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Shocks are ubiquitous in astrophysical environments, and particle acceleration at such astro-
physical shocks is related to high-energy phenomena. In particular, the acceleration mechanism and
the time evolution of the particle distribution function have been extensively examined. This paper
describes a simple analytic method using the one-dimensional Fokker-Planck equation in the test-
particle regime. We aim to investigate the evolution of the particle distribution function in the shock
upstream, which could be streaming toward Earth along the open magnetic field geometry. The
behavior of the analytical solution is examined over a wide range of parameters representing shock
structure, such as the shock Mach number, plasma beta, injection fraction into diffusive shock
acceleration, and the scale of the upstream magnetic field. The behavior is associated with upstream
turbulence for diffusive shock acceleration, as expected. Additionally, pre-accelerated particles could
affect the time evolution of the particle distribution only when the radiative or advection losses are
small enough for the pre-accelerated distribution to have a flatter power-law slope than the power-
law slope based on shock acceleration theory. We also provide a formula for a spherically expanding
shock and its relevant application to calculate high-energy emission due to hadronic interactions. We
suggest that the simple analytic method could be applied to examine astrophysical shocks with a
wide range of plasma parameters.

Keywords: particle acceleration: high-energy radiation: astrophysical shocks: Fokker-
Planck equation

1. Introduction. Shocks are induced in various astrophysical environments
due to supersonic flow motions such as coronal mass ejections in the interplanetary
medium [1-3], supernova remnants in the interstellar medium [4-6], and gravi-
tational collapse in the large-scale structure of the universe [7-10]. While the
properties of shocks can be affected by the characteristics of the medium, it has
been demonstrated that such shocks efficiently accelerate particles. Particle accel-
eration at shocks has been explained by first-order Fermi acceleration, which states
that particles can gain energy through multiple interactions with the converging
waves near the shocks (i.e., diffusive shock acceleration (DSA, hereafter)) [11,12].
Modeling particle acceleration at astrophysical shocks has been examined by
previous studies using numerical approaches, including plasma kinetic simulations
[13-18], hydrodynamic simulations [19,20], and models for the advection-diffusion
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of particle distribution functions in spatial and momentum space based on the
Fokker-Planck equation [1,20-23].

Using plasma kinetic simulations, the physical mechanisms for magnetic field
amplification and wave generation for scattering off particles in both the upstream
and downstream regions have been extensively studied [13-18]. Although the
properties of plasma waves for particle acceleration can depend on the character-
istics of the medium, such as supersonic flow properties (i.e., nonrelativistic,
relativistic) and magnetic field strength (i.e., unmagnetized, weakly magnetized,
and strongly magnetized plasmas), it has been shown that plasma waves can be
induced by various instabilities due to the plasma beam distribution causing velocity
space anisotropy [16,17]. According to simulation results, such waves can be self-
excited due to particle reflection at the shock surface during the evolution of
collisionless shocks, and evidence of particle acceleration through multiple wave-
particle interactions has been observed [13-15,18]. While plasma kinetic simula-
tions are a powerful tool for investigating the microphysics of particle acceleration
through first-principle calculations, they are limited in their ability to observe the
full DSA process, which occurs over longer timescales than the growth timescale
of plasma instabilities.

Considering the effects of particle acceleration at shocks and their observational
implications beyond the kinetic scales, theoretical modeling has been conducted,
including DSA-produced cosmic-ray populations (i.e., cosmic-ray populations
following a power-law distribution) and the physics of advection and diffusion in
spatial and momentum spaces. To obtain the particle spectral evolution as a
stationary shock structure, a test-particle approach has been employed, assuming
that the evolution of the shock structure is independent of the dynamical feedback
of cosmic-ray particles [1,23]. Moreover, hydrodynamic simulations, including
magnetohydrodynamics, have been used to model the dynamical evolution of
shocks in astrophysical media more sophisticatedly [9,10,24,25]. Based on such
modeling, multi-wavelength emissions due to particle acceleration at shocks have
also been examined [24-29].

