R> Ro.

7]
— arg

— ™)
a5 e g (2)

dap] dr

Orciona cnenyer yraepxkaenue reopembr 1.1. |
Hoxazameavemeo caedemeusn 1.1. Vicnonp3ysa teopeMy O cpejHeM 3HAYEHHH B HEKO-

Topoii Touke R* € (o’ R, aR) u3 nepasencrsa (3.5) nomyunsm

q
3.6 /
S Y A

zm@mvﬂduﬁﬂww

2
A
i arg iw(n) (R*ew)

27
<
_/o dp 7 dp

+ K {TW(CR w) + %T(CR w)} .

dyp

Bribepem muoxecrso R, = R, («a, ¢) snagenuii R, 3asducanmx TONLKO OT & U ¢, JJis
KOTOPBIX BBITONHASTCA HEPABEHCTRO
C

A+1
T(cR,w) =T <a2a2R7 w) < (i) T (PR w) < K (e, s N T (R, w).

2
Boamoxknocts Takoro seibopa obecrieunsaercs jgemmoli 1.3.1. u3 paborst [5]. C rakum

R, u3 nepasencrra (3.6) nmeem (R* = R, — o0)

q

ﬁ%@@mvﬁ_amv%ww

dy
27
9 ,
< [ | e
0o |0y %)

Crnencrsue n0Ka3aHo. O

0 dpto (T (R, w)).

Alorazameavcemeo meopemur 1.2. Herpyano BujeTh, 410

1

V(r Py) — v Py) = —/
27 JA(r, P

— arg (w(z) — Pk(z))‘ dp, z=re?.
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Orcrona u u3 vepasencrsa (3.5) nomyanm

y vi(r —v (7 T
Lo AR

27
a a
< — arg —w™ (2
/EQ(R)/O dp 7 dp (=)

T K {Tl/z(cR w)R 1 T(cR, w)}

27 w(nQ)(Z)
<ol
Ba(ryJo  |wt(2)

Ucnonbays nemmy 2 paboret [6] n vepasencrso (2.11) uveem

dodr

rdrdg + K {Tl/z(cR w)R 1 T(cR, w)} .

q
/ S o P = v (n PY)] pdr < KRT(cR,w), R > Ro.
Ea(R) =1

Teopema nokazana. |
Crejncrsue 1.2 10Ka3biBaercs aHAJOTHYHO JOKA3aTeNbCTBY cueacrsus 1.1.
Aprop Bripaxaer Gnaronapuocts I. A. Bapcersny 3a ueHnbie 00CY K ICHUA PE3Yiib-

TaTOB.

Abstract. The paper studies the rotation of the image of the sphere |z| = r under
mappings by functions of the form w(z) — p(z), where w(z) is an entire meromorphic
function, while p(z) is a polynomial. In terms of rotations, some analogs of the

Nevanlinna Second Fundamental Theorem are established.
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Abstract. In [1], Zessin constructed the so-called Pélya sum process via partial
integration. Here we use the technique of integration by parts to the Pélya sum
process to derive representations of the Pélya sum process as an infinitely divisible
point process and a Cox process directed by an infinitely divisible random measure.
This result is related to the question of the infinite divisibilty of a Cox process and
the infinite divisibility of its directing measure. Finally we consider a scaling limit
of the Pélya sum process and show that the limit satisfies an integration by parts

formula, which we use to determine basic properties of this limit.

MSC2010 number: 60G55; 60G57; 60D05

Keywords: Point process; Campbell measure; integration by parts; infinite divisibility;
Cox process.

1. INTRODUCTION

A huge class of point processes admit an integration by parts formula of their
Campbell measure, that is for a point process P on a polish space X,

Colh) = [ [ e itde) Plaw) = [ [ bl 8.3t ) Pla)

for nonnegative, measurable functions h : X x M(X) — R. In such a case, 7 is
named conditional intensity or Papangelou kernel. They were introduced and studied
systematically by Papangelou [2] in connection with point processes on spaces of lines
and flats, Kallenberg [3}], Nguyen and Zessin {4] in connection with Gibbs processes
and Matthes, Warmuth and Mecke [5].

