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In this paper, we have revisited the Berman's idea of the variation of Hubble parameter. While
previously explored in the context of A -varying cosmologies, where scale factor variations yield
linear universe expansion, this parametrization has undergone extensive scrutiny. Our investigation,
however, explores into its implications in the context of late-time cosmic acceleration, within the
framework of classical general relativity, adopting the Friedmann-Lemaitre-Robertson-Walker
(FLRW) spacetime as our background metric. Our analysis offers a precise solution to Einstein's
field equations (EFEs) in a model-independent way, affording a thorough assessment of both ge-
ometrical and physical model parameters. Additionally, this study supplements its findings with
graphical representations of the evolving cosmological parameters across flat, closed, and open uni-
verse scenarios, all subject to constraints derived from the model parameters. In synthesizing these
results, we shed light on the intricate interplay between cosmic acceleration, dark energy, and the
parametrization of the Hubble parameter, thereby providing valuable insights into the fundamental
mechanics of our universe.
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1. Introduction. Before 1916, the prevailing belief was that gravity consti-
tuted an intrinsic quality of objects, exerting a consistent, immediate force over
extensive distances. Nonetheless, Einstein's theory of general relativity (GR)
marked a significant shift in scientific understanding. GR addressed the enigma
of Mercury's precise behavior by revealing that gravity was not a mysterious force
acting remotely in the backdrop of space and time. Instead, it emerged as a
consequence of the curvature of the underlying space-time framework. The
fundamental tenet of GR asserts that the shortest distance between any two remote
objects in space is invariably curved, forming the basis for GR's framework built
upon this curved geometry.

Over the past 100 years, the perspective of scientists about the universe has
completely changed as a result of Einstein's theory of gravity. Many phenomena
may be described analytically using Einstein's field equations (EFEs), and this
theory, that had been a mystery for decades, suddenly fitted the evidence. After
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100 years, there are still several problems with Einstein's general relativity,
including its failure to explain the Big Bang, the age of the universe, the singularity
within black holes, and many others [1]. Understanding the curvature singularity,
geodesic incompleteness, and b-incompleteness is one of GR's toughest hurdles.
Several individual develops of the universe have generated a great deal of impli-
cations and hypothesis in the area of GR. Therefore, developing a better theory
is one of the main goals of physics. Throughout the last century, there have been
numerous theoretical and observational problems with Einstein's theory. However,
new gravitational wave observations and a black hole picture improve GR foun-
dation. So, we are motivated here just to discover late expansion of the universe
in the context of GR.

During the previous many years, one of the important problems in theoretical
physics and, more broadly, cosmology has been determining the mysterious nature
of the universe's two dominant components, dark energy and dark matter. The
physical cause of the late-time cosmic acceleration is the greatest open challenge
in cosmology today. Explaning the various statistical observational data sets revealed
the physical mechanism [2-11]. Many models of dark energy consider the
presence of an additional, undetected field that is perhaps responsible for the
universe's rapid expansion. However, some reasonable hypotheses also include an
infrared modification to the theory of general relativity [12-14]. The evolution of
the current cosmos is consequently governed by dark energy, which makes up
about two third of the total energy density of the universe.

According to the literature, Einstein's cosmological constant A , which was first
proposed in 1917, serves as the best and most straightforward candidate among
these various research options for dark energy. This implies that the repulsive
nature of A is responsible for the universe's acceleration with the equation of state
o =—1. This genuine candidate, however, suffers from a long-standing cosmologi-
cal constant problem as well as the constant equation of state. In Einstein field
equations, the term cosmological constant A describes the intrinsic energy density
of the vacuum, which is the most interesting candidate of dark energy (DE). The
mathematical expression A, on the other hand, indicates a significant difference
between theoretical and observational predictions [15]. As a result of the variety
caused by the fine-tuning issue and the cosmic coincidence problem associated
with CDM, many DE models [16-18] have been developed.

As is well known, the EoS parameter is the relationship between energy density
and pressure i.e. = p/p. The decelerated and accelerated expansion of the
universe are described by the EoS parameter. It classifies the various cosmological
phases as follows: If ® =1/3 the model denotes the radiation-dominated phase,
while =0 denotes the matter-dominated phase. The present study makes an
effort to address late-time cosmic acceleration on a Friedmann-Lemaitre-Robertson-
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Walker (FLRW) background. The Einstein field equations in the FLRW back-
ground contain two independent equations with three unknowns (energy density
p, pressure p, and scale factor @) that can be resolved by assuming the equation
of state. The system becomes insecure when DE, an additional degree of freedom,
is added. This inconsistency in the literature can be resolved in a variety of ways.
Here, we use a model-independent method, also referred to as cosmological
parametrization, to find the exact solution of the field equations.

