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ZUBUUSULE @bSNhE8NRLLENP UL USHhL UUUNGURUSP SENEulahl
W3BECTHSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Utkhuwmuthlju 76, Ne3, 2023 MexaHuka
Buorpagum yyeHbIX B JOKyMEHTaX

AnlekcaHap AKONSH

CraHOBIIEHHE U pa3BUTHE (PU3NKO-XUMHYECKUX
HayK U MEXaHUKH, B YACTHOCTH, TEPMOJUHAMHKH,
B ApPMEHHH TECHO CBSI3aHO C HMMEHEM BHIHOTO
Y4eHOr0 W Tefarora, JOKTOpa XUMHYECKHUX Hayk,
mpodeccopa, akagemmka AH Apwmsackoit CCP,
3aCIYKCHHOTO  JIesTeNsl HAayKd ©  TEXHUKH
Anexcaspa ApiakoBrua (ApkanpeBuya)
AxonsHa.  Pommiecss 25  pgexabps  1890r. B
Anekcanaporiosie B ceMbe ciyxamero. Ilomyuus
HavyalbHOe O0pa3oBaHME B pOJHOM TOpoje, B
1909r. oxonumn Tudrucckoe peaqbHOE YUMIIHIIE.
B 1912-1917rr. OoH — CTYZEHT MeXaHHYECKOTrOo
otaenenust IlerepOyprckoro mNOJIMTEXHHUYECKOTO

WUHCTHUTYTA.
A. AKOISH SBISETCA OHHUM H3 OCHOBAaTeIeH
TEXHUYECKOTO (hakynbreTa EpeBanckoro

TOCyapCTBEHHOTO YHUBepcuTera, B 1921-1922rr.
OBLT HAa3HAYCH 3aMeCTUTENEM JleKkaHa, B 1928-1929rr.- nekaHOM yKa3aHHOTO (aKyJIbTETa, B
1930-1954rr. 3aBemoBan KadenpamMu TEOPETHYECKOM MEXaHUKH, TEPMOJUHAMHUKHA H
TEIUIOTEXHUKN EpeBaHCKOr0 MONUTEXHUYECKOT0 HMHCTUTYTa, B 1936-1944rr. 3anuman
JIOJDKHOCTD 3aMECTHTEINS JUPEKTopa 1Mo HAayYHOW M y4eOHo# pabore 3Toro MHCTHTyTa. B
By3ax Hameil pecnyOiauku A. AKOISIH TIpernojiaBajl TEOPETHYECKYI0 M aHAITMTHYECKYIO
MEXaHHKY, MOJIEKYJISIPHYIO (PH3HKY, OOIIYI0 M XUMUYECKYIO TEPMOIUHAMUKY, (pU3NUECKYIO
XMMHUIO U JIp.

B 1936r. B Uucturyre xummu AH CCCP A. AKomsH 3amuTWi JOKTOPCKYIO
nuccepTanuio Ha Temy «lIpuMeHeHHe TepMOOMHAMUKH B TeOpuH cmeceit», a B 1937r.
Kommurer mo nenmam Beicmieit mkonsl ipu CoBaapkome CCCP mepeyTBepami ero B 3BaHUU
mpogeccopa. B 1943r. B cBa3u ¢ obOpasoBanmem Axamemmun Hayk ApmsHckoir CCP A.
AxorsiH 06T BBeieH B cocTaB AH kak JeHCTBUTENBHBIN WieH-y4upenuTenb. B 1967-1971r.
SBISUICSL ~ KOHCYJIBTAHTOM  Kadeapbl  TEOPETHYECKOH  MeXaHWKH  EpeBaHCKOro
MOJIUTEXHMYECKOTO HHCTHTYTA.

OcHoBHbIe TPyabl A. AKOMSHA MOCBSIICHBI PAa3IMYHBIM aCHEeKTaM KIACCHYECKOH H
npukiIagHod TepmoauHamuke. OH jganm  HOBoe O0OOCHOBaHME BTOPOrO — Hadaja
TEPMOJUHAMUKH. 3aHMMaJCs HCCIEIOBAaHUEM TEPMOJIMHAMHYECKUX CBOWMCTB CMeceH,
COCTOALIMX M3 JKUAKOCTH M TPOM3BOJBHOTO YHCIA Ta30B C YYETOM BO3MOXKHOCTH
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XMMHYECKHUX peakiuil u abcopormu B HUX. CHopMyIHpoBall eqMHOE BBIPAKEHHE 3aKOHOB
CMeIeHus TepMoanHammdeckoro papHoBecus. OxmH u3 nepBeix B CCCP m3moxun ams
BY30B KypC MEXaHHKH C TIOMOIIBIO0 BEKTOPHOTO HcuncieHus. Ilepy AKomnsiHa npuHaIeKar
okonmo 30 mHayunelx TpynxoB. Cpenm HHX OCHOBHBIMH sBisorTcs - «Kiaccmueckas
TepMOAMHAMHKA M XHMHYeckas KoHcTtauTa»y (1927), «O0 o0OmHX COOTHOIICHHUSIX
TepmoauHaMukn»(1927), «O cBoicTBax MEHTPOOESIKHOTO MOMEHTA, paCCMaTPUBAEMOT0 KaKk
BekTop» (1934), «Teopetnueckas mexanuka. U.1. Cratuka» (1941) u Y.2. Kunematuka»
(1964), «Hexortopble mpuUMEHEHHs] TEPMOIUHAMHKH K PAaBHOBECHIO HACAIHHO YIPYTHX
cucrem» (1944), «llpumeHeHne TEpMOIMHAMHUKM K Teopud cmecei»  (1948),
«TepmomgnHamuka»  (1952), «OOmas TepmomuHamuka»  (1955), «Xumuueckas
TepMoarHamMuKay (1963) u np.

[MapamnensHo ydyeOe B pealbHOM YUMIIMIIE YUYHJICS TaKKe€ B MECTHOM MY3bIKaJIbHOM
crymuu mo kiaccy (oprenmano. I[Tosxe, B 1922r. A. AKomsH aKkTHBHO YYacTBOBAal B
CO3JJaHUH MY3BIKAJIIbHOM CTYJIUHU, KOTOPOU pyKOBOJIWI U3BECTHBIM apMSIHCKHI KOMIIO3UTOPD
Pomanoc MenmuksiH, 3aTeM IperojaBai B Kjlaccax aHCaMOIIsI M pUTMHUKH, JacTO BBICTYTIAN B
KOHLIEpTax B KaueCcTBe KOHILEpTMeicTepa.

Anexcannp AkorsiH ymep 14 mast 1971r.

(ITompobuee cm.: HammonanpHeiii apxuB Apmenun. @. 768. Om. 3. . 3587, 3590;
Anexcannp Apkangsesny AxonsiH. EpeBan, 1975. 24c¢.).

Hwxe BmnepBbie mnyOnukyercss AbroOuorpadust A.A.AxomsHa, XpaHsmascs B
HaunonansHOM apxuBe ApMEHUH.

ABToOHOTrpadusa AekcaHapa AKONsiHA
Ampens 1955r. EpeBan

Ponuics B nekadbpe 1890r. B Anekcanapomnoiie (HeiHe JICHHMHAKaH) B CEMbE CIIyXKaIlero
C O4Y€Hb CKPOMHBIMH JIOCTaTKaMU. MaTh — U3 COCTOSATENHHOW MEIAHCKOW CEMBH, OTEIl — U3
OeqHON MEIIaHCKOW CeMbH, CHayalla CeKpeTapb MHPOBOTO CYIObH, a 3aTeM HOTapUyC —
ckonuancs B 1907r.

B cryneHueckne rombl s KM M YIHIICS Ha CpelcTBa Isaau, mrxkeHepa O. U. babasHa,
koToperit B 1917 mmm B 1918r. mepeexan ¢ cembel 3arpaHuily; IPWIHHEI TIepee3a MHE
HEW3BECTHEI. Penkas mepemnucka, HadaBmmascs B 1921r., okoHYaTENbHO TIpepBaiack B 1924
unu B 1925r., xorma asns xun B Iapuxe. B IMapuxe ke xwuna ¢ 1907r. ceMbs qokropa
Bbabasina — nsiaqu Moelt Marepu. O HUX TOXXEe MHE HUYETO HEU3BECTHO. JIpyrux poAHBIX WIH
3HAKOMBIX 33 TPaHUIIEH HE UMEIO.

I[lo oxonwyanum cpenHero ooOpazoBanuss B 1909r., mocTymwi Ha MeXaHHYECKOE
otaenenue [lerepOyprckoro MoJMTEXHUUECKOTO HHCTUTYTA, KOTOPBIH OKOHYMII B CEHTSIOpE
1917r. IlpeanokeHreM MPOIODKATh CBOM HCCIICAOBaHHS B jtaboparopuu mpod. B. A.
KucTsakoBCKOro He CMOT BOCIIOJIB30BaThCs, TaK KaK BhIEXall HAa OTABIX B 3aKaBKasbe, HE
CyMeJ BepHYThCSI M3-3a TIPEKPAICHUS COOOIICHNS.

C oxTs0ps 1917 nmo cepemunst 1920r. mpenogasan ¢usuky B Tudumce, mocie 4ero ObUI
TIpUTIIAIIeH IpuBaT-IoieHTOM B EpeBanckuii yHMBepcureT. C 3TOro BpeMEHH U IO cei
JeHb paboTtato B EpeBaHe M OCHOBHOW cumTaro paboTy B By3ax (OpraHHM3aIOHHYIO,
MIPENOAaBaTENbCKYI0 M MO IOJArOTOBKE KaapoB). S1 mMpHHMMAN y4dacTHe B OpraHHM3aIlld
YHUBEPCHUTETA, €ro TEeXHWYecKoro QakynbreTa, Kadeapbl TEOPEeTHYECKOW MEeXaHHKU
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EpeBaHCKOro MoMMTEXHUYECKOTO MHCTHTYTA; OPTaHU30BaJl PETHOHAIBHYIO0 CEHCMUYECKYIO
craanuio «EpeBan» AH CCCP u cocrosi ee 3aBemyromuM ¢ camoro Hadana (1928r.) mo
Hos0pst 1940r. MHOIO yMTaNUCh: 0OMMI Kypc (DU3UKH, IIEKTPUUECTBO, TEPMOANHAMUKA,
XMMHUYECKas TEPMOJMHAMUKA, TEOPETUYECKass U aHaJMTUYECKas MEXaHWKa, BEKTOPHOE H
TEH30pPHOE MCUHUCIICHNE, (PU3NYecKas XHUMUs, CTaTUCTHYeCKas (hu3uka. MHOIO COCTaBIICHBI
CleAyronme Kypcol: Kypce ¢usuku. 4. I (1928r.), Kkypc TeopeTnyeckoil MexXxaHWKH: 4. |
(craTuka), IBYKpaTHO CTEKIorpadupoBagack, a B 1941r. Obuta n3maHa ApMIOCH3IaTOM; 4.
II (xuHemaTtwka):  crekiorpadupoBasack B 1930r.; Kypc  TepMOAMHAMUKH:
crexiorpadupoBaics B 1934 u 1936rr., Hamewaraauch Ha apMIHCKOM s3bIke B 1952r.
ApMrocusmaToM, pycckoe H3JaHWE BBIAAET B Mae 1955T., Kypc XuMHYECKOH
TEPMOJMHAMHUKH.

Jo 1930r. s nHOTHA HEC CIy)XeOHBIE 00S3aHHOCTH KpPOME YHHBEPCHTETA B Pa3IMUHBIX
JIPYTHX YUYPSKAEHUSIX (MeTpojorndeckas KOMHccus, MHCTHTYT HayK M HCKYCCTB
ApmeHun).

VYTBepkAeH B 3BaHHAX: Mpodeccopa TEOpeTHUecKoi MexaHuku B 1929r. kouternei
Hapkomara npocsemenuss ApmCCP, npodeccopa no kadeape tepmonunamuku B 1937r.
Bcecoro3HpIM KOMUTETOM 1O JieflaM BhIcIIed IKoJbl. B 1936r. 3amuTHil JOKTOPCKYIO
nuccepraiuio. B cenTsiOpe 1936r. HasHaueH 3aMECTHUTENIEM TUPEKTOpa 10 HAYYHOW M
yueOHOit pabore EpeBaHCKOr0 MONMHTEXHHYECKOTO HWHCTUTYTAa W COCTOSII B OTOH
nomwkHoctH 10 1944r. B mae 1937r. m B mae 1944r. Ha3HaueH mpeacenareneM
TOCOK3aMEHAI[MOHHOM  KOMHCCHM 1O  (pu3mKo-MaTreMaTrHdeckoMy  (aKyJIbTeTy
TOCYHHMBEPCUTETA, KKIBIH pa3 Ha OJMH TOJI.

B Hos0pe 1943r. u3bpan neitctBurensHbM wieHoM AH Apwmsiackoit CCP; ¢ stHBaps
1946r. cocTol0 3aMecTHTENeM  aKaJeMHUKa-CeKpeTaps I0 OTICICHUIO  (H3HKO-
MaTematudeckux M TexHuueckux Hayk AH Apmsackoir CCP. C ocenu 1947r. cocroro
npeacenateneM cioBapHoit komuccuu AH Apmsackoit CCP.

O6mectBeHHass padora. B 1921-1922rr. s Obul mpezcenaTesieM MECTHOTO KOMHTETa
TOCYHHMBEPCUTETA B TEUCHUE 6 MECSILEB, a 3aT€M WIEHOM TOTO K€ MECTKOMa B TedeHHUe 7
MecsmeB. C 1932r. HempepriBHO wm30mpaincs cHadana TpeacenareieM CTYICHYECKHX
Hay4HBIX paboT IIoMMTEXHNYECKOTO MHCTHUTYTA, a 3aTeM yrnosHoModeHHeIM CHP Tam xe
no ¢espams 1937r. C ¢eppanmss 1937r. mo wmrons 1937r. ObUT 4WIEHOM MeECTKOMaA
[Momurexunyeckoro muHcTHTyTa. C Maprta 1936T. M 10 BBIOOPOB JEIyTATOB MECTHBIX
COBETOB IIEPBOTO CO3bIBa COCTOSUT WieHOM KupoBckoro paiicoBera. B 1947-1950rr. Obin
nenytatoMm EpeBaHckoro ropcoseta ot 232 okpyra.

CewmeiiHO€ MOJIOXKEHHE: )KEHA, ChIH, HEBECTKA, BHYYKA.

Anexkcanap AxkonsiH [moanucs|
Hanmnonanbubiii apxus Apmenun. @.768. On.3. . 3590. JI. 57-58. IlopnnHHMK.
ABTorpad.

Hyonnkanuio moarorosua Crenan 'apn6axaHsaH, KAHANIAT HCTOPHYECKUX HAYK.
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Uthiwuhlu 76, Ne3, 2023 MexaHnuka
VK 539.3 DOI: 10.54503/0002-3051-2023.76.3-6

BAND GAP FORMATION IN A BEAM WITH ATTACHED
LOCAL RESONATORS AND PERIODICALLY ARRANGED
INTERMEDIATE EXTERNAL SUPPORTS

Ghazaryan K., Piliposyan G.
Keywords: Band gaps, localization, resonance frequency.

In the paper a comparative study of a band gap formation mechanism is presented in finite and infinite
homogeneous beams rested on periodically arranged intermediate external supports and periodically attached
local mass-spring resonators. The transfer matrix method in conjunction with Bloch-Floquet’s approach is
extended to study the flexural wave vibration and phonon band gaps generated by both of external intermediate
supports and local resonators. The eigenvalue vibration problems are formulated for pinned and clamped multi-
span finite length beams and the equation defining eigen frequencies are obtained. The novelty of the paper is the
analytical and numerical results concerning formation of band gaps caused by local resonators and intermediate
external supports.

Nwqupyui 9., Oy hthnuyui .
NMuppkpwpwp niyuljuyjus wpunwpht hftwpwiutpht htudws b wknuyht nhgnunnputpm] dhugjud
htdwuh hwgwjum pymuittph wpghpjwd gnunhutph Juquugnpdtn

Pwtuyh punkp. wpgldws gnunhubp, wknuyiugnud, nhqgnuwbuwht hwdwhineynd:

Uoluwnwiipnmid — ubpluyugyus bt wwppbpwpup  wbnuiuwpws  dhowlju)  wpunwpht
htuwpwltbkphtt htudws b mbknujhtt nhqnuuwnnpubpny vhwugyws hkdwumd hwdwhinipiniiutph
wpglqué gnuhutph juqiuynpdwi hwdbdwnwlut dipnsnipniup: Spwbudtp dwnphgubiph
Ubkpnnh htwn qniqujgus, Fnp-dnith wbumpub oppwtwlnid hEknwgnunjus L wpghjus
gqnuhtbph gnugdwt Ukwbhquubpp  wugdwbuonpjus  hisybu  hkbwpubbbpng, wiybu
phignuwwnnpubpny: Quuibkpyyl; ko bGqpuyhtt  jughpibpp b wnwgdl] B wdpulgduws b
hnpuljuwynpkt hkudws Jippwynp tplupnipjut puqupenhsp htdwhtbph ubthwlwt wpdbputpp
npnonn hwjuwuwpnidubpp:

Kazapsan K., Inaunocsu I'.
®opMHpPOBaHHeE 3aNIPETHBIX 30H YACTOT GAJIKH € IPHCOEMHEHHBIMU JIOKAILHBIMHU PE30HATOPAMHU H
omnepToii Ha MEPHOANYECKH PACIIOJI0KeHHbIe BHEITHbIE ONOPBI

KiroueBbie cjioBa: 3alIpETHBIC 30HBI, JIOKaJIN3alus, p€30HaHCHAas YacToTa.

B pabore mpencraBneH CpaBHHTENbHBIM aHAIM3 MEXaHHW3Ma OOpa3OBaHUS 3alPETHBIX 30H YacTOT B Oalke ¢
MIPUCOEIMHEHHBIMH JIOKAJIbHBIMU PE30HATOPAaMU U ONEPTO Ha MEPUOJUYECKU PACIIONOKEHHBIE IPOMEXKYTOYHbIE
BHEIIHUE omopbl. B pamkax Tteopum bnoxa-droke B couyeTaHuM MeToAa TpaHChep MaTpull HCCICAOBaH
MEXaHH3M 00pa30BaHMs 3alIPETHBIX 30H, TEHEPUPYEMBIX KaK OHOpaMH Tak U pe3oHaTtopamu. CHopMyIupoBaHbI
KpaeBbIe 3aJa4d M IOJIyYCHHI ypaBHEHHs ONPECIIIONINe COOCTBEHHBIC YacTOTHI 3aIIEMJICHHBIX M MIAPHUPHO
OIEPTHIX MHOTONPOJIETHBIX 0AJIOK KOHEUHOH JUTHHBI.

1. Introduction
Periodic materials and structures, called mechanical metamaterials, demonstrate new
physical properties unfeasible in naturally occurring materials [1,2]. Under certain conditions

6


https://doi.org/10.54503/0002-3051-2023.76.3-6

their frequency spectra exhibits band gaps, which are frequency ranges where wave
propagation experiences significant attenuation [3—5]. This paper focuses on a particular
class of a periodic structure, a periodic flexural beam, where periodicity can be achieved by
a repeated variation along the axis of the beam, for example, by the presence of local
resonators, which are normally either attached to the surface of the metamaterial structure
or embedded inside [6-9].

Frequency bandgaps in metamaterial structures can be caused by local resonators or
Bragg’s scattering. In the first case local resonators absorb the kinetic energy from the
oscillations propagating through the metamaterial structure [10]. When the frequency of the
external vibration matches the resonant frequency of the local resonators the energy from
these vibrations transfers to the local resonators [7]. On the other hand, Bragg’s scattering
bandgap forms due to the destructive interference and standing wave formation when the
wavelength is multiple of the periodicity of the structure [11]. Bandgaps created by the
presence of local resonators appear at much lower frequencies than the Bragg’s frequencies
[12, 13]. Frequency bandgaps in both cases have a wide range of application in vibration
insulators, frequency filters, waveguides and energy harvesting [10, 14, and 15].

Wave propagating in beams may cause structural damages and inaccuracies in
experimental measurements. Band gaps in beams can be used in engineering constructions
for control of the behavior of waves since many engineering constructions are designed as
one-dimensional periodically supported structures such as railway tracks, pipelines and
multi-span bridges [16, 17]. Investigation the dynamic behavior of these structures are of great
importance in minimizing their vibration response and failure, fatigue and damage and
reducing the transmitted noise to the surrounding environment. Stronger vibration
attenuation may also have applications in ambient vibration energy harvesting [18-20].

For infinite metamaterials the Bloch-Floquet theory is normally used to reduce the
analysis of the wave propagation to the problem for a single unit cell [21]. Understanding the
wave propagation in finitely periodic media is however more important for analyzing their
acoustic properties, since most structures have a finite number of periodic cells. For finite
periodic structures the problem becomes complicated and the transfer matrix approach with
finite element method is often more suitable [22].

A typical example of a periodic structure is a uniform beam rested on external sup-
ports and local resonators [23]. In this paper the oscillatory response of wave propagation in
such structure is investigated. Using the transfer matrix approach the problem is solved
analytically by means of the Silvester’s theorem.

2. Statement of the problem
Consider a dynamic problem of interaction of metabeams with both finite and infinite
length with attached local resonators. The meta beam is rested on periodically arranged

intermediate supports at points X =(n —1)d andx=nd, (n=1,2,..) and the local
spring-mass resonators attached periodically at points x = (n -1/ 2) d (Fig.1).

} Fixnt)
x = (n-1)d ¥ = (n-1/2)d x=nd
[ )~
% k3 JAY
External
Supports 'CT) ‘ V"(t)

Fig. 1: The unit cell of the metabeam with external supports and local spring-mass resonators



The equation of motion of Euler-Bernoulli beam can be described by the following
equation
o'w o'W
—+pA——=0, (1)
ox Ot
where W (x,t)is the dynamic deflection of the beam, E is the elastic modulus, / is the
area moment of inertia, p is the bulk density and 4 is the cross-section area.

EI

The transverse interaction force F'(x,,#) (Fig.1) of the beam with a local resonator of

mass m attached at the points X = X is given by the following formula [1]
2

F(x,0)=—m dd? , ®

where V () is the vertical displacement of the resonator.

On the other hand we also have

KW(x,,t)-V (t))+m C;tz/ =0, 3)

n?

where W (x,,t)is the displacement of the beam at point x, , K (force per unit of length) is

the resonator’s spring stiffness.
Assuming functions in the form

W(x,t)=U(x)e", V. =V, e @)
where ®is the frequency and substituting into (3) leads to
K
I/;)n = 2 U(xn) ° (5)
K —-mo
Substituting (4) and (5) into (3) results in
Kmw’
F(x,)=———=U(x,) (6)
K—-—mo

In the basic unit cell x € ((n—1)d,nd)the solutions for amplitude functions can be

written as

U,(x) = A sin(px) + A, sinh(px) + A, cos(px) + A, .cosh(px), 7

where p = y/pA®(EI)™" , subscripts () denote regions:
(-) > xe(dn-1),dn—-d/2), (+)— xe(dn—d/2,dn))
At each intermediate support the beam deflection is zero, the slope and the moment just

to the left and to the right of the support are the same. These conditions at the support
points in the unit cell can be written as

U+(nd):O, {M}:O’ {dZU+—(2nd)}:0 ®)
dx dx
U (n-1)d)=0. dU_((n—l)d):O’ dZUf((nz_l)d) _0 ©
dx dx



where [] is a jump of a function across the interfaces.

The interface conditions at the points X, = nd —d / 2 where the local resonators are

attached can be cast as

dU (x,) _dU (x,)

V) =U) . =00 d (10)
dU.(x) dU(x) dU(x) d'U(x)
o de | dye o U
Km»®
here f = —— o
where f (K—mo’)EI

Introducing non-dimensional parameters: bending frequency of the beam
Q = od?\|pA(EI) , resonance frequency of the resonator O, = d’+/(E£Im) ™ 47K and
mass of the resonator 4 = m(pAd)™", we rewrite parameter f as
= nuQ’Q;}
d* (0 -7)
The last condition of (10) provides a relationship between a local resonator and multi
span beam rested on external supports.

(1)

3. Solution of the problem. Propagator matrix approach
In the unit cell the solutions (7) satisfying to the conditions (8) can be cast as

U, (x)=A4, sin(pd(x—n))+ A, sinh(pd(x—n))+
+ 4, (cos(pd(x —n)) —cosh( pd (x - n))),
U (x)=4_sin(pd(x—n+1))+ A4, sinh(pd(x—n+1))+
+ A4, (cos(pd(x —n+1))—cosh(pd(x —n+1))).

