U3UUSULh QUU

- SENLLUGHN
 U3BECTUSA

HAH APMEHWUU

UurtUuushul
MATEMATUKA

______________________________________________________________



. Upuiplilljiu(i 1
o - -
. . 17Qq]ipuilijuiO n .
.. .QiupiupjiuO o2 n
R b | »1
. Ohuilijuiu (|| ) | )
piupinmrpup

PEANKUWMO HHAA KOJIJHT MNA

[naBHbIN pepakTop J1. A. CaaksH

. M. AlpaneTsH I1. 1i. MTHrH6apsH
b» B. AMbapuymsaH B. C. 3akapsaH
M. Y. ApakensH . J1. MapTupocsH
B. C. ArabeksH I» C. HaxancTtaH
I I I'eBOpKAH A. O. OraHHHesH
M C. HHOBSAH I» M. MorocsaH
B. K. OraHsH (3aM. rnaBHoOro pefakropa) A. A. TananaH

OTBeTCTBEHHbIN cekpeTapb H. I. ArapoHsH



Wszsecrus HAH Apwmenun. Maremaruka, rom 46, u. 4, 2011, crp. 3 — 26.

KOMMYTATUBHBIE ME/IMAJILHBIE TEPHAPHDBIE
T'PYIIIIONAbI

C. C. IABH/IOB

Epesanckuit rocyrapcTBeHHbIH YHHBEPCHTET
E-mail: davidov@ysu.am

AHHOTAIIMs. B craThbe u3y4alOTCsd KOMMYTATHBHBIE MeIMAILHBIE TeDHAPHLIE
rpynnougsl. BBoauTCs DOHATHE TEPHAPHOIO IONYTEPMA, JOKA3BIBAETCS pazpe-
IIMMOCTD SKBAIIMOHAJIBHOM TEOPUH KOMMYTATHBHBIX MeJUATBHBIX TEDHAPHBIX IPYII-
IIOM/IOB, & UMEHHO, IPUBOJUTCS AJTOPUTM, C HOMOIIBI0 KOTOPOIO PEINaeTcsl BO-
OPOC O BBHIMOJHHMOCTH TOXKJECTBA U = U B MHOTOOODA3HMH KOMMYTATHBHBIX Me-
JHUAIBHBIX TEPHAPHBIX IPYIIOULOE. VICIIons3ys IpuBe JeHHBIM AITOPUTM, OIUCHI-
BAETCSl CTPOEHHE CBOOOJHOTO KOMMYTATHBHOIO MeIHAIbHOIO TePHAPHOIO I'DYI-
IIOU 13, JOKA3BIBAETCSH, YTO KOMMYTATUBHBIM MeJUAIbHBIM TEPHAPHBIN IPYIIIONT
MMeET BBIIYKJIIOE JMHEeHHOe IPeJCTABICHUE.

MSC2010 number: 03C05, 08A30, 08A62, 08A35.

Karouenpie caoBa: Teprapubiil Ipynnons, KOMMYTATHBHEIR MeIuanbHbil DYy IION,
paspermMas Teopust, CBOOOIHBINA I'DYIITON, JUHEHHOE IIPeCTaBIeHNE.

1. BBEAEHUE

Pazsurne anrebpandeckoii TEOpUN N-apHBIX CHCTEM HAYaJOCh C BbIxona paborsr B.
Hepure [1] 10 n-apabiM rpynnaM, KoTopas Obiia BbINOJHEHS [0/ PYKOBOACTBOM DMMU
Herep. B 40-x rogax XX Beka nosgBuauch jBe paboTh! IO N-apHBIM I'PYINaM, KOTopbhie
CBIMPAJIA OCHOBOMOJATAIOIILYIO POJIb B HaJbHERIeM Pa3BUTHH TEOPHH N-apHbIX aareb-
pamyeckux CUCTeM — 3TO Kanuraibhas pabora ITocra [2] u Gorarast npesmu pabora
C. A. Yyuuxuna [3].

AnreGpangeckue n-apHbie CHCTEMBI UMEIOT HPUMEHEHHS B DA3NUYHbLIX 00IacTAX Ma-
TEMATHKA — TaK, ¢ NOMOIIBIO N-apHLIX KBasurpynn (n > 2) B. . Benoycosbim n
A. C. BexrenosbiM nano ouncanue npocrpascrsennsix cerei ( [4,5]), a A. A. T'sa-
pamus [6] nosydun ruyGoKue pe3ynabTaThi NO aBTOMATAM; N-aPHBLIE TPYNIbl HAIIIH
OTpAKEHHE B [EOMETPHH U NOJHaAMIecKuX aproMarax. Takue CHCTEMbI CYIIECTBEHHO

HCHONB3YIOTCA B TEOPUH MHOI'O3HAYHBIX JIOTMK, KubepHeTuke, o011l Teopuy cucreM
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Wayagennio anrebpamyeckux cucreM ¢ OiHOM onepanuell apuoctu OOMbINe, YeM JIBa
HOCBALIEHLI MHOIME uccaenosanus (sanpumep [9-13}).

YenorumMcs TepHApHBIE ONEpAauy OlpeelieHHbie Ha MHOXKecTBe () 0603HaYaTH CKOO-
kamu: (zyz) wnua [xyz], roe x,y, 2 € Q.

Anrebpa (A;Q) naswiBaerca Menuaabnoi (abenesoil, SHTPONMAHONR), €CM OHA YA0-

BJICTBOPRACT CBEPXTOXKIACCTBY MeJInallbHOCTH!

f(g($117...7$1n)7...7g($m17...7$mn)):g(f($117...7$m1)7...7f($n17...7$nm))7

e f,g € Q. B yacraoctu TepHAPHLIN IPYNNON] HAZBIBAETCH MEIHMATLHBIM, €CJH OH

YAOBJIETBOPSAET TOXKIECTBY:

((zy2) (wvw) (pgr)) = ((zup) (yvq) (zwr)).

Menpanbabie CHCTEMbI B3y4anuck pasabivmu apropamu (Can, Creiin, Tofiona, Bpak,
Menou, Benoycos, Kypomr, Cwmur, Pomanoscka, Kenka, Fxkek, Moscucan u ap.)
[14-20], onu cBs3aubl ¢ HOHATHEM SHTpPOIMM B veopuu undopmanmyu [20] u vaxonAT
NpUJIOKeHus B KubepHeTuKe, SKOHOMEKe, (DU3uKe U OHOJIorny.

B paborax Exeka u Kenku [14-16] uzyuarorcs GunapHbie MeIuaibHbie TPYINONIbL,
B 9aCTHOCTH, JIOKA3bIBAETCH PA3PEIINMOCTh IKBAIMOHATLHON Teoprun GHHAPHBIX KOM-
MYTATHBHBIX MEAUAJIbHBIX [PYINONI0B, OIMCHIBAETCA CTPOEHHE CBOOOSHOIO OHHAPHO-
r'o KOMMYTATHBHOIO MEJHAJILHOTO MPYIIHORIA U JOKA3AHO CYIIECTBOBAHKE BBITYKJIOrO
IUHEHHOrO NpejCTaBIeHus 18 KOMMYTATHBHBIX MeIMalbHbIX OWHADHBIX TDYIIOH-
noB. B macrosimeft paGore, ¢ wcnonb3osanuem meroaa pabor [14-16], ananornunbie

Pe3ynLTaThI NONYYeHbl 1J1d TePpHapHbIX MeJUalIbHBIX I'DYIIIONI0B.

2. TEPHAPHBIE TEPMBI M TTOJIYTEPMBI

B srom naparpade, creays [15] (Tnasa I) BBOAMM NOHSTHE TEPHAPHOIO NOJAYyTEPMA
¥ HCCHeIyeM HEKOTOPBIE ero CRONCTEA.

Badukcupyem Tpu campona {a, 5, v}, KOTOpBIE B JANBHEAIIEM PACCMATPUBAIOTCH KAk
YHapHBIE CHMBOJIBE ontepanuit. CBoboaHbI MORORA Ha MEOKeCTBOM {a, 3, v} 0bosna-

ynM vyepes F. Kaxapiil ssiement € € F moxer O6bITh OHO3HAYHO BBIPAXKEH B BHIE

n
e:I_Iai7 rne neN u a€{a B,y muascexi=1,...,n.
i=1
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Yucno n OyaeM HasbBarh MyOunol € u oboznaanm depes J (¢). Ina kaxporo n = 0

NOJIOXKHUM

E,={ecFE|0(e)=n}.

Monokum @ =, a=~,f=~,f=a, 7=oa, 7= 3.

Ilycre X — npomssonbroe MuokecTso. Hepes SW3 obozmayum csobopnyio asreb-
py Has X B MHOrO0Opasun anrebp curuarypsl {+,0, a, 3,7} (cocrosamyio u3 oguoi
GunapHoii, OfHOl HyNBAPHOH U TPEX YHADHLIX ONEPAIMOHHBIX CUMBOJIOB), ONIPEes-

EMYIO CHACAYIOINMHI TOXIeCTBaMu:
(Ety)tz=z+(y+2)
rty=y+u,
z+ 0=z,
a(z+y)=az+ay,

Bz +y)=pz+ By,

vz +y) = vz + vy,

a0 =0,
B0 =0,
~0 =0.

Dnementot anrebpbt SWY OyneM Ha3blBaTh TEPHAPHBIMA IOJLyTepMaMmu Hajd X wim
npocro nonyrepMamu. OdeBrIHO, 9TO Kaxkabi nonyrepd s € SWE momer Obith

Bblpa}KGH B BHJE
r
s:E €,
i=1

rne r € N, e; € E, x; € X; 970 BbIpaskenue OJHO3HAYHO C TOYHOCTHIO [0 NOPAIKA
cnaraempix. Ienoe uncno r naseiBaercs AUHON s B obosHadaerca yepes A(s). Scno,
9710 A(8) = 0 TOrna m TOALKO TOraa, Korga s = 0.

Onpenennm teprapryto orepanuto va SW¥ crnenyrormum obpasom:
(stu) = as+ Bt + vyu.

Tonyuennstiét Tepuapubiil rpynnous Oynem oboznagars yepes SWy u nasniBath T€p-

HAPHBIM IPYNNOUAOM (3-IpynnonsoM) noayTepMoB Hajg X. DiaeMenTh nopaiarebpnt
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anrebper SWx nopoxaennoi Mmuoxkectsom X, Oynem 0bo3navars yepes Wx n naswi-
BaTh TepHApHBIMEA TepMaMu Hag X (B ganbhediieM HpocTo TEpMaMu).

Creayromas neMMa O4eBUIHA.

Jdemma 2.1. Wx abcomommno ceoboduvdi meprapnnii zpynnoud (3-zpynnoud) nad
X. Jaa waocdozo mepma t wad X umeem Mecmo 00Ul U3 CAEOYOUUT CAYHaAes:

(1) te X;

(2) cywecmeyem eduncmeennas mpodixa u, v, w mepmos nad X maxasn, wmot =

(uvw).

Jlemma 2.2, ITycme t = ZT: e;x; (2 € X) noaymepm nad X. Tozda t 6ydem mepmom
Hnad X mozda u mossko 7;1:012(3117 K0200 OH YOOBAENBOPAECTN. CACOYOULUM YCADBUAM:
(1) r=1;
(2) ecaui,je{l,...,r} ue; =e;f dan newomopoeo f € E, moi=j;

(3) ecau i € {1,...,7} v e; = fag daa nexomopwz f,g € E u a € {«, 5,7},

mo cywecmeytom j. k € {1,...,1} ¢ e; = fahi, e = fahy das nexomopwiz
hiho € E.
Horasamesvemeo. Ananorwano |15, Tpeanoxenne 1.3.2]. O

T
Hycrs s = > e;x; — tepm max X. Yepes I*(s) u I(s) obosnaunm ciaenyomume MHO-
i=1

KecTBa.

I"(s)={e;li=1,...,7},
I(s)={ee Elefel"(s), me fek},
1.(s) = FE,N1(s).

Dnementst I(s) BA30BEM NOATEPMAME BXONAIEMHE B S.

Tycrs t repm wvan X. Torma [*(t) C I(t). Boaee roro, ecim e € I(t), 1o e € I*(¢)
TOria W TONBKO TOrna, Korma ea ¢ I(t), torna m Toapko Torma, korna ef & I(t),
TOrJIa U TOABKO TOrAa, Koraa ey ¢ I(1). Tnybunoi tepMa ¢ nasosem umcyo 9 (1) =
max {J(e) |e € I(t)}. Ouepugno, uro Iy (t) C I*(t) m O(t) — maubGonbiree neoe
gmcno n raxkoe, 9ro I, (t) £ 0.

Henocpencreenno u3 neMMbl 2.2 crnenyer chaenyionas JeMma.
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Jdemma 2.3. ITyems t mepm nad X. Muooceemeo P = 1(t) umeem caedyrowue

ceoticmea.

(1) P woneunoe nodmmoocecmeo F u 1 € P;
(2) Feave, fe Fuefe P, moec P;
(3) Ecavee B, moea € P— e e P—eye P.

O6pamno, ecau P C E ydosaemsopaem (1), (2), (3) u h : Q@ — X, 2de Q =

{e € Plea & P}, mo noaymepm s = Y, eh(e) asanemeca mepmom nad X u P = I(s).
ecq

Jdemma 2.4, ITycmos t-mepm nad X u e € I(t). Tozda cywecmeyem eduncmeennas
napa (w,w) MaKas, 4mo w — noaymepm, v — mepm u t = w + eu. Boaee mozo, ecau

v — npoussoavHsil, mepm Had X, mo w + ev marosce Gydem mepmom nad X .
Horasameavemeso. Ananorwano |15, Tpeanoxenne 1.3.4]. O

Iycrs t = w+ eu — Tepm, Torjga TepM u GyaeM 0603HaYaTh Yepes ) = u U HA3BIBATH

NOATEPMOM TepMa ¢, COOTBETCTBYIONUM €. fIcHO, 91O )] € X TOrJa H TONBKO TOrJA,

korna e € I*(t). Ecm t = ZT: €i%q, TO trg,] = x; ana veex @ = 1,..., 7. Tepm w + eu
i=1

Oynem 0boznagaThL 4epes a;v(t).

JlokazaTenbCTBO Chaenyionei neMMbl OYEBHIHO.

Jdemma 2.5. ITyems t,v — dea mepma nad X, n > 0, e € 1,(¢). Iososcum s =

Oew(t). Tozda

(1) In(s) = I (t) das ecex m e {0,...,n};
(2) s =v;
(3) ecau f € L(t) u f#e, mosiy =1ty;
(4) ecru0<m<n,z€X uge In(t),moty =z sy = .
Tlycre ¢t — repm man X, e1,..., e, HOATEPMBL ¢ Takue, 4r0o g AHOOBIX 1,7 €
{1,...,k} m ¢; = e;f nna nmekoroporo f € K, 10 i = j (rakue nomrepmbl Ha3bl-

BalOTCA HezapucuMbiMu). W3 semubr 2.4 cienyer, 94To CyNIECTBYET ©IMHCTBEHHaM(
k+ 1)-ka w,w, ..., u; TaKad, 970 W — NOAYTEPM Hag X, wi, ..., uy — TepMbl Hag X
ut=w-+eu+ ...+ egup. Umeem uy = tg,), ..., vk = t,). Ecim vy, .. vy npo-
M3BOJIBHLIE TEPMBI, TOTNIA W + e1v1 + . .. + exvy - TepM, KoTophi#t Oynem obo3nadars

YEPE3 Tpyipy - - - Tepin (1)
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IIycre t — repMm, n > 0 u p — noncranopka I, (t). Obosnaunm yepes eq, . .., € NONAPHO
b ? ?

pasnuanbie sneMentst 1, (). Ogesngno, ey, .. ., e — Hesapucumbie nogrepmel t. Tepm

Teyovy -+ Ocpovy, (L), THIE U5 = Lip(e,)) A71s1 BCeX @ = 1,.. ., k, o6o3na4um gepes plt].

Jlemma 2.6. [Tyemu t — mepm nad X, n > 0 u p — nodemanosxa 1, (t). Tozda
(1) I, (plt]) = I (t) 0as scex m € {0,...,n};
(2) ecau e € 1,(1), mo p[t][e] = tp(e)]s
(3) ecau 0 <m < n, z € X uec€ In(t), motey =z moeda u moavko mozda,

Kozda p [t];, = .

Alokasameavemso. Chenyer u3 nemmbt 2.5. O
Tlycte n € 2N, to,t1,...,t, — TepMbt Hag X U aq, .. ., Gy — HEKOTOPBIE 3JIEMEHTHI U3
{a, 3, v}. Oupenenum tepm [Lo, L1, a1, a0,t9,13, a3, a4, . .., Qp_1, Gy, by | BEROAYKOEEH IO

n CRenyomuEM o6pasoM:
[to] = to;
[t07t17 o, 3, tg] = (totltg);
[to, t1, B, ;2] = (tatotr);
[to7t17’y7 a, tg] = (tltgto);
[to,t1, a1, a0,ta,l3, .. lp_o,ln_1,, B3, 1,] =
(Ito,t1, a1, a9, ..., an_3,an_—9,tn_o|tn_1ty);

[t07t17a17a27t27t37 crt 7tn727tn717ﬁ7 ’77 tn] -

(tn [to,t1, a1, a0, ... a1, an—2,tn_9]tyn_1);
[to,t1,a1,a0,t0,t3, ..ty 2, tn 1,7, 0, tpn] =
(tn—ity [to, t1, a1, 09, ... a1, Gn_9,t,_2]).

Jlemma 2.7. ITyemu t — mepm nad X ue=ay...a, € 1, (t)(n 2 0). Toeda

(1) t= |:t[a1...an]7t[a1...ﬁn]7a’n7a’nmt[al,,,inpt[al...ﬁn,lban717an717t[a1'”6n71]7t[al...ﬁn,2]7

Up—9, G2, -« -, t[a152]7t[51]7a17517t[gl] )
(2) ecau v mepm nad X, mo

Oeww (1) = {v7t[a1...6n]7an7an7t[almﬁ 7t[a1...6n,1]7anfhanfht[

al a1 @na] Har..

an7275n,27 ey t[a152]7t[51]7a17617t[51]

8
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Hoxasameavemso. (1). Unaykuueit no A(t). Ecia A (¢) = 1, 1o { =  u yreepxaeHue
oueBnauo. Ilpu A(t) = 3 (caywait A(l) = 2 nnd TepHAPHBIX TEPMOB HEBO3IMOXKEH )

umeeM: t = (zyz) = ax + By + vz, t[o) = T, t[3) = Y, ty) = 2. [loaromy nonyuaem:
|:t[a]7t[a]7a7a7t[i]:| - [x7y7a757 Z] - (ZEyZ) :t7
|:t[’y]7t[7]7’7777tﬁ]:| - [2717’77 a7y] - (xyz) =t

TIpeanonoxuM yTBEpKICHHE BepHO 11a A (1) < m, nokawxem png A(t) = m. Io-
CKONBKY t TEPM, TO CYMIECTBYIOT TEPMBL 4, v, w Tak#e, 910 t = (uvw) = au+ fv+yw.
Jlnuna TepMOB u, v, w MEHBINIE M, HOITOMY A7 HEX CIHPaBEIIHBO IPeaNoNoKeHne
uraykous. [yers e = ay ... a, € I,(¢), Torna a; = e unu ay = B aam a; = 7.

