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IMPEJIUCJIOBUE PEJAKTOPA CEPHIU

Hacrosumii Beinyck npejcraBisger coboél HoMep 8 TeMaTudeckoll cepuu, NOCRSAIIEeH-
noit Gnuskum npeaveram MHTETPAJIBHON TEOMETPUH (B cvbicie Basumke—
CantanoXaznsurepa) 1 CTOXACTUYECKON TEOMETPHH. Crarsu B 310i 06-
JIaCTH, UMEIOIINne NPUKIAIHYIO N CTATHCTHYeCKYIO IPUPOLY, NyOANKYIOTC B psjie
nepuogmyueckux uznanmnit. Oanako paboTe B TOM ke 061aCTH, TOCBAINEHHBIE MATEMa-
TUYECKOMY AHAJIN3Y, HECMOTDs Ha BOTBIION HHTEPEC K HAM, HE HMEIOT OIPEeIesIeHHOrO
NpU3HAHHOTO Mecta nybmukanuu. Hacrosimas temarnaeckas cepusi ObITh MOKET U3-
MEHHT 3Ty CHTYAIHIO.
Cnucox nybaukanuit no Marerpansnoit u Croxacrtuyeckoll Teomerpun B “M3pectusix
Axanevmun Hayk Apmenun", cepua Maremarnka, JOBOJABHO 3HauuTened. B wacrHo-
CTH, HE CYUTasd TeMATHIECKONR CEpHH, UMEIOTCA TPHU CHIEIUANBHBIX BLITYCKa (4-bie HO-
mepa 3a 1994, 1996 u 1998 roapr) nox obuuM HassanueM “Ananntadeckue Pesynbrarnt
KowmGunaropuo#i Uarerpansuoil Teomerpun". DTi TPU BBINYCKA 3ACITYKUIH CAMBIX
BLICOKHX OeHOK (Tak, npodeccop Jdurep Baym us Tpupckoro YHuBepcuTeTa NAECAN:
“Byker GiecrsIyx, BOSYATAAIONIAX aHATUTHIECKIX DE3YABTATOR ... O9€Hb BayKHbIe,
yCHEIIHbe U riyGoKne MareMarndecKne Uecaenopanua"). DT BLITYCKH COCTABAIN
XOPOIIYI0 HAYATBHYIO OCHOBY JIJisl TEMATHYECKON Cepuu.
Boinyckn TemMarnyueckol cepud He uMmeior crpororo rpadwuka. Vx nybiukanusa 3aBu-
CHT OT HAJIMYWSA W TOTOBHOCTH Marepuana. llpenycMarpuBaercs cTporas npouesy-
pa penenzupoBanusd. [11aHUPYIOTCA HECKOIBKO JONOJHUTENbHBIX COOPHUKOB CTaTel,
NpeICTaBAAoNInX ayyiiae uccnenosanus no Marerpansnoit n Croxactnyeckoil Teo-
MeTpHH, panee onyOJIUKOBAHHBIX B HAIEM JKypHAJe.
Penaknuonnas Konierns HaleeTcs Ha NOJOXKUTENbHBII DE30HAHC WHTEPHAIMOHAIIb-
HOI'O MaTeMaTHIeCKOro coobIecTsa, BKIYas npeicraBienne crarell K nyOiuKanan,
y9acTue B OPONEecce PeleH3upoBanud u T.74.. 2KypHaa roroB K Ji060My COTpyIHEYE-
CTRY, HAPDABJIEHHOMY Ha YJIyUIlEHHEe KAYecTBA TeMATHYECKON cepum.

Py6en B. AmGapuyMsan Epesan, sansaps 2008

T'naBubiit penakTop
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UHTETPUPOBAHUE KOMBUHATOPHBIX PA3JIOXKEHUI
IIPU HAJIMYNUU KOJIJINMHEAPHOCTEN

P. B. AMBAPIIYMAH

Hucroryr Maremaruxku, HAH Apmennn
E-mail: rhambart@aua.am

AnHOTAIIMA. Psan pesynsraros Kombunaropuoit Murerpansuoit l'eomerpun Boi-
BOJSITCST HHTEIPUPOBAHUEM KOMOHHATODHBIX DA3IOXKEHMH, CBA3AHHBIX C KOHEY-
HBEIM MHOXKeCTBOM Touex { P} ma maockoctu R?. Onaxo, B GombmnucTBe CIyya-
€B 5TH MHTErPUPOBAHUS BLITIOJHAIMCH JJI MHOXKeCTB Touek {P;} He comepxka-
INMX KOJUIMHEAPHBIX TPOeK. B 3TuX CIy4asx MOXKHO OBLIO MCIIOJIb30BATH XOPOIIO
M3BECTHBIA AITOPUTM, MHOTAA HA3BIBAEMBIH ‘“9eTHIPeXMHIUKATOPHOR dopMymoi”.
Ilenbio HACTOSIER CTATHLU HPOJAEMOHCTPUPOBATD, YTO NOAHbGIE KOMOMHATOPHBIN
AJTOPUTM JJIsT MHOYKECTB To4eK {F;} BHe HA3BAHHOTO OTPAHMYEHUS, OTKPBIBAST
OYTh K HOBBIM Pe3yJbTaTaM, B TOM uucie B CroxacTudeckoit l'eomerpuu. B cra-
Th€ MOJHBIH AJITOPUTM BHAYAJIE HCIOAbL3YETCS ISl HHTEIPUPOBAHMS B KOHTEKCTE
sunykAnT obaacmed ¢ nepdoparyued, T.e. BHIIYKILIX 06J1aCTel, COMePIKAINUK KO-
HEYHOE MHOXKECTBO HellePeCeKAIOIMMUXCS BBHIIYKILIX AbIP. BTOPBHIM NpUMeHeHHeM
SBJSIIOTCS MHBAPUAHTHBIE OTHOCHTEIBHO eBKIIM/OBIX JBUXKEHUH cayyatinoe pac-
KPACKY TLIOCKOCTH, OMUPAIOIIUECS HA TEOPHUIO CIYYANHBIX MHOTOYTOJBHBIX OKOH
13 TAK HA3BIBAEMOro Kiacca [A. 31ecs ucnoap3yeTcss MeTOR IPSMOTO YCPeTHEHMST
NOAHBLL KOMOMHATOPHBIX PA3IOXKEHUH 3AMMCAHHBIX LIS PACKPACOK, HAOIIOgae-
MBIX B MHOTOYTOJIBHBIX OKHAX U3 kjacca LA. Dror mogxon ocobenno sddex-
TUBEH IS CIy4ailHOHl pacKpacKH, IOPOXKIAEHHOH CIydYalHBIM HPOLECCOM MHO-
FOYTOJLHUKOB, VIPABASEMBbIM Mepoil Xaapa Ha Ipynme eBKIMJIOBBIX [IBUXKEeHHH
IUIOCKOCTH, B IPeJIOaoxKeHny, 9470 Touxka P € R? oxpamena userom J, ecau P
HAKPHITA B TOYHOCTH J MHOIOYTOJbHHKAMM IIYACCOHOBCKOI'O Ipolecca. Popmy-
IUpyeTcss o0Inasi TeopeMa OTKPLIBAIOIIAS IIYTh JJs UCIOJIb30BAHMS NPeobpaso-
paHus Jlannaca npu MCCIeJOBAHMM CIYYANHBIX PACKPACOK MHAYLMPOBAHHBLIX HA
OPSIMOJIMHEHHBIX OTPE3KAX.

Wuarerpanbuas reoMerpus; KOMOMHATODHBIE DA3JIOKEHHUS, BBIIYKIbe 001acTh C
nepdopanueil; caydalinbie packpacku; ciydaliHbie MHOTOYTOJIBHUKH; HE3aBHCHMbIE
yIuibl; npeobpasosanue Jlanaca.

1. BBEAEHUE

Muorue pesyabrarst KombGunaropuo#t Wnrerpansuoit Teomerpun [2], [5] nonyue-
HBI AHTErPHPOBAHREM KOMORHATOPHLIX PA3NOKEHEH, 1715 KOHEUHBIX MHOXKECTB TOYCK
{P;} na nnockocts R?, npuyem B GONBIIMACTEE CIYY4aeB HATEIPAPOBAHKA BBLINOIHA-

JUCH g MHOXKecTB { P} He comepKalux KOIMHEapHBIX Tpoek. B srux cnyyasx
5
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WCHONB30BAJICH XOPOIIO M3BECTHBIH AJTOPHTM, KOTOPBId HHOIJIA HAZBIBAETCH “YeThbi-
pexungukaTopuoi dopmynoit”. lenp nacrosuieél crarby - IPOIEMOHCTPUPOBATD, 9TO
noansid KomMGuraropubiii anropurs {4], [5] nus MuoxkecTs rouex {P;} BHe HazBaHHOIO
OTDaHUYEHMS, OTKPBIBAET OYTh K HOBBIM pe3yabraraM, B ToM uucie B Croxactuye-
ckolt Teomerpun.

Kparko oueprum conepzxanue crarbu. [locse onucanus NOAHOrO aaropurMa B §2,
MBI MCHOOJIb3YEM €r0 B WHTETDANLHON NeOMETPUH 8unykAnE obaacmell ¢ neppopayu-
edl, T.e. BBINYKJIBIX 00JaCcTell, CONepKalnX KOHEYHOE MHOKECTBO HETePeCeKaloNXCs
BBINYKJIBIX JIBID. DTOT PE3YJILTAT 86T BO3IMOXKHOCTh, B YACTHOCTH, PACCMOTPETH Oec-
KOHEYHbBIE COBOKYIIHOCTH HENepeceKalouXcs BhITyKIbIX 001acTell Ha NIOCKOCTH.

B zakuountenbubix naparpadax NojHbii aIropuT™M NPUMEHAETCS NJisd W3y9YeHns
CAYMATHHT PACKPACOK TIOCKOCTH, WHBAPHMAHTHBIX OTHOCHTENBHO €BKJIMOBLIX JIBH-
KeHuit. 37eCh UCHONB3YeTCH TEeOPHs CAy4YaliHbIX MHOTOYI'OJNBHBIX OKOH W3 TaK Ha-
seiaemoro kaacca IA (Independent Angles), koTophiii Brepsbie Obli PacCMOTPEH B
[6]. Breck mcnonb3yercs NpsMoe yCPeIHEHNE NOAHUT KOMOWHATOPHBIX Da3jiOKeHu,
3aIUCAHHBIX JJisl PACKPacoK B MHOIOYTONBHBIX OKHax u3 knacca IA. Tlogxon ocoben-
O 3¢ dekTrBen i CAydaiinol packpacKu, HOPOXKIAEHHON CaydafiibiM IPOECcCOM
MHOIOYTOJTBHUKOB, YODaBideMbiM Mepoii Xaapa Ha IDyNle eBKJIHJOBLIX JIBHKeHWH
[JIOCKOCTH, B IIPEINONOKeHnH, uro Touka P € R? okpamena nperom J, ecin P na-
KpPBITA B TOYHOCTH J MHOTOYTOJILHUKAaMH [TyacCOHOBCKOrO niponecca. @opmynupyercsa
obias TeopeMa OTKPLIBAIOasA NyTh JJid WCHOJL30BaHusd npeobpazoBanus Jlanma-
€A IPU MCCJIeIOBAHUEN CAYYafiHbIX PACKDACOK, HHAYIMPOBAHHBIX HA NPAMOIMHEHHBIX

OTPE3Kax.

2. TIOJIHBIT KOMBUHATOPHBIN AJITOPUTM

OcHOBHBIC IPOCTPAHCTBA HACTOATISH CTATHH:
R2 = eBknmnoBa NIOCKOCTD 1
G = npOCTPAHCTBO eBKARIOBLIX NpaAMbX B R?. O6o3Hauaem
[P] = nyuok npambix gepes todky P € R?.

Iycth PUKCHPOBAHO KOHEYHOE MHOMKECTBO TOYEK
2

Pacemorpum cieayromee OTHOLIEHHE SKBHBAJEHTHOCTH: ABE NpsMbie g1, g2 € G ne
NpHHAJEKAIIEE HAKAKOMY TIy4Ky [FP;] monaraiorcs SKBUBANEHTHBIME, €CIH OHH HH-
AYLEDPYIOT OJHO M TOXe pasbuenue Muoxectsa {P;} ma apa nogmuoxecrsa. Knacce
SKBUBANCHTHOCTH BCEINa SBJSETCS CBA3HBIM MHOMXKecTBOM B Tononoruun G, Ho ero

3aMbIKaHue He 6}’,&8'1” KOMIIaKTHBIM, eClIH OH CoOTBEeTCTBYET pa,36neﬁmo MHOXKEeCTBa
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{P;} na 0, {P;} (r.e. O B onnoit u3 noaynnockocrel u Bee Muoxecrso { P} B npyroi).
Bee ocTanbibie KAacChli SKBUBANEHTHOCTH HMEIOT KOMIAKTHBIE 3aMbIKAHHA: UX MbI
OyaeM Has3BIBATL amomamy. Knace SKBUBANEHTHOCTH ¢ HEKOMIAKTHBIM 3aMBIKAHUEEM
HasbiBaercsa neamomom. Obosnagaem

r{P;} = xonbuo noapmuokects B G, cocrodaniee u3 00bEAUHCHAN aTOMOB, 1

a{P;} = Muanmansayio anrebpy noamuoxkecrs G, conepxantyio r{F;},

Hearom comepxurca B anrebpe af{P;}. Ormerum, uro Muoxecrsa us r{F;} u a{P;}
OTIPEAENAIOTCS ¢ TOYHOCTRIO O TIy4KOB [F].
Huxke nenonn3ayem crepyionige o6030a4eHms

9i; = npAMast, npoxoasnas yepe3 roukn P u P, g5 € G,

vV = HanpaB/ieHHad IpaMas,

V;; = HalpaBJieHHas IpsiMast, npoxonsinas yepes Toukn Py u Pj, or Py x P;.
Hanpasnennas npaMas v oroOpaxaerca B g € G onepanuell cmupanus HanpasaAeHUus.
Y obparno, Kaxaol npamoii ¢ € G coOTBETCTBYIOT ABE HAIIPABICHHBIE NPAMBIE V1,
V9, KOTOPBIE 0TOOpaKaoTed B ¢ (V1 U Vo HMEIOT NTPOTHBONOJIOKHBIC HAIIPABJICHNAS ).
Bynes rosoputh, 9To npaMad g € G, me comgepxamada touek us {F;}, nonygena us
gij C HOMOIIBIO MAAOZ0 CMEWEHUA, €CTIA B ipoctpancrse G cyliecTByer HenpepbiBHAs
rpaekropus g(t), t € [0,1], g(0) = g u g(1) = g;; Taxas, 970 HU 4715 KAKOTO 3HAYEHUS
t u3 orkperroro unrepsania (0, 1) npavas g(t) ve copepxut Touek usz {F;}.

Kaace (+).

Heynopsouennas napa B, Pj npunannexur kuaccy (), €cid BHYTPEHHOCTH HDs-
MosuHeitHoro orpeska P, P; ne cogepxut todek us {F;}. Eciu napa P;, P; npunai-
sexuT Kaaccy (+), TO i UPAMOHN gi; OUPENeNsAIoTces (€ TOYHOCTBIO 10 9KBUBAJICHT-
HOCTH €MHCTREHHbIe) Majbte cmemenna g(i™ 47 ) u g(i~ jT7), KOTOpBIE OCTARNAIOT
roukd P; u P; B pasabx nosyniocKocTsx.

Kanacc (-). Heynopsanodennas napa P;, P; npunaaneut Knaccy (-), eciid BHyTpeH-
HOCTL Jonoanenus (OTHOCHTENLHO UPAMOH g;;) upsamonuueiinoro orpeska b, P; ne
conepxur rouek u3 {F;}. Ecau napa P, P; npuuagnexur xnaccy (-}, 10 nis ops-
MO#i g;; onpenensoTca (¢ TOYHOCTBIO JI0 SKBUBAJIEHTHOCTH €JWHCTBEHHBIE) Malbie
ememmenug g(it 57) u g(i” j7), kKoropwie octapnsior Touku P; u P; B onpofi noay-
NIOCKOCTH.

Hecxkonpko 3ameyannii.

1. TTonsdrre MaIOro CMEIIEHRS PAaclpOCTPaHgeT s U Ha HalpaBiednbe npaMbe. Opu-
eHTALMS UPAMBIX, IOIYYAEMbIX U3 Vi; € HOMOIIBIO MAJBIX CMELIeHuH, Onpenensercs
no HenpepbiBHOCTH. ECnu Hag ¢ uan J NOMEINATh 3HAKK -+ WIH -, TO NOJAy9aeM Ha-

IpaBJieHHbIe IIPAMBIC YeThIDeX THIIOB!
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v(it 41) ocrapnser obe Touku P, u P; B npaBoii NOJAYIIOCKOCTH
7 b
v(i~ j) ocrasnsier o0e rouku Py u Pj B s1eB0fi OIYIIOCKOCTH,
v(iT j7) ocrasnsier Touky P; B npaBoii, a Touky P; B 1€BO# NOMYILIOCKOCTH,

v(i~ j7) ocrasnser rouky P; B neBoii, a Touky P; B npaBoii NOJyniocKocTy.
Ouesnano, uro g(iT 51), g4~ 57), g(iT 57 ) m g(i~ §7) cyTh 0bBpass Tak onpeaenen-
HBIX HANDABICHHBIX NPAMBIX OTHOCHTENLHO CTUDAHUS ODHCHTAIUH.
2. Ilycrs P;, P; neopuenruposannas napa u3 {F;}. lpavan g € G aBnsercsa Maibim
CMelIeHreM UpsMOi g;; TONIA B TONBLKO TODAg, KONNa g IPHHAATIEKAT aroMy anrebpst
a{P;} rpanuna KOTOPOrO CONEPIKUT UDPAMYIO Gij;
3. Ecnu g;; ve conepxxur rouek u3 { P} 3a uckimoyennem rovex Py u P, vo napa P, P;
NPUHAINEKAT KaK Knaccy (+) tak m knaccy (-). Ecam 4ncno T09€K B MHOMXKECTBE
{P;} Gonbine Tpex, TO ¢ MOYHOCMBbIO 00 IKGUCAACHIHOCTAY CYIIIECTBYIOT B TOYHOCTH
YOTBIPE PASIMYHBIX [IPAMBIX, HONYYAEMbIX U3 ¢35 C [IOMOLIBIO MAJbIX CMEIEHR, T.e.
g(it gty glim37), gty )mglim 7).
4. Ilna moboro A € a{P;} unaukaropnas QyHKIns

1
INOERS
(9) 0, B nporuBHOM CIy4ae

ecm g € A,

NOCTOsAHAA Ha npaMmbix g € G npunasnexamux aroMmy anrebpot a{P;}. 3nagsenus

dyexuun 14(g) Ba npamex g(iT 7)),  g(i~ §7) 6ynem obozmagars
IA(Z'+7j7)7 IA(Z'77j+)
B cayaae P, Py € (+).
A na npavbx g(i7 §7), g(i” 57) gepes
IA(i+7j+) n IA(Z'77j7)
B cayaae Py, Py € (-).
5. Ecnin vukaxkue tpu TOUKEA W3 MHOXKecTBa { P} He nexar Ha OfHOE NpsMOi, TO
knaccet (+) u (-) coBnajaor.

OnpenennM BeJIMYHHBL HE 33BHCAIINE OT BHIOOpa HANPABJIEHNS IPAMON g4

(2.1) ulT(A) = Iy (P Py [Lait,57) + La(i™,57)]
(2.2) ul(A) = Ty (P P TaGt,57) + 1aGim,57)),
e

Iy(F;, P;) = 1, ecnn veynopanoyennas napa {F;, P;} npunagnexur xnaccy (+),
0 B DPOTHBHOM CIy4ae,

I_y(P;, P;) onpepenserca ananoru4no, ais Knacca (—).
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IIycTh p HHBapHAHTHAS OTHOCHTENLHO eBK/INJIOBLIX JBHYKEHIHE Mepa B IPOCTPAHCTBe
G, BOpMEpOBaHasl YCIOBHEM
p([Pr, Po]) = 2|Py, Py, rae
[P1, P2] = MHOXKeCTBO NPAMBIX, OTACAAIONIX TOYKy P o1 toukn P, [Py, P»] C G,
|P1, P2| = eBrnunoBo paccrognune Mexay Toukamu Py u Po.

TTonoxum
(2.3) uis(A) = ui})(4) — ul;(A).

OrmernM, 9TO B CaydYae KOrua npsAMas, Ipoxoiduas yepes rouku Py u P; He conep-
JKUT ApYyrux To4eK us muokecrsa { P}, To dopmyna (2.3) conurca Kk Temwpexun-

duxamoprot dopmyse, nspecrnoit u3 monorpadun {2}
(24) U”(A) - IA(Z'+7j7) + IA(Z'77j+) - IA(i+7j+) - IA(Z'77j7)'

Teopema 1. s ao6ozo muoscecmsa movex (P} C R? ¢ wucaom mouex Goavue
wem 2, u awbozo A € v{P;},
(2.5) p(A) = ui(A) PPy,
i<y
ede CYyMmMa pacnpocmpansemes wa sce neynopadovenmvie napv P, P; muoncecmea

{£i}.

Ormernm coficrso crabunbuoctu koadgdunuenron u,;;(A). Iycrs 3a1a80 KoHEYHOE

muOKecTBO Todek | P} in R?. Tonoxum
PE = p o =12,
(s)

L€ Kayk0e v; @ ABISETCA BEKTOPOM CUBHDA, U IJId KaxKJoro 4, JjmHa |v;| crpemur-
ca xk 0 npu s — 0. Bynem ropoputh, 410 aToM AG) ¢ r{Pi(S)} ABNAETCA penaurol
muoxecrBa A € r{P}, ecu moGsie ape npsvbie g1 € A®) u go € A moryr Gbith
OPHEHTHPOBAHBI TAK, YTO NPABbiE MOJYNJIOCKOCTH, O/IHA OUDAHHYEHHAdA OPAMOR g1 a
ApyTras OpaAMOR g, CONEPKAT TOYKH H3 {Pi(s)} U, COOTBETCTBEHHO, u3 {F;} ¢ onu-
HAKOBBIMH HHKHEME nHAekcamn. Muoxecrso A() e r{Pi(S)} SABIAETCH PENAUKOT
muoxkecTBa A € r{P;}, eciu 31U 1Ba MHOXKECTBa PasbuBalOTCa Ha ATOMBI, TONAPHO
0o0pasyiolre B3auMHbIE DEILTHKH.

Jemma o emaburvrocmu. Iyems A € v{P,} v A®) ecmv nekomopasa nocaedosamenn-
Hocmo penaur muodxcecemea A, s = 1,2,3, ... Ecau nodmnooceemeo {X;} C {P}
npunadaearcum npamol ne codepocawet opyzuxr mouex us mmoscecmsa { P+, mo

. S
daa m06020 evbopa GECKOHEUHO MAABLT TIocAedo8aMEALHOCTED {vf )} UMEEM

(26)  lim > u(A)XT X = 3T a(A) X, X,

{X:, X5} {X:, X5}
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ede cymma pacnpocmpanena na 2-nodmmoscecmsn Xi, X; muooceemea {X;}.
ToyuuTensno OTMEeTHTh, 9T0 HeCMOTps Ha (2.6), nuauBuayanbnbe (T.e. A4 3a0aH-
HBIX 4, §) Koabdunmentrt w;;(A®)) Moryr ne mmers npesena, npu s — 0o. Pacemor-

pUM CIeAYIONmH npumep.
Ilpumep 1.

Hycrs MaoxectBo { P} cOCTOUT U3 9eTBIPEX TOYEK, B HEKOTOPOH eKapTOBOH CH-

creMe Koopaunar I,y 3aJalibiX KaK:

P1:(070)7 P2:(071)7 P3:(a70)7a>07 P4:(b70)7 b> a.

Puc. 1
TTomommum
{X;} = muomecrso { Py, Py, Py}, npamvad, conepxaman {X;} ecth ocb-z,

A = Bce npawmsie, otnengaommue Py u Py or P u Py,

2}gs) _ 2}és) _ WA(LS) — O*BGKTOPIDL 8§ = 1727 37

pés) = (0,57') ana HedeTHBIX 3HAYEHHil NApAMETDA S,
’ 4 .

vé ) _ _ (0,s 1) JIJIsL YeTHBIX 3HaveHuil napaMerpa s.

Tlo Yerbipex naaukaropaoii popmyne
u14(A(S)) = 0 a5 HEYeTHBIX 3HAYCHHI napaMerpa s,
u14(A(S)) = +1 pns 9eTHLIX 3Ha4YeHuil napamMerpa s,
e, ui4(A®)) He mmeer npenena npu s — co. Tem He MeHee, 17151 HEUETHBIX 3HAYCHUTH

ItapaMeTrpa s UMeeM
ulg(A(S)) =0mn US4(A(S)) — +1,
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IIO3TOMY JAJ1d HeYeTHRIX 3HaYeHuH ItapaMeTrpa s, nony4vaemM

(2.7) lim Y wu(A®) = b—a.

§—00
{X:, X5}

C apyrofi cTopoHBl, JJis YETHBIX 3HAYEHUN napaMerpa s uMeeM
up3(AP)) = —1 1 ugy(A®)) =0,
u w3 (2.7) ans HeYeTHBIX 3HAYEHUIT NApAMeTDa S, BhITEKAET CYIIECTROBAHUE [TPenesa
(2.6) pasroro b — a. Camo toxaectso (2.6) TakKe npoBepsiercsi, Tak Kak
ulg(A) - O, U14(A) =0un U34(A) = 1.
B crarve asropa {1}, crabunbHOCTE TaKOTO THNA Obia HCIONB30BAHA B TEODEME O

NPOJOJIKEHUN MepbL, ¥ He Obuia chopmynupoBana Kak obmmit gaxr.

3. BAJAYA BO®OHA-CUJILBECTPA JIsI BHITIVKJIBIX
OBJIACTEI C IEP®OPAILINEN

IIycre D — orpanuyennas 3aMKHYTas BBITyKIasd OOBACTh ¢ TIaAKOH rpanunet,

v = nanpasaennas, xopaa obnactu D,

|v| = nnunea xopawt v,

[v] = MEOXKECTBO NpAMBIX, nepecekatonux v, [v] C G,

dg = uHBapuaHTHAS OTHOCWTENBHO EBKAMAOBLIX aBkenuil mepa B G (T.e. p, cm.
(2.5)),

[D] = npocrparcTBo HanpaBieHubx xops obnacru D,

dv = mepa na [D], n0kaabpHO coBnaaomasn ¢ dg.
Iycrs Cy,...,Cj, - HENEPECEKAIOIHECA 3aMKHYTHIE BBITYKJIbIE OGI8CTH, KOTOPBIE OTpe-

gensitor nepdopanuo obnacru D:
Ci()C; = Oupui#j, C;CimD, i=1,.,k

IIpennonaraem, uro rpasnna kaxaoi C; aBasgercd KyCcodHO-TVIAIKOMN.
Kaxnpiii nanpapiaenbii orpesok v € [D] mecer KOHEUHYIO TTOCHEIOBATENBHOCTE TO-

YeK
(3.1) lo, U1, w1, by, wa, ..., Ui, ug, uo,

e
lop = Touka na 0D, rue v pxonut B D,
l; = rouka na 0C;, rne v sxogut B C;, i =1, ... k,
u; = rouka ua JC;, rne v sexogut u3 C;, i =1, k,

ug — TouKa Ha OD, rae v Bexoaut w3 D,
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Puc. 2

(bopmansro, ecim v me nepecekaer 9C;, 1o [; = u; = (). ObnacTeio KOHUOE [
apngercsa see 0C;, a yron ¢ mexay v u kacarenbuoit k dC; B touke [; Mensercs B
unrepsase (0, 7). Ananornynnie saMedannd uMeroT mecto aud lp u D. O6osnaunm
yepes

dl = mepy naunet ma 0D (uwnu 0C,, i = 1,..., k), a uepes

dip = CcTaEAApTHYIO HHBAPHAHTHYIO OTHOCHTENLHO BpallleHuil Mepy Ha WHTepBasie
(0,7).

Jna xaxpoit [C;] mnm [D] umeem
(3.2) dv = sin o dl dip.

