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 LARGE DIFFUSE DWARFS IN THE DYNAMICALLY
COLD TRIPLE GALAXY SYSTEMS

I.D.KARACHENTSEV1, A.E.NAZAROVA1, V.E.KARACHENTSEVA2

Received 30 May 2024

We report on the discovery of three large diffuse dwarf (LDD) galaxies located in isolated
triple systems. They have effective diameters of 01063 ..   kpc and effective surface brightness of

327226 ..   
m
/sq. arcsec. We note that the LDD galaxies tend to occur in small groups with a very

low dispersion of radial velocities. The total (orbital) mass of the triplets approximately equals to
their integral stellar mass within velocity measurement errors. The presence of LDD galaxies in cold
multiple systems seems mysterious.

Keywords: galaxies - dwarf galaxies - low surface brightness galaxies

1. Introduction. Over a wide range of luminosities, the average surface

brightness (SB) of galaxies, and their integral absolute magnitude, M, follow a

relation SB = (1/3)M + const, which corresponds to an approximate constancy of

the average volumetric stellar density for major and dwarf galaxies [1]. However,

with the advent of deep sky surveys, a specific population of low surface brightness

galaxies has been discovered, whose luminosity is typical of dwarf systems and

whose sizes are comparable to those of normal galaxies. These objects are called

"ultradiffuse galaxies" (UDG). As defined by van Dokkum et al. [2], these include

galaxies with a central surface brightness in the g-band SB
g
(0) > 24 

m/sq. arcsec and

a linear effective diameter A
50

 > 3.0 kpc, within which half of the galaxy's lumi-

nosity is contained.

Many UDG galaxies have been discovered in the nearby clusters: Virgo [3],

Fornax [4] and Coma [5], and a small number have been also found in nearby

groups around NGC 253, Cen A, NGC 5485 [6-8]. A catalog of 7070 UDG

candidates selected over 20000 sq. degr. of sky was recently published by Zaritsky

et al. [9]. According to [10], about 40% of UDG objects are found in clusters,

about 20% are located in groups, and the remaining 40% occur in scattered

filaments, avoiding common field regions. No isolated UDG galaxies have yet been

discovered. This arrangement of diffuse galaxies relative to the elements of the

cosmic web indicates that the structure of UDG galaxies is determined not so

much by features of their internal evolution as by the influence of external

environment. The disperse stellar structure of UDG galaxies is obviously a sensitive
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indicator of the tidal influence of their neighbors.

Studying the closest examples of UDG galaxies helps to advance our under-

standing of their specifics. In the Local Volume with a radius of 10 Mpc, 15 objects

were noted [11] that meet the criterion of an ultradiffuse galaxy. All of these UDG

objects are located in the known nearby groups. Among them, some (Sag dSph,

KK 208, Scl-MM-Dw2, And XIX) have an elongated structure with an apparent

axial ratio b/a < 0.5, which is caused by gravitational disturbance from a massive

neighbor. Others (Garland, NGC 3521sat, d0226+3325) have an irregular shape

and a young stellar population, indicating that these dwarfs likely formed from

tidal tails and bridges on the outskirts of major galaxies. We consider it appropriate

to strengthen the criterion for a large diffuse dwarf (LDD) galaxy, selecting into

this category objects of even lower surface brightness, having a round smooth shape

and lack of young stellar population. As a criterion for a galaxy to belong to a

LDD object, we use the following conditions:

i. The effective diameter of a galaxy in the g-band is A
50,

 
g
 > 3.0 kpc;

ii. Effective surface brightness in the g-band SB
50,

 
g
 > 26.0 

m/sq. arcsec;

iii. Apparent axial ratio b/a > 0.5;

iv. Morphological type dSph with a smooth shape and an old population

(g - r > 0.50).

Of the thousand galaxies in the Local Volume, only five known galaxies satisfy

these conditions: CenMM-dw1, IKN, KK 77, Cen-MM-dw3 and NGC 4631dw1

with distances in the range (3.6 - 7.4) Mpc, effective diameters A
50

 = (3.1 - 5.6) kpc,

effective surface brightness SB
50

 = (26.2 - 28.1) 
m/sq. arcsec and absolute magnitudes

M
B

 = (-11m.6 - -12m.6). The names of the galaxies are indicated as they are

presented in the Updated Nearby Galaxy Catalog [1], a regularly updated version

of which is available on-line1. It is likely that the Local Volume contains other

LDD galaxies that have not yet been discovered due to the incompleteness of deep

sky surveys.

2. A LDD galaxy in the NGC 3056 triplet. While searching for new

nearby dwarf galaxies in DESI Legacy Imaging Surveys, DR10 [12], we discovered

a low surface brightness object at coordinates RA = 09:54:43.9 DEC = -28:30:54

(J2000). Its image is shown on the left panel of Fig.1. To the north of it at

a distance of 13', there is a galaxy of type S0a with a radial velocity V
LG

 = 674

km s-1 relative to the centroid of the Local Group. This galaxy with its two

satellites: ESO 435-016 and ESO 435-020 forms a triple system, presented in the

list of nearby isolated triplets of galaxies [13]. The parameters of this system are

shown in Table 1. Its columns contain: galaxy name; its coordinates; morpho-

logical type; apparent B-magnitude; radial velocity in km s-1; projection separation

1 http://www.sao.ru/lv/lvgdb
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from the main galaxy, R
p
, in kpc; estimate of the orbital (projected) mass

  pp RVGM 216   in units of 1010

M , where V  is the difference in radial

velocities of the satellite and the host galaxy, and G is the gravitational constant

[14]. The irregular galaxy ESO 435-020 has a peculiar structure with signs of

recent merging. A feature of the triplet is the small dispersion of the radial

velocities of galaxies, comparable to the errors in velocity measurements. The

reason for this may be the projection effect, when the velocity vectors of both

satellites are almost perpendicular to the line of sight. The observed low velocity

dispersion may also be a consequence of the low total mass of the galaxy triplet.

The last row of the table corresponds to the LDD galaxy we noted with a

very low surface brightness. We assume that this object is a physical member of

the triplet. The analysis undertaken by Karachentseva et al. [15], showed that

isolated dSph galaxies are extremely rare. In the volume of the Local Supercluster

with a radius of approximately 40 Mpc, only a dozen such putative cases have been

noted. Radial velocity measurements in dSph galaxies are very difficult due to the

absence of a noticeable amount of neutral hydrogen in them and due to the low

optical surface brightness. In those rare cases when such measurements were

Name RA(2000.0) DEC(2000.0) Type B V
LG

R
p

M
p

deg deg mag km s-1 kpc 1010

NGC 3056 148.637 -28.298 S0a 12.6 674±5 0 -
ESO 435-016 149.691 -28.622 Im 13.5 678±4 209 0.4
ESO 435-020 149.838 -28.133 Irr-p 14.4 673±2 227 0.03
LDD 0954-28 148.683 -28.515 Sph 17.8 - 47 -

Fig. Images of three large diffuse dwarf galaxies from the DESI Legacy Imaging Surveys: LDD
0954-28, LDD 0911-14 and LDD 0852-02 from the left ro right. Each image size is 22  .

North is to the top, East is to the left.

Table 1

PROPERTIES OF NGC 3056 TRIPLET OF GALAXIES
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possible, the radial velocities of spheroidal dwarfs turned out to be close to the

velocities of neighboring normal galaxies [16], making the assumption of their

isolation unlikely.

3. Other examples of LDD in triplets of galaxies. The catalog of

isolated galaxy triplets in the Local Supercluster [17] contains data on 168 triple

systems with radial velocities V
LG

 < 3500 km s-1. The sample of these triplets is

characterized by the following median parameters: member radial velocity disper-

sion of 40 km s-1, projected harmonic radius of 155 kpc, projection (orbital) mass

of M
11105  , and orbital mass-to-stellar mass ratio M

p
 /M

*
 = 25.

We assumed that a low velocity dispersion in a multiple galaxy system may

be a favorable factor for the presence of very diffuse objects in it. Among 168

nearby triplets, there are 17 systems with the small ratio M
p

 /M
*
 < 2, located in

the Legacy Imaging Surveys area. Looking at these cases, we found two more triple

systems with major members NGC 2781 and UGC 4640, containing candidate

LDD objects. Their images are shown in the middle and right panels of Fig.1.

Data on these triplets are presented in Tables 2, 3, the parameters of which are

similar to those in Table 1. Radial velocities of galaxies and their errors are taken

from Lyon Extragalactic Database = LEDA [18]. The distances to NGC 2781 (30.6

Mpc) and UGC 4640 (49.0 Mpc) were estimated from their radial velocities taking

into account local cosmic flows in the Numerical Action Method model [19]. The

Name RA(2000.0) DEC(2000.0) Type B V
LG

R
p

M
p

deg deg mag km s-1 kpc 1010

NGC 2781 137.864 -14.817 S0a 12.5 1766±22 0 -
DDO 57 137.832 -15.051 Im 14.8 1784±2 94 3.6

MCG-02-24-03 138.028 -15.432 Sm 15.2 1794±6 101 9.3
LDD 0911-14 137.856 -14.703 Sph 18.2 - 46 -

Table 2

PROPERTIES OF NGC 2781 TRIPLET OF GALAXIES

Name RA(2000.0) DEC(2000.0) Type B V
LG

R
p

M
p

deg deg mag km s-1 kpc 1010

UGC 4640 132.933 -02.134 Sc 13.8 3091±3 0 -
Arp 257a 132.909 -02.367 Sm 14.4 3103±4 200 3.4
Arp 257b 132.908 -02.354 Im 16.8 3106±6 189 5.0

LDD 0852-02 133.148 -02.177 Sph 19.2 - 184 -

Table 3

PROPERTIES OF UGC 4640 TRIPLET OF GALAXIES



283LARGE  DIFFUSE  DWARF  GALAXIES  IN  TRIPLE  SYSTEMS

distance to NGC 3056 (12.2 Mpc) was determined from surface brightness

fluctuations [20].

As a control sample, we searched for LDD galaxies in the virial zones of 17

triplets with an M
p
 /M

*
 > 100 and didnot find a single LDD object. Since triplets

of galaxies with M
p
 /M

*
 < 2 constitute only 10 percent of their total number (17/168),

the probability of three triplets with LDD members falling into this category is

0.001.

4. Surface photometry of LDD galaxies. We performed surface pho-

tometry of three new very low surface brightness galaxies, absent in [9] catalog,

to estimate their structural parameters. For this purpose, data from DESI Legacy

Imaging Surveys, DR10 in the g and r bands were used. The photometry of the

galaxies was carried out by measuring photometric curves of growth using standard

ellipse-fitting and aperture photometry techniques in photutils2. This was preceded

by background subtraction. Also, foreground and bright background objects were

masked and then the corresponding pixels were replaced by the mean flux in the

aperture rings contained in the mask. We fit the resulting curve of growth,  rf ,

using the following modified exponential law:

      , , 0
exp

0 rrrfrfrf  (1)

where  rf exp
 - the flux corresponding to the standard exponential law and  0rf

- the additional flux from the inner part (r < r
0
) of the galaxy. This leads to:

  , 11 




















  hr

tot

exp
tot

tot e
h

r

f

f
frf (2)

where totf , exp
totf  and h - fitting parameters of the model: total flux, total flux

(without adding  0rf ) from the standard exponential law and the exponential

scale from the standard exponential law.

The results of measuring the integral magnitudes of galaxies g and r, effective

radii r
50,g

 and r
50,r

 are presented in Table 4. It also shows B = g + 0.542(g - r) + 0.141

and V = g - 0.496(g - r) - 0.015 integral magnitudes of galaxies in B and V system

[21].

As one can see, the integrated color indices B - V, taking into account the

color excess E(B - V ) due to extinction, turns out to be typical for dSph galaxies

with old stellar population. The effective linear diameters A
50

 > 3.0 kpc of all three

diffuse galaxies and their effective surface brightness SB
50

 > 26.0 
m/sq. arcsec satisfy

the conditions formulated above for LDD galaxies. The assumption that these

LDD galaxies are physical members of the triplets under consideration looks very

plausible, given that such diffuse objects have not yet been discovered in the general

2 https://photutils.readthedocs.io/en/stable/
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field. The absolute magnitudes of these LDD galaxies, indicated in the last column

of Table 4, are 1-3 mag brighter than similar objects in the Local Volume.

5. Brief discussion. We estimated the stellar mass of galaxy triplets M
*

using the ratio   LL.MM K60  according to Lelli et al. [22]. The values

of the total luminosity of triplets in the K-band are taken from the catalog [17]

with correction for the adjusted distance. Data on Table 5 show that the estimate

of the total (projected) mass of triplets turned out to be approximately equal to

their stellar mass within the M
p
 errors due to the velocity measurement errors.

From this we can conclude that the "cold" kinematics of the triplets under

consideration does not require the presence of a noticeable amount of dark matter

in them. It remains unclear how such a feature of triplets can be related to the

presence in their volume of very diffuse galaxies with old stellar populations.

In general, various possible scenarios for the formation of LDD galaxies have

been discussed in the literature: a high angular momentum of the LDD [22], a

stellar feedback from the host galaxy [23], and "failed Milky Way" mechanism [24].

Note that the average projection separation of LDD galaxies, 92 kpc, is about

half the average distance of late-type satellites, 170 kpc. The same effect of

segregation of dSph and dIrr galaxies is also well known in other groups and

clusters of galaxies.

The diffuse satellite LDD 0911-14 exhibits a strong shape distortion in the

form of a tidal tail directed towards the massive host galaxy NGC 2781. Our

photometry of this satellite was limited to the main body of the object. Taking

into account the tidal tail almost doubles the integral luminosity and effective

Name g r B V r
50,g

r
50,r

SB
50,g

A
50,g

B - V E(B - V ) M
B

mag mag mag mag " " mag/sq.arcsec kpc mag mag mag

LDD0954-28 17.31 16.75 17.75 17.02 30.77 31.96 26.74 3.64 0.73 0.065 -12.95

LDD0911-14 17.76 17.12 18.25 17.43 19.83 19.65 26.24 5.88 0.64 0.046 -14.37

LDD0852-02 18.70 18.08 19.18 18.38 21.10 21.15 27.31 10.02 0.62 0.016 -14.34

Table 4

PHOTOMETRIC PARAMETERS OF THE LDD GALAXIES

Name D log(M
*
) log(M

p
)

Mpc 1010 1010

NGC 3056 12.2 0.87 0.22±0.20
NGC 2781 30.6 5.11 6.45±2.85
UGC 4640 49.0 2.51 4.20±0.80

Table 5

TRIPLE SYSTEMS OF GALAXIES WITH LDD
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diameter of this galaxy.

It is obvious that galaxy systems with cold kinematics and the presence of

very diffuse members can also be found among groups with a larger population.

As an example, we note a group of four satellites around the galaxy NGC 660.

At a projection distance of 13' east of NGC 660 there is an extremely low surface

brightness galaxy (01:43:55.2 + 13:38:42), discovered by Karachentsev & Kaisina

[25]. The spiral galaxy NGC 660 itself has a very peculiar shape in the form

of two merging galaxies. With its low ratio 3 ~MM p , this group stands out

among other groups in the Makarov & Karachentsev [13] catalog.

Recently, Okamoto et al. [26] discovered an extremely low surface brightness

satellite near the nearby spiral galaxy NGC 253 using deep stellar photometry with

the Hyper Suprime-Cam on the Subaru telescope. According to the authors, this

"ghost" galaxy has an effective diameter of 6.7 ± 0.7 kpc, an effective surface

brightness of SB
50

 ~ 30 
m/sq. arcsec, an apparent axial ratio of b/a = 0.94, and old

stellar population. This satellite, NGC 253-SNFC-dw1, is located at a projection

separation of R
p

 = 75 kpc from the center of NGC 253 and shows weak signs of

tidal disruption. In its size and extremely low surface brightness, this dim satellite

of NGC 253 is similar to the Milky Way satellite, Antlia 2, with A
50

 = 5.8 ± 0.6

kpc, SB
50

 = 31.9 
m/sq. arcsec [27] and the satellite of M 31, And XIX, with

A
50

 = 6.2 ± 2.0 kpc, SB
50

 = 31.0 
m/sq. arcsec [28]. Such objects are undetectable by

conventional photometry, since their surface brightness is 5-6 mag fainter than that

of the UDG galaxies discussed by [3].

It is interesting to note that the galaxy NGC 253, along with NGC 2683

and NGC 2903, has the minimum radial velocity dispersion of satellites ( 45v
km s-1) among the 25 brightest galaxies in the Local Volume with a luminosity

similar to that of the Milky Way. This fits with the trend that the cold kinematics

of the satellites (or the deficiency of dark matter in the group) favors the survival

in the group of "fragile" satellites with very low stellar density.

We did not consider here the possible reasons for the observed correlation

between the presence of LDD galaxies in a group and the deficiency of dark matter

in it. Apparently, it is necessary to accumulate richer statistics of such cases, as

well as perform dynamic modeling of tidal destruction of diffuse satellites under

different assumptions about the shape of the satellites' orbits and the amount of

dark matter in the LDD galaxy. According to Penarrubia et al. [29], the tidal

influence of the dark halo of the main galaxy in a group reduces the central surface

brightness of a satellite and shortens its size. Torrealba et al. [27] noted that N-

body modeling a strong tidal stripping of a diffuse companion can explain the

observed properties of Antlia 2-type galaxies.

More in-depth observations of the mentioned triplets of galaxies both in the

optical range and in the neutral hydrogen line could clarify the problem of the
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supposed connection between the cold kinematics of the group's satellites and the

presence of LDD galaxies in it.
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ÁÎËÜØÈÅ ÄÈÔÔÓÇÍÛÅ ÊÀÐËÈÊÈ Â ÄÈÍÀÌÈ×ÅÑÊÈ
ÕÎËÎÄÍÛÕ ÒÐÎÉÍÛÕ ÑÈÑÒÅÌÀÕ ÃÀËÀÊÒÈÊ

È.Ä.ÊÀÐÀ×ÅÍÖÅÂ1, À.Å.ÍÀÇÀÐÎÂÀ1, Â.Å.ÊÀÐÀ×ÅÍÖÅÂÀ2

Ìû ñîîáùàåì îá îáíàðóæåíèè òðåõ áîëüøèõ äèôôóçíûõ êàðëèêîâûõ

(LDD) ãàëàêòèê, ðàñïîëîæåííûõ â èçîëèðîâàííûõ òðîéíûõ ñèñòåìàõ. Îíè

èìåþò ýôôåêòèâíûå äèàìåòðû (3.6 - 10.0) êïê è ýôôåêòèâíûå ïîâåðõíîñòíûå

ÿðêîñòè (26.2 - 27.3) çâ. âåë. ñ êâàäðàòíîé ñåêóíäû. Îòìå÷åíî, ÷òî LDD ãàëàêòèêè

èìåþò òåíäåíöèþ âñòðå÷àòüñÿ â ìåëêèõ ãðóïïàõ ñ î÷åíü ìàëîé äèñïåðñèåé

ëó÷åâûõ ñêîðîñòåé. Ñóììàðíàÿ (îðáèòàëüíàÿ ) îöåíêà ìàññû ýòèõ òðèïëåòîâ

ïðèìåðíî ðàâíà èõ ñóììàðíîé çâåçäíîé ìàññå â ïðåäåëàõ îøèáîê èçìåðåíèÿ

ëó÷åâûõ ñêîðîñòåé ãàëàêòèê. Íàëè÷èå LDD ãàëàêòèê â õîëîäíûõ êðàòíûõ

ñèñòåìàõ ïðåäñòàâëÿåòñÿ çàãàäî÷íûì.

Êëþ÷åâûå ñëîâà: ãàëàêòèêè - êàðëèêîâûå ãàëàêòèêè - ãàëàêòèêè íèçêîé

     ïîâåðõíîñòíîé ÿðêîñòè
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 PROBING PSEUDOSCALARS WITH PULSAR
POLARISATION DATA SETS
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Recently a data set containing linear and circular polarisation information of a collection of
six hundred pulsars has been released. The operative radio wavelength for the same was 21 cm.
Pulsars radio emission process is modelled either with synchroton/superconducting self-Compton
route or with curvature radiation route. These theories fall short of accounting for the circular
polarisation observed, as they are predisposed towards producing, solely, linear polarisation. Here
we invoke (pseudo)scalars and their interaction with photons mediated by colossal magnetic fields
of pulsars, to account for the circular part of polarisation data. This enables us to estimate the
pseudoscalar parameters such as its coupling to photons and its mass in conjunction as product. To
obtain these values separately, we turn our attention to recent observation on 47 pulsars, whose
absolute polarisation position angles have been made available. Except, a third of the latter set, the
rest of it overlaps with the expansive former data set on polarisation type and degree. This helps
us figure out, both the pseudoscalar parameters individually, that we report here.

Keywords: ALP-   (14.80.Va) mixing: pulsar (97.60.Gb): polarisation (42.25.Ja)

1. Introduction.  In the last two decades, scenarios in which pseudoscalar

[1-6] particles and photons couple and subsequently mix (Fig.1) in the presence

of magnetic fields. There are many ways in which photon can interact with axion

like particles (ALPs). And these interaction can change the polarisation properties

of electromagnetic radiations through different phenomena [7,8]. First may be,

since the axions alter the photon dispersion relation, EM wave propagation in the

presence of an axion backdrop can modify the polarisation of the wave. Different

photon polarisation modes propagate through an axion cloud at different phase

velocities. [9,10] provides the modified dispersion relation of photon polarisation

modes. Second may be, the axion photon scattering process at the second level

of coupling )( 2
agΟ  can also produce circular polarisation by converting linear

polarisation through Faraday conversion. The development of the Stokes param-

eters at the second order of ag  is then computed using the quantum Boltzmann

method. In third we study the scattering process of photons from a magnetic field

by exchanging virtual axions in the intermediate states as a second order phe-

nomena in terms of )( 2
agΟ  using the quantum Boltzmann approach, i.e. when
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plane polarized light coming from a source it's parallel component which is parallel

to magnetic field may interact with magnetic field and convert into axion like

particles (ALPs) and these ALPs may again interact with magnetic field and

reconvert back to the photons, while perpendicular component of plan polarized

light will go as it is. Because ALPs have very little non zero mass so its velocity

is smaller than photons. So, due to this conversion parallel component of plan

polarized light will moves slowly and a phase difference will come in the parallel

and perpendicular components of plane polarized light which will induce circular

component in the incident light. This mixing have received a lot of attention [11-

17], both phenomenologically [18-25] and observationally [26-33]. This is of

particular interest in astrophysics, where this mixing of photons with pseudoscalars

could make the universe transparent [34], change the polarisation properties of

light [35] and is be potentially responsible for effects such as "Supernovae

dimming" [34] or "Large-scale coherent orientation" [35] of the universe, also

known as "Hutsemekers" effect. The best-known light pseudoscalar particle, the

axion, was introduced long ago [36] to explain the absence of CP violation in

Quantum Chromodynamics (QCD) [37]. One postulated the existence of a new

spontaneously broken continuous Peccei-Quinn symmetry, so that the axion was

a pseudo Goldstone boson. It was soon realised that one needed to introduce a

very large scale in the theory in order to suppress the interactions of the axion,

while preserving the Peccei-Quinn mechanism. The invisible axion [38] emerges

at a unification scale, and the effective coupling is suppressed by this scale. The

invisible axion, being closely related to QCD, has definite and interrelated

expressions for its mass [39] and coupling strength [40] to other particles, given

Fig.1. Axion photon mixing in the polar cap region.
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a specific model [41,42]. Various cosmological and astrophysical bounds can be

used to further constrain the parameters [40], and the allowed parameters do not

lead to observable effects over cosmological scales. The mass of the pseudoscalar

particle needs to be very close to the photon effective mass in order to mix in

the rather weak magnetic fields of the extra galactic space. However, generic

pseudoscalars or axion-like particles (ALP's) have been hypothesized by many

extensions of the standard model of particle physics. Theories such as supergravity

[43] and superstring theory [44] contain many broken U(1) symmetries, that can

lead to very light scalar, or pseudoscalar, particles.

Pulsars, discovered fifty years back [45], are a fusion fuel less state of a two

to three solar mass M  star [46], wherein surmounting inward gravitational pull

[47], in absence of a commensurate radiation pressure from fusion, makes it

collapse [48], into a tiny object [49]. Two effects follow: the protons and neutrons

coalesce together making the pulsars synonymous with neutron stars [50]; and,

also during this compression phase the the magnetic flux is conserved, thereby

promoting the magnetic induction field inside it to a colossal [50] value. Other

effects such as the "pulsating" nature of the "star" in its last phase of stellar

evolution, leading to the nomenclature and discovery of the same [50], won't be

pursued here.

Pulsars have been harnessed to estimate the coloumn density [51], by

observing pulsar dispersion measure. Also, the magnetic field of the interstellar

medium (henceforth ISM) along the line of sight can be estimated by observing

its rotation measure [51]. Pulsars were traditionally, observed on earth inside the

radio frequency window specifically, from 100 MHz - 100 GHz [50]. However, over

time, pulsars became known for emission in other wavebands like X-ray,  -ray,

etc. [52]. Despite, half a century of efforts, the mechanisms for such types of

radiation and properties thereof, such as polarisation, are not very well understood

[53]. This in turn banks heavily on the fact that pulsar atmosphere or its

magnetosphere models are still in its infancy [54]. There are competing contenders

as preferred models for pulsed emission and continuum radiation. Curvature

radiation, synchroton radiation, inverse Compton radiation, superconducting self

Compton radiation, etc. are at the forefront, but none fits all observational features

of pulsars [53]. We shall, however, restrict ourselves, polarisation properties of

radiation inside the pulsar atmosphere without looking into the radiation origin.

Here we shall harness the two pulsar properties the size, and magnetic field which

in turn is deduced from period and associated derivative, to estimate the pseudoscalar

parameters like the mass and its coupling to photons, with the help of 21 cm

observations.

In section 2 we describe the polarimetric data set on six hundred pulsars [55],

along with the quantities that can be derived from these observed parameters
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assuming a basic pulsar model [50]. The observation of circular polarisation is

hitherto unexplained by radiation models, theoretical [56-58] and statistical [59]

alike, so far. Thereafter, in the section 3, we invoke the light quanta to

pseudoscalar interaction to step wise calculate the correlators, ab initio, between

the three degrees of freedom. Thereby, in section 4 we digress to Stokes

parameters; the experimental interface with theoretical quantities like ellipticity

parameter and polarisation position angle, using the definition of correlators. In

the next section 5, we discuss the extraction process of pseudoscalar parameters,

for mixing case only, discarding another two cases and leaving the general case

open that might arise, naturally. Also in this segment we estimate the values of

regression parameters derived from statistical analysis of the data set tables. In the

next section we present our results. Thereafter, we conclude by projecting the

feasibility of our result and scope in future directions.

Jname P P )log(E L/I V/I |V|/I err B 

(ms) unitless (ergs
-1
) % % % % Gev

2
rad

J0034-0721 943 4.24E-16 31.3 10.7 7.7 7.5 3 4.44E-08 0.303493832023204

J0051+0423 354.7 7.14E-18 30.8 13.1 -2.3 11.2 3.3 3.53E-09 0.287272232961884

J0108-1431 807.6 8.43E-17 30.8 76.7 15.5 13.1 3.1 1.83E-08 0.085016451375219

J0134-2937 137 8.21E-17 33.1 45.3 -17.2 16.9 3 7.44E-09 0.178538083464964

J0151-0635 1464.7 3.99E-16 30.7 29.1 -1.7 4.2 3.3 5.36E-08 0.070948527302082

J0152-1637 832.7 1.16E-15 31.9 15.1 1.1 6 3 6.90E-08 0.190253188556182

J0206-4028 630.6 1.27E-15 32.3 10.6 9.3 9.9 3.1 6.27E-08 0.366407550893253

J0211-8159 1077.3 3.17E-16 31 17 11.7 15.4 5.5 4.10E-08 0.502033554635695

J0255-5304 447.7 2.86E-17 31.1 7.3 -4.1 5.5 3 7.94E-09 0.329545023167104

J0304+1932 1387.6 1.35E-15 31.3 33.4 15.1 14.8 3 9.60E-08 0.209112164789615

J0343-3000 2597 5.59E-17 29.1 14.3 3.1 3.9 3.2 2.67E-08 0.107846382092558

J0401-7608 545.3 1.64E-15 32.6 28.6 -0.1 4.7 3 6.63E-08 0.08060916072996

J0448-2749 450.4 1.46E-16 31.8 23.9 -13.3 11.8 3 1.80E-08 0.225223527837328

J0450-1248 438 1.07E-16 31.7 25.3 2.5 6 3.4 1.52E-08 0.126047990334037

J0452-1759 548.9 5.28E-15 33.1 18.9 3.6 4.2 3 1.19E-07 0.109334472936971

J0459-0210 1133.1 1.47E-15 31.6 10.4 -12.9 9.6 3.8 9.05E-08 0.337370471111776

J0520-2553 241.6 2.84E-17 31.9 18.2 -4.3 5 3.6 5.81E-09 0.129970070094264

J0525+1115 354.4 7.12E-17 31.8 10.6 12.5 15.5 3 1.11E-08 0.478954335502063

J0528+2200 3745.5 4.21E-14 31.5 36.9 -4.9 4.6 3 8.81E-07 0.062683228726001

J0533+0402 963 1.8E-16 30.9 13.3 4 5.5 3.2 2.92E-08 0.211767678516289

J0536-7543 1245.9 6.17E-16 31.1 48.8 -11.1 11 3 6.15E-08 0.110852247980192

J0540-7125 1286 8.55E-16 31.2 14.2 3.1 15.8 4.8 7.35E-08 0.391121799864486

J0543+2329 246 1.5E-14 34.6 45.2 -8.2 7.9 3 1.35E-07 0.086515496781741

J0601-0527 396 1.25E-15 32.9 30.9 4.4 11.3 3 4.94E-08 0.175294355633881

J0614+2229 335 6.01E-14 34.8 72 20.3 20.1 3 3.15E-07 0.135938275210493

Table 1

PULSAR POLARISATION PROPERTIES AT 1.4 GHz (sample)
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2. Observation. The following data shown in Table 1 is a small part of

the data obtained from [55]. It contains the spin down luminosity E  [48] and

pulsar spin period P [49] all six hundred of them. Following the basic pulsar

model [50,60] we may derive pulsar parameters such as spin period time derivative

P  and the magnetic field B
s
.

. 
4

, 1023
2

3
19

I

PE
PPP.Bs





 (1)

Also, from the ratio between the percentage of circular to linear polarisation

provides us with the ellipticity parameter  .

  . 2tan
linp

V
 (2)

We have extracted and separately tabulated these derived values for further use in

section 5.

3. Pseudoscalar photon mixing. We begin our discussion with a deri-

vation of the equations of motion for the axion-photon system [61] where the

term "axion" stands generically for any light pseudoscalar particle. A suitable

Lagrangian density is given by

    , 
4

7

90

4

1

2

1

2

1

4

1

22

4

2

22




























F
~

FFF
m

a

aF
~

F
M

amaaFF

e

aL

(3)

where a is the axion field, m
a
 its mass, F  the electromagnetic field tensor, and

2
  FF

~
 its dual. The third term describes the CP-conserving interaction

between the pseudoscalar and the electromagnetic field where the energy scale M

is a phenomenological parameter to characterize the interaction strength i.e.

Mg 1 , g  is coupling constant. The last term in Eq. (3) is the Euler-

Heisenberg effective Lagrangian' arising from the vacuum polarizability. It describes

photon-photon interactions in the limit where the photon frequencies are small

in comparison with the electron mass m
e
, and all field strengths are weak in

comparison with the critical field strengths. In our case last term is negligible.

We will solve equation of motion for above Lagrangian.

The following mixing matrix (4) provides for the necessary ingredient of

photon pseudoscalar mixing mediated by a magnetic field [61]. Also this reference

assumes a free space, for calculation, hence there are no Faraday effect (M
21
, M

12

entries) terms coupling the two photon polarisations. Inside pulsar magnetosphere

this could hardly be the case. However, we may still ignore the Faraday terms.

The reason being the smallness of it inside spaces with large magnetic fields; as

shown in by one of the coauthors [62], by deriving the limiting propagation



294 K.CHAND,  S.MANDAL

frequency, below which Faraday effect holds significance.

 
, 

sin

cos
22

222






B

apBp
L

m

for the values derived from the pulsar database, such as the magnetic field, and

the plasma frequency from literature [63], which is much smaller than the

pseudoscalar mass, we see that Faraday effect can safely be neglected at the

operating frequency of 1.4 GHz ( L ), with which the observations were made.

, 

0

0

00

2

1





















BT

TA

A

M
(4)

The symbols in the matrix (4) stands for

. , , sin7, sin4 2222
2

222
1  BgTmBAA app (5)

where, B  is the magnetic field,   is the angle between the k

 and the magnetic

field B , m
a
 the axion mass, and   2245 fmeB , with m

f
 [61] the lightest

Fermion mass.

The non-diagonal 22  matrix, in Eq. (4) is given by,

. 2
2

2 











amT

TA
M (6)

One can solve for the eigen values of the Eq. (7), from the determinant

equation,

, 02
2 





amT

TA
(7)

and the roots are,

  . 4
2

1

2
222

2

2
2





 


 TmA

mA
M a

a
(8)

3.1. Equation of motion. The equation of motion for the axion photon

mixing, in the non-diagonal basis gets decoupled and can be written in the matrix

from as:

   . 022 




















a

A

A

||z MI
(9)

where I is a 33  identity matrix and M is the mixing matrix.

The uncoupled and the coupled equations can further be written as,
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    01
22  AAz

(10)

and

   . 02
22 












a

A
M

||
z I (11)

It is possible to diagonalise Eq. (11) by a similarity transformation (we would

denote the diagonalising matrix by O), leading to the form,

   . 022 















a

A
M ||

Dz I (12)

when the diagonal matrix M
D
 is given by:

. 
0

0














M

M
MD (13)

3.2. Dispersion relations. Defining the wave vectors in terms of k
i
's, as:

  MkMkAk 22
1

2 , , (14)

and

. , 22
  MkMk (15)

3.3. Solutions. The solutions for the gauge field and the axion field, given

by (12) as well as the solution for eqn. for A  in k space can be written as,

      , 00 zik
||

zik
|||| eAeAzA  

  (16)

      , 00 zkizki eaeaza  



  (17)

      . 00 zikzik eAeAzA  
  (18)

The diagonal matrix can be written as

ΟMΟM T
D 2 (19)

when








 















cs

sc
Ο

cossin

sincos
(20)

in short hand notation.

3.4. Similarity transformation. The diagonal matrix

, 
2221

1211








 






















cs

sc

MM

MM

cs

sc
MD (21)

With M
11

 = A
2
, M

12
 = T, M

21
 = T lastly M

22
 = -B.
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The value of the parameter  , is fixed from the equality,

, 
0

0

2221

1211


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
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
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
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
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leading to,

   
   
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Equating the components of the matrix equation (23), one arrives at:

  . 
2

2tan
2

22211

12

amA

T

MM

M





 (24)

3.5. Correlation functions. The solutions for propagation along the +ve

z axis, is given by,

    zik
|||| eAzA  0 (25)

    zkieaza  0 (26)

that can further be written in the following form,

 
 

 
 

. 
0

0

0

0






































 a

A

e

e

za

zA ||
zki

zik
||

(27)

Since,

 
 

 
  





















0

0

0

0

za

zA
Ο

za

zA ||T||
(28)

it follows from there that,
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Using Eq. (29) we arrive at the relation,

         0sincos0sincos 22 aeeAeezA zkizik
||

zkizik
||   

(30)

         . 0cossin0sincos 22 aeeAeeza zkizik
||

zkizik   
(31)

If the axion field is zero to begin with, i.e

  . 00 a (32)

Then the solution for the gauge fields take the following form,

     0sincos 22
||

zkizik
|| AeezA   

(33)

   . 0
 AezA zik (34)
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The correlations of different components take the following form:

           00coscossin2sincos 2244
||

*
||||

*
|| AAzkkzAzA   (35)

            00sincos 22





  AAeezAzA *
||

zkkizkki*
|| (36)

        . 00   AAzAzA **
(37)

4. Stokes parameters. Using the definitions of the Stokes parameters, in

terms of the correlators:

        , zAzAzAzAI *
||

*
||  (38)

        , zAzAzAzAQ *
||

*
||  (39)

    , Re2 zAzAU *
||  (40)

    . Im2 zAzAV *
||  (41)

Using the relations for the corresponding correlators, the Stokes parameters turn

out to be

           

           

           

            . 00sinsinsincos2
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AAzkkzkkV

AAzkkzkkU
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*
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(42)

The Stokes parameters are also expressed as such

, pII  (43)

, cos2cos2  pIQ (44)

, cos2sin2  pIU (45)

. sin2 pIV (46)

where  ,   are are usual ellipticity parameter and the polarisation position angle.

The degree of (linear /) polarisation is given by,

p
lin

p I

UQ
p

I

VUQ
p

22222

, 





 (47)

and the linear polarisation angle is given by

. tan2, tan2
linp

V

Q

U
 (48)
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It has been noted in [64], that in case, we make any coordinate transformation

around the axis of photon propagation the two linear polarisation become mixed.

Hence, we need to be careful, as our solution process entails a similarity

transformation. To see this we define the density matrix

 
       

       
       
       

, 
2
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


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




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




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



zQzIziVzU

ziVzUzQzI

zAzAzAzA

zAzAzAzA
z

**
||

*
||||

*
||

(49)

if we rotate the density matrix by an amount   about an axis perpendicular the

plane containing  zA|| ,  zA , the density matrix transforms as    zz 

given such to be

   
       
       

  , 
2

1 1 











 R

zQzIziVzU

ziVzUzQzI
Rz (50)

where,

  . 
cossin

sincos




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






R (51)

Under such transformation the  zI  and  zV  remains unaltered. However, the

 zQ  and  zU  starts mixing with each other by the following

 
 

 
 

. 
cos2sin2

sin2cos2


































zU

zQ

zU

zQ
(52)

We conclude this section by mentioning that in such a case the ellipticity

parameter remains unaltered but the polarisation position angle changes by 2

as given below

       . 22tan2tan, 2tan2tan  (53)

5. Ellipticity parameter and polarization position angle. As a follow-

up to the analytical expressions given in the previous section/s, we consider two

special case of the Stokes parameter where either one of the two effects, namely,

the mixing effect or, the vacuum birefringence effect would be absent. Thereafter

we shall consider the general formula. In each case, we would like to obtain the

value of the ellipticity angle   after propagation a fixed distance z  of light and

determine it's frequency dependence. For all the three cases we shall assume the

light to be completely plane polarised in the transverse direction, or U polarised.

This is common observance in pulsar polarisation cases.

5.1. Case - I: Mixing only. Here we assume that the vacuum birefringence

terms (i.e.   term inside the diagonal ones A
1
, A

2
) are absent. We also assume

a pseudoscalar mass which is much less than the plasma frequency here. This

greatly simplifies calculation without being much deviant from the reality, if we
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consider the parameters of the pulsar environment. Next we consider how the

circular polarisation varies in this case. Assuming 1  one have

          . 00sinsin

2

22 
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








 AAzkk

m

g
zkkV *

||

ap

B
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Following the set of Eqs. (14)-(15) we can simplify the arguments of the

remaining sinusoids of Eq. (54) as given below:

 
 

 
  . 

22
, 

2

2

22

2

22

2




































 

a

apap

m

m

g
kk

m

g
kk

BB
(55)

So, if 0 , then the ellipticity parameter to its lowest order ( 2 ) is found

to be as follows, which matches well with [64,65], though the later most prob-

ably has a typo(1).

  . 
96

1 32 zmg aB


 (56)

Similarly, we may now turn our attention to two linear polarisation degrees of

freedom, where the mixing angle 1 , is small, to figure out the polarisation

position angle.

  . 2tan
Q

U
 (57)

However, in the beginning of this section we have already mentioned that 1~U .

This is true for the parameters of interest used here and the observational cases to

be discussed later. This makes the polarisation position angle inversely proportional

to Q. But before we evaluate the expression for Q, we note that in the case of mixing

the beam is assumed to propagate at an angle 4  as compared to the magnetic field

of the pulsar. Hence we need to change our expression for polarisation position angle

accordingly. As discussed during derivation of Eq. (53), we have;

. 
1

2
2tan

Q








 
 (58)

Next, we evaluate Q keeping in mind the approximations made before. Keeping

terms up to order 2  in the expression for Q, we have,

. 
2

sin2 22

























 


 zkk
Q (59)

Again, following the set of Eqs. (14)-(15), we have

(1) It claimed concurrence with the former but is actually at variance, with it
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. 
2

2


 

am~kk (60)

Substituting, one gets, in conjuntion with [65]

  . 
16

1 2zgB (61)

However, unlike the circular polarisation, which was attributed to its entirety, to

the mixing effect, one can not ascribe the entire pulsar linear polarisation [66]

to this tiny mixing effect, where the mixing angle 1 . So, we note that the

pulsar radio emission is inherently linearly polarised to a large degree, due to

curvature, synchroton and superconducting self Compton effects thereof. We use

1~U  and only the Q part is modelled via pseudoscalar photon mixing; where

 2

8

1
zgQ B (62)

along with the definitive couple of Eq. (48) to note that the linear polarisation

observed is equal to

. 
2

2sec 






 
Qplin (63)

We note that the determination process of absolute pulsar polarisation [67] position

Coefficients Mean Std.-Error F-statistics t-value Pr(> |t|)

Slope 2.404e-25 4.567e-26 27.7196 5.265 1.21e-05

Table 2

REGRESSION RESULT FOR THE COUPLING OF THE

PSEUDOSCALAR

Fig.2. Linear regression between PPAs and Lin. Pol. Abscissa is in GeV2 units and the ordinate
is dimensionless.
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angles, is now experimentally feasible and the same values have already been

scraped out for 30 odd pulsars. The literature contains a little less than fifty

absolute PPAs from [68], out of which only 30 cross matched with that of our

old set of 537 data, used to calculate the ellipticity parameter.