Pacemorpum ciaywait a; = o. Torga as...an € In 1(u) nt = |ty tm), o, @t[i] =

[w, v, @, 3, w] = (vvw). TTo NPEANONOKEHUIO HHAYKINT HMEEM:
U = [u[ag...an] ’ u[ag...ﬁn] y Ons 5717 u[a2,”5n]7 u[ag...ﬁn,1]7 Gn—1, a’n,717 s, A2, a27 u[ﬁﬂ]

Tlosromy nonyaum:

t= t[a]i[&h%@ﬂa} - |:u7t[61]7a17617t[61]:| - [[u[ag...an]7u[a2...ﬁn]7a’nma’nm
u[a2”ﬁn]7u[a2...6n,1]7an7175n717'~~7a27527u[§2]] 7t[51]7a17517t[51] )
T.K. Ulay...an] — t[alag...an]y Ulas... @] — t[alag...ﬁn]y sy u[ﬁﬂ - t[aliﬂ " a; = a751 - ﬁ:
TO
t= [t[al...an]7 t[al...ﬁn]7an75n7t[a1,,ﬁn]7 t[al...ﬁn,lb Gn—1, Gn—1, t[al..ﬁn,l]7t[a1---5n72]7
= =2, G255 Lg, 5] Uan ] @1, 81, Ly |-

aro u Tpebosasnock nokasarh. Cayuam a1 = § U a1 = ¥ PACCMATPUBAIOTCS AHATIOT Y-
HO.

Vreepxaenue (2) caenyer uz (1). O

3. COKPATHUMBIE MEJUAJIBHBIE TEPHAPHBIE T'PYIIITOM ABL

B srom maparpade npusenenbl HeOOXOIMMbBE YCJIOBUA JiJisl BBIIONHUMOCTH TPOH3-
BOJIBHOI'O TOXKJECTBA ¥ = U B KJACCE COKPATHMBIX MEIUANIbHBIX TEPHAPHBIX I'PYIINO-

nIaoB. BOHpOC 0 JOCTAaTOYHOCTH 9THX yC.TIOBI/If/i AJis BBINTOTHUMOCTH TOXKJeCTBa 4 — U B
9
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KJ180Ce MeIUaIbHBIX COKPATHMBIX TEPHAPHLIX IPYIIIOHAOB 0CTAeTCa OTKPLIThiM. O1-
METHM, 9TO B C/Iy4ae OUHAPHBIX COKPATAMBIX MEAUANLHBIX IPYNIORAOB AHANOTHYHBIE
YCHOBHS ABAAIOTCA HeoOxomuMbiMu 1 gocrarounsivu ( [15], 2.1.1).

Hycrs Q() — repuapubii rpynnons. Ipapoil (nesoii, cpeamet) rpamcaanueil npn
[OMOLLE 971eMEenTOB a, b HasbiBaercs orobpamxkenue R, 51 Q — Q (Lop 1 Q — @, Sap
Q — Q), oupenensiemoe pasencrsoM: Rgp(x) = (xab) (Lap () = (abz), Sep(z) =
(axbh)).

Tepuapubiii rpynnons () HasbBaercs COKPATUMBIM, eciau Tpancusuun Rqp, Lo p,
Sq,p HHBEKTHBHBL 4718 BCeX a,b € Q).

Kounrpysunusa 6 repuaproro rpynnonsa Q( ) HasnBaercst COKpaTHMOR, eCl A JIO-

ObIX @, b € () BLIIOJHSOTCS CASLYIOIEE YCIOBUS:

(Ra,b (:E) ’ Ra,b (y)) €60 — (x7y) € ‘97
(La,b (:E) ’ La,b (y)) €0— (x7y) € ‘97
(b (@), (4)) € 0 — (a,y) € 0.

Ecnn 0 cokparuMas KOHIpYSHIuA TepHapnoro rpynnousa Q( ), roraa dbaxrop rpyn-
nous Q/0 Gyner COKpaTHMbBIM TPYNIORIOM.

O6oznauum vepes Mx MHOXKECTBO TOXKAECTB Has X BHITOJHSIONAXCH BO BCEX Me-
JUANBHBLIX COKPATHMBIX TEPHAPHBIX rpynnounax. Mx — HauMeHbIas KOHIDYIHIMs
Wx rakas, aro Wx/Mx — Menpanbubill cOKparuMbiit Tepuapubiii rpynmnons. My
BIIOJIHE WHBApUanTHad KOHrpysuuma Wy . ®@akrop rpynnons Wx /Mx — csoGoanbiii
MeIuanbubtit rpynnons, panra Card(X).

Ecnu e = aq ...a, € B, vorna ynopsoaensas tpofika
(Card{ila; =}, Card{i|a; =8}, Card{i|la;=~})

NENBIX HEOTPHIATENLHBIX YHCEN Ha3LIBACTCA BecoM e. Jlna Kazxaol ynopanodennoi
rpoiiku (k, [, m) nensix neorpunarebubix ynces, o6o3uayum yepes Fy ; ., MHOKECTBO
Beex ¢ € F seca (k,[,m). Ina xaxnoro t € Wy nonoxusm Iy, jm = Fpjm NI(T).

Ecnmte Wx, k,I,m >20ux e X, 10 no10xKuM
Pk,l,m (:Eﬂf) = Card{e S Ik,l,m(t) |t[5] = ZE}

T.e. yucno pxoxaenuit x veca (k, [, m) B t.
10



KOMMYTATUBHBE ME/WAJBHEE TEPHAPHBIE I'PYTITIOW/IBE
s kaxxnoro menycroro muoxecrsa X onpegenuM 6unapnoe oraomenne Ry na Wx
crenyIommM o0paszoM:
(u,v) € Rx > Py (z,u) = Py i (,0)

g Beex ¢ € X n Beex tpoek k, [, m Henbix HEOTPUIATENbHBIX YHCE.

Henocpencreennoil npoBepKo#l OKA3BIBAETCA CIEAYIONAS JTEMMA.

Jlemma 3.1. ITyemo t,u,v € Wx, ki,m 20 uz € X. Tozda
Pr oz, (tuv) = Pr_1 pm(2,t) + Prj—1m(x,v) + Pogm—1(z,v)

zde Pfl,l,m (:Eﬂf) == Pk,fl,m (x7u) == Pk,l,fl (:Eﬂ)) =0.

Jlemma 3.2, Ilyemo t € Wx, k,lm 2 0, z € X u nyems g sudomoppusm Wx.
Tozda

k I m
(31) Pk,l,m (£E7 g(t)) = Z ZZZBJ’V (Z%t) : Pkfi,lfj,mfl/ (%g(y))

yEX i=0 j=0 v=0

Aoxasameavemeo. Vnaykuuneit no anune repua t. Ecau A (1) = 1, 1o t = z. Bee nep-
Bble COMHOXKHUTENM B Upasofi yactu pasencrsa (3.1), kpome Pooo(z,z) = 1, pasab
HYJIIO, O9TOMY CyMMa paBHa P, (2, g9(x)). Basuc unnykuun yeranosnen. Ilycrn
t = (uwvw) u and TEpMOB w, v, w JeMMa BepHa. Torma cornacHo nemme 3.1 Oyaem

HMETD:
Prim (z,9(t) = Prm (2, gluvw)) = Prgm (2, (g (u) g (v) g(w))) =

= Pr_11m (2,9(w) + Pej—1m (z,9(0)) + Prim—1 (2, glw)) =

I m

k—1
=D XD Pg () Py i gmo (2,9 (9) +

YyEX i=0 j=0 v=0
E I—-1 m
FY D DD P (5,0) Py g (@9 () F

yEX i=0 j=0 v=0

k
+ Z Py (y,w) - Po_ii—jtm—1)—v (7,9 (y)) =
> Py, u) - Poety—ii—jm—v(z, 9 (1)) +

Z P ju(y,0) P a—1)—jm—v (T, g (y))+

11



C. C. JABHIOB
+ Z Pi,j,u(:%w) 'Pkfi,lfj,(mfl)fu(x7g (y))) =
Z Py, u)  Peii—jm—u(z,9(y))+

> Pij1u(y,0) Peiijmv(@, g (y)+
=0 j=0v=0
l

k m
+ Z Zpi,j,ufl(y7 w) - Py jm—u(z, g (y))) =
D (Picigu(ysu) + P (9,0) + Pijui(y, w)x

k I m
XPyig—jm—v(2,9(y)) = Z ZZZPM,V (1) Pripgm—v (,9(y)).

yEX i=0 j=0 v=0
Jlemma pgokazana. O

Ilpennoxenne 3.1. Rx snoane unsapuanmuas xonzpysnyus Wx u Mx C Rx.

Horasamesvemso. JTokaspisaercs ¢ ucnonbiosanuenm jgemm 3.1 u 3.2 ananornano [15,
Jdemma 2.1.14]. O
4. KOMMYTATHUBHBIE MEAMAJIBHBIE TEPHAPHBIE I'PYIIIIOU/ B

B srom maparpade ycranaBauBaercs paspelimMOCTh 9KBAIUOHATILHON TEOPHH KOM-
MYyTATHBHBIX MEJWAlLHBIX TePHAPHBIX IPYINONA0B. B nanoxkennn cuenyem [15].

Tepnapnbiii rpynnon HA3bIBACTCA KOMMYTATHBHBIM, 6CJIH YAOBIACTROPAET TOXKIACCTRY
(T12223) = (T7(1)T7(2)T7(3))

rie T IPOu3BOILHASA [OACTAHOBKA U3 Ss.

Jdemma 4.1. B KomMmymamueHom meduassHom MePHAPHOM 2PYNNoude 6bnoaHaen-

cA ModHCOecmso
((z1@oms) (zawsze) (2rws20)) = ((Tr(1)2r(2)%7(3)) (Tr(0)Tr(3)Z(6)) (Tr(r)Tr(8)Tr(0)))

2de T — NPoussosvHaA NOOCMAHOEKS U3 Sy.

ZJloxazameavcmeo. Henocpencreennol npoBepKoil. |
12



KOMMYTATUBHBIE MEJVAJIBHHE TEPHAPHBIE I'PYIIIIOW B

Hns nroboro menycroro muoxkecrsa X 0603naunmM, yepe3 Cx MHOXKECTBO BCEX TOXK-
nectB Hay X BLINOJHSIOMAXCA BO BCEX KOMMYTATHBHBIX MEIMAlbHBIX TEPHAPHBIX
rpynnonsax. Cx HauMmeHbllas KOHIpysuuma Wy rtakas, uro Wx/Cx — koMMyTa-
TUBHBIA MeauanbHbifl rpynnouns, oua 6yner BHOJHE WHBADHAHTHON KOHrpysHnue, a
3-rpynnong Wy /Cx — cBoGOAHBIM KOMMYTaTUBHBIM Ipynnonaom panra Card(x).

Hnat € Wx, z € X un 20 nonoxum
P, (z,t) = Card{e € In(t) [t = gg} .

Taxum o6pasom P, (z,1) — gncno sxoxaeanii z ruy6unsl 7 B L.

Jdemma 4.2, ITyemvn 20, ay, ... an, by, ..., by, c1,...,cn € {0, 5,7} u

UQ, -+ -, U2y, VO, ..., V2n, WO, ..., W, € Wx. Tozda

(1) (([UO7U17 CL17517UQ7US7 CL27527 ey amﬁm uZn] [1}071}17 b175171}27 Vs, b27527 ceey b,wgn?i}gn]
[21)0721117 c1, C1, W, W3, C,Ca, .. ., C,HEn?wgn]), ([2}0771,17 ai, a1, ug, us, 4, ag, .. ., an76n7u2n]
[U07 vy, b17517 v9, U3, b27527 ceey b,HE,“ vgn][wo7 w1, 017517 Wy, Ws, 027527 ey C,HE,“U)Qn])) S
Cx.

(2) (([u07u17 a1, a1,U9,U3, A2, A2, .. ., Oy, A, UQn] [2}071}17 5175171}27 U3, 527527 cee bn7gn7712n]
[21)0721117 c1, C1, W, W3, C,Ca, .. ., Cn75n7w2n])7 ([wo7 U1, A1, A1, U9, U3,a9, 02, . .., an75n7u2n]
[2}071}17 5175171}271}37 527527 ceey bn7gn7 vgn] [UO7U)17 c1, C1, W, W3, C2,Ca, ..., C,HE,“U)Qn])) S
Cx.

(3) (([u07u17 a1, a1,U9,U3, A2, A2, .. ., Oy, A, UQn] [2}071}17 5175171}27 U3, 527527 cee bn7gn7712n]
[w07w17 01761721)27 ws, 027627 ceey C,HE,“U)Q,L]), ([U07 Uq, CL17517 Uug, Us, CL27527 ey amﬁmugn]
[wo7 U1, 517517 U9, U3, 527527 cee bmgmvgn][vo?wl? c1,C1, W, W3,C2,Ca,. .., C,HE,“U)Qn])) S
Cx.

Aoxasameavemso. (1). Unnyknmeii no n. [pu n = 0 yTeepKaenue clienyeT U3 3aK0Ha
KOMMYTaTHBHOCTH. JJonycTiM yTBEpZKAeHHe BEPHO JIJIs YUCEs MEHBIINX 7, JTOKarxKeM

nnsa n. Umeem

[UO7U17 a,a,u, us, .. ., an7ﬁn7u2n] =
= ([U07U17 a1,01,U2, U3, ..., an717an717u2(n71)] u2n71u2n)
[2}07 v, 517517 V2,U3, ..., bn7gn7 vgn] ==
= ([v0,v1, b1, b1,v2,v3, ..., b1, by 1, 02001y ] V20 —1025)
[w07 w1, 01751721)27 ey C,HE,“U)Q,L] =

13



C. C. JABUJOB

= ([woﬂﬂh €1, C1, W, W3, .. '7cn7176n717w2(n71)] w2n71w2n) .

CornacHo npeanoioKeHnn HHAYKIME HMeeM

(([UO7U17 a1,a1,U9, ..., 0n_1,0n_1, ug(n,l)][vomh 5175171}27 ey by, bn,hvg(n,l)]
[21)0721117 C1,C1, W2, ..., Cn—1,Cn—1, wg(n,l)])7 ([2}07 U1, A1, A1, U9, . . ., an,lﬁn,hug(n,l)]
[u071}17 5175171}27 ceey bnfhgnfh vz(n,l)] [21)0721117 C1,C1, W, ..., Cn,hzn,l?wg(n,l)]))
€ Cx,

tak Kak Cx KOHTDPY9HIIU U 3-IDYIIOH KOMMYTATHBHBIH, Tony4daeM Tpebyemoe yrrep-

wkuenue. Yreepkaenus (2) u (3) N10Ka3bIBAIOTCS aHAIOMHYHO. O

Jlemma 4.3. Ilyemv t € Wx, n 20 ue, f € I,(t). Toeda (t,7. ¢ [t]) € Cx, 2de 7. ¢

mpancnoduyua onpedeaennas na L, (1), nepecmasasowasn e u f.

Aokazameavemeo. Wnnykumein no aaune t. Ecom ¢ € X, re. nipu n = 0, 1o t =
Te f[t] 1 nokaseBare Hewero. Ilycts ¢t = (vovw) u n > 1. Tonoxum € = ay - - - ayp,
f =051 b,. Bo3aMOXHBI 1E€BATEH CIyYaeB.
(1) a1 = by = . Torna 7e ¢ [t] = (Tay.a,, byt (0] vw). TIo mERYKTHBHOMY UDEI-
HOJIOXKEHUIO UMeeM (U, Tay..a, by-bn [U]) € Cx, cnenosarensno (¢, 7. ¢ [t]) €

Cx, tak kak Cx KOHI'DY3SHIHA.

o~
[V
~—

ay = by = 8. Ananormuno (1).

(3) a1 = by =~. Anpanornuno (1).

(4) a1 = a,by = B. Torna

Te,t [t] = (Tasanit s (W) Obypir, (V) w).

Cornacnao nemme 2.7 nMeem:

t= <|:u[a2~~an]7 u[a2~~ﬁn]7an7an7 u[a2...5n]7u[a2mﬁn,1]7a”n717a’n717 LR a27627 ’U,[52]:|
|:v[b2~~~bn]7v[b2...bn]7bn7bn7v[b2mbn]7v[b2...bn1]7bn17bn17 . ~7527527W{b2ﬂ w) )
n
T@,f[t] - <|:v[bg~~bn]7u[a2~~an]7a’nma’nm u[a2...in]7 u[a2...5n71]7an,175n,17 o a27527 ’U,[52]:|

|:u[a2~~~an] ? ”[52...5n]7 bn7 bn7 v[b2~~~gn] ? ”[52...5n71]7 b’n717 b’n717 ] b27 b27 v[bg}:| ’LU> .
Crepnosarenbno, cornacuo nemme 4.2, nonyunm (¢, 7. ¢ [t]) € Cx.

Ocranbabie cayyan
14
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8 a1 = ﬁ7 bl =7
9) ar =, bl - ﬁ:
pPaccMaTPHBAIOTCA aHATIOTHYHO. O

Jdemma 4.4. ITyemv t € Wx, n 2 0 u p nodemanoexa mmnoocecmea I, (t). Tozda

t,plt]) € Cx.

Hoxazameavemeo. Crenyer u3 nemmbt 4.3, NOCKONBKY J106as OACTAHOBKA TPEICTa-

BUMa B BHJIE TIPOU3BEICHUS TPAHCIO3NITHH. [l

Onpenenun 6unaproe ornomenne Sy na Wy caenyrommum o6paszom
(u,v) € Sy < P, (z,u) = Pp,(z,v),

anaseex r € X unecex n = 0.

HenocpencreenHo n3 onpeenenus clenyer CIeayonas JemMma.

Jlemma 4.5. ITyemov t,v,w € Wx, n 20 uz € X. Tozda
P, (z, (tvw)) = Py (x,t) + Py (z,0) + Py (2, w),

2de Py (z,t) =0.
Jlemma 4.6. ITyemvt € Wx, n 20, z € X u g sndomoppusm Wy . Tozda

n
Py(z,g(t) = > > Pily,t)- Pus(z,g ().
yeX i=0
Aoxasameavemeo. Nnaykuuneit no aaune t. Ecim A(t) = 1, 1o ¢t = z. B a1oM cnyuae

BCE NEPBBIE COMHOMKHUTENH CYMMBI
n
yeX i=0

PaBHBI HYIO, KPOME OJHOIO, ipu y = z, a takke D (z,z) =0 (i > 0), Py(z,z) = 1.

Crnenoparebho, 3ta cyMma Oyner pasna P, (z, g (). Basuc unaykuun ycranosies.
15
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ycrs t = (vvw) 1 ansd TepMoB u, v, w nemma sepra. Coracuo aemme 4.5 u npeano-

JOXKEHWUIO NHAYKIIUHY TTI0YYUM:

P (2, g(wow)) = P, (2, (g(w)g(v)g(w))) = Poa(, g(u)) + Poa(z, g(v))+

n—1 n—1
+Po (@, g(w) = Y Pily,w) - Pa1i (2, 9(w) + > Y Pily,0)x
yeX i=0 yEX i=0
n—1
X P 1_i(z,9(y) + > D Pily,w) - Puoi (z,9(y)) =
yeX 1=0
n—1 n—1
=3 (X Pl w) Ps gl + > Py, o) - Py il g ()4
cX =0 =0
n—1 n—1
3Pl w) - Pacailag @) = S0 (D Aot (g w)- Pai (w9 () +
i=0 yeX =0
n—1 n—1
+> Py, v) Puilzg (@) + Y Pialy,w) - Pi(e,g (y))) =
i=0 =0
=Y > (Pialyw) + Py (,0) + Py (y,w) - Pai (2, 9(y) =
yeX i=0

=33 By, (wvw) - Pslw, 9(y)-

yeX i=0

Jlemma pgokazana. O

ITpepgmoxkenue 4.1. Sx snoame unsapuaHmHas coxpamumasn kouzpysnuus Wx u

Cx C Sx.
Hoxazameavemeo. Cnenyer nz nemm 4.5 u 4.6. [l

Hanee 6yaem canrark, yro X — cyernoe muoxecrso. s kaxaoro n 2 0 onpesennm

JIMHERHBIN OpsaaoK Ha K, cnepyrommm obpasoM:
ay-an <by-oby e 3Ike{l, .. n}stay=0by,...,a5_1=by_1,
(ap = a&by, =) \/(ak =a&kb, = 'y)\/(ak =p&br =7).
Onpenennm MHOXKECTBO TepMOB 1 cnepyiomum obpasom: korna n 2 0, e, f € 1,(1),

e < f u iy = x; ana HEKOTOPOro j, Toraa ) = 2; And HekoToporo ¢ € {1,...,j}.

