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ИНТЕГРАЛЬНАЯ И С Т О Х А С Т И Ч Е С К А Я ГЕОМЕТРИЯ 
ПРЕДИСЛОВИЕ РЕДАКТОРА СЕРИИ 

Настоящий выпуск представляет собой номер 9 тематической серии, посвященной 
ИНТЕГРАЛЬНОЙ ГЕОМЕТРИИ и СТОХАСТИЧЕСКОЙ ГЕОМЕТРИИ. 

В силу ряда событий в биограгии настоящего журнала, юбилейный сборник по-
священный 80-летию Клауса Криккеберга вряд ли мог найти более подходящее 
место публикации. Сообщество специалистов по стохастической геометрии считает 
Клауса Криккеберга (тогда член-корр. Академи де сьянс) одним из отцов-создателей 
стохастической геометрии наряду с Д.Г.Кендаллом (FRS, в то время председателем 
Лондонского Математического общества). Инаугурация этого предмета состоялась 
на симпозиуме в Обервольфахе в 1968 году. Примечательно, что материалы это-
го симпозиума были опубликованы в настоящем журнале том 5, номер 5, 1970. 
К.Криккеберг, будучи в то время главным редактором журнала "Wahrscheinlichkeit-
theorie und Verw. Gebiete", поддержал публикацию ряда работ Р.В.Амбарцумяна в 
своем журнале и в других изданиях. Эти работы ознаменовали начало Комбинатор-
ной Интегральной Геометрии, которая получила дальнейшую энергичную поддерж-
ку со стороны К.Криккеберга и Д.Г.Кендалла на Севанском (Армения) симпозиуме 
в 1976 году. Предоставляя место возрастающему потоку статей, наш журнал вы-
брал стратегию публикации выпуска по интегральной и стохастической геометрии 
в специальной тематической подсерии. 

Первая часть настоящего юбилейного сборника посвящена стохастической гео-
метрии и представляет собой номер 9 тематической подсерии. Во вторую часть 
"фестшрифта" будут включены статьи по еще одному направлению, основанному 
Клаусом Криккебергом: математизации в науке. Вторая часть сборника будет опуб-
ликована в нашем журнале в номере 2 за 2009 год. 

[Editor's Introduction. Due to a chain of events in the biography of the present 
Journal, the FESTSCHRIFT dedicated to 80th anniversary of KLAUS KRICKEBERG 
probably could not be aimed for publication to a better motivated place. The Stochastic 
Geometry community considers Klaus Krickeberg to be one of the founding fathers of 
Stochastic Geometry, which subject he together with D. G. Kendall of London Math. 
Society inaugurated at an Oberwolfach Symposium in 1968. Remarkably, the materials of 
that symposium were published in the present Journal vol. 5, no. 5, 1970. K. Krickeberg, 
at that time the editor in chief of "Wahrscheinlichkeittheorie und Verw. Gebiete", boosted 
the publication of a series of papers by R. V. Ambartzumian in his journal and elsewhere. 
The latter papers signified the start of Combinatorial Integral Geometry, which subject 
received further vigorous support from K. Krickeberg and D. G. Kendall at 1976 Sevan 
Symposium (Armenia). To house the ever increasing since then flow of articles, the 
present Journal adopted the policy to periodically produce thematical issues on Integral 
and Stochastic Geometry. R.V.Ambartzumian] 

Рубен В. Амбарцумян Ереван, январь 2009 



PREFACE 

L'education-qu'elle ait pour objet des enfants ou des adultes, des individus ou un 

peuple, ou encore soi-meme - consiste a susciter des mobiles. Indiquer ce qui est 

avantageux, ce qui est obligatoire, ce qui est bien, incombe a l'enseignement. (...) 

Il arrive qu'un pensee, parfois interieurement formulee, parfois non formulee, 

travaille sourdement l'rlme et pourtant n'agit sur elle que faiblement. 

Si l'on entend formuler cette pensee hors de soi-meme, par autrui et par quelqu'un 

aux paroles de qui on attache l'attention,, elle en recoit une force centuplee et peut 

parfois produire une transformation interieure. (...) 

Ces deux fonctions de la parole, ce sont, dans la vie privee, des amiss ou des guides 

naturels qui les remplissent; d'ailleurs, en fait, tres rarement. 

(Simone Weil, L'enracinement, 1942/43) 

Klaus Krickeberg is one of these rare teachers mentioned above. 

He was born in Ludwigslust, Germany in 1929. His nationality is German and 
French. He obtained his high-school leaving certificate (Abitur) in 1946 from the 
'College Francais' in Berlin. He studied mathematics (minor: physics) in 1946 - 51 
at Humboldt University Berlin, where he received the Diploma (M.A.) in 1951, and 
the Dr. rer. nat. in 1952 (under the direction of Schroder and Erhard Schmidt). His 
Habilitation (corresponding roughly to a Ph. D.) took place in 1954 at the University 
of Wiirzburg, Germany. 

Those of us lucky enough to have attended one of Krickeberg's undergraduate or 
graduate courses at Heidelberg or Bielefeld at the end of the sixtieth and beginning 
of the seventieth remember the perfect clarity of his presentation, his ability to make 
explicit the interesting mathematical kernel. His ability to explain difficult topics was 
appreciated very much by his colleagues and students. 

Therefore it was perhaps unfortunate for us that Krickeberg left Bielefeld after 
three years only and went to Paris, where he stayed until his retirement. Nevertheless 
his teaching reached a large audience. It was spread by his lectures on topics of point 

process theory, stochastic geometry and its statistical analysis, which were held in 
6 



PREFACE 7 

Chile, Cuba, Vietnam and Paris and written as lecture notes always in the language 
of the country where they took place. 

Let me remark as an aside, that we always regretted that his general approach to 
the theory of random measures had not been published as a monograph as an alter-
native to the well known books of Matthes, Kerstan, Mecke respectively Kallenberg. 
His 'French' Radon measure approach, documented for instance in his DEA course 
at the Sorbonne, recasts the complicated material in an accessible, beautiful and ele-
gant form, setting out in clear lines directions for future research, and therefore this 
approach could have been even more influential. 

The work of Klaus Krickeberg was widely recognized and appreciated. He is a 
member of the 'German Academy of Natural Scientists Leopoldina' (now German 
Academy of Sciences) , since 1983; 'Fellow' of the 'Institute of Mathematical Statis-
tics', USA, since 1968; Doctor honoris causa, School of Social and Economic Sciences, 
University of Vienna, 1990, and Associate Member of the 'Academy of Sciences for 
the Developing World' (TWAS), Trieste, since 1994. 

Geometry was Klaus Krickeberg's initial field of mathematical endeavor, and the 
geometrical insight runs through almost all his later work, beginning with integration 
on manifolds and martingales, followed by stochastic geometry and the statistical 
theory of point processes, and finally arriving at epidemiology and medical statistics. 
Another characteristic feature of his work is most impressive. He was able to combine 
purest mathematics with a virtuosity of techniques and methods. In combination with 
a general wisdom and a deep 'Menschlichkeit' he finally succeeded in using his broad 
scientific knowledge to lay down the statistical foundations for the health system in 
Vietnam and even to create an information system based on it. 

The following 'Festschrift' reflects the continued fertility and profound depth of 
some of his ideas. They also serve as a chronicle of his mathematical work as well as 
a testimony of admiration and affection felt for him by those who accompanied him 
in one way or another. 

Hans Zessin 
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S O M E M A T H E M A T I C S 

К. K R I C K E B E R G 

Basically, I was a geometer. I liked to, and often had to, visualize mathematical 

objects and relations when learning about a new topic or area, and when trying to 

solve problems. Thus Erhard Schmidt was the perfect teacher for me. He introduced 

me to complex functions via the geometrical Riemann approach and to measure theory 

in the geometrical spirit of Caratheodory; see also 'My encounters with martingales' 

in this volume. 

It was therefore natural that the subject of my Doctoral Thesis, viz. the Gauss-

Stokes integral theorems, combined measure theory and geometry. Part 1 [3] was 

motivated by the desire to obtain the classical Gauss-Green formula in R d under 

conditions that are necessary, too. This led me to a different way of looking at 

the theorem. For example, given an open set G in R d with boundary F, necessary 

and sufficient conditions on G were found for the existence of a measure m on F 

(generalizing the (d — 1)-dimensional surface measure) and a function s defined on 

F F 

G 

m s 

modifications. 

Part 2 [4] contains the first definition and study of locally Lipschitzian manifolds, 

which were to be investigated in the sequel by several topologists. They are situated 

between continuous and differential manifolds, allow a natural definition of 'almost 

everywhere', and are indeed differentiable almost everywhere. StokesY theorem is 

proved for differential forms on locally Lipschitzian manifolds under minimal assump-

tions. 

Finally, part 3 [5] is purely historical. It traces the ideas underlying the proofs 

of the various forms of the Gauss-Stokes theorems, starting with early papers by 
8 
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Lagrange (1760), Gauss (1813), Green (1828), Ostrogradsky (1831 and 1838), and 

Stokes (1854). 

The paper [12] took the Gauss-Green theorem up again, but under a very different 

angle, viz. via distributions in the sense of Laurent Schwartz. As the main tool it 

employed the decomposition of measures that was to play once more a decisive role 

in the solution given in [31] of a problem formulated by Rollo Davidson. 

Let V be a linear differential operator in R d and f a locally integrable function 

defined on R d . A necessary and sufficient condition is given in order for V f , in the 

sense of Schwartz, to be a measure. This generalizes the theorem concerning the case 

d = 1 whereby the derivative of f is a measure if and only if f is locally of bounded 

variation (more precisely: almost everywhere equal to such a function, but this fine 

point will be disregarded in the sequel). 

Four applications of this theorem are given. Firstly, it allows one to get an insight 

into the nature of the various definitions of functions of bounded variation of several 

variables. These definitions looked rather arbitrary before and are not equivalent. 

It turns out that they simply correspond to different differential operators V. In 

f d 

f 

f 

respect to all variables x1:..., xd together, i.e. d x i d f d x d , is a measure. 

The second application deals with the concept of an absolutely continuous function 

f d 

partial derivatives are functions. 

Thirdly, a very general form of the Gauss-Green formula for any open subset G 

of R d follows immediately from the Schwartz definition of a first derivative of the 

f G 

G 

in [3], is obtained when this derivative is a measure, and the third application of the 

G 

be the case. 

The last application concerns the Lebesgue surface measure a of a non-parametric 

surface in R d + 1 given by xd+1 = f ( x i , . . . , xd) where f is defined and locally integrable 

in an open subset G of R d but not necessarily continuous. Let l be the Lebesgue 
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measure in G. Then, a is finite if and only if l(G) is finite and f is of bounded 

variation in the sense of Tonelli. In this case, a is the total variation of the vector 

measure (l,mly..md) wher e m^ denotes է he i — th partial derivative measure of 
f 

f 

The article [22] deals with stochastic convergence of generalized sequences of 

random variables (nets, Moore-Smith sequences). While every ordinary sequence 

that converges stochastically contains an almost surely convergent subsequence, it is 

shown, among other results, that the analogous statement is not true for nets: there 

exist stochastically convergent nets that have no essentially convergent subnets. 

The papers [24, 25, 27, 28] were originally motivated by a problem stated by 

Eberhard Hopf in §17 of his classical book on ergodic theory 'Ergodentheorie (Springer 

1937)'. While the so-called baker's transformation in the unit square was well under-

stood, and in particular known to be mixing, the nature of the corresponding transfor-

mation in the entire plane was hardly elucidated and the problem of its mixing 

properties open. 

The main contribution of [24] is twofold. Firstly, it was recognized that the natural 

setting for defining mixing properties of transformations (endomorphisms) of measure 

spaces with infinite total measure are topological measure spaces, not pure (abstract) 

measure spaces, and the endomorphisms in question are to be not only measure 

preserving but also almost everywhere continuous. 

Examples come from the theory of Markov chain whose state space Z is a set 

of integers such that there exists a positive invariant measure l on Z. The measure 

l m 

space X of all 'trajectories', i.e. all sequences ( x n ) , n = 0, ± 1 , ± 2 , . . . with xn in Z, 

Z 

transformation T in X is a homomorphism of the topological measure space (X, m). It 

turns out that the strong ratio limit properties of the original Markov chain as defined 

by Kai Lai Chung and Pruitt are intimately connected with mixing properties of T. 

Next, isomorphisms in the sense of topological measure spaces are defined as maps 

that are measure preserving and almost everywhere continuous in both directions. The 

second main contribution of the paper is the construction of isomorphisms between 

a subset Y of the plane endowed with (infinite) Lebesgue measure and the measure 

(X, m) 
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the baker's transformation in У corresponds to the shift T in X . By applying known 

results from the theory of Markov chains to T, one finally obtains a precise description 

of the type of mixing including the ergodic index of the baker's transformation. 

The paper [25] deals with the question of the abundance or paucity of mixing 

transformations of an infinite topological measure space (X, m) in the space of all 

measure-preserving transformations of (X, m), endowed with the weak topology. Ana-

m 

transformations is dense but of first category. 

The isomorphisms constructed in [24] with a view of solving a specific problem then 

gave rise to a general reflection on the role of topological measure spaces in integration 

and probability theory. Bourbaki's dogma that the only reasonable measure theory 

is the one in locally compact spaces had already been contested because, while it is 

true that the measure spaces used in the representation of stochastic processes often 

have a natural topology, this topology does not make them locally compact; they are 

mostly Polish spaces. Nevertheless, it was shown in [27] and [28] that these topological 

measure spaces are usually isomorphic to the Lebesgue measure in the unit interval. 

The isomorphisms as defined above form the natural category of isomorphisms of 

topological measure spaces. They preserve neither the dimension of the space in any 

sense nor local compactness. If, finally, we recall LebesgueYs classical theorem to the 

effect that a bounded function defined in an interval is Riemann integrable if and only 

if it is almost everywhere continuous, we see that the natural setting for Riemann 

integration is a general topological measure space, in contrast to Lebesgue integration 

that belongs to abstract measure theory. The isomorphisms defined above preserve 

Riemann integrability and the Riemann integral. 

In the paper [31] the method of decomposition of measures was used to solve a 

problem posed by Rollo Davidson about the correlation measure g of a second order 

line process in the plane. He had proved that if g is stationary (isotropic, i.e. invariant 

under rotations and translations), it is also invariant under reflections provided that 

it has a density with respect to the Lebesgue measure, the so-called g—function. He 

had asked whether the latter assumption was superfluous; the answer given in [31] is 

affirmative. 

Davidson had also stated a conjecture to the effect that every non-degenerate 

strictly stationary second order line process in the plane is a Cox (doubly stochastic) 
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process. Much later, Olav Kallenberg constructed a counterexample but Davidson 

showed that for every second order line process with stationary correlation measure 

which has a density, there exists a Cox process with the same correlation measure. 

This was extended in [34] to higher order point processes in a fairly general space 

X a n d an equally general transformation group G acting in X . Let k be a positive 

integer. Then for any point process in X with a locally finite G—invariant k — th 

moment measure there exists a Cox process that has the same k —th moment measure. 

The paper [32] had already supplied some techniques needed to deal with these 

problems. It also initiated the use of functional analytic methods in the theory of 

point processes, to be elaborated in [41], [45] and [55]. These allow, for example, to 

derive the Radon-Nikodym integrand of a point process with respect to another one 

in a very simple and transparent way, and to investigate more easily certain problems 

around Palm measures. 

In [54] and [55] there is a proof, using conditioning arguments, of the general 

'0 — то law' of stochastic geometry. Given a stationary (translation invariant) point 

process in R d and a positive integer k, let C be any set of 'k—configurations', i.e. 

a subset of (Rd)k, which is invariant under the 'diagonal'translation group (maps 

of the form (x1y..., xk) ——> (x1 + u,... ,xk + u)) . An example: k = 2 and C = 

{(x,y) : \x — y\ > 1}. Then the realizations of any stationary point process in R d 

C 

has treated a particular case by L2 — methods for stationary second order processes 
g— 

Finally, problems around the statistical analysis of point processes were treated in 

the book [41] and in a series of papers, in particular [44], [45], [54] and [55]. They 

culminated in the construction of unbiased estimators of moments of point processes 

that are only assumed to be translation invariant but not stationary; such processes 

often appear in applications. The main problem is the correction of edge effects. 
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1. S T U D Y I N G A T T H E U N I V E R S I T Y O F B E R L I N 

R I G H T A F T E R T H E W A R 

The University of Berlin had been founded in 1810 during the Napoleonic wars, 

based on the two ideas of the unity of teaching and research and of classical education 

for all students. When it reopened in January 1946 after another, and by far more 

devastating war, most of its buildings lied in ruins but much of the old spirit was 

alive. In 1949 it was renamed 'Humboldt-Universitat'. 

In late summer of 1946 I applied for admission as a student of physics. I was only 

17 years old and my chances were slim because there were many older applicants 

who had lost years of their life through the war, and they naturally enjoyed priority. 

Moreover, since the University was situated in East-Berlin and depended on the 

Soviet and nascent East-German administration, there existed already some kind of 

an 'affirmative action' in favor of descendants of workers and peasants whereas my 

father was a physician. Nevertheless I was admitted, perhaps because I had obtained 

my 'Abitur' (high-school leaving certificate) in June with the best grade possible. 

The material conditions were of course difficult, the worst being hunger. In winter, 

the temperature inside the large physics auditorium descended sometimes to —10° 

(centigrade). However, there was an enormous enthusiasm for studying as I have seen 

it later only once more, namely in Hanoi in 1974. 

As a student of physics I had to follow the normal basic mathematics curriculum. 

The analysis (calculus) course was taught by Erhard Schmidt (Gram-Schmidt ortho-

gonalization, Hilbert-Schmidt integral equations). He was already over 70 and retired, 

but had taken up service again because, as a sequel of the Nazi era and the war, there 
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were not enough mathematics professors in Berlin. He was still the dominating figure 

among the mathematicians at the University. His lectures were marvelous. He used 

to prepare them on his way from home to the lecture rooms, never used any notes, 

and often said in the middle of a proof: 'Oh, I think I can prove this in a much better 

way', and then he started all over again. He also smuggled in little mistakes to test 

our attention. After the first semester, in spring 1947, I decided that mathematics 

was really much more fascinating and switched subjects, physics now becoming my 

minor. 

Schmidt's five semesters' (two and a half years') course covered calculus, functions 

of a complex variable and elliptic functions. Traditionally, calculus in the second 

semester in Germany meant differentiation and Riemann integration for functions of 

two real variables. Instead he started out by presenting set theory, very concretely 

in the plane but in such a suggestive way that we were prompted to invent by 

ourselves the axioms of Boolean algebra. Then he did abstract measure theory, 

following the approach of his longstanding friend Constantin Caratheodory, but again 

in the concrete setting of the plane, and led us directly to the Lebesgue integral. In the 

second year he taught, in parallel to functions of a complex variable via the 'Riemann' 

approach, a course on 'Complements to calculus' which consisted in fact of functional 

analysis and some other advanced topics. 

Erhard Schmidt was really a geometer. He could 'see' what was happening in 

infinite-dimensional spaces. When he described a projection in a Hilbert space (a 

Perpendikel in his vivid terminology), he showed it to us with his hands. It is this 

geometric approach that I have taken later when dealing with martingales, after his 

teaching of measure theory had lead me into probability theory via some detors. 

2. C O L L E C T I N G B U I L D I N G B L O C K S F O R M A R T I N G A L E T H E O R Y 

Schmidt retired in 1950, this time for good. Thus he could not guide my Doctor 's 

Thesis, but it was definitely inspired by him and dealt with geometric measure theory 

and locally Lipschitzian manifolds. I obtained the (German) Doctor 's degree in 1952 

and became a lecturer at Humboldt-University and scientific collaborator of the 

German Academy of Sciences at Berlin. There I came into contact with the group 

that ran the reviewing journal Zentralblatt fur Mathematik und ihre Grenzgebiete. 

During the war and the first years after many mathematical journals had ceased 

to arrive in Germany. Hence it was decided to publish a 'Liickenband' (gap volume) 
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where these missing papers would be reviewed. For this volume I was asked to review 

among others two papers by Borge Jessen and Erik Sparre Andersen on limit theorems 

for 'integrals' [lj and 'set functions' [2], respectively. It was about martingales as we 

know now but the word 'martingale' did not ap pear nor had I ever heard of it. Later 

on I became aware of a paper of de la Valle-Poussin [3] from the year 1915 in which 

he had already proved almost sure convergence of martingales formed by discrete 

random variables. 

In 1950 and 1952 I attended the annual meetings of the German Mathematical 

Association (DMV) . There I met Otto Haupt, a versatile mathematician from Erlan-

gen who had co-authored with Georg Aumann an advanced text on differential- and 

integral calculus. He was about to prepare a new edition together with a third author, 

Christian Раис from France. Раис had come to Germany in the early forties as a 

prisoner of war, and Haupt had managed to get him out of the prisoner's camp and 

bring him to Erlangen to do abstract mathematics with him. After the war, Раис 

was promptly accused of 'collaboration with the enemy' and could not get a position 

in France, so he had to exile himself with his family to South Africa. He came finally 

back some years later to take up a professorship in Nantes (where the street in which 

the School of Technology of the University is situated, is now named after him!) 

Haupt asked me to read the typewritten manuscript of the new edition of the 

'Haupt-Aumann-Pauc' [4]. I agreed. It arrived in small instalments and I sent back 

fairly long comments. The authors tried to treat not only integration, i.e. measure 

theory, but also differentiation in the most abstract setting possible. Motivated by 

early work of de Possel [5], Раис had worked on differentiation of generalized interval 

functions (cell functions) in South Africa with C. A. Hayes [6]. The main issue was 

a general version of Lebesgue's theorem to the effect that every function of bounded 

variation defined in an interval is almost everywhere differentiable. These versions 

in abstract spaces were based on generalizations of Vitali's covering theorem. I then 

proved [7] that conditions of the Vitali type were also necessary in order that certain 

statements on upper and lower derivatives be valid. 

In May 1953 I left Berlin and moved to Wiirzburg together with the managing 

director of the Zentralblatt. He had accepted a full professorship there and created a 

small research team in which I got a temporary position. I read a lot and noticed that 

probability theory and measure theory were not unrelated. In particular I perused 

the book by J. L. Doob [8] that had just appeared where he presented the martingale 
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convergence theorems that he had obtained independently of Jessen and Sparre 

Andersen. Both versions are essentially equivalent and he analysed the fine differences. 

Doob 's approach via 'up-crossing inequalities' permitted him to treat also semimar-

tingales. 

Next I discovered the counterexample by Dieudonne [9]. It concerned increasing 

martingales that are countable Moore-Smith sequences instead of ordinary sequences, 

i.e. they are indexed by a general countable directed set instead of the positive integers. 

It showed that even under the usual boundedness conditions, such a martingale 

need not converge almost surely. On the other hand, I realized that Lebesgue's 

differentiation theorem for a function f could be formulated as a theorem on the 

almost sure convergence of the martingale whose (non-denumerable) index set consis-

f 

of subintervals. The semi-order relation in this set which makes it 'directed' is 'to be 

a subdivision', and the sigma-algebra whose index is a given decomposition is the one 

generated by it. 

I then tried to formulate a generalized Vitali condition concerning any increasing 

martingales with a directed index set, countable or not, that would imply almost 

sure convergence (leaving aside a technical discussion of 'separability'). This was 

indeed possible. It turned out that in the case of an increasing martingale of bounded 

variation (i.e. bounded in L i ) with a totally (linearly) ordered index set, this condition 

was trivially satisfied, which yielded another proof of Doob 's theorem for discrete or 

continuous parameters (indices) without using upcrossing inequalities. In the context 

of classical differentiation theory, the Vitali condition was satisfied by Vitali's covering 

theorem, which gave Lebesgue's theorem as a particular case. 

When I started this work, two technical questions were still open. Firstly, my proof 

worked only for positive martingales. By generalizing the Jordan-decomposition of 

functions of bounded variation I showed that every martingale of bounded variation 

is the difference of two positive ones (Krickeberg decomposition). The second question 

concerned passing to the limit under an integral sign. By chance, Zentralblatt assigned 

to me for reviewing a book in Italian by Cafiero [10J on set functions, which, although 

marred by several basic errors, contained a lot on uniform integrability that solved 

my problem. 

At the International Congress of Mathematicians in Amsterdam in 1954 I met 

Borge Jessen and told him about my preoccupations. He then stated the problem of 
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finding a single proof of the almost sure convergence of both increasing and decreasing 

martingales. Six years later I had the pleasure of giving a lecture in Copenhagen in his 

presence (in Danish) on the solution of this problem. This lecture took place at the 

end of my stay at the University of Aarhus (Denmark) as a visiting professor during 

the academic year 1959/60. Erik Sparre Andersen was then a professor in Aarhus but 

no longer interested in martingales. 

3. A Y E A R IN I L L I N O I S 

In Amsterdam I had also talked to Jerzy Neyman about possibilities of spending 

some time in the United States. He advised me very kindly regarding studies in 

Berkeley, but I finally decided to apply for a Research Associateship at the University 

of Illinois in order to work with Doob . I obtained it and also a Fulbright 'travel only' 

grant, which paid my voyage in fall 1955 on board of the French steamship Liberte 

(which had been German before the war). I had just got my 'Habilitation' at the 

University of Wiirzburg, a degree that might vaguely be described as being a little 

bit above the Ph.D. , and this entitled me to a First Class ticket for the Liberte. 

I still vividly remember my first meeting with Doob in his office in the University 

at Urbana, 111. When I presented my results to him he said 'Oh, thatYs interesting' 

and suggested that I publish them in the Transactions of the American Mathematical 

Society [11]. He also told me about the new work of Paul Andre Meyer on stopping 

times and martingales, which initiated the well-known development that was to exert 

a dominating influence on the theory of stochastic processes indexed by a time 

parameter. 