The expression for Q has only one unknown, the coupling of pseudoscalar

with photons. Hence, we may do a regression analysis here, too, to estimate the

same. The summary table is given in Table 2.

For the sake of brevity, we post a small segment of total 47 pulsar given in

[68] in Table 3. The pulsar names here are catalogued in B1950 almanac standard,

which were then converted to J2000 almanac standard and cross matched with

the original and usable 537 strong population data on pulsar polarisation. 30 odd

Pulsar PA
V 
, deg PA

0
 , deg

B0011+47 +136(3) 43(7) -87(8)
B0136+57 -131(0) 43(3)  6(3)
B0329+54 119(1) 20(4) 99(4)
B0355+54 48(1) -41(4) 89(5)
B0450+55 108(0) -23(16) -94(16)

B0450-18 40(5) 47(3) -7(6)
B0540+23 58(19) -85(3) -37(19)
B0628-28 294(2) 26(2) 88(3)
B0736-40 227(5) -44(5) 91(7)

Table 3

SMALL SAMPLE OF ABSOLUTE PULSAR POLARISATION

POSITION ANGLES, FROM [68]

Fig.3. Linear regression between observed and (scaled) theoretical ellipticity parameter. Abscissa

is dimensionless and the ordinate is in GeV
-2
 units.



g
2
B

2
z

3
/
(9

6

)

0e+00

0.0 0.2 0.4 0.6 0.8

4e+36

8e+36



302 K.CHAND,  S.MANDAL

samples of them were found to be common in both.

Now, we turn our attention back to the ellipticity parameter given in Eq. (56).

Being a small angle, we have relegated the tangent as equivalent to its angular

argument. The regression analysis thus to be undertaken is between circular and

linear random variables, lying on LHS (ellipticity parameter) and RHS (magnetic

field) respectively. Suffice it to say that the LHS is readily read off from the Table

1. The result of correlation study is given in the Table 4.

5.2. Case - II: Vacuum birefringence only. Here if we assume the

mixing to be absent then we get 0  and hence we get the circular polarisation

as

        . 00sin2   AAzkkV *
|| (64)

Here, we need to evaluate only one argument and it is the same as given

above:

 . 3
2

1



  kk (65)

We note, that, the mass of the pseudoscalar cancels and the mixing term is

assumed zero. We see, that, the circular polarisation has now become inversely

proportional to frequency assuming the argument to be considerably small as in

the other case. Given that no circular polarisation would be produced in this case,

it would be uninteresting to ponder over here.

5.3. Case III: Limiting case. We note the essential non-linearity resulting

from the two effect taken in conjunction. Since we can not just add the two effects

separately, even if they both are small and perturbative, to obtain the final result.

We also note that the two effects shall be competing with each other when the

following condition is met

. Bg

Leaving aside the numerical prefactors - tentatively we see that, unless the value of

magnetic field is much larger than normal pulsars (as in magnetars) and the beam

frequency used in experiment is quite high (unlike the present case), even the modest

values coming from astronomical bounds on pseudoscalar may not be comparable

with the vacuum birefringence effect and the former is in fact larger in effect.

Coefficients Mean Std. error F-statistics t-value Pr(>|t|)

Slope 7.471e-38 2.251e-38 11.0164 3.319 0.000964

Table 4

REGRESSION RESULT FOR THE MASS OF THE PSEUDOSCALAR
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5.4. Case IV: General case [69]. Here in this subsection we calculate

the amount of circular polarisation, vide the Stokes parameter V , without resorting

to any of the approximations made in the preceding two subsections, for com-

pleteness. Here the expression for the V becomes

  

       . 00sin
sin7
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(66)

Hence at lowest order the first term, in ( 1 ) limit, would not change anything

from what the first term, for the case of the pure mixing effect, did. But the

second term, even at the lowest order shall render the expression for V qualitatively

different from what is was then at pure mixing effect. Needless to say that pure

vacuum birefringence effect does not match, even qualitatively, with any of them,

either. For completeness, we write down the values of the wave vectors again.
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(67)

Thus far we have only shown the difference of results of all three separate cases

in terms of the V parameters depicting circular polarisation. This can be done

with other two linear polarisation degrees of freedom, too. We leave this for a

future endeavour.

6. Result. By the careful analysis of [55], containing 600 Pulsar polarisation

data, of which 537 are used here and that of [68], containing 47 absolute PPAs

for pulsars, 30 of which are common to the above, we came to the following

result given in Table 5. We however note that more data samples on absolute

PPAs are required to obtain a more statistically significant result on the coupling,

which is deduced, from this parameter. Currently a little over fifty pulsars are

Results Obtained

Parameters Values Significance level

g 13109034 . GeV
-1

%.~ 0010
m

a

10107332 . eV < 0.1%

Table 5

THE RESULT OF THIS ANALYSIS
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amenable to this type of absolute PPA studies. The second quantity, namely the

mass, has the numbers (>500) on its side. Nonetheless, its extraction from the

ellipticity parameter, in turn, hinges on the coupling value, indirectly affecting the

confidence interval found from the population. Also, for the sake of thoroughness

we mention that the degree of linear polarisation is claimed to be dependent on

frequencies in which they are observed [70]. The PPAs that are quoted in [68],

are for various radio frequencies, e.g. 327 MHz, 691 MHz, 3.1 GHz etc., including

that of 1.4 GHz, which corresponds to 21 cm. Since, there has been no connection

to PPAs are made with frequency, to our knowledge to this date, we did not

investigate this further.

7. Discussion and outlook. Taking advantage of new age of data explosion

arising out from newer observational techniques and that of machine tools, we

tried to estimate pseudoscalar particle mass and its coupling to photons. The results

thus obtained do not match any standard axion models such as DFSZ or KSVZ

etc. Hence these finding must be accommodated in the fold of axion like particles

(ALPs) outside of the QCD realm. Surprisingly, our bottom up study, has

automatically, led us to values, that are comparable and between the contemporary

theories on cosmic axion background radiation (CAB), leading to soft X-ray

excesses observed from Coma cluster [71] and that of the extra-galactic background

light (EBL) to ALPs conversion and oscillation, leading to an observed anomalous

  ray transparency of the universe [72]. Fortunately, the previous constraints set

on the mass and coupling of pseudoscalars, either by the changes in of quasar

polarisation, hypothetically by ALPs [73], or by the   ray burst SN1987A [74],

occurring through a so called ALPs burst, are not in conflict with our results,

either.

As mentioned in section 5 a future incorporation of vacuum birefringence effect

into this study, may be performed, so as to see how the result on these estimates

may change, for better or worse. These parameters may also be harnessed for

devising CDM/WDM models and to obtain their relic densities.

Acknowledgements. The authors acknowledge the software R [75] for easing

out the statistical analysis. SM is thankful of the help of K.Bhattyacharya regarding

the same.

1 Physics Department, Parul University, Vadodara, Gujarat-391760,

 India, e-mail 2015rpy9054@mnit.ac.in
2 Physics Department, Malaviya National Institute Of Technology, Jaipur,

 Rajasthan-302017, India, e-mail: smandal.phy@mnit.ac.in



305PROBING  PSEUDOSCALARS  WITH  PULSARS  DATA

ÈÑÑËÅÄÎÂÀÍÈÅ ÏÑÅÂÄÎÑÊÀËßÐÎÂ Ñ ÏÎÌÎÙÜÞ
ÍÀÁÎÐÎÂ ÄÀÍÍÛÕ Î ÏÎËßÐÈÇÀÖÈÈ ÏÓËÜÑÀÐÎÂ

Ê.×ÀÍÄÀ, Ñ.ÌÀÍÄÀË

Íåäàâíî áûë îïóáëèêîâàí íîâûé íàáîð äàííûõ, ñîäåðæàùèé èíôîðìàöèþ

î ëèíåéíîé è êðóãîâîé ïîëÿðèçàöèè 600 ïóëüñàðîâ íà ðàäèîâîëíå 21 ñì.

Ñóùåñòâóþùèå ìîäåëè ðàäèîèçëó÷åíèÿ ïóëüñàðîâ, òàêèå êàê ñèíõðîòîííîå/

àâòîêîìïòîíîâîå èëè èñêðèâëåííîå èçëó÷åíèå, íå ìîãóò îáúÿñíèòü íàáëþ-

äàåìóþ êðóãîâóþ ïîëÿðèçàöèþ, ïîñêîëüêó îíè ïðåäñêàçûâàþò òîëüêî ëèíåéíóþ

ïîëÿðèçàöèþ. ×òîáû ðåøèòü ýòó ïðîáëåìó, ìû ïðåäëàãàåì èñïîëüçîâàòü

(ïñåâäî)ñêàëÿðíûå ÷àñòèöû, âçàèìîäåéñòâóþùèå ñ ôîòîíàìè â ïðèñóòñòâèè

èíòåíñèâíûõ ìàãíèòíûõ ïîëåé ïóëüñàðîâ, äëÿ îáúÿñíåíèÿ êðóãîâîé ïîëÿ-

ðèçàöèè. Ýòî ïîçâîëÿåò íàì îöåíèòü ïñåâäîñêàëÿðíûå ïàðàìåòðû, òàêèå êàê

ñâÿçü ñ ôîòîíàìè è ìàññó â âèäå èõ ïðîèçâåäåíèÿ. ×òîáû ïîëó÷èòü ýòè

çíà÷åíèÿ ïî îòäåëüíîñòè, ìû âîñïîëüçîâàëèñü íåäàâíèìè íàáëþäåíèÿìè 47

ïóëüñàðîâ, äëÿ êîòîðûõ îïðåäåëåíû àáñîëþòíûå ïîçèöèîííûå óãëû ïîëÿðè-

çàöèè. Äâå òðåòè ýòîãî íîâîãî íàáîðà íàáëþäåíèé ïåðåñåêàåòñÿ ñ îáøèðíûì

ïðåäûäóùèì íàáîðîì äàííûõ î òèïå è ñòåïåíè ïîëÿðèçàöèè. Ýòî  ïîçâîëèëî

îïðåäåëèòü îáà ïñåâäîñêàëÿðíûõ ïàðàìåòðà èíäèâèäóàëüíî.

Êëþ÷åâûå ñëîâà: ALP-   (14.80.Va)ñìåøåíèå: ïóëüñàð (97.60.Gb): ïîëÿðèçàöèÿ

     (42.25.Ja)
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This study presented the first light curve analysis of the OP Boo and V0511 Cam binary stars,
which was conducted in the frame of the Binary Systems of South and North (BSN) Project.
Photometric ground-based observations were conducted with standard filters at two observatories in
the Czech Republic. We computed a new ephemeris for each of the systems using our extracted
times of minima, TESS data, and additional literature. Linear fits for O-C diagrams of both
systems were considered using the Markov Chain Monte Carlo (MCMC) method. The light curves
were analyzed using the Wilson-Devinney (WD) binary code combined with the Monte Carlo (MC)
simulation. The light curve solutions of both target systems required a cold starspot. The absolute
parameters of the systems were calculated by using a P - M parameter relationship. The positions
of the systems were also depicted on the Hertzsprung-Russell (HR), P - L, logM

tot
 - logJ

0
, and

T - M diagrams. The hotter component in both systems is determined to be a more massive star.
Therefore, it can be concluded that both systems are W-type contact binary systems.

Keywords: binaries: eclipsing - methods: observational - stars: individual (OP

      Boo and V0511 Cam)

1. Introduction. The component stars in a contact binary system overfill

their own Roche lobes [1]. It indicates their surfaces' potentials are equal. The

W Ursae Majoris (W UMa) system belongs to a type known as Low-Temperature

Contact Binaries (LTCBs), and their stars' temperatures are close to each other

[2,3]. Contact binary systems are divided into two categories, A and W, according

to the companions' masses and temperatures [4]. In the A-subtype, the more

massive component has a higher effective temperature; otherwise, the system is

classified as the W-subtype.

In addition, the estimation of absolute parameters in contact systems using

orbital period has been the goal of many investigations [5-8]. Mass transfer

between two stars can also be determined by analyzing variations in the orbital

period over time. There are also theories about the upper and lower limits of the

orbital period in contact systems, which indicate that it is less than 0.6 days [8].

Although these systems are very important in terms of the formation, stellar
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structure, and evolution of stars, there are still many ambiguities and questions.

It seems that observing and studying more contact systems can help by creating

a larger sample to answer the questions [9].

The first light curve analysis of the OP Boo and V0511 Cam binary systems

from the northern hemisphere of the sky was provided in this work. These two

binary systems were discovered by the ASAS-SN survey and Khruslov [10]. OP

Boo and V0511 Cam are introduced as contact binary systems in catalogs and

databases.

The OP Boo (GSC 03861-00642) binary system's coordinates are RA =

225o.80046 and Dec = 53o.56501 from the Gaia DR3. This system's apparent

magnitude is reported as V = 12.78 in the ASAS-SN catalog. OP Boo's orbital

period is reported as 0.3114482 day in the ZTF catalog, 0.311447 day in the

ATLAS catalog, and 0.3114445 day in the ASAS-SN catalog.

V0511 Cam (GSC 04548-01797) is a binary system with coordinates RA =

151o.47734 and Dec = 81o.98326 from Gaia DR3. The ASAS-SN variable stars

catalog reported an apparent magnitude of V =12.59 for V0511 Cam. The orbital

period of the V0511 Cam system is reported to be 0.4046236 day in the ASAS-

SN catalog, and 0.404615 day in the VSX database.

The first light curve study of binary stars is important to create larger samples

for deeper parameter investigations of these types of systems. The paper is

organized as follows: Specifications on photometric observations and the data

reduction process are given in Section 2. For each of the systems, the new

ephemeris and extracted minima times are presented in Section 3. The light curve

solutions for the systems are contained in Section 4. Section 5 presents the

estimation of the absolute parameters. Finally, the conclusion is included in

Section 6.

2. Observation and data reduction. Two observatories in the Czech

Republic observed the binary systems V0511 Cam and OP Boo in an expanse

of two nights.

OP Boo was observed using a GSO Newton 200/1000 telescope and a ZWO

ASI 178MM CCD. The observation was performed at a private observatory

(49o.645N, 14o.755E) in April 2019. This observation was carried out with a V

filter and a 60-second exposure time. We reduced the raw CCD images, and the

basic data reduction was performed for dark and flat-field images using Muniwin

2.1.31 software. During the observation, we used UCAC4 718-055116 (V 
mag

 =

12.95) as a comparison star, UCAC4 718-055147 (V 
mag

 = 12.65) for the first check

star, and UCAC4 718-055152 (V 
mag

 = 12.51) for the second check star.

V0511 Cam was observed in September 2021 at the S

t efánik Observatory

(50o.081N, 14o.398E). We applied a 16-inch F/10 Schmidt-Cassegrain telescope
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and a SBIG ST10XME CCD. In this observation, the Johnsons-Cousins R
c
 filter

was used, and the exposure time was 60 seconds. We employed PCs that were

online synchronized with stratum 0 NTP servers using Dimension 4 software. The

CCD image processing and data reduction were done with dark and flat-field

images, relative aperture photometry by Muniwin 2.1 software, and artificial

comparison stars from three sources. Therefore, UCAC4 861-006287 (V 
mag

 =

12.26), UCAC4 860-006752 (V 
mag

 = 12.29), and UCAC4 861-006284 (V 
mag

 =

11.97) are used as comparison stars. UCAC4 860-006775 (V 
mag

 = 13.37) was our

check star in this observation.

The apparent magnitudes reported in this section for comparison and check

stars are from the AAVSO Photometric All Sky Survey (APASS) DR9 catalog.

TESS data were used in this study for both target systems. TESS observed

the OP Boo system in sector 50 with a 600-second exposure. For the V0511 Cam

system, we also utilized sector 60 with a 200-second exposure time. The data is

available at the Mikulski Space Telescope Archive (MAST).

3. Orbital period variations. The orbital period of contact systems is

known to have changed over time. It is an important parameter obtained from

observations to understand some characteristics of these kinds of systems. Orbital

period analysis and a new ephemeris computation are important for those systems

whose orbital period variations and light curve analysis have not yet been

investigated.

We have extracted a primary and a secondary minimum for each of the OP

Boo and V0511 Cam systems. All minima are given in the Barycentric Julian Date

and Barycentric Dynamical Time (BJD
TDB

). Table 1 contains the times of minima

extracted in this study and collected from the literature. Appendix tables 4 and 5

listed the primary and secondary times of minima extracted from TESS data.

For OP Boo, we used a primary minimum (2456191.62078) from the Paschke

[11] study and an orbital period (0.3114445 day) reported by the ASAS-SN catalog

as a reference ephemeris. For V0511 Cam, a primary minimum (2451470.67123)

from the Khruslov [12] study and orbital period (0.4046236 day) come from the

ASAS-SN catalog, used for the reference ephemeris. So, the epoch and O-C values

of all minima were computed using the reference ephemeris of each system.

The number of observed minima and their time intervals are important for

O-C analysis. There have been few ground-based observations of the two systems

in the study, and linear fits have been taken into consideration for O-C diagrams

(Fig.1). We used 20 walkers and 10000 iterations for each walker in the MCMC

process to determine new ephemeris for each system. Thus, we carried out the

MCMC sampling using the PyMC3 package [13]. The new ephemeris for each

system is presented in Equations 1 and 2:
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     E..I 33311446559037618972456191BJDMin.   :Boo OP TDB  (1)

      . 16404622529201671232451470BJDMin.   :Cam  V0511 TDB E..I  (2)

Fig.1. The O-C diagrams of OP Boo and V0511 Cam eclipsing binaries with linear fits and

corner plots.

Epoch (cycle)

O
 - 
C
 (
m

in
ut

es
)

V0511 Cam

O
 - 
C
 (
m

in
ut

es
)

OP Boo

System Min.(BJD
TDB

) Error Filter Epoch O-C Reference

OP Boo 2456191.62078 0.02000 CCD 0 0 Paschke [11]
2457471.49608 0.00050 CCD 4109.5 -0.0059 Lehký et al. [14]
2458595.36130 0.00700 V 7718 0.0119 This study
2458595.50872 0.00660 V 7718.5 0.0036 This study

V0511 Cam 2451470.67123 R 0 0 Khruslov [12]
2456043.51046 0.00300 -Ir 11301.5 -0.0144 Hubscher et al. [15]
2459459.33503 0.00052 R

c
19743.5 -0.0223 This study

2459459.53719 0.00470 R
c

19744 -0.0224 This study

Table 1

GROUND-BASED OBSERVATIONS' AVAILABLE CCD

TIMES OF MINIMA
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4. Light curve solutions. Photometric light curve analysis of the OP Boo

and V0511 Cam system was performed by the WD (Wilson-Devinney) code and

MC simulation [16].

We assumed the bolometric albedo and gravity-darkening coefficients were

A
1

 = A
2

 = 0.5 [17] and g
1

 = g
2

 = 0.32 [18], respectively. We used the limb darkening

coefficients from the van Hamme [19] study. Also, we considered the reflection

effect in our contact binary systems [20,21].

In this study, we considered the initial system temperature from Gaia. Then,

we estimated the components' temperature ratio from the depth difference of the

primary and secondary minima. We set the temperature reported from the Gaia

DR2 and Gaia DR3 on the hotter stars of OP Boo and V0511 Cam, respectively.

Then, using MC simulation, we performed a mass ratio and other parameters

search with large ranges. So, we searched for a mass ratio between 0.1 and 9,

inclination between 40 and 90, surface potentials between 1.5 and 9, and

temperatures between 4000 and 7000 for both stars Poro et al. [22].

After searching and ensuring a suitable theoretical fit, we did the MC

simulations with the five main parameters i, q,  , T
c
, and T

h
. It should be noted

that the error rate of normalized flux in the TESS data was high (about 0.1),

and the analysis was carried out regardless.

According to the asymmetry in the maximum of the light curve, we added

a cold starspot on the hotter component of the OP Boo and V0511 Cam systems.

This can be described by the O'Connell effect that contact systems are known

for their magnetic activity [23]. Fig.3 shows that OP Boo's starspot is located near

the contact region, which is to find the best synthetic fit on the light curve.

Furthermore, the starspot on the V0511 Cam system has a lower temperature than

the OP Boo due to the difference in light curve maxima.

Parameter OP Boo V0511 Cam Parameter OP Boo V0511 Cam

T
c
 (K) 4852(27) 5809(38)   r

c
(mean) 0.356(5) 0.306(5)

T
h
 (K) 5388(32) 5908(38) r

h
(mean) 0.402(7) 0.487(7)

q = M
2
/M

1
1.233(41) 2.856(65) Phase shift 0.069(1) -0.056(1)

hc  4.100(15) 6.298(22) Col.
spot

 (deg) 87 107
i o 59.57(23) 59.19(39) Long.

spot
 (deg) 344 305

f 0.035(4) 0.206(33) Rad.
spot

 (deg) 21 20
l
c 
/l

tot
0.359(1) 0.278(1) T

spot
 /T

star
0.95 0.90

l
h 
/l

tot
0.641(2) 0.722(2) Component

spot
Hotter Hotter

Table 2

PHOTOMETRIC SOLUTIONS OF THE OP Boo AND

V0511 Cam SYSTEMS
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The results of the light curve analysis are shown in Table 2. The observed

and synthetic light curves of the V0511 Cam and OP Boo binary systems are

displayed in Fig.2. Furthermore, the geometric structures of the systems are shown

in Fig.3.

5. Estimation of absolute parameters. There is a method to estimate

the absolute parameters through Gaia's parallax [8]. This method can be accurate

if the values of a
1
 ( R ) and a

2
 ( R ) are close together. The values of a

1
 ( R )

and a
2
 ( R ) are derived during the process of estimating absolute parameters using

Gaia DR3 parallax, and they should be the same in theory [24,25]. However,

their values require that they be found relatively close to each other in compu-

tations. a ( R ) is calculated using the average of a
1
 ( R ) and a

2
 ( R ) in the

Gaia DR3 method for estimating absolute parameters.

Additionally, the possibility of using this method is dependent on V
max

 from

the observation and the appropriate A
V
 . The precision of computations, including

parallax, is reduced with increasing values of A
V
 [26]. Regarding the OP Boo

Fig.2. The photometric light curves of the systems, and synthetic light curves obtained from

light curve solutions and residuals are plotted.
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binary system, in Gaia DR3 the value of the parallax error (0.5880) exceeds that

of the parallax (0.4216) and this causes a large error in the distance value (d(pc)

= 2371.99 ± 990.48). However, we can also look at the Re-normalized Unit Weight

Error (RUWE) in Gaia DR3, whose value for this system is 54.94 but should

be less than 1.4 [27]. On the other hand, values of d(pc) = 634.17 ± 4.35 and

RUWE = 1.02 are acceptable and appropriate for the V0511 Cam system. So, Gaia

DR3 parallax is not a good way to estimate the absolute parameters of the OP

Boo system.

There are other methods for estimating absolute parameters, most of which

use sample-based statistical analysis. So, we employed the P - M
1
 relation from

the Poro et al. [8] study (Equation 3). This relation is related to a more massive

component.

   . 02901470075092421 ..P..M  (3)

This relation comes from a sample of 118 systems, and for all of them, the

Gaia parallax was used to estimate absolute parameters. Therefore, its output may

closely resemble that of the Gaia Parallax used directly.

First, we estimated the mass of the more massive star using the P - M
1
 relation.

The mass ratio is then employed to determine the mass of the other star. a( R )

was calculated using the system's total mass and orbital period, and the radius of

each star can be found using r
mean

. Additionally, the stars' luminosity was

determined using each star's radius and temperature. Finally, we calculated the

absolute bolometric M
bol

 of the stars using the well-known Pogson's relation [28],

Fig.3. 3D view of the binary systems in 0, 0.25, 0.5, and 0.75 phases.

V0511 Cam

OP Boo
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where bolM  is taken as 4.73-mag. The estimation of absolute parameters of OP

Boo and V0511 Cam systems is presented in Table 3.

6. Conclusion. Photometric observations of the OP Boo and V0511 Cam

systems were carried out at two observatories in the Czech Republic. Data

reduction processes were done according to the standard method, and light curves

were prepared for analysis. We also used TESS data for both binary systems.

We extracted the times of minima from our observations and TESS data.

Then, we collected mid-eclipse times from the literature as well. Using the

reference ephemeris, the epoch and O-C values were calculated. We used the

MCMC method for linear fits in the O-C diagrams and presented a new

ephemeris for each system.

We presented the first light curve analysis for both target binary systems in

this study. Light curve analysis was done with the WD code and MC simulation.

The temperature obtained from the light curve solutions shows that in both

systems, the secondary minimum is deeper and hotter than the primary. The

temperature difference between the two stars in the OP Boo system is 536 K, and

in the V0511 Cam system, it is 99 K. According to the temperature of each star

obtained from the light curve analysis and the Cox [29] study, it is possible to

determine their spectral type. Therefore, for the OP Boo system, the cooler star

is K2 and the hotter star is K0 in the spectral type; this is for V0511 Cam's

cooler star which is G3, and G2 is for the hotter star. The solution of the light

curve for the OP Boo and V0511 Cam systems required the addition of a cold

starspot on the hotter component, representing the O'Connell effect [23].

We estimated the absolute parameters of the systems using the relationship

between the orbital period and the mass of the more massive component [8] and

the results of the light curve analysis. The positions of OP Boo and V0511 Cam

Parameter              OP Boo               V0511 Cam

Cooler star Hotter star Cooler star Hotter star

MM/ 0.858(13) 1.058(52) 0.463(12) 1.323(66)

RR / 0.855(84) 0.965(99) 0.854(107) 1.360(167)

LL / 0.365(85) 0.708(173) 0.750(224) 2.032(595)
M

bol
 (mag.) 5.824(228) 5.105(237) 5.043(284) 3.960(279)

log(g) (cgs) 4.508(75) 4.493(64) 4.240(91) 4.292(79)

a ( R )               2.401(200)                    2.793(298)

Table 3

THE ABSOLUTE PARAMETERS OF OP Boo AND V0511 Cam
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stars on the HR diagram are presented (Fig.4a). So, the HR diagram shows the

hotter stars are on the Terminal-Age Main Sequence (TAMS) line, and the cooler

components lie between the Zero-Age Main Sequence (ZAMS) and TAMS. Fig.4b

shows the position of the stars of the two systems compared to the P - L
1,2

 theoretical

fit obtained from the Poro et al. [9] study, which is in good agreement. As expected,

hotter and more massive stars are on the P - L
1
 theoretical fit, and cooler and less

massive stars are on the P - L
2
 theoretical fit.

Based on computations, the orbital angular momentum of OP Boo is 51.778

± 0.023, and the value of V0511 Cam is 51.666 ± 0.026. So, OP Boo and V0511

Cam are located in a contact binary systems region, as shown by the logM
tot

 -

logJ
0
 diagram (Fig.4c). The parabolic curve is shown in Fig.4c, and the results

are based on the Eker et al. [30] study.

The Poro et al. [31] study used 428 contact binary systems and presented the

T
h

 - M
m
 relationship. The position of the target systems is shown in this relation-

ship. In Fig.4d, the horizontal axis shows the effective temperature of the hotter

component, and the vertical axis shows the more massive star of each system.

As Fig.4d shows, the positions of the stars are in good agreement with the

theoretical fit.

Fig.4. (a) HR, (b) P - L, and (c) logM
tot

 - logJ
0
 (d) T

h
 - M

m
 diagrams, respectively.
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We obtained a mass ratio, fillout factor, inclination, and stars' temperature

from the light curve solution and MC simulation. The light curve analysis and

absolute parameters of both systems suggest that OP Boo and V0511 Cam are

W UMa contact and W-subtype binary systems.
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APPENDIX

The appendix tables contain a list of the primary and secondary times of

minima for the OP Boo and V0511 Cam systems, extracted from TESS obser-

vations.

Min. Error Epoch O-C

1 2 3 4

2459665.3400 0.0002 11153.5 0.0230
2459665.4938 0.0002 11154 0.0211
2459665.6513 0.0002 11154.5 0.0228
2459665.8055 0.0002 11155 0.0213
2459665.9631 0.0002 11155.5 0.0232
2459666.1163 0.0002 11156 0.0207
2459666.2748 0.0002 11156.5 0.0234
2459666.4280 0.0002 11157 0.0210
2459666.5859 0.0002 11157.5 0.0231
2459666.7394 0.0003 11158 0.0209
2459666.8971 0.0003 11158.5 0.0228
2459667.0513 0.0003 11159 0.0214
2459667.2085 0.0002 11159.5 0.0228
2459667.3628 0.0002 11160 0.0214
2459667.5201 0.0003 11160.5 0.0230
2459667.6745 0.0003 11161 0.0216
2459667.8316 0.0003 11161.5 0.0230
2459667.9857 0.0002 11162 0.0214
2459668.1432 0.0002 11162.5 0.0232
2459668.2973 0.0003 11163 0.0216
2459668.4541 0.0002 11163.5 0.0226
2459668.6080 0.0003 11164 0.0208
2459668.7659 0.0002 11164.5 0.0230
2459668.9199 0.0002 11165 0.0212
2459669.0771 0.0001 11165.5 0.0228
2459669.2314 0.0003 11166 0.0213
2459669.3883 0.0001 11166.5 0.0225
2459669.5429 0.0002 11167 0.0214
2459669.6998 0.0002 11167.5 0.0226
2459669.8543 0.0003 11168 0.0213
2459670.0113 0.0002 11168.5 0.0226
2459670.1660 0.0001 11169 0.0216
2459670.3227 0.0001 11169.5 0.0226
2459670.4773 0.0002 11170 0.0215
2459670.6341 0.0002 11170.5 0.0226
2459670.7890 0.0002 11171 0.0217

Table 4

THE EXTRACTED PRIMARY TIMES OF MINIMA FROM TESS

SECTOR 50 DATA FOR OP Boo

Min. Error Epoch O-C

1 2 3 4

2459670.9454 0.0002 11171.5 0.0224
2459671.1003 0.0002 11172 0.0215
2459671.2570 0.0002 11172.5 0.0226
2459671.4119 0.0001 11173 0.0217
2459671.5686 0.0003 11173.5 0.0227
2459671.7233 0.0001 11174 0.0217
2459671.8800 0.0002 11174.5 0.0227
2459672.0347 0.0002 11175 0.0217
2459672.1915 0.0001 11175.5 0.0227
2459672.5029 0.0002 11176.5 0.0227
2459672.6579 0.0002 11177 0.0220
2459672.8144 0.0002 11177.5 0.0227
2459672.9695 0.0002 11178 0.0221
2459673.1259 0.0002 11178.5 0.0227
2459673.2810 0.0001 11179 0.0222
2459673.4372 0.0002 11179.5 0.0227
2459673.5922 0.0002 11180 0.0219
2459673.7488 0.0002 11180.5 0.0228
2459673.9036 0.0002 11181 0.0219
2459674.0604 0.0002 11181.5 0.0229
2459674.2150 0.0001 11182 0.0219
2459674.3716 0.0001 11182.5 0.0227
2459674.5267 0.0002 11183 0.0220
2459674.6832 0.0001 11183.5 0.0228
2459674.8380 0.0001 11184 0.0220
2459674.9948 0.0001 11184.5 0.0230
2459675.1495 0.0002 11185 0.0220
2459675.3062 0.0001 11185.5 0.0230
2459675.4606 0.0002 11186 0.0216
2459675.6178 0.0002 11186.5 0.0231
2459675.7722 0.0001 11187 0.0218
2459675.9291 0.0002 11187.5 0.0230
2459676.0834 0.0001 11188 0.0216
2459676.2405 0.0001 11188.5 0.0230
2459676.3950 0.0001 11189 0.0217
2459676.5522 0.0002 11189.5 0.0232
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1 2 3 4

2459676.7064 0.0001 11190 0.0217
2459676.8634 0.0001 11190.5 0.0230
2459677.0180 0.0002 11191 0.0218
2459677.1749 0.0002 11191.5 0.0230
2459677.3294 0.0001 11192 0.0218
2459677.4863 0.0001 11192.5 0.0229
2459677.6408 0.0001 11193 0.0217
2459677.7979 0.0002 11193.5 0.0231
2459677.9527 0.0001 11194 0.0221
2459678.1095 0.0002 11194.5 0.0233
2459678.2638 0.0001 11195 0.0219
2459679.3550 0.0008 11198.5 0.0230
2459679.5098 0.0002 11199 0.0221
2459679.6673 0.0002 11199.5 0.0239
2459679.8213 0.0003 11200 0.0222
2459679.9781 0.0002 11200.5 0.0232
2459680.1331 0.0002 11201 0.0224
2459680.2894 0.0003 11201.5 0.0230
2459680.4440 0.0003 11202 0.0220
2459680.6011 0.0002 11202.5 0.0233
2459680.7562 0.0002 11203 0.0227
2459680.9126 0.0002 11203.5 0.0233
2459681.0673 0.0002 11204 0.0224
2459681.2238 0.0002 11204.5 0.0231
2459681.3788 0.0002 11205 0.0224
2459681.5354 0.0002 11205.5 0.0233
2459681.6901 0.0002 11206 0.0223
2459681.8469 0.0003 11206.5 0.0233
2459682.0013 0.0003 11207 0.0220
2459682.1582 0.0003 11207.5 0.0232
2459682.3131 0.0003 11208 0.0224
2459682.4697 0.0002 11208.5 0.0232
2459682.6245 0.0002 11209 0.0223
2459682.7809 0.0002 11209.5 0.0230
2459682.9359 0.0003 11210 0.0222
2459683.0925 0.0002 11210.5 0.0232
2459683.2475 0.0003 11211 0.0224
2459683.4040 0.0001 11211.5 0.0232

1 2 3 4

2459683.5588 0.0002 11212 0.0223
2459683.7156 0.0001 11212.5 0.0234
2459683.8703 0.0001 11213 0.0224
2459684.0269 0.0003 11213.5 0.0233
2459684.1819 0.0001 11214 0.0225
2459684.3384 0.0001 11214.5 0.0233
2459684.4930 0.0002 11215 0.0222
2459684.6497 0.0001 11215.5 0.0232
2459684.8046 0.0001 11216 0.0223
2459684.9612 0.0001 11216.5 0.0232
2459685.1162 0.0002 11217 0.0225
2459685.2727 0.0002 11217.5 0.0233
2459685.4275 0.0002 11218 0.0223
2459685.5841 0.0002 11218.5 0.0232
2459685.7390 0.0002 11219 0.0224
2459685.8956 0.0002 11219.5 0.0233
2459686.0503 0.0001 11220 0.0223
2459686.2072 0.0001 11220.5 0.0234
2459686.3618 0.0001 11221 0.0222
2459686.5183 0.0002 11221.5 0.0231
2459686.6731 0.0001 11222 0.0222
2459686.8298 0.0001 11222.5 0.0231
2459686.9848 0.0002 11223 0.0224
2459687.1412 0.0002 11223.5 0.0230
2459687.2962 0.0002 11224 0.0224
2459687.4528 0.0001 11224.5 0.0232
2459687.6074 0.0002 11225 0.0221
2459687.7642 0.0001 11225.5 0.0231
2459687.9186 0.0002 11226 0.0219
2459688.0756 0.0002 11226.5 0.0232
2459688.2305 0.0002 11227 0.0223
2459688.3873 0.0002 11227.5 0.0234
2459688.5417 0.0001 11228 0.0221
2459688.6987 0.0002 11228.5 0.0233
2459688.8531 0.0001 11229 0.0220
2459689.0100 0.0002 11229.5 0.0232
2459689.1650 0.0002 11230 0.0225

Table 4 (The end)
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Table 5

THE EXTRACTED PRIMARY TIMES OF MINIMA FROM TESS

SECTOR 60 DATA FOR V0511 Cam

Min. Error Epoch O-C Min. Error Epoch O-C

2459939.6259 0.0002 20930.5 -0.0196 2459948.5276 0.0002 20952.5 -0.0196
2459939.8241 0.0003 20931 -0.0237 2459948.7260 0.0003 20953 -0.0235
2459940.0310 0.0002 20931.5 -0.0191 2459948.9321 0.0002 20953.5 -0.0197
2459940.2289 0.0002 20932 -0.0235 2459949.1306 0.0003 20954 -0.0235
2459940.4357 0.0002 20932.5 -0.0191 2459949.3371 0.0002 20954.5 -0.0194
2459940.6335 0.0002 20933 -0.0235 2459949.5353 0.0002 20955 -0.0235
2459940.8402 0.0002 20933.5 -0.0191 2459949.7404 0.0002 20955.5 -0.0207
2459941.0380 0.0002 20934 -0.0237 2459955.2014 0.0002 20969 -0.0221
2459941.2451 0.0002 20934.5 -0.0189 2459955.4054 0.0002 20969.5 -0.0204
2459941.4426 0.0003 20935 -0.0236 2459955.6058 0.0002 20970 -0.0223
2459941.6498 0.0002 20935.5 -0.0189 2459955.8098 0.0001 20970.5 -0.0206
2459941.8473 0.0003 20936 -0.0236 2459956.0106 0.0002 20971 -0.0222
2459942.0543 0.0002 20936.5 -0.0190 2459956.2137 0.0002 20971.5 -0.0214
2459942.2520 0.0002 20937 -0.0236 2459956.6185 0.0002 20972.5 -0.0212
2459942.4587 0.0003 20937.5 -0.0191 2459956.8197 0.0002 20973 -0.0223
2459942.6565 0.0002 20938 -0.0236 2459957.0231 0.0002 20973.5 -0.0212
2459942.8635 0.0002 20938.5 -0.0190 2459957.2245 0.0002 20974 -0.0221
2459943.0611 0.0003 20939 -0.0237 2459957.4275 0.0002 20974.5 -0.0214
2459943.2679 0.0002 20939.5 -0.0192 2459957.6290 0.0002 20975 -0.0222
2459943.4659 0.0003 20940 -0.0235 2459957.8326 0.0002 20975.5 -0.0209
2459943.6718 0.0002 20940.5 -0.0199 2459958.0340 0.0002 20976 -0.0219
2459944.0775 0.0002 20941.5 -0.0188 2459958.2369 0.0001 20976.5 -0.0212
2459944.2748 0.0003 20942 -0.0239 2459958.4389 0.0002 20977 -0.0216
2459944.4821 0.0002 20942.5 -0.0189 2459958.6411 0.0001 20977.5 -0.0217
2459944.6796 0.0002 20943 -0.0237 2459958.8434 0.0002 20978 -0.0217
2459944.8867 0.0002 20943.5 -0.0189 2459959.0459 0.0001 20978.5 -0.0215
2459945.0841 0.0002 20944 -0.0238 2459959.2482 0.0002 20979 -0.0215
2459945.2912 0.0002 20944.5 -0.0190 2459959.4502 0.0002 20979.5 -0.0218
2459945.4888 0.0003 20945 -0.0237 2459959.6527 0.0002 20980 -0.0217
2459945.6958 0.0002 20945.5 -0.0190 2459959.8548 0.0001 20980.5 -0.0219
2459945.8937 0.0002 20946 -0.0235 2459960.0578 0.0002 20981 -0.0212
2459946.1001 0.0002 20946.5 -0.0193 2459960.2595 0.0001 20981.5 -0.0218
2459946.2985 0.0002 20947 -0.0232 2459960.4621 0.0002 20982 -0.0215
2459946.5051 0.0002 20947.5 -0.0190 2459960.6638 0.0001 20982.5 -0.0221
2459946.7029 0.0002 20948 -0.0235 2459960.8669 0.0002 20983 -0.0214
2459946.9095 0.0002 20948.5 -0.0192 2459961.0687 0.0002 20983.5 -0.0219
2459947.1076 0.0003 20949 -0.0234 2459961.2716 0.0001 20984 -0.0213
2459947.3139 0.0002 20949.5 -0.0194 2459961.4730 0.0001 20984.5 -0.0221
2459947.5123 0.0002 20950 -0.0234 2459961.6763 0.0002 20985 -0.0212
2459947.7188 0.0002 20950.5 -0.0192 2459961.8775 0.0002 20985.5 -0.0223
2459947.9169 0.0002 20951 -0.0234 2459962.0808 0.0001 20986 -0.0213
2459948.1230 0.0002 20951.5 -0.0196 2459962.2822 0.0001 20986.5 -0.0223
2459948.3216 0.0002 20952 -0.0233
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BSN: ÏÅÐÂÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÊÐÈÂÛÕ ÁËÅÑÊÀ
ÊÎÍÒÀÊÒÍÛÕ ÄÂÎÉÍÛÕ ÑÈÑÒÅÌ

OP Boo È V0511 Cam

À.ÏÎÐÎ1, Ì.ÒÀÍÐÈÂÅÐ2,3, À.ÊÅÑÊÈÍ2, À.ÁÓËÓÒ4,5, Ñ.ÐÀÁÈÅÔÀÐ6,
Ì.Ì.ÃÀÐÃÀÁÈ6, Ô.ÂÀËÜÒÅÐ7, Ñ.ÕÎËÈ7

Âïåðâûå, èñïîëüçóÿ ôîòîìåòðè÷åñêèå äàííûå, âûïîëíåí àíàëèç êðèâûõ

áëåñêà äâîéíûõ ñèñòåìû OP Boo è  V0511 Cam. Íàáëþäåíèÿ è àíàëèç áûëè

ïðîâåäåíû â ðàìêàõ ïðîåêòà BSN (Binary Systems of South and North).