As a follow-up to the previous studies summarized above, this study aims to
describe simplified analytic method using the one-dimensional Fokker-Planck
equation. The effects of shock upstream conditions on particle spectral evolution
were also examined to demonstrate the robustness of the analytical solution in
various astrophysical environments. Additionally, we provide a potential application
for calculating high-energy radiation due to particle acceleration at shocks, showing
that our simple model can be used as a tool for rapidly estimating observable
radiation flux. Moreover, the simple analytical approach described in this work
has the advantage of being flexibly expandable. In particular, it would be possible
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to extend our simple model to incorporate detailed physics, including diffusion
models and the microphysics of particle injection into DSA.

2. Basic physics. This section describes the basic physics, including the
particle distribution function and relevant plasma physics, for particle acceleration
at collisionless shocks. The importance of the characteristics of the particle
distribution function for estimating the efficiency of particle acceleration at shocks
is also discussed.

2.1. Particle distribution function. The particle distribution of thermal
plasma is commonly modeled as Maxwellian, given by

2
Nyi -3 p
Suw (P)= =5 P exp —[—J :

o2 Pin M
where p,, =./2mk,T is the thermal momentum and n, is the plasma density,
defined as

Mo = I4WP2fMW (p)dp. (@)

While the Maxwellian distribution is reasonable for describing the medium in
the absence of nonlinear processes such as plasma and magnetohydrodynamic
(MHD) waves, shocks, and turbulence, it has been demonstrated that plasma
processes associated with such phenomena can accelerate particles. This particle
energization results in a particle distribution that deviates from the Maxwellian,
known as the kappa distribution [30-32]. The kappa distribution is defined as:
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Fig.1. Examples of Maxwellian and kappa distribution functions.
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where T'(x) is the Gamma function and the parameter, k, determines the slope
of the supra-thermal distribution. For p>>p, . the kappa distribution follows a
power-law form, fK(p)oc p’z("“). Fig.1 shows examples of particle distribution
functions. A smaller value of k results in a flatter particle distribution, whereas
a larger value of k¥ makes the kappa distribution closer to the Maxwellian. It has
been shown that the kappa distribution modulates the nature of plasma waves [33],
and thus the presence of such suprathermal populations could affect the efficiency
of shock acceleration.

2.2. Plasma physics for particle acceleration at collisionless
shocks. To understand particle acceleration at shocks mediated by waves in the
shock upstream and downstream, the evolution of shock structure and the plasma
instabilities responsible for generating plasma waves that scatter off particles should
be considered. When examining plasma processes associated with electrostatic

waves, plasma frequencies (®,, = w/4nne2/me s O :1/4Tcnez/ml- ) and skin depths

(c/oope and c/oo pi) are employed. Electromagnetic interactions, on the other
hand, are characterized using gyrofrequencies (Q, =eB/m,c, Q, =eB/m;c) and
gyroradii of thermal electrons and ions (7;,, = vy ./ s Ty = V4, /). Particu-
larly, the characteristic scales of ions (i.e., Qi’l, 7, ) are employed to describe
the dynamics of shock evolution, where the shock thickness is a few times the
gyroradius of downstream thermal ions, 7, ,, . This indicates that particle energization
through multiple crossings of the shock structure (i.e., diffusive shock acceleration,
DSA) is feasible only for particles with momenta greater than the so-called
injection momentum, p,,; ~3p,,;» =3,2mk,T, [16,19,34-35]. It has been dem-
onstrated that particles with momenta beyond Py drive plasma instabilities in the
shock upstream and downstream, and these self-excited plasma waves can further
accelerate particles [13-18]. Plasma kinetic simulations have provided evidence that
such plasma processes can extend to DSA [13-15,18].

When modeling the distribution of shock-accelerated particles, the number of
particles with p > p,,. is parameterized as the so-called injection fraction, € -
It is important to note that this injection fraction can strongly depend on the
distribution of the background medium. If shock acceleration and particle transport
associated with MHD waves are active in the medium, the thermal particle
distribution may deviate from the Maxwellian distribution and instead follow the
kappa distribution. Specifically, the presence of a kappa distribution could enhance
the injection fraction, as illustrated in Fig.2.
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Fig.2. The normalization of the particle distribution function at p=p,. with different kappa
values ranging from x=2 to k= 10°.

