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We investigate the influence of the helical compactification of spatial dimension on the local
properties of the vacuum state for a charged scalar field with general curvature coupling parameter.
A general background geometry is considered with rotational symmetry in the subspace with the
coordinates appearing in the helical periodicity condition. It is shown that by a coordinate trans-
formation the problem is reduced to the problem with standard quasiperiodicity condition in the
same local geometry and with the effective compactification radius determined by the length of the
compact dimension and the helicity parameter. As an application of the general procedure we have
considered locally de Sitter spacetime with a helical compact dimension. By using the Hadamard
function for the Bunch-Davies vacuum state, the vacuum expectation values of the field squared,
current density, and energy-momentum tensor are studied. The topological contributions are explic-
itly separated and their asymptotics are described at early and late stages of cosmological expansion.
An important difference, compared to the problem with quasiperiodic conditions, is the appearance
of the nonzero off-diagonal component of the energy-momentum tensor and of the component of
the current density along the uncompact dimension.

Keywords: topological Casimir effect: vacuum polarization: helical periodicity

      conditions: de Sitter spacetime

1. Introduction. The topological effects play an important role in various

fields of physics. The latter include high-energy models with compact extra

dimensions and different types of condensed matter systems. As examples we

mention here the Kaluza-Klein type theories in supergravity and in string theories

and different types of topological structures of 2D materials. In field theories

formulated on background of spacetimes with nontrivial topology, in addition to

the field equations, periodicity conditions have to be imposed on the fields along

compact dimensions. As a consequence, the local physical characteristics of fields

depend on the global properties of the background geometry. In particular, that

is the case for the vacuum state of quantum fields. In models with compact

dimensions the influence of the periodicity conditions on the properties of

quantum vacuum is similar to that induced by boundary conditions on the field

operator in the Casimir effect and is known as the topological Casimir effect (for

reviews see [1-7]). It has been investigated for different topological classes and
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background geometries. The interest is motivated by applications in theories with

extra dimensions as a stabilization mechanism for moduli fields, in cosmology as

a possible source of dark energy driving the accelerated expansion of the Universe,

and in condensed matter physics as a source of generation of ground state stresses

and currents. Among other implications of compact dimensions we can mention

here new mechanisms for symmetry breaking, the generation of topological mass

in field theories and different types of instabilities (see, for example, references

[8-24]).

An interesting feature in theories with compact dimensions is the possibility

of inequivalent field configurations with different periodicity conditions [1,25,26].

The different conditions lead to different physical consequences. Among the

interesting directions in the studies of the topological Casimir effect is the

dependence of the physical characteristics of the vacuum state on the periodicity

conditions in the compact subspace. The most popular conditions in the literature

correspond to periodic and antiperiodic fields (untwisted and twisted fields). They

are special cases of more general periodicity conditions for charged fields with

general phases. For the values of the phase different from 0 and   vacuum

currents appear along compact dimensions. Those currents have been studied in

[27-37] for locally Minkowski, de Sitter (dS) and anti-de Sitter (AdS) spacetimes

(for a review see [38]). More general helical conditions include an additional shift

along uncompact dimensions [39,40]. The vacuum energy in models with helical

conditions along compact dimensions with zero value of the phase has been studied

in [41-47]. The current density in the case of general phase is discussed in [48,49].

In the present paper we show that the characteristics of the vacuum in

problems with helical periodicity conditions can be generated by using the

corresponding results for standard quasiperiodicity conditions by a coordinate

transformation depending on the length of compact dimension and the helicity

parameter. The organization of the paper is as follows. In the next section the

problem setup is presented. The coordinate transformation is described and the

connection between the vacuum expectation values (VEVs) is given. As an example

of general procedure, in Section 3, a locally dS background geometry is considered.

The expressions of the Hadamard function, for the VEVs of the field squared,

current density and the energy-momentum tensor are presented. The main results

of the paper are summarized in Section 4.