Tlycrs pnsin > 2
Vi, by € [D]

cyTh Hanpasiennbe xopapt obnacru D. Kak B (3.1), na Kaxka0#l xopae Vi, onpeie-

JICHBI TOYKH:

(3.3) l(()m)7 lgm)7 u(lm)7 lém)7 ugm)7 o l(km)7 u(km) (m)

7“0

O6o38a91M

7(g) = g N D munyc Bee xopapt g N C;, npunaaiexamme g € G,

7, = 7(g) ana g = v; (HanpaBieHUA HE UTPAIOT PONnN),

[l = {9 € G : gnm # 0} (= npambie, nepecekatomme v; sae obnacreii C;),
1=1,..n.

|7:] = cymma asuE BHHTEPBANOB, COCTORJISIIOIINE HHTEPBABL T;,

Paccmorpum crenyiomee nogMuoxectso A nz [D]:

(3.4) A= [m]n..niml
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Monudunuposannas sadana Broddona—Cuaveecmpa (cm. [2]) tpebyer nalitn kombu-

raroproe pasnoxkenue (2.5) nna p(A). Jra sanaua MeEET CMBICH, TOCKONBKY
A er{P;}, roe {P;} = o6benunenre Bcex KONNUHEAPHBIX MHOXKeCTB (3.3).

B crenyomesm naparpade, uenonbsya obmmii anroputs ang Muoxectsa { P}, Mbl
npencrasisiem koaddunuento ui;(A) B (2.5) ¢ A xak B (3.4). Caenyomum marom

OyaeT WHTerpupoBanne pasnoxennusd iy ( A) OTHOCHTENBHO IPOU3BEACHE Mep
(3.5) dvi dys ... dyy,

onpenenennoll na mexaprosou npoussesenun [D] x [D] x ... x [D]. Cnenosarens-
HO, JOCTaTOYHO uMerh QopMynbl 1t Koaddunuenton u;;(A) nua nowmu waexcdod

MMOCJIEAOBATENBLHOCTH U1 ,...,Vp,.

4. KOMBUHATOPHBIE KO2®PUIIMEHTHI 1JI51 MHOXKECTBA (3.4)

Paznenum neynopsnouennsie napet { Py, P} Touek u3 maoxecrsa { P | Ha noskaccst:

(I,u); — napw {lgm)7u§m)}, i, = 0,...,k,

l,u)s = napni {l§m1)7u§m2)} cmy £ ma, 4,7 = 0,...,k,
u,u)] — Haphi {ugm)7u§m)}, i,j = 0,..,k,

u, ) = napbt {u§m1)7u§m2)} cmy#£ma, 0,7 =0,..,k,

L)1 = mapst {1,057, 0,5 = 0, k,

(1,0)2 = maper (L™, 15"} ¢ my £ ma, 0,5 = 0, k.

Tpambiv npuMenendesM anroputMa (3.5) -(2.5) nonygaem crenyiomue kosddunuen-

Z

(
(
(
(

ThBI:
maper u3 (1, u);.
Hna Py, Py us (I,u)y, [y(FP;, P;) = 1 Torjga n To1pKO Torja, Korga obe Touku F; n

P; npunannexar rpanune 0D. Onnaxo, B nocnegneM ciydae
Ta(it, 1) = Ia(i,57) = 0,
u (3.5) cBOAMTCS K
Kaxnas napa P;, P; u3 (I,u); (¢ TO9HOCTBIO N0 HyMepaIuu Ablp) HMeeT B,
P, =1, P = ugm) /1715 HEKOTOPOTO M.

B cnyaae
Iy (P Py) =1

nMeeM
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rae MuOXkecrso [m] C G onpenengerca craenyomuM o6pasom

(4.1) [m] = () [7),
s#m
(4HCI0 MHOXKECTB NOJ, 3HAKOM Nepecedenud pasao k — 1 ) u
1.(P;, P;) = 1, eciiu P; u Pj ne na rpanune oxuoi apipst C,
I,(P;, P;) = 0, B IpOTHBHOM CJIydae.

Urak, nis kamnoil napst Py, Py us (1, v)1 nonydaem
(42) wigA) = 210(Pry Py) Lo () L (P, ).

maper u3 (1, u)a.
Hnsa xaxpol napet Py, P; us ([, w)g v nyist 0O9TH BCEX [OCTENOBATENBHOCTER V1,...,Vn

nMeeM
I(+)(Pi7 Pj) - I(*)(P’i? Pj)7

re. ui;(A) Momer Opirb HARNEHA O YETHLIPEXUHIMKATOPHONR dopMyIie.
Mycrs P, = ™), P = u§m2) NJis HEKOTOPOro my # ms. Ilpennonomxum, 4to
i #0uj # 0. U3 asyx gacreii orpeska v\"1), paznenennoro roukoii P, nycrs by
Oyner TOT, KOTOphi He BXomuT BO BHyTpenHocTh C;. AHANOIWYHO, U3 HBYX YacTed
orpeska v("2) | pazneneHnoro ToYKoii P;, nycts h; 6yner tor, KOTOPBIH HE BXOAMUT BO
suyrtpennocts Cj. Bynem nucars:

1a(P;, P;) = 1, ecim by m hjy nexxar B pasusit HOIYIIOCKOCTAX OTHOCHTEILHO gij,
0 B NPOTHBHOM CJyYae,

I (P, Py) = 1, ecim hy u hy nexar B 0010l u mod sce HOAYIIOCKOCTH OTHOCH-
TENBHO gi;, 0 B IPOTHBHOM ClIydae,

I[mhmﬂ(g) = 1, ecim ¢ npuHasnexur [my, msl, 0, B IPOTHBHOM ClIy4ae, IJe

(4.3) [my,mal = () I7s);

s#my ,ma
Tpampiv npuMenerreM GopMyas (2.5) IPHXOIEM K BHIPAKEHHIO, BEPHOMY A Kark-

JIOTO My #£ ma:
(4.4) wig(A) = Ly(Piy Py) Iy o) (935) [ 1a(Psy Py) — 1s(Pi, Py) ]

B caoyuae, P, = l(()ml) (re. P; saBnsiercst 109KON BXOAA Vi, B D), a P; kak u sbine, 10

(4.4) ocraeTcd BepHBIM DU CACAYIOIEM BUIOU3MEHEHNE ONPEICICHIA HHANKATOPOB
Id " ISI
Id(PO7Pj) = 1, eciin vy, u by N€KAT B PA3HHIT MONYIIIOCKOCTAX OTHOCHTEIIHHO

goj, 0 B IpoTHBHOM Cl1y4ae,
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I(Po, Pj) = 1, ecint vy, 1 hy nexar B 00noG u mod sce TIOLYIIOCKOCTH OTHOCH-
TENBHO goj, 0 B IPOTUBHOM Ciiyvae.
Haxonen, ecnn Py = I§™) u P; = u{™ | 10 (4.4) ocraerca pepuoii ecnn nonarats:

1a(P;, P;) = 1, eyt Uiy, U Vi, JI€KAT B PASHBLT TOTYIIOCKOCTAX OTHOCHTENLHO
9i, 0 B IPOTHBHOM Clyvae,

I (P, Py) = 1, ecimt vy ¥ Vi, J€KAT B 00H0T U MoT 9Ce NOAYNAOCKOCTIU OTHO-

CHTENBHO g, 0 B IPOTUBHOM CIIydae.

mapsel u3 (u,u)1, (u,u)2, (1,1)1 man (1,1)2.

Hna nap Py, Py w3 (u,u)y u (I,1)1 scerna nmeem [ y(P;, Py) = 0u [(y(P;, P;) = 0,
oTKyJa BbiTekaer, 4ro w;;(A) = 0. Caygan nap u3 (u,u)s, nmu ({,1); cBogATCA K
(4.4) m3MeHeHneM HADABICHUR v, TAK KaK TpU H3MEHCHUN HANIPABICHUH BHIIEYTO-

MsayTaa GopMysia He MeHAeTcs.

5. MIHTEI'PUPOBAHNIE

Wurerpuposanne dbopmynnt (2.5), sanucannoi nnga A kak u B (3.4), ¢ kosdbdunuenta-
MM, ONHCAHHBIME B [TPEALLAYIIEM Haparpade OTHOCHTENBLHO Mephl (3.5), nanoMunaer
HpONEAYPY HCHONB30BaRHYIO B {2] npu BeIBO/E HepaBencTra lneftens (cayaalt k = 0).

Huxe mbi 6}’,&81\4 HCHOJNIB30BaTE TOXKIECTBa THUIIA

/IA(g) dvy ... dv, = [4|7()|]",
[ 1@ dvs ey = @

[ (@) don i, = e,

KOTODBIE BBITIONHAIOTCS Jgist 000k npsimoit g € G, nepecekawonell Bayrpesnocts D,
U jga moboro [m] mwaum [my, ma], a Takxke o6o3navenus

(PP); = (ul)1 UU)1 U (uu) u

(PP)y = (ul)a U (112 U (uw)o.
Nurerpuposanue Mepbl 1 A).

TIpumenenunem Teopembr Oybunu nonydaem

/M(A) dvy ...dv, = /dul...dyn /IA(g) dg

(5.1) :/dg/IA(g) dvy ... dvy, /(4 [T(g))" dg.

HNuterpupoBanme cyMmbl Z(PP)I [P, Pj|ug(A).
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Hmeenm
ne 1 1 1 (1
/dul...dun > 1P, Pilug(A) = 2n/(4|7’1|) D B SRSV AN )
(PP) i<j
(I, orcyrcTByer, TaK Kak CyMMHEDPOBAHHE HMEET MECTO 1O pasiudnbiM obnactam C;,

C;). Tax kax
1 1 1 1 1 1
ST a0 T (06 L@, 16y = ),

i<g
noay4daem
n
6:2) [ dnedn Y PPlusA) = 5 [ @t an = o [ @) da
(PP)

Bemmunnaer Xj;.

Unrerpuposanue cyMMbl Y5 ppy, [P, Pjlui;(A) Moxno sanucars Kak cymmy Besu-

YHUH

Xy = / dvrecdvn Y T U ) gy g Ta (™67 = 1,07, 1572)))
mi1Fma

coorsercreytontux napam C;, C;. VinaukaTtopras QyBKOBA Iy, m,) 101 3HAKOM HH-

Terpajia 3aBHCAT OT IPAMON lgml) n l§m2). TTo cummerpun nonyvaem

(5.3)

Xij = n(n—1) / ooy (909 (a2 [ (00, 087y — L9067 | dvy dus,

rue
R _ . 1@ @
12 = T(g), Te g — IpAMas, TPOXoAAMas epes Toukn [ m L.
Hna dukcuposannbix 1o4ek {1 € IC; u Iy € OC; unTerpupys 1o ¢, P2, ¥ HCHONbL3YA

(3.2), npuxoAuM K CAEAYIOUIEMY Pe3yIAbTary

//[Id(llJz) —15(151)7151))]811‘1% sin g dipydips = —4 cos oy cos a,
00

rue
oy = yron Mexay gig u 0C; B rouke [;, i = 1,2,
pUYeM yIVibl o; OepyTes B OfHOH ¥ TOH Ke NONYILIOCKOCTH OTHOCHTENLHO NpAMOi

l1,15, Bae obnacrett C;, n Cj, cm. Puc. 2. Hrax, nonyyaem

(5.4) Xiy; = —4n(n—1) // |11, lo] (4]712])" 2 cos aq cos ag dly dls.
OC; x9Cy
e
li € 8Ci, ly € 8Cj,

T12 = 7(g12), UpAMAas g1z CONEPKUT TOUKH 1 u .
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Scno, yro B cayyae ¢ = § > 0, dopmyna (5.4) npunuMaer BEJ,

(55) Xy = — 2TL(TL — 1) // |117 lg| (4|7'12|)n72 Cos oy Cos an dly dlo,
8Cz'><801'
rae ly, lo € 0C;, npudem yrabl o, oo BHOBb Jexar pue obnacru C;.

B cnyaae : = 0 u 7 > 0 apanoruyno noaydaem

(5.6) Xoj = —4n(n—1) // |11, o] (4]712])" 2 cos Beos adly dls.
ODx9C;

e

lhedD, I, € 8Cj,

5 — yron nepecedenus obnactu 0D ¢ npamoii [y, ls B Touke [,

a — yron nepecedenus obnactu dC; ¢ npsamoii [, lo B Touke lo,
o0a yruia jiear B OfHON U TOH Ke NONYNJIOCKOCTH OTHOCHTENHHO IPIAMON, TPOXOs-
weit yepes rouku Uy, ls, npuyem yron § bepercs pryrpu obnacru D, a yron a Bre

obnactu C;. Hakonen, nmeem

(57) Xoo == —4TL(TL — 1) // |117 12| (4|7_12|)n72 COS (¥1 COS Q9 dll dlg
dDx 0D

Ijie YIUIbL (v, (o Onpenensorcd Kak B (5.5), vo aag obnacrn D.

6. OKOHYATEJIbHOE BBIPAKEHUE

Wuarerpan Cymmbl s |P;, Pj|u;;(A) paen cymme senuunn X;;, 3a1aBaemoii dbop-
mynamu (5.4) — (5.6). Tockonbky kaaccest ({u)o u (vw)s AAIOT AHATOTHIHEIE BKIAJbL,
MHTErpan CyMMBL Y pp), | B, Pjluij(A) Oyner B versipe pasa Gonbuie (cienyer us

cuMmerpun). Honygaem

k k
[t s o [ @@ +4 3 X 443 X+ a 3 Xy
0<i<j i=0 i=1
W
k k
G=m) [l ds =4 3 X+ 43 X +43 Xy
0<i<g i=0 i=1
Coxgpamas na muOXETeL (1 — 1) 4" npuxoauM K yPaBHEHHUIO, BEPHOIO IAA BCEX

penpix n > 1:

/|T(9)|nd9 =n Z / |, o] 10| ™2 cos oy cos ag dly di
O<l<78cz><801

k
1
+§ Z // |11712| |7_12|n72 COS (1 COS <vg dly dls
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+ g // |117 12| |7_12|n72 COS (1 COoS o dly dlg
dDx 0D

(6.1) +n // |11, lo] |12 "% cos Beosadly dls.

ODxdCy

s numelinocrn Beipaskenns (6.1), sakaogaem

Iy, 1]
/f (Ir(g)) dg = Z // |17 2 ' (|712]) cosay cos s dly dly

O<z<Jac
Iy, o]
+ = Z // |17 2 F'(I12]) cos ay cos s dly dl
=lgc;x0C;

Iy, o]
+_ // |172 F'(I712]) cos ay cos an dly dl

Iy, lo]
(6.2) // | L 2 ' (|r12|) cos Beosadly dls,

oD x 9

BHAYATE A/ MHOrO4IeHoB Buja f(x) = ag 2+ ...+ a,, ™. 3aTeM NpuMeHAs TeopeMy
Baiiepurpacca o6 annpoxuManuu , noaydaem, 9ro (6.2) umeer mecro njd moGok
dynkuuu [ ¢ menpepwiBuoil npoussonuoit [, m f(0) = 0. B cayuae k = 0 (Ge3
obnacreii C;), dbopmyna (6.2) ceogurcs K ypasHenuto tuna Ilneiiens nys BBIIyKIBbIX
obnacrelt uz [2], rak xak B aToM cayaae {1, la| = |T12].

O6cyxk aenue

Paccmorpum wacTHbie Ciygan
Dfz) =2z 2)flz) =0maz<anlmmz>a u3)flz) =2

B cayuae 2) f/(z) = d(z — a), é-bynkuusa [upaka cocpenoToYentas B TOYKE @

/fwmm@::mePh@z@7

rje BepodATHOCTE P coorsercreyer cayvaiinaa (B 0ObIYHOM CMBICIE F€OMETPHYECKHX
BEPOATHOCTEH) IpaAMOi ¢, nepecekatomeii obnacrs D. CnocoboM, aHanoriIHbIM Bhi-
Bony Toxpecrsa [lneitenst B Monorpadmy {3}, MOXKHO IPOBECTH OIHO HHTEIPHPOBAHTE
(6.2). 2T0 NPUBONKUT K CYINIECTBEHHLIM IPEAMYIIECTBAM.

B cayaae 1) umeem f'(z) = 1 nu

/ﬂMMMg:w&

rie S = npomasae obracrn D munyc cymma nromageit obnacreit C;. Tlpenmnonoxmm,

910 nMeetca Geckoneunoe Muoxectso obnactett {C;} na niockocrn R?,
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D = kpyr paguyca R ¢ HeHTPOM B HAYARE KOODAUHAT U

{C;}r = xoneunstii nabop uz C;, nonasaomux B D.
Banumewm (6.2) ana {C;}r u f(z) = z, pasnennm obe cTopoust na TR?, a R ycrpe-
MEM K 00. B HEKOTODBIX C/Iy9asaX He TPYAHO JOKA3ATH CYIIECTBOBARNE IPEETa JeBOR
9aCTH, €U 33aHa IIOTHOCTE NOKPBITHS Jis Geckoneanoro muoxkectsa {C; }. Torna

cnenyer CylecTBOBaHUE Npenena npasoil yactu. Ecnu yucno craraeMbix B cyMMe

{,1
Z // 11, 5] cos avg cos ag dly dls,
|712]

O<l<78cz X 8Cj

sanucanno#i ana obnacredi {C;}r umeer nopagok RY, 1o Her npenena, eciu ne na-
ararth yCIOBHWE Ha CHENHAJbHOE NOBEJEHHE HHTEIPANOB. DTO NPEJICTABIACT HHTE-
pec NpH H3YYEHHH CIy4afiHbIXx NpOUEccoB obiacTell Ha MJIOCKOCTH, MHBAPHAHTHBIX
OTHOCHTEJIBHO SBKIMIOBLIX NBHKEHUM, TIe ¢ BEePOATHOCTRIO eIuHuIa 00JacTH He 11e-
pecekatorcs. (Konkpernbifi ciygail takoro nponecca, korga see obmacru C; cyrb
eNMHUYHBIE KPYTH, ObII0 paceMoTpeno B |3].)

Cayuatt f(z) = z? npencrasaser ocobbifi nuTepec nockonbky unrerpan [ |7(g)* dg
OKa3bIBaeTCs NponopuuoHansubiv Heotonosckomy norennuany (Newtons Selbstpo-
tential, {8]) onroponnoi nepdopuposannoit naacrunku D\ C;. Tlorernuan Bepaxka-

ercd Kak CyMMa J0CTaTO4vYHO IIPOCThIX ,ELBOI‘/iHbIX HHTerpanon.

7. CJIVHATMHBIE MHOTOYTOJIbHUKA KJIACCA 1A, [5]

Huxke nenonn3ayem crepyionige o6030a4eHms

D = npOCTPAHCTBO OrPAHHYEHHBIX BLITYK/IBIX MHOIOYIOALHHKOB B R2,

D = orpanuyennbifi BLITYKAbIHA MEOroyronbauk B R? (snement npocrpancrsa D),

P = Beposraocrnas mepa B D.

Tlo onpesenennio, ciyJdaiiibii MEOIOYTONBHUK €CThH U3MEpUMOoe oTobparxenne A:

A = 0T0Bparkenre HEKOTOPOTO BEPOATHOCTHOIO POCTPAHCTBA B IPOCTPalcTBO D.
Jna no6oro cay4afinoro MHOrOyroibauka A ero BepodarTnocTHOE pacnpenenenue P
OTIPEAEACTCH KaK 6EPOAMHOCTIHAA MEPA UHOYUUposannas na D.

Hanuy HeCKONbKO npuMepos orobpaxenuit A (T.e. (iy9alfHBIX MHOTOYTOJIBHUKOB).
TIpuMephb! OCHOBBLIBAIOTCS HA NOHITHN

{gi}» = cnyuaiinbii NyacCOROBCKRH IIPONECC NPAMBIX Ha R?, yapaBiaseMblii Mepoi
Adg.

THonsitre {g; A mmpoko uzsecrno B Croxacrnveckod reomerpun (cm. [3]). Hpocrpan-
CTBO CYETHBIX MHOMKECTB {¢; } BMECTE ¢ BEPOATHOCTHBIM paclpeienenueM {g; } aaer
HeoGXOIMOe BeposATHOCTHOE npocTpanctro. B TIpumepax 4,5 Mbi HCIONB3yeM HEKO-

TOpbIe OYeBHAHbIE MOTU(UKATNH HTOr0 BEPOATHOCTHOIO TPOCTPAHCTBA.



20 P. B. AMBAPIIYMAH

Tpeanonoxum, uro R? najesena 1eKapTOBOH CHCTEMOH KOODIHHAT H 0003HAYNM
{D;}» = cayuaiinoe MuoxectBo MEOrOyroasuaukos D; na koropoie {g; }x pastu-

BAET I1JIOCKOCTh.
Ipumep 2. Tunummsill MHoZoY20ABHUE 636cwentbill No naowadu 6 {D;}x.

Taxo#t cayualiubiii MHOMOYTONBHEK onpejensiercs (em. [3]) kak
Ay = mporoyroasruk 13 {D;},, nakpeisatommit avano koopaunar O,
C pepogTrOCTBIO 1 Takolt MEoroyronsauk B {D;}y CYIIECTBYET, NPEYEM CIUHCTECH-

HBI.
IIpumep 3. Tunumsiil muozoyzoavnur ¢ { D, 636ewennsidi no daune nepumempa.

Taxolt caygafiabiii MHOrOYTrONBHUK MOXKHO HOCTpouTth (CM. {3]) cnenyrommm obpasom
Ay = OnuH B3 MHOTOYTONBLHUKOB Ha KOTOPBEE A pasbupactcsa OChIO T,
C pepoATHOCTBIO | CYMIECTBYIOT ABE TAKHE KOMNOHCHTHL Bepem Ty, BHYTPEHHOCTH

KOTOPO# TOTHOCTBIO JIEXKUT B NOJyIockocTr y > 0.
Ipumep 4. Tunummndi muozoyzoavnur 6 {D; )y 636ewennsidl no wucay sepUIUN.

Moxer 6birh nocrpoen (cm. [3]) caenyrommam o6pazom

Aj = 071Ha U3 MHOTOYTONBHBIX KOMIIOHEHT, Ha KOTophie Ay paszbusaer gg, rue

go = HezaBHCHMAas Chaydalinas npsmMas, IPOXOAlas depes Hadano xkoopaunar O
1 0bpazyIas yroja ¥ ¢ ochlo ,

¥ = cny4adBHBIE YroJ € NJOTHOCTBIO paclpeieieHus %sinwdw Ha WHTEpBaJE
(0,7).
C sepograocteio P = 1, mporoyronsuuk Ao pasbupaercs NpaMoil go Ha OBe KOMIO-
HEHTHI, IpuYeM B Kauecrse Ag Mbl O6peM Ty U3 KOMIIOHEHT, KOTOPast HMeeT CTOPOHY

Ha NOJAyTIockocTH x > 0.
Ipumep 5. Tunuumsts muozoyzoasnur 6 {D;}x.

Takofl ciayualinbiii MHOPOYTONBHUK MOKeT ObiTh IOCTPOEH caeyIomus obpasom (CM.
[3]). Pacemorpum

I = DAaBHOMEPHOE CJy4alHoe BPAIIEHHe IIOCKOCTH BOKPYT Toukn O,

rgo = 00pa3 npamo go (cm. Tlpumep 4) orHOCHTEILHO BpAllEHUA T,

rz = ofpas OCH & OTHOCHTENHHO BPAIIEHUs I
Mpenuonaras, 9o ¢ 1 Ay HE3ABUCHMDBL, [OJLY9aEM

A = uacTh MHOrOyronbHEKa A, pasjeneHHas OpsiMOi Igy U OCBIO TZ B HOJY-
riockoctu > 0,

P, = sepoarnocrhoe pacnpenenenue nas Ay.
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CsoiictBo TA.
Onpenenum HeCKOIBKO DYyHKIHH, ONpeJeieHHbIX B ipocrpancree D:
H = pnuna nepumerpa muoroyroasuuka D,
[|D|| = nnomans muoroyronsauka D,
[D] = MHOXKeCTBO IPAMBIX ¢, HEPECEKAIOIUX MHOIOYTOALHIK D),
ay = cTopoHBI MHOTOYrOAbHEKa D, |ag| — anuna croponst ay,
N = uncno ¢cropon MHOrOyroasuuka D,
> Fllag]) = cymma snagennit dynxuuu F(x), onpenenennoi na (0, 00).
Ecnu na D 3anana seosirnoctras mMepa P, 1o a1y GyHRIUYE CTaHOBATCS CiyYafiHbIMu

penmuunaMu. Mbt Becerna Oyzem Tipennonararh, 94To

(7.1) Hy — /HdP < o0,

C gax o6 BepogrrocTHOB Mepolt P na D, ynosnersopsiomeit yenosuio ((7.1)), acco-
nupyeM apyroe "BeposTHOCTHOE NPOCTPAHCTBO:
D x G = npocrpancrso nap (D, g), tne D eDn g e G,
HaJEJIEHHOE BEPOATHOCTHON Mepoil
(7.2) 7 Toi(o) P ds,
rie
Ip)(g) = 1, ecnim g € [D], 0 B nporusnom ciayyae (uuaukaropnas QyHKms).

OrmeruM, 9o u3 (7.2) BhITEKAET

1

O6o3naunm yepes E maremarnveckoe oxunanne. Orobpakenne

(D, g) — (X, ¥1, ¥2)

onpenenser Ciaydaiubie BeJImIiHbL
x = anuny xopast DN g,

1, Y9 = nBa yIjia nepecevenus npsMoli g co CTOPOHAMH MHOIOYIoJbHUKa 1.

Ounpegenenne 1. Cayuaiinwd muozoyzosvrurs D (uau ezo sepoammocmnoe pacnpe-
deaenue P ) npunadaescum waaccy IA (independent angles), ecau ycaosue (7.1) evi-
NOAHACTNCA U CAYLATNDBIE BEAUNUNDL X, V1, V9 — Hesasucumb. Ireusasenmuo P € TA
mozda u moavko mozda, Kozda das aobwx mper dynxuud f1(x) (onpedesernnod na

(0,00)), falz) u f3(z)(o6e onpedeaern na (0, 7)) umeem

E f1(x) f2(41) f3(¥2) = E fi(x) Ef2(v1) Efa(42).
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Onpenenum caygafinbiil OTPE30K 81 CAEAYIONMM 06pa30M: CHAYa a CTPOUM Deann3a-
U0 MEOrOYroJsuuka D ¢ BepOsATHOCTHBIM paclpeieieHnemM Hio dPy, rae

H = pnuna nepumerpa muoroyronsuuka Du Hy = EH,
a 3areM BuIOMpaeM

$1 = cayyalinas cropona MHOroyroibauka D, BoiGupaercs ¢ BEpOITHOCTHIO %
Onpenenum ciygafinbiii OTPe30K Sy: CHaYala CTpouM peanuzannio, D Boibupaem c
BEPOATHOCTHBIM PACHpPEIe/IeHIEM NﬂodP A, Ize

N = gncno cropon muoroyroisauka D u Nog = EN,|
a 3areM BuIOMpaeM

Sy — OJHA U3 CTOPOH MHOroyroibauka D, BeiGHpaercs ¢ BepOSTHOCTHIO %

Creaytommas reopema Obliia noKazana B [5]:

Teopema 2. Caynains muozoyzosvnur Ay (em. [5]) npunadaencum raacey IA u

umeem caedyrougue ceolicmea

1) X — IKCNOHEHUUAALHARA CAYMATNARL BEAUNUNG ¢ NAPAMEMPOM 2\,

2) 11,12 — B30UMHO HE3ABUCUMBLE 00UHAKOBO PACTIPEICAEHHE CAYNATHBIE Y2adl C
1 .

NAOCTHOCINDH0 5 Sin Y dip,

3) Caynatinas seaununa |s1| pacnpedeaena ¢ naommocmoto (2X)? v exp(—2Av) dv,

4) Caynatinas eeaununa |Sa| pacnpedesena IKCNOHEHYUUAALHO € NAPAMEMPOM 2.