Íàçåìíûå ôîòîìåòðè÷åñêèå íàáëþäåíèÿ ñî ñòàíäàðòíûìè ôèëüòðàìè áûëè

ïðîâåäåíû  â äâóõ îáñåðâàòîðèÿõ ×åøñêîé ðåñïóáëèêè. Íîâûå ýôåìåðèäû

äëÿ êàæäîé èç ýòèõ ñèñòåì âû÷èñëåíû, èñïîëüçóÿ èçâëå÷åííûå íàìè ìîìåíòû

ìèíèìóìîâ êðèâûõ áëåñêà, äàííûå TESS, à òàêæå èìåþùóþñÿ â ëèòåðàòóðå

èíôîðìàöèþ. Ëèíåéíûå àïïðîêñèìàöèè Î-Ñ äèàãðàìì áûëè ðàññìîòðåíû ñ

ïîìîùüþ ìåòîäà ìàðêîâñêèõ öåïåé Ìîíòå-Êàðëî (ÌÑÌÑ). Àíàëèç êðèâûõ

áëåñêà áûë âûïîëíåí ñ èñïîëüçîâàíèåì ïðîãðàììû ìîäåëèðîâàíèÿ äâîéíûõ

çâåçä Óèëñîíà-Äåâèííè (WD) è Ìîíòå-Êàðëî ñèìóëÿöèåé (ÌÑ). Äëÿ îáåèõ

ñèñòåì ïîëó÷åííûå ðåøåíèÿ ïðåäïîëàãàþò íàëè÷èå õîëîäíîãî çâåçäíîãî

ïÿòíà. Àáñîëþòíûå çíà÷åíèÿ ïàðàìåòðîâ ñèñòåì ðàññ÷èòûâàëèñü ñ èñïîëü-

çîâàíèåì ñîîòíîøåíèÿ ïàðàìåòðîâ P - M. Ïðåäñòàâëåíû ïîëîæåíèÿ ñèñòåì  íà

äèàãðàììàõ Ãåðöøïðóíãà-Ðàññåëà (HR), P - L, logM
tot

 - logJ
0
 è T - M. Ãîðÿ÷èé

êîìïîíåíò â îáåèõ ñèñòåìàõ îïðåäåëÿåòñÿ êàê áîëåå ìàññèâíàÿ çâåçäà.

Ñëåäîâàòåëüíî, ìîæíî ñäåëàòü âûâîä, ÷òî îáå ñèñòåìû ÿâëÿþòñÿ êîíòàêòíûìè

äâîéíûìè ñèñòåìàìè W-òèïà.

Êëþ÷åâûå ñëîâà: äâîéíûå çâåçäû - çàòìåíèå-ìåòîä: íàáëþäåíèÿ - çâåçäû:

      èíäèâèäóàëüíûå (OP Boo è V0511 Cam)
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USING TESS DATA
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Reanalyzing contact binaries with space-based photometric data and investigating possible
parameter changes can yield accurate samples for theoretical studies. We investigated light curve
solutions and fundamental parameters for twenty contact binary systems. The most recent Transiting
Exoplanet Survey Satellite (TESS) data is used to analyze. The target systems in the investigation
have an orbital period of less than 0.58 days. Light curve solutions were performed using the PHysics
Of Eclipsing BinariEs (PHOEBE) Python code version 2.4.9. The results show that systems had
various mass ratios from q = 0.149 to q = 3.915, fillout factors (the degree of contact) from
f = 0.072 to f = 0.566, and inclinations from i = 52

o
.8 to i = 87

o
.3. The effective temperature of the

stars was less than 7016 K, which was expected given the features of most contact binary stars.
Twelve of the target systems' light curves were asymmetrical in the maxima, showing the O'Connell
effect, and a starspot was required for light curve solutions. The estimation of the absolute
parameters of the binary systems was presented using the a - P empirical relationship and discussed.
The orbital angular momentum J

0
 of the systems was calculated.  The positions of the systems were

also depicted on the M - L, M - R, q - L
ratio

, M
tot

 - J
0
, and T - M diagrams.

Keywords: binaries: eclipsing - binaries: close - data analysis

1. Introduction. Eclipsing binaries are important in investigating stellar

formation and structure, examining stellar evolution theories, and determining

stars' physical properties. Binary systems were first classified into three types based

on the light curves' shapes: Algol (EA), Lyrae (EB), and W Ursae Majoris

(W UMa, EW). Then, a more precise classification was provided by Kopal [1],

which was based on Roche geometry, binary systems were classified as detached,

semi-detached, and contact. Contact binary systems are one of the most interesting

kinds of stellar binaries among observers and researchers. Contact systems' stars

have filled their Roche lobes [1], and the temperature difference between these

stars is close to each other [2]. Some of them are known as low-mass and Low-

Temperature Contact Binaries (LTCBs) systems [3].

According to the Binnendijk [4] study, contact binaries can be divided into

A and W subtypes. The more massive component has a higher effective tempera-

ture in the A-subtype, and if the less massive component has a higher effective
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temperature, it is classified as a W-subtype. These subtypes are still being discussed,

and for a better understanding, it is necessary to determine and analyze a large

number of contact systems in terms of fundamental parameters.

The stars of contact systems are transferring mass to each other [5], and in

this process, their orbital periods can be changed. The orbital period of contact

systems plays a role in relations with absolute parameters,  and  they  are  effective

in the evolutionary process of these systems [6,7]. There have been several studies

conducted on the upper and lower cut-offs of these systems' orbital periods [8].

The investigations show that contact systems' orbital periods usually lie between

0.2 and 0.6 days.

One of the prominent features in many contact systems is the presence of

starspot(s) induced by the stars' magnetic activities. Hot or cold starspots, which

are required for the light curve solution, are explained by the O'Connell effect

[9]. The effect of starspots can be seen on the asymmetric maxima of the light

curve.

There are unsolved issues related to contact binary systems, parameter rela-

tionships, and the evolution of stars [10]. This requires precisely defined elements

from further contact binary samples [11]. Even in the case of well-studied systems,

it will be important to carry out investigations due to issues with phasing,

challenging novel discoveries, and evolutionary status.

In the following sections, we present the general specifications of target systems

in catalogs and literature (Section 2), light curve solutions of 20 contact binary

systems (Section 3), estimating absolute parameters (Section 4), and finally a

discussion and conclusion (Section 5).

2. Tartget systems and dataset.

2.1. Systems' selection. We considered twenty contact binary systems for

light curve analysis and estimation of absolute parameters. The selected studies for

these target systems have considered the mass ratio based on spectroscopic results.

We used these mass ratios as the initials for the light curve analysis. Due to the

passage of time compared to some selected studies and spectroscopic quality, the

final mass ratios may change slightly in this study.

Except for DY Cet [12], which has performed light curve analysis using TESS

Sector 4 data, other systems have been studied previously using just ground-based

data. Some parameters can be obtained from spectroscopic data analysis; however,

most of the light curve elements are determined from photometric data. Therefore,

the accuracy of photometric data has a significant impact on the results of the

light curve solutions and then on the estimation of absolute parameters. Therefore,

by using suitable quality TESS data, parameters may be obtained with more

appropriate accuracy.
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An introduction to the target systems is available in the online version of this

study: https://doi.org/10.48550/arXiv.2405.18618.

2.2. TESS observations. TESS provides high accuracy and high time

resolution light curves of contact binary stars that promote scientific studies. The

main goal of the TESS mission is to detect and classify exoplanets, and each

observation sector takes about 28 days. We used TESS data for light curve analysis

in this study [13-14]. TESS data are available at the Mikulski Archive for Space

Telescopes (MAST). If each of the systems had several sectors in TESS, we

selected the most recent available sector with good-quality data for the light curve

analysis. The sector used for each system is listed in Table 1, and all of them

were observed at a 120-second exposure time.

2.3. General features. The selected contact binary systems have orbital

periods ranging from 0.22 to 0.58 days, their apparent magnitude is 8m.14 to

11m.26, and the effective temperature of star 1 (T
1
) is 4300 to 6980 K in the

reference studies.

Table 1 contains the names of the selected systems along with their general

characteristics. Therefore, in Table 1, the RA and DEC of the systems from the

SIMBAD database, the distance obtained from the Gaia DR3 parallax, the

apparent magnitude of the system from the All Sky Automated Survey (ASAS)

catalog, the time of minima (BJD
TDB

) and the orbital period from the Variable

Star indeX (VSX) database, and the last column, the used TESS sector, were given.

We used Schlafly, Finkbeiner [15] study, and the DUST-MAPS Python package

developed by Green et al. [16] to determine the extinction coefficient A
V
 along

with its uncertainty.

3. Light curve analysis. The PHOEBE Python code version 2.4.9 [17]

and TESS filter were used to perform light curve analysis on 20 binary systems.

Based on the appearance of the light curve, the short orbital period, and the results

of previous studies, we selected contact mode for the systems' light curve solutions.

Assumed values for the bolometric albedo and gravity-darkening coefficients

were A
1

 = A
2

 = 0.5 (Ruciński [18]) and g
1

 = g
2

 = 0.32 (Lucy [19]). We used the

Castelli, Kurucz [20] method to model the stellar atmosphere, and the limb

darkening coefficients were from the PHOEBE tables. The reflection effect in

contact binary systems refers to the component's irradiation of each other. We

considered this effect in the light curve analysis.

We set initial effective temperatures for stars and mass ratio from reference

studies and analyzed the light curves of 20 target systems (Table 2). Parameter

input values were taken from studies including spectroscopic data for these target

systems. The optimization tool in PHOEBE was then utilized to improve the

output of light curve solutions and obtain the final results. The five main
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parameters (T
1
, T

2
, q, f, l

1
) were then processed for the optimization.

The well-known O'Connell effect [9] appears by the asymmetry in the

brightness of maxima in the light curve of eclipsing binary stars. The most

probable reason for this phenomenon is the existence of starspot(s) caused by the

components' magnetic activity [21]. Eight systems had symmetrical light curves

and 12 systems needed a cold starspot for light curve analysis.

The parameters i, q, f , T
1,2

,  , l
1
/l

tot
, and r

(mean)1,2
 are estimated by modeling

the TESS light curves. Table 3 presents the light curve analysis results. Fig.1 shows

TESS data and synthetic light curves of the binary systems. The geometric

structure of the systems in phases 0.25 or 0.75 is shown in Fig.2. The color in

Fig.2 indicates the differences in temperature on the star's surface.

4. Estimation of the absolute parameters. There are various methods

to derive absolute parameters, particularly when photometric data is utilized. In

some investigations, empirical relationships or the Gaia DR3 parallax method are

used to estimate absolute parameters [37,6,38]. Using Gaia DR3 parallax to

System RA DEC d V A
V

t
0

P TESS

J2000 J2000 pc mag BJD
TDB

day Sector

AC Boo 14 56 28.3364 +46 21 44.0691 155.42(36) 10.27(21) 0.029(1) 2452499.9507 0.35245 50

AQ Psc 01 21 03.5557 +07 36 21.6178 133.27(37) 8.55(18) 0.079(1) 2453653.7169 0.47560 43

BI CVn 13 03 16.4093 +36 37 00.6406 221.26(2.11) 10.41(22) 0.031(1) 2444365.2503 0.38416 49

BX Dra 16 06 17.3670 +62 45 46.0898 520.27(4.65) 10.68(22) 0.048(1) 2449810.5906 0.57902 58

BX Peg 21 38 49.3911 +26 41 34.2134 149.34(56) 10.88(23) 0.076(1) 2455873.3966 0.28042 55

CC Com 12 12 06.0379 +22 31 58.6828 71.38(11) 11.21(23) 0.035(1) 2453012.8637 0.22069 49

DY Cet 02 38 33.1803 -14 17 56.7219 186.88(49) 9.47(20) 0.046(1) 2453644.7385 0.44079 4

EF Boo 14 32 30.5386 +50 49 40.6868 160.93(34) 9.63(20) 0.021(1) 2452500.2238 0.42052 50

EX Leo 10 45 06.7720 +16 20 15.6771 97.10(24) 8.91(19) 0.037(1) 2448500.0087 0.40860 46

FU Dra 15 34 45.2133 +62 16 44.3332 159.56(50) 10.68(22) 0.030(1) 2448500.2637 0.30672 51

HV Aqr 21 21 24.8100 -03 09 36.8855 154.24(2.32) 9.85(21) 0.090(1) 2452500.2191 0.37446 55

LO And 23 27 06.6850 +45 33 22.0263 290.62(3.82) 11.26(23) 0.213(2) 2456226.6800 0.38044 57

OU Ser 15 22 43.4748 +16 15 40.7337 53.29(7) 8.14(17) 0.024(1) 2448500.2787 0.29677 51

RW Com 12 33 00.2840 +26 42 58.3618 107.60(25) 11.05(23) 0.026(1) 2454918.7048 0.23735 49

RW Dor 05 18 32.5451 -68 13 32.7780 123.57(17) 11.00(23) 0.087(1) 2453466.5302 0.28546 67

RZ Com 12 35 05.0595 +23 20 14.0278 208.26(1.70) 10.34(22) 0.032(1) 2458253.6304 0.33851 49

TW Cet 01 48 54.1435 -20 53 34.5917 152.71(46) 10.40(22) 0.022(1) 2454476.6173 0.31685 3

UV Lyn 09 03 24.1259 +38 05 54.5972 143.65(36) 9.60(20) 0.036(1) 2453407.3606 0.41498 21

UX Eri 03 09 52.7437 -06 53 33.5110 237.40(1.00) 11.15(23) 0.142(1) 2454828.6698 0.44529 4

VW Boo 14 17 26.0325 +12 34 03.4469 150.05(38) 10.49(22) 0.037(1) 2452840.6121 0.34232 50

Table 1

COORDINATES AND OTHER CHARACTERISTICS OF TARGET

BINARY SYSTEMS
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Fig.1. TESS data and synthetic light curves for the target binary systems.
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estimate absolute parameters can have good accuracy, but there are challenges to

obtaining proper accuracy. Challenges make  this method unsuitable for some

Fig.2. Three-dimensional view of the systems in phases 0.25 or 0.75.
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binary systems investigations. For example, the parameter that is obtained from

the observational data and plays an important role in the calculation process is

the maximum apparent magnitude V
max

. In the first step of the calculation process

using Gaia DR3 parallax, V
max

 is used to estimate the absolute magnitude M
V 
.

Therefore, this may not be an appropriate method for calculating the absolute

parameters in ground-based observations if the light curve's maxima display more

dispersion. On the other hand, the extinction coefficient A
V
 should also be

reasonable and low value (Table 1). In some cases, the large error for the Gaia

DR3 parallax is associated with a large A
V
 value, although either alone can

overshadow the accuracy of the absolute parameter estimates. Large parallax errors

usually come in systems with galactic coordinates b between +5 and -5, making

it challenging to determine A
V
 with good accuracy [39]. Also, the initial tempera-

ture chosen for the analysis can completely affect the accuracy of the results. The

study published by the Poro et al. [40] study discusses the limitations of this

method. In this study, due to the lack of a reliable value of V
max

 for all target

systems, we preferred not to use this method.

The mass ratio is one of the most crucial factors in the estimation of the

absolute parameters. There are several methods to test or obtain mass ratios from

System i o q = M
2
/M

1
f T

1
 (K) T

2
 (K) 21  Reference

AC Boo 86.3(5) 3.340(4) 0.046 6250 6241(6) 7.034(4) [22]
AQ Psc 69.06(80) 0.266(2) 0.35 6250(157) 6024(150) 2.253(12) [23]
BI CVn 71.30(10) 2.437(4) 0.146(11) 6125(2) 6093 5.698(4) [24]
BX Dra 80.63(6) 0.2884(5) 0.515 6980 6979(2) 2.3475(16) [25]
BX Peg 87.2(6) 2.66 0.171(12) 5887(7) 5300 6.057(8) [26]
CC Com 89.8(6) 1.90(1) 0.17 4300 4200(60) 5.009 [27]
DY Cet 82.48(34) 0.356(9) 0.24 6650(178) 6611(176) 2.529(5) [23]
EF Boo 75.7(2) 1.871 0.18 6450 6425(14) 4.921(12) [28]
EX Leo 60.8(2) 0.2 0.35 6340 6110(14) 2.186(12) [29]
FU Dra 80.4(2) 3.989 0.190(12) 6100 5842(6) 7.778 [30]
HV Aqr 79.186(183) 0.145 0.569(10) 6460 6669(7) 2.036 [31]
LO And 80.1(6) 0.305(4) 0.4 6650 6690(24) 2.401(9) [32]
OU Ser 50.47(2.24) 0.173(17) 0.68 5940(144) 5759(283) 2.090(17) [23]

RW Com 72.43(29) 0.471(6) 0.15 4830(115) 4517(98) 5.319(9) [23]
RW Dor 77.2(1) 1.587 0.115(67) 5560 5287(10) 4.64(4) [33]
RZ Com 86.8(6) 2.179(9) 0.11(1) 6276(200) 6070 5.393(10) [34]
TW Cet 81.18(10) 0.75(3) 0.06 5865(152) 5753(147) 3.308(2) [23]
UV Lyn 67.6(1) 2.685 0.18 6000 5770(5) 6.080(1) [35]
UX Eri 75.70(23) 0.373(21) 0.18 6093(153) 6006(150) 6.065(8) [23]
VW Boo 73.81(5) 2.336 0.108(5) 5560 5198(3) 5.626(3) [36]

Table 2

LIGHT CURVE SOLUTIONS' RESULTS IN REFERENCE

STUDIES OF THE SYSTEMS
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photometric data [41,42]. In this study, the initial mass ratio of target systems

was obtained using different qualities of spectroscopic data from reference studies.

The analysis of light curves showed that the mass ratio did not change significantly

compared to the reference studies.

We used the semi-major axis and orbital period (a - P) relationship for

estimating absolute parameters from the study Poro et al. [39] (Eq. (1)). Con-

sidering that the uncertainties reported in Eq. (1) have upper and lower limits,

we used their average for calculations.

    . 91453720 2720
2980

1130
1140 P..a .

.
.
.





  (1)

Then, using the well-known equation of Kepler's third law (Eq. (2)), we

obtained the total mass (M
1

 + M
2
) of the components. Since q = M

2
 /M

1
, the values

of each star's mass were estimated.

 
. 

4 2

2

21

3






P

MMG

a
(2)

The values of r
mean

 obtained from light curve solutions (Table 3) and the radius

R of each star were calculated (Eq. (3)).

System i o q = M
2 

/M
1

f T
1
 (K) T

2
 (K)

21
  l

1 
/l

tot
r

(mean)1
r

(mean)2
Spot

AC Boo 84.05(50) 3.364(22) 0.199(10) 6378(77) 6091(75) 6.970(34) 0.289(17) 0.292(1) 0.500(1) 1

AQ Psc 68.60(65) 0.255(27) 0.314(24) 6299(58) 5969(51) 2.314(60) 0.794(9) 0.519(2) 0.287(2) 1

BI CVn 69.36(36) 2.437(137) 0.356(12) 6186(48) 6010(46) 5.643(193) 0.345(22) 0.332(6) 0.483(5) 1

BX Dra 79.85(27) 0.259(4) 0.566(20) 6944(46) 7016(44) 2.281(11) 0.744(11) 0.531(1) 0.304(1) 0

BX Peg 87.30(39) 2.861(20) 0.154(6) 5822(73) 5357(63) 6.337(30) 0.354(21) 0.303(1) 0.484(1) 1

CC Com 85.83(56) 1.991(46) 0.113(11) 4369(60) 4154(47) 5.172(71) 0.422(7) 0.330(2) 0.450(2) 1

DY Cet 81.05(65) 0.345(8) 0.287(13) 6666(52) 6569(45) 2.503(17) 0.721(14) 0.493(2) 0.311(2) 0

EF Boo 74.77(23) 1.882(35) 0.261(9) 6412(48) 6452(48) 4.929(54) 0.363(15) 0.347(2) 0.456(2) 0

EX Leo 59.22(41) 0.172(26) 0.467(108) 6200(72) 6245(68) 2.110(71) 0.808(35) 0.556(11) 0.262(12) 1

FU Dra 78.74(29) 3.915(30) 0.164(7) 6090(46) 5848(43) 7.700(43) 0.261(11) 0.278(1) 0.511(1) 0

HV Aqr 79.35(45) 0.168(2) 0.516(21) 6495(46) 6649(53) 2.095(6) 0.802(10) 0.560(1) 0.263(1) 0

LO And 79.24(51) 0.304(8) 0.315(13) 6716(53) 6622(62) 2.415(17) 0.741(15) 0.505(2) 0.301(3) 0

OU Ser 52.82(51) 0.149(37) 0.565(192) 5852(61) 5836(67) 2.046(105) 0.829(46) 0.570(18) 0.257(21) 1

RW Com 74.14(59) 0.540(80) 0.072(11) 4779(57) 4586(49) 2.929(153) 0.669(51) 0.441(14) 0.333(13) 1

RW Dor 76.08(30) 1.590(99) 0.144(12) 5506(48) 5318(51) 4.576(152) 0.426(3) 0.352(6) 0.433(6) 1

RZ Com 85.66(16) 2.348(21) 0.293(8) 6359(60) 6004(54) 5.559(33) 0.373(16) 0.330(1) 0.476(1) 1

TW Cet 83.62(36) 0.762(56) 0.103(9) 5899(51) 5708(52) 3.307(97) 0.589(3) 0.413(6) 0.366(6) 1

UV Lyn 65.77(12) 2.696(62) 0.187(7) 5993(34) 5792(38) 6.096(87) 0.323(14) 0.310(2) 0.481(2) 0

UX Eri 75.62(42) 0.508(50) 0.146(13) 6214(69) 5878(66) 2.847(97) 0.685(35) 0.452(9) 0.333(9) 0

VW Boo 73.38(13) 2.377(85) 0.127(10) 5504(54) 5267(50) 5.700(123) 0.360(23) 0.316(3) 0.466(3) 1

Table 3

THE RESULTS OF THE LIGHT CURVE ANALYSIS OF THE

SYSTEMS IN THIS STUDY
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. 
r

R
a  (3)

According to the effective temperature obtained from the light curve analysis

and the calculated radius, the luminosity L was calculated (Eq. (4)).

. 4 42 TRL  (4)

The absolute bolometric magnitude of stars was calculated and bolM  considered

4.73 from the Torres [43] throughout this estimating process (Eq. (5)).

. log52



L

L
.MM bolbol  (5)

The surface gravity of each star was also calculated based on its mass and radius

(Eq. (6)).

. 
2R

M
Gg  (6)

The uncertainties of the absolute parameters were calculated using the errors

determined by the PHOEBE code for the light curve elements used in the process,

such as T
1,2

, r
mean1,2

, and q. Table 4 contains the results of the estimated absolute

parameters.

5. Discussion and conclusion. We selected 20 contact binary systems and

one of the latest published studies for each of them. The target systems have or

used spectroscopic results. Except for DY Cet, none of them have used TESS data

for analysis. Quality photometric data, like space-based data, is important for

obtaining accurate light curve parameters and then estimating absolute parameters.

We conducted the light curve analysis using the PHOEBE Python code and

TESS observations. We considered the effective temperature and mass ratio

reported in the studies as input values. The results of the light curve analysis

showed that the mass ratio of the systems has changed slightly. The minimum

difference between the mass ratio of our results and reference studies is related

to the BI CVn system with 0%, and the maximum difference is for the BX Peg

system with 7%. The elapsed times from the reference studies and precise TESS

data rather than ground-based observations can account for some of the discrep-

ancies in the light curve analysis results.

The stars in contact binary systems have a small temperature difference due

to mass and energy transfer [6]. The difference in effective temperature between

the two stars in the BX Peg system had the maximum value at 465 K among

the target systems, while the OU Ser system with 16 K had the lowest. Table

5 lists the temperature difference between companions. Based on the stars' effective

temperatures, we estimated the spectral type of the stars using Cox [44] study

(Table 5). We also checked the results of the effective temperature in this study
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with the reports of Gaia and TESS, so that the difference is less than 5%.

Additionally, EX Leo, HV Aqr, and OU Ser are low mass ratio contact systems

with values of 0.172(28), 0.168(23), and 0.149(24), respectively. Although these

three systems have a low mass ratio, they are not close to the extremely low mass

ratio cutoff, which is less than 0.1 [45]. On the other hand, we have three systems

(BX Dra, HV Aqr, OU Ser) with fillout factors greater than 50% and mass ratios

less than 0.25. These specifications relate to deep overcontact binaries suggested

by the Qian et al. [46] study, which found that this type of star is likely to be

the progenitor of a blue straggler/FK Com-type star [47,45].

We estimated the absolute parameters using the semi-major axis and orbital

period relationship. So, some values from the light curve solutions (T
1,2

, q, r
mean1,2

),

and the orbital period used in the calculation process.

The positions of the stars were displayed using the Zero-Age Main Sequence

(ZAMS) and the Terminal-Age Main Sequence (TAMS) on the Mass-Luminosity

(M - L) and Mass-Radius (M - R) diagrams, based on the absolute parameters

(Fig.3a, b). Additionally, the outcomes have been compared with the theoretical

fits from the study Poro et al. [10], and as expected the M - L and M - R

System )(
1 
MM )(

2 
MM )(

1 
RR )(

2 
RR )(

1 
LL )(

2 
LL M

bol1
M

bol2
log(g)

1
log(g)

2
a )(


R

AC Boo 0.37(10) 1.23(35) 0.72(7) 1.23(11) 0.77(19) 1.87(46) 5.02(24) 4.05(24) 4.29(3) 4.35(4) 2.46(21)

AQ Psc 1.53(35) 0.39(14) 1.65(14) 0.91(8) 3.88(84) 0.96(21) 3.26(21) 4.78(22) 4.19(2) 4.11(6) 3.18(25)

BI CVn 0.49(11) 1.19(35) 0.88(9) 1.28(12) 1.02(26) 1.92(46) 4.71(25) 4.02(23) 4.24(1) 4.30(3) 2.64(22)

BX Dra 1.74(41) 0.45(11) 2.02(15) 1.15(9) 8.52(60) 2.91(55) 2.40(19) 3.57(19) 4.07(3) 3.97(3) 3.80(28)

BX Peg 0.37(11) 1.06(34) 0.62(6) 0.98(10) 0.39(11) 0.72(19) 5.75(26) 5.09(25) 4.43(3) 4.48(4) 2.03(19)

CC Com 0.43(14) 0.87(31) 0.55(6) 0.75(8) 0.10(3) 0.15(4) 7.22(29) 6.77(28) 4.59(3) 4.62(4) 1.68(18)

DY Cet 1.36(34) 0.47(13) 1.47(12) 0.93(8) 3.84(82) 1.44(31) 3.27(21) 4.33(21) 4.24(3) 4.17(4) 2.98(24)

EF Boo 0.62(15) 1.16(32) 0.99(9) 1.30(11) 1.50(33) 2.66(57) 4.29(22) 3.67(21) 4.23(2) 4.27(3) 2.86(23)

EX Leo 1.49(36) 0.26(11) 1.55(16) 0.73(10) 3.20(89) 0.73(25) 3.47(27) 5.07(32) 4.23(1) 4.12(5) 2.79(23)

FU Dra 0.30(9) 1.19(36) 0.61(6) 1.12(11) 0.46(11) 1.32(31) 5.58(23) 4.43(23) 4.35(3) 4.42(4) 2.19(20)

HV Aqr 1.42(39) 0.24(7) 1.45(13) 0.68(6) 3.37(73) 0.82(18) 3.41(21) 4.95(22) 4.27(3) 4.15(4) 2.59(22)

LO And 1.28(34) 0.39(12) 1.32(12) 0.79(8) 3.22(72) 1.08(27) 3.46(22) 4.65(24) 4.30(3) 4.23(4) 2.62(22)

OU Ser 1.28(34) 0.19(11) 1.21(16) 0.55(10) 1.55(51) 0.31(15) 4.25(31) 5.99(41) 4.38(1) 4.24(5) 2.13(20)

RW Com 0.87(24) 0.47(22) 0.78(11) 0.59(9) 0.29(10) 0.14(5) 6.08(33) 6.87(34) 4.59(1) 4.56(5) 1.78(18)

RW Dor 0.56(15) 0.88(30) 0.73(8) 0.89(10) 0.44(12) 0.57(16) 5.63(27) 5.33(27) 4.46(1) 4.48(4) 2.06(20)

RZ Com 0.47(13) 1.10(32) 0.78(7) 1.13(10) 0.90(22) 1.50(35) 4.84(23) 4.29(23) 4.32(3) 4.37(4) 2.37(21)

TW Cet 0.86(22) 0.66(23) 0.93(10) 0.82(9) 0.94(25) 0.65(18) 4.80(26) 5.20(26) 4.44(1) 4.42(4) 2.25(20)

UV Lyn 0.48(12) 1.28(35) 0.88(8) 1.36(12) 0.89(19) 1.87(40) 4.85(21) 4.05(21) 4.23(2) 4.28(3) 2.83(23)

UX Eri 1.22(27) 0.62(21) 1.36(14) 1.00(11) 2.48(67) 1.08(31) 3.74(26) 4.65(27) 4.26(1) 4.23(4) 3.01(24)

VW Boo 0.47(12) 1.11(34) 0.76(7) 1.12(11) 0.47(12) 0.87(21) 5.54(25) 4.89(24) 4.35(2) 4.39(4) 2.40(21)

Table 4

ESTIMATED ABSOLUTE PARAMETERS OF 20 CONTACT BINARY

SYSTEMS USING Gaia DR3 PARALLAX
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connections are weak. Fig.3c shows the position of the systems compared to the

q - L
ratio

 theoretical fit obtained from the study Poro et al. [10], with which they

are in good agreement. We utilized the following equation from the study Eker

et al. [48] to calculate the orbital angular momentum J
0
 of the systems:

 
, 

21
3 5

2

20 PM
G

q

q
J


 (7)

where q is the mass ratio, M is the total mass of the system, P is the orbital

period, and G is the gravitational constant. The results of estimating the J
0
 are

listed in Table 5 along with the total mass of the systems. We also determined

the subtype of each system (Table 5). Therefore, we considered the systems where

the more massive star has a hotter effective temperature than the companion as

A-type and otherwise as W-type. Additionally, the target systems' position is

depicted in the logM
tot

 - logJ
0
 diagram (Fig.3d), which indicates that they are in

a contact binary systems region.

The temperature-mass relationship for contact binary systems was presented

System Sp Star1 Sp Star2 T  (K) )( MMtot J
0

Subtype

AC Boo F5 F8 287 1.60(46) 51.53(18) W
AQ Psc F6 G1 330 1.92(49) 51.67(19) A
BI CVn F8 G0 176 1.68(46) 51.65(17) W
BX Dra F1 F1 72 2.19(52) 51.80(16) W
BX Peg G3 K0 465 1.43(45) 51.45(20) W
CC Com K5 K5 215 1.30(46) 51.41(21) W
DY Cet F3 F3 97 1.83(48) 51.69(17) A
EF Boo F5 F5 40 1.77(47) 51.74(17) A
EX Leo F7 F7 45 1.74(47) 51.46(21) W
FU Dra G0 G3 242 1.49(45) 51.42(19) W
HV Aqr F5 F3 154 1.66(46) 51.41(18) W
LO And F2 F3 94 1.67(46) 51.58(18) A
OU Ser G3 G3 16 1.47(45) 51.25(26) A

RW Com K3 K3 193 1.33(45) 51.45(23) A
RW Dor G8 K0 188 1.44(45) 51.55(19) W
RZ Com F5 G0 355 1.57(45) 51.58(18) W
TW Cet G2 G6 191 1.51(45) 51.62(19) A
UV Lyn G0 G3 201 1.76(47) 51.67(17) W
UX Eri F7 G2 336 1.84(48) 51.77(18) A
VW Boo G8 K0 237 1.58(46) 51.59(18) W

Table 5

THE SPECTRAL TYPE (Sp) OF STARS, TEMPERATURE DIFFERENCE

OF COMPANIONS, TOTAL MASS, ORBITAL ANGULAR MOMENTUM,

AND SUBTYPE OF THE TARGET BINARY SYSTEMS
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by Poro et al. [49] with a linear fit. They made use of 428 contact systems from

the study [6] sample. The hotter component T
h
 and the mass of the more massive

star M
m
 were considered for this relation by Poro et al. [49]. Our target systems

are positioned on the T
h

 - M
m
 diagram (Fig.4), which indicates good agreement

with the theoretical fit and uncertainty.

Fig.3. (a) M
1,2

 - L
1,2

, (b) M
1,2

 - R
1,2

, (c) q - L
ratio

, and (d) M
tot

 - J
0
 diagrams.
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Fig.4. The diagram of the relationship between the effective temperature T
h
 and the mass M

m

of the primary component in contact binary stars in which the studied systems are displayed.
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ÀÍÀËÈÇ ÊÐÈÂÛÕ ÁËÅÑÊÀ È ÀÁÑÎËÞÒÍÛÕ
ÏÀÐÀÌÅÒÐÎÂ ÄÂÀÄÖÀÒÈ ÊÎÍÒÀÊÒÍÛÕ ÄÂÎÉÍÛÕ

ÇÂÅÇÄ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÄÀÍÍÛÕ TESS

Ý.ÏÀÊÈ, À.ÏÎÐÎ

Aíàëèç êîíòàêòíûõ äâîéíûõ çâåçä ñ èñïîëüçîâàíèåì ôîòîìåòðè÷åñêèõ

äàííûõ êîñìè÷åñêèõ òåëåñêîïîâ è èññëåäîâàíèå âîçìîæíûõ èçìåíåíèé

ïàðàìåòðîâ ìîãóò äàòü òî÷íóþ êàðòèíó äëÿ òåîðåòè÷åñêèõ èññëåäîâàíèé. Ìû

èññëåäîâàëè ðåøåíèÿ ñâåòîâûõ êðèâûõ è ôóíäàìåíòàëüíûå ïàðàìåòðû äëÿ

äâàäöàòè êîíòàêòíûõ äâîéíûõ ñèñòåì. Äëÿ àíàëèçà èñïîëüçîâàëèñü ñàìûå

ïîñëåäíèå äàííûå ñïóòíèêà äëÿ èññëåäîâàíèÿ òðàíçèòíûõ ýêçîïëàíåò (TESS).

Èññëåäîâàííûå â äàííîé ðàáîòå ñèñòåìû èìåþò îðáèòàëüíûé ïåðèîä ìåíåå

0.58 äíÿ. Ðåøåíèÿ ñâåòîâûõ êðèâûõ áûëè ïîëó÷åíû ñ èñïîëüçîâàíèåì Python-

êîäà PHOEBE âåðñèè 2.4.9. Ðåçóëüòàòû ïîêàçûâàþò, ÷òî ñèñòåìû èìåëè

ðàçëè÷íûå ñîîòíîøåíèÿ ìàññ îò q = 0.149 äî q = 3.915, êîýôôèöèåíòû çàïîëíåíèÿ

(ñòåïåíü êîíòàêòà) îò f = 0.072 äî f = 0.566 è íàêëîíû îò i = 52o.8 äî i = 87o.3.

Ýôôåêòèâíàÿ òåìïåðàòóðà çâåçä áûëà ìåíåå 7016 Ê, êàê è îæèäàëîñü, ó÷èòûâàÿ

îñîáåííîñòè áîëüøèíñòâà êîíòàêòíûõ äâîéíûõ çâåçä. Êðèâûå áëåñêà äâåíàäöàòè

èç öåëåâûõ ñèñòåì áûëè àñèììåòðè÷íû â ìàêñèìóìàõ, ïîêàçûâàÿ ýôôåêò

Î'Êîííåëëà, è äëÿ ðåøåíèé ñâåòîâûõ êðèâûõ òðåáîâàëîñü íàëè÷èå çâåçäíîãî

ïÿòíà. Áûëè ïðåäñòàâëåíû è îáñóæäåíû îöåíêè àáñîëþòíûõ ïàðàìåòðîâ äâîéíûõ

ñèñòåì ñ èñïîëüçîâàíèåì ýìïèðè÷åñêîé çàâèñèìîñòè a - P. Ðàññ÷èòàíû îðáè-

òàëüíûå óãëîâûå ìîìåíòû J
0
 ñèñòåì. Ïîëîæåíèÿ ñèñòåì ïðåäñòàâëåíû íà

äèàãðàììàõ M - L, M - R, q - L
ratio

, M
tot

 - J
0
 è T - M.

Êëþ÷åâûå ñëîâà: äâîéíàÿ çâåçäà: çàòìåíèå - äâîéíûå çâåçäû: áëèçêèå -

àíàëèç äàííûõ



338 E.PAKI,  A.PORO

REFERENCES

1. Z.Kopal,  Close binary systems. The International Astrophysics Series, Lon-

don: Chapman & Hall, 1959.

2. G.P.Kuiper, Astrophys. J., 93, 133, 1941.

3. K.Yakut, P.P.Eggleton, Astrophys. J., 629, 1055, 2005. doi:10.1086/431300.

4. L.Binnendijk, Vistas in Astronomy, 12, 217, 1970.

5. L.B.Lucy, R.E.Wilson, Astrophys. J., 231, 502, 1979. doi:10.1086/157212.

6. O.Latković, A. C

e ki, S.Lazarević, Astrophys. J. Suppl., 254, 10, 2021.

doi:10.3847/1538-4365/abeb23.

7. G.A.Loukaidou, K.D.Gazeas, S.Palafouta et al., Mon. Not. Roy. Astron. Soc.,

514, 5528, 2022. doi:10.1093/mnras/stab3424.

8. X.-D.Zhang, S.-B.Qian, Mon. Not. Roy. Astron. Soc., 497, 3493, 2020.

doi:10.1093/mnras/staa2166.

9. D.J.K.O'Connell, PRCO, 2, 85, 1951.

10. A.Poro, E.Paki, A.Alizadehsabegh et al., RAA, 24, 015002, 2024. doi:10.1088/

1674-4527/ad0866.

11. K.Li, Q.-Q.Xia, C.-H.Kim et al., Astron. J., 162, 13, 2021. doi:10.3847/1538-

3881/abfc53.

12. M.F.Yıldırım, 2022, RAA, 22, 055013. doi:10.1088/1674-4527/ac5ee8.

13. G.R.Ricker, D.W.Latham, R.K.Vanderspek et al., AAS, 2010.

14. K.G.Stassun, R.J.Oelkers, J.Pepper et al., Astron. J., 156, 102, 2018. doi:10.3847/

1538-3881/aad050.

15. E.F.Schlafly, D.P.Finkbeiner, Astrophys. J., 737, 103, 2011. doi:10.1088/0004-

637X/737/2/103.

16. G.M.Green, E.Schlafly, C.Zucker et al., Astrophys. J., 887, 93, 2019. doi:10.3847/

1538-4357/ab5362.

17. A.Prša, K.E.Conroy, M.Horvat et al.,  Astrophys. J. Suppl., 227, 29, 2016.

doi:10.3847/1538-4365/227/2/29.

18. S.M.Ruciński, AcA, 19, 245, 1969.

19. L.B.Lucy, ZA, 65, 89, 1967.

20. F.Castelli, R.L.Kurucz, arXiv preprint astro-ph/0405087.

21. K.Sriram, S.Malu, C.S.Choi, Astron. J., 153, 231, 2017. doi:10.3847/1538-

3881/aa6893.

22. R.H.Nelson, IBVS, 5951, 1, 2010.

23. S.Deb, H.P.Singh, Mon. Not. Roy. Astron. Soc., 412, 1787, 2011. doi:10.1111/

j.1365-2966.2010.18016.x.

24. R.H.Nelson, H.V.Şenavci, Ö.BaŞtürk et al., NewA, 29, 57, 2014. doi:10.1016/

j.newast.2013.11.006.

25. J.-H.Park, J.W.Lee, S.-L.Kim et al., PASJ, 65, 1, 2013. doi:10.1093/pasj/65.1.1.

26. K.Li, S.Hu, D.Guo et al., NewA, 41, 17, 2015. doi:10.1016/j.newast.2015.04.010.

27. O.Köse, B.Kalomeni, V.Keskin et al., Astron. Nachr., 332, 626, 2011. doi:10.1002/



339LIGHT  CURVES  OF  20  BINARY  STARS

asna.201011566.

28. K.D.Gazeas, A.Baran, P.Niarchos et al., AcA, 55, 123, 2005.

29. S.Zola, K.Gazeas, J.M.Kreiner et al., Mon. Not. Roy. Astron. Soc., 408, 464,

2010. doi:10.1111/j.1365-2966.2010.17129.x.

30. L.Liu, S.-B.Qian, J.-J.He et al., PASJ, 64, 48, 2012. doi:10.1093/pasj/64.3.48.

31. K.Li, S.-B.Qian, NewA, 21, 46, 2013. doi:10.1016/j.newast.2012.11.003.

32. R.H.Nelson, R.M.Robb, IBVS, 6134, 1, 2015.

33. T.Sarotsakulchai, S.-B.Qian, B.Soonthornthum et al., PASJ, 71, 34, 2019. doi:10.1093/

pasj/psy149.

34. R.H.Nelson, K.B.Alton, IBVS, 6266, 1, 2019. doi:10.22444/IBVS.6266.

35. S.Zola, J.M.Kreiner, B.Zakrzewski et al., AcA, 55, 389, 2005.

36. L.Liu, S.-B.Qian, L.-Y.Zhu et al., Astron. J., 141, 147, 2011. doi:10.1088/

0004-6256/141/5/147.

37. F.Tavakkoli, A.Hasanzadeh, A.Poro, New Astron., 37, 64, 2015. doi:10.1016/

j.newast.2014.12.004.

38. A.Poro, E.Ferńandez-Lajús, M.Madani et al., RAA, 23, 095011, 2023. doi:10.1088/

1674-4527/ace027.

39. A.Poro, M.Tanriver, R.Michel et al., Publ. Astron. Soc. Pacif., 136, 024201,

2024. doi:10.1088/1538-3873/ad1ed3.

40. A.Poro, M.Hedayatjoo, M.Nastaran et al., New Astron., 110, 102227, 2024.

doi:10.1016/j.newast.2024.102227.

41. A.Poro, S.Zamanpour, M.Hashemi et al., New Astron., 86, 101571, 2021.

doi:10.1016/j.newast.2021.101571.

42. S.Kouzuma, Astrophys. J., 958, 84, 2023. doi:10.3847/1538-4357/ad03e1.

43. G.Torres, Astron. J., 140, 1158, 2010. doi:10.1088/0004-6256/140/5/1158.

44. A.N.Cox, Allen's Astrophysical Quantities, AlP Press, Springer, New York,

2000.

45. K.Li, Q.-Q.Xia, C.-H.Kim et al., Astrophys. J., 922, 122, 2021. doi:10.3847/

1538-4357/ac242f.

