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Cepreit Hukuroua Mepresasa (1928-2008)
Boipaonmiicss apMaHCKAN MAaTEeMaTHK, BUJIHBIN NedTenb W OPraHu3aTop HayKd U 06-
pazosanus, Cepreli Hukurosuy Meprenan pomunca 19 masa 1928 roga B Cumde-
ponone, B cembe axankanakna Mxypruwya Meprensna. B 1941r. cembs Meprensanos

nepeexana B Epenan.

Wckmounrenpubiit Matemarndeckuil tanant Cepres Meprensna NposBHICS enie B
IIKOJIbHBIE I'OJBL. B BOocbMOM Kjacce, nocse 1obesnt Ha pecnyOiuKasCKol ojuMnuaie
no Maremarvke u (QHU3MKE, OH HKCTEPHOM CJas dK3aMenwl 3a 9-oifi w 10-bifi Kitac-
cet 1 B 1944r. nocrynun B Epesanckofi Tocynapcrsennpiii Yuusepcurer Ha QU3NKO-

MareMaTuyeckuil HakyabTer.

Bekope Meprensn obpartun Ha cebg BHUManue U B YHUBEpCHTETE, I'Ie OH 3a I'0J ClIas
9K3aMEHBI 33 NEPBbifi W BTOPOH KypChl W Havas NOCeIaTh JeKIWn akanemuka Ap-
tanteca [llarnasna, ocooBarens apMAHCKOH MaTeMaTHYECKON MIKOJbI, y9ach yKe Ha

TpeTheM KypCe.

3a Tpu ¢ nosoBUHON rofa okonumB yHuBepcuter, 19-nernuii Cepreit Meprensu, no
pekomenpanuyn akanemuka A. JI. aruusua yexan B MOCKBY ¥ OCTYIIAN B aCHUDaH-
rypy Mucruryra maremaruku um. B. A. Crexnosa AH CCCP, nog pykoBoacrsom
akanemuka Mcrucnasa Kennpima. Yepes npa rona, B 1949r., on npencraBui Jist

3allliThl CBOIO JHUCCePTalluIO Ha COUCKanue y‘aeﬁoﬁ crenenyn Kanjauinara Hayk.

3a nonyyeHnbe B 06JACTH TEOPUH TPUOINKEHNH HCKITIOYNTENbHbBIE De3yAbTaThl Y ue-
weiit Coser, Bosrnasasembiii akagemukom V. M. Bunorpagosoim npucsous Cepreio
Meprensany cpa3y crenenb JokTopa dbuszuko-maremarundeckux sayk. Cepreio Mepre-

nsay rorna Ovrn Beero 21 roz.

B 1951, Cepreit Mepresnsn 10Ka3aj CBOIO 3HAMEHUTYIO TEOPEMY O IPUOJIUKEHUN MHO-
roujieHaMu. DTa TeopeMa 3aBepllniia JJIMHHYIO CepHI0 HCCIeIOBAHMH, HAYATYIO B
1885r. u cocTaBieHHYIO U3 Kaaccudeckux pesynbraros K. Befiepmirpacca, K. Pynre,
Jx. Yommua, M. Jlaspenteesa, M. Kengptiia u npyrux. Hosbie tepmunst "Teopema
Meprensgna'n "Muoxecrsa Meprensgna Hamiyg ¢Boe MECTO B yU4eOHUKAX U MOHOIDA-

dusax no reopun npubanKeHnil.

3a »1u BoLjalonmecs uccnenosanus Meprensuay B 1952r. 6pwia npucyxaena Locy-
napcreennas npemus CCCP, a B crenyiomem rogy 25-nerauit yaenstél 6611 u3bpan
ynenom-koppecrionaearod AH CCCP. B rom ke rojy on 6ein u36paH 41eH0M-KOppec-

nougearoM AH Apum. CCP, a B 1956 — ynenom AH Apm. CCP.
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Meprensia nposesn riybOKue HCCIENOBAHUA U TOJYYUI UEHHBIE Pe3yNbTarbl B TAKUX
obnacTax Kak Haujaydnlee npubiuzKeHue MHOINOYJIEHAMH Ha IPOU3BOJIBHOM KOHTH-
HyyMe, BecOBbie NPHUOIMKEHUs MHOIOYJIEHAMY HA BEIUECTBEHHOH OCu, TOYeyHas all-
NPOKCHMAIIUA MHOIOYJIEHAMYU Ha 3aMKHYTHIX MHOXKECTBaX KOMIIJIEKCHOH IJIOCKOCTH,
paBHOMEDHOE NPUGINKEeHNne TApMOHUIECKIME (DYHKIUSAMY HA KOMIAKTHBIX MHOMKE-
CTBAX U HeNbiMi DYHKIUAMY HA HEOIDAHWYEHHOM KOHTHHYYME, e JWHCTBEHHOCTh Tap-
monuveckux bysknuit. B reopun nuddepennnanbabix ypaBHEeHHE €ro pe3ysibTrarhbi

OTHOCHJIMCH K cdepe 3anagn Koim u HEKOTOPLIX JPYIUX BOIPOCOB.

Hayunbte nocruzkenns Meprensina CyIIeCTBEHHO CIIOCOOCTBOBAHN CTAHOBIEHHIO, Pa3-
BUTHIO ¥ MEXJYHAPOJHOMY NPHU3HAHKIO apMSHCKON MAaTeMarwdecKoll IKOJIbI, 4eMy
CBHZIETENBCTBOBAA Opranu3osannas B Epesane B 1965r. 1o uHMDMAaTHBE ¥ IPH aK-
tusHom yuacrun C. Meprenana kpynnas MeXAyHapoaHas KoHdepeHnus 1o teopud
dynknmit. B pabore kondepeHnuN NPHUHIIN yYaCTHE MHOIHE BHIHBIE MaTeMaTHKH
MHPa, 9TO crocobCTBOBANIO MEXKIYHAPOSHOMY COTPYAHUYECTBY U JajbHERNIEMY [IPO-

JABHZKEHUIO a,pMﬂHCKOﬁ MaTEMATHYECKOH IIIKOJBI.

Meprenan 6bu1 TAKIKE TAJAHTIUBLIM opranuzaropom nayku. B 1956-60rr. C. Mep-
refsn ObL1 aupekTopoM Hay9yHO-HCCAeNOBATENLCKOIO WHCTUTYTA MATEMATHIECKHX

MAallliH, KOTOPLI#A cerogus uwispecren nHam Kak "Mucruryr Meprensna".

Meprenan ocuosan u B 1961-71 ronax pyrosojun OTes0M KOMIJIEKCHOIO aHAIN3a
Wucruryra maremarukun AH CCCP, Gynyun 3amecTurened akaieMuKa-CeKperaps oT-
nenenusa mareMarukun AH CCCP. B 1971-74rr. on 6bin sune-upesugentom AH Apwm.
CCP, B 1974-79rr. — aupexropom Beraucnurensuoro nenrpa AH Apu. CCP, B 1979-
82rr. Guin 3apenyrommM oraena Muacruryra maremarukn AH Apum. CCP, a B 1982-

86rr. 6611 pekropom Kuposakanckoro Ilesarorumdeckoro mHCTUTYTA.

B cBs3u ¢ paznocToponHel AedTenbHOCTRIO B 1o cayyaro 80-nernero obuses Cepreit

Meprensin B 2008r. 61 Harpaen opuenom cs. Mecponia Mamrrona.
H. V. Apakensn, A. A. Caaxsan

P. S. Hacrosmuii nomep cbopuuka Vzsecruss HAH Apmenun, cepust maremaruka,
HaMepeBaJioch NOCBATHTL 80-runeruio akazemuxa Meprensana. K coxanenuro, B 1e-
puo noAroToBKY, nepes nybaukanueii nomepa, u3 CIIA, rie no Bone 06CToATENBCTE
¢ navana 90-brx rosos xusn Meprenss, NpUIUIa NeYalbHas BECTh O €r0 CMEePTH. JTOT

HOMED cras cOOpPHEKOM paboT, NOCBAIIEHHBIX er0 NaMsTH.
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PABHOMEPHAS I KACATEJIbHASI ATIIIPOKCUMAILIASA HA
IIOJIOCE MEPOMOP®HBIMU ®YHKINAMU, UMEIOIIIUUMU
OIITUMAJIBHBIN POCT

C. AJIEKCAHAH

Huacroryr maremarusu, HAH Apuennn
E-mail: asargis@instmath.sci.am

AnnoTtanusi. Ilycrs dyukuua f HenmpepbslBHA HA 3aKpuITOH mosoce Sp, = {z :
[Imz| < h} u ronomopdHa B €6 BHYTPeHHOCTH. B pafoTe MCCIELyeTcs 323498
PABHOMEPHOI'O ¥ KACATeIbHOTO Npubmumkenuss GyHKIuE [ MepOMOPHBIMU DYHK-
HUAMU g ¢ HauJIydIne#d oleHKOH pocTa g B TepPMHUHAX HEBAHJIMHHOBCKOH Xapak-
tepuctuxu 1'(r, g). Sror poct 3asucur ot pocta f ua Sy u quddepeHIuaTbLHBIX
ceoiicte f na 0Sy. Ilpeanonaraercsi, 470 BOZMOXKHBIE TOJIOCHL ¢ JIEXKAT TOJBKO
Ha MHHUMOH OCH.

1. BBEAEHWE 1 ITPEJBAPUTEJIBHBIE CBEJEHIIA

3asaga paBHOMEPHOIO M KacaTtelbHOro npubnuzxenus HyHKuuil, ronoMopdHbix B
yruie mepomopdroimy GYyEKIUIMEA € OUEHKOH UX POCTa HCCIeA0Batach B paborax [1] u
[2]. Ananorwansie npubnuxenns Ha BemecTrerHol ocu R menpepeisro aud depennn-
pyembix QyHKIu# paccMarpusanuck B [3]. B nacrosmet pabore Mbl paccMarpuBaem
387139y PABHOMEDHOI'O M KaCATeNbHOro NpubiuKenus Ha 3akpbiToél nosoce. Henbio
9710 paboThl ABIAETCH KOHCTPYHPOBATh MepoMopdHbie DYyHKIHN, ANTPOKCAMUAPYIO-
1pe 3a7a8Hy0 QYHKIF0 [ Ha NOJ0Ce W UMEIOIMe BO3MOYKHBIA MEJIeHHLIH POCT HA
KOMILIEKCHOH TIOCKOCTH B TEPMUHAX WX HEBAHIMHHOBCKON XapakTepucTuku. AHano-
rEYHAs 337298 PDABHOMEDHOIO W KACATENIBLHOIO NPHOIHKEHHs yeabtmy (PyHKIHAMA
HCCneoBaacs B {4].

Pabora cocrur n3 apyx naparpacdos. Iepebiii U3 HUX COAEPKUT BBEJICHNE U 1IPEJ-
BAPUTEIbHBIE CRENEHHS, & BTOPON NPENCTABISIET OCHOBHBIE DE3yJbTATHI CO CBOMMH

JOKa3aTeJIbCTBaMHA.

1.1. Hekororphie obosHauenns m omnpegeseand. 1. IIycre N, R u C — coor-
BETCTBETCTBEHHO MHOYKECTBA HATYDAJILHBLIX, BEIIECTBEHHBIX U KOMILIEKCHBIX YHCEN.

Pacumpennyo KOMIIEKCHYIO IIOCKOCTE 0003naunmM vepes C. lna muoxecrsa B C C
6



PABHOMEPHAA W KACATEJILHAA ANITPOKCHUMAIINA HA TIOJIOCE 7

obo3naunm gepes I, £° u OF cOOTBETCTBEHHO 3aMbKEAHUE, EHYMPEHHOCTID I 2PAHULY
EFrsC.

Tlycre © — ortkperroe maoxecrso B C u B — OTHOCHTENBHO 3aKPHITOE MHOXKECTBO
B Q. IIna gnacca C (F) nenpepoisabix Gynkuuii [ F — C ppesem paBHOMEPHYIO

HOPMY
£l = sup [f (2)],
zeE
¥ NYyCTh
Cp(B) ={f e CE):|fllp < +oc}.

Iycrs CP (Q) — kaace p pas Henpepbisro nuddepennupyeMpix B cMbicie R? kom-
nekcubix dyuknuit B . Jns wmopaanosoit obnacru D ¢ NONOKATENBEHO OPUEHTHPO-
BAHHON KyCOYHO IMaKofi rpanmueil u nus Gynknun v u3 knacca C B OKpecTHOCTH

D cnenyiomas dbopmyna ABISETCA KOMIJIEKCHOH Bepcuell Teopembl JUBEPTEHITHN:

(1) /8Du(z) dz:z'/DZgudm

rjie 0 — nsockasi Mepa JleGera va D u
(2) 20u = Dyu + Oau.

O6bruno, knace dbyukumii, ronoMopdunix b ) obosnagaerca yepes H(Q). Takum 06-
pazowm, ycaosue f € H(Q) osmauaer, uro f € C1( Q) u df =08 Q. Jna Q = C
dynrnus f oObraHO HA3BIBAETCA Nenoh. st OTHOCHTENBHO 3aKPBITOIO MHOKECTBA,
E C Q posemenm A(F) = C(E)YNH(E°) u Ay (F) = Cp (E) N H (E£°). O6o3naunm
gepes A (F), AV (F),..., AP (F) knaccet dynkuuit £ — C cooTBETCTBEHHO ONWH,
JBa, ..., p pa3 menpepsiBro auddepennupyemsbie va K B cmbicie C.

Honoxum Takxke

Rt :={z €R:2 >0},

Dy(a) ={2€C:|z—a|<r}, a€C, a>0 (- orkpbiThil KPYT'),
D, =D, (0),

Sp =R x[=h,h], h>0 (—nonoca),

A= {CEC:frgc| < af2}, ae(0,2) (-yron)
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Ao (B) = {CECT:JargC - Bl < af2}, o B¢ (0,2m),
Ay (B,a) ={CeC:((—a)eA,(B)}, a€C - yroncuentpoM B a,
o= C\ (Ar_o (—7/2,—2ih)° U Ay (7/2,2ih)°) U Sap,,  h >0,
hr = S ND,, h,r>0.
Mpt ncnonbsyem dynkuuio Hesanmunnst log™ : RT — RT, onpenenennyio caenyio-

muM obpazoM

log" z — 0 npun 0<z <1,
logz npu = >1,

KOTODas ARIAETCA HeoTpuliaTenbhof 1 neybnmaromeit gynxknuei sa RT. T (r, g) obo-
3HAYAeT HEBAHIMHHOBCKYIO XapaKTepucTuky Mepomopdnoi dynkuuu g, g(0) # oo:
27 r
T(r,g) = (2%)71/0 In*t ‘g (rew)‘ de +/O n(t,g)t ldt,
rae n(t, g) — amcno noaocos g B Dy ¢ y4eToM BxX KpaTHOCTEH.
Hycrs teneps [ € C(E), rne F C C — 3akpbiToe HEOIDaHWYEHHOE MHOKECTBO

takoe, uto ENID, 4 0 ana r > ro > 0. O6osnagum ang r > ro

My (r) = M (f, E) = | fl b, -

2. O6o3naunm gepe3 B knacc neyGosaomux Cl-bynknuit ¢ > 0 sa RT, 115 KOTOpPBIX

CyIecTByeT KOHeYHBIH npenes

lim rq(r) =
oo q(r)
3. Ina neybusarommx dyrkuuit 1 > 0 on [rg, +00), Benu4nna
pu = lim supM
00 logr
Ha3bBaercsa nopagkom . Ecna v > 0 — npyraa neyGoisaiomasn Gyuknua na [tg, +00)
KOHEYHOT'O NOPSIIKa, TO BEJINIHHA
o, = lim supM
rooo V(1)
HA3BIBAETCA V-TUIOM DYHKIHN L.
Ilycrs Teneps B C C — 3akpbiToe OrpaHiyeHHOe MHOKECTBO Takoe, yro FNAD, #£
0 nna r > ro. Tak xe Kak 1 B [4] 3716k TOXKE HCHOIB3YEM CAEAYIONYIO TEPMAHOBOTHIO
daga dyaxumii [ € C(F).
1. Besmunna dy = dy(F) 1= p, nna p = My asnserca emenenvrof na F.

2. 0% = a‘f’(E) =0, ana p= My asnaerca v-munom [ na E.
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3. Hna p=1logt M ¢ nopadorom u munom f na F coorsercrsenno 6ynyT Besu-
yunbl pp = pp(E) = pu, 0p =05 (E) :==0,.
1.2. Annpokcumanus Ha S), pyskmuamu us kiaacca A (QF). Cnenyromas gemma

apanoruyana gemsme 1 uz paborst {3] nid nonocs:.

Jdemma 1. Tyemo f e A (5,) v € AQY) dan o € (0,7/2), moeda das awboeo
£ > 0 cywecmeyem dynryua F € A(QF) maxan, wmo

(3) I7e — Flls, <e,
(4) My (r) <3My (Ir +h) M, (r) + ce exp {cas, |,
2de

(5) ar (F9) =142 max (o 175 )I] M (4 )

dasl=1+tan(a/2) > 1, fo — cyocenue f na Sy, uc = c(h,a) >0 - xonemanma,

JasucAUas MoAbKO oM & U h.

Jlokazareascrso. TIpn JoKa3aTenbeThe Mbl BOCIIOND3YEMCS TeM 3Ke MeTOJOM, 4TO HC-
HOMB30BANCA TIDH JOKA3ATENBCTBE TeMMBI 5 u3 paborsr [4].

Bamensa f ac ' fu I ra e~ 'F, MOKHO CBECTH JOKA3ATEILCTBO JI€MMBI K CIIYUAI0,
korza € = 1. Tlpoponxum f kax B nemme 5 paborst [4], Basis f, (() = f({) ana ¢ € Sp,
"

(6) fe Q) = if (§+m — hoy + ihoy) + (1 — 1) f (£ + ihoy)

anst ¢ = €+ in € C\Sy, rae o, 3naxosas dysxuus, r.e. o = 0 u o) = 0/ |n| aua
n # 0. Toraa w3 (6) cieayer, uro f. € C! (C) u onenka

(7) Mf* (7”79%) §3Mf (l?”+h75h)7 r >0,

ansa pocra fi ma QF. Ouesnano, uro u3 (6) cienyer df (¢) = 0 ana ¢ € Sy. pn
srom u3 (2) u (6) caenyer

(8) 201, (C) = (1 =) [f (€ +n — hoy +ihoy) — [ (& + ihoy)]

anst ¢ = § 4 in € C\Sy. Ouesuuno, yro f, € A’ (QF) u, cnenosarensno, u3 (8)
OPEXOAAM K OIEHKE

(9) 85:(Q)] < (Inl = h) Mg (LIE] + h,8Sk), ¢ € QF\Sh.

U3 (5) u (9) cnenyer

(10) [(90£.) (O] < 2(nl =) ayern/ S, ¢ =&+ine Q.
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Yrobbt KOHCTPYUPOBATE ANITPOKCHMEADYIONTYIO GYHKIUIO F MBI JOJMKHBL PEANn30BATH
Jgist 11060100 GRKCHPOBAHHOro notoca ¢ € QF\S7 KOHCTPYKTHBHYIO AlIPOKCHMALHIO
snpa Koum C¢ (2) = (¢ — z)fl, z € Sy, OyHKuEAME 1O 2z, TOJNOMOPQHLIMEA U Orpati-
9geHHbIME B {17, IDH 9TOM ANIIPOKCHMAIHI0 HeOOXONHMO Peain30oBaTh HE TONBKO A
z € Sy, HO 1 171 H000I0 KOMIIAKTHOI'O OAMHOXKeCTBa {1 pn A0CTaTovHO GOMIBIITHK
|€|. OueBnpno, 9T0 annpoOKCEMAalnsd JAaHHOIO BHAA SKBHUBAJICHTHA AlNPOKCAMALAN
HyNb-PYHKIHY DYHKIHAME, rosioMopdueiME B )7, kKoTOpbie pasnet 1 npu ¢ € OF.
Hycrs ¢ — n(|¢]) € N, ¢ € 09 — kycouno nocrosinas QyHKIU, 3aQUKCHPYeM

(onnosnayano) n (|¢|), yAOBIETBOPAIONULYIO CIEAYIOMIEMY YCIOBUIO

(11) 0<aq —n(k) <1, ¢eans.

Hna (¢, z) € (Q%)2 onpeznennm dysknuo Q¢ (2) = Q (¢, 2) € H(Qf) rak, uro
Q¢ (¢) =1 nna ¢ € QF,

C _ CO n(|<])
z = Co) ’
rae ReCo = Re¢ pna moboro ¢ € QP\Sy, u 2d (¢, 05,) = d((o, 0Sy) nas ( € 0QF.

Orciona no reopeme Ko

(12 Q)=

—2mi npu (€D,

(13) ADQ<<z>C<<z>dz{O oD

st robolt xopnasosoft obnactu D C QF ¢ KyCOwHO IMajKkol, NOJIOXKHTEIBHO OpH-

enruposannoil rpanuneli. Teneprs aus r > 0 paceMoTpuM CleayIOIMe HHTErPAIbE
(1) L =rt [ G seon,
Q7 \Sa
¢ HOBIHTErpabHON dynKInei
Ge(2) = (90f:) (Q) Qe () Cc (2).
Brenem noseie Gynknun F, € C (Q%T) caenyommM 0bpazoM
(15) e (2) = (pfe) () + 1 (2), 2€Qf,.
W3 (1), ycnosusa dp = 0 u Teopembl Mopepa MOKeM CKa3arb, 4TO
Fr () e H((95,)").

Taxum obpazoM, ogeBuaHo, uto . € A (Q% T) aag Beex > 0.
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Hoxaxem, uro I, JTOKaIbHO-PABHOMEPHO cxoaurTcs Ha (1 NpH r — 00 K CIEAYIO-

HIeMy WHTErpany
(16) I (2) = 7T71/ G (z)doe, z€Qp.
Q\Sh
Beugy (15) uckomas dbynkuusa F € A (QF) moxer Goirb onpenenena Gopmynon
(17) ' (2) = (pfe) () + 1o (2), 2 € Qf,
OTKY/la ClIeAyer, 9To
(18) lef = Flis, = ol s, »
(19) [F(2)] < [(pfe) (2)] + oo (2)] for z € Q.
Urak, npu noMouy 9rofi cxembt annpokcumanust ¢f na Sy, dbynkuusmu F e A (QF)

u onenka pocra F' na (17 cBenennt k onenke [oo.
U3 (12) aaa z € QF u ¢ € QP\Sy, nmeem

231 Q)] {2hF2|atan(a/2)_¢n|+h}nas+m
¢ — 2] 2h + 2 [¢[ tan (a/2) :

s xomnaxraoro muoxecrsa K C Qf cymecrsyer 7o > 2h 1ak, yro K C D, , u

(20) Ge (2)] <

nycts 77 > v’ > 3rg. onyuas, aro
2h+|€| tan(a/2)

{3hF2|atan(a/2)_|nq’“lﬁ+h> 1

(21) 2h 1 2]€] tan (a/2) D AT 1

u yaurbisast, 910 n| —h < |{ —z| pna z =a+iy € K and { € QF ,\QF ., nonyanm

(22)  |L(z) =1 (2)] < 4/; £2de < 4 (% - %) —0 npu 7,r" — +o0
pasHOoMepHO A 2z € K. D710 nokasbipaer abCOMOTHYIO B JNOKAJLHO-PABHOMEPHYIO
cxonumMoctb oo (2) pust 2 € Q) a takwke 10, 410 Ion € C (QF).

