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2U8UUSU Lk abSNhE3NPULLEG D U2QUSPL UUUNGUTUSE SENtUUQhl
M3BECTHUS HALIMOHAJIbHOM AKAJTIEMUM HAYK APMEHUX

Utpumthju 77, Nel, 2024 Mexannka

BATI'PAM HACJIETHUKOBHNY AKOIISTH
(x 70-1eTHIO CO THS POKAEHUS)

10 suBaps 2024 r. ucnomHwiaocs 70 JeT ydeHOMY-MEXaHHKY, JIOKTOpYy (usnko-
MaTeMaTH4YeCKUX HayK, [IJIABHOMY Hay4yHOMY COTPYIOHHMKY WHCTUTYTa MeEXaHUKU
Harmmonanshoii Axkagemun Hayk ApmeHuH, TJIaBHOMY pEIakTopy >KypHana I3Bectus
HAH PA Mexanuka, npodeccopy Barpamy HacieTHukoBudy AKOISHY.

B.H. Axonsn pomuicst 10 stuBaps 1954r. B ropone EpeBane B cembe pabouero. B 1971
I., 3aKOHYUB IIKOJy, OCTYIMI Ha IEPBbIH Kypc MEXaHUKO-MAaTeMaTH4ecKoro (akyibrera
EpeBanckoro rocyapcTBEHHOTO YHUBEPCHUTETA 110 crennanbHOCTH «Mexanuka». B 1976r.
B.H. AxonsH ¢ omnuueM 3akaHuusaeT Epl'Y u, o HampasieHHIO, IOCTYIaeT Ha padoTy B
WncturyT Mexannku Axkagemnn Hayk ApmsiHckoid CCP B xadecTBe MIIAAIIETO HAYIHOTO
corpymanka. B 1983r., mox pyxoBoactBom mpodeccopa C.M.MxurapsiHa 3amiumaer
KaH/IUJATCKYI0 JccepTannio Ha TeMy «lceiaenoBanue ofHOTrO Kitacca 3a1ad KOHTaKTHOTO
B3aUMOJICUCTBHS MEXKIY TEIaMU C TNPSIMOJMHEHHBIMM M KPYTOBBIMHM TpaHuiiamm». Bes
TpynoBas aestenbHOCTh B.H. AxorsiHa cBsizana ¢ Muctutyrom mexannkn HAH PA : ¢
ocenn 1976 r. - Muammmil HAYYHBIA COTPYOHHK OTJENa BSI3KOympyroctd, ¢ 1989 r. -
CTaplIuil HayuHBIH COTPYIHUK OTIeNa BA3KOYyNIPYrocTy, ¢ 1999 r., nocne 3amutsl B 1998r.
JIOKTOPCKOH uccepranuu 1o teme «CMellaHHble TPaHUYHbIE 3a/1a4d O B3aUMOJICHCTBUM
CIUIOLIHBIX Ae(OPMHUPYEMBIX TEJl C KOHIIEHTPATOpaMH HANpsDKEHUH PasIMyHOTO THUIAY, -
BeAyILUH Hay4YHbIH cOoTpyIHHK, ¢ 2005 roaa - 3aBeyIOMIMI OTAEIOM MEXaHUKU yNPYTUX U
BsA3Koympyrux tein, ¢ 2006r. - nupextop Mucturyra mexanuku HAH PA, ¢ konua 2019 r.
IJaBHBIM HayuHbli coTpymuHuk. B 2014 r. emy ObUIO NPHCBOEHO YUYCHOE 3BaHUE
npodeccopa, B 2018 1. ObuT M30paH TIaBHBIM pefakTopoM xypHana M3sectuss HAH PA
MexaHuka.



Hayunbie unTepecst B.H. AkomsiHa TOBOJNBHO OOLIMPHBI W OXBaTBIBAIOT 00JIACTH
KOHTaKTHBIX ¥ CMCIIAHHBIX 3a7ad TEOPHH YMNPYTOCTH M BA3KOympyroctu. Ocoboro
BHUMAaHUS 3aCIy’KHBAIOT €0 PadOThl, NOCBAIICHHBIC B3aHMMOBJIMSHUIO KOHIIGHTPATOPOB
HaIpsKEHUH Pa3aM4yHOroO THUIA, OJJHOBPEMEHHO HAXOJALIMXCS B OAHOPOJHBIX U KYCOYHO-
OJHOPOIHBIX MACCUBHBIX Tenax. [l u3yueHus yka3aHHOro kiuacca 3agad B.H. AxomsiHom
Pa3sBUTBI METOJBl PA3PbIBHBIX PEUICHUH YPAaBHEHMH TEOPMH YIPYTOCTH, CHHIYJISPHBIX
UHTETpallbHBIX ~ypaBHEHUH, 3amauu Pumana 1 aByx GyHKUMHE W IIOJIy4eHsI
5(dexTUBHbIE, ¢ TOUYKM 3pPEHUS 4YUCIEHHOTO aHalK3a, WIN TOYHbIC AaHAIUTHYECKUE
pelIeHHs MHOTHX HOBBIX CTATUYECKMX M JUHAMUUYECKUX KOHTAKTHBIX U CMELIAHHBIX 3a/a4
JUId OJHOPOJIHBIX M KyCOYHO-OAHOPOIHBIX KJIACCHYECKHX OCHOBAHUH, OJHOBPEMEHHO
coJeprKalluX KOHLEHTPATOPbI HAIPSHKEHUH pa3auyHoro tuna. HemanoBakHBIMU SBIISIOTCS
Taoke uccienosanus B.H.AxomsHa A8 KyCOYHO-OIHOPOJHBIX, PABHOMEPHO CIOHMCTBIX
IUIOCKOCTH M IIPOCTPAHCTBA C MEPHOJUYECKHUMU M JIBOAKOIEPHOANYECKUMU CHUCTEMaMHU
KOHIICHTPATOPOB HANpsyKeHUH paznumyHoro tuna. B.H.AkomsH aBTOp 1 coaBTop Gosee 150
HayuHbIX IMyOnukanuii u 3-ex MoHorpadwuil. [Tox ero HaydHBIM PYKOBOACTBOM 3alIUIICHEI
4 KaHIUJATCKUE TUCCEPTALMN.

B.H.AxkonslH 00nagaeT BBICOKMMH OPraHU3aTOPCKUMHU cHOcOOHOCTAMU. bynyun
YBEPEHHBIM B TOM, 4TO OIHOH M3 TyUIIHX BO3MOKHOCTEH /I HAYIHOTO OOIIEHHS KOJIIET
U3 pasHBIX CTPaH, JUI1 BOCCTAHOBJICHHS M YKpPEIUICHHsS Hay4HBIX CBs3ed C KpPYIHBIMHU
HayuHbIMU LieHTpamu ObiBlIero CoBerckoro Coros3a, a TakKe YCTAaHOBIICHUS HOBBIX CBsA3EH
YK€ U C YYEHBIMU M3 JIPYTHX CTPaH SIBJIAIOTCS HayuHble KOH(QEPEHLUUH, OH HHUIMUPOBAI
UX peryJisipHOe NPOBEJECHUE B pa3HbIX pernoHax Apmenuu. Haunnas ¢ 2007 rozna nox ero
PYKOBOJCTBOM OBUIM OPraHM30BAaHbI M YCIELIHO HPOBEIEHBl BOCEMb MEXIYHAPOIHBIX
KOH(pepeHIMU «AKTyaJbHble IIPOOJNEMbl MEXAaHUKU CIUIOLIHOW Cpeibl», 4YeThIpe
MexyHapoaHble KoH(pepeHuun «IIpobiaembl B3auMONCHCTBUS Ae(OPMUPYEMBIX Cpeny» H
TPU MEKAYHAPOIHBIE IIKOJIBI-KOH(DEPEHIIUHN I MOJIOABIX YUEHBIX «MeXaHHuKay.

B.H. AxomsH ObUI yIOCTOEH 30JI0TOH Megaau MHHHCTEPCTBA HayKH M 00pa3oBaHUS
Apmennn. OH sBIS€TCA YICHOM PEIKOUIETMH IBYX apMSHCKMX M JBYX POCCHHMCKHX
Hay4HBIX JKYPHAJIOB, a TAKXKE YJICHOM CHELHUAIM3UPOBAHHOIO JUCCEPTALIMOHHOIO COBETA,
JeiicTByrommero npu MHCTUTYTe MEXaHHUKH, TT0 MEXaHUKE J1e(hOPMHIPYEMOTO TBEPIOTO Tela.

Penxomnernss xypuama “UsBectuss HAH  Apmenun. Mexanuka”, HaydHas
00IIEeCTBEHHOCTh APMEHUH CepACTHO TT03APaBIIIOT AKorsiHa Barpama HacnetHukoBnya ¢
00uIeeM ¥ JKeNaroT €My KPEeINKOro 3/I0pOBbsl M AaJbHEHIINX TBOPYECKHUX YCIIEXOB U B
HAY4HOM, ¥ B HAy4YHO-OPraHU3aIl[MOHHON 1€ TeILHOCTH.



2U8UUSULP @SN E3NPLLEP U2AUSPL UYUNGUNUSP SENtUUQh
MU3BECTHS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUU

Utkpumthju 77, Nel, 2024 Mexannka

MEXJIYM AJIBBEPTOBUY CYMBATSIH
(x 70-1eTHIO CO THS POKIEHUS)

5 despansa 2024 roxa ucnoiaHmiIoch 70 €T U3BECTHOMY yYEHOMY-MEXAHHKY, JJOKTOPY
(hu3MKO-MaTeMaTHUECKUX HayK, mnpodeccopy Kadeapbl TEOPETUYECKOW U KOMIBIOTEPHON
ruapoaspoauHaMuky  FOkHoro QenepansHoro yHuBepcutera (r. Pocros-na-/lony,
Poccust), HHOCTpaHHOMY WICHY HAIlMOHAJIBHOW akajeMuu Hayk PecmyOnuku ApmeHns,
Mexinymy AnsbeproBuuy CymOatsny.

M.A.CymbarsiH poauiics 5 ¢eBpans 1954 roma B ropone Bopommmnosrpasie (HbIHE —
Jlyranck) B cembe ciyxamux. B 1970 r. 3aKoHYMI MAaTEeMaTHYECKYHO MIKOIY W TMOCTYITHI
Ha MEXaHMKO-MaTeMaTHIeCcKuil (akyIbTeT POCTOBCKOro rocyJapcTBEHHOTO YHUBEPCHTETA
IO CTIeHAbHOCTH «MexaHuka». B 1976 r. M.A.CymM0atsiH ¢ oTnmuneM 3akanuuBaet PIY,
a B 1977 r. moctynaer B ouHyto acnupaHTypy WMucturyra npobiem mexanuku AH CCCP
(r. MockBa), mo oxkoH4YaHWH KoTopoit B 1980 r., mox pykoBoacTBoMm akamemmuka AH
Apmennn H. X.ApyTioHsiHa 3alMIIaeT KaHIUIATCKYI0 AuccepTanuio Ha TeMy «Hekoropble
HeKJIacCHYecKre KOHTAaKTHBIEe 3a71auu Bsi3koynpyrocti». C 1981 mo 1985 r.r. — accucrent
Kaeapbl TEOPETUUECKONH MEXaHUKU POCTOBCKOTO MH)KEHEPHO-CTPOUTEILHOTO MHCTUTYTA,
¢ 1985 r. — crapmmii Hay4HBId COTPYIHHUK, a 3aTeM — 3aBeAylolmid Jraboparopuen
ynbTpa3zByka B HUM mexanuku u npukinanHoil matematuku PT'Y. C 2000 r. — npodeccop
Kadeapbl TEOpETHYECKOW TruapoMexaHukun mexmara IODY, ¢ 2011 r. — 3aBemyromuii
kadenpoi TEOpeTHUECKOW U KOMIIBIOTEPHOH TruapoaspoguHamuky, ¢ 2018 r. u mo
Hacrosiiee BpeMmsi — mpodeccop 3Tod Kadenpel. B 1995 r. 3ammimaer IOKTOPCKYIO
JUccepraliio Ha TeMmy «lccienoBaHue BBICOKOYACTOTHBIX BOJIHOBBIX IIPOIIECCOB B
YOpPYrHX cpelax ¢ NPWIOKEHHEM K 3a/adaM YJIbTPa3ByKOBOIO HEpa3pyILaroIero
KOHTPOJIsD», HayuHbIi KOHCYNIbTaHT — akageMuk AH CCCP npogeccop N.1.Boposuu.

M.A. CymbarsaH — wieH Poccuiickoro HalMOHaJIbHOTO KOMUTETA 110 TEOPETHUECKOH U
MIPUKJIATHON MEXaHWKe, WHOCTpaHHBIH wieH HammonamesHolt Axamemuu Hayk Apmenuw,
wieH Poccuiickoro akycruueckoro oOmecrsa, wieH KoMmuTera 1Mo CTPOUTEIBHOW U
ApXUTEKTYpHOH aKkycTHke B EBpomneiickoil akycTHUYeCKON accoManuy.

Hayunbie nnrepecst M.A. Cym0OatsiHa CBS3aHbI € 33Ja4aMi TUPPAKIHH aKyCTHYECKUX
U YIPYTUX BOJIH, a3pOJAWHAMUKHU KpblIa caMoJIeTa, adpOaKyCTHKH JIETATEIbHBIX alllapaToB.
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VM co3maHo HOBOE HAydyHOE HANPaBICHHE — BBICOKOYACTOTHAs TeopHs IU(pakiuu Ha
00bEKTaX CIIOXKHOM (OpPMBI, € TPHIOKECHUSIMHA K MpoOJeMaM  yJIbTPa3ByKOBOTO
Hepa3pylIaloUlero KOHTPOJs MarepuanoB. K 95ToMy HampaBleHMIO HCCIEIOBaHUMH
MPUMBIKAET UK paboT 1Mo 0OpaTHBIM 3aJlauaM pPacliO3HABAHHS TEOMETPHYCCKON (OpMBI
paccenBaresnell BBITYKIONW U HEBBITYKJIONH (GOPMBI aKyCTHIECKIMHU MeToamMu. C IOMOIIBIO
pa3pabaTbIBacMbIX aAHAIUTHYCCKAX U IOJyaHATUTHYECKUX METONOB €My YAAIoCh
CYIIECTBEHHO MPOJBHHYTH TEOPHIO KpbUIa caMoJieTa, B TOM YHCIE — C HCIIOIb30BAHHEM
BUHIJIETOB (OTKPBLIKOB).

WM pazpaboTana OpUrHHAIBHAS BEpPCHsl MPOTPaMMBI pacueTa aKyCTHUKH MOMENICHHH
AIST-3d, Ha ocHOBe MeTO/Aa TPACCHPOBKHU JIy4eH, C MCIOJIb30BaHUEM OBICTPHIX METOJIOB
BBIUUCIUTENBHON reoMeTpuu. JlaHHas mporpamMMa ¢ YCHEXOM HCIOJB3YyeTcsl L
pa3paboTKH aKyCTHYECKUX PELICHUH 110 OLEHKE U YJIYUIICHUIO aKyCTHUECKUX IapaMeTpoB
KOHIICPTHBIX 3QJI0B, XPAMOBBIX COOPYKEHHH M JPYTHX OOBEKTOB KYJbTYPHI, Ul KOTOPBIX
KaueCTBO 3BYYaHMS SBISETCS KIIOYEBBIM KPUTEPHEM IPU NMPOCKTUpOBaHUHM. OHa TakkKe
BOLLIA B PabouyMii MHCTPYMEHTApUH HPHU NPOBEICHUM JICKIUI M IPAKTUUSCKUX 3aHATUH
JUISL CTYAEHTOB M ACIUPAHTOB II0 AKYCTHUKE W adpOAKyCTHUKe B VHCTUTyTe MaTeMaTHKH,
MEXaHUKH ¥ KOMIBIOTEPHBIX HayK IODY.

M.A.Cym0arsiH SIBISICTCS OJHMM W3 BEAyIIMX POCCHIICKMX Y4YeHBIX B 00JacTu
MEXaHUKH JKUJIKOCTH M Ta3a, MEXaHUKH Ae(hOPMHPYEeMOro TBEpAOrO Tela, a TakkKe B
obnactu akyctuku. OH omyOmukoBan Oonee 330 HayuHbIX paboT, B TOM 4HUCIE [BE
MoHorpaduu. B uucie ero myonukarmii 145 3 cnincka Web of Science u Scopus.

B kauectBe mnpurnamenHoro mnpodeccopa noceman CTpaTKIANICKUA YHUBEPCUTET
(r. T'masro, BenukoOpuranus), Yanmepckuii TexHojornyeckuii yausepcurer (1. ['eredopr,
[IBenms), yausepcuter Canonuku (I'pennst), yausepcurerst Canepno, Heanonp, Katanus,
Bononbs (Utanus).

Bonbioe BHuManue mnpogeccop M.A.CymOaTsiH yzaenseT Hay4HO-TEeNarorudeckoi u
OpraHU3allMOHHON paboTe, MOATOTOBKE MOJOMABIX YYEHBIX M chernuanuctoB. Ilox ero
Hay4YHBIM PYKOBOJCTBOM 3amIMIIeHb! 10 KaHAWAATCKUX IUCCEPTAIMil, OH ObUT Hay4HBIM
KOHCYJIBTAaHTOM 2-X JOKTOPCKHX IUCCEPTALUi CBOHX K€ YUCHUKOB.

M.A.CyM0atsiH — OIMH M3 ONBITHEHIIINX JIEKTOPOB (haKyJIbTeTa MATEMATHKH, MEXaHUKU
¥ KOMITbIOTepHBIX Hayk IO®Y. MM pa3zpaboTaHbl OpUTHHAIBHEIE KYPCHI UL CTYACHTOB H
aCITUPAHTOB O adPOAKyCTHUKE, OOpAaTHBIM 3a/iadyaM, THAPOYHPYTOCTH, BBICOKOYACTOTHBIM
METOJIaM B BOJTHOBBIX 3aJ1a4ax, CHHTYJSIPHBIM YPAaBHEHHSIM W UX MPUIOKEHHSIM, U(GPOBOit
00paboTKe N300pakeHUIA, 10 ONITUMAJIBHBIM a3pOAMHAMUYECKUM (hopMaM, U JIpyTue.

PerynsipHo ywacTByeT B OpraHM3alUdM M TIPOBEACHHHM HAy4YHbIX KOH(EpeHIHH
«AKTyaJbHBIE TPOOJEMbl MEXaHHWKU CIUIOIIHOM cpeab», ApMeHus, B KauecTBe
3aMECTHUTEIS IIPe/iceaTersl OPrKOMHUTETa KOH(EPEHIIUN.

M.A.CymbarsiH — wiieH TpeX AUCCePTAUOHHbBIX cOBETOB Ipu FODY.

IIpodeccop Cymbatsn M.A. mosb3yeTcs 3aCayKCHHBIM YBaKCHUEM M aBTOPUTCTOM B
cpelme KOJJIeT, a TakKe POCCHHCKOTO W MHpPOBOTO HAay4dHOTO coobmiectBa. Cremyet
OoTMeTHTh, 4T0 M.A.CyMOaTSH NOIIEPKUBAET TECHBIC HAyUHBIC U UYHCTO UEJIOBEUCCKUE
TETIIbIe OTHOLICHHS C YIEHBIMU APMEHUH.

Penxonmnernst  xypuama “Usectuss HAH  Apmenmn. Mexannka”, HaydHas
001IecTBeHHOCTh APMEHHH CepACYHO MO3apaBIsiioT Mexximyma AnsoeproBudya CymOaTsiHa
¢ 100MIIeeM | KENAIT €My KPEIKOro 3J0POBbSl M NaJbHEHWIINX TBOPYECKHX YCIIEXOB M B
HAyYHOM, U B IeIarOrn4ecKoi, 1 B HAy9YHO-OPTaHN3AIMOHHON JIESITEIbHOCTH.
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REGULATION BY LOCALIZATION OF WAVE ENERGY ALONG THE
THICKNESS OF A PIEZOELECTRIC WAVEGUIDE: PROBLEM OF
OPTIMAL CONTROL OF A THREE-COMPONENT ELECTROELASTIC
WAVE

Avetisyan L. V., Avetisyan A. S.

Keywords: piezoelectric waveguide, electroelastic wave, wave energy, material anisotropy,
electromechanical surface actions, controllability, initial-boundary value problem.

Aserucsin JI. B., ABerucsin A. C.
PerympoBanue joxkanu3anueil BOJHOBOM YHEPIrHH 110 TOJILIHHE
Nbe303J1eKTPHYECKOro BOJITHOBO/AA: 321242 ONITHMAJILHOI'O YIIPABJICHHS
TPEXKOMIIOHEHTHOIi 3JIEKTPOYNPYroii BOJTHOM

KiroueBble c10Ba: Nbe303/IEKTPUYECKUI BOJIHOBOJ, 3JIEKTPOYNpPYyras BOJIHA, DHEPIrus
BOJIHBI, aHM30TPOIUS MaTepHaia, 3JICKTPOMEXaHHYECKUE BO3/EHCTBUS, YIPaBISIEMOCTb,
HayaJIbHO-KpaeBas 3ajaqa.

Jlara ob6oOmaromas MocTaHOBKa MAaTeMaTHYECKOW HadadbHO-KPAeBOM 3aJaddl O pacHpOCTpaHCHUN
9IEKTPOYNPYroil TPEXKOMIIOHEHTHON BOJIHBI B CJIO€ MbE30JIEKTPHYECKOr0 BOJIHOBO/A, M3TOTOBJICH-
HOr0 M3 Marepuajla IpPOU3BOJILHOW aHm30Tponuu. HavanpHo-KpaeBass MaTeMaTHuecKas 3ajada
YIpaBICHUS PACIIPOCTPAHCHUEM IICKTPOYIIPYTON BOJIHBI IIOBEPXHOCTHBIMH 3JIEKTPOMEXaHUIECKUMHU
BO3JICHCTBHUSIMH CBOJMTCS K CXOJSIIIEHCS CHCTEME 3a/1au YIpPaBIeHHs COOCTBEHHBIMH (YHKLHAMH U
COOTBETCTBYIOIIMMH COOCTBEHHBIMU I'APMOHUKAMHU 3JIEKTPOMEXAHUYECKUX XapaKTEPUCTHK PaCIpo-
CTpaHsoNIelicst BOMHBL. JlafoTcst ompeeneHusl TOYHOH YIpaBIsieMOCTH TPEXKOMIIOHEHTHON AJIEKTPO-
YIPYroil BOJHBI, a TAaKKe ONpeeSeHHs] PEeryJHpOBKU JIOKAJIM3alUeld BOJHOBOW HEPIUH DICKTPO-
MEXaHWYECKUMHU TIOBEPXHOCTHBIMHM BO3JCHCTBHSAMHM KaK 3aJada ONTHMAJIBHOTO YIPaBICHUS
pacrpesieneHueM TPEXKOMIIOHEHTHON 3JIEKTPOYIPYTOH BOJHBI MO TOJIIHMHE MbE303JIEKTPHYECKOTO
BOJIHOBOJIA.

Udtunhywi L9, Ujknhyuh B.U.,
MhkgnhEynpwub whpunwph hwunn pyudp wihpught Fukpghugh nwhnuyiugdu
Ywpqunpmdp. Gowpununphs Hjnpuwrwdquljub wihph ownhduy jurujupdwi pinhpp

Zhdwwpwnkp® whtgnhEjunpulwl wihpwnwp, LEjunpuunwdquljui wihp, whph tubkpghw, Wyniph
wihqnuupnuhw, Jwibkpinipughtt  wqpbgnipjnititp, gonpénnmipnibubp,  jupwqupbihnipintl,
uljqphwuib-kqpuight juughp:

PipJws E judwjulut  wihgnupnuyhw  nibkgnn  whbkqnbijupuuwt  wjhpwwnwp  okpund
bEjnpuwrwdquljut  Eowpwnunphy  wjhph  wwpwdnudp  Gjwpwugpny  dwpkdwnhuljub
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uljqpiwubi-kiqpuiyhtt juinph punhwipuwging dhwlkpynudp: Twlbpbnipughtt HEjunpudkwihlu-
Jub wqplgmpinibbpng LEjunpuwwpwdquijut wihph wwpwsnudp pijujupbnt  uqpiuljui
Eqpuyhtt dwpbdwnhljuljub junhpp 4ip £ wsynud ubthwlwt $niiljghwbkph b mwpwsynn wihph
hEyunpuwikwthjuljut  pumpwgpiph  hwdwywunwupwt ubkthwliwb  hwpdnihwibph
nEjujupdwb jpunhpubph Yniudbpghun hwdwlwpgh: Spdws o towpununphy fEjunpuwnwdquljui
wihph &2gphwnn  Jupwdupbjhnipjut, hswbu  twb  BEjupudbwthjuut  dwlbpbnipwht
wqntignipymbttph dhengny, wihpwyht tukpghugh nbnujiugdwi jupquynpiwh vwhdwindbbp’
npytu whtqniEjupuljwh whpuwnwph hwunnipjudp bpwpunungphy HEjunpuurwdqulijub wihph
Futpghuyh pughudwt oyyinpdwy nEjunjupdwt patighp:

A generalizing formulation of the mathematical initial-boundary value problem on the propagation of
an electroelastic three-component wave in a piezoelectric waveguide layer made of a material of
arbitrary anisotropy is given. The initial-boundary-value mathematical problem of controlling the
propagation of an electroelastic wave by surface electromechanical influences is reduced to a
convergent system of problems of controlling the eigenfunctions and the corresponding eigen
harmonics of the electromechanical characteristics of the propagating wave. Definitions of the precise
controllability of a three-component electroelastic wave are given, as well as definitions of regulation
by the localization of wave energy by electromechanical surface influences as a problem of optimal
control of the distribution of a three-component electroelastic wave over the thickness of a
piezoelectric waveguide.