In the modeling described in the following section, two main factors of the
kappa distribution were considered: (1) the injection fraction into DSA, which
changes the efficiency of shock acceleration; and (2) the effects of the momentum
distribution of pre-accelerated particles following a power-law form.

3. Simple analytic model based on Fokker-Planck equation.

3.1. Shock structure and one-dimensional Fokker-Planck equation.
In this work, we solve the Fokker-Planck equation to study the time evolution
of shock-accelerated particles due to diffusive shock acceleration (DSA). Through-
out the paper, we use formulas in the shock rest frame. Considering the scale
length of the magnetized medium, L, = B(8 B/o r)_l with an open field geometry
in the shock upstream B,(r)= B, exp(- r/LB), we assume the shock structure as
follows:
U,, r>0,
Ur)=q !
U,=U/fp., r<0,
) n =ngexp(=2r/Ly), >0,
n\wr)=
ny, =P, N, r<o0, @
B, =Byexp(-r/Ly),  r>0,
B,=p.B,, r<o0,

T(}")z{Tl’ I”>O,

T, r<o0,
where U(r), n(r), B(r) and 7{(r) represent the velocity, density, magnetic field, and
temperature profiles, respectively, and p,. denotes the shock compression ratio. The

B(r)~ {
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subscripts 1 and 2 denote upstream and downstream quantities, respectively. The
sonic and Alfvenic Mach numbers are then calculated as follows:

U U /yB
MS:c_l’ MA:V_IZ ?Ms’ (5)
; A

S

where ¢, =.2ynk,T,/m; and V, = BO/1/47r n;m; are the sound and Alfven speeds,
respectively, with the adiabatic index, y=5/3. According to the shock jump
condition, the temperature jump can be computed using the sonic Mach number:
T, (sm2-1)m2+3)
Lo teMl ©
In the finite shock upstream and downstream, the spatial diffusion coefficients
associated with the plasma waves are defined as:

D(r)= {g‘ ((p)’ hor>0. )
y p), -L, <r<Q0,
where L, and L, represent the finite sizes of the shock upstream and downstream,
respectively.

Since the DSA process can be explained in a one-dimensional system, we
solved the one-dimensional Fokker-Planck equation. To account for the advection
and diffusion of particle distribution into the interplanetary and interstellar
medium, characterized by an open field geometry, we solved the one-dimensional
Fokker-Planck equation in the shock upstream, as follows:

of(r.p.t) (.. Dip) (ou, U \é p
Pram e L L, Slr.p1) or 1, apsf(r’p’t)

-2 o2 ),
or or

where f(r, p,t) and s(r, p,t) denote the particle distribution function and the
source function, respectively. Based on the DSA theory and assuming steady
injection, the initial particle distribution f, (r, p,t:O), and the source term
s(r, p.t) are assumed as follows:

®)

2
Oy (”) =€, 1 oU, exp (_ L_FJ >

B

o (” ) p - €inj Mio 2rl p - p
fO(F,p,t=0)=—3 —— | =———=-exp|—— || —| exp ———|,
AU, piyi \ Pinj AT Dy Ly |\ Pin Pnax )

S(”’ p t) = 0Oy (”)8(”)5 (P_ Pinj ): € M oUy exp(— %JES(V)S(P_ pinj)’
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where Di and p _ are the injection and maximum momentum, respectively. As
described in the section 2.2, the injection momentum is approximately a few times
of the downstream thermal momentum, p,, ~3 p,, ;2 =34/2m;kzT, . Considering
the gyroradius of particles, the maximum momentum can be constrained by the
size of the magnetic field of the system, p,,.c/eB, ~ Ly . In addition, ¢, denotes
the injection fraction into DSA.