Jna nokasarenbcersa (3) Mbl BOMXKHBL OUEHUTE [0 (2), 2 € Sy, KoTOpOE Cliepyer

u3 (18):

R T = e R T Ty e

7r
Vanreisag, uto |n| —h <[ —z2| n

PO f (O] < (nl = R)n (KD /CI7, = € Sh,
u3 (20), (21) u (23) nonyunm

1Q/’ 201 (Q)] {3hF2|§Han(a/2)_|nq7ﬂl§+h)
Q5\Sh

1 _ 2
(24 L

™
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Taxum o6pazom, u3z (16), (17) u (24) mbt npuxonum x (3).
ITycrs reneps z € QY\Sy, = E. Ipencrapum I (2) B BUge CyMMBL ABYX WHTEIrpa-

JIOB!:

(25) @)= [ Ge@iogt [ Geladoc— 1)+ B (o),
B E\B
roe
B=QynND,(z), p=2]z|sin(a/2)+4h.

Ounenusas 1 (2), nonyaum

|11 (2)] < erexp{2n(20]2] + 2h)}/ (I¢I1¢ = 2) " do¢ <
B
(26) < coexp{2n (20 |z| + 2h)},
r7ie KOHCTaHThi ¢1, ¢y > 0 3aBucar or o u h. BTopoil uarerpai MOXHO OUEHUTH Kak

B (24), r.e. 15 (2) < 2/(wh). Takum obpazom, u3 (17), (19) u (25), (26) mbI nepeiinem

K (4), 94TO 3aBepIIaeT J0KA3aTeNbCTBO JEMMEL.

2. MEPOMOPO®HAS AIIMTPOKCHMALIA
HA TIOJIOCE

IIponecc onTUManbHO PABHOMEDPHOIO NpUbAMKeHusd Ha nosoce MepoMopdHLIMA
byHKIEAME peanu3yercda B JiBa Iara, NepBbili U3 KOTOpbIX — 310 nemMa 1. Bropoi

war — 970 anupokcumanus byukuun f € A (QF) na Sy, MepomopdubiME QYHKIHAME.

2.1. MepomopdHaa anmpokcuMmanus Sy,. B 9rom naparpade Mbl alipoOKCHMI-
pyem dbyuxkumo F € A(QF) na S, mepomopdunivu dyukuusamu. Tlorom, nenonsays
neMmy 1, nonyaum mepomopdnyio anupokcamanuio f € A” (S1,) na Si,. Mbt Bocnons-

3yeMcs caepytomed nemmod (cm. [2], crp. 548-549).

Jlemma 2. Jaa zonomopdnot dyrcuuu z — /z, V1 = 1, 0dnosnaunot 6 obaacmu
C\(—00,0], u das wucaa § € [0,1] cywecmeyem mepomopdran Pynryus w = wg ¢

nosmocamu Ha (—oo, —1) mawas, wmo
(27) @ (2) = V2| < (1/2V]el, fargel <7 =6, |2 24,
u

(28) T(r,w)=0 (log’r) npu 1 — oo.

JokaxeMm Clenyolyo Teopemy.
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Teopema 1. Jas dynsyuu F € A(Q9), o € (0,7/2) u wuceap > 1 ue >0

cywecmeyem mepomopdras Pyrnkyus G ¢ NOAOCAMU HE MHUMOT 0CU MAKAA, WIN0
(29) |F'(2) — G(z)| <&, =z€& S,
U
prort Mp (1) drdt
30) T (relq) < c/ / log* My (7) drdt +eclogt (r+h), r>h,
h h £ 7t
20e ¢ = c(h,p, o) > 0 — wonemanma, 3sucawas moavko om h, o u p.

Toxkazareapcrso. Samenss F na e 'F u G na £ G, MOKHO CBECTH JOKA3ATEb-
cTBO K caygaio € = 1. BoseMem w (2) = w; (2hiz) 3 nemmbt 2 ¢ § = min{2h, 1} 1axk,
Y10

|w(C)| Z (2h |C|)1/27 C S aSZh (CM)7

3 v

lw ()] <e1+ ez , 2z €5y,

roe yepes ¢; > 0, 7 = 1,2, ... o6o3na"aeM KOHCTAHTHI, 3aBUCAIINE TOIBKO OT &, p 1 h.
W3 srmovenns S, C QF caenyer, 9ro cymecrsyer koucranra cz € (0,1) rakas, 4ro

(32) [C—2[>ca(IC]+]2), C€dD, z€5h

Tenepb pacCMOTPHM DAIMOHAJIBHYIO [0 Zz U KYCOUHO IMIakylo 1o ¢ € dQf dbynkuuo
Q raxywo, uro Q (¢,¢) =1 ana ¢ € Q7

- (5)

rae n' u (' seibepem nosanee. Sadurcupyem

q=min{\/p,(p+h)/p}>1

W PAaCcCMOTPHM TOCHIEI0BATENBHOCTE (1) re, 7x € NU{0}. Tycrs
=09y, Tog=TI\05,

' ={¢el:Im{>0}, I ={Cel:Im¢ <0}, I =0"nND,(Fi2h).

O6osnany (' = (¢" +2h)i n poa ¢ € v =T\ T} | paccMorpum cooTBeTCTBYyIO-

wwit momoc (¢ +2h)i, rae g = ¢"sin (a/2) u ¢ = —(¢" + 2h)i ana ( € v, =T, \
I, - Kaxaomy ¢ € I coorsercrsyer nomioc Ha MHUMOHN OCH, Tak Kak v; My; = 0

anag i £ junl = kgl'yk ey = U~y dna € v, ¢ € '/ Bosemenm n' = ny,
k=1,2,---. Tenepn, ecnn z € Sy, , T0 npn BLIOOPEe NOACOB (' NOIyYaem

IC=CN/ 2= <q/(g+h) nmna (€,



14 C. AJIEKCAHAH

"
M 1/2
< g‘ < [eos? (a/2) + (1= ¢ ) sin® (a/2)] " = a1 < 1.
5 _
Cymecrsyer = p(q, h, ) € (0,1) takoe, 910
(¢ -
P <dy <1, ZEDM\C\?

rae do = (1 + dy) /2. Takum obpasom, gia d = max{ds, g/ (¢ + h) nonyunm
(33) QU <d™, (e, 25 UDyq.

Dr1a onenka BeMOAHAETCA Takke mig ¢ € T\vy u |2| = ppx, £ = 1,2,..., rae pr —
paccrosiaue or vi+1 A0 0. B camom nene, ecim || > ¢g, TO MBI IPUXOIUM K TIPEIbi-
nymemy caydaio, korga |z| < p|¢|. Ecmm xe |¢] < g1, To Torma ¢™ !sin (a/2) <
I¢| < ¢™sin (@/2) ans mexoroporo m < k — 1. Tax uro |z — ¢'| > g (ug" ™ — 1), m

MBI [IOJY9UM
¢(-¢
z =

Teneps onpenenuM MocJae0BATeNBHOCTb (1) peq, YAOBAETBOPAIONLYIO YCIOBHIO

<d.

(34) 0<ng—cq[A+tlog" M (g, F)] <1, k=12

rae ¢4 — (log (1/d)) " Koncranty A > 0 Bbibepen HuxKe Tax, 9T06bI

(35) IF(O)Q (¢ 2)] <e ™,

ecma) ( €l n z € S, U D, | umu b) ¢ € T\, |2| = ppy, ana k € N. Narerpan
1 F

(36) 1) = 5 /F %QC(S?C[C? 2 eC\T

nokansuo-pasaomepno cxopurca na C\I', nostomy I € H (C\TI'). Tlonoxum

Fo () — F(z) uwpn ze€Qf,
0 npu  z € C\(Q9),
Annpoxcumupyioyio Mepomopduyio Gyuxkuuio G MOx)uO onpenenuts nid z € C\I'

dopmynoi
(37) G(2) = Fy(5) = [(2)w(2).

Tlonwcerwr G nexkar na MHEMOBR OCH, TaK XKe Kak NOJIOCH w. Ybeanmces, yro G peli-
cTRETENLHO Apngerca mepomopduoii ma C ¢ remm ke nomocamu. M3 (36), (37) u
dopmynst Ko ana F/w nna z € DAL, r > h nonyunm

G(z) 1 /F(C)I—Q(C}Z)
r w(() (—=2

w(z)  2mi

dg
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RN F(C)Q(Cz)dCJFL/ F(¢) d¢
2mi e, w(() (=2 2mi Jp, w({) ¢~ 2

roe L, = Qf N dD,. Moxno Buzers, 4T0 HOCAEJHUE [Ba WHTErDasia CIpaBa [i0-

nyckawoT ronoMopdroe npojoixenne Ha D), a neppwiii maTerpan — MepoMopdroe
npojoakenue ¢ noatocamu ua (¢') C Dy, tak kak Q (¢, () =1 ana  eT.
Ina noxazarenscrea (29) onenmm I (2)w (2) ma Sy,. Uz (36), (31), (32) m (35)

CJ’Ie,ﬂ;yeT, y1To
1 C1.—1/2
T ()] e < —/ (Il + 12D 172 1gl, = € Sh.
C3 T
Tlocnennui naTerpas orpannyed HHTErPAIOM

oo —1
05/ (tt o)t Y2t < e (1+ |z|1/2) .
2h

Crnenoparesnbro, u3z (31) noayaam, 9ro
I (2)w(2)] < cre ™™, 28,

s (29) ¢ € = 1 Bosemem A = log™ ¢r.

Tenepn onennm xapakrepuctuky 1 (r, G). U3 (37) nmeem
m (r,G) <log™ M (r, F) +m (r,I) + m (r,w) + 1.
Tlockonwky N (r,G) < N (r, G/w) + N (r,w), To u3 (28) nonyanwm, aro gnar > h
(38) T (r,G) < N (r,G/w) +m(r,I) +log" M (r,F) + cglog” (r +1).

Homocet G/w nexar va muoxecrse (¢'). Cnenorarenbho, yanreisas (34), noayanm,

g0 gua r > h

N(r,GJw) < Z n/log%| < ¢g anlog(;—k

[¢/]<r qe <r
< cqg Z [1 +logt M (g, F)] log .
P qk
ST
Orcrona nonyaum it r > h
ar dt
N (r,Gjw) < 011/ [1+log" M (t,F)] log qt—r7
h
ar drdt
(39) < e / / logt M (t, F) % + cialog? (r + h),
h h

IIOCKOJIBKY

r 1 9% qr dt
1 +log™ M (qi, F)] log — < / 1 +log™ M (t, F)] log =~ —.
[1+1log™ M (qx, F')] S Sioga ), [1+1og™ M (t, )] log ==
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Ounenum teneps m(r, I) ana r = r, = ppg, k = 1,2,---. Pazobbem unrerpan [ (z)
na cymmy apyx mprerpanos I (2) n Ji (2) coorsercrrenno no kortypam I'\vyy B V.

Ecim ( €T\ u |z| =7k, o |¢ — 2] > (1 — w)|¢|, m u3 (32) u (35) nonyunm
1 _

(40) 1 (2)] < 1—/ 172 1dC] < e, ] = i
— K Jr

Ecmu ¢ € v, u |2| = g, 1O

7
n

(=¢
= 1
QA= |=g| <1
u u3 (32) |w (¢)| > 2h*. Tlosromy, cornacuo (34) umeem
(41) ‘Jk (rke ‘ < exp {014 + c14 log M pk7 }ak
rie

o (so>:/ ¢ — et e
Yk

Tlonaras
27
C15 — —/ log oq d

U yauThiBad, 94T0 o (@) < oy (p), k=1,2,--- n3 (40) u (41) nonyunm
m (1, I) < ci3+ cra [L+log™ M (pi, f)] + 15 + 1.

Orcrona u u3 (38), (39) u vy > h nonygaem

et drdt
T (ri,G) < clg/ / logt M (r, ') &2
h h 'Tt

+01610g+M(qk7F)+01610g2(rk+h)7 k:1727

Hmeenm

qTk
grrdt 1. 4
log — — = —1 =
/qk og P B og” (uq) = cir,

OTKylia CIenyer, 4ro

qry, dt

1 qry
log™ M (qi, F) < — / log™ M (r, F') log

C17 J gy t 1

ar drdt.
- — /1og+M(TF) T
C17

Takum o6paszomM, NIPUXOIUM K OIEHKE

ar drdt )
(42) T(?”]wG) <018/ / 10g+M(T7F)—t+01610g (Tk+h)7 k>1.
h h T
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Teneps nycrs r > h. Torna cymecreyer k > 1 rakoe, yro r < 1 < gr, Tak Kak rp =
qork—1, The 0 — L opn k — oo gna k = 2,3, ... Tlockoneky T (r,G) < T (ri, G),

70 u3 (42) nonyunm
ot drdt
T(r7G)<020/ /log+M(T7F)T—t+021log2(r+h) >y
R R T
Vuuresas, 9o ¢ < pu r1 > h, nonyanm (30).

Caencreue 1. Hz meopemor 1 u (29), (30) caedyem, wmo dynryuro F € A (QF) nopao-
Ka pp < +00 MONCHO PABHOMEPHO NPUBAUIUMDL Ha S, MEPOMOPPHBMY HYHKUUAMUY

G max, wmo T (r,G) = O (r7) npu r — +oo.

Chenyromas Teopema siBISETCsl OCHOBHBIM Pe3yibraroM 31oft paboret. s ee no-

KazaTenberBe UCIONb3yeM Cheayromyio gemmy (eum. [3], crp. 542).

Jdemma 3. Janqg € B uB € (0,7/2) cywecmeyem mepomopdras fynruyusa @ maxan,

(43) q(lz]) <le () <biq(lz]), =€ S50 UAU Ag(r),
(44) T (r,) < by (1+log" ¢(r)) log? (r +1), 7 >h,

20e by = b1 (B,q,h) >0 uby = by (3,4, h) >0 — nexomopsie KoHCMAHMBL.

Teopema 2. ITyems [ € A”(Sh), moeda das g€ B, g > 1,2 >0 up > 1 cywe-

CMBYEM. MePOMOPPHan PYHKUuL § aKas, wmo

(45) F(2) =g () < ——=, =€ 8,
q(]2])
_ ot fan () M (7, f)] drdt
T(ng 1g)</f/h /h{ . q(7)+log+f —
(46) +k[1+log g (r)]log® (pr), = >h,

2de a, (r > 0) onpedeaena uz (5) co=1uk=k(p,q,h) >0 — xoncmanma.

Jlokaszareapcrso. BeiGepem [ = [(p) > 0 tak, 9robnt [ < min {p, 2}, u nosoxum
a = 2arctan (I — 1). TIycrs ¢ — Mepomopduas GYHKIEA, YAOBIETBOPSIONAA YCAO-
puAM gemmbt 3. OueBuano, MOKHO BLIOparh § = B (o) rak, 4yrodur Qf C S5, UAgU
Ag (7). 3 nemwmbt 1 cieayer, uro ana fo cymecrsyer dyuknusa F € A (QF), yoosie-
reopsiioniast (3). Cornacno (4) u (44) pocr dyukuuu F ana 7 = lr + h ouenwnBaercs

CHIeIYIOIUM HepaBencTBoOM
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ar (f) + My (T)q(7)

M
(47) log™ —1;(7") < ki |14 q(7)+ log

Tpumensaa Teopemy 1 x F, u3 (3) u (29) nonyaum

(48) |f(2)p (2) — G ()] <&, =z€Sh,

u, cornacuo (4) u (2.21) pocr dysaknuu G aia r > h Gyaer OLeHUBATLCA CHELYIOIIAM
obpazom

T (r,e'G) < ks /hpr /ht {1 + ‘”qu(v) +logt M1 (Tg)q(ﬂ drdt.

7t

Okonyarenbuo, And r > h HOAyYuM CIefyoInyio OleHKY:

yus
7 (re ) <t [ /[ +1og+Mf_<T>}M
e e Tt

(49) + ks [1+ log g (r)] log? (pr).

Honoxum rtenepy g = G/p. U3z (29) u (43) cneayer, 4T0 HOMIOCHI ¢ JexkKarT HA
Ar_p(m/2) U Ar_g(—7/2). Hepasencrso (45) cnenyer us (48) ¢ yuerom (43). Ilpn

3710M, NOCKONBKY |@(0)| > ¢(0) > 1, o noayunm
T(r,etg) <T(r,e 'G) +T(r,1/p) =T (r,e 'G) + T (r,¢) — log ¢ (0)|
<T(re'G) +T(r,¢).
Crnenoparenbho, Beugy (49) u (44) n10KazaTenbCrBO 3aBEPINEHO.

s teopemnul 2 (¢ ¢ = 1) cnepyer cieayoman TeopeMa i pasHoMepHoze npubin-

JKeHus.

Teopema 3. ITycmv [ € A" (S},), mozda das awobozo ¢ > 0 up > 1 cywecmeyem

MepoMOpPHas PYHKUUA § € TOAOCAMU HA MHUMOT 0CU MAK, 4O

(50) lf (= 2)| <&, z€Sh,

pr +
(51) T (re" <k/ /{C‘T | Lo ]\Z(T?f) d:jt+klog2 (pr)

daar > h, 2de k =k(p,h) >0 — xoncmanma.

2.2. IIpeacraBaenue Kaacco M?. B pabore [4] nokazano, uro ecnn dyHKIms

f € Al (S,) pasaomepno nenpepbisaa Ha 05y, TO ee MOKHO npubin3uTh
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yearimu HYHKIUSIMY TOpsAAKa 1, KOTOpbil Heslb3sl yMEeHbINTh. TeM He MeHee, Teo-
pemMa 3 OpHUBOAMT K HOBBIM YCIHOBHSAM Ha [, KOTODbIE NO3BOJSIOT €8 DABHOMEDHYIO

annpoKCUManuio Ha Sy, mepomopdusimu byaknuamu nopaaka p € (0,1).

Onpegenenne 1. Crascem, wmo mepomopdran PyHKEyus g ¢ NOAOCAMY HO MHUMOT

ocu npunadaescum raaccy MP, ecau g ozpanurena Ha Sy u
T(r,g) =0(") npu r— oo.

Teopema 4. ITycmn vo (r) = 772, v ewbpano na R mar, wmobw v (r) = —v (=),
onpedeaum

p(z) = po (@) +iy, 2=z +iy € Sh,
2de po = v~" on R. Eeau sce dynruuu f € AY (Sy), (fou) u(fow) oepanunenn
na 05y, mo [ donycraem pasromeproe npubauscenue Ha Sy GYHKYUAMY U3 KAGCCQ
Mr.

Hokazarenscrso. VI3 Teopembt 3 umeem, 4ro ajs moboro € > 0 cymecrsyer Mepo-
mopdnaa OyHKIEA ¢ ¢ NONIOCaMHU Ha MHEUMOR ocu, yaosrersopsawomaa (50) u (51).
U3 ycnosus reopembt caenyer, aro |(fo )| < M u |(fop)’| < M na 95,

Vuureisast, aro p' (r) = 1/v' (r), nonyumm |2f} (2)] < M |2|’. Yz onpenenenua
w caenyer, aro |f (2) 1" (2)| € My, orciona nonyaum ‘zzf” (z)‘ < My |2|”. Takum
obpasoM, u3 (51) ana ¢ = 1 nonyuam T (r,g) = O (+”) npu r — 00, 970 3aBEpIIACT

JOKa3aTelIbLCTBO.

B zakniogenne aprop CUMTAET CBOUM NPUATHBIM JONTOM BLIPA3UuTh GIarosapHocTs
croeMy HayuHoMy pykosogmreno npod. H. Y. Apakensiny 3a NoCTaHOBKY 3378491 U
NOMOITE [IPH €6 PEITeHNH.

Abstract. The paper discusses the problem of approximation of functions conti-
nuous on a closed stripe Sy, = {z : |Imz| < h} and holomorphic in its interior. The
results relate to the uniform and tangential approximation of such functions f by
meromorphic functions g with minimal growth in terms of Nevanlinna characteristic
T(r,g). The growth depends on the growth of f in S and certain differential proper-
ties of f on 3Sy. It is assumed that the possible poles of g are restricted to the

imaginary axis.
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O 3AJAYAX AUPUXJIE U HEIMAHA
JJISI TAPMOHUYECKUX ®YHKITUI

H. V. APAKEJIAH

Huacroryr maremarusu, HAH Apuennn
E-mail: arokelion@instmath.sci.am

AnHoTAuA. Ilesnpio HacTosel pAGOTH ABISETCS U3y YEHHE HEKOTOPHIX ACIeK-
TOB KPAeBBIX 3334 JJs FAPMOHUYECKUX (PYHKUMH B HOJYIPOCTPAHCTBAX, OTHO-
csumuxcst K Teopuu npubmmwkenuii. M. B. Kengeim yromusas m0000bITHEINR GakT
0 Gozamcemee B HEKOTOPOM CMbICHe pelneHuil 3axa4u Jlupuxne B BepxHeil moay-
ILIOCKOCTH JJ1s1 (DUKCHPOBAHHBIX HENPePLIBHBIX I'DAHUYHBIX YCIOBHI HA Belle-
CTBEHHOM OCH. DTO MOXKHO PACCMATPUBATH KAK MOJAedb s 3axa4u lupuxie ¢
HEIPEPHIBHBIM I'DAHUYHBIM YCIOBUEM, OIPEJIEJIEHHBIM, 38 HCKIIYEHUEM OTHEb-
HOU IpaHuIHON TOUKH, 63 orpanuveHuil, HAJOXKEHHBIX HA pelleHuss BOIu3u STO#
TOYKH.

Tlony4yensr HexkoTOpHie 0600IMEHNST ¥ MHOTOMEPHBIE BePCUM pe3yabTaTa Kei-
ABIIIA ¥ 06CY2KIeHBI BOIPOCH], CBA3AHHBIE C CYLIECTBOBAHUEM, IIPeCTABICHUEM
u u306uauenM pemenuit s 3aaa4 Jdupuxae u Helimana.

TTocsameno namaru akagemuka C. H. Meprensna

1. BBEAEHUE

ObGosHavyenus m nocraHoBka 3amadn. 1. Huxe, 6ykset N u R o6osnagator co-
OTBETCTBEHHO MHOXKECTBA HAMYPAAGHHTL U eewecmeennms aucen, Ry = (0,400) n
R_ = (—00,0). Kommnekcuyio miaockocts obosnasum gepes C u pacuupennyio Kom-
I7IEKCHYIO MA0CKOCTE (Pumanosy cepy) depes C. YIOBHO OTOKIECTBIATH €BKIIH-
nosy mnockocTh R? ¢ kommiexcno#i naockocrsio C, nonaras 2 = = + iy A4 TOYKH
(z,y) us R?. Beprnasa noaynaockocmo B C ectb muoxecrso C, == R x R,. Buym-
PEHHOCTL, 3amblkanue 1 2panuye Muoxkecrsa F C C 0603nauai0Tca COOTBETCTBEHHO
gepes E°, F u OF.

2. llycre Q — obnacre B C, u ' —ornocurensro 3aMkuyToe noaMuaoxectso 1. Toraa
C(F) o6o3nagaer TONOIOTHIECKOE BEKTOPHOE NPOCTPAHCTBO HENPEPHIBABIX (DyHKIn

[ F — C ¢ paBHOMEpPHBIME [OJYHOPMaAMHA
£l = sup [f(2)],
zeK

rae K # () — xoMmnaxTrOE NOAMHOKECTBO F.
21
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3. ycrs I — omxpwmoe nogmuoxectso R. Torna CF(I) nna k € N ofosnauaer
kaace k pas menpepwisno auddepennupyembix Gyukuui na 1.