46. S.-B.Qian, Y.-G.Yang, B.Soonthornthum et al., Astron. J., 130, 224, 2005. doi:10.1086/

430673.

47. Y.-G.Yang, S.-B.Qian, L.-Y.Zhu et al., Astron. J., 138, 540, 2009. doi:10.1088/

0004-6256/138/2/540.

48. Z.Eker, O.Demircan, S.Bilir et al., Mon. Not. Roy. Astron. Soc., 373, 1483,

2006. doi:10.1111/j.1365-2966.2006.11073.x.

49. A.Poro, S.Baudart, M.Nourmohammad et al., RAA, 24, 055001, 2024.

doi:10.1088/1674-4527/ad3a2c.



A SIMPLE ANALYTICAL METHOD USING
FOKKER-PLANCK EQUATION FOR MODELING

PARTICLE ACCELERATION AT ASTROPHYSICAL SHOCKS
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Shocks are ubiquitous in astrophysical environments, and particle acceleration at such astro-
physical shocks is related to high-energy phenomena. In particular, the acceleration mechanism and
the time evolution of the particle distribution function have been extensively examined. This paper
describes a simple analytic method using the one-dimensional Fokker-Planck equation in the test-
particle regime. We aim to investigate the evolution of the particle distribution function in the shock
upstream, which could be streaming toward Earth along the open magnetic field geometry. The
behavior of the analytical solution is examined over a wide range of parameters representing shock
structure, such as the shock Mach number, plasma beta, injection fraction into diffusive shock
acceleration, and the scale of the upstream magnetic field. The behavior is associated with upstream
turbulence for diffusive shock acceleration, as expected. Additionally, pre-accelerated particles could
affect the time evolution of the particle distribution only when the radiative or advection losses are
small enough for the pre-accelerated distribution to have a flatter power-law slope than the power-
law slope based on shock acceleration theory. We also provide a formula for a spherically expanding
shock and its relevant application to calculate high-energy emission due to hadronic interactions. We
suggest that the simple analytic method could be applied to examine astrophysical shocks with a
wide range of plasma parameters.

Keywords: particle acceleration: high-energy radiation: astrophysical shocks: Fokker-

     Planck equation

1. Introduction. Shocks are induced in various astrophysical environments

due to supersonic flow motions such as coronal mass ejections in the interplanetary

medium [1-3], supernova remnants in the interstellar medium [4-6], and gravi-

tational collapse in the large-scale structure of the universe [7-10]. While the

properties of shocks can be affected by the characteristics of the medium, it has

been demonstrated that such shocks efficiently accelerate particles. Particle accel-

eration at shocks has been explained by first-order Fermi acceleration, which states

that particles can gain energy through multiple interactions with the converging

waves near the shocks (i.e., diffusive shock acceleration (DSA, hereafter)) [11,12].

Modeling particle acceleration at astrophysical shocks has been examined by

previous studies using numerical approaches, including plasma kinetic simulations

[13-18], hydrodynamic simulations [19,20], and models for the advection-diffusion
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of particle distribution functions in spatial and momentum space based on the

Fokker-Planck equation [1,20-23].

Using plasma kinetic simulations, the physical mechanisms for magnetic field

amplification and wave generation for scattering off particles in both the upstream

and downstream regions have been extensively studied [13-18]. Although the

properties of plasma waves for particle acceleration can depend on the character-

istics of the medium, such as supersonic flow properties (i.e., nonrelativistic,

relativistic) and magnetic field strength (i.e., unmagnetized, weakly magnetized,

and strongly magnetized plasmas), it has been shown that plasma waves can be

induced by various instabilities due to the plasma beam distribution causing velocity

space anisotropy [16,17]. According to simulation results, such waves can be self-

excited due to particle reflection at the shock surface during the evolution of

collisionless shocks, and evidence of particle acceleration through multiple wave-

particle interactions has been observed [13-15,18]. While plasma kinetic simula-

tions are a powerful tool for investigating the microphysics of particle acceleration

through first-principle calculations, they are limited in their ability to observe the

full DSA process, which occurs over longer timescales than the growth timescale

of plasma instabilities.

Considering the effects of particle acceleration at shocks and their observational

implications beyond the kinetic scales, theoretical modeling has been conducted,

including DSA-produced cosmic-ray populations (i.e., cosmic-ray populations

following a power-law distribution) and the physics of advection and diffusion in

spatial and momentum spaces. To obtain the particle spectral evolution as a

stationary shock structure, a test-particle approach has been employed, assuming

that the evolution of the shock structure is independent of the dynamical feedback

of cosmic-ray particles [1,23]. Moreover, hydrodynamic simulations, including

magnetohydrodynamics, have been used to model the dynamical evolution of

shocks in astrophysical media more sophisticatedly [9,10,24,25]. Based on such

modeling, multi-wavelength emissions due to particle acceleration at shocks have

also been examined [24-29].

As a follow-up to the previous studies summarized above, this study aims to

describe simplified analytic method using the one-dimensional Fokker-Planck

equation. The effects of shock upstream conditions on particle spectral evolution

were also examined to demonstrate the robustness of the analytical solution in

various astrophysical environments. Additionally, we provide a potential application

for calculating high-energy radiation due to particle acceleration at shocks, showing

that our simple model can be used as a tool for rapidly estimating observable

radiation flux. Moreover, the simple analytical approach described in this work

has the advantage of being flexibly expandable. In particular, it would be possible
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to extend our simple model to incorporate detailed physics, including diffusion

models and the microphysics of particle injection into DSA.

2. Basic physics. This section describes the basic physics, including the

particle distribution function and relevant plasma physics, for particle acceleration

at collisionless shocks. The importance of the characteristics of the particle

distribution function for estimating the efficiency of particle acceleration at shocks

is also discussed.

2.1. Particle distribution function. The particle distribution of thermal

plasma is commonly modeled as Maxwellian, given by

  , exp

2

3

23
0




























 

th
th

i
MW

p

p
p

n
pf (1)

where Tmkp Bth 2  is the thermal momentum and n
0i
 is the plasma density,

defined as

  . 4 2
0   dppfpn MWi (2)

While the Maxwellian distribution is reasonable for describing the medium in

the absence of nonlinear processes such as plasma and magnetohydrodynamic

(MHD) waves, shocks, and turbulence, it has been demonstrated that plasma

processes associated with such phenomena can accelerate particles. This particle

energization results in a particle distribution that deviates from the Maxwellian,

known as the kappa distribution [30-32]. The kappa distribution is defined as:

Fig.1. Examples of Maxwellian and kappa distribution functions.
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where  x  is the Gamma function and the parameter,  , determines the slope

of the supra-thermal distribution. For p >> p
th
, the kappa distribution follows a

power-law form,    12 
  ppf . Fig.1 shows examples of particle distribution

functions. A smaller value of   results in a flatter particle distribution, whereas

a larger value of   makes the kappa distribution closer to the Maxwellian. It has

been shown that the kappa distribution modulates the nature of plasma waves [33],

and thus the presence of such suprathermal populations could affect the efficiency

of shock acceleration.

 2.2. Plasma physics for particle acceleration at collisionless

shocks. To understand particle acceleration at shocks mediated by waves in the

shock upstream and downstream, the evolution of shock structure and the plasma

instabilities responsible for generating plasma waves that scatter off particles should

be considered. When examining plasma processes associated with electrostatic

waves, plasma frequencies ( epe mne24 , ipi mne24 ) and skin depths

( pec   and pic  ) are employed. Electromagnetic interactions, on the other

hand, are characterized using gyrofrequencies ( cmeB ee  , cmeB ii  ) and

gyroradii of thermal electrons and ions ( eetheth vr  ,, , iithith vr  ,, ). Particu-

larly, the characteristic scales of ions (i.e., 1i , ithr , ) are employed to describe

the dynamics of shock evolution, where the shock thickness is a few times the

gyroradius of downstream thermal ions, 2,ithr . This indicates that particle energization

through multiple crossings of the shock structure (i.e., diffusive shock acceleration,

DSA) is feasible only for particles with momenta greater than the so-called

injection momentum, 22, 233 Tkmp~p Biithinj   [16,19,34-35]. It has been dem-

onstrated that particles with momenta beyond p
inj
 drive plasma instabilities in the

shock upstream and downstream, and these self-excited plasma waves can further

accelerate particles [13-18]. Plasma kinetic simulations have provided evidence that

such plasma processes can extend to DSA [13-15,18].

When modeling the distribution of shock-accelerated particles, the number of

particles with injpp   is parameterized as the so-called injection fraction, inj .

It is important to note that this injection fraction can strongly depend on the

distribution of the background medium. If shock acceleration and particle transport

associated with MHD waves are active in the medium, the thermal particle

distribution may deviate from the Maxwellian distribution and instead follow the

kappa distribution. Specifically, the presence of a kappa distribution could enhance

the injection fraction, as illustrated in Fig.2.
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In the modeling described in the following section, two main factors of the

kappa distribution were considered: (1) the injection fraction into DSA, which

changes the efficiency of shock acceleration; and (2) the effects of the momentum

distribution of pre-accelerated particles following a power-law form.

3. Simple analytic model based on Fokker-Planck equation.

3.1. Shock structure and one-dimensional Fokker-Planck equation.

In this work, we solve the Fokker-Planck equation to study the time evolution

of shock-accelerated particles due to diffusive shock acceleration (DSA). Through-

out the paper, we use formulas in the shock rest frame. Considering the scale

length of the magnetized medium,   1 rBBLB  with an open field geometry

in the shock upstream    BLrBrB  exp01 , we assume the shock structure as

follows:
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(4)

where U(r), n(r), B(r) and T(r) represent the velocity, density, magnetic field, and

temperature profiles, respectively, and c  denotes the shock compression ratio. The

Fig.2. The normalization of the particle distribution function at p = p
inj
 with different kappa

values ranging from 2  to 
2

10 .

k

f(
p
=

p
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j)

101

10-3

102
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subscripts 1 and 2 denote upstream and downstream quantities, respectively. The

sonic and Alfvenic Mach numbers are then calculated as follows:

, 
2

, 11
s

A
A

s
s M

V

U
M

c

U
M


 (5)

where iBis mTknc 12  and iiA mnBV  40  are the sound and Alfven speeds,

respectively, with the adiabatic index, 35 . According to the shock jump

condition, the temperature jump can be computed using the sonic Mach number:

  
. 

16

315
2

22
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ss

M

MM

T

T 
 (6)

In the finite shock upstream and downstream, the spatial diffusion coefficients

associated with the plasma waves are defined as:

 
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where L
1
, and L

2
 represent the finite sizes of the shock upstream and downstream,

respectively.

Since the DSA process can be explained in a one-dimensional system, we

solved the one-dimensional Fokker-Planck equation. To account for the advection

and diffusion of particle distribution into the interplanetary and interstellar

medium, characterized by an open field geometry, we solved the one-dimensional

Fokker-Planck equation in the shock upstream, as follows:
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where  tprf  , ,  and  tprs  , ,  denote the particle distribution function and the

source function, respectively. Based on the DSA theory and assuming steady

injection, the initial particle distribution  0 , ,0 tprf , and the source term

 tprs  , ,  are assumed as follows:
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where p
inj
 and p

max
 are the injection and maximum momentum, respectively. As

described in the section 2.2, the injection momentum is approximately a few times

of the downstream thermal momentum, 22, 233 Tkmp~p Biithinj  . Considering

the gyroradius of particles, the maximum momentum can be constrained by the

size of the magnetic field of the system, Bmax LeBcp 0 . In addition, inj  denotes

the injection fraction into DSA.

We here derive a simplified analytic form of tf   at the shock front based

on the shock structure described above in the test-particle limit. Adopting the

exponential shock precursor defined in Eqs. (4) and (7), we obtained the following

derivatives of  Bi Lrnf 2exp0   in the spatial domain:
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We also obtain the following derivative of qpf  ,
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(11)

Using Eqs. (10)-(11), the partial derivative terms of Eq. (8) can be simplified at

the shock front as follows:
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Based on Eqs. (12), tf   can be simplified as
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Here, the first and second terms denote the contributions of advection and

diffusion, respectively. The time evolution of  tprf  , ,  is then computed numeri-

cally as follows,
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Here, time interval t  satisfies acct   and is normalized in units of 1i ,

since the acceleration timescale depends on 1i .
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3.2. Characteristic scales. To calculate the accumulated particle distribu-

tion function, the following characteristic timescales are employed:
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Here, AD  is the adiabatic deceleration timescale of a supersonic ejecta, acc  is

the shock acceleration timescale, and diff  is the turbulent diffusion timescale

associated with waves generated by shock-accelerated particles [3]. In 2-nd Eq. of

(15), the acceleration timescale satisfies diffacc   since the shock compression

ratio c  is always larger than 1. This is consistent with the physical requirement

that the timescale for particle acceleration should be shorter than the diffusion

timescale; otherwise, particles would diffuse away from the shock surface before

undergoing significant acceleration. Additionally, adiabatic losses typically occur

more slowly than diffusion and acceleration processes. The relationship between

characteristic timescales and length scales (i.e., diffdiff UL  1 , accacc UL  1  and

ADUL  11 ) can be summarized as follows, particularly for particles with maxpp  :

        . , 1LpLpLpp diffaccADdiffacc  (16)

In panel (a) of Fig.3., we plot the characteristic length scales with the following

parameters: 1 , M
s
 = 5, M

A
 = 4.56, 410ccs , 410091  .cVA , 210inj .

Throughout the entire momentum domain, L
acc

 exceeds L
diff 

. Given the finite

system size where BLL 1 , particle momentum can reach up to p
max

. Beyond p
max

,

particles cannot be further energized through DSA due to the absence of plasma

waves with wavelengths larger than Bw L . In the remaining panels of Fig.3,

we analyze the diffusion length scale by varying the sonic Mach number, M
s
 (panel

(b)), the injection fraction into DSA, inj  (panel (c)) and plasma beta,   (panel

(d)). As shown in panel (b), the diffusion length is longer for smaller M
s
, reflecting

a steeper slope of  tpxf  , ,  beyond p
inj
, which can reduce instabilities associated

with high-energy particle streaming [11,36,37]. Similarly, panel (c) shows that the

diffusion length depends on inj . In panel (d), we observe that the diffusion length

scale increases with   because higher   values indicate lower magnetic energy

in plasma waves. Notably, the diffusion length converges at sufficiently high 
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( 1 ). This convergence occurs because in very weakly magnetized plasma,

particle dynamics are largely influenced by self-excited magnetic fields due to high-

energy particle streaming. This behavior aligns with 3-rd Eq. of (15), where for

1 , the diffusion length  pLdiff  approximates:

   
. 

1

1

1

A

i
diff

MU

pD
~pL


 (17)

Given 1
i  and AM  as  ,  pLdiff  converges accordingly.

3.3. Effects of shock parameters on the particle distribution

function. In this section, we present the analytic solution of the one-dimensional

equation, including the time evolution of the particle distribution and its parameter

dependencies such as the sonic Mach number M
s
, the injection fraction inj ,

plasma beta  , and the scale length L
B
 (or p

max
). Such an investigation across

the parameter space provides reliability to the analytic solution in tracking the time

evolution of shock-accelerated particles. Table 1 summarizes the parameters used

in this paper. Velocities are expressed in units of the speed of light c, and the

scale length L
B
, is normalized by thir ,

210 , considering that plasma processes at

the shock structure could pre-accelerate particles up to thir~eBpc ,
2

0 10  [13-15].

Fig.3. (a) Acceleration length scale (solid line) and diffusion length scale (dashed line) using the
parameters with 1 , M

s
 = 5, M

A
 = 4.56, 

4
10/


cc

s
, 

4
10091/


 .cV

A , 
2

10


inj ; (b) Diffusion

length scales with different sonic Mach numbers; (c) Diffusion length scales with different injection rates;
(d) Diffusion length scales with different plasma betas. In panels (b) - (d), the same parameters used

in panel (a) were employed except for the parameter being investigated for dependency.
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We first examine the time evolution of the particle distribution function at

the shock front shown in Fig.4. Each line in the plot represents a time interval

of 250 
1i , which is sufficient to capture the plasma processes of DSA [13,14].

While the slope of the distribution function remains constant, momentum diffusion

is observed as a consequence of continuous energy injection from the source term,

 tprs  , , . At t = t
3
, particles accumulate near 310~cmp i  due to the limited scale

of the magnetic field size L
B
 in the shock upstream. Such particles could escape

from the shock structure and be observed as galactic or extragalactic cosmic rays.

We next investigate how the particle distribution function at the shock front

depends on the parameters (i.e., M
s
, inj ,  , L

B
). Fig.5 displays the momentum

distribution functions at the shock front at 1
1 500  itt  with a wide range of

parameters. The panels illustrate that M
s
 and inj  affect the slope and normal-

ization of the particle distribution function, respectively, as shown in panels (a)

and (b), especially when the magnetic scale L
B
 is sufficiently large. The depen-

dence on L
B
 shown in panel (c) indicates that the spectra with larger L

B
 can extend

to higher momenta. We particularly focus on the dependence of   with the same

L
B
. With the same system size, the maximum momentum gained via DSA is

proportional to the magnetic field because the gyroradius of particles increases with

decreasing magnetic field strength. The time-evolved spectra with different values

of plasma beta shown in panel (d) are consistent with this interpretation. If the

system size and the wavelength of upstream waves were infinite, such beta

dependence would not be observed.

 M
s

M
A

c
s 
/c V

A 
/c inj L

B 
/(102r

i,th
)

Case1 1 5 4.56 10-4 1.09 
.
 10-4 10-2 103

Case2 1 5 4.56 10-4 1.09 
.
 10-4 10-2 105

Case3 1 5 4.56 10-4 1.09 
.
 10-4 10-2 1010

Case4 1 3 2.74 10-4 1.09 
.
 10-4 10-2 1010

Case5 1 10 9.13 10-4 1.09 
.
 10-4 10-2 1010

Case6 1 5 4.56 10-4 1.09 
.
 10-4 10-3 1010

Case7 1 5 4.56 10-4 1.09 
.
 10-4 10-4 1010

Case8 0.1 5 1.44 10-4 3.45 
.
 10-4 10-2 103

Case9 10 5 14.42 10-4 3.45 
.
 10-5 10-2 103

Case10 100 5 45.64 10-4 1.09 
.
 10-5 10-2 103

Table 1

PARAMETERS USED IN THIS WORK.

Case 1 is the fiducial case and the remaining cases are performed for com-

parison. Groups for particular parameter dependence are summarized as

follows: (L
B
: Case1, Case2, Case3); (M

s
: Case1, Case4, Case5); ( inj : Case1,

Case6, Case7); ( : Case1, Case8, Case9, Case10).
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3.4. Effects of pre-accelerated particles. We now expand the analytic

solution to include pre-accelerated particles influenced by shocks or turbulence.

These pre-accelerated particles, following power-law distribution, can undergo

 Fig.4. Time evolution of the particle distribution function at the shock front (Case 1 in Table
1). The plots are shown from 1

0
250 

i
t  to 110003


i

t  with a time interval of 1250 
i
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Fig.5. (a) Dependence on the sonic Mach number; (b) Dependence on the injection fraction;
(c) Dependence on the magnetic field size; (d) Dependence on the plasma beta. The model

information is provided in Table 1. Note that the particle distribution functions are measured at
the shock front.
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further acceleration through DSA [39,40]. The initial particle distribution, includ-

ing the shock-accelerated particle distribution,  0 , , tprf
~

, can be summarized

as follows:
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where pre  is a parameter that determines the normalization of the pre-accelerated

distribution,  0 , , tprf pre . We particularly consider the cases where q~q  . For

q~q  , the pre-accelerated distribution is steeper than the DSA slope, indicating

that radiative or advection losses dominate over diffusion processes in confining

particles near the shock surface. For q~q  , on the other hand, strong turbulence

exists to confine the pre-accelerated particles.

Using the parameter set from Case 1 in Table 1, we examined the impact of

pre-accelerated particles on the time evolution of the particle distribution function at

the shock front by varying the parameters, q~ , and pre . For reference, the particle

distribution function generated by the shock with M
s
 = 5 exhibits the slope, q = 4.17.

The dependence on the slope of pre-accelerated particles, q~ , is shown in Fig.6 for

four different timesteps (t = [t
0
, t

3
]). Here, the normalization factor is assumed as

110 injpre . The results demonstrate that the effects of pre-accelerated particles

are significant when the pre-accelerated distribution has a flatter slope than the DSA

slope ( q~q  ). Conversely, when q~q  , the contribution of pre-accelerated particles

appears negligible. Consistently, the time-evolved particle distribution function

exhibits a power-law slope q, independent of q~ , as shown in previous studies [40].

Furthermore, the dependence on the number density of pre-accelerated particles,

injpre  , ranging from 10-3 to 10-1 with 4q~ , is shown in Fig.7. As expected,

injpre   influences the slope of the time-evolved distribution function.

The effects of pre-accelerated particles can be applied to analyze various

astrophysical environments. For instance, in galaxy clusters, multiple shocks with

different Mach numbers M
s
 are continuously induced due to gravitational collapse,

enabling particle acceleration through these shocks. Ha et al. [24], for example,
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calculated accumulated cosmic ray spectra without considering the detailed time

evolution of particle spectra. Furthermore, in star-forming galaxies, numerous

shocks are generated by stellar winds and supernova remnants. We interpret that

multiple acceleration processes could be active in such environments.

3.5. Applications. We interpret that the simple solution of the Fokker-

Planck equation could be applicable to typical astrophysical shocks propagating in

interplanetary, interstellar, and intracluster media. It is shown that this simple

solution demonstrates reliable parameter dependence regarding particle acceleration

via DSA. Once the shock parameters are obtained from observational data, the

averaged particle distribution function over time and spatial domains can be

computed. We provide an example assuming a spherically expanding shock with

the shock surface,     2trtA sss  , where s  is the solid angle and r
s
(t) is the

mean shock propagation length at time t. Using the volume that the shock passed

through, the volume-averaged distribution function,  pf , can be calculated as

follows:

 
    

  

. 
 , ,

,0 2

,0 2













acci

acci

t is

t iis

tUtA

ttprfUtA
pf (19)

For shocks in the interplanetary medium, for example, the shock parameters

Fig.6. Time evolution of the particle distribution function at the shock front for different values

of q~ , ranging from 4 to 7.
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associated with coronal mass ejections (CME) can be obtained using publicly

available IDL tools (such as the CME Analysis Tool; see [38]). By adopting the

solid angle and speed of CME along with solar wind parameters such as density

and magnetic fields, it is possible to estimate the averaged particle flux that could

impact space weather.

The analytic solution can be also used to calculate high-energy radiation. For

instance, hadronic  -rays resulting from inelastic collisions between shock-accelerated

protons and background thermal protons have been observed from supernova remnants

[41,42] and star-forming galaxies [43-46]. Using the volume-averaged particle distri-

bution function,  pf , with the dynamical timescale of the shock, dyn , the number

density of shock-accelerated particles,  ENi , can be computed as follows:

        . 4, 2

dE

dp
pNpENpf~

pN
ii

dyn

i 
 (20)

The pion source function is computed using the following equation proposed by

Kelner et al. [47]:
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where 170.~K  is the fraction of kinetic energy transferred from a proton to

a pion, n
m
 is the number density of the background medium, and  Epp  is the

cross-section of proton-proton collisions with  TeVln E , and the threshold

Fig.7. Effect of the fraction of pre-accelerated particles at the shock front, injpre
 /  at t = t
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energy, E
th

 = 1.22 GeV. Using the pion source function, the  -ray production rate

is then calculated as:

   
, 2

422












minE

dE
cmE

EN
EN

(22)

where    EcmEEmin 442  is the minimum energy of the produced  -ray.

Previous studies for estimating hadronic  -ray from extragalactic sources typically

assume a steady-state particle distribution function produced at shock to calculate

the accumulated cosmic-ray flux during the system's dynamical timescales [26-29].

Since the simple model formulated in this paper includes the time evolution of the

particle distribution function, it would be possible to improve such models by

incorporating this time evolution. We will leave these investigations for future work.

4. Summary. In this study, we developed an analytic method using the one-

dimensional Fokker-Planck equation to examine the time evolution of particle

distribution functions at the shock front in the context of diffusive shock

acceleration (DSA). We explored the impact of various shock parameters, including

the sonic Mach number M
s
, injection fraction inj , plasma beta  , and scale

length L
B
. Our findings demonstrated the reliability of the analytic solution in

capturing the time-dependent behavior of shock-accelerated particles, highlighting

the interplay between advection, diffusion, and injection processes. The results

showed that the momentum diffusion and particle accumulation are significantly

influenced by these parameters, providing valuable insights into the particle

acceleration mechanisms in astrophysical environments.

Additionally, we extended our model to include the effects of pre-accelerated

particles, revealing that the initial distribution of these particles can alter the

subsequent DSA process. We applied our model to various astrophysical scenarios,

such as galaxy clusters and star-forming galaxies, where multiple shocks and

turbulence are prevalent. Furthermore, the analytic solution was utilized to

calculate high-energy radiation, specifically hadronic  -rays produced by inelastic

collisions between shock-accelerated protons and background thermal protons. By

incorporating the time evolution of the particle distribution function, our model

offers improvements over traditional steady-state approaches, laying the foundation

for more accurate predictions of cosmic-ray spectra and high-energy radiation in

diverse astrophysical contexts.
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ÏÐÎÑÒÎÉ ÀÍÀËÈÒÈ×ÅÑÊÈÉ ÌÅÒÎÄ
ÌÎÄÅËÈÐÎÂÀÍÈß ÓÑÊÎÐÅÍÈß ×ÀÑÒÈÖ Â
ÀÑÒÐÎÔÈÇÈ×ÅÑÊÈÕ ÓÄÀÐÍÛÕ ÂÎËÍÀÕ Ñ

ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÓÐÀÂÍÅÍÈß ÔÎÊÊÅÐÀ-ÏËÀÍÊÀ

Äæ.-Õ.ÕÀ

Óäàðíûå âîëíû ÷àñòî âñòðå÷àþòñÿ â àñòðîôèçè÷åñêèõ ñðåäàõ, è óñêîðåíèå

÷àñòèö â àñòðîôèçè÷åñêèõ óäàðíûõ âîëíàõ ñâÿçàíî ñ âûñîêîýíåðãåòè÷åñêèìè

ÿâëåíèÿìè. Ìåõàíèçì óñêîðåíèÿ è âðåìåííàÿ ýâîëþöèÿ ôóíêöèè ðàñïðå-

äåëåíèÿ ÷àñòèö òùàòåëüíî èçó÷åíû. Â ýòîé ñòàòüå îïèñûâàåòñÿ ïðîñòîé

àíàëèòè÷åñêèé ìåòîä ñ èñïîëüçîâàíèåì îäíîìåðíîãî óðàâíåíèÿ Ôîêêåðà-

Ïëàíêà â ðåæèìå ïðîáíûõ ÷àñòèö. Îñíîâíîå âíèìàíèå óäåëåíî èçó÷åíèþ

ýâîëþöèè ôóíêöèè ðàñïðåäåëåíèÿ ÷àñòèö â óäàðíîé âîëíå ââåðõ ïî ïîòîêó,

îñîáåííî â ñöåíàðèÿõ, êîãäà ÷àñòèöû ìîãóò äâèãàòüñÿ ê Çåìëå âäîëü îòêðûòûõ

ëèíèé ìàãíèòíîãî ïîëÿ. Â ðàáîòå èññëåäîâàíî ïîâåäåíèå àíàëèòè÷åñêîãî

ðåøåíèÿ â çàâèñèìîñòè îò ðàçëè÷íûõ ïàðàìåòðîâ, õàðàêòåðèçóþùèõ ñòðóêòóðó

óäàðíîé âîëíû, òàêèõ êàê ÷èñëî Ìàõà óäàðíîé âîëíû, áåòà-ïëàçìà, äîëÿ

èíæåêöèè â äèôôóçíîå óñêîðåíèå óäàðíîé âîëíû è ìàñøòàá ìàãíèòíîãî

ïîëÿ ââåðõ ïî ïîòîêó. Êàê è îæèäàëîñü, ïîâåäåíèå ñâÿçàíî ñ òóðáóëåíòíîñòüþ

ââåðõ ïî ïîòîêó äëÿ äèôôóçèîííîãî óñêîðåíèÿ óäàðíîé âîëíû. Êðîìå òîãî,

ïðåäâàðèòåëüíî óñêîðåííûå ÷àñòèöû ìîãóò âëèÿòü íà âðåìåííóþ ýâîëþöèþ

ðàñïðåäåëåíèÿ ÷àñòèö òîëüêî òîãäà, êîãäà ðàäèàöèîííûå èëè àäâåêòèâíûå

ïîòåðè äîñòàòî÷íî ìàëû äëÿ òîãî, ÷òîáû ïðåäâàðèòåëüíî óñêîðåííîå ðàñïðå-

äåëåíèå èìåëî áîëåå ïëîñêèé íàêëîí ñòåïåííîãî çàêîíà, ÷åì íàêëîí ñòåïåííîãî

çàêîíà, îñíîâàííûé íà òåîðèè óñêîðåíèÿ óäàðíîé âîëíû. Êðîìå òîãî, â

ñòàòüå ïðèâîäèòñÿ ôîðìóëà äëÿ ñôåðè÷åñêè ðàñøèðÿþùåéñÿ óäàðíîé âîëíû

è åå ïðèìåíåíèå äëÿ ðàñ÷åòà âûñîêîýíåðãåòè÷åñêîãî èçëó÷åíèÿ â ðåçóëüòàòå

àäðîííûõ âçàèìîäåéñòâèé. Ïðåäïîëîæåíî, ÷òî ïðîñòîé àíàëèòè÷åñêèé ìåòîä

ìîæåò áûòü ýôôåêòèâíî èñïîëüçîâàí äëÿ èññëåäîâàíèÿ ðàçëè÷íûõ òèïîâ

àñòðîôèçè÷åñêèõ óäàðíûõ âîëí, õàðàêòåðèçóþùèõñÿ øèðîêèì äèàïàçîíîì

ïàðàìåòðîâ ïëàçìû.

Êëþ÷åâûå ñëîâà: óñêîðåíèå ÷àñòèö: âûñîêîýíåðãåòè÷åñêîå èçëó÷åíèå: àñòðîôè-

     çè÷åñêèå óäàðíûå âîëíû: óðàâíåíèå Ôîêêåðà-Ïëàíêà
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 LORENTZIAN CORRECTION FOR THE EVOLUTION
OF THE CMB TEMPERATURE
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Observational evidence consistently shows that the universe is spatially flat and undergoes
Lorentzian time dilation as a function of redshift. In combination, such discoveries suggest that a
Minkowskian description of cosmology might be technically viable. The thermal evolution that
transpires in a conformal spacetime is herein derived. The description is constrained by the energy
conservation of a unified cosmic fluid. The resulting model puts forth a Lorentzian correction for
the temperature of the CMB as a function of redshift, which improves current data fitting without
adding any free parameter. Furthermore, it sheds light upon the early galaxy formation problem:
our model predicts up to 0.86 Gyr older objects within the first two billion years of the structure
evolution in the universe.

Keywords: cosmology: CMB temperature: Minkowski spacetime: early galaxies

1. Introduction. The Cosmic Microwave Background (CMB) indicates that

space possesses but a vanishing curvature on cosmological scales [1,2]. Supernovae

surveys [3] and recent studies on primordial quasars [4] also bring forth evidence

that Lorentzian time dilation is an observable effect at high recession speeds. Such

data suggest the possibility of a Minkowskian description of cosmology.

Over the course of the 20th century, cosmological models utilizing the

Minkowskian background were developed as attempts at preserving the conformal

quality of spacetime. Milne [5] proposed a thought experiment where a distribution

of particles endowed with arbitrary velocities c v0  around any observer

inevitably produces a radial expansion scenario governed by the Hubble law. Infeld

and Schild [6] generalized Milne's results, deriving multiple cases of conformal

universes embedded in the Minkowskian metric and their respective equations of

motion. The authors demonstrated that such cases were geometrically equivalent

to Friedmann-Lemaître-Robertson-Walker (FLRW) universes.

Later, Tauber [7] explicitly solved Einstein's equations for the FLRW conformally

flat-form metrics and for various types of equation of state. Endean [8] considered

transformations of the FLRW metrics in the case of open three-dimensional space

curvature, and also for closed three-dimensional space curvature [9]. Subsequently,

Endean [10] found a possible solution to cosmological age and redshift-distance
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difficulties by applying the appropriate conformally flat spacetime coordinates to the

standard solution of the field equations in a standard dust model closed universe. Ibison

[11] showed that the metrics of all RW models (k = 0, ±1) are conformally flat;

and Romero et al. [12] showed that any RW cosmological model is totally determined

by the Weyl scalar field   while spacetime remains fixed -   may be considered

as a gauging function determining the behaviour of clocks and measuring rods in a

Minkowski spacetime. Finally, Lombriser [13] presents a formulation of cosmology

in Minkowski spacetime, where the cosmological constant problem is absent.

All these results reiterate the relevance of studying cosmology in Minkowski

spacetime. The aim of the present work is to develop a Lorentz-invariant

description of cosmology, which can be understood as a conformal transformation

of the FLRW metric into the Minkowski space with a cosmic fluid undergoing

Hubble flow from the perspective of any given inertial observer. This path leads

us to a Lorentzian correction for the evolution of the CMB temperature.

2. Hubble flow in Minkowski space. The Hubble law defines the

proportionality between distance and velocity:

rH0v (1)

Considering that the resulting Hubble flow is subject to Lorentz transforma-

tions, one can determine the contracted length dx:

. 1
2











c
drdx

v
(2)

Next, defining the Hubble radius R
H
 as the distance r where the recession

velocity equals the speed of light, one obtains:

, 0 HRHc  (3)

Fig.1. Length contraction of successive sections of the cosmic radius yielding a conformally
transformed distance.

drdr dr dr dr dxdx dx dxdx

r
x

Hubble flow
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. 1, 1
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


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
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HH R

r
drdx

RH

rH
drdx (4)

Thus, the transformed segment dx is expressed as a function of r. For

simplicity purposes, it is beneficial to define the angle  , such that:

, sin
HR

r

 (5)

and Eq. (4) becomes:

. cos, sin1 2  drdxdrdx (6)

Finally, the sum of all consecutive segments dx yields the integrated distance

x (Fig.1), observed in the expanding Minkowskian substratum:

 . cossin
2

, cos
0

 
H

r R
xdrx (7)

In this description, the length contraction does not affect the recession velocity,

since time dilation is also present in Minkowski spacetime, i.e., as a signal crosses

a contracted length, its local time passage dt
L
 is slowed down by the same factor

and the original speed is maintained.

. 
cos

cos

dt

dr

dt

dr

dt

dx

L





v (8)

Therefore, the signal transmission is always conformal and instant velocities

are preserved by the Lorentz transformations. This generates an important con-

Fig.2. Expanding cosmic fluid in Minkowski space.

c

c

c c

c
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sequence for the Hubble flow equation, given that the speeds must be conserved

when x replaces r as the observed distance. The result is a Lorentz-corrected

Hubble parameter H
L
.

The conformal condition equation is:

. 0 xHrH L (9)

Introducing the transformed radius x obtained in (7) and isolating H
L
:

 
. 

cossin

2
0




H
L

R

r
HH

Finally, using the definition of sin  given by (5):

 
. 

cossin

sin2
0




 HHL (10)

Such relation determines that, at any given time, the Lorentz-corrected Hubble

parameter H
L
 is not constant for the entire cosmological radius, but gently ascends

with the distance, i.e., with   and the proximity to the horizon. H
0
, in turn,

is a temporal function that continuously declines with the expansion of the

universe, as R
H
 increases, as we can see by rearranging (3):

 
 

. 0
tR

c
tH

H

 (11)

Moreover, since the Hubble radius always expands at the speed of light:

. ctRH  (12)

It is clear from this equation that the Minkowskian description of a unified

cosmic fluid (Fig.2) shall carry fundamental similarities to the R
h
 = ct model put

forth by Melia and Shevchuk [14], albeit utilizing different metrics.

Substituting (12) in (11), one gets:

. 
1

0
t

H  (13)

Therefore, in this work's description, hereon named ZEUS (Zero-Energy

Unified Substratum), the age of the universe measured by the clock of the observer

is always equal to the inverse of the Hubble constant H
0
 at that epoch. In

consonance with the cosmological principle, this fundamental property is equally

valid for all inertial observers at any given era, dismissing the need for a cosmic

reference frame and resolving the present-time age coincidence problem [15].

Next, we present a new perspective on the early structure formation problem

according to ZEUS.

3. Time dilation and a new perspective on the early galaxy

problem. From the definition of sin  and H
0
, it is straightforward to show that

the Hubble flow does not alter the angle   of a receding object over time, which
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means that the Lorentz contraction creates a fixed radial gradient in  -space,

which persists throughout cosmic expansion history.

. 0
sin




dt

d
(14)

In Minkowski coordinates, the total time dilation perceived by an observer receiving

signals from a receding source is the combination of the Lorentzian   - here treated

as cos1  - due to the velocity itself, and an extra factor ( 1 ) - here expressed

as (  sin1 ) - due to the continuous increase in separation.

 
. 

cos

sin10






Ldt

dt
(15)

One can also express the term ( z1 ) as a function of  , arriving at the

conclusion that the relativistic Doppler redshift is the exact manifestation of the

time dilation.

. 
cos

sin1

1

1
1











c

c
z

v

v
(16)

Observational evidence supports ( z1 ) as the time dilation term. Davis and

Lineweaver [16] also concluded that a Lorentz-Minkowski type of expansion leads

to this term, which is the same as the one given by the FLRW metrics. They

proceeded, however, to calculate an incorrect luminosity distance, which was then

rectified by Chodorowski [17], who showed that the magnitude-redshift diagram

Fig.3. Time available for the evolution of a given source versus its redshift considering the time
dilation effect. Solid curve is the ZEUS prediction and dashed curve is the CDM  correlation.
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of a Minkowskian description is, in fact, remarkably close to the best CDM

fit.

A conundrum of crescent notoriety facing current cosmology is the observation

of complex structure - quasars and mature galaxies - at precocious epochs of the

cosmic evolution. This rapid emergence challenges the known structure formation

mechanisms given by hierarchical models and appears to contradict theoretical

constraints, such as the Eddington limit for black hole accretion [18-20].

The root of the conflict is the correlation between the redshift and the cosmic

age given by the CDM  framework, i.e., if another valid cosmological description

adjusts the age of the structures at the instant of emission, providing more time

for them to have formed at the observed redshifts, the problem may be solved.

In the ZEUS description, since the redshift of a given source is fixed, it

constitutes a constant in any time integration, hence this very factor is applicable

to vast cosmic eras as well as infinitesimal intervals. Therefore, the age of the

object in the ZEUS model is calculated by dividing the current age of the universe,

here considered 14 Gyr, by the factor ( z1 ).

   
. 

1
, 

1 z

Age
Age

z

t
t rselocalUnive

source
observer

source






 (17)

Fig.4. Same as Fig.3 but focusing upon the first two billion years of structure evolution.
Observed galaxies from HST ([21,22]) and JWST ([23]), are projected onto CDM  and ZEUS
timelines.
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In contrast, the CDM  evolution presents transition phases that render the age-

redshift correlation more complex and time-compressed, as shown in Fig.3. Fig.4

then zooms into the first two billion years of the structure evolution in order to

highlight the significant difference in the age-versus-redshift curves. We show objects

observed by HST and JWST that are 0.56 to 0.86 Gyr older in ZEUS than in

the CDM  model. The early galaxy formation problem is alleviated within the

ZEUS description for it grants more time for the galaxies and quasars to develop.

4. Energy conservation. In this section, the dynamics of the ZEUS model

is explored. It is based upon the hypothesis that the total energy of the unified

cosmic substratum is always zero. It is important to emphasize that the universe

is not filled with a single fluid, but the mixture of radiation, baryons, and some

manifestation of dark matter and dark energy, evolving under the zero energy

condition:

. 03   ii p (18)

This premise is similar to the unified medium with zero active mass and

cosmic equation of state 31p  proposed by [14] in the FLRW metric. Here,

however, the Lorentzian correction applied to the Hubble flow in Minkowski

spacetime leads to an energy density gradient along cosmic distances which is more

descriptive of some CMB features, e.g., the high entropy density and the

temperature evolution with redshift (see Section V).

First, from a mechanical perspective, the relativistic kinetic energy, written in

terms of  , is given by:

   
. 

cos1cos
, 1

cos

1

sin
1

1

1 2
0

2

2
0

2

2
0

































vv

v

m
K

m

c
cmK (19)

Next, introducing the relativistic potential energy produced by the gravitational

field of a sphere centered at the inertial observer with transformed radius x and

average energy density  :

 
. 

cos1cos3

8
2

0
2






c

mxG
P (20)

In agreement with the observed spatial flatness, the total mechanical energy

of free particles that move exclusively due to the Hubble flow is considered to

be zero:

   
. 

3

8
, 0

cos1cos3

8
 

cos1cos 2

2
2

2
0

22
0

c

xG

c

mxGm 








v

v
(21)

Next, expressing the Hubble law:

. 
3

8
, 

3

8
2

2

2

2
22

c

G
H

c

xG
xH LL





 (22)
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This result is analogous to the first Friedmann equation for a flat space with

total energy density equal to the critical value and vanishing cosmological constant.

The key distinction is that the Minkowskian coordinates produce a Lorentz-

corrected Hubble parameter H
L
, which slightly grows with distance. This means

that the average energy density   of the cosmic sphere also presents a radial

gradient at any given point in time. This can be demonstrated by taking (22)

and substituting the H
L
 obtained in (10):

   
. 

cossin

sin4

8

3
, 

3

8

cossin

sin4
2

2
2
0

2

22

2
2
0














H

G

c

c

G
H (23)

At the limit 0 , where the small-angle approximation ( sin  and

1cos  ) is applicable, one can calculate the energy density in the spatial vicinity

of the observer:

2
0

2

0
8

3
H

G

c


 (24)

 
. 

cossin

sin4
2

2

0



 (25)

Note that this expression determines the average density of the entire cosmic

sphere from 0  up to an   of interest. The differential energy density   at

  itself is the increment of the total energy of the sphere dU with an increment

of the volume dV.