Substituting (12) into the interface conditions (11), the constants Ali and AZi can be

(12)

expressed via A, in the following way
Al— = —OL(’YAm + BAof)’ Azf = _a(8A0+ + 9AOf)
A, =B, +14,), A, =a(04, +94,), (13

where

o = (2f (cot(§) — coth(§)) + 8 p’ cot(§) coth(E))

B= csc(§) (csc(&) coth(&)(4p’ cos(28) — fsin(2€)) + f(csch(&) + cos(2§) csc(&)))
vy =—csc(&)( f csc(E)— f esch(§) +4p’ csc(&) coth(&)) ,

0 =csch(§) (cosh(2§) csch(E)(f —4p’ cot(§)) f ese(E) -2 f cot(E) cosh(@)),

9 = fesch(€)(esc(E)—csch(E)) +4 p’ cot(E)esch?(E), &= pz_a'



Since the interface conditions at external supports are imposed on the functions
dU (x) d’U . (x)
= and =
dx dx’
dU.(x) d*U.(x))
0 o[ 20 410
dx dx
Now expressing the vectors U (nd)and U, _((n—1)d)via the vector
A=(4,,4,)" weget
U, (nd)=QA, U((n-1d) =Q.A

it is convenient to introduce the following column vectors

(14)

where
_PB+6)  p(y+9) rB+9) p(y+9)
Q = a o , Q, = a a
-2p’ 0 0 -2p’
Excluding vector A = Q™ U_((n—1)d) we obtain the following relation
U, (nd)=MU_((n-1)d), (15)
where M =Q, Q' and
B-y+0-3)(B+y+0+3)
1 |6-P
M= 2ap (16)
T 2ap 0—p

Herein the matrix M is a unimodal propagator matrix for the Euler metabeam wave
field, linking the vectors U, (nd)and U_((n—1)d)at the ends of the beam unit cell

where the external supports are located and the local resonators are attached at the middle
of the unit cell. Elements of matrix M in the explicit form can be written as

M—(m” mlzj
m, —m,

and

cos(pd)( f —4p’ sinh(pd))+cosh(pd)(4p’ sin(pd)— f ) -

m, =A" > (A7)
—4 f'sin (pde sinh (pde + 2 f sin( pd) sinh( pd)

f£4 cos (%) sinh (%) —(cos(pd) +1)sinh(pd) + 2 sin( pd ) cosh’ (%djj
m,=p A"
+4p’ —4p’ cos(pd)cosh(p)+4 f sin (%dj cosh (%d]

10



(18)
m, =A" p(2sinh( pd)(f(cos(pd)—1)+4p’ sin(pd))+4f sin( pd)sinh’ [%dD;m” =m,

A= f(cos(pd) —cosh(pd) +4sin [p—zdj sinh [pTdD +4p’ (sin(pd)—sinh(pd));
(19)

If the resonators are absent f = 0 then

sin( pd) cosh( pd) — cos( pd) sinh( pd) 1—cos(pd)cosh(pd)
o sin( pd) —sinh(pd) psin(pd) — psinh( pd)
° 2 psin(pd)sinh(pd) sin( pd)) cosh( pd) — cos(pd) sinh( pd)
sin( pd) —sinh(pd) sin( pd) —sinh(pd)
(20)

The matrix M|, links the vectors U (nd) =M U, ((n—1)d) at the ends of the n-th cell
where the external support are placed only.
4. Finite and infinite length meta beams, Sylvester’s theorem

The elements of this matrix M are independent of the unit cell number, and since the
vectors U, (nd)and U_((n—1)d)are continuous at the supports points of the

neighboring cells, repeating relations (15) n times the propagator unimodal matrix M" can

be found. For any n = I, 2, .., N the matrix M" links the beam deflections and slopes at x
=(0and x = nd.

U, (nd)=M"U_(0). 1)
According to Sylvester’s matrix polynomial theorem [24] the elements of the n-th

power of a 2 x 2 unimodal matrix M = {m,}’, _ can be expressed as

i,j=1

M, (n) M, ,(n

M":( u(m) M,y ( )j )
M, (n) M, (n)

where

M, (n)=m,S, ()-S,,m), M,(n)=m,S, (M),

le (I’l) = m21Sn—1 (11) 4 M22 (71) = mzzSn—l (n) - sz (n) (23)

and S (1) are the Chebyshev polynomials of second kind, namely

S () = sm(('n +1)arccos(n)) n= m, +m,, 24)

sin(arccos(m)) 2

The relation establishing a link between values of the vectors U (L)and U_ (0)

will enable to solve the boundary problems of free and forced vibration of metabeam. The
following three boundary problems can be solved for beam with periodically arranged
supports: clamped—clamped, hinged-hinged, hinged-clamped at x =0 and x = L.

11



In the case of the clamped-clamped metabeam the following matrix equation can be
imposed

0 0
AU (L) |= (M” M”J d*U (0) (25)
—+2 M 21 M 22 —+2
dx dx
From the non-trivial solutions of (25) one can find the following frequency equation
M, (o,m)=0 (26)

For a simply hinged-clamped metabeam based on matrix equation

2
0
‘ sz( = M M d*U (0 27
0 M 21 M 22 d—J}()
the following frequency equation can be cast as
M, (o,m)=0 (28)

For a hinged-hinged metabeam from matrix equation

d’U (L d’U, (0

—d;-z( ) _ (Mu M12 J d);Q( ) (29)
0 MZ] M22 0

the following frequency equation can be cast as

M, (0,m) =0 (30)

The equations (26), (28) and (30) define the eigenfrequencies of a beam of finite length

L=Nd rested on N +/ external supports with attached N local mass-spring resonators.

Investigation of these equations is the aim of our future studies and will not consider here.

Applying the Bloch-Floquet quasi periodicity condition at both ends of the
unit cell

U, (nd)=2U_((n-1)d) 31)
where A = exp(ikd) , k is the Bloch-Floquet wave number, and taking into account (15)
we come to following matrix eigenvalue problem

(M-ADU ((n-1)d)=0 (32)
It follows from (32) that the eigenvalues of the periodic structure satisfy the following
equation:

A =2Mn+1=0, n=m, (33)

Taking into account (33) the equation defining the gaps of the infinite beam with external
supports and local resonators can be written as

cos(kd) =m,, =n(p,Q,Q,) (34)
where

N(1Q,Q,)=0K"

12



@ = Q0 (ur(cos(r) — cosh(r) —4sin(r / 2)sinh(r / 2) + 2 sin(r) sinh(r))

—4 cos(r) sinh(r) + 4 sin(r) cosh(r)) + 4Q* (cos(r) sinh(r) — sin(r) cosh(#));

K= Qg (4(sin(7) —sinh(7)) — 2ur(sin(r / 2) —sinh(r / 2))*) — 4Q*(sin(r) — sinh(r))
r=Q

The deviation the function M(L,€2,€2, ) defines gaps in both infinite beam and eigen

frequencies of a finite beam given by equations (26), (28) and (30).

. Analysis, discussion and numerical results
The condition |N(W,€2,€2,)[>1defines band gaps in an infinite beam. When

resonators are absent (L = 0), it follows from (17) that
sin(@)cosh(@)— cos(x/ﬁ)sinh(\/a)
= sin(\/ﬁ)—sinh(\/ﬁ)
Dispersion curves defining band gaps in the first Brillouin zone for a beam without
resonators rested on periodically arranged supports, are presented in Figure 2. Figure 2a

shows the band structure of frequency € versus the real part of a Bloch wave vector kd, the
dashed horizontal lines on dispersion curves determine the bounds of the first four gaps

0e(223,39.4), Qe(61.6,88.7), Qe(120.7,157.7) and Q2 € (200.8,248.7)

There is also a cut-off frequency at 2 = 9.6 below which the waves cannot propagate.
Figure 2b presents the complex band of the real and imaginary parts of the Bloch
wave vector kd versus frequency () . Solid blue curves correspond to the real part of the

(35)

——= Refkd), Tmkd)

e frequency, {1

Marmaliz

13 |';I',' 200 248 s

(a) Band structure of Q versus the real part of kd, (b) Complex hybrid band structure of
real (solid blue) and kd imaginary (dashed) parts of kd versus frequency
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Bloch wave vector kd in the first Brillouin zone kd € (0, ), dashed symmetric curves
correspond to the imaginary part of the Bloch wave vector.

The imaginary parts of the Bloch vector Im(kd) define the attenuation of the flexible
waves whose frequencies are inside the bandgaps, while the real part of the Bloch vector
Re(kd) defines the dispersion of the flexible waves whose frequencies are outside the
bandgaps [25].

Figure 3. shows the plots of the beam resonance frequency €2  for
n(u,€2,,€2,) = oo as a function of the local resonator frequency Qo for different values

of u, where 9 is the resonance width for given values of Qj and p. As it follows from Fig. 3
the beam resonance frequencies depend on the resonator mass and do not coincide with

local resonator frequencies (2 # €. The resonator mass increases the beam resonance
frequency. In the case of p = 0.1 the beam resonance frequency 2 practically coincides
with local resonator frequency €2, .
1,
350
300 |
250
200
150
100

50

20 40 . a0 . SU. .][Pl} . 120 140

Fig. 3: The beam resonance frequency €, as function of local resonator frequency Q.
The blue, black and dashed curves correspond to p= 1, p=0.5, and pn = 0.2 correspondingly.

p=02; 0 =181, =182, 6=68 pu=1;0=18,0,=222,6=193

Fig. 4: The plots of the derivation function n(p,£2,€2) at the beam resonance frequencies Q.
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n=02;00=50,0,=524,6=62 p=1;0=500,=93,0=43

;///
1 ) /
‘ ‘ . ‘ ‘ .
120 140

Fig. 5: The plots of the derivation function n(p,Q,€) at the beam resonance frequencies Q..

On the Figures 4 and 5 the plots of the deviation functions n(p,Q2,Q0) are presented in
the neighborhood of the resonance frequencies () which are not coinciding with the
resonator resonance frequencies Qr , Qr * QO , 0 1s the resonance width for given values
of Q. Blue and red curves correspond to a beam with and without resonator:

1) Fig. 4 (a,b) at the resonator resonance frequency €2, =18in the case of two different
masses of the resonator p=1and p=0.2,
2) Fig 5 (a,b) at resonance frequency € = 50in the case of two different masses of the

resonator p=1and p=0.2.

w=02 05=18.0, 10, =182, ,6=68 w=02, 0y =500, =524,6=62
ks,

10
05
0.5
A
| 50 100 150

Fig. 6: Attenuation curves versus frequency in the range Q € (0, 250) illustrating the variation of band
gap width caused by the local resonators.

As it follows from Figures 4 and 5 at resonance frequencies new bandgaps open with
widths 6 significantly depending on the mass of the resonator and the resonance frequency.
Since the imaginary parts of the Bloch vector Im(kd) operate inside the bandgaps, the
analysis of the bandgap structure caused by a local resonator will be carried out by
considering the attenuation function (Im(kd) in the bandgaps. The influence of the resonator
resonance frequency €y on the formation of band gaps is illustrated in Figures 6 and 7
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where the imaginary parts (attenuation curves) of the Bloch wave vectors are plotted as a
function of Q in the range Q € (0.250). Blue curves correspond to the multi span beam with
resonators and red curves to the beam without resonators. In Figures 6 and 7 the lowest
contours of the attenuation curves where Im(kd) — 0 define the map of bandgap
frequencies.

It follows from Figures 6 and 7, that for a local resonator of a small mass L= 0.2 at
resonance frequencies new bandgaps open only in their neighborhood. But for the resonator
with a mass L= 1new broader band gaps also open both above and below of resonance

frequencies. Note that dimensionless mass p is the ratio of the local resonator’s mass and
the mass of the beam unit cell. As it follows from Figures 6 and 7 the attenuation curves
within a resonance bandgaps are not symmetrical while the attenuation curves describing
bandgaps due to supports are symmetrical.

p=1,00 = 180, 0, = 222, 6= 19.3 u=1,0=50,0,=930,6=48
o) Imikdy

30
25

20

o | [ o
50

()]
Fig. 7 Attenuation curves versus frequency in the range Qe (0,150) illustrating

the variation of band gap width caused by the local resonators.

6. Conclusion

A locally resonant homogeneous multi span beam rested on periodically arranged
intermediate supports with periodically attached spring—mass resonators is studied in this
work. The transfer matrix method in conjunction with Bloch-Floquet’s approach is
extended to study the flexural wave vibration and bandwidth of a metabeam phononic
band gaps generated by both of external intermediate supports and local resonators. The
eigenvalue problems for the free vibration study is formulated for finite length pinned and
clamped multi-span beams. For an infinite beam explicit analytical formulations are provided
defining the bandgap formation. It is demonstrated that two types of band gaps, due to
resonance and external supports, co-exist in the beam. It is shown that the beam resonance
frequencies depend on the mass of resonators and do not coincide with local resonator
frequencies. The resonator mass increases the beam resonance frequency. The local resonator
of small mass opens new band gaps only in the neighborhood of the resonance frequencies.
If the mass of the resonator is comparable with the mass of the beam’s unit cell new and
wider bandgaps open up both above and below of resonance frequencies.
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Controlling Electro-Acoustic Wave Propagation in a Piezoelectric Waveguide
with Non-Acoustic Edge Action

Avetisyan Ara S., Mkrtchyan M.H., Avetisyan L.V.

Keywords: electro acoustic wave, wave control, piezoelectric waveguide, non-acoustic action, edge control, control
function harmonics.

Ynpagienue pacnpocTpaHeHHeM JJ1eKTPOAKYCTHYECKO BOJIHBI B
NMbe30J1eKTPUYeCKOM BOJHOBO/IE ¢ HEAKYCTHYECKUM KPaeBbIM BO3/1eiicTBHEM

ABetucsin Apa C., Mkptusin M. I'., ABetucsin JI.B.

KiioueBble c/10Ba: DJIEKTPOAKyCTHUYECKas BOJIHA, BOJHOBOE YIPABICHUE, IIbE303IEKTPUUCCKUH BOIHOBOJ,
HEeaKyCTHYECKOe BO3/ICHCTBIE, KpacBoe YIpaBlICHHE, TApMOHUKH (yHKIUH YIIPABICHUS.

PaccMoTpeHa 3a1ada ynpaBleHHs PacpOCTPaHEHUEM OTHOHAIIPABIICHHOH BOJIHBI YIIPYTOT'O C/ABHI'a B OECKOHEYHOM
IIbE309JIEKTPHYECKOM BOJHOBOAE Ha KOHEYHOM MHTepBaje BpeMeHH. IIoBEpXHOCTH IbE303JIEKTPUUECKUX
BOJIHOBOZIOB CBOOOJIHBI OT HAIPSUKEHHs M KOHTAaKkTa. Harpy)keHHble 271eKTpOJIbl C NMEPEMEHHBIM MOTEHIHAIOM
9JIEKTPUYECKOTO II0JIs PACHONIOKEHbl Ha Pa3sHOM PACCTOSIHUM OT HOBEPXHOCTH BOJHOBoAa. HarpyskeHHble
9NIEKTPOABl BOIM3UM MEXAaHHUYECKH CBOOOJHBIX IOBEPXHOCTEH IIhE302JIEKTPUUECKOrO BOJIHOBOJA BBHI3BIBAIOT
9KBHBAJICHTHOE 2I€KTPOMEXaHHIECKOE BO3IEHCTBHE HA IOBEPXHOCTH BOIHOBO/A.

CoopmynupoBana 3aJaya TPaHUYHOIO YIPABICHUS pPaclpelelIeHUEM KOMIIOHEHT BOJHBI JJIEKTPOAKTUBHOU
OJHOHAIPABICHHON CABUIOBOH AedopMaluy IO TONMIMHE BOoNHOBOJa. OHa pemraercss ¢ IIOMOINBIO METOAA
paznoxkenus B psaasl Oypbe, 3aKIII0YAIONIET0Cs B HAX0XKACHUH IPABUIBHOM (HOPMBI DIEKTPOaKyCTHIECKHX BOJH C
HCIIONB30BAHHEM COOTBETCTBYIOIIHX TapMOHHK IIOBEPXHOCTHBIX BO3ICHCTBHH.

Taxk e, ObUIM IPOBECHBI AHATUTUIECKUE M YHCIICHHBIE PACUETHI A1 KOHKPETHOTO CIIy4asi paBHO HATPY)KEHHBIX U
PaBHOYAJIEHHBIX OT IIOBEPXHOCTEH BOJHOBOJA DJIEKTPOIOB.

EiEjunpuuyniunhl whph wwpwsdwb nEjun]wpnidp yhtqnhjuphl wihpunwpnid ny wlniunhly
kqpuyht wqnlgnipjuib thgngny

Uytnhywi Upw U, Ujpunguu U.2., Udtnpuywb L.

Zpiiwpunty’ Hblnpuwlnunnhy wihp, wihph nbyutwpnud, whtqnibynphy wihpunwn, n
wlniunpl] wqpkgnipinil, tqpuyht nEjwjupnud, nEjudupdw $nibyghuyh hwpudnuhlubp:

Thunwplyylk E widbpe whiqnkEiuphy whpwwnwpnd dhwlinndwih wpwdquljui vwhph wihph
nuwpwdnidp  vwhdwbwhuwl dwdwbwyh ptnbpqunud nEjudupbne pughpp: MhkqnkEywunphy
whpwwnwph dwibpbnypubpp wquu & jupjuwdmipmnithg b othmdubtphg: BiEjupulut qupnp
wnuwpplp ynnkughwikpny pintdws LEjnpnputpp wknujupws ko whpuwnwph dwlkplnyputphg
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wnwpplp  hEipwynpnipinititbph  Jpu:  MhkgnbEjunpuljut wjhpwwwph  dbuwthynpit wqun
dwlkpunyputph Unwn (hgpudnpyws Likunpnnubpp hwigkgund G wihpwwnwph dwybplnygputph
Jpw hudwpdtp LEjunpudbiwihjuljut wqpkgnipyui:

Quuipydws k wihpwwnwph hwunmpudp LEjupuwwlnhy dhwinndwih vwhph nhdnplughuygh
wihph pununphsiubph puohdwt tqpuyhtt nEjujupdwi fuunhpp: Uju msynud £ oquuugnpdtyng
Sniphbh owpph tkpjuyugdwi dkpnnp, npp tkpuenud b REjupuwlniunply wihpubph &hown duh
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EEyupnnputpp hwjuuwpuybu pintws i b quidnmd ko wjhpuwnwph dwlipinyputphg hujwuwp
htnpwynpnipjui pus

Considered the problem of controlling unidirectional elastic shear wave propagation in an infinite piezoelectric

waveguide over a finite time interval. The piezoelectric waveguide surfaces are free from stress and contact. Loaded
electrodes with varying electric field potentials are located at varying distances from the waveguide surfaces. The
loaded electrodes near the mechanically free surfaces of the piezoelectric waveguide result in equivalent
electromechanical action on the waveguide surfaces.
The boundary control problem for the distribution of electroactive unidirectional shear deformation wave
components across the waveguide thickness is formulated. It is solved using the Fourier series expansion method,
which involves finding the proper form of electroacoustic waves using corresponding harmonics of surface actions.
Additionally, analytical and numerical calculations were conducted for the specific case of electrodes being equally
loaded and equidistant from the waveguide surfaces.

Introduction

The widespread use of multi-functional materials in modern electronics has led to the
discovery and study of new coupled wave effects, such as electro-magneto-elastic and
thermo-elastic, with both plane and antiplane deformation elastic wave properties. The study
of wave propagation modes and changes in wave field characteristics is a critical step in
solving dynamic problems. The transfer of wave energy, its localization near the waveguide
surface, and the distribution of wave characteristics across the piezoelectric waveguide
thickness are important aspects of the dynamic process.

In 1968, after confirmation by Bluestein J.L. [1], and in 1969 by Gulyaev Yu.V. [2]
assumptions about the existence of localization of the wave energy of an electroactive elastic
pure shear wave on a mechanically free smooth surface of a piezoelectric medium, under
different boundary conditions for the accompanying electric field Kaganov M.L.,
Sklovskaya L.L. [3].

In [4] Ingebrigsten K.A. considered the effect of various electromagnetic boundary
conditions on the propagation of surface waves in piezoelectrics, by introducing an electrical
"surface impedance". In works [4, 5] Avetisyan A.S. is shown that the conditions of
conjugation of electric fields on a mechanically free surface of a piezoelectric lead to the
appearance of "effective mechanical stresses", which leads to near-surface localization of the
component’s energy of electro elastic waves.

In the article Avetisyan A. S., Mkrtchyan M. H. and Avetisyan L. V. [6], considered a
variety of surface non-acoustic influences in problems of surface control of three-component
electroacoustic waves in a piezoelectric waveguide.
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The possibility of the control problems formulating of the electro-acoustic transverse waves
propagating in the piezoelectric half-space by non-acoustic action on its surface is studied
Avetisyan A.S. [7]. It is shown that the non-stationary electric potential on the electric screen
or the non-stationary width of the gap between the indicated surfaces leads to a non-acoustic
effect on the piezoelectric half-space.

In work Ilyin V.A., Moiseev E.L [9], the seven different problems of boundary control for a
stretched string were considered. In work Ilyin V.A., Moiseev E.I. [10], to find an
unambiguous solution to these problems, it is sometimes necessary to impose additional
conditions on the desired functions.

In articles Barseghyan V.R. [11, 12], the problem of optimal control of string vibrations and
the optimal boundary control of string vibrations with given values of the velocities of the
deflection points at intermediate times are examined. The control function for all orthogonal
vibration modes in these problems considers the total edge action.

In the last part of the book Avetisyan A.S. [12], the problem of controlling electroacoustic
waves in a waveguide is formulated. A method for solving problems of control of
electroacoustic waves by non-contact surface action is proposed.

1. Problem statement.

1.1 Formulating and modeling a mathematical boundary value problem.

The control of the propagation of normal electroacoustic shear deformation waves in a
piezoelectric waveguide, under external influence by an electric potential is investigated. A

piezoelectric layer with a thickness of 2H, is located between electric screens at a distance
of [Hy+h,] and [H,+ h_] from each other respectively. The electric screens are loaded
by field potential ¢, (¢)-exp(ikx) (Figure 1).

£

b g

@, (1)
h+
H, k X
s =.. | -
H,
h_
P, (1)

Figure 1. The scheme of contactless edge control of the distribution of an electro acoustic wave in a
piezoelectric waveguide.

In the investigations of the propagation of electroactive unidirectional elastic shear
deformation waves of a type W (x, y,t) =w(y,t)-exp(ikx) in a 6mm hexagonal symmetry
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class piezoelectric layer yS|H0|, the system of the quasi-static equations of electro
elasticity has the form

W'y )=k w(p.0) = (1)) W (r.0)

00,0 =k -y, =(es/a) | Wt =k -w(p.0) ] (1.D)
Here, W(,?) is elastic shear distribution function over the waveguide thickness, ¢(1,?) is

distribution function of the accompanying electric field potential over the waveguide

thickness, ¢’ =(1+ y*)-\/c,,/p the quadrate of the elastic wave velocity, e

piezoelectric module and &,; coefficient of dielectric and y* = e}, / (cy4¢,,) the coefficient
of electromechanically coupling of material.

In the near surface vacuum gaps ye[H,; H,+h ] and ye[-H,-h; —H,],
respectively, the accompanying quasi-static electric field vibration equations have the form
oL -k 9. (3.)=0, (1.2)
Here @, ,(y,t) is the accompanying electric field potential distribution function in vacuum
gaps respectively.

As follows from equations (1.1) and (1.2), according to the quasi-static theory, an elastic
transverse shear wave propagates in the waveguide, with accompanying oscillations of the
electric field in it and in vacuum gaps.

Electrical dynamic loads on the electrodes create electric fields in vacuum gaps, forming
mechanical stresses and electrical polarization on the surfaces of the piezoelectric waveguide.
Taking into account the electromechanical boundary conditions for propagating
electroacoustic oscillations of the type F(x,y,t)= f(),t)-exp(ikx) on the mechanically
free surfaces of the piezoelectric waveguide and the conditions of continuity of the electric
field on the electrodesin y = H, + A, and y =—(H, + h_), the solution of equations (1.2),
which describe the oscillations of the accompanying electric field in the gaps
yvelHy;Hy+h] and ye[—(H,+h );—H,] can be written in the following form,
respectively

ShkQr=Hy=h)] o shik(y=H)]

@, (y,1)=—p(H,) sh(kh) o(t) (k) @.0(1) (1.3)
o Shlk(y+Hy+h)] ) o shlk(y+H,)]
o (v,0)=p(-H,) ShkTL) o(1) i) @.,(1) (1.4)

The obtained values of accompanying electric field oscillations in vacuum gaps (1.3) and
(1.4) form mechanical stresses and electrical polarization on the surfaces of the piezoelectric
waveguide.