4. Ina obnactu Q C Cu k € N uepes CF(Q) ofosnaunym knace k pa3 Henpepbis-
1o nuddepennupyemerx (B cmbicae R?) komnnexcnsix dynxnuit na Q. Tomoxum as
u € CHQ) d1u = du/dz u dyu = Hu/dy. Knacc C1(Q) MOKHO ONPeIenuThL CTanaapT-
HBIM 00paszoM, kKak kaacce dysknmi v € C(Q) N CH(), no3BomoNmX HenpephBHOE
IponozKenre Ha ) MPOU3BOAHBIX O1u U Dyu; 3TO ONHO3HAYHO ONpeenser ux Ha I,

TIpouzssonunie O1u gua v € C 1 (@+) copnasaoT Ha R ¢ 00LIYHBIME IPON3BOIHBIMHE
u |, & ou npeacrapnAoT Ha R (BHYTPEHHIOW ) IPOU3BOAHYIO U N0 HOPMAAY, KOTOPYIO

1o npasuny Jlonurans MOMXKHO IPEACTABATE CJEAYIONEM 00pa3oM

(0yu)() = lim fulo+ iy) — ula)ly ™.

5. Hanee, nonoxum ansa v € C2(Q) 4,5 = 1,2 8i2ju = 0;(0ju) 1ak, yro Au =
Agu = 93 u+ d3yu ectb Janaacuan v. O6o3naanm gepes H(Q) KIace KOMIEKCHBIX
bynxnuii, zapmonuneckur B €, T.e. dyaxknui v € C?(Q), ynopnersopaonus s
ypasnenuwo Jlanaaca Au = 0. 3amernm, 910 MBI pasnangaeM kaace H(Q) or knacca
dynkuuit H(Q) C H(Q), zoaomopdrsz B Q.

6. ITycrs Teneps f, ¢ € C(R). 3anaua naxoxnenus GYHKIAN U, YAOBACTBOPAIOMIECH

YCIIOBHIO

) {u € C(T,) NH(C,),

u=Ff mna R

apnsercs aadaned Jupuxrae B Cy, a 3a1a9a HAXOXKIEHNUA U, YIORBISTBOPAIONEH yCII0-

BHIO

(2)

ue CHTy) NH(CY),
du=¢ na R

— 3anada Hefimana B C | rae dou — (BHyTpeHHAA) HPOU3BOAHALA u IO HOpMasin Ha R.

7. Humezpaa ITyaccona
(3) ue) =Pyl) = [ SO wpn s—stiyeCy,

rae K(t,2) = (y/7) [t — 2| * — adpo Iyaccona, spaserca pemenney sanadn (1), ecan

[ ynosnerBopsier ycaoBuio

(@) /OO FO (1 2) " dt < too,

— 00
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0BeCneunBaoNIeMy JIOKANLHO paBHOMEpPHYIO cxonumocts (3) B Ci. Banaua (2) umeer

penrenune u = u, BU4a

(5) uy(2) = 7r*1/ (t)log|t — z|dt, =€ C,,
€CJIM @, HAIPUMED, YIOBJIETBOPAET YCIOBHIO
(6) / lp(6) log(1 1 |e])dt < +oo,

obecrieunBaloNIeMy JOKalIbHO PABHOMEPHYIO CXoauMocTh B 2 € C, maTerpana B (5).
Dro cnenyer 3 (2) — (3), nockonnky d2log [t — z| = K (¢, z), orkyna cnenyer Jouy, =
P,.

3ameuanme 1. Ecau, ¢ donoanenue % (3), umeem f € C*(I) dan omrpumozo noo-
mmosrceemea I R, mo w =Py € CHCL UI), u u umeem nenpepviensie npouseodmvie

no nopmaau Oou na I (ep. aemma 1).

Paspemmumocts sanaan Jupuzae (1) 6e3 orpanuygenuil Ha rpanngHoe yeaosue [ €
C(R) 6bina ycranosnena P. Hepannuunoi [1]. Paspenmmocrs 3anaun Hetimana (2)
npu rpapuanoM yeaosun ¢ € C(R) 6puna nokasana nosguee C. Ix. Tapaunepou B
[2], conmepmxamenm takxe oGobumienue 00OHX Pe3yNBTATOB Jid HoJynpocrpancts R’
R™, n > 2. 3amerum TtakiKe, 9to npumenenue teopembl 1. Kapmemana o nenom
npubnmxennn #Ha R (cM. Teopemy 2 HEKE) NO3BOJIAET JIEMKO CBECTH BONPOC O CY-
weemeosanuy perennil ang obenx sanad (1) u (2) K yNOMAHYTHIM BBLIIE CIyYasiM,

korza f u ¢ ynosnersopsitor yenopusiM (4) u (6) (cm. nyrkret 2.1 u 2.2 Huxe).

Bameuanne 2. Pewenue u=uy 3adawu (1) onpedeasemces no npunyuny cummem-
puy ¢ mounocmsio do dynxyuy uy € H(C), obpauwarowetica e nyav na R. B
obwem, Pynkyua vy ne moxcem Gomv npedemasaena unmezparom Ilyaccona (3).
Ymo racaemes pewenus v = u, 3adevu (2) npu epanunnom yeavsuu ¢ € C(R),
moe ono onpedeasemes ¢ mounocmuvio do dynrsuuu ug € H(C), ydosaemeoparowedi

yeaosuro Ooug =0 na R, xomopoe sxeusasenmmo ycaosuso
(7) uo(z) =up(z) dan z€C.

Jocrarounocts (7) ans doug = 0 na R acna. Yo kacaerca HeobXoauMOCTh, NYCTh
up — BemecTBeHHO-3Ha4YHOe pernenne (2) naa ¢ = 0. Torna u3 uy = dyug € C(C) N

H(C.) cnenyer vy = 0 na R. Tlo npuanuny caMMeTpun MOXKeM IPEANOIOKHTE, 9T0

uy € H(C) rak, 9ro gia z =z = iy € C,

ug(z +iy) = up(z) + /Oy wy(z + it)dL.
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Tax xak npu stom uwq(2) = —uy(Z), To nonyunm (7).

M. B. Kesgpiu ynomunasn caepyroumii daxr (eum. [3, Tn. 2]): Cemetemso {uy} scex
pewenuti 3adawu Jupuzae (1) daa durcuposannozo zpanunnozo yceaosua | € C?(R)
HACMOAbKO Bozamo, wmo coomeememsyrowiee cemetemeo {0, 4y} npoussoonss uy no
nopmasu na R pasromepro naommo 6 C(R), us wezo caedyem, wmo cpedu pewenui uy
eywecmeytom “npubauscennwe” pewenus sadawu Hetimana (2) dan durcuposarnnozo
zpanunnozo yeaosus © € C(R).

3ameTnM, 9TO B ITOM yTBepKJeHnu Oomee cumbnoe ycnosne f € C2(R) (Bmecro
f € C(R)) nocraBneno aad 1oro, 91obbl rapaHTHPOBATL CYIIECTBOBAHUE TPOU3BOJI-
HO# mo nopmanu J,uy Ha R u ee menpepsiBrocTh. Huske MbI npesncraBuM TOYHYIO
GopMynupOBKY pesynbrara Kenabila B ero AoKasarenserso (CMm. Teopemy 3 napa-
rpada 2). Hapaay ¢ apyrumu Mbl 06CYIMM CIEAYIONUE BOTIPOCHL.

(a) Bo3MOXKHO 1M NOMEHATL MectaMy posn 3a4a49 (1) u (2) u nocraBuTh 3a4a9y:
[OCTPOUTL pernenue u, 3ajaun Hefimana (2) npu rpapmanom yeuosun ¢ € C(R),
KOTOPOE OJHOBpPEMEHHO ObL1o Obl “npubnmxennbiv” pemenuem 3anaau Jupuxae (1)
npu 3apanee GUKCHpOBanHOM rpanngnoM yenosun [ € C(R)?

(b) Boamoxnuo mu 06obmuTsh yreepxkaenue Kenapima u o0paTHbiil pesynbTaT A
(a) ans COOTBETCTBYIONIMX KPaeBbIX 3389 B NOJAynpocTpancTsax R, n > 2 7

OrBer Ha nocnenuut BONPOC NOTPedyeT HEKOTOPBIX TEXHUYECKUX WHHOBAIMH, TaK
KaK W3Havya bHoe n0Kazarenberso st Cy uenonbayer GakThl U3 TEOPHH KOMILIEKC-
HBIX NpHOAUKeHuH 1 Teoprud ananuTrdeckux dynkuuit (ypasuenns Komu-Puvana),
NOAXOASAIIAE TOMBKO Ajisi 1 = 2.

OrBerbt Ha 00a YyHOMSIHYTBIX BOIPOCA, NIPEACTABIAIONINE HEKOTOPLIH Teopernye-
CKHI MHTEPEC, NONoKUTENbHbL. Chreayommi Bonpoc:

(¢) Bo3MOXKHO 1M OPEACTAaBATEL AN HEKOTODBIX U3 YKA3aHHBIX 387849 “KOHCTPYK-
TUBHLIE” pelllenns, KpOMe yTBepKaeHus 00 uxX CymecrBsoBanun?

TakyKe nojygaer cpoii orser nuxke. Iaparpad 2 comepxkur orsers na (a) u (c),
J@HHBLIE BMECTE C JOKA3aTeNbCTBOM yTBepxKaenus Kenawsima ns nonnorst. Bonpoc

(b) u HEKOTOPBIE, CBA3AHHBIC ¢ HEM BONIPOCH 00CYXKAaloTea B naparpade 3.

2. BAJTAYN JNPUXJIE 1 HEMIMAHA B C,

2.1. Habaronenue Kenapmuna s 3agauan Jdupunxse B8 C . Haynem ¢ rnaBaoro

peaynbrara P. Hesannunnet ([1], 1925) o sanage Jupuxae (1).

Teopema 1. Jaa aobozo [ € C(R) sadaua Jupuzae (1) paspewuma.
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Penrenne v He eAUHCTBEHHO, U, B 00IIEM, ecnu yenosue (4) He yAOBIETBOPIAETCH, U
Heb3s NPEACTaBAThL ¢ NOMOINLID uaTerpana Ilyaccona (3). Hnga npeogonenns 3roi
cnoxuocri Hepannunna seen [1] 06o6menune uarerpan Iyaccona, paxrudecku, cipa-
pepyuporo anga awboi dysknuau [ € C(R) n ocnosannoro ma mopuduKanuu fapa
Hyaccona K (t, 2), sapucamero ot pocra f B 6eckoneanocTr. Brocneacrsun ananorng-
HbIE Pe3yIbTaThi ObLIN MOJIYYEHb TAKIKE Jid 38391 [Iupuxie B DoaynpocTpascTBax
R n > 1 (cu. [2], Teopema 2 u [4], Teopema 7.11).

Kpowme dopmynbt npeacrasienusi, TeopeMa 1 Moxker 6bITh JErKO BbIBEIEHA U3 U3-
BECTHBIX PE3y/bTaToOR Teopun annpokcuManun. Cenyolas OCHOBOIONATAIOIAS Te0-
pema Teopur KoMisekcubix npubauxennit T. Kapaemana (cm. [5], 1927), apnsercs

Haubosiee pueMIeMOR 17 ITOrO.

Teopema 2. Jaa f,c € C(R) npu £(R) C (0,1] cywecmeyem yeaas dynruyus g

mana.ﬂ,, YMmo UMeem Mecmo
(8) |f(z) — g(z)| <e(z) dan =z €R.

D10 obobienue Teopembt Befiepurrpacca o npubiuyKeHnn NOJTUHOMAMHE TOJNOKIIO
HAYAJIO HOBOMY THITY annpokcuManyi Ha R: Tak HA3bIBAEMBIM PAEHOMEPHO-KACANEAb-
oM pubnnKennaM nenbivu Gyaknuamu. B gopmyne (8) dbynkunsa £ (cxopocms
Kacanusa B GeCKOHEYHOCTH ) MOXKeT ObITh BRIOpaHa pou3BONLHO Manok scony na R, u,
B JIOTIOJTHEHHE, £ MOYXKET CTPEMUTLCH K HYII0 Ha 6ECKOHEYHOCTH TPOU3BOILHO OBICTDO.
MOo2KHO NpPeAIoNoKUTh, 9TO B Teopeme 2 (hyHKIN g sSBIAETCS BEeCTBEHHO-3HAYHON,
ecnu takosa f.

W3 reopembr 2 sierko cienyer teopema 1: BeiOpas € = 1, MOXKHO TOJOXKUTE U =
g+ 'Pf,g.

3arem, BoiBeneM u3 rteopembt 2 nabmonenwe M. B. Kennpima (cm. [3], Hokasa-
renberBo jeMmbl 2.3). Triasa 2 paborst [3] cofepKuT noapoGHOE H3NOKEHNE U JOKa-
3aTENbCTBA Pe3yIbTATOB O NpUbIHKeHUH neabiMu QyHKIuIMEA, ChOPMYIHPOBAHHBIX
M. B.Kenzapuuenm B [6].

Teopema 3. ITycmwv f € C*(R) u p,e € CR), npu (R) C (0,1]. Cywecmeyem
dynryua v € CHCL)NH(CL), asamowaaca pewenvem 3adawu Jupuzae (1) maxaa,

Umo

(9) [(Dou)(z) — p(z)| < e(z) dan zeR.
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MOXKHO HHTEPIPETHPOBATEL U KakK “npubauscennoe” pemenue sanaan Hetimana (2)

Jlokasarenpcro: JTOCTATOMHO NPEANONOKETE, 9T0 [ B ¢ — BEIECTBEHHO-3HAYHBIE.
Tycrs uo — (Bemecreenno-3aaunoe) pemenne 3azaan Jupuxae (1). Cornacuo 3ame-
4anEuio 1, MOKHO TIPEANONOKUTE, 9T ug € CH(C,) m, B wactHOCTH, Ohup [RE C(R).

Tlo Tteopeme 2 cymecrsyer nenas QyHKIUsS g1 = v + 101 Takas, 9yro v1 = 0 va R n
(10) lui(x) + (Daug — @) (x)| < e(x) mna  ze€R.

Ilycrs Tenepsb g = uz + wa — nepeoobpasnasn A8 —igl, YAOBIETBOPIIOMAsA YCIOBUIO

g2(0) = 0. Torna vy = 0 na R u no dopmyne Konmm-Prumana nmeem
(11) 8271@ == —811}2 — U1 Ha R.

Monyuaaem Tpebyemyio dynxnuo v € CHC ) NH(C, ), nonoxus v = ug + us. Torna
u=wug = fuaR, u(9) cnenyer uz (10) u (11).

3ameuaunme 3. Teopema 3 moocem 6bims 0606UEHA HG HEOZPAHUMEHHYIO HCOPOAHO-
8y 06AGCTL ¢ QHAAUMUMECKOT 2PAHUYET ¢ NOMOUBIO KOHPOPMHOZO OMOBPAHCEHUA.
B maxom sude amo Gviao ucnoawvsosano M. B. Keadvuem 6 3a00MaT Nocmpoenus,
yeanT PyHryul, YomsaWUT K HYA Ha GECKOHENHOCTNU 6004 HEOZPAHUNEHHHLT 30-

MERYMBLE 0baacmels (nodobrno cexmopam uau noaocam; em. [3f, Tn. 2).

2.2. Namenenubie poau 3aga4 Jupuxiae u Helimana. Crenyomuil pesyabrar
JAaeT oTBeT Ha BONpoc (a) naparpada 1 0 BO3MOXKHOCTH B3aHMO3aMEHBI PONEH 3a1a4

Hupuxne u Hefimana B Teopeme 3.

Teopema 4. ITyems f,p,e € C(R), 2de c(R) C (0,1]. Cywecmeyem pewenue u

sadawu Hetimana (2) maxoe, umo
(12) lu(z) — f(x)] <e(z) dan xR

EcrecTBeHHO, ¥ MOXKHO HHTEPIPETHPOBATE KAK “TpubANKeHHOE” PEIeHne 381491
Hupuxae (1).

Hokazareapcrso. MOXHO NPeanonoxursk, 4ro f n ¢ — pemecreenHo-3navnse. 1o

teopeme 2 cyniecrByer nenas Gysrumsa g1 = w1 + vy rakasg, 9ro vy =0 wa R u

lo(x) —ui(z)] < (1 +]z[))"" s zeR.
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Dro yenosue obecneynsaer yenosue (6) s @ = @ — ug rak, 410 GYHKUE Uy €
C(C;)N'H(C.), onpeaenennasa ¢ nomonibio (5), permaer sagauy Heiimana (2) ¢ rpa-
HWYHBIM yCJIOBHEM 1.

Kaxk npu #0Ka3arenserse reopeMbl 3, MOxHO HaliTy s w1 € H(C) dbynxuuio ug €
H(C) Takyio, ato daug = uy na R. Torna, nonaras u, = uy +us € C(C) NH(CL),

HONYIUM, YTO
(13) Oy, =v%+u =¢ mna R

TaK, 910 dyHKIHuA U, pemaer 3anady Helivana (2) .

Hanee, no reopeme 2, MOxkHO HafiTH 1enyo GYHKUHIO g3 = ug + iv3 TAKYIO, 9TO
(14) [(f —up)(z) —us(z)| <e(z) mun zeR.
Tenepn onpenenum vy € H(C), nonaras
ug(2) = 2 Yus(2) + us(z)] mnm zeC

TaK, 9T0 w4 = ug U Oous = 0 va R, u maiinem rpebyemoe u, nonaras v = w, + 4.
Torna (2) caenyer us (13) (upn samene u, na u), a (12) u3 (14) (upu 3amene us Ha

U4).

2.3 KoucrpyktusHoe pemenune 3agaunm Heiimana B8 Co. Pazpemumocrs 3ada-
vy, Jupuzae (1) s npoussonsroro rpaangnoro yeaosud f € C(R) yeranosnena P.
Hepannmunoii [1], npesyioKusimmM KOHCTPYKTHBHOE PEIlIEHHEe ¢ TIOMOIIBI0 modudiu-
rayuy narerpana [yaccona (2) . Ocnosoil uaen 66110 npubnnxenne aapa Iyaccona
K(t,2) (ana |z| <rwu [t| > 2r) rapMOHRYECKEME HONUHOMAME B 2, 06DPAUGHUUMUCH
6 Hyat Ha R Tak, 910 naMenennoe aapo (Kaxk QyHKnus or 1) CTPeMUTCA K HYJAIO C
384aHH0H HeoOXoAuMOR CKOPOCThIO npH |t| — 0o. Muoro nosanee, nonobHbBE MOIE-
dukanun waTerpana Ilyaccona Gbutn npejcrasienst B pabore [7]. Huxe sra naes
NPAMEHACTCA Jif KOHCTPYKTUBHOIO pernennd sagaqan Hetmana (2). Tipexne Beero,

OTIPEAEIUM BellecTBenno-3ua9ny 0 dyaknuo R, € H(C\{1}) gna n € N no dopmyne
(15) Rof2)=Re [ ¢ lc-n e zecy.
0

Wurerpuposanne npopoautced 1o awobomy nytu B C\{1}, coepungomemy touky 0 ¢
z. Tak kax Ri(z) = log|l — 2| u no (15), rouka z = 1 aBusercsa yempanumod st
R, — Ry. Orciona cnenyer, uto R, (2) — —00 npu z — 1, 1 MOXHO NPOAOIKATE Ry,
no C, nonoxus R, (1) = —oo. Pacemorpum R, npu n > 1 kak Moandukanuio R,

O0pallaIIyIocs B HyJIb B HaYajle KOOpARHAT ¢ 60siee BBICOKON CKOpocThIO: njis n € N
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HEPABEHCTBO
(16) [Ra()| < [2" (1= |2)7" mpn |2 <1

CIEAYeT HENOCPENCTBeHHO U3 (15), onenuBas uaTerpan B3aThil BAoAbL [0, 2]. Ouenun

TeM ke cnocobom pasnocrsk R, — K1, nonydmM HEpaBeHCTBO
(17) |Rn(2) — Ri(2)]| < (n=1)|2[" ecnm |z2|>1, 2 #£1.

Bcenomuum obosnavenne P. Hepannunnbr:

i 0, npu 0 <z <1,
logm x =
logz, npu x> 1.
Hanee, npeanonoxum, uro n : R — N — kycouno nocrognnaa dbyaxuuda, n(t) = 1

npu [t| < 2. Pacemorpus moBoe aapo R(t, 2) naa (¢, 2) € R x C, nonaras
(18) R(t,2) = Ry (2/t) —log" (1/ [t]),

B wactHoct, R(t,z) =log|t — z| nost |t| < 1w R(t,z) =log|1 — z/t| pna 1 < [t] < 2.
BameruM taxxke, aro R(t,-) € H(C\{t}) ana xaxnoro t € R. Us (16) u (18) umeem
(19) IR(t,2) < 2(]2l /16" pam |t 2 2z
Pemenne zanaan Helimana (2) nns ¢ € C(R) MoxkHO npencraputh B BUJE
o]
(20) up(z) = 7T71/ ()R, z)dt ana =€ Cy,
— 00
NPH COOTBETCTBYIOMEM BhIGope dynkuun n(t), sapucdaiei ot ¢. 10 gaer 0bobIIeHEES
dopumyant (5), HE YAOBIETBOPAIOIIEE YCAOBHIO (6).
Hoapmrerpanbroe Beipazkenne B (20) JOKaJIbHO HHTEIPHPYEMO B TOYKE | Ha Kark-
noM samkayTOM mETepBane I C R, a coorsercreyommuit narerpan no I menpepbisen
B C u rapmonuuen B C\ I. Yro6pt rapanTupoBarTh HHTErPEPYeMOCTh Ha R (nokansHo

paBHOMEpHYIO oTHOCHTENBHO 2 € C) sadukcupyem napamerp A € (1,2) u ana |t| > 2

OINHO3HAYHO onpenenum n(t) ¢ NOMOIIBIO HEPABEHCTBA

log™ | (t)]
21 0<n(t)— |1+ —=—"—=— 1.
2y <nl) - [0S
B gacrroCTH, €Cnu @ yAOBAETBOPSET YCIOBUIO
log™ |o(t
|t|—o0 log |¢]

TO MOKHO NONOKUTE n(t) = 2+ [pu] nna |¢| > 2, e [p] — nenas gacrs v.
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Iycrs Teneps |z| <7 cr > 2un = (A—1)/3. Toraa ans [t| > r/7(> 2r) nonydaem

u3 (19) u (21) crenyomyo OUeHKY sl TIOABIHTErPALHOTO BhipaxKenus B (20):
(23) ()] R(L, 2)] < 2l(®)] 17" < 2~
DTO NOKA3BIBAET JOKANBHO PABHOMEDHYIO (XOABMOCTL mHTerpana (20) no z ana z €

Cy muro u € C(CL)NH(T,).

Y3 (15) u (17) nns mobbix uxcuposansbix ¢ € R u z € Cy cneayer, uro
(24) (2R)(t,) = Tm[(=/1)" 7" (¢ —2) '] = wE(t, 2) = L{t, 2),

rne K(t, z) —adpo Iyaccona nnsit C; (em. (3)) u

n(t)—1

L{t,z) =t" > Im(z/t)"
k=0

—zapmonuneckud noaurom ot z. Mer gomxuasl nonoxuts L(t, z) = 0 ana |¢ < 2,
nockonbKy Toraa n(t) — 1 = 0. 3amerum rakxke, uro L(t, z) obpawaemes 6 nyav das
z € R, ecom [t]| > 2. D1u cpoficTBa nosponaAnT paceMorpers m (9 R) (¢, 2) kax sapo,
moamdunupyomee siapo Hyaccona K (¢, z) (em. [1]).

