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IIpodeccop Knayc Kpukkedbepr



NHTETPAJIBHAA I CTOXACTUYECKAAd TEOMETPUA
IMPEAVNCJIOBUE PEJAKTOPA CEPUN

Hacrositiuit Beinyck npegcras/isier coboit Homep 9 TeMaTHIeCKOH cepun, TOCBSIIEHHON
VMHTEI'PAJILHOU TEOMETPUHN u CTOXACTUYECKOW TEOMETPU.

B cuny psga cobpituii B Guorparun HacCTOSAIIETO YKypHaJa, 0OWIelHbii cOOpHUK MO-
ceamennprii 80-meruo Knayca Kpukkebepra Bpsg jm Mor Hafitu 6ojiee TOIXOMASIIEE
MecTo mybsmkarmn. CoobIecTBO CIenuancTOB 0 CTOXACTUIECKOH TEOMETPUN CINTAET
Knayca Kpukkebepra (Torja 4ieH-kopp. AKaJIeMu Jie ChaHC) OJHUM U3 OTIIOB-CO3AaTe1eil
croxacruieckoii reomerpun napsiay ¢ JI.T Kengaunom (FRS, B To BpeMs npejcearesiem
Jlouponckoro Maremarudeckoro obiiecrsa). Muayrypaliust 9T0r0 mpeaMera coOCTOsIach
na cumnozuyme B Obepposibdaxe B 1968 roay. IlpumedarenbHo, 9TO MaTepHasbl 9TO-
o cHUMIO3nyMa ObLTn OmyOJMKOBAHBI B HACTOAINEM KypHaje ToMm 5, HOoMep H, 1970.
K.Kpukkebepr, 6yy<n B TO BpeMs IJIABHBIM peqakTopoM Kypaasa “Wahrscheinlichkeit-
theorie und Verw. Gebiete”, mommepxkast mybaukanuio psiga pabor P.B.AmbapiiymMsita B
CBOEM KypHAJIE U B IPDYTUX H3MAHUAX. ITr pabOTH O3HAMEHOBa M Hada 10 KoMburaTop-
noit UurerpaspHoii ['eomerpun, KoTopas MOy Ynia JabHENIITYIO SHEPIUIHYIO TOAIEPHK-
Ky co croponbl K. Kpukkebepra u JI.T" Kennaia na CepanckoMm (ApMeHus) cUMIIOZUYME
B 1976 rony. IlpemocTaBisisi MECTO BO3PACTAMONIEMY IOTOKY cTaTeif, HAII *KypPHaJ BEI-
6paJst cTpaTeruro myOIUKAINN BBITYCKa 110 HHTErPAJIBHON U CTOXACTHIECKON MeOMEeTPUN
B CHEIUAJIBHON TEMAaTUYECKON TTOACEPUN.

Ileppast YacTh HACTOSAIIETO FOOMIEHHOTO COOPHUKA MTOCBAIIEHA CTOXACTHYECKON Teo-
METPUM U TpeacTaBjisger coboit Homep 9 remarmyeckoil mogcepun. Bo BTOpym 4HacThb
“becrmipudrra”’ OyIyT BKJIOYEHBI CTATBLU IO €Ie OJHOMY HAITPABJIEHUIO, OCHOBAHHOMY
Kunaycom Kpukkebeprom: maremMaTuzanyu B Hayke. Bropas qacrth cbopHuKa Oyaer onyo-
JIMKOBaHa B HallleM KypHaJe B HoMepe 2 3a 2009 ros.

[Editor’s Introduction. Due to a chain of events in the biography of the present
Journal, the FESTSCHRIFT dedicated to 80th anniversary of KLAUS KRICKEBERG
probably could not be aimed for publication to a better motivated place. The Stochastic
Geometry community considers Klaus Krickeberg to be one of the founding fathers of
Stochastic Geometry, which subject he together with D. G. Kendall of London Math.
Society inaugurated at an Oberwolfach Symposium in 1968. Remarkably, the materials of
that symposium were published in the present Journal vol. 5, no. 5, 1970. K. Krickeberg,
at that time the editor in chief of “Wahrscheinlichkeittheorie und Verw. Gebiete”, boosted
the publication of a series of papers by R. V. Ambartzumian in his journal and elsewhere.
The latter papers signified the start of Combinatorial Integral Geometry, which subject
received further vigorous support from K. Krickeberg and D. G. Kendall at 1976 Sevan
Symposium (Armenia). To house the ever increasing since then flow of articles, the
present Journal adopted the policy to periodically produce thematical issues on Integral
and Stochastic Geometry. R.V.Ambartzumian|

PyGen B. Avbapiiymsia Eperan, sapaps 2009



PREFACE

L’éducation-qu’elle ait pour objet des enfants ou des adultes, des individus ou un
peuple, ou encore soi-méme - consiste a susciter des mobiles. Indiquer ce qui est
avantageur, ce qui est obligatoire, ce qui est bien, incombe a Uenseignement. (...)
Il arrive qu’un pensée, parfois intérieurement formulée, parfois non formulée,
travaille sourdement [’ame et pourtant n'agit sur elle que faiblement.

Si lon entend formuler cette pensée hors de soi-méme, par autrui et par quelqu’un
aux paroles de qui on attache lattention, elle en recoit une force centuplée et peut
parfois produire une transformation intérieure. (...)

Ces deuzx fonctions de la parole, ce sont, dans la vie privée, des amis ou des guides
naturels qui les remplissent; d’ailleurs, en fait, trés rarement.

(Simone Weil, [’enracinement, 1942/43)

Klaus Krickeberg is one of these rare teachers mentioned above.

He was born in Ludwigslust, Germany in 1929. His nationality is German and
French. He obtained his high-school leaving certificate (Abitur) in 1946 from the
"College Francais’ in Berlin. He studied mathematics (minor: physics) in 1946 — 51
at Humboldt University Berlin, where he received the Diploma (M.A.) in 1951, and
the Dr. rer. nat. in 1952 (under the direction of Schréoder and Erhard Schmidt). His
Habilitation (corresponding roughly to a Ph. D.) took place in 1954 at the University
of Wiirzburg, Germany.

Those of us lucky enough to have attended one of Krickeberg’s undergraduate or
graduate courses at Heidelberg or Bielefeld at the end of the sixtieth and beginning
of the seventieth remember the perfect clarity of his presentation, his ability to make
explicit the interesting mathematical kernel. His ability to explain difficult topics was
appreciated very much by his colleagues and students.

Therefore it was perhaps unfortunate for us that Krickeberg left Bielefeld after
three years only and went to Paris, where he stayed until his retirement. Nevertheless
his teaching reached a large audience. It was spread by his lectures on topics of point

process theory, stochastic geometry and its statistical analysis, which were held in
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PREFACE 7

Chile, Cuba, Vietnam and Paris and written as lecture notes always in the language
of the country where they took place.

Let me remark as an aside, that we always regretted that his general approach to
the theory of random measures had not been published as a monograph as an alter-
native to the well known books of Matthes, Kerstan, Mecke respectively Kallenberg.
His ’French’ Radon measure approach, documented for instance in his DEA course
at the Sorbonne, recasts the complicated material in an accessible, beautiful and ele-
gant form, setting out in clear lines directions for future research, and therefore this
approach could have been even more influential.

The work of Klaus Krickeberg was widely recognized and appreciated. He is a
member of the 'German Academy of Natural Scientists Leopoldina’ (now German
Academy of Sciences) , since 1983; "Fellow’ of the ’'Institute of Mathematical Statis-
tics’, USA, since 1968; Doctor honoris causa, School of Social and Economic Sciences,
University of Vienna, 1990, and Associate Member of the "Academy of Sciences for
the Developing World’ (TWAS), Trieste, since 1994.

Geometry was Klaus Krickeberg’s initial field of mathematical endeavor, and the
geometrical insight runs through almost all his later work, beginning with integration
on manifolds and martingales, followed by stochastic geometry and the statistical
theory of point processes, and finally arriving at epidemiology and medical statistics.
Another characteristic feature of his work is most impressive. He was able to combine
purest mathematics with a virtuosity of techniques and methods. In combination with
a general wisdom and a deep "Menschlichkeit’” he finally succeeded in using his broad
scientific knowledge to lay down the statistical foundations for the health system in
Vietnam and even to create an information system based on it.

The following 'Festschrift’ reflects the continued fertility and profound depth of
some of his ideas. They also serve as a chronicle of his mathematical work as well as
a testimony of admiration and affection felt for him by those who accompanied him

in one way or another.

Hans Zessin
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SOME MATHEMATICS

K. KRICKEBERG

Basically, I was a geometer. I liked to, and often had to, visualize mathematical
objects and relations when learning about a new topic or area, and when trying to
solve problems. Thus Erhard Schmidt was the perfect teacher for me. He introduced
me to complex functions via the geometrical Riemann approach and to measure theory
in the geometrical spirit of Caratheodory; see also "My encounters with martingales’

in this volume.

It was therefore natural that the subject of my Doctoral Thesis, viz. the Gauss-
Stokes integral theorems, combined measure theory and geometry. Part 1 [3] was
motivated by the desire to obtain the classical Gauss-Green formula in R? under
conditions that are necessary, too. This led me to a different way of looking at
the theorem. For example, given an open set G in R? with boundary F', necessary
and sufficient conditions on G were found for the existence of a measure m on F
(generalizing the (d — 1)-dimensional surface measure) and a function s defined on
F' (generalizing one of the components of the outer normal to F) with which the
formula holds for all functions defined on the closure of G such that the integrals in
question make sense. Here, m and s determine each other uniquely except for trivial

modifications.

Part 2 [4] contains the first definition and study of locally Lipschitzian manifolds,
which were to be investigated in the sequel by several topologists. They are situated
between continuous and differential manifolds, allow a natural definition of ’almost
everywhere’, and are indeed differentiable almost everywhere. StokesV theorem is
proved for differential forms on locally Lipschitzian manifolds under minimal assump-

tions.

Finally, part 3 {5] is purely historical. It traces the ideas underlying the proofs

of the various forms of the Gauss-Stokes theorems, starting with early papers by
8



SOME MATHEMATICS 9

Lagrange (1760), Gauss (1813), Green (1828), Ostrogradsky (1831 and 1838), and
Stokes (1854).

The paper [12] took the Gauss-Green theorem up again, but under a very different
angle, viz. via distributions in the sense of Laurent Schwartz. As the main tool it
employed the decomposition of measures that was to play once more a decisive role

in the solution given in {31] of a problem formulated by Rollo Davidson.

Let D be a linear differential operator in R? and f a locally integrable function
defined on R?. A necessary and sufficient condition is given in order for Df, in the
sense of Schwartz, to be a measure. This generalizes the theorem concerning the case
d = 1 whereby the derivative of f is a measure if and only if f is locally of bounded
variation (more precisely: almost everywhere equal to such a function, but this fine

point will be disregarded in the sequel).

Four applications of this theorem are given. Firstly, it allows one to get an insight
into the nature of the various definitions of functions of bounded variation of several
variables. These definitions looked rather arbitrary before and are not equivalent.
It turns out that they simply correspond to different differential operators D. In
particular, f is locally of bounded variation in the sense of Tonelli if and only if its d
first partial derivatives are measures. For comparison (not proved in [12]), f is locally
of bounded variation in the sense of Vitali if and only if the derivative of f with

respect to all variables x4, ..., z4 together, i.e. 81187%“, is a measure.

The second application deals with the concept of an absolutely continuous function
in the sense of Tonelli. It is proved that f has this property if and only if its d first

partial derivatives are functions.

Thirdly, a very general form of the Gauss-Green formula for any open subset G
of R follows immediately from the Schwartz definition of a first derivative of the
indicator function f of G. This derivative is a Schwartz distribution carried by the
boundary of G. The usual form of the formula, similar for example to that discussed
in {3], is obtained when this derivative is a measure, and the third application of the
theorem above consists in necessary and sufficient conditions on G in order that this

be the case.

The last application concerns the Lebesgue surface measure a of a non-parametric
surface in R4t given by x4 1 = f(x1,...,2q) where f is defined and locally integrable

in an open subset G of R? but not necessarily continuous. Let [ be the Lebesgue



10 K. KRICKEBERG

measure in G. Then, a is finite if and only if {(G) is finite and f is of bounded
variation in the sense of Tonelli. In this case, a is the total variation of the vector
measure ([, m1,...,my) where m; denotes the i — ¢h partial derivative measure of
f. This generalizes the classical formula, which holds for an absolutely continuous

function f.

The article [22] deals with stochastic convergence of generalized sequences of
random variables (nets, Moore-Smith sequences). While every ordinary sequence
that converges stochastically contains an almost surely convergent subsequence, it is
shown, among other results, that the analogous statement is not true for nets: there

exist stochastically convergent nets that have no essentially convergent subnets.

The papers [24, 25, 27, 28] were originally motivated by a problem stated by
Eberhard Hopf in §17 of his classical book on ergodic theory "Ergodentheorie (Springer
1937)’. While the so-called baker’s transformation in the unit square was well under-
stood, and in particular known to be mixing, the nature of the corresponding transfor-
mation in the entire plane was hardly elucidated and the problem of its mixing
properties open.

The main contribution of [24] is twofold. Firstly, it was recognized that the natural
setting for defining mixing properties of transformations (endomorphisms) of measure
spaces with infinite total measure are topological measure spaces, not pure (abstract)
measure spaces, and the endomorphisms in question are to be not only measure
preserving but also almost everywhere continuous.

Examples come from the theory of Markov chain whose state space Z is a set
of integers such that there exists a positive invariant measure [ on Z. The measure
! together with the given transition probabilities determines a measure m on the
space X of all “trajectories’, i.e. all sequences (z,),n = 0,£1,4+2, ... with z, in Z,
topologized by the product topology where each factor Z is discrete. Then, the shift
transformation 1" in X is a homomorphism of the topological measure space (X, m). It
turns out that the strong ratio limit properties of the original Markov chain as defined
by Kai Lai Chung and Pruitt are intimately connected with mixing properties of T
Next, isomorphisms in the sense of topological measure spaces are defined as maps
that are measure preserving and almost everywhere continuous in both directions. The
second main contribution of the paper is the construction of isomorphisms between
a subset Y of the plane endowed with (infinite) Lebesgue measure and the measure

space (X, m) derived from a suitable Markov chain as above, such that, for example,
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the baker’s transformation in Y corresponds to the shift 7" in X . By applying known
results from the theory of Markov chains to T, one finally obtains a precise description

of the type of mixing including the ergodic index of the baker’s transformation.

The paper {25] deals with the question of the abundance or paucity of mixing
transformations of an infinite topological measure space (X, m) in the space of all
measure-preserving transformations of (X, m), endowed with the weak topology. Ana-
logously to the case of a finite measure m, it turns out that the set of all mixing

transformations is dense but of first category.

The isomorphisms constructed in [24] with a view of solving a specific problem then
gave rise to a general reflection on the role of topological measure spaces in integration
and probability theory. Bourbaki’s dogma that the only reasonable measure theory
is the one in locally compact spaces had already been contested because, while it is
true that the measure spaces used in the representation of stochastic processes often
have a natural topology, this topology does not make them locally compact; they are
mostly Polish spaces. Nevertheless, it was shown in [27] and [28] that these topological
measure spaces are usually isomorphic to the Lebesgue measure in the unit interval.
The isomorphisms as defined above form the natural category of isomorphisms of
topological measure spaces. They preserve neither the dimension of the space in any
sense nor local compactness. If, finally, we recall LebesgueV¥s classical theorem to the
effect that a bounded function defined in an interval is Riemann integrable if and only
if it is almost everywhere continuous, we see that the natural setting for Riemann
integration is a general topological measure space, in contrast to Lebesgue integration
that belongs to abstract measure theory. The isomorphisms defined above preserve

Riemann integrability and the Riemann integral.

In the paper {31] the method of decomposition of measures was used to solve a
problem posed by Rollo Davidson about the correlation measure g of a second order
line process in the plane. He had proved that if g is stationary (isotropic, i.e. invariant
under rotations and translations), it is also invariant under reflections provided that
it has a density with respect to the Lebesgue measure, the so-called g—function. He
had asked whether the latter assumption was superfluous; the answer given in {31] is

affirmative.

Davidson had also stated a conjecture to the effect that every non-degenerate

strictly stationary second order line process in the plane is a Cox (doubly stochastic)
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process. Much later, Olav Kallenberg constructed a counterexample but Davidson
showed that for every second order line process with stationary correlation measure
which has a density, there exists a Cox process with the same correlation measure.
This was extended in {34] to higher order point processes in a fairly general space
Xand an equally general transformation group G acting in X. Let k£ be a positive
integer. Then for any point process in X with a locally finite G—invariant k — th

moment measure there exists a Cox process that has the same k—th moment measure.

The paper {32] had already supplied some techniques needed to deal with these
problems. It also initiated the use of functional analytic methods in the theory of
point processes, to be elaborated in {41], [45] and [55]. These allow, for example, to
derive the Radon-Nikodym integrand of a point process with respect to another one
in a very simple and transparent way, and to investigate more easily certain problems

around Palm measures.

In [54] and [55] there is a proof, using conditioning arguments, of the general
'0 — 0o law’ of stochastic geometry. Given a stationary (translation invariant) point
process in R? and a positive integer k, let C' be any set of 'k—configurations’, i.e.
a subset of (RY)*, which is invariant under the ’diagonal’translation group (maps
of the form (z1,...,2%) — (21 + u,..., 2 +u)). An example: £ = 2 and C =
{(z,y) : |x —y| > 1}. Then the realizations of any stationary point process in R¢
contain are almost surely no or infinitely many configurations of C. Rollo Davidson
has treated a particular case by L?—methods for stationary second order processes

having a g—function.

Finally, problems around the statistical analysis of point processes were treated in
the book [41] and in a series of papers, in particular [44], [45], [54] and {55]. They
culminated in the construction of unbiased estimators of moments of point processes
that are only assumed to be translation invariant but not stationary; such processes

often appear in applications. The main problem is the correction of edge effects.
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MY ENCOUNTERS WITH MARTINGALES

K. KRICKEBERG

AnvoTanus. This article was prepared for the Electronic Journal for History
of Probability and Statistics (www.jehps.net) issue 5.1 (2009). The editors are
grateful for the permission to publish it also here.

1. STUDYING AT THE UNIVERSITY OF BERLIN
RIGHT AFTER THE WAR

The University of Berlin had been founded in 1810 during the Napoleonic wars,
based on the two ideas of the unity of teaching and research and of classical education
for all students. When it reopened in January 1946 after another, and by far more
devastating war, most of its buildings lied in ruins but much of the old spirit was
alive. In 1949 it was renamed "Humboldt-Universitit’.

In late summer of 1946 I applied for admission as a student of physics. I was only
17 years old and my chances were slim because there were many older applicants
who had lost years of their life through the war, and they naturally enjoyed priority.
Moreover, since the University was situated in East-Berlin and depended on the
Soviet and nascent East-German administration, there existed already some kind of
an ’affirmative action’ in favor of descendants of workers and peasants whereas my
father was a physician. Nevertheless I was admitted, perhaps because I had obtained
my "Abitur’ (high-school leaving certificate) in June with the best grade possible.

The material conditions were of course difficult, the worst being hunger. In winter,
the temperature inside the large physics auditorium descended sometimes to —10°
(centigrade). However, there was an enormous enthusiasm for studying as I have seen
it later only once more, namely in Hanoi in 1974.

As a student of physics I had to follow the normal basic mathematics curriculum.
The analysis (calculus) course was taught by Erhard Schmidt (Gram-Schmidt ortho-
gonalization, Hilbert-Schmidt integral equations). He was already over 70 and retired,

but had taken up service again because, as a sequel of the Nazi era and the war, there
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were not enough mathematics professors in Berlin. He was still the dominating figure
among the mathematicians at the University. His lectures were marvelous. He used
to prepare them on his way from home to the lecture rooms, never used any notes,
and often said in the middle of a proof: "Oh, I think I can prove this in a much better
way’, and then he started all over again. He also smuggled in little mistakes to test
our attention. After the first semester, in spring 1947, I decided that mathematics
was really much more fascinating and switched subjects, physics now becoming my
minor.

Schmidt’s five semesters’ (two and a half years’) course covered calculus, functions
of a complex variable and elliptic functions. Traditionally, calculus in the second
semester in Germany meant differentiation and Riemann integration for functions of
two real variables. Instead he started out by presenting set theory, very concretely
in the plane but in such a suggestive way that we were prompted to invent by
ourselves the axioms of Boolean algebra. Then he did abstract measure theory,
following the approach of his longstanding friend Constantin Caratheodory, but again
in the concrete setting of the plane, and led us directly to the Lebesgue integral. In the
second year he taught, in parallel to functions of a complex variable via the 'Riemann’
approach, a course on "Complements to calculus’ which consisted in fact of functional
analysis and some other advanced topics.

Erhard Schmidt was really a geometer. He could ’see’ what was happening in
infinite-dimensional spaces. When he described a projection in a Hilbert space (a
Perpendikel in his vivid terminology), he showed it to us with his hands. It is this
geometric approach that I have taken later when dealing with martingales, after his

teaching of measure theory had lead me into probability theory via some detors.

2. COLLECTING BUILDING BLOCKS FOR MARTINGALE THEORY

Schmidt retired in 1950, this time for good. Thus he could not guide my Doctor’s
Thesis, but it was definitely inspired by him and dealt with geometric measure theory
and locally Lipschitzian manifolds. I obtained the (German) Doctor’s degree in 1952
and became a lecturer at Humboldt-University and scientific collaborator of the
German Academy of Sciences at Berlin. There I came into contact with the group
that ran the reviewing journal Zentralblatt fir Mathematik und ihre Grenzgebiete.

During the war and the first years after many mathematical journals had ceased

to arrive in Germany. Hence it was decided to publish a ’Lickenband’ (gap volume)
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where these missing papers would be reviewed. For this volume I was asked to review
among others two papers by Borge Jessen and Erik Sparre Andersen on limit theorems
for ’integrals’ {1} and ’set functions’ [2], respectively. It was about martingales as we
know now but the word 'martingale’ did not ap pear nor had I ever heard of it. Later
on I became aware of a paper of de la Valle-Poussin [3] from the year 1915 in which
he had already proved almost sure convergence of martingales formed by discrete
random variables.

In 1950 and 1952 I attended the annual meetings of the German Mathematical
Association (DMYV). There I met Otto Haupt, a versatile mathematician from Erlan-
gen who had co-authored with Georg Aumann an advanced text on differential- and
integral calculus. He was about to prepare a new edition together with a third author,
Christian Pauc from France. Pouc had come to Germany in the early forties as a
prisoner of war, and Houpt had managed to get him out of the prisoner’s camp and
bring him to Erlangen to do abstract mathematics with him. After the war, Pauc
was promptly accused of ’collaboration with the enemy’ and could not get a position
in France, so he had to exile himself with his family to South Africa. He came finally
back some years later to take up a professorship in Nantes (where the street in which
the School of Technology of the University is situated, is now named after him!)

Houpt asked me to read the typewritten manuscript of the new edition of the
"Haupt-Aumann-Pauc’ [4]. T agreed. It arrived in small instalments and I sent back
fairly long comments. The authors tried to treat not only integration, i.e. measure
theory, but also differentiation in the most abstract setting possible. Motivated by
early work of de Possel [5], Pauc had worked on differentiation of generalized interval
functions (cell functions) in South Africa with C. A. Hayes {6]. The main issue was
a general version of Lebesgue’s theorem to the effect that every function of bounded
variation defined in an interval is almost everywhere differentiable. These versions
in abstract spaces were based on generalizations of Vitali’s covering theorem. I then
proved 7] that conditions of the Vitali type were also necessary in order that certain
statements on upper and lower derivatives be valid.

In May 1953 I left Berlin and moved to Wiirzburg together with the managing
director of the Zentralblatt. He had accepted a full professorship there and created a
small research team in which I got a temporary position. I read a lot and noticed that
probability theory and measure theory were not unrelated. In particular I perused

the book by J. L. Doob {8] that had just appeared where he presented the martingale
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convergence theorems that he had obtained independently of Jessen and Sparre
Andersen. Both versions are essentially equivalent and he analysed the fine differences.
Doob’s approach via 'up-crossing inequalities’ permitted him to treat also semimar-
tingales.

Next I discovered the counterexample by Dieudonné [9]. It concerned increasing
martingales that are countable Moore-Smith sequences instead of ordinary sequences,
i.e. they are indexed by a general countable directed set instead of the positive integers.
It showed that even under the usual boundedness conditions, such a martingale
need not converge almost surely. On the other hand, I realized that Lebesgue’s
differentiation theorem for a function f could be formulated as a theorem on the
almost sure convergence of the martingale whose (non-denumerable) index set consis-
ted of all decompositions of the interval in which f was defined, into a finite number
of subintervals. The semi-order relation in this set which makes it ’directed’ is *to be
a subdivision’, and the sigma-algebra whose index is a given decomposition is the one
generated by it.

I then tried to formulate a generalized Vitali condition concerning any increasing
martingales with a directed index set, countable or not, that would imply almost
sure convergence (leaving aside a technical discussion of ’separability’). This was
indeed possible. It turned out that in the case of an increasing martingale of bounded
variation (i.e. bounded in L) with a totally (linearly) ordered index set, this condition
was trivially satisfied, which yielded another proof of Doob’s theorem for discrete or
continuous parameters (indices) without using upcrossing inequalities. In the context
of classical differentiation theory, the Vitali condition was satisfied by Vitali’s covering
theorem, which gave Lebesgue’s theorem as a particular case.

When I started this work, two technical questions were still open. Firstly, my proof
worked only for positive martingales. By generalizing the Jordan-decomposition of
functions of bounded variation I showed that every martingale of bounded variation
is the difference of two positive ones (Krickeberg decomposition). The second question
concerned passing to the limit under an integral sign. By chance, Zentralblatt assigned
to me for reviewing a book in Italian by Cafiero [10] on set functions, which, although
marred by several basic errors, contained a lot on uniform integrability that solved
my problem.

At the International Congress of Mathematicians in Amsterdam in 1954 I met

Borge Jessen and told him about my preoccupations. He then stated the problem of
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finding a single proof of the almost sure convergence of both increasing and decreasing
martingales. Six years later I had the pleasure of giving a lecture in Copenhagen in his
presence (in Danish) on the solution of this problem. This lecture took place at the
end of my stay at the University of Aarhus (Denmark) as a visiting professor during
the academic year 1959/60. Erik Sparre Andersen was then a professor in Aarhus but

no longer interested in martingales.

3. A YEAR IN ILLINOIS

In Amsterdam 1 had also talked to Jerzy Neyman about possibilities of spending
some time in the United States. He advised me very kindly regarding studies in
Berkeley, but I finally decided to apply for a Research Associateship at the University
of Illinois in order to work with Doob. I obtained it and also a Fulbright "travel only’
grant, which paid my voyage in fall 1955 on board of the French steamship Liberté
(which had been German before the war). I had just got my ’Habilitation’ at the
University of Wiirzburg, a degree that might vaguely be described as being a little
bit above the Ph.D., and this entitled me to a First Class ticket for the Liberté.

I still vividly remember my first meeting with Doob in his office in the University
at Urbana, IIl. When I presented my results to him he said *Oh, thatVs interesting’
and suggested that I publish them in the Transactions of the American Mathematical
Society [11]. He also told me about the new work of Paul André Meyer on stopping
times and martingales, which initiated the well-known development that was to exert
a dominating influence on the theory of stochastic processes indexed by a time
parameter.