2. Problem setup and coordinate transformation. Let us consider the

background geometry described by the (D+1)-dimensional line element
ki

ik dxdxgds 2 , where

   , ..., , ,, , 0, 210
 ,1 ,1 ,1 ,


  Dl

DDDDDlDl
l

ikik xxxxggggxgg (1)

with l = 0, 1, ..., D - 2. It will be assumed that the spatial coordinate Dx  is
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compactified to a circle with the length a, axD 0  and for the coordinate 1Dx

one has  1Dx . No specific conditions will be imposed on the geometry

and topology of the subspace covered by the coordinates lx . We discuss the

dynamics of a scalar field  x  with curvature coupling parameter  , governed

by the equation

    , 02  xmRDDg ki
ik (2)

where iii ieAD   is the gauge-covariant derivative and e is the coupling between

the scalar and gauge fields. Since the background space has non-trivial topology,

in addition to the field equation one should specify the periodicity conditions along

compact dimensions. In the subspace ( DD xx  ,1 ) we impose helical periodicity

condition

   ,  , , , , 11 DDliDDl xhxxeaxxx p  





(3)

with the helicity parameter h and constant phase p . In the special case h = 0

the relation (3) reduces to a generic quasiperiodicity condition.

Here we consider a simple configuration of the gauge field with A
D-1

, A
D

 = const.

These constant components of the gauge field can be excluded from the field

equation by the gauge transformation

    . , , 1
1

D
D

D
D

ie
iii xAxAxexAA  


 (4)

In the new gauge one has 0iA  and iiD   for l = D - 1, D. Now the condition

(3) takes the form

   ,  , , , , 11 DDl
~iDDl xhxxeaxxx p  





(5)

with the new phase

. 1 aAheA~
DDpp   (6)

The physical characteristics will depend on the quantities p , A
D-1

, A
D
 in the form

of the combination.

In quantum field theory the periodicity conditions imposed on the field

operator modify the spectrum of vacuum fluctuations and the vacuum expectation

values of physical observables are shifted by amount that depends on the param-

eters of the compactification (the topological Casimir effect [1-7]). These effects

for the quasiperiodicity conditions, corresponding to the zero value of the helicity

parameter, h = 0, have been widely investigated in the literature for different local

geometries. Simple geometries with helical conditions in the case of zero phase

were discussed in [41-47]. In the discussion below we will show that the results

for the helical conditions can be obtained by an appropriate coordinate transfor-

mations from the formulas for quasiperiodicity conditions.

The helical condition identifies the spacetime points with the coordinates
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   axxxP DDl
a  

  , , 1
 ,0  and    DDl

h xhxxP  , , 1
0 ,  

 . Let us introduce new co-

ordinates ix  in accordance with ll xx   for l = 0, 1, ..., D - 2, and

, , 
2

111

a

h
x

a

a
x

a

h
xh

a

a
x

a

h
x

a

a
x DDDDDD  

(7)

where

. 22 haa  (8)

The inverse transformation reads

 , 111 DDDDDD x
a

a
x

a

h
xhx

a

h
x

a

a
x  

(9)

For the identification points in the coordinates ix  one has

       .  , ,,  , , 1
0 ,

1
 ,0

DDl
h

DDl
a xxxPaxxxP 




  (10)

The coordinate transformation (7) is a combination of the rotation by angle

 aharctan , 20  , and the shift of the origin to the point  0 , , hxx li   .

The metric tensor is form-invariant under the transformation (7).

Now we can reformulate the problem of the investigation of the VEVs for the

field  x  with helical condition (3) in the coordinate system ix . For the

corresponding metric tensor we still have

  , , 0,  ,1 ,1 ,1 , DDDDDlDl
l

ikik ggggxgg   (11)

with ll xx   . The field equation has the form (2) with the replacements
ik

ik gg   for the metric tensor and iiii AieDD   for the covariant deriva-

tive, where ii AA   for i = 0, 1, ..., D - 2, and

., 111 DDDDDD A
a

a
A

a

h
AA

a

h
A

a

a
A   (12)

In the new coordinates the periodicity condition takes the form

   ,  , , , , 11 DDliDDl xxxeaxxx p 



  (13)

which is a standard quasiperiodicity condition. This shows that we can use the

results for the VEVs in problems with quasiperiodicity condition (13) in order to

find the expectation values in problems with helical conditions. Let us specify this

procedure for the current density and the energy-momentum tensor. The

renormalized VEVs in the coordinate system ix  we denote by  lp
ii Ajj  ,

and  lp
ikik ATT  ,  for the current density and the energy-momentum

tensor, respectively. The corresponding expectation values  lp
ii Ajj  ,  and

 lp
ikik ATT  ,  in the original problem with helical periodicity condition (3)

are obtained by the coordinate transformation ii xx  .