To fit data to the cosmic evolution of the universe, the model-independent
technique (or cosmological parametrization) of reconstructing a cosmological model
with or without dark energy has been used in the literature. Nowadays, there is
a lot of interest in the model-independent approach used in the framework of
some DE candidates, which was first discussed by Starobinsky. In the literature,
a wide range of parametrization schemes [19] have been suggested to describe the
evolution of universe, including the transition from early deceleration to late
acceleration. There are also other parametrization schemes, such as density,
pressure, deceleration, Hubble and scale factor parametrization and others. As a
result, the goal of this paper is to represent a specific parametrization of the Hubble
parameter that better explains cosmic dynamics and provides simpler constraints
than any other cosmological parameter.

The structure of the work is as follows: In Section 1, a brief introduction is
presented, addressing issues related to GTR and dark energy. Section 2 covers the
derivation of field equations, solution techniques, and offers a geometric interpre-
tation of the model obtained in the same section. In Section 3, we discuss into
the dynamics of the model, analyzing physical parameters and describing the
evolution during the RD and MD eras of the universe. Additionally, graphical
representations of the evolution of cosmological parameters are provided. In Section
4.1, we also discussed some kinematic properties of model. The work concludes
with our findings in Section 5.

2. Field equations and solution. Let us first assume that the universe
is homogeneous and isotropic. So, as a background metric, we will use the FLRW
spacetime in the following form:

2

dr
ds* =—c2altz+az(t)L_kr2 +r2d92}, (1)

where a(f) denotes the universe's scale factor, k is the curvature parameter assumes
the values 0, 1, or -1, which corresponds to flat, closed and open universe
respectively, , 6 and ¢ are spherical polar coordinates, ¢ is the cosmic time.
Here, we choose units in such a way that 8nG=c=1.

The matter source in the universe is provided by the total energy-momentum
tensor (EMT) given by the equation,
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Tu?tal = (pTotal + Protal )uuuv+ P Prota guv . (2)

The energy momentum tensor THTV‘”“I represents the combined energy momen-
tum of the two energy components in the universe. These components consist
of the total energy density pg,,,;, Which is the sum of the energy densities p
and p, corresponding to ordinary matter and dark energy, respectively. Addi-
tionally, the total pressure pg,,, is the sum of the pressures p and p,, where
p represents the combined pressure of radiation and matter. Again, p=p, +p,,
and p=p,.+p,, where the suffixes » and m denote radiation and matter
components, respectively. The suffix de signifies dark energy in these expressions.

The equation that incorporates the total energy-momentum tensor within the
framework of Einstein's field theory is,

1 Total
Ruv_ERgpv :_T}wt (3)
yield two independent equations as follows,
)

a k

P rotal = 3a—2 + 3a—2= 4
i oa k

Protal = —2;—a—2—a—2= 3)

where an overhead dot (-) represents ordinary derivative with respect to cosmic
time ¢ only. We believe that the interaction between two matter components are
natural. From equations (4) and (5), one can easily derive the equation of
continuity as

. a
pTatal +3;(pTotal +pTatal):O' (6)

The matter content in the univere is not properly known but it can be
categorized with the equation of state. Here, we consider the usual barotropic
equation of state for normal (/ordinary) matter

pP=wp, (7)
where, w=1/3 for radiation component and w=0 for pressure-less dust component
in the universe.

We address the cosmic history for different phases of evolution by solving these
equations, specifically examining the early RD era subsequent to the late MD era.
The system of equations presented in equations (4)-(7) yields only three inde-
pendent equations, while we have four variables in play: a, p, p, , and p,. To
attain a deterministic solution, we require an additional equation. In the scientific
literature, numerous methods have been proposed to resolve the field equations
and introduce the necessary supplementary equation. One such approach is the
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model-independent approach, which entails considering a functional form for any
cosmological parameter as a supplementary condition. Within this framework, a
wide array of parameterization schemes [19] have been explored in the past few
decades.

In the subsequent section, we delve into this approach, highlighting the idea
of cosmological parametrization that has been under consideration. We then focus
on one well-established parameterization to tackle the field equations and conduct
a more in-depth analysis.