I continued being interested in martingales indexed by a directed set and ran 

a seminar on the topic. A young mathematician from Taiwan, Y. S. Chow who 

was at the University of Illinois with a research grant refined the theory based on 

Vitali conditions in several ways [12]. The Thesis by Helms [13] went into a different 

direction. He obtained the mean convergence in Lp for any uniformly integrable 

increasing martingale with a directed index set. I then proved a theorem which, in any 

systematic presentation, ought to be stated before tackling questions of almost sure 

convergence under such and such condition, namely that every Li -bounded increasing 

semi-martingale with a directed index set, countable or not, converges stochastically 

[14]. As a curiosity it might be mentioned that this contains the Radon-Nikodym 
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theorem as a particular case, the 'Radon-Nikodym integrand' being obtained by 

'stochastic differentiation'. 

During this academic year 1955/56 I met L. C. Young from the University of 

Wisconsin who ask me to spend the following year with him, again as a Research 

Associate. I liked the idea of abandoning martingales for a while and going back 

to subjects related to my Thesis. It became a very fruitful year, too, with work on 

geometric measure theory, Laurent Schwartz distributions in R^ for d > 1 and the 

like. In the summer of 1957 I sailed back to Le Havre, spent a few days in Paris as 

arranged by Раис, and then returned to Wiirzburg and to martingales. 

4. F I N A L W O R K T I L L 1964 

In the following papers, in order to get rid of the complicated discussions around 

the concept of a separable stochastic process indexed by a non-denumerable set, I dealt 

with essential convergence instead of almost sure convergence; in the separable case 

and in particular for a denumerable index set, the two are trivially equivalent. Proving 

convergence theorems for decreasing martingales and semi-martingales analogous to 

those obtained before in the increasing case was not very hard including a counter-

example along the lines of the one that Dieudonne had constructed in the increasing 

case [15]. 

The problem of the necessity of Vitali conditions for essential convergence was 

treated in [16]. There, a whole family of Vitali conditions was defined, each of them 

corresponding to an Lp space and more generally, following a suggestion by Leopold 

Schmetterer made in 1958 at a colloquium in Paris, to an Orlicz space. Finally, the 

paper [17] written jointly with Раис gave a survey on the whole area of increasing 

or decreasing martingales and their relations with the finer differentiation theory of 

functions of several real variables and with differentiation in general spaces. 

Schmetterer was, among others, a number theorist and statistician. At his invitation 

I spent the summer 1958 as a senior assistant (Oberassistent) at the University of 

Hamburg. In the fall of that year, I was offered a full professorship for probability 

theory and statistics at both the Universities of Cologne and Heidelberg of which I 

accepted the latter. This meant of course a lot of new work. I had to learn about 

modern statistics; my only previous experience had been guiding a physician in 

Wiirzburg through very simple clinical trials. I also came into contact with many 

other facets of probability theory and did not want to stay with martingales. 
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However, there still was Borge Jessen's problem. In order to solve it I looked at any 

family (Moore-Smith sequence) of sigma-algebras indexed by a directed set but no 

longer necessarily increasing or decreasing as it is in the case of a family underlying 

a martingale. Each sigma-algebra defines a corresponding conditional expectation 

L i 

L 

random variable X in L, essential convergence of the corresponding 'trajectory', i.e. 

of the family of the conditional expectations of X with respect to the underlying 

sigma-algebras. This condition is trivially satisfied if the family of sigma-algebras 

is increasing or decreasing. Thus, the classical martingale convergence theorems by 

Jessen, Sparre Andersen and Doob, both in the increasing and decreasing case, are 

indeed particular cases of this general theorem. 

In 1963 I was invited to the Ail-Union Congress of the Soviet probabilists and 

mathematical statisticians in Tbilisi. A. N. Kolmogorov chaired the session where I 

spoke (in Russian) about my general convergence theorem, which I had presented 

three year before in Copenhagen but not yet published; it then appeared in [18]. The 

congress was memorable in many respects. Kolmogorov gave a statistical analysis of 

Pasternak's poetry although the latter had no odor of sanctity with Soviet authorities. 

I also met H. Cramer for the first time. 

The Ail-Union Congress marked farewell to martingales for me. Much later I 

started working on point processes. The theory of point processes on the real line 

makes much use of martingales but again, I was interested in processes in more general 

spaces and thus got into stochastic geometry and geometrical statistics [19, 20, 21]. 

I am glad I was never tempted to get involved in the applications of martingales to 

the theory and, worse, the practice of financial speculations that have contributed in 

no small measure to the present crisis of the world's money markets and economy. 
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THE ARMENIAN CONNECTION: REMINISCENCES FROM A 
TIME OF INTERACTIONS 

F. PAPANGELOU 

This is a narrative of personal reminiscences written largely, perhaps excessively 

so, in the first person singular. Such a practice is to be frowned on in the staid world 

of mathematics and is liable to expose the writer to the charge of self-indulgence 

but I cannot help choosing this as my way of paying tribute to Klaus Krickeberg's 

indomitable spirit and mathematical enterprize, since our paths were intertwined, 

crucially for me, at one stage four decades ago. I cannot think of a better way 

of putting on record my great indebtedness to him and I must beg the reader's 

tolerance for the strong autobiographical element of these notes. They should be read 

as a memoir of random interactions involving Klaus and not as a contribution to 

scholarship or to an appreciation of his wide-ranging work. 

Encouraged by Hans Zessin I have put a particular focus on a sequence of events 

around 1970 that led to some fruitful developments on the border between geometry 

and probability, which attracted the interest of others in the years that followed. It 

may sound strange but Klaus and I never actually worked 'together' on this border. 

However, as the story will reveal, we were for a while just one step removed, and 

there was a fortuitous encounter in 1971 which proved opportune. 

I first met Klaus in 1962 when he visited Greece to participate in a symposium 

organized by D.A.Kappos, with whom I was working at the time at the University 

of Athens. Klaus was a key participant but I remember that he did not confine his 

interest to the symposium alone; true to his perennial eagerness to get to know peoples 

and cultures, he crowned his visit with a trip to the countryside and among other 

things familiarised himself with the Greek Easter celebrations and the solemn as well 

as the noisy manifestations that go with them. I imagine this must have been the time 

he took his first steps in learning Greek (he was already master of several languages) 

and sharpening his taste for Greek holidays, which he indulged in more recent years. 
25 
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Some time later I received an invitation from him to go and work with him for a 

couple of years at the University of Heidelberg where he then was. 

I accepted conditionally: at that stage I was committed to going to the USA, where 

I was to spend the years 1963-65 and it was only after this that I was able to join 

him at Heidelberg during the years 1965-67 as an Alexander-von-Humboldt scholar. 

As it happened, just prior to this Klaus had a visiting post at Columbia University 

in 1964-65 and since I was in Washington D.C. at the time we kept in touch, mainly 

by correspondence but also through a trip my wife and I made to New York where we 

were guests at the Krickebergs' for a few days early in the academic year and enjoyed 

their marvelous hospitality. Klaus was at that point interested in transformations that 

'mix' infinite measure spaces and this led to some very interesting connections with 

strong ratio limits of Markov chains, an area in which John Kingman, Steven Orey 

and William Pruitt were making contributions at about that time. Klaus's paper 

on the subject was presented at the Fifth Berkeley Symposium on Mathematical 

Statistics and Probability in the summer of 1965. My own paper on the subject was 

written later while I was in Heidelberg and owed much to questions raised by Klaus, 

who had a sure touch in knowing exactly what questions to ask. It was another of 

his questions, on isomorphisms of topological measure spaces, that led to some joint 

work between Klaus, W.B"oge and myself. 

My two years in Heidelberg were unforgettable, and they were decisive for all 

subsequent development of my work as they sealed my Pauline conversion to probabi-

lity, which I had previously shunned. Not all the work I did in Heidelberg was directly 

related to Klaus's but I have no doubt that it would not have been done had I 

not been there. Our mathematical group was then housed in an old annexe and it 

was only near the end of my stay that the department moved to its grander, more 

modern accommodation. We had the benefit of numerous visitors and the Krickebergs' 

hospitality was boundless as ever. 

When I left Heidelberg in the summer of 1967 Klaus had, as far as I know, not yet 

turned to Stochastic Geometry as such (or Geometric Probability as I ought to call it 

in the context of that early stage), although he had always been interested in things 

geometric. This was certainly true in my case. The stimulus for me came later from 

Cambridge and had a name: Rollo Davidson. Rollo was to die tragically in a mountain 

climbing accident in 1970 but not before he got both Klaus and myself interested in 
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his intriguing mathematical problems in the area of stochastic line processes. He 

was a student of David Kendall's who wrote his Ph.D. thesis in 1967, a modest and 

unassuming young man with a penetrating mathematical mind. I have no doubt that 

his untimely death was a great loss to mathematics. But it was not in Cambridge 

that I first met him. He came to London to see me, at the Imperial College where I 

was spending the year 1967-68 with Harry Reuter. His visit was instigated by David 

Kendall. Here, however, I must backtrack a little. 

I had made the acquaintance of David Kendall and Harry Reuter at another 

symposium organized by D.A.Kappos, at Loutraki in Greece in late May and early 

June 1966. Klaus was there too. The talk I gave (on strong ratio limits) raised 

David's interest because of its connections with the research of David Vere-Jones 

who had worked with him a few years previously (and who later paid us a brief visit 

in Heidelberg). As a result, David extended an invitation to me to spend a year in 

Cambridge and since this could not be arranged in time for the academic year 1967-68 

I found myself spending that year in London, courtesy of Harry Reuter. 

Rollo's visit to me had nothing to do with ratio limits. His interest was in the 

topic of line processes. This topic, which formed part of his thesis, was suggested 

to him by Kendall (see [2], p.74) and he was at that time puzzled by the difficulty 

of constructing even a single example of a line process of a desirable kind that was 

substantially different from a Poisson line process. This was his Big Problem ([2], 

p.70). 

A little mathematics at this point is in order. A line process on the plane is, 

roughly, a random set of oriented straight lines satisfying certain desirable conditions. 

Choosing an origin O and an axis through it in the plane, we can assign coordinates 

(9, p) to any oriented line l by taking p to be the (signed) distance from O to l and 9 
to be the angle between the perpendicular from O to l and the chosen axis (0 < 9 < 
2n, -<x> < p < ж ) . Then each line becomes a point on the cylinder L = C x R, where 

C is the 'circle' [0,2n). The chief category of line processes Davidson was interested in 

L 
represent Euclidean displacements of the plane and with a square integrable random 

L 

Rollo imposed on his line processes the further condition that they should include 

no pairs of parallel or antiparallel lines. For the sake of convenience let us call line 
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processes satisfying all these conditions 'regular'. An easy example is the Poisson 

point process on L having rate measure dl = dddp, the latter being invariant under 

Euclidean displacements. Going one step up, one may construct a Poisson process 

built on a random rate measure of the form Z(dO)dp, where Z is a random finite 

diffuse measure on C, stationary under rotations of the latter. Poisson point processes 

with randomized rate measure were called doubly stochastic Poisson by D.R.Cox who 

introduced them, and this is what Rollo called them. They are sometimes termed Cox 

processes and we will adopt this terminology. Cox line processes exhausted the supply 

of concrete examples of regular line processes Rollo was able to identify. In his thesis 

he obtained many properties possessed by line processes but his Big Problem was the 

construction of a regular example that was not Cox. On p.55 of [2] he effectively asks: 

are all regular line processes Cox? 

Line processes had been considered before Davidson, although in the more classical 

spirit of integral geometry. R.E.Miles had begun his pioneering series of contributions 

to geometric probability in the early sixties and M.S.Bartlett had already looked at 

the spectral analysis of line processes. P.A.P.Moran was another probabilist interested 

in geometric probability in the sixties. David Kendall's interest in the subject dated 

back many years earlier and he was developing his theory of random sets at about 

the time Davidson was doing his thesis. In his introduction to [2] (p.5) Kendall views 

the transition from classical geometric probability to the study of random sets on 

manifolds as marking the advent of stochastic geometry. In this spirit Davidson was 

now treating line processes strictly as point processes on coordinate space and going 

beyond the Poisson (i.i.d.) case. 

Almost everything special about the structure of line processes has to do with the 

observation that if li, l2 are two parallel lines and l3 a third line intersecting them, then 

there is a translation of the plane that maps the pair l1, l3 on to the pair l2,l3. Some 

time after his visit, while I was still in London, Rollo sent me a letter from Cambridge 

which included a simple but remarkable insight: if X(l), l e L is a stochastic process 

indexed by L and stationary under the Euclidean group, then under mild conditions 

X(l1) = X(l2) almost surely whenever ^and l2 are parallel lines, i.e. X is in effect 

a stochastic process on the circle C. The essence of this insight is of course that, 

d L 

L 
is zero. (Proof: with l1, l2, l3 ж above, d(l1,l2) < d(l1,l3) + d(l2,l3) = 2d(l1,l3) and 
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the last term can be made arbitrarily small by choosing an l3 that makes a small 

angle with li.) Thus under such a pseudometric the cylinder collapses to the circle C. 
An immediate consequence is that the stationary measure X(l)dl on L with density 

X(l),l e L, with respect to d9dp has an obvious product form Z(d9)dp and is thus 

invariant under translations of the plane. 

After I moved from London to Cambridge in 1968 Rollo and I once or twice in our 

conversations touched on the subject of his big problem but otherwise our interaction 

was largely social. He once graciously invited me to join him at Trinity College for 

a college feast but I declined, saying that it was far too grand an occasion for me. 

Instead, I accepted another invitation of his to a humble college lunch. However, his 

big problem stayed in the back of my mind and I was beginning to develop an idea 

that came to fruition after I left for Columbus, Ohio in the summer of 1969. It was 

in the spring of 1969 that Klaus came through Cambridge and it was then that he 

and Kendall planned the Oberwolfach meeting on Integral Geometry and Geometric 

Probability that was held in June 1969. I wish I could report on what went on at 

that meeting, since it must have been important for the development of the subject, 

but unfortunately I did not attend it as I was preparing for my migration. There 

is reference in [2] (p.382) to a three-week collaboration between Klaus and Rollo in 

Heidelberg, following the Oberwolfach meeting. I was unaware of this collaboration 

but will make reference to it later. 

It was after I arrived in Columbus that I worked out the idea I had in Cambridge: 

if the Palm probability P(.|l) of the line process (i.e. the probability conditioned on 

l 

to the unconditional probability on events occurring in L \ { l } then, according to 

Rollo's observation, the corresponding Radon-Nikodym density Y0(l), which defines 

L 
'shear' invariance arguments resting on this fact one can prove that the line process 

is Cox. I presented the result at a conference held in Columbus and according to the 

proceedings of that conference my talk was given on Easter Sunday, 29 March 1970. 

On exactly the same day Rollo sat down to write to me the letter that was published 

later in [2] and was to be his mathematical farewell. (For the date see page IV of [8] 

and page 379 of [2]. The result is on p.239 of [8].) He was to die four months later, on 

29 July 1970, before he could realize a planned visit, sponsored by the Royal Society, 

to Rouben Ambartzumian in Armenia. He never saw the account of my result which 
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was written up at about the time of his death and which, I should like to think, 

would have interested him. Some time in the autumn of 1970 I received a letter from 

Kendall informing me of Rollo's tragic death and of the plans that were afoot to 

publish what were ultimately the two memorial volumes Stochastic Geometry ([2]) 

and its companion Stochastic Analysis. I immediately sent David my manuscript, 

which he acknowledged as the first contribution received for publication in [2]. (A 

misprint on p.145 of [2] turned the year 1970 into 1971.) 

Even after this I was unaware of an idea of Klaus's that emerged from his collabora-

tion with Rollo in 1969. I was to remain unaware until the summer of 1971, doing in 

the mean time other work on point processes. In his thesis Rollo had shown that if 

the correlation measure a of a regular line process has a density g(l, l') with respect 

to dldl' outside the diagonal of L x L , then a is invariant under reflections. In doing 

this he had made use of the fact that g(l, l') is a function of the angle between l and 
l' 

a 
classes into which L x L is partitioned by the equivalen ce relation where by (l1,l2) ~ 
(l3 , l4) if (l3,l4) = (Tl1, Tl2) for some Euclidean displacement T. This led to Klaus's 

paper [5] and Davidson's Theorem in [1], which constitute the Armenian Connection 

of the title of the present article. These two papers were reprinted in [2] and it 

is worth mentioning that two more contributions to [2], one each by L.A.Santalo 

and R.E.Miles, were reprinted from the same volume of the Izvestia of the Armenian 

Academy of Sciences, which also included an article by Rouben Ambartzumian on line 

processes. The disintegration method provided the right tool for the study of moment 

measures of line processes and processes of higher-dimensional flats in Euclidean 

spaces and led to Klaus's more systematic treatment of moment measures in [6]. 

Klaus later proceeded to use it in the statistical analysis of hyperplane processes. 

In [lj Davidson showed that the product form Z(dO)dp for stationary random 

L 

existence of a density X(l),l e L and replace it with the assumption that the 

stationary random measure almost surely charges no set of parallel lines. In the 

summer of 1971 Klaus came through Columbus and gave a seminar talk on moment 

measures of point processes, which included the assertion just made and his 'disinte-

gration' approach to it. Before he finished his talk I knew what my next task was 

going to be: to construct the random measure W which stands in for the measure 
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with differential Y0(l)dl if no density Y0(l) exists, and to use the factorizability of 

this W to establish Cox structure in cases where the Palm probability may not be 

absolutely continuous. I knew where to look for this W in view of my earlier work on 

point processes on the real line. 

Klaus and I drove together from Columbus to Yorktown Heights, NY (and got 

stuck in a traffic jam) where a conference on Stochastic Point Processes was held in 

August 1971 and I remember that on the way I formulated a conjecture that was fairly 

close to the result I later proved in [7], a result which demonstrated Cox structure 

under weak conditions and shed a little more light on Davidson's Big Problem. To be 

sure, the problem remained open but at least this paper indicated that, whereas for 

ordinary point processes Cox structure is the exception, in the case of line processes 

Cox structure is the rule rather than the exception. The paper included a rather 

W 
which I called the 'conditional intensity measure' in view of its intuitive meaning: in 

sloppy language, W(dl) is the conditional expectation of N(dl) (where N is the point 

or line process), given the events occurring in (dl) c. 

The cause of line (and hyperplane) processes was later taken up by Olav Kallenberg 

who, in a series of papers beginning in 1976, explored further not only the structure 

of line processes but their asymptotic behavior as well, when the plane is 'translated 

away'. Among other things he pointed out that the assumption of stationarity under 

rotations is redundant. In 1977 he published in [3] his ingenious counterexample 

to Davidson's question and won for it the Rollo Davidson prize, an annual prize 

established in memory of Rollo Davidson. Thus Davidson's Big Problem was at last 

solved. The answer to his question may have turned out to be in the negative but the 

counterexample itself shows how exceptional non-Cox line processes are. 

In another direction the concept of conditional intensity measure of a spatial point 

process (on which much light was shed by Kallenberg's work in 1978) turned out to 

have intimate connections with the theory of Gibbs processes in statistical mechanics, 

which was also the focus of intense activity at that time. In 1979, following hard 

on the heels of Nguyen Xuan Xanh and Hans Zessin who dealt with a case of 

an absolutely continuous Palm probability, K.Matthes, W.Warmuth and J.Mecke 

established the general link with so-called 'specifications' of Gibbs random fields 

in terms of local potentials. This work was continued by several authors (E.Glotzl, 
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B.Rauchenschwandtner, A.Wakolbinger). The concept of conditional intensity mea-

sure was further elucidated by P.C.T. van der Hoeven, prompted partly by a problem 

suggested by Klaus, and a little later, in the third edition of his book on Random 

Measures ([4]), Kallenberg presented his comprehensive treatment of condition al 

intensity measures and their variants. Davidson's problem in stochastic geometry 

had come a long way. 

The seventies were a lively time for stochastic geometry and for spatial point 

processes. There were sessions on stochastic geometry at European meetings (ISI 40 th 

Session in Warsaw 1975, 10th European Meeting of Statisticians in Leuven 1977). In 

1976 an international conference sponsored by the Armenian Academy of Sciences 

was organized in Armenia by Rouben Ambartzumian to mark the 200th anniversary 

of Buffon's problem of the needle, probably the first problem in geometric probability 

ever posed. International conferences on point processes were held in the German 

Democratic Republic. The book on infinitely divisible point processes by J.Kerstan, 

K.Matthes and J.Mecke came out in 1974 (in German), followed by an English edition 

four years later and a Russian one in 1982. Chris Preston's book on Random Fields 

as well as the first edition of Olav Kallenberg's book on Random Measures appeared 

in 1976. G.Matheron's book was published in 1975. But it is not my intention to 

give a survey of these areas as they were evolving in the seventies. 

After the encounter in Columbus, Klaus and I used to meet from time to time: in 

Bielefeld, Paris, even Manchester where he visited when we both acted as external 

examiners for Adrian Baddeley's Cambridge PhD thesis, and of course at some of 

the conferences mentioned above. By the late seventies our mathematical paths had 

diverged. I cannot, however, conclude my recollections without mentioning one other 

period in which our paths crossed again. This was in the early nineties when I got 

him involved in the appointments process of the newly founded University of Cyprus, 

which opened its doors to students in 1992. His role was crucial in the successful 

launch of the Department of Mathematics and Statistics and what he did was an 

excellent illustration of his desire, manifest throughout his life, to help young states 

in their development. 

It only remains for me to wish him a happy ninth decade. 

L E T T E R T O H. ZESSIN, 28 th S E P T E M B E R 2008 

>From Fredos Papange lou 
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[This letter was sent to Zessin on his request to comment the historical development 
of the condition (£') in the beginning of the seventies.} 

You ask me a couple of questions and since I am not absolutely certain what sort 

of answers you expect, I will outline my perspective and leave it to you to extract the 

answers from it. 

The distinction between two levels that I draw is the following. 

(A) Level 1. The case of an absolutely continuous conditional intensity measure, 

i.e. where a density function exists. 

(B) Level 2. The more general case where the conditional intensity measure is not 

absolutely continuous but may satisfy some weaker smoothness condition. 

The condition in Theorem 1 of my 1976 paper you cite corresponds to case (A) and 

is, in view of the definition of the Palm probability P(.|l), only a short step away from 

the condition of absolute continuity P(.|l) С P(.) от a reduced ст-field, which I first 

introduced in 1970 in connection with line processes. (See Lecture Notes in Math. 160 

, page 239.) I will say something about how this condition came about in my article of 

reminiscences that I promised for the Krickebergband. Very briefly, Rollo Davidson 

had earlier observed that stationary stochastic processes indexed by lines must be 

constant on sets of parallel lines. My idea was then that if P(.|l) С P(.) on the 

reduced ст-field, then the constancy of the corresponding Radon-Nikodym density on 

sets of parallel lines can be used to prove that the line process has Cox structure. This 

gave a partial answer to a question raised by Davidson. (The proof of the theorem 

I presented in 1970 was published in 'Stochastic Geometry'. See Theorem 9 on page 

144 there.) When Klaus later extended Davidson's result from stochastic processes 

to random measures, I was motivated to construct the spatial conditional intensity 

measure in my paper in Zeitschrift f. Wahrschein. 28, 207-226 (1974) and use it to 

prove Cox structure under the weaker conditions of Theorem 7 there. 

The condition (£') assumed at the top of p.118 in Matthes et al. corresponds 

to case (B) and is equivalent to condition (£) in my ZW 1974 paper referred to 

above. The equivalence was proved by Kallenberg in his 1978 paper in ZW 41, 205-

220 but you have to look at the proof of his Theorem 2.11 on page 211 to find it. 

(See also Matthes et al., Theorem 2.4.) This is the earliest appearance of statement 

(£') that I know of in a published paper and I therefore assume that Kallenberg 

was the first to state (£') . I do not remember if it emerged in discussions at earlier 
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conferences. In any case, this relaxation of the absolute continuity condition of the 

Campbell measure was not suggested by me. The kernel arising in (£') is exactly the 

conditional intensity measure appearing in Theorem 2 of my ZW 1974 paper if the 

non-atomicity condition of that theorem is satisfied. (There are some discrepancies if 

there is a discrete component.) 

As you well know, the condition (£') replaces the formula 

(0.1) n ( p B ) = !  P  ( Հ ՜ * "  e f f x ) p(dx) (p(.)) = E&)), 
JxEB  P ( Հ  e  dM 

which holds when the conditional intensity measure is absolutely continuous, by the 

formula 

(0.2) ո (ր ,Տ ) 
f x e B P(Հ - e dp\x)p(dx) 

P (Հ e dp) 
in the more general case. In the context of the Remark on p.110 of your 1979 paper 

with Nguyen Xuan Xanh the differential V(x\nS)p(dx), which is essentially the same 

as X(l, .)v(dl) on p.145 of 'Stochastic Geometry', is replaced in Matthes et al. by the 

more general n(nS, dx) which may have no density. 
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K L A U S K R I C K E B E R G U N D V I E T N A M . E R I N N E R U N G E N 

NGUYEN XUAN XANH 

Es war erne giitige Fiigung des Schicksals, dafi ich in jungen Jahren einen Lehrer 

kennenlernen durfte, der nieht nur ein Freund fiir mein ganzes Leben, sondern aueh 

ein Freund meines Heimatlandes wurde. 