8. CIVUAMHBIE MHOT'OVI'OJIbHBIE PACKPACKU IIJIOCKOCTU

Yenosumes rosopurk o usere J, J = 1,2 ... Torga MHOMOYrojibHas PaCcKpacka
C(P), P € R? onpejensercs Kak neio-30a4nas (GyHKIHE, C HOCTOAHHBIMA 3HAYCHH-
AME BHYTPH MHOTOYTONBHEKOB. Muoxkectso rae C(P) He onpeseneno, Mbl Ha3biBaeM
dbpeiiMom u Oynem obo3HaYATH

OC(P) = (cuerHoe MHOXKECTBO) NPAMONUHEHHBIX OTPEIKOB, DasAeIAIONEX Pas-
nuuHbie nBera packpacku C.
VY370M Ha3bIBAeTCd TOYKA B KOTOPOH nepecekaiorcs 0o Kpafineli mepe nsa dpeiiM—
orpeska. OueBunno, yro 0C HE CONEPKUT Y3NO0B U3 KOTOPOrO HCXOANUT TONLKO OfUH
dpeliM—0oTpesokK.
Canyuaiinas MHOTOyroJibHas packpacka C spisercs ciaydaiinoli dynknueir, peasin-
3alMy KOTOPOH C BEPOATHOCTHIO 1 ABJSIOTCS MHOMOYIOJIBHBIMH pacKpackamu. De-
pPOSTHOCTHOE pacnpejenenue ciaydaiinoll packpacku C 6ynem obosnauarh depes P
(ne cvenmBarh ¢ Py us npeapiaymero naparpada). Hononaurensno tpebyem, 910
¢ BEPOSITHOCTBIO eAMHUIEA, BHYTPH 1106010 aucka dpefiv 0C NonKeH COCToATh U3

KOHEYHOI'0 MHOZKeCTBa Hpi[MO.HPIHefIHbIX OTPEe3KOB MIIHN 3KBHUBaJCHTHO, YHUCJIO Y3J0B
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B KayKJOM JUCKe JIOJKHO ObiTh KOHeuHo. (OTCIOHa Cenyer, YTO MHOMKECTBO Y3JIOB
MHOPOYTONBHON packpacku 0C ABISIETCs TOYEYHBIM TIPOHECCOM Ha TLIOCKOCTH.
O6o3naanm

M = rpynny Beex eBKANAOBLIX JABUIKEHUH TI0CKOCTH,

MC = peaynbrar peficrBud eBkanaosa gpuxkenns M € M na packpacky C.
Canyuaiinas packpacka C M-unBapuana, eciin BEPOSITHOCTHOE PACHPENENEHHe pac-

gpacku MC ne zapucur or M € M.

Puc. 3

8.1. Ilpumep M - maBapmanTHON packpackm. Ilycrs

{D;} = M - unBapuanTHOe CIy4aliHOe MHOMKECTBO BBINYKJIBIX MHOTOYTOJILHUKOB,
T.€.
TOYEYHbI TPOIECC B OpocTpancrie D OrpaHWYeHHbIX BBITYKJILIX MHOIOYTOJTBHUKOB
Ha naockoctn R,
Byaem roBopuTh, 4TO TOYKa Ha miockoctd R? mmeer nper J, eciu ona HAKPLIBAET-
¢ gucnoM J — 1 pasupix (OTKPBITHIX) MHOIOYTOJNBHAKOB B3 CIy4aiinoro MHOXKECTBa
{D;}. CoorBercrBytomyio ciyuainyio packpacky C Oynem HaswiBath Oynesoil. Jact-

HBIH cny4alt

(8.1) {D;} = {M;A:},
e
A1, Ag, As.... = nocneaoBaTenbHOCTh HE3aBHCHMBIX U OAMHAKOBO PaCHpesereH-

HBIX CJIy9alHbIX BBIIYKJILIX MHOIOYTOJILHUKOB,

My, My, Ms.... = M-unBapuanTHbIH IyaCCOHOBCKHH TOYEYHLIH IPOLECC HA IPYIIe
M, ynpapnsiembiiit Mmepoii dM |

dM = mepa Xaapa na rpynne M,
HA3bIBAETCA NYCCOHOBCKOHN Monenbio. Ona M - uHBapuanTHa U C BEPOATHOCTHIO €11~

HUALE ee y3abl uMmeroT tunst X una V:
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ysen tuna X — NEpeceueHue ABYX CTOPOH ABYX PasjildHbIX MHOIOYTONLHUKOB M3
(8.1),
y3en tuna V = BepUIMHA MHOrOyronbuuka us (8.1).

O603naunM yepes J MHOXKECTBO IOCIEN0BATENIBHOCTEN IBETOB
J={(J,Jo,...., J.)}

(r ne GukcupoBano), 06 JAIONIIX CBORCTBOM, YTO JIJid KayK A0H IH0CIEI0BATENbHOCTH
(J1,Jo, ..., J) muomectso J copepxur obpaTnyo nocnenoBarenbrocts (Jy, Jr_1, ...,
J1). Ilng 3a1aHH0T0 HANPABJCHHOIO TECTOBOIO OTPE3Ka S Ha IIOCKOCTH, B 38/ aHHOT0
MHOXKeCTBa J, paccMoTpuM cobbitre (= MHOXKeCTBO peanusanuit 6ynesolt Mmonenu C)

Aj(8) = nocnenoBareIbHOCTL [IBETOB, WHAYIWPOBaHHAA [1YaCCOHOBCKOH OyneBoit
mozpensto C na orpeske s siexut B J, 9710 cobbiTHE HE 33aBUCHT 0T BRIOODA HaNDABIEHUs
OTpE3Ka 8.
Teopema 3 B §9 dopMmynEpYercst IPU NPEANONOKEHUE O CYIIECTBOBAHUN HEKOTOPBIX
NJIOTHOCTEN U NAaJbMOBCKUX pacupeiesieHnii.
IlnoTHoCcTh p1 M pacnpeneiaeHue Ilaabma 11,
Jlnsi 3a1aHHONO BRIIYKIOTO MHOPOyTrOnbHEKa D) niycrs

a1, Az = 2B PA3WYHBLIE CTOPOHBI MHOrOyronsuuka D,

dly C a; u dly C a9 = npa nuHeHHLIX 3716eMenTa ToUKY [ wau o (Wnin ux AAUHLbL),
u cobbrras, ¢ = 1,2

(dl;) = {0C : B OC cymecrsyer onun ppeiiM—0Tpe3oK, nepecekaommuii dl; }.
Huxe mbt pacemorpusm M-unsapuanthbie ciayvafinbie packpackn C, pacupeienenust

KOTOPBIX P y1i0BAeTBOPAIOT CHAEAYIONIEMY YCIOBHIO:

(8.2) P[(dly) N (dlz)] = p1(h1, 2, x) dly dla,

Iie p1 — HEKOTOpad NJIOTHOCTL pacipesenerns,
X = X0paa MHOrOyroisauka D, coenunsiomasn touku i, lo,
1, Y9 = yIUIbI Ha KOHUAX X, KOTOphIe onpeaendAtorcd Kak B §7. Tlonoxum
IT; = pacnpenenenue Ianbma coorsercryiomas cobbiruio (dly) N (dly),

Hanomuum (cm. [3]), aro pacupenenenue Tanpma T1y onpenensiercs ypaBHeHneM
(8.3) P((dly) N (dl2) N Al = p1(31, P, |11, 1) T (A) diy dia,

HMEeT MEeCTO JJis JOCTaTOuYHO IUpokoro knacca cobwituit A. THoguepknem, yro Iy
onpeneneno 1o orromenuio k D, tak kax dly, dly npunagnexar 0D. B cuenyomenm
naparpadge D O6yner oqHON W3 HHTErPUPYEMBIX [EPEMEHHBIX.

IlnoTHoCTh p2 M pacnpenenaeHue Ilaabma I,

Hns Toukn z, 3a4aHHOI BO BHYTPEHHOCTH MHOroyrojasuuka D, oboznaunm

dz = snemenTapuyio niomaak BOMUsKH 2 (nau I0CKyo Mepy Jlebera)
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(dz) = {C : C mmeer B TOYHOCTH OIMH y3el, Jexamui b dz},
Jna croponst a muoroyronnpauka D u [ € a, coberrue (dl) onpeneneno kak Bbile.

Mg HaknaapiBaem #Ha P aononsurenbHoe yeioBue,
(8.4) P(dz) N (dD)] = palz,1, ) dz d.

rie
(2,1, %) = mekoropasa GyHKIMA IIOTHOCTH,
1 = yroJ nepecevyenms CrOPOHBL & ¢ NPAMOR z, [
U TpebyeMm CylIeCTBOBAHNSA
IT; = pacnpenenenne anbma, coorsercrsyiomas coberruio (dz) N (dl) (sasucar
or D).

IlnoTHoCcTh p3 M pacnpenenaeHue Ilambma Ils.

MuI nanaraeM Ha P pononnnTenpHoe yCIOBHE, KOTOPOE HMEET CHeAYIOMui B
(85) P[(dzl) n (dZQ)] = pg(zl7 22) dz1 dzs,

rae p3(z1, 29) — HEKOTOpas DYHKINA IIOTHOCTH, B TpebyeM CyIIeCTBOBAHEA

I3 = Pacnpenenenne ansma, coorsercrayomiee cobuiruio (dzq) N (dza).

9. VCPEJHEHUE

Ilycrs Bomykabtit muoroyronsauk D € D dukcnponan. Pacemorpum M-unBapuan-
THYIO CHy4afiHyr0 MHOIOYrONBHYIO packpacky C, yHAOBHETBODSIONYIO TIPEATIONOKe-
HUSAM TpeAbLIyIIero naparpada u 0603HaunM

Z; = yanwt packpacku C, npunagnexainue intD,

Y; = roukn, rue 0C nepecekaer 0D,

X; = Bepumab MEOrOyrOnaLHuKa 0D,
st IpOCTOTEE PEATIONONKUM, YTO ¢ BEPOITHOCTLIO 1, Z; He 0bnasaioT KoJLiuHeap-
HeME TpOfiKaMu. OAHAKO aHANOIMHYHOE YCIOBUE Ha Y; HE BBINOJIHAMO.

Hns pansoit J u peanuzanun packpackn C, onpenenum
A = A(C,D,J) = xopast x MuEOroyronsauka D ¢ nperamu B J,

(zaBucumocts or C 03navaer, 9r0 A ABISETCH CaydalfHbIM MHOXKeCTBOM x0pi). Io-
Jaraem

B = An[DJ.

MoxkBO nokazarb, 9ro mis awboi J, ¢ seposraocteio P = 1 coorpercreywmasn B

YAOBIETBOPSAET YCIOBHUIO

B erx{P}, rne {P} = {Z;} U{Y;} U{X;}.
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Wrak, nna sapannoro J, pasnoxkenne (2.5) ang coorsercrayomero coboirust B nmeer

MecTo ¢ BeposaTHOCTEI0O P = 1. B nonsarasix 0603HaYEHUAX,

wB) = /IA(Q) dg

(D]
=3 > wg(B)IP P+ Y wi(A) Y5, Y
ar P;,P;car (Yy)
(9.1) + > wig(A) | Zi, Zi) + > wig(A) Y, 21,
(22) (Y Z)

e
(YY))* = MHOXKeCTBO HeyNOpsJOYeHHbIX nap Y;, Y, He NPUHA/JIeKAIHX Ay,
D a, — CyMMa IO BCEM CTOPOHAM aj MHOTOyronbuuka D,
¥ UPesuonoKuM, 4ro Muoxkecrso { P, P; € ag} conepxuT HEyNOpsALOYeHHbe Haph
KOHIIOB X1, X2 CTODOHBI aj a TakxKe HeynopsAjnodernsie napst tTana Xi,Y; u Xo,Y;,
npudem Y;, Y € ag.
Haunem uarerpuposath (9.1) OTHOCHTENBHO BEPOATHOCTHOTO pacupesenenus Py x P,
e
P, = BepoarHOCTHOE pacpeseieHne CIy4ainoro Muoroyronasaaka Ay (eu. §7),
P = peposrrocraoe pacupenenenne nekoropoii M-unpapuanrtnoi packpacku C
npuyem E Gyner obo3nagars MareMaTHdeckoe OXKUJIAHNE.
Vepenasa nesyio gacth dopMynbt (9.1), nonygaem npeobpasopanue Jlannaca Gynk-
Jivaac]
P(J,z) = P(A;(s)), x — nnuna orpeska s.

Hans nroboii upamoit g € [D] nveem

[ 140 = PLs(0), x = Drig
CrnenoBarensHo,

E/ 9)dg = // dgdP,\/IA(g)dP

(9.2) // P(As(x))dgdPy = 2>\HO/P (J,2) e " dx,

nprUYeM NociesHee paBeHcTBo cuenyer u3 Teopemsr 2.

Taxxe u3 Teopembl 2 crenyer, 9TO HHTETPUPOBANTE CISAYIOMEro ciaraemoro s (9.1)
BHOBb HPUBOAMT K ripeobpazopanuio Jlamnaca. V3 4) Teopembr 2 nonyyaem

EY 3 wy(B IPMPIf/HdP Z'a"“'/dP > uiy(B)|P, Py

ar P;,Pjcay P, Picag
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(9.3) = (2\)? Hy / ze AR, da,
rae &, 0bo3Radaer CaysaiiHylo BEeNWINHY, ONPENEICHHYIO T TECTOBOTO WHTEPBANA
S Ha NJI0CKOCTH, |$| = z n nmeer Bug (cM.(2.3)):
&= —Is(s) + D Us(s1) + Is(so)] i, 24,
wg,25€(+)

rae (cm. Puc. 4)

13(8) = unpukaropuas dyukuus cobbirus Ag(s),
T;, Z; CYTh HEYNOPsJOUeHHbIE Iaphl H3 MHOMKECTBA

{z;} = KOHUBI Y1, Y2 OTPE3KA S IIOC KOHEYHOE MHOXKECTBO To4ek 0C' NS,
npuyeM s 3aJaHHOR napel 25,2, € (+)n k=1,2

S — OTPe30K ¢, Yk, S C 8, e

¢ = LEHTD OTpesKa Zj, Tj.

Puc. 4

Tanee, cornacno anroputmy (2.4), nonygaem

E > |V, Yj|uy(A)

(VYY)
— [ [[ 1t a1y w1 dty i
l<%z Xaj

rie
Uy = (A () + (As(x 1) — Th(A7 (x 7)) — (As(x ™)),

x = xopaa l1,ly muoroyronsauka D,
1, 19 = YIIBIL, NOM KOTOPLIME X0paa X nepecekaer 0D B roukax [y, lo,
X = xopzaa muoroyroabnuka D, nonydennas MasbiMi CMEIIECHEAME XOPALL X,

A3(xT7) = cobuitue “xopaa x T umeer nper B J",
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coberrua Ag(x 1), As(xT1) u As(x ) onpenenaiorca ananornano. KomGunanuu
3HAKOB -+ WM - OTHOCHTCH K ToukaMm [, .

Wcnoneaya fAxobuan

x|
diydly = — 2 g
L sin 1)y sin g 9
noay4daem
v,y
4 E Yi, Yilug(A) = [ dP 2 S —)
O B Y WaYlus(d) = [Py [ P prlralx) oo
(Yy)=* D]

Teopema 3. Beaununa V1 3asucum moavro om yza06 ¥1, o meacdy xopdot x u 0D
6 mowkaz l1,lo. Hoomomy no Teopeme 2, unmezpuposanue no dPy dg e ypasuenuu

(9.4) MOMCHO 3aMENUMD UHMELDUPOSAIHUEM ¢ NAOTHOCTIBIO

HoA
(9.5) TO e 2\ sin oy sin 4y dy diby dib,
mo ecmb
HoA 2 —2xx [/
9.6) B Y V5, Yyluy(A) = == [ xPe x| [ pu(wr, e, x) Wi diby din.
Yy)= 0 0

Tlpencrasnenus npeobpasosanus Jlannaca ananoruynsie Teopeme 3 Takike UMeEOT
mecto ornocurenbao enuaun B ;o0 wi(A) |2, Z; | n By 7y uig(A) [V, Z4]. Do
JAeT BO3MOXKHOCTE 0Opatnenns npeobpasosannd Jlannaca dyaknau P(J, [x|). B apy-
roff crarhbe, aBTOP HAMEPEH AaTh NOKHOE HOKa3areiberBo Teopembl 3 u ee aHanor
ana B3 ;0 wii(A)|Zs, Z;| m EY Sy 5y uij(A) Y3, Z5], a Taxexe nposemoncTpupo-

BaTb, YTO BhLIYUCJICHNe UHTErpajonB BUa

//|X|2p1(¢17¢27|X|)‘I’1d¢1d¢2
00

MOXKET OBITE AOCTOTYHO 3P DEKTUBHBIM.
VIHrepecHo BBISICHUTE, KaK JANeKO 9TH Pe3ynbTarhl NO3BONAIOT NPOIBUHYTE B 38~

nade naxoxaennda Gyakuun P(J, 2), B caydae nyacCOHOBCKHX CYYaliHbIX PACKPacoK.

Abstract. Many results in Combinatorial Integral Geometry are derived by integ-
ration of the combinatorial decompositions associated with finite point sets {P;} given
in the plane R?. However, most previous cases of integration of the decompositions
in question were carried out for the point sets {F;} containing no triads of collinear
points, where the familiar algorithm sometimes called the "Four indicator formula"can
be used. The present paper is to demonstrate that the complete combinatorial algo-
rithm valid for sets {P;} not subject to the mentioned restriction opens the path to

various results, including the field of Stochastic Geometry. In the paper the complete
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algorithm is applied first in an integration procedure in a study of the perforated
convexr domains, i.e convex domains containing a finite array of non-overlapping
convex holes. The second application is in the study of random colorings of the plane
that are Euclidean motions invariant in distribution, basing on the theory of random
polygonal windows from the so-called Independent Angles (IA) class. The method is
a direct averaging of the complete combinatorial decompositions written for colorings
observed in polygonal windows from the TA class. The approach seems to be quite
general, but promises to be especially effective for the random coloring generated
by random Poisson polygon process governed by the Haar measure on the group of
Euclidean motions of the plane, assuming that a point P € R? is colored J if P is
covered by exactly J polygons of the Poisson process. A general theorem clearing
the way for Laplace transform treatment of the random colorings induced on line
segments is formulated.
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Epesanckuit rocyrapcTBeHHbIH YHHBEPCHTET
E-mail: victo@oua.am

AnHOTAIIMsA. Hacrosimas craTbs sBiasieTcss 0630pOM OCHOBHBIX PE3Y/JILTATOB B
CTOXACTHYECKON reOMeTPUM HA IIOCKOCTH, HOJYYEHHBIX €PEBAHCKON MCCIeS0Ba-
TeJILCKOH Ipynno#, . B yacTHOCTH, Pe3yIbTATOB, KACAIOIMUXCS BTOPOIO MOPSIKA
CAy4alHBIX FeOMETPHYECKHX IPOIECCOB, MOJIYYEHHBIX METOJAMM MHTEIPUPOBA-
HUST KOMOMHATOPHBLIX PA3I0XKEHUN M MHBAPUAHTHLIM BJIOXKeHueM. s Hacrosine-
ro 0630pa Opinu BHIOPAHE! PE3yABLTATH, Kacaromuecs Tomorpaduun (mmu crepeo-
JIOTHHM) CJAYJafHBIX DPOLECCOB NPAMBIX, CHYYARHBIX MO3AMK M OyJIEBBIX MOAENei
(He 06s133TeNBEHO MyACCOHOBCKHUX ) HA IMIOCKOCTH. DTH PE3YNbTATH HOJYIEHb IPH
IPeNOI0XKEHUH WHBAPHUAHTHOCTH WM OTHOCHTENbLHO Ipynnbl T mapasureabHbiX
[IePeHOCOB, MM OTHOCHTENbHO I'pynnbl M eBKIHMIOBBIX ABMIKEHHH IJIOCKOCTH.
B xasx0M u3 ciIydaes M3Y4ATCS MAaPKHPOBAHHBIE TOUEUHBIE IIPOIECCH] Tepece-
venuit { P, ¥;}, MHAyIMPOBAHHBIE HA TECTOBOH MPAMOM CJIy4aliHON CTPYKTYDOH,
rae {P;} ecTs TOYEUHBIN MPOLECC TepecedeHuil, HHYIMPOBAHHLIH Ha TeCTOBOM
OpsiMOi HANPABIEHUS <, a Mapka V; ecTh yroia, moJ KOTOPHIM IPOMCXOJUT IIe-
pecedenue B Touke P; ¢ TecToBO# mpsMoil HAanpasaeHus «. B ciayuae cayuaii-
HOTO IPOLIECCA NPSAMBIX, 9TOT MOAXOJ OPUBOAUT K JuddepeHnuaIbHbIM COOT-
HOIIEHUSAM MEX/[Y COBMECTHBIMHU DACHpeJeIeHUsIME YHCIa TOYEK IepecedeHuit,
BOZHHUKAIONIHUX HA HENEPECeKAIINUXCS HHTEPRAJIAX TECTOROH NpaMoil, uMeromei
HAIPaBJEHUE (¢, ¥ HAJbMOBCKUMU BEPOSTHOCTAMH IEPBOI'O M BTOPOI'O HODPSJI-
KOB TeX 2Ke COOBITHIl. AHANM3 5TUX COOTHOIIEHUH [aeT YCIOBHS IIYACCOHOBOCTH
n—MepHBLIX pacupejeneHuii Jius awodoro n > 1. B ciyyae caydaliHbBIX MO3AUK MO~
JIYYEHO PACIPeNeseHNe JIUHbBl TAK-HA3bIBAEMOr0 THIMIHOTO pebpa HAIpABIeHU S
' B TEDMUHAX BEPOATHOCTHOI'O PACIPEIeIeHHsT COOTBETCTRYIOINEr0 MAPKUPOBAH-
poro Togednoro npouecca { P;, ¥; }. 9ro xacaerca cuaygaitubix M-uHBAPUAHTHBIX
OyIeBCKUX MOJesel, HACTOSINUHA 0030D BKAIOYAeT ONUCAHNE METOJA, OCHOBAHHO-
ro Ha CYMMHPOBAHMM TOXKJECTB THHA l[lneilens nas peanuzaluyu BHYTPH KOHEU-
HOT'O KPYIQ ¥ JaJbHellllee BHIYUCIEHHUE IPEJENA, KOIJa PAAUYC KPYTa CTPEMHUT-
cs1 kK BeckoHeuHOCTH. Yepeayomuiics npoece MAPKUPOBAHHLIX MHTEPBAIOB HA
OpPsAMOM Ha3bBIBAETCS PEKYPEHTHBIM, €CIM YePHble MAapPKHMPOBAHHBLIE HMHTEPBAJIBI
HE3ABUCHUMBI, & JJIMHBI GEIbIX MAPKUPOBAHHBLIX MHTEPBAJOB COCTABJISIIOT HE3a-
BHCUMYIO IIOCJI€OBATEIbHOCTh HE3ABHCHMBIX CIOVYAMHBIX Beawdud. OJHUM uU3
PAHHUX DE3YJILTATOB B 3TOH O6JACTH YTBEDPXK/AET, 4TO U3 YCIOBHUS PEKYDPEHT-
HOCTH BBHITEKAET SKCIOHEHIHAILHOCTh PACHPEIeIeHUsT JIMHBI TUIIMIHOIO 6e10ro
UHTEPEAJA HA TECTOBOH NPAMOIL.

Kombunaropabie pasnoxKenus; WHBADHAHTHOE BIOMKEHUE; ciydalHble reoMerpu-

YeCcKHe I1ponecchl; C.Hy‘ia,f/iHble MO3aHuKH.
30
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1. BBEAEHUE

. T. Kenpan v [5] onpenenun npesmer CroXacrdyeckol reoMerpud Kak U3y-
YeHME CAy4YalfiHbIX TeOMeTpHYecKuX NPONeCCOB MHBAPHAHTHBIX OTHOCHTENBHO I'DYIN
upeobpaszopanuil 0CHOBHOrO npocrpancrsa. Tak, crareu P. Hasuncona {7] u {8] na-
mucanubie nox Bausuauem 1. T Kennana, Ob1u NOCBAIIEHB! M3YYEHUIO CIYIalHBIX
[IPOTIECCOB NPAMBIX HA IJIOCKOCTH, HHBAPUAHTHBIX OTHOCHTENBHO Ipynnbt M Beex en-
KIAWJOBBIX puKenuil mnockocru. Cpenu pabor roro nepuoja ormerum paborer K.
KpuxetGepra [9], Y. Mekke [17] u O. Kanen6epra [14], a raxxe [1], koropbie 6biiu
nocBANIenbt Toi ke Teme. Hekoropbie pesynbrarht Kacaoluecs M-uHBapHAHTHBIX
caygaliHbIX MHOMKECTB MOXKHO Halfitun rtakwxke B monorpadusx P. B. Ambapuymsina
[22] u [32]. Henasro onyGamkosannas paGora U. Mexxke, B. Harena u B. Baiic [48],
0 cayualiaeix MO3ankax Obuia ozarnapiena “Pacnpenenenus pjaun pebep B NIOCKHX
cranumonapubix u u3orponubix STIT mozamkax”. OrMmeruM, 9TO CTAIMOHADHOCTH U
HM30TPOIHOCTE OOBIYHO SKBHUBAJIEHTHA WHBAPUAHTHOCTH OTHOCHTENIBHO EBKJINJOBBIX
ppmkenndt (cm. [31]). Tem ne menee, B HaCTOsAIIEE BpEMs CTOXACTHYIECKAH PEOMETPHS
BKJIIO9aeT MHOIO pabor Bue cTpykTyphl ouepuennoit /1. . Kennamnowm.

B revennn jecsruierwii npoleAnux co gHs nyOmukanuu cGopruka crarei [5],
akTUBHOE HccaenoBanue B obnactu ogepyennoi /1. B. Kennanom Benocs B Epenane,
B OCHOBHOM Meromamu npesnoxennbivu P. B. Ambapnymanom. Ha nagansaom srarne
THM annaparoMm Obiia KOMOWHATODHAas WHTerpanbHas reoMerpus (cu. [2, 15, 18,
4, 6] u [22]) Bmecre ¢ Meronom “ananus peanuzanui” [32]. Tloznpee, x apcenany
OblI IPUCOSAWHEH TAK HA3LIBAEMbIR METos WHBAPHAHTHOrO BioXKenus [41]. Tpyram
BAXKHBIM ANNAPATOM HCCIENOBAHUS, KOTOPBIA TAKYKE B OCHOBHOM HMCHOJIB30BAJICH B
Epesane, sro meron dopmya Hanema (cm. {10]), npeanoxennniii B {32]. Cucrema-
THYeCKOe uccaenoBanue pacnpeaenennii [lanbma B croxacrudeckol reomerpun 66110
nadaro B [19] Beinycke.

CaMbiM TOCTenHUM NPUOOPETEHUEM ABJSETCH TEXHHUKA CAYy9afiHOrO MHOTOYTOJIb-
HEKA UDEJIONKEHRas B IepBofi crarbe HacToAero sbuiycka [49] (em. rakwxe [47)).
Hacrosmuii o630p #e kKacaercs pOJCTBEHHBIX TeMaTHK, TAKHX Kak obmme mponec-
cbt orpeskos [1, 3, 16, 20, 21], u nopoxzenue Mep B NPOCTPAHCTBAX WHTEIPAJILHOM
reomerpuu [35]-{40] u [43] uccnenosannbix epeBancKoil rpyIion.

Hacrogamas craths conepxKut 0030p OCHOBHBIX PE3YILTATOB CTOXACTHYECKON Ieo-
MEeTPHH Ha IIJI0CKOCTH, nonryaennbrx B Epesane. Myt Botbpanu 1y 0630pa pe3ynbTarhb
Kacaomueca Tomorpadun (WM CTEpeOsIOrHE) CAy9alHbIX NPOIECCOB NPAMBIX, CIy-

yalHbIX MO3aUK U OyneBbx Mojenel (He 00sA3aTeNbHO NYACCOHOBCKAX) Ha IIOCKOCTH.
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Mut tpebyem WHBAPHAHTHOCTE WK OTHOCHTENBHO rpyunbl T napannenbabix nepeso-
coB, wiy rpynnsr M.

B KazKI0M U3 C/Iy4aes U3y4aloTced MapKupoBanubie Togeunbie nponeccut { P, U, } =
{P;, ¥, }, nepecevennit, unAyIMpOBaHHDIE CNYYaliHOR peann3anueil Ha TeCTOBLIX ps-
MbIx: {P;}o — TOYEYHBI NPONECE NepecedeHnii, HHAYIAPOBAHHLIA Ha TEeCTOBOR IIps-
Mol manpasnenusi ¢, a Mapka U, ectb yrod, noj KOTOPhIM NPOUCXOAUT Hepeceye-
HUe TeCTOBOU NpPsAMOR Hanpasnenus « B Touke Pj. B cnyuae cnygalinbix nponeccos
NPAMBIX METOLI WHTErPHPOBAHUS KOMOMHATOPHBLIX Da3/OKEHHH ¥ WHBADUAHTHOIO
BIOKEHWs! NPUBOAAT K AudpDepeHnanbubivM COOTHOINEHUSIM MEXKAY COBMECTHBIMU
pacupesieneHusiMy YUCHIa IepecedeHiil, BO3HUKAIONINX Ha HENEPECeKarouXcst HHTep-
Basiax TecToBOM NPAMON, UMEIONTEH HADaBNEHHE &, i NATBEMOBCKUMHA BEPOSITHOCTIME
NEPBOTO U BTOPOIO TOPSKOB TEX e COOLITHH. AHanu3upyst 3TH COOTHONIEHNS, IOy~
YaeM yCIOBUsI ITYaCCOHOBOCTH n—MEPHBIX pacupenenenuft nns moboro n > 1. B cay-
Yyae CayvYaliHbIX MO3aUK MOIYYEHO Paclpeieienne JIMHL THNHIHOro pebpa nanpas-
JIGHUSA (. B TEPMUHAX BEPOATHOCTHOIO pacnpenenenus coorsercrayiomero { P, W;},,.