JlemMma 4.7. Jas awobozo mepma t € Wx cywecmeyem mepm v € T maxoti, wmo
(t7 7”) e Cx.
16
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Hoxazameavemeo. OupenenuM NOCIEIOBATEIBHOCTL TEPMOB t(o)7 t(l)7 15(2)7 ... caeny-
oy o6pazom: 0 = ¢; ¢ — p[t0)] rae p noncranoexa I, 1 (t") taxas, uTo
korna e, f € InH(t(")), e<fn tf;()f)] = T; JJ1isl HEKOTOPOIO j, TOrka tf;()@)] = x; nns
nexoroporo ¢ < j. CymecrByer varypajibaoe yucio ¢ € N takoe, 9410 (o) = gletl) —
.... Cornacno nemme 4.4 nonyunm (t,1(9) € Cx. Ocraercs nokasars, uro (9 € T

Wupyknmeii 0o n nokaxe, 910 ecnn 0 < m < n, e, f € L,(t"), e < fu tf?]) =z,
J7Isl HEKOTOPOro j, Tornua tf;) = z; nns aekoroporo ¢ < j. Ilpu n = 0 yrBepxknenue
oueBuno. Ipeanonoxkum ycnorue Beinonasercs auda n 2 0w nyers 0 < m < n+ 1,
e,f € L") e < fu tf?ﬁl) = ;. lmeem t D = p[t()] nna noacranoBku p

muoxecrsa L, 1(t")). BEcan m < n, 10 cornacao nemme 2.6 (3), nmeem tf?]) =z

n . .
1 IO MHAYKTUBHOMY HPEANOJIOKEHNUIO TTI0JYYUM tf@]) — I; AJdA HeKOTOpOoro 1 < g u

1
CIeOBATENLHO, COMIacHo nemme 2.6 (3), nonyvaem t$+ ) z;. Ecin m = n+41, rorna

tf;()f)] = tf?ﬁl) = z;, cornacuo aemme 2.6 (2), Tak, 4ro tf;()@)] = 2; 1715 HEKOTOPOIo 1 <

j (cornacuo BRIGOPY p); OTCIONA NIOIYIaeM tfgﬂ) = x;, cornacuo jemme 2.6 (2). O

Jlemma 4.8. ITyems t,w e T u (t,w) € Cx. Tozdal = w.

Horasamesvemso. OueBnino, nocratodno aokazartsk, uro I, (1) = L, (w) (n = 0)
uecmm e € In(t), v € X,rorna tg = = < wy = z. [okasarenscrso nposesem
uHAyKnuei no n.

Hns n = 0 yreepxkaenne ogepugno. Ilycrs n > 1. Cornacno nHAYKTHBHOMY HPEJIIIO-

JIOZKEHHIO HMeeM:

a -y € I (t) <t 1€ X o wWoyog, | EX a1 a, €1, (w).

R
Taxum obpasom I, (t) = I, (w).

Hanee, nycrs ¢ € 1, (1), Honycram I, (1) ={ey,...,epmf,raem 20me; < < ey,
Wmeem e = ¢; aua sekoroporo i € {1,...,m}. Eciu j nonoxurensHoe neioe 9ucno,

TO NOCKONBKY ¢ € T mmeem:
L) = x5 < Pp(z,t) + -+ Polzy1,t) <i < Py (o, t) +- - 4 Pul(zy,t).
Amanormano, rak kaxk w € T, nmeem:
wig = 5 <> Py (z1,w) + -+ Pulzy 1, w) <i < Py (2, w) + -+ Polz,w).
Tax kax P, (z,t) = P, (2, w) ana eex € X nonydum: to = & < wjg = Z;. O

JlemMma 4.9. Cx = Sx.
17
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AHoxasameavemso. Cornacno npenoxkennio 4.1 uveem Cx C Sx. Iycers (¢, w) € Sx.
Cornacuo nemme 4.7, CymecTsytoT TepMel 7, s € T, takne,aro (6,7) € Cx u (w,s) €

Cx. Ha ocnopanun nemuel 4.8 nonydaem r = s u caenosarensno (6, w) € Cx. |

ITpepgoxkenme 4.2. Feau X — npouseoavnoe uenycmoe muoscecmeo, mo Cxy =

Sx.
Hoxazamesvemso. Cwm. {15, nemma 2.1.17, 2.1.18]. O

Teopema 4.1. ITycmy X npouseoavhoe HENYcmoe MHONCECMEO U U,V MEPMbL Ha0
X. Toeda (u,v) € Cx mozda u moavko mozda, kozda Py, (z,u) = Pp(z,v) daa ecex

z e X uecex YEADBLT HEOMPUUATNEADHDLT UCEA TL.

Hoxazameavemeo. Cnenyer na npennoxenns 4.2. |

SameruM, 90 4714 nposepku (u, v) € Cx 10CTaTOYHO NPOBEPUTE paBencTso P, (z,u) =

Po(x,v) nna seex z € var(u) Uwvar(v) n secex n € {0,..., Maz (3 (u),d(v))}.

Caencreue 4.1. Jo60i c80600nb1l KOMMYMAMUSHHT MEOUAAOHBT THEPHAPHHIT
zpynnoud — coxpamumbiil 2pynnoud.
5. CTPOEHUE CBOBOJ/IHOI'O KOMMYTATHUBHOI'O MEJMAJIBHOI'O

TEPHAPHOT'O I'PYIIIONJA
Jna nroboro menycroro Muoxecrsa X rpynnoung Wx /Cx — cBOGOLHBIA KOMMYTATHE-
HBIA MeAnanbHBI TepHapubi rpynnons panra Card(xz). Cornacno teopeme 4.1 ero
ONUCAHME HOCUT B HEKOTODOM CMBIC/E KOHCTDYKTUBHBIA Xapakrep. B nannoM napa-
rpade mMbi gaguM 6osee SIBHOE ONUCAHEE CBODOAHOIO KOMMYTATHBHOIO MEIUATEHOIO
TEPHAPHOIO TPYNTIONIA.
Mycre X — nenycroe muoxkecrso. O6o3navum yepes CF% cBobonuyio anrebpy nay X s
MHOTOOOpasuu anredbp curuarypbi {+,0, o} (cocrodmiei us oanoil 6GunapHOR, ONHOMK
YHAPHOH B OJHOH HYJILapHOH ONEepanMOHHBIX CHMBOJIOB) ONIPEAEIAeMYI0 TOXKICCTBa-
MH:

Ft+y)tz=z++2)

Tty=y+x,
z+0=uz,

a(z+y) = oz + oy,
18
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al = 0.

r
Kaxnptit snement v € CFY Moxker ObiTh NPEJCTABIEH B BEAE v = . o’x;, rae r

i=1
U n; — NENbie HEOTPUUATENbHbIE Yncna, a z; € X (1 = 1,...,r). Ilannoe Boipakenue
E€JUHCTBEHHO C TOYHOCTBIO JI0 NOPSIKA CaraeMbix.

Oupenenum reprapuyio onepanuio va CFY cnenyrommy o6pasom:
(uvw) = au + av + aw.

Muomxecrso CFY orHOCHTENBHO 9TOH onepanun OyJeT TEPHAPHBIM IPYNIORIOM, KO-
T
Topeii 0603HaunM wepes: CFy. Ina moboro v = > a™uz; € CFx nonoxam 0 (u) =
i=1
Max(n; |i=1,...,7).

O60o3naunm vyepes CG x noarpyunons C Fx nopoxaennbiii MEOXKeCTBOM X .

Teopema 5.1 (cp. ¢ [15], 4.2.1). ITyemv X — npouseoavnoe menycmoe muodrce-

cmeo. I'pynnoud CGx 6ydem c60600HbBIM KOMMYMAMUSHUM MEOUGALHBIM MEPHAD-
T

oM epynnoudom wad X. Daemenm v = Y. oz, € CFy npunadaescum CGx

i=1
mozda u MoavKo mozda, Kozda

a(w)
(5.1) > 3 Card{i|ni =k} =1.
k=0

JokazaTenscrso TeopeMbl pazodbeM Ha HECKOJBKO JIEMM.

Jemma 5.1. ObGosnanwum wepes h edunemeenrniti zomomopduam Wx na CGx ma-

xot, wmo h(x) =z das ecex x € X. Ecaut € Wx, mo

h(t)= Z aa(e)t[e].

eeI* ()

Ecau u,v € Wx, mo h(u) = h(v) mozda u moavsro mozda, xozda P, (z,u) = P, (z,v)

das scexx € X un = 0.

Zloxazameavcemeo. TlepBoe yTpepxkienue nokazxem wHAyKnue#t no anuwe . Ecnm

Alt) = 1, ro t = x u yreepxaenue ouesuano. Jonyeram ¢ = (wow) u png TepMOB
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u, v, w BepHO yTBepxKIenue. Torna

h(t)=h(uw)h(v)h(w)=ah(u)+ ah(v)+ ah(w) =

- a Z 8(6 +CM Z 8(5 +CM Z 8(5

ecI*(u) ecI*(v) ecI*(w)
_ Z 8(5 +1 + Z 8(5 +1 + Z 8(5 +1 _ Z a@(@)t[e].
ecI*(u) ecI*(v) ecI*(w) ecI*(t)
Bropoe yTBepKAEHHE HENOCPEACTBERHO CHEAYeT B3 NEPBOro. O

Jlemma 5.2. CGx ¢80000HbT KOMMYMAMAUSHBT MedUaALHbIT MEPHAPHDBLT 2pYnno-

ud Had X.
Hoxazameavemeo. Cnenyer uz nemmbt 5.1 u reopembr 4.1. [l
T
O6osnaunm yepes Lx MuEOXKeCTBO Beex u = » . a™z; € C'Fx takux, 9410
i=1

a(u)

23 FCard {i|n; =k} =1.
Ouepunno 0 ¢ Ly.

Jlemma 5.3, ITyemov v € CFx, z,y,z,a € X un 2 0. Tou+ "z € Lx mozda u

moavko mozda, kozda u+ o Ty + a"Tlz o la € Ly.

Joxazameavemeo. Cymma (5.1) ana u + o™ty + otz + o"tla nonywaerca us
cymmpt (5.1) ans u + o™z, ecan K Beiit nobasure 3~ .3 u Bpraects 377 - 1, Te.

3= 33 —o. O
JJemma 5.4. CGx C Lx.

Aokazameavemso. fcno, uro X C Lx. Hosromy nocrarodno pokasarb, uro Lx

noarpynnons CFx. Tycrs

T s P
u = E o™z, € Ly, v = E a™y; e Lx, w= E al“zMELX.
i=1 j=1 p=1

Hmeenm

r s P
t = (uvw) = Z ity Z amj+1yj + Z alstl
J=1 p=1

i=1
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"
a(t)
> 3 FCard({i| ni+1=kyu{i|m; +1=kyu{p|l,+1=k}) =
k=0
= Zf&kaaml{i |ns +1=Fk}+ Z37k0ard{j | mj+1=k}+
k=0 k=0
S 3 {ully+1=ky= > 3% Card{i|n; =k} +
k=0 k=—1
> 3 Card{j|my; =ky+ > 3 {1, =k} =
k=—1 k=—1
=3t Zf&kaaml{i | n; = k}+
k=0
371 37 Card{jmy =k} +371D 3 M {ull, =k} =3 +3 437 =1,
k=0 k=0
Taxum o6pasom (vvw) € Lx. O

Jemma 5.5. ITyemv v = > a™z; € Lx ur=1. Toedavw e X un; =0.
i=1

Alokazameavemeso. O4eBuHO. [l

Jlemma 5.6. ITyemo v =Y, o™x; € Lx ur 2 3. Tozda Card {i| n; = (w)} > 3.
i=1

AHoxasameavemso. Tlpennonoxum nporusnoe, t.e. Card{i| n; = d(u)} < 2. Toraa
Card{i|n,=0(u)} =1 wm Card{i|n;, =0(u)} = 2.

B srux caygaax nonydum

a(u) a(u)—1
1=> "3""Card{i|n; =k} = > 3 *Card{i|n; =k} +37°) .1
k=0 k=0
W
a(u) a(u)—1
1=> 3*Card{i|n; =k} = > 3 FCard{i|n; =k} +37°" .2,
k=0 k=0
ClIea0BaTeNBEHO
a(u)—1
3% =14 Y 3 kCard {i| ny = k}
k=0
W
(u)—1
39 — 24 N 3 kCard {i| n; = k.
k=0
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B ofoux ciayyagx paBeHCTBO BO3MOMXKHO TONLKO nph O (u) = 0, T.e. Korpa v = = uin

r=1. O
Jdemma 5.7. Lx C CGx.

T
Hoxasameavemeo. Tlyere u = > o™z; € Lyx. Wngykumell no r noKakeMm, 910
i=1
w € CGx. Ina r = 1 yrsepxaenue cienyer u3 aemmbl 5.5. (OrMeruM, 910 cny-
yali 7 = 2 HEBO3MOXKEH, TaK Kak, B 3toM ciayuae u ¢ Lx. Jlelicreurensno, ecin
u=ofr; +amxy € Lx, 7037 % - 14+37.1=1nmm 3" 4+ 1=3"% (ecm k = m),
9710 HeBO3MOXKNO). JTonycrum r = 3. Honoxum n = d(u). Cornacuo nemme 5.6 ume-

em Card{i|n; = 0(u)} = 3, no3TOMy CyIIECTBYIOT TPH DA3NUYHBIX [ENbIX YHCIA

e, dym e {1,...,r} takue, 910 N, = Ng = Ny, = n. Hoaoxum
— Mg n—1
v = o, o Lo
i#£e,d,m

(oueBuano n = 1). Jlerko sugers, uro v € Ly. JelcrBurennro,

a(v) o(w)
> 3 *Card{iln; =k} => 3 "Card{i|n; =k} -3 "-3+4+3 "1 =
k=0 k=0

o(w)

Z 37 kCard{i|n; =k} =1.
k=0

Jnuna v MeHbIE T, CHEAOBATENBHO COMVIACHO WHAYKTHBHOMY TIDEJTIONOKEHUIO U €
CGx.

O6osnauuM yepes h enuncrsennbiii romomopdusm uz Wy na CG x takoi, uro b (z) =
z png seex x € X. Vmeem v = h(t) ana mekoroporo t € Wx. Cornacsuo nemume 5.1

nMeeM

v=nh (t) - Z a&(e)t[e].
ecI*(t)
Mostomy cymecrayer e € I, 1(t) Takoit, uro tg = z.. Honoxum w = e uya,, ().

Us nemmnt 5.1 cnenyer, uro b (w) = v u cnenosarensuo v € CGx. O

Teopema 5.1 cnenyer u3 nemm 5.2, 5.4, 5.7.

6. JIMHEAHBIE NMPEACTABJIEHUA KOMMYTATHUBHBIX MEANAJIBHBIX TEPHAPHBIX

IPYHNIIOUIOB

ByneM roBoputhb, 9T0 n-apubii rpynnons Q(A) nMmeer auHERHOE NpEACTABICHUE, €C-

JIE CYIIECTBYIOT KOMMYTaTubHLIH Monoun S(+,0) u cucrema ero KOMMYTHPYIOIIAX
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sugomopdusMos {f;|i=1,...,n}, rakue yro Q@ C S u onepanusa A Moxer ObiTh

TIpeJICTaBIeHa B BUIE

A($177$n):f1($1)++fn($n)+a

JUIS BCEX T, . .., Ty € (J, T7I€ G HEKOTOPLIN PUKCHPOBaHHBIN 3emMenT S.
Jlunefinoe npencrabBieHue Ha3LIBAETCA TOYHBIM, ecim @ = S 1 BBLIIYKIBIM, €CId
a=0.

Teopema 6.1 (cp. ¢ [15], 4.3.1). ITyems G() — kommymamuensd, meduasvrvid mep-
napuwudi zpynnoud. Tozda on umeem ewnyxaoe aunedinoe npedemasaenue S(+,0, f, g, h)
maxoe, wmo [ = g = h u [ — asmomopdusm S(+), m.e. cywecmeyrom xKommyma-
musnsiii monoud S(+,0) u ezo asmomopdusm [ maxue, wmo G C S u (xyz) =

f @)+ fly)+ f(2) daa scex z,y, 2 € G.

JlokazarenbCTBO TEOpeMbl pa300beM HA HECKOJILKO JeMM.
Mycrs A]] KOMMYTaTUBHLIH MeHaNbLELBIA TepHapHbii rpynnons. O6osnadum depes h
enuHCTBeHALIH romomopdusM u3 CG 4 na A[] Takoii, uro h(z) = x gna Beex z € A.
Onpenenum 6unapnoe ornomenne R na CFy cneayoumuy o6paszom:
(u,v) € R rorna u TonbKO TOrAa, Korga cymecrsyor w € CFy, z,y,z,a € Anec2 0
Takue, 910 u = w + &z, v = w + aTly + Tz + ot la u x = [yzdl.
Tanee, onpenennm Guaapuoe oraomenne R na CFy caenyommM o6pasom:
(u,v) € R rorna u TONBKO Torza, Koraa cyuecrsyor m = 0 u ug, ..., uy € CFy

TAKHE, 9TO Uy = U, Uy, = v U (ui_1,u;) € RUR™! nna seex i € {1,...,m}.

Jdemma 6.1. Caedyrougue ymeepsicoenua cnpasediuesl:
(1) R wonepysnuyua anrzebpo CEF4(+,0,0);
(2) Ecauu,v € CF4 u (au,av) € R, mo (u,v) € R;
(3) Ecau (u,v) € R, mozda u € CG 4 mozda u moavko mozda, kozda v € CG4;
(4)

4) Ecauw,y,2z,a € A ux = [yza], mo (x,(yza)) € R.

Jorazameavemeo. (1). Ouesunno R — orHomenne sxpubatenTnocTn. [lokazxem, 4To

R — xourpysunus. Iycrs (u,v) € R, torga cymectsyior m = 0 0 ug, . .., Uy € CF4

TaKHe, 9TO Ug = U, Uy = v ¥ (u;_1,u;) € RUR™Y nna seex i € {1,...,m}. fcno,

gro ug +t = w+t, upy +t = v+ t. Ocraerca nokasarsh, uro (u;—1 + L,u; +1) €

RUR™ nnascex i€ {1,...,m}. Tak kak (u;_1,u;) € RUR™, 10 u;_y = w+ oz,
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up = w4 oy + otz + attla | nosromy w1+t = (wt) + o, uy +t =
(w+t) + actly + a®tlz + a®tla, uro osmauaer (v + t,v +t) € R. Amamormuno
nposepsercs, 4To ecan (u,v) € R, 10 (au, av) € R.

(2). Mycers (qu, av) € R, Torga ug = au, Uy, = ov 1 (u;_1,u;) € RU R~ nna peex
i€ {1,...,m}. fcuo, uro au) = au, aul, = av u (au) |, cu}) € RU R nostomy
aul_| = w+ oz, aul = w+ a®Tly + attlz + atla | crenosatensho w Tak-3ke
HAYWHACTCA C O , IOITOMY monydaem v, | = w' + a1z, ul = w' + oy + a®z + o“a,
uro osnauaer (v, ,ul) E RUR 'uu=1),...,v="1u,, re. (u,v) € R.

(3). Cnenyer uz nemmbr 5.3.

(4). Tycrs z,y,2,a € A u o = [yza]. Uveem z = 0+ z, (yza) = 0+ ay + az + aa,

re. (z,(yza)) € R (¢ = 0,up = x, uy = (yza)). O
Jlemma 6.2, ITyemo (u,v) € R u u,v € CG4. Tozda h(u) = h(v).