Recently, Zessin [1} gave a construction method for point processes by specifying a
Papangelou kernel. As a fundamental example he introduced the Pélya sum process,
which is the point process given by the Papangelou kernel

(1.1) (g da) = 2(p + p) (dz),

where z € (0,1) and p is a fixed Radon measure on X. Furthermore he showed
that in that way constructed point process has independent increments and that the
number of points inside some bounded, measurable set follows a negative binomial
distribution.
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A point process with the last two properties is already mentioned in [6]. Here we
want to demonstrate only by using the integration by parts technique that the Pdélya
sum process can be represented as a Cox process, where the underlying random
intensity measure is a random measure with again independent increments, but
with gamma distributed mass inside each bounded, measurable set. This particular
directing random measure is given e.g. in Nehring and Zessin {7} as an example for a
random measure which is given as the solution of a certain functional equation.

That point of view on the Pélya sum process is in spirit very close to the construction
of the negative binomial process in Barndorff-Nielsen and Yeo {8] as a Cox process
with some Gamma process as underlying random measure, but however, the latter
Gamma processes properties differ to a large extend from those of the former directing
measure.

In section 2 we briefly give the setting, review the characterisation of random
measures by a functional equation as in [7]. The main theorem, the Cox representation
of the Pélya sum process is stated and proven in section 3. In section 4 we demonstrate
the more general principle behind that representation. Finally we turn in section 5
to a question of H. Zessin about the behaviour of the Pélya sum process as the
parameter z tends to 1 and show that after a suitable scaling, the limit is an infinitely
divisible random measure and show that the total mass in bounded regions is gamma
distributed.

2. PRELIMINARIES

Here and in the following sections let X be a polish space and denote by B = B(X)
its Borel sets as well as by By = B(X) the ring of bounded Borel sets of X.
Furthermore let M(X) and M (X) be the space of locally finite measures and locally
finite point measures on X, respectively, each of which is known to be vaguely Polish
with the o-algebras generated by the mappings (g(p) = p(B), B € Bg. We call
a probability measure P on M(X) a random measure and if P is concentrated on
M (X) a point process. Finally let F(X) be the set of bounded, non-negative and
continuous functions on X and Fi(X) C F'(X) the subset of those functions in F(X)
with bounded support.

For a detailed construction of random measures solving the functional equation (X )
below see [7]. Let o € M(X) be a locally finite measure and denote by a(f) == [ fdo
for any f € F. Let L be a measure on M(X) \ {0} satisfying

(2.1) / {1 - e*'f(fﬂ L{dv) < 400, feF.

We are interested in solution of the functional equation

>r.a) Cp=CpxP+axP,
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where * i8 a kind of convolution,
(CLxP)(h) = // Mz, p +v)Cr(x, dv)P(dp) for he F(X x M(X)).

Theorem 2.1. (Integration by parts [7}). Let o € M(X) and L € M(M(X)\ {0})
satisfy condition (2.1). Then the functional equation (X1 o) has a unigue solution
which we denote by Dr . The random measure Dy o is infinitely divisible with

canonical pair (o, L).

Our main interest in the following section lies in measures L which are concentrated
on measures of the form r§,, r > 0, x € X. L will even be given as the image of a
product measure p®7 on X xR, under the mapping x : (z,7) — rd,. We only assume
p € M(X) and [r7(r) < oo, in particular 7 does not need to be a finite measure.
This result is caused by the Pdlya sum process itself, but the structure stays the same
if we drop this restriction in section 4.

Given a kernel

n:MX)x X - R,
Zessin [1] gave sufficient conditions on 7 such that a point process P exists which
satisfies the partial integration formula for its Campbell measure Cp,

Colh) = [ [ bt 8. nios o)), he

Such point processes are called Papangelou processes according to Zessin. One fundamental
example he stated is the point process with conditional intensity (1.1).

Definition 2.1. (Pdlya Sum Process). Let p € M(X) be a locally finite measure and
z € (0,1) a real number. Then the Pélya sum process S, , is the Papangelou process
for the Papangelou kernel

n:M(X)x X =R, n(p, dz) = z(p + p)(dx).