I continued being interested in martingales indexed by a directed set and ran
a seminar on the topic. A young mathematician from Taiwan, Y. S. Chow who
was at the University of Illinois with a research grant refined the theory based on
Vitali conditions in several ways [12]. The Thesis by Helms [13] went into a different
direction. He obtained the mean convergence in L, for any uniformly integrable
increasing martingale with a directed index set. I then proved a theorem which, in any
systematic presentation, ought to be stated before tackling questions of almost sure
convergence under such and such condition, namely that every Li-bounded increasing
semi-martingale with a directed index set, countable or not, converges stochastically

[14]. As a curiosity it might be mentioned that this contains the Radon-Nikodym
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theorem as a particular case, the 'Radon-Nikodym integrand’ being obtained by
'stochastic differentiation’.

During this academic year 1955/56 1 met L. C. Young from the University of
Wisconsin who ask me to spend the following year with him, again as a Research
Associate. I liked the idea of abandoning martingales for a while and going back
to subjects related to my Thesis. It became a very fruitful year, too, with work on
geometric measure theory, Laurent Schwartz distributions in R for d > 1 and the
like. In the summer of 1957 I sailed back to Le Havre, spent a few days in Paris as

arranged by Pauc, and then returned to Wiirzburg and to martingales.

4. FINAL WORK TILL 1964

In the following papers, in order to get rid of the complicated discussions around
the concept of a separable stochastic process indexed by a non-denumerable set, I dealt
with essential convergence instead of almost sure convergence; in the separable case
and in particular for a denumerable index set, the two are trivially equivalent. Proving
convergence theorems for decreasing martingales and semi-martingales analogous to
those obtained before in the increasing case was not very hard including a counter-
example along the lines of the one that Dieudonné had constructed in the increasing
case [15].

The problem of the necessity of Vitali conditions for essential convergence was
treated in [16]. There, a whole family of Vitali conditions was defined, each of them
corresponding to an L, space and more generally, following a suggestion by Leopold
Schmetterer made in 1958 at a colloquium in Paris, to an Orlicz space. Finally, the
paper [17] written jointly with Pauc gave a survey on the whole area of increasing
or decreasing martingales and their relations with the finer differentiation theory of
functions of several real variables and with differentiation in general spaces.

Schmetterer was, among others, a number theorist and statistician. At his invitation
I spent the summer 1958 as a senior assistant (Oberassistent) at the University of
Hamburg. In the fall of that year, I was offered a full professorship for probability
theory and statistics at both the Universities of Cologne and Heidelberg of which 1
accepted the latter. This meant of course a lot of new work. I had to learn about
modern statistics; my only previous experience had been guiding a physician in
Wiirzburg through very simple clinical trials. 1 also came into contact with many

other facets of probability theory and did not want to stay with martingales.
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However, there still was Borge Jessen’s problem. In order to solve it I looked at any
family (Moore-Smith sequence) of sigma-algebras indexed by a directed set but no
longer necessarily increasing or decreasing as it is in the case of a family underlying
a martingale. Each sigma-algebra defines a corresponding conditional expectation
operator in a suitable space L of random variables, e.g. in L;. It turned out that
one can define a Vitali condition (whose form depends on L) which implies, for every
random variable X in L, essential convergence of the corresponding 'trajectory’, i.e.
of the family of the conditional expectations of X with respect to the underlying
sigma-algebras. This condition is trivially satisfied if the family of sigma-algebras
is increasing or decreasing. Thus, the classical martingale convergence theorems by
Jessen, Sparre Andersen and Doob, both in the increasing and decreasing case, are
indeed particular cases of this general theorem.

In 1963 I was invited to the All-Union Congress of the Soviet probabilists and
mathematical statisticians in Thilisi. A. N. Kolmogorov chaired the session where I
spoke (in Russian) about my general convergence theorem, which T had presented
three year before in Copenhagen but not yet published; it then appeared in [18]. The
congress was memorable in many respects. Kolmogorov gave a statistical analysis of
Pasternak’s poetry although the latter had no odor of sanctity with Soviet authorities.
I also met H. Cramér for the first time.

The All-Union Congress marked farewell to martingales for me. Much later 1
started working on point processes. The theory of point processes on the real line
makes much use of martingales but again, I was interested in processes in more general
spaces and thus got into stochastic geometry and geometrical statistics [19, 20, 21].
I am glad I was never tempted to get involved in the applications of martingales to
the theory and, worse, the practice of financial speculations that have contributed in

no small measure to the present crisis of the world’s money markets and economy.
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THE ARMENIAN CONNECTION: REMINISCENCES FROM A
TIME OF INTERACTIONS

F. PAPANGELOU

This is a narrative of personal reminiscences written largely, perhaps excessively
s0, in the first person singular. Such a practice is to be frowned on in the staid world
of mathematics and is liable to expose the writer to the charge of self-indulgence
but I cannot help choosing this as my way of paying tribute to Klaus Krickeberg’s
indomitable spirit and mathematical enterprize, since our paths were intertwined,
crucially for me, at one stage four decades ago. I cannot think of a better way
of putting on record my great indebtedness to him and I must beg the reader’s
tolerance for the strong autobiographical element of these notes. They should be read
as a memoir of random interactions involving Klaus and not as a contribution to

scholarship or to an appreciation of his wide-ranging work.

Encouraged by Hans Zessin I have put a particular focus on a sequence of events
around 1970 that led to some fruitful developments on the border between geometry
and probability, which attracted the interest of others in the years that followed. It
may sound strange but Klaus and I never actually worked ’together’ on this border.
However, as the story will reveal, we were for a while just one step removed, and

there was a fortuitous encounter in 1971 which proved opportune.

I first met Klaus in 1962 when he visited Greece to participate in a symposium
organized by D.A.Kappos, with whom I was working at the time at the University
of Athens. Klaus was a key participant but I remember that he did not confine his
interest to the symposium alone; true to his perennial eagerness to get to know peoples
and cultures, he crowned his visit with a trip to the countryside and among other
things familiarised himself with the Greek Easter celebrations and the solemn as well
as the noisy manifestations that go with them. I imagine this must have been the time
he took his first steps in learning Greek (he was already master of several languages)

and sharpening his taste for Greek holidays, which he indulged in more recent years.
25
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Some time later I received an invitation from him to go and work with him for a
couple of years at the University of Heidelberg where he then was.

I accepted conditionally: at that stage I was committed to going to the USA, where
I was to spend the years 1963-65 and it was only after this that I was able to join
him at Heidelberg during the years 1965-67 as an Alexander-von-Humboldt scholar.

As it happened, just prior to this Klaus had a visiting post at Columbia University
in 1964-65 and since I was in Washington D.C. at the time we kept in touch, mainly
by correspondence but also through a trip my wife and I made to New York where we
were guests at the Krickebergs’ for a few days early in the academic year and enjoyed
their marvelous hospitality. Klaus was at that point interested in transformations that
'mix’ infinite measure spaces and this led to some very interesting connections with
strong ratio limits of Markov chains, an area in which John Kingman, Steven Orey
and William Pruitt were making contributions at about that time. Klaus’s paper
on the subject was presented at the Fifth Berkeley Symposium on Mathematical
Statistics and Probability in the summer of 1965. My own paper on the subject was
written later while I was in Heidelberg and owed much to questions raised by Klaus,
who had a sure touch in knowing exactly what questions to ask. It was another of
his questions, on isomorphisms of topological measure spaces, that led to some joint

work between Klaus, W.B"oge and myself.

My two years in Heidelberg were unforgettable, and they were decisive for all
subsequent development of my work as they sealed my Pauline conversion to probabi-
lity, which I had previously shunned. Not all the work I did in Heidelberg was directly
related to Klaus’s but I have no doubt that it would not have been done had I
not been there. Our mathematical group was then housed in an old annexe and it
was only near the end of my stay that the department moved to its grander, more
modern accommodation. We had the benefit of numerous visitors and the Krickebergs’

hospitality was boundless as ever.

When I left Heidelberg in the summer of 1967 Klaus had, as far as I know, not yet
turned to Stochastic Geometry as such (or Geometric Probability as I ought to call it
in the context of that early stage), although he had always been interested in things
geometric. This was certainly true in my case. The stimulus for me came later from
Cambridge and had a name: Rollo Davidson. Rollo was to die tragically in a mountain

climbing accident in 1970 but not before he got both Klaus and myself interested in
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his intriguing mathematical problems in the area of stochastic line processes. He
was a student of David Kendall’s who wrote his Ph.D. thesis in 1967, a modest and
unassuming young man with a penetrating mathematical mind. I have no doubt that
his untimely death was a great loss to mathematics. But it was not in Cambridge
that I first met him. He came to London to see me, at the Imperial College where 1
was spending the year 1967-68 with Harry Reuter. His visit was instigated by David

Kendall. Here, however, I must backtrack a little.

I had made the acquaintance of David Kendall and Harry Reuter at another
symposium organized by D.A.Kappos, at Loutraki in Greece in late May and early
June 1966. Klaus was there too. The talk I gave (on strong ratio limits) raised
David’s interest because of its connections with the research of David Vere-Jones
who had worked with him a few years previously (and who later paid us a brief visit
in Heidelberg). As a result, David extended an invitation to me to spend a year in
Cambridge and since this could not be arranged in time for the academic year 1967-68

I found myself spending that year in London, courtesy of Harry Reuter.

Rollo’s visit to me had nothing to do with ratio limits. His interest was in the
topic of line processes. This topic, which formed part of his thesis, was suggested
to him by Kendall (see {2], p.74) and he was at that time puzzled by the difficulty
of constructing even a single example of a line process of a desirable kind that was
substantially different from a Poisson line process. This was his Big Problem (]2],
p.70).

A little mathematics at this point is in order. A line process on the plane is,
roughly, a random set of oriented straight lines satisfying certain desirable conditions.
Choosing an origin O and an axis through it in the plane, we can assign coordinates
(6,p) to any oriented line [ by taking p to be the (signed) distance from O to [ and 6
to be the angle between the perpendicular from O to [ and the chosen axis (0 <0 <
27, —00 < p < 00). Then each line becomes a point on the cylinder L = C x R, where
C is the ’circle’ [0, 27). The chief category of line processes Davidson was interested in
was that of simple point processes on L, stationary under the transformations which
represent Euclidean displacements of the plane and with a square integrable random
number of 'points’ in any bounded Borel subset of L.

Rollo imposed on his line processes the further condition that they should include

no pairs of parallel or antiparallel lines. For the sake of convenience let us call line
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processes satisfying all these conditions ’regular’. An easy example is the Poisson
point process on L having rate measure dl = dfdp, the latter being invariant under
Euclidean displacements. Going one step up, one may construct a Poisson process
built on a random rate measure of the form Z(d#)dp, where Z is a random finite
diffuse measure on C, stationary under rotations of the latter. Poisson point processes
with randomized rate measure were called doubly stochastic Poisson by D.R.Cox who
introduced them, and this is what Rollo called them. They are sometimes termed Cox
processes and we will adopt this terminology. Cox line processes exhausted the supply
of concrete examples of regular line processes Rollo was able to identify. In his thesis
he obtained many properties possessed by line processes but his Big Problem was the
construction of a regular example that was not Cox. On p.55 of [2] he effectively asks:

are all regular line processes Cox?

Line processes had been considered before Davidson, although in the more classical
spirit of integral geometry. R.E.Miles had begun his pioneering series of contributions
to geometric probability in the early sixties and M.S.Bartlett had already looked at
the spectral analysis of line processes. P.A . P.Moran was another probabilist interested
in geometric probability in the sixties. David Kendall’s interest in the subject dated
back many years earlier and he was developing his theory of random sets at about
the time Davidson was doing his thesis. In his introduction to [2] (p.5) Kendall views
the transition from classical geometric probability to the study of random sets on
manifolds as marking the advent of stochastic geometry. In this spirit Davidson was
now treating line processes strictly as point processes on coordinate space and going

beyond the Poisson (i.i.d.) case.

Almost everything special about the structure of line processes has to do with the
observation that if [1, I are two parallel lines and I3 a third line intersecting them, then
there is a translation of the plane that maps the pair {1, 3 on to the pair ls, 3. Some
time after his visit, while I was still in London, Rollo sent me a letter from Cambridge
which included a simple but remarkable insight: if X (1),! € L is a stochastic process
indexed by L and stationary under the Euclidean group, then under mild conditions
X(l1) = X(lp) almost surely whenever [1and [y are parallel lines, i.e. X is in effect
a stochastic process on the circle C. The essence of this insight is of course that,
under any pseudometric d in L which is invariant under translations and continuous
with respect to the topology of the cylinder L, the distance between parallel lines
is zero. (Proof: with Iy, 1o, l3 as above, d(ly,ly) < d(ly,l3) + d(ls,l3) = 2d(ly,13) and
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the last term can be made arbitrarily small by choosing an /3 that makes a small
angle with /1.) Thus under such a pseudometric the cylinder collapses to the circle C.
An immediate consequence is that the stationary measure X (/)dl on L with density
X(),l € L, with respect to dfdp has an obvious product form Z(df)dp and is thus

invariant under translations of the plane.

After I moved from London to Cambridge in 1968 Rollo and I once or twice in our
conversations touched on the subject of his big problem but otherwise our interaction
was largely social. He once graciously invited me to join him at Trinity College for
a college feast but I declined, saying that it was far too grand an occasion for me.
Instead, I accepted another invitation of his to a humble college lunch. However, his
big problem stayed in the back of my mind and I was beginning to develop an idea
that came to fruition after I left for Columbus, Ohio in the summer of 1969. It was
in the spring of 1969 that Klaus came through Cambridge and it was then that he
and Kendall planned the Oberwolfach meeting on Integral Geometry and Geometric
Probability that was held in June 1969. I wish I could report on what went on at
that meeting, since it must have been important for the development of the subject,
but unfortunately I did not attend it as I was preparing for my migration. There
is reference in {2] (p.382) to a three-week collaboration between Klaus and Rollo in
Heidelberg, following the Oberwolfach meeting. I was unaware of this collaboration

but will make reference to it later.

It was after I arrived in Columbus that I worked out the idea I had in Cambridge:
if the Palm probability P(.|/) of the line process (i.e. the probability conditioned on
[ being a member of the sample realization) is absolutely continuous with respect
to the unconditional probability on events occurring in L \ {l} then, according to
Rollo’s observation, the corresponding Radon-Nikodym density Yo(l), which defines
a stochastic process indexed by L, is constant on sets of parallel lines. Applying
'shear’ invariance arguments resting on this fact one can prove that the line process
is Cox. I presented the result at a conference held in Columbus and according to the
proceedings of that conference my talk was given on Easter Sunday, 29 March 1970.
On exactly the same day Rollo sat down to write to me the letter that was published
later in [2] and was to be his mathematical farewell. (For the date see page IV of [§]
and page 379 of {2]. The result is on p.239 of {8].) He was to die four months later, on
29 July 1970, before he could realize a planned visit, sponsored by the Royal Society,

to Rouben Ambartzumian in Armenia. He never saw the account of my result which
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was written up at about the time of his death and which, I should like to think,
would have interested him. Some time in the autumn of 1970 I received a letter from
Kendall informing me of Rollo’s tragic death and of the plans that were afoot to
publish what were ultimately the two memorial volumes Stochastic Geometry ({2])
and its companion Stochastic Analysis. I immediately sent David my manuscript,
which he acknowledged as the first contribution received for publication in [2]. (A
misprint on p.145 of [2] turned the year 1970 into 1971.)

Even after this I was unaware of an idea of Klaus’s that emerged from his collabora-
tion with Rollo in 1969. I was to remain unaware until the summer of 1971, doing in
the mean time other work on point processes. In his thesis Rollo had shown that if
the correlation measure o of a regular line process has a density g({,!’) with respect
to dldl’ outside the diagonal of L x L | then o is invariant under reflections. In doing
this he had made use of the fact that g(/,!’) is a function of the angle between [ and
! alone. Klaus showed him how to do away with the need of a density.

Klaus’s method was to disintegrate the measure o with respect to the equivalence
classes into which L x L is partitioned by the equivalence relation ~, whereby ({1, ls) ~
(I3, 1y) if (Is,l4) = (T'l1,T1y) for some Euclidean displacement T'. This led to Klaus’s
paper [5] and Davidson’s Theorem in |1}, which constitute the Armenian Connection
of the title of the present article. These two papers were reprinted in [2] and it
is worth mentioning that two more contributions to {2}, one each by L.A.Santalé
and R.E.Miles, were reprinted from the same volume of the Izvestia of the Armenian
Academy of Sciences, which also included an article by Rouben Ambartzumian on line
processes. The disintegration method provided the right tool for the study of moment
measures of line processes and processes of higher-dimensional flats in Fuclidean
spaces and led to Klaus’s more systematic treatment of moment measures in [6].

Klaus later proceeded to use it in the statistical analysis of hyperplane processes.

In {1} Davidson showed that the product form Z(d0)dp for stationary random
measures on L, referred to above, is still valid if we drop the assumption of the
existence of a density X(/),! € L and replace it with the assumption that the
stationary random measure almost surely charges no set of parallel lines. In the
summer of 1971 Klaus came through Columbus and gave a seminar talk on moment
measures of point processes, which included the assertion just made and his disinte-
gration’ approach to it. Before he finished his talk I knew what my next task was

going to be: to construct the random measure W which stands in for the measure
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with differential Y5(l)dl if no density Yo(l) exists, and to use the factorizability of
this W to establish Cox structure in cases where the Palm probability may not be
absolutely continuous. I knew where to look for this W in view of my earlier work on

point processes on the real line.

Klaus and I drove together from Columbus to Yorktown Heights, NY (and got
stuck in a traffic jam) where a conference on Stochastic Point Processes was held in
August 1971 and I remember that on the way I formulated a conjecture that was fairly
close to the result I later proved in [7], a result which demonstrated Cox structure
under weak conditions and shed a little more light on Davidson’s Big Problem. To be
sure, the problem remained open but at least this paper indicated that, whereas for
ordinary point processes Cox structure is the exception, in the case of line processes
Cox structure is the rule rather than the exception. The paper included a rather
laborious construction of the random measure W for a general spatial point process,
which I called the ’conditional intensity measure’ in view of its intuitive meaning: in
sloppy language, W (dl) is the conditional expectation of N(dl) (where N is the point

or line process), given the events occurring in (d/)°.

The cause of line (and hyperplane) processes was later taken up by Olav Kallenberg
who, in a series of papers beginning in 1976, explored further not only the structure
of line processes but their asymptotic behavior as well, when the plane is "translated
away’. Among other things he pointed out that the assumption of stationarity under
rotations is redundant. In 1977 he published in [3] his ingenious counterexample
to Davidson’s question and won for it the Rollo Davidson prize, an annual prize
established in memory of Rollo Davidson. Thus Davidson’s Big Problem was at last
solved. The answer to his question may have turned out to be in the negative but the

counterexample itself shows how exceptional non-Cox line processes are.

In another direction the concept of conditional intensity measure of a spatial point
process (on which much light was shed by Kallenberg’s work in 1978) turned out to
have intimate connections with the theory of Gibbs processes in statistical mechanics,
which was also the focus of intense activity at that time. In 1979, following hard
on the heels of Nguyen Xuan Xanh and Hans Zessin who dealt with a case of
an absolutely continuous Palm probability, K.Matthes, W.Warmuth and J.Mecke
established the general link with so-called ’specifications’ of Gibbs random fields

in terms of local potentials. This work was continued by several authors (E.Gl6tzl,



32 F. PAPANGELOU

B.Rauchenschwandtner, A.Wakolbinger). The concept of conditional intensity mea-
sure was further elucidated by P.C.T. van der Hoeven, prompted partly by a problem
suggested by Klaus, and a little later, in the third edition of his book on Random
Measures ([4]), Kallenberg presented his comprehensive treatment of condition al
intensity measures and their variants. Davidson’s problem in stochastic geometry

had come a long way.

The seventies were a lively time for stochastic geometry and for spatial point
processes. There were sessions on stochastic geometry at European meetings (IST 40"
Session in Warsaw 1975, 10" European Meeting of Statisticians in Leuven 1977). In
1976 an international conference sponsored by the Armenian Academy of Sciences
was organized in Armenia by Rouben Ambartzumian to mark the 200"* anniversary
of Buffon’s problem of the needle, probably the first problem in geometric probability
ever posed. International conferences on point processes were held in the German
Democratic Republic. The book on infinitely divisible point processes by J.Kerstan,
K.Matthes and J.Mecke came out in 1974 (in German), followed by an English edition
four years later and a Russian one in 1982. Chris Preston’s book on Random Fields
as well as the first edition of Olav Kallenberg’s book on Random Measures appeared
in 1976. G.Mathéron’s book was published in 1975. But it is not my intention to

give a survey of these areas as they were evolving in the seventies.

After the encounter in Columbus, Klaus and I used to meet from time to time: in
Bielefeld, Paris, even Manchester where he visited when we both acted as external
examiners for Adrian Baddeley’s Cambridge PhD thesis, and of course at some of
the conferences mentioned above. By the late seventies our mathematical paths had
diverged. I cannot, however, conclude my recollections without mentioning one other
period in which our paths crossed again. This was in the early nineties when I got
him involved in the appointments process of the newly founded University of Cyprus,
which opened its doors to students in 1992. His role was crucial in the successful
launch of the Department of Mathematics and Statistics and what he did was an
excellent illustration of his desire, manifest throughout his life, to help young states
in their development.

It only remains for me to wish him a happy ninth decade.

LETTER TO H. ZESSIN, 28" SEPTEMBER 2008

>¥From Fredos Papangelou
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[This letter was sent to Zessin on his request to comment the historical development

of the condition (3) in the beginning of the seventies.]

You ask me a couple of questions and since I am not absolutely certain what sort
of answers you expect, I will outline my perspective and leave it to you to extract the

answers from it.

The distinction between two levels that I draw is the following.

(A) Level 1. The case of an absolutely continuous conditional intensity measure,
i.e. where a density function exists.

(B) Level 2. The more general case where the conditional intensity measure is not

absolutely continuous but may satisfy some weaker smoothness condition.

The condition in Theorem 1 of my 1976 paper you cite corresponds to case (A) and
is, in view of the definition of the Palm probability P(.|l), only a short step away from
the condition of absolute continuity P(.|l) <« P(.) on a reduced o-field, which T first
introduced in 1970 in connection with line processes. (See Lecture Notes in Math. 160
, page 239.) T will say something about how this condition came about in my article of
reminiscences that I promised for the Krickebergband. Very briefly, Rollo Davidson
had earlier observed that stationary stochastic processes indexed by lines must be
constant on sets of parallel lines. My idea was then that if P(.|l) <« P(.) on the
reduced o-field, then the constancy of the corresponding Radon-Nikodym density on
sets of parallel lines can be used to prove that the line process has Cox structure. This
gave a partial answer to a question raised by Davidson. (The proof of the theorem
I presented in 1970 was published in ’Stochastic Geometry’. See Theorem 9 on page
144 there.) When Klaus later extended Davidson’s result from stochastic processes
to random measures, I was motivated to construct the spatial conditional intensity
measure in my paper in Zeitschrift f. Wahrschein. 28, 207-226 (1974) and use it to

prove Cox structure under the weaker conditions of Theorem 7 there.

The condition (3') assumed at the top of p.118 in Matthes et al. corresponds
to case (B) and is equivalent to condition (3) in my ZW 1974 paper referred to
above. The equivalence was proved by Kallenberg in his 1978 paper in ZW 41, 205-
220 but you have to look at the proof of his Theorem 2.11 on page 211 to find it.
(See also Matthes et al., Theorem 2.4.) This is the earliest appearance of statement
(3) that I know of in a published paper and I therefore assume that Kallenberg

was the first to state (X') . I do not remember if it emerged in discussions at earlier
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conferences. In any case, this relaxation of the absolute continuity condition of the
Campbell measure was not suggested by me. The kernel arising in (3') is exactly the
conditional intensity measure appearing in Theorem 2 of my ZW 1974 paper if the
non-atomicity condition of that theorem is satisfied. (There are some discrepancies if

there is a discrete component.)

As you well know, the condition (%) replaces the formula

o0 am = [ TS (o) - B

which holds when the conditional intensity measure is absolutely continuous, by the

formula
[oep P& =0, € dplz)p(dx)
v "B = P e

in the more general case. In the context of the Remark on p.110 of your 1979 paper

with Nguyen Xuan Xanh the differential V(z|nS)p(dz), which is essentially the same
as X (I, .)v(dl) on p.145 of "Stochastic Geometry’, is replaced in Matthes et al. by the

more general (7S, dz) which may have no density.
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KLAUS KRICKEBERG UND VIETNAM. ERINNERUNGEN

NGUYEN XUAN XANH

Es war eine gilitige Fligung des Schicksals, dafl ich in jungen Jahren einen Lehrer
kennenlernen durfte, der nicht nur ein Freund fiir mein ganzes Leben, sondern auch
ein Freund meines Heimatlandes wurde.

Ich traf auf Krickeberg erstmals im Frihjabhr 1967. Nach einem kurzen Jahr in
Bonn kam ich nach Heidelberg, und wollte dort mein Studium der Mathematik, das
ich bereits in Vietnam begonnen hatte, fortsetzen. Die Welt erschien mir als zu gro8,
das Land war mir arg fremd, und das Studium und die Wissenschaft erschienen mir
als uferlos. Ich war allein und unvorbereitet auf das Studium und das neue Land: nur
die deutsche Sprache, die hatte ich in Saigon fleiBig gelernt. In Bonn erwog ich sogar,
Physik zu studieren. Ich kannte dort einen vietnamesischen Pfarrer und einen anderen
Vietnamesen, beide beschiftigten sich mit Experimentalphysik; aber mir schwebte ein
etwas stirker theoretisch ausgerichtes Studium vor. Auf meine Liebe zur theoretischen
Physik war ich schon in Saigon gestoflen.

Ich flihlte mich schrecklich einsam in Deutschland. Im fernen Vietnam donnerten
Bomben zunehmend auf das Land hernieder, welches seine 100jdhrige FranzOsische
Kolonialherrschaft eben hinter sich gelassen hatte. Der Krieg war morderisch,und
Unruhe erfasste viele der im Ausland studierenden Vietnamesen. Sogar im Schlaf
verfolgte uns der Alptraum des Krieges. Dennoch hatte ich Glick, denn ich war
einer der wenigen meines Alters, die nicht in diesem Krieg mit der Waffe kimpfen
mufBten. Die meisten meiner Altersgruppe waren gezwungen, in den Krieg zu ziehen.
In Vietnam hatten mich oft Alptrdume heimgesucht und diese verfolgten mich eine
ganze Weile lang auch in Deutschland.

In Heidelberg besuchte ich die Vorlesungen von Prof. Krickeberg iiber Wahrschein-
lichkeitstheorie und die {iber Analysis von Prof. Horst Leptin, und nahm an Seminaren

beider teil. Das neue Institut fiir Mathematik am Klausenpfad und das angebotene
35
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Lehrprogramm ist recht iberschaubar. Prof. Krickeberg war damals gerade aus den
USA zuriickgekehrt und schon recht bekannt unter den Professoren seiner Generation.