Jokazameavemso. VUveem u = w + oz, v = w + o“Tly + o®Tlz + o la ana vexo-
roporo w € CFy, ¢ 2 0u z,y,2,a € A takux, yro = = [yza]. O6osHaunm gepes
g romomopdusm Wa na CG 4 takoit, uro g () = = ana seex z € A. Cymecrsyer
t € Wy rakoii, aro g (t) = w. Cornacuo nemme 5.1 cymecrsyer € = ay -+ -a, € I.(t)

Takol, 4ro t| = x. Cornacno nemme 2.7 nveem

t = [te) tay - ae)s awamt[al..ﬁc]7t[a1~~ﬁc,1]7ac7175c717t[al..ﬁcil]7t[a1~~~ﬁc,2]7

Ao, To—2, - . ~715[(“52]715[61]7a17517t[51]] =
= [t1e]s t2cs ey ey tae—1,t20—2, Ge1,Ge1,t20 3,204, Qe 1, Te1, - - -, 13,12, a1, @1, 1],
JJIS HEKOTOPBIX TePMOB U1, o, ..., ta, € Wa. Tlonoxum u; = g(t;), i = 1,2,..., 2¢.
Torna uy, ..., us. € CGy, nosromy OyneM uMerh

U =g (t) =g ((( .. ((:Etgctgcfl)tgcfgtgcfg) .. ) tgtl)) ==

= (( .. ((:EUchgc,ﬂ UQC,QUQC,S) . ) UQU1) .
CrenoBarenbHo,

-1 -1
u = oz + aure + ause—1 + % Tuge_o + o Tuge_s + - -+ aus + aug,
v=oa Ty +a Tz 4 aa+ aCug + auge_q1 + a tuge_g + ¢ tuge_s + -+ auy.
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Takum obpazom nonyuaem

h(uw) = [[...[[zh(uze) b (uae1)] b (uze—2) b (uae3)]. . .Jh(ua) b (u1)] =
= [[.. - lllyzalh (uge) b (wae—1)] b (use—2) b (uge—s)] .. ] h(uz) b (uq)] = h(v).

Jlemma pgokazana. O
Jlemma 6.3. ITycmo z,y € A u (x,y) € R. Tozda = — y.

Aoxasameavemeo. V3 nemmbt 6.1 (3) crnenyer, uro z,y € CG 4, NO3TOMY COIIACHO

nemme 6.2 nmeem h(z) = h(y), Te. z = y. O

Jlemma 6.4. Tepnapundi zpynnoud A[] umeem ewnyraoce aunedinoe npedcmasacHue

S(+,0, f, f, f) maxoe, umo [ — unsexmuensiti sndomopdusam S(+).

Hoxaszameavemeo. V13 onpenenenna R w nemmbt 6.3 caenyer, aro anrebpa uzomopd-
nag anredbpe CFa(+,0, a, a, @)/ R 6yneT BolyKAbIM THHEHHLIM [IDEICTABICHACM IDYTI-

nonga A[]. Cornmacuo nemme 6.1 (2) coorsercrryromuii SHA0MOpdHEIM UHBEKTHBEH.

O

Teopema 6.1 cienyer u3 nemmbt 6.4 u caenyromero npeanoxkenus [15, Tipennoxenne
1.1.1}:

Ipenmoxenne 6.1. Tyemo A — cuznamypa, a FO ... FO — cumsonv. yraprsiz
onepayut us A. ITyemo A 6ydem A-anzebpots maxotl, wmo onepayuy Fg) UHBERMUEG-
Hote sndomopdusmor A das ecex i = 1,...,n. Tozda cywecmeyem A-anzebpa B co

CAEIYIOWUMY, CBOTCTNEAMU:

(1) A nodasazebpa B u cywecmeyem uyens By C By C By C ... nodaaze6p B
maxas, wmo B; usomoppum A dan ecex i = 0,1,... u B obsedunenue smot
yenu;

(2) Fg) aemomoppusmos B das ecex i =10,1,...n;

(3) anzebpw A, B ydosaemeopasom odnum u mem sce moscdecmeam.

Abstract. The paper studies the class of commutative medial ternary groupoids.
A construction of ternary semiterms is given and proved that the equational theory
of medial commutative ternary groupoids is solvable, namely, an algorithm is found,

which in all medial commutative ternary groupoids verifies the validity of the identity
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uw = v for any pair (u, v) of terms. A construction of free medial commutative ternary
groupoids is given, and it is proved that any medial commutative ternary groupoid

has a convex linear representation.
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BBIAEJIEHUE TJIAJKWX PEIMEHUI OJTHOTO KJIACCA
PETYJIAPHBIX YPABHEHUN B IIPSIMOYTOJIbHUKE

. T. KABAPAH, B. H. MAPTAPAH
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Poccuticko - Apysackuit (Crapsackuii) Yausepceurer
E-mails:  wachagon.margaryan@yahoo.com; haikghazaryan@mail.ru

AnHoTanmsi. Jlupeinsrit guddepenmuansupii omepatop P(D) ¢ nocTosHub-
MU K03hOUIMEHTAME HABIBACTCA PELYAAPHUM (HEBUPONCIEHHbIM), ECTH BCE
MOHOMBI {£“} XapakTepuCTHIECKOTO MHOTOWIeHa (HONHOTO cumbona) P(€) =
P(g1,&2) aroro omeparopa oumenusaiorca depes P(€). B pabore paccMarpusa-
eTCsl BYMEPHBI pPeryiaapHblil, HOYTH TUIOLIMITHYeCKuH omeparop P(D) =
P(D1, D3) ¢ npaBMiIbHBIM MHOTOYTOIBHUKOM HBIOTOHA M JOKA3BIBAETCS, YTO BCE
0600ménnne (cnabee) pemenus ypasnenus P(D)u = f u3 ompejesnenHoro se-
cosoro npocrpancrsa Cobosesa spasioTcs 6eckonedno qudepeHupyeMBIMUA B
apsiMoyroasauke O = Q(a,b) = {x € F?;—a < 21 < a;—b < x9 < b} dyuxuus-
MU II0 BTOpO# nepemMenHoi, ecnu dbyukuus [ 6eckoneuno guddepennupyemMa mo
TOH »Ke NepeMeHHOI.

MSC2010 number: 12E10

KarodeBble caoBa: MrUNOINITAYECKIEN ONEpATOD, PHTIOINNITHYECKOE YDaBHEHNE,
peryisipHbLIA Oneparop, NMOYTH THIOSIHITHYECKOS YPaBHEeHne, aHn30TPOIHOE BECO-
Boe npocrpancrso Cobosena.

1. BBEAEHUE. [TOCTAHOBKA 3AJAYN. KJIACC YPABHEHUI

B 1937 roxy W. T Tlerposckuii nokaszan (cum. [1]), uro Bee Kiaccuueckne perenns cu-
crembt 7 QEPEHIUANLHBIX YPABHEHUA B YACTHBIX IPOU3BOAHDBIX ¢ ITOCTOAHHBIMEA KO-
s punEeHTaME AaHATUTHYHBL TOIIA B TOABKO TOTIA, KOIAA 3T CHCTeMa SMIUITHYHA.
Tem campim Tlerposekuit 0606mma pesynsrarst C. H. Bepuurrefina (cm. {2]) u apyrax,
OTHOCAINUXCA K YPABHEHUAM BTOPOTO NOPsAKa. UT0 Kacaercs cnabbix (0600IEHRbIX )
pentennii, 70 ux auddepeHIEPYEMOCTEL AN ypasHennsa Jlaniaca snepsbie ObLia 50~
kazana . Befinem (cm.3]), a nna Gonee obmmx ypasnenu# (B OCHOBHOM BTODOIO
nop#aka) 31or sonpoc usyden JI. Isapuem [4], ®. Honom [5], K. ®puapuxcom [6],

1. O. Jlakcowm [7], JI. HupenGeproum [8] u apyramu.
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TlepesnoMubiM MOMEHTOM B 9TOH TEOPHUH MOXKHO CYHTATH noaBienue B 1955 roay pabo-
to JI. Xépmangepa [9], rie on BBest IOHSATHE CHIIOINIHITHYECKOTO ypaBHeHus! (one-
paTtopa), Bce 0bODIIEHHEbIE PeIleHns KOoToporo Geckoneano nuddepennupyeMsr (s
Gonee noppobubx ceesenutt oM. [10]). Dro oneparop P(D), orHomenus Beex 4act-
HbIx npoussonabix D P(€) xapakrepucrugeckoro Muporounena (cumpona) P(£) ko-
TOPOTrO H& 3TOT CEMBOJ CTPEMATCA K HYJMO OpH crpemieHnn || K GeCKOHEYHOCTH.
JI. Xépmangep 10Ka3al, 9To BCe HenpepbiBHbIE cnabbie perenus Juneiinoro nudde-
DEHIHANLHOIO ypaBHEeHus ¢ nocrogaunbiMu Kosddunnentamun P(D)u = 0 apasores
Heckoneano nuddepennupyembivu GYHKIUAMA TOMIA U TONLKO TOIVIA, KOIia Onepa-
rop P(D) runosnnunrudes.

Ecnn uMers B BUAY, 9TO SAMMNTAYHOCTE onepartopa P (D) MOXHO onpenenurs Kak
oneparop y koroporo ormomenune [¢|/® . |D*P(¢)/P(€)| orpanndeno ans mo6oro
MYABTHHHAEKCE (&, TO SICHO, YTO MOHATHE THNOILIUNTHIHOCTH SABJISIETCS HENOCPe-
creernbiM 0000IIeHreM NOHATHSA IUITUYHOCTH onieparopa. Paboret JI. Xépmansepa
CTAJA €CTECTBEHHBIM TONYKOM B BO3HWKHOBEHWH 33Ja4W O BBIJENEHWH HETPUBUHAIEL-
HbIX Oeckoneano audpepennupyeMbix pelennii HerunoaLTUITHYECKAX YDaBHeHnH.
B srom manpasnenuu nepsbie pesynbraret npusasiexar JI. Topuuary n B. Mane-
IpaH¥Ky, KOTopbie B pabore [11] BBenu noHsTHE “ACMUNHO 2UNOIAAUNNUNECKOZ0 OTIE-
paTopa ¥ JAOKasaiu, YTo Te PEIeHusl YacTHIHO THHOIMIUTITHIECKUX YPaBHEHWH, KO-
Tophie Geckonegno nudEpEHIPYEMb IO OTIPEIENEHHBIM TIEDEMEHHBIM, SBASIOTCS
Heckoneqno auddEpeHIUPYEMBIME IO BCEM TIEDEMEHHBIM.

Hanee sroli Temaruke Guiin HOCBANEHBE PabOThl MEHOIEX aBTopob. OTMETHM TONBKO
paboret [12] — [15] k KOTOPBIM HENOCPEACTBEHHO IPUMBIKAET Hallla 3aMerka. B wacr-
wocru, B pabore 7. C. Byrposa [14] nocrpoen npuMep HErHIIOSNIRITHYECKOTO yDaB-
HEHUs, PEIIEHUs KOTOPOrO B NOAYNPOCMPAHCEGE ABIAOTCH GECKOHEYHO TNajKuMu,
KaK TOMBKO OHU CYMMUDPYEMBI C KBAJIPDATOM BMECTE ¢ HEKOTOPBIME WX TTPOU3BOIHBIMA.
B pabore [15] B. Y. BypenkosbiM HalifieHbl HEOOXOAUMbBIE W JOCTATOYHBIE YCIIOBHS
TOro, 4TobBl BCE pellenus {u} Tak Ha3bIBAEMOTO 24000ABHO 2UNOIAAUNINUMECKOZ0
ypasuenusa P(D)u = 0, kotropbie onpeenennbiM 06pasoM CTpeMarcs K Hyaio B 6ec-

KOHEYHOCTH, ABJIAJINACH GeCKOHEYHO TImaJKuMHu.
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Ha naim B3rusy HOHATHE NOWMY 2UNOIAAUNMUNEcKozo oneparopa (cu. [16]) asnsa-
@TCA TAKUM YK€ €CTECTBEHHBIM H HENOCPEJCTBEHHBIM OGOOIICHHEM TOHATHS A0
JUITAYHOCTH, KAKAM NOHATHE THHOMIUIITAYHOCTY ABAAeTCA 00OOCIEHueM TOHATHS
sanunrtuaroctd. venno, oneparop P(D) HasbiBaeTCd Nowmy 2UnosAUNIMUMECKUM,
ecnu oraomenue |D*P(€)/P(€)| orpanugeno ans ao60ro MyJabTHHHACKCE Q.

Hawmu B {17] nokasano: jus toro, 4robel Bee Te pentenus ypasuenus P(D)u = 0, xo-
TOPBIE CYMMHDYEMBI ¢ ONPEAENEHHBIM SKCHOHEHIMATBHBIM BeCOM Obinl GeCKOHEUHO
nuddepernupyeMbiME GYHKIHAME 60 6CEM NPOCTPAHCINGE, HEOOXOAUMO U 10CTa-
T049HO, 4T06B! onepaTop P(D) 6bin NOYTH MENOINITHYECKEM.

B pabore [18] Bbizeneno MHOXKECTBO GECKOHEUHO IVIaJKUX DEIIEHUHE OJHOIO KIacca
JABYMEDHBIX NOYTH MANO3INNTHIECKUX YPABHEHUA B Heckonennoti TONoce 10CTarod-
HO GonbUIOH mupuHbl. B nactoamel pabore Mbi H3yYaeM ONPEAETCHHBIR KNace ABy-
MEPHBIX PeryiapHbIX, HOYTH UnodjunTrdeckux ypasaeauit P(D)u = P(Dq, Do)u =
f B KoHewnom npamoyeoavnuke n3 L.

Jna GbopMynupoOBKE 3a8489M U U3JIOMXKEHHA PE3YALTATOB YCIOBAMCH B CHEAYIOIIAX
obosnavennsax: B2 u E? npymepnblie BelecTBeHHbIC NpocTpancTsa touek & = (&1, &)
iz = (r1,22) , N - MHOXKecTBO HaTypanbubix yucen, No = N.U{0} , N§ = No x N

-MHOZKECTBO 2-MepHbIx Mynbraunekcos. lna & € R?, » € E? u o € N obosnaumm

] = /& +&, lol=arta, £¥=¢M-&7,

D> = D D32, rne Dy = 8/9¢; nubo Dy = 2.0/0z; (j =1,2).

Hns nuneinoro nudydepennpanbHOro oneparopa

P(D) = P(Dy,D2) = Y 7.D°, (1.1)
ac(P)
rje CyMMa pacipoCTpagercd 0 KoHeuHomy mabopy mynbrumpiekcos (P) = {a €

N, %e # 0} , MuOrO4ICH

P(&) = P(€1,&) = D 7ak® (1.2)

ac(P)
HA30BEM XapaKTEPHCTHYECKAM MHOIOWIEHOM WiH (HOJHBIM) CHMBOJIOM, & HAMMEHb-
MUl BHITYKIBIHE MHOrOyroiabauk R = R(P), comepxamuii muoxecrso (P) U {0},

Ha30BeM MHozoyzoavHukom Heromona oneparopa P(D) (muorounena P(€)).
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Mmuoroyronbauk R ¢ sepmmanavu u3 NS nasosem noansim (o, [19]), eciun R mmeer
BEPIIRHY B HAYATE KOODJAUHAT U OTJRYHBIE OT HAYANS KOODJAUHAT BEPIIRHBL HA, KAk~
noii ocu koopaunar N3. Tlonnbii MuOTOyronbHEK R Ha30BeM npasuivHbim (enoame
npasuavrom) (eM. [20], [21] ), ecnu Bremmue nopMasnn HekoOpaUHATHLIX cropod R
UMEIOT HeOTpHIATENbHbIE (IIONOKUTEIBHBIE) KOOPAUHATHL. JIerko noKkazars (CM., Ha-
upumep, [16]), yro muoroyronbank HBIOTOHA IMIOUIANITHYECKOrO (IIOYTH MANO3II-
JIOTHIECKOTO) ONEPATOPa ABAAETCA BHOJHE NPABAILHBIM (IDABAIBHBIM ).
Oneparop P(D) suna (1.1) (muorounen P(€) suna (1.2)) nasonem pezyaapnsim (Heebl-
poocdennvm) (em. [19]), ecnm cymecrsyer wucno C > 0 takoe,aro

D IS CUPE©I 1] Vee R (1.3)

ac(P)
B. TI. Muxaiinosbiv B pabore [19] naiijens HeoOXOAUMbBIE W JOCTATOYHBIE YCIIOBUS
roro, aro muorounen P(£) ¢ nonmeiM mMBoOroyronsaukoMm Heiorona 6bun perynsp-
mbiM. TaM ke JOKA3aHO, 9TO BEPINUHBL TOJIHOTO MHOrOrpanuuka HeloTOHA perynsp-
HOT'O MHOTOYJIEHA ¢ BEIIECTBEHHBIME KO3(D(DUIHEHTAMH UMEIOT YETHBIE KOODIHHATHL.
B macrosmeli 3aMerke uéTHBIC HaTypanbhbie gucna ,m (I < m) m, Tem cambiM,
gerpipéxyronsauk R = {v € N3, vy < vy + vy < m} 6yayr GUKCHPOBAHDL.
TeoMeTpHYeCKH OYEBHAHO, 9TO R — NpaBUBHBIL deThpéxyronbauk B R = {¢ €
R%, & >0, j = 1,2} ¢ seprmumavu (0,0), (1,0), ({, m — 1), (0,m) w3 NJ. Bamxno or-
METHT, 9T0 R HE ABAACTCHA BHONHE PABUILHBIM MHOIOYTOJNBHEKOM, TAK KAK BTOpas
KOODAMHATa BHEIIHEHR HOpManu nekoopaunarnoi cropoust [([,0) — (I, m — )] pasna
HYJIO, WM - TEOMETPUYECKH, 3Ta CTOPOHA TIePIeH Ky IApHa OCH oy B N3,
Tycrs ang nonoxurenbubix yuncen a,b dynkunsa f(z) = f(xy(, z2) 3a1a0a B NpAMO-
yrompuuke Q = Q(a,b) = {z € E%,21 € (—a,a),z9 € (=b,b)}. Paccmarpusaerca
yDaBHEHHE

P(D)u(z) = f(z); =€ (1.4)

Jlerko mokasarb, 4TO npu (JHHEHAHOM) NpeoOpa3OBAHMH KOODAMHAT T; = a;Yj;
a; > 0 (4 = 1,2) oneparop P(D) (muorounen P(£)) me menser uu CBOEro MHO-
royrosbauka HbloToOHA HU PEryispHOCTH, HE HOuYTH runosnaunruanoctu. Hosromy
npeobpasoBanueM 1 = 1, Lo = b.ys u3 npamoyronsauka ((a,b) MOXKHO nepeiTn K
NpPAMOYTONBHUKY, KOTOPLi# Takzxke o6osnaunmM gepes 2 Q = Qa) = Qa,1) = {z €
Bz € (—a,a),z9 € (—=1,1)}.
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Urak, 6yzem pacemarpusars ypasaenue (1.4) ¢ peeyasprom munelinniv nuddepen-
nuanbabiM oneparopoMd P(D) ¢ yersipéxyronsaukom Hetorona R(P) = R u nocrasum
3aja4dy O Bhinesenun Oeckonedno audQepeHnupyeMbix IO HEPeMEHHON To peluernii
U3 MHOXKeCTBa 000BIIEHHBIX pernennit ypapnenusa (1.4) npu mapHoll npasolt wacrtn
f ¢ anpwopHbIME CBORCTBAMU IVIAJKOCTH 1O NepeMeHHol ©o. Onucanubili oneparop
ABJAETCA WOYTH rEnodnnrngeckuM (eM. [16]) v yacrnano runosIMnTHIecKuM 1o
Bropofi nepemennof (cm. {11] nau [10]), Bo He ABAAETCA MUIOIUNTHYECKUM, BCIE-

CTBHE TOTO, Y4TO 4eThIpEXyronbhuk R(P) = R me aBnsgerca BHOAHE NPaBUIbLHLIM.

