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ZU8UUSULP @bSNhE8NRULLEP ULQUSHL UUUGURUSE SEtuUah
W3BECTHUS HAITMOHAJBHON AKAJIEMHUA HAYK APMEHUA

Uthumthju 76, Nel, 2023 Mexanuka
VK 539.3 DOI: 10.54503/0002-3051-2023.76.1-3

M3I'UB BAJIKA HA KPAE YIIPYT'OM ITOJIOCHI, YCUJIEHHOM
YIIPYTUMHU OIIOPAMHA
Arasu KJIL., AMupmxasasa A.A.

KiioueBble c10Ba: 6anka, H3rud, Iporud, ynpyras Monoca, KOHTAKTHBIC HAIPSKEHUS

Aghayan K.L., Amirjanyan H.A.
Beam bending at the edge of elastic strip reinforced by elastic supports

Keywords: beam, bending, flexure, elastic strip, contact stresses

A plane contact problem on the beam bending of infinite length on the free boundary of an elastic foundation
in the form of an elastic strip rigidly clamped along the other boundary is considered. In this case, it is assumed
that the beam rests on a finite number of elastic support elements such as rods embedded in an elastic strip. The
connection of the reinforcing elements with the beam is assumed to be hinged. The other ends of the rods are
rigidly clamped on the fixed edge of the strip. The bending of the beam is carried out by a given external normal
load applied on its free edge. It is assumed that only normal contact pressures arise under the beam, and the
contact of the beam with the elastic foundation occurs without separation of the beam from the base, i.e. it is
adopted a two-way connection model between the beam and the edge of the strip . Under certain simplifying
assumptions, using the stitching method, a closed solution of the problem in Fourier integrals is constructed.

Unuyui Y.L, Udhpowiywh 2.U.
Zkdwh dpnudp wnwdquiljwh hkwpuibpn] ndbnuglus wpwdquiljut okpinh kgpmud

Zhdbwpwntp® htswb, snmud, £yJusp, wnwdquljub pbipn, Ynbnwljinught jusnud

TYhunwpyynud E dh Eqpny Ynon wdpuljgus wnwdqujui okpnh wqun kqph Jpu wdtpe kpljup
htswp sndwb hwppe Ynunwlunuyght punhpp: Gupwunpdnud k, np hiswup nidbnugdus wdpugjws t,
wnwdquljub oipnh vk nknuljuydws, dnnh-uywb mbkupny wpwdquljut wdpwtbtpny: Zkdwuh htwn
wdpwittph Jhwgnudp hpwljwtwugynid b wquun htudwb dunyg: 2nnbpp dnie Suypny Ynpun
wdpulgqus L okipnnh wpwpd kqpnud: Zkdwuh dnnudp ppujuugynid k ipu wqun qponud wqnnn
wpuuwpht phptwynpdwdp: Bupwunpynud b, np hkdwuh wwl wnwowimd bu dhuyt unpduyg
Ynunwlunuwghtt jupnidutp, hull hiswuh b wpwdquljut hhuph dholt thnjuwmqptgnipiniip juwnwpynid
E wnwtg hhuphg wgwwnytint, wy] hnupny hkswuh b hhuph dhol Eupwunpyniud k tpyynndwuh fuw:
Npnpwlh Eupwunpnipnittbph gphypnud, jupdwt dkpnnhuyny jurnigqws b uugph thuly jnusnudp
Snipgkh huinbgpuyukph wkupny:

PaccmarpuBaeTcsi IUIOCKas KOHTaKTHas 3agada o0 m3rube Oanky OCCKOHCYHOH JUTMHBI Ha CBOOOIHOM
TpaHUIe YIPYrOro OCHOBAHHMS B BHAE YIPYTOH IOJOCHI, JKECTKO 3allleMICHHOU 1o Apyroi rpanune. IIpu stom,
HpeArosaraeTcs, 4yro Oajgka yCHJICHa KOHCYHBIM YHCIOM YNPYTHX MOAKPEIUIAIONIMX OMOPHBIX 3JIEMEHTOB THIA
CTOCK-CTEpP)KHEH, BIIOKCHHBIX B ympyryio moiocy. CoeaMHCHHE MNOAKPEIUIIIONNX 3IEMEHTOB C Oaikoit
IpeJroaraeTcs MapHUPHO-ONEPTHIM. J[pyrue KOHIIBI CTOCK JKECKO 3aIlleMJICHBI Ha HEeIIOJBIXHOM KPae ITOJIOCEHL
M3ru6 Oanku OCYIIECTBISETCS 3aJlaHHOM BHEIIHEH Harpys3Koil, NpPWIOXKEHHON Ha ee CBOOOJZHOM Kpae.
Ipeamnonaraercst, 4To Mo GAIKOH BO3HHKAIOT TOJBKO HOPMAJbHBIC KOHTAKTHBIC NABJICHHUS, a KOHTAKTHPOBAHUC
OaJKi ¢ yOpyruM OCHOBAaHHMEM HPOMCXOIMUT Oe3 OTphIBa Oalkd OT OCHOBAaHHS, T.e. IPUHUMACTCS MOJEIb
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JIBYXCTOPOHHEH CBSI3M MexIy 06alkoil W KpaeM IOJOCHL IIpu onpeneneHHBIX YHPONIAIOIIHX IMPEIIOI0KEHHSX,
METO/IOM CIIUBAHUsI, IIOCTPOEHO 3aMKHYTOE pEellIeHHe 3aJa4u B uHTerpaiax dypoe.

1.BBenenme. 3agagu 06 m3rube OaJIOK W IUTAT HA YIPYTOM OCHOBAaHHMH OTHOCSATCS K
KJIACCY KOHTAaKTHBIX 3aJa4 IPUKIAJHOM TEOpUU YIPYTOCTH O B3aUMOJEHCTBUM TOHKO-
CTEHHBIX AJIEMEHTOB C MaCCUBHBIMHU AehopMHUpyeMbIMU TeidaMu. OHU COCTaBIISIIOT OOLIKP-
HYIO 001acThb TEOPUN KOHTAKTHBIX W CMCHIAHHBIX 3adad, I'’IC UCCICAYCTCA H3ruod 6aJ'[0K )51
TUTIT Pa3IMYHBIX (JOPM M CTPYKTYPHI HA YNPYTUX JIMHEHHO-1e(OPMUPYEMBIX OCHOBAHUSIX
NPU Pa3IMYHBIX KOHTAKTHBIX YCIOBHAX MEXIy KOHTaKTHPYIOIIUMH TejaMu. Teopus
u3ruba 6ajok Ha ynpyrom ocHoBaHu, kak otmedaeT C.I1.Tumomenko [1], pa3spadotana E.
Bunknepom. Ha ocHoBe rumote3bl BuHKIepa HOCTaBIEHB M PENIEHBl MHOTOYHCIICHHBIE
Ba)KHBIE, C TOYKH 3PCHHS NMPAKTUKH, 3312491, HA KOTOPBIX OCTAHABIMBATHCS HE OyIeM.

JlanpHelmeMy pasBUTHIO TEOPHH, CBSI3aHHOMY C TEOPETHYECKUMH M IPHKIAJIHBIMH
mpobieMaMu o pacueTy 0ajioK ¥ IUTUT Ha YIPYTOM OCHOBaHHH, OCBAIIEHO MHOTO padoT.
B aTux paboTtax mccrnenoBaHHMA MOCTABICHHBIX 33/a4 MPOBOMAATCS B paMKax MX TOYHOM
MOCTAHOBKM, T.c. W3berass rumote3bl Buukmepa. M3 atux pabor ormernm [3-14] wu
NPUBENICHHBIE TaM CCBUIKH, TJle MCCIIEJOBaHbl IIOCKHE KOHTAKTHBIE 3a/aud 00 u3ruode
0aJoK, CBOOOJHO JIeKAIIMX HAa Kpae yNPYro IOJYIUIOCKOCTH, NPU OTCYTCTBHU CHII
cuervieHus. Hadanmo Takum paboraM, Kak ykazaHo B [2], MOJNOXWIM pabOThI
H.M.I'epceBanoBa u M.S.Meuepeta [3], [1.1. Knybouna [4], b.I'. Kopenera [5] u T.4.
ITonosa [6]. IIpu 5TOM TOYHOE pemICHHE 3aJa4d 00 M3THOE MONYOEeCKOHEYHOH Oallku Ha
Kpae yIpyroi MOJYILUIOCKOCTH BHepBble ObUIO moiydeHo B [6]. B mocnenmyromem
3aMKHYTOE PEIICHHE TOH K€ 3a/1aun Pa3IMYHBIMA [TOJX0JaM1 OBUIO MOydeHo B paboTax
[7-9].

3mecs, B paMKax KIACCHYECKOW TEOpHH H3rnba OajokK, paccMaTphBaeTCs IUTOCKAas
KOHTaKTHAs 3aada 00 m3rude Oanky OecCKOHeYHO! UIMHBI Ha TPAaHUIIEC YIIPYTOi MOJIOCH C
JKECTKO 3alleMIICHHBIM JpyTUM Kpaem. M3rub Ganmku ocymiecTBIseTCs 3afaHHON BHEITHEH
HOPMaJIbHOW Harpy3Koi, NPUIOKEHHON K Heil, mpejrosaras Opyu 3TOM, YTO TOA Oaykoii
BO3HUKAIOT TOJIBKO HOPMAJIBHBIC KOHTAKTHBIC HAIIPAKCHUA. HpezmonaraeTCﬂ TaKXEC, 4TO
Oajka MOAKPCIIJIEHA KOHCYHBIM YHCJIIOM YIPYTUX OIOPHBIX JJIEMECHTOB THUIIA CTOCK-
CTEp)KHEH, BJIOKEHHBIX B YIPYI'YI0 HOJOCY. YCHJIMBAIOIIME CTOWKA OJHMM KOHLIOM
HMIAPHUPHO COEIMHEHBI C OANKOM, a APYTUM KOHIIOM KECTKO 3alieMIIeHbl Ha HETOABHKHOM
Kpae mosiockl. OTMETHM, YTO IMOCTAaBJICHHYIO 33/1a4y MOXHO PacCMaTpUBATh Kak 3ajady
yIpaBJeHus] MPOruOoM OalIKK: MPHU MOJIXOAIIEM HOAOOpE Yucia HOAKPETUIIONINX CTOCK,
MX MECTOIOJIOXKEHHS U )KECTKOCTEH, MOXKHO CKOPPEKTHPOBATH ITPOTUO OAJKH, IPUBE/S €TO
K JKeJaeMoMy. AHAJIOTHYHYIO 3a/ady MOXHO IIOCTaBHTh M Uil OQJIOK KOHEYHOH u
MOTyOECKOHEYHOH JUTMHBI.

2. THocraHoBka 3agauyu. PaccMOTpHM, OTHECEHHYI0 K JEKapTOBOW CHCTEMeE
KOOpJAUHAT Oxyz , YIOPYIYIO IOJOCY Q(| X |< 00;0< y< h), C YIPYTMMU XapaKTepHu-
ctukamu E,V. Tlomoca xectko 3amemnena mo rpamie y:h, a Ha ee CBOOOAHOMU

o o o +
rparmne Y =0, mox nasnenmem 3amammoii BHemmHeit mopmanbHoit Harpysku ((X),
n3rnbaercst 6anka OECKOHEYHOM UIMHBI ¢ M3THOHOM KECTKOCTBIO D0 M TOJIIIHHON ho .B

CBOIO 0Yepe/b, Oaka B KOHEUHBIX Toukax X = C, (k =1, N) YCHIICHA TTOAKPETUISIONTMA

YOpyrumu ONOpHbIMHA 3JICMCHTAMHA THUIIA CTOGK'CTGpX(HCﬁ C JKCCTKOCTSAAMHU Ha PACTSAKCHUC-
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CXXaTHue EkA(’ Ek -MOAYJb YIIPYTOCTH, Ak_ IJIomanab IMONEepeYHOIro CCYCHUSL k'TOﬁ

CTOUKH H C PaBHBIMU JJIMHAMU Ik = h . Hpennonarae’rc;{, YUTO YKPCIUIAOMIUC 3JIEMCHTBI

OJTHUM KOHIIOM KOHTAaKTHUPYIOT C OajKold B peXMMe CBOOOJHOTO OINHUPAHMS, a IPYTHM
KOHIIOM 3alleMJICHBI Ha HETIOJBIKHOM Kpae ITOJIOCHL.

+
He Hapymias OGIIHOCTH, IpHHMMaeTCs, uto BHemrHss Harpyska (° (X), koTopas Ha

IIPpaKTUKE 00BIYHO CKJIaABIBACTCA U3 COCPEAOTOYCHHBIX CHUII Pk (k :1, NP) n

TN P M
cocpenorouennbix Momentos M, (N=1, N,,), npunoxennsix B Touxax X& ) u Xr(] )

o +
COOTBETCTBEHHO, a TaKXKXC pPacCIpeACIICHHOU HArpy3kh HMHTCHCHUBHOCTU qp (X) y

MPHJIOKEHHBIX HA HHTEPBANax (ap ) bp) ( p=1 Nq) . Torma, umes B BUIly NIPEICTABICHHE

COCPEJIOTOYCHHBIX CHJI 1 MOMEHTOB B BHJE paclpelelicHHOH Harpysku [163], moxem
3amucaTh:

q" (X) = Goq (X) + Ao, (X) + Ao (X) (2.1)

rae
Np Ny

G (X) =2 RX-XP) Gy (X) = DM (X=X,
k=1 1

g

G (X)=D_[H(x—a,) —H(x-b)]as ()

k=1

(22)

=z

3nech H(X)- cryrmenyaras Gynxumus Xepucaiia, O(X) - mempra - ¢ynxums Jlupaxa,
orpesessieMble CIEIYIOINM 00pa3oM:

[0, x<0,  dH(x) .. ,_dd(x)
H(x)= Loxsl T dx =3(x); v (23)

OTHOCHTENBHO PEAKTUBHOTO (KOHTAaKTHOTO) CONPOTHBICHUS CO CTOPOHBI YIIPYron
MOJOCHl M MOJKPEIUISIONMX CTOGK Ha OaiKy, NPUHUMAeTcsi, 4TO: MoJ Oankoil, B
KOHTaKTHOM 30HE C KpaeM IIOJIOCHI KacaTeJbHBIE HAIMPSIKEHUSI OTCYTCTBYIOT M TaM

BO3HUKAIOT TOJHKO HOpMAaJbHbIE JaBICHUS qg (X) , @ KOHTAaKTUPOBAHUEC MPOUCXOIUT Oe3
OTphIBa OaJIKK OT Kpasi yIIpyroro OCHOBAHHUS.
B Toukax C, coenuHenus K —toif croiiku ¢ Gajkoll BO3HMKAIOT HEU3BECTHBIE

cocpenoTouenHble cuibl R, .

Torma, amamormuno c (2.2), obmee peaktusHoe conporuBnenne ( (X),
BO3HHKAOIIEE 107 OaIKOH, MOXKHO MPEACTaBUTH B BUIC!

q (X) =0 (X)+0or (X) (2.4)
rae qa (X) KOHTaKTHOE HaIlpsHKEHHUE, 00yCIOBIEHHOE KOHTAKTUPOBAHNEM OAlIKM C KpaeM

TOJIOCHI, a



Gor (X) =iRk6(x—Ck) (2.5)

SHCCB, KaK OTMEYaJoCh, Rk HEU3BCCTHBIC IMOCTOSHHBIC, KOTOPBLIC OIPCACIIAIOTCA U3

YCIIOBHSA COBMECTHOCTH AeopManuii B Toukax C, cOeIMHEHHs Oallk¥ M yCHIMBAIOIIHX
3JIEMEHTOB.

OTMeTHM TaKKe, 4TO B KayeCTBe BepTHKAIbHBIX Tepememenuii na muamu Y =0
MIPUHUMAIOTCSA BEPTUKAIbHBIC MEPEMEIEHUs OTHOPOIHON TOJOCH, JKECTKO 3aIeMJICHHOM
10 OIHOMY Kpal0 MOJI BO3/IeHCTBHEM KOHTAKTHOTO HaTpsikenus (], (X) .

Ilpy 3THX NpPEANoNOXKEHUsIX M B pPaMKax KIacCUYecKoil Teopum wusruba Oanoxk,
TpebyeTcs ONpefeNuTh 3aKOH paclpeneeHuss HHTEHCUBHOCTH HOPMAaJbHBIX HaNpsKeHMit
dy (X), BosHuKkaronmx nox Gankoil, HensBecTHEIE peakiuy onop R, , koTopbie mozpomAT

OTIPEJICTINTh U OCTAJbHBIC OCHOBHBIE MEXaHHUUECKHE MapaMeTPhl, XapaKTePU3YIOIINe U3rH0
OaJIKH B LIEJIOM.

3. IlocTpoeHune oOwiero pemeHds 3aja4vM. 3ajada ONpeleieHHs HANpsDKCHHO-
J1e(OpMUPOBAHHOTO COCTOSIHUSI PacCMaTpPHBAaEMON COCTaBHOW KOHCTPYKIMH pelIaeTcs
METOJIOM ‘“‘CHIMBaHMs’, PAacCCMAaTpUBasl OTIEIbHO HANPSDKEHHBIE COCTOSIHUSI Oalku U
MOJIOCHI, HCIMOJIB3YySl NPH STOM COOTBETCTBYIOIIME YCIOBUS KOHTakTa Ha TIpaHUIE
compuKOCHOBeHHs 6Ky ¢ kpaem momocs Y =0

Pazgenum Gasiky OT MOJIOCHI M PACCMOTPHUM HX PAaBHOBECUE OTAEIBHO.

W3rn6® Oanku ocymIecTBIsSETCsS, NPWIOKEHHBIMH K €€ KpasM pacipeaeieHHbBIMU

Harpy3kamu q* (X) u(q (X) , orpezaessieMbiMu popmysiamu (2.1) u (2.4) COOTBETCTBEHHO.
Torna, auddepeHimaibHoe ypaBHEHUE H30THYTON ocu Oanku 3anuiiem B Buje [1].

o i _
G RCI @

rIe Vo (X) = dVO (X) / dx, Vo (X) - BEpPTHKAJbHOE TepeMeleHne (Mporud) ocu Oankw,

D, =Egl, - xectxocts Ha msru6, E,- momyms ympyrocs, |, ZbOhg /12 - MOMEHT

VHEPIMH TOMepeyHoro cedenns otHocutensHo ocu OZ bo - mpuHa Oanku. B crnydae
2

MWIKHAPHUYCCKOTO U3rHoda D0 = thg / |:12 (1—V0 )] ,Tae Vg - koadduuent Ilyaccona

marepuana 6anku. 13 (3.1), mocie npeodpazoBanns Pypbe, Momydnm:

SElLNOREC) ©2

Vo (o)

rac

T(o)= j (= f(x)= j T(o)e ™ do )



O6parumcest Terepb K mojoce. [locTpouTs perieHue Ui yIpyroil HoJockl ¢ y4eToM
CTOCK-CTep)KHEH B paMKaX IUIOCKOH TEOPHH YIPYTOCTH JOCTaTOYHO CJIOXHO, €CIH,
B0OOIIIE, BO3MOXHO. [Ipenmonaras, 4To yCHIMBAIOIINE CTOHKHA UMEIOT TOCTATOYHO MAJbIe
TUTOIIAAN TIOTIEPEYHBIX CEYEHHUH, PAcIONOKEHBI Ha JOCTATOYHOM PACCTOSIHUU APYT OT
JIpyra W HaXOIATCS B YCIOBUAX TJAIKOTO KOHTaKTa C IIOJIOCOH, TPH PEUICHWH 3aJadu
TEOPHH YOPYrOCTH M TOJNOCHl OyIeM CYHWTaTh, YTO YCHWIMBAIOUINE 3JIEMEHTHI
OTCYTCTBYIOT.

Hcxonst u3 atix coobpaxkeHuit u cieays [14], mocTpoeHo pelieHne ypaBHeHuid Jlsime
mns ynpyroit obmactn €| X|<o0;0<y<h) ¢ ynpyrumu mapamerpamu E,V, mpu
TPaHUYHBIX YCIIOBHSIX:

o,(x0)=0, (x); 1, (%0)=0
u(x,h)=v(x,h)=0; |X| < o0

rue Gy,’txy- KOMIIOHEHTBI TEH30pa HalpsKEHUH, U(X, y),v(x, y)- KOMIOHEHTBHI

(3.4)

HepeMeIeHIH.
JIyist BepTHKAIBHBIX TIepeMellieH il rpanianpix Touek nonockl Y =0 Gymem umers:

) B - _
v(x, ):1—\/ J- (3 4V)Chochshozth ah 2 qo(a)e_mda
nE = (3-4v)ch’ah+(ah) +(1—2v) o

VYciaoBrue paBeHCTBAa BEPTHKAIBHBIX MEPEMEIEHUN TOYEK Kpas MOJIOCHI V(X,O) c

(3.5)

nporuooM GaKu VO(X), 3aMEHEHHOE DPABEHCTBOM HMX IMPOM3BOIHBIX M 3alIHCAHHOE B
TparchopmanTax Dypbe, 3anuIIeTCs B BUIE:
V, (G) =V (G, O) (3.6)
31ech \7(6,0) - Tpancdopmanta Oypbe MPOU3BOIHON V(X,O) W OIpEIENAeTCs
hopmyJioi
- . ch(oh)sh(och)-och

a 3.7
L N (o) +(oh)? +2¢ %(0) G0

r?;;x;xl} ={

(D) = 2(1-2v)(1-v). 3-v. 1-v
R E(l+v) " 1+v’ 1+v
IMoncrasnss (3.2) u (3.7) B ycnoue konTakra (3.6) u yuursiBas (2.1) u (2.4), nocne

HEKOTOPHIX BBIKIANOK, [OJIydYaeM CIeIyIollee MPEACTAaBICHHE M  ONpeleeHHs

1-v?

7 3—4v; 1- ZV} TpH IWIOCKOH AedopMaruu

TIPY IJIOCKOM HarIp. COCT. (3.8)

- +
KOHTAKTHOT'O JaBJICHHA qO (X) , B 3aBUCUMOCTH OT 3aJaHHbIX BHCIIHHUX HAI'PY30K qO (X) n

HensBecTHBIX (g (X) , npunorkennbIx K Gaske:



2° 7 07(9) = Gor (X)g ieng .

)= e 2o (o)

3.9)

i (§]
1 )__Xch(ch)shqchpqchu
D,D,’ ~ ych?(oh)+(ch)’ +2

Teneps, umes BBy dopmynsr (2.1) u (2.4), (, (X) u3 (3.9) MOXHO NIPEICTaBUThH B
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OtmernM, uto ¢popmynamu (3.9) u (3.14), mpu OTCYTCTBHN YCHIMBAIOIINX 3JIEMEHTOB,
T.e. mpu (yx (X) =0, npencrasnsercs ToyHOe pelIeHHEe KOHTAKTHOH 3a1aud 06 M3rué
Oanky OeCKOHEYHOW JUIMHBI Ha Kpae yNPYroH MOJIOCHI C 3alleMJIEHHBIM JPYTHM KpaeM.
Ipu h—00 (3.9) u (3.14) naT pemeHyue 3ajaud C yNPYrHM OCHOBAHMEM B BHJIE
TIOJTYTUTOCKOCTH, PACCMOTpPeHHO# B [15].

Takum ob6pasom, ¢opmynamu (3.9) u (3.14) maercs QopmanbHOE aHATUTHIECKOE

peuicHue MOCTaBJICHHON BBIIIE KOHTAKTHOM 3aJa4r IIpU MNPHUHATOM IOBOJIBHO XECKTOM
MMPEANOJO0KEHNU OTHOCUTEIbHO B3aMMOBIIUSAHUA YCUIIUBAIOINUX 3JIEMEHTOB C IUTACTHHOM.

4. Temepb, AN 3aBEpLICHHS MOJYYSHHOTro aHamutuueckoro pemieHus (3.9), (3.14),

HEOOXOIMMO ONpPEIETHTh BXOASIIME Tya HensBecTHble Gynkimn Oyn (G) Bonee TouHo,

CIIelyeT ONpPEACTUTh MOCTOSHHBIC Rk, Bxojsamue B (2.5). [l sToro oOpatmmcs K

MMPEANOJJI0KCHUAM, CACTAHHBIM BbIIIC OTHOCUTCIIBHO YCHOBI/Iﬁ COBMCCTHOCTH Z[e(l)OpMaHI/Iﬁ.
DT yCI0OBUA, KAaK HM3BECTHO, HCIOCPCACTBCHHO CBSA3dHBI C YCIOBUAMU 3aKPCIUICHUA

KOHLIOB YCHJIMBAIOLIUX 3JIEMEHTOB B To4Kax C, . 31ech NPUHATO, 4TO B Toukax C,, mporud
6am<1/1 AOJKEH YAOBJICTBOPATH CICAYONIUM YCIOBUAM COBMCCTHOCTU!
3 _ R,h
Vo(Cy)=Al, = =
P

YnosnerBopsisi, npu nomomu (3.15), ycmoBuwsm (3.17), mpuxomuM K CIEAyrOIIEH

(3.17)

CHCTeMe JTHHEHHBIX areGpanyeckux ypaBHeHuil oTHocuTensHo R

N
KR =aP+a?  (m=12,..N) (3.18)
k=1
hD,
Ko = =28 +3,(C —Cpy) (3.19)
En A,
N q) by
al?) =2Psz(xﬁp) —cm); al? =§J'q+ (t)3,(c, —t)dt; (3.20)
k=1 k=L 5

rje 5mk - cumBoa Kponekepa, a J2 (Z) nmaercst hopmysioit (3.16).
B ugactHOM ciydae, Koryia pacnpesaeieHHas Ha MHTepBajiax (ak ) bk) Harpy3ka paBHO-

MepHa, T.€. (X) =Qp, =cConst, as a,(nq) OyJeM UMETh:

(9)
ar(nq) = kZ_:qu [Ja (bk _Cm)_‘J3 (ak —Ch )]

rac

1 7 f (csh)e_icyz do
Ja(z) - 21D, _J;[X?’ +‘03‘ f (Gh)] G|G|



Koadunmentsr 1 cBoOOmHBIE YJIEHBI ompenensomei cucremsl (3.18) BbIpaxkaroTcs

IIpY TIOMOILIM HHTErpajoB JZ(Z) u J3(Z), IIPpY 3TOM, KaK HETPYJHO 3aMETHUTh

\]2 (Z) = Jé (Z) . OTHn HUHTETpaJibl, OUCBHUJIHO, HC MOAAAOTCS HCIIOCPECACTBEHHOMY HWHTET-

PUPOBAaHUIO U HX CJICAYET BBIYUCIIATH YHUCICHHO-aHAIUTHYCCKUMHU METOAAMU C IIpUME-
HEHUEM KOHTYPHOTO HMHTETPHUPOBAHUA B COUYECTAHUU C METOAOM aCHUMITOTHYECKOTO

IPE/ICTABIICHHS IOABIHTerpatbHbIX (yHKImit. [TokakeM 9To st uHTerpana J, (Z) .

VMes BBHUIYy acCHMIITOTHYECKOE IOBEICHHUE (YHKIIUN f(Z), BXOISIIER B JTOT

UHTETpai:
f(z)0O(z) mpn z—0; f(z)01 npu |z] > o0
B MHTETpae J3 (Z) c/IenaeM CIeAyIoe 3aMEHBI
HEg 1 e f(mai+lf
7 1+

[Tocne HEKOTOPBIX MPeoOpa30BaHMl, HHTErpal J3 (Z) IPUMET BUJ!

3,(2)" %JJ(Z)

rac
3(2)

:i o ei)»ZcS dG . ao :i
2 %G(1+|G|3) a, +lo|’ Ah’

Ilpu momom KOHTYpHOTO HHTerpupoBanus [9,15]  mus J;(Z) [OJIy4YUM

MMpeACTaBJICHHUC!:

i_gef ;Mz\ sin M_’_ _ET (1_a0,[2)e—r\xz\

Ty (l+16)(a§ thz)dT

J;(z)=signz B
2a,+1
e tg[}:%_

OnpenenuB u3 cuctembl (3.18) memsectHble R, mpu momomm (3.11) moxem

ml
ONpesieIuTh KOHTAaKTHOE JaBjienue (], (X), a u3 (3.15) - mporu6 Oanku, a 3aTeM u

MOTIEPEYHYIO CHITY ¥ M3THOAOIINI MOMEHT B JIIOOOM CEUCHUH OaKH.
Yucaenublii aHanau3. IIpoBeaeM 4uCIEHHBIA aHAIW3 A CUMMETPUUYHOrO Cllydasd,

KOrj1a uMeeM CToiiky-cTepikenb no ocu Oy 1 elue [Be CTOHKH, PaBHOYIAIEHHbIE OT Hee

Ha paccTosiHue C. B xadecTBe BHENIHEH HArpy3Ku OyJeM paccMaTpUBaTh JIMOO paBHOMEp-

HO pacnpezesIeHHOE 10 OTPE3KY [—a, a] nasynenne (], 1160 cocpeoTouennyo cumy P,

NPUIOKEHHYIO HaJl CpeIHEN CTOWKOW. BBenem nBa mapamerpa Oy U Ol
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KOBq)qJI/IHI/IeHTaMI/I OpONOPUUOHATIBHOCTH MCKAY MEPEMCIICHUEM OalKid B TOYKE
COCANHECHUA CO CTOﬁKOﬁ-CTep)KHCM VOC U COOTBCTCTBYIOIINM IIEPEMEIICHUEM Ganku Inpu

OTCYTCTBHU CTOEK-CTEpkHEN Vi, T.e. Vj, (O) = 0LV (0) u V. (iC) =0l Vo (iC) .