Hycrs |2| <7 npu r > 2. Tak kak u3s (24) cnenyer
(@2 R)(t, 2)| < 2(r/ [t)"") npm [¢] > 2,
TO TIOJTy9uM, Kak B (23), 9ro
(25) e 1(@2R) (8, 2)] < 2|t~ npu 1] = r'/7.
DTO HEPABEHCTBO AOKA3BIBACT JOKANBHO DABHOMEDHYIO CXOAUMOCTE N0 2 WHTErpasia

(26) v,(2) =m1 /OO ()02 R)(t, z)dt, =€ Cy,

— 00

rak 910 v, € H(C4 ). Orciona umeem
y
up(x +iy) —up(z) = / vz +iT)dr nns ¢ + iy € Cy,
0

U3 KOTOpOro caenyer, uro (drug ) (2) = v,(2) pua z € Co. Hokaxewm, uro (20) oupene-
nsier perenue u, 3adawy Hetmana (2) nns moboro ¢ € C(R), nas sroro nocraro4so
J0Ka3arh, 9To GyHKUMA v = v, pemaer aadawy Juputae

{v € O(Ty) N H(T,),

27
27 v=¢ na R

Uz (24)—(26) cnenyer, uro xeoem v, ,(z) unrerpana (26), B xoropoM [t| > 7 > 2,

rapMoHHYen |z| < r u obpamaerca B nynab Ha maTepsane I, = (—r, 7). ycms x, —
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xapakrtepucrudeckas Gynkuug I,.. Torna B cuny (24), (26) nmeem

00(2) = P () + 00 (2) =71 [ G(OL(t it a2 €

rae v = I \I2. Tlycrns teneps 7 > |zo|+ 2 gna moboro zg € R. Torna, ecin 2 € Cy n
z — xo, 1O orCIona caeayer, 9o Py, (2) = o(x0), v, (2) — 0. Tlocnenunii narerpan

TaKyKe NpubInKaeTcda K Hynw, tak Kak L(t,2) =0 ana z € R.

BeiBon, 1. Humezpanr (20) dasn ¢ € C(R) npedemasasem pewenue u, 3adawy Hed-

mane (2}, a unmezpaa (26) - pewenue v, 3adawy Jupuzae (27).

Bameuanne 4. DPopmyave dasn pewenuts vy, U Vy ABAAOMCA 8 HEKOMOPOM CMBLEAE
KOHCTNPYKMUBSHOMU U IPHERMUSHOMU: OHU TLO3BOAAIOM, 6 “ACTNHOCTIY, OUEHUTND

pocem pewenuti 6 Co, 3asucawud om pocma ¢ na R.

3. BAJIAYM JVMPUXJIE 1 HEUMAHA
B ITOJIVIIPOCTPAHCTBAX R ™! n > 1.

3.1. Heob6xoaumebie obozHavennd. 1. R™ n > 2 obo3navaer n-MepHOe €BKJIN-
JIOBO IPOCTPAHCTBO ¢ 6a3sucHol TOUKOl 2 = (x4, - - , 2y, ), IPEACTABICHHON ee K00opdu-
namamu i, k= 1,2, n. Buympennee npoussedenue IByx 1odek r=(x1 ... =y)
uy=(y1,...yn) B R” ecrp (x,9) = 2191 + -+ + T,,¥n, @ HOpMa ecTh |z| = /(Z, ).
Tlycrs

By, ={yeR":|y—=z| <r}
— OTKpBITHIA wap (xpyz nng n = 2) B R™ ¢ uenrpoM B TOYKE T U PajmnycoMm 7.
Hna z = 0 nonoxum By = By, , tak uro B" 1= BT — edunuunwui wap, a OB" —
edununnas cihepa B R™. lanee, yepes v, 06o3nauum n-mepubii 00bem B", a yepes
oy, 0603HaMEM (n — 1)-MEPHYIO IAOIans nosepxuoctr dB"™, 1g KOTOPBIX HMeeM
2n/2
YT T2y

eM. [10], TIpenpsapurenpubie 3ameqanns ).

Up —

3|

—

e I' — ramma dbyuknua Ditnepa

2. Bepzmee noaynpocmparncmeo eBKAnaoBa npocrpasctea R n > 1 ects 06-

JIACTh
RUM = {(z,y) eR"T iz eR”, ye Ry},
— =n+1
rae, Kak npexie, R, = (0,+00) ¢ ero sambikannem R = [0, 400); Torma R, =~ =
R” x R, ecTh 3aMblkanue Rﬁ“ u 8R’+‘+1 = R"™ x {0} ecrs ero rpanuna, KoTopad,

CTECTECTBEHHO, MOXKET OTOXKAeCTBIATECA ¢ R”. B wacrnocrn, R? = C, n 9C, =R.
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3. Tyers gna B C R™ C(F) 0603nauaeT BEKTOPHOE ITPOCTPAHCTBO HENPEPBhIBHLIX
koMmIiekcabix Gyuknuii va F. na o € (0,1) obosnaunm wepes C*(F) nogknacc

C(E) byukupii o, yaoBACTBOPAIOIEX yeaceuto eavdepa
(28) lp(@) —p(y)| < L]z —y|*, 2,y € E,

115t HekoTopo#i Koncrantet L = L, < 00, rak uro dynknun uz C*(F) paBHOMEPHO

HenpepwiBubl Ha F.

Onpepenenne 1. Jas zadannozo E C R™ omobpasicenue ¢ : E — C asaaemea
Hnenpepsienbim no Leavdepy 6 moure xo€l,, ecau aubo ro — U30AUPOBAHHAL THOUKS

E, aubo cywecmeyem a = a(xq, @) € (0,1) maxan, wmo das z,y € E umeem mecmo
(29) lp(2) —p(y)]l = Olz —y[*) nmpu 2,y — 0.

Moaocarcum p € Ch(E), ecau ¢ nenpepwena no leavdepy 6 waowdot moure E.

Ouesuano, yro C*(F) C Cy(E) C C(F) pna moboro a € (0,1), o, B 0bmeMm,
Cy(F) moxer copepxarh Gynknuu, e npunasiexanme aukakomy C(F). dcno,

yro Cy(E) smectre ¢ C(F) apnserca aazefpoli kommnekcunrx Gyuknuii na L.

IIpeanoxkenne 1. Iycmy O — omrpwmoe muoscecmeo 6 R™ v B — omnocumeavho
samrnymoe nodmmoscecmso 2. Tozda ¢ © E — C npunadaeacum Cy(E) mozda u

moavKo mozda, Ko0zda dan 406020 Komnaxmmozo muoscecmea K C F umeem ¢ | K €
CK) npua=a(K, ).

Coorsercreenno Cy (F) ecTh METpuvecKoe IpOCTPaCTBO, TIOPOXKIEHHOE COOTBET-

CTBYIOINUMHU I'eILJePOBRIMA ITONYHOPDMaMaMi Ha KOMITaKTHLIX ITOJMHOXKECTBax E.

Hokazareascrso. IIna zagapnoro o € F peibepem jgocrarouno majnoe r > 0, nns

kotoporo K = EN B

T
C Q apnsierca koMnakrabiM mMuoxecrsom. Torna ¢ | K €

o,
C*(K) nna mekoroporo a, n u3 yenosus (28) na K cnenyer (29). O6parno, nycrb
p € Cy(F), n K — xomnaxrnoe nogmuoxkecrso F. Yrober nokasars, yro ¢ | K €
C*(K) nns mexoropoii koucranTht a € (0, 1), uMeeM aBe BO3MOXKHOCTH:

(a) cymecrsytor p € (0,1), o € (0,1) u L > 0, takue, uro (28) ynoBaersopsercs
and x,y € K upu yenosun |z — y| < p. Ho torna, ecim z,y € K n |z —y| > p, (28),

[e3

OYeBHIHO, yAoBreTBOpsierca upu 2Mp~* Bmecro L, rme M = sup |¢| (K) < +o0,
rak Kak @ € C(F). Takum obpasom, (28) ynosnersopsercsa nis Beex x,y € K, ecan

samenuM L na max{L,2Mp~°}.
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(b} BTOpasi BOSMOXKHOCTEL COCTORT B TOM, 4T0 (28) He yHOBIETBOPSAETCS JJisl &,y €
K ¢ |z —y| < p upn awbom euibope p € (0,1), & € (0,1) u L > 0. Tokawxkem,
yro ang ¢ € Cy(F) sropoii cnyvail dpakTuyeckn HeBo3MOKen. IIpeAnonoxumM, 910
obparnoe pepro. Honoxum p = o = 1/nu L = n gna n € N. Moxno naiitu ape
nocnenosarensocta {y, b, {ynt C K, |z, — yn| < 1/n — 0 Takue, uro

(30) lo(@n) — pyn)| > 0|2 — ol /™

Bamenssa {xy, } 1 {y, } TOAXOAAIIEME TOAIOCTIEIOBATENLHOCTAMY, IPEATNOIOKAM, 9T0
ZTp — T B Yn — To Ang HeKoTOpOro zo € K C E. Ho toraa (30) nporusopeanr (29)
TSt AOCTaTOYHO BOMBIIAX 7.

4. Janee, nycrs ) — orkpeiroe Muoxectso B R™. g k£ € N oboznaynm gepes
C*(Q) muoxectso k pas HenpepbiBHO AuddepeHIIpYeMbIX KOMILICKCHBIX (DyHKIui
na Q. Honoxnm d;u = du/dx;, (i = 1,2,...,n) naa u € CHQ), Tak uro Vu =
(O1u, ..., Ohu) ectb zpaduenm dbynxnmu w. Torna nna u € C?(Q) nonoxum afju =
9j(0yu), Tax uto A = A, = 87, + ... + 92, oboznauaer onepamop Jlanaaca. Kax
00b1aHO, yepes H(2) obosnavaem knace zapmonureckur B ) Gyaknuit, r.e. GyHrumii
u € C?(Q), ynosnersopaomux ypasaennio Jlannaca Au = 0.

Teneps nna z,y € R™ dyuknusa

—loglz —y|, ecm n=2,
31) Fulay) = 7Y
|z — v , ecnm n > 2,

ABJACTCA TaK HA3bIBaeMbIM dyndamenmanvhsm pewenuvem I, (1 y) € HR"\{y})

ypasuenus Jlannaca B R™ ¢ nonocom B touke y € R™.

3.2. Narerpaa Ilyaccona m 3amaua upuxsae aias Rﬁ“. Pacemorpum B Rﬁ“

sadawy Jupuzrae ¢ rpapnaabiM yenosueM [ € C(R™):

(32 we CET) nHERYY,
u=f ma R".
B cnyaae
—(n+1)/2
(33) / @l (1 1) dt < o0,
Rn

perrenre 3ana4n (32) MOXKHO NPEJCTABUTL C NOMOIIBIO unmezpara ITyaccona Py =
P?H dynruun f asst BEPXHEro NOAYIIPOCTPAHCTEA, Rﬁ“, OTIPEIENeHHOro aid (z,y) €

Rﬁ“ dopmynoi

2
(34) Pia,y) = — [ Fo)(|t —af + %) 24,
On+1 Jrn
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Tocne nunefinoil 3amennt nepeMennbix ¢ = = + y7 (¢ axobuanom J(7) = y") 910

MOZKHO 3alliCaTb B BHJE
_{nt1)/2

(35) Pyla,y) = fatyr) (1+1)

Opn4+1 JR»
Yrober nokazarh cyliecrsosanue pernenus (32) 6e3 ycnowusi (33), A0CTATOYHO HC-
onb3oBaTh oborenue Beieynomanytolt reopemnr 2 T. Kapnemana. Heorpanuuen-
HOE 3aMKHyToe MEOKecTBO I C R™ naswiBaerca muoncecmeom Kapremana, ecnn nast
n06o# napst dyukuuii f € C(E)NH(E?)ue € C(R™), ¢ e(R™) C (0,1], cymecrsyer

dynkuua g € H(R™), ya0BReTBOPAIOIIAA YCAOBUIO
(36) |F() —g(t)| <e(t) npm teF.

Onucanne muoxecrs Kapnemana R™ moxuo naiita s {10].

Ipumep 1. ITpocmetinuum npumepom muoocecmsa Kapaemana 6 R asaaemea
. 1

muoncecmeo E = R™ ¢ E° = (), omosicdecmeaennoe ¢ epanuyets R;ﬁ (cp. meo-

pema 2 daa cayuaa R?). B amom cayrae npubauscenue (36) ModcHo noaywumo no

AHAADRUY ¢ USHAMAADHBIM NodT0dom Kapaemana [5] daa n = 2.

Hycrs reneps [ € C(R™) — nponssonbnas Gynkums, He 0643aTeNbHO YAOBICTBO-
paomaa yenosuio (33). Cymecrsosanne pemenus v 3anaun Tupuxne (32) MoxuO

JIErKO I0Ka3aTh, HCHOIB3ys annpokcuManuio ¢ yaerom (36) ana B = R™.

TIpeanoxenue 2. 3adawa Jupuzae (32) umeem pewenue euda v = g + P?fgl ¢

g € H(R™"), ydosaemsoparowum na R™ yeaosuro (36) das nexomopozo ¢ € C(R™),
e(R™) C (0,1].

Paccmorpum mHekoropsie apyrue csoficrsa unrerpada [lyaccona Py = P;‘H. TIpen-
nonoxKuM cHadana, uto f € C3(R™) tak, uro Af € Co(R") ¢ A = A,,. Yunrbisag,
g0 u3 (35) cnenyer
(37) 82, Py =—APs = —Pa, s,

MOJIy9aeM, uTO JIOKAJbHO paBHOMepHO B = € R™

(38) ?}ig(g(aiyp}‘“)(% y) = —(Anf)(=).

Jdemma 1. Tyemv f € C(R") N CG), 20e G — omupvimoe nodmmoscecmso R™ .

Tozda pewiernue v = g+ P?jgl sadawu Jupuzae (32) ydosaemsopaem ycaosuso

(39) ;gr%(a;yumw = —(Af)(=),



34 H. Y. APAKEJIAH

AOKAABHO pasHomepHo npu x € G. Omcioda caedyem, 8 “acmHOCTIU, CYWECTNBOBAHUE

npouzeodnol no nopmary Oyu € C(G) das mwbozo pewenus (32)

Jlokasareapcrpo. Samendas v va v —g u [ na [ — g, nokazarenserso (39) copuTes K
cnyqao g = 0, re. u = Py, ¢ 7ONONHATENbHBIM JONYIIEHHEM, 410 [ OrpaHndeHa Ha
R™.

Paccmorpum, caavana apa cayuada: (a) f = 0 ma G, TOraa 00 NpUHIMNY CHMMET-
pUH, u BMeeT rapMOHUYECKoe Ipojoikenne B okpectaocty G B R™, orkyna cinenyer
(39). (b) f € C3(R™); Torna dopmyna (39) nokasana B (38). O6umii ciyuaii ciegyer

-—n
CcB C G,

u3 (a)-(b). TlockoabKy A/ 3aMKHYTOIO N-MEPHOIO IIapa EZZ C B? .
MoxkHO maiitu ape dynknuu fi € C(R™) u fo € C3(R") raxume, uro fi = 0 na EZZ,

r1,T

fo=0ma R™\ By . m f=f1+ f2 na R". Jlokasarenncro 3aBepIeHo.

Jdemma 2. Jasa v € H(R™Y) cyweemsyem dymryua v € HR" ) maxas, wmo
v(z,0) =0 u

(40) (0yv)(x,0) = u(z,0) das 2z €R".
OrMernM, 9T0 HETB35 HENOCPEACTBEHHO HOROKUTE
v(z,y) = /Oy w(x,t)dt,
Tak Kak, B obmem, v me Oyger rapmonmueckofi B R (nna u(z,y) = y nmeem
o(z,y) = y*/2 ¢ Av(z,y) =1).
Proof: Onpenenam dynknmo v € H(R" ) no dopmyne
(41) o(z,y) =271 /y u(z,t)dt  ana  (z,y) e R*TL
—y
Torna u3 (41) cnenyer v(z,0) =0 gna z € R u
(42) (Oyo)(z,y) =2 ule,y) +ulz,—y)]  ana (2,y) eRML
B ugacrrocrn, (9yv)(z,0) = u(z,0) gna x € R™. Hanee, u3 (42) caeayer
43) (G50 (zy) =27 [(Oyu)(z,y) — Byu)(z, —y)]  ana  (x,y) R
Tak kax Ay q1u = Apu+ 82, =08 R 10 13 (42) nmeem
(Apo)(z,y) = —271 /y D ulx, t)dt
—y

= 271 (8yu)(z, y) — (Byu)(z, —y)].

Otcrona n w3 (43) cnenyer Ay 10 = Ayo+ 97 0 =0 va R* T
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3.3. Ypasuenue Ilyaccona m 3aa4a Hefimana jgas Rﬁ“. 1. ®ynnamenTanbHbe
pemtenus F, (-, y) ypasuenns Jlannaca R™, n > 2, ¢ nomocom B To9ke y € R™ (cM.

(31)) aBamoTcsa OCHOBHBIME NIDH DelleHud ypapuenuii ITyaccona
(44) (Aa)(@) T pl) =0, e,

rae p € C(Q). Tpeanonaraercs, ro moboe pentenne v ypasnenus (44) (onpenenen-
HOE C TOYHOCTBIO 10 DYHKIME, rapMonrdeckoi B ) npunanexur C2(Q). Tlonesnbiv
HHCTPYMEHTOM ABAdAercd u3pectHas popMyna npeacrapiennsa ['puna.

Iycrs ©Q — obnacrs B R”, rpanuna koropo# dQ npunaaiexut knaccy CL. Ona ¢ €
O wepes v({) 0603HANEM BHYTPEHHIO eUHUIHYIO HopMans kK 0Q. Cumpson d, obo-
snavaer puddepennupoBanne OTHOCUTENBHO v Tak, 9ro (J,u)(C) = ({(Vu)((),v(())
s u € CHQ) u ¢ € 9Q. Honoxum v = 0 va R \ Q. Torza aua u € C2(Q)NCHQ)
nzxel

45)  ule)=c! / )y Fo(, ) — (D) () Fa (2, )] — (),
o0
rae ¢, = opmax{l,n —2} n
(46) w) =o' [ Buewpwis veo.
Q

Tax kak nepseiii uaTerpan B (45) rapmMonuyen B ), norennuan (46) saBiseTCs XOPO-
MM KaHAAATOM Ha penenne ypasrenns [yaccona (44) ¢ p € C(Q2). B neficrBurens-
HOCTH, HEOOXOAMMBI HEKOTODBIE AOTIONHUTEIbHBIE yeaosus Ha p. Cheayromas gemma

cnenyer w3 reopembt 12.1 paGors: {8].

Jdemma 3. ITyemo Q — ozpanunennas obaacms ¢ R™ (n > 2) ¢ epanuyet 0 us
waacca C1 u p € C*(Q) daa nexomopozo o € (0,1). Tozda nomenyuan (46) onpede-
aaem dymryuio u, € C*(Q) N CR™), ydosaemeoparowyro 6 Q ypaenenuto Myaccona
(44) v u, € HR™\ Q).

JlemMma 4. (nosesna dasn obcyscoenusn ocnoenur pesyavmamos) Jas p € Cp(R™),
n > 1, eywecmeyem dynryua u € C2(R™), ydosaemeoparowjaa na Q = R™ ypaene-
nuto ITyaccona (44).

Hoxazarenancrso. Ins n = 1 nemMa TpuBHanbHa, M03TOMY NycTh 1 > 2. Bribepem
nocneoBarenbHocTs {1160 C Ry takyio, 9ro v T 400 npu k T 400, u nonoxnm
_ Dn _ Dn v _ O _ n
Qo =B uQ =B \B, | anakc N Ionoxum pp = pnaldy, upp =0 naR"\ Q.

Torga cornacuo npeanoxenuio 1, pp € C%(Qy) nna nexoroporo o = ay € (0,1), n

no semme 3 notennman u,, € C*() N C(R™) ynosnersopser (44) B Uy, a Takxe
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tpy, € H(Br,_,). Torna, nonarast po = p1 = 0 gna k € N, u3 crenennoro passoxenns

n

7., (Ha oaHOpOAHBIE rApMOHMYECKHE MONMHOMBI) MOXKHO HAHTH

Jlannaca w,, B B

rapMOHUYECKHN TONMHOM Dk, k > 2, yAOBAETBOPAIONING YCIOBHIO
/ —k
(47) [t (@) — pr ()| < 2 anst z € B, .

Teneps onpenenuM HCKOMOe pemienne v ypaphenus [lyaccona (44) B R™:

+o0

(48) w@) = [up(z) —pr(z)] nam xR
k=0

Venosue (47) rapanTupyeT PABHOMEPHYIO CXOIMMOCTL paia (48) Ha KaXKaoM 3aMKHY-
—=n . —=n
tom tmape B, . Beibupas nns r > 0 gucno ¢ € N rakoe, uro r;_ 0 =n >7r gnax € B,

u3 (27) cneayer

+oo
(49) u(w) = ¢! / Fo(z, 0)pw)dy + 3 ps (&) — pi(2)].
k=v

TTo nemme 3 marerpan B (49) yaosnersopsier ypasnenuio Ilyaccona (44) nos = € B,
Yro kacaercs pana B (49), To on onpenensier GyHKUWIO, 2apmonureckyro B Bl rak
KaK u,, —pi, € H(B,), paa pasnoMepno cxonutea Ha B, cornacuo (47). lokazaTenn-

CTBO 3aBepIeHoO.

2. Teneps pacemorpum ans ¢ € C(R™) sagaay HefiMana B HOIynpoCTpancTBe
Rﬁ“:
(50) {u € CHEL) nHETY,

O,u=¢ ma R
rae 0, 0603HaYaeT BHYTPEHHIOW NpouseodHyo no nopmasu wa R™. M3 nemmet 4 Bhi-

TEKaeT CJieyIoliee yTBePKIEHUE.

Crexgcrsue 1. ITpu donoanumenvnom ycaosuy p € Cy(R™) sadanwa Hetimana (50)

paspewsuma das n > 1.

Lorazareascrso. Ilo nemMe 4 cymecrsyer u, € C?(R"), yI0BIETBOPAIONIAA yPaBHe-
muio ITyaccona

(51) (Auy)(z) = @(z) naa  x €R".

Hanee, no nemme 1 cymecrsyer pemenne v 3anaan Jupuxne (32) ¢ f = u, takoe,

o u3 (39) u (51) cnenyer ansa x € R”
lim (9, u) (2, y) = (Au,)(z) = @(z).
y—0

Tonaras u = Jyu,, NOIY4UM, 9TO u yaoBiersopser (50).
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3.4. PesyasTats! s Rﬁ“. Chenyromiue 1Be TeOpeMbl SABJIAIOTCS MHOTOMEDHBIMHE

06obenusimu Teopemsl 3 M. B. Kenapiia u reopemst 4.

Teopema 5. [as npoussosviniz dymsyui f € C2(R™) v p,e € C(R™), n > 1, 2de
e(R™) C (0,1], eywecmeyem dynruus v, pewarowas 6 Rﬁ“ sadawy Jupuzae (12)

maxaa, 4mo u — “‘npubauscennoe” pewenue sadawu Hetimana (50) s Rﬁ“:
(52) [(Qu)(z) — p(z)] <e(z) dan z€R™

Hoxazarenncrso. Cornacuo NpeiyioxKenuio 2, cyuecrsyer DYHKIUA Uy, DELIAIONIAs
sagaqy Hdupuxne (32) B Rﬁ“, 1, nockonbky f € C?(R™), 1o no nemme 1 cymecrsyer
npoussoanas 1o wopmanu dyuy € C(R™). Honaras @1 = ¢ — dyuy € C(R™), moxno

nafitn w3 (36) (c £ =R") dynkmuo g € H(R™M!), ynopnersopamonyio yeiosuio
(53) lg(x) — p1(x)| < e(x) past x € R™.

Teneps no memme 2 cymecrsyer dynknua v € H(R™M!) rakas, wro v = 0 na R™ n
Jdyv = g na R™. Met nafisem uckoMyio QyRKUmIO v, noaoxus v = vy +v. Torna (52)
cnenyer u3 (53), U I0KA3ATENBCTBO 33BEPINEHO.