We start with the current density. Note that in the coordinate system ix  we
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can make a gauge transformation  iii AA ,    xex ie    with the func-

tion 1
1


 D
D xA . In the new gauge one gets 01  DA . Both the field equation

and the periodicity condition (13) are invariant under this gauge transformation

and the physical results do not depend on 1DA . In the gauge 01 DA  the metric

tensor, the field equation and the periodicity condition in the coordinate system
ix  are symmetric under the reflection 11   DD xx . Assuming that the vacuum

state is also symmetric under this reflection, we conclude that the component of

the current density along the coordinate direction 
1Dx  vanishes by the symmetry,

01 Dj . In this case the components of the current density in the coordinates
ix  are expressed as

. , , 2 ..., 1, ,0, 
2222

1

ha

ja
j

ha

jh
jDijj

D

D

D

Dii





 

(14)

and the vacuum current density has a nonzero component along the uncompact

dimension 1Dx  as well. The components along compact and uncompact dimen-

sions related by the helical condition are connected by the formula

. 1 DD j
a

h
j 

(15)

This relation for the locally Minkowski bulk was obtained in [48] by direct

evaluation of the VEV using the corresponding mode functions.

Another important characteristic of the vacuum state is the expectation value

of the energy-momentum tensor. Again, assuming that the vacuum is symmetric

with respect to the reflection 11   DD xx , we conclude that 01 , DiT  for

1 Di . By using the transformation rule for the second rank tensor, for the

components of the energy-momentum tensor we get (i, k = 0, 1, ..., D - 2)

, , 2 ..., 1, ,0 ,, 
22

1 ,

ha

Ta
T

h

a
TDkiTT

iD

DiiDikik


 

(16)

for the components with one or two indices in the subspace ( 210 , ,... , Dxxx ) and

  , , 

, 

22

2

22

1 ,12

1 ,1

22

 ,1

22

2

22

1 ,12

1 ,1

ha

Ta

ha

Th
TTT

ha

ah
T

ha

Th

ha

Ta
T

DDDD

DDDDDDDD

DDDD

DD
























(17)

for the components in the subspace ( DD xx  ,1 ).

Note that the condition (3) can also be interpreted as a helical periodicity

condition along the compact dimension 1Dx  with the length h, with the helicity

parameter a along the uncompact direction Dx , and with the phase p . This
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shows that there is a duality between the models with the sets (a, h, p ) and

(h, a, p ). In the dual models the roles of the dimensions 1Dx  and Dx  are

interchanged. The duality is also seen in the VEVs (14), (16), and (17).

3. Models with locally dS spacetime. As an application of the general

procedure described above let us consider a background spacetime with local dS

geometry. The dS spacetime is among the most popular geometries in quantum

field theory in curved spacetime. In particular, that is motivated by important

applications in inflationary models of the early Universe and in models of

accelerating expansion at recent epoch. In inflationary coordinates the correspond-

ing line element reads

  , 
1

2222 



D

i

it dxedtds (18)

where the constant   determines the curvature radius of the spacetime. It is

expressed in terms of the cosmological constant   by the formula    212 DD .

For the remaining spatial dimensions we take  ix , i = 1, ..., D - 1.