Introduction

The propagation of electroacoustic waves in piezoelectric waveguides is a process of
changing the state of coupled elastic and electromagnetic fields and is considered as a state
of a driving medium (system) with distributed parameters.

Developing a control theory for systems with distributed parameters is a much more
complex task compared to a similar task for systems with lumped parameters. Moreover,
the problems of optimality, controllability and observability for systems with distributed
parameters are as complex as similar problems for systems with lumped masses [1].

In limited solid piezoelectric waveguides, in accordance with the anisotropy of the
material and the fulfillment of boundary conditions, different types of electroactive normal
electroelastic waves propagate along their surface, each of which is a set of longitudinal
and/or transverse elastic waves and accompanying electric field oscillations [2, 3, 4 ]. An
electroactive elastic wave in a piezoelectric medium is a multi-parameter process and can
be controlled (regulated) by various possible electromechanical influences [4,5].

An important feature in problems of controlling electroacoustic processes is also the
possibility of contactless influence on the surface of a piezoelectric medium [4]. This is
caused by the inverse piezoelectric effect, where temporary fluctuations in the electric field
at the surface of the piezoelectric body (surface electromotive force) create a surface-
equivalent mechanical force.

Controllability of hyperbolic systems of equations is achieved in principle in three
different ways: i) when the characteristics of a propagating wave are related to each other
by Holmgren's uniqueness theorem, ii) by harmonic analysis of wave characteristics in
connection with Ingham's lemma and its extensions, iii) the method of integrating factors.
Moreover, the harmonic analysis method of wave characteristics, when applicable, gives
very good results [1]. In a recently published work [6], the author presents the formulation
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and approaches to the study of problems of controllability and stabilization of the wave
process under various types of influences on it.

Using the Green's function method, work [7] studies the controllability of linear and
nonlinear mathematical initial-boundary value problems arising in many applied fields of
science.

Without violating the generality of the approach to studying the controllability of the
process and in order to avoid unnecessary mathematical difficulties, the article considers
the issue of controllability of the mathematical initial-boundary value problem of
electroelasticity for the case of a three-component electroacoustic quasi-static wave in a
piezoelectric waveguide under various possible electromechanical surface influences [8].

1. Mathematical initial-boundary value problems for three-component electroelastic
waves in  piezoelectric  waveguide under surface electromechanical
influences

Piezoelectrics are essentially anisotropic crystalline materials. In an arbitrarily chosen
sagittal plane x,0x,, with a choice of indices{a, B, v} 22 {l, 2, 3}, the tensor of
electromechanical characteristics of the medium allows us to formulate a two-dimensional
problem about a three-component electroelastic pure shear wave of the type
{0, 0, u,(x,,x,,0), 6(p(xa,xﬁ,t)/6xa, 8(p(xa,xﬁ,t)/8x , 0.

For piezoelectric materials that allow an anti-plane deformable state, the material

relations of non-zero characteristics of the electromechanical field can be represented in the
form

Gp, (X, 5 X551) 0 ¢, e € ou,(x,,%y,) [ 0x,
Gya(xasxﬁ7l) _ C; 0 61*5 e;s y 6“«/(xaaxﬁ7t)/axﬁ (1 1)

D, (x,,Xy,1) e e, —-g, O o0(x, ,x,,1) /Ox,
Dy (x5 %5,1) &5 €, &y 0 a(p(xa,xﬁ,t)/axﬁ

Consequently, the quasistatic equations of electro elasticity will be different for the
corresponding piezoelectrics, depending on the choice of anisotropy of the material and the
crystallographic cross section in it [4, 5].

Representations of material connections of non-zero characteristics of the
electromechanical field in a unified form (1.1) formally allow a unified representation of
the mathematical initial-boundary value problem for piezoelectrics of all symmetry classes,
in which the electroactive problem of antiplane deformation is possible.

Without violating the generality of reasoning, in a piezoelectric waveguide connected to
the coordinate system Oxyz piezoelectric waveguide Q,(x,y,z)={|x |<oo;| y |<H ;| z |<oo}
, the system of quasi-static electro elasticity equations for three-component electroelastic

waves (pure shear electroactive elastic waves) will be written in the form of an invariant
matrix system of linear differential homogeneous equations

[A]w[*]—p[az/aﬂ] A](,,[*]Jx[wu,y,r)j

=0 (1.2)
Ay [#] Ay l#1) \o(x,p,0)



A ¥ = e [0° /o ]+, [0° /oy,

Ay [¥]= s [0° /] + €, [0 [0y° 1+ (e +€1,) - [0 [ oxay],
A [*] =€ [0°[ox* ]+ €, [8° [y ]+ (e +e,)-[0° /oxdy],
A [¥] = —g;,[0° [ox* ] —€5, [07 &y*].

Linear operators (1.3) are introduced into the matrix system of equations (1.2). This also
includes the shear displacementw(x,y,#) and electric potential p(x, y,#) of a three-

(1.3)

component electroelastic wave of antiplane strain in the piezoelectric layer.
In the case of the unidirectional propagation along the waveguide of normal

electroelastic waves F(x, b)) = f(y, t)-exp(£ikx), the antiplane electroelastic state will be

described with respect to the amplitude functions of the electromechanical characteristics
w(y,t) and @(y,?) in two-dimensional form

A [¥=pl07 /o] Ay l¥] X[w(mj
Ay [¥] Agol¥]) \0(3,1)
A [x]= c:4 '[82/8)’2] - C;5k2 . Ayl = e;t '[62 /ay2]+ ik(e; + 61*4) : [a/ﬁy] - el*skz >
A ¥l =6, [07 [0y’ 1+ ik(ess + e, {0] V] —eisk”, A, [¥]=—e), [0° [y 1+e,k> . (1.5)
On the surface of a piezoelectric waveguide y = £/, the conjugation conditions of the

=0 (1.4)

electric and mechanical fields are always satisfied. Mechanical boundary conditions impose
restrictions on shear displacement w(x, y,?), or shear stress o_ (x,y,t) and/orc _(x,y,?).

Electrical boundary conditions impose restrictions on the normal component of the
electrical displacement D, (x, y,?) , or on the tangential component of the electrical intensity

E (x,y,1) = =0¢(x, y,1)[Ox .

In the case of the unidirectional propagation along the waveguide of normal
electroelastic waves, the inhomogeneous electromechanical boundary conditions are written
in the form of different mathematical linear combinations of four physically independent,
mechanical and/or electrical surface actions [2,3,4]

wo| L, =m0 o0 ., =40, (1.6)
w0, =1 (0 [do(r.0/ey] ., =8.(0), (1.7
[ow(r.0foy] ., =70 o0, =000, (1.8)
[w(r.0/oy] ,, =70 [e(r.0/3y], ., =8.0), (1.9)

Included in the inhomogeneous boundary conditions, the time functions
p, (); ¢.(t); t.(¢); 6.(¢) are defined on the time axisz >0 and belong to the class C,[*]
of functions.

In the general case of the dynamic formulation of the problem of electro elasticity, at
the initial and final moments of the time intervalz € [0;7; ], four functions of the elastic and
electrical characteristics of the wave field or four different combinations thereof, the
conditions of the initial and final states is specified.

In the quasi-static formulation of electroacoustic problems, the propagation of an elastic
wave with accompanying oscillations of the electric field is considered. Then the
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electroelastic state is determined by two known functions of the initial and two other known
functions of the final states, or by two different combinations of these four existing
characteristics of the electroelastic fieldw(x,y,t), o(x,y,t), w(x,y,t) and@(x,y,t),

which are interconnected by two equations (1.2).

In the case of the unidirectional propagation along the waveguide of normal
electroelastic waves, the electroelastic state during the propagation of normal electroelastic
waves, in the waveguide layer is determined by two known functions of the initial state

w(y,0)=&(»); w(y,0)=C(y), (1.10)
or

o(¥,0,) =n(»); 0(r,00) =v(»), (1.11)
and two known functions of the final state

w(,Ty) =&(»); w(,T,) =C(»), (1.12)
or

o, 1)) =1(»); o, Ty)=7(») (1.13)

for an electroelastic wave.

The system of homogeneous second-order differential equations (1.4), with the notation
of linear operators (1.5), together with surface influences of the type (1.6) - (1.9) and
representations of the initial and final states (1.10) + (1.13), constitute a complete
mathematical initial-boundary problem for studying the control of wave formation and
propagation of a three-component electroacoustic wave in a piezoelectric waveguide.

In problems of this type, surface control of waves comes down to studying the
controllability of wave formation of their own waveforms and changing the corresponding
harmonics. Therefore, research on wave control can be carried out by harmonic analysis of
wave characteristics, since it is applicable and gives very good results [1].

For this purpose, surface electromechanical influences acting on the propagation of
electroacoustic waves are reduced to the corresponding volumetric influences. Then the
boundary value problem with inhomogeneous boundary conditions (1.4) - (1.9) is written in
the form of inhomogeneous equations with volumetric influences

A ¥-ple*far] A, 1#] X[v(y, ) J (S (114)
AZV[*] AZ\U[*] \V(yst) ﬁp(yst) '
and with the corresponding (1.6) - (1.9), homogeneous surface conditions in each case
V0L, =0 v ., =0, (115)
v,y =05 [owir.n/ay] ,, =0. (1.16)
[ovnfoy] _,, =0; v, =0, (1.17)
[Vo.o/oy] . =0 [w.n/oy] ,, =0, (1.18)
Linear operators in the matrix equations (1.14) is already transformed to

A2 AL A2 AL A2 AL A T2 A, [+ (1.19)

For various types of surface influences (1.6) - (1.9) the transformation functions can be
formally written in a uniform

{V(y,t) } _ {W(W)}_{W (r.0+W. (y,t)} (1.20)
v et | |9, () +D_(y.0) '
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In which the terms of the transformation are predetermined by the nature of surface
influences (1.6) — (1.9)

W, (3,0) € {[(H, +3)/2H, - 0. (0); [(v+H,)* [4H,]-7. (1)} (1.21)

., (y.0) € {[(H, £ )/2H,1- 0,0 [(v+H,)* [4H,]-5.(1)) (122)
In equations (1.14), volumetric influences of the type f,,(»,¢) and f,(y,?) are represented
by transformation terms W(y,#)=W_(»,1)+ W_(y,?) and ®(y,1)=D_ (y,£)+D_(y,t) as

S0 =[ A [¥=pl0 [0 1| [W(,0)]+ Ay, [¥]X[ (3, 1)] (1.23)

LoD = Ay X[ W0+ Ay, [¥] X [@(y.0)] (1.24)
By introducing transformation functions (1.20), descriptions of the initial and final
states (1.10) - (1.13) acquire a new entry

V(,0) = E0) = [W. (1,00 + W (5, 0)];  ¥(3,0)=C() - W.(3,0+ W (50| (125
or
v(3,0) =n() =[O, (10+D (10)]; (1.0 =y() [, (10)+D (0]  (1.26)

and two known functions of the final state

VO T) = E0) = [W, (0 T+ W0, )]s ¥ 1) =E0) [ W L)+ W (T ] (1.27)
or

Y. 1) =R0) - [@, (1) + @ (1. T W ) =70 [, (1 ) +d_(n.7,)]  (128)
for an electroelastic wave.

By introducing transformation functions (1.20), the initial-boundary value mathematical
problem with a system of inhomogeneous equations (1.14) and homogeneous surface
conditions (1.15) - (1.18), together with descriptions of the initial and final states (1.25) -
(1.28) constitute the initial-boundary value problem control of a three-component
electroelastic wave in a coordinate rectangle O, =[-H, <y < H |x[0<t<T].

2. Three-component electroelastic wave formation and propagation in a piezoelectric
waveguide

In a homogeneous mathematical boundary value problem formed from homogeneous
equations of the corresponding system (1.14), when £, (y,)=0, f,(»,/)=0 and the
homogeneous boundary conditions of the type (1.15) + (1.18), separation of variables is
possible. Then the solutions to this homogeneous mathematical boundary value problem are
represented as a function

{v(y,t)J:(V(y)j.e(t):"Z“(Vn(y)].e”(,), @.1)

w(y,1) w(y) o\, ()

expanded in Fourier series V(y) = Z V.(»), 6@ = Z 0,().
n=0 n=0

It is important to pay attention to the fact that in the expansions of both sought functions
the time regime will be the same 0, (¢) =60, (#) = 6(?) . This follows from the homogeneity

of the second equation of the matrix system (1.4) and is a consequence of the quasi-static
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formulation of the problem, in which the harmonics of the accompanying electric field
coincide with the harmonics of elastic vibrations.

The difference in surface conditions (1.15) + (1.18) in the formulation of the boundary
value problem leads to different possible formations of the proper forms and structure of
the overall electroelastic wave along the thickness of the waveguide.

The matrix system of homogeneous equations is then written in the form

A 5] A (% v .
Wb AT VO _p80) s 2.2)
Ay ¥ Ay l¥1) \w(»)) 60
In accordance with the boundary conditions of the first kind (1.15) and the second kind
(1.18), in piezoelectric waveguides made from materials of the classes 6mm of hexagonal

symmetry, 4#mm of tetrogonal symmetry, mm2 of thombic symmetry the resulting signals
can be represented by their own shapes corresponding to different oscillation frequencies

Vi & A, cos[k, o, (okh)-y]+ B, sin[k, o, (o,kh)-y]
{ } (es/e))- [Awm cos[k, o, (®,kh)- y]+ B, sin[k, o, (o, kh)- J’]]

Here o, (o,kh)=yoy, [k.C} —1=mn/2k, H, are the eigenvalues of the accompanying
electroelastic oscillations corresponding to the oscillation frequencies the eigenmodes

23
w(») 23)

m=0

®, =k, C,, 1+ (mn/2k,H, )2 , C, =+/c,,/p shear volumetric wave velocity.

In cases of mixed boundary conditions like (1.16) and (1.17) in the same piezoelectric
waveguides, no proper forms are formed.

Conversely, in accordance with mixed boundary conditions of type (1.16) and (1.17) in
piezoelectric waveguides made of materials of classes 43m/23 cubic symmetry, 222
rhombic symmetry, 622 of hexagonal symmetry, 42m tetragonal symmetry, the resulting
signals can be represented by their own shapes corresponding different vibration
frequencies

A, cos[k, a,, (o,kh)-y]+B,, sin[k, o, (o,kh)-y]

V| _<),
{\V(y)} - z m : [me Cos[kma’Zm ((0’ kh) : y] - Awm Sin[km(x’Zm ((‘D’ kh) : y]]

m=0
he,,

24

Here o, (0,kh)=1/o;,, / k.C; —97 =mm/2k, H, are the eigenvalues of the accompanying

electroelastic oscillations corresponding to the oscillation frequencies the eigenmodes

©y, =kC2,-\/S)f+(mrc/2ka0)2 and 97 =c,/c,, is a shear anisotropy coefficient,
C, :C“x/g =./¢s;/p shear volumetric wave velocity in a waveguide of a different

anisotropy.

In cases of the boundary conditions of the first kind (1.15) and the second kind (1.18),
in the same piezoelectric waveguides, no proper forms are formed.

The function of the harmonics of the accompanying electric field coincides with the
function of the harmonics of the propagating elastic vibrations and is represented as

0(r) = iem )= i[/lem sin(w,, )+ By, cos(wemt)] . (2.5)

m=0
From (2.3) it follows that in the case of transversal anisotropy of the piezoelectric,
changes in the shapes of the distribution of amplitudes of accompanying electrical
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vibrations are consistent with changes in the shapes of the distribution of elastic shear
amplitudes.

From (2.4) it follows that in the case of a different anisotropy of the material, changes in
the distribution of the m™ form of amplitudes of accompanying electrical vibrations lag
behind the change in the corresponding form of distribution of elastic shear amplitudes by
o, =C2m+1)n/2.

Having found the eigenforms {Vm ;s v, (y)} and their corresponding harmonics

6, (»), by expanding the inhomogeneous initial-boundary value problem (1.14), (1.15),

and (1.20)=(1.25) into a Fourier series in the coordinate rectangle
O, =[-H,<y<H,]x[0<t<T,], in a generalized form we obtain the control equation for

the eigenforms of the electroelastic waves

[6,(0=Ay, (/&) i, () ]+ 0}, -[00)= Ay, (1/E)- 1, (1) ] =

(2.6)
= A, (1/E)(0}, — 0}, ) Map ()T -0, (1)
With expansion coefficients in Fourier series in eigenforms
1
Alut = F J. |:(H0 iJ’)Vm(J’)]dy H
00
H,
- j [(eisk® (Hy £9)F ik(ess +€i) -V, () [y @.7)
H,
[k (1, 5) kel )V, )
O 0
1
F2¢t = H J.[gzzkz (HoiY)'Vm(J’)]dJ’a ”’i(t):[r%i /A2u1j|.¢i(t) (2.8)

00
The general solution to the control equation (2.6) for the mf true harmonic
8, (0,1) =0, (0, 1) — Ay, (1/E2)-u,, (®,,1), is obtained by the method of variation of
parameters for the eigenforms harmonics of the electroelastic waves and forced elastic
vibrations
gm (O‘)Gmt) = Amg .Sin(o‘)ﬁmt) + Bmg 'COS(O)emt) +

2 2
+A Mj (0] 4, -sinfw,, (= 0]+ B, -cos[w,, (1~ 1] |-dT+ 2.9)
Iy, 52 Mim mg Om mg Om :
*t 0

+T,, - jq)im (0):[ 4, -sin[w,, (t=1)]+ B, -cos[w,, (t—1)]]-d=

In which harmonics of the reduced eigenforms and the harmonics of surface actions are
represented respectively, as

En (memt) = em (O)emt) - Alu (1/5*2[) : ”‘im ((*)emt) ’ (2 10)
w,, (1) =4, -sin(w, )+ B,, -cos(®,,1) , (2.11)
d., (1) = 4, -sin(w,,1) + me -COS(,, 1) . (2.12)

Taking into account the representation of solutions (2.1) with expansions (2.3) or (2.4),
as well as descriptions of the initial and final states (1.8), (1.9) and surface influences (1.5),
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they have the form of an infinite system of four algebraic equations regarding the
amplitudes of true harmonics of electroelastic vibrations waves and harmonics of surface
control actions

g, (0)+A,, (/E)(f, —l, )1, (0)+T,, -¢.,(0) =y,

&,0)+A,, (1/&)(wf, —l, )i, (0)+T,, -4.,0)=3,

2, (00, + Ay, (1)) (0, =), ) 1, (0, 1)+ Ty 0., (0,T,) =7,
V0 L)+ A, (1/E) (05, — o, ), (@, 5)+ T 0., (0,T) =3,

The period7 >0 during which surface influences p, (7) and ¢, () lead the wave

(2.13)

process from the initial state to the final state is determined from the conditions for the
existence of nontrivial solutions of systems of type (2.13)
T, =min{T,, > 0}. (2.14)

meN"
3. The Exact controllability problem for three-component electroelastic wave.

Let us present the initial boundary value problem of controlling a three-component
electroactive wave process in a piezoelectric waveguide layer in the following form

(A H-ple* /o] vy, = f,(nt) i Oy =(=H, <y <H,)x(0<t<T,)
[ovn/ov] . =0; in I=Tx(0<t<T)
v(1,0) = &) ~[W, (#,0)+ W_(»,0)]
V0,0 =) -[ W, (1, 00+ W (0,0)]  in Q=(-H,<y<H,)
Under adequate conditions of regularity and compatibility of the initial data
{V( 1,0), v( y,O)} and the reduced influence f, (y,?), system (3.1) admits a unique solution
v(y,t) , in the energy functional space C ([O,T];H(‘, (Q)) NnC' ([O,T];L2 (Q)) .

Then, the wave energy for the process corresponding to the system of mathematical
initial-boundary value problem (3.1) represented by the functional

1 . . 2, 2
E0)=5] [ Cu TV 0/ 07" 1= k(.| +[v(0)| ]dy (32)
Q
The task of precise controllability is to bring the wave state to equilibrium in a uniform
time, regardless of the initial data, by external influence or control, which in the case under

consideration is a reduced force f, (,?).

3.1)

More precisely, the problem of exact controllability will be formulated as: the existence
of a time7, >0 such that for each pair of initial data{v( 1,0), v( y,O)} there is a control

/., (»,t) such that the solution v(y,#) of equation (3.1) satisfies the relations
v(y, 1) =0, V(3. T,) =0. (33)
This formulated as follows: For arbitrary T,>0, for each pair of input data

{V(y,O), \'/(y,O)} e H)(Q)xL*(Q) there is a control f, (y,t) e(C([O.TO]; H? (Q)) such
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that the solution of the mathematical initial-boundary value problem (3.1) satisfies
relations (3.3).

4. Optimal control for three-component electroelastic wave. Localization of wave
energy along the thickness of the waveguide.

In the problem of propagation of a three-component electroelastic wave, the flow of
electroelastic energy through the thickness y e[-H;H,] of a piezoelectric waveguide
determined by the expression

folo ,Z(y,t)'S ,Z(y,l‘)‘i‘(?”(y,l‘)'Szx(y,t)-i-
P ’ ' -d (34
+Ex(y=t)'Dx(yst)-’_Ey(y’t)'Dy(yat)

Solutions of the mathematical initial-boundary value problem (1.4)-(1.6), (1.10) and
(1.12), taking into account relations (1.20)-(1.22), amplitude distributions (2.3) and (2.4), as
well as solutions to the harmonic equation (2.9), represented in the form
{w(m} _ (V (10, (t)j . {[(HO +9)[2H, 1, (O +[(H, = y)[2H, ] 1 (t)} .

o(y,1) v,(0):0,(0))  ([(Hy+y)/2H,1-0. () +[(H, = y)/2H,]-$_(¢)

Considering the obtained solutions of the mathematical initial-boundary value problem,
as well as the material relations of the piezoelectric medium, we obtain expressions for the
energy integral depending on the surface influences: U, (w( »,0), n.(t), ¢, (t)) .

—H,

n=0

Localization of wave energy in a thin strip along the thickness of the waveguide is the
problem of optimal control of wave energy along the selected thin strip.

This strip can be near surface y e[H, -2\ H,]U[-H;—H, +2)].

—Hy+2)\
Uy (w01 0,0.0) = [ (0,78, +0,, -6, +E,-D,+E,-D,)-dy
_HO
i, (3.6)
+ [ (0.6, +0, €, +E D,+E,-D,)-dy=09-Uy,
Hy =23,

The localized energy in the inner thin strip y < |2}\.| along the thickness of the waveguide

represented as the functional
2%

Uem (W(yit)ﬂ l’l'i (t)ﬁ (I)i (t)) = J‘ (Gyz .gyz +sz 'gzx +EX .DX +Ey .Dy)dy:O'gUSm (37)
=20

In relations (4.3) and (4.4), A < H,, is the wavelength.
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KOHTAKTHASI 3ATAYA JUIA IIVIOCKOCTHU C NMEPUOINYECKOM
CUCTEMOMU TPEINUHA-BKJIIOYEHUE C YYETOM CUJI TPEHUSA IO/
BK/IIOYEHUEM

Axonsu JI.B., lamrosin JI.JI.