The piezoelectric layer is mechanically balanced when
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kh @, (t) =ch(kh)-p(H,) - 6(7)

WDy, = @s/E) (60 f ) — @ p (1.5)
The piezoelectric waveguide surfaces also have balanced electric polarization

, P kh— @,(t) —ch(kh)-p(H,)-0(1)
o0, =F(&/é): e 0 (1.6)

sh(kh) h
It is obvious from (1.5) that in the absence of the piezoelectric effect in the mediume s =0,

there will be no mechanical tensions on the surfaces.
Obviously, under non-acoustic influence on the electric surface, the layer will be in

equilibrium when the electrodes are equally charged ¢ ,(f) =¢,,(f) and are at the same
distance i_ = h, from the mechanically free surfaces of the piezoelectric layer. In this case,
the values of the electric potential on the surfaces of the waveguide are equal
o, (H,,tH)=¢_ ,(—H,,t) and the electric polarization on these surfaces is directed in the

opposite direction goie(y,t)|y:H = —(pie(y,t)|y}H .

Based on the above, the conditions for conjugating the distribution functions of the
electromechanical field on the mechanically free surfaces of the piezoelectric layer will be
written in the form

W,(y’t)|y:iH0 =t (615/544) (‘90/511) : (p;e(y»t)h:ﬂ{o (1.7)
P00 Ly =F(&/E0) 0L D], (1.8)
[e(r.0-0..(».1)] ., =0 (1.9)

Conditions for electric field conjugation on screens with electric potential are written in the
form

Pee VD iy = Pox (D) (1.10)

Formally, the initial conditions of the electroacoustic wave field characteristics at a moment
are written in the form

w(»,0)=¢&(»); p(»,0)=¢,(»); ?.(3,0)=9,,(») (1.11)

w(»,0)=4,(»); P(3,0)=vy,(»); ?.(»,0) =y, (») (1.12)

The final state conditions for the electroacoustic wave field characteristics at a moment are
written in the same manner

W(y,To)=éZo(y); qo(yaTo)zéo(y); (Pie(y’To)=(Z¢e(J/) (1.13)

W, Ty) = ¢, (¥); P Ty) =y, (¥); P (0. T) = .. (¥) (1.14)
However, according to the quasi-static problem statement, the accompanying electrical

potential vibrations D(x,y,f) and @, (x,y,f) have the same dynamics 6(f), as
electroactive unidirectional elastic deformation waves W(x, y,t)
W (x,3,0; ©(x,,1); @, (x,9,0} = {W); @(); ..(»)}-exp(ikx)-6O(t).
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Therefore, the initial oscillation values of the accompanying electric fields are described by
functions ¢@,(»), ¥, (»), #,.(»). ¥,.(») will be associated with the functions describing

the initial state of elastic displacement &,(»), 50 ). &y (), 4: (). The following system

of equations describes the connection between them

[k &) _ 60 -k -4 _ I2.)- () -k & ()
&) &ow’ () B &) ’
b0, (V) = b () =0, (1.15)

and the boundary conditions

o, (1) iy i(615/544)(‘90/‘911)'¢1r0re,y(y) y=tH,’

%, () D [0 -0, =0 (1.16)

y=tH,’
Similarly, a mathematical boundary value problem is formulated for the functions describing

y=tH, = $(‘5‘0/511)'¢i0e,y(y)

the final state of the electroacoustic field ¢ZO )., (»), &ie (»), v.,(y) and ézo (),
é: 0(»).

Therefore, in the quasi-static formulation of the wave process control problem, the initial
conditions of the electroacoustic wave field characteristics (1.7) and (1.8) in a moment ¢ =0

, and the final state conditions (1.9) and (1.10) in a moment ¢ = 7, will be written only for

the leading component of the process

w(y,0)=&,(»), w(»,0)=&,(») (1.17)

w(n,T,) =€), W) =&, () (1.18)

1.2 The reduced problem of the wave propagation control
The system of the quasi-static equations of electro elasticity has the form

W'y 0) =k w(p.0) = (1)) W (r.0),

w'(y,0)—k* -y (y,0)=0 (1.19)
With introduced function y (y,7) = @(y,1)—(e;5/€,)-W(¥,1) .

On a mechanically free and electrically open surface y = H, we will have equivalent effects

of the first kind
kh  @,(t) —ch(kh)-p(H,)-0(1)

W,(y,t) v, (615/544)(‘90/‘911)' sh(kh) 7 (1.20)
, W a0 —ch(dh)-g(H,)-0()
V0], == a0 s : (121)

It is important to note that, in case of ultra-high frequency (the actions of the ultra-short
length) actions, for which 277/1/1 > 1, the mechanical surface tensions and electric surface

polarization will have the following forms respectively:
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w’(y,t)|y:H0 = (2”/&*) : (615/544)(50/511) : (D(Ho) : 0(1‘)
V' L, =-Qr/A) (& /8)) o(H,) 0(t)

In case of ultralow frequencies of surface actions, for which 27rh/ A <1, the mechanical

(1.22)

surface tension and electrical surface polarization will have the form, respectively
@ () —p(H,)-0()

h
@ () —p(H,)-0(t)

h

In both limiting cases (1.22) and (1.23), surface conditions (1.5) and (1.6) are identically
satisfied.

W’(y:t)L,:iHo =(e;5/8) (&) /1))
(1.23)

w'(y,1)

y=H, (‘90/511)'

On the middle surface of the waveguide y =0, the symmetry of the problem is given by the
conditions of the first kind
w0l _, =0 v (0|, =0 (1.24)

Considering relations (1.20), (1.21) and (1.24), the new functions for electroactive elastic
shear and the electric potentials are represented in the following form:

Uy,0) =w(y,t) = yo, - u(t) (1.25)
Y(».0)=w(y,0)+ o, (kh)- u(t) (1.26)
In relations (1.25) and (1.26), a new designation is adopted:

(0) =@, (£) = ch(kh) - p(H,)-0(1)] /h (1.27)

the total surface non acoustic contact action

kh - kh
o, (kh)=(es/¢,) (g, /€,) ——, 0O, (kh)=(5,/&,) ——
(kh) =( 15/ 44)( o/ 11) sh(kh) v 0/ 1 Sh(kh)
are a intensities of the non-acoustic surface actions.
Considering new boundary conditions (1.20), (1.21) and (1.24), as well as the introduced
designations (1.25) + (1.28), the boundary value problem (1.1) and (1.7)+(1.9) is reduced to
a system of inhomogeneous differential equations with separated variables

(1.28)

U(y,0)-EU"(y, )+ &, -U(y,t) ==y8, [ ji(t)+ &K (1) | (129)
Y'(y,0) = kY (y,0) = —yk*6,, (kh) - (1) (1.30)
with a homogeneous boundary condition

U, =0. U.1)|,_,=0 (1.31)
P'( y,t)|y:Ho =0, ‘P(y,t)|yzo =0 (1.32)

The values of the introduced quantities U(y,t), W(,¢) and their velocities U(y,?),

W¥(y,1), characterizing the initial and final states of the wave process at the moments 7 =0
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and ¢ = T respectively, are determined from the known relations (1.17) and (1.18) , taking

into account both of solution boundary value problem (1.29)+(1.32) and the introduced
notation (1.25)+(1.28)

U(y,00=¢,(y)—yo,, - u(0), U(y,0)=¢,(¥) = 3, - f1(0) (1.33)
U, T) =& () - y5, - u(T,), Uy, T) =&, (») - yS, - iu(T,) (134)

Thus, the control problem for unidirectional electroacoustic waves in the piezoelectric layer
with a non acoustic action is already can by written as a nonhomogeneous differential
equations (1.29) and (1.30), with the homogeneous boundary conditions (1.31) and (1.32),
the initial and final states conditions (1.33) and (1.34) with account the relations (1.27), (1.28)
and (1.29) with respect to reduced elastic shear and the electric potentials in the coordinate
rectangle O, =[0< y < H Ix[0<¢<T(].

2. Analytical solution of the waveform control problem.
It is necessary to find a unique solution to the initial boundary value problem: a control

function £(¢) in the class Wzl [0,7;], that satisfies the smoothness requirements, as well as

functions of the required characteristics that satisfy the initial conditions (1.33), final
conditions (1.34)

& 0:0:5,(n.0} eW,[0,T3]. @.1)
and boundary conditions (1.31) and (1.32), it is necessary for the problem of controlling wave
propagation

W0 wo(n,0)} € L[-H,, Hy]. 2.2)
Representing the solution to the boundary value control problem (1.29)-(1.32) by multiplying
the functions of the separating variables allows us to present the characteristics of the wave
in the form of Fourier series expansions of the distribution of the wave form over the
thickness of the piezoelectric waveguide and the true harmonic of the process in terms of the
harmonics of the surface action.

Considering homogeneous surface conditions (1.31) and (1.32), the generated wave with the
corresponding harmonic for inhomogeneous equations (1.29) and (1.30) is obtained in the
following form:

Uy,t)= i Uu,»)-6,,(t)= i A, sin(ex, ) [AOm sin(@,,,t)+ B,,, cos(a)Omt)] (2.3)

Y(y,0) =D ¥, (3):6,,) =D B, sin(k,y)-[ 4, sin(@,,1) + By, cos(@,,1)]  (2.4)
m=0

m=0

Here @, =Ck, -\/1+(mA, / 4H,)’ are the frequencies of the eigen harmonics, and

A, =27k, is the length «wm» forms of the wave.

Expanding all the factors in equation (1.29) and using the Fourier series over the thickness
of the piezoelectric waveguide for the natural waveforms, the inhomogeneity leads to the
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appearance of new modes of vibration, which are the combined influence of the harmonic
functions of the natural modes of vibration and the surface action function.

[0,00-C,-5,,-(/e) i1, |+ @}, [60)+C,-5,,-()&)- 1, (D) | =

(2.5)
=—C,-5,-(/e)| @}, @}, |- 1, (1)

Hy
Here the Fourier coefficients C,, = (1/ H, ) I y-sin[e, y]-dy are determined from right-
0

hand side of the equation (1.29).
From equations (2.3) is also follows, that the true oscillation is formed as a sum of two
oscillations with different frequencies. It is important that the frequency characteristics

®,, =Ck, |1+ (mA, / 4H,) and @,, =¢,k,, as well as the coefficients
H, (hk)=C, -5, -(1 / ¢y (cofm — @, ) characterizing the intensity of the surface impact,

are correspond to the eigenmodes of oscillation in the propagating wave. Hence, it is obvious

that the frequency of the zero harmonic @,, =¢, -k, , will be resonant @, =¢, -k, = @, .

Therefore, this equation represents the relationship between natural vibration harmonics
6, (¢) and external surface action harmonics ¢, (¢) for m >1.
Equation (2.3) can be written as an infinite system of linear differential equations,

representing both the true vibration harmonics and the harmonics of the surface action
function:

fm (a)ﬁmt) + a);m : fm (a)ﬂmt) = Hm (hkm) : (a)ém - wftm) : /'Im (a)ymt) (26)
In equation (2.5), the true (total) vibration harmonic for the layer oscillation is represented in
the form

F(0)=2 1, (0)= 2 6, (@,0) + H,, (hk) - p,(@,,1) ] 2.7)
m=1 =

m

The dynamics function corresponding to the natural modes of oscillation of the layer (%)

is determined from equations (2.3)

o(t)= Z 0,()= z A, cos(w,, t)+ B, sin(w,,t) (2.8)
m=1 m=1

The surface action ££(f) of non-acoustic contact can be represented in a Fourier series, with

indeterminate coefficients A B, and new frequencies @

um um um

w0 =3 1, 0)= 3 [ 4, c05(,,0)+ B, sin(@,,)] 2.9)

The surface non-acoustic contact action function also decomposes into harmonics

Pow (1) = 4, cos(@,, 1)+ B, sin(@,,t) corresponding to the eigenmodes of the layer

m

vibration
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@, (1) = Z%m (H)= Z[AW cos(®,,t)+ B, sin(a)(/,mt)} (2.10)

On the other hand, the total surface action is determined by (1.27), and therefore
u, () =4,,cos(®,,t)+ B, sin(@,,t) -

. @.11)
—[ch(hk,)/h]- @, (H,) [ 4y, cOS(@,,,t) + By, sin(@,,t)]

In the time interval [O <t< 72)] , the general solution for the m™ harmonic orthogonal,

from the infinite system of equations (2.8), is obtained by the method of constant variations,
in the form of the addition of the harmonics of the intrinsic and forced formation of forms

f.@)= Afm -cos(w,, t)+ Bfm -sin(@,,t) +

) (2.12)
+H, (hk,)- [Aym cos(a)mt) + Bﬂm sm(a)ﬂmt):|
The coefficients Aﬁn s Bfm R Aﬂm and B o > like the frequencies w,, and @®,,,as well the

coefficient of the intensity / (hk, ) are determined by the physical constants of the medium
and the geometric dimensions of the piezoelectric layer and vacuum gaps.

The boundary control problem of wave propagation decompound into an infinite number of
boundary control problems of orthogonal waveforms with the corresponding harmonics of
the boundary action.

It is necessary to take into account that equation (2.12) is characterizes the dynamics of m -
number form in the process of wave formation with the eigenvalue

km = \/(a);m /Etz) - (}7177'-/2[{0)2 and the frequency a)ﬁm = Etkm : V 1 + (mj’m /4H0 )2 :

In the control process of the wave propagation, the boundary action @, (¢), with its action

harmonics ¢,,, (¢) , is transmitted by the frequency @, (k) =¢, k,,.

The current harmonic of wave formation @(f), with its harmonics €, (¢) is represented by

the expansion of frequencies @, (k,)=Ck, -\/1+(mA,, / 4H,)" .

The initial values of the deflection and it vibration speed functions &,(y) and 50 (), as well

as the final values of its functions ¢, (») and cf (), we expand into the Fourier series, to

satisfy the initial conditions (1.17) and the final conditions (1.8)

£V =370 W (), E0) =37 W () 2.13)
LN =38, Wy (3), E =38, W,,(») (2.14)

Comparing the obtained relations for the initial and terminal conditions (2.13) and (2.14)
with the relations (2.7) and (2.9), we obtain the matching conditions at the beginning and at

the end of the control process
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0,0)+H(hk,) un,(0)=7,, (2.15)

6,(0)+H(hk,)- i1,(0) =7, (2.16)
0,(Iy) + H(hk,)- 1, (T;) =6, (2.17)
6,(T)) + H(hk,) i1, (T,) =3, 2.18)

Taking into  account the representation of the  deflection function
H, (hk)=C, -5, -(1 / ¢y (a)im —w,,) ,expansions of the initial and final conditions for

the elastic shear (2.8) and (2.9), and its velocities, the system of equations (2.15) + (2.18)
are written as an infinite system of linear algebraic equations in relatively to undefined

amplitudes 4, , B,,, 4,,and B,,
Ay, +H, (k) A, =7,

By, +(@,,/®,,) H,(hk,)-B,, =7,]®,,

Ay, - cos(@,, Ty) + B, -sin(w,, T;)+ 4,,H,(hk,) - cos(®,,T,) +
+BﬂmHm(hkm) . sin(a)l 1,)=0,

A, -sin(w,, T,)—B,, -cos(w,,T,) +

+(@,,[w,,) H,(hk,)- [Aﬂm sin(w,,T;)— B, cos (%mTo)] =-5,/w,,

m

(2.19)

By finding four unknown constant coefficients 4,,, B,,, 4,,and B,,, it is easy to
construct the boundary control function @,(f) according to (1.27) and the elastic shear
distribution function W(y,?) in the electroacoustic wave, taking into account (1.25) and

(2.3), in the coordinate rectangle [—HO <y<H, ] X [O <t< TO]

W0 = Y Wos ) £, (0= S W, (0)-[0, (@) + H, (h)- 1, (0,0 (220)

m=0 m=l1

_~n| sh(hk,) W, (H,) , ‘
(po(t)—; m (615/044)(80/8“)+ch(hkm) @, (H,) |-0,(0,,1)+

, 2.21)
m=1 m (ers/c) &0/ €1)
The required time of the edge action is defined as
T,= mli[l(;a;(]{ 27/min{w,, }; 27r/min{a)¢m}} (2.22)

3. Analysis of numerical results for the surface control of electroacoustic wave
propagation in the boundary value problem.

Considering the problem's symmetry, the solution and numerical calculations are performed
in an area {|x|<oo; 0<y<H;; 0<¢t<T;}, for a layer with a thickness of
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2H,=2x10"m, for a piezoelectric material PZT — 4. This material is from class 6mm of
hexagonal symmetry and its physical mechanical constants are given in Table 1. Electrosed
screens are located at a distance /#=2.5x10"" m from the mechanically free surfaces of the

piezoelectric layer.
It is worth paying attention to the fact that the intensity of the non-acoustic contact action

H, (hk)=9,(k, h)-D, , (transmission coefficient of the surface action) depends on the

relative length hk, =27h/2, of the propagating wave signal modes. It is obvious from

relations (2.5) and (2.12) that this dependence is true for all eigenforms of the wave. It is
natural, that the non-acoustic contact action intensity for the materials with a smaller
electromechanical coefficient is small. For the piezoelectric material PZT-4, with an

electromechanical coefficient 7” =0.9409 the action intensity coefficient for non-acoustic

contact is small 5 % < H,, (hk) <16 %, for wavelengths 0 < 27h/2,, <3.

Table 1. Shear modules, densities and velocities of shear waves in piezoelectric crystal

Shear module | Density of the Piezoelectric Dielectric coefficient of (SH) wave

of the material material module permeability EM coupling Velocity

cyy (nfm*) | p (kg/m") | es(C/m*) | &,/e,(F[m)  z° C, (m/sec)
PZT-4 | 256x10" | 7.5x10’ 12.7 6.45 0.9409 | 2.574x10’

The structural symmetry of the problem allows us to write the reduced inhomogeneous
equation (1.23) in the form

U, (00)—k -Up.n—(a" &) Uy =ys, (/&) ity + k*yS, - u(t) — (3.1)
With homogeneous boundary conditions
U0, =0, Um0, =0 (32)

Where &, = (e,5¢,)/(hcé&,,) - (kh)/sinh(kh) and u(t) = [, (1) — @(H,,t)- cosh[kh]].
For the true harmonics of oscillations f, (t)=6, (:)-C, -0, -(1/ &y u, (1), as well as for

the harmonics of the surface action function # (¢), an infinite system of linear differential

equations is obtained
7 2 ~2 2 2
fm (a)Hmt) + a)Hm ’ f;n (a)ﬂmt) = _Cm ’ 5wm ’ (l/ct )(a);tm - w&m) ) /um (a)ymt)

-(1 / &) (a)flm —w,,) on the right-hand side

(3.3)

It should be noted, that the coefficient C o

m= wm

of equation (3.3) indicates the intensity of the non-acoustic surface action on the propagation
of an electro-elastic wave. As we can see, this coefficient is different for different waveforms
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k, =mm/2H, and for different vibration frequencies @, = C, \/ (7m)/(2H,)+ k. and
®,, =Ck

1t%m -
Let’s consider a low-frequency steady-state electro-elastic shear wave W, (x,y,0), with a

frequency @, =5x10°Hz and a wavelength 2, =0.001 m, that propagates along the

waveguide. Initial state conditions in the control problem are written in the form

20? 2 2
VVIn(x,yao): COs 2ﬂ-y AI 501 ~ _1 +Sin 2ﬂ-y ﬂl[ C;)l~ _1 X
4 (2”) -G 4 (272') C; (3.4)
x [ cos(4x)+sin(4x)]
W, (x,7,0) =0 3)

It is required to find such a surface action £(¢) that will bring the process into a state with
an elastic displacement distribution W,,(x,y), with a frequency @, =2x10°Hz and a

wavelength 2, =107 m.

The final state conditions in the control problem are written in the form

2 Ay~ O, |2 A5 0,
W, (x,,T,)=| cosh AR - 20)’1 +sinh| 2L - L za)’i X
Ay (27) -C, Ay, (2z) -C, (3.6)

x| cos(4,,-x)+sin(4,-x)]

Wy (x,3,T,)=0 3.7)

The initial values of the deflection and its vibration speed functions (3.4) and (3.5), as well
as the final values of the deflection and its vibration speed functions (3.6) and (3.7), we
expand into the Fourier series, to satisfy the initial conditions (1.13) and the final conditions
(1.4)

W, (3,0)=>, sin(e,y), W, (»,0)=0 (3.8)

m=1

We(, 1)) = z§m -sin(@,, ), WFi(y,]})) =0 (3.9)

m=1
Taking into account (3.8) and (3.9), from the system of equations (2.20) we find four groups
of unknown coefficients 4_, B

om > Bom > A,, and B, . The non-acoustic surface action function

H(t) can be represented as an expansion with already defined coefficients
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Figure 2. The graph of the function of surface action H(t), when m=10.

u(t) = i[ 4,, cos(®w,,t)+ B, sin(®,,t )] -
2, (3.10)

~®(H,)- Y cosh(k,h)-[ 4, cos(m,,t)+ B,, sin(w,,1)]
m=l1

The graph of the non-acoustic surface action function £(¢) when m =10, is given in Figure
2.

8(t)/PZT-4

0.002

gl V.V | hrw' ,H _o

Figure 3. The graph of the function of natural vibrations O(t), when m=10.

The graph of the function () of the corresponding to the eigenmodes of the layer vibration
of dynamics is given in Figure 3, in case when m =10.
The function of the true oscillations f(#) can be represented as
x (A, ~cos(w,,t)+ B, -sin(w,,t)+
+C, -6, -(1/&) -(a)zm -w,, ) . [A#m sin(®,,1)+B,, cos(a)#mt)]

g7

f(= (.11

The figures of these functions are obtained in the form (Figures 2+4)
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Conclusions
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Figure 41| The graph of the function of true oscillations f'(t), when m=10.

The problem of controlling wave formation and propagation of electroactive shear waves in
a piezoelectric waveguide has been solved by applying an electric potential to the
mechanically free surfaces of the layer without contact.

In the quasi-static formulation of the control problem for the formation and propagation of
an electroelastic wave, the initial and final conditions are set only for elastic shear. The initial
and final functions for the accompanying components are derived from the basic equations.
The boundary value problem is simplified into an infinite system of control problems for
shaping and propagating eigenforms of electroactive shear waves by expanding the functions
of two variables into Fourier series and using harmonics of surface action.

By solving the infinite system of differential equations, we obtain the function of surface
action and the true harmonics of wave vibration, which brings the wave surface from a known
initial state to a given final state.

The work was supported by the Science Committee of RA, in the frames of the
research project Ne 21T-2C130.
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ZU3UUSULE @bSNhE3NPLLENP ULAUSHL UUUNEURUSE SENtulahl
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ON THE DYNAMIC BEHAVIOUR OF A THREE-LAYERED STRIP IN A NON-
CLASSICAL MIXED PLANE DEFORMATION PROBLEM

Aghalovyan L.A., Ghulghazaryan L.G., Kaplunov J.D.,
Sargsyan M.Z., Prikazchikov D.A.

Keywords: Three-layered package, asymptotic method, plane deformation, seismology, prediction of
earthquakes.

The non-classical dynamic problem of plane deformation of a three-layered isotropic package which is
modelling the behaviour of Lithospheric plates and blocks of the Earth's crust is considered. The upper surface of
the package is free, and the conditions of full contact are set between the layers. It is assumed that the
measurement data were taken from the points of the contact surface between the first and second layers of the
package, as data from inclinometers or strainmeters placed between the layers. The solution of the corresponding
dynamic equations and correlations of the problem of plane deformation in the theory of elasticity was obtained
by the asymptotic method. A numerical analysis has been carried out for a three-layered package by simulating a
block of the Earth's crust in Armenia. Monitoring of changes in the stress-strain state of the package according to
the data of measuring instruments in time allows tracing the process of preparation of earthquakes and predicting
the possibility of their occurrence and their magnitude.

Ununjjut LU, Mmppuqupui L.Q., Yuuniang 8n1.%., Uupquyub U.Q., Mphljuqgshyng 2.U.
0y nuuwlut ounp hwpe gednpiughuyh ptmpoud trwgkpn gkpinh ghtunthl Jupph dwupi

Zhdiwpwntp  Gnuwgbpn thwpkp, wuhdywunuhly dbpny, hwpp phdnpiughw, ubjuunnghw,
Epypuwowpdtph juitjiwwnbund:

QYhunwpyws b Enwokpn hgnuipny thwpbph hwpp phbnplwghuyh ny quuwlwi phuwdhl
lutnhpp, npp Unglpwgnpnud £ Lhnnubpughtt wagbph b kpypuljnth pinyubph quppp: @wptph
Jtpht dwybptup wquun k, huly okpnkph dhol wmpdws ki phy Yntnwljinh yuydwbubpp: Gupunpynud
E np swthdwl ndjuyutipp ipgdty ko hwpbph wnwghtt b tpypnpy otpnkph vholt othdwt dwljtptup
Ykwnbphg npybu wdyuyibp okpnkph dhel wknunpws huyhindbnptphg jud ninpungpuplitphg:
Unwdquljuinipjutt  wbkumpjutt hwpp pebnpdughuyh  puugph  hwdwywunwupiwt ghtwdhy
huwuwpmubph b wepbsnippniitiph psnudp unugdl] E wuhdyunnhl depagny: Zujuunubnid’
tpypulbntp  pogh dnpkuynpiwdp,  Eowpkpn quupkph hudwp ppujubugdl] Bopqugh
Jtpnsnipni: Qupbph  (upjuwéwntdnpiughnt  Jhdwlh  thnthnjumpnibubph  dnthwnnphugp
dudwiwlh pupwugpnid pun swithhy uwwppbph wjjuukph pnyp £ wiwjhu htnbl) Ephpuowpdtph
wnwwgdwl gnpépupught b jutijpwnbub) npuig wnwywgdw hbtwpwynpnipniup b dwquhwnnigp:

Aranossin JI.A., I'yarasapsu JLI'., Kanutynos 10./1., Capresn M.3., Ilpuka3zuukos [I.A.
O AMHAMHUYECKOM NOBeIeHHH TPeXCJI0iHOM M0J10Chl B HEKJIACCHYeCKOoii cMelIaHHOo# 3aJa4e MJI0OCKOi
nedopManuu

KarwueBbie cioBa: TpexcioiHBI MakeT, aCUMITOTHYCCKHA METOJ, IUIOCKas aedopmarius, ceidcMOoIorus,
TIPOTHO3 3€MJICTPSICCHUI.