BanaBaﬂ 3HAYCHHUA 3THUM HpaMeTpaM, ONpECAaAcCIaeM HGO6X0}II/IMI:.IG JKECTKOCTH OJI1 CTOCK-
CTepKHEH.
[Ipu YuceHHBIX pacdeTax IUIs HEKOTOPBIX MapaMeTpoB 3a1adyd 3aUKCHPYEM CICITy-

IOIIME€ 3HAYCHUS: h =l, ho =0.1h, a=0.5h, v=0.25. Ha ®ur. 1 NPEICTaBICHbI

KpuBble mporuba Oanku TOA MAEHCTBUEM pPABHOMEPHO pACIpPENCICHHONW HArpy3KH.
CrIONIHBIMU INHUSMHE TIPE/ICTaBIEHb Ge3pa3MepHbIe, OTHECEHHBIE K TOIIMHE monock N,

KpHBBIE IIporuba Oalky IPH HAIMYHM CTOEK-CTEPXKHEH, Korma Oy = Ol =05 u

C :025, a IMYHKTUPHBIMU — TC K€ KPUBBIC MNPHU OTCYTCTBUU CTOGK'CTep)ICHeﬁ. HapI)I

KPHBBIX,  COOTBETCTBYIOIIMX  3HAYCHHAM  OTHOLIGHHS  MOJyJNeH  yIpyrocTH
E, / E =5,100, 500 o6o3nauens: uudpamn 1, 2,3 coorsercTBeHHO.
-a v(x) a
| | X
- -g05 —C

@ur. 1 ®opma nporuda Oanku OT pacnpeeIeHHO BHEITHEH HATPY3KU

B Ttabmume 1. mpuBemeHBI 3HAYEHUS JKECTKOCTEH CTOEK-CTEP)KHEH, MPH KOTOPHIX
MPOruObI OATKH UMEIOT BH/ CILIOIIHBIX JIMHUHE Dwur. 1.

Tabauna 1.
E, / E 5 100 500 2000 10000
E. A, cpenueii coitku 0.4909 0.2841 0.1915 0.1160 0.0136
E, A, Gokosbix cToek 0.7614 1.0810 1.3811 1.7821 2.4942

ITo maHHEIM TAaOIHMIBI MOXKHO 3aMETHTh, YTO C YBEIMYCHHEM JKECTKOCTH OAJIKH POJIb
CpeiHeil CTOMKM yMeHbIIaeTCs M OCHOBHYIO Harpy3ky OepyT Ha ce0si GOKOBBIE CTOMKH.
Kazanock Obl, 4TO MpH JAOCTATOYHO JKECTKOH OajKke BCE TPU CTOWKU JNOJDKHBI ObUIM OBl
HECTH HAarpy3Ky MNpPaKkTHYECKd OJIMHAKOBO, OJHAKO 3TO HEBO3MOXHO OOECIHEeYUTh IpU

IPOU3BOILHEIM 33JaHUM O0OMX MapaMeTpoB O, M O,. OTO U MHOATBEPXKAAETCS B

pacCHuTaHHOM Cliy4dac, Korja IPUHATO OLO =0LC =05 O‘-IGBI/IL[HO, 4qTo HOﬂ60p0M
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OAHOI'O M3 YKAa3aHHBbIX MMapaMETpPOB MOXHO JOCTHUYb yKa?;aHHOfI BBIIIC oxcnz[aeMoﬁ
CUTyallnu.

Ha ®wur. 2 npencraBieHsl KpuBBIe Mporuba Oaaku moj ASWCTBHEM COCPEIOTOYCHHON
CHJIBI TIPY Pa3IMYHBIX, HO CHMMETPHYHBIX, MECTOIIOJIOKEHIIX OOKOBBIX cToek. Ciemyer
OTMETHTD, YTO 37€Ch, B OTIMYHE OT CITydasl paclpedesieHHON Harpy3KH, Heleaecoo0pa3Ho

IPHHAMATH 3HAYCHHUS TApaMeTPoB Oly U OL, PaBHBIMH, IOCKOJIBKY BEIOHMpas Oy, I BCEX

TOYeK OalK{ IMOJydaeM TaKoe XK€ 3Ha4eHHE COOTBETCTBYIOILIETO MapameTpa M yCTaHOBKA
CTOeK B JIIO0OOM MecTe HHUKaK He OyZeT BIWATh Ha pe3yiabrar. [lostomy, mycTh

o, = 0.5, o, = 0.25, nns oTHOWMIEHMs MoyNel YpyrocTH GANKH M IONOCH IPUMEM
3HAa4YEHUE E0 / E =100, a paccrosune C npunmmaer 3mauvenns C=0.25;0.5;0.75.

Kpussie Ha ®ur.2 o6o3Hagens mudpamvu 1 2; 3 B cooTBeTCTBHY CO 3HAUEHHAMH C .

v(x) 1

L
~\ 5t L

®ur. 2 ®opma nporubda GaKK OT COCPEIOTOYCHHON BHEITHEH HArPY3KH
B Tabmune 2. mpuBeneHbl 3HAYEHHS JKECTKOCTEH CTOEK-CTEPXKHEH, NMpPU KOTOPBIX
MPOTHUOBI OATKH UMEIOT BH/I CIDIONIHBIX JIMHUH Dur.2.

Ta6muma 2.
C 0.25 0.5 0.75 15 5
EmAﬂ CpeIHel CTONKN -3.5342 1.1948 1.7214 1.8479 1.8498
EmAﬂ OOKOBBIX CTOEK 8.5154 2.8219 2.0403 1.8283 1.8497
0o (X)
pmmm el 1

X

-1.0

-05

—C

Cc

0.5

1.0

@ur. 3 KoHTakTHOE JaBJICHUE MO OAIKOW OT pachpeaeCHHON BHEIITHEH
Harpy3kuKaxk u ciiefjoBasio 0XXu1aTh, BIUSHUE 3aJaHUS] KOHKPETHBIX 3HAYEHUI MapaMeTpoB
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O, u O, HauboJee CYIECTBEHHO, KOTIa CTOMKH PacIoNOKEHbI OIU3KO JPYT K IPYTY.

Kax Bugno 13 Ta0n.2 3HaUuTENbHAS Pa3sHALIA MEKIY 3HAYCHUAMH Ol U Ol IIPHBOMUT K

TOMY, YTO CPEIIHISI CTOIKa MEHSIET CBOIO OMOPHYIO (DYHKITHIO Ha CAEPKUBAIONIYIO (OTpHUIIa-
TeJIbHAst YKECTKOCTB).
Ha ®wur.3 u ®ur.4 npeacraBieHs Mapsl KPUBBIX (CIUIONIHAS W ITyHKTHpHAS) pacrpe-

JeJIeHUs. KOHTaKTHOro nasienus (], (X) OT pacIpeleIeHHON U COCPENOTOUYECHHON BHEIII-
HHX HArpy30K JUIs ByX 3HaueHwuii oTHOmeRHs moxynei ynpyroctu E,/E =5;250. Mpn

9TOM B IEPBOM ciiydae Oy = O, = 0.5 , @ BO BTOPOM - Oy = 0.25, . = 0.5.

0y (X)

3%

e c

-1.0 =05 —C 05 1.0
®ur.4 KoHTakTHOE AaBICHHE MO 0AIKOI OT COCPEeNOTOUCHHON BHEITHEH HATPY3KH

[Taps! kpuBbIX, npeacTaBieHHble HA OuUr.3 u Our.4, sIBHO yKa3bIBAIOT HA CYLIECTBEHHOE
nepepacnpeieIeHIe KOHTAaKTHOTO IABICHUS 1MOJ Oankoil B CBS3M C HAJMYUEM CTOCK-
crepxxraedi. [Ipm sToM, Ha Our.3 MOXHO 3aMETHTh, YTO TpH Oojlee MATKHAX Oaimkax
nepepacnpenieIeHHe KOHTAKTHOTO JIaBJICHHUS MPOHMCXOMUT IPAKTHUECKH TOJBKO JIMIIb
HETIOCPEJICTBEHHO II0J HHTEPBAJIOM JEHCTBHS BHEUIHEH paBHOMEPHO pAaCHpeICTICHHOM
HaTpy3KH.

3akarouenune. PaccMoTpeHa Inlockas KOHTakTHas 3ajgada o0 w3rube Oanku
OCCKOHCYHOW JUTMHBI HA Kpae YIPYro# MoioCkl, B KOTOPYIO BJIOXKCHBI OMMOPHBIC JIIEMEHTHI
TUNA CTOEK-CTepkHe. [Ipu ompeneneHHbIX NPEANONOKEHUSIX OTHOCHUTENBHO OMOPHBIX
3JIEMEHTOB MOCTPOEHO 3aMKHyTOe peuieHue B umHTerpanax ®dypoe. [lomyueHbl KOHEUHbIE
aHamaTHYecKue (GOpPMYyNBI UIS  ONpEACTCHHS Mpornda Oalku W paclpeelieHUs
KOHTaKTHOTO AaBiieHUs noj Heil. IIpn HEKOTOpBIX YacCTHBIX CIIydasX MapamMeTpoB 3aJauu
MIpOBEJICHA €€ YMCieHHas peanus3anus. [lo pe3yapraTaM BBIUMCIECHUN MOCTPOEHBI KPUBbIE
W30THYTOM OcH OaNKH 1 TpadMKH pactpeieeHns] KOHTaKTHBIX HapsHKEHUH.

W3 3tux rpadukoB CIIEAyeT, YTO HAIWYKME OMOPHBIX SJIEMEHTOB CYIICCTBEHHO BIIHSCT
Ha mporud OajgKu U pachpec/icHHe KOHTAKTHBIX HAINPsDKCHHM 1moa Held. MakcuMasbHbIC
3HAYCHHS ATHX BEIUYMH, KaK M CJIEOBAJ0 OXHIaTh, YMEHBIIAIOTCS M, B UTOre, OOIIas
KapTHHA paclpeesIeHUs 3TUX BEJIMUMH CIIIaKUBACTCS.

Pe3ynbTaThl BHIYMCICHUHN MO3BOJISIOT MPEANONOKUTH, YTO MPU MOMOIIH COOTBETCTBY-
IOIIEr0 BBEIOOpA OCHOBHBIX MapaMETPOB — JKECTKOCTh CTOCK-CTEPKHEHW Ha PaCTSHKCHHE -
C)KaThe, B3AUMHOE PACIOJI0KECHHE CTOCK, BHEIIHSASA HATPY3Ka — MOXKHO YIIPABIATH (POPMOIt
M30THYTOW OCH OAJIKW HJIH MOJTyYUTh OJHM3K0e K TpeOyeMoMy pacipeesieHiHe KOHTAKTHOTO
nmaieHus. [Ipu mogxomsmieM pacrooKEHUH CTOCK-CTEp)KHEH MOXKHO H30eKaTh OTpHIBa
0arky OT Kpas MOJOCHL, YTO UMEET HEMAJIOBAXXHYIO POJIb B TMOTOOHBIX 3a/1a4ax.
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HpezmaraeM},H‘/i MOoAXO0J peHICHUA 3aJdavu MOKET HaliT! MPAaKTUYCCKOEC NPHUMCHCHUEC,

HalIpuMmep, pru NpoOCKTUPOBAHNN BOASAHBIX HJ'IaT(bOpM 1 IPOU3BOACTBCHHBIX KOHBCerpHBIX

JIUHUH.
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2U8UUSULP @hSNhESNRULLELD UQQUSHL UUUYEUTUSE SEtuUahr
M3BECTUS HALIMOHAJIBHOM AKAJTEMHUU HAYK APMEHUU

Uthuwuthju 76, Nel, 2023 Mexannka
YK 539.3 DOI: 10.54503/0002-3051-2023.76.1-15

OTPAKEHHME YIIPYI'UX BOJIH OT 'PAHUIIBI ITIOJYIIPOCTPAHCTBA ITPU
YCJIOBUHU CKOJIBXKEHUS C TPEHUEM

Amupaxansu A.A, I'esopran I'.3., lapounsan A.3.

KarueBsble c10Ba: naaromas BOJIHA, MPOJOJIBHBIC U ITONIEPEUHBIE BOJIHBI, TDEHUE, OTPAKEHUE YITPYTUX BOJIH

Amirjanyan A.A, Gevorgyan G.Z, Darbinyan A.Z.
Reflection of elastic waves from the boundary of a half-space under the condition of sliding with friction

Keywords: incident wave, longitudinal and transverse waves, friction, reflection of elastic waves

The problem of reflection of longitudinal and transverse waves from the boundary of a half-plane is considered. It
is assumed that boundary conditions are a generalization the sliding contact and assume that the tangential stresses
do not vanish, but obey the law of dry friction. Analytical expressions are obtained for the ratios of the amplitudes
of reflected waves to the amplitude of an incident longitudinal or transverse wave. A numerical analysis of the
dependence of these ratios on the wave incidence angle, friction coefficient, and Poisson's ratio is carried out. It is
shown that when the direction of the boundary shear stresses and the direction of propagation of the incident both
longitudinal and transverse waves coincide, there are critical angles of incidence at which the amplitudes of the
reflected waves become infinite.

Udhpowiyut 2.U, Sunpgyuit ¢.2., Ywupphiywh U.Q.
Unwdquljuwt wihpitph winpunupdnidp Jhuwnwpwdnpjub qphg' 2thnuinyg uwhph yuydwih
by pnid

Zpfimpuntp’ pilunn wihp, kpiuyiulwl, jwybwlwb wihpbp, whpitph wigpugupdnid, sgoud

Yhunwpdus  t jhuwhwppmipywtt kqphg  Eplugtwluwt b punguybwluwt whpukph
wiunpunupddwt punhpp, Epp mpjws Eu Eqpuyhtt wuydwubp, npniup punhwipuginid k. uvwhnn
Ynunwlunh wuydwbbbpp, bupwnplny, np onowhnn jupnudubpp ny phk qpouyuijub Bb, wyp
Eupwplyynd  &u snp  othdwl  opkupht: Uwnwgws bEu  wbwhnhl wpuwhwjnnipmpiutbp
wiunpunupdws wihpukph wuyhnmnpubph b pujung Epluytulut jud puguyuufwt whph
wdyhuninh  hwpwpbppenittbph hwdwp: Ywwnwpqus  t pdughtt Jbhpnsnmipmnit wyy
hwpwpbpmpmnibbph juhijwénipyniip whph wiljdwt wiljniiuhg, sthdwt gnpsuiljghg b Mniwunth
gnpdulighg wyuipqlint hwdwp: 8nyg E wipdus, np tpp Eqpuyghtt onpwithnn jupnudubkph ninnnipmin
hudpuljuinud £ puljunng b Epluyiwljut b puyuybulut wihpubph nwwpwsdw minnnipjut htn
qmipnit nibukt wiuwb Yphnhuljub whlpniattp, npnig nphypmd winpunupddws wihpubph
wduy hnmnubpp dqunid kb wi]bpeh:

Paccmotpena 3agada OTpakeHUs MPOIOIBHBIX U MONEPEYHBIX BOJH OT TPAHHIIBI MOITYIUIOCKOCTH, HAa KOTOPOH
3a1aHbl YCIOBHsI, 0000IIAOIINe CKOMB3SIIHN KOHTAKT M IPEAIIOIaralolye, YTO TaHI €HIIAIbHbIC HANPSDKEHHS He
o0pamarorTcss B HOJb, a IOJUHHSIOTCSA 3aKOHY CyXoro TpeHus. IlomydeHBI aHANMTHYECKUE BBIPOKECHHS UL
OTHOWICHUH AaMIUIUTYJ OTPaXCHHBIX BOJH K aMIUIMTYyJe Najaionieid NpOoAOJbHOW MM TONEPEeYHONH BOJHBIL
IIpoBeneH YUCIICHHBIH aHAIM3 3aBHCHMOCTH STHX OTHOIICHHUH OT yIJIa MaJIeHus BOJHBI, KO dHUIHEeHTa TpEeHUs U
kod(dunmenta Ilyaccona. ITokazaHo, YTO MPU COBMAJCHUN HAIPABICHHUS IPAHHYHBIX KacaTeNbHBIX HAPSDKEHHI
U HamnpaBICHHEM paCHpPOCTPAHEHMs MAJAIONIEH KaK MPOJONBHOM, TaKk M MNONEPEYHOW BOJIHBI CYMIECTBYIOT
KPUTHYECKUE YTIIBI MTaJICHHsI, IPH KOTOPBIX aMILUTHTY/IBI OTPXKCHHBIX BOJH 00PAINarOTCsl B OECKOHEYHOCTb.
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Bgenenue. IIpu uccrnenoBaHiy pacupoCTpaHEHHs BOJIH B YIIPYTUX cpeaax, OOBIYHO, Ha
TpaHUIle pa3fena cpell pacCMaTpUBAIOTCA UYEThIpPE THUIA MPAHUUYHBIX YCJIOBUI: 3aKpemiéH-
HBII Kpaii, cCBOOOAHBIN Kpail, yciaoBust Tuna HaBbe, ckonb3smmii KoHTakT (anTH-Hasbe) [1-
16]. B HacTosiiee BpeMsi TOSIBUICS psii cTaTeil, B KOTOPBIX IMPENoJarawTcs Oojee
CIIO)KHBIC TPaHUYHBIC YCIOBHs, B TOM uucie ¢ yudérom tpenus [3,4,17]. Omnako
CYIIECTBOBAHME TAKMX TPAHUYHBIX YCIOBHH Tpebyer oOocHOBaHUs. KoppekTHOCTH
MIOCTAaHOBKHM 331a4 C YCJIOXHEHHBIMU T'DaHUYHBIMH YCIOBHSIMH HanOojee MPOCTO MOXKHO
MPOBEPATh Ha NPUMEPE HCCIENOBaHMA 3a1a4 OTPAKEHHs YIPYTUX BOJH OT TPAHHIBI C
YCIOKHEHHBIMH YCIOBUSIMH. [Ipy 3TOM 3a/1a4i OTpaskKeHNUS TaKXKe YIOOHBI I TOCTAHOBKH
SKCIEPUMEHTOB.

B Hactosmell pabore ucciexyercs 3ajada OTPaKEHHUS YIPYTHX BOJH OT TIPaHHUIBI
HONYIJIOCKOCTH, Ha KOTOPOHl 3aJaHbl YCIIOBUS, OOOOIIAOIIME CKONB3AMMN KOHTAKT,
rnoJjaras, 4TO TaHI'CHIUAJIbHBIC HANPSKCHUA HE 06pa111a10TcsI B HOJIb U TIOJYUHAKTCA
3aKOHY CyXOro TpeHHs. B 0CHOBY Takoif MOCTaHOBKH 3a/1auu Jieriu uieu npogdeccopa M.B.
beny6exsHa.

1. TIlocranoBka 3aga4yl. YIpyras MOJYIUIOCKOCTh B MPSIMOYTOJBHOHW NEKapTOBOMH
cucteme koopauaar OXY sannmaer o6nacts {—oo <X<,,0<y< OO} U Ha €€ rpaHu-

Iy TIOJ1 YIJIOM MaJIaeT IIOCKas BoJiHA. B paMkax 3amauu miockoi redopMarnuu

u=u (x,y,t), v=v(x,y,t), w=0 (1.1)
HCCIICAYCTCA BOJHOBOC IIOJIC TMOCJIC OTPAXKCHUA Haz[a}ou_[eﬁ BOJIHBI OT TI'paHHUIbI
MOJYTIIIOCKOCTH.

W3BecTHO, 4TO MmpH HOMoIIH npeacrasneHus Jlame [11]

_00, 0y % oV

u ) ; 1.2)
ox oy oy OX
CHCTEMA YPAaBHEHUH JBIKEHHUS pa3OMBAETCS Ha J1BA Pas3eibHbIX YPAaBHEHHS
1 ¢? 1 ¢
=29 Ay==TL (L3)
c, ot c ot
B (1.3) C,, C, npencransioT coboit CKOPOCTH PaCPOCTPAHEHHUs MPOIONBHBIX H
HONEPEYHBIX BOJIH
A+2
¢ = AvAR 2 K (1.4)

p Cop

riae A, - ko3 duiuentsl Jlame MaTepuana MnoymiocKOCTH.

Ha rpanutie momymiockoCcTH 3aaHbl YCIOBHS

v=0, G, =YO,, upu y=0, (1.5)
KOTOpBIE SBISIOTCS 000O0IIEHNEM OOBIYHBIX YCIOBHM CKOJB3SIMIETO KOHTAKTA, MMEIOIIUX
mecto mpu Y =0, u Ha3BIBAIOTCA YCIOBHAMH CKONB3AIIETO KOHTAKTA C TPEHHEM.
ITockoabKy (QU3MYSCKH YCIOBHS CKOJB3SIIETO KOHTaKTa JHOO MPEACTaBIAIOT cOo00it
YCIOBUsL cCUMMeETpHH, u60 npeanosararoT Hannuue Ha muauu Y =0 skectkoil rmankoit

nperpazmsi, To yernosus (1.5) npeamonararoT HaaudIre TPEHAS MEKTY KECTKOU TIPerpajoi u
TpaHULEH TOIYTIIIOCKOCTH ¢ KO3(h(HUINEHTOM TPEeHUs Y .
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O‘IeBI/I}_'lHO, YTO B JMHAMHUYECKOU MOCTAaHOBKE BTOPOC YCJIOBHC B (15) MOXXCT BBI3BAaThb
BOIIPOCHI, CBA3aHHBIC CO 3HAYCHUCM TAHTICHUHUAJIBHOTO HAIIPSKCHUA IMPU OTPULATCIBbHBIX
HOPMAJIbHBIX HAIIPAKCHUAX. Bo uzbexanne Takux BOIIPOCOB, NPCATIOJIOKNM, YTO yIpyrasd
MOJYTIJIOCKOCTh HAaXOAUTCA B IMPCABAPUTCIIBHO HAMPS)KCHHOM COCTOSHUHU, CO3aBacMOM
CTaTHYCCKUM J1aBJICHUCM Z[BPI)KyIHeﬁCH C TIOCTOSIHHOM CKOPOCTBIO BJOJIb OCHU OX JKECTKOU
nperpansbl. Honaraﬂ, YTO HOPMAJIbHBIC KOHTAKTHBIC HANPSYKECHUA U CBA3AHHLIC C HUMH, IO
3aKOHY CYXOIro TpEHHUA C KO3(1)(1)I/IHI/ICHTOM TpCHUA 'Y , TAHICHIWAJIBbHBIC KOHTAKTHBIC

HAIPSDKEHUSI TPEBOCXOIAT COOTBETCTBYIOIINE HOPMAIIBHBIC M KACATeIbHBIC HANPSIKCHHU,
BO3HHKAIOIIME HA TPAHUIIE BCICACTBHUC BONHOBBIX HPOIIECCOB, U YYUTHIBAS JIMHCHHOCTH
YPaBHEHHUI IBIKCHHUs TEOPHU YIPYTOCTH, MCIIOJIb30BAHUE TPaHMYHBIX ycnoBuid (1.5) mpu
HCCIICZIOBAaHUH BOJIHOBBIX IIPOLIECCOB MOJKHO CUUTATh [IPABOMEPHBIM.

I[Tpu oMo npeactasieHuit (1.2) rpanuunsie yenosus (1.5) 3amumryTest B Buze

20 _ov_g
oy OX
o Dy & o o° o° 9
2022 SV Yyl (hv2un) S 240 S0 0 2 Y
oxoy oy® ox OX 0yoX

[Toctpoum penrerust cuctembr (1.3) mpu ycnoeusix (1.6) B mByX ciydasx, Koria Ha
TPaHUIlY TONYIIIOCKOCTH MOJ HEKOTOPHIM YIJIOM TajaeT: a) MpoojbHas BOJHA U 0)
nornepeyHast BOJHa.

[Tpu 5TOM BaXXHYIO POJIb UTPACT HANPABICHHE JBIKCHUsI YKa3aHHOM BBIIIE TIPErpaIbl —
[0 HAMPABJICHHUIO PACTIPOCTPAHECHUS MAAAIOIICH BOTHBI WIIM MPOTUB Hero. Eciu monarath,

4TO Yrojg MnaJacHud BOJHBI H3MCHACTCA B HWHTCPBAJIC (O, TC/Z), TO HaOOo 6y}:[eT B
otzensHocTH paccmarpuBath caydan Y >0 wm y<0. C gpyroii cropombl, MOXHO
npunsts Y > 0, a uHTEpBaN U3MEHEHUS yIIIa TIaJIeHUs] PACIIUPUTH 10 (0, TC) . Ilpu atom
JUIsl yTIa majieHns Ol M3 MHTepBaja (0, n/ 2) MBI Oy/IeM UMETh CHTYaIMIO COBMAIEHHS
Hanpasiienuit, a npu /2 < 0L < 7T, mojaras B KauecTBe yrjia MajeHus yroa T—OL,

OyzleM UMETh POTHBOMONIOKHYIO cuTyanmio. Jlanee, 6ynem nonarats Y >0 u o G(O, TE) .

2. TIponosibHass BoJiHA. IlycTh Ha TpaHHUIly MOJTY-

IIJIOCKOCTH y=0 nox yriaom OL TajgaeT IPOJOJIbHas

BojHa (¢wur.l), KOTOpyoO, B COIJIaCHM C TEPBBIM
ypasuenuem (1.3), mpeacraBum B Bujie

(pna() = Aza() exp I (0‘)t - k1X + ka) (21)

e

2
®
— -k @2

e

(Q) o .
k,=—cosa; k,=—sina=

C C,

e e
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Torma u3 ypashenuii (1.3) ciemyer, 4To OTpakEéHHBIC MPOIONBHAS H MOMEPEUHAS
BOJIHEI Hpe)ICTaBJ'IS{IOTCH B Buze [11]

(pomp omp eXp I ((’Ot k X— k2 y)
. (2.3)
Yoy = B,y €XPi (0t —kX—p,Y)
e
(,02 @
P, = —2—k12=—sin[3 ' (2.4)
Ct 1
B - YroJi OTpaKCHHA nonepequﬁ BOJIHBI, OHpe,I[CJ'IiIeMLIﬁ 13 YpaBHCHUSA
2
C 1-2v
COSB=\/§COSOL, 0="o=—— (2.5)
¢’ 2(1-v)

TpeOys, uToOb! HyHKIUH
(p = (Pnad + (Pomp’ \V = \ljomp (26)
YIOBJICTBOPSUIM TPaHUYHBIM ycioBusM (1.6), mocie HeKOTOPBIX Mpeodpa3oBaHuii, ¢

Y4YETOM CBSA3U k12 + k 2 = e(klz + p22) , HOJIyYuM
kK,A, —-kB,  =kA

omp 1= omp nao
v[(1-20)k7 +K; | A, [ 2y0k,p, +k +K |B,,, = @.7)
=—y[(1-20)Kk’ +K] | A

nao

N3 cucrembr (2.7) aMIUTyasl OTPaKEHHBIX TPOMONBHOM W MOMEPEYHOH BOIH
BBIPA3STCS Yepe3 aMIIUTY/y Mafarolieil BOJIHBI CIEIyIOMHUM 00pa3oM:

2vk A, 2y k, A
Aomp (1 A j Ana() ! Bomp —2= Ana() (28)

rIe

A=k, (K +k3)-vk (A, —20k,p,)

(2.9)

A, = (1-20)K? +k?

[TpuBeIEM OTHOLIEHHS AMILTUTY
2y(1-26¢c0s” o
omp _ 1+ y( ) ;

Ao tg o+ 2y/0 sin o/1— 0 cos? o ~y(1-20cos’ o)

B 2v(tgoa—0sin 2o

A”””’ = v(19 ) (2.10)

o tg o+ 2yx/0sinan1—6cos? a ~v(1-20cos”

U3 (2.8) merpynno 3ameruts, uto nmpu A, =0 ammmryna orpaxenHoil nonepedoit
BOJIHBI OOpaIIaercsi B HOJIb, T.€. OTPAKaeTCs TOJIBKO MPOAONIbHAS BOJHA. Takas cuTyarus

MOXET UMETHh MECTO TOJIBKO IIpU 'Y = O, TO €CThb IpU YCJIOBUHM TJIAJIKOTO KOHTaKTa Ha
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TpaHUIle, a 3TO O3HAYACT, YTO HAJMYUC TPCHHS MPUBOJUT K 00s3aTEIEHOMY OTPAXKCHHIO
MIONIEPEYHON BOJIHBI.

Bo3MOXHOCTP paBeHCTBA WM HEPABEHCTBA HYJIIO aMIUIUTYAbl OTPaKEHHOMU
MIPOJIOJIBHON BOJIHBI HE OYEBUJHA U 3TOT BOIPOC PEIIEH YHMCICHHBIM aHaJINU30M, KOTOPBINA

IOKa3all, YTO CYWIECTBYET yroil MaJcHUs MPOAONBHOM BONHBEI Ol (ﬂ:/ 2<a,< TC), pu

KOTOPOM aMIUTUTYJIa OTPAXCHHOMN MPOI0JILHOM BOJIHEI 00paIiaeTcsi B HOJb.
Cnenyer paccMOTpeTh M OCOOBIH ciyyail oOpamieHHs B HOJb 3HAMCHATENS B
BeIpakeHUsIX (2.10), KOTOPBIi MPUBOIUT K YPABHCHHUIO

tg o+ 2y~/0 sin a/1-0cos? o —y(l—29cos2 oc) =0, (2.11)
Kak moka3piBacT YHCIICHHBINH aHanu3, ypaBHeHue (2.11) uMmeeT KOpeHb, YTO O3HAYACT
CYHIECTBOBAHHME TAKOTO YINIa IAJCHHS MPOAONBHOM BOIHBI O, (0 <o, < Tc/ 2) , korma

aMIUIMTYIbl OTPa)KEHHBIX BOJIH o0pamarTcsi B OECKOHEYHOCTh, T.€. HMEET MEeCTO
pE30HaHC.