KuaroueBble c10Ba: KOHTaKTHAs 3aJa4a, TpE€HUE, LITaMlIl, TpCIIUHA

Hakobyan L.V., Dashtoyan L.L.
Contact problem for a plane with a periodic system of crack-inclusions with
account of friction forces under the inclusion

Key words: contact problem, friction, punch

The article considers the plane stress state of a homogeneous elastic space, weakened by a periodic system of finite
tunnel cracks. It is assumed there are also resting shear stresses under the punches, apart from the normal stresses.
The shear stresses are directly proportional to the normal contact pressure with a proportionality coefficient that
depends on the coordinates of the points of the contacting surfaces. Based on discontinuous solutions for the
equations of the theory of elasticity for a plane with a periodic system of cracks, a governing system of equations
for the problem is obtained in the form of a system of singular integral equations. The solution of system is
constructed by the numerical-analytical method of mechanical quadratures. Numerical calculations were carried
out and patterns of changes in important physical and mechanical characteristics were studied depending on the
physical, mechanical and geometric parameters of the problem.

Zulnpyub L. 9., Fwownnjui L. L.

Untunwljnuyhl g &wp-ukpgpuljubph wwppkpulwb hudwlwpg wwpnitbwlng hwpeoipyub
hurdwp wbpppuljubph wwly sthdwb nidtph hwpdueniing

lelﬁlmpmnhp‘ Untnwljinuyhti fuinhp, othnud, npnod, &wp

Thuwplyt) E hudwute Jipgwnp poiubjughtt Swpkph hwdwlwupgny poyugdus wnwdquljui
nwpwdnipjul hwpp nhdnplughnt Jh&wlyp, kpp tpwig wihtphg dkhht ubndynud Eu hwpe hhdpng
Ynpwn npnodutipn: Cupwnpynwd E, np npnodubph vy, pugh tnpdw) jupnidubphg wpwegwinud G twl
hwiquunh onowthnn jwpnidubp, npnup Ynbnwlunh dbe quiny dwlbplnypubph hyynn Yhnbph
Ynnpphtwntbphg juhws gnpswlgny ninhn hwdbdwnwlut b tnpdwy Ynunwlnught Lupdwip:
Swplph wuwpphpuwwt hwdwlupg wwpnibwlnn  hwppnipjut hwdwp  wrwdquijuinipyu
nbkunipjub juqynn nisnidubph hhudwi Ypu uinwgyty k jaunph npnphy hwjuwuwpniditbph hwdwlwupg
uhtignijup  hunbkgpuy  hwwuwpnudutph  hwdwlwupgh  wbupny, nph  owdnudp Juemgll] &
dbjwihjulwb purwulniuugdwt pyught-yepniswut dbpngny: Ywnwpdb) bu pduyhtt hwydupy-
ukp b nunuwdbwuppyglyp Eo Yuplnp $hghjudbjuwthjujut punipwuqphsutph thnthnpudwb ophtiw-
swihnipynitiibpp’ juhnws ptnph $hahjuituwihjulwib b tphpuswihwlwb gupudtnptphg:

PacemoTpeHo m1ocko-aedopMHpOBaHHOE COCTOSTHHE OHOPOAHOTO YIIPYTOro MPOCTPAHCTBA, PAcCiIabIeHHOTO
MEPUOANYECKONH CHCTEMON KOHEYHBIX TOHHENbHBIX TPCIIMH, HAa OJUH M3 OEperoB KOTOPHIX BIAaBIMBAIOTCS
abCOIIOTHO KECTKHE IITAMIIBI C IUIOCKUM OCHOBaHWeM. [lomaraercsi, 9To MOJ IITAMIIAMH, KPOME HOPMAIIbHBIX
HANPSDKCHU, BO3ZHMKAIOT TakXKe KacaTeJbHbIe HAIPSDHKEHUs IOKOs, KOTOPBIC MPSAMO IPOHOPIHOHAIBHBI
HOPMaJIbHOMY KOHTAKTHOMY JaBJICHHIO C KO3(M(UIHEHTOM MPONOPIHOHAIBHOCTH, 3aBHUCSIINM OT KOOPJIHHAT
CONPUKACAIONIUXCS TOUSK KOHTAKTHPYIOIIHX MoBepXHOcTeil. Ha ocHOBe pa3phIBHBIX pellIeHHiT ypaBHEeHH TeopHn
YIPYrOCTH JUISl INIOCKOCTU € NMEPUOANYECKOH CHCTEMOi TPEIHH MOJIydYeHa ONpeJIeNsIomas CHCTeMa ypaBHeHUH
3a7audl B BUJIE CHCTEMbI CHHIYJISIDHBIX HHTErPAIbHBIX YPABHEHHH, PEIICHHE KOTOPOH MOCTPOCHO YHCICHHO-
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QHAIUTHYICCKAM METOJOM MEXaHHYCCKHX KBAZpaTyp. IIpOBeIEHbI UHCICHHBIC PACYCTHl M H3Y9ICHBI 3aKOHO-
MEPHOCTH H3MCHEHHS BaXKHBIX (PU3UKO-MEXaHHICCKIX XaPAKTCPUCTHK B 3aBHCHMOCTH OT (DH3HKO-MEXaHUIECKHX
U TEOMETPUIECKUX TAPAMETPOB 3a/[a4H.

1.BBenenne 13BecTHO, 4TO MPHUCYTCTBUE B Je()OPMHUPYEMBIX MACCHBHBIX TEIaX KOH-
LEHTPATOPOB HANPSDKEHUH THIIA TPEIIHH, IITaMIIOB, aOCOIOTHO KECTKUX WM JIedopmu-
PYEMbIX HaKJIaJOK M BKJIIOYEHHH, a TAK)Ke YIJIOBBIX TOUCK U MIEJel CYIIECTBEHHO BIUSIOT
Ha UX MPOYHOCTH U JOJITOBEYHOCTH M MOTYT MPHUBECTH K JIOKATEHOMY HJIH TII00AIBHOMY
paspymeHnto 3tux Ten. [lo3ToMy n3yueHHe 3aKOHOMEPHOCTeH H3MEHEHHs JIOKAJIbHBIX
MoJiel HanpsHKEHUH BOKPYT 3THUX KOHIIEHTPATOPOB M B3aUMOBIIMSIHUS Pa3JIMYHBIX KOHIICH-
TPaTOpOB, OJHOBPEMEHHO HAXOMSAIINXCS B Ae(OPMUPYEMBIX MACCHBHBIX TeJax, a TaKKe
pa3paboTka Mep NPEOTBPAIEHUS UX OTPULATENILHOTO BO3JAECUCTBUSL HA IPOYHOCTH U
JIOJITOBEYHOCTDb TEJ SIBISIETCS OJHMM U3 OCHOBHBIX HAIPABJICHUIN Pa3BUTUSL KOHTAKTHBIX U
CMEIIAHHBIX 3a/1a4 TEOPUH YIPYTOCTH U MEXAHUKH Pa3pyLICHUs.

VYxkaxem MoHorpaduu [1-6], rae npuBeneHbl MHOT'HE OCHOBOIIOJIATAIONINE PE3yJIbTAThI
B OTOM HANpPaBICHUH M IOCTPOCHBI PEIICHUS Psifa JTAJOHHBIX 3a7ad B 9TOH oOmacTu.
IlepBas 3amaua 0 B3aMMOBIMSHUU TPELIMH M KECTKUX MITAMIOB npuHamiexut Illepmany
JI.W., xotopast onucana B [4], Tie TOCTPOCHO TOYHOE pEIIEHHE KOHTAKTHOM 3agadd s
YIPYTol IJIOCKOCTH ¢ TPEIIMHAMH, OJIUH M3 OeperoB KOTOPBIX CIasH C TOHKHM >KECTKHM
BKJIIOUEHHEM. 3aMKHYTO€ pEIIeHHE aHAJOTUYHOM OCEeCHMMMETPHYHONW KOHTAKTHOW 3a/aud
JUTSL TIPOCTPAHCTBA ¢ AMCKO0Opa3Ho# TpemuHoi 6but0 mocTpoeno .41, [lonosemm B [7]. B
paborax [8,9] mosydeHbl pa3pbIBHBIC PELICHUS IUIOCKOW W OCECHMMETPUYHOW 3aj1ad
TEOPUH YHPYTOCTH JJISI COCTABHBIX IUIOCKOCTEH M MPOCTPAHCTB ¢ MEXK(Da3HBIMHU TPEIH-
HaMM, Ha OCHOBE KOTOPBIX IOJY4EHbl TOYHbIC PEIICHHs psAla 3a1ad JUIs OJHOPOJHBIX W
COCTaBHBIX IUIOCKOCTEl M TPOCTPAHCTB C KECTKUMH MEK(Pa3HBIMH BKIIOUCHUSIMU TPH
Pa3JIMYHBIX YCIIOBUSX CONPSDKCHMs BKIOueHMH ¢ marpuueil. IIpuBeném Takxke paboThl
[10-15], rae nosydeHs! TOYHbIE PEIICHUS PsIa OCECUMMETPHYHBIX U IUNIOCKUX CMELIAHHbIX
U KOHTAKTHBIX 3aJad A1 OAHOPOJHBIX U COCTAaBHBIX IUIOCKOCTEH U HPOCTPAHCTB C
TpemuHamMu. Ocobo ormeTuM paboty [16], rae mpeanoskeHa HOBas MOJEIb KOHTAKTa C
y4€TOM TPEHUs ITOKOS M B paMKax MPEAJ0KEHHON MOJIENN OCTPOEHO 3aMKHYTOE PELICHUE
KOHTAKTHOH 3a/1a4¥ JyIsl OJTHOPOJHON YIPYToil MOJTyTIIOCKOCTH.

31ech ke, B paMKaxX MOJENIU KOHTAaKTa ¢ y4€TOM TPEHHUs MOKOs, NPeUI0KeHHON B [16],
U3Y4EHO II0CKO-Ie(h)OPMUPOBAHHOE COCTOSHHE OJHOPOJHOTO IPOCTPAHCTBA C IIEPUOANYE-
CKOM CHCTeMOH TPEIIVH, B OAUH U3 OeperoB KOTOPBIX BIABIMBACTCS KECTKUH IITAMIIL.

2. MMocTaHoBKA 3a1a4i W BBIBOJ ONpeNeJsIIOUINX ypaBHeHuii. Ilycth oqHOpOIHOE
YIpyroe MpocTpaHcTBo ¢ koddduimentamu Jlamd [L u A, HaXojAIIeecs B YCIOBHSIX
Iockoi nedopmanyu, B 0a30BOH IIOCKOCTH, OTHECEHHOW K JIEKAPTOBOW CHCTEME
koopaunar (JX) , Ha ocH abCIKCC COMEPIKUT MEPUOIMUECKYIO CHCTeMY, ¢ repuoom 2/

KOHeUHBIX  TpeWMH JuiiHbl  2a <2/, 3anonHsiomylo  CHCTEMy  HHTEpBANOB
o0
L= U (—a +2kl, a+2kl ) u aedopMUpyeTCs 10/ BO3AeHCTBUEM aBCOMIOTHO KECTKUX
koo

OJMHAKOBBIX INITaMIIOB, BIABJIMBACMBIX B HHKHHC 6epera TPEIIMH TIPpU TTOMOIIH

HOPMAaJIbHBIX COCPEIOTOYCHHBIX ciit [y (Pur.1).
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—a+2l a+2l *

®ur. 1

Bynem cuurath, 4TO MOA WITaMIIaMH BO3HUKAIOT TaKXKe KacaTelbHbIe KOHTAKTHBIC
HATPSDKSHHST TIOKOSI, KOTOPBIE CBSI3aHBI C HOPMAJIbHBIM KOHTAKTHBIM JIaBJICHUEM 3aKOHOM
Kynona, xo3pduuueHT TpeHHs KOTOPOro IMpsSMO MPONOPLUOHAICH KOOPAMHATAM TOYEK
KOHTaKTHPYIOIINX NOBepxHocTeil [16].

TpeOyercsi BBISBUTh 3aKOHOMEPHOCTH M3MEHEHUSI KOHTAKTHBIX HANpPsIKCHHUH, BOZHUKA-
IOIIMX TI0/1 IITAMITAMH, PACKPBITHS TPEUIMH U KOA((PUIMEHTa HHTEHCUBHOCTH B KOHIIEBBIX
TOYKaX TPCIIMHBI B 3aBUCUMOCTH OT (M3MKO-MEXaHHUYECKUX W TEOMETPUYECCKUX MapameT-
POB IIOCTaBJIEHHOH 3aauu.

MBICIIEHHO pa3feiiM IUIOCKOCTh MO OCH a0CIHCC Ha JIBE TONYIUIOCKOCTH M CHAOauM
BCC XapakKTepHBIC BEJIMYMHBI BEPXHEH M HWXKHEH MOJYIUIOCKOCTEH COOTBETCTBEHHO
unaexkcamu 1 u 2. Torma ycinoBus Ha Geperax TPEUIH OYIyT CICAYOIMU:

oV (x,O) =0; 'cg) (x,O) =0;

' M
Vv, (x,O) =9; rg) (x,O) = —ﬁc(yz) (x,O),
a
rue Gg)(x, y) " rg)_(x, y) ( J =1,2)- KOMIIOHEHTBI TEH30pa HaIpsKEHUH, AeHcTBY-

TOUMX B BEPXHEH M HIKHEH TONYIUIOCKOCTAX COOTBETCTBEHHO, U, (X,Y) 1 V;(X,))

( J =1,2) - TOPU3OHTAJIBHBIE ¥ HOPMAJIbHbIE COCTABIISIOIME BEKTOPA CMENIEHUH B COOT-

BETCTBYIOLIUX IOJJYIUIOCKOCTSX, f— MaKCHUMaJIbHOC 3HAYCHHC K03(1)(1)I/IL[I/ICHT3 TpEeHHUsA, a

O — skécTkoe cMemeHne mTamna 1o Hanpasiernio ocn Oy .

YroObl ynoBIETBOPUTH yciaoBUAM (1) HMCHONb3yeM pa3pbIBHBIE PELICHHs YpaBHEHHI
TEOPHUU YHPYTOCTH JJISI KyCOYHO-OJJHOPOIHOM IUIOCKOCTH C NEPUOAMYECKUMH MeK(pa3HbI-
MU TpellnHaMu, npuBeaéHHbIe B [6]. [Ipyn momommwm 3TuX pelieHui HanpspKeHHs, JACHCT-
ByIOIlMEe Ha Oeperax TPEUIMH W IPOM3BOAHBIC OT CMEIIEHHH TOYeK OeperoB TPELIMHBI
ONPEENAIOTCA Yepe3 CKAauKh HOPMAJIbHBIX M KacaTelbHBIX HampshDKeHH Ha Oeperax

TPEIUH G(x), T (x) U NPOU3BOJHBIE OT HOPMAJIBHBIX U TOPU30HTAIBHBIX COCTABIIAIO-

IIMX CMEIIeHHiT Touek GeperoB TpemuH U’ (x) ,V (x) B ciyuae 01HOpOIHOM TIOCKOCTH

HAIpSDKEHHUS M MPOU3BOJHAS OT HOPMAJIbHOM COCTaBIIAIOIICH CMEICHHUH 3aIMChIBAIOTCS
CIIEAYIOIUM 00pa3oMm:
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G(yl)(x,O)zéc(x)+%ictg¥T(s Ictg il )v(s)ds

T(xly) (x,0)= %T(x) —%j;ctg n(;_t) o(s)ds +% J ctg#u'(s)ds;

v; (x,0) = ——v "(x)—

jctg (12— )G(s)ds—ﬁ a ctgn(;—;t)u’(s)ds,

(—l<x<l)

819,

3nech

o(x)=0) (x.0)-0"(x.0)= 0" (x.0).

(1) =) (50)~ 2 (50) = (5,0) = 1 Z o (,0) =~/ Zo ),
ty (3.0)—1, (2.0) =u(x)., v, (2.0) = (x.0)=v(x).

N 2(9,7-97)

9, 2(1-v) 20 78,
2

W g w0 E L, VE
A+3p A+3u 2(1+v) (1+v)(1—2v)

E —vonyns ynpyrocty, a 'V — koad¢uuuent Iyaccona.

Wcnonesys mpencrasnenus (2), ynoenerBopuM ycioBusMm (1). B utore, mist ompene-
neHust GyHKuni G(x), ’E(x), u’(x) u v'(x) npuaéM K CIEAyIoIeil cuctemMe onpee-

JISIFOLIMX CUHTYJIIPHBIX HHTErPabHBIX YpaBHEHUH ¢ siipoM ['unbbepra:

%G(x)+—j ctg t) ( ds +— BT Ictg (21 )v(s)ds—
) 3
—r(x)——f g G(s)ds+ jctg (Tl u'(s)ds =0;
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1, (‘c—t) o n(r—t) , '
Ev(x)+818 Ictg 5 G(s)ds+zj;ctg—u (s)ds=0;

r(x):—fgc(x) (—a<x<a),

KOTOPYIO HYXXHO pacCMaTpUBaTh IPH YCIOBHSX PABHOBECHS IITAMIIOB W HEIPEPBIBHOCTH
CMEIICHHH B KOHIIEBBIX TOYKAaX TPEIIUH, KOTOPHIC B HHTErPAIBHON (HOpME, BBITISIST
CIICYIOIINM 00pa3oM:

j o(x)dx = j t(x)dx =0; j V(x)dx =0; j ' (x)dx =0 )

—a —a —a

o !
YnaanuB W3 BTOPOro M TpeTbero ypaBHeHui (3) U (x) U TIOJCTABISsl 3HAUYCHHE

(byHKIIH ‘E(x) yepes G(x) U3 TOCJIEIHEr0 COOTHOMIEHHUS (3), MpUAEM K ciemyromeit

CHCTEME OIPEIEIISIONNX CUHTYIIIPHBIX MHTEIPATIbHBIX YpaBHEHUH ¢ supom [ mnbbepra:

o(x)—— j ctg ) ———~so(s)ds +— BT j ctg%v'(s)ds =0,
(%)

gxc(x) +BV(x) +2il j ctg n(sz—;x)c(s)ds -0,

—a

(c=ra).

KOTOpPYIO HY)KHO paccMaTpHBaTh MU MEPBOM M TpeTbeM ycioBusx (4). Ilocie pemenus
cuctembl (5) CKaYOK TOPU3OHTAIBHBIX CMEILIEHUI MOKHO TOJIyYUTh, PEILIUB YpaBHEHUE

17 ctg—n(s ) u'(s)yds=f

— ! 6
2 2 29.q o(x)-av') ©

TIpH TIOCNIeqHeM H3 ycioBui (4). YpaBHeHne (6) MOKHO TOJYYHTH YAaJIHB U3 BTOPOTO U
TPETHETO ypaBHEHH T (3) MHTErPABHBIN WIEH, COAEPKAIMI KOHTAKTHOE TaBieHne G(X).

3. Pemienne cucTemMbl OnpeesiiOINX YPABHEHU.

Pemenne cucTeMbl ONpeNeNSIONIMX ypaBHEHUH (5) OyaeM CTpOUTb UHCICHHO-aHa-
JUTUYECKUM METOJIOM MeXaHuWdeckux kmazaparyp [17]. Jmst sToro cuawana, UCHob3ys
MIepBOE U3 COOTHOILCHUH (4), mepenumeM e B BUIE:
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o) — Tc;cl J- G(S)ds BT J' v(s)ds —2]{K(s—x)scs(s)ds+

§S—X

+Bj. K(s —x)v'(s)ds =4 7

£)ccs()c) +BV'(x)+ j K(s—x)o(s)ds =0
a -a

rJe BBEJAEHBI 0003HAUYECHHS:

a 3aTeMm, IpU OMOIIHU 3aMEHbI IEPEMEHHBIX X =fd u S = Td , cHOPMYJIUPYEM CUCTEMY

(5) na unrepane (-1,1) u BBest 0003HAUCHHS

o.(x)=ac(ax)/ B; v.(x)=V'(ax); ap/ P, =P., . =1/a;

1 t 2l
K.(1)=aK (ar) =, {ctg; - }

Tt

3aIlMIIEM B BUOC

o.(t)- IG*(T)dT B. J.v*(T)dT ‘C—CIK*(’C—I)’CG*(’C)d‘E-i-

T

-1 -1

1
+B, J' K. (t—t)vi(v)dt = %; ®)
-1

cto. (£) + BL(1) + nj G*T(T)tdr j K.(1-t)o.(1)dx=0.

-1

IIpu 5TOM, IEpBOE U TpEThe YCI0BHA (4) IPUMYT BUIL:

1 1
_[ o.(t)dt =1; 'f Vi(0)dt =0 )
|

-1

Teneps, BBeEM B PacCMOTPEHHE HOBBIE HCKOMBIE (DYHKIMH Q; (l ) ( J =1,2) o

(hopmynam:
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o (1)=0.0)+0-(0), 19 = = o, ()01 w

TTozcTaBnss BRIpaXKeHns GYHKIWH O, (t) "V (z‘) uepes HOBBIE MCKOMBIE (DYHKITNH
9, (Z) ( j=1,2) w3 (10) B cuctemy (8), Tocie HEKOTOPHIX TPEOOPA3OBAHMI, s

onpezeneHust GyHKUUA Q i (t ) ( j=1 2) , TIOJTyYHM CJIEYIOILYI0O CUCTEMY CHHTYJISIPHBIX

HHTErpaJIbHBIX YPaBHEHHUIA:

S {090 ) el

-1

+jK11 (t—1)o, (r)dr+j1K12 (t—1)o,(t)dr :%

i j%fr)dr{(c,_m)z+1}%(T)+c2(ﬁ—1)cpl<z)+

T —t

)

+jK2' (t=1), (r)dr+j'K22 (t—1),(t)dr=

C
-1 -1 T

K (0) =~ ct=24T+ |K. (1) K1) = Koy (1) ==tk (1);

Koo (1) == ct+ 241 |k (1)

IIpu stom ycnoBust (9) yepe3 QyHKIMU Q; (x) ( J =1,2)3a11muchsI B CIeIyIoIIeM

BHJIC:

1

[o, (=05 (j=12) (12)
!

OTMeTHM, YTO BO BTOPOM YypaBHEHHH cucTeMbl (8) 3ameHuB ¢ Ha —f, 0003Ha4UB

0, (t) =0, (—t) u Q, (—t) =, (t), npuéM K NepBOMY YPaBHEHMIO cuUcCTeMsbl (8) u

QHAJIOTMYHBIM 00pa3oM M3 IEPBOrO ypaBHEHHA NpuUAEM KO BTOPOMY YPaBHEHUIO.
HerpyaHo ycraHOBUTH Takke, YTO B IE€PBOM YpPaBHEHHM JOMMHHUPYIOLUIMM, B CMBICIIE

ocobeHHOCTH, ABngercs GpyHkuus @, (t ) , TaK Kak kodpduuuent npu GyHxuuu @, (t )

pasen Hymo npu { =1, Bo BTopoM xe ypaBHeHHH — (D, (l‘ ) Hcxons u3 3Toro, 1o
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METOJy, MpeAnokeHHoMy MycxemumBunu [18], HECIOKHO ONpPEAENUTb IOPSAAOK
0COOEHHOCTH MCKOMBIX (YHKIMH B KOHIEBBIX Toukax uHTepBama ! ==Z1. Tak xax
XapaKTepPUCTUUECKUE YacTU ypaBHEHUH, BXojsduue B cucreMy (8) coBmamaloT C ypas-
HEHMSIMH B ONIPE/EIIONEH CHCTEME aHATOIMYHOM 3a/jaul B Cllydae OJHOW TpeuuHs! [16],
TO HCKOMBble (YHKIMM B KOHIEBBIX Toukax uuTeppana [ =E1 Gyayr umers Te e
0COOEHHOCTH, UTO U B ClIydae OfHOI Tpeuunbl. CIeq0BaTeIbHO, UX MOXKHO IPEICTaBUTh B
CIIEAYIOILEM BUE:

e __ ()

(13)

rac
1 1

vy=0.5 +—arctg[\/1+ c? —c} =0.75 —2—arctg(c) >0.5
T T

* *
a dyukuun @, (t ) n Q, (t ) - rmagkue (QyHKIOUH, OrpaHHYEeHHbIE BIUIOTH 10 KOHIIOB

HMHTEpBaNa [—l,l] . Iloncrapnsas 3HaueHus QyHKIMU j (t ) ( j=1 2) u3 (13) B cucremy
(11) u B ycnoBus (12), mo oObruHOW mponemype [17], mms ompeneneHus QyHKIHA
(p: (t) (j:1,2) B y3max ﬁji (i=1, 2,...,11), npuaéM K CHCTEeMe anreOpamdecKux

ypaBHeHuii. [Toce pernieHns 3Toi CUCTEMBI, 10 GopMyam

¢ (g, )P (x)
RN

e EJN. (i=1,2,....,n) - KopHH moONMHOMA SKOOH }),l(yj’yj)(x), u (13) MOxHO

(/=12),

BOCCTAaHOBHUTb (byHKHI/II/I (P/- (t) (] = 1, 2) U ONpEACIUTh KOHTAKTHBIC HAIPSKCHUA,

pacKpbITHE TPEIMH U KOA(GOHUIMEHThl MHTEHCHBHOCTH pa3pyIIAOIINX HANpsDKEHUH B
KOHIIEBBIX TOUKaxX TpewuHbl. Hanumem dopmyiry s omnpeaeneHus Ko3GhQUIMEHTOB
UMHTEHCUBHOCTHU Pa3pyLIAIOINX HanpspkeHui. C 3Tol 1enbio OyaeM UCIIONb30BaTh EPBBIC
JIBa COOTHOUIEHUS (2). YuuThbIBasi, YTO BHE TPEIIUHBI (PYHKLUH Pa3pbIBOB PABHBI HYIIIO,

3aMUCHIBAS OTH yPaBHEHHsS HA MHTEpBAJE (—1,1) u BBOAS ByHKUMH () (t) ( j= 1,2),

MOJIyUnM:
acV (1,00 cr—1+c Fo) ct+\/1+c (pz(r)d o
p ! I To0;

0 -1

a'cg)(t,O) 1 r o,(0)dt +l [ 0,(1)dt
F, T

(14)

+O,(t 1<t<l,
Jot—t w1t 0 ( )
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3necs O i (t ) ( j=1 2) OrpaHUYCHHBIE, Ha HHTEPBAJIC HHTETPUPOBAHNS, (DYHKIIUH.