PaccmoTpeHa HekiaccHueckas AMHAMHMYECKas 3alada O IUIOCKOH JedopMamiy TPEeXCIOHHOrO HM30TPOIHOTO
MaKeTa, MOJICIMPYIOIIET0 MOBEICHUE JIMTOCHEPHBIX TUTUT U OJIOKOB 36MHOI KOpbI. BEepXHssS MOBEpXHOCTh NMaKeTa
cBOOO/IHA, a MEXY CIOSAMH 3aJaHbl YCJIOBHS IIOJHOTO KOHTakTa. Ilpenmonaraercsi, 4yTo AaHHBIC HW3MEPCHUI
Opanch ¢ TOYEK MOBEPXHOCTH KOHTAKTa MKy NMEPBBIM M BTOPBIM CIIOSIMH MTAKeTa, KaK JaHHbIC HHKIHHOMETPOB
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i  gedopmorpadoB, pasMELICHHBIX MEXAY CIOSIMH. ACHMIOTOTHYECKHM METOJOM MOJIYy4YEHO pEILICHHE
COOTBETCTBYIOIIUX JUHAMHYECKUX YPAaBHEHUH M COOTHOIIECHHH 3319yl IUIOCKOMH 1edopManiy TEOPUH YIIPYTOCTH.
[IpoBeaeH 4YHCICHHBIH aHAIM3 TPEXCIOWHOrO MakeTa IIyTeM MOJSIMPOBaHHUs OJIOKa 3eMHOW KOPbI B ApPMEHHH.
MOHHTOPUHT H3MEHEHMS HAINPSHKEHHO-Ae(OPMUPOBAHHOTO COCTOSHMS MaKeTa II0 JaHHBIM H3MEPUTEIbHBIX
prOOPOB BO BPEMEHH II03BOJSET IPOCNIEIUTh IIPOLECC MHOATOTOBKH 3EMIICTPSCEHHII M IIPOTHO3HMPOBATH
BO3MOXHOCTb HX BOSHUKHOBEHHUS M MX MarHUTYIy.

1. Introduction

According to the modern theory of lithospheric plates, the entire lithosphere is divided into
separate blocks by narrow and active zones - deep faults - moving in the plastic layer of the
upper mantle relative to each other with a speed of 2-3 ¢m per year. For the first time the
assumption about the horizontal movement of crustal blocks was made by Alfred Wegener
in the 1920s [1]. It was the work of A. Wegener formed the basis of the research conducted
in the 60s of the last century. It became the foundation for the emergence of the theory of
"lithospheric plate tectonics". The main provisions of plate tectonics were formulated in
1967-73 by a group of American geophysicists - W. J. Morgan [2], X. Le Pichon [3], J.
Oliver, J. Isaacs, L. Sykes [4]. According to these theories, the Lithosphere is divided into
tectonic plates, which have a rigid structure and have different masses, and are placed on
the plastic substance of the asthenosphere. They are in an unstable state and are constantly
moving. During displacements, the plates constantly collide, overlap one another, and there
are joints and zones of separation of the plates. Most of the earthquakes recorded in the
world arose as a result of movements of tectonic plates, when there is a sharp displacement
of rocks. This can be either collisions with each other, or lowering a thinner plate under a
thicker one. Although this shift is usually small, and amounts to only a few centimeters (1-6
cm), mountains located above the epicenter begin to move, which leads to the accumulation
of deformations that reach the order of 104, and according to the Japanese seismologist
Rikitate of the order of 4.7-10-5 [5], contributes to the release of a huge force of potential
energy, as a result of which global destruction occurs - an earthquake. As a result, cracks
form on the earth's surface, along the edges of which huge tracts of land begin to shift along
with everything that is on it. The focus of an earthquake is a gap, after the formation of
which the earth's surface instantly shifts. It should be noted that this gap does not occur
immediately. First, the plates collide with each other, as a result of which friction occurs
and energy is generated, which gradually begins to accumulate. When the stress reaches its
maximum and begins to exceed the force of friction, the rocks rupture, after which the
released energy is converted into seismic waves that move at a speed of approximately 8
km/s and cause the earth to shake. An earthquake consists of several stages. The main, most
powerful shock is preceded by warning oscillations (foreshocks), and after it, aftershocks
begin, subsequent shaking, and the magnitude of the strongest aftershock is 1.2 less than
that of the main shock. The period from the onset of foreshocks to the end of aftershocks
may well last several years.

The thickness of lithospheric plates is much less than other geometric dimensions. The
greatest thickness of the lithospheric plate reaches up to 200km, and the thinnest plate is
located in the ocean zone. Its thickness does not exceed 10km, and in some areas this figure
is Skm. The length and width of lithospheric plates can reach tens of thousands of
kilometers. Therefore, when modeling the problem of the theory of elasticity for studying
the stress-strain state of lithospheric plates, the asymptotic method of solving by
introducing a small parameter is effective [6].

The issues of generalized plane deformation for anisotropic bodies are considered in
[7,8,9]. The dynamic problem of a two-layered plate in the presence of viscous resistance in
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both layers is considered in the three-dimensional formulation, where the values of the
displacement vector components are collected from inclinometers and other measuring
instruments at the contact surface between the layers, was solved in Ghulghazaryan et al.
(2020) [10]. The dynamic non-classical 3D problem for a layered orthotropic shells with
complete contacts between the layers, when the measurement data are taken from the
contact surface between certain layers inside the package, was solved in Aghalovyan et al.
(2020) [11]. A non-classical boundary value static problem of the theory of elasticity of
plane deformation of a three-layer isotropic package was solved in Ghulghazaryan et al
(2022) [12].

The corresponding 3D quasi static problem of elasticity theory (the Rikitake problem) for
a layered package from isotropic plates was solved in Aghalovyan et al (2022) [13] and
dynamic problem of elasticity theory (the Rikitake problem) for a layered package from
isotropic plates in [14].

The non-classical dynamic problem of plane deformation of a three-layer isotropic package
modelling the behaviour of Lithospheric plates is considered. The upper surface of the
package is free and the layers are supposed to be in ideal contact. It is assumed that the
measurement data were taken from the points of the contact surface between the first and
second layers of the package, as data from inclinometers or strainmeters placed between the
layers. Within the current consideration, it is also assumed that the wave length exceeds
substantially the thickness, thus providing a natural geometrical small parameter. Explicit
asymptotic results for the displacements are obtained, which could be useful for estimates
of certain parameters of earthquakes. The problem in particular models the stress-strain
state of the territory of Armenia (the area between northern latitudes 39.00-42.00 and
eastern longitudes 42.00-47.00) [15].

2. The plane strain-state dynamic problem of elasticity theory for layered package
Consider a static problem of elasticity theory to determine the plane deformation state of a
three-layered isotropic package D = {(x,y,z), (x,z) € Dy, 0<y <h, h=h; +h, +
hs;, h <<}, in full contact between the layers, where [ its characteristic tangential
dimension (the smallest of the linear dimensions of the surface D), and measurements are
taken from the points of the contact surface between the first and second layers of the
package, as data from inclinometers placed between these layers.

The formulation of the problem includes: equations of motion

a0} 09y _ (jyotud)

P ay PYERE j=L111I1
(J) 9 @) 21,() (1)
Py 4 Dy () OV
0x ay at2

constitutive relations for an isotropic solid

aU(J)
'31(1) (1)+ﬁ(1) (6))

Tox 12 Oyy
av(])
= 1(12) (J)_i_B(J) )] @)
auW) v ) N IN0)
dy + ax %66 %xy

where pU) is the density, j is the index of the layer. The 8,7, U) coefficients of elasticity are
expressed by formulas:
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where EU) is the Young's modulus, GU) is the shear modulus and v is the Poisson's
ratio.

Let the upper face ) = 0 be traction-free:

ol =0, ol =0 )
On the contact surface between the layers, the values of the displacements of the points
of the contact surface are known, as data from inclinometers or other measuring
instruments:
UD(x,hy) = UID(x, hy) = Ut (x)exp(i2t), (U,V) (5)
Complete contact between the layers is assumed:
04y (6 1) = 0 (1), (02, 9,)
(”(x hy) = (”)(x hy), (U, V)
0y (0 by + ho) = 0" (b + 1), (02y,0,)
U(”) (x,hy + hy) = U(’”) (x,hy +hy), (UV)

Let us introduce the scaling x = I§, y=¢el{ = h{,U=1lu, V=1v 0(1) Uo r(r{,)c, the
total thicknessh = h; + h, + hs, y and p are typical values of elastic moduh and density,
respectively, and € = h/l as a small geometrical parameter.

The solutions transformed equations are sought for in the form:

QD) = QU D exp(int), (a,Bv) mk =123;j=LILII (7)

where QU ) denotes any of the stress or displacement components. As a result, we arrive at a

(6)

singularly perturbed system in respect of Q(’ ) with a small parameter €.
The stresses and displacements are now represented in asymptotic form as follows
(Aghalovyan (2015) [6])

P, =e*699¢,0) (11,12,22), j=LILII, s=0,N

U0 =eul(E 0, (U,V) ®)
The notation s = 0, N here and below denotes summation along the dummy index § within
the region of 0, V.

By substituting (7)-(8) into the dimensionless forms of the governing equations (1), (2),
we arrive at a system taking the form:
661(21115_1) 6~(1r5)

L—+ 61; +pD02u0 =0, j=1111I
L + 52U = g
_ PR a¢ "
%’2‘”_ 1(11) (JS)_I_B(]) (15)’ M = DI 4+ pNGIS)

ﬁ(l) '3(1)’ ﬁéje) _ Haéjﬁ) p(]) - p(J)/p
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We use relations (9) to express the stress tensor components in terms of displacement
vector components:

~Gs) _ 1 w09 1 guUs D g 1 9wUS 1 guUsD
%2 TF0a¢ 5D et 1 T TRD ar TED ot
11 12 ) . 12 11 (10)
~Gs) _ 1 auU® 1 gpUs—D
Mz Tl e Tl
where
" 5% _ 50?2 0 OOk
g _ P~ Pz p() _ P — Pz
By = =0 , B ﬁ(}.) j=L11,111
11 12
For determining the displacement vector components we obtain the equations
92U ) ' ' 92yUs-1 ) ao.(f.S—l)
~(D 2=, Gs) — _ _ = 7% C
+ a2 0zpVulYs) = a , ENNINII
oz " GeelP oga; ‘e o v/
020U | (1) 02 <(1) (i) — Bk 92uUSTD () aa Y
a2 + Bll 'Q*p v - ~§]B FITI4 11 ¢ (11)
whose solutions have the form
w0 = 99siny U ¢ + €99 cosyUme + uU9(&,¢), j=1,11,111 (12)

v0S) = cIVsiny UM + €99 cosy U + 5U9)(€,0)

where #US) (€, ¢), a9 (&, {)are particular solutions of equations (11), and
U = fﬁéfgﬁ(j)g*, U = /gl(ll')ﬁ(j)g*, j=1LILII

On satisfying the boundary conditions (4) - (6) we obtain independent inhomogeneous
algebraic systems with respect to the Cl-(] ) (i=1,4; j=11I1II). These systems will
have finite solutions if
COSX(I'u)(l * 0' {1:h1/h' (u' 17)
After solving these systems we obtain the solutions:

for the first layer

20 = r®—g@s)g,)) COS)((I’u)Z N

cosy@¢ (13)
1 ou©) STV . (1 —(Ls)
YT cos 0, ( T + a9z ) siny“™ (¢ — Q) + uv*(9)
17(1‘5) — (v+(s) - 77(1'5) ({1)) cos 1)
x4+
cosydn g,

Bl 1 0v"90) 1 ouls~9(0)
X0 cosyTnE,; (B_ o B, 0

for the second layer

u) = (&) — a9 (G))cosy MG - O) -

)Sinx("") G =9+ 59

el ) (14)
— Gy sing (G = ) + a9 (Q)
v(II,s) — (V(I'S)(Cl) _ 17(11,s)((1))(:05)((11,17)((1 _ {) —
Bl s .
iy G2 sy @y = ) + 79 Q)
for the third layer
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w1 = @ (g,) = @) (¢,))cosy M (G, = ) —

alll s _ (15)
Xgif,u) G1(1 S)sm)((”"”)(ZZ — ) + a9 ()
p(1) = (U9 () = U9 (¢))cosy U119 (g, — §) —
gilll 111 . _
iy Oty sty (M (¢, = ) + 70
where
s zi au(l's)(ﬁ)+av(1's_1)((1) 1 aﬁ(”'s)(ﬁ)+av(”'s_1)((1)
o Tal | og 9§ al\" ¢ 9§
curs) — L vy 1 out D@y 1 9y | 1 oulThy) 16
0 SR a8, w B o B (16)
G _ 1 (au("’s)(cz)+6v(”’s_1)(<2)> 1 (aﬁ(m's)(cz)+av(m's_1)(§2)>
H dge a¢ a¢ Ggq a¢ 9
G(m,s)ziav(ms)({z)_iau(n,s—l)({z)_iaﬁ(m,s)((z) Lau(”"s_l)(fz)
© TR o B o By o B %

.
Go=(hy + hp) /A, ut©@ = 2o, u*®) = 0,5 >0 (w,v).

3. Numerical calculation
For the three-layer orthotropic package what modeling Lithospheric plates calculations are
made for the s = 0 and s=1 approximation. Then for the components of the displacement
vector in dimensional form we obtain:
for the first layer
UD = [yl 4 pytD, vy = [0 4 p D

@0 — VO

cosyUmgy

cosy "¢ +

u@0) = ut(®
cosx W,
LD = EVC)
cosydwg,

1 (9atD) | avdO0) . ~
X“‘”( 2 e )S‘“X("”)(Cl—€)+u("“(5)

=(1,1
O A Y
cosy I,
1 (1 avdV0) 1 oul0(0)
BY,

xW\BL,  o¢ B, 0¢
Uy = — Au Uy UV (7Y = Bu o (W)
u (() X(I'”)Z—X(l‘u)z Sy ¢, U (C) X(l.v)z_x(l.u)z sy ¢

Al x4 <aé6 1>6v+(€) I x W <B{1 ﬁfz)alﬁ(f)

“ " cosyUMg \BlL, o " cosyUwg\abs  BL,) 0§

cosy W, cosy ¢

(17)

cosy"M¢ +

) sing (6 — §) +701(Q)

for the second layer

0w
Aee X .
w0 = u* (§cosy (¢ = O) + Za g (@) tgx ¢y siny U9 (gy =)
66

BIL v )
v = v (©eosy (G = ) + ok v (©) tgx M4 sing (& = 0)
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D = (w0 (g) — D (gy) ) cosy 9 (g, - 7) -

11
— e Gy sing (G~ O + 7D Q) (18)
I
v = D (gy) = 90D (G))cosy (G = ¢) = (,ii,) Gy sing 1) gy
-+
() = Al singy ") (g — ) + B cosy "' (g — O)
D) = Alfsing W (¢ = ) + Bl cosy " (g = )
v () (aé’e ) vt (§) age\ Bi}
%66 _ 1), U1p) (1 66) Bi1 4w pg
11 af Bllé X II af B{; Bll gX (
Ay = )2 w2 By = w? _ ,(11v)?
x (07 — L) x0T —x
11 6u+ B 11 a au+
<%_a_> af(f) (Iw) (a___)a_ss 65(5) U gy Ug,
Al = P11 Jes” pll — ~%e6 66
v ’ v

X(u,v) _ X(u,u)z X(Il,v) _ X(u,u)z
11 1 [(outD (D) v (D) 1 (outv (D) avo ()]
G =— + - +

ak, a¢ 0¢ all a¢ 0¢
an1) _ i ovY ()] _ i ou) (D) _ i AR (¢1) n i ouro (D)
B ¥ B, 0§ Biy & B 9§
for the third layer

alll au(II,O)(z ) .
w0 = w0 (¢,)cosy MG, = §) + —tth o ML) i@ g, — g)

BIII aU(II,O)({ ) .
pUI0) = U0 (¢ Y cosy M) (¢, — ¢) + X(III.::;B{Q ¢ = sing (G = )

Ly — (u(u,n (Z,) — wmw ((2)) cosy W (¢, — ¢) —
111
g6 G(m Dsmx(m'u)((z _ () + ﬂ(”['l)(() (19)

x W)
paIL1) — (v(”'l) ;) — UL ({2))cosx(’”r”) (CEX9)

Bl
- X(I};v) GgII'l)SinX(III'u) ¢, — O + oD

1D (g) = Allsing (¢, = ) + Blflcosy 1) (6 = )
17(111,1)({) — AI”SinX(”I'u)({Z _ () + B#ICOS)((”I'u)({ )

(aélel 1) {1L) LA (7)) (aé'é _ 1) Bi{ 9%v"9 (&)
Alll = Biy > 26 , Bl = Biy B1”1 05525
yALW? _ 5 UILY) X(m,u) — y LY
(Bt - Bip) yomao 20 E2) (B - B asp P )
Aur = P11 Qo6 ¢ , pu =P age/ a6s 9509

X(m,v)z _ X(m,u)z X(m,v)z _ X(m,u)z
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G(111,1)_ 1 <6u(”'1)((2) av(”'o)((z)> 1 (aﬁ(m'l)(fz) av(m,o)((z)>
11 - + - +

age ac a& aé’el aq 0¢
G(III,l) _ Lav(n'l) (¢2) _ iau(n.o) (¢2) _ Laﬁ(m'l) (¢2)
©UTEL o B, % B %
1 9ulMo)(g,)

For calculations, a three-layer isotropic package with the following geometrical and
mechanical parameters of the layers given in Table 1 is used. The initial data of the layer

materials are taken from the works [15].
Three cases of values obtained with the help of measuring instruments at different points in

time were taken for analysis.

Table 1. The geometrical and mechanical parameters of the layers of the package (I =150 )

) . . ; ; Layer
i Layers EY Young's G/ shear v P () density, thickness,
modulus, Pa modulus, Pa Poisson's ratio kg/m? km
I Sedimentary 55*%10° 23.2*10° 0.184 2050 5
I Granite 74.83*10° 30.82*10° 0.21 2610 10
I Basalt 75.11*10° 29.22*10° 0.27 2910 20

First case: u* =0.05+0.02&, v =0.06+0.01¢.

Il First layer
Il Second layer

W Third layer

Fig. 2 - Displacement vector components for the package: first case.
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Second case: u” =0.05+0.04&, v =0.06+0.03&.

Fig. 3 - Stress tensor components for the package: second case.

 First layer
H Second layer

I Third layer

Fig. 4 - Displacement vector components for the package: second case.

Third case: u* = 0.05+0.06&, v = 0.06+0.05¢.

Fig. 5 - Stress tensor components for the package: third case.

Il First layer
W Second layer

H Third layer

Fig. 6 - Displacement vector components for the package: third case.
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4. Conclusion

The Rikitake plane dynamic problem for a three-layer isotropic package of strip is
solved using data of the displacements of contact surface points between the first and
second layers. The procedure for determining the amplitude of forced oscillations in the
foreshock stage for a three-layer package is given. Having the solution to the external
problem, it is possible to monitor the change of the stress-strain states over time, in
accordance with regularly carried out measurements. Judging by the numerical calculations
given above, it can be said that if the data of the displacement amplitudes of the contact
points between the layers, obtained with the help of measuring devices, increase along the
length of the package with time, then the values of the amplitudes of vibrations when
moving away from the surface into the inside of the package increase significantly.

It is possible to detect separation between some layers - when tangential stress becomes
greater than the admissible value.

The found solution let to calculate the accumulated potential energy of deformation W
by formula:

1
W = Efv(axxexx + 0yy€yy + 04,82 + OxyExy T Oxz€xz + ayzeyz) dv (20)
where & - components of deformations tensor.
Having the value of W corresponding to the time ¢ =£, of the primary measurement, it

is possible to carry out the monitoring of its change in time f >, , in accordance with new

measurements and fix the time when W', reaches the critical value, using the relationship
between W and the magnitude M of the expected earthquake [16,17].

lgW = 11,8 + 1,5M (21)
Having the value W, according to the formula (21) it is possible to predict the
magnitude M of the expected earthquake.
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ZUSU.USULF @PSNkhE3SNPLLENP ULAUSPL UUUNEURUSh SENtulah,
W3BECTHSI HAIIMOHAJIBHOM AKAJITEMUM HAYK APMEHUM

Uthiwuhlu 76, Ne3, 2023 MexaHnuka
YK 539.3 DOI: 10.54503/0002-3051-2023.76.3-47

CBEPX3BYKOBOU ®JATTEP IPSIMOYT' OJIbHOM IIJIACTUHKH
YMEPEHHBIX PASMEPOB CO CBOBO/IHBIM KPAEM, C2KATOM IO
IIOTOKY T'A3A

MapTtupocsu C. P.

KiaioueBble ciioBa: OpAMOYTOJibHAasA IUIACTUHKA, MNEPBOHAYAJIBHBIC CXKKUMAIOIIHUE CHIIBI,
CBCPX3BYKOBOC 06TeKaHI/I€, aspoylnpyras YCTOP‘I‘{HBOCTL, COCPCAOTOUYCHHBIC NHEPIUUOHHBIC
MacCbl U MOMCHTHEI, aHAIMTUYSCKUH METOA PCUICHUSA

Martirosyan S.R.
Supersonic flutter of a rectangular plate of moderated sizes with a free edge
compressed by a gas flow

Key words: rectangular plate, the initial compressive forces, supersonic overrunning, acroelastic stability,
concentrated inertial masses and moments, analytical solution method

In the article, in a linear formulation, the influence of the initial compressive forces in the middle surface of a
moderately sized rectangular elastic plate with one free edge on the stability of the unperturbed state of
equilibrium of the "plate-flow" system is studied under the assumption that the compressive forces are directed
along the gas flow running on the free edge of the plate, on which there are concentrated inertial masses and
moments. An analytical solution of the stability problem is obtained. It is shown that the initial compressive forces
lead to a decrease in the stability of the “plate—flow” system.

