U3UUSULh QUU

- SENLLUGHN
 U3BECTUSA

HAH APMEHWUU

UurtUuushul
MATEMATUKA

______________________________________________________________



. Upuiplilljiu(i 1
o - -
. . 17Qq]ipuilijuiO n .
.. .QiupiupjiuO o2 n
R b | »1
. Ohuilijuiu (|| ) | )
piupinmrpup

PEANKUWMO HHAA KOJIJHT MNA

[naBHbIN pepakTop J1. A. CaaksH

. M. AlpaneTsH I1. 1i. MTHrH6apsH
b» B. AMbapuymsaH B. C. 3akapsaH
M. Y. ApakensH . J1. MapTupocsH
B. C. ArabeksH I» C. HaxancTtaH
I I I'eBOpKAH A. O. OraHHHesH
M C. HHOBSAH I» M. MorocsaH
B. K. OraHsH (3aM. rnaBHoOro pefakropa) A. A. TananaH

OTBeTCTBEHHbIN cekpeTapb H. I. ArapoHsH



HUszsecrus HAH Apwmenun. Maremaruka, rom 46, u. 3, 2011, crp. 3 — 16.

OIEHKA TTOTPEHTHOCTU METOJA KOHEYHBIX PA3HOCTEI
JJISI OTHO®AZHOM 3AJAYU ITPENATCTBUS

A. APAKEJIAH, P. BAPXV/JAPAH, M. IIOT'OCAH

Koposersckuit rexaonoruveckuit uacruryt, Ilsemns
Huacroryr maremarusu, HAH Apuennn
Epesanckuit rocyrapcTBeHHbIH YHHBEPCHTET
E-mail: avetik@kth.se, rafayel@instmath.sci.am, michael@ysu.am

AHHOTAIIMs. B cTaThe paccMaTpPUBAETCA METOJ KOHEYHBIX PAZHOCTEH JUIS OfI-
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1. BBEAEHUE

Onnodasnyo (Win KAacCHYecKylo) 3a1a4y NPenaTCTBasd MOXKHO ONHCATh KaK 3a-
Jiauy Olpejesenus COCTOAHNS PABHOBECHS YIIPYTO# MeMOpaHbt IPU NPUCY TCTBAY pe-
NATCTBUS.

Ecnu npeanonoxurs, 9ro MemOpana pacnojioxena nag obnacreo Q0 C R” ¢ duk-
CHPOBAHHBIM M'DAHUYHLIM SHAYEHHEM ¢, & IPEendaTcTBhRe naHo Muoxectsom {(z,y) €
OxR:y <)} € R 10 3318498 NpenarcrBus MOXKHO MATeMATHIECKH ChOp-

MYJAHPOBATh KaK 337349y MUHUMHU3AIUK (DYHKINOHATA YHEPIUA

1
E(u) = —/ |Vu(z)|2dx +/ AMz)u(z)dz
2Ja Q
Ha MHOXKECTBE BCEX JIONYyCTHMBIX “edopmanuil’” MeMOpasbL:
ueKy,={ve H(Q) v —pc HYQ) uv(z) > ¥(z) ne BQ}.

3ueck Mbl npeanosaraem, yro 0 C R™ asagercst orpanudennolt obnacteo, a ¢ €
HYQ), A€ L2(Q) u ¢ € C*(Q) cyms nanuble GyHKIUE.
Teopernyeckne acnekThl 0AHOMA3HON 38898 NPENATCTBAS XOPOIIO H3y4eHb! (CM.
{1, 5, 7, 10, 16]). Kpome Toro, cymecrsyer OOIIMPHas JUTEPATYDA, TOCBAIIEHHAS
YHCICHHBIM METONaM DEIIeHrs BAPUAIMOHHBIX HEPaBEHCTB, KOTODHIE, B YaCTHOCTH,
rOAHBL A YHCACHHOTO UCCHCNOBAHNSA KAACCHIECKOR 380891 IPEIATCTBH.
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A. APAKEJIAH, P. BAPXYJAPAH, M. IIOI'OCAH

Jannas paboTa OCBAIIEHA METONY KOHEYHBIX PA3HOCTEH [J1a NPUOCIMKEHHOTO pele-
HEA 0NHODAIHON 381891 IPENATCTBUSL.
PasnocTHbie CxeMbl IIHPOKO HCHOAB3YIOTCH JIJid YHCIEHHOTO DEIICHU BAPHAIIHOHHBIX
HEPaBeHCTB, OnHOMAIHBIX 38189 IPENATCTBHA SMARNTHYECKOTO I NapaboindecKoro
THNA, U, B YaCTHOCTH, JJisd 334891 ONPEICICHA CTORMOCTY aMEPUKaHCKAX ONIIHOHOB
(cM., manpumep, [17]). DToT METOH JErKO Pean3yeTcs i HMeEeT JOCTATOYHO XOPOIILYIO
CKOPOCTH NPUOINKEHNS Ha IPAKTHKE, TaK 9TO UMEETCA TeOPETHIeCKUH 1 IpaKThde-
CKuUfl HETEpEC Ha NCCHACHOBAHNE B MaTeMaTnIeckoe obocHopanue cxogumocth. Ho kak
HE crpanHo, 1o 2006 roxa He ObUIO HUKAKUX PE3YIHTATOB CXONUMOCTH ¥ OUEHOK IO-
rpemrocru. B 2006-om Ysn u X (cm. [3]) n0Kazanu KBagparnuHYO CXONMMOCTD
MeTONa I/ ABYMEDHON KJIACCHYECKOR 3a4a9d NPENATCTBAS NPH YCJIOBHH, 9T0 De-
menne npunagnexut kiaaccy C*(Q). DTo cobceM He HEOKHIAHHBIA PE3yNLTAT, TAK
kaK a71g u € C*(Q), ¢ nomonipio pasnoxenna Teilnopa, MOXKHO JOKA3ATE JOKATLHYIO
OLICHKY

Au(z) — Apu(z) = O(h?),
riae Ay, - Koneano-pasnoctaoe npubnamkenne A (onpenenenne cm. nuzxe). Ho, kak u3-
sectro (eMm. {1]), B obmem cayuae, faxke st Geckoredno aqudepesnupyeMbrx npe-
narcTeufi 1, permenne u npunasiexut Tonpko CL1(Q). Takum obpasom, B obmem
criydae pesynbrar [3] He Moxer GbITh HCIIONB3OBAH.
Mexnay rem, B 2009 roay, Meron KOHEYHBIX pazuoctefl ObLI NpUMEHEH JJisi OXHO-
MepHO# mnapabonuyeckoll 3aJa4u ¢ NPENATCTBUEM B CBSA3M C 3aJa4ell onpeneenus
CTOMMOCTY OIUMOHOB aMepukaHckoro runa (cm. [8]). Tam Gbwio noKazaHo, YTO UpH
HEKOTOPBIX €CTECTBEHHBIX YCHOBHAX METOJ KOHEYHBIX PasHOCTeH CXONUTCA K TOYHO-
MY PEIIEHHUIO CO CKOPOCTBI) CXOAUMOCTH o(\/ﬁ + k), vae h u k marn gUcKperusanuy
NPOCTPAHCTBEHHOIO B BPEMEHHOIO IEPEMEeHHOr0, COOTBETCTBEHHO.
B nannoft paGore, onupasich Ha TeXHUKY crarbu [8] (B AefCTBUTENLHOCTH Ues BOC-
xomut or H. B. Kpeuosa (em. [11, 12])), Mbt nosyansm oueHKy HOrPEIHOCTH npubin-

JKEHHOTo perienns oa0da3u0l 331891 NPEnATCTBHS METOIOM KOHEYHbIX Pa3HOCTe.

2. METOJ KOHEYHbLIX PA3ZHOCTEM

XopolIo u3BeCTHO, 970 Knaccnieckad (onpodasnas) 3aa4a ¢ IPENATCTBHEM MOXKHO

npeobpazoBarh K 3aja4e MUHAMU3aUEA GyHKIHOHATA
1

(2.1 Iu) = —/ |Vu(z)|* dx +/ flz)u(z)dz
2 Ja Q

H& MHOKECTBE

(2.2) K={ve H(Q):v—ge H}, v(z)>08Q},
4



OLEHKA IIOTPEHIHOCTH METO/JA KOHEYHBIX PASHOCTEMN...

rme f € L?(Q) u g € C(Q) - 3anannbie dynxnun. W3secTno Takmxe, 9TO NOCIEIHAN

MozKer ObiTh ¢hopMyITUpOBAHA B BHJE BHOJIHE HETUHEHHON 331891
min{—Au(z) + f(z),u(z)} =0, ze€Q.
Torna ecan 0603HaYNATH
F(o)(z) = min{—Av(z) + f(2), v(z)},

TO Kjaccuyeckad 3anada npenarcreud (2.1)-(2.2) MoxHO 3anmcars B BUE

(2.3) { Flu)=0 B Q

u=g na O€.
Perenne 910i 331298 HAA0 NOHEMATH B CMBICIE B3KOCTOrO perenust (eu. Hanp. [2],
[4]). Herpy/ro nposeputh, 9T0 DEIIEHRE KIACCHIECKOH 384891 HPENATCTBHSI yI0BIe-
TBOpAET ypasuenuio (2.3) Kak B BA3KOCTHOM CMBICIE, TaK U I1.B..
Jlns gucnennoro pemenus Mbt OyzeMm mpennonararb, 9yro n = 1 wmu 2. B cnygae
n = 1 pnga nupocroret BosbMeMm = (—1,1) a B ciygae n = 2 osemem £ = (—1,1) x
(—1,1), uMesa BBULY, 9TO UINOKEHHBIA MeTo Oyner paborarh u 41 60Jee CHOKHBIX
obnacreii.

Hycrs N € N — parypansnoe gucno, h =2/N u
zi=—-1+dh,y; =—-14+ih, :=0,1,.,N.
O6o3naanm
N={i: 0<i<N} wmm N={(i,7): 0<4,5 <N}
Ne={i: 1<i<N—-1} wmm N ={(i,5): 1<4,j<N-1},
B OZHOMEPHOM ¥ JBYMEDHOM CJIY4ae, COOTBETCTBEHHO, U
ON =N\ N,

O0603naunM yepes Apu KOHEUHO-pasHOCTHOE npubiuzKenue oneparopa Jiannaca, 1o

ectTh, Ansa n =1
w(x — h) — 2u(z) +u(z + h)

Apu(z) = 72 ;

annan=2

w(xy —h, zo)tulzi+h, zo)tulzy, zo—h)tulzr, zo+h) —du(zy, 22)
2

Apu(zy, 22)=
Beenewm crenyroniee obo3nadenue:
Fp(v)(x) = min{ —Apv(z) + f(z),v(x)}, zeQp

e
Qn={a -h:aeN}.
5
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Byzem uCnonb30BarTh TAKKE CHeAyomme 0003HaueHus:
Oy, ={a-h:a€edN} u1 H={v=(vy) vy, €R, €N}

O060o38aYnM Yepes uj, PelleHue CAenyIomel 3aia9m:

) Fulup) =0 B
(24) { up =g Ba Oy,

Tlenwro nannoll paboThl ABINAETCA AOKA3ATENLCTBO CXOAUMOCTH up — v npu h — 0,
rie u - pemende (2.3), u nonydYenue ONEHKHE NOTPEIIHOCTH allPOKCHMAUE B TePME-
nax h.
Tlosciony nanee 6ynem cauTaTh, 9TO

g e C(0Q) n glz) >0,z €I,

FeC*Q) u flz)>0,z€Q.

OCHOBHBIM PE3YILTATOM PAbOTHI ABIAETCS CIEAYIOMAS TEOPEMA.

(2.5)

Teopema 2.1. ITycms [ u g ydosaemeopsiom ycaosuam (2.5), a dynxuuu v u up
cyms pewenus (2.3) u (2.4), coomeememesenno. Tozda cywecmeyem KoOHCTAHMG

Cy > 0, ne sasucawasn om h, marxas wmo

lu(z) —up(z)| < Co - B, 2 ey,

3. TEXHUYECKUE JIEMMBI

3.1. Ilpumanmn cpaBHeHMd JJId HeIPEePBIBHBIX M JUCKPETHBIX HeJNHeWHBIX

YpPaBHEHWH.

Jdemma 3.1. (lpunyun cpasuenus) Iyemo Q-ozparunennas obaacms o v1,vs €
W?2(Q). Eeau F(vy) < F(va) n.6. 6 Q u vy < vy ma 9Q, mo vy < vy 6.

Alokasameavemeso. O6o3naunm
O = {z € Q] vi(x) > volx)}.
Ecnn MuOX)KeECTBO
Qo ={z € Qy: —Avi(z) > —Avs(z)}
EMeer NONOKUTENBHY 0 Mepy JIebera, To nonyunm nporusopedne, tak kak F(vy)(x) >
F(vg)(x) B Q. Cnenosarensuo, —Avy(z) < —Awvg(z) n.B. B Q1. Ho B 310M Ccniyuae

n3 cnaboro NPUHIANE MAKCHMyMa CJeJyer, 9To v2 > vi B (1, 9T0 NPOTHBODEYHUT

onpenenenuto §2y. Taxum obpazom, € = (. O

Jdemma 3.2. [Tycms vy, v9 € H. FEeau Fp(vy) < Fp(va) 6 Qp v vy < vy na 0Qy, mo

vy Si}g SQh.
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Hokazarenncrso 91ofi JeMMbl MOXKHO Hafitn B crarbe [15], rme asrop nokasbisaer
[PUHIMN CpaBHenus i cxem Gosiee oBuero mna (Tak HA3bIBAEMBIX BHIPOKICHHbIX

SNNITUNTHYCCKHUX CXGM) .

3.2. Peryngpusanug m oneHka morpemuocru. Iycrs € C®(R) dbynknus,

VAOBJICTBOPDAIOINaA CHeAYIOIUM YCIIOBUAM:
B'(z) <0, pB'(z) 20, z€R

up(z)=7p (g), z € R. O603829nM yepes u° peleHne Cieayomeil BCnoMorarenbHon
38/1a90:

—Auf+ f = B.(uv®) B,
(3.1)

u =g na 0.
s crapaaprHoll TEOpUE CleAyer, 9To 3ana4a (3.1) nmeer euHCTBEHHOE pelenne us
u kpome Toro u® € C*(Q).

Ob6o3na4uM

zEQ

= w01}

Jlemma 3.3. Ecau u”-pewenue sadany (3.1), mozda

(i) Bo(vi(z)) <M Oan ecex z € €);
(ii) v (z) > —(M + 1)e  daa ecex z € €.

Horazameavemeso. PaceMorpum TORBKO citygalt n = 2, 1aK Kak A0Ka3aTeNbCTBO Ast
n = 1 nonyvyaercsi aHaNOrHIHO.
(1) Umeem uw®(z) = g(z) > 0 gna z € Q. Ecom vw(z) > 0 nna seex z € ), 10 u3
onpenenenusa Gyakuun [ nonyanm G (u®) =0 < M. B nporuBHOM Cay4ae, eciu
u®(xzg) = minw®(z) <0,
zeQ
torna D?u®(z0) > 0 (re. marpuna D?u(ro) HeoTpHIATENLHO HOMYOIpPEAeIeHa), u
cnenosarensio Au®(xg) > 0.
Tax kax dyarnus § ydsiBaromast, u3 onpejenennit v* u M nonyaum, 9ro i m06oro
z €€,
Be(u(z)) < Be(u”(w0)) = —Au® (o) + flzo) < flwo) < M.
(i1) Tax kak B(z) = —z — 1 g 2 < =2, 710 B(£) = =2 —1 ana z < —2¢, cnenOBA-

TenbHo, 2 = —& (B:(2) + 1) pna z < —2¢. Orciopa crenyer, 910

w=—c(B(v)+1), ecom v < —2¢
7



A. APAKEJIAH, P. BAPXYJAPAH, M. IIOI'OCAH

U HCnonb3y4 (1), nogaydnm
w > —e(M+1), ecm u® < —2.
B cayuae, korga v° > —2¢, cuosa nonyaum uf > —e(M + 1), rak kak M > 1 no

onpegnenenuto. Crenosarensuo, s seex ¢ € Q, v”(x) > —e(M + 1). O

Jlemma 3.4. Jlas dynryuy v° seprsvt caedyroulue OUEHKU:
(i) —(M +1)e < Fu)(z) <0 dan scex z € §);
3
(ii) 0 <wlz) —w(z) < E(M + 1)e dan ecex x € Q.

Aoxasameavemso. (1) Tlpexae Beero, no onpeaenennio F u v, nmeem
F(u®) = min{—Av® + f, v} = min{ 5. (v*), " }.
Jlerko sugers, yto F(u®) < 0 png seex z € €. JelcTBATENBHO,

e ecia u® > 0, rorpa B (u®) =0, u cnenosarensuo F(u®) = min{0, u®} = 0;

e ecnm v < 0, rorga F(uw®) = min{ B (v°), v} <uf <O0.

C apyroit cToponsl, yunthiBasd, 910 SB:(uf) > 0 (nockonbKy 8 HEOTpUIATEIbHAA BCIO-

AY) B HONL3yAch OneHko# nyukra (i4) Jlemmer 3.3, nonydaem
F(u) = min{ B (u), u"} > —(M + 1e.

(#) U3 nyskra (i) uvmeem F(u®) < 0 = Flu) 8 Q u v = u na 0Q. Torna B cuay

Jlemmer 3.1 nonyaunm, gro v® < u B €.

O6o3naunM
o (M + 1)5 2 n
z) = 5 (3n—|z]*), zeR"™
Torna
(3.2) Ab(z)=—(M + 1), z=eR™
3
(3.3) (M +1)e <{(z) < §(M+ Ve, ze[-1,1]".

Yaurbsas (3.2), nonyanm
Flu—€) =min{—Au+ AL+ f,u — £} =min{—Au — (M + 1) + f,u — ¢}.
Tenephb pacCMOTPHEM JIBa, CY9ast:
1. Ecrm v = 0, T.e. v KacaeTcs NpensTcrBusd, T
min{—Au — (M + 1)e + f,u — £} =
=min{-Au— (M +1)e + f, =4} < £ < —(M + 1)e.
8



OLEHKA IIOTPEHIHOCTH METO/JA KOHEYHBIX PASHOCTEMN...

2. Econ v >0, 70 —Au—+ f =0, 10 ecthb
min{—Auv — (M +1)e+ f,u— €} = min{—(M + 1)g,u — £} < —(M + 1)e.
Orcroaa 3aK1109aeM, 9T0
Flu—£0) < —(M+ 1)z,
qr0, B couerannu ¢ (1) Jlemmer 3.3, nacr nam F(u — €) < F(u®), Vo € Q. Ecm z

upuHajiexur rpanune 00, nmeem (rak kak £(z) > (M +1)c > 08 Q)
w(@) — Uz) = g(z) - l(z) < g(z) = (),

U cHOBa ucnonn3yd Jlemmy 3.1, nonyunm, 9ro u(z)—€(x) < wf(z), Va € Q. W nakouen,

u3 (3.3) nomyanm

u(z) —u(z) <Ll(z) < =(M+1)e, =ze|-1,1".

DO W

Jlemma pgokazana. O
Hokazarennerso caenyromelt onenkn [Haynepa moxuo wafitu B [9, crp. 286].

Teopema 3.1. ITyems Q@ C R™ - omxpwimoe, ozpanunennoe muoocecmeo u [ €
C*(Q) dan nexomopoi « € (0,1). Tozda cywecmeyem nocmoannas C1 > 0 maxas,
WMO eCcAU U ABAACTCA CAaBUM pewienuem ypasnenua —Av = f 6 Q, mo v € CH(Q)

U
(3.4) [vllcze@) < Cr - (I fllca) + 1ol L2@) -

B nanpreiimuem vaM nora obuTcs TONBKO caenyiomuii cnabeiii BApUAHT 3TO0 pPe3yiib-

TaTa.

Caencrue 3.1. ITycmo QQ C R" - omxpwmoe, ozpanunennoe muoxcecmso u f €
CH(Q). Toz0a cywecmeyem woncmanma Cy > 0 makaa, ¥mo ecau v pewenve (Kaac-

cuneckoe) ypasnenus —Av = [ ¢, mo
(3.5) [ollzge) < Co - ([ flleray + lollcoy) -

Chenyromas Teopema fABAfercda 0DODIIEHHEM H3BECTHOTO WHTEPHONSIMOHHOTO He-
pasencrpa Jlannay-Konvoroposa na cayuail Hernagkux obmacrelt u jns hyHKuni
MHOIEX TlepeMeHHbIX. JIoKa3arenberso 3T0ro pesynbrara MOXHO Haiitu B [13] (oM.

rakxke [14]):

Teopema 3.2. ITyems D C R"™ - ozpanunennas obaacme, obaadarousas ceolicmseom
enewnezo xonyca (cm. [6]) u nyemo v € L°(D) u D*v € L>(D). Tozda cyuwecmey-
som nocmoannsie Cs, Cy > 0 maxue wmo

1/2 1/2
(3.6) 1Dv]co(py < Csl| D20l o py - 10l et py + Calloll ooy

9
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Caencreue 3.2. Ilpu ycaosuar meopemni 3.2, cyuecmeyrom nocmoanmnsie Cy, Cs >

0 maxue, wmo

C
37) 1Delercoy < 81Dl + €3+ 5 ) lelenco

das arobozo § > 0.

Teneps nepefiemM K JJOKa3aTeNbCTBY CXOAUMOCTH PA3HOCTHON cxembl. [Iys 3Toro sam
HYZKHbI OIIEHKH 9aCTHBIX IPOU3BOJAHBIX Y€TBEPTOrO nopaaka HYHKIHE u° B TEDMUHAX
£ JJis KOHTPOJIs Pa3HOCTH MEXKJy JanjacuaHoM u® U npubiusKeHueMm 3TOr0 Jaria-

CHaHa KOHeYHLIMH Da3HOCTAMMU.