B cnenyromeit reopeme pomm 3ana4d dupuxne u Hefimana B3auMo3aMeHenbl.

Teopema 6. [as dannsz npoussoavunx dynxuud [, € C(R™), 2de e(R™) C
(0,1] un > 1, cywecmeyem Gynryus v, PeUIGIOWAA 6 Rﬁ“ sadawy Hetimana (50)
MaKan, 4o u asasemca “npubavscenmsm” pewenuem sadawu Jupuzae (32) 6 Rﬁ“

¢ ZPAHUHBIM Yeaosuem [ :

(54) lu(z) — f(z)] <e(xz) dan zeR™

Toxasareancrso. Cornacuo npumepy 1 u (36), cymecrsyer dynknug u; € H(R™H),

VIOBJICTBOPAIOIaA YCAOBAIO
(55) lo(t) —ui(®)] < 1+ ()" nana ¢t eR”,

Takad, 4r0 @ — wy ynosaersopaer (33). Paccmorpum murerpan Ilyaccona ng}“.
Venosue (55) ¢ (31) Takzke rapanTHpyeT JOKAJIbHO PABHOMEPHYIO CXONMMOCTH JJis
—n+1
(z,y) € R, maTerpana
2

Cn+41

ug(%y) - =

/]Rn Fn+1[(x7y)7t](4p _ ul)(t)dt7

OTIPEAENAIONIErO DYHKIHIO Uy € C(Ei“) N (H(Rﬁ“). Tak kak u3 (31) nmeem

8y Fpi1l(x,y),1] = —max{1,n — 1}yl —t|° + ) "+ /2,
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1o u3 (34) cnenyer, 9ro Oyug = ng}“, OTKYa Ty qaeM

(56) Oyus =@ —u; na R".

o nemume 2 cymectsyer dyuxnus v € H(R™ 1) rakas, uro 8,0 = u; na R, Beuny
(56) dbysknmsa ug = us +v pemaer 3agaay Hesimana (50). Hanee, nycrs g € H(R™ )

yaosaersopger (36) pna F =R"™ u f —uy g smecro f. Tlonoxum

us(x,y) = 2 g(a,y) + g(z, —y)l,
tak, uto us € H(R" ™), us = g na R” u d,us = 0 na R™. Yuuremas (36) nonyaum
HUCKOMYIO (DYHKIHIO U, TOJaras u = uy + us.

Abstract. The aim of the paper is to examine some aspects of the boundary value
problems for harmonic functions in half-spaces related to approximation theory. M. V.
Keldysh mentioned curious fact on richness in some sense of the solutions of Dirichlet
problem in upper half-plane for a fixed continuous boundary data on the real axis.
This can be considered as a model version for the Dirichlet problem with continuous
boundary data, defined except a single boundary point, with no restrictions imposed
on solutions near that point.

Some extensions and multi-dimensional versions of Keldysh’s results are obtained
and related questions on existence, representation and richness of solutions for the

Dirichlet and Neumann problems discussed.
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AnHOTAIIMA. A solution is presented to the problem of uniform weighted poly-
nomial approximation on bounded simply connected domains in the complex
plane, that is analogous to Mergelyan’s solution to the classical Bernstein problem
on the real line.

To Sergei Nikitovich Mergelyan on his 80-th birthdoy

1. INTRODUCTION

Let © be a bounded simply connected domain in the complex plane C, let Qo
be the unbounded complementary component of its closure, and let w be a positive
continuous function defined throughout 2. Denote by dA the two-dimensional Lebes-
gue measure (area measure) and for each p, 1 < p < o0, let H?(Q, wdA) be the closed
subspace of LP(Q,wdA) that is spanned by the complex analytic polynomials. Since

w is bounded away from zero on each compact subset of Q, it follows that
HP(Q w dA) C LE(Q,w dA),

the apparently larger of the two spaces consisting of functions in L?(€Q,wdA) analytic
in €. It is an old problem to find necessary and sufficient conditions on either the
region € or on the weight w in order that HP(Q,wdA) = L2(Q, wdA). Whenever the
two spaces coincide, the polynomials are said to be complete in LE(Q, wdA).

By analogy with uniform polynomial approximation on compact subsets of the
plane, it would seem natural to assume from the outset that 00 = 0€, at least
for w = 1. Regions for which 0Q = 0., are known as Carathéodory domains:
they evidently include all regions bounded by a single Jordan curve, as well as
many other non-Jordan regions. By 1923 Carleman [11] was able to prove that
HP(Q, dA) = LE(Q,dA) for all p whenever Q is a Jordan domain, and a decade
later Markushevich [18] and Farrell {13] obtained independently the corresponding

theorem for Carathéodory regions (cf. also [26], p. 112). That left unresolved the
39
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question of polynomial completeness on non-Carathéodory regions; regions for which

the following are representative examples:

(a) the crescent, topologically a region bounded by two internally
tangent circles;

(b) domains with boundary cuts, that is regions obtained from a
Jordan domain by introducing cuts in the form of simple arcs

extending outward to the boundary.

In 1939, Keldysh [16] made the initial and somewhat surprising discovery: For a
crescent €2 the polynomials may or may not be dense in L2(Q, dA) depending on the
thickness, or metric properties, of € in the vicinity of the multiple-boundary point.
Not until 1947-48 was a condition found that is both necessary and sufficient for
completeness of the polynomials in that context. That was due to the combined efforts
of Djrbashyan {12}, who established sufficiency, and Shaginyan [30], who established

necessity. They showed that if  is a crescent lying between the two circles |z —1| =1

and |z — 3| = 1, having its multiple-boundary point at the origin, and if {(r) is the
total length of (|z| =) N Q then HP(Q,dA) = LE(Q,dA) if and only if
(1.1 / log I(r) dr = —o0,

0

provided [(r) is subject to certain additional and rather restrictive regularity conditi-
ons (cf. [26], p. 158). The condition that € lies between two tangent circles precludes
the possibility of a cusp at the multiple-boundary point, and is essential to the
theorem (cf. [4], p. 142). Between the years 1968 and 1977 more precise criteria
were found for completeness in a much wider class of crescent domains by Maz’ja and
Havin {15], {20}, {21] and the author [3], [4]. In addition to vastly weaker regularity
restrictions, the intersection of the exterior and the interior boundaries of the crescent
was no longer assumed to be a singleton.

It had been noticed at a rather early stage that whenever the polynomials fail to
be complete in a crescent domain that was due to, or at least accompanied by, the
fact that every function in HP(Q,dA) then admits an analytic continuation across
;1 = 9O\ 9O, into the bounded region complementary to €. If in a slit domain
the total planar measure of the cuts is zero, then the polynomials are evidently not
complete in LE(Q, dA) for essentially the same reason.

However, for cuts sufficiently massive, Mergelyan and Tamadyan {29] have shown
that even in a slit domain it can happen that H?(Q,dA) = L2(Q,dA), and their

argument extends to all p > 1. In an attempt to fully explain the completeness
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phenomenon when w = 1 Mergelyan [27] subsequently conjectured, at least for p = 2,
that in order to have HP(Q, dA) = L2(Q,dA), it is necessary and sufficient that for
each point ¢ € 0€), and each ¢ > 0 a polynomial P should exist, such that

(D) IPlrr,aa) <€

(2) sup |P(2)] > 1.
lz—¢l<e
In other words, completeness fails if and only if at least for one point £ € 9 and a

constant C > 0 the inequality
(1.2) |P(2)] < ClIP[| Lo (0,04

is satisfied for all polynomials P and all z in some (possibly small) neighborhood
of £. In particular, every function in H?P(Q, dA) must therefore admit an analytic
continuation across 0Q to a fixed neighborhood of £ Mergelyan’s conjecture has
since been confirmed, not only in its original form, but in many instances for weighted
polynomial approximation as well (cf. {5], p. 418 and [8]). Moreover, it has turned out,

rather unexpectedly, that (1.2) is equivalent to demanding merely that the inequality

(1.3) [P(&)] < ClIP[| v (0,a4)

be satisfied for all polynomials P at a single point £ € €. Such points are generally
referred to as bounded point evaluations (or BPE’s for short), and they play a key role
in connection with the dichotomy between completeness and analytic continuation as
envisioned by Mergelyan (cf. {10}).

In order to study the completeness question for the most general regions where
boundary cuts are present, we consider a weighted measure wdA. We might expect
that HP(Q, wdA) = LE(Q, wdA) if w(z) — 0 sufficiently rapidly at 0;€ so that the
underlying measure respects any and all cuts.

But, to avoid certain technical difficulties we shall further assume that w depends
only on Green’s function. More specifically, g(z, a) will denote Green’s function with
pole at some fixed point a € . We put g(z) = min (g(z,a),1) and require that
w(z) = w(g(z)) be a function of g(z) alone. This makes the problem conformally
invariant, and every significant result concerning weighted polynomial approximation
on open subsets of the plane, going back to Keldysh {17], is based on this or some
roughly equivalent assumption.

If, in addition, we assume that g logw(g) | —oo as g | 0 then H?(Q,wdA) =
LP(Q, wdA) for all p, 1 <p < o0, whenever

1
(1.4) / log log —— dg = +o0.
0 w(g)
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Moreover, if 0,C) contains an isolated smooth arc lying in the interior of Q then
HP(Q,wdA) # L2(Q,wdA) whenever the integral in (1.4) converges and furthermore
every function in H?(Q2, wdA) then extends analytically across the exposed arc, a fact
consistent with Mergelyan’s conjecture (cf. [8] and {6], p. 46).

Much of what has been said concerning LP-completeness has a natural interpretati-
on in the context of uniform weighted approximation. Beurling |[2] has considered, for
example, the following generalization of the classical Bernstein problem for weighted
polynomial approximation on the real line to approximation on open subsets in the
plane: With © and w as above, let C,,(2) be the Banach space of all complex-valued
functions f for which the product f(z)w(z) is continuous on € and vanishes on 952,

the norm being defined by
1 f 1w = sup [f] .
Q

Evidently, the collection of functions
Aw(Q) ={f € Cu(Q2) : f is analytic in O}

is a closed subspace of C,(2). The problem is to determine whether or not the
polynomials are dense in A, (Q). The present paper offers a solution in terms of
suitably understood bounded point evaluations which is analogous to Mergelyan’s
solution [28] to the aforementioned Bernstein problem (cf. also [14], Chapter IV).
With some minor restrictions on w we verify Mergelyan’s conjecture in the context of
uniform weighted approximation by establishing the general principle that either the
polynomials are dense in A,,(Q), or else, every function in A, () admits an analytic
extension to a fixed neighborhood of some point £ € 99.

An extensive and in-depth discussion of the background and history of the comple-
teness problem in its various aspects can be found in the survey articles of Mel’nikov
and Sinanyan [25] Mergelyan {26], [28] and the author {9}, as well as in the monograph
of Walsh [35].

2. THE CAUCHY INTEGRAL AND ANALYTIC CAPACITY

In order to show that one collection of functions is dense in another we argue
by duality, taking into account the fact that in this case every continuous linear
functional on A, () can be identified with a bounded complex-valued Borel measure

v on Q. Hence we are immediately led to questions concerning the behavior of the
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jite) = [ 24

at points belonging to 9;€2, and ultimately to the notion of analytic capacity.

Cauchy integral

The analytic capacity v(X) of a compact planar set X is defined as follows:

Y(X) = sup [f'(c0)],
where the supremum is taken over all functions analytic in C \ X and normalized so
that

() 1/l — sup If] <1,
e\ X

(b) f(o0) = 0.

Here C is the extended complex plane or Riemann sphere. For an arbitrary set F we
let v(F) = sup~(X), the supremum now being taken over all compact sets X C F.

It is of utmost importance that v is equivalent to a second auxiliary capacity
which is defined directly in terms of the Cauchy integral. For a compact set X we
define

7H(X) = supr(X)
v

to be the supremum over all positive measures v supported on X such that o € L*°(C)
and ||?||ee < 1. Since £ is analytic in C\ X and |#/(c0)| = v(X), the function # is
also admissible for v and so v (X) < 4(X). As before, if F is an arbitrary planar set
we let v (F) = sup v (X) where X is compact and X C E. Tolsa [32] has shown
that there exists an absolute constant C' > 0 such that

(i) vT(E) < y(E) < CyT(E) for all sets E C C

(i) v(Up Ey,) < C 37, ~v(FEy,) for any countable collection of Borel sets

E,, n=1,273, -
Since v is semiadditive in the sense that it enjoys property (ii), it follows that (i)
implies (ii). These results of Tolsa have their roots in the work of Mattila, Mel’'nikov
and Verdera [19], [23] (cf. also [24] and [33]).
The capacity v can be used in order to establish a certain lower semicontinuity

associated with the Cauchy integral, a property essential for our main theorem.
Given a finite, complex, compactly supported measure p, by [t we denote the Cauchy

transform as defined above, and

¢ — 2|

will be the corresponding Newtonian potential.
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Lemma 1. Let 2o be any point where U¥ (z0) < 0o. For eachr > 0 let B, = B(zo,7)
be the disk with center ot xo and radius v, and E be o set with the property that for
every r > 0 there is o relatively large subset E, C (ENB,) on which UM s bounded;
that is,

(1) UMl < M, < oo on E,,

(ii) v(Ey) > ey(E N By) for some absolute constant c.

If, moreover, E is thick at xo in the sense that

ENB,
(2.1 limsup WENBy) >

r—0 T

0

?

then necessarily

lp(zo)| < limsup |f(2)].

z2—x0,26 8
For a proof see {10}, p. 224. Let us also emphasize that it is essential for our purpose
that the conclusion of the lemma be valid at every point zo were U Il (zp) < 00, and

not simply almost everywhere with respect to area.

3. BOUNDED POINT EVALUATIONS AND ANALYTIC CAPACITY

If ® is a bounded linear functional on A, (?), by Hahn-Banach theorem there

exists a finite Borel measure p on € such that

B(f) = /Q feo dy

for all f € A,(Q). Throughout this section we shall assume that p is an annihilator

for A, (92); that is
/ frodp =0,
0

whenever f € A,(Q). By definition v = wp and ¥ is its Cauchy transform. Thus,
7 =0in Q.. Our results are based on the following elementary fact:

Lemma 2. If H'(|#|dA) has a BPE at a point xo € C, then the polynomials also
have o BPE at xo in the A, (Q)-norm.

Proof. By assumption there exists a function h € L™ (dA) with the property

Plzo) = / Phlp| dA

for every polynomial P. Setting k = h M for 7 #£ 0 and k = 0 otherwise, we have
14

~

[|k]|oo = [|P]|s0, and by an interchange in the order of integration

P(xo):/PkﬁdA:—/PAkdy.
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On the other hand, by Weyl’s lemma Pl = Pk + F a.e-dA where I is entire. But,
Pk and Pk are continuous and so equality holds everywhere. Since, by assumption,

v annihilates all polynomials and so also F

P(zy) = —/P/% dv = —/P/%w dp.
It follows that
|P(z0)| < ngp |Plw = C||P||y

for all polynomials P and some absolute constant C. That is, the polynomials have
a BPE at z( in the A, (Q)-norm. O

The question therefore arises: Under what conditions might we expect H'(|9|dA)
to have a BPE at a given point? In order to provide a satisfactory answer we adopt a
scheme due to Thomson [31], which has its origins in the work of Mel'nikov [22] and
Vitushkin {34].

For each positive integer n we consider a grid in the plane consisting of lines parallel
to the coordinate axes, and intersecting at those points with both coordinates integral
multiples of 27". The resulting collection of squares G,, = {Sp;}32, of side lengths
27" is an edge-to-edge tiling of the plane. Its members will be referred to as squares
of the n-th generation. Let 2o be any point in dQ at which U¥!(zq) < co. Beginning
with a fixed generation, the n-th say, pick a square S* € G,, with z¢ € S*. For each
A>01let By = {z: |?(2)] < A} and denote by G the collection of all n-th generation
squares S for which

1
(3.1) |ExN S| > W|S|
K,, will denote the union of all squares in G that can be joined to S* by a finite
chain of squares also lying in G). If K,, is bounded or empty, then there exists a closed
corridor, or barrier, ), = U;S,; composed of squares from G, abutting 5* U K,,,
separating the latter from oo, adjacent to one another along their sides, and such

that for each j

1
. EynSy| < —1|5,4].

The polynomial convex hull of @, is a polygon II,, with its boundary T',, lying along
the sides of squares for which (3.2) is satisfied. Thus, |#| > A on a large portion of
every square Sy, ; meeting I';,. By adjoining to Il, additional n-th generation squares
we obtain a polygon II}, with boundary I'}, in such a way that

(i) 115, 2 11,
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(ii) n?2 ™ < dist (T'%,T) < 3n227 7.

At this point let K, .1 denote the union of all squares in G 1 that can be joined to
IT* by a chain of squares in G) 11 and continue as before. In this way we obtain a

nested sequence of polygons
(33) Hnan+1C"'an+lC"'

and compact sets K; C (II; \IL;_1), j > n, some of which may be empty, such that
if K; # 0, then

(a) K is the union of squares in G; connecting I'}_; to Qy;
(b) |EANS| > |5|/100 for each S C Kj;
(C) dist (KWF;) < dist (Kj7 FJ) + dist (FWF;) < 4j227j.

There are two mutually exclusive possibilities: either the sequence (3.3)

(A) terminates after [ steps and oo € I, 4y, or

(B) it continues indefinitely and oo ¢ II; for any j.

In the second instance there exists an infinite sequence of barriers ; bounded by
polygonal curves I'; extending outward from zo, and accumulating in a finite portion
of the plane. This implies

Lemma 3. If there exists an infinite sequence of barriers Q;, 7 = n,n + 1,n +
2, surrounding o point xq, then there is a BPE ot xo for the polynomials in the
LY (|p|dA)-norm. Hence, there is also a BPE at x in the A,(Q)-norm.

A complete proof can be found in {10}, pp. 230-232. Moreover, a closer examination
of the argument shows that each point £ in the region bounded by the initial barrier
Qn corresponds to a BPE for 4,,(Q) with norm depending only on dist ({, @ ). Thus,
if Qg is a neighborhood of x with dist (Qo, @) > 0, then there exists a fixed constant
C > 0 such that

|P(&)| < ngplplw = C||P||w

for all £ € Qp and all polynomials P. It follows that every function f in A, (Q) must
necessarily admit an analytic continuation to Qg. The role played here by the Cauchy
integral of an annihilating measure is illustrative of a general principle associated with
the analytic continuation of a given family of functions obtained in one or another

completion process (cf. [7]).
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4. THE WEIGHTED APPROXIMATION PROBLEM

We are now in a position to consider the weighted approximation problem in
a general context. The notation is as before: Q is a bounded simply connected
domain, g(z,a) is Green’s function for Q with pole at a fixed point a € Q, g(z) =
min (g(z, a), 1), and w(z) = w(g(z)) is a weight depending only on g(z). Moreover,
¢: Q — D will be a conformal map of Q onto the open unit disk D with ¢(a) =0,
and ¢ = ¢~ !. For each point z € Q let §(z) be the Euclidean distance from 2 to 9€).

The following two Lemmas are corollaries of the Koebe distortion theorem (cf. {9},
p. 15 for a reference).
Lemma 4. There exist constants Cy and Co, depending only on 6(a) = dist (a, 9Q),
such that for oll z € Q

9(2)

’ 9(2)
Clm <|¢'(2)] < sz~

Lemma 5. There exists a constant C such thaet for oll z € Q
g (z) < C8(2).

Beurling [2] has studied the completeness problem for A,,(Q) under the assumption
that ¢ : D — € extends continuously to D. This imposes a rather severe restriction
on the region Q, requiring that

(i) 99 is arcwise connected and

(ii) 0 is a Jordan curve.
The effect is to exclude from consideration any region for which either (i) or (ii) is

violated; for example, the region Q obtained by removing from D the spiral z = re®’

defined by
r=e Y1980 g5 on 1.

The region Q) as described here was first examined by Keldysh in 1941 in order to
exhibit an example where weighted LP-completeness fails for weights having a slightly
less than optimal rate of decay at 0X). The essential difficulty here lies in the fact
that the rest of 01 is effectively shielded from 0Q... Our goal is to establish a general
criterion sufficient for the completeness of the polynomials in the A,,(Q)-norm with
no restrictions on €2, save simple connectivity.

For an arbitrary weight w and any point { € 9Q let

My (€) = sup [P(C)],

the supremum being extended over all polynomials P for which ||P||, < 1. Thus, the
polynomials will have a BPE at ¢ in the A, (Q)-norm if and only if M,,(¢) < +oco. In
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addition to demanding that w — 0 at <) we adopt a standing assumption, that

w(g)
510, asglO.
g
For convenience in notation let w*(g) = w(zg )
g

Our contribution to Mergelyan’s conjecture is this:

Theorem 1. The polynomials are dense in A, (Q) whenever
My (C) = 400 for every ¢ € 0.

If, conversely, the polynomials fail to be dense in Ay (Q), then every [ € A,(Q)
that can be approximated by polynomials admits an anaelytic continuation into a fized

neighborhood U intersecting 0€).

Proof. In order to establish the density of the polynomials in A, () it is sufficient
to verify that every function, bounded and analytic in €2, can be so approximated by
polynomials. To see why, we first transfer the problem to the open unit disk, setting
W = w(y) and thereby obtain a weight W on D which depends only on the radius.
For any f € A,(Q) the function F' = f(¢) belongs to Aw (D) and if 0 < r < 1 the
corresponding functions f, = F(r¢) and F, = f.(¢) are bounded and analytic in €

and D, respectively. Moreover, it is clear that

e = Fllw = [1Fr = Fllw,

and it follows from the monotonicity of W that the right hand side approaches zero
as r — 1. Hence, ||fr — f|lw — 0 as » — 1. Since, by assumption, f, lies in the closed
span of the polynomials in A,,(€2), the same must be true of f. The conclusion is that
the polynomials are dense in A,,(Q).

Suppose now that M, ({) = 4oo for every ¢ € 9Q. Let p be an annihilating

measure for the polynomials; that is

/ Pwdp=20
Q

for all polynomials P. Consequently, 7 = 0 in Q4 where v = wp. If { € 0Q it can
then be inferred from Lemma 5 that
o) — / W] _ o wle)
Q |z — (] o g2
It follows from the semi-continuity of the Cauchy integral as described in Lemma 1
that 7 = 0 on 0Q (cf. [10], p. 236). Our first task is to prove that © = 0 on the
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rest of 9 as well. Tt is here that we will make use of the fact that M. (¢) = +o0 at
every point ¢ € 0. By assumption, for any polynomial P and any ¢ € 9 we have

PR-PQ)
/Q - dv(z) = 0.

By an argument due essentially to Cauchy,

PO = 5= [ Eante)

(¢) Ja 2—¢
provided 2(¢) # 0. Since ¢ € 99, Lemma 5 implies
1 |P(2) w(g)
P d C P = C||P||wx-
PO < gy [ gy vl < O 1) S8 =

Because M. (¢) = +oo this is a contradiction unless 7(¢) = 0. Therefore, ¥ = 0 on
0.