2.1. Berman's law of variation of H. The issue of the Hubble parameter
dependence and its implications for cosmological models is of paramount im-
portance in contemporary cosmology. For example, the problem of Hubble tension
underscores the need for novel approaches and theoretical frameworks to reconcile
observational data with theoretical predictions. According to Alan Sandage, "cos-
mology is the search of two parameters H, and ¢,". Also, in a particular model,
the Hubble function regulates the dynamics of the universe. Moreover, the
complicacy of getting exact solution to the complicated field equations can be made
simple without violating the background physics is the model-independent way,
where any cosmological parameter (e.g. H, ¢, a, p, p) are allowed to consider
as functions of time or redshift with some free parameters (model parameters).
Detailed idea is discussed in some literature [19-22]. Our research aims to
contribute to this ongoing dialogue by providing a simplified yet insightful model
that can shed light on potential solutions to this discrepancy. Moreover, the
reference to the work of Bisnovatyi-Kogan and Nikishin [23] highlights the
diversity of approaches within the field and the richness of possible avenues for
exploration. By incorporating their insights and building upon existing research,
we aspire to develop a more comprehensive understanding of cosmological phe-
nomena. In literature, numerous physical justifications and incentives exist for
exploring the dynamics of dark energy models in a manner independent of specific
models [24-30]. Additionally, it aids in investigating dark energy without relying
on any specific cosmological model, apart from adhering to the cosmological
principle. The scientific literature contains numerous instances and pieces of
evidence for examining the behavior of dark energy models in a model-indepen-
dent way. In this section, we follow the identical concept of cosmological
parametrization and explicitly address the field equations while discussing the
universe's behavior during different stages of its evolution. Many researchers have
explored various parametrizations of cosmological parameters to describe specific
phenomena in the universe, such as the transition from early inflation to
deceleration and from deceleration to late-time acceleration. These parametrizations
allow model parameters to be constrained by observational data. The Hubble
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parameter, denoted as H, stands out as one of the most vital cosmic parameters
for understanding the rate of cosmic expansion, offering comprehensive insights
into cosmic history. In this context, we examine a straightforward parametrization
of the Hubble parameter, as referenced in source [31].

H(a):Da‘”, t))
where D >0, n>0 are constants (call them model parameter).

Using the defitition of Hubble parameter H = a/a , equation (8) yield the scale
factor as an explicit time variation as;

a(t)=(Dnt+C)" )]

where C is constant of integration. We observe that the scale factor behaves as
a linear function and is influenced by two model parameters, namely, » and D,
which govern its evolution. As time approaches zero (¢ — 0), we can establish
that a(0) equals ) Let us denote this as ' (where i represents the initial
value at ¢—0). This signifies a nonzero initial value for the scale factor.

2.2. Geometrical interpretation of model. In cosmology, the scale
factor represents the relative size of the universe at different times. It is a crucial
parameter in describing the expansion of the universe in models like the FLRW
metric, which is a fundamental solution to FEinstein's equations in general
relativity. The first derivative of the scale factor, a represents the rate at which
the universe is expanding at a given time. A positive value for ¢ indicates an
expanding universe, while a negative value suggests a contracting universe. The
second derivative of the scale factor, describes how the rate of expansion (or
contraction) is changing with time. This parameter is crucial in understanding the
dynamics of the universe. In the context of the standard cosmological model
(ACDM model), the behavior of & determines the acceleration or deceleration
of the cosmic expansion.

The first and second derivatives of scale factor with respect to time are given by

a=D(Dnt+ )" (10)
and
i=(1-n)D*(Dnt+C)" 2. (11)

At the initial time, denoted as r=0, the universe possesses velocities and
accelerations represented by al = D(c)l/ "1 and &) = (n—l)Dz(c)l/ "2 These values
indicate that the model under consideration begins with a finite volume, a finite
velocity, and a finite acceleration. Expressions for the Hubble parameter and
deceleration parameter in cosmic time ¢ can be derived from equation (9).

H(r)= % = D(Dnt+C)"! (12)
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q)=-"3=n-1. (13)
a
Equation (13) demonstrates that the deceleration parameter, as cited in [32],
remains constant over time, signifying time-independence throughout the evolu-
tionary process. A negative deceleration parameter (g <0) suggests a rapid expansion
of the universe, while a positive value (¢ >0) indicates a slowdown. The accel-
eration observed in the later stages of the universe aligns with the explanation of
SNela data, whereas the deceleration phase plays a crucial role in the cosmic
evolution responsible for structure formation. In our considered model ¢=10
implies a coasting universe (an expanding universe without any acceleration and
deceleration). This type of model also capable of explaining some observational
data to a certain redshift.
From equation (12), we can see that as t >0, H ) = D/C , which is constant.
Also, H(?) is a decreasing function of time as ¢ —>co, H(f) becomes zero.