[Moncrarinss B (14) 3nauenne GpyHkimu u3 (13) 1 ucnons3ys 3HaueHue uHTerpana [19]

a AP -y
jlrallassly  x et
J s—x (a—x)sinm(1-v) a—x|
npu (1<l‘<l*)6yneM UMETb
a0 (=)ol =D)Ly
P (1—t)sinmy -
(15)
(ct+\/1+c2)(p; (il) 1+t|y—l
- : +@,(0);
(1—t)sinmy 1-¢|
a0 oi(#) [+
A (1—t)sinny|1—t| 6
o, (£1) [1+e[
O] 1 L
(1—t)sinmy 1-t| +@x0 (1<e<t)

e (Dj. (t) ( j= 1,2) orpanuuennble Gpynkuun B Toukax f =t1. Tax kax y > 0.5, To

JOMHHHPYIOIMM B TOuke / = 1, B cMbIcIie mopsika 0COOEHHOCTH, B 00OMX U3 BBIPAKEHHUIT
(11) 6ymyt BTOpBIE CcnaraeMble, a B Touke ¢ =—1 - nepsbie ciaraembie. Clief0BaTENLHO,

k03()(DULMEHT MHTEHCHBHOCTH pa3pyIIAlONIMX HampsbkeHuil B Toukax [ =F1 Mosxuo
OIIpeeNuTSh 10 (hopMynaMm:

a0y e+ )en (1)

K, (£1)= lim |rF1[

b

t—>+14+0 F)O 2173’ Sin TC'Y
(/) 0 e
K, (1) = tim epr S0 @)
n 1>+1%0 P, 2" sin my

4. Yncnennble pacyeThl.

HpOI/I3Be,HeHI>I YHUCJICHHBIC PACUC€Thl U BBIABJICHBI 3aKOHOMEPHOCTH U3MEHCHUSA 663})33-

MEpPHOI0 KOHTAKTHOI'O JABJICHUA O, (t ) , KacaTeJIbHbIX HalpsUKeHUU T, (l‘ ) =— fl‘ O, (t ) R
PACKpBITHE TPELIUH Vi (t) = v(at)/ a u ko3(pUIMEHTOB UHTEHCUBHOCTH B 3aBUCHMO-
CTH OT MaKCHMAaJIbHOTO 3Ha4YeHUs] KO3(D(HUIMEHTa TPpEHHS f U TapaMmerpa l,B cirydae

korma V=03u ak/ Po =1. PesynbTaThl UMCIEHHBIX PACUETOB NPUBEJAEHBI B BHJIE
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rpadukoB ®ur.2-5 u tabmun 1-2. Ha Pur. 2-4 npuseneHs! rpaguku IPUBEAEHHBIX
KOHTAKTHBIX HANPSDKCHUM M PACKPBHITHS TPEIIUHBI B 3aBUCUMOCTH OT Koddduunmenta

tpennst f B ciyuae, korma [, =2
[ep

0.8

0.6

0.4

0.2

f=0.1 f=03 f=0.5
-05 05

Dur.2 Dur.3

W3 HUX BHIHO, YTO IIPW YBENMYECHUH KOd(h(HIMEHTa TPEHHUs, KaK U B CIydae OJHON
TPELIMHBI, HOPMaJbHOE KOHTAKTHOE JaBJIEHME IIOYTH HE H3MEHSETCs, KacaTelbHbIC
HAIpPsDKCHUS YBEIIMYHUBAIOTCA, a PACKPBITUS TPELIMH YMEHBIIAIOTCS.

Vi

Vi
0.10

f=0.3f=0.5

1.0

dur.4 ®dur.5

Ha ®wur.5 npuBenens! rpadyKy pacKpBITHS TPEIINH MIPU Pa3HBIX 3HAUYCHUIX Iapamerpa
[, B cmyuae, xorna f =0.3. V3 HuX BUIHO, YTO NPH YBEIMYEHNHN NapaMerTpa / , Kak u
CJICZIOBAJIO OXKHJIATh, PACKPBITHE TPEIIUHBI YMEHbIIaeTcs. [Ipy 3TOM, BBIYHMCIIEHHS TOKA3bI-
BAIOT, YTO YyBEJMYEHHe mHapameTpa [, CyIIECTBEHHO HE BJIHMSAET Ha paclpeseseHUe

KOHTAKTHBIX HanpspkeHui. B Tabmune | mpuBegeHbl 3HadeHHs — Oe3pa3sMEpHBIX
K09(G(UIMEHTOB HMHTEHCUBHOCTH pPAa3pyLIAIOMINX HANPSDKEHUH B KOHLEBBIX TOYKAaX

TpelMHBI B 3aBUCUMOCTH 0T napamerpa [, , xorna f =0.3. U3 uux sBcTBYyet, 4T0 mpu
yBeNuUeHHH mapameTpa [, Kod(QUIMEHTH HATpsHKEHMH, 10 aGCOMOTHON BeTHUHHE,

YMEHBIIAKTCA. B Tabnuie 2 mpuBeAeHbI 3HAYCHUS Oe3pa3MepHBIX KOIPPHUIMCHTOB
MHTCHCHBHOCTH Pa3pyIUAOIIMX HANPSDKCHHH B KOHIEBBIX TOYKAaX TPCIIMHBI B

saucumoctr ot f, kornma L =2.
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Ta6muna 1. Kosddumentst nurencusroctn npu f =0.3

L, 1.2 1.5 2 5 10

K,(£1) | 01457 | 01424 | 01408 | 0.1395 | 0.1393

2 (1) | —0.1336 | —0.1307 | —0.1292 | —0.128 | —0.1279

Tab6muma 2. KosddurmenTs HHTeHCHBHOCTH TIpH [, = 2

f 0.1 0.2 0.3 0.4 0.5

0.1370 0.1389 0.1408 0.1426 0.1445

—~
-+
—

~—

Kl
K[I (

I+

1) —-0.1331 | —-0.1312 | —0.1292 | —-0.1273 | —0.1253

Jlanuble Ta6i1.2 1OKa3bIBAIOT, YTO NPU yBenuueHuH mapamerpa f  kodp¢uuuent

Hanpsxennit K, (il) 110 aGCOMOTHOM BeMUKMHE BO3pacTaet, a kosp¢uuuent K, (il)

.- yObIBaeT.

5. 3akii0uenne

H3y4eHo miocko-a1eGpopMUpOBAaHHOE COCTOSIHIE OHOPOIHOTO YIPYTOro MPOCTPAHCTBA
C TEpPHOIUYECKONW CHUCTEMOW TpEUIMH, B OJWH M3 OEperoB KOTOPHIX BJABIMBACTCS
A0COMIOTHO KECTKUH IITAaMII C IUIOCKUM OCHOBaHHEM. C yd&TOM TpEeHHs MOKOs PEeIleHUE
3a/laud CBEJIEHO K PEIIEHHIO CUCTEMbI U3 JBYX CHHTYJSIPHBIX MHTETPAJbHBIX YPaBHEHUH ¢
sapoM ['minpbepra ¢ mnepeMeHHbIMH KO3()(OHUIMEHTAMH, PEIICHHE KOTOPOH MOCTPOCHO
YHCIICHHO-aHAIMTHYECKAM METOJIOM MeXaHWYecKuX KBaapatyp. I[IpoBen€H gucieHHBIH
AQHaIM3 W W3YYEHbl 3aKOHOMEPHOCTH W3MEHEHMs] KaK KOHTAKTHBIX HANPSDKCHUH H
PACKpBITHS TPEUIMH, TaK ¥ KOI(M(OHIMEHTOB pa3pylIAlOMUNX HANPSDKEHHH B KOHIEBBIX
TOYKAX TPELIMH.

JIUTEPATYPA

1. Tamun JILA. KoHTakTHBIE 3aJja4yll TEOPUH YNPYroCTH M BsA3Koympyroctd, M. Hayka,
1980r.,304c.,

2. Ilraepman U.S. KonraktHas 3amava teopuu ynpyroctu. - M.-JI.: ['ocrexTeopusnar,
1947 - 270c.

3. Tlanacioxk B.B. CaBpyxk M.IIL., Haupmuun A.Il. Pacnpenenenue HanpspkeHHH OKOJIO
TPEIIMH B IUIaCTHHAX 1 obosoukax.- Kues: HaykoBa nymka, 1976.- 443c.

4. MycxemumBuwin H.M. Hekoropble OCHOBHbIE 3aJjaud MaTEeMAaTHYECKOH TEOpUH
ynpyroctu. M.: Hayka, 1966.708c.

5. bepexunukuii JI.T., [Tanactok B.B., Cramyk H.I'. BzaumoneiictBue %ECTKUX TUHEHHBIX
BKJIIOUCHUH U TpeuuH B aedopmupyemoM tene.-Kues: HaykoBa nymka, 1983.-288c.

6. Hakobyan V.N. Stress Concentrators in Continuous Deformable Bodies, Advanced
Structured Materials, Volume 181, Springer 2022, 397p.

7. Tlomos I'.{l. O KOHUIEHTpaUK YHOPYTUX HANPSHKEHUH BO3JIE TOHKOTO OTCIOWBIIETOCS
BKItfoueHHs.- B ¢0.: "CoBpeMeHHbIC MPOOJIeMbl MEXaHHUKH W aBuaiuu”, mocs. 1.0.
O6pasmnosy. 1980, c. 156-162

28



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

AxonstH B.H. O0 oxHoii cmelmnanHOM 3aja4e I COCTaBHOM IUIOCKOCTH, OCJIa0IeHHOMI
tpetmHou. // I3B. HAH PA, Mexanuka, 1995, 1.48, No4, ¢.57-65.

Axonsin B.H. , Mupsosan C.E., Jamrosua JI.JI. Ocecummerpuynasi cMemantas 3agada
JUIS. COCTAaBHOTO TPOCTPAHCTBA ¢ MOHETOOOpa3Hoi Tpeuuon // BectHuk MI'TY um.
H.D.baymana. Cep. EcrectBennsie Hayku. 2015. Ne3. C. 31-46.

Unbuna U.U., Cunsectpos B.B. 3agaua o ToHKOM XE€CTKOM BKIIOUEHUH, OTCOETNHUB-
HIeMCs BIIOJIb OJTHOM cTOPOHBI OT cpebl. // M3B. PAH. MTT. 2005. Ne3. C.153-166.
UepenanoB I'.Il. Pemenue onHOM nuHEHHOW KpaeBoil 3agaun Pumana 11 JIBYX
GbyHKIMI W e€ NMpUIIOKEeHHE K HEKOTOPBIM CMEIIaHHBIM 3aladaM IUIOCKOH TEOpUH
ynpyroctu.// [IMM, 1962, 1. 26, BBITL.5, ¢. 907-912.

Mkhitaryan S.M. On the Stress-Strain State of an Elastic Infinite Plate with a Crack
Expanding by Means of Smooth Thin Inclusion Indentation// Mechanics. Proceedings
of National Academy of Sciences of Armenia, 2019,72(4). Pp. 38-64. Doi-
http://doi.org/10.33018/72.4.4

AxonssH B.H., Axonsn JI.B. KonrtakTHast 3amaya A OJHOPOJHON IUIOCKOCTH C
tpemmHoi. // M3ectus HAH PA, Mexanuka, 1.73, Ne 4, 2020r, c. 3-12. Doi-
http://doi.org/10.33018/73.4.1

Hakobyan V.N., Amirjanyan H.A., Dashtoyan L.L., Sahakyan A.V. Indentation of an
Absolutely Rigid Thin Inclusion into One of the Crack Faces in an Elastic Plane Under
Slippage at the Ends// In Book: Altenbach H., Bauer S., Belyaev K., and other (eds),
Advances in Solid and Fracture Mechanics, A Liber Amicorum to Celebrate the
Birthday of Nikita Morozov 2022, p.187-197.

Hamrrosta, JLJL., AxomsH, JI.B. HanpspkéaHoe cocTosiHue KyCOYHO-OTHOPOTHOM TITO-
CKOCTH C MEPHOTHUYECKON CHCTeMON MexdasHbIxX aehopMUpyeMbIX BKitoueHuit // 13B.
HAH PA, Mexanuka, 2023, 1.76, Nol, ¢.26-36. DOI: 10.54503/0002-3051-2023.76.1-
26.

AxonsH B.H., Axornsin JI.B. O6 oHO# Moziesin TpeHHsI MIPUMEHUTEIBHO K KOHTAKTHBIM
3agauam Teopuu ynpyroctu // 13B. HAH PA, Mexanuka, 2023, 1.76, No2, ¢.20-31.
DOI:10.54503/0002-3051-2023.76.2-20

A.V.Sahakyan and H.A.Amirjanyan, Method of mechanical quadratures for solving
singular integral equations of various types. IOP Conf. Series: Journal of Physics: Conf.
Series 991 (2018) 012070 doi :10.1088/1742-6596/991/1/012070

MycxenumBunn H.U. Cunrymnspasle uHTerpansueie ypaBHenus. - M.: Hayka, 1968.-
Sllec.

IIpynuukos A.IL., bperukos 0.A., Mapuues O.U. Muterpanel u pagsl. M.: Hayxka,

1981. 738c.

Caenenusi 00 aBTOpax.

AxonsiH Jlycune BarpamoBHa — kaHaujar (u3.-MaT. HayK., HAy4YHbBIH COTPYIHHK
Wncturyra mexannkn HAH PA, ten.: (37410) 52-48-90

Jamrosi Jinnut JleBoHOBHA — K.(.-M.H., Y4eHbIil cekperapb MHcTHTYTa Mexanukn HAH
PA, (37410) 52-48-90, e-mail: Lilit_Dashtoyan@mechins.sci.am

TTocrymuna B pegakuuto 11.03.2024

29



2U8UUSULDP @PSNhE3NPLLE P ULQUSPL UUUNGUDUSE SBNEUUSh
W3BECTHUS HAIIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Utkpumthju 77, Nel, 2024 Mexannka

YK 539.3 DOI: 10.54503/0002-3051-2024.77.1-30

LOCALISED VIBRATIONS OF HOMOGENEOUS STRING WITH FINITE
NUMBER OF PERIODICALLY LOCATED SCATTERERS

Ghazaryan K., Ghazaryan R., Terzyan S.
Keywords: periodic structure, localization, string vibration, imperfect elastic contact

Ka3apsan K.B., Kazapsin P.A., Tep3saun C.A.
Jlokanu3oBaHHbIE KOJIeOAHUS OHOPOIHON CTPYHBI ¢ KOHEYHBIM YHCJIOM
NePUOJUYECKH PACIIOJIOKEHHBIX paccenBaTeJiei

KawueBbie cioBa: nepuoanuydeckas CTpPyKTypa. JOKaJIu3alus, KoJicOaHue CTPYHBI,
HeCOBepHIeHHBIfI yl'[pyl"I/II‘/lI KOHTAaKT.

PaccmoTpena 3aaua j1okanu3alvy BOJIH HANpPsHKEHUH B OJHOPOJHON PACTAHYTOH CTpyHE C 3aKpEIIEHHbIMU
KOHI[AMHU. B CTpyHe MMEIOTCS TOYKH HECOBEPLICHHOTO YIPYroro KOHTAaKTa, 00YCIIOBICHHOIO PACCCHBATEISIMHU,
HEPHOANYECKH PACIpPEICICHHBIME 110 JUIMHE CTPYHBI. IIOKa3aHO, YTO B 3TOH IEPUOTMYECKOH CTPYKType
BO3HHUKACT JIOKAJIM30BAHHAS BOJIHA HANPSDKCHHS, BEI3BAHHAS PACCEUBATEISIMU.

Nwqupyui 4.8, Twqupyui (.U, BLpqub U.2.

dbpgunnp pim] wwpplpupup puuunpjwé gphyikpny hudwube jwph ntnuimgyws
wnunutinudukpp

Zhduwpwntp ' . Mupphpuljut junnigqusp, nknujuugnid, juph mwnwbnufubp, piph wpwdquljut
Yntnwln

Yhunwpljws Ewdpulgyus swyptpny hwdwutn dqus juph jupdwb wihpubph nknujiugdwu
Nunhpp: Lwpnd wnlw & phph wpwdquliut Yntnwlunh Yhnbp, wguydwibwynpws juphp
Epupnipjudp wwppbpwpup nquuwynpqus gphsubpny: 8nyg b wpjws, np wyju wuppbpulub
Jurnigjuspnid wnwgwimud k gphsubipny wuydwiwdnpws jupdwh nknuyuugyws wihp:

The problem of localisation of stress waves is considered in homogeneous fixed string in tension with interfaces of
imperfect elastic contact caused by scatterers periodically oriented along string length. It is shown that in this
periodic structure due to scatterers the localisation of stress wave is occur.

Introduction

In the paper based on the propagator matrix formalism in conjunction of Sylvester’s
matrix theorem localized vibration of a fixed string in tension is studied. The string contains
finite number non equidistant located scaterrers (micro inhomogeneities, point masses,
beads) periodically oriented along string length. At points where scatterers are located the
stress traction discontinuity is taken to be linearly related to the continuous displacement.
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The dynamics of elastic, electro-elastic waves in one dimensional periodic structures is
a well-studied classic topic [1-3]. Gap bands, localisation, attenuation, reflection, refraction,
resonance and other effects in finite, semi-infinite and infinite structures have been
investigated by many researchers, particularly in [4-8]. The vibration of periodic strings and
rod with scatterers, local resonators are studied in [9-13]. In elastic and electro- elastic
structures models of an imperfectly bonded interfaces and problems based on these models
are proposed and studied in [14-22].

Statement and solution of the problem

Consider a string under tension 7 with finite number of scatterers (micro

inhomogeneities, point masses, beads) periodically oriented along length of string at points

x=(mn-1)d+d,x=nd,n=12..N,d =d, +d, . (Fig.)

scatterer
R 4
- — -

TD ! ! To

x=(n-1)d  x=(n-1)dwd, x=nd

Fig.1 String under tension with periodically oriented scatterers

We have the following equation of a string transverse vibration
oV . oV
T
where 7} is the tension , P is the mass density per unit length of string .

T, =0 )]

Considering a harmonic vibration (® is the frequency)
V(x,t)=U(x)exp(iot)

and introducing in the repeated unit cell x € ((n -1d,nd ) ( Fig.1) the vectors

A U@ o _[ A
U =| 0 el =|
o,/ (x) B/

dUY (x)

dx

the solutions of (1) within each sub-sells can be cast as

U (x) = P(x)C!’
P(x) :( sin(gx) cos(gx) ]; _ P 3)

2

o (x) =T,

Tyqcos(gx)  —Tygsin(gx)

31



Here An(j ) ,B,(lj ) are constants, 71 is the number of the unit cell, the indexes j=1,2
stand for the sub-sells, xe((n—l)d,(n—l)d+dl), xe((n—l)d+dl,nd),
d=d, +d, respectively .

Propagator matrix approach

Based on the procedure of propagator matrix approach [23] considering any two
neighbouring points X,,X, of sub-cells we can construct the transfer matrix T in such

way that

Unj(xz)zT(xz—xl)Unj(xl) 4)

where
T(xz _'xl) = P(xz)P_l(xl)

cos(q(x2 —xl)) (7561)_1 sin(q(x2 —xl)) ®)

T(x,-x)= “Tgsin(q(x,—x))  cos(q(x,—x))

Using (5 ) the following relations can be obtained

U ((n=1yd +d,)=T(d,)U" ((n—1)d)

6
U (nd) = T(d,) U ((n=1)d +d,) ©
Here
T(di)— cos(qdj), (T,q)"' sin(qdj) -

. 0qsin(qdj), cos(qdj)

At points Xx = (dl +d(n— 1)),x = nd were scatterers are located we take the
following imperfect contact conditions, f >0, [11]
U,(LZ)(a'1 +a'(n—1))—U,(ll)(d1 +d(n—1)) =0,
o (af1 +d(n—1))—csf11) (af1 +d(n—1)) = U (d1 +d(n—1))
U, (nd) U (nd) =0

o, (nd)~6nd = U (nd)

n+l

®)

)

In matrix form these conditions can be written as
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U (d(n-1+d,))=FU" (d(n-1)+d,)

0 @ (10)
U, (nd)=FU (nd)
where
1 0
.F=
/1
Taking into account (8 -10) we can obtain the following relation
U (nd)=FU? (nd)=FT(d,)U? ((n-1)d +d,) =
— FT(d,)FUY ((n-1)d +d,) = FT(d,)FT(d,) U ((n~1)d)
U, (nd) = MU ((n—1)d) an
Here
M =FT(d,)FT(d,), M =(m“ m‘zj
My, My,
is the unimodal propagator matrix, elements of which can be cast as
BRI PBp) |
p
. = dEsin(Bp)sin(p —Pp) + psin(p))
’ Ip*
T, (220" sin(p) ~E'sin(p~2Bp) + Epcos(p ~2Bp) + &' sin(p) + 3gpcos(p)) 17
21~ 2dp
o (20> - & )cos(p) +E(Ecos(p —2Bp) + p(sin(p — 2Bp) + 3sin(p)))
2 2

2p
In(12) p=gd=Q, Q=wd \/p/_TO is the non-dimensional frequency, E=dfT; " is
the dimensionless “scattering” parameter and 3 = d2 / d is the relative distance parameter.
Since the vectors U(nd ) are continuous at the interface points of the neighbouring
cells repeating relations (11 ) the n-th times the matrix M" can be found .

The matrix M" for any 7 =1,2,..N links the values of field vectors at x =0 and

x =nd points of the string
U, (nd)=M"U,(0) (13)
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According to Sylvester's matrix theorem [24] for 2 x 2 matrix the elements of the 7 -th

power of the matrix M" can be cast as

Mn:[Mll M12]
M21 M22

and can be simplified using the following matrix identities
M, =m,S,, (9) =S, (9); My, =mp,S, ., (9)
M,, :m21Sn71(e); My, =my,S, (9)—5,1,2 (9)

where S, (9) are the Chebyshev polynomials of second kind

_sin ((n +1) arccos(e)) _ _1
5, (6)= sin(arccos(0)) 0= 2tr(h4)

Note that function 0 (Q) defines the band gaps structure in infinite string [7 |
cos(kd) =0(Q)

where k is the Bloch wave number.

(14)

(15)

(16)

The relation establishing a link between values of the vectors U(Nd )=MNF"U(O)

will enable to consider the boundary value problem of a string free vibration with fixed

ends.
U,(0)=U, (Nd)=0

From (13) and (17) it follows that

(o, 00) 0
=M"F
Gy (Nd) c,(0)

Here G,(0),0,, (Nd) are stresses arising at the string fixed ends.