. 
3

4 3xV  (26)

Applying the expression of x obtained in (7):

  , cossin
6

33 


 HRV (27)

and differentiating with respect to  :

  . cossincos 223 


HR
d

dV
(28)

Next, defining the internal energy U:

. VU  (29)

Which can be calculated by employing Eqs. (23) and (27) for   and V:

  , cossinsin
3

2 2
0

3  HRU (30)

and differentiating with respect to  :

 . cos2sincossin
3

4
0

3 


HR
d

dU
(31)
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One may finally determine the differential energy density   at an   of

interest:






ddV

ddU

dV

dU
(32)

 
 

. 
cossincos

cos2sinsin

3

4
20















 (33)

For notation simplicity, the term in square brackets is hereon denoted by  :

 
 2cossincos

cos2sinsin

3

4




 (34)

 0 (35)

Such gradient may have measurable implications for the temperature of the

CMB, as studied in the next section.

5. Temperature of the CMB. The linear  zTCMB  is a property of standard

adiabatic models that presuppose homogeneity and isotropy, such as CDM .

   . 10 zTzTCMB  (36)

Such proportionality is not bound to a particular metric theory when assuming

that the cosmos expands isotropically, photon has no mass, the CMB radiation

is thermal and the first law of thermodynamics is true [24]. However, a departure

from linearity would require important and hard to detect distortions in the Planck

spectrum of the CMB [25], which could be used to constrain alternative scenarios,

e.g., cases where photons are either created or destroyed, as explored by Lima

et al. [26], or modifications of gravity via the presence of a scalar field with a

multiplicative coupling to the electromagnetic Lagrangian [27]. At present, there

appears to be no inconsistency of the  zTCMB  data with the CDM  model [e.g.

28]. An extensive program of experiments based on new technologies will be able

to detect minimal distortions in the energy spectrum of the CMB in the near

future [29].

A different approach to study the evolution of the CMB temperature is to

introduce a Lorentzian correction in the  zTCMB  function. In this case, the

universe would be strictly flat, with a unified fluid describing its contents at all

times. The aim of this work is to show that a Minkowskian description of

cosmology, where the thermal evolution takes place in a conformal spacetime, can

improve the data fitting of  zTCMB  for current datasets. This has important

consequences for flatness tests and the foundations of cosmology.

While each component of the CDM  model behaves in a particular manner

in terms of  ti , in the ZEUS description, the energy density of the unified

cosmic fluid possesses a universal behavior: it decreases with the square of the
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proper time ( 2
0 1 t ). The second difference is the spatial gradient, which we

characterized in the previous section with the term  .

     . 1

8

3
, 

2

2

0 



tG

c
t (37)

Equipped with this cosmic energy profile across time and space, one can now

tell the story of the CMB from the ZEUS model's perspective, including its

interaction with structures at their respective redshifts and the resulting perception

of the observer, once time dilation is taken into account.

In the beginning (t ~ 0), the temperature of the unified cosmic fluid is far too

great around the observer (and even greater at higher values of  ) for any nucleon

to form. One can directly express the temperature as a function of time by

invoking the Stefan-Boltzmann law.

    . , , 41
0

4141
0

41  TTTT (38)

where   is a spatial function and T
0
 is a temporal function:

    . 
1

8

3
21

41
2

41
00

tG

c
tT 












 (39)

Therefore, the local temperature decreases monotonically. With time, the local

temperature of the cosmic fluid eventually drops sufficiently to enable the primor-

dial nucleosynthesis. Given yet more time, the plasma decoupling also takes place.

However, since the universe was far smaller and the photons always travel

conformally in Minkowskian coordinates, those first local photons are not the ones

received at the present time.

Referring to equation (38), for every value of T
0
 there can be found a value

of 41  that produces the temperature at which recombination takes place (any

arbitrary value is possible, given that   tends to infinity at the horizon). As T
0

decreases monotonically over time, this Surface of Last Scattering (SLS) must

occupy greater and greater values of  , i.e., it advances ever closer to the horizon

in  -space.

Next, to understand how the CMB radiation interacts with the intervening

galaxies between the SLS and the observer, as well as how the interaction signal

is measured, two factors must be considered. First, as discussed in the previous

section, the observed energy density of a given region of the cosmic fluid is affected

by the total Lorentzian time dilation, which inserts a  z11  factor to each time

contribution. Second, in the CMB analysis, the primary emission surface (the

SLS) is far out close to the horizon, meaning that any galaxy travels towards the

CMB photons as it recedes from the observer, i.e., a blueshift is expected in this

interaction when compared to the CMB energy density perceived by the static
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observer. This blueshift can be readily determined, since it is the inverse of the

observed galaxy's redshift. Such mechanism adds yet another  z11  factor to

the proper time. Hence, the total 0  time correction now becomes:

   22

0

11

8

3







 




t

zz

G

c
CMB (40)

     4
0

4
00 1, 1 zz CMBCMB

(41)

        . 1, 1, 41
0

4141
0

41  zTTzTT CMBCMBCMBCMB
(42)

It is remarkable that alternative perspectives of cosmology, based on different

coordinates, timelines, redshift interpretations and photonic histories, provide such

similar predictions for the  zTCMB . This reinforces the idea that, in a flat universe,

which is clearly endowed with time dilation, the Minkowskian description of

cosmological phenomena should be technically viable.

From the observational standpoint, at low redshifts ( 10  z ), the thermal

Sunyaev-Zeldovich (tSZ) effect can be employed as a cosmic thermometer (see

[30-32]). Fig.5 shows that the FLRW linear prediction and the ZEUS curve are

extremely similar along this range and both are good fits to the presently available

datapoints.

As more profound redshifts are probed, different estimation techniques are

required. Multiple studies rely upon atomic and molecular fine-structure levels

Fig.5. Circles are the results from [33,34] based on Planck map data and SZ effect at 1z .
Dashed line shows the FLRW linear prediction with 1210
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observed in the absorption spectra of quasars. This method depends upon free

parameters associated with local physical conditions, such as kinetic temperature,

UV background intensity, gas number density, collisional corrections, etc [e.g. 44].

In order to assess the predictive potential of the ZEUS description, we first

gathered in Fig.6 the data sources in the redshift range 532 .z   that utilize

atomic carbon fine-structure levels. Despite the large error bars, early signs of a

tendency may be observed: at higher redshifts, the datapoints tend to land above

the  zT 10  line. As a result, the ZEUS fit ( 43102 . ) is even better than the

FLRW linear relation ( 63612 . ).

Although the case of CO rotational levels excitation poses a greater statistical

challenge, due to the low probability of detection and the ongoing debate on the

required corrections, we incorporated the six results originally obtained by [40-

42] in Fig.7. The cumulative result shows that the ZEUS fit ( 50012 . ) has

good potential when compared with the FLRW fit ( 67612 . ).

It is worth noting that other studies further correct the inferred  zTCMB  for

the six CO datapoints, reasserting the sensitivity with respect to the assumptions

about local physical conditions. For instance, Klimenko et al. [44] present adjusted

temperatures, deriving a fit that is closer to the FLRW linear prediction. Maeder

[45] further reduces the T
CMB

 estimates by assuming additional galactic corrections,

rendering both FLRW and ZEUS utterly unfit. Clearly, a better grasp on the CO

rotational levels methodology must be achieved. This includes a more profound

Fig.6. Same as Fig.5 plus literature data based on carbon fine-structure absorption lines

represented as diamonds at 532 .z   ([35-39]). Triangles are upper bounds, not taken into
account for 6361
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understanding of local physical conditions as well as the detection of statistically

robust samples.

Finally, Riechers et al. [43] reported a 1  range measurement of the CMB

temperature at 346.z  . Using observations of submillimetre line absorption from

the H
2
O molecule, they arrived at a temperature estimation of 16.4 - 30.2 K. Most

of the range lies above the  zT 10  line and, as seen in Fig.8, both ZEUS and

FLRW curves are able to accommodate the implied temperatures.

Larger datasets and greater refinement are required to expand the study. This

work aims to showcase the fitting potential of a valid cosmological description in

a developing observational field. The objective is to enrich future discussions,

especially when it comes to the model-dependent aspects of the data treatment.

6. Conclusion. For over a century, the Minkowskian coordinates have been

associated with specific motions of particles on restricted local scales. And correctly

so: in a universe filled with energy and a spectrum of density fluctuations, one

has no right to postulate a priori that a special case of flat space is applicable

to cosmological scales. However, the scenario shifts in light of observational

evidence, which reveals a vanishing global curvature.

In a coherent development, time dilation at high recession speeds (high z )

has been empirically verified. If correctly studied, this temporal transformation is

shown to exactly match the Lorentzian type for moving sources.

Put together, such discoveries indicate that a Minkowskian description of

Fig.7. Same as Fig.6 plus literature data based on CO rotation excitation represented as squares
[40-42]. 6761
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cosmological phenomena should be technically viable. The question that remains

is: can this description account for the evolution of the universe or is it limited

to a kinematic snapshot of instant motions?

In the ZEUS description, the unified dynamics is granted by the postulate

of total energy conservation. From this assumption (fully integrated with flatness),

the thermal evolution of the universe is derived, and every instant of proper time

can be described in a Lorentz-invariant framework.

In this introduction to a novel cosmological description, for pedagogical and

conciseness purposes, the focus was set upon two macro-observables: firstly, the

widely discussed problem of the early galaxies in CDM  emerging from JWST

and HST data, which is mitigated by ZEUS. And secondly, the developing

observational field of  zTCMB , still less discussed in the literature, and for which

this work presents a unique, falsifiable and unprecedented approach with satisfac-

tory fit to the current data, thus enriching the field's dialogue as it grows.

Nonetheless, before declaring the model as viable, a series of tests must be

conducted where the current standard cosmology is already successful, e.g.,

Supernovae and Gamma-ray Bursts studies, Baryonic Acoustic Oscillations tests,

structure formation modelling and Big Bang Nucleosynthesis, as well as presenting

solutions to current conflicts, such as the Hubble tension, the initial entropy

problem and dark sector candidates.
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ËÎÐÅÍÖ-ÏÎÏÐÀÂÊÀ Ê ÝÂÎËÞÖÈÈ ÒÅÌÏÅÐÀÒÓÐÛ
ÐÅËÈÊÒÎÂÎÃÎ ÈÇËÓ×ÅÍÈß

À.ÍÎÂÀÈÑ, À.Ë.Á.ÐÈÁÅÉÐÓ

Äàííûå íàáëþäåíèé ïîñëåäîâàòåëüíî ïîêàçûâàþò, ÷òî Âñåëåííàÿ ïðîñò-

ðàíñòâåííî ïëîñêàÿ è èñïûòûâàåò ëîðåíöåâî çàìåäëåíèå âðåìåíè ñ êðàñíûì

ñìåùåíèåì. Ýòè ðåçóëüòàòû ïîçâîëÿþò ïðåäïîëîæèòü, ÷òî îïèñàíèå êîñìî-

ëîãèè, äàííîå Ìèíêîâñêèì, ìîæåò áûòü òåõíè÷åñêè æèçíåñïîñîáíûì. Â

äàííîì èññëåäîâàíèè ìû âûâîäèì òåïëîâóþ ýâîëþöèþ â êîíôîðìíîì

ïðîñòðàíñòâå-âðåìåíè, îãðàíè÷åííóþ çàêîíîì ñîõðàíåíèÿ ýíåðãèè åäèíîé

êîñìè÷åñêîé æèäêîñòè. Ïîëó÷åííàÿ ìîäåëü äàåò ïîïðàâêó Ëîðåíöà äëÿ

òåìïåðàòóðû êîñìè÷åñêîãî ìèêðîâîëíîâîãî ôîíîâîãî èçëó÷åíèÿ êàê ôóíêöèþ

îò êðàñíîãî ñìåùåíèÿ. Ýòà êîððåêöèÿ óëó÷øàåò ñîîòâåòñòâèå òåêóùèì äàííûì

áåç äîáàâëåíèÿ ñâîáîäíûõ ïàðàìåòðîâ. Êðîìå òîãî, ìîäåëü ïðîëèâàåò ñâåò

íà ïðîáëåìó ðàííåãî ôîðìèðîâàíèÿ ãàëàêòèê, ïðåäñêàçûâàÿ ñóùåñòâîâàíèå

áîëåå ñòàðûõ îáúåêòîâ âîçðàñòîì äî 0.86 ìèëëèàðäà ëåò â òå÷åíèå ïåðâûõ

äâóõ ìèëëèàðäîâ ëåò ñòðóêòóðíîé ýâîëþöèè Âñåëåííîé.

Êëþ÷åâûå ñëîâà: êîñìîëîãèÿ: òåìïåðàòóðà êîñìè÷åñêîãî ìèêðîâîëíîâîãî

     ôîíîâîãî èçëó÷åíèÿ: ïðîñòðàíñòâî-âðåìÿ Ìèíêîâñêîãî:

      ðàííèå ãàëàêòèêè
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Accurate collisional rate coefficients for collisional transitions between 15 rotational levels of
methanimine, colliding with p-H

2
 molecule, are available. Methanimine is a planar, asymmetric top

molecule having electric dipole moment with components 33961.
a
  Debye and 44611.

b


Debye, and thus, producing both the a and b type spectral lines of nearly equal intensities.
Therefore, all the rotational levels need to be considered together. Between 15 rotational levels, 105
collisional transitions are considered in an investigation by others. We have discussed that each level
is not connected with all others through the collisions, and therefore, there should be 77 instead
of 105 collisional transitions between 15 levels of methanimine. With availability of accurate
collisional rate coefficients, it is worth to perform the Sobolev analysis of methanimine. We have
found six weak MASER transitions, 1

10
-1

11
, 2

11
-2

12
, 3

12
-3

13
, 4

1.3
-4

1.4
, 3

03
-2

12
 and 4

0.4
-3

1.3
, and one

transition 1
11
-2

02
, showing anomalous absorption. These seven lines may play important role for the

methanimine.

Keywords: ISM: molecules: methanimine: MASER action and radiative transfer

1. Introduction. Methanimine (CH
2
NH) is an important prebiotic mol-

ecules, as it is considered as precursor of glycine (NH
2
CH

2
COOH) [1,2]

. COOHNHCHNHCHNHCH 22232
2COH2  

According to Strecker's synthesis [3], the methanimine can be produced through

the combination of ammonia (NH
3
) [4] and formaldehyde (H

2
CO) [5], which

are well known abundant species in the interstellar medium (ISM):

. OHNHCHCOHNH 2223 

Faure et al. [6] have calculated accurate collisional rate coefficients for

collisional transitions between 15 rotational levels of methanimine due to collisions

with p-H
2
 molecule. They [6] have considered 105 collisional transitions between

15 levels, considering that each level is connected to all other levels through

collisions. By considering the symmetries, we have discussed that there should be

77 instead of 105 collisional transitions between 15 levels of methanimine.

Gorski et al. [7] have discovered methanimine megamasers toward compact

obscured galaxy nuclei at 5.29 GHz through the transition 1
10
-1

11
. As the accurate
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collisional rate coefficients are available, we have performed the Sobolev analysis

of methanimine. Six weak MASER transitions, 1
10
-1

11
, 2

11
-2

12
, 3

12
-3

13
, 4

1.3
-4

1.4
,

3
03
-2

12
 and 4

0.4
-3

1.3
, and one transition 1

11
-2

02
, showing anomalous absorption have

been found. These seven lines may be found significant for the investigation of

methanimine.

2. Methanimine (CH
2
NH). The methanimine is a planar asymmetric top

molecule having electric dipole moment with components 33961.a   Debye and

44611.b   Debye [8]. Thus, it has both a and b type radiative transitions of

nearly equal intensities. Godfrey et al. [9] have reported the first detection of

methanimine in gas phase in the molecular cloud Sgr B2 towards the Galactic

center. Subsequently, it has been found in Sgr B2 [10-15], in molecular cloud

L183 [16], in Orion-KL nebula [17-19], in W51 [17,18], in Ori 3N, G34.3+0.15

[17] in G10.47+0.03, G34.3+0.2, G31.41+0.3, G19.6-0.23, NGC6334F, DR21(OH)

[18], in G19.61- 0.23 [20], in IRC+10216 [21], and in ultra-luminous infrared

galaxy Arp 220 [22]. Bourgalais et al. [23] have predicted the existence of

methanimine in the atmosphere of Titan. The results of Yuen et al. [24] have

supported the formation of methanimine in the massive star formation regions.

In the terrestrial laboratories, the methanimine has been analyzed from time

to time [25-30]. The rotational and centrifugal distortion constants derived by

Motoki et al. [29] are used in the present work for calculation of energies of

rotational levels, and radiative transitions probabilities for the radiative transitions

between the levels. Sharma et al. [31] have investigated analytically weak MASER

action of 1
10
-1

11
 transition of methanimine. Sil et al. [32] have performed the

chemical modeling for prediction of abundances of aldimines and amines in hot

cores. Luthra et al. [33] have predicted the gas-phase methanimine abundance in

cold cores.

2.1. Collisional transitions. The 15 rotational levels considered by Faure

et al. [6] and their energies are given in Table 1. The selection rules for the J

for non-radiative (collisional) transitions are:

... 3, 2, 1, ,0  J

Table 1

LEVELS AND THEIR ENERGIES IN cm-1

No. Level Energy No. Level Energy No. Level Energy

1 000 0.00 6 212 11.61 11 404 21.27
2 101 2.13 7 211 12.14 12 414 25.91
3 202 6.40 8 303 12.78 13 413 27.67
4 111 7.52 9 313 17.74 14 221 28.29
5 110 7.69 10 312 18.80 15 220 28.29
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Let us consider the collisional transitions only for k
a
, k

c
 levels. Each of the

pseudo quantum number, k
a
 and k

c
 can independently assume even (e) and odd

(o) positive integer values, including zero. When the electric dipole moment is

along the a-axis of inertia, the following collisional transitions for k
a
k

c
 are not

allowed.

       ooeeeooe  , , , ,  (1)

       .  , , , , eoeeoooe  (2)

These rules divide the rotational levels into the ortho and para species. The

allowed collisional transitions are:

             I Group , , , , , , eoeoooooooeo  (3)

             II Group , , , , , , eeeeoeoeeeoe  (4)

The above can be verified from the papers published for a-type molecules.

When the electric dipole moment is along the b-axis of inertia, the following

collisional transitions for k
a
, k

c
 are not allowed.

       ooeoeeoe  , , , ,  (5)

       eeeooooe  , , , ,  (6)

These rules divide the rotational levels into the ortho and para species. The

allowed collisional transitions are:

             III Group , , , , , , eoeooeoeeooe  (7)

             . IV Group , , , , , , ooooeeeeooee  (8)

The above can be verified from the papers published for b-type molecules.

The present molecule methanimine has both a and b components of electric

dipole moment. Consequently, the transitions (5) are allowed due to b component

of dipole moment, and the transitions (1) are allowed due to a component of

dipole moment. However, still the transitions (6) and transitions (2) are not

allowed. These transitions (6 and 2) are the blank positions in Table 3.

Between these 15 levels, there are 35 radiative transitions (Table 2) and 77

collisional transitions (Table 3). In Tables 2 and 3, the first row indicates the

upper level and the first column indicates the lower level of transition. Cross

indicates transition between levels corresponding to the row and column of the

cross. Table 3 obviously indicates that each level is not connected to other levels

through collisions.

3. Details of model. For 15 levels, we have constituted 15 steady state

statistical equilibrium equations, coupled with 35 equations of radiative transfer.

The background of the cosmic object generating the lines is taken as the Cosmic

Microwave Background (CMB), which corresponds to the background temperature
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2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 x x
2 x x x x
3 x x x x x
4 x x x
5 x x
6 x x x x
7 x x
8 x x x x
9 x x x x
10 x x
11 x
12 x
13
14 x

Table 2

RADIATIVE TRANSITIONS BETWEEN 15 LOWER ROTATIONAL

LEVELS OF METHANIMINE. CROSS INDICATES TRANSITION

BETWEEN LEVELS CORRESPONDING TO ROW AND

COLUMN OF THE CROSS

2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 x x x x x x x x x x
2 x x x x x x x x x
3 x x x x x x x x
4 x x x x x x x x  x
5 x x x x x x x x
6 x x x x x x x
7 x x x x x x
8 x x x x x
9 x x x x x
10 x x x
11 x x x
12 x x
13 x
14 x

Table 3

COLLISIONAL TRANSITIONS BETWEEN 15 LOWER ROTATIONAL

LEVELS OF METHANIMINE. CROSS INDICATES TRANSITION

BETWEEN LEVELS CORRESPONDING TO ROW AND

COLUMN OF THE CROSS

of 2.73 K. Hence, no spectral line is supposed to have excitation temperature less

than 2.73 K. Further, details of the model is discussed by Chandra & Sharma
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[34] and Sharma, Chandra [35,36]. When the excitation temperature of a spectral

line is less than 2.73 K, the situation is known as the anomalous absorption, i.e.,

the absorption against the CMB.

The required input data for the investigation are the radiative transition

probabilities (Einstein A and B coefficients) and the collisional rate coefficients

for the collisional transitions.

3.1. Collisional rate coefficients. Accurate collisional rate coefficients

have been calculated under the CoupledStates (CS) approximation by Faure et al.

[6]. Though these collisional rate coefficients are available for the kinetic tem-

perature T up to 30 K, but considering the highest value (28.3 cm-1) of energy,

we have used their data for T = 5, 10, 15 K.

4. Results and discussion. On solving the set of statistical equilibrium

equations coupled with the equations of radiative transfer (Sobolev analysis), we

have obtained nonthermal population densities of the levels as a function of the

density of colliding partner p-H
2
, 

2H
n , kinetic temperature T, and parameter

  drdn rmol v , where n
mol

 denotes the density of the methanimine, and

drd rv  the velocitygradient in the molecular region. The   is used as a parameter

in the investigation.

To make our results applicable to various types of cosmic objects, in the analysis,

we have considered wide ranges of physical parameters. The molecular hydrogen

density 
2H

n  is taken from 102 to 106
 cm-3; the kinetic temperatures T are taken

5, 10, 15 K. For  , we have taken two values as 10-5 and 10-6
 cm-3

 (km/s)-1
 pc.

However, in Fig.1, we have plotted results for 510 cm-3 (km/s)-1
 pc, as the results

for the two sets are very close to each other.

The excitation temperature T
ex
 for a line between an upper level u and a lower

level l is expressed as

 
. 

ln ullu

ul
ex

gngnk

E
T




where n denotes the population density, g the statistical weight, k the Boltzmann

constant, and ulE  the energy difference between the two levels.

For low density in a region, the collisional rates are very small as compared

to the radiative transition rates, and the population densities of levels are governed

by the radiative transitions. Therefore, the excitation temperature tends to the

CMB temperature of 2.73 K.

One transition 1
11
-2

02
 is found to show anomalous absorption i.e., the absorption

against the CMB. Information about this transition is given in Table 4, where we

have given the frequency, Einstein A coefficient, energy of upper level of transition,

and radiative life-times of upper and lower levels of the transition. For this
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Fig.1 Variation of n
u
g

l
 /n

l
g

u
 versus molecular hydrogen density 

2H
n  for six transitions 1

10
-1

11
, 2

11
-

2
12
, 3

12
-3

13
, 4

1.3
-4

1.4
, 3

03
-2

12
 and 4

0.4
-3

1.3
, and variation of excitation temperature T

ex
 (K) versus

molecular hydrogen density 
2H

n for the transition 1
11
-2

02
, for kinetic temperatures of 5, 10, 15 K

(written at the top) for 
5

10


  cm
-3

 (km/s)
-1

 pc. The solid line is for the present investigation. whereas
the dotted line is for the transitions considered by [6].

)/cmlog(n -3
H2
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anomalous absorption transition, the variation of excitation temperature T
ex
 (K)

versus the molecular hydrogen density 
2H

n  for the kinetic temperatures, written

on the top, is shown in Fig.1, uppermost row.

As expected, Fig.1 (uppermost row) shows that with the decrease of density,

the excitation temperature tends to the CBM temperature 2.73 K. The trough of

the transition is found around 104.5
 cm-3, which shifts towards the low density with

the increase of kinetic temperature, as expected.

For the MASER action, population inversion ( 1ullu gngn ) between the

upper level u and lower level l is required.

. 1
ul

lu

gn

gn

Further, the condition of larger radiative life-time of upper level as compared to

that of the lower level is a favourable condition. In the present work, we have taken

21.gngn ullu  . It makes a little hard criteria for the MASER action. Six lines,

1
10
-1

11
, 2

11
-2

12
, 3

12
-3

13
, 4

1.3
-4

1.4
, 3

03
-2

12
 and 4

0.4
-

31.3
, have been found to show the

weak MASER action. Information about these transitions also is given in Table 4.

For these MASER transitions, the variation of ullu gngn  versus molecular

hydrogen density 
2H

n  for kinetic temperatures of 5, 10, 15 K, are given in Fig.1.

MASER action is in the region having ullu gngn  larger than 1. The peak of

MASER line is found shifted towards the low density region with the increase

kinetic temperature, as expected. The MASER action is found to decrease with

the decrease of kinetic temperature. At large densities, the population inversion

Transition   (MHz) A
ul
 (s-1) E

u
 (cm-1) t

u
 (s) t

l
 (s)

      MASER lines

1
1.0

-1
1.1

5290.123 1.546E-09 7.695 1.77E+04 1.07E+04
2

1.1
-2

1.2
15869.890 1.391E-08 12.137 1.31E+04 5.58E+03

3
1.2

-3
1.3

31736.418 5.565E-08 18.798 7.56E+03 3.07E+03
4

1.3
-4

1.4
52880.576 1.546E-07 27.674 4.09E+03 1.81E+03

3
0.3

-2
1.2

35065.696 1.621E-07 12.777 1.59E+04 5.58E+03
4

0.4
-3

1.3
105794.062 5.385E-06 21.267 6.31E+03 3.07E+03

    Anomalous absorption line

1
1.1

-2
0.2

33704.842 1.63E-07 7.52 1.07E+04 5.73E+04

Table 4

FREQUENCY  , A COEFFICIENT A
ul
, ENERGY E

u
 OF UPPER LEVEL,

RADIATIVE LIFE-TIME t
u
 OF UPPER LEVEL AND t

l
 OF LOWER

LEVEL FOR TRANSITIONS OF METHANIMINE
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is destroyed by the collisions.

In their investigation, Faure et al. [6] considered 31 radiative transitions. They

did not take four radiative transitions, 2
20
-1

01
, 2

21
-2

02
, 2

20
-2

21
 and 2

20
-3

03
. Further,

they assumed that each level is connected to all other levels through collisions.

Thus, they have 105 collisional transitions, whereas in our investigation, there are

77 collisional transitions. The basis of our 77 collisional transitions is the

consideration of the symmetries.

We have repeated our calculations for the transitions (31 radiative and 105

collisional) considered by Faure et al. [6] and the results are shown in Fig.1.

comparison of the two sets of results shows a very little variation. This very little

variation may be assigned to small values of collisional rates as compared to the

Einstein A coefficients. The contribution of four transitions, 2
20
-1

01
, 2

21
-2

02
, 2

20
-2

21

and 2
20
-3

03
 is not found significant, as they are connecting the highest two levels

whose population densities are very low.

The anomalous absorption transition 1
11
-2

02
 and weak MASER transition

1
10
-1

11
 have a common level 1

11
. The appearance of these two anomalous

phenomena (anomalous absorption and weak MASER action) simultaneously may

be assigned to a large value 4109310 .  s-1 of Einstein A-coefficient for the

transition 1
11
-0

00
.

5. Conclusions. For 15 rotational levels of methanimine, we have discussed

that there should be 77 collisional transitions, instead of 105 taken by Faure et

al. [6]. It is also found that Faure et al. [6] have not considered four radiative

transitions, 2
20
-1

01
, 2

21
-2

02
, 2

20
-2

21
 and 2

20
-3

03
. A set of statistical equilibrium

equations coupled with the equations of radiative transfer has been solved (Sobolev

analysis), for wide ranges of physical parameters. We have found six lines, 1
10
-1

11
,

2
11
-2

12
, 3

12
-3

13
, 4

1.3
-4

1.4
, 3

03
-2

12
 and 4

0.4
-31.3, having the weak MASER action and

one line, 1
11
-2

02
 having anomalous absorption. Present results have been found

to vary very little when the transitions (radiative and collisional) considered by

Faure et al. [6] are taken. It may be because of the relative dominance of radiative

transitions over the collisional ones.

The anomalous absorption transition 1
11
-2

02
 and the weak MASER transition

1
10
-1

11
, connecting a common level 1

11
, may be assigned to the large value

4109310 .  s-1 of Einstein A coefficient of the transition 1
11
-0

00
.
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ÌÅÒÀÍÈÌÈÍ Â ÕÎËÎÄÍÛÕ ÊÎÑÌÈ×ÅÑÊÈÕ
ÎÁÚÅÊÒÀÕ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÒÎ×ÍÛÕ

ÊÎÝÔÔÈÖÈÅÍÒÎÂ ÑÊÎÐÎÑÒÈ ÑÒÎËÊÍÎÂÅÍÈÉ

Ñ.×ÀÍÄÐÀ1, Ì.Ê.ØÀÐÌÀ2

Ïðåäñòàâëåíû òî÷íûå êîýôôèöèåíòû ñêîðîñòè ñòîëêíîâåíèé äëÿ ïåðåõîäîâ

ìåæäó 15 âðàùàòåëüíûìè óðîâíÿìè ìåòàíèìèíà, ñòàëêèâàþùåãîñÿ ñ ìîëåêóëîé

p-H
2
. Ìåòàíèìèí ïðåäñòàâëÿåò ñîáîé ïëîñêóþ àñèììåòðè÷íóþ ìîëåêóëó ñ

ýëåêòðè÷åñêèì äèïîëüíûì ìîìåíòîì, èìåþùèì êîìïîíåíòû 33961.a 

Äåáàÿ è 44611.b   Äåáàÿ. Ýòî ïðèâîäèò ê îáðàçîâàíèþ ñïåêòðàëüíûõ ëèíèé

òèïà a è b ñ ïî÷òè îäèíàêîâîé èíòåíñèâíîñòüþ. Ñëåäîâàòåëüíî, âñå

âðàùàòåëüíûå óðîâíè íåîáõîäèìî ðàññìàòðèâàòü âìåñòå. Â èññëåäîâàíèÿõ

äðóãèõ àâòîðîâ ïåðâîíà÷àëüíî ðàññìàòðèâàëèñü â îáùåé ñëîæíîñòè 105

ïåðåõîäîâ ìåæäó 15 óðîâíÿìè ìåòàíèìèíà. Â äàííîé ðàáîòå ó÷èòûâàëîñü,

÷òî íå êàæäûé óðîâåíü ñâÿçàí ñî âñåìè äðóãèìè ïîñðåäñòâîì ñòîëêíîâåíèé,

è, ñëåäîâàòåëüíî, äîëæíî áûòü 77 âìåñòî 105 ïåðåõîäîâ ìåæäó 15 óðîâíÿìè

ìåòàíèìèíà. Ïðè íàëè÷èè òî÷íûõ êîýôôèöèåíòîâ ñêîðîñòè ñòîëêíîâåíèé

âàæíî âûïîëíèòü àíàëèç Ñîáîëåâà äëÿ ìåòàíèìèíà. Â õîäå àíàëèçà áûëè

èäåíòèôèöèðîâàíû øåñòü ñëàáûõ ìàçåðíûõ ïåðåõîäîâ: 1
10
-1

11
, 2

11
-2

12
, 3

12
-3

13

4
1.3

-4
1.4

, 3
03
-2

12
 è 4

0.4
-3

1.3
, à òàêæå îäèí ïåðåõîä 1

11
-2

02
, äåìîíñòðèðóþùèé

àíîìàëüíîå ïîãëîùåíèå. Ýòè ñåìü ëèíèé ìîãóò èãðàòü âàæíóþ ðîëü â

ïîâåäåíèè ìåòàíèìèíà.

Êëþ÷åâûå ñëîâà: ÌÇÑ: ìîëåêóëû: ìåòàíèìèí: ìàçåðû: ïåðåíîñ èçëó÷åíèÿ
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ÈÇÎÒÐÎÏÍÎÅ ÐÀÑÑÅßÍÈÅ Â ÎÄÍÎÌÅÐÍÎÉ ÑÐÅÄÅ

È ÏËÎÑÊÈÕ ÑÐÅÄÀÕ
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Ïîñòóïèëà 24 èþíÿ 2024

Ïðèíÿòà ê ïå÷àòè 26 àâãóñòà 2024

Â êà÷åñòâå ïðèìåðîâ ïðèìåíåíèÿ ôîðìóë ÷àñòè I ðàññìîòðåíû ðàññåÿíèå â îäíîìåðíîé
ñðåäå, äëÿ êîòîðîé âñå õàðàêòåðèñòèêè ïîëÿ èçëó÷åíèÿ âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå
ôóíêöèè, è (òðåõìåðíîå) èçîòðîïíîå ìîíîõðîìàòè÷åñêîå ðàññåÿíèå. Èçó÷åíû íåêîòîðûå
ñâîéñòâà ôóíêöèè Àìáàðöóìÿíà, à òàêæå âûâåäåíû àñèìïòîòèêè ñðåäíèõ ÷èñåë ðàññåÿíèÿ
ôîòîíîâ â îïòè÷åñêè òîëñòîì ïëîñêîì ñëîå.

Êëþ÷åâûå ñëîâà: ïåðåíîñ èçëó÷åíèÿ: ñðåäíèå ÷èñëà ðàññåÿíèé ôîòîíîâ

1. Ââåäåíèå. Âî âòîðîé ÷àñòè äàííîé ðàáîòû, ôîðìóëû, ïðèâåäåííûå

â ïåðâîé ÷àñòè [1], êîíêðåòèçèðóþòñÿ äëÿ äâóõ âàæíûõ ñëó÷àåâ ðàññåÿíèÿ,

ðàññìàòðèâàâøèõñÿ â òåîðèè ïåðåíîñà èçëó÷åíèÿ.

Â íà÷àëå ðàçâèòèÿ òåîðèè ïåðåíîñà èçëó÷åíèÿ, äëÿ âûÿñíåíèÿ ïðîñòåéøèõ

àñïåêòîâ ïðîöåññà, ïðèíèìàëîñü, ÷òî ðàññåÿíèå ïðîèñõîäèò â òàê íàçûâàåìîé

îäíîìåðíîé ñðåäå, â êîòîðîé âñå ôîòîíû ìîãóò ïðîõîäèòü òîëüêî âäîëü îäíîé

ïðÿìîé [2]. Òàêàÿ ìîäåëü ìîæåò ñëóæèòü ïðèáëèæåíèåì â ñëó÷àå î÷åíü ñèëüíî

âûòÿíóòûõ èíäèêàòðèñ, çàìåíÿåìûõ èãîëü÷àòîé èíäèêàòðèñîé (ðàññåÿíèå âïåðåä-

íàçàä). Ïðîöåññ ðàññåÿíèé â òàêîé ñðåäå èçó÷àëñÿ â ðàáîòàõ îñíîâîïîëîæíèêîâ

[3,4].

Èäåàëèçèðîâàííîå ðàññåÿíèå â îäíîìåðíîé ñðåäå ïðåäñòàâëÿåò åùå è òîò

èíòåðåñ, ÷òî  âñå õàðàêòåðèçóþùèå ýòî ðàññåÿíèå âåëè÷èíû ìîãóò áûòü

âûðàæåíû â ýëåìåíòàðíûõ ôóíêöèÿõ. Êðîìå òîãî, àñèìïòîòèêè âåëè÷èí

ðåàëüíîãî ðàññåÿíèÿ â òðåõìåðíîé ñðåäå î÷åíü ïîõîæè íà òî÷íûå âûðàæåíèÿ

îäíîìåðíûõ è ïîçâîëÿþò îöåíèòü èõ äåéñòâèå íà ïðèìåðå òî÷íûõ ôîðìóë.

Èçîòðîïíîå ðàññåÿíèå â òðåõìåðíîé ïëîñêîïàðàëëåëüíîé îäíîðîäíîé ñðåäå

ñ ãîðèçîíòàëüíî ñèììåòðè÷íûì ïîëåì èçëó÷åíèÿ ïðåäñòàâëÿåò ïðîñòåéøèé

ñëó÷àé òðåõìåðíîãî ðàññåÿíèÿ è ïîçâîëÿåò ïðîäâèíóòüñÿ â ïîñòðîåíèè òåîðèè

ïåðåíîñà â îäíîðîäíûõ ïëîñêèõ ñðåäàõ íàèáîëåå äàëåêî. Áîëüøîå çíà÷åíèå

â ýòîé òåîðèè èìåþò êàê òî÷íûå, òàê è ðàçëè÷íûå àñèìïòîòè÷åñêèå ôîðìóëû.
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Êàê è â ïåðâîé ÷àñòè, çäåñü âûâîäÿòñÿ àñèìïòîòèêè äëÿ áîëüøèõ ãëóáèí

êàê ïîëóáåñêîíå÷íîé ñðåäû, òàê è îïòè÷åñêè òîëñòîãî ñëîÿ, à òàêæå äëÿ

ðàññåÿíèÿ, áëèçêîãî ê ÷èñòîìó.

2. Ðàññåÿíèå â îäíîìåðíîé ñðåäå.

2.1. Îñíîâíûå ôîðìóëû. ßäåðíàÿ ôóíêöèÿ ïðè ðàññåÿíèè â îäíîìåðíîé

ñðåäå - ïðîñòàÿ ýêñïîíåíòà, à âåñîâàÿ ôóíêöèÿ â ïðåäñòàâëåíèè åå â âèäå

(I.2) - äåëüòà-ôóíêöèÿ (îñíîâíîé ïðîìåæóòîê âûðîæäàåòñÿ â òî÷êó 1):

     . 1,   yyAeK (1)

Èì ñîîòâåòñòâóþò ôóíêöèè (I.3) (äâóñòîðîííåå ïðåîáðàçîâàíèå Ëàïëàñà è

ïðåîáðàçîâàíèå Ôóðüå ÿäåðíîé ôóíêöèè)

   
22 1

1
, 

1

1

u
uV

p
p





U (2)

è õàðàêòåðèñòè÷åñêîå ÷èñëî (ðåøåíèå óðàâíåíèÿ (I.52))  1k .

2.2. Ïîëóáåñêîíå÷íàÿ ñðåäà. Ïîñêîëüêó   1A , âî ìíîãèõ îáùèõ

ôîðìóëàõ èíòåãðàëû îáðàùàþòñÿ â íóëü è îñòàþòñÿ òîëüêî âíåèíòåãðàëüíûå

ñëàãàåìûå. Òàê çàäàþòñÿ ðåçîëüâåíòíàÿ ôóíêöèÿ, èíòåãðàë îò íåå è ïðåîáðà-

çîâàíèå Ëàïëàñà, òî åñòü H-ôóíêöèÿ:

             . 
1

,11
1

,1 0
kp

p
pHek
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eCek kkk e




 

(3)

Âåëè÷èíû, âõîäÿùèå â ýòè ôóíêöèè:
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Ïðîñòûìè ôîðìóëàìè îïðåäåëÿþòñÿ äàæå ðåçîëüâåíòà ïîëóáåñêîíå÷íîé

ñðåäû
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è âåðîÿòíîñòü âûõîäà ôîòîíà èç ñðåäû
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Íàêîíåö, ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (çàäà÷à Ìèëíà)
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2.3. Êîíå÷íûé îòðåçîê. Ïðîñòàÿ òî÷íàÿ ôîðìóëà ïîëó÷àåòñÿ äëÿ

ðåçîëüâåíòíîé ôóíêöèè è ïðè êîíå÷íîì 0 :

     
     

 
 
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
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


 (8)
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2sh2sh
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ee
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k
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
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
 (9)

Ïðè ðàññìîòðåíèè òðåõìåðíûõ çàäà÷ ðàññåÿíèÿ îáû÷íî çíà÷åíèÿ ÿäåðíîé

 K  è ðåçîëüâåíòíîé ôóíêöèé ïðè 0  áåñêîíå÷íû, çäåñü îíè êîíå÷íû.

Ïî ðåçîëüâåíòíîé ôóíêöèè íàõîäèì ðåçîëüâåíòó:
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 (10)

ãäå

   .  ,max
2

,  ,min
2

1
11

1
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





 (11)

Ïðåäåëüíûå ñëó÷àè 01   è 01   ïîëó÷àþòñÿ âåðíûìè.

Ïîëó÷èì åùå èíòåãðàë îò (8). Åãî ìîæíî ïðåäñòàâèòü â ðàçíûõ ôîðìàõ.

Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå (8) äàåò
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C
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 



(12)

Âîñïîëüçîâàâøèñü ñîîòíîøåíèÿìè (4) ìåæäó C
0
, k è e , ïîëó÷àåì òîæäåñòâî

      , 2chch2sh 0000 eee kkCkk  (13)

à ñ åãî ïîìîùüþ - âûðàæåíèå
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







 (14)

Â òàêîì âèäå òî÷íàÿ ôîðìóëà äëÿ îäíîìåðíîé ñðåäû ïî ôîðìå ñîâïàäàåò ñ

êðóïíîìàñøòàáíîé àñèìïòîòèêîé (I.78).

Ïðèâåäåíèå (12) ê îáùåìó çíàìåíàòåëþ è ïðåîáðàçîâàíèå ãèïåðáîëè÷åñêèõ

ôóíêöèé ïðèâîäèò ê åùå îäíîìó âûðàæåíèþ:

         
 

. 
2shsh

2sh2sh2sh22sh
 ,

0

00
0

ee

eee

kk

kkkk




 (15)

Ïîñëåäíåå âûðàæåíèå ïîçâîëÿåò ëåãêî ïåðåéòè ê ïðåäåëó ÷èñòîãî ðàññåÿíèÿ:

ïðè 1  áóäåò 0k  è  
2

22

2
1 ,

0

0
0




 .