B cnyuae M-unBapuaHTHBIX HEIYaCCOHOBCKUX GyneBbix Mopenei, nacrosmmi 06-
30D BRJOYaET ONUCAHUE NPONEAYDPhl CYMMUDOBaHUs ToxKnecrs tuna I[lnefens nns
YaCTH pPeANu3alil BHYTDPH KOHEYHOrO Kpyra M JalbHeRlIee BHIYHCIEHNE TIpejiena,
KOIZia Pajiuyc Kpyra crpeMutes K 6eckoneunocty. OnuH U3 paHHUX pesyibraros [19]
B 3T0H O6NacTH YTBEPKAZET, YTO €CHH YePeAyIOMUics IPONEce MapKUPOBAHHBIX WH-
TEPBAJIOB Ha TECTOBOM NpaAMO# (M. §11), MapKaMy KOTOPBIX ABIAIOTCH YIUIbI Hepece-
YeHUs B KOHIAX WHTEPBAJIOB, sBISIETCs PDEKYPEHTHBLIM, TO JTHHA THIHIHOIO Oenoro
HHTEPBA/Ia UMEET IKCIOHEHINAIILHOE Dacpeiesienne.

Kparko onumem conepxanue 0630pa. Heobxonumbie darkthl B3 KOMOHHATOPHON
HHTErpanbHOR TeoMeTpur npeacrasienbt B §2, a §3 conepxur HeoOXONUMBIE CBEjIE-
HEA W3 TEOpUM TPAHCAAUMOHHO WHBADHAHTHBLIX CHAYYafHBIX NPOIECCOB UPAMBIX (B
ocHOBHOM u3 pabor {23, 32, 41, 42]). §4 nocesien 0606mennbIM dhopmynam [anbma.
B §5 onmcan MeTos WHBAPHAHTHOIO BJIOYXKEHUs!, KOTOPLIH HAZBIBAETCS aHANU30M Hep-
BOro nopsika. IpuMep anasnusa BTOPOro NOpsAKa NPUBOAUTCA B §6; OH CONEPKUT
HHTErpUPOBaHKe KOMOHHATOPHOTO pazioxenus u3 §2 u nonyuenne nudpepennuans-
HOT'O TOMXKIECTBA AJisl BEPOATHOCTHOIO PACHPENENeHus YHCa NEPecedeHrii Ha, TecTo-
BOM OTPE3KE C/Iy4afHbIME NPAMBIME (aHAJOIAIHOE PasioKenne ObLI0 HCIONb30BAH0
B M—unBapuanTHOM ciygae B paborax [30, 34] u {42]). Ananorwynsili pesyabrar no-
sygen B §8 MeTOHOM HHBApHAHTHOTO BIOXKeHus (cM. [45]). B §8 nonyuenst yenosust, u3
KOTODBIX CHEAYeT [IyacCOHOBOCTE To4eqnoro nponecca { P }.. Umeercs cymecrsennoe

METOIOJIOIMYECKOe pasinaue Mexay crarbamu [42] u [45]: ananus sroporo nopsixa
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B {42] ocHOBaH Ha Da3NOXKEHUAX KOMOWHATOPHON WHTErPAaNbHON reoMeTpuy (OCHOB-
HBIME CCbUikamu aBisiorcs {4, 13] u [32]), B 1o Bpemsa xax B paGorax [41] u [42]
HCHOIB30BAJICA METO/, HHBAPUAHTHOrO BIOXKenHda. MeTos naTerpupoBannsd KOMOUHA-
TOPHOTO PasioKenud onucan B §9, e HalJEHO paclupeleNieHue AJIUHbL THIAIHOIO
pebpa nanpapnenusa o s T-uHBapUaHTHON Cay9aliHOl MO3aMKH.

B nocneaneM naparpade 6bu1 HCHONB30BaH METOJ, CyMMUPOBAHRS TOXKIECTB TAIIA
Tneitensa nna wsygenus M-nusapuantabix Oynessix Mogeneid. Ecnn gepenyromuiics
NPONECC MAPKUPOBAHHLIX HHTEPBAIOB Ha IPAMON PEKYPEHTHBIR, TO JJIUHA THNAIHOIO

Genioro wHTEpPBAA HA TECTOBOH NPAMONA MMeeT SKCIOHEHIIUAJIBHOE PaClipesiesienue.

2. TPAHCJISAIIMOHHO MHBAPMAHTHBIE ITPOLECCHI ITPAMBIX:
OCHOBHBIE ITOHATIA

Cayuaiiupiii TPONECC NPSMBIX ONPENEAeTca Kak CydallHbill TOYeYHbIH NPOIece
B npocrpancrse npaAMbx G Ha NI0CKOCTH (CTAHAAPTHAS JUTEPaTypPa N0 TOYEYHBIM
uponeccam cyth [24] u [31]). Hpamyro g € G MOXKHO 3a4aBaTh NOJAPHLIME KOODAU-
Hatamu (@, p) OCHOBaHMs NEPHEHAWKYIApa, ONYIICHHOrO W3 HadYala KOOpAUHAT Ha
npaMyio g (¢ — ToYKa Ha eOUWHEYHON OKpyxkHOCTH S1, p € [0, +00)). Ecrecrsennas
rononorua B G ects rononorusa aucra Mebuyca.

Janum onpenenenue nponecca npambrx. O6osuasns yepes M npocTpancTso pea-

Jau3anuii nponecca NpAMbIX
M={m CG: m #e uMeer To9eK cryuenusa B npocrpancree G}.

O6o3naunM yepesz A MEHEMANBHYIO o—anrebpy NoaMHOXKeCTB npocrpancrea M or-

HOCHTENLHO KOTOPOH DyHKINR
N(m, B) = card(m N B)

u3MepuMbl 14 Beex 6openesckux B C G. Tyers (Q, F, P) — BepoarnocTroe npoct-
pancreo, w € Q. JTioboe nuaMepumoe orobpaxenne m(w) : Q —— M naswiBaerca cny-
YalubiM TOYEYHBIM nponeccom B G. Bmecto m met wacto 6yaem uenons3oBarh CHMBOJ
{g:}, nonuepkupas (axT, 9T0 HPOHECC €CTH CYETHOE CIAYYIaiiHOe MHOKECTBO IPAMBIX.
Yepes P 06osnaunm BepoATHOCTHOE pacupeaesenne npouecca {g;+ (BepogrnocTHas
mepa sa (M, A)). Tpynna T napannensaerx neperoco R? unaynupyer rpynny mpe-
obpasopannii MEOXKeCcTBa peanmsanuii M (rpynna napaiienbabix TEPEHOCOB MHOKE-
crBa M). {g;} HasbiBaeTcd OZHOPOAHBIM, €CIM ero pacnpenenenue P uaBapnanTio

OTHOCHTENBHO 3T0# rpynubt ( T-uuBapuanTHO).
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IIpumepom T—uHBApHAHTHOrO CHAYYANHOTO NPOLECCA NPAMBIX ABIAETCA NYACCOHOBC-
KW NPOLECe IpAMBIX, yupasasgemurii mepoit f(¢) - dg. 3pecs u nuxke dg 06osnada-
eT eIUHCTBEHHYIO (C TOYHOCTBIO 10 NOCTOAHHOTO MHOMKHUTENSA) MEpPY B [TPOCTPAHCBE
npamMbix G, HHBAPHAHTHYIO OTHOCHTEILHO eBKJINJOBIX Apuaennii R? (oM. [12, 31} u
[32]).

MowmeHnTHBIE MEpPHI.

Cayuafinblii IpOIEce NpAMBIX {g; } 06nanaeT nepBoit MOMEHTHOM Mepoit my (+), ecm
mi(B) =EpN(m, B) < oo, ans B e Bo(G),

riae Ep — maremarngeckoe oxunanne ornocuresbio P, Bo(G) — konbno seex orpanu-
YeHHbIX GopeneBckux noamuomkects. Torna {g;} HasbBaeTca Cay4aliHbiM [IPOIECCOM
NPAMBIX NEPBOIO NOPAJIKA.

Cayualinniit nponecc nupambix {g; } obnazaer Bropoil MOMEHTHOR Mepolt ma(-), ecnn
m2(31 X Bg) —Ep [N(HLBl) ]\[(Hl7 Bg)] < 00, 1 81782 S Bo(G)

Torna {g¢;} HaspBaercs Cay9afiHbIM OPONECCOM NPAMBIX BTOPOIO NOPAIKA.
Bynem ropopurth, 4ro npsaMast g "nepecekaer"oTpesok v, ecnn YN g €CTh TOYKA U3
BHYTPEHHOCTH OTDE3KA 7.

Sanansaa "rectoBbiil oTpe3ok"y, paccMOTpuM CODBITHE

(Z) = {v nepecekaerca Touno k npaMbiME U3 {g; )}

JInda 3aJaHHBIX 7 TECTOBBIX OTPE3KOB Y1, ..., Vn, C g(Q) B N HEOTPUIATENBHBIX HEHBIX

. Yo MY A (e (T )
gucen ki, ..., ky, Oynem obo3Havars </€1 kn> = ¢D1 <k1> = (k) Jns Beposr

Hocrel 91ux coOLITHH nCnonb3yem 000O3HaICHUS

p() o r(L ) -r()

Onpegenenne 1. Cayuatmsil npoyece npamut {g;} npunadaescum waaccy TI-2,
ecau ezo sepoammocmuoe pacnpedeaenue P — T—unsapuanmmuo v nepeas u 6mopas
MOMEHTIHBLE MEPHL NPoUecea {g; } umerom eud fdg u (ene g1 = g2) fodgr dgo coom-

BEMCMBEHNO, ¢ Henpepsensimy naomuocmamy [(g) u f2(g1,92)-

2.1. Hekoropsie cBolictBa npouieccoB kJjacca TI-2. Ceoiictsa, KoTopbie Mbi
NPUBOIAUM, MOIYT OBITH JOKA3aHLI METOJ0M TPAHCIANMOHHOTO aHANW3a peann3annii
(em. [32]).

1. lns cnygaiinoro nponecca npambix u3 knacca TI-2, ¢ BepoaraocTbio 1 B peanusa-

Iy HeT Iapaljie/IbHLIX TIPAMBIX.
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2. Orpesku, npunasnexamupe g(o), 6y1eM Ha3LIBATL NOPU3OHTANLHBIME, 8 OTPE3KH,
OPTOrOHAILHBE K g(@) — BepTUKANLHBIME. [ OpU3OHTANBHBIC OTPe3KH OyneM 0b03Ha-

4yaTh Yepes h, a peprukanbnbie — gepes v. Bem k| =1 — 0, 1o nmeem

P GL) = Xa)l +o(l), P (;L) =0O(*) u P (Z) = o(l?), ecnrm k> 2,

rae A(a) — HHTEHCHBHOCTL TOYEIHOrO niponecca { P bo.
ABanornuHbie yTBEpIKEHUA CHPABENJUBLI /18 BEDPTHKANBHBIX OTDE3KOB v, IDH
|v| — 0.

. (h1 D v V2
3. PaccMOTpHEM OCHEIOBATENEHOCTE COOLITHI . 1)m7\; | npemona-

rasi, 9910 oTpe3ku h; u v; upu | — 0 cTATHBAOTCA K HEKOTOPBIM (DHKCHPOBAH-

HBIM TOYKaM y; € g(a), ¢ = 1,2. Jlna napsl BEpTHKAJIBHLIX OTPE3KOB U1, V9 HMEeM

<v1 v2> = AUB, rne A C

v U2
1 1 > NPOMCXOIHT, KOIJIa OJHA M Ta XKe IIps-

1 1

v U2
Mag u3 {g;} nepecekaer OTpesku v1 U v9, a B — nononnenune cobnirrs A B 11

t.e. B oboznagaer cobbrrue, KOIma OTPe3KH v1 U U2 IEePeceKalorcs JABYMS PasHbIMUA
npaMbiMa 13 {g; }. CylecTByior cnenyiomue npeienbl:
(2.1)

. _ hi  hy o o
g |28 ()] e il PO = can il PO — e

Pacnpenenenns Ilaaema H,, H,, ., V,,, V,, .., m 11,. I'py6o rosops, xax-

JIO€ U3 9TUX pacrpesenesuii ecTb Ipeen yCIOBHONO BEPOSTHOCTHONO PACIPEENeHns

nponecca {g; b, IpA yCIOBHAX (?), G), <h11 hf), B u A coorsercreenno. Hammn

0B03HaYeHUsl YKa3biBAIOT Ha 3aBUCUMOCTE BeposdtTHocTel Ianbma or nosunuu npe-
JENBHBIX TOYeK. Mbl MOYXKEM MOBOPHTE O TPONECCE NMPAMBIX, KOTOPBIA COOTBETCTBYET
KarKJOMY U3 BBIEYTOMIHYTHIX DAClpeneieHuii.

O6a BepoarHOCTHBIX pacnpenenenns Hy, n V, onpenenenst na M X (0,7), Te.

COCPEeNOTOUeHBI Ha MHOXKeCTBe peanuzanuil, obnanamoimx npamof, npoxousdmei ge-

pes Touky y € g(a). Byaem paccMarpusarh cOOLITHA THIIA Zi Z" X ©1, rue

O C (0, 7) obozuagaer cobbrrue ¥ € O4, roe ¥ — nanpasienne cay9aiiHol npaMoi,
nepecekaroeii oxno. Suavenns Hy u 'V, na ognux u Tex e cobbITHAK, KAK IPABATIO,
ue copnagaor (cM. JTemmy 1).

Kax Hy, ., Tak 1 V, ,, COCPeIOTOUEHBI Ha MHOKECTBE Peanu3anul, B KOTOPBIX
HMEIOTCA [IBe NPsAMbIE, IPOXOAsIINe Yepe3 TOUKH Y1, y2 € g(o). [lapamerpusyem no-
crnenpune ape npamete yrioamu Wi u Wo. Takum obpaszom, Hy, o, 1 Vy, .. cyTs Bepo-

ATHOCTHBIE Mepbl Ha npocrpanctse M x (0,7) x (0,7). B wacrnocru, Hy, ,, u V,,
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ONpeenennl Ha CODBITHAX THOA, (Zl Z") X ©1 X Oy, ©1,0, C (0,7). Buoss,
1 ... "

H,, ., uVy 4, MOIyT NIPHHEMATH DA3/IHYHbIE 3HAYEHUS HA OJHUX U TEX 3Ke COOBITHAX
(cm. Jlemumy 2).

Pacnpenenenne Tlansma I, nmeer ocobeiii craryc. B [25] u [32] cymecrBosanue
pacrpesnenenns Hanema 11, nokassiBaercs Tonpko st M-neBapnaHTHBIX IPONECCOB
npameix. MoKHO JaTh HecTporoe onpejesienue pacnpenenennd llg, xak yciosHoe
BEPOATHOCTHOE PACIPEIETICHEe NTPONecca {g; |, IPU YCIOBHH, YTO ONHA U3 IIPAMBIX
Nponecca {g; } coBnasaer ¢ Hecaydaidnol npaMoi g. OnHO B3 TOYHBIX ONpeAeHeHuH

pacupesnenenus Hanpma I, o {g;} € TI-2 cocrour B cnenyomem:

RANEET —1p/ [ S IR v
11, (E) — lim[P(A)] P(<k> N A)=c;! liml P(<k> nA).
MareMaTH4uecKHe OXKUAAHUSA OTHOCUTEILHO NATLMOBCKHX Dacipeieennii Gyaem

3alluChiBaTE B BUJIC HHTEI'DAJIOB.

Jlemma 1. (em. [42]). IDyemo F(m, V1) — ozpanunennan Pynryus, onpedesennas na
M x (0,n). Eeau {g;} € TI-2, mo daa wascdozo nanpasaenua « u mowsu y € gla)

uMeeM
Ala) /F(m7 V) dHy - |cot ¥q] = AMa+7/2) /F(m7 V1) dVy,
20e Uy — yzoa meorcdy gla) u caynatinot npamoti, nporodswet nepes mosy y.

Jlemma 2. (em. [42]). Oyemo F(m, V1, Vy) — ozpanunennan dynryus, onpedesennasn
na M x (0,7) x (0,7). Ecau {g;} € TI-2, mo das Kaxncdozo HANPAGAEHUS & U MOUEE

Y1,Y2 € g(a) umeem
Cy1,y2,hh /F(m7\II17\112)dHy17y2'|COt\II1 COt\II2| = Cyy,y2,vv /F(m7\II17\II2)dVy17y27

20e Uy, Uy cyms yean mencdy g(a) u caywatinsmy Npambslml, NporodsuuMu wepes

MOYKU Y1 U Y2.

3. OBOBIIEHHBIE ®OPMVJIbI [TAJIBMA

Ecnu cayuafinnit nponece upambix {g; } knacca TI-2, 170 cOOTBETCTBYIONMEA IpO-
nece nepecevennii { P}, = {g:} Ng(a) va recrosoit npamoit g(a) uuBapuanTed OTHO-

CHTEIBHO COBUIOB BAONL g(@) B nMeeT KOHEYHYIO nHTeHcHBHOCTE A(a). Tlycers

pi(t, @) = Bepoarnocrs uMmerh k Touek us { P}, Ha uATepBane AMHbL ¢

P (¥, &) = coBMeCTHAs BEPOATHOCTL UMeTh kj Todek u3 {FPito By, j=1,..,m,

riae ¥ = (Y1, -, Yn) — CHCTEM& HEIEPECEKAIOIINXCA HHTEPBaios u3 g(a),
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k= (k1, ..., kn) — HOCHEIOBATENBHOCTL HEOTPUIATENBHBIX EIBIX YHCEIL.

3ameTnM, 4TO BEPOATHOCTE P (7, (¢) HA CAMOM Jiesle ecTh (DYHKIHs 21 IePeMEHHBIX
pﬁ(77 CM) = Pky,...kn (t17 EEE) t’n7 ULy ooy Up—1, CM) - pﬁ(t u, a)?
roe ti, ..., ty — AJEHBL OTPE3KOE Yy, & u; — ANAHA Npobena MEXKAy v B Yitl.

D®opmyas! [TanbMa mepBoro mopsKa.

Hans orpeska v C g(o) poanst t mmeeM knaccwyeckyro dopmyay Hanema (cm. {32])

(3.1) W = Aa) {Hy <k11> ~H, (Z)} , e pi(t,a)=P (Z)

Dta dbopmyna cripasenyinpa /s 000UX KOHIOB ¥ OTPE3Ka Y. 3/1eCh U HUKE

H, (7)) o

B monorpadun [32] conepxurca o6o6menne dopmynst Hansma (3.1) 15 BeposTHOC-
reii pi(¥, @) ¢ HeckonpkuME uHTEpBanamMu y; C g(a).

BosbMeM OnuE B3 OTPE3KOE ¥; B B ero [1PaBoM KOHNE JAaiuM IPHPALICHHE £; IIuHbL
l£;]|. TIpoGen Merxay NpupalleHHBIM OTPE3KOM | ;11 cTanosutcd u; —|g;|. TTo dopmyne
Tetinopa
(3.2)

m Pt oty F 10 s tn, wy o ws — |85, oy Un, @) — pr(t, T, @) _ Opy B app

|2l =0 |eil o, Ouy

C apyroit croponbt, 1o GoOpMysie TONHONR BEPOATHOCTH HMEEM

F <®ﬂ (72))) P (@ N (ff))“) (@ﬂ (,Jil ?))+o<|si|>7
P (@)= (ONE)  (ENE)) o

e

YN (v Yl Ykl e O
F), 7 ke ki kg o k)
Honcrasnas sa dopuMynst B (3.2), nonyaum
7\ _ 9rg _ Opg
. Aa)AH,, (1) = Pe_ P
(33) o, (F) = -

e 7; obO3HAYAeT NPaBBI KOHEI OTPe3Ka ;. 3JeCh U HHKe
(3.4) DAY =Yy himtkn) = Y(k1soayoskin)

Ecnu pasum Npupaenne oTpeska y; CAeBa, TO NOJYYHM CASAYIONLYI0 Bepcuio (op-
Myabt (3.3):

H, (1) - % _ %
(3.5) Aa) AH,, <k> = FE_

rze l; Jiepbiii KOHEIL OTPE3Ka ;.
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®opmyast ITagbma BrOoporo mopsaka. Bosbmem nBa oTpeska v, 7, B JajuM
OPUPAIIEHNs CJeBa ¥ CLIPABa COOTBETCTBEHHO, OTPE3KaMu £; U £;5. JIJIMHBl OTPE3KOB
€; ¥ £; coBnanaoT u papssl (. [Ipoben Mexxny NpUpaIeHHBIME OTPE3KAMU V; H Yit1
Oyser u; — I, a mexny v; u y—1 cramer u;j_1 — l. o dopmyne Tefinopa nipenen
BBIDAYKEHUsI

Pty ot F Lt Lt ug — g — g, o)
—pr(te, nti oty st uy — U U, @)
(3.6) — Pttty Lt u, g, ug o — L g, o)+ pe(F o)

YMHOKeHHBIH Ha [~2 HMeer BHJ

82]9% 82]9% 82]9% n 82]9%
8ti8tj atiauj,l 815]8% 871,1 auj,l ’

C apyrofi CTOPOHBL, MOKHO Pasiararh BepoaTHOCTH B (3.6), npuMends GopMyny HoJ-

noft BepoarnocTu. Mcnonbaysa oboznavenue (%) = (%) , ToJIygaem
ij i/ j

(@008 )

-y (G002 W L)

0<s1+52<2
Anpanorunyno, umMeeM

¥ yiler v\ _ T o &
P<<k>ﬂ< ks @)) 2 P(k 0 s>+
ij 5=0,1,2
i Vi Vi Ei Ej
+ZP<<E>,,H</@—1 ko1 s>>
s=0,1 27
o Yi Y5 & & 2
+P<<k>ijﬂ<ki—2 k2 0))*0(”
j Yi ’)/jUEj - j & Ej
()0 "2)- S oG h)
ij s=0,1,2
j Yi ’)/j £; Ej
N zojlp<<k>ijﬂ<ki kj—1 s 1))

()00 e § 3) e
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Haxkonerr,
A T g & 2
r()- = p(F 2 9) e
s51+52<2

Hoxcrasnss B (3.6), nonyvaem

7\ P P Py 8 py
(3 7) C i li, hh i Ry, <I€> 81&1815] atlaujfl 815]8“1 aul an,17
e
(3.8) ALY =Y, = Ve, — Vi, + Y

o= (kty ki — 1, k), Ky = (ks ok — 1,k — 1, k).
i 82 &

2
B wactnocrn, ans j =i+ 1, B (3.7) umeem 7&58’1’571 = 81%. Anpanormaso
(3.9) et n AZH, (1) = S S + il
. e (¥ Tisbg k atlatj atlauj atjau171 8’11471 auj .

B cnygae i = 1 unm 5 = n, MBI JONZKHBI TTOJCTABATH 8%0 =0mn % = 0. B wacraocrn,

Aanst 1 =1wu j =n uMeem

_ 2
2 T\ _ 9
(3.10) €y i Al Bty (E) = o,

H 6y, , i 11 H
nzKe Mbl OyeM BCHONL30BaTh MOpMybt s pacnpenenenuti Tansma Hy” sroporo

NOPAKa, ONPEIENICHHBIX YCJIOBAEM, 9TO JIBE IPAMBIC U3 Deanu3alyun nponecca {g; |
copepxkar 104Ky y € g(a). Hanpumep, ncnonssysa dopmyny Telinopa, nonygaem

— 2 2 2
@ aep@ () - 2PE _, 9P Opg
(311) Cm,h (X At ) (/f) 8153 81&18% + 8%3 b

2 ,
rie cii?h — nocroaunas, A2, — o6braHas BTOpas pasHOCTD 10 4. Ananorudnas Gpopmyna

CyIIECTBYeT Ans 7Tl(231

4. KOMBUMHATOPHAA ®OPMVYJIA AMBAPLIYMAHA

Dror naparpad CONEPIKUT ONUCAHHE KOHKPETHOIO KOMOHHATOPHOIO DA3NIOKEHHs,
BEPCUE KOTOPOro Obuty menonb3osanst B [2, 4, 13, 32] u [33], a rakxke ucnonbsyworcs
nuxke B §86 w 10. [nsa nonsorsi, HavyHeMm ¢ obmero KOMOHHATODHOI'O AJTOPHTMA,
Brepsbie npeicrasiensoro (Ges nokasarenncrsa) B [33].

TIpeanonoxuM, 910 Ha ILIOCKOCTH 38/1aH0 KOHEYHOE MHOKECTBO Touek { P} (neko-
TOpbIE TPORKH TOYEK MOryT ObiTh Kosmueapubivu). O003nauuM vepes p;; OTPE30K
¢ koruamu P; u P, a gepes |p;;| ero pmuny. onoxum [pi;] = {g € G gN p;; # 0}
Hycrs Br{P;} munuMansaoe (koneunoe) konbuo (konbno Boddona) nogMuoxects

G, conepxalliee BCce MHOXKeCTBa [p;;]. e Touku P; m P; Ha3bIBAaIOTCA COCEIHMMH,
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eCIIM OTPE30K pi; HE COIEPKUT APYIrux Todek u3 muoxecrsa {P;}. Kaxno# nape

cocenett Pj, P; coorsercreyer npsamast
gi; = UpsMas npoxoasmas depes P n P
U YeThIpe JIOKAJBHO HellepeceKarlmecs noaMuoxecrsa uz G:

1 ={g € G Bce roukn us {F;} ﬂ gij JIesKaT B IPABOH OT g NOJYIIOCKOCTH |,

2 ={g € G Bce Trouku u3 {F;} ﬂ gij JEKAT B JIEBOR OT g NOJYNIOCKOCTH |,
3={y € G rouka P, sexur B upaBoii, a P; B 1eBO# 01 g NOIYIIOCKOCTH |.
4={g € G rouxa P; nexur B neso#, a P; B npasoii or g noayniockocty §.

Tak kak npsamas g € G menanpapineHHas, TO rOBOps O JEBOH WM NpapBoil noJy-
NJIOCKOCTAX, OrPaHideHHbix npamMoil g € G, MbI noApasyMeBaeM CHeAYIONee: KaxK 1oi
npaMofl g;; MBI NPHIHCHIBAEM HanpasieHue, ckaxem or P k Py, ecam @+ < j. o
HENPEpPBhIBHOCTH, OHO OJHO3HAYHO OTPEJesieT HANPaBIeHUe NPAMBIX § U3 OKPECTHO-
CTH NPsAMOR g;j.

Kak o6brano I4(g) =1, ecim g € A 0, B nporusaoM cnygae. Jepes p 06030a91M

M-unpapunantayio mepy B G.

Teopema 1. (P.B. Ambapuyman {4, 33, 44]). 3nanenue mepor p(C) dan xascdozo
nodmmoocecrnea C € Br{P;} npedemasumo 6 eude Aunetinot KoMOUnGUUY paccmon-
Hutl pi; meocdy cocednumu mowkamu Py u Py, ¢ yeaowucaennvmu xospduyuenmamu:
(4.1) pC) =" ei(C) i),
i<j
20e cymma Y Gepemea no 6cem napam cocednut moves us muoscecmea { P . Leawe
i<j
WUCAG Cij BBLNUCARIOMCR NO Hopmyae:

(4.2) i (C)=1Tc( .5 )+ 1ali 7 ) = 1c(i j ) —Ic(i 7).

B (4.2)
+ + - T + - - +
Ico(v,j) = Icnilg), Ic(i, i) = Iora(g), Ic(v,j ) = Ions(g), Ic(i, 7 ) = Ionalg).
3ameuanue 1. Omumemum, wmMo 6 CAYHGE HAIAUNUL KOAMUREAPHHT mpoex 6 { P}
pasaoocenue (4.1) ne edunemeenno. ITpumep pasaunmwmz npedemasaenut (4.1) - (4.2)

MOdCHO Hadmu 6 cmamoe [49] nacmoswezo sunycka.