Jlemma 3.5. Ecau dynxyuu [ u g ydosaemsoparom ycaosusam (2.5), u u® - pewenue

ypasnenua (3.1), mo

O*uf (x)
oz}

zde Cg - NOCMOAHHASA, HE 3068UCAWAL O £.

Cs

_EQT7 dan = €} i:17...7n7

Aoxasameavemeo. TIperxke Bcero samernM, 970 Mbl MOxkeM cuutarh € € (0, 1), tak
KaK HaM HYXKHO nepefitu x npeneny £ — 0+.
B xone nokazarenwcrea cumBoiamu C; Oynem 0003HAYATH NOJOXKHUTEILHBIE ITOCTO-

AHHBIE, KOTOPLIe He 3asucam om £. B wacrnocru, obosmadnym Cyp = |[|f|lcs) u

Cs = 18llcsm)-
Mycrs u®-pemenne ypasaenns (3.1). Ussectro, uro v® € C4(Q). O6osnaunm

fe(@) = Be(u”(2)) — f(=) :
Torpa, f. € C3(Q) n
(3.8) —Aut =f. B Q

YHrobwt NOJAYYHUTE OLEHKH YaCTHLIX ITPDOU3BOIHLIX u® HeTBepToro nopAika, cHavaa

apaxk b npoauddepennupyeM 06e ctoponbt (3.8) OTHOCHTENLHO NEPEMEHHOR Z;, n

HONYIUM
82 o2
“A—u® = —5f..
ax? “ ax? /
Torna, ucnonbays ouenky (3.5), Mbl Gyzem uMerh
o2 82 o2
7. < 7[5 <
€Ty c2(Q) Ty () Ty co(Q)
82
(59) <O (|t Il
i e

10
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82
2 £ s r
Tenepb HYyKHO ONEHHTE ng u ||u®]|c2(qy , 9TOOBI IOMYYHTL OUEHKY /s
i e
2 4
>’ . > .
WU , 1 B 4aCTHOCTH, OJid WU .
T () T co()
Mmeenm,

8?2 b (OuENT 9% D%

Orcropa cneayer, 9To

(3.10)
8’ NS LT 8 f
i c(Q) l () i o) t 1NCH ()
TIpexne Bcero,
8% f
(3.11) H— < Ifllescay = O
Oz} ()
Tanee,
. Hur . Hur . Hur
5;@)'? ‘@W)'W +“D<5é(u)'w> <
i llere) Ti lleo(a) Ty co(Q)
Hur - Ou 0%u’
LIS L IR B) COUR ke
| 9a7 co(Q) ; Ox; O} co(Q)
- Hus
+ BL(u®) 57— <
; 070z, o)
1 u® "1 u®
< _ﬁ/ <_> . ||D2u5 + _ﬁ/ <_> . DSUE +
= ) S S D ol i (o O L

2
i=1

n clelJoBaTelIbHO,

1 u® £ £
=7 <?>Hco<m A0 oy D707 oy »

D?uf C
() —— < 22 ||D*u# +
‘5 (u®) 927 ||y = I HCO(Q)
Cy . 2 e Cs 3 e
(3.12) +£_2 D oy - HD u HCO(Q) + = HD u HCO(Q)
AHasoruyaHo, 11l IEPBOTO (J1araeMoro B npapoi vacru (3.10), nveem
e ou” 2 C 112
B () (8%) < =5 1D [Gogey +
cHQ)
Cy 13 Cro . 2 e
(313) +E_3 : ”Du ”CO(Q) + 8_2 : ”Du ”CO(Q) ’ HD U HCO(Q)
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Tenepsb Mbi HOCKEAOBATENBHO TIOJAYYUM OUEHKE /i TPOU3BOAHBIX U° COOTBETCTBEHHO
[EPBOTO, BTOPOrO U TPEThEro NOPAAKA. J3/eCh HEOOXOJUMO TMOAYEPKHYTh, UTO ITH
OUEHKH JANEKO HE ONTHMANLHBIE.

Onenka masz || D*u||co(qy. Henonssya (3.8) u (3.5), nonydum

(3.14) lullez ) < Co (I fellory + lulleoey) -

Tpexae Beero, us (i) Jlemmnt 3.4 crenyer, 410 cymecrsyer nocrogunad Ciq > 0, ne
3ABHCAINAA OT £ TAKasd, 970
£
lu®]|coqay < Ci1.

Teneps, no onpeneneano f., ¥ UMes B BUAY, 9TO . PABHA HYJIO, €COH APTYMEHT

HeOTpHHaTeJIeH, MbI HOJIy“II/II\A
Il fellcray = Il fellcoay + 1D fell oy < B=(w)|lcoqy + 1 flcogay+
HNBE ()| o (pus<oyy - 1DU oo (que<oyy F D fllcoay <

1 C
< Cf + Cﬂ (1 + g . ||DUE||CO({UE<O})> =Ciy+ ?ﬂ . ||DUE||CO({u5<O})~
Toscrasnss nonygennoe B (3.14), Gynem nmers

. Ciq .
(3.15) lu*llc2) < Ciz + - | Dus || o (fus <0}

¥, B 9aCTHOCTH,

- Cia -
(3.16) |1 D*uf || coguz<oyy < Ciz + - | Du® || o (fus <0}y

Tenepn BoseMeMm D = {2 € O v*(z) <0} u v =« B (3.7), orKyzsa cienyer

£ £ C5 £
|| Dw ||CO({UE<O}) < (5||D2u ||CO({UE<O}) + <C4 + T) || ||CO({UE<O}).

C nomompro onesku (7i) Jlemmbt 3.3 Mbr nonydaeM ||u®||cofue<oy) < (M + 1)e, Te.

C
(3.17) | Duf|| o (fus<oy) < Ol D*u || cogus<op) + (M + 1) <C4 + %) €.
Bzap § = % B NOJIYYEHHOM HEpaBeHcTBe U noacrapiad B (3.16), B pesynbrare
5
oYUM
- C1s
(3.18) ”DZ“ ||CO({u5<O}) < —~

ans Hekoropol koncranthl Cis. Tenepn Bosspamaack K (3.17) u Gepa 6 = £, us

onenku (3.18) nonyuum
(3.19) [ Duf || co(pus <0y < Cis

JJIs HeKOTopo#l KorcTanTht Clg.
12
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U3 (3.15) caenyer, uro

Cir
(3.20) lu*]lc2 ) < -
JJ1s Hekoropol kouctantst Crr. CrenosarensbHo,

Cry

(3.21) ID*u ooy < —
Ucnpasiennas onenka mis || Du®||co(qy. U3 (3.21) caeayer uaro ||Du®|coq) <
€1z Venonways ouenky (3.6) Teopemsr 3.2 ¢ v = u D = Q, u3 (3.20) nonyaaem

C
(3.22) IDu [|cogay < %
Onenka aas ||D3u||co(qy. duddepennupysa obe croponst pasenctsa (3.8) no ne-
DPEMEHHOMY T;, TIOLYIHM

5} 5}

_Aa_xi“ = a_gsif57
a u3 onenku (3.5), Gynem umersb
d d d
(323) H u® < Chg ‘ fe + ‘ u® <
Dz c2(Q) dr; CcH(Q) dr; co Q)

o
<O [ I|I-Z1. T | Du? .
N H (Haxlf CI(Q) || “ ||CO(Q)>
W3 onpenenenus fe,
o o o o
ey I ISR I EAUS P
oz, c1(Q) oz, ox; Q) ox; cL)
2, o o
oz sl ] o (e )|
Ti cH() i co(Q) € co(Q)
D gogey < | 28 (“—) N Duell oy +
£ e /oy
- Ju. Ou 8%u Cho
+ ;/ uf) . —& . =€ T ‘ ; u®) - £ + || D2 —
; (‘ﬁ (") dzj 0z || oy Pe(es) 9202 || oo | fHCO(Q) £3

U NOCKOABKY (3.23) BepHa anid n06oro 4 = 1, ..., 7, MBI HOJXYy9nM
(324) ||D3u5||00(9) < —.

Haxonen, coveras (3.9)-(3.13), (3.20), (3.21), (3.23) u (3.24), nonyunm
8471,5 C6
oz} £9/2

co(Q)

13
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Jdemma 3.6. Cywecmeyem nocmosunas C > 0, ne 3asucauas om € maxas, wmo

(3.25) |[Au®(x) — Apu®(x)] < ih2

< ophs e

Hoxazameavemeo. OueHka IONyYaercs CTAHIADTHBIM METONOM U3 paznoxkenusd Teil-

nopa ¢ nomoueio Jiemmer 3.5. [l

Jlemma 3.7. ITyems C > 0 - nocmoannas us npedvsdywets aemmst,

h2 2

2n
U
v (x) =K -¢- Z(cosxi —cosl.B), z€qQ,
i=1
M+1
zde K = + . Ecau obosnavums

n-{cos1 —cos1.5)
), (2) = (2) £ (pe(2) + Ye(2)), =R
mo das manozo h > 0,

i (2) < unlw) < B (2), =€

Hoxazameavemeo. TIpex e BCEro JoKayKeM, 94T0 NPH JOCTATOYHO Majbix b > 0

(326) ffh(q)}:) SO:ffh(uh) Sffh((bZ)? z € Qp.
Tlockonbky
h2
_AhSDE(x) =C- Egﬂ?

10 13 onenkn (3.25) Gyaem nmers —App.(2) > |Au(z) — Apu(x)|. D10 03mAYAET,

910
(327)  —Aw (@) < —An (' (2) + pe()) = —An(@F =) = —An®] + Anp.
"
(328) —Au(@) 2 2 (0 (@) - (@) = =20 (@ + ) = —Ba®; — Ant.
CrenoBarenbHo,
F(u®) + e = min{—Au® + f,u"} + e = min{ —Au” + ¢ + f,u" + ¢} =
= min{—Au" — Aptpe + e + Apthe + fu" + b}
Jlerko nposepuTh, 9410
(3.29) Yo+ Appe <0 B R"

Aag Maneix h > 0.
14
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Wcnonwaya ouenku (3.27) u (3.29) u onpenenenune @), nonysaem
F(w®) + e = min{—Av" — Apgp, + e + Apgpe + 0 +9he} <
< min{—Au® — Appe + 0" + e} S min{—Ap Py + fou” + e} =
=min{—A,®; + f, &} — .} <min{-A, B} + £, )} =T, (B)).
AHANOrHYHO MOXKHO JoKazaTh, 410 F(uf) — . > Fp, (q),:). Wz nocnennero Heparen-

crBa, ucnonb3ya (1) Jemmbr 3.4, nveem

T (P),) <TF(u®) —tp < =9 <0,

Fn (@Z) > i}'“(ug) +¢E Z _(M+ I)E‘f*we =

= —(M+1)£+K~£~Z(cosxi—0081.5) > —(M+1)£+K~£~Z(cosl—cosl.5) =0
i=1 =1

anad Beex x € €.

Taxum o6pasom, Mbi pokasanu (3.26). C apyroil CTOpOHBI, HCNONL3YA HEOTPHIA-

TENBLHOCTE e B e Ha 0Qp, nonyaum

npu x € 0y, Jlnsi 3aBepimenust 10Ka3aTenbCTBa OCTaeTCs BOCIONb30BaTH s JleMMoi
3.2. |

Caencreue 3.3. Cyuwecmeyrom nocmosaunsie My, Mo > 0 maxue, wmo das maavix

h>0
hZ
(3.30) [u(z) — up(x)] < Mlm + Mo, z €.

Zlorxazameavemeo. VI3 Jlemmer 3.7,

[ () — un(2)] < o) + ula), w € Q.

4. JTOKABATEJIBCTBO TEOPEMBEL 2.1

Hcnonbaya (3.30) u (i4) Jlemmbt 3.4, nonyamm

2
u(z) — up (@) < u(z) —u(2)] + o () —un(z)] < ;(M+ e +M1£T + Mae.

Honaras € = k¥, Gynem umers
lu(x) — up(2)] < Co- b1, 2 e Qy,

rae Co = 2(M + 1) + My + M.
15
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P. Bapxynapan u M. Horocan 6naronapar douast Knyr u Anuc BonenGepr u Topan
Trocradcon 3a npesoCTaBIeHHYI0 BO3MOXKHOCTE noceruts Koponesckuii Texnonoru-
veckuii Macruryr (KTH, Crokronsm).

Abstract. In this paper we consider the finite difference scheme approximation for

one-phase obstacle problem and obtain an error estimate for this approximation.
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Abstract. The paper proves the existence of nontrivial homoclinic orbits for second
order nonlinear p-Laplacian difference equations without on assumptions on pereodicity
using the critical point theory. Moreover, if the nonlinearity is an odd function,

the existence of an unbounded sequence of nontrivial homoclinic orbits is proved.

MSC2000 number: 37C29, 37J45.

Keywords: Homoclinic orbit, nonlinear difference equation, p-Laplacian, variational
structure, critical point.

1. INTRODUCTION

Below N, Z and R denote the sets of all naturals, integers and real numbers respectively.
For any a, b € Z, we denote Z(a) = {a,a+ 1,---}, Z(a,b) = {a,a +1,--- b}
when a < b. Besides, I denotes the space of all real functions whose pth powers are
summable over Z.

The present paper considers the existence of a nontrivial homoclinic orbit for the

following p-Laplacian difference equation

(1.1 Alpp(Ault = 1)) = pp(u(t)) = MO S ult + 1), u(t), ut = 1)), t € Z,

where A is the forward difference operator Au(t) = u(t+1)—u(t), A2u(t) = A(Au(t)),
¢p(s) is the p-Laplacian operator ¢,(s) = |s|P2s(p > 2), A € C(Z,R) and [ €
C(Z x R R).

Equation (1.1) can be considered as a discrete analog of the second order p-Laplacian

functional differential equation
(12)  [ep(@)) = ppu) = A(8)f(s,uls + 1), u(s),u(s — 1)), s €R,
where f € C(R*,R). Equation (1.2) includes the following equation

(1.3) Au'(s) = V'(u(s +1) —u(s)) = V'(u(s) —u(s — 1)), s € R.
17
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Equations similar to (1.3) have been studied by many researchers. For example, using
a version of the Mountain Pass Theorem, Smets and Willem [27] have proved the
existence of solitary waves with prescribed speed on infinite lattices of particles with
nearest neighbor interaction for (1.3).

Recently, the theory of nonlinear difference equations has been widely used in the
study of discrete models appearing in many fields such as computer science, economics,
neural network, ecology, cybernetics see [1, 14, 15, 17, 20]. For example, the simple
logistic equation w,11 = ru, is a formula for approximating the evolution of an
animal population over time, where u,, is the number of animals this year, w,y1 is
the number in the next year and r is the growth rate or fecundity. The price-demand

curve of cobweb phenomenon
D, = —mgp, +bg, mg>0, by >0

is the economics application of difference equations, where D,, is the number of units
demanded in period n, p, is the price per unit in period n and my represents the
sensitivity of consumers to price.
In the theory of differential equations, a trajectory which is asymptotic to a constant
state as |s| — oo (s denotes the time variable) is called a homoclinic orbit. Such orbits
have been found in various models of continuous dynamical systems and frequently
have tremendous effects on the dynamics of such nonlinear systems. So the homoclinic
orbits have been extensively studied since the time of Poincaré, see [4, 6, 9, 13, 16,
21, 23, 25, 28] and the references therein. Similarly, we give the following definition:
if T is a solution of o discrete system, another solution z will be called o homoclinic
orbit emanating from T if |2(t) — Z| — 0 when t — Foo.
Homoclinic orbits of dynamical systems are important in applications for a number of
reasons. They may be “organising centres” for the dynamics in their neighbourhood.
From their existence one can under certain conditions, infer the existence of chaos
nearby or the bifurcation behaviour of periodic orbits. In the past two decades many
authors studied homoclinic orbits for dynamical systems via critical point theory.
Here we only mention [6, 9, 16, 21, 28]. In particular, the second order systems were
considered in [6, 16].
It is well-known that critical point theory is powerful tool to deal with the problems
for differential equations {18, 19, 24, 29]. Only since 2003, the critical point theory has
been employed to establish sufficient conditions on the existence of periodic solutions
of difference equations. In particular, Yu, Shi, Chen and their collaborators considered
the existence of periodic solutions of second order nonlinear difference equations {8,
10 - 12, 26, 30, 31}]. In the recent paper of Cabada, Li and Tersian [7] the existence
18
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of homoclinic solutions for semilinear p-Laplacian difference equations with periodic
coefficients is studied. However, to our best knowledge, the results on the homoclinic
orbits of p-Laplacian difference equations for (1.1) obtained in the literature are very
scarce. Since f in (1.1) depends on w(t + 1) and u(t — 1), the traditional ways of
establishing the functional in [2, 3, 10 - 12, 22, 30, 31} are inapplicable to our case.
The main purpose of this paper is to give some sufficient conditions for the existence
of a nontrivial homoclinic orbit. What is more, if f(¢,-) is an odd function for any
t € Z, the existence of an unbounded sequence of nontrivial homoclinic orbits is
obtained. The main approach used in our paper is variational techniques and the
notable Mountain Pass Lemma introduced by Ambrosetti and Rabinowitz [5, 24].
Now we state the main results of this paper.

Theorem 1.1. Assume that the following hypotheses are satisfied:
+oo
(A A#) >0 forallt € Zand > A1) < +oo, where % + % =1;

t=—o0

(f1) there exists a functional g(vy, v, vs) € C(R* R) such that

. g(vy, vg,v3
hmi( bl ):077": v3 +vd + 03,
r—0 V9

|f(t, 01,09, 03)] < |glvr,ve,v3)], forall t€ Z;
(Fy) there exists a functional F(t,v1,v0) € CY(Z x R*, R) with F(t,v1,v3) <0 and

it salisfies the conditions
8F(t — 17 2}271}3) + 8F(t71}171}2)

= f(t
o . f(t,v1,02,03),
Pt
lim ( 71}177}2) -0
p—0 pp

uniformly for t € Z, p = +/v} + v3;
(Fy) there exists a constant 8 > p such thot
8F(t71}171}2) 8F(t71}171}2)
81}1 vt 81}2
for all (t,v1,v2) € Z x R*\ {(0,0)}.

Then equation (1.1) has a nontrivial homoclinic orbit.

vy < ﬁF(t71}171}2) < 07

Remark 1.1. The above hypotheses imply that uw(t) = 0 is o trivial solution of (1.1).

Remark 1.2. The assumption (I,) implies that for any nonempty finite integer
interval I C Z there exist constants a > 0 and R > 0 such that

B
(F3) F(t,v1,v2) < —a (\/vf +v§) , for all t € I and v} +v3 > R

If f(t,) is an odd function, we show that (1.1) has an unbounded sequence of
nontrivial homoclinic orbits.
19



X. DENG, X. LIU, H. SHI, T. ZHOU

Theorem 1.2. Suppose that the conditions (N), (f1), (F1) and (Fy) are satisfied. If

(f2) ft, —v1, —v2, —v3) = —f(t,v1,v2,03),
for all (t,v1,v0,v3) € Z x R®, then equation (1.1) has an unbounded sequence of

nontrivial homoclinic orbits.

2. VARIATIONAL STRUCTURE AND SOME LEMMAS

In order to apply the critical point theory, we establish variational framework corresponding
to (1.1) and give some lemmas which will be of fundamental importance in proving

our main results. We start by some basic notation.

Let S be the vector space of all real sequences of the form

u=Au() ez = (- ul(=t), - u(=1),u(0),u(1), - uld), ),
namely
S={{ult)}ult) e R, t € Z}.
Define

+oo
E= {u€S| ST lAu(t = DP + Ju(t)]P] < +oo, teZ}.

Note that F is a Banach space with the norm

(2.1) llullz = { f |Au(t — )7 + Iu(t)lp]}p < too, ue k.
t=—00
For all v € F define the functional J as follows:
T(u) — ;f B|Au(t P+ %|u(t)|p FAOF (& alt + 1), ult)
1 =2
(2.2) = ];Ilull%+ D MOt ult+ 1), (1)),

t=—o0

where

aF(t — 171}271}3) + aF(t71}171}2)
81}2 81}2
The functional J is well-defined C! functional on F and Equation (1.1) is easily

= f(t,v1,v2,v3).

recognized as the corresponding Euler-Lagrange equation for J. Therefore, we are to

look for nonzero critical points of J.

Five lemmas should be stated, which will be used in the proof of our main results.

Firstly, let us recall the Palais-Smale condition.

Let E be a real Banach space and J € C'(E, R), that is J is a continuously Fréchet-

differentiable functional defined on F. J is said to satisfy the Palais-Smale condition
20
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(P.S. condition for short) if any sequence {u(¢)} C E for which {J(u(t))} is bounded
and J'(u(t)) — 0(t — oo) possesses a convergent subsequence in F.
Let B, denote the open ball in I/ with radius p and centered at 0 and let 5, denote

its boundary.

Lemma 2.1. (Mountain Pass Lemma [5, 24]). Let F be a real Banach space and
J € CHE, R) satisfy the P.S. condition. If J(0) =0 and

(J1) there exist constants p, o > 0 such that J|pp, > o,

(J2) there exists e € E\ B, such that J(e) <0,

then J possesses a critical value ¢ > o given by

— inf J
¢= Inf max (9(s)),

where
I'={g € C([0,1], E})|g(0) =0, g(1) = e}.

Lemuma 2.2. (Symmetric Mountain Pass Lemma [24]). Let E be an infinite dimensional
Banach space and let J € C1(E, R) be even, satisfy the P.S. condition and J(0) = 0.
If E=V & X, where V is finite dimensional, and J satisfies the following conditions

(J3) there exist constants p, o > 0 such that J|pp,nx > o,

(J4) for each finite dimensional subspace E C E, there is a v = v(E) such that

J <0 on E\B,,

then J possesses an unbounded sequence of critical values.