Analysis war an sich meine ’Stirke’ von zu Hause; ich war ein gliithender Anh#nger
der Bourbakischen Schule, von deren Biichern tief beeindruckt. Das abstrakte Raso-
nieren machte mir Spafl. In Deutschland lernte man anderes, dachte ich. Meine Sicht
war eng, wie bei den meisten meiner Kommilitonen in Vietnam. Aber der Lehrer der
Wahrscheinilichkeitstheorie gefiel mir mit der Zeit persdnlich immer besser. Bei ihm
konnte ich ein neues und hochinteressantes Gebiet der Mathematik kennen lernen:
Die Stochastik.

Sie war zu jener Zeit noch eine recht junge Disziplin. In manchen Teilgebieten
hat es enge Verkniipfungen mit der Analysis. Die Stochastik erwies sich mir spater
wichtiger, ohne dafl ich es zu Beginn ahnte, da sie mir in manchen Gebieten der
Physik zu einem besseren Verstidndnis verhalf, wie zum Beispiel in der statistischer
Mechanik oder Quantentheorie. Aber im nachhinein gesehen war doch die Wahl der
Stochastik mehr ein reiner, aber gliicklicher Zufall als das Ergebnis einer sachlichen
Entscheidung, die auf einer bewufiten Orientierung basierte, die mir damals fehlte.

Mit der Zeit kam ich Prof. Krickeberg ndher. Er hatte einen wunderbaren, sympa-
thischen, bescheidenen aber ganz eleganten Stil. Er war kein grofer Redner, etwas
schweigsam gegeniliber dem Publikum, kein ippiger Redner; gegeniiber dem Publikum
immer etwas distanziert, gegeniiber seinen Studenten aber stets hilfsbereit. Er strahlte
eine groffe Wirme und etwas zutiefst Menschliches aus. Seine Vorlesungen waren
unvergeflich, alles genau durchgefiihrt, mit Stil und vornehm, er konnte die Stoffe,
Formeln, Beweise alle auswendig und liickenlos lesen, stockte nie unterwegs, fiihrte
alles fehlerfrei tafelvoll aus, schaute gelegentich nur auf Stichworte seines winzigen
Zettels. Er ist duferlich sehr ruhig, innerlich auf sich bedacht und lebendig vor sich
hin, wie eine Quelle, welche frisches Wasser still ausschiittete. Er lieB sich durch
Lérmen von drauflen nicht irritieren, sagte gelegentlich humorvoll, wie etwa, dafl die
Bauleute drauflien Konkurenz mit ihm trieben, was die Studenten zum Lachen brachte.

Trotz seiner Warmestrahlung gehdrten wir beide verschiedenen Welten an. Seine
Welt und zugleich die von seinesgleichen, war mir wie ein Buch mit sieben Siegeln,

welches stets einen iiberwiltigenden Eindruck auf mich ausiibte, geheimnisvoll und
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unverstandlich. Zu dieser Welt habe ich lange keinen Schliissel gefunden. Das dauerte

mehr als finfzehn Jahre.

Mit der Zeit stieB ich vielleicht bei ihm auf Sympathie. Ich weifl nicht, aus welchem
Grund. Ich verdiente es bestimmt nicht. Vielleicht, weil ich der einzige Asiate im
Institut war und und weil ich aus einem Land kam, in dem gerade ein furchtbarer
Krieg tobte. Er und sein Freund, Prof. Leptin, unterstiitzten mich duflerst freundlich
bei meiner Arbeit. Bald nahmen sie mich in die Liste der Tutoren auf. Diese Hilfe
war mir duflerst wertvoll. Denn mein Stipendium der damaligen Saigoner Regierung
konnte nur die Hélfte der Kosten meines Lebensunterhalts decken.

Die andere Hilfte steuerte mein Vater bei. Die Tutorenstelle war mir deshalb
hochwillkommen. Sie wurde umso wichtiger, als die Saigoner Regierung 1969 endgiiltig
mein Stipendium strich und meinen vietnamesischen Pafl nicht mehr verldngerte. Der
Grund fiir diese Mafinahmen war: Meine kritische Haltung gegeniiber der amerikani-
schen Kriegsfiihrung und meine Kritik an dem korrupten Regime in Stidvietnam und
mein politisches Engagement unter den in Deutschland lebenden Vietnamesen. Dank
des verdienten Geldes am Institut konnte ich weiter leben und studieren.

In den Jahren in Heidelberg wurde ich politisch immer aktiver. Mit dem Entzug
des Stipendiums und der Nichtverlingerung des Pafles war ich gewissermaflen ein
vollig freier Mensch geworden. Der Vietnamkrieg eskalierte auf die Spitze seiner
Grausamkeit, und brachte Millionen von Menschen in den groflen Zentren der Welt
zunehmend auf die Straflen. Zusammen mit einigen anderen Vietnamesen gab ich
heimlich eine vietnamesische Zeitung heraus.

Ich benutzte dafiir meinen Assistentenraum am Mathematischen Institut als heim-
liche Redaktionsstube. Des 6fteren arbeiteten wir dort nachts und auch am Wochenen-
de. Ich investierte fast mein ganzes Geld in die Zeitung. Natiirlich ahnte der eine oder
der andere Mensch am Institut, was wir dort trieben. Aber niemand hinderte uns
daran, vielmehr man tolerierte unsere T#tigkeit verstandnisvoll. Aber einmal geschah
dann doch: Nach einem durchgearbeiteten Wochenende war mein Arbeitszimmer so
durcheinander, dafl ein Professor sich nicht zuriickhalten konnte und an die Tafel
meines Zimmers schrieb: 'Dies ist ein Saustall”’. Er hatte einfach recht. bberall lagen

Papiere, Klebstoffe und Werkzeuge herum, die wir wegen der Erschupfung nicht
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rechtzeitig aufrdumen konnten. Nach diesem Vorfall mussten wir mit der Redaktion
in eine kleine private Wohnung umziehen.

Prof. Krickeberg wufite vielleicht nicht in allen Details von meiner politischen
Titigkeit, doch sehr wahrscheinlich ahnte er mehr als ich dachte. Meinerseits wufite
ich damals nicht, dass er zu den ersten deutschen Professoren gezdhlt hatte, welche
schon sehr frith gegen den Krieg der Amerikaner protestiert hatten. Bereits 1965 hat
er die 'Hilfsaktion Vietnam’ durch Beitrdge unterstiitzt. Die 'Hilfsaktion Vietnam’
war eine humanitére Organisation, die vor allem die 'Befreiungsfront Stidvietnams’

unterstiitzte.

1966 hatte er den von Laurent Schwartz auf dem Internationalen Mathematiker-
kongress in Moskau initiierten Aufruf gegen den Krieg in Vietnam als einziger west-
deutscher Mathematiker mitunterschrieben. Das war eine sehr kithne Tat, denn man
mufite bedenken, dass Deutschland zu dieser Zeit ein enger Verblindeter der USA im
Vietnam Krieg war. Von diesen seinen Aktivitdten wufite ich damals nicht. Ich war
zu sehr mit meinen und unseren eigenen vietnamesischen Problemen beschéftigt. Und
zudem mufBte ich mein Studium zum Abschlus bringen, was mir 1970 gelang.

1971 nahm Krickeberg einen Ruf der Universitét Bielefeld an. Es ist eine ganz neue
und groBziigig gebaute Universitit in Nordrhein-Westfalen. Unter seinen Assistenten,
die er mitnahm, waren Herbert Ziezold, Reinhard Lang, Hans Zessin und ich. In
Bielefeld dozierte er iber sogenannte Punktprozesse, ein neues Gebiet der Stochastik
mit vielseitigen Anwendungsmunglichkeiten. Alle seine Assistenten beteiligten sich an
der Forschung und Lehre auf diesem Gebiet. Und dort, zusammen mit Hans Zessin,
promovierte ich spiter. In der Zeit vor 1973, als das Pariser Friedensabkommen
zwischen den Kriegsparteien in Vietnam geschlossen wurde, tobte der Krieg heftiger
denn je. Die Amerikaner bombardierten sogar die Hauptstadt Hanoi zu Weihnachten,
verbanden die Aktion mit der triigerischen Hoffnung, eine bessere Position beim
Ausgang der Pariser Verhandlungen zu erreichen. Weltweit gab es Proteste und

Demonstrationen. Schiisse sind gefallen und Menschen getdtet worden.

Im Sommer 1974 traf Prof. Krickeberg eine ganz iiberraschende Entscheidung:
Hanoi, damals die Hauptstadt der Demokratischen Republik Vietnam,zu besuchen,

und zwar auf dem langen Weg der Eisenbahn von Bielefeld aus iber Moskau, Sibirien,
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Mongolei, China und schlieflich Hanoi! Fiir mich wie fiir viele Menschen in Deutsch-
land war das nicht nur eine sensationelle Nachricht; die beabsichtigte Reise in den
Norden Vietnams war auch ein Abenteuer. Es war eine Reise in das Land der derzeit
weltweit geachteten Widerstandskdmpfer. Ich konnte erst in 1976 und erneut 1977,
also 2 Jahr spiter, das wiedervereinigte Land kurz nach dem Kriegsende betreten.
Die Kriegsspannung, die Krickeberg bestimmt erlebt hatte, war nicht mehr da, nur
noch die duflerlichen Spuren des morderischen Kriegs waren zu sehen.

Wihrend seines Aufenthaltes in Nordvietnam hielt Krickeberg mehrere Vorlesun-
gen am Institut fiir Mathematik in Hanoi und traf mit den vietnamesischen Wissen-
schaftlern zusammen. Diese waren duflerst wiflbegierig und lieflen grofies Interesse an
stochastischen Methoden erkennen. Unter seinen Zuhorern waren Prof. Hoang Tuy
und Le Van Thiem, zwei berlihmte Mathematiker. Er traf auch mit der Delegation der
Provisorischen Revolutionsregierung Siidvietnams zusammen, ibergab ihr Spenden
und diskutierte mit solch beriihmten Medizinern wie Prof. Ton That Tung tber
Anwendungen der Stochastik auf dem Gebiet der Medizin.

Ich weifl nicht genau, wann er begonnen hatte, Vietnamesisch zu lernen, wahr-
scheinlich in der Pariser Zeit zwischen 1974-1976, als er begann, in Paris regelm#fig
Vorlesungen zu halten, bevor er wenig spiter endgliltig Abschied von Deutschland
nahm, und fiir langere Zeit nach Paris iibersiedelte. Er lernte Vietnamesisch mit
groBer Ausdauer und unendlich viel Mithe. Bald schon konnte er die neue Sprache
fiir seine mathematischen Vorlesungen schriftlich wie miindlich benutzen. Er hat
iiberhaupt eine erstaunliche Gabe fiir Sprachen. Viele europiische Fremdsprachen
spricht er flieBend: Danisch, Englisch, Franzosisch, Russisch, Spanisch, dazu kommt
noch ein wenig modernes Griechisch.

Ich erinnere mich einmal an eine Solidaritétsveranstaltung fir Chile im Groflen
Hérsaal der Universitit Bielefeld. Der Ubersetzer fiir Deutsch-Spanisch, ein Genosse
aus Slidamerika, der in Bielefeld studierte, geriet an dem Tag so oft ins Stocken, dafl
die Veranstalter sich gezwungen sahen, Prof. Krickeberg aus der Reihe der Zuhdorer
nach oben zu bitten, um die schwierige Ubersetzung zu iibernehmen. Er hatte die
Aufgabe in der Tat mit Bravour erledigt. Man muss bedenken, dass er bereits 1972

Vorlesungen in Chile auf Spanisch gehalten hatte.
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Mit verstirkten und stetigen Aktivititen in den 7Oer Jahren war sein Engagement
fiir Vietnam in eine neue eingeebnete Bahn gelenkt worden. Eine neue Phase seines
wissenschaftlichen Weges zeichnete sich ab. Er selber sagte in dem Zusammenhang:
Zugleich aber geschah etwas, was meinem Leben nach und noch eine ganz ondere
Richtung gab. Er kam wieder 6fter nach Vietnam, initiierte Projekte und fiihrte
sie aus, um das mathematische statistische Fundament fiir das Gesundheitswesen
des Landes zu legen und half dabei, grundlegende Probleme in der Praxis zu 18sen.
Der wichtigste Angelpunkt seiner Arbeit war das Nationale Institut fiir Hygiene und
Epidemologie, NIHE genannt, mit dem er bereits 1978 Kontakt angekniipft hatte.
bber dieses Institut breitete sich seine Arbeit und Wirkung im ganzen Land aus:

Hanoi, Ho Chi Minh-Stadt, Nha Trang, Dalat, Buon Ma Thuot. .. .

Er hielt zahlreiche Vorlesungen und gab Seminare, betreute Studenten, Doktor-
anden, schickte Forscher ins Ausland zur Weiterqualifikation. Er ging zu unzéhligen
Gemeinden auf das Land, um das Gesundheitswesen besser kennenzulernen. Er schrieb
Memoranden, schlug dem Gesundheitsministerium des Landes Reformen vor. Bei
diesen Aktivitdten standen ihm verschiedene Organisationen bei: Das franzosiche
AuBlenministerium gew#hrte ihm seit 1981 ein liber 10 Jahre laufendes Entwicklungs-
programm zur Weiterbildung hoherer Mitarbeiter des Gesundheitswesens iiber The-
men wie Allgemeine Epidemiologie, Epidemiologie chronischer Erkrankungen, Epide-
miologie von Infektionskrankheiten, klinische Versuche, Effizienz und Erprobung von
Impfstrategien (insbesondere Phase I11), Gesundheitsstatistik und Gesundheitsinfor-
mationssysteme u.a.. UNICEF bat ihn seit 1984 sieben Mal um Beratung zu Themen
wie CDD (Control of Diarrhoeal Diseases), EPI (Extended Programm of Immuniza-
tion), MCH (Mother and Child Health), Malaria, Tuberkulose, Epidemiologie an den
kommunalen Gesundheitsstationen.

In Zusammenarbeit mit der Deutschen Gesellschaft fiir Technische Zusammenar-
beit (GTZ) fiihrte er 1994 eine Pilotstudie iber Familienplanung, Planung sowie die
Ausfiihrung einer Pilotstudie durch Stichproben in den Provinzen Nghe An und Ha
Tinh durch.

Das Institut NIHE war, wie er selber sagte, seine neue wissenschaftliche "Heimat’
geworden, und die kleinen Gesundheitsstationen der Gemeinden, auf denen der grufite

Teil der priméiren, priaventiven und kurativen Gesundheitspflege beruht, wurde zu
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seiner 'grofen Leidenschaft’. Die konkreten Probleme Vietnams regten ihn zur Entwi-
cklung neuer mathematischer und statistischer Verfahren an. Von der Mathematik
wechselte er immer mehr zu den Problemen des 6ffentlichen Gesundheitswesens tiber,
und er stellte seine Arbeit mehr in den Dienst der Menschen.

Durch seine Projekte in Vietnam hat er viele wertvolle neue Erkenntnisse iiber die
Verbreitung von Krankheiten, die vorbeugenden Mafinahmen zu ihrer Bekdmpfung
gewonnen. Er hielt dariiber viele Vortrige und hatte entsprechende Verdffentlichungen
im In- und Ausland. Die Punktprozesse, tiber welche er in den 70er Jahren in Bielefeld
aus rein mathematischem Interesse gelehrt hatte, wurden jetzt aus einer Anwendungs-
perspektive verfolgt und auf praktischem Boden fruchtbar. Die Liste seiner in Vietnam
geleisteten Arbeiten ist zu lang, um hier im Einzelnen besprochen zu werden.

Einige Jahre lang sahen wir uns nicht mehr. Anfang der 80er Jahre ging ich fir
6 Jahre an die Technische Universitdt Berlin, wahrend er in Paris lebte. Nur einmal
traf ich ihn in diesen Jahren sehr kurz in Berlin. Zum Abschied brachte ich ihn zum
Berliner Bahnhof und habe ihm dabei kurz gesagt, dafi mir das kulturelle Leben
innerlich fehlte, damit man {iberhaupt ein Mensch wire. Die Jahre in Berlin waren
mir ein Umbruch ohnegleichen. Auf dramatische Weise schuf ich langsam den Eingang
zu der deutschen Welt, die mir einst zu fremd und unheimlich war. Ich bekam auf
miithsamen Wegen neue Einsichten ins Leben und gefestigte Kraft, um kiinftig unter
anderen Umstdnden bestehen zu konnen, ohne sich selbst zu verlieren. Es dauerte
einige Jahre mehr,bis ich den Weg nach Vietnam freiwillig wiederfand. Die Zeit in
Deutschland kam fiir mich zu einem Ende.

Die Riickkehr nach Vietnam war fiir mich nicht einfach , ja im gewissen Sinne sogar
abenteuerlich, zurlick in ein Land des Lebenstillstandes, der Wirtschaftkollapse, der
selbst besiegten Sieger, wo gerade mit *Doi Moi’, sprich: Offnungspolitik, eine Wende
zum Leben herbeigefiihrt wurde. Nicht nur die Wirtschaft, sondern sdmtliche geistigen
Aktivitdten sowie das Unviversititsleben, sind landesweit auf das duflerst Notwendige
reduziert worden. Das Land erlebte aus der tiefsten Krise eine schwere Geburt.

Nach einigen Jahren Trennung trafen Krickeberg und ich uns wieder auf dem neuen
Boden: In Saigon. Es war mir erstaunlich. Ich konnte seine unermiidliche Arbeit und
fliefende Kraft nur bewundern. Gerade in der schwierigsten Zeit des Landes war er

konsequent im Gesundheitswesen weiter aktiv geblieben. Seine Projekte, insbesondere
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das, welches das franzdsische AuBenministerium unterstiitzt hatte, liefen im Stillen
weiter. Mehrere Jahre konzentrierte sich seine Arbeit auf den Norden, so dafl der
Kontakt unter uns eher sporadisch wurde. Aber dann trafen wir uns in Saigon doch
wieder . Zuletzt 2006 mit seiner Lebensgefahrtin Helga. Das Land hat inzwischen
einen langen, miithsamen Weg hinter sich gelegt. Man konnte jetzt in einem Restaurant
gemitlich miteinander plaudern. Und mein erstes Buch iiber Deutschland war inzwi-
schen erschienen.

Von 1974 bis 2008 hat Krickeberg insgesamt 23 Reisen nach Vietnam unternom-
men. Er kennt das Land und die Menschen mehr als ich, und er hat fiir die bed{irftigen
Menschen vielleicht mehr als andere getan. Seine liber 30 Jahre lange Arbeit zeitigte
in vielerlei Hinsicht Friichte. Ein Informationssystem filir das oben erwidhnte CDD-
Programm, welches im Rahmen von UNICEF mit seiner Hilfe geschaffen wurde, hat
sicher sehr vielen Kindern das Leben gerettet, viel mehr als es einzelne Arzte mit nur
kurativer Arbeit hitten tun knonnten.

Inzwischen ist CDD in die allgemeine Gesundheitsfiirsorge integriert worden und
damit auch das von ihm geschaffene Informationssystem. Er hat die ganze "Mathema-
tikgruppe’ in der Abteilung "Epidemiologie’ von NIHE ausgebildet, sowohl theoretisch
als auch durch sehr viel praktische Arbeit. Eine seiner Schiilerinnen aus der Gruppe
ist mittlerweile Direktorin dieser Abteilung geworden. Die vielen anderen hoheren
Mitarbeiter des ganzen vietnamesischen Gesundheitssystems, die durch sein zehnjihr-
iges, von Frankreich finanziertes Programm weiter gebildet worden sind, vergessen
bestimmt nicht, was sie gelernt haben. Mehrere der Wissenschaftler, die seinerzeit
seine Vorlesung liber Stichprobenmethoden im Allgemeinen Statistischen Institut
gehort haben, haben heute leitende Positionen im Institut fiir Familienplanung in
Hanoi und wenden diese Methoden weiter an. Durch Krickebergs Arbeit hat das
Niveau der Arbeit am NIHE international anerkannte Standards erreicht.

Doch er selbst hat sich trotz seines hohen Alters noch nicht zur Ruhe gesetzt.
2005 begann er im Alter von 76 mit der Ausarbeitung von Reformvorschliagen fir
das Fach des Offentlichen Gesundheitswesens an der Medizinischen Hochschule der
Provinz Thai Binh. Dabei strebte er eine partnerschaftliche Zusammenarbeit mit der
Fakultdt fir Gesundheitswissenschaften der Universitit Bielefeld an, an der er nach

der Emeritierung immer noch ehrenamtlich arbeitet.
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Auch wollte er dabei das laotische Nationale Institut fiir Offentliches Gesund-
heitswesen in dieses Projekt einbezogen wissen. Das Ziel des Programms besteht
darin, die institutionelle Struktur und vor allem die Lehrinhalte der Universitit
von Thai Binh, aber auch die des laotischen Instituts auf einen den internationalen
Standards vergleichbaren, aber zugleich den lokalen Gegebenheiten angepafiten Stand
zu bringen.

Originell dabei ist die Idee, dass hier ein hoch entwickeltes vietnamesisches Institut,
némlich NIHE, zusammen mit der Bielefelder Fakultit den weniger fortgeschrittenen
Partnern helfen wird. Krickeberg erkannte bald, dafl dieses Modell fiir die Lebensfi-
higkeit der Universitdten wirschaftlich &rmerer Provinzen wie der von Thai Binh
ganz allgemein von grofer Bedeutung ist. Der Aufbau von nachhaltig wirksamen
Strukturen im Gesundheitswesen und eine fiir Wissenschaftler hohere Attraktivitét
der Arbeit an Universitdten in solchen drmeren Provinzen sollten u.a. dabei helfen,
einen “brain drain” innerhalb des Landes zu verhindern.

Das Modell sollte eine Vorbildfunktkion fiir den Aufbau dhnlicher Strukturen und
Institutionen in anderen Provinzen Vietnams haben. Eine gute Gesundheitsstruktur
ist auch noch eine wesentliche Voraussetzung fir den Erfolg ausléndischer Investitio-

nen.

Im Mai 2008 wurde die Finanzierung der Hauptaktivitdten der Partnerschaft fiir 5
Jahre durch die deutsche Else Kroner-Fresenius-Stiftung zugesagt. Bereits im Oktober
2008 begann Krickeberg mit der Arbeit. Die angestrebte Partnerschaft sollte etwas
Institutionalisiertes und Dauerndes bleiben.

Anfang 2008 vereinbarten wir, uns am 1. Marz 2009 in Dalat, einem alten schonen,
immer noch einer kleinen franzdsischen Provinzstadt &hnelnden Ort im Hochland
Vietnams, mit Freunden aus Deutschland und Vietnam zu treffen. Wir wollen dort
gemeinsam Krickebergs 80. Geburtstag felern. Auch in hohem Alter ist Krickeberg
noch kriftig, ristig, und fihig zu Neuem. Er mdchte, so hat er angekiindigt, im
Hochland wieder Berge ersteigen. Das Stadtleben und und das an den Touristenorten
findet er immer langweilig. Er sehnt sich nach der Einsamkeit der Walder und der
Stille abgelegener Meeresbuchten. Dort findet er die beste Erholung und geistige
Inspiration. Ein deutscher Wissenschaftler (Helmholtz) soll einmal in einem Trink-

spruch gesagt haben, dass Spaziergehen die heilige Pflicht der Wissenschaftler sei.
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Krickeberg hat diese Pflicht im hohen Alter mit Liebe erfiillt und schopft daraus
seine ganze Kraft.

Wenn der von A. Einstein formulierte ethische Anspruch, demzufolge nur ein
fiir andere gelebtes Leben lebenswert (ist)’, zutreffend ist, so hat Klaus Krickeberg
diesem Anspruch in hohem Mafle Genilige getan. Seine Solidaritdt mit Vietnam ging
iiber die Kriegszeit hinaus und blieb dem Land und seinem Volk in der schwierigen
Aufbauphase nach dem Krieg wie kaum ein anderer treu.

Ich bin Krickeberg, meinem verehrten Lehrer und Forderer, im doppelten Sinne
und aus tiefstem Herzen dankbar: Fir seine grofziigige Hilfe fiir mich und fiir seine
Unterstiitzung wiahrend meiner Zeit in Heidelberg und Bielefeld, aber auch fiir sein
Werk, mit dem er das Volk von Vietnam unterstiitzt hatte und immer noch unter-
stiitzt, ein Volk, das in seiner langwierigen erkdmpften Freiheit immer noch leidet

und sich auf der Suche nach dem wahren Gliick noch weiter anstrengt.

Tlocrynuna 25 voabpsa 2008
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AnHOTAIIMsA. HexoTopwle pe3ynbTaThl KOMOGMHATOPHON MHTEIDAJILHON reoMeT-
PHMM OTHOCSITCSI K reoMeTpudeckoil tomorpacduu. Hacrosmas craTes paccMar-
PUBAET TOMOIPAMDUIO CAYIANHBIX BHIIIYKILIX MHOTOYTOJILHUKOB NAPAALEALHIMU
X-nywkamu. Beegenue KPaTKO IPEJCTABISAET DAHEE NOIYUEHHBIE DPE3YIbTATHI
ABTOPA, OTHOCAIIMECS K BOCCTAHOBIEHHWIO (HECHyIAHHBIX) BHIIYKJIBIX 00macTel
¢ nOMOIBI0 movewnvr X -nyuwkos. OCHOBHBIM MHCTYMEHTOM HMCCIE{OBARHUS -
passeavror X -nywkoe ABAsSeTCS desunmezpuposannoe moscdecmeo Ilaedens,
TOYH6E, er0 YCPeHEHHAS BepCcus (COREPXKUTCS UuX HOAPOGHHIH BHEBOA). B craThe
OLPeJeNsaeTcss KIACC CAYYaHHBIX MHOIOYTOJbHUKOBE, TAK HA3BIBAEMBIX MOMO2Pa-
Puseckur modeaedl, TAOMMH CYIeCTBEHHBIE TPEUMYINeCTBA I ananu3a. Onpe-
JeneHre TOMOIpaduIecKol MOIeIH JAeTCs B TePMHUHAX CTOXACTUIECKON HE3aBH-
CHMOCTH, NpUYeM, CIyJYaiHble MHBAPUAHTHBIE OTHOCHTENIBLHO CABHUTR NPOUELCCHE
npamviz Myaccona 5 TR? J0CTABATIOT MUPOKHH Kiace npuMepos. Hamomum,
9ITO KarK/ABl Tako#l Ipolecc NpAMBIX OUDEIenseTcs cBoell posod Hanpassenud
p(®). s o6mux p(d), munuunbili MHo20Y20AbHUK B PA3OGHEHUH IOCKOCTH TIPS~
MbiME [IyaccOHOBCKOTO mpOoIEcca OKA3bIBAETCS TOMOrpaduIecKoil Mojensio. s
o6mux ToMorpaduIecKux Mojeneil BoiBeJeHo audbepeHIuaNbHOe YPABHEHNE,
ero MOXKHO MCIOJb30BATH AJs UCCIAeAOBAHUS npeobpasosanus Jlanaaca u pere-
HUS PS8 MHTEPECHBIX BBIYUCIMTENLHBIX 33134,

Hocsameno 80-1eruro Kiayca Kpukkebepra

1. BBEAEHUE

Ozun U3 BOIPOCOB, 3aHUMABINNX aBTOPA BO BpeMsl paboThl Hajl, Kauroi [1], cocrosn B
npumenennn Kombunaropuoi uaTerpanbuoil reomerpun B 3anagax Maremarugeckoit
crepeonorun. C Tex nop BO3HUKIA NyalbHas TeMaruka — [eoMerpuyecKkas TOMOrpa-
dbust, ne Menee npusiekarenbuas A1g Kombunaroproil uarerpanbuol reomerpun. ¥
neficreurenbio, KoMObuHaToOpHAas HHTErDATbHANL TEOMETPHSA YZKEe UMEET Pe3yJIbTaThi,
KOTODbIE MOXKHO MHTEPIPeTHPOBATh KaK NpHHAajjexalme K obractu romorpadun.
OcnoBuas nenb vacrosmedl paborer — ToMorpadus CAydaliHbiX BBITYKJIbIX MHOIO-

YTIONLHUKOB NapaAteAbHHIMU X-ny%namu.
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Opnpako, npexie naaaM 0630p HEKOTOPBIX PE3YJIbTATOR ABTOPA, KOTOPLIE OTHOCATCA
K BOCCTAHOBJECHUIO (HECAYYalHbIX) OrPaHMYeHHBIX BLITYKIBIX 00KacTell ¢ NOMOIIBIO

moneunozo X -nywKa: BIEpBbie OHU onyOIuKoBasbl B {3].