3. Physical interpretation of model. Equations (4) and (5) with the help
of (7) can be written as

k
P+ P =3H2+3a—2, (14)

k
wp+pde=(2q—1)H2—a—2- (15)

We can note that the known functions of cosmic time ¢ in the system of
equations mentioned above are on the right-hand side, involving time-dependent
functions of a, g, H as specified in (9), (12), (13). On the left-hand side, there
are three unknown functions, namely p, p, , p,. The general equation of state
for dark energy can be expressed as,

Pae

®ge o (16)

The parameter o, can either remain constant or, more commonly, vary with
time as the universe expands. The time-dependent nature of ®, has led to the
development of numerous dark energy (DE) cosmological models. The character-
istics of dark energy, where the equation of state parameter o, is unknown, still
lack a comprehensive understanding. Astrophysical observations indicate that the
effective equation of state parameter o, for scalar field models falls within the
range of -1.48 <, <-0.72 [33-35]. Analyzing observational data, we find a
slight preference for dark energy (DE) models in which o, has recently crossed
the value of -1 [36,37]. For detailed investigations into dark energy and its
candidates, please refer to references [38-40]. When considering dark energy within
the framework of the ACDM model, which aligns with observational data, the
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parameter ®,, remains a constant value of -1. This is why Einstein's cosmological
constant serves as a suitable candidate for dark energy. Consequently, we persist
in examining the cosmological constant as a potential dark energy candidate. In
this scenario, solving equations (14) and (15) yields the expressions for the energy
density of matter (including radiation) and the density of dark energy.

2 k
p=m{(1+q)H2+a—z} (17)
1 s k
Pae =T — (1+3w—2q9)H +(l+3w)a—2 . (18)

We can now explore the behavior of the acquired model at various stages of
the evolution of the universe in two different scenarios within the FLRW
geometry: flat (k=0), closed (k=1), and open (k= -1).

3.1. Radiation dominated universe. In this case, we have w=1/3 and
p =~ p,. Therefore from equation (17) and (18) the expression for radation energy
density and dark energy density can be written as

3 » k
p,-=5_(1+q)H ey (19)
and
3[ .
pde=5_(1—q)H el (20)
In view of equation (9), (12) and (13), the above equations can be written as,
o =3 Dn .k
" 2| (Dnt+C)  (Dnt+C)" 21
o 3| (2-n)D? . k
“ 21 (Dnt+ P (Dnt+CV | (22)

Equations (21) and (22) describe the progression of energy densities during
the radiation-dominated era, but their validity does not extend to the Planck
epoch. As the cosmic time approaches zero (¢ — 0), the approximations for pi.
3| D’n k ;3 @2-n)D* &k
5 C2 + C2/n and Pde NE C2 + C2/n - These
expressions imply that p(ri) >0 at the outset, provided C #0, and pE,’e) >0 under

and p',, are given by p. =

the conditions #<2 and C=#0 for a flat or closed universe.

Examining equations (21) and (22), it becomes evident that the positivity
condition for p and p, holds true for the specified values of n, C, and D in
the cases of flat (k=0) and closed (k= 1) geometries. However, for an open
geometry (k=-1), the positivity condition for p and p, does not hold with the
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given values of n, C, and D. Fig.1, 2 illustrate the dynamic evolution of physical
parameters, specifically the radiation energy density p, and dark energy density
P4 » for particular model parameter choices: n=0.86, n=1.23, D=0.1, and an
integration constant C=1.2. We have chosen some particular values of these model
parameters as an exemplification. Although they can be constrained through some
data analysis (e.g. [41]), we here try to figure out the early and late evolution
of the cosmological parameters graphically.
The correlation between radiation energy density p, and temperature 7 is
given by
TEZ
p, =2~ N(T)T*, (23)

in the units with k,=c=1. At a temperature 7, the effective quantity of spin
degrees of freedom N(T') can be expressed as N(T')=7 Nf(T)/8+Nb(T), where
N, (7) and N,(T) denote the degrees of freedom for fermions and bosons,
respectively. It is assumed that the value of N (T) remains constant during this

Fig.1. The graph illustrates the time progres-
sion of radiation energy density p, for scenarios (k
=0, 1, -1) across panels (a), (b), and (c) corre-
spondingly, each using appropriate units of cosmic
time 7 .

p,(t)
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Fig.2. The graph illustrates the time progres-
sion of dark energy density p, for scenarios
(k=0, 1, -1) across panels (a), (b), and (c)
correspondingly, each using appropriate units of
cosmic time 7 .