Introducing a conformal time   in accordance with  te , the line element

is written in a conformally flat form

  , 
1

22

2

2
2














 



D

i

iki
ik dxddxdxgds (19)

where  . For the scalar curvature in the field equation (2) one has

  21  DDR . The VEVs of the field squared and energy-momentum tensor

in the model with a single compact dimension and periodic condition along it

were studied in [50]. The general case of spatial topology  qp SR 1 , p + q = D,

has been discussed in [51,52]. The vacuum currents for quasiperiodic conditions

with general phases are investigated in [30]. For simplicity here we consider the

special case p = D - 1 and q = 1, assuming that the only compact dimension

corresponds to the coordinate Dx  along which the quantum scalar field obeys the

condition (3). In the discussion below we will work in the coordinate system (19).

3.1. Hadamard function and the VEVs of the field squared and

current density. The local characteristics of the vacuum state 0  for a quantum

scalar field  x  are obtained from the two-point functions. They describe the

correlations of zero-point fluctuations at different spacetime points x and x . As

a two-point function we will take the Hadamard function defined as the VEV

          . 00 , xxxxxxG  †† (20)

For dS spacetime different vacuum states have been considered in the literature.

Among them the Bunch-Davies vacuum is distinguished by the following two

properties: it is maximally symmetric and is reduced to the Minkowski vacuum
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in flat spacetime in the slow expansion limit. Here we assume that the field  x
is prepared in the Bunch-Davies vacuum state. The Hadamard function  xxG  ,

in the problem at hand for the coordinates ix  is obtained from the expression

in [30] as a special case. Transforming to the coordinates ix  we get

   
 

        

   

    
. 

2

2

2

4
 ,

12
12222

12222

12

0
112

2









































n
D

DD
D

DD
DD~in

DD

D

xhxanhanx

xhxanhanxzf

e

zIzKzKzIdzzxxG

p

(21)

where  DD xxx  ..., ,1 , DDD xxx  , iii xxx  ,  zI  and  zK  are the

modified Bessel functions [53] with the order

   . 14
21222  mDDD (22)

The function  yf  in (21) is defined by    yKyyf 


  . The n = 0 term in

(21) corresponds to the Hadamard function  xxGdS  ,  in the dS spacetime without

compactification and the remaining part is induced by the helical compactification.

The expression for  xxGdS  ,  in terms of the hypergeometric function is well

known from the literature.

Given the Hadamard function, the VEVs of physical observables are obtained

taking the coincidence limit of the arguments of the Hadamard function or its

derivatives. We start with the VEV of the field squared 00 ††  . It is

obtained in the limit   2 ,lim xxGxx  
† . This limit is divergent and a

renormalization is required. The compactification scheme under consideration does

not change the local geometry and the divergences are the same as in the dS

spacetime without compactification. The corresponding part in the Hadamard

function (21) is presented by the n = 0 term. Separating the topological contri-

bution and taking the coincidence limit the VEV is decomposed as

, 
cdS

†††  (23)

where the renormalized VEV 
dS

†  in dS spacetime has been already studied

in the literature. By the maximal symmetry of the Bunch-Davies vacuum state,

it does not depend on spacetime coordinates. The topological contribution 
c

†

is directly obtained from the part in (21) with 0n  in the coincidence limit:

   
 

 
  , 

cos

2

4

0 1
122122212

21

n
n

DD

p

DD

DD

c
yf

n

~n
zdzzF

ha
 
 




 




† (24)

with the notations
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, 22 ha
nz

yn 


 (25)

and

        . zKzIzIzF   (26)

The VEV (24) is an even function of the phase p
~ . This corresponds to the

periodicity with respect to the magnetic flux enclosed by the compact dimension,

with the period equal to the flux quantum. In addition, the mean field squared

c

2  is invariant under the change    pp ahha   , , , , . This is a manifes-

tation of the duality mentioned above.