Lemma 2.3. The following inequalities are true:

(2.3) [wllir < [lulle,
(2.4) [ulloe < [lulles
where

1
+0o0o P
l[llir = [ > IU(t)Ip] and ||ulloc = sup [u(t)].
R teZ
Proof. By the definition of || - ||#, || - [|eo and || - || g, inequalities (2.3) and (2.4) follow
immediately. |
Lemma 2.4. For any x > 0, the following inequality holds
|z — 1] > | — 1|P, where p > 1.
Proof is obvious. |

Lemma 2.5. If the conditions (A), (f1), (F1) and (Fy) are satisfied, then J satisfies
the P.S. condition.
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Proof. Let {u;} C F be such that {J(ug)} is bounded and J'(u;) — 0 as k — oo.
Then there exists a positive constant K such that |J(uy)| < K. Thus by (2.3) and
(F3), we obtain that for k large enough

K+ il > () — % (i), )

<___> |, |5 + Z A F(t, up (4 1), ug(t))

t=—o0

Z -2 Lug&}t;?uk(t — D)+
A(t)aF(t7“’“(g;1)7”’“(”)%(15)}
- <___> I 1% + Z A E (L, up(t + 1), up (1))
“+oo
_%tZOOA(t) |:8F(t7uk(ta;’11)7uk(t))71,k(t+ 1)+ aF(t?uk(gllm’“(w)uk(t)

1
>l===llu -
(p )n I

Since S > p, it is not difficult to conclude that {u;} is a bounded sequence in F, i.e.
there exists a constant Cy > 0 such that ||ugx||g < Cy. So passing to a subsequence if

necessary, it can be assumed that up — wp in F. Moreover, since

liminf A(w

B huo)| i (’”‘ N

(25)  luwolle = sup = < liminf ||ug || &,
0#hEE’ ||h||E 0#heE’ ”h”E k—o0

we conclude that ||ugl| g is bounded and ||uollg < Cy. By (2.5) we have |ug(t)] < C
and |uo(t)] < C, for all t € Z, and by (f1), there exists a constant Cy > 0 such that

|[ft, ur(t+ 1), up(t), ur(t — 1)) — fFlt,uo(t + 1), uo(t),uot —1))| < Cqy, te€Z.

+oo
Since Y, A1(t) < +oo for all € > 0 there exists D € N(D > 1) such that
t=—0o0
1

Z AL(t) < €.

[t|>D

For this D, we define a 2(D + 1) dimensional subspace of E:
Epii={u={u®)e F: u(t)=0, |t| >D+1}.
Let

0, if [t >D+1,
22
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ug(t), it |t <D+1,
t) = .
vo(t) {07 it |t > D+1.
Obviously, the above assumptions imply vy = {vi(t)} € Epy1 and vg = {vo(t)} €
Ep.i.
Since ug, — up, kK — 00 in F, we get

(2.6) (ug, h) — (ug,h), heF.

Therefore, for any h € Epy1 we have (v, h) — (vg, k), i.e. v — vo, k — ooin Epy1.
Consequently, we arrive at v, — vg, k — 00 in Ep11 which implies v, — vg, &k — o0

in E. So for k large enough, we have
(2.7) g (t) — wo()] = log(t) = oo <e, |t <D+ 1.
Thus, we have
(w4 1), a8 welt — 1) = Fltuolt + 1), uolt), wolt = 1)) = 0, k — ox,

for any ¢ such that |t| < D. On the other hand, by (2.7) and Holder’s inequality, for
k large enough, we get

S A [t et 4 1))t = 1)) £t uoft 1 1), w0 (8) un(t — 1) (s (o)

t=—o0

= D MO [Funt + 1) ar(t), un(t = 1)) = f(t wo(t + 1), u0(t), uo(t — 1))] (wn(t)—uo(t))

|t|<D

+ Z A [f (6wt + 1), up(t), ue(t — 1)) — f(E,uo(t + 1), uo(t), uo(t — 1))] (uk(t)—uo(t))

[t|>D

<O 30 MO|ur(t) —uo(®)] +Co > AW ug(t) — uo(t)]
[t|<D [t|>D

_ng\Z|uk(t)—uO |+CQ(Z )\q ) (Z|uk —uo |)

[t|<D [t|>D [t|>D
<209AD - e+ O [lug — uoll - € = (2C2AD + Ca [lug — woll ) - ¢,

where A = sup A(t). Since ¢ is arbitrary, we have

teZ
ZA Tt un(t + 1), ug(t), up(t — 1)) —
(2.8) —f(tuo(t + 1), uo(t), wo(t — 1) (uk(t) —uo(t)) =0 as k— oo.

Similarly, we get

Z AOF(E un(t + 1), un(t), un(t — 1)) — £t ualt + 1), uo(t), uolt — 1))]h(t)

t=—o0
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<A+ O)|hlg-e heE.
Combining with (2.2} and (2.6), we obtain that for any h € I
(J'(ug) — J(ug), h) — 0, as k— 4oo.
Therefore, ||J/ (uo)||g < lilgiolgf |V (v )|z = 0. So we have

(J'(u) = J' (o), up — uo) = (J'(up), up —uo)

(2.9) <N (w)ll g lupllg + lluolle) < 2C | (ug)lly — 0 as  k — foo.
For k large enough, we have

lur — woll'y < (J'(ur) — J'(uo), ur, — uo)

(2.10) = D Akt + 1), un(t), un(t —1)—

— [t uo(t + 1), uo(t), wo(t — 1))](uk(t) — uo(t)).
By the definition of J
(J'(ur) = J'(uo), up — uo)

+oo
= Y lep (Aur(t = 1)) =@ (Aup(t = )] (Aug(t — 1) — Aug(t — 1))

t=—o0

+oo
+ D lep (un(t = 1)) = @y (wo(t = )] (un(t = 1) = un(t — 1))

t=—o0

—+00
(2.11) + D A (w4 1), un (), u(t — 1)) —
t=—00
—f (uo(t 4 1), uo(t), uo(t — 1))] (uk(t) — uo(t)) -
If Aug(t — 1) #£ 0, we set
Aug(t — 1)
T Auot — 1)
Since uy, possesses point-wise limit uo(z) at any = > 0, by Lemma 2.4, for all t € Z,
we easily obtain

(2.12) [pp (Auk(t = 1)) — @p (Auo(t = 1)) (Aug(t —1) — Aup(t — 1)) =
> [Aug(t — 1) — Aug(t — 1)|F

and

(2.13) [p (un(t = 1)) = wp (wo(t = 1) (us(t = 1) —wo(t = 1)) 2

> Jup(t —1) —uot —1)".
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If Aug(t — 1) = 0, then (2.12) and (2.13) are obviously true. From the definition of
Il - |z, formulas (2.11), (2.12) and (2.13), (2.10) holds. Therefore, (2.9), (2.10) and
(2.11) imply that w;, — wug in E. The proof of Lemma 2.5 is complete. O

3. PROOFS OF THE MAIN RESULTS

In this section, we firstly prove the existence of a nontrivial homoclinic orbit of
equation (1.1). Next, if f(¢,-) is an odd function for any ¢ € Z, we prove the existence

of an unbounded sequence of nontrivial homoclinic orbits of equation (1.1).

3.1. Proof of Theorem 1.1. To prove the existence of a homoclinic orbit to (1.1)
recall that as we know that J € C'(E,R), J(0) = 0 and J satisfies P.S. condition.
Hence, it suffices to prove that J satisfies the conditions (Ji) and (J3). By (F}), there
exists § > 0 such that

1 P
| (¢, v17v2)|§4)\ (\/W%Jrv%) for teZ and o} o} <3

Let p= %5, for any v € F and ||u||g < p, we have

1
()] <l < Jlulls < p= —6, tel.

\/5 ’
Thus, we have w?(t + 1) + «>(t) < §? for all t € Z, which implies

2 2 <
(3.1) IF(t,ult +1),u ())|_22+2A (Ve® + el n) <
< L[ PO+t 1)), teZ
4p ’
Summing inequalities (3.1) over Z, we get
S F (a4 D) < - S [0 + et 1] < =l
t=—0o0 )\ tffoo B 2)\]9 E
Thus, if |||l g = p, then
J(u >:—||u||P b APt + 1)y ul0) = —||u||P =L gy, = L
2Ap 2" 7

t=—o0

that is J(u) > a > 0, where a = ﬁpp. To verify condition (J3), for all 7 € R and
any given w € F\ {0}, we consider the quantity

J(r ):—7P||w||E+ Z MOF(t, mw(t + 1), 7w(t)).

t=—o0
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Let w € F be such that @w?(t) +w?(t+ 1) > R? on a nonempty finite, integer interval
1 C Z. Then by (F}) we conclude that for any 7 > R

J(rw) < TP||w||E + Y CADF(t, ot + 1), Tw(t))
tel

8
< ~rtlels - alr A Y [Vt D+ e70)]

tcl

where A = r{lgl?)\(t) > 0.
Since 8 > p, we can choose 7 large enough to ensure that J(7w) < 0. Thus, both
conditions (J1) and (J2) are satisfied. Theorem 1.1 is proved. O

3.2. Proof of Theorem 1.2. The condition (f2) implies that .J is even. As we
already know J € C'(E,R), J(0) = 0 and J satisfies P.S. condition. In order to prove
Theorem 1.2 by using the Symmetric Mountain Pass Lemma, we prove conditions (J3)
and (J4). From the proof of Theorem 1.1, condition (J1) is valid, so (J3) is also valid.
To prove (Jy), suppose I C E is a finite-dimensional subspace and consider u € F
with v # 0. By (F%), there exist some constants R > 1 and a > 0 such that

p
Ft,v1,v9) < —a (\/v% +v%> ,

t € Z and v} + v > R For all u € E, we have |lu||} < c|ul|%, where ¢ = ¢(E).
Choosing v such that ||u||g > ¥/cR, we define I = {¢ | |u(¢)| > R}. Hence,

SN F(t ult+ 1), __GZA[ TSRO

tcl tel

Thus, we have

():—Ilull”+z:A F(t u(t + 1), (1))

1 w2 s
<l —a 0 M) [Vl T DT (D]
L P —a U ?
< el — e 3220 VT DY+ ()]
< el ~ allul 3o AW,

tel
Since 3 > p there exists v = v(E)(y > R) such that J(u) < 0 whenever ||u/|o > ~. By
Lemma 2.2 J possesses an unbounded sequence of critical values ¢; with ¢; = J (u;),
j € N. Hence, by (Fl) we have

1
(3.2) == ||ug||p + Z AV ug(t+ 1), u5(1)) < » 11 -

t=—o0
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Since ¢; — o0 as j — oo, (3.2) implies that {u;} is unbounded in E. Therefore, the
existence of an unbounded sequence homoclinic orbits is obtained. |

Remark 3.1. As an application of Theorems 1.1 and 1.2, we give an example

illustrating our results.
For all t € Z, assume that
Alpp(Au(t — 1)) — @p(u(t)) =

= —Be Cult) {(1 + cos? 2mt) ((u(t + 1)) + (u(t))?)
1}

F(t,v1,v9,v3) = —Bovo {(1 + cos? 27rt) (v% + v%)gfl +

e

-1

wlw

(3.3) (14 cos? 2m(t = 1) ((u()® + (ult — 1))?)

2

where 3 > p. Then, we have A\(t) = ™" and

(1t cos? 2t — 1) (e +v§)§1} 7

1

<2
pi

w[w

g(v1,v2,v3) = —4Pvy {(”% + 03 + v3)

F(t,v1,v9) = — (1 + cos? 2t) (v] + 03)

Then
8F(t — 171}271}3) + 8F(t71}171}2)

81}2 87}2
= o | (1-+ cos®20t) (63 + 08)* 1 (1 4+ cos® 2m(t 1)) (3 + vé)gl} |

It is easy to verify that all assumptions of Theorems 1.1 and 1.2 are satisfied. Consequently,
equation (3.3) has an unbounded sequence of nontrivial homoclinic orbits u;, 7 € N.
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AHHOTAIIMsA. PaboTa HOCEAIEHa UCCIENOBAHMIO PA3PIIUMOCTH XAPAKTePHUCTH-
YeCKUX CHHIYISDHBIX MHTEIDAJBHBIX YPABHEHHH HA OKDPYXKHOCTH CO CABHUIOM
Kapaemana w(t) = —t. Ilpy AONONHUTENLHBIX TPEAIONIMKEHUAX HA KOadhdu-
LIIUEHTH! AETCH SIBHOE OIMCAHUE SAPA ¥ KOSJPA COOTBETCTBYIOIUX OIEPATOPOR.
Metoa uccie 0BAHNS OCHOBAH HA CBEIEHMM 33348 DA3PeIuMOCTH K (PAKTOPH-
3aUu¥ HeKOTOPOH MATpuubsl-dyHKIuE. [[pusogurcs seHas HAKTOPU3ALMS YKA-
3aHHON MATPHUIBI-DYHKIHHT.

MSC2000 number: 45F99, 47A6S.

KimoueBbie caoBa: CunrynsgpHbie YpaBHeHUs, CABUT, (DaKTOPHU3ANUI, NP0 Olepa-
TOpa, KOsiApo.

1. BBEAEHUE

HOycers T = {2z € C; |2| = 1} — enuanvHad OKPYKHOCTL pasbUBAIONIas KOMILIEKC-
ay1o nmockocts C wa obnacrn Ty = {z € Cilz| < 1} u T_ = {z € C;|z| > 1}.
Kaxk wspecrno (cu. {1]), cuarynsapubit unrerpanbubiii oneparop S ¢ sapom Kormw,
onpenensieMbiil moury Bewoay #a T no dpopmyne

(S)(t) = - / L o(rydr, teT.

T T—2z
T

[€ UHTErpas MOHUMAETCA B CMBICIE TIABHOTO SHAYECHHH, ABAACTCH OIDAHWICHHBIM
oneparopoM B L, = L,(T) nna seex p € (1; +00).
Paccmorpum oneparop eapura U u onepatop yMHOXKeHHA =y Ha GyHKUAIO (MaTpHILY-

dynkuuio) d, peficreyomuae 1o GopMynam
(Up)(t) = (1), (Eap)(t) = d(t)p(t), teT.

®ynxnuio Uyp 6yaem obosradars gepes ¢ . Ilycrs p(z) = H(z — @) — OTAWYHBIH OT
i=1
uyns Mporoancn na T, TOXKIECTBEHHO PaBHLl enunune npu v = 0, a ¢ — GynknmEs U3
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BuHEPOBCKOH anredbpet W, 1.e. paznararomasncs B abcooTao cxopsmmiics pag, Pypee,
WEBApHAaHTHAS OTHOCHTENLHO capura (v = ).
Hacrosmas pabora nocssiena uccienopanuio oneparopos Fg, Fy @ L, — L, (1 <

P < 00), ONPEAETICHHBIX PABCHCTBAME
Fy=1+2,U8, Fy=1+US=,,

rae I — roxecrBennbiil oneparop, a d = %w. DTH ypaBHEHMSA ABJSIOTCA CUHTYIAD-
HBLIMH WHTEIDaIbHBIMU YDABHEHUSMHA C c]?)xpa,ﬁmomnm opuentanuto na T caBurom
Kapnemana w(t) = —t. Teopusa CHHIYAAPHBIX HHTEIPANLHBIX OIIEPATOPOB CO GABAIOM
Kapremana nocrarodso nosino ussnoxena B [2] - [5]. B nacrosmee spemst passura
B OCHOBHOM (DpearonbMoBa (HeTepeBa) Teopus TUX oneparopos. [ng mocrarouno
NIMPOKUX KIACCOB CHHTYNSIPHBIX WHTErPANBHBIX ONEPAaTOPOB CO CABHIOM HaleHb!
s dexTuBabie KpuTepun QpearonbMoBocTH U DOPMYABL i BLIYUCHCHHS WHAEK-
COB 9THX ONEPATOPOB. 3aia4a ONPeJCICHNs PasMepHOCTel anpa, Koaapa (Tem Gonee
WX ONUCAHUA) U NOCTpoeHus 06oOIeHnol obpaTHoll 3TuX oneparopos (HaKTHIECKH
ocraeTcs OTKpbiTol. B cayuae npobro-nunelinbx capuros Kapnemana s paborax [6] -
[8] npesnoxen MeTon croasIIME 387849y DA3PEIIEMOCTH CHHIYIAPHBIX YPABHEHUH €O
CABHUI'OM Ha OKPYXKHOCTH K (DakTopusanuu HeKoropo# marpunsi-pyuxknun. B namem
KOHKDETHOM CIy4ae 910 MarTpuna-QyHKIus UMeeT Buj,

14 4? 2 4

_ 1—¢2  ph1—4?
Go=| gy w4

P19 1

Marpuna-pyskuma G 4 BXOIUT B KAACC MaTPHI-QyHKIRH, GakTopu3alms KOTOPBIX
uccnenosana B paborax [9, 10]. Jarnoe o6cTosTENBCTBO O3BONAET CTPORTE TEOPUIO
Pa3PENIMMOCTH YKa3aHHbIX ypasHenult. Baxuyio ponb B fanbHedmem urpator GyHk-
ust v = (1 +¢)/(1 — ¢) u aucna x =indv, v_ = 2|x| — v.

Huxe mbi npeanojaracM BLINIOJHenne Cueayrommux yC.HOBPIﬁI

dl) 1 —42(t) £0,t e T;

d2) mBOrousensl p u p" He UMEIOT OOIIMX KOPHEI;

d3) Bce kopuu MHOrOuYNeHa Haxoggarcs nubo B Ty aubo B T_;
d4) v < |x|.

Yenosue d1) spisiercsa HEOOXOMUMBIM U JOCTATOYHBIM YCAOBHEM (DPEArOILMOBOCTH
oneparopos Fy u Fy (em. [2]).
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2. @AKTOPUBALMSA MATPUIBL-@YHKINKA G

2.1. Ins nuneiinoro npocrpancrsa X depez X" Gyzem 0003HAYaTh MHOXKECTBO -
MEPHBIX BEKTOP-CTOnOnoB ¢ KoopauHatamu u3 X, a depes X" MHOKECTBO BCEX
MATPHI HOPSAIKa 7 X 1 ¢ KoMnoneaTamMu u3 X.

Onpenenum npoektopet Py = %(I + S) u knaccer Gyskumit L) = imPy, L, =
imP_++C. Huxe wepes 7, (k € Z) obo3nauaerca GpyHKIuA ONpeeleHHas paBeHCTBOM
T(t) =tk

Moy daxropusanueit (cm. {11, 12]) marpunst-dynkuun Gp . B npocrpancrse L, (1 <

P < 00) MBI IOHEMAEM NPEACTaBIEHIE

G = (Gpy)—Dpp(Gp )T

_1 2x2 .
rae (GP7¢)i € (LI%) ’ (GP7¢)i € (Lqi) (q = p/(p - 1))7 A= dlag (7%177—%2)7
sy < 9, my,9 € Z. Uenwie umena sy, 9 Ha3LIBAIOTCA YACTHLIME HHICKCAME

2x2

Marpuubi-pyuknun G.

Pacemorpum knacest dyskuuii
o
We=L:nW, W_=WnimP_.

Us yenosma d1) caenyer, uto Gy € W2*2, Tlockoasky det Gy 4 = 1, 10 Gy 4 nOTYC-
xaer daxropusanmio B Ly, nputen (Gp )t € W22 (Gpy)E € W22, 5y 4500 =0
(em. {12)).
Jlanee OyneM nonb30BATHCS CHENYIOMIUME 0003HAYECHUAME:
+ ot - =
911 Y912 -1 911 912
e G- B BEC RS ST ER )
Pt 921 Y29 e 921 Y929
B cuny yenosusa d1) dynkuua v gonyckaer GakTOPU3ALKID v = v,Tlel, rze

1
= indv = — 4
X = indv = o—vararg v(t)

tcT

Bamerum, 9TO Y — YETHOE YHCHO, & vy = v,

Mpennoxennas B {9, 10] cxema daxropusauuy ocHoBana Ha upencrapienun Gp o =
Tyo AB, rne xo € Z, A € W?*2 B e Wixz. TIpusenem sIBHBIA BHJ 3TOTO NIPEACTAB-
JIeHus NPH YCIOBHAX, Korna p ' € W_, v < —x u seimonnenst yeaosua d1), d2). B
TOM CHy4ae Xo = —X — ¥, a Marpunsi-gyaknun A, B onpeaensorcs ¢ NOMONIBIO

PaBeHCTB

e v, A plo T P (D) —pu_T_,P_ (D)

—7 v p T_,pU_
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51 v+ . vy P ($4)
= pPvr  p 1 g
PO P p (@) —
» o 0t (D) .
2¢

rne . = QopMynbl YACTHBIX HWHIEKCOB U KOHCTPYKIMS (HaKToOpOB
+

ol (1+9)2ph
marprupl-dyakuun Gp g B {9, 10| npusenennt B repMunax HekoTopbix Marpuy K
(j €Z, j > —v_). Cpasnusas ¢ [9] nerpyuo yO0euThCs, YTO NIPU yKA3aHHBIX [DEJi-

nonoxenuax, Marpunst K; Moryr 6bi1h 3anucanst B Buge nponssenenns K; = BA,,

e
B, BYH, B,
B, B, B, B i |
<Bil>ﬂ,f1 <Bil>7u72 <Bil>f(u7+u)fﬂ+
(A7, AT, (A
P R Vs MR i
Cv T,

3necs u pagee and j € Z u pnd Marpunsi-Qysakuun (Bekrop-gyuknun, dyaxnun) P
MBI IIOJIb3yeMCsl Clle/lyIomuMu obo3nadennamu: j= = 3(j + |j]) u
1
(@)1 =

2w
T

B(2)z " ld2, kel

Onpejennm ceMeliCTBO TENMNEBBIX onepatopos 1 (L]j)2 — (L]j)2 (j € Z) neit-
creyroumix 1o dopmyine: Ty = Py (7_(j410)Gpu). Kak ussecrno (cu. [9])
1
(21) kerT; =<7 B 'P A > g
k=—(v—+jt)

i
gpeCk=-1,...,—(v-+j7), q= (qi(u,+j+>7 : ~~q31) € kefj{j}

ans j > —v_ ukerT; = {0} npu j < —v_.
2.2. Ilycte p~ ' € W_, v < —x u somonnens! yeaosus d1) u d2). U3 onpenenenus
B! cnenyer, uro

(0 0
(2.2) B <b+ o + By,
e BleWi“,a,
A A
P Pluy 1
by =P = PP @) — — b P (D) ——
= o » (D) pos + Py () pos
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Hockonsky byp e Wy m (p), =1, 10

(2.3) bew == b hmPim, —keN

m=0

3 91ux paBeHCTB Clielyer YTBEDIKIEHUE.