Paznowenne (4.1) - (4.2) Gwwio ucnosnpzosano B pabore [44] B caenyromedt no-
cranoBke. ITyCTh 3a/1aHa CHCTEMa HENEPECEKAIONUXCA 3aMKHYTBIX WHTEPBAJIOB V1,...,
vn C g(a) (g(a) — TecroBas npaMas HaupaBaeHRd o). PacCMOTPEM TPAMOYTONBHUK

R, ocnoranmeM KOTOpOIO sIBIFETCS MUHHMANBHBIH OTDE30K, CONEPIKAIAN V1, ..., Vn.-
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Yepez D; C R obosnaunm 3aMKHY T IPAMOYTOJLHRK, OCHOBAHIRE KOTOPOTO €CTh Vs,
4 BePTHKAJLHBIC CTOPOHB! NPAMOYTOnLHEKOB D1, ..., D), obosnaumm wepes vy, ...,va,,
lvi] = ... = |van| = L
Yepes 7y, 7 = 1,2, ... 0603na9uM cay4dalinbie XOpab!l npsaMoyroasuauka D;, obpazo-
2n
Banubie npsambivi B3 {g; }. Hycrs A = [ [v;] = [v1]N[ven], tre v = {g € G gNv #
i=1
0}. Tonoxkum x;(g) = gN Dy, j =1, ..., n. Onpenenum
Biy ... k. = By = {9 € G : touno k; xopapt 74, nepecekator x;(g), j = 1,...,n}
U PacCMOTPEM MHOXKECTBa,
{P;} = MHOXKECTBO KOHLOB XODH Tiyr ¥ {Qm} = BEpIIUHBLL NPAMOYTOibHEKa K.
Herpynno nokaszarhb, 910

AN B e Br{{P;}U{Qm}}.

Cunenoparennno, pasnoxenue (4.1) MOXHO sanucaTh A nEBapuantiol mepnt p(C)

muoxecrsa C' = AN By, Ina kaxaoii peanusanun m = {g; }, 1718 KOTOPOi

{P3{Qm} =0
u kosnuHeapubivMu Tpofikamu B { P} ({Qn } MoryT Obite win {F;, Pj, Py} C gs € m
wa {Qm, Q;, Pr}. Torna pasnoxenue (4.1) - (4.2) nmeer un:

4
(4.3) p(AN Bg) =) &(m),
i=1
e
(4.4)

S(m) = VT?+ 12 1(Q1,Qa) +VTI? + 1211 {(Q2,Q3) =T 11(Q1,Q3) =T 1;:(Q2, Qa),

(4.5) E(m) =2 " || - Adg(Tir),

i=1lrcA

(4.6) 3(m) = Z*|Pupj| Py, Py) — L(Ps, P)La(Py, Py) A} TPy, Py),
(47) &a(m) =D > " |Qm, Pyl La(Qm, Py) [1a(Qm, Py) = Ls(Qm, Py)]- Ai T Qs Py).
Qm Pj

Brime Mbr HCNIONB30BaNM CASAYIONINE 0003HATCHUS:
T — nnuHa rOPH3OHTANBHONO OCHOBaHHA npaMoyronbhuka R; I(g) = Ip_(g) -
HHIUKATOp MHOXKeCTBa By oneparopst A; u A?j Obuin onpenenenst B (3.4) u (3.8).
B apoiinoii cymme, onpeaensomei {o(m), > pacupocTpansgercda o BeeM XOpHaaMm
Tir, TPOAOIIFKEHHST KOTOPBIX NEPECEKAIOT orpe@gm V1 W U3y, BTOPask CyMMa DacupocT-

. *
pangerca no secem Dy, 1 = 1,...,n. CyMma >, onpeaendomasn {3, pacupocTpansaercs
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[0 BCeM 2-3neMeHTHBIM noaMuomkectsam { Py, P+ C {P;}, nus xoropoix P; u Pj upua-
Ha/JIeXKAT PasHbIM IPAMBIM 43 {g;} ¥ IeXKaT Ha PasHbIX BePTHKANLHBIX OKHax. s
onpezenenns HHAUKaTOpoB Ig 1 [; B (4.6), paccMOTPUM XOPABL Ty B Ty, IS KOTO-
poix rouxu Py u P; asnsiorca kounamu. Io onpenenenuo, I4(FP;, P;) = 1, ecam xopust
Trl ¥ Tgm JIEXKAT B PA3HBIX HOJIYIIOCKOCTAX, OMPAHIHYEHHBIX IPAMOI, Hpoxoadiieil Je-
pes roukn Py u Py; IL(-) =1 — 14(-). Camson A%q OTHOCUTCA K NPAMOYTOJIBHIKAM
D, u D, na BeprukasbHBIX CTOPOHAX KOTOPbIX jexar Toukn P u Pj.

B (4.7) unaukaropst 1y u I, uMe0T aHanorugubii CMBICH, OTPE30K, KOHIIOM KOTO-
POro ABNSIETCA TOUKE oy, CYTH U1 B V2y. CEMBON A; OTHOCHTCH K IPSIMOYTONBHEKY
D;, Ha BepTHKAILHON CTOPOHE KOTOPOro nexut to4ka F;. Ilapet Todex unu orpe3koB
B aprymenre upaukaropos Iz, 14, Iy nan I, 06038a4a10T COOTBETICTBYIONHE IPAMBIE
n3 G.

5. AHAJIN3 INIEPBOT'O ITOPAIKA

B crarve [41] usyuarorcs T-unBapuanTtabie ciyuaiinbie nponeccsl npsaMbix {g;}
Ha NJIOCKOCTH 1 MapKHpOBaHHbi# Togeqnni nponece {F, ¥, },, rae caygaiinoe MuO-
xecTBo { P}, €CTh TOYCUHBIA NPOIECC EPECeIeHni, HHAYIMPOBAHHbIA Ha TECTOBOR
npaMoit g(a) manpapnenus «, a Mapka V; ecTh yron, Noj KOTODBIM OpAMasd U3 pea-
JIE3AUAN [IEPECeKaeT TeCToByIo npaMyw g(a) B Touke P

Jns 3a7aHHOR CUCTEMBI HENEPECEKAIOIMK 3aMKHYTHIX WHTEPBAJOB Vi, ..., Vn C

g(a), paccMOTpUM TPEyTrONLHEK, NOKasanubii na Puc.1.

Puc. 1
Ha npamoit g(a + ¢) paceMoTpuM 7 OTPE3KOB V], ..., Vs, 96U HEPICHAUKYIAPHBIE
npoekyE Ha g(o) CyTh HAYANBHBIE OTDE3KHA 71, ..., Yn. JWIHHBL ¥, 1ycTh OyayT 1), a

npoGesibl MeKIY Vi 1 Y, 06o3HadnM depe3 ). Tak kax npu ¢ — 0, 1] —t; = o(¢) n

uf—u;=o(¢) (1=1,2,...,n,7=1,.,n—1), umeem

. p%(?7 U7 a+ (b) - pﬁ(ﬂ ﬂ7 CM) o %
(5.1) (}sli% 5 = Do
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Brraucnum re xe npeaennt, NCIoOJL3YA Pa3noxKenu:d

e (3)- U (BN o)
s (- U (BN )

51
Jlemma 3. (em. [45]).

?
PE i g1

(54) Jor ¢—0

Vimeem paznoxenue
2 (5)-()neu ()N
rae R — cobeirne {V € (0,7/2)} and L = {¥ € (7/2,7)}.

3ameuganne 2. Obosnanenusa R u L umerom emvica 60amoscnol xunemamuneckot
UHMEPTPEMAUUY Y2A06 KGK CKOPOCTNET MOUeK, J8UNCYWUTCA 60046 npamol g(a).

Tarxum obpasom, R coomsememeyem dsuowcenuro Bupaso, L — BaeBo.

Ucnonwbays (5.4), (5.5) u

(5.6) P<211> =XMa+7/2)y; ¢+ o(d), 1=1,...,2n—1,
riae y; — Koopaunara ocaosanns v; Ha g(a) (em. Puc. 1), nonygaem

d
(5.7) ot m/2)t Z& —

el

e b (@) () (@) (@)
3 Ve (B o) +ve (F) ) -
e ((@)em) - ()]

B (5.7) cyMMa pacupoCTpangerca Ha OTPE3KH Y1, ..., Yn, KaK | BbIIeE l; — NeBbil, a r;
— npaBbift KoHIB! oTpeska v;. Hakonen, k; = (k1, ..., ki—1, ki — 1, ki1, .oy kn ).

SaMmenum BepTUKaJLHLIC OKHa I'OPpU30HTalILHBIMA. O‘ieBI/IAHO,

(N9~ ((D9) - Qreor-scw) .
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e I — naaukaropuas GYyHKIES COOTBETCTBYIONEro COOBITHA WM MHOXKeCTBa. [Ipu-

Menss Jiemmy 1 nas

Plan, %) =1 (7) 1Tn(¥) = 19

u coornomenue [[p(V) — I (V)] - |cot ¥| = cot ¥, nonyuaem (cpapnu ¢ [42])

o1 o ()10 (D8] 1 )]

Tpu ycenosun (cM. §8 nuxe)
) [Jis KasKA0ro HAIpaBlIenus «, NOCIeI0BaTeNbHOCTE {cot ¥, } nekoppenuposana

¢ gncaoM To9ek u3 { P},

OHO PaBHO

“a) / {I (Z) - cot \If} dH,, — —\(a) - H,, KZN B cot 0.

CTH,LII/IOHapHOCTb JaeT HaM BO3MOKHOCTEL HCIIONL30BaHuA yIIPOINeHHOW 3allncu

/cot\I/ H;, = E,cot ¥.

AHANOIHYHO, IPH YCHOBUE &)

oo [ (2)0) . ()19 20
satm2 Ve ((F)NR) v (F)N )} ~ Ma)-H, @thf
Mot 7/2) { (( )m) (( )ﬂ )} o) H, @thf

Honcrapnas sta dopmynbt B (5.7), nonygaem
)]+

LIRS {yli {le’ <g> s (%

dao :
=2
7 il
o [ (7)1 (7)) B
Us (5.1), (56.3) u (5.5) cnenyer
(5.8)
opp - dpy  Opg = Ipy  Opg Opy
Do {z; s {8@ T Buy s _; o dug) Vo, [ Pectt
Jlemma 4. (enepevie dokasano 6 [41], em. maroce [42] and [45])
N(a)

(5.9) E,cot¥ = — o)
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HokasareancTBo: Cymecrsyer coorHomenne [42] mexay A(o) U MIOTHOCTBIO TIep-

BOH MOMenTHOH Mephl f(¢):

T a+m/2 o+
Na) = [ leosto-al f)do = [ costp—a) fte)de— [ costo—a) Fp)de
0 o a+mw/2
Huddepennupys, nonyaum
atm/2 o+
V)= [ sine-a)feyde— [ sinte-a) o) de
o atm/2

Hcnonssya ¥ = ¢ — a — 7/2, umeem

E,cot¥ = E, cot(p —a+7/2) = —E, tan(p — a)

T

1
= o) O/tan(ap —a)|cos(p —a)| flp)de =

T

= —ﬁ O/sin(w — a)signfcos(p — a)] f(y) dp
N i o X(a)
-3 a/ sin(p — a) f(g) dp — +//2 sin(p — a) f(p)dp| = - o)’

410 ¥ TpebOBANIOCh J1I0Ka3aTh.

Tax xak y,, —y, = t; and y,,,, — Yr, = Ug, 70 (5.8) MONKHO IEPENHUCATDL B BHJE

M) Ipg =, g N~ Opp
(5.10) N(a) da B — ti ot; _;ul du, =0

IlepBbie MHTErpasbl 3TOrO OJHOPOJHOIO B YACTHBIX NPOU3BOAHLIX Auddepennnaib-

HOIO YPaBHEHHUSA NEPBOrO NOPAIKa CYTh

AMa)t;=¢, 1=1,2,..,n, Ma)u;=b;, 5=1,..
Taxum 006pasoM, MBI IPHXOAMM K 3aKII0YCHUIO:
(5.11) pr(,w, o) = ge(A(a) T, Ma)a),

e ¢ CyTh HEKOTOpEIE MYHKIME 0T 2n — 1 nepeMeHHbix.



46 B. K. OTAHAH

6. UTHTETPUPOBAHUE KOMBUHATOPHBIX PABJIOKEHNUI.
AHAJIN3 BTOPOTI'O ITOPAIKA

Ina P € TI-2, kombunaropuoe pasnoxenue (4.3) BHIIOIHACTCA ¢ BEPOATHOCTHIO
P = 1. Takum 06pasoM, Mbl MOKeM yCpeaHuTh (4.3) OTHOCUTENBHO PaCIpeieIeHns
P. Jlns maremaruueckoro oxxunanust ornocurensio P 6yaem ucnonszosars 06031a-
yenne Ep. Benuuunnt Epé; (i = 1,...,4) saBucar or napamerpa [ u npu | — 0 ux
I7IaBHBIE YJIeHBl HMEIOT NOPsAoK [° (0KAa3LIBAETCA METONOM aHAIH3A Peann3anmi).
Amnanoruunoe yrepxaenne cupaseinuso aus u(A N By) us (4.3). OcHoBbIBasCH Ha
yrux dakrax, B 9roM naparpade Mbl BeIBOAUM AuddepennnanbHoe TOXKIECTBO A
p;(§, W, ), IpupaBHEBas 4JIeHBl , NPONOPIMOHANLHEBIE [ B NpaBOll U JIeBON YacTAX
yepeanennoro ypasaenus (4.3).

Anamns Epp(An By). Tlo reopeme ®ybunu umeem

(6.1) Epu(AN By) = /Eplg(g) dg = /pz(m(gh - Xn(g), @) dg.
A A
3necs @ = &(g) — nanpapiaenue npamoit g (tak 9o npu [ — 0 MHOXKECTBO 3HaYeHKH

& CTAIMBALTCA K TOYKE ¢ ) W

(6.2) Pr(x1(9); - xn(g), @) = Epl;(g) = P(g € By) = pi(X(g),ulg), @).

Ucnonbays (2.1), seinenus rnapabii wien B (6.1)

(6.3) Epu(AN By) = pr(t,@,a) - — - 12 + o(1?).

Ananns Ep&i(m). Vmeem

t 7 t I
Becatm) = VI P o (e +0) e (g g ) -
_2Tpﬁ(z7 ﬂ7 a)?

e cos ¢ = (1 + 12/T?)~ /2, orkyna caenyer

- 1 Goprtu,e)t;
Beti(m) = pplfme) 7+ ) =5 I
n—1 - _ -
Ipg(t, @, ) u; p (1,7, ) 12
(6:4) Y T P T o),

Ananns Epé(m). 3nagenue mepbt my Ha MHOKecTBE [v1]M [U9,,] pasao f(a) % +

o(1?), cresoBaTensno

(6.5) Ep&(m) =

2 o _
fT(a) ;t A (8,3, ) 12+ o(12),
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- ¥
rae 7 (t, @, o) =114 (E)
Ananns Ep&(m). Ham nonanoburca crenyomas NpocTas JeMMa HHTerpanbHoh

reoMeTpun.

Jlemma 5. (em. [45]). ITyemo x4, ©, — odnomeprbie Koopdunams, movex P; u P; na

Vg U Uy COOMBEMCMBERHO, § — NPAMAR, COdeprcauian Tq U Tr. Toeda

Y
[ [ 1Pl tatg) ey, = B2y o),

Hna Py € vg u Py € v, nmeem
La(Pr, Po) — I(Py, Po) = S(q,r) [[(Rx R)+I(LxL)—I(RxL)—-1I(LxR)],

rae S(q,7) = +1, ecim y, — Newbiil KOHeN, a Y, — Npasbiii KoHen v,, u S(q,7) = —1 B

nporushoM caydae; R = (0,7/2), L = (w/2,7). Tlo Jlemme 5 nmeem

Ep&3(m) = % Z(yq —y)? cqrwn S(q,7) {A%Vw ((Z) X (R X RUL x L))

q<r

(6.6) ~ ALV, ((Z) « (L x B J R x L))} ,

[e CYMMUDPOBAHHE PACHPOCTPAHAETCS 110 YUOPANOYEHHBIM [1apaM KOHUOB {yq} un-

TEPBAJIOB W3 cucTeMbl 7. Mbl ucnonb3yeM kparkue o603HaIeHus
Cyqyyrv = Cqrovs Vygy, = Var-

Ananns Ep&y(m). Tlycrs

2n
Ea(m) = ny(m),
q=1
rae

4
n(m)=3Y " > K(Qm P,

m=1 Picu,

a A; COOTBETCTBYET OTPE3KY 7; C KOHIAMH Yq. PaccMorpuy cobbiThs:

0
OCTaJILHLIE BEPTHKAJILHBIE OKHA (1.6, OKHA U3 Tg) HE UMEIOT UepecevyeHul;

v, T
a Yg) _
( L D, — BEPTHKAILHOE OKHO g IEpeCceKaeTcd k upambiMn us {g;}, a Bee

v

q o o o

( 1 > = BEPTUKANLHOE OKHO Ug IEPECeKaeTcs OfHON upaMoi go € {g; |, Koropas
A

nepeceKkaer, no Kpafinefi Mepe, OJHO BepTHKaJbHOE OKHO M3 Uy H HH OfHA Ipyrad

npAaMasd u3 {gl} He nepecekaeT nu OJIHO U3 BePDTHKaJbHLIX OKOH;
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1 1
CTBYET TOYHO OIHO OKHO Up 7 Uq, KOTOPOE HEPECeKaeTcs Apyrod upsamoi us {g;}.

v Up "
q = BEPTHUKaAJIBLHOE OKHO v, llepeceKaercsd NUpAMOU M3 s BOCyIe-
b#q q

Jemma 6. (cu. 23] u [42]). Jaa P € TI-2
#(0]( Ul HUE), UG 1)) e

C 10YHOCTHIO a0 Cﬂ}"iaﬁHOI’O CJ1aragMoro, MareMaruveckoe OKHuIanue Koroporo

ecthb o((%), mmeem ceayromee npeacmﬁﬂeﬁne:

(6.7) () = 11 (m +Zv7 m) + g4 (m +ZZU

m=1btq

V1€ UCHOJL30BaHbI HH,&HK&TOprle byurnun I cneayoimmx coObiTwii:
vq
ng1(m Z K(Qm. P1) - (1 6’) ;
7).
77q2 Z K Qm7 : 6 ’

Py, Pacuy,

77qA ZKQqul) <1>A; n;;n)(m)K(Qm7P1).]<v1q 1).

Ananus Ep [77q1( )+ 194 (m)] (see [42]). Henonnsysa A (o) + Aa) =2 f(a) (cm.
[32]), nonyuaem
2n

68)  Ep > (jr(m) +1a(m)) = - fTZ Ao, T, 0) 1+ o(i2).

q=1

[42]).
4
>3 0l (m) = —2Epés(m) -
b#q

Ananns Ep 77;;”) (m) (cMm.

2n
Ep>_
q=1

=1m=1
1 2n—1
(6.9) ~7 > wg (T =) D> 5(a,b) cqpww ALQ(q, b + o),
q=2 b#q

e

Qq,b) = Vo <<_> x (Rx R{JL x L)) V. ((Z) x (L x RURxL)).

Anamns Epng(m) (em. [42]).

o=

2n—1

1
(6.10) Ep anz(m) -7 Z Yq(T —yq) C%quAzZi Qg q) I*+ 0(12)~

q=2
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IpupasauBas kosddumuents: npu (2, u3 (6.3) - (6.6) u (6.9), (6.10) nonyunm

n n

(1.7 o3, T P17 _
27]9@( & a)tiwLZ P, a)u‘ + Pells T o) =2 f(a) Zti Ajr(t, @, o)
=1

. ) i 2
—~ ot; —~ du; Jdo
(6.11) D Wi — i) eigon S6,3) AL, 5) + E,
i<j
e
(6.12)
2n—1 2n—1
E=— Z Yg(T'—yy) Z S(q:b) cq b0 A?j Q(q,b)+ Z Yo(T'—yq) cq,q,00 A?iﬂ(% q).
q=2 b#q q=2

7. MTHBAPUAHTHOE BJIO2KEHWE. AHAJIII3 BTOPOI'O ITOPAIKA

PaccmorpuM npaMOyronbuuk [, OCHOBanzeM KOTOPOTO ABJIACTCA MUHWMAILHBIH

OTPE30K, CONEPIKAIMA Y1, ..., Vn. IlycTh T' — Anuna rOPU30OHTAIBHOIO OCHOBAHUA NP~
n n—1

moyronbauka R, T'= > t; + > ;. Yepes D; C R 06030a90M 3aMKHYTHIR IPAMOY-
rONLHUK, 9be OCHOBaHZel ecTh l';ll, BEPTHKAJBHBIE CTOPOHBI NPAMOYTOALHUKOB D1, ...,
D,, 06osHadnm 4yepes vy,...,Uap, [v1] = ... = |va,| = | & cropony upsamoyronsauka D;
HapaiienbHyIo v;, Oynem 0603navarh yepes ;. [psaMyio, COAep:KaIyio OTpesKn ¥,
ey Yh OB03HATUM uepes ¢'(a) (cM. Puc. 2). O6osnauum yepes d;, ¢ = 1,2 auaronasn
npamoyrombauka R. Tlycts d; = (di1, dig, ..., din), tiie diy = di(\ Dy, § = 1,..,n,
i = 1,2. TIpoGenst Ha nuarosanu d; Gyaem o6o3HadaTh gepes 6; — (831, 9o, ..., Si(n—1))-

Puc. 2.

I/ICHO.TIBS}'S[ T*I/IHBapI/IaHTHOCTb, Iogy4vaeM
— —
g Y T _
P <E> =P <E> :pﬁ(tﬂ%aL ’7/:(’7177’7;7,)
I/ICHOJII:Byi[ (bOpMy.TIy Teﬁmopa,, IojgydvaeM, 4TO npejen

. ]r(Ehgl?aJr(b)+]r(327527a—¢)—2}%@@0[)
(7.1) Lo = lim g g pe 5
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paBen

(7.2) L,

apﬁ(t ﬂ7 Of) ap?(ﬂ ﬂ7 O{) 82]9%(%7 ﬂ7 CM)
Z it Z Ou; i da? ’

rae ¢ — yroa mexay g(a) u quaronannio di.

Tor xe npeaen MOXHO BLRIMUCIUTE UCIIONL3YA Pa3noXxKenu:d

31‘ 31 U1 v e Uop .
@) U (Er )

81,...,82

<j> U (j oLz Wzn>

F 51,...,80, >0 k sy sy .. Son )’
vy ... v2n>

¥ v
U (o

81,5820, 20

Huke mbt Oyem BCHONB30BATL CHeAyIONine 0003HaYEH s

vy U
( kq 6(’ > = BEPTHUKANLHOE OKHO vq iepecekaercs k npamMbivu u3 {g; }, a Bce ppyrue

BEpTHKAJIbHbIE OKHA (T.e. OKHA U3 T,) HE HMEIOT IlepecedeHnii;
v
q . oy oy
1 = BEPTUKANLHOE OKHO Ug IEPECeKaeTcs OfHON upaMoi go € {g; |, Koropas
A

nepeceKkaer, o KpafHe#l Mepe, OJHO BEPTHKaJBHOE OKHO U3 Ug, H HH OJHA Ipyrad
npaMas u3 {g; } He NepecekaeT HU ONHO U3 BEPTUKANLHBIX OKOH;

v .

1‘1 | | = BePTHKAIbHOR OKHO Vg NEpEeCeKaeTcd NpAMoi u3 {9:} m cymecrsyer

TOYHO OJIHO OKHO ¥ 7 ¥y U3 MHOYKECTBA OKOH U1, ... U2y, KOTOPAs IEPECEKAeTCA APYToi
npaMoit u3z {g; }.

Jlemma 7. [45]. Jas mobozo P € TI-2 umeem

(I DU HUE), U ) --ee

d_ Vi .. Uap\ Y U1 ... U .
Tak kax P (E o . o > =P (E T 1,2, 1o u3z Jlemmnr 7
HoNyYaeM
1 2n
(73) Ly = lim = 03 | o Fga a2+ 3 e | o
q=1 b#q

I UCTIONIB30BAHB! CIIeAyIONIre 0003HaYeHHs

Ya g\ _p(T Y4 %) _p(7T Y Y
“WZPQ m 6) P(k m 0) P(k 0) %

i=1,2

o 2PN, P ENC), -GN <>A7
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Ei UV, Vp Uy, Up Y vy Up Uy, Up
P E : P q q _p(L e q _
“b ( E 1 1 0 E 1 1 0O

i=1,2
— —
_ ’1 Vg Up vqlvb
P (k 1 1 0 > '

o ornenbHOCTE IpOAHANH3MPYEM CHAraeMble Kg 1, Kq2, g A B Kgp.

ABanmz kg1 M Kg A.

2n
Beauuuna Y. (kg1 + kga) UMeeT mopsaoK (2. A umenHo

q=1
2n n

(7.4) > (kg1 +rga) = =2 fle) Yt Aimp(T,3, ) P + o(1%),
—1 i—1

Ty 2
rae 7 (t,u, o) =114 7

Anamns Kqp. Ananus pasGuBaercs Ha CJy4aM, 3aBUCALIME OT HOJOXKEHHH TOYeK
nepeceyenns T4 € Vg B Tp € Up OTHOCHTENLHO 10HpasbueHuil vy U vp JUArOHANAME
npaMoyronnunka R.

Huzxe ucnonbayem S(q,b) = 41, ecnm yq = ; (nesbiil Konen orpeska v;) 1 yp = 75
(upasbiii KOREN OTPE3Ka Y, ), 1 Haobopor. B nporusnom cayaae S(q,b) = —1. Takxke
MBI OyeM HCIONB30BaTh 0603Hadennd aus yriaos O, = {¥ € (0, 7/2)} (ocrpye yrini),
O, ={¥ € (7/2,7)} (rynuste yrus).

2n

Beauuuna >, Y K, WMeeT Hopsiok 2. A MMeHHO

q=1b#q
2n g
Zz’iqb - Z(yq - yb)2 Cq,buv S(LL b) |:A12jvq,b <<%> X <@a X @a U@z) X @o)>
=1 b#q q<b
2 ol
— ALV ((E) x (@0 x 0, JOu x @0)”
1 2n—1
(7.5) ~7 > wg (T —wq) D S(q,b) cqpww ALQ(q, b2 + o(1%),
q=2 b#q
riae

Qq,b) = Vgp ((Z) x (02 x 0u [ JO, x @0)> _
~Vab ((Z) x (8, x 8, J©u x @0)> .

Apanms rg .
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2n
Benuuuna ) K, uUMeeT Mopsaok (2. A umeHHO
q=1
2n 2n—1
(7.6) Z“q72 = Z Yo(T' —yq) C‘I7q7UUA12i Qg ) P + o(1?).
q=1 q=2

IpupasauBasg KoahdUIMEHTH TpU cjaraeMbix mopsaka 2, uz (7.2), (7.4)-

(7.6), nonyyaem

" g Ia nflaiz_ o2 T
Z pE(7u7a)ti+Z pk(7u7a)ul+ pﬁ(ﬂjﬂa = —2f(a Zt l';rktua)

, i 2
p ot; —~ duy da
(7.7) +D (9 —95)” cigow S(0,5) A7 Q0 5) + E
i<j
e
(7.8)
2n—1 2n—1
E=— Z yq(T —yq) ZS((L b) cq.p00 AF; (g, b) + Z o(T'=1q) cq,q,00 AU, 0).
9=2 bq q=2

8. YCJIOBISA @AKTOPU3ALINN

Paccmorpum ypasaenns (5.7), (7.7) npu Hainguu CIeAyIOIEX YCAOBAH Ha BEpOSAT-
Hocrroe pacnpenenenue T-unsapnantaoro { P, ¥;},:

a) ILnd KasK10ro HanpaBaeHnd ., ToCAeaoBaTensHocTs {cot ¥, b nekoppenuposana
¢ gmucaoM Touek u3 { Pt (cm. §5).

b) Tocnenosarensuocrs {cot ¥;} ecTh nocnesoBaTenbHOCTL HEKOPPEIU POBAHHIX
cny9yafiubix BEJTRYAH,

¢) {g;} ynoBnersopser Tak Ba3BBACMOMY YCIOBHIO “NOCTATOYHOIO NepeMernba-
mEsA”, & WMEHHO, TOYEYHBIC NPOUECCH, MHIAYIMPOBAHHLIC HA TECTOBOH NpAMOl na-

npapiesus o 1 Ha “runuanoi”

npAMOl B3 {g; } ¢ TeM YK€ HANPABACHHEM, HMEIOT OHO
U TO XK€ DACIpeeIeHue.

Kaxk nokasano B [41], pemas 9ru 1Ba ypapHeHUs!, DU BBIONHEHUH yCiIoBui a), b)
U C) CHEAYET NYaCCOHOBOCTL OMHOMEPHBIX pacnpenenenuit pg (4, a).