Uwpuppnujui U.0.
Ahpduyhughtt qugh hnuph ninnmpjudp ubnuidws Wkl wqun tgpny
nipnuibiyym vunh hunnbkph dh pnph dwuht

pfbwpwnkp’ mnpuiblynth uwy, wowdquljwb fugniinipni, ghpdwyiughb opghnumd, twbwlwl
ubinunn nidkp, hukipghnt quugustutp b Undkuntkp, whwjhnhly jnsdwb Epubuly

Munudtwuhpyws b nippuilnit wpwdquijui vwih tqpliphtt twhwwybu Yhpwpgws ubnung nidkph
wqntgmipniup «uw-hnup» hudwljupgh spnnnpyws hwjuwuwpulopnipjut Jhwlh juyniunipjui
Jpw, tpp ubnunn mdbpp nipnjus L ghpdwjuuyhtt quqh hnuph nuynnipyudp, npp Jpudugp k
Juunwpnid uwh wquun Eqpht: Gupwnpynud | bwl, np uvwh wquun tqphtt welju i jEunpniugdus
hutpghntt quuquéutp U dndbunbbp: Unwgqus b juyniimpjut punph wbwhwnhly nisnudp:
Quwhwwnyws k utinunn nidbph wywljuynitiugdwt wqpgnipiniup hwdwlwupgh Jpu:

B cratbe, B IMHEHHOM MOCTAHOBKE, MCCIEAYETCS BIMSHIE MEPBOHAYAIBHBIX CKUMAIONINX CHI B CPEIHHHON
MOBEPXHOCTH TPSIMOYTOJIbHOM YIPyroil IMIACTHHKH YMEPEHHBIX Pa3MEpPOB C OJHAM CBOOOIHBIM KpaeM Ha
YCTOWYNBOCTh HEBO3MYIIEHHOTO COCTOSIHUSI PABHOBECHSI CHCTEMbI ITACTHHKA—TIOTOK» B IPEAIIONIOKEHUH, Y4TO
CKIMAIOIINE CHIIBI HANPABJICHBI 10 MOTOKY ra3a, HaberaroumM Ha CBOOOTHBIN Kpail IUIACTHHKH, HA KOTOPOM
HMEIOTCSI COCPEIOTOYCHHbBIE HWHEPIIMOHHBIE MAaCcChl M MOMEHTHI. [lOJydYeHO aHAIUTHYECKOE DPEIICHHE 3a1avn
ycToiunBoctH. IlokazaHo, 4TO IepBOHAYAIBHBIC CKUMAIOLINE CHJIBI NPHUBOAAT K MOHIKECHUIO YCTOIYMBOCTH
CHUCTEMBI “IUIACTHHKa—TIOTOK .
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Beenenne. PaccMoTpenue 3amad aspoynpyroi ycToi4nBOCTH NPU KOMOWHHPOBAaHHOM
HATPYXKCHUW MMEEeT BaXKHOE MPUKIATHOE M TeopeTudeckoe 3HadeHue [1, 2]. Mccnemoa-
HUIO ATHX 3a7lad MOCBAIMICHO OOJIBIIOE KOMUIECTBO padoT, 0030p KOTOPHIX, B YACTHOCTH,
comeputcs B MoHorpadusax [1— 4]. Teoperndeckre HCCIEIOBAHUS MO3BOJISIOT BBIIBUTH
pasiuyHble BUABI TOTEPU YCTOMYMBOCTH IMHAMUYECKOH CHUCTEMBI «IIJIACTHHKAa—TIOTOK»,
00YCIIOBJICHHBIE XapaKTepoM aedopManuii: JOKaJH30BaHHAS AUBEPIeHINS, AUBEPTeHIIHS
naHenu (3UIepoBa U He SIIEpPOBa), MaHENbHBIN (IaTTep. A TakxkKe, MO3BOJIAIOT JAaTh OICH-
Ky BIMSIHUIO KOMOWHHPOBAHHBIX Harpy30K Ha IOPOT YCTOMYMBOCTH, C IIEJIBIO0 MOCIEIYIO-
IEer0 aHAJIN3a BO3MOKHOCTH YIIPABJICHHS UM.

B npennaraemoii crarbe HcclieyeTcst BIMSHUE TEPBOHAYATIBHBIX CKUMAIONINX CHJI Ha
YCTOWYMBOCTH HEBO3MYIIEHHOTO COCTOSIHUSI PAaBHOBECHS JIMHEHHOI AMHAMUYECKOW cucTe-
MBI «IIACTHHKa—TIOTOK» B IPEAIOJIOKEHHH, YTO OOTeKaeMas CBEPX3BYKOBBIM MOTOKOM
ra3a IpsIMOYTroJIbHas IUTACTUHKA YMEPEHHBIX Pa3MEpOB C OJHUM CBOOOJHBIM W C TpeMs
IIAPHUPHO 3aKPEIIEHHBIMH KpasiMH NTEPBOHAYAIBHO CXKaTa CHJIAMH, HANPABJICHHBIMHU IO
MIOTOKY ra3a, HaberaronM Ha e€ CBOOOAHBIN Kpaif, IpH HAIMYUHK Ha HEM COCPEIOTOYCH-
HBIX MHEPLIMOHHBIX MacC U MOMEHTOB ITOBOPOTA.

[TomyyeHo aHATUTHYECKOE PELIEHHE 33a4l YCTOMIMBOCTH HEBO3MYIIEHHOTO COCTOSHUSA
PaBHOBECHS CUCTEMBI «IUIACTHHKA-TIOTOK)» C MIOMOIIBIO aJrOpUTMa, H3JI0’keHHOTo B [11].

YCTaHOBIIEHO, YTO B 3TOM CIIydae, KaK M B CIIydae IaHeNIU C HEHarpy>KeHHbIMHU KpasiMH
[11], a Takxe ¢ KpasMM, Harpy>KeHHBIMH PACTATUBAIOIIMMHU ycUIHsAMHU [14], mpu MamibIx
3HAYEHMAX MapaMeTpa OTHOIICHHS IMPUHBI IFIACTHHKHU (CTOPOHA IUIACTHHKH I10 TIOTOKY) K
e€ JUIMHEe CHCTeMa TepsieT YCTOWYMBOCTh B BHIE TUBEPIeHIUH ITaHenu (SHIEpoBOil U He
5iNIepoBoii) M B BHJE MaHEIbHOrO (iaTTepa; a MpH OOJBIIMX 3HAYEHUSX — TEepseT JIMIIb
TOJIBKO CTAaTHYECKYI0 YCTOWYMBOCTH B BHJIE DJIJICPOBOM IWBEPreHIMH IAHENW WIIH
JIOKAIM30BaHHOHN TUBEPTEHIINH.

OmnpeneneHpl «OMacHBIe» M «Oe30MacHbIe» TpaHUIbl odmacti ycroramsocTu [9]. [pu
MIEpEX0/I€ Uepe3 «OIACHBIE» I'PAHUIIBI MPOUCXOIUT MOTEPsl MIPOUYHOCTH U BO3HHKHOBEHHE
YCTAJIOCTHBIX TPEIINH B MaTepuaie MiIacTUHKH [ 1, 2].

JlaHa TOYHAas OIIEHKA BIMSHHIO IIEPBOHAYAIBHBIX CKUMAIOIIUX CHJI HA YCTOHYMBOCTB
HEBO3MYIIEHHOTO COCTOSHHSI PABHOBECHSI CHCTEMBI B 3aBHCUMOCTH OT €€ «CYIECTBEHHBIX)
MapamMeTpoB M OT OTHOCHTENHHON TOJNIIMHBI IJIACTHHKU. [loKa3aHO, 4TO CXKMMArOIIHe
CWJIBI, HAalpaBJCHHBIE II0 IOTOKY Tra3a, MPUBOJAT K CYIIECTBEHHOMY ITOHM)KECHHIO
YCTOMYMBOCTH CHUCTEMBI «IUIACTUHKA-TIOTOK» IO CPaBHEHHIO C CXKMMAIOIIUMH CHIIAMH,
HalpaBJICHHBIME MEPIEHANKYJSPHO CKOPOCTH IOTOKa [16]: MMeeT MecTo HE TOJBKO
MaJIcHHe 3HAUYCHWH KPUTHYECKMX CKOpocTell u KoddouuueHTa HANpsHKEHUs, HO H
CMEIICHHE TPAHMIBI MEXTy OOJacTSIMHU [AWBEPIeHIMM IIAHETHM W JIOKAJIN30BAaHHOM
JVBEPTEHIINH B HANIPABJICHUN OOJBIINX 3HAYEHUH ITapaMeTpa OTHOIIECHHUS CTOPOH.

IIpuMeHEHHBIH METOJ aHAJIUTHUYECKOTO HCCIEO0BAHUS MO3BOJISAET HE TONBKO YCTaHO-
BUTH YCIIOBHMSA BO3HHKHOBEHHUS IAaHENbHOrO (arrepa, HO M IaéT BO3MOXKHOCTH Ipen-
CKa3aTb IOCIIEAYIOIIEE Pa3BUTHE KOIEOaHHUMH.

[Ipennaraemas cTarhbs ABJISIETCS MPOJODKEHUEM PadoThI [15] U BXOIUT B LUK padoT,
HOCBHII_I;.EEHHBIX HCCIeM0BAHNIO BIIMSAHUA II€PBOHAYA/TIBPHBIX PACTATHBAIOIINX M CXKMMAIO-
XX CUJI Ha YCTOMYMBOCTh HEBO3MYIIEHHOIO COCTOSHMA PAaBHOBECHS JMHEMHOU AWHA-
MHUYeCKOM CUCTEMBI «IIACTUHKA—TIOTOK», B YaCTHOCTH, [ 13-16].

PesynbraTsl paboThl MOTYT OBITH MCIIONIB30BAHEI IIPH 00pa0OTKE TaHHBIX IKCIIEPHMEH-
TAJIBHBIX HWCCIECJOBAaHWN AWBEPreHIMM M (Qarrepa MaHeneH OOMMBKM CBEPX3BYKOBBIX
JIeTAaTEeIbHBIX aNllapaToB Ha 3Tale MPOSKTHPOBAHUS U MIPU SKCILTyaTallnH.
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1. IlocranoBka 3agaum. PaccmarpuBaeTcsi TOHKasi yOpyras HOpsIMOYTOJIbHAsI
IJIACTUHKA, 3aHAMAIOIIasi B JleKapToBoil cucteme koopmunar Oxyz obmacte: 0 < x < a,

0<y<b,-h<z<h, ab™ € (0.193;2.9) . Hexaprosa cucrema koopaunar Ox)yz
BBIOMpaeTcs Tak, uto ocu Ox u () nexar B IIIOCKOCTH HEBO3MYIIEHHOM TLIACTUHKH, &

ocs Oz neprneHavKyISpHA IVIACTHHKE M HANPaBJIeHA B CTOPOHY CBEPX3BYKOBOIO IIOTOKA
rasa, oOTEKAIOLIEr0 IIACTHHKY ¢ OXHOM cTopoHsl B HampasneHun ocu Ox ¢
HEBO3MYINEHHOM cKopocThio V. TeueHne Ta3a NPMHAMAETCS INIOCKAM M OTEHIAAIBHBIM.

Mycts kpait X =0 nnactunku ceoGoxen, a kpas X =a, ¥ =0 u y =b — 3akpen-
JIeHBI U7ealbHBIMU IIApHUpaMu. Bromns cBoboanoro kpas X = 0 miacTMHKM NpUIOKEHBI
COCPEIOTOYCHHBIC HHEPIIHOHHBIC MACCHI 711, W MOMEHTEI loBopora [, [2, 7].

Bynem monmarath, 4TO INEpBOHAYANBHO, elI€ A0 OOTEKaHWsl, IUIACTHHKA IOJBEpIKEHA
aeiicteuio cxuMatomx cun N, =2h0 , paBHOMEPHO pPAaclpEeNeEHHBIX IO KpasM
x=0 n X =a nmacTHHKK; CKUMAIONME YCUIHS O, TPEINONIaraloTCs TOCTOSHHBIMH BO
BCEHl CPEIMHHON MOBEPXHOCTH IJIACTHHKU M HEMEHSIOIIMMHUCS ¢ M3MEHEHUEM e€ mporubda
w=w(x,y,t) [1,2].

[poru6 nnactuaku W = W(X, V,1) BbI3bIBAET H30BITOUHOE JABIEHUE O P Ha BEPXHIOH
00TeKaeMyI0 MOBEPXHOCTh IUIACTUHKH CO CTOPOHBI OOTEKAOIIEero MOTOKA ras3a, KOTOpoe

YUHTBIBAETCS MPUOTIKEHHON (opmyIoiid p = —aopoVa «IIOPILIHEBON TEOpHU», I

a,— CKOpOCTb 3ByKa B HEBO3MYIIEHHOH ra3oBoii cpese, P, — IIOTHOCTh HEBO3MYIIEHHOTO
noroka raza [6]. Byzem momaraTe, uto mporu6el W= W(X, y,1) Malbl OTHOCHTEIBLHO

TOJIILMHBI TLIACTUHKU 2/1 .

JuddepenunansHoe ypaBHEHHE MalbIX HW3TMOHBIX KoJIeOAaHMH TOUYEK CpEeTUHHOU
MMOBEPXHOCTH CXATOM TPAMOYTONFHOW IDIACTHHKH OKOJIO HEBO3MYIIEHHOW (OPMBI
paBHOBECHS] B MPEAINOIOKEHHN CIPaBEUIMBOCTH THIOTE3bl Kupxroda n «mopriHeBoit

2 2 .. o
TEOpUN», a TAKKE, MAJIOCTU MHTECHCUBHOCTHU m@ W/at pacupeaciI€HHON MaccChl I1jia-

2 2 2 2
CTHHKH 711 B CPABHCHHH C MHTCHCHBHOCTSIMH 11, O W/ ot'ul 0 W/ Ot” , y4uTHIBAEMBIX

B TPAaHUYHBIX YCIOBHAX, OYIET ONMUCHIBATHCS cOOTHOIIeHueM [1, 2, 7, 8]:

0’ 0
DA2w+ngv2V+aop0Va—z::0, w=w(x,y,t); (L.

AN*w=A(Aw),A - guddepenmuansueiit oneparop Jamiaca; D — mumupudeckas
KECTKOCTb.
IpaHuYHblE YCIOBUSA, B TPHHATBHIX TPEATNONOKEHHUSIX OTHOCHTENBHO —CMOCO0A
3aKpeIuIeHNs KPOMOK TUTAaCTHHKY, OymyT Buaa [1, 2, 7]:
2 2
0 W o'w o’w

A% =1, —
2 2 2
ox oy ‘ Oxot

D- (1.2)
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o *w o*w ow o*w

| 3 +(2_V)8y2 +Nxa=—mc pYe mpu x =0
2
w=0, ZT‘;VZO npu X=da; (1.3)
2
w=0, g‘;v= mpu y=0u y=b; (1.4)

rae V —koadduiment [lyaccona.

TpeGyercst HAlTH KPUTHYECKYIO CKOPOCTh V| — HAMMEHBIIYI0 CKOPOCTh [IOTOKA ra3a —
B UHTEPBAJIC CBEPX3BYKOBBIX U THIIEP3BYKOBBIX CKOpocTel [1, 2]:
Ve(aM,aM,. ) My=2, M, ~3385; (1.5)

MPUBOASIIYI0O K TIOTepe YCTONYMBOCTH HEBO3MYUIEHHOTO COCTOSIHUS PpaBHOBECHUS
JMHAMHYECKOHW CHCTEMBI «TutacTuHKa—T0ToK» (1.1) — (1.4) B mpennonoxxennu, 4ro

Gx < (Gx )cr. > (16)

2cosm.

(0,),, — KpuThuecKue 3HAUCHMS CKUMAOIMX YCWIHH, KOTOPbIE MOIYT IPOHM3BECTH

«BBIITyYNBAHUE» YIPYTOH MOBEPXHOCTH IUTACTUHKH B OTCYTCTBUH OOTEKaHHSA (V = 0) .

AHanu3 ycTOWYMBOCTH HEBO3MYIIEHHOTO ABIKeHUs cucteMsl (1.1) — (1.4) coautcs k
ucciefoBanuo auddepeHansHoro ypasHenus (1.1) ¢ COOTBETCTBYIONIMMH KPacBBIMU
yenousimi (1.2) — (1.4) nst mporu6a w(x, y,t) B uarepsaie (1.5) npu ycnosuu (1.6).

3amaay ycroitauBocta (1.1) — (1.4) OymeM wmcciemoBaTe B CiIydae TNPSMOYTOJIBHBIX
MIJIACTHHOK YMEPEeHHOU pa3mepHoctH [1, 2, 11,14]:

-1

y=ab™ €(0.193,2.9), (1.7)

Y — OTHOLIEHME IMPHHBI VIACTHHKK ¢ (CTOPOHA IIACTHHKH T10 MOTOKY) K €€ utuHe b .
3ameTnM, 9TO cornacHo o6o3nauenuio (1.7) snauenmsm Y =0 u Y =00 coorsercTBy-

0T ABa MNPCACIbHBIX Clly4das HpHMoyFOHI)HOﬁ IIaCTUHKHU, COOTBCTCTBCHHO, OCCKOHEYHO
yZ[JII/IHéHHaSI IIJIaCTHHKAa U HOJIy6CCKOHe‘IHa$I IIaCTHHA—IIOJI0CA.

2. O6mee pemenne 3agaun ycroitunBoctu (1.1) — (1.4). Ceeném 3agavy ycToiuMBOCTH
(1.1) — (1.4) k 3amade HA COOCTBEHHbIE 3HAYEHHS A IS OOBLIKHOBEHHOTO mu(epeH-

nuaneHOro ypaBHeHUs. OOmee pemenne ypasaeHus (1.1), ymoBiueTBopsroniee TpaHHIHBIM
ycioBusM (1.2) — (1.4), Oynem UcKaTh B BUAE FrapMOHUYECKHX kKonebanuii [1,2,11]:

w(x, y,t) = Z C, exp(p,rx+At)-sin(u,y), u, = b, 2.1

n=1
Cn — MMPOU3BOJIbHBIC TOCTOSIHHBIC, 1 — 4UCJI0 TOJIYBOJIH BAOJIb CTOPOHBI b IIJIaCTUHKU.

HeBosmyménnoe nemxenue cuctemsl (1.1) — (1.4) acuMnToTHYECKH yCTOWYHBO, €CIIH
BCe COOCTBEHHBIE 3HAYCHUS A MMEIOT OTpHUIaTeNnbHbIe BemecTBenHbie yacT (ReA < 0),
1 HEyCTOWYMBO, ECITU XOTS ObI OHO COOCTBEHHOE 3HAUECHHE A HAXOJMTCA B PABOil yacTH

kommekcHoit miockoctr (ReAd > 0) [1, 2, 10]. Kpurudeckast ckopocTh 1I0TOKa raza V,
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XapakTepu3yoomuias nepexo OT YCTOMYMBOCTH K HEYCTOHYMBOCTH CHUCTEMBI, ONPE/IeIsIeTCs
YCIIOBHEM PaBEHCTBA HYJIIO BELICCTBEHHOM YacTH OJHOTO JIM HECKOJBKHUX COOCTBEHHBIX
snauennit (ReA =0)[1, 2, 10].

[oncrasmsass Beipakenue (2.1) B muddepenmmansHoe ypaBHenue (1.1), momydaem
XapaKTePUCTUYECKOE YPABHEHHUE CHCTEMBI «ITACTHHKA—TIOTOK» [12]:

P =2-(1-B)r*+a r+1=0, 22)

KOpHI/I l’i’z S R " 1’3’4 (S W KOTOpOFO OIIUCBIBAKOTCA COOTHOUICHUSIMMU .
ha =—0.5/2(g+1-B) i\/\/qz —1-05(g—1+P>) . <0, r,<0;  (23)

K4 :0-5\/2(q+1_ﬁi) ii\/‘\/qz -1 +0-5(‘]_1+B§) » q E(qon(aoMzcosm))'

3 .
3mech, OL, — mapaMeTp, XapaKTePU3yIOIMA HEKOHCEPBATUBHYIO COCTABIISIONIYIO HATPY3KH:

3 -1 -3 2 -1 -3 2 -1 -3
O“n = aopoVD Hn € (ao pOMOD un > Gy p0M2cosm4D Hn )’ (24)
B cuty ycnosus (1.5) u o6o3HaueHwust (2.4);

2 .
B — xoodduumeHT HAaMpsUKEHNs, XapPAKTEPU3YIOIMA KOHCEPBATHBHYIO COCTABIISIOLLYIO

Harpysku:
B2=1/2-N D 'w’=ho D'n’ < (B2), (rabn.l); (2.5)
q=q (V) € R — eMHCTBEHHBIH NEHCTBUTENBHBINA KOPEHL KyOMUECKOTO YPAaBHEHUS
8:(¢+1-B)(g’ ~D -0y =0; 2.6)
a=a(V)e (0 a(@Ma,)s a0 =(B -0+ 2B 17 +3) 3 ma6n. 2027
Ta6muna 1.
\Y 0.125 0.25 0.3 0.375 0.5
Y
0.2 0.9392 0.8108 0.7589 0.6804 0.540
0.3 1.0178 0.8839 0.8293 0.7459 0.6040
0.5 1.2447 1.0869 1.0215 0.6391 0.5122
0.8 1.4541 1.2744 1.1993 1.0835 0.8828
1.0 1.4039 1.2497 1.1829 1.0774 0.8887
2.0 1.3681 1.2189 1.1550 1.0547 0.8749
=29 1.3672 1.2188 1.1550 1.0547 0.8750

B Tabmuume 1 mnpuBeneHbl KpUTHYECKHE 3HAUCHHS KOI(PQUIMEHTa HANPSHKECHH:

2 2 .
(Bx)cr = (Bx)cr (l’l, Y, V) — pelmeHHusA AUCIICPCHOHHOTO YpPAaBHCHMS HMCXOJHOM 3aJayu
YCTOMYMBOCTH B OTCYTCTBMH OOTEKaHUs (V = 0) mpu n=1 u m,=0,1 =0,

HalJIeHHbIE C TOYHOCTBIO JI0 IOPSIKa 10 s [12].
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Tabmuma 2.

BZ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

X

s 1 1.001 1.005 1.012 1.022 1.035 1.052 1.072

Torna, B cooTBeTcTBUM ¢ BhIpakeHHAMH (2.3), obmee pemrenue (2.1) ypaBHenus (1.1)
3aIIMuIeTCs B BUE JBOMHOIO psiia:

w 4
w(x,y,0) =Y > C,, -exp(u,r,.x+At)-sin(u,y) . (2.8)
n=1 k=1
IloacraBnsas Belpakenue (2.4) B KyOudeckoe ypaBHeHHE (2.6), TOcie MPOCTHIX
npeobpazoBannii ToMydaeM (GOpPMYNTy 3aBHCHMOCTH CKOPOCTH ITOTOKa Tasa V or
«CYUIECTBEHHBIX» MMAPAMETPOB CUCTEMBbI «ILTACTHHKA—TIOTOK):

V(g)=22(q +1-B>)(g* ~Dm’n’y’ D(a,p,a’) ",y €(0.193,2.9), 2.9)

2
MO3BOJISIIOIIYIO [0 M3BECTHOMY 3HAUCHMIO IapameTpa ¢ Zq(l’l,y,Bx,V) OTIpeeTUTh

NPUBENEHHYIO CKOPOCTB MOTOKA rasa (q) D! (a, p0a3) :
YuutsiBas ycnoBus (1.5), u3 Beipakenus (2.9) cormacHo ¢opMyiie MUIHHIPUYESCKON

xéctkoctu D = E - (2h)3/(12 (1 —v? )) CIIeLyeT, 4To
I/(Q)l)71 (a0p0a3) € (V(qO)D_l(a0p0a3)’ aOMZCosmlP)g (aOMO’aOMZCOSm.)lP >
xorma V(q,) = a,M ;

V(q)D_l(a0p0a3) € (aM,,a,M,, )Y, xorma V(q,) <a,M,;

2cosm

¥ =12(1-v))a,p, B 2ha™) >, M, =2, M, ~33.85. (2.10)
Tabnwia 3.
14 0.125 0.3 0.5
2ha™

0,006 (54.81,1311.78) | (50.52, 1208.98) | (41.63, 996.35)

0,007 (34.45, 811.07) | (32.00, 753.37) | (26.15,615.52)

0,008 (23.12, 544.34) | (21.48, 505.62) | (17,55,413.10)

0,009 (16.22, 381.76) | (15.06, 354.59) | (12.31,289.71)

0.010 (11.84, 283.45) | (1091, 261.25) | (8.99, 215.32)

0.012 (6.85, 164.01) | (6.32, 151.20) | (5.20, 124.60)

0,013 (539, 126.87) | (5.01, 117.84) | (4.09, 96.28)

0,014 (431, 101.46) | (4.00, 94.24) | (3.27, 76.99)

0.015 (3.51, 84.04) | (323, 77.33) | (2.67, 63.8])

o -1
HO,HCTaBJI}IH 3HAUYCHHUA OTHOCHUTCIIBHOM TOJIIHWHBI ILJIACTUHKHW 2ha (S [0006, 0015]

B BoIpaxenns (2.10) momydaem wuHTepBambl  d (Zhafl,v) =(a,M,, a,M,., )Y
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o .. > -1 3
JAOIMYCTUMBIX 3HAYCHUU MNPHUBCACHHOU CKOPOCTH VD (aopoa ), MPUMEHUTECIIBHO K

HHTEPBATY CBEPX3BYKOBBIX CKOpocTeit (1.5) st cTambHBIX miIacTHHOK (Taba. 3) [13—15].