2. OVHKIIMOHAJIBHBIE TIPOCTPAHCTBA

B srom naparpade Mbi BBOAEM U UccsenyeM DYHKIMOHANBHBIE IPOCTPAHCTBA THIA
BECOBBIX AHU30TPONHBIX npocTpancTs Cobonera, B KOTOPLIX Mbl H3y4YaeMm ypDaBHEHHe
(1.4) ¢ muoroyronsaukom Hetorona dukcuposanuoro tuna R u ¢ GUKCHPOBAHHEBIM
npaMoyronbaukoM € = Q(a) C 2.

B xagecTse Becosoil dbyHKNmE MBI pacemMorpuM dyuknmio g(t) =1 —t? upu [t| < 1 n
g(t) =0npu [t| > 1.

O6osnaunm vepes H (R, Q) muoxectso dynxuuit v € La(Q) ¢ xomeuno#t nHopMoit

Nl = Nlull o) = Y 1D%ul|Lag), (21)
aceR

a gyepes Hy(R, Q) muoxecrso Gyuxuuii v € Lo(Q) ¢ xoneynoli nopmoii

llelle, = llllm,ma = Y 1D% g (22)]]1,00)- (2.2)
acR

W3 nonnrotht MEOTOyTonsauKa R n onpeaenenns (HDYHKIUR g JErKO cnenyet, 910 Gop-
mynamua (2.1) u (2.2 ) onpenensiorca nopMbi, npu stom H (R, Q) (coorsercrsenno
Hy(%,Q)) Banaxoso mpocrpanctso tuna npocrpancts CobosieBa (COOTBETCTBEHHO
TUna BecoBbIX npocrpancrs Cobonera ).

Haxoner gepes H°(R, Q) obosnaunm nononrenne Mmaoxkecrsa C5°(Q) no mopume (2.1),
agepes Hy o.(R, Q) — mpozkecrso dyukuuii v € Hy (R, Q(a)) ana moboro a € (0, a),
rne Qa) = Qa’ 1) = {z e B, —d <z <d,—1 <z <1}, Qa) C Q.

Bameuanne 2.1. Jezko sudems, wmo u € Hy 1,.(R, Q) mozda u moavko mozda,

roeda u(z).P(z1) € Hy(R, Q) dan npouseoavnot dynryuu ¢ € C5°(—a, a).

Cuavana JOKazKeM JIBa IIPDOCTBLIX BCIOMOI'aTeNLHBIX IIDeJJIOXKeHnA.
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TIpeanoxenune 2.1. ITyems § € (0,1); k,n € No, k+n < m. Tozda

1) g"(t) <(20)" mpu 1-30< |t <1;

2) g™ () < (20)" g™ F () mpu 1 = <t < 15

3) eywecmeyem wucao o = o(m) > 0 maxoe, wmo das ecex k=0,1,....m
dk
‘ng(t)‘ <og™ ) Vte(-1,1).

Aoxasameavemeo. OueBuano, nynkr 1) nocrarodno nokasarh aid n = 1. Tak kak
[t >1-810gt)=1—]t]?<1—-(1-8)%=(2-48)5 <24.

Bropoi IyHKT NOJIy4aeTCs W3 NepBOTO yMHOMKEHHeM 00emX 9Yacreil HepaBencTBa
1) na Heorpunarenbuoe Bhipaxkenue g™ K" (¢). Tperuil NyHKT JOKA3BIBAETCA MPO-

CTBIMH BBIKJIaJKaMH. [l

IIpeanoxenne 2.2. ITycmo 6 € (0,1). Cyweemeyem dynryua ps(t); t € E*, yoo-
BAEMEOPAIOULAA YCAOBUAM

1) ps € CF(=146/2,1 -6 2);

2)0 < ps(t) <1, Vie EY;

3) palt) = 1 mpu lt] < 1—6;

4) daa mobozo k € Ny cyweemeyem wucao Cp > 0, ne sasucawee om § maxoe,

Umo

W <cps ™t teBY: k=01, ..

Joxasameavemeo. Tlycrs @ € C5°(—1,1), () > Onpuscext € (—1,1)n [ P(t)dt =
1, a xs(t) — xapakrepucTnyeckas GyHKIRA OTPE3Ka, [—lJr%é7 1— %(5]. Torana npocrbiMu
BLIYHC/ICHUAMEA JIErKO YOeHAuThCH, 9T0 (DYyHKIN
4 47
estt) = 5 [ xote—ne(iar
YAOBAETBOPSAET TpeOOBanuAM 1) - 4) IPeAJIOKEHN IPK

Ck:4"“/|<1>("“)(t)|dt E=0,1,....

TIpennoxenue 2.2 n10Ka3aHo. [l

Jdemma 2.1. Iyemo ¢ € C§°(—a,a) uu € Hy 1,.(R, ), mozda

u(z)p(z1)g™ (z2) € HO(R, Q).
32



BBEAEJAEHUE I'VIAJKUX PELMIEHUNA OJHOIO KJACCA

Jorazameavemeo. Hycrs § € (0,1) u dynxnua @s(xs) (x2 € E') mocrpoena no
npennoxenuio 2.2. TTonoxum

dy = maz{Cy;1 <k <m},Qs = Qa, 1)\ Qa,1 —9).
Torna uz ceoficrsa 3) dyHKIUE @5 Chaeayer

I = |u(@)d(z1) g"(22)[1 — ps(z2)ll|lmm.0) =

= lu(@)dr(@1)g™ (@)1 — ps(@a)llmn.05) =

= DD (@) (x1)g™ (2) (1 = ws(@2))l| 0

aER
Ouenum Bhiparkenue [, npumenda csolicTsa 2), 4) byskuun ¢s u dopuyny Jlehbnuna

(‘npn srom mmxe || - || = || - ||y (as))

<Y 1D [ul@)i(a)g™ ()] ||+

aceR

td S0 OB Do OB u(a) ()™ ()],

aER,ax>0 Ba=1

rze Cij — ouaOMuanbHbEe Ko3ddunuentor. Euié pas npumenun dbopmyny Jleibuuna,

noay4daem
I<{D D u(@)d(w1)]lg™ (w2)| |+
aER
o
+ D > CEs D O [u(a) (e D g™ ()] 1+
aER, x>0 Ba=1
&)
+di{ Y Y G DY 0P u(@)y(w)|g™ (wa) ||+
aER, x>0 Bo=1
a az—f2
+ oY Y CRsR Y Ol DO u(@)d (@)D g (0|} =
QER, 0 >0 Bo=1 ya=1

=1 +dy 5. (23)

Tlpumensas npensoxkenue 2.1, nna cnaraemoro I nonayuaem

L < ) 1D [ul)d(n)]g™ (o) ||+

aER

too 3 Y OO u) g )g™ P ()|

aER,ax>1 Ba=1
33



I. I. KABAPAH, B. H. MAPT'APAH

Hns Iy apanoraano

(23}
L 33 B0 D OB u(a)p()g™ (o)l
aER,a>1 Ba=1

o ag—[f32
Yo Z Z ng(;*ﬂ2 Z (25)ﬂ2||D°‘7(O’ﬂ2)7(0772)[u(x)zb(xﬂ] g (22)]]-
aER,c>1 Br=1 v2=1

CrpynunupoBas COOTBETCTBYIONIHE 4ienbt B onenkax [1 u I, 3 (2.3) nonyuaem c
HEKOTOPO# nocTosuuoi dy > 0
Qs
I<dy. Y Y C2D O u(a)p(a)]g™ P ()] (2.4)
aeR, B2=0
Tak gkak m — B2 > |a— (0, 52)| npu a € R, 0 < £y < a9 u no onpenenenuo GyHKIHNR
g, g(z2) < 1mpu |z2| <1, 10

9" P (29) < gl O (a0) Vg € (—1,1). (2.5)
C apyroit croponsi, B cuny npasunbnocTn B muoxecrso {a — (0,5); a € R, 0 <
B2 < aa} CR. Tosromy uz (2.4), (2.5) caenyer, 9ro ¢ HEKOTOPOH NOCTOsAHHOM dg > 0

I <ds Z 1D [u(@)d(21)]9'* (@2)| o) (2.6)
acR

Eciu umers B Buay, yro mes{ls — 0 npu § — +0 u no ycaoBuio jeMMbl v €
Hy 100(R,Q), cnenoparensno, B cuny samesanus 2.1 Du(2)y(x1)]g' % (x2) € La(Q)
AN Beex « € R, u npapas 9actb HepaBeHCcTBa (2.6) crpemuTeda K nymio npu § — +0.

o onpenenennio knacca H(R, Q) 310 snagnr, 9ro npu 6 — +0

I'= [lu(z) p(z1) g™ (@2) [1 = ws(@2)]l| 5 w,0) — 0 (2.7)

Tlokaxkem, uro nnsa xkaxnoro € > 0 cymecrsyer dynknus . € C° rakas, 410
b 0 b

|[u(z) ¥(z1) g7 (22) @s(2) — Pe (@)l R ,0) <& (2.8)
Hns bukcupoBanubix v 1 ¥ yepes w1 06O3HATHM NpOJOKenre nynéM GysKuug v -
pre . Ecau taknm o6pazom GyHKIEIO ¢ - ) JOONpPeSelnTh Ha BCe IPOCTPAHCTBO 2,
10 DyHKIEA U -1 - g™ - 5 TaKKe Oyzmer noonpeenena nyném va £, Tanee, He oroso-
puBast 370 Kaxk bl pas, 6yieM CauTarh, Yro paccMOTpenHbie hYHKIHNA TPOHAOIKEHb
HynéMm Bre {1, NpUYeM MBI ONYCTUM B 0DO3HAYEHUSAX 3HAK NTPONONIKEHNU.
Hycrs suppy C [—a+ Aya — Al; A > 0 u (em. npegnoxenne 2.2) suppps C
[-1+9/4,1 —6/4]. Torpa
supp(upg™ps) C [—a+ Aya— AIX[-1+6/4,1 —6/4].
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Mycrs S1 = {z € E?, |z| < 1} orkpeiretii kpyr & B2, 0 < w € C5°(54), [w(z)dr =1,
h>0wu wy(z)=h2w(z/h). Torna (cm. [23])

suppluth g™ @s * wi] C supp(uth g™ @s) + suppws.

Honoxum hg = min{A,§/4}. Torna upu 0 < h < hg

supp [w1h g™ s x wi] C supp (u g™ @s) + suppwp C Q. (2.9)

Tax kax (cm. [22], Tnasy 2, wnn [23], Tnasy 3 ) [u ¢ g™ @s] * wp, € C™, 10 B Cuny
(2.9)

[utp g™ ws] % wn € C57(Q). (2.10)

TIpuvennM HepapencTBEO MUHKOBCKOTO 1 CBOficTBA QYHKIEE W IJiA ONSHKH CIELYIO-

mell pazHocTH

Z [[1D%w g™ s« win] — DYuvp g™ @5]l||1.0) =

aER
= / {D%up g™ psl(z —y) — D [up g™ ps](2) } wi(y)dyl|L,(0) <
aER lyl<h
< Z sup ||Da[u¢9m %](' - y)||L2(Q) : ||wh||L1(Q) =
ozE?R‘yKh
=3 sup [[D[uds g™ 5)(- = llLace- (2.11)
ozE?R‘y‘<h
B cuny menpepriBrocTr B cpeaneM byarnmit uz Lo orcroaa cienyer, yro npu h — 0
> D [u s g™ s+ wn] = D[uth g™ @slll ) — 0- (2.12)
aER

Ina h € (0, hg) nonoxum

Oy (z) = wlz) P(21) g™ (22) ps(2) * Wi (),
TOI'JIA,

[luh g™ — @pl| = |futh g™ (1 —@s5) +uvp g™ s — Prl|um,0) <

<l g™ (1 = @s)llr@ma) + llutd g™ s — Pnllrm0)- (2.13)
B cany (2.7) wncno §y > 0 MoxkHO BRIOGpaTh Tak, 4ro npu 6 < dy
e g™ (1 = 25)l ey < 5 (2.14)
B cuny (2.12) anst garsoro dg wucno h € (0, hg) MOXKHO BHIOpaTh Tak, YTobbl
llut g™ ps — Pullama) < % (2.15)
W3 coornomennit (2.13) - (2.15) cnenyer (2.8), uro u jokaswiBaer jgemmy 2.1. O
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Jlemma 2.2. B npocmpancmee Hy = H (R, Q) moocno esecmu nopmy
llallzr, =l ey = D 107w g™l (2.16)
aceR

IKGUBAACHIMHYI0 UCTOOHOT Hopme (2.2).

Alokazameavemeo. Mbi 107KHEBL J0Ka3aTh cylecrsopanne yucia C > 0 1akoro,9to

ct ZH(D“ ) 9o <Z||D“ug Moy <

aER aceR

<C Y D) g |pyi) Y€ Hy(R, Q). (2.17)
aceR
Hycrs o € R. Bocnonssyemcs csoiictsom 3) hyHKnuE g ¢ 3aMeHoll m Ha «o u k Ha

G2 (0 < By < ag) (em. TIpepnoxkenne 2.1 ). Tpumensas dopMyny Jlelbuuna, nomxydnm
¢ nekoTopoll nocrosunof C1 > 0 ms Beex u € Hy (R, Q) (npu srom, B 0boznadenuax
HOPMBI MBI OnycTHM HHACKC Lo(£2))

2 D% fug ™Moy = 211 D Ca (D u] [Dy2g ]| <

acR acR  Ba<as

<oy Y CEIDY OB gl <o YD) g,

acR B2<as acR
YTO AOKA3LIBAET NPaByio Yacth (2.17).

Jna nokasarensersa gepoit acrn (2.17) nokazxkem No HHAYKIAR IO J, 9T0 1715 J060ro
mynpranagekca o € R (D9 Diu(z))g® ™ (z0) € La(Q), 5 = 0,1, ..., a B upeano-
noxenny, uro oipaxense |[u|| B (2.16) orpanmaeno. Ipu j = 0, [DS u(a)|g™ (z2) =
D u(x) g™t (z2)] € La(§2). Hycrs teneps
(DY Dju(z)) g™ (@) € Lo(Q), §=0,1,...,7 <ag — 1, (2.18)

HOK&IKEM, 970

(DY Dy ()] g T (wa) € La(9).
Tax kak npn o € R u r < ap — 1 B cuny orpanmyennocrn ||ul|

DY Dy u(z) > (a)] € Lo (), (2.19)
10 npuMenas opmyny Jleiibuuna u coornomenus (2.18), (2.19) nonyuaem

(D Dy @) g7 (2) = D Dy u(a) > ()]~

r+1
Z DS Dy Ry ()] DE gt T (29) € Lo(€2). (2.20)
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B cuaty nponssonbuocry (a1, j) € R sro nokaswisaer, 4o u € Hy (R, Q), upu srom

ap
(D%w) g*M|| < Co > |[DF Difug™ )| < Co > [[DPug]||
7=0 BeER

¢ mekoTopoit mocrogunolt Co = Cy(a) > 0, me sapucamed or v. Tak Kak 9uCIO
MYJBTHUHIEKCOB o € R OrpaHryYeHO, TO OTCHAa CHEAYeT JieBasl JacTh HEPaBEHCTBA

(2.18). Jlemma 2.2 nokaszana. O

3. BHIAEJEHUE TJIADKHX PEIIEHUI

ycrs npamoyronbnuk @ = Qfa, 1), npapunbnbiii erbipéxyronsnuk R = R(l, m),
pecopas byHkuus g, Becopoe npocrpancrso Hy(R,Q) u sokasbHoe DPOCTPAHCTBO
Hy 100(%, Q1) onpenenenst Kak 1 BbIIIE.

Haa j = —1,0,1,2,... nonomum R; = {v € N}, 1 <L |v|=vi+ve <m+j}
R, - npaBUIBHBI YETBIPDEXYTONBHUK B Ri ¢ pepmmnamu (0,0), (1,0), (I,m — 1+ 7),
(0,m+7) u3 N§, npustom R_1 = {v € N3, v1 <L |v| <m—1}, Ro =R, R; C Ryeq,
j=-1,0,1,2,.. ..

Creayomas neMMa HaM TOHaa00uT sl A1 10Ka3aTeNbCTBa OCHOBHOIO PE3YAbTATA.

Jlemma 3.1. ITycmos Q(D) = Q(D1, D) — aunetinnid duddepenyuassrnd onepamop
€ NOCMOANHIMY, KoaPPuyuenmamu U ¢ wemupézyzosvrurom Horomona R(Q) C R;
daa nexomopozo j € Ny. Ecau u € Hy 15.(R;-1,9Q), [Q(D)u] g™ € Lo(Q(a’, 1))

das mobozo a € (0,a), mo daa kaocdot ¢ € C3°(—a, a)
QD) [u(z) Y(w1) g™ (w2)] € La(E?). (3.1)

Aoxasameavemeo. CHavana nokaxem, 9ro oneparop Q(D) kak oneparop 06obimen-
goro auddepenHpoBats MOKHO PUMERETL K GyHKIEE u - ¥ - ¢™ 17, 3aTem noka-
JKEM, 9TO Pe3yNbTaT TAKOTO NpuMeHenus npubagiexut Lo(Q). Tpu stom orMernM,
gto B (3.1) dynxuua w.ib.g™ I npononxena nynem sue ).