Towewnwt X -nynox ects dynkuusa x(¢), oupenenennas Ha [P], rae
[P] = ny4ok npaMbix, IpOXONANMX Yepes Touky P na nnockoctu. Onpenenum
g(¢) = nupamas us3 nyuka [P], amMeomas naockoe Hanpabienue ¢,

x(¢) = namua xopapt g(¢) N D, rae

D = orpanwuennasi BeinyKJas Maockas o0JacTb.

B pabore {3] rouka P suibupaercst na rpanune 0D ob6nacru D. Tlosromy npsimas
g € [P] onpenengerca ¢ nomomsio yraa ¢ € (0,7) MeXAy ¢ U HalPaBIeHHEeM, Kaca-
renbEBM K 0D B Touke P (cymecrBoBanne KacaTennuol B P ABageTCa CyIecTBeHHbIM
npeanonoxendeM) u X = x(v) okaspiBaercda AAEHOR XOpAbL, ucxondued us P nog

yruom . Varerpan

(1.1) T(P) = % /[P] x siny dy = %/Oﬂ Y sin v d,

OPUHANIEKUT K TO49edHOR ToMorpadun:
T(P) = unrerpan X-nyuka u3 rouku P € 0D, ¢ Becou sin¢.

Kaxk nokazano B pabore [3]
H
(1.2) TP <

roe H ecry nomua nepumerpa D. Crenyromee npennoxkenue {3] orsocurea x D ¢
[aJKUME TPaHRIAME:
ecau 6 (1.2) pasencmeo cnpasedauso xomsa 6w das o0dnot mouxu P € 0D, mo D

HEOOTOOUMO ABAACTNCA KPYZOSHIM OUCKOM.

Cornacno nepasencrsy lIBapna nmeem

2
AT*(P) = V xsinwdwl <7 / X du
[F] 2 Jip)
fcno, uro % x2 dp ecrb snement mnomann B D, Tak, 910 u3
13) 7,(P) = [ W'dv = 2|DI.  manw maomazs D,
[P]

cnenyer

AT*(P) < «||DJ|,
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WM, 3KBHBAJICHTHO,
(1.4) AT2(P) < ng(P).

Kaxk nokazano B [3], B dopmyne (1.4) paBeHCTBO CpaBEANIEBO TOLAA W TOIBKO TOT/A,

rgorna umeer mecro x = C siny re. koraa D senserca auckom auamerpa C.

Ouesunno, yro 17 (P) takyxke npunafieXuT To9e9n0i romorpadun (METErpan KpaJ-
parta X-nyuka). 3 dopmynnt (1.4) cnenyer BO3MOKHOCTD IPOBEPKH MATIOTESH! O TOM,

910 D ABJAACTCA KPYTI'OBBIM JJUCKOM, €CJIW U3BECTHRL ABe TomorpaqueCKne BeJIMYHUHBL
T(P) u Ty(P).

Vraxem na ceasp T(P) ¢ KnacCcuueckum H30NEPUMETPHYCCKEM HepapencTroM. Hc-
noab3ysa koopaunary anunsl | saons 0D, sammmem T(P) = T(l) u paccmorpum

unarerpan 1(1) ornocurensno Mepbl aymasl dl na 0D. W3 suga akobuana
dg = siny dl dy,

rie dg — Me€pa, HHBapuanTHasd OTHOCHTENLHO €BKIINIOBLIX ,ELBI/I}KGHI/II'?’I B IIpocTpancTBe

NpAMBIX Ha IIJIOCKOCTH, CIeAyer, 94TO

ADT<Z>dz:/|x|dg:w||D||.

Warerpuposanne (1.2) no 0D naer xiaccu4eckoe HEPABEHCTBO
H2
7D £ —.
4
THosromy (1.2) B [3] HasbiBaercs de3unmezpuposaHHbimM USONEPUMEMPULECKUM Hepa-

BEHCTNEOM.
Bepuemcs K reme napasieseavnvlt X -nywrkos.

Mapaanesesvnwii X -nywox 6 nanpasaenuy « ecth Gynkuua X, (1), onpenenennas Ha
G, = cemeficTBe OpsAMbBIX, HMEIOIINX HANPABICHHE (, CIEAYIOMAM 00pa3oM:

X = X,(t) = [tgo N D|, rae |...| ecrs pnuna,

go = npamast B G, TpOXonsias depe3 Havano KOOPAUHAT,

{ = napaJenbpHBII NEPEHOC, NepeHIuKyAdAPHBIN HANpaBAEHUIO O,

D = Boimmykabiii orpasndensbii MHOTOYTOJTbHHUK.
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Hanee D 6yner 0603na9arb cAYyHaUHbLE 02PAHUNEHHBLY SUNYKABIT MHOZOYLONBHUK,
takuM 00pasom, X, (t) Oyner cayuaiinoit dyaknueii. Ocnosroil naTepec 6yayT npes-

CTaBJIATE MaTeMaTHYeCKHEe OXHUJIannsd HHTerpajion momoepa%u%ec%u:c GEAUYNUH

[ sxna
Go
rue
dt = mepa Jlebera B npocrpancree Gg,
f(z) = dbynxupmsa, onpesenennad Ha [0,00).
Hanpuwmep, ecan
folz) =1 ecnu z >0, u f(0) = 0,
TO
o = [ X0
Gy
PaBHSIETCS IMUPHUHE NAaPANIeIBHONO NYyYKa IPIAMBIX B HAIDABICHUN, IEPIIEH AWK Y15 D-
HOM K ¢, nqsi Kotopsix X > 0.
OCHOBHBIM HHCTPYMEHTOM B UCCHENOBAHUU NAPAALEAbHUT X -aynel sABisercs des-
unmezpuposannoe moscdecmeo Ilaetiean, wnn ero ycpennennast sepeusi. Uurepecno
OTMETHTD, 4TO pasencrso (1.2) ecrb npeaenbras GopMa 3TOr0 TOXKIECTBA.
B naparpade 3 Buiaensercs Knace CiydaliHbiX MHOIOYTONBLHIKOB, HA3BIBAEMBIX MO~
mozparuneckumy modeasmu. Oupenenenne romorpadnyeckoil MoJeIn 1aeTcd B Tep-
MHHEX CTOXaCTUIeCKON Hezapucumoct. Hackonbpko 6orar Knace ToMorpaduaeckux
Mozenei?
TIpumepnt 10CTaBIsIOT Chy4yaliHbie HHBAPUAHTHBIE OTHOCHTENLHO CIBUTOB NpPOUECChH
npamwuz ITyaccona 8 IR? . HanoMuuM, 9TO KaXKAp#i TaKo# IPONECC NPAMBIX OIpe-
penserca csoeit posol nanpasaernud p(P). Hna obuwx p(¢), munusmsid mHoz0yzoan-
HUK B pa3zbUEHnN NJIOCKOCTH Ha MHOTOYTONBHUKH, TTOPOXKIEHHOM COOTBETCTBYIONITHMY
npsiMbiME iponecca Ilyaccona okaswipaercst roMorpadpuveckot Monensio. s obmmx
roMorpapuveckux Mozpenell Boieneno auddepennuaibHOe ypaBHenue, oTKy s BO3-

HUKaeT HeCKONLKO MHTEDEeCHLIX BLIYUCINTRILNLIX 3a/1a4.

2. IEBUHTETPUPOBAHHOE TOXKJIECTBO TIJIENE/IS

Iycrs D ectb cmpozo evinyxaas orpanudentasa obnacts B IR ¢ KycodHo-ria Ko
rpanunei 0D. O6oznagnm

[D] = npocrpancTBo OpREHTHPOBAHHLIX JUHEHHLIX xopa obnacty D,
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v = snement [D], Mbi TOBOPEM O Ha%aAE B KOHUE XODIBL U,

Uiy Vp, 1> 1 = nocnenoBatebROCTh dementon (D],

G = npoCTPaHCTBO NPAMBIX Ha MIOCKOCTH, g € G He nMeer OpHeHTaluy,

[V;] = MHOXKECTBO NPAMBIX, KOTOPbIE IEPECEKAIOT XOPAY vy, [v;] C [D],

I, (v) = 1, ecan v nEpecekaoTCsa m XOPAAME B3 COBOKYHHOCTH V1, ..., Vp, B PO~
tusHOM cayuae I, (v) = 0.

Honoxum
1

Bribepem HeKOTOPYIO NpAMYIO go, nepecekatonyio D, go € G, u B npocrpancree G
PACCMOTPUM AenbTa—Mepy dp, KOHIEHTPUPOBAHHYIO Ha go. Tak Kak HUKaKue ThU KOH-
1@ XOpH, V1, ..., Vy HE JIEXKAT Ha NPAMOl, NpuMEHeHne u3BecTHOR POPMYTIBL 4eThIPEX

unaukaropos {1} naer
(2:1) 260(A) = 2 D> Ln1(04) 6o([a]) + D Tna(di)bo([di]) = D Tn-a(ss)do([sil).
i=1

rae d; unm s; BCETJA eCTh CErMeHtT, COSAMHSIIONMEA Napy KOHNOB ABYX PaziHuyHBIX
XODJi, CKaxkeM V] U V5 13 COBOKYIHOCTH V1, ..., Vp,

d; = npe xopabt Vi u V4 nexar B PaziuaHbX NOJYIIOCKOCTSX OTHOCHTENBHO TIPO-
JONKEHUA cerMenTa dy;,

$; = JABE XOpABL Vf W V4 near B OZHOU W TOH Ke MOMYILIOCKOCTH OTHOCHTENEHO
[IPOAONIKEHUS CEIMEHTA $;.
B npocrpancree [D]" nociaenoBarenbHOCTEH Vi, ..., Uy, PACCMOTPAM [IPOU3BEACHEE

MEp

dvy...dvy,

rie Kaxaasd Mepa dv; ects cyxenue na [D] mepnt
dg = mepa na G, pEBapHanTHAA OTHOCHTEIBHO CBIMIOBLIX NBHKEHUM,

Tpounrerpupyem (2.1) oTHOCHTENBHO Tipou3BeacHus Mep. Vimeem

2.2 2 ... 6(A)dri...dv, =2 Iiyo) (V) dvs = 2 (4xo)",
©2) [ [ atayan [T [ty v =200
roe

Xo = |goND].
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Wcnone3ys npusnun cuMMerpun, HalzeM

2/.../izn;1n1(yi)50([yi])dy1...dyn

= 2n/ dl/l/.../In,l(yl)dyg...dyn
[xo]

(2.3) —n [ 40,
[xo]
3ueck 1 Huxe [xo] C G. Kak u B ananornysoMm Bbraucsiennn B pabore [1] naxonum

/{Zln,g(di)éo([di]) = 3" La(s)dol[si])] diy.dvr,

= —8n(n—1) |:/Ll /L;L/L2 /LJ (4x12)™ % cos By cos B2 dly dl

(2.4) = —4dn(n—1) /[ ](4x)"’1 cot By cot B2 dg.
Xo

Bo sropot#t crpoxke,
X12 = npAMonuneiinas xopaa mMexay 1 u la,
Ly, Ly = wactu 0D, paspenennbie KOHUAME XOPIbL X0,
51, B2 = yronet Mexay x 1 0D na kounax y,
dl; = mepa naunbt na 0D, i =1, 2,
Toraa Kak Y ecth dyuknus or g € G, te. x = |¢gN D| n Mbt ncnonssyem Axobnan

(2.5) dg — SmOLsnB
X

Conocrasus (2.2), (2.3) u (2.4), nocne cokpamenus Ha 4" TOAYIAM Je3UHMEZPUPO-
sanHoe moocdecmeo Iaeteas
n n n—1 1 n—1
(2.6) Xo =5 X" tdg — 3" (n—1) X cot 31 cot 3 dg.
[xo] [xo]
W3 mero B pabore [3] 6buio nonyveno vepasencrso (1.2). Huxe (2.6) cayxur nas

nceneaopannsd napaJiienbibix X-Hy‘iKOB.

IIpocroe uurerpuposanne dopMynbt (2.6) no mepe dgo 1o Becem go € [D] npusonut K
moncdecmey Iaeteas 6onee venocpeacraento, (cm. [1]). Ypasuenne (2.6) nonyuaer

JOTIONHUTENILHEBIC YICHEB! B C1yYae, Kor'a D asnsierca BLITYKJILIM MHOTI'OYT'OJLHUKOM.
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3. MHTEI'PUPOBAHUE B ITIPOCTPAHCTBE G,
CJIVHAE MHOT'OVI'OJIbHUKA

s napannenpubrx X -Ny9KOB HCHOJIB3yeM Te ke 0603Havenns, 970 U Bo BBejenun,

NPEANOTATaeM, 9T0 (¢ = HANDABACHUE NPAMON gy 0CTAETCH (DUKCUPOBAHHBIM.
Sanumenm Bepcuio ypasaenus (2.6) nus xopawt xo = X (¢), (coors. capury t):

1
G X =g [ g gntn=1) [ 3 ot cot
(X] (X]

¥ TPOMHTEIPUPYEM 3T0 TOXKIecTBO Buonb G, no mepe dt. Inga duxkcuposannoro g,
HETErpupoBanne unauKaropuoh dynkunn Ix)(g) saer

/G Iix(g)dt = xsinag, x = |gnD,

o

Ijie ¢ — HANPABJIEHHE ¢, (up — YTON MEKJIy nByMs Hanpasienusmu. OTcioga, uaMene-
HEEM NOPAIKa WHTEIPUPOBAHUA NOJydaeM, 9to aud moboi dyukuun f(g), onpene-

aennoi na G,

/Ga dt/[X] flg)dg = /c f(g) dg/Ga Iix)(g)dt = /c F(g) x sinad dg.

Tosromy, uarerpuposanne (2.6) naer
n — n(n—1 —
(3.2) / Xhdt = — / x" sinagdg — nr—1) / x™ cot 31 cot B2 sin ag dg.
Go 2 Ja 2 el
Hycrs reneps D ecrh MHOTOYTONBHEK €O cToponaMu ag. ObosHagum
¢ = HanpaBJIeHHe CTOPOHBI Ay.

Vpasrenne (3.2) s MHOrOyroasauka D mecta He uMeer: UPUYMHA B TOM, 9TO BbI-
pazkenue (2.5) e MOXKeT ObITh HCHOAB30BAHO 11 (1, lo, IPAHANNEKAINX OTACHLHONR
cropore a;. Mcnonp3ys annpokcumanuio maoroyronbanka D obnacramu, g Koro-

PBIX HPUMEHEMO ypasaenue (3.2), nja MuHoroyronsuuka D, nonygaem

— -1 —
/ X"dt :ﬁ/ X" sin ag dg —M/ X" cot By cot By sin ag dg
J G, 2 Je 2 G

nin—1 L "
—% > sinagy, //Wak 01, L™ diy dls.
aj

Ycnonsaya nepemennnie |l1, o] = 7 u l = 1y, nerko naxomum
T T T
/ / 11, lo|"dly dly = 2/ |r" Lz —7)dr
o Jo 0
n+1 n+1 n—+1
—9f 9% 9 %

n n+1 n(n+1)
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Taxum o6pazom, (3.2) ana muoroyronbuuka D umeer suj,

e ~1 —
/ Xndt =2 / X" sinagdg — M / X" cot B cot 3y sin ag dg
Go 2 Ja 2 el

(3.3) -

1 n-1 ——
3 Z+1 Zsino«bk lag|" L.
a

Hcnonb3ys nuaefHOCTEL Bhipaxenus (3.3), HaxonmuM

J/Ga FX)dt = % /G F(x) x sinaddg — % /G F7()x2 cot By cot By sin ag dg

(3.4) - = ZSIH agy Flag|)

n

cHaYasa, Ad NONMHOMHANLHEIX dysxnuil f(z) = ax’ + ... + apz”, a 3aTeM nis

CTEIIEHHBIX PAJIOB BHIA
>0
z) = E an ",
n=2

upeanonaras, 4ro psiast cxonarcs. B dopmyne (3.4) f/(x) u f7(x) apasrorcs obbra-

HBIMH OPOU3BOJHBIME H
Flz) = Zn_l an 2" = zf(z) — Z/Zf(u)du
2 n -+ 1 0

4. OBPAILIEHHME SIN-TIPEOBPA30OBAHIA

Hcnonb3ya CranjapTHBIE NONAPHLIC KOODAMHATLL A UPAMBIX, TO €CTh
¢ = nanpasnenne g, g € G, ¢ € (0,7), u
= PACCTOARKNE CO 3HAKOM NPAMOI g OT BaYana KOODIUHAT,
Mepa dg, WHBapHanTHAad OTHOCHTEILHO CBKIHIOBBLIX ABM2KCeHEHN B npocrpancree G

3AIUIIETCS B BHJIE
dg = dodp.

Orciona ToxaecTso (3.4) MOXKHO IPEACTABATE TaK:

/ f(x :—/sinc?b do /G £/60 x dp
¢

1 —
_E/sinoabd(b /G¢ F"(x) x? cot By cot Ba dp

(4.1) —= Zsmaqﬁk (lax))-
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Ouernapo, uro coornomenne (4.1) uMeer cnenmanbubiil B
(4.2) Fla) = / £(6) sin o g,
0

rae o6e dynkuuu F(a) u f(¢) onpenenenst na (0, 7). Xopomo uasecto (cM., HAIpH-

mep, [4]), uro Beipaxenne (4.2) MoxHO OGpaTUTh:

f(¢) = A{F(e)},

rze oneparop A onpenensercst hbopMynoi

2
AP} = 5 |Fl@) + 4

T&F(m} .

Wmeem npencrapnenue
S sinagy Fllaul) = Y [ sinagy Filal) . (6),
ag ar

NOKa3bIBAIOIIEe, YTO NpuMenenne onepatopa A k (4.1) npusonur K 0 -QyHKIHEAM
0y, (@) = 0 -pyHKIMA, KOHNEHTPUPOBAHHAA HA HAIIPABJIEHUH ¢j, CTOPOHBL Ay.

TTostomy, yrobbr 060WTH OCHOXKHEHHS B Nponecce ycpennenust obparnenust gopmy-

et (4.1}, B cnenyiomem naparpade, caadana ycpegaum Toxaectso (4.1), a satem

npuMenuM orneparop A K pesynbrary.

5. VCPEJAHEHUE TOXKJIECTBA (4.1) JJIsI OBIIETO CJAYYAHMHOTO
D

Ilycrs P — pacnpenenenne BeposTHOCTEH /il HEKOTOPOI'O CIy4YaliHOrO MHOTOYTOJIb-
suka D. Opyruvu cnosamu, P ects BepositHOCTE B ipoctpancrse D,

D = npocrpaHCcTBO OIPAHMYEHHBLIX BBIIYKJIIBIX MHOTOYTI'OJBHHUKOB HA ILIOCKOCTH,
D € D. Jdns 3anansoro nanpasienus o € (0, 7) oboznasnm

b, = mmpuna muOoroyronpauka D B Hanpapienun, NepreHauKyIAPHOM K o
¥ IPEANONOKAM, Y4TO

B, = / by dP < o0.
D

Benuuuna B, ectb cpesnnas mupuna MHEOroyronbauka DD B HANpaBIeHHH, HepUEH 1~
kynapuom K «. Cormracuo ckazaanomy Bo Beenenun, B, npuHaIexuT 0apaiienbHoi

ToMOrpadun.

Ha npomnssenenun

D x G,
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PaCCMOTPUM BEPOATHOCTH
1
—Iip)(X)dPdt u E, - cooTsercTByIOliee OXuianue.

[e3

Mmeem
/dP/ f(T)dt = BLE, f(X).
D Ga

Taxum ke obpazom

/DdP/sinchbdqb /c¢ F(x)x dp = /sinchb By Eof (X)X do,
/D AP / sin ad de /c¢ F(x) X% cot By cot By dp

- /sinchb By Ey [f/(X) X? coteby coteby] dop

Vepennennas sepeus Toxaecrsa (4.1) sanumerca B Buge:

BoE, f(X) = %/ sinag By By f' (X)X do

(5.1) - %/ sinag By By [f"(X) X? coteyy cotihs] de

_%/dP Zsin@FﬂaM)
D k

Tpumensasa oneparop A k 0b6eum croponam dopmyast (5.1), nonydnm

d2
By Ey f(X) + d752[8¢ Ey f(X)] = By BEof'(X)X

(5.2) — By Ey [£7(X) X? coty coteps] — %A/DdP Zsino?é\k F(lag]).
k

OnpenenuM ciaygaifineiii JIMHERHBI CErMEHT A, KOTOPBII HA30BEM CAYHAUHOU cMopo-

not D.

Paccmorpum cayuaitayio nepemennyo H = pnuna nepumerpa D, u npennonoxuam,

YTO CYLIECTBYET Cpe/iHee 3HAaYEHUe!

Ho:/HdP<oo.

Cuagana BeibepeM peasu3anmio cay4daiiHoro MHOTOYTOJIbHIKA, 06JIaaI0IIero pacnpe-

Jenenuem

H
—dP
Hy 7
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a 3aTeM BRIOEpEM OZHY U3 CTOPOH ¢; 3TOH PeaiH3aliil C BEpOATHOCTELIO
|ai
7

Cayualinbiii cermMenT, NOCTPOEHHBIH STUM NBYXCTYNEHYATHIM ANTOPUTMOM, €CTh HC-

komoe a. Orobpazxkenne
ar— ([a], )

rie
|a] = nnmna a,
¢ = Banpasienue a,
OTIPEAEAeT COBMECTHOR pacnpenenenne sepoarnocreit (|al, ¢). anee npennonaraem,
YTO OHO 06JIaAaeT NIOTHOCTBIO BEPOATHOCTH
u(x, ) = coBMECTHAs IIOTHOCTH BEPOATHOCTH 13is |a u ¢, x € (0,00), ¢ € (0,7).
CoOTBETCTBYIOIAA YCAOBHAS NIOTHOCTE BEPOATHOCTH BENHYHHEL (4], IpH yCIOBUY @,

gaerca GopMynon

(5.3) Vo(2) = ulz, ) U™ (9),
rae GyHRIus
(5.4) Uee) = [ ulwo)ds

€CTh MapIHHAJBHAA IJIOTHOCTH BEPOATHOCTH CIYYaiiHOIO HALPABJICHH: ¢; HAZ0BEM
U(d) naommocmuio no nanpasaenuam nis D.
Paccmorpum rakike caydgailabii cerment b, onpenenennbiil caenyompm obpasom.

Cuagana BeibepeM Peann3anuio CaydaifHoro MHOTOYTOJBHUKAE C DACIPEIeTIeHneM

N

— dP,

No
rae N.—uaucno cropon D, a Ny — cpennee 3navenne N. 3arem BeibepeM OgHY U3 CTOPOH
a; 3TOH peanm3alyn C BEPOSATHOCTHIO % Chayualinbiit cermMent, NOCTPOSHHBIA ITHM
JBYXCTYHEHYATHIM AIrOPRTMOM ecTh uckomoe b. Yepes Wy (z) oboznadum mnorHocrs

YCIIOBHOIO pacupesenenns aiuust b, npu ¢ = nanpasnenue b.

Jlemma 1. ITyems
b¢:/$W¢($)dZE < o0,

mozda
zWy(x
[
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Jlemma 2. Ecau das cayratinozo muozoyzoavnura D cyweemeyem naommocms u(x, d),

Mo umeem mecmo
(5.5) A/DdP zk:sinojé\k F(lag]) = I;—;U(@/O F(z)Wy(z) da.

Aoxazameavemeo. T1o onpenenennto ciyyafinoll CTOPOHBI & ¥ NIIOTHOCTH BPOATHOCTH

u(x, ) umeem

/de Zsjnc@ Flag))

sinagy Flag)) [ax] H
= H — dP
O/ Z E H Hp

iy [ sinagd Flz)a ! d

0/0 sin a¢ (b/o ()z ‘ulz, @) de

i [ sinasds U [ F(z)z ' Vy(z) dx
Jo Jo

= 7TsinozAM h x z)dz
fHoJQ %(@d% Pla) Wy(a) d.

Ocraercsa npuMenuTs A.

6. TOMOI'PAOMYECKHNE MOJEJIN

B npocrpancree D x G, paceMorpuM oTobpaskenne

(61) (D7t) i— (X7¢17¢2)
e
X = pmmna xopast D Ntg,,

1, Y9 = nBa yriia, BOSHUKAIOUIKME npu nepecevyenun tg, co croponamu D.

C T0oYKEM 3peHHsl CTOXaCTUYECKOH reomerpun, Haubojiee NPUBIEKATEILHBIMY SABJIs-
0TC Caydaiinbie MHOrOyroibHukd P, nist KOTOPBIX BMEeT MecTo He3asucuMocms
CIy9aiiHBIX TIepEeMEHHBIX X, 11, ¥y, onpenenennsrx orobparxenuem (6.1), npudes s

Kaz 1010 HalnpaBpjieansa .

Onpegenenne. Chnyuafinsiii Mporoyroisuuk D BasbiBaBaercs momozpadurecrot
Modeanto, ecii ero P ynosnersopser AByM yCIOBUSIM:
1. ana mwboro o cayvaiineie nepemennsie X, ¥, Y9 HE3aBHCUMBL U

I1. ans moboro o u nwbolt yskuun F umeem

(6.2) E.F(X) = /OOO F(z)W,(z)dx.
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I'py6o rosops, (6.2) yreepxaaer, 9o X n |b| coBnaganwr B CMBICIE YCIOBHBIX pac-

npenenennii, Npu KayKIoM YCJIOBHHU o

Cymecrsyer nm Tomorpadgugeckue mMogenan? YTBEpARTENbHBIA OTBET HAeTCs CIeny-
omel reopemoit. Pacemorpum
p = p(¢) > 0 = Kycouno-HeNpepLIBHYO InoTHOCTL Ha (0, 7), foﬂ p(d) dp < oo
{9: }, = cayuafinbii nponece npsambix Ilyaccona B IR? yapapiasgeMbiii Mepoi
p(¢) dg = mepa na G ¢ nnoTHOCTLIO p(P), TIe ¢ = HanpaBienue g,

P, = "runwanpifi Mooroyronsauk"s pasbueHun IIOCKOCTH {g; bp.

B cnepyroomeit Teopeme wepes Iy 0603HAYHM IOBOPOT HA YIOJ ¥, TaK YTO Iy €CTh
o0pa3 HanpapieHWs « NPH 9TOM HOBOPOTE. YCJOBHE HenpepbiBHOCTH QyHKIMH p,

BO3MOZKHO, MOXKHO ocnaburh.