3. JlocTaTouHblii MPU3HAK MMOTEPH YCTOWYMBOCTH HEBO3MYIIEHHOTO COCTOSIHHSI
paBHOBeCHSI JHHAMHYECKOH CHCTeMbI «mIacTHHKa—1oTok» (1.1) — (1.4). IToncrasmss

obmee pemenne (2.8) mipdepenumansHoro ypasHeHus (1.1), B KOTOpoM KOpHH 7

XapaKTEepPUCTUIECKOTO ypaBHEeHUs (2.2) ompenemnsroTcsl BRIpaKeHUAMHE (2.3), B TpaHUYHBIC
ycnoBust (1.2) — (1.4), moiydaeM OIHOPOIHYIO CHCTEMY alreOpandecKuX ypaBHEHUH

4eTBEPTOrO MOPSAKA OTHOCHTENBHO Npou3BONbHBIX moctosHubix C , . IlpupaBHeHHSI

HYJIIO OIPCACIINTECIIb 9TOH CHCTEMEI ypaBHeHI/Iﬁ — XapaKTepI/ICTI/I‘lCCKI/Iﬁ OIIpeACINTCIIb,
OITUCBIBACTCA 6I/IKBa,HpaTHBIM YpaBHECHHUEM OTHOCUTECIIBHO COOCTBEHHOI'O 3HAUEHUS 7\. [15]

x 8, A\t + (%, 4, +8,4,) M + 4, =0, 3.1
8, =m.D7'b’(nn)">, y, =1,D"'b(nn)™", 8, >0, y, >0, (3.2)
Sn nu Yn - HpI/IBeZ[éHHBIe 3HAUYCHHUA COCPEAOTOYCHHBIX NHEPIMOHHBIX MacC mc 1 MOMCHTOB

IIOBOpOTa Ic , IPUJIOKECHHBIX BAOJIb CB060)IHOFO Kpast X = O IIJIACTUHKH

AO = AO("]v n, Y7 Bi) = (33)

= J2(q+1-pB) (1 —exp(-24/2(g +1-B2) nny)Ble -

2B, (q T Y PR ) exp(—[2(g +1—-PB2) - nny)sh(rnyB, ) cos(nnyB,) -
2B (q T N L P ) exp(—[2(q +1-B2) - ry)ch(rnyB,)sin(mnyB, ) ;

A =A4,(g,n,y.B2) = (3.4)
=2(g+1-B)| (4=’ D+ (g + g’ ~Dexp(-2/2(q-+1-B)my | BB, +
128, [\/Z(q 1B -1) -(q 1B+ m)sh(nnyBl) +

+2B,((2q —1)(q +1)—gB) ch(mnyB,)| cos(nnyB,) eXp(—mWY) +
+2[BI\/2(q+1—B§)(q2 —1) (q+1—[3§ —Jﬁ)ch(nnyBl) +

+Hg+1-p)(g-1- QBi)Sh(vaBl)} sin(mnyB, ) - exp(—2(q +1-PB)mny) ;
A, = A4,(q,n,v,B}) = (3.5)

=2(q+1-B})(1+exp(-2y2(q +1-B})rony) | BB, -
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—4(qg+1- Bi )B,B,ch(ninyB,) cos(nnyB,) exp(—/2(g+1- Bi)nny) +
+2(3(q” = 1)+ 2B —BH)sh(nnyB,) sin(nnyB, ) exp(— /2(q +1-B)nny);
A, = A(q,n,7,v,B2) = (3.6)

=\/2(q+1—Bi>{(q+1—\/q2—1)2—2(q+1)v—(1—v>2—
_2B§(q_\/ﬁ)}3132— 2(q+1—5§){(q+1+\/ﬁ) (g +1yv—
~(1=v)' =26 g+ a7 =1)| BB, exp(-2/2(q +1-BDmny+

+ 2B, exp(—/2(q +1-P)mny) {[(44” +2g - D\Jg’ -1 -

—(2¢° —4q+1)(q+ D)= (2¢” +4q—1+2g\q" —1-2¢B})-B: -
“2((2q-D(q+D) - gyq’ ~1—gB)v+ (q+1-B +/g” 1)V’ |sh(mnyB,)+
124/2(q +1-B2)(q* ~1) (g +1-PB?) Bech(nnyB,)} -cos(nnyB,) +
+2exp(—/2(q —i—l—[3§)7cny){—B1 [(4q2 +2g-1Jg* =1+

+(2¢” —4q+1)(q+ 1) +(2¢° +4g—1-2g\q" —1-24B})-B: +

+ 2(2g —1)(q+ D+ gyq* =1 =gB)v— (q+1-B; —/q —l)vzjch(ﬂnYBl) -
—\/2(q +1-B2)(q* =1) 3(q” = 1)+ 2% —B2) - sh(mnyB, )} sin (nnyB, );

B, :\/«/qz— -0.5(g—1+B2), B, z\/\/q2—1+0.5(q—1+[3i). (3.7)

TIpH I0TTyCTHMBIX 3HaueHHAX Kods(umenta Hanpskermst B2 < (B2),, (ta6x. 1), korma

q=q(V) €(qy, q(a,M .. )) (a6, 2), myteem [15]:
B =B(q.$))>0, B, =B,(¢.p7) >0, (3.8)

OTKyJa CIEAyeT CIIPaBeINBOCTh HEPABEHCTB
Ay = Ay (@, 7,B2) >0, 4, = 4,(q,n,7,8) >0, n>1, y€(0,193,2.9). (3.9)

BBoxag o0o3Hauenne

-1

k= 1,-8, =1 (wny)" - (ma®) (3.10)

xapakrepuctudeckuii ompenenurens (3.1), B coorBerctBuu ¢ ycmoBusmu (3.2) u (3.9),
MEPETHUIIETCS B BUJIE

M+ (kA + Ay, AN +,'8,'4,'4,=0,8,>0, %, >0, k,>0. (.11)
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o L Q2
3aMeTHM, YTO HEIOCPEACTBEHHOH MOICTaHOBKOU Bx =0 B ypasuenue (3.11) MoxkHO

yOEUTHCS B €T0 TOKACCTBEHHOCTH YPaBHEHHUIO, TIOyYeHHOMY B padore [11].
AHanM3 yCTOMYMBOCTH HEBO3MYMIEHHOTO COCTOSHHS PAaBHOBECHS JHHAMHYECKOM
CHCTEMBI «IIacTHHKA-TIOTOK» (1.1) — (1.4) cBOAUTCS K MCCIENOBaHUIO IMOBENEHUS KOpHEH

A + XapaKTEPHCTHIECKOTO onpenenutens (3.11), onpenensromero COOCTBEHHbBIE IBIKEHUS
CHUCTEMBI  “IJIACTHHKAa-TIOTOK® B  MPOCTPAHCTBE  «CYHIECTBEHHBIX»  MapaMeTpOB

2
JI= {q(V),n,y,V,Bx,kn}— HapaMeTpoB, OKA3bIBAIOIIUMX HAUOOJIEe 3HAUMMOE BIIHSHHE

Ha JIUHAMHUYECKO€ TIOBEJEHHE BO3MYIIEHHOTO JABIKEHHA. 3HAU€HHs OCTalbHBIX
rapamMeTpOB CUCTEMBI — «HECYIIECTBEHHBIX» — IPUHUMAIOTCS (PUKCHPOBAHHBIMHU.

3ameruM, yTo ypaBHeHus (3.11) oTnyaercss OT XapaKTEpPUCTUUECKUX OIpeenTeNnei,
COOTBETCTBYIOIIUX 3a/ade YCTOMYMBOCTU CUCTEMBI NIPU HAJIUYUU NEPBOHAYAIIBHBIX CHII

pacTsDKeHHs, 3HaKOM KodpunneHTa Bi [14].

4. Paz0ueHne NpocTpPaHCTBA NAPAMETPOB CHCTEMbI «ILJIACTHHKA-TIOTOK» Ha 00/1acTH
ycToiiunBocTH U HeycToiiunBocTH. Kak u B pabotax [13—16], BBenéM B paccMOTpeHHE B

IPOCTPAHCTBE MAPaMETPOB <3 CHCTEMBI «ILIACTUHKA-TIOTOK» OGNAcTh yCTONYMBOCTH
3, (knA1 +4,>0,4, >0,A> 0) 1 00/IaCTH HEyCTOWYMBOCTH: I, (A3 <0,A> 0),
3, (knA1 +4,<0,4,>0,A> 0) u 3, (A3 >0,A< 0) 3neck A — mIUCKpMMHHAHT
oukBaapatHoro ypasnenus (3.11): A = A(n,v,V, Bi,kn) = (kA4 + A2)2 —4k A, A, .

B obnactu ycroi#umBOCTH 30 ypaBHenue (3.11) uMeer aBe mapbl YUCTO MHHUMBIX
kopueit A, =+i®,, A,, =ti®,: upAMoyronbHas IUIACTHHKA  COBepIIAeT

TapMOHHUYCCKUEC KoJIeOaHUs OKOJIO HeBOBMyHIéHHOFO PAaBHOBECHOI'O COCTOSIHUSA; B obnactu

3,— wumeer asa neiicrsurenbubix kopus A, <0, A, >0 u mea umcro MHEMBIX

7\.3’4 =1, 4To XapaKTepu3yeT JIIEPOBY NUBEPreHIHUIO MAHEIH JH00 JIOKAIM30BAHHYIO

. -1
IMBEPreHIMIO B 3aBUCHMOCTH OT 3HaYeHwuii mapamerpa Y = ab™ ; B obnactu I, — nmeer

nsa orpunarenshbix (A, <0, A, <0) u 1sa nonoxurensusix (A, >0, 4, > 0) xopus,

YTO XapakTepusyer Oosee SPKO BBIPAXKCHHYIO IUBEPICHIMIO IMAHETd — HE 3UIEpPOBY

JIUBEpreHiuio. A B obnacTu 33, 1o KpaiiHeW Mepe, aBa KopHA ypasHeHus (3.11)

ABJIAIOTCA KOMIIJIICKCHO COHpH)KéHHI:IMI/I YUCJIaMH C TOJIOKUTEJIFHON BEIIECTBEHHOMN
YaCThIO: UMEET MECTO MaHEIbHBIN (bnaTTep.

rpaHI/IHaMI/I obactu YCTOI\/'I‘H/IBOCTI/I SO CUCTCMbI B IPOCTPAHCTBEC eé napamMmeTpoB S

npu ycnosun k, A + A, >0 ssusmores runepnosepxunoctn 4, =0 u A=0 -
ONpE/eAONINE  YCIOBUS — aNepHOMYECKOd W KoJebaTelbHOH — HEyCTOWYMBOCTH
coorserctBenHO [9, 10]. Tepexomst (I, —> 3I;) u (I, = J;) Onpenensor «onacHsle

o ~
TPaHUIBD 00MacTel S, U <3, [9].
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Ha rpamnue A, =0 obnactu ycroifunsoctn I, npu ycnosun k, A + A, >0 n

A>0 cucrema «IIACTHHKA-TIOTOK» TIPH CKOPOCTSX ToToka raza V >V

cr.div. TEpACT

CTaTUYCCKYIO YCTOP'IQHBOCTB B BHJC 317mep030171 AUBCPTCHINN TIaHCIH. KpI/ITI/I‘leCKI/Ie

Ci

CKOPOCTH {Vr' dl.v}, ompejenseMble IIOACTAHOBKONW IEPBOTO M TPETHErO  KOpHei
apaenus A, =0 B ¢opmyny (2.9), pasrpanuuuBaroT obmactu 3, U 3,. Ilpu

yp 3 pMylly (2.Y), pasrp ~o ~p- Up

ckopoctsix V' >V, . notoka rasa mpoMCXOIMT «MSATKHiA mepexon» uepes Touky A, =0

B TPaByI YacTh KOMIUIEKCHOW IUTOCKOCTH COOCTBEHHBIX 3HAUCHUH Xk, BBI3BIBAOLIUI

IJIaBHOC M3MCHCHHUEC XapaKTepa BO3MyIHéHHOl"O JABHMOKCHUSA CHCTCMBI OT YCTOﬁQHBOCTH K
BﬁﬂepOBOﬁ JUBCPIrCHINNU ITaHCIIN. 2T0 NPpUBOAUT K BO3HHUKHOBCHHUIO JIOMOJIHHUTEIIBHBIX
HaHpH)KGHPIﬁ, MNpUuBOAANIMX K HN3IMCHCHUIO IUIOCKOM (I)OpMLI PpaBHOBECHUs: IUIACTUHKA
«BBIITYYUBACTCA» C OrpaHPI‘IeHHOfI CKOPOCTBIO «BBIITYYUBAHUS.

Kpurnyeckue ckopocTu He 3UIEpOBOIl AUBEPTEHIINHI {Vl 2} pasrpaHIMYUBAIOT O0IACTH

31 u 32 . Ipu cropoctsix motoka rasa V' >V, , npomcxomut “Msrkuii” mepexox u3 o6a-

cru 3, B obnacte I, . Kpuruueckue ckopoctn V) ) onpesiensiores moicTanoBKoii BTopo-

ro kopHsi ypasrennst A; =0 B popmyay (2.9) npu yenosun k, A +A4, <0 u A>0.
Ha rpannue A =0 oGmacru ycroiiuusocrn I, npu ycmosuu k, A +A4, >0,

A, >0, a rak xe, obmacru 3, npu yenosun k, A + A, <0, A, >0, cucrema npu

CKopocTsIX moToka rasa V2V s TEpAeT, COOTBETCTBEHHO, YCTOMYMBOCTH B BHJE

KoseOaTeIbHOW  HEYCTOMYMBOCTH WJIM  IIEPEXOJUT W3  COCTOSIHUSL ~ CTaTHYECKOM
HEYCTOWYMBOCTH B COCTOSTHHE KOJIeOaTEIIbHOW HEYCTONUYNBOCTH: UMEET MECTO TTaHEeIbHBIH

¢matrep. Kpurnueckme CKOpOCTH TMaHENbHOTO (hraTTepa {Vr_ ﬂ'} , OmpenaensIeMble

HOJCTaHOBKOM mnepsoro kopHs ypasHenus A =0 B dopmyny (2.9), pasrpaHUUHBAIOT

~ ~ ~ ~

obmactn I, u I, npu ycnosun k, A + A, >0, wm obnacru I, n I, mpu ycnosun
. 2

k,A + A, <0, B 3aBucumMocTH OT 3HaueHui mapameTpoB cuctemst 1,Y,V, B, k,. B

oboux ciyyasx npu V > Va /1. TIPOMCXOIUT «MSATKHii» (IIaBHBIN) MIEPEX0 K (rIaTTepHEIM

KoJieOaHUsAM — K KoJIeOaHWMsM 110 HapacTtaromei ammnrtyae. OJHako, B IIEPBOM Cllydae
HauYMHAET COBEPIIATh (HIATTEpPHBIC KOJNEOAHHS OTHOCHTEIHLHO PABHOBECHOTO COCTOSHHMS
IUIocKasi 1Mo (opMe IUIACTHHKA, a BO BTOPOM CIy4ae — «BBITydCHHas» (M30THYTas IO

¢dopme) tutacTuHKa. KpuTHUECKHE CKOPOCTH 3SWIEPOBOi VC U HE DIepoBoOit V12

r.div.
JAUBCPIrCHUIMU TAHCIINW W TAaHCJIbHOTO (bnaTTepa I/crﬂ OIMPCACIIAIOTCA C ﬂOCTaTO‘-IHOﬁ

TOYHOCTBIO  TIOJICTAHOBKOW B  ¢opMmyny (2.9) HCKOMBIX 3HadeHHl mapaMeTpa

q € (QO’q (a0M2cosm )) .

5. Uucaennble pe3yabTaTbl. B nanHON paboTe ¢ MOMOIIBIO METOAOB rpado—aHa-
JIUTHYECKOTO u YU CIEHHOTO aHanm3a CTPOMIIUCH cemeiicTBa KPHUBBIX
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2
{q(n,y,v,B.,k,)} €I, napamerpusosannbix Haanexkammm oGpasom B 3 . B Tabmmnuax

4 — 12 mpOWUIIOCTPUPOBAHBI YHCIEHHBIE PE3yJbTaThl HanOoJiee NMpeICTaBUTEIBHBIX U3
9TOrO CEMENCTBA KPUBBIX.

YwceHHbIE pacyeTsl TTOKa3alli, YTO MPH (PUKCHPOBAHHBIX 3HAYCHUSIX OCTAIBHBIX Mapa-
METPOB CHCTEMBI KPUTHUECKHE CKOPOCTH AMBEPIeHINH U (hraTTepa SBISIOTCS MOHOTOHHO
BO3pACTAIOIIMMH (QYHKIMSMH OT 4YHCIa TIOJyBOJH #: WX HaWMEHbIIEMY 3HAUYEHHIO

coOTBETCTBYET 1 =1 .
HecMOTpst Ha 3aBUCUMOCTD KAYECTBEHHBIX M KOJMYECTBEHHBIX XapPAKTEPUCTHK MOBEIE-

HUsL BO3MYIIEHHOTO JIBIKCHHUs CUCTEMBI OT Tapamerpa Y € (0. 193, 2.9) , TEM HE MEHEE,

MOYHO BEIETUTH MHTEPBAIIbI (0.193,0.33), [0.33,0.74) u [0.74,2.9), B KOTOPBIX

Ka4C€CTBECHHBIC XapaKTECPUCTUKHU, IIPUMEPHO, OAWHAKOBBI, B OTIIMYUE OT KOJIMYCCTBEHHBIX
XapaKTCPUCTHUK, CYIIECTBEHHO 3aBUCAIINX OT'Y . I[J'ISI HaFJ'IHI[HOﬁ WITIOCTpaliu JTUHAMUKHN

CHCTeMBI COCTABIICHBI LICTIOYKU NEpPexofoB u3 obnactu I, € I B obmacts I, C I,

MIPUMEHUTENHHO K HHTEPBATY CBEPX3BYKOBBIX ckopocteit (1.5) [13-16].
Crnenyer OTMETUTh CYIIECTBEHHYIO 3aBUCHMOCTh ()OPM MPEACTABICHHUS IICTIOUEK Mepe-

. -1
XOJI0B OT OTHOCHTEILHOM ToMIMEB 2/1d 1 MaTepuana MiacTHHOK.
5.1. U3 comocTaBieHUs] YUCIICHHBIX PE3YJIbTaTOB C JAHHBIMH TaOJHIBI 3 CICIyeT, 4To

. -1

JUIS CTANBHBIX TUIACTHHOK OTHOCHTENBHON TommuuHe 2/a € [0.006, 0.015] B HHTEpBa-

ne y € (0.193, 0.33) HEBO3MYIIEHHOE COCTOSHUE PABHOBECHS CHCTEMbI BOIM3M V2 —
X

. N 2 2
HayaJla MHTEepBajia CBEPX3BYKOBBIX CKopocTeil (1.5) HeycToiunBo mpu Beex Bx < (B ) :
cr.

MMeeT MECTO 9iiepoBa AuBepreHuys naneu (06macts 3, ).

[emouku mepexo10B COCTOSIHUAIN CUCTEMbI OYIyT BHA:

3, —2J, —= T, npu k, € (0,0.07); (5.1)
v, . )
3,3, —L5TF, —2 5 F —=2 5T, mpu k €[0.07,0.5);
14 Vv, * )
3 —253, —L 5T, —2 5 F —= 5T npu k, >0.5;

B YAaCTHOCTH, 3a HCKJIIOUYEHHEM MOBEICHUsS CHUCTEM, B KOTOPBIXOTHOCHTEJbHAS TONIIMHA
—1 .

mractunok 2ha” >0.014. B stom ciyuae HeBO3MYIIEHHOE COCTOSHHE PAaBHOBECHS

CHCTEMBI HEyCTOWYMBO Ha BcEM mHTepBaie (1.5) mpm Bcex klz HMEEeT MECTO JHIIepoBa

AUBCPICHU M TAHCIIN.

-1
2,2 2
31eck, B cooTBeTCTBHM ¢ 0003HayenueM (3.10), k, =1 "y (mca ) .
. -1 3
Cnpasemmso pasenctso: V=V, — npusenéunsie cxopoctu VD (aopoa ) u
-1 3 .
V,,D (CIO o ) MCUHCIISIOTCS TOJICTAHOBKOM BTOpOro kophsi ypahenus A; =0 B

dopmyiy (2.9). Ipu stoM npu Manbix k;, € [0.07, 0.5) HMEET MECTO IIEPEXOJ OT HOKOS K
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aBTOKOJICOAHUSAM, a TIpH 60JII>H.II/IXk1 > 0.5 — nHauuHaer coBeplIaTh ABTOKOJEOAHHS

«HM30THYTAasD» IJIACTHUHKA.
B rtabmunax 4 — 6 npuBeneHbl uuciennsie pesynbratel mis Y = 0.3 . Tlpu stom,

nansbie Tabmuusl 4 coorsercteyorV = 0.125;0.3;0.5, a namnbie Tabmun 5 u 6 —

v .D" (a0p0a3)

crdiv

v =0.3. B unreppane y € (0. 193, 0.33) KPHTHYECKHE CKOPOCTH

MEHBIIIE B IUIACTHHAX U3 MaTepuaioB ¢ OombimmM ko3¢ ¢ummentom I[lyaccona, B oTimmuame

or VcrﬂD_l (a0p0a3) .

Tabuuna 4.
BZ
x 0 0,2 0,3 0,4 0,5 0,6
v=0.3
v,D™ (a0p0a3) , 88.171 85,983 84.869 83.734 82.635 81.521
» R 90,441 88,138 87.050 85.847 84.647 83.668
VoD apid’) | 93002 | 90766 | 89.548 | 88356 | 87.169 | 85.973
491.582 488.276 486.602 484.930 | 483.258 481,586
V,uD " (apya’) | 477.203 | 474081 | 472512 | 470938 | 469386 | 467.772
461.320 458.535 457.041 455.669 454,195 452.763
3nauenns V) D' (aOpOaS) mpu Yy =03 nuv=0,3. Tabunma 5.
k,
5 0.07 0.1 0.5 1.0 5.0 10.0
P
0.0 177.68 236.73 288.22 267.53 216.43 202.19
0.6 197.59 238.57 278.26 256.24 205.38 192.37
3HaueHus Vcr'ﬂ_D_1 (aopocf) mpu Y =03 u v=0,3. Tabnuua 6.
BZ
o 0 0.2 0.3 0.4 0.5 0.6
k,
0.07 148.530 135.126 130.606 126.137 121.717 118.657
0.1 110.485 106.154 104.116 102.087 100.071 98.066
0.5 93.440 91.472 90.491 89.510 88.531 87.519
1.0 104.431 102.385 101.365 100.619 99.699 98.842
5.0 134.631 132.670 131.690 130.711 129.800 128.822
10.0 144.313 142.026 141.370 140.367 139.364 138.362

W3 pmanHbpIx Tabmum 4 w 6 ciemyer, YTO KPUTHYECKUE CKOPOCTH IHBEPTCHINH H
¢dmarrepa SIBIITFOTCS yOBIBAOIINMH GbyHKIIAMA oT Kod(ppHUIHEeHTa

2 o ~
HalpsKCHUA Bx S [0,06] KPUTUYECKUC CKOPOCTH SWJICPOBOU JUBCPIrCHIIUN y6I>IBaIOT

npumepHo Ha 2.3%, HE 3HnepoBoi OuBepreHIMH — Ha 8%; a KPUTHUYECKHE CKOPOCTH

58



¢matrepa — npuMepHo Ha 4.8 — 20%, 4TO CBHAETENBCTBYET O IMOHMWKEHHH YCTOHYHUBOCTH
HEBO3MYIIEHHOTO COCTOSTHHS PaBHOBECHS CHCTEMBI.

-1 3 . .
OyHKINA VO*D (aopoa ) ABISIETCSI MOHOTOHHO yOBIBaromew QyHKmmeil ot

-1 3
kodd¢uimenta Ilyaccona V, B oTinuue OT Vcr'ﬂ_D (aopoa ), KOTOpasi BO3pAcTaer,

mpuMepHo, oT 3% 110 7.2% B IIACTHHAX U3 MAaTEPHAJIOB C OOJIBITNM V .

5.2. HeBO3MyIIEHHOE COCTOSHME PABHOBECHS CHCTEMBI B MHTEPBAJIE Y € [0.33, 0.74)

ABIAETCS YCTOMUYMBBIM BOJIM3H aO\/E ams Beex 2ha”! 6[0.006,0.015], Korza

2 o 2 o
Bx < 05 ", COOTBETCTBEHHO, HCYCTOUYMBLIM IIPpU OOJIBIINX Bx . UIMECT MECTO 5UJICpOBa

JVBEpreHIys naHeny. llenmouku nepexonoB U3 OJHOM 001acTH MPOCTPaHCTBA IapaMETPOB
B JpyTyIo OyIyT BUAA!

(1)

(30) Veriaiw )Sl e

So ordiv Sl , kl S (O, 037) 5 (5-2)

4

Y

y® v % r
~ . fl_ ¢ 0\ % . fl_ X 0 N
(3,) 3, 3, 3, >

L

. Vc(rz.c)liv )Sl , kl [= [037,10) >

Via 4%

a3 k21

31ech, [0 aHATOTHH C TPEABLIYIMM ciydaeM (pasa. 5.1), korma k, < 0.37, duarrep

OTCYTCTBYET: UMEET MECTO MOTEPs] YCTOHYMBOCTH TONBKO B BHJIE SUIECPOBON IMBEPTEHINN

0

yh v,
[ard cr.div N s N ar Lr'ﬂ N < ANy <
(3,) >3, >3, >3, >3,

1 2
HaHend nOpu  ckopocTax V> chd)w V> VL,(rdzv COOTBETCTBEHHO. IIpM MajbIx

k e [0.37,1.0) cHCcTeMa MePEXOIUT OT COCTOSHHUA MOKOS K aBTOKONEOaHUAM, B OTIMYHE

w1 » KOTTA k e [0.37,1.0) ,

or Gombumx k; . CooTBeTcTBeHHO, IpU ckopoctsix V >V,
HAYMHACT COBEPLIATb aBTOKOJIEOAHHs «ILIOCKash IUIACTUHKa, a npu K, = 1— «usoruyras»

2
mractuHKa. [Ipu aToMm, Vo = V1 , TIpH BCex Bx . B tabmunax 7 — 9 npuBeneHs! 3HAYCHUS
KPUTUYECKHX CKOPOCTEH Aia Y = 0, 5 upu V = 0.3.