For a charged scalar field the operator of the current density is given by

   . ††
lll DDiej (27)

The corresponding VEV can be obtained in two different ways. The first one

corresponds to the limiting transition (in the gauge where A
i
 = 0)

    ,  ,lim
2

xxGe
i

j ll
xx

l �


(28)

by using the Hadamard function (21). Note that the limit in the right-hand side

of (28) with the dS Hadamard function vanishes and the renormalization for the

current density is not required. In the second way, the vacuum current density

is obtained from the corresponding result for quasiperiodic condition, given in [30],

by the coordinate transformation (14). For the nonzero components we get

   
 

 
  , 

sin

2

8

0 1
2122212

1

n
n

DD

p

DD

DD
D yf

n

~n
zdzzF

ha

ae
j  

 






 




 (29)

and ajhj DD 1 . Here, y
n
 is defined by (25). The physical components

of the current density, denoted here by l
pj , are connected to the contravariant

components by the relation     ll
p jj  . The components Dj  and 1Dj

are odd functions of the phase p
~ . In particular, the current density vanishes

for half-integer values of the parameter p
~ . In agreement with the duality

mentioned at the end of the previous section, the current densities are invariant

under the change    pp ahha   , , , ,  with the change of the roles of the

coordinates    11  , ,   DDDD xxxx .

3.2. Vacuum energy-momentum tensor. Finally, we turn to the VEV

of the energy-momentum tensor. In the gauge with A
i
 = 0 it is obtained from the

Hadamard function (21) with the help of the formula (again, in the gauge with

zero gauge potential)

  , 
4

1
 ,lim 2




















ikki

l
likki

xx
ik RgxxGT (30)
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where 2 ikik DgR  is the Ricci tensor for the dS spacetime. Alternatively, the

VEV is derived by the coordinate transformation from the results in the coordinate

system ix  with standard periodicity condition. The corresponding formulas in the

special case 0 p
~  are obtained from the results of [51]. Generalizing for 0 p

~

and using the transformation rules (16) and (17) one finds

, 
c

k
i

dS

k
i

k
i TTT  (31)

where 
k
i

dS

k
iT  const  is the corresponding VEV in the dS spacetime without

compactification. The topological contribution for the vacuum energy density reads

   
       , 

cos

2

2
12

0

0

1
2122212

21
0

0 nD
n

D

p

DD

DD

c
yfzdzzF

n

~n

ha
T 














 (32)

with the notation

            , 22
2

1

2

1 2220 zFzmzFzDzFzzzF  







 (33)

where the prime stands for the derivative with respect to z . For the vacuum

stresses along the directions 
ix , with i = 1, 2, ..., D - 2, one gets (no summation

over i)

   
 

     

 
  , 

2cos

2

2

0

2
222

2

12
1

2

122212

21











































nDnD
n

D

p

DD

DD

c

i
i

yf
han

zF
yfzFdzz

n

~n

ha
T

(34)

where

        . 
2

12
2

1
2 zFz

D
DzFzzzF  

















 (35)

Now we turn to the components of the topological part in the vacuum energy-

momentum tensor with one or two indices in the subspace ( DD xx  ,1 ). The off-

diagonal components 
c

i
DT , with i = 1, 2, ..., D - 2, vanish: 0

c

i
DT . For the

diagonal components in the subspace ( DD xx  ,1 ) we find

   
 

   

 

 
 

 
, 1

2

cos

2

2

22

12
2

2
222

2

222

2

0

12
1

2122212

21
1

1






























































 

ha

yfy
hyf

ha

Dh

han

zF

yfzFdzz
n

~n

ha
T

nDn
nD

nD
n

D

p

DD

DD

c

D
D

(36)

and
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, 1

2

cos

2

2

22

1222
222

2

222

2

0

12
1

2122212

21






























































ha

yf
yayf

ha

Da

han

zF

yfzFdzz
n

~n

ha
T

nD
nnD

nD
n

D

p

DD

DD

c

D
D

(37)

with y
n
 from (25). In addition to the diagonal components, the helical periodicity

condition induces a nonzero off-diagonal component 
c

D
DT

1
. It is obtained from

the diagonal components in the coordinate system 
ix  by the transformation given

by (17):

   
 

      . cos

2

4

0

212
2

1
122212

1
1












 






 nDnDn

n
D

p

DD

DD

c

D
D yDfyfyzdzzF

n

~n

ha

ah
T (38)

All the components of the vacuum energy-momentum tensor are even functions

of p
~ . Note that the parameter   defined by (22) can be either nonnegative

real number or purely imaginary. The integral representations given above are valid

in the range 1Re  . This restriction follows from the condition of the conver-

gence of the integrals over z  in the lower limit. Note that off-diagonal com-

ponents of the vacuum energy-momentum tensor may arise also in models with

quasiperiodic conditions (see [54]).