The next intermediate step is to establish the fact that the functions ¢"¢’', n =
0,1,2,--- all lie in the closure of the polynomials in A,,(€2). To that end we have to
prove that

/¢n¢/71)dﬂ:07 n:071727"'

Q

Given € > 0, let Q. = {2 € Q: g(z) > ¢}, and v, be the restriction of the measure v
to Q. Note that for any point ¢ € 92 by Lemma 5

(4.1) 17 (O] = 19(0) = 2()] = \ /. d_(g

Let 7 < e. By an interchange in the order of integration

1 nors 1 "¢ _ i
%/gn¢¢yedz/96 <% /977 C—zdz> dl/(C)—/Qecb¢wdu.
1

The contour integral on the left is independent of 7 when 0 < 1 < € and satisfies an
el LR
271 a=n

R dz
<[ e
g=n 4
As 1 — 0 the measures |¢'| % on g = n converge wk — * to harmonic measure dw
on d9. By (4.1)

ot

< .
= 2

estimate from above:

/ &' dy g/ |19€|dw§(]w(26).
Q. o0 €

Finally, letting ¢ — 0 we conclude that

/ "Ywduy=0, n=0,1,2,- -
Q

and therefore each of the functions ¢"¢’, n = 0,1,2,--- lies in the closure of the

polynomials in A4, (Q) as claimed.
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To complete the proof of the first half of the theorem let f € H*>() and fix € > 0.

If we can show that there exists a polynomial P such that
Sgﬂf—PW%Mw:Hf—PWWﬂw<@

the desired result will follow. To that end let us note that, by virtue of the Koebe

distortion theorem (i.e. Lemmas 4 and 5),

w
= P~ | £ P 16w = €| £ - P 2
¢ ¢ g
for every polynomial P and some absolute constant C. In similar fashion
w w
| wl) _ oppele)
o g
Since f is assumed to be bounded, the right hand side — 0 as ¢ — 0. Hence, the map
w(g)

¢ : Q — D carries the weight from € into a corresponding weight W on D,

while I goes over to a function ' € Aw (D) and we have

(b/
|f = P(¢)¢|w < C|F" — P|W.

Since W(r) | 0 as r 1 1 the same argument with which we began this discussion
ensures that the right hand side can be made arbitrarily small by a suitable choice of
P. Therefore, under the stated conditions the polynomials are dense in A, (Q).

Conversely, suppose now that the polynomials are not dense in A, (Q). It follows
from the above argument that there exists an annihilating measure v = wy for the
polynomials and at least one point zo € dQ where i(xo) # 0. Since U"/(z) < oo
we can further conclude that there exists an infinite sequence of barriers relative to a
set where |7| is bounded away from zero, and surrounding the point zq as described
above in Section 3.

Suppose for the sake of argument that this is not the case. For an arbitrary, but
fixed, A > 0 consider the set E) = {z : |P(2)| < A}. By assumption F\ must in a
sense escape from z¢ to oo. More precisely, we can find a connected set X linking xg
to oo such that X is the union of squares from some generation, the n-th say, and

higher, and certain narrow rectangles ;, j > n, where

1
(1) |[Exn S| > 100 |S| for each square S C X,
(2) diam (R;) ~ j2277.
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Given r > 0, let B, = B(xq,r). By discarding certain superfluous pieces we can

assume that X N B, is connected and joins zy to 0B,. Thus,

1
Y XNB) > 1 diam (X N B,) >

ool =

On the other hand, it follows from the countable semi-additivity of analytic capacity
that

T > Dy
16 SYAXNByp) <C ’Y(K)JFZJ 277,
j=n

where K is the union of squares in X for which (1) is satisfied, and C is an absolute
constant. Since we are free to begin with an arbitrary generation, we can let n — oc.
It follows that

v(ExNB,)>Cr
(cf. {10}, p. 233 for details). The upshot is

EsNnB
lim sup 7’7( A r)
r—0 T

>0,
and so Lemma 1 implies that

(20l < limsup [5()] < A

z2—x0,2E Bx

Since this is valid for all A > 0, we must conclude, contrary to assumption, that
p(zg) = 0. We come to the conclusion that for some A > 0 there exists an infinite
sequence of barriers surrounding zo that correspond to the set with || > A.

From the discussion following Lemma 3 it is now clear that there is a fixed
neighborhood U of z¢ such that every function f € A, (Q) lying in the closure of
the polynomials extends analytically to U. |

To the best of author’s knowledge there is at present no available criterion for
deciding whether a given point ¢ € 0 is, or is not, a BPE for the polynomials in the
Ay (Q)-norm. In certain cases, however, it is possible to nearly quantify the rate of
decay of w required in order for the polynomials to be dense in A, (). The following
is a case in point and was obtained by Beurling {2}, p. 413, under the slightly stronger

assumption

10, asglO
g

w(g)
92

We shall continue to assume only that 10asg|O.
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Theorem 2. Assume that the conformal map ¢ : D — Q extends continuously to

D. Then, the polynomials are dense in A, () whenever

1
4.2 / log log —— dg = +00.
(4.2) 0 w(g)

If, conversely, the integral in (4.2) converges and 9;Q) contains an isolated smooth arc

lying in Q, then the polynomials are not dense in A, (Q).

Proof (outline) Assume that the integral in (4.2) diverges. Let w be any bounded
Borel measure on €) such that

/ Pwdp=20
Q
for all polynomials P. Thus, the Cauchy integral

1= [ 2 e
vanishes identically in 0o, and converges absolutely at every point ¢ € 0€). The
essential step is to verify that f = 0 on 99, then the proof proceeds exactly as in
Theorem 1. To accomplish that task let
10 [ M),
Qe 2 ¢
where as before Qo = {2z : g(2) > 2¢}. It is a simple matter to check that for some

absolute constant C

() 1£(0) - Q) < ©
(i) 17001 < S it 9(0) <.

€
Both inequalities are consequences of the Koebe distortion theorem as embodied in

W2 it ¢ ¢ o

€

Lemmas 4 and 5. The first has been noted in (4.1) above. To arrive at the second let
z € Qa, set De = ¢(£2.), and recall that by Lemma 5

dist (2, 9Q) > C dist (¢(2),0D.)? > Cé?

for all e sufficiently small, e < 1/2 say. This in effect is (ii).

Letting ¢ — 0 in (i) we see that fe — f uniformly on 9, and so f is continuous
there. Under the conformal map we obtain the functions F' = f(¢) and F. = f.(¥)
where F'is continuous on 0D while F¢ is analytic in the region D\ D. abutting D.
Our assumptions allow (i) and (ii) to be expressed in the form

(iii) |F' — F.| < e ™) on 0D

(iv) || < 6% in D\ D,
where h(e) T 400 as e | 0 and [, log h(t) dt = 4oc. Since F' = 0 on a nontrivial
subarc of 0D, we can reason as in {6], p. 44, to infer from (4.2) that /" =0 on 0D.
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The argument here goes back to Beurling [1}, and even earlier to a series of lectures
he presented during the summer of 1961 at Stanford University. The result is that
f =0 on 09 and the density of the polynomials follows. For the proof in the converse
direction see [6], p. 46. O

In the case of a slightly more regular manner in which w — 0 at 02, we are able

to obtain a result similar to Theorem 2 valid for every bounded simply connected
domain (cf. [8]).

Theorem 3. If g log w(g) | —o0 as g | 0 and if

1
/ log log —— dg = +o0,
0 w(g)

then necessarily
(1) HP(Q,wdA) = L2(Q,wdA) for allp, 1 <p < o0
(2) the polynomials are dense in A, ().

In addition to the ideas of Beurling already mentioned, the proof makes use of
concepts from the theory of asymptotically holomorphic functions begun by Vol'berg
and further developed by the author [8] (cf. also [9]).
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AHHOTAIIMA. Approximation theorems, analogous to results known for linear
elliptic equations, are obtained for solutions of the heat equation. Via the Cole-
Hopf transformation, this gives rise to approximation theorems for one of the
simplest examples of a nonlinear partial differential equation, Burgers’ equation.

1. INTRODUCTION

The theory of polynomial approximation was brought to perfection in the 20th
century by Academician Sergei Nikitovich Mergelyan. The senior author first learned
of Mergelyan’s famous theorem on polynomial approximation as a student in a collo-
quium lecture by Walter Schneider, who said that at last, in Mergelyan’s theorem, he
had a theorem whose statement was so beautiful and natural that he could explain it
to his mother (who was not a mathematician). The senior author also fondly recalls
the warmth with which he was received in Mergelyan’s home, when he (the author)
first visited Yerevan, the Mount Olympus of complex approximation.

This paper is concerned, not with polynomial approximation, but rather with
the closely related theory of rational approximation. It is well known that each
holomorphic function on a compact set K in the complex plane can be approximated
by rational fractions with poles away from K.

In fact the set of poles can be fixed arbitrarily to satisfy the only condition that
it meets each connected component of the complement of K. If it has at least one
limit point at each component of C\ K, then it is actually possible to approximate
by finite linear combinations of the Cauchy kernel.

The Cauchy kernel is a fundamental solution for the Cauchy-Riemann operator in
C. This gives insight into what can be thought of as rational solutions to linear partial

differential equations. These are just finite linear combinations of a right fundamental
55
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solution to the given equation. In this way the rational approximation theory naturally
extends to solutions of linear elliptic equations, see [16, 5.3.2].

Since the analogue of rational approximation has been well developed for elliptic
equations, it is natural, from the theoretical viewpoint, to attempt a similar theory for
parabolic equations. Thus, we seek to approximate a solution of a parabolic equation
by solutions having isolated singularities, and we also attempt to specify the location
of these singularities.

As a possible physical interpretation for rational parabolic approximation, consider
the following. Let B be an open set in R™ and let v be a heat distribution on B, that

is a solution of the heat equation on

R x Bc R

We call the pair (B, ) a thermal box. Thus, a thermal box is a domain endowed with
a heat distribution.

We may think of ovens and refrigerators as examples, but we may also think of a
house or a region of physical space as examples. In the case that B is a refrigerator, an
oven or a house, we are usually interested in prescribing a temperature distribution
u(t, x), which is constant as a function of z.

But we could ask for much more. We could ask for different temperatures in
different parts of B and, indeed, this is often done in houses. For example, let B
and Bs be two subregions of B and let w1 and wy be heat distributions on By and
Bs, respectively.

Is it possible to design the thermal box (B, u) to these specifications? That is, can
we find a temperature distribution v on B such that v = w1 on By and v = ug on
By7 Since the heat distribution « is analytic in the space variable, the answer is in
general “no”.

However, from the point of view of every conceivable physical application, it would
be sufficient to find u. on B, which approximate v1 and us on By and Bs, respectively,
within some tolerance ¢, provided we can do this for arbitrarily small tolerances <. This
is precisely the kind of approximation we wish to investigate: uniform approximation
on subsets of B by solutions of the heat equation on all of B.

From the engineering point of view, one is interested not merely in the mathemati-
cal existence of the global approximating heat distribution .. One seeks a way of

designing B to obtain such a heat distribution v.. A mathematical model for this is
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to take as v a finite linear combination of fundamental solutions whose singularities
lie on the boundary of B.

We shall call these simple rational functions. We may think of such a boundary
point as a heat source, or infinitely hot spot, if the coeflicient is positive at that
point, and we may think of it as a heat sink or infinitely cold spot, if the coeflicient is
negative. As an engineering approximation, one can impose hot temperatures at the
hot spots and cold temperatures at the cold spots on the walls of the thermal box B.

In addition to proving results on approximation by rational solutions to parabolic
equations, we shall also investigate the problem of approximating solutions in one
domain by solutions in a given larger domain. Pairs of domains where this is possible
are called Runge pairs.

In 1929, Birkhoff' [2] showed the existence of an entire function w(z) with the
following remarkable property. For any entire function f(z), there is a sequence {a;}
such that the sequence {u(z + a;)} of translates of v converges to the function f(z)
uniformly on compact subsets of C. Thus, the translates of the function v approximate
all entire functions f. Such a function w is said to be universal.

Another kind of universality is that of universal series. Let V' be a space of functions
and {u;} a sequence of functions in V. The series ) u; is said to be universal in V
if the set formed by the partial sums is dense in V. Of course, such series are to
be thought of as formal series. They are never convergent, if V is not trivial. In
1951, Seleznev [15] showed the existence of a universal power series and this result
was refined in {12}, [3] and [13]. Subsequently, other universal series were found for
solutions to the Cauchy-Riemann as well as the Laplace equation and other elliptic
equations. Recently, an abstract theory of universal series, covering most of these
results, was introduced in {14]. For a broader view of universality, we refer the reader
to the excellent survey [6].

This work is intended as an attempt to specify these results in the context of
nonlinear partial differential equations. We shall present results on universality for
solutions to a quasi-linear parabolic equation arising in aerodynamics, Burgers’ equa-
tion.

Burgers equation is one of the simplest examples of a nonlinear partial differential
equation and also perhaps the simplest equation describing waves under the influence
of diffusion. The crucial role in our investigation is due to the so-called Cole-Hopf

transformation.
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2. THE COLE-HOPF TRANSFORMATION

The Cole-Hopf transformation was discovered independently by Cole [4] and Hopf
[8] around 1950. It changes Burgers’ equation u; + vty = 4, into the heat equation
Ut = Ugy. To derive the transform, we let v = —p,. Then Burgers’ equation can
be integrated yielding p; — p2/2 = p,, up to a function depending on ¢ only. Let
p = 2logwv. Applying some algebra to this we get v; = vaq.

The n-dimensional forced Burgers equation w; + (u - V)u = vV?u — Vf(t, z) for
uw = —Vp, which describes the dynamics of a stirred, pressureless and vorticity-free
fluid, has found interesting applications in a wide range of non-equilibrium statistical
physics problems and in particular in aerodynamics, see [1]. Here, v stands for the

viscosity. The associated Hamilton-Jacobi equation, satisfied by the velocity potential

2
1 2 2
(2.1) P — §|Vp| =vVip+ f(t,z),

has been frequently studied as a nonlinear model for the motion of an interface under
deposition, when the forcing potential f is random, delta-correlated in both space
and time. Equation (2.1) is the well-known Kardar-Parisi-Zhang equation, see {10].

Starting with this example, we consider a quasilinear partial differential equation
(2.2) pe = Ap+ a(p)|Vp|?

in R"*! where a is a continuous positive function on the real axis. Choose a strictly
monotone increasing C? function v = U(p) on R with the property that

)
= )

for all p € R.
The general solution of this ordinary differential equation satisfying the initial
condition U'(0) =U; >0 is

(2.3) U (p) = U exp ( /O pa(t)dt)7

which is a smooth function on R with positive values. The function v = U(p) may
be found by integration. In this way we recover what is referred to as the Cole-Hopf
transformation.

A simple computation shows that the change of variables « = U(p) reduces (2.2)

to the heat equation

(2.4) uy, = Au
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for the new unknown function w. Hence, the general solution to (2.2) is p(t,z) =
U~ (u(t,z)), with u satisfying (2.4).

Example 1. Let a be constant. Then

1+ expl(a
Ulp) = Us+U; 7;)( p)7
1 u — U,
1 - < 0 i
U w) = alog (a 0, 1).

Using the function U allows one to endow the set of solutions to equation (2.2)

with the symmetry defined by the binary operation py o py == U~ (U(py) + U(p2)).
3. RATIONAL APPROXIMATION

If U is an open subset of R"t!, we shall denote by S(U) the family of all complex-
valued solutions v € C°°(U) of the heat equation v, = Awu on U. The topology
on S(U) induced by embedding this space into C*°(U) is actually equivalent to the
topology of uniform convergence on compact subsets of U.

If X is an arbitrary subset of R* !, we shall denote by S(X) the family of germs on
2 of solutions u to the heat equations on some open set (depending on «) containing
JJ. Such solutions form a complete locally convex space under the inductive limit
topology.

Functions in S(R"!) will be called entire solutions of the heat equation. They
have singularities at points at infinity of a suitable compactification of R™t!,

Set ] '

Bt x) = Wexf’<_ I) i >0
0, if ¢ <0.
This function is locally integrable over R"*!, infinitely differentiable in R**!\ {0},
and it satisfies (9, — A)® = ¢ in the sense of distributions in R"*!, § being Dirac’s
measure at 0 € R**!. The distribution @ is referred to as the standard fundamental
solution of convolution type ! for the heat equation on R 1,

Solutions of the heat equation of the form

J
(3.1) Z Z i DLOCD(t —to, x — x0),

i=0]al<A
where ¢; . € R, play the role of rational solutions with pole at the point (to,z0) €
Rt These are nothing but the potentials of distributions supported at (¢o, zo).

1Serge Lange, near the end of his life, asserted in a lecture at the Université de Montréal, that
the heat kernel is the most important object in all of mathematics.
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By a simple rational solution of the heat equation on R"! we mean any finite
linear combination

N
ch, Ot —ty,x —x,)

v=1
of the heat kernel itself with poles at points (¢1,21), ..., (tn,2zn). From this point
of view, the following is an analogue, for the heat operator, of Runge’s theorem
on approximation by simple rational solutions for the Cauchy-Riemann operator.
Earlier, we endowed the family S(X) of germs of solution to the heat equation on
(neighbourhoods of) ¥ with an inductive limit topology. For a compact set K, we
introduce a second topology on S(K), the topology of uniform convergence. This is

just the topology which S(K) inherits as a subspace of C(K).

Theorem 1. For each compact set K C R* 1! the simple rational solutions to the
heat equation with poles outside of K are dense in the space S(K), in the topology of
uniform convergence. In fact, for each u € S(K), there is a sequence (r;) of rational
solutions which converge uniformly together with all derivatives on K to u and its

derivatives, respectively.

It will be clear from the proof that, for every open set U D K| the poles in U \ K

are sufficient for approximation.

Joxazameavemeo. Let u € S(K). We may suppose that v € C*°(R"™"!) has compact
support and satisfies ;v = Aw in a neighbourhood U of K. Thus,

u(t,z) = / Pt -tz —2') (O — Au) (', 2)dt' dx’

= / Ot —t' z — ') (Dpu — Au) (¢, 2" )dt da’,
supp (9yu—Au)

where dt’dz’ denotes Lebesgue measure on R**!. For fixed (¢,z) away from the
support of d;u — Aw, this is a Riemann integral.

In order to estimate this integral by Riemann sums, let Q@ be a compact set
containing the support of d;u— Aw and disjoint from K, such that () is a finite union of
hypercubes whose sides are parallel to the coordinate hyper-planes. The integral over
supp (dyu — Au) is the same as the integral over @, and it is easier to take Riemann
sums over Q. If P ={Q1,...,Qn} is a partition of ¢ into hypercubes, we denote by
|P| the mesh of P, that is, the maximum of the diameters of the hypercubes of the
partition P. For each (), of the partition P, choose a point (¢,,z,) € @,. For each
(t,z) € U\ Q, denote by Xp(,z) the corresponding Riemann sum of the integral
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over ). Then, for any fixed (¢,z) € U \ @, the Riemann sums converge to w(t,z), as
|P| — 0.

Each such Riemann sum has the form
N

Yplt,x) = ch, Ot —t,,x — z,),

v=1
where the points (¢,,z,) are in Q. This Riemann sum Xp (¢, ) is a simple rational
solution to the heat equation. Thus, we have simple rational solutions to the heat

equations Xp which converge point-wise to w on U\ Q, as |P| — 0. Since
(t,z;t" 2" ) — @t —t/ 2 — ') (Opu — Au) (', 2)

is uniformly continuous on each compact subset of (U \ Q) x @, the convergence of
these Riemann sums (rational solutions) to w is in fact uniform on each compact
subset of U\ @, as |P| — 0.

It is not hard to see that not only do these rational solutions to the heat equation
converge to u, but also their partial derivatives converge uniformly on compact subsets
of U\ @ to the corresponding partial derivatives of w. Thus, we in fact have C*

approximation. |

One sees that the proof actually goes through for solutions of any differential
equation possessing a left fundamental solution smooth away from the diagonal.

The following result can be thought of as a theorem on rational approximation
with a fixed set of singularities. It contains Theorem 1 as a very particular case,

however, the proof is no longer constructive.

Theorem 2. Let K be a compact set in R" ™ and © be a subset of R"T1\ K with
the property that any solution g to —0,g = Ag in R\ K which, together with its
derivatives in t up to order J and in x up to order A, vanishes on @, is zero in some
layer around K. Then the linear combinations of potentials (3.1), where (Lo, x0) € p

and cj o € R, are dense in the space of all solutions to the heat equation on K.

By a layer around K is meant any open set U\ K, where U is a neighbourhood of
K in R*1,

Aoxasameavemeo. Denote by S(K) the space of all solutions of the heat equation
on K. Since the heat equation is hypo-elliptic, each distribution « satisfying (2.4) on
an open set U C R™! belongs actually to C°°(U). Hence S(K) can be specified
as a closed subspace of C°°(K), this latter is the space of all C* functions on

neighbourhoods of K endowed with the inductive limit topology.
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Let R stand for the subspace of S(K) consisting of the potentials (3.1), where
(to,z0) € p and ¢; o € R. Our task is to show that R is dense in S(K).

To this end we use the Hahn-Banach theorem. Pick a continuous linear functional
F on C(K). Since the dual space for C>(K) just amounts to £}, the space of all
distributions on R™*! with support in K, there is a v € £ such that F(u) = (v, u)
for all w € C*°(K). Here, we have taken any representative of v which is in D(R*+1).

Consider the convolution of distributions
gt 2!y = (Bt — 12— 2'),0(t,2)) — &+,

where @/'(t,2) = ¢(—t, —z) is the transposed kernel.
Since @' is the fundamental solution of the transposed heat equations on R, it

follows that
(—8t/ — Az/)g — (—8t/ — Az/)¢/ xvdxv =1
on all of R**! In particular, g is a solution of the transposed heat equation in the

complement of K.
If F vanishes on R, then

af/aj/g(t/7x/) = <8§/8§¢(t —t/7$ —$/)71}(t7$)>
— (—1)tlelF (ag‘agg Bl —t', — x/)) —0
for all (¢',2") € p and for all j and « satisfying j < .J and |a] < A. By assumption,
there is a neighbourhood U of K in R"*! such that g =0in U\ K.

Thus, if » is a solution of the heat equation in a neighbourhood of K, then we

obtain
F(u) = <(_at - A)g7 u> - <g7 (8t - A)U> =0.

Now the assertion follows from the Hahn-Banach theorem. [l

4. CHOICE OF POLE SETS

To effectively use Theorem 2 we should be able to show explicit sets p for which the
hypotheses of the theorem are fulfilled. In an appropriate sense, the sets o C R* T\ K
are uniqueness sets for solutions of the transposed heat equation in the complement
of K. More precisely, each solution g to —8,g = Ag in R\ K satisfying 85 0%g =0

on p for all j and « with j < J and |a| < A must vanish in some layer around K.

Example 2. Set p = U\ K where U is an arbitrary neighbourhood of K in R*t!,
Then the hypotheses of Theorem 2 are obviously fulfilled with .J =0 and A =0.
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Example 3. Let U be an arbitrary neighbourhood of K in R"™! and @ a subset of
U\ K, such that, for any hyperplane H orthogonal to the time axis, each connected
component of HN(U\ K) contains at least one point of p. By the above, the hypotheses
of Theorem 2 are fulfilled with J =0 and A = oc.

Example 4. Suppose K is a compact subset of R"*! and  a subset of R**1\ K, such
that, for any hyperplane H orthogonal to the time axis, each connected component
of H\ K contains an open subset of the closure . Then the hypotheses of Theorem
2 are fulfilled with J =0 and A =0.

Further explicit sets @ for which the hypotheses of Theorem 2 are fulfilled can
be derived from the analyticity of solutions to the heat equation on characteristics,
using an idea of {11} which is known as elliptic continuation of solutions of a parabolic

equation.