Tabmuma 7.

0 0,2 0,3 0,4 0,5 0,6
vy=0.5

v,D"! (“opoa3) >
4 3 120.013 113.476 110.021 106.590 103.219 99.837
V2D (“opoa )’

VO, D (agpya’) | 11705 9.202 7.960 6.825 5612 4524

cr.div

y@ p (a0p0a3) 457.583 | 451.132 | 448.189 | 444.393 | 440.880 | 437.367

cr.div

- - 2
VLﬁ)dl.vD 1(a0p0a3) uV® D 1(aopoa3)— MOHOTOHHO yObIBatomue (GpyHKIUU OT BXI/IVZ

cr.div

Ha NPOMEKYTKE [_’))2C € [0,0.6] yObIBalOT B 2 — 2.6 paza ¥ Ha 4 — 5% COOTBETCTBEHHO
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(Tabn.7); a B INIaCTUHAX W3 MaTepHAIOB ¢ OonmbuM Koddduimentom Ilyaccona Vv — B

1.8-2.5 pa3 u B 1.2 pa3a COOTBETCTBEHHO.
Kpurnueckast ckopocts iarrepa siBisiercsi yobiBaieil pyHkipeid ot kodpduienta

HaIlpsXKCHUA

W BO3pacTaroueid oT

ko3 ¢punmenra Ilyaccona:

Ha TPOMEXKYTKE

Bi 6[0,0.6] yOsBaeT mpumepHo B 1.12 — 1.46 pas (Tabnm. 9), a B IacTUHAX H3

MarepuanoB ¢ 6oapmM Kodpduimentom Ilyaccona V Bo3pacraer B 1.2 paza.

3nauenns V) D' (a0p0a3) mpu Yy=0.5uv=0,3. Ta6unma 8.
k,
0.37 0.5 1.0 2.0 5.0 10.0
BZ
0.0 194.696 244.170 276.114 274.322 251.190 233.807
0.6 228.690 247.783 264.595 256.758 231.425 213.384
3HaueHusI Vcr'ﬂ_D_l (a0p0a3) mpu ¥ =03 u v=0,3. TaGmuua 9.
BZ
* 0 0.2 0.3 0.4 0.5 0.6
ki
0.37 171.332 148.590 139.551 130.692 125.760 117.182
0.5 140.253 128.574 123.128 117.861 112.805 108.098
1.0 121181 | 114208 | 110.600 | 107.020 | 103.467 99.942
2.0 121.507 115.308 112.234 109.177 106.314 103.287
5.0 133.079 | 127.625 | 124854 | 122204 | 119413 | 116.814
10.0 144.179 138.955 136.255 133.560 130.872 128.190

5.3. Mockoneky k, A +A, >0 u A>0 B unreppane y € [0.74,2.9) IpU Beex

JOITYCTUMBIX

3HAYCHUAX

napaMeTpoB

CHUCTCMbI

«IIACTHUHKA—IIOTOK», TO eé

HeBO?)MyHIéHHOe COCTOSAHHUEC PaBHOBECHUSA TEPACT YCTOﬁQHBOCTL nin B BHIC 3171nep030ﬁ

JMBEpPreHIN IIaHeI!, Koraay € |:0.74, Y or ) , FITH B BUJIC JIOKAJM30BaHHOU JUBEPTCHIIHH,

2 . .
HauyuHAsL ¢ Y =Y o= gr(Bx,V)(TaﬁJI. 10): HediinepoBa IMBEPreHLMs U IAaHEIbHBIH

¢natrep orcyrcrytor [5,11,14].

Tabauna 10.
B2 0 0.1 0.2 >0.3
X
y 1.96 2.4 2.8 2.9
gr

W3 pgasneix Tabmumel 10 o4eBHOHO, 9TO C pocToM  Kod(dduimenta HampsHKEHHUS

2 2
B < (Bx )Cr TPaHHYHOE 3HAYCHHE Y, YBENMYMBAcTCA B 1.5 pasa: rpanmia Mexay obma-

CTSAMH JAMBEPTEHINH TaHEeNIH JIOKAIN30BAaHHOM JMKEPTeHIIMN CMEIaeTcs B HAIpPaBICHUU
OoypIIMX 3HAYEHHH MapameTrpa Y, CyXkas oONacTb JIOKaIM30BaHHOW IWBEPIEHINH, B
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OTIIMYMUE OT CHUJI PACTSHKECHUS, HAIIPaBJICHHBIX IIO IIOTOKY, IPU KOTOPBIX TI'paHUIIA Ygr

CMelaeTcs B HaNpaBlIeHUHM MaiblX 3HaueHuHd Y [14]. Ilpu 3TOM, cnemyeT OTMETHUTH, YTO
_ 2
¢byHKIHA Y o= Yo (Br , V) 3aBHCHUT OT KodddunmenTa [Tyaccona vV mcyesarore Malo.

Lenouku mepexonos mis 2ha”' >0.007 B unrepsaie 76[0.74,0.84) HMEIOT

BH:

y( y y
vy J,—e 5 F (v<03); I —=23F, (v>0.3);

SO cr.div > Sl

wn 2ha” €[0.006,0.007]- T, —os I, —Lek 5T (v<03)nS, (v>03):
HEBO3MYIEHHOE COCTOSHHE paBHOBeCHs cucTeMbl mpu 2Ha” 6[0.006,0.007] u

v > (.3 saBnsteTcs HeyCTOHYMBBIM B MHTEpBAJIE CBEPX3BYKOBBIX ckopocTei (1.5).

(1)
B wunrepsane Y 6[0.84,}/ gr) LIEIOUKH TIEPEXOA0B OyAyT BHUJA: 30V—">31

[Ipu 3TOM, U3 COMOCTABICHUS YUCICHHBIX PE3yJIbTATOB C JAHHBIMH TAOJHIBI 3 ClieIyerT,
YTO HeBO3MYIIEHHOE COCTOSHHE paBHOBecust cuctemss, korma 2ha ' >0.013, npu
MaJIbIxX Bi SIBJIIETCSl yCTOMYMBBIM B HHTepBaJie ckopoctei (1.5).
B Tabmunax 11 u 12 nmpuBeeHbl 3HAaUEHUS KPUTHUYECKUX CKOPOCTEH mmd Y = 0.8 npu
v=03 nma y=1mpu v=0.125;0.3;0.5 coorBercTBenHo.

Tabnwma 11.

0 0,2 0,3 0,4 0,5 0,6
vy =0.8

V,D! (a0p0a3) 250.777 | 234.723 | 220.315 207.021 194.548 182.721
v pt (a0p0a3) 54.087 43.916 39.133 34.453 29.587 25.161

cr.div

y® pt (a0p0a3) 343.647 | 345428 | 345.546 344.529 | 342.671 340.129

cr.div

Tabmuma 12.

0 0,2 0,3 0,4 0,5 0,6
vy =1

522740 | 490.124 | 469.102 | 455466 | 439.495 | 421.273
VO, D (apya’) | 128462 | 104280 | 92384 | 80251 | 69.202 | 58489
| 72910 | 56517 | 47.653 | 39.661 - -

KpPITPI‘IeCKI/IC CKOPOCTH IOUBEPICHIUHU IIAHEIIN SBJIAIOTCA, B OCHOBHOM, MOHOTOHHO

2
yObiBaromuMy  QyHKIMSME  OT Kodhduuuenta Hanpsikenus [3 L, @ TaKKe, W OT

koadunmenta [lyaccona v .
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6. OcHoBHBIE pe3yJbTaThl H 3aKid04YeHHe. B paboTe monmydeHO aHAIUTHYECKOE
pelleHre 3aJayd yCTOMYMBOCTHM HEBO3MYIIEHHOIO COCTOSIHMSI PaBHOBECHS JMHEWHOMN
JUHAMHYIECKOH CHCTEMBI «IUIACTUHKA—TIOTOK» B MPEAIIOI0KEHUH, YTO CBEPX3BYKOBOH
IOTOK Ta3a HaberaeT Ha CBOOOAHBIM Kpail MepBOHAYAIbHO CXKATON IO MOTOKY YTPYTOi
IPAMOYTOJbHONW IITACTMHKH, HAa KOTOPOM HMEIOTCA COCPEJOTOYEHHbIE HHEPLUOHHbIE
Macchl 1 MOMEHTBI IIOBOPOTA.

[IpousBeneHo pa3OMEHHE NPOCTPAHCTBA «CYIIECTBEHHBIX» IaPaMETPOB CHCTEMBI
«IUTaCTUHKa—TIOTOK» Ha 00J1aCTh YCTOWYMBOCTH M Ha 00JACTH HEYCTOHYMBOCTH — 00IacTh
SIJIEPOBOM W HE JWIEPOBOH JUBEPreHIMM MAaHETH, IaHEJIbHOro (Quarrepa U
JIOKAJIM30BaHHOM JUBEPIEHINH.

[lomydena ¢opmyna 3aBUCHMOCTH CKOPOCTH IIOTOKAa Tra3a OT «CYIIECTBEHHBIX»
MapaMeTPOB CHCTEMBI (IIACTUHKA—TIOTOK», MO3BOJIAIONIAS HAUTH KPUTUYECKUE CKOPOCTHU
JVBEPTEHIINH TIAHENN 1 TTaHEIBHOTO (h1aTTepa.

HccnenoBana rpaHumia o0JacTH yCTOWYMBOCTH, a TaKKe TPAaHHIA MEXIY O0JacTsIMH
HeycTounBocTH. HaliieHpI «0e30TacHbIe» 1 «OMacHBIe» TPAHUIIBI O0IACTH YCTOMIHUBOCTH.

YCTaHOBIEHO, 4YTO TMpPU MalbIX 3HAUEHHUAX UHTEHCHBHOCTH IPHIIOKEHHBIX
WHEPIMOHHBIX MOMEHTOB II0BOPOTa MOTEpsl YCTOMYMBOCTH HACTyHaeT IPH MEHbIIEeH
CKOpOCTH IIOTOKA ra3a, HO 3TO He 3iyIepoBa MoTepsi yCTOWYNBOCTH, a MEPEX0]] CUCTEMBI OT
TIOKOSI K JIBFDKCHUIO — K aBTOKOJICOaHUSIM.

[Toka3aHo, 4YTO CXKMMAlOIIME CHJIBI, HalpaBJIEHHBIE 110 ITOTOKY Trasa, NPUBOJAT K
CYIIECTBEHHOMY HMOHM)XEHHUIO YCTONUMBOCTU CHUCTEMBI «IUTACTHHKA-IIOTOK» 110 CPABHEHHUIO
C CXKHUMAIOUMMH CHJIAMM, HAIpPaBICHHBIMU MEPHEHAMKYISIPHO CKOPOCTH MOTOKa [16]:
HMeeT MEeCTO He TOJbKO MaJeHHe 3HAYeHUH KPUTHUECKUX CKOpocTedl u KoadduimeHTa
HampsDKeHUsA, HO M 3HAYUTENIFHOE CMEIICHHE TPAaHMIBI MEXIY OONacTIMHU IMBEPrEeHINN
MIAHENX U JIOKAJIW30BaHHOW JAWBEPIEeHIIMN B HAIIPABICHUN OOJIBIINX 3HAYCHHH Iapamerpa
OTHOILEHUST CTOPOH: C POCTOM Kod(hQHUIMEHTa HalpsHKeHHs o0JlacTh dHIepoBoH
JUBEPTEHINN PACIIUPSIETCS, a 007IaCTh JOKAIN30BaHHOM AUBEPIEHINN CYKaeTCsl.

IIpuMeHEHHBIH METOJ] aHAJIUTHUYECKOTO HCCIEO0BAHUS MO3BOJIAET HE TONBKO YCTaHO-
BUTH YCIJIOBHSI BO3HUKHOBEHHMS ITAHENBHOTO (iaTrepa, HO U JaET BO3MOXKHOCTH IIpeJICKa-
3aTh MOCIEYIOIIee Pa3BUTHE KOJICOaHUH.
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ZUBUUSULE @bSNhE8NRLLENP UL USHhL UUUNGURUSP SENEulahl
W3BECTHSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Utkhuwmuthlju 76, Ne3, 2023 MexaHuka
YK 539.3 DOI: 10.54503/0002-3051-2023.76.3-64

O IOTPAHUYHOM CJIOE B CME}HAHHOFI 3D KPAEBOM 3AIAUE
OPTOTPOIIHOU IIVIACTUHKHA
AranossH JLA., AAnykan B.T.

KaroueBble cjIoBa: OpPTOTPOIHAS IUIACTHHKA, TPEXMEPHas 3aja4ya, aCHMITOTHYECKOE PEUICHHE, MOrPaHUYHbIH
CJIOH.

Aghalovyan L.A., Yapujyan V.T.
On the Boundary Layer in Mixed 3D Boundary Problem of an Orthotropic Plate

Keywords: orthotropic plate, three-dimensional problem, asymptotic solution, boundary layer.

The boundary layer is studying in a mixed 3D boundary problem of the orthotropic plate. It is shown that the
values of the boundary layer decrease exponentially with distance from the lateral surface into the interior of the
plate. The asymptotic method shows that the boundary layer splits into plane and anti-plane boundary layers,
which are independent in the initial approximation. The corresponding equations for determining the
corresponding components of the stress tensor and the displacement vector are derived. Characteristic equations
for determining the values of the exponential decreasing index are derived. The procedure for conjugating the
solutions of the external problem and the boundary layer is described.

Ununjjuit L.U., Swihnigyui 9.S.
Oppnuipny uwijh 3D wnp kqpuyht uppnid uvwhdwiught gkpunp dwuphi

Zpfwpunbp’ oppnunpny uwy, Epwswdg utighp, wuhdyunnhl psnd, vwhdwiwghb okpao:

Oppnuipny uwih 3D fwep Eqpuyht pugpoud nuumdbwuppynud b uwhdwbwghtt obpup: 8nyg b
wnppdus, np uwhdwbwght okpinh dhdnipiniuutpp vwh Yonduwghtt dwykpbnypehg ntyh junppp hipw-
twhu Wwugnud Eu Epuynuikighwy diing: Uuhdyunnunhly tnubwlny gnyg £ updws, np vwhdwiwghu
otipunip wpnhynud | hwippe b hwjwhwpp vwhdwbuyght okpnbkph, npnup julknughtt Unnwynpnipju
nhypnud wiwu G Lwpnudubph pluqnph b ninuthnjunipjut 4Ejunph hwdwywnwujpwb punw-
nphsutiph npnodwt hwdwp pnipu Eu phpduws hwdwywnwupiwt hwjwuwpnudubp: Epuynubughug
ujuquuitt gnigsh wpdbpubph npnodwt hwdwp uwnwgdus L pumipwuqgphy hwjuwuwpnidubpn:
Swpunpyus E wpunwpht jpunph b vwhdwbwghti gkpnp nisnidubph 1dnppuiwt pipuguljupgp:

W3yuaercs norpaHuyHslid cioit B cmernannor 3D 3agaye opToTponHO# miacTuHKY. [1oka3aHo, YTO BEIMYHHBI
MOrPaHUYHOTO CIOSI YKCIOHCHITHAILHO yOBIBAIOT IIPU YAAJICHHU OT OOKOBOH IOBEPXHOCTH BO BHYTpPb IIACTHHKH.
ACHMITOTHYECKMM METOJOM II0Ka3aHO, YTO I[OIPAaHMYHBIN CJOH pacnajgaercd Ha IUIOCKMH M aHTHUIUIOCKUH
MIOrpaHUYHbIE CJIOU, KOTOPBIE B HCXOIHOM MPHOIKEHUH He3aBUCHMBL. BBIBeIeHbI COOTBETCTBYIONINE yPABHEHUS
JUISL OTIPEENICHHUS COOTBETCTBYIOIIX KOMIOHEHT TeH30pa HAIPSUKEHHH M BEKTOpa IMepeMeleHrs. BeiBeens! xa-
PaKTEPUCTHICCKUE YPABHEHHMS JUIS ONPEACNICHNS 3HAUCHUI [T0Ka3aTes SKCIIOHCHIINAIBHOTO yOobIBaHus. M3105Ke-
Ha TIpoLexypa CONPSDKEHUS PEIICHHI BHEIIHEH 3a1aul ¥ IIOTPAHHYHOTO CIIOSL.

Beenenue. B xiaccnieckoil 1 yTOYHEHHBIX TEOPHAX IUIACTHH U 000J0YEK paccMaTpH-
BaeTcs JHIIb OAWH KJAacc KpaeBbIX 3afad. CUWTaeTcs, 4TO HA JIMIEBBIX MOBEPXHOCTSIX
TUTACTUHKH WM OOOJIOYKH 3aJIaHbl 3HAYCHUS] COOTBETCTBYIOIIMX KOMIIOHEHT TEH30pa Ha-
npsokeHni [1,2,3]. Jnst permeHuss WHBIX KIacCOB 3afjad TEOPHH YIPYTOCTH, B YaCTHOCTH,
BTOPOM M CMEIIAHHOM, TUIIOTE3bl 3TUX TCOPHH HEMPHUMEHUMBI. ACHMITOTHYECKHH METO[
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pEIICHUs CHHTYISIPHO BO3MYIICHHBIX TU(GEpEHINMATHHEIX ypaBHEHHH okazaics 3ddek-
TUBHBIM JJISI PElICHHs MMOAOOHBIX 3a1ad. YCTAaHOBJICHA MPHHIMIIHAIBLHO HOBAash ACHMII-
TOTHKA, TO3BOJIMBILAS PEIIUTh CTATUYECKHE U AUHAMUYECKHE 3a/a4H MMOJOOHBIX TUIIOB [4-
7]. Pemenue 3amaun (/) ckiaipiBaeTcsl M3 JIBYX THIOB PEIICHHH: BHEUIHErO pEIeHHUs

(/°"") u pemenus as norpaHuuHOro cuos (J ,)- PellleHne BHEIIHeH CTaTHYCCKON 3aa4u

JUIS OPTOTPOIHOM TTACTHHKH, KOTJIa Ha BEpXHEH JIMIEBOIl MOBEPXHOCTH 3aJaHbl 3HAUYCHHS
HOPMAJILHOTO TMEPEMEINEHHsI, COOTBETCTBYIOIINE TAHI'CHIMAIBLHBIC KOMIIOHEHTHI TEH30pa
HATPsOHKCHUN paBHBI HYJIIO, & HUXKHSS TPaHb TUIACTHHKU JKECTKO 3aKPeIUICHa, HAMIEHO B
[8]. B nanHO#1 paboTe MOCTPOEHO pelIeHke IS TIOTPaHIMYHOTO CJI0s1, 3JI0KEHa MpoLeaypa
COTIPSDKEHUS PEIICHIUA BHENTHEH 3a/1a4M U IOTPAHUIHOTO CIIOS.

1. OcHoBHBIE YPABHECHHUA H MOCTAHOBKA 3aJa4M

TpeOyeTcst HAUTH pelIeHUe YPaBHEHUI paBHOBECHS TEOPHH YIPYTOCTH JJIsi OPTOTPOII-
HOH MPSAMOYTOJNBHOMN MIACTHHKY, 3aHUMAIOIIast 00J1acTh D = {( X, ¥, z) :0<x<a, 0<y<h,

~h<z<h,h<<l,l=min(a,b)} (Pur. 1):

/y
7

|/
Az b /
/ + _ _
J/ : -w, o_=0, O'yZ—O
2
v
/7 /
h -7
Vi /
s/ X
0 # >
/
/
—h
u=v=w=0 a
®ur. 1
oc. Oc. Oo,
N "Z+F;.(x,y,z)=0, j:x,y,Z, (11)
ox oy oz
IIPY COOTHOIIEHUSX YIIPYTOCTH
€, =40, +a,0, +a,0_; €,=4,0,+0,0, +ay0_;

(1.2)
822 = aI3Gxx + aZSny + a33Gzz; gxy = aéécxy; gAZ = aSSze; 8yz = a446yz’

U TIPY TPAaHWUYHBIX YCIOBHAX
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w=-w'(x,y); o_=0; 6, =0, mpu z=h,
u=0; v=0; w=0, nmpu z=—h, (1.3)

VcnoBus Ha 6aKOBBIX TOBCPXHOCTAX IIACTUHKHU 6y,HGM KOHKPETHU3UPOBATH IMO3KEC.

2. Pemenne BHeNIHeH 3aJauu

Jlns penieHus mocTaBlieHHOH 3anaun B ypaBHeHusx (1.1) u (1.2) mepeiinem x 0e3pas-
MEPHBIM KOOPJWHATAM U TIEPEMEIICHHUSIM:
X y z u % w
E==; n==; (== U=— V=—3 W=—. 2.1)
[ [ h / [ /
B pesynbraTe MoOJydYdM CHHTYJISIPHO BO3MYILIEHHYIO MajbiM mapamerpoM g=/ /[

cucteMy [8], peltenre KOTOpoil CKIabIBaeTCA U3 pellenuii BHemHeit 3anaqu (/) u no-
IPAHUYHOTO €105 ([, )

I=1""+1I,. (2.2)

Pelienue BHENIHEH 3a1a4l OTHICKUBAETCS B BUJIE

7o — Sq‘ﬂ[(‘g), s=0,N, (2.3)

e ¢, =-1 1 6,0, ,0.,0,,0,.,0., q=0 a1 U, VW, s=0,N o3Hauaer cymmu-

x0T xy? Y xzd Yy yzd Y zz
POBAHUE IO HECJTIOYUCICHHBIM 3HAUYCHUAM S OT HYJIA OO YHUCTIa HpI/IGJ'II/I)KeHI/Iﬁ N. HO}ICTaBIfIB
(2.3) B npeoOpa30BaHHYIO CHCTEMY YpaBHEHHII PaBHOBECHS W COOTHOIICHUS YIIPYTOCTH, U
MIPUPABHSB B KAYKIOM YPaBHECHHH COOTBETCTBYIONINE KOIPPHUIHUEHTHI IPH € , TIOTYIUM

ot a6t Gl 7

p T Tk oo, FO=M R Y =050,
o0& on o [
s—1
vty (5 o, (s) (s).
8& @0, +a,0,, +a;;6.; 5'] =a,,0,, +a,0, +0a,0.; 2.4
om (5 (5 . out ot (5
=a,50,, +ay0,, +a;,0.; + =00, 5
aq g on o :

owt™ oyt w, o
T T L T4s0:; =0ay0,, -
23 28 S 5€
U3 cuctemsr (2.4) MOKHO HATIPSHKCHUS BBIPA3UTh Yepe3 TICPEMCIICHHUS
w_ (vt arhy o autt ot iy ow')
Vgl &

9

o) =q, a, s
x on ac
(s) (8VV<J B 6U< ] (s) al](ﬁ]) + 6V<S4) _ 6W<S), 2.5)
ss

xz G, o, oy ol
a ¢ aa on ac
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. I[GW“) aW] o Ut et gt
= ’ Gzz :a’3 -
Ay

Gyz a]’] + ac a& s 8\«] +OL6 aq ;
L) (gaae) (4 -a) (4 =)
1 A s 2 A s 3 A N 4 A ;
O G N P Y

5 A H 6 A .

[ToxcraBuB 3HaUEHUS 0'2) B ypaBHEHHUs paBHOBecus (2.4), ais onpeneneHus mnepeme-

LIEHUH MOJIy4at0TCsl YPaBHEHMUS:

s 5— (s-1) =
U _ o gy g, 000" o ot
2 RU 4 RU a55 x a55 a55 H
ac o€, o X
s (s-1) (s-1) 5= 2.6
OV o R g, 00 G0 oWt 26
2 v Ay Ayl’, " — Ay Ay ;
aq g on  ondg
o 9 g Lpo_ 1 oot 180 a FUY o 7Y

T2 W w z + *
o’ Ot o 05 @y On o GEL o NG

CienoBaTenbHO:

jdz;jRU dg+¢ A" (En)+ 4 (Em); jdch dg+

2.7)

+ B (gn)+B (&); jdc ij dg+6C (em)+ A (& m);

Y 10BNETBOPUB IPaHUIHBIM yCIOBHAM (1.3), ompenenrM Hen3BeCTHBIE (QYHKITUH
Ai(s), Bi(s), Ci(s) B petenn (2.7):

s aW(sfl) aW(s 1 1
Al“=—[ % j IRU dc; 4 ——JdchU d¢ - ( j JRU

¢ 0 ¢l
W(sfl) aW(s 1

B(S):—(a J ~[RY ac; B d¢ [RVdc - [ J RY

1 m ). ! J j J (2.8)

CT”=—;[W+<s>+jdci&ﬁf>dc—_fchR£:’dc} w =wifl, Wt =0,520;

= —;(w*@ +jdg ijj) dc +fdc i&(j) d(;}.