3. Honepeunas BoaHa. IlycTs Temepp Ha TrpaHHIy

Y =0 nox yrnom [ manaer nonepeunas ponua (dur.2)

W, = B,y eXpi(0t =KX+ p,y) (31)

V noBnerBopss GpyHKIUIME vy

(p = (pomp’ \Ij = \I"na() + \Vomp (32) Pur.2

rpaHu4HEIM ycrnoBuaM (1.6), ¢ yuérom (2.3), mpuaeM K cileIyrolell CHCTEME YpaBHEHHIA

k2 Aomp - kl Bomp = kl Bnad

Y|:(1_ 29) kl2 + k22] Aamp _[ klz + k22 + ZYG kl p2:| Bomp = (33)
:[kf +k? —2yek1pz] B

OTKyJa

4v0k,? 4y 0k, k

Aomp = YOK P, BMO ’ o = M -1 Bna() (3.4)

Cornacuo (3.4) nmpozonbHAs BOJIHA HE OTPAaKaeTCs (Aomp = O) e Tonsko mpu Y =0

o .
(T.e. IIpH YCIIOBAH CKOIB3siIIer0 KoHTakTa), HO 1 npu P, =—SINPB=0, r.e. npu B=0.
t
OnHaKo, B OTIMYME OT CIydas NajeHHs IPOAONLHOM BOIHLL, 3TO €llle He 03HAYAET, YTO IpH

MMPOU3BOJIBHOM O < B < TC/2 OT TIpaHULbl MOJYIIOCKOCTU 6y,[[€T OTpaXaTbCd U
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npononbHas BojHa. JleHCTBUTENIBHO, ¢ y4eToM HepaBeHCTBA O < —, M3 CBA3M MEXIy
yIamMu nafeHus u otpaxenus (2.5) HetpysHo 3ametuts, uto pu 0 < B < P, rae

C
B. =arccos— (3.5)
e

BOJIHOBOEC YHCIIO k2 CTaAaHOBUTCSI MHHMBIM H BMECCTO OTpa)I(CHHOﬁ HpO,HOJILHOﬁ BOJIHBI

BIOJb TPAHUIBI OYyIeT pPacIpOCTPAHITHCA BOJHA, AMIUTUTYAa KOTOPOH IO TIIyOuHEe
SKCIOHCHIUAIBLHO YOBIBAET.
[IpuBeaeM OTHOUICHHS aMIUTUTYJ OTPAXKCHHBIX BOJH K AaMIUIUTYIC IaJarolnei

HOHepeqHOﬁ BOJIHBI B 3aBUCUMOCTH OT YyTIJIa MaJAICHUSA B .
Ap _ 4ysin 2BcosP

B..s v(cosp+cos3p)+2(1+ysin2B)\/0—cos’p
B,, Aysin 2B/0 —cos® B

-1 X _B.).
B, v(cosp+cos3p)+2(1+ysin2B)\/6—cos’B (B.<p<n-B.)38)

[Mockonbky mpu ycnoeuu (2.5) 3sHameHatenu Boipaxenuil B (2.10) u B (3.6) momyueHs

n3 IPpEACTABJICHUA OJHOI'O MU TO K€ JE€TCpMHUHAHTa A , TO, O4YCEBUIHO, YTO IIpU

B, = arccos(\/g cos oac) 3.7)

3HaMeHaTelb BhIpakeHHH B (3.6) Taxke obpamaercs B Hoib. CpaBHUB Beipaxenust (3.5) u
(3.7), Hetpyauo nposeputk, uto npu O, >0 yron B, Bxoaurt B unTepBan onpeneneHus

BeIpaxkeHui (3.6).

YucneHHBIN aHAJIN3 YUCIUTENS BO BTOPOM BBIpakeHHH (3.6) moxaszall, 4yTo, B OTJIMYHE
OT ciy4as MaJalouieid IPOJOIFHON BOJIHBL, B MHTEPBAJIC ONpeAecHus BeIpakeHUH (3.6)
HET TaKoro yriia, Ipyu KOTOPOM aMIUINTY/a ITOTIEPEYHON BOJIHBI 00paInanach Obl B HOJIb.

4. Yucnenusiii ananu3. Creayer OTMETUTD, YTO B PACCMAaTPHUBAEMOM CIIy4ae YCIOBHS
CKOJIBXKECHHUSI Ha TPAaHUIE IOIYIUIOCKOCTH pa3OMeHHe INa/alolieil BOJIHBI OJHOTO THIA HA
JIBa THUIIA OTPKEHHBIX BOJIH SBIIICTCS PE3yJIbTATOM HAIMYMS TPEHUS B TI'PAHUIHOM
yciaoBud. [Ipy OTCYTCTBHM TpeHHs, T.€. NPU YCJIOBHUH TJIQJKOTO KOHTAaKTa, HMMEEeM
IPOCTEHIIYI0 CUTYyallMIO: Majarolias BOJHA OTPAaXaeTcss OT IpaHUIbl 0e3 H3MEHEHUH,
HO3TOMY Jajiee, IPH NPEACTABICHUU Pe3yIbTaTOB YUCICHHOIO aHAJIM3a, HET CPABHEHUS C
9TUM citydaeM. [lepelineM K YUCIEHHOMY aHaIU3y IIPU HaJIU4UU TPEHUS.

[IpoBeneH YHCICHHBIN aHamu3 monydeHHbIx hopmyi (2.10) u (3.6) ¢ 1enbio BhISCHEHHS
3aBUCHMOCTH BOJIHOBOTO TOJI OT IaJAlOIIed MpOJOJbHOM MM TOMNEepedHOll IMIOCKON
BOJIHBI OT yIJIa UX TaJeHUs], OT KO3((PUINEHTA TPEHHS B YCIOBHU CKOJIB3SIIETO0 KOHTAKTA
n or koadduimenta Ilyaccona marepuana, MOCpEICTBOM KoToporo mo dopmyne (2.5)

OIIPCALIIACTCA MapaMeTp 9 .

Hpe}IBapI/ITeHBHO BBISICHUM 3aBUCHUMOCTH 3HAYCHHA KPUTHUYCCKOI'O yrja IaJacHus OLC,

TP KOTOPOM aMILTHTY/IbI OTPAKEHHBIX BOJH 00OpamIaroTcs B OECKOHEYHOCTh, W yria O,
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KOIJla OTPaXKaeTcsl TOJbKO IIONepeyHas BOJNHA, OT KodGduimeHTa TpeHHs Y U OT
ko3¢ dunuenta [lyaccona V. Ha ®ur.3 n ®ur.4 mpencTaBaeHbl KPUBBIE 3aBUCUMOCTH Ol

umT— G’O OT V IIpH pa3JIMIHBIX 3HAYCHUAX 'Y .

0.6F O, y=07
05F

o4l y=045
0.3f y=03
0.2F y=0.2
0.1F y=01

- - s s s A%
0.1 0.2 0.3 0.4 05

@ur. 3. KpuBbIe 3aBHCHMOCTH KPHTHYECKOTO yria O, oT ko3¢duuuenta Ilyaccona V.

0.7 T—0

o6 _( ) y=065
0.5F y=0.55
0.4f y=04

0.3}

0.2f y=0.2

0.1} y=01

0.1 0.2 0.3 0.4 0.5

@uwr. 4. KpuBbie 3aBUCHMOCTH yTJia (n - OLO) ot ko3 durnenta [Tyaccona Vv .
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Ha ®wur. 5 mpezacraBiieHbl KpUBbIE 3aBUCHMOCTH OTHOILEHMS aMIUTHTY] OTPaXKEHHBIX
NPOJONBHON (IMYHKTHpHAs JIMHUS) M TONEpe4yHOW (CIUIOMIHAs JIMHHSA) K aMIUINTYyAe
najialoied MpOAOJBHOW BOJNHBI OT YIia €€ MaJeHHus MNpH CIeIyIOIUX 3HAYSHUAX

napaMeTpoB V = 0.28(9 = 0.306) uy=0.35.

' 30w By

A, A

nao nao

2t
@ur.5. KpuBble 3aBUCUMOCTH OTHOIIEHUH aMILIUTY/]] OT yIJla NaJIeHusl IPOJOIbHON BOJIHBI.

OrmeTnM, 9TO A APYTHX 3HAUCHHUN MapaMeTpoB V M 7Y KapTHHA PACIIONOXCHUS
KPUBBIX KAaYC€CTBCHHO HC MCHACTCA, MCHACTCA JIMIIbL MECTO PACHOJIOKCHUA aCUMIITOTHI B
COOTBETCTBHH C U3MEHEHHEM KPHTUYECKOTO yria majgenus O, . CormacHo xpuBbiM ¢ur. 3
000MM mapamerpaM TMpPUCYIIA OJHHAKOBAas 3aKOHOMEPHOCTb: 4YeM OOJbllie 3HAUCHHUC
napameTpa, TeM OOJbllle KPUTHUECKUH yroy nafeHus O, .

Ha ¢wur. 6 mpezncraBiieHbl KpUBbIe 3aBUCUMOCTH OTHOLICHUS aMILIMTYJ OTPa)KEHHBIX
MPOAOJIBHON (ITyHKTHpHAs JIMHUS) M TONEpeyHOH (CIUIONIHAs JHHUSA) K aMIUIUTYHAe
Ma/IafoIIe! MoNepeYHOl BOJIHEI OT yIJIa ee MaJeHus MPU TeX XKe 3HAYCHUAX MapaMeTpoB V

n 'Y . Kak ObL10 0TMEUEHO BbIIIC, TOJBKO IIPU M3MCHCHUHN yIJla MaACHUA B B MHTCPBAJIC

(B*, TI:—B*) MMEEeT MECTO OTPa’KeHHE BOJIH, ITOITOMY IO OCH albCIHcC TMOoKa3aH TOJBKO
STOT HHTEpBal. 37€Ch, KaK M B ClIydae MaJACHUS NPOJOJIBHOW BOJHBI, CYILECTBYET
KPUTHYECKUH yroi Bc , OJIHAKO OH OYEHb GJIM30K K 3HAYEHUIO [3. W, o3TOMY, Ha (Bur.6 He
OUY€Hb YETKO, 0COOEHHO M0 OTPAXXEHHOM MPOJ0IbHOM BOJHE, BUAHA CUTYAIUs CTPEMIICHHS

K OECKOHEYHOCTH aMIUIUTY/l OTPaKCHHBIX BOJIH. 3aBUCHMOCTH yIila BC OT IIapaMeTpoB V
¥ Y MOHOTOHHO BO3PAaCTaroIlasi, Kak M JJIi yrima O, ¢ TOH IMIOb pasHULEH, 9To 00IacTh
U3MEHEHUS yIJIa BC HoYTH B 6 pa3 MeHbIIE 00IaCTH U3MEHEHH yria Ol . OTO 03HAYaerT,
YTO IIPU JIOOBIX AOMYCTUMBIX 3HAYEHMAX MapaMeTpoB V M Y TOYKa BC OYeHb OJIM3KO
pacrosniokeHa K IpaHulle MHTEPBaa ONpesesieHust [3., 4eM U OObICHIETCS ee TPY/HO-
paznuunMocTh Ha Tpadukax. JamuMm HekoTopble mnosicheHus no ¢ur.6. Ha unTepase
[B*, BC ] CIUIOLIHAs JUHUS, HAUWHAs OT 3HAYECHUS (—l) , @ IyHKTUpHAas JINHUS Ha4YMUHAas C

HEKOETO 3HAYCHMS (—ao < —1) , CTpeMsiTcsl K (—OO) BJ/IOJIb BE€PTHKAJIBLHON aCHUMIITOTHI,
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nokaszaHHoi Ha ®wur.6 cnea. Eciu myHKTUpHas TMHUS OJIVDKE K JISBOMY KOHIY CTPEMUTCS

K 00, TO Ha IIPaBOM KOHILIE OHA CTPEMUTCS K KOHCYHOMY 3Ha4eHHI0 8 > 2.

1 2 [ Azmp Bamp ,-
\ > 'a
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3 12 3
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@ur.6. KpuBble 3aBUCHMOCTH OTHOIIEHUH aMIUIUTY/L OT YIJIa TaJeHusl IONepeuHOI BOJHBI.

Ecmu kacaTenpHbIC HANpsOKCHUS Ha TPAHUIC MOJYIUIOCKOCTH HAa3BaTh MMOJOMXKHTEIb-
HBIMH, €CJIH OHH JICWCTBYIOT 10 HAMPABJICHUIO PACIPOCTPAHCHUS MANAIOIIel BOJIHBI, U
OTpHIATENEHBIME B OOPaTHOM CIIydae ¥ MOJaraTh, 4To yroi maaenns meneme 70/ 2, To
JIeBbIe MOJOBHUHBI Gur.5 u ¢ur.6 OyayT oToOpakeHHEM CHUTYAIlUH C IOJO0KHUTCILHBIMU
KacaTellbHbIMUA HAMPSDKEHHUSMHU, a TPaBble MOJOBUHBI OYAyT 3epKAIbHBIM OTOOpaKEHUEM
CHUTYaI[HH C OTPULIATEIbHBIMH KACATEIbHBIMU HAMPSKECHHSIMHU.

[Monb3ysich BBEACHHBIM MOHSATHEM, cornacHo ¢ur.5 u ¢ur.6, MOXKHO ckazaTh, 4TO
MOJIOKUTENbHBIE KACATENbHBIC HAPSDKCHUS TPUIAIOT OTPAXKESHHBIM BOJIHAM JIOMOJTHUTEb-
HYIO DHEPIHIO, YBEIUYHBAs UX aMIUIUTYAy. BeieacTBUe 3TOroO CyIIECTBYIOT YIUIbl MAaCHHS

Ol Ui IPOJIOJIBHOM BOJIHBI U Bc JUIs1 TIOTIEPEYHON BOJIHBI, IIPU KOTOPBIX 3TH aMILIUTY b

obpaiarorcsi B 06CKOHEYHOCTh. YUYHTBIBAs, YTO BBIIIE ObLIO CAENAHO MPENOIOKEHHE O
MAJIOCTH HAIMPSDKCHHI BOJHBI 10 CPABHEHHUIO CO CTATHYCCKUMH HArpy3KaMu, KOTOPOE IS
YIJIOB MaJCHUs, ONM3KUX K YKa3aHHBIM, HE BBIMOJIHACTCS, UCCIICAOBAHKE 331U JJIs1 TAKUX
YIJIOB CJIeAyeT MPOBOAMTH IPYTHMH METOAAaMH, B YACTHOCTHU, MPHU ITOMOIIH KOMITBIOTEP-
HOTO MojenupoBanus [15,16].

IIpu oTpHIIATENBHBIX KACATEIBHBIX HArpy3Kax MOXKHO HAOJFOIaTh MHTEPECHBIN (BakT

CYHIECTBOBAHUA TaKOro yrija naacHus HpOHOHBHOﬁ BOJIHBI (TE—OLO), pu KOTOPpOM

MPOUCXOJUT 3ariylieHne (aMmIuuTyJa oOpamiaercs B HOJb) OTPAKEHHOW MPOJIOJIbHOMN
BOJIHBI, T.€. TIPY MaJICHUH NPOJIOTIHHOM BOJIHBI OTpaskaeTcs TOJIBKO IMonepedHas BoyHa. Kak
ObUTO OTMEYEHO BBIME M BUAHO M3 DUT.6, MpH MAACHUU MONEPEYHON BOJHBI TaKOM
CUTyalluu He HabromaeTcs.

OnmcaHHbIe SBJICHHS pE30HAaHCA W MOJABIEHUS OJHOW W3 OTPaKEHHBIX BOJH
OOBSCHSIOTCSI HAJIMYUEM JIOTIOJHHUTEIHHOM SHEPrHMH KacaTeJbHBIX CHJI, KOTopas JHO0
npubaBiIseTcs K SHEPIUU MaJalolied BOJHBIL, MO0 moryomaer ee. Tak Kak B cirydae
JpYrMX TPaHWUYHBIX YCIOBMH Ha TIpaHHIE NOJNYIUIOCKOCTH (CBOOOJIHAs TpaHMIa HIH
JKECTKasl 3ajieJIka) DHEprus MNaJarolield BOJHBI HE HM3MEHSETCs, a INPOCTO Iepepactpe-
JIETSIETCSl MEX/y OTPAXEHHBIMU BOJIHAMH, TO OTH SIBJIEHHS HAJ0 CUNTATh 3PQeKToM
TpEHHs.
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3akarouyenue.  lccnenoBaHel BONPOCH OTPaKEHHsI IUIOCKOM MPOAOJIBHONH MK
MONIEPEYHON BOJIHBI, NAJAIONICH Ha TpaHUIly YIPYToH MOJyMIOCKOCTH, Ha KOTOPOH 3a/1aHbl
HyJIEBbIE HOpMaJIbHBIE NEPEMEIICHUS U TaHT'€HLUAIbHbIC HANPSKCHUS, NMOAYHHSIONINECS
3aKOHy cyxoro TpeHus. IlokasaHo, 4To, Kak M B CIy4asXx CBOOOJHONM TpaHHUIBl WU
JKECTKOTO 3allleMJICHHsI, P TaJICHUN Ha TPaHUIly KaKoH-1M00 M3 yKa3aHHBIX THIIOB BOJIH
OT HEe OTpPaXkaloTcsi ABE BOJHBI: NMPOAOIbHAS U momepedHas. OmHaKO 37ech KapTHHA
pacmpoCTpaHEHUsI OTPA)KEHHBIX BOJIH KAa4ECTBEHHO OTIMYACTCS OT YKa3aHHBIX CIIydacB
TPaHUYHBIX YCIIOBHH, OCKOJIBKY JEHCTBHE KacaTeNbHBIX CHII MOIPa3yMeEBacT HAKOIJICHHUE
SHEPTUM Ha I'PaHHMIIE MOTYIUIOCKOCTH, a OHA, B CBOIO OUYEpE]lb, BIMACT HAa PAaCHpE/ICICHIE
SHEPTUH MEXAy OTPAKCHHBIMH BOJHAMH. B WacTHOCTH, 3TOT (akT SBISETCS NMPUIMHON
BO3MOXXHOCTH TIOSIBJICHHS, TIPH OIPEACICHHOM yIJIe IaJeHUs, PE30HaHCa, a TaKkKe
MOJJaBJICHUE, OIATh JK€ IPH OINpPENeJIEHHOM, HO JpYroM, yrje MaJeHHs, OTpakeHHOIl
MPOJOJIHON BOJHBI, KOIJla Ha TpaHHUIy MaJaeT Takas e BOJHA. TakuMm oOpas3om,
YCTAHOBJICHO, YTO NPH HAJIMYHUU KacaTEeJIbHBIX HAMPSKEHUN Ha TPAaHUIIE CYIIECTBYET yroi
NaJieHus] IPOJOJILHON BOJHBI, KOTAa OT I'PaHMIBI OYAET OTpaXkaThCsl TOJBKO IOIEpedHas
BOJIHA.
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ZUSUUSULEP @bhSNhESNPLLENP ULAUSHL UHUNGUDPUSP SttuUah
W3BECTHS HAITMOHAJIBHON AKAJTEMUM HAYK APMEHUH

Uthuwuthju 76, Nel, 2023 Mexannka
VK 539.3 DOI: 10.54503/0002-3051-2023.76.1-26

HAINPS)KEHHOE COCTOSIHUE KYCOYHO-OJHOPOJHOM IIJIOCKOCTH C
NEPUOIUYECKOM CUCTEMOMN MEK®A3HbBIX JTEQ@OPMHUPYEMBIX
BKJIOUEHUI

Jamrosin JIJI., Axonsin JI.B.

KnaroueBble cjioBa: cMemiaHHAs 3aJga4ya, KOHTAaKTHas 3aaada, Mexccpamoe BKJIFOYCHHUCE,
n3rub u PpacTAKCHHEC 6an1<1/1, nepuoanvcCcKas Cucrema.

Dashtoyan L., Hakobyan L
Stress state of a piece-homogeneous plane with periodical system of interfacial deformable inclusions

Key words: mixed boundary value problem, contact problem, interfacial inclusion, bending and stretching of a
beam, periodical system

The work considers the plane stress state of a piecewise-homogeneous plane, of two heterogeneous half-planes,
which is reinforced by a deformable thin inclusion at the junction of the half-planes and is deformed under action
of distributed loads applied to the inclusion. It is assumed the inclusion undergo both tension and bending. A
governing system of integro-differential equations with respect to jumps of contact stresses acting on the long
sides of the inclusion is derived. The solution of the governing system in the general case is constructed by
numerical-analytical method of mechanical quadratures. In the case of an infinite inclusion, an exact solution to
the problem is obtained.

Uhgbuquyht nhpnpumgynn tkpypulubiph wwppbpuluh hadwlupg wupmbwyng junp we
Yunp hwdwubn hwppnipjub jupjusught Jhdwyn
Twpunnyul L.L., Zuynpjub L.

Zhttwpwnkp® fownp kqpuyht utinhp, Yntnwluught iughp, dhoduquyhts tkpypuly, hkswith pnud o
dgqnud, wuppbpwlut hwdwlupg

Yhuwupus E pynt mwpwube Jjhuwhwppnipniuiiph dhwgnidhg uvnwugqus junp wn junp
hwdwuter  hwppnipjut hwpp—mgbidnpdughnt Jpdwlp, Epp  wyb  Eplint wiwpuubn
Yhuwhwppmipmpibutph dhwugdwt gsh Jpuw mdbnugdus b phdnpdwgynn pupwl tbkppypulubpp
wuppbpuwl hwdwluwpgny b phdnpdugynid b ubpppuljubph Jpu wopnn inpdwy b onpwithng
puwohjws phinubiph wqnbgnipyut mwly: Gupwnpynid k, np ubkpppujubpp ny dhuyt dgdnid B, wyp bl
Soynud: Oquuwugnpstiny dhedwquyhtt nhipbljnubp wupnibwlnng pununpuy hwppenipjut hwudwp
unwugud fuqynn nsnwdubpp, unwugyws bt opuunph npnohy hwjwuwpnudp ubkpppuljubph Eplup
Ynnubpptt  gnpénny  qupnudubph erhspubph GWuundwdp  Zhppkpunh Ynphgnd  uplignigjup
huntgqpnphdtipbughwy; hwjwuwpdwt wbupny , nph usnuwdp, Junnigdl) b dbjuwthjului
punuwljniuugdwt pubtwdlibtph dkpnnh oqunipjudp:

PaccMoTpeHo miocko-1ehOpMUPOBAHHOE COCTOSIHHE KyCOYHO-OHOPOIHOM TIOCKOCTH,

MIOJIyYEHHOU NpU IOMOIIM COEIMHEHUS ABYX PAa3HOPOJHBIX MOIYIIOCKOCTEH, KOTOpas Ha
JVHUM CTHIKA TOJIYIJIOCKOCTEH YCHIIEHa HNEepHOANYECKON CcHCTeMOW JedopMHupyeMbIx
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TOHKMX BKJIIOYEHUH W JeQopMuUpyeTcs NIpH IOMOLIM HOPMAJIBHBIX M KacaTelbHbBIX
Harpy3oK, IpHJIOKEHHBIX K BKIOYeHHUIO. [lomaraercs, 4To BKJIIOYEHHE MOJBEPracTcsl Kak
pacTsDKEHUIO, Tak W M3rudy. Mcnonb3yst paspbIBHBIE pEICHHs Ul KyCOYHO-OJHOPOJHOM
IUIOCKOCTH ¢ MexX(]asHbIMH  JedeKTaMH, TOIYyYeHO OIpeleisioniee ypaBHEHHE
MOCTaBJIEHHOH 3a/lauil B BHJE CHHTYJSIPHOTO MHTErpo-An((GepeHINaIbHOT0 ypaBHEHHS C
aapoM ['miapOepra OTHOCHTENBHO KOMIUIEKCHOM KOMOHMHALMHM CKAa4KOB KOHTaKTHBIX
HaOpsDKEHUM,  JEHCTBYIOIIMX  HAa  JUIMHHBIE  CTOPOHBI  BKIIOYeHHH.  Pemenue
ONPENSISIFOLIET0  YPaBHEHUS  IIOCTPOCHO  YHCICHHO-aHAJIMTHYSCKUM  METOIOM
MEXaHHYECKHX KBaIpaTyp.

BBenenue. KoHtakTHOE B3anMozeicTBHE Ne(HOPMUPYEMBIX TOHKOCTEHHBIX 3JIEMEHTOB
THIIa HaKJIaJOK ¥ BKJIIOYEHHH C OJHOPOAHBIMH M KyCOYHO-OJHOPOAHBIMH MACCHBHBIMH
TeJlaMH OTHO W3 BKHBIX HAIIPaBJICHUH Pa3BUTHSI KOHTAKTHBIX M CMEUIAHHBIX 3a/1a4 TEOPHH
yrnpyroctd. B pa3zButue 3TOro HampaBieHUS KOHTaKTHBIX M CMEIIaHHBIX 331a4 OOJIbILON
BKJIJ] BHECJIa IIIKOJIa apMSHCKUX MEXaHHMKOB. MHOTHE pe3ysibTaThl B 3TOM HallpaBJCHHH,
MOJIyYeHHbIE apMSHCKMMU MEXaHHMKaMH KakK JUisi TOJBKO pacTATMBAIOIIMXCS, TaK W
OJTHOBPEMEHHO pacTATUBAIOLIMXCS W H3rubaroummxcs AehOPMHUPYEMBIX HAKIAIOK U
BKJIFOUCHUI mpuBezieHbl B pabotax [1-4]. TlpuBenem taxxe padbotst [5-11], rae mocTpoeHs
pelIeHus psAja 3ajad Uil YOPYrod IUIOCKOCTH M HOJIYIUIOCKOCTH € Ae(OPMHPYEMBIMH
HaKJIaJAKaMH ¥ BKITIOYCHHAMH. OIHAKO YHCIIO aHAJIOTUYHBIX UCCIICHOBAaHHN ISl KyCOYHO-
OJJHOPOJIHBIX MACCHBHBIX Tell C MeX(a3HbBIMH AePOPMHUPYEMBIMH BKIIOYCHHSMH, IIE
HapsIy C PACTSDKCHUEM BKIIIOYEHHS YYTEH TakKe W ero M3rud, odeHb Mano. B 310il cBs3n
oTMeTHM paboTty [12], rae ucciuenoBaHo IOCKO-Ae(pOPMHUPOBAHHOE COCTOSHHE COCTABHOM
YIPYToil IUIOCKOCTH C KOHEYHBIM WJIM OECKOHEUHBIM MeX(a3HbIM AehOopMHPYEMbIM
BKJIFOYEHUEM, OZJHOBPEMEHHO IOJBEPrarolMMCsl H3TUO0Y U pacTATUBaHUIO.

Hacrosimas paboTa siBisieTcsl npoJobkeHneM pabotsl [12] M MMeeT 1ejib, Ha OCHOBE
MPOCTBIX MOJIEJICH PacTsHKEHUsI U U3rnda Oaliki, U3YUnTh HalpsHKeHHO-Ie(OpMHUPOBAHHOE
COCTOSIHHE KYCOYHO-OJJHOPOJJHOM INIOCKOCTH YK€ C TIEPHOIUUECKOil CUCTEMOM Mex(pa3zHbIX
JedopMUpyeMbIX TOHKHX BKIIIOUSHHUH.

1. IocTraHOBKA 33724 M BHIBOJI ONPeIESIIONINX YPABHEHHIA.
PaccMoTpuMm  miocKo-1e(OPMHUPOBAHHOE COCTOSIHHE KYCOYHO-OJHOPOJHOM yIpyroi

TUTOCKOCTH U3 JBYX Pa3HOPOJHBIX MOJIYIUIOCKOCTEeH ¢ ko3 durmentamu Jlame “117‘1 u
W,, 7»2 COOTBETCTBEHHO, KOTOpas OTHECEHa K JeKapToBoii cucteme koopmuaar OXY , och
OX xoTopoii coBMelleHa ¢ JIMHMEH CThIKA PA3HOPOMHBIX TOJYILIOCKOCTeil. Bymem

nojararb, 4YTO KYCOYHO-OAHOpPOJAHAsA YyIipyrasgd IUIOCKOCTbL 11O JIMHUHW COCIAUHCHUSA

PasHOPOJHEIX TOMYIUIOCKOCTeH Ha mHTepBane L = U (—a+2n|,a+2n|) ycuieHa

n=—oo

MEePHONYECKONH CHCTEMOW JIepOPMHUPYEMBIX TOHKMX BKIIOUCHHH TOJIIMHBI h| c

neprogom 2l | ¢ mpusenéuupIM Moxyem aedopmarmit EI* W KecTKoCTbIO M3ruba D, .
[onaraercs Takke, 4TO IUIOCKOCTh JedopMHpyeTcs IO BO3AEHCTBHEM HOPMAaJIbHBIX
P, ( X) M KacaTelIbHbIX | (X) pacIipeielIeHHbIX Harpy30K, JEHCTBYIOINX Ha BKIIOYECHUS
(Pwur.1).
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dur.1

Kak u B pabote [12], BiIroueHHs OyleM TPaKTOBaTh KaK OJHOMEPHBIC KOHTHHYYMBI,
KOTOPBIE MOJA BO3ACHCTBHUEM IPHUIOKEHHBIX K HUM HOPMAJBbHBIX M TOPHU3OHTAIBHBIX
Harpy30K OJIHOBPEMEHHO TIO/IBEPraroTCsl Kak pacTshKeHHIo, Tak W u3rudy. I[lpuuem,
BCJIEJICTBHE MAaJIOCTH TOJIIMHBI BKJIIOYEHUH II0JIaraeTcsi, YTO HOPMAJbHBIE M OCEBHIC
CMEIIEHHS BCEX €ro TOUeK, HaXOAAILIMXCS B OJHOM CEUEHHH, OJMHAKOBBI U OIPEIEISIOTCS
W3 He3aBUCHUMBIX YPaBHCHUI PACTSDKCHUS M U3rHba cpeqHei TuHUN BKIoYeHus [1]:

d?u, 1

=——| Ty (X)— ; (—a+2nl 2nl
™ huE.*[ o(x)=t(x)]; (-a+2nl<x<a+2nl) "
d', |

v _Di,[PO (x)-o(x)], (-a+2nl<x<a+2nl)
rae V, (X) n U (X) COOTBETCTBEHHO BEPTUKAJILHBLIE U TOPU30HTAILHBIE KOMIIOHEHTHI
CMEILIEHUH CpeHEN JIMHUU BKIIFOUEHHUS,

5(x) =0} (x.0)-0," (x.0); (%) =75 (x.0)-7(x0).
CKaYK{ HOPMallbHBIX G(yj) (x,y) M KacaTeJIbHBIX ’L‘(xf,) (x,y) (j =1 2) HanpsKeHUH,
JEHCTBYIOIUX Ha JUIMHHBIE CTOPOHBI BKIIIOYEHUH,

. E _ ENW

'2a-v)) T 12A-vY)

a EI yV 1 hI COOTBETCTBEHHO MOJyJb YNPYrocTH, ko3¢ ¢umment Ilyaccona u mmpuna

BKJIFOUECHHH.