Teopema 1. Jas a6ol nenpepuenois dynryuu p cayvalnst muozoyzosviur P,
asasemes momozpadruneckois modeavro. Caynatinas ropda X Hanpasaenus o umeem

IKCNOHEHYUAALHOE PACTIPEJEACHUE € NAPAMEMPOM
Ala) = /sin¢p(r¢a) dip,

HEZABUCUMDBLE Yzab Y1, Yo 0baadarom obuwell NAOMHOCTNLIO PACTPEJEACHUSA

p(loz) sin p(rya) dip.

Mepa nanpasaenus daa P, cosnadaem ¢ p, m.e

U(g) = p(o).

Yeaosnoe (npu yeaosuu @) pacnpedeaenue dauns, cmopons, b umeem naommocms
Wo(z) = A(¢) exp[-A()z]

Cxema gokasarejbersa. [Iis Muoroyronbunka P, nesasucuMocts ciydafinbix mne-
PeMEHHLIX X, 11, P2 MOMKHO NONYYHTEL, HCHONL3YA TEOPUIO pacnpenenenuii lanbma,
kak B pabore [3]. Paccmorpum nponece npambix Hyaccona {g;},. Ha mecmosot npa-
MOTI HANpaBieHus ¢ HAbIIOAAIOTCA CAydainbe NepeMennbie Y — JuHa TUIHIHOTO
HUHTEPBANA MEKIY ABYMfA COCOIHMME IEPECeHeHuAME (CKaskeM, ¢ IPAMBIME g1, J2)

nporecca, a 1y, 772 = COOTBETCTBYIOUIHE YIVIBI Ilepecevyenuii.
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Ilo teopuu pacnpenenenwnit Hanbma tpotika Y, 71,72 Ha caMoMm jene uUMeeT TO Ke
pacnpeaenenue BeposTHocTelt, 9o 1 Tpoiika X, ¥, ¥9 B ynomsnyToii reopeme. Ocra-
ercs MOKa3aTh, YTO COBMECTHOE pacupesenenne BeposTHOCcTeR Y, 71,70 1 X, 91,9
dakruyeckn copnagaot. dro kacaercs cpoiictea II, oHO Takxke cheayer W3 TEOpUH
pacopenenenuit [anema nponecca npsambix Ilyaccona u coorBercTByer ToMy (dakTy,
YTO NOCHeJHee YTBEPK/IEHNE CHPABEIJINBO JAKe eClIi MeCcmosas Npamas COBIAIET,

B cMbicae pacupenenenus [anbma, ¢ OnHOR U3 NPAMBIX U3 {g; },.

7. IUHEVHBIE AJITEBPANYECKUE YPABHEHN S

B cuny nemumbt 2 u coiictsa 11 B onpenenenun Tomorpadudeckux Mojesel noayyaem

CIEAYIONIEE BRIPAsKEHRE NI NOCAEAHEro 4iena B ypasaenun (5.2):

A/DdP Zk:smc?& F(lag|) = Eljg( U(s) E4F(X).

Mnoraocts U(d) BXOAWT TakkKe B TOXKIECTBO

1
(7.1) Cla) = E, cotyyy = —E, cotyy = ﬁ/cosw Ulrya)di,
T(a
7(a) = /sinw Ulrya) dip,
CHpaBeIJIUBOE 15 IPOU3BOJILHOTO CIIy9afHOIO MHOIOYTOJNBHHKA, KOLA CYIIECTBYIOT

Hy u 1.1, IIna moboit Tomorpadugeckoit Mogenu toxaectso (5.2) 3anuceiBaerca b

BHIE
d2
By Ey f(X) + W[st Ey f(X)] = By Eof' (X)X +
2 17 2 HO
(7.2) + By C*(¢) Ey f"(X) X* — OE, X U(¢) ExF(X).

EcrecTBennas 3ana4a B TeOpuM TOMOrpadpUICCKHX MOAEHEH: MOKET au PYHKIUS
U(¢) 6biTh BocCTaHOBIIEHA Ha OCHOBE ToMOrpadguyeckux Benndnn Ho, By u By f(X)?
®akruyeckn ypasrenue (7.2) ana dynxnué f(z) = 22 u f(z) = 2° naer apa nuneii-
HBIX anrebpamyecKux ypaBHeHHA s HemspecTHLIX dyuknmi C?(¢) u U(d). Droro
MOXKET OBITH JOCTATOYHO, YTOOBI BBIDA3UTH WX B TEPMUHAX yHOMAHYTBHIX TOMOrpadu-

YeCKHX BeJIMYHH.

VYpasuenue (7.2) MOKeT TakiKe IPUMEHATHCA B T€OpHn MHOrOyronbhukos P ,, nopox-

JEHHBIX nponeccoM npsamMbix Ilyaccona {g; },. /luneiinbie anreGpandeckne ypaBHeHns
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MOI'YT OKa3arbCs IPHMEHUMbIME [Jisl Bhraucienus By = cpesuell IIupuHbl THIRYHO-
o MHOTOYTONLHUKA B {g;},. anuceas ypasnenue (7.2) naa f(z) = 22, f(z) = 23
u f(z) = z* monyuaem Tpu ypaBHEHHA NIl HEU3BECTHDIX

d2

_ . d
Hy'By, Hi' a5

%BQs u  Hy'—— By

KosddpunpenTsl B 3TUX YPaBHEHUAX [OJHOCTBIO ONPEIENsiOTcs ¢ HOMOIBIo p(d)
(veopema 1}, Tak 910 BO3MOMKHA ymcaenHas nposepka. Coornomenue Mexny By u
p(P) MOKHO TaKKe HAUTH W APYIEM CrocobOM, KOTOPBIA MBI PACCMOTPUM B APYTOH

CcTrarThe.

3akonunyM 3amevanuem, uro B (7.2) f(z) MoxHO BRIGpaTh CaeayommM 06paszoM
—7x)"
fl@) =" -1+ 72 = Z 7( ')7
n=234,.

710 ceoput (7.2) K nuddepennuanbuoMy ypaBHEHHUIO 1 npeobpasopannd Jlannaca
Ly(m) = Ey exp(—7 X).

BO3MOXKHO 3T0 MOXKET NOMOYL B UCCIHEAOBAHEN BOIPOCa O CYIIECTBOBAHUN TOMOTDa~
Puaeckux mozenelt srae knacca Pg.

Abstract. Combinatorial integral geometry possesses some results that can be
interpreted as belonging to the field of Geometric Tomography. The main purpose
of the present paper is to present a case of parallel X -ray approach to tomography
of random convex polygons. However, the Introduction reviews briefly some earlier
results by the author that refer to reconstruction of (non-random) convex domains by
means of a point X -ray. The main tool in treating the parallel X -rays is disintegrated
Pleijel identity, or rather, its averaged version, whose derivation is represented in
complete detail. The paper singles out a class of random polygons called tomography
models, that offer essential advantages for the analysis. The definition of a tomography
model is given in terms of stochastic independence. Fortunately, random translation-
invariant Poisson processes of lines in IR? suggest a class of examples. We recall that
each such line process is determined by its rose of directions p(¢). For rather general
p(¢), the number weighted typical polygon in the polygonal partition of the plane
generated by the corresponding Poisson line process happens to be a tomography

model. For general tomography models, a differential equation is derived for the
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Laplace transform for parallel X- rays, that rises several interesting computational

problems.
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Annotanus. Das Ziel dieser Note ist die Konstruktion von Punktprozessen
in einem abstrakten Raum, die spezifiziert sind durch eine gewisse Klasse von
Kernen, die fiir diese Prozesse Papangelou Kerne , d.h. bedingte Intensitéten sind.
Wir bezeichnen sie aus diesern Grunde als Papangelousche Prozesse. Diese Klasse
von Prozessen enthédlt viele Gibbssche Prozesse der klassischen statistischen Me-
chanik sowie neben dem Poissonschen Prozef3 die neue Klasse der hier so genan-
nten Polyaschen Summenprozesse. Diese haben eine ebenso fundamentale Bedeu-
tung wie Poissonsche Prozesse.

Meinem verehrten Lehrer Klaus Krickeberg zum achizigsten Geburtstag gewidmet

1. DER ALLGEREINE RAHREN

X bezeichnet im Folgenden einen Polnischen Raum, B(X) bzw. By(X) seine Borel-
schen bzw. beschrinkten Borelschen Teilmengen. M(X) ist der vag polnische Raum
aller lokalendlichen MaBe auf X (i.e. der Radonmafe auf X). Mit M (X)) bezeichnen
wir den Teilraum Y aller Radonschen PunktmaBe, und schlieBlich mit My (X), B €
Bo(X), die Menge aller Punktmafle, deren Tr"ager in der Borelschen Menge B liegen.
Yy sei der Raum M;(X) aller endlichen Punktmafle. Alle diese Mafiriume seien
versehen mit der natiirlichen, von der vagen Topologie induzierten Borelschen o-
Algebra, die wir mit F, F ¥ oder Fp bezeichnen. Wir bezeichnen mit F_ die "tail’-
o-Algebra Npep, Fie.

Ausgangspunkt ist fir uns ein Kern n(n,dz) von Y nach X, d.h. eine mefibare
Abbildung n — w(n,.) von Y in die Menge M(X). Wir geben zunichst einige
Beispiele solcher Kerne, auf die wir in der Folge zuriickkommen werden.

Bezeichne dazu p ein Radon Mafl auf X, das nicht das Nullmafl ist. Offenbar ist
a(n,.) = p,n € Y, ein Beispiel. Ebenso sind £(n, dz) = 2 - (p+ n)(dz), z > 0, solche.

Wir nennen ( einen Polyaschen Summenkern.
61
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FEine weiteres Beispiel erhilt man so: Sei X = F' x K das Produkt zweier Polnische
Raume, p(dq) sei ein Radonsches MaBl auf F . Bezeichnet 75 das Bild von 7 unter
der Projektion auf K , so definiert v(n, d(q,p)) = p(dq) ® n2(dp) einen Kern von dem
Raum Y3 nach X, wobei Yy die Menge aller € Y mit 2 € M(K) bezeichnet. Wir
denken uns diesen Kern trivial fortgesetzt auf ganz Y. Wir nennen ihn Polyaschen
Produktkern. (Fine etwas allgemeinere Formulierung solcher Produktkerne wird weiter
unten gegeben.)

Eine letzte bedeutende Beispielklasse ist die folgende: Ist I eine mefibare Funktion
von X x Y in die erweiterte Zahlengerade | — 0o, +00], so ist der Kern gegeben durch
~v(n,dz) = exp(—FE(z,n)) - p(dz) , falls E geeignete Integrierbarkeitsbedingungen
erfiillt. Dies ist der sogenannte Boltzmannsche Kern. Zu seiner (nicht trivialen) Kon-
struktion mit Hilfe eines superstabilen, nach unten regulidren Paarpotentials verweisen

wir auf Ruelle {16], Lemma 5.1 und Proposition 5.2 (a).
Fiir den gegebenen Kern 7 definieren wir fiir jedes m € N und n € Y die Mafle
(1.1) 7 (myday, ..., day) = 7(n, dey)7w(n+ 0ay, dag).. w(n+ gy + oo+ 8,1 dam).

Ebenso betrachten wir unten die folgenden, durch 7™ und damit durch 7 definierten

Kerne: Sind B € Bo(X) und n € Y, so setzen wir

— 1
(1.2) me(ne) = Z m/B (0, + -+ 00 )7 (ge; day, . .., dam).
m=0 ’ ™

Hier ist 6, + --- + d,,, das NullmaB, falls m = 0, und die Integration bedeutet
Multiplikation mit 1. 7p ist offenbar ein Kern von (Y, Fy.) nach My (X).

2. DER ENDLICHE PAPANGELOU PROZEss

Wir betrachten hier zunéchst den Fall, dal « ein endlicher Kern ist, d.h. ein Kern
von Y mit Werten in M;(X), dem Raum der endlichen RadonmafBe, ist. Sie treten
weiter unten in der folgenden Form auf: Ist 7 ein Kern von ¥ nach X und sind B,C

beschrinkte Borelsche Mengen in X , 8o ist 7 +— 1o - 7(npe,.) ein endlicher Kern.
Wir beginnen nun, Bedingungen an 7 zu stellen. Die erste ist:
(2.1) 7™ (5, ), m > 1, ist ein endliches Ma$ auf X™ fiir alle n € Y.

Wir bezeichnen mit Z(™)(n) die Gesamtmasse von 7("™) (5, .) und setzen fiir jedes n

Z©) () = 1. Wir nehmen weiterhin an, da"s fiir jedes 7

Zm) ()
m!

(2.2) die Reihe

m=0

gegen ein 0 < E(n) < 400 konvergiert .



DER PAPANGELOU PROZESS 63

Wenn diese beiden Bedingungen erfiillt sind, so sagen wir, dal 7 integrierbar ist.

Unter diesen Voraussetzungen ist fiir jedes 77 der folgende endliche Punktprozefl
wohldefiniert.

>0

1 1
(2.3) Pllp) = o) : Z:O o) /Xm @0z, + -+ (5zm)7r(m)(77; daq, ..., dzy).

Hier bezeichnet ¢ eine nichtnegative, mefibare Funktion. (Und es gelten fiir m = 0

[1]

die oben gemachten Konventionen.) Man beachte, dal der Prozel P2 auf der Menge
Yy = M;; aller endlichen Konfigurationen in X konzentriert ist. Wir schreiben dann
Pl e PYy.

Das Konstruktionsprinzip von PJ ist das folgende: Fiir gegebenes 7 realisiert man
eine Teilchenzahl m gemafB der Verteilung
1zt
=(n) oml
Und dann realisiert man 6, + - - 4 d5,, gemifB des Bildes von

1
= pmi,.
Z0m) () o\ dey, ... dey,)

unter der Transformation (zy,...,2Zm) — 0z + -+ 04,

(2.4) PHlx =m} = > 0.

? -

SchlieBlich setzen wir noch voraus, dal «© symmetrisch ist, d.h. daf

(2.5) die MaBe 7™ (5),n € Y, m > 1, symmetrisch sind.

Dies bedeutet, dafl die folgende sogenannte cozykel-Bedingung erfiillt ist:

(2.6) w(n, dx)m(n + 6, dy) ist ein symmetrisches MaBl auf X fiir alle n € Y.

Wir haben damit alle Vorbereitungen fiir das folgende Haouptlemma getroffen .
Lemma 1. Ist 7 ein endlicher Kern vonY nach X, der integrierbar und symmetrisch

ist, so ist jedes Pl,n € Y, eine Lisung P € PY} der folgenden partiellen Integrations-

formel

(Z‘/n') CP"(h) = fyf fX h(:@ ©t 51)”(# +n, dx)'Pn(du)7 he F+~

Hier bezeichnet Cp das Campbellsche Mall von P; und F, steht kurz fiir die
Klasse der nichtnegativen, mefbaren Funktionen auf dem jeweils zugrunde liegenden

MeBraum.

Beweis. Fiir gegebenes h ist

I &1 & -
Cralh) = 5=+ 3 /mh(xj75zl bt S ™ (s, da).
m=0 j=1



64 HANS ZESSIN

Aufgrund der Symmetrie der MaBe 7(™) folgt
J R 1
Cpn(h) = = 7/ /h(xﬁz +oo Oy, 0a)
P E(n) mz::l (m =1 Jxm-1 Jx ' '
(4 0 + 4 Oa_ 1, dx)ﬂ(mfl)(n; dzq, ..., dz,m_1)

= //h(x7u+5z)7r(77+u7 dz)P(dp).  qed
Bisher haben wir nur endliche Papangelousche Prozesse betrachtet. Die partielle

Integrationsformel (3! ) macht aber auch Sinn fiir Prozesse, die unendliche Teilchen-

konfigurationen realisieren.

3. DER ALLGERELINE PAPANGELOU PROZEss

Wir werden jetzt Papangelousche Prozesse konstruieren, die unendliche Teilchen-
konfigurationen reolisieren.

Es sei 7 nun ein Kern von Y. nach X. Wir machen wieder eine Integrierbarkeitsvor-
aussetzung an 7, die wir wie oben in zwei Schritten formulieren. Wir setzen die
Existenz einer lokalendlichen Zerlegung A = (X, )n>0 von X voraus (lokalendlich
bedeutet, daf jede beschrinkte Menge nur von endlich vielen Elementen der Zerleg-
ung getroffen wird), so daB die folgenden Bedingungen erfiillt sind: Die Kerne 7(™)

m > 1, seien lokolendlich in dem Sinne, dafl

(3.1) ZM () = 7™ (nx e, X, ™) < 400 ¥VneY,m>1,n>0.
Wir setzen zusitzlich voraus, dafi © lokal integrierbor ist in dem folgenden Sinne.
(3.2) En(n) = > # €l0, +oo[,n > 0,n € Y.

0 m.

Unter diesen beiden Bedingungen sind die folgenden endlichen Punktprozesse fiir alle
n € Y,n > 0 wohldefiniert:
(3.3)

I 1
- . E — (m) .
Hxn(7774p) - = (77) £ Om! /Xm 4)0(611"“ +6zm)7r (nXﬁ7d$17~~~7d$m)7§0€ F+.

(Wieder gelten hier die iiblichen Konventionen fiir m = 0.) Man beachte, daf} die
Ix, Markoffsche Kerne von (Y, Fx.) nach (Mx ,Fx ) sind. Die Ilx, sind die

Normalisierungen derjenigen 7x , die in (1.2) definiert sind.

Das Ziel ist nun, mit Hilfe dieser Kerne unter geeigneter Wahl der Anfangsbeding-
ungen und der Randkonfigurationen 7 einen globalen Proze$l in X zu konstruieren, der

7 als Papangelouschen Kern besitzt. Wir benutzen dazu die Methode des Satzes von
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Tonescu Tulcea (siehe z.B. {10}]), die es erlaubt, Prozesse mit Hilfe einer Anfangsver-
teilung und bedingten Verteilungen zu konstruieren.

Fiir gegebene (mo,...,0m-1) € My, X --- X My, betrachten wir nun die
Markoffschen Kerne

(34) Qm(n07 ey Mm—1; dnm) - HXm (770 + -+ Mm—1, dnm)

von My X - X My nach My .

1
Nach dem zitierten Satz von Ionescu Tulcea existieren zufillige Elemente &, in
M ,n > 0, mit der Eigenschaft, daB die endlichdimensionalen Verteilungen von

(¢.)n>0 gegeben sind durch

(3.5) L(&0, -5 8&n) = lx, (0,dno) - Q1(no, dm) - Qn(no, -+, Mn—1;dn).

Wir betrachten dann auf dem soeben konstruierten Wahrscheinlichkeitsraum das

zufillige Element

(3.6) =3 e
n=0

Nach Konstruktion ist & ein zufilliges Element in M~ (X), d.h. ein PunktprozeB
in X. Unser Ziel ist es nun, zu zeigen, daf§ £ ein Papangelou ProzeBl in X ist, der
spezifiziert wird durch Kern 7 . Dazu benétigen wir, wie im endlichen Fall, als weitere

Voraussetzung an 7 die cozykel-Bedingung, die schon unter (2.6) auftauchte:
(3.7) 7(n, de)m(n + 0q, dy) = w(n, dy)w(n + oy, dz),n € Y, 2,y € X.

AuBerdem bendtigen wir, dal 7 die Fellersche Bedingung erfiillt : Diese beinhaltet,
dafl

(3.8) w(nxn,.) =7 (n,.), falls n — +o0.

Hier bezeichnet — die vage Konvergenz Radonscher Mafie, und X" = XqU---UX,,.
SchlieBlich bendtigen wir dazu auch die folgende Bedingung: AuBlerhalb eines jeden
y hat 7(n+0d,, dz) eine Dichte fr beziiglich 7(n, dx), die von n unabhingig ist, m.a.W.:

(3.9) Lyye(@) - m(n + 0y, d) = 1pyye(2) - fr(zy) - 7(n dx)n €Y,y € X.
Wir berechnen das Campbellsche Mall C¢ von &. Fiir gegebenes h € F_ ist
(3.10) Ceth) =Y [ [ w16, i

n>0

Wir folgen der Argumentation von Mecke {8] und nehmen zunichst an, da h von

der Form g ® p ist, wobei g auflerhalb eines X;,0 < k < n, verschwindet und ¢
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meBbar ist bzgl. der o—Algebra Fy... In diesem Fall ist , wenn man xr = Z?:o &
und nxr = Z?:o 7; setzt und (3.5) beachtet |

Ceh) = [ &ula) - wlex)ap
:/HXO(L dno)/~~~/ka(77xk—17dv7k)77k(9)~¢(77xk—1 + 1),
wobei ¢ die folgende Funktion bezeichnet:
v = [Tl dnn) [

: ~~/Hxn(77x1c 0kttt dnn) e(nxE ks o ).

Wendet man hier Lemma 2.1 auf das innere Integral an, so ergibt sich unter Beachtung
von (3.7)

/ Ix, (nxe—1, dnp)ne(g) - d(nxe—1 +m) =

[ ttisdn) [ wtnede)gta) - sl +t6)
Xg
Nun ist andererseits wegen (3.9)
(311) HXZ+1 (77Xl + 617 d77l+1) - f-n—(2177 77l+1) : HXZ+1 (77Xl7 d77l+1)7 falls = € Xl'

Hier bezeichnet fr(z,ms1) =1]] fr(z, )1 ) wobei n* der Triger von 7 ist.

Damit ergibt sich

P(nxr + 0z) = /ka+1(77x1c7d77k+1)/~~~/Hxn(77x1c + M1+ 1, i)

96771*+1

H Talo,m) - e(nxe +Mrr1 + -+ 0+ 0z),
I=k+1

und damit unter nochmaliger Beachtung von (3.9)
(3.12) Ce(h) = // h(z,€ + 8,)m(Excn, da)dP.
X

Diese Gleichung bleibt richtig, wenn man n durch irgend ein grofieres n ersetzt. Aber

dann ergibt sich aus der Fellerschen Eigenschaft von =
(3.13) Ce(h) = // h(z, & + 6,)7 (&, dx)dP.
X

Damit ist die Gleichung (3.13) fiir das oben betrachtete Subsystem von Funktionen h
gezeigt worden. Standardargumente, wie man sie z.B. im Beweis des Satzes 3.1. der

zitierten Meckeschen Arbeit findet, beschlie"sen den Beweis des folgenden Satzes.
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Theorem 1. Ist m ein symmetrischer Fellerscher Kern von Y nach X, der lokal
integrierbar ist und die Eigenschaft (3.9) besitzt, so ist £ ein Punkiprozefs in X, der
den Kern © als Papangelou Kern besitzt, d.h. £ geniigt der partiellen Integrations-

formel
(3.14) Ce(h) = /h(gg7 &+ 8p)w(€, da)dP h € Fy.

Wir nennen den Prozefl £ einen Papongelou Prozefs zu 7 und schreiben dafiir Py.

Die wahrscheinlichkeitstheoretische Bedeutung des Kernes 7 fiir einen Papangelou
Prozef} ist die folgende: Sei X hdochstens abzdhlbar unendlich und P ein Papangelou
Prozei in X, der spezifiziert ist durch einen Kern 7, der auflerdem der folgenden

Bedingung geniigt:
(3.15) (., z) ist meBbar bzgl. F . fiir alle z.

Dann gilt fiir alle f € F.. und alle F},,. —meBbaren ¢, dali Cp(f ® o) =
Ep(ls - ¢) = P(xn(.,f) - ¢) . Hieraus liest man sofort ab, daB =(., z) gegeben ist
durch die bedingte Erwartung Ep(C{z}|}"{'z}c) von (i, bzgl. der o—Algebra seiner

AuBlenwelt. Fiir gegebenes z ist 7 (., z) also die bedingte Intensitit in .

Dieser Satz ist ein Existenzsatz fiir eine sehr grofie Klasse von Punktprozessen. Der
Beweis zeigt, dafi der Theorie der Papangelouschen Prozesse eine Theorie raumzeitlich
geordneter stochastischer Prozesse mit unendlich langem Gedéchtnis (Prozesse mit
vollstindigen Bindungen) zugrunde liegt, die mit der cozykel-Eigenschaft eine Sym-
metrieeigenschaft besitzen, die viel stirker ist als die zeitliche Reversibilitdt. Kurz
gesagt liegt der Papangelouschen Theorie eine neue Raum-Zeit Struktur zugrunde,

die es weiter zu entwickeln gilt.

4. BEISPIELE
Wir diskutieren nun Anwendungen des Satzes 3.1.

Poissonsche Prozesse.
Ist # = p, p € M(X), so ist die obige Konstruktion eine Modifikation der Mecke-

schen Konstruktion des Poisson Pozesses P, in [§].

Coxsche Prozesse
Man kann die obige Konstruktion modifizieren, indem man anstelle des "Vakuums’

0 mit einer zufalligen Anfangskonfiguration ¢ in die Konstruktion geht. Ist namlich
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7 symmetrisch, lokal integrierbar mit der Eigenschaft
(4.1) 7(., dx) ist meBbar beziiglich F._,

sowie in einem geeignet modifizierten Sinne Fellersch, so erhilt man durch die obige
Konstruktion als Papangelouschen Prozefi P einen Cozschen Prozef§ mit bedingter
Intensitit ©, d.h. daf

(42 Py = [ Pagey Poldo).

Hier bezeichnet Py den Anfangsprozef, der o realisiert. (Fiir eine ausfiihrliche Darstel-
lung hiervon verweisen wir auf [9].) Py ist nun ein Poissonscher Prozefl mit zufalliger
Intensitét 7. Dies ist die Klasse von Punktprozessen, die Krickeberg {5] und Papange-
lou {12] im Zusammenhang des Davidsonschen Problems systematisch untersuchten.
Papangelou gibt in {12}, Theorem 2 als hinreichende Bedingung dafiir, daB (4.1)
vorliegt, die Bedingung an, daBl 7 ein Produktkern in dem folgenden Sinne ist: Der
zugrunde liegende Raum ist ein Produkt X = E x F, und = ist Produkt eines

unendlichen, diffusen MaBes p auf F' und eines Kernes 7 von Y nach F, d.h.
(4.3) (., dgdp) = p(dp)7(., dq).

Polyasche Summenprozesse.
Ist m=p8=0.,,p€ M(X),0 <z <1, ein Polyascher Summenkern, so liegt lokale

Integrierbarkeit vor mit den von der Randbedingung unabhéngigen Konstanten
(4.4) En(2) = exp(p(Xn) - #(2)).

Hier ist x(z) = .07 2. und wir benutzten die wohlbekannte Tatsache (siehe 2.B.

g=173"
[13]), daB
(45) S X = explp(Xa) - A(2)).
m>0

al™ =ala+1)---(a+ m — 1) bezeichnet das sogenannte Pochhammer Symbol. Der
Polyasche Summenkern ist natiirlich Fellersch und gentiigt der Bedingung (3.9). Den
zugehorigen Papangelou ProzeB nennen wir den Polyaschen Summenprozeff in X,

spezifiziert durch (z, p).