ITpepgoxkenue 2.1. FEcau daa 4ea020 HEOMPUUATEALHOZ0 “UcAd € U KOMNAEKCHDLT

HUCEA Y0, Y1y - - - Ve PABEHCMEA
¢
> )k mym =0
m=0
cnpasedausn. npu k = —1,. .. —v, mo onu cnpasedauss. npu MoO0M UEAOM OMPUYa-
meavHom k. Kpome mozo aubo € =2 v, aubo yo =71 =+ = ve = 0.

B nanepreiiniem BaXKHYIO POJIb UI'DAeT ClenyIOllee IPeJIoKeHue.

Ipenmnoxenne 2.2. ITyemv p~! € W, v < —x u swnoanens. ycaosua d1) u d2).
Tozda j = v — v_ + 1 a64%€MCA HAUMEHDWUM UEABLM HLUCAOM, TIPU KOTROPOM TL00-
npocmpancmeo ker T; nempusuaavno. Iodnpocmpancmeo kerT,,_, | odnomepno u
CoBNadaem ¢ MHONCECTEOM serRMOp-PyHEYUl suda © = 7y (pv+7p/\v+)t, 20e v — npo-

U3BOADHOE KOMTACKCHOE “UCAO.
Aoxazameavemeo. VI3 yenosusa v < —Y CHENYET, YTO Xo = —X — VYV > X U V_ =
—2x —v > v. Jokaxem cuagana, yro ker T; = {0} npu j < v—v_. Hpn j < —v_ 910

pasencrso nokazano s [9]. ycrs renepp v > 0u —v_ < j < v—v_, ¢ € kerT};. Torna

t
u3 dopmyast (2.1) caenyer cymecTBOBaHIE q = (qih7 e qil) € kerK; (g, € C%,
k= —v_,...,—1) taxoro, uro ¢ = B4, rae
oo —1

(24) =21 D A D | 7
m=0 \k=—v_
Tlockoneky ¥ = By, 10 9 € Wi H CHENOBATENLHO
-1
(2.5) > (A Ymkge =0, mpuom=0,1,...,—j—1.
k=—v_
Vuuresas crpykrypy (A~'), mpu s > 1, merpynno yGenuTnes, 4To HAiqg = & =
-1

t . _
(07" '707567' "75]271) b rge k =V +,]7 a gs - (7757O)t = Z <A 1>*j+5*’iq’i (8 =
0,...,k—1). U3 (2.2) cnenyer, aro npu s < —1 ycnosue Kjq = BijAq =B, =0
9KBUBAJIEHTHO DABEHCTRAM

E—1
(2.6) S beemtm =0 s=—1,...,—v+j.

m=0
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Tax kax k < v, 1o B cuny npemioxenus 2.1, ng = - - = np—1 = 0m noromy & = -+ - =
&x—1 = 0. W3 onpenenenna gucen & Cleayer, 9T0 paBeHcTsa (2.5) cnpaBesiuBel IpH
m=0,1,...,v_—1. Vaursisas, uro (A~1), = O npu s > v_+1, nerpyano ybeurnes,
49710 papencrsa (2.5) cupaBennusbt u npu m > v_. U3 bopmynst (2.4) cienyer, 9ro
p=14=0.

Iycrs Teneps 0 < v < —x u j = v —v_ + 1. Onpenenum 1, € Cu &, € C?
(m =0,...,v) paBeHcrBaMu My = (Pm, Em = ((P)m, 0)". Tlockonsky 1o = p(0) # 0,
10 & # 0. B cuny (2.3) mmeror mecro pasencrsa (2.6). Orciona cnenyer, yro B;§ =0,
rae € = (0,...,0,&4, ..., ¢ e O,

Paccmorpum ypasrenue A, ,_1q=¢, roe g = (qih7 o qil)t. Tak xak (v 1Yo #
0, TO OYEBHAHO, YTO ITO YPABHEHHE Pa3sPEIIuMO U NOTOMY CyllecTByeT ¢ 7 0 Takoi,
aro K, 119 = 0. B cany (2.1) sekrop-dyHKIus

>0

—1
@YD Y (A ) 2T = B ) (G + Gzt + 602Y)

m=0k=—v_

npunaanesxut ker Ty, ,_ 1. Tlockoasky &9+ &2+ -+ +£,2Y = (p(2),0)%, 1o n3 onpe-
nenennst B! caenyer, uro ¢ = (po, p o).

Menpuu#t B3 YaCTHBIX WHIEKCOB MATPUIB-(PYHKIHE T\, Gp .y pasBen s — xo. Ho-
CKOJIBKY C APYI'O# CTOPOHBI HAXMEHbIIIeE 1esi0e 3Hadenue j upu koropom ker T nerpu-
BHANLHO, COBanaer ¢ s — xo+ 1 (cm. manpumep [10, 13, 14]), 10 20 = v —v_+x0 =
(x+v) < 0. Crenosarensuo, s # o unoromy (cm. [10, 13, 14]) dimker 7, _,_ 1 = 1.

TIpennoxenue 10Ka3aHO. [l
—2¢v2 pt —p"
.3. ’ Y=Y, =, = P U
2.3. Oupenenumv dysKIHH (1 — ¢)2p/\ b = e c o (D) +
—2¢ 2902 P P
- — SRS RN Y
(1 —4)?po 1+*¢’ P’ " o
. =« (bﬁP (r,_1P_) > & (b TP (1, 1P )+ T;/;\),

TIe & — QxpQeg -+ - Q.
Ina dynxupn f € Ly, yepes U-C,fm( 1), 30, 0 (f) Gynem o603nadaTh ranKenessl MaT-
PHIIBL

<f>$1 <f>12 <f>Im
J{im(f) _ <f>$2 <f>$3 S <f>I(m+1)
HNan Nrmen - Drorm—)

Benyuaep ! € W_ u3 dopmya (2.3) caenyer, uro det I}, (b1 ) # Omrank I, (by) =
v Kak Toibko n 2 v, m 2 v (e, [15] ra. 16, § 10, a rakske [16]). Ananormyanbiv
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PASPEIINMOCTE HEKOTOPHX CUHI'Y/IAPHBIX UHTEIPAJILHBEIX YPABHEHUH ...

obpaszom det 3}, (b, ) # 0 m rank 3(} (¥, ) = v kak ToneKO 7 > v u m > v. Io-
CKOJNBKY V_ > UV, T0 dimkerJ{jH’LH(bg = dimkerﬂ-(jH’LH(b;) =v. —v+1
Kpome 1oro, 04eBRIHO, 4T0 yPABHEHUS! U-le+17l,7+1(b+)77 =&, 9‘@+1,y,+1(b/+)77/ =¢
(n,n' € C¥-11) paspenmmpt npu m06bIx npasex acrax &, & € CY.

B cayuae p ! € Wi u v > 0 ananorudnbie yTBep:KISHUS CIPABEIIHUBLI 1718 MATDPHII
3, (b2), I, L, (B). Vimenmo: det 3C,,, (b ) # 0, det I, (b1 ) # 0; rank 3, (b ) =

rank 3, (b ) = v xax TonbKo N > v, m 2> v;

dimker 3, , (b ) =dimker3(, , , (V' )=v. —v+]1,

ypasuenna 3, (b-)n =& 90, , (b)) =& (n,n' € T~ ') paspermamer

npH A100bIX npapbix gactax £, € CV.

Teopema 2.1. Tycmv p~ ' € W_, v < —x u evnoanens ycaosua d1), d2). Tozda
daxmopusayuonnsie mHodcument mompuyst-pynryuu G,y onpedeaaromea caedyro-

WUMU PaseHcmMeamu:

Apy = diag (Ty 40, Ty 1)

v_
gh =mpve,  gh =y o1 D> MmTm — uov+P+(<I>+)> :

(2.7) =0 N
P vy P o
9;1 = '71]9A7}+7 92+2 =72 Z MmTm — MO_W+P+(¢+) +—
Y2 —— p pu+
(2.8)
_ 1 [pho. & op v 0T,
911 = >+ P () + 2 )
Yipo \ PTv_ Py v_p
Y- A
_ [ _ pru_ _ pU_
Go=——— | D T + 0P (®1) ), g5y = — s Gy =
YipoTo_ \ “= Y2 0Ty YohoTy
20€ 1o, Y1, Y2 - NPOUIEOALHBLE HEHYAELEDIE KOMNACKCHUE UCAT, a1 = (10,01, -, Tu_)',
(i €C,i=0,...,v_) - npouseoasHoe pewenue YpasHeHUA

g{j+1,u,+1(b+)77 = —M0%i+1,1(0+)~

Hoxazamesvemeso. B npegnoxennn 2.2 yKe JOKa3aHO, YTO YACTHBIE HHIEKCH MATPUIIbI-
dyukuun Gp .y PABHBL COOTBETCTBEHHO 1 = X +V 1 30 = —(x + v) (re. xo =
—(x + v)). CnenoBarensHo, 9aCTHBIE HHAEKCHI MATPHUBI-QYHKIHN Ty, G 4 COBHA-

JAIOT ¢ 9ucHaMu 1 — Xo = 2(x +v) = v —v_ u 25 — xo = 0. Onpenenum MaTprubi

v 1= (A D2 (AT ) m K= (AT (AT )
B cuaty pesynbraros paboret [10] cymecrsyer dbakTopu3anuonHas napa BeKTOPOB g =
t
(¢ 0vdts) €O (e im—v =D h= (R b)) (e
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C%i=—(v_+1),...,—1). Dru BekTOpPLI ONpenenA0Tca u3 ypasuenns K, ,_ 1q =
0, X1h = 0 Taxum obpasom, 4To OTIH4YHBIE OT Hyn# BekTophl K| , 1q, Kih —

nunefiHo HezaBuCcHMbL. ECau nocTpouTh BEKTOP-QYHKIAN @1, o 1O DOPMYIaM

v_ 1

(2.9) 1) =BT Y [ D (A e | £

m=0 \ k=—v_

v_ 1

(2.10) palt) =B () > S (A Dk the |

m=0 \ k=—(v_+1)

10 Marpuna-gyuknus (@1, p2) Moxker Obirb BeiGpana B Kavecrse daxropa (Gpy)+
O6parro, kak Obt He Gbi1 BbiOpan (G )., CymecTByer (hakTOpU3anUOHHAA Hapa ¢,
h rakast, 4ro nepsbifi ¥ Bropo# cronben (Gp )+ BOCCTAHABAMBAIOTCH 1O HOPMYIaM
(2.9), (2.10) coorBeTCTBEHHO.

B npeanoxenun 2.2 0o CyIMIECTBY JOKasbiBaercsd, uro o1 = i (pve,p v )t (v #
0). Kpome Toro, sropas komnonenta sektopa X, , ;¢ pasna mymo. OTciona B
YaCTHOCTH CIEAYeT, YTO BTopas KomnonenTta sekropa K h nomxua 66Tk OTHAYHA OT
HYJIS.

O6osnauum & = Ajh. Tlyers € = (&5,€0, ..., €0 u & = (g, p)t (s pu € C,
k = 0,1,...,v_). U3 onpegenenus A; u crpyxryper (A71), (s = 0,1,...) cneny-
er, 9to 1 = -+ = . = 0. Ho nockonsky Kih = &, 10 po # 0. Tipn Takom
Bhibope £ nerko Bujers, uro ypasnenne A1h = £ paspemnmo. Takum obpasom Ha-
xoxenue pemennsi ypasuenust Kih = 0, obnajaromero reM cBOHCTBOM, YTO BTO-
pasi komnonenta Bekropa K| h omnmyna OT HyNsl, SKBUBAJEHTHO HAXOXKIEHUIO De-
menna ypasnesna B(& = 0 pupa & = (56753...75;)1 rae & = (o, po)t, & =
M, ) (k=1,...,v ), t,ns € C (s =0,...,v), ug # 0. B crow ouepens, 1o-
ClleiHee YPABHEHHE SKBUBAJICGHTHO YDABHEHHIO CHLLL b = _“Og{jﬂ,l(c”?

rae 1 = (no,...,n_ ). Tlocnenoparenbhoe periesne 3TONO YPAaBHEHUA W ypaBHEeHH
t

Aih = £ npu mekoropom pg #£ 0 onpenensier exrop h = (hiu,f17~~~7htf1) C

hi, = (h,%“o)t (k=—-v_—1,...,-2)u h_ 1 = (hl,hhz,l)t. Wz dopmyast (2.10) cne-

t
Ayer, uTo BTOpoil cronber (G p)+ uMeer Bu w2(2) = v B 1(2) (Z nmzm7uo> .

Otciona u u3 pasenctsa @1 = v1(pvy,p" v )" B cuny onpenenenns B! okoruarens-

BO nogyaum Gopmyint (2.7). HenocpeacTBeHHbiM HOICYeTOM HETPYIHO yOe uThes,

aro det(Gp g ) = Y2v1p0. U3 pasencrsa det G = det(Gp ) det Ay - (det Gy )7
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1
cnenyer, uto det(Gp ) "' = . Orcrona umeem

Y1Y2 40

(Gp)— = 7172000 ( 922 791 ) .
—991 911

Cpasuusast 910 pasescrso ¢ (Gpy)- = Gp7¢(Gp7¢)+A;11p ¢ HOMOLIBIO HECIIOMHBIX
npeobpasopannii HerpyaHo nonyauth dopmyast (2.8) naa g;; (4,7 = 1,2). Teopema
JOKa3aHa. [l

Teopema 2.2. ITycmo p~*

e W_, v < x u esnoanenn, ycaosua di), d2). Toeda
armopusayuonmvie mMHoxcumear mampuysi-pyrryuy G, , onpedessomes caedyro-
UUMY PAGEHCTNEAMU:

Apy = diag (T yiu, 1)

A
+__mr P
g11 1}+7 991 —1}+ s
v_
- p 1)y _Hop P ((I)//\) HoU4
(2.11) 912 2 Py m:o( )" T prog T T * N )
v_
1 Ho A
oh = | 7 DL — L2 P (#11)
V4 0 V4
(2.12)
1 — N
gi = ———— [ S D"t P (@) ),
Qg (mz . .
v_
-~ ! P s pop AN | HOU—Ty
912 = Y ye— -1 T+ ————— P~ <<I> )+ ;
2 1140 p/\i}nyi 7;)( ) Thn Tm p/\i}nyi + p/\
- P o P
901 =~ YT T
T2H0V-Ty V2OV Ty
2de 110, V1, Y2 — NPOUSGOALHBLE HEHYAEEHLE KoMNACKCHbE wucaa, a1l = (Nhnl, .., 7, ),
M, € C, it =0,...,v_) — NPou36oAbLHOE PEWEHUE YPAGHEHUA U{jﬂwiﬂ(b;)n/ =

—p03C 4 ().

AHorazameavemso. Pacemorpum Marpuny-gynkouo G, _y. OHa ynopaeTsopseT Beem
yenosuam Teopembt 2.1. Tlpu srom meobxoaumo BMecro X, v, by, cy, ® paccmarpu-

BaTbh —Y, o v, ¢, ®". Bocnonssyemca reopemoii 2.1 B ¢ COOTBETCTBYIOUIMME U3-

enenuamn nocrponm dakropuzanuio Gp _y = (Gp_y)-Ap _y(Gp_y) . C apyroii
cTOponb N1erko yoemuThea, 90 Gy = JoGo ) Jy ' nae

0 -1
Jo = (1 . )
CrenoBarenbHo,

Gy = Jo(Gp )Ny (Gp )7 g = (=12 do(Gp ) Ay (Jo(Gp—)})
37
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1 MOXKEM B34AThb

(Gpu)s = Jo(Gpp)t 1 (Gpy)- = (=1)?Jo(Gp )"
Vunrsias, uro (—1)2 = (=1)” (vk. 20 = x — v, a x — wernoe) u Jg ' = —.Jo,
nomyanm (Gpy)—' = (—1)" TGy _y) " Jo. U3 smux dopmyn ¢ yuerom pasencrs
(=1)"= = (=1} u SW = WS caenyior (2.11) u (2.12). Teopema nokasana. O

2.4. PaccmoTpum Teneps cayuas p ! € W, . Onpenenay GyHKOHIO 9, B MHOIOYJIEH
1%

- 1
Py € HOMOINBIO paBencTB ¥y, = (—1)74, pi(2) = (—1)" H (z + —> OueBnyHo, 9T0
Qg
i=1

! € W_. OyHKIMIO vy ONPENENNM PABEHCTBOM

U3 yCJIOBHA P 1

1+ 1y
vy = 1+Z*. W3 d1) caenyer, uto 1 — ¢2(x) # 0 (t € T). Ilycrs npencrabienne

Uy = Vg Ty, Uy +1 apaserca daxropuzanuell dynknum v,. B cayuae Korna v — detHoe

e W, caneayer p,

YHUCHO, UMeeT MEeCTO PDaBeHCTBO Uy — U U IIOTOMY B 3TOM Clly4ae

1 1
Xo ==X U (2) = ===, et (3) = ===
v () v (3)
1
B caydae korga v — HEYETHOE YHCIO, CIPABEAINBO DABEHCTBO Uy = — U TIOITOMY
v
1 1
Xe =X, Us—(2) =4 ERE ey (2) = v ENA
Tockonsky |x«| = |x|, T0 ycnosme d4) skpupanentro yenopuio v < |x.|. Taxnwm

obpazoM Kk marpune-pyuknun Gp, o, NpuMernMb Teopemsr 2.1 u 2.2. Ilycrs npen-

CTapjenue

—1
GP*W* - (Gp*ﬂﬁ* )*Ap*ﬂﬁ* (GP*7¢* )+
2

arngerca baxropusanueit Gp, 4, 1 Ap, ¢, = diag (7., ,7..,), (Gp, w, )+ = (g::ij)ijzl’

-1 —\2 . o o
(Gpow. ) = (g*ij)ijzl' Us teopem 2.1 u 2.2 cnenyer, 910 2 = |x«| —V = |x| —
v = 355. KpoMe TOro, 9ucio v, ONpeNeleHHOe DABEHCTBOM vV, = 2|x,| — v B cuny

IX+| = |x| paBro v_.
Marpuna-gynknus Gy, y COBIIANAET ¢ CONpsiKenHoh k Gy, 4, Marpunei-dynxuueft
Gy, .- Hostomy (cm. [11, 12]) npencrasnenne

* —1x * *
Gpﬂﬁ - (GP*W*) - ((GP*7¢*)+J) JAp*,w*JJ(GP*7¢*)—7

(1)

aprasercs daxropusanueit Gp . Orciona cienyer, 4ro
_\* /1 _ «f1
(€04 = (o)) (2) 5 ()70 = 3G (1)

z
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C nomonipio 31ux dhopmyn 1 reopem 2.1, 2.2 nerpynHo yOequThCs B CHPABEIINBOCTH

CHe1yIommx yTBep}K,ELGHI/II‘/i.

Teopema 2.3. ITycmo p~ ' € W, v < —X, V-HEMEMNOE HUCAO U SHNOAHEHVL YCAOCUA
d1), d2). Tozda daxmopusayuonnsie muoocumenu mampuybi-gynryuy Gy, 4 onpede-

AAIOTNCH me&ymugumu paseHcmeamuy:

A
. PUL + P vy
Apoy = diag(Tyin ), g =-"—"—, g4 =
Py ( X+, —X v) 11 aryafio 21 a2t
v_
! p Mo
+
o Viko ( " e %nmLerauo /\T"+1P+(T” 1)+ v ph
V4T,
9;2 - ‘= Z NMmT—m + aMO7—1P+(7—V 1q> )
TiHo \
v_
911 = "2 (1} Z NmT-—m + apoP (Tqu>)>
m=0
- _pv— p LoOT,
912 = Z NmT—m — opo—v-T1 P (1, 1®_) + — Y,
p phu_
- ’71]9/\717 - Mmpu-
921 = " —— Gnm =~ 7
Ty, Ty,
2de [y, Y1, Y2 — NPOU3EOALHBLE HEHYAEEBLE KOMNACKCHBE HUCAT, G 1) = (7707 e My )t
(nieC,i=0,...,v_) — NPOU3BOALHOEC PEUEHUE YPAGHEHUR

CHJH,V,H (b)n= —Mog'flﬁm ().