CraBurcd 3ajaya NOJYYUTh ONPEHEISAIONIYI0 CUCTEMY YPaBHEHHMH [OCTaBICHHON
3aJayd M TIOCTPOUTH e¢ 3(PQPEKTHBHOE pEIICHHE YHUCICHHO-aHAIUTHYECCKAM METOIOM
MEXaHMYECKUX KBaaparyp. [Ipyu momMoum noayyeHHbIX YMCIEHHBIX PE3YyJIbTaTOB BBISBUTH
0COOCHHOCTH 3aKOHOMEPHOCTEH W3MEHCHHsS KaK HOPMANBHBIX, TaK W KacaTeIbHBIX
KOHTAaKTHBIX HaNpsHKEHUH Ha CTOpOHAX BKIIIOUEHUH.

BceneactBue crnenaHHbIX NPEANOIOKEHUM, B 30HAX KOHTAKTa BKIIIOUEHHUH C MaTpuileil
MOYHO 3aIMCaTh CIAEAYIONINE YCIOBUS KOHTAKTA !
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dvj(X,O) PN, duj(x’o) '
T:vI (x), TZSI (X):Ul (X) (1.2)

(-a+2nl<x<a+2nl; j=12)

3neck, Kak u B [12], V; (X, y), u; (X, y) (j =1 2) COOTBETCTBEHHO BEPTUKAIBHEBIE M

TOPU30HTaJIbHBIE KOMIIOHEHThl CMELICHMH TOYEK Pa3HOPOIHBIX IOJNYIUIOCKOCTEH, a 7Y -
YToJI IOBOPOTA BKJIIOUEHHH B ceueHne X = —a.

U3 ypaBuenwnii (1.1), st IpOU3BOAHBIX BEPTHKAIBHBIX M TOPHU30HTAIBHBIX CMEIICHHUIH
CpeiHeH TMHUK BKIIOUCHUI B Clydae OTCYTCTBUS NEPEpe3bIBAIOIINX CHI U MOMEHTOB Ha
KOHIIEBBIX TOUKAX BKJIIOUECHUH MOIYYNM CIEAYIOIINE BRIPAKCHUS :

O(ljlj( _h £ J' [T (s):|ds; (-a+2nl<x<a+2nl)

—a+2nl (1.3)
dVI a+2nl |X—5|(X—S

W J' —[Po(s)—c(s)]ds+y; (—a+2nl<x<a+2nl)

dx 4D,

Tenepp ompenenyM HOPMalbHBIE W TOPHU30HTAJIBHBIE COCTABJIIOIINE CMEIICHUH
Pa3HOPOJHBIX TIONYIUIOCKOCTEH Ha Oeperax suHMM L 4epes KOMIIOHEHTHI CKa4KOB
HOpMaJbHBIX W KacaTelbHbIX HampspkeHud. C 3TOH 1LeNnbl0 HUCHOJb3yeM pa3pbIBHBIE
pelieHus ypaBHEHHUH TEOpUM YINPYTOCTH AN KYCOYHO-OJHOPOAHOM IUIOCKOCTH C
Mex(pa3HOi TpeuuHOW, npuBeneHHble B [6]. Tak kak B paccMaTpHBaeMoM cCllydae
KOMITOHCHTBI JHUCJIOKAaIIUuH CMCIIIGHI/Iﬁ paBHLI HYJIIO0, U3 3TUX pellleHI/Iﬁ MOJIYyYnM:

—a+2nl

' ' d o a+2nl s
vl(x,O):vz(x,O):—Xor(x) Z j ol )d
n—*‘f’ a+2n|
d w a+2nl (14)
ul’(x,O):u;(x,O)zxoc(x) Z I (s) L ds
”*—00 a+2n|

rae, Kak u B [6],

q :99—352). q :3(21)+9(22). U I 9(1):(“0‘1)“1.
° 2 ' 2 7 2+q)] ? 240,
_(a® L a@Y _(q® _aq@). _

A=(99+0%) —(o -9 ; %= o (i=12).

Jamee, momcTaBisiss 3HAYCHUS MPOM3BOTHBIX OT HOPMAIBHBIX W TOPH30HTAIBHBIX
CMellleHnid Ha Oeperax JHMHUU L wu3 (1.4) 1 IPOHU3BOJHEIC OT COCTABISIONIMX CMEIICHUN
cpenuelt muuaun BiodeHnd u3 (1.3) B ypaBHeHHs koHTakTa (1.2), mpumem K ciexyromeit
KITIOYEBOM cUCTeMe UHTETPO-Au(PepeHITNaTbHBIX YPABHEHHI OTHOCUTEIEHO KOMIIOHEHTOB
CKauKa HaNpsOKEHWH Ha JUTMHHBIX CTOPOHAX BKITIOYCHWS:
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do dl o« a+2nl a+2ml X—s|(x— S
z;ﬂx)-—-gj | O [ [x—s|(x-s) | [P ~o(s)]ds—y

T S—X

n=-—a+2nl —a+2ml
d o« a+2nl T(S) 1 x+2ml .
—o(X)- n; n;g _aLm - ds = hE; _szl [TO (s)-(s)Jds: (1.5)

(-a+2ml<x<a+2ml; meZ)

ITonyuennyto cucremy (1.5) HyXHO paccMaTpuBaTh COBMECTHO C YypaBHEHUSIMU
PABHOBECHS KXKJIOTO U3 BKIIOUEHUI!

a+2ml a+2ml
I o(x)dx ="Py; j t(x)dx=T;
@
_[ (x— 2m|)[c(x)— P, (x)]dx =0,
—a+2ml
a+2ml a+2ml
(PJ: J' P (x)dx; T, = I To(x)dx; meZ }
—a+2ml —a+2ml

Hamnee, yunutsiBas, uto QyHKINH, Bxomsamue B (1.5) u (1.6), mepnogudHbie ¢ IEpHOIOM
2l , B xaxnoM w3 5TuX ypaBHeHuit mpu momom 3ameHbl mepeMenHbx S —> S+ 2Nl

s—>s+2ml u x — x+2ml HnepeiieM Ha MHTepBall (—a, a) U IIOMEHSEM IOPSAI0K
CYMMHPOBaHUsI U HHTETPUPOBaHU. 3aTeM HCHOJB3Ys cooTHoIeHue [13]:
i ; —_ 1 Ctg M
Seox+2k 2 2l

npuaeMm K cne/:[y}omeﬁ CHUCTEME KIIIOUEBBIX ypaBHeHI/Iﬁ JUIA IIOCTaBJICHHOM 3aga4un:

CIo d, TC(S_X) _
KT(X)+2I1ALCtg T o(s)ds =

:_fa%[%(s)—c(sﬂds—y (-a<x<a) (1.7)
do dl t TC(S_X) 1 7 .
=0 — t = T.(s)-
o) ZIAJ;CQ i t(s)ds hIEI*J;[O(s) 1(s) [ds;
[Tpu sTom ycnoBus (1.6) mpuMyT BUI:
_[c(x)dx:Pg; _[r(x)dx:Tg; jx[c(x)—Po(x)]dx:O, (1.8)

(P(::TI:’()( )dx; Ty = jT X) dx; nez]

—a
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AHanornyHeIM 00pa3oM, HCIOJB3Ys COOTHOLICHUS JUIl KOHTAKTHBIX HAalpsDKEHUH,
JCHCTBYIOIMX HAa JUTMHHBIC CTOPOHBI BKIIOYCHHUi, mpHBeAcHHble B [12], momyunm
CIEIYIOIINE BhIPayKEHHUS:

| I, ¢ . m(s—x
cs(;)(x,o):XOcs(x)+2|2Ajctg (2I )r(s)ds;

r(xyl) (x,0)= IXr(x) -2 j ctg ( )c(s)ds (1.9)

(2 _~0 _ . 2 _ . _
o, (X,O) =0, (X,O) o(x); Ty (X,O) =T, (X,O) 7(X).
Takum 00pa3oM, Kak H CJIENOBAIO OXMJAATh, BCE IOJYYECHHBIE YPAaBHEHHS U
COOTHOILIICHUSA HUJICHTUYHBI C ypaBHeHI/IHMI/I U COOTHOILUCHUAMU IJII OOHOTO BKHI’OquI/IH,

noxydeHssle B [12], ¢ Toil mumb pasHunei, uto BMecto sipa Ko 3neck ¢urypupyer
snpo 'mnbOepra.

PemeHue KiI04eBOil cucTeMbl ypaBHeHWil. PerieHue cuctemsl ypaueHuii (1.7)
OyoeM CTpPOHTh YHCIICHHO-aHAJMTHYCCKHMM METOJOM MEXaHWYecKHX kBaapatyp [14]. dms
3TOrO MEPBOE YpaBHEHHUE 3TOU CUCTEMBl YMHOKMM Ha —| ¥ MPOCyMMHpPYEM cO BTOpbIM. B

HUTOI'C, BBCASA KOMIIJICKCHYIO KOM6I/IHaL[I/IIO CKa4YKOB HaHpSI)KeHI/Iﬁ (P(X) = G(X) - iT(X)

Y OTJICNIUB TJIABHYIO YacTh Siipa MHTETPATBHOTO YpaBHEHHUS B BHIC sapa Komw, cucremy
(1.7) 3anmirem B BUAE OJHOTO UHTETPAJIBHOTO YPABHECHUS:

o(x) —%Lg ds +L K, (x,5)@(s)ds +

a (1.10)
+ I K, (x,5)o(s)ds = f (x)+iydA (-a<x<a)
- 0
TAC, HA 3TOT pa3
_ e (o
Kl(x,S)zi_ ctgn(S x)__ 2 " _A x=s|(x=s) hH(x-s) ;
2il 2l TE(S—X) 4id, D, 2 3
A [x=s|(x- s) h?H (x-s)
Kz (%8)= ; —d,/d,;
Z(XS) 4id0D_ 2 3 q=0,/0d,
s .
f(x):_ZdA'D [x- S|( 0() h2H (X 3S)T0(s) "
o Zal

H (X)- n3BecTHas QyHKus XeBucaiiia, a yepTouka Haj QyHKIHEH (p(X) o0Oo3Havaer

ee KOMIUICKCHO COIPSDKEHHYIO BENIMYMHY. Terepb, IpU MOMOIIM 3aMEHBl NepEeMEHHBIX
X=at u S=art coopmymupyem ypasuenue (1.10) na unrepsane (-1,1). [Toxyunm:
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qlf W(T)d +IK w(f)dHf Ka (L) wmde= 1. (1) +iAy (1.11)

(-1<t<1)

371ech BBEICHBI 0003HaYCHMS:

K (1) =0 {Ctgn(r—t)_ 21, }L;Pt—d(t—r)_me(t—r)}

2il, 2, n(r—t) 2 3

K;(t,t)=;{|t_r|(t_1)+4th (t—r)}

2 3

f*(t)=—2iBHwPO*(r)—wTO*(r)}dr; ho= D

ap(at) . P, (at) . To(at)
t)= o Po(t)= o T (t S _P —|T,
aA Ad® h
IN,|d, 2d,D, Ry (t)dt=F; I

-1
VYcnosus (1.8) mpu 3TOM IpUMYT BUA:

j\y(t)dt:N;; jRe[tWt)]dt:Mo;

1
NG = o, Mozjap"(at)tdt .
[No| o INo|

Hecnoxuo 3aMCTUTh, YTO (I)yHK]_II/IH W(t) B KOHIICBBIX TOYKaX HMHTCPBaja MHTCIPHU-

(1.12)

poanus +1 wmeeT Ty e OCOOEHHOCTH, YTO M B CIydYae OJHOTO BKIIFOYEHMS, TAK KaK
TJIaBHAs YacTh MOJIYYEHHOTO HHTETPaTbHOTO YPAaBHEHUS MOJTHOCTHIO COBMAJAET C IIaBHOU
YacThI0 HMHTETPAIIFHOTO YpaBHEHUS AaHAJIOTWYHON 3amavyd JJsl OJHOTO BKIFOUCHHUS.

Crnenosarenbho, dynkums (1) B Toukax 1 mMeer ocrumumMpyonIyio 0coGEHHOCTS H €e,
Kax 1 B [12], MOXHO Tpe/ICTABUTh B BUJIE :

v _ LRt m,)
W(t) (1+t)1/2—i[3(1_t)1/2+i[3 (B o naal(uz_'_o,ezul)

*
rae GyHKuus Y (t) - HEeTIpephIBHAS OrpaHnYeHHas QyHKIMS Ha 3aMKHYTOM HHTEepBaJle

(1.13)

[—l, l] , &= 3- 4VJ- (j =1, 2) - OCTOSHHbIE MycXemuBum, a v, ( =1 2) -

koa¢utnenTs! [TyaccoHa pasHOPOIHBIX MOTYIUIOCKOCTEH.
Wcnone3ys npenctasnenus (1.13), ypaBaenue (1.11), mo oObIYHON mporieaype, cBeleM
K CHCTEME JTMHEWHBIX alreOpandeckux ypaBHCHUU IS ONpeNeeHHs 3HAYeHUH (YHKIUH
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* -
| (t) B y31ax KBaapaTypHOl (opMyIIsl ﬁi ( | :1,n) n mocrosHHOW Y . Ilocme
peLIeHust 3TOW CHCTEeMBI, ITpu oMoty Gopmyinsl Jlarpanka, BocCTaHaBIMBACTCS (DYHKIIHS
*
\J (t) U ONpEAEeNIIOTCS Bce HEoOXonuMmble (PU3MKO-MEXaHUYECKHE XapaKTepUCTUKU

MOCTaBJICHHOH 3a/1a4H.
Hexoropble umciaeHHble pe3yiabrarbl. [IpoBenEH YUCIEHHBIM pacuéT M M3Yy4EHBI

3aKOHOMEPHOCTH M3MEHEHHS 0€3pa3sMEPHBIX KOHTAKTHBIX HANPSHKEHUN O (t) uT (t) Ha

JUIMHHBIX CTOPOHAX BKIIIOYCHUS, a TAKKE MOCTOSTHHOM Y, HpeZ[CTaBJBIIOH.Ieﬁ yroJs noBopota

JIEBOrO TOPLA BKJIHOYEHUS (X = —a), B 3aBUCHMOCTH OT COOTHOWICHWH W =L, / W u
l. =1/a B cnyuae duxcupopanubix 3HaueHuit Ko3pPuumentos Ilyaccona vV i (j =], 2),

MOyl yIIpYTroCcTr BKJIFOUCHHH EI , OTHOCHTEIIbHOM TOJINIUHBI BKIIFOUYCHUA h* = hl /23. y
xorna aPy (xa)/|Ng| =cos(x—0.2), aT,(xa)/|N,|=0.5x.

Pe3ynbTaThl 4nCIeHHBIX pacu€ToB mpuBeceHbl Ha Dur. 2 u Our.3. Ha dur. 2a u 2b
NPUBEJICHBl COOTBETCTBEHHO Tpadukn Oe3pa3MepHBIX HOPMalIbHBIX M KacaTelbHBIX

KOHTAKTHBIX HAIIPSKCHHM B 3aBUCMMOCTH OT IapaMeTpa |l B ciIydae, Korga V; = 0.3,
v, = 0.25, EI /},ll =20, . =15 u h, =0.1. Kax u cienoBano 0’kuaath KOHTAKTHBIE
HANPSHKEHUs B 3aBUCUMOCTH OT |l BEIyT ce0s Tak ke, KaK M B C1ydae OJHOIO BKIIOYEHMS,

T.e. yBelIUdYeHHEe Iapamerpa W =L, / M, TPUBOJAMT KaK K YMEHBIUEHHIO HOPMAaJbHBIX

HaHpH)KCHI/Iﬁ B cpe;[Hei/’I YaCTU 30HBI KOHTAKTa, TaK M K YMCHBIICHHUIO KacCaTCJIbHBIX
KOHTaKTHBIX HAaIPSKEHUH 10 aOCOIOTHOM BETMUNHE BO BCEH 30HE KOHTAKTa.

g1
10 7
0.3F —
- 0.8} u=0.5
u=0.5 p=2 o, x
0.6 01! J
04r t
-1 -05 0.5 1[0
M -0.1¢}
L—/’/ -0.2}
| | . -t IJ=1O
-1.0 -05 0.0 0.5 1.0 -03+1
®ur. 2a ®ur. 2b

Ha ®wr. 3a u 3b npuBeneHsl COOTBETCTBEHHO rpaduKu 6e3pa3sMEepHBIX HOPMATBHBIX H

KaCaTCJIbHbIX KOHTaKTHBIX HaprI)KGHI/Iﬁ JJIA 3HAYCHHI I* :11, 2,5 B CjIy4ae, Koraa

v; =03 v,=025 E /=20, p=2uh =01,
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i
0.3

0.2

0.1 ‘\J t

0.5 10

-01
-0.2

-1.0 -0.5 0.0 0.5 1.0 -0.3

@ur. 3a ®ur. 3b
W3 HUX BHIHO, YTO NPU BHIOPAHHBIX 3HAYECHMSAX MAPAMETPOB KaK HOPMAaJbHELIE, TAaK M

0.2

KaCaTCJIbHbIC KOHTAKTHBIC HANPSKCHUA MAJIO 3aBUCAT OT HapaMeTpa I* . HpI/I 9TOM, KakK

SBCTBYET M3 Tpaduka ISl yriia moBopoTa Y (¢ur.4), mpu yBelndeHUH MapamMeTpa . yron
NOBOPOTAa Y YMEHBIIAETCS, CTPEMSCH K ONPE/IENICHHON BEJIMYMHE, KOTOPas COOTBETCTBYET

3HA4YECHHUIO IOBOPOTA Y B CIIydac OAHOI'O BKIIIOYECHMUS.

0.014 ¥
0.012 0.010
0.010
0.008 0.005
0.006
‘ ‘ , - E

0.004 1 200 300 400
0.002

-0.005

L
1 2 3 4 5 6 7
dur.4 dur.5
H3ydyena Taxxke 3aKOHOMEPHOCTh U3MEHECHHMS YITIa IIOBOPOTA Y B CE€UYeHMH X =—a B

3aBUCUMOCTH OT COOTHOIICHMUA E* = EI /Ml . UucneHHbIe PpacyCThl IOKAa3bIBAKOT ((DI/IF.S),
4YTO B Cliydac BLI6paHHbIX HArpys3ok, Ipu YBCIWYCHHUU E*, YTO MOXXHO TPAKTOBATh KakK

YBCJINYCHUC JKECTKOCTHU BKIIIOYUCHUSA P TOCTOSAHHOM ul’ Yroi noBopora Y yYMEHbIIAACH,

MCHSACT 3HAK, CTAHOBACH OTPHULATCIbHBIM, YTO IIPpH BBI6paHHLIX Harpyskax BIIOJHE
JIOTUYHO, U CTPEMHUTCA K ONPEACIICHHOMY IMPCACITY, COOTBETCTBYIOIIEMY Clly4yaro, KOoraa
BKJIFOUCHHUE a0COIIOTHO JKECTKOE.

3akJoueHne. M3ydeHo MmI0CKO-1e(OPMHUPOBAHHOE COCTOSHUE KyCOYHO-OJHOPOIHON
TUTOCKOCTH C TMEePHOIUYECKON cucTeMoil Mex(a3HbIX IeOpMHPYEMBIX BKIIOYCHUH,
KOTOpBIE OJJHOBPEMEHHO MOBEPraloTCsl PacTsDKEHMIO W n3rudy. I1pu momomy pa3phIBHBIX
pelIeHN YpaBHEHUM TEOPUM YIIPYTOCTHU ISl KYCOUYHO-OJHOPOIHOM INIOCKOCTH M IIPOCTBIX
MoJeleld pacTsDKeHHMsT W n3rnba Oalky  BBIBEJCHBI  ONPENEISIOIINE  YPaBHEHMS

MOCTaBIEHHON 3aJaddl B BHJIE CHCTEMBl CHHTYJSIPHBIX HHTETrpo-auddepeHIHaIbHbIX
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ypaBHeHHH cC sapoM [uminbOepra. Pemenue cucTeMbl ONpenessiONIMX —ypaBHEHHH

IMOCTPOCHO YHMCJICHHO-aHAJIUTUICCKUM METOAOM MEXAHUYCCKUX KBaApaTyp. HpI/I IIOMOIITH

YHUCJICHHBIX PACYC€TOB IMOKa3aHO, YTO KOHTAKTHBIC HAIIPSXKCHHUSA MaJiO 3aBUCAT OT IICpUOaa

BKJIIOYEHHH, a yrom moBopoTa Y B C€YeHMH X =—a BKIIOYECHHA IIPU YBEIMYEHUH

nepuoga yMEHbIIACTCA, CTPEMACH K ONPEACICHHOMY MPCACITY. Ilokazano TaK¥XXeE, 4TO Npr

YBEIIMICHUHU J>KECTKOCTU BKIIOYEHHSA YroJ IIOBOPOTa 7Y CTPEMHUTICA K IOCTOSIHHOMY

3HAYCHUIO, MPEACTABIAIOIMIEMY YI'OJI ITIOBOPOTA a0COJIFOTHO JKECTKOTO BKIIFOUCHHSI.

10.
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2U8UUSUULP @bSNhE8NRULLESP ULQQUSHL UUUEUTUSE SENtUUQh
M3BECTUS HALIMOHAJIBHOM AKAJIEMHUU HAVK APMEHUU

Uthuwuthju 76, Nel, 2023 Mexannka
YK 539.3 DOI: 10.54503/0002-3051-2023.76.1-37

OF YCTOMYMBOCTH IAUPOKOW TMAHEJIA CO CBOBOJHBIM KPAEM,
PACTSIHYTOM IO CBEPX3BYKOBOMY IOTOKY TA3A, IIPU HAJIMYUU
COCPEJOTOYEHHBIX THEPIIMOHHbBIX MACC U MOMEHTOB

Maptupocsu C.P.

KaroueBbie ciaoBa: JAOCTATOYHO HIMPOKAA MPAMOYTOJIbHAA IIJIACTHHKA, PACTATMBAIOIINC
CHJIbI, CBCPX3BYKOBOC 06T€KaHI/Ie, aspoyInpyrasa YCTOP‘I‘II/IBOCTB, COCPCAOTOUCHHBIC
HWHCPUHUOHHBIC MACChl U MOMCHTHI, JIOKAJIM30BaHHAs AUBCPIrCHIUA, aHAJTATHYCCKHI MECTO
pemIeHuA

S.R. Martirosyan

On the stability of a sufficiently wide panel with a free edge stretched along the
supersonic gas flow in the presence of pointed inertial masses and moments

Key words: sufficiently wide panel, tensile forces, supersonic flow, aeroelastic stability, pointed inertial masses
and moments, localized divergence, analytical solution method

The paper investigates the influence of the initial stress state of a sufficiently wide rectangular elastic plate on the
stability of the linear dynamic system "plate-flow" under the assumption that there are concentrated inertial masses
and moments on the free edge of the plate stretched along the gas flow. An analytical solution of the
systemsxstability problem is found. The possibility of loss of stability of the system only in the form of a localized
divergence is shown.

It has been established that the initial longitudinal tensile forces lead to a significant increase in the stability of the
system.
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B crartee HCCIIEAYCTCSA BIIMSIHUE II€PBOHAYAJIBHOIO HaHpﬂ)KéHHO]"O COCTOAHHA JTOCTAaTOYHO HH/IpOKOﬁ
Tlpi[MOyT‘OJ'ILHOﬁ yl'lpyl"Oﬁ TUIAaCTUHKH Ha yCTOﬁ‘{HBOCTL JIMHEHHOM HHHaMH’-{eCKOﬁ CHUCTEMBI «ITJITACTHHKA—IIOTOK»
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B [OPEAIOJIOKEHNHU, UYTO Ha CBO6OHHOM Kpae IIJIaCTUHKH, pﬁCTfIHyTOf[ 10 TIOTOKY Trasa, HMEITCs
COCPEAOTOYCHHBIC NHEPIIUOHHBIE MAaCChl 1 MOMEHTHI. HafmeHo AHATUTUYIECKOE pellieHre 3aJaan yCTOI‘;I‘II/IBOCTI/I
cuctembl. [lokazaHa BO3MOKXHOCTH noTepu yCTOfI‘IPIBOCTPI CHUCTCMBI TOJIBKO JIUIIb B BHIC JIOKAJTM30BaHHON
JUBEPICHUUU.

ycTaHOBJ’ICHO, YTO INCPBOHAYAJIbHBIC MPOAOJIBbHBIE PACTATMBAIOIINC CHUIIBI IIPUBOAAT K CYIIECTBEHHOMY
TIOBBIILICHUIO yCTOﬁ‘{HBOCTPI CHUCTEMBI.

BBenenne. PaccmoTpenue 3amaq aspoynpyroi yCToHUnBOCTH TP KOMOMHUPOBAHHOM
HArpy)KCHHH MMEET Ba)XHOE MPHKIAIHOC M TeopeThueckoe 3HaueHue [1, 2]. Bompoc 06
YIPYTo#l YCTOMYMBOCTH IaHenedl OOIIMBKH JIETaTENILHBIX aIllaparoB, MPEICTaBIISIOIINX
co00il MIOCKME TUIACTUHKHM WIM MOJOTHE O0O0JIOYKHM, HEH30e)KHO BO3HUKAET Ha IJTare
MPOEKTUPOBAHUS U KOHCTPYHUPOBAHUSI JIIOOOTO JIETATEIBHOTO ammnapara Juisi oOecreueHus
6e30macHOCTH TOJIeTa.

Teoperudeckue HCCIEAOBAHUS ATHX 3afady IO3BOJSAIOT BBIIBUTH Pa3IMYHBIC BHJBI
MIOTEPH yCTOHYMBOCTH, OOYCIIOBIEHHbBIE XapakTepoM AehopMaryii, a TakxKe, 1aTh OLEHKY
BIIMSTHUSA KOMOMHHPOBAHHBIX Harpy30K Ha MOPOT YCTONYMBOCTH, C IETBIO MOCIEAYIONIETO
aHamu3a BO3MOXHOCTH YympaBiieHHs HM. Ilo3ToMy, B COBpEMEHHBIX HCCIEIO0BAHUAX
0COOCHHO Ba)KHBIM SIBJISICTCS M3yUCHUE TUHAMHYECKOTO ITOBEACHUS CHCTEMBI «(ITACTHHKA—
MOTOKY, 10 BO3MO>KHOCTH, aHAIUTUYECKUMH METOJAMH, HapsiAy C YHCICHHBIMU.

HccnenoBanuio 3a1au adpoynpyrocTy MOCBAIIEHO OOJbIIOE KOJINYECTBO paboT, 0030p
KOTOPBIX, B OCHOBHOM, COJICPKHUTCS B MOHOTpadusix u B cTaThsx [1-6]. OnHako B HEX, 32
UCKITIoYeHHEM paboThl A.A. MoBuaHa [5], mocTpoeHb! MpuOIMKEHHBIC PEIICHUS U HE 1aHa
3¢ dhexTUBHASI OIIEHKA TOYHOCTH ITUX MPHUOIMKCHUH.

B npennaraemoii pabore uccienyercs BIUSHUE NEepBOHAYAIBHBIX PAaCTATUBAIOIINX CHII
Ha YCTOMYMBOCTb HEBO3MYUIEHHOTO [BWKEHMS JIMHEWHOM JIMHAMHUYECKON CHUCTEMBI
«IUTACTMHKa—TIOTOK» BOJM3M TpaHMI] OOJIACTH YCTOWYMBOCTH TIPH  CIEAYIOIINX
npeanonokeHusx. IlepBoHauanbHO pacTsAHyTas AOCTATOYHO IIUPOKAas yNpyras TOHKas
NpSMOYTrONbHAsT IUIACTHHKA C OJHUM CBOOOJHBIM KpaeM ¥ C TpeMs IIapHUPHO
3aKpeIUIEHHBIMU KpasMH O0OTEKaeTcsl ¢ OJHOH CTOPOHBI CBEPX3BYKOBBIM IIOTOKOM rasa B
HarpaBJIeHUH pacTsruBaronmx cwi. [IoTok rasza Haberaer Ha CBOOOJHBIN Kpal IUIACTHHKH,
BJOJb KOTOPOTO MPHUIOXKEHBl COCPEIOTOYEHHBIE WHEPILHOHHBIE MAacChl U MOMEHTEI
nosopora [2, 12, 14, 17— 19].