Taking into account that

FIZL—lf (1)] E—lf ?jEG?OJZEGgJ

from matrix equation (18) one can obtain

m;,(Q)S,_, (9) c(0)=0
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G, (Nd)=(m,(Q)S,_, (0)-Sy,(0))o,(0) (20)
Equation (19),(6(0) * 0) gives two alternative families of normal and localised

vibrational modes [6]

m,(Q) =0 @

Sy (6)=0 (22)
Equation (21) defines the countable set solutions of localised wave frequencies

Q,,i=1,2,..0 .

At frequencies Q., m,,(€2,)m,,(£2,) =1 and therefore

_ my, (€2;) +m,, () _ A+AT

2

Using the recurrence formula for Chebyshev polynomials the following relation can be
obtained [6 ]

0

, where A =m,,(Q,) (23)

c, (nd)zk”co (0),n=1,2....N (24)
From (24) it follows that if |7\,(Qj )| <1 the stress wave localisation occur at x =0, in

the case of |7\,(Qj)| >1 the stress wave localisation occur at x = L .

Another possible case is the equation (21). This equation has N — 1 roots in the interval
0e (—1, 1) , which are given by

0,,, =cos(m7'cN_1),m:1,2...N—1 (25)

Taking into account that .S, , (OOm ) = (—1)" one can write

o, (na’)z(—l)'”cO (0),n:1,2....N (26)

This means that N —1 normal modes exist where waves are uniformly distributed

along the string length.

Analysis and results
It follows from (16) that the condition |9(Q)| >1 defines band gaps in an infinite

string. Since the imaginary parts of Bloch vector Im(kd ) operate inside the gaps, the
analysis of ban gap structure caused by scatterers will be carry out by considering the
attenuation function Im (kd ) within band gaps.

The influence of the scattering on formation of band gaps is illustrated on Fig. 2 where
the imaginary parts (attenuation curves) of the Bloch wave vectors are plotted as a function
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of non-dimensional frequency €2, the lowest contours of the attenuation curves where
lm(kd ) — 0 define the map of band gap frequencies. The maps correspond to the first
and second gaps. The curves are plotted at 3 =0.3.

Hereafter the blue curves correspond to scattering coefficient § =10 , the black curves to

£ =5, thered curves to § =2 (See online version for colors). Analysis shows that band

gap structure slightly depends from [3 which means that gaps may open also in the case of
uniformly (equidistant) oriented scaterrers.
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Figure 2. Map of first and second gaps

As it follows from Figure 2. scattering essentially increase the widths of the gaps and
the attenuation function within gaps.

The eigen frequencies €2, versus relative distance B shown in Figure 3., where Q) are

the solutions of the equation (21 ). Note that €, ([3) =Q, (1 - B)
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Third frequency
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Figure3. The frequencies curves versus relative distance 3

As it follows from Figure 3. scattering increase the frequency of localised wave and is
more increasing the maximal value of the low frequencies than the maximal value of high
frequencies.

On the Figures 4a,b the plots of localisation coefficients versus relative distance [3 are

presented. Note that |7L(Qi, B)| = |7L (Qi (1- B))|_1 .
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Figure 4a. Graphs of localisation coefficients versus relative distance
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Figure 4b. Graphs of localisation coefficients versus relative distance

As it follows from Figure 4. the scattering sufficiently increases the localisation
parameter for low frequencies. From analysis of the graphs of Fig .4 it follows that due to
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scattering the very strong localisation of the stress wave in the string occur even for & = 2
and N =10.

When & = 2, max [A(Q,)| =1.62,(min|M(Q,)| = 0.61) &, (Nd)/5,(0) ~ 0.0082 .
Note that the localisation effect is stronger at the first frequency.

Conclusions

Based on the transfer matrix procedure in conjunction of Sylvester’s matrix theorem the
problem of localized wave is studied in a string in tension with interfaces of imperfect
elastic contact caused by periodically non equidistant oriented scatterers. It is shown that in
this periodic structure the localisation of stress wave occur. The localised stress wave
frequencies and wave localisation amplitude depending both scattering factor and relative
distance between scaterrers are determined analytically and illustrated by plots. It is shown
also that in the infinite string the periodic oriented scatterers can open band gaps.
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2U8UUSU Lk abSNhE3NPULLE D U2Q2USPL UUUNGUTUSE SENtUUShl
M3BECTUS HALIMOHAJIbHOM AKAJIEMHUA HAYK APMEHUN

Utkpumthju 77, Nel, 2024 Mexannka
VIK 539.3 DOI: 10.54503/0002-3051-2024.77.1-40

CBEPX3BYKOBOM ®JIATTEP Y UIMHEHHOM ITAHEJIX CO CBOBO/IHBIM
KPAEM, IIEPBOHAYAJIBHO HATPYKEHHOM 1O JIBYM HAIIPABJIEHUSIM:

CKATOM MO MOTOKY I'A3A U PACTSAAHYTOM B NEPNIEHAUKYJISIPHOM
HAIIPABJIEHUHA

Maptupocsiu C. P.

KnroueBble caoBa: yanuHEHHas MPAMOYrojbHas IUIACTUHKA, IE€PBOHAYaJbHBIC
CKHUMalollye ¥ PacTATUBAIOIIME YCWINS, CBEPX3BYKOBOE OOTEKaHME, a’poynpyras
YCTOMYHMBOCTB, COCPEAOTOUEHHBIE WHEPIMOHHBIE MAacChl MU MOMEHTBI, aHAJIUTUYECKUH
METO/1 pPeIIeHHs

S.R. Martirosyan
Supersonic flutter of an elongated panel with a free edge, initially loaded in two
directions: compressed along the gas flow and stretched in the perpendicular direction

Key words: rectangular elongated plate, the initial compressive and tensile forces, supersonic overrunning,
aeroelastic stability, concentrated inertial masses and moments, analytical solution method

By analyzing, as an example, a thin elastic elongated plate, initially loaded in two directions: compressed along
supersonic the gas flow and stretched in the perpendicular direction, we study the influence of the initial stress
state of the plate on the stability of the unperturbed equilibrium state of the dynamical system “plate — flow” under
the assumption of presence of concentrated inertial masses and moments on its free edge. An analytical solution of
the problem of stability is obtained. An accurate assessment of the influence of initially loading forces on the
stability of the system is given.
U.0r.Uwpunhpnujub

Lwhuybu ubnijwd ghpduyiughit quqh hnuph mignnipjudp b vhwdwdwbwl dqus ninnuhwyug
nunmpjudp Ukl wqun tqpny ipjupwdhq npnubynuh wwgh puntph dh uinph dwuhi

Zluﬂlmpumhp‘ Epljupwdhg ninnublynit uwy, uknunn b dgnn nidtp, wpwdquljut juniinipenid,
gbpduyiughl ppohnunid, hukpghnt quiqustbp b Undklntbp, whwihnhly pusdwb Enubul

Nuunudiwuhpdus E glipdwjiughtt qugh hnupmd bwjuiwljut uindgus opghnudwt ninnnipjudp b
dhwdwdwiwl] dquwéd mpnuhuwjug nimnmpjudp dbl] wquun tqpny wpwdquljub kplupwdhq
nunublpnit wuh  twpbwlot  upduswhtt Jh&wlhh  wqpkgnipniup  «uwp-hnup»  phtwdhly
hwilwlwupgh nghinnnpyws hwjuwuwpulopnipjut Jhdwlh Jumnmiinipyub Jpu: Gupunpynud k np
uwh wquu qphtt wepjuw b fEunpniwugyws hutpghnt quuqusutp b Undbunutp: Unwugus k
Quyniimipjub pmunph whwhnhl pusnidp: Stwhwingws b hwpbwlwt nidkph wqpkgnipmitp «aug-
hnup» hwdwljupgh Juyniinipyub Jpu:

B craTtbe, B nmHeENHOI HOCTaHOBKE, MCCIEMYETCs BIHUSHHE NE€PBOHAYAIBHOIO HANPSKEHHOTO COCTOSHUS
TOHKOH yHpyroi yJuIMHEHHOH PAMOYTOJIbHON IJIACTUHKH, HATPY>KEHHOH B JIByX HalPaBICHHUAX C)KUMAIOIIMMU U
pacTATHBAIOMIMMYU  CHJaMH TI0 TOTOKY CBEPX3BYKOBOIO Ta3a M B IEPINEHAMKYJISIPHOM HAmpaBieHUH
COOTBETCTBEHHO, HA YCTOMYHBOCTH HEBO3MYLIEHHOTO COCTOSHUS PABHOBECHS JMHAMUYECKOH CHCTEMbI
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«(IUTaCTUHKA—IIOTOK» B IMPEAINOIOKECHUNA, YTO Ha CBOOOTHOM Kpac MIAaCTUHKA HMEITCA COCPEOOTOYCHHBIC
UHEPUUOHHBIE MAacChl U MOMECHTBI. HOJ’Iy‘{CHO AQHAIMTUYECKOE PEHICHUE 3a1a4Yu yCTOﬁHHBOCTH. I[aHa TOYHAas
OLICHKA BIIMSIHUAIO [IEPBOHAYATIBHBIX yCPIJ'IPIfI Ha yCTOf/'I‘{I/IBOCTI: CHUCTCMBI.

BBenenue. PaccmoTpeHue 3a1ad a3poynpyroi yCTOWYHBOCTH MTPU KOMOMHHUPOBAHHOM
Harpy’>KeHHH UMEeT Ba)KHOE MPUKIIAIHOE U TeopeTHueckoe 3Hadenne [1 —4].

B npeanaraemoii craTbe HCCIEAyeTCsl BIMSHHE I€PBOHAYAIBHOTO HANpPSHKEHHOTO
COCTOSIHMS YJUIMHEHHOW NPSAMOYTOJIbHOW IUIACTUHKH C OJHUM CBOOOJHBIM U C TpeMs
LIAPHUPHO 3aKPEIVIEHHBIMH KpasMH Ha YCTOMYMBOCTH HEBO3MYIIEHHOTO COCTOSHHMSA
paBHOBEeCHS JTMHAMHUYECKOH CHUCTEMBl «IUIACTUHKA—TIOTOK» IPU  IPEINOTI0KEHHAX:
MIPSAMOYTOJIbHAS TUIACTHHKA MEPBOHAYAIBHO HArpy)KeHa COKUMAIOUIMMU CHJIAMU IO TTOTOKY
rasa M pacTATUBAIOLIMMU — B MEPHEHIUKYJISIPHOM HaIpaBJICHUH; CBEPX3BYKOBOH ITOTOK
raza HaberaeT Ha e CBOOOAHBIH Kpail, Ha KOTOPOM HMEIOTCS COCPEIOTOUCHHBIE
HWHCPUHUOHHBIC MaCChl U MOMCHTBI.

ITony4eHO aHAaNMTHYECKOE pEIICHHE 3aJa4d YCTOHYMBOCTH CHCTEMbI «IUIACTHHKA-
MOTOK» C IOMOIIBIO AJITOPUTMA, ITOJPOOHO M3JI0KEHHOTO B [12].

IToka3aHo, 4TO HEBO3MYILEHHOE COCTOSIHUE PABHOBECHUS CUCTEMBI (ILJIACTHHKA—TIOTOK
TepsieT yCTOMUMBOCTD B BUJIE€ JUBEPIeHINH TTAHEIH KaK 3IJIEPOBOM, Tak U HE SIIEPOBOH, U
B BHJEe naHenpHOro ¢uarrepa. OmnpeneneHbl «OHacHble» M «0E30MacHbIe» TI'PaHMIIBI
obnactu ycroiunBoctH [11].

Jlana ToOuHas OIEHKA BIMSHHUIO COOTHOLIEHUS IEPBOHAYAIBHBIX CKHUMAIOIINX U
PaCTATHBAIOMINX CHJI Ha mopor yCTOﬁHHBOCTH HeBOSMyHléHHOFO COCTOSAIHUST PAaBHOBECU
CHUCTEMBI, B 3aBUCHMOCTH OT €€ «CYIIECTBEHHBIX» IIapaMETPOB M OT OTHOCHTEIbHOU
TOJIIWHBI INTACTHHKHU.

IIpuMeHEHHBII METOJ] AaHAIUTHYECKOTO HCCIENOBAHUS IO3BOJSET HE  TOJBKO
YCTAaHOBUTH YCJIOBHS BO3HUKHOBCHUS TAaHCIBHOTO (’pnaTTepa, HO H Z[aéT BO3MOXXHOCTH
MpeICKa3aTh NOCIeYIONIee Pa3BUTHE KOIeOaHNI.

Pe3ynbraTthl  paboOTBI  MOTYT OBITH HCIOJB30BaHbI MpH  00pabOTKE JIaHHBIX
OKCIIEPUMEHTAIBHBIX HCCIICNOBAaHUN AuBepreHnuun W ¢uiaTrtepa IMaHenedl OOMIMBKU
CBEPX3BYKOBBIX JIETATEJILHBIX AlIapaTOB Ha 3Tarle NPOSKTUPOBAHUS U IIPH IKCILTYaTALIUH.

1. MocTaHoBKa 3amaun. PaccMaTpuBaeTcs TOHKAs YTpyras JOCTATOYHO Y/UTHHEHHAS

IPSAMOYTOJIbHAsL TUIACTHHKA, 3aHUMArolas B JekaproBoil cucteme koopaunat Oxyz
4

oonacte: 0<x<a, 0<y<b, -h<z<h, ab” <£0.193. JlexaproBa cucrema

koopmurar (OXyz BeiOmpaercst Tak, uto ocu Ox wm Oy nexar B IUIOCKOCTH

HEBO3MYIIEHHOH MacTuHkh, a och (JZ TEpNeHIMKYJISAPHA IUIACTMHKE U HATIPABIIEHA B
CTOPOHY CBEPX3BYKOBOI'O IIOTOKA Ia3a, OOTEKAIOLIEro ILUIACTMHKY C OJHOH CTOPOHBI B
nanpasnenun ocu OX ¢ HeBo3MyWEHHOI ckopocTbio V' . TedeHue rasa npuHUMaeTcs
IUIOCKUM ¥ HOTECHIIUAIbHBIM.

Hycts kpait X =0 mnactuuku csoGomen, a kpas x=a, y=0 u y=b -
3aKpETUICHBl MICATBHBIME IMapHUpamu. Broms cobommoro kpas X =0 mmactuakm
HPHUIIOKEHBI COCPEIOTOUCHHBIC HHEPIIMOHHBIC MACCHI 771, W MOMEHTBI [TOBOPOTA 1 . 12, 8]
bynem momaraTe, YTO TepBOHAUYANbHO, €mE O OOTEKaHMS, IIACTHHKA MOJABEPIKCHA
neiicteuto cxumatommx N =2hG  u pactarnsatommx N , = 2h6v CHJI, PaBHOMEPHO
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pacnpeneﬂéHHHx, COOTBECTCTBCHHO, IO KpPOMKaM IIJTaCTMHKH X = O , X=a u y = O,
y = b , ABJIAIOIIUMHUCS PE3YJIbTATOM HArpeBa, WIN KaKUX — oo APYTUX NPUYXH; YCUIIUA

G, ¥ G, TPEINoJaraioTcs NOCTOAHHBIMU BO BCEH CpeAMHHOI MOBEPXHOCTU NaHEIH U

HEMEHSIOIIMMUCS ¢ U3MeHeHneM nporuba W= w(x, y,t) [1,2, 5].

Mporu6 nnactuaku W= W(X, ¥,¢) BbI3bIBET U30BITOUHOE JABJIEHHE O P HA BEPXHIOK
00TeKaeMyI0 MOBEPXHOCTh IUIACTHHKH CO CTOPOHBI OOTEKAIONIErO MOTOKA ras3a, KOTopoe

YUHTBIBAETCS TIPUOIMKEHHON GOPMYIIOH «TopuIHeBoii Teopum» O p = _aopoVa , Tae

d,— CKOpPOCTh 3ByKa B HEBO3MYIIEHHOH ra30Boii cpefie, P, — IMI0THOCTh HEBO3MYIIEHHOTO
notoka rasa [6, 7]. Bynem momarate, 4To Tporu6e W= w(X, ¥, {) MaJbl OTHOCHTEJBHO

TommmEs! mmacTuEKu 24 [1, 5].

BbIsiICHUM  yCIIOBHSI, TpH KOTOPBIX BO3MOXKHA IMOTEPS YCTOWYMBOCTH COCTOSTHHS
HEBO3MYIIEHHOTO PABHOBECHSI TUHAMHYIECKOH CHCTEMBI «IUIACTHHKA—IIOTOK» B Clydae, B
KOTOPOM  HM3rH0  MpSMOYTOJIbHOM  IUIACTUHKH ~ OOYCIIOBJICH  COOTBETCTBYIOIIUMHU

AOPOANHAMUYCCKUMU Harpy3kamMu 5p , COKUMArOIuMHn yCUJINAMHA Gx u Gy B CpeIII/IHHOfI
TMOBCPXHOCTHU IINIACTUHKH MW COCPCAOTOYCHHBIMHM HWHCPIHUOHHBIMH MacCaMH mc nu
MOMCHTaMHU Ic’ MPUIJIOKCHHBIMU BJ10JIb e€ cBOOOHOrO Kpasg X = 0 , B IIPEAIOJIOKCHHNU,

4YTO yCuinsd Gx u Gy MaJibl 10 CPaBHCHUIO C KPUTHYCCKHUMH 3HAYCHUAMU (Gx)cr.H

(Gy) , rae (Gr)cr — yCuJinis, KOTOPbIC MOTYT INPOU3BECTU «BBIITYYUBAHUC) IIJIACTUHKHA
pr. - :

B oTCcyTCTBHU OoOTekanus [1, 13, 14]; (G y) — yCHJIM€e, HauMHasl ¢ KOTOPOro UMEET MECTO
pr.

SIBJICHHE ITOTEPH YCTOHIMBOCTH HMITMHApHYEecKor GopMbl acTHHKH [9].

Torna, muddepeHraIbHOe ypaBHEHIE MAIBIX N3THOHBIX KOJIeOaHHI TOYeK CPeTMHHOM
MOBEPXHOCTU IMPSIMOYTOJIbHOH IUIACTUHKH OKOJIO HEBO3MYLIEHHOH (HOpMBI paBHOBECHUS B
paMKax cropaBeUIMBOCTH rumore3bl  Kupxrodpa W «HOpHIHEBOW TeOpuM» U B

2 2 .. I
TMIPEATIOJIOKCHU N MaJIOCTH HWHTCHCUBHOCTH ma W/at pactpeaciiCHHON MacCChI

2 2 2 2
IIACTMHKM 71 B CPaBHEHMH C WHTEHCHBHOCTAMH 1, O W/ ot'uw 1.0 W/ ot
YUUTBIBAEMBIX B I'PAaHUYHBIX YCIOBHAX, OyJET ONUCHIBATHCS COOTHOIICHUEM [1, 2, 6-8]:
o’w o’w ow
2
DA*w+N,——N, —+a,pV —=0, w=w(x,,1); (1.1)
*ox Y oy? ox
2 .
Aw=A(AW),A — nuddepennumarsuriit onepatop Jlamaca; D — munupapuueckas
JKECTKOCTB.
I'paHndHble YCIIOBUS, B NPHHATHIX NPEANOJIOKEHHSX OTHOCHUTENIBHO —Crocoba
3aKperICHUs] KPOMOK TUTACTUHKH, OyayT Buna [1, 2, 8]:

0*w 0*w O*w

+ = ,
oo ) oxal

D- (1.2)
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o[ o*w o*w G_W o*w

P R +(2_V)8y2 +N, ax=—m(, e mpu X =0;
2 2
w=0, Z);j:()npn xX=a I/IW=0,ZTV2V=O nmpu y=0u y=>b; (1.3)

VvV — kosddunueHr [lyaccoHna.

TpeGyercsi HANTH KPUTHYCCKYIO CKOPOCTh V/, — HAMMEHBILYIO CKOPOCTH MOTOKA Ta3a — B
UHTEpBaJe CBEPX3BYKOBBIX M TMIIEP3BYKOBBIX CKopocTei [1, 2]:

Ve(M,aM,..) M,=~N2, M, ~=33.85; (1.4)
MPUBOJAILYI0O K IOTEPE YCTOWYMBOCTH HEBO3MYIIEHHOTO COCTOSHHMSA paBHOBECHS
JIUHAMHYECKON CUCTEMBI «Iu1acTUHKa—1oToK» (1.1) — (1.3) B mpeamnonoxenun:
c,<(0,),,0,<(5,),. (1.5)
AHanu3 yCTOHYHMBOCTH HEBO3MYIIEHHOTO COCTOSIHUSI paBHOBecusi cuctembl (1.1) — (1.3)

CBOJIUTCSL K MCCIIEIOBaHUIO U depeHianbHoro ypasHeHus (1.1) ¢ cooTBeTCTBYOIUMU
kpaesbiMu yeoBusiMu (1.2) u (1.3) st nporn6a w(x, y,¢) B untepsane (1.4) npu ycnoBuu

(1.5). Bapmauy ycroitumBoctu (1.1) — (1.5) Oymem wmccienoBath B cCilydae JIOCTATOYHO
YATUHEHHBIX TPSAMOYTOJIBHBIX TUIACTHHOK [1, 2, 12, 14, 15]:

y=ab' <0.193, (1.6)
Y — OTHOIIIEHHE MIMPHUHBI IACTUHKM ¢ (CTOPOHA TLIACTUHKH 110 MIOTOKY) K €€ jutnte b .
B pabGore [12] momyueno anammThueckoe pemenue 3amaunm (1.1) — (1.3) mms Bcex

3Ha4YeHUl Y} € [0,00] B OTCYTCTBHMHM IIE€PBOHAYAIBHBIX YCUJINH B CPEJUHHON TOBEPXHOCTU
TUTACTUHKA (Gx =0, = 0) . B pabote [14] nccnenoBana ncxoqHast 3a/1ada yCTOHIUBOCTH,

npu yerosun G, =0. Tlokasano, 4To CKMMaOmWE yCWIMs G, NPUBOAAT K
CyIeCTBEHHOMY MOHMKEHHIO YCTOMYMBOCTH cHCTeMbl. B pabote [15] moydeno pemenue
samaun (1.1) — (1.5) st Beex ¥ € [O, OO] B CTATHYECKOIl MOCTAHOBKE (mc =0,1, = 0) o

Merony Oinepa. Iloka3zaHo, YTO cCHUCTeMa «IUIACTUHKA-IIOTOK» TEPSAET CTATHYECKYIO
YCTOMYMBOCTh B BHZE DJIJICPOBOIl MBEPreHIMH IAHEJW U B BHUJE JIOKAJIM30BAHHOM
JIUBEPTeHIINY, B 3aBUCHMOCTH OT e€ mapaMmeTpoB. MccienoBaHa TpaHHUIla Mepexoja W3
o0acTi 3WIEpOBON UBEPICHIMU IAHEIH B 00JacTh JIOKAIW30BAHHON JMBEPTCHIIUH.
HaiineHbl KpUTHYECKHE CKOPOCTH AMBEPTEHIIUH TTAHEIN 1 JIOKATM30BAHHOM TUBEPTEHIINH.
3ameTtnm, 4TO cornacHo 06o3Hauenuio (1.6) sHauennio Y =0 cooTBeTCTBYET NMpeneTbHBIH

Cily4ail MpsSIMOYTOJILHOW TITACTHHKH — OCCKOHEYHO YIUITMHEHHAS [UIACTHHKA.

2. Oomee pemenue 3aaaun ycroifuusoctu (1.1) — (1.3). s HaxoxkJIeHUS pelIeHUs
MOCTABJIICHHOM  3aJaud  yCTOHYMBOCTH  HEBO3MYIIEHHOI'O  COCTOSIHUSL — PaBHOBECHS
nmHamMmIaeckoi cuctemsr (1.1) — (1.3) cBemem eé k 3aade Ha COOCTBEHHBIC 3HAUCHMS A
JUIs OOBIKHOBEHHOTO 1uddepeHnuanbHoro ypapuenus. Oomee pemenue ypasHenus (1.1),
yroBieTBopsitoniee rpaHnuHblM - ycnosusm  (1.2) u (1.3), Oymem wuckatb B Buue
rapMOHHMYECKHX Kosebanwmii [1, 2, 12]:
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w(x, y,t) = Z C, exp(p,rx+At)-sin(n,y), w, = nnb ', 2.1

n=l1
Cﬂ — MPOU3BOJIbHBIC ITIOCTOAHHBIC, 1 — 49HuCiI0 TIOJIYBOJIH BJIOJIb CTOPOHBI b IJIACTHUHKH.