B paborax [42] u [45] nccnenosanuce MEOroMepHbIe BepoaTHOCTH Py (7, o). Tak kak
BEPOATHOCTHOS DACTIPEAENEHNE CIy9afiHOro To9ednoro nponecca {P;}, noanocTshio
onpezensiercs BenmdunaMmu pr(¥,«), n > 1 (cm. [24]), usyyenne senuunn pr(7, )
NPUBOAUT K yTBEDIKJACHUAM €AMHCTBEHHOCTH, KACAIONUXCSA BEPOATHOCTHRIX DACTIDE-
penennit rogeunnix nponeccos { P}, nnmm naxe {g;}.

Ucnonesys Jlemmy 2 pnsa

F(m7\1/17\1/2)1<z> M(RxR)+T(LxL)—I(RxL)—1I(LxR),
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[POU3BENEHUA ¢ j vy $1(4,7) B (6.10), (6.11) MoxHO 3anmCarb B TEPMHUHAX ['OPU30H-

TaJbHBIX OKOH. ITosyuaem
Cijov Ui, J) = Cignh X
(8.1)

/(1 (Z) T(RxR)+IT(LxL)—I(RxL)—1I(Lx R)]) dH, | cot ¥y - cot Wy|.

Bumecre ¢ 91eMeHTapHbIM TOXIECTBOM
HRxR)+I(LxL)y—IT(RxL)—I(LxR) |cotW¥;-cotWs|=cotW¥;-cotWs,

13 (8.1) u u3 dakTOPU3ANMOHHBIX YCHOBHA a) u b) BhiTeKaeT

(8.2) G Q0 5) = Cimn { / (I (Z) cot ¥, cot \1/2> de} 7

- / (I (Z) cot ¥y cot \1/2> dH, ; =

— )\/ a 2 —
(83) H@j (%) Ei,j,hh (COt \Ifl cot \Ifg) = ( ) Hi,j (%) s

JlokazkeM, 9TO NIpH BLINONHEHUN yeaoBuii a) u b) seipaxenne = = 0. Jeficrsurennro,

nenonb3ys 06obmennsie popmynsl HaneMma, nonyyaem

2n—1
82]9* d 2]9* H? T ? Pr
== T — S(q,b ko koo k b
Z Yq( Yq) Z (g,0) {ati B, 0t ouy 0L duy + Du. 8%/}
7=2 bq
2n—1
Ppg _ Py g 9’y
T — k _ ko _ k &
+ ; yq( yq) |: 81&3 atl 871,1 atl 871,1‘,1 + 871,1 au11:| ’

Iie B ABOMHBIX CyMMMax, u = 4, ecii ¢ = 13 B uw = i — 1, ecow ¢ = ;. Ananorudso,
v=j,ecnnqg=r;uv=7—1,ecn q=1;.

Jna moboro ¢ # j, nanwuue Muoxurend S(q,b) obpamaer B HyAb 9IEHBI, COOT-
Bercreyomme b = l; u b = r;. Takxe B 1BOHHONA cyMMe, eciin ¢ = J, TO Yq U Yp CYTh
KOHIIBI OQHOIO W TOTO K€ WHTepBana v;, nosromy S(q,b) = S(b,q) = +1. Tak xak
YaCcTHLIE IPOM3BOJHLIE B NEPBO M BO BTOPOR CTPOYKAX BBIDAXKEHUs Z BCTPEYAIOTCH
C pa3HbIMHU 3HAKaMH, TO nonygaem = = 0.

Ocraercs npeobpaszoBarh CliaraeMoe

N(a)]? e
% ;(yz —y;)? cijow S(4,5) Aqui,j (%)

TNE _
= % Z {(yl - ’yrj)2 Clyr; hh A?jHli,’r’j (%) +

VirVj
i<q
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2 Y
+(ym - ylj) Cr;,l;,hh A H’r’27 1 %

R S [ = e s, (7) 4

VirVj
i<q

oy, —yi,)? euy mn ALHL 1 (%ﬂ

Mo 2 n 2
Jr[[)\((a))]]Z ;tz z,m,hhA Hl T <%>

Ucnonbays (6.7), (6.9)-(6.11) u

—(ye —v1,)" = Wre —9r,)" W —01,)" + (s —wr,)” = 283ty
_(ym - y’r’j)z + (ylz - y’r’j)2 - (ylz - ylj+1)2 + (y’r’z - ylj+1)2 - _2t’L uj7
_(y’r’z - y’l”j)2 + (y’r’z - ylj+1)2 + (yli+1 - yrj)2 - (yli+1 - ylj+1)2 - 2u’b uj

BLINIEYTIOMARYTOC ClaraeMoe MOXKHO IepelucaTh B Buje

(@) Py
NOE Zaﬂ i Z w+2 Zat ot 1l

n n—1 agp 82
(8.4) +2 ) 7 ’f tuj+2zau By U4
i=1 j=1 i

Taxum 06pa3soM, DK BLIIONHEHRA yCI0BHEA &), b) dopmyna (7.7) upuauMaer BUL,

n 875_ nflaiz_ aZiz—
Z pk(7u7a)ti+z Pk(7u7a)ui+ (1,3, ) — 2 f(a Zt Agrp(t, @, o)

=1 atl i1 871,1 8a2
[N (a)P? pk 2
t;
RREE Z o
p n n—1 p
(8.5) +2z:a "“tt+ Zza ktlj+2z " uiuj
i=1 j=1 i£j=1 U

YCJIOBUE ITEPEMEIIIUBAHU S1
Teneph HONONHETENLHO NPEANONOKEM, 9TO BLINOJHACTCA YCIOBHE ¢). Amamurn-
YEeCKH OHO MMeeTt BHJ,
(7w, o) = pr(t, T, o),
u Boipaxkenue (8.5) ceoguresa Kk nuddepennuansuomy ypasaennio. Permras 310 ypas-

nenpe pMecTe C HavaJbHbLIMH YCIOBUAMHA

ps(0,m,0) =1 u pr(0,w,0) =0, ecnim k%0,
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NPUXOIUM K CHeNyIomei reopeme.

Teopema 2. ITycme daa caynaiinozo npouecca npamux {g;} us waacca TI-2, map-
ruposannsidl moueunnd npovece { P, V;}, ydosaemeopaem ycaosuro a). Eeau das
HEKOTOPO20 HANPAGACHUA O GBNOAHEHHL YCA068UA b) U ¢), Mo das Mo20 dice 3HaAMeHUA
a mouenwnnds npoyece {P;}o, nyacconoscrkud, m.e.

n

_ H () 2]k oMt
k;!

i=1

Hokasareabcrso: Ucnonssys pr(t, @, o) = gp(A(a) i, A(a) @), em. (5.11), naxoaum

opr Oqy  Opp gy
(8.6) at; )\(a)a_t/ u; Aa) Ju;’
u
O pr(t, @, o) y i dq; nl dq;
doz N @) ;8@ tl*;a_ui i
n 82T n—1 9 . 9 .
2 ) L2 %
+H(@)] ;TH;— Jr2 Gt
n n—1
g Fpr
) 2 k¢, 2 ’
&7 ' ; = Otiug it 17;18“1 Y

Toacrasnas (8.6) u (8.7) B (8.5) m mcnomesya N'(a) + AMa) = 2 f(a) (em. [32]),

HOJIy4uM ypaBHeHHe Ajd QyHKuuf ¢

rn
d 1o
-1 9% ‘f
(8.8) ()] 2 A t; + ; Zt i
DT0 ypaBHEHUE HE COAEPIKUT NPOM3BOAHLIX 110 «. B TepMuBax Npou3BoAsuX pyHK-

nuii

>0

o] o]
D21, ey 2 By ey b Uy ey Uy 1) = Z Z (M) T, Mo) ) 2t gk ke
k1=0ky=0 kn=0

(8.8) zanumercs B Buae

GINY S T n
(8.9) Ztia—h+;uia—w = \a) [Z}t (2 —1)®

i=1

Pemmum (8.9) st HavanbHbIX YCAOBHHR

D21, .002050, 0,000y, oy uy g) = 1.
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Jna nyacconosckoro { P}, umeem

n

D21, oy 2, ey by, ey U 1) = eXp | Alc) Zti (z: — 1),
i=1

U JIETKO TIPOBEPUTE, 9TO 3TO BhIparkenue yaosnersopgaer (8.9). Cnenobarensno, GyHk-

st

n

exp | —A(a) Zti (2o — )| P21, oy 2ni 1, ooy by 1, oy U ) =

i=1

== F(217 vy Zn;th ...7tn;u17 ceey unfl)
VIOBIETBOPSIET

n n—1
oF oF

8.10 ti— i — =0
10 2

U HAYAJNbHBIM YCIOBAAM
Flzg, 2030, 050y, uy g) = 1.

DTO XOPOIIO M3RECTHOE ypaBHeHHe Diinepa 1y onHopoaHbix (dyaknuil nopsaka 0.

Kaxnoe pemenne ypasuenuda (8.10) npu k > 0 numeer cBOACTBO
F(217 vy Bms kt17 ceey ktn; kuh cey kunfl) = F(217 cey Zn;th ...7tn; ULy oeny unfl).

Cpenn nux toneko F(2,Z) = 1 yaosnersopaer (8.10). Teopema noxasana.

9. OTHOPOJHBIE CJIVYAMHBIE MO3ANKHI

Meron uaTerpupoBanng KOMOMHATOPHBIX PA3JOKeHUH MOXKeT ObITh UCHONL30BAH
JIJIsl HAXOXKJEHUs PaCcHpefeenns JJINHbL TUInrYHoro pebpa nanpasienus o jsa T-
WHBAPUAHTHBIX CIyJafiHbIX MO3AHK.

Mozauka onpenensgercsa Kak paszbuenue MioCKOCTH HA HEepeceKalonmnecs BhITyK-
JIbie OrPAHUYEHHBIE MHOTOYTOJIBHUKH C HEOYCTHIME BHYTPeHHOCTAME. Mbt 6ynem pac-
CMATPUBATL TOJBKO MO3anKH, He nMerorue y3nos tuna 1. Torna Mozanka noTHOCTHIO
OTIPEAEACTCH MEOXKECTBOM ero pebep {5; }. Cayvafinyio MO3auKy MOKHO ONIPEIeNuTh
Kak caydafineiii nponecc pebep, T.e., KaK MPOUECC OTPE3KOB Ha ILIOCKOCTH € BEpO-
Arrocreio 1 sspsmowmiica Mosankof (em. {1, 3, 19] u {29]). Mbt npennonaraem, 4ro
MaTeMaTHYeCKOoe OXKHIaHne KBAIpaTa 9ucya pebep MO3anku, NepeceKalonnx Orpanu-
geHHOE HGOPeNeBCKoe MHOKeCTBO Koneuno. ClenoBaTenbho, N caydalinoi Mo3anka
ONpeJesIeHbl TaKue NOHATHSA KAK BEPOATHOCTH P M MHBADHAHTHOCTH OTHOCHTEIHHO
rpynnst. Cranaaprasie nonstus (em. [21, 23]) neppoii u BTOPOR MOMEHTHBIX MEp XO-
POIIIO M3BECTHDLIE [Jisl CAYYaiiHbix nosiell OTPe3KOR TaKyKe UPHMEHUMBI K CIy4aliHbiM

mozankanm (|21, 25] u {32]). Tem ne Menee Mbl KPaTKO HAUOMHUM HX.
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OTpe30K Ha MIOCKOCTH ONPENeNAeTcs TPOUKOH
5 = (97 t? 7—)7

rie g — upAMasi, Ha KOTOPOH JIeXXuT OTPE30K, ¢ — OJHOMEDPHAas KOODAWHATA [EHTPa
OTpesKa Ha NpAMOH g, a T — AJuHa OTPesKa 6.

Teppas momentHas mepa Aj(-) nponecca pebep T-unpapuanTHOl ciaygaiinoil Mo-
38MKH €CTh MEepa B COOTBETCTBYIOIEM Npocrpancree. Eenn npeanonoxum, 9o Aq(+)
HMeeT NJAOTHOCTE OTHOCUTENBLHO dd = dg dt dr, 1o oHa HEOOXOIMMO UMeeT CIeAYIONInH
BU,

Af(7, ) dg dt dr = Nf(T, ) do,

e @ — Hanpasienue npsamol ¢g. Honaraem, aro mnorHocTb [ HenpepbiBHA.

Jna As(+) nonaraem, 910

/Az(d51 ddy) = f1(g1,92) dg1 dgo
Ay
e

Ay ={(t1,t2,71, 7)1 v; N8 # 0, ¢ vecymmmMu npamMbiME  g; € [13], @ = 1,2},

Vi, Vo CYTh [BA NApajielbHbIX OTPe3Ka NJIMHB [ U paccrosnuem 1.

O6o3sa9uM
By = {9 € G: RN g ne nepecekaerca Hu OOHEM pebpom Mozamku} 1 A = [v1] N [1a].

Hans p(By N A) sanumenm komGunaroproe pasnoxkenune (4.3) (ngst n = 1), npuyem Bee
CIIATAEMBIE OCTAIOTCH HEM3MEHHBIME 38 HCKIAIOYEHHEeM craraemoro &o(m), Koropbri

HaJ0 3aMeHUuTL Ha

§2(m) = —22 Ixil L a(xi),

rje Xi — XOpAbl NpAMOyToabauKa R, nopoxaennsie pebpamu, a muoxkectso {F;} co-
CTOUT U3 TOUEK nepecevenusi pebep ¢ OR.
Boruucnenns ananoruynbie TeM, 9T0o 66N npoenanbt B §§6-8, npuBoadT K cie-

JYIOIEMY BBIPAKEHHUIO JJisl
X0
P(r| > t,0) = / e
t

T.€. BEPOATHOCTH, YTO JJWHA THIMIHOrO pebpa cayuafinofi MO3amkn mMeromeil Ha-
npasnenue o Gynet Gonbime, gem ¢ (eum. [30]):

iapo(t7a) ¥+ 19 |:182p0(t7 a):|

Plrl>te) = x5 XDl |t Ba?
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(9.1) —t//nqjh%,t (é) Ly — L] fo(t, o, Wy, Ws) sin Wy sin Wy dW¥ s,
0 0

e

H\ph\p%t (é) f1 (t7 [ \1117 \Ifg) sin \Ifl sin \Ifg d\Ifl d\Ifg =

. t
= }E% My, v, (O) As(ddy dos),

1

f1(t, a, ¥y, Us) — maOTHOCTE BTOPOH MOMEHTPHON Mephl MAPKUPOBAHHOIO TOYEYHOIO

. . . t
npornecca nepecedenuii {F;, ¥, }, na rectoBoii npaMoii nanpasnenns o, [y, g, ; (O

t
— YCJIOBHAS BEPOATHOCTH COOBITHSA (O npu ycnaosuu, 9ro [P, Po| = {, a mapku B

i
roukax P; u P, pasant ¥y u ¥y, coorsercrsenno, npuiem po(t, o) = P (O)

Ecan cnyaafinas Mo3auka M M30TPOIHA, TO

2
Fpo(t, )
AN B2/
da? ’
u 13 (9.1) Borrekaer coornoumenue nainennoe B pabore [29] (cm. raxuxe [3] u {21]). B
ofem cayaae ne npoBoauIics ananus ypasenns (9.1). MoxHO TONBKO 3aMeTHTD, 410
pacnpeeenye JUIMHbL TATHIHOrO pebpa MO3aiKH B HAIIPABJIEHHH (0 MOYXKHO BBIYHC-
JATh, HCHOAB3Ys 3HAYeHus Po(l, (¢) TOJNBKO B HEKOTODPOH OKPECTHOCTH HANPABJIEHHs
(9 W pacupeieneHne MapKUPOBAHHOTO TodedHoro npouecca {F;, ¥;}, Ha TectoBoi

OpAMOY HANIPaBJIEHUA OQ.

10. CTEPEOJIOTUS IPTOANYECKUX BYJIEBBIX MOJEIEN

Bynesbr Monenn onpeaensorces Kak odobeaunenne obnacreil, HpUHAIJIEKAIUX PO-
neccy cuy4afiHbiX BRITYKIBIX 00nacrell, WHBADHAHTHOMY OTHOCHTEJIBHO I'DYIIBLL €B-
KIMJOBLIX JABHMKEHHH 110ckocTr. IIponece pomykabx obnacreii na R? moxno onpe-
JIEJIATH KaK TOYEYHBIH ITpolect B IPOCTPAHCTRE NJIOCKHUX BHINYKIbIX obnacreii. Ecan
B 9TOM HIPOCTPAHCTBE 3aJlaHa HEKOTOpas Mepa, TO MbI MOMKEM TI'OBOPHUTH O IIyacco-
HOBCKOM TIPOLECCE BBINYKALIX obnacTeil u cooTsercrByomei “Oynesolt monenu” (cM.
[33]). TIyaccornosekue Gynenbl MOJENH NPUHAMNEKAT Kiaccy Gosee obmux “sproju-
geckux OyneBbrx” Mojenel, onpeieseHHbiX Kak oObeluHeHns BBITYKIbX obnacreil
w3 cy4galinoro nponecca obnacreil, 0b6ranaMuX ONpeIeeHHBIMI CBOUCTBAME IPIro-

pmanocrn (eM. [19] u [21]).
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Iina ynobersa, obbenunenne BeIYKIBIX obmacTell HACOBEM YEPHBIM MHOXKECTBOM,
a ero ponosnenwe — OenbiM. Pesynwrar, nonyvenuniii B [19, 21}, kacaerca cayuaaii-
HBIX YEPEAYIONIUXCA [OCIeN0BaTeIbHOCTell YepHO-0eNbix MapKUPOBAHHBIX MHTEPBA-
JIOB, WHIYIMPOBAHHBIX Ha TECTOBBIX NPAMBIX. MapKkaMu BHOBb SIBJISIIOTCS YIVIBL TI€pe-
CeYeHHUsT MEXK /Iy TeCTOBOH NpAMOl U rpanuneft nByMepHol packpacku. Hepenyionmii-
Csl IPOIECC MapKUPOBAHHBIX HHTEPBAJIOB Ha NTPAMOM HA3BIBAETCH PEKYPEHTHBIM, €CJIH
YepHbIe MAapKUPOBAHHBIE WHTEPBAJILI HE3ABUCHMBI, 8 JJHUHBI OeJIbIX WHTEPBANOB 00-
Pa3yIoT HE3aBUCHUMYIO NOCIENOBATENBHOCTD HE3ABUCHMBIX Cay4alinbix Benuyun. [log-
YEepKHEM ACHMETPUYHOCTH ITOI0 onpejenenus. PEKypeHTHOCTH IIPOLECCa O3HAYAET,
410 Gesible MHTEPBAJIBI HE3ABUCHMBL OT WX JIJIMH, IPUYEM CYIECTBYET BO3MOMKHOCTD,
4100Bl YIVIBI ¥ JJIMHBL KaXKJ0r0 4epHOI'0 MapKHPOBAHHOIO MHTEpBasa Obuim Obl 3a-
BUCHAMBI. BHYTPH 9TO# CTPYKTYDbI OJAYYaeM W npyrofl ciydall “OpuHIMNA HEe3BHCH-
MBIX yIVIOB": M3 PEKypPEHTHOCTH YepPHBLIX MHTEDPBAJIOB CIEIyeT SKCIOHEHIMATbHOCTD
pacupesenenus JAUHBI THOWYHOIO 0EeJ0ro WHTepBaja Ha TectoBol npamoil. OrMe-
M, 910 B kHure Marepona (|11}, crp. 140) rakike NpUBOAATCH HEKOTOPHIE YCIOBUS
IKCIOHEHIMANBHOCTH DeNI0r0 WHTepBalia, OfHaKko yenosus u3 [21] Hocar cosepienso
nHOHU XapakTep.

Packpackm 94eThIpexXyrodabHUKOB. [TonyynmM naTerpo-reoMerpudeckuii pesysb-
TaT, Kacaoumiicsa Hecay4alHbix pACKPACOK OIDAHUYEHHBIX BBITYKJIIBIX YeThIPEXYI0 b
HHKOB.

Ilycte M — OTKPBITOE YEpPHOE MHOXMKECTBO Ha IJIOCKOCTH, IPDAHMIA KOTOPOIO eCcThb

obbenunenue npaMonuaelinbrx orpe3kos. dononnenne k m — 6enoe. Honoxum
mp —1m ﬂ pr

e Kr — kpyr paguyca R ¢ neaTpoM B Hadajle KOODIMHAT.

MHOXKECTBO M MOXKET COCTOATL B3 HECKOJABKUX CBASHLIX (He 00A3aTeNbHO BBITYK-
JIBIX) KOMIOHEHT; KarxKJasd KOMIOHEHT& MOYKET MMEeTh 0eble MHOTOYTONLHBIE IbID-
KH, KOTOPbIE MOI'YT OBbITh OKPYZKEHBI YePHBIMY MHOTOYTOJIBHBIME OCTPOBKamMu. Eaun-
cTRenHOe TpebORBAHKE HA 1IN COCTOHT B TOM, YTO YHCJO CTOPOH, COCTABIAIONINX I'Da-
HUIY MHOKECTBA Mp KOHEeUHO jJid joboro K.

Huxe npennonoxum, yro ua moboit Tecrosolt npsamoli g C R? OJIHOMEpHas pac-
Kpacka, WHIyIMPOBaHHAd MHOKECTBOM M 00J1a1aeT ONpeJeieHHbIME CBOMCTBAMH 3D~
ropmanocTy. Tak Mbl npeanonaraeM, 9ro mareMaradeckoe oxuganue (1) runuano-
ro Genoro narepsana 1T’ Ha TeCTOBONR NpAMOl A nw0bok GyHkuy [ MOXKHO BBIYHC-

JUTE KaK npejel CyMMbBL

1 N
N Z f(Tn)7
n=1
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rae T, — Genbie MHTEPBAJIBI Ha OIPDAHUYEHHOM OTPE3KE M3 g, [JIMHA KOTOPOro Crpe-
MHUTCH K OECKOHEYHOCTH.

OueBuano

N
(10.1) [ smia=% [ 1ate)fre)a
[KR] n=1

" *la,]nas]

31ech a, ¥ ag CyThH CTOPOHLL O6JacTy Mp, a T() — nnuma uETEpBANa HA ¢, OTPAHH-
b b

YEHHOI'O TOYKaM¥ U3 a, U as. [Honaraem [4  (g) = 1, ecnm 9T0T HHTEPBAN TOJHOCTHIO

Genpiél W HYIIO B IPOTUBHOM ciy4dae. Paccmorpum unrerpan

(10.2) / Ia(g) f(T) dg,

[a1]N[asz]
e A = Ay, T = TU?), Uarerpan (10.2) 3aBUCHT OT PacCKpacKd MHHHMAJILHOH
BBIIYK/I0# 0607109KH D HATAHYTOH HA OTPE3KH (1 ¥ a9, T.€. MHOMKECTBA My — DN,

Honoxum B = [a1] N [ag] N A, tak 90

/ Lav(g) F(T) dg = / Is(g) F(T) dg.
[a1]M[as] [D]

Peaynwrar 11 9eTbIPeXyroJbHUKA HMEET CIeIYIONMi B!

/[f(T)—f/(T)Tcotalcotaz]dg:— S Jalf(Dosla) = S sl T Top(s)

i acdmisg Qs,Qjtypes

+ Z l[d|f(T)Igp(d) — %Z/f/(T)(xl — z9)(z1 cot B — z cot 32)Isp(T)dd

Qs,Qjtyped kg,

+ Y sl MIes(s) = YD AfMIap(d) = D sl (T as(s)

F;,Q types P;,Qjtyped P;,Pitype s

Fs, Pityped

4
03+ 3 A DLe@ Y [ ST ot fLn(T) do,
=lipy

rae {P;} — MHOXKECTBO KOHIIOB OTPE3KOB a1 U a9, {(Q); } — MHOKECTBO BEPIINH IPAHALIL
O(m) s, YIABI @y U Qg JIEKAT B OOHOH NOJAYILIOCKOCTH oTHOCUTENnbHo 1. Obnacts un-
rerpupoBanud Py — MHOXKECTBO Tex 3Hadennit ¢, 1 Koropeix xopaa T us nyuka (]
HE IepeceKaercs ¢ YepHbiM MuoxkecrsoM. Hapa Py, P; — tuna d (rtuna s), eciu aq 4 ao
7eXKaT B pasubix (0AHOH 1 TOH Ke) NONYNAOCKOCTAX (IIOAYIIOCKOCTH) OTHOCHTENBHO
npsAMOlt gi; (gi; — npaMast, nupoxonsinas vepes rouku Py u Pj). pasuno 3nakos B
ciydae cnaraemeix PP Takoe ke kak m s cinaraembix Q;Q);. Ormernm u3mene-
HE€ IPABHUJIA 3HAKOB JJif CIAraeMblx COOTBETCTBYIOMX napaM F;Q);. Obo3navenns,

HCHIOJIBE30BaHHbBIE B IOCHEIHNUX ClaraeMbIX NOKa3aHbl Ha Puc. 3.
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Puc. 3.

CyMMHupoOBaHME IO YE€THIPEXYTOJbHIUKAM.

Tlpu Borancaenun cymMbl (10.3) Mbl He BuINECHLIBaAN B ABHON dOpME Craraembie,
BKJ1a,1, KOTOPBIX nMeeT nopaaok o( R?) npu R — 00. DTHM IyTeM MbI 0CBOGOK 1aeMCst
ot “kpaepbix 3¢dexron".

CyMMupy# [0 9eThipeXyroJbHUKaM U3 MHOIOYTroJbHON packpacku B Kg , nmony-

qaem (npu R — 00)

/ Z[f(Ti) — F(T)T; cot o cot o$] dg
[KR] i

= [ e+ Flaz) = Florba) + g () + o ()] d
9°mp
+ > [flzit )+ flza+p) = fp) = flar+ 22+ p)| (I — L] p
strings in Kp
1

—3 / [f/(z1 + 2z2) (z1 — x2) (z1 cot By — z9 cot Ba)—

Omp

(10.4) = > fl(wi)afcot ;| kdl+o(R?),
i=1,2

rae °mp = dmN Kp ects rpannna ¢ uckmodennem 0K p. 3amMernm, 9To 14 Cripa-
peanuBocTh (10.4), HYXKHO IPEANONOKATE, 9TO OMR HE UMEET NPAMONUHEHHBIX 0T~
peskon. Obo3navenud nokazannot va Puc. 3.

Iprogudeckue ciaydaiiHple nponecchl obiaacreii.

Ha »71o#t cranuu Tpebyercs, urobbl peanu3anyuy ¢ BepoATHOCTLIO 1 obnananu Obr
HeOOXOAUMBIMEA CBORCTBaME Ha Geckonegnocrn (npu R — o). B wacrnocTu, Marema-
THYECKOE OXKMJAHNE CAYYaliHbIX BEJMYHH, ONPEJEJIeHHBIX Ha CAYyYalHbIX KACATEb-

HBIX IPAMBIX WK INKHUBaX, MOXHO IIPDEJCTaBUTEL B BHUJE IIPEJCJIOB MareMaTuvYeCcKnx
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OXKHUJ2HUH, BBEIYHCIIEHHBIX OTHOCHTENBHO paclpeliejieHus MapKMPOBAHHON ciydali-
HOW PACKPACKH, WHAYIUpoBanuoi Ha npamoii. CopaBeaiuBocTb Takoll “aHTerpatbHoi
reOMeTpUE B MasioM” MOMKHO BLIBECTH M3 NPHHIKIE ONPAHHYEHHON CxoauMocTh (CM.
[19] u [21]).

TIpu BoiBoze ypasaenus (10.4) HpeANONOKUIN, YTO MOXKHO IpeHebpednb Ipanud-
HeiME 3DdeKTamMu, T.e. 9TO MHOXKECTBO I obnajaeT CHeAYIOmEM cBofictsoMm (CcM.
[21]):

Csotiicto 1. Toranbubiii BKaa “mexanux 61usko” K rpanmne 0K g ects o R?)
npu R — oo.

BaxubiM BOIIPOCOM ABJAETCS CYIUECTBYIOT JIH CaydaliHbie MHOXKECTBa I, YIOBJIe-
TROpsoNme ¢ BepodrnocTeio 1 Crofictry 1. Bo3amoxkHO npocrefiiinM npuMepoM Takux
CnydaiiHbIX MHOMKECTB ABISIOTCs Oy/ieBbl MOJIENHN, HOPOXK JEHHbIE HEKOTOPBIM Cary4ali-
HBIM [TPOLIECCOM BBINYKJBIX 001acTeli MHBAPHAHTHBIX OTHOCHTEILHO Ipynnbt M.