C mnoMoLbI0 aAIrOpUTMa, MOAPOOHO H3JIOXKEHHOro B pabore [17], moayueHo
aHaJIMTUYECKOE pEIICHHE 3aJa4l YCTOMYMBOCTH HCCIIeAyeMOM JIMHEHHON NTHHAMHYECKOM
CHCTEMBI.

[Tonyuena Qopmysna, cBsi3bIBaIOIIAsl XapaKTEPUCTHKH COOCTBEHHBIX KoJieOaHMU Iuia-
CTHHKH CO CKOpPOCTBIO OOTEKAalomero IOTOKa Ta3a, MO3BOJSIONAs AeIaTh HEKOTOpbIe
BBIBOJIBI 00 YCTOHYNBOCTH HEBO3MYIIEHHOTO ABHKEHUS CUCTEMBI.

HccnenoBana rpanmia o0JacTH YCTOMYMBOCTH. YCTAaHOBJIEHO, YTO B 3TOM Cllydae
HEBO3MYILEHHOE ABMKEHHE CHUCTEMBI TEPAET YCTONYHMBOCTh TOJIBKO B BUAE JOKaIH30BaH-
HOM JMBEPreHLH — AWBEPreHINH, JIOKAJIN30BAHHOM B OKPECTHOCTH CBOOOJHOTO Kpas
HIPSAMOYTOJIbHOW MJIACTUHKH, aHAJIOTMYHO CUCTEME «IIJIACTUHKA—TIOTOK» B CIIy4ae pPacTsSHy-
TOW TOIyOECKOHEYHOH IIIaCTUHBI-TIONIOCH], a TakXe, B CIy4ae JOCTATOYHO IIHMPOKHX
MPSAMOYTONBHBIX IUIACTHHOK M ITOJTyOeCKOHEYHOH IUIACTHHBI-TIONOCH KaK ¢ HeHarpy)KeH-
HBIMH Kpasimu [17], Tak 1 Harpy»KEeHHBIX CKUMArOIMMK ycrausimu [18].

Haiinens! kpuTHueckue CKOPOCTH JIOKAIM30BAaHHOM AUBEPTEHIIMM U KPUTUYECKHUE 3Ha-
yeHHns KOd(QHUIMEHTa HANPSHKEHNS B MPEINOJIO0KECHNN, YTO B MOMEHT «BBIIIYYHBAHUI) B
TUTACTHHKE BO3HUKAIOT TOJIBKO HAIPSIKSHUS M3TH0a.
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[Tokazana cyniecTBeHHass 3aBUCHMOCTh KPHUTHYECKOW CKOPOCTH JIOKAIM30BaHHOH -
BEpreHuu OoT Kod((UIMEeHTa HampsHKeHUs CWI pacTsDkeHHs W oT KoadduimeHra
Ilyaccona.

Hannast pabota siBisieTcss mpogobkeHueM paboT [20, 21], B KOTOpBIX HCCIEAOBaHA
3ajjaya yCTOHYMBOCTH CHUCTEMBI B CIIy4dasX YUIMHEHHOW ITACTHHKU W IIPSIMOYTOJIBHOM
IUIACTUHKM YMEPEHHOTO pa3Mepa COOTBETCTBEHHO. B ciydae ynIMHEHHOM NIACTHHKA
MMEET MECTO ITOTeps yCTOWYNBOCTH B BUAE AWBEPICHINN MAaHENN U MAHEIBHOTO (uiaTTepa,
a B CIIy4ae MPsIMOYTOJIbHBIX TUIACTHHOK CHCTEMA TepsIeT KaK CTAaTHIECKYI0 YCTOWIHBOCTh B
BUJIE TUBEPTCHIINY NAHETH U JIOKATN30BAHHOHN TUBEPTEHINH, TAK U ANHAMUYECKYIO yCTOH-
YMBOCTh B BHJE NMAaHEIBHOTO (IaTTepa, B 3aBUCHMOCTH OT pa3MEpoB INIACTHHKH. B naHHON
paboTe, B OTIMYME OT yKa3aHHBIX paboT, cMCTEMa TepseT yCTOHYMBOCTH TOJILKO B BHIE
JIOKQJIM30BAaHHON ycroiunBocTH. IIpum 3TOM, Takxke, ImepBOHaYaJIbHBIE PAaCTATMBAIOLINE
YCUIINA NPUBOIAT K CYIECTBEHHOMY HOBBIIICHUIO YCTOHYMBOCTH CUCTEMbI ILIACTUHKA—
MOTOK», B CPABHEHHUHU C CHCTEMOM C HEHArpY)KEHHOH maHenpo [17].

1. TlocranoBKa 3agaun. PaccMaTpuBaeTcst TOHKas YIpyrasi JOCTATOYHO LIMPOKAs MPSIMO-
yronbhas miactunka (ab ™" >1.96), kotopas B aexapToBoii cucteme koopmusar OXyZ
sarumaer obmacts 0 < X<a, 0< y< b, -h<z<h. exaprosa cucrema xoopaunar
Oxyz BwiGupaercs Tak, uro ocu OX n OY nexar B miockocTn HeBO3MYIEHHOM
mnactunku, a och OZ meprneHmuKynspHAa TIACTHHKE M HANpaBlieHa B CTOPOHY CBEDX-

3BYKOBOI'O MOTOKA Ta3a, 0OTEKAIOLIEro MIACTHHKY C OJHOI CTOPOHBI B HANPABICHUH OCU

OX ¢ meBosmyménHO#M ckopocthio V . TeueHne rasa GyJeM CUMTAaTh INIOCKMM M HOTEH-
OHUAJIbHBIM.

Iycts kpait miactuakn X =0 — cpobosen, a kpas X=a, Yy=0 n y=b -
3aKpernieHsl MAealbHBIMH IIapHUpaMu. Bpoms ceoGomsoro kpas X =0 npuioxens:

COCPCAOTOUCHHBIC MHEPUHUOHHBIEC MACChl mc U MOMCHTBI ITIOBOPOTA I HUHTCHCHUBHOCTD

C b
KOTOPBIX HA MHOTO MPEBOCXOJUT WHTEHCUBHOCTH PACIPEICICHHON MAacChl IUIACTHHKH [2,
12, 14, 17-19].

Bynem momararth, 4TO NEpBOHAYaIBHO, €mIE A0 OOTEKAHMS, IUIACTHHKA IOJBEP)KEHA

neiicreuio pacrarusatommx cun N, = 2hGX, PaBHOMEPHO PACHPENENIEHHBIX II0 KPasM
X=0 u X=a mnacTuHkH, ABIAIOLMMHCS PE3YITATOM HAIPEBA, MIM KaKHX-THOO
JPYTUX TPUYHH, PacTATMBAIOIIME YCHIHSA O, MPEANONAraloTcs MOCTOSHHLIMU BO BCEH
CPEJIMHHOM MOBEPXHOCTH NaHENH, U HEMEHSIOIIUMUCS C M3MEHEHHEM NPOruda MIaCTHHKU
w=w(x,Y,t) [1,2,6,13,19].

Iporu6 nnacruaku W= W(X, y,t) BBI30BET M30BITOYHOE JABJIEHHE [) Ha BEPXHIOIO
00TeKaeMyr0 IOBEPXHOCTh IIJIACTHHKM CO CTOPOHBLI OOTEKAIOIIEro MOTOKA Ia3a, KOTOpoe

YUUTBIBAETCS NPHOMMKEHHOM (Qopmynoi [) =—a,PV —— «mopImHEBOH Teopum», Iae

OX
ao — CKOpOCTL 3By1<a B HCBOBMYHIQHHOI/I ra3zoBou cpeue, pO — IINIOTHOCTb

HeBO3MyIIEHHOTO ToToka rasa [10, 11]. Tlpu sToM mpenmonaraercsi, 9TO MPOTHUOBI
W=W(X, Y,t) Mans OTHOCHTEILHO TOMIIMHBI TTACTHHKH 2h.
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Brrsicaum ycCioBuUsA, MPU KOTOPLIX BO3MOKHA MOTEPs yCTOﬁ‘IHBOCTH COCTOSAHHUA HC-
BO3MyH1éHHOFO paBHOBECUA JUHAMHUYECKON CHCTEMBI «IIACTUHKA—IIOTOK» B cjydac, B
KOTOPpOM HU3ruod HpHMoyFOHLHOﬁ IJIaCTHHKH O6yCJ'IOBJ'IeH COOTBCTCTBYIOLIMMU a3pOAHHA-

MHYECKAMU HAarpy3KaM# [J, pacTATMBAIOMIUMH yCHIMAMH G, B CPEIUHHON MOBEPXHOCTH
IUTACTMHKA U COCPEIOTOYCHHBIMH MHEPIHOHHBIMU MaccaMM M, W MOMEHTaMH IOBOPOTa
|, npunoxenubiMu Bronb eé coboanoro kpas X =0, B npeanonoxkenny, 4to ycumms

GX MaJIbl IO CPABHEHUIO C NPEACIBHBIM 3HAYCHUEM (GX) KOTOPOC€ HE IIPEBOCXOIUT

pr.>
HIDKHIOIO TPaHUIy TEKYYECTH, (Gx)pr — YCWiMe€, Ha4YuHasA C KOTOPOrO HMEET MECTO

SIBJICHHE MIOTEPU YCTONYMBOCTH IMITHHAPHYIECKOi Gopmsl racTuuku [1, 13, 14].

Torna, nuddepeHiraabHOe YpaBHEHHE MaJIbIX U3THOHBIX KOJICOaHUH TOYCK CPeIUHHON
MOBEPXHOCTH PaCTSHYTOH NPSAMOYTOJIbHOM IJIACTHHKH OKOJIO HEBO3MYLIEHHOH (GOpMBI
paBHOBeCHsI B TPEIIOJIOKEHUH CIPaBEAIMBOCTH TUNOTe3bl Kupxroda u «mopuiHeBoii
teopum» [10, 11] GyaeT omuickiBaThCst cooTHOIIEHHEM [1, 2, 6]:

2

DAZW—NX(ZX\QI+aOp0 %:0, w=w(x,y,t); (1.1)

A*W=A(AW), A — guddeperuuansusiit oneparop Jlamaca; D — ummusapuueckas
JKECTKOCTB.

I'paHuyHbIe YCIIOBUSI, B TIPHHSITHIX MPEIIIONOKEHUAX OTHOCUTEIFHO CrIocoba 3akperie-
HHsI KPOMOK IUTACTHHKY, OyayT Buaa [2, 12, 14]:

o*w  o*w o*w
D- > TV— :|c—2, (1.2)
EYRT:Y, axat
2 2 2
X X X
2
W=O,ZTV2V=OHpHX=a; (1.3)
2
W=O,(2y—V2V:Onpn yZOI/Iy:b; (1.4)

rae V — kodddunuent [lyaccona.

TpebyeTca HalTH KPUTHYECKYIO CKOPOCTh Vcr — HAaUMEHBIIYI0 CKOPOCTh ITOTOKA ra3a B
HHTepBaJie CBEPX3BYKOBBIX U FHIIEP3BYKOBBIX CKopocTeit [1, 2]:
Ve @My, M) M, =~2 , My, =33.85; (1.5)

OPUBOALIYI0O K TMOTEPE YCTOMYMBOCTH HEBO3MYHIEHHOIO COCTOSIHUS PaBHOBECHUS
JMHAMHYECKON CHCTEMBI «ITaCTUHKAa—TIOTOK» (1.1) — (1.4) B mpeAnoIOKEHHH, YTO

o, <(0,) . (1.6)
3necs, My u M

UHTEPBAIy AOMYCTHMBIX 3HAYCHHIl CBEPX3BYKOBBIX M THIIEP3BYKOBBIX ckopocrted [1, 2].

2c0sm.— TPAHHUHbIC 3HaueHns uncna Maxa M, coorsercrByromme
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AHanu3 ycTOMYMBOCTH HEBO3MYIIIEHHOTO ABWKEHUS JUHAMUYECKOW CUCTEMBI “TNIaCTHHKA—
notok” (1.1) — (1.4) cBoautcs k uccnenoBanuio nuddepeniuansHoro ypasuenus (1.1) ¢
COOTBETCTBYIOIIMMH KpaeBbiMH ycioBusimu (1.2) — (1.4) mis mporuba W(X, Y, t) B
WHTEpBaJie CKOpOoCcTel moToka rasa (1.5) mpu ycmosuu (1.6).

3amaay ycroitunBoctH (1.1) — (1.4) Oymem mccneoBaTh B CiIydae TOCTATOYHO IIUPOKUX
HPSIMOYTONBHBIX INIACTHHOK:

y=ab™'>1.96, (1.7)

'Y — OTHOLICHUEC HIUPUHBI IJIACTUHKU a (CTOpOHa IIJTAaCTUHKU 110 HOTOKy) K eé JJINHE b .
B pab6ote [17] nosrydeHo aHAIMTHYECKOE PELICHHE 3aa4H yCTOWYNBOCTH HEBO3MYIIEH-

HOT'O OBWXXCHUA ]IHHaMI/I‘ICCKOﬁ CUCTEMbI «IIJIACTUHKA—IIOTOK» HpI/I 'Y (S [O, OO] B

OTCYTCTBUHM [EPBOHAYAIBLHOIO HAMPSIKEHHOTO COCTOSHMS IUIACTHHKU. B paborte [18]
UCCIe0BaHa 3a/a4ya YCTOMYMBOCTH HEBO3MYIIEHHOTO JBUYKEHHS CHCTEMBI «ILTACTHHKA—
MOTOK» B CJlydYae JOCTATOYHO INUPOKHMX IUIACTHHOK, C)KAThIX B HANpaBJICHHUH,
MePIEHANKYIPHOM [TOTOKY rasa.

B pat6ote [19] monydeno peuienue 3amaun ycroituunoctu (1.1) — (1.4) B craTtudeckoii

IMOCTAHOBKE JJIs BCEX Y € [0, OO] o MeToay Diiepa.

CremyeT OTMETUTB, YTO COITIAacHO oOo3HaueHHIo (1.7), 3HaYeHHI0 Y =00 COOTBET-

CTBYET MOJTyOEeCKOHEUHAs TTACTHHA—TION0CA — OJWH U3 TPEIETbHBIX CIYYaeB MPAMOYTOIIb-
HOM IUIACTMHKHM, a COOTBETCTBYIOINAs 3ajaya YCTOMYMBOCTH SBJISAETCS OJHAM W3
MpeIeNbHBIX CITy4YaeB UCXOAHOM 3amauun yeroiunsoctH (1.1) —(1.4).

2. O6uee pemenue 3agauu ycroiwuuBocru (1.1) — (1.4). [nst HaXOXICHUs pEUICHUS
MOCTABJICHHOM 3a/]auil YCTOMYMBOCTH HEBO3MYIIEHHOTO JBMKEHHS JHHAMHYECKOW CHCTe-

Mbl (1.1) — (1.4) ceneM eé Kk 3a/aue Ha COOCTBEHHBIE 3HAYEHHS A IS OOBLIKHOBEHHOTO
T PepeHINATHHOTO YPaBHEHHS.

Obmiee pemenue ypaBHeHus (1.1), ymomierBopsioliee rpaHHYHBIM ycioBusM (1.2)—
(1.4), 6ynem uckath B BUJIe TApMOHHUYECKUX KOJIEOAHUI

W(X, y,t) = > C, exp(u,rx+At)-sin(w,y) , p, =znb™, 2.1)

n=1

Cn — IMIPOU3BOJIBHBIC TTIOCTOSIHHBIC, N — aucno TIOJIYBOJIH BAOJIb CTOPOHBI b IJIAaCTHHKH.

Heso3myménnoe nmxkenue cuctemsl (1.1) — (1.4) acHMIOTOTHYECKH YCTOWYIHMBO, €CITH
BCe COOCTBEHHBIE 3HAUEHHUS A MMEIOT OTpHIaTebHble BemecTBenuble yactu ( ReA < 0),
¥ HEYCTOHYHUBO, eCii XOTs ObI OHO COOCTBEHHOE 3HAYEHHE A HAXOIUTCA B IPABON 4aCTH
xommexchoit mockoctu ( ReA >0) [16]. Kpuruueckas cxopocTs VCr MOTOKa rasa,
XapaKkTepU3yHoIasl Mepexo/l 0T YCTOMYMBOCTH K HEYCTOMYMBOCTH HEBO3MYIIEHHOTO JIBU-
KEHUS CHCTEMBI, OIpeAeIIsieTCs yCIOBHEM PaBEHCTBA HYIIO BEIIECTBEHHOW YaCTH OIHOTO
WM HecKoNbKUX cobctennbix 3navennii (ReA =0) [1, 2, 16].

Ioxcrasnsas Bepaxenne (2.1) B quddepennnansnoe ypasaenue (1.1), momxydaem xa-

PaKTEpPUCTHYECKOE ypaBHEHHE CHUCTEMbI «IUIACTHHKa—IOTOK», ONMCHIBAEMoOE anredpanye-
CKUM ypaBHEHHEM YeTBEPTOH CTETICHH

r‘—2-@+p%)-r*+a’-r+1=0, (22)
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rae Oti — napameTp, xapaKTepmy}omHﬁ HEKOHCCPBAaTHBHYIO COCTABJIAIOIIYIO HAIPY3KH:
3 -1 -3,
a’n = aOPOVD Koo (23)

2 o
BX — KO3(1)(1)I/IIII/ICHT HaMpsKCHU, XapaKTCPU3YIOIIUN KOHCEPBATHUBHYIO COCTABJIAIONIYIO

HATPY3KH:
Bi=Y2:N,D7pn’=ho, D7’ B <)y (2.4)
(B?) or — 3HAUEHHE KOODHIHEnTa HanpsIKEHHs B2, cootsercryomee (G, ) or. -
SIcHo, 4TO
o; € (agpoM D1’ a5pgMoeye, D7), (2.5)

B cmury yenosus (1.5) u o6o3nageHus (2.3).

XapakTepucTuyeckoe ypaBHenue (2.2) moapo0OHo uccieaoBano B padore [19].

B coorBercTBumM ¢ m3BecTHBHIM perieHueM Deppapu, ypaBHenue (2.2), kak anreOpau-
YeCKOe ypaBHEHHE YETBEPTOH CTENEHM, MOXKHO MPEACTABUTH B BHJE MPOM3BEICHUS JBYX
KBaJIpaTHbIX TPEXUWICHOB!

2 2 2 2 2 2
(r +4/2(q+1+[5x) . r+q—,\/q —1)(r —«/Z(Q+1+Bx) : r+q+4/q —1):0 ,(2.6)
rae ( — eAMHCTBEHHBIN IEHCTBUTENBHBII KOPEHb KyOHMUECKOTO ypaBHEHUs
2\(n2 6
8-(q+1+B)@° - —a, =0, qgeR. (2.7)
Coracuo o6o3naueHuio (2.3), orcrona cieayert, 4to, B cuiy yciosus (1.5), mapamerp
g € R xapaxrepusyer ckopocts V' notoka raza npu GUKCHpPOBaHHBIX 3HAYEHUSX OCTAIb-

ueix napametpos cuctemsr: = (V) € (qo, 0] (aOMZCosm )) .

B pa6orte [19] ¢ momompio rpadoaHaTuTHYECKUX METOIOB MCCIIEIOBAHUS XapAKTEPH-
CTHYECKOTO ypaBHEeHHUs (2.2), 3amiCaHHOTO B JKBHBaleHTHOW ¢(opme (2.6), Haiimen

«IIOIYCTHMBIIT» HHTEepBall 3HaYeHUH napameTpa ( = ( (V ) :

q€(apr A(8Moeem ))» Go = (—(ﬁi +1) +2,/(B2 +1)° +3) /3 (rabn. 1) (2.8)
JUISL BCEX Bi < (Bi) or *
2

W3 nammbpix Tabmumel 1 cnenyer, uro ¢ymkmua () =0, (B ) SIBJIIETCS. MOHOTOHHO

. 2
BO3PACTAIOIIEH B HHTEPBAIIE |:0, (Bx) )
pr.

Tabmuma 1.
B 0 0.3 0.5 0.8 1.0 2.0 5.0 10.0
GR 1 1010 | 1.027 | 1.065 | 1.097 | 1.309 | 2163 | 3.757
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[Tpu 3HaueHusx (2.8) xapakrepucTuieckoe ypaBHeHue (2.2) UMeeT JjBa OTPHIATEIbHBIX
kopHs I} < 0, r, < 0 u mapy 34 €W KkoMIIEKCHO COTPSKEHHBIX KOPHEit, ABJISIONIIX-

Csl pellICHHEeM MMPUPABHEHHBIX HYII0 COMHOXHUTENEH ypaBHenus (2.6) [19]:

L, =—052q+1+ ) + o' -1-0.5(q-1-B2) , <0, 1,<0; (29
0 =05,2(q+ 1+ B2) +iya? ~1+0.5(q 1) , G&(0l A(2Myr ). (2:10)

Torma, B cooTBeTcTBHH C BhipaxkeHusimu (2.9) u (2.10), obmee pemenue (2.1) ypas-
Henus (1.1) 3amuinercs B Biae ABoiHOro psiga [19]:

o 4
WX, y,t) =D > Cp -exp(p,f X+ At)-sin(u,y) . y €(0,); (2.11)
n=1 k=1
a B cJIy4ae IOoJIy0ecKOHEYHOH IIaCTHHBI—TIOJIOCHI —
o 2
WX, Y,t) =D Cp -exp(u,f X +At)-sin(u,y) , y =0, (2.12)
n=1 k=1

B CIUTY yCJIOBHS 3aTyXaHUs KoJieOaHMit Ha e€ kpae X = a (a = OO) [7-9, 17-19].

Ioacransis BeipaxkeHue (2.3) B kyOuueckoe ypaBHenue (2.7), TOCIe MPOCTHIX

IpeoOpa3oBanuii moydaeM (GopMyITy 3aBUCUMOCTH CKOPOCTH TIOTOKa raza V' oT «cymiect-
BEHHBIX) [TAPaMETPOB CUCTEMBI «ILIACTHHKAa—TIOTOK» [19]:

V(@) = 2,/2(q+1+B2)(0% ~1) - n°n*D(agp,b®) *, v €[1.96,00] (2.13)

Ota dopMmya No3BOILET 10 U3BECTHOMY 3HAUEHUIO apaMeTpa ( e(qo, g (aOM 2cosm ))

OIPCACIINTL KaK CKOPOCTb IIOTOKa Ta3a V(q), TaK U eé HpI/IBCZ[éHHOC 3HAUCHUC!

-1 3
V (g)- D™ (aypeb?).
TaK KaK HCBOSMyH.IéHHOe JABHUKEHUE CUCTEMBI B cnyqae JA0CTAaTOYHO IHI/IpOKI/IX

CTQJIBHBIX IJIACTUHOK (y 21.96) U TONyOECKOHEYHOH IIACTHHBI-TIOIOCH (y:OO)

OTHOCHTEIIbHOM TOJIIMHBI 2hb71 S [0006, 0015] YCTOﬁQHBO BOJIU3HU ao’\/i — Hayalia

MHTEpPBANa CBEPX3BYKOBBIX ckopocreit (1.5) [2, 17-19], To oueBuaHO, 4TO

V() e(V(ty)s @ Maggem ) (8, 89 Mygpqyy ) mpin ¥ €[1.96,00]. (2.14)
E-(2h)?

12-(1—v?)

V (4) D™ (@pob’) € (V (A5) D™ (@Peb”), 8gM s ¥) (8 Mo 8Mperery ) ¥ (2.15)

pu Bcex Y € [1.96, oo] ,

CornacHo GopMyJie HHWIHHApHYecKoii sxécTkoctn D = OTCIO/Ia CIIEYET, 4TO

e

¥ =12(1-v*)a,p,E*(2hb ™). (2.16)
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To/CTABISIS 3HAYCHHS OTHOCHTETbHOM Tommuabr 2hD ™ 6[0.006, 0.015] TUIACTHHKA
n ko3pdunmenra Ilyaccoma V B Belpaxkenus (2.15) u (2.16), momydaeMm HHTEpBaIbI

d (v, Zhb_l) =(a,M,, a,M, ;)Y nomycTuMbIX 3HAYEHHI IPUBEAEHHBIX CKOPOCTEHi

-1
NOTOKA Trasa V(q)D (a0p0b3), npejcTaBleHHble B Tabmume 2 1 CTalbHBIX

MIaCTHHOK.
Tabnura 2.
0.125 0.25 0.3 0.375 0.5
2hb™
0.006 (54.81,1311.78) | (52.03,1245.27) | (50.52, 1208.98) |(47.70,1141.58)| (41.63,996.35)
0.007 (34.45,811.07) | (32.69,769.41) | (32.01,753.37) | (29.96,705.28) | (26.15,615.52)
0.008 (23.12,544.34) | (21.94,516.37) | (21.48505.61) | (20.11,473.34) | (17.55,413.10)
0.009 (16.22,381.76) | (15.38,362.14) | (15.06,354.59) |((14.10,331.96)| (12.31,289.71)
0.010 (11.84,283.45) | (11.24,269.09) | (10.91,261.25) | (10.30,246.70) | (8.99,215.32)
0.011 (8.90,209.40) (8.44,198.64) (8.09,190.36) (7.74,182.09) | (6.75,158.91)
0.012 (6.85,164.01) (6.50,155.72) (6.32,151.20) (5.96,142.69) | (5.20,124.60)
0.013 (5.39,126.87) (5.11,120.34) (5.01,117.84) (4.69,110.32) | (4.09'96.28)
0.014 (4.31,101.46) | (4.09,96.24) (4.0094.24) | (3.75,88.22) | (3.27,76.99)
0.015 (3.51,84.04) (3.33,79.73) (3.23,77.33) (3.05,73.10) (2.67,63.81)

-1 .
M3 MaHHBIX TabIMIB! 2 cleayer, uto naTepBansl (V, 2hb ) C POCTOM OTHOCHUTEIBHOM

-1
tommmas wiactuakn 2ND™ ymensmarorcs, npumepro, B 15.6 pas mpu Bcex duKcH-
pOBaHHBIX 3HaueHUsX koaddumnmenra [lyaccona Vv, a ¢ pocrom kodddurmenta [Tyaccona
V — ymensmaroTcs B 1.32 pasa npu GUKCHPOBAHHBIX 3HAUYEHUSX OTHOCHUTEIHHOM TOJIIH-

wpr racTaakn 2hb .

3. JlocraTouHble NPH3HAKH TOTEPH YCTOWYHMBOCTH HEBO3MYIIEHHOTO BHKEHHSI
AMHAMUYECKOI cucTeMbl «miaacTuHka—noTok» (1.1) — (1.4). Tlepeiiném K ommcaHmiO
JUCTIEPCUOHHBIX ypaBHEHHMH — HOCTATOYHBIX NMPHU3HAKOB MOTEPH YCTOHYHBOCTH HEBO3MY-
MIEHHOTO JBIKEHHUS CUCTEMBI «IUTACTHHKA—TIOTOK» BOJM3M IPaHUI] 00J1aCTH yCTOMYMBOCTH

B CJIy4ae PacTSAHYTBIX JOCTATOYHO IIHPOKUX IIPAMOYTOJIbHBIX IJIACTUHOK (y € [1.96, OO))

1 IOIyOECKOHEYHOH IIIACTHHBI-TIONOCH! (Y = 00 ).

3.1. PacTsiHyThI€ IOCTATOYHO HMIMPOKHE IIIACTHHKH (y € [1.96, OO)) .

Hoacrasmnsas obuee peutenue (2.11) nuddepenunansHoro ypasuenus (1.1) B rpaHu4HbIe
yeaosust (1.2) — (1.4), momyyaeM OJHOPOAHYIO CHUCTEMY aireOpanyecKux ypaBHEHHH

YETBEPTOIO IOPSAKA OTHOCUTEIBHO IPOU3BOJIBHBIX IIOCTOSHHBIX an. IIpupaBHEHHBIN
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HYJII0 OpeacIMTEIIb 3TON CUCTEMbI ypaBHeHHﬁ, I0CJIC HECJIOXKHBIX npeo6pasoBaHI/H71, OIlnu-
CbIBACTCs B BUJIC 6HKBaﬂpaTHOFO YpaBHCHUA OTHOCUTECIILHO COOCTBEHHOI'O 3HAYECHHMS >\, .