Zessin showed by using partial integration that for B € Bo(X), the number of
points inside B obeys a negative binomial distribution,
k
S.(Ce = k) = (1= 2P 2 p(B),
where a™ = a(a + 1)---(a + m — 1), and furthermore for each finite collection of
disjoint, bounded, measurable sets Bi,..., By, (B,,..., (s, is a family independent
random variables.

3. THE COX REPRESENTATION

We begin with the main theorem of this section, which shows in which way the
Lévy measure, the basic component of the random measure, transforms under the
mapping to the corresponding Cox process.
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Theorem 3.1. Let p € M(X), z € (0,1) and L = xv be the image of v under the
mapping x : X x Ry — M(X), (z,7) — rdy, where

1—

zz 1(0700)(7”) d?”

—-r

1
yi=p®T,  T(r)i= e

and define the Cox process

P Z:/PkDLp(dli).
Then P =8, ,.

Note that since

/rT(dr):/ efrljdrzlz < 00,
0 — Z

L is of first order, hence Dy o is well defined. The theorem follows directly from
lemma 3.1 and proposition 3.1 below, in which we show that both processes satisfy the
functional equation (X1, o) for the same Lévy measure L. A second direct consequence
of either theorem 3.1 or lemma 3.1 below is that the superposition of realizations
of two independent Pdélya sum processes is distributed according to a Poélya sum
processes,

Corollary 3.1. Let z € (0,1) and p,0 € M(X). Then 8; p10 = Sz 5% Sz 0.

A third consequence of lemma 3.1 is a characterization of the Palm distribution
S , of the Pélya sum processes. By integrating with respect to the Campbell measure
functions h which depend on its first component only, one recovers the intensity
measure vg_ , of the Pélya sum process S, , to be

z
S

From equation (3.1) below we get immediately that S7 ) is 8. , with a geometrically

1453 P

distributed number of points added at the site z.
Corollary 3.2. Let z € (0,1) and p € M(X). Then
Si, = 8.,x ) (1—2)27 'AY,

j=1

where A, is the point process which realizes exactly one point ot .
The first step to prove theorem 3.1 is a successive integration by parts.

Lemma 3.1. Let p e M(X), 2 € (0,1) and L' = xv/, where
J
vi=pT, 7’ ::Zz—,éj.
i>1 7
Then S, , = Dy o.
80



THE POLYA SUM PROCESS: A COX REPRESENTATION

Proof. Assume 0 < h < clp ® 1, then by applying the integration by parts formula
repeatedly and bounded convergence,

(3.1) Co., (1) = [ 32 htass g0 ptda)S. ().

j=1

On the other hand, Dy o is characterized by
Cp,, ,(h) = // h(@, p+v)Cr (de, dv)D r o(dp)
= // h(z, p+ x(z, 7)) (dz,dr)D s o(dp)
— [[Z bt g0 D o).

j=1

Therefore S, , and Dy, o agree. O

Proposition 3.1. Let P be the Cox process defined in theorem 3.1. Then P = Dy, o,

where Dy o is the point process defined in lemma 3.1.

Proof. Let i € F'. We divide the proof into four steps:

I. At first we apply the partial integration to the inner Poisson process, which in
fact is a partial integration formula for the Cox process, and observe that we get the
Campbell measure Cp, , of Dp o,

Colh) = [ s+ 8, )P, )
— [[[ s s2)s(adoP Do),

Let g(z,x) == [ h(z, u+ 0,)P«(dp) to get that on the rhs. we obtained Cp, ,(g).
II. Applying partial integration to Cp, , yields

(3.2) Coyulo) = [[ [ st + viwian o @)D o)
(3.3) — [[[ st x4 r8,rtarsotayD o).