Huxe nns oneparopa Q(D) n mynsrunngexca 3 € N§ oneparop Q) (D)— mudde-
DEHIHANLHBI ONepaTop, OTBEYAIONMA CUMBOJY (XapaKTepUuCTHIeCKOMY MHOTOYJIe-
ny) QU(€) = DPQ(E), npu srom QI (€) = Q(€), u Q¥ (€) = 0 npm |B] > m + 5.
Bamernm,aro ecim R(Q) C RN;, 1o w3 npasunbnocry R, cnepyer, 4ro RQP)Y

R;_1 npu |B] # 0.
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Yrobbl nokazarth, 910 oneparop (D) kak oneparop 0606mennoro auddepennupo-

BAHHA MOXKHO IPUMEHHTD K QYHKIHE w1 g™ 7| clenyer nokKasarh, 9TO BBHIPAIKEHHE

I() = |(u(z) (1) g™ (22), Q(=D)p())]
Orpanudeno (OCTOAHHOM, 3aBUCAlIel OT @) Aad Kaxkaod (npobuoil) dyuknum ¢ €
C5e (E?).
HWrak, nycts ¢ € C3°(E?). Tpuvenaa dopmyny Jleiibuuna nas oneparopa Q(D),
HepapencTso Kounm - ByHAKOBCKOTO, 1 GOpMYLY WHTEIDHPOBAHEA T10 YacTAM, 0Ny~

qaeM
I{g) = I, wgm” Q(=D)¢)| = (v, Q(=D)lps g™ ])~
- Z 5, u, [QP(=D)¢] (~=D)°[ g™ 7)) =

|B]>0
= |(u, Q(=D)[gsb g™ 7)) = Y %(u(—D)ﬂW g1 QP (=Dl <
18>0 """
< (Q(D)u, b g™ )| + Z il QWD) [u(=D)’(p g™ )], )| =
|B1>0
=A+ Z ﬁ'Bﬂ (3.2)

|81>0

OunenumM Kax0e craraemoe npasoil wacru (3.2). Mmeem

A= |QD)u, ¢ g™ )| = [([QUDYu g™ ] 4, )]

Tak kax no ycnosuio gemmbl Q(D)u g™ € Ly(Q(a’, 1)) ana nwboro @’ € (0,a) u
P € C§(—a,a), o [Q(D)ug™ ¢ € Ly(Q) = La(Q(a,1)). Tosromy, npumensas

nepaBencTBo Komm - ByHAKOBCKOro, MOayYum

A < NQDYu g™ ¢l 10 llellzagay < oo (3.3)

Mpumenus dopumyny Jeiibunna ans oneparopa Q) (D), nna cnaraemsix Bg; 8] > 0
nMeeM
Bp = I(Q(ﬂ)(D)[u (=D)P (4 g™ )], )| =
= Z (1QUV(D)u] (DY [ g™, 0). (3.4)
'y>0
Tax kaxk DYQ(&) = 0 npu |a| > m+7, 10 B npasoit gacru (3.2) cymma pacupocTpans-

erca no mynsraungekcam 3 |8] < m+ 4, a B npasoii yactu (3.4) 00 MyALTURHEIEKCAM
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v |y| < m+ 7. Tosromy u3 (3.4) umeem ¢ nekoropoil nocrosmuoi Cy > 0

Bs<Ci o Y [([QW(Dyal (D) [ g ], ). (3.5)
0<|B|<m+j

Tokaxem,ato npu S € N3; 0 < || <m+j
QP (D)u] (D)P[p g™ ] € Ly(). (3.6)
Cravana OTMETHM, YTO ¢ HEKOTOPOH nocrosauoi Cy > 0 nmeem

R (D)u(z)] < Cy Z | DO Bly(z)| Va e B2
a€(Q),a>p
Ianee, tak xax ¢ € C§°(—a,a), a GyHKIEA g yIOBIETBOPAET CBOUCTBY 3) TIpesyio-

wenus 2.1, 10 ¢ HeKoTOPOR nocrosuuo# Cs > 0
|DP [ (1) g™ 1 (@a)]| = [DY (1) DY g™ (2)| < Ca g™ %2 (2a) V€ B

W3 nocnenueix AByx cooTHOIEHWH npu [ € NOQ; 0 < |8 € m + j nonydaem ¢

uekoropolt nocrosinaol Cy = Cy(B8) >0

QW (DYyu] D[ g™ lppiy < Ca D D> Pu) g™ 7% a0 1y
ac(Q),02p

roe o’ =a'(¢) € (0,a), suppyp C[—a',d].
Tax kax g(t) <luput € Bl u|a— B <m+j — B, 10

QW (D)u] D[ g™ )|y <

<Cy D D Pu) g™ Ly a)- (3.7)
0E(Q),0>p

Toraxem,qr0 o — 3 € R;_1 npu o € (Q); 0# 8 < o, ve. nokazem, 910 aq — 31 <
u (ay —B1)+ (g — B2) <m+ 7 —1- Ilycrs crauana $; = 0, Toraa ap — 3 = ap <1
1o oupenenennio Muoxecrsa N u Tak Kak B2 > 1, 10 a1+ (. — o) <m+j5— B <
m+j —1- Iycre By # 0- Tak kak o € (Q) C Ry, 10 aq + an < m + j, nosromy
(1 = B1) + (a2 = B2) = (a1 +ag) = (B1 + B2) Sm+j— 1.

Orcrona, u3 yenosust v € Hy 10,(R;-1,Q) nemmbt u u3 (3.7) cnenyer (3.6). Torna
npuMmenss K npasoii gactu (3.5) mepasencrso Komm - ByHAKOBCKOIO, U3 COOTHO-

wenu#t (3.2), (3.3), (3.5) nonyuumM OrpaHWYEHHOCTH Bbipaxkenus [(p) ana Kax o

(npobnoii) dynxnmu ¢ € C5°(E?). J1o 3uaunt, uto oneparop Q(D) kax onepaTop
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obobuennoro auddepeHnupoBaRnsd MOKHEO NPAMEHHTE K DyEKumE uw.1.¢" 7, npu

310M ¢ Hekoropoit nocrosunoit Cs = Cy(u) > 0
() < Cs |lollramzy Yo € CF°(E?). (3.8)
JIjis1 3aBepleHns JOKA3aTeNbCTBA JEMMbl PACCMOTPUM JIHHEHHBIHA QyHKIHOHA
I(¢) = (u(@) Y(@1) " (@2), Q(=D)p(a))

na C5°(E?). Onenxa (3.8) nokassisaer, uto dpynxuuonan I(y) orpanuyaen B C5O(E?).
Tax kax muoxectso C5°(E?) nnotno B Lo (E?), 10 no teopeme Xana-Banaxa dbyHk-

nuonan I MoxuOo nponomxkurh Ha Ly ¢ coxpanerneM HODMBL, T.e.

[1(p)| < Cs |lpllige2y Y € La(E?)-

TTo teopeme Pucca cymecrsyer dynknus ® € Ly rakas, gro
I{p) = (®,¢) Ve e Ly
Tax xax pgia seex ¢ € CF°
(@, ) = (u(z) (a1) g™ (22), Q(=D)p(2)),
TO TIO Onpenenenuio 060bIeHHol NPOU3BOIHOM
QD) (up g™ ™) = b € Ly(E?).

Drum Jlemma 3.1 nokaszana. O

Honoxum

N(P) - N(P7 R, 979) - {u € ]{g7 lac(%fhﬂ);
DIP(D)u] g™ € Lo(d/,1) Yje Ny, Va' e€(0,a)}.

W3 HuzkenpuBOAMMON JJEMMBI HETIOCPEICTBEHHO CJIEAYET OCHOBHON DEe3yIbTar HACTO-

SIel 3aMeTKH.

Jlemma 3.2. ITycmo P(D) — pezyasprnili onepamop ¢ npasusbHbm Semuperyzons-

nuwom Hotomona R = R(P) = {v € N} vy <1, [v| <m, | <m}. Toeda
N(P7 §R7 979) C ﬂ ]{g7 lac(%jﬁﬂ)'
§=0
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Aoxasameavemeo. TIposeaem no naaykumn 1o j. Hyers § = 0w w € N(P). Hoxka-

FKEM,9TO
u € Hg, 106(%07 Q) = Hg, 106(%7 Q) (39)

Tak xax 1o onpegenenuio muoxectsa R(P), v € Hy 100(R_1, 1), 10 mis nokasarenn-
crBa (3.9) A0CTATOYHO AOKA3aTh, 9TO And MyabrTuuniekcos a € R\ R_y re. ana

MyJABTHHHAEKCOB {0 € R, |a] = m}
(D) gl® € Ly(Q(a’, 1)) Va' € (0,a). (3.10)

Cuagana ormerum, yronpu § = 0u Q(D) = P(D) ycnosus nemmet 3.1 3KBUBaIEHTHB
yenopuio v € N(P). Tlostomy, npuMenas nemmy 3.1 k oneparopy Q(D) = P(D),
Oy UM

P(D)u-4¢- g™ € Lo(E*) ¥ € C5°(—a,a), (3.11)
a u3 onpenenenus muoxecrsa N (P) creayer, aro

up g™ € Ly(E?) Yo € CF°(—a,a). (3.12)

Tanee cumpon P(€) perynapuoro oneparopa P(D) ynosnersopser nepasencrsy (1.3).
Tosromy us pasencrea Iapcesadssi, nepasencrea (1.3) u coornomenu#t (3.11), (3.12)

nosyaum pgist mobbix {o € R, |a| = m} u ¢ € CF°(—a, a)
1% Flu g™ |[|Lo(r2y < CLIPE) - Flut g™ llLore) + [[Flud g™ || Lorey} =

= C{|IP(D)uh g" |1, m2y + [l th g™ [|La(m2) < 00, (3.13)
rne F(f) — npeobpasosanne @ypne dynknuu [ € Lo(E?). D10 B cuny pasencrsa
Tlapcepansa o3nadaer, 9410

> Dt g a2y < o0 Vi€ CF(—a,a). (3.14)

aeR,|al=m

Vi3 npunaanexnoctn v K Hy oe(R_1,Q) u u3 Jlemmer 2.2 cnenyer, 910

S D gl <00 V€ CF(—aa). (315)

aeR,|al=m—1
W3 (3.14), (3.15) B cuny Jlemmer 2.2 u npoussonsaocTH ¢ cneayer (3.10), re. N(P) C
]{g7 l0c(§RO7 Q)
Tenepn nokawem, uro ecid N(P) C Hy 10.(R;, Q) nas secex j = 0,1,...,r, vo
N(P) C Hy 1o0(Rr11,9).
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Mycrs v € N(P), nokaxem, 910 v € Hy 100(Ryr1,Q)- Coasana ormeruM, 9ro u3
perynsproctu oneparopa P(D) cnenyer (em. mepasencrso (1.3)), gro ana moboro

MyJAbTHHHAEKCE « € R u mis mwboro 7 € Ny

| G 1<CIEPE I+ 1] YeR,

C napyro#i croponsr, Tak kak m > 1, 1o (0,7 + 1) = (0,m +7r — (m — 1)) € R,.
Tlosromy eme pa3 npumensis pasercrso Ilapcesans m Jlemmy 3.1 nna oneparopa

Q(D) = Dy P(D), umeenm ans moboro MyasTHERAEKCA o € R

1657 €% Flu g™ [lyrey <

< ClIE PE) - Fluv g™ oy + 11657 Fludbg™ ) a2y} =
DS Pt g™ gz + D5 g™ (e} < oo
Orcrona u u3 pasencrsa [lapcepans cueayer, 9To
Dy DPlucp g™ € Ly(E?) VB e R (3.16)
Tak Kak 1o NpeinonoKeHuIo HHAYKIUA | JeMMbI 2.2
DPluy gl € La(Q) VB eR, (3.17)
upu Beex ¢ € Cg(—a,a), To B cunny nevmbi 3.1 u 3amevanus 2.1 uz (3.16), (3.17)

crenyer, yro u € Hy toc(Rrg1, Q). Jlemma 3.2 nokasana. O

Hycrs x € Q = Q(a, 1), dyskuua f(z) = f(xy,z2) uMeeT HENPEPLIBHBIE YACTHLIC

TIPOM3BOJIHLIE JTI000T0 NOPSIKa 10 nepeMennoft ro u
Dif g™t e Ly(Qd',1)) Yje Ny, Va' €(0,a) (3.18)

C.HG,ELYIOULGG npeanoXKenue ABnAeTcd OCHOBHBLIM DE3YyILTaTOM HacTOAMIEH 3aMeTKH.

Teopema 3.1. ITycmo P(D) — pezyaapusiii onepamop ¢ npasusbHbiym Semupery2oit-
nuxom Horomona R a dynxyua [ ydosaemeopsem ycaosuam (3.18) 6 npamoyzons-
nure Q. Toeda awboe obobuennoe pewenue u € Hy 15.(R_1,Q) ypasnenua (1.2)

asasemes beckonenno duddepenyupyemol no emopol nepemennol PyHryuet.

Joxasameavemso. s obnacrn G C E? u j = 0,1, ... uepes CO9) (@) oboznaunm
muEOXKecTBO dyukuui {u(z) = w(xy,x9)} HENPEPLIBHBIX W UMEIOIMX HENPEPhIBHBIE

npouspoaubie B G 110 HepeMeHHol o 10 j— TOro HOPAAKa BKIYUTENLHO.
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Iycrs, Kak u Bhille, (HATypanbHbie) 9ucaa [ B m Onpesensior 4eThIPeXyroabHAK
R. O6osnraunm wepes S({,m +j) 7 =0,1,... MHOKECTBO MYILTHHHACKCOB o € N2
Takux, 9to a1/l + as/(m+ ) < 1. Ilna kaxgoro 7 = 0,1, ... 310 (mepaBrobenpen-
HBIfi) IPAMOYTOMBHBI Tpeyronbauk B R2 ¢ pepmmnavu n3 Ni. Yepes Wzl’mH(G)
0603rauuM arusoTponnoe npocrpanctso Cobonesa - Muoxkecrso dyuakuuii v € Lo(G)

C KOHEYHOI HOPMOIl

lallwimesgy = D 1D%ulliye =01,
aeS(,m+7)
Ouesunno, yro g kaxaoro j = 0,1,..., S, m + j) C R;({,m), npu srom, ecnn

G =Qa,1), 0 H(R;, Q) € Wa™ Q).

Mycrb u € Hy 0o (R_1, Q) 0600mennoe peutenue ypasuenus (1.4). Torna no yenosu-
am (3.18) reopembt v € N(P) u no semme 3.2 v € Hy 105.(R;, Q) nna moboro j € No.
Tokaxem, 910 miaa nobeix dukcuposannbix gucen o € (0,a) mw b € (0,1), v €

N H(R;,Qa’,b)). B camom nene, Tax xak npu b € (0,1) u [t] <b, g(t) > 1 —b? > 0,
J

TO A7t 1000ro MyNIbTHHHAEKCS & € U N; umeem

[ | prueras < o= [ ] 0ot s <

Q(a’,b) Q(a’,b)

< a‘/ / | D%u(2)?g?1®) (20)da < o0,

Q(a’,1)
re v e [VH®R,;,Qd,b)).
J
Tax kak S(I,m +j) C R;({,m) ana kaxzgoro j = 0,1,..., 10 orcioga clieayer,4ro

u € ﬂ Wzl’mﬂ (Q(a’, b)). Mpumensis 31eck Teopemy 10.4 monorpaduu {22} 0 Bnoxenun

AHU30TPONHBIX NPOCTPAHC Wzl 7nﬂ(ﬂ), 7 =0,1,... B npocTpaHCTBO HENPEPHIBHBIX
QyBKIRA, TOAYIHM, 9TO U € ﬂ CO9)(Q). Teopema noKkazana. O
J
Abstract. A linear differential operator P(D) with constant coefficients is said to
be regular or nondegenerating, if all monomials {£*} of the characteristic polynomial
P(&) = P(£1,&), ie. of the complete symbol of the operator P(D) are estimated
by P(£). This work is devoted to the study of two-dimensional, regular, almost
hypoelliptic operators P(D) = P(D,, Dy) with regular Newton polyhedrons. It is
proved that all generalized (weak) solutions of the equation P(D)u = f from a
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several weighted Sobolev space are infinitely differentiable functions in the rectangle
{x € E?: —a <y <a, —b < x5 < b} in the variable 5, in which the function f is

infinitely differentiable.
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Abstract. We deal with overconvergence phenomena of power series with radius
of convergence zero. Among others it is shown that the partial sums of such series
can be elongated to become Cesiro summable on a set S C {z :\z2\ > 0} if and only

if the considered power series is overconvergent.
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1. Introduction

We consider a power series
@
(1.1) Y ,avzv with I}_183\au\></v = 00

ji=0

which has radius of convergence zero. Its partial sums
(1.2) Sn(z) = "*la,,rl
i/=0

are divergent for all z ~ 0 and quantitatively we have

L1721 (2)|V = °o forall r ~ 0.
We define as the family ofall functions/ : K -> C which are infinitely differentiable
on K. Then, according to a classical result of E. Borél (see €. g. [@j, page 191 or 171
page 102) for any sequence of complex numbers there exists a function p g C°°

'The research work of the second author has been supported by German Academic Exchange
Service (DAAD) ‘ b



with the property that its sequence of derivatives satisfies vy,/)(0) = a,, for all n £ NO.
Hence, there is a function g £ C°° such that the power series (1.1) can be written as

and therefore represents the Taylor series of g. Of course, this series has no analytic
properties around the origin.

However, among others, we show in this paper that certain power series of the type
(1.1) may by applying simple analytic operations to their partial sums generate
holomorphic (and other) behavior on sets in |z| > 0. Our idea is, to modify the
sequence of partial sums by ,.elongation” and to apply a summability method to the
new sequence.

We say that a sequence {s,} of complex numbers is being elongated with respect to

a sequence m = of natural numbers if the term sn is listed mn-times, i. e. the
modified sequence

SOjeesjn0) M je..,Sij.. .,Sfc,..., )...
e e R G Sy Vemmmoees *
mo—times m i—times m*.—times

is considered. Occasionally we denote this new sequence as the m-elongation of
{s,}. It is clear that {*,} converges if and only if any m-elongation converges.
This may change drastically when instead of convergence, summability properties
are considered.

We mainly concentrate ourselves to the Cx means (arithmetical means) which transform
the partial sums (1.2) into

(L4) Cn(z) = n_tll_I .gzgs (r).

This sequence again diverges for all * 0 and simple estimations show that (in
analogy to the behavior of partial sums) the following holds:

2“EM *)|1/n =00 forall z%o.
It is the object of this paper:

» To demonstrate in part 2 that certain power series of type (1.1) may show
overconvergence phenomena with respect to certain notions of convergence.
To piove in the main parts 3 and 4 that special elongations of the partial

sums of those series may be C\ summable in sets, contained in |z| > 0 and
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that this property occurs if and only if the power series under consideration

is overconvergent.

2. Overconvergence

(0
A power series _;‘:Uavz" "'ith radius of convergence zero is called overconvergent, if
i

there exist a set S C {z : \z\ > 0} and a subsequence {sPf(,z2)} of its partial sums
which converges on S. Such a sequence is called an overconvergent subsequence of
the consideres series. (There are other definitions of overconvergence also.)

In this part of our paper we construct power series which have different overconvergence
behavior with respect to certain convergence concepts.

For the construction of those series the following Lemma is useful.

Lemma 2.1. Let K be a compact set with connected complement, 0 £ K, a number

£ N, a holomorphic function F oil K and e > 0. Then there exists a polynomial of
the type

P(z) = £a”
u=4
with
max|.F(z) - P{z)\ < £.

Proof. The function | [z)/z4 is holomorphic on K and by Runge's approximation

theorem there exists a polynomial Q(z) = .EOa,,rM with

max 1Q(z) - K e L.
K ' zi | max|z?|’

Then P(z) := zqQ(z) has the required form and we get
m*x\P(z) F{)\ <e.
Lemma 2.1 is-proved. O

In the following results we describe various overconvergence phenomena which deal
as basis for the main results in parts 3 and 4.

Theorem 2-1- Let an open set 0 with simply connected components be given, 0 0
and afunction f which is holomorphic on O. Then there exists a power series £ avzv
with radius of convergence zero and a sequence {pk}, such that the subsequence

{Sf4 (z)} of partial sums converges compactly to f(z) on O.
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Proof. 1. We have 0 =  Gi "there the set J = {1,2,---} is finite or countable
i€l

and the Gj are pairwise disjoint simply connected domains. For each j & J we can

choose a sequence of Jordan domains {G” 1} exhausting G j, which means that G* JC

GW ¢ Q(k+1) ¢ g .forall f. e N and that a coinpact set B C G} is contained in

some Gjka".
We consider Kk 'm= U and a point zx Ku with 0 < |r*| < fm Then KkU

i .
is compact with connected complement and does not contain the origin.

2. Now we construct a sequence of polynomials and a strictly increasing sequence

of integers by induction. Suppose that Po(z) = z.qo = 0 and that for the
polynomials
i}
PO(z) = z,...,Pk-i(z)= Y,
v=ak~1+1
are already determined. Then, by Lemma 2.1 there exists a polynomials P* oi the
form
k+l
Pk(z) = ~ anrz"
V=4k+1
with
(22) m“ AW {/W X!Ir(2)} <E
i"=0
and
(22) [Nk(*0-2|<1-

3- We consider the power series £ avzv and with the abbreviation pk = Ui+ 1 we get

(observe that there are no overlappings of the coefficients in the polynomials):

Fc K
spAz) 'm= vz" - £p, (*).
v=0 iI=0

Let be given any compact set K ¢ O, then there exists a kO with K C Kk for all
&> ko. | hen, for k > k0, we obtain by (2.1)

K 00 - /(*)I< max|sp,(z) - f{z)] _ max £ Pv[z) - H2)\ <
i/=0
Since K CO was arbitrary, we obtain that {sR (r)} converges on O compactly to

f(z).



POWER SERIES WITH RADIUS OF CONVERGENCE ZERO

4. The constructed power seri&g has radius of convergence zero. Otherwise there would

exist an r > 0 such that J2 auzu is uniformly convergent on \z\ < r. We have
0 < \zk\ < r for sufficiently great k and it follows from (2.2)
I avzk = |Po.(m%)| > 1,

"=7b+1
which contradicts Cauchy’s criterion for uniform convergence. |

Remark 2.1. Theorem 2.1 can be derived from a result due to Seleznev /5] (see
also Grofle-Erdmann [1, Theorem 17]) on universal elements. We prefered to give an

elementary and direct constructive proof.