Êðàéíåå çíà÷åíèå èíòåãðàëà òàêæå ìîæíî ïðåäñòàâèòü ïî-ðàçíîìó:
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  . 1при
2
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2
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2
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2
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
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
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

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





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k
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k

k

k

k

k

C
e

e (16)

Âòîðîå âûðàæåíèå èìååò âèä îáùåé àñèìïòîòèêè (I.68), åñëè ïîäñòàâèòü

 1k . Ñ ýòèì óñëîâèåì ñîâïàäàþò àñèìïòîòèêè ïðè 0  è âèä

ïðåäåëîâ ïðè 1 , õîòÿ çíà÷åíèÿ ýêñòðàïîëèðîâàííîé äëèíû ó íèõ ðàçíûå.

Â ñëó÷àå îäíîìåðíîé ñðåäû âåðîÿòíîñòü âûõîäà ñîâïàäàåò ñ ðåçîëüâåíòíîé

ôóíêöèåé. Âûõîä ôîòîíà èç ñðåäû ìîæåò îñóùåñòâëÿòüñÿ ÷åðåç îäíó èç

ãðàíèö è ñîîòâåòñòâóþùèå âåðîÿòíîñòè ìîæíî ðàçãðàíè÷èòü. Äëÿ îäíîìåðíîé

ñðåäû ýòî îäíà è òà æå ôóíêöèÿ îò äîïîëíÿþùèõ äðóã äðóãà àðãóìåíòîâ:
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
 (17)
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0
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



 (18)
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0
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k
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
P (19)

Ïî òîëüêî ÷òî ïðèâåäåííûì ôîðìóëàì èëè ïî (I.33) íàõîäèì âåðîÿòíîñòè

âûõîäà ôîòîíîâ ñ ãðàíèö ñðåäû:

   
   
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




(20)

Ïîëíàÿ âåðîÿòíîñòü âûõîäà ñ ãðàíèö îòðåçêà è ñ åãî ñåðåäèíû

     
 

 
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. 
2ch

 ,2

, 
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0
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









P

PP

(21)

Â ñåðåäèíå ýòà âåðîÿòíîñòü ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå.

Ïðè 0  ïîëó÷àåòñÿ, åñòåñòâåííî,       PP 0 , ,   0 , 00 P .

Ïðè 1

   

      . 1 , , ,

, 
2

1
 ,, 

2

1
 ,

0000

0
00

0

0
0













PP
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P
(22)

2.4. Ñðåäíèå ÷èñëà ðàññåÿíèé. Ïîëíîå ÷èñëî ðàññåÿíèé ôîòîíà,

ðîæäåííîãî íà ðàññòîÿíèè   îò íà÷àëà ïðîìåæóòêà, ëåãêî íàéòè ïî ôîðìóëå
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(I.38) ñ èñïîëüçîâàíèåì (15) è (16):
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Ïðè ÷èñòîì ðàññåÿíèè

       
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Ôîðìóëû (19)-(24) áûëè ïîëó÷åíû Â.Â.Ñîáîëåâûì [4] áåç ââåäåíèÿ e .

Äëÿ ïîëó÷åíèÿ äðóãèõ ñðåäíèõ ÷èñåë ðàññåÿíèÿ òðåáóåòñÿ íàõîäèòü

ïðîèçâîäíûå ïî   îò âåðîÿòíîñòåé âûõîäà ôîòîíîâ.

Ïðîùå ñíà÷àëà íàõîäèòü ïðîèçâîäíûå ïî ÷èñëó k, à ïðîèçâîäíûå ïî 

ïîëó÷àòü, óìíîæàÿ èõ íà ddk . Ïðè ýòîì èñïîëüçóåì ïðîèçâîäíûå
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Ïðîèçâîäíàÿ îò ïîëíîé âåðîÿòíîñòè ïîëó÷àåòñÿ äèôôåðåíöèðîâàíèåì (19):
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Íåêîòîðûå ïðåîáðàçîâàíèÿ ãèïåðáîëè÷åñêèõ ôóíêöèé ïðèâîäÿò ê íåìíîãî

îòëè÷àþùåìóñÿ âûðàæåíèþ. Óìíîæèì åãî íà -1/(2k) è ïîëó÷èì ïðîèçâîäíóþ

ïî  :
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Âûðàæåíèå (26) ÿâíî ñèììåòðè÷íî îòíîñèòåëüíî ñåðåäèíû îòðåçêà, ñèììåò-

ðè÷íîñòü (27) ïðîâåðÿåòñÿ ñ èñïîëüçîâàíèåì ðàâåíñòâà
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    , sh
2

ch
2
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
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� (28)

ïîëó÷àþùåãîñÿ â ðåçóëüòàòå ïåðåãðóïïèðîâêè àðãóìåíòîâ ãèïåðáîëè÷åñêèõ

ôóíêöèé.

Ïðîäèôôåðåíöèðóåì è îäíîñòîðîííèå âåðîÿòíîñòè, ñíà÷àëà ïî k, çàòåì

ïåðåéäåì ê ïðîèçâîäíîé ïî  . Ïîñëå ðÿäà ïðåîáðàçîâàíèé íàéäåì äëÿ

âûõîäà ââåðõ, òî åñòü (17):
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Äëÿ âûõîäà âíèç íàäî ïðîñòî ñäåëàòü çàìåíû 0 . Âûêëàäêà ñ

èñïîëüçîâàíèåì ôîðìóë ñ ãèïåðáîëè÷åñêèìè ôóíêöèÿìè äîêàçûâàåò, ÷òî

ñóììà (29) ñ âûðàæåíèåì ïðè óêàçàííîé çàìåíå äàåò (26).

Âñå ïðèâåäåííûå ôîðìóëû ñîäåðæàò ýêñòðàïîëèðîâàííóþ äëèíó, âûðàæåíèå

äëÿ êîòîðîé â (2) äîñòàòî÷íî ïðîñòîå è ïðè ïîäñòàíîâêå åãî â ôîðìóëû

ïîëó÷àþòñÿ òîæå íå î÷åíü ñëîæíûå âûðàæåíèÿ, êîòîðûå áûëè íàéäåíû ðàíåå

[2,4,5]. Óäîáñòâî âûðàæåíèé ñ e  â èõ êîìïàêòíîñòè, à òàêæå â ïðîñòîòå

âû÷èñëåíèé è ïðîöåäóðû ïåðåõîäà ê ÷èñòîìó ðàññåÿíèþ. Åùå îäíî

ïðåèìóùåñòâî ôîðìóë ñ e  â òîì, ÷òî îíè ïîõîæè íà àñèìïòîòè÷åñêèå

ôîðìóëû äëÿ òðåõìåðíîé ñðåäû äàæå â òîì îáùåì ñëó÷àå, äëÿ êîòîðîãî ýòè

àñèìïòîòèêè áûëè íàéäåíû â ÷àñòè I.

2.5. Ñðåäíèå ÷èñëà ðàññåÿíèé ïðè ÷èñòîì ðàññåÿíèè. Äëÿ ïåðåõîäà

ê ñëó÷àþ ÷èñòîãî ðàññåÿíèÿ, òî åñòü ê ïðåäåëó ïðè 1 , 0k , ðàçëîæèì

ïîñëåäîâàòåëüíî èíòåðåñóþùèå íàñ âåëè÷èíû ïî ñòåïåíÿì k ñ çàïàñîì

ñòåïåíåé. Íà÷èíàòü íàäî ñ ðàçëîæåíèé ãèïåðáîëè÷åñêèõ ôóíêöèé. Ðàçëîæåíèÿ

ñèíóñà è êîñèíóñà îáùåèçâåñòíû, à ðàçëîæåíèÿ îáðàòíûõ âåëè÷èí ñîäåðæàò
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n
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Ýêñòðàïîëèðîâàííàÿ äëèíà â äàííîì ñëó÷àå ïðîñòàÿ ôóíêöèÿ è åå ðàçëîæåíèå

òàêæå øèðîêî èçâåñòíî.

Óêàçàííûå ðàçëîæåíèÿ ïîçâîëÿþò íàéòè ñðåäíèå ïðè ÷èñòîì ðàññåÿíèè.

Ïðè ýòîì íåñêîëüêî ïåðâûõ ñòåïåíåé k ñîêðàùàþòñÿ è äëÿ ñðåäíåãî ÷èñëà

ðàññåÿíèé ôîòîíà, âîçíèêøåãî íà ãëóáèíå  , à âûøåäøåãî ÷åðåç âåðõíþþ
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ãðàíèöó, ïîëó÷àåòñÿ
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Ïîëíîå ÷èñëî ðàññåÿíèé âûõîäÿùèõ ôîòîíîâ
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ðàâíî ïîëíîìó ÷èñëó ðàññåÿíèé, òàê êàê ôîòîíû íå ïîãëîùàþòñÿ.

Äëÿ ñðåäíèõ ÷èñåë ðàññåÿíèÿ ôîòîíîâ, ðîäèâøèõñÿ íà ãëóáèíàõ 0 è 0 ,

à âûøåäøèõ ÷åðåç ãðàíèöó 0 , ïîëó÷àþòñÿ ñëåäóþùèå çíà÷åíèÿ
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Êàê âèäíî èç ýòèõ ôîðìóë, ÷èñëî ðàññåÿíèé ôîòîíà, âûõîäÿùåãî ÷åðåç òó

æå ãðàíèöó, íà êîòîðîé îí âîçíèê, çíà÷èòåëüíî ìåíüøå, ÷åì ó ôîòîíà,

âûõîäÿùåãî ÷åðåç ïðîòèâîïîëîæíóþ ãðàíèöó. Ïðè áîëüøè' õ òîëùèíàõ
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Ïðè ðîæäåíèè ôîòîíà â ñåðåäèíå îòðåçêà
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2.6. Ãðàôèêè ïðè 
0

 = 10. Äëÿ èëëþñòðàöèè ïðèâåäåííûõ ôîðìóë

ïîñòðîåíû ãðàôèêè âåðîÿòíîñòåé âûõîäà (ðèñ.1) è ñðåäíèõ ÷èñåë ðàññåÿíèÿ

(ðèñ.2-5) ïðè îïòè÷åñêîé äëèíå îòðåçêà, â êîòîðîì ïðîèñõîäèò ðàññåÿíèå,

ðàâíîé 100  .

Âåëè÷èíà, ãðàôèêè êîòîðîé ïðèâåäåíû íà ðèñóíêå, óêàçàíà íà òîì æå

ðèñóíêå. Ââèäó ìàëîé âåëè÷èíû âåðîÿòíîñòåé íà áîëüøîì ïðîòÿæåíèè àðãó-

ìåíòà   äàíû èõ äåñÿòè÷íûå ëîãàðèôìû. Ãðàôèêè  00  , P  è    0 ,N

 00  ,  N  íå ïðèâîäÿòñÿ, òàê êàê ïîëó÷àþòñÿ èç ïðèâåäåííûõ îòðàæåíèåì

â ïðÿìîé 20 . Çíà÷åíèÿ âåðîÿòíîñòè âûæèâàíèÿ ôîòîíà ïðèâåäåíû
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îêîëî êðèâûõ. Èç-çà áîëüøîãî ðàçáðîñà çíà÷åíèé ãðàôèêè ÷èñåë ðàññåÿíèÿ

äàþòñÿ ðàçäåëüíî äëÿ   801010 ...  è 1.0 0.99, 0.97, 0.95, 0.92, ,90. . Ãðàôèêè

ïðèâåäåíû â ðàçíûõ ìàñøòàáàõ äëÿ áîëüøåãî çàïîëíåíèÿ ïëîùàäè ðèñóíêîâ.

Ãðàôèêè äåìîíñòðèðóþò ñèëüíóþ çàâèñèìîñòü âåëè÷èí îò   ïðè åå

ïðèáëèæåíèè ê åäèíèöå, òî åñòü ê ÷èñòîìó ðàññåÿíèþ. Íà ðèñ.1 ýòî íå òàê

ñèëüíî âûðàæåíî, òàê êàê ïðèâåäåíû ëîãàðèôìû, âûðàâíèâàþùèå çíà÷åíèÿ

ôóíêöèé.

2.7. Íåêîòîðûå èíòåãðàëû. ×àñòî ïðè ïðèëîæåíèÿõ òåîðèè ïåðåíîñà

èñòî÷íèêè èçëó÷åíèÿ àïïðîêñèìèðóþòñÿ ñòåïåííîé ôóíêöèåé îïòè÷åñêîé

Ðèñ.1. Ëîãàðèôìû âåðîÿòíîñòåé âûõîäà ôîòîíîâ: ñëåâà - ÷åðåç âåðõíþþ ãðàíèöó,
ñïðàâà - ïîëíûå.
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Ðèñ.2. Ñðåäíèå ÷èñëà ðàññåÿíèé ïîãëîùåííûõ ôîòîíîâ.
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ãëóáèíû. Ðàññìîòðèì òàêîå ðàñïðåäåëåíèå.

Ïóñòü ïåðâè÷íûå èñòî÷íèêè îïèñûâàþòñÿ ôîðìóëîé   nS 0 . Äëÿ

ïîëó÷åíèÿ óñðåäíåííûõ ïî òàêîìó ðàñïðåäåëåíèþ âåëè÷èí, òðåáóåòñÿ íàéòè

èíòåãðàëû îò ïðîèçâåäåíèé ñòåïåíåé   è ãèïåðáîëè÷åñêèõ ôóíêöèé ñ

àðãóìåíòàìè  ek  ,  ek 0  è   20k .

Íà÷íåì ñ
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Ðèñ.3. Ñðåäíèå ÷èñëà ðàññåÿíèé âûøåäøèõ ôîòîíîâ.
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Ðèñ.4. Ñðåäíèå ÷èñëà ðàññåÿíèé ôîòîíîâ, âûøåäøèõ ÷åðåç âåðõíþþ ãðàíèöó.
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Äâàæäû èíòåãðèðóÿ ïî ÷àñòÿì, ïðèõîäèì ê ðåêóððåíòíîìó ñîîòíîøåíèþ
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Àíàëîãè÷íî äëÿ:

        , 
2

ch
2

sh
2

, ch 00
00

0

0

0












 



e
c

e
nc

n kk
k

hdkh (41)

     , 
2

sh
2

sh
2

sh 00
20

0
01 














 ee

c kk
k

k
k

h (42)

            . 1
ch

sh
0220

1
00

0 








 


c
ne

n
ec

n h
k

nn
k

k
n

k

k
h (43)
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Ðèñ.5. Ïîëíûå ñðåäíèå ÷èñëà ðàññåÿíèé ôîòîíîâ.
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2.8. Âåðîÿòíîñòè âûõîäà è ÷èñëà ðàññåÿíèé ïðè ñòåïåííûõ

èñòî÷íèêàõ. Óñðåäíåííûå âåðîÿòíîñòè âûõîäà ÷åðåç ãðàíèöû
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Ñóììà ýòèõ âåëè÷èí ðàâíà òî÷íî åäèíèöå, òàê êàê óñðåäíåíèå åäèíèöû

îñòàâëÿåò åå íåèçìåííîé.

Ïîëíîå ÷èñëî ðàññåÿíèé ôîòîíà íà îòðåçêå ïðè ñòåïåííîì ðàñïðåäåëåíèè

èñòî÷íèêîâ, åñëè 10   è 1 , ðàâíî ñîîòâåòñòâåííî
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Äëÿ ïîëó÷åíèÿ äðóãèõ óñðåäíåííûõ ÷èñåë ðàññåÿíèÿ íàäî ïîäîáíî

ôîðìóëàì (I.46) è (I.48) ðåçóëüòàòû óñðåäíåíèÿ ïðîèçâîäíûõ ïîäåëèòü íà
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Ïî ïðèâåäåííûì ôîðìóëàì ñðåäíèå ìîæíî íàõîäèòü, ïîñëåäîâàòåëüíî

óâåëè÷èâàÿ ñòåïåíè n.

3. Èçîòðîïíîå ìîíîõðîìàòè÷åñêîå ðàññåÿíèå â òðåõìåðíûõ ñðåäàõ.

3.1. Îñíîâíûå ôîðìóëû. Ýòîò âèä ðàññåÿíèÿ êàê â ïîëóáåñêîíå÷íîé

ñðåäå, òàê è â êîíå÷íîì ñëîå, èññëåäîâàëñÿ âñåìè, êòî îáðàùàëñÿ ê ïðîáëåìàì

ïåðåíîñà èçëó÷åíèÿ. Ìîíîãðàôèè è ó÷åáíèêè áûëè óêàçàíû â ïåðâîé ÷àñòè.

Âñå îáùèå ôîðìóëû ðàçäåëîâ 2-5 ÷àñòè I ãîäÿòñÿ äëÿ ýòîãî ðàññåÿíèÿ. Ïðè

ýòîì ââåäåííûå òàì îáîçíà÷åíèÿ ñîõðàíÿþòñÿ ïî÷òè äëÿ âñåõ ôóíêöèé êðîìå

òåõ, êîòîðûå õàðàêòåðèçóþò âûõîäÿùåå èçëó÷åíèå, òî åñòü âìåñòî ×àíäðà-

ñåêàðîâñêèõ H-ôóíêöèé è ôóíêöèé X è Y [6] ñëåäóåò èñïîëüçîâàòü ââåäåííûå

Â.À.Àìáàðöóìÿíîì     1H ,    00  ,1 ,  X ,    00  ,1 ,  Y  [7,8]

(ñì. òàêæå [9]).

Òàê êàê äëÿ ýòîãî ðàññåÿíèÿ ñóùåñòâóåò õàðàêòåðèñòè÷åñêîå ÷èñëî, òî è

âñå àñèìïòîòèêè ê íåìó òîæå ïðèìåíèìû.

Â ýòîì ðàçäåëå ïðèâåäåì áîëåå ïîäðîáíûå ôîðìóëû äëÿ îñíîâíûõ âåëè÷èí,

îáùèõ äëÿ ïîëóáåñêîíå÷íîé ñðåäû è ñëîÿ.

Äëÿ ýòîãî âèäà ðàññåÿíèÿ
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Ïàðàìåòð 1y  ïðè 1  èìååò ñìûñë îáðàòíîãî êîñèíóñà ïîëÿðíîãî óãëà.

Íàïðèìåð, âåðîÿòíîñòü, ÷òî ïîãëîùåííûé íà ãëóáèíå   ôîòîí âûéäåò èç

ñëîÿ ïîä óãëîì ê ãðàíèöå 0 , êîñèíóñ êîòîðîãî  , â òåëåñíîì óãëå d2 ,

ðàâíà      dD 0 ,1 ,2 . Íî äîïóñêàþòñÿ è äðóãèå çíà÷åíèÿ y.

Â àñèìïòîòèêè âñåõ ôóíêöèé âõîäÿò õàðàêòåðèñòè÷åñêîå ÷èñëî k è

ýêñòðàïîëèðîâàííàÿ äëèíà e . Çäåñü ïîäðîáíî èññëåäóþòñÿ ýòè âåëè÷èíû

äëÿ èçîòðîïíîãî ðàññåÿíèÿ.

Óðàâíåíèå äëÿ íàõîæäåíèÿ k, ïîëó÷åííîå åùå Õâîëüñîíîì [10], èìååò

âèä (íàïèøåì åãî è â óäîáíîé äëÿ íàñ ôîðìå)
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Ýêñòðàïîëèðîâàííàÿ äëèíà (I.55)
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3.2. Ïðîèçâîäíûå îò õàðàêòåðèñòè÷åñêîãî ÷èñëà è ýêñòðàïî-

ëèðîâàííîé äëèíû ïî  . Ïðîäèôôåðåíöèðîâàâ îáå ÷àñòè âòîðîãî ðàâåíñòâà

â (61), íàéäåì
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Ýòà ïðîèçâîäíàÿ îòðèöàòåëüíà, òàê êàê ñ ðîñòîì   ÷èñëî k óìåíüøàåòñÿ.

Ïðîäèôôåðåíöèðóåì è ýêñòðàïîëèðîâàííóþ äëèíó (62). Åå ïðîèçâîäíàÿ
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Ýòè ôîðìóëû òî÷íûå.

Çíà÷åíèå ïðîèçâîäíîé ýêñòðàïîëèðîâàííîé äëèíû (64) ïðè 1
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 1e  èçâåñòíî ñ î÷åíü áîëüøèì ÷èñëîì çíàêîâ (äî 60, ñì. [11]).

3.3. Ñâÿçè ìåæäó   è k ïðè ïî÷òè ÷èñòîì ðàññåÿíèè. Äëÿ

ðàññåÿíèÿ, áëèçêîãî ê ÷èñòîìó, ñíà÷àëà ïîëó÷èì ðàçëîæåíèÿ  1  ïî

ñòåïåíÿì k è îáðàòíûå.
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21438136

31185

10196

4725

1712

105

44

15

8
1

3

2

12

108642

0

2
1



















kkkkkk

~klak
dk

d

l

l
l

(75)

çàòåì îáðàòíóþ ïðîèçâîäíóþ

. 
591215625

17013224

336875

13996

2625

176

1575

212

15

8
1

1

2

3 108642











kkkkk

k
~

d

dk
(76)

3.4. Ñëàáîå ðàññåÿíèå. Â ïðîòèâîïîëîæíîì ïðåäåëüíîì ñëó÷àå ìàëûõ

  ÷èñëî k î÷åíü áëèçêî ê åäèíèöå. Óäîáíî åãî ïðåäñòàâèòü â âèäå ðàçëîæåíèÿ

   

. 1  ,   ,
2

 

,1121

0

00
















n
x

n

m

m
nm

m

n

nn

beyx

xbyyk

(77)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïðåäñòàâëÿåòñÿ â âèäå

  . 
2

21
1ln

2

1
1ln1 







 








 


y

ykk
xk (78)

Ðàçëîæåíèå ëîãàðèôìîâ ïî ñòåïåíÿì ìàëûõ äîáàâîê ê åäèíèöå â èõ àðãóìåíòàõ

äàåò âîçìîæíîñòü ïîñëåäîâàòåëüíî íàõîäèòü êîýôôèöèåíòû b
nm

. Ïåðâûå èç íèõ

,
3

250
,

3

500
,100,20

,
3

64
,32,12,6,2

44434241

333231222111





bbbb

bbbbbb

(79)

,
5

1728
,864,720,240,30 5554535251  bbbbb (80)

,
45

67228
,

15

67228
,4802,

3

6860
,490,42 666564636261  bbbbbb (81)

.
315

2097152
,

45

1048576
,

15

458752

,
3

57344
,

3

17920
,896,56

777675

74737271





bbb

bbbb

(82)

Ïðè 0.3  ïîñëåäîâàòåëüíûå ñëàãàåìûå â ðàçëîæåíèè ïîñëå åäèíèöû ïî

ìîäóëþ ìåíüøå, ñîîòâåòñòâåííî, 3-102.6  , -5102.0  , -5101.1  , -7103.2  , -81011 . ,



400 Ä.È.ÍÀÃÈÐÍÅÐ  È  ÄÐ.

-10103.0   è -11101.2  . Êàçàëîñü áû, ÷òî ñ óìåíüøåíèåì âåðîÿòíîñòè âûæèâàíèÿ

ôîòîíà òî÷íîñòü ðàçëîæåíèÿ äîëæíà ðàñòè. Îäíàêî ïðè ìàëûõ çíà÷åíèÿõ 

ïîñëåäîâàòåëüíûå ñòåïåíè ýêñïîíåíòû áûñòðî óìåíüøàþòñÿ, íî ïðè íèõ

ðàñòóò êîýôôèöèåíòû, êîòîðûå ÿâëÿþòñÿ ìíîãî÷ëåíàìè òîé æå ñòåïåíè îò

2 , ÷òî è ñòåïåíü ýêñïîíåíòû.

Ïåðâûå äâà ñëàãàåìûõ â ðàçëîæåíèè (77) ïðèâåäåíû â [12,13].

Ñîñòàâëåííàÿ ïðîãðàììà, âêëþ÷èâøàÿ è ðàçëîæåíèÿ ïóíêòîâ 3 è 4,

îáåñïå÷èâàåò ïîëó÷åíèå çíà÷åíèé k ñ òî÷íîñòüþ íå ìåíåå 10 çíà÷àùèõ öèôð.

Áîëåå ïîäðîáíûå ñâåäåíèÿ î õàðàêòåðèñòè÷åñêîì ÷èñëå è ïðîãðàììà åãî

âû÷èñëåíèÿ ïîìåùåíû íà ñàéòå www.astro.spbu.ru.

4. Ïîëóáåñêîíå÷íàÿ ñðåäà.

4.1. Ôóíêöèÿ Àìáàðöóìÿíà. Ôóíêöèÿ, õàðàêòåðèçóþùàÿ îòðàæåííîå

îò ïîëóáåñêîíå÷íîé ñðåäû èçëó÷åíèå, äëÿ èçîòðîïíîãî ðàññåÿíèÿ áûëà ââåäåíà

Àìáàðöóìÿíîì [7], îáîçíà÷åíà èì    è íàçûâàåòñÿ ôóíêöèåé Àìáàðöóìÿíà.

Àðãóìåíò 10   îáîçíà÷àë êîñèíóñ óãëà îòðàæåíèÿ. Çäåñü áóäåì ðàññìàòðèâàòü

ýòó ôóíêöèþ ïðè ëþáûõ íåîòðèöàòåëüíûõ àðãóìåíòàõ z  è îòðàçèì ÿâíî åå

çàâèñèìîñòü îò âåðîÿòíîñòè âûõîäà ôîòîíà   , òî åñòü -    ,z .

Ôóíêöèÿ áûëà îïðåäåëåíà Àìáàðöóìÿíîì íåëèíåéíûì óðàâíåíèåì,

êîòîðîìó òàêæå ïðèñâîåíî èìÿ åãî àâòîðà è êîòîðîå ìîæåò áûòü çàïèñàíî

â äâóõ ôîðìàõ:

     
 

 
. 

 ,
1

 ,

1
, 

 ,
 ,

2
1 ,

1

0

1

0
 












zz

zdzz

zzz

zdz
zzz (83)

Ïóòåì ÷èñëåííîãî ðåøåíèÿ ýòîãî óðàâíåíèÿ ìíîãèå àâòîðû âû÷èñëÿëè

ôóíêöèþ    , . Äîñòàòî÷íî åå íàéòè äëÿ 1 , äëÿ äðóãèõ çíà÷åíèé z

îíà ìîæåò áûòü íàéäåíà ñ ïîìîùüþ òîãî æå óðàâíåíèÿ. Íàèáîëåå òî÷íûå

çíà÷åíèÿ ïîëó÷åíû â [14].

ßâíîå âûðàæåíèå äëÿ ýòîé ôóíêöèè áûëî íàéäåíî Ôîêîì [15]:

       , 
1

1ln1ln ,ln
0

22








uz

du
uV

z
Hz (84)

ãäå âìåñòî V(u) íàäî ïîäñòàâèòü ïîñëåäíþþ ôîðìóëó èç (60) (ôîðìóëà (84)

íàïèñàíà â îáùåì âèäå, ñïðàâåäëèâîì äëÿ ìíîãèõ âèäîâ ðàññåÿíèÿ). Ïî ýòîé

ôîðìóëå ôóíêöèÿ ìîæåò áûòü âû÷èñëåíà ïðè ëþáûõ ïîëîæèòåëüíûõ z .

Ïðîãðàììà âû÷èñëåíèÿ ñ îïèñàíèåì âûëîæåíà íà ñàéòå www.astro.spbu.ru.

Ãðàôèêè ôóíêöèè ïðè íåêîòîðûõ çíà÷åíèÿõ   äàþòñÿ íà ðèñ.6. Àðãóìåíò

1z  çàìåíåí ïî ôîðìóëå  z~z  21 . Íà òîì æå ðèñóíêå èçîáðàæåíà

çàâèñèìîñòü ôóíêöèè îò   11  kz  ñ òîé æå çàìåíîé, òî åñòü ïðèâåäåíû

çíà÷åíèÿ äëÿ kz~  2 .
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 4.2. Ìîìåíòû ôóíêöèè Àìáàðöóìÿíà. Ïðåäñòàâëÿþò èíòåðåñ

ìîìåíòû öåëîãî ïîðÿäêà

    .  ,
1

0
  dzzz n

n (85)

Àíàëèòè÷åñêèå âûðàæåíèÿ èçâåñòíû äëÿ íóëåâîãî è ðåãóëÿðèçîâàííîãî ìèíóñ-

ïåðâîãî ìîìåíòîâ (ñì., íàïðèìåð, [12]):

         .  ,1ln2
1 ,

, 11
2 1

0

10 




  dz

z

z
(86)

Ïðè ïåðåõîäå îò ïåðâîé ôîðìû óðàâíåíèÿ â (83) êî âòîðîé èñïîëüçîâàíî

âûðàæåíèå äëÿ  0 .

Íà ðèñ.7 ïðåäñòàâëåíû ãðàôèêè ìîìåíòîâ îò ìèíóñ ïåðâîãî äî äåñÿòîãî

â çàâèñèìîñòè îò âåëè÷èíû  . Êðèâàÿ ìèíóñ-ïåðâîãî ìîìåíòà ïåðåñåêàåò

âñå îñòàëüíûå êðèâûå.

Ìîìåíòû ÿâëÿþòñÿ êîýôôèöèåíòàìè â ðàçëîæåíèè ïðè 1z :

 
   . 11

2
1

 ,

1

0
1




 




 l
ll

l

zzz
(87)

Ïî ýòîìó ðàçëîæåíèþ ìîæíî âû÷èñëÿòü ôóíêöèþ ïðè äîñòàòî÷íî áîëüøèõ z .

4.3. Ïîâåäåíèå ïðè ñëàáîì ðàññåÿíèè. Åñëè ðàññåÿíèå îòñóòñòâóåò,

òî åñòü 0 , òî òîæäåñòâåííî   10 ,  z . Ïðè ìàëûõ 1  äîëæíî âûïîë-

íÿòüñÿ ðàçëîæåíèå

Ðèñ.6. Ãðàôèêè ôóíêöèè ) ,(  z  ïðè íåêîòîðûõ   (óêàçàíû îêîëî êðèâûõ, êðîìå

0.98). Ïðè 1z  äàåòñÿ çàâèñèìîñòü îò zz~ /12  . Êðèâàÿ ) ,(1/  k  ( z~k  2 ) ïåðåñåêàåò
âñå êðèâûå ïðè 1 .

zz ~

0.0
1.0

0.5

0.7

0.9

0.1

) (z, 

0.5 1.0 1.5 2.0

zz ~

0.0 0.5 1.0 1.5 2.0
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2.0

2.5

3.0

3.5

0.84
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3
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7

9
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) (z, 

0.99
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          . 1 ....,1 ,
0

0
2

21





l

l
l zazazazaz (88)

Ïîäñòàâèâ ýòî ðàçëîæåíèå â íåëèíåéíîå óðàâíåíèå, ïîëó÷èì ðåêóððåíòíîå

ñîîòíîøåíèå

     . 
2

1

0

1

1

0
,0  




 




 za

zz

zd
za

z
za ll

l

l
lll (89)

Ëåãêî íàõîäÿòñÿ çíà÷åíèÿ âñåõ êîýôôèöèåíòîâ íà áåñêîíå÷íîñòè:

   
 

        ... , 
128

35
, 

16

5
, 

8

3
, 

2

1
, 

!!2

!!12
4321 


 aaaa

l

l
al (90)

Ââåäåì äëÿ óäîáñòâà îáîçíà÷åíèÿ äëÿ èíòåãðàëà, åãî çíà÷åíèÿ â íóëå è

ïðåäåëà:

           . 
2

1
lim, 

2

1
0, 

2

1 1

0

1

1

0

1
1

0

1  



 




 zdzaa~zaz

z
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dzaza

zz

zd
za lll

z

l
lll (91)

Òîëüêî ïåðâûé êîýôôèöèåíò íàõîäèòñÿ ÿâíî:

  . 
1

ln
22

1

0

1
z

zz

zz

zdz
za






  (92)

Âñå îñòàëüíûå ïðèõîäèòñÿ íàõîäèòü ÷èñëåííî, õîòÿ ïðè âûäåëåííûõ çíà÷åíèÿõ

z  óäàåòñÿ íàéòè òî÷íûå çíà÷åíèÿ, êàê è íà áåñêîíå÷íîñòè.

Âòîðîé êîýôôèöèåíò, êàê è âñå ïîñëåäóþùèå, ñîäåðæèò èíòåãðàë îò

ïðåäûäóùåãî êîýôôèöèåíòà:

Ðèñ.7. Ìîìåíòû )(
n

 êàê ôóíêöèè   (íîìåðà, êðîìå 3 è 4, óêàçàíû îêîëî êðèâûõ).


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0.0

0
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)(n 

0.2 0.4 0.6 0.8

0.5
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          . 
2

2
12

1

0

1

1

0

12 zazzaz
zz

zd
za

zz

zd
za

z
za 




















  (93)

Îäíàêî ïðè 1z  îáà êîýôôèöèåíòà âû÷èñëÿþòñÿ:   2ln211 a ,

    . 
482

2ln

8

2ln

4

2ln
11

222

22


 aa (94)

Ïî ðåêóððåíòíîé ôîðìóëå

          . 
2

1

0

1

0

2112

1

0

03




















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


   zz
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zaza

zz

zd
zaza

zz

zd
a

z
za (95)

Ïîñëåäíèå äâà èíòåãðàëà óæå èçâåñòíû, îñòàåòñÿ âû÷èñëèòü îäèí èíòåãðàë:

                   . 22 2
121

2
3

2
12133 zazzazazzazzazazazazza  (96)

Àíàëîãè÷íî òðåòüåìó

               . 32
2

4
1

2
22

2
1313

1

0

4 zazazazazazaza
zz

zdz
za 




  (97)

Êàê âèäíî èç âûðàæåíèé äëÿ êîýôôèöèåíòîâ, âíåèíòåãðàëüíûå ñóììû

ñîñòîÿò èç ñëàãàåìûõ, ó êîòîðûõ ñóììû èíäåêñîâ ñîìíîæèòåëåé ðàâíû

íîìåðàì êîýôôèöèåíòîâ.

Ãðàôèêè çàâèñèìîñòè ïåðâûõ ÷åòûðåõ êîýôôèöèåíòîâ ïðèâåäåíû íà ðèñ.8.

Êîýôôèöèåíòû ïðè 1z  ìîæíî èñïîëüçîâàòü äëÿ ëåãêîãî îïðåäåëåíèÿ

çíà÷åíèé    k1  ïðè íåáîëüøèõ  , òàê êàê ïðè òàêèõ   çíà÷åíèÿ  k

Ðèñ.8, Êîýôôèöèåíòû )( z
n
  (ðàñòóò ñ ðîñòîì z ) è èíòåãðàëû )(za

n
 (óáûâàþò) ïðè

n = 1, 2, 3, 4 (óêàçàíû îêîëî êðèâûõ). Ïðè 1z , êàê è íà ðèñ.6, ñäåëàíà çàìåíà  z~z  2/1 .
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î÷åíü áëèçêè ê åäèíèöå. Ñ òî÷íîñòüþ äî ÷åòâåðòîé ñòåïåíè 
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Ïðè 0.3  ôîðìóëà äàåò íå ìåíüøå ÷åòûðåõ âåðíûõ çíàêîâ, ïðè 0.5  -

íå ìåíüøå òðåõ.

4.4. Äðóãèå ôóíêöèè. Ïðèâåäåì âûðàæåíèå äëÿ ðåçîëüâåíòíîé ôóíêöèè:
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(99)

Ýòè ôóíêöèè èññëåäîâàëèñü ìíîãèìè àâòîðàìè (ñì., íàïðèìåð, [12,16]).

Îíè çàñëóæèâàþò íîâîãî ïîäðîáíîãî ðàññìîòðåíèÿ â îòäåëüíîé ñòàòüå.

Çäåñü îòìåòèì, ÷òî î÷åíü ïðîñòî ïîëó÷èòü àñèìïòîòèêè äëÿ ÷èñòîãî

ðàññåÿíèÿ ( 1 , 1  ïîäðàçóìåâàåòñÿ). Äîñòàòî÷íî â ôîðìóëû ÷àñòè I

ïîäñòàâèòü ïðèâåäåííûå âûøå ðàçëîæåíèÿ. Íàïðèìåð, ïî ôîðìóëå (I.78)
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×åðåç   71044601 .e   ìîæíî çàïèñàòü àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ ôóíêöèè

   ,z  ïðè áîëüøèõ z  è áëèçêèõ ê åäèíèöå  :
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Ôîðìóëà îáúåäèíÿåò (7.26) è (7.27) èç [12,13].

5. Èçîòðîïíîå ìîíîõðîìàòè÷åñêîå ðàññåÿíèå â îïòè÷åñêè

òîëñòîì ñëîå.

5.1. Àñèìïòîòèêè ÷èñåë ðàññåÿíèÿ. Âñå îáùèå ôîðìóëû ÷àñòè I ñïðà-

âåäëèâû, äîñòàòî÷íî èñïîëüçîâàòü ïðèâåäåííûå âûøå ðàçëîæåíèÿ. Ïðèâåäåì

äëÿ ïðèìåðà àñèìïòîòèêè ÷èñåë ðàññåÿíèÿ ôîòîíîâ, ðîæäåííûõ íà ãðàíèöàõ

ñëîÿ. Îíè âûðàæàþòñÿ ñîãëàñíî ôîðìóëàì (I.48) ÷åðåç ëîãàðèôìè÷åñêèå

ïðîèçâîäíûå îò âåðîÿòíîñòåé âûõîäà ôîòîíîâ äî âåðîÿòíîñòè èõ âûæèâàíèÿ

ïðè êàæäîì ðàññåÿíèè.

Îòìåòèì îñîáåííîñòè îáîçíà÷åíèé. Âåðîÿòíîñòü âûõîäà  0 , P  ïðåä-

ïîëàãàåò âûõîä ôîòîíà ÷åðåç ãðàíèöó 0 , òàê ÷òî ïîëíàÿ âåðîÿòíîñòü

(÷åðåç îáå ãðàíèöû) ðàâíà ñóììå      0000  , , ,  PPP . ×èñëî æå

ðàññåÿíèé  0 , N  - ÷åðåç îáå ãðàíèöû. Ðàçëè÷èå ãðàíèö äëÿ ÷èñëà ðàññåÿíèé

îòðàæàåòñÿ äîïîëíèòåëüíûìè çíà÷êàìè ±:  0 ,N  - âûõîä ôîòîíà, ðîæäåííîãî

íà ãëóáèíå  , ÷åðåç âåðõíþþ ãðàíèöó, à  0 , N  - ÷åðåç íèæíþþ. Î÷åâèäíû
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ñîîòíîøåíèÿ    000  , ,  PP ,    000  , ,   NN .

Íàéäåì ïðîèçâîäíûå ïî   îò àñèìïòîòèê (I.70) è (I.71):
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ãäå (îòðèöàòåëüíûé ìíîæèòåëü (I.91))
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Çàòåì äëÿ âåðõíåé
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Ïî ýòèì ïðîèçâîäíûì íàõîäèì àñèìïòîòèêè ñðåäíèõ ÷èñåë ðàññåÿíèÿ:
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Ïîñëåäíåå âûðàæåíèå íå óïðîùàåòñÿ ïðè ïîäñòàíîâêå àñèìïòîòèêè

âåðîÿòíîñòè.

5.2. Ðàçëîæåíèÿ ïî ñòåïåíÿì k è àñèìïòîòèêè ïðè ÷èñòîì

ðàññåÿíèè. Ïîëó÷èì ðàçëîæåíèÿ âåëè÷èí ïî ñòåïåíÿì k, èñïîëüçóÿ, â

÷àñòíîñòè,
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Çàòåì ðàçëîæåíèå
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Ñ èõ ïîìîùüþ ïîëó÷àåì ðàçëîæåíèÿ âåðîÿòíîñòåé âûõîäà ñ ãðàíèö è

ïîëíóþ âåðîÿòíîñòü:
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    . 12
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Àñèìïòîòèêè âåðíû, åñëè 10 k .

Äèôôåðåíöèðîâàíèå àñèìïòîòèê ïî   âûïîëíÿåòñÿ î÷åíü ïðîñòî, òàê ÷òî

ïðè ÷èñòîì ðàññåÿíèè
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Äëÿ ñðåäíèõ ÷èñåë ðàññåÿíèÿ ïîëó÷àåòñÿ
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            . 12
2

3
 , , ,0 ,0 ,0 00000000 eNPNPN   (118)

Âñå ïîïðàâêè ê ïðèâåäåííûì àñèìïòîòèêàì èìåþò ïîðÿäîê 0e .

Ïîëó÷åíèþ àñèìïòîòèê ïðè ïåðåõîäå ê ÷èñòîìó ðàññåÿíèþ áûëî ïîñâÿùåíî

íåñêîëüêî ñòàòåé ðàçíûõ àâòîðîâ (ñì., íàïðèìåð, [17,18]). Çäåñü ðàçäåëåíû

ôîòîíû, âûõîäÿùèå ÷åðåç îïðåäåëåííûå ãðàíèöû, è ñèñòåìàòè÷åñêè

èñïîëüçîâàíà ýêñòðàïîëèðîâàííàÿ äëèíà.