It can be explicitly checked that the topological part of the vacuum energy-

momentum tensor obeys the trace relation

   , 22

c

l
lD

c

i
i mDT  (39)

where   DDD 41  is the value of the curvature coupling parameter for a

conformally coupled scalar field. For a conformally coupled massless field the

topological contribution 
c

k
iT  is traceless. The anomaly in the trace is contained

in the pure dS part 
dS

i
DT .

Note that the parameters a and h are the coordinate lengths. The correspond-

ing physical (proper) lengths measured by an observer at rest in the coordinates
ix  are given by    aa p  and   � hh p . The VEVs 

c

† ,  
l
pj , and

c

k
iT  depend on a, h, and   in the form of the ratios a  and h . The latter

are the proper lengths measured in units of the curvature radius  .

3.3. Conformally coupled massless field and the asymptotics. For

a conformally coupled massless field one has 21  and   zzF 1 . The

integrals are evaluated by using the formulae [55]
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        . 
2

1
21 12

0

12

0

12
2

0

2 






 
 












D

ydyfDyfdyyydyf D
DDD (40)

For the VEVs of the field squared and physical component of the current density

one gets

   
    

 

 
   

    

 
    . , 

sin212

, 
cos

2

21

1

1
212221

1
1212221

1

c

D
p

c

D
p

n
D

p

DD

D

c

D
p

n
D

p

DD

D

c

j
a

h
j

n

~n

ha

aDe
j

n

~n

ha

D































†

(41)

The expressions for the energy density and stresses along the directions 
ix , i =

1, 2, ..., D - 2, are simplified to (no summation over i = 0, 1, ..., D-2)

   
    

 
. 

cos21

1
1212221

1







 






n
D

p

DD

D

c

i
i

n

~n

ha

D
T (42)

For the diagonal components of the energy-momentum tensor in the subspace

( DD xx  ,1 ) we find

   
. 

1
1, 

1
1 0

022

2
0

022

2
1

1
cc

D
D

cc

D
D T

ha

aD
TT

ha

hD
T 



























 (43)

Finally, the expression for the off-diagonal component is reduced to

 
. 

1 0
022

1

cc

D
D T

ha

ahD
T






(44)

For a conformally coupled massless field the problem on the dS bulk is

conformally related to the corresponding problem in the locally Minkowski

spacetime, with the same parameters a, h, p , and the VEVs are connected by

the standard formulae

 

   

 

 

 

 
. , , 

11  










D

M

c

i
i

c

i
iD

M

c

D

c

D
pD

M

c

c

T
T

j
j

†

†
(45)

In the special cases 0 p
~  and  p

~  the current density vanishes and the series

in the expressions for the field squared and energy-momentum tensor are expressed

in terms of the Riemann zeta function. Depending on the values of the parameter

p
~ , the VEVs can be either positive or negative. In particular, the topological

contribution to the energy density is negative for an untwisted field ( 0 p
~ ) and

positive for twisted field (  p
~ ). For some intermediate value of p

~  the VEVs

become zero. The vacuum pressure along the direction 
ix , i = 0, 1, ..., D - 2,

is given by 
c

i
iT  and it is equal to the energy density with an opposite sign.
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This corresponds to the equation of state of the cosmological constant type in the

subspace ( 210  ..., , , Dxxx ). That is not the case for general conformal coupling and

for massive fields.

At the early stages of the cosmological expansion one has   and 

is large. In order to find the asymptotics of the VEVs in that limit it is convenient

to introduce a new integration variable  zu  in the expressions for the VEVs.

The function  zF  becomes   uF  and its argument is large. By using the

asymptotic of the modified Bessel functions for large argument it can be shown

that   zzF 1  for 1z . This asymptotic coincides with the exact expression

for a conformally coupled massless scalar field. Replacing   zzF 1  in the

expressions for the field squared, current density, and off-diagonal component

c

D
DT

1 , we see that the leading terms in the expansion over 1  coincide with

the corresponding expressions for a conformally coupled massless field, given by

(41) and (44). In the expression (32) for the energy density, in the leading order,

one has    zzF 20   and the corresponding asymptotic, again, coincides with the

result (42) for i = 0. In the components (36) and (17) we have     zDzF D 2

and the terms involving the function   zzF 1  contain additional factor 
2 .