Note that the factor » cancels the —! in the definition of the measure 7.
111. Consider the integrand g with its new arguments. We have to integrate w.r.t. a
Poisson process with intensity measure x +74d,, but that is only a convolution of two

Poisson processes with intensity measures s and rd,, respectively.

oy, + 18,) = / By, pt 6, P, (A1)

= // h(y, pp+ v+ 6y)Prs, (dv)P . (dp).
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IV. We go back to equation (3.3) and observe that the Poisson process P, and Dy o
form the Cox process P. The remaining Poisson process P,s, is mixed with respect
to 7 and can be evaluated explicitly,

// Ry, p+ v+ 8y )Prs, (dv)e Lo, coodr =

1 e —=
=S et (o 08) [ e = 3 bl s,
n>0 n! 0 n>1

For the integrals we have I,, := [r"e 7/?dr = z"*1n!, which can easily be shown by
observing that they satisfy the recursion

I, =znl, 4, Iy = z. O

4. GENERAL CANONICAL PAIRS

In the previous section we focussed on Lévy measures which were concentrated
on the set of measures {rd, : r > 0,z € X}, which caused the Cox process to have
independent increments. However, we may drop this restriction on the Lévy measure
and nevertheless obtain an infinitely divisible point process.

Theorem 4.1. Let P(du) = [ P(dp)Dy, o(dr) for a € M(X) and a first-order
measure L on M(X)\ {0}. Then P satisfies the integration by parts formula

Cp(h) = // h(z, pp+ v)Cs (dx, dv)P(dp).
In particular P = Dj ,, where L is the image under the mapping
M) x MW\ {03) = MO0V 0], (o) = xlawd) + [ PaLian.

Proof. Assume o = 0 for the moment. We adapt the proof of proposition 3.1 and
outline the changes occurring in the different parts of that proof.
II. We do not make use of the particular form of L in equation (3.2), therefore

(4.1) Cpp,(9) = /// gla, & + M)A (dz) LD o(dr).

IT1. Consider now the integration of g wrt. A, then by the partial integration of the
Poisson process,

/g(xﬂﬁ + M A(dz) = // h(@, 1+ 02)P i x (dp)A(da)
— /// h(z, p+ v+ 6,)A(dz)P(dv) P (dp)
— /// h(z, p+ v)v(de)PA(dv)P . (du).
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Putting all together we obtain

Cp(h) = /// hz, p+ v)v(de)Pa(dv) L{dN)P(du).

V. Now we drop the restriction o = 0. Because of the additive structure of the
partial integration we only consider the additional summand to be introduced in
equation (4.1),

[ stamatedia = [[[ bt sataaP Dy (dx)
. // B, 11 v)x (@ ® 61) (dv)P(dp). 0

Remark 4.1. Consider again the measure L as the image of a measure v on X xR
under the mapping (x,7) — 1., in which case P has independent increments. If
v=p&T, we oblain L= &+ x7v, where y = p® T and

. I; <L,
T:Z(j—jl)!(sj Ij:/o rle” T (dr).

i>1

Theorem 4.1 states that if the directing measure of a Cox process is infinitely
divisible, then this holds for the Cox process and furthermore its Lévy measure is
known. This can be reversed directly: If we knew that the Cox process is infinetely
divisible and its Lévy measure can be decomposed in a suitable way, then the directing
measure is infinitely divisible itself.

Proposition 4.1. Let P be an infinitely divisible Cox process with directing measure
P and Lévy measure L. If there exist o € M(X) and a measure L on M(X)\ {0}
such that L = a + [ PAL(d)), then P = Dy, ,.

Proof. Reversing the calculations in the proof of theorem 4.1 with Dy, replaced by
P, we get that P satisfies the integration by parts formula

Cp(h) = / / (@, Kk + N Cp(da, AN P(dk) + / / gz, k)a(dz)P(dr),

where g(z, p) = [ h(z, p+ 6,)P,(dp). If A, B € Bo, then at least for h = 14 ® e <2
we have
gz, p) = La(z)e 1BEe (e en0)

and the set of these functions generates B ® o((p : B € By). O

5. ASYMPTOTIC OF THE POLYA SUM PROCESS

We already identified the intensity measure vg_ , of the Pdlya sum process S, , as
- z
11—z
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Hence as z — 1, the intensity measure of S, , explodes. But what happens if we
1—2

—* and consider then the

weight each (including multiple) point configuration by
limit as z — 17

Definition 5.1. Let z € (0,1) and p € M(X). Then denote by P, the image of S ,
under the mapping
1—2
z

M(X) — M(X), W

.