HeBo3mymiénnoe cocrosiaue pasHoBecust cuctembl (1.1) — (1.3) acumnrToTHuecku
YCTOMYMBO, €CIM BCE COOCTBEHHBIE 3HAYEHHS A HMMEIOT OTPHIATEbHBIE BEIIECTBEHHbIE
gactu (ReA <0), u meycroifumpo, eciu XoTs 6Bl OOHO COOCTBEHHOE 3HAYEHHE A
HAXOJMTCS B TIPaBoii yacT koMiexcHoi mnockoctu (ReA > 0). Kpuruueckas ckopocts

notoxka razal

cr?
CHCTEMBI, OINpesieIseTcsl yCIOBHEM PABEHCTBA HYJIIO BEHIECTBEHHON YacTH OZHOTO HIIH
HecKONbKHUX cobcTBennbIX 3Hauenuii (ReA =0)[1, 2, 10].

IMoncrasnsas Beipakenune (2.1) B nuddepennuansioe ypaBHenue (1.1), mosyuaem
XapaKTePHCTHIECKOES YPaBHEHUE CHCTEMBI «IUTACTUHKA—TIOTOK» B Buje [15]:

P2 (1B ol e+ (14B2) =0, 2.2)

XapakTepu3yloliasi Iepexoj] OT YCTOHYMBOCTM K HEYCTOWYHBOCTH

3 N
rie 0L, — Iapamerp, XapaKTepH3y oL HEeKOHCEPBATHBHYIO COCTABIISIOLLYIO HAIPY3KH:
3 _ -3 2 R o3y
a, =ap VD, €(a,pMD1,", aypM g, D11, ); 23)
2 2 N N
By m P— xoopuuments Hanpskemmii ycmwmit G, M G, COOTBETCTBEHHO,

X

XapaKTePH3YOIIIE KOHCEPBATUBHYIO COCTABIISIONIYIO HATPY3KHU:
B’zf = 1/2 ' NX D71H;2 = hGXDilu;z < (Bi )CVA’ (Bi )CI”A = h(cx)CID71“;2 ’ (2'4)
B, =N,D'w’=2hc,D'n’ <), B;),. =2h(c,), DK’

coryacHo ycnousim (1.4) , (1.5) u o6o3naueHuo (2.3).

B coorBerctBum ¢ wu3BecTHBIM pemieHueM @Deppapu, ypaBHeHHE (2.2) MOXXHO
MIPEACTaBUTh B BUJEC MPOMU3BEICHUS JIBYX KBAPATHBIX TPEXUWIEHOB HIIH, COOTBETCTBEHHO,

(r2+m-r+q—M)=o, 2.5)
(rz—w/2(q+l—Bi)~r+q+,/q2—I—Bi)zo. 2.6)

rie g € R — enuucTBeHHbIIT NelcTBUTENBHBII KOPEHDL KyOudeckoro ypasuenus [12, 16}

2\ 2 2 6
8-(¢+1-P)g" ~1-B,)~a, =0. @.7)
B coorBerctBUM ¢ 0003HaueHueM (2.3) O4EBUIHO, UYTO IApaMeTp ¢ XapaKTepH3yeT
CKOpOCTh MOTOKa Ta3a J mpu (MKCHPOBAHHBIX 3HAYEHUAX OCTAIBHBIX MapPaMETPOB
cuctemsl [12, 14, 15]. B cuny ycnosus (1.4), umeem: g € (q(aOMO)’q(aOM2cosm.)) .

3nech, Kak W B paborax [12, 14], ¢ nomomplo rpagoaHaIMTHYECKUX METOJIOB
HCCIIEIOBAHNUS XapaKTEPUCTUIECKOTO ypaBHEeHNS (2.2) MOXKHO MTOKa3aTh, YTO

q = q(V) € (qO’ q(aOMZ(:osm.)) (- (q(aOMO)’q(aOMZCosm.))’ (28)
a0 = (B =D+ 2B -1 +30B) ) 3. B2 < (B2, . B <(BY),,.
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B rtabmuume | mpuBegeHBl KPUTHYECKHE 3HA4YCHUS KOA(DGUIMEHTA HANPSDKCHUS:

B2, =(Bi)cr(n,y,v) — pelIeHHs JMCTIEPCHOHHOTO YPAaBHEHHS MCXOIHOW 3a1aum
YCTOIYMBOCTH B OTCYTCTBHH OOTEKaHHUSI (V = 0) wis Y<0.2 mpu n=1, Bi =0 u

m, =0,/ =0, HaiigeHHbIc C TOYHOCTBIO 10 nopsiakal0~* [13, 14]:

F(n7,v.82) = J0.5B2 (422 —(1+v)2)sh(2nny1/l—0.5ﬁi )—
~\1-0.5p% (2p2 —(1—v)2)sin(2nny,/o.5[3§ ) =0, p2e(0.2).

OLIGBI/I,I[HO, YTO OCCKOHCYHO y,HJII/IHéHHaH HJIaCTI/IHKa(y = O) B OTCYTCTBUHA 00TeKaHUs

(V = 0) ABJIAETCA HEYCTOWYMBOM MPH BCEX Bi 20 n B% 20 BOmzm aO\/E — Havaja

HHTEpBAIa CBEPX3BYKOBEIX cKopocTeil (1.4), Kak U B CIyyae OTCYTCTBMS CHJI PACTSIKEHHs
2 2
(Bx #0,p] = 0) , MccTleoBaHHOM B [14].

TaGauma 1.
v 0.125 0.25 03 0.375 0.5
Y
<0.010 0.8752 0.7501 0.7001 0.6251 0.5000
0.050 0.8791 0.7538 0.7037 0.6285 0.5031
0.100 0.8911 0.7654 0.7149 0.6391 0.5122
0.150 09112 0.7845 0.7332 0.6564 0.5273
0.200 0.9392 0.8108 0.7589 0.6804 0.5480

[Tpu 3Hauenusx (2.8) xapaxkrepucTHyeckoe ypaBHeHHE (2.2) MMeeT JiBa OTPHUIATENIbHBIX
kopus 7, <0, 7, <0 wu mapy KoMIUIeKCHO compsukéHHBIX Kopheii 7y, €W ¢

MOJIO)KUTCIBHOI BEIICCTBCHHOW YaCThIO, SBISIOIINXCS PEIICHUEM KBaPATHBIX yPaBHCHHUI
(2.5) 1 (2.6) COOTBETCTBEHHO:

hia =—O.51/2(q+1—[3)2()i\/1/q2—I—Bi —-0.5(g—1+B2), <0, 1,<0; (29

ry=0.52(q+1-B?) ii\/\/qz —1-B +0.5(g~1+B?) . (2.10)

Torna, B coorBeTcTBUM C BhIpakeHUsMH (2.9) u (2.10), oOmee pemenne (2.1) ypaBHeHHs
(1.1) 3anuiercs B BUIE JBOHHOTO psijia:

o 4
w(x, y,t) = ZZan -exp(p, . x +At)-sin(p,y). (2.11)

n=1l k=1
[MoncraBmsas Beipaxkenne (2.3) B KyOudeckoe ypaBHeHHe (2.7), mociie TPOCTHIX
npeobpa3oBannii momydaeM (OPMyNy 3aBHCHMOCTH CKOPOCTH TIOTOKa Tasa J or
«CYIIECTBEHHBIX)» MAPAMETPOB CHCTEMBbI (IJIACTUHKA—TIOTOK»:

V(g)=22(g+1-B)(g* ~1-B2) -y’ Da,p,a’) "y €(0,0.193].  (2.12)
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2 2
HO3BOJISAIONIYIO TI0 M3BECTHOMY 3HAYEHHMIO Iapamerpa g = ¢ (n,y, B, By ,V) ONpEEIUTh

IPUBEAEHHYIO CKOPOCTh [OTOKA rasa (q) D! (aop0a3) )
VYunreiBas ycnosus (1.4), u3 BeipaxkeHus (2.12) corimacHo ¢opmylie HMIMHAPHYECKOM

xéctkoctn D =FE - (2h)3/(12(1 —Vz))CﬂeﬂyeT [14]:

V (q) Dil(aopoa3) € (V(q, )D™ (a0p0a3 ).aM, .., Y= (@M, a,M ., )Y
xorma V' (q,) = a,p,;

V(q)D_l(aopoaS) € (a,M,,a,M,., )Y, xorma V(q,) <ayp,;

¥ =12(1-v))a,p,E " (2ha™)>, My =2, M, ~33.85. 2.13)

TTOACTABNAS 3HAUEHHS OTHOCHTEIBHON ToMuuHbl mractuaku 2ha ' € [0.006, 0.015] B
BoIpakeHns (2.13) momywaeM wmHTepBamsl  d (Zhafl,v) =(aM,, aM, . )Y

o o o -1 3
JONNYCTUMBIX 3HAQYCHUU NPUBCIACHHOU CKOPOCTHU VD (aopoa ), NMPUMEHUTECIIBHO K

WHTEpBaIy CBEPX3BYKOBBIX CKOpocTel (1.4) It CTAbHBIX IIACTHHOK (Tabdm. 2) [14].

Tabnuma 2.
v 0.125 0.25 0.3 0.375 0.5

2ha™

0.006 (54.8,1311.7) | (52.0,1245.2) | (50.5,1209.0) | (47.7,1141.6) | (41.6,996.3)
0.008 (23.1,544.3) | (22.0,516.4) | (21.5,505.6) | (20.1,473.3) | (17.6,413.1)
0.010 (11.8,283.5) | (11.2,269.1) | (10.9,261.3) | (10.3,246.7) | (9.0, 215.3)
0.012 (6.85,164.0) | (6.5, 155.7) | (6.3,151.2) (5.96,142.7) | (5.2, 124.6)
0.014 (4.3, 101.5) | (4.09,96.24) | (4.0, 94.24) | (3.75,88.22) | (3.27, 77.0)
0.015 (3.5, 84.04) | (3.33,79.73) | (3.23,77.33) | (3.05,73.10) | (2.67,63.81)

3. JlocTtaTo4yHble NPU3HAKH NOTEPH YCTOHYMBOCTH HEBO3MYILIEHHOIO COCTOSIHHS

pPaBHOBeCHSI IMHAMHYECKOH CHCTEMBbI «IIacTHHKa—ToToK» (1.1) — (1.4).

3.1. JlocTaTouso yAAMHEHHAS IPSMOYTOIBHAS IIACTHHKA (y € (0, 0.193]) .

IMoxncrasuss obwee permenue (2.11) quddepennuansaoro ypasnenus (1.1), B koTopom

KOPHH 7, XapaKTePUCTHYECKOrO YpaBHEHHUS (2.2) ONPENEIAIOTCsA BBIpaXKEHHAMH (2.9) u

(2.10),
anreOpanuecKux

B rpanumunble ycmoBus (1.2) u (1.3),
4eTBEPTOrO

ypaBHEHUI

opsiJika

OTHOCHUTCIIBHO

MOJIy4aeM OJHOPOIHYIO CHUCTEMY
MPOU3BOJIBHBIX

IIOCTOSHHBIX an . HpHpaBHeHHHfI HYJIIO0 OIIPpEACIUTEIIb 3TOW CHCTEMBbI ypaBHeHI/Iﬁ —

XapaKTepUCTHUECKUI

OIIPE/ICIIUTEIb,

OTHOCHUTEIBHO COOCTBEHHOT'O 3HAYCHHSI 7\, :

% 8, Ak + (7,4 +8,4,)\7 + 4, =0,

OIIMCHIBACTCA

OUKBaPaTHBIM

S, = mL,D’le(nn)’3, X, = ICD’lb(Tcn)’l, 5,>0,y,>0,
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6', u 'Yn - HpI/IBC,I[éHHLIC 3HAYCHUA COCPECAOTOUYCHHBIX HHEPIUOHHBIX MacC mc 1 MOMCHTOB

noBopota [, IpHIIOKEHHBIX B0/ cBOGO1HOrO Kpass X = 0 miacTunkm;

Ay = Ay(q:n.7,B,.B}) = (33)

= P2(g+1-p) (1 —exp(-2y2(g +1-B?) - nny)Ble -

2B, (q FL-B g 1P ) exp(—2(q +1-B)mny)sh(mnyB,) cos(mnyB, ) -
2B (q F1=pl = Jg? —1-p2 )exp(—\/WRny)ch(nnyBl)sin(nnsz) :
4,=4,(¢,n,7,B.B) = (34)
=2q+1-B)| (= ~1=B)+ g+ 1= B exp(-2\2(q +1- D)y |
BB, +2B, [\/2(q+1—ﬁi)(q2 —1-B%) (q+1—5§ +\/m>sh(nnyBl)+
+2B,((2g —1)(g +1)~ B2 — gB2) ch(mnyB,)|cos(mnyB, ) exp(—[2(q +1- B2 mny) +
+2[B1\/2(q+1—[3i)(q2 1= (g +1-B: ~\Ja" ~1-B] |ch(nyB,) +

g+ 1= B g —1- B2 — g )sh(umyB,) |sinonyB, ) exp(—2(q + 1-pymm);
A2 = Az(q, n,y, BiﬂBi) = 3.5)

=2(q+1-B) |1+ exp(-2y2(q +1-B})rony) | B,B, -

—4(q +1-B})B,B,ch(mnyB,) cos(mnyB, ) exp(—/2(q +1—B2)mny) +
+2(3(¢> - +2p2 P! - 2Bi )sh(mnyB,)sin(nnyB,) exp(—2(g +1- B)mny);
Ay = Ay(q,n,7,v.B3.B7) = (3.6)

:m{(q+1_m)2_2<q+1>v_<1_v>z_
22 (a7 18 )| B8~ (g +1-B2) (414 a7 12 ) -

“2(qg+1v—(1-v) —2p2 (q w7 -1-B )} B,B, exp(—2:/2(q +1— B)mny +
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+ 2B, exp(—2(q+1-Bmny) {[(4¢” +2g-D\Jq* -1-P -

(24> - 4g+1)(@+ D~ (24> +4g ~1+24,[q> ~1- B2 — B2 ~24B*)-B? +
+(a-1-\Ja" ~1-87 )8 — 2029 D@+ D g Ja" ~1-B ~B} ~gB})v +
+q+ 1=l +\Jq’ —1-B)V’ |sh(rnyB,)+

+2,2(q+1-B2)(¢" —1-PB2) Bich(mnyB,)} -cos(nnyB,) +
12exp(—/2(q+1-B2)mny) {~B, [(44> +2¢ - 1)\ /" —1-B +

+2g7 ~4g+1)(@+ D+ (247 +4g-1-2q,Jq> —1- B2 — B2 ~24p?)-B? -
~(g-1+Ja" ~1-B )B: +2(2g~1)@+ D+ gJa’ ~1-; ~B} ~gBD)v -
— @ 1= B2 =g —1=B})V? Jeh(mmB) — \2(g+1-B2)(¢* ~1-B})-
(3(q” =1)+2B; —B; —2B;)- sh(nnyB, )} sin (nnyB, );

B, =\/«/q2 —I—Bi -0.5(g-1+B2), B, =\/Jq2 —I—Bi +0.5(q—-1+B2). 3.7

Jlerko moOKasaTh, YTO TpU JAOMyCTHMBbIX 3Hauenusx mapametpa ¢ =¢(V) (2.8) u
. 2 2 2 2

xoopuumentos nanpsukernit B < (7)., (rabn. Du Bl <(B)),,.

B, =Bl(q,B§,Bi)>0, Bzsz(QaBi,B_zv)>0: (3.8)

OTKY/a CIIEJTyeT CIPaBeJIMBOCTh HEPABEHCTB

Ay = Ay(q,n,7,B2,B2) >0, 4, = 4,(q,n,7,p2B2) >0, ye(0,0.193]. (3.9

Broxs o603HaueHme

-1

k,=x,-8, =1 (mny) (ma’) . (3.10)

xapakTepucTiueckuii onpenenurensd (3.1), B coorBercTBuu ¢ ycioBusimu (3.2) u (3.9),
MepeTNIIeTCs B BUIE

Mk, A+ Ay, AN +y,'8 4, 4,=0,8,>0, %, >0, k,>0. (3.11)
3amMeTnM, 94TO HETIOCPEICTBEHHOM IMOICTAHOBKOMN Bi = Bi =0 B ypasuenue (3.11) MoxkHO
yOeIUThLCS B €r0 TOXKIESCTBEHHOCTH YPaBHEHHIO, IOJTy4YeHHOMY B padore [12].

3.2. BeckoHe4HO yIJIMHEHHAA MJIACTHHKA (y = 0) . MuddepenunansHoe ypaBHEHUE

MaJbIX M3THOHBIX KOJEOaHUH TOUEK CPEAWHHON ITOBEPXHOCTH OCCKOHEUHO YIIHHEHHOM
MIACTHHKM MOXKeT 6BITh monmydeno u3 (1.1) myTéM npenensHoro nepexoga b —> o . Torna,

-1 .
BBOJI BEIMUUHY & = Xd , ypaBHeHusi ucxoaHoi 3amaun (1.1) — (1.3) mepenumrytest B

BHJIC:
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4 2
Da ld +(N a2)8 o +(a0p0a3V)%=0, W zwl(‘zv t): (3.12)

og! ) og? 0,
2 3 3
Da";ﬁ:(lca) 8W12; a"‘3’1+(Nxa2)%:_(mca3)a_M;l’gz(); (3.13)
0, 0% - Ot 0, o0&, ot
2
w, =0, aag‘;lzo,é:l; (3.14)

OTKyJa OYEBHIHO, 4YTO B ciIydae OECKOHEYHO YAJIMHEHHOH IUIACTHHKHU (y 20),

HarpyxkeHHoil B aByx Hanpasienmsx cumamu N #0 um N #0, ma ycroitumsocts

HEBO3MYMIEHHOTO COCTOSHHS PABHOBECHS CHCTEMBI OKAa3HIBAIOT BIMAHWE TOJNBKO JIHIITH
cunsl N # (0, HanpaBieHHble 1O NOTOKY Tasa, B omimume or cun N L E 0,

HAIIPaBJICHHBIX MEPIEHIUKYIISIPHO IIOTOKY.
3amaua ycronumBoctd (3.12) — (3.14) mompoOHO wuccnenoBana B [14]. U moromy,

UCXOJHYIO 33Jady yCTOMUMBOCTH OyIeM HCCIe0BaTh Uil Y € (0, 0.1 93] .

AHanmu3 ycTOHYMBOCTH HEBO3MYIIEHHOIO COCTOSHHS PaBHOBECHS JUHAMHYECKON CHCTEMBI
«mnactuaka-otok» (1.1) — (1.3) npu orpanmuenusx (1.4) u (1.5) cBomutes K

HCCIIEZIOBAHUIO TOBEACHHUS KOpHEH 7‘1( xapakrepuctaaeckoro ompenenutens (3.11),
OTIPEJICIISFOIIETO COOCTBEHHBIC JIBUKCHHS CHUCTEMBI “TUIACTHMHKA—TIOTOK” B MPOCTPAHCTBE
o ~ _ 2 n2

e€ «CYyIECTBEHHBIX» IapaMETPOB 5 = {q(V),n,y,v,Bx,By,kn} — [apameTpos,
OKa3bIBAIOIIMX HanOojee 3HAUMMOE BJIMSHHE Ha JMHAMHYECKYIO CHCTEMY «ILUIaCTHMHKa—

ITOTOK». 3HAUCHHUS OCTAIbHBIX napaMeTpoB CUCTEMBI IIPUHUMAKOTCA CbI/IKCI/IpOBaHHI)IMI/I.

4. Pa30oueHue NpOCTPAHCTBA NMapaMeTPOB CHCTEMbI «IVIACTHHKA—TIOTOK» Ha 00J1aCTH
ycroiunBoCTH U HeycToiiunBocTH. Kak u B paborax [12, 14], BBenéM B paccMOTpeHHE B
IPOCTPAHCTBE MApaMETPOB <3 CHCTEMBI «IUIACTHHKA-TIOTOK» OOJACTh yCTOHUMBOCTH

3, (knA1 +4,>0,4,>0,A> 0) ¥ 001acTH HEYCTOHIMBOCTH: <, (A3 <0,A> 0),

3, (k,4,+ A4, <0,4,>0,A>0) n I, (4, >0,A<0);

A — nuckpuMuHaHT OMKBagpaTHOrO ypasHeHus (3.11):

A=Ay, v, BB k) = (k, A + 4,) — 4k, A, A, @.1)
B obGmactu ycroituuBocTH 50 ypaBHeHue (3.11) mMeer aBe mapbl YHCTO MHHUMBIX

KOpHeit 7»1’2 =tio,, }“3, 4, =1i®,: npsMoyrombHas  IUIACTUHKA  COBEpIIACT

TapMOHHUYECKUEC KOJICOaHHS OKOJIO HeBO3MyH.IéHHOl"O COCTOSIHUSI paBHOBECHA, B obmacTu

J,— nmeer apa neiicreurensbix kopus A4, <0, A, >0 u aBa uncTo MHMMBIX KOpHEH
A5, = Ei®, 9T0 XapaKTEpH3yeT HIEPOBY AMBEPTEHINIO IAHETH; B 00ACTH 3, — HMEET
nsa orpuuarensibix (A, <0, A, <0) u aBa nonoxurensubix (A; >0, A, > 0) xopus,
XapakTepusylolee 0ojee APKO BBHIPAKEHHYIO JMBEPreHIMIO TaHedd — He »iliepoBy
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JIUBEPTeHIINIO; a B 00JIacTH 33 , TI0 KpaiiHeil Mepe, 1Ba KOpHs ypaBHeHus (3.11) sBisioTcs

KOMIUIEKCHO CONPSDKEHHBIMH YHCIIAMH C TTOJIOXKUTENBHOH BEIIECTBEHHOM YacThIO: MMEET
MECTO IaHEeIbHBINA (uIaTTep: IUIACTHHKA cOoBepIIaeT (uiaTTepHble KojieOaHus — KoyeOaHus
o Hapacrarouei ammuryne [ 14, 16].

I'paHHLaMi 00IACTH YCTOMYIMBOCTH <3 CHCTEMbI B IIPOCTPAHCTBE €& MapaMeTpoB 3
npu ycnosun kA + A, >0 seusmores runmepnosepxuoctn 4, =0 u A=0 -

ONpENENAIONIME  YCIOBHS — aNepuOIMYecKOd ¥ KoneGaTedbHOH  HEeyCTOHYMBOCTH
cootBeTcTBeHHO [10, 11]: xapakrepuctudeckoe ypaBHeHue (3.11) Ha THIEPHOBEPXHOCTH

A, =0 wumeer ommH HyneBoil KOpeHb 7»0 =( xparHOCTH 2, a Ha THIEPIOBEPXHOCTH

A=0 - mapy wmcro muumpix Kopueit A, =1i®. Tepexomsr (I, —>J;) wu

(3, = 3;) onpenemsiioT «onacHble rpaHuLbl» obmacteit I3, u I, [11].

Ha rpanune A; =0 obnactu ycroiiunsocrn I, npu yenosun k, A +A4, >0 u A>0
CHCTeMa «ILIACTHHKA-TIOTOK» IIPH CKOPOCTsIX MoToka rasa V' >V, . rtepsier cratnueckyio

YCTOHYHMBOCTH B BUJE SHIEPOBOI AMBEpreHyy nanenn. Kpurndaeckue cKopocTu {Kr div} ,

oIIpe/ieNseMble [TOACTAHOBKOI IEPBOTO i TpeThero kKopHei ypasuenus A; =0 B popmyiy
o~ o~

(2.12), pasrpanmunBaror obmactn 3, u 3,. Ipu cxopoctsix V' =V, . motoka raza

NPOUCXOMUT «MSATKHii» mepexox uepes Touky A, =0 B npaByro 4acTb KOMILICKCHOI

IJIOCKOCTH COOCTBEHHBIX 3HAYCHHUI 7\’k 5 BI)I?:LIBHIOH.[I/Iﬁ IJIaBHOE€ M3MCHCHHE XapaKTepa

BO3MyH.[éHHOFO JABHIKCHHA CUCTEMBI OT ycTOﬁ‘IHBOCTH K 317Inep030171 JAUBCPIreHINU TTaHCIH.
210 NPpUBOAUT K BO3HHKHOBCHUIO JONOJHHUTEIIBHBIX HaHp)I)KCHPIfI, HOPpUBOJAIINX K
U3MEHEHUIO TIJIOCKOH CbOpMI)I PaBHOBECH:: IITIACTUHKA «BBITYYHUBACTCS» C OFpaHH‘IeHHoﬁ
CKOPOCTBIO «BBIITYYUBAHUS.