Hence, the latter term dominates in the asymptotic and the leading terms coincide

with (43). We conclude that in the limit  , corresponding to t , the

leading asymptotics of the topological contributions of the VEVs coincide with the

corresponding result for a conformally coupled massless field and the effects of

gravity on those contributions are weak. In the limit under consideration the

dominant contribution to the total VEV (31) comes from the topological part.

The late stages of the expansion correspond to t  and 0 . Again,

introducing a new integration variable  zu , we expand the function   uF

for small values of the argument. For 0  one has     
  2uuF  and the

topological terms in the VEVs tend to zero monotonically, like 
 2D
 for the

VEVs of the field squared and energy-momentum tensor and like  22D  for the

current density. For purely imaginary  ,  i , and for small   we have

       ]12[Re 2  
 uuF . In this case the topological VEVs tend to zero

with oscillating behavior. The amplitudes of the oscillations decay as 
D  for the

field squared and energy-momentum tensor and as 2D  in the case of the current

density.

4. Conclusion. We have studied the topological Casimir effect in models

with compact dimension along which the field operator obeys helical periodicity

condition given by (3). A general background is considered with the metric tensor

invariant under the rotations in the plane ( DD xx  ,1 ). In addition, the presence

of a gauge field is assumed with constant covariant components A
D-1

 and A
D
. We

can pass to the new gauge with zero values of those components. In that gauge
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the field operator obeys the helical condition (5) with the new phase (6) depending

on the components A
D-1

 and A
D
. The corresponding contribution can be interpreted

in terms of the magnetic flux enclosed by the compact dimension. We have shown

that by the coordinate transformation (7) the problem with helical periodicity

condition is reduced to the problem with standard quasiperiodicity condition (13)

with the same phase. The length of the corresponding compact dimension is

expressed as 22 ha  .

The procedure we have described allows to find the VEVs of physical

observables in the topological Casimir effect for helical periodicity conditions by

using the corresponding results for quasiperiodic conditions. That is done by the

standard transformation of the tensors under the coordinate transformation (9). As

important local characteristics of the vacuum state we have considered the VEVs

of the current density and energy-momentum tensor. Their transformation laws

are given by (14), (16), and (17). As an example of general prescription the locally

dS spacetime is considered with a single compact dimension Dx  and helicity shift

along the direction 1Dx . The geometry is described by the line element (19).

The corresponding problem with general number of toroidally compactified dimen-

sions has been considered in [30,51]. In [51] the VEVs of the field squared and

energy-momentum tensor were studied for periodic and antiperiodic conditions.

The VEV of the current density in the case of quasiperiodic conditions with general

phases is considered in [30].

In the problem at hand the properties of the vacuum state are encoded in

two-point functions describing the correlations of the vacuum fluctuations in

different spacetime points. As a two-point function we have taken the Hadamard

function. In the problem with helical condition in locally dS spacetime that

function is expressed as (21). As local characteristics of the scalar vacuum we have

considered the expectation values of the field squared, current density and energy-

momentum tensor. In the corresponding expressions the parts induced by the

compactification are explicitly separated. The field squared and energy-momentum

tensor are even functions of the phase p
~  in the periodicity condition, whereas

the current density is an odd function. An important difference of the helical

compactification is the presence of nonzero off-diagonal component 
c

D
DT

1  of

the energy-momentum tensor. At the early stages of the dS expansion the VEVs

are dominated by the topological contribution and at those stages the influence

of gravity on the local characteristics is weak. The corresponding asymptotics are

conformally related to the VEVs on the locally Minkowski bulk. At late stages,

depending on the parameter  , the topological parts in the VEVs decay mono-

tonically or oscillatory and the pure dS contributions dominate.
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ÒÎÏÎËÎÃÈ×ÅÑÊÈÉ ÝÔÔÅÊÒ ÊÀÇÈÌÈÐÀ Â
ÌÎÄÅËßÕ ÑÎ ÑÏÈÐÀËÜÍÛÌÈ ÊÎÌÏÀÊÒÍÛÌÈ