Wir wollen seine wichtigsten Eigenschaften studieren. Dazu zeigen wir nun, dal
dieser Prozef unabhingige Zuwichse besitzt. Aus dieser Uberlegung wird sich auch
die Verteilung der Zihlvariablen (g ergeben und die Tatsache, daf ein solcher Polya-

scher Summenprozefl durch seine bedingte Intensitét 7 eindeutig festgelegt ist.
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Es seien B € By, k > 1 und ¢ eine nichtnegative F 3. —mefbare Funktion. Dann

ergibt sich fiir einen Polyaschen Prozef P zu § die Rekursion

Pl #) =5 [ [ 1060 L) - o uld)Pldp)

- %'//13(95) Acp=n—13 (1) - (p) - 2 - (p+ p)(dar) P(dp)
B % p(B) + (k= 1)] - P(1{¢cp=r—13 - %)
so dali

ok

P(licp=ry - #) = 27 PBIM - P(ligs=0) - ).
Wihlt nun fiir ¢ die Indikatorfunktion des Ereignisses {(p, = ko,...,(B, = kn},

wobel k; > 1 und die B; € By paarweise disjunkt sind, so erhdlt man

2k )
e (B,

P{Cp, = k1,5 Cp, = kn} = P{CB, = 0,.... ¢, =0} [

j=1

Diese Gleichung enthélt nun alle gewiinschten Informationen: Durch Summation

liber alle k; ergibt sich zunéchst der Wert von P{(g, =0,...,(p, = 0}. Damit erhilt
man als Verteilung der (g, B € By,

(%]
(4.6) P{lg =k} =exp(—p(B) - k(z)) - L p(il) k

Durch Verbindung obiger Resultate erhdlt man dann, daf P unabh#ngige Zuwichse

k>0.

besitzt. Schlieilich berechnet sich der Erwartungswert von (p auf folgende Weise:
(4.7) P(Cp) =z "Pp(B).

Die obigen Uberlegungen benutzten nur die partielle Integrationsformel, von der P
eine Losung ist. Und wir sahen oben, daf§ diese vollstindig die endlichdimensionalen
Verteilungen des Feldes ((5)pen, bestimmt. Dies zeigt, daf eine Polyascher Summen-
prozell vollsténdig durch seine bedingte Intensitét bestimmt ist, so dal P = Pg. Ein
Polyascher SummenprozeB hat also ganz analoge Eigenschaften wie ein Poissonscher

ProzeB.

GIBBSSCHE PROZESSE.

Der Boltzmannsche Kern v(n,.) = exp(—FE(.,n))dp ist symmetrisch, falls £ die
folgende Symmetriebedingung erfillt:
(4.8) E(z,n) + E(y,n+ 6.) = E(y,n) + E(z,n+ d,) fiir alle z,y, 9.

Die lokale Integrabilitdt von 7 liegt vor, falls F die folgende, auf Preston [14] zuriick-
gehende Stabilititsbedingung erfillt:
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Fiir alle n € Yy existiert ein B(n) > 0, so daf fir alle m > 1 und @1,..., 2, gilt
(4.9) Elxi,n) + E(we,n+0z)+  + E@m,n+ 0+ +00,,) > =B(n) -m.

Die Normalisierungskonstante =,,(n) ist kleiner oder gleich exp(p(X,,) - ¢") und

heifit nun die groffkanonische Partitionsfunktion.

In der Regel ist F in der klassischen statistischen Mechanik durch ein geeignetes
Paarpotential ¢ auf X = R? gegeben. Ruelle formuliert in [16] Bedingungen unten
denen ein solches Potential zusammen mit dem Lebesgueschen Mafi p auf R einen
Boltzmannschen Kern w(n, dz) = exp E(x,n)p(dz) von Y nach X definiert. F ist
dabei gegeben durch
(4.10) E(zn) = Y.  ¢w,zeXney,

<o nw(z)>1

Hier wird iiber alle 2-elementigen Subkonfigurationen v von n summiert, die « als
Teilchen enthalten. Ein solches F ist natiirlich symmetrisch. Ebenso ist Bedingung
(3.9) erfiillt. Die lokale Integrierbarkeit liegt z.B. vor, wenn ¢ > 0 oder ein sogenanntes
hard-core Potential ist. Wir gehen hier nicht weiter darauf ein, welche allgemeinen
Bedingungen an das Potential die lokale Integrierbarkeit zur Folge haben, und verwei-
sen auf [16]. SchlieBlich ist +y ein Fellerscher Kern fiir eine grofie Klasse von Potentialen.
Auch dies findet man in {16}, Lemma 5.1 und Proposition 5.2.

Der obige Satz liefert unter solchen Bedingungen die Existenz von Papangelouschen
Prozessen, die nun Gibbssche Prozesse zur bedingten Energie E heifien. Die obige
Konstruktion von Gibbsschen Prozessen im R ist neu. Man vergleiche diese mit der
Ruelleschen Konstruktion in {16], Theorem 5.5.

Natiirlich schliefen sich eine Reihe weiterer Fragen an: Wann sind allgemeine
Papangelousche Prozesse durch 7 eindeutig festgelegt? Wann nicht? Welches ist die
Struktur der Menge P(w) der durch 7 spezifizierten Papangelou Prozesse? Welches

ist die zugehorige Martinrand Theorie?

5. ZUM ENSTEHUNGSZUAMREHANG DER OBIGEN
UBERLEGUNGEN

Der Ausgangspunkt der hier entwickelten Theorie ist die fundamentale Arbeit
von Papangelou [12], die die allgemeine Struktur von zufilligen Ebenenprozessen

untersucht und deren Ergebnisse auf der Tagung <Second International Conference
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on the Theory and Applications of Point Processes™ im April 1974 in Bad Kiihlungsb-
orn in Anwesenheit von Klaus Krickeberg, Fredos Papangelou, Klaus Matthes, Joseph
Mecke, Christopher Preston und mir vorgetragen wurden. Hier wurde zum ersten Mal
die grundlegende Bedeutung der absolut stetigen Version der Bedingung (¥') explizit
gemacht, die mit Hilfe des Begriffs eine Campbellschen MaBes formuliert wird. (Eine
ausfiihrlichere Darstellung der Entwicklung dieser Bedingung findet man in dem Brief
von Fredos Papangelou weiter unten.)

Nguyen Xuan Xanh und ich présentierten dann 1976 auf der Tagung < Buffon
Bicentenary Symposium on stochastic geometry and directional statistics > [2] am
Sevan See in Armenien die Ergebnisse der Arbeit [11], in der Gibbssche Prozesse
als Papangelousche Prozesse gekennzeichnet werden, die spezifiziert sind durch den
Boltzmannschen Kern. (Auf dieser Tagung waren ebenfalls die genannten Kollegen
anwesend.) Es entstand eine fruchtbare Diskussion zwischen den Genannten und mir,
die dann die grundlegende Arbeit von Matthes, Mecke und Warmuth [7] stimulierte.
In dieser werden Ideen unserer Arbeit, die noch ganz dem Kontext der klassischen
statistischen Mechanik verhaftet sind, so wie sie in der fiir uns zentralen Arbeit von
Preston |14] formuliert wurden, auf die allgemeinere Ebene der Papangelou Prozesse
gehoben. M.a.W. es wird der Boltzmannsche Kern ersetzt durch einen beliebigen
Papangelouschen Kern. (In der hier vorliegenden Arbeit wird auf genau dieser allge-
meinen Ebenen gearbeitet.)

Parallel zu [11] und unabh"angig davon entwickelten Georgii {3] und Takahashi [17]
dhnliche Ideen, die zu einer differentiellen Kennzeichnung von Gibbsschen Prozessen,
d.h. ihrer Charakterisierung durch Palmsche Mafe, fiihrten. Eine systematische Be-
handlung der Arbeiten [12],{11] und {7] folgte danach durch die Arbeiten von Gl6tzl,
Rauchenschwandtner und Wakolbinger, die schliefilich ihre wertvolle Zusammenfas-
sung in der Dissertation [15] fand. Zu guter Letzt fand die gesamte Theorie Eingang in
die russische Ausgabe der Monographie {6] sowie diejenigen von Kallenberg, Random
measures, Akademie Verlag Berlin, Academic Press London (1983) sowie Kallenberg,
Probabilistic symmetries and invarionce principles. Springer (2005).

Eine abschliefende Bemerkung zu der Klasse Polyascher Prozesse. Die oben einge-
fiihrten Polyaschen Summenprozesse sind inspiriert durch die Arbeit von Blackwell,
MacQueen {[1]. Sie scheinen bisher als Punktprozesse noch nicht betrachtet worden

zu sein. Sie haben einen ebenso fundamentalen Charakter wie Poissonsche Prozesse.
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Annotalrsa. The paper deals with homogeneous random planar tessellations
stable under iteration (random STIT tessellations). The length distribution of
the typical I-segment is already known in the isotropic case [8]. In the present
paper, the anisotropic case is treated. Then also the direction of the typical
I-segment is of interest.

The joint distribution of direction and length of the typical I-segment is
evaluated. As a first step, the corresponding joint distribution for the so-called
typical remaining I-segment is derived.

Dedicated to the 80th birthday of Klaus Krickeberg

1. INTRODUCTION

The subject of the paper are homogeneous random tessellations in R? that are
stable with respect to iteration (nesting). We refer to them as random STIT tessella-
tions, where STIT is an abbreviation for "stable under iteration".

R. V. AMBARTZUMIAN informed about a vision of these random tessellations more
than twenty years ago in a discussion with the author, and he intuitively anticipated
some of the properties of this remarkable mathematical object.

An exact mathematical treatment of random STIT tessellations was presented by
NAGEL AND WEISS in [6].

A short explanation of the subject under consideration is given in the next section.
For the details, see the fundamental paper of NAGEL AND WEISS [6] and additionally
[4, 5, 7]. Concerning the basic notions in the theory of random tessellations, the reader
is referred to the book of SCHNEIDER AND WEIL [11]. Especially, there can be found
an exact construction of the measurable space of tessellations.

NAGEL AND WEISS evaluated a lot of mean values for random STIT tessellations

[5, 7]. A first step was made towards the calculation of more complex characteristics
73
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in [8] by deriving the lengths distribution of the typical I-segment in the isotropic
case. Our aim is now to treat the anisotropic situation.

The notion of an I-segment goes back to MILES [3]. Roughly speaking, an I-segment
is a maximal segment which is a subset of the set of all boundary points of cells
belonging to the tessellation (network of edges). It may consist of more than one
edge.

It is possible to interpret the random STIT tessellations as the random states of
a spatially homogeneous Markovian process of subsequent cell divisions in R? [9, 10].
This insight can be helpful for a better understanding of some properties of random
STIT tessellations and for evaluating characteristics of them. But in the present
paper, only the stability under iteration is used for establishing the results.

In the mentioned model of cell division, which can be thought of being behind the

random STIT tessellations, the I-segments are the chords dividing the cells.

2. BASIC NOTIONS AND NOTATIONS

2.1. Space of lines and space of directions. Let G be the set of lines in R?. Given
z,y € R? with ¢ # y, denote by span(z,y) the line determined by x,y. Let & be
the o-algebra on G induced by the map span : {(z,y) : =,y € R?, x # y} — G and
the system of B4 of Borel sets in R* : & = {B C G : span !(B) € B,}.

For every subset U C R? Jlet [U] be the set of lines intersecting U:

[Ul={g€G: gnU #£0}.

The set of lines through the origin of R? is denoted by H. A suitable o — algebra on
HisH=6nNH.

Given a line g € G, the line r(g) € H parallel to g is said to be the direction of
g. By the direction r(s) of a segment s with positive length we mean the direction of

the line containing s.

2.2. Directional measure. Let ® be a homogeneous random tessellation with edge
length intensity 0 < A < o0.

For given B € 9, we consider the (homogeneous) field ®5 of that edges of ® the
direction of which is in B. Let us denote the edge length intensity of $p by x(B). We
obtain in this way a finite, non-vanishing, non-degenerate measure x on the space of

directions [H, $] that is said to be the directional measure of ®.
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Obviously, «(H) = A\, and we may write xk = AJ, where ¢ is a probability measure
on [H, $3]. The latter is called directional distribution of ®. The assumptions about &

imply that ¥ is not a Dirac-measure.

2.3. Iteration. If an iteration procedure in the sense of NAGEL AND WEISS [6, 7]
is carried out, where a homogeneous random tessellation with law (distribution) P
is the frame, and its cells are subdivided independently of each other according to
a homogeneous law @), the law of the resulting homogeneous random tessellation is
denoted by P & Q.

Informally, the intuitive meaning of that operation may be described in the follow-
ing manner:

Let ®, ¥ be homogeneous random tessellations in R? with laws P, Q respectively.
The cells of & are subdivided in a special way. The conditional procedure, given
a realization ¢ of @, is the following. If the set of cells of ¢ is denoted by C,, let
{¥e: C eC,} be a family of independent copies of ¥, i. e. a family of independent
homogeneous random tessellations identically distributed according to Q. Given C €
C,, denote by Z the set of all intersections of cells of ¥ with C'. Then the set

U =

cec,
of compact convex polygons forms a new random tessellation in R?; we allow us to
denote it by

pof¥o:Cely}.
The resulting unconditioned random tessellation, temporarily written as

qDO{‘PcZCEC@},

turns out to be homogeneous again, see for instance [10]; its law is denoted by
P & Q. With respect to the described operation of iteration or nesting, the random
tessellation @ is said to be the frame tessellation.

A satisfying special definition of iteration is provided in [10].

3. STABILITY WITH RESPECT TO ITERATION

3.1. Characteristic equation. We describe tessellations mathematically by their
network of edges, i. e. we identify a tessellation ¢ with the union of the boundaries

of all cells. Given a number 0 < a < oo, and a tessellation ¢, the tessellation ay is



76 JOSEPH MECKE

defined by

ap ={ax : x € ¢}.
If P is the law of a random tessellation ®, then for the law of %<I> the notation D, P
(or P(t-)) is used; 0 < t < 0.

Definition 1. A homogeneous random tessellation with law Q is said to be stable

under iteration if for all 0 < s, < o0,
(3.1) Ds1Q = DsQ & DiQ.

Equation (3.1) means the following: Let ¢ be a homogeneous random tessellation
with law Q. In the sense of an iteration, take %q) as the frame and split up its cells
independently of each other according to the law of %q), i. e. according to D:Q. Then
the resulting tessellation and SLHQD are identically distributed.

Formula (3.1) is closely related to the Chapman-Kolmogorov equation for the
Markovian process of cell divisions mentioned in the introduction.

Homogeneous random tessellations stable under iteration are also addressed as
random STIT tessellations.

According to NAGEL AND WEISS [6], a homogeneous random tessellation with law
@ is called stable under iteration if for each &£ = 2,3,... the equation Qy = DyQ is
fulfilled, where the @ are defined recursively by

Q=QPQ,Q=CQDQ,Qs=Q3DCQ,...

The results in [10] imply that the two definitions are equivalent. Only recently,
NAGEL AND WEISS have proved that ()2 = Q& Q is already sufficient. They presented
an equivalent of equation (3.1) in a lecture some years ago.

The higher-dimensional analogue is treated in [10]. Note that the 1-dimensional
counterpart corresponds to nothing else than the well-known homogeneous Poisson
point field on R [4].

3.2. Directional measure of random STIT tessellations. The following result

can be derived from [6], and it is pointed out in [9].

Proposition 1. For every finite, non-vanishing, non-degenerate measure x on [H, ]
there exists a random STIT tessellation with directional measure k. If two random

STIT tessellations have the same directional measure, then they are identically distri-

buted.
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Denote by K the set of finite, non-vanishing, non-degenerate measures on [H, $]
and by S the set of laws of random STIT tessellations. Proposition 1 says that there

is a one-to-one correspondence between K and S.

3.3. Intersection with lines. The function s, : H — (0, 00) with

su(k) = /n(dh) ‘sin(ﬁ,\k)‘
H
is said to be the rose of intersections to k.

In [5], there is proved that the intersection of a random STIT tessellation with a

line leads to a homogeneous Poisson point field on that line:

Proposition 2. Let & be a random STIT tessellation with directional measure s,
and let g be an arbitrary line. Then the set ® N g of intersection points forms a
homogeneous Poisson point field on g with intensity s.(r(g)), where r(g) € H is the

direction of g, and s, means the rose of intersections to the directional measure x of

P,

3.4. Further Results. For the convenience of the reader, additional properties of
random STIT tessellations should be mentioned, which will not be used explicitly in
this paper.

According to NAGEL AND WEISS [3], the interior of the typical cell of a random

STIT tesselation is the interior of a Poisson polygon.

Proposition 3. The interior of the typical cell of a random STIT tessellation with
directional measure Kk has the same distribution as the interior of the typical cell of a

homogeneous Potsson line tessellation with directional measure K.

Note that in the case of STIT tessellations there are in general more nodes on the
boundary of a cell as in the case of line tessellations.

The following statement can be deduced from the characteristic equation (3.1).

Proposition 4. Any affine image of a random STIT tessellation is again a random

STIT tessellation.

4. TYPICAL remaining [-SEGMENT

4.1. Preliminaries. Let ® be a random STIT tessellation with directional measure
Kk = AU, i. e. the edge length intensity is equal to A and the directional distribution
is ¥.
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Puc. 1. Simulation of an isotropic random STIT tessellation,
provided by JoAcHIM OHSER, Hochschule Darmstadt, and based on
an algorithm of NAGEL AND WEISS [6]

The notion "typical remaining segment” was introduced in [8]. It is the segment
starting from the typical point of ¢ and stopping at the upper endpoint (right
endpoint in the horizontal case) of the I-segment containing the typical point. (There

are several similar settings leading to the same distribution of a random segment.)

4.2. Ambartzumian’s metric. Let A be a fixed locally finite line measure with

A([{z}]) = 0 for every & € R?. AMBARTZUMIAN [1], [2] introduced a pseudometric
d:R? x R? — [0, 00)
in R?, where the distance between the points x,y € R? is given by
dlz,y) = %A ({g € G : g separates x,y}).

Denote by A, the translation invariant line measure with directional measure .

The corresponding Ambartzumian-pseudometric d, is even a metric in this case,
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which is translation invariant as well. In this way, we got a family of translation
invariant metrics
{dﬁ :R? x R? — [0, o0); HEK},

where the distance between the points &,y € R? is given by

1
de(z,y) = §AH ({g € G : g separates x,y}).

If & is isotropic and has total mass x(H) = m, then A, is the invariant line measure
known from conventional integral geometry, and d. coincides with the Euclidean
metric.

Analog to the situation in the Euclidean metric, the shortest way with respect to
the d,— metric connecting two points ¢,y € R? is the segment with endpoints x, y,
and its “length” measured in the d,— metric is equal to d,(x, y). Hence, the “length”

I (s) of a segment s measured in the d, — metric is given by

Tn(5) = e (1)

or
~ 1
(4.1) l(s) = is,ﬁ(rﬁ)l(ﬁ)7
where [(s) denotes the Buclidean length of s. We shall call [,(s) the Ambartzu-
mian—r—length of the segment s.

If K C R? is compact convex, then
Le(K) = Ay ([K])
is the Ambartzumian—x—perimeter of K.

4.3. Modification. For our special purposes, another normalization is more conveni-
ent. Define the s-length {,(s) of s to be

L.(8) = s.(rs)l(s).

As can be easily seen from formula (4.1) that the simple relation [, = 2I, holds.

Proposition 2 has an obvious consequence.

Corollary 1. Let ® be a random STIT tessellation with directional measure s, g an
arbitrary line and s a positive number. Then the set %(I) N g of intersection points
of the random tessellation %(I) with the line g forms a homogeneous Poisson point
field on g with k—intensity s, i. e. the mean number of intersection points per unit

r—length is equal to s.
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4.4. Functional equation. We consider a random STIT tessellation ® with directio-
nal measure x and law Q).

Let (p,€) be a random vector with range H x (0,00) the distribution of that
coincides with the joint distribution of direction and k—length of the typical remaining

I-segment. Given B € §), 0 < = < 00, put
H(Biz) = Plp€ B,€ > ),

Having formula (3.1) in mind, we think of a random tessellation 1 as a frame, the
cells of which are divided independently of each other according to the law of %q). The
outcome is a homogeneous random tessellation with the same law as that of S—}Hq).

The typical point of the resulting random tessellation lies with probability s/(s+t)
in the frame and with probability ¢/(s+t) in the new fillings of the old cells. Hence
the distribution of the typical remaining segment in the resulting random tessellation
is a mixing with weights s/(s +t) and t/(s + ¢) resp. of the distribution of the
typical remaining segment in the frame and the distribution of the truncated typical
remaining I-segment in a tessellation with law D.Q.

Note that a resulting remaining I-segment which comes from a filling is a remaining
I-segment from a random tessellation with law D.,Q truncated by the frame. Its
rk—length is the minimum of the x—length of a remaining I-segment of a random
tessellation with law D,() and the k—distance of the starting point of that remaining
I-segment to the frame in the direction of that segment. According to Corollary 1,
the mentioned x—distance is exponentially distributed with parameter s.

We obtain

(4.2) H(B;(s+t)zx)=

S

S t —sx
tH(B7sx)+s—+tH(B7tx)e :

4.5. Solution. Equation (4.2) can be rewritten in the form

(4.3) (s+t)H (B;sx+1tx) = sH(B;sx) +tH(B;tx)e **.

Fix B € §) for the next few steps of calculation and define an auxiliary function
w: (0,00) — [0,1] by

(4.4) u(y) = yH(B;y); 0 <y <oo.
Then (4.3) transforms for sx = a, tz = b into

wla+b) =ula) +ulble™™; 0 < a,b < 0.
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Changing the notations a, b leads to
ula+b) = u(b) +ula)e™® 0 < a,b < co.
Combining the last two equations yields
ula) + u(b)e™® = u(b) + ula)e ®
or
wla) __ufb)
l—e 1—e
Hence, the expression u(a)/(1 — e~ *) does not depend on a, but of course, it can
depend on B. We find

7 0 <a,b<oo.

u(a)

=c¢B);0<a<x

1—e@
with a suitable set function ¢ : ) — [0, 00), or with (4.4),
1—e®
H(B;z) = ¢(B) ;0 <z < oo

The definition of H implies that for z | 0 the expression H(B;z) tends towards the
probability that the direction of ® at a typical point lies in B, i. e.
li?gH(B;x) =9(B).

Finally, we get

1—e™®

(4.5) H(B;z) = 9(B)

1 0<x <00, Be$.
4.6. Results. Formula (4.5) and its consequences should be explained in detail.

Proposition 5. Let ® be a random STIT tessellation with directional measure k. The

direction and the k—length of the typical remaining I-segment of ® are independent.

The survival function of the k—length of the typical remaining I-segment is given by
1—e®

xT

xr —

The distribution of the direction of the typical remaining I-segment coincides with the

directional distribution 9 of ®, which is obtained from x by normalization.

Corollary 2. Given a random line § through the origin with distribution ¥, a random
posiltive number v uniformly distributed in (0,1) and a random positive number n
exponentially distributed with parameter 1. The three random wvariables h,vy,n are

supposed to be independent. Then the distribution of the pair

(0 52m)
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is equal to the joint distribution of direction and Fuclidean length of the typical

remaining [-segment.
The Lebesgue measure on (0, 00) is denoted by v.

Corollary 3. The joint distribution of direction and Euclidean length of the typical
remaining I-segment is a probability measure on H x (0,00), which has a density

Sﬂ(h)

1
h dt te t®
(7x)—>sﬁ(h)/ e
0

with respect to ¥ X v.

Corollary 4. The conditional distribution of the Euclidean length of the typical
remaining I-segment, given its direction h € 'H, is a mizture of exponential distributi-
ons, where the mixing distribution for the parameter of the exponential distribution

is the uniform distribution on (0, s (h)).

Remark 1. [t should be noticed that the typical point in the definition of the typical

remaining segment was chosen according to the Euclidean length measurement.

5. TYPICAL I-SEGMENT

The subject under consideration is again a random STIT tessellation with directi-
onal measure x € K.

The joint distribution A of direction and length of the typical I-segment and the
joint distribution A"®™ of direction and length of the typical remaining I-segment are

probability measures on H x (0,00) connected by the formula

€T

G [ e = 5 [ A [y s
fiHx(0,00) — [07000) measurable,

where

(5.2) iy = /n(dhl)/n(dhg) ‘sin(m)‘.

We obtain from Corollary 3 and from formula (5.1),

/A hx)/dyf(hy / O/dx

0

SH )

/ dt te " f(h, x)
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or

z [SS) sk (h) z

2 [ Atdino) O/ dy f(h) = [ o0t} — O/ dz O/ at e [y i)

0

The last equation must be valid for all measurable functions f : H x (0, 00) — [0, 00),
hence the measure ;—j\A has a density with respect to ¥ x v
s (h)
1

h,z) - —— / dtt?e ",

() =
Theorem 1. Given a random STIT tessellation with directional measure &, the joint
distribution of direction and Euclidean length of the typical I-segment is a probability

measure on H X (0,00), which has a density with respect to k X v

5 sk (h)
h . dt $2e71*.
(7x)—>iﬁsﬁ(h)/ e
0

Corollary 5. The conditional distribution of the Euclidean length of the typical I-
segment, gwen its direction h € H, is a mizture of exponential distributions, where the
mazing distribution for the parameter of the exponential distribution is a probability

measure on (0, s.(h)) with density t — (2/s2(h))t.
The following result can also be deduced from Theorem 1.

Proposition 6. Let & be a random STIT tessellation with directional measure k.
The direction and the k—length of the typical I-segment of ® are independent. The
survival function of the k—length of the typical I-segment is given by

x%%(l—eﬂ”—xeﬂﬂ).

The distribution of the direction of the typical I-segment has a density with respect to
K given by

(5.3) h— %sﬁ(h).

Corollary 6. Given a random positive number v uniformly distributed in (0,1), a
random positive number 1 exponentially distributed with parameter 1 and a random
line § through the origin, which has a density (5.3) with respect to k. The three random

vartables by, v, n are supposed to be independent. Then the distribution of the pair

(77)
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s equal to the joint distribution of direction and Euclidean length of the typical I-

segment.

In the isotropic case, the rose of intersections s, is constant and it is easily seen

that the results in [8] are confirmed.

6. OUTLOOK

It would be desirable to treat the whole problem again, now using the knowledge
from [9], [10] that random STIT tessellations can be interpreted as the random states
of a spatially homogeneous Markovian process of cell divisions in the whole plane. In
this situation also the time of birth of the typical I-segment is of interest.

We expect that the conditional length distribution of the typical I-segment, given
its direction and time of birth, is an exponential distribution. In this context, it
becomes clear why we have to do with miztures in the statements above. The mixing
distributions, e. g. the uniform distribution in corollary 4, reflect in some way the age

distribution of I-segments.
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KLASSISCHE SYMMETRISCHE PUNKTPROZESSE
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AnHoTAanus. Das Ziel dieser Note ist eine Neuformulierung und Verallgemeine-
rung grundlegender Untersuchungen von Bach [1, 2] zum Begriff der Wahrschein-
lichkeit bei Boltzmann [3] in der Sprache der modernen Punktprozesstheorie. Die
Leitidee ist dabei ihre Einordnung unter die Krickebergsche Zerlegungstheorie
invarianter Masse [6]. Diese macht Bachs Uberlegungen transparenter und fithrt
iiber diese hinaus. Gleichzeitig wird die konzeptionelle ﬁberlegenheit der Punkt-
prozessformulierung fiir die Beschreibung quantenmechanischer Modelle deutlich.