We here derive a simplified analytic form of 0 f/0¢ at the shock front based
on the shock structure described above in the test-particle limit. Adopting the
exponential shock precursor defined in Egs. (4) and (7), we obtained the following
derivatives of f oc n,yexp(~2r/L,) in the spatial domain:

2
O 2y TL Ay kg, Prisy, (10)
or Ly ort I3 or or
We also obtain the following derivative of f oc p™,
opf
%=(1—q)f. (11)

Using Egs. (10)-(11), the partial derivative terms of Eq. (8) can be simplified at
the shock front as follows:

E[Uﬁ%Jf(n p’,)z(UlJr DlL(P)Jaf(h p.t) :_[2U1 N ZDl(P)]f(r’ 1),

or B B or Ly L
UL U 0 U8 p g Uil ;
(6r+LB]6p3 rpi)s 5,5 e p )= ). (1D
0 af(mvyt)] V22 S, p.t) _4D\(p)
2| p(p)2Lr p _ .
al"( l(p) or l(p/ 6?’2 L% f(l’,p,t)

Based on Egs. (12), 0 f/dt can be simplified as

3 f(r, p.t T-gU 6D
(gtp )z_[ 3qL_;]f(r’p’t)Jr%f(r,p,t)qu(r,p,t). (13)

Here, the first and second terms denote the contributions of advection and
diffusion, respectively. The time evolution of f (r, D, t) is then computed numeri-
cally as follows,

af(r, p, r))
ot

f(r,p,tm):f(r,p,to)—i-'r( dt:f(r’pﬁtO)
0 t

N Z At(@f(r,p,t)]' (14)

li 6{0’ Tacc} a t

Here, time interval As satisfies Ar<<t,, and is normalized in units of Q;',
since the acceleration timescale depends on Q;'.
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3.2. Characteristic scales. To calculate the accumulated particle distribu-
tion function, the following characteristic timescales are employed:

" (15)
Td;/f(P)z Dl(p)zzl[M}[L] o

U12 nq Sianfl Piyj
1 21( M,-1 -
Dy(p)x v (p)= =~ =2 | -2 vl
TG\ & My )\ Piny

Here, t,, is the adiabatic deceleration timescale of a supersonic ejecta, T, is
the shock acceleration timescale, and 1., is the turbulent diffusion timescale
associated with waves generated by shock-accelerated particles [3]. In 2-nd Eq. of
(15), the acceleration timescale satisfies t,.. <1, since the shock compression
ratio p, is always larger than 1. This is consistent with the physical requirement
that the timescale for particle acceleration should be shorter than the diffusion
timescale; otherwise, particles would diffuse away from the shock surface before
undergoing significant acceleration. Additionally, adiabatic losses typically occur
more slowly than diffusion and acceleration processes. The relationship between
characteristic timescales and length scales (i.e., L,y ~U, 144, L, =U,1,, and

L, =U,1,,) can be summarized as follows, particularly for particles with p<p,,..:
Tace (P)< i (P)<< Tap > Loee (P)< Ly (P)<< L. (16)

In panel (a) of Fig.3., we plot the characteristic length scales with the following
parameters: B=1, M =5, M,=4.56, c,/c =107*, VA/c:1.09-10_4, € =107,
Throughout the entire momentum domain, L, exceeds L, .. Given the finite
system size where L, ~ L, , particle momentum can reach up to p, . Beyond p_ .
particles cannot be further energized through DSA due to the absence of plasma
waves with wavelengths larger than A, ~ L, . In the remaining panels of Fig.3,
we analyze the diffusion length scale by varying the sonic Mach number, M, (panel
(b)), the injection fraction into DSA, € (panel (c)) and plasma beta, B (panel
(d)). As shown in panel (b), the diffusion length is longer for smaller M, reflecting
a steeper slope of f (x, J2 t) beyond P which can reduce instabilities associated
with high-energy particle streaming [11,36,37]. Similarly, panel (c) shows that the
diffusion length depends on ¢ - IN panel (d), we observe that the diffusion length
scale increases with B because higher B values indicate lower magnetic energy
in plasma waves. Notably, the diffusion length converges at sufficiently high
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Fig.3. (a) Acceleration length scale (solid line) and diffusion length scale (dashed line) using the
parameters with B =1, M,=5, M,=456, ¢, /c=10", V,/c=109-10", g;,; =107 ; (b) Diffusion
length scales with different sonic Mach numbers; (c) Diffusion length scales with different injection rates;
(d) Diffusion length scales with different plasma betas. In panels (b) - (d), the same parameters used
in panel (a) were employed except for the parameter being investigated for dependency.