6. Çàêëþ÷åíèå. Â ñòàòüå ïîëó÷åíû òî÷íûå âûðàæåíèÿ äëÿ âñåõ çíà÷èìûõ

õàðàêòåðèñòèê èçîòðîïíîãî ðàññåÿíèÿ â îäíîìåðíîé ñðåäå, ïîëóáåñêîíå÷íîé

è êîíå÷íîé, âêëþ÷àÿ ðåçîëüâåíòû îñíîâíûõ èíòåãðàëüíûõ óðàâíåíèé. Ïðè

ýòîì èçâåñòíûå ðàíåå ôîðìóëû ïðåäñòàâëåíû â íîâîé ôîðìå: îíè ñîäåðæàò

ýêñòðàïîëèðîâàííóþ äëèíó. Ýòî ïîçâîëèëî î÷åíü ïðîñòî ïåðåéòè ê ïðåäåëó

÷èñòîãî ðàññåÿíèÿ. Ïðèâåäåíû òî÷íûå àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ âåðîÿò-

íîñòåé âûõîäà è ñðåäíèõ ÷èñåë ðàññåÿíèÿ ôîòîíîâ â êîíå÷íîé ñðåäå, âûõî-

äÿùèõ ÷åðåç îäíó èëè äðóãóþ ãðàíèöû. Ïðîäåìîíñòðèðîâàíî, ÷òî àñèìïòî-

òè÷åñêèå ôîðìóëû äëÿ õàðàêòåðèñòèê ïîëåé èçëó÷åíèÿ â òðåõìåðíîé ñðåäå

ïî âèäó ñîâïàäàþò ñ òî÷íûìè ôîðìóëàìè äëÿ òåõ æå õàðàêòåðèñòèê îäíîìåðíîé
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ñðåäû. Ôîðìóëû ïðèìåíÿþòñÿ äëÿ ñëó÷àÿ ñòåïåííûõ èñòî÷íèêîâ èçëó÷åíèÿ.

Äëÿ èçîòðîïíîãî ðàññåÿíèÿ â òðåõìåðíûõ ñðåäàõ ïðèâåäåíû îñíîâíûå

ôóíêöèè è êîíñòàíòû, âõîäÿùèå â õàðàêòåðèñòèêè èçëó÷åíèÿ: ÿäðî

èíòåãðàëüíîãî óðàâíåíèÿ, õàðàêòåðèñòè÷åñêîå ÷èñëî k, ýêñòðàïîëèðîâàííàÿ

äëèíà e , ðàçëîæåíèÿ k ïðè áëèçêèõ ê åäèíèöå è ìàëûõ  , ïðîèçâîäíûå

ïî   îò ýòèõ æå êîíñòàíò. Çàòåì ïðèâîäÿòñÿ ãðàôèêè ôóíêöèè Àìáàðöóìÿíà

   ,z  è åå ìîìåíòîâ, à òàêæå ïåðâûõ ÷åòûðåõ êîýôôèöèåíòîâ ðàçëîæåíèÿ

ýòîé ôóíêöèè ïî ñòåïåíÿì   ïðè 1 .

Äëÿ ðàññåÿíèÿ â îïòè÷åñêè òîëñòîì ïëîñêîì ñëîå ïîëó÷åíû àñèìïòîòèêè

ñðåäíèõ ÷èñåë ðàññåÿíèÿ ôîòîíîâ, âîçíèêøèõ íà îäíîé èç ãðàíèö è âûøåäøèõ

èç ñëîÿ ÷åðåç òó æå èëè äðóãóþ ãðàíèöû, ïðè ÷èñòîì ðàññåÿíèè è áëèçêîì

ê íåìó.

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

e-mail: dinagirner@gmail.com

THE ESCAPE PROBABILITY AND MEAN NUMBERS OF
SCATTERINGS OF PHOTONS. II. MONOCHROMATIC

ISOTROPIC SCATTERING IN ONE-DIMENSIONAL
MEDIUM AND PLANE MEDIA

D.I.NAGIRNER, A.V.DEMENTYEV, E.V.VOLKOV

As examples of application of formulas of the part I the scattering in one-

dimensional medium is considered for which all characteristics of radiation field

are expressed in elementary functions. Isotropic monochromatic photon scattering

in three-dimensional media is considered as well. Some features of the Ambartsumian

function are studied and the asymptotics of the mean photon scattering numbers

in optically thick layer are derived.

Keywords: radiation transfer: mean numbers of scatterings of photons
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PLANE SYMMETRIC GRAVITATIONAL FIELDS IN
(D+1)-DIMENSIONAL GENERAL RELATIVITY
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We consider plane symmetric gravitational fields within the framework of General Relativity
in (D+1)-dimensional spacetime. Two classes of vacuum solutions correspond to higher-dimensional
generalizations of the Rindler and Taub spacetimes. The general solutions are presented for a positive
and negative cosmological constant as the only source of the gravity. Matching conditions on a planar
boundary between two regions with distinct plane symmetric metric tensors are discussed. An
example is considered with Rindler and Taub geometries in neighboring half-spaces. As another
example, we discuss a finite thickness cosmological constant slab embedded into the Minkowski,
Rindler and Taub spacetimes. The corresponding surface energy-momentum tensor is found required
for matching the exterior and interior geometries.

Keywords: plane symmetric gravitational fields: Taub's solution: Rindler's spacetime:

     cosmological constant

1. Introduction. Exact solutions of Einstein's equations for the gravitational

field are available only in geometries with relatively high symmetry (for reviews

see [1,2]). In particular, they include spherical, axial and planar symmetric

configurations. Another classes of solutions with maximally symmetric subspaces

are used in cosmology. Despite their apparent simplicity, plane symmetric solu-

tions remain an active subject of research. The investigations are motivated by

interesting geometrical properties of those solutions and by their applications in

different areas of gravitational physics. The latter include the domain wall type

topological defects in field theories [3] and branes in string theory and in

braneworld models with extra dimensions [4-6].

The static plane-symmetric vacuum solutions of Einstein's equations were

already known in the early days of the development of the General Relativity

[7] and were rediscovered later in [8]. Two classes of solutions are present. The

first one corresponds to the Rindler spacetime and describes a flat geometry. It

approximates the gravitational field near the black hole horizon and is among the

most popular geometries in quantum field theory on backgrounds with horizons

(see, for example, [9]). The second class of single parameter solutions corresponds

to the Taub geometry. The characteristic feature of the latter is the presence of
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a curvature singularity on a plane with a fixed value of the coordinate along which

the geometry is inhomogeneous. The test particle is repelled by the singularity.

The nature of the singularity, the other properties of the Taub solution and its

generalizations in the presence of the matter sources have been widely discussed

in the literature (see, e.g., [10-34] and references therein). In the present paper

we discuss several aspects of plane-symmetric static solutions in (D+1)-dimen-

sional General Relativity. Higher dimensional gravitational configurations with

planar symmetry appear in a number of models including braneworld scenarios,

Ànti-de Sitter/Conformal field theory (AdS/CFT) correspondence and fundamental

branes in string theories and supergravity.

The organization of the paper is as follows. In the next section, the background

geometry, gravitational field equations and the matching conditions in problems

with different metric tensors in separate regions are presented. In Section 3 two

classes of vacuum solutions corresponding to the Rindler and Taub spacetimes are

considered. The solutions with a cosmological constant (CC) as the only source

in the gravitational field equations are discussed in Section 4. In Section 5 we

consider a slab with CC interior and with different exterior geometries. The

corresponding surface energy-momentum tensors required by the matching con-

ditions on the slab boundaries are given.

2. Background geometry, the field equations and matching con-

ditions. We consider a plane symmetric (D+1)-dimensional spacetime with the

line element

  , 
2

2222222 210 



D

i

iuuu dxedxedteds (1)

where xx 1 , u
l
 = u

l
(x), l = 0, 1, 2. The nonzero components of the Ricci tensor

are given by the expressions

  
   

  , 1

, 1

, 1

2
221202

22
2

20
2

2201
2

00
22

1

2010
2

00
20

0

1

1

1

uDuuuuueR

uuuuDuuuueR

uuDuuuueR

u

u

u













(2)

and (no summation over i) 
2
2RRi

i   for i = 3, ... , D. Here, the prime stands

for the derivative with respect to the coordinate x. The Ricci scalar is expressed

as

  . 
2

12 2
22120210

2
00

2 1
















  u

D
uuuuuDuuuueR u

(3)

For discussion of geodesic motion one needs also to have the Christoffel symbols.

The expressions for the corresponding nonzero components read (no summation

over i = 2, 3, ..., D)
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 
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, , , 

2112
21

1
1
110

21
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



(4)

The i th component of the acceleration for a test particle is given by 
lki

kl
i wwa 

with dsdxw ii   being the (D+1)-velocity. For a test particle at rest one has
0

0
uii ew   and the acceleration is directed along the x-axis with  22 dsxda ii

0
2

1
1ue ui   .

For the gravitational field equations 
k
i

k
i

k
i GTRR  82 , with k

iT  being the

metric energy-momentum tensor, we get
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















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eGT

u

uu

(5)

In accordance with the problem symmetry one has (no summation over i) 
2

2TT i
i 

for i = 3, ..., D. Note that the quantity i
iT , i = 1, 2, ..., D, presents the effective

pressure along the i th spatial dimension. From the covariant conservation equation

0 k
ik T  one finds

     . 01 2
2

2
1

10
0

0
1

1
1

1  uTTDuTTT ' (6)

This equation does not contain the function u
1
(x). For a source with barotropic

equation of state, 
0

0TwT i
i
i   with constants w

i
, we get

  . 111
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

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














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


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 u

w

w
Du

w
T (7)

In this case the components of the energy-momentum tensor, as functions of the

coordinate x, do not change the sign.

The function u
1
(x) in (1) can be fixed by the choice of the coordinate x. The

field equations are essentially simplified taking

  . 01 xu (8)

This gives
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(9)

From these equations the following relations can be obtained:
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Note that 
  ge uDu  20 1  with g being the determinant of the metric tensor g

ik
.

Additionally, by combining the equations (10) we get

        . 1
1

8
2020 12

2
1

1
0

0
1 uDuuDu eTDDTT

D

G
e  






(11)

The integration of relations (10) and (11) give conditions for the energy-

momentum tensor to be compatible with given solutions for u
0
(x) and u

2
(x).

By using the set of equations (9) we can derive the matching conditions for

the components of the metric tensor in problems where the geometry is described

by two distinct metric tensors in regions separated by a planar boundary. As a

separating boundary we take a hyperplane x = L. The energy-momentum tensor

is decomposed into two contributions:

       . , LxTTTT k
i

k
is

k
is

k
iv

k
i  (12)

Here,  
k
ivT  is the volume part and  

k
isT  corresponds to the surface energy-

momentum tensor localized on the interface x = L. Generally, the volume part

is different in the regions x < L and x > L. Assuming that the metric tensor is

continuous at x = L, the discontinuities in its first order derivatives are found by

integrating the equations (9) in the region   LL  , , 0 , and then taking

the limit 0 . The continuity conditions for the metric tensor read

     . 0, 0lim 200
0

0  





 

L

L

L

L
uLuLuu (13)

Under these conditions, by taking into account that 


 
L

L ludx 0lim 2
0  and




 
L

L
uudx 0lim 200 , for the first order derivatives we get
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

 D

G
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D

D
Gu

L

L

L

L (14)

The discontinuities in the derivatives of the metric tensor are completely deter-

mined by the surface energy-momentum tensor. The corresponding conditions can

also be obtained from the Israel matching conditions in terms of the extrinsic

curvature tensor of the separating boundary.

3. Vacuum solutions. We start with the vacuum solutions of the set of

equations (9). For them one has 0k
iT . By having the coordinate x fixed by

the condition (8), we have two possibilities. For the first one 02 u  and the first

and second equations in (9) are satisfied identically. From the last equation we
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get 02
00  uu . The solution 00 u  corresponds to a flat spacetime in the

Minkowskian coordinates. The solution for 00 u  is obtained after a simple

integration:  22 0 Cxe u  . Taking C = 0 we get the line element

  , 
2

22222 



D

i

i
RR dxdxdtxds (15)

which corresponds to the Rindler spacetime. Note that in the representation (15)

the Rindler time coordinate t
R
 is dimensionless. Introducing new coordinates

(T, X) in accordance with RtxT sinh ,   RtxXX coshsgn , the line element (15)

takes the Minkowskian form. The coordinates ( D
R xxxt ..., , , , 2 ) cover the Rindler

wedges TX   of the Minkowski spacetime. The worldline with fixed ( Dxxx ..., , , 2 )

describes a uniformly accelerated observer having the proper acceleration 1/x. The

hypersurface x = 0 corresponds to the Rindler horizon.

For the second class of the vacuum solutions we have 02 u  and from the

first equation in (9) we find 
Du Cxe

42 const2  . With this function u
2
(x), the

second equation gives 
  DDu Cxe

222 const0


 . For these expressions of u
0
(x)

and u
2
(x) the last equation in (9) is obeyed identically. Specifying the constants,

the solution is presented in the Taub form:

    , 11
2

2422222 





D

i

iDDD

T dxxdxdtxds (16)

where   is another constant. This solution has a singularity at 1x . For

D = 3 it is reduced to the Taub solution in General Relativity. The higher

dimensional generalization of the Taub solution has also been considered in [27].

For a test particle at rest with the coordinate x, the acceleration in the geometry

(16) is expressed as     1211 xDa ii . This corresponds to the repulsion

from the wall at 1x  in both regions  1x  and 1x . Introducing the

notations

    , , 
1

2 122 


  DD
DD n

D

D
n (17)

and new coordinates ix  in accordance with

        ,  ..., ,2, , 
1

1, 11122 Dixnx
n

x
xtnt iD

D
i

D

n
DD

D

D




 
(18)

the line element is written in the form

          . 11
2

21222122 





i

iDDD

T xdxxdtdxds (19)

As a simple example with two different metric tensors in the regions x > 0

and x < 0, we take 22
Tdsds   in the region x < 0 (given by (16) with 0 ) and
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    , 1
2

22222 



D

i

i
R dxdxdtbxds (20)

in the region x > 0. The latter corresponds to the Rindler spacetime and is obtained

from (15) redefining bxx   and passing to a new time coordinate Rbtt  . For

both regions   0k
ivT  and the metric tensor is regular. From (14) one gets the

surface energy-momentum tensor required by the matching conditions:

. 
21

8, 0, 
1

28 2
2

1
1

0
0

D

D

b
G

D

D
G





 (21)

Note that the corresponding energy density is negative. In the special case b1

we obtain 0
0

2
2   and k

i  describes a CC-type source localized on the plane

x = 0.

4. Solutions with cosmological constant. In this section we consider

the solutions of the gravitational field equations (9) with the CC   as the only

source. For the corresponding energy-momentum tensor one has

  . 
8

k
i

k
i

k
i

G
TT 




  (22)

4.1. AdS spacetime. For a negative CC from the first equation we have

a special solution

 
. 

2

1
, 

1
2






DD
a

a
u (23)

With this solution, the second equation in (9) gives au 10  . The third equation

is automatically satisfied. Fixing the integration constants, the line element

corresponding to this solution takes the form

  . 2

2

2222 dxdxdteds
D

i

iax 







 




(24)

This line element describes AdS spacetime in Poincaré coordinates. Introducing

a new coordinate axaez  , 0 z , the line element is written in a

conformally flat form

  . 
2

222

2

2
2









 



D

i

i dzdxdt
z

a
ds (25)

Here, the hypersurfaces  z  and 0z  correspond to the AdS horizon and

boundary, respectively. The acceleration of a test particle in the geometry (24)

is given by aa ii
1   and it does not depend on the location of the particle.

The latter property is a consequence of the maximal symmetry of the AdS

spacetime. The acceleration is directed towards of the AdS horizon.

In the D-dimensional generalization of the Randall-Sundrum 1-brane model
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[35] the background line element reads

  , 2

2

2222 dxdxdteds
D

i

iax









 




(26)

and the brane is located at x = 0. By taking into account that the volume energy-

momentum tensor is given by (22) in both regions x < 0 and x > 0, from the

matching conditions (14) we get

. 0, 
4

1 1
1

2
2

0
0 






Ga

D
(27)

This correspond to a positive CC localized on the brane.

4.2. General solution for negative CC. For a negative cosmological

constant the first integral of the first equation in (9) is given by

 
, 

2
, tanh

1 0
2

a

xxD
ww

a
u


 (28)

with x
0
 being an integration constant. Substituting this in the second equation we

get

  . tanh2coth
2

1
0 wDwD

a
u  (29)

Now it can be checked that with these solutions for 0u  and 2u  the third equation

in (9) is obeyed identically. The simple integration of (28) and (29) gives the

functions u
0
(x) and u

2
(x). The corresponding line element reads

        . cosh
cosh

sinh

2

2422

22

2
2 





D

i

iD

DD
dxwdxdt

w

w
ds (30)

Let us consider the asymptotic of the line element (30) for small and large

values of w . For 1w , keeping the leading terms we get

  , 
2

22222 



D

i

idxxdtdxds (31)

where 0xxx   and aDtt 2 . The right-hand side of (31) is the line element

for the Rindler spacetime (compare with (15)). For large values of w , 1w ,

keeping the leading terms we get

  , 2

2

2222 dxxdtdeds
D

i

iax 







 




(32)

with tet axD 022   and iaxDi xex 022  . Here, the upper and lower signs

correspond to the cases w > 0 and w < 0, respectively. Hence, in this limit the

asymptotic geometry corresponds to the AdS spacetime.

For the acceleration of a test particle at rest one has 01 ua ii   with 0u  given

by (29). It is positive in the region w < 0 and negative in the region w > 0 and,
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hence, the acceleration is directed towards the hyperplane w = 0 which corresponds

to the Rindler horizon. At large distances from the horizon, corresponding to

1w , we get   awa ii sgn1 . Near the horizon the leading term in the

asymptotic expansion is given by  xxa ii  01 . This term does not depend on

the value of CC.

4.3. General solution for positive CC. We turn to the case of 0 .

By steps similar to those described in the previous subsection we can show that

   . tan
1

, tan2cot
2

1
20 w

a
uwDwD

a
u  (33)

The further integrations of these relations lead to the line element

    . cos
cos

sin

2

2422

22

2
2 





i

iD

DD
dxwdxdt

w

w
ds

(34)

In this case the metric is a periodic function of w with the period equal to  .

This corresponds to the periodicity with respect to the coordinate x with the period

equal to Da2 . The asymptotic of the line element near the point w = 0 is

described by the Rindler line element (31). Near the point 2w  the line

element is approximated by the Taub solution:

    . 2
2 2

242

22

2
2 








i

iD

DD
dxwdx

w

dt
ds

(35)

Note that in this point we have a singularity.

By taking into account that the metric tensor is periodic, let us consider the

acceleration of the test particle, given as 01 ua ii  , in the region 22  w .

It is positive for 02  w  and negative for 20  w . This means that,

similar to the case of negative CC, the acceleration is directed towards the Rindler

horizon w = 0 with the near horizon asymptotic  xxa ii  01 . The singular walls

2w  are repulsive and near of them the asymptoic of the acceleration is given

by       wawDa ii 2sgn21  .

5. CC slab with finite thickness. As an application of the matching

procedure and of the solutions described above, here we consider a finite thickness

slab with the CC energy-momentum tensor (22) in the region LxL  .

Different geometries in the exterior regions Lx   and Lx   will be discussed.

Assuming a symmetric configuration with respect to the plane x = 0, firstly we

consider the interior line element (30) with x
0

 = 0, corresponding to a negative

cosmological constant  . We have   ki
ik dxdxgds 2  with the metric tensor

   
    , cosh ..., ,cosh ,1 ,
cosh

sinh
diag 44

22

2


















 ww
w

w
xg DD

DDik (36)
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in the region Lx   and aDxw 2 . Rescaling the time and spatial coordinates
ix , i = 2, ..., D, the interior line element can be written in the form

   
  
  

. , , 2 Lx
Lg

xg
xgdxdxxgds

ik

ik
ik

ki
ik 





(37)

With this normalization    1 ..., ,1 1,diag Lgik . This normalization is conve-

nient in the consideration of the matching conditions discussed below.

5.1. Minkowski exterior. We start the discussion by the Minkowskian

geometry in the exterior regions:

  . , 
2

2222 Lxdxdxdtds
D

i

i
M  


(38)

With the choice (37) for the interior line element, the metric tensor is continuous

on the boundaries x = ±L. The surface energy-momentum tensor is determined

by the matching conditions (14). By taking into account that

   , tanh
1

, tanh2coth
2

1
20 w

a
uwDwD

a
u  (39)

in the region Lx   and 020  uu  for Lx  , from (14) we get

, 
16

coth

21

2
, 0, tanh

8

1 0
02

2
1
1

0
0

Ga

wD

D

D
w

Ga

D L
L














 (40)

where  aDLwL 2 . The surface energy density and the stresses (no summation

over i) 2
2ii , i = 2, ..., D, are positive. Note that the effective pressure along

the i th spatial direction is given by i
i  and in the example under consideration

it is negative.

5.2. Rindler exterior. For the exterior Rindler geometry the line element

is given by (15) in the regions Lx   and for the interior geometry we have (37).

Introducing a new Rindler time coordinate t in accordance with t = Lt
R
, we see

that the metric tensor is continuous on the boundaries Lx  . The derivatives

in the matching conditions are given by (39) in the region Lx   and by

xu 10  , 02 u  in the region Lx  . From (14) one finds

. 
16

1coth

21

2
, 0, tanh

8

1 0
02

2
1
1

0
0

Ga

ww
D

D

D
w

Ga

D LL
L
















 (41)

The surface energy density is the same as that for the Minkowski exterior,

whereas the stresses are different. Note that, depending on the value of the

parameter w
L
, the effective pressure 2

2  can be either negative or positive.

5.3. Taub exterior. The exterior geometry is described by the line element

(16). Redefining the coordinates and the constant  , we rewrite it in the form
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 

  . 
1

1

1

1

2

2
4

22

22

2 









































D

i

i

DDD

T dx
L

x
dxdt

L

x
ds (42)

For 0  the metric tensor is regular. With this line element in the region Lx 

and with the line element (37) for Lx  , the metric tensor is continuous at

Lx  . By taking into account that

   
, 

1

sgn2
, 

1

sgn2
20

x

x

D
u

x

x

D

D
u









 (43)

for Lx  , the matching conditions at x = L give

, 
16

coth

21

2
, 

1

2
tanh

8

1 0
02

2
0
0

Ga

w
D

D

D

L

a

D
w

Ga

D L
L



























 (44)

and 01
1  . Note that for the Taub exterior, depending on the relative values of

a and L, the surface energy density can be either positive or negative.

5.4. Slab with positive CC. Now we turn to the slab with positive CC.

The interior line element is given by (34) with the metric tensor

     , cos ..., ,cos ,1 ,
cos

sin
diag

44

22

2


















 DD

DDik ww
w

w
xg (45)

where  aDxw 2 . Again, rescaling the coordinates the line element is presented

in the form (37) with     1 ..., ,1 ,1diag  Lgik
. We will assume that DaL  .

In this case the metric tensor is regular inside the slab. The derivatives of the

functions u
0
(x) and u

2
(x) in the region Lx   are given by (33). For the case

of 0 , the components of the surface energy-momentum tensor for the exterior

Minkowski, Rindler and Taub geometries are obtained from the formulas given

above for 0  by the replacements

. cotcoth, tantanh LLLL wwww  (46)

The surface energy density is negative for all those geometries.

6. Conclusion. We have considered plane symmetric solutions of General

Relativity for general number of spatial dimensions. For the metric tensor given

by (1), the field equations are presented in the form (5) and the covariant

continuity equation for the energy-momentum tensor is reduced to (6). The set

of gravitational equations is simplified by the choice of the coordinate x in

accordance with (8). By using those equations one can derive the matching

conditions for the metric tensor in the problems where the geometry is described

by two distinct line elements in neighboring half-spaces. The metric tensor is

continuous on the separating boundary and the discontinuity of its first order
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derivative is given by (14), where k
i  is the surface energy-momentum tensor.

Two classes of the vacuum solutions of the gravitational field equation are

presented. The first one corresponds to the Rindler spacetime and the second one

is a higher-dimensional generalization of the well known Taub solution. By an

appropriate choice of the integration constants the latter is given by (16) (see also

[27]). It has a singularity at  1x  that presents a repulsive wall for test particles.

As a simple example of geometry with two distinct metric tensors in two different

regions we have considered the combination of the Rindler and Taub geometries

separated by a planar boundary. The components of the corresponding surface

energy-momentum tensor are expressed by (21).

As an example of the source in gravitational field equations we have considered

the CC  . For negative CC there is a special solution that corresponds to

(D+1)-dimensional AdS spacetime. In Poincaré coordinates the line element has

the form (24). In the Randall-Sundrum 1-brane model two copies of the AdS

half-space are combined in the form of Eq. (26). The surface energy-momentum

tensor on the separating brane is given by (27). The general solutions of the field

equations for negative and positive CC are given by (30) and (34), respectively.

In the case of a negative CC the geometry is non-singular. For small and large

values of the variable w  it is approximated by the Rindler and AdS spacetimes,

respectively. For a positive CC the metric tensor is a periodic function of x with

the period Da2 . In this case one has singularities at the points corresponding

to   21nw . Near these points the geometry is approximated by the Taub

solution. For both solutions with negative and positive CC the hyperplane 0w

(x = x
0
) corresponds to a horizon that is the analog of the Rindler horizon. The

acceleration of a test particle at rest is directed towards the horizon.

By using the solutions with a CC we have constructed a simple model of a

finite thickness slab symmetric with respect to the central plane. The volume

energy-momentum tensor inside the slab is given by (22) and in the exterior

regions we have used the vacuum solutions of the field equations. Three different

cases have been considered with the Minkowski, Rindler and Taub geometries.

For the latter geometry the singularity-free Taub solution is employed. The

corresponding surface energy-momentum tensors are expressed by (40), (41) and

(44), respectively. For a slab with positive CC the interior geometry is non-

singular for the half-thickness obeying the condition DaL  .

The setup considered in the present paper can be used for the investigation

of the backreaction effects of the vacuum polarization of quantum fields induced

by boundaries with x = const. The boundary conditions imposed on quantum fields

lead to the modification of the spectrum for vacuum fluctuations and, as a

consequence, the vacuum expectation values of physical observables are changed.
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In particular, the vacuum energy-momentum tensor for planar boundaries has been

widely considered in the literature. The simplest example is the Casimir effect

(see, for example, [36]) for perfectly conducting parallel plates in the Minkowski

spacetime. Already in that simple example the vacuum stresses are anisotropic. The

planar boundaries in the Rindler spacetime, corresponding to uniformly accelerated

plates in the Fulling-Rinlder vacuum, have been considered in [37-40]. The

references for the corresponding investigations in the AdS bulk can be found in

[41].
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ÏËÎÑÊÎ-ÑÈÌÌÅÒÐÈ×ÍÛÅ ÃÐÀÂÈÒÀÖÈÎÍÍÛÅ
ÏÎËß Â (D+1)-ÌÅÐÍÎÉ ÎÁÙÅÉ ÒÅÎÐÈÈ

ÎÒÍÎÑÈÒÅËÜÍÎÑÒÈ

Ð.Ì.ÀÂÀÊßÍ, Ò.À.ÏÅÒÐÎÑßÍ, À.À.ÑÀÀÐßÍ, Ã.Ã.ÀÐÓÒÞÍßÍ

Ðàññìîòðåíû ïëîñêî-ñèììåòðè÷íûå ãðàâèòàöèîííûå ïîëÿ â ðàìêàõ îáùåé

òåîðèè îòíîñèòåëüíîñòè â (D+1)-ìåðíîì ïðîñòðàíñòâå-âðåìåíè. Äâà êëàññà

âàêóóìíûõ ðåøåíèé ñîîòâåòñòâóþò ìíîãîìåðíûì îáîáùåíèÿì ïðîñòðàíñòâà-

âðåìåíè Ðèíäëåðà è Òàóáà. Ïðåäñòàâëåíû îáùèå ðåøåíèÿ äëÿ ïîëîæèòåëüíîé

è îòðèöàòåëüíîé êîñìîëîãè÷åñêîé ïîñòîÿííîé â êà÷åñòâå åäèíñòâåííîãî

èñòî÷íèêà ãðàâèòàöèè. Îáñóæäàþòñÿ óñëîâèÿ ñøèâêè íà ïëîñêîé ãðàíèöå

äâóõ îáëàñòåé ñ ðàçëè÷íûìè ïëîñêî-ñèììåòðè÷íûìè ìåòðè÷åñêèìè òåíçîðàìè.

Ðàññìîòðåí ïðèìåð ñ ãåîìåòðèÿìè Ðèíäëåðà è Òàóáà â ñîñåäíèõ ïîëóïðîñò-

ðàíñòâàõ. Â êà÷åñòâå äðóãîãî ïðèìåðà îáñóæäàåòñÿ ïëîñêî-ïàðàëëåëüíàÿ

ïëàñòèíà êîíå÷íîé òîëùèíû ñ êîñìîëîãè÷åñêîé ïîñòîÿííîé, ïîãðóæåííàÿ â

ïðîñòðàíñòâî-âðåìÿ Ìèíêîâñêîãî, Ðèíäëåðà è Òàóáà. Íàéäåí ñîîòâåòñòâóþùèé

ïîâåðõíîñòíûé òåíçîð ýíåðãèè-èìïóëüñà, íåîáõîäèìûé äëÿ ñîãëàñîâàíèÿ

âíåøíåé è âíóòðåííåé ãåîìåòðèè.

Êëþ÷åâûå ñëîâà: ïëîñêî-ñèììåòðè÷íûå ãðàâèòàöèîííûå ïîëÿ: ðåøåíèå Òàóáà:

      ïðîñòðàíñòâî-âðåìÿ Ðèíäëåðà: êîñìîëîãè÷åñêàÿ ïîñòîÿííàÿ
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Ã.Ñ.ÁÈÑÍÎÂÀÒÛÉ-ÊÎÃÀÍ1,2, Ì.Â.ÃËÓØÈÕÈÍÀ1

Ïîñòóïèëà 30 èþëÿ 2024

Ðàññìîòðåíà ìîäåëü ïðîâîäÿùåãî öèëèíäðà ñ ðàäèàëüíûì òåìïåðàòóðíûì ãðàäèåíòîì,
êîòîðûé ñîçäàåò â îêðóæàþùåì âàêóóìå ðàñòóùåå âî âðåìåíè ýëåêòðè÷åñêîå ïîëå. Óêàçàíû
óñëîâèÿ, ïðè êîòîðûõ òàêàÿ ìîäåëü ôóíêöèîíèðóåò. Ãåíåðàöèÿ ýëåêòðè÷åñêîãî ïîëÿ ïðîèñ-
õîäèò â òîì ÷èñëå è ïðè íàëè÷èè ìàãíèòíîãî ïîëÿ âäîëü îñè öèëèíäðà. Â ñòàòüå îáñóæ-
äàþòñÿ âçàèìîäåéñòâèÿ òåïëîâîãî ïîòîêà, ìàãíèòíîãî ïîëÿ è ðàñïðåäåëåíèÿ çàðÿäà. Ðàññìîò-
ðåíû ÷åòûðå ìîäåëè ñ ðàçëè÷íûìè óñëîâèÿìè ñíàáæåíèÿ ýëåêòðîíàìè îò öåíòðàëüíîãî
èñòî÷íèêà è âîçìîæíîñòüþ ëèáî çàõâàòûâàòü ýëåêòðîíû âíóòðè öèëèíäðà, ëèáî ïîçâîëÿòü
èì ñâîáîäíî ïîêèäàòü åãî ÷åðåç âíåøíþþ ãðàíèöó.

Êëþ÷åâûå ñëîâà: ïðîâîäÿùèé öèëèíäð: ýëåêòðè÷åñêîå ïîëå: òåðìîäèôôóçèÿ:

      óíèïîëÿðíàÿ èíäóêöèÿ

1. Ââåäåíèå. Ãåíåðàöèÿ ýëåêòðè÷åñêîãî ïîëÿ âðàùàþùèìñÿ óíèïîëÿðíûì

èíäóêòîðîì - õîðîøî èçâåñòíûé êëàññè÷åñêèé ýëåêòðîäèíàìè÷åñêèé ýôôåêò

[1]. Â êîñìè÷åñêèõ îáúåêòàõ îí íàáëþäàëñÿ àñòðîíîìàìè ñ ñåðåäèíû ïðîøëîãî

âåêà. Èäåÿ óñêîðåíèÿ çàðÿæåííûõ ÷àñòèö âðàùàþùèìèñÿ íàìàãíè÷åííûìè

çâåçäàìè â êà÷åñòâå óíèïîëÿðíûõ èíäóêòîðîâ áûëà âïåðâûå ïðåäëîæåíà

Òåðëåöêèì â 1945ã. [2]. Ïîçäíåå íåñêîëüêî àâòîðîâ ðàññìàòðèâàëè âîç-

ìîæíîñòü óñêîðåíèÿ çàðÿæåííûõ ÷àñòèö óíèïîëÿðíûì èíäóêöèîííûì ïîëåì

Ñîëíöà è çâåçä äëÿ îáúÿñíåíèÿ ïðîèñõîæäåíèÿ êîñìè÷åñêèõ ëó÷åé [3-7].

Ïîñëå îòêðûòèÿ ðàäèîïóëüñàðîâ Ãîëäðàéõ è Äæóëèàí [8] ïðèìåíèëè ýòîò

ìåõàíèçì äëÿ îïèñàíèÿ ïðîöåññîâ â ìàãíèòîñôåðå ïóëüñàðà. Â íàñòîÿùåå

âðåìÿ ýòîò ìåõàíèçì ðàññìàòðèâàåòñÿ êàê îäèí èç íàèáîëåå âàæíûõ äëÿ

óñêîðåíèÿ ýëåêòðîíîâ è ïðîòîíîâ, ïîòåðè ýíåðãèè âðàùåíèÿ íàìàãíè÷åííûõ

íåéòðîííûõ çâåçä è ôîðìèðîâàíèÿ òóìàííîñòåé ïóëüñàðíîãî âåòðà (PWN).

Óíèïîëÿðíàÿ èíäóêöèÿ ðàññìàòðèâàëàñü êàê ýôôåêòèâíûé ìåõàíèçì

èçâëå÷åíèÿ ýíåðãèè âðàùåíèÿ èç âðàùàþùåéñÿ êåððîâñêîé ÷åðíîé äûðû,

îêðóæåííîé ñèëüíî çàìàãíè÷åííîé ïëàçìîé. Àâòîðû ïðåäëàãàëè ðàçëè÷íûå

íàçâàíèÿ ýòîìó ýôôåêòó: äèíàìî-ìàøèíà ÷åðíîé äûðû [9], óíèïîëÿðíàÿ

èíäóêöèîííàÿ áàòàðåÿ [10], ïîâåðõíîñòíàÿ áàòàðåÿ [11]. Ïðîáëåìû, âîçíè-

êàþùèå ïðè ïðèìåíåíèè ìåõàíèçìà óíèïîëÿðíîé èíäóêöèè â çàìàãíè÷åííîé

ÒÎÌ 67 ÀÂÃÓÑÒ, 2024 ÂÛÏÓÑÊ 3

À Ñ Ò Ð Î Ô È Ç È Ê À

DOI: 10.54503/0571-7132-2024.67.3-423

https://doi.org/10.54503/0571-7132-2024.67.3-423


424 Ã.Ñ.ÁÈÑÍÎÂÀÒÛÉ-ÊÎÃÀÍ,  Ì.Â.ÃËÓØÈÕÈÍÀ

ïëàçìå, îêðóæàþùåé êåððîâñêóþ ÷åðíóþ äûðó, îáñóæäàëèñü â ñòàòüå Îêàìîòî

[12].

Äåéñòâèå óíèïîëÿðíîãî ìåõàíèçìà íà ñïóòíèêå Þïèòåðà Èî áûëî ðàñ-

ñìîòðåíî Ãîëäðàéõîì è Ëèíäåíîì-Áåëëîì â 1969ã. [13]. Îíè ïðåäïîëîæèëè,

÷òî óñêîðåííûé ýòèì ìåõàíèçìîì ïîòîê ýëåêòðîíîâ îò Èî âûçûâàåò íàáëþ-

äàåìûå âñïëåñêè äåêàìåòðîâîãî èçëó÷åíèÿ Þïèòåðà ïðè âçàèìîäåéñòâèÿ ñ

åãî èîíîñôåðîé.

Ìàãíèòíîå ïîëå ëèíåéíîãî òîêà, îêðóæåííîãî èäåàëüíî ïðîâîäÿùèì

öèëèíäðîì ñ çàçîðîì, áûëî ðàññìîòðåíî Ëåîíòîâè÷åì [14]. Ñâîéñòâà ïëàç-

ìåííîãî öèëèíäðà äëÿ ðàçëè÷íûõ óñëîâèé áûëè èññëåäîâàíû Òàììîì [15].

Ýòè ðàáîòû áûëè âûïîëíåíû â ñâÿçè ñ íà÷àëîì ðàáîò íàä ñîçäàíèåì

òåðìîÿäåðíîãî ðåàêòîðà, êîòîðûé åùå íàõîäèòñÿ íà ñòàäèè ñòðîèòåëüñòâà.

Â äàííîé ñòàòüå ìû ïðåäëàãàåì ìåõàíèçì óíèïîëÿðíîé èíäóêöèè, â

êîòîðîì ðàññìàòðèâàåòñÿ ïðîâîäÿùèé öèëèíäð ñ ðàäèàëüíûì ãðàäèåíòîì

òåìïåðàòóðû, âûïîëíÿþùèì ðîëü âðàùàþùåãîñÿ çàìàãíè÷åííîãî öèëèíäðà

[1]. Ðàññìàòðèâàÿ óïðîùåííóþ öèëèíäðè÷åñêóþ ìîäåëü â îäíîðîäíîì

ìàãíèòíîì ïîëå è áåç íåãî, ìû èññëåäóåì âçàèìîäåéñòâèå òåïëîâîãî ïîòîêà,

ìàãíèòíîãî ïîëÿ è ðàñïðåäåëåíèÿ çàðÿäà â ýòîé ìîäåëè. Íàèáîëüøåå âíèìàíèå

óäåëåíî âàðèàíòó ñ ðàñòóùèì ýëåêòðè÷åñêèì ïîëåì â âàêóóìå.

Íàëè÷èå ðàäèàëüíîãî òåïëîâîãî ïîòîêà, ïðèâîäÿùåãî ê ñîçäàíèþ

ðàäèàëüíîãî ýëåêòðè÷åñêîãî òîêà çà ñ÷åò ýôôåêòà òåðìîäèôôóçèè, à òàêæå

íàëè÷èå àçèìóòàëüíîãî ìàãíèòíîãî ïîëÿ, ñîçäàâàåìîãî âîçìîæíûì ýëåêòðè-

÷åñêèì òîêîì âäîëü îñè, íå íàðóøàåò öèëèíäðè÷åñêóþ ñèììåòðèþ. Â ëàáî-

ðàòîðèè ïîÿâëåíèÿ ýëåêòðè÷åñêîãî òîêà âäîëü îñè öèëèíäðà ìîæíî èçáåæàòü,

èñïîëüçóÿ äâà îäèíàêîâûõ ïîòîêà ýëåêòðîíîâ, äâèæóùèõñÿ ïðîòèâîïîëîæíî.

Â äàëüíåéøåì èçëîæåíèè âåçäå ïðèíèìàåòñÿ îòñóòñòâèå ïðîäîëüíîãî òîêà îò

âíåøíèõ èñòî÷íèêîâ 0zj , à òàêæå ïðåíåáðåãàåòñÿ èíåðöèåé ýëåêòðîíîâ â

ìàêðîñêîïè÷åñêèõ ÿâëåíèÿõ.

2. Ìàãíèòíûå ïîëÿ è ýëåêòðè÷åñêèå òîêè â ïðîâîäÿùåì

öèëèíäðå. Ðàññìîòðèì öèëèíäð, ïðåäïîëîæèòåëüíî, ñ íåâûðîæäåííîé,

íåðåëÿòèâèñòñêîé ïëàçìîé, ñ íóëåâîé ñêîðîñòüþ âåùåñòâà, ñ ãðàäèåíòîì

òåìïåðàòóðû, íàïðàâëåííîì âäîëü ðàäèóñà, ñ âîçìîæíûì îäíîðîäíûì

ìàãíèòíûì ïîëåì B âäîëü îñè Z. Ïðåäïîëàãàåòñÿ, ÷òî åäèíñòâåííûé èñòî÷íèê

òåïëà è ýëåêòðîíîâ ðàñïîëîæåí âáëèçè îñè öèëèíäðà è ïðåäñòàâëåí ðàâíîìåðíî

íàãðåòûì öèëèíäðîì ñ ðàäèóñîì R
1

 << R
0
, ãäå R

0
 - âíåøíèé ðàäèóñ öèëèíäðà,

R
1
 - ðàäèóñ âíóòðåííåãî öèëèíäðà, âíóòðåííåé "ñòðóíû".

Êîýôôèöèåíòû ïåðåíîñà, îïðåäåëÿþùèå òåïëîâîé ïîòîê è äèôôóçèþ â

ïëàçìå, èìåþò òåíçîðíóþ ñòðóêòóðó â ìàãíèòíîì ïîëå. Ýòî îçíà÷àåò, ÷òî

íàïðàâëåíèå òåïëîâîãî è äèôôóçèîííîãî ïîòîêîâ íå ñîâïàäàåò ñ íàïðàâëåíèåì
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ñîîòâåòñòâóþùèõ âåêòîðîâ ýëåêòðè÷åñêîãî ïîëÿ E è ãðàäèåíòà òåìïåðàòóðû T ,

îòâåòñòâåííûõ çà ôîðìèðîâàíèå ýòèõ ïîòîêîâ. ×àñòü âåêòîðà ýëåêòðè÷åñêîãî òîêà

j ñâÿçàíà ñ âåêòîðîì ýëåêòðè÷åñêîãî ïîëÿ E, ñîñòàâëÿþùèì îñíîâíóþ ÷àñòü

âåêòîðà äèôôóçèè d, ñ ïîìîùüþ òåíçîðà ýëåêòðîïðîâîäíîñòè E


. Äðóãàÿ ÷àñòü

j ñâÿçàíà ñ âåêòîðîì òåìïåðàòóðíîãî ãðàäèåíòà T òåíçîðîì T


.