Teopema 2.4. ITyemov p 1 € W, v < X, V-uemHoe “UCIO U GHNOAHEHD. YCAOSUA
d1), d2). Tozda daxmopusayuormnsie muoscumeny mampuys-Pyrwyuy G, 4 onpede-

AAIOTNCH me&ymugumu paseHcmeamuy:

+ P + "
A = d’ba T — ’ g - ? g -
P 9(Txtv—v)s 911 ayipovs 2L amapouy
1 PTy OUOPTy_ 41 QHOU+

+ /

gty = N Tem + ———— P 197

Py (P ”+Z e phoy et »
+ Ty_

Goo = — Tom + 07’1P T 1q>

22 V1 V4 (WLZ TIm m M +( v— ))

_ aMoTl ’
- } : mTm — ———P_ (1,1 &
911 (v — N T (-1 ))
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v_
_ P oop HOQT, U
g2 =7 |~ NnTm — =Ty P (1, 1®" )+ —— ],
pho =~ p p
S £ AN
2 arv 2 anu ]
2de [y, Y1, Y2 — MPOUSEOALHBIE HEHYACEHIE KOMNACKCHbE Hucad, a N = (T, ..., My_)*
(n€C,i=0,...,v_) — NPOU3BOALHOEC PEUEHUE YPAGHEHUR

— / — /
g{u+1,u,+1 (bf) n= —MOJ'CV+1,1 (C—) .
Teopema 2.5. ITycmo p~ ! € Wi, v < —X, V-uemHoe “WUcAO U SHNOAHEHDL YCAOGUA

d1), d2). Tozda daxmopusayuormnsie muoscumeny mampuys-Pyrwyuy G, 4 onpede-

AAIOTNCH me&ymugumu paseHcmeamuy:

A
. p’U+ P ’U+
Ay = diag(Toir ), g1 = — . g, =——
Py (x+u, X u) 11 o o 21 a2t
v_
V4 Ty_
9l = - Z(_l)mnirﬂlm + apomi Py (1, 1®7)
TiHo N\
+ 1 p/\ i( l)m / + O{/,Lop/\ P ( @/\)+ O{MO
922 = U Ty — 1) T vy 1 P (1 P2) + —
22 V1 o P +iv o m!—m » +7y_ 1447y vp

A Y- A
o P apop v_T1 QT
911 = =2 <?” E (=)™ 0 T—m — MT]{(TVA(I)L\) + 5_};,)

m=0

g12 =72 (” Z(—l)m%ﬂm - auolep(Tulq’A)) ;

m=0
A
T 1 S U
21 ar, = 7% at, ’
20€ o, V1, Y2 — NPOUIEOALHBLE HEHYACEHE KoMNACKCHbe wucaa, a 7 = (1), ..., 1.,
(M €C,i=0,...,v_) — NPou36eossHOE PEUEHUE YPABHEHUA

Hyprp 410 )n = =pad0,, 4 (c).

Teopema 2.6. ITycmo p~! € W, v < X, V-Hevemuoe MucA0 U 8bnoAHENd. YCAOGUA
d1), d2). Tozda daxmopusayuormnsie muoscumeny mampuys-Pyrwyuy G, 4 onpede-

AAIOTNCH me&ymugumu paseHcmeamuy:

+ P + P
A,y = diag(7_ )y g = . g = —
DY X+v,x—v 1 afioYa 21 avapoty

Ty - m
gir = (Z(—l) M Tm — OZMOT1P+(TV1<I>/)>

m=0

1 JIAT S apugp” QUL
92+2 = <_ : E (_l)mU;anm + ;jvp Ty_ 1Py (TV*71¢/C) B %
+

m=0
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A v_
_ (7973 QUQT U
g1 = = (—p— S D = 2P (1,19 — L)

po_ pu_ p
v_
_ 1 QpoTy A
g2 =72 (v_ Z(—l)mn;,ﬂlm — v—,I—L (Tu71¢/7) ,
m=0
o = — 7p’ g, = P
e ar,v_’ 2 anel’
20e Lo, Y1, V2 - NPOUSEOALHBLE HEHYACEBLE KOMNACkCHbe wucaa, a 1) = (), ..., 1., )
M €C,i=0,...,v_) - NPOUIBOABLHOE PEWEHUE YPAGHEHUA

— / / — /
fHu+1,u,+1 (bf) n = —MOJ'CV+1,1 (C—) .
3. UHTETPAJILHBIE OIIEPATOPHI

3.1. Ecim p ! € W, 10 npu Bemonnennn yenosus d1) oneparop Fy dbpearonsmos u
noaromy obnasaer obobimennbiv obparabiv (eM. [1]).
Paccmorpum pefictsyromuii B LIQ, MaTpUYHbI CHHTYASPHBI oneparop My = Se Py +

Ep P, roe marpunsi-dynkuun C u D onpenenenbl paBeHCTBAME:

1 d 1 —d
e=(# 1) 2=( 1)

Kax uzsecrno (cm. [17]), oneparop My csasan ¢ oneparopamu Iy u Fj =1 —-23U8

CHeIYIOIUM OIIepaTOPHBIM TOXKJIECTBOM

(3.1) <§ _UU>Md<(I] _IU>2<ZSd lgé)'

Ipu p~!' € W u somonnennn ycaosua d1), obobmennsiit o6parueiii kK My onepaTop

MoxeT Gbith onpezenen 1o gopmyne (em. {18]):

] — — _ —
M = (604 P+ Ziapr P) (A Pyt P) Eig, yoims

)

—1
s (3.1) cnenyer, 910 onepaTop F(g MOxKeT ObITH BOCCTAHOBJIEH C IOMOIUBIO PABEH-

-1
FEY oW _1(1T U e (LY
* * 2\ I -U v -u

Orcrona, nonaras det(Gp »)— =1 (r.e. B3s8 B reopemax 2.1-2.6 pg = v1 = 12 = 1),

CTBa

HenocpeacTBenibiM IOACYeTOM HeTPY/JIHO }’68,&1/1'1‘]3(35{, qTO

(3.2) FCU = My + MysU + UMay + UMaU,
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i=1,2,a
= |X| -V
2(1—g7) et 2(1—g7) TRl
Taxum o6pasom, B ciydae korga p~+ € W, npu semonnenun yenosuit d1) m d2)
)

1

—1 .
oneparop F.Cg , oupenenennnii no gopumyne (3.2), apngerca 0606IEHHBIM 00PaTHBIM

k Iy 3necn g% B 3aBHCHMOCTH OT 3HaKa X, 4eTHOCTH 4ucia v m or p ' € W_

1

mubo p~ - € W. poccranaBnuwBaiorcda no dOpMyTIaM HOJNYYEHHBIM B Teopemax 2.1-

26 (o = 71 = v = 1). BamernuM, yro ananornyno (3.1) merpyano ybeanthed B

TOXKIECTRE

(3.3) <§ _UU>MdA<é —IU>2<FOd lg(;>7

rae Mgn = PyEen + P_Epa, F) =1 — USE,. Yaurbisas, 410 0neparop

Se(—1 —_ — v — o)
MEJA ) — :DA—I(GPA’¢)+ <P+:A;A1’¢ + P—) ((—1) P+:(GPA’¢):1 + Pﬁ:(GpA,w)ll)
apmnsiercst 0600IEHHO 00paTHBIM K MdA, B cuny (3.3) 06obumenubtit o6paTHbii Féil)

K onepatopy Fy, Moxker ObiTh BOCCTAHOBJIEH U3 DABEHCTBA

(1) .
E; * ) _ l 1 U M(Xl) 1 I .
* * 2 1 =-U d Uu -U
3.2. Cravana n0KaxKeM CHeyIOIIee yTBepKIeHHE.

Tpennoxenne 3.1. ITycmo p~ ' € W u swnoanenn yeaosua d1), d2). Ecau s > 0,
mo

a) muooceerneo ker Fy cosnadaem ¢ dynryuamu euda

ph + r 4
Y=1oe ¢911+F921 ;

2de h - npou3soabHbLl MHOZOMAEH, YOOBAECTNEOPAIOUUT YCAOBUAM
FALA .
degh <30 w g/ h" = gqh;

b) mmoorcecmeo ker Fy coenadaem ¢ dynryusamu euda

h p"
_ A P A
Yy 1— wz <911 + P Qngl > ?

ede h - npouzsoabHul MHOZOUAEN, YIOBACTNEOPAIOUWUL YCADBUAM
TARN ot
degh <30 w g{{"h" = g3, h.

Eecau 39 =0, mo nodnpocmpancmsa ker Fy, ker Fy mpusuasohbi.
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Hoxrazamesvemso. Tlone3ysce papencrBoM Gp o = D~IC, npeacrasum oneparop My
B Buge npoumssengenus My = =M, rae My = Ea,, lbP+ + P_. OueBngno, 4ro
ker My = ker M. Ilycts 29 > 0 u h npoussonbubii Mporounen ¢ degh < sz, a
BekTop-pyuxnus ¢ onpenenena pasencrsom £ = (h, 0)". Muomxectso ker My (em. [11])

COBIAJALT C MHOXKECTBOM BeKTOp-QyHKIn BUIA

(I =P Zg, JGpy)it=(Gpy)s = (Gpy) Apy)l = (Es—Gpy)(Gpy)its

rae By — enunnynas KBajparHas MaTpPUIa BTOPOro NOPAAKa. DTO MHOXKECTBO COBIA-
JAeT CO MHOXKECTBOM BeKTop-byHKIEA Buga ¢ = (y, u)t, rae
A
) P o4 Yh Y2 + ph
(3'4) Yy = <¢91+1 + _921> —, u=|—g{; +¥gy .
" 1 — 2 P 1 — 2

s roxpecrsa (3.1) crenyer, 9o y npunaiexuT ker F roraa u TOALKO TOMA, KOTa

pekTop-pyuknusa ¢ = (y,y")" npunaanexur ker M. ¥z (3.4) ciaenyer, uro yciopue

u = y” SKBUBAJICHTHO PABEHCTBY

'y
(3.5) " = Al

e ® = g"h" — g5, h. 3ameuas, 4TO OAHOBPEMEHHO CHPABEIABO PABEHCTBO @ =
A

'y ¢¢A

— , HETPYAHO yOemuThCA, 9T0 paBeHcTso (3.5) B CBOIO 0Yepeh IKBUBANEHTHO
r

roxaectsy ¢ = 0. Vrpepxienue a) Hokazano. YTBepxkKjaenue 6) NOKa3bIBAETCH C©

MOMOIIBIO AHAJOrHYHBIX paccyxaenuii. Cnyqaait 2y = 0 oueBnnen. O

TIpennoxenue 3.1 BMecte ¢ reopemamu 2.1-2.6 1o3BONsSIeT NATH CAENYIONEE OIMU-

canne anep oneparopos Fy, Fy. Huxe [2] — nenaga gacrs uncna z € R.

Teopema 3.1. ITycmo svnoanens, ycaosus d1) - df). Tozda

a) ecau x < 0, mo cucmema dynryui

—x—-v-—1
LR T N S b S it
1—4 2
asasemes basucom npocmpancmea ker Fig, a cucmema pynryut
A
Py Tok —x-—v-—1
=—"= k=0,...,| =
U 1 _ ¢ ’ ’ ’ |: 9 :|

asasemes basucom npocmparcmea ker Fy;

b) ecau x > v+ 1, mo cucmema dynryui

" 3 p72k717 k17.”7{x—1f}

T1t¢ vy 2
asasemes basucom npocmpancmea ker Fig, a cucmema pynryut
up, = P o1 - {X - V}
(EEnI T2
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asasemes basucom npocmparcmea kKer Fy;

¢) ecau x = v+ 1, mo npocmpancmea ker Fy u ker Iy mpusuasvi.

Loxazameavemeo. W3 teopem 2.1, 2.3, 2.5 cnenyer, yro npu x < 0 ycnosus gﬂ/\ W =
gy1h m gl h" = g;°h sxkBuMBazenTHBI TOMY, 9TO h — YeTHBI MHOrOUJeH. AHamno-
rUYHO, U3 TeopeM 2.2, 2.4, 2.6 cnenyer, uro npu x > 0 ycrosus gf{\h/\ = g;h H
91+1 " = gg+1Ah 9KBUBAJEHTHLI TOMY, 9T0 h — HederHbill Muorounen. [oab3ysdace rem,
910 329 = |X| — v, B3 Teopem 2.1, 2.3, 2.5 u npepnokenud 3.1 NOAYYIRM I0KA3ATENb-
CTBO YTBEPXKIEHUA &) W COOTBETCTBEHHO u3 teopem 2.2, 2.4, 2.6 u npennoxennd 3.1

HOJIYYMM JOKa3aTelbeTBO yTBepKaenni b) u ¢). Teopema nokasana. O

3.3. Kak uznecrno (cM. [1]) conpsskennbiM OneparopoM K CHHIYIAPHOMY WHTEIDaAlb-
HOMY oneparopy S geficreyromemy B Ly (1 < p < 00) sABis€TCA BHOBbL ONEPATOD
S neiicrsyronmit 8 Ly (¢ = p/(p — 1)). Yunrssas raxwxke yro U* cosnanaer ¢ U, a
= ¢ Eg (Ho pefictyiommx yaxe B L), nerko Bugers, uto Fi = Fz [ = Fy tae

oneparopst I'y, I'y neficryror yaxe B nipocrpancrse Ly. Ho nna 2z € T umeer mecro

IO AC

A

p
rje MHOTOYJIEH p, # QyHKOmaA v, onpenenensl B 1. 2.4. O6osnauns d, = —“),, Mbt
%

moxkem sarucars Iy = Fy . Fj = Fy, . Pacemorpum ypasrenust gy = f, Fyy = f.
TlepBoe n3 9TUX ypaBHEHHH paspeluMo Toria ¥ TONLKO Toria, Koraa f oprorodanbHa
ker F, . CoorBercrBeHHO BTOPOE yPaBHEHUE PA3pPeInMO TOTa U TOIBKO TOIVA, KOria
f oproronanvna ker Iy .

ToNb3yACH CBABBIO MEXKAY Xxs Pay Doy Wiy Vst B X, P, 07, ¥, v_ (cM. 1. 2.4) Ha OCHOBE

tTeopemsl 3.1 HeTpyaHO yOenuTCs B CHpaBe/JIMBOCTH CJENYIOIErO PE3yAbTaTa.

Teopema 3.2. ITycmo svnoanens, ycaosus d1) - df). Tozda
a) ecau x < 0 u v — nmewemmnoe wucao, mo das paspewumocmy ypasuenus Fqg = f

HEOOTOOUMO U JoCMamouHo, W mobst

=20 ()

—x—-v—1
e |

2

a das paspewumocmu ypasHenus Fyy = f neobrodumo u docmamonto, wmobui

/fgj)f(;()f(z)”(z) d2=0, k=0,..., {L_”_ 1} ;
T

))22k+u 2
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b) ecau x > 0 u v — uemmoe wucao, mo daa paspewumocmu ypasnenus Fqg = f

HEOOTOOUMO U JoCMamoHo, Mol

[t o ko [

b0 (2)22R 2

a das paspewumocmu ypasHenus Fyy = f neobrodumo u docmamonto, “mobui

FEeERE L [x—v-1]
| Tt e =0 k=0 X

c) ecau x < 0 u v — uemmoe wucao, mo daa paspewumocmu ypasnenus Fqg = f
HEOOTOOUMO U JoCMamoHo, Mol

f z —Z)U_ (%
/u%((z))z)zkﬁ)l dz=0, k=1

__X_V_
IR 2 ?

a das paspewumocmu ypasuenus Fyy = f neobrodumo u docmamonno, wmobui

FlbEpEw () x—v].
(Gt @70 Em b [ 75

k=1

d) ecau x > 0 u v — newemnnoe wucao, mo 0aa paspewumocmy ypasnenus Fgy = f
HEOOTOOUMO U JoCMamoHo, Mol

f(z)p(=2) _ _ X -V
/(1—¢ dz=0, k=1,..., ,

(2))v_(z)z2ktrv-1 2

a das paspewumocmu ypasHenus Fyy = f neobrodumo u docmamonto, “mobui

F(2e()p(z) ~ x—v].
/ e PR 2 |

e) ecau x = v+ 1, mo ypasnenus Fyy = [ u ﬁdy = f paspewumv. das aw0bozo
fe€Ly.

Caeacrsue 3.1. I[Tpu svnoanenuu ycaosut d1) - df) onepamopwu Fy u E, obpamumst

(odnocmoponne obpamums,) mozda u MoAbKo Mmozda, xoezda X = v + 1.

Bamerum, 9ro npu 3amene ycaosus d4) na v = |x|, oneparopst Fy, I; cranosarcs
obparuMbiME. DTOT Caydail noapobHo necnenosan B pabore [19].
Abstract. The paper is devoted to investigation of the solvability of some characteristic
singular integral equations on the circle with the Carleman shift w(t) = —¢. Under
some additional requirements on the coeflicients, an explicit description of the kernels
and the cokernels of the corresponding operators is given. The investigation method
is based on the reduction of the solvability problem to the found explicit factorization
of some matrix function.
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Changsha University of Science and Technology, Changsha, China
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Abstract. Some sharp estimates for multilinear operators
are used to prove weighted boundedness for the multilinear
Littlewood-Paley and Marcinkiewicz operators on the Morrey

spaces.

MSC2000 number: 42B20, 42B25.

Keywords: Multilinear operator, Littlewood-Paley operator, Marcinkiewicz operator,
Morrey space, BMO, A;-weight.

1. INTRODUCTION AND RESULTS

Throughout this paper ¢ denote a positive, increasing function on RT = [0, +o0)
such that
p(2t) < Dg(t), t20
for a constant D > 0.
Let w be a non-negative weight function on and f a locally integrable function in the

space R™. For 1 < p < o0 we define

1/p
1
o= s (o [ (f@ Pty
zekn, d>0 \ P(d) JB(e,a)

where B(z,d) = {y € R" : | — y| < d}. The generalized weighted Morrey spaces are
defined by
L2 (R w) = {f € Ljpo(R™) ¢ || fllzoequy < 00}
If p(d) = d° for some & > 0, then LP¥(R" w) = LP°(R", w) which is the classical
Morrey space (see {15], [16]).
This paper studies some integral operators which are defined as follows.
9Supported by the Scientific Research Fund of Human Provincial Education Department (Grant:

09C057) and the Excellent Youth Foundation of Educational Committee of Hunan Provincial (Grant:
10B002)
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Introducing the region I'(z) = {(y,¢) € Rﬁ“ sz —y| < ¢} and its characteristic

function xr(y), we suppose that m; (j = 1,...,l) are naturals, m; +... +m; = m
and A; (j =1,...,1) are given functions in R". Let
1 (a7 (a7
Ry, 1 (Aji2,y) = Aj(z) — > D A )@ —y)™
lo|<my;

Definition 1.1. Let A > (3n+2)/n, € > 0 and let ¢ be a fixed function with the

following properties:

(i) Jpn ¥(@)dz =0,
(ii) [$(@)] < C(1+ Jal) (0,
(iii) [0(x +y) — d(@)] < Clyl (1 + [a]) ") when 2]y| < |a|;

The multilinear Littlewood-Paley operator is defined by
t " dyat]"”
A A 24y
= F
95 (1)lw) [//]Ri+l <t+ Ix—y|> S () eyl t"“] ’

L R Ajix, 2
R = [ BRI D ge)a:

|z — 2™
and () = t7"Y(x/t) for t > 0. Set F.(f)(y) = [ * ¢¥u(y). We also define the
Littlewood-Paley operator (see [21})

nA e
gmm@</ém<aﬁia>'ﬂmwmfﬁ>

If H is the Hilbert space

H%MMH(// mmw%mwwwﬂ<w}
Ryt

then for each fixed z € R™, the function F/*(f)(x,y) can be considered as a mapping
from (0, +00) to H, and it is clear that

(—JL—YWZWﬂmw

t+ |z —yl

where

g8 (F)(x) =

and

ni/2
mumﬂ‘Kﬂﬁia) F(H)

Definition 1.2. Let A > max(1,2n/(n+ 2)) and 0 < v < 1 be fized numbers and €

be homogeneous of degree zero in R™ with

/ Q(2))do(x') = 0.
gn—1
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Assume that Q € Lip, (5™ 1) and there exists a constant M > 0 such that
Q(z) = Qy)| < Mz —y[’,  wyes

We introduce the multilinear Marcinkiewicz operator
/2

W) () — [ /.. (m;—_y') FA) ) -

where l
P - [ et D S0 s,
ly—z|<t |x_z|m |y_z|n !
Setting
Oy —
R - | y P ey,
Y—=2>

define the Marcinkiewicz integral operator (see [22])

S </ / (ﬁ ) 'Ft<f><y>|2§l§f§> :

For each fixed z € R, FA(f)(x,y) can be considered as a mapping from (0, +00) to

H, 13, and it is clear that

ni/2
K@) = H (Fpmyi)  FOe

and

ni/2
() () = H(ﬁ) F()()

Note that for m = 0 operators g and pf are just multilinear commutators(see
[13],{19],]22]), while for m > 0, they are nontrivial generalizations of the commutators.
It is well known that multilinear operators are of great interest in harmonic analysis
and have been widely studied by many authors (see [3-6]). In [8], the L — boundedness
(p > 1) of multilinear singular integral operators is obtained. In [12], variant sharp
estimates for multilinear singular integral operators is obtained. The papers [17-19]
prove some sharp estimates for the multilinear commutator. Note that the Morrey
spaces can be considered as an extension of the Lebesgue space, and hence it is
natural and important to study the boundedness of multilinear integral operators on
the Morrey spaces.

The present paper has two purposes. The first is to establish some sharp inequalities

for the multilinear Littlewood-Paley and Marcinkiewicz operators, and the second is
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to use these inequalities for proving the weighted boundedness of multilinear operators
on the Morrey spaces.

For stating the main results of the paper we need some notation. Throughout the
paper, Q@ denotes a cube in R™ with sides parallel to the coordinate axes. For any

locally integrable function f the sharp function is specified as

#(x d
77 Zgr; |Q|/ |f(y) — foldy,

where fo = |Q| ™" [, f(z)dz. It is well-known that (see [11], [20])

7#(2) ~ sup in |Q|/ |F(y) — cldy.