(Bp>>1). This convergence occurs because in very weakly magnetized plasma,
particle dynamics are largely influenced by self-excited magnetic fields due to high-
energy particle streaming. This behavior aligns with 3-rd Eq. of (15), where for
B>>1, the diffusion length Ly (p) approximates:

D Q!
Ldz]f(p)N # OCM_lA-

Given Q;' 50 and M, >® as B>, Ly (p) converges accordingly.

(7)

3.3. Effects of shock parameters on the particle distribution
function. In this section, we present the analytic solution of the one-dimensional
equation, including the time evolution of the particle distribution and its parameter
dependencies such as the sonic Mach number M, the injection fraction €inj >
plasma beta B, and the scale length L, (or p ). Such an investigation across
the parameter space provides reliability to the analytic solution in tracking the time
evolution of shock-accelerated particles. Table 1 summarizes the parameters used
in this paper. Velocities are expressed in units of the speed of light ¢, and the
scale length L,, is normalized by 10° 7: » considering that plasma processes at
the shock structure could pre-accelerate particles up to pc/eB, ~ 10? Vg [13-15].
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Table 1

PARAMETERS USED IN THIS WORK.
Case 1 is the fiducial case and the remaining cases are performed for com-
parison. Groups for particular parameter dependence are summarized as
follows: (L, Casel, Case2, Case3); (M Casel, Case4, Case5); (amj: Casel,

Case6, Case7); (B: Casel, Case8, Case9, Casel0).

p M, M, ¢,/c V,/c &y | Ly/(0°7,)
Casel 1 5 4.56 10+ 1.09-10+* 102 10°
Case2 1 5 4.56 10 1.09-10+* 102 109
Case3 1 5 4.56 10 1.09-10+* 102 1010
Cased 1 3 2.74 10 1.09-10+* 102 1010
Case5 1 10 9.13 10 1.09-10+* 102 101
Case6 1 5 4.56 10+ 1.09-10+* 107 101
Case7 1 5 4.56 10 1.09-10+* 10+ 101
Case8 0.1 5 1.44 10 3.45-10+ 102 103
Case9 10 5 14.42 10 3.45-10° 102 103
Casel0 100 5 45.64 10 1.09-10° 102 103

We first examine the time evolution of the particle distribution function at
the shock front shown in Fig.4. Each line in the plot represents a time interval
of 250 Qi_l, which is sufficient to capture the plasma processes of DSA [13,14].
While the slope of the distribution function remains constant, momentum diffusion
is observed as a consequence of continuous energy injection from the source term,
s(r, D, t). At t=t,, particles accumulate near p/m,c ~ 10° due to the limited scale
of the magnetic field size L, in the shock upstream. Such particles could escape
from the shock structure and be observed as galactic or extragalactic cosmic rays.

We next investigate how the particle distribution function at the shock front
depends on the parameters (i.e., M, > B L,). Fig.5 displays the momentum
distribution functions at the shock front at z=¢, =500Q;" with a wide range of
parameters. The panels illustrate that M and - affect the slope and normal-
ization of the particle distribution function, respectively, as shown in panels (a)
and (b), especially when the magnetic scale L, is sufficiently large. The depen-
dence on L, shown in panel (c¢) indicates that the spectra with larger L, can extend
to higher momenta. We particularly focus on the dependence of 3 with the same
L, With the same system size, the maximum momentum gained via DSA is
proportional to the magnetic field because the gyroradius of particles increases with
decreasing magnetic field strength. The time-evolved spectra with different values
of plasma beta shown in panel (d) are consistent with this interpretation. If the
system size and the wavelength of upstream waves were infinite, such beta
dependence would not be observed.
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3.4. Effects of pre-accelerated particles. We now expand the analytic
solution to include pre-accelerated particles influenced by shocks or turbulence.
These pre-accelerated particles, following power-law distribution, can undergo