Firstly we remark that P, inherits the infinite divisibility from S, , and that its
Lévy measure may be obtained directly from that of the Pélya sum process by a
proper scaling.

Lemma 5.1. P, = Dgo, where K = xv" and
1" 27
(5.1) ' =p& T, 72:27(51;zj.

Proof. Let h € F, then by lemma 3.1,

Co.h) = [[ (x - Zu) L (S )

1— , 1— 1—
= // => " #h (x " +j—251> pldz)S. p(dp)
z z z

j=1

_ / / b, jo+ v)(da) K (dv)P. (dp),

where K = xv” is given by (5.1). O

One can show that 7, converges for a certain class of bounded and continuous
function with a growth condition at the origin. We do not need these considerations
if we use the Cox representation.

Theorem 5.1. As z — 1, P, has o weok limit P which is the unique solution of the

functional equation

(ERO) CPZCR*P7

’

where K = x(p® T) and 7(dr) = %677’1(0700)d7~_

Since the unique solution of the functional equation (Y ) is Dk 0, we deduce
that P, — Dy o weakly as z — 1. Proof. Let h € I, then the Cox representation in
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theorem 3.1 and the argument in the previous proof show that

Cp.(h) = /h (x v+ I%Z(u n 5z)> P,\(du)lz;ZA(dx)L(dA) P.(dv)

1—=2

z

= /h (x v+ I%Z(u + 5z)> Pn;m(du)eflgzr drp(dz) P,(dv)

1 —
= [ F 00 ) P s (e depld) )
Thus it suffices to show that the inner integrals converge to the Campbell measure of

1—2
z

arandom measure K [9]. Due to the substitution ¢ = r, the mixing measure of the

inner Poisson process does not depend on z any more. Notice that, as 2 — 1, P_=_ys_
realizes a point at x with Poisson distributed weight with increasing intensity, but
that weight is scaled in the same manner such that we have, since h is bounded,

1—
/h <x7 v+ ?Z(u + 5z)> P = 5, (dp) — hiz,v +15,)
as z — 1. Furthermore note that
// h(z,v +té,)e ‘dtp(de) = /h(xﬂ/ + N Cp(dx, dN),

where K is given in the theorem. Using [10, thm 1], one immediately sees that C'z is

indeed the Campbell measure of a random measure. Therefore Pr, has a weak limit
P as z — 1 and P is a solution of the functional equation

Cp(h) = // h(z, v+ \)Cg (dz, d\)P(dv). O

Finally we address the distribution of the random variable (g under P for B €
By, which can be derived from the integration by parts formula (X7 ;). Whenever
p(B) >0, P({gp = 0) = 0 since 7 is an infinite measure and therefore P({p = 0) =
exp (—K (¢g > 0) ). Furthermore, since K is concentrated on the set of measures
of the form rd,, any family (p,,...{p, of pairwise disjoint Borel sets Bi,... B, is
independent.

Next we apply (X ) to the function b 1= 1p ® l{ccy<iiey for t,2 > 0 to get
information about the distribution of {p:

P(CB € (1 +£]) = // llf(—g))l{t<u(3)<t+e}ﬂ(}.{)P(dﬂ)

S+

/t+5 t+e—s
= p(B
p( ) Jo /tfs s+

1 _r -
:P(B)//Rz Listreqerepe  drPCg(ds)
+

1{s+r€(t,t+5]}eirdrPC§1(ds)

t+e t+e 1
= p(B)/ es/ —e " duP(5 (ds).
0 t w
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The last line shows that (g is a continuous random variable, therefore, if we denote
by fp the density of (g, dividing by € and £ — 0 yields that fp satisfies

fo(0) = [ pB)e L a o)),

which is a Volterra integral equation. By substituting g(t) = e 7' fp(t), we see that ¢

o) =" [ atois

whose solutions are multiples of +*(®)=1 Using the fact that P(Cg = 0) = 0, fg is
the density of the gamma distribution

satisfies

tp(B)—1

I'(p(B))

eft

fB(t) =
is the desired solution.
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