Ich traf auf Krickeberg erstmals im Friihjahr 1967. Nach einem kurzen Jahr in 

Bonn kam ich nach Heidelberg, und wollte dort mein Studium der Mathematik, das 

ich bereits in Vietnam begonnen hatte, fortsetzen. Die Welt erschien mir als zu grofi, 

das Land war mir arg fremd, und das Studium und die Wissenschaft erschienen mir 

als uferlos. Ich war allein und unvorbereitet auf das Studium und das neue Land: nur 

die deutsche Sprache, die hatte ich in Saigon fleifiig gelernt. In Bonn erwog ich sogar, 

Physik zu studieren. Ich kannte dort einen vietnamesischen Pfarrer und einen anderen 

Vietnamesen, beide beschaftigten sich mit Experimentalphysik; aber mir schwebte ein 

etwas starker theoretisch ausgerichtes Studium vor. Auf meine Liebe zur theoretischen 

Physik war ich schon in Saigon gestofien. 

Ich fiihlte mich schrecklich einsam in Deutschland. Im fernen Vietnam donnerten 

Bomben zunehmend auf das Land hernieder, welches seine lOOjahrige Franzosische 

Kolonialherrschaft eben hinter sich gelassen hatte. Der Krieg war morderisch,und 

Unruhe erfasste viele der im Ausland studierenden Vietnamesen. Sogar im Schlaf 

verfolgte uns der Alptraum des Krieges. Dennoch hatte ich Gliick, denn ich war 

einer der wenigen meines Alters, die nicht in diesem Krieg mit der Waffe kampfen 

fi 

In Vietnam hatten mich oft Alptraume heimgesucht und diese verfolgten mich eine 

ganze Weile lang auch in Deutschland. 

In Heidelberg besuchte ich die Vorlesungen von Prof. Krickeberg iiber Wahrschein-

lichkeitstheorie und die iiber Analysis von Prof. Horst Leptin, und nahm an Seminaren 

beider teil. Das neue Institut fiir Mathematik am Klausenpfad und das angebotene 
35 
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Lehrprogramm ist reeht iibersehaubar. Prof. Kriekeberg war damals gerade aus den 

USA zuriiekgekehrt und sehon recht bekannt unter den Professoren seiner Generation. 

Analysis war an sich meine 'Starke' von zu Hause; ich war ein gliihender Anhanger 

der Bourbakisehen Schule, von deren Biiehern tief beeindruckt. Das abstrakte Raso-

nieren machte mir Spafi. In Deutsehland lernte man anderes, dachte ich. Meine Sicht 

war eng, wie bei den meisten meiner Kommilitonen in Vietnam. Aber der Lehrer der 

Wahrscheinilichkeitstheorie gefiel mir mit der Zeit personlieh immer besser. Bei ihm 

konnte ich ein neues und hochinteressantes Gebiet der Mathematik kennen lernen: 

Die Stochastik. 

Sie war zu jener Zeit noch eine recht junge Disziplin. In manchen Teilgebieten 

hat es enge Verkniipfungen mit der Analysis. Die Stochastik erwies sich mir spater 

wichtiger, ohne dafi ich es zu Beginn ahnte, da sie mir in manchen Gebieten der 

Physik zu einem besseren Verstandnis verhalf, wie zum Beispiel in der statistischer 

Mechanik oder Quantentheorie. Aber im nachhinein gesehen war doch die Wahl der 

Stochastik mehr ein reiner, aber gliicklicher Zufall als das Ergebnis einer sachlichen 

Entscheidung, die auf einer bewufiten Orientierung basierte, die mir damals fehlte. 

Mit der Zeit kam ich Prof. Kriekeberg naher. Er hatte einen wunderbaren, sympa-

fi 

schweigsam gegeniiber dem Publikum, kein iippiger Redner; gegeniiber dem Publikum 

immer etwas distanziert, gegeniiber seinen Studenten aber stets hilfsbereit. Er strahlte 

fi 

fi 

Formeln, Beweise alle auswendig und liickenlos lesen, stockte nie unterwegs, fiihrte 

alles fehlerfrei tafelvoll aus, schaute gelegentich nur auf Stichworte seines winzigen 

fi 

fi 

fifi 

fi 

Trotz seiner Warmestrahlung gehorten wir beide verschiedenen Welten an. Seine 

Welt und zugleich die von seinesgleichen, war mir wie ein Buch mit sieben Siegeln, 

welches stets einen iiberwaltigenden Eindruck auf mich ausiibte, geheimnisvoll und 
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unverstandlieh. Zu dieser Welt habe ich lange keinen Sehliissel gefunden. Das dauerte 

mehr als fiinfzehn Jahre. 

fifi 

Grund. Ich verdiente es bestimmt nicht. Vielleicht, weil ich der einzige Asiate im 

Institut war und und weil ich aus einem Land kam, in dem gerade ein furehtbarer 

fi 

bei meiner Arbeit. Bald nahmen sie mieh in die Liste der Tutoren auf. Diese Hilfe 

fi 

konnte nur die Halfte der Kosten meines Lebensunterhalts deeken. 

Die andere Halfte steuerte mein Vater bei. Die Tutorenstelle war mir deshalb 

hoehwillkommen. Sie wurde umso wiehtiger, als die Saigoner Regierung 1969 endgiiltig 

fi 

fi 

sehen Kriegsfiihrung und meine Kritik an dem korrupten Regime in Siidvietnam und 

mein politisehes Engagement unter den in Deutsehland lebenden Vietnamesen. Dank 

des verdienten Geldes am Institut konnte ich weiter leben und studieren. 

In den Jahren in Heidelberg wurde ich politiseh immer aktiver. Mit dem Entzug 

fifi 

vn,llig freier Menseh geworden. Der Vietnamkrieg eskalierte auf die Spitze seiner 

fi 

fi 

heimlieh eine vietnamesisehe Zeitung her aus. 

Ich benutzte dafiir meinen Assistentenraum am Mathematisehen Institut als heim-

liehe Redaktionsstube. Des ofteren arbeiteten wir dort naehts und aueh am Woehenen-

de. Ich investierte fast mein ganzes Geld in die Zeitung. Natiirlieh ahnte der eine oder 

der andere Menseh am Institut, was wir dort trieben. Aber niemand hinderte uns 

daran, vielmehr man tolerierte unsere Tatigkeit verstandnisvoll. Aber einmal gesehah 

dann doeh: Naeh einem durehgearbeiteten Woehenende war mein Arbeitszimmer so 

fi 

meines Zimmers sehrieb: 'Dies ist ein Saustall!'. Er hatte einfaeh recht. bberall lagen 

Papiere, Klebstoffe und Werkzeuge herum, die wir wegen der Ersehnpfung nieht 
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reehtzeitig aufraumen konnten. Nach diesem Vorfall mussten wir mit der Redaktion 

in eine kleine private Wohnung umziehen. 

fi 

fi 

ich damals nicht, dass er zu den ersten deutschen Professoren gezahlt hatte, welche 

schon sehr friih gegen den Krieg der Amerikaner protestiert hatten. Bereits 1965 hat 

er die 'Hilfsaktion Vietnam' durch Beitrage unterstiitzt. Die 'Hilfsaktion Vietnam' 

war eine humanitare Organisation, die vor allem die 'Befreiungsfront Siidvietnams' 

unterstiitzte. 

1966 hatte er den von Laurent Schwartz auf dem Internationalen Mathematiker-

kongress in Moskau initiierten Aufruf gegen den Krieg in Vietnam als einziger west-

deutscher Mathematiker mitunterschrieben. Das war eine sehr kiihne Tat, denn man 

fi 

fi 

zu sehr mit meinen und unseren eigenen vietnamesischen Problemen beschaftigt. Und 

fifi 

1971 nahm Krickeberg einen Ruf der Universitat Bielefeld an. Es ist eine ganz neue 

fi 

die er mitnahm, waren Herbert Ziezold, Reinhard Lang, Hans Zessin und ich. In 

Bielefeld dozierte er iiber sogenannte Punktprozesse, ein neues Gebiet der Stochastik 

mit vielseitigen Anwendungsmnglichkeiten. Alle seine Assistenten beteiligten sich an 

der Forschung und Lehre auf diesem Gebiet. Und dort, zusammen mit Hans Zessin, 

promovierte ich spater. In der Zeit vor 1973, als das Pariser Friedensabkommen 

zwischen den Kriegsparteien in Vietnam geschlossen wurde, tobte der Krieg heftiger 

denn je. Die Amerikaner bombardierten sogar die Hauptstadt Hanoi zu Weihnachten, 

verbanden die Aktion mit der triigerischen Hoffnung, eine bessere Position beim 

Ausgang der Pariser Verhandlungen zu erreichen. Weltweit gab es Proteste und 

Demonstrationen. Schiisse sind gefallen und Menschen getotet worden. 

Im Sommer 1974 traf Prof. Krickeberg eine ganz iiberraschende Entscheidung: 

Hanoi, damals die Hauptstadt der Demokratischen Republik Vietnam,zu besuchen, 

und zwar auf dem langen Weg der Eisenbahn von Bielefeld aus iiber Moskau, Sibirien, 



KLAUS KRICKEBERG UND VIETNAM. ERINNERUNGEN 39 

fi 

land war das nicht nur eine sensationelle Naehrieht; die beabsiehtigte Reise in den 

Norden Vietnams war aueh ein Abenteuer. Es war eine Reise in das Land der derzeit 

weltweit geaehteten Widerstandskampfer. Ich konnte erst in 1976 und erneut 1977, 

also 2 Jahr spater, das wiedervereinigte Land kurz naeh dem Kriegsende betreten. 

Die Kriegsspannung, die Kriekeberg bestimmt erlebt hatte, war nieht mehr da, nur 

fi 

Wahrend seines Aufenthaltes in Nordvietnam hielt Kriekeberg mehrere Vorlesun-

gen am Institut fur Mathematik in Hanoi und traf mit den vietnamesisehen Wissen-

sehaftlern zusammen. Diese waren aufierst wifibegierig und liefien grofies Interesse an 

stoehastisehen Methoden erkennen. Unter seinen Zuhorern waren Prof. Hoang Tuy 

und Le Van Thiem, zwei beriihmte Mathematiker. Er traf aueh mit der Delegation der 

Provisorisehen Revolutionsregierung Siidvietnams zusammen, iibergab ihr Spenden 

und diskutierte mit soleh beriihmten Medizinern wie Prof. Ton That Tung iiber 

Anwendungen der Stochastik auf dem Gebiet der Medizin. 

fi 

fi 

Vorlesungen zu halten, bevor er wenig spater endgiiltig Abschied von Deutschland 

nahm, und fur langere Zeit nach Paris iibersiedelte. Er lernte Vietnamesisch mit 

fi 

fur seine mathematischen Vorlesungen sehriftlieh wie miindlieh benutzen. Er hat 

iiberhaupt eine erstaunliehe Gabe fur Spraehen. Viele europaisehe Fremdspraehen 

fi 

noeh ein wenig modernes Grieehiseh. 

fi 

Horsaal der Universitat Bielefeld. Der Ubersetzer fur Deutseh-Spaniseh, ein Genoese 

fi 

die Veranstalter sich gezwungen sahen, Prof. Kriekeberg aus der Reihe der Zuhorer 

naeh oben zu bitten, um die sehwierige Ubersetzung zu iibernehmen. Er hatte die 

Aufgabe in der Tat mit Bravour erledigt. Man muss bedenken, dass er bereits 1972 

Vorlesungen in Chile auf Spaniseh gehalten hatte. 
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Mit verstarkten und stetigen Aktivitaten in den 70er Jahren war sein Engagement 

fiir Vietnam in eine neue eingeebnete Bahn gelenkt word en. Eine neue Phase seines 

wissenschaftlichen Weges zeichnete sich ab. Er selber sagte in dem Zusammenhang: 

Zugleich aber geschah etwas, was meinem Leben nach und nach eine ganz andere 

Richtung gab. Er kam wieder ofter nach Vietnam, initiierte Projekte und fiihrte 

sie aus, um das mathematische statistische Fundament fiir das Gesundheitswesen 

des Landes zu legen und half dabei, grundlegende Probleme in der Praxis zu losen. 

Der wichtigste Angelpunkt seiner Arbeit war das Nationale Institut fiir Hygiene und 

Epidemologie, NIHE genannt, mit dem er bereits 1978 Kontakt angekniipft hatte. 

bber dieses Institut breitete sich seine Arbeit und Wirkung im ganzen Land aus: 

Hanoi, Ho Chi Minh-Stadt, Nha Trang, Dalat, Buon Ma Thuot. . . . 

Er hielt zahlreiche Vorlesungen und gab Seminare, betreute Studenten, Doktor-

anden, schickte Forscher ins Ausland zur Weiterqualifikation. Er ging zu unzahligen 

Gemeinden auf das Land, um das Gesundheitswesen besser kennenzulernen. Er schrieb 

Memoranden, schlug dem Gesundheitsministerium des Landes Reformen vor. Bei 

diesen Aktivitaten standen ihm verschiedene Organisationen bei: Das franzosiche 

fi 

programm zur Weiterbildung hoherer Mitarbeiter des Gesundheitswesens iiber The-

men wie Allgemeine Epidemiologie, Epidemiologie chronischer Erkrankungen, Epide-

miologie von Infektionskrankheiten, klinische Versuche, Effizienz und Erprobung von 

Impfstrategien (insbesondere Phase III), Gesundheitsstatistik und Gesundheitsinfor-

mationssysteme u.a.. UNICEF bat ihn seit 1984 sieben Mai um Beratung zu Themen 

wie CDD (Control of Diarrhoeal Diseases), EPI (Extended Programm of Immuniza-

tion), MCH (Mother and Child Health), Malaria, Tuberkulose, Epidemiologie an den 

kommunalen Gesundheitsstationen. 

In Zusammenarbeit mit der Deutschen Gesellschaft fiir Technische Zusammenar-

beit (GTZ) fiihrte er 1994 eine Pilotstudie iiber Familienplanung, Planung sowie die 

Ausfiihrung einer Pilotstudie durch Stichproben in den Provinzen Nghe An und Ha 

Tinh durch. 

Das Institut NIHE war, wie er selber sagte, seine neue wissenschaftliche 'Heimat' 

fi 

Teil der primaren, praventiven und kurativen Gesundheitspflege beruht, wurde zu 
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fi 

eklung neuer mathematiseher und statistiseher Verfahren an. Von der Mathematik 

wechselte er immer mehr zu den Problemen des offentliehen Gesundheitswesens iiber, 

und er stellte seine Arbeit mehr in den Dienst der Mensehen. 

Dureh seine Projekte in Vietnam hat er viele wertvolle neue Erkenntnisse iiber die 

fi 

gewonnen. Er hielt dariiber viele Vortrage und hatte entspreehende Veroffentliehungen 

im In- und Ausland. Die Punktprozesse, iiber welche er in den 70er Jahren in Bielefeld 

aus rein mathematisehem Interesse gelehrt hatte, wurden jetzt aus einer Anwendungs-

perspektive verfolgt und auf praktisehem Boden fruehtbar. Die Liste seiner in Vietnam 

geleisteten Arbeiten ist zu lang, um hier im Einzelnen besproehen zu werden. 

Einige Jahre lang sahen wir uns nieht mehr. Anfang der 80er Jahre ging ieh fur 

6 Jahre an die Teehnisehe Universitat Berlin, wahrend er in Paris lebte. Nur einmal 

traf ieh ihn in diesen Jahren sehr kurz in Berlin. Zum Absehied braehte ieh ihn zum 

fi 

innerlieh fehlte, damit man iiberhaupt ein Menseh ware. Die Jahre in Berlin waren 

mir ein Umbrueh ohnegleiehen. Auf dramatisehe Weise sehuf ieh langsam den Eingang 

zu der deutsehen Welt, die mir einst zu fremd und unheimlieh war. Ieh bekam auf 

miihsamen Wegen neue Einsiehten ins Leben und gefestigte Kraft, um kiinftig unter 

anderen Umstanden bestehen zu konnen, ohne sieh selbst zu verlieren. Es dauerte 

einige Jahre mehr,bis ieh den Weg naeh Vietnam freiwillig wiederfand. Die Zeit in 

Deutsehland kam fur mieh zu einem Ende. 

Die Riiekkehr naeh Vietnam war fur mieh nieht einfaeh , ja im gewissen Sinne sogar 

abenteuerlieh, zuriiek in ein Land des Lebenstillstandes, der Wirtsehaftkollapse, der 

selbst besiegten Sieger, wo gerade mit 'Doi Moi', sprieh: Offnungspolitik, eine Wende 

zum Leben herbeigefiihrt wurde. Nieht nur die Wirtsehaft, sondern samtliehe geistigen 

fi 

reduziert worden. Das Land erlebte aus der tiefsten Krise eine sehwere Geburt. 

Naeh einigen Jahren Trennung trafen Kriekeberg und ieh uns wieder auf dem neuen 

Boden: In Saigon. Es war mir erstaunlieh. Ieh konnte seine unermiidliehe Arbeit und 

fi 

konsequent im Gesundheitswesen weiter aktiv geblieben. Seine Projekte, insbesondere 
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fi 

fi 

Kontakt unter uns eher sporadisch wurde. Aber dann trafen wir uns in Saigon doch 

wieder . Zuletzt 2006 mit seiner Lebensgefahrtin Helga. Das Land hat inzwisehen 

einen langen, miihsamen Weg hinter sich gelegt. Man konnte jetzt in einem Restaurant 

gemiitlieh miteinander plaudern. Und mein erstes Buch iiber Deutschland war inzwi-

sehen erschienen. 

Von 1974 bis 2008 hat Krickeberg insgesamt 23 Reisen nach Vietnam unternom-

men. Er kennt das Land und die Menschen mehr als ich, und er hat fiir die bediirftigen 

Menschen vielleicht mehr als andere getan. Seine iiber 30 Jahre lange Arbeit zeitigte 

in vielerlei Hinsicht Friichte. Ein Informationssystem fiir das oben erwahnte CDD-

Programm, welches im Rahmen von UNICEF mit seiner Hilfe geschaffen wurde, hat 

sicher sehr vielen Kindern das Leben gerettet, viel mehr als es einzelne Arzte mit nur 

kurativer Arbeit hatten tun kri,nnten. 

Inzwisehen ist CDD in die allgemeine Gesundheitsfiirsorge integriert worden und 

damit auch das von ihm geschaffene Informationssystem. Er hat die ganze 'Mathema-

tikgruppe' in der Abteilung 'Epidemiologie' von NIHE ausgebildet, sowohl theoretisch 

als auch durch sehr viel praktische Arbeit. Eine seiner Schiilerinnen aus der Gruppe 

ist mittlerweile Direktorin dieser Abteilung geworden. Die vielen anderen hoheren 

Mitarbeiter des ganzen vietnamesischen Gesundheitssystems, die durch sein zehnjahr-

iges, von Frankreich finanziertes Programm weiter gebildet worden sind, vergessen 

bestimmt nicht, was sie gelernt haben. Mehrere der Wissenschaftler, die seinerzeit 

seine Vorlesung iiber Stichprobenmethoden im Allgemeinen Statistischen Institut 

gehort haben, haben heute leitende Positionen im Institut fiir Familienplanung in 

Hanoi und wenden diese Methoden weiter an. Durch Krickebergs Arbeit hat das 

Niveau der Arbeit am NIHE international anerkannte Standards erreicht. 

Doch er selbst hat sich trotz seines hohen Alters noch nicht zur Ruhe gesetzt. 

2005 begann er im Alter von 76 mit der Ausarbeitung von Reformvorschlagen fiir 

das Fach des Offentlichen Gesundheitswesens an der Medizinischen Hochschule der 

Provinz Thai Binh. Dabei strebte er eine partnerschaftliche Zusammenarbeit mit der 

Fakultat fiir Gesundheitswissensehaften der Universitat Bielefeld an, an der er nach 

der Emeritierung immer noch ehrenamtlich arbeitet. 
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Aueh wollte er dabei das laotisehe Nationale Institut fur Offentliehes Gesund-

heitswesen in dieses Projekt einbezogen wissen. Das Ziel des Programme besteht 

darin, die institutionelle Struktur und vor allem die Lehrinhalte der Universitat 

von Thai Binh, aber aueh die des laotisehen Institute auf einen den internationalen 

fi 

zu bringen. 

Originell dabei ist die Idee, dass hier ein hoeh entwiekeltes vietnamesisehes Institut, 

namlieh NIHE, zusammen mit der Bielefelder Fakultat den weniger fortgesehrittenen 

fi 

higkeit der Universitaten wirsehaftlieh armerer Provinzen wie der von Thai Binh 

fi 

Strukturen im Gesundheitswesen und eine fur Wissensehaftler hohere Attraktivitat 

der Arbeit an Universitaten in solehen armeren Provinzen sollten u.a. dabei helfen, 

einen "brain drain" innerhalb des Landes zu verhindern. 

Das Modell sollte eine Vorbildfunktkion fur den Aufbau ahnlieher Strukturen und 

Institutionen in anderen Provinzen Vietnams haben. Eine gute Gesundheitsstruktur 

ist aueh noeh eine wesentliehe Voraussetzung fur den Erfolg auslandiseher Investitio-

nen. 

Im Mai 2008 wurde die Finanzierung der Hauptaktivitaten der Partnersehaft fur 5 

Jahre dureh die deutsehe Else Kroner-Fresenius-Stiftung zugesagt. Bereits im Oktober 

2008 begann Kriekeberg mit der Arbeit. Die angestrebte Partnersehaft sollte etwas 

Institutionalisiertes und Dauerndes bleiben. 

Anfang 2008 vereinbarten wir, uns am 1. Marz 2009 in Dalat, einem alten sehonen, 

immer noeh einer kleinen franzosisehen Provinzstadt ahnelnden Ort im Hoehland 

Vietnams, mit Freunden aus Deutsehland und Vietnam zu treffen. Wir wollen dort 

gemeinsam Kriekebergs 80. Geburtstag feiern. Aueh in hohem Alter ist Kriekeberg 

noeh kraftig, riistig, und fahig zu Neuem. Er moehte, so hat er angekiindigt, im 

Hoehland wieder Berge ersteigen. Das Stadtleben und und das an den Touristenorten 

findet er immer langweilig. Er sehnt sieh naeh der Einsamkeit der Walder und der 

Stille abgelegener Meeresbuehten. Dort findet er die beste Erholung und geistige 

Inspiration. Ein deutseher Wissensehaftler (Helmholtz) soil einmal in einem Trink-

sprueh gesagt haben, dass Spaziergehen die heilige Pflieht der Wissensehaftler sei. 
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Krickeberg hat diese Pflicht im hohen Alter mit Liebe erfiillt und sehopft daraus 

seine ganze Kraft. 

Wenn der von A. Einstein formulierte ethische Anspruch, demzufolge nur ein 

fur andere gelebtes Leben lebenswert (ist)', zutreffend ist, so hat Klaus Krickeberg 

diesem Anspruch in hohem Mafie Geniige getan. Seine Solidaritat mit Vietnam ging 

iiber die Kriegszeit hinaus und blieb dem Land und seinem Volk in der schwierigen 

Aufbauphase nach dem Krieg wie kaum ein anderer treu. 

Ich bin Krickeberg, meinem verehrten Lehrer und Forderer, im doppelten Sinne 

und aus tiefstem Herzen dankbar: Fiir seine grofiziigige Hilfe fiir mich und fiir seine 

Unterstiitzung wahrend meiner Zeit in Heidelberg und Bielefeld, aber auch fiir sein 

Werk, mit dem er das Volk von Vietnam unterstiitzt hatte und immer noch unter-

stiitzt, ein Volk, das in seiner langwierigen erkampften Freiheit immer noch leidet 

und sich auf der Suche nach dem wahren Gliick noch weiter anstrengt. 

Поступила 25 ноября 2008 
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АННОТАЦИЯ. Некоторые результаты комбинаторной интегральной геомет-
рии относятся к геометрической томографии. Настоящая статья рассмат-
ривает томографию случайных выпуклых многоугольников параллельными 
X-пучками. Введение кратко представляет ранее полученные результаты 
автора, относящиеся к восстановлению (неслучайных) выпуклых областей 

X 
X 

точнее, его усредненная версия (содержится их подробный вывод). В статье 
определяется класс случайных многоугольников, так называемых томогра-
фических моделей, дающий существенные преимущества для анализа. Опре-
деление томографической модели дается в терминах стохастической незави-
симости, причем, случайные инвариантные относительно сдвига процессы 
прямых Пуассона в I R 2 доставляют широкий класс примеров. Напомним, 
что каждый такой процесс прямых определяется своей розой направлений 
р(ф). Для общ их р(ф), типичный многоугольник в разбиении плоскости пря-
мыми Пуассоновского процесса оказывается томографической моделью. Для 
общих томографических моделей выведено дифференциальное уравнение, 
его можно использовать для исследования преобразования Лапласа и реше-
ния ряда интересных вычислительных задач. 

Посвящено 80-летию Клауса Криккеберга 

1. В В Е Д Е Н И Е 

Один из вопросов, занимавших автора во время работы над книгой [1], состоял в 

применении Комбинаторной интегральной геометрии в задачах Математической 

стереологии. С тех пор возникла дуальная тематика ֊ Геометрическая томогра-

фия, не менее привлекательная для Комбинаторной интегральной геометрии. И 

действительно, Комбинаторная интегральная геометрия уже имеет результаты, 

которые можно интерпретировать как принадлежащие к области томографии. 

Основная цель настоящей работы ֊ томография случайных выпуклых много-

угольников параллельными X-пучками. 
45 
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Однако, прежде дадим обзор некоторых результатов автора, которые относятся 

к восстановлению (неслучайных) ограниченных выпуклых областей с помощью 

точечного X-пучка: впервые они опубликованы в [3]. 