102

10-10 i

4np’t(p)

10 |

1 0—26 4

p/mc

Fig.4. Time evolution of the particle distribution function at the shock front (Case 1 in Table
1). The plots are shown from ¢, =250Q;" to ¢; =1000Q;' with a time interval of 250Q;".
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Fig.5. (a) Dependence on the sonic Mach number; (b) Dependence on the injection fraction;
(c) Dependence on the magnetic field size; (d) Dependence on the plasma beta. The model
information is provided in Table 1. Note that the particle distribution functions are measured at
the shock front.
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further acceleration through DSA [39,40]. The initial particle distribution, includ-
ing the shock-accelerated particle distribution, f (r, p,t= 0), can be summarized
as follows:

2
Qpre (V) = 8pre ni,OUl exp(_ L_FJ ’

B

Qpre (l") )2 N Spre n; 0 2r P N
fpre(r’p,t:0)2—3 — = 3 exp|l —— || — s
4nU, DPinj \ Pinj 4n Pij Ly )\ p inj

Fopi—o)=20 (2 ) f iy iy 09
s 17 4TC Ulpfn/ p[’?/ P pre\' » 7>

- ~(4-7) -7
_ 0u(r) [ p ’ L4 | |r T 0,lr) . ’
4n U1Pi3,1j Pinj (q_ CNI) Pinj 4n U1P,‘3,;/ Pinj ’

where ¢, is a parameter that determines the normalization of the pre-accelerated
distribution, f,, (r, p,t=0). We particularly consider the cases where ¢ #g . For
g < q , the pre-accelerated distribution is steeper than the DSA slope, indicating
that radiative or advection losses dominate over diffusion processes in confining
particles near the shock surface. For ¢ > ¢, on the other hand, strong turbulence
exists to confine the pre-accelerated particles.

Using the parameter set from Case 1 in Table 1, we examined the impact of
pre-accelerated particles on the time evolution of the particle distribution function at
the shock front by varying the parameters, ¢, and ¢, . For reference, the particle
distribution function generated by the shock with M =35 exhibits the slope, g=4.17.
The dependence on the slope of pre-accelerated particles, g, is shown in Fig.6 for
four different timesteps (#= [z, #]). Here, the normalization factor is assumed as
€ pre / i = 107", The results demonstrate that the effects of pre-accelerated particles
are significant when the pre-accelerated distribution has a flatter slope than the DSA
slope (g > g ). Conversely, when ¢ < g , the contribution of pre-accelerated particles
appears negligible. Consistently, the time-evolved particle distribution function
exhibits a power-law slope ¢, independent of g, as shown in previous studies [40].
Furthermore, the dependence on the number density of pre-accelerated particles,
€ e €1y » Tanging from 107 to 10" with § =4, is shown in Fig.7. As expected,
€ pre /amj influences the slope of the time-evolved distribution function.

The effects of pre-accelerated particles can be applied to analyze various
astrophysical environments. For instance, in galaxy clusters, multiple shocks with
different Mach numbers M_are continuously induced due to gravitational collapse,
enabling particle acceleration through these shocks. Ha et al. [24], for example,
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Fig.6. Time evolution of the particle distribution function at the shock front for different values
of ¢, ranging from 4 to 7.

calculated accumulated cosmic ray spectra without considering the detailed time
evolution of particle spectra. Furthermore, in star-forming galaxies, numerous
shocks are generated by stellar winds and supernova remnants. We interpret that
multiple acceleration processes could be active in such environments.