F(1) =% 8, AL + (A +8,A)1" + A =0,

rIe

5, =m.D0*(nn) 2, x, =1.Db(mn)™*, §, >0, %, >0,

3.1

3.2)

l'IpI/IBe)IéHHI)Ie 3Ha4YCHUsA, COOTBETCTBEHHO, COCPCAOTOUCHHBIX MHCPIIMOHHBIX MaccC mc n

MOMCHTOB IIOBOPOTa IC’

A, =Ag(a,n,v,B5) = \/M(l—ezm‘“’” ) BB, —
-2B, (q +1+PB% + \W)e’“/z(q*iTﬁi)“ny sinh(rnyB,) cos(nnyB,) —
—2B, (q +1+B2 - \/qz_—l) g2y cosh(nnyB,) sin(znyB,) ;
A =A(q,n,y.B;) =

=2(q+1+8;) [(q - \/ﬁ) +(q+ ﬁ)ezm’m} BB, +

2B, [Jz(q LB D) (a4 B2+ (o 1 sinh(amB,) +
+2B,((2q-1)(q-+1) + gB?) cosh(nnyB,) | cos(mmyB,)e I
+2[Bl\/2(q +1+B3)(9° -1 (q +1+p2 —ﬁ) cosh(rmnyB,) +
H(Q+1+B2)(q 1+ 0B2)sinh(nnyB,) Jsin(unyB,) e eI

A, =A,(d,n,y, Bi) =2(q +1+Bi)(1+ e’ 2qstefimny ) BB, -

—4(q+1+ Bi) BB, COSh(TI:I’lyBl) COS(nnsz)e’mﬂnv 4
+2(3(9” —1) - 2B2 —B2)sinh(rnyB,) sin(nnyBZ)e-JZ(qﬂwi)nny ;

MPUIIOKCHHBIX BAOJIb CBO60,HH01"O Kpast X:O IUIaCTUHKH,

(3.3)

(3.4)

3.5)

Ay =As(A 07V B)=\2(a+1+B)) {(q+l—x/q2 1) - 2(g+v-0-v)*+
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—J2(q+1+p?)B, {(q ﬁul—\ﬁ)2 —2(q+Y)v—(1—v)?+2p2 (q-ﬁ)—
—{(q +1+ \/qz_—l)2 ~2(q+)v—(1-v) +28; (q + \/qz_—l)}e‘zm’“‘y}

+ ZBze’m"”“’ {[(49% +2q —1)\/qzi——

~(20° 49 +1)(a+1) + (207 + 4q 1+ 2040 ~1+20p?) - B2 -
~2((29-1)(a+1) ~ 0y/a? ~1+0B2)v + (q+1+ P2 +o% ~1)v? Jsinh(nnyB) +
+2\/2(q +1+B2)(9* 1) (q+1+B%) B, cosh (nnyBl)} -cos(mnyB,) +

e R {—Bl [(49° +2q —1)\/E+

+(20% —4q +1)(q+1) - (29 + 49 —1-2qy/q> —1+2qB?) - B> +

+2((20-1)(@+1) +aya> ~1+gpZ)v -
(@+1+P2 —yq? —1)v2]cosh(nnyBl) —
—\/Z(q +1+ Bi)(q2 —1) (3(a* —1) — 2% — B3) -sinh (mnyB, )} sin (nnyB, );  (3.6)

B, =\’ —1-0.5(q—1—P?), B, = /o ~1+05(q—1-B). 37)

[pu Bcex JOMycTHMbIX 3HaueHusx mapamerpa ckopocrn (=(Q(V) (2.8) u

koopduumenta manpsxenus P <(B),. ouesuamo, wro B =B(q,p)>0 =
B, =B,(q,B2) >0, otkyza crenyer cipaBeinBoCTs HEPABEHCTE:

Ao =A,(a.n,y,p3)>0,A, =A,(q,n7,B:)>0, n>1,y€[1.96,x). (3.8)
BBoas 0603HaueHne

K, =%, -8, =1 (mn)’ -(mcbz)_l, (3.9)

xXapakTepucTuueckuii ompeaenutens (3.1), B coorBerctBum ¢ ycrmosusmu (3.2) u (3.8),
MepenuILeTCs: B BUIE

A+ (KA +A)AN 8 A A, =0,8,>0, %, >0, k, >0. (3.10)
3aMeTI/IM, qTOo HCHOCpeI{CTBeHHOﬁ HOI[CTaHOBKOﬁ 3HA4YCHMUA Bi =0 B YpaBHCHUC

(3.10) MOxHO YyOEAUTBCSI B €T0 TOXKIAECCTBEHHOCTH COOTBETCTBYIOLIEMY JHCIIEPCHOHHOMY
YPaBHEHUIO, MOJTy4eHHOMY B pabote [17].
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3.2. PacraHyTas noJjiy0eCKOHe4YHasi IJIACTHHA—I10/10Ca (y =OO). IToxcrasusgs oOmiee

perrerne muddepentmansaoro ypasaenus (1.1) B Buzme (2.12) B rpannunsie yciaous (1.2)
u (1.4), momygaeM OXHOPOIHYIO CHCTEMY ajreOpamdecKuX ypaBHEHWII BTOPOTO TMOPSIKa

OTHOCUTCJIbHO ITPOU3BOJIBHBIX IMOCTOAHHBIX an . HpI/IpaBHeHHLIfI HYJIIO ONpCACINTECIIb

3TOH CHCTEMBI YPaBHEHUI NPUBOANT K JAUCTIEPCHOHHOMY ypPaBHEHHIO, OTIMCHIBAEMOMY TaK
e GUKBAIPATHBIM yPaBHEHHEM OTHOCHTENIEHO COOCTBEHHOTO 3HAYCHHUS A,

'5(7“)=Xn5n'5b7v4+(xn'5&+5n'&2)7»2+A3=0, (3.12)

rae 8n U Y, OUPENENICHBI BhIPAKEHUAMH (3.2);

A =1, A= 2(q+1+[3§)-(q—«/q2—1), A =2(q+1+82) (3.12)

A=(g +1_\/ﬁ)2 ~2(q+1)v—(2-v)’ + 2B (a— o’ -1} : (3.13)

WM, B COOTBETCTBUH ¢ 0003HaucHueM (3.9),

2
A+ (KA + A A+, 8, A A =0, kn=|c(nn) >0. (3.14)

OTcroma 04eBUIHO, YTO

A,>0,A>0,A,>0, (k,A+A)>0. (3.15)

Jlerko mmoxasaTp, YTO SUCKPUMUHAHT ypaBHeHws (3.11)
R=A(qnv.Bk)=(kA+A) -4k AR >0 (3.16)
mpu Bcex ( € (qo,q(aOMZCosm)),Bi <(Bi)pr N, v u kn.

B camom gene, nojicrasisst B Gopmyny (3.16) Beipaxenus (3.12) u (3.13), mocie
HECJIOKHBIX IPE0OPa30BaHUH MOTyYaeM

A=2(q +1+[3§)(kn (q— e —1)—1)2 4k, (2(a+1)v+(1-v)')> 0.
Mo>kHO noKka3aTh, 4TO

limF(x)=F (%), (3.17)

y—>0

OTKYyJda CJICAYCT, 4YTO

5i_r)POA3(q,n,y,v,Bi)=A_g(q,\’,Bi) u

IimA(q,n,y,v,Bi, kn):A(q,n,v,Bi, kn). (3.18)
Y0
3nech A(q, nvy,v, Bi, kn ) — IMCKPUMHHAHT AUCTIEPCUOHHOTO ypaBHeHwus (3.1).

UucneHHble UCCIIEJOBaHMS I10Ka3ajlyd PAaBHOCUIIBHOCTh JUCIIEPCUOHHBIX YpaBHEHUH

(3.1) 1 (3.11) ¢ ToyHOCTBIO 10 TIOPsIAKA 10~ , HAYMHAs ¢ FPAaHUYHOrO 3HaueHus [19]

Y =74 ~1.96. (3.19)
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CootsetcTaenHo, mpu Beex Y =Yy ~1.96 cnpapenmser cootHomenHs:

lim A, (a.n,v,v,B;) = A,(a,v,B;)

Y>Ygr

lim A(q,n,7,v,B,k, ) =A(a,n, v, k, ) >0 (3.20)

Y>Ygr

4
¢ Tounoctsio mopsaaka 107 u Gonee.

TeM caMbBIM, MOBEJEHHE BO3MYIMIEHHOTO JBIDKEHHS CHCTEMBI «IUIACTHHKA—TIOTOK)
BONM3M O6GNACTH YCTOWYMBOCTH B CIydae IIAPOKHMX TIPAMOYTONBHBIX —ILIACTHHOK

(y 6[1.96,00)) U «I10JyOECKOHEUHON IIAaCTUHBI-TIOIOCH) (y :OO) MOXHO CUHUTaTh
OJIMHAKOBBIM.

3.3. JlocTraToyHble NPU3HAKH CTATHYECKOl HEYCTOWYMBOCTH PACTAHYTOWH NPSIMO-
YroJIbHOM IUIACTHHKHU M NMO0JY0eCKOHEeYHOI MJIACTUHBI—NO0JIOCHI B OTCYTCTBHH 00TeKa-

HUA (V ZO) COOTBCTCTByIOH.[I/IC JAUCIICPCUOHHBIC YPABHCHHUA HMCIOT CJCAYIOLICE

omucanue [19]:

2 2
F,(n,y,v,B2) = B—ZX(4+23§—(1+V)2)-sinh 2nny 1+B—2X + (3.20)

2 2
+ 1+B—2X-(ZB§+(l—v)2).sinh 2nny B—ZX =0, y€[1.96,) ;

o (ViB2)=4+2B2—(1+v)° =0, y=c0. (3.21)
Otciofia, B CHIly OueBHAHON cmpasemmmBoctn nepasencts (N, 7y, Vv, B)>0 u

K (v, Bi) >0 npu Beex V u Bi >0 cnenyer, 4T0 B OTCYTCTBMM OOTEKaHMs HEBO3MY-

HIEHHOE COCTOSHUE PABHOBECHS KAK IIMPOKHUX MPSIMOYTOJIbHBIX IUIACTUHOK, TaK U MOJIY-
0ECKOHEYHOMU MIACTUHBI-TIONIOCHI — YCTOMYUBO MPHU BCEX 3HAUEHUSIX MMapaMeTpPOB.
AHanu3 yCTOWYMBOCTH HEBO3MYIIEHHOTO COCTOSIHUSI PaBHOBECUS JTUHAMHYECKON

cucTeMbl «utactuaka-notok» (1.1) — (1.4) st Bcex Y € [1.96, OO] CBOJIMTCS K HCCIIENO-

BaHMIO MOBEJEHMS KOPHeH A, Xapakrepuctudeckoro ompexermutens (3.11), ompenens-

IOIMX COOCTBEHHBIC IBMKCHHUS CHCTEMbI B MPOCTPAHCTBE «CYIICCTBEHHBIX» MapaMeTPOB
2

JI= {q(\/ ),n,v, v, By kn} — TapaMeTpoB, OKa3BIBAIOIIMX HAaMOoJIlee 3HAUNMOE BIIHSHUE

Ha AUMHaAMHYCCKOC ITIOBCIACHUE CHCTCMBI. 3HaYeHUS OCTaJbHBIX napamMeTpoB CHUCTEMbI —
«HECYHMICCTBCHHBIX>» — IPUHUMAIOTCA (bPIKCI/IpOBaHHLIMI/I.

4. Paz0neHne MpoCTPaHCTBA MapaMeTPOB CHCTEMBbI «INIACTHHKA—TIOTOK» Ha 00J1acTH
YCTOMYHBOCTH U HEyCTOHYMBOCTH. BBenéM B paccMOTpeHHE B NMPOCTPAHCTBE IIapaMeT-

poB I CHCTeMBI «ILIACTHHKa—IIOTOK» 00NACTh YCTOHYMBOCTH <3, U 00JAaCTH HEYCTOHYH-
BOCTH 3y, 3,, ;. B o6nactu I, Bce KopHH Kk ypaBHenus (3.11) HaxonsTcs B JIeBOH
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yacTn komiutekcroii miockoctu (Red, <0); B o6nactax I}, I, n I, cooTercTBEnHO,

nu60o cpeau KOpHeH A, WMeeTcs OfMH IOJIOKUTEbHBIA KOPeHb, JM00 MMEITCS ABa

MOJIOKUTEIBHBIX KOPHS, JMOO MMeeTcsi Napa KOMIUIEKCHO COMNpPSDKEHHBIX KOpHEH ¢
MOJIOXKUTEBHOI BelecTBeHHOU yacThio [15, 17].

OGmactp ycroifunBoctd 3, € I GyIeT ONpeleNsThes COOTHOMCHHUSMU:

k A+A >0, A >0, A>0; 4.1)
a obnactu Heycroiuusoctn 3, | :]:% — COOTBETCTBEHHO, COOTHOIICHUSIMHU:

3,k A+A >0,A<0,A>0unkA+A <0,A <0,A>0;

3,k A+A <0,A >0 A>0; 4.2)

3,k A+A>0,A>0A<0unk A+A <0,A>0A<0.

3nech :&1 , 1=1,2,3 — xosdduuuentsl GukaapatHoro ypasxenns (3.11), a A — ero
JNIUCKPUMHUHAHT, OTpeieisieMble, COOTBETCTBEHHO, BhipaxxeHUs MU (3.12), (3.13) u (3.15).

rpaHI/II_IaMI/I obnactu YCTOﬁQHBOCTH SO HEBOSMyH.IéHHOFO JABHKCHHUSA  CHCTEMBI

«IUTACTHHKA-TIOTOK» B MPOCTPAHCTBE €€ MapaMeTpOB <5 TIPH YCIOBHH knA1+A2 >0

SIBJIAIOTCS rumnepnoBepxuoctu [15 — 17]:

A, =0; (43)
A=0. (4.4)
Xapaxrepuctuueckuii onpexnenurensd (3.11) Ha runepnoBepxHocTH (4.3) UMeeT OAMH

HYyJIEBOIl KOpEHb }‘0 =0 kparHocTH 2, a Ha THmIEpHOBEpXHOCTH (4.4) — mapy 4mCTO

MHHMBIX KOpHeH A, =El®. CooTBeTcTBeHHO, ypaBHeHHe (4.3) ompesenseT rpaHuiy
«anepuoan4ecKoil ycToiiunBocT», a ypaBHeHHE (4.4) — «xonebaTeIbHON yCTONUYNBOCTI.
B cuity yenosuit (3.15) 1 (3.16) otcrona ciezyer, 4To rpaHuLa 0GIaCTH YCTONYUBOCTH 3,

OyJeT ompenensiThCs TOJBKO THIEPHOBEpXHOCThIO (4.3). DTO O3HadaeT, 4To B ciydae
IIMPOKUX IIACTHHOK IIPOCTPAHCTBO IIAPAMETPOB <3 CHCTEMBI «ILIACTHHKA—TIOTOK»

COCTOMT M3 JIBYX obnacteil Iy 1 J; .

Ha runepmosepxuoctu (4.3), onmceiBaeMoii B COOTBETCTBHH C BbipakeHumeM (3.13),
ypaBHEHHEM

A3:(q+1_JqT1)2_z(q+1)v_(1_v)2+zﬁi(q—Jﬁ)=o, @5)

HCBO3MyH_IéHHOE JBUKEHHE CHCTECMBI CIJIACTHHKA-IIOTOK» B 3aBUCHUMOCTH oT
2 o o o

'Y:'Y(V,BX) TEPACT CTATUYCCKYIO0 YCTOMYUBOCTL WM B BHUAC SUJICPOBOU AUBCPTCHUINU

naHnejim, WJInh B BHUJC JIOKAJIU30BaHHOU JAUBCPIeHI U, COOTBETCTBEHHO, IIPU CKOPOCTAX

noroka V 2V o uV 2V .0 3 =T Y S0y 117, 19].

r.div. ocdiv. *
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B ncxomHoil 3ajiade, HauMHas cO 3HaueHMA Y =Y ~1.96, npu Bcex 3HaueHmsx

2 2 "
B <([3X)pr, koopduumenta [lyaccoma V u uucna momyBonH N HEBO3MYIIEHHOE

JABMKCHUEC CUCTEMbI «IUTACTUHKA — MMOTOK» MPU CKOPOCTAX IMOTOKA ra3sa V ZVl TCPACT

ocdiv.
YCTOMYMBOCTE B BHIC JIOKAIM30BAHHOW IUBEPIeHINH, MOIOOHO TOIXyOECKOHEYHON

IUIACTHHE — TI0JIOCE (y = OO), B cuy ycnosuit (3.18) — (3.20). Kpuruueckne ckopocta
Vv

JMBEPTeHIHH 3|04y (Sl & Slocdiv). Ipu ckopoctsix  V =V,

oc.div pasrpaHnviumBaroT o0nacTh yCTOfI‘IPIBOCTPI SO u HOZ[O6J'I8.CTI> JIOKaJIM30BaHHOM

ocdgiy TOTOKa rasa

MNpoOrUCXoauT «MSTKHA nepexon» 4epe3 TOUKY 7L0 :0 B TIPABYIO YaCTb KOMILJICKCHOM

IJIOCKOCTH COOCTBEHHBIX 3HAUYCHUI ?\’k 5 BLISBIBaIOH.[PII}‘I IJIaBHOC M3MCHCHHUC XapaKTepa

HEBO3MYILIEHHOTO IBM)KEHUS] CUCTEMBI OT YCTOMYMBOCTH K CTaTHUECKON HEYCTOWYMBOCTHU B
BUJIC JIOKAJTM30BAHHON JUBEPTCHIIMU: MPOTHOBI TACTHHKH JIOKAJIIU30BAHBI B OKPECTHOCTH

eé cBoboHoro kpas X =0 . HbIMH clOBaMH, TPaHHUIIA «ATEPUOAMYECKO YCTORIMBOCTH»
apiseTcsa «Oe3onacHoi» B cmbicne H.H. baytuna [15]: Manoe mpeBbllieHHe KPUTUIECKOH
CKOPOCTH  JIOKQJM30BaHHOW JUBEPreHIMH COOTBETCTBYET MaJbIM JWBEPI€HTHBIM
nedopmanusiM, JIOKaIU30BaHHBIM B OKPECTHOCTH CBOOOIHOTO Kpast INITACTUHKH.

U3 ypasuenus (4.5) 04€BUIHO CIEAYET, uTO €€ perenue G . 4y E(qo, g (aOM 2cosm ))
-1 "
HE 3aBHCUT OT IapaMeTpa kn =7%,0, . COOTBETCTBeHHO, NPUBEJEHHbIE KPHUTHUCCKHE
. -1 3
CKOPOCTH JIOKaIu30BaHHoOl suseprenimn V4, D aopob , OIpejeIsieMble TI0JICTa-
HOBKOH €IMHCTBEHHOIO pemenus .. gy E(qo, q (aOM 2cosm )) ypaBHeHHA (4.5) B popmy-
-1 2
ny (2.13), Taxke He 3aBucat or K, =7, 8, a 3aBucst mumsb ot napametpos: N, Vv u B .

U3 HezaBuCMMOCTH (DYHKIIMH Vloc.div.D_l(aopobB) ot napamerpa K, :Xnﬁgl, oue-

BUIHO CJeIyeT, 4To KOdhQULIUEHTE ¥, H Sn, XapaKTePU3YIOUINE COCPEIOTOYCHHBIE

HWHEPIHMOHHBIE MOMEHTEI ITIOBOPOTA IC " MacCChI mC , BIIUAIOT JIMIIb TOJIBKO HaA IIOKA3aTCJIb

9KCIOHEHTHI COOCTBEHHOI'O JABWKCHUS INIACTUHKH, KOTOPBIM OIIPEACIACTCA HHTCHCUBHOCTD

HAPACTaHUs «BBIYYHBAHHUA» B OKPECTHOCTH eé cBoboHoro kpast X =0 .

3ameTtnM, uTo ypaBHeHHUE (4.5) TOXKIAESCTBEHHO TUCTIEPCHOHHOMY YpPaBHEHUIO, TOIY-
yeHHOMY B paboTte [19] npu mccienoBaHny 3a1a91 YCTONYHMBOCTH 0OTEKAEMOM PACTIHYTOM
MaHeJIM B CTaTHYECKOH MOCTaHOBKE M0 MeToay Jitnepa. OTcrofa ciexyer NoJIHas aHaJIOTHs
MCXOJIHOM 3a/1auu ¢ 3a1aueii, paccMoTpenHoi B [19] mo meTomy Diinepa.

Takum o6pa3oM, B cCilydae IIUPOKUX MPSIMOYTONBHBIX IUIACTHHOK (y 21.96) KaK
PacTSHYTBIX (Bi #0, f)i = O) , TAK U C HEHATrPy>KEHHBIMU KpasiMU (Bi =0, Bi = 0) WU

2 2 .
CKATBIX (BX =0,B, # O), HEBO3MYIIEHHOE JIBUKEHME CHCTEMBI «IUIACTHHKA—TIOTOK»

TECPACT TOJBKO CTAaTUYCCKYHO YCTOﬁqHBOCTL, HpI/I‘IéM B BHJC JIOKAJIU30BaHHOU JAUBEP-

50



TCHIINH, HOII06HO CHUCTEME B CiIy4dac «HOJIy6eCKOHe‘IHOI>i IIJIAaCTHHBI-TIOJIOCHI» ('Y = OO) , B
OTJIMYUE OT CUCTEM B Cliy4dac yﬂJ’II/IHéHHLIX IPpAMOYTOJIBHBIX TUIACTUHOK ('Y < 0193) n

TIACTMHOK YMEPEHHBIX Pa3sMepOB (0.193 <Y< 1.96) [17-19].

5. YncaeHHble pe3yabTaThl. B 1aHHON paGoTe ¢ MOMOIMIBI0 METOIOB rpadyo—aHaiIH-
THYECKOTO M UMCIIHHOTO ananusa crpownuch cemeiictsa kpussix {9(N,v,v,B2)}e T,
NapaMeTPU30BAHHBIX B MPOCTPAHCTBE <5 HAMIEKAIUM oOpa3oM, mpu Bcex N,V,
v €[1.96,00] u B2 < (Bi)pr .

B asTom ciyuae, Tak ke, kak U B paborax [17 — 19], kpuTHUeCcKas CKOPOCThH JIOKa-

JIM30BaHHOM JAUBCPIreHIINN VI SABJIIACTCA BO3paCTaIOH.[eI71 (byHK].[PIeﬁ OT 4YHUCJa MOJYBOJIH

oc.div.

N : eé HauMeHbIIEMY 3HaueHHMIO cooTBeTcTBYeT N =1,
Pe3ynbraTel 4HCIEHHBIX HCCIEIOBAHMN IOKAa3aJd, YTO HEBO3MYIIEHHOE [BM)KCHUE
CHCTEMBI SBJISETCS YCTOMYMBBIM BOJM3M Hauana HHTEpBaja CBEPX3BYKOBBIX CKOPOCTEH

aox/E JUISL CTaIbHBIX IUIACTUHOK OTHOCHUTEIBHOM TOJIIIHUHBI 2h_lb 6(0.006, 0.015]

IOpu BceX 3HaueHMAX Kkodpduuuenta Ilyaccoma V, Bi <(Bi) u ye[l.96, oo] B
pr.

UHTEPBAJIE JOIyCTUMBIX 3HaUeHui (] € (qo’ g (aOM 2cosm. )) .

COOTBCTCTBGHHO, OCMIOYKH NePCXOa0B COCTOSIHUM CHCTEMBI 6y,[[yT BUa:
~ Vioc.di ~
\SO loc.div ) \Sl . (51)

[MoacraBinsist penieHue qloc.div.E(qO’q(aOMZCosm)) ypaBHenus (4.5) B dopmyny
(2.13), nonyuaeM 3HaueHHs TPHUBEAEHHONW KPUTHYECKOW CKOPOCTH JIOKATU30BAHHOM JIH-

-1 3 .
seprenuun V, . 4, D (aopob ) , IPE/ICTaBIIEHHbIE JUI HEKOTOPBIX 3HAYCHUI Kod(PuIm-

2
eHra Hanpsbkenns 3, € [0, 9] u xoddumuenta Ilyaccona vV B Tabmuue 3 mpu N =1.
W3 naHHbIX TaGIMIBI 3 CIEAYET, YTO NPUBEIAEHHAS KPUTHUYECKAss CKOPOCTh JIOKAJHM-

30BaHHON pauBepreHuun V. D* b®) sBusercs MomoTOHHO BO3pacTaromieii
AUBEPTCHIL loc.div. AP p 1

. 2 2
(yHKIHEH OT KO3 UIMEHTa HAPIKSHUS BX : Ha IIPOMEKYTKE BX €10,9) Bospacraer,

npuMepHo, B 7.3 — 13.2 paza; n Vloc_div_Dfl (aOpObS)— MOHOTOHHO yObIBaromas pyHKIusI

oT ko3¢ dunuenta [Tyaccona V: B IulacTUHAaX M3 MaTrepuasoB ¢ OOJBIIMM 3HAYCHUEM V
yObiBaeT mpumepHO B 2.1 — 3.7 paza.
W3 comocraBneHust JaHHBIX TaOyuIl 2 1 3, BUIHO, YTO, HAUWHAS C HEKOTOPOT'O 3HAYSHUS

2 2 . )
B = (BX) ~ (tabu. 4), 3aBHCAIIEro OT OTHOCHTEIbHOM TommuHbl mwiactuakn 2hD ™ u ot
min

K03(1)(1)I/IIII/I€HT3 HyaCCOHa Vv, HeBOBMyIIIéHHOC JABHOKCHUEC CUCTEMBI ABJISACTCA YCTOfIQHBLIM
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BO BCEM HHTEpBaJle CBEPX3BYKOBBIX ckopocteil (1.5). Ilpu 3ToM, B ciydae IIaCTHHOK

otHocurensroi Tommmusi 2ND ™ > 0.0134 nveem (Bi) =0 npuseex v.
min

Tabmuua 3. 3HaueHust npuBeNEHHON KPUTHYECKOM

ckopoctn Vi D™ (aﬂpObB) mpu N=1.

A%
Bz 0.125 0.25 0.3 0.375 0.5
X

0.0 295.777 169.893 143.905 114.913 79.668

0.1 320.066 185.137 157.851 125.899 89.376

0.2 343.781 200.162 170.878 137.475 99.017

0.3 367.460 215.164 184.005 149.031 108.644
0.4 390.646 230.267 197.324 160.807 118.291
0.5 413.830 245.339 210.785 172.568 127.929
0.65 448.678 267.539 231.087 189.848 142.432
0.8 483.527 289.741 250.989 207.322 156.927
0.9 506.117 304.935 264.216 218.846 166.518
1.0 528.912 320.157 277.443 230.348 176.110
1.25 584.939 356.826 310.228 259.093 200.217
15 640.968 393.519 343.019 287.734 224,311
1.75 696.314 429.347 375.687 316.358 248.267
2.0 751.660 465.175 408.495 345.000 272.232
3.0 959.171 602.927 539.870 455.202 363.126
4.0 1175.623 748.827 665.512 568.067 459.861
5.0 1392.069 892.701 791.151 680.904 556.008
6.25 1646.576 1062.892 945.398 817.758 721.580
7.5 1901.284 1232.860 1099.797 954.612 887.153
8.75 2155.891 1402.939 1254.115 1153.375 1052.636

2 _(n2 -1 . .
DyHKUIMSA N )min = (BX )min (V, 2hb ) SBIISIETCS yOBIBAIOMIEH OT OTHOCHUTENIBbHOMN

TOJIIIUHBI IUIACTHHKU 2hb™ u BO3pacraromei QyHkiue or koadduuuenta [lyaccona
V: YCTOWYMBOCTh CHUCTEMBI «ILTACTUHKA—TIOTOK» C OOJbIIEeH OTHOCUTEILHON TONIUHOMN
TUTACTHHOK, HM3TOTOBJICHHBIX W3 MaTepHaloB C MeHbIIUM Kod(¢ummenTtoM I[lyaccoHa,
CYIIECTBEHHO BbiiIe (Tabdu. 4).

Tabnuma 4.
2hb 0.006 0.007 0.008 | 0.009 0.010 0.011 0.012 0.013
([32) 452 2.31 1.12 0.40 0.0 0.0 0.0 0.0
X/ min 7.41 4.22 2.31 1.31 0.72 0.23 0.0 0.0
8.12 4.75 2.75 1.62 0.91 0.35 0.11 0.0
8.74 5.49 3.25 1.92 1.15 0.64 0.32 0.0
8.75 5.62 3.51 2.24 1.43 0.85 0.49 0.20
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:(ﬁi) _ (V,Zhb_l), NpHBeEHHBIE B CTONOUAX Tadm. 4,
min

2
3HadyeHU (QYHKIUU (BX )min
cooTBeTcTBYIOT 3HaueHusM V = 0.125; 0.25; 0.3; 0.375 u 0.5 cooTBEeTCTBEHHO.

Tem cambM, THEepBOHAYATbHBIC PACTATUBAIONINE CHJIBI JOCTATOYHO IMHUPOKON pacTs-
uyroit mnacturkn (Y >1.96) npuBoasT k cymecTBEeHHOMY TOBBINIEHHIO YCTOHYHBOCTH

HeBO3MyIHéHHOl"O JABHXXCHUA CUCTCMBI «IIJITACTUHKA—IIOTOK)).
6. OcHOBHBIE pe3yJabTaThbl U 3AKJIIOYCHUE.

B pabore wuccienyercs BIUSHWE II€PBOHAYAIBHBIX pPACTATMBAIONIMX CHJI  Ha
YCTOWYHMBOCTh CHCTEMBI  «IUIACTUHKAa—IIOTOK» B  CIy4ae JOCTaTOYHO IIMPOKUX

MPSMOYTONBHBIX IUNIACTUHOK U «I10JTy0E€CKOHEYHOH MIIACTUHBI — MOJIOCHD» (y € [1.96, oo])

B TIPEIIOJIOKEHNU HAINYUS Ha MX CBOOOJHOM Kpae COCPEIOTOUEHHBIX HHEPIIMOHHBIX Macc
1 MOMEHTOB.

HalineHo aHanuTHUYeCKOE PELICHUE 3a1a4l YCTONYUBOCTH HEBO3MYLIEHHOIO JIBUXKCHUS
JIMHEHON JMHAMUYECKOM CUCTEMBI «IUIACTUHKA—TIOTOKY.

IlomyueHs! sBHBIE BBIPAXKEHHUs AUCIHEPCHOHHBIX YPaBHEHHH, XapaKTepHU3YIOILIUE
JIOCTaTOYHBIE IPU3HAKU MIOTEPU YCTONUUBOCTH.