Точечный X-пучок есть функция х(Ф)> определенная на [P], где 

[P] = пучок прямых, проходящих через точку P на плоскости. Определим 

д(ф) = прямая из пучка [P], имеющая плоское направление ф, 

х(Ф)  = длина хорды д(ф) Ո D, где 

D 

В работе [3] точка P выбирается на границе 3D области D. Поэтому прямая 

д € [P] определяется с помощью угла ф € (0, п) между д и направлением, каса-

тельным к 3D в точке P (существование касательной в P является существенным 

предположением) и х = х(Ф) оказывается длиной хорды, исходящей из P под 

ф 

(1.1) T(P) = 2 f х sinфвф = ֊ ք X s inфвф, 
2 J [ P ]  2 J 0 

принадлежит к точечной томографии: 

T(P) = интеграл X-пучка из точки P € 3D, с весом sin ф. 

Как показано в работе [3] 
— 

(1.2) T(P) < 4 , 

— D D 

гладкими границами: 

если в (1.2) равенство справедливо хотя бы для одной точки P € 3D, то D 

необходимо является круговым диском. 

Согласно неравенству Шварца имеем 
т 2 

4T 2 (P ) / х sin ф d/ф 
[P] 

<  П X2 <1ф 
< 2 J l P ] X  ф  

Ясно, что 1 х 2 ^ф есть элемент площади в D, так, что из 

(1.3) U P ) = ք х2 = 2 ||D||, дважды площадь D, 
[P] 

С Л G Д У G Т 

4T 2 (P) < п ||D||, 



Т О М О Г Р А Ф И Ч Е С К И Е МОДЕЛИ 47 

или, эквивалентно, 

(1.4) 4T 2 (P) < 2 Ti(P). 

Как показано в [3], в формуле (1.4) равенство справедливо тогда и только тогда, 

когда имеет место х = C sin ф т.е. когда D является диском диаметра C. 

Очевидно, что T1(P) также принадлежит точечной томографии (интеграл квад-

X 

D 

T(P) и Ti(P) . 

T( P) 

пользуя координату длины l вдоль 3D, запишем T(P) = T(l) и рассмотрим 

интеграл T(l) относительно меры длины dl на дD. Из вида якобиана 

dg = sin ф dl вф, 

где dg ֊ мера, инвариантная относительно евклидовых движений в пространстве 

прямых на плоскости, следует, что 

T(l) dl = ( |х| dg = п ||D||. 
I J J d D 

Интегрирование (1.2) по дD дает классическое неравенство 

H 2 
п | |D| < — . 

Поэтому (1.2) в [3] называется дезинтегрированным изопериметрическим нера-

венством. 

X 

Параллелельный X-пучок в направлении а есть функция Xa(t), определенная на 

G а = семействе прямых, имеющих направление а, следующим образом: 

X = Xa(t) = |tgo Ո D^, где |...| есть длина, 

go = прямая в <Gа, проходящая через начало координат, 

t = пармлельный перенгс, перпендикулярный направлению а, 

D 



то 

48 Р. В. АМБАРЦУМЯН 

Далее D будет обозначать случайный ограниченный выпуклый многоугольник, 

таким образом, Xa(t) будет случайной функцией. Основной интерес будут пред-

ставлять математические ожидания интегралов томографических величин 

f f (X(t)) dt, 
J G о 

dt = мера Лебега в пространстве G a , 

f (x) = функция, определенная на [0, ж ) . 

Например, если 

f0(x) = 1 если x > 0, и f (0) = 0, 

Ьф = ( fo(X(t)) dt 
JG ф 

равняется ширине параллельного пучка прямых в направлении, перпендикуляр-

ном к ф, для которых X > 0. 

X 

интегрированное тождество Плейеля, или его усредненная версия. Интересно 

отметить, что равенство (1.2) есть предельная форма этого тождества. 

В параграфе 3 выделяется класс случайных многоугольников, называемых то-

мографическими моделями. Определение томографической модели дается в тер-

минах стохастической независимости. Насколько богат класс томографических 

моделей? 

Примеры доставляют случайные инвариантные относительно сдвигов процессы 

прямых Пуассона в IR2 . Напомним, что каждый такой процесс прямых опре-

деляется своей розой направлений р(ф). Для общих р(ф), типичный многоуголь-

ник в разбиении плоскости на многоугольники, порожденном соответствующими 

прямыми процесса Пуассона оказывается томографической моделью. Для общих 

томографических моделей выведено дифференциальное уравнение, откуда воз-

никает несколько интересных вычислительных задач. 

2. Д Е З И Н Т Е Г Р И Р О В А Н Н О Е Т О Ж Д Е С Т В О П Л Е Й Е Л Я 

Пусть D есть строго выпуклая ограниченная область в IR2 с кусочно-гладкой 

границей 3D. Обозначим 

[D] = пространство ориентированных линейных хорд области D, 
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v = элемент [D], мы говорим о начале и конце хорды v, 

v1, ...,vn, n> 1 = последовательность элементов [D], 

^ ^ ^ ^ ^ ^ ^ ^ ^ щ м ы х на плоскости, g G G не имеет ориентации, 

[vi] = множество прямых, которые пересекают хорду v^ [Vi] С [D], 

Im(v) = 1, если v пересекаются m хордами из совокупности v1,...,vn, в про-

тивном случае Im(v) = 0. 

Положим 
n 

A = Ո [vi] С G . 

1 

Выберем некоторую прямую go, пересекающую D, g0 G G , и в пространстве G 

рассмотрим дельта-меру 5o, концентрированную на g0. Так как никакие три кон-

ца хорд v1,...,vn не лежат на прямой, применение известной формулы четырех 

индикаторов [1] дает 
n 

(2.1) 25o (A)= 2 կ - M ) 5 o ( [ v i ] ) ^ X ) ^ Ш Ч Ш ) - 1п-2^)5о(Ы), 
i=1 

где di или si всегда есть сегмент, соединяющий пару концов двух различных 

хорд, скажем v* и v* из совокупности v1, ...,vn, 

di = две хорды v* и v2* лежат в различных полуплоскостях относительно про-

должения сегмента di, 

si = две хорды v* и v2* лежат в одной и той же полуплоскости относительно 

продолжения сегмента si. 

В пространстве [D]n последовательностей v1,...,vn, рассмотрим произведение 

мер 

dv1...dvn, 

dvi [D] 

dg = мера на G, инвариантная относительно евлидовых движений. 

Проинтегрируем (2.1) относительно произведения мер. Имеем 

(2.2) 2 J . . J So(A) dv1...dvn = 2 П / I [ X 0 ] ( v i ) dvi = 2(4xo) n, 

Xo = |go Ո D|. 
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Используя принцип симметрии, найдем 

2 ... In-l(vi) 5о([щ]) dvi...dvn 

• ՚ J i = 1 

= 2W dvi ... In-i(vi) dv2...dvn 
J [ x o] J J 

(2.3) =4n f (4x) n - 1 dg, 
J[xo] 

здесь и ниже Xo] С G . Как и в аналогичном вычислении в работе [1] находим 

J2ln-2(di)So([di]) - J 2 I n dvi...dvn 

- 8n(n - 1) + 
՛ Li J Լ շ J Լշ J Li _ 

(4x12) n  2 cosթ1 cosв2 dl1 dl2 

(2.4) = - 4n(n - I)/ (4x) n - 1 cot в1 cot в dg. 
J [ x o] 

n-1 4X) 
'[xo] 

Во второй строке, 

x12  l1  l2 

L1, L2 = части 3D, разделенные концами хорды хсъ 

в1, в2 = уголы между x и 3D на концах x> 

dli = мера длины на 3 D i = 1, 2, 

тогда как x е с т ь функция от g G G, т.е. x = \g Ո D| и мы используем Якобиан 

sin в1 sin в2 
(2.5) dg = dl1 dl2. 

x  

4n 

ванное тождество Плейеля 

(2.6) xn = n f xn -1 dg - 2 n (n - 1) f xn -1 cot fa cot fo dg. 
2 J[xo]  2 J[xo] 

Из него в работе [3] было получено неравенство (1.2). Ниже (2.6) служит для 

исследования параллельных Х-пучков. 

Простое интегрирование формулы (2.6) по мере dg0 по всем g0 G [D] приводит к 

тождеству Плейеля более непосредственно, (см. [1]). Уравнение (2.6) получает 

D 



Т О М О Г Р А Ф И Ч Е С К И Е МОДЕЛИ 51 

3. И Н Т Е Г Р И Р О В А Н И Е В П Р О С Т Р А Н С Т В Е G а И 

С Л У Ч А Е М Н О Г О У Г О Л Ь Н И К А 

Для параллельных Х-пучков используем те же обозначения, что и во Введении, 

предполагаем, что а = направление прямой go остается фиксированным. 

Запишем версию уравнения (2.6) для хорды x o = Х(է), (соотв. сдвигу t): 

(3.1) X n = Ո f Xn -1 dg - 2 n (n - 1) f Xn -1 cot ft cot ft dg, 
2 J [ X ]  2 J [ X ] 

и проинтегрируем это тождество вдоль G а по мере dt. Для фиксированного g, 

интегрирование индикаторной функции I[X] (g) дает 

/ I[x](g) dt = X sinаф, X = lg Ո D|, 
J G a 

ф g аф 

нием порядка интегрирования получаем, что для любой функции f (g), опреде-

ленной на G, 

/ dt f (g) dg = f (g) dg I[x](g) dt = f (g) X sinафdg. 
J [ x ] J t e J b a յ շ 

Поэтому, интегрирование (2.6) дает 
/ n / —"՝՝՝՝֊ Ո(Ո 1) I -"՝՝՝՝՝ 

(3.2) Хn dt = - Xn sin a4d,g ^ xn cot ft cot ft sin a^dg. 
J 2  2 J a 

Пусть теперь D есть многоугольник со сторонами a k . Обозначим 

фк = направление стороны а к . 

D 

ражение (2.5) не может быть использовано для l1,l2, принадлежащих отдельной 

стороне а к . Используя аппроксимацию много угольника D областями, для кото-

D 
n n( n 1) 

Х n dt = — xn sin аф dg xn cot ft cot ft sin аф dg 
JCia  2 Jte  2 JG 

-  n ( n -  1 ) ^sinОфк I f lh,l2l n - 1 dl1 dl2. 
4 ak J ^ak xak 

Используя переменные |lbl2| = т и l = l1, легко находим 
/• x /• x /• x 

/ / ^ ъ к Г - 1 d l 1 dl2 = 2 I т \ ռ - 1 (x - т ) dT 
o o o 

xn+1 xn+1 xn+1 
= 2 2 n + 1 n(n + 1) n 
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Таким образом, (3.2) для многоугольника D имеет вид 

г n С —--՝֊ n(n 1) ք "՜՜՝՝՝՜ 
X n dt = — xn sin аф dg — cot @i cot թ2 sin аф dg 

J Ga  2 JG  2 JG 

(3.3) — 2 — £ sin Офк |au | n + 1 . 
a k 

Используя линейность выражения (3.3), находим 

f f (X) dt = \ j f '(x) X sin аф dg — \ j f ''(x)x 2 cot в cot թշ sin а.фс],д 
J G a  2 JG  2 JG 

(3.4) — 2 J : sin Офк F(|au |) 

ak 

сначала, для полиномиальных функций f (x) = a2x 2 + ... + anx n, а затем для 

степенных рядов видэ> ж 

f (x) = ^2 an xn, 
n=2 

предполагая, что ряды сходятся. В формуле (3.4) f '(x) и f ''(x) являются обыч-

ными производными и 
ж n 1 /• x 

F(x) = V ^ ^ an xn+1 = xf (x) — 2 f (u) du. 
n=2n+1 Jo 

4. О Б Р А Щ Е Н И Е S I N - П Р Е О Б Р А З О В А Н И Я 

Используя стандартные полярные координаты для прямых, то есть 

ф = направление д, д G G , ф G (0, п), и 

p = расстояние то знаком прямой д от начала координат, 

мера dg, инвариантная относительно евклидовых движений в пространстве G 

запишется в виде 

dg = d^dp. 

Отсюда тождество (3.4) можно представить так: 

/ f (X) dt = \ [ sin аф [ f (x) xdp 
J G a  2 J .Խփ 

I sin афс1ф ք f ''(x) x2 cot թ1 cot թ2 dp 
2 J Խփ 

(4.1) — 2 ] T s i n а ф к F(|auD. 
ak 
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Очевидно, что соотношение (4.1) имеет специальный вид 

(4.2) F(а) = [ f (ф) sin O^d^, 
o 

где обе функции F(а) и f (ф) определены на (0, п). Хорошо известно (см., напри-

мер, [4]), что выражение (4.2) можно обратить: 

f (ф) = A{F (а) } , 

где оператор A определяется формулой 

A{F ( а ) } = 2 
F ( ф ) + w F ( ф ) 

Имеем представление 

sin афк F(|ак |) = 5 3 J sin афк F(|ак |) 5фк (ф), 
a k a k 

показывающее, что применение оператора A к (4.1) приводит к 5 -функциям 
$Фк (ф) = 5 -функция, концентрированная на направлении фк стороны а к . 

Поэтому, чтобы обойти осложнения в процессе усреднения обращения форму-

лы (4.1), в следующем параграфе, сначала усредним тождество (4.1), а затем 

A 

5. У С Р Е Д Н Е Н И Е Т О Ж Д Е С Т В А (4.1) Д Л Я О Б Щ Е Г О С Л У Ч А Й Н О Г О 

D 

P 

ника D. Другими словами, P есть вероятность в пространстве V, 

V = пространство ограниченных выпуклых многоугольников на плоскости, 

D € V. Для заданного направления а е (0, п) обозначим 

Ъа = ширина многоугольника D в направлении, перпендикулярном к а, 

и предположим, что 

Ba = / Ъа dP < ж. 
Jv 

Величина Ba средная ^^ртна многоугольника D в направлении, перпенди-

кулярном к а . Согласно сказанному во Введении, Ba принадлежит параллельной 

томографии. 

На произведении 

D x G , 
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рассмотрим вероятность 
1 

Ba 
[̂D] (X) dP dt и E a - соответствующее ожидание. 

Имеем 

f dP f f (T) dt = Ba Ea f (X). 
JV J G a 

Таким же образом 

/ dP sin афdф f'(x)x dp = sin аф Вф E f '(X)X ]ф, 
JV J JG4> J 

/ dP sin афdф f ''(x) x2 cot թ1 cot թ2 dp 
JV J 

= J sin аф Вф Еф f ''(X) X2 cot ф1 cot ф2 ] ]ф 

Усредненная версия тождества (4.1) запишется в виде: 

Ba Ea f (X) = 2 J sin ОфВф Eфf' (X )X ]ф 

(5.1) — 2 [ sin аф Вф Eф f ''(X) X 2 cot Փւ cot Փ2] dф 

1 L dP Ш sin афк F(|au D. 
' V к 

Применяя оператор A к обеим сторонам формулы (5.1), получим 

dL 
с1ф 2  

Вф Eф f (X) + — [ Вф Eф f (X)] = Вф Eфf '(X)X 

(5.2) — Вф Eф f''(X) X2 cot Փւ cot Ф2] — 1 A [ dP £ sin Офк F (|ak |). 
2 V к 

a 

D 

Рассмотрим случайную переменную H = длина периметра D, и предположим, 

что существует среднее значение: 

H0 = J H dP < ю. 

Сначала выберем реализацию случайного многоугольника, обладающего распре-

делением 

H d P , 
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а затем выберем одну нз сторон ai этой реализации с вероятностью 

Ы 
H ՝ 

Случайный сегмент, построенный этим двухступенчатым алгоритмом, есть ис-

a 
а |—• (|а|, ф) 

| a | a 

ф = направление а, 

определяет совместное распределение вероятностей (|а|, ф). Далее предполагаем, 

что оно обладает плотностью вероятности 

u(x, ф) = совместная плотность вероятности для |а| и ф, x G (0, ж), ф G (0, п). 

Соответствующая условная плотность вероятности величины |а|, при условии ф, 

дается формулой 

(5.3) УфП = u(x, ф) U - 1(ф), 

где функция 

(5.4) U(ф) = u(x^) dx 
0 

ф 

U(ф) плотностью по направлениям для D. 

Рассмотрим также случайный сегмент Ъ, определенный следующим образом. 

Сначала выберем реализацию случайного многоугольника с распределением 

N d P , 
No ՚ 

где N ֊ сторон D, a N0 ֊ значение N. Затем выберем одну из сторон 

ai этой реализации с вероятностью յէ. Случайный сегмент, построенный этим 

двухступенчатым алгоритмом есть искомое Ъ. Через Wф(x) обозначим плотность 

Ъ ф Ъ 

Л е м м а 1. Пусть 

Ьф = / x ^ ф ( x ) d x < 

тогда 
xWф(x) 

Уф^) 
Ьф 
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Л е м м а 2. Если для случайного многоугольника D существует, плотность u(x, ф), 

то имеет место 
f H fx 

(5.5) A dP V sin афк F (|afc |) = — U (ф) F (x) W^,(x) dx. 
Jv ^ ьФ Jo 

a 

u(x, ф) имеем 

/ dP £ sin афк F(|ak |) 
J v к 

Г ^ s i n а ф к F(|ak|) |ак| H 
=  H OJv V — a i — HHOO d P 

ГП /'X 
= Ho sin аф I F(x) x - 1u(x,ф) dx 

Jo Jo 

= H0 / sin аф ]ф U(ф) F(x) x՜1 Уф(x) dx 
Jo Jo 

ГП TJ(1\ px 
= Ho sin аф ],ф F(x) Wф(x) dx. 

Jo Ь(ф) Jo 
A 

6. Т О М О Г Р А Ф И Ч Е С К И Е М О Д Е Л И 

В пространстве D х Ga рассмотрим отображение 

(6.1) (D,t) (X, փւ,փշ) 

X = длина xoрды D Ո tga, 

ф1, Փշ = два утла, возникающие при пе ресечении tga со сторона ми D. 

С точки зрения стохастической геометрии, наиболее привлекательными явля-

P 

случайных переменных X, ф1,ф2, on р е делен н ых отображением (6.1), причем для 
а 

D 

P 

I. для любого а случайные переменные Х,ф1,ф2 независимы и 

II. для любого а и любой функции F имеем 
ր x 

(6.2) E a F ( X ) = F(x) Wa(x) dx. 
o 
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Грубо говоря, (6.2) утверждает, что X и |Ъ| совпадают в смысле условных рас-

a 

Существует ли томографические модели? Утвердительный ответ дается следу-

ющей теоремой. Рассмотрим 

р = р(ф) > 0 = кусочно-непрерывную плотность на (0, п), JJ р(ф) d^ < ж 

{gi}P = случайный процесс прямых Пуассона в IR2 управляемый мерой 

р(ф) dg = мера на G с плотноетью р(ф), оде ф = направление g, 

P p = "типичный многоугольннк"в разбиении плоскости {gi}P-

В следующей теореме через r^ обозначим поворот на угол ф, так что r ^ a есть 

образ направления a при этом повороте. Условие непрерывности функции р, 

возможно, можно ослабить. 

Теорема 1. Для любой непрерывной функции р случайный многоугольник P p 

X a 

экспоненциальное распределение с параметром 

A(a) = j sin ф p(r^a) dф, 

независимые углы ф\, ф2 обладают общей плотностью распределения 

sin ф p(r^a) dф. P ( a )  

Мера направления для Pр совпадает с р, т.е 

U (ф) = р(ф). 

ф Ъ 

Wф(x) = А(ф) e x p [ ֊ A ^ ) x ] 

С х е м а доказательства . Для многоугольника P p независимость случайных пе-

ременных Х,ф\,ф2 можно получить, используя теорию распределений Пальма, 

как в работе [3]. Рассмотрим процесс прямых Пуассона { д } р . На тестовой пря-

мой направления ф наблюдаются случайные переменные Y = длина типичного 

интервала между двумя соседними пересечениями (скажем, с прямыми gi,g2) 

процесса, а щ, п2 = соответствующие углы пересечений. 
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По теории распределений Пальма тройка Y, щ, п2 на самом деле имеет то же 

распределение вероятностей, что и тройка X, фх,ф2 в упомянутой теореме. Оста-

ется показать, что совместное распределение вероятностей У,щ,П2 и Х,ф\,ф2 

фактически совпадают. Что касается свойства II, оно также следует из теории 

распределений Пальма процесса прямых Пуассона и соответствует тому факту, 

что последнее утверждение справедливо даже если тестовая прямая совпадет, 

в смысле распределения Пальма, с одной из прямых из {gi}p-

7. Л И Н Е Й Н Ы Е А Л Г Е Б Р А И Ч Е С К И Е У Р А В Н Е Н И Я 

В силу леммы 2 и свойства II в определении томографических моделей получаем 

следующее выражение для последнего члена в уравнении (5.2): 

A f dP V s i n 0 ф к F(|afc|) = — U(ф) Е ф ^ ( Х ) . 
Jv ^  Е Ф Х  

Плотность U(ф) входит также в тождество 

(7.1) C (а) = Е а cot фх = — Е а cot ф2 = } [ cos фи (rw, а) dф , 
т(a) J 

с 

т (а) = j sin фи (г^ а) dф, 

справедливое для произвольного случайного многоугольника, когда существуют 

и т.д. Для любой томографической модели тождество (5.2) записывается в 

виде 

Вф Еф f (X) + — [Вф Еф f (X)] = Вф Е ф / ' ( X ) Х + 

(7-2) + Вф Ժ(ֆ) Еф f''(X) X 2 — щ _ и (ф) EфF (X). 

Естественная задача в теории томографических моделей: может ли функция 

U(ф) быть восстановлена на основе томографических величин HQ, Вф И Еф f (X)? 

Фактически уравнение (7.2) для функций f (x) = x2 и f (x) — X ДеЮТ ДВе1 ЛИНвИ~ 

ных алгебраических уравнения для неизвестных функций C2(ф) и U(ф). Этого 

может быть достаточно, чтобы выразить их в терминах упомянутых томографи-

ческих величин. 

Уравнение (7.2) может также применяться в теории многоугольников P p , порож-

{ gi } p 
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могут оказаться применимыми для вычисления Вф = средней ширины типично-

го многоугольника в { g i } P - Записывая уравнение (7.2) для f (x) = x2, f (x) = x3  

и f (x) = x4 получаем три уравнения для неизвестных 

Н - 1 В ф,  H՜ ] ֊ Ф В ф и  H՜ ~ф2  Вф. 

Коэффициенты в этих уравнениях полностью определяются с помощью р(ф) 

(теорема 1), так что возможна численная проверка. Соотношение между Вф и 

р(ф) можно также найти и другим способом, который мы рассмотрим в другой 

статье. 

f(x) 

(-Tx) n  
f (x) = e -TX - 1 + TX = J 2 

n! n=2,3,4,... 

что сводит (7.2) к дифференциальному уравнению для преобразования Лапласа 

Ьф(т) = Еф exp(-T X). 

Возможно это может помочь в исследовании вопроса о существовании томогра-

фических моделей вне класса Рф. 

Abstrac t . Combinatorial integral geometry possesses some results that can be 

interpreted as belonging to the field of Geometric Tomography. The main purpose 

X 

of random convex polygons. However, the Introduction reviews briefly some earlier 

results by the author that refer to reconstruction of (non-random) convex domains by 

X X 

Pleijel identity, or rather, its averaged version, whose derivation is represented in 

complete detail. The paper singles out a class of random polygons called tomography 

models, that offer essential advantages for the analysis. The definition of a tomography 

model is given in terms of stochastic independence. Fortunately, random translation-

invariant Poisson processes of lines in IR2 suggest a class of examples. We recall that 

each such line process is determined by its rose of directions р(ф). For rather general 

р(ф), the number weighted typical polygon in the polygonal partition of the plane 

generated by the corresponding Poisson line process happens to be a tomography 

model. For general tomography models, a differential equation is derived for the 
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X 

problems. 
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АННОТАЦИЯ. D a s Ziel dieser Note ist die Konstrukt ion von Punktprozessen 
in einem abs t rakten R a u m , die spezifiziert s ind durch eine gewisse K l a s s e von 
Kernen, die fur diese Prozesse Papange lou Kerne , d.h. bedingte Intensitaten sind. 
Wir bezeichnen sie a u s diesem Grunde als Papangelousche Prozesse . Diese K l a s s e 
von Prozessen enthalt viele Gibbssche Prozesse der klassischen stat ist i schen Me-
chanik sowie neben d e m Poissonschen ProzeB die neue K la s se der hier so genan-
nten Polyaschen Summenprozesse . Diese haben eine ebenso fundamenta le Bedeu-
tung wie Poissonsche Prozesse . 

Meinem verehrien Lehrer Klaus Krickeberg zurn achtzigsten Geburtstag gewidmet 

1. D E R A L L G E R E I N E R A H R E N 

X bezeiehnet im Folgenden einen Polnisehen Raum, B(X) bzw. B0(X) seine Borel-

schen bzw. beschrankten Borelschen Teilmengen. M(X) ist der vag polnische Raum 

aller lokalendlichen Mafie auf X (i.e. der Radonmafie auf X ) . Mit M"(X) bezeichnen 

wir den Teilraum Y aller Radonschen Punktmafie, und schliefilich mit Mb(X),B G 
B0(X), die Menge aller Punktmafie, deren Tr"ager in der Borelschen Menge B liegen. 

Yf sei der Raum M f ( X ) aller endlichen Punktmafie. Alle diese Mafiraume seien 

versehen mit der natiirlichen, von der vagen Topologie induzierten Borelschen a-
Algebra, die wir mit F ՛՛, F f ode г Fb bezeichnen. Wir bezeich nen mit F^ die 'tail'-

a-Algebra Пвев0F^c. 