Meinem verehrten Lehrer Klaus Krickeberg zum achizigsten Geburtstag gewidmet

1. ZERLEGUNG VON INVARIANTEN DISKRETEN
WAHRSCHEINLICHKEITEN

Wir stellen hier Krickebergs Zerlequngstheorie in einer diskreten Form vor, wie
man sie fir quontenmechanische Anwendungen bendétigt. Es wird dabei der Kleinsche
Gesichtspunkt zugrundegelegt, bei dem man von einer Invarianzgruppe ausgeht und

noch der Gesamtheit der Masse bzw. Prozesse fragt, die unter dieser invariant bleiben.

Es sei (Y, ) ein diskreter Wahrscheinlichkeitsraum. Wir betrachten eine Aquivalen-
zrelation ~ in Y. Dann existiert eine abzdhlbare Menge I" und eine Abbildung r von
Y auf T, so dassz ~ y genau dann gilt, wenn r(z) = r(y). (Man kann fir T' die
Menge der Aquivalenzklassen wihlen und fiir » die Abbildung, die einem z die Klasse
zuordnet, in der « liegt.) Fir gegebenes v € I' sei Y, = {r = v} , und & bezeichne die
Verteilung von r. Man kann dann v mit Hilfe von r auf folgende Weise zerlegen: Es

existiert eine Familie (v,),cr von Wahrscheinlichkeiten auf Y, mit der Eigenschaft
(1.1 v= Z vy k(7).

Hier sind vy k — fast sicher ( d.h. fir alle v mit () > 0) die bedingten Wahrschein-

lichkeiten v(.|r = ~).
85
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Ist nun ¢ : Y — Y eine Transformation, die x—fast sicher die Klassen Y, erhilt,
dann ist v invariant unter ¢ genau dann, wenn fiir ¢ xk—fast alle v v, invariant ist

unter ¢.

Wir betrachten nun die folgende spezielle Situation: Gegeben sei eine endliche
Gruppe G, die auf YV wirke. Uns interessieren Situationen, in denen G nicht transitiv
operiert. Dann beschreibt die Aquivalenzrelation ~, definiert durch = ~ y genau
dann, wenn gz = y fiir ein g € G gilt, die Abweichung von der Transitivitat.

Wir betrachten nun die Menge PpY aller Wahrscheinlichkeiten v auf Y, die invar-
iant unter G sind, d.h. dassgr = v f"ur alle ¢ € G gilt. Hier bezeichnet gv die
Verteilung von g. In dieser Situation existiert, wie wir oben sahen, eine Menge I sowie
eine surjektive Abbildung » : Y — T, so dassz ~ y genau dann, wenn 7(z) = r(y).
Die Aquivalenzklassen sind die Bahnen unter G.

Aufgrund des obigen Gedankenganges ist dann evident, dassjede G—invariante
Wahrscheinlichkeit v auf Y beziiglich r so zerlegt werden kann, dass(1.1) gilt, wobei

nun die Wahrscheinlichkeiten v, x—fast sicher G-invariant sind, d.h. es gilt
(1.2) vy = gv.y flir K — fast alle ~.

Umgekehrt gilt: Sind s eine Wahrscheinlichkeit auf I' und (vy)yer eine Familie
von Wahrscheinlichkeiten auf Y., die fiir k— fast alle v G—invariant sind, dann ist v,
definiert vermdge (1.1), eine G —invariante Wahrscheinlichkeit auf Y.

Auf diese Weise haben wir einen Uberblick bekommen iiber alle G—invarianten
Wabhrscheinlichkeiten v auf Y.

In der Folge nehmen wir zusétzlich an, dass die folgende Voraussetzung erfiillt ist:
(1.3) Alle Y, v €T, seien endliche, nichtleere Mengen.

Da G transitiv auf den Mengen Y, wirkt, hat dies zur Folge, dass Y, nur eine einzige
G —invariante Wahrscheinlichkeit trégt, ndmlich die gleichméssige Verteilung, die wir
mit A, bezeichnen wollen.

Umgekehrt gilt: Ist k eine Wahrscheinlichkeit auf I', so definiert definiert
(14) v="> My
v
eine G—invariante Wahrscheinlichkeit auf Y mit der Eigenschaft

1
(1.5) v(y) = Voo

- k(r(y))fir alle y.
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Zusammenfassend haben wir damit den folgenden grundlegenden Satz erhalten,

der ein Spezialfall von Theorem 2 in {6] darstellt.

Theorem 1. Unter den obigen Voraussetzungen liefert die Gleichung
(1.6) v= Z Ays(7)
¥

eine umkehrbar eindeutige Beziehung zwischen G—invarianten Wahrscheinlichkeiten
v auf Y und Waehrscheinlichkeiten s ouf T'. Es gilt dann (1.5).

Wir bemerken nebenbei, dass die Bedeutung des Satzes fiir die Statistik in der
folgenden Interpretation liegt: Die Transformation r ist eine erschipfende Statistik

fiir die G—invarianten Wahrscheinlichkeiten v auf Y.

2. AUSTAUSCHBARE VERTEILUNGEN: MAXWELL-BOLTZMANN,
BOSE-EINSTEIN UND FERMI-DIRAC STATISTIK

Wir folgen Bachs U berlequngen und leiten mit Hilfe von Theorem 1.1 die Mozwell-

Boltzmann-, Bose-Einstein- und Fermi-Dirac Stotistik ab.

Wir betrachten hier die folgende Situation, die die unterste Ebene beschreibt: X
sei eine nichtleere, endliche Menge und Y das kartesische Produkt X™. G sei die
symmetrische Gruppe S, aller Permutationen o der natiirlichen Zahlen {1,... n}.

Diese wirkt vermoge
(2.1) ory=(z1,.. ., Tp) gy = (To-101)5 - -+ To—1(n))

als Gruppe G auf Y. (Wir begzeichnen also die von G induzierte, auf Y wirkende
Gruppe ebenfalls mit G.)

G definiert die folgende Aquivalenzrelation in Y : y ~ ¢/ genau dann, wenn oy = g’
fiir ein o € G. Diese Aquivalenzrelation kann durch das folgende Paar (I, ) dargestellt
werden: I' = M., (X); das ist die Menge aller Punktmasse auf X mit der Gesamtmasse

n, und
(2.2) roy=(x1,...,Zp)—> 0y, + -+ 0s,.

Man beachte, dass I' und alle Y, endlich sind. Genauer gelten

(23 I ('X [+ 1);

(2.9 v = (7) n
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(Ein Element y € Y, kann man mit der Zerlegung von {1, ..., n}) identifiziert werden,
deren Elemente {j|z; = a},a € X, v(a) Elemente besitzen.)
Der obige Satz hat damit den folgenden Satz als Konsequenz. A, bezeichnet dabei

die gleichméssige Verteilung auf Y,.
Theorem 2. Die Gleichung

(2.5) P =2 AR

vermittelt eine umkehrbar eindeutige Beziehung zwischen Punktprozessen R € PM;;

und G—invarionten Wahrscheinlichkeiten P auf Y.; und es gilt dann

(2.6) P(y) = Ary(y) - R(r(y)),y €Y.

Auf diese Weise kann man im Prinzip durch Vorgabe der Punktprozesse R alle
G—invarianten Wahrscheinlichkeiten P bekommen. Wir nennen im Folgenden solche
G—invarianten P austauschbar oder auch symmetrisch. Mit diesen beschreibt man in

der statistischen Mechanik ununterscheidbare Teilchen ([1}).

Wir geben einige historisch wichtige Beispiele: Ist p eine Wahrscheinlichkeit auf
X, s0 definiert
2.7 5200 = () TL e @ € My,
B aex
bekanntlich einen Punktprozess aus PM;; (X). Ist p die gleichmissige Verteilung, so
schreiben wir kiirzer B” und nennen ihn den Boltzmannschen Prozess, weil er auf
Boltzmann |[3] zuriickgeht. Der vermdge (2.6) zugehodrige symmetrische Prozess PP

P
ist
(2.8) Py =[] pla)y @,y ey.
acX
P} ist nichts anderes als das Produkt p". Die Darstellung (2.7) zeigt unmittelbar seine
Symmetrie. P heisst in der statistischen Mechanik Mazwell-Boltzmann Statistik zu

p.

Als nichstes betrachten wir den Prozess, der definiert ist durch

(2.9) EM(p) = (d+T1)7M € M;(X).

n

Dies ist die gleichmiéssige Verteilung auf M;; (X). Man nennt £” in der quanten-

statistischen Mechanik den Bose-FEinstein Prozess zum Parameter n.
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Die zugehorige symmetrische Verteilung auf X ist offenbar gegeben durch

1 1
(2.10) Pge(y) = 7~ 7o v € X
(r(y)) (d+n 1)

In der statistischen Mechanik heisst PR die Bose-Finstein Statistik.

Schliesslich betrachten wir den Prozess
1

6]

Dies ist die gleichmissige Verteilung auf der Menge M- (X)) der einfachen Punktmasse

(2.11) D)= —, € M, (X),n < d.(D" =0 sonst )

auf X, d.h. der Teilmengen von X. Diese heisst in der Statistischen Physik der Fermi-
Dirac Prozess in X.

Die zugehorige symmetrische Verteilung auf X ist offenbar gegeben durch

(2.12) Pip(y) = - =y € {r e M)},

nl’ (9)

In der quantenstatistischen Mechanik heisst Pz, die Fermi-Dirac Statistik.

3. SYMMETRISCHE PUNKTPROZESSE UND IHRE ZERLEGUNGEN

Wir formulieren nun Krickebergs Satz fiir die auf M~ (X) operierende symmet-

rische Gruppe.
Wir gehen nun von X" auf die nichst hdhere Ebene M; (X) bzw. M~ (X) und

gehen ganz parallel vor. X sei wieder eine nichtleere endliche Menge; und Y nun die
(abzéhlbare) Menge M- (X) aller Punktmasse auf X. G sei die endliche symmetrische
Gruppe aller Permutationen g von X. Diese wirkt vermoge
(3.1) gip—gp =Y px) G4
zeX

als Gruppe G auf Y.

G definiert nun die Aquivalenzrelation in Y : pp ~ v genau dann, wenn gy = v fir
ein g € G. Diese Aquivalenzrelation kann durch das folgende Paar (I',r) dargestellt
werden: I' = M;(No), und

(3.2) ripey(d) = ed{p=31,7 2 0.

Wieder sind alle Mengen Y, endlich. Genauer gilt

d d!
(35) |YV| N ('Y) - szo Y
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(Ein Element ¢ € Y, kann mit derjenigen Zerlegung von X identifiziert werden, deren
Elemente M; = {u = 5} v(j) Elemente besitzen.)
Der obige Satz hat damit den folgenden Satz als Konsequenz. A, bezeichnet nun

den Punktprozess in X, der durch die gleichméssige Verteilung auf Y, definiert ist.
Theorem 3. Die Gleichung

(3:4) P =3 AR()

vermittelt eine umkehrbar eindeutige Beziehung zwischen Prozessen R € PM;;(Np)

und G—invarianten Punktprozessen P in X. Es gilt dann
(3.5) Pp) = Ay () - B(r(p)), p € M (X).
Wieder nennen wir G —invariante Punktprozesse P in X symmetrisch.

4. MAXWELL-BOLTZMANN, BOSE-EINSTEIN UND FERMI-DIRAC
PROZESSE

Wir geben einige klassische Anwendungen des letzten Satzes, die auf Boltzmann

{3] zurickgehen und von Bach {1, 2] rekonstruiert wurden.

r vermittelt nun zwischen den Ebenen M~ (X) und M;;(No). Auf M~ (X) haben
wir schon die Prozesse (B} )n>0, (" )n>0 sowie (D" ),>0 kennengelernt. Offenbar sind
diese symmetrisch in dem neuen Sinne. Jede Mischung dieser Familien beziiglich
n liefert natiirlich einen symmetrischen Prozess in X. Diese Prozesse heissen in der
statistischen Mechanik Mazwell- Boltzmann, Bose-Einstein und Fermi-Dirac Prozesse
in X 2un und (im ersten Fall) p.

Wir ermitteln nun mit Hilfe von (3.5) die zu diesen Prozessen gehorigen Bild-
prozesse Rap, Rge bzw. Rrp.

Wir beginnen mit dem Fermi-Dirac Prozess. Das Bild Rrp von D™ unter der

Transformation r ist offenbar

(4.1) Ryp = A

Yo
Dies ist das Diracsche Mass flir das spezielle Punktmass o, definiert durch v,(0) =
d —n,v(1) =n, und vo(y) = 0 sonst.

Das Bild REpeg von ™ unter r ist gegeben durch

(12) reet) = (1) (%v e M;({0,...n})

)



KLASSISCHE SYMMETRISCHE PUNKTPROZESSE 91

Dies ist ein interessanter Punktprozess in {0,...,n}.

Hieraus ergibt sich nebenbei die kombinatorische Identitit

d d+n-—1
~ n
vyEM; ({0,...,n})

Schliesslich ist, wie man leicht nachrechnet, das Bild R\{; von B unter r gegeben
durch

(4.4) Riis(y) = <d> H (jy)lv(j) H H pla).
50 i a: =

g

Hier ist u(vy) irgendein Element aus Y, = {r = ~}. Ist hier p die gleichmaissige

Verteilung auf X, so erhilt man

(4.5) Rifs(y) = <d> 11 ;)lwm 'din'

1) s U
Wie Bach [1, 2| bemerkte, gehen die Formeln (4.2) und (4.5) auf Boltzmann {3} zurtick.

Wir betrachten nun noch zwei klassische Beispiele von Mischungen.
Mischt man etwa die Familie (D), mit Hilfe der Binomialverteilung zu den
Parametern (d,p), wobei 0 < p < 1, so erhdlt man offenbar den Bernoullischen

Prozess
(4.6) Fp) =p - (1 —p) e M(X).

Diesen symmetrischen Prozess Fg nennen wir in diesem Zusammenhang ebenfalls
Fermi-Diracsche Prozesszum Parameter (d,p). (Es ist nichts anderes als der Miinzwur-

fprozess.) Sein Bild unter r ist natiirlich die Binomialverteilung zu (n, p).

Sei schliesslich p ein beliebiges Mass auf X, das nicht das Nullmass ist und p
seine Normalisierung zu einer Wahrscheinlichkeit. Mischt man nun die Familie der
symmetrischen Prozesse Bgm > 0, mit Hilfe der Poisson Verteilung auf Ny zum
Parameter p(X), so erhdlt man bekanntlich den Poissonschen Prozess P,, den man
in der Statischen Mechanik den Mazwell-Boltzmann Prozess mit Intensitit p nennt.
Die Verteilung von r ist in diesem Fall gegeben durch

10 Rat) = (1) e Mo I T s

v 5>0 G an(y)(a)=j
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Hier haben wir die Formel (4.4) benutzt. ( Und N(v) = Z?:Oj -v(4) ist die Kardina-
litaet der zu -y gehdrigen p.) Die Invarianz des Poissonschen Punktprozesses P, unter

der "Zeitentwicklung’ einer Permutation ist eine Version eines grundlegenden Satzes
von Doob [5] .

5. EWENS-SUTO PROZESSE

Wir beschliessen diese Note mit einem berdmten symmetrischen Prozess, der unab-
héingig voneinander von Ewens {4] in der theoretischen Biologie und von Sité [9] in
der quantenstatistischen Mechanik gefunden wurde. Es handelt sich dabei um zufdllige
Permutationen, die unter Konjugationen invariant sind. Diese Invarianz ist insofern
fiir die stochastische Geometrie von Bedeutung, ols sie geometrische Figenschaften
von Permutationen invariant lisst. Genauer beinholtet das Prinzip der Konjugation,
2wei Tesle: (1) Ist o € G eine Permutation eines bestimmien Typs, so ist auch g.o =
gog~ ', g € G, eine Permutation dieses Typs. (2) Ist Y, eine geometrische Eigenschaft
von o (2.B. Fizpunkt oder ein Zyklus oder ein Zyklus einer gegebenen Linge zu sein
), 80 gilt .Y, =Y, 5.

Wieder sei G die Gruppe der Permutationen einer n—elementigen nicht leeren

Menge X. Diese wirke nun auf sich selbst vermoege der inneren Automorphismen

(5.1) g:0— go=gog L.

Die zugehorigen Aquivalenzklassen sind die Konjugationsklassen . Diese werden durch
das folgende tupel (I',r) dargestellt: I" ist die Menge M, ,(N) aller Punktmasse y auf
N mit der Eigenschaft N(y) = > ;7 -v(j) = n; und r : G —— I ist definiert durch
r(c) = ~, wobei v(j) die Zahl der Zyklen der Linge 7 in der zyklischen Zerlegung
von o zihlt. Es ist wohlbekannt, dass die Michtigkeiten der Aquivalenzklassen Y,
gegeben ist durch
1
(5.2) Vsl =nl-a(v).900) = ] ===
PRI AL
Wieder sind die Aquivalenzklassen endlich und besitzen als eindeutig bestimmte

symmetrische Verteilung die gleichmissige Verteilung
(5.3) Afjo)=—F——,0€Y,.

(Symmetrisch bedeutet nun, invariant gegen inneren Automorphismen zu sein!)
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Als Konsequenz der Krickebergschen Theorie vermittelt also die Gleichung P =
>_, AyR(v) umkehrbar eindeutig zwischen den symmetrischen, zufd lligen Permuta-
tionen P auf G und den Punktprozessen R € PM'(;L)(N). Wihlt man etwa fiir B das
Diracsche Mass A, flir ein v € I, so ist die zugehd rige symmetrische Permutation
gegeben durch die gleichméssige Verteilung A.,. Ein interessanteres Beispiel erhalt
man so: Es sei d eine strikt positive Funktion auf N. Man betrachte die kanonische
Partitionfunktion des ideoalen Bosegases, definiert durch
(54) Quld) =D dly) - aly)

V:N(v)=n

Hier ist d(y) = [, d(4)""). Es ist wohlbekannt (siche z.B. [8]), dass

(5.5) eXp(Z @) - ’?—,j) =Y Qu(d) 2" 0<z <L

n>0
Dies ermoglicht die Berechnung von Q. (d). Ist z.B. d gegeben durch die konstante
natiirliche Zahl d, so ist @, (d) = (d+n71).

n

(5.4) ermdglicht die Definition des folgenden Punktprozesses R € PM;,,(N):

1
(5.6) R(v) = ond) d(v) - a(v) - T, an (V) v € Mgy (N).
Zu diesem Prozess R gehort die zufi llige symmetrische Permutation
n 1
(5.7) SRGE oo o) Lug,m (o) o e 6.

Bisher ist der Parameter n festgehalten. Eine natiirliche Mischung der «S'C(ln)7 n >0,
ist die folgende, wenn man (5.5) beachtet: Filir 0 < z < 1 sei
. £ n n
(5.8) Sq.(0) = eXp(—Zd(j) =) Z 2" Qn(d) 'Sc(z ),
7 J n>0
Wir nennen Sq . den Ewens-Sito Prozess zu den Parametern (d, z). Eine detaillierte

Analyse dieses interessanten Prozesses findet man in [8].

6. SCHOLION

Wir kommentieren hier noch eine sehr interessante Randbemerkung von Alexander
Bach, die die obigen Uberlequngen weiterfihrt. Dann geben wir einen Ausblick auf

weitere nichtklassische Statistiken.

Sei Z ={X1,..., X;} Zerlegung von X in nicht leere Teilmengen der Machtigkeiten
di,...,ds. G; bezeichne die symmetrische Gruppe S(X;), und G sei die zugehorige
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Produktgruppe [[; G;. Diese wirkt in natiirlicher Weise auf M~ (X) vermoge

(6.1) g= (91,5 97) tp=p 4 pp = grpn gy = gop

Hier sind p; die Restriktionen von p auf Xj.
Diese Gruppe induziert eine Aquivalenzrelation, die reprasentiert wird durch das

folgenden tupel (K, r).

(6.2) £ = U My (No) x - x M4 (No)
yEM;; (No)
(6.3) M) = h= 1), (),

Hier ist r;(u) = 7;(p), wobei r; die nun fiir X; wie oben unter (3.2} definierte
Transformation ist. Offenbar sind die Kardinalitdten der Aquivalenzkla,ssen Y., =
{r = Kk} gegeben durch

(6.4) |V, | = H (765;)) (K€ My (No) X o x Mo (Np).

J
Man ist damit in der Situation des Krickebergschen Zerlegungssatzes und kann im
Prinzip durch Vorgabe von Verteilungen () von v und Verteilungen R auf dem
Produktraum M, (No)x ... x M (No) alle symmetrischen Prozesses beziiglich der
Produktgruppe erhalten. Waehlt man hier z.B. fir 7 das Produkt der Verteilungen
d;

1
T\l (s

auf MQ(j)(No) und fir Q die gleichmiss ige Verteilung auf M;;{0,...,n}, so erhalt

man den von Bach [1] in der Formel (3.83) angegebenen Punktprozess

(66) Pn(M) - (dJﬂlll) : H (dj+,yl(j)1) , e Mn(X)
n J ()

Nebenbei erhilt man wieder eine kombinatorische Identitét, die diejenige von (4.3)

verallgemeinert. Natiirlich kann man nun auch bzgl. » mischen.
Fir weitere Beispiele verweisen wir auf Bach. Im Prinzip kann man dann wieder

auf die htheren Ebenen gehen.

Wir betrachten abschliessend die folgenden, offenbar symmetrischen Verteilungen
auf Y = X™

(6.7) P,E")((xh...?xn))%d"’“ S I ptap) k=1,
k

TN T l=n—k j¢JT
Dann ist auch <b(Pln)7 . 7P,(Ln)) fiir jedes Polynom ¢ in n Variablen symmetrisch und

liefert folglich eine symmetrische Verteilung auf Y, falls man geeignet normiert. Z.B.
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ist mit Sl(/n)((ZE17 c. 7,’,En)) — Th,l . m Z?:l p(ZEj)V7I/ > 1,

1 1 2
s& = : P —2. pM);
2 - dn—1 Zap(a)g[ 1 2 ]7
s = L [P{”3 —3.pM . pM 3. pi,
n-dvt 30 pla)® ’
n 1 1 A 2 " 2
sim = : (P g pmT Py o p)

n-dn=t 37, pla)t
4. PP g P

P{™ ist die Maxwell-Boltzmann Statistik zu p. P{™ ist keine der klassischen

Statistiken, falls p von der gleichméssigen Verteilung verschieden ist.

Wie ist das zufillige Zdhlmass r bei zugrunde liegendem Pl(n) verteilt? Wie man
sofort nachrechnet, ist diese Verteilung gegeben durch
1 n
: RV = ———-("]- L (X).
63 D= g (1) sl e M)
Hier bezeichnet p(p) den Erwartungswert von p, betrachtet als Funktion auf X,
bezidglich p. Es ist interessant, dass RE’” mit P, dem Maxwell-Boltzmann Prozess

zu p, Uibereinstimmt, falls p die gleichméssige Verteilung auf X ist.

Wir betrachten zum Abschluss noch die symmetrische Statistik P,(ﬁ)l und rechnen
die zugehorige Verteilung von 7 aus. Man erhilt offenbar
n 1 n _ a
690 R0 = o (1) Sl T ™) uiv) € M)
R pex a#b
Wieder ist dies der Maxwell-Boltzmann Prozess zu p, falls p die gleichméssige Vertei-

lung auf X ist.

Sowohl Rg") als auch R,(Ln,)l sind interessante neue Punktprozesse auf M (X).
Welche Eigenschaften haben sie? Sind sie Gibbssch? Wenn ja, zu welcher Interaktion?
Wie sind die Zéhlvariablen (g(u) = u(B), B C X, verteilt?

Es wére interessant, auch die anderen Prozesse R(kn)7 k=2,..,n—1, zu betrachten
und das obige Bachsche Programm, das wir fiir die klassischen Statistiken durch-
gefiihrt haben, zu entwickeln. Es stellt sich dabei wieder die Frage, welche Eigenschaf-
ten diese haben und ob unter diesen Prozessen Kandidaten sind, die fiir die quanten-

statistische Mechanik von Bedeutung sind.
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AnnvoTanus. The following is a fundamental construction in the theory of point
processes: For a measurable space (X, £) let X denote the set of all measures
on (X, €) taking only values in the set N (and so each p € X_ is a finite measure,
since p(X) € N); put &, = 0(&;,), where &, is the set of all subsets of X having
the form {p € X, : p(E) = k} with E € £ and kK €N.

Dedicated to the 80th birthday of Klaus Krickeberg

1. INTRODUCTION

One purpose of this note is to give a proof of the following result (which is well-

known to those working in point processes):
Theorem 1. If (X, &) is a standard Borel space then so is (X, &,).

This theorem, or results which are equivalent to it, can be found in Matthes,
Kerstan and Mecke [13], Kallenberg [9] and Bourbaki [2}.

A measurable space (X, £) is standard Borel if there exists a metric on X which
makes it a complete separable metric space in such a way that £ is then the Borel
o-algebra (the smallest o-algebra containing the open subsets of X). The name
‘standard Borel” was given to such spaces by Mackey in [12]. In particular, a standard
Borel space (X, &) is countably generated, i.e., &€ = o(S) for some countable subset
S of £. (This follows because a separable metric space has a countable base for its
topology.) Moreover, it is also separable, i.e., {z} € £ for each z € X.

In fact we are not really going to work with standard Borel spaces but rather
with spaces which we call substandard Borel. These are essentially equivalent to
standard Borel spaces, although this equivalence (which is formulated precisely in
Proposition 2) is by no means easy to establish.

The theory of substandard Borel spaces can be developed using only the kind of

results to be found in an introductory course on measure theory. This makes it much
97
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more accessible than the usual theory of standard Borel spaces. Moreover, in many
applications where a standard Borel space seems to be needed a substandard Borel
space works just as well. (Some examples of this are discussed at the end of the note.)
The term ‘substandard’ should here be considered in the sense of indicating o (pattern
of linguistic) usage which does not conform to that of the prestige group in o (speech)
community.

In order to define a substandard Borel space we need the following very special
space M and some of its properties. Let M = {0,1}"" (the space of all sequences
{#nn>0 of 0’s and 1’s), considered as a compact metric space with respect to the
metric d : M x M — RT given by

d({zn}n>0, {zn}n>0) = Z 27"z — 2]
n>0
(or any equivalent metric the reader might prefer), and let B be the o-algebra of Borel
subsets of M.

For each m > 0 let q,, : M — {0,1}™F! be given by qm({zn}n>0) = (205 - -, 2m)
and let C,, = ¢, (P({0,1}™)). Then C,, is a finite algebra and each of the sets in Cy,
is both open and closed; also Cp,, C Cppr1. Let C = UmZO Cm; then C is a countable
algebra (the algebra of cylinder sets) and each of the sets in C is both open and
closed. Also for each m > 0 let p,,, : M — {0,1} be the projection mapping defined
by letting pm({#n fn>0) = 2m for each {2z, fn>0 € M and let

A =p, (1D = {{zn}nz0 € M 20 = 13 .

Lemma 1. B = o(C) = o({A, : m > 0} and so in particular (M, B) is countably

generated.

Proof: Let O be the set of open subsets of M. Then the countable set C is a base
for the topology on M, and so each O € O can be written as a countable union
of elements from C. Hence O C ¢(C) and thus B = ¢(0) C a(a(C)) = o(C), i.e.,
B = o(C). Moreover, each element of C can written as a finite intersection of elements
from the set {A,, : m > 0} U{X \ A,, : m > 0} and it therefore follows that
C Co({A,, : m > 0}). This implies that B = o({A,, : m > 0}). O

The following result appears as Theorem 2.1 in Mackey [12}]:

Proposition 1. A measurable space (X, E) is countably generated if and only if there
exists a mapping f: X — M with f~1(B) = &.
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Proof Suppose first (X, &) is countably generated; then there exists a sequence
{FEn}n>0 from € such that £ = o({E, : n > 0}). Now define f : X — M by
f(z)={Ig, (z)}n>0. Then f~1(A,) = E, for each n > 0 and so by Lemma 1

FB)=fHo({Anin201)) =o({En :n20}) =€ .