C nomompio rpad0aHAIUTHYECKUX W YUCICHHBIX METOJOB aHAIM3a IPOU3BEICHO
pa3OueHHEe MHOTONAPaMETPUIECKOTO IPOCTPAHCTBA COCTOSIHUH CHCTEMBI «IIIACTHHKA—
MOTOK» Ha 00NAaCTH yCTOWYMBOCTH WM HEYCTOHUYMBOCTH. MccrnemoBaHa rpanHuma oGnactu
ycroiunBocTH. IlokaszaHo, 4TO rpaHMIa 00JAaCTH YCTOWYHMBOCTH OIPEICISIETCS TOJBKO
TUIIEPIIOBEPXHOCTHIO, XapaKTEPU3YIOUIEH MOTEPIO allepUOJIUYECKON YCTOMYUMBOCTU B BUJIE
JIOKJIN30BaHHOM JIMBEPIreHIIMU: ypaBHEHHE, XapaKTepu3ylollee MOTepIo KoyedaTeIbHOM
YCTOMYUBOCTU HE UMEET PELICHUS.

Haﬁ,I[CHBI KPUTHYCCKUEC CKOPOCTH JIOKAJIM30BaHHOU AUBEPTrEeHI NN VI B

oc.div. >
NPEANOI0KEHUH, YTO B IUIACTUHKE B MOMEHT «BBIIYYHMBAHHS» BO3HHKAIOT TOJBKO
HaNpsKEHUs U3ruoa.

ITokasaHo, YTO KPUTHYECKAs CKOPOCTh JIOKAIM30BaHHON auBepreHumn V.. 4,

. . 2
SIBISICTCS. MOHOTOHHO Bo3pacTaromedl QyHkumeil or kosdduumenra Hanpsokenus 3, u

yObIBatomeit pyHkuumei or koddduimenta [lyaccora V: Ha NpoMexyTKe Bi € [0, 9]

BO3pacTaeT MPUMEPHO Ha IOPSNOK, B CPaBHEHHH C IIEPBOHAYAJIBHO HEHArpy>KeHHOI
nasesslo [17], a B utacTrHax U3 MaTepraioB ¢ OoxpmmM ko3 ¢uuuentom Ilyaccona v —
yObIBaeT npuMepHo B 2.6 — 3.7 pasa.

IIpu sTOM, Kak OKa3ajgoCh, KpUTHYECKass CKOPOCTh JIOKAJIM30BAHHOW AMBEPreHIIMU

Vi

HWHEPLUHUOHHBIC MAaCChbl mc 1 MOMCHTBI IOBOpOTa IC' Tem CaMbIM, COCPEAOTOYCHHBLIC

oc.div. HC 3aBUCHUT OT OTHOIICHMA KOBq)(i)PIL[I/IGHTOB, XapaKTCPpU3YIOMHNX COCPEAOTOUYCHHBIC

HWHEPIMOHHBIE MACChl 1 MOMEHTHI IIOBOPOTAa BJIMAIOT TOJIBKO Ha MOKa3aTCIb OKCIIOHECHTHI
COOCTBEHHOT'O JABWIKCHUS TNIACTUHKH, KOTOPBIM ONPEACTIACTCS NHTCHCUBHOCTh HAPpACTAaHU

«BBIITYYHMBAaHU» B OKPECTHOCTHU eé CBO6OZ[HOI‘O Kpas X= O .
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. 2
Haiineno mMuHnNManpHOE 3HaueHHE KO3(duimeHTa HanpsHKeHUS (BX) _, 3aBHcAIIEe
min

. -1
oT oTHOCHTeNnbHOH Tommuasl mwiactnaku 2ND™ u kospdurmenta IMyaccona vV, Haumnas
C KOTOPOT'O HEBO3MYHIEHHOE IBHMXECHHE CHCTEMBl YCTOWYHMBO BO BCEM HMHTEpBaje CBEPX-
3BYKOBBIX CKOPOCTEH.

Takum o6pa30M, B Cliydyac¢ OOCTATOYHO MIMPOKUX TIJIACTHH ('Y 2196) n ToJy-

OCCKOHEYHOIl IUIACTHHBI-TIONOCH! (7Y =00) IepBOHAYAIbHBIC PACTATMBAIONINEC YCUIIHS

NPUBOIAT K CYLICCTBCHHOMY IOBBIIICHUIO YCTOIYMBOCTH JWHAMHYECKOH CHCTEMBI
«IUTACTHHKA — OTOKY.

CpaBHUTENBHBIN aHAM3 Pe3yNbTaToB NaHHOW paborel u pabor [17-19] mo3Bomsier
YCTAaHOBUTh TpPaHHIBl NPUMEHHMOCTH MeToja Oiijepa, Hapsay ¢ HpUMCHCHHEM
JuHamMu4yeckoro meroja. CorocraBlieHHE pe3y/bTaTOB PEUICHUs 3aJaydl yCTOWYHMBOCTH
JMHAMHYECKUX CUCTEM «IIJIACTHHKA—TIOTOK» B CIIy4ae JOCTaTOYHO MIMPOKHX IUIACTHHOK H
NOTyOECKOHEYHOH TUIACTUHBI-TIONOCH], MOJYYEHHBIX IMPUMEHEHHEM OO0OMX METOJOB,
yKa3blBa€T Ha Xopollee coBHajcHue. [losToMy, NOpu pelieHHH MOJO0OHBIX 3a1ad
NpUMEHeHne MeToza Difepa, Kak HarboJsiee yI00HOro, BIOJIHE ONPaBJaHo.

W3noxeHHBId B NaHHOH paboTe rpadoaHaqUTHYSCKUH METOI HCCIICNOBAHUS MOXET
OBITh TPUMEHEH I TONYYCHHS aHAIUTHYECKOTO pEIICHHsS IIMPOKOro Kiacca 3anad
YCTOIYMBOCTH YIPYTUX CUCTEM, B YACTHOCTH, IIPH KOMOMHHUPOBAHHOM HArpY)KCHUH.
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ZUSUUSULEP @bhSNhESNPLLENP ULAUSHL UHUNGUDPUSP SttuUah
W3BECTHS HAITMOHAJIBHON AKAJTEMUM HAYK APMEHUH

Uthuwuthju 76, Nel, 2023 Mexannka
VJIK 539.3 DOI: 10.54503/0002-3051-2023.76.1-56

Propagation of a Hybrid of Heterogeneous Electroacoustic Waves in
Composite Piezoelectric Waveguide without Acoustic Contact between Layers

Ara S. Avetisyan, Vazgen M. Khachatryan

Keywords: composite waveguide, periodic wave, non-acoustic contact, hybrid of electro-acoustic
waves, wave energy localization.

PacnpochaHeHne rnﬁpnna Pa3HOPOJAHBLIX JIEKTPOAKYCTUY€CKHUX BOJIH B
Komno3utHoM NbE303JIEKTPUYE€CKOM BOJTHOBOAE 0e3 AKYCTHY€CKOI'0 KOHTAKTAa MEXKAY CJI0AMHU

ABerncsiH Apa C., Xayarpsin Basren M.

Ku1ioueBble c10Ba: COCTABHON BOJHOBOJ, NEPHOANYECKAS BOJHA, HEAKYCTHUECKHI KOHTAKT, THOPHUL
3JIEKTPOAKYCTUUECKUX BOJIH, JIOKAJIH3AIHUs BOJIHOBOW SHEPTUHU.

The problem of propagation of an electroactive unidirectional wave signal of elastic shear (or plane
elastic deformation) in an infinite piezoelectric composite waveguide consisting of periodically
repeating two-layer cells is considered. In the sagittal plane of one piezo layer in the cell, antiplane
electroactive deformation is possible, and in the adjacent layer, electroactive planar deformation is
possible. The layers are in a state of non-acoustic contact. The surfaces of the piezoelectric composite
waveguide are free from mechanical influences. One of the waveguide surfaces is electrically open,
while the other is electrically closed. The propagation of an electroacoustic wave signal occurs due to
the penetration of accompanying electrical oscillations through a non-acoustic contact between the
piezoelectric layers. There is a multiple transformation of a three-component electroelastic shear
wave into a four-component electroelastic wave of plane deformation and vice versa. A hybrid of
electroacoustic waves is formed. In the case of a high-frequency wave signal, a hybrid of surface
electroacoustic waves of the Rayleigh and Gulyaev-Bluestein types is formed. The distributions of
elastic displacements and electric potential along the thickness of the waveguide are determined. The
resulting hybrid has the character of a periodic Floquet-Bloch wave. The zones of allowable
frequencies and allowed lengths of the hybrid are determined. Rapidly decaying components of the
electroacoustic wave are also found.

Udtunhywi Upw U., uswmnput 9wqqkh U.

Suipuube fEjnpuwlniunhl whputph hhpphnh wwpusnudp pununpyuy whtqnhEjupuiui
whpunupnid, wihynd skpunbkph nhupnid

Pwbugh  punkp  puquypu  wphpwnwp,  wwppbpwlub o wphp,  wihwnd - Yoo,
REyunpwwyniunhy uhpubph hhpphy, wihpwiht Fukpghugh nbnuyiugmad:
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Thuwpyus £ wnwdquijut vwhph (ud hwupp wpwdquijub ghpnplughuyh) LEjunpuwynhd,
nnnppjws  wihpught wqpubpwih wwpwsdwt fuinhpp widbpe Gphup  whbgnkEjunpulut
punuunpju) wihpunwpnud, npp punjugus Ewwppkpupup Yphngng Eplptpn pohoubphg: Rooh Uty
otipnnh uwghwuy hwppnipniunid htwpudnp ' hwljwhwpp LEjunpuwlnh] ghbnpdwughw, huly
hwpulhg skpnnud’ HEjnpuwlnp] hwupp gednpiughw: Uhempbpubpp quinmd ko withynud
othdwt  Jhdwlnid: NhbkqnbEjnpuljut  pununpu;  wjhpwwnwph  Jwlbplngpubpp qps ko
Ubjuwthjulut wqnbkgnipmiuitphg: Ujhpwwnwph dwlikplnyputphg dkyp hEjupuuwinpty pug
huy Umprup LEjupujwinpkt thwy b BlEjupuwlnunhl whph wnwpwsdnidp wbknh b odbbund
obpnhg-obpn BEpunpulwi  quonp  mnblgnn  wwnwbmdibph - Gpputwigdut  stnphjy
whhkqnlbiEunpului skpntph vhol wthwnid othdwi vhgngny: Stnh k niukunud bnwpwnwunphs uwhph
LhEyupuwrwdquijutt wihph puquulh thnjupwlbpynwd, hwpp pidnpiwughugh punwpununphy
LEyunpuwpwdquijut wihph b hwjwrwlp: Quwynpymd | EEjunpwwlniunhly wihputph hhpphy:
Pupdp hwdwujuwinipyut wihpuyhtt wgnuowih ghwpnid dbwynpynud B Ghgh b Gnugjuab-
Ppniunbjuh  whyuyhtt Jwibpmpuyhtt hEjupuwlniunhly  whputph  hhpphn: Opnpynud  Eu
wnwdquijui uwhphh b Ejupujub quonh pusjunidiutpp wihpuwnwph hwunnipudp: Unwugjws
hhpphntt muh $njk-Finjuh wuppkpulwt wihph pinyp: Opnggmd ku hhpphgubph poyjunptih
hwfwpwluinmpmitutph b poyjuupbh  Gpiupnipgnititph  gnupubpp: Quidnd - Bo twb
EEyunpwwyniunhy wjhph wpwg dwpng puqugphsutbp:

Paccmorpena 3ajaua 0 pacrpOCTPaHEHMH DJIEKTPOAKTHBHOIO OJHOHAIPABJIEHHOTO BOJIHOBOIO CHIHANIA
yIpyroro cisura (WIHM IUIOCKOH ynpyroil nedopManuu) B OSCKOHEYHOM IThe309JIEKTPHYECKOM KOMIIO3HTHOM
BOJIHOBOJIE, COCTOSILLIEM M3 MEPHOAUYECKH TOBTOPSIIOLIMXCS IBYXCIOWHBIX su€eK. B caruTralbHOM IIIOCKOCTH
OJTHOH TPOCIIOWKY B siYeiike, BO3MOXKHA aHTHU IUIOCKas 2JIEKTPO aKTHBHAs Ae(opManus, a B COCeHeH Mpocioiike
BO3MOJKHA IEKTPOAKTUBHOE IIOCKOCTHAS AedopManust. [Ipocioiiku HaxoiTcs B COCTOSIHUN HE aKyCTHYECKOro
KOHTakTa. [IOBEepXHOCTH IThE303JIEKTPHYECKOTO KOMIIO3UTHOTO BOJHOBOJA CBOOOAHBI OT MEXaHHMYECKHX
Bo3zeiicTBuil. OnHa U3 MOBEPXHOCTEH BOTHOBOAA MIEKTPUUECKH OTKPHITA, 4 APYTast JNEKTPUIECKH 3aMKHYTA.

PacnpocTpaneHne curHana 3IeKTPOAKyCTUYECKOH BONHBI IMPOMCXONUT 3a CUET IPOHUKHOBEHHUS
CONyTCTBYIONMX  KONEOAHHH  DNEKTPUUECKOr0  MOMsL,  uYepe3  HEaKyCTHYeCKHH  KOHTaKT — MEKAy
[bE30’JIEKTPHYECKUMH  CIOAMH.  [IpOHCXOAMT  MHOTOKpaTHOe — IpeoOpa3oBaHHE  TPEXKOMIIOHEHTHOM
9NIEKTPOYHIPYTroi CABUTOBOI BOIHBEI B YETHIPEXKOMIIOHEHTHYIO 3JIEKTPOYIPYTYIO BOJIHY IUIOCKOH JedopMmaluu u
HaoOopoT. OOpa3syercst THOPH] ANEKTPOAKYCTHUECKUX BOJIH. B Cilydae BBICOKOYACTOTHOTO BOJHOBOTO CHTHANA
dopmupyercss THOpHUA TOBEPXHOCTHBIX 3JEKTPOAKYCTHYECKMX BOJNH TUMOB Panmes u ['ynseBa-bmrocreiina.
Ormpezienensl pacnpeenenys yIpyruxX NepeMEIleHni U 3JIeKTPHYECKOro MOTEHIHaa M0 TOJIHHE BOJHOBOJA.
TlomydeHHsIii THOPHI MMeeT XapakTep Hepuoandeckoil BosHbl dioke-broxa. OnpeneneHsl 30HBI TOMYCTHMBIX
9acTOT ¥ pa3pelleHHBIX JIMH ruopupa. OOHapyXKeHBI Takke OBICTPO  3aTyXaloIlHe KOMIIOHEHTHI
3JIEKTPOAKyCTUYECKON BOJIHBI.

Introduction.

In [1], and in [2] the possibility of localizing of the wave energy of the SH elastic wave
with accompanying oscillations of the electric field on a mechanically free surface of a
piezoelectric medium of a certain symmetry, under various boundary conditions is shown.
The features of the propagation and localization of the wave energy of a purely shear
electroelastic wave are still being studied. In [3] the propagation of Bluestein-Gulyaev
waves in materials with complicated properties is investigated. The propagation of
Bluestein-Gulyaev waves in a prestressed layered piezoelectric structure was considered by
[4]. The propagation of transverse surface waves in a functionally graded substrate carrying
a layer of piezoelectric material of the 6mm class of hexagonal symmetry was studied by
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[5]. In [6] the amplitude-phase interaction during the propagation of an electroelastic
monochromatic wave signal in an inhomogeneous piezoelectric with hexagonal symmetry
of class 6mm is considered.

Rayleigh-type electroelastic waves have been relatively little studied, although, for plane
deformation waves, the localization of wave energy near a mechanically free surface in an
isotropic half-space was first discovered by [7]. In particular, in [8] the propagation of the
Rayleigh wave in a rotating initially stressed piezoelectric half-space is considered. In the
article [9], the authors proposed an analytical model for studying the propagation of
Rayleigh waves in an orthotropic half-space with a piezoelectric layer. Propagation of
coupled Rayleigh waves in a piezoelectric layer of a material of the class 2mm of rhombic
symmetry over a porous piezo-thermoelastic half-space is studied in the work [10].

Under various alternative boundary conditions on mechanically free surfaces of a
piezoelectric waveguide, the problem of propagation of high-frequency electroacoustic
waves of plane deformation (Rayleigh-type electroacoustic waves) is solved in the work
[11].

The acoustic artificial structures with tunable parameters have attracted much research
interest in these days. In [12], the authors presented a tunable composite waveguide based
on the piezoelectric phononic crystal shunted by an inductor circuit.

Naturally, various studies have shown the possibilities of various types of localization of
wave energy under various boundary conditions near the surfaces of elements of a
composite (inhomogeneous) waveguide.

In modern high-precision technologies, composite periodically inhomogeneous waveguides
made of piezoelectric crystals are widely used as converters, filters or resonators of
electroacoustic wave signals.

For the first time, the presence of frequency cut-off zones in an unidirectional periodic
elastic structure was noted in the work [13]. An overview of the perspectives, current state
and future directions of research of wave processes in periodic structures are given in [14].
From the mathematical point of view, the spectral theory of transverse vibrations of
periodic elastic beams is presented in articles [15, 16]. In the work [17], the dispersion
relations of SH-waves were obtained and investigated during their propagation in periodic
piezoelectric composite layered structures. Papers [18] and [19] are devoted to the
application of the Floquet-Lyapunov theory to the problems of propagation of elastic waves
in periodic structures. In the works [20], the authors investigated the spectrum of Floquet-
Bloch waves in elastic periodic waveguides.

In the article [21] the spectrum of acoustic oscillations generated by interdigital transducers
in a plate made from a LiNbOs3 piezocrystal with a thickness on the order of the acoustic
wavelength is studied. It is shown that, along with zeroth and higher-order modes, this
spectrum also contains odd harmonics of the same modes.

Coupled electro-elastic SH waves propagating oblique to the lamination of a one-
dimensional piezoelectric periodic structure are considered in the framework of the full
system of Maxwell’s electrodynamic equations. The dispersion equation has been obtained
and numerical analyses carried out for two kinds of composites both consisting of two
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different piezoelectric materials [22, 23]. Analysis of the role of impedance on the existence
of forbidden frequencies are given in the works, where it is also shown that if the
impedance of a periodically inhomogeneous 1D structure is constant, then there are no
forbidden frequencies in this structure.

In the works listed above, the wave field is uniform, and the character of the initial normal
wave does not change during the propagation in a periodically inhomogeneous waveguide.
In [24] it is shown that, depending on the crystallographic symmetry of an anisotropic
piezoelectric, in its sagittal planes it is possible to excite either an electroelastic wave of
pure elastic shear, or an electroelastic wave of plane deformation, accompanied by
oscillations of a plane electric field.

In [25] the elastic wave propagation properties of phononic crystals (PnCs) composed of an
elastic matrix embedded in magnetorheological and electrorheological elastomers are
studied. The variations in the band gap characteristics with changes in the electric/magnetic
fields are given.

In articles [26, 27], it is shown that the non-acoustic contact between two different
piezoelectrics allows the formation of a hybrid of electroactive elastic shear and plane strain
waves. In article [28] the possibility of propagation of an unidirectional hybrid of
electroacoustic waves of elastic shear and plane deformation is showed, in a periodically
inhomogeneous composite, the layers of which are made of different piezoelectric materials
and are in non-acoustic contact. Two groups of allowed discrete frequencies are revealed. It
is shown that if the ratio of the widths of the interlayers and the velocities of elastic waves
in them is inversely proportional, then the admissible discrete frequencies are resonant.

We present here in a simple scheme of an inhomogeneous piezoelectric waveguide that
allows multiple mutual conversion and co-propagation of localized electroactive normal
anti-plane strain waves and plane strain waves under different electrical conditions on the
waveguide surfaces.

1. Formulation of the problem

Let us consider the propagation of the electroelastic wave normal signal
F(x, y,t) = f(x,¥)-exp(iat) , in a periodically longitudinally inhomogeneous layer, which
is assigned to an orthogonal coordinate system Oxyz (Fig. 1). Composite waveguide layer
consists of periodically repeating cells Q(X,Y,z) = (X,y,z2) U Q,(X,Y,2), from different
piezoelectric crystals of rectangular cross section

Q,(xy)2{xe[0a] ye[-hh], [z]<eo}, Q,(xy)2{xe[-a,;0] ye[-hhl} (1.1)
There is no acoustic contact between adjacent layers and cells.

The crystallographic axes and sagittal crystallographic surfaces of the adjacent layers
materials in the cells are referred to the Cartesian coordinate system Oxyz, so that the

multicomponent electroactive waves of anti-planar and planar deformations can exist
separately in the adjacent layers of the waveguide.
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Without violating the generality of the reasoning, for clarity, we formulate the boundary
value problem by choosing specific anisotropies of the materials of the composite
waveguide bands.

Let us assume that the material of the strips €,(X,Y,Z) belongs to the crystallographic
class 6mm of hexagonal symmetry, and the symmetry axis of the piezocrystal P, is
parallel to the selected coordinate axis p||0Z. Then, the quasistatic equations for

unidirectional waves of electroactive antiplane deformation
{0; 0; w, (X, y); ¢(x y)}-exp(iet) , with respect to the functions of the elastic shear

w, (X, Y) and the potential of electric field ¢, (X, y) in the plane xOy of the Cartesian
coordinate system are written as

W (X, Y)Wy (X, Y) == (@ /CE) - W (X, Y) | 12)
P (%, Y) + 014y (%, Y) = @8 /D) - W (%, Y) + Wy (%, V) |
In equations (1.2), C, =m is the velocity of the volumetric electroactive elastic

shear wave, g% =c% (1+ ;(12) is the shear rigidity of the material, taking into account the
4611

piezoelectric effect, c{) is the shear rigidity, Zf:(e{?)z /(cfﬁ) Q) is the

electromechanical coupling coefficient, e{ is the piezoelectric modulus, &9 is the

relative dielectric constant and o, is the density of the piezoelectric material.

17}

v

Fig.1 Periodically longitudinally inhomogeneous composite waveguide, without
acoustic contact of piezoelectric interlayers.

On both surfaces y =+h of rectangular sections €,,(X,y) of the waveguide strips free
from mechanical loads, the conditions for mechanically free boundaries are written as
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[ -wyy (o y)+e -, ()| =0 (1.3)
The conditions for the conjugation of the electric field with the external field on the

surfaces y = +h of rectangular sections €,(X, y) of strips are written in the form

[ V) -p.(x V)], _,, =0

y=th -

(€ /e) Wy, (V) =, (W] =~ (e0/e?) 0., (%, Y)

(1.4)

y=th

In surface relations (1.4), ¢,(X,Y) is the amplitude function of the external accompanying
electric field.

On the electrically open y =h and electrically closed y =—h surfaces of the piezoelectric
rectangular sectionQ,,(X,y), the conditions for the transparency and shielding of the
electric field take the form, respectively

[(2/e) Wy, (X ) ~a1, (Y], =0, (1.5)

a(xy),_, =0 (1.6)
Because of the penetration of accompanying electrical vibrations through the vacuum gap,
in the rectangular section Q,,(X,Y), the propagating three component electroelastic shear
waveform{0;0;w, (X, y); @, , (X, y);gol,y(x, y);0}-exp(iat) , is converted in the rectangular
section Q.,(X,y), into the four component electroelastic plane deformation wave
{U (X Y); Vo (%, ) 05 0, (%, Y); @, (X, Y); OF-exp(iet) . Similarly, because of the
penetration of accompanying electrical vibrations through the vacuum gap, in the
rectangular section Q.,(X,y), the propagating four-component electroelastic shear
waveform is converted in the rectangular sectionQ,(X,y), into the three-component
electroelastic plane deformation wave. Such multiple transformations

{00, (%, 1) @, (X Y, ), (X, Y, 1), 0 2

2 {U, (% Y 15V, (X, Y, 10 9, (X, Y, 1)1, (X, Y, 1); O}

of the wave field are possible if adjacent piezoelectric strips of different materials are in
non-acoustic contact with each other.

Let the material of the composite bands Q,,(X,y) belong to the class 6m2 of hexagonal
symmetry and the inversion symmetry axis ﬁe of the piezocrystal be aligned with the
coordinate axis 0z . Then in the coordinate plane Oxy the quasi-static equations for
unidirectional electroactive plane deformation with respect to both amplitude functions of
elastic displacements U,(X,Y), V,(X,y) and the potential of the electric field @,(X,Y)
will be written in the form [12, 23]

Upo (X, ¥) + Uy (X, Y) = (00" /C3) - U, (X, Y) (1.7)
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Voo 6 V) + V5 (%, Y) == (@7 /CF) -V, (%, Y) (.8)
(92,00 (X Y) + 05,4, (%, V)] = €11/ €11) - [Ug o (%, ) + Uy (X, V)] (1.9)
In equations (1.7) + (1.9), the ¢?,¢? and ¢ = (¢ —c® )/2 is the elastic modulus of

rigidity and shear, respectively, e is the piezoelectric modulus, &2 is the relative

dielectric constant, p, is the density and #{” =./e?/(cQe?) is the coefficient of
electromechanical coupling of piezoelectric material.
Co =[C2- @+ 22) =@ /p,) W+ z2) and C, =\[c?/p, are the velocities of

longitudinal and transverse elastic volumetric waves, respectively, without taking into
account the piezoelectric properties of the material.
The conditions of mechanically free surfaces y =+h of rectangular sections of strips

Q,,(X,y) in the case of a selected cut of the given piezoelectric will be written in the form

(e U () +el? v, ()] = »
[Usy 06 Y) + V5, (6 V) + (& /c2) - 5, (%, ) | 10
The conditions for the conjugation of the electric field with the external field on the
surfaces y = +h of rectangular sections of strips Q,,(X, y) written in the form

[P /D) [z (% )+ Vo, (X DT = 05, (6 ) Heo/6) 00 (1Y) ], =

[2.(x V) —e.(x. V)], =0 (1.11)

On the electrically open surface y =h and on the electrically closed surface y =—h of

y+h

the piezoelectric layer, the conditions for the transparency and screening of the electric
field, respectively, take the form

[P /&) Tz () + Vo, (YT = 5, (Y], =0, (112)
(%, y)|,_, =0 (1.13)
Without acoustic contact of the strips of the composite waveguide, on the facial surfaces

Xy, =—8 N, +a,), X,=1n(a +a,) and x,=a tn(a +a,), where neN"of the
interlayers, both the conditions of mechanically free surfaces and the conditions of
conjugation of the electric field are satisfied.

On all the facial surfaces X, =-a& tn(a+a,), X,==tn(a+a,) and

X, =& tn(a +a,), wherene N* of the interlayers, the conditions of mechanically free
surfaces are written in the following form

i -wy, (xy)+el @, (X y) =0, (1.14)
o Uy, (X Y)+¢f v, (X, y) =0, (1.15)
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Uy, (% Y) + V5, (6 ) + (62 /c2) - ¢, , (%, ¥)=0 (L.16)

The wave signal propagates along the inhomogeneous waveguide by means of the
penetration of accompanying electrical oscillations through vacuum gaps on the same
surfaces. On all these facial surfaces, the conditions for the conjugation of the electric field
are as follows

(% Y) =p,(xY) (1.17)

ey Wi, (X, V) +& @, (% Y) =] Uy, (% Y) —e -V, (X V) + &7 - @, (X, Y) (1.18)
Systems of equations (1.2) and (1.7)+(1.9) together with boundary conditions (1.5 ) and
(1.6) on the surfaces of the inhomogeneous waveguide y=+h, as well as with boundary

conditions (1.14)+(1.18) at the ends X,,=-8,=n(a +a,), X, ==*n(a +a,) and
X, =& tn(a +a,), constitute the complete mathematical boundary value problem for

studying the propagation of the hybrid of four-component and three-component
electroactive elastic waves of plane and antiplane deformations.

The general solutions of equations (1.2) and (1.7)+(1.9) satisfying the boundary conditions
(1.5) and (1.6) on the surfaces of an inhomogeneous waveguide characterize the
distribution of the wave field (intensity of wave quantities) over the thickness of the
waveguide.

The solutions satisfying the boundary conditions (1.14)+(1.18) at the inner ends of the
interlayers of the composite waveguide correspond to the filtration mode (the admissible
frequencies of waves propagation).

2. Solution of the mathematical boundary value problem

Based on the structural periodicity of the inhomogeneous waveguide, it is natural to study
the propagation of the electroelastic wave signal according to the Floquet-Lyapunov theory.
The periodicity of the structural inhomogeneity of the composite waveguide makes it
possible to construct the solution to the formulated boundary value problem for the unit
periodic composite cell Qy(X,y) =Qy, (X, y) UQy,(X,Yy), taking into account the Floquet

conditions on the facial surfaces of the composite.

2.1. Formation of a hybrid of multicomponent electroacoustic waveforms over the
thickness of the interlayers of the unit cell.

Propagating along the infinite periodically inhomogeneous waveguide, the Normal wave
signal induces a three-component and a four-component waveform of

f. (% Y) =Y, (Y)- X, (X) type, in each layer, respectively

X, (X) = i[cn cos(k,X) + D, sin(k,,x)] ,

n=1

Y, () = 3 [A, 008(ct, Ky ) + By sin(ay ki y)]. 2.1)

n=1

63



In wave functions f_ (X,y), the multiplier Y,(y) characterizes the shape of the wave
component along the thickness of the waveguide, X, (X) characterizes the shape of the
propagation of the wave component, m e{L; 2} is the numbering of the wave numbers in the
layers Q, (X, y) and Q,,(X,Y), respectively.