Ausgangspunkt ist fur uns ein Kern n(n, dx) von Y nach X, d.h. eine mefibare 

Abbildung n I—> n(n,.) топ Y in die Menge M(X). Wir geben zunachst einige 

Beispiele solcher Kerne, auf die wir in der Folge zuriickkommen werden. 

Bezeichne dazu p ein Radon Mafi auf X, das nicht das Nullmafi ist. Offenbar ist 

a(n,.) = p,n G Y, ein Beispiel. Ebenso sind в(п, dx) = z • (p + n)(dx), z > 0, solche. 

Wir nennen в einen Polyaschen Summenkern. 
61 
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Eine weiteres Beispiel erhalt man so: Sei X = E x K das Produkt zweier Polnische 

Raume, p(dq) sei ein Radonsches Mafi աք E . Bezeichnet n2 das Bild von n unter 

der Projektion auf K , so definiert j(n, d(q,p)) = p(dq) ®n2(dp) einen Kern von dem 

Raum Y2 nach X, wobei Y2 die Menge aller n € Y mit n2 € M(K) bezeichnet. Wir 

denken uns diesen Kern trivial fortgesetzt auf ganz Y. Wir nennen ihn Polyaschen 

Produktkern. (Eine etwas allgemeinere Formulierung solcher Produktkerne wird weiter 

unten gegeben.) 

Eine letzte bedeutende Beispielklasse ist die folgende: 1st E eine mefibare Funktion 

von X x Y in die erweiterte Zahlengerade ] — то, so ist der Kern gegeben dureh 

Y(n,dx) = exp(—E(x,n)) • p(dx) , foils E geeignete Integrierbarkeitsbedingungen 

erfiillt. Dies ist der sogenannte Boltzmannsche Kern. Zu seiner (nieht trivialen) Kon-

struktion mit Hilfe eines superstabilen, naeh unten regularen Paarpotentials verweisen 

wir auf Ruelle [16], Lemma 5.1 und Proposition 5.2 (a). 

Fiir den gegebenen Kern n definieren wir fur jedes m € N und n € Y die Mafie 

(1.1) n ( m )(n; dxi, ...,dxm) = n(n,dx1)n(n + 5X1 ,dx2)...n(n + SX1 + ... + SXm-1 ,dxm). 

Ebenso betraehten wir unten die folgenden, dureh n ( m՝> und damit dureh n definierten 

Kerne: Sind B € B0(X) und n € Y, so setzen wir 

1 r 
(1.2) ПВ (n,4>)=^.—,\ ASX1 + ••• + Sxm) n (m ) (nBc; dxi,...,dxm). 

m=0  m ' J B m  

Hier ist SX1 + • • • + 5Xm das Null mafi foil s m = 0, und die Integration bedeutet 

Multiplikation mit 1. nB ist offenbar ein Kern von (Y, F՝Bc) nach MB (X). 

2. D E R E N D L I C H E P A P A N G E L O U P R O Z E ^ 

Wir betraehten hier zunaehst den Fall, dafi n ein endlicher Kern ist, d.h. ein Kern 

von Y mit Werten in Mf (X), dem Raum der endlichen Radonmafie, ist. Sie treten 

weiter unten in der folgenden Form auf: 1st n ein fern von Y nach X und sind B, C 

besehrankte Borelsehe Mengen in X , so ist n ^ 1c • n(nBc,.) ein endlicher Kern. 

Wir beginnen nun, Bedingungen an n zu stellen. Die erste ist: 

(2.1) n ( m )(n,.), m > 1, ist ein endliches Mafi auf X m fur alle n € Y. 

Wir bezeichnen mit Z(m)(n) die Gesamtmasse von n ( m )(n,.) ^^d fiir jedes n 

Z ( 0 )(n) = 1. ^^r nehmen weiterhin an, da"s fiir jedes n 

Z(m) (n) 
(2.2) die Reihe У ^ :— gegen ein 0 < E(n) < konrorgiert . 

m = 0 



1 11' 
(2.3) рп (г) = =-т —. f(SXl + ••• + SXm )n ( m\n; dxi,...,dxm). 

- (n) m=0  m !Jxm 
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Wenn diese beiden Bedingungen erfullt sind, so sagen wir, dafi n integrierbar ist. 

Unter diesen Voraussetzungen ist fur jedes n der folgende endliche Punktprozefi 

wohldefiniert. 
1 ^ 1 

ixm 

Hier bezeichnet ^ eine nichtnegative, m e ^ t e Funktion. (Und es gelten fur m = 0 

die oben gemachten Konventionen.) Man beaehte, dafi der Prozefi рп auf der Menge 

Yf = Mf aller endliehen Konfigurationen in X konzentriert ist. Wir sehreiben dann 

РП e PYf. 

Das Konstruktionsprinzip von РП ist das folgende: Fiir gegebenes n realisiert man 

eine Teilchenzahl m gemafi der Verteilung 

1 Z  ( m )(n) 
(2.4) РП{Zx = m} = — Ш ,m > 0. 

-(n) m! 
Und dann realisiert man SXl + • • • + SXm gem afi des Bildes von 

• n ( m )(n; dxi,..., dxm) 
Z  m )(n) 

unter der Transformation (xi,..., xm) ^ SXl + • • • + SXm. 

Schliefilich setzen wir noch voraus, dafi n symmetrisch ist, d.h. dafi 

(2.5) die Mafie n ( m )(n),n e Y,m > 1, symmetrisch sind. 

fi 

(2.6) n(n, dx)n(n + SX, dy) ist ein symmetrisches Mafi auf X fiir alle n e Y. 

Wir haben damit alle Vorbereitungen fiir das folgende Hauptlemma getroffen . 

L e m m a 1. 1st n ein endlicher Kern von Y nach X, der integrierbar und symmetrisch 

ist, so ist jedes РП ,n e Y, eine L о sung Pn e P Yf der folgenden partiellen Integra, tions-

formel 

(XП) Cpn (h) = fYf f x h(x, ц + Sx)n(p + n, dx)P n(dp), h e F+. 

Hier bezeichnet CP das Campbellsche Mafi топ P ; und F+ steht kurz fiir die 

fi 

fi 

h 
1 то 1 m 

C p n  ( h ) = - ֊֊ •Y^  h ( x j  , SXl + • • • +  SXm  ) n ( m ) (n;  d x l , - - . , d x m ) -
- ( n ) m=0  m ! j = l J x m  
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Aufgrund der Symmetrie der Mafe n (m ) folgt 

( h ) = Ш • £ jm—iy. Jxm-Jx  h ( x  SX1 + • • +  SXm֊1  Ւ ^ 

n(v + SX1 Ւ Ւ ^Xm-1, dx)n ( m - 1 )(n; d x i , d x m - i ) 

h(x, p + 5X)n(n + p,dx)Vn (dp). qed 

Bisher haben wir nur endliche Papangelousehe Prozesse betrachtet. Die partielle 

Integrationsformel ( ^ ) maeht aber aueh Sinn fiir Prozesse, die unendliehe Teilehen-

konfigurationen realisieren. 

3. D E R A L L G E R E L I N E P A P A N G E L O U P R O Z E s s 

Wir werden jetzt Papangelousehe Prozesse konstruieren, die unendliehe Teilchen-

konfigurationen realisieren. 

Es sei n nun ein Kern von Y nach X. Wir maehen wieder eine Integrierbarkeitsvor-

aussetzung an n, die wir wie oben in zwei Sehritten formulieren. Wir setzen die 

Existenz einer lokalendliehen Zerlegung A = (Xn)n>0 топ X voraus (lokalendlieh 

bedeutet, dafi jede besehrankte Menge nur von endlich vielen Elementen der Zerleg-

ung getroffen wird), so dafi die folgenden Bedingungen erfiillt sind: Die Kerne n (m ), 

m > l, seien lokalendlieh in dem Sinne, dafi 

(3.1) zm )(n) = n ( m )(vxnc,Xnm) < Ո e Ym > l,n > 0. 

Wir setzen zusatzlieh voraus, dafi n lokal integrierbar ist in dem folgenden Sinne. 

(3.2) En(v)=y  n ( n ) e]0, > 0,n e Y. 
Հ—' m! 

m=0 

Unter diesen beiden Bedingungen sind die folgenden endlichen Punktprozesse fiir alle 

Ո e Y,n > 0 wohldefiniert: 

(3.3) 
l ж l f 

nXn = • ¥ (5x1  ւ Ւ &Xm)  n ( m ) (nxn;  d x1,... , d xm ),<p  e F+. 
^ n ( n ) m = 0  m ! J x m 

m = 0 fi 

nxn Markoffsche Kerne von (Y, Fxc) nach (Mxn, Fxn) sind. Die nx n sind die 

Normalisierungen derjenigen nxn , die in (1.2) definiert sind. 

Das Ziel ist nun, mit Hilfe dieser Kerne unter geeigneter Wahl der Anfangsbeding-

ungen und der Randkonfigurationen n einen globalen Prozefi in X zu konstruieren, der 

n als Papangelousehen Kern besitzt. Wir benutzen dazu die Methode des Satzes von 
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Ioneseu Tuleea (siehe z.B. [10]), die es erlaubt, Prozesse mit Hilfe einer Anfangsver-

teilung und bedingten Verteilungen zu konstruieren. 

Fiir gegebene (no, . . . ,nm-i) e M՝x0 x ••• x M՝xm_ 1 betraehten wir nun die 

Markoffschen Kerne 

(3.4) Qm(no,...,Vm֊i; dnm) =Hxm (no Ւ Ւ nm-i,dpm) 

x x x x 0  x m ֊ 1  xm 

Nach dem zitierten Satz von Ioneseu Tuleea existieren zufallige Elemente Հո in 

Mx , n > 0, fi 

( Հ ո ) ո > 0 gegeben sind dureh 

(3.5) £(£0,...,€n) = n x o (0,dm) • Qi(m,dni) ••• Qn(m,... ,Vn-i; d^n). 

Wir betraehten dann auf dem soeben konstruierten Wahrseheinliehkeitsraum das 

zufallige Element 

(3.6) Հ = £ Հո. n 
n=0 

Naeh Konstruktion ist Հ ein zufalliges Element in M"(X), d.h. ein Punktprozefi 

in X . Unser Ziel ist es nun, zu zeigen, dafi Հ ein Papangelou Prozefi in X ist, der 

spezifiziert wird dureh Kern n . Dazu benotigen wir, wie im endliehen Fall, als weitere 

Voraussetzung an n die cozykel-Bedingung, die sehon unter (2.6) auftauchte: 

(3.7) n(n, dx)n(n + SX, dy) = n(n, dy)n(n + 5y, dx), n e Y,x,y e X. 

Aufierdem benotigen wir, dafi n die Fellersche Bedingung erfiillt : Diese beinhaltet, 

fi 

(3.8) n(nxn,.) ^ n(n,.), falls n ^ 

Hier bezeichnet ^ die vage Konvergenz Radonseher Mafie, und Xn = X0 U • • • U Xn. 

fifi 

y hat n(n+5y, dx) eine Diehte f n beziiglieh n(n, dx), die von ц unabhangig ist, m.a.W.: 

(3.9) l{y}c (x) • n(n + 5y, dx) = l {y } c (x) • fn(x,y) • n(n, dx),n e Y,y e X. 

Wir bereehnen das Campbellsehe Mafi ՕՀ топ Հ. Fur gegebenes h e F+ ist 

(3.10) գ(h) = ^ j J h(x,£)£n(dx)dP 
n>0 

fih 

der Form g ® < ist, wobei g aufierhalb ein es Xk, 0 < к < n, verschwindet und < 
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mefibar ist bzgl. der a—Algebra Fxn. In diesem Fall ist , wenn man £xk = ^ j = 0 Հյ 

und nxk =^2k=0 nj setzt und (3.5) beachtet , 

Գ(h) = j Հհ (g) • <p(x )dP 

= J n x o 0 , d n 0 ) J - J  nxk  (nxk-1  , dnk) nk Ы • ^ (nxk-i + nk), 

wobei ф die folgende Funktion bezeichnet: 

^ (nxk  )= J n x f c + i  (nxk  , dnk+i ) J ••• 

• J nxn (nxk + nk+1 + . . . ՈՈ-I, dnn) v(nx k + nk+i + + nn). 

Wendet man hier Lemma 2.1 auf das innere Integral an, so ergibt sich unter Beachtung 

von (3.7) 

J  nxk  (nxk-i  , dnk )nk (g ) •  ф (nxk-l + nk) = 

/ nxk (nxk-l ,dnk) n(nxk, dx) g(x) • ф ^ ^ + nk + Sx). 
xk 

Nun ist andererseits wegen (3.9) 

(3.11) n x i + l ( n x l + Sx,dni+i) = fn(x,ni+i) • П х , + 1 (nxi,dni+i), falls x e Xi. 

Hier bezeichnet fn(x,nl+i) = Ոyev* f ж ( x , y ) n i + l ( y ) > w ° b e i n* der Trager von n ist. 

Damit ergibt sich 

ф (nxk +  Sx)= J nxk+l  (nxk , dnk+i) J . . J nxn (nxk + nk+i + .. .nn-i , dnn )  

n 

П fn (x,ni) • <f(nx k + nk+i + + nn + Sx), 
l = k + i 

und damit unter nochmaliger Beachtung von (3.9) 

(3.12) Գ(h) = I I h(x,i + Sx)n(ixn,dx)dP. 
xk 

Diese Gleichung bleibt richtig, wenn man n durch irgend ein grofieres n ersetzt. Aber 

dann ergibt sich aus der Fellerschen Eigenschaft von n 

(3.13) գ (h)= / h(x,i + Sx)n(£,dx)dP. 
xk 

h 

gezeigt worden. Standardargumente, wie man sie z.B. im Beweis des Satzes 3.1. der 

zitierten Meckeschen Arbeit findet, beschlie"sen den Beweis des folgenden Satzes. 
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T h e o r e m 1. 1st п ein symmetrischer Fellerscher Kern von Y nach X, der lokal 
integrierbar ist und die Eigensehaft (3.9) besitzt, so ist Հ ein Punktprozefi in X, der 
den Kern п als Papangelou Kern besitzt, d.h. Հ genugt der partiellen Integra,tions-
formel 

(3.14) CՀ(h) = J h(x,i + SX)n(£,dx)dP,h e F+. 

Wir nennen den Prozefi Հ einen Papangelou Prozefi zu п und sehreiben dafiir Pn. 

Die wahrscheinlichkeitstheoretische Bedeutung des Kernes п fiir einen Papangelou 

fi X P 

Prozefi in X , der spezifiziert ist dureh einen Kern п, to aufierdem der folgenden 

Bedingung geniigt: 

(3.15) n(.,x) ist mefibar bzgl. F{Xyc fiir alle x. 

Dann gilt fiir alle f e F+ und alle F{X}C —me^toen < dafi CP (f ® <) = 
Ep(Zf • <) = P(n(.,f) • <) . Hieraus liest man sofort ab, dafi n(.,x) gegeben ist 

dureh die bedingte Erwartung EP(C{X||F{X}C) топ Z{X} bzgl. der a—Algebra seiner 

A u ^ ^ ^ ^ ^ Fiir gegebenes x ist n(., x) also ^^e bedingte Intensitat in x. 

fi 

fi 
geordneter stoehastiseher Prozesse mit unendlieh langem Gedaehtnis (Prozesse mit 

vollstandigen Bindungen) zugrunde liegt, die mit der eozykel-Eigensehaft eine Sym-

metrieeigensehaft besitzen, die viel starker ist als die zeitliehe Reversibilitat. Kurz 

gesagt liegt der Papangelousehen Theorie eine neue Raum-Zeit Struktur zugrunde, 

die es weiter zu entwiekeln gilt. 

4. B E I S P I E L E 

Wir diskutieren nun Anwendungen des Satzes 3.1. 

Poissonsehe Prozesse. 

1st п = p, p e M(X), so ist die obige Konstruktion eine Modifikation der Mecke-

sehen Konstruktion des Poisson Pozesses Pp in [8j. 

Coxsehe Prozesse 

Man kann die obige Konstruktion modifizieren, indem man anstelle des 'Vakuums' 

0 a 
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п symmetrisch, lokal integrierbar mit der Eigenschaft 

(4.1) п(., dx) ist m e t a beziiglich , 

sowie in einem geeignet modifizierten Sinne Fellersch, so erhalt man durch die obige 

Konstruktion als Papangelouschen Prozefi Pn einen Coxschen Prozefi mit bedingter 

Intensitat п, d.h. dafi 

(4.2) Pn = J Pn{a„) P0(da). 

Hier bezeichnet P 0 den Anfangsprozefi, der a realisiert. (Fiir eine ausfiihrliche Darstel-

lung hiervon verweisen wir auf [9j.) Pn ist nun ein Poissonscher Prozefi mit zufalliger 

п 

lou [12] im Zusammenhang des Davidsonschen Problems systematisch untersuchten. 

fi 

vorliegt, die Bedingung an, dafi п ein Produktkern in dem folgenden Sinne ist: Der 

zugrunde liegende Raum ist ein Produkt X = E x F , und п ist Produkt eines 

unendlichen, diffusen M a f e p auf F und eines Kernes т топ Y nach E, d.h. 

(4.3) п(•,dqdp) = p(dp)T (.,dq). 

Polyasche Summenprozesse. 

1st п = в = ez,p, p e M(X), 0 < z < 1, ein Polyascher Summenkern, so liegt lokale 

Integrierbarkeit vor mit den von der Randbedingung unabhangigen Konstanten 

(4.4) En(z) = exp(p(Xn) • K(Z)). 

Hier ist K(Z) = J 2 J = 1 j L und wir benutzten die wohlbekannte Tatsache (siehe z.B. 
fi 

(4.5) V — • p(Xn) [ m • zm = exp(p(Xn) • K(Z)). 
m! 

m>0 

a [ m = a(a + 1 ) • • • (a + m — 1) bezeichnet das sogenannte Pochhammer Symbol. Der 

Polyasche Summenkern ist natiirlich Fellersch und geniigt der Bedingung (3.9). Den 

zugehorigen Papangelou Prozefi nennen wir ^rn Polyaschen Summenprozefi in X, 

spezifiziert durch (z,p). 

fi 

fi 

die Verteilung der Zahlvariablen (в ergeben und die Tatsache, dafi ein solcher Polya-

scher Summenprozefi durch seine bedingte Intensitat п eindeutig festgelegt ist. 
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Es seien B e B0,k > 1 und eine nichtnegative F^c —mefibare Funktion. Dann 
ergibt sieh fiir einen Polyasehen Prozefi P zu в die Rekursion 

1 
k 
1 
k 

P(1i<B=k} • V ) =  1 • f J  1B ( x ) •  1 { z B = k } ( p ) • p ( d x ) P ( dp) 

J J 1B (x) • 1 { Z B = k - i } ( p ) • v(p) • z • (p + p)(dx)P(dp) 

z 
= - • [p(B) + (k - 1)] • P(1{CB=k-i} • Փ), 

so dafi 
zk 

P(1{<B=k} • V) = TJ • p(B) [ k • P(1KB=0} • V). k! 
Wahlt nun fiir V die Indikatorfunktion des Ereignisses {ZB2 = k 2 , . . . , Z B n = kn}, 

wobei kj > 1 und die Bj e B0 paarweise disjunkt sind, so erhalt man 
n k zkj 

P {ZB1 = ki,...,ZBn = kn} = P {ZB1 =0,...,ZBn = 0 } • П z— • p(Bj . 

j=i  k j • 

Diese Gleiehung enthalt nun alle gewiinsehten Informationen: Dureh Summation 

iiber alle kj ergibt sieh zunachst der Wert von P{ZBl = 0 , . . . , ZBn = 0}. Damit erhalt 

man als Verteilung der ZB ,B e B0, 

(4.6) P{ZB = k} = exp(-p(B) • K(Z)) • zk • ^ ^ , k > 0. 
k! 
fiP 

fi ZB 

(4.7) P(ZB ) = z • eK ( z )p(B). 

P 

fi 

Verteilungen des Feldes (ZB ) B e s 0 bestimmt. Dies zeigt, dafi eine Polyaseher Summen-

prozefi vollstandig dureh seine bedingte Intensitat bestimmt ist, so dafi P = ՜Բթ. Ein 

fi 

fi 

GIBBSSCHE PROZESSE. 

Der Boltzmannsche Kern .) = exp ( -E ( . , n))dp ist symmetrisch, falls E die 

folgende Symmetriebedingung erfiillt: 

(4.8) E(x, n) + E(y, n + ) = E(y, n) + E(x, n + 5y) fiir alle x, y, Ц. 

Die lokale Integrabilitat von п liegt тог, falls E die folgende, auf Preston [14] zuriiek-

gehende Stabilitatsbedingung erfiillt: 
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Fiir alle n e Yf existiert ein B(n) > 0 8 0 dafi fiir alle m > ^ d xi,..., xm gilt 

(4.9) E (xi,n) + E (x2,n + SXI ) + • • • + E(xm,n + SXI + ••• + Sxm-l) > —B(n) • m. 

Die Normalisierungskonstante ՝B,n(n) ist kleiner oder gleich exp(p(Xn) • eB  ( n )) und 

heifit nun die grofikanonische Partitionsfunhtion. 

E 
Paarpotential ф auf X = R d gegeben. Ruelle formuliert in [16] Bedingungen unten 

denen ein solches Potential zusammen mit dem Lebesgueschen Mafi p աք R d einen 

Boltzmannschen Kern п(n,dx) = exp E(x,n)p(dx) топ Y nach X definiert. E ist 

dabei gegeben durch 

(4.10) E(x,n)= ф(V),x e X,n e Y, 
V<2 n,v(x)>i 

Hier wird iiber alle 2-elementigen Subkonfigurationen V топ n ^^^^tert, die x als 

E 
ф > 0 

hard-core Potential ist. Wir gehen hier nicht weiter darauf ein, welche allgemeinen 

Bedingungen an das Potential die lokale Integrierbarkeit zur Folge haben, und verwei-

sen auf [16]. Schliefilich ist 7 ein Fellerscher Kern fiir eine grofie Klasse von Potentialen. 

Auch dies findet man in [16], Lemma 5.1 und Proposition 5.2. 

Der obige Satz liefert unter solchen Bedingungen die Existenz von Papangelouschen 

E f i 
Konstruktion von Gibbsschen Prozessen im R d ist neu. Man vergleiche diese mit der 

Ruelleschen Konstruktion in [16], Theorem 5.5. 

fi 
п 

Struktur der Menge P(п) der durch п spezifizierten Papangelou Prozesse? Welches 

ist die zugehorige Martinrand Theorie? 

5. ZUM E N S T E H U N G S Z U A M R E H A N G D E R O B I G E N 

U B E R L E G U N G E N 

Der Ausgangspunkt der hier entwickelten Theorie ist die fundamentale Arbeit 

von Papangelou [12], die die allgemeine Struktur von zufalligen Ebenenprozessen 

untersucht und deren Ergebnisse auf der Tagung ^Second International Conference 
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on the Theory and Applications of Point Processes^ im April 1974 in Bad Kiihlungsb-

orn in Anwesenheit von Klaus Krickeberg, Fredos Papangelou, Klaus Matthes, Joseph 

Mecke, Christopher Preston und mir vorgetragen wurden. Hier wurde zum ersten Mai 

die grundlegende Bedeutung der absolut stetigen Version der Bedingung (E') explizit 

fi 

ausfiihrlichere Darstellung der Entwicklung dieser Bedingung findet man in dem Brief 

von Fredos Papangelou weiter unten.) 

Nguyen Xuan Xanh und ich prasentierten dann 1976 auf der Tagung С Buffon 

Bicentenary Symposium on stochastic geometry and directional statistics ^ [2j am 

Sevan See in Armenien die Ergebnisse der Arbeit [11], in der Gibbssche Prozesse 

als Papangelousche Prozesse gekennzeichnet werden, die spezifiziert sind durch den 

Boltzmannschen Kern. (Auf dieser Tagung waren ebenfalls die genannten Kollegen 

anwesend.) Es entstand eine fruchtbare Diskussion zwischen den Genannten und mir, 

die dann die grundlegende Arbeit von Matthes, Mecke und Warmuth [7] stimulierte. 

In dieser werden Ideen unserer Arbeit, die noch ganz dem Kontext der klassischen 

statistischen Mechanik verhaftet sind, so wie sie in der fiir uns zentralen Arbeit von 

Preston [14] formuliert wurden, auf die allgemeinere Ebene der Papangelou Prozesse 

gehoben. M.a.W. es wird der Boltzmannsche Kern ersetzt durch einen beliebigen 

Papangelouschen Kern. (In der hier vorliegenden Arbeit wird auf genau dieser allge-

meinen Ebenen gearbeitet.) 

Parallel zu [11] und unabh"angig davon entwickelten Georgii [3] und Takahashi [17] 

ahnliche Ideen, die zu einer differentiellen Kennzeichnung von Gibbsschen Prozessen, 

fi 
handlung der Arbeiten [12],[11] und [7] folgte danach durch die Arbeiten von Glotzl, 

fi 
sung in der Dissertation [15] fand. Zu guter Letzt fand die gesamte Theorie Eingang in 

die russische Ausgabe der Monographie [6] sowie diejenigen von Kallenberg, Random 
measures, Akademie Veriag Berlin, Academic Press London (1983) sowie Kallenberg, 
Probabilistic symmetries and invariance principles. Springer (2005). 

fi 

fiihrten Polyaschen Summenprozesse sind inspiriert durch die Arbeit von Blackwell, 

MacQueen [1]. Sie scheinen bisher als Punktprozesse noch nicht betrachtet worden 

zu sein. Sie haben einen ebenso fundamentalen Charakter wie Poissonsche Prozesse. 
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АННОТАЦИЯ. T h e paper deals with homogeneous random planar tessel lat ions 
s tab le under iteration (random S T I T tessel lat ions) . T h e length distr ibution of 
the typical I-segment is a l ready known in the isotropic case [8]. In the present 
paper , the anisotropic case is treated. Then a lso the direction of the typical 
I-segment is of interest. 