Suppose conversely there exists f : X — M with f~!(B) = € and for each n > 0 put
E, = f~'(A,). Then by Lemma, 1

o({En 208 = o({f  (An) 0 2 03) = F (o ({An 0 2 0}) = f1(B) = €
and thus £ is countably generated. [

We call a measurable space (X, &) a substandard Borel space if there exists a
mapping f : X — M with f~!(B) = € such that f(X) € B. (This additional condition
is nowhere near as harmless as it might first appear.) In particular, by Proposition 1
a substandard Borel space is countably generated. The notion of a substandard Borel
space already occurs implicitly in Parthasarthy’s proof of the Kolmogorov extension
theorem for the inverse limit of standard Borel spaces in Chapter V of [14].

The relationship between standard Borel and substandard Borel is the following:

Proposition 2. A measurable space (X, &) is standard Borel if and only if it is

separable and substandard Borel.

Proof: The fact that a standard Borel space is substandard Borel can be proved
using only results from an introductory course on measure theory, and we give a proof
after we have proved Theorem 2. This fact will be needed in two places later and we
refer to it as the elementary part of Proposition 2. The proof of the converse, however,
requires the typical machinery associated with standard Borel spaces, which tends to
be rather off-putting at a first acquaintance. A proof can be found, for example, in
Parthasarathy [14] or Cohn {3]. At the end of the note we give some more details on

what is involved here. O

The main part of this note is taken up with an elementary proof of the following:
Theorem 2. If (X, &) is a substandard Borel space then so is (X, &,).

Proposition 2 implies that Theorem 1 follows from Theorem 2, since it is easily
checked that (X, &) is separable whenever (X, £) is. However, as indicated above,
in many situations Theorem 2 can be applied directly, and this avoids appealing to

the non-elementary part of Proposition 2. The purpose of this note is not only to
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prove Theorem 2 but also to show how results are typically proved when working
with substandard Borel spaces.

We now start preparing for the proof of Theorem 2.

Let (X,€&) and (Y, F) be measurable spaces and let f : (X,&) — (Y,F) be
a measurable mapping. If p € X_ and f.p is the image measure on (Y, F) then
(fep)(F) = p(f Y(F)) € Nfor all F € F and so f.p € Y,. Thus there is a mapping
fo: Xo— Y, given by f(p) = fup for each p € X .

Lemma 2. (1) The mapping f.: (X4, &) — (Y, F,) is measurable.

(2) Iffil(}—) =& then f;l(}qq) =&,
(3) Ifffl(}") =& and f(X) € F then f (X ) € F,.

Proof: (1) Let I' € F and k € N; then
St ae Y rq(P) =k}
= peX: fpF)=ky={pe X :p(f 1 (F)=k}.
Thus f; Y(Fy) C &, and therefore
FoHNF) = [ o(Fo)) = o(fH(Fo) Col€o) = &, .

(2) Let E € € and k € N; then there exists F' € F with f~}(F) = E and the

calculation in (1) shows that
fStlaeYia(F)=k}) = {pe X :p(E) =k} .

This implies f;1(F,) = & (since in (1) we showed that f;1(F,) C &). Therefore
JTNF) = [ 0(F)) = o(fT 1 (Fo)) = o(&s) = £,

(3) Put f(X)=Dandso D e F.Ifpe X then

(fir)(D) = p(f~ (D)) = p(X) = p(f 1 (Y) = (fir)(Y) -

On the other hand, if ¢ € Y with ¢(D) = ¢(Y) then there exists a measure p on (X, &)
with f.p = ¢ (but note that this is only true because f~1(F) = € and ¢(Y \ D) = 0).
Moreover, since p(f *(F)) = q(F) € Nfor all F € F and f}(F) = € it follows that
p € X,. Therefore

f(X)={fap):pe X} = {fww:pe X}

JlgeYe:aD)=ntn{ge Y, q(Y)=n}
neN

and hence f(X)e F . O

It is also useful to partition the space X, into components consisting of those

measures having the same total measure, and for this we recall the definition of the



A NOTE ON STANDARD BOREL AND RELATED SPACES 101

o-algebra occurring in the disjoint union of measurable spaces. Let S be a non-empty
set and for each s € S let (Y;, Fs) be a measurable space. Assume the sets Ys, s € 5,

are digjoint and put Y =, Y;. Then

sES
F={ACY:ANY; e F; for each s € S}

is a o-algebra of subsets of Y and (Y, F) is called the disjoint union of the measurable
spaces (Y, Fs), s€ S.

Now for each n € N let X7 denote the set of all measures p on (X, £) taking only
values in the set N,, = {0,1,...,n} and with p(X) = n; put £ = o(£), where &
is the set of all subsets of X7 having the form {p € X7 : p(E) =k} with £ € € and
k € N,,. Thus X, is the disjoint union of the sets X', n € N.

Lemma 3. £, ={AC X : AN XY € & for each n € N} and thus the measurable

space (X, &) is the disjoint union of the measurable spaces (X7,E2), n e N.

Proof: Put D={A C X, : AN X7} € E7 for each n € N}, s0 D is the o-algebra in
the definition of the disjoint union.

Let DY = {ANX) : A€ & }; then DY is the trace o-algebra of £, on X' and thus
DL = o(D}), where D} = {AN XL 1 A€ &} But D} = &} and hence D = &,
le, &y ={ANXY : Aec & }. Thereforeif A € £, then AN X7 € £ for each n € N,
which implies that A € D. This shows &, C D.

Conversely, let A € D; then AN XJ € &£} and thus there exists A, € &, with
ANXY = A, N X7 and this implies that AN X} € £ for each n € N, since X7 € £,.
Finally, we then have A = J, .y(ANXY) € &, ie., DCE,, and hence D =&, O

Lemma 4. If f : X — Y is any mapping then f(f~'(F)) = F N f(X) holds for all
Fcy.

Proof: If y € f(f Y F)) then there exists = € f~'(F) with y = f(z) and then
y € F. Hence y € F'N f(X), i.e., f(f~(F)) € Fn f(X). On the other hand, if
y € Fn f(X) then there exists » € X with y = f(z), thus = € f 1(F) and so
Fe f(f 1), ie, O f(X)C f(FH). O

Lemma 5. Let (X, &) be a measurable space, (Y, F) a substandard Borel space and
suppose there exists a mapping f : X — Y with f~Y(F) = & and f(X) € F. Then
(X, ) is also substandard Borel.

Proof: Since (Y, F) is substandard Borel there exists a mapping g : ¥ — M with
g Y(B) = F and ¢g(Y) € B and then g(F) € B for all F € F. (There exists B € B
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with ¢~ !(B) = F and hence by Lemma 4 g(F) = g(¢g7'(B)) = Bng(Y) € B.)
Put h = go f; thus h : X — M with h"1{(B) = f (g *(B)) = f 1(F) = € and
h(X) = g(f(X)) € B. Therefore (X, &) is substandard Borel. O

We can now describe the main steps in the proof of Theorem 2, thus let (X, £) be
substandard Borel. Then there exists a mapping f : X — M with f~'(B) = & and
f(X) € B. Thus by Lemma 2 f;1(B,) = F, and f,(X,) € B, and so by Lemma 5 it
is enough to show that (M, B,) is substandard Borel. But by Lemma 3 (M, B_) is
the disjoint union of the measurable spaces (M}, B2), n € N, and in Lemma 7 we will
see that if (Y, F) is the disjoint union of substandard Borel spaces (V,,, F), n € N,
then (Y,F) is also substandard Borel. It is thus enough to show that (MJ,BY) is
substandard Borel for each n € N.

In the proof of this last step we will need the following remarkable property of the
space (M, B):

Proposition 3. Let p be a finite finitely additive measure on (M,C). Then p is a

measure and so it extends to a unique measure on (M, B).

Proof: If {Cy, }p>1 is a decreasing sequence from C with ﬂn21 C,, = (0 then, since
the elements of C are compact, there exists m > 1 so that C,, = 0 for all n > m. Thus
w(Cy) = 0 for all » > m and so in particular lim,, 4(C),) = 0. This implies that p is

a measure.

Now fix n € N. We consider M} as a topological space: Let (/' be the set of all

non-empty subsets of M7 having the form
{pe M} :p(C)=wvc forall C € N}

with N a finite subset of C and {vc}oen a sequence from N,,. Clearly for each p € M7}
there exists U € U} with p € U and if Uy, Uy € UL and p € Uy NU; then there exists
U el with pe U C Uy NU,y. Thus U is the base for a topology OF on M. This
means that U € OF if and only if for each p € U there exists a finite subset N of C
such that

{lge MY :q(C)=p(C)foral Ce N} C U .

Proposition 4. The topological space M} is compact and metrisable and B is the
Borel o-algebra of M.

Proof: We start by showing that the topology O on M} is given by a metric.

Let {Cy}r>1 be an enumeration of the elements in the countable set C and define a
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mapping o : MY x M? — R by

olp,a) = > 2 *p(Ck) — q(C)] .
E>1

If o(p,q) = 0 then p(C) = ¢(C) for all C € C and hence p = ¢ (since C is an algebra
with o(C) = B). Thus p is a metric since by definition it is symmetric and it is clear
that the triangle inequality holds. Moreover, if p € MJ then for each £ > 0 there
exists a finite subset N of C with

{ae MY q(C) =p(C) forall C € N} C {q € M7 : o(q,p) < e}
and for each finite subset N of C there exists ¢ > 0 such that
{ge M2 :o(q,p) <e}y C{ge M} :q(C)=p(C)forall C e N} .

This means that OF is the topology given by the metric o. Note that if {py}r>1 is a
sequence from M7} and p € M} then limg pr, = p (i.e., limy o(pi, p) = 0) if and only
if limy, pr(C) = p(C) for each C € C.

In order to show that M} is compact it is enough to show that the metric space
M? is sequentially compact. Let {pr}r>1 be a sequence of elements of M. By the
usual diagonal argument there exists a subsequence {k;};>1 such that lim; pg, (C)
exists for each C' € C. Define p : C — R™ by p(C) = lim, p;,(C). Then p is clearly
finitely additive and p(M) = m and so by Proposition 3 p is a measure on (M,C)
which has a unique extension to a measure (also denoted by p) on (M, B). But D =
{B € B} : p(B) € N,,} is a monotone class containing the algebra C and thus p € MJ.
Therefore p € M2 and lim; o(px,, p) = 0 and this shows that the metric space M} is
sequentially compact.

It remains to show that B is the Borel o-algebra of M. First, the set U is
countable and so each element of OF can be written as a countable union of elements
from UY. Thus OF C o(UY), which implies that o(OF) = o(UL), since U C OF.
Second, each element of U is a finite intersection of elements from B} and hence
U C BZ. This shows that o(O%) = o(U}) C BZ. Finally, let k € N,, and let D be
the set of those B € B for which {p € MY : p(B) = k} € 6(OF). Then C CD and D
is a monotone class, and so by the monotone class theorem D = B, and this means
that {p € M7 : p(B) = k} € 0(O%) for all B € B, k € N, i.e., B} C 0(O%). Thus
B} = o(B}) C o(0%), and this shows B = o(0%). O

Proposition 4 and the elementary part of Proposition 2 imply that (M2, B%) is a

substandard Borel space.
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In order to show that the countable disjoint union of substandard Borel spaces is

substandard Borel we will need the following fact:

Lemma 6. Let S be a non-empty countable set considered as a topological space with
the discrete topology (in which every subset of S is open); then the topological space
S x M is separable and its topology can be given by o complete metric. Moreover,
P(S) x B is the Borel o-algebra of S x M.

Proof: Since M is separable there exists a countable dense subset D of M. Then
S x D is countable and it is clearly a dense subset of S x M; hence S x M is separable.

Now a metric g can be defined on § x M by letting

o((s1,21), (82, 22)) = max{0(sy, s2),d(21,22)} ,

where d(s,s) = 0 and d(s,t) = 1 if s # ¢, and it is easily checked that this metric
is complete and that it generates the topology on S x M. It remains to show that
P(S) x B is the Borel o-algebra of S x M, which we denote by £. Let D denote the set
of all sets having the form {s} x C with s € S and C' € C. Then D is a countable base
for the topology on S x M and so (D) = £. But each element of D is a measurable
rectangle and hence o(D) C P(S) x B, and this shows £ C P(S) x B. Conversely, for
each s € Stheset By = {B € B: {s} x B € £} is a monotone class containing C (since
{s} x C is open for each C € C) and hence by the monotone class theorem B; = B,
ie, {s}xBe&foral Be B, seS. Thus P(S) x B C &, since if F' € P(S) x B
then F' = | J,.5({s} x Fy) and the section F} is in B for each s € S. O

By Lemma 6 and the elementary part of Proposition 2 (S x M,P(S) x B) is

substandard Borel.

Lemma 7. Let S be a non-empty countable set and for each s € S let (X5, &) be a
substandard Borel space. Assume the sets Xg, s € S, are disjoint. Then the disjoint

union (X, &) of the measurable spaces (X, &), s € S, is substandard Borel.

Proof: For each s € S there exists a mapping fs : Xy — M with f;'(B) = & and
f(X) € B. Define f: X — S x M by letting f(z) = (s, fs(z)) for each z € X,
s € S. Then it is easily checked that f~*(P(S) x B) = & and f(X) € P(S) x B. But
by Lemma 6 (S x M, P(S) x B) is substandard Borel and thus by Lemma 5 (X, £) is
substandard Borel. O

This completes the proof of Theorem 2. O

We next give a the proof of the elementary part of Proposition 2, i.e., we show that

if (X,d) is a complete separable metric space then (X, Bx) is substandard Borel.
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To start with consider the closed interval I = [0,1] and let b : M — I be the
mapping with b({zn }n>0) = 3, 50 27" 12,; then b is continuous and hence b~ (B;) C
B, with By the o-algebra of Borel subsets of I. Now for each C € C there is a
dyadic interval J such that b~'(J) = C and hence b=*(B;) D C, which implies that
b-YB;) D o(C)=B,ie, b1 (Br) =B. Put

N:{{zn}nzoeM:zo:OandznzlforalanmforsomemZ1};

then N is countable and b maps M, = M \ N bijectively onto /. Let v : I — M
be the unique mapping with v(b(z)) = 2 for all z € M,; then v(I) = M, and so in
particular v(I) € B. Let B € B; then BN M, € B and thus there exists A € By
with b='(A) = BN M,, which implies v '(B) = v~ (BN M,) = A € Br. This
shows v~ 1(B) C By. But if A € By then b 1(A) € B and v (b~ 1(A4)) = A, and
hence v~ 1(B) = B;. We therefore have a mapping v : I — M with v~ 1(B) = By and
v(l) € B.

Now define v, : I — M"Y by v,({zp }n>0) = {v(zn) }n>0. Then it is easily checked
that vy }(BY) = BY and v,(I") = f(I) € BY, where BY and BY are the product
o-algebras on I and M". But the topological space M" (with the product topology)
is homeomorphic to M and the product o-algebra BY is also the Borel o-algebra
(since N is countable and the topology on M has a countable base). Thus there is a
mapping g : I — M with g~ 1(B) = B} and g(I") € B. (Just take g = u 0 v,, with
w: MY — M a homeomorphism.) This shows that (I', B") is a substandard Borel
space. Moreover (as with B") the product o-algebra BY is the Borel o-algebra of I
with the product topology.

Finally, let (X, d) be a complete separable metric space. Then there is a standard
construction (given below) producing a continuous injective mapping h : X — IV
such that h is a homeomorphism from X to h(X) (with the relative topology) and
such that h(X) is the intersection of a sequence of open subsets of I'', and so in
particular with h(X) € BY. Since h is continuous it follows that h~1(BY) C Bx. Let
U C X be open; since h : X — h(X) is a homeomorphism there exists an open
subset V of I" with A~ (h(X)NV) = U. But then h~*(V) = U, and this shows that
Ox C h™Y{(BY), where Ox is the set of open subsets of X. Hence Bx = o(Ox) C
o(h 1 (B})) = b Yo (BI) = b (BY).

We thus have a mapping h : X — I with A~ 1(B}) = Bx and h(X) € B} and
(IN, BY) is substandard Borel. Therefore by Lemma 5 (X,Bx) is also substandard
Borel.
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Here is how the mapping h can be constructed: Choose a dense sequence of elements
{&pn fn>0 from X and for each n > 0 let hy, : X — [ be the continuous mapping given
by h,(x) = min{d(z,x,),1} for each z € X. If 2,y € X with # # y then there
exists n > 0 such that h,(z) # h,(y) (since if n > 0 is such that d(z,z,) < ¢,
where £ = $ min{d(z,y), 1}, then h,(z) < & < hy,(y)). Define h : X — I' by letting
hz) = {hn(x)}n>o for each 2 € X. Then h is continuous (since p, o h = h, is
continuous for each n > 0, with p,, : I"¥ — I the projection onto the n th component)
and injective. Moreover, for each * € X and each 0 < ¢ < 1 there exists n > 0
so that |h,(y) — hy(2)] > /2 for all y € X with d(y,z) > . (Just take n > 0
so that d(z,z,) < £/4.) This implies that the bijective mapping h : X — h(X)
is a homeomorphism from X to h(X) with the relative topology. (Note that the
completeness of X was not needed here.)

The topological space I" is metrisable (since N is countable and I is metrisable).

Let § be any metric generating the topology on I, and for each n > 0 let
Uy, ={y€I":(y,y") <27 for some y' € h(X)} .

Then {U,},,>0 is a decreasing sequence of open subsets of I" with h(X) C U, for each
n > 0. In fact h(X) = [),50Un: Let y € [,,50 Un; then for each n > 0 there exists
yn € h(X) with d(y, yn) < 27" and 80 {yn }n>0 is a Cauchy sequence in h(X). Thus
{2y, }n>0 is a Cauchy sequence in X, where z,, is the unique element with h(z,) = y,.
Since X is complete the sequence {x, In>0 has a limit « € X and then h(z) =y, i.e.,
y € h(X). This shows that h(X) is the intersection of a sequence of open subsets of
M

We now indicate how the non-elementary part of Proposition 2 can be proved.
Thus we have a separable substandard Borel space (X, &) and want to that show
that it is standard Borel.

Lemma 8. Let (Y, F) be a separable countably generated measurable space and let
f:Y — M be a mapping with f~1(B) = F. Then f is injective.

Proof: Let yy, yo € Y with f(y;) = f(y2) = 2. Since f~1(B) = F and {y} € F
for each y € Y there exist By, By € B with f~1(By) = {y1} and f~1(B2) = {y}.
Therefore by Lemma 4

Bin f(Y) = f(f 1 (B1) = fUy}) = {=} = [{w2}) = F(f 1 (Ba2)) = B2 f(Y)
and thus (since f~1(B) = f~Y(Bn f(Y)) holds for all B C M)

{vi} =" BN ) = {zh) = F (B f(Y)) = {w2}
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i.e., Y1 = y2. O

Since (X, &) is substandard Borel there exists a mapping f : X — M with
f1(B) = & such that f(X) € B and since (X, &) is separable f is injective. Thus if
f(X) is countable then X is countable and also £ = P(X). In this case it is easy to
see that P(X) is the Borel o-algebra of X considered with the discrete topology. But
this topology is generated by the discrete metric ¢ (with 6(z,z) = 0 and é(z,y) =1
if z # y) and the metric space (X, 0) is separable and complete. Hence (X, &) is
standard Borel.

Suppose then that A = f(X) is uncountable, i.e., A is an uncountable element of
B. Here we need the following facts (which certainly do not belong to an introductory

course on measure theory):

Proposition 5. (1) If f: M — M is injective and B-measurable then f(B) € B for
each B € B (and so in particular f(M) € B).

(2) If A € B is uncountable then there exists an injective B-measurable mapping
FiM — M with f(M) = A,

Proof: Part (1) is a special case of a theorem of Kuratowski. Part (2) is contained
in what goes under the name of the isomorphism theorem. For a treatment of these

results see, for example, Chapter I of Parthasarathy [14]. O

By Proposition 5 (2) there exists an injective B-measurable mapping h: M — M
with h(M) = A and by Proposition 5 (1) h(B) € Bforeach B € B. Defineg: X — M
by letting g(x) = h~1(f(x)) for each = € X; thus g is surjective and hence bijective.

Let B € B; then g~ '(B) = f~Y(h(B)) € &, since h(B) € B, and so g *(B) C &.
On the other hand, for each £ € & there exists B € B with f~'(B) = E and then
h~YB) € B with g !(h~1(B)) = E. This shows that g *(B) = £.

We now have a bijective mapping ¢ : X — M with ¢~ '(B) = £ and the mapping
g can be used to pull the metric on M back to a metric on X; then g becomes a
homeomorphism between the metric spaces X and M. Thus X is a separable complete
metric space with respect to this metric and & = g~ *(B) is the Borel o-algebra. This
shows that (X, &) is standard Borel.

Let (X, &) be a substandard Borel space, thus by definition there exists a mapping
f: X — B with f7}(B) = & such that f(X) € B. In fact it then follows from
Proposition 5 that g(X) € B for every mapping ¢ : X — B with ¢~ '(B) = &.
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We end this note by looking at the kind of situations where substandard Borel
spaces can be used instead of standard Borel spaces. These examples are taken from
Preston [15].

Ezistence of conditional distributions:

Let (X, &) and (Y, F) be measurable spaces. We say that conditional distributions
exist for (X, &) and (Y, F) if for each probability measure p € P(X x Y, & x F) there
exists a probability kernel 7 : X x F — RT such that

Wl x F) = /E7T(957 F)dpy (z)
forall F € & F € F, where p1 = (p1)«pt is the image measure of p with respect to
the projection p; : X x Y. — X onto the first component. (Beware that this definition
is not symmetric in (X, &) and (Y, F).)

Conditional distributions do not exist in general. However, they do exist if (X, &)
is countably generated and (Y, F) is standard Borel. Proofs of this fact can be found
in Chapter 1 of Doob [4], Chapter 5 of Parthasarathy [14], Appendix 4 of Dynkin and
Yushkevich [6]. Here standard Borel can be replaced by substandard Borel: A proof
is given in Preston {15}, Section 5.

The Dynkin extension property:

Let (X, &) be a measurable space. If &, is a sub-o-algebra of £ then a mapping
m: X x& — RT is called an &,-measurable quasi probability kernel if n(z,-) is a
measure on (X, &) with w(x, X) either 0 or 1 for each z € X and the mapping
7(-, B): X — R" is £,-measurable for each E € £. In this case let

G(m) = {u ePX,E)  u(F'NE) :/ 7(z, B) du(z) for all E' € &,, E € 5} ,

7

thus if E,(Ig|&) denotes the conditional expectation of Ir with respect to the

measure p and the sub-o-algebra &, then in fact
Gr)={peP(X, &) E,(Ig|&) =7(,E) prae forall E€ &} .

Now let us consider a decreasing sequence {&,}n>0 of sub-o-algebras of £ and put
Eop = ngO En- A sequence of kernels {7, »>0 is said to be adapted to {E, }n>0 if 7y, :
X x& — RT is an &,-measurable quasi probability kernel for each n > 0. The sequence
{&, tn>0 has the Dynkin extension property if for each sequence {m, },,>¢ adapted to
{&n }n>0 there exists an £.-measurable quasi probability kernel 7 : X x £ — R such
that (,,50 G(m) C G(m). (Of course, in general the set [, 5o G(m,) will be empty,

since no consistency assumptions have been placed on the kernels {7, },,>0.)
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This property does not hold in general. However, if (X, &) is standard Borel then
any decreasing sequence of sub-o-algebras of £ has the Dynkin extension property.
This is proved in Follmer [7] (based on ideas in Dynkin {5]); another proof can be found
in Chapter 7 of Georgii [8]. Again, standard Borel can be replaced by substandard

Borel: A proof is given in Preston {15}, Section 6.

The Kolmogorov extension property:

Let (X, &) be a measurable space and let {&,},>0 be an increasing sequence of
sub-o-algebras of & with £ = o(|J,50&n). A sequence of measures {p,}>0 Wwith
wn € P(X,E,) for each n > 0 is said to be consistent if p,(E) = pne1(F) for all
E € &,, n > 0. The sequence {&, },,>0 has the Kolmogorov extension property if for
each consistent sequence {p, }n>0 there exists p € P(X, &) with u(F) = pn(F) for
all £ € &,, n > 0. (This measure p is then unique, since it is uniquely determined by
the sequence {1, }n>0 on the algebra A =, 50 &, and o(A) = £.)

Again, this property does not hold in general. However, an increasing sequence of
sub-c-algebras {&, } >0 has the Kolmogorov extension property provided each (X, &,)
is standard Borel and £ is the inverse limit of the sequence {&,},>0. The original
proof for X = RY can be found in Kolmogorov [10], and in the form considered here
in Chapter 5 of Parthasarathy [14]. Once again standard Borel can be replaced by
substandard Borel: A proof is given in Preston {15], Section 7.

There are, however, plenty of problems involving standard Borel spaces which
cannot be dealt with directly using substandard Borel spaces. The common charac-
teristic of the properties looked at above is that they involve constructing measures,
and such problems seem to be relatively simple in comparison with questions involving
the existence of certain measurable mappings. A typical example of this type concerns
the existence of measurable selectors:

Let (X, &) and (Y, F) be measurable spaces and k : X — Y. be a surjective mapping
with h~!1(F) C &. By the axiom of choice there then exists a selector for h, ie., a
mapping ¢ : Y. — X such that ho ¢ = idy. If in addition ¢ '(€) C F then ¢
is called a measurable selector. Unfortunately, measurable selectors do not always
exist, even when (X, &) and (Y, F) are standard Borel spaces: Let I = [0,1] and let
p1: I x I — I be the projection onto the first component. Then there exists a Borel
subset A of I x I with p1(A4) = I for which there does not exist a Borel measurable
mapping g : I — I x I with g(/) C A such that pi(g(z)) = = for all = € 1. (See, for

example, Blackwell [1].) However, so-called universally measurable selectors exist:
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Proposition 6. Let (X, &) and (Y, F) be standard Borel and let h : X — Y be @
surjective mapping with h=1(F) C . Then there exists a selector ¢ : Y. — X for h
with ¢~ (&) C F,. Here F, is the intersection of all o-algebras F with p a finite
measure on (Y, F) and with F,, the completion of the o-algebra F with respect to p.

(Fs is called the o-algebra of universally measurable sets.)

Proof: Proofs of equivalent results can be found in Cohn [3], Theorem 8.5.3, and
Dynkin and Yushkevich [6], Appendix 3. O

If we try to prove this result using the methods introduced above for dealing with

substandard Borel spaces then we end up having to show that the following holds:

Proposition 7. Let D be o non-empty subset of M x M such that D € B x B and
B = p1(D) € B. Then there exists a mapping ¥ : B — M x M with ¢+(B) C D and
Y~ 1B x B) C B, such that py o = idg.

This is a statement only involving a construction made on (M, B), but the proof of
Proposition 7 doesn’t seem to be any easier than the proof of the general case given

in Proposition 6.
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