Pl

period. By utilizing equations (21) and (23), we derive the following expression;

as V[ D "
T= + .
(th Nj {(Dm C)}  (Dnt+C)" 4

From EqeS (24) we can notice that as ¢r—>0, we have

T~

1/4
( - )1/4 D2n+ A howing th dati 1 i
2y o2 "o | showing that radation temperature also attains a

finite value initially. The graphs presented in Fig.3 depict the changes in radiation
temperature during the early stages of the universe using the identical set of model
parameters. However, it should be noted that these specific numerical model
parameters are not appropriate for the open k= -1 scenario in this context as well.

3.2. Matter dominated universe. In this case, we have ®=0 and p~p,, .

Therefore from equation (17) and (18) the expression for matter and dark energy
density can be written as
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0.30

0.26

T(t) /(45 /7°N)1/4

0.22

Fig.3. The figure illustrates the variation of radiation temperature 7 as a function of ¢ for the
scenarios corresponding to (k=0, 1) in panels (a) and (b) respectively.

P =2[(1+q)H 2+Lﬂ (25)
k
P = [(l ~2q)H 2+a—2] (26)

Now, using the equations (9), (12) and (13) in equations (25) and (26), we get
the expression for matter and dark energy density

_9 D*n N k

P = (Dn+ O (Dnt+C)" (27)
_ (2-n)D? . k

Pie =\ Dne cf  (Dne+Cf" | (28)

In order to understand late-time cosmic acceleration, we can estebilish the
(t—z) relationship for which, we consider the relation between redshift and the
scale factor of the universe, with the standardized unit (a,= 1) and is given by;

a(z)z (1 + 2)71 . (29)
Now, the ¢—z relationshipis in this case is obtained as;
(l+z)"-C
t(z)——Dn : (30)

Now eliminating the inegration C with the help of ¢t—z relationship and
we write all the parameters in terme of redshift z and model parameter only.
The scale factor and Hubble parameter in terms of redshift can be written as

H(z)=D(+z)' (1)
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or

H(z)=H,(1+2)", (32)
where H = D be the present value of Hubble parameter.
Further, in view of Eq. (29), Egs. (27) and (28) can be written as

D? Y 2n
pf{ﬁW(ﬁﬂ) )2/} (33)

D*(2-n)

Pac = {m+ H+2) )ﬂ- (34)

From_Egs. (33) and (34), we observe that as z— 0, pm(z)—>2 nD*+ k] and
Palz) > [(2—n)D2+k], which is constant. The Fig.4 and 5 show the dynamical
behaviour of evolution of matter energy density p,, (z) and dark energy density

P e (z) with respect to redshift z with some particular choice of model parameter
n=0.86, n=1.23, D=0.1.

a
8 ] b
k=0 200
N
£
o 4 100
0 0
0 2 4 6 8 10 0 2 4 6 8 10
z z
0
Fig.4. The graph illustrates the variation
of the matter energy density p, with the
~ -100 redshift z for scenarios represented in panels
\g_s (a), (b), and (c), corresponding to (k=0, 1,
-1), respectively.
-200
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a
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4 0 b
k=0
3 80
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(o5
40
0
0 2 4 6 8 10 0 2 4 6 8 10
z z
0
k=-

-40 Fig.5. The graph illustrates the varia-
= tion of the dark energy density p, with
-, the redshift z for scenarios represented in
o panels (a), (b), and (c), corresponding to

-80 (k=0, 1, -1), respectively.

-120 |

4. Distance measures in this model.

4.1. Lookback time and proper time. There are various approaches to
express the separation between two points in cosmology, specifically in cosmog-
raphy, the study of the universe. This is because, during the expansion of the
universe, the distances among comoving objects are in constant flux, and observers
on Earth perceive a backward progression in time as they observe distant objects.
The common thread among all distance measurements lies in their estimation of
the distances between events along radial null trajectories, which are essentially
the paths of photons that reach the observer. The lookback time, denoted as 7,
for an object is the duration between the detection of light today (at redshift z=0)
and the emission of photons at a specific redshift z.

a(O) dt

a
a

The proper distance between two occurrences is determined by measuring it at

t, =ty—=it(z)= (35)
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the instant of observation, representing the distance within the frame of reference
where they occur simultaneously. The proper distance is expressed as d(z) = a(O)r(z) ,
where r(z) denotes the radial distance of the object, which is given by

r(z)= 1% (36)

Therefore, the proper distance d (z) can be written as

d(z)= %{M} 0: C(w){(l +z)” } |

D(~1+n) D(1-n)

The luminosity distance, denoted as d, for a source exhibiting a redshift of
z is formally described as follows:

/
d} =—,
"4l (37)
where L is the observed flux and / is the intrinsic luminosity of the object. The

luminosity distance is given by

n (1-1-2)27'1
d;=(1+z)d(z)=c" ){m : (38)
The angular diameter distance is defined by
/
d =51, (39)

where / is intrinsic physical size and 0 is the observed angular size of an object,
the angular diameter distance d, of an object in terms of redshift z is

300
b
200
1=0.86
N
S0

-100
0 2 4 6 8 10 0 2 4 6 8 10

Fig.6. The plots of look back time ¢, and proper distance d(z) vs redshift z for the model
in the panel (a) and (b) respectively.