T h e joint distribution of direction and length of the typical I-segment is 
evaluated. A s a first s tep, the corresponding joint distribution for the so-called 
typical remaining I-segment is derived. 

Dedicated to the 80th birthday of Klaus Krickeberg 

1. I N T R O D U C T I O N 

The subject of the paper are homogeneous random tessellations in R 2 that are 

stable with respect to iteration (nesting). We refer to them as random STIT tessella-

tions, where STIT is an abbreviation for "stable under iteration". 

R. V. A M B A R T Z U M I A N informed about a vision of these random tessellations more 

than twenty years ago in a discussion with the author, and he intuitively anticipated 

some of the properties of this remarkable mathematical object. 

An exact mathematical treatment of random STIT tessellations was presented by 

N A G E L A N D W E I S S i n [6]. 

A short explanation of the subject under consideration is given in the next section. 

For the details, see the fundamental paper of N A G E L A N D W E I S S [6] and additionally 

[4, 5, 7]. Concerning the basic notions in the theory of random tessellations, the reader 

is referred to the book of S C H N E I D E R A N D W E I L [11]. Especially, there can be found 

an exact construction of the measurable space of tessellations. 

N A G E L A N D W E I S S evaluated a lot of mean values for random STIT tessellations 

[5, 7]. A first step was made towards the calculation of more complex characteristics 
73 
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in [8] by deriving the lengths distribution of the typical I-segment in the isotropic 

case. Our aim is now to treat the anisotropic situation. 

The notion of an I-segment goes back to M I L E S [3]. Roughly speaking, an I-segment 

is a maximal segment which is a subset of the set of all boundary points of cells 

belonging to the tessellation (network of edges). It may consist of more than one 

edge. 

It is possible to interpret the random STIT tessellations as the random states of 

a spatially homogeneous Markovian process of subsequent cell divisions in R 2 [9, 10]. 

This insight can be helpful for a better understanding of some properties of random 

STIT tessellations and for evaluating characteristics of them. But in the present 

paper, only the stability under iteration is used for establishing the results. 

In the mentioned model of cell division, which can be thought of being behind the 

random STIT tessellations, the I-segments are the chords dividing the cells. 

2. B A S I C N O T I O N S A N D NOTATIONS 

2.1. Space of lines and space of directions. Let Q be the set of lines in R 2 . Given 

x, y e R 2 with x = y, denote by span(x, y) the line determined by x, y. Let G be 

the a-algebra on Q induced by the map span : {(x, y) : x, y e R 2 , x = y} ^ Q and 

the system of B 4 of Borel sets in R 4 : G = {B CQ : span - 1 (B) e B 4 } . 

For every subset U С R 2 ,let [U} be the set of lines intersecting U: 

[U} = {g eQ : g Ո U = 0}. 

The set of lines through the origin of R 2 is denoted by H. A suitable a — algebra on 

H is H = G Ո H. 
Given a line g e Q, the line r(g) e H parallel to g is said to be the direction of 

g. By the direction r(s) of a segment s with positive length we mean the direction of 

the line containing s. 

2.2. Directional measure. Let Ф be a homogeneous random tessellation with edge 

length intensity 0 < Л < то. 

For given B e H, we consider the (homogeneous) field Фд of that edges of Ф the 

direction of which is in B. Let us denote the edge length intensity of Ф д by K(B). We 

obtain in this way a finite, non-vanishing, non-degenerate measure к on the space of 

directions [H, H] that is said to be the directional measure of Ф. 
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Obviously, к(Н) = A, and we may write к = A$, where $ is a probability measure 

on [H, H]. The latter is called directional distribution of Փ. The assumptions about к 
imply that $ is not a Dirac-measure. 

2.3. I terat ion. If an iteration procedure in the sense of N A G E L A N D W E I S S [6, 7] 

is carried out, where a homogeneous random tessellation with law (distribution) P 
is the frame, and its cells are subdivided independently of each other according to 

a homogeneous law Q, the law of the resulting homogeneous random tessellation is 

denoted by P 0 Q. 

Informally, the intuitive meaning of that operation may be described in the follow-

ing manner: 

Let Փ, Ф be homogeneous random tessellations in R 2 with laws P, Q respectively. 

The cells of Փ are subdivided in a special way. The conditional procedure, given 

a realization p of Փ, is the following. If the set of cells of p is denoted by CV, let 

{ Ф с : C € CV} be a family of independent copies of Ф, i. e. a family of independent 

homogeneous random tessellations identically distributed according to Q. Given C € 
CV, denote by S c the set of all intersections of cells of Ф с with C. Then the set 

U ^ с 
cecv 

of compact convex polygons forms a new random tessellation in R 2 ; we allow us to 

denote it by 

p о{Фс : C €CV}. 

The resulting unconditioned random tessellation, temporarily written as 

Փ о { Ф с : C € Cփ}, 

turns out to be homogeneous again, see for instance [10]; its law is denoted by 

P Փ Q. With respect to the described operation of iteration or nesting, the random 

tessellation Փ is said to be the frame tessellation. 

A satisfying special definition of iteration is provided in [10]. 

3. S T A B I L I T Y W I T H R E S P E C T T O I T E R A T I O N 

3.1. Character i s t ic equation. We describe tessellations mathematically by their 

network of edges, i. e. we identify a tessellation p with the union of the boundaries 

of all cells. Given a number 0 < a < ж, and a tessellation p, the tessellation ap is 
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defined by 

aգ> = {ax : x e <ք}. 

If P is the law of a random tessellation Ф, then for the law of 1Ф the notation DtP 

(or P (t •)) is used; 0 <t < то. 

Definition 1. A homogeneous random tessellation with law Q is said to be stable 

under iteration if for all 0 < s,t < то, 

(3.1) Ds+tQ = DsQ © DtQ. 

Equation (3.1) means the following: Let Ф be a homogeneous random tessellation 

with law Q. In the sense of an iteration, take 1Ф as the frame and split up its cells 

independently of each other according to the law of 1Ф, i. e. according to DtQ. Then 

the resulting tessellation and ֊ : Ф are identically distributed. 

Formula (3.1) is closely related to the Chapman-Kolmogorov equation for the 

Markovian process of cell divisions mentioned in the introduction. 

Homogeneous random tessellations stable under iteration are also addressed as 

random STIT tessellations. 

According to N A G E L A N D W E I S S [6], a homogeneous random tessellation with law 

Q is called stable under iteration if for each к = 2, 3,... the equation Qk = DkQ is 

fulfilled, where the Qk are defined recursively by 

Q2 = Q © Q, Q3 = Q2 © Q, Q4 = Q3 ф Q,... 

The results in [10] imply that the two definitions are equivalent. Only recently, 

N A G E L A N D W E I S S have proved that Q2 = Q©Q is already sufficient. They presented 

an equivalent of equation (3.1) in a lecture some years ago. 

The higher-dimensional analogue is treated in [10]. Note that the 1-dimensional 

counterpart corresponds to nothing else than the well-known homogeneous Poisson 

point field on R [4]. 

3.2. Directional measure of r a n d o m S T I T tessel lat ions. The following result 

can be derived from [6], and it is pointed out in [9]. 

Propos i t ion 1. For every finite, non-vanishing, non-degenerate measure к on [H, H] 

there exists a random STIT tessellation with directional measure к. If two random 
STIT tessellations have the same directional measure, then they are identically distri-
buted. 
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Denote by K the set of finite, non-vanishing, non-degenerate measures on [H, H] 

and by S the set of laws of random STIT tessellations. Proposition 1 says that there 

is a one-to-one correspondence between K and S. 

3.3. Intersection with lines. The function sK : H ^ (0, ж) with 

is said to be the rose of intersections to к. 
In [5], there is proved that the intersection of a random STIT tessellation with a 

line leads to a homogeneous Poisson point field on that line: 

Propos i t ion 2. Let Փ be a random STIT tessellation with directional measure к, 
and let g be an arbitrary line. Then the set Փ Ո g of intersection points forms a 
homogeneous Poisson point field on g with intensity sK(r(g)), where r(g) € H is the 
direction of g, and sK means the rose of intersections to the directional measure к of 
Փ. 

3.4. Further Resu l t s . For the convenience of the reader, additional properties of 

random STIT tessellations should be mentioned, which will not be used explicitly in 

this paper. 

According to N A G E L A N D W E I S S [5], the interior of the typical cell of a random 

STIT tesselation is the interior of a Poisson polygon. 

Propos i t ion 3. The interior of the typical cell of a random STIT tessellation with 
directional measure к has the same distribution as the interior of the typical cell of a 
homogeneous Poisson line tessellation with directional measure к. 

Note that in the case of STIT tessellations there are in general more nodes on the 

boundary of a cell as in the case of line tessellations. 

The following statement can be deduced from the characteristic equation (3.1). 

Propos i t ion 4. Any affine image of a random STIT tessellation is again a random 
STIT tessellation. 

4. T Y P I C A L remaining I - S E G M E N T 

4.1. Prel iminaries . Let Փ be a random STIT tessellation with directional measure 

к = A$; i. e. the edge length intensity is equal to A and the directional distribution 

sK(k) = J к(dh) sin(h, k) 
H 

is $. 
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Рис. 1. Simulation of an isotropic random STIT tessellation, 
provided by J O A C H I M O H S E R , Hochschule Darmstadt, and based on 
an algorithm of N A G E L A N D W E I S S [6] 

The notion "typical remaining segment" was introduced in [8]. It is the segment 

starting from the typical point of Ф and stopping at the upper endpoint (right 

endpoint in the horizontal case) of the I-segment containing the typical point. (There 

are several similar settings leading to the same distribution of a random segment.) 

4.2. Ambar tzumian ' s metric . Let Л be a fixed locally finite line measure with 

Л Ц ^ } } ) = 0 for every x e R 2 . A M B A R T Z U M I A N [1], [2] introduced a pseudometric 

d : R 2 x R 2 ^ [0, то) 

in R 2 , where the distance between the points x, y e R 2 is given by 

d(x, y) = —Л ({g e Q : g separates x, y}). 

Denote by Лк the translation invariant line measure with directional measure к. 
The corresponding Ambartzumian-pseudometric dK is even a metric in this case, 
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which is translation invariant as well. In this way, we got a family of translation 

invariant metrics 

{dK : R 2 x R 2 ^ [0, ж) ; к € K } , 

where the distance between the points x, y € R 2 is given by 

dK(x, y) = ^Лк ({g € G : g separates x, y}). 

If к is isotropic and has total mass к(Н) = n, then Лк is the invariant line measure 

known from conventional integral geometry, and dK coincides with the Euclidean 

metric. 

Analog to the situation in the Euclidean metric, the shortest way with respect to 

the dK — metric connecting two points x, y E R 2 is the segment with endpoints x, y, 
and its "length" measured in the dK— metric is equal to dK(x, y). Hence, the "length" 

lK(s) of a segment s measured in the dK — metric is given by 

7К(Я) = 1л« ([s]) 

or 

(4.1) Լ(տ) = 1 sK(rs)l(s), 

where l(s) denotes the Euclidean length of s. We shall call lK(s) the Ambartzu-

mian—к—length of the segment s. 

If K С R 2 is compact convex, then 

L K ( K ) = Лк ([K]) 

is the Ambartzumian—к—perimeter of K. 

4.3. Modification. For our special purposes, another normalization is more conveni-

ent. Define the к-length lK(s) of s to be 

IK(S) = sK(rs)l(s). 

As can be easily seen from formula (4.1) that the simple relation lK = 2lK holds. 

Proposition 2 has an obvious consequence. 

Corollary 1. Let Փ be a random STIT tessellation with directional measure к, g an 
arbitrary line and s a positive number. Then the set 1Փ Ո g of intersection points 
of the random tessellation 1Փ with the line g forms a homogeneous Poisson point 
field on g with к—intensity s, i. e. the mean number of intersection points per unit 
к—length is equal to s. 
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4.4. Functional equation. We consider a random STIT tessellation Փ with directio-

nal measure к and law Q. 

Let (p, Հ) be a random vector with range H x (0, ж) the distribution of that 

coincides with the joint distribution of direction and к—length of the typical remaining 

I-segment. Given B € H, 0 < x < ж, put 

H(B; x) = P(p € B,£ > x). 

Having formula (3.1) in mind, we think of a random tessellation 1Փ as a frame, the 

cells of which are divided independently of each other according to the law of 1 Փ . The 

outcome is a homogeneous random tessellation with the same law as that of -— Փ. 

The typical point of the resulting random tessellation lies with probability s/(s+t) 
in the frame and with probability t/(s +1) in the new fillings of the old cells. Hence 

the distribution of the typical remaining segment in the resulting random tessellation 

is a mixing with weights s/(s + t) and t/(s + t) resp. of the distribution of the 

typical remaining segment in the frame and the distribution of the truncated typical 

remaining I-segment in a tessellation with law DtQ. 

Note that a resulting remaining I-segment which comes from a filling is a remaining 

I-segment from a random tessellation with law DtQ truncated by the frame. Its 

к—length is the minimum of the к—length of a remaining I-segment of a random 

tessellation with law DtQ and the к—distance of the starting point of that remaining 

I-segment to the frame in the direction of that segment. According to Corollary 1, 

the mentioned к—distance is exponentially distributed with parameter s. 

We obtain 

s t 
(4.2) H (B; (s + t)x) = H(B; sx) + H(B; tx)e - s x. 

4.5. Solution. Equation (4.2) can be rewritten in the form 

(4.3) (s + t)H (B; sx + tx) = sH(B; sx) + tH(B; tx)e - s x. 

Fix B € H for the next few steps of calculation and define an auxiliary function 

u : (0, ж) ^ [0,1] by 

(4.4) u(y) = yH (B; y); 0 <y < ж. 

Then (4.3) transforms for sx = a, tx = b into 

u(a + b) = u(a) + u(b)e - a; 0 < a,b < ж. 
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Changing the notations a, b leads to 

u(a + b) = u(b) + u(a)e - b; 0 < a,b < то. 

Combining the last two equations yields 

u(a) + u(b)e - a = u(b) + u(a)e - b  

u(a) u( b) 
v 7 = ^ ^ ; 0 <a,b< то. 

l — e - a l — e՜ 

Hence, the expression u(a) / ( l — e - a) does not depend on a, but of course, it can 

depend on B. We find 
u(a) 

= c(B); 0 <a< то 
l - e ՜  a  

with a suitable set function c : H ^ [0, то), or with (4.4), 

l — e-x  
H (B; x) = c(B) ; 0 <x< то. 

x 
The definition of H implies that for x Լ 0 the expression H(B; x) tends towards the 

probability that the direction of Ф at a typical point lies in B, i. e. 

lim H(B; x) = tf(B). 
x | 0 

Finally, we get 
l e ՜  x  

(4.5) H (B; x) = ֊&(B) ; 0 < x < то, B e ft. 
x 

4.6. Resu l t s . Formula (4.5) and its consequences should be explained in detail. 

Propos i t ion 5. Let Ф be a random STIT tessellation with directional measure к. The 
direction and the к—length of the typical remaining I-segment of Ф are independent. 

The survival function of the к—length of the typical remaining I-segment is given by 
l — e - x  

x ^ . 
x 

The distribution of the direction of the typical remaining I-segment coincides with the 
directional distribution $ of Ф ; which is obtained from к by normalization. 

Corollary 2. Given a random line h through the origin with distribution a random 

positive number 7 uniformly distributed in (0, l) and a random positive number n 

exponentially distributed with parameter l. The three random variables fj,7, Ո are 

supposed to be independent. Then the distribution of the pair 

Ո 
h, YsK(h )  

or 
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is equal to the joint distribution of direction and Euclidean length of the typical 

remaining I-segment. 

The Lebesgue measure on (0, ж) is denoted by v. 

Corol lary 3. The joint distribution of direction and Euclidean length of the typical 

remaining I-segment is a probability measure on H x (0, ж), which has a density 
s 

1 
(h, x) ^ ——— dt te -tx 

sK(h) _ 
0 

with respect to § x v. 

Corol lary 4. The conditional distribution of the Euclidean length of the typical 

remaining I-segment, given its direction h GH, is a mixture of exponential distributi-

ons, where the mixing distribution for the parameter of the exponential distribution 

is the uniform distribution on (0, sK(h)). 

R e m a r k 1. It should be noticed that the typical point in the definition of the typical 

remaining segment was chosen according to the Euclidean length measurement. 

5 . T Y P I C A L I - S E G M E N T 

The subject under consideration is again a random STIT tessellation with directi-

onal measure к G K. 

The joint distribution A of direction and length of the typical I-segment and the 

joint distribution A r e m of direction and length of the typical remaining I-segment are 

probability measures on H x (0, ж) connected by the formula 
x 

(5.1) f A r e m(d(h, x))f (h, x) = ± f A(d(h, x)) j dy f (h, y); 
0 

f : H x (0, ж) ^ [0, ж) measurable, 

where 

(5.2) iK = J n(dhi) J n(dh2) sin(/ii ,h2) . 

We obtain from Corollary 3 and from formula (5.1), 
x TO sK{h) 

A(d(h,x)) J dyf (h,y) = J §(dh) J d x s ֊ j dtte - t xf (h,x) 
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Вк(Ь.) 
l 

A(d(h,x)) J dyf (h,y)= J $(dh) - ֊ J dx I dt t 2e - t x J dy f (h,y). 
0 0 0 0 

The last equation must be valid for all measurable functions f : Hx (0, то) ^ [0, то), 
hence the measure A has a density with respect to $ x v 

s 
l 

ձհ) 

(h,x) ^ — d t t 2 — tx 

sK(h) _ 
0 

T h e o r e m 1. Given a random STIT tessellation with directional measure к, the joint 

distribution of direction and Euclidean length of the typical I-segment is a probability 

measure on H x (0, то), which has a density with respect to к x v 
sK(h) 

( h ,x) ^ T ֊ m j  d t t 2e - t x. 
h) J 

0 

Corol lary 5. The conditional distribution of the Euclidean length of the typical I-

segment, given its direction h eH, is a mixture of exponential distributions, where the 

mixing distribution for the parameter of the exponential distribution is a probability 

measure on (0, sK(h)) with density t ^ (2/si(h)) t. 

The following result can also be deduced from Theorem 1. 

Propos i t ion 6. Let Ф be a random STIT tessellation with directional measure к. 

The direction and the к—length of the typical I-segment of Ф are independent. The 

survival function of the к—length of the typical I-segment is given by 

x ^ ֊x2 (l — e - x — xe - x) . 

The distribution of the direction of the typical I-segment has a density with respect to 

к given by 

(5.3) h ^ -sк(h). 

Corol lary 6. Given a random positive number 7 uniformly distributed in (0, l) , a 

random positive number n exponentially distributed with parameter l and a random 

line h through the origin, which has a density (5.3) with respect to к. The three random 

variables h,Y,n are supposed to be independent. Then the distribution of the pair 

h,  Ո  
h sMVY 

or 
x x 
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is equal to the joint distribution of direction and Euclidean length of the typical I-
segment. 

In the isotropic case, the rose of intersections sK is constant and it is easily seen 

that the results in [8] are confirmed. 

6 . O U T L O O K 

It would be desirable to treat the whole problem again, now using the knowledge 

from [9], [10] that random STIT tessellations can be interpreted as the random states 

of a spatially homogeneous Markovian process of cell divisions in the whole plane. In 

this situation also the time of birth of the typical I-segment is of interest. 

We expect that the conditional length distribution of the typical I-segment, given 

its direction and time of birth, is an exponential distribution. In this context, it 

becomes clear why we have to do with mixtures in the statements above. The mixing 

distributions, e. g. the uniform distribution in corollary 4, reflect in some way the age 

distribution of I-segments. 
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АННОТАЦИЯ. Das Ziel dieser Note ist eine Neuformulierung unci Verallgemeine-
rung grundlegender Untersuchungen von Bach [1, 2] zum Begriff der Wahrschein-
lichkeit bei Boltzmann [3] in der Sprache der modernen Punktprozesstheorie. Die 
Leitidee ist dabei ihre Einordnung unter die Krickebergsche Zerlegungstheorie 
invarianter Masse [6]. Diese macht Bachs Uberlegungen transparenter und fiihrt 
iiber diese hinaus. Gleichzeitig wird die konzeptionelle Uberlegenheit der Punkt-
prozessformulierung fur die Beschreibung quantenmechanischer Modelle deutlich. 

Meinem verehrten Lehrer Klaus Krickeberg zum achtzigsten Geburtstag gewidmet 

1. Z E R L E G U N G VON IXVARIANTKX D I S K R E T E N 

W A H R S C H E I N L I C H K E I T E N 

Wir stellen hier Krickebergs Zerlegungstheorie in einer diskreten Form vor, wie 
man sie fur quantenmechanische Anwendungen benotigt. Es wird dabei der Kleinsche 
Gesichtspunkt zugrundegelegt, bei dem man von einer Invarianzgruppe ausgeht und 
nach der Gesamtheit der Masse bzw. Prozesse fragt, die unter dieser invariant bleiben. 

Es sei (Y, v) ein diskreter Wahrseheinliehkeitsraum. Wir betraehten eine Aquivalen-

zrelation ~ in Y. Dann existiert eine abzahlbare Menge Г und eine Abbildung r von 

Y auf Г, so dassx ~ y genau dann gilt, wenn r(x) = r(y). (Man kann fur Г die 

Menge der Aquivalenzklassen wahlen und fur r die Abbildung, die einem x die Klasse 

zuordnet, in der x Fur gegebenes 7 G Г sei Yy = {r = 7 } , und к bezeichne die 

Verteilung von r. Man kann dann v mit Hilfe von r auf folgende Weise zerlegen: Es 

existiert eine Familie (vY)7er von Wahrscheinlichkeiten auf Yy mit der Eigenschaft 

(1.1)  v = Y ^  VYK(Y )• 
JET 

Hier sind vY к — fast sieher ( d.h. fur alle 7 mit K(Y) > 0) die bedingten Wahrschein-

lichkeiten v (.|r = դ). 
85 
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1st nun ф : Y —> Y eine Transformation, die к—fast sicher die Klassen YY erhalt, 

dann ist v invariant unter ф genau dann, wenn fur ф к—f^t alle 7 vY invariant ist 

unter ф. 

Wir betrachten nun die folgende spezielle Situation: Gegeben sei eine endliche 

Gruppe G, die auf Y wirke. Uns interessieren Situationen, in denen G nicht transitiv 

operiert. Dann besehreibt die Aquivalenzrelation definiert durch x ~ y genau 

dann, wenn gx = y fur ein g G G gilt, die Abweichung von der Transitivitat. 

Wir betrachten nun die Menge VoY aller Wahrscheinlichkeiten v աք Y, die invar-

iant unter G sind, d.h. dassgv = v f"ur alle g G G gilt. Hier bezeichnet gv die 

Verteilung von g. In dieser Situation existiert, wie wir oben sahen, eine Menge Г sowie 

eine surjektive Abbildung r : Y —> Г so dassx ~ y genau dann, wenn r(x) = r(y). 

G 

Aufgrund des obigen Gedankenganges ist dann evident, dassjede G—invariante 

v Y r 

nun die Wahrscheinlichkeiten vY к—f^t sicher G-invariant sind, d.h. es gilt 

(1.2) vY = gvY fiir к — fast alle j . 

Umgekehrt gilt: Sind к eine Wahrscheinlichkeit auf Г und (vY)Yer eine Familie 

von Wahrscheinlichkeiten auf YY, die fiiг к— fast alle 7 G—invariant sind, dann ist v, 

G— Y 

G— 
v Y 

In der Folge nehmen wir zusatzlich an, dass die folgende Voraussetzung erfiillt ist: 

(1.3) Alle Y Y G Г, seien endliche, nichtleere Mengen. 

G YY YY 

G— 
mit AY bezeichnen wollen. 

Umgekehrt gilt: 1st к eine Wahrscheinlichkeit auf Г, so definiert definiert 

( 1 . 4 ) v = Y , AYK(Y) 
Y  

G— Y 

(1.5) v(y) = 1 • K(r(y))fur alle y. 
\ Y r ( y ) \ 
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Zusammenfassend haben wir damit den folgenden grundlegenden Satz erhalten, 

der ein Spezialfall von Theorem 2 in [6] darstellt. 

T h e o r e m 1. Unter den obigen Voraussetzungen liefert die Gleichung 

(1.6) v = £ Ay K(Y) 
Y  

eine umkehrbar eindeutige Beziehung zwischen Q—invarianten Wahrscheinlichkeiten 

v Y к Г 

Wir bemerken nebenbei, dass die Bedeutung des Satzes fur die Statistik in der 

r 

Q— v Y 

2. A U S T A U S C H B A R E V E R T E I L U N G E N : M A X W E L L - B O L T Z M A N N , 

B O S E - E I N S T E I N UND F E R M I - D I R A C S T A T I S T I K 

Wir folgen Bachs U berlegungen und leiten mit Hilfe von Theorem, 1.1 die Maxwell-

Boltzmann-, Bose-Einstein- und Fermi-Dirac Statistik ab. 

Wir betraehten hier die folgende Situation, die die unterste Ebene besehreibt: X 

sei eine niehtleere, endliehe Menge und Y das kartesische Produkt Xn. Q sei die 

symmetrische Gruppe Sn aller Permutationen Ծ der natiirliehen Zahlen {l,...,n}. 