QSICE
We say that f belongs to BMO(R") if f# belongs to L>®(R") and ||f|lzpmo =
[|f#||Lo. Assuming that M is the Hardy-Littlewood maximal operator

M) = s Q1 [ 15wl
Q3w Q
we briefly denote M,(f) = (M(fP))"/? for 0 < p < oo. We denote the class of
Muckenhoupt weights by Aj, that is (see [11}):
A ={0 <we L (R"): M(w)(z) < Cw(x),ae.}.
Now we state our main result.
Theorem 1.1. Let 1 <p <00, 0< D <2", we Ay and D*A; € BMO(R™) for all
a with ol =mj and j =1,---, 1. Then

!
(1) N9 (Flllprecwy < C T1 ( > ||DajAj||BMO> 1 e (s

1 Nl

(2) lug (Nllpeewy < C H ( > ||DajAj||BMO> e ()

|ag|=my
2. PROOF OF THEOREM 1.1

To prove the Theorem 1.1 we need several lemmas.

Lemma 2.1. ([5]) Let A be a function in R™ and DA € LYR™) for any o with

|| = m and some g > n. Then

1/q
m 1 o
| R (A2, y)| < Cla —y™ S (7@@ ) )|D A<z>|qdz> 7
9 z,Y

x| =m
where Q is the cube centered at x, with sides of the length 5y/n|x — y|.
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Lemma 2.2. Let 1 < p < 00,0 < D < 2" gnd w € Ay. Then, for any f €
Lp7tp(Rn7w)7

(a) |M () oy < CUFF N oe )

(6) [|Mq(H)llpe-ew) < ClIfllpee ) for any 1 <q <p.

Proof. (a) Let f € LP?(R™, w). Note that M (wxp) € Ay for any ball B = B(z,d) C
R™, then using the inequality (see {7})

| mpwrema < c [ 15wy, we 4

we get

[ @ ety < [ P Goe)(6) dy <

< If#(y)l”M(wa)(y)dy
= C / | ()P M (woxp)( d9+2/ )IpM(wXB)(y)dyl
k+lB\2kB
B)
< C # P Vd PLC[
o /|f y)fly erZ/kHB\ZkB (w)l |26+ B| Y
# ()P M (w)(y)
< C / |7 ()Pl dy+Z/MB erEsyall
< c / | () Py dy+Z/ )P g,
kilp 2nk
S C||f#||LP w(w Z2inkip(2k+1d)
k=0
< O ey D2 D)o p(d) < ClFFII iy P (d).
k=0
Thus,
M () Lre oy < CNFFl Lo )
A similar argument leads to the proof of estimate (b), which we omit. O

Lemma 2.3. For any 1 <p < 0o and w € Ay, both operators gx and px are bounded
in LP(R™, w).
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Proof. Using Minkowski inequality and the properties of ¢, we get

1/2
t " , dydt
w(N@ < [ 156 ( L. (Fomy) =2 tm) a:
1/2
o t A —2n+29 dydt
<C - If(2)] (/o /n <t+|x—y|> (Lt |y — 2|/t)2ni220 t1+n> dz

0 . t ni dy 1/2
<C - |f(2)|[/0 (t /]Rn <t+|x—y|> (t+|y—z|)2"+2>tdt] dz.

Note that

2A+ly—z|z22t+|z—z2—-|z—y|>t+ |z —2 when |z—y| <t

and

Ty — 2| > 28z — 2| — |z —y| > |o — 2| when |z —y| <2F1e

Then recall that A > (3n + 2)/n and observe

tfn/ ( t >M dy
re \t+ |z =yl (t+ |y — 2])2n+2

lz—y|<t tF |ZE - y| (t + |y - Z|)2n+2

>0

n ni dy
x> (
; 2k <[z —y|<2kt1L t+|x—y|/ (t+|y—z|)2n+2]

/ 22n+2dy
<t +
lz—y|<t (2t + 2|y - Z|)2n+2

+ / kA o(k+2)(2n42) gy
h—0/ le—y| <21 (2542t  2k+2]y — 2])2n+2

>0

dy
<ct™ / +
lz—y|<t (2t + |y - Z|)2n+2
> 2k(2n+2)dy
+ 27kn)\
%/zy<2k+1t (t+2k+1t+ |y_Z|)2n+2

<ct™

J e
lz—y|<t (t + |ZE - Z|)2n+2

Ok(2n+2) gy, ]

>0

+ / —knx___ 4 ay
r—o lz—y|<2kt1t (t + |z — 2])2nt2

" = "
I 2k(3n+27n)\) I
= (+ Jo =27
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¢
= e =2

because

o0 tdt
—:C _ 72n.
/ i o= (A

Hence, we obtain

o0 tt Ve |/ (2)]
a(fiz)<C Rn|f(2)|</o W) dz =C - |x_z|ndz

For estimating px note that

|t —z| <2t and |y—z| 2|z —z2|—t>|z— 2z — 3
if [z —y| <t, |y — 2| <t. In addition,
lo — 2| < #1428 <2572 and |y — 2| > |o — 2| — 275,

if |2 —y| < 2871t and |y — 2| < t. Therefore, we obtain

l

IO < o [ e (i) (2L oo 028

e (y,t)  dyd V2
o0 Xrz)\Y, 2
S {fo e tfﬁl dz

1

C 00 o0 t "X Xrey ()t Bdydt | d
+ f]R" |f(Z)| fo Zk:o f2kt<‘zfy‘§2k+1t t+‘z,y‘ (‘z,z‘,2k+3t)2n—2 <

1

& | e d 2
<C fpn To—z]i/2 {f\zfz\/Z (\zfz\£3t)2":| dz

: Ve
O fo e [ ko 27N o e }

z z n . 1/2
<C fpn \‘f( wdz 4 C [, \‘zf(z\‘"d [ 28N = ¢, = Fdz;

Now, the proof holds by the result of [1].

Lemma 2.4. (Main Lemma): Let D*A; € BMOR") for all o with || = m; and
7 =1,--- 1. Then there exists a constant C > 0 such that for any 1 < g < oo and
any function f € Cg°(R")

(a) (g(M)F(x)<C H ( > IID“jAjIIBMo> My (f)(=);

J=1 \Joy|[=m;

(b) (8 (N)F(z) < H ( > IID“J'AjIIBMo> Mo (f)(=),

= logl=my
ot any z € R™.
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Proof. (a) It suffices to prove that for f € C5°(R™) with some constant Cy > 0, the
following inequality holds:

!
ﬁ/@@f(f)(x)_cddeCH( Z ||DajAj||BMO) M,(£)().

I=1 \ley|=m;

Without loss of generality we can assume [ = 2. Fix a cube Q = Q(z0, d) and a point

ie Q. Let Q= 5ynQ and

Observe that R, (Aj; 2, y) = Ry, (Aj;2,y) and
D*A; = D*A; — (D" A;j) 5
for any a with |a| = m;. Denoting f1 = fxa and fo = fxgn, g, We get

T2y Ron, i 1(Ajs, 2)
FAf) () = = | —
R x —z|

2 i
[ A Pt E) e

W (y — 2) f(2)dz

Rn |z — z|™
2* R, A7 ’
+ ijl J( WJL x Z)¢t(y—z)fl(z)dz
Rn |z — 2|
1 Rm2 A ) L, - a1 ar 7
S X Gl ( ZIxx—ZZ)ISj‘E U D As(anly — 211 ()
[ [=m ’ "
1 le A ' &, - @2 s ¥
-y il ( 1|xx_2)|($ ) o 2 Ao () (y — 2) f1(2)dz
|az[=m2 ’ "
1 (z — 2)1te2 Do A (2) D2 Ay(2)
! Z aqlas! /n |z — z|71n 22 iy — 2) f1(2)dz.

|an|=m1, |azl=m2

54
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Consequently,

|601@) = g (12) o)

ni/2 . n)\/2
— H<t+|x—y|> FtA(f)($7y) —H<m> (fg)(gso7 y)
n)\/2 . n)\/2 .
< ‘ t+ |x—y| FAf) (=, y) — (m) FA(f2)(z0,y)
n>\/2 [To, B, (Aj; 2, 2)
: - LD iy — ()
t+|x y| . |z — 2]
n < t >n)\/2 LX
t+ |ZE _y| o [ all
Rm2 }I ;ZE7Z xr—2z 1 o
></]R ( 2|x_z)|(m ) D 1A1( Voo (y — 2) f1(2)dz
N ( ! >n,\/2 1
o |x _y| o [=ms azl

» / Rm1 (Al;x7 Z)(:E - Z) DOé2A2( )¢t( — z)fl(z)dz
R™

¢ ni/2 1
+ <t+|x—y|> Z a1!a2!X

[aa]|=ma, |azl=m2

< [ = Pt D A (D2 A=)

|z — 2™

ni/2 n)\/2 N

(m) FtA(fZ)(%y) — (m) (]"2)(9507 )
= I (x) + Ir(z) + I3(z) + Lu(z) + Is(x),

+

Thus, we obtain

L 4 X)) — 4 x X L x)ax g x)ax
g1 L st - sl ar < g [ nwer g [ pees

C C 1
+—/ Ig(x)dx —+ —/ I4($)dx —+ —/ I5(x)dx =L+ + 13+ 14+ Is.
QI Jg Q] Jo QI Jq
We estimate Iy, I, Is, Iy and Is separately. By Lemma 2.1 we have the inequality

Ry, (Ajiz,y) < Cle—y™ > |ID%Ajllpuo, z€Q and yeQ.

loj|=m;

55



LIU LANZHE

Hence, by the Li-boundedness of gy for any 1 < ¢ < oo we get

2
1
Lo<c 1D Allso | o [ loa(f)@)lde
s ol X oo | gp [ losis

log|=my

2 ' 1 1/q
< oIl X 10 Agllzaro (@ /Q ng(fl)(x)lqu>

=1\l =m;

2 1/q
< CTI| 5 1D Ayllsaro | 1QI Ve (/ Ifl(x)l"dx>

J=L \Jog|=m; “

< I X 10™ alisuo | My(F)@)

I=1 \loyl=my
For I, denoting q = pr for any 1 < p,r < 00, and assuming that 1/r + 1/7' = 1, by

Holder’s inequality we get

I, <C Z [|1 D2 As||Bmo lga (D Ay f1) () |da
[z |=mo [an|=ma |Q|/
1/p
< C Z [|D?2 As||paro Z <|Q|/ |g>\(Da1A1f1)(x)|Pd:E>
[z |=ma la|=my
. 1/p
< ¢ X Illave Xl ([ Dt Aener)
|z |=mo [an|=ma e
'17‘/ 1 P
< C DA DO”A prd — rmq
< C 5 W allawo 3 (|Q|/| D) <|Q|/©|f(x)l .)
< CH Z [|1D%AjllBao | Mq(£)(E).
=1

|| =my

For I3, similar to Iz, we get

2
<] ( ) ’||DaAj||BMo) M, (F)(@);

al=m;
For 14, denoting ¢ = prs for any 1 < p < 0o and 71,79, 73 > 1 such that 1/r1+ 1/ro +
1/r3 = 1, we similarly obtain

L<c > ﬁ/@ lga (D1 A1 D2 Ay f) ()| dae

|ay[=my,|ag|=m

1/p
<C > (IQI /n |9A(DalAlDa2Azf1)($)|pd$>

|ay[=my,|as]=
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. . 1/p
D IR VA ETE RETARID

[an|=ma,|az|=m2

i 1/prz
C DO“A prld DO‘QA Pra
> <|Q|/' i x) <|Q|/' =) x) x

leey|= m1
lag|=

1 ors 1/prs 2 . ]
x (@/@W’C” dx) <c]] ( > D Aj||BMO) M, (f)(#).

For I5, we write

(#)"” T FA )y (4)/ FA(F2)(w0,9)

t+ |z —yl t+ |z —yl

B " nA/2 / ni/2 nglij(Aj;ggz)
N /w <t+lx—y|> _<t+lxo—y|> ] o ARGl

t n)\/2 2
L e s— A (T, 2) — z)fa(2)dz
<t+|$o—y|> |95—z|m |$o—2|m> H Ye(y — 2) f2(2)
+<;>n>\/2/
t+|$o—y|

+< ¢ >n)\/2/
t+ |zo —yl n

- Z il

<t+|x—y|
|1 |=

_ ( : >M/2 Ry, (Ag; o, 2) (w0 — 2)1

Lt Jzo =yl w0 — 2|™

- > / ( >n/\/2 Ry (Ay; 2, 2)(w — 2)°2
ag! Jpn [\t + |z — 9] |z — 2™

loa[=m2

_ ( : >M/2 Rin, (Ay; 0, 2) (w0 — 2)*2

Lt Jzo =yl w0 — 2|™

aqlan! Jge [\t |z —y] |l —z|™
—ms

|ar|=m1, |az|

( t )”A/Z (g — 2)1 7o

Lt Jzo =yl w0 — 2|™

ms (A2,
Enaldit2) 6y - a1

le (Ah Z0, Z)

|zo — 2|™

(le Ahx z) ml(fll;x()?z))
(Rm2 A27x z) mZ(Ag;xmz))

)nA/Z my (Ag; 2, 2) (@ — 2)™

|z — 2™

D Ai(2)dhi(y — 2) fa(2)dz

D2 Aa(2)n(y — 2) f2(2)dz

D A (2) D2 Ay (2)ihy(y — 2) fol2)dz =

e SN IS IO SR N S
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To evaluate these quantities, first recall (see [20]}, that

bg, — bo,| < Clog(|Qa|/1Q1ND|[bllBrmo  for Q1 C Q,

and hence by Lemma 2.1
|Bn(A2,2)] < Cle—2™ Y (ID%Allpmo + [(D*A) g, .y — (D A)5))
lof=m

Cklz — 2|™ Z [|1D*AllBmo,

laj=m
for any = € Q and z € 28F1Q\ 25Q. Note that |z — 2| & |zo — 2| for 2 € Q and
z € R*\ Q. Then using the inequality a'/? —b'/? < (a — b)Y/? for a > b > 0, as in

the proof of Lemma 2.3, we obtain

IN

2 T 2
||](1)|| <C / tm\/2|x_950|1/2|¢t(y_2)||f2(2)| Hj:1|ij(Aj7x7 2| dydt
R A W (t + |z —y[)mA 1/ |z — 2™ it

o = ol 2| fa () Ty | R, (Ag 2, 2)]

|z — 2™

1/2
/ / ( t >””1 " dydt /
X 55 dz
rrt \t+ |z —yl (t+ly — 2)*t

<C

<C |$—$O|1/2|f2(2)|H§:1|ij(f~1j;x7z)| /oo dt 1/2dz
- Rn |z — z|™ o (t+ ]z —z)2n T2
2 ~
co [ Wi ij(Aj;$7Z)|f2(z)||x—xo|1/2dz
- Jre |zg — z|mHnt1/2
: |x x |
> j];! QZWL || ||BMO Z/Zk‘HQ\Zk |n+1/2 |f(2)| 2

2 0
<CII| 3 1 allone | Sowe e pis [ e

=1 \|a|=m; k=1

2
<OIT| X P Asllsuo | M),

[ae|=m;

2) — 0]
11 |<c/ ZWW . H|ij Ajiz,2)|| fo(2)|dz

2
ZEO|
C D*A; / ——— d
=cll §: 1D 4;llza0 §: S |ggo_zwiﬂ )ldz

lol=m
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2 %)
<cII| 3 104 llsao Zk22k|2;@|
j=1

|a|l=m; k=1

2
<CII| 3 0 asliewo | MUNG).
j=1

[ae|=m;

To evaluate [, 5(3) and 15(4), we use the formula (see {5D)

Ry (A;z,2) — Ry (As 2o, 2 Z 5' _p(DP Az, x0)(z — 2)P

|Bl<m

and Lemma 2.1, we have

| Rin(Aie,2) = Rn(Aszo,2)| < C Y D e — o™ Pl — 2| D> Al|paro.

|Bl<m |a]=m

Thus, similar to the proof of Lemma 2.3, we get

3
15|

4
15|
Similarly,

5
[

IN

IN

IN

6
[

IN

2 )
|z

e
< C E DA, E / k———— d,
= H I jllBmo 2 Jorrranara 2o — 2|1 |f(y)|dy

J=1 \lel=m;

2
< CH Z [|1D*Asllgaro | M(f)(E);

=1 \|a|=m

IN

2
Cljl Z '||DaAj||BMO M(f)(2);

[ae|=m;

>M/2 Ry, (Agjz, 2) (2 — 2)™

|z — 2™

CZ/

(t + |z — gy
|on|=

() Reatznslizo

Lt Jzo =yl o — 2™

1 Vely — 2)|| 1D A1 ()] f2(2)ld2

C Z |D A2 |BMO Z Zk k/2+27k)

o |=mq k=1

1 ~ , 1/‘1 1 1/‘1
i L, D A dy) (—M' Zkélf(y)l"dy>

> D Ajllumo | My(£)(@);

I=1 \lo|=m;

2
cIIl > ||D“Aj||BMo\ My (£)(3):
. )

7=1 \Jal=m;

59



LIU LANZHE

To evaluate 15(7), we take r1,79 > 1 such that 1/q+ 1/r1 + 1/r9 = 1, then
M<e Y /

ni/2 (ZE . Z)a1+a2
<t+lx—y|> |z — 2™
|ar|=m1,|az|=

( t )"W (xo — z)nten
t+ |zo —yl |zg — 2™

¢t(y - Z)

D A1 (2)|| D2 As (2)]| fo(2)]d=

1/q
co xS (g o)
Sy zal .
[an|=ma,|az|=m2
1 1/7’1 1/T2
D1 A ( ”dy) ( Doz A ”dy)
<I2’“Q| 2% | ! 125Q) 2’%2' )
2
< H( Z |D“Aj||BMO) My (f)(@).
=1 \|a|=
Thus

15| < CH ( Z |D“Aj||BMO) My (f)(@).

lorl=

(b) Let Q, Q, flj(x), f1 and fo be the same as the proof of (a), we write

HZ,: ij+1(1214;x7 Z) Oy — z
Ry = [ A AR E S s
Rn |z — 2| ly — 2|
2 ~
+ o Fo, i) Oy —2) fi(z)dz
R~ |x —z|m ly — 2" 1
Z / ma (s 2, 2)(z = 2)21 D A (2) (y—Z)lfl(Z)dz
oty @1 IR o = 2| ly — ="~
m1A7xZ T —2)*2D2 A Qly — =z
Z / vne s 2(2) Wy —2) 1, (a
a2 S |z — 2| v — 2]
1 (z — 2)M T2 DA (2) D2 Ay (2) Qy — 2)
Jr‘ _ Z - allagl/n le — 2™ g — 2" 1f1( z)dz
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Consequently,

IN

IN

ﬁ /Q P (@) = () ()| de
a | (7=)
a . |(7=)
al, (e=) = L Rm(ﬁz;x?Z|L(CQ)QIDM1(Z) e SO
(i)
(=)

t
_ dzx
t+ |z —yl

n)\/2 i
FA ) ary) - ( ) FA () (wo,y)

"V T By (A552,2) Qy —2)

f1(2)dz|| dx

o |z — 2™ ly — 2!

Z / my ( Ahx z)(x—z)o‘2D°‘2A2( ) Qy — 2)

| — 2™ ly — 2"~

ly
al,
al,

a () Fen- () B

S+ T+ T3+ Ji 4 Ik

1f1( ) 2

Z /n (x — Z)ahLOQDalAl(Z)DOTnAzl(Z)Q(y — Z) fl(Z)dZ

|z — 2"y — 2

dx

Similar to the proof of (a), we get

2 1/q
L+h+h+A§CII(§:|W”&Mwﬂ<ﬁﬁémmmwwﬁ>

3=1 \las|=m;
1/p
3D S VNPT i ) NN R WATEI
[z |=ms [an|=ma
1 - 1/1’
+C Z 1D Aillsyo Y (@/ |M/\(Da2A2f1)($)|pd$>
o |= |z |=m» e

1/p
o Z (IQI / A (D™ Ay D2 Ay f1) () |pd$>

|ag [=my | agl=

2
o] ( > ||DaAj||BMo) M,(1)(#);

7=1 \Jal=m;
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For Js we have

<¥>/ FA(f)(@,y) - (;)/ FA(f)(@0,v)

L]z —y t+ |zo —

o / < t >n>\/2 < t >n>\/2 H?Zl ij(zzlj;:uz) Qy — 2) Fol2)dz
- v v :
Rn t+ |x—y| t+|$o—y| |$—Z|m |y—z|"*1
ni/2 9
! ! ! i Qy —2)
) i e e
<t+|$0_y|> Rn |x—z|m |$0—Z|m j];! ( J )|y—z|"*1 2( )

ni/2 T
¢ A - A . Rm2(A27x7Z) Q(y - Z)
+ <t + |ZEO - y|> /n (le (Ahx? Z) N le (A17x072)) |x0 — Z|m |y _ Z|'n, 1f2(2)d2

A2 A Lo, R -z
+ <;> /n (Rm2(12127$72) _RMQ(AQ;ZEO?Z)) le (A17 0, ) Q(y )1 fQ(Z)dZ

t+|xo—y| |$O—Z|m |y—z|"*
_ Z L/ ( t >n>\/2 Rm2(A2;ZE7 z)(x_z)oa
— ol Jpn t+ |z -yl |z — 2™
|ay|[=my
ni/2 ~
t R, (As;z0,2) (20 — 2)% | Qy — 2) -
a D* Aq(z) fa(z)dz
<t+|xo—y|> |zg — 2|™ ly — 2|1 1(2)f2(2)
-y L/ ( ¢ )"”2 B, (A2, 2) (@ — 2)02
— ! Jpn t+|x—y| |x—z|m
|az|=m2
ni/2 i o
l le (A17x07 Z)(xO - Z) 2 Q(y — z) ~
a D2 As(2) f2(2)dz
<t+|$o—’y|> |zg — 2|™ ly — 2| 1 2(2) f2(2)

< t >n>\/2 (:E—Z)O‘NLOQ

[ le—y] e — =

1
+ Z a1!a2! /]Rn
2

|a1|=m1, |az|=m

( t )wz (o — z)1 e

t+ |zo —yl |lzg — 2[™

Qy — 2)

ly — 271 D™ Ay (2) D2 Ag(2) fal 2)dz.