Kputnueckue cKopoCcTH HEIMIEPOBON TUBEPTEHIINN {V1 2} pasrpaHUYMBAIOT 00JIACTH

3, u 3J,. Ipu ckopocrsix notoka rasa V =V, , npoucxomut «Msrkuii» mepexoxn us
o~ o~ o

obnactn I, B obmacte 3, . Kpurmaeckue ckopocTd V), OIpeneIsioTcs MONCTaHOBKOI

BrOporo kopus ypasuennsi A, =0 npu yenosun k, 4, + A4, <0 u A>0 B dpopmymny
2.12).

Ha rpannue A =0 obnactu ycroifunsoctn I, npu ycmosuu k, A + A, >0,
A4, >0, a tak ke, na rpanune A =0 obmacru I, npu ycnosuu k, A4 +A4, <0,
Ay >0, cuctema mpn ckopoctsax motoka rasa V2V, , Tepser, cooTseTcTBeHHO,

YCTOHYMBOCTH B BHJIE KOJIEOATENbHONW HEYCTOMYHMBOCTH, JHOO NMEPEXOAUT U3 COCTOSHUS
HEDUIIEPOBON JAWBEPTEHIINH B COCTOSHUE KOJIeOATeTbHONW HEYCTOHYMBOCTH: MMEET MECTO

naHenbHeld  Quarrep. KpuTHyeckne ckopocTH IaHedbHOro  (uarrepa {Vcr 7 },

ONpesieNsieMble MOJCTaHOBKOKH mepBoro kopus ypasmenus A =0 B dopmyny (2.12),
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Q3rPaHHYHMBAIOT 00NACTH 3, U S, npu ycnosun k A + A, >0, mubo obnactu I, u
0 3 w4 2 2
3, mpu yenosun k, A + A, <0, B 3aBucuMocTH OT 3HAaUCHMI MapaMETPOB CHCTEMBI

n,vy,v, Bi, Bi, kn . B oboux ciyuasx npu V > Vcr' 1. HPOMCXOUT «MSTKHI (TUTaBHBIN)

Iepexoa K (I)HaTTCpHLIM KOJICOaHMSIM. OIIHaKO, CJICAYCT OTMETUTD, YTO B IIEPBOM ClIydac
Ha4YUMHACT COBEpLIATH (I)J'IaTTepHBIe KOJIeOaHHsI OTHOCHTEIHHO PAaBHOBECHOI'O COCTOAHUA
IJI0CKas I10 d)opMe IUTaCTUHKA, a BO BTOPOM Cllyda€ — U30rHyTas I10 (bopMe IJIaCTHHKA —

«BbinyderHasy». [epexonst (I, = 3I;) 1 (I, = J;) ONpesesstoT «OmacHbIe IPaHHIIb
oo~ ~
obmacredt S, n S, [11].

CJIe,Z[}’ET OTMETUTH, YTO KPUTHICCKUE CKOPOCTHU I/cr.div. .

Vi,uV, , onpenensiores ¢

JIOCTATOYHON TOUHOCTHIO MOJICTAHOBKOI B opMyiy (2.12) HCKOMBIX 3HAYCHUIT MapameTpa

q¢€ (qoﬂq(aOMhosm)) .

5. Uucaennble pe3yJabTaThl. B 1aHHON paboTe ¢ MOMOIIBIO METOAO0B Tpado—
AQHATUTUYECKOTO W YHCJIEHHOTO  aHajiW3a  CTPOMJIUCh  CEMEHCTBAa  KPHBBIX

2 2
{g(n,y,v,B.B k) €T s ye (O, 0.193] , TIapaMETPU30BAHHBIX HAIIEKALIIM
obpazom.

AHaNIOrn4yHO, Kak u B [14], 11 HATISIIHOW WILTIOCTPANMK JTUHAMUAKHA HEBO3MYIIEHHOTO

COCTOSIHUSI PABHOBECHUSI CUCTEMBI «ILIACTHHKA — TOTOK» B MPOCTPAHCTBE MAPaMETPOB <3
COCTABJICHBI LCMIOYKH IIEPeXONoB M3 obmactn I, CJ B obmacte I, €3
COINOCTABJICHUEM HaHIEHHBIX 3HAUCHUH KPUTUUECKUX CKOPOCTEH C JaHHBIMU TAOIHIBI 2.
3nech, Tak ke, kak ¥ B [14}, GopMbl mpeacTaBieHus LENOYEK EPEXOJ0B CYIIECTBEHHO

o -1
3aBUCAT OT OTHOCHUTCIBHOMW TOJIIHWHBI Zha n Marcepuaga IUIaCTUHOK. B YaCTHOCTH,
HCIOYKHU MEPEXOI0B HCXOHON CHUCTEMBI B Cllyqac CTaJIbHbIX ITIACTUHOK OTHOCHUTEILHON

TOJIIAHBI (2hai1 ) € [0.006,0.015] s Y € (0, 0.193] u Y =0 ommm u Te xe [14]:

12 Ver. Vo Verdiv .

3 —0o 3, —5 3, —>J—=£57T, k €(0,0.1); (5.1)
% Vo % Ver.aiv

3, —>3, -3, ——>73J, 53, k=0.1. (5.2)

OZ[HaKO, HECMOTPA Ha CXO0ACTBO Ka4CCTBCHHBIX XapaKTCPpUCTUK JUHAMHUKH

HEBO3MYHIEHHOTO COCTOSHHSL DABHOBECHS CHCTEMBI JUISL  BCEX Y E[O, 0.193], eé

KOJMYCCTBCHHBIC XapaKTCPUCTUKHU PA3TIMNIHBI — CYIIECTBCHHO 3aBUCAT OT 3HAYCHHUN Y.

Ipencrasnenus (5.1) m (5.2) HarIAAHO OTpaXKarOT JBE OCOOCHHOCTH B JAMHAMUKE
HEBO3MYIIEHHOMY COCTOSIHHIO PaBHOBECHS CUCTEMBI «IUIACTHHKA—TIOTOKY.

1) HeBO3MyIIEHHOE COCTOSIHUE PABHOBECHS CUCTEMBI HEYCTOIUNBO BOMM3N V2 : nMeeT
N 2 2 2 2
mecto siineposa auseprenums npu seex B <(Pr) LB <(B]
cr. Y ) pr
7
2) Ipu manbix 3HadeHusx K, € (0,0.1) MMeeT MeCTO Iepexos I, —>—> 3, a npu

v
k, 2 0.1 — nepexox I, —=— T, . Ilpu s10M,
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V(1 vu BB ) = Vi (v, Vo B2 B ) wnmmcexcv, B <(B3) . B <(BY) -

WHEIMI CIIOBAMH, NP CKOPOCTsX motoka V =V,

r.fl.?

(5.3)

xorna k, € (0,0.1) HAYMHACT

coBepwiath (uaTTepHbIe KOneOaHMs IUIOCKas IUacTMHKa, a korza k >0.1 -

«BBIITy4YeHHAs (M30THYTasl) INIACTHHKA.
Pe3ynpTaThl YMCIEHHBIX PacYETOB MOKA3aIH, YTO KPUTHYECKHE CKOPOCTU THUBEPTEHITHI

NaHenu W maHenbHoro ¢uarrepa s Y € (0, 0.193] SBISIOTCS  BO3PACTAIOIMMH

(QYHKIMSME OT 9HCIIA IOTYBOJH 71: UX HAMMEHBIIEMY 3HAYEHUIO COOTBETCTBYET 71 =1 .
B tabnuuax 3 — 8 npejicTABIEHbl YMCIEHHBIE PE3YIILTATH PELICHUsS HCXOAHON 3a/1a4u
ycToituuBocTH cuctemsl «mnactuaka—totor» i Y =0.1 mpu n=1, v=10.3.

3HaveHust VOZT1 (aopoas) u VI,ZD% (aopoas) Ta6nuua 3.
B2
* 0 0,1 0,2 0,3 0,4 0,5

2
By

0 77,318 77.196 77.072 76.948 76.826 76.703

3 77.317 77.195 77.071 76.947 76.825 76.702

5 77.316 77.194 77.070 76.946 76.824 76.701

IpuBeaéHHBIC 3HAYCHUS KPUTHUCCKHX ckopocteit V, m V|, sBusioTcs MemieHHO

2 2
yobiBatowmumu Gpynkimsivu ot B, B , ¥ BO3pACTAIOMMMK YHKIUAME OT KOdhuimenTa

ITyaccona V:c pocroM V Bo3pacraroT npumepHo Ha 0.6% (tabi. 3).

Tabmuua 4.
BZ 0 0,1 0,2 0,3 0,4 0.5
VM’_VD*I (“opoa3) 484.045 | 483.880 | 483.689 | 483.497 | 483.305 | 483.113
3Havenus Vcr'ﬂ'Df1 (a0p0a3) mpu k;, =0.1 . TaGmuma 5.
BZ
R * 0 0.1 0.2 0.3 0.4 0.5
B
0 92.714 92.620 92.525 92.430 92.334 92.239
1 92.707 92.612 92.517 92.422 92.327 92.232
3 92.692 92.597 92.502 92.407 92.312 92.217
5 92.677 92.582 92.487 92.393 92.296 92.201
Kpurnueckas ckopocts V. . D™ (a0p0a3) WCUE3AIONIE MaJO 3aBUCAT OT Bi,

. . 2 o
SIBIISICTCS. MEJUICHHO YOBIBarOICH (QyHKIMEH Kak OT BX : yObIBaeT nmpumepHo Ha 2.4%; a

TaKXke OT V :C pocToM V yObiBaeT npumepHo Ha 0.7%.
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3HaueHus Vcr'ﬂ‘Df1 (aop0a3) mpu k, =1. Tabuuua 6.

BZ
* 0 0.1 0.2 0.3 0.4 0.5
2
B,
0 134.139 134.030 133.920 133.811 133.702 133.592
1 134.130 134.021 133.912 133.803 133.693 133.584
3 134.112 134.003 133.893 133.784 133.675 133.567
5 134.103 133.994 133.884 133.774 133.665 133.556
3HaueHus Vcr'ﬂ‘Df1 (aopoa3) mpu k, =5. Tabanma 7.
BZ
* 0 0.1 0.2 0.3 0.4 0.5
2
B,
0 148.994 148.872 148.754 148.637 148.520 148.399
1 148.983 148.863 148.745 148.628 148.508 148.390
3 148.960 148.846 148.729 148.611 148.488 148.374
5 148.949 148.837 148.721 148.603 148.480 | 148.366
3HaueHus Vmﬂ‘D_1 (aopoa3) npu k; =10. Tabuua 8.
2
Bx 0 0.1 0.2 0.3 0.4 0.5
2
B,
0 152.726 152.611 152.495 152.379 152.263 152.132
1 152.725 152.607 152.491 152.375 152.260 | 152.128
3 152.715 152.600 152.484 152.368 152.252 | 152.121
5 152.708 152.592 152.477 152.361 152.245 152.114

W3 naHHbBIX Tabnuip 5 — 8 ciemyer, 4TO KPUTHYECKUE CKOPOCTH (uiaTTepa SIBISHOTCS

Me/UICHHO yObiBatomeld (yHKuueid oT KO03(h(HUIMEHTOB HAanpsuKeHUH Bi u Bi,
BO3pacraromeit pyrkuueit ot k, € [0. 1, 10] — BO3pAcTaloT, IpUMepHO, B 1.65 pa3. MoxkHO

-1 3 < o
IIoKas3aTrb, 4YTO I/uﬂD (aopoa )ﬂBJ’I}HOTC}I MCIUICHHO BO3pacTaronicu (byHKL[I/ICI/I oT

koahdummenta [Tyaccona Vv : ¢ poctom V Bozpacraet Ha 0.35%.
HWTak, nepBoHAYAIbHOE HAPSHKEHHOE COCTOSHUE JTOCTATOYHO Y/TMHEHHO ITaCTHHKH,

HATPY)KCHHOI1 110 JIBYM HAIpPABICHHMSAM: CKHMAOIMMH chiamup N 10 TOTOKY Trasa u
pactaruBaiomumun — IV , B TCPICHIMKY/ISPHOM HANPABICHHH K IOTOKY, B LEIOM,

IPUBOJUT K IIOHWKEHUIO YCTOMYMBOCTH HEBO3MYILEHHOIO COCTOSHHUS PaBHOBECHS
CHUCTEMBI “IUIACTUHKAa-TIOTOK’. MOKHO yTBEp)KIaTh, YTO B JAHHOW IOCTAHOBKE BIIMSHHE

PaCTATUBAOIIUX CHUJIT Ny Ha YCTOI\/‘I‘-II/IBOCTB HeBOSMyH.[éHHOI‘O COCTOAHHNA PaBHOBECHA

CHUCTEMBI HE3HAYUMO.
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6. OcHOBHBbIe pe3y/bTAThl U 3aK/I04eHHe. B paboTe MOIYyYEHO aHATUTHYECKOE
pelIeHne 3aJau ANHAMHYIECKON yCTONYMBOCTH HEBO3MYIIEHHOTO COCTOSTHUSI PAaBHOBECHS
YOpPYyro IOCTaTOYHO YAIMHEHHOM NPSMOYTOJbHOH IUIACTUHKH € OJHUM CBOOOJHBIM
KpaeM, 00TeKaeMOi CBEpX3BYKOBBIM MIOTOKOM ra3a, HaOerarmM Ha cBOOOHBIN Kpaii, Ha
KOTOPOM HMEIOTCSI COCPEIOTOYCHHbIE WHEPLHOHHBIE MacChl M MOMEHTHI IIOBOPOTa, B
TPEJTIONOKEHNH, YTO TUIACTHHKA IIePBOHAYAIBHO HATPyXKEHA IO ABYM HAllPaBIE€HUAM:
CXKUMArOIMM CHUJIaMH, HAIIPpaBJICHHBIMU 110 TIOTOKY Ta3a W CHUJIaMU PaACTIKCHUA,
HAaIpaBJICHHBIMH TIEPICHANKYIIAPHO K ITOTOKY.

[TponsBeneHo pa3OMEHHE NPOCTPAHCTBA «CYIIECTBEHHBIX)» IIAPaMETPOB CHCTEMBI
«IIJIACTUHKA—TIOTOK» Ha 00J1aCTh YCTOHYMBOCTH M Ha 00JACTH HEYCTOMYMBOCTH — 00JIACTH
SHIIEPOBOM U HE 3WJIEPOBO IMBEPICHIIMH TTAHEIU U TTaHEIBLHOTO (rarTepa.

Ionyuena ¢opMyiaa 3aBUCHMOCTH CKOPOCTH IIOTOKa Tra3a OT «CYIIECTBEHHBIX»
apaMeTpoB CUCTEMBI (IUTACTUHKA—TIOTOKY, ITO3BOJIIONIAs HAUTH KPUTHIECKHE CKOPOCTH
JTUBEPTEHIINH MaHEIH U MaHEeIbHOTO (iarTepa.

HccenenoBana rpaHua 00JacTH YCTOWYMBOCTH, a TaKoKe IPaHHULA MEKAY OOIacTSIMHU
HeycToiuuBocTH. HaiiieHsl «0e30macHbIe» U «ONacHbIe)» TPAHHIBI 00TaCTH yCTONYHUBOCTH.

VYCTaHOBNEHO, 4YTO TPH MEHBIIUX 3HAYCHUSX WHTEHCUBHOCTH IIPHIIOKEHHBIX
HWHCPUMUOHHBIX MOMEHTOB IIOBOpPOTa IIOTEPSA yCTOﬁ‘IHBOCTH HacTynaet Ipu MeHbIIeH
CKOPOCTH TIOTOKA, HO 3TO HE JHJIepoBa IOTEps] YCTOWYMBOCTH, @ MEPEXOJ CHCTEMBI OT
MIOKOSI K IBMDKEHUIO — K aBTOKOJICOAHUSIM.

ITokaszaHo, 4TO, B IIEJIOM, UMEET MECTO MOHIKEHHE YCTOMYMBOCTH HEBO3MYIIEHHOTO
COCTOSTHHUSI PAaBHOBECHS CHCTEMBI: BIIHSHNE CHI PACTSKEHUS Ha yCTONYMBOCTD CHCTEMBI B
JTAHHOW TIOCTaHOBKE HE3HAYMMO.
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2U3UUSULP @hSNhESNRLULEP ULAUSHL UUUEUNUSP SENtUUQhl
M3BECTHS HALIMOHAJIbHOM AKAJIEMHUU HAYK APMEHUU

Uthuwthlju 77, Nel, 2024 Mexannka
VK 539.3 DOI: 10.54503/0002-3051-2024.77.1-56

WHOW NMOJIXO/ K 3AJJAUE KOHTAKTHOI'O B3BAUMO/IEIICTBUS
LITAMIIA C VIIPYTOM MOJIYILIOCKOCTBIO ITPH HAJTUYNY TPEHUS
MEKJY HUMU

Caaksn A.B.

KiitoueBble €JI0Ba: KOHTAKTHas 3aja4da, MITaMII, IOJYIUIOCKOCTh, MOJECIIb Tanuna, TPEHHUE, CLEIUICHUE,
CKOJIBKEHUE, HOBAsI MOJIEJIb, METO MEXaHUYECKUX KBaApaTyp

Sahakyan A.V.
Other approach to problem of contact interaction between a stamp and an elastic
half-plane in the presence of friction between them
Keywords: contact problem, stamp, half-plane, Galin’s model, friction, adhesion, sliding, new model, mechanical
quadrature method

A new model is proposed for contacting a stamp with a flat base with an elastic half-plane in the presence of
friction between them. As in the model proposed by L.A. Galin for such a problem, it is assumed that in the central
part of the contact zone there is adhesion of the points of the half-plane with the base of the stamp, which is caused
by the presence of friction between the stamp and the half-plane, and sliding occurs at the edges of the contact
zone. The proposed model differs from the model of L.A. Galin in that the distribution of friction forces in the
sliding zone is considered uniform, and not according to the law of dry friction.

A system of governing equations has been constructed, and the features of the behavior of the sought
functions at the point of separation of the adhesion and sliding zones, as well as at the end point of the contact
zone, have been found. The problem was solved by the method of mechanical quadratures. Numerical analysis
was carried out.

U.4.Uwhuljjul
Uy dnunkgmd npnoup b wnwdquljuh jhuwhwppmpyub §nbwwljnwhi
thnjuuqnbkgnipjub juunpht’ tpuig dhel gthuwh wnuynipjut nhupnid

Zpdbwpwnkp’ Ynlnwluught aghp, gponod, Yhuwhwppenipmnit, Quihh dngby, othnud, hupulgnid,
uwhp, unp Unpk], punwlniuugdut putwdlikph dkpnn

Unwowplynud E hwpp hhupnd nppnodh b wpwdquliuwt Jhuwhwppnipjut §nunwlunght
thnjiuqnbgnipjubt tnp Unnky, Lpp tpwig dhol wnluw b othnul: Puywbu b L.U.Quihth Ynnuhg
wnwowpljus Unplinud, Euipunpynud k, np §ninwljinughtt gninne jEunpniwlwt dwunud inknh niih
Yhuwhwppnipjut Yhwnbkph hwpwlgnid npnodh hhdph htw, higp wwydwbwdnpjws & ngpnodh b
Yhuwhwppenipjut dhol pthuwl wnjuwynipjudp, hul] Yntnnwlnh whpnyph kqpipnud wntnh niih uwhp:
Unwownlynn dnnbip wmwpphpynud £ L.U.Quihuh dnpkthg tpwiny, np othuwt nidbph pupjunidp
uwhph gnuinud hwdwpdnud £ huduwuwpugut, wy ny ph snp othdw opkiph hwdwdw:

Yunmgyk) t npnohs hwjuwuwpnidubph hwilwlupgp, b wupqyky ku thnpynn $niiljghwtibiph
Jupph wpwbdtwhwinlnipniitbpp hwpulguwt b vwhph gnunhibph pudwiiwt YEnnud, hugubu
twl Ynunwljinh mhpnyph suypuljinnd: vinhpp nsyl) £ punwlniuugdut putwdlitph dhpnnng:
Guunwpyby E pduyht yEpnisnipinii:

TIpennaraercst HOBast MOJIE/Ib KOHTAKTHPOBAHUS IITAMIIA C IJIOCKMM OCHOBAHHEM C YNPYIOil MOIyILIOCKO-
CTBIO IIPU HAJIMYUU TpeHHs Mexay Humu. Kak u B Mozenu, npeanoskeHHoll JILA.T'anuubIM Ui Takoil 3agauw,
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[PE/NONAraeTcsi, YT0 B LEHTPAIBHOI YaCTH 30HBI KOHTAKTa MMEET MECTO CLEIUICHHE TOYCK IOJTYIUIOCKOCTH C
OCHOBAHHEM IITaMIIa, KOTOPOE 00YCIOBICHO HATMYUEM TPEHHS MEX/LY IITAaMIOM H HOIYIJIOCKOCTBIO, @ Ha KPasx
30HBI KOHTAKTa MPOUCXOAUT cKombxkeHue. [Ipeanmaraemas Moaens ormtudaercs oT mojenn JIA.T'anuna tem, 4to
pacrmpeiesIeHue CHII TPCHUS B 30HE CKOJIBKCHHS CIUTACTCSI PABHOMEPHBIM, @ HE 110 3aKOHY CYXOTO TPEHUSL.

TlocTpoena cuctema onpenessionX ypaBHCHUH, HalIeHBI OCOOCHHOCTH NMOBEACHMS MCKOMBIX (YHKIHUH B
TOYKE pasjiesia 30H CHCIUICHHS M CKOJIBKCHHUS, a TakKe B KOHIIEBOW TOYKE 30HBI KOHTAaKTa. 3ajadya perieHa
METOJJOM MEXaHHYECKUX KBaapatyp. [IpoBeneH YnuciieHHBIIH aHAIU3.

BBenenmne. PaccmarpuBaeTcss KOHTAaKTHas 3amava Uil YIOPYroil IOJYIUIOCKOCTH, B
TPaHUIy KOTOPOW BJIABJIMBACTCS JKECTKUH IMITAMI C IUIOCKUM OCHOBAaHHEM C YUETOM CHII
TpeHUst Mex 1y HUMU. M3BecTHO [1], 4TO B ciydae ClEIUIeHHs ITaMIIa ¢ MOJIYIIIOCKOCTHIO
10 BCEMY OCHOBAHHUIO PEIICHHE 33a/1a4l MMEET OCLMUIALHUIO B OY€Hb MAJIIOW OKPECTHOCTH
YIJIOBBIX TOUYeK mrammna. s ycTpaHeHus 3Toro HepocraTka B padorax [2] u [3], omy6uu-
KOBaHHBIX OJIHOBPEMEHHO, OBUIM IPEUIOKEHbI MOJICNIM KOHTaKTa, HPEAIoJararolme
HAJIMYUE YYACTKOB CUEIICHUS B CPEAHEH YacTH 30HBI KOHTAKTA U MPOCKAIb3bIBAHUS Ha €€
KOHIIaX. B mepBoii paboTe MpUHUMAETCS, YTO Ha YYaCTKE MPOCKAIb3bIBAHUS UMEET MECTO
CyXxoe TpeHHe, T.e. TAaHI€HINAJIbHbIC KOHTAKTHBIC HANPSDKCHUS MIPOIOPLIHOHANBHEI TaBiIe-
nuto. B mocranoske JI.A.I'anmuna [2] paccmaTpuBaemast 3a1a4a pemaigach MHOTUMH aBTO-
pamMH pazIM4YHBIME MeTonamu [4-7] U ee pellicHHe He COACPKUT KaKUX-THOO MPOTHBO-
pedanmx Gu3ndecKoMy CMBICITY pe3yibTaToB. B padote e [3], rie mpuHUMAaeTcs, 94To B Y
KOHIIOB 30HBI KOHTAaKTa MMEET MECTO TJIJKUI KOHTAaKT, T.€. CHJIBI TPEHUS OTCYTCTBYIOT,
CaMHUM aBTOPOM YKa3bIBAeTCs Ha «HHTEPECHBI» pe3ysbTaT — H3MEHEHHE 3HaKa HOpMallb-
HBIX KOHTaKTHBIX HANpsDKEHWH Ha ydyacTke cueruieHus. Kpome Ttoro, kaszaiaoch Obl, 4TO
pe3ynbTaThl paboThl [3] MOKHBI COBMACTH C pe3ylbTaTaMu paboThl [2], B KOTOPBIX
K03 (PUIMEHT TpeHUs NPHHAT paBHBIM Hyio. OnHAKO, 10 MyOJIMKALUSAM 3TOr0 COBHA-
JICHHS HET.