Induced in the interlayers €).(X,Y), the three-component normal electroelastic shear
waveforms, as solutions of the system of equations (1.2) are written in the form

Wl(X1 y) = i[ANn Cos(ﬂlnkln y) + Bwn Sin(ﬂlnkln y)][cln COS(klnX) + Dln Sin(kln X)] ! (22)

. [Aﬁm cos(ky, y) + B, sin(k,, y)} +
2 (xy) = Z‘ +(e1(§)/gl(l)){ A, CO?( Bk, Y) 1 [C,, cos(k,,X) + Dy, sin(k,,X)] (2.3)
+Bwn Sln(ﬁln kln y)

where the wave number K, (@) for each form will be defined from dispersion equation

tan[2/3,, (@) -k, (@)h] } 0 (2.4)

Pin (@) |:ﬂln (@)- tan[2k,, (@)h] X1

Solutions (2.2) + (2.4) involve the wave coefficient /3, (@) = \/[wzCl}Z] k2 (@) —1 of shear
oscillations for swift waves of antiplane deformation, for the phase velocities of the forms
of which a/k,(w)>C,. Generally, swift waves correspond to long waveforms (low
oscillation frequencies), for which 4, (@) =h or k,(w)-h=1.

In the case of the high-frequency wave signal, in the piezoelectric rectangle Q,(X,Y), the
short electroactive elastic transverse single-mode wave propagates in the piezoelectric
rectangle, for which 4, (w) <h or Kk (®)-h>>1. Then, electroactive shear waveforms can
be damped deep into the piezoelectric rectangle (X, y).

The high frequency components of the electroelastic wave are represented as

inh K
W, (%, y) = L’f‘g S':Ois’[léw(l}) 1&“&)”)];} -[C, cos(k,x) + D, sin(k,x)] (2.5)
[ A, sinh[k, () y]+ B, cosh[k, () y] | +
atuy)=1 g A, sinh[a, (@) - k () y]+ ] ¢ *[C: cos(k (@) x) + Dy sin(k, (@)x)]  (2.6)
& /40) L p coshla, (@), (@)y]

and the wave number in the interlayer is determined from the dispersion equation

tanh[2e, (@) -k (@)h] |
0.’1(6())’|:a1(a))' tanh[2k1(60)h] 4 :| =0 (27)
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Solutions (2.5) and (2.6), as well as the dispersion equation include the wave coefficient

afl(a))=\/1—[a)2C1}2]/k12 (w) of shear oscillations for slow waves of antiplane

deformation, for the phase velocities of the forms of which o/k, (@) <C,, .

Y&

003
002§

ooy

0.00

Fig.2 The shear displacement distributions along the thickness of the interlayer Q.,(X,y), in
the case of different electrical surface conditions on the waveguide surfaces
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Fig.3 The electric field potential distributions along the thickness of the interlayer Q.,(x,y),

in the case of different electrical surface conditions on the waveguide surfaces
From the dispersion equation (2.7), it follows that in the piezoelectric waveguide with
different surface conditions, the Gulyaev-Bluestein-type waves become highly dispersive.
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In the case of identical surface conditions of the electric field (1.4), at the oscillation

frequency @ > Clth’l\ll— #le, / (€Y +&,)], the same localization of the wave energy of
high-frequency electroacoustic waves of the Gulyaev-Bluestein type occurs near
mechanically free surfaces (Fig. 2).

In the case of different surface conditions on the electric field (1.5) and (1.6), near the
surfaces y=h andy=-h the wave energy localization of the Gulyaev-Bluestein type

electroelastic waves occurs in different ways (Fig. 3). Near the electrically open surface
y =h, there will not be a localization of wave energy. Near the electrically closed surface

y =-h, at high frequencies @ > Clth’1 1—;(14 , there will be a localization of the energy

of electroacoustic waves.
Due to the conjugation of the electric fields (1.17) and (1.18) on the mechanically free end
surfaces of adjacent interlayers, the electroelastic wave of plane deformation arises in the

second interlayer € ,(X,y) [11, 25]. The four-component normal electroelastic wave of

plane deformation induced in the interlayer Q ,(X,y), as solutions of the system of
equations (1.7)+(1.9) with surface conditions (1.10), (1.12), (1.13), can be represented as

u,(X,y) = i[Am €0S(By Ky Y) + By, SIN( B, Ky, Y)[Car €OS(KyX) + Dy SiN(K,X) ] (2.8)

V, (% y) = i[ﬂw COS(ByKyn Y) + By, SIN( Bk, ¥)[Cap €OS(KyX) + Dy SiN(K,,X) | (2.9)

[ A c08(Ky ¥) + By, sin(k,, y) |+
2 (X' y) = nzzll +(e1(12)/gl(2)) y |:Am Coé(ﬂun an y) +:| [CZn COS(anX) + DZn Sin(anx)] (2.10)
+Bun Sm(ﬂunkZH y)

Solutions ~ (2.8) +  (2.10) include S, (a;)zx/[wZC;ﬁ]/kjn (w)-1  and

Boi(@) = \/[wzcgf]/ k2 (w)—1 wave coefficients for longitudinal and shear oscillations of
plane deformation swift waves, for the phase velocities of the forms of which
/K, () = max{C,;C,}.

Generally, swift waves correspond to long waveforms (low oscillation frequencies), for
which 4, (w) =h or k,,(w)-h=1.

Satisfying the surface conditions (1.10), (1.12), and (1.13), for determining the wave
number, we obtain the dispersion equations of the generated waveforms

sin(2k,h) -sin(23,k,h) - sin(25, k,h) =0 (2.11)
BB = 2B (20 = BB )-SIN(2K,1) - €t (2B, k1) + (L+ 22) - (6],)° (2.12)
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Dispersion equations (2.11) and (2.12) include the wave coefficients £, (@,k,,) and
P (@,K,,) for longitudinal and shear oscillations of plane deformation swift waves. And
here we also have the dimensionless material anisotropy parameters 6, =c? /c? and
6, =c?/e? with the given piezoelectric effect of material, with the stiffness coefficient
&Y =c I+ ) and z =7 /(U+ 23). 7 =€) /(&) - the electromechanical
coupling coefficient for the second piezoelectric.

Dispersion equation (2.11) describes the formation of eigenmodes of bulk oscillations of
the electric potential, longitudinal and transverse displacements, which do not decay over

the thickness of the waveguide. Their wave numbers are defined as k{ =nz/2h,

k) (@) = \/(a)/CZ, )’ —(nz/2h)? and k) (w) = \/(a)/CZt)z —(nz/2h)* | respectively, where

neN",
Dispersion equation (2.12) describes coupled electroacoustic oscillations of plane strain.

In the case of high-frequency (short-wavelength), when @/ k2n(co)£,/cé§) / p, the slow
wave signal is converted into an equation of the form

0l = 2ty (20 + atyaty, ) -sinh(2k,h) - coth(2a, k) + A+ 23) - (6),)° (2.13)
Vi
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Fig.4 The planar and shear displacement distributions along the thickness of the interlayer
Q,,(x,y), in the case of different electrical surface conditions on the waveguide surfaces
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In this case, the four-component normal electroelastic wave of plane deformation induced
in the interlayer, as solutions of the system of equations (1.7)+(1.9) with surface conditions
(1.10), (1.12), (1.13), is represented as

u, (X, y) =[ A, cosh(az, K, y) + B sinh(ez, k, y) |[C, cosh(k,X) + D, sinh(k,x)] (2.14)
v, (%, y) =[ A cosh(ayk,y) + B sinh(a,k, y) || C; cosh(k,x) + D; sinh(k,x) | (2.15)
[ A cosh(k,y) + By sinh(k,y) | +
P, (X, y) = +(eff) /81(12)){:5{: (EO?h((Zz,kz y) +} [Cz cosh(k,x) + D, Sinh(kzx)] (2.16)
+B, sinh(a,k,y)

Y&
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o010 ¢ . |
0.000 0.002 0.004 0.006 0.008 0.010

Fig.5 The electric field potential distributions along the thickness of the interlayer Q, (X,y), in
the case of different electrical surface conditions on the waveguide surfaces

Solutions  (2.14) = (216) include @ (@)=1-[0’CI/K (@)  and

ay (@) = \/1—[60202}2]/ k? (w) wave coefficients for longitudinal and shear oscillations of
plane deformation slow waves, for the phase velocities of the forms of which
ok, (@) =min{C,;C,}.

If the piezoelectric effect in the second piezoelectric is zero 2 =0, from (2.13) we obtain

the dispersion equation for Rayleigh waves in the isotropic medium o a2 =65 .

In the case of different surface electric conditions (1.12) and (1.13) on the surfaces of the
waveguide the distributions of both planar and shear displacements, as well as of potential
of the electric field over the thickness of the interlayer Q, (x,y) are shown in Fig. 4 and
Fig. 5.
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2.2. Propagation of waveforms localized near the surfaces of the waveguide in the
periodically longitudinally inhomogeneous composite layer.

Taking into account the nature of the periodicity of the structure of the inhomogeneous
waveguide, to determine the patterns of propagation of forms of electroelastic waves
localized near the surfaces of the waveguide (2.5) and (2.6), as well as (2.14) + (2.16) we
will use the Floguet-Lyapunov theory for periodic structures. Non-acoustic contact on the

face surfaces of the periodic structure X=-a, and X=a,, simplifies the corresponding

surface conditions according to the Floquet-Lyapunov theory. It makes it possible to use the
conditions of the mechanically free surface on the frontal surfaces of visible interlayers
(1.14) = (1.16)

o Uy, (W) + 0 v, ()], =0
0 (2.17)

oDy, )+ v, (xy)] =0

Uy, (X V) + V5, (X Y) + (€2 /¢8) - 05, (X, V)] =0
2 (2.18)

Uy, (6, V) + V5, (%, Y) + (& /¢2) - 0, (. y) | =0
Cﬁ) "W, (X y)+ eJ%) "Dy (% y):|X:0 =0

Cﬁ) "W, (X y)+ el(els) "Dy (% y)l(:al =0

On the face surfaces of the composite waveguide, the conjugation conditions for the electric
field are satisfied. On face surface X =0 these conditions can be written as

A% Y)| _, =P(%Y)
|:e1(é) ' Wl,x (X1 y) - {;‘1(? ' ¢1,x (Xl y):|x:0 =

= [eff) : UZ,X(X; y) - e]f) : VZ,y(X1 y) - Sff) : ¢2,x (X, y):|x:0

(2.19)

[
[
[
[
[
[

(2.20)

(2.21)

On the face surfaces X=-a, and X=a,, according to the Floquet-Lyapunov theory, the

periodicity of the longitudinal inhomogeneity of the composite waveguide allows the
conjugation conditions for the electric field to be written as

ey |, =u ey (2.22)

|:el(é) "Wy, (X’ y) - 81(1) “Pux (X’ y):|x:a1 -

(2.23)
= [ e Up (6 Y) -V, (X ) &2 - 0, (X, V)]

In the boundary conditions (2.22) and (2.23), the multiplier x =exp[iL-k(w)] is Floquet

X=—ay
periodicity coefficient and L =a, +a, is the linear periodicity parameter, k(@) =27/ A(w)

is the Floguet wave number (the wave number of the generated wave), corresponding to the
resolvable wavelengths A(w) in the layered waveguide.
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Substituting the solutions (2.5), (2.6) and (2.14) + (2.16) into the boundary conditions of
the mechanically free surfaces (2.17) + (2.19), as well as into the conditions of the electric
fields conjugation (2.20) and (2.23) on the face surfaces of the piezoelectric layers, we
obtain the algebraic system of linear equations with respect to amplitude functions. From
the condition for the existence of nonzero amplitude functions, we obtain the dispersion
equation for frequency filtering for the hybrid of electroelastic waves

k(@) = —~—x
a +a,
2 (2.24)
< Arccos| K4.(@)- cos”Tky(@)ai] + k; (@) -[4 coslk, (@)a,] — cos[k, (@)a,]]
2k, (w)k, (w) - cos[k, (w)a,]- [4 cos[k,(w)a,] - cos[kl(a))al]]

If we take into account that the hybrid components in the interlayers of the inhomogeneous
waveguide are  Gulyaev-Bluestein and Rayleigh-type  waves, for  which

k (@) =kgg(0) =®/Cqy  andk,(w) =kg(®) =w/Cy , respectively, then the dispersion
equation for frequency filtering can be written as

k(@) = ——x
at+a,
2 2 2 (225)
(0/Cgg)” -cos’[wa, /Cez]+(w/Cy ) - [4cos[wa, /C,]-cos[wa, /Cqg]]
x Arccos
Z(w/CGB)’(W/CR)‘COS[wai/CGB]'[4005[0)a2/CR]_COS[wai/CGB]]]

The allowable wavelengths in the Floquet-type hybrid wave are determined from the
equation
Mw) =
2r(a, +a,)
(W/CGB )2 . 0052[a)a1/CGB] + (a)/CR )2 . [4COS[(08.2/CR] _ COS[&)ai/CGB]]Z :l (2.26)

Arccos

2 (w/CGB ) : (a)/CR ) -cos[way, /Ceg]- [4 cos[wa, /Cq] - COS[QQ/CGB]]]

The filtration equation, with different combinations of the selected pairs of piezoelectric
materials, the zones of permissible frequencies for localized and non-localized
electroelastic waves propagating along the composite waveguide are determined. The
filtration equation also gives bands of forbidden frequencies, at which the composite
waveguide of certain piezoelectrics and linear dimensions does not allow the propagation of
localized electroelastic waves, or waves in general.

Consequently, by the proper choice of materials and linear dimensions of the interlayers, it
is possible to achieve optimal transfer of wave energy from one interlayer to another, or
vice versa. Thus, the inhomogeneous waveguide can become a kind of electromechanical
filter or resonator.

Let us consider a particular case when, in the interlayers, the velocities of localized
electroacoustic ~ Gulyaev-Bluestein  and  Rayleigh  waves are equal to

Ces =2574x10° m/sec  andC, =2.752x10° m/sec,  respectively. ~ And the
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electromechanical coupling coefficients of these materials are respectively 5 = 0.9013 and

77 =0.1021.

Kk/10° o

20} r 7
|
-0.1 | e [

-0.2

-04

Fig. 6. Permissible frequencies and wavelengths of the Floquet type in the case of piezo
layer thicknesses a, =1x10°m and a, =2x10°m.

Fig. 7. Permissible frequencies and wavelengths of the Floquet type in the case of piezo
layer thicknesses a, = 2x10°mand a, =1x10°m .
In different cases of choosing the thicknesses of the piezoelectric interlayers, when the
thickness of the waveguide is h=1x10"°m, from the relations (2.25) and (2.26) for the

allowable frequencies and wavelengths of the Floquet type waves are given in Figures 6, 7,
8. From all the above graphs, it is clear that at relatively low frequencies, when

0<w<1x10° Hz, there can be rapidly decaying electroacoustic wave signals, since in this
case 0< Im[k(w)] <5x10° m.

In all the above cases, when the allowable frequency of wave hybrid propagation changes
in the segment2x10®° Hz<w<2x10°Hz (Fig. 6), or in the segment
2x10° Hz < w<5x10° Hz (Fig. 7), or in the rendition 4x10° Hz < @< 4,43x10° Hz
(Fig. 8), a hybrid of localized normal waves propagates with wavelengths
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0 < Re[A(@)] <0.06x10*m, 0 < Re[A(w)] <0.08x10™*m, or 0 < Re[A()] <0.04x10*m

, respectively, or a rapidly decaying wave signal, for which 0 < Im[A(®)] <0.038x10*m .
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-025 /
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Fig. 8. Permissible frequencies and wavelengths of the Floquet type in the case of piezo
layer thicknesses a, =1x10°mand a, =1x10°m .
Conclusion.
An electroacoustic wave signal propagating in a transversely periodically inhomogeneous
piezoelectric waveguide is converted into a hybrid of electroactive waves of plane and
antiplane deformations, when the inhomogeneous periodic cell in the waveguide consists of
different piezoelectrics that are in non-acoustic contact. In the case of propagation of a
high-frequency wave signal, it forms a hybrid of electroactive waves of the Gulyaev-
Bluestein and Rayleigh types localized near the outer surfaces of the waveguide. The zones
of permissible frequencies for the propagation of the formed hybrid of waves of the Floquet
type are determined. The zones of the corresponding lengths of the propagating wave are
also determined. Rapidly decaying localized waves were also found in the allowable
frequency zones.
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DISPERSION OF SHEAR SURFACE WAVES IN AN ELASTIC SUBSTRATE
IMPERFECTLY BONDED WITH AN ELASTIC LAYER

Ghazaryan K.B., Ghazaryan R.A., Terzyan S.A.

Keywords: Surface shear waves, imperfect contact, slip and scattering interfaces, dispersion.

Kaszapsn K.B., Kazapsin P.A., Tep3san C.A.
Jlucriepcusi CIBUTOBbIX MOBEPXHOCTHBIX BOJIH B YIPYIoil MOJI0KKe, HECOBEPUIEHHO KOHTAKTHPYIOIUM €
YHPYTHM €JI0eM

KarwueBble cjioBa: TIOBEPXHOCTHBIC ITONIEPEIHBIC BOJIHEI, HeHI[eaJ'[BHBIﬁ KOHTAaKT, TUCIICPCHS.

HccnenoBano pacnpocTpaHeHUe MOBEPXHOCTHOW MONEPEUHOIM BOJHBI IJIsl CIIOUCTOW CTPYKTYpPbI, COCTOSIIEH
U3 YyOPYroro CIIOs, JISKAIIEro Ha yIPYroM IONYIPOCTPAHCTBE C OBEPXHOCTHIO HEMIOJIHOTO YIPYroro KOHTAKTA.
PaccMoTpeHBI Be pa3NMYHBIE MOJENHM HEMONHOro ympyroro. IlomydeHBl IUCIEPCHOHHBIC YpaBHEHHS,
OIMCHIBAIOIINE 3aBHCUMOCTh (Da30BOil CKOPOCTH IIOBEPXHOCTHOI! BOJIHBI OT BOJIHOBOrO 4yncia. Ha ocHOBe aHanusa
JIMCIIEPCHOHHBIX YpaBHEHUH II0Ka3aHO, YTO HECOBEPIIEHCTBO IPaHHIBI pa3/iena MOXKET CYIECTBEHHO YMEHBIIUTh
WIIH YBEINYUTH (DAa30BYIO CKOPOCTH HOBEPXHOCTHOH BOJIHEL

Nwqupub 4.2, Twqupyub [2.U., @hpqubh U2
Unwdquljuih okpunh htw phph Yntinuljn niikgny wnwdqujwi hwppwlnid uwhph
dwltipuinipughtt unhputph nhuytpuhwi

Zhttwpwnkp. dwljbpinipughtn juywlut wihpibp, ng hpbwjuljuwb Yntnwln, nhugbpuhu:

Unwdqujut jhuwnwpwsnipjut ypu qgunugnn b phph §nbnwln niikgnn wpwdquljub skpn
pununpjuy  juenigusph  hwdwp  munwlbwuppdws b dwhbpnipughtt  juywlut wihph
wnuwpwdnidp: Thunwplyly o phiph Yntnwlunh tpynt wwppkp Unpljutp: Unwgdt) Bo phuwybpuhn
hwjuwuwpnidubp, npop tjupugpnid B dwlbpinipughtt wihph $wquyhtt wpugnipjutn jujunudp
wihpwjhtt pyhg: Fhuybpuhntt hwjwuwpnidubph hinmwgnunudng gnyg k npygty, np paudwidwt qph
wijuunwpmipmniup jupnn b bugbu dkdwgut), Juwd thnppugul) dwlibplnipuwyhtt whph $uquyhin
wpwgnipjniup:

The surface shear wave is studied in layered bi-material structure consisting from an elastic layer lying on
an elastic half-space with an imperfectly bonded interface. The two models of the imperfect “slip” and “scattering”
interface are considered. The dispersion equations are obtained describing the surface wave phase speed versus
wavenumber. Based on the analysis of dispersion equations it is shown that the interface imperfectness can
sufficiently decrease in “slip” case or increase in “scattering” case the surface wave phase speed.

Introduction

The term elastic surface waves is used to denote waves propagating along the interface
of elastic media with the energy localized in a band of a width of the order of several
wavelengths. The classic results concerning the shear surface waves propagation in layered
media were firstly published in [1,2]. Wave propagation through a layered composite
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material and the formation of surface waves bands is a well-studied topic [3,4,5] and has
significance in applied geoscience [6].

A model of an imperfectly bonded interface between two elastic media is proposed in
[7] where the displacement discontinuity (slip) is taken to be linearly related to the stress
traction which is continuous across the interface. A model of “scattering” imperfectly
bonded interface is used in [8] where the stress traction discontinuity is taken to be linearly
related to the displacement which is continuous across the interface where one-dimensional
time-harmonic waves interact with a finite number of scatterers. The surface shear waves in
elastic semi-spaces separated by elastic layer with an imperfectly bonded “slip” interfaces
between layer and semi-spaces are considered in [9]. The shear surface waves at the
electro-mechanical imperfect interface of two piezoelectric materials is studied in [10,11] .
The localized electro-acoustic Rayleigh and Gulyaev-Bluestein waves is studied in [ 12] It
is shown that the choice of materials can increase or decrease the surface electro elastic
wave energy localization at the surface of non acoustic interface of bi-material
piezoelectric structure. The surface electro-magneto elastic shear waves in a bi-material
structure in an external constant magnetic consisting of the bonded piezoelectric and
perfectly conducting half-spaces is considered in [13], where the conditions of an existence
of surface shear waves localized at the interface between two media were derived.. In [14]
the dynamic contact problem is studied concerning propagation and diffraction of shear
plane waves in a composite structure consisting of elastic half-space and a layer, weakened
by a semi-infinite tunnel crack interface. In [14-15] the dynamic contact problems are
studied concerning propagation and diffraction of shear plane waves in a composite
structure consisting of elastic half-space and a layer, or consisting of two elastic half-
spaces, weakened by a semi-infinite tunnel crack interface. Electroacoustic transverse
waves in a piezoelectric half-space via non-acoustic influence on its interface is considered
in [16]. The conducting interface near the traction free surface of a piezoelectric half-space
changes the character of the near-surface localization of the electroacoustic wave.

1.Statement and solution of the problem
In Cartesian coordinate system (X1,X2,X3) we consider the layered structure

consisting from an elastic semi infinite substrate (|x1|<oo, X, e(—oo,O),|X3|<oo)

imperfectly bonded with an elastic layer (|X1| <o, X, € (0, h) , |X3| < oo) .
The anti- plane equations of motion and material relations are given by
(s) (s) 21 1 (s)
00y + 00y _ 9Us .
ox,  OX, ot?

ouU (s) ouU (s) @)

o) =G 2 5l =g 2

OX,

Here U3(S) are elastic displacements, o, ,

(s) U(S)

,; are the shear stresses, p(s) are the

mass densities, G are the shear elastic modulus, respectively. The indexes s =1;2 stand

for the layer and substrate, respectively.
The model of the imperfect “slip —scattering” interface between elastic layer and
substrate will be used [7,8 ]. According to this model the traction and displacement are not

76



continuous across the interface and the following contact conditions are valid at interface
X, =0
2

o (%,0,t)—o% (x,0,t) = (Ué“(xl,O,t)+U§2)(x1,0,t))

N @

U (34,0,1)-US? (%,0.8) = (02 (%,0.0) o2 (x,0.1) @

g=>0, f>0,
When g =0, we have the model of the “slip” interface at X, =0where the shear

N | —

stresses are continuous but the displacements have a jump [7] . When f =0 we have the

model of the “scattering” interface where the displacements are continuous but the shear
stresses have a jump [8].

At the layer upper surface X, =h we consider the traction free interface condition

o (x,h,t)=0 ®)
or the clamped interface condition
U (x,h,t)=0 @

In the semi-space the displacement decaying to zero at infinite distance from contact
interface x, =0

U (%, %y, 1) = 0,%, — —oc )
We consider harmonic  wave travelling along the X, direction,
U (%, %,,t) =U (x,) exp[i (kx, — ot )], where @ is the wave angular frequency, k

is the wave number.
Since the interface conditions at X, =0 are imposed on functions

U®(x,),0% (x,) itis convenient to introduce the following column vectors

U(S)(Xz) _ (U ©) (Xz)ﬁ;) (Xz)) (6)
In the matrix form the solutions of (1) in the layer can be cast as
U®(x,)=F¥(x,)-C, C=(C.C,)" . (0
= (X )_ eXp(inZ) exp(—irlxz)

2 ) —| . . . .

iG,r exp(irx,) -iGr exp(-irx,)
In substrate the solutions can be cast as
exp(rx
U(Z)(Xz)zA( p(z 2) ] )
LG, exp(1,%, )
In (7,9) A,C,,C, are constants, v, =4/G, /o, denote the shear wave speeds in the
bi- material structure

®)
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2 2
w w

N i S [ (10)
Vl V2

The condition @ <kv, provides decaying of the surface wave from the

interface x, = 0.
The interface conditions (2) in the matrix form can be cast as

u®(0) =SuU® (0) (11)
fg+4 4f
S 4-fg 4-fg
49 fg+4
4—-fg 4-1g

Using the procedure of transfer matrix approach [9] we obtain the following relation
linking the values of the vector UW® (%) at the layer interfaces x, =0,Xx, =h via
transfer matrix

u®(h) =Tu®(0) (12)

o[ cos(hr) (G,r,) “sin(hr) ; (13)
~Gyr; sin(hr,) cos(hr,)

In the case of the traction free surface at x, = h we have

U (h) = U,,0)' (14)
At the clamped interface X, = h we have
U (h) = (0,0,)" (15)

In (14,15) U,, o, are constants.
Using (5) and (6) we come to the following homogeneous set of equations with respect
to constants A, o, o for the “clamped” case, or A, U0 for “traction free” case

U®(h)-Tsu® (0)=0 (16)

Equating the determinant of these sets of equations (16) to zero, we obtain the
following dispersion equations:

Traction free interface at X, = h

K fﬁznz —1tan(K /ﬂznz _1): \/1_772K(‘9§+4)+4§ a7

y(9§+4 1—7729K+4)’

Clamped interface at X, =h
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K fﬂznz —lCOt(K ?52772 _1):_ \/1_772K(9§+4)+4§ (18)

7(9§+4 1—772¢9K+4)
In (17, 18) the following dimensionless notations are used
B=V,/v,, n=a/kv,, y=G,/G, ,K=kh6&=1G,/h,E=gh/G,; (19)

The equations (17,18) may have real solutions corresponding to the surface wave if
only

Br<n<l, Vv,<akt<v, (20)
Dispersion equations (18,19) reveal that the phase velocity of the surface wave is a
function of the wave number 77(K), and these equations have the finite numbers of

solutions (modes). For the given value of K the number of the modes do not depend of
interface complaints @, & and is defined by the formula

K1,
T

n = Floor

The function FIoor(x) gives the greatest integer less than or equal to X .

Traditionally, the first mode of the dispersion equations solutions is assumed as Love
waves.

2.Numerical Results
The curves on Figl., Fig 2. are plotted and the numerical data of Tabl.1 are calculated

for substrate and layer materials corresponding to shear modulus ratio ¥ =G, /G, =0.5,

speeds ratio =V, /v, =2.

£=0,0=0 £=7,0=0 £E=7,0=7
Modes Perfect Scattering Slip+Scattering
Free | Clamped | Free | Clamped | Free | Clamped
1 K 0 0.8 0.7 1.7 0.57 | 1.3
2 K 1.8 2.7 2.5 3.5 2.2 3.0
3 K 3.7 4.6 4.1 5.0 4.3 49
4 K 5.5 6.3 6.6 7.8 6.7 7.2

Tablel. Data for the thresholds of wave number K = kh corresponding to normalized
phase speed 7 =1, for the first four modes in the cases of different imperfect interfaces

In the Table 1. the thresholds K =kh of the lowest and subsequent three higher
modes are presented which are correspond to phase speed 77 =1; The different imperfect
interfaces are considered. The results of the case £ =0,6 =7 are not presented since they

coincide with the perfect contact case & =0,0=0.
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On the Fig.1., Fig2. the first lowest modes of the normalized phase speed 77 = a)/kv1

are given as a function of the dimensionless wave number K =kd. Red curve
corresponds to  the classic Love wave perfect contact case & =0,0 =0, green curve to
“scattering” interface & =7,6 =0, blue curve to “slip” interface & =0, =7, black
curve to “slip-scattering” interface & =7, =7 (see online version for colors).

Free Interface

1.0f-

<
o

e
oo

Normalized phase speed, n
=) =)
(=% ~1

e
th

<
N

0 1 2 3 4 5 6
Reduced wave number,K

Figl. The dispersion curve of the shear surface wave first mode:
the layer upper interface is traction free

3.Results and Discussion

As it follows from the analysis of the first mode of dispersion equations the slip
interface essentially decreasing the values of phase speed. For scattering interface we have
the contrary effect of increasing of phase speed. This influence is more notable in bands of
the long waves . When the upper interface is traction free we have the maximal deviation of

the phase speed up to 30 % which takes place at K ~1.5. In the case the of clamped

interface this same effect takes place at K ~ 2.7 . For short waves these deviations are
small. The case of the “slip-scattering” interface is very interesting one since in this case
the dispersion curves are close to the dispersion curves of perfect contact case of Love
waves. In combined “slip-scattering” interface the effects caused by “slip” and “scattering”
interfaces are practically compensate each other.

It is necessary to mention that imperfect interfaces do not change the number of
surface wave modes.

From the data of the Table 1. we can conclude that the imperfect interfaces increasing
the thresholds of the wavenumbers in the firstand the highest modes.
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Fig.2. The dispersion curve of the shear surface wave first mode:

the layer upper interface is clamped
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