Ananuz nokaseBaeT, 9To ¢ BEPOATHOCTLIO 1, peanusanuyu nyaccoHOBCKOR Oynenoi
Mojenn M obafaloT TaKKe U JPYIMME CBORCTBAMH 3ProJMYeCcKOro THIIA, W3 KOTOPBIX
MBI OTMETHM CJieJyIoIne:

CaoiictBo 2. I'napubie 3nadenns (B 00BIYHOM CMBICIE ananu3a) Tpex QyHKnui
(ckamem, Fy, Fy, F3) npu unTerpupoBaiuy u CYMMHPOBAHHMH 3HAKOB B IIPaBoi 4a-
cru (10.4) npu R — 00 cxoputes K npeneny, KOTOPbi He 3aBHCAT OT Peanu3aliyu.

O6o3na49uM 3TH NPEIEIBl Yepes
EquFi, E.als, E I3

HOMYEPKUBAast, 9T0 OHU MOI'YT ObITh HHTEPIPETHPOBAHBL KAK MATEMATHYECKHE OXKU/ 1A~
HUs HEKOTODO# cayuaiinoll Benuunnn F;. VHAEKCH B 3HAKE MATEMATHIECKOTO OXKH-
naausg E ykazpiBalor Ha Mepbl BO3HUKAIOIIME NIPH ONpEJeeHnH COOTBETCTRYIONEH
cny4daliHON KacarenpHONU MM IIKUBA.

CsoiictBo 3. Ilpenennt

A= lim 7 'R2|0"mp]|,

R—oo

Ay = lim # *R2 § i
R—oo . n
strings in Kp

Ay = lim #'R7? K dl
R—oo
Oomp
CYIeCTBYIOT W HE3aBUCAT OT peann3aliyun. STI/I BeJIMYHHEBL, OYE€BUJIHO, MOI'YT 6bITb
HHTEPNPEeTHPDOBAHLI KaK HeKOTOPDLIe KOHKpeTHLIC IIJTOTHOCTH.

CsoiictBo 4. [lns nocnenoBarebHOCTH DEIbIX MAPKUPOBAHHBIX OTPE3KOR
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{1, oz(ln)7 agn))} HA NPAMOH, IPEAEIbE

N
lim N1 ST F(T,, ol of) = EF(T, a4, a)

N—oo
n=1

CYIIECTBYIOT ¥ He 3aBucaT ot peanusanum. Tpoiika (T, ay, as) onpeneneHnas 3TuM
ypaBHEHHEM Ha3bIRAeTCH TUIIMYHBIM BeJIbIM MapKUPOBAaHHBIM OTPE3KOM HA Te-
CTOBOH TPAMOH.

Haxkonen dopmanbao, CBoiicTBo 4 9KBUBAJIEHTHO

[Kr]

npu R — oo, rme N(g) — gucno 6enbix orpeskos na xopae g N Kg.

N(g)
F(T,, 0, af™) = EF(T, a1, 09)|0°mp| + o( R?)

n=1

Cayuaiinyo obnacrb, ynosiaersopsionyo CeolicrBam 1 — 4 Gynem Ha3bBATDL 9p-
roamdeckoii. lns Oynepot Moneny m MOPOXKJIECHHON 3PTOAMIeCKHM IIPOIEccoM 06-

nacreii, paccMOTpuM rapubii wien B (10.4), nopaaka R?. Mmeem

E[f(T) — f/(T)T cot a1 cot as]

=Eaulf(z1) + flz2) — f(z1 +22) + 1/2f (@1) + 1/2f (2)]

A

_TEndl[f/(xl + @) (z1 — wo) (w1 cot By — wacot Bo) — Y f(wi)a cot Bi]
i—1,2

(105)  AB[f(p t w1t @) 1 F(p) — Fpt ) - Flot )i~ L)

PekypeHTHOCTH YepHBIX MHTEPBAJIOB M SKCIIOHEHIINAIBHOCTD.

Hexoropbie BHyTpennue CBOUCTBA NPOLIECCOB YePHO-OENBIX MAPKUPOBAHHBIX WH-
TEPBAJIOB, WHAYIHMPOBAHHBIX HA UPAMBIX OJHODOJHBIMEM U W30TPOIHBIMYU OyJIEBBIMU
MOzeAME (B Y0BJIETBOPAIOIIEAMY BCEM APYTHM OOIIMM YCJIOBAAM IPUBEACHHBIM BbI-

me) MOryT OBIThH TIPOAEMOHCTPUPOBaHB! npeobpasya (10.5).

Onpenenenne 2. Yepedyrowaics NocicdosamMebHOCING MAPEUPOSAHHUT LepHo-6e-
awx unmepeanoe {(J;, \I/(li)7 \I/g))} u {(T;, ozli)7 ozgi))}, UHOYUUPOSAHHBLT HA, TECTNOGOT
npamotl 6yae6oll MOJEAbIO, HAZVEAEMCHA PERYPEHMHOT, eCAl,

(a) cayuwatinme nocaedosamenvnocmu {(J;, \I/(li)7 \I/g))} u {T;} nezasucumst;

(b) naens nocaedosamesvnocmu {(J;, \I/(li)7 \I/g))} OAH PASAUMHBLT | HE3AGUCUMBL;

(¢) nocaedosamensrnocms {1} daun Geanr unmMepeasoe ecms NOCACOOEAMENL-

HOCMY HE3ABUCUMDBLT cxzy%aﬂnu:c GEAUYNUH.
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OrMernM acHMMETPUYHOCTE: U3 cBoicTs (a) u (b) BBITEKaeT, 9TO KOMIOHEHTH T,
011, ey THIUYHOTO BEsoro MapKupOBAHHOTO WHTEPBANIA HE3aBHCHMBbIL, XOTsI BIIOJIHE BO3-
MOXKHE 3aBUCAMOCTE B Tpofike (J, Wy, Uy), cocraBadionell THIRYHBIA YepHbii Map-
KUPOBAHHbBIH WHTEPBAI.

Vpasuenue (10.5) yupormaercs B cy4ae peKypeHTHOCTH MapKUPOBAHHOI'O YEPHOTO

wHTEpBaNa. Bo-nepBhbix,
E[f/(T)T cotay cotas] = E[f'(T) T)E cot ay Ecot g = 0,

TaK Kak o mMmeer naoTHocTh h{a) = 1/2sina. Bo-BTopbix, BTOpOE B TPEThE Cla-
raembie paprbt Hyso. Ocrasiieecs ciaaraemoe B npasoil wactu (10.5), npu ycnosuu

PEKYPEHTHOCTH MAPKUPOBAHHBIX YEPHBIX WHTEPBAJIOB IPUHUMAET BH

Eqf(z) =Ef(T), i=1,2;

Eaf(z1 +x2) =Ef(Ih +17),

rye T u Th — He3aBUCHMbBIE OJWHAKOBO paCUpeelieHHbie CIyYaliibie BEINYHHbBL C PAc-
npejenenneM COBIAAIONIM C PACHPENEIEHUEM TUIIHYHOrO OeJIor0 HHTEPBAJIA JIJIMHbI
T.

DTH YHUPOUIEHUA NO3BONSIOT NOAYYHTH caenylommil pesynbrar. s dynkoun [,

noay4daem

f(@) =exp(—Az), nangnekoroporo A > 0.

Hycrs y(A) o6osnauvaer npeobpasopanne Jlannaca pacnpenenenns caydaiinoi Benu-

gnnbt T
y(A) = Eexp(—\T).
Torna ypasuenue (10.4) csopurca K nuddepeHnnanbHOMy YPaBHEHIIO

B dy(A)
y(A) = [y(N)]* - A=

O6ULI/IM pelrenneM KOToOpOoro ApndAeTcA

1
v = e

QOuepngno, tonbko C' > 0 mmeer cmbicn. Orciona ciaenyer, 9To JJIMHA THIAYHOIO

Genoro wHTEpBaa HEOOXOMUMO IKCIIOHEHIMAIBLHO PACIIPEIeNIeHa.
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Teopema 3. (em. [19] w[22].) ITyemw neproe muoscecmeo M asasemes 6yae6ol mo-
deavto, NoposclenHol ¢ NOMOUBIO IP2OOUMECKO20, OOHOPOOHOZ0 U USOMPONHOZO CAY-
nalinozo npoyecca obaacmedi, UMEWUT OZPAHUNEHHDE KPUSUSHDL, OAH% KOMOPOLT 6bi-
WEYNOMAHYMBE MAMEMAMUNECKUE oncudanus cyuwecmsyrom. Ecau undyyuposan-
HAA OOHOMEPHAA HEPHO-0EAGHA PACKPACKG HG MECMOB0T NPAMOT, PERYPEHMHG, MO Pac-
npedescHue JAUHD MUNUMHOZO BEA0Z0 UHMEPBAAG HA MECTOB0T NPAMOT IKCNOHEH-

yuaasvHoe.

B zaksvgenun sroro naparpada npuBeseM Jpa npuMepa He TyaCCOHOBCKHX MHOIO-
YIOJIBHBIX CHYYaliHbIX PACKPACOK, JJIs KOTOPBIX MAPKHUPOBAHHbBIE YEPHBIE HHTEPBAJIBI

Ha TECTOBBIX NIPAMBIX PEKYDEHTHBI.

Ipumep 1. Iyems {m;} — caynaiinas mo3aura naocKkocmu, nopoicoernnas 60Hopod-
HHBLM U USOMPONHBM NYACCOHOSCKUM NPOYUECCOM npamut. Mrozoyzorvnury m; He3a-
BUCUMO DACKPAUWEHDL UAY HEPHBIM (€ 6EPOATIHOCINBIO D) uau Geasm ysemom (¢ ee-
poammnocmeio 1 — p). Bdect omesudno umeem IKCNOHEHYUAABHOE PACTPEOCACHUE KAK

daa GeaviT MaK U 0as “ePHHLT MUNUMHHT UHTNEPEAA08 Ha MeCTNo8od NpaMOol.

Hpuvep 2. Iyems D — munummsidi MHOZOY20ADHUK 6 MO3GUKE ONPedeseHnol eviule,
u nyemo Dy, Da,... — nocaedogsameavHocmsd HE3ABUCUMLET CAYMATHOIT MHOZ0Y20Nb-
HUKO0B ¢ meMm dice pacnpedesenuem kax D. Jlaa 3adannozo nyacconosckozo npouecca

{M;} ¢ M ynpasasemozo mepois Xaapa, nosoxcum
X = (UM, D;)°.

Jas 9mozo cAy1aiinozo eprozo MHONCECTNEA M, JAUHG TRUNUMHOZ0 OEA020 UHMEPBA-
AG HE UMEETN, IKCTIOHEHUUAABHOZO PACTIPEJEAEHUR, TOA M UHIYUUPYEM PEKYPEHI-

HYIO MEPHYIO PACKPGCKY HG TRECTOBHIT NPAMBIT.

Abstract. The paper contains a review of the main results of Yerevan research
group in planar stochastic geometry, in particular the second order random geomet-
rical processes using the methods of integration of combinatorial decompositions and
invariant imbedding. For the present review we have chosen the results concerning
tomography (or stereology) of random processes of lines, random tessellations (mo-
saics) and Boolean models (not necessarily Poisson) in the plane. The results are
obtained either under the assumption of invariance with respect to the group T of
translations, or the group M of the Euclidean motions of R?. In each case the marked
point processes {F;, W, } of intersections induced by the random pattern in question on
the test lines are studied, where {P;} is the point process of intersections induced on
a test line of direction o, the mark ¥, is the angle at which the intersection with the
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test line of direction o occurs at point P;. In the case of random line processes,
these approaches lead to differential relations between the joint probabilities for
the numbers of intersections that occur in disjoint intervals on a test line having
direction «, and the first and the second order Palm probabilities of the similar
events. By an analysis of these relations, conditions of Poissonity of n—dimensional
distributions for any n > 1 are derived. In the case of random tessellations the
distribution of the length of so-called typical edge of direction « is obtained in terms
of the probability distribution of the corresponding {FP;, ¥;}. As regards random M-
invariant Boolean models, the present review includes a description of the method
based on summation of Pleijel-type identities for the part of the realization within
a finite disc and subsequent calculation of the limit when the radius of the disc
tends to infinity. An alternating process of marked intervals on a line is called black-
recurrent if the black marked intervals are independent and the lengths of the white
intervals constitute an independent sequence of independent random variables. One
of the earliest results in the field states that black-recurrence implies an exponential
distribution for the length of the typical white interval on a test line.



KOMBUHATOPHBIE [TPUHIIUIE B CTOXACTHYECKOH 'EOMETPUN 67

CIUCOK JIMTEPATYPHI

[1] R. V. Ambartzumian, “Random fields of segments and random mosaics on a plane”, Proc. Sixth
Berkeley Symp. Math. Stat. Prob, III, 369-381 (1972).

[2] R. V. Ambartzumian, “A note on pseudo-metrics on the plane,” Z. Wahrscheinlichkeitsth. verw.
Geb. 29, 25-31 (1973).

[3] P. B. AmuGapuymsan, “O cay4aliHBIX IPOLECCAX OTPE3KOB ¥ CHYIAHHBIX MO3AHKAX HA IIOCKOCTH,”
Teopust Bepoaraocreit u Ilpum. 18 (3), 515-534 (1973).

[4] R. V. Ambartzumian, “The solution to the Buffon-Sylvester problem in R3” Z. Wahrscheinlich-
keits theorie, verw. Geb. 27, 53-74 (1973).

[5] E. F. Harding and D. G. Kendall (Editors), Stochastic Geometry (J. Wiley & Sons, London,
New York, Sydney, Toronto, 1974).

6] R. V. Ambartzumian, “Convex polygons and random tessellations,” in [5], 176-191 (1974).

7] R. Davidson, “Construction of line processes: second order properties,” in [5], 55-75 (1974).

]

]

[
[
(8
[

R. Davidson, “Line processes, roads and fibers,” in [5], 248-251 (1974).
9] K. Krickeberg, “Invariance properties of the correlation measure of line processes,” in [5], 76-88
(1974).
. Papangelou, “On the Palm probabilities of points and processes of lines,” in [5], 114-1¢
10] F. P lou, “On the Pal babiliti { poi d { lines,” in [5], 114-147
(1974).

[11] K. Matrepon, Cayuatinme Muoscecmsa u Humeepasvras leomempus, Mocksa, Mup, (1976).

[12] JI. A. Canrano, Hnmeepasvnasn Leomempua u Feomempuneckue Bepoamnocmu, Mocksa, Ha-
yka, (1983).

[13] R. V. Ambartzumian, “Stochastic geometry from the standpoint of integral geometry,” Adv.
Appl. Prob. 9, 792-823 (1977).

[14] O. Kallenberg, “A counterexample to R. Davidson’s conjecture on line processes,” Math. Proc.
Camb. Phil. Soc. 82, 301-307 (1977).

[15] R. V. Ambartzumian, “On some topological invariants in integral geometry,” Z. Wahrschein-
lichkeitstheorie und Verw. Gebite 44, 57-69 (1978).

[16] B. K. Oranan, “KoMOuuaTOpHbIE OIPUHIMIL B CTOXACTHYIECKOH TeOMETDHH CIydailHBIX moJel
orpezkos,” Hoxnagst AH Apu.CCP 68, 150-154 (1979).

[17] J. Mecke, “An explicit description of Kallenberg’s lattice type point process,” Math. Nachr. 89,
185-195 (1979).

[18] R. V. Ambartzumian, “A synopsis of combinatorial integral geometry,” Adv. in Math. 37 (1),
1-15 (1980).

[19] P. B. AmGapuymsan (Pegaxrop), Kombunamopnue Ilpunyune 6 Cmozacmuseckot Leomempuu
(Céoprux cmamed), Mzparenscreo AH Apm.CCP, Epesan, 1980.

[20] B. K. Oranan, “KoMOuuaTOpHblE IPUHIMIL B CTOXACTHYIECKOH TeOMETDHH CIOy<ailHBIX mOJel
orpezxos,” B [19], 81-106 (1980).

[21] R. V. Ambartzumian, “Stereology of random planar segment processes,” Rend. Sem. Mat. Uni-
vers. Politecn. Torino 39 (2), 147-159 (1981).

[22] R. V. Ambartzumian, Combinatorial Integral Geometry with Applications to Mathematical Ste-
reology (John Wiley and Sons, Chichester, 1982).

[23] R. V. Ambartzumian, “Probability distributions in stereology of random geometrical processes,”
in Recent Trends in Mathematics, Reinhardbrunn (Collection of papers), BSB, B. G. Teubner
Verlagsgesellshaft, Leipzig 50, 5-12 (1982).

[24] K. Marrec, Ix. Kepcran u . Mekxe, Beckonewno Jeaumvie Touewnvie Ilpouyeccor Mocksa,
Hayxa, (1982).

[25] O. Kallenberg, Random Measures (Akademie Verlag, Berlin, Reading, Mass., 1983).

[26] R. V. Ambartzumian, W. Weil (editors), Stochastic Geometry, Geometric Statistics, Stereology
(Teubner Texte zur Mathematik) 65 (1984).

[27] R. V. Ambartzumian, “Factorization in integral and stochastic geometry,” Teubner Texte zur
Mathematik, in [26], 14-33 (1984).

[28] V. K. Oganian, “On Palm distributions of processes of lines in the plane,” in [26], 124-132 (1984).

[29] B. K. Oranan, “O pacnpejeneHun JJIMHB THIHIHOrO pebpa cayuaiiHol mozamkm,” VzsecTus
HAH Apwmenun, cepus Marenmaruxa, 19, 248-256 (1984).



68

[30]
[31]
[32]
[33]

[34]

[35]
[36]
[37]
[38]
[39]
[40]
[41]

[42]

B. K. OTAHAH

V. K. Oganian, “Combinatorial decompositions and homogeneous geometrical processes,” Acta
Appl. Math., Holland 9 (1 - 2), 71-81 (1987).

D. Stoyan, W. S. Kendall and J. Mecke, Stochastic Geometry and its Applications (John Wiley,
Chichester, 1987).

R. V. Ambartzumian, Factorization Calculus and Geometric Probability (Cambridge University
Press, Cambridge, 1990).

P. B. AMBapuyMsn, “3aMeuanust 0 TOPOXKIEHUH Mep B IPOCTPAHCTEE IpsMux B R3,” MapecTus
HAH Apwmenun, cepus Maremartuxa, 27 (5), 1-21 (1992).

B. K. Orausiz u A. A6panna,“MapKupoBaHHble TOYeYHbBIE IPOILECCHl TIepeceveHuii, mOpOXK JeH-
Hble CIAyYalHBIME mpoueccamu npsaMbix,” HMasectus HAH Apwmenuu, cepus Marvemaruxa, 28
(5), 67-77 (1993).

T C. Cyxuacsan, “O nopoxjeHuu Mep caydaiineivu dyaxuusayu ¢gaaros,” Uasectus HAH Ap-
meHuu, cepus Maremartuxa, 28 (2), 61-70 (1993).

P. B. Ambapuymsan u B. K. Oransn, “Koseuno—agqurusHbie OYHKIUOHAILI B IPOCTPAHCTEE
nnockoctelt, 1,” Uzsectua HAH Apmenuu, cepus Maremaruka, 29 (4), 3-51 (1994).

P. . Apamsaun, “Ilopoxgenue Mep B IPOCTPAHCTEE IIOCKOCTeH U chepuIecKkue 3HIepoBbl (PyHK-
mumonanst,"Nasectus HAH Apmenunn, cepust Marematuxa, 29 (4), 58-74 (1994).

R. V. Ambartzumian with the Appendix by V. K. Oganian, “Measure generation by Euler
functionals,” Adv. Appl. Prob. (SGSA) 27, 606-626 (1995).

B. K. Orausu u A. H. Jastan, “Koneuno—aaauTuBHbie (DYHKIMOHAJLI B IPOCTPAHCTEE ILIOC-
xocreit, I11,” Wasectus HAH Apmenun, cepus Maremaruka, 31 (4), 44-73 (1996).

R. V. Ambartzumian and V. K. Oganian, “Parametric versions of Hilbert’s fourth problem,”
Israel Math. Journal. 103 (1), 41-65 (1998).

P. B. Ambapuymsan, “usapuanTHOe BIOXKEHUE B CTOXACTHYeCKOi reomerpuu,” Hoxmanst HAH
Apnenunu 98 (3), 185-196 (1998).

P. B. Ambapuyman and V. K. Oganian, “Pacupegenenus: [lanpma B aganuse OZHOPOAHBIX CIY-
JaWHBIX IPOLECCOB NPSAMBIX Ha maockocTH,” Masectua HAH Apwmenun, cepusi Maremaruka, 33
(4), 31-58 (1998).

A. H. Hasrsn, “Bamoanuu B npocTpascrse npsaMeix B R3” Wasectuss HAH Apmenun, cepust
Maremaruxa, 33 (4), 59-78 (1998).

P. B. Ambapuymsan, “Anamurudeckue pe3yabTaThl KOMOMHATOPHOW MHTEIDAJILHON TeOMeTPHH:
O6zop,” Nzsectus HAH Apmenun, cepus Maremaruxa, 34 (6), 2-46 (1999).

B. K. Orausay, “AHanus OQHOPOJHBIX CIYIAHHBIX IPOIECCOB IPSMBIX H IJIOCKOCTH METOJ0M HH-
BApUAHTHOTO BaOxKeHus,” zpectus HAH Apmenuu, cepus Maremaruxa, 34 (6), 59-78 (1999).
P. B. Ambapuymsan, “Bamoanuu B IpOCTPAHCTBAX MHTErpanabHoOi reomerpuu,” Masectus HAH
Apwennu, cepust Marematuxa, 38 (3), 2-15 (2003).

P. B. Ambapuymsn, “HMcuucinenue xopx U croxacTudeckas reomerpust,” Mssectus HAH Apwme-
num, cepus Maremaruxa, 42 (1), 3-27 (2007).

J. Mecke, W. Nagel and V. Weiss, “Length distributions of edges in planar stationary and
isotropic STIT tessellations,” Mzsectus HAH Apwmenum, cepus Marvemaruxa, 42 (1), 39-60
(2007).

P. B. Ambapuymsan, “Murerpupoanue KOMOMHATOPHBIX PANIOXKEHUH IPU HAIWYUM KOJIIUHEAp-
nocreit,” Mapectua HAH Apmenuu, cepus Maremaruxa, 43 (1), 3-28 (2008).

Tlocrynuna 18 woabps 2007



Wszsecrus HAH Apwmenun. Maremaruka, Tom 43, u. 1, 2008, crp. 69-80

Dedicated to Reinhard Lang on the occasion of his 60 th birthday.
A THEOREM OF MICHAEL MURMANN REVISITED

H. ZESSIN

Universitdt Bielefeld, Bielefeld, Germany
E-mail: zessin@math.uni-bielefeld. de

Anporanms. A fundamental theorem of Miirmann [2] characterizing equilibri-
um distributions of physical clusters is reconsidered. We recover this result by
means of the integration by parts formula approach to Gibbs processes due to
Nguyen Xuan Xanh and Hans Zessin [4].

Gibbs processes; equilibrium distributions; physical clusters.

1. THE PROBLEM

Let £ denote the d— dimensional Euclidean space R? and p = 2A% (2 > 0) the
Lebesgue measure on it. We consider simple point processes P on the space M (F)
of locally finite subsets 7 of £, for which we write P € PM (F) for short. Often we
do not write the underlying space F, and as usual 7 is often considered as a simple
point measure on £. We'll write M, for finite configurations in M.

We are given a parameter R > 0, which enables us to define the notions of an
R—cluster or an R—cluster property as follows.

z € M is called an R—cluster (Rel) iff  is void, or a singleton, or if the graph
obtained by joining interacting points ("particles’) in « is connected. We then write
x € R'. Observe that R’ is a measurable subset of M’ containing 0 and all singletons.
We write R for the finite elements in R . The cluster property defined by the
parameter R is given by the following measurable subset of M™ x M':

(1.1) ((z,n) € D = Dg iff v € R with n(Bg(z)) = 0).

Here Bgr(z) = Br(z) \ z, where Br(z) := Uyc . Br(a) with Bgr(a) denoting the open

ball in E centered in a with radius R. Br(0) = (). We define also the subset D* in

M x M by ((z,n) € D* iff n(Bgr(z)) = 0). Thus 1p(z,n) = 1p«(z,n) - 1x..
Observe that 0 is an Rcl for any n € M . Furthermore, D is translation invariant.

We remark that D induces in each configuration n € M\ {0} an equivalence relation
69
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by means of
(1.2) (a ~ b iff there exists © Cn with a,b € z and (z,n) € D)

Thus two elements a, b of i are equivalent iff there exists an "R—path’ in 7 from a to
b. The equivalence classes are the r—clusters in 7.
Consider then the random element on (M, P) defined by

(1.3) v i — Yacylp(z,n) - 0. = p.

(If n = 0 then p = &p.) It is obvious that v is a point process on R with distribution
Q@ concentrated on

(14  MO®R)={u|zyemas+y= Brp(e)n Brsly) = b},

~ resp. ), the image of P under +, is called the cluster process belonging to P.Note
that + is a Borel isomorphism between M (E) and M) (R’) with inverse

(1.5) X(0) : M~ J(0) = Yaept,

and the relation () = vP, the image of P under ~, establishes a 1-1 correspondence
between the simple point processes P in F and the cluster processes @ in R’ i.e. the
point processes Qe M) (R).

The aim of this paper is the description of cluster processes belonging to Gibbs
processes in F interacting by finite range pair potentials. Such processes will be

introduced now.

2. THE GIBBSIAN FRAMEWORK

We are given an even and stable pairpotential ¢ on F with finite range £ > 0. The
associated Boltzmann factor is

(2.1) fla,n) = exp(—FEla,n)),a e E,ne M (FE).

Here

(2.2) E(a,n) = > ¢(b—a)ac Ene M(E),
a#ben

is the energy of a in 7.
Recall that a simple point process P in F is called a Gibbs process for (¢, p) iff P

solves the following integration by parts formula

(329) Cp(h) = / / ha,n+ 60) - F(a,n) o(da)P(dn), h € F\ (B x M (E)).
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Here Cp denotes the Campbell measure of P and F{(X) the collection of non-
negative, measurable functions on the measurable space X. We then write P €
G(¢, 0). In the sequel we’ll write always F| instead of I, (X).

The above definition of a Gibbs process is justified by a theorem of Nguyen X.X.,
H. Zessin [4], saying that Gibbs processes in the DLR (=Dobrushin/Lanford/Ruelle)
sense are equivalently defined by (3%). Iterating the integration by parts formula
implies immediately the important

Lemma 1. If P € G(¢,p) , then P satisfies
[ [ Sacumens, b mpian)
M E

- [ [ et a) - exo(-Bla,n)Woidn) Plan). b e P
M A

Here E(x,n) is the energy of © given n, defined by
E(da, + ...+ 6a,,n) = Elar,n) + E(as,n+ da; ) + ... + E(an,n+ Sy + ... + 4,4 )-

Moreover

Wole) = - o [ 900+t 60, ) olda).oldan), ¢ € P

n>0 Fn

We'll not use the DLR-approach in the sequel. This has been done by Miirmann
in {2]. Instead we use systematically the integration by parts approach accompanied
by the following equation due to Ruelle which is equivalent to (39) if the underlying
point process P is of first order. The simplicity and beauty of this approach to Gibbs

processes will be visible in the sequel. Ruelle’s equation is

(R) Ple) = [ [ ol€tn)-exp(=En(e + m)Wald&)P(dy). peF Acbo(E).
My e My
Here By(F) denotes the collection of all bounded Borel sets in F, and exp(—Fa (& +
n) = E&n)if £ CAnC A (For a proof of the equivalence of (R) and (2‘5) see
[4].)

3. MUERMANN’S FIRST THEOREM

If (x,n) € D we say that z is a cluster for n; if in addition = C # then z is called
a cluster 4n 77. We consider the random variable
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(3.1) cdp : M (F) —>N0U{OO}777I—>Z]_D(:E777)7

zCn
which counts the R— clusters in 1. We use also the notations Do, = {(z,n) € D |
|z| = +oo}, Dy = {(z,n) € D | |z| < +oo} ; cdp, as well as cdp_, are defined
similarly.

Given (¢, p) as above, let P be from now on a Gibbs process for (¢, p) , being
concentrated on M__, the set of infinite configurations, which satisfies also the con-
dition
(3.2) Pledp_ =0} =1.

As a consequence P is concentrated on

(3.3) Mp = {cdp, = +o0o,cdp,, = 0}.