BERMAN'S PARAMETRIZATION OF THE HUBBLE PARAMETER 273

a b

200

d (2)
d,(z)

_ n=1.23 w
\

-200 -200

00 0.2 0.4 0.6 0.8 1.0 00 0.2 0.4 0.6 0.8 1.0
z z

Fig.7. The plots of luminosity distance d, and angular diameter distance d, vs redshift z for
the model in the panel (a) and (b) respectively.

_dle)__di | (42
1+z (1+Z)2 D(l—n) '
4.2. Age of the universe. The present age of the universe refers to the
current elapsed time since the cosmic event known as the Big Bang, which is
considered the starting point of our universe. According to the prevailing scientific
understanding, the universe is approximately 13.8 billion years old. This estimation
is derived from observations of cosmic phenomena, such as the cosmic microwave
background radiation and the redshift of distant galaxies. Over the course of these
billions of years, the universe has undergone significant transformations, including
the formation of galaxies, stars, and planets. The study of the present age of the
universe plays a crucial role in our comprehension of its evolution and helps
scientists unravel the mysteries of cosmic processes and phenomena. Age estima-
tions derived from alternate sources such as galaxies and the Hubble constant often
exhibit discrepancies, posing a persistent challenge in the field of cosmology. The
dynamical age of the universe is indicated by this constant.

A

(40)

< dz 47 dz 41
e @
If »n is not equal to zero, the value deviates from the current estimate, denoted
as t,=H, ', which is approximately 14 billion years. However, when # is set to
1, the model aligns well with the present age of the universe.

5. Results and conclusion. This work explores a cosmological model
grounded in the general theory of relativity within the framework of FLRW space-
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time. To derive an exact solution for the cosmological field equations and
accommodate the currently observed cosmic acceleration, we introduce a straight-
forward parametrization for the Hubble parameter, H which results in a time-
independent deceleration parameter, ¢(f), equal to n-1 (as in [32]). This
parametrization also leads to a linear-type evolution of the scale factor. The study
thoroughly investigates the behavior of various geometrical parameters a(f), H(?),
and ¢(?) and physical parameters, such as energy densities of radiation, matter,
and dark energy (including the cosmological constant). In FLRW space-time,
Berman's special law for Hubble's parameter variation (as mentioned in reference
[31]) yields a constant value of the deceleration parameter, g(f) =n- 1, which
results in accelerating universe models when 0<# <1 and decelerating ones when
n >1, offering an explanation for the current universe's acceleration. This model
suggests that the universe originated with finite volume, velocity, and acceleration,
in contrast to the standard big bang scenario.

In Section 3, we extensively examine the dynamics of the model we have
derived. We discuss how the physical parameters have evolved throughout the
history of the universe, accounting for the cosmological constant as a dark energy
candidate with an equation of state represented by ®, =—1. The requirement for
positive energy densities is satisfied only when considering flat and closed universe
geometries, as indicated by the expressions for radiation energy density p, and
dark energy density p,, . However, when it comes to an open universe, the selected
nu- merical values for the model parameters n, D, and C do not meet the
condition for positive energy densities in both p, and p, . In Fig.1 and 2, we
depict the profiles of radiation and dark energy energy densities for a range of
model parameter values, while keeping the model parameter D constant and
varying n. This analysis is conducted for flat, closed, and open universe geometries.
For the cases k =0 and k = 1, we can clearly see that in Fig.1 and 2 the evolution
of radiation and dark energy densities showing similar nature and is decreasing
over time, where as for the case (kK = -1) is incompatible in this scenario. The
Fig.3 illustrates how radiation temperature changes over cosmic time 7 in the early
universe for different universe geometries (flat and closed) with specific model
parameter values. Radiation temperature follows a pattern similar to radiation
energy density, starting with high temperatures and gradually decreasing over time,
eventually reaching a constant value in the late stages.