Diese wirkt vermoge 

(2.1) Ծ : y = (xi,...,xn) -—> gy = ( x a - i { 1 ) , x a - i ( n ) ) 

Q Y Q Y 

Q 

Q definiert die folgende Aquivalenzrelation in Y : y ~ y' genau dann, wenn Ծy = y' 

fur ein Ծ g Q. Diese Aqui^enzrelation kann durch das folgende Paar (Г, r) dargestellt 

werden: Г = M՝n(X); das ist ^^e Menge aller Punktmasse auf X mit der Gesamtmasse 

n 

(2-2) r : y = (xi,...,xn) I—> 6Xi + + §xn• 

Г YY 

, ч , , (IX| + n — \\ 
(2.3) |Г| = 1 ՝ • 

n 

(2.4) \Yy | = Հ 
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(Ein Element y G YY капп man mit der Zerlegung von { 1 , . . . , n}) identifiziert werden, 

deren Elemente {j\xj = a } ,a G X, j(a) Elemente besitzen.) 

Der obige Satz hat damit den folgenden Satz als Konsequenz. Л 7 bezeiehnet dabei 

die gleiehmassige Verteilung auf YY. 

T h e o r e m 2. Die Gleichung 

(2.5) P = £ Л 7 R(Y) 
Y 

vermittelt eine umkehrbar eindeutige Beziehung zwischen Punktprozessen R G PMn 

und Q—invarianten Wahrscheinlichkeiten P auf Y; und es gilt dann 

(2.6) P(y) = Лг(у){у) • R(r(y)),y G Y. 

Auf diese Weise kann man im Prinzip dureh Vorgabe der Punktprozesse R alle 

Q—invarianten Wahrscheinlichkeiten P bekommen. Wir nennen im Folgenden solche 

Q—invariant en P austauschbar oder auch symmetrisch. Mit diesen beschreibt man in 

der statistischen Mechanik ununterscheidbare Teilchen ([1]). 

Wir geben einige historiseh wichtige Beispiele: 1st p eine Wahrscheinlichkeit auf 

X 

(2-7) ՅՈ(բ) = Ի ) • П P(aY ( a ),V G Mn(X), 
aEx 

bekanntlich einen Punktprozess aus VMn(X). 1st p die gleiehmassige Verteilung, so 

sehreiben wir kiirzer Bn und nennen ihn den Boltzmannschen Prozess, weil er auf 

Boltzmann [3j zuriickgeht. Der vermoge (2.6) zugehorige symmetrische Prozess Ppn 

ist 

(2.8) P n ( y ) = I I P(aY i y ) ( a ),y G Y. 
aEx 

P n ist nichts anderes als das Produkt pn. Die Darstellung (2.7) zeigt unmittelbar seine 
P n 

p  

Als naehstes betrachten wir den Prozess, der definiert ist durch 

(2.9) £Ո(բ) = I T G M n ( X ) . 
n 

Dies ist die gleiehmassige Verteilung auf Mn(X). Man nennt En in der quanten-

n 
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(2.11) Dn(^) = — e Mn(X), n < d.(Dn = 0 sonst ) 

Die zugehorige symmetrische Verteilung auf Xn ist offenbar gegeben dureh 

(2-10) Pes(y) = 7 n T • T d + n ^ , y e  X n . 
\ r ( y ) ) I n ! 

In der statistisehen Mechanik heisst P^g die Bose-Einstein Statistik. 

Sehliesslieh betrachten wir den Prozess 
1 

S : 

Dies ist die gleiehmassige Verteilung auf der Menge M՝(X) der einfaehen Punktmasse 

X X 

X 
X n 

(2-12) Pnv(y) = n • —,y e{r e M՝(X)}. 
n 

P n 

3. S Y M M E T R I S C H E P U N K T P R O Z E S S E UND I H R E Z E R L E G U N G E N 

Wir formulieren nun Krickebergs Satz fur die auf M" (X) operierende symmet-

rische Gruppe. 

Wir gehen nun von Xn auf die nachst hohere Ebene M՝n(X) bzw. M՛՛ (X) und 

gehen ganz parallel vor. X sei wieder eine nichtleere endliche Menge; und Y nun die 

(abzahlbare) Menge M՛՛ (X) aller Punktmasse auf X. G sei die endliche symmetrische 

Gruppe aller Permutationen g топ X. Diese wirkt vermoge 

(3.1) g : բ -—> ցբ = բ(x) • SgX 

xex 

G Y 

G definiert nun die Aquivalenzrelation in Y : թ ~ v genau dann, wenn ցթ = v fiir 

ein g e G- Diese Aquivalenzrelation kann durch das folgende Paar (Г, r) dargestellt 

werden: Г = M^(No), und 

(3.2) r : բ ^ Y,l(j) = cd {բ = j} ,j > 0. 

Wieder sind alle Mengen Yy endlich. Genauer gilt 

(3.3) К | / d A d ! 

Y) Ո յ > օ YW 
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(Ein Element բ G YY kann mit derjenigen Zerlegung von X identifiziert werden, deren 

Elemente Mj = {բ = j} j ( j ) Elemente besitzen.) 

Der obige Satz hat damit den folgenden Satz als Konsequenz. ЛY bezeichnet nun 

X YY 

T h e o r e m 3. Die Gleichung 

(3.4) P = £ ЛY R(Y) 
Y  

vermittelt eine umkehrbar eindeutige Beziehung zwischen Prozessen R G VM՝d(N0) 
Q— P X 

(3.5) PЫ = Л г Ы ( м ) • R(r(p)),p G M"(X)• 

Q— P X 

4. M A X W E L L - B O L T Z M A N N , B O S E - E I N S T E I N UND F E R M I - D I R A C 

P R O Z E S S E 

Wir geben einige klassische Anwendungen des letzten Satzes, die auf Boltzmann 
[3] zuruckgehen und von Bach [1, 2] rekonstruiert warden. 

r vermittelt nun zwischen den Ebenen M"(X) und Md(N 0 ) . Auf M"(X) haben 

wir sehon die Prozesse (Bpn)n>0, (£ n)n>0 sowie (V n)n>0 kennengelernt. Offenbar sind 

diese symmetrisch in dem neuen Sinne. Jede Misehung dieser Familien beziiglieh 

n X 

statistischen Mechanik Maxwell- Boltzmann, Bose-Einstein und Fermi-Dirac Prozesse 
in X zu n und (im ersten Fall) p. 

Wir ermitteln nun mit Hilfe von (3.5) die zu diesen Prozessen gehorigen Bild-

prozesse RMB , R g ^ w . RFV-

Wir beginnen mit dem Fermi-Dirac Prozess. Das Bild RFV von Dn unter der 

r 

(4.1) RFV = Ay0 • 

Dies ist das Diraesehe Mass fur das spezielle Punktmass j0, definiert durch Y0(0) = 

d — n, Y0(1) = n, und Y 0 ( j ) = 0 sonst. 

Das Bild RBE топ En ^rter r ist gegeben durch 

(4.2)  RBE (Y) = ( d ) • բ կ , Y G Md ( { ° , ...,n}) 
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Dies ist ein interessanter Punktprozess in { 0 , . . . , n}. 

Hieraus ergibt sich nebenbei die kombinatorisehe Identitat 

< " ՛ £ ( d ) = ( d + n — 1 ՝ 

Schliesslich ist, wie man leicht nachrechnet, das Bild RMB von Bpn unter r gegeben 

durch 

(4-4)  RMB(Y)= (d) • П ( j j Щ ) П П P( a) j. 
V , / j > 0 K J ՝ > j a^(~,)(a)=j 

Hier ist H(Y) irgendein Element aus Yy = {r = Y}. 1st hier p die gleichmassige 

X 

(d 1 1 
RMB ( Y ) = ( d ) • n 0 j j • dn. 

Wie Bach [1, 2] bemerkte, gehen die Formeln (4.2) und (4.5) auf Boltzmann [3] zuriick. 

Wir betrachten nun noch zwei klassische Beispiele von Mischungen. 

Mischt man etwa die Familie (Dn)n mit Hilfe der Binomialverteilung zu den 

Parametern (d, p), wobei 0 < p < 1, so erhalt man offenbar den Bernoullischen 

Prozess 

(4.6) F d ( P ) = (1 — p) d-M,H GM(X). 

Diesen symmetrischen Prozess Fd nennen wir in diesem Zusammenhang ebenfalls 

Fermi-Diracsche Prozesszum Parameter (d,p). (Es ist nichts anderes als der Miinzwur-

r ( n, p ) 

Sei schliesslich p ein beliebiges Mass auf X , das nicht das Nullmass ist und p 
seine Normalisierung zu einer Wahrscheinlichkeit. Mischt man nun die Familie der 

symmetrischen Prozesse Bn,n > 0, mit Hilfe der Poisson Verteilung auf N0 zum 

Parameter p(X), so erhalt man bekanntlich den Poissonschen Prozess Pp, den man 

p 
r 

'd) 1 , -л- 1 

v7v ( 4- 7)  RMB (Y)= ( d ) • ֊ •  e X P(—p(X)) • П j Y j • I I . П p( a) j. 
j > 0  j a:^{Y){a)=j 
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Hier haben wir die Formel (4.4) benutzt. ( Und N(Y) = n=0 j • Y(j) ist die Kardina-

litaet der zu Y gehorigen բ.) Die Invarianz des Poissonschen Punktprozesses Pp unter 

der 'Zeitentwieklung' einer Permutation ist eine Version eines grundlegenden Satzes 

von Doob [5] . 

5. E W E N S - S U T O P R O Z E S S E 

Wir beschliessen diese Note mit einem berumten symmetrischen Prozess, der unab-
hangig voneinander von Ewens [4] in der theoretischen Biologic und von Suto [9] in 
der quantenstatistischen Mechanik gefunden wurde. Es handelt sich dabei um zufallige 
Permutationen, die unter Konjugationen invariant sind. Diese Invarianz ist insofern 
fur die stochastische Geometric von Bedeutung, als sie geometrische Eigenschaften 
von Permutationen invariant lasst. Genauer beinhaltet das Prinzip der Konjugation, 
zwei Teile: (1) 1st a e G eine Permutation eines bestimmten Турs, so ist auch g.a = 
gag՜ 1, g e G, eine Permutation dieses Typs. (2) 1st Ya eine geometrische Eigenschaft 

a 

), so gilt g.Ya = Yg.a. 

Wieder sei G die Gruppe der Permutationen einer n—elementigen nieht leeren 

X 

(5.1) g : a -—> g.a = gag՜ 1. 

Die zugehorigen Aquivalenzklassen sind die Konjugationsklassen . Diese werden dureh 

das folgende tupel (Г, r) dargestellt: Г ist die Menge M(n)(N) aller Punktmasse Y a u f 

N mit der Eigenschaft N(Y) = j j • Y(j) = n; und r : G -—• Г ist definiert dureh 

r(a) = Y, wobei Y(j) die Zahl der Zyklen der Lange j in der zyklischen Zerlegung 

von a zahlt. Es ist wohlbekannt, dass die Machtigkeiten der Aquivalenzklassen Yy 

gegeben ist dureh 

1 
(5.2) \YYI = n! • q(Y),q(Y) = П 

j>1 Y(j)! • j 7 ( j )՝ 

Wieder sind die Aquivalenzklassen endlieh und besitzen als eindeutig bestimmte 

symmetrische Verteilung die gleiehmassige Verteilung 

(5.3) Л 7 ( a ) = !  1 ( , a e Yy. 
n! • q(Y(a)) 

(Symmetrisch bedeutet nun, invariant gegen inneren Automorphismen zu sein!) 
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Als Konsequenz der Krickebergschen Theorie vermittelt also die Gleiehung P = 

A 7 R ( y ) umkehrbar eindeutig zwischen den symmetrischen, zufa lligen Permuta-

tionen P auf £ und den Punktprozessen R G VM(n)(N). Wahlt man etwa fur R das 

Diracsche Mass Д 7 fur ein y G Г, so ist die zugeho rige symmetrische Permutation 

gegeben durch die gleichmassige Verteilung A 7 . Ein interessanteres Beispiel erhfllt 

man so: Es sei d eine strikt positive Funktion auf N. Man betrachte die kanonische 

Partitionfunktion des idealen Bosegases, definiert durch 

(5.4) Qn(d)= J2 d(Y) • q(Y). 
Y:N (-y)=n 

Hier ist d(Y = Ц > d ( j ) l j . Es ist wohlbekannt (siehe z.B. [8j), dass 
j 

(5.5) e x p ^ d j ) • - ) = J2 Qn(d) • zn, 0 < z < 1. 
j  j n>0 

Qn(d) d 

natiirliche Zahl d, so ist Qn(d) = ( ^ Հ ՜ 1 ) -

(5.4) ermoglicht die Definition des folgenden Punktprozesses R G PM(n)(N): 

(5.6) R(Y) = Q — • d(Y) • q(l) • 1m.n)(N)h), Y G M(n)(N). 

R 

(5-7) Sd n )(a) = n! ^ Qn(d) • d(r(a)) • 1mm(N) (r(a)),a G G. 

(n) Bisher ist der Parameter n festgehalten. Eine natiirliche Mischung der Sd ,n > 0, 

ist die folgende, wenn man (5.5) beachtet: Fiir 0 < z < 1 sei 

(5.8) Sd, z(a) = exp(— £ d(j) • - ) • £ z n • Qn(d) • Sdn ). 
j  j n>0 

Wir nennen Sd,z den Ewens-Suto Prozess zu den Parametern (d, z). Eine detaillierte 

Analyse dieses interessanten Prozesses findet man in [8]. 

6. S C H O L I O N 

Wir kommentieren hier noch eine sehr interessante Randbemerkung von Alexander 

Bach, die die obigen Uberiegungen weiterfuhri. Dann geben wir einen Ausblick auf 

weitere nichtklassische Statistiken. 

Sei Z = {X1,... ,Xf } Zerlegung von X in nicht leere Teilmengen der Machtigkeiten 

d1,... ,d,f. Gj bezeichne die symmetrische Gruppe S (Xj ^ d G sei die zugehorige 
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Produktgruppe H j Gj- Diese wirkt in natiirlicher Weise auf M• ՝ ( X ) vermoge 

(6.1) g = ( g i , . ..,gf) : բ = բւ + + Բք -—> g i * i + + gf Բք = ցք. 

Hier sind բյ die Restriktionen von * auf X j . 

Diese Gruppe induziert eine Aquivalenzrelation, die reprasentiert wird dureh das 

folgenden tupel (K,r). 

(6.2) K = ( J М 7( !)(Мо) X - - - X M ֊ Y ( f ) ( N o ) 

ieMd (No) 

(6.3)  r ( * ) = к = ( r i ( ^ ) , . . . , r f  (բ՝)՝). 

Hier ist rj (ր) = rj (ր), wobei rj die ա ո fur Xj wie oben unter (3.2) definierte 

Transformation ist. Offenbar sind die Kardinalitaten der Aquivalenzklassen YK = 

{r = к } gegeben dureh 

(6.4) \YK\ = П ( j ,к e  MY d ) (No) X . . . x  MY(f )(No). 

Man ist damit in der Situation des Kriekebergsehen Zerlegungssatzes und kann im 

Prinzip dureh Vorgabe von Verteilungen Q топ Y und Verteilungen RY auf dem 

Produktraum MY.(i)(N0) x ...xM^f )(N0) alle symmetrischen Prozesses beziiglieh der 

Produktgruppe erhalten. Waehlt man hier z.B. fur RY das Produkt der Verteilungen 

< " > Ш • г З г Г ^ 1 ՝ - . . ՝ ' ՝ 

auf MY(j)(N0) und fur Q die gleichmass ige Verteilung auf M'd{0,..., n}, so erhalt 

man den von Bach [lj in der Formel (3.83) angegebenen Punktprozess 

(6-6)  PпЫ = T d + U • П (d] '  , * e  M n ( X ) . 

[ n > j \ Y(j) > 

Nebenbei erhalt man wieder eine kombinatorisehe Identitat, die diejenige von (4.3) 

n 

Fiir weitere Beispiele verweisen wir auf Baeh. Im Prinzip kann man dann wieder 

auf die hoheren Ebenen gehen. 

Wir betrachten abschliessend die folgenden, offenbar symmetrischen Verteilungen 

auf Y = Xn: 
(6.7) P ( n )((x1,...,xn)) = - n • dn -k • ]T П P(Xj), k =!,...,n. 

k J : \ J \ = n ֊ k j ? J 

Dann ist aueh Ф(Р(п\ ..., РПпП)) fiir jedes Poly п о т ф in n Variablen symmetrisch und 

Y 
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ist mit sV n )((x1,..., xn)) 

s i ( n ) = P ( n ) ; = Pi ; 

տ2շւ) 
1 1 

տ2շւ) 

n. d n ֊ 1  J2a p ( a )  

s i n ) 
1 1 

s i n ) 

n . dn -1  J2a p ( a )  

s4n) 
1 1 

s4n) 
n. dn -1  £ a p ( a )  

1 
t p(a)v  

n 
= 1 p ( x j ) V ,  

2 [P ( n  )
2 — 2 . P( n )]; 

3 [P ( n  
) 3 — 3 . P(n ) . 

4 [P ( n  
) 4 — 

1P( 

n) 2 

P4(n)]. 

P( n ) + 3 . P( n )]; 

. P(n ) + 2. P(n )2 

J J( a)՜ 
+ 4 . P(n ) . P(n )  

(n) (n) Pn ist die Maxwell-Boltzmann Statistik zu p. P{ ist keine der klassisehen 

Statistiken, falls p von der gleiehmassigen Verteilung versehieden ist. 

Wie ist das zufallige Zahlmass r bei zugrunde liegendem P ( n ) verteilt? Wie man 

sofort naehreehnet, ist diese Verteilung gegeben durch 

(6.8) R^ip) = • ց • p(p),p e Mn(X). 

Hier bezeichnet p(p) den Erwartungswert von p betrachtet als Funktion auf X, 
(n) n 

bezaglich p. Es ist interessant, dass R\ mit Pp1, dem Maxwell-Boltzmann Prozess 

p p X 
Wir betraehten zum Absehluss noch die symmetrische Statistik P^—i u n d rechnen 

r 

(6.9) R {:h(p) = . Ի ) . £ [p(b)^ ( b )֊ 1 . П p ( a f ( a ) ] . p(b),p e Mn(X). 
bEX a=b 

p p 

X 

Sowohl R^ als aueh Rn՝ n'֊1 sind interessante neue Punktprozesse auf M՝n(X). 

Welche Eigenschaften haben sie? Sind sie Gibbssch? Wenn ja, zu welcher Interaktion? 

Wie sind die Zahlvariablen ( B ( p ) = p(B),B С X, verteilt? 

(n) 

Es ware interessant, auch die anderen Prozesse Rk ,k = 2, ...,n — 1, zu betraehten 

und das obige Baehsehe Programm, das wir fur die klassisehen Statistiken dureh-

gefiihrt haben, zu entwiekeln. Es stellt sieh dabei wieder die Frage, welche Eigenschaf-

ten diese haben und ob unter diesen Prozessen Kandidaten sind, die fur die quanten-

statistisehe Meehanik von Bedeutung sind. 

i 
n 
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АННОТАЦИЯ. The following is a fundamental construction in the theory of point 
processes: For a measurable space (X, E) let X< denote the set of all measures 
on (X, E) taking only rallies in the set N (and so each p £ X< is a finite measure, 
since p(X) £ N); pu է E< = a(E^), wher e is the set of all sub sets of X< having 
the form {p £ X< : p(E) = k} with E £ E and k £ N. 

Dedicated to the 80tb birthday of Klaus Krickeberg 

1. I N T R O D U C T I O N 

One purpose of this note is to give a proof of the following result (which is well-

known to those working in point processes): 

T h e o r e m 1. If ( X , E) is a standard Borel space then so is ( X < , £<). 

This theorem, or results which are equivalent to it, can be found in Matthes, 

Kerstan and Mecke [13], Kallenberg [9] and Bourbaki [2]. 

A measurable space (X, E) is standard Borel if there exists a metric on X which 

E 

ст-algebra (the smallest ст-algebra containing the open subsets of X ) . The name 

'standard Borel' was given to such spaces by Mackey in [12]. In particular, a standard 

Borel space (X, E) is countably generated, i.e., E = a(S) for some countable subset 

S of E. (This follows because a separable metric space has a countable base for its 

topology.) Moreover, it is also separable, i.e., {x} e E for each x G X. 

In fact we are not really going to work with standard Borel spaces but rather 

with spaces which we call substandard Borel. These are essentially equivalent to 

standard Borel spaces, although this equivalence (which is formulated precisely in 

Proposition 2) is by no means easy to establish. 

The theory of substandard Borel spaces can be developed using only the kind of 

results to be found in an introductory course on measure theory. This makes it much 
97 
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more accessible than the usual theory of standard Borel spaces. Moreover, in many 

applications where a standard Borel space seems to be needed a substandard Borel 

space works just as well. (Some examples of this are discussed at the end of the note.) 

The term 'substandard' should here be considered in the sense of indicating a (pattern 

of linguistic) usage which does not conform to that of the prestige group in a (speech) 

community. 

In order to define a substandard Borel space we need the following very special 

space M and some of to properties. Let M = { 0 , 1 } N (the space of all sequences 

{zn}n>0 of 0's and l ' s ) , considered as a compact metric space with respect to the 

metric d : M x M ^ R + given by 

d({zn}n>0, {z'n}n>o) = ^2 2 - n\zn - z'n| 
n>0 

(or any equivalent metric the reader might prefer), and let B be the a-algebra of Borel 

M 

For each m > 0 let qm : M ^ { 0 , 1 } m + l be given by qm({zn}n>o) = (zo, • • •, Zm) 

and let Cm = qmm1(P ( { 0 , 1 } m ))• Then Cm is a finite algebra and each o f t he sets in Cm 

is both open and closed; also Cm С C m + 1 . Let C = | J m > 0 C m then C is a countable 

C 

closed. Also for each m > 0 let p m : M ^ { 0 , 1 } be the projection mapping defined 

by letting Pm({zn}n>0) = Zm for each {zn}n>0 & M and let 

Лт = P - 1 ( { 1 } ) = { { z n } n > 0 & M : zm = 1} • 

L e m m a 1. B = a(C) = а({Лт : m > 0 } and so in particular (M, B) is countably 

generated. 

Proof: Let O be the set of open sub sets of M. Then the countab le set C is a base 

for the topology on M, and so each O & O can be written as a countable union 

of elements from C. Hence O С a(C) and thus B = a(O) С a(a(C)) = a(C), i.e., 

B = a(C). Moreover, each element of C can written as a finite intersection of elements 

from the set { Л m : m > 0 } U {X \ Л m : m > 0 } and it therefore follows that 

C С a(^m : m > 0 } ) . This implies that B = a(^m : m > 0 } ) . • 

The following result appears as Theorem 2.1 in Mackey [12]: 

P r o p o s i t i o n 1. A measurable space (X, E) is countably generated if and only if there 

exists a mapping f : X ^ M with f - 1 ( B ) = E. 
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(X, E) 

{ E n } n > o from E such that E = a({En : n > 0 } ) . Now define f : X ^ M by 

f (x) = {IEn(x)}n>0. Then f - 1(An) = En for each n > 0 and so by Lemma 1 

f - 1 ( B ) = f"V({An : n > 0 } ) ) = a({En : n > 0 } ) = E . 

Suppose conversely there exists f : X ^ M with f  - 1(B) = E and for each n > 0 put 

En = f-1(An)- Then by Lemma 1 

a({En : n > 0 } ) = a({f - 1(Лп) : n > 0 } ) = f - 1(a({An : n > 0 } ) ) = f - 1 ( B ) = E 

and thus E is countably generated. • 

(X, E) 

mapping f : X ^ M with f - 1 ( B ) = E such that f (X) e B. (This additional condition 

is nowhere near as harmless as it might first appear.) In particular, by Proposition 1 

a substandard Borel space is countably generated. The notion of a substandard Borel 

space already occurs implicitly in Parthasarthy's proof of the Kolmogorov extension 

theorem for the inverse limit of standard Borel spaces in Chapter V of [14]. 

The relationship between standard Borel and substandard Borel is the following: 

( X, E) 

separable and substandard Borel. 

Proof: The fact that a standard Borel space is substandard Borel can be proved 

using only results from an introductory course on measure theory, and we give a proof 

after we have proved Theorem 2. This fact will be needed in two places later and we 

refer to it as the elementary part of Proposition 2. The proof of the converse, however, 

requires the typical machinery associated with standard Borel spaces, which tends to 

be rather off-putting at a first acquaintance. A proof can be found, for example, in 

Parthasarathy [14] or Cohn [3]. At the end of the note we give some more details on 

what is involved here. • 

The main part of this note is taken up with an elementary proof of the following: 

T h e o r e m 2. If ( X , E) is a substandard Borel space then so is (X<, E<). 

Proposition 2 implies that Theorem 1 follows from Theorem 2, since it is easily 

checked that (X<7 E<) is separable whenever (X, E) is. However, as indicated above, 

in many situations Theorem 2 can be applied directly, and this avoids appealing to 

the non-elementary part of Proposition 2. The purpose of this note is not only to 
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prove Theorem 2 but also to show how results are typically proved when working 

with substandard Borel spaces. 

We now start preparing for the proof of Theorem 2. 

Let (X, E) and (Y,, F) be measurable spaces and let f : (X, E) ^ (Y,, F ) be 

a measurable mapping. If p & X, and f*p is the image measure on (Y,, F ) then 

( f * p ) ( F ) = p ( f - 1 ( F ) ) & N for all F & F and so f*p & Y,. Thus there is a mapping 

f< : X, ^ Y, given bу f , ( p ) = f*p for each p & X , 

L e m m a 2. (1) The mapping f , : ( X , , E<) ^ (Y,, F<) is measurable. 