Therefore, similar to the proof of Lemma 2.3 we get

2
Il <CTT Do D Ajllsmo | My(£)(&).
j=1

loe|=my

This completes the proof of the Main Lemma. |
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Proof of Theorem 1.1. Taking 1 < ¢ < p in Main Lemma and by Lemma 2.2 we

obtain
g8 Dllzeey < CUMGE () Lrs ) < ClGR )T || Loe )
2
< oIl{ X 104 IIBMo)I Iz
jzl |a|l=m;
< CH Z || DA, ||BMO) Il Lee )
5=1 \Jal=m;
A similar argument gives the proof of (2), which we omit. O
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AHHOTAIIMs. B crarbe XapakTepu3yeTcs KIACC IOJYIPYHII B KOTOPBHIX CyIIe-
CTBEHHO BBIIIOJHAETCS HETPHUBHAJLHOE CBEPXTOXKJIECTBO aCCOUMATHBHOCTH. Jlo-
Ka3bIBAETCH, YTO B OTJIMYHUE OT TPHUBHAIBLHOIO CBEDPXTOXKJIECTBA ACCOLMATHBHO-
CTH, KJACC BCEX IOJYTPYHI B KOTOPBHIX CYIIECTBEHHO BBLINOJHSETCS HETPUBU-
ATbHOE CBEPXTOXKIECTBO ACCOLMATHBHOCTH — KOHEYHOE O0beIMHEHHe KOHEYHO-
f6azupyeMbix MHOrooOpasuil momyrpymnm. Ilpudem, SBHO BHIIHCHIBAIOTCSH Oa3UC-
Hble TOXK(eCTBA BCEX MHOr006pasuil.

MSC2000 number: 20M07, 08A05, 08A40, 03C05, 03C85.

KarogeBpie caoBa: Ilonyrpynna, CBEpXTOXKIECTBO ACCONMATUBHOCTH, CYIIECTBEH-
Has BBIIOJHAEMOCTh, MHOI00Opazue IoJyIrpyIil.

1. BBEAEHUE

Hanomunm, 9ro cBepxToxaecrsoM |1} Haspisaercs GopMysia BIOpOro nopsiika Buja:

VX1, ., XV, ooz, (w) = wo) (x)
rjae w, w — ciosa (TepMbl) B aidabure QPYHKIHOHANBHLIX HepeMenHbix X1, ..., X, 1
NIPEIMETHBIX TIEPEMEHHBIX L1, . . ., Ln. OJHAKO CBEPXTOMKAECTEO OOBIYHO NUIIeTcs 663

KBAHTODHON NPHUCTABKH: W1 = wy. ByIeM roBOpUTH, YTO CBEPXTOKIECTBO Wi = W) Bbi-
noangerca B anrebpe (), X)), ecan 370 paBeHCTBO CIIPABEJIMBO KOTa Kakaad QyHK-
nuOHANbHAS nepeMenHasn X; 3amensiercsa nwboil onepanmei TOR XKe apHOCTH U3 X
(npeanonaraeTca BO3MOXKHOCTE TAKOR 3aMEHBI), 8 KaK/asd NPeAMeTHASA NepeMeHHast
Z; 3aMeHsIercs J00BIM TEeMEHTOM u3 ().

Muoroobpazue V ynoBaerBopser JaHHOMY CBEDXTOXKIECTBY, €Cln Kaxkaas ajrebpa
9TOr0 MHOTO0OpA3Ns YAOBIETBOPSAET STOMY CBEDXTOXKIECTBY. B 9TOM Ciiydae CBepx-
TOXKIECTBO HA3BIBAETCHA CBEPXTOXKIECTBOM MHOroobpazus V.

CBepxTOXAeCTBO (*) HA3LIBAETCS HETPHBHANBLHBIM, €CH ™ > 1, U TPUBHAILHBIM,

ecnu m = 1. Yueno m naspbaercd QyHKIHOHANLHBIM DAHTOM CBEPXTOXKICCTBA (*).
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Bunapnas anrebpa (Q,>) naseiBaerca g-anrebpoii (e-anreGpoil), ecnu CyImecTByer
onepanua A € ¥ rakas, uro Q(A) — kpasurpynna (rpynnons ¢ epununelt). Bunap-
Hy10 anrebpy (Q,>)) Hazorem HeTpUBHANBLHOH, ecam | Y| > 1. Wspecrno [1, 2] (cm. Tax-
ke [3, 4]), 9T0 ecnu HETPUBHANBLHOE CBEPXTOXKAECTBO ACCOIUATHRHOCTH BHINOIHSIETCS
B HETPHBHMANLHON g-anrebpe (e-anrebpe), TOrAa OHO MOMXKET ObITh TONBLKO (DYHKIHO-

HAJILHOI'O PAHTa 2 U OJIHOTO M3 CIENYIONUX BHIOB:

(1.1) Xz, Y(y,2)) = Y(X(z,9), 2),
(1.2) X(z,Y(y,2)) = X(Y(z,9), 2),
(1.3) Yz, Yy, 2)) = X(X(z,9), 2),

nprYeM B Kiaacce g-anrebp (e-anrebp) us cepxroxaectsa (1.3) caenyer cBepxToxK-
necrso (1.2), a w3 (1.2) cnenyer ceepxroxkaecrso (1.1).
ycers Q(+) — noayrpynna. Cnenywomas GYHKIEA HAa3bIBAETCH OUHAPHBIM NOJHHOMOM

(MHOTOYNEHOM, TEPMOM ) HOAYTpynnbl Q(-):

_ _E1_E Em
fle,y) = 20252 .20,
rnen €N ey 60,60 EN 21,20, 2, €{z,y} w0 25 # 2011,

COBOKYIHOCTE BCeX OMHAPHBIX HOARHOMOB HOAYTrpynnbt Q(-) obosnadum yepes Qior-
ByneM roBoputh, 9T0 B noAyrpynne Q(-) NONUHOMHUANLHO BBINOJHACTCA CBEPXTOXK-

2
pol

B paBore [5] nokaspiBaercs, 9T0 KIaCC BCEX HONYIPYIIL, B KOTOPBIX HOJXHOMUATBHO

nectBo (), ecnu B OunapHoit anrebpe <Q7 Q ) BBINOJHAETCA 9TO CBEPXTOZKJIECTBO.

BBINOJIHACTCA TPUBHAJILHOE CBEPXTOXKIECTBO aCCOUATHBHOCTH
X, Xy, 2)) = X(X(2,9),2), (%, %)

obpasyer KOHeYHO-0asupyemoe MHOT00Opasue (IpHYeM yKasbiBaercs Gasuc, Couep-
samwmi okoso 1000 Toxpecrs). B paGore {6] (cm. raxske [7]) ykasbiaerca Gasuc
TOXKJECTB 3TOr0 MHOrooOpasusd, ConepzKanmi 5 ToXIeCTs.

Yepes QZPO[ 0003HAYNM MHOKECTBO BCEX OGMHAPHLIX NOAMHOMOB f(2,y) NOXyTrpynnb
Q(), Kaxxabi U3 KOTOPBIX CYIIECTBEHHO 3aBHCHT OT O0OUX apryMeHToB Z, y (CM.
onpenenenusa 2.1 u 2.2 nuxe).

ByneM roBopuTth, 4T0 B noayrpynne Q(-) cyIIeCTBEHHO BBITOJHACTCH CBEPXTOXKIE-
cTBO (%), ecnu B anrebpe <Q7szol) BBINOJHASTCA 3TO CBEpXTOXkjecTBo. B paborte
[8] nokasbiBaercs, YTO KIACC BCEX HONYTPYIN, B KOTOPBIX CYIIECTBEHHO BBITIONHS-
@TCA TPUBHANLHOE CBEPXTOXKAECTBO (*,+*), 00pasyer MHOroo6pasue, ONpenesdaeMoe

YeTBIpbMs roxaecTBaMu (cM. takxke [9, 10]).
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OzHaKO XapaKkTepusanus NOAYTPYIIl, B KOTOPBIX CYIIECTBEHHO BBITOIHAETCS OHO U3
CHIEAYIONINX HETPUBHANBHBIX CBEPXTOXIECTB ACCONUATHBHOCTH, OCTABAIOCH OTKDbi-
roit: (1.1)—(1.3),

(1.4) Y (Y(z,y),2) = X(=,Y(y,2)),
(1.5) YV(X(z,9),2) = Y(z,Y(y,2)),
(1.6) X(Y(z,9),2) = Y(z,Y(y,2)),
(1.7) Y (Y(z,y),2) = Y(z,X(y,2)),
(1.8) X(Y(z,9),2) = Z(z, X(y,2)),
(1.9) X(Y(z,y),2) = Z(2,Y (y,2)),
(1.10) X(Y(z,9),2) = X(=, Z(y, 2)),
(1.11) X(Y(z,9),2) = Y(z,Z(y,2)),
(1.12) X(Y(z,y),2) = Z(2,T(y, 2));

B nmacrosmeil pabore NOKA3BIBAETCHA, YTO B OTAHYME OT TPUBHATHHOIO CBEPXTOXK-
JIECTBA ACCOIMATHRHOCTH, KJAACC BCEX MOJYIPYII, B KOTOPBIX CYIIECTBEHHO BBLINIOJ-
HAETCs HETPHUBHATLHOE CBEPXTOXKJIECTRBO ACCONUATUBHOCTH — KOHEYHOEe 00beIuHenne
KOHEYHO-0a3upyeMbix MHOr00Opasuil nonyrpyni. IIpuaem, sBHO BeInUCchBaOTCA Oa-
3UCHBIE TOKAECTBA TUX MHOT00Opazuil. B pesynvrare, knaccudunupyorcs HeTpUBH-
AJTBHBIE CBEPXTOXKAECTBA ACCONUATHRHOCTH C TOYHOCTBIO JO CYIIECTBEHHOHN BBITOIHE-
MocTh. (OKa3bIBAETCHA, YTO B CMBICJIE CYIIECTBEHHON BBINOJHUMOCTH, B MOJYIPYyNIax
KasKJJ0€ HETPUBHAJILHOE CREPXTOKIECTRO ACCONMATHBHOCTH SKBUBAJIEHTHO OTHOMY W3

ceepxroxkaecrs (1.1)—(1.5).

2. CBEPXTOXJECTBO (1.1) B OJYTPYNIAX

Ounpegenenne 2.1. Bydem zo6opums, wmo Gunapnsidi muozouaen F(x,y) 6 noay-
zpynne Q(-) cywecmeenno 3a6ucum om npedmMemnot nepemennod T, ecau CyuLecmaey-

OM X1,%2,Y € Q mawue, “mo F($17y) # F($27y)

Touno Tak xe onpeaendercd cymecrsentnad 3aBUCUMOCTDL 6HHapHOFO MHOI'O4JIE€Ha

F(z,y) or npenMerHoli nepeMentoi y.

Ounpegenenne 2.2. Hasosem Gunaprwnd muozouaen F(x,y) cyweemsennmm, ecau

OH CywecmeerHHo 3asucum. om obouzr NEPEMEHHBLL T U Y.
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Ounpegenenne 2.3. Jlea ceeprmoncdecmsn HA306EM IKGUBAACHIMBLMUY, ECAU 6 MO~
6ot noayzpynne Q(-) smu ceeprmoscdecmea Aubo 00HOBPEMENHO CYUWECTNEEHHO Gbi-
NOAHAIOMCA, AUO0 HU OOHO U3 HUT CYUWECTNEEHHO He esnoansemcs. Bydem zoeo-
pums, wmo ceeprmosicdecmeo (hy) ewmexaem us ceepxoocdecmea (hy) (u obosna-
wum (hi1) — (ha)), ecau 6o 6cer noayepynna, 20e CYWECTNEEHHO GBNOAHACTICH

ceeprmoscoecmen (1), CYUECNEEHHD GHINOAHACINCA TNAKICE U CEEPTMONCOCCTNEO
(ha).

JlokazkeM CenyIonyio BCIOMOTATENBHYIO JeMMY, KOTOPOH BOCIIONL3YEeMCA PH 10~
Ka3aTeNnbCThe OCHOBHBIX PE3yNbIATOR.
PaccMOTpEM CHEAYIONEE MHOKECTBO TOXKICCTH:
TYZ = 2TY,
2, 2
(2.1) Yz = rY’z,
2Pyz = x’yz .
Jdemma 2.1. Jhoboi cywecmsennsds muozousen X (x,y) noayzpynns Q) ¢ mooic-

8ecm6amu (21)7 paseH oﬁnomy U3 MHO20MACHOB MHONCECTNEA
_ 2 2 .22
P*{xyﬂyx?x Y,y , Y }

Jloxazameavcmeo. Buipasxenue z¥ 6ynem cantaTs nycreiv. Bean muorounen X (z,y) =
AtBtC,roet € {z,y} u A, B, C cythb cnosa (Moryr ObiTh 1 niycteiMu), 1o X (z,y) =
A(tBt)C = At? BC. O1ciona BbITEKaeT, 9T0 J1000# CYIMIEeCTBeHHbIH MHOIOYIEH MOKeT
OLITh NPEACTABACH B OAHOM U3 crenyiomux Bunos: X (z,y) = z™y”, rae n,m € N
uwm X(z,y) = yz.

ycers X (z, y) — 0600 cymecrsennbiii Muorowien nonyrpynnst Q). Ecmm X (z,y) =
yz, T0 neMMa nokasana. Eeau X(z,y) # yz, T0 3TOT MHOTOYJICH MOXKHO NPUBECTH
K puay: X(z,y) = z™y", toe m,n € N. Ecom m,n < 2, ro X(z,y) € P. Tpen-

NOJAOKEM, 970 7 2 3 (ecim m > 3, 170 37107 Cay4all JOKasLIBaeTcs aHanorudso). B

TpeTheM ToxaecTse (2.1) nmpummMaz z — y, nonydnm oy’ = z’y’. TIocKOIBKY u3
[EPBOro TOXKIECTBA cireyeT x°z = zz2, 10 x°y° = y32? = y?2? = 2%y?. Ecau m > 2,
T0 X($7y) _ xmyn _ m7212y3yn73 _ xm72x2y2yn73 _ xmynfl.

Aecin m =1, 10 X(z,y) = 2y" = 2y®y" > = (xy’y)y" > = (2Pyy)y" > = 22y,

T.€. CBOOUTCA K IPEABIAYIIEMY Cay9at0. TAKHME MIaraMu CTENCHR TePEMEHHBIX B MHO-
rounene X (z,y) MOXKHO cuusuTh 40 aByX. Torma muorounen X (z,y) Gyzer paBHbiM

OJHOMY K3 MHOI'OYJICHOB MHOXKECTBa P. [l
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Teopema 2.1. B noayzpynne Q(:) CYwecmeeHto 6noAHACTICA CEEPTMONCOCCTNEO
(1.1) moeda u moavko mozda, k0204 3Ma NOAYZPYNNA YIOGACTNEOPACTL. OOHOMY U3

CACOYIOUWUT CUCTEM MOAHCOECTE:

TYz = 27TY,
(2.2) 2’yz = zy’z,
yz = 2’yz,
(2.3) [ ay—a?,
(2.4) { zy=9¢",
TYz = T2Y = 2TY,
(25) { oo
TYz = T2Y = 2TY,
2.6
(26) { o

Aokazameavemeo. Heobxozumocrs. PaceMorpuM ciydail, KOrya MHOPOYJIEH Ty HECy-

2 wnn vy = y° u pmonHAeTCA yenosne (2.3) nan

mecTBennLi. B aToM ciygae zy = T
(2.4). Tlycrs mBoOroanen zy cymecreennbii. Torna m Mporousien yz 6yner CymecTBeH-
weiM. [Ipuramag B (1.1) X(z,y) = 2y u Y(z,y) = yz, Gynem umers yrz = y2z, T.€.
zyz = xzy. puaamaa s (1.1) X(z,y) = yz u Y(z,y) = 2y, Gyaem umerh 22y = 2y,
T.e. x2y = zry. Utak, ryz = w2y = zry. PaccMoTpuM ciy4daii, KOria MHOIOYIeH 27y

3w 22y = v°. CIle10Baresibuo, HMEET MeCTo

necymecrsennbii. Torna, una 22y = o
(2.5) unm (2.6).

Teneps NPeANONOKEM, 9TO MHOTOUIEHBI TY, YT, T°y CyIeCTBennbE. B 3TOM caydae
ry? = 2yy = yry = yyr = y>T W NOITOMY MHOTOUJIEH Ty’ CYNIECTBEHHBIH.
Hpunumas s (1.1) X(z,y) = 2y u Y(z,y) = 2y, 6ygem nmers xy°z = xy’2°.
CrnenoBarenbuo

2lyz = 2’2y = 22’y = 2a%y? = 2%a2? = 2yPx = 2ay? = x2y® = 2’z

Tem caMbiM JOKa3aHbi HEPBOE W BTOPOE TOXAECTBA B (2.2).
Jokaxkem Tperbe Toxaectso B (2.2). Tlpuaumas z = z Bo BTOpoM ToXKaectse (2.2),
HORYIBM

$2y2 == ZEZEyZ == ZEyZZE == ZEZyZE == ZEZZEy == $3y7
re. 23yz = 2%y’ 2 = 22°y? = 22y — 2’yz, KOTOPOE U €CTh TPEThE TOKIECTBO.
Hocrarounocrs. A) Tlycres B nonyrpynne Q(-) umeer mecro (2.2). Cornacno nemme

2.1, moboit cymecrsennbiii Muorowien X (x,y) NPUHAIEKAT MHOKECTBY
2 2 2.2
P ={zy, yz, z’y, zy”, x"y" }.

PaccmorpuM 3T ciy4dan B OTIEIBHOCTH.
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(1) TIpu X(z,y) = zy ceepxroxzecrso (1.1) npunumaer sus X (Y(z,y),2) =
Y(z, X(y, 2)) u cBopurca K pasencrsy: Y (z,y)z = Y(z,yz). IIposepum cupa-
BEJIEBOCTE [OJIY9EHHOTO PABEHCTBa NPH Beex 3nadennsx Y (z,y) € P.

1.1. Y(z,y) = 2y — ayz = zyz;
1.2. Y(z,y) = yz — yxz = yzz;
1.3. Y
14. Y

2y2 _ nyZZ _ nyZZZ;

=z

(2) Tlpu X(z,y) = yz ceepxroxaectso (1.1) npuaumaer sug 2Y (z,y) = Y (z, zy).

(3) pu X(z,y) = 2’y ceepxromaecrso (1.1) npuanmaer sug (Y (z,y))’z =
Y(z,y%2).
Cupaseanupocts cBepxroxaectsa (1.1) AOKa3bpIBACTCA NOACTAROBKOR B 1O-
JIy9eHHBIE TOXKACCTBS BCEBOZMOKHBIX 3unadenuit Y(z,y) € P.

(4) Mycre X(x,y) = zy®. Heobxomumo aokazars, uto Y (z,y)2? = Y(z,y2?). Us
(1) mmeenm Y (z,y)z = Y (z,yz) — Y(z,y)2? = Y (z,y2?).

(5) Mycrs X (z,y) = 2y”. Heobxonumo nokasats, uto (Y (z,v))?2” = Y (x,y%2?%).
s (3) umeem (Y(z,y))%2 = Y(z,4%2) — (Y(z,9))?2% = Y(z,4%2?).

B) Ecau Bemosnenst yesaosus (2.3) nnm (2.4), T0 He CYIECTBYeT CYIIECTBEHHOIO
MHOTOUJICHA.

B) Iycrs umeer mecro yenosue (2.5). B 310M ciiy9ae, TOABKO MHOTOYIEGHBL TY W YT
MOTYT OBIThH CYIIECTBEHHBIME, 8 [0 HepBoMy ToxaecTsy (2.5), ceepxroxaecrso (1.1)
CYIIECTBEHHO BhinoJHsAeTca B Q(-).

) Hycrs umeer mecro yenosue (2.6). B aroM ciiyuae, TONBKO MHOTOYICHBL TY U YT
MOTYT OBITH CYIIECTBEHHBIMHE, & 1O IepBoMy Toxkzaecrsy (2.6) csepxroxaectso (1.1)

CYIIECTBEHHO BhinoJHsAeTca B Q(-). O

3. CBEPXTOKJAECTBRO (1.2) B TIOJIYTPYIIIIAX

Teopema 3.1. B noayzpynne Q(:) CYwWecmeeHHo 6NoAHACTICA CEEPTMONCOCCTNEO
(1.2) moeda u moavko mozda, k0204 3Ma NOAYZPYNNA YIOGACTNEOPACTL. OOHOMY U3
CACOYIOUWUT CUCTEM MOAHCOECTE:

TYz = 2TY,

(3.1) zlyz = xy’z,
23yz = 2’yz,
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(3.2) { 2y=2",
(3.3) { zy=9¢",
y TYz — =2xY,
5.9 {mem
TYz = 27TY,
3.5
(35) {om

Horazameavemeso. Heobxomumocts, Ecnu MHOro4nen Ty HeCyIIeCTBEHHbI, TO BbLI-
nonnsiercs yeaosue (3.2) unn (3.3). ycrs muorounen zy cymecreennbii. Torna u
MEOTO4JIEH Y2 Gyner cymecrsennbiv. Hpunuvan B (1.2) X(z,y) = zy u Y(z,y) = yz,
OyneM UMETh YTz = T2y B TYZ = Y2T = 2xy. PaceMoTpuM C1y9ail, KOrna MHOIOYICH

3 unm 2’y = y*. CnenosarensHO, B TIOJTY-

2y mecymecrsennbiii. Torna, umm z’y =
rpynne Q(-) ynosnersopsierca win (3.4) unu (3.5). Tpeanonoxkum, 410 MEOTOUNIEHB
ry, yx, 2’y cymecrsennsie. [punuvas B (1.2) X(2,y) = 2y u Y (x,y) = 2%y, 6ynem
uMeTh rlyz = ry’2.