In the next result we deal with pointwise or uniform overconvergence.

®

Theorem 2.2. There exists u power sei‘'ies ~ (iuZu with radius of convergence zero
t/=0

and a sequence {pk}> suc™ 101 "le subsequence {sPf(z)} of partial sums converges to

(@) pointwise for all z € C,
(b) uniformly on each compact set which does not intersect [0,00),

(¢) uniformly on each compact set contained in (0,00).

Proof. We consider the compact set
Kk:={r: <\WW<*}\[z:Re(z)>0,0<1Im(r) < rg]

which has connected complement and construct a sequence of polynomials {Pk} and
a strictly increasing sequence {gk} of integers by induction. Suppose that P0(z) =

z,qo = 0, and that for k 6 N

PO{z) =z,...,Pk_I(z2)= auzZ»
#=9(=-i+l
have already been determined. Then, by Lemma 2.1 we find a polynomial
*k .k _7’5
Pk{z) = ~ avzl
=k+1

with

| N
(23) max ( )+  p"()

il=0
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and

(2.4) H k) - 2\<h
We consider the power series '/£=0 auzu. If we abbreviate pk = 4k+ 1 then we have
i
pk "
? )= avzV = |
/=0 i=0

Let a point 2 6 C be given. If = 0 then sPk{0) = 0 for all k and for 2~ 0 there
exists a ko with r 6 Kk for all k > foo, it follows from (2-3) that {sge( )} converges
to zero.

If K is a compact set with K [0,cc) = 0 or K C (0,00), then in both cases theie
is a k\ with K C Kk for all k > fci and it follows again from (2.3) that {sp,(2)}
converges on K uniformly to zero.

As in step 4 in the proof of Theorem 2.1 it follows from (2.4) that the constructed

power series cannot have a positive radius of convergence.

Remark 2.2. L f is an entire junction vlith the pomr series - o tk‘n

f, («, + m Has raiins of contend zero and its science o/ P,, 4.1 sums

\Y '/t:o(a' +J.K IJ conges to/(,) lor alt, 6 C abl w,Llorbly on each compact set
i

K with K .00) -- 0 or K C (0, 00).

A result, similar to Theorem 2.1 also holds for power series with posit
convergence which we mention without proof.

Theorem 2.3. There exists a power series >, " with radius of convergence 1 and

a sequence {pk} such that the subsequence {sPf(z)} of paitial sums co
(a) pointwise for all z,|z| >1,
(b) uniformly on each compact set K C {z : |z| > 1} which does not
U>°°)>

(c) uniformly on each compact set K C (l,00).

There also exists a result for measurable functions on measurable sets whic

follows from a theorem of Tomm und Trautner [7j, where even much more has
proved.



Theorem 2.4. Let M C C be n (Lebesgue-)measurable set and let the function
f : M -> C be measurable on M. Then there exists a power series avzu with
radius of convergence zero and a sequence {pfc} such that the subsequence {sPk(z)}

of partial sums converges to f(z) almost everywhere on M .
To see this, consider the function
— 2« M
(0, if ZzEM
which is measurable on C and it suffices to construct a power series with radius of
convergence zero with an almost everywhere convergent subsequence to the limit g(z).
But the existence of such a series follows from Theorem 1 in the above mentioned

paper [7].

3.Elongations

We now show that overconvergence phenomena permit the elongation of partial sums
to become Cx summable throughout the set of overconvergence. Then, in part 4 it is
shown - as a converse result - that such an elongation only can exist if the considered

power series is overconvergent.

Theorem 3.1. Let be a power series with radius of convergence zero and
il
partial sums sn{z) = £ avz'. Suppose that there exists an overconvergent subsequence

{sR(z)} which ison asetS C {z :\2\ > 0}

compactly convergent )
or uniformly convergent
or pointwise convergent > to a limit f(z).

or almost everywhere convergent |

Then there exists an elongation of {sn(z)} suchthat its Cxransforms have the same

convergence properties as {sFh(z)j on S.

Proof. Let be given such a set 5 where {Spfc(*)} satisfies one of the assumptions.
1. We consider the sequence {J>} and for every Kk > 1 we choosc

3.1) >, =t (w+l + 1). M *)|}.



we elongate the sequence {s,,(z)} to the sequence {s'n(z)} where the partial sums

sPk(z) for k > 1are listed m* + 1 times, i. e. we consider the sequence

So, _ JSpy.Spi.. ... Spj Sy, +*eSpk— jSpk, Spk}e me 5SpK®, oo -
______ W_____ ————— e aaaaa
m i—times T b —times

Any natural n > p\ has a representation of the form

K

(3.2 n=W+£ mv+d, wherel<$ <Pk+1~ Pk,
=1

or

(3.3) 7= pk+i + m,, + 7. where

i/=1

2. If n has the form (3.2), then we get

1
()= <=0 N
= Y Av(z)--M(Pfc +1+~W *) +
n+ 1 u=0 + 1

+ 1 _ .{f£ m,Sp.fz) + Pk + 1+ w (*)}-
t/=I

The last term of this identity is exactly the C\ mean of a sequence elongated along
{sp<(2) } and therefore has (by the regularity of the C\ transform) the same convergence

Properties as {sPt(z)|.
By (3.1) we get for the remaining terms and all sufficiently great k

A<fCiTITTA + 1+ A sprtl( )<

< s~ et 1 O emax |sp*+1(z)| »
Pk + "2|mv+i?+1 M T
V=

APkl +1
<



and

k+
I 1 b
------- > sv(z) <
w<*In+1 2 ()I-
/=0
pk+ i>+ 1
max {ME S
Pk + £ tiv+ + 1 ||
w=l
pk+i +1 Tmaxi ()il 1

mk u<A+ 2<* 'Y £

Therefore these terms are compactly convergent to zero on C
3. If n has the form (3.3) then we get

an{z) = "+ LA () =
K+l .
= 1 Psjpw tvex+is ()
n+1 n+1 Pk+ z) +
1 K *

N T e(2)+(n+1 E raj)sP(2)}
J

Again, the last term has the same convergence properties as {sPk(r)} and the remaining

terms are estimated in a similar way as in step 2 ]

Remark 3.1. The Cesaro mean, Ca of order a > 1 of the partlal sums ( ) *

given by

| we obtain the above considered arithmetical means. It is well known that

Fora =
, Theorem 3.1 holds also

for 1< w < a2 the C@® transform is stronger than Cai.
for all Cesaro means Ca of order a > 1 and in addition for all Holder means H

of order a > 1 since Ha is equivalent to Ca. Moreover _Theorr™ 9/
J-1 remains true

for all summability methods which are stronger than the C,
i means, for a number of

those examples see for instance [3, chapter 2J or [4, chapter Il g i]



4. The converse result

We now show, that elongations as in Theorem 3.1 are possible only in the case that

the power series under consideration is overconvergent. For the proof the following

Lemma is essential.

()]
Lemma 4.1. Let £ auzu be apower series with radius of convergence zero. Suppose
u=0
n
that there exists an m-clongation of the partial sums sn(z) = vA:Oa"Z" such that their

Ci transforms are bounded at a point zq with \:q\ > 1. Then has a bounded

a
subsequence, where Mn := £ mv.

Proof. 1. Let {<,} be a sequence with the property that its C\ transforms

u=0

are bounded. We have tn= (n+ 1r,, - nr,_i and it follows that j * | is bounded.

2. Let the m-elongation {s)t(z)} of {s,,(z)} have the form

so(z), -‘-’-jso(r),.. e, sn(z),..., sn(z),....

mo-timcs mn—t.imes
Then by the assumption, the C\ transforms of {2*(r)} are bounded at zq. This implies
by step 1that, { 2 ~ } is bounded. Since sivh(z0) = s,,(z0) we obtain with a positive
constant C:

2o n \sn(zo)\ < C sM,, m
Mn
3. Now choose any fixed R > 1 If {£*“} would not have a bonded subsequence, then
m  ->3c and there exists an w, such that Mn > R «1h for all n > «o and it follows

for those n

or

Mn < S eMn_!, where5 = _7_I'~~|7 >
1

It follows

Mn<S +M, ! < S2aMn 2< ... < S"-"DmMno-
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We therefore have |s,,(z0)] < ¢ ° mMno which implies

nI_i>n30 hs,,(zo){l/n <S

in contradiction to (1.3). O
As a corollary one obtains now easily:
00
Theorem 4.1. Let £ avzu be a power series with radius of convergence zero and
/=0
avzv whose

suppose that there exists an m-elongation of the partial sum sn(z) = »
1=0

C\ transforms are on asetS C {z :|z| > 0}:
compactly convergent
or uniformly convergent

or pointwise convergent
or almost everywhere convergent

> to a limit f(z). ] >

Then there exists a subsequence {spi.(r)} of the partial sums having the same convergence

properties with the same limit on S.

Proof. According to Lemma 4.1 there exists a sequence {p*} ¢ N such that (" £ -\

is bounded. HmFkJ
We consider the following subsequence of the Ci transforms:
1 "
Pn{z) = tt~ m,,Sy(z)
IIn u=0

(of course, with the corresponding convergence properties on the set S) and obtain

n

Mn pn(z) =*2m,,sv(z),
i/=0
n-1

Mn 1 Pnii(z) = 2 2),
i/=0

which gives us

uinesn(z) = Mn mn(z) - M,,_j .pn_1(z) =

= Mnm{Pn{z) p~z)} + mnepn~i(&),

sn{z) - 7" - Pn () +/», ! (2).

Setting now n—Pk we find that (sPt(z)} hason 5 the sameconvert

as {pn(z)} which proves the theorem properties
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H. R. MARASI

University of Bonab, Bonab, Iran
E-mail: hamidreza.marasi@gmail.com

Abstract. The paper studies the differential equation
v+ (0747 (2) — q(a)) y =0 (%)
on the interval I = [0, 1], containing a finite number of zeros 0 < 21 <22 < ... <
< 2m < 1 of 2, i.e. so-called turning points. Using asymptotic estimates from [6]
for appropriate fundamental systems of solutions of (*) as |p| — oo, it is proved
that, if there is an asymptotic solution of the initial value problem generated by (¥)
in the interval [0,21), then the asymptotic solutions in the remaining intervals can
be obtained recursively. Furthermore, an infinite product representation of solutions
of (*) is studied. The representations are useful in the study of inverse spectral prob-
lems for such equations.

MSC2010 number:35G25

Keywords: Turning point, Sturm-Liouville problem, nondefinite problem, infinite
products, Hadamard factorization, spectral theory.

1. INTRODUCTION

There are numerous research papers devoted entirely or partially to the study of the

equation
(1.1) v'+ (p°¢*(x) — q(z)y =0, 0<a<1,

where the real valued functions ¢? and ¢ are said to be the coefficients of the problem,
#” is the weight and ¢ is the potential function. Let I, be the set of points = € (0,1),
where ¢?(z) > 0, I_ be the set of = € (0,1), where ¢°(z) < 0, and let Iy be the
set of those = € (0,1), where ¢?(x) = 0. If both I, and I_ are of positive Lebesgue

measure, then the weight function ¢?(z) is said to be indefinite. The zeros of ¢*(z),
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which are assumed to form a discrete set, are called turning points or transition points
(TP) of (1.1). It is impossible to obtain exact solutions for the majority of differential
equations with variable coefficients, so it is necessary to find the best possible method
for approximation of solutions. One of the most useful mathematical methods is the
representation of a solution in an asymptotic form. For the existence of a solution of
(1.1) depending on the parameter p?, we would like to call the reader’s attention to
a complete historical review by Mingarelli [19].

The asymptotic techniques for solving differential equations of the form (1.1) play
a crucial role in analysis and in the development of methods of modern applied
mathematics and theoretical physics. The development of the asymptotic theory for
linear differential equations started by a work of Birkhoff [2], based on transformations
to first order systems, various diagonal transformation methods were applied by
many specialists. The reader can find them in the books by Wasow {26, 27]. The
results of Doronideyn [4], Kazarinoff [11}, McKelvey [18], Langer [14], Olver [22],
Wazwaz [28], Dyachenko [5], Tumanov [25] and Kheiri, Jodayree & Mingarelli [12]
give important innovations in the asymptotic approximation of solutions of the Sturm-
Liouville equations with two turning points.

The importance of asymptotic analysis in obtaining information on solutions of the
Sturm-Liouville equation with multiple turning points was shown by Leung [15}], Olver
[20-22], Heading [8], and Eberhard, Freiling & Schneider [6] in the case when the
coeflicients are smooth, in particular at TP. But the weakness of asymptotic methods
is that generally it is impossible to express exact solutions in closed forms, which
is necessary for the methods connected with dual equations. On representation of
solutions in closed forms, a result of Halvorsen [7] is known, which states that for
any z € [0,1] a solution y(z, A) of (1.1) satisfying a fixed set of initial conditions
is an entire function of the variable A, whose order does not exceed 1/2. Thus, it
follows from Hadamard’s factorization theorem (see, eg. [16]) that the solutions are
representable as infinite products, and this gives an alternate description that has not

been used for approximation purposes in various applications. Such infinite product
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representations have been effectively used by Trubowitz [23] and others [3,13], etc.,
in some theoretical considerations related to the inverse spectral problem associated
with (1.1) in definite cases, namely where the coefficient of the parameter A in (1.1)
is of a fixed sign in [0, 1], which is not true in the more general indefinite cases.
Nevertheless, there are some works of the same spirit as those of Trubowitz and the
mentioned above specialists (see, e.g. [10]), where such techniques is effectively used
in the study of inverse spectral problems associated with the indefinite problem (1.1).
This paper considers the Sturm-Liouville equation (1.1) on a finite interval I, say
1 =10,1], with a finite number of arbitrary turning points x1, s, ..., z,, subject to
any initial conditions, say y(0,A) = 0, ¥’(0,\) = 1, and the asymptotic solution in
intervals [zy—1,24], v = 1,2,...,m+ 1, 241 = 1, 20 = 0 is recursively obtained.

Then, the infinite product representation of solutions is studied.

2. NOTATIONS, FUNDAMENTAL SOLUTIONS AND PRELIMINARY RESULTS

Let us consider the real, second order differential equation (1.1) where p? = X is the

spectral parameter. In addition, we assume that

(2.1) ¢’ (z) = gol@) [ [ (& — =),
v=1
where 0 = 29 < 21 < 29 < ... < Ty, < 1 = X1, £y 18 natural, ¢o(z) > 0 for

x €1 =[0,1], and ¢ is twice continuously differentiable on I. In other words, ¢°(x)
has m zeros x,, v =1, ..., m, of orders [, in I, which are also called turning points.
We also assume that ¢ is bounded and integrable on I.

We distinguish four different types of turning points as follows: the symbol

I, if 1, is even and ¢°(z)(z —2,) " <0,
11, if 1, is even and ¢°(x)(z — z,) " >0,
III, ifl, is odd and ¢°(2)(z — z,) " <0,
1V, if I, is odd and ¢?(z)(x — 2,) " > 0.

is said to be the type of the turning point z,, 1 <v < m.

T, =

x
x

Further, for a turning point z,, 1 < v < m, we set

I’U,E - [xvfl + &, Ty41 — E] and My =

59
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where £ > 0 is assumed to be a sufficiently small, fixed number, and

(2.2) 9 { 2, if T,=1II11V

1, if T,=1,11I
1, if T,=1II,1V
(2.3) o = { 2, if T,=1,11I

Also, we define
[I]ElJrO(%) as A — oo,
el=a+0("), aeC,
oo = min{ g1, 1o, - - - fom }-
Besides, we set

S, = {p carg p € {—%70”
and note that by [6] for each fixed & € I, ., according to its type, there exists a
fundamental system of solutions {ZUTfl(ga?p)7 ZZ“Q(x?p)} of (1.1), which is described
by the following formulas.

Turning point of type I:
ool 2w {o [ ool 1) s <o <,

()| 712 ese 7y exp {p/z |¢(t)|dt} 1], 2y <z < Zpr1,

€T

(24) Z,,(z,p) =

6(e)] /2 exp {—p | |¢<t>|dt} 1], 2e 1 <2<

ot sinmsexn { = [ lo0l ) 1. o, <o <o

Loy

(2.5) Z, 5w, p) =

(2.6) Z! (w0, p) = @(ﬂp)l/%““ cse Wﬂuem(1/4+““/2)71%Z¢_(21)) (1,
5 Wiz,
(2.7) Z)y(20,p) = g(w)l/z““em(1/4+“”/2)7F(1¢_(iv)) 1],
where
x 1/2—p

sten = tim o) { [Cowary
and 1
(2.8) W(p) = W(Z} (x,p), Zs 5 (2, p)) = —2p[1],

where W(f(z),g(z)) := f(z)g'(z) — f'(z)g(z) is the Wronskian of f and g.
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Turning point of type 11:
(2.9)

|p(x)|~1/? exp{zp/Z |p( t)|dt} ife, 1 <z <wmY,
72 (2, )= ola)| Vs, {exp{zp/ 9(t |dt}

4 COS T iy exp{—zp/ |o(¢) |dt} [1 ]} ,ifry, <z <zpga,

ol 2 [exp {0 [ otolarf 1+

Zgz(gg7 p) = § +rcosmp, exp {zp/ |<b(t)|dt} [1]} , if 2y <z <y,

()| 712 sin 7, exp {—zp/ |<b(t)|dt} 1], if zy <z < @yqd,

(2.10)

o
@11) 2 (. p) = V2T 2 m e gy e (1 4nf2) 20 gy
’ 2 (1 — pi)
\/27r It ¢(x )
. VAR v 1/2 pio 1 (1/4—puar /2) v
(2.12) 0,2 (@0, p) = =5 a0
(2.13) W(p) =W (2 (z, p), ZI5(2, p)) = =2upl1].

Turning point of type 111:
e A A S
(2.14) ZIH (2, p) = —|¢< )71/ ese 22

<oxp {p [lot0ke+ TR i <o <o

ol 2 fexp { o [ oo} 1

+zexp{zp/ |¢(t)|dtH [1], if zy_1 <z <,
2(a)| /2 sin L2

xexp{ /|¢ |dt+ }[1]7 if z, <z <zpyq,

(2.15) Z[Y (=, p) =

(2.17) Zi (2o, p) = @(m)uz%ewv/zm (wgu) 1%’(‘11#_(22)) 1,

(218)  W(p) =W (2, (z.p). 2,5 (x,p)) = —2up]1].
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Turning point of type IV :

sl e {o [l it s <o <,
1 Ly _ .
L ese T ()1

(219) Z[%(w.p) = < Jexo {uo [ 1otk =5 b

+ exp{—zp/z |o(L)|dt + 2 } [1]} , i 2y < < xpy,

™

Ty 4
()] 2 exp{—p/zw(tndt} 0, i ae <o<a,
(220) ZL%(w.p) = § 25in L2 () V2

X {exp {—zp/z |p(¢)|dt — z%} [1]} , iz <z < wpy,

V2 2ip(zy)
2.21) ZHY (zy, p) = 1/2—pto J2a)
( ) u,l(ﬂﬂ 7P) B P CSC Tl F(l—uv)[ ]7
v V2T e, —emp)2 T\ 28 1p(zy)
(2:22) Z[5 (w0, p) = 5 —p!* e sec (£ )7“1_%)[1]7

(2.23) W(p) = W (Z,) (z, p), 215, p)) = —2p[1].
Halvorsen [7] proved that if 0 < ¢ <z < 1 and

[ totwiar 2o,
then the solution y(z, \) of (1.1), determined by fixed values of y, vy’ at ¢, is an entire
function of A of order 1/2. On the other hand, by Hadamard’s theorem an entire
function f(z) of a finite order [, can be represented in the following form:

2 h
_meal®) _Z LR 3 1z
f(z) =2"ed H(l an>eXp{an+2<an> +...+h o , z€C,

n
where a,, # 0 are the zeros of f(z), arranged in order of increasing magnitude, h <,
g(z) is a polynomial whose degree ¢ does not exceed ! and m is the multiplicity of the
zero of f(z) at the origin. By means of Hadamard’s theorem, we can find an infinite
expansion for sinh z and J/(z). It is well known that

0 2
sinhz:zH <1+%>7 zeC,
m2w

m=1
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and therefore
. = 202 = z
(2.24) sinh ey/z = c\/zwl;[l (1 + W) = C\/;71];[1 (1 + g) , z€eC,

where z,, = mm/c, and the holomorphity domain of the function f(z) = 2'/? is the
complement of the negative real axis z < 0, while its range is the right half of the
z-plane with the imaginary axis excluded.