In this situation v resp. Q) is called the Mirmann cluster process for P. The Miirmann
cluster process is a point process in R which is concentrated on M()(Rf)
If one defines percolation in this model as the occurrence of an infinite cluster with
positive probability, we are working in a situation where percolation does not occur.
We now calculate the Campbell measure of v resp.Q) : Let h be non negative and

measurable. By definition

Colh) = / S Lpe(wn) - b, () Pldn).

an,zER'f

Since P is a Gibbs process for (¢, p) and a.s. all clusters are finite, this equals

[ [ 1o+ o) bt +-a)) i n) - ule) - Ly (W, ) Pl

Here u(z) denotes the part of the Boltzmann factor which depends only on z and
w(x,n) the one taking into account only the interaction between z and 7. Now observe
that (z,n+x) € D* iff (x,n) € D*. Obviously one then has v(n+2z) = v(n) + 05 and
w = 1. As a consequence we obtain

Colh) = [ [ b1 +8.) - 1o (o100 - o) - L, ()W) Pl
We call the measure
M, =u- IR-fWQ

appearing here the Mirmann measure on R;. Now all ingredients are developped for
the following first basic result of Mirmann (J2]).
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Theorem 1. If p and ¢ are given as above and P € G(9, 0) is concentrated on M,
and saotisfies condition (3.2), then Q, the associated Mirmann cluster process, is a
Poisson exclusion process for (D*,M,). Le. Q is a simple point process in Ry,

solution of the following integration by ports formule

=) Coty— | / (o, 1+ 82) - e (2, oy) Mo(d)Q(dpe), b € e
M(R

We see that (), the Miirmann cluster process, is again a Gibbs process, but now
in R}. On the other hand its interaction structure is much simpler: the clusters are
hard cores but do not interact otherwise.

The theorem implies immediately that the intensity of @ is given by

vo() = [ hla)- PDYM(de), heF..
Ry
The intensity measure vg(h) is Radon (i.e. locally finite) if this is the case for the

Miirmann measure, i.e. if M, satisfies Miirmann’s condition

(M) M, is finite on Bo(Ry).

The meaning of this condition is the following: The collection Bo(R ) of bounded
Borel sets in R, is generated by the collection Fa, AsBo(F), of events meeting A.
(For a formal definition see (5.1).) Moreover, « then is diffuse P — a.s. since p and
thereby M, is diffuse. The main significance of condition Mirmann’s condition (M)
is however that it implies also condition (3.2) if the underlying P is of first order. A
sufficient condition for Miirmann’s condition is that z is small enough. This aspect
will be developped below.

4. THE CONVERSE OF MUERMANN’S FIRST THEOREM

Let@ be a Poisson exclusion process for (D}, M ;f ) on Rf Then @ is concentrated
on M(>(Rf) Consider the image P of @ under the measurable transformation x (o).
This mapping dissolves the clusters of p into its particles.

We calculate the Campbell measure of P. Using that () is a Poisson exclusion

process one has for any given hekF. |

Cp(h) = [ [ hla, M(O))M(m(da)Q(du)
= [ J e, woy)z(da) pu(da)Q(dpe)
=[] ] Pla, (e +82) ) - 1p= (=, M(o)) Ry (@) - u(@)z(da)Wo(dz)Q(dp).
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We then study the inner double integral of the last triple integral, which we denote
by I,, using partial integration with respect to W,(dz). As a result we obtain

1, = //h(a7 pi(oy 2+ 0a) - Lpw(@ + bas poy) - i, (2 + 0a) - w(z + Ja) W (d)o(da).

The next step is the analysis of the double integral

I, = //h(a7 pi(oy 2+ 0a) - Lps (@ + 0a, pig0y) - IRy, (2 + 0a) - ul@ + 00 )W (da) Q(dpr).

Here we subdivide the variable = into R—clusters in such a way that they form,

together with a , an R—cluster. To be more precise, the following representation is
true:

Lps (2 + da, p0y) - Ir, (& + 64) - ul(z + da)
= EkZO%Ezlngzgngzl S Y Ca (ot a2 LD (a5 f10))
xH?;lllD*(zj7z1 + 2+ o)) -

Aps(z = (21 + -+ 2e-1), 21+ + 21+ o))
XL, (25) - L, (0) - u(zg) - exp(=Bla, 29)) - Try (= (21 4+ 25))
X]'B(zf(21+"'+2k—1))(a) cu(z — (21 4+ apo1)) -
cexp(—Fla,xz — (21 + -+ 25-1)))-

Using again partial integration with respect to W, the inner integral of I, equals

1
21@0@/"'k/h(a7u(0)+$+(21+"'+2k71)+5a)'1D*(a7u(o>)
XTI Lps (25,210 + -+ 21 + o)) - Lp= (@, 20 4+ + 251 + pioy))
XH;:%lR'f(Zj) Ly (a) - ulz;) - exp(=E(a, 2;)))

X1r, (z) - 1g(,(a) - u(z) - exp(—E(a, )
ng(dzl) .- Wg(dzkfl)Wg(d:E)

Then integrating this with respect to Q(du) and using again that @ is a Poisson
exclusion process yields

1
I = EkEOE// . 'k/h(a7ﬂ(0) +0a) - Lp=(a; poy — (@ + 20+ -+ + 20-1))
XIEZ1 Lpa (25, oy = (@ + 25 + -+ + 25-1)) - Lpa (2, o) — 2)
XTI 1, (a) - Ly (@) - T2 exp(—E(a, 2;)) - exp(—E(a, z))
xp(dzy) - pldzg—1 ) p(dz)Q(dp).
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Observe finally that in I, the sum
1
Ekzoy/"'k/lD*(Ch poy — (2421 + -+ 2p1))
xH?;ll 1p= (25, oy — (& + 25+ + 2 1)) - Lp=(=, pugoy — )
X1 (@) 10, (a) - T exp(—Bla, %) - exp(— B(a, )
xp(dz1) - pldzp—1) p(de)

equals exp(—FE(a, i(0y)).
To summarize, we have shown Miirmann’s second theorem.

Theorem 2. Let Q be a Poisson exclusion process for (D%, Mf) on Ry. Then the

image P of Q under the measurable transformation x(oy is a Gibbs process in E for

(¢, 0).

Summarizing both theorems, we see that the relation () = P establishes a 1-1
correpondence between Gibbs processes P in F for (¢, 0) concentrated on M and
satisfying condition (3.2) , and Poisson exclusion processes for (D%, M?) in R;. Here
¢ is the given even, stable, pair potential of finite range R.

This result is very valuable. It reduces the study of Gibbs processes to the one
of Poisson exclusion processes. Moreover, since there is a one-to-one correspondence
between these processes, existence, extremality or uniqueness resp. phase transition

occurs in one class if and only if this phenomenon occurs in the other one.

5. ABSENCE OF PERCOLATION AND MUERMANN’S CONDITION

Given (¢, p) as above, we fix some Gibbs process P in E for ¢ (of finite range R
) and p. We assume in addition that P is of first order. In this situation P is then
equivalently described by Ruelle’s equation. To pose the problem we introduce some
notations first: For an open A € By(F) let A(r) denote the r— dilatation r - A, r > 1.
Moreover

(5.1) Fa={zeR |znA#£0D},
(5.2) Fanmye =z € FalznA(r)®# 0},
(5.3) GFpnye =10 € MR [ 1(Fangrye) 2 15

If A’ is a bounded Borel set containing A(r) such that d(A(r), (A')°) > R, then it is
evident that
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P{ there is a particle in A clustering with infinitely many others }
< P{ there is a p. in A which clusters with some p. in A"\ A(r),
regardless eventual clustering with some p. outside A’}
More formally: If war : p — 1a- -1 and yar = v o war, then
(5.4) P{3z €7 |z| = +oo,2 € Fa} < P{yar € Gy ye }-

The problem now is to estimate from above the probability on the right hand side
(and thereby on the left).

Write £ for the event G, ,,,.. We first use Ruelle’s equation to get

Pl € €} = / /15 ) exp(—Ex (€ 1 n))Wo(de)P(dn).

(A/)c

We then analyze the inner integral I, (€) for any measurable event £ in /\/l(f)(Rf) by
means of the following cluster representation:

Lemma 2. For any measurable £ in ./\/l(f)(Rf) and any n € M,

(5.5) 1(&) = / 16 (1) - exp(—W(u [ ) W

M,,,

(dp).
MERy)

Here for p =10, + -+ 04,
Wi | n)) ZW % | ), where

Wiz | n) = ZEC”?

acz;

Proof. Expressing as above the integrand of 1,(€) by means of the cluster decom-
position of ¢ yields

Le(v(€)) - exp(=En (€ +1)) =

1
= Ekzomzzlggzzggsle T 22k71g§*(21+"'+2k72)1gmM(f')(R'f)(65*(21+"'+2k—1) +

0z o+ Oa ) X I Ju(z) - exp(=W(2; | 0)))
xu(€ = (z1+ -+ zp-1)) - exp(-W(e_(zy 4tz r) | M)

Applying again partial integration with respect to W,,, yields the assertion of the
lemma.
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Before starting the estimation we separate a cluster inside Fy a(rye in I;(€) , where

& is from now on given by Gr, .., and obtain

1
1(€) = / . / 1e(40) - exp(—W(pt | m)plder) Wi, (dp).
P(Fa (e A
MP(R) Fa,aqmye

Again partially integrating yields

LE) = [ oo x [ Lle(p+6) 1051+ 6) -
Ki MR H(Fa,a¢rye)tl Faie MG (Ry)

-exp(=W(p+ b [ )Mo, (dx) Wy, , (dp).

We now start estimating from above and use that (p + (51)5./\/1;)(7%}) implies
us/\/l(f')(R'f) . Moreover

W(p+ 84 | m) = W(p | ) + Wiz [ n),
where W(x | n) > —B - |z| by stability of ¢.

As a consequence one obtains

L,(€) < Muny, (Fangrye) / exp(—W(p | n)) W, (dp).

G
M (Rf)

epr

Then dissolving the clusters of i into its particles, by the lemma above the integral
on the right hand side equals

/ exp(—Epr (€ 1 )W ,(dE).
M,

Now integrating the last inequality with respect to 1 M, - P, and using Ruelle’s

ATy
equation implies
P{’YA/ S ng’A(T)C} < MEB~QA/(FA,A(T)C)7
8o that finally we otain for any P € G(¢, o) of first order Miirmann’s
Main estimate. If A’ is a bounded Borel set containing A(r) such that

d(A(r), (A)°) > R, then
P{ ap.in A clusters with infinitely many other p. } < M.s., ,(Fa a(r)e)-

This estimate implies then Miirmann’s
Main Lemma. If M_.5 , is a Radon measure then

P{CdDoo Z 1} =0.
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The proof immediately follows from the following decomposition of Fy:

Fa=F UR R R U

Here F. ,{‘:}v is the event meeting A and A’, but not A”. If F has finite measure with
respect to M.s., then for any positive e there exists IV such that M5 ,(Fa a(v)e) <,
and thus for any A’ containing A(N) ,which itself contains A, one has

MeB~9A/ (}—A,A(N)C) < €.

Combining this with Mirmann’s estimate proves the main lemma.

6. CONCLUDING REMARKS

The question remains, under which conditions on (¢, ¢) the Miirmann measure is
Radon. The well known answer is that this is the case if z is small enough. To be
more complete we give some indications to this question. We use the following simple

observation by separating a particle inside A: For any bounded Borel set A of positive

p—Imeasure
1

(6.1) FER Lr, (n+ 00) - u(n + 00)W(dn)

M(B)
1
. < —M,
(6.3) < Lr:, (14 00) - u(n + 60)Wo(dn).
M)

The upper and lower bound in (6.3) and (6.1) are power series in z with the same
radius of convergence. As a consequence the radius of convergence of M,(Fy), if
considered as a power series, does not depend on A and coincides with the one of
W, % 0o (u - 1z, ). Here * denotes convolution.

Thus it remains to investigate the power series W, x do(v - 1R-f). Here we use the
observation in [2] that 1 (+ do) < |g[(n+ do), where g denotes the Ursell function
belonging to the hard-core potential defined by R. If combined with the stability of

the potential one obtains
Wk do(u-1x,) < e - Wes,x do(lg]).

On the other hand one can find in Ruelle’s book [5] that the integral on the right hand
side of this inequality is finite if z is small enough. This is one of Ruelle’s important
contributions and follows by means of the method of strong cluster estimates.
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7. APPENDIX: THE POISSON CASE

We consider now the case when the underlying process is a Poisson process with
an intensity of the following form: ¢ = p ® 7 , where p is given as above by the
Lebesgue measure 2A%(z > 0) and 7 is a probability on |0, +oo[. The corresponding
Poisson process in X = Ex]0, +oo[ is then concentrated on the following collection

of configurations:
(7.1) ./\/l> = {I/ = Eaené(wa) | 776./\/1'(E)7 Tq > 0}.

The definition of the corresponding clusters and cluster property is as follows: We
call the elements x = (a,r) particles and represent them geometrically as open balls
b(z) = By(a). Two particles z, 2’ are sayed to interact if b(z)Nb(z") # 0. Then ze M
is called a cluster iff the graph obtained by joining interacting particles is connected.
Denote by C' the collection of all such clusters and C; the one of finite clusters. C'
and C; are measurable subsets of M, .

The cluster property defined by R is the measurable subset D = Dg in M| x M|
defined by

(z,v)eD iff
zeC' such that the particles in v with centers outside the support of z

do not interact with particles from z.

Thus one cannot add a particle to z from 7 to enlarge the cluster z. Consider now
the point process on (M (F), P,), defined by

7:V|—>H::ZID(27V)~(52.

2Cv

It has its values in
MOC) = {reM (C) | 2, 2er, 2 # 2/ = B(z) N B(z') = 0}.

Here B(z) = Uge:b(x). We denote its distribution by @,. As above v is a Borel
isomorphism between M;_ and M©)(C) with inverse

X(0) - R K(o) ‘= EZEHZ;

and the relation @ = P, establishes a 1-1 correspondence between PM;_ and
PMO(C).

The problem is to describe Q. The following result is also due to Mirmann [3].
Exactly the same reasoning as in the Gibbsian case yields the
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Theorem 3. Given (o, R) as above, the relation @ = ~P establishes a 1-1 corres-
pondence between Py and the uniquely determined Poisson exclusion process Qo onC;
for (D*, M) if P, has only finite clusters a.s. . Here M, is the measure 1C'f -W,.

This result is also important for the following reasons: It implies the existence and
uniqueness of Poisson cluster exclusion processes in the situation considered here if
there is no percolation.

The question of absence of percolation has been studied in a recent paper of Gouéré

>0
[1]. The author proves that finiteness of [ r?v(dr) is equivalent to the existence of

0
some strictly positive zg such that for all z strictly smaller than zg percolation does
not take place.

Acknowledgement. I am grateful to Reinhard Lang for being a constant source

of inspiration over the years.

CIUCOK JIMTEPATYPHI

[1] J.-B. Gouéré, Existence of subcritical regimes in the Poisson Boolean model of continuum
percolation. Preprint (2006).

[2] M. G. Miirmann, “Equilibrium distributions of physical clusters,” Comm. Math. Phys. 45, 233-
246 (1975).

[3] M. G. Miirmann, “Poisson point processes with exclusion,” Z. Wahrscheinlichkeitstheorie verw.
Gebiete 43, 23-37 (1978).

[4] X. X. Nguyen and H. Zessin, “Integral and differential characterizations of the Gibbs process,”
Math. Nachr. 88, 105-115 (1979).

[5] D. Ruelle, Statistical Mechanics (Benjamin, New York, 1969).

Tlocrynuna 18 oxrsbps 2007



HMszpecrus HAH Apwmenun. Maremaruka, rom 43, u. 1, 2008, crp. 81-88

Dedicated to Reinhard Lang on the occasion of his 60 th birthday.
POINT PROCESSES IN GENERAL POSITION

H. ZESSIN

Universitdt Bielefeld, Bielefeld, Germany
E-mail: zessin@math.uni-bielefeld. de

AnnoTtanusi. The aim of this note is to introduce for point processes in R? the
notions general position and reinforced general position, and to characterize these
processes. As a consequence we show that Poisson processes P, with an infinite
intensity measures p are in general position iff p is diffuse in the sense that any
affine subspace of dimension d — 1 is a p-nullset. Moreover, P, is in reinforced
general position iff in addition any (d — 1)-sphere is a p-nullset.

Point processes; general positions; physical clusters.

1. INTRODUCTION

The starting point of this note is Krickeberg’s characterization of simple point
processes within the class of point processes in terms of their moment measures. (See
[1}], theorem 3, corollary 2): If P is a point process in a basic phase space X of second
order, then P is simple iff

(ID2 ~I/123) on t=uk.

Here 1/1"”57 k =1, 2, denote the first and second moment measures of P, D, the diagonal
of X? and 7 : Dy — X, (z,7) — z, the projection. If P is a Poisson point process P,
with intensity measure p then P, is simple iff p is diffuse.

The aim here is to strengthen this result. We are looking for characterizations of
point processes which are in general or even reinforced general position. These notions
will be made precise below.

We analyse this problem in full generality as Krickeberg did it in the special case.
But instead using moment measures we shall work with reduced moment measures.

The motivation and point of departure is given by the observation that in the
case of Poisson processes these results are always used implicitly in the domain of
stochastic geometry, in particular for the construction of random tesselations, without

mathematical justification. Exceptions are Krickeberg’s work {1} as well as Mgller’s
81
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lectures {3] where already valuable indications with respect to this problem can be
found.
Acknowledgement : T am greatful to all students of my lecture ,Stochastic Geometry*

for several useful remarks.

2. BASIC CONCEPTS

The starting point is a measurable space (X, B) in which configurations of points
will be realized, which are locally finite in the sense that only a finite number of points
hit each member of a class By of "bounded"sets. Following Ripley [5] we assume that
B contains all singleton subsets and that By is a nonempty subset of B which is

hereditary, i.e.

(BeBy,CeBNB=CeBy),

closed under finite unions and o-bounded. The latter means that there exists an
increasing sequence X1, Xo,... in By covering X. We assume also that (X, 5, Bp)
is countably separated, i. e. there exists a countable 7m-system By in By separating
the points of X. Such spaces (X, B, Bg) are called phase spaces here. Examples of
phase spaces are all separable metric spaces where B in the Borel o-field and By the
collection of all metrically bounded Borel sets.

Given a phase space (X, B, By), we then consider random locally finite measures u
on X, which are defined as follows: Let M = M(X) denote the set of all measures
won (X, B) which are locally finite, i. e. finite on By. Note that such measures are
o-finite because X is o-bounded. M is endowed with the o-field F, generated by all
variables

(B :pr— pu(B),B € By

Important measurable subsets are

Mo = {pe M‘ o diffuse},
M = {ue M‘ w(B) e Ny VB € By} (point measures),
M = {pe M‘ n({x}) <1 Ve € X} (simple point measures).

The traces of F in these spaces are denoted by F°,F ", F . Elements pr € M are
often identified with locally finite subsets of X.

A random measure in X is a probability measure P on (M, F), write P € PM
for short. Probabilities P on (M, F") resp. (M, F") are called point processes resp.
simple point processes in X, and we write P € PM" resp. P € PM'.
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Given u € M, k > 1, p” denotes the k-th power of u. If 4 € M, the reduced
k-th power of u is the measure on X* defined by

it (f) = /u(dﬂm)(u = Oy )(d2a) . (= 0uy — oo = Oy )(dap) 21, k)
Xk
Here f € H. (X*), the space of all non negative measurable functions on X*.
Note that p — p*(f) and p— £ (f) are measurable. If 4 € M then klji* counts

the subsets of p of cardinality k. Given P € PAM" the following versions of the
Campbell measure of order &k are well defined:

M Xk

M Xk
Here h € Hy (X% x M), If f € Hi(X") we write

VE(f)=CEk (f®1) and vp (f)=Ch (f®1).
k

vk is called the k-th moment measure and % the reduced k-th moment measure.

3. KRICKEBERG’S CRITERIUM

To prepare later refinements we first derive Krickeberg’s characterization of simple
point processes in X by an argument which we shall use later.

Observe first that simple point measures are characterized within the class of
point measures as follows: p € M~ is simple, i. e. p € M iff i (Dy) = 0. Here
Dy = {(z,2) € X?|z € X} denotes the diagonal in X?. Since D; € B(X) ® B(X)
and p— (12 (Dy) is measurable, so is M'. One immediately obtains

Theorem 1. Let P € PM . Then the following assertions are equivalent:
(3.1) PePM, i e P issimple;
(3.2) v3 (Dy) = 0.

This result contains Krickeberg’s criterium in [1} stated at the beginning.

Corollary 1. Let p € M. Then the following assertions are equivolent:
(3.3) P, e PM;

(3.4) p* (Dy) =0;

(3.5) pEM°.
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Here the equivalence (3.3) <= (3.4) is due to the fact that 7} = p?, which in turn
follows immediately from Mecke’s characterization of the Poisson process by means
of its Campbell measure. (See [2].) The equivalence (3.4) <= (3.5) follows directly

from
2 (Dy) = / p (dz) p ({z}).

If X = R? and p the Lebesque measure on X then P, € PM . Recall that in
general P, € PM" .

4. POINT PROCESSES IN GENERAL POSITION

We now assume that (X,B,Bp) is a linear phase space. This means that X has
the structure of a vector space of dimension d such that its scalar multiplication and
addition are measurable operations. Our main example is X = R¢,

The aim is to characterize (within M, = M N{{x = +o0}) those configurations
which are in general position. Here ;1 € M is in general position, we then write
e M, iff

(4.1) (v <p,2 <|v| <d+ 1= v affinely independent)

Here |v| = v(X); v < p means that v is a non-void subconfiguration of p. Finally,
v € My is called affinely independent, write vai, iff v € M, and if any element
z € v is not contained in aff (v — §,), the linear variety in X generated by v — d,. By
definition M, is a subset of M’

v is called affinely dependent (ad) otherwise. Any singleton is affinely independent;
and 6, + 6, is affinely dependent iff z = y. If v is ad then so is v+ J, for any = € X;
thus any non-void subconfiguration of an ai v is ai.

We now give an equivalent description of configurations in general position: Let

Dp={(z1,...,21) € X |60, + ...+ 0 ad}2 <k <d+1.

Dy, is a measurable subset of X*. The following result is the main lemma of this

note.

Lemma 1. If p € M__, the following assertions are equivalent:

(4.1) p€ My, i.e. pisin general position;
(4.2) LH (D) =0 for 2 <k <d+1;
(4.3) T (Daga) = 0.

Proof The implications (4.1) = (4.2) = (4.3) are obvious.
ad (4.3) = (4.2): Observe first that
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(@) 4 (Day1) = fd/ld(dxh cdag) [(p=0p, = =02,)(d2) 1D, (1,2 (),
where Dgyq(z1, .. .f(xd) ={z € X|0,, Jf ..+ 0y, + 6, ad}.
But

Dt (21, .. 24) = { §§f (O + o+ 0ay) : ieflsfl“”xd) ¢ Dy
Therefore under assumption (4.3} one obtains
(B) J illders ) (= by == 8,) (X) =0

d

Since the integrand is = +oo, one has ji%(Dg) = 0. Iterating this argument yields
(4.2).

ad (4.2) = (4.1): Under (4.2) we have ji*(D,) = 0, which is equivalent to u being
simple. Then it is obvious that (4.2) implies (4.1).

A direct consequence is the measurability of M, because all Dy are measurable
and also u +— 1¥(Dy). Moreover one immediately has the

Theorem 2. If P € PM__ then the following assertions are equivalent:

(4.4) PePM,,, ie P isin general position;
(4.5) (D) =0 for2<k<d+1;
(4.6) v (Day1) = 0.

We remark here that a necessary condition for a point process to be concentrated
on M, is that v} is an infinite measure. If p € M then P, € PM_ iff p is infinite.

Corollary 2. Let p € M be infinite. Then the following assertions are equivalent:

(4.7) P, € PM,, i.e. P, is in general position;

(4.8) " (D) =0 forall 2 <k <d+1;

(4.9) P (Dag1) = 0;

(4.10) any offine subspace of X of dimension d — 1 is a p-null set.

Here (4.7) < (4.8) © (4.9) follows from the theorem because % = p* by Mecke’s
theorem.
ad (4.10) = (4.8): Observe first that for 2 < k <d+1

(@) 4 (D) = [ Mo, dm)p(X0)
Dy

+ / o day, ... dey)plaff( 0z, + ... 4 6z,)

Dy
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where D; = 0.
Under assumption (4.10) the second integral on the right hand side always vanishes.
On the other hand p(X) = +o0, and an induction starting with & = 1 yields (4.8).
ad (4.8) = (4.10): Assumption (4.10) combined with («) yields for k = d

(ﬁ) pd+1(Dd+1) - /pd(dxh B dxd) P (aﬁ(511 Tk 51d))7
Dy

because Dy is a p?— null set.
This implies (4.10) by the following argument: Suppose that A is an affine subspace
of X of dimension d — 1 . Then (8) yields

0=p"(Day1) 2 / p(day,. . dwg) p (aff( Sqy + ..+ b2y))-
AdnDsg

But ((z1,...,24) € AN DS = aff( 64, + ...+ dz,) = A), so that
0=p"(Das1) > p(A)*.

This implies 0 = p(A).
Condition (4.10) is a strong version of p being diffuse. As a consequence, the Poisson
process P, in R? with intensity measure p = z - A%, z > 0, is in general position.

5. POINT PROCESSES IN REINFORCED GENERAL POSITION

The aim now is to describe within the class of point processes in general position
those whose configurations are non circular in the sense that subconfigurations of
cardinality » + 1 between 1 and d + 2 are not situated on an (n — 1)-sphere.

We therefore assume now that X is equipped with an inner product. However
there is no essential loss of generality in working only with X = R?, which we shall
do now. A configuration p € M_, is called in reinforced general position, write
then p e M, . iff

(5.1.) (v Cu,3<|v| <d+2= v non circular).

Here v € M is called non circular (nc) iff v € M,

g9p
not contained in sph (v —d, ), the circum sphere generated by the ai subconfiguration

and if any element = € v is

v — 0, in aff (v —4,). v is called circular (c¢) otherwise.

Any singleton is nc; any d, + 6y, 2 # vy, also, and any 0, + J, + 0, al is nc.
All v € M7 which are not in general position are c. If v is in general position, then
v is circular if there exists z € v such that z € sph (v — z).
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We now proceed in complete analogy to the case of processes in general position.
Let

Sk ={(z1,..., o) € X¥|04y +... + 05, 08 ¢}, 3<h<d+2.

This is a measurable subset of X*.

Lemma 2. Let pp€ PM,, N M_ . Then the following assertions are equivalent:

(5.1) p is in reinforced general position, i.e. € M, . ;
(5.2) (@F(Sk) =0 for any 3 <k <d+ 2

(5.3) T2 (Sa12) = 0.

The proof uses the same ideas as the one of lemma 1 (the main lemma) and will

not be repeated here. Again lemma 2 immediately implies measurability of M, .

and one has

Theorem 3. If P € PM,, N M., then the following assertions are equivalent:

(5.4) P is in reinforced general position, i.e. P € PM, ;
(5.5) R (Sp) =0forall 3<k <d+2;
(5.6) 42 (Sg0) = 0.

If specialized to Poisson processes we get in the same way as above

Corollary 3. Let p € M be infinite such that any affine subspace of dimension d — 1
is a p-null set. Then P, is in reinforced general position iff any (d — 1)-sphere in X

is a p- null set.

If p is the Lebesque measure on X, then P, is in reinforced general position.

6. APPLICATIONS TO GIBBSIAN POINT PROCESSES
Given p € M\ {0}, P, is the unique solution of the equation
(Mecke) Cp=paP,  PeM(X)

Here C, denotes the reduced Campbell measure.

We call a point process P Gibbs for p if and only if
(=,) Cp<poP

Ifin (3,) the density V is given in addition to p then P is called a Gibbs process for
pand V, and we write P € G(p, V). V is called the Boltzmannfactor. If V has the
form exp(—p3 - E?) for some 3 strictly positive and some potential ¢ then P satisfies
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(X,) iff Pis a Gibbs state for (¢, p) in the sense of Dobrushin/Lanford/Ruelle. Here
E?(x, 1) denotes the socalled energy of « in p. It is then easy to see that

b = [ 1) [ copt=p- B ) Pl o),
Xk M
f 2 0 and measurable. For the details we refer to [4]. Thus we get the following

Corollary 4. If p is infinite such that any offine subspace of dimension d — 1 is a
p-nullset and any (d—1) — sphere is a p-nullset then any P € G(p, V') is in reinforced

general position.
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