Theorem 3. Let g be a bounded solution to 0,9+ Ag = 0 in a cylinder Z = (0,10] x
B(0, R). Then for each R’ < R there are positive constants £ and C depending on to,
R and R', such that in Z' = (tog — ,ty +£) x B(0, R') there is a solution ¢’ to the
elliptic equation 07 g’ + Ag' = 0 with Cauchy data

g/(to7$) - g(to7$)7
8tg/(t07x) = 0

for x € B(0, R"), satisfying

sup |g'(t,z)| <C sup |g(t,z)|
(t,z)ez’ (t,z)eZ

Hoxaszameavemeo. The existence follows from the Cauchy-Kovalevskaya theorem once
we observe that the restriction of g to the characteristic hyperplane ¢ = tg is real

analytic in = € B(0, R’). The estimate is a consequence of an explicit construction. O

We note that if ¢ is a solution to d;g + Ag = 0 in the cylinder Z and, for some
zo € B(0, R), the restriction g(to, =) decreases faster than any power |z — zo|" as
x — xg, then g(to, z) = 0 for all € B(0, R), since g(to, -) is analytic in B(0, R).

In order to effectively implement this elliptic continuation of solutions to a parabolic
equation, it is useful to consult a fuller discussion of rational approximations for

elliptic equations, for which we refer the reader to {16, 5.3.3].

5. RUNGE PAIRS

The previous section is concerned with approximation on compact sets. We now

turn to approximation on open sets.
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Let (21 and {2 be open subsets of the complex plane C. From Runge’s theorem on
rational approximation it follows that a necessary and sufficient condition, in order
that each function holomorphic in 1 can be approximated uniformly on compact
subsets of 2y by functions holomorphic in 2, is that the complement C\ (2, has
no compact components in (2. This ‘Runge’ theorem was extended by Lax and
Malgrange to approximation by solutions of elliptic equations.

For the heat equation, which is of course not elliptic, the analogous approximation
problem was investigated by Jones [9] and Diaz [5].

If 2 is an open set in R"™!, we say that {2 is a Runge open set for the heat
operator, if the entire solutions to the heat equation are dense in the solutions to the
heat equation on {2. One has the following characterisation of Runge open set, proved
in [9].

Theorem 4. An open set 2 C R" ! is a Runge open set for the heat operator if and
only if, for every hyperplane H in R™ T orthogonal to the time axis, H \ 12 has no

compact components.

Let us say that two open sets £2; and 2 in R"!, with £2; C {25, form a Runge pair
for the heat operator, if S({22) is dense in S({2) in the C° topology. That is, if for
each v € S(f21) there is a sequence {u;} in S({2), such that the restrictions of the u;
to {21 and their partial derivatives of all orders converge to v and the corresponding
partial derivatives of u, respectively, uniformly on compact subsets of (2.

The following theorem of Diaz {5] gives a necessary and sufficient condition that
a pair (21, 1)) of open sets in R""!, with 2, C %, be a Runge pair for the heat

operator.

Theorem 5. Let (21 C (2, be open sets in R"T1. A necessary and sufficient condition
in order that ({1, %) be o Runge pair for the heat operator is that, for every hyper-
plane H in R"T! orthogonal to the time axis, the complement of 21 in H has no

compact components in N H.

There is a small mistake in the proof of sufficiency in {5]. The assertion on p. 645,
line 19, that an arbitrary component of D; \ Z has the form A x (a,b), is not correct.
Perhaps this is easily fixed, however, we do not see how to do this.

We denote by H(t) the hyperplane in R**! which is orthogonal to the time axis
at time t. Moreover, for a set S in R"t!, we denote by S(¢) the slice SN H(t).
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Example 5. Let £2; be the slit plane R?\ {(0,z) : || < 1} and (% be the punctured
plane R? \ {(0,0)}. Then, for t # 0, the set H(t)\ £2; is empty, and H(0)\ 2 has a
single compact component, the slit {(0,z) : |z| < 1}, which does not belong to the
set {1 N H(0) = {(0,z) :  # 0}. Hence it follows that the pair ({21, {2;) satisfies the
condition of Theorem 5. However, we do not know whether or not ({2, {) is a Runge

pair for the heat operator in R?.

In order to highlight the problem, let us discuss some steps towards the proof of
sufficiency in Theorem 5. They develop Theorem 3.4.3 of {7} which concerns general
scalar differential operators with constant coefficients in R"*!. Suppose that, for
each hyperplane H orthogonal to the time axis, every compact component of H \ 2
contains a component of H \ . Choose a continuous linear functional F on C*°(£2;)
which vanishes on S(2,). There is a distribution v € £ (R" ') with a compact support
K in 21, such that F(u) = (v,u) for all v € C™(£2;). Since v is orthogonal to all
exponential solutions of the heat equation, we conclude that there exists a distribution
g € &R satisfying (—8; — A)g = v on R"!. Now, the transposed operator
—0; — A is hypo-elliptic and ¢ satisfies (=9, — A)g = 0 away from K, so g is an
infinitely differentiable function on R™*!\ K. Moreover, the transposed kernel ¢’
satisfies ®'(—9; — A) = I on &'(R"™!), whence g = ¢ x v on all of R**!. Since
(8, — A)(D%,02,0(t —t',x — ') = 0 for all (t,x) € 2 and (¢,2) € R?\ % and all

multi-indices j and « and F vanishes on S({%), we get
A% gt x') = (v(t,z), #,0% bt =tz —2')) =0

for all (¢/,2") away from (2 and all multi-indices j and «. Thus, ¢ vanishes to infinite
order on R**1\ (2. If we prove that suppg C 2, then F vanishes on S(f2;) and
the assertion readily follows by the Hahn-Banach theorem. For any ¢, we denote by
K (t) the topological hull of K(¢) in £2,(¢). That is, K(¢) is the union of K(¢) and
all components of £21(¢) \ K(t) which are relatively compact in 2;(¢). It is always a
compact subset of 2;(t). Since H(¢)\ £1(1) has no compact components in (25(¢), the
topological hull of K(t) in £21(¢) just amounts to the topological hull of K (t) in % (¢).
For each ¢ the function g(t, z) is an analytic function of = for z € H(t) \ K(t) (for
solutions of the transposed heat equation are analytic in the space variables) which
vanishes to infinite order on H(¢) \ % (¢) and for all sufficiently large = (because g
has compact support). Denote by K the union of K (¢) over all times. By the very
construction, K is a subset of 2. If (t,z) & K, then either z lies in the unbounded

component of H(t)\ K(t) or z lies in the bounded component of H(¢)\ K(t) which
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meets H(t) \ 21(t) and hence H(t) \ %(t). In the former case g(t,z) = 0, for the
support of g is compact. In the latter case g(¢,z) = 0, for g(¢, ) vanishes to infinite
order on H(t)\ 25(t). We thus conclude that the function g vanishes away from K.
Unfortunately, K fails to be a compact subset of (2, for it is not bounded away from
the boundary of 1. The arguments of [5] include approximation of g by functions

with compact support in (2.

Remark 1. If for each t the set H(t) \ 2.(t) has no compact components, then for
each compact set K C (21, the hull Kisa compact subset of 21 as well. Hence, the

proof of sufficiency in Theorem 4 is straightforward.

Note that Theorem 5 is closely related to the Runge theorem for harmonic func-
tions, for any harmonic function in a domain X C R” is a solution of the heat equation
in the tube domain R x X in R™*! which is independent of .

6. UNIVERSALITY

We shall investigate two types of universality with respect to the heat operator,
universal series and universal functions. For an excellent survey of universality, we
refer the reader to [6].

Let V be a topological vector space (real or complex) and {u; }jen a sequence of

> w
JEN
is said to be universal in V if the set formed by the partial sums is dense in V.

vectors of V. The series

A subset X of a topological space of Baire category II is called residual if its
complement is of Baire category I. In this topological sense, a residual subset of
a second Baire category space contains ‘most’ points of this space. The following

theorem is due to Nestoridis and Papadimitropoulos [14].

Theorem 6. Assume that {u;}jen is a sequence in a metrisable topological vector
space V over F =R or F = C. The following statements are equivalent:

(1) There exists a sequence ¢ = {c; }jen of scalars, such that the series chuj 18
jEN
universal in V.
(2) The set X of such sequences c is residual in F endowed with the product
topology.
(8) For each n € N, the set of finite linear combinations from {u,, wny1,...} is

dense in V.
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Horasameavemeo. See [14]. O

We remark that the space
F'=]]F,
JEN
endowed with the product topology, is a complete metric space and hence, by Baire’s
theorem, of second category.
Combining Theorem 6 with Theorem 1, we arrive at universal series in spaces of

solutions to the heat equation, whose terms are simple rational solutions.

Theorem 7. Suppose that K is a compact set in R* T and U is a neighbourhood of
K. Let {(t;,2;)}jen be a dense sequence in U\ K. Then there is a universal series
for S(K), whose terms are simple rational solutions with poles ot {(t;,2;)}jen. That
is, there exists a sequence {c;}jcn of real numbers, such that, for each v € S(K),

there is a sequence {jn }nen, such that
iN
Zq@(t —tj, @ —x5) > u
j=1

uniformly together with oll derivatives on K.

The previous theorem gives universal series, whose terms are simple rational solu-
tions, for approximating solutions to the heat equation on compact sets. Combining
Theorem 6 with Theorem 2, we shall also obtain universal series in spaces of solutions
to the heat equation on open sets.

For a compact subset K of an open set 2 C R"*!, we denote by K (t) the 02(¢)-
convex hull of K(t), that is, the union of K(t) with all components of 2(¢) \ K(t)
which are precompact in £2(¢). We define the thermal hull K of K in 2 as

K2 = | JK9®),
teR
and we shall say that K is thermally convex in 2 if K = K*. The open set {2 is said
to possess a thermal exhaustion if there exists a sequence K1 C Ko C ... of thermally
convex compact subsets of {2, such that
n=|JK;.
JEN

The open set (2 is said to be thermally convex if it possesses a thermal exhaustion.

Theorem 8. Suppose that 2 is an open set in R*T1 which is thermally convex.
Suppose that U is a neighbourhood of 2, such that U, \ 12 is unbounded for each time
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t. Let {(t;,2;)}jen be a dense sequence in U\ £2. Then there is a universal series for
S(92), whose terms are simple rational solutions with poles at {(t;, 2;)}jen. That is,
there exists a sequence {c; }jen of real numbers, such that, for each v € S(12), there

is a sequence {jn tnew, such that
N
Zq@(t —tj, @ —x5) > u
j=1

in the topology of C™(12).

Horasameavemso. According to Theorem 2, for each n € N, the set of finite linear
combinations of functions {@(t — tp, 2 — xy), P(t — tpy1,2 — Zpy1), ...} is dense in

the space S(£2). The desired conclusion now follows directly from Theorem 6. O

Using Examples 3 and 4 yields universal series for S({2), whose terms are rational
solutions with special sets of poles outside of (2.

For Runge pairs, we moreover have the following result on universal series.

Theorem 9. Suppose that (21, %) is a Runge pair for the heat operator in R™ 1.
Then there is a universal series for S((), whose terms are elements of S({%). More
precisely, there exists a sequence {uj;}ien in S(f%) with the property that, for each

solution v € S({1), there is a sequence {jn }nen, such thot
N
S
=1

in the topology of C™°({)1).

Horasameavemso. Since (21, %) is a Runge pair, the subspace S(f%) is dense in
S(£21). Since C°°({2y) is separable and every subspace of a separable space is also
separable, we may choose a sequence {uf}jcn in S(f22), which is dense in S(2;).
Then, for each n € N, the sequence {u;,, v, 4,...} is also dense in S(£2;). By Theorem
6, there is a sequence {c; }jen of real numbers, such that the series > c;u is universal

in S(f2). To complete the proof, we set u; = cju O

/,
T

In order to prove the existence of universal solutions, we need a lemma on so-called
tangential approximation on an unbounded set. In the case of the Cauchy-Riemann
operator and the Laplace operator the theory of uniform approximation has been
developed not only on compact sets, but also on (possibly unbounded) closed sets.

For the heat operator, we shall confine ourselves to very simple closed sets. Given a
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sequence {K;} of disjoint compacta in R" ™!, we write K; / oo if
sup Jt| < inf |t
(t,x)EK; (tw)e K 4

inf (] — o0
(tyw)eK;

as j — o0.

Lemma 1. Let {K;} be a sequence of convex compacta in R, such that K; /oo
Then, for each sequence {u;} with u; € S(K;) and each sequence {e;} with £; > 0,
there is an entire solution to the heat equation v € S(R™ 1), such that
sup |u(t, z) —u;(t,z)| < g
(t,x)eK;
for all j € N.

Hoxazameavemso. For j =1,2,.. ., choose R; such that
sup |t| < R; < inf  J¢|.
(t,x)eK; (tz)EK 11
Set Qo = 0 and, for j = 1,2,..., choose S; > 0 such that K; C Q; = {(t,z) :
[t|] < Rj,|z| < S;}. We may assume that the sequence {e,} is decreasing. Let us
proceed by induction. Since K is convex, by Theorem 4 there exists h; € S(R™11)
such that |h1 —u1] < £1/2 on Ky. Suppose functions hq, ..., h; in S(R™+1) have been

constructed with the following properties:

27
&j
21
Since K1 and Q) are convex and disjoint, by Theorem 4 there exists h; 1 € S(R" ™)
such that

J
-
Iy hi—u;] < =2 on Kj,
(6.1) ; ! !

|hj| < on Qj,l.

Jj+1
€541
|Zhl —Uj+1| < 2;+1 on Kj+17
i=1
€541
|hj+1| < 2;+1 on Qj'
Hence, for each j = 1,2, ..., there exists a solution to the heat equation h; € S (R™H1)
which satisfies (6.1). It follows that the series

Dok
j=1

converges uniformly on compact subsets of R"*! to an entire solution to the heat

equation v € S(R"*!) with the desired properties. O



70 P. M. GAUTHIER AND N. TARKHANOV

We are now in a position to construct a universal entire solution to the heat

equation.

Theorem 10. There is an entire universal solution to the heat equation, that is, an
entire solution v, whose translates are dense in the space of all entire solutions to the
heat equation. Thus, for each f € S(R™1), there is a sequence {a;} in R, such
that u(- + a;) — f(-) in the topology of C*°(R™T1).

It will be clear from the proof that, we can fix a sequence b, — oo in R"t! and,

for each f, the sequence a; may be chosen to be a subsequence of b,, n = 1,2, --.

Jokasamervcmso. Let {h;};cn be a sequence of entire solutions to the heat equation,
which is dense in the space S(R™T1) of all entire solutions to the heat equations.
Choose a sequence { K };en of pairwise disjoint closed balls in R" ™!, such that K; /
oo and whose radil R; tend to infinity. Denote by a; the center of K; and set u; (¢, z) =
h;((t,z) — a;). By Lemma 1, there is a solution « € S(R"*!) such that
sup |u(t,z) —u;(t, z)| < l
(t,x)eK; J

for all 7 = 1,2,.... Equivalently,

1
sup  fullt, #) +a5) = byt 2)] < 5

|(t,@)|<R;
for all j =1,2,.... Since 1/j — 0, R; — oo and the sequence {h;},cn is dense in
S(R™*1), the proof is complete. O

We remark that the abstract universality Theorem 6 shows that the phenomenon
of universality is generic. That is, once we know the existence of a universal series, it
turns out that ‘most’ series are universal. One can also show that the result on the

existence of a universal function, Theorem 10 above, is generic.

7. BURGERS EQUATION REVISITED

We can now return to Burgers’ equation (2.2) in R"*!. We shall tacitly assume that
the coefficient a(p) is independent of p to have an explicit transformation « = U(p).
In order to be able to apply the inverse transformation p = U~ !(u), we should

remain in the domain of the inverse. It is described by

a a
U1u> + oU17

Uy and U; being arbitrary constants of Example 1. We are thus led to the study of

solutions to the heat equation which take their values on a half-axis, a fixed conical
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set. These correspond to temperature distributions which are lower bounded, which
from the physical viewpoint is no restriction.

Another approach we follow is to allow solutions with singularities caused through
U.

If fe & (R is an arbitrary distribution with compact support on R™ "1 then

the inhomogeneous equation

pe = Ap + a(p)|Vpl* + f(t,2),
cf. (2.1), possesses a potential type solution p = U1 (@ f) on R" ™!, which explicitly
reads

(7.1) p(t,x) = élog (aw — 1).

Uy
This ‘solution’ no longer makes sense as a distribution on R™*!, but rather, away
from the singularities of f. If f is the unit mass at a point (to,z0) € R" ™!, we call
p(t,x) and its constant multiples simple rational solutions to (2.2). More generally,
by rational solutions of (2.2) are meant solutions of the form (7.1), where f is a
distribution on R"™! whose support consists of a finite number of points.

>From what has been proved for solutions to the heat equation we readily derive
through the transformation v = U(p) analogous results for solutions to Burgers’

equation.

Theorem 11. For each compact set K C R"T! the simple rational solutions to (2.2)

with poles outside of K are dense in the set of all smooth solutions on K.

Since (2.2) is a quasilinear equation, its solutions do not survive under addition.
Instead, we consider compositions of solutions defined by the formula py o py =
U= U(py) + U(pa)), of. Section 2. As usual we introduce the composition of an

infinite number of solutions, to be referred to as an infinite composition, by
o;’ilpj = ]\}iinoopl o...0pN.
Theorem 12. For each appropriate open set 2 in R 1 there is a universal composi-

tion in the set of solutions to (2.2) on 2, whose terms are simple rotional solutions
to (2.2) with poles outside of 12.

That is, there is a sequence {(¢;,2;)} of points outside of {2, and a sequence {c;}

in R, such that, for each solution p to (2.2) on (2, there is a sequence {jy }nen with

AN U (e Bt — by, x —25)) — p
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in the topology of C™°(12).
The proof of Theorem 12 is based on Theorem 8, hence we need some obvious
restrictions on the open set 2. This is what is meant by an appropriate open set in

the statement of Theorem 12.
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AnvoTanus. The paper proves the following result on universal meromorphic
approximation: Given any unbounded sequence {\,} C C, there exists a function
¢, meromorphic on C, with the following property. For every compact set K of
rational approximation (i.e. Vitushkin set), and every function f, continuous on
K and holomorphic in the interior of K, there exists a subsequence {n;} of N
such that {#(z+ An, )} converges to f(z) uniformly on K.

A similar result is obtained for arbitrary domains G # C. Moreover, in case
{An} = {n} the function ¢ is frequently universal in terms of Bayart/Grivaux [3].

Dedicated to the memory of academician S. N. Mergelyan

1. INTRODUCTION

1.1. Notations. For a set S in the complex plane we denote by
C(S5): the family of all continuous functions on S,
H(S): the family of all holomorphic functions on S,
M(S): the family of all meromorphic functions on S.
For a compact set K C C we introduce the following spaces of functions (each of

which is endowed with the uniform norm):

[} [}

A(K):= C(K)NnH(K), where K stands for the (possibly empty) inter-
ior of K,

P(K):  all functions which are uniformly approximable on K by poly-
nomials,

R(K):  all functions which are uniformly approximable on K by ratio-

nal functions (with poles not in K).
We obviously have

P(K)C R(K) C A(K) C C(K).
The two main problems: Which topological assumptions on K guarantee that P(K) =
A(K) or R(K) = A(K), respectively, were solved in the celebrated theorems of S. N.

Mergelian {11} and A. G. Vitushkin {14, 15}.
73
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A compact set K is called a Mergelian set if its complement K¢ := C\ K is
connected. The set of all Mergelian sets will be denoted by M. Then Mergelian’s
theorem states that P(K) = A(K) if and only if K € M.

A compact set K is called a Vitushkin set if for all open disks D C C the following
property is satisfied

a(D\K) = a(D\ K)

(where o denotes the continuous analytic capacity of the considered set; see for
instance D. Gaier [6}]). The family of all Vitushkin sets will be denoted by V. Vitush-
kin’s theorem states that R(K) = A(K) if and only if K € V.

1.2. Universal holomorphic approximation. In 1929 Birkhoff |[4] proved the
following remarkable result (which we state in a slightly modified version).

Theorem B. Given any unbounded sequence {\,} C C. Then there exists a
function ¢ € H(C) with the following property. For every set K € M and every
function f € A(K) there exists a subsequence {ny} of N such that {¢(z + A\n.)}
converges to f(z) uniformly on K.

This result, usually considered as the first example of a so-called universal entire
function, has been the starting point and motivation for extended investigations
dealing with different types of universalities. In the course of time a great number
of universal functions has been discovered and there exists an extensive literature
on this subject. For details and bibliographical information we refer to the excellent
survey article of K.-G. Grosse-Erdmann {7}, where the results on universalities of the
relevant literature are completely collected and classified.

If instead of the whole complex plane an arbitrary open set O = () is considered,
then in the paper [8] by Luh and Martirosian a very elementary proof (using only
standard methods of complex analyis) for the existence of a universal holomorphic
function on O was given.

Theorem LM. Suppose that O # ) is an open set in the complex plane. Then
there exists a function ¢ € H(O) with the following properties: For every K € M,
for every f € A(K) and for every ¢ € 9O there exists a sequence {(a,,b,)} € C?
such that

tn(2) =anz+b, €eOforall z€ K and n € N,
{tn(2)} converges to ¢ for all z € K|
{¢pot,(z)} converges to f(z) uniformly on K.
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1.3. Universal meromorphic approximation. The first result on universal mero-
morphic approximation is due to Luh and Martirosian [9]. There the existence of
a meromorphic function ¢ on C was proved which is universal under prescribed
translates and has the same properties as Birkhoff’s entire function; in addition it was
shown that ¢ has slow transcendental growth: Its Nevanlinna characteristic satisfies
T(r,¢) = O(q(r)log?r) for r — oo, where ¢ : Rt — R* is any increasing function
with lim ¢(r) = o0.
r—oco

Using the techniques of the hypercyclicity criterion K. C. Chan constructed in the
recent paper [5] a meromorphic function ¢ on € with the property that the sequence
{#(z+n) }nen is dense in the metric space S(G) .= M(G)U{f = oo} for every domain
G C C (where S(G) is endowed with a metric defined by the chordal distance).

By A. Roth’s nice result {13] and Vitushkin’s famous theorem it seems to be more
natural to investigate universal meromorphic approximation not on domains or on
compacta in M but on Vitushkin sets.

It also seems to be interesting to obtain the existence of universal meromorphic

functions not by a hypercyclicity criterion but by a constructive procedure.

2. MAIN RESULTS

It is the object of this article to prove the following two results on universal
meromorphic approximation.

Theorem 1. Given any unbounded sequence {\,} C C. Then there exists a
function ¢ € M(C) with the following property.

For every set K € V and every function f € A(K) there exists a subsequence {ny}
of N such that {¢(z + A, )} converges to f(z) uniformly on K.

Theorem 2. Let G C C, G # C be a domain and suppose that there are given
sequences {a,} with a, — 0 for n — o0 and {b,} C G such that G is exactly the
set of accumulation points of {b,}.

Then there exists a function ¢ € M (G) with the following property.

For every K € V, for every f € A(K) and every ¢ € 0G there exist subsequences
{mi} and {n;} of N with

tr(2) = am,z+by, €G forall z€ K and all kK € N,
by, — ¢ for k — o

such that {¢ ot,(2)} converges to f(z) uniformly on K.
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3. AUXILIARY RESULTS

For the proof of our main results a couple of auxiliary tools are necessary which
we compile in this section. The first result is a combination of two results due to A.
Roth, see [12] and [13, pp. 110-111}.

Theorem R. Suppose that G C C is a domain and let F' be a (relatively) closed
subset of G.

Any function f € M(F') is uniformly approximable by functions from M(G).

Any function f € H(F') is uniformly approximable by functions from M (G) with
poles only in G\ F.

Using this result we can prove the following Lemma (approximation with prescribed
error).

Lemma 1. Suppose that G C C is a domain and let F' be a closed subset of G.
Let be given a function £ € H(F) with |e(z)| > 0 for all 2 € F. Then the following
holds:

For every function f € M(I'") there exists a function m € M(G) with

|f(z) — m(z)| < |e(z)| for all z € I
Proof. We may assume that 0 < |e(z)| < 1 for all z € F. By Theorem R we find

a function my € M(G) with poles off F' and

2
£(z)
It follows that mi must be zero-free on F'. We consider the function g € M (F') with
g(z) == m1(z)f(z) and find again by Theorem R a function mg € M(G) with

< 1forall ze F.