B Hacroseil paboTe npeaiaraercst peliuTh 3a/lady B MHOM MOCTaHOBKE, IPUHSB, Y4TO
pacripe/ie/iecHue TaHI'CHIMAJIbHBIX KOHTAKTHBIX HAIMPSHKCHUH B 30HAX IMPOCKAJIb3bIBAHHS
SIBIISIETCS. PABHOMEPHBIM M PAaBHBIM 3HAUCHUIO TAaHTCHIMAIBHBIX HANPSDKCHUH B COOTBET-
CTBYIOLIEM KOHIIE yYacTKa CLEIICHHUS.

2. [ToctanoBka 3agauu. [lycTh ecTKHI ITaAMM C TNIOCKUM OCHOBAaHHEM JUTHHOMN 2a

MO JICHCTBHEM COCPEIOTOYEHHOH HOPManbHON cuiabl P BhaBiuBaeTcss B ympyryo
MOJIYIUIOCKOCTh. PaccMoTpuM ciydail, Korja cuia MpujaokeHa K CepeJuHe LITaMmIa, T.€.
HUMEEeTCsl OCb CHMMETPHH, BJIOJIb KOTOPOW HAalpaBUM OCh opauHAT. IIpu 3TOM Mexay
LITAMIIOM M MOJYIUIOCKOCTBIO MOXKET HMETh MECTO CyXO€ TpeHHE C KO3(h(PHUIHUEHTOM

Tperus moxoss O . B cumy sToro, B cpeaHeit yactn (—b,b) 30HBI KOHTAKTA, T/I¢ TAHTCH-

HUAJIBHOEC KOHTAKTHOC HAIIPAXKCHUC q(x) U KOHTAKTHOC IaBJICHUC p(x) YAOBJIETBO-

PSIOT YCIIOBHIO <0, uMeeT MecTO CIEIMIEHHE, a y KOHIIOB MPOMCXOAUT CKOJb-

p(x)

sxenue (puc.l).
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_ b ‘ b X
—-a ! O T a
Puc. 1 Cxema KOHTaKTa KECTKOro IITaMIla U
IMOJTYIITIOCKOCTH.

HpI/I 9TOM IIoJaracM, 4TO Ha y4YacTKaX CKOJIBXCHHSA TAaHTCHIHUAJBHOC HAIIPSIKCHUC

q (x) COXpaHAET CBOC MaKCUMAJIbHOC 3HAYCHUE, pABHOC Q = _e p (b) .
-0 Xe (—a,—b)
q(x)z q(x) xe(—b,b) )
0 xe (a,b)

HpI/IHHB KOHTAKTHBIC TAHI'CHIUAJIbHBIC HATTPSAXKCHUA q (x) , HaIIpaBJICHHBIMU K LHECHTPY

mraMIia, 1jid rpaHUYHbBIX TOYCK IMOJYTIJIOCKOCTH B 30HE KOHTAKTa 6y,[[CM HUMCETDh [8]
a

a_u:_l—zvp(x)_l—_VJMdt. @:ﬂq(x)_l‘_vjﬂdt @

ox 2u um Cot—x ©oax 2 um o Cot—x

rac M(x) u V(x) - T'OpU30OHTaJIbHasd W BCPTUKAJIbHasd KOMIIOHCHTHI NEPEMCHICHUA

TPaHULBI OIYINIOCKOCTH, L - MOAYIIb cABUra, V - koaddumment [Tyaccona.
VIMeeM clielyIolue yCIoBHs KOHTAKTa!

a—”=o, ¥y (|x[ <)
Ox Ox 3)
0
8_;::0’ q(x)zsgn(x)Q (b<|x|<a)

Kpome Toro, uMeeT MeCcTo yCIIOBHE PAaBHOBECHS IITaMIIa, BhIpakaeMoe popMyJIoii:
[p(t)a=P. )

BBuay cuMmerpun B HOCTaHOBKE 3aJjaull, ONPEeIIAtollee ypaBHEHUE COCTaBUM TOJIBKO

JUIsL npaBoﬁ TIOJIOBHUHBI 30HBI KOHTAKTa, T.€. HA UHTCPBAJIC (0, Cl) .

C y4eToM HEYEeTHOCTH q(‘t) U 4ETHOCTHU p(‘l:) u npencrasienus (1), popmyasr (2)

3alIMIIYTCA B BUJC:
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u  1-2v 1-v|¢[ 1 1 1
—=— - + dt —+——|dt
ox 2u p(x) um DL—X t+x} QJ‘L X t+x} }

@zl‘”q(x)_l‘vﬂ - }p(t)dt (0<x<a)

ox  2u um glt—x t+x

)

Tlepeiinem k Oe3pa3MepHBIM BEINYNHAM:

v e n b _ag(ar), _a a
t=art;, x=as; b*—a, q*(r)— » ,p*(r)—Pp(ar) Q— Q

U TIOJICTaBUM TipescTaBieHus (5) B ycnoBus konTakTa (3). [lomyunm cremyromtyro cucremy
YpaBHEHUI:

HL+L} (x dr+Qj[—+L}d¢+m<p() 0 (0<s<b.)

o LT—S T+S T—S T+S

1

ﬂi—i}p*(t)dt—mcq*(s)zo (0<s<b.) (6)
i 1 1 1-2v
—————|p.(t)dt—nx0. =0 b, 1) =

!L_G HJp(t)t 0 (heoc)i k=g

Hpn 9TOM yCJIOBI/Ie paBHOBecus (4) IPUMET BUT:

jp dr—— (7)

PaccmaTpuBas KOHTAaKTHOE JNaBJIEHUE P, (c‘,) KaK CaMOCTOSATENbHYIO (BYHKIMIO Ha
KaikJIOM M3 YYACTKOB CIEIUIEHHS M NPOCKATb3bIBAHUA: P, (EJ) =g (EJ) mpu E<b, u
D- (&) =h(&) npn b, <& <1, n yunreiBas sHauenne nterpana

1 2
1 1 l-s
J —+——|dt=In 5
T—S T+sS b —s

cucreMy ypaBHeHUH (6) u ycinoBue paBHOBecHs (7) 3amuiieM B BUJIE

br 2
'([_Tis—ir‘tj-s} # (0 g (5) =0 (0<5<b)
b [ 1 1 1
! __} d”f{:‘m}”’)d"““%<S>=0 (0<s<b) ®)
b [ 1 1 1
- t)dt+ || —————|h(t)dt—-Q.=0 (b <o<l
'([ o ”G} HJ.L c t+c} (r)di =m0 (b.<o<1)
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b. 1
ZJ.g(t)dt+2J.h(r)dr=1 9)
0 b.

IIpu nomomu 3amMeHbl IEpEMEHHBIX

{r,s}z%(l+{§,§}), {z,c}:l_zb*{g,c;}+12b* (-1<{e.ci<1) a0

1 BBCICHHUS HOBBIX HECU3BCCTHBIX (byHKHHi/II
b, b, 1—b,  1+b,
X(%)W{E(H%)} Y(§)=g(3(l+§)j; Z(§)=h( et +2 j (11)

cucremy (8) 3anuIieM B BUE:

j ! L Ix(e)ae+om

R 4-p2(1+¢)
SL6-C &+C+2

b (3+¢)(1-¢)

+m<Y(C):0

T 1 il 20z |
-I‘—g §+C+2_d§+_j1 L1=bT ", 142b.4bC dg-meX (C)=0 (12)
: 1-b : 1-b

~—

e —

Y (2) Y (2) d§+j 28 208 | 0.0

| P C PP E ) e b
_§+Q b E-C+2+ 5 <§+§+21_b*

* *

ipudeM apryMeHtT ( NpUHA/IEKUT UHTEPBATY (—1,1) .

VYcnosue paHoBecus (9) Toraa npuMeT BUI:
1 1

b[Y(e)de+(1-b.)[Z(g)de =1 (13)
-1 -1

OueBHIHO, YTO HEW3BECTHBIC GyHKIHH X (ct,) nY (&) ABJIAIOTCA HEMPEPHIBHBIMH
(byHKIHAME, TPHHAMAIONTAMU KOHEUHBIE 3HAUEHHA HA 0O0MX KOHIAX OTPE3Ka HHTErPHpPO-
Bamus, QyHKIMS ke Z (E,) HA TPaBOM KOHIIE HEOTPaHMUYCHA. YUHTHIBAs MOCIEIHES
00CTOATENLCTBO, KAK U PaBEHCTBO X(l) =0, = —OY(I) = —GZ(—I) , ¥ OCHOBBIBAsICh

Ha pe3yJibTaTbl aHaJIn3a IMOBCACHUA ypaBHeHI/Iﬁ B KOHICBBIX TOYKaxX OTpPE3Ka HWHTCIPU-
PpoBaHus, U pECHICHUC CUCTEMBI MOXHO MIPCACTAaBUTh B BUC
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1+§

X(&)=—=0.+X (g)J1-¢

Y(é)=—%+¥*(&> - 04

2(2) =22 7 (92

1-

rae Q. - nocTosHHas, NoUIeKaNIas onpeneieHmio, X *(E) Y *(i) ,Z *(é) - TeTBACPOB-

3

g

ckue (pyHKINHU, OrpaHUYCHHBIC Ha OTPE3Ke [—1, 1] .

Tloxcrasmsist (14) B (12) m (13), modydnMm OIPENeNSIIONIYI0 CHCTEMY CHHTYIISPHBIX
HHTETrpaIbHBIX ypaBHeHHﬁ

I{glg o 2} E)1-ede+nky” () J1-¢+0.L (€)=0

—TEKX*((:) 1_C+j'|:%_ 1 :|Y*(§)\/§d}’;+:.. Z*(_?CBQI&_

U ) PRIV
Z() Ji7E o -
p 1+ 0.
- d&—="L,(5)=0
J‘1§+1+2b*+b*g \/1_g S 0 (5)
1-b.
1 | 1 v = 2 (&) 1+¢
_Il 1+(1-b)C . 142b,+(1-b,)C re) 1_F’d?’+_jl &-¢ 1_&&,—
&~ &+ b
(o Z(8)  J1+g Q
- dg—=-L,(¢)=0
{§+§+21tg‘Jl_a
[ RN 2(2+5.
b*J'Y(i)«/l—ﬁd&Jr(l—b*)jZ(&)\/lizdg_ (32 Jo. -1

3necn
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3+§ 4-b(1+¢) _nk

b? 0

L(0)= j 24b+bE | \/m J2(1-5) )

o 3+g 2(1-b.) mﬁ(l )
. z_b*_b*gln 2— b bs+4/2(1 ) 1+§

2(1-b.)  J2-b-bs - \2(1- ) .

I O — 2 arct 1+3b+(;1 b N
»(€) =m0 -2arcte] a;ba; 1+b +C(1-b.)

¢ [3+b. +C (1-b.) 2(1-5.)
+([ﬁarctg\/7 \/ arctg\/3+b*+c(1—b*)]

Hemspectupie dynxmmn X (ﬁ, LY (é) VA (ﬁ,) 3aMEHMM MHTEPIIOIAIHOHHBIMH

L(Q)=-1 C n(1-¢) -2+ 5 1 (3+¢)+2+1n

MHOTOYJIEHAMH C HEW3BECTHBIMU Koo puumentamu X | e YJ , Z ( =1, n) :

N
N
S8
N‘\
N | —
N——
—_
=
N—

2
n+l1

7 ()= i G po)—0 ao
Te-g) 23

U BOCIIOJIb3YyeMCS KBaJIpaTypHOU (opMyJioi 11t nHTerpaios Tumna Kommu [9]:

J‘(P 1+x) dxzzn‘,wﬁ‘a’ﬂ)q’(ij){l_ R;Ea’ﬁ)(z)] [0%13>—1j a7

j=1 &j -z R;(ra’ﬁ) (@,) z# =l
re &, ( =1 n) KOpHH MHOTOUJIeHa SIxo0u P( )(x) ,

o) poth F(a+n+1)F(B+n+1) 1 ’ .
C T (1=g) T(n+ )T (ot Brn+1)| (as B+ ) PEF(E) |
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n+l

R,(la,ﬁ)(z)z_ il 2°‘+ﬁB(n+0L+1,n+B+1)X
z+

x F n+1,n+[3+1;2n+oc+B+2;i
1+z

3aMeHUB B ompezestomei cucreme (15) Bce MHTerpasbl Ha KBaJpaTypHble CyMMBI U
BBIOMpAst B KayeCTBE TOUYEK KOJUIOKALUM AN NEPBBIX ABYX YPABHEHUH KOPHH (YHKLIUH
1

R}Ez j()C), YHCI0 KOTOPHIX paBHO A+ 1, a s TpeThero ypaBHEHHs KOPHH ()yHKIHH

IEx

- )(x), YHUCJIO KOTOPBIX PaBHO /1, NMOJIYYUM CHUCTEMY JHMHEHHBIX alreOpandecKux

yPaBHEHMH OTHOCHTEIBHO HEM3BECTHBIX KOd(puumenTor X Iz Yj,Z ; ( J =1,n) U TI0CTO-

SIHHOH Q* . Hetpyano npocuuntars, 4To nony4eHHasi CHCTEMA, BMECTE C TUCKPETU3UPOBAH-
HBIM YCJIOBHEM paBHOBecHsi, OyJeT coiepkarh 37+ 3 ypaBHEHHs, @ HEU3BECTHBIX BCETO
3n+1. OTrmeruM, 4TO, KpoMe YKa3aHHBIX, €CTh ellleé M HeM3BeCTHas b,, KoTopas

HEIMHEHHBIM 00pa3oM BXOAUT B MaTpUly KOI(GQUIMEHTOB CHUCTEMbl JIMHEHHBIX
anredpandecknX ypaBHEHNH 1 TOICKUT OMPEACICHHIO.

Cnenyst pabote [10], Tme miast CHUCTeMBI, MEPENONHEHHONH OIHMM YypaBHEHHEM,
TpeJIaraeTcs BBECTH JOTOTHUTETRHYIO HEM3BECTHYIO Y M, CICAs 3a OOpalleHHEM ee B

HOIJIb, 00eCIeunTh CANHCTBCHHOC PCIICHUC HepeHOHHeHHOi/lI CHUCTEMBI, 31€Ch HeO6XOZ[I/IMO
BBCCTHU JIBC OOIIOJHHUTCIIbHBIC HCU3BCCTHLBIC 'Yl nu 'Y2 . HpI/I O3TOM OHH BBOJATCSA TOJIBKO B

IpYINbl JIMHEHHBIX YPABHEHHI, COOTBETCTBYIOIMX IEPBBIM TPEM YPABHEHUSM CHUCTEMBI
(15), mpugem xoTs OBl B OAHOI U3 ITUX TPYMI JOKHA MPHUCYTCTBOBATH TONBKO OJHA M3
9THX HEM3BECTHBIX.

YuceHHbIH aHAIHU3 IIOoKasaj, 4YTO 3Ha4YCHUA HCU3BCCTHBIX 'YI u 'Y2 3aBUCAT OT NOpAAKa
AlIpOKCUMalMM 71 W OT HpPEABApPUTCIIbHO 33JJaHHOI'O0 3HAYCHUS OTHOCHUTEILHON JUIMHBI

30HBI ClEIIenns b, , HO Kakias U3 HUX IIPAKTUYECKH 3aBUCHT TOIBKO OT OJHOTO U3 3THX
napameTpoB. YUHTHIBasg, 4TO D, TMOIJICKMT ONpENeseHuIo, CIeAyeT BHIOpaTh TaKoi
HOPSATIOK aIpPOKCHMALMK /1 , 9TOOBI OJIHA M3 HEM3BECTHBIX Y, U Y, OblLla O6M3Ka K HYIIIO C

3a/IaHHOM CTENEHBIO TOYHOCTH, Jajee Moa0opoM 3HadeHuil b, oOpaTHTh B HOIb BTOPYIO

Hem3BecTHy!o. [lomoOHas cuTyamusi BcTpedasiach W JOCTATOYHO ITOJPOOHO ONFCaHA B
pabote [7], rme paccmarpuBaeMasi 3amada B moctaHoBke JI.A.'anwna pemieHa 3TUM ke
METOJIOM.

Yuciaennblii anaau3. [Ipyn noMomy 4nuciIeHHOro aHalnM3a CXOQUMOCTH KBaJpaTypHBIX
dopmyn mojpobpan Hopsagok annpokcuManuu 7 =13, obecrneunBaromuii TOYHOCTH He

—4
menee 107" . Ha ocHOBe MHOTOYMCIEHHBIX PAcUeTOB MOCTPOCHBI KPUBBIE 3ABHCHMOCTH

3HAYCHHUS OTHOCHUTEIIHLHOUN JJIMHBL 30HbI CHCIIJIICHUA b* KakK oT I(03C]3Cl)I/IHI/IeHTa TpECHUA 9
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IIpU pa3HbIX 3HaueHMsIX kod(d¢uuuenta Ilyaccona vV, Tak u ot ko3 duruenta [lyaccona

V 1pu pasHpIX 3HauveHHaX koddduumenta tpemms 0. IlocTpoensl Takke TrpaduKu
pacripe/ieNieHns] KOHTAKTHOTO JIABJICHHS Y TAHTCHIIMAILHOTO HANPSKEHHS B 30HE KOHTAKTa

Ha puc. 2 mpencTaBieHbl KpUBBIE 3aBHCHMOCTH b, oT kodddumuenta ITyaccoma V
npu pasHeIX 3HaueHHAX kodddwummenta tperma 0=0.1,0.2,0.3,0.4, a nma puc. 3 -
KpUBBIC 3aBUCUMOCTH b, oT kodpdummenta Ttpenus O npu pasueix 3HAUCHHAX

xooddurmenta [yaccona v =0.1,0.2,0.3,0.4.

‘0;2 ‘ 0:4 ) 0;5 ) 0;8 ) 1_‘0 0.1 0.2 0.3 0.4 0.5
Puc.2 3aBucumocts b, ot 0 Puc.3 3aBucumocts b, oT Vv

Jlns aByx map 3Hadenmil kodd¢ummenta ITyaccoma V u xodhdummenta tperus 0
MPOCYUTAHbl KOHTaKTHbIE HOpPMAIIbHBIE M TaHTCHIMAlbHbIC HanpspkeHus. Ha puc. 4

MOKa3aHO paclpesie]IeHUe KOHTAKTHOrO NABJICHUS P, (S), a Ha puc. 5 - Ge3pa3mMepHOro
TaHICHIHAIBHOTO  HAIPSDKCHHS (s (s) B 30HE KOHTaKTa: CIUIOIIHbIC JIMHUU

coorserctBytor 3HadenuaM V =0.3 u 0=0.35, a nyuxrupHele nMHUM - 3HAYEHHAM

v=03u6=03.

08 P+ (5)
0.7: -005
0.6/
0.5 -0.10
04|
S -0.15
0.2 0.4 08 0.8 1.0
Puc. 4 KOHTakTHOE JaBICHHE B 30HE Puc. 5 TanrennuasnbHble HATIPSIKEHUS B
KOHTaKTa 30HE KOHTAKTa
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HCprZ[HO 3aMCTHUTb, YTO KAQYCCTBCHHO ITOBCIACHUS OTHUX Hal'[pﬂ)KGHI/Iﬁ OJIMHAaKOBELI, HO
KOJIMYCCTBCHHO 3aMCTHO MCHSIOTCA U, OCO6CHHO, B CBSI3U C U3MEHEHHUEM 3HAYCHHUH b* .
H0ﬂ06Ha$I KapThHa HUMECT MECTO U JIA APYTrux 3HAYCHUH V H 9 . OTpI/IHaTeJ'II)HI)IG
3HAYCHUS HAPSKCHUSA q* (S) O3HA4arT, YTO OHU HAIIPaBJICHbI HC K LCHTPY, KaK OBILITO

IPUHATO, a OT HEHTpPA.
Beraucium TAaHI'CHINAJIBbHYIO KOMIIOHCHTY INEPEMCIICHNA I'PAHUYHBIX TOYCK ITOJIYILIO-

* *
CKOCTH B 30HE KOHTaKTa M BHE ee. [10CpeacTBOM MCKOMBIX (yHKIuii X (é), Y (i),

Z*(i) u koHctautel (), 0Ge3pasMepHOE TEpEMENICHHE u*(s)=%u(as)
BBIpa3UTCs POPMYJION:
b, | 2s+b, (1+ .
. (5)=~mp(s)-2 [ 1n ?(l‘i) X" (&) JT=&de-
2 | S — *( +&.>)| (S>0) (18)
2, 72 2 42
—Q{s—s +b; In s+b. n S+1|—sln s z—b* }
2b s—b. S—1| s —1

rae GyHKous @ (S) UMeEET CIIEAYIONHE IPEACTABICHHUS:

6 30He CYenieHus (0 <s< b*)

2

bt
(p(s)Z—Q*%+5 [ r(g)Ji-gaz
-1
6 30HE CKOJIbIMHCEHUA (b* <s< 1)
3

(P(S)Z%j.y*(&,)ﬂdé—% 2+b*_2(1_b*)[1—_s)2

| 1-b

6HE 30Hbl KOHmMaxkma (1 < S)

(p(s):O.S.
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02 04
-0.05

-0.10
-0.15
-0.20
-0.25
-0.30
-0.35 U (s)

Puc.6 TanrennuanabHas KOMIIOHEHTa Oe3pa3MepHOro
MepeMelIeHUs B 30HE KOHTAaKTa U BHE ee

Ha Puc.6 npeaACTaBJICHBI KPUBBIC 3HAYCHUN TaHTMCHIIMAIBHON KOMITOHECHTBI nepemMenic-
HUA U, (S) , PAaCCUUTAHHBIX IJI TEX XKC 3HAYCHUA V U 9 , I KOTOPBIX BBIYUCIIIJINCE U

KOHTaKTHble HamnpsbkeHus. OTMETHM, 4TO M 3Ta KpUBas KaueCTBEHHO IIOBTOpPsETCS JUIs
Ipyrux 3Hadennii V u 0.

K
Ha OeckoneunocTtu NEPEMECIICHUC U, (S) CTPEMUTCA K 3HAYCHUIO _7, KOTOpOC

COOTBETCTBYET 3HAUECHHIO TOPU30HTAILHOTO MepeMelleHus 3anaun dnamana ot cunsl P .
Tak kak npejiesbHOE 3HAUCHHE HE 3aBUCHT OT KO QHIIMCHTA TPECHUSI, TO KpUBBIC Ha Puc. 6

T
6y)1yT COMMKATBCS ¥, MOHOTOHHO BO3pacTas, CTPEMUTLCA K 3HAUCHUID —— =~ _04488 .

Jlis BBIUMCIICHUS TIepeMelieHuil U, (S) UCIIOJB30BAINCH KBaJpaTypHbIE (HOPMYIIEI

JUIs BBIYMCIICHUSI MHTErpajia C JOrapu(MHYECKUM SAPDOM M BBIYMCICHUS HMHTErpajia C
MIEpEMEHHBIM BepXHUM nipenesioM [11], ucronp3yroniye 3Ha4eHUsT HAWACHHBIX M3 C.JLA.Y.

koo puumenton X i Y/.,Z ; ( j=1 n) u noctostaHol O, .

3akirouenue. [IpeacraBiena HOBas MoOJENb y4yeTa TPEHHUS B IUIOCKOH KOHTAaKTHOW
3ajjaye O BJABIMBAHUM JKECTKOTO IITaMIa C IUIOCKMM OCHOBAaHHEM B YIPYTYIO
MOJIYIUIOCKOCTh TPH HAJIMYMU TPEHUS MEXIy HUMH. B oTiimume OT XOpOIo M3BECTHOM
monenu JI.A.Tanuna, mnpemonararomieil JIeWCTBHE 3aKOHAa CyXOro TPEHHS B 30HE
CKOJILKEHMSA, 3/1eChb MPEAJIaracTcsi pPaBHOMEPHOE paclpelesieHHe TaHTeHIMAIbHBIX
HanpsOKeHUH 1o 3TOM 30HE. 3ajaya pelieHa METOJOM MEXaHHYECKMX KBaapaTyp.
PaccunTanbl KOHTaKTHbIE HANpPSDKEHMs, HaWJeHa JUIMHA 30HBI CLEIUICHUS, PAacCUUTAHO
TAHIeHIIMAIPHOE IIepeMellleHHe B 30HE KOHTAKTa W BHE ce. Pe3ynbraTbl a/leKBaTHO
OIMCHIBAIOT CUTYALlIO U HE IPOTUBOpEYAT (PU3MYECKOI MOCTAHOBKE 3aa4H.
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