To gain a deeper understanding of how structures form in the universe and
the behavior of cosmological parameters in the late universe, we established a
relationship between time and redshift (¢—z) and expressed the physical param-
eters like matter and dark energy density in terms of redshift. Upon converting
these parameters to redshift z, it became apparent that they are all related to
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the variable n. We specifically examined the MD era, where dust pressure
approaches to minimal value. Fig.4 and 5 depict the red-shift evolution of matter
and DE energy densities in various geometries, with » being a variable and D
being a constant. In the existing models, both the matter energy density and dark
energy density maintain positive values. As a result, the weak and null energy
conditions are met, indicating that the resulting models are indeed physically
plausible. We have examined the lookback time, proper distance, luminosity
distance, and angular diameter distance for our derived model by analyzing the
plots presented in Fig.6 and 7.

In this analysis, we present a model designed to address the cosmic acceleration
observed in the late-time universe, situated within the framework of an FLRW
background. The approach involves adopting a parametrization of H suggested by
Berman in 1983. Notably, this model has the flexibility to extend its scope to
include anisotropic and inhomogeneous backgrounds. Moreover, it proves versatile
in tackling diverse challenges such as big bang nucleosynthesis, structure formation,
and inflation within the specified framework. A recent investigation [42] has devised
a robust methodology that capitalizes on the redshift dependence of the Alcock-
Paczynski test to gauge the expansion history of the universe. This technique
harnesses the isotropy of the galaxy density gradient field, leading to more stringent
constraints on cosmological parameters with heightened precision. This innovative
approach has been extensively explored in a series of papers by Li et al. [43-45].
The proposed model, along with analogous parameterized models [46], holds
promise for further scrutiny to refine and augment constraints on model parameters
by incorporating additional datasets. However, the detailed examination of these
possibilities is reserved for our forthcoming research endeavors.
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INEPECMOTP ITAPAMETPU3ALIUN BEPMAHA
ITAPAMETPA XABBJIA B KOHTEKCTE ITO3AHEIO
YCKOPEHMUA

K.P.MUIIPA!, P.KYMAP!, II.KJ.ITACUD?

B 1001 cratbe MBI BepHyIUCh K uiaee bepMaHa o6 M3MeHeHUM MapamMeTpa
XabbOsna. PaHee aTa mapaMmeTpM3allusl MOJABEpPI/Iach TIIATEJIbHOMY M3YUYEHUIO B
paMKax A -TIepeMeHHBIX KOCMOJIOTMI, Ille M3MEeHEHHUsI MaclUTabHOro akTopa
MPUBOIAT K JUHEHOMY paciuupeHuto BcenaeHHoii. B naHHol paboTe M3ydeHbI
€ro MocCJeACTBMS B KOHTEKCTe KOCMUUYECKOTO YCKOPEHMSI MO3AHETO BPEMEHU B
paMKax KJacCUYecKoi oOlleii TeOpUM OTHOCUTEIBHOCTU, MPUHNUMAsI B KaUeCTBE
OCHOBBI TIpocTpaHCcTBO-BpeMs dpunmana-Jlemerpa-Pobeprcona-Yokepa (FLRW).
ITpencraBieHo TouHoe pellieHUe ypaBHeHui nosst DitHTeliHa (EFE) cnocobowm,
He3aBUCHUMBIM OT MOJEJIU, obecreurBasl TIIATEIbHYIO OLIEHKY KaK TeOMETPUYECKUX,
Tak 1 (pU3UUECKUX TTapamMeTpoB Mojaean. Kpome Toro, 3To McciaenoBaHue TOMOJIHEHO
rpaMYeCKMMU MPEACTaBICHUSIMU HSBOJIOLMOHUPYIOUIMX KOCMOJOTMYECKUX
MmapamMeTpoB B CLIEHAPUSIX TIOCKOM, 3aKPbITOM M OTKpHITON BceeneHHoI, npuuem
BCE OHU TOAJIEXKAT OrpaHUUYEHMSIM, BBITEKAIOIIUM U3 MapaMeTpoB Moaeau. CUHTe3
9TUX Pe3yJIbTaTOB MPOJIUBAET CBET Ha CJIOXKHOE B3aMMOIEHCTBUE MEXKITY KOCMUYECKUM
YCKOpEeHMEM, TeMHOM 3Heprueil u mapaMmeTpusalMeil mapamerpa Xab06ja, TeM
CaMbIM TIPEAOCTaBIIsAS HEHHYIO MH(OPMaLIMIO O (hyHIAMEHTATbHOM MexaHUKe Halllei
Bcenennoii.