—mq(z)

lg(2) — ma(2)| = |m1(2) f(z) —ma(2z)| < 1forall z € F.

The function % belongs to M (G) and satisfies
1

N

< |e(2)] for all z € F.

[ma ()]
O

Lemma 2. There exists a countable set R of rational functions which is dense in

A(K) for every K € V.

z
Proof. We consider the countable set R of all rational functions M where p

q(2)’

and ¢ are polynomials with coeflicients in Q + Q.
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Let be given K € V, f € A(K) and € > 0. Then by Vitushkin’s theorem we find a

rational function r*(z) = Z*EZ with poles off K and
* £
m}a{mx|f(z) —r*(z)] < 5

Since ¢* is zero-free on K we have a ;== m}}n lg*(z)| > 0. We define
ol * *Y . *
m(p") == max[p*(z)],  m(¢") = max|¢* ()]

and fix N € N, with K € Dy = {z : |2| < N}. By Runge’s approximation theorem
there exist polynomials p and ¢ with coefficients in Q + :Q with

)

We first obtain m}}n lg(z)| > % and the function r := % € R satisfies for all z € K:

max p(2) —p*(2)] < pp

max|g(=) — ¢* ()] < min {
Dy

(o) o] — [P0 =22 )

(
2
< " (2)llalz) — ¢
and hence max lf(z) —r(z)] <e. O

4. PROOFS OF THE MAIN RESULTS

4.1. Proof of Theorem 1. We consider for all j € N closed disks D; = {z :
|z —X;] < p;} and suppose without loss of generality that D; N Dy, = 0 for j # k and
p; < pjt1 — oo for § — oo (if necessary we choose a subsequence of {\,} with these
properties).

Let {r,} be an enumeration of the set R from Lemma 2. On the closed set F' :=

>0
\J D, we consider the functions g and ¢ which are defined by
j=1

=rj(w—2X;) ifweDy

1

- if we Dj.

J

We have g € M(F') and € € H(F'). By Lemma 1 we find a function ¢ € M(C) and
lg(w) — ¢(w)] < e(w) for all w e F.

Consequently, we have

max |ri(w — X)) — dlw)| < %

7
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or

1
max |ri(z) — ¢z + )| < =.
mas ry(2) = 9z + )] < 5

Now, let be given a set K € V and a function f € A(K). According to Lemma 2 we

find a sequence {ny} with ny — oo and

1
max|f(z) —rn, (2)] < 7.
For all sufficiently great k the set K is contained in {2z : |z| < pn, } and we obtain for

those k
< max [¢(z + Any) — i, (2)] + max |ry, (2) = f(2)] <
‘Z‘Spnk K
< 1 n 1
nE If7
which proves Theorem 1. |

4.2. Proof of Theorem 2. There exists a sequence {H,, } of compact sets with the
properties:

o H, C Hyy1 CGforallneN.

e For every compact set K C G there exists an ng € N with K C H,,,.

Suppose that {¢()} is a sequence of points in G which is dense in dG. For each
k € N we choose a subsequence {Zl(/k)}yeN of {b,} with VlLrgO 25 = ¢(®) guch that for
each v € N the points 21(,1)7 e 721(,1') are pairwise distinct and such that for a sequence
{H,, } of {H,} we have 2 e COJL,H \G, for k=1,...,v, where G, := H,,_.

Next, we choose an increasing subsequence {I,} of N and radii p, = +/]a;,| with
the property that the closed disks

Dy i={z 1z =2V < p}
are pairwise disjoint for £ =1, ..., v and that

Q= Dok € Gop1\ Go.
k=1

Let {ry,} be again an enumeration of the set R from Lemma 2. On theset F':= |J €,
v=1

which is closed in G, we consider the functions g and £ which are defined by

w — Zl(/k) .
glw) =r, | ——— ifweD,,

aj

v

1
g(w) = — ifwe,.
v



UNIVERSAL MEROMORPHIC APPROXIMATION ON VITUSHKIN SETS 79

We have g € M(F') and € € H(F'). By Lemma 1 we find a function ¢ € M(G) with
|p(w) — g(w)] < e(w) for all w e F.

Consequently, we have

w — zl(,k) 1
Do plw) =1 ar, S
or
() !
max |p(ay, z+ 2,") —r,(2)| < —.
v

|z|< =
Pr

Now, let be given a set K € V, a function f € A(K) and a point ¢ € 9G. Obviously,
¢ is an accumulation point of {¢®)}. According to Lemma 2 there exists a sequence
{vs} C N with v; — oo such that

1
max |r,_ (2) — f(2)] < =.
K s
For all sufficiently great s, say s > sg, the set K is contained in

1
Z|Z|S_ )
Pus

and we obtain for all s > spand all k=1,..., v,

max |g(a,, =+ 2{!) — f(2)| <

< (k)y _ _
< e [ofan, s+ 20) = ()] + max () — ()] <

11
<= +=

vy s

The point ¢ is an accumulation point of the set

{z:z:z(k); k=1,...,vs; 8> s0}

and therefore we find js € {1,...,vs} such that zl(,j

and z € K, we have a;,_z + Zl(/j)

ke N

)—>Cfors—>oo.Foralls>So

€ D, ;. C G forall s> sg. If we now define for

b . (j50+k)

Uy = A ko Vsotk 2

Veg+k’

then ¢(anm, 2 + by, ) converges to f(z) uniformly on K.
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5. REMARKS ON A DENSITY PROPERTY

In a recent paper |3] F. Bayart and 8. Grivaux proved the following nice version
of Birkhoff’s theorem:

Theorem BG. There exists a function ¢ € H(C) with the following property.
For every set K € M, every function f € A(K) and every £ > 0 there exists a

subsequence {n;} of N with positive lower density such that
|p(z +ng) + f(2)] <eforall z € K.

(The lower density of {ng} in the sense of G. Pylya is defined by

d({ne}) — liming YRR D

t—o0 t
where N({ns},t) denotes the number of elements of {n;} in the interval [1,¢].)

The authors prove this result by a technical lemma (Lemma 2.2 in [3]) and the
usual application of Arakelian’s theorem {1, 2|. Using this lemma and combining the
techniques from the proofs of Theorem 1 and Theorem BG we easily obtain

Theorem 3. There exists a function ¢ € M (C) with the following property. For
every set K € V, every function f € A(K) and every £ > 0 there exists a sequence

{ni} with positive lower density such that
|p(z +np) — f(2)] <eforall z € K.

Of course, the sequence {n} is depending on K, f and . It seems to be an interesting
problem, whether {n;} with d({nx}) > 0 can be constructed in such a way that it
depends on K and f only, so that {¢(z + ny)} converges to f(z) uniformly on K.
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O IMIPUBJIN>KEHVA B CPEJHEM IIOJIMHOMAMM C
IMPOIIYCKAMM HA MHOXKECTBAX KAPATEOIOPHI
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AHHOTAIMS. B CTATHE U3IATAIOTCA HOBBIE PE3YILTATHI O BO3MOXKHOCTH TPUGIU-
JKEHHA MHOTOUJIEHAMHM ¢ IIPOIMYCKAMuU. [1pubmKenus OCyMEecTBISIOTCA B HOPMe
npoctpancTea Ly, 1 < p < 400, Ha MHOXKecTBax KapaTeoJopu KOMIUIEKCHOM
IIOCKOCTH. 110JIy4eHbBl JaKyHAPHBIE BAPUAHTHI HEKOTOPBIX Pe3yibTaTos Pappest-
na—Mapxymesuua, C. Cunansna, A. JI. Illaruasasa (Teopems 1, 3, 5). Paccmar-
PHUBAIOTCA TAKIKE AHAJIOTMYIHBIE TPUGIHIKEHNA BEINECTBEHHBIMU JACTAME MHOTO-
neHos ¢ nponyckamu (Teopemsr 2, 4, 6).

Tocsawaemes namamu axademura C. H. Mepzeasna

1. BBEAEHUE

Ilycrs B — orpanrueRRoOe H3MEPEMOE MEOMXKECTBO U3 KOHEYHOH KOMILICKCHOH MI10C-
kocrn X. OGoznayum uepes Lp(F), 1 < p < +oc, 6anaxoBo HPOCTPAHCTBO, 26
MEHTAMH KOTOPOIO sABJAIOTCA BCE Olpenenennbie na I kommnekcasie Gynxuun f(z)

KOMIIJICKCHOI'O IIepeMennoro 2 — & + iy, JJ1d KOTOPBIX KOHeYHa HOpMa

T { I Iflpdxdy}l/p.

Toanpocrpancrso npocrpancrsa L, (E), cocrosiiee n3 ronoMopdHbIX BO BHYTPeH-
HEX TOYKax Muoxkecrsa F dynkuufl, o6osnagum vepes H,(E). Oupenenum raxixe
Banaxoso npocrpanctso hy(E), 1 < p < 400, cocrosduee w3 BCEX OUPENETIEHHBIX
na E peficreurenshbx dynknai w(z), KOTOpBIE rapMOHUYHBL BO BHYTPEHHUX TOYKAX
|| -

Bonpoc 0 BO3MOXKHOCTH allIPOKCHMAIMK HOJHHOMaMU B HOpME Ipoctpancrsa Ly,

MHOKECTBA F 1 MMeIoT KOHEYHYIO HOPDMY

(annpoKCHMAInU B CPEAHEM) ABIACTCH CTAPBIM U CIHOXKHBIM BOIPOCOM TEODHE IPH-

Gauxenun. Ero usydyenuio nocBAmeHs! paj, ueeaenosanui (cM., Hanpumep, o630pht
82
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[1, 2, 3], a rakxe [4, 5]). Tem He MeHee, BIJIOTH /10 HACTOAIIEIO BPEMEHH HE M3BECT-
HO TEOMEeTPHYECKOro ONHACAHUS MHOXKeCTB I, Ha KOTODBIX BO3MOMXKHA, NOTHHOMHUANb-
Has annpokcuManus B cpefpeM. Hambomee IOMHO BO3MOMXKHOCTD NOMHHOMHANBLHOM
aNmNpOKCHMANPKH B CpeJHeM H3yYeHa I/ PasiHdHbIX YaCTHRIX KIACCOB MHOKECTB.

Opnun rakoit npocrefimmil knace obpasyor MuOXKecTBa Kapareonopu.

Onpepenenne 1. Ozpanurennoe uamepumoe muoscecmeo F C X wnasvieaemes
muoscecmeom Kapameodopu, ecat 2paHuya 3mozo MHOMCECMEa coenadaem ¢ 2pa-

Huueﬂ Heoepanu%ennoﬂ KOMNOHEHMDL JONOAHEHUA K €20 3ambiranuio I

YacrabiM ciygaem MEHOXKecTBa Kapareonopn, kKoraa F — ogaocssaznast obiacTh, sB-
nsiercst obnacrs Kapareonopu. Takne o61acTu, B OTIHYUE OT XKOPJAHOBLIX obnacreit,
MoryT pasbuparb niockocrs X. [ns muoxects Kapareojopu n3BeCTHBI CleyoNnme

Pe3yIBTATHL.

Teopema A. ITyemos E — muooicecmeo Kapameodopu. Tozda muoscecmao noasuHomos

6crody naomuo 6 npocmpancmee Hy(E), 1 <p < 4o0.

Teopema B. ITycms E — muoocecmso Kapameodopu. Tozda mmuooscecmeo delicmesu-
MEADHUT 2APMOHUNECKUT NOAUNOMOS 6C100Yy naomuo 6 npocmpancmse hy(E), 1 <
p < +too.

Ormernm, uro Teopembl A u B ycranosnenst B paGore [6] C. Cunansna. Teopema
A ob6obiaer u ycuauBaer XOpoIlo u3BecTHbI pesynbrar @appenna—Mapkyuesnya,
oTHOCAMEHCs K cayuaro obnactu Kapareonopu (cum. {7, 8]), a reopema B orpevaer na
Bonpoc, chopmynuposannbiii akagemukom A. JI. IMlarunsaom {9].

B nacrostiimuii crarbe u3y4aercs BO3MOKHOCTE allliPOKCUMAIHN B CPEIHEM Ha, MHO-
xecrBax Kapareonopu nonmHoMaMu ¢ HpONYyCKaMy, T.6. HE COIEPKAalldMy Hanepes
38/IAHHBIX CTENEHEH, & TakKe NefCTBUTENHBIMI YaCTIAME TAKAX NONUHOMOB. AHANO-
IMAYHBLIA BOIPOC 771 CIy4Yasi paBHOMEPHON annpoKCHManuu UCCneaoBanics B paborax
[10}-H15]. TIepexon k annpoKCHManuy B CPEHEM yiKe Ha MHOMKeCTBax Kapareonopu

NPpUBOINT K BBIABJICHUIO HOBLIX CHGLLI/I(i)I/I‘ieCKI/IX ocobennocreii.

2. OCHOBHBIE PE3YJ/IBTATDI

Hycrb {pn } (po = 0) — nopnocaenosarensuocts w3 Ng = {0,1,2,...} u {g,}5°
— DOANOCAENOBATENBHOCTE, NOTONHATEABHA K Py, 180 otHOCHTEnbHO No. s orpa-

nuyennoro Muoxkecrna F C X obosnauenm uepes (), HEOrDAHWYEHHYIO KOMIIOHEHTY
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pononnenua X \ F. O6osnaunm taxxke wepes H(Q) muoxecrBo Beex QyHKUMM, r0-

noMOpdHBIX HA OTKPBITOM HMOKecTBe () pacimuapennoit komnnekcuoi nnockocru C.

Teopema 1. ITycmo E — mmoocecmso Kapameodopu, das womopozo 0 € Qo, u
{pn }& (po = 0) — nodnocaedosamervnocmo us Ny, ydosaemeopaowan Ycaosuso
(1) lim sup SEN

n—000 pn

Tozda cucmema dynryud {2 }5° noana 6 npocmpancmse Hy(F), 1 <p < +oo.

Teopema 2. ITycms mmnoocecmso E u nodnocaedosamenvnocmo {p, }&° ydosaemeo-
parom ycaosuam meopemoi 1. Tozda sewecmeenmnie 4acmuy MHOZOMAEHOE TIO CUCTEME

pynruud {27 15° noans 6 npoempancmee hy(E), 1 <p < 4o0.

Teopema 3. ITyemo E — mmoocecmeo Kapameodopu, das xomopozo 0 € OF u asas-
emca docmuscumotls zpanunnot moukol das obaaemu Qo . Tozda cucmema dynryud
{2 }8° noana e npoempancmee Hy(E), 1 < p < 2 npu swnoanenuy o0noeo u3 cae-

dyrouuT Yyeaosul:

>0

1
1. Z—<+oou£l0npun—>oo,
n=1 In In
> lo n 14&
2. Z (log 4,) < 400 das warozo-aubo € > 0,
an
n=1

3. HYAb ABARETNCA GOCTNUNCUMOT ZPAHUMHOT MONKOT TPAMOAUHETHOIM OThPES-

KoM 0aa Qoo U

Teopema 4. [Tyemo mmnoncecmeo E u nodnocaedosamenvrocms {pn}§° ydosaiemeo-
parom npednososcenusm meopemv 3. Tozda sewecmeennvie Hacmuy MHOZONAEHOE NO

cucmeme Pynruyud {2 15° naomust 6 npocmpancmee hp(E), 1 <p < 2.

TIpy HEKOTOPBIX JONONHUTENBHBIX OIPAHMYEHUAX HA MHOXKECTBO F, aHATOIHYHBIX
CAYYal0 PaBHOMEPHON allpOKCHMAaluy, B TeopemMax 3, 4 npeinosoxKeHus Ha NO/o-

CHENOBATENBHOCTE {Dy }3© MOXKHO 0CHA0HTE.

Teopema 5. ITycms {p,}5° (po = 0) — nodnocaedosameasrocms us Ny, ydosaemeo-

PAOWAA YCAOBUIO

n
lim — =1
n—oo pn

?



O MIPUBJIM?KEHHMHN B CPEJHEM 85

E — mmooceemso Kapameodopu, dasa xkomopozo 0 € OF u cywecmesyem nocaedosa-

meavnocmo {2y} C Qoo makas, wmo zm,m — 0 u

(2) lim sup |27m|_ < 400,
mMm—00 dZSt(ZW“E)

Tozda cucmema ynryud {20 13 noana 6 npoempancemee Hy(E), 1 < p < +oo.

Teopema 6. [Tyemo munoncecmeo E u nodnocaedosamenvrocms {py, }5° ydosaiemeo-
parom npednoaoscenusm meopemu 5. Tozda sewecmeennvie Hacmuy MHOZONAEHOE NO

no cucmeme dynryud {20715 naomuw 6 npocmpancmse hy(E), 1 <p < 4oo0.

3. JOKABATEJIbCTBA TEOPEM

Jlorasaresbcrso reopenrpr 1. OrpanuanMest 10Ka3aTeNberBoM caydas 1 < p < 400
(npu p = 1 Hy>XHLI JUIIL TpOCTHIe n3Mmenenus). Cornacuo TeopeMad Xana—Banaxa,
®. Pucca u reopeme A nocrarodno nokasars, 4o i moboil dyskumu g € Lo(E)

(¢! +p~ ! = 1), ynosaersopsiomieii COOTHOMEHUAM OPTOMOHATLHOCTH

(3) / /E 2Prg(2)dady =0, n e No.

OVAYyT BBIIOJHATHLCS TAKXKE YCIOBUSA

(4) / /E 29g(2)dady =0, ne No.

C sroit nenbio paccmorpuM uaTerpan Komu

F(t)://E @dxd;% 2=z iy

Ouepugno, yro bysknus F € H (6\ E) 1 OI'DaHUYEHa B OKPECTHOCTH BGECKOHEYHO
yaanennoit rouku. pu |¢| > sup{|z| : z € F} ona npeacrasngerca naKyHapHbIM

panom Jlopana

= 3 —qn—1 2% g( ) dxdy.
(5) R =3 //E 502 deedy

C yuerom (1) cormacuo onmo#t reopeme T. Tlonma (cm. [17], crp. 737) sakmouaem,
aro paz (5) oupensanzer dynxnuio Fy € H (C\ {0}). o reopeme eauncTBeHHOCTH

anamurudeckux Gyakuui us (5) caenyer paBeHcTBO
(6) Fit)y=F({), t&€Quw.

Tosromy, Tak kak 0 € o, 10 110 Teopeme Jluysumng nonyaum Fi(t) = const. Orcona

u u3 (5) BriTekaoT Tpebyembie yenosust (4). Teopema 1 nokaszana.
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Hoxazarenncrso reopemst 2. Tlycrs 3anannt g € hy(E) u wucno € > 0. o reopeme B

CYIIECTBYET BEIECTBEHHBIN MapMOHUYECKIH NOJTUHOM U TAaKOH, 4TO
g —ull, <e.

TIpennonoxum, yro f rakas nenas dyuknuda, 9ro Re f = u. ITo reopeme 1 nafinerca

MHOrOuzieH s 1o cucreme GyHkuu# {27 15, nus koroporo

I = sllp <&

CrenoBarenbHo, HONYYUM,

g — Res|, < 2,

Teopema 2 noxkaszana.

Jokasaresnbcreo reopempt 3. OrpaHrIuMCst JOKA3ATENLCTBOM ciiydas 1 < p < 2 (npu
p = 1 HYXKHBI JUIbL TPOCTHIe U3MeHeHns). [IpeAnonoKnuM, 9To i IPOU3BOILHON
dyukuun g € Ly(F) (g > 2) ynosnersopaioTcs COOTHONIERNs oproronaibyocru (3).
Pacemorpum pist g coorsercreytomuii narerpan Komu F. @yokuus F € H (6\ E)
u orpanmdena Ha C B cuny orpanudenns q > 2. C ydyeroM cooTHomenuii (3) npm
[t| > sup{|z| : z € E'} ona npeacrapisgerca nakynapubiv pagom Jlopana (5).

Tax Kak npu Kaxja0M u3 npeanonokenunii 1), 2), 3), oueBuAHO BMeeM

n
lim — =0,
n—oo qn

TO, YYUTBIBas U3BECTHYIO TeopeMy Pabpn 0 eCTECTBEHHON IPaHule CTENeHHOro pAAa,
sakarodaeM, ato pan (5) onpenenser dynknuio Iy € H (C\ {0}). To Teopeme enun-
cTBEHHOCTH aHanaTraecknx Gyukuuii n3 (5) cneayer pasencrso (6). Takum obpasom,
bynarnua Fy € H (6\ {O}) orpanuvena Ha (oo W B OKPECTHOCTH OECKOHEYHOCTH
npencrapaMma nakynapubiM pagom (5). Crenosarensno, puMeHAd K Hel cooTBeTr-
creenno caydasm 1), 2), 3) pesyabrarst pabor [19, 20, 21}, nonygaem Fi(t) = const.

Orcrona u u3 (4) Beirekaror Tpebyembie yeaosust (5). Teopema 3 nokaszana.
Teopema 4 crnenyer u3z Teopembt B u Teopemsr 3.

Zlokaszarespcrso Teopembl 5: OTpannyuMes JOKa3aTenberBoM caydas 1 < p < +oo.
Tpeanonoxum, 9o A npoussoabuol dynkmun g € Lo(E) (g1 +p1 = 1) yao-
BJIETBOPAIOTCA COOTHOIIEHHA OPTOroHansrocTr (3). Pacemorpum g g COOTBETCTBY-
ot narerpan Komu F. C yaerom coorsomennit (3) 1 upencrapasiercs npu |t >
sup{|z| : z € F} nakynapubiv pagom Jlopana (5). PaccyKnad Kak Npy J0KA3aTeICTBE
Teopembt 3, nonyumm pasenctro (6), rae dynknua Fy € H (C\ {0}) u npeacrapna-

erca JakyHapHbIM pagoM (5).
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Pacemorpum reneps B 0bnactu oo Kpyru
1 . =
Dy =4t :t—2zp,] < idzst(zwwE) , m=1,2 ...
Ha nux cornacno Hepasencrsy lenbiepa n paBeHCTBY (6) BBITONHACTCH OUEHKA

1
IR = 1P < | 2 Le D,

||| <L
NS s (LR

riae nocrogunags C' > 0 me sapucuT oT m. 3amedad ele, 4To ¢ yderom (2) mmeem

HEepaBeHcTBa
. N =
dist (t,F) > 5 dist (2m, E) > Ci|zm| > Calt|, t € Dy,
rJe NMoOJOXKHuTEIbHBIC ITOCTOAHHLIC Cl n CQ He 3aBucAT OT M, INoJAYy4IuM

C.
P <=, teD,,

[t
rae nocroganas Cs > 0 me 3apucur or m. Cnenoparenbuo, npuMenss K Fi neMMy
8 w3 paboret [8], nonyaum, gro Iy apasiercs nuaeifinoft GyHKumel or nepeMeHHOH
1/t. Tlosromy ¢ yuerom (5) momyunm Fi(t) = 0 npu t € C \ {0}. Orcrona u u3 (5)
BeiTekator yenosust (4). Teopema 5 nokazana.

JokazarenscTBo Teopembt 6 cienyer u3 TreopeMbt B u teopemst 5.

Abstract. The paper presents some new results on the possibility of approximati-
on by polynomials with gaps. The approximations are done in the norm of the space
Ly, 1 < p < 400, on the Caratheodory sets in the complex plane. The lacunary
versions of some results by Farrell-Markushevich, S. Sinanian, A. L. Shahinian are
obtained (Theorems 1, 3, 5). Similar approximations by the real parts of lacunary

polynomials are given (Theorems 2, 4, 6).
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