Also, from [1] we have

2)1171 o0 22
. B P/ 0
(2.25) W) = e 1L (1= ) w0
m=1 m
where J,,, m = 1,2, ..., is the sequence of positive zeros of J|(z) and
2
(2.26) 32 = m?r? - % +O().

Putting z = ¢v/A and I'(1) = 1 in (2.25), we obtain

1 A2
(2.27) J! (C\/X) -3 H1 (1 - 5—2> 7
and similarly

(2.28) Ji (1) = % ﬁ (1 + A—f) .
1

s ES

For completeness, below we give the following well-known theorems which play an
important role in estimation of the infinite product and which can be found, for

instance, in [24].

Theorem 2.1. For any sequence of complex numbers p, , n=0,1,..., the product

>0

H(1 ern)

n=0

converges absolutely if and only if the series Y o py, converges absolutely.

Theorem 2.2. If p,(2), n = 0,1,..., are analytic functions in o simply connected

domain D, and the series

> Ipa(2)]
n=0

uniformly converges in every closed region R of D, then

>0

[T +pa(z)

n=0
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uniformly converges in every such R to a function f(z) analytic in D.

Theorem 2.3. (a) If amn, m,n > 1 are complex numbers such that

1
|amn|0<m>7 m#n,

then for anyn > 1

I1 (1+%mq1+0<ki”>.

m>1, m#n
(b) In addition, if b, (n > 1), is a square summable sequence of compler numbers,

then the product

I O+ amnbn)

m2>1, m#n
18 convergent.

3. ASYMPTOTIC FORM OF THE SOLUTION

Let us consider the second order differential equation (1.1) on a finite interval /, say
1 = [0,1], with any initial conditions, where vy and vy’ are determinated at a fixed
point ¢, for example y(0, A\) = 0, ¥'(0,A) = 1, also ¢ (=) is of the form (2.1) meaning
that I contains m turning points x1,z2, ..., Zm, which are zeros of ¢. A solution of

the problem in Iy . can be obtained by applying the initial conditions to
y(@,p) = C1(p) 214 (, p) + Colp) 21y (w, p), w € Iy,

In view of formulas (2.4) - (2.23) for the functions of {Zlel(gs7 0), ZleQ(ga7 p)} and their

derivatives, it is clear that this solution can be represented in the following form:

b0 (@ p) : = H(z, p) exp {(—1>5llu>5lp / ' |¢<t>|dt} Ei(z, p),

y(s,p) < = Flars, pn, p) csc s exp {(—1)91@)% / " |¢<t>|dt} Bi(a,p).

as it is done in Example 3.1 below. Here, the functions H(x,p) and F(zy,p1,p)

depend on the initial conditions and the type of the turning point z;. Moreover,

v(z)
Ej(w,p) = [1] +)_ ey, (2)],

n=1
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where a9 = a1 = —1, ap = —a_1 = 1, ﬁku(z)(x) 7§ 0,0<d< 6k1(x) < 5;@(95) <
- < By (®) < 2max{R (1), R_(1)}, and the integer-valued functions v and by,
are constant in all intervals [0, 21 —£] and [z + &, 29 — £] for sufficiently small £ > 0,

and

(3.1) Ry(x) = /05’3 vVmaz{0,¢?(t)} dt, R_(z)= /05’3 v/ maz{0, —¢2(t)} di.

The following theorem proves that if an asymptotic solution of initial value problem
(1.1) is obtained in the interval [0,1], then it can be obtained recursively in the

remaining intervals.

Theorem 3.1. Let Yo, o,..)(T,p) be an asymptotic solution of the initial value

problem (1.1) in the interval (x,,zy11). Then

(3.2) Y(0,01) (@, p) = H(z, p)exp {(—1)511(L)51P/Oz |¢(t)|dt} Ei(z, p)
= A(:E7 p)Ek(:E7 p)7

and for © € (xy,2y41), v > 1, we have

s
(3‘3) y(zv,zv+1)(x p) x17 H CSC
T <y
Tit1
x exp < (=1)% 71 (1)%p Z / (t)|dt
L <Xy

DY (—1>5v§+<—1>5v1<L>5vp/j|¢<t>|dt )

€y <Ly, Ty=I1T 1V

where k is the number of turning points z; < z, of Il or IV type. Also,

(34)  yler,p) = Flar, i, p) cscrmpus exp {(—nﬁuvlp I |¢<t>|dt} Byl ),
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and for x, > x1, which are turning points of Il or IV type, we have

(3.5) Y(zy, p) = Z%F(%Mmp) exp {(2 —du)em G - %)

yiz

H=1 ()" /O 1 |¢<t>ldt}csc““” 11 o35

x exp{<—1>5v1u>5vp >/

L <Xy

Tit1

o(t)|dt

7

LD DI VAt o §AC)

@3 <z Ty=IIT,IV

Similarly, for ©, > x1, which are turning points of I or I11 itype, we have

1 1 v
36 o) = g {2 vm (- + 2)

yiz
1)

+(—1)01(L)191p/0 ! |¢(t)|dt}csc7ruv H csc2 =

x exp{<—1>5v1u>5vp >/

T <xy T

Tit1

o(t)|dt

LD DI C VAt o § A}

@3 <z Ty=IIT,IV

where s is the number of turning points x; < z,, which are Il or I'V type.

Proof: Tt i clear that in the intervals (0,2z1) U (z1, z2) the solution can be obtained

by the formula
y(z, p) = C1(p)Z1y(z, p) + Cap) Z{5 (2, p),

and the initial conditions. For example, if z; is a turning point of IV type and

y(0,A) =1, ¥/(0, A\) = 0, then using formulas (2.19)-(2.21) and (2.23) we obtain

o) = 310020 2 exp {p [ 601t} 8o,

— H(z,p)exp {p I |¢<t>|dt} By, )

= A(O,zl)(x7 p)Ek('x7 p)
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Moreover, for the interval (z1,z9) we get

B7) Yo (@0) = 16| O] cse THL
(35) X exp {p | el [ o0 - %} Ey(,p)

1 T v v
= 340, (@1, p) csc % exp {Zp/ |¢(t)]dt — Z} :
x1

In order to find the solution in I -, we fix « € (1, 22) and write the obtained solution

in this interval as linear combination of fundamental solutions in Io:

(3.9) Ylas,z0) (@, 0) = Alp)Z3 4 (w, p) + B(p)Z33(x, p).-
Then, by Cramer’s rule we can determine the connection coefficients

Yoy (89205 (,0) = 2T, ), 1y (1)
W (2342, p), 255w, p)

Y @ P23, 0) = 233 (5, ) ) (2, 0)
W (233w, p), 285 ()

A(p)

(3.10)
B(p)

Note that {ZQT 2 (x, p), Z2T7 %(z, p)} are fundamental system of solutions in the intervals
(1, 29)U(x9, 23), and hence the continuation of the solution y(x, A) to (z9, z3) satisfies
(3.9), where A(p) and B(p) are the coeflicients obtained in the previous interval, but
now the formulas for {ZQTj(x?p)?ZQTfQ(x?p)} are used in z9 < z < x3. Further, one

can suppose that
y(zi,zi+1)(x7 p) - A(zi,zi+1)(x7 p)Ek (x7 p)

is the asymptotic form of the solution of the initial value problem in the interval
(x4, 2501), 4= 1,2, ..., m, with 2,41 = 1. Without loss of generality we can suppose
that 1 and a9 are turning points of IV and 111 types. Then, using formulas (2.14) -
(2.16) and those which they imply for the derivatives and taking into account (2.18),

we can calculate the connection coefficients A(p) and B(p) by (3.10). Thus, (3.9)
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yields
1 T TS 1
s o) = 3 pycse Tt e T exp Lo [ fototan

<exp {on [t = T o [lotolar+ 2

1

1 s v Wis
= 522 (2, 0) CSC% exp {p/ lp(t)]dt + Z} :

This procedure can be used to calculate the solution in the remaining intervals. For

completeness of the proof, note that acting in the same way one can obtain the

following representations.

(i) If z, is a I type turning point, then

Ay aoe) (@ 0) = Aoy 20y (@0, p) €SC Ty €XP {p/ |¢(t)|dt} :

(ii) If z, is a Il type turning point, then

Aty 20e) (@5 0) = Alwu_ | 20)(T0, p) CSCT 1y €XD {Lp/ |¢(t)|dt} :

(iii) If a, is a I11 type turning point, then

1 Ty “ v
Ay o) (@, 0) = gA(zvfl,z,J)(xm p) csc 5 exXp {p/ |p(t)|dt + Z} :

(iv) If z, is a I'V type turning point, then

1 Ty “ v
A(zv,zv+1)(x7 p) - §A(zv,1,zv)(xv7 p) CsC T exp {Lp/ |¢(t)|dt - Z} .

This completes the proof. |
Example 3.1. Let y(z, p) be the solution of 1.1 corresponding the initial conditions
y(0,0) =0, ¢'(0,)) =1.

Suppose, the first turning point zy is of I'V type, that is of the order [y = 4m+1, and
the other m — 1 turning points are arbitrary. Then, using the fundamental system of
solutions {Z{Y (z, p), Z{} (x, p)} we obtain

1
(311 ylw,p) = - (2140, 0215 (@ p) = Zi4 (@ 215 (0,0) @€ (0,0).
Hence, from (2.19) and (2.20) it follows that

(312) y(z,p) = W exo (o [ lotoiey 1= exo {=p [ fotoa )
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for z € (0,z1) or

T —1/2 z
(3.13) y(%p)%em{p / |¢<t>|dt}Ek<x7p> for @ e (0,a0).

Besides, in virtue of (2.21) and (2.22) we get

/ |p(0)|~ Y2\ 2mpl/ 2= #1284 (1) cse g
(3.14) y(@1, p) = AT(1 — py)

X exp {p I |¢<t>|dt} By, ).

Further, using Theorem 3.1 we can calculate

(3.15) y(x,p) = W cse %

4p
1 x

X exp {p/ |(b(t)dt+bp/ |p(t dt——}Ek(x p), x <z <.
0 1

We note that (3.15) also can be obtained directly.

Now, for a turning point of IV type we use Theorem 3.1. Then we find the solution

in the interval (z,, Zy41):

LSO . o
e A e T oxp o |¢<>|dt—z}

Iz+1

yiz
X H csc219i1exp{(_ )oo pZ/ (t)|dt

2o L <Xy Tz <Xy

(316) y(zv,zv+1)(x7 p) -

Y w/ 9(0)ldt — 4 Bl )

oLy <&y T;=IT1,IV

Besides, for a turning point of 111 type

1 o))V mpn “ &l
(817) Yy apa)(®,p) = S P 0S¢ —5 5 P |p(t)|dt — T
Tt Iz+1
X H CC 75 7 OXP (1) 1(1)%p Z / (t)|dt
2oLy <Xy L5 Ty

FY e T e [ ol T B,

wo Lw;<wx,:T;=ITT[IV
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Similarly, for a turning point of I1 type we obtain

1 |(z)p(0)|—1/2 T 1 v
(3.18) Y(wy,wpir)(@,p) = Z—k%mfcscwvew p/ |6(t)ldt — —

Tit1

X H csce 27;5?1 exp{( L A LEP Z/ (t)|dt

2oLy <Xy L5 Ty

LD DR G R /j|¢<t>|dt Bi(z, ).

Co Ly <@y Ty=ITI,IV

Further, for a turning point of I type we have

1 [o(@)g(0)| " mp {

o1 v
(319) Yoy 0 (@:0) = 5 2 csc = esempuy exp 4p | [@(t)]dt — Z}

m Tit+1
X H C5C 551 exp{( So=l()0 Z/ (t)|dt

Lo <Ly < Ty T <Xy

Y Ty /j|¢<t>|dt By, p).

oLy L@, Ty =ITI,IV

Indeed, using Theorem 3.1 we can obtain that for a turning point of I1 or I'V type

(3.20)  ylzy,p) = 2—S| O \/2_”4;(1“:2:11) (21) €SC T iy

X exp {p/ozl ()|t + (2 — 9, ) <_ - _>} IT eses

L <Xy
Iz+1
x exp { (—1)%>71(1)%p Z/ (t)|dt

L <Xy

and for a turning point of I or 111 type

1 [9(0)] /2 /Fm(1p) /212 () esc mp,

(321)  ylzy,p) = 5

A0 )
xexp{p/ 1|<b(t)|dt+(2—197J)L7r (——Jr >} H e8¢ 5
0 23 <o
Iz+1
x exp { (—1)>71(1)%p (t)|dt
ez

X Y Bl

@<k Ty=IITITV
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4. INFINITE PRODUCT REPRESENTATION

In this section, we consider the real, second order differential equation (1.1) with the

initial conditions
(4.1) y(0,\) =0, ¢'(0,\) =1,

under the assumption that ¢?(z) is a real function having m zeros z,, of the orders £,,,
v=1,...,m,in I, where ¢, is an odd number and 05, ¢35 ..., ¢, are even. Specially,
we suppose that ¢4 = 4k 4+ 1 and £, = 4k, v = 2,3,...,m. In the terminology
of [6], =1 is of the type IV while xq, 3, ...z, are of the type I1. Besides, the function
¢o : I — R — {0}, defined as

go(w) = ¢ () [ [ (@ —z) 5,

v=1

is twice continuously differentiable.

Now, let S(z,A) be the solution of the initial value problem (1.1), (4.1). Then by
Halvorsen’s result, S(z, A) is an entire function of the order 1/2 for any fixed z € (0, 1),
and therefore by Hadamard’s theorem [3], S(x, A) is representable in the form

S, \) = s(z) ﬁ (1 - ﬁ) :

n=1
where s(2) is a function independent of A but can depend on z. For any z, the sequence
{wy, () }3° is the set of zeros of S(x, A), i.e. S(z,w,(z)) = 0, which corresponds to the
eigenvalues of the boundary value problem L(¢?(z),q(x),z) defined by the second-

order differential equation (1.1) with the boundary conditions
y(0,A) =0, y(0,A) =1, ylz,A)=0.

We see that for any fixed z each w,(z), n = 1,2,..., appears in the denominator
and hence must be nonzero. Adding the extra condition ¢(z) > 0 for any z, we get
wp(x) # 0 by Sturm’s comparison theorem. Further, for any fixed « € (0,21) the

function S(z, A) has the asymptotic representation

(4.2) Sl A) = 23p|¢<x>¢<o>|*1/2 exp {p / ' |¢<t>|dt} Bi(z, p).
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For any = € [0, z1), the boundary value problem L(#?(x), ¢(z), z) has infinitely many
negative eigenvalues, say {A (z)}, and in this case w,(x) = A, (z). Besides, due to

(1.1) the asymptotic representation of each A, (x) is of the form

(4.3) = () = nm (/Oz|q§(t)|dt>1+0 (%)

By Hadamard’s theorem, for a fixed = € [0, z1) the following representation is true:

T ()

n=1

where the function s(z) is independent of A but may depend on z, and for any =
infinitely many negative eigenvalues {\, (x)}5°, form the zero set of S(z,\). We

rewrite the infinite product as follows:

A A=A (x)
(4.4) Sz, A) = s(x) 1—— = s1(z) —_—
}; ( A (x)) 1 1; 22
where
—22 nm
si(z) = s(z) [] x(;) and 2z, = )

Note that

—22 1
n_=140|—
ey (5):
and hence by Theorem 2.1 the infinite product
1
Am ()

m>1 """

is absolutely convergent on any compact subinterval of (0, z1). Besides, the function

L2
/\f(*;) is continues, and so the O-term is uniformly bounded in =z.

The proof of the following theorem is similar to Theorem 6.1 of [9] and therefore

omitted.

Theorem 4.1. Let S(z, ) be the solution of (1.1) satisfying the initial conditions
S(0,3) =0, §'(0,\) = 1. Then

A= (x)

Sz, A) = ¢(2)(0)| V2 R_(2) ] =, 0<w<a,
m>1 m

72



ASYMPTOTIC FORM AND INFINITE PRODUCT REPRESENTATION

where

M R (a)— /Oz\/max{Q—qbz(t)}dt?

and the sequence A, (x) (m > 1) is that of the negative eigenvalues of the boundary

value problem L on [0, z].

Similarly, Theorem 3.1 implies that for any z, < z < zy41, v =1,2...m, Tp1 =1,

the asymptotic form of the solution of the initial value problem (1.1), (4.1) is

1
(4.5) Sz, p) = %|¢(x)¢(0)|71/2 cse % CSCTT 4o -+ CSC T by 1 CSC T Ly

o1 ¢ v
X exp {p [ 1etoleao [ ool - z} Bu(a, ).
0 z
Further, the boundary value problem L in [0, 2] has a countable set of positive and
negative eigenvalues which we denote by {\,(z)} = {AF(2)} U {A,(z)}, and the

following formulas are true:

wite) = (o= 2) ([ |¢<t>|dt)1 +o(2),
VAt = = (nr =) (/O |q§(t)|dt>1 4o (%) .

By Hadamard’s theorem, for z, < x < z,41 the solution on [0, z] is of the form

-1 ) (1 )

n>1

(4.6)

Let J,, be the sequence of positive zeros of J{(z). Then (see [1], § 9.5.11)
o)
7 1
IS EE——— + O <_> ,
R (@M (@) 2

%2
—In 1
— I i 0(=).
moem o (#)
Consequently, the infinite products
o) o)
In —Jn
—" ———  and —
Umons Umone
are absolutely convergent for each = € (xy, 2y+1). Therefore, we can write
A=A (2)R? (24 A(x) = AR (=
6T St — e [ AT DR 1) (i) - VR @

=2 =2
n>1 In n>1 In
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where

0o) — 90) [T g [ i
RN (@) L T an @

Theorem 4.2, Ifz, <z < aypr1,v=1,2,...m and xm+1 =1, then

(4.8)  S(z,\) = g| ( Yo ()| 1/2(3,(95)&(95))1/2csc%csmm...csmuv
o)) R? (x A(z) = MR (z
H : (1)H( ()52)+()7
n>1 n n>1 "
where

0= [ Ve Fw, B~ [ e -

the sequence {\, (z)} is that of the positive eigenvalues and {\, (x)} is that of the

negative eigenvalues of the boundary value problem L in [0, z].

Proof: By Lemmas 2 and 3 of {10}, for a fixed x the infinite products

I (A=A (2)) R (11)7 I (Ai(x):A)Ri(x)

n>1 jn n>1 In

are entire functions of A, with sequences of zeros A, (z) and A (z) (n > 1) respectively.

Moreover,

’ﬂ

(A= Ao ( )R (1) A)RZ()
I I

dexp q R_(z1)vV A
— WRl/z({%)Ri/lz(x)jX {Cos <R+(x)\/X— 7r/4) +0 (%) }

as A — oo. Consequently, using of the asymptotic expansion (4.5) of S(x, A) we get

(A=A (@) B2 (1)

—1
X)) — 2 x
gu(x) = S(,\) (H 11 At (=) 72A)R+( ))
n>1 jn n>1 In

™ _ 1/2 s
= Zle@)pO) (R (w) R () cse T escmpy - csep,

which completes the proof. |
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