(2) If f - 1 ( F ) = E then f - 1 (F<) = E<. 

(3) If f - 1 ( F ) = E and f (X) & F then f < ( X < ) & FA. 

Proof: (1) Let F & F and к & N; then 

f-1({q & Y< : q(F) = к}) 

= {p & X4 : f < ( p ) ( F ) = к} = {p & XՀ : p ( f - 1 ( F ) ) = к} • 

Thus f - 1 ( F • ) С and therefore 

f - 1 ( F < ) = f - 1 ( a ( F 0 ) ) = a ( f - 1 ( F 0 ) ) С a(E0) = E4 • 

(2) Let E & E and к & N; then there exists F & F with f  - 1 ( F ) = E and the 

calculation in (1) shows that 

f-1({q & Y, : q(F) = к}) = {p & XՀ : p(E) = к} • 

This implies f - 1 ( F . • ) = E^ (since in (1) we showed that f - 1 ( F • ) С E§). Therefore 

f - 1 ( F < ) = f ^ ( a ( F 0 ) ) = a ( f ^ ( F 0 ) ) = a(E0) = E 

(3) Put f (X) = D and so D & F . If p & X, then 

(f*p)(D) = p ( f - 1 ( D ) ) = p(X)= p(f - 1(Y)) = (f*p)(Y) • 

On the other hand, if q & Y, with q(D) = q(Y) then there exists a measure p on (X, E) 

with f*p = q (but note that this is only true because f - 1 ( F ) = E and q(Y \ D) = 0). 

Moreover, since p ( f - 1 ( F ) ) = q(F) & N ^ all F & F and f - 1 ( F ) = E it follows that 

p & X , 

f , ( X ) = { f , ( p ) : p & X,} = { f * p : p & X , } 

= U {q & Y, : q(D) = n}n{q & Y, : q(Y) = n} 
neN 

and hence f , ( X ) & F,. • 

X , 
measures having the same total measure, and for this we recall the definition of the 
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ст-algebra occurring in the disjoint union of measurable spaces. Let S be a non-empty 

set and for each s e S let (Ys, Fs) be a measurable space. Assume the sets Y s , s e S, 

are disjoint and put Y = | J S Y s . Then 

F = {A с Y : A Ո Ys e F s for each s e S} 

is a ст-algebra of subsets of Y and (Y, F ) is called the disjoint union of the measurable 

( Ys , F s ) s e S 

Now for each n e N let X n denote the set of all measures p on (X, E) taking only 

values in the set N n = { 0 , I , . . . , n} and with p(X) = n; put En = a(En), where E " 

is the set of all subsets of Xn having the form {p e Xn : p(E) = k} with E e E and 

к e N n . Thus X< is the disjoint union of the sets Xn n e N. 

L e m m a 3. E< = {A с X< : A Ո Xn e En for each n e N } and thus the measurable 

space (X<, E<) is the disjoint union of the measurable spaces (Xn, En), n e N. 

Proof: Put D = {A с X4 : A Ո Xn e En for each n e N } , so D is the a-algebra in 

the definition of the disjoint union. 

Let Dn = {A Ո X n : A e E< ^ ^ e n Dn is the trace ^ ^ ^ ^ r a of E4 on Xn and thus 

Dn = a ( D l ) , where D• = {A Ո Xn : A e E 0 } . But = En and hence Dn = En, 

i.e., En = {A Ո Xn : A e E<}. Therefore if A e £ ^ e n A Ո Xn e En for each n e N, 

which implies that A e D. This shows E< с D. 

Conversely, let A e ^ ^ e n A Ո Xn e En and thus there exists An e E< with 

A Ո Xn = An Ո Xn and է his implies th at A Ո Xn e EA for each n e N, sine e Xn e E4. 

Finally, we then have A = | J n e N ( A Ո Xn) e E^, i.e., D с E^, ^^d hence D = E • 

L e m m a 4. If f : X ^ Y is any mapping then f ( f - 1 ( F ) ) = F Ո f (X) holds for all 

F с Y. 

Proof: If y e f ( f - 1 ( F ) ) then there exists x e f - 1 (F) with y = f ( x ) and then 

y e F. Hence y e F Ո f ( X ) , i.e., f ( f - 1 ( F ) ) с F Ո f ( X ) . On the other hand, if 

y e F Ո f (X) then there exists x e X with y = f (x), էհսs x e f - 1 ( F ) and so 

f e f ( f - 1 ( F ) ) , i.e., F Ո f (X) с f ( f - 1 ( F ) ) . • 

L e m m a 5. Let (X, E) be a measurable space, (Y, F) a substandard Borel space and 

suppose there exists a mapping f : X ^ Y with f - 1 ( F ) = E and f (X) e F. Then 

( X, E) 

Proof: Since (Y,, F) is substandard Borel there exists a mapping g : Y ^ M with 

g - 1(B) = F and g(Y) e B and th en g(F) e B for all F e F. (There exists B e B 
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with g - 1(B) = F and hence by Lemma 4 g(F) = g(g - 1(B)) = B Ո g(Y) & B.) 

Put h = g о f ; thus h : X — M with h - 1(B) = f - 1 (g - 1 (B)) = f - 1 ( F ) = E and 

h(X) = g(f (X)) & B. Therefore (X, E) is substandard Borel. • 

(X, E) 

substandard Borel. Then there exists a mapping f : X — M with f  - 1(B) = E and 

f (X) & B . Thus by Lemma 2 f - 1 (B,) = F , and f , ( X , ) & B,, and so by Lemma 5 it 

is enough to show that (M,, B,) is substandard Borel. But by Lemma 3 (M,, B,) is 

the disjoint union of the measurable spaces (M%, B^), n & N, and in Lemma 7 we will 

see that if (Y, F ) is the disjoint union of substandard Borel spaces (Yn, Fn), n & N, 

then (Y,, F) is also substandard Borel. It is thus enough to show that (M%, B%) is 

n & N 

In the proof of this last step we will need the following remarkable property of the 

( M, B) 

P r o p o s i t i o n 3. Let թ be a finite finitely additive m easure on (M, C). The ո թ is a 

( M, B) 

Proof: If {Cn}ny1 is a decreasing sequence from C with f ՝ |n> 1 Cn = 0 then, since 

the elements of C are compact, there exists m > 1 so that Cn = 0 for all n > m. Thus 

n(Cn) = 0 for all n > m and so in particular l imn n(Cn) = 0. This implies that բ is 

a measure. • 

Now fix n & N We consider ж a topological space: Let U b e the set of all 

M, n  

{p & M% : p(C) = vc for all C & N} 

with N a finite subset of C and {vc } C e N a sequence from N n . Clearly for each p & 

there exists U & with p & U and if U1, U2 & and p & U1 Ո U2 then there exists 

U & Щ with p & U С U1 Ո U2 . Thus Щ is the base for a topology ԾՀ on This 

means that U & O^ if and only if for each p & U there exists a finite subset N of C 

such that 

{q & M% : q(C) = p(C) for all C & N } с U • 

M, n B, n  

Borel Ծ-algebra of M^. 

O, n M, n  

Let {Ck}k>1 be an enumeration of the dements in the countable set C and define a 
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mapping Q : Mn X Mn ^ R + by 

Q(p,q) = Y , 2 - k \p(Ck) - q(Ck )| . 
k>1 

If Q(P, q) = 0 then p(C) = q(C) for all C e C and hen ее p = q (since C is an algebra 

with a(C) = B) . Thus Q is a metric since by definition it is symmetric and it is clear 

that the triangle inequality holds. Moreover, if p e Mn then for each e > 0 there 

exists a finite subset N of C with 

{q e Mn : q(C) = p(C) for all C e N} с {q e Mn : Q(q,p) < e} 

and for each finite subset N of C there exists e > 0 such that 

{q e Mn : Q(q,p) < e} с {q e Mn : q(C) = p(C) for all C e N} . 

This means that On is the topology given by the metric Q. Note that if {pk}k>1 is a 

sequence from Mn and p e Mn then limk pk = p (i.e., limk Q(pk ,p) = 0) if and only 

if limk pk(C) = p(C) for each C eC. 

In order to show that Mn is compact it is enough to show that the metric space 

Mn is sequentially compact. Let {pk}k>1 be a sequence of elements of Mn. B y the 

usual diagonal argument there exists a subsequence {kj }j>1 such th at limj pkj (C) 

exists for each C e C. Define p : C ^ R + by p(C) = l imj pkj (C). Then p is clearly 

finitely additive and p(M) = m and so by Proposition 3 p is a measure on (M, C) 

p ( M, B) D = 

{B e Bn : p(B) e N n } is a monotone class containing the algebra C and thus p e Mn�. 

Therefore p e Mn and l imj Q(pkj ,p) = 0 and this shows that the metric space Mn is 

sequentially compact. 

It remains to show that Bn is the Borel ст-algebra of Mn First , the set Un is 

countable and so each element of On can be written as a countable union of elements 

from U n Thus О" с a(Un), which implies that Մ(0") = a(Un), since Un с О". 

Second, each element of Un is a finite intersection of elements from B• and hence 

U n с Bn. This shows է hat a(On) = a(U%) с Bn. Finally, let к e N „ and let D be 

the set of those B e B for which {p e Mn : p(B) = k} e a (О"). Then C с D and D 

D=B 

that {p e Mn : p(B) = k} e a(O%) for all B e B, к e N„ , i.e., W^ с a(On). Thus 

Bn = a(B%) с a(O%), and this shows Bn = a(On). • 

Proposition 4 and the elementary part of Proposition 2 imply that (Mn, Bn) is a 

substandard Borel space. 
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In order to show that the countable disjoint union of substandard Borel spaces is 

substandard Borel we will need the following fact: 

L e m m a 6. Let S be a non-empty countable set considered as a topological space with 

the discrete topology (in which every subset of S is open); then the topological space 

S x M is separable and its topology can be given by a complete metric. Moreover; 

P(S) x B is the Borel Ծ-algebra of S x M. 

Proof: Since M is separable there exists a countable dense subset D of M. Then 

Sx D Sx M Sx M 

Now a metric ջ can be defined on S x M by letting 

Q((s1, Z1), (s2,Z2)) = m a x { £ ( s b S2),d(z1,z2)} , 

where S(s, s) = 0 and 5(s,t) = 1 if s = t, and it is easily checked that this metric 

S x M 

P(S) x B is the Borel Ծ-algebra of S x M, which we denote by E. Let V denote the set 

of all sets having the form { s } x C with s & S and C & C. Then Visa countable base 

for the topology on S x M and so Ծ(V) = E. But each element of V is a measurable 

rectangle and hence Ծ(V) С P(S) x B, and this shows E С P(S) x B. Conversely, for 

each s & S the set Bs = {B & B : { s } x B & E} is a monotone class containing C (since 

{ s } x C is open for each C & C) and hence by the monotone class theorem Bs = B, 

i.e., { s } x B & E for all B & B, s & S . Thus P(S) x B С E, since if F & P(S) x B 

then F = ( J S ( { s } x Fs) and the sect ion Fs is in B for each s & S. • 

(S x M, P(S) x B) 

substandard Borel. 

L e m m a 7 . Let S be a non-empty countable set and for each s & S let (Xs, Es) be a 

Xs s & S 

union (X, E) of the measurable spaces (Xs, Es), s & S, is substandard Borel. 

Proof: For each s & S there exists a mapping f s : Xs — M with f - 1 ( B ) = Es and 

f s ( X ) & B. Define f : X — S x M by letting f (x) = (s, f s ( x ) ) for each x & Xs, 

s & S. Then it is easily checked that f - 1 ( P ( S ) x B) = E and f (X) & P(S) x B. But 

by Lemma 6 (S x M, P(S) x B) is substandard Borel and thus by Lemma 5 (X, E) is 

substandard Borel. • 

This completes the proof of Theorem 2. • 

We next give a the proof of the elementary part of Proposition 2, i.e., we show that 

if (X, d) is a complete separable metric space then (X, BX) is substandard Borel. 
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To start with consider the closed interval I = [0,1] and let ծ : M — I be the 

mapping with b({zn } n > 0 ) = Y1 n> о 2 - n - 1 z n ; the ո and hence b - 1(BI) С 

B, with Bj the Ծ-algebra of Borel subsets of I . Now for each C & C there is a 

dyadic interval J such that b - 1 ( J ) = C and hence b - 1(BI) D C, which implies that 

b - 1 ( B j ) D Ծ(C) = B , i . e . , b - 1 ( B j ) = B. P u t 

N = {{zn}n>0 & M : z0 = 0 and zn = 1 for all n > m for some m > ^ ; 

then N is countable and b maps Mo = M \ N bijectively onto I . Let v : I — M 

be the unique mapping with v(b(z)) = z for all z & M o ; then v(I) = Mo and so in 

particular v(I) & B. Let B & B; then B Ո Mo & B and thus there exists A & Bj 

with b - 1(A) = B Ո Mo, which implies v - 1(B) = v - 1(B Ո Mo) = A & Bj. This 

shows v - 1 (B) С B^ But if A & B j then b - 1 (A) & B and v - 1(b - 1(A)) = A, and 

hence v - 1(B) = B ^ We therefore have a mapping v : I — M with v - 1(B) = Bj and 

v(I) & B 

Now define v^ : I N — M N by vo({xn}n>0) = {v(xn)}n>0. Then it is easily checked 

that v - 1 (BN) = BN and v^(IN) = f (I)N & B ^ ^ e r e BN and B N are the product 

^^^^^feas on I N and MN But the topological space MN (with the product topology) 

is homeomorphic to M and the product Ծ-algebra B N is also the Вorel Ծ-algebra 

N M 

mapping g : I N — M with g - 1(B) = B j and g(IN) & B. ( Just take g = u о v0, with 

u : MN — M a homeomorphism.) This shows that (IN, BN) is a substandard Borel 

space. Moreover (as with B N ) the product ^ ^ ^ ^ b r a B N ŝ the Borel ^ ^ ^ ^ ^ r a of I N 

with the product topology. 

( X, d) 

construction (given below) producing a continuous injective mapping h : X — I N 

such that h is a homeomorphism from X to h(X) (with the relative topology) and 

such that h(X) is the intersection of a sequence of open subsets of I N , and so in 

particular with h(X) & B N . Since h is continuous it follows that h - 1(BN) С BX. Let 

U С X be open; since h : X — h(X) is a homeomorphism there exists an open 

subset V of I N with h - 1(h(X) Ո V) = U. But then h - 1(V) = U, and this shows that 

OX С h - 1 ( B j ) , where O X is the set of open subsets of X . Hence BX = Ծ(OX) С 

Ծ(h - 1(BN)) = h - 1^(BN)) = h - 1(BN). 

We thus have a mapping h : X — I N with h - 1(BN) = BX and h(X) & B N and 

(IN, B N ) is substandard Borel. Therefore by Lemma 5 (X, BX) is also substandard 

Borel. 
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Here is how the mapping h can be constructed: Choose a dense sequence of elements 

{ x n } n > o from X and for each n > 0 let hn : X ^ I be the continuous mapping given 

by hn(x) = min{d(x,xn), 1} for each x e X . If x, y e X with x = y then there 

exists n > 0 such that hn(x) = hn(y) (since if n > 0 is such that d(x,xn) < e, 

where e = շ min{d(x, y), 1} , then hn(x) < e < hn(y)). Define h : X ^ I N by letting 

h(x) = {hn(x)}n>0 for each x e X . Then h is continuous (since pn • h = hn is 

continuous for each n > 0, with pn : I N ^ I the projection onto the n th component) 

and injective. Moreover, for each x e X and each 0 < e < 1 there exists n > 0 

so that \hn(y) — hn(x)\ > e/2 for all y e X with d(y,x) > e. ( Just take n > 0 

so that d(x,xn) < e /4 . ) This implies that the bijective mapping h : X ^ h(X) 

X h(X) 

X 

The topological space I N is metrisable (since N is countable and I is metrisable). 

Let S be any metric generating the topology on I N , and for each n > 0 let 

Un = {y e I N : S(y, y') < 2 - n for some y' e h(X)} . 

Then {Un}n>0 is a decreasing sequence of open subsets of I N with h(X) с Un for each 

n > 0. In fact h(X) = Ո n > 0 Un : Let y e Ո n > о Un] then for each n > 0 there exists 

yn e h(X) with S(y,yn) < 2 - n and so {yn}n>0 is a Cauchy sequence in h(X). Thus 

{xn}n>0 ŝ a Cauchy sequence in X where xn is ^^e element with h(xn) = yn. 

Since X is complete the sequence {xn}n>0 has a limit x e X and then h(x) = y, i.e., 

y e h(X). This shows է hat h(X) is the intersection of a sequence of open subsets of 
IN 

We now indicate how the non-elementary part of Proposition 2 can be proved. 

( X, E) 

that it is standard Borel. 

( Y, F) 

f : Y ^ M be a mapping with f  - 1(B) = F. Then f is injective. 

Proof: Let y1, y2 e Y with f y ) = f ( y 2 ) = z. Since f - 1 (B) = F and {y} e F 

for each y e Y there exist B1, B2 e B with f  - 1(B1) = {y1} and f - 1 ( B 2 ) = {y2}. 

Therefore by Lemma 4 

B1 Ո f (Y) = f ( f - 1 ( B 1 ) ) = f ( { y 1 } ) = { z } = f ({y2}) = f ( f - 1 ( B 2 ) ) = B2 Ո f (Y) 

and thus (since f - 1 ( B ) = f - 1 (B Ո f (Y)) holds for all B с M) 

{y1} = f - 1 ( B 1 Ո f (Y)) = f-1({z}) = f - 1 ( B 2 Ո f (Y)) = {y2} ; 
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i.e., y1 = у2. • 

(X, E) f : X — M 

f - 1 ( B ) = E such that f (X) & B and since (X, E) is separable f is injective. Thus if 

f ( X ) X E = P(X) 

see that P(X) is the Borel Ծ-algebra of X considered with the discrete topology. But 

this topology is generated by the discrete metric J (with S(x, x) = 0 and 5(x, y) = 1 

if x = y) and the metric space (X, S) is separable and complete. Hence (X, E) is 

standard Borel. 

Suppose then that A = f (X) is uncountable, i.e., A is an uncountable element of 

B 

course on measure theory): 

P r o p o s i t i o n 5. (1) If f : M — M is injective and B-measurable then f (B) & B for 

each B & B (and so in particular f (M) & B). 

A & B B 

f : M — M with f (M) = A. 

Proof: Part (1) is a special case of a theorem of Kuratowski. Part (2) is contained 

in what goes under the name of the isomorphism theorem. For a treatment of these 

results see, for example, Chapter I of Parthasarathy [14]. • 

By Proposition 5 (2) there exists an injective B-measurable mapping h : M — M 

h(M) = A h(B) & B B & B g : X — M 

by letting g(x) = h - 1(f (x)) for each x & X ; thus g is surjective and hence bijective. 

Let B & B ; then g - 1(B) = f - 1 ( h ( B ) ) & E, since h(B) & B, and so g - 1(B) С E. 

On the other hand, for each E & E there exists B & B with f - 1 ( B ) = E and then 

h - 1(B) & B with g - 1(h - 1(B)) = E . This shows that g - 1(B) = E. 

We now have a bijective mapping g : X — M with g - 1(B) = E and the mapping 

g can be used to pull the metric on M back to a metric on X ; then g becomes a 

X M X 

metric space with respect to this metric and E = g - 1(B) is the Borel Ծ-algebra. This 

(X, E) 

(X, E) 

f : X — B with f - 1 ( B ) = E such that f (X) & B. In fact it then follows from 

Proposition 5 that g(X) & B for every map ping g : X — B wit h g - 1(B) = E. 
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We end this note by looking at the kind of situations where substandard Borel 

spaces can be used instead of standard Borel spaces. These examples are taken from 

Preston [15]. 

Existence of conditional distributions: 

Let (X, E) and (Y, F ) be measurable spaces. We say that conditional distributions 

exist for (X, E) and (Y, F) if for each probability measure բ e P ( X X Y, EX F ) there 

exists a probability kernel п : X X F — R + such that 

ц(Е X F) = i n(x, F) d^1(x) 

E 

for all E e E, F e F , where բ1 = ( p ^ * ^ is the image measure of բ with respect to 

the projection p 1 : X X Y — X onto the first component. (Beware that this definition 

( X, E) ( Y, F) 

(X, E) 

( Y, F) 

in Chapter 1 of Doob [4], Chapter 5 of Parthasarathy [14], Appendix 4 of Dynkin and 

Yushkevich [6]. Here standard Borel can be replaced by substandard Borel: A proof 

is given in Preston [15], Section 5. 

The Dynkin extension property: 

Let (X, E) be a measurable space. If Eo is a sub-a-algebra of E then a mapping 

п : X X E —> R + is called an Eo-measurable quasi probability kernel if n(x, •) is a 

measure on (X, E) with n(x,X) either 0 or 1 for each x e X and the mapping 

п(•, E) : X — R + is Eo-measurable for each E e E. In this case let 

G(п) = e P(X, E) : ц(Е' Ո E) = J п(x, E) dp(x) for all E' e Eo, E e E } , 

thus if E^(Ie\Eo) denotes the conditional expectation of IE with respect to the 

measure բ and the sub-a-algebra Eo, then in fact 

д(п) = {բ e P(X, E) : Ev(Ie\Eo) = п(•E) M-a.e. for all E e E} . 

Now let us consider a decreasing sequence {En}n>0 of sub-a-algebras of E and put 

ETO = Ո n>0 E n - A sequence of kernels { п и } и > 0 is said to be adapted to {En}n>0 if п и
 :  

XxE — R + is an E„-measurable q u ^ i probability kernel for each n > 0. The sequence 

{En}n>0 has the Dynkin extension property if for each sequence { П п } п > 0 adapted to 

{ E n } n > 0 there deists an ET O-measurable quasi probability kernel п : X xE — R + such 

that Ո „ > 0 д(пп) с 9(п). (Of course, in general the set Ո « > 0 0(пи) will be empty, 

since no consistency assumptions have been placed on the kernels {Пп}п>0.) 
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(X, E) 

any decreasing sequence of տսե-Ծ-algebras of E has the Dynkin extension property. 

This is proved in Follmer [7] (based on ideas in Dynkin [5]); another proof can be found 

in Chapter 7 of Georgii [8]. Again, standard Borel can be replaced by substandard 

Borel: A proof is given in Preston [15], Section 6. 

The Kolmogorov extension property: 

Let (X, E) be a measurable space and let {En}n>0 be an increasing sequence of 

sub^-a lgebras of E with E = Ծ ^ n > 0 En). A sequence of measures {բn}n>0 with 

Բո & P(X, En) for each n > 0 is said to be consistent if բn(E) = բn+1(E) for all 

E & En, n > 0. The sequence {En}n>0 has the Kolmogorov extension property if for 

each consistent sequence {բn}n>0 there exists բ & P ( X , E) with n(E) = nn(E) for 

all E & En, n > 0. (This measure բ is then unique, since it is uniquely determined by 

the sequence { ^ n } n > 0 on the alge bra A = | J n> 0 En and Ծ (A) = E.) 

Again, this property does not hold in general. However, an increasing sequence of 

տսե-Ծ-algebras {En}n>0 has the Kolmogorov extension property provided each (X, En) 

is standard Borel and E is the inverse limit of the sequence {En}n>0. The original 

proof for X = R n can be found in Kolmogorov [10], and in the form considered here 

in Chapter 5 of Parthasarathy [14]. Once again standard Borel can be replaced by 

substandard Borel: A proof is given in Preston [15], Section 7. 

There are, however, plenty of problems involving standard Borel spaces which 

cannot be dealt with directly using substandard Borel spaces. The common charac-

teristic of the properties looked at above is that they involve constructing measures, 

and such problems seem to be relatively simple in comparison with questions involving 

the existence of certain measurable mappings. A typical example of this type concerns 

the existence of measurable selectors: 

Let (X, E) and (Y, F) be measurable spaces and h : X — Y be a surjective mapping 

with h - 1(F) С E. By the axiom of choice there then exists a selector for h, i.e., a 

mapping ф : Y — X such that h о ф = idy. If in addition <^ - 1(E) С F then у 

is called a measurable selector. Unfortunately, measurable selectors do not always 

exist, even when (X, E) and (Y, F) are s tandard Borel spaces: Let I = [0,1] and let 

p 1 : I x I — I be the projection onto the first component. Then there exists a Borel 

subset A of I x I with p 1 ( A ) = I for which there does not exist a Borel measurable 

mapping g : I — I x I with g(I) С A such that p1(g(x)) = x for all x & I. (See, for 

example, Blackwell [1].) However, so-called universally measurable selectors exist: 
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( X, E) ( Y, F) h : X — Y 

surjective mapping with h - 1(F) с E. Then there exists a selector <ք : Y — X for h 

with <ք - 1(E) с F*. Here F* is the intersection of all a-algebras F^ with բ a finite 

measure on (Y, F) and with F^ the completion of the a-algebra F with respecէ to թ. 

F* a 

Proof: Proofs of equivalent results can be found in Cohn [3], Theorem 8.5.3, and 

Dynkin and Yushkevich [6], Appendix 3. • 

If we try to prove this result using the methods introduced above for dealing with 

substandard Borel spaces then we end up having to show that the following holds: 

P r o p o s i t i o n 7 . Let D be a non-empty subset of M X M such that D e B X B and 

B = p1(D) e B. Then there exists a mapping ф : B — M X M with ф(B) с D and 

ф - 1(B X B) с B* such th at p 1 о ф = i d B . 

( M, B) 

Proposition 7 doesn't seem to be any easier than the proof of the general case given 

in Proposition 6. 
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