Â ðàáîòàõ [16-18] áûëè ðàññ÷èòàíû êîìïîíåíòû ÷åòûðåõ òåíçîðîâ êèíåòè-

÷åñêèõ êîýôôèöèåíòîâ - òåïëîïðîâîäíîñòè, äèôôóçèè, òåðìîäèôôóçèè è

äèôôóçèîííîãî òåðìîýôôåêòà äëÿ ðàçëè÷íûõ óñëîâèé, âêëþ÷àÿ ñèëüíî

âûðîæäåííóþ ïëàçìó.

Ñîîòíîøåíèÿ äëÿ òåïëîâîãî ïîòîêà q
i
 è ñêîðîñòè äèôôóçèè iv  çàïèñû-

âàþòñÿ â ñëåäóþùåì âèäå:

          
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(1)
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 vvv

(2)

Èíäåêñû (T ) è (D) ñîîòâåòñòâóþò òåïëîâîìó ïîòîêó è ñêîðîñòè äèôôóçèè

ýëåêòðîíîâ, îïðåäåëÿåìûõ ãðàäèåíòîì òåìïåðàòóðû jxT   è ýëåêòðè÷åñêèì

ïîëåì E
i
 (êàê ÷àñòè âåêòîðà äèôôóçèè) ñîîòâåòñòâåííî.

Êèíåòè÷åñêèå êîýôôèöèåíòû 
 i ,  i ,  i  è  i  îïðåäåëÿþò òåïëîâûå

è äèôôóçèîííûå ïîòîêè â ñëåäóþùèõ íàïðàâëåíèÿõ. Âåðõíèå èíäåêñû (1)

îïðåäåëÿþò âûøåóïîìÿíóòûå ïîòîêè âäîëü òåìïåðàòóðíîãî ãðàäèåíòà jxT  ,

èëè âåêòîðà äèôôóçèè d
i 
. Âåðõíèå èíäåêñû (3) ñâÿçàíû ñ íàïðàâëåíèåì âäîëü

ìàãíèòíîãî ïîëÿ; à âåðõíèå èíäåêñû (2) îïðåäåëÿþò ïîòîêè, ïåðïåíäèêóëÿðíûå

ïëîñêîñòè, îïðåäåëÿåìîé âåêòîðîì ìàãíèòíîãî ïîëÿ B
i
 è ëþáûì èç âåêòîðîâ

jxT   èëè d
i
. Ýòè ïîòîêè íàçûâàþòñÿ õîëëîâñêèìè q

Hall
 è j

Hall
.

Ïëàçìà â îáîëî÷êàõ íåéòðîííûõ çâåçä ÿâëÿåòñÿ ñòîëêíîâèòåëüíîé èç-çà

âûñîêîé ïëîòíîñòè. Ãàç ýëåêòðîíîâ òàì íàõîäèòñÿ â êðèñòàëëè÷åñêîé ðåøåòêå

òÿæåëûõ ÿäåð, ñ êîòîðûìè ñòàëêèâàþòñÿ ýëåêòðîíû.

Îäèí èç ïåðâûõ ðàñ÷åòîâ êèíåòè÷åñêèõ êîýôôèöèåíòîâ â çàìàãíè÷åííîé

ïëàçìå ïóòåì ðåøåíèÿ óðàâíåíèÿ Áîëüöìàíà ñ èñïîëüçîâàíèåì ìåòîäà ×åïìåíà-

Ýíñêîãà [19] áûë âûïîëíåí Áðàãèíñêèì [20,21]. Êèíåòè÷åñêèå êîýôôèöèåíòû

äëÿ ïîëíîñòüþ èîíèçèðîâàííîé íàìàãíè÷åííîé ïëàçìû áûëè ðàññ÷èòàíû

ïóòåì ïðÿìîãî ÷èñëåííîãî ðàñ÷åòà óðàâíåíèÿ Ôîêêåðà-Ïëàíêà â ðàáîòå [22].

Â ðàáîòàõ [16,18] àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ÷åòûðåõ òåíçîðíûõ êèíåòè-
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÷åñêèõ êîýôôèöèåíòîâ â íàìàãíè÷åííîé ïëàçìå áûëè ïîëó÷åíû ïóòåì ðåøåíèÿ

óðàâíåíèÿ Áîëüöìàíà â òðåõïîëèíîìèàëüíîì ïðèáëèæåíèè, óòî÷íèâ äâóõ-

ïîëèíîìèàëüíûå ðåçóëüòàòû [20,21].

Ìû èñïîëüçóåì êèíåòè÷åñêèå êîýôôèöèåíòû, ïîëó÷åííûå â ïðèáëèæåíèè

Ëîðåíöà [19]. Â ýòîì ïðèáëèæåíèè êèíåòè÷åñêèå êîýôôèöèåíòû â îòñóòñòâèè

ìàãíèòíîãî ïîëÿ ðàññ÷èòûâàþòñÿ èç òî÷íîãî ðåøåíèÿ ëèíåàðèçîâàííîãî

óðàâíåíèÿ Áîëüöìàíà [19,23,24]. Ïîãðåøíîñòè ðåçóëüòàòîâ â ïðèáëèæåíèè

Ëîðåíöà íå ïðåâûøàþò 50%, ÷òî äîñòàòî÷íî äëÿ êà÷åñòâåííîãî îïèñàíèÿ

ïðîöåññîâ â ðàññìàòðèâàåìîé çàäà÷å.

Ïðè öèëèíäðè÷åñêîé ñèììåòðèè 0 z , åäèíñòâåííûìè íåíó-

ëåâûìè âåëè÷èíàìè îñòàþòñÿ: rq , q , 
rj , 

j , zB , E
r
. Äëÿ íåâûðîæäåííûõ

ýëåêòðîíîâ èç (1), (2), èñïîëüçóÿ îïðåäåëåíèÿ ïëîòíîñòè ýëåêòðè÷åñêîãî òîêà:

, iei enj v (3)

â ïðèñóòñòâèè ìàãíèòíîãî ïîëÿ âäîëü îñè öèëèíäðà èìååì ñëåäóþùèå

ñîîòíîøåíèÿ:

        , , 2211 







  r

e
zr

e
r E

kT

en

dr

dT
BqE

kT

en

dr

dT
q (4)

        , , 2211 







  r

e
zr

e
r E

kT

en

dr

dT
BE

kT

en

dr

dT
vv (5)

        . , 2211 
















  r

e
ezr

e
er E

kT

en

dr

dT
enBjE

kT

en

dr

dT
enj (6)

Êîýôôèöèåíòû òåïëîïðîâîäíîñòè è òåðìîäèôôóçèè, ðàññ÷èòàííûå â

ïðèáëèæåíèè Ëîðåíöà äëÿ ñëó÷àÿ íóëåâîãî ìàãíèòíîãî ïîëÿ, çàïèñûâàþòñÿ

â âèäå:

, 
3

320 2

е
e

e
T

m

Tnk~





�

(7)

  . 
161

e

T
e

e enm

k 



 (8)

Èç âûðàæåíèÿ äëÿ ïëîòíîñòè ýëåêòðè÷åñêîãî òîêà, ìîæíî çàïèñàòü åãî ÷àñòü,

ñâÿçàííóþ ñ ãðàäèåíòîì òåìïåðàòóðû, èñïîëüçóÿ êîýôôèöèåíò òåðìîäèôôóçèè,

â âèäå:

  . 1

dr

dT

dr

dT
enenj Te

T
re

T
r 








 v (9)

Çäåñü è äàëåå èñïîëüçóþòñÿ ñëåäóþùèå ïàðàìåòðû ïëàçìû: ëàðìîðîâ-

ñêàÿ ÷àñòîòà ýëåêòðîíà cmeB eB  , âðåìÿ ìåæäó eN ñòîëêíîâåíèÿìè
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 



N

e
e

neZ

kTm
42

23

24

3
, êîýôôèöèåíò òåïëîâîé ýëåêòðîïðîâîäíîñòè T , êîòîðûé

â ïðèáëèæåíèè íåâûðîæäåííîãî ãàçà Ëîðåíöà îïðåäåëåí â [24]; n
e
, n

N
 -

êîíöåíòðàöèè ýëåêòðîíîâ è ÿäåð ñ àòîìíûì íîìåðîì Z,   - êóëîíîâñêèé

ëîãàðèôì.

Êîýôôèöèåíòû ýëåêòðîïðîâîäíîñòè E  è äèôôóçèîííîãî òåðìîýôôåêòà

E  çàïèñûâàþòñÿ â âèäå

    . 
3

128
, 

3

32 1
2

1
e

e

e
eEe

e

e
eE

m

ekTn
n

m

ne
n 





 (10)

Òàêèì îáðàçîì, òåïëîâîé ïîòîê q
i
 è ýëåêòðè÷åñêèé òîê j

i
 â íåçàìàãíè÷åííîé

ïëàçìå çàïèñûâàþòñÿ â âèäå:

. , rETrrETr E
dr

dT
jE

dr

dT~
q  (11)

Ïðè íàëè÷èè ìàãíèòíîãî ïîëÿ âäîëü îñè öèëèíäðà íàì íóæíî èñïîëüçîâàòü

îäíî èç óðàâíåíèé Ìàêñâåëëà äëÿ ðàñ÷åòà äîïîëíèòåëüíîãî ìàãíèòíîãî ïîëÿ

zB , ñîçäàâàåìîãî àçèìóòàëüíûì ýëåêòðè÷åñêèì òîêîì, âîçíèêàþùèì èç-çà

ýôôåêòà Õîëëà [25]. Â îòñóòñòâèè ïðîäîëüíîãî òîêà, çàïèøåì íåîáõîäèìûå

íàì êîìïîíåíòû â ñëåäóþùåì âèäå:

  . 
411

, 
4

, 
4

rot z
rzr j

cd

dB

r
rB

dr

d

r
j

cdr

dB

dz

dB

c











 jB (12)

Ïðè ýòîì íàäî ðàçëè÷àòü ñòîðîííèå ýëåêòðîäâèæóùèå ñèëû, ñâÿçàííûå

ñ ãðàäèåíòîì òåìïåðàòóðû, è ýëåêòðè÷åñêèå ñèëû, äåéñòâóþùèå âíóòðè

ïðîâîäÿùåé ñðåäû, ñì. îáñóæäåíèå ýòîãî âîïðîñà â êíèãå Òàììà [1]. Íåíóëåâûå

ñîñòàâëÿþùèå âåêòîðà ïëîòíîñòè ýëåêòðè÷åñêîãî òîêà j
i
 â öèëèíäðå îïðåäå-

ëÿþòñÿ ñëåäóþùèì îáðàçîì [19],

    
. 0, 

1
, 

1 2222










  z

eB

eBrErT

eB

rErT
r j

ET
j

ET
j (13)

Ïðèíèìàÿ âî âíèìàíèå ñèììåòðèþ öèëèíäðà, ñòàöèîíàðíîñòü íàøåé ìîäåëè

è óðàâíåíèÿ (12) è (13), çàïèñûâàåì óðàâíåíèÿ Ìàêñâåëëà (12) êàê:

  
. 

14
, 0

22
eB

eBrErTz
r

ET

dr

dBc
BB







  (14)

Îïðåäåëÿåìàÿ òàêèì îáðàçîì "õîëëîâñêàÿ" êîìïîíåíòà ìàãíèòíîãî ïîëÿ

zB  ÿâëÿåòñÿ äîáàâêîé (ïðåäïîëîæèòåëüíî ìàëîé) ê èñõîäíîìó ïðîäîëüíîìó

ìàãíèòíîìó ïîëþ, êîòîðîå îïðåäåëÿåò ëàðìîðîâñêóþ ÷àñòîòó B . Îñíîâíîé

öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ìîäåëè ãåíåðàòîðà ýëåêòðè÷åñêîãî

ïîëÿ â ïëàçìåííîì èëè ìåòàëëè÷åñêîì öèëèíäðå ñ ðàäèàëüíûì ãðàäèåíòîì

òåìïåðàòóðû. Èñïîëüçîâàíî ïðèáëèæåíèå Ëîðåíöà äëÿ êèíåòè÷åñêèõ êîýôôè-
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öèåíòîâ. Îòêëîíåíèÿ îò áîëåå òî÷íûõ ôîðìóë â ïëàçìå ñîñòàâëÿþò îêîëî

íåñêîëüêèõ äåñÿòêîâ ïðîöåíòîâ, íî, èñïîëüçóÿ èõ, ìû ïîëó÷àåì ïðîñòîå

àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèÿ. Â îáîëî÷êå íåéòðîííîé çâåçäû, ãäå ìàòåðèÿ

íàõîäèòñÿ â ñîñòîÿíèè êóëîíîâñêîãî êðèñòàëëà, ðåçóëüòàòû ïðèáëèæåíèÿ

Ëîðåíöà ïî÷òè òî÷íû.

Ñâÿçü âåêòîðîâ j è B, îïðåäåëÿåìàÿ óðàâíåíèåì Ìàêñâåëëà, ðàññìàòðèâàåòñÿ

äëÿ äâóõ ðàçëè÷íûõ óñëîâèé íà âíóòðåííåé è âíåøíåé ãðàíèöàõ öèëèíäðà.

I. Ýëåêòðîíû ïåðåñåêàþò âíåøíþþ ãðàíèöó áåç êàêîé-ëèáî ïîäà÷è

ýëåêòðîíîâ èç öåíòðà. Ñòàöèîíàðíîå ñîñòîÿíèå óñòàíàâëèâàåòñÿ ïðè ïîëîæè-

òåëüíîì çàðÿäå öèëèíäðà, íóëåâîì ýëåêòðè÷åñêîì òîêå è íåíóëåâîì ðàäèàëüíîì

ýëåêòðè÷åñêîì ïîëå E
r
(r), êàê âíóòðè, òàê è âíå öèëèíäðà. Ýòà ìîäåëü

ðàññìîòðåíà â ðàçäåëå 3.1, ñì. ðèñ.1.

II. Ýëåêòðîíû ïîñòóïàþò èç öåíòðà, íî íå ìîãóò ïåðåñå÷ü âíåøíþþ

ãðàíèöó. Ñòàöèîíàðíîå ñîñòîÿíèå íå óñòàíàâëèâàåòñÿ. Ýëåêòðè÷åñêîå ïîëå

âíóòðè öèëèíäðà íå ñîçäàåòñÿ, à ýëåêòðè÷åñêèé òîê ïîääåðæèâàåòñÿ òåìïå-

ðàòóðíûì ãðàäèåíòîì, êàê è â ñëó÷àå I. Îòðèöàòåëüíûé çàðÿä íà âíåøíåé

ãðàíèöå ñî âðåìåíåì óâåëè÷èâàåòñÿ, ñîçäàâàÿ ðàñòóùåå ýëåêòðè÷åñêîå ïîëå

E
r
(t) çà ïðåäåëàìè öèëèíäðà. Ýòà ìîäåëü ðàññìîòðåíà â ðàçäåëå 3.2, ñì. ðèñ.2.

III. Ýëåêòðîíû íå ìîãóò ïåðåñå÷ü íèêàêîé ãðàíèöû, îáùèé ýëåêòðè÷åñêèé

çàðÿä öèëèíäðà ñ ðàäèàëüíûì òåïëîâûì ïîòîêîì îñòàåòñÿ ðàâíûì íóëþ, íî

Ðèñ.1. Ìîäåëü öèëèíäðà ñî ñâîáîäíîé âíåøíåé ãðàíèöåé áåç ïîäà÷è ýëåêòðîíîâ èç
öåíòðà. Öèëèíäð ïåðåõîäèò â ñòàöèîíàðíîå ñîñòîÿíèå, ïðèîáðåòàÿ ïîëîæèòåëüíûé ýëåêòðè-

÷åñêèé çàðÿä, êîòîðûé ñîçäàåò âíóòðåííåå è âíåøíåå ðàäèàëüíîå ýëåêòðè÷åñêîå ïîëå è
îáíóëÿåò ýëåêòðè÷åñêèé òîê. Òåïëîâîé ïîòîê çà ïðåäåëàìè öèëèíäðà îïðåäåëÿåòñÿ äèôôóçèåé
ôîòîíîâ. Ðèñóíêè çäåñü è äàëåå ïðèâåäåíû äëÿ ñëó÷àÿ íóëåâîãî ìàãíèòíîãî ïîëÿ.

q
r

E
r

j
r
=0
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îáðàçóåòñÿ âíóòðåííåå ýëåêòðè÷åñêîå ïîëå, êîòîðîå ñâîäèò íà íåò ýëåêòðè÷åñêèé

òîê. Ïðîöåññû â òàêîì öèëèíäðå ðàññìîòðåíû â ðàçäåëå 3.3, ñì. ðèñ.3.

Ðèñ.2. Ìîäåëü öèëèíäðà ñ íåïðåðûâíîé ïîäà÷åé ñâîáîäíûõ ýëåêòðîíîâ îò öåíòðàëüíîãî
èñòî÷íèêà è áåç ïåðåñå÷åíèÿ èìè âíåøíåé ãðàíèöû. Íà âíåøíåé ãðàíèöå îáðàçóåòñÿ

îòðèöàòåëüíûé çàðÿä, âíåøíåå ýëåêòðè÷åñêîå ïîëå E
r
 ñî âðåìåíåì óâåëè÷èâàåòñÿ èç-çà

óâåëè÷åíèÿ ïîâåðõíîñòíîãî îòðèöàòåëüíîãî çàðÿäà, íî âíóòðåííåå ýëåêòðè÷åñêîå ïîëå îñòàåòñÿ
ðàâíûì íóëþ. Òåïëîâîé ïîòîê çà ïðåäåëàìè öèëèíäðà îïðåäåëÿåòñÿ äèôôóçèåé ôîòîíîâ.

q
r E

er

j
r-out
=0

j
rE

liner
=0

Ðèñ.3. Ìîäåëü öèëèíäðà áåç ñíàáæåíèÿ ýëåêòðîíàìè èç öåíòðàëüíîãî èñòî÷íèêà è áåç
ïðîíèêíîâåíèÿ ÷åðåç âíåøíþþ ãðàíèöó. Ïîëîæèòåëüíûé öåíòðàëüíûé çàðÿä îáðàçóåòñÿ íà

îñè, à îòðèöàòåëüíûé - íà âíåøíåé ãðàíèöå. Â ñòàöèîíàðíîì ñîñòîÿíèè âíåøíåå ýëåê-
òðè÷åñêîå ïîëå ðàâíî íóëþ, êàê è ýëåêòðè÷åñêèé òîê, èç-çà íóëåâîãî îáùåãî ýëåêòðè÷åñêîãî
çàðÿäà öèëèíäðà è óðàâíîâåøèâàíèÿ äåéñòâèÿ òåïëîâîãî ïîòîêà è ýëåêòðè÷åñêîãî ïîëÿ

âíóòðè íåãî. Òåïëîâîé ïîòîê ñíàðóæè öèëèíäðà îïðåäåëÿåòñÿ äèôôóçèåé ôîòîíîâ.

q
r

E
r
=0
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r-out
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E
liner

j
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IV. Ýëåêòðîíû ñâîáîäíî ïåðåñåêàþò âíåøíþþ è âíóòðåííþþ ãðàíèöû

öèëèíäðà òàêèì îáðàçîì, ÷òî ðàäèàëüíîå ýëåêòðè÷åñêîå ïîëå íå ñîçäàåòñÿ, è

ìîæíî ñ÷èòàòü, ÷òî E
r
 = 0 âåçäå. Â ýòîì ñëó÷àå íóæíà íåïðåðûâíàÿ ïîäà÷à

ýëåêòðîíîâ âáëèçè îñè öèëèíäðà. Â íàøåé óïðîùåííîé ìîäåëè ýòî âûãëÿäèò

èñêóññòâåííûì, íî â áîëåå ñëîæíîé ìîäåëè ñ íåéòðîííîé çâåçäîé ìîãëî áû

ðåàëèçîâàòüñÿ íå÷òî ïîõîæåå. Èäåàëèçèðîâàííàÿ îäíîìåðíàÿ ìîäåëü ðàññìîòðåíà

â ðàçäåëå 3.4, ñì. ðèñ.4.

Òåïëîâîé ïîòîê âíå öèëèíäðà ïîëíîñòüþ îïðåäåëÿåòñÿ ôîòîííûì

èçëó÷åíèåì ñ ïîâåðõíîñòè íà ðèñ.2, 3 è ÷àñòè÷íî íà ðèñ.1, 4.

3. Ìîäåëè ñ îòêðûòûìè è çàêðûòûìè ãðàíèöàìè.

3.1. Ìîäåëü I. Ýëåêòðîíû ñâîáîäíî ïåðåñåêàþò âíåøíþþ

ãðàíèöó öèëèíäðà áåç ïîñòóïëåíèÿ ýëåêòðîíîâ èç öåíòðà .

Ýëåêòðîíû ïåðåñåêàþò âíåøíèé ðàäèóñ öèëèíäðà ïîä äåéñòâèåì ðàäèàëüíîãî

òåïëîâîãî ïîòîêà, óâåëè÷èâàÿ ïîëîæèòåëüíûé çàðÿä öèëèíäðà. Â ýòîì ñëó÷àå

ýëåêòðîíû âûëåòàþò ÷åðåç âíåøíþþ ãðàíèöó äî òîãî ìîìåíòà, êîãäà äåéñòâèå

ïîëîæèòåëüíîãî ýëåêòðè÷åñêîãî çàðÿäà, ñôîðìèðîâàííîãî íà âíóòðåííåì

öèëèíäðå, íå óðàâíîâåñèò äåéñòâèå òåïëîâîãî ïîòîêà, ñì. ðèñ.1. Âåëè÷èíà

òàêîãî ýëåêòðè÷åñêîãî ïîëÿ îïðåäåëÿåòñÿ èç óñëîâèÿ j
r
 = 0 â (11) ïðè ìàãíèòíîì

ïîëå ðàâíîì íóëþ. Èñïîëüçóÿ äëÿ ó÷åòà âëèÿíèÿ ìàãíèòíîãî ïîëÿ ïðèáëèæåíèå

ëîðåíöåâîãî ãàçà (13), ïîëó÷àåì ïðè j
r
 = 0 òàêóþ æå ñâÿçü ýëåêòðè÷åñêîãî

ïîëÿ ñ ãðàäèåíòîì òåìïåðàòóðû. Ñòàöèîíàðíûé òåïëîâîé ïîòîê â ýòîé

Ðèñ.4. Ìîäåëü öèëèíäðà ñî ñâîáîäíîé âíåøíåé ãðàíèöåé è ñâîáîäíûì ïîñòóïëåíèåì
ýëåêòðîíîâ îò öåíòðàëüíîãî èñòî÷íèêà èç [25]. Ïîëíûé ðàäèàëüíûé òåïëîâîé ïîòîê âíóòðè
öèëèíäðà Q ñ÷èòàåòñÿ ïîñòîÿííîé âåëè÷èíîé, ýëåêòðè÷åñêîå ïîëå E

r
 ðàâíî íóëþ. Òåïëîâîé

ïîòîê çà ïðåäåëàìè öèëèíäðà îïðåäåëÿåòñÿ äèôôóçèåé ôîòîíîâ è ïîòîêîì ýëåêòðîíîâ.

q
r

E
r
=0

j
r
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ìîäåëè îïðåäåëÿåòñÿ èç ñîîòíîøåíèé:

   
. , 

15

2

1

, , 0

22 eBr

eB

T

eBE

T
ETr

E

T
rr

qq
drdT

~
drdT~

q

dr

dT
Ejj






























(15)

Çäåñü Q - ïîñòîÿííûé ðàäèàëüíûé òåïëîâîé ïîòîê, âûõîäÿùèé èç åäèíèöû

äëèíû öèëèíäðà. Ðàäèàëüíûé òåïëîâîé ïîòîêà íà åäèíèöó ïëîùàäè ðàâåí

 rQqr  2 . Ðàñïðåäåëåíèå òåìïåðàòóðû è ýëåêòðè÷åñêîãî ïîëÿ ïî ðàäèóñó

öèëèíäðà çàïèñûâàþòñÿ â âèäå:

  

      . 
2

1
2

5
1

2

5

, 1
2
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r
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~q~E

q~
dr

dT

eB

TE

T
reB

TE

T
r

reB

T



















(16)

Ïðè ïîñòîÿííûõ ôèçè÷åñêèõ ïàðàìåòðàõ ïî ðàäèóñó T , E , T

~
 , B  òàêîå

ðàñïðåäåëåíèå ýëåêòðè÷åñêîãî ïîëÿ ñîçäàåòñÿ ëèíåéíîé ïëîòíîñòüþ ïîëîæè-

òåëüíîãî çàðÿäà e  íà îñè öèëèíäðà ñ

   , 
2

1
2

5 2









Q
~ eB

TE

T
e (17)

è íóëåâîé ïëîòíîñòüþ ýëåêòðè÷åñêîãî çàðÿäà â ñàìîì öèëèíäðå. Ñ÷èòàåì,

÷òî öåíòðàëüíûé öèëèíäð èìååò î÷åíü ìàëûé, íî êîíå÷íûé ðàäèóñ.

3.2. Ìîäåëü II. Ýëåêòðîíû íåïðåðûâíî ïîñòóïàþò èç öåíò-

ðàëüíîé îáëàñòè, íî íå ïåðåñåêàþò âíåøíþþ ãðàíèöó öèëèíäðà.

Â ýòîì ñëó÷àå ïðåäïîëàãàåòñÿ, ÷òî ýëåêòðîíû ìîãóò ïðîíèêàòü â öèëèíäð

âáëèçè öåíòðàëüíîé îñè, èç öåíòðàëüíîãî öèëèíäðà î÷åíü ìàëîãî ðàäèóñà.

Ñòàöèîíàðíîå ñîñòîÿíèå â ýòîì ñëó÷àå íå óñòàíàâëèâàåòñÿ. Ýëåêòðè÷åñêîå

ïîëå âíóòðè öèëèíäðà íå ñîçäàåòñÿ, à ýëåêòðè÷åñêèé òîê ïîääåðæèâàåòñÿ

òåìïåðàòóðíûì ãðàäèåíòîì, êàê è â ñëó÷àå I. Îòðèöàòåëüíûé çàðÿä íàêàï-

ëèâàåòñÿ íà âíåøíåé ãðàíèöå, óâåëè÷èâàåòñÿ ñî âðåìåíåì, ñîçäàâàÿ ðàñòóùåå

ýëåêòðè÷åñêîå ïîëå E
r
(t) çà ïðåäåëàìè öèëèíäðà, ñì. ðèñ.2. Î÷åâèäíî, ÷òî

îòðèöàòåëüíûé çàðÿä ãðàíè÷íîé îêðóæíîñòè åäèíè÷íîé äëèíû eb  è

íàïðÿæåííîñòü âíåøíåãî ýëåêòðè÷åñêîãî ïîëÿ âîêðóã öèëèíäðà ëèíåéíî

ðàñòóò ñî âðåìåíåì, è ïðè íóëåâîì ìàãíèòíîì ïîëå îïðåäåëÿþòñÿ ñîîòíî-

øåíèÿìè:

, 2, 
r

Et~
Q eb

er

T

T
eb







 (18)
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ïðè Rr  :

3.3. Ìîäåëü III. Ýëåêòðîíû íå ïåðåñåêàþò íèêàêèõ ãðàíèö

öèëèíäðà, îáùèé ýëåêòðè÷åñêèé çàðÿä îñòàåòñÿ íóëåâûì. Â ýòîì

ñëó÷àå ýëåêòðîíû ñîáèðàþòñÿ âáëèçè âíåøíåé ãðàíèöû öèëèíäðà, à ñàì

öèëèíäð ïðèîáðåòàåò ïîëîæèòåëüíûé çàðÿä, ñîçäàâàÿ âíóòðåííåå ýëåêòðè÷åñêîå

ïîëå, êîòîðîå â ñòàöèîíàðíîì ñîñòîÿíèè îñòàíàâëèâàåò ýëåêòðè÷åñêèé òîê,

ñì. ðèñ.3. Ýòî ýëåêòðè÷åñêîå ïîëå îïðåäåëÿåòñÿ èç óñëîâèÿ j
i
 = 0, ñì. (11) äëÿ

íóëåâîãî ìàãíèòíîãî ïîëÿ. Ïðè íàëè÷èè ïðîäîëüíîãî ìàãíèòíîãî ïîëÿ

âîçíèêàåò ýëåêòðè÷åñêîå ïîëå òîé æå âåëè÷èíû, êàê ñëåäóåò èç óïðîùåííîãî

ó÷åòà âëèÿíèÿ ìàãíèòíîãî ïîëÿ â ìîäåëè ãàçà Ëîðåíöà (13). Òåïëîâîé ïîòîê

ïðè ýòîì îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (15). Îòëè÷èå îò ñëó÷àÿ II çàêëþ÷àåòñÿ

â íóëåâîì çíà÷åíèè îáùåãî ýëåêòðè÷åñêîãî çàðÿäà öèëèíäðà â íåïîäâèæíîì

ñîñòîÿíèè. Â ýòîì ñëó÷àå îí íå çàðÿæåí, â îòëè÷èå îò ñëó÷àÿ I, êîãäà

öèëèíäð ïðèîáðåòàåò îáùèé ïîëîæèòåëüíûé ýëåêòðè÷åñêèé çàðÿä íà

âíóòðåííåé ñòðóíå, â ñîîòâåòñòâèè ñ (17). Îòìåòèì, ÷òî â îòñóòñòâèè

ýëåêòðè÷åñêîãî òîêà â ñðåäå ñ ãðàäèåíòîì òåìïåðàòóðû, êîýôôèöèåíò

òåïëîïðîâîäíîñòè T   â 2.5 ðàçà ìåíüøå êîýôôèöèåíòà T

~
  èç (7), (11), â

êîòîðîì íå íàëîæåíî óñëîâèå îòñóòñòâèÿ ýëåêòðè÷åñêîãî òîêà. Òàê êàê â

áîëüøèíñòâå ñòàöèîíàðíûõ îáúåêòîâ ýëåêòðè÷åñêèé òîê è äðóãèå äèôôó-

çèîííûå äâèæåíèÿ îòñóòñòâóþò, â ëèòåðàòóðå ïðèíÿòî íàçûâàòü êîýôôèöèåíòîì

òåïëîïðîâîäíîñòè èìåííî âåëè÷èíó TT

~
 52  [19].

3.4. Ìîäåëü IV, ñî ñâîáîäíûìè âûõîäÿùèìè è âõîäÿùèìè

ýëåêòðîíàìè. Â ýòîì ñëó÷àå ýëåêòðîíû ñâîáîäíî ïåðåñåêàþò ãðàíèöó

öèëèíäðà è ïîëó÷àþò ïðèòîê ýëåêòðîíîâ èç öåíòðàëüíîé îáëàñòè. Ïëîòíîñòü

ýëåêòðè÷åñêîãî çàðÿäà íå âîçíèêàåò, è ìû ïîëó÷àåì E
i
 =0, ñì. ðèñ.4. Ïðîöåññû,

ïðîèñõîäÿùèå â òàêîé ìîäåëè, áûëè ïîäðîáíî ïðîàíàëèçèðîâàíû â ñòàòüå

[25], ãäå ðàññìàòðèâàëàñü ðîëü òîêîâ Õîëëà â ôîðìèðîâàíèè ðåçóëüòèðóþùåãî

ìàãíèòíîãî ïîëÿ â ïðîâîäÿùåì íàìàãíè÷åííîì öèëèíäðå. Àíàëèòè÷åñêèå

ðåøåíèÿ è ÷èñëåííûå ðàñ÷åòû áûëè ïîëó÷åíû äëÿ óñëîâèé, áëèçêèõ ê

ïàðàìåòðàì ïëàçìû â êîðå íåéòðîííûõ çâåçä, è äëÿ ïëàçìû â ëàáîðàòîðèè.

4. Îáñóæäåíèå. Ìîäåëü ýëåêòðè÷åñêîãî ãåíåðàòîðà â âèäå öèëèíäðà ñ

ðàäèàëüíûì òåïëîâûì ïîòîêîì, ìîãëà áû áûòü ñêîíñòðóèðîâàíà â ëàáîðàòîðèè,

ñ èñïîëüçîâàíèåì ìåòàëëè÷åñêîãî èëè ïëàçìåííîãî öèëèíäðà ñ ñèëüíî íàãðåòîé

îñüþ.

Ñïåöèôè÷åñêîé îñîáåííîñòüþ äàííîé ìîäåëè ýëåêòðîãåíåðàòîðà ÿâëÿåòñÿ

âîçìîæíîñòü ñîçäàíèÿ óñòðîéñòâà, â êîòîðîì ýëåêòðè÷åñêîå ïîëå íàðàñòàåò ñ

òå÷åíèåì âðåìåíè ïðè ñîõðàíåíèè ïàðàìåòðîâ ìîäåëè. Ôèçè÷åñêèé ïðåäåë

íàïðÿæåííîñòè ãåíåðèðóåìîãî ïîëÿ äîñòèãàåòñÿ, êîãäà íàïðÿæåííîñòü

íàâåäåííîãî ïîëÿ ñòàíîâèòñÿ ðàâíîé ïîðîãó âûáðîñà ýëåêòðîíîâ. Ýòî ïîëå
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ñòàíîâèòñÿ ñòàöèîíàðíûì è íå ìåíÿåòñÿ ñî âðåìåíåì.

Àíàëîãè÷íàÿ ñèòóàöèÿ ìîæåò âîçíèêíóòü â íåéòðîííîé çâåçäå ïîñëå åå

ðîæäåíèÿ. Íåêîòîðûå ñëîè íåéòðîííîé çâåçäû ìîãóò ñòàòü ýëåêòðè÷åñêè

çàðÿæåííûìè, è ïðè àêêðåöèè, â ðåçóëüòàòå ïîñòóïëåíèÿ âíåøíèõ ýëåêòðîíîâ

è èç-çà âûáðîñà ýëåêòðîíîâ ýëåêòðè÷åñêèì ïîëåì íåéòðîííàÿ çâåçäà ìîæåò

ïðèîáðåñòè íåíóëåâîé ýëåêòðè÷åñêèé çàðÿä. Ïðèìåíåíèå ýòîé ìîäåëè äëÿ

ïîëó÷åíèÿ ðåàëèñòè÷íûõ ïàðàìåòðîâ íåéòðîííîé çâåçäû òðåáóåò äàëüíåéøåãî

ðàññìîòðåíèÿ.

Òàêèå ìîäåëè íåîáõîäèìû äëÿ èçó÷åíèÿ ìàãíèòîòåïëîâîé ýâîëþöèè

ìàãíèòíîãî è ýëåêòðè÷åñêîãî ïîëåé â íåéòðîííûõ çâåçäàõ è áåëûõ êàðëèêàõ

ñ ó÷åòîì àíèçîòðîïíûõ ïîòîêîâ òåïëà è ýëåêòðè÷åñêîãî òîêà, îáóñëîâëåííûõ

ìàãíèòíûìè ïîëÿìè è õîëëîâñêèìè ÷ëåíàìè â êîýôôèöèåíòàõ ïåðåíîñà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå òåìû "Çâåçäû" ÈÊÈ ÐÀÍ.

1 Èíñòèòóò êîñìè÷åñêèõ èññëåäîâàíèé ÐÀÍ, e-mail: gkogan@cosmos.ru
2 ÍÈßÓ ÌÈÔÈ

THERMODIFFUSION UNIPOLAR ELECTRIC GENERATOR

G.S.BISNOVATYI-KOGAN1,2, M.V.GLUSHIKHINA1

The model of a conductive cylinder with a radial temperature gradient that

creates an electric field growing over the time in the surrounding vacuum is

considered. The conditions under which such a model exists are discussed. The

generation of an electric field also occurs in the presence of a magnetic field along

the axis of the cylinder. The article discusses the interactions of heat flux, magnetic

field and charge distribution. Four models are considered with different conditions

for the supply of electrons from a central source and the ability to either capture

electrons inside the cylinder, or to allow them to leave freely through the outer

boundary.

Keywords: conducting cylinder: electrical field: thermodiffusion: unipolar induction
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ìîãóò áûòü èçìåíåíû. Â òåêñòå ðèñóíêè íóìåðóþòñÿ â ïîðÿäêå î÷åðåäíîñòè

(ðèñ.1, ðèñ.2, è ò.ä.). Åñëè ðèñóíîê, ñîñòîèò èç äâóõ èëè áîëåå ïàíåëåé, òî

âîçìîæíû îáîçíà÷åíèÿ òèïà ðèñ.1à èëè ðèñ.1à, b.

4. Òàáëèöû äîëæíû èìåòü íîìåðà è èíôîðìàòèâíûå íàçâàíèÿ. Ïðèìå÷àíèÿ

äîëæíû áûòü ñâåäåíû ê ìèíèìóìó è ïðîíóìåðîâàíû íàäñòðî÷íûìè àðàáñêèìè

öèôðàìè.

5. Öèòèðîâàíèå ëèòåðàòóðû. Öèòèðóåìàÿ ëèòåðàòóðà äàåòñÿ ïîðÿäêîâûì

íîìåðîì â ñòðî÷êó â êâàäðàòíûõ ñêîáêàõ (íàïðèìåð, [5]) è ñîîòâåòñòâóåò

íîìåðó â ñïèñêå ëèòåðàòóðû. Ñïèñîê ëèòåðàòóðû äîëæåí áûòü îôîðìëåí

ñëåäóþùèì îáðàçîì:

à) Äëÿ æóðíàëüíûõ ñòàòåé óêàçûâàþòñÿ èíèöèàëû è ôàìèëèè àâòîðîâ

êóðñèâíûì øðèôòîì (â îðèãèíàëüíîé òðàíñêðèïöèè), íàçâàíèå æóðíàëà â

ïðèíÿòîì ñîêðàùåíèè (ñîêðàùåíèÿ äëÿ íåêîòîðûõ íàèáîëåå ÷àñòî âñòðå÷àåìûõ

æóðíàëîâ, ïðèìåíÿåìûõ â "Àñòðîôèçèêå", äàåòñÿ â ñàéòå æóðíàëà), íîìåð

òîìà æèðíûì øðèôòîì, íîìåð ïåðâîé ñòðàíèöû, ãîä èçäàíèÿ. Äëÿ ðóññêî-

ÿçû÷íûõ æóðíàëîâ, êîòîðûå ïåðåâîäÿòñÿ íà àíãëèéñêèé ÿçûê, â ñêîáêàõ

ïðèâîäÿòñÿ ñîîòâåòñòâóþùåå íàçâàíèå æóðíàëà íà àíãëèéñêîì, òîì, ñòðàíèöà

è ãîä ïóáëèêàöèè.

á) Äëÿ êíèã ñëåäóåò óêàçûâàòü èíèöèàëû è ôàìèëèþ àâòîðà êóðñèâîì,

ìåñòî è ãîä èçäàíèÿ.



6. Îôîðìëåíèå ðóêîïèñè. Íà ïåðâîé ñòðàíèöå äàåòñÿ íàçâàíèå ñòàòüè (ïî

âîçìîæíîñòè êðàòêî è èíôîðìàòèâíî), èíèöèàëû, ôàìèëèÿ êàæäîãî àâòîðà

è àííîòàöèÿ íà ðóññêîì ÿçûêå. Íà âòîðîé ñòðàíèöå ïðèâîäÿòñÿ íàçâàíèå

ñòàòüè,  èíèöèàëû, ôàìèëèÿ êàæäîãî àâòîðà è òåêñò àííîòàöèè íà àíãëèéñêîì

ÿçûêå, êîòîðûé äîëæåí ïîëíîñòüþ ñîîòâåòñòâîâàòü ðóññêîìó. Â àííîòàöèè

äîëæíû áûòü èçëîæåíû ãëàâíûå ðåçóëüòàòû ðàáîòû áåç ññûëîê íà ëèòåðàòóðó.

Ìàêñèìàëüíûé îáúåì àííîòàöèè íå äîëæåí ïðåâûøàòü 5% îñíîâíîãî òåêñòà.

Òàáëèöû, ñïèñîê ëèòåðàòóðû, ðèñóíêè è íàäïèñè ê ðèñóíêàì ïå÷àòàþòñÿ íà

îòäåëüíûõ ñòðàíèöàõ. Ðàñïîëîæåíèå òàáëèö è ðèñóíêîâ îòìå÷àåòñÿ íà ïîëÿõ

îñíîâíîãî òåêñòà. Àííîòàöèè, îñíîâíîé òåêñò, ñïèñîê ëèòåðàòóðû è òàáëèöû

äîëæíû èìåòü îäíó îáùóþ íóìåðàöèþ ñòðàíèö. Ñóììàðíûé îáúåì íå

äîëæåí ïðåâûøàòü 16 ñòàíäàðòíûõ ñòðàíèö. Îáúåì êðàòêîãî ñîîáùåíèÿ - íå

áîëåå 4 ñòðàíèö.

Ñòàòüÿ ñîñòîèò èç ïðîíóìåðîâàííûõ ðàçäåëîâ, íà÷èíàÿ ñ "1. Ââåäåíèå".

Íàçâàíèÿ ðàçäåëîâ ïå÷àòàþòñÿ êóðñèâîì â ñòðîêå, îíè äîëæíû áûòü êðàòêèìè

è ñîäåðæàòåëüíûìè. Ïîäðàçäåëû ìîãóò áûòü ïðîíóìåðîâàíû êàê 2.1, 2.2 è

ò.ä. Íåîáõîäèìûå ñîêðàùåíèÿ òåðìèíîâ èëè íàçâàíèé ìîãóò áûòü èñïîëü-

çîâàíû âî âñåé ñòàòüå, îäíàêî èõ îáúÿñíåíèå äàåòñÿ ëèøü îäèí ðàç ïðè

ïåðâîì óïîìèíàíèè.

7. Â ñëó÷àå ïðåäñòàâëåíèÿ äâóõ èëè áîëåå ñòàòåé îäíîâðåìåííî íåîáõîäèìî

óêàçàòü æåëàòåëüíûé ïîðÿäîê èõ ïóáëèêàöèè.

8. Ðóêîïèñè àâòîðàì íå âîçâðàùàþòñÿ.

9. Àâòîðàì ñòàòüè (íåçàâèñèìî îò èõ êîëè÷åñòâà) ïðåäñòàâëÿåòñÿ 10

îòòèñêîâ áåñïëàòíî.
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