ÐÀÇÌÅÐÍÎÑÒßÌÈ

Ð.Ì.ÀÂÀÊßÍ1,2, À.À.ÑÀÀÐßÍ1,2, Ä.À.ÑÈÌÎÍßÍ1, Ã.Ã.ÀÐÓÒÞÍßÍ1

Èññëåäîâàíî âëèÿíèå ñïèðàëüíîé êîìïàêòèôèêàöèè ïðîñòðàíñòâåííîé

ðàçìåðíîñòè íà ëîêàëüíûå ñâîéñòâà âàêóóìíîãî ñîñòîÿíèÿ äëÿ çàðÿæåííîãî

ñêàëÿðíîãî ïîëÿ ñ îáùèì ïàðàìåòðîì ñâÿçè ñ êðèâèçíîé. Ðàññìàòðèâàåòñÿ

îáùàÿ ôîíîâàÿ ãåîìåòðèÿ ñ âðàùàòåëüíîé ñèììåòðèåé â ïîäïðîñòðàíñòâå ñ

êîîðäèíàòàìè, ïîÿâëÿþùèìèñÿ â óñëîâèè ñïèðàëüíîé ïåðèîäè÷íîñòè.

Ïîêàçàíî, ÷òî ñ ïðåîáðàçîâàíèåì êîîðäèíàò çàäà÷à ñâîäèòñÿ ê çàäà÷å ñî

ñòàíäàðòíûì óñëîâèåì êâàçèïåðèîäè÷íîñòè â òîé æå ëîêàëüíîé ãåîìåòðèè è

ñ ýôôåêòèâíûì ðàäèóñîì êîìïàêòèôèêàöèè, îïðåäåëÿåìûì äëèíîé êîìïàêòíîé

ðàçìåðíîñòè è ïàðàìåòðîì ñïèðàëüíîñòè. Â êà÷åñòâå ïðèìåíåíèÿ îáùåé

ïðîöåäóðû ðàññìîòðåíî ëîêàëüíî äå Ñèòòåðîâñêîå ïðîñòðàíñòâî-âðåìÿ ñî

ñïèðàëüíîé êîìïàêòíîé ðàçìåðíîñòüþ. Èñïîëüçóÿ ôóíêöèþ Àäàìàðà äëÿ

âàêóóìíîãî ñîñòîÿíèÿ Áàí÷à-Äýâèñà, èçó÷àþòñÿ âàêóóìíûå ñðåäíèå êâàäðàòà

ïîëÿ, ïëîòíîñòè òîêà è òåíçîðà ýíåðãèè-èìïóëüñà. ßâíî âûäåëåíû òîïîëîãè-

÷åñêèå âêëàäû, è îïèñàíû èõ àñèìïòîòèêè íà ðàííèõ è ïîçäíèõ ñòàäèÿõ

êîñìîëîãè÷åñêîãî ðàñøèðåíèÿ. Âàæíûì îòëè÷èåì ïî ñðàâíåíèþ ñ çàäà÷åé ñ

êâàçèïåðèîäè÷åñêèìè óñëîâèÿìè ÿâëÿåòñÿ ïîÿâëåíèå íåíóëåâîé íåäèàãîíàëüíîé

êîìïîíåíòû òåíçîðà ýíåðãèè-èìïóëüñà è êîìïîíåíòû ïëîòíîñòè òîêà âäîëü

íåêîìïàêòíîãî èçìåðåíèÿ.

Êëþ÷åâûå ñëîâà: òîïîëîãè÷åñêèé Êàçèìèð ýôôåêò: ïîëÿðèçàöèÿ âàêóóìà:

        óñëîâèå ñïèðàëüíîé ïåðèîäè÷íîñòè: âðåìÿ-ïðîñòðàíñòâî

     äå Ñèòòåðà
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