Tem cambiM JOKa3aHbBI IEPBOE U BTOPOe TOoxAeCTBO B (3.1). JTokakem Tperne Tox e
crBo B (3.1). TlpuruMas z = y BO BropoMm ToxaecTse (3.1), nonyaum

2y’ =y’ = wyy’ = y'ry = yy'z = you.

Tax xak 2°y? = 2%yy = ya’y = yya’ = y’2?, nonyunm z’y® = y?2? = 23y. lpu-
muvag B (1.2) X(z,y) = 2%y u Y(z,y) = zy, OydeM uMers: zyryz = T Yz, T.€.
2?yz = (zyz)yz = 2°y’2 = 2°y2, KOTOpPOE W ECTh TPETHE TOKIECTHO.
Zlocraroynocrs. Tlyers B nonyrpynne Q) mmeer mecro yenosue (3.1). Cornacno
nemme 2.1, nmoboil cymecTsennnii Mporowien X (z,y) NpUHAICKAT MEOKeCTRY P =
{wy, yz, 2%y, xy?, 2%y*}.

Obcynum 91i CIy9ad B OTIETLHOCTH.

(1) Tpu X(z,y) = zy ceepxroxaectso (1.2) npuaumaer sug Y (z,y)z = 2Y (y, 2).
CupapeanupocTb CBepXTOXRACCTBA (1.2) N0KA3BIBACTCH NOACTAROBKON B IOy -
YEHHOE TOXKJECTBO BCEBO3MOXKHBIX snadennii Y (z,y) € P.

(2) Mycrs X(z,y) = yz. Heobxogumo nokasarb, yro zY (z,y) = Y(y,2)z. To
nepeoMy toxaectsy (3.1) zX(z,y) = Y(z,y)z u Y(y,2)z = zY(y,2), a no
nyskry 1: Y(z,y)z = 2Y(y, 2), 1e. 2Y(z,y) = Y(y, 2)z, 910 B 1peboBaioch
JOKA3ATE.

(3) Tpu X(x,y) = 2y ceepxroxkaectso (1.2) npuanmaer sun Y (y, 2) = (Y(z, y))?2.

(4) TIpu X(z,y) = xy® ceepxromaectso (1.2) npuanmaer sug z(Y (y,2))? =
Y (2, y)2°.
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(5) Tpu X(z,y) = 2°y” crepxroxaecrso (1.2) npunumaer sug z2(Y (y, 2))? =
(Y (2,))"2%
Cupasennusocts cBepxroxaecrsa (1.2) n0Ka3biBaeTcs NOACTAHOBKOR B 110-

JIy9eHHBIE TOXKACCTBS BCEBO3MOKHBIX 3unadenuit Y(z,y) € P.
B ocraibHBIX Caydgasx, T.e. B yeaosusx (3.2)—(3.5), cupaBeyinBoCTh CBEPXTOXK AECTRA

(1.2) noKasbIBaETCA TOYHO TAK¥KE, KaK JOKasbiBaeTcd cnpasesnusocts (1.1) B nynk-

rax B) -T') reopembr 2.1. O

4. CBEPXTOYKJAECTBO (1.3) B TIOJIYTPYIIIIAX

Teopema 4.1. B noayzpynne Q(:) CYwecmeento 6onoAHACTICA CEEPTMONCOCCTNEO
(1.3) moeda u moavko mozda, k0204 3Ma NOAYZPYNNG YIOGACTNEOPACTL. OOHOMY U3
CACOYIOUWUT CUCTEM MOAHCOECTE:

) TYyz = 2xY,
(4.1) { lyz = ayz,

(4.2 { zy= z
(4.3) { zy=9",
"y xyz = 2yz,
(4.4 {w-w
TYz = 2YT,
45
(45) i 4

Jloxasameasemeo. Heobxommocrs. Eciu MHOTOUNEH Ty HECYNIECTBEHHBIH, TO Bbi-
nonusiercs yeaosue (4.2) ninn (4.3). ycers muorounen zy cymecreennbii. Torna u
MEOTO4JIEH Y2 Gyner cymecrsennbiv. Hpunuvan B (1.3) X(z,y) = zy u Y(z,y) = ya,
OyneM BMETh TYz = 2YT.

3w 2’y = y°. Cne-

Iycrs muorounen z’y mecymecrsenusiii. Torna, uin z°y =
JIOBATENBHO, yaoBnersopsercs unu (4.4) nim (4.5).
[IpenonoKuM, 9T0 MHOTOUIEHB TY,yT, T2y CyllecTBennbe. B sToM ciydae vy’ =
ryy = yyr = y’r u 0odTOMy MHOTOWIeH wy’ cymecrsennbii. Ilpmanvas B (1.3)
X(z,y) = zy’ u Y(z,y) = vy, 6ynem nvers ry°2° = ryz. Cleaosarennuo,

2

ryz = zy’2? = x(yyz?) = 2%y = z2y,

T.e. zyz = zyx = 2ay. Tem caMbiM JOKa3aHO NEpBOE TOXKALCTBO B (4.1).

Hns nokazarensresa BTOporo toxaecrea B (4.1) sameram, 9ro

2

2yz = xalyz = aa?y?2? = 2y?2%2? = xyrre = 2%y = ayz,
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T.€.

4

xzyz = TXYz = xxgyz = x4yz = xgxyz = xgxgyz = x6yz =z xzyz =

= (a?)22%(y2) = 2”2 (yz) = 2°yz = 2yz,

KOTOPOE H €CThL BTOPOE TOXKAECTRO.
Zlocraroynocrs. Tlyers B nonyrpynne Q) mmeer mecro yenosue (4.1). Cornacno
nemme 2.1, nmoboil cymecTsennnii Mporowien X (z,y) NpUHAICKAT MEOKeCTRY P =

{zy, yz, 2%y, vy”, 2%y’ }. Ho
22y? = zxy® = yPex = yer = ya® = 2%y u ay® = zyy = 2yy = 22y = 2%y,
nosromy P = {zy,yz, 2y}. Kpome Toro
ryz = 2’yz = x(zyz) = zzzy = x2(ay) = Tyrr = c2yx = T2y = T2Y

n zyx = xzy = xyz. O6CyanM BCE Cliyyand B OTIAEJIBLHOCTH.

(1) Tpu X(x,y) = xy ceepxroxaecrso (1.3) npunamaer sun Y(z,Y(y, 2)) =
xyz. COpaBeyIBOCTE CBEPXTOXKACCTBa (1.3) BOKA3BIBAETCH NOACTAHOBKON B
HOMYYIEHHOE TOXKACCTBO BCEBOSMOXKHBIX 3nadenuli V(z,y) € P.

(2) Tpu X(x,y) = yx ceepxroxaecrso (1.3) npunamaer vun Y (z,Y(y, 2)) =
zyx = wyz. 109TOMY 9TOT CAyYail COBIANAET ¢ TIPEABIAYIIAM.

(3) TIpu X (x,y) = 2’y ceepxroxaectso (1.3) npunumaer suz Y (z,Y(y, 2)) =

2?y?2 = zyz. TlosroMy 9TOT cayyali COBIANAET C NPEABIAYIIHM CIY4aeM.

B ocrajbHBIX Caydasx, T.e. B yeaosusx (4.2)—(4.5), cupaBeyinBoCTh CBEPXTOXK AECTRA
(1.3) noKasbiBaeTCs TOYHO TAaK¥Ke, Kak JOKasbiBaercs cripaseamupocts (1.1) B nyHk-

rax B) - T') Treopemsr 2.1. O

5. CBEPXTOXJECTBA (1.4) 1 (1.6) B TIOJIYTPYIIIIAX

Teopema 5.1. B noayzpynne Q(:) CYwecmeento 6onoAHACTICA CEEPTMONCOCCTNEO

(1.6) moezda u moavko Mmozda, K020a 3Ma NOAYZPYNNG YIOGACTNEOPACTL. OOHOMY U3
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CACOYIOUWUT CUCTEM MOAHCOECTE:

TYZ = 2TY,
(5.1) { lyz = ayz,
(5.2) { 2y=2*,
(5.3) { ay=9",
) TYZ = ZTY,
659 {me
TYZ = ZTY,
5.5
(5.5) { o

Jloxasamessemeo. Heobxommiocrs. Fean MHOTOWIEH Ty HECYIIECTBEHHBIH, TO KAK B
B IPEABLIYIINX TeopeMax, Bhinosnuserca yenosue (5.2) unu (5.3). Ecan xe MBOrousien
TY CYIECTBEHHRIH, TOT/A 1 MEOTOYIEH Y2 OyIeT CYIIECTBEHHBIM, TIOITOMY IDUHAMAS
B (1.6) X(z,y) = zy u Y(a,y) = yz, 6yaeM uMeth 2yz = 22Y.

3w 2’y = y°. Cne-

Tlycrs Muorounen x°y mecyuiectsennbii. Torma, nmm 2’y =
JoBaTenbHO yaopaersopserca win (5.4) win (5.5). TIpeAnonokum, 94T0 MHOIOUIEHB

Ty, yx, 2y cyuiecTsennbe. B 3ToM cayuae
2 _ _ _ _ .2
TY —TYY —Yry —yyr —y r

B Ho3TOoMy Mporodiaen xy’ cymiectsennbifi. Ipunmmas B (1.6) X(z,y) = zy’ n
Y(z,y) = xy, 6ysem uMmers zyz’ = xyz, T.e. 22Ty — 2Ty, 4TO COBNAJAET CO BTO-
pbim Toxaecrsom u3 (5.1).
Zlocraroynocrs. Tlycrs B nonyrpynne Q) mmeer mecro yenosue (5.1). Cornacno
nemme 2.1, n06ol CyIIecTBeHHbIA MHOTOYICH STOH MONYIPYIIbI IPUHAIEKAT MHO-
wecrsy P = {wy,yx, 2%y, zy?, 2°y%}. Ho 2%y = way® = y’zx = y2® = 2%y n
ry? = xyy = r’yy = 2°y® = 2%y, nosromy P = {zy,yx,r’y}. Obcynum Bee Tpu
clydas B OTAEALHOCTH.
(1) TIpu Y (z,y) = zy ceepxroxkaectso (1.6) npunumaer sug X (zy, 2) = xyz.
(2) TIpu Y (z,y) = yz ceepxroxaectso (1.6) npunnmaer susn X (yx, 2) = zyz.

(3) Tpu Y (z,y) = =%y ceepxroxkaecrso (1.6) npuanmaer sua X (27y, 2) = 22y 2.

Cupasennusocth cepxroxaecrsa (1.6) 10Kas3bIBaeTCs NOACTAHOBKON B MOy YEHHBIX
TOXKIECTBAX BCEBO3MOXKHBIX 3HaueHuid Y (z,y) € P.

B ocranbHbIx ciyuasx, T.e. B ycnosusx (5.2)—(5.5), crnpaBesiinBocTh CBEPXTOK e
crea (1.6) n0Ka3bIBAETCs TOYHO TAK¥Ke, KaK JOKAa3bIBAETCs CHPaBeInBOCTh CBEpX-

roxaectsa (1.1) B nyskrax B)-T') Teopemnr 2.1. O
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IIpeanoxenne 5.1. B noayzpynne Q(-) cywecmeenno 6wnoinaiemes c6eprmonicoe-
emeo (1.4) mozda u moavko mozda, Ko2da 6 IMOT NOAYZPYNTIE CYUWLECTNEEHHO EHINOA-
Haemea ceeprmoncdecmso (1.6), m.e. ceeprmoocdecmea (1.4) u (1.6) sxeusasenm-

Hbl.

Horasameavemeo. Crepxroxecrsa (1.6) sanumem B Buge
X(Y(z,y),z) =Y(2, X(y,2)).

Bamenss 3peck muorodnen X (z,y) na X(y, ) (NOCKONBKY 3TH ABa MHOIMOWICHA Cy-
HIECTBEHHDBI WM HE CYIUIECTBEHHB! OTHOBPEMEHHO) 1 Muorounen Y (z,y) — na Y (y, x)
TOJTY HM:

X(2,Y (y,2)) = Y (Y (2,9), 2),

4710 ABAAETCA cBepxTOXAecTBOM (1.4). O

6. CBEPXTOKAECTBA (1.5) 1 (1.7) B IOJYTPYIIIIAX

Teopema 6.1. B noayzpynne Q(:) CYwecmeeHHo 6oNOAHACTICA CEEPTMONCOCCTNEO
(1.5) moeda u moavko mozda, k0204 3Ma NOAYZPYNNA YIOGACTNEOPACT. OOHOMY U3

CACOYIOUWUT CUCTEM MOAHCOECTE:

6.1) { TYZ = ZTY,

2’yz = zyz,

(6.2) { zy=2",
(6.3) { zy=9¢",
) TYZ = TZY = 2TY,
(6.4 { ez
TYz = T2Y = 2TY,
6.5
(©5) { oo

Aoxazamenvemeo. Heobxonumocrs. Ecnm MBorounen ry HECYIIECTBEHHDIH, TO Bbi-
nonHsiercs yenosue (6.2) unu (6.3). Ecii xke MHOrOUNEH 2y CYIIECTBEHHBIN, TOME W
MHOTOYJIEH Y Byaer cymecrsennbiv 1 npuauMadn B (1.5) X(z,y) = yzu Y(z,y) = zy,
GyneM mmeth yrz = xyz. Hoacrasnaa B (1.5) X(z,y) = zy u Y(z,y) = yz, Gyaem
HMETh 2TY = 2y, T.e. TYZ = T2Y = 2TY.

3w 2’y = y°. Cne-

Tlycrs Muorounen x°y mecyuiectsennbii. Torma, nmm 2’y =
JIOBATENBHO, yaoBnersopsiercs win (6.4) unu (6.5). TIpeanonoxuM, 4T0 MEHOIOYUIIEHBL
ry, yx, 2’y cymecrsennsie. [punuvas B (1.5) X(x,y) = 2%y u Y (z,y) = zy, Oynem
umerh z2yz = Tyz, OTCIOa U BBITEKAeT BTOPOE TOXKAECTBO B (6.1).
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Zlocraroynocrs. Tlycrs B nonyrpynne Q) mmeer mecro yenosue (6.1). Cornacno
nemme 2.2, moboli cymecrsennbii Mmuorownen X (z,y) npunagnexnt MEOKeCTBy P =
{zy, yz, 2%y, vy’, 2°y?}. Ho 2°y” = zwy® = y’rx = yro = y2° = 2%y u 2y® = zyy =
2?yy = 2°y? = 2%y, nosromy P = {wy,yx, z’y}. Eute umeem, uto zyz = xyz =
r(wyz) = zzey = z2(vy) = wyxz = vzyr = x’2y u 2yxr = w2y = xyz. Cefivac
oBCyMM 3TH CJIy9ad B OTAEIBHOCTH.
(1) Tpu Y (z,y) = zy ceepxroxaecrso (1.5) npuaumaer sug X (z, y)z = cyz.
(2) Tpu Y (z,y) = yz ceepxroxaecrso (1.5) npuaumaer sug zX (x,y) = cyz.
Cupasennusocts cBepxroxaecrsa (1.5) n10Ka3biBaeTCsl NOACTAHOBKOR B 110-
JIYYEHHBIX TOXKIECTBAX BCEBO3MOXKHBIX 3navenuil Y (z,y) € P.
(3) Tpu Y (z,y) = 22y ceepxromxaectso (1.5) npuaumaer sun (X (z,y))%z = zyz.

Cornacuo caygaio 1, nojayanm
X(z,9)? = (X(2,9)X (2, 9))2 = (29X (2,9))2 = (zyzy)z = 27y*z = wyz.

B ocrajbHBIX Caydasx, T.e. B yeaosusx (6.2)—(6.5), CupaBeyinBoCTh CBEPXTOXK AECTRA
(1.5) nokaspiBaeTcsl TOYHO TAKIKE, KAK JOKa3bIBAETCsl CHPABENJINBOCTL CBEPXTOK /e

crBa (1.1) B nyakrax B)-T') teopembr 2.1. O

IIpeanoxenne 6.1. B noayzpynne Q(-) cywecmeenno 6wnoinaiemes c6eprmoncoe-
emeo (1.7) moeda v moavko mozda, K020a 6 IMOT NOAYZPYNNE CYWECTNEEHHO GHINOA-
Haemea ceeprmoscdecmso (1.5), m.e. ceeprmoocdecmea (1.7) u (1.5) sxeusasenm-

Hbl. O

Horasameavemeo. Crepxroxyecrsa (1.5) sanumem B Buge
Y(X(z,9), %) = Y(2 Y(y,z)).

Bamenssa 3necs Muorouned X (z,y) na X (y, z), nonydum
Y(X(y,2),2) = Y(2,Y(y, z)).

Hakonen, 3aMenssa 3aeck Muorounen Y (z,y) va Y (y, z), nonyaum
Y(z, X(y,2)) = Y(Y(2,9),2),

9TO ABNSAETCH CrepxToxAecTeoM (1.7). O

7. CBEPXTO)KZ[ECTBA ACCOIIMATUBHOCTH PAHTA 3, 4 B TIOJIVIPYIIIAX

Tenepb paccMOTPUM CBEPXTOXKAECTBA ACCOIMATUBHOCTH, panra 3 uin 4, T.e. paccMoT-
puM ceepxroxkaectsa (1.8)—(1.12) B nonyrpynnax.
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IIpeanoxenne 7.1. B noayzpynne Q(-) cywecmeeno 6wnoanaiemes c6eprmonicoe-
emeo (1.8) moeda v moavko mozda, K020a 6 IMOT NOAYZPYNNE CYWECTNEEHHO GHINOA-
Haemea ceeprmoncdecmso (1.5), m.e. ceeprmoocdecmea (1.8) u (1.5) sxeusasenm-

Hbl.

AHoxasameavemeo. Heobxomumocts. B ceepxroxaecrse (1.8) nonaras Z(x,y) = X (z,y)

nosyaum ceepxroxkaectso (1.5):
XY (z,y),2) = Xz, X(y, 2)).

Locrarognocrs. Ecnu B nonyrpynne Q(+) CylIECTBEHHO BBINONHAETCA CBEPXTOMXKIE-
crBo (1.5), Toraa ¢ nomomniso Teopem 6.1 n 5.1, a Takxke npennoxenud 6.1 BHIBOAEM,
910 B Q(-) CYUIECTBEHHO BLINONHIIOTCS U crepxToxkaectsa (1.3) u (1.7). Hosromy B

nonyrpynne Q() CylmecTBeRHO BRITOIHACTCA CBEPXTOXKIECTBO:
XY (z,y),2) = Xz, X(y,2)) = Z(Z(z,y), 2) = Z(z, X(y, 2)),
9TO ABNAETCH CBepxToxAecTBoM (1.8). O

AHanornyHo HOKa3LIBAIOTCH CAENYIONHME IPEeIJIOKEeHN.

IIpeanoxenne 7.2. B noayzpynne Q(-) cywecmeeno 6wnoinaemes c6eprmonicoe-
emeo (1.9) moeda v moavko mozda, K020a 6 IMOT NOAYZPYNNE CYWECTNEEHHO GHINOA-
Haemea ceeprmoncdecmso (1.6), m.e. ceeprmoocdecmea (1.9) u (1.6) sxeusasenm-

Hbl.

IIpeanoxenne 7.3. B noayepynne Q) cYwecmeeHno 6bnosHACMCA CEEPTMONC-
decmeo (1.10) mozda u moavko mozda, koeda 6 IMOl NOAYZPYNNE CYULELCTNEEHHO Ebi-
noanaemes ceeprmooicoecmeoc (1.5), m.e. ceeprmoscdecmea (1.10) u (1.5) sxeusa-

AECHTNHDBL.

IIpeanoxenne 7.4. B noayepynne Q) cYuecmeeHno 6bnosHACMCA CEEPTMONC-
decmeo (1.11) mozda u moavko mozda, K020a 6 3MOT NOAYZPYNNE CYUWECTNEEHHO Gbi-
noansemes ceeprmooicoecmeo (1.7), m.e. ceeprmoncdecmea (1.11) u (1.7) sxeusa-

AECHTNHDBL.

IIpeanoxenne 7.5. B noayepynne Q) cYuecmeeHno 6unosHACMCa CEEPTMONC-
decmeo (1.12) mozda u moavko mozda, K020a 6 MOt NOAYZPYNNE CYUWLECTNEEHHO Gbi-
noansemes ceeprmooicoecmeoc (1.7), m.e. ceeprmoscdecmea (1.12) u (1.7) sxeusa-

AECHTNHDBL.
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Caencraue. JI1060€e CBEPXTOXKAECTBO aCCOMATHBHOCTH panra 2, 3 uan 4 3KBUBajIeH-
70 opnoMy u3 ceepxroxaecrs (1.1) — (1.5). TIpuuem BBHINONHEHBI CIEAYIONIAE WMILIIN-
Kaluu:

(1.5) — (1.1) — (1.2),

(1.5) — (1.4) — (1.2),

(1.5) — (1.3).

Abstract. The paper gives a characterization of the class of semigroups in which
the nontrivial associative hyperidentity is essentially satisfied. It is proved that, in
difference to the case of trivial associative hyperidentity, the class of all semigroups,
in which a nontrivial associative hyperidentity is essentially satisfied, is a finite union
of finitely based varieties of semigroups, and the basis identities of all varieties are

explicitly inscribed.
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