3.5. Applications. We interpret that the simple solution of the Fokker-
Planck equation could be applicable to typical astrophysical shocks propagating in
interplanetary, interstellar, and intracluster media. It is shown that this simple
solution demonstrates reliable parameter dependence regarding particle acceleration
via DSA. Once the shock parameters are obtained from observational data, the
averaged particle distribution function over time and spatial domains can be
computed. We provide an example assuming a spherically expanding shock with
the shock surface, A4 (t)z 0, (rs (t))2 , where ©_ is the solid angle and r(7) is the
mean shock propagation length at time 7. Using the volume that the shock passed
through, the volume-averaged distribution function, f (p), can be calculated as

follows:

J;( )~ Ztie{o,rm}As (ti)sz(”, Pt )At
o 2o, ) A (e)u, A (19)

For shocks in the interplanetary medium, for example, the shock parameters
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Fig.7. Effect of the fraction of pre-accelerated particles at the shock front, ¢, /¢, at 1=1t,
associated with coronal mass ejections (CME) can be obtained using publicly
available IDL tools (such as the CME Analysis Tool; see [38]). By adopting the
solid angle and speed of CME along with solar wind parameters such as density
and magnetic fields, it is possible to estimate the averaged particle flux that could
impact space weather.

The analytic solution can be also used to calculate high-energy radiation. For
instance, hadronic y -rays resulting from inelastic collisions between shock-accelerated
protons and background thermal protons have been observed from supernova remnants
[41,42] and star-forming galaxies [43-46]. Using the volume-averaged particle distri-
bution function, f ( p), with the dynamical timescale of the shock, t,,, the number
density of shock-accelerated particles, N; (E), can be computed as follows:

Ni\p) - 2 dp

fo(P)a N;(E)=4np N[(P)E~ (20)
The pion source function is computed using the following equation proposed by
Kelner et al. [47]:

E E
Nn(En)zcn—”’c mc’+ == |N,| mc*+ == |,
K, 7 K, K,

i

£V 2 (21)
GMXE)z@43+1886+02ﬁ#{1_(??]} b,
where K_~0.17 is the fraction of kinetic energy transferred from a proton to

a pion, n,_ is the number density of the background medium, and o o (E ) is the
cross-section of proton-proton collisions with 6 =In(E/TeV), and the threshold
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energy, E,=1.22GeV. Using the pion source function, the vy -ray production rate
is then calculated as:

7 NTII (ETII)

Me)n] @
where E,,, =E + m2ct / (4EY) is the minimum energy of the produced v -ray.
Previous studies for estimating hadronic y -ray from extragalactic sources typically
assume a steady-state particle distribution function produced at shock to calculate
the accumulated cosmic-ray flux during the system's dynamical timescales [26-29].
Since the simple model formulated in this paper includes the time evolution of the
particle distribution function, it would be possible to improve such models by
incorporating this time evolution. We will leave these investigations for future work.

4. Summary. In this study, we developed an analytic method using the one-
dimensional Fokker-Planck equation to examine the time evolution of particle
distribution functions at the shock front in the context of diffusive shock
acceleration (DSA). We explored the impact of various shock parameters, including
the sonic Mach number M, injection fraction € > plasma beta P, and scale
length L, Our findings demonstrated the reliability of the analytic solution in
capturing the time-dependent behavior of shock-accelerated particles, highlighting
the interplay between advection, diffusion, and injection processes. The results
showed that the momentum diffusion and particle accumulation are significantly
influenced by these parameters, providing valuable insights into the particle
acceleration mechanisms in astrophysical environments.

Additionally, we extended our model to include the effects of pre-accelerated
particles, revealing that the initial distribution of these particles can alter the
subsequent DSA process. We applied our model to various astrophysical scenarios,
such as galaxy clusters and star-forming galaxies, where multiple shocks and
turbulence are prevalent. Furthermore, the analytic solution was utilized to
calculate high-energy radiation, specifically hadronic y -rays produced by inelastic
collisions between shock-accelerated protons and background thermal protons. By
incorporating the time evolution of the particle distribution function, our model
offers improvements over traditional steady-state approaches, laying the foundation
for more accurate predictions of cosmic-ray spectra and high-energy radiation in
diverse astrophysical contexts.
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[MTPOCTON AHAJIUTUYECKUUN METOJ
MOIEJUPOBAHUS YCKOPEHUS YACTUIL B
ACTPOOUINYECKUX YIAPHBIX BOJIHAX C