0 0
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Ecnu ¢pynkums w* sBisiercst aredpandeckuM MHOTOWIEHOM, UTepalusi 00pbIBaeTcs, B
pe3ybpTaTe Moly4aeM MaTeMaTH4eCKH TOYHOE pellieHe BO BHENIHeH 3aaade. OHAKo 3TO
peleHue, Kak MpaBuilo, He Oy/eT yIOBIETBOPSTH TPAaHMYHBIM yCIOBHIM Ha OOKOBOH I10-
BEPXHOCTH IUTACTHHKH. Bo3HMKaIomas HeyBsA3Ka YCTPaHACTCS pEIICHNEM IS TOTPaHWIHO-
TO CIIosI.

3. O norpaHu4YHOM cJ10€ MIACTHHKH

PaccMOTpUM TMOTpaHUYHBIA CIIOW, KOTOPBIH BO3HUKAET y OOKOBOW IOBEPXHOCTH
& :0( x:O). AHaNOTUYHBIM 00pa3oM MOXKHO TOCTPOUTH PEUIeHHE MOTPaHUTIHOTO CIIOS,

BO3HMKAIOIIETO IPH OCTAJIBHBIX OOKOBBIX MOBEPXHOCTSX. JlJIsl TIOCTpOEHUS pelIeHHs I10-
TPaHUYHOTO CJI0s BOJM3K OOKOBOM MOBEPXHOCTU £ = (), B yPABHEHHAX PABHOBECHS U COOT-

HOIICHHUSAX YIPYTOCTH, MPeoOpa3oBaHHBIX (Gopmyoit (2.1), BBemeM HOBYIO 3aMeHY Iepe-
MEHHOH y = £/¢ , B PE3yJIbTATE MOTYIUM CHCTEMY:

L0, 0o, 0o 0o, Oc 0o,
gl b T b ), gt b b T

o  0n ac &  0n e

oc_, 0o 0c ou,
1 b —1 -1
e b + z +& zb — 07 € b= allc)ocb + alZnyb + a13czzb; (3 1)

o 0n aq

b

, _ . O .
8“ - alZGxxb + aZZnyb + aZSGzzb’ € ac - alSGxxb + a236yyb + a33Gzzb’
ou, 0V, oW, _oU, ow, oV,
——tig' " t=gc R —L+e'—t=a,0,,.

b € =050 p>
o oy ” oy aa o aa

ITockonbky HeoHOpPOHEBIE TpaHUYHbIE yciaoBUA (1.3) yxe yIOBIETBOPEHBI, HAIIpsIAKe-
HUS U TIepEeMEIIeHUs TOTPaHNYHOTO CJI0s (MM MPUIUCAH HHACKC <<p >> (boundary)) moi-
MHBI yJJOBJIETBOPSITh COOTBETCTBYIOIUM OJHOPOJHBIM (HYJIEBBIM) TPAHHYHBIM yCIOBHSAM:

m(6=1)=0; o,,(C=1)=0; o,,(C=1)=0; 52)
U,(C=—1)=0; V,(C=-1)=0; W,(g=-1)=0.

Benuuunel TMOTrpaHUYHOIO CJIOsA, NPU YAAJICHUNU OT MOBCPXHOCTHU é =0 B l"J'Iy6I> mjiac-

THHKH JIOJDKHBI CTPEMHUTENBHO yOBIBATh. YUUTHIBAS 3TO, PEIICHUE JJIs MOTPAHUYIHOTO CIIOS
Oy/ZieM UCKaTh B BUJIC:

I, = s""“]ﬁ (n.C)exp(=Ay), s=0O,N, (3.3)

e g =-1 U o

xx 2

0,:0,.,0,,0,.,0.., ¢=0 11UV, W, Reh>0.

xp2 P xzo Yy

IMoncrasus (3.3) B cucremy (3.1) g ompeneneHns HEM3BECTHBIX KOA((QHIMECHTOB

I I(f) , IOJTyYHM CHCTEMY

Last) a6l SR
_M(;%iﬁ%:o; ) ¢ Pme D g,
& T &
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aG s 1)
KGF;L-{-W aggb 0; —AUY =a,0%) + a0, + a0l (3.4)
v o)
;T =a,0.) +a226(»)b +a236(zz[)7’ aé :a136( ) +a,,0,, o) +a330(zzz)’

s—1) 5)
_xVb(S) 6665937’ 7”W< aU( 550521; % + % =a (s) .
m &

W3 310l cHCTEMBI HalpsKEHUS MOYKHO BbIPAa3UTh Y€PE3 MEPEMEIICHUA 10 (I)OpMyJ'IaM

out
o

s—l) S) s—l) s)
—(xM]{ aVb( +a aW;’( o o =AU 4 81{5 - aWb( ;
trb 1 3 b 2 b 4 5

on a o on ac

1) ) s-1) (3.5)
= (x3MJ< @V< +0l (’3W,f ; c(s))b _ L 8U,<, —M/lfs) ;
on 28 7 ag\ on

1 (wﬂ aw] o) - (aW*” an@j
" o) " al &)

55
Toxcrasus suauerns o) o) o) B nepsoe u Tperbe ypasHenns cucremst (3.4), ams

xzb> ™ zzb

zzb

onpezenerus U, "), monyunm cucremy:

azlﬁ,,

+a,a SSXZM (oc3 + J 8W( R[(;b_l);

as) & (3.6)
om’ . ( +)5(f R,
agz as50 Ol as; ) o

o (3_1 (s—l) s
Rl(/;z_l) =—ds; 0(27b aVb( ! + agxyh) 5 R&_l) = 1 aGyZh — aZV( ?
o on ag| on 5116@

I[lojicTaBUB 3HAYCHUS UE;})),U)(;)) BO BTOpOC ypaBHeHue (3.4), wust onpenenenus V),

MIOJyYNM ypaBHEHHE
2 S) 2 s—l) (5*1) 2 s—l)

0 Vbi N a,h Vb(s) =R,(,;:l), Rr(/;:l) —a, A 6U£ N o, _l_ia W;j N EN)
ac As6 g5 ON o a, ondg

Cucremy (3.6) MOXXHO 3aIicaTh B BHJE:

LUY + L7 = RS, LUY 41w = RO, (3.8)
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2 2 2
A =a—2+a1a55k2; lzz—assx[a3+ ! Ja L a—2+k—; Z4=—7”[ +1ja
ac 3C C  as0y g dss ) OC

U3 (3.8), mo 0oOBIYHOW Tporexype, UCKIIOYUB Wb(s), JUIS OTIpENICIICHUS UIES) MOy YIM

ypaBHeHHe:
(1, —LL)UY =00 @l = R R, 3.9)
Tocne ompenenennss U™, u3 cucremb (3.8) W) moxno Bbpasute wepes U mo
bopmyre:

w00 f0U) anfi ORGY | asag e (3.10)

b Voo oa e A g A "
_ G f2 _ ass(a1a6f12 _1)‘
05 +1 A

Ypasuenue (3.9), UCIIONB3ysl 3HAYEHHS. OLIEPATOPOB [, , 3aIMILETCS B BUAE:

4
aal; +7‘2[ O dss —

Pemennem (3.11) siBisiercst
s) s s)
Uy =uy +uy), (3.12)

rae UL pelienne 0AHOPOAHOrO ypaBHeHus, a U\ yactHoe pewenne ypasuenus (3.11).

2
%(a3a55+2)j@£ A G.11)

6

XapaKTepuCcTUIeCKOe YPaBHEHHE OTHOPOIHOTO OOBIKHOBEHHOTO IH(QepeHINATEHOTO
ypaBHEHHUS, COOTBETCTBYIoIIEro (3.11), mmeer BU:

4
—%(0‘3a55+2)Jk2 L (3.13)

4 2
K+ (ocla55
6 (x’()

O603HaunB k> =¢ ¥ pemus ypasHenue (3.13), monyunm

t1,2:7;2(_19i\/192—46]), p=0tla55—zz(a3a55+2), q:((:>0_ (3.14)
Bo3MoxHBI cityudau:

a)p2—4q>O,Ho p <0, Toraa

4>0; 6,>0; k,=+Jt; k,=t1, (3.15)

b)yp*-4g>0, p>0, torna
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1<0; 6,<0; k,=+J4i; k,=+|%i, (3.16)
¢) p° —4g <0, rorna

2 2
f1=7;(—p+i\/4q—p2); n=" (—p—i 4q—p2);

B} (3.17)
k., =i?;\/m; k., =i); —p—i\ag-p’.
CriefioBatenbHO, B Ciydae ¢) Gy/em UMeTs
UY = A3 () G+ AS) () shk G+ AS) (n) chie G+ A3) (n) shie G +US™, (3.18)
B cityuae p)
Uff) = Bl(f,) (M)cosd S+ B§2 (n)sind S+ B§§) (m)cosd,C+ Bﬁ;} (n)sind,C+ U,ﬁi_l); (3.19)
8=yt 8=y1,
B citydae )
U =i (m)eos a2 ao-CL) (m)sin bt o+ a0

; A A ; A A s
+C§J<n)cos$blcshﬁalc+d3(n)sm$bla;chﬁalc+viq ;

[ 1 1
—p+idg-p° =a,+bi; al=$\/2\/;—p; bl=$\/2 q+p.

Ipu s=0 UZES) =0. B ciyuae ¢) nmo popmynam (3.5), (3.10) u (3.18) onpenenus

O S0
U,”,W,”, o) W yIOBIETBOPHB TPaHMYHBIM YCIOBUAM (3.2) OTHOCHTENbHO U,,W,, o

xzb’

THOJTyYHM OJHOPOIHYIO aNreOpandecKyro CHCTEMY OTHOCHTETIHHO Al.(g) :
1
X(klglAl(loj)Shkl + k1g1A£(z)f)Chk1 + k3g2A§?])Shk3 + k3g2Af(l(l)])Chk3) =0;

k(g +1) Ashi, +k, (g, +1) Aychk, +k, (g, +1) Ay shk, +
+hy (g, +1) Achk, =0;

1
X (klglAl(f/)Shkl - klglAgL)])Chkl + k3g2A§?])Sh/g - k3g2A£g;Chk3 ) =0;

AV chic — AVshk, + ADchk, — AYshk, =0;

(3.21)
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g = }iz‘k2+f2; g, = }‘Czlk2+j"2.

Orta cucrema OyZeT METh HEHYJIEBOE PEIICHHE, €CIIH €€ ONPEIeINTENb PaBeH HyIi0. B
pe3ynbTaTe UMeeM TPaHCLIEHACHTHOE YPaBHEHNE

2, \&7&
kk( e )(gl(sh(2k +k, )+ sh(2k k) - (3.22)

—g,(sh(2k; + k) + sh(2k, ~ ,))) =0.

W3 TpancienaeHTHoro ypaBHenusi (3.22) ompezensiercst A. DTO TPaHCIECHACHTHOE
YpaBHEHUE UMEET CUETHOE MHOXKECTBO KOMILJICKCHBIX KOPHEH:

A, =N, + A i (3.23)

1n
Hac 6ynyT naTepecoBars KOpHH € peaibHOM 4acTbio A, > (), u0o muuib Torja 6ysem u-
MeTb OBICTPO 3aTyXarollee PelIeHNe PH yIaleHH! OT TOPLOB £ = () BOBHYTPb IUIACTHHKM.
Ecim ), siBisiercst kopHeM ypaBHeHus (3.22), To 7\‘7 TOKE SIBIIACTCS KOPHEM. JTO T03-

BOJIACT OKOHYATCIbHOC PCHICHNUEC NPEACTABUThL B BUJC, Ky/la BXOIAT JIMIIb BECIICCTBCHHBIC
BCJIMYUHEI.

W3 onHoponHoit cuctemsl (3.21) Bce pyHKIUM Al_(g) MOXHO BBIPA3UTh 4epe3 OIHY, Ha-

IIpUMEp Yepes AA(‘(L)/) . Torna

k,g,chk k.g,chk, (o 0 0
A0 = 18 A(O); A9 — _M& ), A9 — etk A9 (3.24)
U kg shk, 4U U kg .chk, 4U SU ky Ay,
CrienoBaresbHO, OyIeM UMETb:
U =| 58Ky g K& v ot etk 4 st | 4D =T () 40 329)
k.g,shk, k.g,chk,
O603HaYIM
1 .
A9 =30 i), 629
toraa Gpopmyia (3.25) nmpeacraBuTcs B BUJE:
(ReU( +zImlf( )( o1 1A4U2) (3.27)

[Mockonbky Kaxaomy perieHuio (3.27) COOTBETCTBYET CONPSIKEHHOE PEIICHUE, OKOH-
YaTeJIbHO 6yL[eM HMETh:

U =ReUs A, + 1mU, 4", (3.28)
a JUIA IPOM3BOJIBHOTO ), MIMEEM PEIICHHE:
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UL =ReUn A9, +ImUp A°)

4U2n"*

(3.29)

TJIe CIUTACTCS, UTO IO MTOBTOPSIOMEMYCS HHIASKCY 71 TPOUCXOINT CYMMHPOBAHHE IO BCEM
3HAYCHUAM, COOTBETCTBYIOLIMM 3HAUCHUAM ), KopHe# ypaBHenus (3.22).

Ucnons3ys (3.10), (3.18), (3.24) s Wb(o) MOJIyYUM

o - ksszCZf shkC — Czl]icth+cthksth+cthj ()40, (330
Ci

ITo npumepy U (3) , I Wb(,?) TIOJy9YAM

O —Rew )

bn

AY T 40 (3.31)

4U1n 4U2n"*

AHamorunyHeIi BU UMCIOT HAIIPSIPKECHUSL 0'( ) 0'(0) O'(O)

xxbn > ~ xzbn> 7 zzbn*

[omo6HbIM 06pa3oM paccMaTpUBAIOTCS CIIyYaH, COOTBETCTBYIOIIME BApHAHTAM b)), C) -

Pemenniem ypaBuenus (3.7) Oyzner

cos?»\/7§+A2V sm?»\/7§+V< ) (3.32)

Y noBneTBOpUB ycIoBUAM (3.2) OTHOCUTEIBHO 0, V,» IPH s =0, TIOTTY4HM OJIHOPOI-

HYIO aJreOpandecKyro CHCTEMY OTHOCHTEIBHO Al(l?), Aé?):

O sina, /ai‘ — A9 cosh, |24 =0; 4 cosh /ai‘—Ag;) sin), |2 =0, (3:33)
Q6 g6 Q6 Qs

OTta cucTeMa UMeeT HeHYJIeBOE pelIeHHe, eCin

cos2A [ =0, (3.34)
a66

T.C.

) :(1+2”)“\/a‘ (3.35)
! 4 a,

[MosTomy m3 cucremsl (3.33) Oyzner cienoBaTh

A0 =2 gy, 6:36)

B ntore nmeem
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yo - (_1)ncos(1+i")“§+sin(1+4 n)m o |4 (3.37)

Takxum o0pazom, mpu s = () MBI TOTYYIIIH IBE HE3aBUCHUMBIC CHCTEMBI, KOTOPBIM COOT-
BETCTBYIOT [[BE TPYIINbl HE3aBUCHMBIX 3HAYCHHIT ), , ONpeessieMble U3 ypaBHEHH (3.22)

u (3.34). IIpu s >0 coorBercTBytoume cucteMsl (3.6), (3.7) cTaHOBATCS HEOTHOPOIHBIMU
u 3aBucuMbIMH. [loaToMy, ¢ mo3unmit 3D 3amaum MBI JOIKHBI pACCMOTPETh 3T CUCTEMBI,
Korja ), ~eCTh KOpeHb ypaBHeHus (3.22) (obosHaunm A”) u ), ~KkopeHb ypaBHeHus (3.34)

(0603HaUMM }Jl ). Takum o6pa30M MBI Gy/IeM HMETD JiBa THIA PeleHuit: [, ) y I, “(5) TIpu

s=0 VP yh _0 U W = (. CnenoBarenbHO o011Iee pereHue 0y IeT UMETh BU/T:

I(Y) — Izmt(s) + [[f(v) + IZ(S). (33 8)

Pemenne (3.38) comepXuT HEOOXOAWMOE YHCIO MPOU3BONIBHBIX IOCTOSHHBIX YTOOBI
YAOBJIETBOPUTH TPAHUYHBIM YCIOBHSM IIPOCTPAHCTBEHHOH 3aaull Ha OOKOBOM ITOBEPXHOC-
TH 5 =0.

IIycTh 60KOBas MOBEPXHOCTh IIIACTHHKU & = () ’KECTKO 3aKpeIlIeHa:

U(£=0)=0; ¥(£=0)=0; W(£=0)=0. (3:39)

B ciywae g), ynoBneTsopus rpaHu4HBIM yCoBuaM (3.39) otHocutensHo U, W, 3Ha-

YeHHsI KOTOPBIX paccuuThIBaIOTCS mo (opmyre (3.38), 6e3 ydera oOBEeMHBIX CHI Oymem
HUMETh

ReUh, A%, +ImUn 47, =0; = W (1) + R AD, + I A, =0, (3.40)

a OTHOCHTEJIbHO J :

1+2n)7£

(-1) cos(

(1+2n)

C+sin——— Aan (3.41)

N3 cucremsl (3.40) 3HaueHHS HOCTOSHHBIX A4U1 , AW)2

npuOmmkeHHo. OOBITHO HCIOB3YETCsI METOT KOJUIOKaIuii (coBmanenuii). Beibupaercs ne-
KOTOPOE KOJIMYECTBO TOYEK TOPIIA, T.€. 3a/Ial0TCS 3HAYCHUS UX KOOPAMHAT ( , B PE3YJIbTATE

MOXHO OIIPEACINTL JIHIIb

MOJIy4aeTcsl CHCTeMa alnreOpandecKix ypaBHEHUi u 1o ¢opmyne Kpamepa BBIMHCISIOTCS

3HAYEHHUs TOCTOSTHHBIX AA(‘(L),)M. B 3aBrcHMMOCTH OT KOJIMYECTBA BBIOPAHHBIX TOYEK KOJUIOKA-
LM, BBIOMPACTCs M KOIMYECTBO KOPHEH ), TPAHCLECHICHTHOrO ypasHeHus (3.22). Analo-
THYHBIM 00pa30M ONPENENAIOTCS 3HAUCHNUS TOCTOSHHBIX A;% .

Ipu s> 0 cucremsl (3.21), (3.33) cTaHOBATCS HEOTHOPOAHBIMA. JTO OyAET 03HAYATH,
qTo U:(‘“) #0, Wb"(“') #0, Vb"(‘“) #(, B pe3ynbTaTe IUIOCKUIl IOrpaHUYHBINA CI0H OyaeT compo-

BOXIATbCA aHTUIIJIOCKHUM IMOTPAaHUYHBIM CJIOEM U HaO60pOT.
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Ecmn B (3.21) BMecTO ), = TOACTAaBUTH 3HA4YCHNS (3.35), T.¢. 3HAYCHHS ), AHTHILIOCKO-
T'0 MOTPAHCIIOs, TO COOTBETCTBYIOINUI ONpeneuTeNb cucTeMsl (3.21) mpu s >0 OymeT otT-
JUYHBIM OT HYJIS. 3HAYEHUS MTOCTOSTHHBIX Al,([j) TaKke OyIyT OTJIMYHBI OT HyJs. DTO O3Ha-

YaeT, YTO IUIOCKUH OCHOBHOM IMOTPAHCIION OyJEeT COMPOBOXKAATHCS IUIOCKUM MOTPAHCIOEM
C TOKa3aTeJieM SKCIIOHEHIMAIBEHOTO yOBIBAaHMSI aHTUIUIOCKOTO ITOTPAHCIOS. AHAJIOTHYHO,
AQHTHUIUIOCKOMY TOTPAHCIIOI0 OYAET CONPOBOXATh aHTUIIOCKHHA MOTPAHCIION C ITOKa3are-
JIeM TIIOCKOTO TIOTPaHCIIoN. Bennm4nHbI COPOBOXKIAIONINX TIOTPAHINYHBIX CIOEB ITOPSAKOM
MEHBIIIE OT COOTBETCTBYIOIMINX BEITMYNH OCHOBHBIX ITOTPAHCIIOER.

B peanpHBIX pacueTax OOBIYHO OTPaHUYHUBAIOTCS HCXOIHBIM IPUOIKEHIEM TIOCKOTO
1 aHTUIUIOCKOTO TIOTPAHIYHBIX CIOEB.

W3nosxeHHas BbIllle MPOLEAypa CONPSAKEHUsT pEUICHUN BHEIIHEHW 3aJaui U MOTpaHuy-
HOTO cyos TpH ycaoBusix (3.39) octaercs B Cuiie U NPH APYTUX MPOCTPAHCTBEHHBIX Tpa-
HHYHBIX YCIIOBHAX TpH & = () (CBOGOAHBIN Kpakd, ITapHHUp M 1p.).
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IIpaBuia s aBTOpoOB

«UzBectuss HAH Apmenun. Mexanuka» OCBEIIaeT BOMPOCHI B  0OJACTH
TEOPETHUECKOW ¥ TPHUKIAJHON MEXaHWKH: TEOpUU YNPYTrOCTH, OOOJOYEK W
IJJACTHH, IUIACTUYHOCTH, IIOJI3YYECTH U BSI3KOYNPYIOCTH,  3JIEKTPOMAarHUTO-
YIOPYTOCTH, a’3pOTHIPOMEXAHUKH, YCTOMYMBOCTH JBUKEHHS, CTPOUTEIBHOMN
MEXaHUKH U TEXHUKHU 3KCIIEPUMEHTHPOBAHUS.

1. Crateu, npeacrasnsemsbie B «M3Bectus HAH Apmenun. Mexanukay, TOKHEBI
COTIPOBOXK/IATHCS PEKOMEHAINEH Ha OMyOJIMKOBaHHE OT CEMHHApa, Ha KOTOPOM
JoJIokeHa paboTa.

2. CraTbM IPENCTABIAIOTCA HAa apMSHCKOM, PYCCKOM WJIM AHTJIMHCKOM SI3bIKax B
JIByX 3K3eMIuIApax ¢ ykazanueMm YK M TOJKHBI BKIIIOYATh KJIKYEBbIE CJI0BA U
KpaTKHe aHHOTAUMHU Ha TPEX SI3bIKaX, B KOTOPBIX HE JOIYCKAKOTCS CCBUIKM Ha
MUTHPOBAHHYIO IUTEPATypy M Tpomosnakue Gopmyibl. OTAET-HO B OCHOBHOM
TEKCTE BBIACIUTH: BBe/leHHe, MOCTAHOBKY 3a1a4H, pellleHue U 3aKJII0YeHHe.

3. Bmecre ¢ opurnHajgoM cTaTbl HEOOXOIUMO MPEACTABUTH AIEKTPOHHYIO BEPCHIO
B cpene Word: Oymara — dopmatr A4; Fonts —Times New Roman, Sylfaen.
IToast — c;ieBa U cmpaBa — 4 ¢M; CHM3Y WM CBepxy —5 cM; aHHoTanuu — 8pt;
0oCcHOBHO# TekcT — 10pt ¢ maTepBaom 1. @opmyasl — MathType, Defaults.

4. Jluteparypa (10pt) mpuUBOIUTCS OOIIMM CIIMCKOM B KOHIIE CTaThbH Ha SI3bIKE
OpUTMHANa, & TaKXK€ Ha AHIVIMMCKOM SI3bIKE, NPU ATOM, B HIKECIEIYIOLIEH
MOCJIEIOBATEIbHOCTH YKA3bIBAIOTCA:

A8 KHUTH — paMUIus ¥ MHHUIUAIBI aBTOpa, IMOJIHOE Ha3BaHUE KHUTU, HOMEpP
TOMa, MECTO W3HaHus (TOpOJ), HM3AATEILCTBO, TOJ H3JAaHUS W KOJIUYIECTBO
CTpaHMLI;

AJS KypHaJa — GaMIIns ¥ WHUIMAIBI aBTOpA, MTOJIHOE HAaUMEHOBaHUe padoThl,
Ha3BaHUE )KypHaia, TOJ U3JIaHus, TOM, BBITYCK WJIH HOMEP U CTPAHUIIBL.

5. B KOHIle CTaThU JOJKHBI OBITH TPUBENCHBI CBEACHUS 00 aBTOpax ¢ yKazaHHEM
KOHTAKTHBIX JaHHBIX.

6. Ilpn HanmMuMM HECKOJIBKHUX aBTOPOB PEIKOJIIETHS PEKOMEHIYeT (QaMHIHU
aBTOPOB CTaTbH PACIHOIOXKUTH B alN()aBUTHOM MOPSIAKE.

7. B cinyuae oTkasa B MyOJIUKAI[MK, PEIKOJIICTHS OCTAaBJISIECT 3a COOOM MpaBo HE
BO3BpaIaTh ABTOPY OJIUH SK3EMILISP CTATHH.
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