KntoueBnie cltoBa: kKocmuueckoe yCKopeHue: meMHAas SHePeUsi: KOCMOAOCUUECK Al
napamempu3zayus: napamemp Xaboaa

REFERENCES

1.Debono, G.F.Smoot, Universe, 2, 23, 2016.

A.G.Riess et al., Astron. J., 116, 1009, 1998.

S. Perimutter et al., Astrophys. J., 517, 565, 1999.
M.Tegmark et al., Phys. Rev. D, 69, 103501, 2004.
G.Hinshaw et al., Astrophys. J. Suppl., 208, 19, 2013.
B.M.Rose et al., Astrophys. J. Lett.,, 896(1), L4, 2020.
A.HJaffe et al., Phys. Rev. Lett.,, 86, 3475, 2001.
D.N.Spergel et al., Astrophys. J. Suppl., 170, 377, 2007.
Y. Wang, P.Mukherjee, Astrophys. J., 650, 1, 2006.

O 00 1 O\ D B W N =



10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44,
45.
46.

BERMAN'S PARAMETRIZATION OF THE HUBBLE PARAMETER 277

U.Seljak et al., Phys. Rev. D, 71, 103515, 2005.

J.K.Adelman-McCarthy et al., Astrophys. J. Suppl., 162, 38, 2006.
E.J.Copeland, M.Sami, S.Tsujikawa, Int. J. Mod. Phys. D, 15, 1753, 2006.
K.Bamba, S.Capozziello, S.Nojiri et al., Astrophys. Space Sci., 342, 155, 2012.
S.Nojiri, S.D.Odintsov, Phys. Rept., 505, 59, 2011.

S.Weinberg, Rev. Mod. Phys., 61, 1, 1989.

P.J.Steinhardt, L.M.Wang, I Zlatev, Phys. Rev. D, 59, 123504, 1999.
C.Wetterich, Astron. Astrophys., 301, 321, 1995.

P.J.Peebles, R.Ratra, Astrophys. J., 325, L17, 1988.

S.K.J. Pacif, Eur. Phys. J. Plus, 135, 792, 2020.

Amine Bouali et al., Fortschritte der Physik, Progress of Physics, 71(12),
2300086, 2023.

Madhur Khurana et al., Physics of the Dark Universe, 43, 101408, 2024.
D.Arora et al., Eur. Phys. J. Plus, 139, 371, 2024.

G.S.Bisnovatyi-Kogan, A.M.Nikishin, Astron. Rep., 67(2), 115, 2023.
S.Capozziello, R.Lazkoz, V.Salzano, Phys. Rev. D, 84, 124061, 2011.
S.Arman, A.G.Kim, E.V.Linder, Phys. Rev. D, 87, 023520, 2013.
S.Arman, A.G.Kim, E.V.Linder, Phys. Rev. D, 85, 123530, 2012.
E.V.Linder, ASP Conf. Ser., arXiv:0311403 [astro-ph].

J.V.Cunha, J.A.S.Lima, Mon. Not. Roy. Astron. Soc., 390, 210, 2008.
M.Chevallier, D.Polarski, Int. J. Mod. Phys. D, 10, 213, 2001.
H.K.Jassal, J.S.Bagla, T.Padmanabhan, Mon. Not. Roy. Astron. Soc. Lett.,
356, L11, 2005.

M.S.Berman, Phys. Rev. D, 43(1991), 1075, 1078.

M.S.Berman, Nuovo Cimento B, Series, 74B, 182, 1983.

S.Hannestad, E.Mortsell, Phys. Rev. D, 66, 063508, 2002.

A.Melchiori et al., Phys. Rev. D, 68, 043509, 2003.

H.Jassal, J.Bagla, T.Padmanabhan, Phys. Rev. D, 72, 103503, 2005.

L. Perivolaropoulos, AIP Conf. Proc., 848, 698, 2006.

FE.J.Copeland, M.Sami, S.Tsujikawa, Int. J. Mod. Phys. D, 15, 1753, 2006.
M.Sami, New Adv. Phys., 10, 77, 2016.

M.Sami, Curr. Sci., 97, 887, 2009.

J. Yoo, Y Watanabe, Int. J. Mod. Phys. D, 21, 1230002, 2012.

Sarita Rani et al., J. Cosm. Astropart. Phys., 03, 031, 2015.

XD.Li et al, Astrophys. J., 796, 137, 2014.

XD.Li et al., Astrophys. J., 832, 103, 2016.

X.D.Li et al., Astrophys. J., 856, 88, 2018.

Z.Zhang et al., Astrophys. J., 878, 137, 2019.

S.K.J.Pacif et al.,, Modern Phys. Lett. A, 35.05 (2020): 2050011.