WUCIOJb30BAHUEM YPABHEHUSA ®OKKEPA-TUJIAHKA

Ix.-X. XA

YnapHble BOJHBI YaCTO BCTPEUYAIOTCSl B aCTPO(U3NUECKUX Cpelax, U YCKOpeHUe
YacTUll B aCTPO(PU3NUYECKUX YIAPHBIX BOJIHAX CBS3aHO C BbICOKOZHEPTETUUECKUMU
SIBJICHUSIMU. MexaHU3M YCKOPEHMSI M BpeMeHHasl 3BOOLMS (GYHKIIMU pacipe-
JeJIeHUST YacTUI TUIAaTeJbHO M3y4yeHbl. B 2TOil cTaTbhe OMNMMCHIBAETCS MPOCTOM
AHAINTHYECKWIT METOH C MCITOJb30BaHMEM OITHOMEpPHOTo ypaBHeHUsT PoKKepa-
[lnanka B pexume MpoOHbIX yacTvll. OCHOBHOE BHUMAaHUE YAEJEHO U3YYEHUIO
9BOJTIOLUMU (DYHKIIMU pacipeesieHUs] YacTUIl B yIApHOU BOJHE BBEPX IO MOTOKY,
OCOOEHHO B ClLIEHapUsX, KOTAa YaCTULIbl MOTYT IBUTAThCs K 3€MJI€ BIOJb OTKPBITHIX
JIMHUM MarHuTHOro mnojisi. B pabore McciieqoBaHO MOBEACHUE aHATUTUYECKOTO
pellieHUsT B 3aBUCMMOCTHY OT Pa3IMYHbIX MapaMeTpoB, XapaKTepU3YIOILUX CTPYKTYPY
yIapHON BOJIHBI, TaKMX KakK 4yMcio Maxa ygapHOUl BOJIHbI, OeTa-ruia3ma, I0Js
WHXEeKIMU B nud¢y3HOoe YCKOpeHUe yIapHOW BOJHBI M MacluTad MarHUTHOTO
ToJIsl BBEpX Mo MoToky. Kak u oxXunaanoch, MoBeAeHUE CBI3aHO C TYpOYJIEHTHOCTBIO
BBEPX MO MOTOKY M A1t (dy3MOHHOTO YCKOPEHMSsT yaapHOi BoiaHbI. Kpowme Toro,
MpeABAPUTEbHO YCKOPEHHBIE YACTUIII MOTYT BIMSITH HA BPEMEHHYIO DBOJIIOLIMIO
pacrpeesieH!s] YaCTUIL TOJIbKO TOrJa, KOrjna paauallMOHHbIE WIM aJiBeKTUBHbIE
MOTEPU JTOCTATOYHO MaJibl [IJIsl TOTO, YTOObI MpeaBapuTEIbHO YCKOPEHHOE pacrpe-
JieJieHre UMelto 0oiee TUIOCKUIA HAKJIOH CTEMEHHOIo 3aKOHA, YeM HAKJIOH CTENeHHOTO
3aKOHa, OCHOBaHHBI Ha TEOpUM YCKOPEHMsl ymapHoili BoiHbl. Kpome Toro, B
CTaTbe MPUBOAUTCS (hopMyJia sl chepruyeckr paclIMpsIolIecsl yiapHOi BOJTHbI
U ee MPUMEHEHME UTSl pacyeTa BhICOKOIHEPIeTUUECKOTO U3yYeHUsI B pe3yibTaTe
aJIpOHHBIX B3auMoaeicTBUi. [1peanosoxkeHo, YTo MPOCTOi aHATUTUYECKUN METO.
MOXeT ObITb 3(PPEKTUBHO MCIOAb30BAH IS UCCAEAOBAHUS Pa3IUYHbIX TUIIOB
acTpohU3NUYECKUX YAAPHBIX BOJH, XapaKTePU3YIOLIMXCS LIIUPOKUM JUANa30HOM
rapaMeTpOB IUIa3Mbl.

KittoueBble clloBa: yckoperue uacmuy: 8bICOKOIHEpeemu4eckoe uanyeHue: acmpogu-
3uueckue yoapruvie 6oauvl: ypasnenue Dokkepa-Ilranka
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